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Abstract

This thesis deals with problems related to the structure of the solutions
to some specific polynomial equations. A brief introduction to the type

of problems we are interested in is given in Chapter 1.

In Chapter 2 we recall some standard results in number theory and addi-

tive combinatorics.

In Chapter 3 we look at partition regularity of equations of the form

2%+ b = 2¢ over Z/pZ. In particular we look at the equation x +y = 22.

In Chapter 4 we prove that any 2-colouring of N has infinitely many
monochromatic solutions to the equation x + y = z2. This work is joint
with Ben Green.

In Chapter 5 we use the same methods as in Chapter 4 to prove partition

regularity of the equation x — y = 2.

In Chapter 6 we show that a linear combination of kth powers is partition
regular if and only if the corresponding linear equation is partition regular,
provided the number of variables is large enough. This is based on joint

work with Sam Chow and Sean Prendiville.

In Chapter 7 we look at Heath-Brown’s method of counting the zeros of
a quadratic form in four variables, and in particular how the error term

in this count is affected by the weight function used.

In Chapter 8 we try to count the number of zeros of a quadratic form in

four variables that lie in a fixed congruence class.
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Notation

The notation presented here is used throughout this thesis.

We let Z, N, R and C be the set of integers, natural numbers (0 is not a natural
number), reals and complex numbers, respectively. The notation Z-q denotes the set
{z € Z : x > 0}, with a similar definition for Rs.

For ¢ a prime power we write I, for the finite field of size ¢q. If ¢ = p is a prime
we identify F, with Z/pZ.

For a set A we let 14 be the characteristic function of A, that is

1a(2) 1, ifreA
xT) =
4 0, ifz & A.

For sets A and B we define A+ B:={a+b:ac€ Ajbe Bfand A—B:={a—b:
a€ Abe B}

We write E cg = ﬁ Y ses for the expectation over some set S, as is standard in
additive combinatorics. When the set S is clear from context we will just write E,.

We write e,(z) = €27#/7 and e(x) = e*™*.

Let G be an additive group and let f : G — C be a function. We define the

multiplicative differencing operator by

Apf(z) = flz+h)f(z).
We use standard Landau and Vinogradov asymptotic notation: for functions f
and positive valued functions g we write f = O(g) if |f| < Cg for some absolute

constant C'. This is also denoted by f <« g or ¢ > f. The notation f < ¢ is

equivalent to f < g < f. We write f = o(g) as * — oo if lim,_, % = 0, and
f~gasx— oo if lim, % = 1. We write f = O,(g) if the implied constant in

the O-notation depends on a parameter «, with similar notation for <, >, <, ~ and
0.

If G is a compact Abelian group we denote probability Haar measure on G by p¢.
We always use counting measure on N and Z, denoted by either | - | or #. We say

that a subset A of N is dense if limsupy_, Mm—]\[,N” > 0.

1



We write |z]| for the greatest integer less than or equal to = and [z] for the
smallest integer greater than or equal to x.

ForY >1,let [Y]={1,2,...,|Y]|}.

We write T¢ for the d-dimensional torus R?/Z?, and we endow it with the metric
(o, B) = [l = |, where

d
o]l == min|a; — nl.
=1 neL

We warn the reader that in Chapter 3 we use a slightly different norm on T¢, but the
notation used there should not cause any confusion.
For a function f:Z — C or f: N — C we define

2P o
171, = {(Zmlf( e <

max,|f(x)| if p=o0

where the sums are over Z or N respectively.
For a function f : Z/qZ — C we define

T (Eel f(2)[P)7 i p < o0
P max,|f(2)] if p = 0.
If G is a ring we write G* for the multiplicative group of invertible elements in G.

We write .
Y=, o smod o) = 5 >

z(mod q) z(mod q) z(mod q)
(z,9)=1 (z,9)=1

for sums over (Z/qZ)*.



Chapter 1

Introduction

Our main interest lies in problems concerning the solutions of various polynomial
equations. More precisely, there are two main flavours of problems we consider.

The first property we investigate is that of partition regularity. We say that an
equation is partition regular in, for example, the integers, if any finite colouring of
the integers admits a non-trivial solution to the equation where all variables have the
same colour. In particular, partition regularity implies solvability. An even stronger
property than partition regularity is that any dense set has a solution to the equations
in question. This property is seen in for example Roth’s theorem, which states that
any dense set of integers contains a 3-term arithmetic progression. As we shall see,
partition regularity is a natural property to ask for in the cases where such a density
result does not hold.

The second flavour of problems we consider is about counting the number of
solutions to an equation. In particular, we are interested in quadratic forms in few
variables. This can be done for example by looking at the solutions in a box with
side lengths that tend to infinity, or, as we do in chapters 7 and 8, by counting the
solutions weighted by some weight function. In chapter 8 we restrict this further by
only counting the solutions in some fixed congruence class.

A common theme in all the equations we consider is that they are quadratic in
nature. This is not strictly true, as we also prove results about more general equations,
but in all cases these more general results are motivated by their quadratic special
cases.

We now give a brief introduction to these central topics, before giving an outline

of the remainder of this thesis.



1.1 Partition regularity

As indicated above, we define partition regularity as follows.

Definition (Partition regularity). Given a system of equations and a set S, we say
that the system is partition reqular over S if for any finite colouring of S one can find

a non-trivial solution to the equations with all variables of the same colour.

The notion of non-trivial in the above definition may vary from case to case. This
restriction is included to avoid degenerate cases like a solution where all variables are
equal, as such a solution trivially has all variables the same colour.

We now mention some important results about partition regularity. One of the

first such results is Schur’s theorem [59], which states that the equation
rt+y==z

is partition regular over the natural numbers. Later van der Waerden [68] showed that
any finite colouring of the natural numbers contains arbitrarily long monochromatic

arithmetic progressions. That is, for any k& € N the system

is partition regular over N.

Both of these results fall under the framework of linear systems of equations. In
[56] Rado fully classified all linear systems of equations that are partition regular
over N. Indeed, a system of linear equations is partition regular if and only if the
coefficients satisfy an algebraic condition known as the columns condition or Rado’s
criterion. For the purposes of this text we will only be concerned with the case of

a single equation, and so we note that in this case Rado’s theorem states that the

equation

ayry + -+ aswy =0,
where aq,--- ;a5 € Z \ {0} are integer coefficients and x,--- , x5 are the variables,
is partition regular over N if and only if some nonempty subset of {ay,...,as} sums

to zero. As a special case this of course covers both Schur’s theorem and Van der
Waerden’s theorem.

For linear equations where the coefficients sum to zero one can say even more. A
famous theorem of Roth [57] states that any dense subset of N contains a 3-AP, that

is, a non-trivial solution to the equation
T +y =2z

4



Note that such a statement is not true for an equation where the coefficients do not
sum to zero. For example, the set of odd numbers is certainly dense, but contains no
solution to Schur’s equation x +y = 2.

Roth’s theorem was later generalised to produce Szemerédi’s theorem [60], which
states that any dense subset of N contains arbitrarily long arithmetic progressions.
Thus Szemerédi’s theorem is a much stronger version of van der Waerden’s theorem,
and in fact any such density result trivially implies the Ramsey counterpart. Indeed,
given a finite colouring, at least one colour class must be dense, and then one can
apply the density result to a dense colour class to get a monochromatic solution.

So far we have only mentioned linear equations and configurations. The Bergelson—
Leibman theorem [5] is a vast generalisation of Szemerédi’s theorem. Instead of look-

ing at AP’s it looks at configurations of the form

{"L‘ +p1(y)> R +ps(y)}

where py,...,ps € Z[x] are polynomials satisfying p;(0) = --- = ps(0). Just as in
Szemerédi’s theorem, the Bergelson-Leibman theorem gives that any dense set will
contain such a configuration.

The Bergelson—Leibman theorem is one of many results in this area proved using
ergodic methods. In addition to many density results, the ergodic methods have also
provided several genuine colouring results, in the sense that a density counterpart
does not hold. A survey of some such results can be found in [2]. As an example we
mention that the equation

r—y=2°

is partition regular over N.!

One can of course also consider partition regularity over other sets than N. As we
shall see IF), is in many ways a much easier setting to work in than N, so in addition to
being of interest in its own right, it may be of interest to establish partition regularity
results over ), before attempting to prove their counterparts over N. A famous open

problem of Hindman [40] asks whether the configuration

{z,y,2y, 2 +y}

is partition regular over N. In [32] Green—Sanders proved that this configuration is in

fact partition regular over F,, provided p is large enough. For comparison, Moreira

!'Note that taking the set of odd numbers shows that for this equation it is not true that any
dense set contains a solution.



[52] proved that the configuration

{z,2y,2 +y}

is partition regular over N, but the full conjecture of Hindman is still open.
In the setting of squares, a famous open problem of Erdés and Graham [28] asks

whether or not the Pythagorean equation

is partition regular over N. This is of course equivalent to asking whether or not

Schur’s equation is partition regular over the set of squares.

1.2 Counting zeros of quadratic forms

A famous problem of Waring asks if, for each k£ > 2, there is an s such that every
sufficiently large? natural number can be expressed as a sum of exactly s kth powers.
In 1909 Hilbert proved that this is indeed the case. It is still of great interest to find
the best possible bounds on the size of s needed in Waring’s problem. Let G(k) be
the smallest integer such that any sufficiently large integer can be expressed as the
sum of G(k) kth powers.

Hardy and Littlewood showed that G(k) < k% + 1. Their method, known as the
Hardy-Littlewood circle method, gives more than just an upper bound on G (k). They
get that for any large V € N the equation

. 42h=N (1.1)

has &(N)N#%~1(1 + o(1)) solutions, provided s > k? + 1. Here the singular series
S(N) satisfies the bounds 1 < &(N) <« 1.

Subsequently there were many improvements to the bounds on G(k) but we will
not go into the full history here. For a detailed account of this see [67].

We will be particularly interested in the case k = 2. Jacobi gave an explicit formula
for the number of representations of an integer as the sum of four squares. This is
a case which is not covered by the classical Hardy-Littlewood method, but in [43]
Kloosterman refined the methods of Hardy and Littlewood to obtain an asymptotic

count for the number of solutions to (1.1) in the case k = 2 and s = 4.

2Strictly speaking Waring asked for all natural numbers, but in the modern version of Waring’s
problem one usually only cares about sufficiently large integers



The Hardy-Littlewood circle method can also be applied to other polynomial

equations. In particular, we are interested in counting the solutions to
2 2 _
ari+--+eaxi=0 (1.2)

where x; < X for i =1,...,s. In this case the Hardy—Littlewood circle method gives
that there are asymptotically CX*~2 solutions as X — oo, provided s > 5. When
trying to reduce the number of variables below 5 the regular circle method is not
enough.

In [37] Heath-Brown used what is known as the Heath-Brown circle method or
the d-method to find an asymptotic count for the number of solutions to (1.2) in
the cases s = 4 and s = 3. His methods do not require the quadratic forms to be
diagonal, and so they give asymptotic results for any non-singular quadratic forms in
3 or 4 variables. There are examples of such forms with no zeros®, but we will not
consider such forms here. For the remaining cases, perhaps somewhat surprisingly,
the asymptotic count for s = 4 variables is either of order X? or of order X?log X,
depending on whether or not the discriminant of the quadratic form is a square or

not. For s = 3 the asymptotic count is always of order X log X.

1.3 Outline

In the next chapter we recall some standard results from the literature for later use.

In Chapter 3 we prove partition regularity of the generalised Fermat equation
z* +y® = 2¢ in F,, for a,b,c € N. This chapter is essentially the paper [48]. The
methods used are based very heavily on the paper [32].

In Chapter 4 we prove that any 2-colouring of N has a monochromatic solution to
the equation x +y = 2% This chapter is essentially the joint paper [31]. In Chapter
5 we show how the methods in Chapter 4 can be used to prove partition regularity
of the equation x — y = 22

Chapter 6 is based on the joint paper [14]. We do not reproduce the full contents
of [14] here. Instead, we aim to prove a slightly weaker version of the main result of
[14], namely that the equation c;xf + - - - + ¢,z = 0 is partition regular over N if and
only if some nonempty subset of the coefficients ¢y, . .., cs sum to zero. We prove this
result provided s > k? + 1, while in [14] we give a proof of this result where one may
take s > 8 for k = 3 and s > k(logk + O(loglog k)) for k > 4. The most interesting

application of our result is probably the fact that the equation % +x3+x3+x3 = 22 is

3other than the trivial 2y =22 =... =0



partition regular, which does not require the improvements on the number of variables
for k > 3 presented in [14].

Chapters 7 and 8 are about counting zeroes of quadratic forms in four variables.
In Chapter 8 we consider the problem of counting such zeros restricted to some
congruence class. This is done using the Heath-Brown circle method. In Chapter 7
we study the error term for the unrestricted count, and in particular how this depends
on the choice of weight function used in the Heath-Brown circle method.

This thesis is structured in such a way that chapters 3 and onwards, except for
Chapter 5, can be read independently from one another. Chapter 5 depends heavily
on Chapter 4, and so these two chapters should be read together. All of these later
chapters reference results stated in Chapter 2.

Finally, in appendices A and B we include two results which are tangentially
related to Chapters 3 and 4, respectively. In Appendix C we establish some facts
about smooth cutoff functions used in Chapter 4 and Chapter 5. In Appendix D we

establish several technical results used in Chapter 6.



Chapter 2

Results from the literature

In this chapter we collect some standard results from number theory and additive

combinatorics for later reference.

2.1 Exponential sums

We begin by recording Euler-Maclaurin summation as presented in [66, Lemma 4.2],

and summation by parts as presented in [1, Theorem 4.2].

Lemma 2.1.1 (Euler-Maclaurin summation). Suppose that X <Y, F' exists and
is continuous on [X,Y] and F' is monotonic on [X,Y]. Let Hy, Hy denote integers
such that Hy < F'(a) < Hy for every a € [X,Y]. Then

> e(F) =) /X e(F(a) — ah)do + O(log(2 + max{|H,|, |Hs|})).

Lemma 2.1.2 (Summation by parts). Let (a,), be a sequence of real or complex
numbers. Write A(t) = >, ., a,. Suppose that X <Y and that F is continuously
differentiable on [X,Y]. Then

Y auF(n) = AY)F(Y) — A(X)F(X) — /X A(u) ' (u)du.

Next we record the standard Gauss sum bound, found in e.g. [18, Chapter 9].

Lemma 2.1.3 (Gauss sum bound). For ¢,a € N it holds that

| Z eq(az®)| < ¢'*(q,a)'.

z(mod q)

More generally we have the following.



Lemma 2.1.4. For p a prime and g a polynomial of degree at most k with integral

coefficients, which isn’t identically zero, it holds that

Y elgl@)| <p

1
p z(mod p)

Dirichlet’s approximation lemma [66, Lemma 2.1] states the following.

Lemma 2.1.5 (Dirichlet’s approximation lemma). Let « € R. Then for each real

X > 1 there ezists a rational number a/q with (a,q) =1, 1< g < X and

1

_ < —.
la —a/q| X

We will need two versions of Weyl’s inequality. The standard version is as follows,
found in [66, Lemma 2.4].

Lemma 2.1.6 (Weyl’s inequality). Suppose that (a,q) = 1, |a — a/q| < ¢ % and
g(z) = ar® + ap_12* 1+ a; + . Then

> e(g(n)) < N (gt 4+ N7 gN R
n<N
We will also need a version of Weyl’s inequality without the factor N¢. Such “e-
free” results are well-known to experts, but it is hard to locate a convenient reference.
Wooley [70] discusses the pure power case (that is, sums of the form Y _ . e(an®)),
and it is likely that the same methods apply in greater generality, thoug}; the verifi-
cation of this would involve a foray into the inner workings of [66, Chapter 4].
A self-contained source for the purposes of this chapter is [35, Lemma 4.4] (de-
scribed in that paper as a “reformulation” of Weyl’s inequality, a slightly inaccurate

statement). Here is the statement.

Proposition 2.1.7 (Weyl’s inequality, e-free version). Let k € N. Then there is a
constant Cy such that the following is true. Let 0 < 6 < 1/2. Let g : Z — R be a
polynomial of degree k with leading coefficient «y. Suppose that |Encre(g(n))| > 6,
where I C 7 is a discrete interval. Then there is some ¢ € N, ¢ < §~ %, such that
lgarelleja < 6-C+{1]+

In Chapter 4 we will need this result in the cases k = 2 and k£ = 4. The proof
in the latter case is essentially as hard as that of the general case. We remark that
in Lemma [35, Lemma 4.4] the result is stated with I = [N], but the general case

follows trivially from this by translation (which does not affect the leading coefficient

Oék).

10



2.2 Fourier analysis

We will make frequent use of Fourier analysis. We first look at the Fourier transform
over a finite additive group G (see also [62, Chapter 4]). As we will only need the
case G = Z/qZ we specialise to G = Z/qZ for now.

Let f: G — C. The Fourier transform of f is then defined by

J?(é) - Exer(x)€¢Z(_£x>7

where £ € G. Note that here we have identified the additive character x — ¢,(x)
with the element ¢ € G.
We now recall the standard properties of the Fourier transform that we will need.

The inversion formula tells us that for all z € G it holds that
fl@) =" F(©)ey(&a).
£e@

Parseval’s identity states that

~

I£13 = Eal f(2)* = > [F(O)I*

£eG@

The convolution between two functions f, g : G — C is defined by

f*g(®) =Eyeaf(z —y)g(y).

We then have that convolution is transformed to multiplication under the Fourier

transform, that is,

-~

Fxg(&) = F©7(©).

We will also need the Fourier transform for functions on Z?. Let ¢ : Z¢ — C have

compact support. The Fourier transform of g is then defined by
gla) = gx)e(—a-x)
x€Z4

where a € T and o - ¢ = a121 + - - - + agry. Then the inversion formula, Parseval’s
identity and the convolution result still hold, but with the appropriate normalisations

and averages. In other words,

ota) = [ dte)ea-a)da.

ol = 3 Jg(a)? = / [§()Pdo

x€Z4

11



and

1% g2(a) = gi(@) g2 (),

where

g% ga(x) =D gi(x — y)ga(y).

yeZa

For a function ¢ : T — C we can of course then define

~

3(w)= [ dla)e(~a-a)da,

and the usual results still hold.

Finally we mention that for g : R — R the Fourier transform is defined by

q(&) Z/Rg(:v)e(—fx)dx.

We will only ever need this for continuous functions g of compact support, and so we
do not need to worry about convergence here.

For functions g : R — R one has the Poisson summation formula, which states

that
> gln) =>_G(k).

neL kEZ

2.3 Controlling linear patterns

Let f : G — C for some Abelian group G. The Gowers U*-norm is then defined by

we{0,1}k
where C denotes complex conjugation. It is a well-known fact that for £ > 2 the
Gowers U*-norm truly is a norm, thus justifying the name. When the group G is

clear from context we will just write || - [y instead of || - ||yx ).

We also define the Gowers norm for functions supported on the interval [N] by

Hf”Uk([N}) = ”f”U’“(Z/MZ):

where we have defined M = 2*N and extended f to a function on Z/MZ in the
obvious way.
We note that for k = 2 the U%-norm reduces to

1 B2y = Bapana f (@) (@ + 1) @+ ho) f( + b+ ha) = D | F()[f, (2.1)
reG

12



and so the U2-norm is very closely related to the Fourier transform of f.

The importance of Gowers norms in additive combinatorics is highlighted by the
following result, which follows by work of Green and Tao (for an explicit statement
see [61, Exercise 1.3.23.]).

Theorem 2.3.1 (Generalised von Neumann inequality). Let (¢, -+ , 1) be a collec-
tion of linear forms, 1; : Z¢ — 7, of Cauchy—-Schwarz complexity s. Let fi,--- , f; be
functions f; - [N] — C with || fil]|cc < 1. Then

Eoy,.agevifr(@1(ze, -+ s wa)) - -+ fi(e(r, -+, 2q))| < min || fi

1<i<t

Us+1([]\[]) .

This theorem tells us is that linear configurations in a set are controlled by Gowers
norms. For example, if a set A contains no kAP’s then |[14||yx-1 must be “small”.
The same result also holds with a cyclic group in place of [N]. We will not define
Cauchy—Schwarz complexity here, but for the full definition see [61, Definition 1.3.2].

We also mention a class of (semi)norms closely related to the Gowers norms. Let
Poly, be the set of polynomials F}; — [, of degree at most d. Then for f: F} — C

we define
[f 1l = sup{|Eq f (x)ey(m(x))| : 7 € Polyg 1 }. (2.2)
An idea that is used several times in this thesis is that a bounded function can
be decomposed into a structured part and an error, where the precise form of the
structured part is determined by which norm one wants to use to control the error.
Such results are often referred to as regularity lemmas. In the case of the Gowers U*
norm one has the famous arithmetic regularity lemma of Ben Green, developed fully
in [33]. Roughly speaking this states that for a bounded function f : [N] — [0, 1] one
can decompose

f = fstr + funf+ fsml

where fy, is a nilsequence of degree < k, || funt||pe+1 is small and || fymi||2 is small.
We also note that the precise statement of the regularity lemma for £ = 2 is much

simpler than the general case, as it does not involve nilsequences (see [22]).

2.4 The Heath-Brown circle method

Let F(x) be a quadratic form in n variables with integer coefficients, and consider
the problem of counting the number of ways in which F' represents 0. More precisely,

consider the quantity
Np(P)=#{x€Z": F(x) =0, ||x]|« < P}, (2.3)
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which counts the number of solutions to F'(x) = 0 in a box with side lengths 2P. The
Hardy—Littlewood circle method gives an asymptotic for Ngp(P) when n > 5. Given

a quadratic form F' the singular series is defined by
o(F) = H ap
p

and Mo
op = lim _((p 12
V—00 pl’ n

with M (q) the number of solutions to F(x) = 0(mod ¢) in (Z/qZ)™. We will not give

the precise definition of the singular integral o (F') here, but we mention that it can

(2.4)

be shown to be positive provided F(x) = 0 has the “expected” number of solutions

over R.

Theorem 2.4.1 (Hardy-Littlewood). Let n > 5 and let F be a diagonal quadratic

form in n variables. Then
Np(P) ~ 05o(F)o(F)P"?
as P — oo.

To avoid special cases we will only be interested in non-singular forms F'. That
is, if M is the underlying matrix of F' such that F(x) = x’ Mx, we require that
det M # 0.

The Hardy—Littlewood method does not give an asymptotic for the cases n = 3 and

n = 4, but such an asymptotic was found in [37]. Specifically, let

Nrw(P)= > w(P™'x), (2.5)

F(x)=0
where w : R" — [0,00) is some sufficiently smooth weight function and we are
summing over all x € Z" such that F(x) = 0. A typical choice of w would be to
choose a smooth approximation of 1_; ;j» with compact support. Heath-Brown then

proves the following theorem.

Theorem 2.4.2 ([37, Theorems 6, 7, 8]). Let I be a non-singular quadratic form in
n = 4 variables and let w : R" — [0,00) be an infinitely differentiable function with
compact support.

If det M is not a square then, for all € > 0, it holds that

NF,”LU(P) = O'OO(F1,11}>L(17 X)O-*(F)P2 + OF,w,e(P3/2+E>,
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where

Ooo(w) = lim(2¢)~? w(x) dx, 2.6
) =limeot [ wt (26)
o (F) =] (1= x(p)p")op,

with x(p) = (dez(,fM)) and o, is as in (2.4).
If det M is a square then for all € > 0 it holds that

Npw(P) = 0o(F,w)ot(F)P?log P + o1(F,w)P* + Op . (P?*), (2.7)

where o1 (F,w) is some constant depending only on w and F, 0, (F,w) is defined as

in (2.6) and o (F) is defined by

oo(F) =L (1 =p Mo, (2.8)

P
If instead n = 3 then
1 . 6
Npw(P) = §Uoo(w)asq(F)P log P + oy (F,w)P + OF,w,e(P5/6+ ),

where o1 (F, w) is some constant depending only onw and F, and 0oo(w) and o, (F') are
defined as in (2.6) and (2.8).

Heath-Brown proved the above results by using a 6-method of Duke, Friedlander
and Iwaniec [21], which we will refer to as the Heath-Brown circle method. The

starting point of this method is the following identity.

Theorem 2.4.3 ([21]). For any integer n let

5 - 1, n=0,

"o, n#£o.
Then for any (@ > 1 there is a positive constant cg and an infinitely differentiable
function h : (0,00) x R — R, such that

6 = coQ? Z Z * e4(an)h(q/Q,n/Q?).
g=la(mod q)
The constant cq satisfies cg = 1+ On(Q™N) for any N > 0.

Much more can be said about the function h above, but we will not state any
further properties until they are needed later.
By combining Theorem 2.4.3 with (2.5), together with an application of Poisson

summation, Heath-Brown shows that in fact the following holds.
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Theorem 2.4.4 ([37, Theorem 2]). Let F' be a polynomial in four variables. For any
P > 1 there is a positive constant cp and an infinitely differentiable function h(zx,y)
defined on the set (0,00) x R, such that

> wPTx)=cpP?Y Y g5, (c)],(c)

xEZ4:F(x)=0 cezt g=1

where

=Y " > elaF(b)+c-b) (2.9)

a(mod q) b(mod q)

and

F
I,(c) = /R w(P~x)h (% ]f;)) eq(—c - x)dx. (2.10)
The constant cp satisfies cp = 1+ On(P~N) for any N > 0.

Heath-Brown proves a sequence of results concerning /,(c) and S,(c) above, which

we will state when needed.
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Chapter 3

Partition regularity of generalised
Fermat equations

3.1 Introduction

Let p be a prime, and consider F, = Z/pZ. We study partition regularity in F, of
the equation
Ty=2" (3.1)

and of the more general equation

% 4yt = 2 (3.2)
where a, b, c € N. We are interested in the following two questions, which were asked
in [15].

Question 1. Given an r-colouring of IF,,, will there always be a non-trivial solution

to (3.1) with z,y and z the same colour?

Question 2. Given an 7-colouring of IF,,, will there always be a non-trivial solution

to (3.2) with z,y and z the same colour?

Here any solution with x = y = z is counted as trivial. It turns out that the
answer to both questions is indeed positive, provided p is sufficiently large, which is

the content of our two main theorems.

Theorem 3.1.1. Suppose that F,, is r-coloured. Then there are at least ¢,p* monochro-

matic triples (x,y, z) that satisfy (3.1), where ¢, > 0 depends on r but not on p.

Note that an immediate corollary of Theorem 3.1.1 is that provided p > v/2¢;- 1/2
then there is a monochromatic non-trivial solution to (3.1), as this ensures more

solutions than the trivial ones z =y=z2=0and r =y = 2 = 2.
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Theorem 3.1.2. Suppose that F, is r-coloured. Then there are at least ¢y qp.p>
monochromatic triples (x,y, z) that satisfy (3.2), where ¢qp. > 0 depends on r,a,b

and ¢ but not on p.

As noted in [15] there is no general density result for (3.1). By this it is meant
that given a set A C [, with |A| > ap for some a which is independent of p, there is

not necessarily a solution to (3.1) with x,y, z € A. Indeed, the set
A:{xEFp:O<x<p/3,2p/3<x2<p}

has size |A| = ip + o(p), but clearly no solutions to (3.1). This can be proven using
Fourier analysis on [F,,, which we leave as an exercise for the reader.

It is also worth noting that (3.1) is not partition regular over Z/qZ, where ¢ = p™
and p is a fixed odd prime greater than 3. Indeed, by modifying a counterexample
given in [15] which shows that (3.1) is not partition regular over N by using 16 colours,
one can obtain a counterexample over Z/p"Z where the number of colours needed
depends on p but not n. Such a colouring is given in Appendix A. This indicates that
the primality of p must play an important role in the proof of Theorem 3.1.1, and
thus also in Theorem 3.1.2.

For Question 2, the special case of proving partition regularity of the Fermat
equation

n

was done in [15]. Their proof uses Schur’s lemma [59] on partition regularity of the
equation z+y = z. This result strengthened a previous result of Dickson [20] proving
existence of non-trivial solutions to this equation over IF),.

The proofs of theorems 3.1.1 and 3.1.2 use the methods developed by Green and
Sanders in [32], where they establish partition regularity for quadruples (x, y, xy, +y)
over IF,. In several instances the results we need are simply weaker versions of results
proved in [32], and in these cases our proofs will closely resemble theirs. In some
places we will cite the corresponding results in [32] so that the reader may compare
proofs.

Even though the statement of Theorem 3.1.2 is more general than that of Theorem
3.1.1, which is a corollary of the former, the proofs use essentially the same ingredients.
For this reason we will introduce all the main tools needed in the context of Theorem
3.1.1, as this avoids the additional clutter caused by the parameters a,b and c¢. The
proof consists of three main ingredients: a reqularity lemma, a counting lemma and

a Ramsey lemma. Theorem 3.1.1 is proved using these in Section 3.4, and then the
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proofs of the lemmas are given in Sections 3.5, 3.6 and 3.7 respectively. Finally, in
Section 3.8 we mention the necessary modifications of the proof that are needed to

establish the more general Theorem 3.1.2.

3.2 Counting solutions

For functions fi, fa, f3 : F, = C, define

T(hfah) =% Y A@ROAE) (3.3)

z,y,2€Fp
x+y:z2

Clearly p*T(14,14,14) counts the number of solutions to (3.1) with z,y,2 € A, and
so we would like to control this quantity. The main content of this section is to show
that |T'(f1, fa, f3)| can be controlled by some norm of the functions fi, f, fs.

We remind the reader of the definitions of the u? and u® norms given in (2.2).

Definition 3.2.1. Let f : F, — C. The u? norm of f is defined by

~

1flluz = Sup £ ()]
Definition 3.2.2. Let f : F, — C. The u?® norm of f is defined by
|| f]luz = sup {‘IEgceIFpf(x)ep(azv2 +bx)| :a,be Iﬁ‘p}.

Note that by the definition of f it immediately follows that 1 flluz < [ S]]z

We now turn to the main result of this section.

Proposition 3.2.3. If || fill2, [| f2ll2, [| f3]l2 < 1 then

T (f1; f2, f3)| < \/§miin | fill -

Proof. Define g(w) =) _»_, f3(2), where g(w) is understood to be zero if there is no
z such that 22 = w. Then by the properties of convolution and the inverse formula

for the Fourier transform one has

T(fi, o f5) = BaBy fr(2) f2(y)9 (2 + y)
=" RO R(-6)F(©). (3.4)

§€Fp
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By the Cauchy—Schwarz inequality and Parseval one gets

1/2

TG fo 1 < 1 (S 1B-08) " (o)
§ 3

1/2
= lfillell 2l (Y- aCoR)
3

Furthermore,

Y IGOP =Eulg@)P =Ea > fs(2) Y fs(w)

13 2=z w2=x

B () + Eu fol2) Fo(=2) — 'f?’gf)' ,

where we use Parseval and the definition of g. The triangle inequality and Cauchy—

Schwarz applied to the second sum above gives that
R 1/2
(S @OP) " < Valfsll,
3

and so

IT(f1s o f)l < V20 fllae N felloll fllz < V20 fille

by the assumptions on || f2]|2 and || f3]|2. The exact same argument with the roles of

f1 and fy interchanged gives |T'(f1, fa, f3)] < \/§||f2”u2
To get the bound in terms of || f5]|,s, note that from (3.4), Cauchy—Schwarz and

Parseval one also gets
1/2 1/2
T o F) < Dlglhe (D 1AE) T (D01812) T = gl fllal fole
3 3

which is less than ||g||,2 by the assumptions on || fi||2, || f2||2- Furthermore,

ol = sup [Eg(e)ey(~6)] = sup . fy(2)en(~26)| < |l
which completes the proof. O
In addition to Proposition 3.2.3 we record the following rather trivial bound.

Lemma 3.2.4. Let fi, fo, f3 : F, = C. Then

T (f1, f2, f3)| < N full2ll fell2ll f]2- (3.5)
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Proof. By the triangle inequality and Cauchy—Schwarz we have

T(f1, o 5)| < Bl fi(2) fo(2* — @) f3(2)]
< Eaf3(2)(Eol fo(2) )2 (B | fo(2 — ) )2
= [lfsllll All2ll fall2 < [Lfllall f2ll2]] fo]l2,

where we use that as z runs through F,, so does 2% — z. O]

Proposition 3.2.3 and Lemma 3.2.4 will be used in the proof of Theorem 3.1.1 at
the end of Section 3.4. It is the u3-norm in Proposition 3.2.3 that decides the correct

form of the Regularity lemma, and thus also the other key lemmas in Section 3.4.

3.3 Quadratic systems and trigonometric polyno-
mials

Following the approach in [32], we make the following definitions. To begin with,
write G = (R/Z) x (R/Z) and G* = (R/Z)¢ x (R/Z)?. The group operation in G will
be denoted by —+.

Definition 3.3.1. A quadratic system of dimension d is a map W : F, — G of the

form
V(z) = (aix®/p, az/p)iy,

where (a;){_; C F2.
If ¥ is a quadratic system we write
Ay ={6€Z: &ay+ -+ Eaaqg = 0(mod p)}, (3.6)

where (a;) are the coefficients appearing in the definition of W. In other words, Ay
is a lattice encoding the linear relations between the a; modulo p. Note that Ay is a

lattice of full rank, as pZ¢ C Ay. Further, define the closed subgroup
Gy ={g€R/Z)":&-g=0forall £ € Ay} (3.7)

of (R/Z)*. We also write Hy = Gy x Gy. Note that we now can think of ¥ as a map
from F, — Hy.

Lemma 3.3.2. Let Ay and Gy be defined as in (3.6) and (3.7) respectively, and
suppose that X € Z¢ satisfies \- g =0 for all g € Gy. Then X\ € Ay.
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Proof. Note that {1ay + - -+ + {gaq = 0(mod p) is the same as saying £ - a/p = 0 in
R/Z. 1t is thus clear that a/p € Gy, and so by assumption A -a/p = 0. This is again
equivalent to saying A - a = 0(mod p), and so we have A € Ay. O

The above allows us to prove a useful orthogonality relation.

Lemma 3.3.3. It holds that
/ (€ 1) dpgy (1) = 10, (6). (3.8)

Proof. Tt £ € Ay it is clear that the above integral is 1. Suppose instead that the
integral is nonzero. Take g € Gy and make the substitution ¢t — t+ g, which preserves

Haar measure, to get

/ (€ ) ducy (£) = e(¢ - g) / (€ 1) ducy (£).

This gives £ - ¢ = 0 in R/Z, and as this holds for any g € Gy it follows from Lemma
3.3.2 that £ € Ay. O

In addition to the notion of quadratic systems we will need the notion of trigono-

metric polynomials, and the trig-norm, as defined next.

Definition 3.3.4. Let F': GY — C be a function. We write || F'||yig for the smallest

M such that F' has a Fourier expansion

F(Hl, 62) = Z F\(él,ég)e(fl . 01 + 52 . 82) (39)

l€1 11, ]1€2 1 <M

and ) . o, |ﬁ(§1,§2)| < M. If || Flltig < 00 we say that F' is a trigonometric polyno-

maial.

The Fourier coefficients appearing in the above definition are given by
ﬁ(fl,fg) = /F(Gl, 62)6(—51 . 91 — §2 . ‘92) d91d92 (310)

We also note that the trigonometric polynomials are dense in C(G?), the space of
continuous, complex valued functions on G¢.

The following proposition can be thought of as the most basic form of the counting
lemma presented in Section 3.6, and will be used to prove Lemma 3.3.7 on approxi-

mating points in Hyg by points in the image of W.
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Lemma 3.3.5. Let V¥ be a quadratic system of dimension d, and let F': G¢ — C be

a trigonometric polynomial. Then
E,F o U(z) = /F dpitty + O(IF rgp™2).

We give the proof of Lemma 3.3.5 in Section 3.6, as the proof is just a much easier
version of the proof of the counting lemma.

At this point we need to establish a notion of absolute value of points in G
For a point (6, ¢) € G we write [(0, ¢)| = max{||0||r/z, ||¢|r/z}, where ||z|r/z is the
distance from z to the nearest integer. We then let |n| = max?_,{|n;|} for n € G%.

Before proving our final result of the section we will need the following result from
[62].

Lemma 3.3.6. For e > 0 it holds that
i, ({7 € Hy : |z] < €}) = €

Proof. This follows directly from [62, Lemma 4.20]. Indeed, in the notation of the
lemma we take the ambient group Z to be Hy and set S = {&,...,&;,C1,- .-, Ca}
where &; - (0,¢) = 0; and ¢; - (6, ¢) = ¢;. U

The next lemma tells us that any point in Hy can be well approximated by ¥(z)
for some value of z, provided p is large, and so in some sense we are saying that
Hy is well approximated by the image of W. This result will be needed in the proof
of Proposition 3.4.4.

Lemma 3.3.7 (Cf. [32, Corollary 3.4]). There is a function p : Zso X (0,1] — Ryq
such that the following holds. For any d-dimensional quadratic system VU, h € Hy
and € € (0,1] we have

1 /e 2d
#o €Fy: [0@) —hl <> 5 (5)
provided p > pi(d, €).

Proof. Fix h € Hg. We can find a trigonometric polynomial F' satisfying —0 < F' < 2
on G¢, F(6) <0 for |#—h| > e and F(0) > 1 for |§ —h| < €/2. Furthermore || F||qg is
bounded in terms of €, and d, uniformly in the choice of h. Applying Lemma 3.3.6

and using translation invariance of Haar measure we have

€

/FdMHW :/F(Q—h) dpiry (0) 2 (§>2d—5-

23



We set 0 = 3 (%)2(1 and note that E,F o W(x) < 2up,({z : |V(z) — h| < €}), as F <2

everywhere. By invoking Lemma 3.3.5 and choosing p larger than some function

p1(d, €) we then have

p, ({2 [W(2) — b < €}) >

3.4 Proof of main theorem for the case z +y = 2?

In order to prove Theorem 3.1.1 we will make use of the following three key lemmas.

Lemma 3.4.1 (Regularity lemma). There are functions ps, M : Z=o x (0,1] — Ry
such that the following holds. Let ¢ : F, — [r] be an r-colouring of F, and let € > 0.
Then there is a quadratic system ¥ of dimension d, functions F\, ..., F, : G — Ry,
and functions gi,...,g. : F, — [=1,1], such that the following holds provided p >
ps(r,€).

(1) || Filltrig < M(r,€) for all i;
(ii) d < 8re 2 +1;
(iii) | oW — gill2 < € for all i;
(iv) |1e-10y — gillus < € for all i; and
(v) >, FioV > 1 pointwise.

Lemma 3.4.2 (Counting lemma). Let ¥ be a d-dimensional quadratic system and

F :G% — C be a trigonometric polynomial. Then
T(FoVU,FoWU FoVW)= /F(t,u)F(t’,u’)F(u + ' ") dpd (u,u u t )
+0 (p2M%), (3.11)
where M = || F||trig-
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Lemma 3.4.3 (Ramsey lemma). There is a positive function p : N — (0, 1] with the
following property. Suppose that G is a compact Abelian group with Haar probability
measure pi. Assume also that Fy, ..., F. : Gx G — Ry are continuous functions that
satisfy > i, Fi(g1,92) = 1 for all (g1, 92) € G x G. Then there is an i € [r] such that

/ F(t ) Fx( o) F(u 4 ") dp (o 4,8) > p(r). (3.12)

The Regularity lemma allows us to replace the characteristic functions of the
colour classes by structured functions of the form F o W, up to a small error. For
these special functions the counting lemma tells us that counting configurations of the
form z+y = 2% in F, is the same as counting some linear configuration in Hy. Finally,
the Ramsey lemma establishes that there are in fact sufficiently many monochromatic
linear configurations in Hy.

Lemmas 3.4.2 and 3.4.3 will be used together, so we therefore state the combina-

tion as a separate proposition.

Proposition 3.4.4 (Cf. [32, Proposition 4.5]). There is a function ps : Rog X Zsg %
Z=o — Rsq such that the following holds. Let ¥ be a quadratic system of dimension d.
Suppose that Fy, ..., F, : G — Ry satisfy || Fl|wig < M and >, F;o ¥ > 1 pointwise

on IF,. Then there is some i such that
T(F oV, FoW, FoW) >2"*p(r), (3.13)
with p as given by Lemma 3.4.3, provided p = po(M,r,d).

Proof. Apply Lemma 3.4.2 to each F; composed with ¥ to get that

T(F, oW, F,0 U, F oW)
1

> /E»(t,u)ﬂ(t’,u’)ﬂ(u + ' u") dpge (8 u, v’ u'") — 1—6p(7’),

provided p is large enough, say p > ph(M,r).
Let h € Hy. Note that |Fj(w) — F;(v)| < 4rdM?|w — v| for all v,w € G%, and so

YR = Y R(W(E)| < dndrds?w(z) — b
i=1 =
for any z € F,. By Lemma 3.3.7 we can find a z such that |¥(z) — h| < g7

provided p > py(d . For this value of z we then have

1
) 8mwdrM? )

. (3.14)

DN | —

S R0 =Y Fou) -1
=1 =1
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Applying Lemma 3.4.3 to the functions (2F;)!_, then gives that there is some ¢ such
that

T(FoVU, FoWU, FoW)>23(r) —27%p(r) = 27*p(r), (3.15)
provided p = po(M, r, d), where we define py(M, 7, d) to be the largest of p,(M,r) and
P, grg)- m

We are now ready to prove the main theorem. Note that in contrast to [32, proof

of Proposition 4.1 p. 22] we will not need to induct on the number of colours.

Proof of Theorem 3.1.1. Given the number of colours r, fix e = 27737 1p(r) and

po(r) = max {pg(r, €), sup P (M(r, €),r, d) }, (3.16)
d<4re—

where p and p, are the functions appearing in Proposition 3.4.4 and p3 and M are the

functions appearing in Lemma 3.4.1. Note that the above supremum over d runs over

positive integers, and so it is finite. Assume first that p > py. Apply Lemma 3.4.1

with the above € and our colouring ¢ to find F;, g;, ¥ and d that satisfy the properties

listed in the Lemma, provided p > ps(r, €), which is satisfied by the choice of py. By

Proposition 3.4.4 there is some ¢ € [r] such that
T(FioWU,FyoW, FoW) >27p(r)

provided p = po(M (r,€),r,d). This holds by the choice of py and property (iz) from
Lemma 3.4.1. Note also that ||gil|s < 1as g, : F, = [-1, 1], [[FioVU — gl <e< 1
and so ||F; o V|2 < 2. Lemma 3.2.4 then gives

‘T(gmgzagl) - T(E OlI]uE o \Ijvﬂ OlI])‘ <

< Te,
as ||F; o U — gi]|2 < ¢, so that
T (g, 95 95)] = 27" p(r) — Te. (3.17)
Let
Ay=c (i), i=1,...,m
By Proposition 3.2.3 we get that
‘T(gw 9is gl) - T(lAm 1Ai7 1A1> g
|T<gz - 1Alugl7gl)| + |T(1A17gz - 1A17gl>’ + ’T(lAm 1A¢7gi - 1Az)
< 3\/§||gl - 1Ai u3 < 3\/567
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where the final inequality follows by property (iv) of Lemma 3.4.1. Now this combined
with (3.17) gives

T(lAi) 1Ai7 1141) > 2_4p(7”) —Te— 3\/56 > 2_5p<7“)

by our choice of e.
If instead p < py we have the two trivial solutions r =y =2z=0and x =y =

z = 2, giving at least ( 72 —2_p* monochromatic solutions to (3.1). Finally we set

¢, = min {po(iy : 25p(7”)} :

which finishes the proof.

3.5 Regularity lemma

The conclusion of Lemma 3.4.1 is implied by the regularity lemma given in [32]. The
proof given here is therefore also just the necessary parts of the proof given by Green—
Sanders in their paper. Nevertheless we believe it is instructive to see the full proof
written out in this simpler setting, as many of the unpleasant technicalities of [32] go
away in this case.

We begin by defining intervals in G Let I(z, R) = [(2z — 1)/2R, (2z + 1)/2R)
be an interval in R/Z and define

Ingu ={(0,¢) CG*:0; € I(t;,R),¢; € I(uj,R) for j =1,....d}.

Next, given a quadratic system W, consider the o-algebra generated by W~ (Ig..)
for t,u € {0,..., R — 1}, and let II} be the projection operator onto this o-algebra.
Explicitly, for any f : F, — C, we have that

Mef(@) = Gy 2 1@
z'eA(x)
where A(z) = U (Ig,,) with ¢,u such that U(x) € Ip..,.
Lemma 3.5.1. Suppose that ||fllec < 1, || f]les = 6 and R > 87§51, Then there is a

function g € L>(F,) with ||g||cc <1 and a quadratic system ® of dimension 2, such
that |(f, TT%g)]| > L6.
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Proof. By the definition of the u3-norm there are a;, a; such that

E.f(z)ep(ar2% + asx)| = 0. (3.18)

Let ®(z) = (717) and F(0;, 1,05, 60) = e(0) + ¢2), and set g = F o @,
i=1,2
Now (3.18) states precisely that |(f, g)| = 0, and ||g]|cc < 1 follows from || F||s < 1.
Furthermore,
TR — gllo <sup sup |F(P(a')) — F(®(x))| < 47R™,
T z'€A(x)

as |F(z) — F(y)| < 4m|z — y|. The assumption on R gives that this is less than 30.
This together with || f|le < 1 gives

o,

N | —

(. 1Tk = [{f.9) = [{f.g — TTRg)| >

as required. O

By repeated application of the above lemma and an energy increment argument

we are able to establish the following Koopman von Neumann type Lemma.

Lemma 3.5.2. Suppose that fi,...,f, : F, = C are such that ||fi||lc < 1 for all
i €{1,...,r} and that R > 16w6~*. Then there is a quadratic system ¥ with dim ¥ <
8rd=2 + 1 such that ||fi — g filles <6 foralli e {1,...,r}.

Proof. We construct ¥ in an iterative manner. To begin with, pick any 1-dimensional
quadratic system and let this be Wy. At stage j, define f; ; = fi—H}Ij{ fi- Ellfijllus <0
for all ¢ we are done and take ¥ = W, of dimension 2j + 1. If not, there is some g
such that || f; ;|l.s > 0, in which case we can apply Lemma 3.5.1 to %f” The factor
1 is added as || fij]lo < 2[|fillc < 2. This gives a quadratic system ® of dimension 2
and a function g with ||g||. < 1, such that

(i TIR9)| > 50.

N | —

Assume that U; is defined by the coefficients (a;)%; and that ® is defined by the
coefficients (b;)?_;. We then define ¥, as the quadratic system of dimension d + 2
with coefficients (a1, ..., aq, b1, b2). Noting that IT% is idempotent and self adjoint,
and that IT2IT, " = IT% we get that

U _
(fijr1: 15g) = (U} fi i1, i) = (5 fi — NI f;, IIgg) = 0.
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This in turn gives

1

v v
[ fy = T fi, )| = [(figy Rg) — (fijor, HRg)| = 39

and by the Cauchy—Schwarz inequality and the fact that ||g|l2 < ||gllec < 1 we get
that .

10 fi = T fill2 > 50
Using the fact that sz is idempotent and self-adjoint, and that sz H;j = sz , We
get (I f;, ILR7 £;) = |[ILY 3|12, which then gives

v v; v 0, 1
T il — T B = T i — 10 £ > 0%
This is what is needed to complete an energy increment argument. Indeed, defining
\I/.
E; = |0 fills,
i=1
we get that

EjJrl - E] 2 —(52.

The trivial bound F; < r gives that we can continue the iteration process at most

4r6~2 times, and we are done. O

Note that by definition of I} we can write I} f = Fy o ¥ for some Fy. The only
thing that remains to settle before embarking on the proof of Lemma 3.4.1 is a way

of controlling the trig norm of Fjy, which is what the following lemma does.

Lemma 3.5.3 (Cf. [32, Lemma 5.3]). There are functions Mo, ps : (0,1] x Nx N —
R-¢ such that the following holds. Fix R € N, a quadratic system V of dimension
d € N and e € (0,1]. Then for all functions f : F, — [0, 1], provided p > p4(e,d, R),
there is a function F : G — Rsq such that

(i) FoWU > 1} f pointwise;

(i) [[Fllwig < Mo(e, d, R);

(iii) |F oW —ILf]2 < c.
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Proof. We start by defining Ag;, = ¥ '(/gsu), and note that I} f is constant
on each of Ag;,. Denote this constant value by cp.,, and note that then 0 <
Critw < 1 by assumption. We will construct F' by approximating 1y, for each
t,u € {0,...,R— 1} and then adding these with weights cp. ..

Let n > 0 and define
t
R

u.

R
rR/Z 2R

1
<+ }
rR/Zz 2R g

As the trigonometric polynomials are dense in C(G?), given 6 > 0 which we will

i ={0.0) €6

specify later, we can find Fg., : G — R which satisfy the following properties:

1. 0< Fryw <146
2. Fryu(z) = 1forall z € Igyy;

3. Fruu(z) <0 forall z & I,

t,au?

4. HFR;t,thrig g Ml((S? 7, d7 R)

for some function M : (0,1) x (0,1) x N x N — Ryo. With this in hand we set

F= § CR;t,uFR;t,ua

t,ue{0,...,R—1}d

and note that IIx f = Fy o ¥, where

FO = : : CR;tvu]‘IR;t,u'

t,ue{0,...,R—1}4

It remains to verify that F' indeed satisfies each of the properties stated in the lemma,

with appropriate choices of n = n(e,d, R) and 6 = d(e, d, R).

(i) If z € Apy, then I} f(2) = cryw, and by property (1) and (2) above we get
that F(z) > cpiwFriu(2) = Criu, and so (i) holds.

(i) Set My(e,d, R) = M;(d(e,d, R),n(e,d, R),d, R) and then the result follows by
property (4) above.
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(i)

Begin by noting that Ir, , N I, = 0 unless (t,u) = (',u’). Define
E = U [E;t,u \ [Ig;t,u
t,u

and let z be such that z ¢ E. As |, I}, covers G? we must then have that

z € I, for some ¢, u. Then
|F(2) - F0(2)| < Z CR;t’,u’FR;t’,u’(Z> + CR;t,u(S < R2d5 (319)
(' w)#(t,u)
by properties (1), (2) and (3) above.
Next, we will need to bound the size of ¥~1(F). If J is an interval in R/Z not
containing 0 we have that

#{r eF,: ax/pe J} <plJ|+C, (3.20)

for any a € F, and an absolute constant C. This is because ax takes on each

nonzero value in F,, at most once (exactly once if a # 0). We now note that

2’LL1 + 1
— <
o1 2R HR/Z 7)}

Ec | {(9,@25)6(@‘1:‘

and by (3.20) we then get |U~1(E)| < 2np + C < 3np, provided p > Cn~!. To
ensure this, define py(e,d, R) = Cn~!. Using property (1) and |f(x)| < 1 then

gives

ST |FoW(z) — FyoW(w)|” < (R*(1+0) +1)*3np. (3.21)

eV~ L(E)

Combining (3.19) and (3.21) now gives

1F oW —ILf|2 = - ( Z Z )Fo\IJ ~ Fyo W(x))?

< RY§? 4 27TRYp = €2,
where we have defined

€ €

28 R4’ V28 R2d

At this point we can complete the proof of Lemma 3.4.1.
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Proof of Lemma 3.4.1. Assume that a colouring ¢ and ¢ > 0 is given. Write f; =
11 fori=1,...,r and apply Lemma 3.5.2 to the f; with § = e and R = [16me ']+
1 to get a quadratic system ¥ of dimension d < 8re 2+1. Now we apply Lemma 3.5.3
to each of the f; with this choice of ¥ and R as before to get functions F; satisfying
the conclusion of the lemma. Define g; = I} f; for i = 1,...,r. We will now show

that the functions Fj, g; satisfy the desired properties.

(1) Asd < 8re 241 we set M(r,€) = sSupgcg,e—241 Mo(€, d, R), where My is as given
in Lemma 3.5.3. Provided that p satisfies the conditions of Lemma 3.5.3, this
follows immediately from property (ii) of Lemma 3.5.3. We therefore also set
p3(r,€) = SupPgcgpc—241 Pal€, d, R), with py as given in Lemma 3.5.3. Note that
both of these supremums are taken over integer values of d, and are therefore
finite.

(74) This follows immediately by the choice of ¥ from Lemma 3.5.2.
(#4i) This follows immediately by the choice of F; from Lemma 3.5.3.

(1v) By the choice of ¥, Lemma 3.5.2 and the definition of g; we get
[ 1e-1) = Gillus = [|fi — I}, fillus < e

(v) By property (i) of Lemma 3.5.3 we get that

Y FoUz) Tifi=T5Y fi=Txl =1

3.6 Counting lemma

Before proving the main counting lemma, we give the proof of Lemma 3.3.5.

Proof of Lemma 3.5.5. Write F' in terms of its Fourier coefficients to get

E,FoWU(z) =Y F(&,&)Emep(& - ar®+ & ax)
£1,62

We now use that

E.e,(az® + bx) < p~'/? if (a,b) # (0,0), (3.23)
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in order to discard all terms for which & - a # 0 or & - a # 0. This contributes an
error O(Mp~Y/2), where M = || F'||ysig, and so we have

E,FoW(z)= > F(&,&)+0Mp?).

&1,62€ g

At the same time we have

[ Faun, = 3 F@.6) [ ele el w dun, .0,

£1,62

which by Lemma 3.3.3 is equal to the main term above. O]

Proof of Lemma 3.4.2. Write a = (a;)%_; for the coefficients of the quadratic system

U. Using the Fourier expansion of F' and multilinearity of 7" one gets

T(F o W,FoWFoW = Y F&&FEa)FE&&T(f f f3)

where fi(z) = €,(& - a 2+ & - ax), foly) = ep(&s - a y? + & -ay) and f3(z) =
ep(&5 - az? + & - az). We proceed as in Proposition 3.2.3 to get that

T(fi. o f5) =D fil— )3(8).

§€Fp

Now ﬁ(—{) <p Y2 unless & -a=0and & -a+ & =0, by (3.23). Similarly we have
Fo(—€) < p~/2 unless & -a =0 and & - a+ £ = 0, and from considering f; we have
that §(¢) < p~ /2 unless & -a— & = 0 and & -a = 0. If all of these fail at once we say
that (&1,...,&:,&) is exceptional. For the sum over non-exceptional values we apply
Proposition 3.2.3 to get that T'(f1, fo, f3) < p~'/2, and then we bound the sum over
&, ..., & by M3.

For the exceptional values we have that & = —& -a = =& -a = & - a and

&-a=¢&-a=¢E& -a=0. Recalling (3.6) we may write this as

T(FoW,FoU,Fol)= Y F(&.&)F& &)F &) + 0w M°).

£1,63,86€EAY
E2+E€5,84+E5€A g

By inserting the Fourier expansion of F' into the integral in (3.11) and using the
orthogonality relation in Lemma 3.3.3 we are done, in exactly the same way as in the

proof of Lemma 3.3.5. O
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3.7 Ramsey lemma

The linear Ramsey problem addressed by the Ramsey lemma is to count triples (¢, u),
(t',u), (t",u") such that u+u' = t". In [32] Green—Sanders’s linear Ramsey problem
appears quite similar to ours, namely finding (¢,u), (¢,«’) and (#”,u") such that
u” =t —t and u = u’. Although their problem does not directly imply ours, it turns
out that their proof can be easily adapted to solve our problem, which is the approach

we take here. We note that the basic scheme of their proof is inspired by [16].

Lemma 3.7.1. Let (X,vx) and (Y,vy) be probability spaces, A C X x Y, (vx X
vy)(A) = a and n € (0,1] be a parameter. Then there is a measurable set Y' C Y,
with vy (Y') > La, such that the set

1
E:{yEY:VX(xeX:(x,y)EA)<57704}
satisfies vy (ENY') < nuy (Y).

Proof. Define

Nx(y) = {z € X : (z,y) € A},
Ny(z)={yeY :(z,y) € A}.

Then
a=(vy Xxvy)(A) = /VX(NX(?J)) dvy (y)

by Fubini’s theorem. By the definition of £ we have
1
/ Le(y)vx (Nx (y)) dvy (y) < gne,

so that

1
—a.
2

/ (1 - %1E(y)> vx(Nx(y)) dvy (y) =

Another application of Fubini’s theorem then gives

// (1 —~ %m(y)) Iy () (4) dvy (y)dvx () > %a’

and in particular there is some x € X such that

[ (1= 1150)) o) o) > 50 (324

For this z, set Y’ = Ny(z). From (3.24) one gets that vy(Y’) > 1o and that
vy (ENY') < nuy(Y'), as desired. O
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Throughout this section, let G be a compact Abelian group with probability Haar

measure 4. For any measurable subset 7' C G we write up = ﬁ pt| . Define

5r(A) = / Lty + to, £) du3(t1, b, 1) (3.25)
and
Ap(A) = /1A(t1 -t t) La(ts + tr, b Lalta + o, t5)dpS (11, t7). (3.26)

The main Ramsey lemma will follow from the following slightly stronger propo-
sition. We need to allow for partial colourings and make p(r) explicit in order to

perform induction on r.

Proposition 3.7.2. Set e, = 277 (r!)73. Suppose that G is a compact Abelian group,
T C G is a measurable set, E C (T'+T) x T is measurable and ¢ : (T +T) x T — [r]
is a measurable partial colouring defined outside of E, where d7(F) < €.. Then there
is an i € [r] which satisfies Ap(c™'(i)) > €.

r

Proof. We proceed by induction on r. For r = 1 we have that
Ar(c () = Ap(((THT)x T)\ E) =2 1 —=357(E) > 1 — 3¢, > €,

and so the proposition holds in this case.
Assume that the statement holds for » — 1 colours. Now €, < % so by the pigeon

hole principle there is some ¢ with d7(A4;) > 5=, where we have defined

Apply Lemma 3.7.1 with X =T +T,Y =T, A= A;,n= %er,l, vy = pr and vy
defined by
Vx(C) == / 1c<t1 + tg) du?z(tl,tg).

Note that vy x vy = d7. The lemma gives us some 7" C T with ur(T") > 4—1r and

some Z C T with a proportion 1 — 7 of all of the elements in 7", which satisfies

1
/1Ai(t1 +to, ) duSP(ty, ta) = 4_7“77

for all t in Z.
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We now consider two cases. In the first case, assume that o7/ (A4;) > %er,l. Then

restricting the integrals over o, %, and 5 in (3.26) to 7" gives
Ar(A) = pr(T')? / La,(t2 + t4, t5) (/ La,(t + 6, t2) d#?ﬁ)z(tb%))
~ ( / La,(ts + tr,t4) du?2<t3,t7)) dpp: (2, ta, t5)

2
> (TP g [ Lt + ta Lo ta)12(00) it 1 1)

2

1
> NT(T,)?)QZ7 (/ La,(ta + ta, t5) dpg (to, ta, ts) — §€r—1)

2
1
> MT(T/)?)QZ_ﬂEET_l > 2718373703 = 28373t > &
and we are done in this case. If instead d7/(A;) < %67"—1 we will use that
1
6T/<E) < /LT(T,)_SCST(E) < 267“3€r == §€r—1-

Defining E' = (EU A;)) N ((T" +T") x T") then gives 6 (E’) < €,_1. We now have a
partial colouring of (77 + T") x T outside E’ using r — 1 colours, and the inductive
hypothesis then gives some colour class A; with Ap(A;) > €_,. Considering the

corresponding colour class A; on (7'+ 1) x T gives
Ar(Aj) = pr(T) A (A;) > (4r) el = 27%€) > €],
and so we are done. O

Proof of Lemma 3.4.3. Put f; = min(F}, 1), such that 0 < f; < 1 and
iy filgr, 92) = 1 for all (g1,92) € G x G. Define
i—1

Ai:{(t,u)erG:fi(t,u)>%,(t,u)géUAj}. (3.27)

j=1
If (t,u) & |J, A; then > . fi(t,u) < 1, and so we must have | J; A; = G x G. Restricting
to A; we get

/ fz (ta U)fl(t/, u/>fl (U + ulv u”) d;u®5 (tv t/a U, ulv U”)
1
> Ta,(t,u)la, (', u) g, (w4, u”) du®> (', u, o, u)

Introducing two dummy integrations and renaming the variables then gives
1
3 / Lo, (ts + te, to) 1, (ts + tr, ta)1a, (t2 + tay ts) du®"(ty, . .., t7).
3

9y

which is the desired function p(r). O

Setting 7" = G in Proposition 3.7.2 we finally get that for some 4 this is > r 3¢
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3.8 Proof of main theorem in the general case

Before sketching the proof of Theorem 3.1.2, we note that one needs three different
versions of the Ramsey lemma, depending on the exponents a,b,c¢ in (3.2). The
first version is needed when a = b = ¢, the second version is needed when exactly
two of a,b and c¢ are equal, and the third version is used when all of a,b and ¢ are
different. The necessity for different Ramsey lemmas arises because the conclusion
of the counting lemma depends on the number of unique exponents, and this is of
course what dictates the correct shape of the Ramsey lemma.

As mentioned in the introduction, the case where a = b = ¢ was already solved in
[15] by using Schur’s result on partition regularity of the equation x +y = 2. Rather
satisfyingly this is the same equation we end up having to address in the Ramsey
lemma when using our methods.

At a first glance it may seem strange that the proof of Theorem 3.1.1 carries over
to Theorem 3.1.2 without any major modifications. In particular we note that the
proof does not rely in any significant way on the fact that (3.1) has a linear variable.

We begin by noting the changes that need to be made to the basic definitions in
Section 3.2 and Section 3.3. This will essentially consist of redefining T'(f1, fo, f3),
U(z) and defining a new norm.

We consider the quantity

T(hfah) =5 3 Al (o)

z,y,2€F,
7@ +yb:Zc

and define a norm
[ fllape = sup {|Es f(z)ep(ra® + sa® + ta€)| : r,s,t € F,}.
In this setting the analogue of Proposition 3.2.3 becomes the following.
Proposition 3.8.1. If || fil2, || f2|l2, | fsll2 < 1 then
T (f1, f2, f3)| < \/%miin(“fina,b,c)-

Sketch of proof. Define g1(w) = > a_, [i(x), go(w) = > o, fo(u) and gsz(w) =
Y ey f3(2), and perform the same manipulations as in the proof of Proposition

3.2.3. 0

We also have the analogue of Lemma 3.2.4, at the cost of a constant factor.
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Lemma 3.8.2. Let fi, fo, f3 : F, = C. Then

(T(fr fos £3)] < VEI filla ]| fall2] fsl,
where k = min{a, b, c}.

Sketch of proof. Assume that k = a and define g(w) =) ._,, fi(z). Doing as in the
proof of Lemma 3.2.4 and using the estimate ||g||> < v/al| f1]|2 we are then done. The

cases where a > k are treated similarly. O]

In addition we will need a notion of a polynomial system instead of just a quadratic
system. In this section we let G = (R/Z) x (R/Z) x (R/Z).

Definition 3.8.3. A polynomial system of dimension d is a map ¥ : F, — G? of the

form
\Il<x) = (aixa/pa aixb/pa aixc/p);iZD
where (a;){, C F2.
Furthermore we will need to define trigonometric polynomials on G¢ instead of on
(R/Z)?* in the obvious way.
We now state the three key lemmas in this setting, and briefly sketch the proof of

each.

Lemma 3.8.4 (Regularity lemma). There are functions ps, M, D : Z>o % (0, 1] x N —
R-o such that the following holds. Let ¢ : F, — [r] be an r-colouring of F, and let
e > 0. Then there is a polynomial system V¥ of dimension d, functions Fi,..., F, :
G* — Rso, and functions g1,...,g, : F, = [=1,1], such that the following holds
provided p = ps(r, €, K).

(1) || Filltrig < M(r,€, K) for all i;
(1) d < D(r,e, K);

(11i) || F; oW — g;||2 < € for all i;

(i0) ey — gill < € for all i
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(v) >, FioVU > 1 pointwise.

Here K = max{a, b, c}.

Sketch of proof. Lemma 3.4.1 is proved via the three intermediate lemmas 3.5.1, 3.5.2
and 3.5.3. The analogue of each of these in the current setting goes through with
nearly identical proofs, by modifying a few constants. In particular we note that in
the proof of Lemma 3.5.3 we will need the following fact instead of (3.20). Let J be

an interval in R/Z not containing 0, and let n € N. Then
#{relF,:ax"/pe J} <nplJ|+C

for any a € IF,, and an absolute constant C'. This holds because axz™ takes each value
in F, at most n times.

Combining the three is also done in exactly the same way as before. O

The conclusion of the counting lemma looks slightly different depending on how
many of a,b and ¢ are equal. In general we may write the integrand in the counting
lemma as

F(ta, ty, te) F(uq, up, te) F'(Vas Vb, Ve) Lty 4y v, -

If say a = b = ¢ this should be interpreted as

F(t)F(u)F(t+ u),

where we have defined F(w) = F(w,w,w). Similarly, if a = b # ¢ we recover the
integrand in Lemma 3.4.2 with F in place of F, where we define F(u,v) = F(v,v,u).
Below we state and sketch the proof of the counting lemma for the case where none

of a, b, c are equal, and leave it to the reader to examine the other cases.

Lemma 3.8.5 (Counting lemma). Let U be a d-dimensional polynomial system with

distinct exponents a,b,c, and let F : G* — C be a trigonometric polynomial. Then

T(FoW,FoW, FoV)
= /F(th uy, v1) F (ba, ug, v2) F(ts, us, ty 4 ug) du&s (t, . .., ug)

+ Ok (p V¥ M?),

where K = max{a,b,c} and M = || F||tsig.
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Sketch of proof. We follow the steps of the proof of Lemma 3.4.2, with the standard
bound in Lemma 2.1.4 in place of (3.23). This will give

T(FoW,FoW, FoW)

= La,b,c Z F\(gla527fS)ﬁ(fb55756)ﬁ(€7a€87£9)

£2,€3,84,66,67,68C Ay
€1+69,85+89€AY

+ Ok (p~ V¥ M?),

where

Cope = pi S 1= Eufu) o) fulutv) = 3 ROROT(~)

e +yb:zc f

= (0) £5(0) fo(0) + Ok (p~ /2" ),

where f,(u) = > ._,1 for n € N, and we have bounded the terms with £ # 0 as
usual by noting | f,(&)| < p~*" and [|fy]l2 < Vb, | fll2 < Ve. Now

Fa(0) = Eufulu) = E,1 =1
for n € N, and s0 Cyp. = 1 + Og(p~/2* "), which completes the proof. O

Note that the constant C ; 2 was implicitly evaluated to 1 in the proof of Lemma
3.4.2, which is why it was not necessary to introduce this quantity there.

We also note that if some of a, b, c are equal, the values of &, ..., & which con-
tribute to the main term will be different. This is because for a sum of the form
E.e,(rz® + sz’ + tz¢) to be small it is not enough that (r, s, t) # (0,0,0) in this case.

Finally, because of the different forms of the counting lemma, the Ramsey lemma
will have to look slightly different depending on which case we are in. In the second
case the needed Ramsey lemma is in fact Lemma 3.4.3. We here therefore prove the
first and the third case.

Lemma 3.8.6 (Ramsey lemma, case 1). There is a positive function p : Z=o — (0,1]
with the following property. Assume that Fy,...,F, : Gg — Rso are continuous
functions that satisfy Y., Fy(x) > 1 for all x € Gy. Then there is an i € [r] such
that

[ DR @)F® 4 t2) du t.12) > plr),
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Proof. We could prove this by using the same techniques as in the proof of Lemma
3.4.3, but in this case our result actually just follows from a quantitative version
of Schur’s theorem. Note that if a; = 0(mod p) for all ¢ then Gy = {0}, and if
a; # 0(mod p) for some ¢ we have Gy = {az/p : v € F,} ~ F,, by the definition of
Gy. If Gy = {0} the statement we are trying to prove is trivial, as F'(0) > 1/r for
some 4, and for this ¢ the above integral is > 1/r3.

In the non-trivial case, define sets A; as in the proof of Lemma 3.4.3 to get an
r colouring of Gy. We then invoke [24, Theorem 1], which states that given an
r-colouring of N there are > v(r)N? monochromatic solutions to x +y = z with
7,9,z < N. Set p = N, then certainly we also have > v(r)p?* monochromatic

solutions to x +y = z with x,y, z € F,,, which completes the proof. O

Lemma 3.8.7 (Ramsey lemma, case 3). There is a positive function p : Zso — (0, 1]
with the following property. Suppose that G is a compact Abelian group with Haar
probability measure . Assume also that Fy, ..., F. : GXGxG — Ry are continuous
functions that satisfy Y ., Fi(g1,92,93) = 1 for all (g1,92,93) € G X G x G. Then

there is an i € [r] such that

/Fz‘(tl, uy, v1) Fy(ty, ug, ) Fy(ts, us, ty 4 up) dp®>(ty, ... ug) = p(r).

Sketch of proof. The linear Ramsey problem we are addressing is slightly different
from the one in Lemma 3.4.3, but essentially the same proof goes through. Introducing
two dummy integrations we can view this as a problem on T'x T x (T'+T). Invoking
Lemma 3.7.1 with X = T x (T'+ T) and Y = T to get a set 7" C T, and then
restricting ¢; and us to this set, the proof goes through as in the proof of Lemma
3.4.3.

O

Finally the three lemmas are combined in almost exactly the same way as in
Section 3.4.
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Chapter 4

Monochromatic solutions to
T+ Yy = 2

4.1 Introduction

In this chapter we will be concerned with the Ramsey theory of the equation x4y = 22.
It was shown by Csikvéri, Gyarmati and Sarkozy in [15] that this equation is not
partition regular. Indeed, a 16-colouring of N is exhibited with no monochromatic
solutions to x + y = z? other than the trivial one x = y = z = 2. There remains the
question of whether the 16 here is optimal. The main theorem completely answers

this question.

Theorem 4.1.1. There is a 3-colouring of N with no monochromatic solution to
x +y = 2% other than the trivial one. On the other hand, every 2-colouring of N has

infinitely many monochromatic solutions to x +y = z°.

The proof of the first statement is rather simple. It is given in Section 4.2. By
contrast, the proof that every 2-colouring has infinitely many monochromatic solu-

2 is complicated and involves a surprisingly large number of tools

tions to x +y = 2
from additive combinatorics and number theory.

In [53] Pach presents a much shorter combinatorial proof of Theorem 4.1.1. Fur-
thermore in [49] this result was improved further to show that in fact any 2-colouring
of [N] has at least N'/4=°() monochromatic solutions to = + 3 = z2. Despite Pach’s
much shorter proof of Theorem 4.1.1 we believe that our methods can be applied to
a much wider range of problems. In particular; in the next chapter we show how to
adapt the methods presented here to prove partition regularity of the superficially
similar looking equation z —y = 22.

We now outline the proof of Theorem 4.1.1.

43



If N =V UW then let us assume that there are infinitely many N such that
[V N [N,2N)| > N/2. If this is not the case then a corresponding statement holds
for W and we may switch the roles of V' and W in what follows. Suppose that there

2 in either V or W. By a fairly elaborate sequence

are no solutions to x +y = z
of arguments involving the arithmetic regularity lemma as well as certain Fourier-
analytic and Diophantine arguments, as well as a deep result of Lagarias, Odlyzko
and Shearer, we use this to show that for some ¢ € N and ¢ > 0 the set W contains
the progression P([1,1 + ¢|; M,q) :={n € Z: M <n < (1+c¢)M,n = 0(mod q)}
for infinitely many integers M. The details of these arguments may be found in
Sections 4.4 and 4.5, certain preliminary results having been assembled in Section
4.3. The proof is concluded in Section 4.7 by performing an iterative argument to get
a collection of further progressions inside W, eventually showing that all sufficiently
large multiples of ¢ lie in W. An important ingredient here is a result concerning
gaps between sums of two squares with certain constraints, proven in Section 4.6.

The fact that all sufficiently large multiples of ¢ lie in W leads immediately to a
contradiction, since W then obviously contains infinitely many solutions to x4y = 2.

We make heavy use of smooth cutoff functions in the latter half of the chapter.
The properties and constructions of these are recalled in Appendix C.

Let us remark on the nice work of Khalfalah and Szemerédi [42] which, despite
its rather similar title, concerns a somewhat different problem. They show that any
finite colouring of N contains a solution to x + y = 2? with 2 and y having the
same colour (but not necessarily z). They show that if one passes to an appropriate
subprogression then in fact a density result holds. This allows them to apply Fourier
analysis. In Appendix B we adapt their proof to Z/qZ.

We also remark that for the modular version of the problem the answer is very
different. Indeed, in [48] (included as Chapter 3) we show that if p > po(k) is a
prime and if Z/pZ is k-coloured, then there are >, p? monochromatic solutions to
r+y= 22

Notation. We collect here some notation used in this chapter. The notation f
always denotes Fourier transform. At various points in this chapter f may be a
function on Z, R or T¢. The definitions we are using are recalled in the text when
there is any danger of confusion.

It is convenient to introduce a piece of notation which is less standard, but very
useful. If A C N is a set of integers then we write v/A := {n € N: n? € A} (this is not
the same as {\/n :n € A}). If A C Nis a set, we write 2A = A+ A :={a+d :a,d €
A}. We will sometimes use notation such as 2v/2A, which means /A + A+ /A + A.
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Finally, as hinted above, when I C R is a closed interval we write P(I; N, q) :=
{neZ: § el qn}.

4.2 A 3-colouring

In this short section we establish the easy part of Theorem 4.1.1. That is, we exhibit
a 3-colouring of N for which the only monochromatic solution to = + y = 22 is the

trivial solution x = y = 2z = 2. We colour all the points in each dyadic block
Ai={neN:2' <n< 2t}

1=20,1,2,..., in one colour ¢;. We assign ¢y, ¢1, co to be distinct, and then assign the
colours ¢;, i > 3, inductively in such a way that ¢; € {c|i2), c|ij2j+1}. Note that this
is possible since |i/2] +1 < ¢ for i > 3.

Assume now that z,y, z € N have the same colour and that = + y = z2. Without
loss of generality we may assume that x < y. Let i € {0,1,2,...} be such that
y € A;. Then 28 < x +y < 2772 and hence 2/2 < z < 20#2/2_ Since i/2 > |i/2]
and (i +2)/2 < |i/2] + 2, it follows that z € Ajjjo U Afijo41. By construction, the
only way that such a z can have the same colour as y is if i € {0, 1,2}, in which case

r <y <8 and so z =2 or 3. An easy case check confirms that z =y = 2z = 2.

4.3 Results from the literature

The rest of this chapter is devoted to the harder part of Theorem 4.1.1. In this section
we assemble some basic ingredients from the literature.
The following definition is relevant to much of this chapter. Recall that for x €

R we write ||z||r = min,ez |z — n|.

Definition 4.3.1. Suppose that § € R%. Let N > 1 be an integer and let A > 0 be
some real parameter. We say that 6 is (A, N)-irrational if whenever r € Z4\ {0} and
|r]|l; < A we have [|r- 0|y > A/N.

We record a corollary of Proposition 2.1.7, phrased in the language of this defini-
tion. This corollary is the variant of Weyl’s inequality that we have found to be most

useful in this chapter.
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Corollary 4.3.2. Let k, N € N. Suppose that I C Z is a (discrete) interval of length
< NVE_ Suppose that 8 € R? is (A, N)-irrational, and suppose that v € 74\ {0}.
Then
1> e onF + )] < NVF|r|[ A7
nel

Here, ... denotes polynomial terms in n of degree k — 1 or lower, and the estimate is

uniform in the choice of these terms.

Proof. Suppose that the sum is > §|I|. Then, by Proposition 2.1.7 there is some
g € N, ¢ < 6%, such that ||gr - O||r/z < 6-|I|7*. Since 6 is (A, N)-irrational,
we have either (1) g||r||; > A or (2) 6-%|I|7%* > A/N. In case (1), the bound on
q implies that 6=%||r|; > A. In case (2), we have =% > A. Hence in either case
we have 0~C||r||; > A, and hence § < (||r||;/A)Y“. The result follows (in fact with
||r||1 replaced by the smaller quantity ]|r|ﬁ/0’“) O

Turning to a different type of ingredient, we require the following estimate.

Proposition 4.3.3. Let S C {1,...,N} be any set of squares. Fort € R/Z, write
T5(t) := 3 cge(tn). Then [) [15(t)|%dt < N2,

Proof. 1t is easy to see that the integral is >~ .\ 73,5()?, where r5 () is the number
of ways of writing x as ny + ng + ng with ny,ns, ng € S. This quantity is obviously
largest when S is the set of all squares < N. In this case, the stated bound is a

well-known consequence of the Hardy-Littlewood method. O]

Remark. Using more advanced methods of harmonic analysis (related to the
Tomas-Stein restriction theorem) one can show a bound fol Ts(t)]9 <, N9271 for

any q > 4.

Finally, we will also use the following result of Lagarias, Odlyzko and Shearer [45].

Proposition 4.3.4. Suppose that S C Z/qZ, where q is a positive integer, and that

|S| > é—;q. Then S + S contains a quadratic residue modulo q.

Remarks. The % in this theorem is sharp, as was shown by an example of Massias
[50]. To see this simply take the set of x = 1(mod 4) together with {14,26,30} as a
11

, 35 could be replaced by any constant less than
%. A simpler proof of such a statement could probably be extracted from [45] or the

subset of Z/327Z. For our purposes

companion paper [44], but we do not know of any argument that could be described

as in any way routine.
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Instead of the result of Lagarias, Odlyzko and Shearer, it would suffice to have
the following statement: there is some 7, > 0 such that if (1 —7;)q of the elements of
Z/qZ are k-coloured then there are x,y of the same colour with = + y a square. Such
a statement can be established relatively painlessly using a simplified version of the
arguments of Khalfalah and Szemerédi [42]. An account of this argument is included

in Appendix B.

4.4 Capturing most of the squares in a Bohr set

This section contains the technical heart of this chapter. Our aim is to prove the
following result. Here, and in what follows, &(b, q) denotes the number of solutions
to 2% = b(mod q) with = € Z/¢Z.

Proposition 4.4.1. Letn > 0, and let Q : N> — N be a function (which may depend
onn), nondecreasing in each variable. Suppose that N > Ny(£2,n) is sufficiently large,
and let A C [N,2N] be a set of size at least N/2. Then there are q,d = O, (1),
e>pnal, bEZ/GL, x € [2,4], and 0,z € R? such that

1. b is a quadratic residue modulo q;
2. 6 is (Q(q,d,1/e), N)-irrational;

3. A+ A contains all but at most nS (b, q)(2¢)q ' N2 of the squares in the set

{neN:n=b(mod q), |5 — |, ||fn — 2|« <€}

Remarks. The assumption that |A] > N/2 could be weakened to |A| > ¢N for
any ¢ > 11/32, using essentially the same proof. We do not record this explicitly as
Proposition 4.4.1 seems unlikely to be of independent interest. In our applications, n
will be an absolute constant which could be specified explicitly if desired (n = 10710
should certainly be admissible).

The key tool in the proof of Proposition 4.4.1 will be the arithmetic regularity
lemma, introduced in [29]. The formulation we use here, in a more general guise, is
the main result of [34]. That paper is long and quite difficult, but only Sections 1
and 2 of it are relevant to us. Furthermore, that paper establishes a regularity lemma
for the Gowers U**1-norm for general s, whereas we only need the case s = 1. This
means that the notion of a nilsequence, beyond the abelian case, is not relevant here.
A complete, self-contained proof of the arithmetic regularity lemma in the form we
need it here can be written up in less than 10 pages. Conveniently, such a writeup
has been provided by Sean Eberhard [22].
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Here is the arithmetic regularity lemma in the form we will need it.

Proposition 4.4.2. Suppose we are given § > 0 and an increasing function F : N —
Ry. Then there exists Myax <57 1 such that for any function f : [N,2N) — [0, 1]
there is an M < M., and a decomposition [ = fior + fem1 + funt into functions
taking values in [—1,1], where Yy, oy |fsmi(n)| < 0N, | funtlloe < N/F(M) and
fior(n) = F(n(mod ¢),n/N,0n) for_some q,d < M and some function F : 7/qZ X
[1,2] x T¢ — [0, 1] with Lipschitz constant at most M. Furthermore 6 may be taken
to be (F(M), N)-irrational.

We remark that in the works previously cited the function f,.+ was controlled in
terms of the Gowers U2-norm, rather than in terms of the supremum norm of the

Fourier transform, defined by

Funt@®) = )" fun(n)e(—tn).
N<n<2N
However it is well-known that for bounded functions these norms are essentially equiv-
alent, as seen by (2.1).

Moreover fqn is traditionally controlled in the ¢2-norm, rather than the ¢!-norm
as we have here. However, since f,,, is bounded by 1, these two norms are equivalent
too. Thus Proposition 4.4.2 is equivalent to the arithmetic regularity lemma as usually
stated.

Let us now begin the proof of Proposition 4.4.1 in earnest. Apply Proposition
4.4.2 with f =14, 6 < n some small constant (§ = 107'% would be permissible), and
the function F to be specified later (it will depend on €2 and 7). This gives integers
¢, d<M,0eRand F:Z/qZ x [1,2] x T4 — [0,1] and a decomposition

1A - ftor+fsml+funf (41)

with the properties described in the statement of Proposition 4.4.2 just given.

Lemma 4.4.3. Suppose that 0 is sufficiently small and that F grows sufficiently

rapidly. Then [ Fdu > 2%, where 1 denotes the natural' measure on Z/qZ x R x T¢.

9
’ 20
be made as close to 5 as one wishes by reducing ¢ and increasing F(M).

Remark. Here is simply a convenient fraction less than % In fact, [ Fdp can

IThe product of the uniform probability measure on Z/qZ, Lebesgue measure on R and normalised
Lebesgue measure on T¢.
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Proof. We begin by noting that, by assumption,

En<n<onla(n) > (4.2)

N | —

If 5 < 1—00 then

1
|En<n<aon fom(n)] < 100" (4.3)

Also, introducing a smooth majorant ¢ for [V,2N) with ¢(n) = 1 for N < n < 2N

we have

|EN<n<2Nfunf | - |_ Zw funf

ks / D(0) Fome (1))

I
= F)’

where we have used Parseval’s Theorem and simply extended f.,r from a function
on [N,2N) to a function on Z by setting funs(z) = 0 for = ¢ [N,2N). With an
appropriate choice of ¢ (see Lemma C.1 for details) we have ||1; li = O(1), and so if
F (M) is sufficiently large it follows that

1
E 4.4
| N§n<2Nfunf( )’ < — 100 ( )
We also have
n
EN§n<2thor(n) = EN§n<2NF(n(mOd Q)> N’ 9“)-

However, it was proven? in [23, Lemma A.4] that, if F grows sufficiently rapidly in

terms of 9 and if N is big enough in terms of ¢,

n 1
|En<n<anF(n(mod q),N,Qn) /qu| < 100" (4.5)
Combining (4.2), (4.3), (4.4), (4.5) concludes the proof. O

Now let U C Z/qZ be the set of all u € Z/qZ for which

1
//]l'd u:vzdzdx>2—0 (4.6)

S o)) < %”N (47

N<n<2N
n=u(mod q)

and for which

2This is not an especially difficult argument: roughly, one approximates F' by a function with
finite Fourier support, then uses the irrationality of 6 in estimating the resulting exponential sums.
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One should think, informally, of these being the residue classes (mod ¢) on which A

has “significant mass”.

Lemma 4.4.4. Suppose that O is sufficiently small and that F grows sufficiently

rapidly. There are elements u,u’ € U such that u+ u' is a quadratic residue modulo
q.

Proof. Let Uy C Z/qZ be the set of all u for which (4.6) fails, and U, the set of all u
for which (4.7) fails. Since » y_, o [fsmi(n)| <IN, we have

q
Us| < —.
vl < o

Furthermore by Lemma 4.4.3 we have

9 1 2
%</qu:§ Z /1 /TdF(u,x,z)dzdx

u€Z/qZ
< o5+ - |@/aZ) \ Ui
=920 g q 1l
It follows that
O 1 1 11q
> (Z/qZ — >l === - = > —.
012 1@\ G~ 1002 (5 - 55~ 35 ) 1> 55
The result now follows from Proposition 4.3.4. O]

Henceforth, we will fix two residue classes u, v’ € U for which u+ v’ is a quadratic

residue modulo ¢. Define parameters € > ¢ > 0 by

)
€= 37 (4.8)
and 5
€ = d—q(26)d+1. (4.9)
Note that since q,d < M we have

(The precise form of this bound is unimportant; what matters is that there is a lower
bound depending only on § and M)
For z,2' € [1,2] and z, 2’ € T¢, define

Eﬂc7z = Z |fsml(n)| and E:/n’,z’ = Z ‘fsml(n)l'

N<n<2N N<n<2N
n=u(mod q) n=u'(mod q)
—x|<e ' |<€
[0n—2zlga<e [6n—2"||pa <€’
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We have

2 2
E, .dzdx = sm Lin _, ed Ljjon—- ed
/1/w wdzdx oS 1(n)|/1 |2 —al< x/Td lon—=llpa<ed?

N<n<2N
n=u(mod q)

<™ Y | fam(n)] < (2€)

N<n<2N
n=u(mod q)

dH@N
q

Y

the last step being a consequence of (4.7). It follows from this and (4.6) that

2
q 1
F 1 g Vdedr > —,
/1 /T< (v,,2) 800N (2¢) 4+ ) =00

and so there are specific choices of x, z such that

q 1
F — oo B > —,
(w,2.2) = SooNs ey o2 2 Iy
which implies that
1 8006 N
Fu,z,2) > — and E,., < ——(2)%. (4.11)
40 ’ q
Similarly, there are x’, 2’ such that
1 IN
F o', 2") > ) and B < &(26/)d+1. (4.12)
q

From now on, we fix these specific choices of x, z, ', 2’ and set

X :={neN:n=u(mod q), |% —a|,]|n — z|lga < €}, (4.13)

X" :={n eN:n=u(mod q),\2

C—dl -l <€, (A1)

and
Y:={neN:n=u+u(mod q), |% —(x+2")),|0n — (2 + 2")||re < €}.  (4.15)

Note that with this notation (4.11), (4.12) imply

D 1 fam(n)] < 6(26) g 71N, D 1 fam(n)] < 6(2¢)* g7 N (4.16)

neXx nex’

Lemma 4.4.5. Suppose that F grows sufficiently rapidly, and that N is sufficiently
large in terms of 6, M. Then the number of squares in Y is < (2€)4Tq 1S (u +
Ul, q)Nl/Z
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Proof. Let A be the set of all a € Z/qZ for which a> = u + v/(mod ¢). Thus
|A| = S(u+ v/, q). An upper bound for the number of squares in Y is then

Z Z 1nEa(mod q)¢j(8n2 -z Zl)?

ac€A nel

where I = [(z + 2’ — €)V2NY2 (x4 2’ + €)'/2N'/?] and v is the majorant for the

characteristic function of the ball B.(0) in T? constructed in Lemma C.2. Fourier

1 ra ™
1nEa(mod q) — a Z e (—?) e (7)
)

expanding

and

this may be written as

Z 2 ( )ZW Z+Z’))Ze(r-9n2+%>. (4.17)

aEA r(mod q) rezd nel

The contribution from r = 0 is

{OZ 2 ()2 (T)
a€A r(mod q) nel

If r # 0, the inner sum over n is at most ¢ in magnitude, since the sum of e(rn/q)
over any interval of length ¢ is zero. The total contribution from these terms is
thus bounded independently of N, and so may be ignored if N is large enough.
The contribution from 7 = 0 is +&(u + ', ¢)([ )], which is < (26)™ ¢S (u +
u',q)N'/? by Lemma C.2 (1) and the bound |/| < eN'/2. The contribution to (4.17)
from r # 0 is bounded above by

S(u+u,q) Z [0F (1) sup }Ze - On? + n)|

rezd\ {0} r(mod q) nel

By Corollary 4.3.2 and Lemma C.2 (2), this is

< gN'PF(M)TVe Y [ ()|l <s.00 NY2F (M),
rezZ4\{0}

(Lemma C.2 (2) gives an implied constant depending on d, €, but we have d < M
and € = §/M.) Hence if F is chosen to be sufficiently rapidly-growing, this is smaller
than (2)M+10/~'N'/2 which is at most N'/?(2¢)?1g~ ' N1/2. O
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We will also need the following fact, proven using very similar techniques.

Lemma 4.4.6. Suppose that F grows sufficiently rapidly, and that N is sufficiently
large in terms of 6, M. Suppose that n € X. Then the number of n' € X' for which
n4n' is a square is < (2¢) g S (u 4 ', ¢) N2, uniformly in n.

Proof. Once again, write A for the set of square roots of w + v’ in Z/qZ. Writing

m? = n +n', an upper bound for the quantity in question is

Z Z 1mEa(mod q)d):/_(‘ng —6On — Z,)v

acAmelJ
where J = [(n+ (z/ —€)N)Y2, (n+ (z'+€)N)Y?] and ¢ is the majorant constructed
in Lemma C.2 (but now with the smaller parameter €'). Expanding in Fourier series

much as before, this may be written as

Zl Z e (—E) Z@(r)e(—r-&(njtz'))Ze (r-9m2+m) :
acA q r(mod q) q rezd meJ q

Arguing in an essentially identical fashion to the proof of Lemma 4.4.5, we see that this
is bounded by a main term of size < (2¢)1¢7'&(u+ ', ¢) N*/? plus an error of size
<sm NYV2F(M)~Y/% . Choosing F to be sufficiently rapidly-growing, and recalling
from (4.10) that ¢ 5 1, this can be made < (2¢/)™ g™ 'S (u + o/, q) N2 O

Finally, we need yet another fact with a similar proof. Define the set Y_ C Y to
be

{n eN:n=u+u(mod q) (x+2"),[|0n — (2 + 2)||pa < e—2€¢"}. (4.18)

| n
N
Lemma 4.4.7. Suppose that F grows sufficiently rapidly. Then the number of squares
inY \ Y. is < 6(2e)4 g N2,

Proof. If n € Y \ Y_ then either

€—2 < |= —(z+2')] <e (4.19)
N
or
e—2¢ < ||0in— (24 2})||l1a < € (4.20)
for some i € {1,...,d}. The number of squares satisfying (4.19) is elementarily seen

to be O(¢'N'/?), which? is bounded as desired because of the choice of € (cf. (4.9)).

30bviously this bound is rather crude, as we have completely ignored the fact that additionally
n=u+u'(mod ¢) and ||fn — (z + 2’)||r« < €, but this is of little consequence in the grand scheme
of the argument.
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We now obtain an upper bound for the number of squares satisfying (4.20). By
translating the function ¢ constructed in Lemma C.2 (with d = 1 in that lemma) we
may obtain a smooth majorant ¢ for the interval {t € T : e—2¢ < |[t—(z;+2)|1 < €}
such that

/w < e, D )] <o L. (4.21)

Then the number of squares satisfying (4.20) is bounded above by

ST owem?) = "ur) Y e(rom?).

n<2N1/2 rez n<2N1/2

The term with r = 0 is 2N1/2(f Y) < € N'/2. By Corollary 4.3.2 (applied with d = 1)

the contribution from the terms with r # 0 is

< N'VEFM)TO Y " i ()],
r#£0
By (4.21) this is <o NY2F (M)~ which, in view of (4.10), is O(¢'N'/?) provided
F (M) grows sufficiently rapidly. Thus the total number of n satisfying (4.20) for some
i€{1,...,d}is O(¢dN"'?), which is bounded as claimed by the choice of ¢'. O

To complete the proof of Proposition 4.4.1 it suffices to show that A+ A contains
all but < §(2€) ¢ 'S (u + o', q)N'/? of the squares in Y. Indeed if § is chosen
small enough then this will be < 1(2¢)¥* ¢ '&(u + v/, q)N/2, the bound claimed.
Let S C Y be the set of all squares in Y which are not in A + A; thus it suffices to
establish the bound

S| < 6(2)™ g S (u + ', q) N2 (4.22)

Recall the definitions (4.13), (4.14) of X, X’. We will need to introduce smoothed
approximants x, x’ to the characteristic functions of X, X’ respectively, with the fol-

lowing properties.

1. x is a minorant for X, that is to say 0 < x(n) < 1x(n) for all n;
2. X’ is a minorant for X', that is to say 0 < x/(n) < 1x(n) for all n;
3. x(n) =1 on the set {n € N:n =wu(mod q), |5 — z|,[|0n — z||ta < e—€};

4o fy IR, Jy I (#)]dE = Oa(1);

5. Y, X (n) > (2)#17 1N,
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Such a function is constructed in Lemma C.3 (which must be applied twice, once with
parameter € and once with parameter ¢').

In particular it follows from (4.16) that
D famx(n)| < 620" g7 N, Z famX (0)] < 8(26)4 1IN, (4.23)
Our assumption that A + A is disjoint from S implies that
Z(lAX + 1ax')(n) = 0. (4.24)

nes

To investigate this expression, we use the decomposition from the regularity lemma,

]-A - ftor + fsml + funf-

The left-hand side of (4.24) may then be expanded as a sum of 9 terms

To,o’ = Z(ftx * f"X/)(n)7

nes

where o, o' € {tor,sml, unf}. Thus

|ﬂor,tor| S Z ’To,o’l- (425)

(e,0”)#(tor,tor)
We analyse these 9 terms 7, o separately, beginning with the “main term” 7o, tor-
Writing
n
fror(n) = F(n(mod q), N’ on),

we may expand Tior tor as

ZZF (mod q) ,%,Hm)x(m)

nes m

XF(n—m(modq),n_m

N

,0(n —m))x'(n —m).

Since x(m) is supported where m = u(mod ¢) and |5 — x|, ||#m — z[|t« < €, and since
F'is M-Lipschitz, we have using (4.11) that

m 1

~ > 0m)x(m) = (F(u,z,z) + O(Me))x(m) > -=x(m)

N 80

if § is sufficiently small (note, recalling the definition (4.8) of €, that Me = §).
Similarly,

F(m(mod g),

T (- m)X (n —m) > ==X (n — m).

F(n —m(mod q), t %0
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It follows that

ﬂor,tor > Z Z X(m)X/(n - m)

nesS m

= 35" = m)x (m). (4.26)

nes m

Recall the definition (4.18) of Y C Y. If n € Y_ and m € Supp(x’) € X’ then
n—m = u(mod ¢) and |*5* — x|, |#(n —m) — z[|t« < €—¢€, and therefore by property
(3) of x we have x(n —m) = 1. It follows from these observations, (4.26) and point
(5) of the properties of x, x" that

irtor,tor > Z Z X(n - m)X/ (m)

neSNY_ m

> |SNY_| ZX/(m
> [SNY_|(2¢) g tN. (4.27)

We set this estimate aside for later use.

Next we look at the terms 7T, o in which ¢ = sml. Here we require the a priori
bound
S| < (26) "¢ S (u+ ', q) N2, (4.28)

This is, of course, weaker than the result we are trying to prove, but it follows

immediately from Lemma 4.4.5. All of these terms 7, g, have the form

To,sml = Z(g * fsle Z Zg n— fsle ( )

nes nesS m

where ¢ is some function bounded pointwise by 1. Thus
Toct] < 1513 fomr' (m)]

and so, by (4.28) and (4.23),
Ty g1 < 6(4e€) g2 (u + ', q) N?/2. (4.29)

Next we turn to the bounding of
Tsml,tor = Z(fsmlx * ftorX/)(n)'
nes
This expands as

Z Z femix(n —m)F(m(mod q),

nes m

,0m)x'(m).

=3
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By the Lipschitz property of F' and the fact that x’ is supported on X', this is

F(u', 2, 7)Y famx(n — m)X' (m) + O(€ M) > " | famx(n — m)|x'(m).

m
nes nes

Since € < e < 1/M, it follows that

Towtsor € 305 fuax(n = m)x (m) = 3w () (m) Ls (0 + m).

nesS m

By (4.23), this is

< 0(2e)"gIN  sup Zx’(m)ls(n'+m).

/
n’ESupp x m

By Lemma 4.4.6 and the fact that Supp x C X, Supp X’ C X', we conclude that
Tinttor < 0(4ec ) q2S (u + o', q) N3/, (4.30)

In all of the remaining terms 7, o that we have yet to bound, at least one of e, o’

is unf. If e = unf then such a term has the form

Tunf,o’ - Z(funfx * g)(n)7

nes

where ¢ is some function bounded pointwise by 1. This may be written in Fourier

space as
1
/f@ﬂ%@h@%
0

where ¢ is a bounded function. By Holder’s inequality, the right-hand side here is
bounded above by

1 1 1
— —— 2\1/3 21 1/2 ~ 16\1/6
IFar [ 1) [ R st (4.31)

0 0 0

By Parseval’s identity and the boundedness of fu., g, x we have
I 1
/ |fuan‘27/ ’§’2 < N7 (432>
0 0

and Proposition 4.3.3 tells us that

1
/uwW&«W.
0

Finally, we note that
1
Fard(®) = [ Fanlt)R(¢ ~ #)at.
0
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and so by property (4) of x we have

HfuanHoo S HfuanooH)?Hl <Lm N‘/T_‘(M)il

Combining all these estimates together gives

Tuntwr = 3 (funt * 9) () 15(n) <o NY2F (M),

If the growth of F is sufficiently rapid, we obtain in view of the fact that d,q < M,
e =9/M and (4.10) that

Trnt.er < 0(4ee ) T1g 2N/, (4.33)
An almost identical argument (relying instead on the bound ||x'||; = O(1)) yields

Tyt < 0(dec ) g 2N3/2, (4.34)

Combining (4.27), (4.29), (4.30), (4.33) and (4.34) with (4.25) we obtain
IS NY_|(2¢)H g7 IN < §(4ee) g7 2S (u + o/, g) N*/2,
and therefore
1ISNY_| < 8(2) ¢ 'S (u+u',q) N2
Lemma 4.4.7 provides the bound
1SN (Y \Y)| < 8(20) ¢ 'S (u + o', q) N2,

Combining this with the preceding yields

S| < 6(20) "¢ S (u+ ', ) N2,

which is exactly (4.22). This completes the proof of Proposition 4.4.1.

4.5 The square-root of a Bohr set

Suppose that N is partitioned into two colour classes V' and W, neither of which has a
monochromatic solution to x4y = z2. The main result of the last section, Proposition
4.4.1, shows that if V N[N, 2N) has size at least N/2 then V + V' contains almost all
of the squares in a “Bohr set” A := {n € N:n = b(mod q), |5 — 2|, ||fn — 2|7« < €}.
This means that most of v/A must lie in . In this section we examine the additive
properties of such square roots v/A. (Recall that V/A is by definition the set of integers
n such that n? € A.)

Here is the main result of the section.
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Proposition 4.5.1. Let n > 0. Then there is a function Q : N> — R, with the
following property. Suppose we have ¢, d € N, e >0, z € [0,3], 8,2 € T? and N € N.
Suppose that 6 is (2(q, d, 1/€), N)-irrational. Suppose that b is a square modulo q and
set

Y = {n e€N:n=bmod q), y% — x|, ||0n — 2|jqa < €}

Let Y' CY be a set containing all but at most n(2¢)1q 1S (b, q)N'/? of the squares
in'Y. Then, for all but at most O(neqg ' N'/*) of the elements t € Q, where

22)V4 4 —]; N4 ), (4.35)

Q = P([(?x)IM - — 100

100’
we have t2 € VY +VY'.

(Recall that P(I; N,q) :={n € Z :n/N € I,q|n}.)
The proof of this is a little complicated so we break it down into a few lemmas.
We have VY = J,. 4, Z% U Z%, where

7% :={n € N:n = ta(mod ¢),(z — €)V/2NV? < n < (z + )/?N/2,
10n* = 2|lza < €}, (4.36)
and A is the set of square roots of b in Z/gZ. Define
Zi =VY'NZL;

then

D 1ZEN\ Z2] < n(2e)* g7 S (b, q) NV,

acA
by assumption. It follows that there is some a € A such that

2\ Z2] < n(2e)* g N, (4.37)

Henceforth, we fix this value of @ and write Zy = Z¢ for brevity. To orient ourselves

we remark that, if ) grows sufficiently rapidly then one could prove that
|Z4| = (26)+ g N2,

We will not need to explicitly prove any statement of this kind separately.

Lemma 4.5.2. Suppose that ny € Z,. Then

#{n_e€ Z_:n_+ny, = ¢®m? for somem € L} < (2¢) g NV,
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the implied constant being uniform in ny and independent of a (recall that Z depends

on a). Similarly, if n_ € Z_ then
#{n, € Z, :n_ +ny = ¢®m? for some m € L} < (2¢) g TNV,
the implied constant being uniform in n_ and in a.

Proof. The quantity we are interested in can be written as

§ Liog2m2—n_)2—z|lpa<e>

mel(ng)

where I(n4 ) is the interval

1 1
5(@ —e)Y2NY2 4 n+)1/2 <m< 5((9& +e)V/2NY2 4 n+)1/2,
the cardinality of which satisfies
[I(ny)| < eg !NV (4.38)

uniformly in n, . To bound this above, take a majorant 1 to the unit ball B.(0) C T¢,

as in Lemma C.2. Then our quantity is at most
D 0@’ —ny)? - 2).
mel(ny)
Fourier expanding ¢, this is
ST >0 elg'r-omt 4.,
rezd mel(ny)

where the dots denote terms of degree at most 2 in m (which can depend onr,n., 6, z, q).
The contribution from r = 0 is [I(ny)|([ ¢) which, by (4.38) and property (1) of
Lemma C.2, is < (2¢) g ! NY4. By Corollary 4.3.2 (and since |I(ny)| < N'/*), we
have

el 1/Cy
| X clatretmt ) < 6 ()

mel(ny)

By Lemma C.2 (2), the contribution from r # 0 is therefore

< N4 (q—4>1/04 > [F ()] ||
Q ) ¢ !

(g.d,1/e rezd\{0}

1/C.
< dN1/4 L e
© Q(q,d, 1/e) ’

which is also < (2¢)%1g ' N4 if Q is chosen appropriately. O
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Define progressions P,, P_ by
P.:={n e N :n=+a(mod q), (z — €)2NY? < n < (z +¢)2NV2},  (4.39)

and recall from the statement of Proposition 4.5.1 the definition of @, viz.
€

2 1/4
(22)"+ 150

Q == P([(22)/* — — NV q).

100’
Observe that if t € @ then ¢? is a sum p, + p_ in > e¢ ' NY/? ways. Indeed

9 1/2_i>N1/2 2 (2 1/2 i)Nl/Q
((x) 10 <t* < ((22) +10

and t> = 0(mod ¢), hence for any of the > eq 'N'/? values of p, with (z'/2

SINY2 < py < (x4 5)NY? and py = a(mod ¢) we have t* —p, € P_.
Note that from (4.36) and (4.39) we have

Zy=1{n € Py : ||n* — z||ra < €} (4.40)

This suggests the intuition behind the arguments that follow, which is that Z1 behaves
like a “pseudorandom” subset of P. of density (2¢)?. Thus it is reasonable to expect
that a typical t2, t € @, will have > (2¢)??*1¢~' N'/2 representations as z, + z_ with
2. €4y, 2 €L .

Lemma 4.5.3. Suppose that Q grows sufficiently rapidly. Write r(n) for the number
of representations of n as z, + z_ with z4+ € Z.. Suppose that ) grows fast enough.
Then all but at most neq *N'/* of elements t € Q have r(t?) > (2¢)?¢ g I N1/2,

Proof. If the lemma is false then for any absolute constant ¢ (which we may specify
later) there is a set T' C Q, |T'| > neg ' N'/4, such that

> r(t?) < e(20)* g TN, (4.41)

teT

We first introduce a smoothed variant of r, defined by

Fn) = £ % f-(n),
where
fe(n) = 1p, ()7 (0n* — 2),

where 1 is a suitable minorant to B,(0), as constructed in Lemma C.2. From (4.40)

we see that 1z, > fy pointwise, and so

r(n) > 7(n)

61



pointwise. Define

gs0) = L) (007 =) = [0 ).
Fourier expanding v, we see that

g+ (t) = Z @E(r) Ze(r-@nz—l—mﬁ—r-z).

rezZ\{0} nepPy

Parametrising n € Py as n = gm + b for m in some interval I with |I| = |P,| < N'/2,
it follows from Corollary 4.3.2 that the inner sum is < NY2Q(q, d, 1/¢)="/2]|r;.
Therefore, by property (2) of Lemma C.2, we have

192l < NY20(q,d,1/€)72 Y 7 o7 (x)] [l

reZzd
<ea NV2Q(q,d,1/€)7 12, (4.42)
Now, writing

fizlpi/we + 9+,

we may expand Y, - 7(t?) as a sum of four terms. The “main term” is
Emain = (/ UO)Y dp, x1p ().
teT
The three error terms each have the shape
Eerror = Zgﬂ: * h:F(t2)7
teT

where h is bounded pointwise by 1 and supported on Px.
We have already remarked that if t € ) then t? has > eq~'N'/? representations
as py + p_, and therefore

Brnain > (26)%4|T) - eq 'NV? > n(2€)212¢2 N3/, (4.43)

On the other hand

—~ o~

1
Foneor = / G2 (0)ir= (0) T (0)db,
0

where here T? := {t* : t € T'}. Using the same application of Holder’s inequality as
in (4.31),

1 1 1
By < Hgﬁ\:“ié?)(/o |§;’2)1/3(/0 |h¢|2)1/2(/0 |1T2|6)1/6'
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By Parseval and the crude bound |Py| < N'/2 we have

1 1
/ P, / 2 < NV2.
0 0

Proposition 4.3.3 tells us that
1
/ ‘ 1T2 ‘6 << N
0
Putting this together with (4.42) gives

Eerror < Q(q, d’ 1/6)_1/3C2N3/4.

Choosing 2 to grow sufficiently quickly, we see from (4.43) that this can be made less
than % of Erain. It follows from (4.43) that

- 1
Zr(ﬁ) > Fmain — 3Eerror > §Emain > (26)2d+1q_1|T|N1/2,

tel

contrary to (4.41) if ¢ was chosen small enough. O

Finally we put Lemmas 4.5.2 and 4.5.3 together to establish Proposition 4.5.1. It is
certainly enough (in view of the definitions of Zi) to show that Z++Z_ contains t* for
all but at most O(neg~* N'/4) of the elements ¢ € Q. By Lemma 4.5.3, all but at most
neq "N'/* elements t € Q are such that t? is well-represented in Z, + Z_, by which we
mean that 7(t?) > (2¢)2¢+1¢~' N'/2 where 7(t?) is the number of representations of ¢
as z; + z_. Suppose now that we pass from Z. to Zi. The number of pairs (zy,2_)
with 2z, + z_ the square of an element in @) that are lost in this way is, by Lemma
4.5.2, bounded above by < |Z. \ Zy|(2€)41q ' N¥/4. By (4.37), this is bounded by
< 1(2€)?+2¢=2N3/4, The number of ¢ for which #? is well-represented but does not
lie in Zr + Z_ is therefore bounded above by

77(26)2d+2q72]\73/4
(26)2d+1q_1N1/2

< = O(neq *N'*).

This completes the proof of Proposition 4.5.1.

4.6 Gaps between sums of two squares

In this section we prove a result, Proposition 4.6.1, that we will need in the next
section. It seems possible that such a result appears in the literature already, but we
do not know a reference. We prove a slightly more general result than we actually

need since this is plausibly of independent interest.
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Proposition 4.6.1. Let aq, B1, 71, Qs, B2, ¥2 be nonnegative reals with a; < By, ag <
Bo, a2 +ad <y <o < BE+ B3 Let ¢ € N and set P, := P([cy, Bi]; N, q) fori=1,2.
Suppose that v, < n/N? < ~y. Then there are ny € Py, ny € Py such that

In? +n2 —n| < VN.
The implied constant may depend on «;, B;,V;, q but is independent of n and N.

Remark. A well-studied case is that in which P, = P, = {1,...,N}. Then it is
well-known that there is a sum of two squares n? +n2 within O(N'/2) of any n < N2
One argument to prove this is very simple: take n; = |\/n], noting that [n—n?| < N,
and then set ny := [y/n —n3|. No bound of the form o(N'/?) is known, a problem
Montgomery [51, Problem 64, p. 208] attributes to Littlewood. The argument just
sketched does not adapt to our case since the n, produced is necessarily very small.
However, there is another type of argument giving a similar bound and allowing us
to take n; &~ ny. The idea here is to take ny(k) = | /n/2] +k, nao(k) = |\/n/2] — k,
where k € Z is to be specified later. Observe that

(k) + na(k)? = 2[V/n/2)* + 22,

and so in particular
n1(0)% +ny(0)* < m,

n1(k)? +ng(k)? >n—2v/n+2k* >n
for k = [y/n] and

(ni(k+ 1) +na(k + 1)) — (1 (k)? —ng(k))? =4k +2 < V/n

uniformly for k£ < [y/n]. It follows from the “discrete intermediate value theorem”
that there is some k for which |ny(k)? + na(k)? — n| < /n.

It turns out that this argument does generalise to allow us to prove Proposition
4.6.1.

Proof. For the duration of this proof, the implied constant in the O() and <, >
notations may depend on o, f3;,vi,q. We may clearly assume that N is sufficiently
large.

For each v € [y1,72], define I, to be the set of all A € R for which there exist
ti,ty € R with oy <ty < g, fi <ty < fo, t1/ts = X and 12 + 13 = ~. Let I, be the
middle half of I,. It is easy to see that I, is a closed interval whose length is positive
and varies continuously as a function of 7, and is therefore bounded below uniformly

in . The same is true for fv This implies that
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1. There is an absolute ¢ > 1 such that if A € fv then we may find t;,%, with
t1/ts = A and
oa;+e<t; < B —e¢ (4.44)

2. I, contains a rational a(vy)/b(y) with a(y),b(y) = O(1) and neither a(y) nor
b(7y) zero.

Now suppose that n is given satisfying v; < n/N? < 5. Set v := n/N?, and select
rationals @ = a(7), b = b(7), not both zero, as in (2) above. According to (1), there
are t1,ty with ¢2 + 3 = v, t;/ty = a/b and such that (4.44) is satisfied.

Now set N LN
ni(k) :=q {%J + qkb,na(k) :==q {%J — gka.

Evidently ¢|n;(k),n2(k). Moreover from (4.44) it follows that «; < n;(k)/N < §;
provided |k| < ¢N for suitably small ¢ > 1. Therefore for k in this range we have
n;(k) € P;. Observe that

n1(0)2 + na(0)2 < (£ + 2)N? = n.

and in particular
n1 (k) + no(k)? > n

for some k = O(\/N)

Moreover, from (4.45) again we have
[(n1(k +1)* + no(k + 1)) — (n1(k)? = na(k))*| = O(k).

It follows from these properties and a discrete intermediate value argument that there

is some k = O(v/N) for which |n(k)? + ny(k)? — n| < v/N. The result follows. [

65



4.7 Proof of the main theorem

In Proposition 4.7.2 below we will synthesize the main results of Sections 4.4 and 4.5,

together with the following small (and well-known) lemma.

Lemma 4.7.1. Let Q C N be a finite arithmetic progression of size at least 100, and
suppose that S C Q) is a set of size at least %]Q\. Then S+S contains a subprogression
of Q + Q of size at least |Q| with the same common difference as Q.

Proof. By translating we may assume that Q@ = {1,...,m}. Suppose that z < m.
Then the pairs {j,x — j}, 1 < j < /2, are disjoint. If S + S does not contain z,
then S cannot contain both elements of any such pair, and hence |Q \ S| > |z/2].
Therefore |2/2] < &, and so # < & + 2. A similar argument holds for x > m, with
the conclusion now being that 2m —x < % +2. Thus S+ .S contains the progression

T +2<z<2m— % — 2. This is more than m elements if m > 100. O

Proposition 4.7.2. Suppose that A C [N,2N) is a set of size at least N/2. Then

\/2V/2V/2A contains a progression P(I; N/® q) for some interval I C [0.1,10] with

|I| > 1 and for some ¢ = O(1).

Proof. Let n > 0 be a quantity to be specified later. Let Q : N> — R, be the
growth function appearing in the statement of Proposition 4.5.1. Apply Proposition
4.4.1 with this function. Let ¢, d, €, 0, z,b be as in the conclusion of that proposition.
Taking Y as in the statement of Proposition 4.5.1, Proposition 4.4.1 then tells us that
Y':i=(A+A)NY =2ANY satisfies the hypotheses of Proposition 4.5.1. It follows
that 2¢/Y”, and hence 2v/2A, contains ¢ for all but at most O(neq—'N'/*) values of
teQ =P([(22)V* — &, (22)V* + 5]; N4, q). Therefore v/2v/2A contains all but
at most O(neq ' N'/*), and therefore at least (1 — C7)|Q|, of the elements of Q. If n
is chosen suitably, this is at least %|Q| elements of (), and so by Lemma 4.7.1 we see
that 21/2v/2A contains a subprogression Q' C @ of the form Q' = P(I; N'/*, ¢) with
|I| > ¢. Finally, note that /@’ contains a progression of the form P(I’; N'/%, ¢) for
some [’ C [0.1,10] with |I| > e. O

We are finally ready to complete the proof of Theorem 4.1.1. Suppose we have a
2-colouring V' U W of all sufficiently large positive integers, with no monochromatic
solution to x +y = 22. Without loss of generality, there are infinitely many N such
that [V N [N,2N)| > &. Then we have the following chain of inclusions:

V2V C W,
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\/2V2V Cc V2W C V,

\/2V/2V2V C V2V c W.

It follows from Proposition 4.7.2 that W contains , for infinitely many N, a progres-
sion P(Iy; NY/®, qx), where Iy C [0.1,10], |Ix| > 1 and gy = O(1), both of these
uniformly in N. By pigeonholing in the value of ¢y, we may assume that gy = ¢ does
not depend on N. Moreover, taking M = [10/inf |I|] we see that every Iy contains
one of the finite collection of intervals [+, “E], M /10 < i < 10M. Therefore we may
pigeonhole in the choice of interval as well and assume that Iy = I does not depend
on N. Thus W contains P(I; N/ q) for some I C [0,1,10] and for infinitely many
N. Rescaling N, we see that W contains P([1, 1+ ¢]; NV, ¢) for infinitely many N and
for some ¢ > 0.

From now on, this is the only consequence of the elaborate techniques of the earlier
parts of the chapter that we will require.

Using Proposition 4.6.1 as a tool, we find longer and longer progressions inside

W. The following lemma formalises this process.

Lemma 4.7.3. Let P, = P(Jay, 51]; N, q) and Py = P([ag, f2], N,q). Suppose that

Y1 > Vot + a3 and that o < /i + 5. Then if N is large enough (depending on
O‘ivﬁiaf}/ﬁ Q) we hcwe

P([71772]7N7Q)C \/P12+P22_P1_P2

Remark. Here and in what follows, A2 means {a®: a € A} and not {a-d’ : a,d’ €

A} as one might find in other literature.

Proof. Fix 41, 7o with v4 > 737 > m and 7 < Yo < \/m By Proposition
4.6.1, P? 4 P} has a point within O(v/N) of every point of P([7?,73]; N2,q). P, + P,
is a progression of length > N consisting of multiples of ¢, and so it is easy to see
that P? + P — P, — P, contains all of P([3?,72]; N?,q) with the possible exception
of points within O(N) of the endpoints, and hence it contains P([y1,7]; N?,q). O

Starting from the fact that
P([1,1+¢];N,q) C W for infinitely many N, (4.46)

we apply Lemma 4.7.3 iteratively. Observe that if ny,ny,n3,ng € W then n? —ny €

V,n2 —ny € V, and hence (if it is an integer)

\/n%+n%—n3—n4€W
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Thus if P, P, C W then \/P?+ P? — P, — P, C W. Using this observation and
repeated applications of Lemma 4.7.3, we see that for any finite £ and any choice
of closed intervals I; C (v/i, (1 4 ¢)V/i) there is an infinite sequence of Ns such that
P(I;; N,q) C W fori=1,2,... k.

We claim that there is some k = k(c) and some choice of Iy,..., I such that
UL, I; contains an interval of the form [z,3z]. First note that if i > 1/2¢ then
(14 ¢)Vi > i+ 1, and so the intervals (v, (14 ¢)v/i) and (vi+ 1, (14 ¢)v/i + 1)
overlap. Thus if we set ig := [1/2¢] and i; := 9ip then Uiogigil(\/%, (1+¢)Vi) is an
interval containing a subinterval of the form [z, 3x].

Thus W contains P([z, 3z]; N, ¢) for infinitely many N, and hence (replacing N
by |1.1zN|) we see that we have bootstrapped (4.46) to the stronger statement that

P([1,2]; N,q) C W for infinitely many N.
Pick one such N = Ny, sufficiently large. Thus
P([1, 2]; No,q) C W. (4.47)

By Lemma 4.7.3 once more (and the inequalities V2 < % < g < \/g) we have

35
]P)<|:§7§:| 7N07CI) cw.

Together with (4.47), this implies that
]P)([l? 2]7 NO + 17 Q> C W
Continuing inductively, we obtain

U P([1,2]; N,q) C W.

N2>Ny

This implies that all sufficiently large multiples of ¢ lie in W. But there are arbi-
trarily large multiples x, v, z of ¢ satisfying  +y = 22, and so at last we obtain a

contradiction.
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Chapter 5

Another application of the
Green—Lindqvist approach

This chapter builds directly on Chapter 4, and so we adopt all the notation used
there.

5.1 The equation z — y = 2°

We wish to prove that the equation
2
T—y==z (5.1)

is partition regular over N. This is already known by ergodic methods, see [2], and can
also be proven by Fourier analytic methods [54]. The aim of this section is to reprove
this fact using the machinery of [31]. As these methods are finitary in nature one in
fact gets that for all £ € N there is a Ny(k) such that any k-colouring of [Ny(k)] has a
monochromatic solution to (5.1), and in principle one should even be able to specify
what the quantity Ny(k) is. Unfortunately, since we apply the arithmetic regularity
lemma' this will have an astronomical dependence on k, and is therefore not of much
practical use.

In very rough terms the strategy will be as follows. Assume that we have a k-
colouring of [N] with no solutions to (5.1). Let A C [N] be the largest colour class.
Then we know that AN+y/A — A = (), and so all of /A — A must be (k — 1)-coloured.
We will then proceed iteratively in this manner, reducing the number of colours by
one at each step by removing the largest colour class and passing to a new set, until

eventually we reach a 0-colouring, which is clearly a contradiction.

Lin fact we apply it roughly %k2 times.
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In practice we implement this by finding some structured sets which are almost
fully contained in /A — A. This then gives a “99%”-colouring of the structured set,
but using only k£ — 1 colours, as otherwise one would get a solution to (5.1) in the
colour class A.

At this point we have a problem. Indeed, 99% of a subset of [M] could avoid
all of [0.01M], and so if M is large such a set cannot possibly contain a solution to
(5.1). We can avoid this problem by keeping track of sets at several scales at once. If
VA — A contains 99% of some subset of [M] and 99% of some subset of [M'/?], then
it is possible that one can find a solution to (5.1) within these sets. In practice this
forces us to work at k + 1 different scales for a k-colouring. Each iteration will lower
the number of colours and scales by one, eventually leaving us with a 0-colouring at
a single scale.

The main theorem will follow from a slightly technical proposition, which is similar

to Proposition 4.4.1.

Proposition 5.1.1. Let n,a > 0, Q : N> = N be a growth function, and let K be
sufficiently large in terms of n, « and €2. Then the following holds.
Let

By={neN:n<eN,n=0(mod q),||0on?|0 < €},

where ey € (0,1), qo,do € N, 0y € T® and 0y is (K, N?)-irrational. Let A C [N?] for
some | > 1 have |A| > aN?'. Then there are d,q = Oy a.coqodoc(1)s €€ >0 0o doc
1 and 6 € T¢ such that

B={neN:n<eN,n=0(mod q),|n?|r <€}

is contained in By and VA — A contains all but ne®™'q N of the elements in B.
Furthermore, 0 is (Q(q, d, 1/¢), N*)-irrational.

By the iterative scheme outlined above this will allow us to prove the main theo-

rem.

Theorem 5.1.2. For each k € N there is some No(k) € N such that if [No(k)] is

k-coloured then there is a monochromatic solution to x —y = 2°.

In Section 5.2 we prove Proposition 5.1.1, and in Section 5.3 we show how to prove
Theorem 5.1.2.
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5.2 Finding squares in Bohr sets

In this section we prove Proposition 5.1.1. The proof closely follows the proof of
Proposition 4.4.1. The two main modifications which are needed here are the follow-
ing.

Firstly, the local problem modulo ¢ becomes much easier to handle in this case.
For the equation x +y = 2? we needed to know that if A C Z/qZ is large enough,
then 24 contains a quadratic residue modulo ¢. In the case of x —y = 22 this becomes
much easier, as one always has 0> € A — A. This is why in this case the proof can go
through with @ much smaller than %

The second modification needed is the fact that we require our resulting set B to
lie in the specified set By. This turns out to be quite easy. Indeed, it suffices to make
sure that qolg, € < €9, d > dp and that 6y overlaps with dy of the coordinates of 6.
This last requirement is the only one which could cause trouble, as we need to make
sure that we have a sufficient level of irrationality. This is the reason for requiring K
to be sufficiently large in terms of 1, a and €.

A third small modification is that we are passing from the scale N 2" t0 the scale
N, as opposed to passing from the scale N to the scale N'/2. This is in fact a
rather superficial difference. Note that if A C [N?] has size |A| > aN?, then by the
pigeonhole principle there must be some z € {0, N2,2N2 ... N¥ — N2} such that
|AN (z+[N?])| > aN?. Without loss of generality we may therefore assume that
I =1, as otherwise we may just pass to the set A = {a € [N?] : z + a € A} and note
that A— A C A— A. We warn the reader that this will mean that any instance of NV
in the argument in Section 4.4 is replacedby N? in this section.

For later use we record the size of the type of sets appearing in Proposition 5.1.1.

Lemma 5.2.1. Let X = {n € N:n = 0(mod ¢q),n < N, ||0n?||ta < €} where 0 is

(A, N)-irrational. Then

1N N
—(20)¢ < | X| < 4—(2¢)¢
1,2 < IXI <420

provided N is sufficiently large in terms of the other parameters.

Proof. An upper bound is given by

X< Y wf(gPon?),

n<N/q
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where 1t is the majorant for B.(0) C T? constructed in Lemma C.2. Expressing 1

by its Fourier coefficients this gives

N
|X|<Z¢Jr Z (¢*n*r-0) = <—+ ) +Zw+ Z (¢*n*r-0).
n<N/q q r#0 n<N/q
By Corollary 4.3.2 the innermost sum is bounded by \/N/q||r||; A~'/¢2, and by prop-
erty (2) of Lemma C.2 we also have that

ST 1oFell = Oca(D).

r#0

Furthermore, by property (1) of Lemma C.2 we have that

$F(0) < 2(26)".

Combining all of this and assuming that N is large enough we get the upper bound.
The lower bound is proved in a similar way, but with a minorant in place of a

majorant. O

Assume now that we are given A C [N?] such that |A] = aN? and By is as in
Proposition 5.1.1. We apply Proposition 4.4.2, with the interval [N?] in place of the
interval [N, 2N], to the function 14 with some §, F which ultimately will depend on

a,n and €). This gives a decomposition

1A = fstr + funf_'_ fsml

where > v | fsmi(n)| < ON?, | funtllco < % and fior(n) = F(n(mod q),n/N?,6n)
with ¢, d, F, 0 satisfying the properties listed in Proposition 4.4.2. We may assume
that go|g¢ by modifying M such that now M <, 57 1. We may also redefine d and
0 such that d > dy and 0 contains 0y as its first dy coordinates, at the cost of 0
now being (min{K, F(M)}, N?)-irrational instead of (F(M), N?)-irrational. But if
K is large enough in terms of F (M), that is, in terms of a,n and €2, then 6 remains
(F(M), N*)-irrational. This is assumed to be the case.

As mentioned, the proof of Proposition 5.1.1 is very similar to the proof of Propo-
sition 4.4.1. Here we outline the places where the choice of parameters differs between

the two, but we will be quite sparse on details.

Lemma 5.2.2. Suppose that § is sufficiently small and F grows sufficiently rapidly.
Then [ Fdp > ko

Proof. This is Lemma 4.4.3 Wlth 75¢ In place of =2.1 O
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Let U C Z/qZ be the set of u € Z/qZ satistying

1
1

/ / F(u,z, z)dzdr > —a, (5.2)
0 Td 10

Z |fsml(n)| X ENQ (5.3)

«
n<N2 n=u(mod q) q

If Uy is the set where (5.2) fails then by Lemma 5.2.2 we have

9
1—0a</qu— Z //’]I‘d (u, z, z)dzdr < —0z+—|(Z/qZ)\U1|

umodq

and

Let Uy be the set where (5.3) fails. Since Y, _yo | fani(n)| < 0N? we have that

qo
U, < 22
U2 10

Combining these inequalities we get

9 1 1
> — — —
U1 2 1(Z/qZ) \ Us| = [Ua] > (150 — 750 = 750)a > 0,

and so U is nonempty. Fix some u € U and define parameters p > p’ > 0 by

o 5

9 _ )1

p _=
For z € [0, 1]and z € T?, define

By, = Z | fam(n)], Ea/cz = Z | fomi(n)]-

n<N? n<N?
n=u(mod q) n=u(mod q)
N—af:|<p |%—x|<p’
lon—z|lpa<p 10—zl ra<p
Note that
' 21106
/ / E, .dzdx < (2p)"'—N
Td qo
and s
10
/ / dZd:U )d+1—N2.
Td qo
Therefore,

qo qa? 1
F - Ezz E dzd ’
/0 /Td< (:2,2) = JGoNza(ap)i 400N25(2p/)d+1 " ) 200 2 550

and so in particular there is some x, z such that

ga® qa? )

(0 2) = O0Ns(2p) a1 Lo~ I00N2e(2p ) L 7 20

Q.
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Now for this value of z, z we get

1 4 d+1
Lo g, <0000
20 ’

Fix these values of z and 2z and set

4006 (2p') %+

F(u,z,2) > N, B, < —— N,
bl qa

qo?

X ={neN:n=u(mod q),

n
5 = | 180 = 2l < 0},

X'={n eN:n=wu(mod q),

7 = | 180 = 2l < o'},
Y ={n € N:n=0(mod q),n < pN?, ||0n|w« < p},
and
Y. ={neN:n=0(mod q),n < (p—20)N? ||0n| <p—20}CY.

At this stage we may assume that p < €3, as if this does not hold we may take M to
be larger, at the cost of letting M depend on ¢;. This implies that the set

{neN:n*cY} C By,

and so we are done if we can show that A — A contains all but <, §(2p)4"¢ !N of
the squares in Y. The remainder of the proof is virtually identical to the remainder of
the proof of Proposition 4.4.1, with X, X’ Y and Y_ in place of (4.13), (4.14), (4.15)
and (4.18), respectively, and all implied constants are now allowed to depend on «.

We do not repeat this argument here, see Section 4.4 for the full details.

5.3 Proof of the main theorem

Proof of Theorem 5.1.2. Fix N large enough, and assume we have a k-colouring of
[N?"] with no monochromatic solution to (5.1). We will repeatedly remove one colour
by passing to subsets. At the stage where i colours remain we will be left with an -
colouring of all but a fraction 7; of each of the sets B[(Ji), ey Bi(i), where fori =0, --- ,k
we have that

BY ¢ B" c...c B® c [N,

This relationship is summarised in the following diagram.

#colours: k k—1 e 1 0
z %
N= Bé(iz) (k-1)
N*"1=B", D> B,

N =B" o5 B¥D 5 ... 5 Bl
Nj=BP» o> B¥Y 5 ... 5 BY 5 B
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The sets take the form

B](.i) = {n eN:n< eéi)]\ﬂj, n = 0(mod q§i)), |\9§i)n2||Td;i> < ey)} ) (5.4)
where di”, ¢ < 1, ¢ > 1, 00 € T and 67 is (20 (g, ", 1/el?), N*)-
irrational. The growth functions Q@ : N®* — N will depend ultimately only on k.
Furthermore, all but a fraction 7; of the set Bj(.i) is 2 — 1 coloured for j = 0,...,1,
where we simply set 7; = 5; for i > 1, and g = 1.
Note that we will choose the Qs in the opposite order of the other parameters.
That is, we first fix Q© then QM and so on all the way up to Q*~1.

The first step Passing from k& to k—1 colours follows the same procedure as passing
from 7 to ¢ — 1 colours, but since the initial sets Bék), e ,B,gk) are full intervals, this
case is a bit easier, which we highlight here.

To begin with, assume that we have a k-colouring of [N?'] and set B](-k) = [N?]
for j =0,--- k. Let A, denote the largest colour class on B,(f) = [NQk], and so in
particular |Ag| > %N%. We will now apply Proposition 5.1.1 k times to find sets
B(gk—l)’ . ,B,(g]:l).

To find the set B](.k_l), apply Proposition 5.1.1 with By = B](k) and N7 in place of
N. Thatis,l =k—j,q=1,dy=0, A=Ay, a =1, n=ne1 and Q@ = Q¥ =V where
we will specify Q*~1 later. The set B}kil) is then chosen to be precisely the resulting
set B. Note that the requirement of K being sufficiently large holds vacuously in this
case.

We have that /A, — Ay contains a fraction (1 — 7,_1) of each of the sets
k-1 k-1
B, BEY.

Because of the assumption /A, — Ay N A = () we therefore get (k — 1)-colourings of

these sets.

The induction step Assume now that we are at stage ¢, that is, we have an i-
colouring of a fraction (1 — ;) of each of the sets B(()i), e BZ@ which are defined as
in (5.4).

Let A; C Bi(i) be the largest colour class (of the remaining colours) on BZ-(i), and
so in particular |4;] > (3 —mn) |Bi(i)| = %|BZ(Z)| By Lemma 5.2.1 we have that
|BZ@] >, N2 provided N is large enough, and so we get that indeed |A;| >1 N 2

For j =0,...,2—1, to find the set B](-i_l) we apply Proposition 5.1.1 with By =
B](i), A=A, n=mn,_1 and Q = Q0D Then Bj(i) is chosen to be the resulting set B.

5



Note that the requirement in Proposition 5.1.1 of K being large enough in terms of
n,a and € translates into Q) growing sufficiently rapidly in terms of k& and Q¢—1,

Given Q0= we choose Q) in such a way that this is the case.

The base step Finally, at stage 0 we have a 0-colouring of a fraction (1 —ng) = %

of some set
B = {n €N:n<e”N,n=0(mod ¢), ||6((]0)n2||TdéO) < eéo)}

where q(()o), d(()o) <5 1, e(()o) > 1. We now fix some choice of Q) which enables us
to fix QW ... Q* =D All that remains in order to get a contradiction is to show
that B(()O) is nonempty. By Lemma 5.2.1 this is indeed the case, provided N is large
enough. O]
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Chapter 6

Rado’s criterion for squares and
higher powers

6.1 Introduction

Schur’s theorem [59] is a foundational result in Ramsey theory, asserting that in any
finite colouring of the positive integers there exists a monochromatic solution to the
equation z + y = z (a solution in which each variable receives the same colour). A
notorious question of Erdos and Graham asks if the same is true for the Pythagorean
equation z? + y* = 2?2, offering $250 for an answer [28, 27]. The computer-aided
verification [38] of the two colour case of this problem is reported to be the largest
mathematical proof in existence, consuming 200 terabytes [46]. In this chapter we
provide an affirmative answer to the analogue of the Erdés—Graham question for the

Pythagorean equation in five variables.

Theorem 6.1.1 (Schur-type theorem in the squares). In any finite colouring of the

positive integers there exists a monochromatic solution to the equation
o]+ 15 + 25 + 2] = 12 (6.1)
This is an example of the following property.

Definition 6.1.2 (Partition regular). Given a polynomial P € Z[xy,...,zs] and a
set S call the equation P(x) = 0 partition regular over S if, in any finite colouring of
S, there exists a solution x € S® whose coordinates all receive the same colour. We
say that the equation is non-trivially partition reqular if every finite colouring of S

has a monochromatic solution in which each variable is distinct.

Rado [56] established an elegant algebraic characterisation of partition regular

homogeneous linear equations.
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Rado’s criterion for one equation. Let ¢y, ..., ¢, € Z\{0}, where s > 3. Then the
equation » ;| ¢;z; = 0 is (non-trivially) partition regular over the positive integers if

and only if there exists a non-empty set I C [s] such that } .., ¢; = 0.

A number of authors [2, 3, 27, 19] have sought algebraic characterisations of
partition regularity within families of non-linear Diophantine equations. The example
of the Fermat equation shows that one cannot hope for something as simple as Rado’s
criterion for diagonal forms. Nevertheless, provided that the number of variables s
is sufficiently large in terms of the degree k, we establish that the same criterion

characterises partition regularity for equations in kth powers.

Theorem 6.1.3 (Rado over kth powers). Let s > k* + 1 and ¢y, ...,cs € Z \ {0}.
Then the equation

Z ci:vf =0 (6.2)
i=1

is (non-trivially) partition reqular over the positive integers if and only if there exists

a non-empty set I C [s] such that ), ., ¢; = 0.

In fact, by incorporating smooth numbers into the argument one may take s > 8
if k=3 and
s > k(logk + loglogk + 2 + O(loglog k/log k)) . (6.3)

for £k > 4. The argument using smooth numbers is rather technical, and so we do not
include it here. The full proof can be found in [14].

Notice that Rado’s criterion for a linear equation shows that the condition ) ", , ¢; =
0 is necessary for (6.2) to be partition regular. The content of Theorem 6.1.3 is that
this condition is also sufficient.

For higher-degree equations one cannot avoid the assumption of some lower bound
on the number of variables, as the example of the Fermat equation demonstrates.
Given current knowledge on the solubility of diagonal Diophantine equations [69],
the bound (6.3) is at the cutting edge of present technology. Indeed, it is unlikely
that one could improve this condition without making an analogous breakthrough
in Waring’s problem, since partition regularity implies the existence of a non-trivial

integer solution to the equation (6.2).
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6.1.1 Non-triviality

It may be that (6.2) possesses a wealth of monochromatic solutions for ‘trivial’ rea-
sons. For instance, if ¢; + --- + ¢, = 0 then taking x; = --- = x, yields many
uninteresting solutions. We have delineated between partition regularity and non-
trivial partition regularity to ensure that Rado’s criterion still has content in such a
situation. However, since Rado’s criterion is necessary for ‘trivial’ partition regularity,

the two notions are in fact equivalent.

6.1.2 Previous work

To the knowledge of the authors, work on non-linear partition regularity begins with
papers of Furstenberg and Sarkézy [25, 58|, independently resolving a conjecture of
Lovéasz—a line of investigation which culminates in the polynomial Szemerédi theorem
of Bergelson—Leibman [5], proved using ergodic methods. Such methods have also
established colouring results for which no density analogue exists, such as partition

2 as shown in [2, p.53]'. Interestingly, the story

regularity of the equation x —y = 2
is more complicated for the superficially similar equation z + y = 2% studied in [42,
15, 53] and Chapter 4.

A recent breakthrough of Moreira [52] resolves a longstanding conjecture of Hind-
man [39], proving partition regularity of the equation x + y* = yz. More intuitively:
in any finite colouring of the positive integers there exists a monochromatic config-
uration of the form {a,a + b,ab}. This result is a consequence of a general theorem
which also yields partition regularity of equations of the form zy = cjz? + - - - + c,22,
subject to the condition that ¢; 4+ -+ + ¢, = 0.

Notice that all of the above results involve an equation with at least one linear
term. There are fewer results in the literature concerning genuinely non-linear equa-
tions such as (6.2). Certain diagonal quadrics are dealt with in Lefmann [47, Fact
2.8], using Rado’s theorem to locate a long monochromatic progression whose com-
mon difference possesses a (well-chosen) multiple of the same colour. This results in

the following sufficient condition for partition regularity.

Theorem 6.1.4 (Lefmann). Let cy,...,c, € Z )\ {0}, and suppose that Y., c¢; = 0

'For a different proof see Chapter 5
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with I # (. Moreover, suppose that the auziliary system

(Z ci)xg + Z cir? =0,
el i . (6.4)
C,; =

el

possesses a rational solution with xy # 0. Then the equation
2 2 _
axi+ - Feas =0 (6.5)
s partition reqular.

This result reduces the combinatorial problem of establishing partition regularity
of (6.5) to a task in number theory: find a rational point of a certain form on a variety
determined by a diagonal quadric and linear equation. In [14] we show that Lefmann’s

result together with the Hardy—Littlewood circle method yields the following.

Theorem 6.1.5 (Lefmann + Hardy-Littlewood circle method). Let ¢y, ...,cs € Z '\
{0}, and suppose that Y ., c; = 0 with I # 0. Suppose in addition that |I| > 6 and

at least two c¢; are positive and at least two are negative. Then
2 2 _
axi+ - Fexs =0 (6.6)
18 partition reqular.

This result does not encompass all equations amenable to Lefmann’s criterion:

fewer variables may suffice, for instance
2 + 9y = 2% + 8w? or 4a® + y? = 22 4 2.

We emphasise that Lefmann’s criterion cannot hope to be a necessary condition for
partition regularity, as there are partition regular equations for which the auxiliary
Lefmann system (6.4) has no rational point of the required form. Such equations

include the generalised Pythagorean equation (6.1), as well as the ‘convex’ equation
o]+ 73 + 23 + 2f = 4o (6.7)

addressed in [11].
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6.2 Overview of the argument

In this section we prove Theorem 6.1.3 by piecing together various key theorems
which we prove in the next sections. The theorem follows from the following finitary

version.

Theorem 6.2.1 (Finitary Schur-type theorem). Let s > 0, Ai,..., Ag, fh1,. .., ¢ €
Z\A{0} with \y +---+ X =0 and s+t > k*+ 1. For any r € N there erists Ny € N
such that for any N > Ny the following is true. Given an r-colouring of [N] there

exists a monochromatic solution to the equation
M 4 A = gy 4 eyl

Inspired by work of Cwalina—Schoen [16] and Green—Sanders [32], we derive The-
orem 6.2.1 in Section 6.3 by an induction on the number of colours, in combination

with a density result concerning what we have termed homogeneous sets.

Definition 6.2.2 (Homogeneous set). Call a set B of positive integers M -homogeneous

if for any ¢ € N we have
BnNg-[M]#0. (6.8)

Given a set S C N, we say that B is M-homogeneous in S if (6.8) holds for all
homogeneous progressions ¢ - [M] contained in S. Notice that the latter does not
require that B C S.

Chapman [12] has observed that this is a quantitative variant of what it means to
be multiplicatively syndetic (see Bergelson—Glasscock [4]), and that such sets appear
to have a number of interesting properties in regard to the partition regularity of
homogeneous systems of polynomial equations.

We remark that if B is an M-homogeneous set then |B N [N]|| >y N for N
sufficiently large in terms of M, so homogeneous sets are dense (see Lemma 6.3.2).
In fact they are dense on all sufficiently long homogeneous arithmetic progressions.

To prove partition regularity of the generalised Pythagorean equation we induct
on the number of colours. We then divide into two cases based on the level of ho-
mogeneity of the colour classes. The inhomogeneous case is dealt with by passing to
a subprogression and applying the induction hypothesis. In the remaining case we
may assume that all colour classes are homogeneous. In this situation we are able to
show that every colour class contains many solutions to our non-linear equation by

employing the following density result.
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Theorem 6.2.3 (Non-linear homogeneous Sarkozy). Let Ay, ..., Ag, i1, o0 € Z\
{0} withs+t>k*+1 and \y +---+ Xy =0. For any § >0 and M € N there exist
No € N and ¢g > 0 such that for any N > Ny the following holds. Let A C [N] have
density at least & and let B be a M-homogeneous subset of the positive integers. Then

s t
#{(:E,y) c A% x Bt - Z)\fo — Z:ujyjk} > CONs+tfk.
=1 j=1

Using Green’s Fourier-analytic transference principle [30], as elucidated for squares
in [11, 55], the deduction of Theorem 6.2.3 is reduced (in sections 6.4-6.5) to a linear
analogue in which the kth powers have been removed from the dense variables. This
can be thought of as a generalisation of the Furstenberg—Sérkozy theorem [25, 58],

extended to homogeneous sets.

Theorem 6.2.4 (Supersaturated homogeneous Sérkozy). Let A1, ..., Ag, i1, ..., fe €
Z\ {0} with \y +---+ As = 0. For any 6 >0 and M € N there exists Ny € N and
co > 0 such that for any N > Ny the following holds. Let A C [N] have density at
least & in [N] and B be M-homogeneous in [NY*]. Then there are at least coN*+ i~
tuples (x,y) € A® x B* satisfying the equation

M+ 4 ATy =yt 4+ ey (6.9)

Our ability to remove the kth powers from the dense variables is intrinsically
linked to the fact that the coefficients corresponding to these variables sum to zero.
One consequence of this is that we may restrict all of the dense variables to lie in the
same congruence class, without destroying solutions to the equation in the process.

Theorem 6.2.4 is ultimately derived, in Section 6.7, from a homogeneous version

of the Bergelson—Leibman theorem given in Section 6.6.

6.3 Induction on colours

In this section we derive Theorem 6.2.1 from Theorem 6.2.3 by induction on the

number of colours.

Definition 6.3.1 (7' counting operator). Given functions fi,..., fs : Z — C with

finite support, define the counting operator

T(flv"'7f8) = Z f1<m1)f2(x2>fs(x8>

c1zh+ - teszh=0

We write T'(f) for T(f, f,..., f).
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By Theorem D.3, there exist N; € N and ¢; > 0 such that for N > N; we have
T(l[N}) Z ClNS_k.

Since the latter quantity is positive, Theorem 6.2.1 follows for 1-colourings (the base
case of our induction).

Let [N] = C1 U ---UC, be an r-colouring. We split our proof into two cases
depending on the homogeneity of the Cj.

Let M := Ny(r — 1) be the quantity whose existence is guaranteed by our induc-
tive hypothesis. We first suppose that some C; is not M-homogeneous in [N] (see
Definition 6.2.2). Consequently there exists ¢ € N such that

q-[M]C[N] and C;ngq-[M]=0. (6.10)
For j # i let us define
Ci={r € [M]:qxcCj}.

Then it follows from (6.10) that (J,; C; = [M]. By the induction hypothesis, there
exist yx € C] for some j # i such that ayf + -+ ey = 0. Setting 1y, == qyi we
obtain elements of C; which solve (6.2).

In the second case we assume that every colour class is M-homogeneous in [N].
We claim that Theorem 6.2.3 then implies that each C; contains a solution to equation

(6.2). First we observe that each colour class is dense.

Lemma 6.3.2 (Homogeneous sets are dense). If B C [N] is M-homogeneous in [N]

then LN
Bl >—|—]|.
n gl

Proof. We proceed by a variant of Varnavides averaging [64]. For each ¢ < N/M the

definition of homogeneity gives
Bng-[M]#0.
Summing over ¢ then yields

Y. 1Bng-[M]| = [N/M].

q<N/M

Interchanging the order of summation, we see that

> #{(g,m) € [N/M] x [M]: & = qm} > [N/M].

zeB
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The result follows on noting that

#{(q;m) € [N/M] x [M] : & = gm} < M.

Setting A = B = C; in Theorem 6.2.3 we deduce that if N > Ny(M) then
T(1c,) > co(M)N"".

Since the latter quantity is positive the induction step follows, completing the proof
of Theorem 6.2.1. Note that a quantity dependent on M = Ny(r — 1) is ultimately

dependent only on 7.

6.4 A pseudorandom Furstenberg—Sarkozy theo-
rem

In Section 6.3 we reduced partition regularity of (6.2) to Theorem 6.2.3. In Section
6.5 we will deduce the latter result from Theorem 6.2.4. To prepare the ground
for this deduction, we first modify Theorem 6.2.4 to accommodate sets which are
relatively dense in a suitably pseudorandom set. The goal is to find the weakest
possible pseudorandomness conditions required for such a result to hold. Our primary

quantity of interest is the following.

Definition 6.4.1 (7; counting operator). Given functions fi,..., fs : Z — C with
finite support, [ =1 or [ = k and B C Z, define

Ti(f1,- ... [ B) == > filz) - fol@)1a(y) - 1e(y).
Mah 4o AAszh=pr g+ peyf
We write T)(f; B) for T)(f,..., f; B) and T;(A; B) for T;(14; B).
We begin by showing how Theorem 6.2.4 implies a result in which the indicator

function 14 can be replaced by a function f : [N] — [0, 1] with sufficiently large

average.

Lemma 6.4.2 (Functional Sarkézy). For any 6 > 0 and M € N there exists Ny € N
and ¢ > 0 such that for any N > Nq the following holds. Let f : [N] — [0, 1] with
| £]l, > 0N and let B be M-homogeneous in [NY/*]. Then

Ti(f; B) > coN**& 71,
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Proof. Let A = {x € [N] : f(x) = ¢6/2}. As [|f|l1 = 6N and f < 1, we have
|A| > 0N/2. Since f > d14/2, we deduce that

Ty(f; B) =2 (6/2)°T1(A; B),
and an application of Theorem 6.2.4 completes the proof. O]

Our next step is to weaken the assumptions of Theorem 6.2.4 even further, re-
placing bounded functions with unbounded functions which are sufficiently pseudo-
random. The pseudorandomness we enforce posits the existence of a ‘random-like’

majorising function v, whose properties are given in the following two definitions.

Definition 6.4.3 (Fourier decay). We say that v : [N] — [0, 00) has Fourier decay
of level 6 (with respect to 1) if

Definition 6.4.4 (p-restriction). We say that v : [N] — [0, c0) satisfies a p-restriction

-~
~

% 1w

1l (|2,

< 0.

estimate with constant K if

sup / 3(e)|"da < K ol N
T

|p|<v

Theorem 6.4.5 (Pseudorandom Sérkozy). Let s +t > k? + 1. For any § > 0 and
M € N there exist Ny, co,0 > 0 such that for any N > Ny the following holds. Let B
be M-homogeneous in [NV/*]. Let v : [N] — [0,00) satisfy a (s +t — 1)-restriction
estimate and have Fourier decay of level §. Then for any f : [N] — [0, 00) with f < v
and |[fl, = 5 vl we have

Ty(f; B) = co ||| N+ L. (6.11)

Proof. We may replace B by B N [N'/*], so we assume that B C [N'/*]. Since
v has Fourier decay of level 6, we may apply the dense model lemma recorded in

[55, Theorem 5.1], rescaling as appropriate, to conclude the existence of g : Z — C

Provided that 6 < exp(—Cd~1) with C a large positive constant, we can compare
Fourier coefficients at 0 to deduce that ||g||, > dN. Applying Lemma 6.4.2 then

satisfying 0 < g < 1) and

)

vl N

< log(071) 732, (6.12)

o0

gives
Ty(g; B) 50 N°Fi 70 (6.13)
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Let h denote the indicator function of the set {z* : x € BN [N'*]}. Then for
functions hy, -« , hs: [N] = C we have

T1(h1, g B) = Z h1($1) T hs(xs)h(yl) T h(yt)- (6-14)
Aw=py

The function h is majorised by the indicator function of the set
{a" .z € [NVF]}

which, by Lemma D.4, satisfies a (s +¢ — 3)-restriction estimate with constant O(1).

The function g is majorised by 1(yj, which satisfies a (s+¢— % )-restriction estimate
with constant O(1). Employing the generalised von Neumann lemma (Lemma D.8),
together with (6.12) and (6.14), we deduce that

[v[I;° T3(f; B) = N™*Ti(g; B)| < N+~ log(6") "™

Combining this with (6.13) and choosing 0 < 6y(d, M) completes the proof. O

6.5 The W-trick for kth powers

Our objective in this section is to use Theorem 6.4.5 to deduce Theorem 6.2.3. This
deduction proceeds by using the W-trick for kth powers, analogous to that developed

for prime powers in [13]. Let
W=k P (6.15)

pw

where w = w(d, M) is a constant to be determined, and the product is over primes.

Lemma 6.5.1. Let W be as in (6.15) and 6 > 0. For any set A C [N] with |A] = 0N
there ezist ( <54 1 and & € W] with (W, &) =1 such that

#{r €Z:((E+Wzx) e A} > 36#{z € Z: {({ + Wz) € [N]}. (6.16)

Proof. Observe that any x € N can be represented as =z = ((§ + Wy) with ¢ w-
smooth (see Definition D.1), £ € [W], ({§, W) =1 and y € Z in exactly one way. Let
M = 467210?". By Lemma D.2 there are at most 10°NM /2 = 1N elements of
[N] divisible by a w-smooth number greater than M. This means that

1
N Y Y { A:g= f Z} 5N,
H#ix € x = ((£+ Wy) for some y € +25
Ce[M]  Le[W]
¢ w-smooth (£,W)=1

and so the result follows by the pigeonhole principle. O
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Define

N Pk
P = ?, X = G (6.17)
and set
Ay = {%:g(m%)emw Wz +€e [P]}\{O}. (6.18)

Then A; C [X]. By Lemma 6.5.1 we have the lower bound
|Ay| > 3#{x € [P]: 2z =¢mod W}. (6.19)
Noting that (kW)'* is a positive integer, let
By :={yeN: C(kW)YVry € B}, (6.20)

such that By is M-homogeneous in the positive integers. Recalling that Y ;| A; =0,
we have

Define v : [X]| — [0,00) by

kW

v(n) = 2l ifn = g'ﬂk_gk for some z € [P] with z = £ mod W (6.22)
0, otherwise.

k

> un) = Wyt +O(PH) = ]:;W +O(PFY =X +0(X' %),  (6.23)

so v has average 1 on [X].

Lemma 6.5.2 (Density transfer). For N large in terms of k, w and 0 we have

> w(n) >, 6" w(n). (6.24)

ncAq n

Proof. We employ (6.19) to conclude that

_ ok — ¢
#{xe[P].x:gmodW, i € A x>Z}
> A - 2w —1
>4 {rePl:z={mod W} —ZW ' -1
> 28 ZWwt -2
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Choosing
opP
7=
4
and taking N (and thus P) sufficiently large then gives
Z v(n) > (5/;);Pk = E(6/4)"X,

neA;

where we have recalled (6.17). An application of (6.23) completes the proof. O

The following two ingredients are established in Appendix D.

Lemma 6.5.3 (Fourier decay). We have

-~
~

14 1[X]

vl X

< w k. (6.25)

Lemma 6.5.4 (Restriction estimate). If p > k* then

sup / \g@”’ da < [lv]lf X7

l¢|<v JT
Proof of Theorem 6.2.3. We employ Theorem 6.4.5 with majorant v given by (6.22),
homogeneous set B; given by (6.20), and function f = v14, (recall (6.18)). It is first
necessary to check that these choices satisfy the hypotheses of Theorem 6.4.5.

By Lemma 6.5.4, the function v satisfies a (s +t — %)—restriction estimate with

constant K = Oy(1). Let ¢; denote the implied constant in (6.24) and set 8 := ¢,

Theorem 6.4.5 guarantees the existence of a positive constant
0 =0(5,M) (6.26)

such that provided v has Fourier decay of level 6 and || f||, > ng/Hl we may conclude
that (6.11) holds. Taking

w=Co"*
guarantees sufficient Fourier decay, by Lemma 6.5.3. We note that this choice of w
satisfies w <57 1, as can be checked by unraveling the dependencies in (6.26). We
obtain || f||; > g”l/Hl via Lemma 6.5.2. This requires us to take N sufficiently large
in terms of k£, w and §. By our choice of w, this is ensured if NV is sufficiently large in

terms of § and M (as we may assume).
Applying Theorem 6.4.5 and (6.23) yields

Ty(v1a,: By) o W|5XF 7 s X5T51
By (6.21) and the bound ||v||. <sa N*¥71, we finally have
Tk(A7 B) 2 Tl(Al,Bl) 2 ||VH;OST1<I/1A1;Bl) >>5,M NSthik.
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6.6 The homogeneous Bergelson—Leibman theorem

In this section we prove a Theorem similar in flavour to the following special case of

the multidimensional polynomial Szemerédi theorem of Bergelson—Leibman [5].

Theorem 6.6.1 (Bergelson-—Leibman). Let k € N, § > 0 and let F C Z¢ be a finite
set. There exists Ny = No(k,d, F') such that for any N > Ny, if A C [N]¢ has size
|A| > 0N? then there exists x € Z¢ and y € N such that

r+yt-FcCA.

We require a version of this result in which the kth power comes from a homo-
geneous set. Fortunately, this strengthening can be deduced from the original. It is

convenient to set up the following notation.

Notation. Given ¢,y, k € N? define

q® Yy = (quh v 7Qdyd)> y®k = (ylfla R 7y§d)'

For F C Z%, write ¢ ® F for the set
{goy:yeF}.

Here is our version of the Bergelson—Leibman theorem with common difference

arising from a homogeneous set.

Corollary 6.6.2 (Homogeneous Bergelson—Leibman). Let k € N¢, M € N, § > 0
and let F C 74 be a finite set. There exists Ny such that for any N > Ny, if A C [N]¢
has size |A] > SN® and By, ..., Bg C N are M-homogeneous, then there exists x € Z¢
and y, € By, ...,yq € By such that

r+y** @ F C A (6.27)
Proof. Let K :=[], k; and consider the finite set
F=[M*"® F.

By the Bergelson—Leibman theorem, provided that N is sufficiently large in terms of
M, K, F and §, there exist x € Z? and t € N such that

x+t5 . F c A
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The result follows if the progression ¥ - [M*] contains an element of the form y* for
some y; € B;.
Let z; := t5/%_ Then

{zfi, (2z)%, ..., (le)k} =i {1’“",2’“’, ey Mk} c . [ME].
Since each B; is M-homogeneous, it intersects the set z; - [M]. O

Next we require a counting analogue of this result.

Theorem 6.6.3 (Varnavides averaging). Let ki,...,kq, M € N, § € (0,1], and let
F C Z% be a finite set. There exist Ny € N and cy > 0 such that for any N > Ny, if
A C [N]¢ has |A| > dN? and B C N is M-homogeneous, then the number of tuples
(z,y) € Z% x B for which (6.27) holds is at least

ERN
cONdﬂﬁ +rg

Proof. Increasing the size of F' if necessary, we may assume that F' contains two
elements which differ in the ¢th coordinate for each i € [d]. Let Ny be the quantity
given by Corollary 6.6.2 with respect to the density §/2%*1. Suppose that

NZN(b

and let
N; = | §/N/No]|.

Interchanging the order of summation, we have

Z Z Z |Aﬂ(2+q®k®[No]d)|25N1Nd(NNO)d

2€7Z4 q1€[N1] qa€[Ny)

Notice that there are at most (2N)? choices for z for which there exists ¢ € [N;] x
- -+ X [Ng4] such that
AN (24 ¢®F @ [No]?) | # 0.

Hence there are at least 0NNy - -+ Ny choices for (z,q) € Z* x [],[N;] for which
AN (24 ¢®F @ [No]?) | > 27" 1oNg. (6.28)

Call such a choice of (z,q) a good tuple.

Claim 1. For each good tuple (z,q) the set AN (z 4+ ¢®¥ @ [No]?) contains a config-

uration of the form z + y®* @ F for some x € Z% and some y € B%.
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To see this, define
Agi={ze[No)': 2+ ¢* @z € A}.
Then |A,,| > 274 1ONJ. Let
B; = {y; € [No| : q;y; € B} U (Np, 00).

Using the fact that B is M-homogeneous one gets that each B; is M-homogeneous.
Invoking Corollary 6.6.2, we see that there exist x € Z% and y € By x --- x B, such
that

r+y?"®F C A,

Translating and dilating, we deduce that AN (z +¢®F ® [No]d) contains a configura-
tion of the form 2’ + (¢ ® ¥)®* ® F. By definition of the B; and the fact that F is
non-constant in each coordinate, we see that y € [Ny]? and thus each coordinate of
q ®y lies in B. This establishes Claim 1.
For fixed (z,y) € Z¢ x N let G(x,y) denote the number of tuples (z, q) € Z x N4
satisfying
T+ Yy @ F C 2+ ¢®F ® [No]. (6.29)

Define
A={(r,y) €Zx B : v+ y® @ F C A}. (6.30)

Then interchanging the order of summation shows that the sum -, ., G(z,y) is

at least

Z Z Z ‘{(%y)EZd><Bd:x—i—y®k®FCAﬂ(z+q®k®[No]d>}‘

2€Z% q1€[N1] qa€[N4]

2 {(%Q) SARS H[Ni] : (2,q) is good}’ > %5NdN1 . Ny.

We therefore have that
1.1
3 Gla,y) Srsne NTHTTRL
(z,y)EA

Since the theorem asserts a lower bound on the size of A, the result is proved provided

we have the following upper bound on G(z,y).

Claim 2. Suppose that F' contains two elements which differ in the ¢th coordinate
for each i € [d]. Then G(x,y) < N
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To see this, first note that if x + y** @ F C 2z + ¢®* ® [Ny]? then, since F' contains

two elements differing in their ith coordinate, there exist integers f; < f! such that
v+ Y i xR € 2+ g - [Nol.
Subtracting these elements, we deduce that there exists n; € [Ny] for which

b W)
K] nz °

As there are at most Ny choices for n;, and y; is fixed, there are at most N¢ choices

for g. Once one has fixed this choice of ¢, for any f € F we have
zer+y? @ f—¢* @[N],

so there are at most N¢ choices for 2. In summary G(x,y) < N3¢, which establishes
Claim 2. O

6.7 A supersaturated generalisation of both Roth
and Sarkozy’s theorems

In this section we deduce Theorem 6.2.4 by projecting down the multidimensional
Theorem 6.6.3. Notice that Theorem 6.2.4 is a common generalisation of both the
Furstenberg—Sarkozy theorem (take s = 2 and t = 1) and Roth’s theorem (take
A=(1,-2,1) and t = 0).

Proof of Theorem 6.2.4. Given A C [N] of density at least d, let us define
A= {:U € [N]t2 le € A}.
A stars and bars argument shows that for n € [IN] we have

4 (.. ng) € N n=ny + - +ng} = (Z:i)

Since there are at most %]A| elements x of A satisfying the inequality x < %]A\, it
follows that for N > Cy,6~! we have

~ n—1 St Ars
|A] = Z (s+t—3) >, 5N, (6.31)
neA
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In the statement of Theorem 6.2.4, at least one of the coefficients \; must be
positive. Relabeling indices, we may assume that A; > 0. For a technical reason, it

will be useful in a later part of the argument if we can ensure that

0 (6.32)

A—Ac [ N ﬂr+t_2
This follows on partitioning the hypercube [N]**~2 into subhypercubes of sufficiently
small side length and applying the pigeonhole principle to ensure that A has large
density on one such part (worsening the density (6.31) by a factor of O 5, (1) in the
process).
Define F' C Z5772 to be the set consisting of the zero vector together with the
rows of the following matrix
)\
“\
(6.33)
)\,
A Ay . Ao Af‘lul . A’;_lut
Consider the set
B:={yeN:\yeB}U(NV"A! )

which is M-homogeneous. Applying Theorem 6.6.3, we find that there are at least
coNsH=2H=25 tuples (z,y, 2) € Z*2 x B2 x B! such that A contains the con-
figuration

T+ (Y, Ysa, 2y 2 @ F
By (6.32) and (6.33) we have Afp;2% € [N, N], hence by definition of B we deduce
that A\s;z; € B. Projecting down to one dimension and taking into account the multi-
plicities of representations, we obtain > N*T%~! tuples (z,y, z) € Z x N*~2 x N* with

Asz; € B and such that A contains the configuration

s—2 t
T, T =AY, .., T— AYs—2, T+ Z Aili + )\571 Zﬂjzf-
i=1 j=1
Let us set z; ;== o — A\gy; fori =1,...,s — 2, along with x,_; = z and
s—2 t
Ts =T+ Z Ay + A’;‘l Z ,ujzf.
i=1 j=1
One can then check that the tuple (x1,..., T, As21, . .., As2¢) 18 an element of A5 x B?
satisfying (6.9). By construction there are > N*+i~1 such tuples. O
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Chapter 7

Counting zeros of a quadratic form
in four variables with a weight

7.1 Introduction

Let F(x) be a quadratic form in n variables with integer coefficients, and consider the

problem of counting the number of ways in which F' represents 0. Recall the quantity
N(P) = #{x €Z": F(x)=0,[x]e < P}, (7.1)

from Section 2.4. This counts the number of solutions to F(x) = 0 in a box with side
lengths 2P. To avoid special cases we will only be interested in non-singular forms
F. That is, if M is the underlying matrix of F such that F'(x) = x’ Mx, we require
that det M # 0.

One way of tackling this problem is by the Hardy-Littlewood circle method, as
done in e.g. [17, chapters 8,10]. The circle method in its classical form allows one
to give an asymptotic for N(P) in the cases n > 5. For these cases it turns out
that a simple heuristic argument predicts the correct asymptotic order. The heuristic
argument is as follows. There are roughly P" different values of x € Z with ||x]|. < P,
and F([—P, P]" N Z) should spread over roughly P? different values. Based on this
we expect CP" 2 of these x’s to satisfy F'(x) = 0, for some constant C' > 0. The
precise asymptotic is given by Theorem 2.4.1.

We also mention that one often is concerned with showing that 0.0 actually is
positive. In this chapter we will assume that we are dealing with quadratic forms F'
which satisfy 0., > 0 and o > 0, as we are concerned with the asymptotic expression
for quadratic forms that do represent zero, rather than the question of whether or

not a specific form does represent zero.
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When one instead looks at n = 4, it turns out that the correct asymptotic ex-
pression does not always agree with the heuristic argument. The correct asymptotic
expression in fact depends on the determinant of the underlying matrix M.

Let

Nuo(P)= > w(P'x), (7.2)
F(x)=0
where w : R — [0, 00) is some sufficiently smooth function and we are summing over
all x € Z" such that F(x) = 0. The asymptotic count for N, (P) is then given in
Theorem 2.4.2.

In this chapter our main concern is the size of the error term in the expression for
N, (P) for n = 4 variables and det(M) a square. If one just considers N(P) it is clear
that the error term must at least be of the same order as N(P)— N(P —1), as x only
runs over integers. This difference counts the number of solutions to F'(x) = 0 where
at least one of x1,xs, 3,24 is equal to P. Heuristically speaking there are then P3
choices for x, and the values of F' are spread over a range of P2, such that the error
term is expected to be of size P372 = P, at the very least.

There is no such natural limitation for N, (P), and we are therefore interested in
whether one can find some class of weight functions for which the error term in (2.7)
can be made an arbitrarily small power of P. The aim of this chapter is to answer
this question. First of all, we will consider a rather natural Gaussian weight function
and show that in this case it appears to be very difficult to obtain an error of the
form P with a < 1. From this consideration it becomes clear how we can construct
some weight function that gives an error term O4(P~4) for any A > 0, which answers
the original question. Finally, we elaborate on the proof of Theorem 2.4.2 given in
[37] in order to get an error term of the form O.(P'*¢) for the general class of weight
functions considered in Theorem 2.4.2. The same error was obtained in [26, Theorem

3.3] by adelic methods.

7.1.1 Notation

In this chapter we will not explicitly include the dependence in F' of various functions

and error terms. Any constants appearing may therefore depend on F'.

7.2 Gaussian weight function
In this section and the next we fix a diagonal quadratic form in four variables. Let
F(x) = 2] + 15 — 23 — 27, (7.3)
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such that det M = 1 is a square. Define N,,(P) as in (7.2). In this section we consider
the weight function given by

w(x) = exp (—x'x) . (7.4)

Although this weight does not have compact support and thus does not satisfy the
assumptions in Theorem 2.4.2, it still seems like a natural weight to consider.
The advantage of using this Gaussian weight is that it gives a simple expression

for N, (P) as a sum over only one variable. To see this we write

N, (P) = Z exp(—P*x"x)

a:% +x%:ax§ +$421

oo

n=0 xf +:c% :x§ +a72 =n

=1+ Z r?(n)e 2",
n=1

where
r(n) = #{(z,y) € Z* : 2 + y* = n}

is the number of ways of representing n as the sum of two squares. Note that we can

write

r(n) =4 ya(d), (7.5)

where x4 is the non-principal character modulo 4, as shown in e.g. [36].
We will need this in the context of the Dirichlet series > 7?(n)n~*. Restricting
to Rs > 1, from (7.5) we get

k=1 (de)=1
= 16(s)L(s, xo0) Z 29y (n)n %,
n=1
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where xo = X7 is the principal character modulo 2 and w(n) is the number of distinct

prime factors of n. The last sum we express as an Euler product to get

- _ _ _ _ L(s,x4)?
> 2 amn =TT+ xalolp )0+ xalp ™+ xa(pp ™ 4 0) = o
n=1 P L(287 X4)
Combining all of the above we now have

— *(n) 2 -1
> — = 16¢(5) L(s, x0) L(s, X4)*L(25, X0) " (7.6)

n=1
Returning to N,,(P), we have by the Mellin inversion formula for I'(s) that

1
et=— [ t7°T(s)ds,
211 (c)

where (c¢) denotes the vertical line with real part ¢, and we choose ¢ = 2, say. This

gives

= 1
N,(P)=1+ Z 57 /() 275P*T(s)r?*(n)n"* ds
n=1 ¢

16
=1+ o 27°P*((s)L(s, x0) L(s, x1)*L(2s, x0) " 'T(s) ds,
(o)

(7.7)

where we have used (7.6) and interchanged the order of integration and summation.
This is justified as the integrand is <4 P*n=2t=4 for any A > 0.

At this point we evaluate the integral in (7.7) by moving the path of integration as
far left as possible. In order to do this we need to know the residues of the integrand.
From ((s)L(s, xo) one gets a second order pole at s = 1. The factor L(s, x4)* does not
contribute any poles, as x4 is a non-principal character. We will only be interested in
the region o > % + ¢, so I' does not contribute any poles. Finally, there will be a pole
at any point where L(2s,xo) = 0, and it is these poles that will limit how far to the
left we can move the contour. Using the fact that L(2s,xo) is zero-free for 20 > 1,

we will next prove the following result.

Theorem 7.2.1. Let F' and w be defined as in (7.3) and (7.4). Then
N,(P) = CP?log P + C'P* + O (P'")

for any € > 0 and some constants C,C".

Remark. Note that strictly speaking one could probably obtain an error term of the

same form as in the prime number theorem, by using that L(2s, xo) has no zeros for

2021 — lo(;; 2, t > 2, but here we are mainly concerned with the power of P, and are

thus satisfied with the error term stated above.
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Proof of Theorem 7.2.1. Starting from (7.7), we would like to move the line of in-
tegration to o = % + €. For this purpose we recall some growth properties of the

functions involved. First of all,
Clo+it) < Jt|V?, o>, (7.8)

as shown in e.g. [63, Equation (5.1.5)]. We will also use the standard convexity bound

for a character y modulo ¢, namely that
Lis.x) < (q(L+[)F7, e<o <1, (7.9)
and we will need the bound
L(s,x) > 1, oc>=1+e¢, (7.10)
all valid for any € > 0. Finally, we have from Stirling’s formula that
[(s) <4 [t|™* (7.11)

as t — oo, for any A > 0. Denote the integrand in (7.7) by u(s). By choosing A = 4,

say, we then have
ctico o0
/ u(s) ds < P4/ thdt < P'T3,
cHiT T

1/2+4e+iT T
/ u(s) ds < P1+26/ (1+[t) 2 dt < P
1/24e—iT -7

and A
c+iT
/ u(s) ds < P*T2.
1

/2+e+iT
Letting T" — oo in these formulae then gives

Ny(P) = 16Res,—; + O (P'*),

where Res,—; denotes the residue of u(s) at s = 1.
For the residue we see that ((s) and L(s, xo) both have first order poles at s = 1,
and the rest of the integrand is nonzero here. Thus
Res.—1 = lim ~ (s — 1)227 PP ()G (5) L (s, o) L (5. o)L (25, x0) ™)
s—1ds
= CP?log P + C'P?

for some constants C, C’ which can be expressed explicitly if desired. Upon redefining

C,C" and € appropriately this finishes the proof. H
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The above proof indicates that obtaining an error term of lower order than P!*¢
for this particular weight should be very difficult, as it appears to be connected with
a zero-free strip o > 1 —a for L(s, xo). Indeed, if one knew that L(s, xo) had no zeros
on this strip, one could move the contour to 20 = 1 —a+¢, and obtain a final error of
O.(P'=2%¢). The Generalised Riemann hypothesis would therefore immediately give
an error term of size O (P/2+°).

Of course we cannot exclude the possibility of obtaining an error of O (P'~**¢)
without also proving that the strip ¢ > 1—« is zero-free, as different zeros conceivably

could cancel each other out.

7.3 Weight function with low error term

In the previous section, if it were not for the fact that L(2s,xo) appeared in the
denominator in (7.6), we could have obtained a much lower error term in Theorem
7.2.1. This issue can be avoided if we choose our weight function in such a way that
the resulting Dirichlet series in the integral is as in Section 7.2, but multiplied by
L(2s, x0). We see that

Z Té?)L(ZS, Xo) = 27“2(72) Z Xo(m)(nm?) ™,

n=1

and so we try to set
Z Xo(m) exp(— Z exp(—(xTx)(2m — 1)?). (7.12)

Unfortunately w(x) diverges as x’ x — 0, which is an undesirable property of a weight

function. To remedy this we try a weight function written as linear combinations of

S fmxTx),
m=1

where f is some function with a nice Mellin transform. In fact, the choice

sums of the form

w(x) = W(|lxl3) (7.13)

with
W(t) =0(t) + 6(2t) — 20(4t) — 20(8t)

and

= Z exp(—tm?)
m=1
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will work. We begin by showing that w has some reasonable properties one would

expect from a weight function.

Proposition 7.3.1. Let W be defined as in (7.12). Then limy_,oW(t) =1, W >0
fort € (0,00) and lim;_,o, W(t) = 0.

Proof. Grouping together terms we have that

oo

0(t) — 20(4t) = > (=1)""" exp(—tm?),

m=1
and since exp(—tm?) — exp(—t(m + 1)?) > 0 for ¢ > 0 and all m > 1 we have that
0(t) —260(4t) > 0 for t € (0,00). The same holds if we replace ¢ by 2t and so W (t) > 0
for t € (0,00). For the case t — oo we have that

[e.9]

> 1/2
0(t) —20(4t)| < ) exp(—tm?) < / exp(—tz?) dv = (%) =0
0

m=1
as t — 0o. Again the same holds when replacing t by 2¢, and thus also for W ().
To study the behaviour of W as ¢ tends to 0, we make use of the closely related

theta function

W(zx) = Z exp(—m?*rz),

MEZ
which satisfies the functional equation

Iz~ = ad(z) for x>0,
as shown in e.g. [18, Chapter 8]. Again we deal first with 6(¢) — 26(4¢). Writing
1 1
6(t) —20(4t) = Eﬂ(t/ﬂ') —9(4t/7) + 3

and making use of the functional equation we then get

For this final sum we have

12 Z exp(—m?n?/4t) < t7V? exp(—n?/4t) + t_1/2/ exp(—a’n*/4t) dx
m odd 1

2 oo
=t Y2 exp(—n?/4t) + = / exp(—2?) dz,
™ nt=1/2/2
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which goes to 0 as t — 0. This in turn gives

lim W (t) = lim (6(t) — 26(4t)) + lim (6(2t) —26(8t)) = 1.

t—0 t—0

]

In order to find an asymptotic expression for N, (P), with F' still given by (7.3),

we do the same type of manipulations as in Section 7.2 to get

Ny(P) =1+ Z r2(n) (—1)m+1(exp(—2m2n/P2) - exp(—4m2n/P2))

=1+ L p2s (275 - 2173s> (1 + 273)1-\(5) i TZ(n) i m72s ds
2mi (©) n=1 n? m=1

1t o [P - 2 D) Ll i) ds.
211 (c)

(7.14)

where we use (7.6) and L(s, xo) = ((s)(1 —27%) to remove all instances of L(-, xo) in
the last equality. Using this we will prove the following theorem.

Theorem 7.3.2. Let w and F be defined as in (7.13) and (7.3) respectively. Then
N, (P)=CP*log P+ C'P? + " + O4(P™)
for any A > 0, where C,C",C"are some constants depending only on Fand w.

Proof. The proof is similar to the proof of Theorem 7.2.1, except that there no longer
is a L(2s,x0)"" term. This means that we now can move the line of integration to
o = —A for any A > 0 without worrying about zeros. We also have that the poles
of I'(s) at —1,—2,... will be cancelled by the trivial zeros of {(s) and L(s, x4). At
s = 0 the factor I'(s) contributes a simple pole.

In addition to the bounds given in (7.8)-(7.11) we will need that for ¢ > —A

C(s) < ft2¥,
L(s,x) <a ]2,
for any A > 0, with x = x4. Observe that since x4 is an odd character, L(s, x4) has

trivial zeros at the even negative integers. Denote the integrand in (7.14) by wu(s).

By choosing 4A + 4 as the exponent in (7.11) and setting ¢ = 2 we then have

ctico [e's)
/ u(s) ds < P4/ t72dt < P'TH

+4iT T

— AT T
/ u(s) ds <4 P_A/ (1+|t)2dt <4 P74,

A—iT =T
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and

ctiT
/ u(s) ds <4 P'T2.
— AT

By closing the contour in (7.14) around the box with edges 0 = —A,0 = ¢ and
t = £7T and choosing T" appropriately, we get

Ny(P) =1+ 16(Res,—1 + Rese—q) + O4(P~4),

As before the residue at s = 1 can be written in the form C'P?log P + C'P?. For the

residue at s = 0 we similarly get something of the form C”. O

7.4 Improving the error term by the Heath-Brown
circle method

We now turn to Theorem 2.4.2. The goal of this section is to refine the argument
given in [37] in order to improve the error term to O.(P'*¢). As mentioned in the
introduction this was also done by Getz in [26]. Using adelic methods he proves a
version of Theorem 2.4.2 with an error term of order O (P'*¢), valid over any number
field. He also improves the existing best known error terms for n > 4 by the same
methods.

We will only prove this for the case where det M is a square, although a very
similar argument should give the same improvement in the case where det M is not
a square.

Most of the argument will be the same as is given in [37], so we state a series of

lemmas taken from there. In order to do this we first need to settle some notation.

Definition. Let w : R® — C be an infinitely differentiable function with compact
support. Let Rad(w) be the smallest R such that the support of w is contained in
the hypercube [—R, R]", and for j =0,1,... let

8j1x1...ajnxn‘ xcR ’Zi:ﬁ:]}'

rw;(w) = max {

If each of Rad(w), ko(w), k1 (w), ... can be bounded by quantities depending only on

the parameters in some set S we say that w € C(S5).

We will prove our result for weight functions in C(S). For technical reasons we
also impose a non-singularity condition, namely VF(x) # 0 in the closure of supp(w).
In particular this assumption implies that 0 ¢ supp(w). The result we seek to prove

can then be stated as follows.
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Theorem 7.4.1. Let n = 4, assume that w € C(S) and that det M is a square. Then
Ny(P) = 0o (w)o* P?log P + oy (w) P? + Og,(P™) (7.15)
for any € > 0. Here oo(w), 0" and o1(w) are defined as in Theorem 2.4.2.

We will start from Theorem 2.4.4. The improvements we make on the error term
come mainly from considerations of the sum S,(c), in combination with existing
results for [,(c) extended to also hold for various partial derivatives. We start by

citing the needed results concerning I,(c).

7.4.1 Bounds on [ (c)

When dealing with the integral I,(c) it is technically easier to restrict oneself to a

smaller class of weight functions than C(.S), namely Cy(S5).

Definition. We say that w € Cy(S) if w € C(S) and there exist an R <g 1 with the
following property. Whenever x = (z9,y) € supp(w), the function F(xq,y) satisfies

OF (z,y)
ox

in the range |x — 29| < R, and F has exactly one zero on this range.

>q1

It turns out that if [VF| > A > 0 holds on supp(w), then proving Theorem 7.4.1
only for weight functions in Cy(S) will imply the same result for any weight function
in C(S,A). The justification for this can be found in [37], and we will not repeat it
here. From now on we therefore assume that the weight functions we work with are
in Cy(S). This technicality is mentioned to allow us to quote results concerning I,(c)
without worrying about the fact that they strictly speaking only hold for w € Cy(5),
but not necessarily for w € C(S5).

In order to make the P-dependency of I,(c) more explicit, define

I'(v) = / w(h(r, Fx))er(~v %) dx,

such that I,(c) = P"I} ., (c) by the substitution x — Px in (2.10). We have the
following bound from [37].

Lemma 7.4.2 ([37, Lemma 18]). When ¢ # 0 we have
I:(C) <Ls.N T_lycl_Nv
for any N > 0.
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The next two results for I*(c) that we take from [37] need to be extended slightly

in order to deal with also the first and second partial derivatives with respect to r.

Lemma 7.4.3 ([37, Lemma 13]). Suppose that w € Cy(S). Then for any N > 0 we

have
IX(0) = 000 (F,w) + 057N<7'N),
ajl*o Nooi=1,2
%r()<<S,NT; J=1,4
forr < 1.

Proof. The first result is just [37, Lemma 13]|. The proof of this hinges on properties
of the function hA(x,y) in Theorem 7.4.1, and it does not require any new ideas to
prove similar results for %h(m, y), which is what is needed to establish the remaining

part of the lemma. We do not show the full proof here. O]

Lemma 7.4.4 ([37, Lemma 22|). Suppose that n > 3. Then for any € € (0,1/2) we

have o 2
Z () <. Tj<|£|> <M> . j=0,1,2.

ari " 72 r
Proof. The cases j = 0,1 are shown in [37]. The ideas used there can be modified in
a natural and fairly straight forward way to arrive at the same type of bounds for the

second derivative. For brevity we do not repeat this argument here. O

7.4.2 The sum S,(c)

We now turn to S,(c). To begin with, we cite a series of lemmas proved in [37], which

we will build on.

Lemma 7.4.5 ([37, Lemma 24]). Let t > 2 and s = [t/2]. Then

Sp(e) =p ) 3T ST e (dF(x) +x - c),

d(mod pt—3) x(mod pt—*)

where Y"1 indicates the sum over all x which satisfy the conditions p*|F(x) and
p*ldVF (x) + c.

From now on, let A = 2det(M).

Lemma 7.4.6 ([37, Lemma 25]). One has
S,(c) <a g2,

105



As M has integer coefficients and is assumed to be non-singular we have that
M~ has rational coefficients. We write M ~*(c) = ¢! M~'c. If (¢,A) = 1 one can

interpret M ! modulo ¢. In the next lemma M ~!(c) should be interpreted modulo

p.

Lemma 7.4.7 ([37, Lemma 26]). Let p be a prime such that p{ A. If n is even then

1)n/2de N : _
S.(c) = _<M)p/2 if pt M~(c)
- ((_1)/2+(M)> P2 if plM ().

With this we are ready to prove our results. In [37] Heath-Brown goes on to find
an expression for Sy2(c) in various cases. We will use the same type of arguments to

find expressions for Sy (c) for all ¢t > 2.
Lemma 7.4.8. If pt A and pt M~*(c) then Spe(c) =0 for any t > 2.

Proof. We start with the expression in Lemma 7.4.5. The condition p*|dVF(x) + ¢
in the sum over x gives
x = —2dM 'c(mod p*), (7.16)

where an overline denotes the inverse modulo p®. This in turn gives
F(x) = x"Mx = 4d2M*(c)(mod p*), (7.17)

but as M~!(c) # 0(mod p*) this is not compatible with the condition p*|F(x), and

so the sum over x is empty. O]

Lemma 7.4.9. Assume that pt A and p'|M~(c). Ift = 2s > 2 then
Sp(c) = p2™H N (p —1).

Ift=2s+12> 3 then
Spt(c) = p%nﬁ_l'gp(o)'

Proof. Again we start from Lemma 7.4.5, and from (7.16) we can write
x =yp® —2dM 'c.

By the assumption on M ~'(c¢) and (7.17) we see that the condition p*|F(x) is auto-

matically satisfied for any y. Computing, we get

dF (x)+c-x = dp* F(y)—p°y-c+4dM *(c)+p°y-c—2dM(c) = dp** F(y)(mod p'),
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where in the last step we use that M~!(c) = 0(mod p'). Inserting this into the

expression for Sy (c) gives
Spr(c) = p ™t Ny > ep-aldF(y)).
d(mod p’~*) y(mod pt=2¢)
If t = 2s is even this reduces to
Sp2s (C) _ ps(n+1) Z * 1 = ps(n—l-l)qb(ps) _ psn+2s—1(p _ 1>’
d(mod p?®)
as desired. If instead t = 2s + 1 is odd we get

st+1( = S(n+1 Z Z 6p dF

d(mod pt1) y(mod p)

_ sn+25 Z Z 6p dF

d(mod p) y(mod p)

but the remaining sums are just S,(0), which gives the desired result. O

The next step is to form the Dirichlet series
= q"S,(c), (7.18)
q=1

which in light of Lemma 7.4.6 converges absolutely for ¢ > 2 + n/2. A standard

computation shows that
Suv(€) = Sy(c)S,(c)
when (u,v) = 1, and so we can express ((s,c) as an Euler product. This gives
H {2 resp@f.
>0

where the inner sum over ¢ converges absolutely for o > 1+ % by Lemma 7.4.6. We

Z p_4tspt (0) =0y,

t>0

remark that

as defined in (2.4).
Now assume that n = 4, M~(c) = 0 and ¢ > 3. From Lemmas 7.4.7 and 7.4.9
one then has for p such that p1 A that

> pSu(e) =14 (p—xpp” "+ (p— 1)p" > + ...

t20

1 - )
= T XeP =) =),
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det(M)

where x(-) = ( . > From this point onwards we will specialise to the case where
det(M) is a square, such that this becomes
1 1 — p2—s
—st _ 3—s _ ,2—-s _ ,5-2s\ _
Z;p Spt(C)— 1_p6,28(1+p p p )_ 1_p3757

provided o > 3 and pt A.
For p|A we simply have »,_ p~*Syi(c) <as 1 for ¢ = 3 + 0 by Lemma 7.4.6.
Furthermore the factors }:]’;% for p|A are Oa(1) in the range o > 3 + J, and so

combining these observations we arrive at the first part of the following lemma.

Lemma 7.4.10. Let n = 4, det(M) be a square, and assume that M~*(c) = 0. Then

where

v(s,c) <5l

uniformly for o > 3+ 6.
If instead M~(c) # 0, then

1
((s,c) = mu(&c),

where
v(s,c) <saelc|f

uniformly for o > 3+ 6.

Proof. For the second part, note that by Lemma 7.4.8 we have

Zp_StSpt(c) =1-—p>°

t20

for primes which do not divide M ~!(c) and A. For p|M~!(c) or p|A we use the bound

D p"Sp(c) =14 0a(p™).

t=0

The number of such primes is < log |c|, which gives the result. O
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7.4.3 Combining the bounds

Our goal is now to combine the different bounds for S,(c) and I,(c) in order to prove
Theorem 7.4.1. In order to do this we will make repeated use of the Mellin inversion
formula and moving contours. For ¢ = 0 we will also need to introduce a bump

function W € C*(0, c0) which satisfies the following properties:
(i) supp(W) C [0,2],
(i) W(x) =1 for z € [0, 1],
(i) WM <, 1 forn=0,1,....
We write -
o(s) :/0 2* W (x) dw

for the Mellin transform of W, and note that

1 > s+1 "
¢<8):m/o W (x) dx

s +

by integration by parts, for ¢ > 0. Writing f(s) for the last integral we see that
f(s) < 1 for 0 > —1. Furthermore ¢ has a first order pole at s = 0, and no other
poles in the range 0 > —1 + €, where € > 0.

In addition to W, we will work with the Mellin transform of [(c) with respect to
r. Define

o(s;c) = /OOO rs ¥ (c) dr

for ¢ # 0. For ¢ = 0 we will instead have to consider

1(s) = /000 r W (r/C)J, dr, (7.19)
where
IX(0) = oo (w) + J, (7.20)

and C'is a constant (depending on w and F') such that supp(Z}(0)) C [0, C]. Observe
that by Lemma 7.4.3 we then have good bounds for J,.

Lemma 7.4.11. Let ¢ # 0. For o > —1 + € it holds that

¢(s;¢) = . !

mf(s;c),

where [ <y e 1. Furthermore, ¢(s;c) <y pe 1 on this range, so in particular there

are no poles.
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For o > —1 + € it also holds that

1

mfl(s)a

P1(s) =

where fi Ky pe 1 and ¢1(s) Ky re 1 on this range.

Proof. We have that I7(c) and thus also 2I7(c) are supported on [0,C]. Using

Lemma 7.4.4 with an appropriate choice of € we have that

limr°I%(c) = 0,
r—0

lim r**! oL, () =0
r—0 or

for the relevant values of s, ¢ # 0. This allows us to use integration by parts to get

. . ]' ¢ sal;’k(C) . ]' ¢ s+162‘[:(c>
¢(S7C)___/O " or dr—s(s—l—l)/o " Wdr’

where we denote the last integral by f(s;c). By Lemma 7.4.4 we get the desired
bound on f. To see that ¢ <, re 1, apply Lemma 7.4.4 directly in the definition of
¢, and use that [(c) =0 for r > C.

For the case ¢ = 0 we have by Lemma 7.4.3 that J,., arJ“ 57 J <y N for r <« 1,
and we have that W (r) = 0 for r > 2. Integration by parts then gives

1 > s+1 82
¢1<S):s(s+1)/0 P W (/) ) dr

Lemma 7.4.3 together with W (™ <, 1 then gives the desired bound on f(s), which
we define to be the last integral. To show that ¢; <, re 1 we apply Lemma 7.4.3
directly to the integrand in (7.19). O

We are now in a position to combine the bounds for S,(c) and I,(c) in order to

arrive at our final result.

Proof of Theorem 7.4.1. Begin by observing that

> Z g "Sq(c)ly(c) <c 1,

e|>P¢ q=1

because of Lemmas 7.4.2 and 7.4.6.

For ¢ # 0 and M~!(c) = 0, we have from the Mellin inversion formula that

Z q 'S, (c ! /CHOO C(s+4,c)P**¢(s;c) ds

T 2mi ico
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with ¢ = 2, say. We cut the integral at height T' to get that this is
1 c+iT
— [ s+ 4,0)PHg(si0) ds + O(PPTY),

2mi c—iT

by Lemmas 7.4.10 and 7.4.11. We now close the contour along the box with sides
0 =—14+¢0 =2andt = 4T. By Lemmas 7.4.10 and 7.4.11 we get that the
integrand has a simple pole at s = 0, and no other poles in this range. The residue

here is given by
lim sC(s+4,¢c) Pt é(s;¢) = o(c)ou (w, c) P,
where we have written
Ooo(W,C) = /000 r~1I*(c) dr,
o(e) = [T (1 =p) D "Sp(e)).

p t=0

Note that o(c) < 1 uniformly for all nonzero ¢ with M~!(c) = 0 by Lemmas 7.4.7
and 7.4.9, and oo (w,c) <gur |¢|™ for any M > 0. To see this last fact, apply
Lemma 7.4.4 when 7 < |c¢|™/? and Lemma 7.4.2 for the remaining range of r in the
integral defining o, (w, c), and then choose N sufficiently large in terms of M.

For the other sides of the contour we have

— 14T 1 T dt
/ C(S + )I/(S, C)Ps+4 f(S) ds <. P3+5/ |t|1/2 <, P3+6T6,
et C(5+2) s(s+1) -T t(t + 1))

by using the bound (7.8), and

Hl (s 4+ 1) ot f(9) .
/—l+e+iT my(s’ c)P +4S(1 +5) ds <. P°T*

by the same bound. The same applies to the edge t = —T. Combining this and

taking T = PS, say, gives
4 _ 4 34Te
S 48,0y €) = 0()om (w,0) P* + O(PHT).
q=1

For M~!(c) # 0 we do the same thing, but in this case there is no pole at s = 1,

which gives

S 18,0, (c) <. PH
q=1
for these values of c.
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Combining all the bounds for ¢ # 0 we get

Z Z ¢ " Sq(c),(c) = Z 0()ooo(w, ) P* + O (P3T11)

c#0 q=1 0<|c|<P©
~1(c)=0

= Y 0(c)os(w,c)P* + O(PP).
le|>0

M~ (e)=0
For ¢ = 0 we note that as I,(c) = 0 for ¢ > C'P, with C as in the proof of Lemma
7.4.11, we have

S q15,(0)L,(0) = Y ¢745,(0)1,(0)W (¢/CP),

q<2CP
where W is the bump function defined at the start of Section 7.4.3. Using the de-
composition in (7.20) we have that this is
w)P* Y S (0)W (q/CP) + P* ) ¢ *5,(0)J,pW (q/CP).
q<2CP q<2CP
Both these sums are dealt with using Mellin inversion. Using the same bounds as

above we arrive at

> q7'5,(0)W(q/CP) = Res,—o(((s + 4,0)¢(s)P*C*) + Oy e (PF)

q<2CP
=o0*log P+ o' + O (P~'19),
where o* is defined as in Theorem 2.4.2 and we use that lim,_,os¢(s) = 1. This
last statement follows by integration by parts and the fact that W’ (x) = 0 for 0 <
x < 1land for x > 1, and W(1) = 1,W(2) = 0. Here we have written ¢’ =
lim,_0 £ (s%¢(s,0)(s)).
Similarly, by using Lemma 7.4.11, we also get that
> q7*5,(0)J,pW(q/CP) = Res,—o(C(s +4,0)¢1(s)P*) + O(P7)

q<2CP
= 0*$1(0) + O (P~'T).
Finally we define
o1(w) = e (w)e + ' (0)+ Y o(e)alw,0),

le|>0
M~1(c)=0

redefine € and plug everything into Theorem 2.4.4 to get
Nw(P) = o‘*a'oo(w>P2 log P + o (w)P2 + OG(PH_E)’

which completes the proof.
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Chapter 8

Weak approximation of quadratic
forms in four variables

8.1 Introduction

Let F' be a non-singular quadratic form in 4 variables with integer coefficients, and
let m € N,k € Z* satisfy F(k) = 0(mod m). We are interested in counting integer
solutions to

F(x) =0, x=k(modm) (8.1)

inside a box of width P, as P — oco. We also assume that (m, k) = 1, as otherwise
one could just cancel the common factor everywhere.

The same problem without the congruence condition x = k(mod m) was solved
in [37], and we will adopt the same methods here. As in Chapter 7 we will therefore
count solutions with a smooth weight w : R* — [0, 00) with compact support. Fix a

quadratic form F' and let

Npw(Pm k)= > w(P'x).
xcZ*
x=k(mod m)
F(x)=0
As in [37] we will require that VF # 0 on the closure of supp(w). In particular this
implies that supp(w) does not contain the origin. From now on we assume that this
technical condition is satisfied without further comment.

For the corresponding quantity

Npw(P)= > w(P'x),
xez*
F(x)=0
Heath-Brown obtains Theorem 2.4.2. We note that the quantity o (w) can be shown

to be positive if w(x) > 0 for some real solution x to F(x) = 0. For quadratic forms
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in fewer than five variables the usual Hardy—Littlewood singular series may converge
only conditionally or not at all, which is why the main terms in Theorem 2.4.2 have
a modified singular series o*(F) or o (F). In exactly the same way as for the usual
singular series one can show that these are positive provided F(x) = 0 has a nonzero
p-adic solution for every prime p.

Naively one would perhaps expect Ng,,(P;m, k) to have a similar looking asymp-
totic expression as Np,,(P). Defining F'(x) = F(mx + k) and w'(x) = w(mx + k) it
seems reasonable to expect Ng,,(P;m, k) to have the main term predicted by The-
orem 2.4.2 for Ngs,(P), keeping in mind that the theorem is not applicable in this
case, as I is not a quadratic form. Rather surprisingly this turns out to not always
be the case.

As an example of a case where the above prediction does not give the correct
answer, consider the following. Let p,q be odd primes satisfying p = ¢ = 1(mod 8)

and set

F(x) = 23 — pqas — w374,
Let k satisfy (%) =1 and (§> = —1. We set m = pq and k = (a, b, k, k), where a,b
are any integers satisfying F'(k) = 0(mod pq), e.g. a = k,b = 0. We shall show in
Section 8.5 that then in fact

L(Q, XA))
L(27 XO) 7

where C' is the leading coefficient predicted by Theorem 2.4.2, x, is the principal

Npw(P;m, k) ~ CP? (1 _

Dirichlet character of conductor pq and xa = (E)'

To understand why the above example has the “wrong” number of solutions we
need to look at primitive solutions. We say that a vector x is primitive if the coordi-
nates of x have no common factor. Let

Ng;m(P,m,k) = Z w(P'x).
X primitive

x=k(mod m)
F(x)=0

The quantities Ng,, (P, m, k) and Ngf;vm(P, m, k) are then related via the formulae

[e.e]

New(Pomk) = Y NE™(P/d,m,d" k) (8.2)
(=1
and .
prim o —=(m)
NF,w (Pamak) - Z “(d)NF,w(P/CLmad k)> (83)
d=1
(d,m)=1
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where E(m) is the inverse of d modulo m.

Assume that x is a primitive solution to F'(x) = 0 for the above example, with
x = k(mod pq). Let r|x3 be an odd prime. Then z? — pgr3 = 0(mod 7), and so either
(%) = () =1or r|z1 and r|zy. In the second case, we cannot have r = p or r = g,
and since x is primitive we then get r?|z3. Repeating this argument we see that any
odd prime factor of x5 either appears as an even power or is a quadratic residue mod
pq. Noting that (%) =1 and (;—;) = 1 this then gives that in fact (;—2) =1, a
contradiction. This shows that the example has no primitive solutions. By (8.2) we
then expect that also the number of unrestricted solutions is biased, which is exactly
what we observe.

Another example of this phenomenon was given in [9] and studied further in [10].
Indeed, let

F(x) = 2]+ 47x5 — 10323 — 17 - 47 - 10323

and let ko satisfy F'(ko) = 0(mod 17). Taking a such that (a,17) = 1 and setting
k = aky it is then shown in [9] that (8.1) has primitive integer solutions for at most
half of the possible values of a. In Proposition 8.5.1 we improve this to show that
(8.1) has primitive solutions for exactly half of the possible values of a. In [10] the
authors show that this curious fact is due to a Brauer—-Manin obstruction.

Unfortunately we are not able to fully understand when the above phenomenon
occurs. Let A be the conductor of the Dirichlet character yao = (M) What we are
able to say is that Ng,(P;m, k) takes the expected form if det M is a square or if A
has some prime factor that does not divide m. On the other hand, if all prime factors
of A divide m then there are two terms of order P? in the asymptotic expression for
Np.w(P;m, k), namely the usual one and some sort of bias term.

The bias term appears in the analysis in a similar way as the term oy (F,w)P? in
Theorem 2.4.2 for the square determinant case (see Chapter 7). The quantity o, (F, w)
is not well understood, to the extent that there does not even seem to be a good way of
predicting if it is nonzero. It is therefore not too surprising that it is hard to say any-
thing quantitative about the bias term in our case. On the other hand, we are able to
extract some qualitative information, so that knowing Np.,,(P; m, k) or Ngf;m(P; m, k)
for some value of k is enough to compute Ng,,(P;m,dk) and Ngfvm(P; m, dk) for any
multiple dk of k.

Theorem 8.1.1. Let F' be a non-singular quadratic form in 4 variables with under-
lying matriz M, let m € N and k € Z* be such that F(k) = 0(mod m), and let w be
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a smooth weight function. Then, if det M is a square it holds that

Npw(P;m, k) ZUOO(F,w)U:q(F,m,k)m_4P2 log P
+ 01 (F,w, m, K)P? 4 Oy . (P3/21)
or any € > 0. Here o, (F,w) is as in (2.6) and o* (F,m,k) is the singular series,
0. H F,w) is as in (2.6) and o%,(F,m,k) is the singular seri

the definition of which will be given in (8.13). The coefficient o1 (F,w,m,k) is some

constant not depending on P.

Theorem 8.1.2. Let F' be a non-singular quadratic form in 4 variables with under-
lying matriz M, let m € N and k € Z* be such that F(k) = 0(mod m), and let w be
a smooth weight function. Then if det M 1is not a square it holds that, for any € > 0,

NF,w(P; mvk) = (Uoo(Fa w)L(17 XA)J*<F7ma k) + T(F7w7mv k))m_4P2
+OF,w,e,m(P5/3+e)7

where we postpone the definition of the singular series o*(F,m,k) until (8.14), xa =
(M), and 7(F,w,m,k) is some quantity not depending on P that satisfies the

following two properties.
o 7(F,w,m,k) =0 unless every prime factor of A divides m;
e [f(d,m)=1 then 7(F,w,m,dk) = xa(d)7(F,w,m, k).

Unfortunately we are not able to say much else about the quantity 7(F,w,m,k)
than the two properties listed in the theorem. These do however immediately imply
the following corollary, which in particular tells us that in projective space everything

works out as expected.

Corollary 8.1.3. Let F,w,m and k be as in Theorem 8.1.2 and assume that every
prime factor of A divides m. Then if xa(d) = 1 it holds that, for any e > 0,

NF,w(P; m, k) — NEw(P; m,dk) = OF7w7m7€(P5/3+e)‘
Furthermore, it holds that

Y " Npw(Pym, dk) = 0 (F,w)L(1, xa)o™ (F,m, k)¢(m)m™* P*
d(mod m)
+OF,w,e,m(P5/3+e)

for any € > 0.
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The error terms in Theorem 8.1.2 and Corollary 8.1.3 are both worse than the
error terms in theorems 2.4.2 and 8.1.1. This is not because of some actual limitation
of the method, indeed one could obtain the same error term in all results by some
extra work. However, allowing for a loss of P'/6 in the error greatly simplifies the
amount of technical work needed, which is why we have chosen to go for a slightly
weaker approach here.

We remark that the problem we are trying to solve was mentioned in [37, discussion
surrounding Corollary 3]. There Heath-Brown points out that the counting function
Npw(P;m, k) may be handled with the same methods as those applied to Ng,,(P),
which is exactly what we do. On the other hand, the conclusion is perhaps not as
straightforward as indicated. In particular, it is not true that excluding the obvious

obstructions is enough to guarantee primitive solutions, as our initial example showed.

Notation

For a 4 x 4 matrix A and a vector x € R* we'll write A7!(x) = x’ A~ 'x. The matrix
M will always be the symmetric matrix satisfying F'(x) = x? Mx and A will always
be the conductor of the Dirichlet character (detf), which we denote by xa. We will
write o for the principal Dirichlet character modulo m.

If (a,b) = 1 we will write @® for the inverse of a modulo b, that is, @”a =
I(mod b). The notation a|b* means that if p|a then pl|b.

For a vector x we write |x| for the supremum norm ||x|| .

Outline

In section 8.2 we apply the Heath-Brown circle method as described in [37] to get an
expression for Ng,,(P;m, k). Most of the analysis is nearly identical as in [37], and
the parts which require some extra care are dealt with in Section 8.3. In Section 8.4
we sketch how to prove Theorem 8.1.1, Theorem 8.1.2 and Corollary 8.1.3. Finally,
in Section 8.5 we revisit the example mentioned in the introduction together with a

second example, and compute Ng,,(P;m, k) for these two cases.

8.2 The Heath-Brown circle method

We start form Theorem 2.4.4. Note that in the theorem’s original form F' is a form

of degree d, but the homogeneity of F'is not actually used in the proof. We will use
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that there is a constant C' > 0 such that I,(c) = 0 for all ¢ > C'P, by properties of h
outlined in [37].

Applying Theorem 2.4.4 with F(mx + k) and w(P~!(mx + k)) in place of F(x)
and w(P~1(x)) respectively, we get

Npgw(P,m,k) = cpP~ 2ZZq J(c:m k)1, (c;m, k) (8.4)
c g¢g=1
with
,(c;m, k) Z Z eq(aF(mb+k)+c-b) (8.5)
a(mod q) b(mod q)
and

I,(c:m, k) — / w(P~ (mx + K)h(P~'q, P~2F (mx + K))ey (—c - x)dx.
Substitute y = mx + k in the above integral to get
I,(e;m. k) = m™e,5(c - k)T, (c/m). (8.6)

where [ (c) is defined as in (2.10).
The fact that ¢ € Z* rather than just R* is not needed to prove any of the results
from [37] concerning I,(c), so all of the following results apply with %c in place of c.

We will need these bounds when we combine everything in Section 8.4.

Lemma 8.2.1 ([37, Lemma 13] ). For all N > 0 and ¢ < P it holds that
I,(0) = P*(0c(F,w) + Opwn((a/P)")),

where oo (F,w) is as in (2.6).

Lemma 8.2.2 ([37, Lemma 16]). It holds that

1,(0)
o¢?

<<F,w P4q_j
for 7 =0,1.
Lemma 8.2.3 ([37, Lemma 19]). For ¢ # 0 we have

Iy(e) <pwn Pq e[

for any N > 0.
Lemma 8.2.4 ([37, Lemma 22]). For j = 0,1 it holds that
1,(c) 3te, 1—j|n]—1
B¢ Lpwe P77¢ |7

The main work needed to establish a result is to deal with the sums S,(c;m, k),

which is what we do in the next section.
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8.3 The sum S,(c;m, k)
We seek to prove an asymptotic for the sum
S(X,e,m, k) =Y Sy(c;m, K)emy(c - k), (8.7)
q<X

where the factor e,,,(c - k) is included because of (8.6).
For a fixed value of ¢ write ¢ = uv, where (m,u) = 1 and v|m®. Let a = va, +ua,
and b = uu™b, + v™Wb, in (8.5) to get that

Suu(c;m, k) = S, (TWe;m, k) S, (T e; m, k). (8.8)

Note that if ¢ = 0 this simplifies to 5,(0;m, k) = S,(0;m, k)S,(0;m,k). In other
words, S,(0;m, k) is multiplicative in ¢, which will make this case much easier than

the general case.

The case c =0

As noted above S,(0;m, k) is multiplicative as a function of ¢, and so we can use the
the exact same methods as in [37] to understand the sum - _\ ¢=*5,(0;m, k). The

resulting main term will involve the quantity
op(m,k) = p 8, (0;m, k). (8.9)
s=>0
In much the same way as one can show that the usual p-adic density
o, =Y _p *5,:(0) (8.10)
s=>0
satisfies

o, = lim p~#{x € (Z/p"Z)* : F(x) = 0(mod p")},

V—00

one can show that
op(m, k) = li_}rn p ¥ H#{x € (Z/p’Z)* : F(mx +k) = 0(mod p”)}. (8.11)

If (p,m) = 1t is clear that o,(m, k) = 0, for example one can substitute mx+k — x
in the above.

We remark that for any d satisfying (d, m) =1,
op(m,dk) = o,(m, k), (8.12)
and so in reality o,(m, k) only depends on the projective vector k.
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Lemma 8.3.1. If det M is a square then

>0 84(05m, k) = o (Fym, ) log X + 01 (F,m, k) + Opn o[ X71/279),

<X

where

or(Fomk) = ([ =»)a) ([ = 2oy (m. X)), (8.13)

ptm plm
op(m,k) and o, are as in (8.9) and (8.10) respectively and o (F,m,k) is some con-
stant depending on F', m and k but not on X.
If det M s not a square then

> q7"5,(0;m, k) = L(1,xa)0" (F,m, k) + Opyn, (X 1/2%),

q<X

where

o*(F,m, k) = (JJ(1 = xa@p o) (JJ(1 = xap)pHop(m, k) (8.14)

ptm plm

and o,(m,k) and o, are as above.

Proof. See [37, Lemma 31], which gives a similar statement with S,(0) in place of
Sq(0;m, k). The details are otherwise almost exactly the same, so we do not repeat
them here. N

The case c # 0
If (u,m) =1 it holds that
S, (T We;m, k) = e, (—mv e - k) S, (Mv'We) = e, (—mvWe - k)S,(c),

by the substitution b’ = mb + k in (8.5) and the fact that S,(kc) = S,(c) for
(g,k) = 1. Using this and (8.8) gives

u(C - k/m) Sy (c;m, K) = ey (@™ c - k)S,(c)S, (T e; m, k),

where we also use that
a® + 5 = 1(mod ab)

to write epmuy(C - K)ey(—mo™e - k) = e, (@™ - k).
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We will use this to write the sum over ¢ in (8.7) as a sum over u and v, where
(u,m) =1 and v|m>. We then split the sum into two parts depending on the size of
v, namely S(X,c,m,k) = S5; + 5 with

and

So= > > em(@™ec-k)S,(c)S, (@ e;m, k).

vm>® u<X/v
XV3<vgX

For S, we use the following basic bound.

Lemma 8.3.2. It holds that
SQ(Ca m, k) <<m,A q3'

Proof. This is essentially [37, Lemma 25|, which establishes the bound for S,(c), but
pretty much the exact same proof goes through for S,(c, m, k). O

Taking absolute values and using the lemma gives

152\ <<m,AZ Z ROE gz Z X3 < Z Z X3 Lem x11/3+e

vm>® u<X/v vm> u<X/v v|m™>® < X?2/3
XV3<ugX X13<ugX v<X

For a function f supported only on integers coprime to mv with period mv one

can decompose

flwy=" Y ax(u),

x(mod mv)

Y fl=

z(mod mwv)

where

Using this in 57 we get

Si= Y > ay(vem k) Y x(u)Su(c)

v|moe w< X1/3 x(mod mv) u<X/v

with

Z X(x)emy (xc - k) S, (zc; m, k). (8.15)

z(mod mv)

ay(v,c,m, k) =

¢(muv)

Dealing with the innermost sum over u will be done nearly identically as in [37], the

only difference is the twist by x(u).

121



Lemma 8.3.3. Let x be a Dirichlet character of conductor mv for some v|m®. Then

for any € > 0,

> x()Su(e) = m(Q)E ) (Fm) o+ OLX T e),

u<X

where

o(F,m) = ([Ja—p ™M) (JJA—»7Y). (8.16)

ptm plm

o= p "Su(0)xalp), (8.17)

>0
n(c) =1 4if M~1(c) =0 and 0 otherwise, and £(x) =1 if x = xoxa and 0 otherwise.

Recall that o is the principal character modulo m.

Proof. It M~*(c) # 0 this is just [37, Lemma 28] with the condition |c| < P removed
and the error P replaced by |c|°.

If M~'(c) = 0 this is essentially the same as [37, Lemma 30]. The only real
difference is that if y = xoxa then one gets a main term even when det M is not
a square. Note that in the main term we have used the fact that Sy (c) = S,(0)
whenever M~!(c) =0 and pt A. Indeed,

aF(b)+c-b=aF(b+ (2a)"'M'c) — (4a) ' M*(c)
can be used in the definition of Sy (c). O

Applying Lemma 8.3.3 we now have that S is

> Y awem B (nee)o (Fm) g + OL(X/0) ).

v|moe w< X1/3 x(mod mv)

For the error term we use that
|ax(v,c,m,k)| <<m,A 'U3 (818)
by (8.15) and the bound in Lemma 8.3.2. The error is then bounded above by

Z Om7A7E(U1/2_5X7/2+6|C|6) <<m,A,e X11/3+E|c|6’

v|lmee v X1/3

where we have used that the number of values of v we are summing over is of order

(log X)*(M <, . X, where w(m) is the number of unique prime factors of m.
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If n(c) = 1 and Alm> we might also get a main term. Assume therefore that
A|m®>, such that for at least some v the character x = xoxa appears in the sum.

The main term is then

W (Fm) s Y e m kg

'U|m°°,v§X1/3
Almu

Finally we extend the sum over v to also include values with v > X'/3. By (8.18)

this introduces an error Oy, a (X /3+¢). Combining all of this we thus have

X4
Sy = jn(c)a/(F, m)A(c, m, k) + O (X137,
where we have defined
Ale,mk) = Y s (v,c,m ko (8.19)

v|m> , Almv

Together with the bound on S5 we have thus proved the following.

Lemma 8.3.4. For any e > 0 and c # 0 it holds that
4

S(X,c,m, k) = in(c)a’(F, m)A(c, m, k) + Opa (X34 c[9).
Remark. One can in fact evaluate a, (v, c,m, k) by factoring v and m into separate
prime factors and using standard results on Gauss sums. However, the resulting
expressions do not seem very enlightening, and the dependence on c is particularly
nasty. In proving our main theorem we will eventually need to sum an expression
involving 7(c)A(c, m, k) over ¢ # 0, and here we were not able to use the closed form
of a, (v, c,m, k) and A(c, m, k) in any meaningful sense. Because computing a closed

form expression is a fairly long and technical computation we thus omit it here.
Finally, we record the following transformation property for A(c,m, k).
Lemma 8.3.5. Let (d,m) = 1. Then
A(c,m,dk) = xa(d)A(c,m, k).
Proof. By (8.15) and (8.5) we have that a, (v, c,m, k) is

Z Z Z x)emp(ze - (mb +k))e, (aF (mb + k)).

z(mod mv)a(mod v) b(mod v)

If (d,m) = 1 we can make the substitutions db + b, x — dz and a — d*a to get
ay(v,c,m,k) = x(d)ay(v,c,m,dk). Inserting this into (8.19) then gives the result.
O
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8.4 Proof of main results

We are now ready to prove our main results. Assume first that det M is a square.
The proof of Theorem 8.1.1 is exactly the same as the proof of [37, Theorem 7],
except that the main term comes from Lemma 8.3.1 instead of an analogous result for
> 4<x 4 54(0), and similarly one needs to use Lemma 8.3.4 instead of an analogous
result for 37 9,(c) to achieve the term of order P. Note that by (8.18), A(c,m, k)
can be bounded above by O,,(1) uniformly in ¢, and so showing convergence of the
sum over ¢ # 0 can be done exactly as before.

When det M is not a square the proof is essentially just a combination of the
proofs of [37, theorems 6 & 7]. As usual ¢ = 0 in (8.4) gives rise to a term of order
P?, but unlike in Theorem 2.4.2 the terms with ¢ # 0 also contribute something of
order P?, in the same way that one gets a secondary term of order P? in the case
where det M is a square. As this is the most interesting case we repeat a rough sketch
of the proofs in [37].

Sketch of proof of Theorem 8.1.2. Using lemmas 8.2.2 and 8.3.1 and the identity (8.6)
we have by partial summation (Lemma 2.1.2) that
Z g *8,(0;m, k) I,(0;m, k) K pupme PPR™YE
R<q<2R
Since 1,(0) = 0 for ¢ > P this then gives that
> a8, (0;m, k) 1 (0;m, K) K pam.e P77
q>Pl-¢
For ¢ < P'™¢, lemmas 8.2.1 and 8.3.1 give that
Z q*S,(0;m, k) 1,(0;m, k) = 000 (F,w)L(1,xa)0*(F,m,k)m *P*
q<pPl=e
+OF,w,m,E<P7/2+€)-

Lemmas 8.2.3 and 8.3.2 together with the fact that I,(c) is supported only for

q < P gives
Z Zq C m k [ (C,m,k) <<F7u)7m75 1
le|>Pe g=1
For |c|] < P¢ and ¢ # 0 we use partial summation (Lemma 2.1.2) together with
Lemma 8.2.4 and Lemma 8.3.4 to get
Z q emg(c - k)S,(c;m, k), (c/m)
R<g<2R
2R

— n(e)o’(F,m)A(c, m, ) / £V (¢ /m)dt + O o (PPRY).
R
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Summing over all ¢ and using that [,(c) = 0 for ¢ > P we then get
> g emq(c - k)S,(c;m, k) I, (c/m)
qg=1

= U(C)J’(F, m)A(C, m, k) / t_llt(C/m)dt + OF,w,m,e(Pll/3+2€)
0
for any ¢ # 0. Now we define
I}(c) = P~'Lp(c),

which does not depend on P. The last integral above is then P*o (F,w,c/m), where

we have defined -
Ooo(F,w, c) = / r ¥ (c)dr.
0
The convergence of this is shown in [37], but we do not repeat the argument here. In
fact it holds that
Ooo(F,w, ) <pwn le|™
for any NV > 0. For the main term we may therefore extend the sum ), <le<pe to all
¢ # 0, which upon plugging everything into (8.4) finally gives us that
Npw(P;m, k) =m~*P* (a’(F, m) > " n(c)A(c, m, K)ow (F,w, c/m)
c#0
+ OOO(Fv U})L(]_, XA)U*(F7 ma k)) + OE,F,w,m(P5/3+€)7
where we have redefined €. By defining
7(Fw,m, k) = o' (F,m) Y n(c)A(c,m,k)ow(F,w, c/m)
c#0

we then have the required asymptotic expression.

Finally, A(c,m,k) = 0 whenever A { m*, and so the same holds for 7(F, w, m, k).
Lemma 8.3.5 gives that 7(F,w,m,dk) = xa(d)7(F,w,m,k) for any d satisfying
(m,d) = 1. O
Proof of Corollary 8.1.53. For the first part of the corollary we just need that for
(m,d) = 1 it holds that o*(F, m,dk) = o*(F, m,k) by (8.12), together with the fact
that 7(F, w, m,dk) = xa(d)7(F,w, m,k).

For the second part of the corollary we simply use

T7(F,w,m,dk) = xa(d)T(F,w, m,k),

together with the fact that xa(d) = —1 for exactly half of the values d € (Z/mZ)*
when A|m>. Here we also use that A # 1,2, as for squarefree D the quadratic

character (£) has conductor |D| or 4|D|, and so A = 2 will never occur. O
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Remark. Now that we have the precise definition of 7(F,w, m, k) it should be clear
what causes the difficulty in analysing it. In particular we see that in addition to
understanding A(c, m, k) one needs to say something more about o, (F,w,c), a feat

that also would tell us something about oy (F,w) in Theorem 2.4.2.

8.5 Examples

We begin by noting that the second result of Corollary 8.1.3 implies a similar result
for lelflium(P; m, k). Indeed, by the corollary and (8.3) we get that

>t NPV (Pim, dk) f: U Npo(P/lm, dI"™k)
= d

d(mod m) (mod m)

=CP (DI + Op e (P5/3+6)

(I,m)=1

P2 + OF,w,m,e(P5/3+e)7

N L(27 XO)
where C = o (F,w)L(1,xa)o*(F,m,k)¢(m)m~*. Note that we have used that
o*(F,m, k) is unchanged when k is multiplied by [ € (Z/mZ)*.

From the first part of Corollary 8.1.3 together with (8.3) we also get that

NEI(P;m, k) — NP (P;m, dk) = Oy c(PP/35)

whenever ya(d) = 1.
If we know that N}‘;,r;m(P;m,k) = 0 for some value of k, as will be the case in

both examples, we then get the following.

Proposition 8.5.1. Assume that A|m®™, that F' has a non-square determinant and
that Ngim(P; m,k) =0. Then for (d,m) =1 and any € > 0 it holds that

rim 07 Zf XA<d) - 1
Niy' (Pim, dk) = {LJ (F,w)L(1,xa)o*(F,m,k)m™*P?, if xa(d) = -1
L(2,x0) "\ » XA » 11y ’ XA o
+ OF,w,m,e(P5/3+6)

and

Nrw(Pym, dk) =00 (F,w) L(1, xa)o™ (F,m, k)m ™ P? (1 - xAu)%)

+ OF,w,m,e(P5/3+€)-
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Proof. The first part follows by the above discussion and the fact that xa(d) =1 for
exactly half the values of d € (Z/mZ)*.
For the second part we use (8.2) to get

New(Pimodk) = S NE(P/1,m, dl ™ k)

(I,m)=1

1 1
=GP Y GHGP Y 4 Opun (PP,

I:xoxa (D=1 Lxoxa(l)=-1

where if xa(d) = 1 we have C; = 0 and Cy = 20 (F,w)L(1, xa)o*(F,m,k)m~*, and

otherwise C'; and (' swap roles. Finally,

S =g Y () ¢y = HE) E LX)

2
I:xoxa())=1 (I,m)=1

with a similar expression for lexom:_l [2, finishing the proof. O

Example 1. As in the introduction, let
F(x) = 22 — pqx3 — w314,

let p = ¢ = 1(mod 8) be odd primes and take k such that (%) =1 and (%) = —1.
Set m = pq and k = (k,0, k, k). As shown in the introduction we know that

NP (P;m, k) =0,
and so Proposition 8.5.1 is applicable.

Example 2. As a second example, set m =4, k = (0, 3,3,3) and
F(x) = 27 + 25 — 1324

Furthermore, let w be a smooth weight function which satisfies supp(w) C (0, 00)?.
Assume that x is a primitive solution to F(x) = 0 with x = k(mod m) and let p|zs
be an odd prime. Then x7 + 22 = 0(mod p), and as z, o are positive this implies
that p = 1(mod 4) or p|x; and p|zy. In the second case, as x is primitive we get p?|xs.
In this way one can show that any prime p = 3(mod 4) divides x5 to an even power,
contradicting the fact that z3 = 3(mod 4), and so there are no primitive solutions.

Proposition 8.5.1 is thus applicable also in this case.
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Example 3 ([9, 10]). Let
F(x) = o] + 4723 — 10323 — 17 - 47 - 10327,

As mentioned in the introduction, Bright shows that for any k, satisfying F'(ko) =
0(mod 17), (8.1) fails to have primitive solutions with k = akg for at least half of the
values a € (Z/17Z)*. Combining this with Proposition 8.5.1 then shows that in fact
(8.1) has primitive solutions for exactly half of the possible values of a, these being

either all the quadratic residues or all the quadratic non-residues.
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Appendix A

A colouring of Z/p"Z

In [15] Csikvari, Gyarmati and Sérkozy give a counterexample showing that the equa-
tion

r+y=2% vy, 2 not all equal (A.1)
is not partition regular over N. In this chapter we show how this construction can be

slightly modified to give a counterexample also over Z/qZ, where ¢ = p™ and p is a

prime. The number of colours used will depend on p but not on n.

Theorem A.1l. Let ¢ = p”, with p > 2 a fixed prime and n € N. Then for any
such n there is a colouring using 4(p — 1) colours such that (A.1) has no non-trivial

monochromatic solutions in Z/qZ.

Proof. We note that the counterexample given in [15] is a 5-adic construction. The
changes that need to be made in Z/qZ are to replace 5 by p and to make sure that
the “wrap-around” in Z/qZ is taken care of.

We now define the colouring. For x € Z/qZ, write x = m(z)p”® + a(z) where
a(r) € {0,1,...,p— 1}, p { m(x) and m(z)p*® + a(x) € {0,1,...,p" —1}. The

colourclasses are defined by

Ai={2€Z/ql:a(x)=1i} fori=1,3,4,...,p—1,

B; ={z € Z/qZ : a(z) = 0,m(z) = i(mod p), w(x) = 2**(2v+ 1),u,v € Zzo}
fori=1,2,...,p—1,

Ci={x €Z/qZ : a(z) = 0,m(z) = i(mod p),w(z) = 2*T"(2v+ 1),u,v € Zzo}
fori=1,2,...,p—1,

D; ={z €Z/qZ : a(x) = 2,m(z) = i(mod p),w(z) > 1}, fori=1,2,...,p—1,
&= 1{0,2},
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which is a 4(p — 1)-colouring of Z/qZ. We now show that none of the colour classes

contain a solution to (A.1).

Case A; Let x,y,z € A;. Note that z + y = 2i(mod p) and z? = i%(mod p), such
that z +y # 2%(mod p), and thus = + y # 2%(mod ¢), provided i # 0, 2.

Case B; Let x,y,z € A;. Write w(a) = 2244 (2v(a) + 1) for a € B;. We have that

22 = m(z)2p22u(z)“(20(2)+1)_
From here we consider two cases.
e If w(z) = w(y) then
z+y = (m(z) +my))p>" " @+,

and since p is odd we have m(z)+m(y) = 2i # 0(mod p), so x+y # 0(mod p").
Thus we can assume 2w(z) < n, such that also 2% # 0(mod p™). But now = +y

and 22 are divisible by different powers of p, which shows x +y # 2.
o If w(z) # w(y) assume without loss of generality that w(x) > w(y), such that
z+y = (m(x)p* @Y +m(y))p* ),
but again m(z)p*@~*® + m(y) = i #Z 0(mod p), and so x + y and 22 are

divisible by different powers of p.

Case C; This case is treated almost exactly the same as case B;.

Case D; Let z,y,2z € D;. We have 22 = (m(2)?p®®) + 4m(2))p?®) + 4, w(z) < n
and m(2)%p**) +4m(z) = 4i # 0(mod p), so in particular 22 — 4 # 0(mod p"). Again

we consider two cases.
o If w(z) = w(y) we have
x4y = (m(z)+my))p"® + 4.

Comparing with 22, subtracting 4 and cancelling as many powers of p as possible
we see that w(x) = w(z) and in particular m(z) + m(y) = 4m(z)(mod p), but
since 2i # 4i(mod p) this cannot hold.
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o If w(z) # w(y) assume without loss of generality that w(x) > w(y), so that
x4y = (m(@)p” Y 4 m(y)p® + 4.

4w(z)(mod p), which is not

Doing the same as before we now get w(y)

possible.

Case £ This colour class clearly only contains the trivial solutions 0 4+ 0 = 0? and
2 + 2 = 22, which are not counted. O
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Appendix B

Monochromatic solutions to r +y a
square in 7Z/qZ

Introduction

The aim of this appendix is to prove the following theorem.

Theorem B.1. Let Z/qZ be k-coloured. Then there is a colour class with >y |S(q)|q
tuples x,y such that the sum x 4y is a quadratic residue modulo q, where S(q) is the

set of quadratic residues modulo q.

In [42] Khalfalah—Szemerédi prove a similar statement over N, namely that any
k-colouring of N will have monochromatic x,y such that x + y is a perfect square.
The proof of Theorem B.1 is just their proof adapted to the modular case.

The outline of the proof is roughly as follows. Let

M= 1] » (B.1)
p prime< P

where P is some large prime that will be chosen in terms of k. We then restrict
ourselves to solutions to

r+1y = 2*(mod q)

of the form

x=16M2z" +2
y=16My" +2
z2=4Mz + 2,

If {A;}%_ is the k colouring of Z/qZ this induces a colouring { B;}*_, of Z/q'Z, where
q

q = CNT] and

B;={2' €Z/¢d7Z :16Mz' +2 € A;}. (B.2)
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Let B be the largest induced colour class. We are then aiming to prove that
#{(z,y) € B> : 2 +y= Mz*+ z for some z € Z/q'Z} > |S(¢)|d.

As ¢’ >, q this last quantity is > |S(¢)|g, and so we will have found the required
number of monochromatic solutions to the original problem.

We note that the only property about B that we use is that |B| > ¢/. This means
that we could just as well prove the following slightly stronger version of Theorem
B.1.

Theorem B.2. There is a constant n, > 0 which satisfies the following.
Let A C Z/qZ satisfying |A| = (1 — ng)q be k-coloured. Then there is a colour
class with > |S(q)|q tuples x,y such that the sum x+7vy is a quadratic residue modulo

q, where S(q) is the set of quadratic residues modulo q.

To prove Theorem B.2, note that ¢’ > 7, and so if 7, < ?)ZLM we get that the
induced colouring (B.2) covers at least half of Z/¢'Z, such that the largest induced
colour class B satisfies |B| > 5-¢'. The rest of the proof is identical to the proof of
Theorem B.1.

We will make use of the sets
S(q) = {z*(mod q) : z € Z/qZ}

and

S(q; M) = {Mz*+ z(mod q) : 2 € Z/qZ}.

In the next section we will record some basic facts about these sets, before giving the
proof of Theorem B.1.

Notation: If X C Z/qZ and a € 7Z/qZ we will write aX = {ax : z € X} and
X+a={r+a:2e€ X}. If (a,q) =1 we write @ for the multiplicative inverse of a
in (Z/qZ)*. The modulus g will be clear from context.

Squares modulo p“

Counsider the sum
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for some a € Z/qZ. For any x € S(q; M) we can write z = Mz? + z for some z.
Expressing z = 21 [ [, pi" + 22 [ [0 P + -+ 2a [ [2q P where z; € Z/p{"Z we see

that this sum factorizes as

Z eq(ax) = H Z eyoi(az),
(v;

zeS(q¢; M) i=1 g8 M;)

where M; = M []. i pj As these are the type of sums we will be interested in, we
specialise to prime powers from now on. The next two lemmas show how to sum over
the set S(p®; M) in the case p|M and the case (p, M) = 1.

Lemma B.3. Let p be a prime and let p|M. Then S(p*; M) = 7/p*Z.

Proof. 1f this were not the case there must be some z,w € Z/p*Z, z # w, such that
Mz*+2z = Mw?+w(mod p®). This is the same as (z—w)(1+ M (z+w)) = 0(mod p®).
But since p|M the second factor is not divisible by p, and so z — w = 0(mod p*), a

contradiction. ]

Lemma B.4. Let p > 2 be a prime, and let (p, M) = 1. Then S(p*; M) = MS(p*) —

4M,
[a/2]-1
Z epe (@ ):—ep —4M) Z Z epa—2s(Maz?) + 1,
€S (p™; M) =0 z(mod p>—28)
and consequently
1pa _ poz—2|'a/2'\
SpY M) =|5pY)|=z-————+1.

Proof. Write M 2%+ z = M(z +2M)? — 4M, where an overline indicates the inverse
modulo p®. This shows that if # runs over S(p®), Mz will run over S(p®; M) — 4M,
and so S(p%; M) = MS(p®) — 4M.

For a nonzero element x € Z/qZ, write x = ap®, where (a,p) = 1. Then z is a
quadratic residue if and only if a is a quadratic residue mod p and g = 2/’ is even
[36, Chapter 8.3]. If this is the case there are exactly two values z € (Z/p®~PZ)* such
that (2p”)? = ap®(mod p®). This means that if we sum over such values of 5’ and z
we will count all squares twice. Finally we need to include the square 0, which gives

the expression in the lemma.
m
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Proof of Theorem B.1

For notational simplicity we will use ¢ instead of ¢’. The number of z,y in Z/qZ such
that = +y € S(q; M) is given by ¢* times
E, yez/qzlsgmn(z +y)lp(z)15(y).

This can be rewritten as

Y Tsean(—6)T5(6)*

§EZ/qL
The term & = 0 gives

—

Lsg:n(0)15(0)* = ¢~*|S(g; M)||BJ,

which will be the main term. For the other values of £ we have

1S Totaan (—)T5(6)?| < sup |Tsigan (€ |Z\13 sup\@m
€20 &40 &40

where the last inequality follows from Parseval’s identity.

Referring to the discussion in the last section we see that if ¢ = H?Zl p;* then

d
&) = 1sprean (©), (B.3)
=1

where M; = M ][, p;’. Here we take 15/(17;:4) (€) to be the Fourier transform over
Z/p*Z instead of over Z/qZ. We believe that this abuse of notation should not cause
any confusion, as if A is defined as a subset of G then 1,4 is always taken to be the

Fourier transform over G.

Lemma B.5. If p|M and & # 0(mod p*) then

—

1S(pa;M) (g) = 0.

Proof. This is a direct consequence of Lemma B.3 and the fact that

E e(—&x) = 0.

Lemma B.6. Let (p, M) =1 and (§,p*) = p? with v < «. Then
[T, (an) (€)] < CP7Y|Spa (M) |p=®

where C' 1s some absolute constant not depending on M and q, and P is the prime

appearing in the definition (B.1).
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Proof. Applying Lemma B.4 gives

| fo21-1
p 15(p M Z po— 25 M§Z2) +1
z(mod p*— 23)
f%W‘l
p? Z Y epaman (—ME'Z?)
B=0 z(mod p>—28-7)
1pa—2 "?—I _ poa—2|'a/2-\

- 1
+5 e +1,

where we write £ = &'p?. For the remaining sum over z we have

‘ Z* epa—Qﬁ—w(—M€/Z2)|

z(mod p>—26-7)

< | Z epa-25— (—ME'Z%)| + | Z epa—2s——1(—pME'2?)|

z(mod p*—268-7) z(mod p>—28-7-1)

where we use the standard Gauss sum estimate 2.1.3.
This in turn gives
win 1 —pl 2] 1pe2[% ] pay-2las2]

P senn(§)] <p 2 - t3 - + 1.

Comparing this with the size of S(p®; M) given in Lemma B.4, and using that o —~ >
1, we get that this is < Cp~ /2 for some absolute constant C. Finally we use that
p1M,ie. p> P, to finish the proof. O

Proof of Theorem B.1. If £ # 0(mod q) there is some ¢ such that pf t & Write
(&,pl) = p/. If v = 0, Lemma B.5 gives that 13/“:4)(5) = 0, and thus also
@) (§) =0 by (B.3). If v > 1, we can apply Lemma B.6 together with the trivial
bound 15( i (&) <P ~%9|S(p;’; M;)| for j # i, to get that

I Tstan(€)] < CP2¢7"|S(g; M)|.

Combining these bounds, the fact that |B| > %q and choosing P > we get that

4k:4’

1 1

which completes the proof.
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Appendix C

Some smooth cutoff functions

In the main body of Chapter 4 we required various smooth cutoff functions to (char-
acteristic functions of) discrete intervals, balls in the torus T¢ and Bohr sets. In this
appendix we prove the existence of functions with the required properties.

It is convenient to have a C*°-function f : R — [0, 1] with Supp(f) C [—1, 1] and

[ f(z)dx = 1. Such a function can be constructed with a “trick”, for example defining

f(x) = Cexp(z—) for an appropriate constant C' (for a very elegant analysis of this,
see [6, Lemma 9]), or by convolving an infinite sequence of normalised characteristic
functions of intervals [—£;, {;] with >, ¢; < 1.

Let g : R — R be any compactly supported C* function (for example, f). Then,
since the Mth derivative ¢ is continuous and supported on [—1,1], we have the

bound [[g™)]|, = O (1). By integration by parts this leads to the standard bound
19(§)] <ar min(1, ¢]7) (C.1)
for ¢ € R, where here g(§) = [, g(z)e(—&x)da.

Lemma C.1. Let N € N. There is a function ¢ = 1y : N — [0, 00) with (n) =1
for N < n < 2N and |||, = O(1) (uniformly in N), where the Fourier transform
O(t) is defined to be Yo b(n)e(—tn) fort e T.

Proof. (Sketch.) Define first a function g : R — R via g = 1o g * f. It is easy to
check that g is C*°, compactly supported, and that g(z) = 1 for = € [1,2]. We may

then define ¥(n) := g(n/N). By the Poisson summation formula we have
V(0) = N> G(N(k+0)),
keZ

and so

9 < N [ @Vlda= [l

o0
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where the ¢! norm on the right is taken on R. The bound ||g||; = O(1) follows quickly
by taking M =2 in (C.1).

Alternatively, one may take 1 to be a de la Vallée Poussin type kernel as in the
below figure and proceed quite explicitly using the fact that this is a difference of two

Fejér kernels. Details may be found in [41, Section 1.2]. ]

|
[ 1

|
1
N 2N 3N

Figure C.1: de la Vallée Poussin kernel.

Suppose now that ¢ > 0 and that d € N. Let us define f. : T — [0,00) by

fo(x) = (2¢)7¢ H?Zl f(Z;/€), where T is the unique element of (—3, 1] mapping to z

under the natural projection. Note that [, fc(z)dz = 1.

Lemma C.2. There is a majorant ¥ and a minorant - to the ball B.(0) in T?

satisfying

1. 2 < (2e)7 [LapE(t)dt < 2 and

2. Yrezapoy [PE@)[[rll = Oca(1).

Proof. We construct ¢. The construction of ¢ is very similar and is left to the
reader. Set € :=¢/10d. For z € T¢ set

v (x) = 1p,, ) * fe(z) = e (z —y)ls_, .0 (v)dy.
T

Since f. is supported on By (0), ¢¥*(z) = 1 for x € B.(0), and in particular ¢ is a
majorant to the ball B.(0).
Moreover 1, is bounded pointwise by 1 and is supported on B,y (0), whence

6/

GO < pna( B (0) = (L S)1(20)" < 20200

Thus (1) is satisfied.
Next we turn to point (2). Suppose that r € Z4\ {0}. Write r = (ry,...,74),
and assume without loss of generality that |r| = ||r||lw. Performing M integration

by parts in the integral
G = [ vl (@)e(—w 1)
Td
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with respect to x1, to get that

1 Mt (x)
(—2mir))M oz

U (r) =

e(—z-r)dr <caum ||r]|”

for any M € N (this is essentially the same bound as (C.1)). The ¢! and ¢* norms

of r are comparable up to factors of Oy(1), and hence
Do E@Ilelh <ean Y el
rezd\ {0} rezd\ {0}
Taking M = d+2, it is easy to see that the sum on the right converges and is bounded
by Od<1). [

Finally we turn to the most complicated of our constructions, a smooth approxi-

mant for the Bohr-type set X considered in Section 4.5.

Lemma C.3. Let 0 < € <e<1,d,g €N,z €R and 0,z € T¢. Then there is an
A = A(e, €,d, q) with the following property. Suppose that N is sufficiently large in
terms of €,€,d,q, A. Set

X ={neN:n=u(mod q), |% — x|, |0 — 2|l < €}

and

X ={neN:n=u(mod q) —z|, |on — z||lta < e —€}.

| n
N
Suppose that € < €/10d and 6 is (A, N)-irrational. Then there ezists a function x
satisfying

1. 1x_(n) < x(n) < 1x(n) for all n;

2. |IXllh = Ocerq,4(1) and

3. Y0, x(n) > 1(2e/1g N

Proof. Let g : R — [0,00) be a C* function with g(t) = 1 for |t — x| < e — ¢
and ¢g(t) = 0 for |t — x| > €. Such a function can be obtained by convolving the
characteristic function of the interval {¢ : [t — x| < € — 3¢’} with the function 2 f ().

Define a function h : T¢ — [0, c0) by

h = fe,/Q * 1B€,€//2(Z)'

Now define
n
X(n) := g(5)0n) Lnzu(mod o)-
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The relevant support properties (1) may be easily checked. Turning to point (2), we

begin by noting the expansion

_ (n—u)s
1n5u(m0d 9 — 4 ! Z 6(—)

SEL/qZ q
This implies that
us s
Xt)=q¢! e(——)g(=)h(0-)(t + —).
(t) > el q)(N)()( q)

Therefore in order to establish (2) it suffices to prove that

Q(NVL(Q) = Oe,e’,d(l)'

1

‘ ‘ —

Fourier expanding h and applying Poisson summation, we have

/\

9( }:g (—tn)
—Zg Zh )n)
_NZh Z N(t+k—r-0)).

kEZ

Thus

||g< ||1<N2\h ) / G(Nu)ldu = G101,

where here the ¢! norms are on Z¢ and R respectively.
That ||g]|; < 1 follows immediately from (C.1) with M = 2.

By essentially the same reasoning used in the proof of Lemma C.2 we have

2 (r)] <eoan ]|

Taking M = d + 1 we obtain
[h]l1 = Ocer,a(1).

Putting these facts together completes the proof of (C.3) and hence of (2).

(C.3)

(C.5)

It remains to verify (3). Note that we have not yet used the irrationality of 6.

From (C.2) we have



y (C.4), it follows that

Yxm) =N Y Y S e~ N(§+k—r~0)). (C.6)

reZd s€Z/qZ kel
The contribution from r =0, s =0, k = 0is N¢~'(fpa h) ([ g)- Since € < ¢/10d
we have [, h > pipa(Be_e(0)) > 0.9(2¢)?, and evidently [, g > 2(e — €¢/) > 0.9(2e).
Thus the contribution from this term is > 3(2¢)*¢~'N. To complete the proof of

(3) it suffices to show that the contribution of the other terms to (C.6) is at most
1(2€)*"¢7' N, to which end it is enough to show that

> X Y RmIGNC + ko) <

reZd s€/qZ kel

(2¢)2+1, (C.7)

=~ =

where the sum omits the termr =0, s =0, k = 0.
By (C.5) (with M = d+1) and (C.1) (with M = 2), the left hand side is bounded
by
Ocea1) Y > > min(1, [[r| ™) min(1, N 2|k+5 r-672). (C.8)

reZ4 s€Z/qZ kEZ

If 0 < |Ir|ly < A/q then it follows from the fact that 6 is (A, N)-irrational that
k+2—10] > qAN (no matter the value of s or k). The same is trivially true when
r = 0, provided that not both of s,k are zero and that N is sufficiently large. In
the inner sum over k in (C.8), the contribution from all but at most one term is
< N3 ooy Im™? < N72, and so when |[rf; < A/q the inner sum over k is
< 1‘51—22 + N—2, which is < ¢?/A? if N is big enough. Therefore

Z Z mel [r)|~*") min(1, N~ 2|]§_|___r 6)~2)

rcZd S€Z/qZ kEL
Ir[[<A/q

3
4q —d— _
< lrl T < A

All other terms in (C.8) have ||r|| > ?. Using the trivial bound

Zmin(l,N‘QUi‘ + 2 6]7%) <« 1,
q

keZ

the contribution from these is bounded by

Oucera(l) D ™ agewrg A7

Irli=A/q
Putting all of this together shows that (C.8) is bounded by Oy 4(A™!), and so (C.7)
does indeed hold if A is large enough as a function of €, €, d, q. n
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Appendix D

Restriction estimates and counting
estimates for kth powers

Unrestricted counting and mean value estimates

Definition D.1 (R-smooth numbers). We say that a positive integer is R-smooth if

all of its prime divisors are at most R.

Lemma D.2. There are at most 10¥ NM~'/? elements of [N] divisible by a w-smooth

number greater than M.

Proof. Tt follows from Rankin’s trick that the number of integers in [N] divisible by

a w-smooth number exceeding M is at most

N N 1/2 B 1
Y on< X () et (14

. m>M m is w-smooth p<w
m is w-smooth

The result follows on noting that 1 + p1/+,1 < 10. [

The following is a known consequence of Bourgain—Demeter—Guth [8].

Lemma D.3. Let ¢1,...,¢s € Z\ {0} with s > W(k), where W(2) =5, W(3) =38
and

W(k)y=k -1 (k=>4).

Then for large N we have

#{x € [N]*: iczxf = 0} < N5V,

i=1
Moreover, if Y, ; ¢; = 0 for some I # 0 then we have

s

#{x e [N]*: Zc,xf = 0} > N°F,

i=1
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One proves this using the circle method [66], imitating [71, Theorem 4.1] if k£ >
=0
for some I # (), leading to the lower bound. For k = 2, the result was known to Hardy

see also [13, pages 4-5]. The local solubility conditions are certainly met if ) ., ¢;

and Littlewood. In an influential paper, Kloosterman [43] opened with a discussion of
this, then adapted the Hardy—-Littlewood method to address the quaternary problem.
For k = 3 there is Vaughan’s breakthrough result [65].

We also need the following bounded restriction inequality.

Lemma D.4. If p > k? is a real number and f : [N] — [0,1] then

/’Zf ‘da<<pNPk

Proof. When k = 2 this follows quickly from [7, Eq. (4.1)]. We now assume that k > 3,
and write 2t for the greatest even integer less than or equal to k2. by orthogonality

and Lemma D.3, we have

/‘Zf é#{(x,y)G[N]tx [N]tzzxfzzylk} < N2k,

n<N i<t i<t

The trivial estimate ‘anN f(n)e(omk)‘ < N completes the proof. O
Finally we need an upper bound on the number of trivial solutions.

Lemma D.5. Let ¢y, ...,cs € Z\ {0} with s > k* + 1. Then

#{1‘ € [N]*: Zczxf =0 and z; = x; for some i 74]} Lee Ne—h=3+e,

=1

Proof. By the union bound, it suffices to prove an estimate of this shape for the

number of solutions with x,_; = z5. In this case we are estimating

s—2
#{x €[NP Zczl’f + (Com1 +5)ah | = O}'

i=1

It may be that ¢,_; + ¢; = 0, so we estimate the contribution from the x,_; variables

trivially. Using orthogonality and Holder’s inequality we are therefore reduced to

260672,

n<N

showing that
dOé <, stlfkf%%»e.
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When s — 2 > k? this follows from Lemma D.4. When s — 2 < k? we apply Holder’s
inequality to deduce that

/T];Ve(ank) o < (/T];Ve(ank)

When k > 3 the latter inequality follows without the N¢ factor by employing Lemma
D.3. When k = 2 the estimate is classical, and recorded for instance in [7, Eq. (1.9)].

Finally we observe that

2

k2 ‘516;2 oo
da < N2 e

242> 4 Mol —p g9

A generalised von Neumann lemma

Recall the notion of p-restriction introduced in Definition 6.4.4.

Lemma D.6. Let vy, : [N] — [0,00). If both vy and ve satisfy a p-restriction

estimate with constant K, then so does v + 1.

Proof. Let |¢| < 1141y Then ¢ =1 x 0, where ¢ : [N] — [0, 00) satisfies ¥ < vy + 15
and 0 : [N] — C satisfies |0] < 1. Put ¢y := min {9, 1} and ¢ := ¢ —1);. On setting
¢; = 0, we have ¢ = @1 + ¢ with |¢;| < v;. Applying the triangle inequality and

restriction estimates for each v; gives

o1, < llénll, + ll¢2ll,
< (K/N) P (llly + el

Positivity gives that |[v1 ||, + ||v2|l; = ||v1 + 12]|;, and the result then follows on taking

pth powers. O

Lemma D.7. Let ¢1,...,cs € Z\ {0}, 6 € (0,1) and suppose that vy, ... ,vs: [N] —
[0,00) each satisfy a (s — §)-restriction estimate with constant K. Then for any

|fil < v; we have

K )

min

fl(xl)_._f5($8> <
Sy

||V1||1 ||VSH1

i

[villy

(D.1)

c-x=0 o0
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Proof. We prove the upper bound with ¢ = 1, the remaining cases following by re-

labeling indices. Let p = s — d. by orthogonality and Hoélder’s inequality, we have

‘Z fi(zy) -+ fs(zg)| = ‘Aﬁ(cla)---ﬁ(csa)da‘ < A‘ﬁ(ela)-~-ﬁ(csa) da

c-x=0

< IANNANL N2, 1A,

Inequality (D.1) then follows from our p-restriction assumption. ]

Lemma D.8 (Generalised von Neumann). Let ¢y,...,cs € Z\ {0}, 6 € (0,1) and
suppose that v, p; = [N] — [0,00) each satisfy a (s — §)-restriction estimate with
constant K. Then for any |f;| < v; and |g;| < p; we have

> (ﬁ(m) EFACS A ___g8<xs>)|

So \Mally vl lpaally sl
< sK ‘ fi gi °
< — max — .
Nl (el s
Proof. Let p=s— 9. By Lemma D.6, the weight
Vi 4 Hi
lwilly [l
satisfies a p-restriction estimate with constant K and majorises the difference
Ji G
lvilly el

Observing that this weight has L' norm equal to two, the lemma follows on applying

the telescoping identity

S

al---as—bl---bs:Z(ai—bi)Haijj,

=1 7<i j>t

together with Lemma D.7. O

Pointwise exponential sum estimates

The primary objective of this section is to establish Fourier decay (Lemma 6.5.3).

Define (Wr e g
S(q,a) = Z 6(2. T o )

r mod ¢

and
be
19) = [ e(d2)a,
0
where W is defined by (6.15) and ¢ is as in (6.22).

148



Lemma D.9. Suppose ¢ € N, a € Z and ||qa|| = |qov — al. Then
-~ - k=1
v(a) =q 'S(q.a)l(a —a/q) + O((XW)F (¢ + X[lqal)))-

Proof. Observe that
(Wy+&"F — ¢
EW
is a polynomial in y with integer coefficients. With § = a — a/q, we compute that

P(0) = 3y + & te(o UL

y<Y
k _ ¢k
_ Ee(g . (Wr ‘;Iizv 5 ) Zy_ Qb(.flf),

where

8(r) = (Wigr+ 1) + ) (s HET 287y

As in the proof of [11, Lemma 5.1, we apply Euler-Maclaurin summation (Lemma
2.1.1). This gives

(Y—r)/aq
> e = [ et

- r/q
_reagYor
<TSTy

Y
+ Ol oo ((=r/a,0v—r)fa) + E||¢'||L°°([fr/q,(yfr>/q1>)
Y=r)/a 1
_ / oD O(XW)'F (14 X10).
e

For the main term we make the change of variables

(W(gt +7)+ &) —¢&*

kW
giving
(Y—r)/q X+O0(X/Y)
[ ewa=at | e(82)dz = ¢~ (1(8) + O(X/Y)).
—r/q 0
Therefore
ST bla) =g (B) + O((XW)'T (1+X|8])).

and so

P(a) = ¢7'S(q,)I( — a/q) + O(XW)'F (g + X lqal)).
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Next, we make a Hardy-Littlewood dissection. For ¢ € N and a € Z, let 9M(q, a)
be the set of @ € T such that |o — a/q| < Q/X, where

1
= 100
Let 9t(q) be the union of the sets M(q, a) over integers a such that (a,q) = 1, and
let M be the union of the sets M(q) over ¢ < Q. Put m = T\ M. By identifying T

with a unit interval, we may write

Q=Y" &

q—1
Mg) = |J Mg )
()21

Lemma D.10. If a € m then D(a) < XY 72",

Proof. Let a € m. by partial summation

D(a) < (WY)* " sup |g(e, T)),

T<Y

where

g(a,T) = ;e<a<wy —Z;Iiik _£k>.

Put v = W*la/k and, by Dirichlet’s approximation theorem (Lemma 2.1.5), choose

relatively prime integers r, a such that
I<r<X/Q,  |ry—al <Q/X.

Now Weyl’s inequality (Lemma 2.1.6) yields

g(a,T) < TH(r T 4T F)2 "
With ¢ = rW*=1/k we have |a —a/q| < |[ga —a| < Q/X, s0 as a ¢ M we must have
g>Q, and so r > kQW'*. Now
1 Wkt X

- <
r T RQ S QTR

and so

21—k

1 X
T T1+6 = i

21—k

<< T1721_k+6 + T17k21—k+6 (Wk_lyk’>

Q
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As T <Y and Y is large compared to w = w(d, M), we obtain
g(Oé, T) < Yl—mQ*k

Therefore
D) <« WhIyh=r2™" « xy 2"

O
Lemma D.11. If (¢,a) =1 then S(1,0) =1,
S(q,a) =0 (2<g<w) (D.2)
and
S(q,a) < ¢" k. (D.3)

Proof. Plainly S(1,0) =1, so let ¢ > 2, and let a € Z with (¢,a) = 1. The Binomial

expansion gives

S(q,a) = Z eq<az W fk_ére),

r mod ¢ /=1

k £—
and we note that (we )W €7 (1 <l< k). Write ¢ = uv, where u is w-smooth and

(v, W) = 1. Since (u, v) = 1, a standard calculation reveals that
S(Q7a) = S(u,al)S(v,ag), (D4)

where a; = av™! € (Z/uZ)* and ay = au™" € (Z/vZ)* (see [66, Lemma 2.10]).
Put u = hu/, where h = (u, W/k). Letting r = r; + u'ry, where r; mod v’ and

ro mod h, gives

k k\1170—1
S(u, al) = Z / Ehu’ (al Z (E) %gk—f(rl + u/r2)4>

r1=0 /=1
h—1 k k /-1
4%
en (al Z (ﬁ) p gk—Z(ul)K—l S)
ro=0 /=1

The inner sum is
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which vanishes unless h | a16*71. As (h,a;) = (h,€) =1, and as
(u, W/k)y=1< (u,W)=1<u=1,
we conclude that

1 ifu=1.

This completes the proof of (D.2), by (D.4).
Next we prove (D.3). By (D.4) and (D.5), we may assume u = 1. Consider

erwo(a2€®)S (v, ay) = Z 6U<a2%>.

r mod v

S(u,ay) = {0 ifuzl (D.5)

As (v,W) =1, we can change variables by t = (W™ + r € Z/vZ, which gives

k—1

erwo(asf®)S (v, ag) = Z ev<a2Wk tk>.

t mod v

k—1

Since (U, CZQWT> = 1, we may apply [66, Theorem 4.2], which gives
S(U, a2) < Ul—l/k _ ql—l/k'
by (D.4) and (D.5), we now have S(q,a) < ¢'~/*. O

It is convenient to also record the following standard estimate, for later use.

Lemma D.12. We have
1() < min{X, [|8]|"'}.

We are ready to prove Lemma 6.5.3. We need to show that if @« € T then
(@) — T (@) < Xw V", (D.6)
by a geometric series, we have
L) =) elaz) <o ™" (D.7)
e<X

First suppose a € m. By Lemma 2.1.5, we obtain relatively prime integers ¢ and a
such that 1 < ¢ < Q and |ga—a| < Q7. As a ¢ M, we must have [ga —a| > ¢Q/X,

SO

— — q
lix)(a) < [lo] ™ < Taal < X/Q.

by Lemma D.10, we now have (D.6).
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Next we consider the case in which ¢ = 1 and a € M(q), in other words ||al| <

Q/X. by Lemma D.9, we have

(a) — I(a) < (XW)'% (1+ X[|a]) < (XW)F Q.

by Euler-Maclaurin summation (Lemma 2.1.1), we have

—_—

Iixj(a) = I(a) < 14+ X|lof| € Q.
Coupling (D.8) with (D.9) yields
D) — Ty (@) < (XW)'F Q < Xw™V/*,
Finally, let o € 9t(q,a) with 2 < ¢ < @ and (a,q) = 1, and put
B=a—-a/qe[-Q/X Q/X]

Substituting
lallZ¢ "' =18 Z2¢" —Q/X >q"

into (D.7) gives

1[X](Oé) < g K Q.

by Lemma D.9, we also have
P(a) < Q*(XW)'F +X|g'S(g. a)l,

and now Lemma D.11 yields (D.6).

The restriction estimate

(D.8)

(D.9)

In this section we prove the restriction estimate, Lemma 6.5.4. We follow Bourgain’s

two step procedure [7]. Let 2m be the greatest even integer strictly below p.

Lemma D.13. If ¢ : Z — C with |¢| < v then

/ |$(Oz)|2mdoz <, X2m_1+6.
T
Proof. By orthogonality and the triangle inequality

/ B dar < (WY )Pm=Dp,
T
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where N is the number of solutions (x,y) € [Y]™ x [Y]™ to the Diophantine equation

> (Wai+F =) Wy + 9.

1<m i<m

By Lemma D.3, we now have

[ 13(@)Pmda < (wy Dy e = ry)en
T

< (WX)2m—1 < X2m—1+€.

O
In this subsection only, we denote by § an arbitrary parameter in the range
0<d<1,
for consistency with existing literature. Consider the large spectra
Rs={a € T:|¢(a)] > 6X},
and note from (6.23) that
18]l < l0llx < vl < X.
As in [11, §6], it suffices to prove that if €5 > 0 then
meas(Rs) K¢ e x (D.10)
and, further, we may assume that
X “<oi<l (D.11)
Let 04, ...,0r be X '-spaced points in Rs. As m > k, it remains to show that
R <, 62k, (D.12)
Put v = k + €/3. by the calculation in [11, §6], we have
XTR <Y [P0 — 6] (D.13)
1<rr/<R
Consider
0=60,—-0,
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in the summand on the right hand side of (D.13). by Lemma D.10, the contribution
from 6 € m to the right hand side of (D.13) is O(R2(XY *27")7). by (D.11), this is
0(60*7X7R*). Hence

XTRP < ) PO (D.14)

1<rr' < R:
9=0, 0. eMm

If 0 € M(q,a) with (a,q) = 1 and ¢ < @ then, by Lemmas D.9, D.11 and D.12

we have

P(0) < (XW)'F (g + X gall) + ¢ /* min{X, [la — a/q] '}
X

< Xl—ﬁ +q—1/k '
1+ Xl — a/q]|

With C' a large positive constant, the contribution to the right hand side of (D.14)

from denominators ¢ > @ := C' + % is therefore bounded, up to a constant, by
REXQ " + X3

which, by (D.11), is negligible compared to the left hand side of (D.14). Therefore

RP< Y G0, -0, (D.15)
1<rr’<R
where
D D DR
5= (1+ X| sin(a —a/q)|)"

The inequality (D.15) is very similar to [7, Eq. (4.16)], but with N? replaced by
X, and with Q; ~ 73 rather than Q; ~ §°. The exponents differ but, since v > k,
Bourgain’s argument carries through, and we obtain (D.12). This completes the proof
of Lemma 6.5.4.
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