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ADAPTIVE ROBUST CONTROL IN CONTINUOUS TIME*

THEERAWAT BHUDISAKSANG! AND ALVARO CARTEA?

Abstract. We propose a continuous-time version of the adaptive robust methodology introduced
in T. R. Bielecki et al. [STAM J. Control Optim., 57 (2019), pp. 925-946]. An agent solves a stochastic
control problem where the underlying uncertainty follows a jump-diffusion process and the agent does
not know the drift parameters of the process. The agent considers a set of alternative measures to
make the control problem robust to model misspecification and employs a continuous-time estimator
to learn the value of the unknown parameters to make the control problem adaptive to the arrival of
new information. We use measurable selection theorems to prove the dynamic programming principle
of the adaptive robust problem and show that the value function of the agent is characterized by
a nonlinear partial differential equation. As an example, we derive the optimal adaptive robust
strategy for an agent who acquires a large amount of shares in an order driven market and illustrate
the financial performance of the execution strategy.
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1. Introduction. In classical stochastic control problems, agents look for the
best policy to optimize a value function that depends on a stochastic process X =
(Xt)t>0. An extensively studied problem is one in which the process X is a diffusion
and it is the unique solution to the stochastic differential equation (SDE)

dX; = b(X,,0)dt + o(X;)dBY

where the functions b and o are Lipschitz, BY = (B} )i>0 is a standard Brownian
motion under a reference measure P, and # € R%. A standard method to solve the
agent’s problem involves two key steps. First, show that the value function admits
the dynamic programming principle (DPP). Second, characterize the value function as
the solution to a nonlinear partial differential equation (PDE) and derive the agent’s
optimal decisions; see, e.g., Pham (2009).

In the classical approach, the agent assumes that the reference measure P of the
process X is known, but if the reference measure is incorrectly specified, the agent will
find a suboptimal policy. A common approach to making the agent’s control problem
robust to model misspecification is to consider a set of alternative probability measures
‘P and then specify a criterion to choose the “optimal” measure from this alternative
set. The criterion is generally one where the agent adopts conservative strategies.

We highlight two shortcomings of the classical robust stochastic control approach.
One, it may lead to optimal policies that are too conservative. For example, if the
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agent’s level of confidence on each measure in the set P is the same, the outcome is
to choose the optimal policy under the probability measure that produces the worst
result with respect to the performance criterion of the agent. Two, in the classical
robust approach, the agent does not update her views on the set of measures P as
more information is revealed when the process X evolves in time; i.e., the set of
alternative measures is fixed throughout the horizon of the control problem.

In recent work, Bielecki et al. (2019) propose an “adaptive robust” framework in
which the agent incorporates the evolution of the underlying stochastic process as an
ingredient in a control problem robust to model misspecification. They assume that
the underlying dynamics follow a discrete-time homogeneous Markov process under a
reference measure, construct the set of alternative measures P via a composition of
probability kernels to incorporate the arrival of new information, and use a measurable
selection theorem to prove that the value function of the agent satisfies the DPP.

In this paper, we assume that X is a jump-diffusion process taking values in R™
and it is the unique strong solution to the SDE

(1.1) dX, = b(X,07) dt + o(Xy) dB;* + £(X,_)dLy .

Here, 6* € R? is an unknown parameter, the process BFe* = (Bf)@*)tzo is a
standard Brownian motion under the probability measure Py, and b : R” x R — R,
o:R" -5 R*" xR™ £ : R" x R" = R"™ The jump component of X; is the Lévy
process L = (L;)¢>o (independent of Bf¢*), which takes values in R” and with Lévy—
Khintchine triplet (0,0,v) such that [, |z v(dz) < oo and v(R") < oo, and p is
an associated Poisson measure of the process L, where i denotes the compensated
Poisson measure. Note that the diffusion component o, the jump component £, and
the jump process L do not depend on the parameter 6*.

At time t, the agent’s estimate of the parameter 8* is denoted by 0, and as time
evolves and new information arrives, the agent updates the estimate ;. We model
the processes X and 6 jointly, so we let X = (A, X)T, which satisfies the SDE

(1.2) dX, = b(t, Xy, 0%) dt + o(t, X;) dB;*" + &(t, Xo_) dL .

In addition, the agent considers the controlled diffusion process Y = (Y;);>0 valued
in R?, which satisfies

(13) dY—t :B(E,Xt,at)dt—l—ﬁ(yt,)zt,at) dXt,

where b : R x R"t4 x RF - R?, 5 : R x R"t4 x RF — R x R"*?, and the agent
controls the process a = (ay)¢>0, which takes values in R¥.

Note that the second term on the right-hand side of (1.3) is dX whose drift
depends on the parameter 6* (see (1.2)); thus, the drift of the process Y depends on
0*. In this paper, we focus on the case where the agent does not have full knowledge
of the drift term of the process X, while the agent has complete information about
the volatility and jump terms of the process X.

In the adaptive robust framework, the agent considers the set of alternative mea-
sures P(t,z,G), where z represents the state of the underlying stochastic process X,
and G is a function of the value of x and time ¢. The function G specifies the model
uncertainty that stems from the estimation process . We remark that in general
it is difficult (perhaps not possible) to construct the function G to be a confidence
interval for the estimator process 0. However, when the process X is a geometric
Brownian motion and the estimator process is the maximum likelihood estimator, we
can construct the function G that specifies the confidence interval of the estimator in
a statistical framework. In the remainder of this paper, it suffices to denote P(¢, z, G)
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as P(t, x) because the function G is defined and fixed at the initial time of the agent’s
control problem. The agent’s performance criterion is

T
(1.4) J(t,z,y,P,a) :=EF l/ f(s,Ys,a5)ds+ g(Y7)| ,
t

where P is a probability measure, f and g are continuous functions X; = z, Y; =,
and we recall that «; is the control process. The value function of the adaptive robust
control problem is

w(t’ x? y’ a) = Sup J(t’ $7 y? ]P)7 a) i

(15) PeP(t,x)

v(t,x,y) = alenjo w(t,z,y,a),
where A is the set of admissible control processes.

We extend the discrete-time adaptive robust control framework in Bielecki et al.
(2019). In their work, the authors solve a similar problem to that in (1.5), where
the underlying discrete-time stochastic process is ergodic and Markov, while here we
assume that the underlying stochastic process is driven by a continuous-time jump-
diffusion process. In the discrete-time setup of Bielecki et al., it is difficult to obtain
a numerical solution of the value function v because in each back-propagation of v,
one needs to compute the expectation of the criterion function J in (1.4); see Chen
and Ludkovski (2021). In contrast, here we show that the value function v in (1.5)
satisfies the DPP, characterize the value function as the solution of a nonlinear PDE,
and prove the uniqueness of the viscosity solution. The PDE we derive is not standard
because it contains a nonlinear operator that depends on the state variable z (see,
e.g., Pham (1998)); this is discussed in detail in section 2. Thus, the continuous-time
framework for the adaptive robust control is easier to solve (numerically) because there
exists extensive literature on solving non-linear PDEs. As example of the adaptive
robust strategy, we derive the solution for the optimal execution problem in electronic
markets; see, e.g., Cartea, Jaimungal, and Penalva (2015).

Most of the literature that considers “parameter uncertainty” in diffusion-based
models assumes that the drift parameter and the volatility parameter of the diffusion
process lie in a known fixed interval, which is in contrast with our adaptive robust
model where both the size of the uncertainty interval and the estimates of the parame-
ters are updated as time evolves. When the unknown parameters lie in a fixed interval,
performance criteria in the form of (1.4) are time-consistent because the agent does
not update the estimates of the unknown parameters. For example, Epstein and Ji
(2014) consider a utility maximization problem for a controlled diffusion process in
which the drift and the volatility terms of the diffusion lie in a fixed interval, and
Bannor et al. (2016) investigate parameter uncertainty in energy markets; see also
Denis and Kervarec (2013), Biagini and Pmar (2017), and Bergen et al. (2018), all of
whom assume that one or more parameters of the model lie in a fixed set and the es-
timates are not updated. We also mention other literature working on robust optimal
stopping problem using a similar measurable selection technique; see Bayraktar and
Yao (2014) and Ekren, Touzi, and Zhang (2014).

Moreover, in the work of Ismail and Pham (2019) and Pham, Wei, and Zhou
(2021), an agent maximizes a mean-variance criterion (which is not time-consistent)
in a one-step optimal asset allocation problem. In both works, the authors assume
that the unknown parameters lie in a fixed interval and estimates of the parameters
are not updated as time evolves.
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There are also a number of papers that consider Knightian uncertainty (also
referred to as model uncertainty) but do not include learning as proposed in this
paper. In the Knightian uncertainty approach, the agent considers a set of alternative
measures, equivalent to the agent’s reference measure, to make decisions that are
robust to model uncertainty. There is a penalty for choosing an alternative model—the
penalty is a function of the entropy between the reference measure and the measure of
the alternative model. Entropic penalties are convenient because they preserve time-
consistency in optimization problems, so it is straightforward to show that the DPP
holds and one can employ standard control techniques to obtain the optimal strategy
robust to model misspecification. See, for example, the work of Hansen and Sargent
(2011), Jaimungal and Sigloch (2012), Skiadas (2013), Cartea and Jaimungal (2017),
and Cartea and Sdnchez-Betancourt (2021), all of which assume model uncertainty
with respect to the drift of a diffusion process, while the work of Cartea, Donnelly, and
Jaimungal (2017) assumes model uncertainty with respect to the drift of a diffusion
and to the intensity of the arrival of jumps.

To illustrate the performance of the adaptive robust approach we analyze a clas-
sical problem in finance. We derive the optimal acquisition strategy for an agent who
purchases a large block of shares over a trading window, where the drift parameter of
the stock price dynamics is not known by the agent. The performance of the adap-
tive robust strategy is compared with that of strategies in which the agent employs a
wrong value of the drift parameter or employs a robust strategy. The robust strategy
assumes that the drift parameter lies in a fixed interval and there is no learning as
time evolves. Our results show that when the agent has enough time to learn the
value of the unknown parameter, the adaptive robust strategy we develop in this pa-
per performs better (lower average and lower variance of acquisition costs of block of
shares) than when the agent employs a robust strategy or uses the incorrect param-
eter estimate. The superior performance of the robust adaptive strategy stems from
learning the value of the drift parameter during the trading window.

The remainder of the paper is organized as follows. Section 2 develops the set of
alternative measures used by the agent and introduces the continuous-time adapted
robust control problem. We show that the agent’s dynamic optimization problem in
(1.5) admits the DPP, and we characterize the value function as a viscosity solution
of a nonlinear PDE. In section 3, we present an application of the adaptive robust
control problem to financial problems. Lastly, section 4 concludes and discusses future
research directions.

2. Model. To streamline the presentation of the model, we provide a few defi-
nitions and other ingredients of the adaptive robust framework.

We define the terms “drift characteristic,” “volatility characteristic,” and “jump
characteristic”of a stochastic process under a probability measure. Let V' = (V;);>0
be a stochastic process in a filtered probability space (2, F,F,P). We call P a semi-
martingale measure of the process V if there exists a triple (B, C,vF) such that BF
and C are the finite-variation part and the covariation process of the continuous local
martingale of V=3 (AV,—h(AVj)), where h is a bounded function that satisfies
h(x) = 2 in a neighborhood of the origin and v* is the predictable compensator of
1", where

)

(2.1) pY (w,dt,dz) = Z 1Ay, (w)20} L(s,av, (W) (A, dx) .
s>0
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Now, assume that for the triple (BF, C, "), there exist the processes (77, a, F, ,) such
that

t ¢
Bl = / s, Cy= / asds, and VF(w,ds, dz) = ng(d:p) ds
0 0

for dP x dt almost-all (w, s) € Q x (0,T]. Then, P is a semimartingale measure of the
process V' with absolutely continuous characteristics, in which case we say that the
processes 7', a, and FES are the drift characteristic, the volatility characteristic, and
the jump characteristic, respectively, of the process V under the probability measure
P.

The remainder of this section proceeds as follows. Subsection 2.1 uses an explicit
formula of the jump-diffusion process to motivate our definition of the alternative
measures. Subsection 2.2 defines the set of alternative measures P(t, z) and formulates
the adaptive robust framework. Subsection 2.3 proves the measurability of the value
function. And subsections 2.4 and 2.5 show that the adaptive robust control problem
in continuous time is time-consistent, prove the DPP of the value function, and derive
the nonlinear PDE it satisfies.

2.1. Set of alternative measures. Recall that the process X follows (1.1) and
that the agent does not know the value of the parameter §* € R?. As time evolves,
the agent observes the realization of the process X and updates 0 (i.e., the estimate
of the parameter 6*), which satisfies the SDE

(22) dét = 5t E(Xt,ét,e*)dt +5'(Xt7ét) dBin* “f‘g(th,ét) st .

Here, the functions band & specify the drift and the volatility of the estimator process
f, and 8 > 0 is the learning rate that depends on ¢. The function b satisfies

(2.3) b2, 6,00) — b(x, B, 6y) = LF:01) = b, 02)) o(w,6)

o(x)

for all x, é, and all 61, 6, € R<.

Therefore, under each probability measure Py for § € R?, the agent considers the
augmented process X = (X,0)T € R4 | where X follows (1.1) and 6 follows (2.2),
so X satisfies

(2.4) dX, = b(t,X;,0)dt + o(t,X,) dBf* + &(t, X, ) dLy,

where b(L,7,0) = [b(z,0), 8, b(z,0,0)]7, o(t,7) = [o(z), B 5(x,0)]T, £(t,7) ==
[£(x), B &(x,0)]T, and & = (x,6). The coefficients in (2.4) depend on time because
the learning rate S; is time-dependent.

When X follows an arithmetic or a geometric Brownian motion, the maximum
likelihood estimators for the drift of X have the form in (2.2). Also, if the process X
is ergodic, the stochastic gradient descent in continuous time is also as in (2.2); see
Sirignano and Spiliopoulos (2017) for diffusions and Bhudisaksang and Cartea (2021)
for jump-diffusions. However, we note that in general, the estimator of the parameter
in the drift term does not have the form in (2.2).

Let G : [0,T] x R**d — 2%’ he an exogenous function that specifies the model
uncertainty of the estimation process. Assume that at time t the agent’s estimate
of the parameter 0* is the progressively measurable process 6, € G(t, Xt). Then, by
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Girsanov’s theorem, there is a probability measure P; such that dX; = b(X, 0,) dt +

o(Xy) dB]t% + &(X,_) dL,, and we write the dynamics of the joint process X, under
the probability measure Py, as

dX; = b(t, Xy, 0,) dt + o(t, X;)dB,° + €(t, X,_) dLy .

This motivates our definition of the set of alternative probability measures P(¢, z,
G) that contains the measure P whose drift characteristic, volatility characteristic,
and jump characteristic of the process X are

S AR NUCTS PR ES SO

o(s,Xs) o(s, X,)T, and FD (dx) =[5, 1{€ (5,5, (w)) = € da} V(d2), respectively. The
construction of these probablhty measures is similar to that of a weak formulation of
the control problem in Karoui and Tan (2013). We provide a formal definition of the
set of alternative measures P(t,z, G) after the following subsection.

2.2. Model setup. In this subsection, we present the adaptive robust control
problem in continuous time and define the performance criterion of the agent—we
employ a weak formulation of the control problem to simplify some proofs. Denote
by B(Y) a Borel o-field of the Polish space Y, let Q = D([0,T],R"*%) be the space
of all cadlag paths w = (wi)i>0, F = B(), and let X be a canonical process, i.e.,
X,(w) = w;. Note that for any probability measure P and A € F, we have that
P(X € A) = P(4). Denote by F = (F;)i>0 the raw filtration generated by the
canonical process X. Let () denote the set of probability measures on €2, and
denote the set of semimartingale probability measures with absolutely continuous

characteristics of the process X by P, (). Next, we define the measure kernel

P(w,t,dx) = /RT Lig(t. %0 (w)) = € da} v(dz).

Note that the kernel P is a Borel measurable function from 2 x [0, 7] x B(R"*%) to
R.
Now, we define the learnable property.

DEFINITION 2.1. Let t € (0,7]. A semimartingale probability measure P €
ac () is called learnable by G on (t,T] if the drift, volatility, and jump char-

sem
acteristics of P are

e b (s, X,), as = o(s, Xs) o(s, X,)T, and (dm) P(w, s, dx)

for dP x dt almost-all (w,s) € Q x (¢,T], where
b (s, X.) = {b(s,Xs,H) + /T(iz(g(s,xs,) 2) —&(s, X ) h(2)v(dz) | 0 € G(s,f(s)} .

Here, the functions h : R" — R" and h : Rvtd — R gre bounded and satisfy
h(z) =z, h(z) = x when|z| <1 and 0 otherwise.

The mapping b* : [0, T] x R4 — 2" is continuous with respect to the Hausdorff
metric by a standard calculation; see Definition B.2 in the appendix.
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DEFINITION 2.2 (set of alternative measures). The set of alternative measures
P(t,x) consists of all probability measures P that satisfy the following two properties:
(i) PePe, () and P(Xy =x) = 1.

(ii) P is learnable by G on the interval (t,T).
The following assumption is crucial to prove measurability of the set of alterna-

tive probability measures. This assumption is standard in the literature; see, e.g.,
Assumption 4.1 in Nutz and van Handel (2013).

Assumption 2.3. For every t € R, we have that

{(5,w0,7,p, F) € [t, T] x @ x R"T x RUFOXCHD s y@rtd) 1 oy € b7 (s5,w5), p = as(ws),
F=Pw,s,)} € B(t,T)) ® F @ BR") @ BR" D) @ BERR")).

We denote the concatenation of a path by w ®; & 1= wsls<t + (W + Ws — Wi) Lg>t.
Let B [67%] := B¥? [¢] = EP[¢|F,](@), where £72(w) i= £(@ ©(z) w) and {P2}acq
is a regular conditional probability distribution given F;.

When the process X in (1.2) is a diffusion with no jump component, the set of al-
ternative measures P(t,x) contains a semimartingale probability measure P such that
the drift characteristic 4% of P is in the set b*(s, X,) = { b(s, Xs,0) | 6 € G(s, X,)}.

Next, we define the agent’s adaptive robust control problem.

The set of admissible controls, denoted by Ag, consists of all progressively mea-
surable processes that take values in a compact set A € R¥. Recall from (1.4) that
the performance criterion of the agent is J : [0, T] x R"*¥ x R% x PB(Q) x Ay — R and
is given by

3

T
(2.5) J(t,z,y,P,a) :=EF l/ f(s,Ys, ) ds + g(Yr)

where « is a control in the admissible set Ay, X; = x, ¥; = y, and f and g are
continuous functions in all variables.
Assume the controls a and & are in the set Ag. We define the distance metric in

the space A as follows:
T
/ |O(t — &t‘g dt s
0

where P is the semimartingale measure for which the drift characteristic of X is

Ao, @) :=EFe

b(s, X, 0.) +/

R

((g(s, Xom) 2) = (5. Ko ) 1(2)) w(d2).

Thus, we denote by B4, the set of a Borel measurable set of the set Ay generated by
the distance metric A. By elementary calculations, the set Ag is a Polish space. We
denote the space of all probability measures on (€2, F) by B(£2) and equip it with the
weak*-topology.

The agent’s value function in the adaptive robust framework is

w(t7 :177 y’ O[) = Sup J(t7 I? y? ]P)7 a) i

(26) PeP(t,x)

v(t,x,y) = aienﬁ(, w(t,z,y, ).
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Assumption 2.4. The functions J, w, v in (2.6) are finite.

Assumption 2.4 is satisfied if f and ¢ are bounded functions and if all other
assumptions that guarantee that Y is integrable on [0,7] x § are also satisfied. In
what follows, we assume that Assumptions 2.3 and 2.4 hold.

In summary, the agent chooses a control process a to minimize the performance
criterion J, but there is uncertainty about the estimate of the parameter 6. There-
fore, the agent considers the worst case scenario by choosing a measure from the
alternative set P(t, x) that depends on the state of the underlying process and the es-
timator process. On the other hand, if the agent chooses to maximize the performance
criterion, the control problem is as in (2.6) but of inf-sup type (instead of sup-inf).

2.3. Measurability of functions and set of probability measures. Here,
we show that the set {(w,t,P) € Qx[0, T]xB(Q) | P € P(t,w(t))} is Borel measurable.
This allows us to use a measurable selection theorem on the supremum problem in
(2.6). Then, we check the measurability of the performance criterion J, the function
w, and the value function v. The measurability of these functions allows the use of
measurable selection theorems for both the infimum and supremum problems in (2.6).

LEMMA 2.5. The set {(w,t,P) € Q x [0,T] x P(Q) | P € P(t,w(t))} is a Borel
measurable set.

For a proof, see Appendix A.1.
The class of shifted control processes is constructed from the concatenation of a
path as follows: For o € Ay and (¢,) € [0,T] x £, we set

ab?(w) = as(w @ w), (s,0)€[0,T] x Q.
For a stopping time 7 and for any « € Ag, we denote the mapping
a”(Q,F) = (Ao, Ba,), @ a”®)E

We employ the shifted control processes to show the pseudo-Markov property and
DPP of the problem in (2.6). Next, we show the pseudo-Markov property of the
process X.

LEMMA 2.6 (pseudo-Markov property). Let T be a stopping time in [0,T]. We
have that

T
(2.7 J(r, X, Y., P" a”) = EF l/ f(s,Ys,05)ds+g(Yr) | Fr|, P-as.

For a proof, see Appendix A.2.

Next, we check the measurability of the functions J, w, v in (2.6), and we prove
a lemma that allows us to use measurable selections for both the supremum and the
infimum problems in (2.6). First, we provide the following definition. For a Borel
space H, we denote by Ly the smallest o-field containing Borel subsets of H and
closed under the Souslin operation.! See also the definitions of analytic function and
universally measurable function in Appendices B.3 and B.4.

Below, Lemma 2.7 shows that there exists a universally measurable selector for the
infimum problem in (2.6). In general, this is not true. If the function w is only upper
semianalytic, there is no guarantee that there exists a universally measurable e-optimal

1See Definition 7.15 in Bertsekas and Tsitsiklis (1996).
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selector for the infimum problem; see Nowak (2010). The function w is Lx ® By-
measurable because we assume that the performance criterion J is continuous in the
variable y. Therefore, there exists a universally measurable e-optimal selector for the
infimum problem.

Now, we show the regularity of the performance criterion J with respect to all its
variables and the regularity of the value function v with respect to the state (¢, x,y).

LEMMA 2.7 (regularity of the value function). Let J, w, v be as in (2.6). The
function J is Borel measurable from [0, T|x R+ XRJX‘B(Q) xAg to R and continuous
with respect to t,x,y, . The function w is upper semianalytic, and the value function
v is universally measurable from [0, T] x R"*4 x R? to R.

For a proof, see Appendix A.3.

2.4. Time-consistency and the DPP of the adaptive robust problem.
Here, we show that the set of probability measures P(¢,x) has the stability property
under conditioning and the stability property under concatenation, both of which we
employ to prove the time-consistency property of problem (2.6).

First, we state two lemmas that we need for the proof of the time-consistency
property for the problem in (2.6). The proofs of the following two lemmas follow
directly from Lemma 4.28 in Hollender (2016).

LEMMA 2.8 (stability under conditioning). Let P € P(t,z), and let T denote a
stopping time taking values in [t,T). For each @ € Q, the probability measure PT% is
in the set P(1(@), X () (@)) P-a.s.

LEMMA 2.9 (stability under concatenation). Let P € P(t,z), and let T denote
a stopping time taking values in [t,T]. Let v be a Borel measurable kernel such that
v:Q = P(Q) and v(w) € P(1(0), X7@)(@)). Then,

B(A) = / / Lo o ey (dw; @) P(dD)

is a probability measure, and it is in the set P(t,x).

Now, we prove the time-consistency property of problem (2.6). This is our first
main result.

THEOREM 2.10 (time-consistency property). Let (t,z,y) € [0,7] x R*T¢ x R,
and let o be a control process in the admissible set Ag. Let T be a stopping time that
takes values in the interval [t, T]. The following equation holds:

sup EF
PeP(t,x)

T
/t f<s,m,as>ds+g<YT>]

T T
= sup EF / f(s,Ys,a5)ds+  sup EQ / f(s,Ys,al)ds+ g(Yr)
PeP(t,z) t QeP(r,X-) T

Proof. Use Lemmas 2.5, 2.8, and 2.9 and the arguments in Nutz and van Handel
(2013) to show time-consistency of the stochastic control problem (2.6). For each
P € P(t,x), by conditional expectations, one obtains
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T
EP l/ f(s,Ys,a5)ds + g(Yr)
¢

= EF / f(s,Ys, as)ds + EF
t

T
/ f(SaY97as) d5+g(YT) | ‘/_'.7_‘|

I T o T
= EP / f(s,Ys, a4)ds + EE @ l/ f(s, Y5, al)ds + g(Yr)
t T

[ T T
<E* / f(s,Ys,a5)ds+  sup EQ [/ f(s,Ys,al)ds + g(Yr)
t QeP(r,X-) T

where the last inequality follows because P™“ is in the set P(, XT) for all © P-a.s.;
see Lemma 2.8. Now, take the supremum on both sides of (2.8) and write

(2.9)

sup EP

T
/ f(5, Yo 00) ds + g(¥r)
PeP(t,x) t

< sup EF /f(s,Ys,as)ds—l— sup [E©
PeP(t,x) t QeP(r,X,)

T
/ f<s,Ys,a;>ds+g<YT>]

Next, we prove the reverse inequality of (2.9). For any stopping time 7 and
a € Ay, write the function w as

w (7(@), Xr2)(@), Yoo (@), 07

= sup J (T(Q), XT(@)(@), Yr(2) (@), Q, a‘r(&;),&;)
QEP(7(©), X7 (@) (@)
= sup J(@,Q).

QEP(7(@), X () (@))

From the proof of Lemma 3.1 in Neufeld and Nutz (2014), the function J is Borel

measurable. From Lemma 2.5, the set {(©0,Q) | Q € P(r(®), XT(@)(@))} is analytic.
Therefore, by a measurable selection theorem, there exists a universally measurable
ve from Q to P(N) such that

w (7(@), Kr@)(@), Yoo @), 07 ) < e+ J (7(@), Kro) (@), Yoo (@), v (@), 07
for all @ € Q. From Lemma 7.27 in Bertsekas and Shreve (1996), we have that for

any probability measure P € P(t, ), there is a Borel measurable function v¢* such
that v5F (@) = v¢(@) for P- a.s. Then,

w (T(a}), X.,.(w) (a}), YT(@) (@), OéT(w)’w)

<e+J (T(@),XT@(@), V() (@), VG’P(@),QT(‘D)’“) . Pas.
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Therefore, we have the following inequality:

T T
EF / f(s,Ys,a5)ds+  sup EQ / f(s,Ys,al)ds+ g(Yr)
t T

QEP(T,XT)

=EF {/ f(s,Ys, a) ds+w(T,XT,YT,aT)]
t

<E* |:/ f(s,Ys,a5)ds+J (T7XT’YT’V6,P,QT):| +e
t

— ™

T
/ f(s, Y5, a5)ds| + ¢,
t

where P (A) := [ [ 1150, o weayr " (dw; @) P(d) is in the set P(t,z); see Lemma
2.9. ]

Our proof of time-consistency is standard, but the result of Theorem 2.10 is not
immediately available in the literature. For example, Nutz and van Handel (2013)
and Bayraktar and Yao (2014) look at the time-consistency property of problems in
robust optimal control and robust stopping; however, their results cannot be applied
directly in our framework to show time-consistency of the problem we study.

Next, we prove the DPP and write the value function recursively. The proof relies
on the time-consistency property of the adaptive robust problem in (2.6), which we
showed in Theorem 2.10. We use the measurable selection theorem in Soner and Touzi
(2002) because the set of admissible controls Ay is a separable metric space.

THEOREM 2.11 (DPP). Let (t,z,y) € [0,T] x R x R, and let T be a stopping
time taking values in [t,T), X = x, and Yy = y. The value function of the adaptive
robust problem in (2.6) satisfies

(2.10) v(t,z,y) = inf sup EF [/ f(s,Ys, a5)ds + v(T, XT,YT)] .
acAo pep(t,x) t

Proof. Recall that w(t, z,y, @) := suppep, ) J (¢, 2,9, P, ). From the definition
of the performance criterion J, we have that

[T
sup J(t, z,y,P,a) = sup EF / f(s,Ys,a5)ds + g(Yr)
PeP(t,z) PeP(t,x) |/t

(2.11) = sup EF / f(s,Ys,as)ds+w(7,)~(T,YT,aT)}
PeP(t,z) LJt

> sup EF / f(S,)/;,as)dS+U(T,XT,YT):|,
PeP(t,z) LJt

where the second line in (2.11) follows from Theorem 2.10 and the last inequality
follows from the definition of the value function v. Take infimum over o € Ag in
(2.11) and write

(2.12) v(t,z,y) > inf sup EF {/ f(s,Ys,a5) ds + v(, XT,YT)] .
a€Ao pep(t,z) t
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Now we show the reverse inequality in (2.12). Write the value function v as follows:

”U(T((IJ), XT(LD) ((IJ), YT(LD) (w)) = inf w(T((D), XT(&J)(@)7 Yr(w)(a})a a) = inf ”LZ)(LT), a) )
acAp acAp
where W(w, o) := w(r(®), XT(@)(Q), Y (%) (@), @). From Lemma 2.7, the function w is
B([0,T]) ® L(R"tY) @ B(R?) @ B.4,-measurable. Then, the function @ is Lo @ B4,-
measurable because the set [0, 7] xR xR¥x Ay is Borel and the mappings @ + 7(@),
0 Xy (w), and @+ Y (5)(@) are Borel measurable. Therefore, from Lemma 2.7,
there exists a universally measurable selection such that ¢ : (2, F) — (Ao, Ba,) and

0(T(®), X7 (@) (@), Vr(a) (@) + € > w(r(@), Xr() (@), V(@) (@), 9 (@)) -

There exists a Borel measurable function ¢F" such that o (0) = ¢¢(@) P*-a.s. for
each probability measure P* on (€2, F) in the set P(t, z); see Lemma 7.27 in Bertsekas
and Shreve (1996). For a control process a € Aj, we define the new control process

(2.13) a“t (t,w) = a(t,w) L@yt + QOE’P* (@) Lr@y<t -

Now, we check the measurability of the process a©F . The process a“F" is progres-

sively measurable because Ay is a separable metric space and from Lemma 2.1 in
Soner and Touzi (2002). By elementary calculations, the process a“ is in the set
Ap. Let 7 be a stopping time in the interval [¢,T]. By Theorem 2.10, we have that

(2.14)

w (t,x7y,a6’P*> = sup EF / f (S7YS,C¥Z’]P*) ds +w (T, XT,YT,(QE’P*)T)]
PeP(t,x) t

sup B | [ 76 Yw) ds o (X Yo 0]
PeP(t,x) LSt

< sup EF / f(s,YS,as)ds—i-v(T,f(T,YT)]+6,
PeP(t,x) L/t

where the last inequality follows from

V(T(@), Xr (@) (@), Yr(@) (@) + € > w(r(@), Xr@) (@), Yri@) (@), 77 (@)

for P* -a.s., and because all probability measures in the set P(t,z) are absolutely
continuous with respect to the probability measure P*. Therefore, for an arbitrary
control process a € Ay, the value function v obeys the bound

v(t,z,y) < sup EF [/ f(s8,Ys, a5) ds + v(r, XT,YT) +e€.
PeP(t,x) t
This shows the reverse inequality of (2.12), which completes the proof. 0

2.5. Viscosity characterisation of the value function. In what follows, as-
sume that Assumptions 2.3 and 2.4 hold. We show that the value function in (2.6) is
the unique solution of a nonlinear PDE. We recall that the processes X and Y follow
(1.2) and (1.3), respectively. Henceforth, the process Y := [X,Y]T follows

(2.15) dY; = b(t, Vi, 0, o) dt + &(t, Vs, o) dB,° + &(t, Vs, 00) dLy

where b(t,7,0,a) = [b(t,7,0), b(t,7,0)5(7,a) + b(7,a)]T, a(t,j,a) = [o(t,T),
o(t,2)a(y,a)]", &(t,g,a) = [&(t,7), &(t,7)5(g,a)]T, and § = (y,2). Denote by
|z| the Euclidean norm of x € R™, where m is a positive integer.
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Assumption 2.12. The functions b, &, £ are continuous with respect to a, and the
function f is Lipschitz with respect to a.

Assumption 2.13. For any compact set @ C R? and Y C R4+ there exists a
positive constant Ky, such that for all a € A
(2.16)

E(taglaélaa) - E(tag%élaa)’ +‘&(t7glaa) - l_)(ta g27a)| +‘E(ta ﬂl,a) - E(tag27a)|

< K |91 — 32|
for all t € [0,77], i1, 52 € R1*4+ and § € © and
(217) ‘B(t7gl7élva’) - B(t7gl7§27a’)‘ S KL ‘él - 92‘

forallt € [0,T], i, € Y and 6y, 6, € RY.

The two assumptions above are essential in the proof of the characterization of
the value function v and to guarantee that the solutions to the SDEs (1.2) and (1.3)
are unique.

Assumption 2.14. There exists a positive real number K¢ such that for 61,0, €
G(t,z), we have that |01 — 02| < K¢ |z|.

The assumption on the size of the set G is needed in the lemma below. Note that
if the set G is too large (recall that G(,z) € 28"), then

(2.18) sup E°
PeP(t,x)

sup
0<s<n

~ |4
Y;&+sfy‘

does not converge to zero quickly enough as the value of 17 goes to zero, in which case
the value function v in (2.6) cannot be characterized as a solution of a nonlinear PDE.

Now, we use Lemma 3.4 in Fadina, Neufeld, and Schmidt (2019) to prove that
the g-moment of the process Y is locally stable under the nonlinear expectation in
(2.18).

LEMMA 2.15 (stability of moment). If Assumptions 2.12, 2.13, 2.14 hold, then

for ay € Ao, forq>1 and (t,79) € [0,T] x R4+ there epists e(q) € (0,1) such that
for all n < e(q) we have

sup |Yiys — 97| < C (7 +n??),

0<s<my,

(2.19) sup EF
PeP(t,x)

where the constant C is independent of t and h, and the stopping time 7, := inf{u :
|Yipu — 9] > 1} A.

Proof. Recall Holder’s inequality
(2.20) (a+b+c+d)? <cy(a?+b1+c?+d7),

where ¢ > 1 and ¢4 is the smallest real number such that the inequality holds for all
a,b,c,d > 0. Note that the value of the constant ¢, depends only on the parameter
q. For P =P; € P(t, x), the process Y has the representation
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(2.21)

t+s 5 t+s N B t+s B N
Yiis = QJF/ b(u, Yu79uaau)du+/ &(U;Yuyau) dBEG + / E(U,Yu,au) ALy,
t t t

t+s ~ N t+s B _ B ~
gj—f—/ B(u,Yu,Gu,au)du—l—/ /§(u,Yu7au)zV(dz)du+}Qc+s—|—Ytd+s,
t t R

where YeF and Y4F are the continuous and discontinuous local martingale parts of
Y, respectively, under the probability measure P. Use (2.20) to write

(2.22)

EF |: sup

0<s<Ty

~ |9
n+s_y‘

ths ¢ L ~ -
/ b(u, Yy, 04, ) du—i—/ /{(U,Yu,au)zu(dz) du+ Y, + Y,
¢ R

q
+EF

q

|

yaE q]

P
=E sup
0<s<Ty

V| +E

sup
0<s<Ty

sup
0<s<Ty

t+s

t+s _ - _
/ b(u, Yy, 0y, ayu) du

<c¢q IEIP[ sup

0<s<Ty

/tz+3/mé(u, Vo, ) 2 0(d2) du

+ EF |: sup

0<s<my

Let ¥V := {y € R+d+d ||y —j| < 1} and © := = Uyey G(t,2). The sets Y and

O are compact because the mapping y + G(t, ) is continuous. From Assumption
2.13, there exists a positive constant K, that depends on gy such that b(t, 7, 0, a) <
Ko (L+ 1), &(t g1.0) < Kp (1+[51]), and &(t, 51, a) < Kr, (14| ) for all 1 € ¥,
6 €O, and a € A. Define K := = max{1, Kg,KL} where K¢ is the constant from
Assumption 2.14. Consider the first term on the right-hand side in (2.22):

b(u, Yy, 04, au)

P t+1y, _
v
t

thr, o q
< E? (/ bu, Vi, O, )| + K |6, u> from (2.17)
t
(2.23)
q
< KiniE? (1 + K sup [Vig, ) from (2.14)
0<s<ty,

<G K¥niEY (14 sup [Vies — 9|7 + |37 from (2.20)

0<s<my,

where the second inequality follows from the Lipschitz assumption on b, the penulti-
mate inequality follows from the linear growth property on b, and the last inequality
follows from Holder’s inequality in (2.20). Next, consider the last term in (2.22):
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q

EP sup
0<s<mp

/tt+s /Ré(u,f/u, ) zv(dz) du

q
<EF

/tt+rn /Ré(u, Yu,&u)zy(dz) du

t+m L a

(2.24) < EF {/ /(1+K‘Y;+u ) E zx(dz)du}
¢ R

q

< CyntEF <1+K sup >

0<s<7,
1+ sup [Yips — g%+ 3
0<s<7,

1/tJrs

<¢é,C;Kin?E"

)

where the second inequality follows from the linear growth property on &€, and the
last inequality follows from Holder’s inequality in (2.20). By the Burkholder-Davis—
Gundy (BDG) inequality in Cohen and Elliott (2015), we have that

~ q
P

EF | sup |V,

0<s<7,

[ t+7y
¢ EF /
t

(2.25) -

q
JEF | K12 <1+ sup f”ml)

0<s<7,

IN

a/2
F(t+ U, Vi, Qupa) 0 (t + U, Yig, at+u)T‘ du)

IN
oY

géchf(qnq/QEP 1+ sup [Yigs — 3|7+ (g

0<s<t,

)

where ¢, is a constant that depends on ¢, the last inequality follows from (2.20), and
K does not depend on h. Next, consider the purely discontinuous local martingale;
the BDG inequality and the linear growth of the function £ imply

- a/2
<8 (720"

[ [few e

q
< & CyEF | K9p/? <1—|— sup |}~/t+s|>

0<s<7y,

~ q
da,P
Y;+s

E” | sup
0<s<my

q/2

2
<& EF 2| v(dz) du

(2.26)

S&quCJKqT]q/ZEP 14+ sup ‘Y/t—i-s*g‘q‘i’hﬂq

0<s<7,
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Choose the value of the parameter € so that 1—Cy 79 —Cyn¥/? :=1— (&, K27 h 4
CqCy Kini4-¢4cq K1 ni/? +CqcqCy K1 n?/2) > 0. Therefore, if n < ¢, from inequality
(2.23) and (2.25), we have that

EF [ sup 1+ sup [Yips — 3%+ [g]?
0<s<my

0<s<Ty

Yiis —ﬂ‘q < (01 n? +Cz7]q/2) EF

< (con+ Con’?) EF

sup |Vis — qu}
0<s<Ty

+(Cret+Cae?”?) L+ I3l
Let
(Comt+Came/) (14 i)
1-— (C’1 €l 4+ Cy EQ/Q)
Now, for P € P(t,z,G) the following inequality holds:

(2.27) EF | sup

0<s<7p

% -1 q/2 q
}/t-i-s_y‘ SC(n +n)~ a

We require that the set G satisfies the following structural assumption for the
proof of the characterization of the value function as a solution of a nonlinear PDE.

Assumption 2.16. We assume that G(t, x) is a closed set, in the standard topology,
for all (¢t,z) € [0,7] x R"*4. And we assume that the Hausdorff distance between the
sets G(t,x) and G(s,y) has a Lipschitz-like property. That is, there exists a constant
Ky such that duaus(G(t,2),G(s,y)) < Kg (|t —s| + |z —y|) for all (¢,2),(s,y) €
[0, T] x R+,

The assumption above is essential to characterize the value function as a solution
of a nonlinear PDE, but not to prove the DPP of the value function. We assume that
G(t,x) is a closed set, so the maximal is attained in the set G(t,x). The second state-
ment of the assumption requires the function G to be well-behaved. This condition
allows us to quantify the nonlinear operator that depends on the set G(t, ).

Denote by ¢ € C2%([0, T] x R"t9+4) the set of functions on [0, T] x R™+4+4 that
have bounded continuous derivatives up to the second and third order in ¢ and =z,
respectively. We use the next lemma to characterize the value function as a solution
of a nonlinear PDE.

LEMMA 2.17. Let p € ([0, T] x Rr+d+d) and let u be a small enough positive
real number. If Assumptions 2.12, 2.13, 2.14, and 2.16 hold, then there exists a
probability measure P € P(t,x) such that for all o € Ay,

(2.28)
E {3590(1‘/, P b(t+ 76, Yerr,, Orpry, Qtr,)

1 ~ ~ -

+ 3 Tr (6’(15 + Ts, Yiry, Qugr,) 6 (E+ T, Yegry, Qir, )T 353;@(12 y))

+ / (p(t, 5+ E(t, Yigry, augr,) 2) — 0(t, ) — Ogp(t, §) &(t, Yer,, Qrgr,) h(2)) v(dz)]
R

_ . 1
> —Cas'?+ inf sup [ag (£:9)b(t,5.0.0) + 5 T (2(t,5,0) & (t,5,0)" 950(1. )
€A GGt e) 2

+ [ (o0, + E(0.5.0)2) — (e, ) - Dpolt, DEC 5,0) 1(2) u(dz)} ,
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where the stopping times T, := inf{m : |Yi1m — 9| > 1} As for all s € [0,u], and C4
is a constant that depends on t and x.

Proof. From Assumption 2.16, there exists an optimal a* that minimizes the
supremum term, and there exists an optimal 69+ that maximizes the right-hand side of
(2.28). The process Vs = pProjga, (G(t+s, Xi1s)) is Fiys-adapted, where proj, (A) is
an element in the set A such that the Euclidean distance between the element and x is
smallest. The process v is right-continuous because the process X is right-continuous
and due to the Lipschitz property of the mapping G; see Assumption 2.16. Therefore,
the process +y is progressively measurable. Let P7 be a measure such that

E}J:s = b(t + s, XtJrsa '7t+s) + ‘/R(}AL(E(t + s, Xt+s) Z) - £(t + s, Xt+s) h(z)) V(dz> .

It is easy to see that P¥ € P(t, z) because of the way we construct the process 7.
Next, we show that P satisfies (2.28). First, note that

(2.29) egs — 0% < ditaus (Gt + 5, Xigs), G(t,2)) < Kpr (54 | Xigs — x]) .

|

Let C1 = max{ |0, ¢(t, 7)|, |02,0(t,x)| }. Consider

EP’Y Uag@(tv g) B(t + Ts, ﬁJrTs y VidTss atJr‘Fs) - aﬂ@(ta g) E(tv gv éa* ) at+73)

|

<O EY Ul_?(t + To Yoy Yedras Qr, ) — b(E, 5, 0%, cvpr,)

< C) (Kp+ Ki)EY |:‘Yt+7'5 - Z]‘ +Ts:|
S 02 Sl/Qa

where the second line follows from the bounded derivative of ¢, the third line is a
result of (2.29) and Assumptions 2.13, 2.14, and 2.16, and the last inequality follows
from Lemma 2.15 with ¢ = 1. Moreover, C7, Cs are constants that depend on ¢t and
y. Next, consider

S 1
EF | =
E

Tr (5'(t + s, ffHTs s Qi) O (E+ 7o, f/t+‘rs s Qppr,)T 853190)
—Tr (&(t7 gv O‘t—i—‘rs) &(t7 ga O‘t—i-TS)T 653]90) ’ :|

<E¥

1 B B - B -
5 ‘85580(157 y)‘ ' Tr (U(t + Ts Yrt+7's ’ at+’rs) U(t + Tss th+7'5 ) atJr‘f‘s)T)

(2.30)

- Tr (6(tagvat+75) &(tvga atJrTs)T) ‘

<C; EF' | | T (&(t + 7, ﬁ+7's s Oét+‘rs) 6(t + 7s, ﬁ+‘rs » Oty )T)

—Tr (&(tv gv O‘t—i—n) &(t7 gv at+Ts)T) | ‘| )
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where the second line follows from the bounded derivative of the function ¢. From
Assumption 2.12, we have that |6 (t + s, Yiys,a) — (¢, §,a)| < K(s+ |Yips — ) for
all a € A; therefore, the right-hand side of (2.30) obeys the bound

Ol E]P ( (t+7_97)/t+7's7at+7'q) (t+797ﬁ+757at+75)T)

—Tr (6(t, §,usr,) G (t, § 0tegr,)T) ‘

2\ P |12y ~ Y . Y, _\? 1/2
<Crmax{2Ky, Ki}E ||a(t, ], o, )| (Ts+|)/t+7—s—y|>+(Ts+‘Yt+-rs —y|) <Cas’?,
where the last inequality follows from Lemma 2.15 with ¢ = 1 and Cy4 is a constant

that depends on t and §. For the remaining term on the left-hand side of (2.28), we
have that

]E]P |:/R (‘p(tag'i_é(t+TS7§~/t+7's7at+Ts)z) _80(t7 g) y@(t y) E(t—"_T&i}tJrTsaatJr’l’s)h(z)) I/(dZ)
A S B O B L S L) u(dz)]

< CE?

/ (1z<é<t+rs,mmatm> ~ &(t. 5 aurr,))|

+ .(é(tﬁLTs,f’t-s-Ts,aHn) - é(t:@auu))‘ }h(z)’) y(dz)}

<CKLE {TS +|Yigr, —y” <Cys'?

where the first inequality follows from the property of the function ¢, the second
inequality follows from (2.16), and C} is a constant that depends on ¢ and . O

Next, we show that the value function v in (2.6) is a viscosity solution of a
Hamilton—Jacobi-Bellman—Isaacs (HJBI) equation.

THEOREM 2.18 (viscosity solution). If Assumptions 2.12, 2.13, 2.14, and 2.16
hold and the value function v in (2.6) is continuous, then v is a viscosity solution of
the PDE

(2.31)

- ~ 1
Ouo(t,5) + inf sup [f(t,g,co+agv-b<t,g,e,a>+Tr (a(t.5.) o (t.5.0)7 2;0)
€A Geg(t,x) 2

+ [ g+ €050 2) = ole.d) - Op0(e. DEC 5. ) () u(dz>] o,

subject to the terminal condition v(T,3) = g(§), and recall that A is a compact set
taking values in R¥.

Proof. Let (t,§) € [0,T] x R™ 4 and let ¢ € C>*([0,T] x R" %) be such
that v(t,9) = ¢(t,9), and v > ¢ on [0,T] x R*T4+4_ Recall the DPP holds; therefore

0= it s B[ [7 fe s o ds b olto+ Vi) — o)
a€Ao pep(t,x)
(2.32)

> inf sup E° [/ ft+ 8, Yo, arps)ds + ot + 5, Yips) — @(tag)} .
acAo pep(t,z)
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We recall that the stopping times are 7, = inf{s : |Y;1s — 7| > 1} Au. Next, we show
that v is a viscosity supersolution of (2.31). Let P € P(t,z) and a € Ag; by Itd’s
lemma we have that

(2.33)
ot + T, th+m) —(t,9)

= [T ott sV ds+ [ Cogptt s s Vi) ay,
0 0
+ / aﬂ@(t + S, }N/t-i-s) B(t + S, i}t-‘rsa §t+s7 at+s) dS
0
Tu | N _ ~
+/ 3 Tf(&(H‘TsaYt+rsaatws)&(t+TsaYt+rsaat+n)T 6§gw(t+8»Yt+s)) ds
0

[ (ol s Tins 6 5. T 0n) 2) = e+ 5. i)
0 R

The expectation of the stochastic integral term is zero because the function ¢ €
CE’S([O,T] x R**+d+d) " and the process MT is a martingale under the probability
measure P. Now, consider the expectation of each term on the right-hand side of
(2.33). Begin with the third term:

EP[/ 8gg0(t—|—s,f/,}+s)l_)(t+s,ﬁJrs,éHS,aHS) d8‘|
0

> E¥ [/ Dyp(t,9) b(t + 5, Vi, Orys, )
0

ds} |
:

where (7 is a constant that depends only on §. Perform similar calculations for the
first and the fourth terms on the right-hand side of (2.33) (i.e., O;p(t + s, Y3y 5) and
92;0(t + 5,Yi1,)) and write

- ‘a@‘»@(t + s, f/t+s) - a@@(ta g)‘ ‘B(t + s, ﬁJrsa ét+sv at+s)

From Lemma 2.15 and Theorem 4.1 in Fadina et al. (2019), write

e

<o (us/z w42 +u3) ’

a@@(t + s, f/vt+s) - 81190(157 g)’ ‘B(t + s, ﬁ+57 §t+sa at+s)

B {‘p(t + 70, Yir,) = w(t,zj)} > —C, (u3/2 +u? +ut? 4 u3)

+EF / (3t<ﬂ(t727) + {@]‘P(@ﬂ) b(t+ 8, Vigs, Orps, iss)
0

1 _ ~ _ = -
5 T (O + 7 Vs ae) Gt + 5 Vi, a0) 0% 0(1.5) )

+ / / (Pt + 8, Veps +E(t+ 5, Vepsr ares) 2) — (4 5, Vi)
0 R

—O5p(t + s, ﬁ«ks) h(z))v(dz) }) ds]
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> —Cy (u3/2 +u? +ud? 4 u3) + E* (7. 0r(t,7)]
u
+/ <JEP
0

1 _ - _ ~ -
+3 I (U(t + 7o, Yogry Qupr,) 0 (4 7o, Yogr,, egr, ) 105 50(t, y))

aﬂ@(tﬁ :‘7) B(t + Ts, i@«k‘rs P ét+7’s 5 atJr‘rS)

+ /]R((p(t7 g + E(t, i/t+‘rsuat+7's) Z) - w(ta g) - aﬂw(ta g) h(Z)) V(dz)‘| > dS,

where C3 is a constant that depends only on y. From Lemma 2.17, if u is small
enough, there exists a probability measure P € P(¢,x) such that for all « € Ay, the
inequality in (2.28) holds. Hence, for all a € Ay the following equation holds:

(2.34)

sup E” [gp(t + Tu, th+m) — go(t,gj)] > —(Cs (u3/2 Ll ru®?a ug) —Ca u?/?
PeP(t,x)

€A GGt x)

~ u _ - 1
+E [ru dup(t, )] + / (inf sup [aw(t,g)b(t,y,e,a)+§Tr(&(t,g,a)&(t,z},a)Taiw)
0

+ [ (olt. 7+ 605,00 2) — p(0.) — Ope(t, ) 1,50 ())u(dz)} ds

Now, consider the running reward of the performance criterion. Use Lemma 2.15 to

write
sup EF [ / ds]
PeP(t,z) 0

< sup EF [/ K (s—|—|5~ft+s—?j|> ds} < (3 (u3/2+u2> )
PeP(t,z) 0

Flt+ 8, Yirs, arps) — f(£, T, Qups)

Use the triangle inequality to write

sup E” [/ 5, Virs acgs) ds]
PeP(t,z) 0

(2.35) > sup EP [/ ’f(t,g,at_%s) ds] —C3 (u3/2 + u2)
PeP(t,x) 0

>1nfE [ ft,g,a )}703 <u3/2+u2),

where Cj5 is a constant that depends only on . Therefore, from (2.32), (2.34), and
(2.35), we have that

0> inf uB" [(r./u) f(t.5.0)] + u@@ [(rufu) Dep(t, 5)]

. T, o~ 1 e Ny -
+inf sup [@;w(t,y) b(t.9,0,a) + 5 Te(a(t, 9, a) (£, 9, a)7 D250)
(2.36) PeG(t,r)

+/R(w(t,§+5(t,ﬂ7a)z)—<p(t,z?) Dy(t,7) &(t, 7, a) h(z)) V(dz)D

—c, <u3/2+u2+u5/2+u3) 7
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where Cy = Cy + C35 + C4. As u is small enough and EP [Tu/u} — 1, write

O - T o~ 5 1 e N gy
02 Drp(t i)+ int, sup [ 70050+, 0) B8 5.0.0)+ 5 T (900, 500) (15,0 )
€A GeG(t,x) 2

+ [ (o0 58005.0 2~ 05) 05 (1. 5) €01, 5.0) () v(dz)].

Thus, v is a viscosity supersolution of the PDE.

Next, we show that v is a viscosity subsolution of the PDE (2.31). Let (¢,3) €
0,7] x Rr+a+d and let ¢ € C22(0,T] x R +4+d) e such that v(t, ) = ¢(t, ) and
v < @ on [0,T] x RM4+d. Ay satisfies the DPP, we have

0= inf sup E° U Flt+5,Yirs, apps) ds + vt + s, Yigs) —o(t, z?)}
acAo pep(t,2,G) 0

< inf sup EP [ / Flt+5,Yis, arps) ds + ot + 5, Vi) —w(t,ﬂ)} :
acAo pep(t,2,G) 0

Then, for a constant control process a = a € A, we have that

OS sup EP |:/ f(t+87}7t+sva) ds+90(t+57i/t+s) go(t,gj)} .
PeP(t,z,G) 0

As above in (2.34), we obtain the following inequality for all P € P(¢, z):

]E]P |:90(t + Tu, ﬁ+ru) — @(t,g)] g Cl (u3/2 + 'LL2 + U5/2 + US)

+EF [r 0e(t,5)] + / _sup [%w(t,@)b(t,@,é,a)
0 0eG(t,x)

1
+5 T (a(t.5.0)5(t,5.0)T 0%, 0(1,7))

+ [ (olts+ €(0.5.0)2) = (0. 9) — 0yt ) E(0.5.0) <>>v<dz>] s
R

Similarly,

sup EP [/
PeP(t,x) 0

where C7 and Cy are constants that depend only on y. We combine these two in-
equalities to obtain

f(t+8a}~/t+87a)_.f(tvgaa

IS
2
—_
IN
&
—
IS
w
~
[\
+
IS
[\
~

0 <uE" [(ru/u)] f(t, . a) + u(lEP [(7u/w)] Beo(t, )

T . 5 1 e Ny
b sup oyl b0, 7.0.0) + 3 T (o(0,7.0) (7. 0)7 O
(2.37) 0eG(t,x)

+ /(sﬁ(t,ﬂ+€(t7§7a) z) — o(t,5) — 05 (t, §) €(t, §, ) h(2 ))V(dZ)D
R

+ (C + Cs) (u3/2 +u? 4 u?/? +u3) :
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Thus, we have that

- . - T, o~ 5 1 N
0 S at(p(tﬂl/) + inf sup f(t,y,a)-i-@gﬁp(t,y) b(tay7 97 (L)-‘r* Tr (O’(t,y, a) cr(t7y,a)T 851]90)
€A GeG(t,x) 2

+ /R(so(t,z? +E&(t,9,0) 2) — ¢(t,9) — Ig(t,9) (¢, 7, a) h(2)) V(dZ)} .

because a is an arbitrary constant control in A. Therefore, v is a viscosity subsolution
of the PDE in (2.31). d

The parameter 6 does not appear in the second order term and in the nonlocal
term in (2.31) because the parameter 6 only appears in the drift term of the process
Y. Next, we show that there exists an unique viscosity solution for the PDE in (2.31).
This ensures that we can use a numerical method to approximate the value function
v when we cannot find an analytic solution.

PROPOSITION 2.19 (uniqueness of viscosity solution). If Assumptions 2.12, 2.13,
2.14, and 2.16 hold, then the nonlinear PDE in (2.31) has an unique uniformly con-
tinuous viscosity solution with at most linear growth in x.

Proof. Let v; and vy be a uniformly continuous viscosity subsolution (resp., su-
persolution) of (2.31) with vy (T,9) < ve(T,7) for § € R*"*4+d We show that

vi(t,g) < wa(t,g) for all (¢,9) € [0,T] x R+4+d We follow an argument from Pham
(1998), and for 3,¢,8, A > 0 let us define the function ® in [0, T] x RnFd+d x Rr+d+d

(2.38)
B

_ _ _ T, ) (1~ -
O(t, 91, 92) = vi(t, 41) — v2(t, §2) — i 51— Go* — 5 AT (|y1|2 +|y2|2) :
Let the function ® admit a maximum at (Z,71,7,) € [0, T] x Rrtd+d 5 Rr+d+d  Ag in
Theorem 4.1 in Pham (1998), we only consider the case when ¢ < T'. Then, it suffices
to show that the inequality

~ 1 o
sup | sup  b(f,71,0,a) ( (G — §a) + 26 TD y1)
a€A | GeG(%,z1) €

o ~ 1
(239) — sup b(tag25 970’) (
€

) (51— g2) — 26D y2>
0eG(t,z2)

2
<c <|yl€y?|+25e’\(T{) (1 +|§1|2+|l72|2)>

holds, where C' is a positive constant that does not depend on €,d, A\, and 5 because
all the conditions and all the remaining terms in equation (4.6) in Pham (1998) are

satisfied. Next, proceed as in Theorem 4.1 in Pham (1998). For each 8 € G(t,Z;),
there exists 07 € G(t, Z2) such that |6 — 0P| <|§1 — 7a,

(2.40)

_ - 1 o - ~ 1 _r
b(#,71,0,a) ( (71 — 52) + 25T %71) — b(#,72,6",a) ( (1 — 52) — 25T ”gz)

€ €

< ’B(t_v yhé? ll) - 5(57 g2vépaa)‘ ’(gl - g2)/6|
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425 (o0, .0.0)] 17 +{606,72.0,0)] 1]

— — |2
TN (AR AR AR

_ —_ 2 _
<C <|y1 6?J2| +256A(T—t) (1+|y1|2—|—y22)> ’

where the third inequality follows from Assumption 2.13 and the linear growth of the
function b, and C is a positive constant that does not depend on €, d, A\, 5. Therefore,
(2.40) implies that (2.39) holds because a is arbitrary. Thus, vy (t,§) < va(t,3) for all

(t,§) € [0,T] x Rrtd+d, 0

3. Example and numerical results. In this section, we analyze a classical
problem in finance to illustrate the adaptive robust control framework. We derive the
optimal acquisition strategy for an agent who employs market orders to purchase a
large block of shares in an order driven market; see Cartea et al. (2015).

3.1. Optimal acquisition. At time ¢ = 0, an investor must purchase @y > 0
shares by the terminal date 7" > 0. The investor sends buy market orders to the limit
order book (LOB) of the equity exchange at the speed v;. The controlled inventory
target (7 denotes the remaining shares to be purchased over the remaining trading
horizon [t,T] for t > 0, and the target satisfies the SDE dQ} = —v, dt.

The investor’s orders have temporary price impact; i.e., the orders receive worse
prices than the midprice, denoted by S;, because market orders walk the LOB. The
price impact is temporary (i.e., the LOB replenishes after each trade), and we assume
that the impact is linear in the speed of trading. For example, over a small time-step
At the investor purchases vy At shares, and instead of paying the midprice S; per
share, the investor pays (S; + k1) vy At, where k > 0 is the temporary price impact
parameter; see Cartea et al. (2015). As the investor buys shares, the process X"
keeps track of the cumulative cost, which satisfies the SDE dX} = (S; + k) vy dt.
We assume that the midprice of the stock satisfies the SDE

dS; = 0* dt + o dB} + Jyypr, dM;

where M is a Poisson process with intensity A, My = 0, and {J, Ja, . .. } are identically
independent random variables that take the value e with probability 1/2 and the value
—e with probability 1/2, where e > 0. The estimate 6 satisfies the SDE

6, — 6 1 g
Lt dt+ = dB, + S5 dM, |
g g

dfy = fr | =—

where 6* is an unknown value and 8; = o/(1 + t) is the learning rate; see estimator
(1.9) in Bhudisaksang and Cartea (2021). This choice of 3; simplifies the calculations
in our example.
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The investor’s performance criterion is
(3.1) VY =E" [Xr+Qr (St +1Qr)] ,

where 7 > 0 is a terminal penalty parameter, and the investor’s adaptive robust
problem is given by

(32) V(t7 x, S7 év q) = lnf sup EP [XT + QT (ST + T]QT):I )
VGAIP’GP(t,a:)

where 0 is the estimate of the unknown drift parameter 0*. Here, the uncertainty set
for the estimator of 6* is

(3.3) G(t,0) = [é—c/\/1+t, é+c/\/1+t},

where the uncertainty parameter ¢ > 0 is a constant and it is easy to check that the
function G satisfies Assumptions 2.14 and 2.16. The set of admissible strategies is

T
A= v=(v)ro<i<T} | v is progressively measurable, sup EF / |Vt|2 dt| <oo p .
PEP(0,50,00) 0

Next, we show that Assumption 2.4 holds. Use Gronwall’s inequality and the
definition of the function G to write
T ~
/ (93—1—53) du| < oo
t

for all t € [0,T] and = = (S, 0,) € R2. Let v € A; then

(3.4) sup EF
PeP(t,z)

(3.5)

sup EP [X7] = sup EF
PEP(t,x) PEP(t,1)

T
ac+/ |S’u+kuu||1/u|du1
¢
T T
/Vﬁdu /kuﬁdu‘|
¢ t

where the first inequality follows from the Cauchy inequality and the second inequality
follows from (3.4). Next, apply a similar argument to obtain

T
<z+ sup Epl/ S2% du| EF + EF
¢

PeP(t,x)

<00,

(3.6) sup  EP [|Qr||Sr + 1 Qr|] < oo.
’ PeP(t,z)

Hence, the functions J and w are finite from (3.5) and (3.6). Now, we show that the

function V is finite. Let (¢,z,y) € [0,T] x R**9 x R?; for each v € A, we notice that
V(t,z,y) <w(t,z,y,v) < co. To show that V(¢,z,y) > —oco we consider

T 52
XT+QT(ST+77QT)233+/ (Su +kvy) vy du— =L
¢

4n
T o2 2
S S
ZJC—/ U gy — =L
. 4k 4n
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Therefore,

T @2 2
V(t,z,y)> sup EF|z— / Su u— St
PeP(t,z,G) t

where the last inequality follows from (3.4). Then, from Theorem 2.18, the value
function V satisfies the HJBI

O,V +inf sup |(S+kv)vd,V —vd,V +03sV

Y ofer(t,0)

2 7] 0 2
“r%assv-i-ﬁt(G )BéV+ﬁt8éSV+%8ééV

2
A A R
+§ |:V(t51:7579+ﬂt6/0—27q)+V(t7x75797/8t6/0-27Q)72V:| =0

subject to the terminal condition V(T z, S, é, Q=z+Sq+nqg.
The proposition below shows the optimal acquisition speed.

PROPOSITION 3.1. The optimal speed of trading that solves the agent’s acquisition
problem (see (3.2)) is

* q aqh(t7é7q)
(3.7) Vt_T—tJrk/nJr 2k

where the function h satisfies

(3.8)
8th—ﬁ(aqh)2+ <é+\/1%t> q+mm
+%(h(t,é+ﬁt6/02,q)+ B(t,0— Bie /0%, )~ 2h) +(t‘i‘f@1h)2_o
if ¢+ U(?‘Z}_Ll) > 05
+ % (h(t,é—&—ﬁte/oz,q) + h(t,6—Befo? q) — 2h) + (taféf)Q =0 otherwise,

with terminal condition h(T7é7q) = 0. Moreover, the optimal speed of trading of the
adaptive agent (i.e., ¢ =0) is

q (T —t) (T —t+2k/n)0
T—t+k/n 4k (T —t+k/n)

(3.9 vt =

Proof. Tt is straightforward to show that the optimal speed of trading in feedback
form is given by v* = (9,V — S)/2 k. Next, use the ansatz

V(t,x,S,@q) :a:—i—Sq—i—fL(Lq,é)
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and reduce the HJBI equation to

oh— 1= (0uh) 4 5 (t,0+ Bue /o>, q) + hit0— e fo,q) — 2F)
(3.10)

- (6-6) - 1 .
0q+ 89h+(t+1)2390h =0,

+ sup

der(t,0) o(t+1)

where B(Tﬁ,q) = ng¢® The supremum attains at either § = 6 + ¢/v/1+t or 6 =
0 —c¢/+/1+t. Thus, we write

(3.11) .

(%ﬁ—ﬁ (8qﬁ)2+<é+\/1%t) q+(m013)éib/m
+% (E(t7é+ﬁt€/027Q)+ B(t,éﬂte/"z’Q)Qﬁ)er_o
if g + g{ll)_O;

1 -\ 2 ~ c CaAiL
—— (o.h 0 — —— e M
4k(‘1) +< \/1+t)q o(t+1)vV1+t

1 /s 5 2 ) 2 7 8ééh _ :
+2(h(t,9+ﬂt6/0,q)+h(t,9 Bre/o®,q) 2h)+(t+1)2_0 otherwise .

Substitute
h(t,q,0) = k" + h(t, q,0)
7q7 _T—t+k/77 7q7
into the equation above to obtain (3.8), and it is straightforward to write the optimal
speed of trading as in (3.9).
When the uncertainty parameter is ¢ = 0, the system of PDEs in (3.8) reduces to

(3.12)

deh — ﬁ (0gh)? + g + 200"

(t+1)2

A
2

(h(t.0+ Bie /0% q) + h(t,0 - Bie fo*,q) —21h) =0

with (T, 0, q) = 0. Next, substitute the ansatz
h(t,0,4) = qha(t,0) + ha(t, )
into (3.12) to obtain the coupled PDEs:
I
_l’_
T—t+k/n (t+1)2
X/ - - -
+ 5 (n(t.0+ e /o) + hn(t,0— Bre o) = 2h) = 0,

8t]~”L1 - 6(;(;}31 +é

7 B% 1 7 Ay ) 2 7 ) 2 7
athg—ﬂ—‘rmaééhz—l-i(hg(t,9+5t€/0 )+ hg(t,e—ﬁté/g )—2h2) =0.

Let 7y (t,0) = 0 f09(t) + £(t) and ho(t,0) = 02 f90(t) + 0 £9(t) + £9(t), where all the
functions depend only on ¢, and obtain the ordinary differential equation

(T —t+k/n) 801 — f00 = —(T —t + k/n).
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Integrate the equation above from ¢ to T' to obtain

foa(t) = Ttlk/T(T—s—kk/n)ds
(3.13) —tER/ t
(T kg (T -1
T—t+k/n

Substitute the expression above into the optimal speed of trading to obtain
(3.9). d

Note that when the value of the uncertainty parameter c is zero, the optimal
strategy does not depend on the size of the jump € or on the arrival rate parameter \.
When ¢ > 0, we cannot find a closed-form solution for the function h, so we employ
the Crank—Nicolson finite-difference method to solve the PDE in (3.8) and obtain the
optimal speed of trading in (3.7). For the set of parameters we study, our numerical
solution shows that the term d,h(t,0,q) /2k in (3.7) is greater (smaller) than the
second term on the right-hand side of the optimal speed with ¢ = 0 in (3.9) when
g >0 (¢ <0). Also, we find that all else being equal, as the bands of the set G widen
(i.e., the larger is the value of the uncertainty parameter ¢), the value |,h(t, 6, q)|
increases.

Therefore, as the investor is more uncertain about the estimate of the drift of
the asset, the speed of trading is adjusted as follows. When the remaining target to
purchase is positive (negative), i.e., ¢ > 0 (¢ < 0), the investor speeds up the purchase
(sales) of shares as the value of the uncertainty parameter ¢ increases. Note that if
q < 0, the investor holds more shares than the original target g, so the investor must
sell the excess shares before the end of the trading horizon.

In other words, as the investor perceives more uncertainty about the estimate
of the drift parameter, the conservative (i.e., robust) strategy is to accelerate the
purchase of the shares when the target is positive and to accelerate the sales of shares
when the target is negative.

3.2. Performance of adaptive robust strategies. In this subsection, we
compare the performance of the adaptive robust strategies with that of three strate-
gies in which the agent knows the true value of the drift parameter, employs a wrong
value of the drift parameter, and employs a robust strategy. In the robust strategy,
the agent uses the framework derived above but does not learn the value of the un-
known parameter. Instead, the agent assumes that the true parameter 6* lies in the

interval [0, 0] and solves

(3.14) v(t,z,y) = inf sup J(t,z,y,P,a),

where the set P contains all probability measures P; such that 0. € [0,0] for all
u € [t,T).

3.2.1. Adaptive robust optimal acquisition. The terminal time is T = 20
minutes, and other model parameters are

Qo = 10°, Xy =0, Sp = 10, 6* = 0.09, y = —0.03, 0 = 0.2, n = 1072, k = 10~%,
c=0.02,e=0.1,

and for the robust strategy, the set of possible values of the parameter 6* is [—0.1,0.2].
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When the agent believes that 6 is the true drift parameter, the optimal speed to
trade is given by

. q (T —) (T —t+2k/n)0
(3.15) O Sy AT —t+k/n)k

We compare the adaptive robust strategy in (3.7) with the following strategies: (i)
the agent employs (3.15) with the true drift § = 6*, (ii) the agent employs the robust
strategy without learning in (3.14), in which case the speed of trading is in (3.15)
with § = § = 0.2, and (iii) the agent employs (3.15) with the wrong drift parameter
6 = —0.03.

We discretize the time space into 2,000 time-steps and employ 1,000 simulations to
analyze the performance of the four strategies. The left-hand panel of Figure 1 shows
the mean acquisition cost of the strategies. At the terminal date, the lowest mean
cost is that of the strategy with the true drift parameter, followed by the adaptive
robust strategy—see third column (for ¢ = 0.02) in Table 1 below.

The right-hand panel of Figure 1 shows the standard deviation of the acquisition
costs. For most of the trading horizon, the adaptive strategy shows the highest value
of the standard deviation of the acquisition costs—the standard deviation peaks half-
way through and then declines. This sharp increase, followed by a sharp decrease, in
the standard deviation of the acquisition costs results from the strategy learning the
correct value of the parameter. At every time-step, the adaptive strategy refines the
estimate of the drift parameter; thus the speed of trading readjusts, so the costs are
more volatile during the first half of the trading horizon.

Figure 2 shows the mean target inventory for the four strategies. Recall that the
true, wrong, and robust strategies are deterministic (see (3.15)), so for each strategy
the mean of the remaining target is the same as the remaining target for each sim-
ulation. Observe that the robust strategy overshoots the target, that is, the robust

2.00 true
wrong

robust

true
wrong
robust

1.754

* b X @
* b X @

L 150
©

4
4
2 adaptive adaptive
[ =
5 87 ¥ 1.25
g g
§ 64 = 1.00
2 S 0.754
g 2
2 0 0.501
21 0.25
0 0.00 4
T T T T T T T T T T T T T T T T T T
00 25 50 75 100 125 150 175 20.0 00 25 50 75 100 125 150 175 20.0
time time

Fic. 1. Mean and standard deviation of the acquisition costs per share.

TABLE 1
Performance of strategies.

c=0.01 c=0.02 c=0.03 c=0.04
0 mean std  mean std  mean std  mean std
true 11.26 041 11.26 041 11.26 0.41 11.26 0.41
false 11.41 0.55 11.41 0.55 11.41 0.55 11.41 0.55

robust 11.55 032 11.55 0.32 11.55 0.32 11.55 0.32
adaptive  11.38 047 11.38 0.46 11.36 0.47 11.37 0.46
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F1c. 2. Target inventory.
TABLE 2
Performance of strategies.

T =10 T =20 T =30 T =40
0 mean std  mean std  mean std  mean std
true 10.86 0.32 11.25 0.42 11.55 045 11.79 048
false 10.85 0.36 11.40 0.58 11.99 0.70 12.62 0.84

robust 10.98 0.28 11.54 0.33 1211 0.40 12.76 0.56
adaptive 10.89 0.36 11.36 0.48 11.77 0.52 12.13 0.60

strategy purchases more than the target and unwinds the extra shares at the end of
the trading horizon. It is “optimal” to speculate because the agent expects an in-
crease in the price of the asset—recall that the agent’s estimate of the drift parameter
is @ = 0.2. Finally, although the mean target is nonnegative for the adaptive robust
strategy, we note that in 300 simulations there was at least one time-step when the
target became negative (because the agent’s estimate of the drift was high enough to
justify speculative purchases).

We repeat the analysis for various values of the uncertainty parameter ¢ in the
set G (see (3.3)) and report the findings in Table 1; recall that the case discussed
in the figures above is when ¢ = 0.2. As the value of the uncertainty parameter ¢
increases, the agent is less certain about the estimate of the drift of the stock price,
so the agent speeds up the purchase of the target inventory (see Figure 2 above), and
the performance of the strategy worsens.

We repeat the analysis for various values of the terminal date of the trading
horizon; see Table 2. Here, the initial acquisition target is Qo = T x 5 x 103 to keep
the ratio Qo/T constant.? Our results show that as the terminal date increases, the
adaptive robust strategy performs better, relative to the false and robust strategy,
because there is more time for the agent to learn the value of the unknown drift
parameter. Finally, note that the jump component has a similar effect as that of the
volatility because the jump component is symmetric around zero.

4. Conclusions and future research. We proposed a continuous-time version
of the adaptive robust methodology in Bielecki, Chen, and Cialenco (2017). In our
extension, the underlying process follows a jump-diffusion process with unknown drift,
and the agent is continuously estimating the drift while making optimal decisions that

2Note that for Figures 1 and 2, the terminal date is T = 20. Therefore, the initial acquisition
target show in those figures is Qo = 20 x 5 x 103 = 100000.
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are time-consistent. Our methodology has a balance between making a model robust
to misspecification and learning an unknown parameter. Our result is general, and
the value function is characterized as the solution of a PDE. As an particular example
we considered an optimal execution problem when the agent purchases a large amount
of shares and her trades walk the LOB of the exchange. When the agent has enough
time to learn the value of the unknown parameter, we showed that the adaptive robust
strategy performs better (lower average and lower variance of acquisition costs) than
when the agent employs a robust strategy or uses the incorrect parameter estimate.

We propose a number of extensions for future research. Assume that the ob-
served process is noisy, e.g., the stock process has a stochastic drift, which follows an
Ornstein—Uhlenbeck process with unknown mean. Another extension is to include a
penalty term in the expectation of the objective function instead of considering the
unknown parameter inside the confidence region. To this end, one can explore the
approach in Bion-Nadal (2009) to impose a penalty for choosing an alternative model
in the adaptive robust framework.

Appendix A. Proofs.

A.1. Proof of Lemma 2.5. We follow the proofs of Neufeld and Nutz (2014)
and Fadina et al. (2019). From Theorem 2.6 in Neufeld and Nutz (2014), the set
ac (Q) is Borel measurable in (). Therefore, the set

{(w,t,P) € @ x [0,T] x P, (Q) | P(X; = w;) = 1}

sem

is Borel measurable. Recall that the processes 7F, a, and Fg)t are the drift charac-
teristic, the volatility characteristic, and the jump characteristic, respectively, of the
process X; under the probability measure P. From Theorem 2.6 in Neufeld and Nutz
(2014),

((Da S, ]P)) = ((Z)a S, ’VE)((D)? as((b)7 Fg,t)

is Borel measurable. From Assumption 2.3, the set
{((:),S,]P) € Q X [07 T] X m‘:gm(QN 5> t? (’Yf(@)vas(‘:j)vFg,t) € b*(S,JJS) X as(‘:js) X LS((:)S)}

is Borel measurable. Therefore, the set

sem

E:= {(w,t,]P’,cD,s) € Q% [0,7] x P2 () x Q x [0,T]|s > ¢,
P({X, =w , 0<s<t})=1,(3F(@), as(@), FE,) € b (s,5) X as(ds) LS(&)S)}

is Borel measurable. Then, by Fubini’s theorem (see Appendix B.1 below), we obtain
the Borel measurable mapping

T
(w,t, P, @) — / 1p(w,t,P,@,s) 14,7)(s) ds.
0
The set
, T
E = {(w,t,P,L:J) €N x [O,T] X “ngm(ﬂ) X Q ’ / 1E(w,t,IP’,&J,s) 1(t,T](3) ds = Tt}
0

is Borel measurable because the inverse image of a Borel measurable mapping is
also Borel measurable. Therefore, by a monotone class argument, we have that
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(w,t,P) — EF[1, (w,t,P,-)] is a Borel measurable function. Therefore, the following
result completes the proof:

{(w t,B) € 2 x [0,T] x RB(Q) | P € P(t,w(t))}
= {(@,t.P) € 2 x [0,T] x P25, ()| EF 1y (w, t, P, )] = 1},

sem

where the set on the right-hand side of the equality above is Borel measurable because
(w,t,P) — E¥[1,/ (w,t,P,")] is a Borel measurable function.

A.2. Proof of Lemma 2.6. From the definition of a probability measure P,
we have that for P-a.s. @ € €,

EIP’

T
/ f(5,Ya, 0) ds + g(¥r) | ﬂ] (@)

o T -
P l/() f <S7 (K)T(“)’@,ag(@)@) ds+ g (Y;(w)’wﬂ
T(W

)

p7(@),& T 7(@),&
=FE f(s,YS,aS , ) ds + g(Yr)
T(w)

where the last equation follows because of the path uniqueness of the process Y.

A.3. Proof of Lemma 2.7. First, due to Assumption 2.4, the functions J,
w, and v are finite. Next, we check the regularity of the function J. Use a similar
argument to that in Lemma 3.3 in Pham and Wei (2017) to show that for a fixed
measure P the function J is continuous with respect to ¢, z,y,a. Write the function
J(t,z,y,P, ) as

T
It 2,1, P, ) = /Q /t (5, Yo(), s () ds + g(Vir(w)) P(dw) .

For fixed t, z,y, o, the mapping w — Y;(w), w — as(w) is Borel measurable for all
s € [t,T]. Apply Corollary 7.29.1 in Bertsekas and Shreve (1996) to show that the
function J is Borel measurable with respect to P. Therefore, by the Carathéodory
theorem (see Appendix B.6) the function J is Borel measurable. Recall that the set
{(w,t,P) € Q x [0,T] x P(Q) | P € P(t,w(t))} is Borel measurable. Therefore, all
conditions in Lemma A.1 hold, which completes the proof.

A.4. Proof of Lemma A.1.

LEMMA A.1. Let A, X,Y, Z be metrizable separable spaces. Let J be a Borel mea-
surable function on X xY x Z, and let J(x,y,z) be a continuous function in the
variable y. Define w(x,y) = Sup,cp J (7,9, 2) and v*(z) = infyea w(z,y). As-
sume that the sets {(x,z)| z € B(x)} and {(z,y)| y € A} are Borel measurable and w
and v* are finite. Then we have the following results:

(a) The function w is upper semianalytic and Lx ® By -measurable.

(b) The function v* is universally measurable, and for any e > 0 there exists a

universally measurable e-minimax strategy.

This lemma is a modification of Theorem 1 in Nowak (2010). We replace the o-
compact assumption on the set B(x) with the continuity of the function J on the
second variable because the o-compact assumption is not satisfied in our framework.
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(a) From a standard measurable selection, the function w is upper semianalytic,
and w(-,y) is Lx-measurable. Let

falz,y,2,b) == J(x,b,2) + nd(y,b), J.(z,y,2):= bing fulz,y,2,b),
€
and define the function w,, as a lower envelope for the function w,

'lUn(I’,y) ‘= Sup Jn(x,y,z),
z€B(x)

where d is a metric distance in the space A. Note that the function f, is continuous
in the variables y and b and that the space A is separable. Then, write the function
J,, as the infimum of the countable measurable function

Jn(xaya Z) = I?elg fn($7y7 2, bk) ’

where {by,...,bg,...} is the countable dense subset in A. Therefore, J, is Borel
measurable and continuous in y. By the DPP, the function w,, is upper semianalytic,
and hence wy, (-, y) is £x-measurable. Now, use the inequality

‘wn(mvy) - ’U}n(l',y/)’ < sup ’Jn(xayvz) - Jn(m7yl?z)’
z€B(x)

< sup sup | fo(2,9,2,b) = fo(2,y',2,0)| < nd(y,y')
2€B(z) beA

to check that the function w,, is continuous in y.

Therefore, by the Carathéodory Theorem B.6, the function w, is Lx ® By-
measurable. From the definition of the functions f,,, we have that J, < J,11, w, <
Wpt1, and w, < w. Thus, lim, . w,(z,y) < w(z,y). Next, we prove that the
reverse inequality holds by showing that

lim J,(2,y,2) = J(z,y,2).

Assume there exists z, y, z such that lim,, o, J,,(z,y,2) < J(x,y, z). Therefore, there
exists an € > 0 and N € N such that J,(z,y,2) +€ < J(z,y,2) for all n > N. Hence,
there exists a sequence b,, such that

J(@,bn,2) +nd(y,bn) + 5 < J(@,9,2)

for all n > N. Because the function J(z,-,z) is continuous, the sequence b, € A
converges to y, and this leads to a contradiction. Therefore, the limit of function J,
is equal to J, and hence

lim sup J,(z,y,2z) > sup lim J,(z,y,z) = sup J(z,y,2) =w(z,y).
N0 e B(x) 2€B(x) VT z€B(x)

Thus, lim,, o0 wy (2, y) > w(z,y), and lim, o w,(z,y) = w(z,y), so the function w

is also Lx ® By-measurable. The rest of the proof follows from Theorem 1 in Nowak
(2010).
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Appendix B.

THEOREM B.1 (Fubini’s theorem). Let u and v be o-finite outer measures on X
and Y, respectively. For any mon-negative u X v-measurable function f,

x> f(z,y) is p-measurable for v-a.e.,
Y / flx,y)du(zx) is u-measurable.
b's

DEFINITION B.2 (Hausdorff metric). Let (M,d) be a metric space, and let X,Y
be nonempty subsets of the space M. The Hausdorff metric is given by

dhaus(X,Y) :=max < sup inf d(z,y), sup inf d(z, .
haus(X, Y) X{zEEyEY( y) ye%ex( y)}

DEFINITION B.3 (analytic set and analytically measurable function).

(i) Let E be a Borel space; then a subset B is an analytic set in E if there is
another Borel space F' and a Borel subset A C E x F such that B = wg(A).
A subset C C E is coanalytic if its complement C° is analytic.

(ii) A function g : E — R =RUoo is upper semianalytic if {x € E : g(x) > ¢} is
analytic for every c € R.

(iii) Let E be a Borel set and A(E) denote a o-field generated by all analytic
subsets. A function f : E — F, where F is a Borel set, is analytically
measurable if f~1(C) € A(E) for every C € B(F).

DEFINITION B.4. Let (2, F) be a measurable space; the universal completion of
F is the o-field defined as the intersection of FX for all probability measures P € P(Q)
on (, F), i.e.,
FU = ﬂ FE
PER ()

A function f from (Q,F) to E is called universally measurable if f~1(A) € FY
for each A € B(E).

DEFINITION B.5. Let (S, %) be a measurable space, and let X and Y be topological
spaces. A function f: S x X =Y is a Carathéodory function if
1. for each x € X, the function f* = f(-,x): S =Y is (X, By)-measurable;
2. for each s € S, the function fs = f(s,"): X =Y is continuous.

THEOREM B.6. Let (5,X) be a measurable space, X a separable metrizable space,
andY a metrizable space. Then every Carathéodory function f : Sx X — Y is jointly
measurable.
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