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Abstract

Deep neural networks have had tremendous success in a wide range of applications
where they achieve state of the art performance. Their success can be generally
attributed to three main pillars: their natural back-propagation structure which
allows time and resources efficient gradient computation; recent advances in op-
timization theory which have led to the development of fast training algorithms;
and availability of computationally efficient software (neural networks frameworks
such as PyTorch and Tensorflow), hardware (Graphics Processing Units(GPUs),
and more recently Tensor Processing Units(TPUs)).

Deep neural networks are now the model of choice for many practitioners.
As a result, there is a growing research interest in their theoretical properties.
Classical results from approximation theory ensure that neural networks, even
with a single hidden layer, are universal approximators, provided the model is big
enough. From an optimization point of view, the loss surface of a deep neural
network is generally highly non-convex, posing a big limitation on what results
from Optimization theory can be applied to such models. Therefore, little is known
about the local minimas, the saddle points, and the convergence of gradient based
method (e.g. Stochastic Gradient Descent), with these models. Another interesting
and understudied research topic is that of randomly initialized neural networks.
Indeed, random neural networks provide a compelling framework that offers, in
many cases, a simplified short-cut to understand theoretical properties of neural
networks at initialization and Bayesian neural networks. Against this backdrop, the
research presented in this thesis focuses on the theoretical properties of randomly
initialized wide deep neural networks. It provides a comprehensive analysis of
these models at initialization, leveraging a duality between random wide neural
networks and Gaussian processes. Particularly, the research here presented pays
careful attention to the role of the initialization hyperparameters, the activation
function, and the neural architecture in the behaviour of these models. This level
of depth allows for the derivation of principled guidelines for the training and
designing of deep neural networks.
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This dissertation follows an integrated thesis format and consists of a collection

of four articles, one published in Proceedings of the International Conference on

Machine Learning (ICML) 2019, one accepted in the Proceedings of Artificial

Intelligence and Statistics (AISTATS) 2021, one accepted in the Proceeding of the

International Conference of Learning Representations (ICLR) 2021, and one under

revision to be submitted to ICML 2021. These articles are presented in chapters

2, 3, 4, and 5, respectively. All papers are self-contained; they each include a

review of the literature, a bibliography, and an appendix. Although the articles are

independent in format, they follow the same research direction, and form a coherent

piece of work, where one article completes the other, and so forth.

1



2 1.1. Neural Networks and Gaussian Processes

This chapter is a general introduction to the topic of Randomly Initialized

Wide Neural Networks. It outlines the theory and technical tools used in the

articles; it provides a summary of the duality between Gaussian processes and

wide neural networks, and introduces the Edge of Chaos initialization, the Neural

Tangent Kernel, and Neural Networks Pruning, all of which are used in the rest

of the dissertation. Finally, this chapter provides a brief description of the four

chapters/articles mentioned earlier.

1.1 Neural Networks and Gaussian Processes

Deep neural networks have achieved state of the art performance on a variety of tasks

including language processing and computer vision; see, e.g., [Goodfellow et al., 2016,

Nguyen and Hein, 2018, Du et al., 2019, Zhang et al., 2016, Neyshabur et al., 2019].

The popularity of deep neural networks has motivated researchers to investigate their

theoretical properties and, more importantly, their expressive power as the depth

grows. To cite a few, [Montufar et al., 2014] have shown that neural networks have

exponential expressive power with respect to the depth, while [Poole et al., 2016]

obtained similar results using a topological measure of expressiveness.

Other works by [Neal, 1995, Lee et al., 2018a, Matthews et al., 2018] have stud-

ied neural networks at initialization and shown that they are closely related to

Gaussian processes. The theoretical analysis of randomly initialized neural networks

is motivated by many reasons. For instance, since neural networks training is

generally a non-convex optimization problem, the choice of the initialization weights

and the activation function will shape the parameter space that the optimization

algorithm could explore. Moreover, the analysis of neural networks at initialization

provides valuable insights on the output function, which helps understand what

happens during the first steps of the optimization algorithm. Randomly initialized

neural networks can also be seen as priors in the context of Bayesian neural networks.

Knowing that the choice of the prior is crucial in Bayesian learning, studying the

properties of random neural networks is essential for the design of a good prior.
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1.1.1 Setup and Notation

Consider a Fully-connected Feedforward Neural Network (FFNN) of depth L, widths

(Nl)1≤l≤L, weights W l
ij and bias Bl

i. Given an input x ∈ Rd, the propagation of

this input through the network is given by

y1
i (x) =

d∑
j=1

W 1
ijxj +B1

i ,

yli(x) =
Nl−1∑
j=1

W l
ijφ(yl−1

j (x)) +Bl
i, for l ≥ 2,

(1.1)

where φ : R → R is the activation function.

The first layer maps the input x linearly to the neurons (y1
i (x))1≤i≤N1 . These

linear features, also called pre-activations, are “activated” by applying φ element-

wise, then passed as an input to the second layer. Repeating such transformations

L times defines an FFNN of depth L.

Table 1.1 highlights some popular choices of the activation function φ, also

called non-linearity. Figure 1.1 shows the plots of these activation functions.

Table 1.1: Popular activation functions with their derivatives

Activation function φ(x) φ′(x)

ReLU (Rectified Linear Unit) x1x>0 1x>0

ELU (Exponential Linear Unit) x1x≥0 + (ex − 1)1x<0 1x≥0 + ex1x<0

Sigmoid 1
1+e−x

e−x

(1+e−x)2

Hyperbolic Tangent ex−e−x

ex+e−x
4

(ex+e−x)2

The FFNN defined above becomes closely related to Gaussian process when the

width goes to infinity. The next section sheds light on this behaviour.

1.1.2 Gaussian Process Approximation of Neural Networks

The first link between neural networks and Gaussian processes can be traced back to

[Neal, 1995], where the author demonstrated that a single layer neural network with

weights initialized with a zero mean normal distribution, converges in distribution
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Figure 1.1: Plots of some activation functions

to a Gaussian process in the limit of infinite width (infinite number of neurons).

Recently, [Lee et al., 2018a] generalized the result to multi-layer neural networks,

and used the equivalent Gaussian process to perform bayesian inference for classifi-

cation tasks; the authors consider the equivalent Gaussian process to be a prior, and

use the mean function of the posterior Gaussian process1 to compute predictions.

[Matthews et al., 2018] provided a rigorous proof for the result in the multi-layer

case, and [Yang, 2020] generalized the proofs to other architectures. This duality

between Gaussian processes and neural networks has been leveraged in a stream

of works ([Schoenholz et al., 2017, Yang and Schoenholz, 2017, Poole et al., 2016,

Xiao et al., 2018]) to gain insights on the behaviour of deep neural networks at

initialization in what is known as the theory of information propagation. The

papers presented in this dissertation all make use of this theory. Unlike neural

networks, Gaussian processes are usually more convenient to study since their

properties are fully captured by their mean function and covariance kernel. In

this sense, the Gaussian process equivalent to infinite width neural networks is

a valuable ‘shortcut’ for researchers to (partially) understand the behaviour of

overparameterized neural networks at initialization.

Recall the set of forward propagation equations for an FFNN (1.1)

y1
i (x) =

d∑
j=1

W 1
ijxj +B1

i ,

yli(x) =
Nl−1∑
j=1

W l
ijφ(yl−1

j (x)) +Bl
i, for l ≥ 2.

1It is well known that with a Gaussian likelihood model, a Gaussian process prior leads to a
posterior distribution that is also a Gaussian process
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where x ∈ Rd is the input. Assume the weight and bias are randomly initialized

with W l
ij

iid∼ N (0, σ2
w

Nl−1
) and Bl

i
iid∼ N (0, σ2

b ), where N (µ, σ2) denotes the normal

distribution of mean µ and variance σ2. The scaling factor 1/Nl−1 in the variance

of the weights is necessary to control the variance of the pre-activations. Given an

input x, the pre-activations in the first layer (y1
j (x))1≤j≤N1 are iid random Gaussian

variables with mean 0 and variance q1(x) = σ2
w

d
‖x‖2 + σ2

b . More generally, it can

be inferred from [Neal, 1995] that (y1
j (.))1≤j≤N1 are iid Gaussian processes with

zero mean function and covariance kernel q1 given by

q1(x, x′) = σ2
w

d
x · x′ + σ2

b .

[Lee et al., 2018a] extended this result to multiple layers in the limit of infinitely

wide neural networks. Their proof uses an inductive argument: assume that

(yl−1
j (.))1≤j≤Nl−1 are iid Gaussian processes with zero mean function and covariance

kernel ql−1. Re-writing W l
ij = σw√

Nl−1
Z l
ij, where Z l

ij
iid∼ N (0, 1.), we have that

yli(x) = σw√
Nl−1

Nl−1∑
j=1

Z l
ijφ(yl−1

j (x)) +Bl
i, for l ≥ 2. (1.2)

Using the Central Limit Theorem in the limit Nl−1 →∞, it is straightforward

that the processes (ylj(.))1≤j≤Nl
become iid Gaussian processes with zero mean

function and covariance kernel given by

ql(x, x′) = σ2
wEf∼GP(0,ql−1)[φ(f(x))φ(f(x′))] + σ2

b , (1.3)

for all x, x′ ∈ Rd. The notation “f ∼ GP(0, ql−1)” means that f is drawn from a

Gaussian process with zero mean function and covariance kernel ql−1.

The recursive argument above (which was used in [Lee et al., 2018a]) holds in the

limit N1 →∞, then N2 →∞, ..., then NL →∞, i.e. the limit is taken recursively.

This is an unrealistic scenario since popular neural networks architectures have layer

widths that are usually similar; this implies that in order to use Gaussian processes

as an approximation of multi-layer neural networks, layers widths should have the

special hierarchy Nl−1 � Nl. Fortunately, the proof can be modified to include

the case where the widths grow at a similar rate. Indeed, [Matthews et al., 2018]
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proved that Gaussian process behaviour persists in the limit of N1, ..., NL → ∞

where the width Nl can follow any increasing pattern. This result holds for all

countable sets of the input space.

Theorem 1 (Th 4. in [Matthews et al., 2018]) Consider a randomly initial-

ized deep neural network of the form (1.1) and assume that the activation function

has linear growth. Let (Nl(n))1≤l≤L be the “widths functions”, i.e. the widths

parametrized by some number n ∈ N. Then, for all increasing widths functions

Nl(n), and for any countable input set (xi)i≥1, the distribution of the output of the

network converges in distribution to a Gaussian process as n→∞. The Gaussian

process has mean function zero and covariance kernel given by the recursive formula

(1.3).

In [Lee et al., 2018a], the authors named any Gaussian process with zero mean

function and covariance kernel ql a Neural Network Gaussian Process (NNGP) of

depth l ([Lee et al., 2018a]); they proposed a Bayesian approach for learning with

neural networks based on the NNGP where they use the mean function of the

posterior Gaussian process to perform classification tasks.

The covariance kernel ql follows a recursive formula given by equation (1.3).

Given two inputs x, x′, the value of the kernel at point (x, x′), given by ql(x, x′),

carries some ‘information’ about the inputs. We say that the sequence (ql(x, x′))1≤l≤L

represents the information propagation inside the network. Studying the asymptotic

behaviour of ql(x, x′) is crucial to gain insights on the output function of the

infinite width neural network at initialization. Such analysis was carried out

[Schoenholz et al., 2017]; the next section provides a summary of this topic.

1.2 Information Propagation and The Edge of
Chaos

In [Schoenholz et al., 2017], the authors showed that, for a bounded activation

function and general (σ2
b , σ

2
w), both the variance ql(x, x), resp. the correlation

cl(x, x′) = ql(x, x′)/
√
ql(x, x)

√
ql(x′, x′), converge exponentially fast to some limiting
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value q, resp. c. In general, q and c depend only on (σ2
b , σ

2
w). To refine this

convergence analysis, authors established the existence of εq and εc such that

|ql(x, x′)− q| ∼ e−l/εq and |cl(x, x′)− c| ∼ e−l/εc . The quantities εq and εc are called

depth scales since they represent the range of depth to which the variance and corre-

lation can propagate without being exponentially close to their corresponding limits.

More precisely, if we write χ1 = σ2
wE[φ′(√qZ)2] and α = χ1 +σ2

wE[φ′′(√qZ)φ(√qZ)]

then the depth scales are given by εq = − log(α)−1 and εc = − log(χ1)−1. The

condition χ1 = 1 corresponds to an infinite depth scale of the correlation. It is

called the Edge of Chaos as it separates two phases (Ordered phase and Chaotic

phase). The equation χ1 = 1 is usually seen as an equation with variables (σb, σw).

However, it can be generalized to a system of three variables (σb, σw, φ), where

the third variable lives in function space (activation function). The boundedness

condition on the activation function can be relaxed to include functions such as

ReLU, ELU etc. We refer the reader to chapter 2 for more details.

Definition 2 (Edge of Chaos, Informal) For (σb, σw) ∈ (R+)2, let q(σb, σw) be

the limiting variance. The Edge of Chaos (EOC) is the set of values of (σb, σw)

satisfying χ1 = σ2
wE[φ′(

√
q(σb, σw)Z)2] = 1.

The euclidean quadrant {(σb, σw) ∈ R+} is divided into three sets according

to the value of χ1:

• Ordered phase (χ1 < 1). The correlation cl(x, x′) converges exponentially

fast to 1 for any inputs x 6= x′. This convergence is uniform over {(x, x′) ∈

(Rd)2 : x 6= x′}. In this phase, if the variance terms ql(x, x) converges

exponentially fast to some limiting value q that is independent of x, then we

can expect the output function of the neural network to be constant. The

assumption of q being independent of x can be relaxed for ReLU activation

function (see chapter 2 for more details).

• Chaotic phase (χ1 > 1). In this regime, the correlation cl(x, x′) converges

exponentially fast to some limiting value c < 1 independent of x. The



8 1.2. Information Propagation and The Edge of Chaos

convergence is uniform over the set {(x, x′) ∈ (Rd)2 : |1− c1(x, x′)| > ε} for

any ε ∈ (0, 1). Interestingly, this implies that very close inputs (in terms of

correlation) lead to very different outputs. Thus, in the chaotic phase, in the

limit of infinite width and depth, the output function of the neural network is

non-continuous almost everywhere.

• The Edge of Chaos (χ1 = 1). In this regime, the correlation cl(x, x′)

converges to 1 at a sub-exponential rate. The convergence is uniform over the

set {(x, x′) ∈ (Rd)2 : |1 − c1(x, x′)| > ε} for any ε ∈ (0, 1). Contrary to the

previous two phases where the information vanishes at an exponential rate,

the sub-exponential convergence rate of the correlation on the Edge of Chaos

preserves the information carried by the correlation as it “travels” inside the

network. Eventually, this information will be lost since cl(x, x′) converges

to 1. However, it is expected that this will happen at a much deeper layer

compared to the Ordered phase. Thus, one can say that the Edge of Chaos

allows deeper information propagation.

Figure 1.2 illustrates the output function of an FFNN with Hyperbolic Tangent

activation function for three different values of initialization hyperparameters

(σb, σw). The graphs show the values of the output function for x ∈ [0, 1]2 (the

notation [0, 1] means that 0 and 1 are included in the interval). The output

function in the Ordered phase is almost constant, while it is very ‘noisy’ in the

Chaotic phase. On the other hand, the output function on the Edge of Chaos

is smooth and varies significantly across the input space [0, 1]2. In chapter 2,

we give a comprehensive analysis of the Edge of Chaos and we characterize the

convergence of the correlation in this regime. We particularly show that using

smooth activation functions yields a convergence rate of O(l−1) for the correlation

compared to O(l−2) with ReLU activation function.

The theory of the Edge of Chaos deals with information propagation at ini-

tialization. Although it gives interesting insights about the network output at

initialization and how the Edge of Chaos initialization maximizes information flow
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Figure 1.2: Output of a 300x20 Fully-Connected FeedForward Neural Network with
Hyperbolic Tangent activation function for three initialization phases.

inside the network, it does not cover the training part. It turns out that training

wide neural networks is related to the so-called Neural Tangent Kernel; further

details on this are discussed in the section below.

1.3 Neural Tangent Kernel for Deep Neural Net-
works

Recent work by [Jacot et al., 2018] has shown that training a neural network of any

kind with gradient descent in the parameter space is related to kernel gradient descent

in function space with respect to the Neural Tangent Kernel (NTK). In the limit of

infinite width, the Neural Tangent Kernel remains constant during training and is

fully characterized by its value at initialization. Hence, in the NTK regime (infinite

width), the training procedure is fully captured at initialization. It is therefore

natural to bridge the gap between the initialization and the Neural Tangent Kernel.

1.3.1 Neural Tangent Kernel

In the previous section, the FFNN was presented as a simple neural network

model. More generally, a neural network of depth L ≥ 1 is given by a set of

forward propagation equations

yl(x) = Fl(θl, yl−1(x)), 1 ≤ l ≤ L, (1.4)
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where x ∈ Rd is the input, θl are the parameters of the lth layer (for FFNN,

θl = (W l, Bl)), and Fl is a mapping that defines the nature of the layer. Popular

choices include dense and convolutional mappings.

Now, consider a general neural network model of type (1.4) consisting of L

layers (yl)1≤l≤L. Let θ = (θl)1≤l≤L be the flattened vector of weights and bias

indexed by the layer’s index, and p be the dimension of θ. In the case of an FFNN

with layer widths (Nl)1≤l≤L, θ has dimension p = ∑L
l=1 Nl × (Nl−1 + 1) with the

notation N0 = d. In general, the output function f of the neural network is given

by some mapping s : RNL → Ro of the last layer yL(x); o being the dimension of

the output. For any input x ∈ Rd, we thus have f(x, θ) = s(yL(x)) ∈ Ro. For

a classification problem with k classes, practitioners usually choose s to be the

Softmax2 function and, in this case, we have o = k.

As the model is trained, the parameters are updated with each gradient step, and

we shall call θt the value of θ at training time t and ft(x) = f(x, θt) = (fj(x, θt))1≤j≤o.

Let D = (xi, zi)1≤i≤M be the dataset and let X = (xi)1≤i≤M , Z = (zj)1≤j≤M

be the matrices of inputs and outputs respectively, with dimension d ×M and

o×M . For any function g : Rd×o → Rk, k ≥ 1, we denote by g(X ,Z) the matrix

(g(xi, zi))1≤i≤M of dimension k × M .

[Jacot et al., 2018] studied the behaviour of the network output as a function

of the training time t when the network is trained using gradient descent. With

parameters θ ∈ Rp, the empirical loss function is given by

L(θ) = 1
M

M∑
i=1

`(f(xi, θ), zi),

where ` : (z′, z)→ `(z′, z) is some loss criterion, e.g. quadratic loss, cross entropy etc.

The “full-batch” gradient descent algorithm (as opposed to “mini-batch” gradient

descent or stochastic gradient descent) follows the update rule given by

θ̂t+1 = θ̂t − η∇θL(θ̂t), (1.5)

2Given v = (vi)1≤i≤k ∈ Rk, the Softmax function maps v to Softmax(v) =
(

evi∑k

j=1
evj

)
1≤i≤k

.
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where η > 0 is the learning rate.

Assume that we want to train the model with a maximal number of steps Ns and

let T = ηNs. This update rule can be seen as a discretization of a continuous time

system known as the “gradient flow”, and is given by

dθt = −∇θL(θt)dt, (1.6)

where ∆t = η is the discretization step. It is well known that this discretization

scheme induces an error bound of order O(η) under minimal conditions on the

loss function (see Appendix of chapter 3). The training time T with gradient flow

represents the number of steps for the discrete system. The Ordinary Differential

Equation (ODE) (1.6) can be re-written as

dθt = − 1
M
∇θf(X , θt)T∇z′`(f(X , θt),Z)dt,

where ∇θf(X , θt) is a matrix of dimension oN × p and ∇z′`(f(X , θt),Z) is the

flattened vector of dimension o ×M constructed from the concatenation of the

vectors ∇z′`(z′, zi)|z′=f(xi,θt), i ≤ M . As a result, the output function ft(x) =

f(x, θt) ∈ Ro follows the dynamics

dft(x) = − 1
N
∇θf(x, θt)∇θf(X , θt)T∇z′`(ft(X ),Z)dt. (1.7)

The Neural Tangent Kernel (NTK) KL
θ is defined as the o× o dimensional kernel

KL
θt

(x, x′) = ∇θf(x, θt)∇θf(x′, θt)T ∈ Ro×o

=
L∑
l=1
∇θlf(x, θt)∇θlf(x′, θt)T ,

(1.8)

where x, x′ ∈ Rd. We also define the matrix NTK KL
θt

(X ,X ) as the oM × oM

matrix defined blockwise by

KL
θt

(X ,X ) =


KL
θt

(x1, x1) · · · KL
θt

(x1, xM)
KL
θt

(x2, x1) · · · KL
θt

(x2, xM)
... . . . ...

KL
θt

(xM , x1) · · · KL
θt

(xN , xM)

 .

By applying (1.7) to the vector X , we obtain

dft(X ) = − 1
M
KL
θt

(X ,X )∇z′`(ft(X ),Z)dt. (1.9)
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The ODE (1.9) characterizes the neural network training with gradient flow. In

the case of quadratic loss, this ODE becomes tractable and admits a closed-form

solution. This is discussed in the subsequent section.

1.3.2 The NTK regime

In the case of an FFNN with NTK parameterization (see chapter 3 for more

details), [Jacot et al., 2018] proved that, with gradient flow dynamics, in the limit

N1, N2, ..., NL →∞ recursively, the kernel KL
θt

converges to a kernel KL which de-

pends only on L (number of layers) for all t < T , under the technical assumption that∫ T
0 ‖∇z`(ft(X ,Z))‖dt is finite almost surely with respect to the initialization weights.

[Yang, 2020] generalized the result to the case where min{N1, N2, ..., NL} → ∞.

Let f∞ be the output of the network in this limit. We then have

df∞t (X ) = − 1
M
KL(X ,X )∇z′`(f∞t (X ),Z)dt. (1.10)

Letting, K̂L = KL(X ,Z), and considering the quadratic loss `(z′, z) = 1
2‖z

′ − z‖2,

equation (1.10) is equivalent to

df∞t (X ) = − 1
M
K̂L(f∞t (X )−Z)dt. (1.11)

The ODE (1.11) is characteristic of a simple linear model that has a closed-form

solution given by

f∞t (X ) = e−
1

M
K̂Ltf∞0 (X ) + (I − e− 1

M
K̂Lt)Z. (1.12)

For general input x ∈ Rd, we have

f∞t (x) = f∞0 (x) + γ(x,X )(I − e− 1
M
K̂Lt)(Z − f∞0 (X )), (1.13)

where γ(x) = KL(x,X )KL(X ,X )−1.

The linear model solution f∞t is an approximation at time t of the neural

network trained with gradient flow, in the ideal scenario of infinite width. In

general, the kernel matrix K̂L is invertible, allowing for the derivation of the infinite

training time solution f∞∞ given by

f∞∞ (x) = f∞0 (x) + γ(x,X )(Z − f∞0 (X )). (1.14)
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f∞∞ is usually called the “NTK regime,” the “NTK regime solution,” or the “linear

regime solution,” and can be seen as an approximation of the trained neural network

without training. [Lee et al., 2019] showed that, surprisingly, this linear model

achieves high accuracy that might even compete with the original trained neural

network. However, while it yields good performance for shallow neural networks,

chapter 3 shows the limitations of this regime for deep neural networks.

Although modern deep neural networks have achieved state of the art per-

formance in many tasks, these models are overparameterized; they usually have

millions, if not billions, of parameters, making them impossible to implement on

limited capacity devices such as mobile phones and tablets. A natural question that

arises is whether these models can be compressed while preserving their performance.

This topic has been the subject of a line of research known as network pruning

(the name finds its origins in the similarity with trees pruning). Further discussion

on this topic is provided in the next section.

1.4 Neural Networks Pruning

Neural Network Pruning is widely used to reduce the time and space requirements

both at training and test time. The concept is to identify weights that do not

contribute significantly to the network performance and remove them. These weights

are usually chosen based on some criterion, e.g. weights with smallest magnitude or

gradient norm. Consider a general neural network model of depth L given by (1.4)

yl(x) = Fl(θl, yl−1(x)), 1 ≤ l ≤ L,

where x ∈ Rd is the input. Network pruning consists of finding a binary mask

δ that has the same dimension of the weights. By applying the mask δ to the

weights element-wise, we obtain the pruned network

ȳl(x) = Fl(δl ◦ θl, yl−1(x)), 1 ≤ l ≤ L, (1.15)
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where ◦ is the Hadamard product (element-wise product).

Most pruning procedures currently available are applied after training the full neu-

ral network [LeCun et al., 1990, Hassibi et al., 1993, Mozer and Smolensky, 1989,

Dong et al., 2017]. They follow the standard pruning procedure

train → prune → .... → prune → train,

until the desired sparsity is achieved. For large datasets such as ImageNet3,

these procedures are slow and require extensive computational resources. This

has led to the development of methods that consider pruning the neural net-

work during training. For example, [Louizos et al., 2018] propose an algorithm

which adds a L0 regularization on the weights to enforce sparsity. Similarly,

[Carreira-Perpiñán and Idelbayev, 2018, Alvarez and Salzmann, 2017] propose the

inclusion of compression inside training steps. Other pruning variants consider

training a secondary network that learns a pruning mask for a given architecture

([Li et al., 2020, Liu et al., 2019]).

Recently, [Frankle and Carbin, 2019] have introduced, and experimentally vali-

dated, the Lottery Ticket Hypothesis which conjectures the existence of a sparse

subnetwork that achieves similar performance to the original neural network.

These empirical findings have motivated the development of pruning at initial-

ization methods, such as SNIP ([Lee et al., 2018b]), which demonstrated similar

performance to classical pruning methods of pruning-after-training. Pruning at

initialization methods consider pruning the randomly initialized network and training

the sparse network. They never require training the complete neural network and

are thus more memory efficient, allowing to train deep networks using limited

computational resources. However, such techniques may suffer from different

problems. In particular, nothing prevents such methods from pruning one whole

layer of the network, a phenomenon also known as layer-collapse, which would

typically make the network untrainable (residual neural networks are an exception

since the residual connection keeps the information flow even if one layer is fully
3Available at http://www.image-net.org/
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pruned). More generally, it is usually difficult to train the resulting pruned neural

network [Li et al., 2018] even if no layer was fully pruned. To resolve this situation,

[Lee et al., 2020]) attempted to enforce the dynamical isometry using orthogonal

weights, while [Wang et al., 2020] (GraSP) used Hessian-based pruning to preserve

gradient flow. Another work by [Tanaka et al., 2020] considers a data-agnostic

iterative approach using the concept of synaptic flow in order to avoid layer-collapse.

For pruning at initialization, the binary mask δ is computed based on some

criterion. Popular choices include:

• Magnitude based pruning (MBP): the weights are pruned based on the

magnitude |W | (weights with small magnitude are pruned).

• Sensitivity based pruning (SBP): the weights are pruned based on the

values of |W ∂L
∂W
|, where L is the loss function. This is motivated by the first

order Taylor expansion of the loss function

LW ≈ LW=0 +W
∂L
∂W

.

This criterion is used by SNIP ([Lee et al., 2018b]).

• Hessian based pruning (HBP): the weights are pruned based on some func-

tion that uses the Hessian of the loss function as in GraSP [Wang et al., 2020].

Pruning a neural network at initialization is governed by the values of the

criterion at initialization. Therefore, understanding how the initialization impacts

the criterion is valuable in the choice of hyperparameters. For deep neural networks,

it turns out that the theory of information propagation provides valuable tools to

derive principled guidelines for the choice of the network hyperparameters and the

architecture design. This is the main topic of chapter 5.
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1.5 Thesis outline

As aforementioned, this dissertation follows an integrated thesis format, and is

composed of four articles in the theory of randomly initialized wide deep neural

networks. These articles form a coherent piece of work and complete each other.

This section provides a short overview of the articles (chapters), and delve into the

specificities of each one. Lastly, as per the submission guidelines, following each

article is a signed statement of authorship that details my contributions.

On the Impact of the Initialization and the Activation function on Deep

Neural Networks. Chapter 2 is dedicated to the theoretical understanding of

the Edge of Chaos. We provide a comprehensive analysis of the Edge of Chaos

for different activation functions. In it, we particularly show that by choosing

smooth activation functions such as Hyperbolic Tangent and ELU (see figure 1.1),

the convergence rate of the correlation improves from O(l−2) (the convergence

rate with ReLU) to O(l−1), meaning that the information can propagate deeper

inside the network, thus allowing training deeper neural networks. We illustrate

all theoretical results with extensive empirical results.

The article is referenced as:

• Hayou, S., Doucet, A., and Rousseau, J. (2019). On the Impact of the

Activation Function on Deep Neural Networks Training. Proceedings of the

36th International Conference of Machine Learning (ICML 2020).

Neural Tangent Kernel for Deep Neural Networks. The Neural Tangent

Kernel introduced by [Jacot et al., 2018] is closely related to deep neural networks

training. Indeed, authors have shown that training a neural network of any kind with

gradient descent in parameter space is strongly related to kernel gradient descent in

function space with respect to the Neural Tangent Kernel (NTK). [Lee et al., 2019]

built on this result by establishing that the output of a neural network trained

using gradient descent can be approximated by a linear model for wide networks.

In parallel, many recent works (including our work [Hayou et al., 2019]) have
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demonstrated the benefit of the Edge of Chaos initialization on the performance of

deep neural networks. In chapter 3, we bridge the gap between these two concepts

by quantifying the impact of the initialization and the activation function on the

Neural Tangent Kernel when the network depth becomes large. In particular, we

show that the performance of wide deep neural networks cannot be explained by

the NTK regime, and we provide experiments illustrating our theoretical results.

The paper is under revision and will be re-submitted to the International

Conference of Machine Learning (ICML 2021). It is referenced as:

• Hayou, S., Doucet, A., and Rousseau, J. (2020). Mean-field Behaviour of Neu-

ral Tangent Kernel for Deep Neural Networks. arXiv preprint arXiv:1905.13654v8.

Stable Residual Neural Networks. Residual neural networks, also called

ResNet, are neural network architectures given by the set of forward propaga-

tion equations

yl(x) = yl−1(x) + Fl(θl, yl−1(x)), 1 ≤ l ≤ L, (1.16)

where x is the input, and Fl is a mapping that defines the nature of the layer;

it is usually a convolutional mapping.

While ResNet solve the problem of gradient vanishing, they might suffer

from gradient exploding as the depth becomes large as it has been shown in

[Yang and Schoenholz, 2017]. Moreover, recent results have shown that ResNet

might lose expressivity as the depth goes to infinity [Yang and Schoenholz, 2017,

Hayou et al., 2019]. To resolve these issues, we introduce in chapter 4 a new class

of ResNet architectures, called Stable ResNet, that have the property of stabilizing

the gradient while ensuring expressivity in the infinite depth limit.

The article is referenced as:

• Hayou, S., Clerico, E., He, B., Deligiannidis, G., Doucet, A., and Rousseau, J.

(2020). Stable ResNet. To appear in the Proceedings of the 24th International

Conference on Artificial Intelligence and Statistics (AISTATS 2021).
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Neural Networks Pruning at Initialization. Modern day neural networks

are usually overparameterized; they display state of the art performance while

having millions, if not billions, of trainable parameters. However, there is a growing

need for smaller neural networks to be able to use machine learning applications

on devices with limited computational resources. A popular approach consists of

using pruning techniques. These techniques have traditionally focused on pruning

pre-trained neural networks [LeCun et al., 1990, Hassibi et al., 1993], and follow an

iterative ‘train then prune’ scheme. Such procedures are memory heavy and could

require days, if not months, of training on a single GPU device to find a winning

’pruned’ network. Recent work by [Lee et al., 2018b] has shown promising results

when pruning at initialization, meaning that we prune the untrained neural network

once at initialization to achieve the desired sparsity, then train the sparse network.

However, for deep neural networks, such procedures remain unsatisfactory as the

resulting pruned networks can be difficult to train and, for instance, they do not

prevent one layer from being fully pruned (layer-collapse). In chapter 5, we provide

a comprehensive theoretical analysis of magnitude- and gradient-based pruning

at initialization and training of sparse architectures. We propose novel principled

approaches that resolve the layer-collapse issue, and we validate experimentally

on a variety of neural network architectures.

The article is referenced as

• Hayou, S., Ton, J.F., Doucet, A., Teh, Y.W. (2020). Robust Pruning at

Initialization. To appear in the Proceedings of the 9th International Conference

on Learning Representations (ICLR 2021).
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On the Impact of the Activation Function on Deep Neural Networks Training

Soufiane Hayou 1 Arnaud Doucet 1 Judith Rousseau 1

Abstract
The weight initialization and the activation func-
tion of deep neural networks have a crucial impact
on the performance of the training procedure. An
inappropriate selection can lead to the loss of in-
formation of the input during forward propagation
and the exponential vanishing/exploding of gra-
dients during back-propagation. Understanding
the theoretical properties of untrained random net-
works is key to identifying which deep networks
may be trained successfully as recently demon-
strated by (Schoenholz et al., 2017) who showed
that for deep feedforward neural networks only a
specific choice of hyperparameters known as the
‘Edge of Chaos’ can lead to good performance.
While the work by (Schoenholz et al., 2017) dis-
cuss trainability issues, we focus here on training
acceleration and overall performance. We give a
comprehensive theoretical analysis of the Edge of
Chaos and show that we can indeed tune the ini-
tialization parameters and the activation function
in order to accelerate the training and improve
performance.

1. Introduction
Deep neural networks have become extremely popular as
they achieve state-of-the-art performance on a variety of
important applications including language processing and
computer vision; see, e.g., (Goodfellow et al., 2016). The
success of these models has motivated the use of increas-
ingly deep networks and stimulated a large body of work to
understand their theoretical properties. It is impossible to
provide here a comprehensive summary of the large num-
ber of contributions within this field. To cite a few results
relevant to our contributions, (Montufar et al., 2014) have
shown that neural networks have exponential expressive
power with respect to the depth while (Poole et al., 2016)

1Department of Statistics, University of Oxford, Oxford,
United Kingdom. Correspondence to: Soufiane Hayou <soufi-
ane.hayou@stats.ox.ac.uk>.

Proceedings of the 36 th International Conference on Machine
Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).

obtained similar results using a topological measure of ex-
pressiveness.

Since the training of deep neural networks is a non-convex
optimization problem, the weight initialization and the ac-
tivation function will essentially determine the functional
subspace that the optimization algorithm will explore. We
follow here the approach of (Poole et al., 2016) and (Schoen-
holz et al., 2017) by investigating the behaviour of ran-
dom networks in the infinite-width and finite-variance i.i.d.
weights context where they can be approximated by a Gaus-
sian process as established by (Neal, 1995), (Matthews et al.,
2018) and (Lee et al., 2018).

In this paper, we focus on the so-called Edge of Chaos (
introduced by (Poole et al., 2016)). Our contribution is three-
fold. Firstly, we provide a comprehensive analysis of the
so-called Edge of Chaos (EOC) curve and show that initial-
izing a network on this curve leads to a deeper propagation
of the information through the network and accelerates the
training. In particular, we show that a feedforward ReLU
network initialized on the EOC acts as a simple residual
ReLU network in terms of information propagation. Sec-
ondly, we introduce a class of smooth activation functions
which allow for deeper signal propagation (Proposition 3)
than ReLU. In particular, this analysis sheds light on why
smooth versions of ReLU (such as SiLU or ELU) perform
better experimentally for deep neural networks; see, e.g.,
(Clevert et al., 2016), (Pedamonti, 2018), (Ramachandran
et al., 2017) and (Milletarí et al., 2018). Lastly, we show the
existence of optimal points on the EOC curve and we pro-
vide guidelines for the choice of such point and we demon-
strate numerically the consistence of this approach. We also
complement previous empirical results by illustrating the
benefits of an initialization on the EOC in this context. All
proofs are given in the Supplementary Material.

2. On Gaussian process approximations of
neural networks and their stability

2.1. Setup and notations

We use similar notations to those of (Poole et al., 2016)
and (Lee et al., 2018). Consider a fully connected feedfor-
ward random neural network of depth L, widths (Nl)1≤l≤L,

weights W l
ij

iid∼ N (0,
σ2
w

Nl−1
) and bias Bli

iid∼ N (0, σ2
b ),
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where N (µ, σ2) denotes the normal distribution of mean µ
and variance σ2. For some input a ∈ Rd, the propagation
of this input through the network is given for an activation
function φ : R→ R by

y1i (a) =

d∑

j=1

W 1
ijaj +B1

i , (1)

yli(a) =

Nl−1∑

j=1

W l
ijφ(y

l−1
j (a)) +Bli, for l ≥ 2. (2)

Throughout this paper we assume that for all l the pro-
cesses yli(.) are independent (across i) centred Gaussian
processes with covariance kernels κl and write accordingly
yli

ind∼ GP(0, κl). This is an idealized version of the true
processes corresponding to choosing Nl−1 = +∞ (which
implies, using Central Limit Theorem, that yli(a) is a Gaus-
sian variable for any input a). The approximation of yli(.)
by a Gaussian process was first proposed by (Neal, 1995)
in the single layer case and has been recently extended to
the multiple layer case by (Lee et al., 2018) and (Matthews
et al., 2018). The multiplayer kernel can be obtained either
by taking the limitsNl →∞ sequentially or simultaneously.
In both cases, the limiting kernel is the same. We recall here
the expressions of the limiting Gaussian process kernels.
For any input a ∈ Rd, E[yli(a)] = 0 so that for any inputs
a, b ∈ Rd

κl(a, b) = E[yli(a)yli(b)]
= σ2

b + σ2
wE[φ(y

l−1
i (a))φ(yl−1i (b))]

= σ2
b + σ2

wFφ(κ
l−1(a, a), κl−1(a, b), κl−1(b, b)),

where Fφ is a function that only depends on φ. This gives
a recursion to calculate the kernel κl; see, e.g., (Lee et al.,
2018) for more details. We can also express the kernel
κl(a, b) (which we denote hereafter by qlab) in terms of the
correlation clab in the lth layer

qlab = σ2
b + σ2

wE[φ(
√
ql−1a Z1)φ(

√
ql−1b U2(c

l−1
ab ))],

where ql−1a := ql−1aa , resp. cl−1ab := ql−1ab /
√
ql−1a ql−1b , is

the variance, resp. correlation, in the (l − 1)th layer and
U2(x) = xZ1 +

√
1− x2Z2 where Z1, Z2 are independent

standard Gaussian random variables. When it propagates
through the network. qla is updated through the layers by the
recursive formula qla = F (ql−1a ), where F is the ‘variance
function’ given by

F (x) = σ2
b + σ2

wE[φ(
√
xZ)2], Z ∼ N (0, 1). (3)

Throughout this paper, Z,Z1, Z2 will always denote
independent standard Gaussian variables, and a, b two
inputs for the network.

Before starting our analysis, we define the transform V for
a function φ defined on R by V [φ](x) = σ2

wE[φ(
√
xZ)2]

for x ≥ 0. We have F = σ2
b + V [φ].

Let E and G be two subsets of R. We define the following
sets of functions for k ∈ N by

Dk(E,G) = {f : E → G such that f (k) exists}
Ck(E,G) = {f ∈ Dk(E,G) such that f (k) is continuous}
Dkg (E,G) = {f ∈ Dk(E,G) : ∀j ≤ k,E[f (j)(Z)2] <∞}
Ckg (E,G) = {f ∈ Ck(E,G) : ∀j ≤ k,E[f (j)(Z)2] <∞}

where f (k) is the kth derivative of f . When E and G are not
explicitly mentioned, we assume E = G = R.

2.2. Limiting behaviour of the variance and covariance
operators

We analyze here the limiting behaviour of qla and cla,b as l
goes to infinity. From now onwards, we will also assume
without loss of generality that c1ab ≥ 0 (similar results can
be obtained straightforwardly when c1ab ≤ 0). We first need
to define the Domains of Convergence associated with an
activation function φ.
Definition 1. Let φ ∈ D0

g , (σb, σw) ∈ (R+)2.
(i) Domain of convergence for the variance Dφ,var :
(σb, σw) ∈ Dφ,var if there exists K > 0, q ≥ 0 such that
for any input a with q1a ≤ K, liml→∞ qla = q. We denote
by Kφ,var(σb, σw) the maximal K satisfying this condition.
(ii) Domain of convergence for the correlation Dφ,corr:
(σb, σw) ∈ Dφ,corr if there exists K > 0 such that for
any two inputs a, b with q1a, q

1
b ≤ K, liml→∞ clab = 1. We

denote by Kφ,corr(σb, σw) the maximal K satisfying this
condition.

Remark: Typically, q in Definition 1 is a fixed point of the
variance function defined in (3). Therefore, it is easy to
see that for any (σb, σw) such that F is non-decreasing and
admits at least one fixed point, we haveKφ,var(σb, σw) ≥ q
where q is the minimal fixed point; i.e. q := min{x :
F (x) = x}. Thus, if we re-scale the input data to have
q1a ≤ q, the variance qla converges to q. We can also re-
scale the variance σw of the first layer (only) to assume that
q1a ≤ q for all inputs a.

The next Lemma gives sufficient conditions under which
Kφ,var and Kφ,corr are infinite.
Lemma 1. Assume φ′′ exists at least in the distribution
sense.1

Let Mφ := supx≥0E[|φ′2(xZ) + φ′′(xZ)φ(xZ)|]. Assume

1ReLU admits a Dirac mass in 0 as second derivative and so is
covered by our developments.
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(a) ReLU with (σb, σw) = (1, 1) (b) Tanh with (σb, σw) = (1, 1) (c) Tanh with (σb, σw) = (0.3, 2)

Figure 1. Draws of outputs for ReLU and Tanh networks for different parameters (σb, σw). Figures (a) and (b) show the effect of an
initialization in the ordered phase, the outputs are nearly constant. Figure (c) shows the effect of an initialization in the chaotic phase.

Mφ < ∞, then for σ2
w < 1

Mφ
and σb ≥ 0, we have

(σb, σw) ∈ Dφ,var and Kφ,var(σb, σw) =∞.
Let Cφ,δ := supx,y≥0,|x−y|≤δ,c∈[0,1]E[|φ′(xZ1)φ

′(y(cZ1+√
1− c2Z2)|]. Assume Cφ,δ < ∞ for some δ > 0,

then for σ2
w < min( 1

Mφ
, 1
Cφ

) and σb ≥ 0, we have
(σb, σw) ∈ Dφ,var ∩ Dφ,corr and Kφ,var(σb, σw) =
Kφ,corr(σb, σw) =∞.

The proof of Lemma 1 is straightforward. We prove that
supF ′(x) = σ2

wMφ and then apply the Banach fixed point
theorem. Similar ideas are used for Cφ,δ .

Example: For ReLU activation function, we haveMReLU =
1/2 and CReLU,δ ≤ 1 for any δ > 0.

In the domain of convergence Dφ,var ∩ Dφ,corr, for all
a, b ∈ Rd, we have y∞i (a) = y∞i (b) almost surely and
the outputs of the network are constant functions. Figures
1(a) and 1(b) illustrate this behaviour for ReLU and Tanh
with inputs in [0, 1]2 using a network of depth L = 20 with
Nl = 300 neurons per layer. The draws of outputs of these
networks are indeed almost constant.

Under the conditions of Lemma 1, both the variance and
the correlations converge exponentially fast (contraction
mapping). To refine this convergence analysis, (Schoen-
holz et al., 2017) established the existence of εq and εc such
that |qla − q| ∼ e−l/εq and |clab − 1| ∼ e−l/εc when fixed
points exist. The quantities εq and εc are called ‘depth scales’
since they represent the range of depth to which the variance
and correlation can propagate without being exponentially
close to their limits. More precisely, if we write χ1 =
σ2
wE[φ′(

√
qZ)2] and α = χ1 + σ2

wE[φ′′(
√
qZ)φ(

√
qZ)]

then the depth scales are given by εq = − log(α)−1 and
εc = − log(χ1)

−1. The equation χ1 = 1 corresponds to
an infinite depth scale of the correlation. It is called the
EOC as it separates two phases: an ordered phase where
the correlation converges to 1 if χ1 < 1 and a chaotic phase
where χ1 > 1 and the correlations do not converge to 1. In

this chaotic regime, it has been observed in (Schoenholz
et al., 2017) that the correlations converge to some value
c < 1 when φ(x) = Tanh(x) and that c is independent of
the correlation between the inputs. This means that very
close inputs (in terms of correlation) lead to very different
outputs. Therefore, in the chaotic phase, at the limit of
infinite width and depth, the output function of the neural
network is non-continuous everywhere. Figure 1(c) shows
an example of such behaviour for Tanh.
(Schoenholz et al., 2017) focused on the existence of the
depth scales in the Ordered/Chaotic phase and the empirical
success of the Edge of Chaos initialization. This success
was the motivation behind our work which provides a theo-
retical analysis of the Edge of Chaos for different activation
functions. Let us first give a formal definition of the Edge
of Chaos.

Definition 2 (Edge of Chaos). For (σb, σw) ∈ Dφ,var,
let q be the limiting variance2. The Edge of Chaos
(EOC) is the set of values of (σb, σw) satisfying χ1 =
σ2
wE[φ′(

√
qZ)2] = 1.

To further study the EOC regime, the next lemma introduces
a function f called the ‘correlation function’ showing that
that the correlations have the same asymptotic behaviour as
the time-homogeneous dynamical system cl+1

ab = f(clab).

Lemma 2. Let (σb, σw) ∈ Dφ,var ∩ Dφ,corr such
that q > 0, a, b ∈ Rd and φ a measurable func-
tion such that supx∈S E[φ(xZ)2] < ∞ for all com-
pact sets S. Define fl by cl+1

ab = fl(c
l
ab) and f

by f(x) =
σ2
b+σ

2
wE[φ(√qZ1)φ(

√
q(xZ1+

√
1−x2Z2))

q . Then
liml→∞ supx∈[0,1] |fl(x)− f(x)| = 0.

The condition on φ in Lemma 2 is violated only by activa-
tion functions with square exponential growth (which are
not used in practice), so from now onwards, we use this

2The limiting variance is a function of (σb, σw) but we do not
emphasize it notationally.
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(a) Convergence of the correlation to
1 with c0 = 0.1

(b) Correlation function f (c) Output of 100x20 ReLU net-
work on the EOC

Figure 2. Impact of the EOC initialization on the correlation and the correlation function. In (a), the correlation converges to 1 at a
sub-exponential rate when the network is initialized on the EOC. In (b), the correlation function f satisfies f ′(1) = 1 on the EOC.

approximation in our analysis. Note that being on the EOC
is equivalent to (σb, σw) satisfying f ′(1) = 1. In the next
section, we analyze this phase transition carefully for a large
class of activation functions.

3. Edge of Chaos
To illustrate the effect of the initialization on the EOC, we
plot in Figure 2(c) the output of a ReLU neural network
with 20 layers and 100 neurons per layer with parameters
(σ2
b , σ

2
w) = (0, 2) (as we will see later EOC = {(0,

√
2)}

for ReLU). Unlike the output in Figure 1(a), this output
displays much more variability. However, we prove below
that the correlations still converge to 1 even in the EOC
regime, albeit at a slower rate.

3.1. ReLU-like activation functions

ReLU has replaced classical activations (sigmoid, Tanh,...)
which suffer from gradient vanishing (see e.g. (Glorot et al.,
2011) and (Nair and Hinton, 2010)). Many variants such as
Leaky-ReLU were also shown to enjoy better performance
in test accuracy (Xu et al., 2015). This motivates the analysis
of such functions from an initialization point of view. Let
us first define this class.

Definition 3 (ReLU-like functions). A function φ is ReLU-
like if it is of the form

φ(x) =

{
λx if x > 0

βx if x ≤ 0

where λ, β ∈ R.

ReLU corresponds to λ = 1 and β = 0. For this class of
activation functions, the EOC in terms of definition 2 is
reduced to the empty set. However, we can define a weak
version of the EOC for this class. From Lemma 1, when
σw <

√
2

λ2+β2 , the variances converge to q =
σ2
b

1−σ2
w/2

and the correlations converge to 1 exponentially fast. If
σw >

√
2

λ2+β2 the variances converge to infinity. We then
have the following result.

Lemma 3 (Weak EOC). Let φ be a ReLU-like function with
λ, β defined as above. Then f ′l does not depend on l, and
f ′l (1) = 1 and ql bounded holds if and only if (σb, σw) =

(0,
√

2
λ2+β2 ).

We call the singleton {(0,
√

2
λ2+β2 )} the weak EOC.

The non existence of EOC for ReLU-like activation in the
sense of definition 2 is due to the fact that the variance is
unchanged (qla = q1a) on the weak EOC, so that the limiting
variance q depends on a. However, this does not impact the
analysis of the correlations, therefore, hereafter the weak
EOC is also called the EOC.
This class of activation functions has the interesting property
of preserving the variance across layers when the network
is initialized on the EOC. We show in Proposition 1 below
that, in the EOC regime, the correlations converge to 1 at a
slower rate (slower than exponential). We only present the
result for ReLU but the generalization to the whole class is
straightforward.

Example: ReLU: The EOC is reduced to the singleton
(σ2
b , σ

2
w) = (0, 2), hence we should initialize ReLU net-

works using the parameters (σ2
b , σ

2
w) = (0, 2). This result

coincides with the recommendation in (He et al., 2015)
whose objective was to make the variance constant as the
input propagates but who did not analyze the propagation
of the correlations. (Klambauer et al., 2017) performed a
similar analysis by using the ‘Scaled Exponential Linear
Unit’ activation (SELU) that makes it possible to center
the mean and normalize the variance of the post-activation
φ(y). The propagation of the correlations was not discussed
therein either.
Figure 2(b) displays the correlation function f for two differ-
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(a) Tanh (b) ReLU (c) ELU

Figure 3. EOC curves for different activation functions (red dashed line). For smooth activation functions (Figures (a) and (c)), the EOC is
a curve in the plane (σb, σw), while it is reduced to a single point for ReLU.

ent sets of parameters (σb, σw). The blue graph corresponds
to the EOC (σ2

b , σ
2
w) = (0, 2), and the red one corresponds

to an ordered phase (σb, σw) = (1, 1).
In the next result, we show that a fully connected feedfor-
ward ReLU network initialized on the EOC (weak sense)
acts as if it has residual connections in terms of correlation
propagation. We further show that the correlations converge
to 1 at a polynomial rate of 1/l2 on the EOC instead of an
exponential rate in the ordered phase. Having a slow con-
vergence rate for the correlation ensures that for the same
depth L, the output function is relatively more expressive
compared to the output function of a network with exponen-
tial convergence rate for the correlation (Ordered/Chaotic
initialization). Knowing that a well-behaved output func-
tion at initialization is a good starting point for any gradient
based algorithm, this suggests that the EOC initialization
would yield better performance results compared to other
initializations (Ordered/Chaotic), especially for deep neural
networks.

Proposition 1 (EOC acts as Residual connections). Con-
sider a ReLU network with parameters (σ2

b , σ
2
w) = (0, 2) ∈

EOC and correlations clab. Consider also a ReLU network
with simple residual connections given by

yli(a) = yl−1i (a) +

Nl−1∑

j=1

W
l

ijφ(y
l−1
j (a)) +B

l

i

where W
l

ij ∼ N (0,
σ2
w

Nl−1
) and B

l

i ∼ N (0, σ2
b). Let clab be

the corresponding correlation. Then, for any σw > 0 and
σb = 0, there exists a constant γ > 0 such that

1− clab ∼ γ(1− clab) ∼
9π2

2l2
as l→∞

3.2. Smooth activation functions

It is not easy to characterize the set of activation functions
for which the EOC is non trivial. For example, a shifted
version of the the Softplus activation function has a trivial

Algorithm 1 EOC curve
Input: φ satisfying conditions of Proposition 2, σb
Initialize q = 0
while q has not converged do
q = σ2

b +
V [φ](q)
V [φ′](q)

end while
return (σb, 1√

V [φ′](q)
)

EOC with only σb = 0. In this case, we also have q = 0 (the
limiting variance) which implies that the output function is
null. However, we can show that under some conditions on
the transforms V [φ] and [φ′], the existence of a non-trivial
EOC is guaranteed.

Proposition 2. Let φ ∈ D1
g be non ReLU-like such that

φ(0) = 0 and φ′(0) 6= 0. Assume that V [φ] is non-
decreasing and V [φ′] is non-increasing. Let σmax :=√

supx≥0 |x− V [φ](x)
V [φ′](x) | and for σb < σmax let qσb be the

smallest fixed point of the function σ2
b + V [φ]

V [φ′] . Then we
have EOC = {(σb, 1√

E[φ′(√qσbZ)2]
) : σb < σmax}.

Example : Tanh and ELU (defined by φELU (x) = x for
x ≥ 0 and φELU (x) = ex − 1 for x < 0) satisfy all condi-
tions of Proposition 2. We prove in the Appendix that SiLU
(a.k.a Swish) has an EOC.
Using Proposition 2, we propose Algorithm 1 to determine
the EOC curves.
Figure 3 shows the EOC curves for different activation func-
tions. For ReLU, the EOC is reduced to a point while
smooth activation functions have an EOC curve (ELU is a
smooth approximation of ReLU).
A natural question which arises from the analysis above is

whether we can have σmax =∞. The answer is yes for the
following large class of ‘Tanh-like’ activation functions.

Definition 4 (Tanh-like activation functions). Let φ ∈
D2(R,R). φ is Tanh-like if
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1. φ bounded, φ(0) = 0, and for all x ∈ R, φ′(x) ≥ 0,
xφ′′(x) ≤ 0 and xφ(x) ≥ 0.

2. There exist α > 0 such that |φ′(x)| & e−α|x| for large
x (in norm).

Lemma 4. Let φ be a Tanh-like activation function, then
φ satisfies all conditions of Proposition 2 and EOC =
{(σb, 1√

E[φ′(√qZ)2]
) : σb ∈ R+}.

Recall that the convergence rate of the correlation to 1 for
ReLU-like activations on the EOC is O(1/`2). We can
improve this rate by taking a sufficiently regular activation
function. Let us first define a regularity class A.
Definition 5. Let φ ∈ D2

g . We say that φ is in A if there
exists n ≥ 1, a partition (Si)1≤i≤n of R and g1, g2, ..., gn ∈
C2g such that φ(2) =

∑n
i=1 1Sigi.

This class includes activations such as Tanh, SiLU, ELU
(with α = 1). Note that Dkg ⊂ A for all k ≥ 3.
For activation functions in A, the next proposition shows
that the correlation converges to 1 at the rate O(1/`) which
is better than O(1/`2) of ReLU-like activation functions.
Proposition 3 (Convergence rate for smooth activations).
Let φ ∈ A such that φ is non-linear (i.e. φ(2) is non-
identically zero). Then, on the EOC, we have 1− cl ∼ βq

l

where βq =
2E[φ′(√qZ)2]

qE[φ′′(√qZ)2]

Choosing a smooth activation function from classA is there-
fore better for deep neural networks since it provides deeper
information propagation. This could explain for example
why smooth versions of ReLU such as ELU perform better
(Clevert et al., 2016) (see experimental results). Figure 3.2
shows the evolution of the correlation through the network
layers for different activation functions. For function in
A (Tanh and ELU), the graph shows a rate of O(1/`) as
expected compared to O(1/`2) for ReLU.

Remark: The convergence rate of O(1/`) is optimal. This
is because this rate is fixed by the Taylor expansion of
the correlation function around 1 as shown in the proof of
Proposition 3.

So far, we have discussed the impact of the EOC and the
smoothness of the activation function on the behaviour of
cl. We now refine this analysis by studying βq as a function
of (σb, σw). We also show that βq plays a more impor-
tant role in the information propagation process. Indeed,
we show that βq controls the propagation of the correla-
tion and the back-propagation of the Gradients. For the
back-propagation part, we use the approximation that the
weights used during forward propagation are independent
of the weights used during backpropagation. This simpli-
fies the calculations for the gradient backpropagation; see
(Schoenholz et al., 2017) for details and (Yang, 2019) for a
theoretical justification.

Figure 4. Impact of the smoothness of the activation function on
the convergence of the correlations on the EOC. The convergence
rate for ReLU is O(1/`2) and O(1/`) for Tanh and ELU.

Proposition 4. Let φ ∈ A be a non-linear activation func-
tion such that φ(0) = 0, φ′(0) 6= 0. Assume that V [φ]
is non-decreasing and V [φ′]) is non-increasing, and let
σmax > 0 be defined as in Proposition 2. Let E be a
differentiable loss function and define the gradient with re-
spect to the lth layer by ∂E

∂yl
= ( ∂E

∂yli
)1≤i≤Nl and let Q̃lab =

E[ ∂E
∂yl(a)

T ∂E
∂yl(b)

] (Covariance matrix of the gradients dur-

ing backpropagation). Recall that βq =
2E[φ′(√qZ)2]

qE[φ′′(√qZ)2] .

Then, for any σb < σmax, by taking (σb, σw) ∈ EOC we
have

• supx∈[0,1] |f(x)− x| ≤ 1
βq

• For l ≥ 1, | Tr(Q̃
l
ab)

Tr(Q̃l+1
ab )
− 1| ≤ 2

βq

Moreover, we have

lim
σb→0

(σb,σw)∈EOC

βq =∞.

The result of Proposition 4 suggests that by taking small
σb, we can achieve two important things. First, it makes
the function f close to the identity function, this slows
further the convergence of the correlations to 1, i.e., the
information propagates deeper inside the network. Note
that the only activation functions satisfying f(x) = x for
all x ∈ [0, 1] are linear functions which are not useful.
Second, it makes the Trace of the covariance matrix of the
gradients approximately constant through layers, which
means, we avoid vanishing of the information during
backpropagation (More precisely, we preserve the overall
spectrum of the covariance matrix since the Trace is the
sum of the eigenvalues).
We also have limσb→0 q = 0 so that if σb too small then
yl(a) ≈ 0. Hence, a trade-off has to be taken into account
when initializing on the EOC. Using Proposition 4, we
can deduce the maximal depth to which the correlations
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(a) ELU (b) ReLU (c) Tanh

Figure 5. 100 epochs of the training curve (test accuracy) for different activation functions for depth 200 and width 300 using SGD. The
red curves correspond to the EOC, the green ones corresponds to an ordered phase, and the blue curves corresponds to an Initialization on
the EOC plus a Batch Normalization after each layer. The upper figures show the test accuracies with respect to the epochs while the
lower figures show the accuracies with respect to time.

can propagate without being within a distance ε to 1.
Indeed, we have for all l, |cl+1 − cl| ≤ 1

βq
, therefore

for L ≥ 1, |cL − c0| ≤ L
βq

. Assuming c0 < c < 1

for all inputs where c is a constant, the maximal depth
we can reach without loosing (1 − ε) × 100% of the
information is Lmax = bβq(1− c− ε)c, this satisfies
limσb→0 Lmax =∞.

Choice of σb on the Edge of Chaos : Given a network of
depth L, it follows that selecting a value of σb on the EOC
such that βq ≈ L appears appropriate.

We verify numerically the benefits of this rule in the next
section.
Note that ReLU-like activation functions do not satisfy con-
ditions of Proposition 4. The next lemma gives easy-to-
verify sufficient conditions for Proposition 4.

Lemma 5. Let φ ∈ A such that xφ(x)φ′(x) ≥ 0 and
φ(x)φ′′(x) ≤ 0 for all x ∈ R. Then, φ satisfies all condi-
tions of Proposition 4.

Example: Tanh and ELU satisfy all conditions of Lemma 5.
This may partly explain why ELU performs experimentally
better than ReLU (see next section). Another example is
an activation function of the form λx + βTanh(x) where
λ, β ∈ R. We check the performance of these activations in
the next section.

4. Experiments
In this section, we demonstrate empirically the theoretical
results established above. We show that:

• For deep networks, only an initialization on the EOC
could make the training possible, and the initialization
on the EOC performs better than Batch Normalization.

• Smooth activation functions in the sense of Proposition
3 perform better than ReLU-like activation, especially
for very deep networks.

• Choosing the right point on the EOC further accelerates
the training.

We demonstrate empirically our results on the MNIST
and CIFAR10 datasets for depths L between 10 and 200
and width 300. We use SGD and RMSProp for training.
We performed a grid search between 10−6 and 10−2 with
exponential step of size 10 to find the optimal learning rate.
For SGD, a learning rate of ∼ 10−3 is nearly optimal for
L ≤ 150, for L > 150, the best learning rate is ∼ 10−4.
For RMSProp,10−5 is nearly optimal for networks with
depth L ≤ 200 (for deeper networks, 10−6 gives better
results). We use a batchsize of 64.

Initialization on the Edge of Chaos. We initialize ran-
domly the network by sampling W l

ij
iid∼ N (0, σ2

w/Nl−1)

and Bli
iid∼ N (0, σ2

b ). Figure 5 shows that the initialization
on the EOC dramatically accelerates the training for ELU,
ReLU and Tanh. The initialization in the ordered phase
(here we used (σb, σw) = (1, 1) for all activations) results
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(a) Epoch 10 (b) Epoch 50 (c) Epoch 100

Figure 6. Test accuracies for Tanh network with depths between 30 and 90 and width 300 using different points on the EOC.

Table 1. Test accuracies for width 300 and depth 200 with different
activation function on MNIST and CIFAR10 after 100 epochs

MNIST EOC EOC + BN ORD PHASE

RELU 93.57± 0.18 93.11± 0.21 10.09± 0.61
ELU 97.62± 0.21 93.41± 0.3 10.14± 0.51
TANH 97.20± 0.3 10.74± 0.1 10.02± 0.13

CIFAR10 EOC EOC + BN ORD PHASE

RELU 36.55± 1.15 35.91± 1.52 9.91± 0.93
ELU 45.76± 0.91 44.12± 0.93 10.11± 0.65
TANH 44.11± 1.02 10.15± 0.85 9.82± 0.88

in the optimization algorithm being stuck eventually at a
very poor test accuracy of ∼ 0.1 (equivalent to selecting
the output uniformly at random). Figure 5 also shows that
EOC combined to BatchNorm results in a worse learning
curve and dramatically increases the training time. Note
that it is crucial here to initialize BatchNorm parameters
to α = 1 and β = 0 in order to keep our analysis on the
forward propagation on the EOC valid for networks with
BatchNorm. Table 1 presents test accuracy after 100 epochs
for different activation functions and different training meth-
ods (EOC, EOC+BatchNorm, Ordered phase) on MNIST
and CIFAR10. For all activation functions but Softplus,
EOC initialization leads to the best performance. Adding
BatchNorm to the EOC initialization makes the training
worse, this can be explained the fact that parameters α and
β are also modified during the first backpropagation. This
invalidates the EOC results for gradient backpropagation
(see proof of Proposition 4).

Impact of the smoothness of the activation function on
the training. Table 2 shows the test accuracy at different

Table 2. Test accuracies for width 300 and depth 200 with different
activation function on MNIST and CIFAR10 after 10, 50 and 100
epochs

MNIST EPOCH 10 EPOCH 50 EPOCH 100

RELU 66.76± 1.95 88.62± 0.61 93.57± 0.18
ELU 96.09± 1.55 97.21± 0.31 97.62± 0.21
TANH 89.75± 1.01 96.51± 0.51 97.20± 0.3

CIFAR10 EPOCH 10 EPOCH 50 EPOCH 100

RELU 26.46± 1.68 33.74± 1.21 36.55± 1.15
ELU 35.95± 1.83 45.55± 0.91 47.76± 0.91
TANH 34.12± 1.23 43.47± 1.12 44.11± 1.02

epochs for ReLU, ELU, Tanh. Smooth activation functions
perform better than ReLU. More experimental results with
RMSProp and other activation functions of the form x +
αTanh(x) are provided in the supplementary material.

Selection of a point on the EOC. We have shown that a
sensible choice is to select σb such that L ∼ βq on the EOC.
Figure 6 shows test accuracy of a Tanh network for differ-
ent depths using σb ∈ {0.05, 0.2, 0.5}. With σb = 0.05,
we have βq ∼ 50. We see for depth 50, the red curve
(σb = 0.05) is the best. For other depths L between 30 and
90, σb = 0.05 is the value that makes βq the closest to L
among {0.05, 0.2, 0.5}, which explains why the red curve
is approximately better for all depths between 30 and 90.
To further confirm this finding, we search numerically for
the best σb ∈ {2k × 10−2 : k ∈ [1, 50]} for depths
30, 100, 200. Table 3 shows the results.
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Table 3. Best test accuracy achieved after 100 epochs with Tanh
on MNIST

DEPTH L = 30 L = 50 L = 200

2k × 10−2 0.080 0.040 0.020
WITH RULE βq ≈ L 0.071 0.030 0.022

5. Discussion
The Gaussian process approximation of Deep Neural Net-
works was used by (Schoenholz et al., 2017) to show that,
in the regime, very deep Tanh networks are trainable only
on the EOC. We give here a comprehensive analysis of the
EOC for a large class of activation functions. We also prove
that smoothness plays a major role in terms of signal prop-
agation. Numerical results in Table 2 confirm this finding.
Moreover, we introduce a rule to choose the optimal point
on the EOC, this point is a function of the depth. As the
depth goes to infinity (e.g. L = 400), we need smaller σb to
achieve the best signal propagation. However, the limiting
variance q also becomes close to zero as σb goes to zero. To
avoid this problem, one possible solution is to change the
activation function to ensure that the coefficient βq becomes
large independently of the choice of σb on the EOC. Indeed,
we show in the supplementary material that by choosing
activation function of the form x+αTanh(x), we can make
βq arbitrarily large without changing σb.

Our results have implications for Bayesian neural networks
which have received renewed attention lately; see, e.g.,
(Hernandez-Lobato and Adams, 2015) and (Lee et al., 2018).
They indeed indicate that, if one assigns i.i.d. Gaussian prior
distributions to the weights and biases, we need to select
not only the prior parameters (σb, σw) on the EOC but also
an activation function satisfying Proposition 3 to obtain a
non-degenerate prior on the induced function space.

References
S.S. Schoenholz, J. Gilmer, S. Ganguli, and J. Sohl-

Dickstein. Deep information propagation. 5th Inter-
national Conference on Learning Representations, 2017.

I. Goodfellow, Y. Bengio, and A. Courville. Deep
Learning. MIT Press, 2016. http://www.
deeplearningbook.org.

G.F. Montufar, R. Pascanu, K. Cho, and Y. Bengio. On
the number of linear regions of deep neural networks.
Advances in Neural Information Processing Systems, 27:
2924–2932, 2014.

B. Poole, S. Lahiri, M. Raghu, J. Sohl-Dickstein, and S. Gan-
guli. Exponential expressivity in deep neural networks
through transient chaos. 30th Conference on Neural In-
formation Processing Systems, 2016.

R.M. Neal. Bayesian Learning for Neural Networks, volume
118. Springer Science & Business Media, 1995.

A.G. Matthews, J. Hron, M. Rowland, R.E. Turner, and
Z. Ghahramani. Gaussian process behaviour in wide
deep neural networks. 6th International Conference on
Learning Representations, 2018.

J. Lee, Y. Bahri, R. Novak, S.S. Schoenholz, J. Pennington,
and J. Sohl-Dickstein. Deep neural networks as Gaussian
processes. 6th International Conference on Learning
Representations, 2018.

D.A. Clevert, T. Unterthiner, and S. Hochreiter. Fast and ac-
curate deep network learning by exponential linear units
(elus). ICLR, 2016.

D. Pedamonti. Comparison of non-linear activation func-
tions for deep neural networks on mnist classification
task. arXiv 1804.02763, 2018.

P. Ramachandran, B. Zoph, and Q.V. Le. Searching for
activation functions. arXiv e-print 1710.05941, 2017.

M. Milletarí, T. Chotibut, and P. Trevisanutto. Expectation
propagation: a probabilistic view of deep feed forward
networks. arXiv:1805.08786, 2018.

X. Glorot, A. Bordes, and Y. Bengio. Deep sparse rectifier
neural networks. AISTATS, 2011.

V. Nair and G.E. Hinton. Rectified linear units improve
restricted boltzmann machines. ICML, 2010.

B. Xu, N. Wang, T. Chen, and M. Li. Empirical eval-
uation of rectified activations in convolution network.
arXiv:1505.00853, 2015.



On the Impact of the Activation Function on Deep Neural Networks Training

K. He, X. Zhang, S. Ren, and J. Sun. Delving deep into rec-
tifiers: Surpassing human-level performance on imagenet
classification. ICCV, 2015.

G. Klambauer, T. Unterthiner, and A. Mayr. Self-
normalizing neural networks. Advances in Neural In-
formation Processing Systems, 30, 2017.

G. Yang. Scaling limits of wide neural networks with
weight sharing: Gaussian process behavior, gradient
independence, and neural tangent kernel derivation.
arXiv:1902.04760, 2019.

J. M. Hernandez-Lobato and R.P. Adams. Probabilistic
backpropagation for scalable learning of Bayesian neural
networks. ICML, 2015.



On the Impact of the Activation Function on Deep Neural Networks Training

A. Proofs
We provide in this supplementary material the proofs of theoretical results presented in the main document, and we give
additive theoretical and experimental results. For the sake of clarity we recall the results before giving their proofs.

A.1. Convergence to the fixed point: Proposition 1

Lemma 1. Let Mφ := supx≥0E[|φ′2(xZ) + φ′′(xZ)φ(xZ)|]. Suppose Mφ <∞, then for σ2
w <

1
Mφ

and any σb, we have
(σb, σw) ∈ Dφ,var and Kφ,var(σb, σw) =∞
Moreover, letCφ,δ := supx,y≥0,|x−y|≤δ,c∈[0,1]E[|φ′(xZ1)φ′(y(cZ1+

√
1− c2Z2)|]. SupposeCφ,δ <∞ for some positive δ,

then for σ2
w < min( 1

Mφ
, 1
Cφ

) and any σb, we have (σb, σw) ∈ Dφ,var ∩Dφ,corr and Kφ,var(σb, σw) = Kφ,corr(σb, σw) =
∞.

Proof. To abbreviate the notation, we use ql := qla for some fixed input a.

Convergence of the variances: We first consider the asymptotic behaviour of ql = qla. Recall that ql = F (ql−1) where

F (x) = σ2
b + σ2

wE[φ(
√
xZ)2].

The first derivative of this function is given by

F ′(x) = σ2
wE[

Z√
x
φ′(
√
xZ)φ(

√
xZ)] = σ2

wE[φ′(
√
xZ)2 + φ′′(

√
xZ)φ(

√
xZ)], (4)

where we use Gaussian integration by parts, E[ZG(Z)] = E[G′(Z)], an identity satisfied by any function G such that
E[|G′(Z)|] <∞.

Using the condition on φ, we see that the function F is a contraction mapping for σ2
w <

1
Mφ

and the Banach fixed-point
theorem guarantees the existence of a unique fixed point q of F , with liml→+∞ ql = q. Note that this fixed point depends
only on F , therefore this is true for any input a and Kφ,var(σb, σw) =∞.

Convergence of the covariances: Since Mφ <∞, then for all a, b ∈ Rd there exists l0 such that |
√
qla −

√
qlb| < δ for all

l > l0. Let l > l0, using Gaussian integration by parts, we have

dcl+1
ab

dclab
= σ2

wE[|φ′(
√
qlaZ1)φ′(

√
qlb(c

l
abZ1 +

√
1− (clab)

2Z2)|].

We cannot use the Banach fixed point theorem directly because the integrated function here depends on l through ql. For
ease of notation, we write cl := clab. We have

|cl+1 − cl| = |
∫ cl

cl−1

dcl+1

dcl
(x)dx| ≤ σ2

wCφ|cl − cl−1|.

Therefore, for σ2
w < min( 1

Mφ
, 1
Cφ

), cl is a Cauchy sequence and it converges to a limit c ∈ [0, 1]. At the limit

c = f(c) =
σ2
b + σ2

wE[φ(
√
qz1)φ(

√
q(cz1 +

√
1− c2z2)))]

q
.

The derivative of this function is given by

f ′(x) = σ2
wE[φ′(

√
qZ1)φ′(

√
q(xZ1 +

√
1− xZ2)].

By assumption on φ and the choice of σw, we have supx|f ′(x)| < 1 so f is a contraction and has a unique fixed point. Since
f(1) = 1 then c = 1. The above result is true for any a, b, therefore Kφ,var(σb, σw) = Kφ,corr(σb, σw) =∞.
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Lemma 2. Let (σb, σw) ∈ Dφ,var ∩ Dφ,corr such that q > 0, a, b ∈ Rd and φ an activation function
such that supx∈K E[φ(xZ)2] < ∞ for all compact sets K. Define fl by cl+1

a,b = fl(c
l
a,b) and f by f(x) =

σ2
b+σ2

wE[φ(
√
qZ1)φ(

√
q(xZ1+

√
1−x2Z2))

q . Then liml→∞ supx∈[0,1] |fl(x)− f(x)| = 0.

Proof. For x ∈ [0, 1], we have

fl(x)− f(x) = (
1√
qlaq

l
b

− 1

q
)(σ2

b + σ2
wE[φ(

√
qlaZ1)φ(

√
qlbu2(x))])

+
σ2
w

q
(E[φ(

√
qlaZ1)φ(

√
qlbu2(x))]− E[φ(

√
qZ1)φ(

√
qu2(x))]),

where u2(x) := xZ1+
√

1− x2Z2. The first term goes to zero uniformly in x using the condition on φ and Cauchy-Schwartz
inequality. As for the second term, it can be written again as

E[(φ(
√
qlaZ1)− φ(

√
qZ1))φ(

√
qlbu2(x))] + E[φ(

√
qZ1)(φ(

√
qlbu2(x))− φ(

√
qu2(x)))].

Using Cauchy-Schwartz and the condition on φ, both terms can be controlled uniformly in x by an integrable upper bound.
We conclude using dominated convergence.

Lemma 3 (Weak EOC). Let φ be a ReLU-like function with λ, β defined as above. Then f ′l does not depend on l, and

having f ′l (1) = 1 and ql bounded is only achieved for the singleton (σb, σw) = (0,
√

2
λ2+β2 ). The Weak EOC is defined as

this singleton.

Proof. We write ql = qla throughout the proof. Note first that the variance satisfies the recursion:

ql+1 = σ2
b + σ2

wE[φ(Z)2]ql = σ2
b + σ2

w

λ2 + β2

2
ql. (5)

For all σw <
√

2
λ2+β2 , q = σ2

b

(
1− σ2

w(λ2 + β2)/2
)−1

is a fixed point. This is true for any input, therefore

Kφ,var(σb, σw) =∞ and (i) is proved.

Now, the EOC equation is given by χ1 = σ2
wE[φ′(Z)2] = σ2

w
λ2+β2

2 . Therefore, σ2
w = 2

λ2+β2 . Replacing σ2
w by its critical

value in (5) yields

ql+1 = σ2
b + ql.

Thus q = σ2
b + q if and only if σb = 0, otherwise ql diverges to infinity. So the frontier is reduced to a single point

(σ2
b , σ

2
w) = (0,E[φ′(Z)2]−1), and the variance does not depend on l.

Proposition 1 (EOC acts as Residual connections). Consider a ReLU network with parameters (σ2
b , σ

2
w) = (0, 2) ∈ EOC

and let clab be the corresponding correlation. Consider also a ReLU network with simple residual connections given by

yli(a) = yl−1
i (a) +

Nl−1∑

j=1

W
l

ijφ(yl−1
j (a)) +B

l

i,

where W
l

ij ∼ N (0,
σ2
w

Nl−1
) and B

l

i ∼ N (0, σ2
b). Let clab be the corresponding correlation. Then, by taking σw > 0 and

σb = 0, there exists a constant γ > 0 such that

1− clab ∼ γ(1− clab) ∼
9π2

2l2

as l→∞.
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Proof. Let us first give a closed-form formula of the correlation function f of a ReLU network. In this case, we have
f(x) = 2E[(Z1)+(xZ1 +

√
1− x2Z2)+] where (x)+ := x1x>0. Let x ∈ [0, 1], f is differentiable and satisfies

f ′(x) = 2E[1Z1>01xZ1+
√

1−x2Z2>0],

which is also differentiable. Simple algebra leads to

f”(x) =
1

π
√

1− x2
.

Since arcsin′(x) = 1√
1−x2

and f ′(0) = 1/2,

f ′(x) =
1

π
arcsin(x) +

1

2
.

Using the fact that
∫

arcsin = x arcsin +
√

1− x2 and f(1) = 1, we conclude that for x ∈ [0, 1], f(x) = 1
πx arcsin(x) +

1
π

√
1− x2 + 1

2x.

For the residual network, we have qla = ql−1
a + σ2

wE[φ(
√
ql−1
a Z)2] = (1 +

σ2
w

2 )ql−1
a .

Let δ = 1

1+
σ2
w
2

. We have

clab = δcl−1
ab + δσ2

wE[φ(Z1)φ(U2(cl−1
ab ))]

= cl−1
ab + δ

σ2
w

2
(f(cl−1

ab )− cl−1
ab )

Now, we use Taylor expansion near to conclude. However, since f is not differentiable in 1 for all orders, we use a change
of variable x = 1− t2 with t close to 0, then

arcsin(1− t2) =
π

2
−
√

2t−
√

2

12
t3 +O(t5),

so that

arcsin(x) =
π

2
−
√

2(1− x)1/2 −
√

2

12
(1− x)3/2 +O((1− x)5/2),

and

x arcsin(x) =
π

2
x−
√

2(1− x)1/2 +
11
√

2

12
(1− x)3/2 +O((1− x)5/2).

Since √
1− x2 =

√
2(1− x)1/2 −

√
2

4
(1− x)3/2 +O((1− x)5/2),

we obtain that

f(x) =
x→1−

x+
2
√

2

3π
(1− x)3/2 +O((1− x)5/2). (6)

Since (f(x) − x)′ = 1
π (arcsin(x) − π

2 ) < 0 and f(1) = 1, for all x ∈ [0, 1), f(x) > x. If cl < cl+1 then by taking the
image by f (which is increasing because f ′ ≥ 0) we have that cl+1 < cl+2, and we know that c1 = f(c0) ≥ c0, so by
induction the sequence cl is increasing, and therefore it converges to the fixed point of f which is 1.

Using a Taylor expansion of f near 1, we have

clab = cl−1
ab + δ

2
√

2

3π
(1− cl−1

ab )3/2 +O((1− cl−1
ab )5/2)

and

clab = cl−1
ab +

2
√

2

3π
(1− cl−1

ab )3/2 +O((1− cl−1
ab )5/2).
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Now let γl := 1− clab for a, b fixed. We note s = 2
√

2
3π , from the series expansion we have that γl+1 = γl− sγ3/2

l +O(γ
5/2
l )

so that

γ
−1/2
l+1 = γ

−1/2
l (1− sγ1/2

l +O(γ
3/2
l ))−1/2 = γ

−1/2
l (1 +

s

2
γ

1/2
l +O(γ

3/2
l ))

= γ
−1/2
l +

s

2
+O(γl).

Thus, as l goes to infinity

γ
−1/2
l+1 − γ

−1/2
l ∼ s

2

and by summing and equivalence of positive divergent series

γ
−1/2
l ∼ s

2
l.

Therefore, we have 1− clab ∼ 9π2

2l2 . Using the same argument for clal, we conclude.

Proposition 2. Let φ ∈ D1
g be non ReLU-like function. Assume V [φ] is non-decreasing and V [φ′] is non-increasing. Let

σmax :=
√

supx≥0 |x− V [φ](x)
V [φ′](x) | and for σb < σmax let qσb be the smallest fixed point of the function σ2

b + V [φ]
V [φ′] . Then

we have EOC = {(σb, 1√
E[φ′(

√
qZ)2]

) : σb < σmax}.

To prove Proposition 2, we need to introduce some lemmas. The next lemma gives a characterization of ReLU-like activation
functions.

Lemma 1.1 (A Characterization of ReLU-like activations). Let φ ∈ D1(R,R) such that φ(0) = 0 and φ′ non-identically
zero. We define the function e for non-negative real numbers by

e(x) =
V [φ](x)

V [φ′](x)
=

E[φ(
√
xZ)2]

E[φ′(
√
xZ)2]

Then, for all x ≥ 0, e(x) ≤ x.
Moreover, the following statements are equivalent

• There exists x0 > 0 such that e(x0) = x0.

• φ is ReLU-like, i.e. there exists λ, β ∈ R such that φ(x) = λx if x > 0 and φ(x) = βx if x ≤ 0.

Proof. Let x > 0. We have for all z ∈ R, φ(
√
xz) =

√
x
∫ z

0
φ′(
√
xu)du. This yields

E[φ(
√
xZ)2] = xE[

( ∫ Z

0

φ′(
√
xu)du

)2
]

≤ xE[|Z|
∫ |Z|

0

φ′(
√
xu)2du]

= xE[Z

∫ Z

0

φ′(
√
xu)2du]

= xE[φ′(
√
xZ)2du]

where we have used Cauchy-Schwartz inequality and Gaussian integration by parts. Therefore e(x) ≤ x.
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Now assume there exists x0 > 0 such that e(x0) = x0. We have

E[φ(
√
x0Z)2] = x0E[

( ∫ Z

0

φ′(
√
x0u)du

)2
]

= x0E[1Z>0

( ∫ Z

0

φ′(
√
x0u)du

)2
] + x0E[1Z≤0

( ∫ 0

Z

φ′(
√
x0u)du

)2
]

≤ x0E[1Z>0

∫ Z

0

1du

∫ Z

0

φ′(
√
x0u)2du] + x0E[1Z≤0

∫ 0

Z

1du

∫ 0

Z

φ′(
√
x0u)2du].

The equality in Cauchy-Schwartz inequality implies that
- For almost every z > 0, there exists λz such that φ′(

√
x0u) = λz for all u ∈ [0, z].

- For almost every z < 0, there exists βz such that φ′(
√
x0u) = βz for all u ∈ [z, 0].

Therefore, λz, βz are independent of z, and φ is ReLU-like.

It is easy to see that for ReLU-like activations, e(x) = x for all x ≥ 0.

The next trivial lemma provides a sufficient condition for the existence of a fixed point of a shifted function.

Lemma 1.2. Let g ∈ C0(R+,R) such that g(0) = 0 and g(x) ≤ x for all x ∈ R+. Let tmax := supx≥0 |x− g(x)| (tmax
may be infinite). Then, for all t ∈ [0, tmax), the shifted function t+ g(.) has a fixed point.

Proof. Let t ∈ [0, tmax). There exists x0 > 0 such that t + g(.) < x0 − g(x0) + g(.). So we have t + g(0) = t and
t+ g(x0) < x0, which means that t+ g(.) crosses the identity line, therefore the fixed point exists.

Corollary 1.1. Let φ ∈ D1(R,R) such that φ is non ReLU-like. Let tmax = supx≥0 |x − V [φ](x)
V [φ′](x) |. Then, For any

σ2
b ∈ [0, tmax), the shifted function σ2

b + V [φ]
V [φ′] has a fixed point q. Moreover, by taking q to be the greatest fixed point, we

have limσb→0 q = 0.

The limit of q is zero because it is a fixed point of the function V [φ](x)
V [φ′](x) which has only 0 as a fixed point for non ReLU-like

functions.

Corollary 1.1 proves the existence of a fixed point for the shifted function σ2
b + V [φ]

V [φ′] , which is a necessary condition for

(σb, 1/
√
V [φ′](q)) to be in the EOC where q is the smallest fixed point. It is not a sufficient condition because q may not be

the smallest fixed point of σ2
b + 1

V [φ′](q)V [φ]. We further analyse this problem hereafter.

Definition 6 (Permissible couples). Let g, h ∈ C(R+,R+) and c > 0. Define the function k(x) = c+ g(x)
h(x) for x ≥ 0 and

let q = inf{x : k(x) = x}. We say that (g, h) is permissible if for any c ≥ 0 such that q <∞, q is the smallest fixed point
of the function c+ g(.)

h(q) .

Lemma 1.3. Let g, h ∈ C(R+,R+). Then the following statements are equivalent

1. (g, h) is permissible.

2. For any c > 0 such that q is finite, we have g(q)− g(x) < (q − x)h(q) for x ∈ [0, q).

Proof. If q is a fixed point of c+ g(.)
h(.) , then q is clearly a fixed point of I(x) = c+ 1

h(q)g(x). Having q is the smallest fixed

point of c+ g(.)
h(q) is equivalent to c+ g(x)

h(q) > x for all x ∈ [0, q). Since c = q − g(q)
h(q) , we conclude.

Corollary 1.2. Let g, h ∈ C(R+,R+). Assume h is non-increasing, then (g, h) is permissible.

Proof. Since h is non-increasing, we have for x ∈ [0, q), g(q)− g(x) ≤ h(q)(q − c)− h(q)
h(x)g(x) = h(q)(q − (c+ g(x)

h(x) )).

We conclude using the fact that c+ g(x)
h(x) > x for x ∈ [0, q).
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Corollary 1.3. Let φ be a non ReLU-like function. Assume V [φ] is non-decreasing and (V [φ], V [φ′]) is permissible. Then,
for any σ2

b < tmax := supx≥0 |x − e(x)|, by taking σ2
w = 1

E[φ′(
√
qZ)2] , we have (σb, σw) ∈ EOC. Moreover, we have

limσb→0 q = 0.

We can omit the condition ’V [φ] is non-decreasing’ by choosing a small tmax. Indeed, by taking a small σb, the limiting
variance q is small, and we know that V [φ] is increasing near 0 because V [φ]′(0) = φ′(0)2 > 0.

The proof of Proposition 2 is straightforward from corollary A.3.

Lemma 4. Let φ be a Tanh-like activation function, then φ satisfies all conditions of Proposition 2 and EOC =
{(σb, 1√

E[φ′(
√
qZ)2]

) : σb ∈ R+}.

Proof. For x ≥ 0, we have V [φ]′(x) = 1
xE[
√
xZφ′(

√
xZ)φ(

√
xZ)] ≥ 0, so V [φ] is non-decreasing. Moreover,

V [φ′]′(x) = 1
xE[
√
xZφ′′(

√
xZ)φ′(

√
xZ)] ≤ 0, therefore V [φ′] is non-increasing. To conclude, we still have to show that

tmax =∞.

Using the second condition on φ, there exists M > 0 such that |φ′(y)|2 ≥Me−2α|y|. Let x > 0. we have

E[φ′(
√
xZ)2] ≥ME[e−2α|√xZ|]

= 2M

∫ ∞

0

e−2α
√
xZ e

−z2/2

√
2π

dz

= 2Me2α2xΨ(2α
√
x)

∼ 2M

2α
√
x

where Ψ is the Gaussian cumulative function and where we used the asymptotic approximation Ψ(x) ∼ e−x
2/2

x for large x.
Using this lower bound and the upper bound on φ, there exists x0, k > 0 such that for x > x0, we have x − V [φ](x)

V [φ′](x) ≥
x− k√x→∞ which concludes the proof.

Proposition 3 (Convergence rate for smooth activations). Let φ ∈ A such that φ non-linear (i.e. φ(2) is non-identically
zero). Then, on the EOC, we have 1− cl ∼ βq

l where βq =
2E[φ′(

√
qZ)2]

qE[φ′′(
√
qZ)2] .

Proof. We first prove that liml→∞ cl = 1 on the EOC. Let x ∈ [0, 1) and u2(x) := xZ1 +
√

1− x2Z2, we have

f ′(x) = σ2
wE[φ′(

√
qZ1)φ′(

√
qu2(x))]

≤ σ2
w(E[φ′(

√
qZ1)2])1/2(E[φ′(

√
qu2(x))2])1/2

= 1

where we have used Cauchy Schwartz inequality and the fact the σ2
w = 1

E[φ′(
√
qZ)2] . Moreover, the equality holds if and

only if there exists a constant s such that φ′(
√
q(xz1 +

√
1− x2z2)) = sφ′(

√
qz1) for almost any z1, z2 ∈ R, which is

equivalent to having φ′ equal to a constant almost everywhere on R, hence φ is linear and q does not exists. This proves that
for all x ∈ [0, 1), f ′(x) < 1. Integrating both sides between x and 1 yields f(x) > x for all x ∈ [0, 1). Therefore cl is
non-decreasing and converges to the fixed point of f which is 1.

Now we want to prove that f admits a Taylor expansion near 1. It is easy to do that if φ ∈ D3
g . Indeed, using the conditions

on φ, we can easily see that f has a third derivative at 1 and we have

f ′(1) = σ2
wE[φ′(

√
qZ)2]

f ′′(1) = σ2
wqE[φ′′(

√
qZ)2].
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A Taylor expansion near 1 yields

f(x) = 1 + f ′(1)(x− 1) +
(x− 1)2

2
f ′′(1) +O((x− 1)3)

= x+
(x− 1)2

βq
+O((x− 1)3).

The proof is a bit more complicated for general φ ∈ A. We prove the result when φ(2)(x) = 1x<0g1(x) + 1x≥0g2(x). The
generalization to the whole class is straightforward. Let us first show that there exists g ∈ C1 such that f (3)(x) = 1√

1−x2
g(x).

We have

f ′′(x) = σ2
wqE[φ′′(

√
qZ1)φ′′(

√
qU2(x))]

= σ2
wqE[φ′′(

√
qZ1)1U2(x)<0g1(

√
qU2(x))] + σ2

wqE[φ′′(
√
qZ1)1U2(x)>0g2(

√
qU2(x))].

Let G(x) = E[φ′′(
√
qZ1)1U2(x)<0g1(

√
qU2(x))] then

G′(x) = E[φ′′(
√
qZ1)(Z1 −

x√
1− x2

Z2)δU2(x)=0
1√

1− x2
g1(
√
qU2(x))]

+ E[φ′′(
√
qZ1)1U2(x)<0

√
q(Z1 −

x√
1− x2

Z2)g′1(
√
qU2(x))].

After simplification, it is easy to see that G′(x) = 1√
1−x2

G1(x) where G1 ∈ C1. By extending the same analysis to the

second term of f ′′, we conclude that there exists g ∈ C1 such that f (3)(x) = 1√
1−x2

g(x).

Let us now derive a Taylor expansion of f near 1. Since f (3) is potentially non defined at 1, we use the change of variable
x = 1− t2 to compensate this effect. Simple algebra shows that the function t→ f(1− t2) has a Taylor expansion near 0

f(1− t2) = 1− t2f ′(1) +
t4

2
f ′′(1) +O(t5).

Therefore,

f(x) = 1 + (x− 1)f ′(1) +
(x− 1)2

2
f ′′(1) +O((x− 1)5/2).

Note that this expansion is weaker than the expansion when φ ∈ D3
g .

Denote λl := 1− cl, we have

λl+1 = λl −
λ2
l

βq
+O(λ

5/2
l )

therefore,

λ−1
l+1 = λ−1

l (1− λl
βq

+O(λ
3/2
l ))−1

= λ−1
l (1 +

λl
βq

+O(λ
3/2
l ))

= λ−1
l +

1

βq
+O(λ

1/2
l ).

By summing (divergent series), we conclude that λ−1
l ∼ l

βq
.
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Proposition 4. Let φ ∈ A be a non-linear activation function such that φ(0) = 0, φ′(0) 6= 0. Assume that V [φ] is
non-decreasing and V [φ′]) is non-increasing, and let σmax > 0 be defined as in Proposition 2. Define the gradient with
respect to the lth layer by ∂E

∂yl
= ( ∂E

∂yli
)1≤i≤Nl and let Q̃lab = E[ ∂E

∂yla

T ∂E
∂ylb

] denote the covariance matrix of the gradients

during backpropagation. Recall that βq =
2E[φ′(

√
qZ)2]

qE[φ′′(
√
qZ)2] .

Then, for any σb < σmax, by taking (σb, σw) ∈ EOC we have

• supx∈[0,1] |f(x)− x| ≤ 1
βq

• For l ≥ 1, | Tr(Q̃lab)

Tr(Q̃l+1
ab )
− 1| ≤ 2

βq

Moreover, we have
lim
σb→0

(σb,σw)∈EOC

βq =∞.

To prove this result, let us first prove a more general result.
Proposition 5 (How close is f to the identity function?). Let φ ∈ D2(R,R) − {0} and (σb, σw) ∈ Dφ,var with q the
corresponding limiting variance. Then,

sup
x∈[0,1]

|f(x)− x| ≤ |σ2
wE[φ′(

√
qZ)2]− 1|+ σ2

w

2
qE[φ′′(

√
qZ)2]

Proof. Using a second order Taylor expansion, we have for all s ∈ [0, 1]

|f(x)− f(1)− f ′(1)(x− 1)| ≤ (1− x)2

2
sup
θ∈[0,1]

|f ′′(θ)|.

We have f(1) = 1. Therefore |f(x)− x| ≤ (1− x)|f ′(1)− 1|+ (1−x)2

2 supθ∈[0,1] |f ′′(θ)|.
For θ ∈ [0, 1], we have

f ′′(θ) = σ2
wqE[φ′′(

√
qZ1)φ′′(

√
qU2(θ))]

≤ σ2
wqE[φ′′(

√
qZ)2]

=
σ2
w

2
qE[φ′′(

√
qZ)2]

using Cauchy-Schwartz inequality.

As a result, for φ ∈ D2(R,R)− {0} and (σb, σw) ∈ EOC with q the corresponding limiting variance, we have

sup
x∈[0,1]

|f(x)− x| ≤ qE[φ′′(
√
qZ)2]

2E[φ′(
√
qZ)2]

=
1

βq

which is the first result of Proposition 4.

Now let us prove the second result for gradient backpropagation, we show that under some assumptions, our results of
forward information propagation generalize to the back-propagation of the gradients. Let us first recall the results in
(Schoenholz et al., 2017) (we use similar notations hereafter).

Let E be the loss we want to optimize. The backpropagation process is given by the equations

∂E

∂W l
ij

= δliφ(yl−1
j )

δli =
∂E

∂yli
= φ′(yli)

Nl+1∑

j=1

δl+1
j W l+1

ji .
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Although δli is non Gaussian (unlike yli), knowing how q̃la = E[(δli)
2] changes back through the network will give us an idea

about how the norm of the gradient changes. Indeed, following this approach, and using the approximation that the weights
used during forward propagation are independent from those used for backpropagation, (Schoenholz et al., 2017) showed
that

q̃la = q̃l+1
a

Nl+1

Nl
χ1

where χ1 = σ2
wE[φ′(

√
qZ)2].

Considering a constant width network, authors concluded that χ1 controls also the depth scales of the gradient norm, i.e.
q̃la = q̃La e

−(L−l/ξ∆) where ξ−1
∆ = − log(χ1). So in the ordered phase, gradients can propagate to a depth of ξ∆ without

being exponentially small, while in the chaotic phase, gradient explode exponentially. On the EOC (χ1 = 1), the depth scale
is infinite so the gradient information can also propagate deeper without being exponentially small.
The following result shows that our previous analysis on the EOC extends to the backpropagation of gradients, and that we
can make this propagation better by choosing a suitable activation function and an initialization on the EOC. We use the
following approximation to ease the calculations: the weights used in forward propagation are independent from those used
in backward propagation.

Proposition 6 (Better propagation for the gradient). Let a and b be two inputs and (σb, σw) ∈ Dφ,var with q the limiting
variance. We define the covariance between the gradients with respect to layer l by q̃lab = E[δli(a)δli(b)]. Then, we have

| q̃
l
ab

q̃l+1
ab

× Nl
Nl+1

− 1| ≤ |σ2
wE[φ′(

√
qZ)2]− 1|+ (1− clab)σ2

wqE[φ′′(
√
qZ)2]→σb→0 0.

Proof. We have

q̃lab = E[δli(a)δli(b)]

= E[φ′(yli(a))φ′(yli(b))
Nl+1∑

j=1

δl+1
j (a)W l+1

ji

Nl+1∑

j=1

δl+1
j (b)W l+1

ji ]

= E[φ′(yli(a))φ′(yli(b))]× E[δl+1
j (a)δl+1

j (b)]× E[

Nl+1∑

j=1

(W l+1
ji )2]

≈ q̃l+1
ab

Nl+1

Nl
σ2
wE[φ′(

√
qZ1)φ′(

√
qU2(clab))]

= q̃l+1
ab

Nl+1

Nl
f ′(clab).

We conclude using the fact that |f ′(x)− 1| ≤ |f ′(1)− 1|+ (1− x)f ′′(1)

The dependence in the width of the layer is natural since it acts as a scale for the covariance. We define the gradient with
respect to the lth layer by ∂E

∂yl
= ( ∂E

∂yli
)1≤i≤Nl and let Q̃lab = E[ ∂E

∂yla

T ∂E
∂ylb

] denote the covariance matrix of the gradients
during backpropagation. Then, on the EOC, we have

| Tr(Q̃lab)

Tr(Q̃l+1
ab )

− 1| ≤ (1− clab)
qE[φ′′(

√
qZ)2]

E[φ′(
√
qZ)2]

≤ 2

βq
.

So again, the quantity |φ|EOC controls the vanishing of the covariance of the gradients during backpropagation. This was
expected because linear activation functions do not change the covariance of the gradients.

B. Further theoretical results
B.1. Results on the Edge of Chaos

The next lemma shows that under some conditions, the EOC does not include couples (σb, σw) with small σb > 0.



On the Impact of the Activation Function on Deep Neural Networks Training

Lemma 5 (Trivial EOC). Assume there exists M > 0 such that E[φ′′(xZ)φ(xZ)] > 0 for all x ∈]0,M [. Then, there exists
σ > 0 such that EOC ∩ ([0, σ)× R+) = {(0, 1

|φ′(0)| )}. Moreover, if M =∞ then EOC = {(0, 1
|φ′(0)| )}.

Activation functions that satisfy the conditions of Lemma 5 cannot be used with small σb > 0 (note that using σb = 0 would
lead to q = 0 which is not practical for the training), therefore, the result of Proposition 4 do not apply in this case. However,
as we will see hereafter, SiLU (a.k.a Swish) has a partial EOC, and still allows better information propagation (Proposition
3) compared to ReLU even if σb not very small.

Proof. It is clear that (0, 1
|φ′(0)| ) ∈ EOC. For σb > 0 we denote by q the smallest fixed point of the function σ2

b + V [φ]
V [φ′]

(which is supposed to be the limiting variance on the EOC). Using the condition on φ and the fact that limσb→0 q = 0, there
exists σ > 0 such that for σb < σ we have E[φ′′(

√
qZ)φ(

√
qZ)] > 0. Now let us prove that for σb ∈]0, σ[, the limiting

variance does not satisfy the EOC equation.

Let tmax =
√

supx>0 |x− V [φ]
V [φ′] | and σb ∈]0,min(tmax, σ)[. Recall that for all x ≥ 0 we have that

F ′(x) = σ2
w(E[φ′(

√
xZ)2] + E[φ′′(

√
xZ)φ(

√
xZ)])

Using σ2
w = 1/V [φ′](q) (EOC equation) we have that F ′(q) = 1 + σ2

wE[φ′′(
√
qZ)φ(

√
qZ)]) > 1. Therefore, the function

σ2
b + 1

V [φ′](q)V [φ] crosses the identity in a point q̂ < q, hence (σb, σw) 6∈ Dφ,var. Therefore, for any σb ∈]0, σ[, there is no
σw such that (σb, σw) ∈ EOC.

If M =∞, the previous analysis is true for any σ > 0, by taking the limit σ →∞, we conclude.

This is true for activations such as Shifted Softplus (a shifted version of Softplus in order to have φ(0) = 0) and SiLU (a.k.a
Swish).

Corollary 1. EOCSSoftplus = {(0, 2)} and there exists σ > 0 such that EOCSiLU ∩ ([0, σ[×R+) = {(0, 2)}

Proof. let s(x) = 1
1+e−x for all x ∈ R (sigmoid function).

1. Let sp(x) = log(1 + ex)− log(2) for x ∈ R (Shifted Softplus). We have sp′(x) = s(x) and sp′′(x) = s(x)(1− s(x)).
For x > 0 we have

E[sp′′(xZ)sp(xZ)] = E[s(xZ)(1− s(xZ))sp(xZ)]

= E[1Z>0(s(xZ)(1− s(xZ))sp(xZ))] + E[1Z<0(s(xZ)(1− s(xZ))sp(xZ))]

= E[1Z>0(s(xZ)(1− s(xZ))sp(xZ))] + E[1Z<0(s(xZ)(1− s(xZ))sp(−xZ))]

= E[1Z>0(s(xZ)(1− s(xZ))(sp(xZ) + sp(−xZ)))] > 0,

where we have used the fact that sp(y) + sp(−y) = log( 2+ey+e−y

4 ) > 0 for all y > 0. We conclude using Lemma 5.

2. Let si(x) = xs(x) (SiLU activation function, known also as Swish). We have si′(x) = s(x) + xs(x)(1− s(x)) and
si′′(x) = s(x)(1− s(x))(2 + x(1− 2s(x))). Using the same technique as for SSoftplus, we have for x > 0

E[si′′(xZ)si(xZ)] = E[xZ × s(xZ)2 × (1− s(xZ))(2 + xZ(1− 2))]

= E[1Z>0G(xZ)],

where G(y) = ys(y)(1− s(y))(2 + y(1− 2s(y)))(2s(y)− 1). The only term that changes sign is (2 + y(1− 2s(y))).
It is positive for small y and negative for large y. We conclude that there M > 0 such that E[si′′(xZ)si(xZ)] > 0 for
x ∈]0,M [.
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B.2. Beyond the Edge of Chaos

Can we make the distance between f and the identity function small independently from the choice of σb? The answer is
yes if we select the right activation function. Let us first define a semi-norm on D2(R,R).

Definition 7 (EOC semi-norm). The semi-norm |.|EOC is defined on D2(R,R) by |φ|EOC = supy∈R+
yE[φ′′(

√
yZ)2]

E[φ′(
√
yZ)2] .

|.|EOC is a norm on the quotient space D2(R,R)/L(R) where L(R) is the space of linear functions.

When |φ|EOC is small, φ is close to a linear function, which implies that the function V [φ]
V [φ′] defined on R+ is close to the

identity function. Thus, for a fixed σb, we expect q to become arbitrarily big when |φ|EOC goes to zero.

Lemma 2.1. Let (φn)n∈N be a sequence of functions such that limn→∞ |φn|EOC = 0. Let σb > 0 and assume that for all
n ∈ N there exists σw,n such that (σw, σw,n) ∈ EOC. Let qn be the limiting variance. Then limn→∞ qn =∞

Proof. The proof is straightforward knowing that f(0) ≤ 1
2 |φn|EOC , which implies that σ

2
b

q ≤ 1
2 |φn|EOC .

Corollary 2.1. Let φ ∈ D2(R,R)− {0} and (σb, σw) ∈ EOC with q the corresponding limiting variance. Then,

sup
x∈[0,1]

|f(x)− x| ≤ 1

2
|φ|EOC .

Corollary 2.1 shows that by taking an activation function φ such that |φ|EOC is small and by initializing the network
on the EOC, the correlation function is close to the identity function, i.e., the signal propagates deeper through the
network. However, note that there is a trade-off to take in account here: we loose expressiveness by taking |φ|EOC too
small, because this would imply that φ is close to a linear function. So there is a trade-off between signal propagation
and expressiveness We check this finding with activation functions of the form φα(x) = x + αTanh(x). Indeed, we
have |φα|EOC ≤ α2 supy∈R+ E[Tanh′′(

√
xZ)2] →α→0 0. So by taking small α, we would theoretically provide deeper

signal propagation. However, note that we loose expressiveness as α goes to zero because φα becomes closer to the
identity function. So There is also a trade-off here. The difference with Proposition 4 is that here we can compensate
the expressiveness issue by adding more layers (see e.g. (Montufar et al., 2014) who showed that expressiveness grows
exponentially with depth).

C. Experiments
C.1. Training with RMSProp

For RMSProp, the learning rate 10−5 is nearly optimal for networks with depth L ≤ 200 (for deeper networks, 10−6 gives
better results). This learning rate was found by a grid search with exponential step of size 10.
Figure 7 shows the training curves of ELU, ReLU and Tanh on MNIST for a network with depth 200 and width 300. Here
also, ELU and Tanh perform better than ReLU. This confirms that the result of Proposition 3 is independent of the training
algorithm.
ELU has faster convergence than Tanh. This could be explained by the saturation problem of Tanh.

C.2. Training with activation φα(x) = x+ αTanh(x)

As we have already mentioned, φα satisfies all conditions of Proposition 3. Therefore, we expect it to perform at least better
than ReLU for deep neural networks. Figure 8 shows the training curve for width 300 and depth 200 with different activation
functions. φ0.5 has approximately similar performance as ELU and better than Tanh and ReLU. Note that φα does not suffer
form saturation of the gradient, which could explain why it performs better than Tanh.

C.3. Impact of φ′′(0)

Since we usually take σb small on the EOC, then having φ′′(0) = 0 would make the coefficient βq even bigger. We test this
result on SiLU (a.k.a Swish) for depth 70. SiLU is defined by

φSiLU (x) = x sigmoid(x)
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Figure 7. 100 epochs of the training curves of ELU, ReLU and Tanh networks of depth 200 and width 300 on MNIST with RMSProp

Figure 8. 100 epochs of the training curves of ELU, ReLU, Tanh and φ0.5 networks of depth 200 and width 300 on MNIST with SGD

we have φ′′(0) = 1/2. consider a modified SiLU (MSiLU) defined by

φMSiLU (x) = x sigmoid(x) + (e−x
2 − 1)/4

We have φ′′MSiLU (0) = 0.
Figure 9 shows the the training curves (test accuracy) of SiLU and MSiLU on MNIST with SGD. MSiLU performs better
than SiLU, expecially at the beginning of the training.
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Figure 9. 50 epochs of the training curves of SiLU and MSiLU on MNIST with SGD
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Mean-field Behaviour of Neural Tangent Kernel for Deep Neural Networks

Soufiane Hayou 1 Arnaud Doucet 1 Judith Rousseau 1

Abstract
Recent work by Jacot et al. (2018) has shown that
training a neural network of any kind, with gradi-
ent descent in parameter space, is strongly related
to kernel gradient descent in function space with
respect to the Neural Tangent Kernel (NTK). Lee
et al. (2019) built on this result by establishing
that the output of a neural network trained using
gradient descent can be approximated by a linear
model for wide networks. In parallel, a recent line
of studies (Schoenholz et al., 2017; Hayou et al.,
2019) has suggested that a special initialization,
known as the Edge of Chaos, improves training.
In this paper, we connect these two concepts by
quantifying the impact of the initialization and the
activation function on the NTK when the network
depth becomes large. In particular, we show that
the performance of wide deep neural networks
cannot be explained by the NTK regime. We also
leverage our theoretical results to derive a learning
rate passband where training is possible.

1. Introduction
Deep neural networks (DNN) have achieved state of the art
results on numerous tasks. Hence, there is a multitude of
works trying to theoretically explain their remarkable perfor-
mance; see, e.g., (Du et al., 2018; Nguyen and Hein, 2018;
Zhang et al., 2017; Zou et al., 2018). Recently, Jacot et al.
(2018) introduced the Neural Tangent Kernel (NTK) that
characterises DNN training in the so-called Lazy training
regime (or NTK regime). In this regime, the whole training
procedure is reduced to a first order Taylor expansion of the
output function near its initialization value. It was shown in
(Lee et al., 2019), that such a simple model could lead to
surprisingly good performance. However, most experiments
with NTK regime are performed on shallow neural networks
and have not covered DNNs. In this paper, we cover this
topic by showing the limitations of the NTK regime for

1Department of Statistics, University of Oxford, Oxford,
United kingdom. Correspondence to: Soufiane Hayou <soufi-
ane.hayou@stats.ox.ac.uk>.

DNNs and how it differs from the actual training of DNNs
with Stochastic Gradient Descent.

Neural Tangent Kernel. Jacot et al. (2018) showed that
training a neural network (NN) with GD (Gradient Descent)
in parameter space is equivalent to a GD in a function space
with respect to the NTK. Du et al. (2019) used a similar
approach to prove that full batch GD converges to global
minima for shallow neural networks, and Karakida et al.
(2018) linked the Fisher information matrix to the NTK,
studying its spectral distribution for infinite width NN. The
infinite width limit for different architectures was studied by
Yang (2019), who introduced a tensor formalism that can
express the NN computations. Lee et al. (2019) studied a
linear approximation of the full batch GD dynamics based
on the NTK, and gave a method to approximate the NTK for
different architectures. Finally, Arora et al. (2019) proposed
an efficient algorithm to compute the NTK for convolutional
architectures (Convolutional NTK). In all of these papers,
the authors only studied the effect of the infinite width limit
(NTK regime) with relatively shallow networks.

Information propagation. In parallel, information prop-
agation in wide DNNs has been studied in (Hayou et al.,
2019; Lee et al., 2018; Schoenholz et al., 2017; Yang and
Schoenholz, 2017a). These works provide an analysis of
the signal propagation at the initial step as a function of
the initialization hyper-parameters (i.e. variances of the
initial random weights and biases). They identify a set of
hyper-parameters known as the Edge of Chaos (EOC) and
activation functions ensuring a deep propagation of the in-
formation carried by the input. This ensures that the network
output still has some information about the input. In this
paper, we prove that the Edge of Chaos initialization has
also some benefits on the NTK.

NTK training and SGD training. Stochastic Gradient De-
scent (SGD) has been successfully used in training deep
networks. Recently, with the introduction of the Neural
Tangent Kernel in (Jacot et al., 2018), Lee et al. (2019) sug-
gested a different approach to training overparameterized
neural networks. The idea originates from the conjecture
that in overparameterized models, a local minima exists
near initialization weights. Thus, using a first order Tay-
lor expansion near initialization, the model is reduced to a
simple linear model, and the linear model is trained instead
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Table 1. "Does the model learn?". We train a FeedForward Neural
Network on MNIST using both standard SGD training and NTK
training defined in section 2. For Shallow networks, both SGD
and NTK yield good performance (See section 5). However, for
Deep networks, the NTK training yields trivial accuracy of around
∼ 10% for any initialization scheme.

Initialization on
the Edge of Chaos Other Initialization

Shallow Network
(depth L = 3)

NTK X X
SGD X X

Medium Network
(depth L = 30)

NTK X 7

SGD X 7

Deep Network
(depth L = 300)

NTK 7 7

SGD X 7

of the original network. Hereafter, we refer to this training
procedure as the NTK training and the trained model as the
NTK regime. We clarify this in section 2.

Contributions. The aim of this paper is to study the large
depth limit of NTK. Our contributions are

•We prove that the NTK regime is always trivial in the limit
of large depth. However, the convergence rate to this trivial
regime is controlled by the initialization hyper-parameters.

•We prove that only an EOC initialization provides a sub-
exponential convergence rate to this trivial regime, while
other initializations yield an exponential rate. For the same
depth, the NTK regime is thus ‘less’ trivial for an EOC. This
allows training deep models using NTK training.

• For ResNets, we also have convergence to a trivial NTK
regime but this always occurs at a polynomial rate, irrespec-
tive of the initialization. To further slow down the NTK
convergence rate, we introduce scaling factors to the ResNet
blocks, which allows NTK training of deep ResNets.

• We leverage our theoretical results on the asymptotic
behaviour of the NTK to show the existence of a learning
rate passband for SGD training where training is possible.

Table 1 summarizes the behaviour of NTK and SGD training
for different depths and initialization schemes of an FFNN
on the MNIST dataset. We show if the model learns or not,
i.e. if the model test accuracy is significantly bigger than
10%, which is the accuracy of the trivial random classifier.
The results displayed in the table show that for shallow
FFNN (L = 3), the model learns to classify with both NTK
training and SGD training for any initialization scheme.
For a medium depth network (L = 30), NTK training and
SGD training both succeed in training the model with an
initialization on the EOC, while they both fail with other
initializations. It has been observed that with SGD, an EOC
initialization in beneficial for the training of deep neural
networks (Hayou et al., 2019; Schoenholz et al., 2017). Our
results show that the EOC initialization is also beneficial for

NTK training (Section 2). However, for a deeper network
with L = 300, the NTK training fails for any initialization,
while SGD training succeeds in training the model with
EOC initialization. This confirms the limitations of the
NTK training for DNNs. However, although the large depth
NTK regime is trivial, we leverage this asymptotic analysis
to infer a theoretical upper bound on the learning (section
4). We illustrate our theoretical results through extensive
simulations. All the proofs are detailed in the appendix.

2. Neural Networks and Neural Tangent
Kernel

2.1. Setup and notations

Consider a neural network model consisting of L layers of
widths (nl)1≤l≤L, n0 = d , and let θ = (θl)1≤l≤L be the
flattened vector of weights and bias indexed by the layer’s
index, and p be the dimension of θ. The output f of the
neural network is given by some mapping s : RnL → Ro
of the last layer yL(x); o being the dimension of the output
(e.g. number of classes for a classification problem). For
any input x ∈ Rd, we thus have f(x, θ) = s(yL(x)) ∈ Ro.
As we train the model, θ changes with time t, and we denote
by θt the value of θ at time t and ft(x) = f(x, θt). LetD =
(xi, zi)1≤i≤N be the data set, and let X = (xi)1≤i≤N , Z =
(zj)1≤j≤N be the matrices of input and output respectively,
with dimension d × N and o × N . We assume that there
is no colinearity in the input dataset X , i.e. there is no two
inputs x, x′ ∈ X such that x′ = αx for some α ∈ R. We
also assume that there exists a compact set E ⊂ Rd such
that X ⊂ E.

The NTK KL
θ is defined as the o × o dimensional kernel

satisfying for all x, x′ ∈ Rd

KL
θt(x, x

′) = ∇θf(x, θt)∇θf(x′, θt)
T

=
L∑

l=1

∇θlf(x, θt)∇θlf(x′, θt)
T ∈ Ro×o.

• The NTK regime (Infinite width): In the case of an
FFNN, Jacot et al. (2018) proved that, with GD, the kernel
KL
θt

converges to KL, which depends only on L (depth) for
all t < T when n1, n2, ..., nL →∞ sequentially, where T
is an upper bound on the training time. The infinite width
limit of the training dynamics with a quadratic loss is given
by the linear model

ft(X ) = e−
t
N K̂

L

f0(X ) + (I − e− t
N K̂

L

)Z, (1)

where K̂L = KL(X ,X ). For any input x ∈ Rd, we have

ft(x) = f0(x)+γ(x,X )(I−e− 1
N K̂

Lt)(Z−f0(X )), (2)

where γ(x,X ) = KL(x,X )(K̂L)−1. Hereafter, we refer



Mean-field Behaviour of Neural Tangent Kernel for Deep Neural Networks

to ft by the "NTK regime solution" or simply the "NTK
regime" when there is no confusion.
For other loss functions such as the cross-entropy loss, (Lee
et al., 2019) used some approximation to obtain the NTK
regime. These approximations are implemented in Python
library (Novak et al., 2020).

• Role of the NTK in NTK training: As it has been ob-
served in Du et al. (2019), the convergence speed of ft to
f∞ (infinite training time) is given by the smallest eigen-
value of K̂L. If the NTK becomes singular in the large
depth limit, then the NTK training fails.
• Generalization in the NTK regime: From equation (2),
the term γ plays a crucial role in the generalization capac-
ity of the linear model. More precisely, different works
(Du et al., 2019; Arora et al., 2019) showed that the in-
verse NTK plays a crucial role in the generalization error of
wide shallow NN. Cao and Gu (2019) proved that training
a FeedForward NN of (fixed) depth L with SGD gives a

generalization bound of the form O(L

√
zT (K̂L)−1z/N)

in the limit of infinite width, where z is the training label.
Moreover, equation (2) shows that the Reproducing Kernel
Hilbert Space (RKHS) generated by the NTK KL controls
the generalization function. To see this, let t ∈ (0, T ), from
equation (2), we can deduce that there exist coefficients
a1, ..., aN ∈ R such that for all x ∈ Rd, ft(x) − f0(x) =∑N
i=1 aiK

L(xi, x), showing that the ‘training residual’
ft − f0 belongs to the RKHS of the NTK. In other words,
the NTK controls whether the network would learn anything
beyond initialization with NTK training (linearized regime).

3. Asymptotic Neural Tangent Kernel
In this section, we study the behaviour of KL as L goes to
∞. We prove that the limiting KL is trivial so that the NTK
cannot explain the generalization power of DNNs. However,
with EOC initialization, this convergence is slow, which
makes it possible to use NTK training for medium depth
neural networks (L = 30). However, since the limiting
NTK is trivial, NTK training necessarily fails for large depth
neural networks.

3.1. NTK parameterization and the Edge of Chaos

Let φ be the activation function. We consider the following
architectures:

• FeedForward Fully-Connected Neural Network
(FFNN) Consider an FFNN of depth L, widths (nl)1≤l≤L,
weights wl and bias bl. For some input x ∈ Rd, the forward

propagation using the NTK parameterization is given by

y1
i (x) =

σw√
d

d∑

j=1

w1
ijxj + σbb

1
i

yli(x) =
σw√
nl−1

nl−1∑

j=1

wlijφ(yl−1
j (x)) + σbb

l
i, l ≥ 2.

(3)

• Convolutional Neural Network (CNN) Consider a 1D
convolutional neural network of depth L, denoting by [m :
n] the set of integers {m,m + 1, ..., n} for n ≤ m, the
forward propagation is given by

y1
i,α(x) =

σw√
v1

n0∑

j=1

∑

β∈ker1
w1
i,j,βxj,α+β + σbb

1
i

yli,α(x) =
σw√
vl

nl−1∑

j=1

∑

β∈kerl
wli,j,βφ(yl−1

j,α+β(x)) + σbb
l
i,

(4)

where i ∈ [1 : nl] is the channel number, α ∈ [0 : M − 1]
is the neuron location in the channel, nl is the number of
channels in the lth layer, and M is the number of neurons
in each channel, kerl = [−k : k] is a filter with size 2k + 1
and vl = nl−1(2k + 1). Here, wl ∈ Rnl×nl−1×(2k+1).
We assume periodic boundary conditions, which result in
having yli,α = yli,α+M = yli,α−M , and similarly for l = 0,
xi,α+M0

= xi,α = xi,α−M0
. For the sake of simplification,

we only consider the case of 1D CNN, the generalization to
a mD CNN for m ∈ N is straightforward.

Hereafter, for x, x′ ∈ Rd, we denote by x · x′ the scalar
product in Rd. For x, x′ ∈ Rn0×(2k+1), let [x, x′]α,α′
be a convolutional mapping defined by [x, x′]α,α′ =∑n0

j=1

∑
β∈ker0 xj,α+βx

′
j,α′+β .

We initialize the model randomly with wlij , b
l
i

iid∼ N (0, 1),
where N (µ, σ2) denotes the normal distribution of mean µ
and variance σ2. In the limit of infinite width, the neurons
(yli(.))i,l become Gaussian processes (Neal, 1995; Lee et al.,
2018; Matthews et al., 2018; Hayou et al., 2019; Schoenholz
et al., 2017); hence, studying their covariance kernel is the
natural way to gain insights on their behaviour. Hereafter,
we denote by ql(x, x′) resp. qlα,α′(x, x

′) the covariance
between yl1(x) and yl1(x′) resp. yl1,α(x) and yl1,α′(x

′). We
define the correlations cl(x, x′) and clα,α′(x, x

′) similarly.
For FFNN, we have that

q1(x, x′) = σ2
b +

σ2
w

d
x · x′,

and similarly for CNN we have

q1
α,α′(x, x

′) = σ2
b +

σ2
w

n0(2k + 1)
[x, x′]α,α′ .
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For ε ∈ (0, 1), we define the set Bε by:

FFNN : Bε = {(x, x′) ∈ Rd : c1(x, x′) ≤ 1− ε},
CNN : Bε = {(x, x′) ∈ Rd : ∀α, α′, c1α,α′(x, x′) ≤ 1− ε},

and assume that there exists ε > 0, such that for all x 6=
x′ ∈ X , (x, x′) ∈ Bε. The infinite width limit refers to
infinite number of neurons for Fully Connected layers, and
infinite number of channels for Convolutional layers. All
results below are derived in this limit.

Jacot et al. (2018) established the following infinite width
limit of the NTK of an FFNN when σw = 1. We generalize
the result to any σw > 0.

Lemma 1 (Generalization of Theorem 1 in (Jacot et al.,
2018)). Consider an FFNN of the form (3). Then, as
n1, n2, ..., nL−1 → ∞, we have for all x, x′ ∈ Rd, i, i′ ≤
nL, KL

ii′(x, x
′) = δii′K

L(x, x′), where KL(x, x′) is given
by the recursive formula

KL(x, x′) = q̇L(x, x′)KL−1(x, x′) + q̂L(x, x′),

where q̂l(x, x′) = σ2
b + σ2

wE[φ(yl−1
1 (x))φ(yl−1

1 (x′))] and
q̇l(x, x′) = σ2

wE[φ′(yl−1
1 (x))φ′(yl−1

1 (x′))].

Lemmas 1, 2, 3 and 4 are trivial and follow the same induc-
tion approach as in (Jacot et al., 2018). These results can
be obtained using the Tensor Program framework of Yang
(2020) for example.

Lemma 2 (Infinite width dynamics of the NTK of a CNN).
Consider a CNN of the form (4), then we have that for all
x, x′ ∈ Rd, i, i′ ≤ n1 and α, α′ ∈ [0 : M − 1]

K1
(i,α),(i′,α′)(x, x

′) = δii′
( σ2

w

n0(2k + 1)
[x, x′]α,α′ + σ2

b

)
.

For l ≥ 2, as n1, n2, ..., nl−1 →∞ recursively, we have for
all i, i′ ≤ nl, α, α′ ∈ [0 : M − 1], Kl

(i,α),(i′,α′)(x, x
′) =

δii′K
l
α,α′(x, x

′), where Kl
α,α′ is given by the recursion

Kl
α,α′ =

1

2k + 1

∑

β∈kerl
Ψl−1
α+β,α′+β ,

where Ψl−1
α,α′ = q̇lα,α′K

l−1
α,α′ + q̂lα,α′ , and q̂lα,α, resp. q̇lα,α′ is

defined as ql, resp. q̇l in Lemma 1, with yl−1
1,α (x), yl−1

1,α′(x
′)

in place of yl−1
1 (x), yl−1

1 (x′).

The NTK of a CNN differs from that of an FFNN in the
sense that it is an average over the NTK values of the previ-
ous layer. This is due to the fact that neurons in the same
channel are not independent at initialization.

Using the above recursive formulas for the NTK, we can de-
velop its mean-field theory to better understand its dynamics
as L goes to infinity. To alleviate notations, we hereafter use

the notation KL for the NTK of both FFNN and CNN. For
FFNN, it represents KL given by Lemma 1, whereas for
CNN, it represents KL

α,α′ given in lemma 2 for any α, α′,
i.e. all results that follow are true for any α, α′. We start by
reviewing the Edge of Chaos theory.

Edge of Chaos (EOC): For some input x, we denote by
ql(x) the variance of yl(x). The convergence of ql(x)
as l increases is studied in (Lee et al., 2018), (Schoen-
holz et al., 2017), and (Hayou et al., 2019). Under gen-
eral regularity conditions, it is proved that ql(x) converges
to a point q(σb, σw) > 0 independent of x as l → ∞.
The asymptotic behaviour of the correlation cl(x, x′) be-
tween yl(x) and yl(x′) for any two inputs x and x′ is
also driven by (σb, σw); Schoenholz et al. (2017) show
that if σ2

wE[φ′(
√
q(σb, σw)Z)2] < 1, where Z ∼ N (0, 1)

then cl(x, x′) converges to 1 exponentially quickly, and
the authors call this phase the ordered phase. However, if
σ2
wE[φ′(

√
q(σb, σw)Z)2] > 1 then cl(x, x′) converges to

c < 1, which is then referred to as the chaotic phase. The
authors define the EOC as the set of parameters (σb, σw),
such that σ2

wE[φ′(
√
q(σb, σw)Z)2] = 1. The behaviour

of cl(x, x′) on the EOC is studied in (Hayou et al., 2019)
where it is proved to converge to 1 at a polynomial rate (see
Section 2 of the Supplementary). The exact rate depends on
the smoothness of the activation function.

The following proposition establishes that any initialization
on the Ordered or Chaotic phase, leads to a trivial limiting
NTK as L becomes large.

Proposition 1 (NTK with Ordered/Chaotic Initialization).
Let (σb, σw) be either in the ordered or in the chaotic phase.
Then, there exist λ > 0 such that for all ε ∈ (0, 1), there
exists γ > 0 such that

sup
(x,x′)∈Bε

|KL(x, x′)− λ| ≤ e−γL.

The proof of proposition 1 relies on the asymptotic analysis
of the second moment of the gradient. We refer the reader
to section 6 in the appendix for more details.

Proposition 1 shows that K̂L becomes close to a constant
matrix as the depth grows. The exponential convergence
rate implies that even with a small number of layers, the
kernel KL is close to being degenerate. This suggests that
NTK training fails, and the performance of the NTK regime
solution will be no better than that of a random classifier.
Empirically, we find that with depth L = 30, the NTK
training fails when the network is initialized on the Ordered
phase. See Section 5 for more details.
Before stating the results for EOC initialization, we intro-
duce the following assumption on the input space of CNN.

Assumption 1. [CNN input space] We assume that for all
x, x′ ∈ X , q1

α,α′(x, x
′) is independent of α, α′.
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Assumption 1 is a constraint on the input space of CNN.
It simplifies the analysis of the NTK of CNN by linking
it to that of an FFNN. We refer the reader to Section 3 in
the appendix for more details. We will specify it clearly
whenever we use this assumption.

With an initialization on the EOC, the convergence rate is
polynomial instead of exponential. We show this in the next
theorem. Hereafter, we define the Average NTK (ANTK)
by AKL = KL/L. The notation g(x) = Θ(m(x)) means
there exist two constants A,B > 0 such that Am(x) ≤
g(x) ≤ Bm(x).

Theorem 1 (NTK on the Edge of Chaos). Let φ be a non-
linear activation function, (σb, σw) ∈ EOC and AKL =
KL/L. We have that

sup
x∈E
|AKL(x, x)−AK∞(x, x)| = Θ(L−1).

Moreover, there exists a constant λ ∈ (0, 1) such that for all
ε ∈ (0, 1)

sup
(x,x′)∈Bε

∣∣AKL(x, x′)−AK∞(x, x′)
∣∣ = Θ(log(L)L−1),

where
• if φ = ReLU, then AK∞(x, x′) =

σ2
w‖x‖ ‖x′‖

d (1 − (1 −
λ)1x6=x′) with λ = 1/4.
• if φ = Tanh, then AK∞(x, x′) = q(1 − (1 − λ)1x 6=x′)
where q > 0 is a constant and λ = 1/3.
All results hold for CNN under Assumption 1.

The proof of Theorem 1 is tricky and requires a special form
of inequalities to control the convergence rate (i.e. to obtain
Θ instead of O). We refer the reader to section 1 in the
appendix for more details about the proof techniques.
Theorem 1 shows that with an initialization on the EOC,KL

increases linearly in L. Moreover, the EOC initialization
slows down significantly the convergence rate (w.r.t L) of
AKL to the trivial kernel AK∞. This is of big importance
since AK∞ is trivial and brings hardly any information
on x. Indeed the convergence rate of AKL to AK∞ is
O(log(L)L−1). This means that as L grows, the NTK with
EOC is still much further from the trivial kernel AK∞ com-
pared to the NTK with the Ordered/Chaotic initialization.
This allows NTK training on deeper networks compared to
the Ordered phase initialization. For ReLU, a similar result
appeared independently in (Huang et al., 2020) after the first
version of this paper was made publicly available. However,
the authors only proved an upper bound on the convergence
rate of order O( polylogL

L ), while our result gives the exact
rate of Θ(log(L)L−1) for both ReLU and Tanh. We also
extend the results to ResNet and a Scaled form of ResNet in
the next section.

3.2. Residual Neural Networks (ResNet)

Another important feature of DNNs, which is known to be
highly influential, is their architecture. For residual net-
works, the NTK has also a simple recursion in the infinite
width limit.
Lemma 3 (NTK of a ResNet with fully connected layers in
the infinite width limit). Let Kres,1 be the exact NTK for
the ResNet with 1 layer. Then
• For the first layer (without residual connections), we have
for all x, x′ ∈ Rd

Kres,1
ii′ (x, x′) = δii′

(
σ2
b +

σ2
w

d
x · x′

)
.

• For l ≥ 2, as n1, n2, ..., nl−1 →∞ recursively, we have
for all i, i′ ∈ [1 : nl], K

res,l
ii′ = δii′K

l
res, where Kl

res is
given by the recursive formula for all x, x′ ∈ Rd

Kl
res(x, x

′) = Kl−1
res (x, x′)(q̇l(x, x′) + 1) + ql(x, x′).

For residual networks with convolutional layers, the formula
is similar to the CNN case as well.
Lemma 4 (NTK of a ResNet with convolutional layers in
the infinite width limit). Let Kres,1 be the exact NTK for
the ResNet with 1 layer. Then
• For the first layer (without residual connections), we have
for all x, x′ ∈ Rd

Kres,1
(i,α),(i′,α′)(x, x

′) = δii′
( σ2

w

n0(2k + 1)
[x, x′]α,α′ + σ2

b

)
.

• For l ≥ 2, as n1, n2, ..., nl−1 → ∞ recursively, we
have for all i, i′ ∈ [1 : nl], α, α′ ∈ [0 : M − 1],
Kres,l

(i,α),(i′,α′)(x, x
′) = δii′K

res,l
α,α′ (x, x

′), where Kres,l
α,α′ is

given by the recursive formula for all x, x′ ∈ Rd, using
the same notations as in lemma 2,

Kres,l
α,α′ = Kres,l−1

α,α′ +
1

2k + 1

∑

β

Ψl−1
α+β,α′+β ,

where Ψl
α,α′ = q̇lα,α′K

res,l
α,α′ + q̂lα,α′ .

The additional terms Kl−1
res (x, x′) (resp. Kres,l−1

α,α′ ) in the
recursive formulas of Lemma 3 (resp. Lemma 4) are due
to the ResNet architecture. It turns out that this term helps
in slowing down the convergence rate of the NTK. The
next proposition shows that for any σw > 0, the NTK of a
ResNet explodes (exponentially) as L grows. However, a
normalized version K̄L = KL/αL of the NTK of a ResNet
will always have a polynomial convergence rate to a limiting
trivial kernel.
Theorem 2 (NTK for ResNet). Consider a ResNet satisfy-
ing

yl(x) = yl−1(x) + F(wl, yl−1(x)), l ≥ 2, (5)
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where F is either a convolutional or dense layer (equations
(3) and (4)) with ReLU activation. Let KL

res be the corre-
sponding NTK, and K̄L

res = KL
res/αL (Normalized NTK)

with αL = L(1 +
σ2
w

2 )L−1. Then, we have

sup
x∈E
|K̄L

res(x, x)− K̄∞res(x, x)| = Θ(L−1).

Moreover, there exists a constant λ ∈ (0, 1) such that for all
ε ∈ (0, 1)

sup
x,x′∈Bε

∣∣K̄L
res(x, x

′)− K̄∞res(x, x′)
∣∣ = Θ(log(L)L−1),

where K̄∞res(x, x
′) =

σ2
w‖x‖ ‖x′‖

d (1− (1− λ)1x 6=x′).
All results hold for ResNet with Convolutional layers under
Assumption 1.

The proof techniques used in theorem 2 are similar to those
used in the proof of theorem 1. Details are provided in the
appendix.

Theorem 2 shows that the NTK of a ReLU ResNet ex-
plodes exponentially w.r.t L. However, the normalized ker-
nel K̄L

res = KL
res(x, x

′)/αL converges to a limiting kernel
K̄∞res at the exact polynomial rate Θ(log(L)L−1) for all
σw > 0. This allows for NTK training of deep ResNet,
similarly to the EOC initialization for the FFNN or the CNN
networks. However, the NTK explodes exponentially and
the normalized NTK converges to a trivial kernel, which
means that, even with ResNet, NTK training would fail at
some point as we increase the depth.

The term αL in the residual NTK might cause numerical
stability issues for NTK training, and the triviality of the
limiting kernel yields a trivial NTK regime solution (recall
that ft−f0 belongs to the RKHS of the NTK; see section 2).
It turns out that we can improve the performance of NTK
training of ResNets with a simple scaling of the ResNet
blocks.

Proposition 2 (Scaled ResNet). Consider a ResNet satisfy-
ing

yl(x) = yl−1(x) +
1√
l
F(wl, yl−1(x)), l ≥ 2, (6)

where F is either a convolutional or dense layer ((3) and
(4)) with ReLU activation. Then the results of Theorem
2 apply with αL = L1+σ2

w/2 and the convergence rate
Θ(log(L)−1).

Proposition 2 shows that scaling the residual blocks by 1/
√
l

has two important effects on the NTK: first, it stabilizes the

NTK which only grows as L1+
σ2w
2 instead of L(1+

σ2
w

2 )L−1;
second, it drastically slows down the convergence rate to the
limiting (trivial) K̄∞res. Both properties are highly desirable
for NTK training. The second property in particular means

that with the scaling, we can ‘NTK train’ deeper ResNets
compared to the non-scaled ResNet. We illustrate the effec-
tiveness of Scaled ResNet in section 5. A more aggressive
scaling was studied in (Huang et al., 2020), where authors
scale the blocks with 1/L instead of our scaling 1/

√
l, and

show that it also stabilizes the NTK of ResNet. This is the
main topic of the next chapter. We particularly show that a
suitable scaling ensures that the limiting NTK is universal,
i.e. we can approximate any continuous function on some
compact set K with a function from the Reproducing Ker-
nel Hilbert Space of the limiting NTK. This is a desirable
property since the second term in the solution of the NTK
regime lives in the RKHS of the NTK.

3.3. Spectral decomposition of the limiting NTK

To refine the analysis of Section 3, we study the limiting
behaviour of the spectrum of the NTK over the unit sphere
Sd−1 = {x ∈ Rd : ‖x‖2 = 1}. On the sphere Sd−1, the
kernelKL is a dot-product kernel, i.e. there exists a function
gL such that KL(x, x′) = gL(x · x′) for all x, x′ ∈ Sd−1.
This kernel type is known to be diagonalizable on the sphere
Sd−1 and the eigenfunctions are the so-called Spherical
Harmonics of Sd−1. Many concurrent results have observed
this fact (Geifman et al., 2020; Cao et al., 2020; Bietti and
Mairal, 2019). Our goal in the next theorem is to confirm the
results of the previous section from a spectral perspective,
by showing that the eigenvalues of the NTK (scaled NTK)
converge to zero as the depth goes to infinity, and only the
first eigenvalue remains positive (which corresponds to the
constant eigenfunction).
Theorem 3 (Spectral decomposition on Sd−1). Let κL be ei-
ther, the NTK (KL) for an FFNN with L layers initialized on
the Ordered phase, The Average NTK (AKL) for an FFNN
with L layers initialized on the EOC, or the Normalized
NTK (K̄L

res) for a ResNet with L layers (Fully Connected).
Then, for all L ≥ 1, there exists (µLk )k≥ such that for all
x, x′ ∈ Sd−1

κL(x, x′) =
∑

k≥0

µLk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′).

(Yk,j)k≥0,j∈[1:N(d,k)] are spherical harmonics of Sd−1, and
N(d, k) is the number of harmonics of order k.

Moreover, we have that 0 < µ∞0 = lim
L→∞

µL0 <∞, and for

all k ≥ 1, lim
L→∞

µLk = 0.

The proof of theorem 3 is based on a result from spectral
theory analysis. The limiting eigenvalues are obtained by a
simple application of the dominated convergence theorem.

Theorem 3 shows that in the limit of large L, the ker-
nel κL becomes close to the trivial kernel κ∞ (x, x′) 7→
µ∞0 Y0,0(x)Y0,0(x′), where Y0,0 is the constant function in
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Figure 1. Train/Test accuracy of an FFNN with ReLU activation
on Fashion MNIST dataset for different depths and learning rates,
trained for 10 epochs. The plot is in log-log scale.

the spherical harmonics class. Therefore, in the limit of
infinite depth, the RKHS of the kernel κL is reduced to the
space of constant functions.

Although the asymptotic NTK is degenerate, we show in the
next section that we can leverage the asymptotic analysis
of section 3 to obtain valuable insights on the choice of the
learning rate.

4. Learning Rate Passband
Tuning the learning rate (LR) is crucial for the training
of DNNs; a large/small LR could cause the training to fail.
Empirically, the optimal LR tends to decrease as the network
depth grows. In this section, we use the NTK linear model
presented in Section 2 to establish the existence of an LR
passband, i.e. an interval of values for the learning rate
where training occurs.

Recall the dynamics of the linear model

dft(X ) = − 1

N
K̂L(ft(X )−Z)dt. (7)

The GD update with learning rate η is given by

ft+1(X ) = (I − η

N
K̂L)ft(X )− η

N
K̂LZ). (8)

To ensure stability of (8), a necessary condition is that ‖I −
η
N K̂

L‖F < 1, which implies having

η <
2

µmax( 1
N K̂

L)

where µmax is the largest eigenvalue.

For an FFNN (or a CNN with Assumption 1) initialized on
the EOC, as L grows we have that K̂L = qL((1 − λ)I +
λU) +O(log(L)) (Theorem 1). Therefore, for large L and
N , we have that µmax( 1

N K̂
L) ∼ qλL. The upper bound

on η scale as 1/L, therefore, we expect the passband to
have a linear upper bound. To validate this hypothesis, we
train FFNN on Fashion MNIST dataset. Figure 1 shows
the train/test accuracy for different LRs and depths. The

Figure 2. Normalized eigenvalues of KL on the 2D sphere for an
FFNN with different initializations, activations, and depths.

slope of the red line is −1 which confirms our prediction
that the upper bound of the LR passband grows as L−1. A
similar bound has been introduced recently in (Hayase and
Karakida, 2020) in the different context of networks achiev-
ing dynamical isometry with Hard-Tan activation function.

On the other hand, Figure 1 shows that lower bound of the
passband and depths are almost uncorrelated.1

5. Experiments
5.1. Behaviour of KL as L goes to infinity

Proposition 1, and theorems 1 and 2 show that the NTK (or
scaled NTK) converge to a trivial kernel. Figure 2 shows
the normalized eigenvalues of the NTK of an FFNN on 2D
sphere. On the Ordered phase, the eigenvalues converge
quickly to zero as the depth grows, while with an EOC ini-
tialization, the eigenvalues converge to zero at a slower rate.
For L = 300, the NTK on the EOC is ‘richer’ than the NTK
on the Ordered phase, in the sense that the small eigenvalues
with EOC are relatively much bigger than those with the
Ordered phase intialization. This reflects directly on the
RKHS of the NTK, and allows the NTK regime solution to
be ‘richer’ since it is a combination of different eigenfunc-
tions of the NTK, and not only one as in the Ordered phase
(the constant eigenfunction).

5.2. Can NTK regime explain DNN performance?

We train FFNN, Vanilla CNN (stacked convolutional lay-
ers without pooling, followed by a dense layer), Vanilla
ResNet (ResNet with FFNN blocks), and Scaled ResNet
with different depths using two training methods:

1We currently do not have an explanation for this effect. We
leave this for future work.
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Table 2. Test accuracy for varying architectures and depths on MNIST and CIFAR10 dataset. We show test accuracy after 100 training
epochs for L ∈ {3, 30} and 160 epochs for L = 300.

MNIST CIFAR10

NTK Training SGD Training NTK Training SGD Training

EOC Ordered EOC Ordered EOC Ordered EOC Ordered

L=3
FFNN-ReLU 96.64±0.11 96.57±0.12 97.05±0.27 97.11±0.31 48.13±0.10 48.45±0.14 55.13±0.23 54.10±0.12

FFNN-Tanh 95.34±1.04 96.32±0.41 97.19±0.11 97.03±0.29 48.32±0.15 48.10±0.10 56.13±0.34 54.10±0.23

CNN-ReLU 97.13±0.31 97.23±0.22 98.95±0.12 98.89±0.18 49.11±0.16 42.76±3.32 60.23±0.45 59.05±0.15

V-ResNet 96.73±0.05 96.71±0.16 97.19±0.23 97.12±0.14 47.82±0.73 48.01±0.20 54.40±0.24 54.28±0.33

L=30
FFNN-ReLU 96.95±0.22 — 97.55±0.09 — 48.32±0.10 — 56.10±0.41 —
FFNN-Tanh 97.30±0.15 — 97.87±0.17 — 48.40±0.12 — 57.39±0.08 —
CNN-ReLU 98.60±0.13 — 99.02±0.07 — 48.42±0.10 — 75.39±0.31 —
V-ResNet — — 98.17±0.03 98.13±0.08 — — 57.09±0.47 58.13±0.18

S-ResNet 97.01±0.10 97.11±0.10 98.33±0.10 98.26±0.14 49.10±0.15 50.01±0.12 57.21±0.43 57.51±0.11

L=300
FFNN-ReLU — — 98.14±0.12 — — — 30.25±3.23 —
FFNN-Tanh — — 98.54±0.18 — — — 58.25±0.43 —
CNN-ReLU — — 99.43±0.04 — — — 76.25±0.21 —
V-ResNet — — 98.23±0.09 98.19±0.06 — — 58.87±0.44 59.25±0.10

S-ResNet — — 98.40±0.07 98.51±0.08 — — 60.86±0.24 61.51±0.18

SGD training. We use SGD with a batchsize of 128 and
a learning rate 10−1 for L ∈ {3, 30} and 10−2 for L = 300
(this learning rate was found by a grid search of exponential
step size 10; note that the optimal learning rate with NTK
parameterization is usually bigger than the optimal learning
rate with standard parameterization). We use 100 training
epochs for L ∈ {3, 30}, and 150 epochs for L = 300.

NTK training. We use the Python library Neural-
Tangents introduced by Novak et al. (2020) with 10K sam-
ples from MNIST/CIFAR10. This corresponds to the in-
version of a 10K × 10K matrix to obtain the NTK regime
solution discussed in Section 2.

For the EOC initialization, we use (σb, σw) = (0,
√

2) for
ReLU, and (σb, σw) = (0.2, 1.298) for Tanh. For the Or-
dered phase initialization, we use (σb, σw) = (1, 0.1) for
both ReLU and Tanh. Table 2 displays the test accuracies
for both NTK training and SGD training. The dashed lines
refer to the trivial test accuracy ∼ 10%, which is the test
accuracy of a uniform random classifier with 10 classes
i.e. in these cases the model does not learn. For L = 300,
NTK training fails for all architectures and initializations
confirming the results of Theorems 1 and 2, and Proposition
1; while SGD succeeds in training FFNN and CNN with an
EOC initialization and fails with an Ordered initialization,
and succeeds in training ResNet with both initializations
(which confirms findings in (Yang and Schoenholz, 2017b)
that ResNet ‘live’ on the EOC). This proves that the NTK
regime cannot explain DNN performance trained with SGD.
With L = 30, NTK training fails with Vanilla ResNet, while
it yields good performance with scaled ResNet; this also
confirms the benefits of the scaling introduced in Proposi-
tion 2. However, even with scaled ResNet, the NTK training

Table 3. Test accuracy on CIFAR100 for ResNet.
Epoch 10 Epoch 160

ResNet32 standard 54.18±1.21 72.49±0.18
scaled 53.89±2.32 74.07±0.22

ResNet50 standard 51.09±1.73 73.63±1.51
scaled 55.39±1.52 75.02±0.44

ResNet104 standard 47.02±3.23 74.77±0.29
scaled 56.38±2.54 76.14±0.98

fails for depth L = 300.

Does Scaled ResNet outperforms ResNet with SGD?
We train standard ResNet with depths 32, 50, and 104 on CI-
FAR100 with SGD. We use a decaying learning rate sched-
ule; we start with 0.1 and divide by 10 after ne/2 epochs,
where ne is the total number of epochs; we scale again, by
10, after ne/4 epochs. We use a batch size of 128, and we
train the model with 160 epochs. Proposition 2 shows that
the NTK of Scaled ResNet is more stable compared to the
NTK of standard ResNet. Although this result is limited to
NTK training, we investigate the impact of scaling on SGD
training. Table 3 displays test accuracy for standard ResNet
and scaled ResNet after 10 and 160 epochs; Scaled ResNet
outperforms ResNet and converges faster. However, it is
not clear whether this is linked to the NTK, or caused by
something else. We leave this for future work.

6. Conclusion
In this paper, we have shown that the infinite depth limit
of the NTK regime is trivial and cannot explain the perfor-
mance of DNNs. However, we proved that the performance
of NTK training is initialization dependent (Table 2). These
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findings add to a recent line of research which shows that the
infinite width approximation of the NTK does not fully cap-
ture the training dynamics of DNNs. Indeed, recent works
have shown that the NTK for finite width neural networks
changes with time (Chizat and Bach, 2018; Ghorbani et al.,
2019; Huang and Yau, 2020), and might even be random as
shown by (Hanin and Nica, 2019) where authors prove that
in the limit n,L→∞ (where n is a width of the network)
with fixed ratio γ = L

n , the limiting kernel is random. An
interesting property in this regime is the “feature learning”
which the NTK regime lacks. Further research is needed in
order to understand the difference between the two regimes.
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Appendix

0. Setup and notations
0.1. Neural Tangent Kernel

Consider a neural network model consisting of L layers (yl)1≤l≤L, with yl : Rnl−1 → Rnl , n0 = d and let θ = (θl)1≤l≤L
be the flattened vector of weights and bias indexed by the layer’s index and p be the dimension of θ. Recall that θl

has dimension nl + 1. The output f of the neural network is given by some transformation s : RnL → Ro of the
last layer yL(x); o being the dimension of the output (e.g. number of classes for a classification problem). For any
input x ∈ Rd, we thus have f(x, θ) = s(yL(x)) ∈ Ro. As we train the model, θ changes with time t and we denote
by θt the value of θ at time t and ft(x) = f(x, θt) = (fj(x, θt), j ≤ o). Let D = (xi, zi)1≤i≤N be the data set
and let X = (xi)1≤i≤N , Z = (zj)1≤j≤N be the matrices of input and output respectively, with dimension d × N
and o×N . For any function g : Rd×o → Rk, k ≥ 1, we denote by g(X ,Z) the matrix (g(xi, zi))1≤i≤N of dimension k×N .

(Jacot et al., 2018) studied the behaviour of the output of the neural network as a function of the training time t when the
network is trained using a gradient descent algorithm. (Lee et al., 2019) built on this result to linearize the training dynamics.
We recall hereafter some of these results.

For a given θ, the empirical loss is given by L(θ) = 1
N

∑N
i=1 `(f(xi, θ), zi). The full batch GD algorithm is given by

θ̂t+1 = θ̂t − η∇θL(θ̂t), (1)

where η > 0 is the learning rate.
Let T > 0 be the training time and Ns = T/η be the number of steps of the discrete GD (1). The continuous time system
equivalent to (1) with step ∆t = η is given by

dθt = −∇θL(θt)dt. (2)

This differs from the result by (Lee et al., 2019) since we use a discretization step of ∆t = η. It is well known that this
discretization scheme leads to an error of order O(η) (see Appendix). Equation (2) can be re-written as

dθt = − 1

N
∇θf(X , θt)T∇z′`(f(X , θt),Z)dt.

where ∇θf(X , θt) is a matrix of dimension oN × p and ∇z′`(f(X , θt),Z) is the flattened vector of dimension oN
constructed from the concatenation of the vectors∇z′`(z′, zi)|z′=f(xi,θt), i ≤ N . As a result, the output function ft(x) =
f(x, θt) ∈ Ro satisfies the following ODE

dft(x) = − 1

N
∇θf(x, θt)∇θf(X , θt)T∇z′`(ft(X ),Z)dt. (3)

The Neural Tangent Kernel (NTK) KL
θ is defined as the o× o dimensional kernel satisfying: for all x, x′ ∈ Rd,

KL
θt(x, x

′) = ∇θf(x, θt)∇θf(x′, θt)
T ∈ Ro×o

=

L∑

l=1

∇θlf(x, θt)∇θlf(x′, θt)
T .

(4)

We also define KL
θt

(X ,X ) as the oN × oN matrix defined blockwise by

KL
θt(X ,X ) =




KL
θt

(x1, x1) · · · KL
θt

(x1, xN )
KL
θt

(x2, x1) · · · KL
θt

(x2, xN )
...

. . .
...

KL
θt

(xN , x1) · · · KL
θt

(xN , xN )


 .
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By applying (3) to the vector X , one obtains

dft(X ) = − 1

N
KL
θt(X ,X )∇z′`(ft(X ),Z)dt, (5)

meaning that for all j ≤ N
dft(xj) = − 1

N
KL
θt(xj ,X )∇z′`(ft(X ),Z)dt.

Infinite width dynamics. In the case of an FFNN, (Jacot et al., 2018) proved that, with GD, the kernel KL
θt

converges to a
kernel KL which depends only on L (number of layers) for all t < T when n1, n2, ..., nL →∞, where T is an upper bound
on the training time, under the technical assumption

∫ T
0
||∇z`(ft(X ,Z))||2dt <∞ a.s. with respect to the initialization

weights. The infinite width limit of the training dynamics is given by

dft(X ) = − 1

N
KL(X ,X )∇z′`(ft(X ),Z)dt, (6)

We note hereafter K̂L = KL(X ,X ). As an example, with the quadratic loss `(z′, z) = 1
2 ||z′ − z||2, (6) is equivalent to

dft(X ) = − 1

N
K̂L(ft(X )−Z)dt, (7)

which is a simple linear model that has a closed-form solution given by

ft(X ) = e−
1
N K̂

Ltf0(X ) + (I − e− 1
N K̂

Lt)Z. (8)

For general input x ∈ Rd, we have

ft(x) = f0(x) + γ(x,X )(I − e− 1
N K̂

Lt)(Z − f0(X )). (9)

where γ(x) = KL(x,X )KL(X ,X )−1.

0.2. Architectures

Let φ be the activation function. We consider the following architectures (FFNN and CNN)

• FeedForward Fully-Connected Neural Network (FFNN) Consider an FFNN of depth L, widths (nl)1≤l≤L, weights
wl and bias bl. For some input x ∈ Rd, the forward propagation using the NTK parameterization is given by

y1
i (x) =

σw√
d

d∑

j=1

w1
ijxj + σbb

1
i

yli(x) =
σw√
nl−1

nl−1∑

j=1

wlijφ(yl−1
j (x)) + σbb

l
i, l ≥ 2.

(10)

• Convolutional Neural Network (CNN/ConvNet) Consider a 1D convolutional neural network of depth L, denoting
by [m : n] the set of integers {m,m+ 1, ..., n} for n ≤ m, the forward propagation is given by

y1
i,α(x) =

σw√
v1

n0∑

j=1

∑

β∈ker1
w1
i,j,βxj,α+β + σbb

1
i

yli,α(x) =
σw√
vl

nl−1∑

j=1

∑

β∈kerl
wli,j,βφ(yl−1

j,α+β(x)) + σbb
l
i,

(11)

where i ∈ [1 : nl] is the channel number, α ∈ [0 : M − 1] is the neuron location in the channel, nl is the number of
channels in the lth layer, and M is the number of neurons in each channel, kerl = [−k : k] is a filter with size 2k + 1
and vl = nl−1(2k + 1). Here, wl ∈ Rnl×nl−1×(2k+1). We assume periodic boundary conditions, which results in
having yli,α = yli,α+M = yli,α−M and similarly for l = 0, xi,α+M0 = xi,α = xi,α−M0 . For the sake of simplification,
we consider only the case of 1D CNN, the generalization to a mD CNN for m ∈ N is straightforward.
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1. Proof techniques
The techniques used in the proofs range from simple algebraic manipulation to tricky inequalities.

Lemmas 1, 2, 3, 4. The proofs of these lemmas are simple and follow the same inductive argument as in the proof of the
original NTK result in (Jacot et al., 2018). Note that these results can also be obtained by simple application of the Master
Theorem in (Yang, 2020) using the framework of Tensor Programs.

Proposition 1, Theorems 1, 2. The proof of these results follow two steps; Firstly, estimating the asymptotic behaviour
of the NTK in the limit of large depth; secondly, controling these behaviour using upper/lower bounds. We analyse the
asymptotic behaviour of the NTK of FFNN using existing results on signal propagation in deep FFNN. However, for CNNs,
the dynamics are a bit trickier since they involve convolution operators; We use some results from the theory of Circulant
Matrices for this purpose.
It is relatively easy to control the dynamics of the NTK in the Ordered/Chaotic phase, however, the dynamics become a bit
complicated on the Edge of Chaos and technical lemmas which we call Appendix Lemmas are introduced for this purpose.

Theorem 3. The spectral decomposition of zonal kernels on the sphere is a classical result in spectral theory which was
recently applied to Neural Tangent Kernel Geifman et al. (2020); Cao et al. (2020); Bietti and Mairal (2019). In order to
prove the convergence of the eigenvalues, we use Dominated Convergence Theorem, leveraging the asymptotic results in
Proposition 1 and Theorems 1, 2.

2. The infinite width limit
2.1. Forward propagation

FeedForward Neural Network. For some input x ∈ Rd, the propagation of this input through the network is given by

y1
i (x) =

σw√
d

d∑

j=1

w1
ijxj + σbb

1
i

yli(x) =
σw√
nl−1

nl−1∑

j=1

wlijφ(yl−1
j (x)) + σbb

l
i, l ≥ 2

Where φ : R → R is the activation function. When we take the limit nl−1 → ∞ recursively over l, this implies, using
Central Limit Theorem, that yli(x) is a Gaussian variable for any input x. This gives an error of orderO(1/

√
nl−1) (standard

Monte Carlo error). More generally, an approximation of the random process yli(.) by a Gaussian process was first proposed
by (Neal, 1995) in the single layer case and has been extended to the multiple layer case by (Lee et al., 2018) and (Matthews
et al., 2018). The limiting Gaussian process kernels follow a recursive formula given by, for any inputs x, x′ ∈ Rd

κl(x, x′) = E[yli(x)yli(x
′)]

= σ2
b + σ2

wE[φ(yl−1
i (x))φ(yl−1

i (x′))]

= σ2
b + σ2

wΨφ(κl−1(x, x), κl−1(x, x′), κl−1(x′, x′)),

where Ψφ is a function that only depends on φ. This provides a simple recursive formula for the computation of the kernel
κl; see, e.g., (Lee et al., 2018) for more details.

Convolutional Neural Networks. The infinite width approximation with 1D CNN yields a recursion for the kernel.
However, the infinite width here means infinite number of channels, with a Monte Carlo error of O(1/

√
nl−1). The kernel

in this case depends on the choice of the neurons in the channel and is given by

κlα,α′(x, x
′) = E[yli,α(x)yli,α′(x

′)] = σ2
b +

σ2
w

2k + 1

∑

β∈ker
E[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))]
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so that

κlα,α′(x, x
′) = σ2

b +
σ2
w

2k + 1

∑

β∈ker
Fφ(κl−1

α+β,α′+β(x, x), κl−1
α+β,α′+β(x, x′), κl−1

α+β,α′+β(x′, x′)).

The convolutional kernel κlα,α′ has the ‘self-averaging’ property; i.e. it is an average over the kernels corresponding to
different combination of neurons in the previous layer. However, it is easy to simplify the analysis in this case by studying
the average kernel per channel defined by κ̂l = 1

N2

∑
α,α′ κ

l
α,α′ . Indeed, by summing terms in the previous equation and

using the fact that we use circular padding, we obtain

κ̂l(x, x′) = σ2
b + σ2

w

1

N2

∑

α,α′

Fφ(κl−1
α,α′(x, x), κl−1

α,α′(x, x
′), κl−1

α,α′(x
′, x′)).

This expression is similar in nature to that of FFNN. We will use this observation in the proofs.

Note that our analysis only requires the approximation that, in the infinite width limit, for any two inputs x, x′, the variables
yli(x) and yli(x

′) are Gaussian with covariance κl(x, x′) for FFNN, and yli,α(x) and yli,α′(x
′) are Gaussian with covariance

κlα,α′(x, x
′) for CNN. We do not need the much stronger approximation that the process yli(x) (yli,α(x) for CNN) is a

Gaussian process.

Residual Neural Networks. The infinite width limit approximation for ResNet yields similar results with an additional
residual terms. It is straighforward to see that, in the case of a ResNet with FFNN-type layers, we have that

κl(x, x′) = κl−1(x, x′) + σ2
b + σ2

wFφ(κl−1(x, x), κl−1(x, x′), κl−1(x′, x′)),

whereas for ResNet with CNN-type layers, we have that

κlα,α′(x, x
′) = κl−1

α,α′(x, x
′) + σ2

b

+
σ2
w

2k + 1

∑

β∈ker
Fφ(κl−1

α+β,α′+β(x, x), κl−1
α+β,α′+β(x, x′), κl−1

α+β,α′+β(x′, x′)).

2.2. Gradient Independence

In the mean-field literature of DNNs, an omnipresent approximation in prior literature is that of the gradient independence
which is similar in nature to the practice of feedback alignment (Lillicrap et al., 2016). This approximation states that, for
wide neural networks, the weights used for forward propagation are independent from those used for back-propagation.
When used for the computation of Neural Tangent Kernel, this approximation was proven to give the exact computation for
standard architectures such as FFNN, CNN and ResNets (Yang, 2020) (Theorem D.1).

This result has been extensively used in the literature as an approximation before being proved to yields exact computation
for the NTK, and theoretical results derived under this approximation were verified empirically; see references below.

Gradient Covariance back-propagation. Analytical formulas for gradient covariance back-propagation were derived
using this result, in (Hayou et al., 2019; Schoenholz et al., 2017; Yang and Schoenholz, 2017b; Lee et al., 2018; Poole et al.,
2016; Xiao et al., 2018; Yang, 2019). Empirical results showed an excellent match for FFNN in (Schoenholz et al., 2017),
for Resnets in (Yang, 2019) and for CNN in (Xiao et al., 2018).

Neural Tangent Kernel. The Gradient Independence approximation was implicitly used in (Jacot et al., 2018) to derive
the infinite width Neural Tangent Kernel (See (Jacot et al., 2018), Appendix A.1). Authors have found that this infinite width
NTK computed with the Gradient Independence approximation yields excellent match with empirical (exact) NTK.

We use this result in our proofs and we refer to it simply by the Gradient Independence.

3. Discussion on Assumption 1
Assumption 1. We assume that for all x, x′ ∈ X , q1

α,α′(x, x
′) is independent of α, α′.
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Assumption 1 implies that, there exists some function e : (x, x′) 7→ e(x, x′) such that for all α, α′, x, x′

∑

j

∑

β∈ker0
xj,α+βx

′
j,α′+β = e(x, x′)

This system has N2M2 equations and N × 2n0 ×M variables. Therefore, in the case n0 >> 1, the set of solutions S is
large. By using Assumption 1, we restrict our analysis to this case. Hereafter, for all CNN analysis, for some function G and
set E, taking the supremum sup(x,x′)∈E G(x, x′) should be interpreted as sup(x,x′)∈E∩X 2 G(x, x′).

Another justification to assumption 1 can be attributed a self-averaging property of the dynamics of the correlation inside a
CNN. We refer the reader to the proof of Appendix lemma 3 for more details.

4. Warmup: Results from the Mean-Field theory of DNNs
4.1. Notation

For FFNN layers, let ql(x) := ql(x, x) be the variance of yl1(x) (the choice of the index 1 is not important since, in the
infinite width limit, the random variables (yli(x))i∈[1:Nl] are iid). Let ql(x, x′), resp. cl1(x, x′) be the covariance, resp. the
correlation between yl1(x) and yl1(x′). For Gradient back-propagation, let q̃l(x, x′) be the Gradient covariance defined by
q̃l(x, x′) = E

[
∂L
∂yl1

(x) ∂L
∂yl1

(x′)
]

where L is some loss function. Similarly, let q̃l(x) be the Gradient variance at point x. We

also define q̇l(x, x′) = σ2
wE[φ′(yl−1

1 (x))φ′(yl−1
1 (x′))].

For CNN layers, we use similar notation across channels. Let qlα(x) be the variance of yl1,α,(x) (the choice of the index 1 is
not important here either since, in the limit of infinite number of channels, the random variables (yli,α(x))i∈[1:Nl] are iid). Let
qlα,α′(x, x

′) the covariance between yl1,α(x) and yl1,α′(x
′), and clα,α′(x, x

′) the corresponding correlation. We also define the
pseudo-covariance q̂lα,α′(x, x

′) = σ2
b + σ2

wE[φ(yl−1
1,α (x))φ(yl−1

1,α′(x
′))] and q̇lα,α′(x, x

′) = σ2
wE[φ(yl−1

1,α (x))φ(yl−1
1,α′(x

′))].

The Gradient covariance is defined by q̃lα,α′(x, x
′) = E

[
∂L
∂yl1,α

(x) ∂L
∂yl

1,α′
(x′)

]
.

4.1.1. COVARIANCE PROPAGATION

Covariance propagation for FFNN. In Section 2.1, we derived the covariance kernel propagation in an FFNN. For two
inputs x, x′ ∈ Rd, we have

ql(x, x′) = σ2
b + σ2

wE[φ(yl−1
i (x))φ(yl−1

i (x′))] (12)

this can be written as

ql(x, x′) = σ2
b + σ2

wE
[
φ

(√
ql(x)Z1

)
φ

(√
ql(x′)(cl−1Z1 +

√
1− (cl−1)2Z2

)]
, Z1, Z2

iid∼ N (0, 1),

with cl−1 := cl−1(x, x′).
With ReLU, and since ReLU is positively homogeneous (i.e. φ(λx) = λφ(x) for λ ≥ 0), we have that

ql(x, x′) = σ2
b +

σ2
w

2

√
ql(x)

√
ql(x′)f(cl−1)

where f is the ReLU correlation function given by (Hayou et al., 2019)

f(c) =
1

π
(c arcsin c+

√
1− c2) +

1

2
c.

Covariance propagation for CNN. The only difference with FFNN is that the independence is across channels and not
neurons. Simple calculus yields

qlα,α′(x, x
′) = E[yli,α(x)yli,α′(x

′)] = σ2
b +

σ2
w

2k + 1

∑

β∈ker
E[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))]

Observe that
qlα,α′(x, x

′) =
1

2k + 1

∑

βinker

q̂lα+β,α′+β(x, x′) (13)
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With ReLU, we have

qlα,α′(x, x
′) = σ2

b +
σ2
w

2k + 1

∑

β∈ker

√
qlα+β(x)

√
qlα′+β(x′)f(cl−1

α+β,α′+β(x, x′)).

Covariance propagation for ResNet with ReLU. In the case of ResNet, only an added residual term shows up in the
recursive formula. For a ResNet with FFNN layers, the recursion reads

ql(x, x′) = ql−1(x, x′) + σ2
b +

σ2
w

2

√
ql(x)

√
ql(x′)f(cl−1) (14)

with CNN layers, we have instead

qlα,α′(x, x
′) = ql−1

α,α′(x, x
′) + σ2

b +
σ2
w

2k + 1

∑

β∈ker

√
qlα+β(x)

√
qlα′+β(x′)f(cl−1

α+β,α′+β(x, x′)) (15)

4.1.2. GRADIENT COVARIANCE BACK-PROPAGATION

Gradient back-propagation for FFNN. The gradient back-propagation is given by

∂L
∂yli

= φ′(yli)
Nl+1∑

j=1

∂L
∂yl+1

j

W l+1
ji .

where L is some loss function. Using the Gradient Independence 2.2, we have as in (Schoenholz et al., 2017)

q̃l(x) = q̃l+1(x)
Nl+1

Nl
χ(ql(x)).

where χ(ql(x)) = σ2
wE[φ(

√
ql(x)Z)2].

Gradient Covariance back-propagation for CNN. We have that

∂L
∂W l

i,j,β

=
∑

α

∂L
∂yli,α

φ(yl−1
j,α+β)

Moreover,
∂L
∂yli,α

=
n∑

j=1

∑

β∈ker

∂L
∂yl+1

j,α−β
W l+1
i,j,βφ

′(yli,α).

Using the Gradient Independence 2.2, and taking the average over the number of channels we have that

E

[
∂L
∂yli,α

2
]

=
σ2
wE
[
φ′(
√
qlα(x)Z)2

]

2k + 1

∑

β∈ker
E

[
∂L

∂yl+1
i,α−β

2
]
.

We can get similar recursion to that of the FFNN case by summing over α and using the periodic boundary condition, this
yields

∑

α

E

[
∂L
∂yli,α

2
]

= χ(qlα(x))
∑

α

E

[
∂L
∂yl+1

i,α

2
]
.

4.1.3. EDGE OF CHAOS (EOC)

Let x ∈ Rd be an input. The convergence of ql(x) as l increases has been studied by (Schoenholz et al., 2017) and (Hayou
et al., 2019). In particular, under weak regularity conditions, it is proven that ql(x) converges to a point q(σb, σw) > 0
independent of x as l→∞. The asymptotic behaviour of the correlations cl(x, x′) between yl(x) and yl(x′) for any two
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inputs x and x′ is also driven by (σb, σw): the dynamics of cl is controlled by a function f i.e. cl+1 = f(cl) called the
correlation function. The authors define the EOC as the set of parameters (σb, σw) such that σ2

wE[φ′(
√
q(σb, σw)Z)2] = 1

where Z ∼ N (0, 1). Similarly the Ordered, resp. Chaotic, phase is defined by σ2
wE[φ′(

√
q(σb, σw)Z)2] < 1, resp.

σ2
wE[φ′(

√
q(σb, σw)Z)2] > 1. On the Ordered phase, the gradient will vanish as it backpropagates through the network,

and the correlation cl(x, x′) converges exponentially to 1. Hence the output function becomes constant (hence the name
’Ordered phase’). On the Chaotic phase, the gradient explodes and the correlation converges exponentially to some limiting
value c < 1 which results in the output function being discontinuous everywhere (hence the ’Chaotic’ phase name). On the
EOC, the second moment of the gradient remains constant throughout the backpropagation and the correlation converges to
1 at a sub-exponential rate, which allows deeper information propagation. Hereafter, f will always refer to the correlation
function.

We initialize the model with wlij , b
l
i
iid∼ N (0, 1), where N (µ, σ2) denotes the normal distribution of mean µ and variance

σ2. In the remainder of this appendix, we assume that the following conditions are satisfied

• The input data is a subset of a compact set E of Rd, and no two inputs are co-linear.

• All calculations are done in the limit of infinitely wide networks.

4.2. Some results from the information propagation theory

Results for FFNN with Tanh activation.
Fact 1. For any choice of σb, σw ∈ R+, there exist q, λ > 0 such that for all l ≥ 1, supx∈Rd |ql(x, x) − q| ≤ e−λl.
(Equation (3) and conclusion right after in (Schoenholz et al., 2017)).

Fact 2. On the Ordered phase, there exists γ > 0 such that supx,x′∈Rd |cl(x, x′)− 1| ≤ e−γl. (Equation (8) in (Schoenholz
et al., 2017))

Fact 3. Let (σb, σw) ∈ EOC. Using the same notation as in fact 4, we have that sup(x,x′)∈Bε |1 − cl(x, x′)| = O(l−1).
(Proposition 3 in (Hayou et al., 2019)).

Fact 4. Let Bε = {(x, x′) ∈ Rd : c1(x, x′) < 1− ε}. On the chaotic phase, there exist c < 1 such that for all ε ∈ (0, 1),
there exists γ > 0 such that sup(x,x′)∈Bε |cl(x, x′)− c| ≤ e−γl. (Equations (8) and (9) in (Schoenholz et al., 2017))

Fact 5 (Correlation function). The correlation function f is defined by f(x) =
σ2
b+σ2

wE[φ(
√
qZ1)φ(

√
q(xZ1+

√
1−x2Z2))]

q where
q is given in Fact 1 and Z1, Z2 are iid standard Gaussian variables.

Fact 6. f has a derivative of any order j ≥ 1 given by

f (j)(x) = σ2
wq

j−1E[φ(j)(Z1)φ(j)(xZ1 +
√

1− x2Z2)], ∀x ∈ [−1, 1]

As a result, we have that f (j)(1) = σ2
wq

j−1E[φ(j)(Z1)2] > 0 for all j ≥ 1.

The proof of the previous fact is straightforward following the same integration by parts technique as in the proof of Lemma
1 in (Hayou et al., 2019). The result follows by induction.

Fact 7. Let (σb, σw) ∈ EOC. We have that f ′(1) = 1 (by definition of EOC). As a result, the Taylor expansion of f near 1
is given by

f(c) = c+ α(1− c)2 − ζ(1− c)3 +O((1− c)4).

where α, ζ > 0.

Proof. The proof is straightforward using fact 6, and integral-derivative interchanging.

Results for FFNN with ReLU activation.
Fact 8. The ordered phase for ReLU is given by Ord = {(σb, σw) ∈ (R+)2 : σw <

√
2}. Moreover, for any (σb, σw) ∈ Ord,

there exist λ such that for all l ≥ 1, supx∈Rd |ql(x, x)− q| ≤ e−λl, where q =
σ2
b

1−σ2
w/2

.
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The proof is straightforward using equation (12).

Fact 9. For any (σb, σw) in the Ordered phase, there exist λ such that for all l ≥ 1, sup(x,x′)∈Rd |cl(x, x′)− 1| ≤ e−λl.

The proof of this claim follows from standard Banach Fixed point theorem in the same fashion as for Tanh in (Schoenholz
et al., 2017).

Fact 10. The Chaotic phase for ReLU is given by Ch = {(σb, σw) ∈ (R+)2 : σw >
√

2}. Moreover, for any (σb, σw) ∈ Ch,
for all l ≥ 1, x ∈ Rd, ql(x, x) & (σ2

w/2)l.

The variance explodes exponentially on the Chaotic phase, which means the output of the Neural Network can grow
arbitrarily in this setting. Hereafter, when no activation function is mentioned, and when we choose "(σb, σw) on the
Ordered/Chaotic phase", it should be interpreted as "(σb, σw) on the Ordered phase" for ReLU and "(σb, σw) on the
Ordered/Chaotic phase" for Tanh.

Fact 11. For ReLU FFNN on the EOC, we have that ql(x, x) =
σ2
w

d ||x||2 for all l ≥ 1.

The proof is straightforward using equation 12 and that (σb, σw) = (0,
√

2) on the EOC.

Fact 12. The EOC of ReLU is given by the singleton {(σb, σw) = (0,
√

2)}. In this case, the correlation function of an
FFNN with ReLU is given by

f(x) =
1

π
(x arcsinx+

√
1− x2) +

1

2
x

(Proof of Proposition 1 in (Hayou et al., 2019)).

Fact 13. Let (σb, σw) ∈ EOC. Using the same notation as in fact 4, we have that

sup
(x,x′)∈Bε

|1− cl(x, x′)| = O(l−2)

(Follows straightforwardly from Proposition 1 in (Hayou et al., 2019)).

Fact 14. We have that
f(c) = c+ s(1− c)3/2 + b(1− c)5/2 +O((1− c)7/2 (16)

with s = 2
√

2
3π and b =

√
2

30π .

This result was proven in (Hayou et al., 2019) (in the proof of Proposition 1) for order 3/2, the only difference is that here
we push the expansion to order 5/2.

Results for CNN with Tanh activation function.
Fact 15. For any choice of σb, σw ∈ R+, there exist q, λ > 0 such that for all l ≥ 1, supα,α′ supx∈Rd |qlα,α′(x, x)− q| ≤
e−λl. (Equation (2.5) in (Xiao et al., 2018) and variance convergence result in (Schoenholz et al., 2017)).

The behaviour of the correlation clα,α′(x, x
′) was studied in (Xiao et al., 2018) only in the case x′ = x. We give a

comprehensive analysis of the asymptotic behaviour of clα,α′(x, x
′) in the next section.

General results on the correlation function.
Fact 16. Let f be either the correlation function of Tanh or ReLU. We have that

• f(1) = 1 (Lemma 2 in (Hayou et al., 2019)).

• On the ordered phase 0 < f ′(1) < 1 (By definition).

• On the Chaotic phase f ′(1) > 1 (By definition).

• On the EOC, f ′(1) = 1 (By definition).

• On the Ordered phase and the EOC, 1 is the unique fixed point of f ((Hayou et al., 2019)).
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• On the Chaotic phase, f has two fixed points, 1 which is unstable, and c < 1 which is a stable fixed point (Schoenholz
et al., 2017).

Fact 17. Let ε ∈ (0, 1). On the Ordered/Chaotic phase, with either ReLU or Tanh, there exists α ∈ (0, 1),γ > 0 such that

sup
(x,x′)∈Bε

|f ′(cl(x, x′))− α| ≤ e−γl

Proof. This result follows from a simple first order expansion inequality. For Tanh on the Ordered phase, we have that

sup
(x,x′)∈Bε

|f ′(cl(x, x′))− f ′(1)| ≤ ζl sup
(x,x′)∈Bε

|cl(x, x′)− 1|

where ζl = supt∈(min(x,x′∈Bε) c
l(x,x′),1) |f ′′(t)| → |f ′′(1)|. We conclude for Ordered phase with Tanh using fact 2. The

same argument can be used for Chaotic phase with Tanh using fact 4; in this case, α = f ′(c) where c is the unique stable
fixed point of the correlation function f .

On the Ordered phase with ReLU, let f̃ be the correlation function. It is easy to see that f̃ ′(c) =
σ2
w

2 f
′(c) where f is given

in fact 12. f ′(x) = 1−
√

2
π (1− x)1/2 +O((1− x)3/2). Therefore, there exists l0, ζ > 0 such that for l > l0,

sup
(x,x′)∈Bε

|f ′(cl(x, x′))− f ′(1)| ≤ ζ sup
(x,x′)∈Bε

|cl(x, x′)− 1|1/2

We conclude using fact 9.

Asymptotic behaviour of the correlation in FFNN.
Appendix Lemma 1 (Asymptotic behaviour of cl for ReLU). Let (σb, σw) ∈ EOC and ε ∈ (0, 1). We have

sup
(x,x′)∈Bε

∣∣∣∣cl(x, x′)− 1 +
κ

l2
− 3
√
κ

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 9π2

2 . Moreover, we have that

sup
(x,x′)∈Bε

∣∣∣∣f ′(cl(x, x′))− 1 +
3

l
− 9

2
√
κ

log(l)

l2

∣∣∣∣ = O(l−2).

Proof. Let (x, x′) ∈ Bε and s = 2
√

2
3π . From the preliminary results, we have that lim

l→∞
supx,x′∈Rd 1− cl(x, x′) = 0 (fact

13). Using fact 14, we have uniformly over Bε,

γl+1 = γl − sγ3/2
l − bγ5/2

l +O(γ
7/2
l )

where s, b > 0, this yields

γ
−1/2
l+1 = γ

−1/2
l +

s

2
+

3s2

8
γ

1/2
l +

b

2
γl +O(γ

3/2
l ).

Thus, as l goes to infinity
γ
−1/2
l+1 − γ

−1/2
l ∼ s

2
,

and by summing and equivalence of positive divergent series

γ
−1/2
l ∼ s

2
l.

Moreover, since γ−1/2
l+1 = γ

−1/2
l + s

2 + 3s2

8 γ
1/2
l + O(γ

3/2
l ), using the same argument multiple times and inverting the

formula yields

cl(x, x′) = 1− κ

l2
+ 3
√
κ

log(l)

l3
+O(l−3)
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Note that, by Appendix Lemma 5 (section 5), the O bound can be chosen in a way that it does not depend on (x, x′), it
depends only on ε; this concludes the proof for the first part of the result.
Using fact 12, we have that

f ′(x) =
1

π
arcsin(x) +

1

2

= 1−
√

2

π
(1− x)1/2 +O((1− x)3/2).

Thus, it follows that

f ′(cl(x, x′)) = 1− 3

l
+

9
√

2

4

log(l)

l2
+O(l−2).

uniformly over the set Bε, which concludes the proof.

We prove a similar result for an FFNN with Tanh activation.
Appendix Lemma 2 (Asymptotic behaviour of cl for Tanh). Let (σb, σw) ∈ EOC and ε ∈ (0, 1). We have

sup
(x,x′)∈Bε

∣∣∣∣cl(x, x′)− 1 +
κ

l
− κ(1− κ2ζ)

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 2
f ′′(1) > 0 and ζ = f3(1)

6 > 0. Moreover, we have that

sup
(x,x′)∈Bε

∣∣∣∣f ′(cl(x, x′))− 1 +
2

l
− 2(1− κ2ζ)

log(l)

l2

∣∣∣∣ = O(l−2).

Proof. Let (x, x′) ∈ Bε and λl := 1− cl(x, x′). Using a Taylor expansion of f near 1 (fact 7), there exist α, ζ > 0 such
that

λl+1 = λl − αλ2
l + ζλ3

l +O(λ4
l )

Here also, we use the same technique as in the previous lemma. We have that

λ−1
l+1 = λ−1

l (1− αλl + ζλ2 +O(λ3
l ))
−1 = λ−1

l (1 + αλl + (α2 − ζ)λ2
l +O(λ3

l ))

= λ−1
l + α+ (α2 − ζ)λl +O(λ2

l ).

By summing (divergent series), we have that λ−1
l ∼ αl. Therefore,

λ−1
l+1 − λ−1

l − α = (α2 − β)α−1l−1 + o(l−1)

By summing a second time, we obtain

λ−1
l = αl + (α− βα−1) log(l) + o(log(l)),

Using the same technique once again, we obtain

λ−1
l = αl + (α− βα−1) log(l) +O(1).

This yields

λl = α−1l−1 − α−1(1− α−2β)
log(l)

l2
+O(l−2).

In a similar fashion to the previous proof, we can force the upper bound inO to be independent of x using Appendix Lemma
5. This way, the bound depends only on ε. This concludes the first part of the proof.

For the second part, observe that f ′(x) = 1 + (x− 1)f ′′(1) +O((x− 1)2), hence

f ′(cl(x, x′)) = 1− 2

l
+ 2(1− α−2ζ)

log(l)

l2
+O(l−2)

which concludes the proof.
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4.3. Large depth behaviour of the correlation in CNNs

For CNNs, the infinite width will always mean the limit of infinite number of channels. Recall that, by definition,
q̂lα,α′(x, x

′) = σ2
b + σ2

wE[φ(yl−1
1,α (x))φ(yl−1

1,α′(x
′))] and qlα,α′(x, x

′) = E[yli,α(x)yli,α′(x
′)].

Unlike FFNN, neurons in the same channel are correlated since they share the same filters. Let x, x′ be two inputs and α, α′

two nodes in the same channel i. Using Central Limit Theorem in the limit of large nl (number of channels), we have

qlα,α′(x, x
′) = E[yli,α(x)yli,α′(x

′)] =
σ2
w

2k + 1

∑

β∈ker
E[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))] + σ2

b

Let clα,α′(x, x
′) be the corresponding correlation. Since qlα,α(x, x) converges exponentially to q which depends neither on x

nor on α, the mean-field correlation as in (Schoenholz et al., 2017; Hayou et al., 2019) is given by

clα,α′(x, x
′) =

1

2k + 1

∑

β∈ker
f(cl−1

α+β,α′+β(x, x′))

where f(c) =
σ2
wE[φ(

√
qZ1)φ(

√
q(cZ1+

√
1−c2Z2))]+σ2

b

q and Z1, Z2 are independent standard normal variables. The dynamics
of clα,α′ become similar to those of cl in an FFNN under assumption 1. We show this in the proof of Appendix Lemma 3.
In (Xiao et al., 2018), authors studied only the limiting behaviour of correlations clα,α′(x, x) (same input x), however, they
do not study clα,α′(x, x

′) when x 6= x′. We do this in the following Lemma, which will prove also useful for the main results
of the paper.

Appendix Lemma 3 (Asymptotic behaviour of the correlation in CNN with Tanh). We consider a CNN with Tanh activation
function. Let (σb, σw) ∈ (R+)2 and ε ∈ (0, 1). Let Bε = {(x, x′) ∈ Rd : supα,α′ c

1
α,α′(x, x

′) < 1 − ε}. The following
statements hold

1. If (σb, σw) are on the Ordered phase, then there exists β > 0 such that

sup
(x,x′)∈Rd

sup
α,α′
|clα,α′(x, x′)− 1| = O(e−βl)

2. If (σb, σw) are on the Chaotic phase, then for all ε > 0 there exists β > 0 and c ∈ (0, 1) such that

sup
(x,x′)∈Bε

sup
α,α′
|clα,α′(x, x′)− c| = O(e−βl)

3. Under Assumption 1, if (σb, σw) ∈ EOC, then we have

sup
(x,x′)∈Bε

sup
α,α′

∣∣∣∣clα,α′(x, x′)− 1 +
κ

l
− κ(1− κ2ζ)

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 2
f ′′(1) > 0, ζ = f3(1)

6 > 0, and f is the correlation function given in Fact 5.

We prove statements 1 and 2 for general inputs, i.e. without using Assumption 1. The third statement requires Assumption 1.

Proof. Let (x, x′) ∈ Rd. Without using assumption 1, we have that

clα,α′(x, x
′) =

1

2k + 1

∑

β∈ker
f(cl−1

α+β,α′+β(x, x′))

Writing this in matrix form yields

Cl =
1

2k + 1
Uf(Cl−1)
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where Cl = ((clα,α+β(x, x′))α∈[0:N−1])β∈[0:N−1] is a vector in RN2

, U is a convolution matrix and f is applied element-
wise. As an example, for k = 1, U is given by

U =




1 1 0 ... 0 1

1 1 1 0
. . . 0

0 1 1 1
. . . 0

0 0 1 1
. . . 0

. . . . . . . . . . . .
1 0 . . . 0 1 1




For general k, U is a Circulant symmetric matrix with eigenvalues λ1 > λ2 ≥ λ3... ≥ λN2 . The largest eigenvalue of U is
given by λ1 = 2k + 1 and its equivalent eigenspace is generated by the vector e1 = 1

N (1, 1, ..., 1) ∈ RN2

. This yields

(1 + 2k)−lU l = e1e
T
1 +O(e−βl)

where β = log(λ1

λ2
).

This provides another justification to Assumption 1; as l grows, and assuming that Cl → e1 (which we show in the remainder
of this proof), Cl exhibits a self-averaging property since Cl ≈ 1

2k+1UCl−1. This system concentrates around the average
value of the entries of Cl as l grows. Since the variances converge to a constant q as l goes to infinity (fact 15), this
approximation implies that the entries of Cl become almost equal as l goes to infinity, thus making assumption 1 almost
satisfied in deep layers. Let us now prove the statements.

1. Let (σb, σw) be in the Ordered phase, (x, x′) ∈ Rd and clm = minα,α′ c
l
α,α′(x, x

′). Using the fact that f is non-
decreasing, we have that clα,α′(x, x

′) ≥ 1
2k+1

∑
β∈ker c

l−1
α+β,α′+β(x, x′)) ≥ cl−1

m . Taking the minimum again over
α, α′, we have clm ≥ cl−1

m , therefore clm is non-decreasing and converges to the unique fixed point of f which is c = 1.
This proves that supα,α′ |clα,α′(x, x′)− 1| → 0. Moreover, the convergence rate is exponential using the fact that (fact
16) 0 < f ′(1) < 1. To see this, observe that

sup
α,α′
|1− clα,α′(x, x′)| ≤

(
sup

ζ∈[cl−1
m ,1]

f ′(ζ)

)
× sup
α,α′
|1− clα,α′(x, x′)|

Knowing that supζ∈[cl−1
m ,1] f

′(ζ)→ f ′(1) < 1, we conclude. Moreover, the convergence is uniform in (x, x′) since
the convergence rate depends only on f ′(1).

2. Let ε ∈ (0, 1). In the chaotic phase, the only difference is the limit c = c1 < 1 and the Supremum is taken over Bε to
avoid points where c1(x, x′) = 1. In the Chaotic phase (fact 16), f has two fixed points, 1 is an unstable fixed point
and c1 ∈ (0, 1) which is the unique stable fixed point. We conclude by following the same argument.

3. Let ε ∈ (0, 1) and (σb, σw) ∈ EOC. Using the same argument of monotony as in the previous cases and that f has 1 as
unique fixed point, we have that liml→∞ supx,x′ supα,α′ |1− clα,α′(x, x′)| = 0.
From fact 7, the Taylor expansion of f near 1 is given by

f(c) = c+ α(1− c)2 − ζ(1− c)3 +O((1− c)4).

where α = f ′′(1)
2 and ζ = f(3)(1)

6 . Using fact 6, we know that f (k)(1) = σ2
wq

k−1E[φ(k)(
√
qZ)2]. Therefore, we have

α > 0, and ζ < 0.
Under assumption 1, it is straightforward that for all α, α′, and l ≥ 1

clα,α′(x, x
′) = cl(x, x′)

i.e. clα,α′ are equal for all α, α′. The dynamics of cl(x, x′) are exactly the dynamics of the correlation in an FFNN. We
conclude using Appendix Lemma 2.
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It is straightforward that the previous Appendix Lemma extend to ReLU activation, with slightly different dynamics. In this
case, we use Appendix Lemma 1 to conclude for the third statement.

Appendix Lemma 4 (Asymptotic behaviour of the correlation in CNN with ReLU-like activation functions). We consider
a CNN with ReLU activation. Let (σb, σw) ∈ (R+)2. Let (σb, σw) ∈ (R+)2 and ε ∈ (0, 1). The following statements hold

1. If (σb, σw) are on the Ordered phase, then there exists β > 0 such that

sup
(x,x′)∈Rd

sup
α,α′
|clα,α′(x, x′)− 1| = O(e−βl)

2. If (σb, σw) are on the Chaotic phase, then there exists β > 0 and c ∈ (0, 1) such that

sup
(x,x′)∈Bε

sup
α,α′
|clα,α′(x, x′)− c| = O(e−βl)

3. Under Assumption 1, if (σb, σw) ∈ EOC, then

sup
(x,x′)∈Bε

sup
α,α′

∣∣∣∣cl(x, x′)− 1 +
κ

l2
− 3
√
κ

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 9π2

2 .

Proof. The proof is similar to the case of Tanh in Appendix Lemma 3. The only difference is that we use Appendix Lemma
1 to conclude for the third statement.

5. A technical tool for the derivation of uniform bounds
Results in Theorem 1 and 2 and Proposition 1 involve a supremum over the set Bε. To obtain such results, we need a
’uniform’ Taylor analysis of the correlation cl(x, x′) (see the next section) where uniformity is over (x, x′) ∈ Bε. It turns
out that such result is trivial when the correlation follows a dynamical system that is controlled by a non-decreasing function.
We clarify this in the next lemma.

Appendix Lemma 5 (Uniform Bounds). Let A ⊂ R be a compact set and g a non-decreasing function on A. Define the
sequence ζl by ζl = g(ζl−1) and ζ0 ∈ A. Assume that there exist αl, βl that do not depend on ζl, with βl = o(αl), such that
for all ζ0 ∈ A,

ζl = αl +Oζ0(βl)

where Oζ0 means that the O bound depends on ζ0. Then, we have that

sup
ζ0∈A

|ζl − αl| = O(βl)

i.e. we can choose the bound O to be independent of ζ0.

Proof. Let ζ0,m = minA and ζ0,M = maxA. Let (ζm,l) and (ζM,l) be the corresponding sequences. Since g is non-
decreasing, we have that for all ζ0 ∈ A, ζm,l ≤ ζl ≤ ζM,l. Moreover, by assumption, there exists M1,M2 > 0 such
that

|ζm,l − αl| ≤M1|βl|
and

|ζM,l − αl| ≤M2|βl|
therefore,

|ζl − αl| ≤ max(|ζm,l − αl|, |ζM,l − αl|) ≤ max(M1,M2)|βl|
which concludes the proof.

Note that Appendix Lemma 5 can be easily extended to Taylor expansions with ‘o’ instead of ‘O’. We will use this result in
the proofs, by refereeing to Appendix Lemma 5.
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6. Proofs of Section 3: Large Depth Behaviour of Neural Tangent Kernel
6.1. Proofs of the results of Section 3.1

In this section, we provide proofs for the results of Section 3.1 in the paper.

Recall that Lemma 1 in the paper is a generalization of Theorem 1 in (Jacot et al., 2018) and is reminded here. The proof is
simple and follows similar induction techniques as in (Jacot et al., 2018).

Lemma 1 (Generalization of Th. 1 in (Jacot et al., 2018)). Consider an FFNN of the form (3). Then, as n1, n2, ..., nL−1 →
∞, we have for all x, x′ ∈ Rd, i, i′ ≤ nL, KL

ii′(x, x
′) = δii′K

L(x, x′), where KL(x, x′) is given by the recursive formula

KL(x, x′) = q̇L(x, x′)KL−1(x, x′) + qL(x, x′),

where ql(x, x′) = σ2
b + σ2

wE[φ(yl−1
1 (x))φ(yl−1

1 (x′))] and q̇l(x, x′) = σ2
wE[φ′(yl−1

1 (x))φ′(yl−1
1 (x′))].

Proof. The proof for general σw is similar to when σw = 1 ((Jacot et al., 2018)) which is a proof by induction.

For l ≥ 2 and i ∈ [1 : nl]

∂θ1:ly
l+1
i (x) =

σw√
nl

nl∑

j=1

wl+1
ij φ′(ylj(x))∂θ1:ly

l
j(x).

Therefore,

(∂θ1:ly
l+1
i (x))(∂θ1:ly

l+1
i (x′))t =

σ2
w

nl

nl∑

j,j′

wl+1
ij wl+1

ij′ φ
′(ylj(x))φ′(ylj′(x

′))∂θ1:ly
l
j(x)(∂θ1:ly

l
j′(x

′))t

Using the induction hypothesis, namely that as n0, n1, ..., nl−1 →∞, for all j, j′ ≤ nl and all x, x′

∂θ1:ly
l
j(x)(∂θ1:ly

l
j′(x

′))t → Kl(x, x′)1j=j′

we then obtain for all nl, as n0, n1, ..., nl−1 →∞

σ2
w

nl

nl∑

j,j′

wl+1
ij wl+1

ij′ φ
′(ylj(x))φ′(ylj′(x

′))∂θ1:ly
l
j(x)(∂θ1:ly

l
j′(x

′))t → σ2
w

nl

nl∑

j

(wl+1
ij )2φ′(ylj(x))φ′(ylj(x

′))Kl(x, x′)

and letting nl go to infinity, the law of large numbers, implies that

σ2
w

nl

nl∑

j

(wl+1
ij )2φ′(ylj(x))φ′(ylj(x

′))Kl(x, x′)→ q̇l+1(x, x′)Kl(x, x′).

Moreover, we have that

(∂wl+1yl+1
i (x))(∂wl+1yl+1

i (x′))t + (∂bl+1yl+1
i (x))(∂bl+1yl+1

i (x′))t =
σ2
w

nl

∑

j

φ(ylj(x))φ(ylj(x
′)) + σ2

b

→
nl→∞

σ2
wE[φ(yli(x))φ(yli(x

′))] + σ2
b = ql+1(x, x′).

which ends the proof.

We now provide the recursive formula satisfied by the NTK of a CNN, namely Lemma 2 of the paper.
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Lemma 2 (Infinite width dynamics of the NTK of a CNN). Consider a CNN of the form (4), then we have that for all
x, x′ ∈ Rd, i, i′ ≤ n1 and α, α′ ∈ [0 : M − 1]

K1
(i,α),(i′,α′)(x, x

′) = δii′
( σ2

w

n0(2k + 1)
[x, x′]α,α′ + σ2

b

)

For l ≥ 2, as n1, n2, ..., nl−1 → ∞ recursively, we have for all i, i′ ≤ nl, α, α′ ∈ [0 : M − 1], Kl
(i,α),(i′,α′)(x, x

′) =

δii′K
l
α,α′(x, x

′), where Kl
α,α′ is given by the recursive formula

Kl
α,α′ =

1

2k + 1

∑

β∈kerl
Ψl−1
α+β,α′+β

where Ψl−1
α,α′ = q̇lα,α′K

l−1
α,α′ + q̂lα,α′ , and q̂lα,α, q̇

l
α,α′ are defined in Lemma 1, with yl−1

1,α (x), yl−1
1,α′(x

′) in place of
yl−1

1 (x), yl−1
1 (x′).

Proof. Let x, x′ be two inputs. We have that

y1
i,α(x) =

σw√
v1

n0∑

j=1

∑

β∈ker1
w1
i,j,βxj,α+β + σbb

1
i

yli,α(x) =
σw√
vl

nl−1∑

j=1

∑

β∈kerl
wli,j,βφ(yl−1

j,α+β(x)) + σbb
l
i

therefore

K1
(i,α),(i′,α′)(x, x

′) =
∑

r


∑

j

∑

β

∂y1
i,α(x)

∂w1
r,j,β

∂y1
i′,α′(x)

∂w1
r,j,β


+

∂y1
i,α(x)

∂b1r

∂y1
i′,α′(x)

∂b1r

= δii′


 σ2

w

n0(2k + 1)

∑

j

∑

β

xj,α+βxj,α′+β + σ2
b




Assume the result is true for l − 1, let us prove it for l. Let θ1:l−1 be model weights and bias in the layers 1 to l − 1. Let

∂θ1:l−1
yli,α(x) =

∂yli,α(x)

∂θ1:l−1
. We have that

∂θ1:l−1
yli,α(x) =

σw√
nl−1(2k + 1)

∑

j

∑

β

wli,j,βφ
′(yl−1

j,α+β)∂θ1:l−1
yl−1
i,α+β(x)

this yields

∂θ1:l−1
yli,α(x)∂θ1:l−1

yli′,α′(x)T =

σ2
w

nl−1(2k + 1)

∑

j,j′

∑

β,β′

wli,j,βw
l
i′,j′,β′φ

′(yl−1
j,α+β)φ′(yl−1

j′,α′+β)∂θ1:l−1
yl−1
j,α+β(x)∂θ1:l−1

yl−1
j′,α′+β(x)T

as n1, n2, ..., nl−2 →∞ and using the induction hypothesis, we have

∂θ1:l−1
yli,α(x)∂θ1:l−1

yli′,α′(x)T →
σ2
w

nl−1(2k + 1)

∑

j

∑

β,β′

wli,j,βw
l
i′,j,β′φ

′(yl−1
j,α+β)φ′(yl−1

j,α′+β)Kl−1
(j,α+β),(j,α′+β)(x, x

′)
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note that Kl−1
(j,α+β),(j,α′+β)(x, x

′) = Kl−1
(1,α+β),(1,α′+β)(x, x

′) for all j since the variables are iid across the channel index j.

Now letting nl−1 →∞, we have that

∂θ1:l−1
yli,α(x)∂θ1:l−1

yli′,α′(x)T →

δii′
( 1

(2k + 1)

∑

β,β′

q̇lα+β,α′+βK
l−1
(1,α+β),(1,α′+β)(x, x

′)
)

We conclude using the fact that

∂θly
l
i,α(x)∂θly

l
i′,α′(x)T → δii′(

σ2
w

2k + 1

∑

β

E[φ(yl−1
α+β(x))φ(yl−1

α′+β(x′))] + σ2
b )

To alleviate notations, we use hereafter the notation KL for both the NTK of FFNN and CNN. For FFNN, it represents
the recursive kernel KL given by lemma 1, whereas for CNN, it represents the recursive kernel KL

α,α′ for any α, α′, which
means all results that follow are true for any α, α′.
The following proposition establishes that any initialization on the Ordered or Chaotic phase, leads to a trivial limiting NTK
as the number of layers L becomes large.

Proposition 1 (Limiting Neural Tangent Kernel with Ordered/Chaotic Initialization). Let (σb, σw) be either in the ordered
or in the chaotic phase. Then, there exist λ > 0 such that for all ε ∈ (0, 1), there exists γ > 0 such that

sup
(x,x′)∈Bε

|KL(x, x′)− λ| ≤ e−γL.

We will use the next lemma in the proof of proposition 1.

Appendix Lemma 6. Let (al) be a sequence of non-negative real numbers such that ∀l ≥ 0, al+1 ≤ αal + ke−βl, where
α ∈ (0, 1) and k, β > 0. Then there exists γ > 0 such that ∀l ≥ 0, al ≤ e−γl.

Proof. Using the inequality on al, we can easily see that

al ≤ a0α
l + k

l−1∑

j=0

αje−β(l−j)

≤ a0α
l + k

l

2
e−βl/2 + k

l

2
αl/2

where we divided the sum into two parts separated by index l/2 and upper-bounded each part. The existence of γ is
straightforward.

Now we prove Proposition 1

Proof. We prove the result for FFNN first. Let x, x′ be two inputs. From lemma 1, we have that

Kl(x, x′) = Kl−1(x, x′)q̇l(x, x′) + ql(x, x′)

where q1(x, x′) = σ2
b +

σ2
w

d x
Tx′ and ql(x, x′) = σ2

b + σ2
wEf∼N (0,ql−1)[φ(f(x))φ(f(x′))] and q̇l(x, x′) =

σ2
wEf∼N (0,ql−1)[φ

′(f(x))φ′(f(x′))]. From facts 1, 2, 4, 9, 17, in the ordered/chaotic phase, there exist k, β, η, l0 > 0 and
α ∈ (0, 1) such that for all l ≥ l0 we have

sup
(x,x′)∈Bε

|ql(x, x′)− k| ≤ e−βl
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and
sup

(x,x′)∈Bε
|q̇l(x, x′)− α| ≤ e−ηl.

Therefore, there exists M > 0 such that for any l ≥ l0 and x, x′ ∈ Rd

Kl(x, x′) ≤M.

Letting rl = sup(x,x′)∈Bε |Kl(x, x′)− k
1−α |, we have

rl ≤ αrl−1 +Me−ηl + e−βl

We conclude using Appendix Lemma 6.

Under Assumption 1, the proof is similar for CNN, using Appendix Lemmas 3 and 4.

Now, we show that the Initialization on the EOC improves the convergence rate of the NTK wrt L. We first prove two
preliminary lemmas that will be useful for the proof of the next proposition. Hereafter, the notation g(x) = Θ(m(x)) means
there exist two constants A,B > 0 such that Am(x) ≤ g(x) ≤ Bm(x).

Appendix Lemma 7. Let A,B,Λ ⊂ R+ be three compact sets, and (al), (bl), (λl) be three sequences of non-negative real
numbers such that for all (a0, b0, λ0) ∈ A×B × Λ

al = al−1λl + bl, λl = 1− α

l
+O(l−1−β), bl = q(b0) + o(l−1),

where α ∈ N∗ independent of a0, b0, λ0, q(b0) ≥ 0 is a limit that depends on b0, and β ∈ (0, 1).
Assume the ‘O’ and ‘o’ depend only on A,B,Λ ⊂ R. Then, we have

sup
(a0,b0,λ0)∈A×B×Λ

∣∣∣∣
al
l
− q

1 + α

∣∣∣∣ = O(l−β).

Proof. Let A,B,Λ ⊂ R be three compact sets and (a0, b0, λ0) ∈ A×B × Λ. It is easy to see that there exists a constant
G > 0 independent of a0, b0, λ0 such that |al| ≤ G× l + |a0| for all l ≥ 0. Letting rl = al

l , we have that for l ≥ 2

rl = rl−1(1− 1

l
)(1− α

l
+O(l−1−β)) +

q

l
+ o(l−2)

= rl−1(1− 1 + α

l
) +

q

l
+O(l−1−β).

where O bound depends only on A,B,Λ. Letting xl = rl − q
1+α , there exists M > 0 that depends only on A,B,Λ, and

l0 > 0 that depends only on α such that for all l ≥ l0

xl−1(1− 1 + α

l
)− M

l1+β
≤ xl ≤ xl−1(1− 1 + α

l
) +

M

l1+β
.

Let us deal with the right hand inequality first. By induction, we have that

xl ≤ xl0−1

l∏

k=l0

(1− 1 + α

k
) +M

l∑

k=l0

l∏

j=k+1

(1− 1 + α

j
)

1

k1+β
.

By taking the logarithm of the first term in the right hand side and using the fact that
∑l
k=l0

1
k = log(l) +O(1), we have

l∏

k=l0

(1− 1 + α

k
) = Θ(l−1−α).
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where the bound Θ does not depend on l0. For the second part, observe that
l∏

j=k+1

(1− 1 + α

j
) =

(l − α− 1)!

l!

k!

(k − α− 1)!

and
k!

(k − α− 1)!

1

k1+β
∼k→∞ kα−β .

Since α ≥ 1 (α ∈ N∗), then the serie with term kα−β is divergent and we have that
l∑

k=l0

k!

(k − α− 1)!

1

k2
∼

l∑

k=1

kα−β

∼
∫ l

1

tα−βdt

∼ 1

α− β + 1
lα−β+1.

Therefore, it follows that
l∑

k=l0

l∏

j=k+1

(1− 1 + α

j
)

1

k1+β
=

(l − α− 1)!

l!

l∑

k=l0

k!

(k − α− 1)!

1

k1+β

∼ 1

α
l−β .

This proves that

xl ≤
M

α
l−β + o(l−β).

where the ‘o’ bound depends only on A,B,Λ. Using the same approach for the left-hand inequality, we prove that

xl ≥ −
M

α
l−β + o(l−β).

This concludes the proof.

The next lemma is a different version of the previous lemma which will be useful for other applications.
Appendix Lemma 8. Let A,B,Λ ⊂ R+ be three compact sets, and (al), (bl), (λl) be three sequences of non-negative real
numbers such that for all (a0, b0, λ0) ∈ A×B × Λ

al = al−1λl + bl, bl = q(b0) +O(l−1),

λl = 1− α

l
+ κ

log(l)

l2
+O(l−2),

where α ∈ N∗, κ 6= 0 both do not depend on a0, b0,Λ0, q(bo) ∈ R+ is a limit that depends on b0.
Assume the ‘O’ and ‘o’ depend only on A,B,Λ ⊂ R. Then, we have

sup
(a0,b0,λ0)∈A×B×Λ

∣∣∣∣
al
l
− q

1 + α

∣∣∣∣ = Θ(log(l)l−1)

Proof. Let A,B,Λ ⊂ R be three compact sets and (a0, b0, λ0) ∈ A× B × Λ. Similar to the proof of Appendix Lemma
7, there exists a constant G > 0 independent of a0, b0, λ0 such that |al| ≤ G × l + |a0| for all l ≥ 0, therefore (al/l) is
bounded. Let rl = al

l . We have

rl = rl−1(1− 1

l
)(1− α

l
+ κ

log(l)

l2
+O(l−1−β)) +

q

l
+O(l−2)

= rl−1(1− 1 + α

l
) + rl−1κ

log(l)

l2
+
q

l
+O(l−2).
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Let xl = rl − q
1+α . It is clear that λl = 1 − α/l + O(l−3/2). Therefore, using appendix lemma 7 with β = 1/2, we

have rl → q
1+α uniformly over a0, b0, λ0. Thus, assuming κ > 0 (for κ < 0, the analysis is the same), there exists

κ1, κ2,M, l0 > 0 that depend only on A,B,Λ such that for all l ≥ l0

xl−1(1− 1 + α

l
) + κ1

log(l)

l2
− M

l2
≤ xl ≤ xl−1(1− 1 + α

l
) + κ2

log(l)

l2
+
M

l2
.

It follows that

xl ≤ xl0
l∏

k=l0

(1− 1 + α

k
) +

l∑

k=l0

l∏

j=k+1

(1− 1 + α

j
)
κ2 log(k) +M

k2

and

xl ≥ xl0
l∏

k=l0

(1− 1 + α

k
) +

l∑

k=l0

l∏

j=k+1

(1− 1 + α

j
)
κ1 log(k)−M

k2
.

Recall that we have
l∏

k=l0

(1− 1 + α

k
) = Θ(l−1−α)

and

l∏

j=k+1

(1− 1 + α

j
) =

(l − α− 1)!

l!

k!

(k − α− 1)!

so that
k!

(k − α− 1)!

κ1 log(k)−M
k2

∼k→∞ log(k)kα−1.

Therefore, we obtain

l∑

k=l0

k!

(k − α− 1)!

κ1 log(k)−M
k2

∼
l∑

k=1

log(k)kα−1

∼
∫ l

1

log(t)tα−1dt

∼ C1l
α log(l),

where C1 > 0 is a constant. Similarly, there exists a constant C2 > 0 such that

l∑

k=1

k!

(k − α− 1)!

κ2 log(k) +M

k2
∼ C2l

α log(l).

Moreover, having that (l−α−1)!
l! ∼ l−1−α yields

xl ≤ C ′l−1 log(l) + o(l−1 log(l))

where C ′ and ‘o’ depend only on A,B,Λ. Using the same analysis, we get

xl ≥ C ′′l−1 log(l) + o(l−1 log(l))

where C ′′ and ‘o’ depend only on A,B,Λ, which concludes the proof.
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Theorem 1 (Neural Tangent Kernel on the Edge of Chaos). Let φ be ReLU or Tanh, (σb, σw) ∈ EOC and AKL = KL/L.
We have that

sup
x∈E
|AKL(x, x)−AK∞(x, x)| = O(L−1)

Moreover, there exists a constant λ ∈ (0, 1) such that for all ε ∈ (0, 1)

sup
(x,x′)∈Bε

∣∣AKL(x, x′)−AK∞(x, x′)
∣∣ = Θ(log(L)L−1).

where
• if φ is ReLU-like, then AK∞(x, x′) =

σ2
w‖x‖ ‖x′‖

d (1− (1− λ)1x 6=x′).
• if φ is Tanh, then AK∞(x, x′) = q(1− (1− λ)1x 6=x′) where q > 0 is a constant.

Proof. We start by proving the results for FFNN, then we generalize them to the case of CNN.

Case 1: FFNN. Let ε ∈ (0, 1), (σb, σw) ∈ EOC, x, x′ ∈ Rd and recall cl(x, x′) = ql(x,x′)√
ql(x,x)ql(x′,x′)

. Let γl :=

1− cl(x, x′) and f be the correlation function defined by the recursive equation cl+1 = f(cl). By definition, we have that
q̇l(x, x) = f ′(cl−1(x, x′)). We first prove the result for ReLU, then we extend it to Tanh.

• φ =ReLU: From fact 11, we know that, on the EOC for ReLU, the variance ql(x, x) is constant wrt l and given by
ql(x, x) = q1(x, x) =

σ2
w

d ||x||2, and from fact 16 that q̇l(x, x) = 1. Therefore

Kl(x, x) = Kl−1(x, x) +
σ2
w

d
||x||2 = l

σ2
w

d
||x||2 = lAK∞(x, x)

which concludes the proof for KL(x, x). Note that the results is ’exact’ for ReLU, which means the upper bound
O(L−1) is valid but not optimal in this case. However, we will see that this bound is optimal for Tanh.

From Appendix Lemma 1, we have that

sup
(x,x′)∈Bε

∣∣∣∣cl(x, x′)− 1 +
κ

l2
− 3
√
κ

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 9π2

2 . Moreover, we have that

sup
(x,x′)∈Bε

∣∣∣∣f ′(cl(x, x′))− 1 +
3

l
− 9

2
√
κ

log(l)

l2

∣∣∣∣ = O(l−2).

Using Appendix Lemma 8 with al = Kl+1(x, x′), bl = ql+1(x, x′), λl = f ′(cl(x, x′)), we conclude that

sup
(x,x′)∈Bε

∣∣∣∣
Kl+1(x, x′)

l
− 1

4

σ2
w

d
‖x‖‖x′‖

∣∣∣∣ = Θ(log(l)l−1)

Using the compactness of Bε, we conclude that

sup
(x,x′)∈Bε

∣∣∣∣
Kl(x, x′)

l
− 1

4

σ2
w

d
‖x‖‖x′‖

∣∣∣∣ = Θ(log(l)l−1)

• φ = Tanh: The case of Tanh is similar to that of ReLU with small differences in technical lemmas used to conclude.
From Appendix Lemma 2, we have that

sup
(x,x′)∈Bε

∣∣∣∣cl(x, x′)− 1 +
κ

l
− κ(1− κ2ζ)

log(l)

l3

∣∣∣∣ = O(l−3)
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where κ = 2
f ′′(1) > 0 and ζ = f3(1)

6 > 0. Moreover, we have that

sup
(x,x′)∈Bε

∣∣∣∣f ′(cl(x, x′))− 1 +
2

l
− 2(1− κ2ζ)

log(l)

l2

∣∣∣∣ = O(l−2).

We conclude in the same way as in the case of ReLU using Appendix Lemma 8. The only difference is that, in this
case, the limit of the sequence bl = ql+1(x, x′) is the limiting variance q (from facts 3, 1) does not depend on (x, x′).

Case 2: CNN. Under Assumption 1, the NTK of a CNN is the same as that of an FFNN. Therefore, the results on the
NTK of FFNN are all valid to the NTK of CNN Kl

α,α′for any α, α′.

6.2. Proofs of the results of Section 3.2 on ResNets

In this section, we provide proofs for lemmas 3 and 4 together with Theorem 3 and proposition 2 on ResNets.

Lemma 3 in the paper gives the recursive formula for the mean-field NTK of a ResNet with Fully Connected blocks.

Lemma 3 (NTK of a ResNet with Fully Connected layers in the infinite width limit). Let x, x′ be two inputs and Kres,1 be
the exact NTK for the Residual Network with 1 layer. Then, we have

• For the first layer (without residual connections), we have for all x, x′ ∈ Rd

Kres,1
ii′ (x, x′) = δii′

(
σ2
b +

σ2
w

d
x · x′

)
,

where x · x′ is the inner product in Rd.

• For l ≥ 2, as n1, n2, ..., nL−1 →∞, we have for all i, i′ ∈ [1 : nl],K
res,l
ii′ (x, x′) = δii′K

l
res(x, x

′), whereKl
res(x, x

′)
is given by the recursive formula have for all x, x′ ∈ Rd and l ≥ 2, as n1, n2, ..., nl →∞ recursively, we have

Kl
res(x, x

′) = Kl−1
res (x, x′)(q̇l(x, x′) + 1) + q̂l(x, x′).

Proof. The first result is the same as in the FFNN case since we assume there is no residual connections between the first
layer and the input. We prove the second result by induction.

• Let x, x′ ∈ Rd. We have

K1
res(x, x

′) =
∑

j

∂y1
1(x)

∂w1
1j

∂y1
1(x)

∂w1
1j

+
∂y1

1(x)

∂b11

∂y1
1(x)

∂b11
=
σ2
w

d
x · x′ + σ2

b .

• The proof is similar to the FeedForward network NTK. For l ≥ 2 and i ∈ [1 : nl]

∂θ1:ly
l+1
i (x) = ∂θ1:ly

l
i(x) +

σw√
nl

nl∑

j=1

wl+1
ij φ′(ylj(x))∂θ1:ly

l
j(x).

Therefore, we obtain

(∂θ1:ly
l+1
i (x))(∂θ1:ly

l+1
i (x′))t = (∂θ1:ly

l
i(x))(∂θ1:ly

l
i(x
′))t

+
σ2
w

nl

nl∑

j,j′

wl+1
ij wl+1

ij′ φ
′(ylj(x))φ′(ylj′(x

′))∂θ1:ly
l
j(x)(∂θ1:ly

l
j′(x

′))t + I

where

I =
σw√
nl

nl∑

j=1

wl+1
ij (φ′(ylj(x))∂θ1:ly

l
i(x)(∂θ1:ly

l
j(x
′))t + φ′(ylj(x

′))∂θ1:ly
l
j(x)(∂θ1:ly

l
i(x
′))t).
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Using the induction hypothesis, as n0, n1, ..., nl−1 →∞, we have that

(∂θ1:ly
l+1
i (x))(∂θ1:ly

l+1
i (x′))t +

σ2
w

nl

nl∑

j,j′

wl+1
ij wl+1

ij′ φ
′(ylj(x))φ′(ylj′(x

′))∂θ1:ly
l
j(x)(∂θ1:ly

l
j′(x

′))t + I

→ Kl
res(x, x

′) +
σ2
w

nl

nl∑

j

(wl+1
ij )2φ′(ylj(x))φ′(ylj(x

′))Kl
res(x, x

′) + I ′,

where I ′ =
σ2
w

nl
wl+1
ii (φ′(yli(x)) + φ′(yli(x

′)))Kl
res(x, x

′).

As nl →∞, we have that I ′ → 0. Using the law of large numbers, as nl →∞

σ2
w

nl

nl∑

j

(wl+1
ij )2φ′(ylj(x))φ′(ylj(x

′))Kl
res(x, x

′)→ q̇l+1(x, x′)Kl
res(x, x

′).

Moreover, we have that

(∂wl+1yl+1
i (x))(∂wl+1yl+1

i (x′))t + (∂bl+1yl+1
i (x))(∂bl+1yl+1

i (x′))t =
σ2
w

nl

∑

j

φ(ylj(x))φ(ylj(x
′)) + σ2

b

→
nl→∞

σ2
wE[φ(yli(x))φ(yli(x

′))] + σ2
b = ql+1(x, x′).

Now we proof the recursive formula for ResNets with Convolutional layers.

Lemma 4 (NTK of a ResNet with Convolutional layers in the infinite width limit). Let Kres,1 be the exact NTK for the
ResNet with 1 layer. Then
• For the first layer (without residual connections), we have for all x, x′ ∈ Rd

Kres,1
(i,α),(i′,α′)(x, x

′) = δii′
( σ2

w

n0(2k + 1)
[x, x′]α,α′ + σ2

b

)

• For l ≥ 2, as n1, n2, ..., nl−1 →∞ recursively, we have for all i, i′ ∈ [1 : nl], α, α′ ∈ [0 : M − 1], Kres,l
(i,α),(i′,α′)(x, x

′) =

δii′K
res,l
α,α′ (x, x

′), where Kres,l
α,α′ is given by the recursive formula for all x, x′ ∈ Rd, using the same notations as in lemma 2,

Kres,l
α,α′ = Kres,l−1

α,α′ +
1

2k + 1

∑

β

Ψl−1
α+β,α′+β .

where Ψl
α,α′ = q̇lα,α′K

res,l
α,α′ + q̂lα,α′ .

Proof. Let x, x′ be two inputs. We have that

K1
(i,α),(i′,α′)(x, x

′) =
∑

j

(
∑

β

∂y1
i,α(x)

∂w1
i,j,β

∂y1
i′,α′(x)

∂w1
i′,j,β

+
∂y1

i,α(x)

∂b1j

∂y1
i′,α′(x)

∂b1j
)

= δii′
( σ2

w

n0(2k + 1)

∑

j

∑

β

xj,α+βxj,α′+β + σ2
b

)
.

Assume the result is true for l − 1, let us prove it for l. Let θ1:l−1 be model weights and bias in the layers 1 to l − 1. Let

∂θ1:l−1
yli,α(x) =

∂yli,α(x)

∂θ1:l−1
. We have that

∂θ1:l−1
yli,α(x) = ∂θ1:l−1

yl−1
i,α (x) +

σw√
nl−1(2k + 1)

∑

j

∑

β

wli,j,βφ
′(yl−1

j,α+β)∂θ1:l−1
yl−1
i,α+β(x)
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this yields

∂θ1:l−1
yli,α(x)∂θ1:l−1

yli′,α′(x)T = ∂θ1:l−1
yl−1
i,α (x)∂θ1:l−1

yl−1
i′,α′(x)T+

σ2
w

nl−1(2k + 1)

∑

j,j′

∑

β,β′

wli,j,βw
l
i′,j′,β′φ

′(yl−1
j,α+β)φ′(yl−1

j′,α′+β)∂θ1:l−1
yl−1
j,α+β(x)∂θ1:l−1

yl−1
j′,α′+β(x)T + I,

where

I =
σw√

nl−1(2k + 1)

∑

j,β

wli,j,βφ
′(yl−1

j,α+β)(∂θ1:l−1
yl−1
i,α (x)∂θ1:l−1

yl−1
i,α+β(x)T + ∂θ1:l−1

yl−1
i,α+β(x)∂θ1:l−1

yl−1
i,α (x)T ).

As n1, n2, ..., nl−2 →∞ and using the induction hypothesis, we have

∂θ1:l−1
yli,α(x)∂θ1:l−1

yli′,α′(x)T → δii′K
l−1
α,α′(x, x

′)+

σ2
w

nl−1(2k + 1)

∑

j

∑

β,β′

wli,j,βw
l
i′,j,β′φ

′(yl−1
j,α+β)φ′(yl−1

j,α′+β)Kl−1
(j,α+β),(j,α′+β)(x, x

′).

Note that Kl−1
(j,α+β),(j,α′+β)(x, x

′) = Kl−1
(1,α+β),(1,α′+β)(x, x

′) for all j since the variables are iid across the channel index j.
Now letting nl−1 →∞, we have that

∂θ1:l−1
yli,α(x)∂θ1:l−1

yli′,α′(x)T →

δii′K
l−1
α,α′(x, x

′) + δii′
( 1

(2k + 1)

∑

β,β′

f ′(cl−1
α+β,α′+β(x, x′))Kl−1

(1,α+β),(1,α′+β)(x, x
′)
)
,

where f ′(cl−1
α+β,α′+β(x, x′)) = σ2

wE[φ′(yl−1
j,α+β)φ′(yl−1

j,α′+β)].
We conclude using the fact that

∂θly
l
i,α(x)∂θly

l
i′,α′(x)T → δii′(

σ2
w

2k + 1

∑

β

E[φ(yl−1
α+β(x))φ(yl−1

α′+β(x′))] + σ2
b ).

Before moving to the main theorem on ResNets, We first prove a Lemma on the asymptotic behaviour of cl for ResNet.

Appendix Lemma 9 (Asymptotic expansion of cl for ResNet). Let ε ∈ (0, 1) and σw > 0. We have for FFNN

sup
(x,x′)∈Bε

∣∣∣∣cl(x, x′)− 1 +
κσw
l2
− 3
√
κσw

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 9π2

2 (1 + 2
σ2
w

)2. Moreover, we have that

sup
(x,x′)∈Bε

∣∣∣∣∣f
′(cl(x, x′))− 1 +

3(1 + 2
σ2
w

)

l
− 3
√

2

2π

log(l)

l2

∣∣∣∣∣ = O(l−2).

where f is the ReLU correlation function given in fact 12.
Moreover, this result holds also for CNNs where the supremum should be replaced by sup(x,x′)∈Bε supα,α′ .

Proof. We first prove the result for ResNet with fully connected layers, then we generalize it to convolutional layers. Let
ε ∈ (0, 1).

• Let x 6= x′ ∈ Rd, and cl := cl(x, x′). It is straightforward that the variance terms follow the recursive form

ql(x, x) = ql−1(x, x) + σ2
w/2q

l−1(x, x) = (1 + σ2
w/2)l−1q1(x, x)
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Leveraging this observation, we have that

cl+1 =
1

1 + α
cl +

α

1 + α
f(cl),

where f is the ReLU correlation function given in fact 12 and α =
σ2
w

2 . Recall that

f(c) =
1

π
c arcsin(c) +

1

π

√
1− c2 +

1

2
c.

As in the proof of Appendix Lemma 1, let γl = 1− cl, therefore, using Taylor expansion of f near 1 given in fact 14
yields

γl+1 = γl −
αs

1 + α
γ

3/2
l − αb

1 + α
γ

5/2
l +O(γ

7/5
l ).

This form is exactly the same as in the proof of Appendix Lemma 1 with s′ = αs
1+α and b′ = αb

1+α . Thus, following the
same analysis we conclude.

For the second result, observe that the derivation is the same as in Appendix Lemma 1.

• Under Assumption 1, results of FFNN hold for CNN.

The next theorem shows that no matter what the choice of σw > 0, the normalized NTK of a ResNet will always have a
subexponential convergence rate to a limiting K̄∞res.

Theorem 2 (NTK for ResNet). Consider a ResNet satisfying

yl(x) = yl−1(x) + F(wl, yl−1(x)), l ≥ 2, (17)

whereF is either a convolutional or dense layer (equations (3) and (4)) with ReLU activation. LetKL
res be the corresponding

NTK and K̄L
res = KL

res/αL (Normalized NTK) with αL = L(1+
σ2
w

2 )L−1. If the layers are convolutional assume Assumption
1 holds. Then, we have

sup
x∈E
|K̄L

res(x, x)− K̄∞res(x, x)| = Θ(L−1)

Moreover, there exists a constant λ ∈ (0, 1) such that for all ε ∈ (0, 1)

sup
x,x′∈Bε

∣∣K̄L
res(x, x

′)− K̄∞res(x, x′)
∣∣ = Θ(L−1 log(L)),

where K̄∞res(x, x
′) =

σ2
w‖x‖ ‖x′‖

d (1− (1− λ)1x 6=x′).

Case 1: ResNet with Fully Connected layers. Let ε ∈ (0, 1) and x 6= x′ ∈ Rd. We first prove the result for the
diagonal term KL

res(x, x) then KL
res(x, x

′).

Proof. • Diagonal terms: using properties on the correlation function f (fact 12), we have that q̇l(x, x) =
σ2
w

2 f(1) =
σ2
w

2 .
Moreover, it is easy to see that the variance terms for a ResNet follow the recursive formula ql(x, x) = ql−1(x, x) +
σ2
w/2× ql−1(x, x), hence

ql(x, x) = (1 + σ2
w/2)l−1σ

2
w

d
‖x‖2 (18)

Recall that the recursive formula of NTK of a ResNet with FFNN layers is given by (Appendix Lemma 3)

Kl
res(x, x

′) = Kl−1
res (x, x′)(q̇l(x, x′) + 1) + ql(x, x′)

Hence, for the diagonal terms we obtain

Kl
res(x, x) = Kl−1

res (x, x)(
σ2
w

2
+ 1) + ql(x, x)
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Letting K̂l
res = Kl

res/(1 +
σ2
w

l )l−1 yields

K̂l
res(x, x) = K̂l−1

res (x, x) +
σ2
w

d
‖x‖2

Therefore, K̄l
res(x, x) =

K̂1
res(x,x)
l + (1 − 1/l)

σ2
w

d ‖x‖2, the conclusion is straightforward since E is compact and
K ′res

1(x, x) is continuous (hence, bounded on E).

• The argument is similar to that of Theorem 1 with few differences. From appendix lemma 9 we have that

sup
(x,x′)∈Bε

∣∣∣∣cl(x, x′)− 1 +
κσw
l2
− 3
√
κσw

log(l)

l3

∣∣∣∣ = O(l−3)

where κ = 9π2

2 (1 + 2
σ2
w

)2. Moreover, we have that

sup
(x,x′)∈Bε

∣∣∣∣∣f
′(cl(x, x′))− 1 +

3(1 + 2
σ2
w

)

l
− 3
√

2

2π

log(l)

l2

∣∣∣∣∣ = O(l−2).

Let α =
σ2
w

2 . We also have q̇l+1(x, x′) = αf ′(cl(x, x′)) where f is the ReLU correlation function given in fact 12. It
follows that for all (x, x′) ∈ Bε

1 + q̇l+1(x, x′) = (1 + α)(1− 3l−1 + ζ
log(l)

l2
+O(l−3))

for some constant ζ 6= 0 that does not depend on x, x′. The bound O does not depend on x, x′ either. Now let
al =

Kl+1
res (x,x′)
(1+α)l

. Using the recursive formula of the NTK, we obtain

al = λlal−1 + bl

where λl = 1 − 3l−1 + ζ log(l)
l2 + O(l−3), bl =

σ2
w

d

√
‖x‖‖x′‖f(cl(x, x′)) = q(x, x′) + O(l−2) with q(x, x′) =

σ2
w

d

√
‖x‖‖x′‖ and where we used the fact that cl(x, x′) = 1 + O(l−2) (Appendix Lemma 1) and the formula for

ResNet variance terms given by equation (18). Observe that all bounds O are independent from the inputs (x, x′).
Therefore, using Appendix Lemma 8, we have

sup
x,x′∈Bε

∣∣KL+1
res (x, x′)/L(1 + α)L − K̄∞res(x, x′)

∣∣ = Θ(L−1 log(L)),

which can also be written as

sup
x,x′∈Bε

∣∣KL
res(x, x

′)/(L− 1)(1 + α)L−1 − K̄∞res(x, x′)
∣∣ = Θ(L−1 log(L)),

We conclude by observing that KL
res(x, x

′)/(L − 1)(1 + α)L−1 = KL
res(x, x

′)/L(1 + α)L−1 + O(L−1) where O
can be chosen to depend only on ε.

Case 2: ResNet with Convolutional layers. Under Assumption 1, the dynamics of the correlation and NTK are exactly
the same for FFNN, hence all results on FFNN apply to CNN.

Now let us prove the Scaled Resnet result. Before that, we prove the following Lemma

Appendix Lemma 10. Consider a Residual Neural Network with the following forward propagation equations

yl(x) = yl−1(x) +
1√
l
F(wl, yl−1(x)), l ≥ 2. (19)
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where F is either a convolutional or dense layer (equations 3 and 4) with ReLU activation. Then there exists ζ,∇ > 0 such
that for all ε ∈ (0, 1)

sup
(x,x′)∈Bε

∣∣∣∣1− cl(x, x′)−
ζ

log(l)2
+

∇
log(l)3

∣∣∣∣ = o(
1

log(l)3
)

where the bound ‘o’ depends only on ε.
For CNN, under Assumption 1, the result holds and the supremum is taken also over α, α′, i.e.

sup
(x,x′)∈Bε

sup
α,α′

∣∣∣∣1− clα,α′(x, x′)−
ζ

log(l)2
+

∇
log(l)3

∣∣∣∣ = o(
1

log(l)3
)

Proof. We first start with the dense layer case. Let ε ∈ (0, 1) and (x, x′) ∈ Bε be two inputs and denote by cl := cl(x, x′).
Following the same machinery as in the proof of Appendix Lemma 9, we have that

cl =
1

1 + αl
cl−1 +

αl
1 + αl

f(cl−1)

where αl =
σ2
w

2l . Using fact 12, it is straightforward that f ′ ≥ 0, hence f is non-decreasing. Therefore, cl ≥ cl−1 and cl

converges to a fixed point c. Let us prove that c = 1. By contradiction, suppose c < 1 so that f(c)− c > 0 (f has a unique
fixed point which is 1). This yields

cl − c = cl−1 − c+
f(c)− c

l
+O(

cl − c
l

) +O(l−2)

by summing, this leads to cl − c ∼ (f(c) − c) log(l) which is absurd since f(c) 6= c ( f has only 1 as a fixed point).
We conclude that c = 1. Using the non-decreasing nature of f , it is easy to conclude that the convergence is uniform overBε.

Now let us find the asymptotic expansion of 1− cl. Recall the Taylor expansion of f near 1 given in fact 14

f(c) =
x→1−

c+ s(1− c)3/2 + b(1− c)5/2 +O((1− c)7/2) (20)

where s = 2
√

2
3π and b =

√
2

30π . Letting γl = 1− cl, we obtain

γl = γl−1 − sδlγ3/2
l−1 − bδlγ

5/2
l−1 +O(δlγ

7/5
l−1).

which yields

γ
−1/2
l = γ

−1/2
l−1 +

s

2
δl +

3

8
s2δ2

l γ
1/2
l−1 +

b

2
δlγl−1 +O(δlγ

3/2
l−1). (21)

therefore, we have that

γ
−1/2
l ∼ sσ2

w

4
log(l)

and 1− cl ∼ ζ
log(l)2 where ζ = 16/s2σ4

w.

we can further expand the asymptotic approximation to have

1− cl =
ζ

log(l)2
− ∇

log(l)3
+ o(

1

log(l)3
)

where∇ > 0. the ‘o’ holds uniformly for (x, x′) ∈ Bε as in the proof of Appendix Lemma 1.

This result holds for a ResNet with CNN layers under Assumption 1 since the dynamics are the same in this case.
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Proposition 2 (Scaled Resnet). Consider a Residual Neural Network with the following forward propagation equations

yl(x) = yl−1(x) +
1√
l
F(wl, yl−1(x)), l ≥ 2. (22)

where F is either a convolutional or dense layer (equations 3 and 4) with ReLU activation. Then the scaling factor αL in
Theorem 2 becomes αL = L1+σ2

w/2 and the convergence rate is Θ(log(L)−1).

Proof. We use the same techniques as in the non scaled case. Let us prove the result for fully connected layers, the proof for
convolutional layers follows the same analysis. Let ε ∈ (0, 1) and x, x′ ∈ Bε be two inputs. We first prove the result for the
diagonal term KL

res(x, x) then KL
res(x, x

′).

• We have that q̇l(x, x) =
σ2
w

2l f(1) =
σ2
w

2l . Moreover, we have ql(x, x) = ql−1(x, x) + σ2
w/2l × ql−1(x, x) =

[
∏l
k=1(1 + σ2

w/2k)]
σ2
w

d ‖x‖2. Recall that

Kl
res(x, x) = Kl−1

res (x, x)(1 +
σ2
w

2l
) + ql(x, x)

letting k′l =
Kl
res(x,x)∏l

k=1(1+σ2
w/2k)

,we have that

k′l = k′l−1 +
σ2
w

d
‖x‖

using the fact that
∏l
k=1(1 + σ2

w/2k) = Θ(lσ
2
w/2), we conclude for Kl

res(x, x).

• Recall that
Kl
res(x, x

′) = Kl−1
res (x, x′)(q̇l(x, x′) + 1) + ql(x, x′)

Let cl := cl(x, x′). From Appendix Lemma 10 we have that

1− cl =
ζ

log(l)2
− ∇

log(l)3
+ o(

1

log(l)3
)

ζ = 16
s2σ4

w
and ∇ > 0. Using the Taylor expansion of f ′ as in Appendix Lemma 1, it follows that

f ′(cl(x, x′)) = 1− 6

σ2
w

log(l)−1 + ζ ′ log(l)−2 +O(log(l)−3)

where ζ ′ = ∇√
2πζ

. We obtain

1 + q̇l(x, x′) = 1 +
σ2
w

2l
− 3l−1 log(l)−1 + ζ ′′l−1 log(l)−2 +O(l−1 log(l)−3)

where ζ ′′ =
σ2
w

2 ζ
′. Letting al =

Kl+1
res (x,x′)∏l

k=1(1+σ2
w/2k)

, we obtain

al = λlal−1 + bl

where λl = 1 − l−1 − 3l−1 log(l)−1 + O(l−1 log(l)−2), bl =
√
q1(x, x)

√
q1(x′, x′)f(cl(x, x′)) =

q(x, x′) + O(log(l)−2) with q =
√
q1(x, x)

√
q1(x′, x′) and where we used the fact that cl = 1 + O(log(l)−2)

(Appendix Lemma 10).

Now we proceed in the same way as in the proof of Appendix Lemma 8. Let xl = al
l −q, then there existsM1,M2 > 0

such that
xl−1(1− 1

l
)−M1l

−1 log(l)−1 ≤ xl ≤ xl−1(1− 1

l
)−M2l

−1 log(l)−1
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therefore, there exists l0 independent of (x, x′) such that for all l ≥ l0

xl ≤ xl0
l∏

k=l0

(1− 1

k
)−M2

l∑

k=l0

l∏

j=k+1

(1− 1

j
)k−1 log(k)−1

and

xl ≥ xl0
l∏

k=l0

(1− 1

k
)−M1

l∑

k=l0

l∏

j=k+1

(1− 1

j
)k−1 log(k)−1

after simplification, we have that

l∑

k=l0

l∏

j=k+1

(1− 1

j
)k−1 log(k)−1 = Θ

(
1

l

∫ l 1

log(t)
dt

)
= Θ(log(l)−1)

where we have used the asymptotic approximation of the Logarithmic Intergal function Li(x) =
∫ t 1

log(t) ∼x→∞ x
log(x)

we conclude that αL = L×∏l
k=1(1 + σ2

w/2k) ∼ L1+
σ2w
2 and the convergence rate of the NTK is now Θ(log(L)−1)

which is better than Θ(L−1). The convergence is uniform over the set Bε.

In the limit of large L, the matrix NTK of the scaled resnet has the following form

ÂK
l

res = qU + log(L)−1Θ(ML)

where U is the matrix of ones, and ML has all elements but the diagonal equal to 1 and the diagonal terms are
O(L−1 log(L))→ 0. Therefore, ML is inversible for large L which makes K̂l

res also inversible. Moreover, observe
that the convergence rate for scaled resnet is log(L)−1 which means that for the same depth L, the NTK remains far
more expressive for scaled resnet compared to standard resnet, this is particularly important for the generalization.

6.3. Spectral decomposition of the limiting NTK

6.3.1. REVIEW ON SPHERICAL HARMONICS

We start by giving a brief review of the theory of Spherical Harmonics (MacRobert, 1967). Let Sd−1 be the unit sphere in
Rd defined by Sd−1 = {x ∈ Rd : ‖x‖2 = 1}. For some k ≥ 1, there exists a set (Yk,j)1≤j≤N(d,k) of Spherical Harmonics
of degree k with N(d, k) = 2k+d−2

k

(
k+d−3
d−2

)
.

The set of functions (Yk,j)k≥1,j∈[1:N(d,k)] form an orthonormal basis with respect to the uniform measure on the unit sphere
Sd−1.

For some function g, the Hecke-Funk formula is given by
∫

Sd−1

g(〈x,w〉)Yk,j(w)dνd−1(w) =
Ωd−1

Ωd
Yk,j(x)

∫ 1

−1

g(t)P dk (t)(1− t2)(d−3)/2dt

where νd−1 is the uniform measure on the unit sphere Sd−1, Ωd is the volume of the unit sphere Sd−1, and P dk is the
multi-dimensional Legendre polynomials given explicitly by Rodrigues’ formula

P dk (t) =
(
− 1

2

)k Γ(d−1
2 )

Γ(k + d−1
2 )

(1− t2)
3−d
2

( d
dt

)k
(1− t2)k+ d−3

2

(P dk )k≥0 form an orthogonal basis of L2([−1, 1], (1− t2)
d−3
2 dt), i.e.

〈P dk , P dk′〉L2([−1,1],(1−t2)
d−3
2 dt)

= δk,k′
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where δij is the Kronecker symbol. Moreover, we have

‖P dk ‖2
L2([−1,1],(1−t2)

d−3
2 dt)

=
(k + d− 3)!

(d− 3)(k − d+ 3)!

Using the Heck-Funk formula, we can easily conclude that any dot product kernel on the unit sphere Sd−1, i.e. and kernel of
the form κ(x, x′) = g(〈x, x′〉) can be decomposed on the Spherical Harmonics basis. Indeed, for any x, x′ ∈ Sd−1, the
decomposition on the spherical harmonics basis yields

κ(x, x′) =
∑

k≥0

N(d,k)∑

j=1

[∫

Sd−1

g(〈w, x′〉)Yk,j(w)dνd−1(w)

]
Yk,j(x)

Using the Hecke-Funk formula yields

κ(x, x′) =
∑

k≥0

N(d,k)∑

j=1

[
Ωd−1

Ωd

∫ 1

−1

g(t)P dk (t)(1− t2)(d−3)/2dt

]
Yk,j(x)Yk,j(x

′)

we conclude that

κ(x, x′) =
∑

k≥0

µk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′)

where µk = Ωd−1

Ωd

∫ 1

−1
g(t)P dk (t)(1− t2)(d−3)/2dt.

We use these result in the proof of the next theorem.
Theorem 3 (Spectral decomposition). Let κL be either, the NTK (KL) for an FFNN with L layers initialized on the Ordered
phase, The Average NTK (AKL) for an FFNN with L layers initialized on the EOC, or the Normalized NTK (K̄L

res) for a
ResNet with L layers (Fully Connected). Then, for all L ≥ 1, there exists (µLk )k≥ such that for all x, x′ ∈ Sd−1

κL(x, x′) =
∑

k≥0

µLk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′).

(Yk,j)k≥0,j∈[1:N(d,k)] are spherical harmonics of Sd−1, and N(d, k) is the number of harmonics of order k.

Moreover, we have that 0 < µ∞0 = lim
L→∞

µL0 <∞, and for all k ≥ 1, lim
L→∞

µLk = 0.

Proof. From the recursive formulas of the NTK for FFNN, CNN and ResNet architectures, it is straightforward that on the
unit sphere Sd−1, the kernel κL is zonal in the sense that it depends only on the scalar product, more precisely, for all L ≥ 1,
there exists a function gL such that for all x, x′ ∈ Sd−1

κL(x, x′) = gL(〈x, x′〉)
using the previous results on Spherical Harmonics, we have that for all x, x′ ∈ Sd−1

κL(x, x′) =
∑

k≥0

µLk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′)

where µLk = Ωd−1

Ωd

∫ 1

−1
gL(t)P dk (t)(1− t2)(d−3)/2dt.

For k = 0, we have that for all L ≥ 1, µL0 = Ωd−1

Ωd

∫ 1

−1
gL(t)(1 − t2)(d−3)/2dt. By a simple dominated convergence

argument, we have that limL→∞ µL0 = qλΩd−1

Ωd

∫ 1

−1
(1 − t2)(d−3)/2dt > 0, where q, λ are given in Theorems 1, 2 and

Proposition 1 (where we take q = 1 for the Ordered/Chaotic phase initialization in Proposition 1). Using the same argument,
we have that for k ≥ 1, limL→∞ µLk = qλΩd−1

Ωd

∫ 1

−1
P dk (t)(1− t2)(d−3)/2dt = qλΩd−1

Ωd
〈P d0 , P dk 〉L2([−1,1],(1−t2)

d−3
2 dt)

= 0.
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Abstract

Deep ResNet architectures have achieved state
of the art performance on many tasks. While
they solve the problem of gradient vanishing,
they might suffer from gradient exploding as
the depth becomes large. Moreover, recent
results have shown that ResNet might lose
expressivity as the depth goes to infinity [Yang
and Schoenholz, 2017, Hayou et al., 2019a].
To resolve these issues, we introduce a new
class of ResNet architectures, called Stable
ResNet, that have the property of stabilizing
the gradient while ensuring expressivity in the
infinite depth limit.

1 INTRODUCTION

The limit of infinite width has been the focus of many
theoretical studies on Neural Networks (NNs) [Neal,
1995, Poole et al., 2016, Schoenholz et al., 2017, Yang
and Schoenholz, 2017, Hayou et al., 2019a, Lee et al.,
2019]. Although unachievable in practice, it features
many interesting properties which can help grasp the
complex behaviour of large networks.
Infinitely wide 1-layer random NNs behave like Gaus-
sian Processes (GPs) at initialization [Neal, 1995]. This
was recently extended to multilayer NNs, where each
layer can be associated to its own GP [Matthews et al.,
2018, Lee et al., 2018, Yang, 2019a]. From a theoretical
point of view, GPs have the advantage that their be-
haviour is fully captured by the mean function and the
covariance kernel. Moreover, when dealing with GPs
that are equivalent to infinite width NNs, these pro-
cesses are usually centered, and hence fully determined
by their covariance kernel. For multilayer networks,

*Equal contribution 1Department of Statistics, Uni-
versity of Oxford. Correspondence to: <soufi-
ane.hayou;eugenio.clerico;bobby.he@stats.ox.ac.uk>.

Proceedings of the 24th International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2021, San Diego,
California, USA. PMLR: Volume 130. Copyright 2021 by
the author(s).

these kernels can be computed recursively, layer by
layer [Lee et al., 2018]. Interestingly, in apparent con-
tradiction with the naive idea “the deeper, the more
expressive”, it was shown in [Schoenholz et al., 2017]
that the GP becomes trivial as the number of layers
goes to infinity, that is the output completely forgets
about the input and hence lacks expressive power. This
loss of input information during the forward propaga-
tion through the network might be exponential in depth
and could lead to trainability issues for extremely deep
nets [Schoenholz et al., 2017, Hayou et al., 2019a].
One natural way to prevent this last issue is the in-
troduction of skip connections, commonly known as
the ResNet architecture. However, in the regime of
large width and depth, the output of standard ResNets
becomes inexpressive and the network may suffer from
gradient exploding [Yang and Schoenholz, 2017].
In the present work, we propose a new class of residual
neural networks, the Stable ResNet, which, in the limit
of infinite width and depth, is shown to stabilize the
gradient (no gradient vanishing or exploding) and to
preserve expressivity in the limit of large depth. The
main idea is the introduction of layer/depth dependent
scaling factors to the ResNet blocks.
For ReLU networks, we provide a comprehensive anal-
ysis of two different scalings: a uniform one, where
the scaling factor is the same for all the layers, and a
decreasing one, where the scaling factor decreases as we
go deeper inside the network. We also show that Stable
ResNet solve the problem of Neural Tangent kernel
(NTK) degeneracy in the limit of large depth [Hayou
et al., 2019b]; indeed, with our scalings, the NTK is
universal in the limit of infinite depth, which ensures
that any continuous function can be approximated to
an arbitrary precision by the features of the infinite
depth NTK on a compact set.

All theoretical results are substantiated with numerical
experiments in Section 7, where we demonstrate the
benefits of Stable ResNet scalings both for the corre-
sponding infinite width GP kernels as well as trained
ResNets, over a range of moderate and large-scale image
classification tasks: MNIST, CIFAR-10, CIFAR-100
and TinyImageNet.
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2 RESNET

2.1 Setup and Notations

Consider a standard ResNet architecture with L+1 lay-
ers, labelled with l ∈ [0 : L]1, of dimensions {Nl}l∈[0:L].

y0(x) = W0 x+B0 ;

yl(x) = yl−1(x) + F((Wl, Bl), yl−1(x)) for l ∈ [1 : L] ,
(1)

where x ∈ Rd is an input, yl(x) = {yil (x)}i∈[1:Nl] is the
vector of pre-activations, Wl and Bl are respectively
the weights and bias of the lth layer, and F is a map-
ping that defines the nature of the layer. In general, the
mapping F consists of successive applications of simple
linear maps (including convolutional layers), normal-
ization layers [Ioffe and Szegedy, 2015] and activation
functions. In this work, for the sake of simplicity, we
consider Fully Connected blocks with ReLU activation
function:

F((W,B), x) = Wφ(x) +B ,

where φ is the activation function. The weights and
bias are initialized with Wl

iid∼ N (0, σ2
w/Nl−1), and

Bl
iid∼ N (0, σ2

b ), where σw > 0, σb ≥ 0, N−1 = d, and
N (µ, σ2) is the normal law of mean µ and variance σ2.

Recent results by [Hayou et al., 2021] suggest that
scaling the residual blocks with L−1/2 might have some
beneficial properties on model pruning at initialization.
This results from the stabilization effect on the gradient
due to the scaling.

More generally, we introduce the residual architecture:

y0(x) = W0 x+B0 ;

yl(x) = yl−1(x) + λl,L F((Wl, Bl), yl−1) , l ∈ [1 : L] ,

(2)

where {λl,L}l∈[1:L] is a sequence of scaling factors. We
assume hereafter that there exists λmax ∈ (0,∞) such
that λl,L ∈ (0, λmax] for all L ≥ 1 and l ∈ [1 : L].
In the next proposition, we give a necessary and suffi-
cient condition for the gradient to remain bounded as
the depth L goes to infinity.
Proposition 1 (Stable Gradient). Consider a ResNet
of type (2), and let Ly(x) := `(y1

L(x), y) for some
(x, y) ∈ Rd×R, where ` : (z, y) 7→ `(z, y) is a loss func-
tion satisfying supK1×K2

∣∣∣∂`(z,y)
∂z

∣∣∣ < ∞, for all com-
pacts K1,K2 ⊂ R. Then, in the limit of infinite width,
for any compacts K ⊂ Rd, K ′ ⊂ R, there exists a
constant C > 0 such that for all (x, y) ∈ K ×K ′

sup
l∈[0:L]

E
[∣∣∣∂Ly(x)

∂W 11
l

∣∣∣
2
]
≤ C exp

(
σ2
w

2

∑L
l=1 λ

2
l,L

)
.

1Notation: [m : n] = {m,m+1 . . . n} for integers n ≥ m.

Moreover, if there exists λmin > 0 such that for all
L ≥ 1 and l ∈ [1 : L] we have λl,L ≥ λmin, then, for
all (x, y) ∈ (Rd \ {0})×R such that

∣∣∣∂`(z,y)
∂z

∣∣∣ 6= 0, there
exists κ > 0 such that for all l ∈ [1 : L]

E
[∣∣∣∂Ly(x)

∂W 11
l

∣∣∣
2
]
≥ κ

(
1 +

λ2
minσ

2
w

2

)L
.

Proposition 1 shows that in order to stabilize the
gradient, we have to scale the blocks of the ResNet
with scalars {λl,L}l∈[1:L] such that

∑L
l=1 λ

2
l,L remains

bounded as the depth L goes to infinity. Taking
λmin = 1, Proposition 1 shows that the standard
ResNet architecture (1) suffers from gradient exploding
at initialization,2 which may cause instability during
the first step of gradient based optimization algorithms
such as Stochastic Gradient Descent (SGD). This mo-
tivates the following definition of Stable ResNet.
Definition 1 (Stable ResNet). A ResNet of type (2) is

called a Stable ResNet if and only if lim
L→∞

L∑
l=1

λ2
l,L <∞.

The condition on the scaling factors is satisfied by a
wide range of sequences {λl,L}l∈[1:L],L≥1. However, it
is natural to consider the two categories:
Uniform scaling. The scaling factors have similar
magnitude and tend to zero at the same time. A simple
example is the uniform scaling λl,L = 1/

√
L.

Decreasing scaling. The sequence is decreasing and
tends to zero. To be clearer, we consider a general
sequence {λl}l∈[1:L] such that

∑
l≥1 λ

2
l < ∞, and let

λl,L = λl for all L ≥ 1, all l ∈ [1 : L].

Note that our theoretical analyses will hold for any
decreasing scaling {λl}l≥1 that is square summable,
but for simplicity in all empirical results we consider
the decreasing scaling:

λ−1
l = l1/2 × log(l + 1) .

We study theoretical properties of both ResNets with
uniform and decreasing scaling. We show that, in
addition to stabilizing the gradient, both scalings ensure
that the ResNet is expressive in the infinite depth
limit. For this purpose, we use a tool known as Neural
Network Gaussian Process (NNGP) [Lee et al., 2018]
which is the equivalent Gaussian Process of a Neural
Network in limit of infinite width.

2.2 On Gaussian Process approximation of
Neural Networks

Consider a ResNet of type (2). Neurons {yi0(x)}i∈[1:N1]

are iid since the weights with which they are connected
2In [Yang and Schoenholz, 2017], authors show a similar

result with a slightly different ResNet architecture.



Soufiane Hayou*1, Eugenio Clerico*1, Bobby He*1, George Deligiannidis1

to the inputs are iid. Using the Central Limit Theo-
rem, as N0 →∞, yi1(x) is a Gaussian variable for any
input x and index i ∈ [1 : N1]. Moreover, the variables
{yi1(x)}i∈[1:N1] are iid. Therefore, the processes yi1(.)
can be seen as independent (across i) centred Gaussian
processes with covariance kernel Q1. This is an ideal-
ized version of the true process corresponding to letting
width N0 → ∞. Doing this recursively over l leads
to similar approximations for yil(.) where l ∈ [1 : L],
and we write accordingly yil

ind∼ GP(0, Ql). The ap-
proximation of yil(.) by a Gaussian process was first
proposed by [Neal, 1995] in the single layer case and
was extended to multiple feedforward layers by [Lee
et al., 2019] and [Matthews et al., 2018]. More recently,
a powerful framework, known as Tensor Programs, was
proposed by [Yang, 2019b], confirming the large-width
NNGP association for nearly all NN architectures.

For any input x ∈ Rd, we have E[yil(x)] = 0, so that
the covariance Ql(x, x′) = E[y1

l (x)y1
l (x
′)] satisfies for

all x, x′ ∈ Rd (see Appendix A1)

Ql(x, x
′) = Ql−1(x, x′) + λ2

l,LΨl−1(x, x′) ,

where Ψl−1(x, x′) = σ2
b + σ2

wE[φ(y1
l−1(x))φ(y1

l−1(x′))].

For the ReLU activation function φ : x 7→ max(0, x),
the recurrence relation can be written more explicitly
as in [Daniely et al., 2016]. Let Cl be the correlation
kernel, defined as

Cl(x, x
′) = Ql(x,x

′)√
Ql(x,x)Ql(x′,x′)

(3)

and let f : [−1, 1]→ R be given by

f : γ 7→ 1
π (
√

1− γ2 − γ arccos γ) . (4)

The recurrence relation reads (see Appendix A1)

Ql = Ql−1 + λ2
l,L

[
σb

2 + σw
2

2

(
1 + f(Cl−1)

Cl−1

)
Ql−1

]
,

Q0(x, x′) = σ2
b + σ2

w
x·x′
d .

(5)

This recursion leads to divergent diagonal terms
QL(x, x). This was proven in [Yang and Schoenholz,
2017] for a slightly different ResNet architecture. In
the next Lemma, we extend this result to the ResNet
defined by (1).

Lemma 1 (Exploding kernel with standard ResNet).
Consider a ResNet of type (1). Then, for all x ∈ Rd,

QL(x, x) ≥
(

1 +
σ2
w

2

)L (
σ2
b

(
1 + 2

σ2
w

)
+

σ2
w

d ‖x‖2
)
.

Figure 1 plots the diagonal NNGP and NTK (intro-
duced in Section 5) values for a point on the sphere,

Figure 1: NNGP/NTK for unscaled ResNets explode
exponentially (with base 2 if σ2

w = 2) in depth, unlike (both
uniform and decreasing scaled) Stable ResNets.

highlighting the exploding kernel problem for standard
ResNets. Stable ResNets do not suffer from this prob-
lem.

We now introduce further notation and definitions.
Hereafter, unless specified otherwise, K will denote
a compact set in Rd (d ≥ 1) and x, x′ denote two
arbitrary elements of K.
Let us start with a formal definition of a kernel.3

Definition 2 (Kernel). A kernel Q on K is a sym-
metric continuous function K2 → R such that, for
all n ∈ N, for any finite subset {x1 . . . xn} ⊂ K, the
matrix {Q(xi, xj)}i,j is non-negative definite.

The symmetry in the above definition has to be under-
stood as Q(x, x′) = Q(x′, x) for all x, x′ ∈ K.

Kernels induce non-negative integral operators [Paulsen
and Raghupathi, 2016].
Lemma 2. Given a continuous and symmetric func-
tion Q : K2 → R, we can define the induced integral
operator T (Q) on L2(K) via its action T (Q)ϕ(x) =∫
K
Q(x, y)ϕ(y) dy, for ϕ ∈ L2(K).4 Moreover, T (Q) is

a bounded, compact, non-negative definite self-adjoint
operator.

Each kernel induces a centred Gaussian Process on
K [Dudley, 2002], that is a random function F on
K such that, for any finite K̂ ⊂ K, {F (x)}x∈K̂ is a
centred Gaussian vector. We recall that the law of
a centred GP is fully determined by its covariance
function (x, x′) 7→ E[F (x)F (x′)], defined on K2.
Definition 3 (Induced GP). Given a kernel Q on K,
the Gaussian Process induced by Q is a centred GP on
K whose covariance function is Q.

We will sometimes use the notation GP(0, Q) for the law
of the GP induced by a kernel Q. With our definition

3Our definition is not the standard definition of a kernel,
which is more general and does not require the continuity,
[Paulsen and Raghupathi, 2016].

4Naturally, we should write L2(K,µ), specifying a mea-
sure µ on K. In the present work, unless otherwise specified,
the notation L2(K) will imply the choice of any arbitrary
finite Borel measure on K (cf Appendix A0).
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of a kernel, the samples from the induced GP lies in
L2(K) with probability 1 [Steinwart, 2019].

From now on we will assume that 0 /∈ K if σb = 0.5
For all ResNets, it is straightforward to check that QL
is a kernel, in the sense of Definition 2 (see Appendix
A1 or [Daniely et al., 2016]). The induced Gaussian
Process is what we refer to as NNGP.

We denote by HQ(K) the Reproducing Kernel Hilbert
Space (RKHS)6 induced by the kernel Q on the set K.
The following hierarchical result holds.

Proposition 2. For all L ≥ 1, l ∈ [0, L − 1],
HQl(K) ⊆ HQl+1

(K).

Proposition 2 shows that, as we go deeper, the RKHS
cannot become poorer. However, increasing L might
introduce stability issues as illustrated in Proposition 1.
We show in Sections 3 and 4 that Stable ResNets resolve
this problem.

By Lemma 2, T (QL) is a bounded, compact, self-
adjoint operator and hence can be written as the sum
of the projections on its eigenspaces [Lang, 2012]. By
Mercer’s Theorem [Paulsen and Raghupathi, 2016], all
the eigenfunctions of T (QL) are continuous. Finally,
it is possible to link the eigen-decomposition of T (QL)
with the distribution of the GP induced by QL. De-
noting respectively by µk and ψk the eigenvalues and
eigenfunctions of the operator T (QL), we have the
equivalence in law:

y1
L ∼

∑

k∈N

√
µkZkψk ∼ GP(0, QL) , (6)

where {Zk}k≥0 are i.i.d. standard Gaussian random
variables [Grenander, 1950]. The expressivity, that is
the capacity to approximate a large class of function,
of the network at initialization is then closely linked
to the eigendecomposition of QL [Yang and Salman,
2019].

2.3 Universal kernels and expressive GPs

In this section, we provide a comprehensive study of
the kernel QL. We start with a formal definition of
universality (c-universality in [Sriperumbudur et al.,
2011]). Again, unless otherwise stated, let K be a
compact in Rd.
Definition 4 (Universal Kernel). Let Q be a kernel on
K, and HQ(K) its RKHS 7. We say that Q is universal
on K if for any ε > 0 and any continuous function g
on K, there exists h ∈ HQ(K) such that ‖h− g‖∞ < ε.

5We exclude 0 since for σb = 0 C0 is discontinuous in 0
and can’t be a kernel on K as in Definition 2, if 0 ∈ K.

6See Appendix A0 for a definition.
7See Appendix A0.

The universality of a kernel Q on a compact set implies
that the kernel is strictly positive definite, i.e. for all
non-zero ϕ ∈ L2(K), 〈T (Q)ϕ,ϕ〉 > 0 [Sriperumbudur
et al., 2011]. Moreover, universality also implies the
full expressivity of the induced GP, as expressed in the
following.
Definition 5 (Expressive GP). A Gaussian Process
on K is said to be expressive on L2(K) if, denoting
by ψ a random realisation ψ of the process, for all
ϕ ∈ L2(K), for all ε > 0,

P(‖ψ − ϕ‖2 ≤ ε) > 0 .

Lemma 3. A universal kernel Q on K induces an
expressive GP on L2(K).

By definition, universal kernels are characterized by the
property that their associated RKHS is dense (w.r.t the
uniform norm ‖.‖∞) in the space of continuous func-
tions on K. This is crucial for Kernel regression and
Gaussian Process inference [Kanagawa et al., 2018].8
By Proposition 2, it suffices to prove that QL0

is uni-
versal for some L0 in order to conclude for all L ≥ L0.
It turns out this is true for L0 = 2.
Proposition 3. If σb > 0, then Q2 is universal on K.
From Proposition 2, QL is universal for all L ≥ 2.

Note that the presence of biases is essential to achieve
universality in the case of a general K, since the output
of a ReLU ResNet with no bias is always a positive
homogeneous function of its input, i.e., a map F such
that F (αx) = αF (x) for all α ≥ 0. However, in the
particular case of K = Sd−1, the unit sphere in Rd, the
kernel QL is universal (for L ≥ 2), even when σb = 0.
Proposition 4. Assume σb = 0. Then for all L ≥ 2,
QL is universal on Sd−1 for d ≥ 2.

Another interesting fact of the case K = Sd−1 is that
the eigendecomposition of the kernel QL has a simple
structure. Indeed, on Sd−1, QL(x, x′) depends only on
the scalar product x · x′. These kernels (zonal kernel)
admit Spherical Harmonics as an eigenbasis [Yang and
Salman, 2019].
Proposition 5 (Spectral decomposition on Sd−1). Let
Q be a zonal kernel on Sd−1, that is Q(x, x′) = p(x ·x′)
for a continuous function p : [−1, 1]→ R. Then, there
is a sequence {µk ≥ 0}k∈N such that for all x, x′ ∈ Sd−1

Q(x, x′) =
∑

k≥0

µk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′) ,

where {Yk,j}k≥0,j∈[1:N(d,k)] are spherical harmonics of
Sd−1 and N(d, k) is the number of harmonics of order

8The closure of the set of functions described by the
mean function of the posterior of a GP regression is exactly
the RKHS of the kernel of the GP prior.
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k. With respect to the standard spherical measure,
the spherical harmonics form an orthonormal basis of
L2(Sd−1) and T (Q) is diagonal on this basis.

Although the kernel is universal for fixed depth L, it is
not guaranteed that as L→∞, QL remains universal.
Indeed, for the standard ResNet architecture, the vari-
ance QL(x, x) grows exponentially with L [Yang and
Schoenholz, 2017], and therefore, the kernel diverges.
In order to analyse the expressivity of the kernel of a
standard ResNet in the limit of large depth, we can
study the correlation kernel CL, defined in (3), instead.
We show in the following Lemma that, as L goes to
infinity, the kernel CL converges to a constant (which
has a 1D RKHS).

Lemma 4. Consider a standard ResNet of type (1)
and let K ⊂ Rd \ {0} be a compact set. We have that

lim
L→∞

sup
x,x′∈K

|1− CL(x, x′)| = 0 .

Moreover, if σb = 0, then,

sup
x,x′∈K

|1− CL(x, x′)| = O(L−2) .

Therefore, HC∞(K) is the space of constant functions.

Lemma 4 shows that in the limit of infinite depth L,
the RKHS of the correlation kernel is trivial, meaning
that the NNGP cannot be expressive. On the contrary,
we will show in the next sections that Stable ResNets
achieve a universal kernel for infinite depth L.

3 UNIFORM SCALING

Consider a Stable ResNet with layers [0 : L]. Under
uniform scaling, the recurrence relation in (5) reads:

Ql = Ql−1 + 1
L

(
σb

2 + σw
2

2

(
1 + f(Cl−1)

Cl−1

)
Ql−1

)
. (7)

In the limit L → ∞, (7) converges uniformly to a
continuous ODE. Studying the solution of the corre-
sponding Cauchy problem, we show that the covariance
kernel remains universal in the limit of infinite depth.

3.1 Continuous formulation

The layer index l in (7) can be rescaled as l 7→ t(l) =
l/L. Clearly t(0) = 0 and t(L) = 1, so the image of t
is contained in [0, 1]. In the limit L→∞ it is natural
to consider t as a continuous variable spanning the
interval [0, 1]. With this in mind, it makes sense to
look at the continuous version of (7).
Let K ⊂ Rd be a compact set and x, x′ ∈ K. If σb = 0

assume that 0 /∈ K.

q̇t(x, x
′) = σb

2 + σw
2

2

(
1 + f(ct(x,x

′))
ct(x,x′)

)
qt(x, x

′) ,

q0(x, x′) = σ2
b + σ2

w
x·x′
d ,

ct(x, x
′) = qt(x,x

′)√
qt(x,x)qt(x′,x′)

.

(8)

As discussed in Section A2 of the Appendix, for any
x, x′, the solution of the above Cauchy problem exists
and is unique. Moreover, the solutions qt and ct are
kernels on K, in the sense of Definition 2.

Clearly, for finite L, the continuous ODE (8) is an
approximation. However, the following result holds.

Lemma 5 (Convergence to the continuous limit). Let
Ql|L be the covariance kernel of the layer l in a net of
L+ 1 layers [0 : L], and qt be the solution of (8), then

lim
L→∞

sup
l∈[0:L]

sup
(x,x′)∈K2

|Ql|L(x, x′)− qt=l/L(x, x′)| = 0 .

3.2 Universality of the covariance kernel

When σb > 0, the kernel qt is universal for t > 0.

Theorem 1 (Universality of qt). Let K ⊂ Rd be com-
pact and assume σb > 0. For any t ∈ (0, 1], the solution
qt of (8) is a universal kernel on K.

The proof of the above statement is detailed in Ap-
pendix A2. The main idea is to show that the integral
operator T (qt) is strictly positive definite and then use
a characterization of universal kernels, due to [Sripe-
rumbudur et al., 2011], which connects the universality
of Definition 4 with the strict positivity of the induced
integral operator.9

As mentioned previously, the presence of the bias is
essential to achieve full expressivity on a generic com-
pact K ⊂ Rd. However, we can still have universality
when no bias is present, limiting ourselves to the case
of the unit sphere K = Sd−1.

Proposition 6 (Universality on Sd−1). For any t ∈
(0, 1], the covariance kernel qt, solution of (8) with
σb = 0, is universal on Sd−1, with d ≥ 2.

4 DECREASING SCALING

Consider a Stable ResNet with decreasing scaling, that
is a sequence of scaling factors (λk)k≥1 such that∑
k≥1 λ

2
k < ∞. In this setting, each additional layer

can be seen as a correction to the network output with
decreasing magnitude. As for the uniform scaling, we

9The details are more involved as we need to show that
the kernel induces a strictly positive definite operator on
L2(K,µ) for any finite Borel measure µ on K.
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show in the next proposition that the kernel QL con-
verges to a limiting kernel Q∞, and the convergence
is uniform over any compact set of Rd. The nota-
tion g(x) = Θ(m(x)) means there exist two constants
A,B > 0 such that Am(x) ≤ g(x) ≤ Bm(x).
Proposition 7 (Uniform Convergence of the Kernel).
Consider a Stable ResNet with a decreasing scaling, i.e.
the sequence {λl}l≥1 is such that

∑
l λ

2
l < ∞. Then

for all (σb, σw) ∈ R+× (R+)∗, there exists a kernel Q∞
on Rd such that for any compact set K ⊂ Rd,

sup
x,x′∈K

|QL(x, x′)−Q∞(x, x′)| = Θ
(∑

k≥L λ
2
k

)
.

The convergence of the kernel QL to the limiting kernel
Q∞ is governed by the convergence rate of the series of
scaling factors. Moreover, leveraging the RKHS hierar-
chy from Proposition 2, we find that Q∞ is universal.
Corollary 1 (Universality of Q∞). The following
statements hold
• Let K be a compact set of Rd and assume σb > 0.
Then, Q∞ is universal on K.
• Assume σb = 0. Then Q∞ is universal on Sd−1.

As in the uniform scaling case, the limiting kernel exists
and is universal unlike the standard ResNet architecture
that yields a divergent kernel QL as L→∞.

To validate our universality and expressivity results,
Figure 2 plots the leading eigenvalues of the NNGP (&
NTK, introduced in Section 5) kernels on a set of 1000
points sampled uniformly at random from the circle,
normalized so that the largest eigenvalue is 1. We use
the recursion formulas for NNGP correlation (Lemma
A4) and normalized NTK (Lemma A19) to avoid the
exploding variance/gradient problem. We see that the
unscaled ResNet NNGP becomes inexpressive with
depth because all non-leading eigenvalues converge to
0, whereas our Stable ResNets (decreasing and uniform
scaling) are expressive even in the large depth limit.

5 NEURAL TANGENT KERNEL

In the so-called lazy training regime [Chizat and Bach,
2019], the training dynamics of an infinitely wide net-
work can be described via the Neural Tangent Kernel
(NTK) [Lee et al., 2019], introduced in [Jacot et al.,
2018] and defined as

Θ̃ij
L (x, x′) = ∇par y

i
L(x) · ∇par y

j
L(x′) ,

with ∇par the gradient wrt the parameters of the NN.10
To simplify our presentation we will assume that the
output dimension of the network is 1.11

10All network considered in this section are assumed to
have NTK parametrization, cf Appendix A4 for details.

11This does not affect our final conclusion of universality
for the NTK, which is diagonal in the output space, that is
Θ̃ij = Θδij , [Jacot et al., 2018, Hayou et al., 2019b].

Figure 2: (Normalized) NNGP & NTK matrix eigenvalues
of Stable (decreasing & uniform) & unscaled (i.e. standard)
ResNets.

Let Fτ be the output function of the ResNet at train-
ing time τ . In the NTK regime (infinite width), the
gradient flow is equivalent to a simple linear model [Lee
et al., 2019], that gives

Fτ (x)−F0(x) = ΘL(x,X )Θ̂−1
L (I−e−ηΘ̂Lτ )(Y−F0(X )) ,

where X and Y are respectively the input and output
datasets, ΘL(x,X ) = {ΘL(x, x′)}x′∈X and Θ̂L is the
matrix {Θl(x, x

′)}x,x′∈X . The universality of the NTK
is crucial for the ResNet to learn beyond initialization,
since the residual Fτ − F0 lies in the RKHS generated
by ΘL. For unscaled ResNet, [Hayou et al., 2019b]
showed that the limiting NTK is trivial in the sense
of Lemma 4. However, this is not the case for Stable
ResNet.

Consider a ResNet of type (2). We have 12

Θ0 = Q0, Θl+1 = Θl + λ2
l,L (Ψl + Ψ′l Θl) , (9)

where Ψl(x, x
′) = σ2

b + σ2
wE[φ(yl1(x))φ(yl1(x′))] and

Ψ′l(x, x
′) = σ2

wE[φ′(yl1(x))φ′(yl1(x′))] (see Appendix
A4).

Proposition 8. Fix a compact K ⊂ Rd (0 /∈ K if
σb = 0) and consider a Stable ResNet with decreasing
scaling. Then ΘL converges uniformly over K2 to a
kernel Θ∞. Moreover Θ∞ is universal on K if σb > 0.
If K = Sd−1, then the universality holds for σb = 0.

12This is true under the technical assumption that the
parameters appearing in the back-propagation can be con-
sidered independent from the ones of the forward pass
(Gradient Independent Assumption) [Yang, 2019a]
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An analogous result can be stated for the uniform
scaling, after noticing that a continuous formulation
(Θl 7→ θt(l)) can be obtained in analogy with what has
been done for the covariance kernel (cf Appendix A4).

Proposition 9. Let K ⊂ Rd and fix t ∈ (0, 1]. If
σb > 0, then θt is universal on K. The same holds true
if σb = 0 and K = Sd−1.

Figure 2 shows that the non-leading NTK eigenvalues
do not decay to 0 with depth for Stable ResNets, unlike
for unscaled ResNets. This is in line with findings of
Propositions 8 and 9.

6 A PAC-BAYES RESULT

Consider a dataset S with N iid training examples
(xi, yi)1≤i≤N ∈ X × Y , and a hypothesis space P from
which we want to learn an optimal hypothesis according
to some bounded loss function ` : Y × Y 7→ [0, 1]. The
empirical/generalization loss of a hypothesis h ∈ U are

rS(h) = 1
N

∑N
i=1 `(h(xi), yi), r(h) = Eν [`(h(x), y)] ,

where ν is a probability distribution on X × Y . For
some randomized learning algorithm A, the empirical
and generalization loss are given by:

rS(A) = Eh∼A[rS(h)], r(A) = Eh∼A[r(h)] .

The PAC-Bayes theorem gives a probabilistic upper
bound on the generalization loss r(A) of a randomized
learning algorithm A in terms of the empirical loss
rS(A). Fix a prior distribution P on the hypothesis set
U . The Kullback-Leibler divergence between A and P
is defined as KL(A‖P) =

∫
A(h) log A(h)

P(h)dh ∈ [0,∞].
The Bernoulli KL-divergence is given by kl(a||p) =
a log a

p + (1− a) log 1−a
1−p for a, p ∈ [0, 1]. We define the

inverse Bernoulli KL-divergence kl−1 by

kl−1(a, ε) = sup{p ∈ [0, 1] : kl(a||p) ≤ ε} .

Theorem 2 (PAC-Bayes bound Theorem [Seeger,
2002]). For any loss function ` that is [0, 1] valued,
any distribution ν, any N ∈ N, any prior P, and any
δ ∈ (0, 1], with probability at least 1− δ over the sample
S, we have

∀A, r(A) ≤ kl−1
(
rS(A), KL(A‖P)+log(2

√
N/δ)

N

)
.

The KL-divergence term KL(A‖P) plays a major role
as it controls the generalization gap, i.e. the differ-
ence (in terms of Bernoulli KL-divergence) between the
empirical loss and the generalization loss. In our set-
ting, we consider an ordinary GP regression with prior
P(f) = GP(f |0, Q(x, x′)). Under the standard assump-
tion that the outputs yN = (yi)i∈[1:N ] are noisy versions

of fN = (f(xi))i∈[1:N ] with yN |fN ∼ N (yN |fN , σ2I),
the Bayesian posterior A is also a GP and is given by

A(f) = GP(f |QN (x)(QNN + σ2I)−1yN , Q(x, x′)

−QN (x)(QNN + σ2I)−1)QN (x′)T ) .

(10)

QN (x) = (Q(x, xi))i∈[1:N ], QNN = (Q(xi, xj))1≤i,j≤N .
In this setting, we have the following result
Proposition 10 (Curse of Depth). Let QL be the
kernel of a ResNet. Let PL be a GP with kernel QL
and AL be the corresponding Bayesian posterior for
some fixed noise level σ2 > 0. Then, in a fixed setting
(fixed sample size N), the following results hold:
• With a standard ResNet, KL(AL‖PL) & L.
• With a Stable ResNet, KL(AL‖PL) = OL(1).

The KL-divergence bound diverges for a standard
ResNet while it remains bounded for Stable ResNet.
Although PAC-Bayes bounds only give an upper bound
on the generalization error, Proposition 10 shows that
Stable ResNet does not suffer from the “curse of depth”,
i.e. the KL-divergence does not explode as the depth
becomes large.

7 EXPERIMENTS

In line with our theory, we now present results demon-
strating empirical advantages of Stable ResNets (both
uniform and decreasing scaling) compared to their un-
scaled counterparts on a toy regression task and stan-
dard image classification tasks, both for infinite-width
NNGP kernels as well as trained finite-width NNs in
the latter case. In the interests of space, all experimen-
tal details not described in this section can be found in
Appendix A7. All error bars in this section correspond
to 3 independent runs.

Stable NNGP regression experiment We first
present a toy regression posterior regression experiment
with NNGP kernel. We compare across different depths
and scalings, with target test function y = xsin(x) and
a small amount of observation noise σ = 0.1 (σ as
defined in Eq. 10). We use 5 training points (dark
green dots).

We map our 1D inputs x onto the circle (cos(x), sin(x))
before performing GP regression. This is so that all
inputs have unit norm and we can use the NNGP cor-
relation kernel (Eq. 3) for the vanilla ResNet (ResNet
with fully connected blocks), in order to avoid the ex-
ploding variance problem.
As expected from our theory, in Figure 3, for depth
1000 the NNGP correlation kernel without stable scal-
ing (top row, red) is unable to learn anything beyond
a constant function due to inexpressivity, whereas our
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Figure 3: NNGP toy regression experiment.

Stable ResNets (bottom two rows, blue) are still ex-
pressive in the large depth limit. We plot mean and
95% posterior predictive credible interval for NNGP
posteriors.

Stable NNGP classification results We first com-
pare the performance of Stable and standard ResNets
of varying depths through their infinite-width NNGP
kernels, on MNIST & CIFAR-10. For each consid-
ered NNGP kernel Q and training set (xi, yi)i∈[1:N ], we
report test accuracy using the mean of the posterior
predictive (Eq. 10): QN (·)(QNN + σ2I)−1yN , which
is also the kernel ridge regression predictor [Kanagawa
et al., 2018]. We treat classification labels y as one-hot
regression targets, similar to recent works [Arora et al.,
2019, Lee et al., 2019, Shankar et al., 2020], and tune
the noise σ2 using prediction accuracy on a held-out
validation set.

Table 1: CIFAR-10 test accuracies (%) using posterior
predictive mean of NNGP kernels for deep Wide-ResNets
[Zagoruyko and Komodakis, 2016] with different training
set sizes N . Scaled (D) & Scaled (U) refer to decreasing
and uniform scaling respectively.

N Depth Scaled (D) Scaled (U) Unscaled

1K 112 36.84±0.53 36.43±0.49 37.71±0.50

202 36.89±0.55 36.47±0.49 —
10K 112 53.81±0.11 53.55±0.41 53.34±0.07

202 53.80±0.10 53.57±0.40 —

First, in Table 1, we demonstrate the exploding NNGP
variance problem for unscaled Wide-ResNets (WRN)
[Zagoruyko and Komodakis, 2016]. For an unscaled

WRN of depth 202, the NNGP kernel values explode
resulting in numerical errors, whereas Stable ResNets
achieve 54% test accuracy with 10K training points
(out of full size 50K). Note that any numerical errors
from exploding NNGP also afflict the NTK, as the
difference between the NTK and NNGP is positive
semi-definite [Lee et al., 2019, He et al., 2020] (which is
why the NTK lines always lie above their corresponding
NNGP in Figure 1).

To isolate the disadvantages of inexpressivity in un-
scaled Resnets NNGPs compared to our Stable ResNets,
we need to avoid the exploding variance problem and
ensuing numerical errors. In order to do so, we use
the NNGP correlation kernel C instead of the NNGP
covariance kernel Q, noting that these two kernels are
equal up to multiplicative constant on the sphere, and
that the posterior predictive mean is invariant to the
scale of Q (with σ2 also tuned relative to the scale of
Q). Moreover, the formula in Lemma A4 for NNGP
correlation recursion for vanilla ResNets without bias
can be recast as a ResNet with a modified scaling (see
Appendix A6), allowing us to use existing optimised
libraries [Novak et al., 2020]. In order to use the vanilla
ResNet correlation recursion, we standardise all MNIST
& CIFAR-10 images to lie on the 784 & 3072-dimension
sphere respectively.

Our expressivity results, as well as Proposition 10,
suggest that we expect Stable ResNets to outperform
standard ResNets for large depths even when exploding
variance numerical errors are alleviated for standard
ResNets. In Table 2, we see that unscaled ResNets suf-
fer from a degradation in test accuracy with depth, due
to inexpressivity, whereas our Stable ResNets (both de-
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Table 2: MNIST and CIFAR-10 test accuracies (%) using posterior predictive mean of NNGP kernels for deep vanilla
ResNets (ResNet with fully connected blocks) with different size training sets N .

Dataset MNIST CIFAR-10

N Depth Scaled (D) Scaled (U) Unscaled Scaled (D) Scaled (U) Unscaled

1K 50 92.88±0.35 92.39±0.33 92.44±0.21 35.83±0.14 34.73±0.14 37.16±0.25

200 92.91±0.35 92.39±0.32 89.56±0.56 35.86±0.14 34.76±0.11 34.85±0.17

1000 92.92±0.34 92.39±0.32 55.13±5.31 35.89±0.14 34.76±0.11 12.43±3.97

10K 50 97.57±0.12 97.55±0.12 97.06±0.10 48.71±0.31 48.12±0.27 50.11±0.37

200 97.57±0.11 97.55±0.12 95.55±0.13 48.77±0.30 47.15±0.18 47.00±0.30

1000 97.57±0.10 97.54±0.12 67.53±2.96 48.76±0.30 47.16±0.17 17.86±2.32

creasing and uniform) do not suffer from a drop in per-
formance. For example, the posterior predictive mean
using the NNGP of an unscaled vanilla ResNet with
depth 1000 attains only 17.86% accuracy on CIFAR-
10 with 10K training points, compared to 48.76% for
Stable ResNet (decreasing scale).

We focus on the NNGP rather than the NTK as recent
works [Lee et al., 2020, Shankar et al., 2020] have empir-
ically demonstrated that there is no advantage to the
state-of-the-art NTK over the NNGP as infinite-width
kernel predictors. Moreover, we do not aim for near
state-of-the-art kernel results due to computational re-
sources, and instead aim to empirically validate the
theoretical advantages of Stable ResNets.

Trained Stable ResNet results Finally, we con-
sider the benefits of trained Stable ResNets on the
large-scale CIFAR-10, CIFAR-100 and TinyImageNet13
datasets. We compare trained convolutional ResNets
[He et al., 2016] of depths 32, 50 & 104 in terms of
test accuracy. In the main text we present results for
ResNets trained with Batch Normalization [Ioffe and
Szegedy, 2015] (BatchNorm), while results for trained
ResNets without BatchNorm can be found in Appendix
A7. We particularly show that Stable ResNet can be
trained without BatchNorm with minimal loss in per-
formance. Avoiding BatchNorm is a desirable property
because of its expensive memory cost during training.
For the results with BatchNorm, we apply the Stable
ResNet scalings to the residual connection after all
convolution, ReLU and BatchNorm layers.

We use initial learning rate 0.1 which is decayed by 0.1
at 50% and 75% of the way through training. This
learning rate schedule has been used previously [He
et al., 2016] for unscaled ResNets and we found it to
work well for all ResNets trained with BatchNorm. We
train for 160 epochs on CIFAR-10/100 and 250 epochs
on TinyImageNet. Test accuracy results are displayed

13Available at http://cs231n.stanford.edu/
tiny-imagenet-200.zip

in Table 3. As we can see, Stable ResNets consis-
tently outperform standard ResNets across datasets
and depths. Moreover, the performance gap is larger
for larger depths: for example on CIFAR-100 our Stable
ResNet (decreasing) outperforms its standard counter-
part by 1.05% (75.06 vs 74.01) on average for depth 32
whereas for depth 104 the test accuracy gap is 2.36%
(77.44 vs 75.08) on average. A similar trend can also
be observed for the more challenging TinyImageNet
dataset. Interestingly, we see that among the Stable
ResNets, decreasing scaling also consistently outper-
forms uniform scaling.

Table 3: Test accurracies (%) of trained deep ResNets of
various scalings and depths on CIFAR-10 (C-10), CIFAR-
100 (C-100) & TinyImageNet (Tiny-I).

Dataset Depth Scaled (D) Scaled (U) Unscaled

C-10 32 94.84±0.08 94.78±0.17 94.66±0.07

50 95.07±0.06 94.99±0.03 94.85±0.06

104 95.14±0.19 95.31±0.07 95.10±0.21

C-100 32 75.06±0.05 74.79±0.28 74.01±0.14

50 76.20±0.22 75.81±0.20 74.66±0.33

104 77.44±0.09 76.88±0.39 75.08±0.42

Tiny-I 32 63.01±0.22 63.06±0.04 62.79±0.08

50 64.78±0.24 64.74±0.10 63.96±0.39

104 66.57±0.39 66.67±0.12 65.27±0.52

8 CONCLUSION

Stable ResNets have the benefit of stabilizing the gra-
dient and ensuring expressivity in the limit of infinite
depth. We have demonstrated theoretically and empir-
ically that this type of scaling makes NNGP inference
robust and improves test accuracy with SGD on modern
ResNet architectures. However, while Stable ResNets
with both uniform and decreasing scalings outperform
standard ResNet, the selection of an optimal scaling
remains an open question; we leave this topic for future
work.
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Appendix

A0 Mathematical preliminaries

We will make use of functional analysis results on the theory of Hilbert space. We refer to [Lang, 2012] for a
comprehensive introduction to the topic. We precise here that, even when not explicitly stated, all Hilbert spaces
considered in the present work are real, and all linear operators are bounded.
We will make use of the spectral theory for compact self-adjoint operators. We refer again to [Lang, 2012] for a
detailed discussion.

We will now introduce some concepts from the theory of kernels and RKHSs.
Consider a compact K ⊂ Rd. A function Q : K → R is said to be symmetric if for all x, x′ ∈ K we have
Q(x, x′) = Q(x′, x). Let us restate the definition of kernel.

Definition 2 (Kernel). A kernel Q on K is a symmetric continuous function K2 → R such that, for all n ∈ N,
for any finite subset {x1 . . . xn} ⊂ K, the matrix {Q(xi, xj)}i,j is non-negative definite.

We state here a characterisation of kernels, which is an extension of Lemma 2. Despite being a classical result
(see the discussion about Mercer kernels in [Paulsen and Raghupathi, 2016]), we will give a proof, for the sake of
completeness.

Lemma A1. [Extension of Lemma 2] Let Q : K2 → R be a continuous symmetric function. Then, given any
finite Borel measure µ on K, we can define the integral operator Tµ(Q) on L2(K,µ), via

Tµ(Q)ϕ(x) =

∫

K

T (x, x′)ϕ(x′) dµ(x′) ,

for any ϕ ∈ L2(K,µ). The operator Tµ(Q) is a bounded compact self-adjoint definite operator.
Moreover, Q is a kernel if and only if Tµ(Q) is non-negative definite for all finite Borel measures µ on K.

Proof. Let Q : K2 → R be a continuous symmetric function. Then Tµ(Q) is a well defined bounded compact
self-adjoint operator [Lang, 2012].
Let us assume that Q is a kernel. By Mercer’s theorem [Paulsen and Raghupathi, 2016], we can find continuous
functions {Yk}k∈N such that for all x, x′ ∈ K

Q(x, x′) =

∞∑

k=0

Yk(x)Yk(x′)

and the convergence is uniform on K2.
The continuity of the Yk’s implies that they can be seen as elements of L2(K,µ). Moreover, the uniform
convergence, along with the fact that µ(K) <∞, implies the convergence of the sum wrt the L2(K,µ) operator
norm. In particular Tµ(K) is a limit of non-negative definite operators and hence non-negative definite.
Now, assume that, for all finite Borel µ, Tµ(Q) is non-negative definite. Chosen a finite set {x1 . . . xn} ⊂ K, in
particular we have that µ =

∑n
i=1 δxi is a finite Borel measure (where δx is the Dirac measure on x ∈ K). Hence

Tµ(Q) is the matrix {Q(xi, xj)}i,j . We conclude that Q is a kernel.

We will now give a definition of the Reproducing Kernel Hilbert Space associated to a kernel. We refer to [Paulsen
and Raghupathi, 2016] for a general and comprehensive introduction to the topic.

Definition A1 (RKHS). Given a kernel Q on K, we can associate to it a real Hilbert space HQ, with the
following properties:

• The elements of HQ are functions K → R.

• Denoting as 〈·, ·〉Q the inner product of HQ, for each x ∈ K, there exists an element kx ∈ HQ such that
h(x) = 〈h, kx〉Q, for all h ∈ HQ.

• For all x, x′ ∈ K, 〈kx, kx′〉Q = Q(x, x′).
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Such a Hilbert space exists for each kernel Q and it is unique up to isomorphism, [Paulsen and Raghupathi, 2016].
HQ is called the Reproducing Kernel Hilbert Space (RKHS) of Q.

In general, it is not easy to give an explicit form for the RKHS associated to a kernel Q. However, we can say
that it contains the linear span of {x 7→ Q(x, x′)}x′∈K . Actually, this linear span is a dense subset of HQ, wrt the
norm of HQ [Paulsen and Raghupathi, 2016].

A kernel on K is said to be universal if its RKHS is dense in the space of continuous functions C(K), wrt the
uniform norm.
Definition 4 (Universal Kernel). Let Q be a kernel on K, and HQ(K) its RKHS. We say that Q is universal on
K if for any ε > 0 and any continuous function g on K, there exists h ∈ HQ(K) such that ‖h− g‖∞ < ε.

We can now state a characterization of universal kernels, from [Sriperumbudur et al., 2011].
Lemma A2. Let Q : K2 → R be a kernel, where K ⊂ Rd is compact. Q is a universal kernel if and only if
Tµ(Q) is strictly positive definite for all finite Borel measures µ on K, i.e., 〈Tµ(Q)ϕ,ϕ〉 > 0 for all non-zero
ϕ ∈ L2(K,µ).

As a final note, hereafter we often omit the explicit reference to the measure µ, that is we will speak of the
operator T (Q) on L2(K). Unless otherwise stated, this notation implies the choice of an arbitrary finite Borel
measure µ on the compact K.

A1 Residual Neural Networks and Gaussian processes

Consider a standard ResNet architecture with L+ 1 layers, labelled with l ∈ [0 : L], of dimensions {Nl}l∈[0:L].

y0(x) = W0 x+B0 ;

yl(x) = yl−1(x) + F((Wl, Bl), yl−1) for l ∈ [1 : L] ,
(1)

where x ∈ Rd is an input, yl(x) is the vector of pre-activations, Wl and Bl are respectively the weights and bias
of the lth layer, and F is a mapping that defines the nature of the layer. In general, the mapping F consists of
successive applications of simple activation functions. In this work, for the sake of simplicity, we consider Fully
Connected blocks with ReLU activation function φ : x 7→ max(0, x)

F((W,B), x) = Wφ(x) +B .

Hereafter, Nl denotes the number of neurons in the lth layer, φ the activation function and [m : n] := {m,m+

1, ..., n} for m ≤ n. The components of weights and bias are respectively initialized with W ij
l

iid∼ N (0, σ2
w/Nl−1),

and Bil
iid∼ N (0, σ2

b ) where N (µ, σ2) denotes the normal distribution of mean µ and variance σ2.

In [Yang and Schoenholz, 2017], authors showed that wide deep ResNets might suffer from gradient exploding
during backpropagation.

Recent results by [Hayou et al., 2021] suggest that scaling the residual blocks with L−1/2 might have some
beneficial properties on model pruning at initialization. This is a result of the stabilization effect of scaling on the
gradient.

More generally, we introduce the residual architecture:

y0(x) = W0 x+B0 ;

yl(x) = yl−1(x) + λl,L F((Wl, Bl), yl−1) , l ∈ [1 : L] ,
(2)

where (λk,L)k∈[1:L] is a sequence of scaling factors. We assume hereafter that there exists λmax ∈ (0,∞) such
that for all L ≥ 1 and k ∈ [1 : L], we have that λk,L ∈ (0, λmax].

A1.1 Recurrence for the covariance kernel

Recall that in the limit of infinite width, each layer of a ResNet can be seen a centred Gaussian Process. For the
layer l we define the covariance kernel Ql as Ql(x, x′) = E[y1

l (x)y1
l (x′)] for x, x′ ∈ Rd.
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By a standard approach, introduced by [Schoenholz et al., 2017] for feedforward neural networks, and easily
generalizable for ResNets [Yang, 2019b, Hayou et al., 2019b], it is possible to evaluate the covariance kernels layer
by layer, recursively. More precisely, consider a ResNet of form (2). Assume that yil−1 is a Gaussian process for
all i. Let x, x′ ∈ Rd. We have that

Ql(x, x
′) = E[y1

l (x)y1
l (x′)]

= E[y1
l−1(x)y1

l−1(x′)] +

Nl−1∑

j=1

E[(W 1j
l )2φ(yjl−1(x))φ(yjl−1(x′))] + E[(B1

l )2] + E[B1
l (y1

l−1(x) + y1
l−1(x′))]

+ E



Nl−1∑

j=1

W 1j
l (y1

l−1(x)φ(y1
l−1(x′)) + y1

l−1(x′)φ(y1
l−1(x)))


 .

Some terms vanish because E[W 1j
l ] = E[Bjl ] = 0. Let Zj =

√
Nl−1

σw
W 1j
l . The second term can be written as

E


 σ2

w

Nl−1

∑

j

(Zj)
2φ(yjl−1(x))φ(yjl−1(x′))


→ σ2

w E[φ(y1
l−1(x))φ(y1

l−1(x′))] ,

where we have used the Central Limit Theorem. Therefore, we have

Ql(x, x
′) = Ql−1(x, x′) + λ2

l,LΨl−1(x, x′) , (A1)

where Ψl−1(x, x′) = σ2
b + σ2

wE[φ(y1
l−1(x))φ(y1

l−1(x′))].

For the ReLU activation function φ(x) = max(0, x), the recurrence relation can be written more explicitly, since
we can give a simple expression for the expectation E[φ(y1

l−1(x))φ(y1
l−1(x′))], [Daniely et al., 2016]. Let Cl be the

correlation kernel, defined as

Cl(x, x
′) =

Ql(x, x
′)√

Ql(x, x)Ql(x, x′)

and let f : [−1, 1]→ R be given by

f : γ 7→ 1

π
(
√

1− γ2 − γ arccos γ) . (4)

Then we have E[φ(y1
l−1(x))φ(y1

l−1(x′))] = 1
2

(
1 + f(Cl−1)

Cl−1

)
Ql−1 and so we find the recurrence relation (5)

Ql = Ql−1 + λ2
l,L

[
σb

2 + σw
2

2

(
1 + f(Cl−1)

Cl−1

)
Ql−1

]
;

Q0(x, x′) = σ2
b + σ2

w
x·x′
d .

(5)

For the remainder of this appendix, we define the function

f̂(γ) = γ + f(γ) =
1

π

(
γ arcsin(γ) +

√
1− γ2

)
+

1

2
γ . (A2)

For all l, the diagonal terms of Ql have closed-form expressions. We show this in the next lemma.

Lemma A3 (Diagonal elements of the covariance). Consider a ResNet of the form (2) and let x ∈ Rd. We have
that for all l ∈ [1 : L],

Ql(x, x) = −2σ2
b

σ2
w

+
l∏

k=1

(
1 +

σ2
wλ

2
k,L

2

)(
Q0(x, x) +

2σ2
b

σ2
w

)
.

Proof. We know that

Ql(x, x) = Ql−1(x, x) + λ2
l,L

(
σ2
b +

σ2
w

2
f̂(1)

)
,



Stable ResNet

where f̂ is given by (A2). It is straightforward that f̂(1) = 1. This yields

Ql(x, x) +
2σ2

b

σ2
w

=

(
1 + λ2

l,L

σ2
w

2

)(
Ql−1(x, x) +

2σ2
b

σ2
w

)
.

we conclude by telescopic product.

As a corollary of the previous result, it is easy to show that for a Standard ResNet the diagonal terms explode
with depth, which is Lemma 1 in the main paper.

Lemma 1 (Exploding kernel with standard ResNet). Consider a ResNet of type (1). Then, for all x ∈ Rd,

QL(x, x) ≥
(

1 +
σ2
w

2

)L (
σ2
b

(
1 + 2

σ2
w

)
+

σ2
w

d ‖x‖2
)
.

Proof. The statement trivially follows from Lemma A3, using that Q0(x, x) = σ2
b +

σ2
w

d ‖x‖2 and the fact that for
a Standard ResNet (1), all the coefficients λl,L’s are equal to 1.

In the case of a ResNet with no bias, the correlation kernel follows a simple recursive formula described in the
next lemma.

Lemma A4 (Correlation formula with zero bias). For a ResNet of the form (2) with σb = 0, we have that for
all x, x′ ∈ Rd and l ≤ L:

Cl(x, x
′) =

1

1 + αl,L
Cl−1(x, x′) +

αl,L
1 + αl,L

f̂(Cl−1(x, x′)) ,

where αl,L =
λ2
l,Lσ

2
w

2 .

Proof. This is direct result of the covariance recursion formula (5).

A1.2 Proof of Proposition 1

We use the following result from [Yang, 2020] in order to derive closed form expressions for the second moment of
the gradients.

Lemma A5 (Corollary of Theorem D.1. in [Yang, 2020]). Consider a ResNet of the form (2) with weights W .
In the limit of infinite width, we can assume that WT used in back-propagation is independent from W used for
forward propagation, for the calculation of Gradient Covariance and NTK.

Next we re-state and prove Proposition 1.

Proposition 1 (Stable Gradient). Consider a ResNet of type (2), and let Ly(x) := `(y1
L(x), y) for some

(x, y) ∈ Rd × R, where ` : (z, y) 7→ `(z, y) is a loss function satisfying supK1×K2

∣∣∣∂`(z,y)
∂z

∣∣∣ <∞, for all compacts

K1,K2 ⊂ R. Then, in the limit of infinite width, for any compacts K ⊂ Rd, K ′ ⊂ R, there exists a constant
C > 0 such that for all (x, y) ∈ K ×K ′

sup
l∈[0:L]

E
[∣∣∣∂Ly(x)

∂W 11
l

∣∣∣
2
]
≤ C exp

(
σ2
w

2

∑L
l=1 λ

2
l,L

)
.

Moreover, if there exists λmin > 0 such that for all L ≥ 1 and l ∈ [1 : L] we have λl,L ≥ λmin, then, for all
(x, y) ∈ (Rd \ {0})× R such that

∣∣∣∂`(z,y)
∂z

∣∣∣ 6= 0, there exists κ > 0 such that for all l ∈ [1 : L]

E
[∣∣∣∂Ly(x)

∂W 11
l

∣∣∣
2
]
≥ κ

(
1 +

λ2
minσ

2
w

2

)L
.
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Proof. Let (x, y) ∈ Rd × R and q̄l(x, y) = E
[∣∣∣∂Ly(x)

∂y1l

∣∣∣
2
]
. Using Lemma A6, we have that

q̄l(x, y) =

(
1 +

σ2
wλ

2
l+1,L

2

)
q̄l+1(x, y) .

This yields

q̄l(x, y) =
L∏

k=l+1

(
1 +

σ2
wλ

2
k,L

2

)
q̄l(x, y) .

Moreover, using Lemma A5, we have that E
[∣∣∣∂Ly(x)

∂W 11
l

∣∣∣
2
]

= λ2
l,Lq̄

l(x, y)E[φ(y1
l−1(x))2]. We have E[φ(y1

l−1(x))2] =

1
2Ql−1(x, x). From Lemma A3 we know that

Ql−1(x, x) = −2σ2
b

σ2
w

+
l−1∏

k=1

(
1 +

σ2
wλ

2
k,L

2

)(
Q0(x, x) +

2σ2
b

σ2
w

)
≤

l−1∏

k=1

(
1 +

σ2
wλ

2
k,L

2

)(
Q0(x, x) +

2σ2
b

σ2
w

)
,

This yields

E

[∣∣∣∣
∂Ly(x)

∂W l
11

∣∣∣∣
2
]
≤ 2

σ2
w

L∏

k=1

(
1 +

σ2
wλ

2
k,L

2

)(
1

2
Q0(x, x) +

σ2
b

σ2
w

)
q̄l(x, y) .

It is straightforward that
∏L
k=1

(
1 +

σ2
wλ

2
k,L

2

)
≤ exp

(
σ2
w

2

∑L
k=1 λ

2
k,L

)
. Let K ⊂ Rd, K ′ ⊂ R be two compact

subsets. Using the condition on the loss function `, we have that

E

[∣∣∣∣
∂Ly(x)

∂W l
11

∣∣∣∣
2
]
≤ C exp

(
σ2
w

2

L∑

k=1

λ2
k,L

)
,

where C = 2
σ2
w

(
sup(x,y)∈K×K′ q̄

l(x, y)
)(

supx∈K Q0(x, x) +
2σ2
b

σ2
w

)
. We conclude by taking the supremum over l

and x, y.

Let (x, y) ∈ (Rd \ {0})× R such that
∣∣∣∂`(z,y)

∂z

∣∣∣ 6= 0. We have that

E

[∣∣∣∣
∂Ly(x)

∂W l
11

∣∣∣∣
2
]
≥ 1

2

λ2
l,L

1 +
σ2
w

2 λ
2
l,L

L∏

k=2

(
1 +

σ2
wλ

2
k,L

2

)
Q1(x, x)q̄l(x, y)

≥ κ
(

1 +
σ2
wλ

2
min

2

)L
,

where κ = 1
2

λ2
min(

1+
σ2w
2 λ2

max

)(
1+

σ2w
2 λ2

min

)Q1(x, x) q̄l(x, y) > 0.

Using Lemma A5, we can derive simple recursive formulas for the second moment of the gradient as well as for
the Neural Tangent Kernel (NTK). This was previously done in [Schoenholz et al., 2017] for feedforward neural
networks, we prove a similar result for ResNet in the next lemma.

Lemma A6 (Gradient Second moment). In the limit of infinite width, using the same notation as in proposition
1, we have that

q̄l(x, y) =

(
1 +

σ2
wλ

2
l+1,L

2

)
q̄l+1(x, y) .
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Proof. It is straighforward that

∂Ly(x)

∂yil
=
∂Ly(x)

∂yil+1

+ λl+1,L

∑

j

∂Ly(x)

∂yjl+1

W ji
l+1φ

′(yil) .

Using lemma A5 and the Central Limit Theorem, we have that

q̄l(x, y) = q̄l+1(x, y) + λ2
l+1,Lq̄

l+1(x, y)σ2
wE[φ′(yil(x))2] .

We conclude using E[φ′(yli(x))2] = P(N (0, 1) > 0) = 1
2 .

Before moving to the next proofs, recall the definition of Stable ResNet.

Definition 1 (Stable ResNet). A ResNet of type (2) is called a Stable ResNet if and only if lim
L→∞

L∑
k=1

λ2
k,L <∞.

A1.3 Some general results: Ql and Cl are kernels

Fix a compact K ⊂ Rd. If σb = 0, then assume that 0 /∈ K. We will now show that, for all layers l, the covariance
function Ql is a kernel in the sense of Definition 2.
The symmetric property of Ql is clear by definition as the covariance of a Gaussian Process. Let us now discuss
the regularity of Ql as a function on K2.

The next result shows that any function F (φ) : γ 7→ E[φ(X)φ(Y ), (X,Y ) ∼ N (0,
( 1 γ
γ 1

)
)] is analytic on the

segment [−1, 1].

Lemma A7 (O’Donnell (2014)). Let F (φ)(γ) = E[φ(X)φ(Y ), (X,Y ) ∼ N (0,
( 1 γ
γ 1

)
)]. Then for all φ ∈

L2(N (0, 1)), there exists a non negative sequence {an}n∈N such that F (φ)(γ) =
∑
i∈N aiγ

i for all γ ∈ [−1, 1].

Leveraging the previous result, the function f defined in (4) is analytic. We clarify this in the next lemma.

Lemma A8 (Analytic property of f). The function f : [−1, 1]→ R, defined in (4), is an analytic function on
(−1, 1), whose expansion f(γ) =

∑
n∈N αn γ

n converges absolutely on [−1, 1]. Moreover, αn > 0 for all even
n ∈ N, α1 = −1/2 and αn = 0 for all odd n ≥ 3.

Proof. With the notations of Lemma A7, when φ is the ReLU activation function we have that F (φ) = 1/2f̂ ,
defined in (A2). Hence, by Lemma A7, we know that f̂ is analytic on (−1, 1) and its expansion around 0 converges
on [−1, 1]. In particular this will be true for f as well.
For γ ∈ [−1, 1], let us write f̂(γ) =

∑
n∈N anγ

n. Recalling the explicit form of f̂ , that is

f̂(γ) =
1

π
γ arcsin(γ) +

1

π

√
1− γ2 +

1

2
γ ,

we get a0 = 1
π . Moreover, we have that for all γ ∈ (−1, 1)

f̂ ′(γ) =
1

π
arcsin γ +

1

2
.

This yields a1 = f̂ ′(0) = 1
2 . Then, noticing that

f̂ (3)(γ) =
γ

π(1− γ2)3/2

is an odd function, we get that for all i ≥ 1, a2i+1 = 0. Now let us prove that for all k ≥ 1, there exist
bk,0, bk,1, ..., bk,k−1 > 0 such that, for all γ ∈ (−1, 1),

f̂ (2k)(γ) =
1

π

k−1∑

m=0

bk,mγ
2m(1− γ2)−k−m+1/2 .
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We prove this by induction. For k = 1, we have that

f̂ (2)(γ) =
1

π
(1− γ2)−1/2 ,

so that our claim holds. Assume now that it is true for some k ≥ 1, let us prove it for k + 1. It is easy to see that

bk+1,m =





2(2k − 1)bk,0 + 2bk,1 if m = 0;
2(4k2 − 1)bk,0 + 5(2k + 1)bk,1 + 12bk,2 if m = 1;
2(m+ 1)(2m+ 1)bk,m+1 + (4m+ 1)(2k + 2m− 1)bk,m

+ (2k + 2m− 3)(2k + 2m− 1)bk,m−1 if m ∈ {2, 3, ..., k − 1};
(4k − 3)(4k − 1)bk,k−1 if m = k.

(A3)

The induction is straightforward. In particular, we have shown that a2i = f̂(2i)(0)
(2i)! =

bi,0
(2i)! > 0.

The conclusion for the coefficients α’s of the expansion of f is then trivial.

Using Lemma A8, it will not be hard to show that Ql is continuous. The non-negativity of T (Ql) can be seen as
a consequence of the definition of Ql as the covariance of a Gaussian Process. However, we will give a direct
proof of it, so that we can state here a general result which we will need later on.
Lemma A9. Let C be a kernel on K, such that |C(z)| ≤ 1 for all z ∈ K. Consider a non-negative real sequence
{αn}n∈N, and assume that

g(γ) =

∞∑

k=0

αk γ
k

converges uniformly on [−1, 1]. Then, for all finite Borel measure µ on K, Tµ(g(C)) is a non-negative definite
compact operator, and in particular g(C) is a kernel.

Proof. Fix a finite Borel measure µ on K and notice that g(C) is continuous and symmetric (as uniform limit of
continuous and symmetric functions). Moreover, since the Taylor expansion of g around 0 converges uniformly on
[−1, 1], and since |C(z)| ≤ 1 for all z ∈ K, we have that Tµ(g(C)) =

∑
k∈N αk Tµ(Ck), the sum converging wrt

the operator norm on L2(K,µ).
As a consequence of the Schur product theorem14, the product of two kernels is still a kernel.
As a consequence, it is easy to prove by induction that Tµ(Ck) is non-negative definite for all k. Hence Tµ(g(C))
is the converging limit of a sum of compact non-negative definite operator. We conclude by Lemma A1.

Lemma A10. For both Standard and Stable ResNet architectures, for any layer l, the covariance function Ql
and the correlation function Cl are kernels on K, in the sense of Definition 2.

Proof. It is straightforward to prove that Q0 is a kernel. Now let us show that if Ql is a kernel for some l, then
Cl is a kernel. Since Ql is symmetric and so Cl is. Moreover, the diagonal elements of Ql are continuous by
Lemma A3 and do not vanish (since if σb = 0 we are assuming that 0 /∈ K). Hence Cl is continuous. It is then
trivial to show that the non-negative definiteness of T (Ql) implies that T (Cl) is non-negative definite, and so Cl
is a kernel if Ql is.
Now we proceed by induction. Suppose that Ql−1 and Cl−1 are kernels and recall the recursion (5), taking the
coefficient λ to be 1 in the case of a Standard ResNet. Notice that it can be rewritten as

Ql = Ql−1 + λ2
l

(
σb

2 + σw
2

2 f̂(Cl−1)Rl−1

)
,

where we have omitted the dependence on L for λ, we have defined Rl−1(x, x′) =
√
Ql−1(x, x)Ql−1(x′, x′) and f̂

is defined in (A2). Clearly Rl−1 is a kernel. By Lemma A8 and Lemma A9 we have that f̂(Cl) is a kernel. Using
the property that sums and products of kernels are kernels (the sum is trivial, cf Footnote 14 for the product), we
conclude that Ql, and so Cl, is a kernel on K.

14Given two matrices M1 and M2, define they’re Schur product as the matrix M = M1 ◦M2, whose elements are
M ij = M1

ijM2
ij . If M1 and M2 are non-negative definite, then M is non-negative definite.
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A1.4 Proof of Proposition 2

As always, consider an arbitrary compact set K ∈ Rd. Assume that 0 /∈ K if σb = 0. Recall from Appendix
A0 that with the notation HQ(K) we refer to the RKHS generated by a kernel Q on K. We will now prove
Proposition 2.
Proposition 2. HQl(K) ⊆ HQl+1

(K) for all l ∈ [0 : L− 1].

Proof. We have already shown that T (Ql)− T (Ql−1) is non-negative definite in the proof of Lemma A10. We
conclude by using the RKHS hierarchy result (see for instance [Paulsen and Raghupathi, 2016] or page 354 in
[Aronszajn, 1950]).

A1.5 Proof of Lemma 3

We present here the proof of Lemma 3. We have already recalled the Definition 4 of universal kernel in Appendix
A0. For convenience of the reader, we restate here the definition of expressive GP.
Let K be a compact in Rd.
Definition 5 (Expressive GP). A Gaussian Process on K is said to be expressive on L2(K) if, denoted by ψ a
random realisation, for all ϕ ∈ L2(K), for all ε > 0,

P(‖ψ − ϕ‖2 ≤ ε) > 0 .

Lemma 3. A universal kernel Q on K induces an expressive GP on L2(K).

Proof. First, notice that if Q is universal then T (Q) is strictly positive definite [Sriperumbudur et al., 2011] and
so all its eigenvalues are strictly positive.
Recall the spectral theorem for compact self-adjoint operators: there is a orthonormal basis of L2(K) made of
the eigenfunctions {ψn}n∈N of T (Q). Denoting by µn > 0 the eigenvalue of T (Q) relatively to ψn, since T (Q) is
compact we have the equality (Karhunen - Loève decomposition [Grenander, 1950])

ψ =
∞∑

k=0

Zk
√
µk ψk ∼ GP(0, Q) ,

where {Zk}k∈N is a family of iid normal random variables, and the series is convergent uniformly on K and in L2 for
the stochastic part [Paulsen and Raghupathi, 2016], that is limN→∞ supx∈K E[(ψ(x)−∑N

k=0 Zk
√
µk ψk(x))2] = 0

uniformly for x ∈ K. In particular, we get that limN→∞ E[‖ψ −∑N
k=0 Zk

√
µkψk‖22] = 0. As consequence, for all

ϕ ∈ L2(K), we have that ‖∑N
k=0 Zk

√
µk ψk − ϕ‖22 converges in squared mean to ‖ψ − ϕ‖22, for N →∞.

Now, let ϕ =
∑N
k=0 ak ψk for some finite N and some real coefficients {a0 . . . aN}. We have (with convergence in

squared mean)

‖ψ − ϕ‖22 =
N∑

k=0

(Zk
√
µk − ak)

2
+

∞∑

k=N+1

µk Z
2
k .

For k ∈ [0 : N ], we can define the interval Ik =

[
ak√
µk
− ε√

2(N+1)µk
, ak√

µk
+ ε√

2(N+1)µk

]
, so that, for all z ∈ Ik we

have (z
√
µk − ak)2 ≤ ε2

2(N+1) . Since all these intervals are non empty, we get

P

(
N∑

k=0

(Zk
√
µk − ak)

2 ≤ ε2

2

)
≥

N∏

k=0

P(Zk ∈ Ik) > 0 .

On the other hand, we have that

δN = E

[ ∞∑

k=N+1

µk Z
2
k

]
=

∞∑

k=N+1

µk .
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By Mercer’s theorem [Paulsen and Raghupathi, 2016], T (Q) is trace class and hence δN → 0 for diverging N . By
Markov’s inequality

P

( ∞∑

k=N+1

µkZ
2
k ≥

ε2

2

)
≤ 2δN

ε2

and we can conclude that P(‖ψ − ϕ‖2 ≤ ε) > 0 for N large enough.

For a general ϕ =
∑∞
k=0 akψk, let ϕN =

∑N
k=0 akψk. Since {ψk}k∈N is a basis of L2(K), for a fixed ε > 0, it is

always possible to find a N such that ‖ϕ− ϕN‖2 ≤ ε/2 and P(‖ϕN − ψ‖2 ≤ ε/2) > 0, and so we conclude.

A1.6 Proof of Proposition 3

In order to prove Proposition 3 we first need a preliminary result, which will be at the core of the proof of
Theorem 1 as well.
Proposition A1. Let K ⊂ Rd be compact. Assume σb > 0 and let f̃ : γ 7→ γ

2 + f(γ) be defined on [−1, 1]. Then
the kernel f̃(c0), defined point-wise as f̃(c0)(x, x′) = f̃(c0(x, x′)), is universal on K.

Proof. First notice that c0(x, x′) = 1+ζ x·x′√
(1+ζ ‖x‖2)(1+ζ ‖x′‖2)

, where ζ = σ2
w/σ

2
b . For n ∈ N, define pn : (x, x′) 7→

c0(x, x′)2n, with the convention that p0 ≡ 1. It is easy to verify that c0 is kernel. As a consequence, pn is a kernel
for all n, since it is a product of kernels.15 From Lemma A8, we can write

f̃(c0) =
∑

n∈N
αn pn ,

the sum converging uniformly on K2, with αn > 0 for all n ∈ N. By Lemma A9, f̃(c0) is a kernel.
Now, for each n, we have

pn(x, x′) =
1

(1 + ζ ‖x‖2)n(1 + ζ ‖x′‖2)n

2n∑

k=0

ωk,n (x · x′)k ,

where the coefficients ωk,n’s are all strictly positive, explicitly ωk,n = ζk
(
n
k

)
.

Expanding the inner product x · x′, we can express pn in the form

pn(x, x′) =
∑

J∈Jn
βJ,nAJ,n(x)AJ,n(x′) ,

where Jn = {(j1 . . . jd) ∈ Nd :
∑d
i=1 ji ∈ [0 : 2n]}, all the coefficients βJ,n’s are strictly positive and the AJ,n’s are

defined as

AJ,n(x) =
x1
j1 . . . xd

jd

(1 + ζ ‖x‖2)n
.

Hence we can write f̃(c0) as

f̃(c0)(x, x′) =
∑

n∈N

∑

J∈Jn
αnβJ,nAJ,n(x)AJ,n(x′) . (A4)

For any n, n′ ∈ N, J ∈ Jn, J ′ ∈ Jn′ , it is clear that AJ,nAJ′,n′ = AJ′′,n+n′ , where J ′′ is some element in Jn+n′ .
As a consequence, the linear span of the family {AJ,n}n∈N,J∈Jn is an algebra A (which is actually a subalgebra
of C(K) since all the AJ,n’s are continuous). Moreover A(0...0),0 ≡ 1, so that A contains a constant, and it is
straightforward to check that A separates points, that is for all distinct x, x′ ∈ K there exists a ∈ A such that
a(x) 6= a(x′). Then, from Stone-Weierstrass theorem [Lang, 2012], A is dense in C(K) wrt the uniform norm.
For all n ∈ N, J ∈ Jn, let θn,J =

√
αnβn,J . Define a bijection ι : N → {(n, J) : n ∈ N, J ∈ Jn} and let

Φn = θι(n)Aι(n). For all x ∈ K, we have that Φ(x) = {Φn(x)}n∈N ∈ `2, since pn(x, x) < ∞. We conclude that
Φ is a feature map for f̃(c0), and the density of the linear span of {Φn}n∈N allows to claim that the kernel is
universal on K, in the sense of Definition 4 (cf Theorem 7 in [Micchelli et al., 2006]).

15See footnote 14.
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Let K ⊂ Rd be an arbitrary compact set. We are now ready to prove Proposition 3.

Proposition 3. If σb > 0, then Q2 is universal on K. From Proposition 2, QL is universal for all L ≥ 2.

Proof. Assume σb > 0 and let K ⊂ Rd be a compact set. With the notation of Proposition A1, we have that

Q1 = Q0 + λ2
1,L

(
σ2
b +

σ2
w

2

(
1

2
+
f̃(C0)

C0

)
Q0

)
.

By proposition A1, we know that the kernel f̃(C0) given by f̃(C0)(x, x′) = f̃(C0(x, x′)) is universal on K. Let
us prove that f̃(C0)

C0
Q0 is universal. Let ε > 0 and ϕ ∈ C(K), the space of continuous functions on K. Define

ϕ
Q0

(x) = ϕ(x)
Q0(x,x) . By the universality of f̃(C0), there exists g ∈ Hf̃(C0)(K) such that

∥∥∥∥g −
ϕ√
Q0

∥∥∥∥
∞
≤ ε .

with g can be written as a finite linear combination of the functions {f̂(C0)(x, .)}x∈K . This yields

∥∥∥g
√
Q0 − ϕ

∥∥∥
∞
≤ εκ ,

where g
√
Q0(x) = g(x)

√
Q0(x, x) and κ = supx∈K

√
Q0(x, x). It is straightforward that g

√
Q0 ∈ H f̃(C0)

C0
Q0

(K),16

Therefore, f̃(C0)
C0

Q0 is universal. Since Q0 is non-negative, we have that Q1 is universal by an RKHS hierarchy
argument similar to Proposition 2. Using Proposition 2, we conclude that QL is universal on K.

A1.7 Proof of Proposition 4

Proposition 4. Assume σb = 0. Then for all L ≥ 2, QL is universal on Sd−1 for d ≥ 2.

Proof. See the proof of Proposition A7 in Appendix A8.

A1.8 Proof of Proposition 5

Proposition 5 is a well known classical result (see for instance Appendix H in [Yang and Salman, 2019] and the
references therein. For completeness we give a proof in Appendix A8.

Proposition 5 (Spectral decomposition on Sd−1). Let Q be a zonal kernel on Sd−1, that is Q(x, x′) = p(x · x′)
for a continuous function p : [−1, 1]→ R. Then, there is a sequence {µk ≥ 0}k∈N such that for all x, x′ ∈ Sd−1

Q(x, x′) =
∑

k≥0

µk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′) ,

where {Yk,j}k≥0,j∈[1:N(d,k)] are spherical harmonics of Sd−1 and N(d, k) is the number of harmonics of order k.
With respect to the standard spherical measure, the spherical harmonics form an orthonormal basis of L2(Sd−1)
and T (Q) is diagonal on this basis.

Proof. See the proof of Lemma A22 in Appendix A8.

16This is trivial for a function g that can be written as a finite sum of functions of the form αif̃(C0)(xi, .), and this
would be enough since these functions are dense in C(K) as shown in the proof of Proposition A1. More generally, given
two kernels Q and Q′, if h ∈ HQ and h′ ∈ HQ′ , then hh′ ∈ HQQ′ , cf Theorem 5.16 in [Paulsen and Raghupathi, 2016].



Soufiane Hayou*1, Eugenio Clerico*1, Bobby He*1, George Deligiannidis1

A1.9 Proof of Lemma 4

Lemma 4. Consider a standard ResNet of type (1) and let K ⊂ Rd \ {0} be a compact set. We have that

lim
L→∞

sup
x,x′∈K

|1− CL(x, x′)| = 0 .

Moreover, if σb = 0, then,
sup

x,x′∈K
|1− CL(x, x′)| = O(L−2) .

Therefore, HC∞(K) is the space of constant functions.

Proof. This result was proven in [Hayou et al., 2019a] in the case of no bias. It was also proven for a slightly
different ResNet architecture in [Yang and Schoenholz, 2017].
Consider a ResNet of type (1) and let K ⊂ Rd \ {0} be a compact set. We have that for all x, x′ ∈ K

QL(x, x′) = QL−1(x, x′) + σ2
b +

σ2
w

2
f̂(CL−1(x, x′))

√
QL−1(x, x)QL−1(x′, x′) .

Since f̂(x) ≥ x, CL is non-decreasing wrt L and converges to the unique fixed point of f̂ which is 1. This
convergence is uniform in x, x′, i.e. limL→∞ supx,x′∈K 1− CL(x, x′) = 0.
Re-writing the recursion yields

CL(x, x′) = δL
1

1 + α
CL−1(x, x′) + ζL + δL

α

1 + α
f̂(CL−1(x, x′)) ,

where α =
σ2
w

2 , δl =
(

1 +
σ2
b

(1+α)QL−1(x,x)

)−1/2 (
1 +

σ2
b

(1+α)QL−1(x,x)

)−1/2

and ζL = σ2
b (QL(x, x)QL(x′, x′))−1/2.

Using Lemma A3, and the boundedness of CL, a simple Taylor expansion yields

CL(x, x′) =
1

1 + α
CL−1(x, x′) +

α

1 + α
f̂(CL−1(x, x′)) + gL(x, x′)

= CL−1(x, x′) +
α

1 + α
f(CL−1(x, x′)) + gL(x, x′) ,

where the expansion is uniform on x, x′ ∈ K, and f(x) = f̂(x)− x, and gL = O(e−βL) for some β > 0.
The previous dynamical system can be decomposed in two parts, a first part without the term O(e−βL) which is
the homogeneous system, i.e. the system without bias, and the term O(e−βL) which is the contribution of the
bias in the dynamical system.
Assume σb = 0, then the term gL vanishes. Moreover, a Taylor expansion of f̂ near 1 yields

f(x) = s(1− x)3/2 +O((1− x)5/2) .

Therefore, uniformly in x, x′ ∈ K, we have that

CL(x, x′) = CL−1(x, x′) +
sα

1 + α
(1− CL−1(x, x′))3/2 +O((1− CL−1(x, x′))5/2) .

Letting γL = 1− CL, a simple Taylor expansion leads to

γ
−1/2
L = γ

−1/2
L−1 +

sα

2(1 + α)
+O(γL−1) .

Therefore, γL ∼ κL−2 where κ = 4(1+α)2

s2α2 . This equivalence is uniform in x, x′ ∈ K.

It is likely that the rate O(L−2) holds without assuming σb = 0. However, the analysis in this requires unnecessarily
complicated details.

A2 Stable ResNet with uniform scaling

In this section we detail the proofs for the uniform scaling of a Scaled ResNet, that is λl,L = 1/
√
L.

When not otherwise specified, K is a generic compact of Rd. We assume that 0 /∈ K if σb = 0.
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A2.1 Continuous formulation

We provide the results of existence, uniqueness and regularity of the solution of (8) in Lemma A11. Corollary A1
shows that the differential problem can be restated in the operator space. Eventually we give a proof of Lemma 5,
assuring uniform convergence to the continuous limit.

We recall that by continuous formulation we mean a rescaling of the layer index l, which becomes a continuous
index t, spanning the interval [0, 1], as the depth diverges, that is L→∞.
More precisely, for all L ≥ 1 and all l ∈ [0 : L], we can define t(l, L) = l/L.
Consider a sequence {ln, Ln}n∈N (where, for all n, Ln ≥ 1 and l ∈ [0 : Ln]), such that Ln diverges but ln/Ln
converges to a finite t = limn→∞ t(ln, Ln). We will show in this section (Lemma 5) that the kernels Qln|Ln
(covariance kernel of the layer ln in a net with Ln + 1 layers) converge uniformly to a kernel, qt, on K.
Moreover we can define a differential problem for the mapping t 7→ qt, with q ∈ [0, 1], that is

q̇t(x, x
′) = σb

2 + σw
2

2

(
1 + f(ct(x,x

′))
ct(x,x′)

)
qt(x, x

′) ,

q0(x, x′) = σ2
b + σ2

w
x·x′
d ,

ct(x, x
′) = qt(x,x

′)√
qt(x,x)qt(x′,x′)

.

(8)

Lemma A11 (Existence and uniqueness). For any x, x′ in K, the solution of (8) is unique and well defined for
all t ∈ [0, 1]. The maps (x, x′) 7→ qt(x, x

′) and (x, x′) 7→ ct(x, x
′) are Lipschitz continuous on K2 and ct takes

values in [−1, 1]. Moreover, both qt and ct are kernels in the sense of Definition 2.

Proof. First notice that from (8) we can find, with few algebraic manipulations, an explicit recurrence relation
for the correlation Cl, defined in (3). For any x, x′ ∈ K we have

Cl+1(x, x′) = Al+1(x, x′)Cl(x, x
′) +

σ2
w

2L

(
1 +

σ2
w

2L

)−1

Al+1(x, x′) f(cl(x, x
′)) + 1

L
σ2
b√

Ql(x,x)Ql(x′,x′)
;

Al(x, x
′) =

√(
1− 1

L
σ2
b

Ql(x,x)

)(
1− 1

L
σ2
b

Ql(x′,x′)

)
.

(A5)

We can find a Cauchy problem for the correlation directly from (8) or by noting that Al(x, x′) = 1 −
σ2
b

2L

(
1

Ql(x,x) + 1
Ql(x′,x′)

)
+ o(1/L), for L→∞. With both approaches, we have

ċt(x, x
′) = σb

2 (Gt(x, x′)−At(x, x′) ct(x, x′)) +
σ2
w

2
f(ct(x, x

′)) ,

c0(x, x′) =
σ2
b + σ2

w x · x′√
(σ2
b + σ2

w ‖x‖2)(σ2
b + σ2

w ‖x′‖2)
,

(A6)

where f is defined in (4) and

At(x, x′) =
1

2

(
1

qt(x, x)
+

1

qt(x′, x′)

)
; Gt(x, x′) =

√
1

qt(x, x) qt(x′, x′)
.

Note that for the diagonal terms qt(x, x), (8) reduces to q̇t = σb
2 + σw

2

2 qt, whose solution is

qt(x, x) = e
σw

2

2 t q0(x, x) +
2σb

2

σw2

(
e
σw

2

2 t − 1

)
= e

σw
2

2 t (σ2
b + σ2

w ‖x‖2) +
2σb

2

σw2

(
e
σw

2

2 t − 1

)
.

Now, fix z = (x, x′) ∈ K2 and let γ0 = c0(z) ∈ [−1, 1]. Consider f̄ : R→ R, an arbitrary Lipschitz extension of f
to the whole R and define H : [0,∞)× R→ R as

H(t, γ) = σ2
b (Gt(z)−At(z) γ) +

σ2
w

2
f̄(γ) .
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H is Lipschitz continuous in γ and C∞ in t, so there exists τ > 0 such that the Cauchy problem

γ̇(t) = H(t, γ(t)) ;

γ(0) = γ0

has a unique C1 solution defined for t ∈ [0, τ).
Noticing that

Gt(x, x′)−At(x, x′) = −1

2

(
1

qt(x, x)
− 1

qt(x′, x′)

)2

≤ 0 ,

we get that for all t1 such that γ(t1) = 1 we have γ̇(t1) ≤ 0, since f(1) = 0, and for all t−1 such that γ(t−1) = −1

we have γ̇(t−1) = σ2
b (Gt(x, x′) +At(x, x′)) +

σ2
w

2 > 0. As a consequence γ(t) ∈ [−1, 1] for all t ∈ [0, τ) and we can
take τ =∞.
In particular we get that (A6) has a unique solution t 7→ ct(z), defined for t ∈ [0, 1] and bounded in [−1, 1].
As a consequence, (8) has a unique and well defined solution for all t ≥ 0.

Now notice that z 7→ c0(z) is Lipschitz on K2. let us denote as L0 a Lipschitz constant for c0.
Since both Gt and At are C1, we can find real constants LG, LA and MA such that for all z, z′ elements of K2

|Gt(z)− Gt(z′)| ≤ LG ‖z − z′‖ ;

|At(z)−At(z′)| ≤ LA ‖z − z′‖ ;

|At(z)| ≤MA .

Let Lf be a Lipschitz constant for f . Using the fact that |ct| ≤ 1, we can write

|ċt(z)− ċt(z′)| ≤ L1 ‖z − z′‖+ L2 |ct(z)− ct(z′)| ,

where L1 = σ2
b (LG + LA) and L2 = σ2

bMA +
σ2
w

2 Lf .
Now fix z and z′ and consider ∆(t) = ct(z)− ct(z′). We have

|∆̇(t)| ≤ L1 ‖z − z′‖+ L2 |∆(t)| ;
|∆(0)| ≤ L0 ‖z − z′‖ .

So |∆(t)| ≤
(
L1

L2

(
eL2 t − 1

)
+ L0 e

L2 t
)
‖z − z′‖, meaning that ct (and so qt) is Lipschitz on L2.

Since the mapping (x, x′) 7→ qt(x, x
′) is continuous, it defines a compact integral operator T (qt) on L2(K) [Lang,

2012]. Since qt is real and symmetric under the swap of x and x′, the operator is self-adjoint. The same holds
true for ct.

The fact that T (qt) is a non-negative operator can be seen as a corollary of Lemma 5. Indeed all T (Ql|L) is
a non-negative definite operator, since it is induced by a kernel. Hence, for each t ∈ [0, 1] it is enough to find
a sequence {ln, Ln}n∈N (where Ln ≥ 1 is an integer and ln ∈ [0 : Ln]) such that Ln → ∞ and ln/Ln → t. By
Lemma 5, T (Qln|Ln)→ T (qt) in the L∞ norm, and hence in L2, as we are on a compact set. By Lemma A10, for
all n ∈ N we have that T (Qln|Ln) is non-negative definite. Since the subspace of non-negative definite operators
in L2 is closed wrt the L2 operator norm, we conclude.
Once we have established that T (qt) is non-negative definite, it follows immediately that T (ct) is non-negative as
well. Since these results hold for any arbitrary finite Borel measure µ on K, we can thus conclude by Lemma A1
that both qt and ct are kernels, in the sense of Definition 2.

Corollary A1. The maps t 7→ T (qt) and t 7→ T (ct), defined on [0, 1], are continuous and twice differentiable
with respect to the operator norm in L2(K). Moreover, d

dtT (qt) = T (q̇t), d
dtT (ct) = T (ċt), d2

dt2T (qt) = T (q̈t) and
d2

dt2T (ct) = T (c̈t).
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Proof. Consider the map (t, z) 7→ qt(z), defined on [0, 1]×K2, which is continuous wrt z and C2 wrt t, as it can
be easily checked. Since K2 and [0, 1] are compact sets, it follows that for any t

lim
s→t

sup
z∈K2

∣∣∣∣
qs(z)− qt(z)

s− t − q̇t(z)
∣∣∣∣ = sup

z∈K2

lim
s→t

∣∣∣∣
qs(z)− qt(z)

s− t − q̇t(z)
∣∣∣∣ = 0 .

Hence lims→t
qs−qt
t−s = q̇t uniformly on K2, and hence lims→t

T (qs)−T (qt)
t−s = T (q̇t) in the L2(K,µ) norm for

operators, since K is compact.
The proof for the second derivative works in the same way, using the fact that (t, z) 7→ qt(z) is continuous in z
and C1 in t.
As a consequence of the above results, t 7→ T (qt) is continuous and twice differentiable, with d

dtT (qt) = T (q̇t) and
d2

dt2T (qt) = T (q̈t).
The proof for T (ct) is analogous.

Lemma 5 (Convergence to the continuous limit). Let Ql|L be the covariance kernel of the layer l in a net of
L+ 1 layers [0 : L], and qt be the solution of (8), then

lim
L→∞

sup
l∈[0:L]

sup
(x,x′)∈K2

|Ql|L(x, x′)− qt=l/L(x, x′)| = 0 .

Proof. We will show that the relation holds for ct, and hence for qt.
Let H, defined on [0, 1]×K2, be such that ċt(z) = H(z, t, ct(z)). Explicitly, with the same notations as in (A6),
we have

H(z, t, γ) = σ2
b (Gt(z)−At(z) γ) +

σ2
w

2
f(γ) .

Define

τ(h) = sup
t,z

∣∣∣∣
ct+h(z)− ct(z)

h
−H(z, t, ct(z))

∣∣∣∣ .

Since t and z takes values on compact sets, by uniform continuity, fixed h we can write, for h→ 0

sup
t

sup
s∈[t,t+h]

|H(z, s, cs(z))−H(z, t, ct(z))| = o(h) .

Hence, since τ can be rewritten as τ(h) = 1
h supt,z

∣∣∣
∫ t+h
t

(H(z, s, cs(z))−H(z, t, ct(z)) ds
∣∣∣, it is clear that τ(h)→ 0

for h→ 0.
Now, for any integer L ≥ 1, let H̃L : K2 × [0 : L− 1]× [−1, 1] be given by

H̃L(z, l, γ) = (Al+1|L(x, x′)− 1)Lγ +
σ2
w

2

(
1 +

σ2
w

2L

)−1

Al+1|L(x, x′) f(cl(x, x
′)) +

σ2
b√

Ql|L(x,x)Ql|L(x′,x′)
,

where,

Al|L(x, x′) =

√(
1− 1

L
σ2
b

Ql|L(x,x)

)(
1− 1

L
σ2
b

Ql|L(x′,x′)

)
.

It is clear from (A5) that H̃L has been defined so that Cl+1|L(z)− Cl|L(z) = 1
LH̃L(z, l, γ), for all L ∈ [0 : L− 1]

and all z ∈ K2. Using the explicit form of the diagonal terms of Q and q, it can be easily shown that, for L→∞,

sup
(x,x′)∈K2

sup
l∈[0:L−1]

Al+1|L(x, x′) = 1 +
σ2
b

L At=l/L(x, x′) +O(1/L2) ;

sup
(x,x′)∈K2

sup
l∈[0:L]

σ2
b√

Ql|L(x,x)Ql|L(x′,x′)
= Gt=l/L(x, x′) +O(1/L2) ,

where At and Gt are defined as in (A6). As a consequence, we can find a constant M1 > 0 and an integer L? > 0
such that, for all γ ∈ [−1, 1], for all z ∈ K2, for all L ≥ L?

|H̃L(z, l, γ)−H(z, l/L, γ)| ≤ M1

L
. (A7)
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Moreover, there exists a constant M2 > 0 such that for all z ∈ K2, all t ∈ [0, 1] and all pairs (γ, γ′) ∈ [−1, 1]2

|H(z, t, γ)−H(z, t, γ′)| ≤M2‖γ − γ′‖ . (A8)

Thanks to the two above uniform inequalities, we will now show that, for L ≥ L?,

sup
l∈[0:L]

sup
z∈K2

|Cl|L(x, x′)− ct(l,L)(x, x
′)| ≤ τ̃(1/L)

eM2 − 1

M2
, (A9)

where τ̃ : h 7→ τ(h) +M1h.
To do so, fix L ≥ L? and define ∆l = supz∈K2 |Cl|L(x, x′) − ct(l,L)(x, x

′)|. Using the definition of τ , (A7) and
(A8) we get

|∆l+1| ≤
(
1 + M2

L

)
|∆l|+ 1

Lτ(1/L) + M1

L =
(
1 + M2

L

)
|∆l|+ 1

L τ̃(1/L) .

At this point, using the fact that ∆0 = 0, it is easy to show by induction that

∆l ≤ τ̃(1/L)

(
1 + M2

L

)l − 1

M2
,

and so (A9) follows.
Finally, the uniform convergence of C to c implies the one of Q to q and so we conclude.

A2.2 Universality of the covariance kernel

We will now prove the results of universality of Theorem 1 and Proposition 6.

Proof of Theorem 1

The idea is to prove that for any finite Borel measure µ on K, the operator Tµ(qt) is strictly positive definite if
t > 0, and then use the characterization of universal kernels given in Lemma A2.
To prove the strict positive definiteness, we will proceed in two steps. First we show in Proposition A2 that for
all non-zero ϕ ∈ L2(K,µ), 〈Tµ(qt)ϕ,ϕ〉 > 0 for t small enough. Then we use Proposition A3, which shows that
d
dtTµ(qt) is non-negative definite.

Proposition A2. Fix any finite Borel measure µ on K, and assume that σb > 0. Given any non-zero
ϕ ∈ L2(K,µ), there exists a tϕ ∈ (0, 1] such that 〈Tµ(qt)ϕ,ϕ〉 > 0, for all t ∈ (0, tϕ).

Proof. From Corollary A1, we can expand Tµ(qt) around t = 0 as

Tµ(qt) = Tµ(q0) + t Tµ(q̇0) + o(t) = t Tµ

(
σ2
b +

σ2
w

2
q0

)
+ Tµ((c0 + tf(c0))R0) + o(t) ,

the o(t) being wrt the operator norm, where we have defined the kernel R0 via R0(x, x′) =
σ2
w

2

√
(1 + ζ‖x‖2)(1 + ζ‖x′‖2).

Since Tµ(q0) is non-negative, for any ϕ ∈ L2(I), we have

〈Tµ(qt)ϕ,ϕ〉 ≥ 〈Tµ((c0 + tf(c0))R0)ϕ,ϕ〉+ o(t) =

(
1− t

2

)
〈Tµ(c0)ψ,ψ〉+ t 〈Tµ(f(c0)))ψ,ψ〉+ o(t) ,

where ψ(x) = σw
√

(1 + ζ‖x‖2)/2ϕ(x). We conclude by the strict positivity of f̃(c0) on L2(K,µ), thanks to
Proposition A1 and Lemma A2.

Proposition A3. For any finite Borel measure µ on K, for any t ∈ [0, 1], the operator Tµ(q̇t) on L2(K,µ) is
non-negative definite. In particular, for all ϕ ∈ L2(K,µ) we have

d
dt 〈Tµ(qt)ϕ,ϕ〉 ≥ 0 .
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Proof. Fix µ and ϕ ∈ L2(K,µ). From (8) we can write

Tµ(q̇t) = Tµ

(
σ2
b +

σ2
w

2
qt +

σ2
w

2

f(ct)

ct
qt

)
.

By Lemma A11, Tµ(qt) is non-negative definite, so we can write

〈Tµ(q̇t)ϕ,ϕ〉 = σ2
b |〈1, ϕ〉|2 +

σ2
w

2

〈
Tµ

(
ct + f(ct)

ct
qt

)
ϕ,ϕ

〉

≥ σ2
w

2

〈
Tµ

(
f̃(ct)

qt
ct

)
ϕ,ϕ

〉

=
σ2
b

2
〈Tµ(f̃(ct))ψ,ψ〉 ,

where f̃ : γ 7→ γ
2 + f(γ), for γ ∈ [−1, 1], and ψ(x) =

√
qt(x, x)ϕ(x). By Lemma A8, the Taylor expansion of f̃

around 0 converges uniformly on [−1, 1], and all its coefficients are non-negative. We conclude by Lemma A9 that
Tµ(q̇t) is non-negative definite.
Finally, to prove the inequality, it is enough to recall that d

dtTµ(qt) = Tµ(q̇t) by Corollary A1, the derivative d
dt

being wrt the operator norm on L2(K,µ).

Theorem 1 (Universality of qt). Let K ⊂ Rd be compact and assume σb > 0. For any t ∈ (0, 1], the solution qt
of (8) is a universal kernel on K.

Proof. By Lemma A2, it suffices to show that for any finite Borel measure µ on K, Tµ(qt) is strictly positive
definite for all t ∈ (0, 1]. Fix any nonzero ϕ ∈ L2(K,µ), define the map F on [0, 1] by F (t) = 〈Tµ(qt)ϕ,ϕ〉. For
any fixed t ∈ (0, 1], by Proposition A2 we can find s ∈ (0, t) such that F (s) > 0. Since F is non decreasing by
Proposition A3, we get that Ft > 0. Hence Tµ(qt) is strictly positive definite.

Proof of Proposition 6

The proof of Proposition 6 is quite similar to the one of Theorem 1.
Using Lemma A15 instead of Lemma A2, we will not need to consider a generic finite Borel measure µ on Sd−1,
but it will be enough to show that Tν(qt) is a striclty positive operator on L2(Sd−1, ν), where ν is the standard
unifrom spherical measure on Sd−1.
Since σb = 0, we will not be able to use Proposition A1. We will hence state some preliminary results.
Lemma A12. Let {An}n∈N be a family of compact non-negative operators on a separable Hilbert space H. Let
Rn be the range of An and assume that V = Span(

⋃
n∈NRn) is dense in H. Let {αn}n∈N be a strictly positive

sequence such that the sum

A =
∑

n∈N
αnAn

converges in the operator norm. Then A is a compact strictly positive definite operator.

Proof. A is the convergent limit of a sum of compact self-adjoint operators and hence it is compact and self-adjoint.
Now, fix an arbitrary nonzero h ∈ H. To show that A is strictly positive it is enough to prove that 〈Ah, h〉 > 0.
Denote by VN the linear span of

⋃
n∈[0:N ]Rn. Since VN ⊆ VN+1 for all N , and

⋃
N∈N VN = V is dense in H,

there exists a sequence {hN}N∈N converging to h and such that hN ∈ VN for all N .
Now let us show that there must exist n? ∈ N such that An? h 6= 0. Since limN→∞〈h, hN 〉 = 〈h, h〉 > 0, there
must be a N? such that 〈h, hN?〉 > 0 and so there exists n? ∈ [0 : N?] and hn? ∈ Vn? such that 〈h, hn?〉 6= 0. In
particular, h is not orthogonal to Rn? and cannot lie in the nullspace of An? , using the fact that An? is compact
and self-adjoint and so its range and its nullspace are orthogonal [Lang, 2012].
Using the spectral decomposition of non-negative compact operators, it is straightforward that An? h 6= 0 implies
that 〈An? h, h〉 > 0. Now, since An is non-negative and αn > 0 for all n, we have

〈Ah, h〉 =
∑

n∈N
αn〈An h, h〉 ≥ αn?〈An? h, h〉 > 0 ,

and so we conclude.
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Lemma A13. For all n ∈ N, consider the kernel pn on Sd−1, defined by pn(x, x′) = (x ·x′)n, and let Tν(pn) be the
induced integral operator on L2(Sd−1, ν). Denoting as Rn the range of Tν(pn), the subspace V = Span

(⋃
n∈NRn

)

is dense in L2(Sd−1, ν).
Moreover, letting V ′ = Span

(⋃
n∈NR2n

)
and V ′′ = Span

(⋃
n∈NR2n+1

)
, we have L2(Sd−1, ν) = V ′ ⊕ V ′′, the

overline denoting the closure in L2(Sd−1, ν).

Proof. To prove that V is dense, first notice that for each spherical harmonic Y , we can find an operator in the
form Tν(P (x · x′)), for a polynomial P , which has Y in its range. Since the range of such an operator is trivially
contained in V , it follows that V contains all the spherical harmonics, and so it is dense in L2(Sd−1, ν).
Now, note that for any even n and odd n′ we have

∫

Sd−1

(x · z)n(z · x′)n′dν(z) = 0 ,

by an elementary symmetry argument, since it is the integral on the sphere of a homogeneous polynomial of odd
degree n+ n′ in the components zi’s of z.
It follows that V ′ and V ′′ are orthogonal. Since their union V is dense, we conclude that L2(Sd−1, ν) = V ′⊕V ′′.

Corollary A2. With the notations of Lemma A13, assume that a sequence {αn∈N} is such that A =∑
n∈N αn Tν(pn) converges wrt the operator norm on L2(Sd−1, ν). Then A = A′ + A′′, where A′ : V ′ → V ′

and A′′ : V ′′ → V ′′. Such a decomposition is unique and

A′ =
∑

n∈N
α2n Tν(p2n) ; A′′ =

∑

n∈N
α2n+1 Tν(p2n+1) ,

both sums converging wrt the operator norm.

Proof. It is clear that A = A′ +A′′, when both A′ and A′′ are defind on the whole L2(Sd−1, ν).
Consider any ϕ ∈ L2(Sd−1, ν). We have A′ϕ ∈ V ′, since Tν(p2n)ϕ ∈ V ′ for all n. Analogously, we can show that
A′′ϕ ∈ V ′′. To conclude that we can consider the restrictions of A′ and A′′ to V ′ and V ′′ respectively, it is enough
to recall that for compact self adjoint operators the nullspace is the orthogonal of the closure of the range [Lang,
2012], so that the nullspace of A′ contains V ′′ and the nullspace of A′′ contains V ′.

Lemma A14. The function f : [−1, 1]→ R, defined in (4), is an analytic function on (−1, 1), whose expansion
f(γ) =

∑
n∈N αn γ

n converges absolutely on [−1, 1]. Moreover, αn > 0 for all even n ∈ N, α1 = −1/2 and αn = 0
for all odd n ≥ 3.
Let g : [−1, 1]→ R be defined as g(γ) = f(γ)f ′(γ). g is analytic on (−1, 1) and its expansion g(γ) =

∑
n∈N βn γ

n

converges absolutely on [−1, 1]. Moreover, for all odd n ∈ N the coefficient βn is strictly positive.

Proof. The claims for f have been already proven in Lemma A8. As for g, the analyticity of f implies the one of
f ′, and it is easy to check the convergence on [−1, 1]. Moreover, all the odd Taylor coefficients of f ′ are striclty
positive, as the even coefficients of f are. It follows that βn > 0 for all odd n.

Proposition A4. Given any non-zero ϕ ∈ L2(Sd−1, ν), there exists a tϕ ∈ (0, 1] such that 〈Tν(qt)ϕ,ϕ〉 > 0, for
all t ∈ (0, tϕ).

Proof. The case σb > 0 has been already established in Proposition A2, hence suppose that σb = 0.
First recall (A6)

ċt =
σ2
w

2
f(ct) . (A10)

Deriving once more we have

c̈t = g(ct) , (A11)
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where g = ff ′ as in Lemma A14.
Define the kernels pn’s, and the subspaces V ′ and V ′′ of L2(Sd−1, ν), as in Lemma A13. By (A10) and (A11) we
can write

ct = c0 + t ċ0 + t2

2 c̈0 + o(t2) = c0 + t f(c0) + t2

2 g(c0) + o(t2) .

Since σb = 0, we have that c0(x, x′) = x · x′, so that c0 = p1.
From Lemma A14, Tν(ċ0) =

∑
n∈N αn Tν(pn) and Tν(c̈0) =

∑
n∈N βn Tν(pn), both sums converging in the operator

norm. Moreover, αn > 0 for all even n and αn = 0 for all odd n ≥ 3, whilst βn > 0 for all odd n.
In particular, by Corollary A2 and Lemma A12, we deduce that the restriction of Tν(ċ0)|V ′ : V ′ → V ′ is well
defined and strictly positive, and the same holds true for the restriction Tν(c̈0)|V ′′ : V ′′ → V ′′.
Now fix a non-zero ϕ ∈ L2(Sd−1, ν). By Lemma A13, we can write ϕ = ϕ′ + ϕ′′, with ϕ′ ∈ V ′, ϕ′′ ∈ V ′′ uniquely
determined.
First, suppose that ϕ′ 6= 0. Using Corollary A1 and recalling that c0 = p1, we get

〈Tν(ct)ϕ,ϕ〉 = t〈Tν(ċ0)|V ′ ϕ′, ϕ′〉+ 〈(1 + t α1)Tν(p1)ϕ′′, ϕ′′〉+ o(t) > 0 ,

for t small enough.
On the other hand, for ϕ′ = 0, we have ϕ = ϕ′′ and so

〈Tν(ct)ϕ,ϕ〉 = 〈(1 + t α1)Tν(p1)ϕ′′, ϕ′′〉+ t2

2 〈Tν(c̈0)|V ′′ ϕ′′, ϕ′′〉+ o(t2) > 0

for t small enough.
So there is a tϕ such that, for t ∈ (0, tϕ), 〈Tν(ct)ϕ,ϕ〉 > 0. It follows immediately that the same property is true
for Tν(qt).

Lemma A15. Let Q be a kernel on Sd−1. Then Q is universal on Sd−1 if and only if Tν(Q) is strictly positive
definite on L2(Sd−1, ν).

Proof. If Q is universal, Tν(Q) is strictly positive definite by Lemma A2. On the other hand, if Tν(Q) is strictly
positive definite, by Proposition 5 its range contains all the spherical harmonics. Since the RKHS generated by Q
contains the range of Tν(Q) (Proposition 11.17 in [Paulsen and Raghupathi, 2016]), it contains the linear span of
the spherical harmonics, which is dense in C(Sd−1) [Kounchev, 2001]. Hence Q is universal.

Proposition 6 (Universality on Sd−1). For any t ∈ (0, 1], the covariance kernel qt, solution of (8) with σb = 0,
is universal on Sd−1, with d ≥ 2.

Proof. Proceeding as in the proof of Theorem 1, using Proposition A3 and Proposition A4 we can show that Tν(qt)
is strictly posititive definite on L2(Sd−1, ν) for all t ∈ (0, 1]. We conclude by Lemma A15 that qt is universal on
Sd−1.

A3 Stable ResNet with decreasing scaling

A3.1 Proof of Proposition 7

Proposition 7 (Uniform Convergence of the Kernel). Consider a Stable ResNet with a decreasing scaling, i.e.
the sequence {λl}l≥1 is such that

∑
l λ

2
l <∞. Then for all (σb, σw) ∈ R+ × (R+)∗, there exists a kernel Q∞ on

Rd such that for any compact set K ⊂ Rd,

sup
x,x′∈K

|QL(x, x′)−Q∞(x, x′)| = Θ
(∑

k≥L λ
2
k

)
.

Proof. Let x, x′ ∈ Rd. The kernel Ql is given recursively by the formula

Ql(x, x
′) = Ql−1(x, x′) + λ2

l σ
2
b +

σ2
wλ

2
l

2
f̂(Cl−1(x, x′))

√
Ql−1(x, x)

√
Ql−1(x′, x′) ,
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where f̂(t) = 2E[φ′(Z1)φ′(tZ1 +
√

1− t2Z2)] = t + f(t) and Z1, Z2 are iid standard Gaussian variables. In
particular, we have

Ql(x, x) = λ2
l σ

2
b + (1 +

σ2
wλ

2
l

2
)Ql−1(x, x) .

which brings

Ql(x, x) +
2σ2

b

σ2
w

= (1 +
σ2
wλ

2
l

2
)(Ql−1(x, x) +

2σ2
b

σ2
w

) ,

Therefore, we can assume without loss of generality that σb = 0. This yields

Cl(x, x
′) =

1

1 +
λlσ2

w

2

Cl−1(x, x′) +
σ2
wλ

2
l

2

1 +
λlσ2

w

2

f̂(Cl−1(x, x′)) .

Letting αl =
σ2
wλ

2
l

2 and Cl := Cl(x, x
′), we have that

Cl =
1

1 + αl
Cl−1 +

αl
1 + αl

f̂(Cl−1) .

Since f̂ is non decreasing, Cl is non-decreasing and has a limit C∞(x, x′) ≤ 1.

Now let us prove that the convergence of Cl to C∞ happens uniformly with a rate
∑
k≥l λ

2
l . Using the recursive

formula of Cl, and knowing that we have that

C∞ − Cl =
1

1 + αl
(C∞ − Cl−1) +

αl
1 + αl

(C∞ − f(Cl−1)) .

Letting δl = C∞ − Cl, it is easy to see that, uniformly in x, x′ ∈ Rd, we have that

δl = δl−1 + αl + o(αl) .

Therefore, using the fact that Cl ≤ C∞, we have

sup
(x,x′)∈Rd

|Cl(x, x′)− C∞(x, x′)| = O


∑

k≥l
αk


 .

Moreover, we know that

Ql(x, x) = Q0(x, x)

l∏

k=1

(1 + αk) ,

so that for any compact set K ⊂ Rd

sup
x∈K
|Ql(x, x)−Q∞(x, x)| ∼

∑

k≥l
αk .

Moreover, since C∞(x, x′) ≥ Cl(x, x′) and Q∞(x, x) ≥ Ql(x, x) for all x ∈ Rd, we can use the fact that

Q∞(x, x′)−Ql(x, x′) =
√
Q∞(x, x)Q∞(x′, x′)(C∞(x, x′)− Cl(x, x′))

+ Cl(x, x
′)(
√
Q∞(x, x)Q∞(x′, x′)−

√
Ql(x, x)Ql(x′, x′))

and hence conclude.

A3.2 Proof of Corollary 1

Corollary 1. The following statements hold
• Let K be a compact set of Rd and assume σb > 0. Then, Q∞ is universal on K.
• Assume σb = 0. Then Q∞ is universal on Sd−1.

Proof. Corollary 1 is a direct result of Propositions 3, 4 and 2. Indeed, for any compact K ⊂ Rd, HQL(K) ⊂
HQ∞(K) for all L ≥ 0. Therefore, the universality of QL for some finite L is sufficient to conclude that Q∞ is
universal.
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A4 Neural Tangent Kernel

Throughout this section, we will consider ResNets with NTK parameterization [Jacot et al., 2018]. This simply
means that all the components of the biases and the weights will be initialized as iid standard normal random
variables. In order to compensate this change of parameterization, the propagation through the network needs to
be slightly modified. Hence (2) will be replaced by

y0(x) = σw√
d
W0 x+ σbB0 ;

yl(x) = yl−1(x) + λl,L
σw√
Nl−1

Wl + σbBl .
(A12)

However, it is strightforward to verify that the recurrence (5) for the covariance kernels keeps unchanged.
Clearly, the dynamics of a standard ResNet with NTK parameterization can be recovered from (A12) by setting
λl+1,L = 1 for all l, L.

The Neural Tangent Kernel, introduced by [Jacot et al., 2018], is defined as

Θ̃ij
L (x, x′) = ∇par y

i
L(x) · ∇par y

j
L(x′) ,

where ∇par denotes the gradient wrt the parameters of the network.
The NTK of a Stable ResNet can be evaluated recursively. We will now prove the recurrence formula (9). The
following result was proven in Lemma 3 in [Hayou et al., 2019b] for the case of a standard ResNet without bias.
We extend it to ResNet with bias.
Lemma A16 (Recurrence relatino for the NTK). For a Stable ResNet, the NTK can be evaluated recursively,
layer by layer, as

Θ0 = Q0 ; Θl+1 = Θl + λ2
l+1,L (Ψl + Ψ′l Θl) , (9)

where Ψl(x, x
′) = σ2

b + σ2
wE[φ(yl1(x))φ(yl1(x′))] and Ψ′l(x, x

′) = σ2
wE[φ′(yl1(x))φ′(yl1(x′))].

Proof. The first result is the same as in the FFNN case [Jacot et al., 2018], since we assume there is no residual
connections between the first layer and the input. Let x, x′ ∈ Rd. We have

Θ0(x, x′) =

d∑

j=0

∂y1
0(x)

∂w1j
0

∂y1
0(x)

∂w1j
0

+
∂y1

0(x)

∂b10

∂y1
0(x)

∂b10
=
σ2
w

d
x · x′ + σ2

b .

We prove the second result by induction. The proof is similar to the one of ResNet in [Hayou et al., 2019b]. Let
θk = (Wk, Bk). For l ≥ 1 and i ∈ [1 : Nl+1]

∂θ0:ly
i
l+1(x) = ∂θ0:ly

i
l(x) + λl+1,L

σw√
Nl

Nl∑

j=1

W ij
l+1φ

′(yjl (x))∂θ1:ly
j
l (x) .

Therefore, we obtain

(∂θ0:ly
i
l+1(x))(∂θ0:ly

i
l+1(x′))t = (∂θ0:ly

i
l(x))(∂θ0:ly

i
l(x
′))t

+ λ2
l+1,L

σ2
w

Nl

Nl∑

j,j′

W ij
l+1W

ij′

l+1φ
′(yjl (x))φ′(yj

′

l (x′))∂θ0:ly
j
l (x)(∂θ0:ly

j′

l (x′))t + I ,

where

I = λl+1,L
σw√
Nl

Nl∑

j=1

W ij
l+1(φ′(yjl (x))∂θ0:ly

i
l(x)(∂θ0:ly

j
l (x
′))t + φ′(yjl (x

′))∂θ0:ly
j
l (x)(∂θ0:ly

i
l(x
′))t) .

We prove the result by induction. Assume the result is true for layers 1, 2, ..., l and let us prove it for l + 1. Using
the induction hypothesis, as N1, N2, ..., Nl−1 →∞ recursively, we have that

(∂θ0:ly
i
l+1(x))(∂θ0:ly

i
l+1(x′))t + λ2

l+1,L

σ2
w

Nl

Nl∑

j,j′

W ij
l+1W

ij′

l+1φ
′(yjl (x))φ′(yj

′

l (x′))∂θ0:ly
j
l (x)(∂θ0:ly

j′

l (x′))t + I

→ Θl(x, x
′) + λ2

l+1,L

σ2
w

Nl

Nl∑

j

(W ij
l+1)2φ′(yjl (x))φ′(yjl (x

′))Θl(x, x
′) + I ′ ,
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where I ′ =
σ2
w

Nl
W ii
l+1(φ′(yil(x)) + φ′(yil(x

′))) Θl(x, x
′).

As Nl →∞, we have that I ′ → 0. Using the law of large numbers, as Nl →∞

σ2
w

Nl

Nl∑

j

(W ij
l+1)2φ′(yjl (x))φ′(yjl (x

′))Θl(x, x
′)→ Ψ′lΘl(x, x

′).

Moreover, we have that

(∂Wl+1
yil+1(x))(∂Wl+1

yil+1(x′))t + (∂Bl+1
yil+1(x))(∂Bl+1

yil+1(x′))t

=
σ2
w

Nl

∑

j

φ(yjl (x))φ(yjl (x
′)) + σ2

b →
Nl→∞

σ2
wE[φ(y1

l (x))φ(y1
l (x′))] + σ2

b = Ψl ,

and so we conclude.

As a corollary of the above result, using the results in [Daniely et al., 2016] for the ReLU activation function, we
can express the recursion more explicitly. We have

Ψl = σ2
b +

σ2
w

2

(
1 + f(Cl)

Cl

)
Ql ; Ψ′l =

σ2
w

2 (1 + f ′(Cl)) ,

where f is defined in (4) and f ′ : γ 7→ − 1
π arccos γ is the first derivative of f . So we can write

Θl+1 = Θl + λ2
l+1,L

(
σ2
b +

σ2
w

2

(
1 + f(Cl)

Cl

)
Ql +

σ2
w

2 (1 + f ′(Cl)) Θl

)
. (A13)

We can now easily check that the NTK is a kernel in the sense of Definition 2.
Lemma A17 (Θl is a kernel). For all layer l, ΘL is a kernel in the sense of definition (2).

Proof. It’s clear that Θ0 = Q0 is a kernel. Now fix any layer l. We have already proved in Lemma A10 that(
1 + f(Cl)

Cl

)
Ql is a kernel. With a similar argument, noting that 1 + f ′ can be expressed as a power series with

only non negative coefficients on [−1, 1], we conclude by Lemma A9 that 1 + f ′(Cl) is a kernel. Using the usual
argument that sums and product of kernels are kernels, we conclude by induction that Θl is a kernel.

As a final remark, note that from (A1), we have that λ2
l,LΨl = Ql+1 −Ql. Hence we can rewrite (A13) as

Θl+1 −Θl = Ql+1 −Ql + λ2
l+1,L

σ2
w

2 (1 + f ′(Cl)) Θl . (A14)

Since 1 + f ′ is non negative on [−1, 1], it is easy to show by induction that Θl ≥ Ql, point-wise, for all l. This is
done explicitly in the next Lemma, which is a Corollary of Lemma 1 and show the divergence of the NTK for a
Standard ResNet.
Lemma A18 (Exploding NTK). Consider a ResNet of form (1). For all x ∈ Rd,

ΘL(x, x) ≥
(

1 +
σ2
w

2

)L (
Q0(x, x) +

2σ2
b

σ2
w

)
. (A15)

Proof. By Lemma 1, it suffices to show that ΘL(x, x) ≥ QL(x, x).
Recall (A13), noticing that 1 + f ′ ≥ 0 on [−1, 1],

(
1 + f(Cl)

Cl

)
Ql ≥ 0 and that Θ0 = Q0 ≥ 0, by an easy induction

we have that Θl ≥ 0 for all l. As a consequence, from (A14), we get that Θl+1 − Θl ≥ Ql+1 − Ql. Hence,
again with a straightforward induction we have that Θl ≥ Ql for all l and the the whole K2. In particular
ΘL(x, x) ≥ QL(x, x) for all x ∈ K.

Lemma A19 (Normalized NTK recursion). Consider a ResNet of type (1) without bias, and let α =
σ2
w

2 . The
NTK recursion formula can be written in terms of normalized NTK κl(x, x′) = Θl(x, x

′)/(1 + α)l−1

κl(x, x
′) =

(
1 + αf̂ ′(Cl−1(x, x′))

1 + α

)
κl−1(x, x′) + αf̂(Cl−1(x, x′))

√
Q0(x, x)Q0(x′, x′) ,

where f̂ is given by (A2), f̂(t) = 1
π (t arcsin t+

√
1− t2) + 1

2 t.
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Proof. Let x, x′ ∈ Rd. For a ResNet of type (1), we have that

Θl = Θl−1 +
(
Ψl−1 + Ψ′l−1 Θl−1

)
,

where Ψl−1 = αQl−1(x, x′) and Ψ′l−1 = αf̂ ′(Cl−1). Using the recursive formula for the diagonal elements, we have
that Ψl−1 = α(1+α)l−1f̂(Cl−1(x, x′))

√
Q0(x, x)Q0(x′, x′). We conclude by dividing both sides by (1+α)l−1.

A4.1 Proof of Proposition 8

Proposition 8. Fix a compact K ⊂ Rd (0 /∈ K if σb = 0) and consider a Stable ResNet with decreasing scaling.
Then ΘL converges uniformly over K2 to a kernel Θ∞. Moreover Θ∞ is universal on K if σb > 0. If K = Sd−1,
then the universality holds for σb = 0.

Proof. Let K ⊂ Rd (0 /∈ K if σb = 0) be a compact. From (A13), with a decreasing scaling, we have that

Θl = Θl−1 + λ2
l (Ψl−1 + Ψ′l Θl−1)

=

(
1 + λ2

l

σ2
w

2
f ′(Cl−1)

)
Θl−1 + λ2

lΨl−1 .

Therefore, the NTK can be expressed exclusively in terms of the covariance kernels (Qk)k∈[0:l−1], more precisely
we have that

Θl =

l∏

k=1

(
1 + λ2

k

σ2
w

2
f ′(Ck−1)

)
Q0 +

l∑

k=1

λ2
l

l∏

j=k

(
1 + λ2

j

σ2
w

2
f ′(Cj−1)

)
Ψk−1 .

It is straightforward that Θl converges pointwise to a limiting kernel Θ∞. Let us prove that the convergence is
uniform over K. By observing that |f ′| ≤ 1, we have that for all x, x′ ∈ K

|Θ∞(x, x′)−Θl(x, x
′)| ≤

l∏

k=1

(
1 + λ2

k

σ2
w

2

) ∣∣∣∣∣
∞∏

k=l+1

(
1 + λ2

k

σ2
w

2

)
− 1

∣∣∣∣∣Q0(x, x′)

+

∞∑

k=l+1

λ2
k

l∏

j=k

(
1 + λ2

j

σ2
w

2

)
Ψk−1(x, x′)

≤ κ
∞∑

k=l+1

λ2
k .

where κ is a constant that depends on the compact K. This proves the uniform convergence with a rate of
O
(∑∞

k=l+1 λ
2
k

)
. As a consequence, being a uniform limit of kernels, Θ∞ is a kernel.

Proceeding as in the proof of Lemma A17, it’s easy to prove by induction that for all l, Θl −Ql is a kernel. In
particular,

T (Θl) � T (Ql) ,

where � is in the operator sense, that is T (Θl)− T (Ql) is non-negative definite. This yields

T (Θ∞) � T (Q∞) .

Therefore Θ∞ inherits the universality of Q∞ naturally by the RKHS hierarchy [Paulsen and Raghupathi, 2016].
We conclude that Θ∞ is universal (for both cases).

For the rest of this section, let K ⊂ Rd by a compact set. If σb = 0, assume that 0 /∈ K.

With the uniform scaling, for arbitrary x, x′ ∈ K, the continuous version of (9) reads

θ̇t(x, x
′) = q̇t(x, x

′) +
σ2
w

2 (1 + f ′(ct(x, x
′))) θt(x, x

′) ;

θ0 = q0 ,
(A16)

where f ′ : γ 7→ − 1
π arccos γ is the first derivative of f , defined in (4).
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Lemma A20. For any x, x′ in K, the solution t 7→ Θt of (A16) is unique and well defined for all t ∈ [0, 1].
Moreover, the map (x, x′) 7→ Θt(x, x

′) is a kernel in the sense of Definition 2 for all t ∈ [0, 1].
We have the L2(K) convergence of the discrete model to the continuous one:

lim
L→∞

sup
l∈[0:L]

∥∥T (Θl|L)− T (θt=l/L)
∥∥

2
= 0 .

Proof. The existence and the uniqueness are clear, since it is a homogeneous first order Cauchy problem, with
continuous coefficients. We can write explicitly the solution as

θt = eGt
(
q0 +

∫ t

0

q̇s e
−Gs ds

)
, (A17)

where Gt(z) =
σ2
w

2

∫ t
0
(1 + f ′(cs(z))) ds for z ∈ K2. It becomes then clear that z 7→ Θt(z) is a continuous and

symmetric function on K2.
it is easy to check that the uniform convergence of C and Q to c and q implies that for all z ∈ K,
limL→∞ supl∈[0:L] |Θl|L(z)− θl/L(z)| = 0. As consequence, by dominated convergence,

lim
L→∞

sup
l∈[0:L]

∥∥T (Θl|L)− T (θt=l/L)
∥∥

2
= 0 .

Hence, T (θt) is the limit of a sequence of non-negative definite operators and hence it is non-negative definite, so
that θt is a kernel on K for all t ∈ [0, 1].

Proposition 9. Let K ⊂ Rd and fix t ∈ (0, 1]. If σb > 0, then θt is universal on K. The same holds true if
σb = 0 and K = Sd−1.

Proof. Fix t ∈ (0, 1]. The solution of (A16) can be written as θt = qt + rt, where

rt =
σ2
w

2

∫ t

0

(1 + f ′(cs)) θs ds .

Now, let us show that rt. First, by Lemma A14 it is easy to check that 1 + f ′ is analytic on (−1, 1) and its Taylor
expansion around 0 converges on [−1, 1]. Moreover all the Taylor coefficients are non negative. Hence, Lemma A9
shows that (1 + f ′(cs)) is a kernel for all s ∈ [0, s). It follows that (1 + f ′(cs)) θs is a kernel.17 Now, (1 + f ′(cs) θs
is continuous and symmetric on Z2, and it is easy to check from (A17) that it is uniformly bounded for s ∈ [0, t).
It follows that rt is continuous and symmetric. Now, fix an arbitrary finite Borel measure µ on K. We have to
show that Tµ(rt) is non-negative definite, so that we can conclude by Lemma A1. Fixed ϕ ∈ L2(K,µ), by simple
standard arguments we have

〈Tµ(rt)ϕ,ϕ〉 =

∫ t

0

〈Tµ((1 + f ′(cs)) θs)ϕ,ϕ〉ds ≥ 0

and so rt is a kernel.
Now, given two kernels Q and R, it is a classical result that Q+R is a kernel and its RKHS contains the RKHS
of Q and R, [Paulsen and Raghupathi, 2016]. We conclude that the RKHS of θt contains the RKHS of qt. Since
qt is universal, θt is universal.

A5 A PAC-Bayes Generalization result

In this section, we study the PAC-Bayes upper bound of a GP with kernel QL. We consider a dataset S with N
iid training examples {(xi, yi) ∈ X × Y, i ∈ [1 : N ]}, and a hypothesis space H from which we want to learn an
optimal hypothesis according to some bounded loss function ` : Y × Y → [0, 1]. The empirical loss of a hypothesis
h ∈ H is given by

rS(h) =
1

N

N∑

i=1

`(h(xi), yi) .

17See footnote 14.
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Assuming that the samples are distributed as (x, y) ∼ ν where ν is a probability distribution on X × Y , we define
the generalization (true) loss by

r(h) = Eν [`(f(x), y)] .

For some randomized learning algorithm A, the empirical and generalization loss are given by

rS(A) = Eh∼A[rs(h)] ; r(A) = Eh∼A[r(h)] .

The PAC-Bayes theorem gives a probabilistic upper bound on the generalization loss r(A) of a randomized
learning algorithm A in terms of the empirical loss rS(A). Fix a prior distribution P on the hypothesis set H.
The Kullback-Leibler divergence between A and P is defined as KL(A‖P) =

∫
log A(h)

P (h)A(h)dh ∈ [0,∞]. The
Bernoulli KL-divergence is given by kl(a||p) = a log a

p + (1 − a) log 1−a
1−p for a, p ∈ [0, 1]. We define the inverse

Bernoulli KL-divergence kl−1 by

kl−1(a, ε) = sup{p ∈ [0, 1] : kl(a, p) ≤ ε} .

Theorem 2 (PAC-Bayesian theorem). For any loss function ` that is [0, 1] valued, for any distribution ν, for
any N ∈ N, for any prior P , and any δ ∈ (0, 1], with probability at least 1− δ over the sample S, we have

∀A, r(A) ≤ kl−1

(
rS(A),

KL(A‖P ) + log 2
√
N
δ

N

)
.

The PAC-Bayesian theorem gives can also be stated as

kl(rS(A), r(A)) ≤ KL(A‖P ) + log 2
√
N
δ

N
.

The KL-divergence term KL(A‖P ) plays a major role as it controls the generalization gap, i.e. the difference
(in terms of Bernoulli KL-divergence) between the empirical loss and the generalization loss. In our setting, we
consider an ordinary GP regression with prior P (f) = GP(f |0, Q(x, x′)). Under the standard assumption that
the outputs yN = (yi)i∈[1:N ] are noisy versions of fN = (f(xi))i∈[1:N ] with yN |fN ∼ N (yN |fN , σ2I), the Bayesian
posterior A is also a GP and is given by

A(f) = GP(f |QN (x)(QNN + σ2I)−1yN , Q(x, x′)−QN (x)(QNN + σ2I)−1)QN (x′)T ) , (A18)

where QN (x) = (Q(x, xi))i∈[1:N ] and QNN = (Q(xi, xj))1≤i,j≤N . In this setting, we have the following result

Proposition 10 (Stability of PAC-Bayes bound). Let QL be the kernel of a ResNet. Let PL be a GP with kernel
QL and AL be the corresponding Bayesian posterior for some fixed noise level σ > 0. Then, in a fixed setting
(fixed sample size N), the following results hold:

1. With a standard ResNet, we have
KL(AL‖PL) & L .

2. With a Stable ResNet, we have
KL(AL‖PL) = OL(1) .

Proof. The proof relies on the simple observation that PL(f |fN ) = AL(f |fN ). This yields

KL(AL‖PL) = KL(AL(fN )AL(f |fN )‖PL(fN )PL(f |fN ))

= KL(AL(fN )‖PL(fN ))

=
1

2
log(det(QL,NN + σ2I))− N

2
log(σ2)− 1

2
Tr(QL,NN (QL,NN + σ2I)−1)

+
1

2
yTN (QL,NN + σ2I)−1QL,NN (QL,NN + σ2I)−1yN ,

(A19)

where QL,NN = (QL(xi, xj))1≤i,j≤N .
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Since QL,NN is symmetric and strictly positive definite, it is straightforward that the largest eigenvalue of
QL,NN (QL,NN + σ2I)−1) is smaller than 1. This yields

Tr(QL,NN (QL,NN + σ2I)−1) ≤ N

and
yTN (QL,NN + σ2I)−1QL,NN (QL,NN + σ2I)−1yN ≤ σ−2‖yN‖2 .

Both quantities are bounded independently from L and the scaling factors (λk,L)k∈[2:L].
Now let us analyse the first term 1

2 log(det(QL,NN + σ2I)). Let µL,0 ≥ µL,1 ≥ · · · ≥ µL,N be the eigenvalues of
QL,NN . For a simplification purpose, we assume the inputs belong to the unit sphere Sd−1. The proof extends to
any compact set.
Let us study the behaviour of the first term for both cases.

Case 1. Assume we have a standard ResNet architecture. On the unit sphere Sd−1, we have that QL(x, x′) ≥
qLCL(x, x′), where qL = (1 + σ2

2 )Lδ with δ = (σ2
b +

σ2
w

d )/(1 +
σ2
w

2 ). Using Lemma 4, we know that limL→∞ µ̂L,0 =
µ̂∞,0 ∈ (0,∞) and for all k ≥ 1, limL→∞ µ̂L,k = 0. This yields

log(det(QL,NN + σ2I)) ≥
N∑

k=1

log(qLµ̂L,k + σ2)

≥ log(qLµ̂L,0 + σ2) + (N − 1) log(σ2)

& L log(1 +
σ2
w

2
) ,

where the last inequality holds for sufficiently large L.

Case 2. In the case of Stable ResNet, we know that as L → ∞, the kernel QL converges to a strictly positive
definite kernel Q∞, therefore the first term log(det(QL,NN + σ2I)) remains bounded as L→∞, which concludes
the proof.

A6 NNGP correlation kernel without bias as a modified NNGP kernel

Unscaled ResNets suffer from the exploding variance problem, which needs to be avoided in order to isolate the
disadvantages of inexpressivity in their NNGP kernel. In order to do so, we use the NNGP correlation kernel C
instead of NNGP covariance kernel Q, noting that Lemma A4 provides a simple recursion formula for C if σb = 0,
at depth l ≤ L:

Cl(x, x
′) =

1

1 + αl.L
Cl−1(x, x′) +

αl,L
1 + αl,L

f̂(Cl−1(x, x′)) , (A20)

where αl,L =
λ2
l,Lσ

2
w

2 and f̂ defined in (A2). In order to combine this with open-source packages [Novak et al.,
2020, Bradbury et al., 2018] designed for NNGP calculation, we note that (A20) can be viewed as the NNGP
kernel of the following modified ResNet layer, using the same notation as in (2):

yl(x) =
√

1− α̂l,Lyl−1(x) +
√
α̂l,L F((Wl, Bl), yl−1) , l ∈ [1 : L] , (A21)

with α̂l,L =
αl,L

1+αl,L

A7 Experimental details and additional results

A7.1 NNGP results

For our Vanilla ResNet NNGP results, we preprocess all training, validation and test data by first centering the
training set and then normalizing all images to lie on the pixel dimension sphere. For our Wide ResNet NNGP
results we normalise all data so that the training set is centered and has channel-wise unit variance. We use
Kaiming [He et al., 2015] initialisation throughout, with σ2

w = 2 and σ2
b = 0. Vanilla ResNets have the same
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structure as type (2) in Table 2 and we use the same WRN kernel architecture as [Lee et al., 2019] in Table 1 but
omit the final average pooling step, which is known to improve kernel performance but dramatically increase
computational costs [Novak et al., 2019, Lee et al., 2020]. Throughout this work, where there are residual blocks
with multiple layers, we calculate our scaling factors for uniform and decreasing scaled Stable ResNets by the
number of residual connections. For example, a WRN-202 has only 99 residual connections, so we set λ−1

l,L =
√

99

for the uniform scaling factors. We tune the noise variance σ2, which is akin to the regularisation parameter in
kernel ridge regression. To do so, we compute validation accuracy on a validation set of size 5000, selecting the
best σ2 = λ× Trace(QNN )/N from a logarithmic scale of λ = [0.001, 0.01, 0.1], where N is the training set size
and QNN is the N ×N training set Gram matrix for NNGP Q.

A7.2 Trained ResNet results

For all our trained ResNet experiments we use a similar setup to the open-source code for [Wang et al., 2020] in
PyTorch [Paszke et al., 2019]. We repeat each experiment 3 times and report the best test accuracy and error
intervals. All ResNets are initialised with Kaiming initialisation [He et al., 2015] and like [Wang et al., 2020] we
adopt ResNets architectures where we double the number of filters in each convolutional layer. For experiments
with BatchNorm, on CIFAR-10/100 we use batch size 64 across all depths and on TinyImageNet we used batch
size 128 for depths 32 & 50, and batch size 100 for depth 104 in order to allow the model to fit onto a single
11GB VRAM GPU. We use SGD with momentum parameter 0.9 and weight decay parameter 10−4 throughout.

We also present results for ResNets trained without BatchNorm [Ioffe and Szegedy, 2015]. BatchNorm is a
normalization layer commonly used with modern ResNets that is known to improve performance and allows deeper
ResNets to be trained, though the precise reasons for this are not well understood. Several recent works [De
and Smith, 2020, Zhang et al., 2019] have studied the possibility of removing the need for BatchNorm layers, by
introducing trainable uniform scalings to the residual connection to stabilise variance at initialisation & gradients,
demonstrating promising results. Note, our work additionally introduces decreasing scaling and also uses the
infinite-width NNGP/NTK connection to assess the theoretical advantages of scaled Stable ResNets in the limit
of infinite depth.

Moreover, our focus is not towards the possibility of removing BatchNorm and we show in Table 3 that our
scalings can improve BatchNorm ResNets. However, we also present results without BatchNorm in Table 4, where
again we see that our scaled stable ResNets improve performance compared to their unscaled counterparts: for
example both Decreasing and Uniform scaling outperform the unscaled ResNet by over 3% test accuracy on
CIFAR-100 with ResNet-104.

For ResNets trained without BatchNorm, for a fair comparison we tuned the initial learning rate on a small
logarithmic scale, using batch size 128.

Table 4: Test accurracies (%) of trained deep ResNets without BatchNorm of various scalings and depths on CIFAR-10
(C-10), CIFAR-100 (C-100).

Dataset Depth Scaled (D) Scaled (U) Unscaled

C-10 32 92.64±0.19 92.78±0.18 92.11±0.17

50 92.33±0.05 92.72±0.12 92.10±0.17

104 92.81±0.09 93.28±0.17 92.70±0.08

C-100 ResNet32 67.73±0.42 67.06±0.38 65.37±0.32

ResNet50 69.38±0.20 68.76±0.18 66.02±0.41

ResNet104 70.60±0.52 70.95±0.13 67.41±0.41

A8 Some results on the Sphere Sd−1

On the sphere Sd−1, the kernel Q2 is analytic as a result of lemma A8. Moreover, the coefficient of the analytic
decomposition are all positive.
Lemma A21 (Analytic decomposition of 2 layer ReLU ResNet). For all (x, x′) ∈ Sd−1, Q2(x, x′) = g(x · x′)
where g(z) =

∑
i≥0 aiz

i and ai > 0 for all i ≥ 0.
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Proof. Let x, x′ ∈ Sd−1. We have

Q0(x, x′) = σ2
b +

σ2
w

d
x · x′ .

As a result, for all x, x′, Q0(x, x) = Q0(x′, x′) = σ2
b +

σ2
w

d . The diagonal term of the kernel is the same for all
x ∈ Sd−1. We note βl = Ql(x, x) and z = x · x′. Using this observation, we have that

Q1(x, x′) = Q0(x, x′) + λ2
1(σ2

b +
σ2

2
f̂(C0(x, x′))β0) .

It can be easily deduced from lemma A8 that there exist {bi}i≥0 such that

C1(x, x′) = b0 + b1z +
∑

i≥0

b2iz
2i ,

where b0, b1, b2i > 0.
Following the same approach, we have that

Q2(x, x′) = Q1(x, x′) + λ2(σ2
b +

σ2
w

2
f(C1(x, x′))β2)

and

f̂(C1(x, x′)) = a0 + a1C1(x, x′) +
∑

i≥1

a2i(C1(x, x′))2i .

Having the terms of orders 0 and 1 in C1(x, x′) ensures having a positive coefficient for all terms zi for i ≥ 1,
which concludes the proof.

The previous result can be easily extended to general L ≥ 2. We have that

QL(x, x′) = gL(x · x′) ,

where gL : [−1, 1] → R is a continuous function. Kernels that can be written in this form are known as the
dot-product kernels (or zonal kernels on the unit sphere). In our setting, we have a stronger property; we prove
in the next result we show a that the kernel QL is analytic on the sphere Sd−1 in the sense that the function gL
is analytic on [−1, 1].
Proposition A5 (QL is analytic). Let L ≥ 2, there exists (αL,i)i≥0 such that for all x, x′ ∈ Sd−1

QL(x, x′) =
∑

i≥0

αL,i(x · x′)i .

Moreover, (αL+1,i)i≥0 can be expressed in terms of (αL,i)i≥0

αL+1,i = αL,i + λL+1,L+1 × γL,i , (A22)

with

γL,i =





σ2
b + βL

σ2
w

2

∑
m≥0

am
βmL
αmL,0 if i = 0 ;

βL
σ2
w

2

∑
m≥0

am
βmL

∑
k1+...+km=i

m∏
j=1

αL,kj if i ≥ 1 .

where βL = QL(x, x) = QL(x′, x′) =
∑
i≥0 αL,i and (am)m≥0 is such that a0, a1 > 0 and a2i > 0 and a2i+1 = 0

for all i ≥ 1.
As a result, for all L ≥ 2, i ≥ 0, αL,i > 0.

Proof. The result is true for L = 2 by lemma A21. Let us prove the result for all L ≥ 3 by induction.
Let L ≥ 3, x, x′ ∈ Sd−1, z = x · x′ and βl = Ql(x, x) = Ql(x

′, x′). Assume the result is true for L and let us prove
it for L+ 1. We have that

QL+1(x, y) = QL(x, y) + λ2
L+1,L+1(σ2

b +
σ2
w

2
f(Cl(x, y))βl) .
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Knowing that Cl(x, y) = 1
βl
Ql(x, y), we have that

f(Cl(x, y)) =
∑

m≥0

am
βml

Cl(x, y)m

=
∑

m≥0

am
βml

(
∑

i≥0

αl,iz
i)m

=
∑

m≥0

am
βml

∑

i≥0

∑

k1+...+km=i

m∏

j=1

αl,kjz
i

=
∑

i≥0

[ ∑

m≥0

am
βml

∑

k1+...+km=i

m∏

j=1

αl,kj

]
zi ,

which gives the recursive formulas for the coefficients of the analytic decomposition. Observe that the coefficients
are non-decreasing wrt L. Using lemma A21 we conclude that αL,i > 0.

For depth L ≥ 2, proposition A5 shows that all coefficient (αL,i)i≥0 are (strictly) positive. It turns out that this
is a sufficient condition for the kernel QL to be strictly positive definite. We state this in the next proposition.
The result can be seen as a consequence of Lemma A12 and Lemma A13. However we will give here a more direct
proof.
Proposition A6 (QL is strictly p.d. for L ≥ 2). Let Q be an analytic kernel on the unit sphere Sd−1, i.e. there
exist a sequence of real numbers (αi)i≥0 such that for all x, x′ ∈ Sd−1

Q(x, x′) =
∑

i≥0

αi(x · x′)i

Assume αi > 0 for all i ∈ N. Then, Q is strictly positive definite.
As a result, for all L ≥ 2, Tν(QL) is strictly positive definite, i.e. for any non-zero function ϕ ∈ L2(Sd−1, ν)

〈Tν(QL)ϕ,ϕ〉 > 0

ν is the standard uniform measure on the sphere Sd−1.

Proof. Let Q be an analytic kernel on the unit sphere Sd−1, that is there exists a sequence of real numbers (αi)i≥0

such that for all x, x′ ∈ Sd−1

Q(x, x′) =
∑

i≥0

αi(x · x′)i ,

and assume αi > 0 for all i ∈ N. The map (x, x′) 7→ x · x′ is trivially a kernel in the sense of Definition 2. For all
i ≥ 0, (x, x′) 7→ (x · x′)i is a kernel as well.18 It follows that Tν(Q) is non-negative definite, as a converging sum
of non-negative operators. Let us prove that it is strictly positive definite.
Let ϕ ∈ L2(Sd−1, ν) such that 〈Tν(Q)ϕ,ϕ〉 = 0. Since αi > 0 for all i, we have that for all i ≥ 0

∫ ∫
(x · x′)iϕ(x)ϕ(x′) dν(x)dν(x′) = 0 ,

recalling that ν is the uniform measure on the sphere Sd−1. This yields
∫ ∫

P (x · x′)ϕ(x)ϕ(x′) dν(x)dν(x′) = 0 (A23)

for any polynomial function P .
Since ϕ is a function on the sphere Sd−1, it can be decomposed in the Spherical Harmonics orthonormal basis
(Yk,j)k,j (see e.g. [MacRobert, 1967]) as

∀x ∈ Sd−1, ϕ(x) =
∑

k≥0

N(d,k)∑

j=1

bk,jYk,j(x)

18See footnote 14.
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where bk,j =
∫
Sd−1 ϕ(w)Yk,j(w) dν(w).

In particular, equation (A23) is true for the Associated Legendre Polynomials Pk. Knowing that N(d, k)Pk(x·x′) =∑N(d,k)
j=1 Yk,j(x)Yk,j(x

′), (A23) yields

∫ ∫ N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′)ϕ(x)ϕ(x′) dν(x)dν(x′) = 0

for all k ≥ 0. Therefore,
N(d,k)∑

j=1

b2k,j = 0

for all k ≥ 0. We conclude that ϕ = 0.

By Mercer’s theorem [Paulsen and Raghupathi, 2016], the kernel QL can be decomposed in an orthonormal basis
of L2(Sd−1). It turns out that this orthonormal basis is the so-called Spherical Harmonics of Sd−1. This is a
corollary of the next lemma, which is a classical result [Yang and Salman, 2019].

Lemma A22 (Spectral decomposition on Sd−1). Let Q be a zonal kernel on Sd−1, that is Q(x, x′) = p(x · x′) for
a continuous function p : [−1, 1]→ R. Then, there is a sequence {µk ≥ 0}k∈N such that for all x, x′ ∈ Sd−1

Q(x, x′) =
∑

k≥0

µk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′) ,

where {Yk,j}k≥0,j∈[1:N(d,k)] are spherical harmonics of Sd−1 and N(d, k) is the number of harmonics of order k.
With respect to the standard spherical measure ν on Sd−1, the spherical harmonics form an orthonormal basis of
L2(Sd−1, ν) and Tν(Q) is diagonal on this basis.

Proof. We start by giving a brief review of the theory of Spherical Harmonics ([MacRobert, 1967]). For some
k ≥ 1, let (Yk,j)1≤j≤N(d,k) be the set of Spherical Harmonics of degree k. We have N(d, k) = 2k+d−2

k

(
k+d−3
d−2

)
.

The set of functions (Yk,j)k≥1,j∈[1:N(d,k)] form an orthonormal basis of L2(Sd−1, ν), where ν is the uniform measure
on Sd−1.

For some function p, the Hecke-Funk formula reads
∫

Sd−1

p(〈x,w〉)Yk,j(w) dν(w) =
Ωd−1

Ωd
Yk,j(x)

∫ 1

−1

p(t)P dk (t)(1− t2)(d−3)/2dt

where Ωd is the volume of the unit sphere Sd−1, and P dk is the multi-dimensional Legendre polynomials given
explicitly by Rodrigues’ formula

P dk (t) =

(
−1

2

)k Γ(d−1
2 )

Γ(k + d−1
2 )

(1− t2)
3−d
2

dk

dtk
(1− t2)k+ d−3

2 .

(P dk )k≥0 form an orthogonal basis of L2([−1, 1], (1− t2)
d−3
2 dt), i.e.

〈P dk , P dk′〉L2([−1,1],(1−t2)
d−3
2 dt)

= δk,k′ ,

where δij is the Kronecker symbol.

Using the Heck-Funk formula, we prove that Q can be decomposed on the Spherical Harmonics basis. Indeed, for
any x, x′ ∈ Sd−1, the decomposition on the spherical harmonics basis yields

Q(x, x′) =
∑

k≥0

N(d,k)∑

j=1

[∫

Sd−1

p(〈w, x′〉)Yk,j(w)dν(w)

]
Yk,j(x) .
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Using the Hecke-Funk formula yields

Q(x, x′) =
∑

k≥0

N(d,k)∑

j=1

[
Ωd−1

Ωd

∫ 1

−1

p(t)P dk (t)(1− t2)(d−3)/2dt

]
Yk,j(x)Yk,j(x

′) .

We conclude that

Q(x, x′) =
∑

k≥0

µk

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′) .

where µk = Ωd−1

Ωd

∫ 1

−1
p(t)P dk (t)(1− t2)(d−3)/2dt. We also have that µk ≥ 0 since Q is non-negative by definition.

The last statement, follows from the spectral theory of compact self-adjoint operators and the orthonormality of
the spherical harmonics (see the appendix of [Yang and Salman, 2019] for details).

Corollary A3 (Spectral decomposition of QL). For L ≥ 1, there exist (µL,k)k≥0 such that µL,k > 0 for all
k ≥ 0, and for all x, x′ ∈ Sd−1 we have

QL(x, x′) =
∑

k≥0

µL,k

N(d,k)∑

j=1

Yk,j(x)Yk,j(x
′) ,

where (Yk,j)k≥0,j∈[1:N(d,k)] are spherical harmonics of Sd−1 and N(d, k) is the number of harmonics of order k.

Corollary A3 shows that for any depth L, the Spherical Harmonics are the eigenfunctions of the kernel QL. The
fact that µL,k > 0 is a direct result of Proposition A6. Leveraging this result, we can prove a stronger result,
which is the universality of the kernel QL.

Proposition A7 (Universality on Sd−1). For all L ≥ 2, QL is universal on Sd−1 for d ≥ 2.

Proof. The result is a consequence of Lemma A15 and Proposition A6. An alternative proof is the following.
It is a classical result that the set Spherical Harmonics form an orthonormal basis on L2(Sd−1, ν). Leveraging the
result from corollary A3, it is straightforward that any continuous function in L2(Sd−1, ν) can be approximated
by a function of the form

∑
iQL(xi, .) which belongs to the RKHS of QL. Therefore, QL is universal on Sd−1.

Note that we have not made the assumption that σb > 0.
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ABSTRACT

Overparameterized Neural Networks (NN) display state-of-the-art performance.
However, there is a growing need for smaller, energy-efficient, neural networks to
be able to use machine learning applications on devices with limited computational
resources. A popular approach consists of using pruning techniques. While these
techniques have traditionally focused on pruning pre-trained NN (LeCun et al.,
1990; Hassibi et al., 1993), recent work by Lee et al. (2018) has shown promising
results when pruning at initialization. However, for Deep NNs, such procedures
remain unsatisfactory as the resulting pruned networks can be difficult to train
and, for instance, they do not prevent one layer from being fully pruned. In this
paper, we provide a comprehensive theoretical analysis of Magnitude and Gradient
based pruning at initialization and training of sparse architectures. This allows
us to propose novel principled approaches which we validate experimentally on a
variety of NN architectures.

1 INTRODUCTION

Overparameterized deep NNs have achieved state of the art (SOTA) performance in many tasks
(Nguyen and Hein, 2018; Du et al., 2019; Zhang et al., 2016; Neyshabur et al., 2019). However,
it is impractical to implement such models on small devices such as mobile phones. To address
this problem, network pruning is widely used to reduce the time and space requirements both at
training and test time. The main idea is to identify weights that do not contribute significantly to
the model performance based on some criterion, and remove them from the NN. However, most
pruning procedures currently available can only be applied after having trained the full NN (LeCun
et al., 1990; Hassibi et al., 1993; Mozer and Smolensky, 1989; Dong et al., 2017) although methods
that consider pruning the NN during training have become available. For example, Louizos et al.
(2018) propose an algorithm which adds a L0 regularization on the weights to enforce sparsity while
Carreira-Perpiñán and Idelbayev (2018); Alvarez and Salzmann (2017); Li et al. (2020) propose the
inclusion of compression inside training steps. Other pruning variants consider training a secondary
network that learns a pruning mask for a given architecture (Li et al. (2020); Liu et al. (2019)).

Recently, Frankle and Carbin (2019) have introduced and validated experimentally the Lottery
Ticket Hypothesis which conjectures the existence of a sparse subnetwork that achieves similar
performance to the original NN. These empirical findings have motivated the development of pruning
at initialization such as SNIP (Lee et al. (2018)) which demonstrated similar performance to classical
pruning methods of pruning-after-training. Importantly, pruning at initialization never requires
training the complete NN and is thus more memory efficient, allowing to train deep NN using limited
computational resources. However, such techniques may suffer from different problems. In particular,
nothing prevents such methods from pruning one whole layer of the NN, making it untrainable. More
generally, it is typically difficult to train the resulting pruned NN (Li et al., 2018). To solve this
situation, Lee et al. (2020) try to tackle this issue by enforcing dynamical isometry using orthogonal
weights, while Wang et al. (2020) (GraSP) uses Hessian based pruning to preserve gradient flow.
Other work by Tanaka et al. (2020) considers a data-agnostic iterative approach using the concept of
synaptic flow in order to avoid the layer-collapse phenomenon (pruning a whole layer). In our work,
we use principled scaling and re-parameterization to solve this issue, and show numerically that our
algorithm achieves SOTA performance on CIFAR10, CIFAR100, TinyImageNet and ImageNet in
some scenarios and remains competitive in others.
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Table 1: Classification accuracies on CIFAR10 for Resnet with varying depths and sparsities using SNIP (Lee
et al. (2018)) and our algorithm SBP-SR

ALGORITHM 90% 95% 98% 99.5% 99.9%

RESNET32 SNIP 92.26± 0.32 91.18± 0.17 87.78 ± 0.16 77.56±0.36 9.98±0.08
SBP-SR 92.56 ± 0.06 91.21± 0.30 88.25 ± 0.35 79.54±1.12 51.56±1.12

RESNET50 SNIP 91.95± 0.13 92.12± 0.34 89.26± 0.23 80.49±2.41 19.98±14.12
SBP-SR 92.05 ± 0.06 92.74± 0.32 89.57 ± 0.21 82.68±0.52 58.76±1.82

RESNET104 SNIP 93.25± 0.53 92.98± 0.12 91.58± 0.19 33.63±33.27 10.11±0.09
SBP-SR 94.69 ± 0.13 93.88 ± 0.17 92.08 ± 0.14 87.47±0.23 72.70±0.48

In this paper, we provide novel algorithms for Sensitivity-Based Pruning (SBP), i.e. pruning schemes
that prune a weight W based on the magnitude of |W ∂L

∂W | at initialization where L is the loss.
Experimentally, compared to other available one-shot pruning schemes, these algorithms provide
state-of-the-art results (this might not be true in some regimes). Our work is motivated by a new
theoretical analysis of gradient back-propagation relying on the mean-field approximation of deep
NN (Hayou et al., 2019; Schoenholz et al., 2017; Poole et al., 2016; Yang and Schoenholz, 2017;
Xiao et al., 2018; Lee et al., 2018; Matthews et al., 2018). Our contribution is threefold:

• For deep fully connected FeedForward NN (FFNN) and Convolutional NN (CNN), it has been
previously shown that only an initialization on the so-called Edge of Chaos (EOC) make models
trainable; see e.g. (Schoenholz et al., 2017; Hayou et al., 2019). For such models, we show that an
EOC initialization is also necessary for SBP to be efficient. Outside this regime, one layer can be
fully pruned.

• For these models, pruning pushes the NN out of the EOC making the resulting pruned model
difficult to train. We introduce a simple rescaling trick to bring the pruned model back in the EOC
regime, making the pruned NN easily trainable.

• Unlike FFNN and CNN, we show that Resnets are better suited for pruning at initialization
since they ‘live’ on the EOC by default (Yang and Schoenholz, 2017). However, they can suffer
from exploding gradients, which we resolve by introducing a re-parameterization, called ‘Stable
Resnet’ (SR). The performance of the resulting SBP-SR pruning algorithm is illustrated in Table
1: SBP-SR allows for pruning up to 99.5% of ResNet104 on CIFAR10 while still retaining around
87% test accuracy.

The precise statements and proofs of the theoretical results are given in the Supplementary. Appendix
H also includes the proof of a weak version of the Lottery Ticket Hypothesis (Frankle and Carbin,
2019) showing that, starting from a randomly initialized NN, there exists a subnetwork initialized on
the EOC.

2 SENSITIVITY PRUNING FOR FFNN/CNN AND THE RESCALING TRICK

2.1 SETUP AND NOTATIONS

Let x be an input in Rd. A NN of depth L is defined by

yl(x) = Fl(W l, yl−1(x)) +Bl, 1 ≤ l ≤ L, (1)

where yl(x) is the vector of pre-activations, W l and Bl are respectively the weights and bias of
the lth layer and Fl is a mapping that defines the nature of the layer. The weights and bias are
initialized with W l iid∼ N (0, σ2

w/vl), where vl is a scaling factor used to control the variance of yl,
and Bl iid∼ N (0, σ2

b ). Hereafter, Ml denotes the number of weights in the lth layer, φ the activation
function and [m : n] := {m,m+ 1, ..., n} for m ≤ n. Two examples of such architectures are:

• Fully connected FFNN. For a FFNN of depth L and widths (Nl)0≤l≤L, we have vl = Nl−1,
Ml = Nl−1Nl and

y1
i (x) =

d∑

j=1

W 1
ijxj +B1

i , yli(x) =

Nl−1∑

j=1

W l
ijφ(yl−1

j (x)) +Bli for l ≥ 2. (2)
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• CNN. For a 1D CNN of depth L, number of channels (nl)l≤L, and number of neurons per channel
(Nl)l≤L, we have

y1
i,α(x) =

nl−1∑

j=1

∑

β∈kerl
W 1
i,j,βxj,α+β+b1i , y

l
i,α(x) =

nl−1∑

j=1

∑

β∈kerl
W l
i,j,βφ(yl−1

j,α+β(x))+bli, for l ≥ 2,

(3)
where i ∈ [1 : nl] is the channel index, α ∈ [0 : Nl−1] is the neuron location, kerl = [−kl : kl] is the
filter range, and 2kl + 1 is the filter size. To simplify the analysis, we assume hereafter that Nl = N
and kl = k for all l. Here, we have vl = nl−1(2k + 1) and Ml = nl−1nl(2k + 1). We assume
periodic boundary conditions; so yli,α = yli,α+N = yli,α−N . Generalization to multidimensional
convolutions is straightforward.

When no specific architecture is mentioned, (W l
i )1≤i≤Ml

denotes the weights of the lth layer. In
practice, a pruning algorithm creates a binary mask δ over the weights to force the pruned weights to
be zero. The neural network after pruning is given by

yl(x) = Fl(δl ◦W l, yl−1(x)) +Bl, (4)
where ◦ is the Hadamard (i.e. element-wise) product. In this paper, we focus on pruning at
initialization. The mask is typically created by using a vector gl of the same dimension as W l using
a mapping of choice (see below), we then prune the network by keeping the weights that correspond
to the top k values in the sequence (gli)i,l where k is fixed by the sparsity that we want to achieve.
There are three popular types of criteria in the literature :

•Magnitude based pruning (MBP): We prune weights based on the magnitude |W |.
• Sensitivity based pruning (SBP): We prune the weights based on the values of |W ∂L

∂W | where L
is the loss. This is motivated by LW ≈ LW=0 +W ∂L

∂W used in SNIP (Lee et al. (2018)).

•Hessian based pruning (HBP): We prune the weights based on some function that uses the Hessian
of the loss function as in GraSP (Wang et al., 2020).

In the remainder of the paper, we focus exclusively on SBP while our analysis of MBP is given in
Appendix E. We leave HBP for future work. However, we include empirical results with GraSP
(Wang et al., 2020) in Section 4.

Hereafter, we denote by s the sparsity, i.e. the fraction of weights we want to prune. Let Al be the set
of indices of the weights in the lth layer that are pruned, i.e. Al = {i ∈ [1 : Ml], s.t. δli = 0}. We
define the critical sparsity scr by

scr = min{s ∈ (0, 1), s.t. ∃l, |Al| = Ml},
where |Al| is the cardinality of Al. Intuitively, scr represents the maximal sparsity we are allowed to
choose without fully pruning at least one layer. scr is random as the weights are initialized randomly.
Thus, we study the behaviour of the expected value E[scr] where, hereafter, all expectations are
taken w.r.t. to the random initial weights. This provides theoretical guidelines for pruning at
initialization.

For all l ∈ [1 : L], we define αl by vl = αlN where N > 0, and ζl > 0 such that Ml = ζlN
2, where

we recall that vl is a scaling factor controlling the variance of yl and Ml is the number of weights
in the lth layer. This notation assumes that, in each layer, the number of weights is quadratic in the
number of neurons, which is satisfied by classical FFNN and CNN architectures.

2.2 SENSITIVITY-BASED PRUNING (SBP)

SBP is a data-dependent pruning method that uses the data to compute the gradient with backpropa-
gation at initialization (one-shot pruning).We randomly sample a batch and compute the gradients
of the loss with respect to each weight. The mask is then defined by δli = I(|W l

i
∂L
∂W l

i

| ≥ ts), where

ts = |W ∂L
∂W |(ks) and ks = (1− s)∑lMl and |W ∂L

∂W |(ks) is the kth
s order statistics of the sequence

(|W l
i
∂L
∂W l

i

|)1≤l≤L,1≤i≤Ml
.

However, this simple approach suffers from the well-known exploding/vanishing gradients problem
which renders the first/last few layers respectively susceptible to be completely pruned. We give a
formal definition to this problem.
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Definition 1 (Well-conditioned & ill-conditioned NN). Let ml = E[|W l
1
∂L
∂W l

1
|2] for l ∈ [1 : L]. We

say that the NN is well-conditioned if there exist A,B > 0 such that for all L ≥ 1 and l ∈ [1 : L] we
have A ≤ ml/mL ≤ B, and it is ill-conditioned otherwise.

Understanding the behaviour of gradients at initialization is thus crucial for SBP to be efficient. Using
a mean-field approach, such analysis has been carried out in (Schoenholz et al., 2017; Hayou et al.,
2019; Xiao et al., 2018; Poole et al., 2016; Yang, 2019) where it has been shown that an initialization
known as the EOC is beneficial for DNN training. The mean-field analysis of DNNs relies on two
standard approximations that we will also use here.
Approximation 1 (Mean-Field Approximation). When Nl � 1 for FFNN or nl � 1 for CNN, we
use the approximation of infinitely wide NN. This means infinite number of neurons per layer for fully
connected layers and infinite number of channels per layer for convolutional layers.
Approximation 2 (Gradient Independence). The weights used for forward propagation are indepen-
dent from those used for back-propagation.

These two approximations are ubiquitous in literature on the mean-field analysis of neural networks.
They have been used to derive theoretical results on signal propagation (Schoenholz et al., 2017;
Hayou et al., 2019; Poole et al., 2016; Yang, 2019; Yang and Schoenholz, 2017; Yang et al., 2019)
and are also key tools in the derivation of the Neural Tangent Kernel (Jacot et al., 2018; Arora et al.,
2019; Hayou et al., 2020). Approximation 1 simplifies the analysis of the forward propagation as it
allows the derivation of closed-form formulas for covariance propagation. Approximation 2 does
the same for back-propagation. See Appendix A for a detailed discussion of these approximations.
Throughout the paper, we provide numerical results that substantiate the theoretical results that we
derive using these two approximations. We show that these approximations lead to excellent match
between theoretical results and numerical experiments.

Edge of Chaos (EOC): For inputs x, x′, let cl(x, x′) be the correlation between yl(x) and yl(x′).
From (Schoenholz et al., 2017; Hayou et al., 2019), there exists a so-called correlation function f
that depends on (σw, σb) such that cl+1(x, x′) = f(cl(x, x′)). Let χ(σb, σw) = f ′(1). The EOC
is the set of hyperparameters (σw, σb) satisfying χ(σb, σw) = 1. When χ(σb, σw) > 1, we are in
the Chaotic phase, the gradient explodes and cl(x, x′) converges exponentially to some c < 1 for
x 6= x′ and the resulting output function is discontinuous everywhere. When χ(σb, σw) < 1, we are
in the Ordered phase where cl(x, x′) converges exponentially fast to 1 and the NN outputs constant
functions. Initialization on the EOC allows for better information propagation (see Supplementary
for more details).

Hence, by leveraging the above results, we show that an initialization outside the EOC will lead to an
ill-conditioned NN.
Theorem 1 (EOC Initialization is crucial for SBP). Consider a NN of type (2) or (3) (FFNN or CNN).
Assume (σw, σb) are chosen on the ordered phase, i.e. χ(σb, σw) < 1, then the NN is ill-conditioned.
Moreover, we have

E[scr] ≤
1

L

(
1 +

log(κLN2)

κ

)
+O

(
1

κ2
√
LN2

)
,

where κ = | logχ(σb, σw)|/8. If (σw, σb) are on the EOC, i.e. χ(σb, σw) = 1, then the NN is
well-conditioned. In this case, κ = 0 and the above upper bound no longer holds.

The proof of Theorem 1 relies on the behaviour of the gradient norm at initialization. On the ordered
phase, the gradient norm vanishes exponentially quickly as it back-propagates, thus resulting in an
ill-conditioned network. We use another approximation for the sake of simplification of the proof
(Approximation 3 in the Supplementary) but the result holds without this approximation although
the resulting constants would be a bit different. Theorem 1 shows that the upper bound decreases
the farther χ(σb, σw) is from 1, i.e. the farther the initialization is from the EOC. For constant width
FFNN with L = 100, N = 100 and κ = 0.2, the theoretical upper bound is E[scr] / 27% while
we obtain E[scr] ≈ 22% based on 10 simulations. A similar result can be obtained when the NN is
initialized on the chaotic phase; in this case too, the NN is ill-conditioned. To illustrate these results,
Figure 1 shows the impact of the initialization with sparsity s = 70%. The dark area in Figure 1(b)
corresponds to layers that are fully pruned in the chaotic phase due to exploding gradients. Using an
EOC initialization, Figure 1(a) shows that pruned weights are well distributed in the NN, ensuring
that no layer is fully pruned.
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(a) Edge of Chaos (b) Chaotic phase

Figure 1: Percentage of weights kept after SBP applied to a randomly initialized FFNN with depth 100 and
width 100 for 70% sparsity on MNIST. Each pixel (i, j) corresponds to a neuron and shows the proportion of
connections to neuron (i, j) that have not been pruned. The EOC (a) allows us to preserve a uniform spread of
the weights, whereas the Chaotic phase (b), due to exploding gradients, prunes entire layers.

2.3 TRAINING PRUNED NETWORKS USING THE RESCALING TRICK

We have shown previously that an initialization on the EOC is crucial for SBP. However, we have not
yet addressed the key problem of training the resulting pruned NN. This can be very challenging in
practice (Li et al., 2018), especially for deep NN.

Consider as an example a FFNN architecture. After pruning, we have for an input x

ŷli(x) =
∑Nl−1

j=1 W
l
ijδ

l
ijφ(ŷl−1

j (x)) +Bli, for l ≥ 2, (5)

where δ is the pruning mask. While the original NN initialized on the EOC was satisfy-
ing cl+1(x, x′) = f(cl(x, x′)) for f ′(1) = χ(σb, σw) = 1, the pruned architecture leads to
ĉl+1(x, x′) = fpruned(ĉl(x, x′)) with f ′pruned(1) 6= 1, hence pruning destroys the EOC. Consequently,
the pruned NN will be difficult to train (Schoenholz et al., 2017; Hayou et al., 2019) especially if
it is deep. Hence, we propose to bring the pruned NN back on the EOC. This approach consists
of rescaling the weights obtained after SBP in each layer by factors that depend on the pruned
architecture itself.

Proposition 1 (Rescaling Trick). Consider a NN of type (2) or (3) (FFNN or CNN) initialized on
the EOC. Then, after pruning, the pruned NN is not initialized on the EOC anymore. However, the
rescaled pruned NN

yl(x) = F(ρl ◦ δl ◦W l, yl−1(x)) +Bl, for l ≥ 1, (6)

where

ρlij = (E[Nl−1(W l
i1)2δli1])−

1
2 for FFNN , ρli,j,β = (E[nl−1(W l

i,1,β)2δli,1,β ])−
1
2 for CNN, (7)

is initialized on the EOC. (The scaling is constant across j).

The scaling factors in equation 7 are easily approximated using the weights kept after pruning.
Algorithm 1 (see Appendix I) details a practical implementation of this rescaling technique for FFNN.
We illustrate experimentally the benefits of this approach in Section 4.

3 SENSITIVITY-BASED PRUNING FOR STABLE RESIDUAL NETWORKS

Resnets and their variants (He et al., 2015; Huang et al., 2017) are currently the best performing
models on various classification tasks (CIFAR10, CIFAR100, ImageNet etc (Kolesnikov et al., 2019)).
Thus, understanding Resnet pruning at initialization is of crucial interest. Yang and Schoenholz
(2017) showed that Resnets naturally ‘live’ on the EOC. Using this result, we show that Resnets
are actually better suited to SBP than FFNN and CNN. However, Resnets suffer from an exploding
gradient problem (Yang and Schoenholz, 2017) which might affect the performance of SBP. We
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Figure 2: Percentage of non-pruned weights per layer in a ResNet32 for our Stable ResNet32 and standard
Resnet32 with Kaiming initialization on CIFAR10. With Stable Resnet, we prune less aggressively weights in
the deeper layers than for standard Resnet.

address this issue by introducing a new Resnet parameterization. Let a standard Resnet architecture
be given by

y1(x) = F(W 1, x), yl(x) = yl−1(x) + F(W l, yl−1), for l ≥ 2, (8)
where F defines the blocks of the Resnet. Hereafter, we assume that F is either of the form (2) or (3)
(FFNN or CNN).

The next theorem shows that Resnets are well-conditioned independently from the initialization and
are thus well suited for pruning at initialization.
Theorem 2 (Resnet are Well-Conditioned). Consider a Resnet with either Fully Connected or
Convolutional layers and ReLU activation function. Then for all σw > 0, the Resnet is well-
conditioned. Moreover, for all l ∈ {1, ..., L}, we have ml = Θ((1 +

σ2
w

2 )L).

The above theorem proves that Resnets are always well-conditioned. However, taking a closer look
at ml, which represents the variance of the pruning criterion (Definition 1), we see that it grows
exponentially in the number of layers L. Therefore, this could lead to a ‘higher variance of pruned
networks’ and hence high variance test accuracy. To this end, we propose a Resnet parameterization
which we call Stable Resnet. Stable Resnets prevent the second moment from growing exponentially
as shown below.
Proposition 2 (Stable Resnet). Consider the following Resnet parameterization

yl(x) = yl−1(x) + 1√
L
F(W l, yl−1), for l ≥ 2, (9)

then the NN is well-conditioned for all σw > 0. Moreover, for all l ≤ L we have ml = Θ(L−1).

In Proposition 2, L is not the number of layers but the number of blocks. For example, ResNet32
has 15 blocks and 32 layers, hence L = 15. Figure 2 shows the percentage of weights in each layer
kept after pruning ResNet32 and Stable ResNet32 at initialization. The jumps correspond to limits
between sections in ResNet32 and are caused by max-pooling. Within each section, Stable Resnet
tends to have a more uniform distribution of percentages of weights kept after pruning compared
to standard Resnet. In Section 4 we show that this leads to better performance of Stable Resnet
compared to standard Resnet. Further theoretical and experimental results for Stable Resnets are
presented in (Hayou et al., 2021).

In the next proposition, we establish that, unlike FFNN or CNN, we do not need to rescale the pruned
Resnet for it to be trainable as it lives naturally on the EOC before and after pruning.
Proposition 3 (Resnet live on the EOC even after pruning). Consider a Residual NN with blocks of
type FFNN or CNN. Then, after pruning, the pruned Residual NN is initialized on the EOC.

4 EXPERIMENTS

In this section, we illustrate empirically the theoretical results obtained in the previous sections. We
validate the results on MNIST, CIFAR10, CIFAR100 and Tiny ImageNet.

4.1 INITIALIZATION AND RESCALING

According to Theorem 1, an EOC initialization is necessary for the network to be well-conditioned.
We train FFNN with tanh activation on MNIST, varying depth L ∈ {2, 20, 40, 60, 80, 100} and
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(a) EOC Init & Rescaling (b) EOC Init (c) Ordered phase Init

Figure 3: Accuracy on MNIST with different initialization schemes including EOC with rescaling, EOC without
rescaling, Ordered phase, with varying depth and sparsity. This shows that rescaling to be on the EOC allows us
to train not only much deeper but also sparser models.

sparsity s ∈ {10%, 20%, .., 90%}. We use SGD with batchsize 100 and learning rate 10−3, which
we found to be optimal using a grid search with an exponential scale of 10. Figure 3 shows the test
accuracy after 10k iterations for 3 different initialization schemes: Rescaled EOC, EOC, Ordered.
On the Ordered phase, the model is untrainable when we choose sparsity s > 40% and depth L > 60
as one layer being fully pruned. For an EOC initialization, the set (s, L) for which NN are trainable
becomes larger. However, the model is still untrainable for highly sparse deep networks as the sparse
NN is no longer initialized on the EOC (see Proposition 1). As predicted by Proposition 1, after
application of the rescaling trick to bring back the pruned NN on the EOC, the pruned NN can be
trained appropriately.

Table 2: Classification accuracies for CIFAR10 and CIFAR100 after pruning

CIFAR10 CIFAR100

SPARSITY 90% 95% 98% 90% 95% 98%

ResNet32 (NO PRUNING) 94.80 - - 74.64 - -
OBD LECUN ET AL. (1990) 93.74 93.58 93.49 73.83 71.98 67.79

RANDOM PRUNING 89.95±0.23 89.68±0.15 86.13±0.25 63.13±2.94 64.55±0.32 19.83±3.21
MBP 90.21±0.55 88.35±0.75 86.83±0.27 67.07±0.31 64.92±0.77 59.53±2.19
SNIP LEE ET AL. (2018) 92.26± 0.32 91.18± 0.17 87.78 ± 0.16 69.31± 0.52 65.63± 0.15 55.70± 1.13
GRASP WANG ET AL. (2020) 92.20±0.31 91.39±0.25 88.70±0.42 69.24± 0.24 66.50± 0.11 58.43± 0.43
GRASP-SR 92.30±0.19 91.16±0.13 87.8 ± 0.32 69.12± 0.15 65.49± 0.21 58.63± 0.23
SYNFLOW TANAKA ET AL. (2020) 92.01±0.22 91.67±0.17 88.10 ± 0.25 69.03± 0.20 65.23± 0.31 58.73± 0.30
SBP-SR (STABLE RESNET) 92.56 ± 0.06 91.21± 0.30 88.25± 0.35 69.51 ± 0.21 66.72 ± 0.12 59.51 ± 0.15

ResNet50 (NO PRUNING) 94.90 - - 74.9 - -
RANDOM PRUNING 85.11±4.51 88.76±0.21 85.32±0.47 65.67±0.57 60.23±2.21 28.32±10.35
MBP 90.11± 0.32 89.06± 0.09 87.32± 0.16 68.51± 0.21 63.32± 1.32 55.21± 0.35
SNIP 91.95± 0.13 92.12± 0.34 89.26± 0.23 70.43± 0.43 67.85± 1.02 60.38± 0.78
GRASP 92.10 ± 0.21 91.74± 0.35 89.97± 0.25 70.53±0.32 67.84±0.25 63.88±0.45
SYNFLOW 92.05 ± 0.20 91.83± 0.23 89.61± 0.17 70.43±0.30 67.95±0.22 63.95±0.11
SBP-SR 92.05± 0.06 92.74± 0.32 89.57± 0.21 71.79 ± 0.13 68.98 ± 0.15 64.45 ± 0.34

ResNet104 (NO PRUNING) 94.92 - - 75.24 - -
RANDOM PRUNING 89.80±0.33 87.86±1.22 85.52±2.12 66.73±1.32 64.98±0.11 30.31±4.51
MBP 90.05± 1.23 88.95±0.65 87.83±1.21 69.57±0.35 64.31±0.78 60.21±2.41
SNIP 93.25± 0.53 92.98± 0.12 91.58± 0.19 71.94± 0.22 68.73±0.09 63.31± 0.41
GRASP 93.08± 0.17 92.93 ± 0.09 91.19±0.35 73.33±0.21 70.95± 1.12 66.91±0.33
SYNFLOW 93.43± 0.10 92.85 ± 0.18 91.03±0.25 72.85±0.20 70.33± 0.15 67.02±0.10
SBP-SR 94.69 ± 0.13 93.88 ± 0.17 92.08 ± 0.14 74.17 ± 0.11 71.84 ± 0.13 67.73 ± 0.28

4.2 RESNET AND STABLE RESNET

Although Resnets are adapted to SBP (i.e. they are always well-conditioned for all σw > 0), Theorem
2 shows that the magnitude of the pruning criterion grows exponentially w.r.t. the depth L. To resolve
this problem we introduced Stable Resnet. We call our pruning algorithm for ResNet SBP-SR (SBP
with Stable Resnet). Theoretically, we expect SBP-SR to perform better than other methods for
deep Resnets according to Proposition 2. Table 2 shows test accuracies for ResNet32, ResNet50 and
ResNet104 with varying sparsities s ∈ {90%, 95%, 98%} on CIFAR10 and CIFAR100. For all our
experiments, we use a setup similar to (Wang et al., 2020), i.e. we use SGD for 160 and 250 epochs
for CIFAR10 and CIFAR100, respectively. We use an initial learning rate of 0.1 and decay it by 0.1
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at 1/2 and 3/4 of the number of total epoch. In addition, we run all our experiments 3 times to obtain
more stable and reliable test accuracies. As in (Wang et al., 2020), we adopt Resnet architectures
where we doubled the number of filters in each convolutional layer. As a baseline, we include pruning
results with the classical OBD pruning algorithm (LeCun et al., 1990) for ResNet32 (train→ prune
→ repeat). We compare our results against other algorithms that prune at initialization, such as
SNIP (Lee et al., 2018), which is a SBP algorithm, GraSP (Wang et al., 2020) which is a Hessian
based pruning algorithm, and SynFlow (Tanaka et al., 2020), which is an iterative data-agnostic
pruning algorithm. As we increase the depth, SBP-SR starts to outperform other algorithms that
prune at initialization (SBP-SR outperforms all other algorithms with ResNet104 on CIFAR10 and
CIFAR100). Furthermore, using GraSP on Stable Resnet did not improve the result of GraSP on
standard Resnet, as our proposed Stable Resnet analysis only applies to gradient based pruning. The
analysis of Hessian based pruning could lead to similar techniques for improving trainability, which
we leave for future work.

Table 3: Classification accuracies on Tiny ImageNet for Resnet with varying depths

ALGORITHM 85% 90% 95%

RESNET32 SBP-SR 57.25 ± 0.09 55.67 ± 0.21 50.63±0.21
SNIP 56.92± 0.33 54.99±0.37 49.48±0.48

GRASP 57.25±0.11 55.53±0.11 51.34±0.29
SYNFLOW 56.75±0.09 55.60±0.07 51.50±0.21

RESNET50 SBP-SR 59.8±0.18 57.74±0.06 53.97±0.27
SNIP 58.91±0.23 56.15±0.31 51.19±0.47

GRASP 58.46±0.29 57.48±0.35 52.5±0.41
SYNFLOW 59.31±0.17 57.67±0.15 53.14±0.31

RESNET104 SBP-SR 62.84±0.13 61.96±0.11 57.9±0.31
SNIP 59.94±0.34 58.14±0.28 54.9±0.42

GRASP 61.1±0.41 60.14±0.38 56.36±0.51
SYNFLOW 61.71±0.08 60.81±0.14 55.91±0.43

To confirm these results, we also test SBP-SR against other pruning algorithms on Tiny ImageNet.
We train the models for 300 training epochs to make sure all algorithms converge. Table 3 shows test
accuracies for SBP-SR, SNIP, GraSP, and SynFlow for s ∈ {85%, 90%, 95%}. Although SynFlow
competes or outperforms GraSP in many cases, SBP-SR has a clear advantage over SynFlow and
other algorithms, especially for deep networks as illustrated on ResNet104.

Additional results with ImageNet dataset are provided in Appendix F.

4.3 RESCALING TRICK AND CNNS

The theoretical analysis of Section 2 is valid for Vanilla CNN i.e. CNN without pooling layers. With
pooling layers, the theory of signal propagation applies to sections between successive pooling layers;
each of those section can be seen as Vanilla CNN. This applies to standard CNN architectures such
as VGG. As a toy example, we show in Table 4 the test accuracy of a pruned V-CNN with sparsity
s = 50% on MNIST dataset. Similar to FFNN results in Figure 3, the combination of the EOC Init
and the ReScaling trick allows for pruning deep V-CNN (depth 100) while ensuring their trainability.

Table 4: Test accuracy on MNIST with V-CNN for different depths with sparsity 50% using SBP(SNIP)

L = 10 L = 50 L = 100

ORDERED PHASE INIT 98.12±0.13 10.00±0.0 10.00±0.0
EOC INIT 98.20±0.17 98.75±0.11 10.00±0.0
EOC + RESCALING 98.18±0.21 98.90±0.07 99.15±0.08

However, V-CNN is a toy example that is generally not used in practice. Standard CNN architectures
such as VGG are popular among practitioners since they achieve SOTA accuracy on many tasks.
Table 5 shows test accuracies for SNIP, SynFlow, and our EOC+ReScaling trick for VGG16 on
CIFAR10. Our results are close to the results presented by Frankle et al. (2020). These three
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algorithms perform similarly. From a theoretical point of view, our ReScaling trick applies to vanilla
CNNs without pooling layers, hence, adding pooling layers might cause a deterioration. However,
we know that the signal propagation theory applies to vanilla blocks inside VGG (i.e. the sequence
of convolutional layers between two successive pooling layers). The larger those vanilla blocks are,
the better our ReScaling trick performs. We leverage this observation by training a modified version
of VGG, called 3xVGG16, which has the same number of pooling layers as VGG16, and 3 times
the number of convolutional layers inside each vanilla block. Numerical results in Table 5 show that
the EOC initialization with the ReScaling trick outperforms other algorithms, which confirms our
hypothesis. However, the architecture 3xVGG16 is not a standard architecture and it does not seem
to improve much the test accuracy of VGG16. An adaptation of the ReScaling trick to standard VGG
architectures would be of great value and is left for future work.

Table 5: Classification accuracy on CIFAR10 for VGG16 and 3xVGG16 with varying sparsities

ALGORITHM 85% 90% 95%

VGG16 SNIP 93.09±0.11 92.97±0.08 92.61±0.10
SYNFLOW 93.21±0.13 93.05±0.11 92.19±0.12

EOC + RESCALING 93.15±0.12 92.90±0.15 92.70±0.06

3XVGG16 SNIP 93.30±0.10 93.12±0.20 92.85±0.15
SYNFLOW 92.95±0.13 92.91±0.21 92.70±0.20

EOC + RESCALING 93.97±0.17 93.75±0.15 93.40±0.16

Summary of numerical results. We summarize in Table 6 our numerical results. The letter ‘C’
refers to ‘Competition’ between algorithms in that setting, and indicates no clear winner is found,
while the dash means no experiment has been run with this setting. We observe that our algorithm
SBP-SR consistently outperforms other algorithms in a variety of settings.

Table 6: Which algorithm performs better? (according to our results)

DATASET ARCHITECTURE 85% 90% 95% 98%

CIFAR10 RESNET32 - C C GRASP
RESNET50 - C SBP-SR GRASP

RESNET104 - SBP-SR SBP-SR SBP-SR
VGG16 C C C -

3XVGG16 EOC+RESC EOC+RESC EOC+RESC -

CIFAR100 RESNET32 - SBP-SR SBP-SR SBP-SR
RESNET50 - SBP-SR SBP-SR SBP-SR

RESNET104 - SBP-SR SBP-SR SBP-SR

TINY IMAGENET RESNET32 C C SYNFLOW -
RESNET50 SBP-SR C SBP-SR -

RESNET104 SBP-SR SBP-SR SBP-SR -

5 CONCLUSION

In this paper, we have formulated principled guidelines for SBP at initialization. For FFNN and CNN,
we have shown that an initialization on the EOC is necessary followed by the application of a simple
rescaling trick to train the pruned network. For Resnets, the situation is markedly different. There
is no need for a specific initialization but Resnets in their original form suffer from an exploding
gradient problem. We propose an alternative Resnet parameterization called Stable Resnet, which
allows for more stable pruning. Our theoretical results have been validated by extensive experiments
on MNIST, CIFAR10, CIFAR100, Tiny ImageNet and ImageNet. Compared to other available
one-shot pruning algorithms, we achieve state-of the-art results in many scenarios.
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A DISCUSSION ABOUT APPROXIMATIONS 1 AND 2

A.1 APPROXIMATION 1: INFINITE WIDTH APPROXIMATION

FeedForward Neural Network
Consider a randomly initialized FFNN of depth L, widths (Nl)1≤l≤L, weights W l

ij
iid∼ N (0,

σ2
w

Nl−1
)

and bias Bli
iid∼ N (0, σ2

b ), where N (µ, σ2) denotes the normal distribution of mean µ and variance
σ2. For some input x ∈ Rd, the propagation of this input through the network is given by

y1
i (x) =

d∑

j=1

W 1
ijxj +B1

i , (10)

yli(x) =

Nl−1∑

j=1

W l
ijφ(yl−1

j (x)) +Bli, for l ≥ 2. (11)

Where φ : R → R is the activation function. When we take the limit Nl−1 → ∞, the Central
Limit Theorem implies that yli(x) is a Gaussian variable for any input x. This approximation by
infinite width solution results in an error of order O(1/

√
Nl−1) (standard Monte Carlo error). More

generally, an approximation of the random process yli(.) by a Gaussian process was first proposed
by Neal (1995) in the single layer case and has been recently extended to the multiple layer case by
Lee et al. (2018) and Matthews et al. (2018). We recall here the expressions of the limiting Gaussian
process kernels. For any input x ∈ Rd, E[yli(x)] = 0 so that for any inputs x, x′ ∈ Rd

κl(x, x′) = E[yli(x)yli(x
′)]

= σ2
b + σ2

wE[φ(yl−1
i (x))φ(yl−1

i (x′))]

= σ2
b + σ2

wFφ(κl−1(x, x), κl−1(x, x′), κl−1(x′, x′)),

where Fφ is a function that only depends on φ. This provides a simple recursive formula for the
computation of the kernel κl; see, e.g., Lee et al. (2018) for more details.

Convolutional Neural Networks
Similar to the FFNN case, the infinite width approximation with 1D CNN (introduced in the main
paper) yields a recursion for the kernel. However, the infinite width here means infinite number of
channels, and results in an error O(1/

√
nl−1). The kernel in this case depends on the choice of the

neurons in the channel and is given by

κlα,α′(x, x
′) = E[yli,α(x)yli,α′(x

′)] = σ2
b +

σ2
w

2k + 1

∑

β∈ker
E[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))]

so that

κlα,α′(x, x
′) = σ2

b +
σ2
w

2k + 1

∑

β∈ker
Fφ(κl−1

α+β,α′+β(x, x), κl−1
α+β,α′+β(x, x′), κl−1

α+β,α′+β(x′, x′)).

The convolutional kernel κlα,α′ has the ‘self-averaging’ property; i.e. it is an average over the
kernels corresponding to different combination of neurons in the previous layer. However, it is
easy to simplify the analysis in this case by studying the average kernel per channel defined by
κ̂l = 1

N2

∑
α,α′ κ

l
α,α′ . Indeed, by summing terms in the previous equation and using the fact that we

use circular padding, we obtain

κ̂l(x, x′) = σ2
b + σ2

w

1

N2

∑

α,α′

Fφ(κl−1
α,α′(x, x), κl−1

α,α′(x, x
′), κl−1

α,α′(x
′, x′)).

This expression is similar in nature to that of FFNN. We will use this observation in the proofs.

Note that our analysis only requires the approximation that, in the infinite width limit, for any two
inputs x, x′, the variables yli(x) and yli(x

′) are Gaussian with covariance κl(x, x′) for FFNN, and
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yli,α(x) and yli,α′(x
′) are Gaussian with covariance κlα,α′(x, x

′) for CNN. We do not need the much
stronger approximation that the process yli(x) (yli,α(x) for CNN) is a Gaussian process.

Residual Neural Networks
The infinite width limit approximation for ResNet yields similar results with an additional residual
terms. It is straighforward to see that, in the case a ResNet with FFNN-type layers, we have that

κl(x, x′) = κl−1(x, x′) + σ2
b + σ2

wFφ(κl−1(x, x), κl−1(x, x′), κl−1(x′, x′)),

whereas for ResNet with CNN-type layers, we have that

κlα,α′(x, x
′) = κl−1

α,α′(x, x
′) + σ2

b

+
σ2
w

2k + 1

∑

β∈ker
Fφ(κl−1

α+β,α′+β(x, x), κl−1
α+β,α′+β(x, x′), κl−1

α+β,α′+β(x′, x′)).

A.2 APPROXIMATION 2: GRADIENT INDEPENDENCE

For gradient back-propagation, an essential assumption in prior literature in Mean-Field analysis
of DNNs is that of the gradient independence which is similar in nature to the practice of feedback
alignment (Lillicrap et al., 2016). This approximation allows for derivation of recursive formulas for
gradient back-propagation, and it has been extensively used in literature and verified empirically; see
references below.

Gradient Covariance back-propagation: this approximation was used to derive analytical formulas
for gradient covariance back-propagation in (Hayou et al., 2019; Schoenholz et al., 2017; Yang and
Schoenholz, 2017; Lee et al., 2018; Poole et al., 2016; Xiao et al., 2018; Yang, 2019). It was shown
empirically through simulations that it is an excellent approximation for FFNN in Schoenholz et al.
(2017), for Resnets in Yang and Schoenholz (2017) and for CNN in Xiao et al. (2018).

Neural Tangent Kernel (NTK): this approximation was implicitly used by Jacot et al. (2018) to
derive the recursive formula of the infinite width Neural Tangent Kernel (See Jacot et al. (2018),
Appendix A.1). Authors have found that this approximation yields excellent match with exact NTK.
It was also exploited later in (Arora et al., 2019; Hayou et al., 2020) to derive the infinite NTK for
different architectures. The difference between the infinite width NTK Θ and the empirical (exact)
NTK Θ̂ was studied in Lee et al. (2019) where authors have shown that ‖Θ− Θ̂‖F = O(N−1) where
N is the width of the NN.

More precisely, we use the approximation that, for wide neural networks, the weights used for forward
propagation are independent from those used for back-propagation. When used for the computation
of gradient covariance and Neural Tangent Kernel, this approximation was proven to give the exact
computation for standard architectures such as FFNN, CNN and ResNets, without BatchNorm in
Yang (2019) (section D.5). Even with BatchNorm, in Yang et al. (2019), authors have found that the
Gradient Independence approximation matches empirical results.

This approximation can be alternatively formulated as an assumption instead of an approximation as
in Yang and Schoenholz (2017).
Assumption 1 (Gradient Independence): The gradients are computed using an i.i.d. version of the
weights used for forward propagation.

B PRELIMINARY RESULTS

Let x be an input in Rd. In its general form, a neural network of depth L is given by the following set
of forward propagation equations

yl(x) = Fl(W l, yl−1(x)) +Bl, 1 ≤ l ≤ L, (12)

where yl(x) is the vector of pre-activations andW l andBl are respectively the weights and bias of the
lth layer. Fl is a mapping that defines the nature of the layer. The weights and bias are initialized with
W l iid∼ N (0,

σ2
w

vl
) where vl is a scaling factor used to control the variance of yl, and Bl iid∼ N (0, σ2

b ).
Hereafter, we denote by Ml the number of weights in the lth layer, φ the activation function and
[n : m] the set of integers {n, n+ 1, ...,m} for n ≤ m. Two examples of such architectures are:
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• Fully-connected FeedForward Neural Network (FFNN)
For a fully connected feedforward neural network of depth L and widths (Nl)l≤L, the
forward propagation of the input through the network is given by

y1
i (x) =

d∑

j=1

W 1
ijxj +B1

i ,

yli(x) =

Nl−1∑

j=1

W l
ijφ(yl−1

j (x)) +Bli, for l ≥ 2.

(13)

Here, we have vl = Nl−1 and Ml = Nl−1Nl.
• Convolutional Neural Network (CNN/ConvNet)

For a 1D convolutional neural network of depth L, number of channels (nl)l≤L and number
of neurons per channel (Nl)l≤L. we have

y1
i,α(x) =

nl−1∑

j=1

∑

β∈kerl
W 1
i,j,βxj,α+β + b1i ,

yli,α(x) =

nl−1∑

j=1

∑

β∈kerl
W l
i,j,βφ(yl−1

j,α+β(x)) + bli, for l ≥ 2,

(14)

where i ∈ [1 : nl] is the channel index, α ∈ [0 : Nl − 1] is the neuron location,
kerl = [−kl : kl] is the filter range and 2kl + 1 is the filter size. To simplify the
analysis, we assume hereafter that Nl = N and kl = k for all l. Here, we have
vl = nl−1(2k + 1) and Ml = nl−1nl(2k + 1). We assume periodic boundary conditions,
so yli,α = yli,α+N = yli,α−N . Generalization to multidimensional convolutions is
straighforward.

Notation: Hereafter, for FFNN layers, we denote by ql(x) the variance of yl1(x) (the choice of the
index 1 is not crucial since, by the mean-field approximation, the random variables (yli(x))i∈[1:Nl]

are iid Gaussian variables). We denote by ql(x, x′) the covariance between yl1(x) and yl1(x′), and
cl1(x, x′) the corresponding correlation. For gradient back-propagation, for some loss function L,
we denote by q̃l(x, x′) the gradient covariance defined by q̃l(x, x′) = E

[
∂L
∂yl1

(x) ∂L
∂yl1

(x′)
]
. Similarly,

q̃l(x) denotes the gradient variance at point x.
For CNN layers, we use similar notation accross channels. More precisely, we denote by qlα(x)
the variance of yl1,α,(x) (the choice of the index 1 is not crucial here either since, by the mean-
field approximation, the random variables (yli,α(x))i∈[1:Nl] are iid Gaussian variables). We denote
by qlα,α′(x, x

′) the covariance between yl1,α(x) and yl1,α′(x
′), and clα,α′(x, x

′) the corresponding
correlation.

As in the FFNN case, we define the gradient covariance by q̃lα,α′(x, x
′) = E

[
∂L
∂yl1,α

(x) ∂L
∂yl

1,α′
(x′)

]
.

B.1 WARMUP : SOME RESULTS FROM THE MEAN-FIELD THEORY OF DNNS

We start by recalling some results from the mean-field theory of deep NNs.

B.1.1 COVARIANCE PROPAGATION

Covariance propagation for FFNN:
In Section A.1, we presented the recursive formula for covariance propagation in a FFNN, which we
derive using the Central Limit Theorem. More precisely, for two inputs x, x′ ∈ Rd, we have

ql(x, x′) = σ2
b + σ2

wE[φ(yl−1
i (x))φ(yl−1

i (x′))].

This can be rewritten as

ql(x, x′) = σ2
b + σ2

wE
[
φ

(√
ql(x)Z1

)
φ

(√
ql(x′)(cl−1Z1 +

√
1− (cl−1)2Z2

)]
,
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where cl−1 := cl−1(x, x′).
With a ReLU activation function, we have

ql(x, x′) = σ2
b +

σ2
w

2

√
ql(x)

√
ql(x′)f(cl−1),

where f is the ReLU correlation function given by (Hayou et al. (2019))

f(c) =
1

π
(c arcsin c+

√
1− c2) +

1

2
c.

Covariance propagation for CNN:
Similar to the FFNN case, it is straightforward to derive recusive formula for the covariance. However,
in this case, the independence is across channels and not neurons. Simple calculus yields

qlα,α′(x, x
′) = E[yli,α(x)yli,α′(x

′)] = σ2
b +

σ2
w

2k + 1

∑

β∈ker
E[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))]

Using a ReLU activation function, this becomes

qlα,α′(x, x
′) = σ2

b +
σ2
w

2k + 1

∑

β∈ker

√
qlα+β(x)

√
qlα′+β(x′)f(cl−1

α+β,α′+β(x, x′)).

Covariance propagation for ResNet with ReLU :
This case is similar to the non residual case. However, an added residual term shows up in the
recursive formula. For ResNet with FFNN layers, we have

ql(x, x′) = ql−1(x, x′) + σ2
b +

σ2
w

2

√
ql(x)

√
ql(x′)f(cl−1)

and for ResNet with CNN layers, we have

qlα,α′(x, x
′) = ql−1

α,α′(x, x
′) + σ2

b +
σ2
w

2k + 1

∑

β∈ker

√
qlα+β(x)

√
qlα′+β(x′)f(cl−1

α+β,α′+β(x, x′)).

B.1.2 GRADIENT COVARIANCE BACK-PROPAGATION

Gradiant Covariance back-propagation for FFNN:
Let L be the loss function. Let x be an input. The back-propagation of the gradient is given by the set
of equations

∂L
∂yli

= φ′(yli)
Nl+1∑

j=1

∂L
∂yl+1

j

W l+1
ji .

Using the approximation that the weights used for forward propagation are independent from those
used in backpropagation, we have as in Schoenholz et al. (2017)

q̃l(x) = q̃l+1(x)
Nl+1

Nl
χ(ql(x)),

where χ(ql(x)) = σ2
wE[φ(

√
ql(x)Z)2].

Gradient Covariance back-propagation for CNN:
Similar to the FFNN case, we have that

∂L
∂W l

i,j,β

=
∑

α

∂L
∂yli,α

φ(yl−1
j,α+β)

and
∂L
∂yli,α

=
n∑

j=1

∑

β∈ker

∂L
∂yl+1

j,α−β
W l+1
i,j,βφ

′(yli,α).
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Using the approximation of Gradient independence and averaging over the number of channels (using
CLT) we have that

E[
∂L
∂yli,α

2

] =
σ2
wE[φ′(

√
qlα(x)Z)2]

2k + 1

∑

β∈ker
E[

∂L
∂yl+1

i,α−β

2

].

We can get similar recursion to that of the FFNN case by summing over α and using the periodic
boundary condition, this yields

∑

α

E[
∂L
∂yli,α

2

] = χ(qlα(x))
∑

α

E[
∂L
∂yl+1

i,α

2

].

B.1.3 EDGE OF CHAOS (EOC)

Let x ∈ Rd be an input. The convergence of ql(x) as l increases has been studied by Schoenholz
et al. (2017) and Hayou et al. (2019). In particular, under weak regularity conditions, it is proven
that ql(x) converges to a point q(σb, σw) > 0 independent of x as l → ∞. The asymptotic
behaviour of the correlations cl(x, x′) between yl(x) and yl(x′) for any two inputs x and x′ is
also driven by (σb, σw): the dynamics of cl is controlled by a function f i.e. cl+1 = f(cl) called
the correlation function. The authors define the EOC as the set of parameters (σb, σw) such that
σ2
wE[φ′(

√
q(σb, σw)Z)2] = 1 where Z ∼ N (0, 1). Similarly the Ordered, resp. Chaotic, phase

is defined by σ2
wE[φ′(

√
q(σb, σw)Z)2] < 1, resp. σ2

wE[φ′(
√
q(σb, σw)Z)2] > 1. On the Ordered

phase, the gradient will vanish as it backpropagates through the network, and the correlation cl(x, x′)
converges exponentially to 1. Hence the output function becomes constant (hence the name ’Ordered
phase’). On the Chaotic phase, the gradient explodes and the correlation converges exponentially
to some limiting value c < 1 which results in the output function being discontinuous everywhere
(hence the ’Chaotic’ phase name). On the EOC, the second moment of the gradient remains constant
throughout the backpropagation and the correlation converges to 1 at a sub-exponential rate, which
allows deeper information propagation. Hereafter, f will always refer to the correlation function.

B.1.4 SOME RESULTS FROM THE MEAN-FIELD THEORY OF DEEP FFNNS

Let ε ∈ (0, 1) and Bε = {(x, x′) ∈ (Rd)2 : c1(x, x′) < 1 − ε} (For now Bε is defined only for
FFNN).

Using Approximation 1, the following results have been derived by Schoenholz et al. (2017) and
Hayou et al. (2019):

• There exist q, λ > 0 such that supx∈Rd |ql(x)− q| ≤ e−λl.
• On the Ordered phase, there exists γ > 0 such that supx,x′∈Rd |cl(x, x′)− 1| ≤ e−γl.
• On the Chaotic phase, For all ε ∈ (0, 1) there exist γ > 0 and c < 1 such that

sup(x,x′)∈Bε |cl(x, x′)− c| ≤ e−γl.
• For ReLU network on the EOC, we have

f(x) =
x→1−

x+
2
√

2

3π
(1− x)3/2 +O((1− x)5/2).

• In general, we have

f(x) =
σ2
b + σ2

wE[φ(
√
qZ1)φ(

√
qZ(x))]

q
, (15)

where Z(x) = xZ1 +
√

1− x2Z2 and Z1, Z2 are iid standard Gaussian variables.
• On the EOC, we have f ′(1) = 1

• On the Ordered, resp. Chaotic, phase we have that f ′(1) < 1, resp. f ′(1) > 1.
• For non-linear activation functions, f is strictly convex and f(1) = 1.
• f is increasing on [−1, 1].
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• On the Ordered phase and EOC, f has one fixed point which is 1. On the chaotic phase, f
has two fixed points: 1 which is unstable, and c ∈ (0, 1) which is a stable fixed point.

• On the Ordered/Chaotic phase, the correlation between gradients computed with different
inputs converges exponentially to 0 as we back-progapagate the gradients.

Similar results exist for CNN. Xiao et al. (2018) show that, similarly to the FFNN case, there exists
q such that qlα(x) converges exponentially to q for all x, α, and studied the limiting behaviour of
correlation between neurons at the same channel clα,α′(x, x) (same input x). These correlations
describe how features are correlated for the same input. However, they do not capture the behaviour
of these features for different inputs (i.e. clα,α′(x, x

′) where x 6= x′). We establish this result in the
next section.

B.2 CORRELATION BEHAVIOUR IN CNN IN THE LIMIT OF LARGE DEPTH

Appendix Lemma 1 (Asymptotic behaviour of the correlation in CNN with smooth activation
functions). We consider a 1D CNN. Let (σb, σw) ∈ (R+)2 and x 6= x′ be two inputs ∈ Rd. If
(σb, σw) are either on the Ordered or Chaotic phase, then there exists β > 0 such that

sup
α,α′
|clα,α′(x, x′)− c| = O(e−βl),

where c = 1 if (σb, σw) is in the Ordered phase, and c ∈ (0, 1) if (σb, σw) is in the Chaotic phase.

Proof. Let x 6= x′ be two inputs and α, α′ two nodes in the same channel i. From Section B.1, we
have that

qlα,α′(x, x
′) = E[yli,α(x)yli,α′(x

′)] =
σ2
w

2k + 1

∑

β∈ker
E[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))] + σ2

b .

This yields

clα,α′(x, x
′) =

1

2k + 1

∑

β∈ker
f(cl−1

α+β,α′+β(x, x′)),

where f is the correlation function.
We prove the result in the Ordered phase, the proof in the Chaotic phase is similar. Let (σb, σw) be in
the Ordered phase and clm = minα,α′ c

l
α,a′(x, x

′). Using the fact that f is non-decreasing (section
B.1), we have that clα,α′(x, x

′) ≥ 1
2k+1

∑
β∈ker c

l−1
α+β,α′+β(x, x′)) ≥ f(cl−1

m ). Taking the min again
over α, α′, we have clm ≥ f(cl−1

m ), therefore clm is non-decreasing and converges to a stable fixed
point of f . By the convexity of f , the limit is 1 (in the Chaotic phase, f has two fixed point, a stable
point c1 < 1 and c2 = 1 unstable). Moreover, the convergence is exponential using the fact that
0 < f ′(1) < 1. We conclude using the fact that supα,α′ |clα,α′(x, x′)− 1| = 1− clm.

C PROOFS FOR SECTION 2 : SBP FOR FFNN/CNN AND THE RESCALING
TRICK

In this section, we prove Theorem 1 and Proposition 1. Before proving Theorem 1, we state the
degeneracy approximation.

Approximation 3 (Degeneracy on the Ordered phase). On the Ordered phase, the correlation cl
and the variance ql converge exponentially quickly to their limiting values 1 and q respectively. The
degeneracy approximation for FFNN states that

• ∀x 6= x′, cl(x, x′) ≈ 1

• ∀x, ql(x) ≈ q

For CNN,

• ∀x 6= x′, α, α′, clα,α′(x, x
′) ≈ 1

18



Published as a conference paper at ICLR 2021

• ∀x, qlα(x) ≈ q

The degeneracy approximation is essential in the proof of Theorem 1 as it allows us to avoid many
unnecessary complications. However, the results hold without this approximation although the
constants are different.
Theorem 1 (Initialization is crucial for SBP). We consider a FFNN (2) or a CNN (3). Assume
(σw, σb) are chosen on the ordered phase, i.e. χ(σb, σw) < 1, then the NN is ill-conditioned.
Moreover, we have

E[scr] ≤
1

L

(
1 +

log(κLN2)

κ

)
+O

(
1

κ2
√
LN2

)
,

where κ = | logχ(σb, σw)|/8. If (σw, σb) are on the EOC, i.e. χ(σb, σw) = 1, then the NN is
well-conditioned. In this case, κ = 0 and the above upper bound no longer holds.

Proof. We prove the result using Approximation 3.

1. Case 1 : Fully connected Feedforward Neural Networks
To simplify the notation, we assume that Nl = N and Ml = N2 (i.e. αl = 1 and ζl = 1) for
all l. We prove the result for the Ordered phase, the proof for the Chaotic phase is similar.
Let L0 � 1, ε ∈ (0, 1 − 1

L0
), L ≥ L0 and x ∈ ( 1

L + ε, 1). With sparsity x, we keep
kx = b(1− x)LN2c weights. We have

P(scr ≤ x) ≥ P(max
i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx))

where t(kx) is the kthx order statistic of the sequence {|W l
ij |
∣∣ ∂L
∂W l

ij

∣∣, l > 0, (i, j) ∈ [1 : N ]2}.

We have
∂L
∂W l

ij

=
1

|D|
∑

x∈D

∂L
∂yli(x)

∂yli(x)

∂W l
ij

=
1

|D|
∑

x∈D

∂L
∂yli(x)

φ(yl−1
j (x)).

On the Ordered phase, the variance ql(x) and the correlation cl(x, x′) converge exponentially
to their limiting values q, 1 (Section B.1). Under the degeneracy Approximation 3, we have

• ∀x 6= x′, cl(x, x′) ≈ 1

• ∀x, ql(x) ≈ q

Let q̃l(x) = E[ ∂L
∂yli(x)

2
] (the choice of i is not important since (yli(x))i are iid ). Using these

approximations, we have that yli(x) = yli(x
′) almost surely for all x, x′. Thus

E
[ ∂L
∂W l

ij

2]
= E[φ(

√
qZ)2]q̃l(x),

where x is an input. The choice of x is not important in our approximation.
From Section B.1.2, we have

q̃l(x) = q̃l+1(x)
Nl+1

Nl
χ.

Then we obtain
q̃l(x) =

NL
Nl

q̃L(x)χL−l = q̃L(x)χL−l,

where χ = σ2
wE[φ(

√
qZ)2] as we have assumed Nl = N . Using this result, we have

E
[ ∂L
∂W l

ij

2]
= A χL−l,
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where A = E[φ(
√
qZ)2]q̃Lx for an input x. Recall that by definition, one has χ < 1 on the

Ordered phase.

In the general case, i.e. without the degeneracy approximation on cl and ql, we can prove
that

E
[ ∂L
∂W l

ij

2]
= Θ(χL−l)

which suffices for the rest of the proof. However, the proof of this result requires many
unnecessary complications that do not add any intuitive value to the proof.

In the general case where the widths are different, q̃l will also scale as χL−l up to a different
constant.
Now we want to lower bound the probability

P(max
i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx)).

Let t(kx)
ε be the kth

x order statistic of the sequence {|W l
ij |
∣∣ ∂L
∂W l

ij

∣∣, l > 1 + εL, (i, j) ∈ [1 :

N ]2}. It is clear that t(kx) > t
(kx)
ε , therefore

P(max
i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx)) ≥ P(max
i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx)
ε ).

Using Markov’s inequality, we have that

P(
∣∣ ∂L
∂W 1

ij

∣∣ ≥ α) ≤
E
[∣∣ ∂L
∂W 1

ij

∣∣2]

α2
. (16)

Note that Var(χ
l−L
2

∣∣ ∂L
∂W l

ij

∣∣) = A. In general, the random variables χ
l−L
2

∣∣ ∂L
∂W l

ij

∣∣ have a

density f lij for all l > 1 + εL, (i, j) ∈ [1 : N ]2, such that f lij(0) 6= 0. Therefore, there exists
a constant λ such that for x small enough,

P(χ
l−L
2

∣∣ ∂L
∂W l

ij

∣∣ ≥ x) ≥ 1− λx.

By selecting x = χ
(1−ε/2)L−1

2 , we obtain

χ
l−L
2 × x ≤ χ (1+εL)−L

2 χ
(1−ε/2)L−1

2 = χεL/2.

Therefore, for L large enough, and all l > 1 + εL, (i, j) ∈ [1 : Nl]× [1 : Nl−1] = [1 : N ]2,
we have

P(
∣∣ ∂L
∂W l

ij

∣∣ ≥ χ (1−ε/2)L−1
2 ) ≥ 1− λ χ l−(εL/2+1)

2 ≥ 1− λ χεL/2.

Now choosing α = χ
(1−ε/4)L−1

2 in inequality (16) yields

P(
∣∣ ∂L
∂W 1

ij

∣∣ ≥ χ (1−ε/4)L−1
2 ) ≥ 1−A χεL/4.

Since we do not know the exact distribution of the gradients, the trick is to bound them using
the previous concentration inequalities. We define the event B := {∀(i, j) ∈ [1 : N ]× [1 :

d],
∣∣ ∂L
∂W 1

ij

∣∣ ≤ χ (1−ε/4)L−1
2 } ∩ {∀l > 1 + εL, (i, j) ∈ [1 : N ]2,

∣∣ ∂L
∂W l

ij

∣∣ ≥ χ (1−ε/2)L−1
2 }.

We have

P(max
i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx)
ε ) ≥ P(max

i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx)
ε

∣∣B)P(B).
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But, by conditioning on the event B, we also have

P(max
i,j
|W 1

ij |
∣∣ ∂L
∂W 1

ij

∣∣ < t(kx)
ε

∣∣B) ≥ P(max
i,j
|W 1

ij | < χ−εL/8t′ε
(kx)),

where t′ε
(kx) is the kth

x order statistic of the sequence {|W l
ij |, l > 1 + εL, (i, j) ∈ [1 : N ]2}.

Now, as in the proof of Proposition 4 in Appendix E (MBP section), define xζ,γL = min{y ∈
(0, 1) : ∀x > y, γLQx > Q

1−(1−x)γ
2−ζ
L
}, where γL = χ−εL/8. Since limζ→2 xζ,γL = 0,

then there exists ζε < 2 such that xζε,γL = ε+ 1
L .

As L grows, t′ε
(kx) converges to the quantile of order x−ε1−ε . Therefore, using classic Berry-

Essen bounds on the cumulative distribution function, it is easy to obtain

P(max
i,j
|W 1

ij | < χ−εL/8t′ε
(kx)) ≥ P(max

i,j
|W 1

ij | < Q
1−(1− x−ε1−ε )γ

2−ζε
L

) +O(
1√
LN2

)

≥ 1−N2(
x− ε
1− ε )γ

2−ζε
L +O(

1√
LN2

).

Using the above concentration inequalities on the gradient, we obtain

P(B) ≥ (1−A χεL/4)N
2

(1− λ χεL/2)LN
2

.

Therefore there exists a constant η > 0 independent of ε such that

P(B) ≥ 1− ηLN2χεL/4.

Hence, we obtain

P(scr ≥ x) ≤ N2(
x− ε
1− ε )γ

2−ζε
L + ηLN2χεL/4 +O(

1√
LN2

).

Integration of the previous inequality yields

E[scr] ≤ ε+
1

L
+

N2

1 + γ2−ζε
L

+ ηLN2χεL/4 +O(
1√
LN2

).

Now let κ = | log(χ)|
8 and set ε = log(κLN2)

κL . By the definition of xζε,γL , we have

γLQxζε,γL = Q
1−(1−xζε,γL )γ

2−ζε
L .

For the left hand side, we have

γLQxζε,γL ∼ αγL
log(κLN2)

κL

where α > 0 is the derivative at 0 of the function x→ Qx (the derivative at zero of the cdf
of |N (0, 1)| is positive). Since γL = κLN2, we have

γLQxζε,γL ∼ αN
2 log(κLN2)

Which diverges as L goes to infinity. In particular this proves that the right hand side
diverges and therefore we have that (1− xζε,γL)γ

2−ζε
L converges to 0 as L goes to infinity.

Using the asymptotic equivalent of the right hand side as L → ∞, we have

Q
1−(1−xζε,γL )γ

2−ζε
L

∼
√
−2 log((1− xζε,γL)γ

2−ζε
L ) = γ

1−ζε/2
L

√
−2 log(1− xζε,γL).

Therefore, we obtain

Q
1−(1−xζε,γL )γ

2−ζε
L

∼ γ1−ζε/2
L

√
2 log(κLN2)

κL
.
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Combining this result to the fact that γLQxζε,γL ∼ αγL
log(κLN2)

κL we obtain

γ−ζεL ∼ β log(κLN2)

κL
,

where β is a positive constant. This yields

E[scr] ≤
log(κLN2)

κL
+

1

L
+

µ

κLN2 log(κLN2)
(1 + o(1)) + η

1

κ2LN2
+O(

1√
LN2

)

=
1

L
(1 +

log(κLN2)

κ
) +O(

1

κ2
√
LN2

),

where κ = | log(χ)|
8 and µ is a constant.

2. Case 2 : Convolutional Neural Networks
The proof for CNNs is similar to that of FFNN once we prove that

E
[ ∂L
∂W l

i,j,β

2]
= A χL−l

where A is a constant. We have that

∂L
∂W l

i,j,β

=
∑

α

∂L
∂yli,α

φ(yl−1
j,α+β)

and
∂L
∂yli,α

=

n∑

j=1

∑

β∈ker

∂L
∂yl+1

j,α−β
W l+1
i,j,βφ

′(yli,α).

Using the approximation of Gradient independence and averaging over the number of
channels (using CLT) we have that

E[
∂L
∂yli,α

2

] =
σ2
wE[φ′(

√
qZ)2]

2k + 1

∑

β∈ker
E[

∂L
∂yl+1

i,α−β

2

].

Summing over α and using the periodic boundary condition, this yields

∑

α

E[
∂L
∂yli,α

2

] = χ
∑

α

E[
∂L
∂yl+1

i,α

2

].

Here also, on the Ordered phase, the variance ql and the correlation cl converge exponen-
tially to their limiting values q and 1 respectively. As for FFNN, we use the degeneracy
approximation that states

• ∀x 6= x′, α, α′, clα,α′(x, x
′) ≈ 1,

• ∀x, qlα(x) ≈ q.

Using these approximations, we have

E
[ ∂L
∂W l

i,j,β

2]
= E[φ(

√
qZ)2]q̃l(x),

where q̃l(x) =
∑
α E[ ∂L

∂yli,α(x)

2
] for an input x. The choice of x is not important in our

approximation.

From the analysis above, we have

q̃l(x) = q̃L(x)χL−l,
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so we conclude that

E
[ ∂L
∂W l

i,j,β

2]
= A χL−l

where A = E[φ(
√
qZ)2]q̃L(x).

With EOC initialization, classic results from Schoenholz et al. (2017); Hayou et al. (2019) show that
the second moment of the gradient is the same for all layers. It follows that ml is the same for all
layers up to some constants that do not depend on L, l. This concludes the proof.

After pruning, the network is usually ‘deep’ in the Ordered phase in the sense that χ = f ′(1)� 1.
To re-place it on the Edge of Chaos, we use the Rescaling Trick.
Proposition 1 (Rescaling Trick). Consider a NN of the form (2) or (3) (FFNN or CNN) initialized
on the EOC. Then, after pruning, the sparse network is not initialized on the EOC. However, the
rescaled sparse network

yl(x) = F(ρl ◦ δl ◦W l, yl−1(x)) +Bl, for l ≥ 1, (17)
where

• ρlij = 1√
E[Nl−1(W l

i1)2δli1]
for FFNN of the form (2),

• ρli,j,β = 1√
E[nl−1(W l

i,1,β)2δli,1,β ]
for CNN of the form (3),

is initialized on the EOC.

Proof. For two inputs x, x′, the forward propagation of the covariance is given by

q̂l(x, x′) = E[yli(x)yli(x
′)]

= E[

Nl−1∑

j,k

W l
ijW

l
ikδ

l
ijδ

l
ikφ(ŷl−1

j (x))φ(ŷl−1
j (x′))] + σ2

b .

We have
∂L
∂W l

ij

=
1

|D|
∑

x∈D

∂L
∂yli(x)

∂yli(x)

∂W l
ij

=
1

|D|
∑

x∈D

∂L
∂yli(x)

φ(yl−1
j (x)).

Under the assumption that the weights used for forward propagation are independent from the weights
used for back-propagation, W l

ij and ∂L
∂yli(x)

are independent for all x ∈ D. We also have that W l
ij and

φ(yl−1
j (x)) are independent for all x ∈ D. Therefore, W l

ij and ∂L
∂W l

ij

are independent for all l, i, j.
This yields

q̂l(x, x′) = σ2
wαlE[φ(ŷl−1

1 (x))φ(ŷl−1
1 (x′))] + σ2

b ,

where αl = E[Nl−1(W l
11)2δl11] (the choice of i, j does not matter because they are iid). Unless we

do not prune any weights from the lth layer, we have that αl < 1.
These dynamics are the same as a FFNN with the variance of the weights given by σ̂2

w = σ2
wαl.

Since the EOC equation is given by σ2
wE[φ′(

√
qZ)2] = 1, with the new variance, it is clear that

σ̂2
wE[φ′(

√
q̂Z)2] 6= 1 in general. Hence, the network is no longer on the EOC and this could be

problematic for training.
With the rescaling, this becomes

q̂l(x, x′) = σ2
wρ

2
l αlE[φ(ỹl−1

1 (x))φ(ỹl−1
1 (x′))] + σ2

b

= σ2
wE[φ(ỹl−1

1 (x))φ(ỹl−1
1 (x′))] + σ2

b .
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Therefore, the new variance after re-scaling is σ̃2
w = σ2

w, and the limiting variance q̃ = q remains also
unchanged since the dynamics are the same. Therefore σ̃2

wE[φ′(
√
q̃Z)2] = σ2

wE[φ′(
√
qZ)2] = 1.

Thus, the re-scaled network is initialized on the EOC. The proof is similar for CNNs.

D PROOF FOR SECTION 3 : SBP FOR STABLE RESIDUAL NETWORKS

Theorem 2 (Resnet is well-conditioned). Consider a Resnet with either Fully Connected or Convo-
lutional layers and ReLU activation function. Then for all σw > 0, the Resnet is well-conditioned.
Moreover, for all l ∈ {1, ..., L},ml = Θ((1 +

σ2
w

2 )L).

Proof. Let us start with the case of a Resnet with Fully Connected layers. we have that

∂L
∂W l

ij

=
1

|D|
∑

x∈D

∂L
∂yli(x)

∂yli(x)

∂W l
ij

=
1

|D|
∑

x∈D

∂L
∂yli(x)

φ(yl−1
j (x))

and the backpropagation of the gradient is given by the set of equations

∂L
∂yli

=
∂L
∂yl+1

i

+ φ′(yli)
Nl+1∑

j=1

∂L
∂yl+1

j

W l+1
ji .

Recall that ql(x) = E[yli(x)2] and q̃l(x, x′) = E[ ∂L
∂yli(x)

∂L
∂yli(x

′)
] for some inputs x, x′. We have that

ql(x) = E[yl−1
i (x)2] + σ2

wE[φ(yl−1
1 )2] = (1 +

σ2
w

2
)ql−1(x),

and
q̃l(x, x′) = (1 + σ2

wE[φ′(yli(x))φ′(yli(x
′))])q̃l+1(x, x′).

We also have

E[
∂L
∂W l

ij

2

] =
1

|D|2
∑

x,x′

tlx,x′ ,

where tlx,x′ = q̃l(x, x′)
√
ql(x)ql(x′)f(cl−1(x, x′)) and f is defined in the preliminary results (Eq

15).
Let k ∈ {1, 2, ..., L} be fixed. We compare the terms tlx,x′ for l = k and l = L. The ratio between
the two terms is given by (after simplification)

tkx,x′

tLx,x′
=

∏L−1
l=k (1 +

σ2
w

2 f
′(cl(x, x′)))

(1 +
σ2
w

2 )L−k
f(ck−1(x, x′))
f(cL−1(x, x′))

.

We have that f ′(cl(x, x)) = f ′(1) = 1. A Taylor expansion of f near 1 yields f ′(cl(x, x′)) =
1 − l−1 + o(l−1) and f(cl(x, x)) = 1 − sl−2 + o(l−2) (see Hayou et al. (2019) for more details).

Therefore, there exist two constants A,B > 0 such that A <
∏L−1
l=k (1+

σ2w
2 f ′(cl(x,x′)))

(1+
σ2w
2 )L−k

< B for all L

and k ∈ {1, 2, ..., L}. This yields

A ≤
E[ ∂L

∂W l
ij

2
]

E[ ∂L
∂WL

ij

2
]
≤ B,

which concludes the proof.
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For Resnet with convolutional layers, we have

∂L
∂W l

i,j,β

=
1

|D|
∑

x∈D

∑

α

∂L
∂yli,α(x)

φ(yl−1
j,α+β(x))

and
∂L
∂yli,α

=
∂L
∂yl+1

i,α

+
n∑

j=1

∑

β∈ker

∂L
∂yl+1

j,α−β
W l+1
i,j,βφ

′(yli,α).

Recall the notation q̃lα,α′(x, x
′) = E[ ∂L

∂yli,α(x)
∂L

∂yl
i,α′ (x

′)
]. Using the hypothesis of independence of

forward and backward weights and averaging over the number of channels (using CLT), we have

q̃lα,α′(x, x
′) = q̃l+1

α,α′(x, x
′) +

σ2
wf
′(clα,α′(x, x

′))

2(2k + 1)

∑

β

q̃l+1
α+β,α′+β(x, x′).

Let Kl = ((q̃lα,α+β(x, x′))α∈[0:N−1])β∈[0:N−1] be a vector in RN2

. Writing this previous equation
in matrix form, we obtain

Kl = (I +
σ2
wf
′(clα,α′(x, x

′))

2(2k + 1)
U)Kl+1

and

E[
∂L

∂W l
i,j,β

2

] =
1

|D|2
∑

x,x′∈D

∑

α,α′

tlα,α′(x, x
′),

where tlα,α′(x, x
′) = q̃lα,α′(x, x

′)
√
qlα+β(x)qlα′+β(x′)f(cl−1

α+β,α′+β(x, x′)). Since we have

f ′(clα,α′(x, x
′))→ 1, then by fixing l and letting L goes to infinity, it follows that

Kl ∼L→∞ (1 +
σ2
w

2
)L−le1e

T
1 KL

and, from Lemma 2, we know that
√
qlα+β(x)qlα′+β(x′) = (1 +

σ2
w

2
)l−1√q0,xq0,x′ .

Therefore, for a fixed k < L, we have tkα,α′(x, x
′) ∼ (1 +

σ2
w

2 )L−1f(ck−1
α+β,α′+β(x, x′))(eT1 KL) =

Θ(tLα,α′(x, x
′)). This concludes the proof.

Proposition 2 (Stable Resnet). Consider the following Resnet parameterization

yl(x) = yl−1(x) +
1√
L
F(W l, yl−1), for l ≥ 2, (18)

then the network is well-conditioned for all choices of σw > 0. Moreover, for all l ∈ {1, ..., L} we
have ml = Θ(L−1).

Proof. The proof is similar to that of Theorem 2 with minor differences. Let us start with the case of
a Resnet with fully connected layers, we have

∂L
∂W l

ij

=
1

|D|
√
L

∑

x∈D

∂L
∂yli(x)

∂yli(x)

∂W l
ij

=
1

|D|
√
L

∑

x∈D

∂L
∂yli(x)

φ(yl−1
j (x))
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and the backpropagation of the gradient is given by

∂L
∂yli

=
∂L
∂yl+1

i

+
1√
L
φ′(yli)

Nl+1∑

j=1

∂L
∂yl+1

j

W l+1
ji .

Recall that ql(x) = E[yli(x)2] and q̃l(x, x′) = E[ ∂L
∂yli(x)

∂L
∂yli(x

′)
] for some inputs x, x′. We have

ql(x) = E[yl−1
i (x)2] +

σ2
w

L
E[φ(yl−1

1 (x))2] = (1 +
σ2
w

2L
)ql−1(x)

and

q̃l(x, x′) = (1 +
σ2
w

L
E[φ′(yli(x))φ′(yli(x

′))])q̃l+1(x, x′).

We also have

E[
∂L
∂W l

ij

2

] =
1

L|D|2
∑

x,x′

tlx,x′ ,

where tlx,x′ = q̃l(x, x′)
√
ql(x)ql(x′)f(cl−1(x, x′)) and f is defined in the preliminary results (Eq.

15).
Let k ∈ {1, 2, ..., L} be fixed. We compare the terms tlx,x′ for l = k and l = L. The ratio between
the two terms is given after simplification by

tkx,x′

tLx,x′
=

∏L−1
l=k (1 +

σ2
w

2L f
′(cl(x, x′)))

(1 +
σ2
w

2L )L−k
f(ck−1(x, x′))
f(cL−1(x, x′))

.

As in the proof of Theorem 2, we have that f ′(cl(x, x)) = 1, f ′(cl(x, x′)) = 1 − l−1 + o(l−1)
and f(cl(x, x)) = 1 − sl−2 + o(l−2). Therefore, there exist two constants A,B > 0 such that

A <
∏L−1
l=k (1+

σ2w
2L f

′(cl(x,x′)))

(1+
σ2w
2L )L−k

< B for all L and k ∈ {1, 2, ..., L}. This yields

A ≤
E[ ∂L

∂W l
ij

2
]

E[ ∂L
∂WL

ij

2
]
≤ B.

Moreover, since (1+
σ2
w

2L )L → eσ
2
w/2, thenml = Θ(1) for all l ∈ {1, ..., L}. This concludes the proof.

For Resnet with convolutional layers, the proof is similar. With the scaling, we have

∂L
∂W l

i,j,β

=
1√
L|D|

∑

x∈D

∑

α

∂L
∂yli,α(x)

φ(yl−1
j,α+β(x))

and
∂L
∂yli,α

=
∂L
∂yl+1

i,α

+
1√
L

n∑

j=1

∑

β∈ker

∂L
∂yl+1

j,α−β
W l+1
i,j,βφ

′(yli,α).

Let q̃lα,α′(x, x
′) = E[ ∂L

∂yli,α(x)
∂L

∂yl
i,α′ (x

′)
]. Using the hypothesis of independence of forward and

backward weights and averaging over the number of channels (using CLT) we have

q̃lα,α′(x, x
′) = q̃l+1

α,α′(x, x
′) +

σ2
wf
′(clα,α′(x, x

′))

2(2k + 1)L

∑

β

q̃l+1
α+β,α′+β(x, x′).

Let Kl = ((q̃lα,α+β(x, x′))α∈[0:N−1])β∈[0:N−1] is a vector in RN2

. Writing this previous equation in
matrix form, we have

Kl = (I +
σ2
wf
′(clα,α′(x, x

′))

2(2k + 1)L
U)Kl+1,
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and

E[
∂L

∂W l
i,j,β

2

] =
1

L|D|2
∑

x,x′∈D

∑

α,α′

tlα,α′(x, x
′),

where tlα,α′(x, x
′) = q̃lα,α′(x, x

′)
√
qlα+β(x)qlα′+β(x′)f(cl−1

α+β,α′+β(x, x′)). Since we have

f ′(clα,α′(x, x
′))→ 1, then by fixing l and letting L goes to infinity, we obtain

Kl ∼L→∞ (1 +
σ2
w

2L
)L−le1e

T
1 KL

and we know from Appendix Lemma 2 (using αβ =
σ2
w

2L for all β) that
√
qlα+β(x)qlα′+β(x′) = (1 +

σ2
w

2L
)l−1√q0,xq0,x′ .

Therefore, for a fixed k < L, we have tkα,α′(x, x
′) ∼ (1 +

σ2
w

2L )L−1f(ck−1
α+β,α′+β(x, x′))(eT1 KL) =

Θ(tLα,α′(x, x
′)) which proves that the stable Resnet is well conditioned. Moreover, since (1 +

σ2
w

2L )L−1 → eσ
2
w/2, then ml = Θ(L−1) for all l.

In the next Lemma, we study the asymptotic behaviour of the variance qlα. We show that, as l→∞,
a phenomenon of self averaging shows that qlα becomes independent of α.
Appendix Lemma 2. Let x ∈ Rd. Assume the sequence (al,α)l,α is given by the recursive formula

al,α = al−1,α +
∑

β∈ker
λβal−1,α+β

where λβ > 0 for all β. Then, there exists ζ > 0 such that for all x ∈ Rd and α,

al,α(x) = (1 +
∑

β

αβ)la0 +O((1 +
∑

β

αβ)le−ζl)),

where a0 is a constant and the O is uniform in α.

Proof. Recall that

al,α = al−1,α +
∑

β∈ker
λβal−1,α+β .

We rewrite this expression in a matrix form

Al = UAl−1,

where Al = (al,α)α is a vector in RN and U is the is the convolution matrix. As an example, for
k = 1, U given by

U =




1 + λ0 λ1 0 ... 0 λ−1

λ−1 1 + λ0 λ1 0
. . . 0

0 λ−1 1 + λ0 λ1
. . . 0

0 0 λ−1 1 + λ0
. . . 0

. . . . . . . . . . . .
λ1 0 . . . 0 λ−1 1 + λ0




.

U is a circulant symmetric matrix with eigenvalues b1 > b2 ≥ b3... ≥ bN . The largest eigenvalue
of U is given by b1 = 1 +

∑
β λβ and its equivalent eigenspace is generated by the vector e1 =

1√
N

(1, 1, ..., 1) ∈ RN . This yields

b−l1 U l = e1e
T
1 +O(e−ζl),
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where ζ = log( b1b2 ). Using this result, we obtain

b−l1 Al = (b−l1 U l)A0 = e1e
T
1 A0 +O(e−ζl).

This concludes the proof.

Unlike FFNN or CNN, we do not need to rescale the pruned network. The next proposition establishes
that a Resnet lives on the EOC in the sense that the correlation between yli(x) and yli(x

′) converges
to 1 at a sub-exponential O(l−2) rate.
Proposition 3 (Resnet live on the EOC even after pruning). Let x 6= x′ be two inputs. The following
statments hold

1. For Resnet with Fully Connected layers, let ĉl(x, x′) be the correlation between ŷli(x) and
ŷli(x

′) after pruning the network. Then we have

1− ĉl(x, x′) ∼ κ

l2
,

where κ > 0 is a constant.

2. For Resnet with Convolutional layers, let ĉl(x, x′) =
∑
α,α′ E[yl1,α(x)yl

1,α′ (x
′)]

∑
α,α′
√
qlα(x)
√
qlα
′(x′)

be an ‘average’

correlation after pruning the network. Then we have

1− ĉl(x, x′) & l−2.

Proof. It is sufficient to prove the result when α = E[Nl−1W
l
11

2δl11] is the same for all l. The proof
for the general case is straightforward using the same techniques.

1. Let x and x′ be two inputs. The covariance of ŷli(x) and ŷli(x
′) is given by

q̂l(x, x′) = q̂l−1(x, x′) + αE(Z1,Z2)∼N (0,Ql−1)[φ(Z1)φ(Z2)]

where Ql−1 =

[
q̂l−1(x) q̂l−1(x, x′)
q̂l−1(x, x′) q̂l−1(x′)

]
and α = E[Nl−1W

l
11

2δl11].

Consequently, we have q̂l(x) = (1 + α
2 )q̂l−1(x). Therefore, we obtain

ĉl(x, x′) =
1

1 + λ
ĉl−1(x, x′) +

λ

1 + λ
f(ĉl−1(x, x′)),

where λ = α
2 and f(x) = 2E[φ(Z1)φ(xZ1 +

√
1− x2Z2)] and Z1 and Z2 are iid standard

normal variables.

Using the fact that f is increasing (Section B.1), it is easy to see that ĉl(x, x′) → 1.
Let ζl = 1 − ĉl(x, x′). Moreover, using a Taylor expansion of f near 1 (Section B.1)
f(x) =

x→1−
x+ β(1− x)3/2 +O((1− x)5/2), it follows that

ζl = ζl−1 − ηζ3/2
l−1 +O(ζ

5/2
l−1),

where η = λβ
1+λ . Now using the asymptotic expansion of ζ−1/2

l given by

ζ
−1/2
l = ζ

−1/2
l−1 +

η

2
+O(ζl−1),

this yields ζ−1/2
l ∼

l→∞
η
2 l. We conclude that 1− ĉl(x, x′) ∼ 4

η2l2 .

2. Let x be an input. Recall the forward propagation of a pruned 1D CNN

yli,α(x) = yl−1
i,α (x) +

c∑

j=1

∑

β∈ker
δli,j.βW

l
i,j,βφ(yl−1

j,α+β(x)) + bli.
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Unlike FFNN, neurons in the same channel are correlated since we use the same filters for
all of them. Let x, x′ be two inputs and α, α′ two nodes in the same channel i. Using the
Central Limit Theorem in the limit of large nl (number of channels), we have

E[yli,α(x)yli,α′(x
′)] = E[yl−1

i,α (x)yl−1
i,α′(x

′)]+
1

2k + 1

∑

β∈ker
αβE[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))],

where αβ = E[δli,1.βW
l
i,1,β

2nl−1].

Let qlα(x) = E[yl1,α(x)2]. The choice of the channel is not important since for a given α,
neurons (yli,α(x))i∈[c] are iid. Using the previous formula, we have

qlα(x) = ql−1
α (x) +

1

2k + 1

∑

β∈ker
αβE[φ(yl−1

1,α+β(x))2]

= ql−1
α (x) +

1

2k + 1

∑

β∈ker
αβ
ql−1
α+β(x)

2
.

Therefore, letting ql(x) = 1
N

∑
α∈[N ] q

l
α(x) and σ =

∑
β αβ

2k+1 , we obtain

ql(x) = ql−1(x) +
1

2k + 1

∑

β∈ker
αβ

∑

α∈[n]

ql−1
α+β(x)

2

= (1 +
σ

2
)ql−1(x) = (1 +

σ

2
)l−1q1(x),

where we have used the periodicity ql−1
α = ql−1

α−N = ql−1
α+N . Moreover, we have

minα q
l
α(x) ≥ (1 + σ

2 ) minα q
l−1
α (x) ≥ (1 + σ

2 )l−1 minα q
1
α(x).

The convolutional structure makes it hard to analyse the correlation between the values of
a neurons for two different inputs. Xiao et al. (2018) studied the correlation between the
values of two neurons in the same channel for the same input. Although this could capture
the propagation of the input structure (say how different pixels propagate together) inside
the network, it does not provide any information on how different structures from different
inputs propagate. To resolve this situation, we study the ’average’ correlation per channel
defined as

cl(x, x′) =

∑
α,α′ E[yl1,α(x)yl1,α′(x

′)]
∑
α,α′

√
qlα(x)

√
qlα
′(x′)

,

for any two inputs x 6= x′. We also define c̆l(x, x′) by

c̆l(x, x′) =
1
N2

∑
α,α′ E[yl1,α(x)yl1,α′(x

′)]
√

1
N

∑
α q

l
α(x)

√
1
N

∑
α q

l
α(x′)

.

Using the concavity of the square root function, we have
√

1

N

∑

α

qlα(x)

√
1

N

∑

α

qlα(x′) =

√
1

N2

∑

α,α′

qlα(x)qlα(x′)

≥ 1

N2

∑

α,α′

√
qlα(x)

√
qlα(x′)

≥ 1

N2

∑

α,α′

|E[yl1,α(x)yl1,α′(x
′)]|.

This yields c̆l(x, x′) ≤ cl(x, x′) ≤ 1. Using Appendix Lemma 2 twice with al,α = qlα(x),
al,α = qlα(x′), and λβ =

αβ
2(2k+1) , there exists ζ > 0 such that

cl(x, x′) = c̆l(x, x′)(1 +O(e−ζl)). (19)
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This result shows that the limiting behaviour of cl(x, x′) is equivalent to that of c̆l(x, x′) up
to an exponentially small factor. We study hereafter the behaviour of c̆l(x, x′) and use this
result to conclude. Recall that

E[yli,α(x)yli,α′(x
′)] = E[yl−1

i,α (x)yl−1
i,α′(x

′)]+
1

2k + 1

∑

β∈ker
αβE[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))].

Therefore,∑

α,α′

E[yl1,α(x)yl1,α′(x
′)]

=
∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)] +

1

2k + 1

∑

α,α′

∑

β∈ker
αβE[φ(yl−1

1,α+β(x))φ(yl−1
1,α′+β(x′))]

=
∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)] + σ

∑

α,α′

E[φ(yl−1
1,α (x))φ(yl−1

1,α′(x
′))]

=
∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)] +

σ

2

∑

α,α′

√
ql−1
α (x)

√
ql−1
α
′(x′)f(cl−1

α,α′(x, x
′)),

where f is the correlation function of ReLU.

Let us first prove that c̆l(x, x′) converges to 1. Using the fact that f(z) ≥ z for all z ∈ (0, 1)
(Section B.1), we have that

∑

α,α′

E[yl1,α(x)yl1,α′(x
′)] ≥

∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)] +

σ

2

∑

α,α′

√
ql−1
α (x)

√
ql−1
α
′(x′)cl−1

α,α′(x, x
′)

=
∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)] +

σ

2

∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)]

= (1 +
σ

2
)
∑

α,α′

E[yl−1
1,α (x)yl−1

1,α′(x
′)].

Combining this result with the fact that
∑
α q

l
α(x) = (1 + σ

2 )
∑
α q

l−1
α (x), we have

c̆l(x, x′) ≥ c̆l−1(x, x′). Therefore c̆l(x, x′) is non-decreasing and converges to a limit-
ing point c.
Let us prove that c = 1. By contradiction, assume the limit c < 1. Using equation (19),
we have that c

l(x,x′)
c̆l(x,x′) converge to 1 as l goes to infinity. This yields cl(x, x′) → c. There-

fore, there exists α0, α
′
0 and a constant δ < 1 such that for all l, clα0,α′0

(x, x′) ≤ δ < 1.
Knowing that f is strongly convex and that f ′(1) = 1, we have that f(clα0,α′0

(x, x′)) ≥
clα0,α′0

(x, x′) + f(δ)− δ. Therefore,

c̆l(x, x′) ≥ c̆l−1(x, x′) +

σ
2

√
ql−1
α0 (x)ql−1

α′0
(x′)

N2
√
ql(x)

√
ql(x′)

(f(δ)− δ)

≥ c̆l−1(x, x′) +
σ
2

√
minα q1

α(x) minα′ q1
α′(x

′)

N2
√
q1(x)

√
q1(x′)

(f(δ)− δ).

By taking the limit l→∞, we find that c ≥ c+
σ
2

√
minα q1α(x) minα′ q

1
α′ (x

′)

N2
√
q1(x)
√
q1(x′)

(f(δ)− δ). This

cannot be true since f(δ) > δ. Thus we conclude that c = 1.

Now we study the asymptotic convergence rate. From Section B.1, we have that

f(x) =
x→1−

x+
2
√

2

3π
(1− x)3/2 +O((1− x)5/2).
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Therefore, there exists κ > 0 such that, close to 1− we have that

f(x) ≤ x+ κ(1− x)3/2.

Using this result, we can upper bound c̆l(x, x′)

c̆l(x, x′) ≤ c̆l−1(x, x′) + κ
∑

α,α′

1
N2

√
ql−1
α (x)

√
ql−1
α′ (x′)

√
ql(x)

√
ql(x′)

(1− clα,α′(x, x′))3/2.

To get a polynomial convergence rate, we should have an upper bound of the form c̆l ≤
c̆l−1 + ζ(1− c̆l−1)1+ε (see below). However, the function x3/2 is convex, so the sum cannot
be upper-bounded directly using Jensen’s inequality. We use here instead (Pečarić et al.,
1992, Theorem 1) which states that for any x1, x2, ...xn > 0 and s > r > 0, we have

(∑

i

xsi
)1/s

<
(∑

i

xri
)1/r

. (20)

Let zlα,α′ =
1
N2

√
ql−1
α (x)

√
ql−1

α′ (x′)√
ql(x)
√
ql(x′)

, we have

∑

α,α′

zlα,α′(1− clα,α′(x, x′))3/2 ≤ ζl
∑

α,α′

[zlα,α′(1− clα,α′(x, x′))]3/2,

where ζl = maxα,α′
1

zl
α,α′

1/2 . Using the inequality (20) with s = 3/2 and r = 1, we have

∑

α,α′

[zlα,α′(1− clα,α′(x, x′))]3/2 ≤ (
∑

α,α′

zlα,α′(1− clα,α′(x, x′)))3/2

= (
∑

α,α′

zlα,α′ − c̆l(x, x′)))3/2.

Moreover, using the concavity of the square root function, we have
∑
α,α′ z

l
α,α′ ≤ 1. This

yields

c̆l(x, x′) ≤ c̆l−1(x, x′) + ζ(1− c̆l−1(x, x′))3/2,

where ζ is constant. Letting γl = 1 − c̆l(x, x′), we can conclude using the following
inequality (we had an equality in the case of FFNN)

γl ≥ γl−1 − ζγ3/2
l−1

which leads to

γ
−1/2
l ≤ γ−1/2

l−1 (1− ζγ1/2
l−1)−1/2 = γ

−1/2
l−1 +

ζ

2
+ o(1).

Hence we have

γl & l−2.

Using this result combined with (19) again, we conclude that

1− cl(x, x′) & l−2.
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E THEORETICAL ANALYSIS OF MAGNITUDE BASED PRUNING (MBP)

In this section, we provide a theoretical analysis of MBP. The two approximations from Appendix A
are not used here.

MBP is a data independent pruning algorithm (zero-shot pruning). The mask is given by

δli =

{
1 if |W l

i | ≥ ts,
0 if |W l

i | < ts,

where ts is a threshold that depends on the sparsity s. By defining ks = (1− s)∑lMl, ts is given
by ts = |W |(ks) where |W |(ks) is the kth

s order statistic of the network weights (|W l
i |)1≤l≤L,1≤i≤Ml

(|W |(1) > |W |(2) > ...).

With MBP, changing σw does not impact the distribution of the resulting sparse architecture since
it is a common factor for all the weights. However, in the case of different scaling factors vl, the
variances σ2

w

vl
used to initialize the weights vary across layers. This gives potentially the erroneous

intuition that the layer with the smallest variance will be highly likely fully pruned before others as
we increase the sparsity s. This is wrong in general since layers with small variances might have
more weights compared to other layers. However, we can prove a similar result by considering the
limit of large depth with fixed widths.
Proposition 4 (MBP in the large depth limit). Assume N is fixed and there exists l0 ∈ [1 : L]

such that αl0 > αl for all l 6= l0. Let Qx be the xth quantile of |X| where X iid∼ N (0, 1) and
γ = minl 6=l0

αl0
αl

. For ε ∈ (0, 2), define xε,γ = inf{y ∈ (0, 1) : ∀x > y, γQx > Q1−(1−x)γ2−ε }
and xε,γ =∞ for the null set. Then, for all ε ∈ (0, 2), xε,γ is finite and there exists a constant ν > 0
such that

E[scr] ≤ inf
ε∈(0,2)

{xε,γ +
ζl0N

2

1 + γ2−ε (1− xε,γ)1+γ2−ε}+O(
1√
LN2

).

Proposition 4 gives an upper bound on E[scr] in the large depth limit. The upper bound is easy
to approximate numerically. Table 7 compares the theoretical upper bound in Proposition 4 to the
empirical value of E[scr] over 10 simulations for a FFNN with depth L = 100, N = 100, α1 = γ
and α2 = α3 = · · · = αL = 1. Our experiments reveal that this bound can be tight.

Table 7: Theoretical upper bound of Proposition 4 and empirical observations for a FFNN with
N = 100 and L = 100

GAMMA γ = 2 γ = 5 γ = 10

UPPER BOUND 5.77 0.81 0.72
EMPIRICAL OBSERVATION ≈ 1 0.79 0.69

Proof. Let x ∈ (0, 1) and kx = (1− x)ΓLN
2, where ΓL =

∑
l 6=l0 ζl. We have

P(scr ≤ x) ≥ P(max
i
|W l0

i | < |W |(kx)),

where |W |(kx) is the kth
x order statistic of the sequence {|W l

i |, l 6= l0, i ∈ [1 : Ml]}; i.e
|W |(1) > |W |(2) > ... > |W |(kx).

Let (Xi)i∈[1:Ml0
] and (Zi)i∈[1:ΓLN2] be two sequences of iid standard normal variables. It is easy to

see that
P(max

i,j
|W l0

ij | < |W |(kx)) ≥ P(max
i
|Xi| < γ|Z|(kx))

where γ = minl 6=l0
αl0
αl

.

Moreover, we have the following result from the theory of order statistics, which is a weak version of
Theorem 3.1. in Puri and Ralescu (1986)
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Appendix Lemma 3. Let X1, X2, ..., Xn be iid random variables with a cdf F . Assume F is
differentiable and let p ∈ (0, 1) and let Qp be the order p quantile of the distribution F , i.e.
F (Qp) = p. Then we have

√
n(X(pn) −Qp)F ′(Qp)σ−1

p →
D
N (0, 1),

where the convergence is in distribution and σp = p(1− p).

Using this result, we obtain

P(max
i
|Xi| < γ|Z|(kx)) = P(max

i
|Xi| < γQx) +O(

1√
LN2

),

where Qx is the x quantile of the folded standard normal distribution.

The next result shows that xε,γ is finite for all ε ∈ (0, 2).

Appendix Lemma 4. Let γ > 1. For all ε ∈ (0, 2), there exists xε ∈ (0, 1) such that, for all x > xε,
γQx > Q1−(1−x)γ2−ε .

Proof. Let ε > 0, and recall the asymptotic equivalent of Q1−x given by

Q1−x ∼x→0

√
−2 log(x)

Therefore, γQx
Q

1−(1−x)γ2−ε
∼x→1

√
γε > 1. Hence xε exists and is finite.

Let ε > 0. Using Appendix Lemma 4, there exists xε > 0 such that

P(max
i
|Xi| < γQx) ≥ P(max

i
|Xi| < Q1−(1−x)γ2−ε )

= (1− (1− x)γ
2−ε

)ζl0N
2

≥ 1− ζl0N2(1− x)γ
2−ε
,

where we have used the inequality (1− t)z ≥ 1− zt for all (t, z) ∈ [0, 1]× (1,∞).

Using the last result, we have

P(scr ≥ x) ≤ ζl0N2(1− x)γ
2−ε

+O(
1√
LN2

).

Now we have

E[scr] =

∫ 1

0

P(scr ≥ x)dx

≤ xε +

∫ 1

xε

P(scr ≥ x)dx

≤ xε +
ζl0N

2

1 + γ2−ε (1− xε)γ
2−ε+1 +O(

1√
LN2

).

This is true for all ε ∈ (0, 2), and the additional term O( 1√
LN2

) does not depend on ε. Therefore
there exists a constant ν ∈ R such that for all ε

E[scr] ≤ xε +
ζl0N

2

1 + γ2−ε (1− xε)γ
2−ε+1 +

ν√
LN2

.

We conclude by taking the infimum over ε.
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F IMAGENET EXPERIMENTS

To validate our results on large scale datasets, we prune ResNet50 using SNIP, GraSP, SynFlow and
our algorithm SBP-SR, and train the pruned network on ImageNet. We train the pruned model for
90 epochs with SGD. The training starts with a learning rate 0.1 and it drops by a factor of 10 at
epochs 30, 60, 80. We report in table 8 Top-1 test accuracy for different sparsities. Our algorithm
SBP-SR has a clear advantage over other algorithms. We are currently running extensive simulations
on ImageNet to confirm these results.

Table 8: Classification accuracy on ImageNet (Top-1) for ResNet50 with varying sparsities (TODO: These
results will be updated to include confidence intervals)

ALGORITHM 85% 90% 95%

SNIP 69.05 64.25 44.90
GRASP 69.45 66.41 62.10
SYNFLOW 69.50 66.20 62.05
SBP-SR 69.75 67.02 62.66

G ADDITIONAL EXPERIMENTS

In Table 10, we present additional experiments with varying Resnet Architectures (Resnet32/50), and
sparsities (up to 99.9%) with Relu and Tanh activation functions on Cifar10. We see that overall,
using our proposed Stable Resnet performs overall better that standard Resnets.

In addition, we also plot the remaining weights for each layer to get a better understanding on the
different pruning strategies and well as understand why some of the Resnets with Tanh activation
functions are untrainable. Furthermore, we added additional MNIST experiments with different
activation function (ELU, Tanh) and note that our rescaled version allows us to prune significantly
more for deeper networks.

Table 9: Test accuracy of pruned neural network on CIFAR10 with different activation functions

Resnet32 Algo 90 98 99.5 99.9
Relu SBP-SR 92.56(0.06) 88.25(0.35) 79.54(1.12) 51.56(1.12)

SNIP 92.24(0.25) 87.63(0.16) 77.56(0.36) 10(0)

Tanh SBP-SR 90.97(0.2) 86.62(0.38) 75.04(0.49) 51.88(0.56)
SNIP 90.69(0.28) 85.47(0.18) 10(0) 10(0)

Resnet50

Relu SBP-SR 92.05(0.06) 89.57(0.21) 82.68(0.52) 58.76(1.82)
SNIP 91.64(0.14) 89.20(0.54) 80.49(2.41) 19.98(14.12)

Tanh SBP-SR 90.43(0.32) 88.18(0.10) 80.09(0.0.55) 58.21(1.61)
SNIP 89.55(0.10) 10(0) 10(0) 10(0)
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Figure 4: Percentage of pruned weights per layer in a ResNet32 for our scaled ResNet32 and standard
Resnet32 with Kaiming initialization

(a) ELU with EOC Init &
Rescaling

(b) ELU with EOC Init (c) ELU with Ordered phase
Init

(d) Tanh with EOC Init &
Rescaling

(e) Tanh with EOC Init (f) Tanh with Ordered phase
Init

Figure 5: Accuracy on MNIST with different initialization schemes including EOC with rescaling,
EOC without rescaling, Ordered phase, with varying depth and sparsity. This figure clearly illustrates
the benefits of rescaling very deep and sparse FFNN.

Table 10: Test accuracy of pruned vanilla-CNN on CIFAR10 with different depth/sparsity levels

Resnet32 Algo 90 98 99.5 99.9
Relu SBP-SR 92.56(0.06) 88.25(0.35) 79.54(1.12) 51.56(1.12)

SNIP 92.24(0.25) 87.63(0.16) 77.56(0.36) 10(0)

Tanh SBP-SR 90.97(0.2) 86.62(0.38) 75.04(0.49) 51.88(0.56)
SNIP 90.69(0.28) 85.47(0.18) 10(0) 10(0)

Resnet50

Relu SBP-SR 92.05(0.06) 89.57(0.21) 82.68(0.52) 58.76(1.82)
SNIP 91.64(0.14) 89.20(0.54) 80.49(2.41) 19.98(14.12)

Tanh SBP-SR 90.43(0.32) 88.18(0.10) 80.09(0.0.55) 58.21(1.61)
SNIP 89.55(0.10) 10(0) 10(0) 10(0)
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H ON THE LOTTERY TICKET HYPOTHESIS

The Lottery Ticket Hypothesis (LTH) (Frankle and Carbin, 2019) states that “randomly initialized
networks contain subnetworks that when trained in isolation reach test accuracy comparable to the
original network”. We have shown so far that pruning a NN initialized on the EOC will output
sparse NNs that can be trained after rescaling. Conversely, if we initialize a random NN with any
hyperparameters (σw, σb), then intuitively, we can prune this network in a way that ensures that
the pruned NN is on the EOC. This would theoretically make the sparse architecture trainable. We
formalize this intuition as follows.

Weak Lottery Ticket Hypothesis (WLTH): For any randomly initialized network, there exists a
subnetwork that is initialized on the Edge of Chaos.

In the next theorem, we prove that the WLTH is true for FFNN and CNN architectures that are
initialized with Gaussian distribution.
Theorem 3. Consider a FFNN or CNN with layers initialized with variances σ2

w > 0 for weights
and variance σ2

b for bias. Let σw,EOC be the value of σw such that (σw,EOC , σb) ∈ EOC. Then, for
all σw > σw,EOC , there exists a subnetwork that is initialized on the EOC. Therefore WLTH is true.

The idea behind the proof of Theorem 3 is that by removing a fraction of weights from each layer, we
are changing the covariance structure in the next layer. By doing so in a precise way, we can find a
subnetwork that is initialized on the EOC.

We prove a slightly more general result than the one stated.
Theorem 4 (Winning Tickets on the Edge of Chaos). Consider a neural network with layers ini-
tialized with variances σw,l ∈ R+ for each layer and variance σb > 0 for bias. We define σw,EOC
to be the value of σw such that (σw,EOC , σb) ∈ EOC. Then, for all sequences (σw,l)l such that
σw,l > σw,EOC for all l, there exists a distribution of subnetworks initialized on the Edge of Chaos.

Proof. We prove the result for FFNN. The proof for CNN is similar. Let x, x′ be two inputs. For all
l, let (δl)ij be a collection of Bernoulli variables with probability pl. The forward propagation of the
covariance is given by

q̂l(x, x′) = E[yli(x)yli(x
′)]

= E[

Nl−1∑

j,k

W l
ijW

l
ikδ

l
ijδ

l
ikφ(ŷl−1

j (x))φ(ŷl−1
j (x′))] + σ2

b .

This yields

q̂l(x, x′) = σ2
w,lplE[φ(ŷl−1

1 (x))φ(ŷl−1
1 (x′))] + σ2

b .

By choosing pl =
σ2
w,EOC

σ2
w,l

, this becomes

q̂l(x, x′) = σ2
w,EOCE[φ(ỹl−1

1 (x))φ(ỹl−1
1 (x′))] + σ2

b .

Therefore, the new variance after pruning with the Bernoulli mask δ is σ̃2
w = σ2

w,EOC . Thus, the
subnetwork defined by δ is initialized on the EOC. The distribution of these subnetworks is directly
linked to the distribution of δ. We can see this result as layer-wise pruning, i.e. pruning each layer
aside. The proof is similar for CNNs.

Theorem 3 is a special case of the previous result where the variances σw,l are the same for all layers.
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I ALGORITHM FOR SECTION 2.3

Algorithm 1 Rescaling trick for FFNN
Input: Pruned network, size m
for L = 1 to L do

for i = 1 to Nl do
αli ←

∑Nl−1

j=1 (Wij)
2δlij

ρlij ← 1/
√
αli for all j

end for
end for
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This chapter concludes the dissertation by summarizing the presented work and

outlining its limitations and some potential avenues for future research.

6.1 Contributions

This dissertation provided a comprehensive analysis of the theory of the Edge of

Chaos; it leveraged a duality between Gaussian processes and randomly initialized

wide neural networks to characterize information propagation inside neural networks.

Furthermore, it introduced a new class of smooth activation functions that have

the advantage of letting the information propagate deeper, compared to ReLU

activation function. Through the articles presented, we have shown that the

residual architecture is by default suitable for deep neural networks, and that it

is further improved by introducing scaling factors that ensure universality of the
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kernel of the Neural Network Gaussian Process in the limit of infinite depth, thus

allowing training such architectures for arbitrarily large depth. These new residual

architectures were termed “Stable ResNet” as they stabilize the gradient while

preserving expressiveness. The theoretical analysis of this dissertation was further

refined by studying the Neural Tangent Kernel and showing that the so-called “NTK

regime” (linear regime) cannot capture the performance of deep Neural Networks.

More precisely, this regime becomes degenerate in the limit of infinite depth and its

performance in classification tasks matches that of a random classifier.

Using an analysis of gradient back-propagation, principled guidelines for neural

network pruning (model compression) which avoid the ’layer-collapse’ issue (when

one layer is fully pruned) were derived. Finally, we have shown that the created

algorithm SBP-SR, formulated exclusively for residual neural networks, achieves

state of the art performance on many datasets, among algorithms that consider

pruning at initialization.

6.2 Limitations and open questions

I began my doctoral journey with some questions that I aimed to address, and I am

ending it with many new ones to go.

In this section, we present a critical point of view of the results included in

this thesis. We discuss the limitations of the theories and concepts used in our

analysis and the ensuing questions that arise from our results.

6.2.1 The Edge of Chaos

Characterization of the EOC. In Chapter 2, we characterized the EOC for

the activation functions that belong to class A. We have also shown that other

activation functions, such as S-Softplus (shifted Softplus), have a trivial EOC, and

others, such as Swish, have a partial EOC. However, to the best of our knowledge, a

full characterization of the set of activation functions that admit a non trivial EOC
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remains an open question. We believe that such a characterization would have a

significant impact on the choice of the activation functions used by practitioners.

Non-Gaussian EOC. The theory of the Edge of Chaos is based on two key

ingredients: the infinite width limit and the Gaussian distribution. Thus, it is

natural to question whether a different choice of the initialization distribution

would impact the output function of the network. [Neal, 1995] proposed an α-stable

distribution to initialize the weights. This idea was motivated by the observation

that as the width grows, the variance of the weights (i.e. σ2
w/N , where N is the

width) converges to zero, and thus the weights converge to zero in L2 norm. As

a result, the contribution of each neuron in the next layer becomes negligible in

the large width limit. Intuitively, by sampling from a heavy-tailed distribution,

such as the α-stable distribution, we would obtain large weights from the tail of the

distribution more frequently compared to the Gaussian distribution. In the case of

a single layer network, [Neal, 1995] conjectures that having some large weights in

the hidden layer would give the corresponding neurons a significant contribution to

the next layer. This conjecture can be generalized to the multilayer case.

The extension of the EOC theory to such distributions is not straightforward since

the second moment (and thus the covariance) is not defined. However, in the case

of α-stable distributions, there are some alternatives for the covariance. One is

the covariation which is similar to the covariance but with exponentiated random

variables. At this point, it is not clear whether the covariation kernel would also

be degenerate in the infinite depth limit; however, we believe that an extension

of the EOC theory to heavy-tailed distributions would be a major contribution

to the signal propagation theory at initialization.

Beyond the EOC. We have shown in Chapter 2 that the EOC initialization is

beneficial for the propagation of the correlation and the backpropagation of the

gradients. Particularly, the EOC initialization preserves the trace of the covariance

matrix of the gradients as they backpropagate through the network at initialization.

This has a direct impact on the first step of any gradient-based optimization
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algorithm. However, it is still not clear how the EOC influences the whole training

procedure. We conjecture that this might be related to some properties of local

minima. Indeed, in our experiments, the EOC initialization always yields better

performance compared to the Ordered/Chaotic phase, which might indicate that the

EOC provides a “good” quality local minima. More research is needed in this topic to

fully understand how the EOC impacts the training of finite-width neural networks.

6.2.2 The Neural Tangent Kernel

The theory of signal propagation yields tractable formulas for the NTK kernel in the

infinite width limit. In this limit, the NTK is deterministic and depends only on the

initialization hyperparameters. This is generally not the case for finite width neural

networks (the NTK for a randomly initialized finite width network is generally

random as it depends on the initialization weights), especially if the depth L is

of the same order as the width N . Indeed, in the simple case of an FFNN with

ReLU activation function, [Hanin and Nica, 2019] showed that the corresponding

NTK is random in the limit of large L and N with fixed ratio γ = L/N . These

findings suggest that the NTK regime cannot capture the gradient flow dynamics

in when the depth of the same order as the width. An interesting phenomenon that

occurs in this case is that of feature learning, which simply means that the NTK

also changes as we train the network; this implies that the model is also learning

the features of the NTK kernel. There is growing consensus amongst researchers

that feature learning regimes are better suited to describe what happens during

training. In a recent work by [Yang and Hu, 2020], the authors showed that the

feature learning regime yields better generalization compared to the NTK regime.

Similarly, [Baratin et al., 2021] empirically showed that the NTK of a deep neural

network learns features that align with the data labels. The dynamics of feature

learning are yet to be fully understood, and we believe that this framework is the

next promising topic in the analysis of deep neural networks training.
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6.2.3 Stable ResNet

Choice of scaling factors. In Chapter 4, we have shown that a simple scaling

of the residual blocks preserves the universality of the NNGP/NTK, even in the

infinite depth limit. This can be achieved using any scaling factors such that

limL→∞
∑L
l=1 λ

2
l,L <∞. This condition is satisfied by a variety of scaling sequences;

the uniform and the decreasing scaling factors introduced in Chapter 4 are examples

of such sequences. Our experiments show that the decreasing scaling is often better

than the uniform scaling. This can be explained by an RKHS hierarchy argument,

i.e. the RKHS of the NNGP/NTK with uniform scaling is included in that of

NNGP/NTK with the decreasing scaling. We are currently investigating this topic,

as we believe it is a natural extension to Chapter 4.

Stable ResNet and Feature learning. Our theoretical results on Stable ResNet

are valid in the infinite width limit (NTK/NNGP). In this limit, the NTK is fixed

at initialization, and thus, the NTK features are also fixed before the training. In

the case of finite width, we have shown empirically that Stable ResNet are superior

to standard ResNet in terms of performance when trained with Stochastic Gradient

Descent on a variety of large scale datasets. We know from section 6.2.2 that feature

learning occurs when training finite width neural networks. However, it remains to

be determined whether the scaling factors impact the feature learning, e.g. does

introducing the scaling factors make feature learning more efficient?
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