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Abstract

This thesis is concerned with establishing and studying connections between
random matrices and log-correlated fields. This is done with the help of formulae,
including some newly established ones, for the asymptotics of Toeplitz, and
Toeplitz+Hankel determinants with Fisher-Hartwig singularities.

In Chapter 1, we give an introduction to the mathematical objects that we are
interested in. In particular we explain the relations between the characteristic
polynomial of random matrices, log-correlated fields, Gaussian multiplicative
chaos, the moments of moments, and Toeplitz and Toeplitz+Hankel deter-
minants with Fisher-Hartwig singularities. Chapter 1 is based on joint work
with Jon Keating [FK21], Tom Claeys and Jon Keating [CFK23], and Isao
Sauzedde [FS22].

In Chapter 2, based on joint work with Jon Keating [FK21], we establish
formulae for the asymptotics of Toeplitz, and Toeplitz+Hankel determinants
with two complex conjugate pairs of merging Fisher-Hartwig singularities. We
prove those formulae using Riemann-Hilbert techniques, which are heavily
inspired by the ones used by Deift, Its, and Krasovsky [DIK11], and Claeys and
Krasovsky [CK15].

In Chapter 3, based on joint work with Jon Keating [FK21], we complete the
connection between the classical compact groups and Gaussian multiplicative
chaos, by showing that analogously to the case of the unitary group first estab-
lished by Webb [Web15], the characteristic polynomial of random orthogonal
and symplectic matrices, when properly normalized, converges to a Gaussian
multiplicative chaos measure on the unit circle.

In Chapter 4, based on joint work with Tom Claeys and Jon Keating [CFK23],
we compute the asymptotics of the moments of moments of random orthogonal
and symplectic matrices, which can be expressed in terms of integrals over
Toeplitz+Hankel determinants. The phase transitions we observe are in stark
contrast to the ones proven for the unitary group by Fahs [Fah21].

In Chapter 5, based on joint work with Isao Sauzedde [FS22], we establish
convergence in Sobolev spaces, of the logarithm of the characteristic polynomial
of unitary Brownian motion to the Gaussian free field on the cylinder, thus
proving the dynamical analogue of the classical stationary result by Hughes,
Keating and O’Connell [HKO01].
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Chapter 1

Introduction

Characteristic polynomials of large random matrices are fundamental objects in random
matrix theory. Besides encoding the eigenvalues of the random matrices, their statistics show
remarkable similarities with those of the Riemann zeta function and other number-theoretic
L-functions on the critical line [CFK+05,FHK12,FK14,KS00b,KS00a,SW20,ABB+19] -
see [BK22] for a review. They are also closely connected to the theory of log-correlated fields
and to Gaussian multiplicative chaos, a connection that we are concerned with in this thesis.
See for example [Spo98,HKO01,BF22,Web15,NSW20,FK21,CMN18,PZ18,PZ22,NPS23,
Lam21,KW22] for results on the circular ensembles, [Joh98,BWW18,CFLW19,Lam20] for
Hermitian ensembles and the complex Ginibre ensemble, among others. For many classical
random matrix ensembles the limit, as the matrix size goes to infinity, of the logarithm of
the characteristic polynomial, has been identified to be a log-correlated Gaussian field, i.e.
a Gaussian random generalized function whose covariance kernel blows up logarithmically
on the diagonal. Such fields cannot be defined pointwise as their value at each point would
be a Gaussian with infinite variance, thus they need to be understood either as stochastic
processes indexed by test functions, or as random elements in a space of generalized func-
tions, for example Sobolev spaces of negativ regularity. However log-correlated fields can
still be exponentiated in a certain sense, which gives rise to a family of random measures,
called Gaussian multiplicative chaos measures. For various random matrix ensembles it
has been shown that powers of the the exponential of the real and imaginary part of the
logarithm of the characteristic polynomial, after an appropriate normalization procedure,
converge to such Gaussian multiplicative chaos measures, as the matrix size goes to infinity.

The log-correlated fields and Gaussian multiplicative chaos measures arising from the
characteristic polynomials of random matrices are also closely related to the so called
moments of moments of the characteristic polynomial, which have received a lot of attention
recently [FHK12, FK14, CK15, FGK18, BK19, ABK19, AK20, BA20, Fah21, AB22, BK22,
KW22,CFK23]. The term moments of moments refers to the fact that one first takes a
moment of the characteristic polynomial with respect to the spectral variable, and then a
moment with respect to the random matrix distribution. The moments of moments can be
viewed as the moments of the partition function of the random energy landscape given by
the logarithm of the characteristic polynomial, thus their asymptotics can be interpreted as

1



the moments of the partition function of the limiting log-correlated field. Furthermore they
are related to the moments of the total mass of the Gaussian multiplicative chaos measures
associated to the characteristic polynomial.

In this thesis we prove results regarding log-correlated fields, Gaussian multiplicative
chaos, and the moments of moments in random matrix theory. In our proofs we often need
to evaluate certain expectations over random matrix ensembles which can be expressed
in terms of Toeplitz, Hankel, or Toeplitz+Hankel determinants with Fisher-Hartwig sin-
gularities. The asymptotics of such determinants have been studied for a long time and
with various techniques (see the references in Section 1.5 and Chapter 2), and we will prove
certain new asymptotic formulae for Toeplitz and Toeplitz+Hankel determinants which we
will then use in the proof of our results regarding Gaussian multiplicative chaos.

In the following sections of this introductory chapter we define all the mathematical
objects that we are concerned with, explain how they are related to each other, point out
the results that we contributed, and then provide an outline to the rest of the thesis. We
start by recalling some basic properties of random matrices from the classical compact
groups.

1.1 Random Matrices from the Classical Compact Groups

In this section we follow Sections 1 and 3 of [Mec19] and recall the definitions of the classical
compact groups and state basic properties of Haar distributed matrices from those groups.
We then follow [FS22] for a defintion of unitary Brownian motion.

Definition 1. 1. An n× n matrix U over R is orthogonal if

UUT = UTU = I, (1.1.1)

where I denotes the identity matrix, and UT is the transpose of U . The group of
n× n orthogonal matrices over R is denoted O(n).

2. The set SO(n) ⊂ O(n) of special orthogonal matrices is defined by

SO(n) := {U ∈ O(n) : det(U) = 1} . (1.1.2)

3. The set SO−(n) ⊂ O(n) (the negative coset) is defined by

SO−(n) := {U ∈ O(n) : det(U) = −1} . (1.1.3)

4. An n× n matrix U over C is unitary if

UU∗ = U∗U = I, (1.1.4)

where U∗ is the conjugate transpose of U . The group of n× n unitary matrices over
C is denoted U(n).
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5. The set SU(n) ⊂ U(n) of special unitary matrices is defined by

SU(n) := {U ∈ U(n) : det(U) = 1} . (1.1.5)

6. An 2n× 2n matrix U over C is symplectic if U ∈ U(2n) and

UJUT = UTJU = J, (1.1.6)

where

J =

(
0 I
−I 0

)
. (1.1.7)

The group of 2n×2n symplectic matrices over C is denoted Sp(2n). Note that Sp(2n),
defined like this, is isomorphic to the group of n× n matrices U with entries in the
quaternions H, that satisfy U∗U = I, where U∗ denotes the quaternionic conjugate
transpose of U (see [Mec19][p.12] for details). Recall that H = {a + bi + cj + dk :

a, b, c, d ∈ R}, with i, j, k satisfying the relation i2 = j2 = k2 = ijk = −1, and that
quaternionic conjugation is defined by

a+ bi+ cj + dk = a− bi− cj − dk. (1.1.8)

Thus Sp(2n) can also be defined as the isometry group of Hn.

Let G denote any of O(n), SO(n), U(n), SU(n) or Sp(2n). We want to define a
natural probability measure on the Borel σ-algebra of G. On the unit circle U(1) the most
natural probability measure is the uniform measure, and it can be defined as the unique
rotation-invariant probability measure on U(1). Similarly we want a probability measure
µ on G that is translation invariant ; that is, for any measurable subset A ⊂ G and fixed
M ∈ G it holds that

µ(MA) = µ(AM) = µ(A), (1.1.9)

where MA := {MU : U ∈ A} and AM := {UM : U ∈ A}.
The following theorem (which is not stated here in its most general form), due to Alfréd

Haar [Haa33], states that such a measure on G exists and that it is unique:

Theorem 2 ( [Haa33]). Let G be any of O(n), SO(n), U(n), SU(n) or Sp(2n). Then
there is a unique translation-invariant probability measure (called Haar measure) on G.

By conditioning the Haar measure on O(n) onto SO−(n) we also get a natural prob-
ability measure on SO−(n) (even though it is not a group). In the following all random
matrices from the sets in Definition 1 are distributed according to (conditioned) Haar
measure.

It is easy to see that the Riemannian volume measure on any of the above groups is
translation invariant, thus it is Haar measure. Another way to understand Haar measure,
which is useful for simulations, is to sample a matrix with i.i.d. Gaussian entries (for U(n)

the real and imaginary part are sampled as i.i.d. real Gaussians and similarly for the real

3



and i, j, k parts in the case Sp(2n)), and then perform the Gram-Schmidt algorithm on
that matrix. In the quaternionic case one needs to then map to the 2n× 2n complex matrix
version of Sp(2n). To sample from SO(n), SO−(n), or SU(n) one needs in an extra step to
multiply the final column by the necessary scalar to ensure that the matrix has the desired
determinant.

Since matrices from O(n), U(n) and Sp(2n) all act as isometries of Cn, all their
eigenvalues lie on the unit circle S1 ⊂ C. In the orthogonal and symplectic cases there are
some further restrictions, which are stated in the following lemma which is easy to prove:

Lemma 3. Each U ∈ SO(2n+ 1) has +1 as an eigenvalue, each U ∈ SO−(2n+ 1) has −1
as an eigenvalue and each U ∈ SO−(2n+2) has +1 and −1 as eigenvalues. The remaining
2n non-fixed eigenvalues of matrices in SO(2n+ 1), SO−(2n+ 1) and SO−(2n+ 2), as
well as the 2n eigenvalues of matrices in SO(2n) and Sp(2n) appear in complex conjugate
pairs.

Denote the 2n non-fixed eigenvalues of matrices in SO(2n+ 1), SO−(2n+ 1), SO(2n),
SO−(2n + 2) and Sp(2n), by eiθ1 , ..., eiθn , e−iθ1 , ..., e−iθn , with θ1, ..., θn ∈ [0, π]. The n

eigenvalue angles θ1, ..., θn, corresponding to the eigenvalues in the upper half circle are
called the nontrivial eigenangles. For matrices in U(n) all the eigenvalue angles are
considered nontrivial, as there are no automatic symmetries in this case.

Explicit formulae for the joint distribution of the non-trivial eigenvalues of Haar-
distributed random matrices from any of the above groups have been found by Weyl. They
are known as the Weyl integration formulae for those groups and are given in the following
two theorems:

Theorem 4 (Weyl). The unordered eigenvalues of an n× n random unitary matrix have
eigenvalue density

1

n!

∏
1≤k<j≤n

|eiθk − eiθj |2
n∏

k=1

dθk
2π

, (1.1.10)

with respect to dθ1, ..., dθn on [0, 2π)n. That is, for any g : U(n)→ R with

g(U) = G(V UV ∗) for any U, V ∈ U(n), (1.1.11)

(i.e. g is a class function and only depends on the unordered eigenvalues), if U is Haar-
distributed on U(n), then

E(g(U)) =
1

n!

∫
[0,2π)n

g̃(θ1, ..., θn)
∏

1≤k<j≤n

|eiθk − eiθj |2
n∏

k=1

dθk
2π

, (1.1.12)

where g̃ : [0, 2π)n → R is the (necessarily symmetric) expression of g(U) as a function of
the eigenvalues of U .
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Theorem 5 (Weyl). Let U be a Haar-distributed random matrix in G, where G denotes
either SO(2n+1), SO−(2n+1), SO(2n), SO−(2n+2) and Sp(2n). Then a function g of U
for which g(V UV T ) = g(U) for all V ∈ G, is associated with a function g̃ : [0, π)n → R (of
the unordered nontrivial eigenangles) which is invariant under permutation of coordinates,
and if U is Haar-distributed on G then

E (g(U)) =

∫
[0,π)n

g̃µW
G , (1.1.13)

where the measures µW
G on [0, π)n have densities with respect to dθ1, ..., dθn as follows:

G µW
G

SO(2n) 2
n!(2π)n

∏
1≤j<k≤n(2 cos(θk)− 2 cos(θj))

2

SO(2n+ 1) 2n

n!πn

∏
1≤j≤n sin

2
(
θj
2

)∏
1≤j<k≤n (2 cos(θk)− 2 cos(θj))

2

SO−(2n+ 1) 2n

n!πn

∏
1≤j≤n cos

2
(
θj
2

)∏
1≤j<k≤n (2 cos(θk)− 2 cos(θj))

2

Sp(2n) 2n

n!πn

∏
1≤j≤n sin

2(θj)
∏

1≤j<k≤n (2 cos(θk)− 2 cos(θj))
2

One can see that the eigenvalues repel each other, i.e. they are very unlikely to be close
to each other. The factors sin2

(
θj
2

)
, cos2

(
θj
2

)
, and sin2(θj) are due to the deterministic

eigenvalues at ±1. Figure 1.1 shows samples of eigenvalues from the classical compact
groups, as well as points sampled independently on the unit circle. Due to the independent
points not repelling each other they are much more clustered, and large gaps are much
more common.

The following famous theorem relates the moments of traces of powers of random unitary
matrices to the moments of complex Gaussians, and we will need it at various points in the
following sections and chapters:

Theorem 6. (Diaconis, Shahshahani [DS94] and Diaconis, Evans [DE01]) Let U be
a Haar-distributed random matrix in U(n), ℓ ∈ N, and let Z1, ..., Zl be i.i.d. standard
complex Gaussian random variables, i.e. their real and imaginary parts are independent
real Gaussians with variance 1/2. Let ak, bk ∈ N, k = 1, ..., l, and let n ∈ N be such that

max


k∑

j=1

jaj ,
k∑

j=1

jbj

 ≤ n. (1.1.14)

Then

E

(
ℓ∏

k=1

(Tr(Uk))ak(Tr(Uk))bk

)
=

ℓ∏
k=1

δakbkk
akak! = E

(
ℓ∏

k=1

(
√
kZk)

ak(
√
kZk)bk

)
. (1.1.15)
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Figure 1.1: Top left: 100 i.i.d. points drawn uniformly. Top right: Eigenvalues of a
random U ∈ U(100). Bottom left: Eigenvalues of a random U ∈ SO(100). Bottom right:
Eigenvalues of a random U ∈ SO−(100).

Note that from Theorem 6 it follows that for any ℓ ∈ N the random vector (Tr(Uk))ℓk=1

converges to (
√
kZk)

ℓ
k=1 as n→∞. Note that no normalization is needed for the traces of

powers to converge, which is due the repulsion between the eigenvalues.

When instead of looking at a random variable taking values in the unitary group one
looks at a stochastic process whose state space is the unitary group, the natural dynamic
analogue to Haar distributed random unitary matrices is Brownian motion on the unitary
group, which is usually referred to as unitary Brownian motion. We define unitary Brownian
motion (Ut)t≥0 on U(n) as the diffusion governed by the stochastic differential equation

dUt =
√
2UtdBn(t)− Utdt, (1.1.16)

with (Bn(t))t≥0 denoting a Brownian motion on the space of n×n skew-Hermitian matrices.
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That is

Bn(t) =

n2∑
k=1

XkB̃
(k)(t), (1.1.17)

where B̃(k), k = 1, ..., n2, are independent one-dimensional standard Brownian motions,
and where the matrices Xk, k = 1, ..., n2, are an orthonormal basis of the real vector space
of skew-Hermitian matrices w.r.t. the scalar product ⟨A,B⟩ := nTr(AB∗). One such basis
is given by the matrices 1√

2n
(Ek,l − El,k), i√

2n
(Ek,l + El,k), 1 ≤ k < ℓ ≤ n, and i√

n
Ek,k,

1 ≤ k ≤ n, where (Ek,l)mn = δkmδln.

Remark 7. Unitary Brownian motion is usually defined using a different normalisation,
i.e. satisfying the SDE dŨt = ŨtdBn(t)− 1

2 Ũtdt. With this normalisation the generator is
given by one half times the Laplacian on U(n), which is the usual definition of Brownian
motion on a Riemannian manifold. The relation between the two normalisations is Ũ2t = Ut.
We chose our normalisation to be consistent with the work of Spohn [Spo98], and Bourgade
and Falconet [BF22], to which our work in Chapter 5 is strongly related.

The study of unitary Brownian motion was initiated by Dyson [Dys62], who showed
that the eigenangles θ1, ..., θn ∈ [0, 2π) of unitary Brownian motion satisfy the stochastic
differential equation

dθj(t) =
1

n

∑
k ̸=j

cot ((θj(t)− θk(t))/2) dt+
√

2

n
dB(j)(t), (1.1.18)

where B(j), j = 1, ..., n, are one-dimensional standard Brownian motions. In the same
work he also showed that analogously the eigenvalues of a Brownian motion on the set of
Hermitian matrices satisfy a similar stochastic differential equation.

Since the normalized Riemannian volume measure is the stationary distribution of Brow-
nian motion on any compact Riemannian manifold, and since the normalized Riemannian
volume measure on U(n) equals Haar measure, we see that Haar measure on U(n) is the
stationary distribution of Unitary Brownian motion. Thus unitary Brownian motion started
at Haar measure is reversible and can in turn be defined for all t ∈ R. In this thesis we
always consider unitary Brownian motion at its equilibrium, so that Ut is Haar distributed
for all t ∈ R. This is the stationary setting we consider in Chapter 5.

1.2 Log-correlated fields

We say a field h on some metric space (D, d) is a centered log-correlated Gaussian field if
its covariance kernel K has a logarithmic singularity on the diagonal, i.e.

K(x, y) = E (h(x)h(y)) = − log d(x, y) +O(1), as x→ y. (1.2.1)

Note that due to the logarithmic singularity on the diagonal such a field cannot be understood
as a function, as its value at any point would be a Gaussian with infinite variance. Thus it
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has to be interpreted as a centered generalised Gaussian field, which we define as follows: a
centered generalized Gaussian field h with kernel K : D×D → R∪{±∞} on a metric space
(D, d) with Radon measure σ, is a centered Gaussian process h = (h(f))f∈F , where the
index set F is some family of test functions (e.g. smooth functions with compact support
in the case of D being a smooth manifold), whose covariance function is given by

E (h(f)h(g)) = ⟨f, g⟩K :=

∫
D

∫
D
f(x)g(y)K(x, y)σ(dx)σ(dy). (1.2.2)

For any kernel K which is positive definite on F in the sense that the r.h.s. of (1.2.2) is
non-negative and finite for f = g, for all f ∈ F , such a field exists due to Kolmogorov’s
extension theorem.

In the case that (F , ⟨·, ·⟩K) is (or can be extended to) a Hilbert space, which is always
the case for the fields considered in this thesis, the Gaussian process (h(f))f∈F becomes a
Gaussian Hilbert space, i.e. a closed subspace of L2 consisting of centered Gaussian variables
(see [Jan97] for more details on Gaussian Hilbert spaces). One can choose an ordered
orthonormal basis (ϕj)j∈N of F (for simplicity we here assume F to be infinite-dimensional
but separable), and interpret h as the formal Fourier series (or "infinite-dimensional standard
Gaussian")

h :=

∞∑
j=1

Njϕj , (1.2.3)

where Nj , i ∈ I, is a family of i.i.d. standard Gaussians. Defined like this, h is almost
surely not an element of F , as

⟨h, h⟩K =

∞∑
j=1

N 2
j =∞ almost surely. (1.2.4)

However when choosing an f ∈ F and setting

h(f) := ⟨h, f⟩K =
∞∑
j=1

⟨ϕj , f⟩KNj , (1.2.5)

one can see that this sum converges in L2 and almost surely, and that defined like this the
field h has the right covariance structure:

E (h(f)h(g)) =
∞∑
j=1

⟨ϕj , f⟩K⟨ϕj , g⟩K = ⟨f, g⟩K . (1.2.6)

We now explain in which way logarithmically correlated fields appear as the limit
of the logarithm of the characteristic polynomial of random matrices. Let G(n) ∈
{U(n), O(n), SO(n), SO−(n), Sp(2n)}. We define the characteristic polynomial of a ran-
dom U ∈ G(n) as (note that for G(n) = Sp(2n) the product goes up to 2n)

pG(n)(θ) := det
(
I − e−iθU

)
=

n∏
k=1

(1− ei(θk−θ)), θ ∈ [0, 2π). (1.2.7)
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Defined like this pG(n)(·) is a random function on [0, 2π), and its zeroes are the phases θk,
k = 1, ..., n of the eigenvalues of U . Further we define (note again that for G(n) = Sp(2n)

the sum goes up to 2n)

log pG(n)(θ) :=

n∑
k=1

log(1− ei(θk−θ)), (1.2.8)

with the branches on the RHS being the principal branches, such that for ϕ, θ ∈ [0, 2π) it
holds that

ℑ log(1− ei(ϕ−θ)) =

{
−π

2 + ϕ−θ
2 0 ≤ θ < ϕ < 2π

π
2 + ϕ−θ

2 0 ≤ ϕ ≤ θ < 2π
∈
(
−π

2
,
π

2

]
, (1.2.9)

with ℑ log 0 := π/2. Since

log(1− z) = −
∞∑
k=1

zk

k
(1.2.10)

for |z| ≤ 1, where for z = 1 both sides equal −∞, and by the identity log det = Tr log, we
see that the Fourier expansion of log pn is given as follows:

log pG(n)(θ) =−
∞∑
k=1

Tr(Uk)

k
e−ikθ. (1.2.11)

By Theorem 6 it follows that for any ℓ ∈ N the random variables k−1Tr(Uk), k = 1, ..., l,
converge in distribution to independent complex Gaussians Ak, k = 1, ..., l, whose real and
imaginary parts are independent centered real Gaussians with variance 1/(2k). Thus we
see that limn→∞ log pG(n)(θ) cannot exist for fixed θ, as it would have to be a Gaussian
with infinite variance. In fact, Hughes, Keating and O’Connell [HKO01] proved that for
any fixed θ it holds that

log pU(n)(θ)√
log n

D
=⇒ NC(0, 1). (1.2.12)

In the same work Hughes, Keating and O’Connell also proved though that without any
normalization log pU(n)(·) has a limit, however only when considered as a random variable
taking values in the space of generalised functions H−ϵ

0 (S1), ϵ > 0, where for s ∈ R the
space Hs

0(S
1) is defined as

Hs
0(S

1) =

{
f(θ) =

∑
k∈Z

fke
ikθ :

∑
k∈Z

k2s|fk|2 <∞, f0 = 0

}
. (1.2.13)

The spaces Hs
0(S

1) consist of (formal for s < 0) Fourier series whose Fourier coefficents
decay at certain rates, and when endowed with the scalar products ⟨f, g⟩s :=

∑
k∈Z\{0} fkgk,

they are Hilbert spaces.

Theorem 8 (Hughes, Keating, O’Connell [HKO01]). For any ϵ > 0, the sequence of pairs
of fields

(
ℜ log pU(n)(·),ℑ log pU(n)(·)

)
n∈N converges in distribution in H−ϵ

0 (S1)×H−ϵ
0 (S1)

to the pair of generalized Gaussian fields (ℜZ,ℑZ), where

Z(θ) =

∞∑
k=1

Ake
−ikθ, (1.2.14)
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with Ak being complex Gaussians whose real and imaginary parts are independent centered
Gaussians with variance 1/(2k).

A straightforward formal calculation of the covariance kernel of ℜZ and ℑZ shows that
the fields ℜZ and ℑZ are indeed log-correlated:

E
(
ℜZ(θ)ℜZ(θ′)

)
= E

(
ℑZ(θ)ℑZ(θ′)

)
=

1

2

∞∑
k=1

1

k
cos(k(θ − θ′)) = −1

2
log |eiθ − eiθ

′ |.

(1.2.15)

For various other ensembles the logarithm of the characteristic polynomial has been
connected to a log-correlated Gaussian field, for example for the complex Ginibre ensemble,
the limiting field has been identified as the Gaussian free field on R2 (conditioned to be
analytic outside the unit disk) [RV07], and for the Gaussian unitary ensemble [FKS13]
the limiting field lives on (−1, 1) and has the covariance kernel −1

2 log |x − y|. For the
orthogonal and symplectic groups the limiting field is given in the following theorem, which
is the analogue to Theorem 8 (to see that the fields X and X̂ are indeed log-correlated see
Remark 45, in which their covariance kernels are computed):

Theorem 9. (Assiotis, Keating ∗) Let Nj, j ∈ N, be independent real standard Gaussians,
and let ηj = 1j is even, for j ∈ N. Then for any ϵ > 0, the sequence of pairs of fields(
ℜ log pO(n)(·),ℑ log pO(n)(·)

)
n∈N converges in distribution in H−ϵ

0 (S1) × H−ϵ
0 (S1) to the

pair of generalized Gaussian fields
(
X − x, X̂ − x̂

)
, where

X(θ) =
1

2

∞∑
j=1

1√
j
Nj

(
e−ijθ + eijθ

)
=

∞∑
j=1

1√
j
Nj cos(jθ),

X̂(θ) =
1

2i

∞∑
j=1

1√
j
Nj

(
e−ijθ − eijθ

)
= −

∞∑
j=1

1√
j
Nj sin(jθ),

x(θ) =
1

2

∞∑
j=1

ηj
j

(
e−ijθ + eijθ

)
=

∞∑
j=1

ηj
j
cos(jθ),

x̂(θ) =
1

2i

∞∑
j=1

ηj
j

(
e−ijθ − eijθ

)
= −

∞∑
j=1

ηj
j
sin(jθ).

(1.2.16)

Similarly, for any ϵ > 0, the sequence of pairs of fields
(
ℜ log pSp(2n)(·),ℑ log pSp(2n)(·)

)
n∈N

converges in distribution in H−ϵ
0 (S1)×H−ϵ

0 (S1) to the pair of generalized Gaussian fields(
X + x, X̂ + x̂

)
.

In Chapter 5 we are concerned with the connection between the logarithm of the
characteristic polynomial of unitary Brownian motion and the Gaussian free field on the
cylinder. In the case of unitary Brownian motion there is an extra variable t ∈ R, which we
include in the notation as follows:

pU(n)(t, θ) := det
(
I − e−iθUt

)
=

n∏
k=1

(1− ei(θk(t)−θ)), (t, θ) ∈ R× [0, 2π), (1.2.17)

∗This result was first published in [FK21] with the kind agreement of Dr. Assiotis.
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where θk(t), k = 1, ..., n, are the eigenangles of Ut. We thus consider log pU(n)(·, ·) as a
random field on the cylinder R×[0, 2π). Since Haar measure is the equilibrium distribution of
unitary Brownian motion it is natural to expect that the limit of pU(n)(··) (in an appropriate
function space) would be given by

Z(t, θ) =

∞∑
k=1

Ak(t)e
ikθ, (1.2.18)

where Ak(·), k ∈ N, are complex stationary Ornstein-Uhlenbeck processes defined by the
SDEs

dAk(t) = −kAk(t)dt+ d
(
Wk(t) + iW̃k(t)

)
, (1.2.19)

with Ak(0) being a complex Gaussian whose real and imaginary parts are independent
Gaussians with variance 1/(2k), and (Wk(t))t≥0, (W̃k(t))t≥0, k ∈ N, denoting real standard
Brownian motions. In Chapter 5 we prove the following theorem:

Theorem 10. For any s ∈ [0, 12), ϵ > s, and T > 0, the sequence of random fields(
log pU(n)(·, ·

)
n∈N converges in distribution in the tensor product of Hilbert spaces Hs([0, T ])⊗

H−ϵ
0 (S1) (see Section 5.2 for a definition) to the generalized Gaussian field Z in (1.2.18).

Furthermore, those regularity parameters s and −ϵ are optimal, in the sense that for
s = 1/2 or s ≥ ϵ ≥ 0 the sequence

(
log pU(n)(·, ·)

)
n∈N almost surely does not converge in

Hs([0, T ])⊗H−ϵ
0 (S1), and Z is almost surely not an element of Hs([0, T ])⊗H−ϵ

0 (S1).

As one can see by a covariance calculation, see Remark 75, ℜZ and ℑZ are Gaussian
free fields on the infinite cylinder R× [0, 2π). The identification of the Gaussian free field
as the limit of the logarithm of the characteristic polynomial of unitary Brownian motion
already follows from the much earlier work of Spohn [Spo98], but the convergence holds in
a different way. We will expand in Section 5 on how our result is related to Spohn’s.

We conclude this section by mentioning that the maximum of the real and imaginary
part of the logarithm of the characteristic polynomial of random matrices has attracted
considerable interest, especially for random matrices from the unitary group, as in that
case one can get analogous conjectures for the extreme values of the Riemann Zeta function
on the critical line. Fyodorov-Hiary-Keating [FHK12] made the very precise conjecture that
the random variables

max
θ∈[0,2π)

log |pU(n)(θ)| − log n+
3

4
log log n, (1.2.20)

converge in distribution, as n→∞, towards a limiting random variable R, whose density
is given by

P(R ∈ dx) = 4e2xK0(2e
x)dx, (1.2.21)

where Kν denotes the modified Bessel function of the second kind. This density is the
density of the sum of two independent Gumbel random variables, as was later observed
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in [SZ15]. As was pointed out in [FHK12], the constant 3/4 in the subleading order is
expected due to the asymptotically log-correlated structure of the field log |pU(n)(·)|, and
stands in contrast to the constant 1/4 one obtains for the extreme values of short-range
correlated random fields [LLR83].
The Fyodorov-Hiary-Keating conjecture has now been almost entirely proven: the first
order term log n has been proven in [ABB17], the second order term 3

4 log log n has been
confirmed in [PZ18], tightness of the random variables in (1.2.20) has been established
in [CMN18], and in [PZ22] convergence has been proven towards a limiting random variable
which is the sum of two independent random variables, one of which is Gumbel. The
distribution of the second one is the last missing piece. Note that all of those results are also
valid for the circular β-ensemble, denoted CβE, for a β > 0, whose joint eigenvalue density
on the unit circle is given by (the case β = 2 corresponds to random unitary matrices, see
Theorem 1.1.10)

1

Zn,β

∏
1≤j<k≤n

|eiθj − eiθk |βdθ1 · · · dθn. (1.2.22)

For other ensembles there also exist conjectures and results: in [FS16], Simm and Fyodorov
made a similar conjecture for the extreme values of the absolute value of the characteristic
polynomial of the Gaussian unitary ensemble, and in [Lam20], Lambert did so for the
complex Ginibre ensemble and proved the leading order term. Claeys, Fahs, Lambert
and Webb [CFLW19] considered the extreme values of the centered eigenvalue counting
function, (which is closely related to the imaginary part of the logarithm of the characteristic
polynomial) of a certain class of random Hermitian matrices which includes the Gaussian
unitary ensemble, and obtained the leading order term. This allowed them to prove bounds
on how much the eigenvalues of those random Hermitian matrices deviate from certain
deterministic location.

1.3 Gaussian Multiplicative Chaos

The theory of Gaussian multiplicative chaos was initiated by Kahane in the context of
turbulence in [Kah85], and has since found many applications ranging from finance to
Liouville quantum gravity - see the review article [RV13] and the references therein. The
goal of the theory is to rigorously define and study the random measures (called Gaussian
multiplicative chaos measures or GMC measures)

Mγ(dx) = eγh(x)−
γ2

2
E(h(x)2)σ(dx) =

eγh(x)

E
(
eγh(x)

)dσ(x), (1.3.1)

where h is a real centered log-correlated Gaussian field on a locally compact metric space
(D, d), with covariance kernel K(x, y) = E(h(x)h(y)), γ is a constant, and σ is a positive
Radon measure on D. Since log-correlated fields cannot be defined pointwise they only
exist as random distributions. Thus to make sense of the measures (1.3.1), one needs to

12



first regularize h in some way to obtain fields hϵ, ϵ > 0, which are defined pointwise and
converge to h in a suitable sense as ϵ→ 0, then define the random measures

Mγ,ϵ(dx) = eγhϵ(x)− γ2

2
E(hϵ(x)2)σ(dx) =

eγhϵ(x)

E
(
eγhϵ(x)

)dx, (1.3.2)

and finally set Mγ = limϵ→0Mγ,ϵ. Naturally the following questions arise:

• In which sense does Mγ,ϵ converge to Mγ?

• Is the limit Mγ independent of the choice of the regularizations hϵ of h?

• For which γ > 0 is the limiting field Mγ,ϵ non-trivial, i.e. not a.s. equal to the zero
measure?

In Kahane’s seminal work he proved the following theorem, which answers the first two
questions for a certain class of covariance kernels K:

Theorem 11 (Kahane [Kah85]). Let (D, d) be a locally compact metric space, and let
K : D×D → R∪{±∞} be a positive definite covariance kernel that allows a decomposition

K(x, y) =

∞∑
k=1

Kk(x, y), x, y ∈ D, (1.3.3)

where Kk : D × D → R, k ∈ N, are continuous and positive definite covariance kernels.
Further let gk, k ∈ N, be independent (pointwise defined) Gaussian fields with covariance
kernel Kk, and define the sequence of approximating fields hn =

∑n
k=1 gk, n ∈ N. Then

given a Radon measure σ on D and γ > 0, the random measures

Mγ,n(dx) := eγhn(x)− γ2

2
E(hn(x)2)σ(dx), (1.3.4)

converge almost surely in the space of Radon measures on D (equipped with the the topology
of weak convergence) to a random measure Mγ. If in addition Kk(x, y) ≥ 0 for all x, y ∈ D

and k ∈ N, then the distribution of Mγ is independent of the decomposition of K into Kk,
k ∈ N.

The proof of convergence uses a simple martingale argument, which we outline now, as
this gives insight into how the Gaussian multiplicative chaos measures in Chapter 3 are
constructed: For any compact A ⊂ D and n ∈ N it holds by Fubini that

E (Mγ,n(A)) =

∫
A
σ(dx), (1.3.5)

and

E (Mγ,n(A)|σ(g1, ..., gn−1)) = Mγ,n−1(A), (1.3.6)

where σ(g1, ..., gn−1) is the σ-algebra generated by g1, ..., gn−1. Thus, since also for any
n ∈ N the random variable Mγ,n(A) is measurable w.r.t. σ(g1, ..., gn−1), it follows that
the sequence (Mγ,n(A))n∈N is a martingale. As a non-negative martingale the sequence
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converges a.s. to a random variable which will be denoted by Mγ(A). One can then
show that a.s. the map A 7→ Mγ(A) is a measure and it holds that a.s. Mγ,n

d−→ Mγ

in the space of Radon measures on D, equipped with the topology of weak convergence.
When constructing Mγ like this, Kolmogorov’s zero-one law also immediately implies that
P(Mγ is the zero measure) ∈ {0, 1}, since the event {Mγ is the zero measure} is indepen-
dent of any finite number of gk, k ∈ N.

The answer to the third question, i.e. for which γ > 0 is the limiting measure Mγ

non-trivial, depends heavily on the specific kernel and the reference measure σ. For this
question of non-triviality Kahane focused on the case of log-correlated Gaussian fields whose
covariance kernel can be written as

K(x, y) = log+
T

d(x, y)
+ g(x, y), (1.3.7)

where log+ x := max(log x, 0) and g is continuous and bounded on D×D. While he proved
more general results, we restrict ourselves to stating his result for the case that D is an
open subset of Euclidean space, which is the case we are concerned with.

Theorem 12 (Kahane [Kah85]). If the domain D is an open subset of Rd for some d ∈ N,
equipped with the Euclidean distance, σ is the Lebesgue measure, and K takes the form
(1.3.7), then

Mγ is non-trivial ⇐⇒ γ2 < 2d. (1.3.8)

Usually the phase γ2 < 2d is referred to as the subcritical phase, the phase γ2 = 2d is
referred to as the critical phase, and the phase γ2 > 2d is referred to as the supercritical
phase. Constructed as above, a GMC measure in the critical and supercritical phases is
almost surely the zero measure, however there exist ways to construct non-trivial critical
and supercritical GMC measures, see for example [RV13]. The phase γ2 < d is referred to
as the L2-phase, as here for any bounded measurable set A ⊂ D it holds that [Kah85]

E
(
Mγ(A)

2
)
<∞, (1.3.9)

and more generally the m-th moment of the total mass of Mγ is finite if and only if
γ2 < 2d/m.

Since the theory of GMC was initiated by Kahane his results have been generalized
significantly. In particular the assumption that the covariance kernel can be decomposed
into a sum of positive continuous covariance kernels is very restrictive and hard to check
in practice. It is for example still unknown whether in the case D = R3 the kernel (1.3.7)
allows a decomposition as in Theorem 11. Rhodes and Vargas [RV10] got rid of this
assumption and regularized the Gaussian field h by picking a mollifier function θ instead,
i.e. a continuous non-negative and compactly supported function that integrates to 1,
and setting hϵ(x) = h ∗ θϵ, where ∗ denotes convolution and θϵ(·) := ϵ−dθ(·/ϵ) for ϵ > 0.
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They then showed then that the sequence Mγ,ϵ of GMC measures corresponding to the
continuous Gaussian fields hϵ, ϵ > 0, converges to a limiting measure Mγ , in the sense
that for all measurable A ⊂ D the sequence Mγ,ϵ(A) converges to Mγ(A) in distribution.
Furthermore the limit is independent of the choice of the mollifier function. Shamov [Sha16]
further generalized their results by showing that for very general types hϵ of Gaussian
regularizations of h, the approximating GMC measures Mγ,ϵ convergence to Mγ weakly in
probability, and that the limit is independent of the type of regularization. Furthermore he
showed that the GMC measure Mγ is measurable w.r.t. the underlying Gaussian field h.
Using slightly less general assumptions than Shamov, but a very short and self-contained
proof, Berestycki [Ber17] proved convergence in probability and uniqueness of the limit
when regularising the field using mollifier functions, as well as non-triviality in the entire
subcritical phase.

Since by Theorem 8 it holds that

(ℜ log pU(n)(·),ℑ log pU(n)(·)) =⇒ (ℜX,ℑX) (1.3.10)

as n→∞, one would expect that for certain α > −1/2 and β ∈ iR the random measures

µn,α,β(dθ) :=
|pU(n)(θ)|2αje2iβjℑ log pU(n)(θ)

E
(
|pU(n)(θ)|2αje2iβjℑ log pU(n)(θ)

)dθ (1.3.11)

converge to GMC measures associated to the field 2αℜX + 2iβℑX (see Figure 1.2 for
two samples of ℑ log pU(n)(·) and µn,0,i/2). This was conjectured by Fyodorov, Hiary, and
Keating in [FHK12], and first proven to be true by Webb in [Web15], thus establishing the
first connection between random matrix theory and the theory of Gaussian multiplicative
chaos.

Theorem 13 (Webb [Web15]). For G(n) = U(n), α > −1/2 and α2 − β2 < 1/2, as
n→∞ the sequence of measures µn,α,β, n ∈ N, converges in distribution in the space of
Radon measures equipped with the topology of weak convergence to the (non-trivial) Gaussian
multiplicative chaos measure

µα,β(dθ) :=
e2αℜZ(θ)+2iβℑZ(θ)

E
(
e2αℜZ(θ)+2iβℑZ(θ)

)dθ
=e2αℜZ(θ)+2iβℑZ(θ)−2α2E(ℜZ(θ)2)+2β2E(ℑZ(θ)2)dθ
D
=e2
√

α2−β2ℜZ(θ)−2(α2−β2)E(ℜZ(θ)2)dθ,

(1.3.12)

where the complex Gaussian field Z is given in Theorem 8.

Here γ =
√

2α2 − 2β2, thus Theorem 13 only shows convergence in the L2-phase, which
significantly simplifies the proof. Nikula, Saksman and Webb [NSW20] proved convergence
in the rest of the L1 or subcritical phase in the case β = 0, but as they mention their proof
technique can be modified in a straightforward manner to include the case β ̸= 0.
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Figure 1.2: A sample of ℑ log pU(n)(θ) and its GMC measure µn,0,i/2, for n = 200 (above)
and n = 500 (below).

Since then the connection between the two fields has been extended to other random
matrix ensembles. In [CN19], Chhaibi and Najnudel proved convergence (in a different
sense) of the characteristic polynomials of matrices drawn from the circular β-ensemble to
a GMC measure on the unit circle. In [BWW18] Berestycki, Webb and Wong proved that,
after suitable normalization, powers of the absolute value of the characteristic polynomial
of a matrix from the Gaussian Unitary Ensemble converge to Gaussian multiplicative chaos
measures on the real line. They proved this result in the L2-phase, however it is likely to
also hold in the whole L1-phase. The analogous result for powers of the exponential of the
imaginary part of the logarithm of the characteristic polynomial of the Gaussian Unitary
Ensemble was proven in [CFLW19], in the whole L1-phase. In [Lam20] Lambert connected
the characteristic polynomial of the Ginibre ensemble to Gaussian multiplicative chaos
measures associated to the Gaussian free field on the unit disk, however in a different sense.
Recently Bourgade and Falconet [BF22] have proved the corresponding result for unitary
Brownian motion, that is they have shown the convergence

lim
n→∞

|pU(n)(θt)|2α

E
(
|pU(n)(θt)|2α

)dθdt = eγℜZ(t,θ)

E
(
|eγℜZ(t,θ)|

)dθdt, (1.3.13)

for all α in the subcritical phase, and as they remark a similiar result should hold for the
imaginary part. This is the natural dynamical analogue to the results by Webb [Web15]
and Nikula, Saksman, and Webb [NSW20]. The results by Bourgade and Falconet, and
Lambert are special in that the measures considered are living on a two-dimensional space,
instead of on a one-dimensional space as in all previously proven cases. Those results are
also special in that the limiting GMC measure has a specific interpretation, since it is the
GMC measure associated to the Gaussian free field, and thus equals the volume measure in
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two-dimensional Liouville quantum gravity.

Our purpose in Chapter 3 is to prove the analogue to Webb’s result for the other two
classical compact groups, i.e. that

lim
n→∞

|pG(n)(θ)|2αe2iβℑ log pG(n)(θ)

E
(
|pG(n)(θ)|2αe2iβℑ log pG(n)(θ)

)dθ =
e2αX(θ)+2iβX̂(θ)

E
(
e2αX(θ)+2iβX̂(θ)

)dθ, (1.3.14)

for G(n) = O(n) and G(n) = Sp(2n), and certain parameters α and β. The precise result
is stated in Theorems 48 and 50. We thus complete the connection between the classical
compact groups and Gaussian multiplicative chaos.

1.4 Moments of moments

It is a natural question how much circle averages of the characteristic polynomial fluctuate,
in particular what their moments are. Thus for α > −1/2 and m ∈ R we define the
moments of moments of pG(n)(θ) by

MoMG(n)(m,α) :=EU∈G(n)

((
1

2π

∫ 2π

0
|pG(n)(θ)|2αdθ

)m)
, (1.4.1)

where the term moments of moments refers to the fact that we first take a moment of
the characteristic polynomial with respect to the spectral variable θ, and then a moment
with respect to the random matrix distribution. We are interested in the asymptotics of
MoMG(n)(m,α) in the limit as n→∞, for fixed α, m.
The maximum of the characteristic polynomial maxθ∈[0,2π) |pG(n)(θ)| is connected to the
moments of moments since MoMG(n)(1/p, p/2) = EG(n)

(
||pG(n)(·)||p

)
, and since for large

p the Lp-norm approximates the L∞-norm ||pG(n)(·)||∞ = maxθ∈[0,2π) |pG(n)(θ)|. This sug-
gests that the asymptotics of MoMG(n)(m,α) can be used to motivate conjectures for the
maximum of the characteristic polynomials [FHK12,FK14]. MoMG(n)(m,α) is also related
to the m-th moment of the total mass of the Gaussian Multiplicative Chaos measures
arising from the characteristic polynomial of random matrices from the classical compact
groups, see [FK21,NSW20,Web15]. The moments of moments are also interesting because
of their application to understanding the large values taken by the Riemann zeta function
on the critical line and other L-functions [FHK12,FK14] - see [BK22] for a review.

Recently there has been a good deal of attention given to MoMU(n)(m,α). Fyodorov,
Hiary and Keating made conjectures on the large n asymptotics in [FHK12], which were
specified by Fyodorov and Keating in [FK14], and which were then supported by numerical
computations and generalized in [FGK18]. So far their conjectures have been proven only
in cases where m ∈ N, since then one can use Fubini’s theorem to write the moments of
moments as a multiple integral:

MoMG(n)(m,α) =

∫ 2π

0
· · ·
∫ 2π

0
EU∈G(n)

 m∏
j=1

|pG(n)(θj)|2α
 dθ1

2π
· · · dθm

2π
. (1.4.2)
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For m = 2 and α > −1/4 the conjectured asymptotics of MoMU(n)(m,α) were proven
by Claeys and Krasovsky, as an application of their calculation of the asymptotics of
Toeplitz determinants with two merging singularities via a Riemann-Hilbert analysis [CK15]
(Toeplitz determinants and Riemann-Hilbert problems will be introduced in the following
Sections 1.5 and 1.6). For m,α ∈ N they were proven by Bailey and Keating using an
approach based on exact identities for finite n [BK19]. Using a combinatorial approach for
m,α ∈ N, which involved representation theory and constrained Gelfand-Tsetlin patterns,
Assiotis and Keating [AK20] proved the same results as found in [BK19], but with an
alternative formula for the leading order coefficient (see also [BA20], where the results
in [BK19] and [AK20] were rederived using another approach). This same combinatorial
approach was then used by Assiotis, Bailey and Keating to prove asymptotic formulas
for G(n) = SO(2n) and G(n) = Sp(2n), when m,α ∈ N [ABK19]. For those asymptotic
formulas Andrade and Best [AB22] then provided an alternative proof using the methods
developed in [BK19], again with an alternative formula for the leading order coefficient.

Using the Riemann-Hilbert approach developed in [CK15], Fahs [Fah21] computed the
asymptotics, up to a multiplicative constant, of Toeplitz determinants with arbitrarily
many merging singularities. Using this Fahs then proved the asymptotic formula for
MoMU(n)(m,α) for m ∈ N and general α > 0, however without an explicit expression for
the leading order coefficient:

Theorem 14 ( [Fah21]). For m ∈ N and α > 0, as n→∞:

MoMU(n)(m,α) =


(1 + o(1))nmα2 G(1+α)2mΓ(1−mα2)

G(1+2α)mΓ(1−α2)m
, α < 1√

m
,

eO(1)n log n α = 1√
m
,

eO(1)nm2α2+1−m, α > 1√
m
,

(1.4.3)

where eO(1) denotes a function that is bounded and bounded away from 0 as n→∞, and
where G(z) denotes the Barnes G-function.

Note that the phase transition happens exactly at the point α = 1/
√
m, below which

the m-th moment of the Gaussian multiplicative chaos measure µα,0 from Theorem 13 is
finite. This is because of the relation

MoMU(n)(m,α) = (2π)−mE
(
|pU(n)(0)|2α

)m E

((∫ 2π

0

|pU(n)(θ)|2α

E(|pU(n)(θ)|2α)
dθ

)m)
. (1.4.4)

The second expectation on the RHS converges to E(µα,0([0, 2π)
m), which is finite if and only

if α < 1/
√
m, in which case it is given by the Fyodorov-Bouchaud formula [FB08,Rem20]

E
((

1

2π
µα,0([0, 2π)

)m)
=

Γ(1−mα2)

Γ(1− α2)m
. (1.4.5)

For α = 1/
√
m the second expectation on the RHS of (1.4.4) can be seen as the "critical"

moment of µα,0, and it diverges like log n. The explicit constant was found by Keating and
Wong [KW22] for m ∈ N \ {1}, which allowed them to obtain an exact formula for the term
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eO(1) in the critical phase in Theorem 14.

Extending Fahs’ Riemann-Hilbert approach and using his asymptotics of Toeplitz
determinants, Claeys, Glesner, Minakov and Yang [CGMY22] computed asymptotics
of Toeplitz+Hankel determinants with arbitrarily many merging singularities, up to a
multiplicative constant. In Chapter 4 we use those asymptotic formulae for Toeplitz+Hankel
determinants to establish asymptotic formula for the moments of moments of characteristic
polynomials of random matrices from the orthogonal and symplectic groups, up to the
leading order coefficient. We obtain the leading order dependence of these moments of
moments in the limit on the size of the random matrices when this gets large. Our results
are as follows (see Chapter 4) for a definition of the constants C±(m,α)

Theorem 15. Let m ∈ N and α > 0. Then, as n→∞:

MoMSp(2n)(m,α) =


(1 + o(1))(2n)mα2

C−(m,α), α <
√
8m−3−1
4m−2 ,

eO(1)nmα2
log n α =

√
8m−3−1
4m−2 ,

eO(1)n2(mα)2+mα−m, α >
√
8m−3−1
4m−2 .

(1.4.6)

Theorem 16. Let G(n) ∈ {O(n), SO(n), SO−(n)} and α > 0. For m ∈ N \ {2}, as
n→∞:

MoMG(n)(m,α) =


(1 + o(1))nmα2

C+(m,α), α <
√
8m−3+1
4m−2 ,

eO(1)nmα2
log n α =

√
8m−3+1
4m−2 ,

eO(1)n2(mα)2−mα−m, α >
√
8m−3+1
4m−2 .

(1.4.7)

Moreover, as n→∞:

MoMG(n)(2, α) =



(1 + o(1))n2α2
C+(2, α), α < 1√

2
,

eO(1)n2α2
log n α = 1√

2
,

eO(1)n4α2−1, α ∈
(

1√
2
,
√
5+1
4

)
,

eO(1)n4α2−1 log n, α =
√
5+1
4 ,

eO(1)n8α2−2α−2, α >
√
5+1
4 .

(1.4.8)

We see that the critical points where phase transitions occur are significantly different
for U(n), O(n) and Sp(2n). This is due to the symmetries around ±1 in the eigenvalues of
orthogonal and symplectic matrices. As will become apparent in our proofs of Theorems
15 and 16 in Chapter 4, the main contribution in the first phase, which we refer to as the
subcritical phase, comes from integrating the integrand

EU∈G(n)

 m∏
j=1

|pG(n)(θj)|2α


in (1.4.2) over the subset of (0, 2π)m where |eiθj − eiθk | > 1/n for 1 ≤ j < k ≤ m, and
|eiθj ± 1| > 1/n for 1 ≤ j ≤ m. Except in the case where m = 2 and G(n) is one of the
orthogonal groups, the main contribution in the second and third phases, which we refer
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to as the critical and supercritical phases, respectively, comes from integrating over the
subset of (0, 2π)m where |eiθj − 1| < 1/n for 1 ≤ j ≤ m. In the special case where m = 2

and G(n) is one of the orthogonal groups, the main contribution for α ∈ [ 1√
2
,
√
5+1
4 ) comes

from integrating over the subset of (0, 2π)m where |eiθj ± 1| > 1/n for 1 ≤ j ≤ m, and
|eiθj − eiθk | < 1/n for 1 ≤ j < k ≤ m. This is the reason for the additional two phases in
the asymptotics of MoMO(n)(2, α).

Note also that, unlike in the case G(n) = U(n), the expectations E
(
|pG(n)(θ)|2α

)
are not

independent of θ for G(n) ∈ {O(n), Sp(2n)}. This is again due to the symmetries around ±1
of the eigenvalues of orthogonal and symplectic matrices. Thus for G(n) ∈ {O(n), Sp(2n)}
there is no immediate relationship of the type (1.4.4), between MoMG(n)(m,α) and the
m-th moment of the total mass of the GMC measures

e2αX(θ)

E
(
e2αX(θ)

)dθ. (1.4.9)

1.5 Toeplitz, Hankel, Toeplitz+Hankel determinants with
Fisher-Hartwig singularities

Both to prove our Theorem 48 and Theorem 50 in Chapter 3, and for the proofs of Theorem
58 and Theorem 59 in Chapter 4, we need to understand the large n asymptotics of
expectations of the form

EU∈G(n)

eTrV (U)
m∏
j=1

|pG(n)(θj)|2αje2iβjℑ log pG(n)(θj)

 , (1.5.1)

where αj > −1/2 and βj ∈ iR (one can more generally consider complex αj with
ℜαj > −1/2 and βj ∈ C, but in this thesis those cases are not considered), and where
TrV (U) :=

∑n
k=1 V (zk) for a given function V and an n × n matrix with eigenvalues

z1, ..., zn. This is particularly obvious in the case of the moments of moments, see (1.4.2).

Such expectations can be expressed in terms of Toeplitz, and Toeplitz+Hankel determi-
nants, which are defined as follows:

Definition 17 (Toeplitz, Toeplitz+Hankel determinants). For a function f ∈ L1(S1) we
define the Toeplitz determinants Dn(f), and the Toeplitz+Hankel determinants DT+H,κ

n ,
κ = 1, 2, 3, 4, as follows:

Dn(f) =det (fj−k)
n−1
j,k=0 ,

DT+H,1
n (f) =det (fj−k + fj+k)

n−1
j,k=0 ,

DT+H,2
n (f) =det (fj−k − fj+k+2)

n−1
j,k=0 ,

DT+H,3
n (f) =det (fj−k − fj+k+1)

n−1
j,k=0 ,

DT+H,4
n (f) =det (fj−k + fj+k+1)

n−1
j,k=0 ,

(1.5.2)

where fj :=
1
2π

∫ 2π
0 f(eiθ)e−ijθdθ.
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It holds that

eTrV (U)
m∏
j=1

|pG(n)(θj)|2αje2iβjℑ log pG(n)(θj) =det(f(U)), (1.5.3)

for the function

f(z) =eV (z)
m∏
j=1

|z − eiθj |2αje2iβjℑ log(z−eiθj ), (1.5.4)

where for an n dimensional complex matrix A with eigenvalues z1, ..., zn we set det(f(A)) =∏n
k=1 f(zk). Thus by the following two famous identities one can express the expectations

in (1.5.1) in terms of Toeplitz and Toeplitz+Hankel determinants:

Theorem 18 (Heine-Szegö). For a function f ∈ L1(S1) it holds that

EU(n) (det(f(U))) = Dn(f). (1.5.5)

Theorem 19. (Theorem 2.2 in [BR01]) Let h(z) be any function on the unit circle such
that for ι(eiθ) := h(eiθ)h(e−iθ) the integrals

ιj =
1

2π

∫ 2π

0
ι(eiθ)e−ijθ dθ (1.5.6)

are well-defined. Then for any n ∈ N ∪ {0}, with DT+H,κ
n defined in Definition 17, it holds

that

ESO(2n) (det(h(U))) =
1

2
DT+H,1

n (ι),

ESO−(2n) (det(h(U))) = h(1)h(−1)DT+H,2
n−1 (ι),

ESO(2n+1) (det(h(U))) = h(1)DT+H,3
n (ι),

ESO−(2n+1) (det(h(U))) = h(−1)DT+H,4
n (ι),

ESp(2n) (det(h(U))) = DT+H,2
n (ι),

(1.5.7)

except that ESO(0) (det(h(U))) = h(1).

The study of the asymptotics of Toeplitz and Toeplitz+Hankel determinants has a
long history and was initiated by Szegö. The simplest case is the strong Szegö limit
theorem (see for example [Sim05] for its most general version), which states that for
f(z) = eV (z) = exp

(∑
k∈Z Vkz

k
)

Dn(e
V ) = enV0e

∑∞
k=1 kVkV−k(1 + o(1)), n→∞. (1.5.8)

Together with the Heine-Szegö idendity this implies that for real-valued V , and Haar-
distributed U ∈ U(n), the asymptotic variance of the linear statistic TrV (U) is given by∑∞

k=1 k|Vk|2 = ||V ||21/2.

The function inside a Toeplitz or Toeplitz+Hankel determinant is often referred
to as the symbol of the determinant, and roots and jumps of the type f in (1.5.4)
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has are called Fisher-Hartwig singularities, after Fisher and Hartwig, who in [FH69]
made precise conjectures on the asymptotics of Toeplitz determinants of symbols with
such singularities. The asymptotics of Dn(f) and DT+H,κ

n (f), for the symbol f hav-
ing Fisher-Hartwig singularities, were computed under various assumptions on the sym-
bol f [Bas78, Bas79, BE01, BCH02, BE02, BE09, BS81, BS85, BS86, ES97, Ehr01, Wid73];
see [DIK12] for a recent historical account and [DIK11] for the most general results on
symbols with Fisher-Hartwig singularities. However all these results are only valid if the
singularities of f are bounded away from each other as n→∞.
In recent years advances were made on the asymptotics of Toeplitz and Toeplitz+Hankel
determinants, when the symbol f is allowed to vary with n, in particular when singularities
merge as n→∞. Obtaining asymptotic formulas which are uniform w.r.t. the location of
the singularities is necessary for our proofs of Theorem 48 and Theorem 50 in Chapter 3,
and for the proofs of Theorem 59 and Theorem 58 in Chapter 4, since in both cases we
want to integrate expectations of the form (1.5.1) over the location of the singularities.
In [CK15] the asymptotics of Dn(f) were computed for two merging singularities, and
were related to a solution of the Painlevé V equation. Using the techniques in [CK15], we
establish new results on Toeplitz determinants in Theorems 27 and 33 in Chapter 2, that
give the asymptotics when there are two conjugate pairs of merging singularities which are
bounded away from ±1. Again the asymptotics are related to a Painlevé V equation, in
fact the same one as in [CK15]. We use those results to prove Theorem 48 in Chapter 3.
In [Fah21] the asymptotics of Dn(f) for arbitrarily many singularities merging were com-
puted up to a factor eO(1) which is uniformly bounded and bounded away from 0. The
precise factor is believed to be related to higher-dimensional analogues of Painlevé equa-
tions. Using the techniques of Fahs in [Fah21], the asymptotics of DT+H,κ

n (f) for f having
arbitrarily many singularities merging were computed up to an eO(1) factor in [CGMY22].
This result is stated in Theorem 34 in Chapter 2 and we use it to prove Theorem 50 in
Chapter 3.
For two conjugate pairs of merging singularities which are bounded away from ±1 our
Theorem 28 expresses that factor in terms of a Painlevé transcendent, which again is the
same one as in [CK15].

In a recent paper [BF22], Bourgade and Falconet gave the first dynamical extension of
Fisher-Hartwig asymptotics, that is they computed the large n asymptotics of expectations
of the form

E

(
e
∑

s∈B Tr fs(Us)
∏

z=t+iθ∈A
|det(Ut − eiθ|γz

)
, (1.5.9)

where the expectation is w.r.t. U = (Ut)t∈R, a unitary Brownian motion, A ⊂ R× [0, 2π)

and B ⊂ R are finite subsets, γz are real constants and the functions fs fulfill certain
regularity conditions. They used those asymptotics to prove the convergence of the
characteristic polynomial of unitary Brownian motion to a Gaussian multiplicative chaos
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measure associated to the Gaussian free field on the cylinder, i.e. the convergence in (1.3.13).

Closely related to Toeplitz and Toeplitz+Hankel determinants are Hankel determinants,
i.e. determinants of the form

det

(∫
I
xj+kw(x)dx

)
, (1.5.10)

where I ⊂ R is an interval on which the weight w(x) is supported, which is of the form

w(x) = e−nV (x)eW (x)ω(x), (1.5.11)

where W (x) is continuous, ω(x) has Fisher-Hartwig singularities and V (x) is a potential
(in case I is unbounded W and V need to fulfill certain integrability conditions).
There are three canonical cases of Hankel determinants which appear as averages over
Hermitian random matrix ensembles:

det

(∫
I
xj+kw(x)dx

)
= EHerm(n)

 n∏
j=1

eW (λj)ω(λj)

 , , (1.5.12)

where λ1, ..., λn ∈ R are the eigenvalues of Herm(n), and

• I = R, V (x) = 2x2 when Herm(n) is the Gaussian Unitary Ensemble,

• I = [−1,∞), V (x) = 2(x+ 1) when Herm(n) is the (shifted) Wishart Ensemble,

• I = [−1, 1], V (x) = 0 when Herm(n) is the (shifted) Jacobi Ensemble.

[IK08], [Gar05] and [Kra07] are important early works on the asymptotics of Hankel
determinants that have greatly contributed to the development of the theory. The most
general results have been proven in [Cha19] and [CG21]. [CF16] concerns the case when
singularities are merging as n → ∞. There are various formulas which relate Hankel
determinants with I = [−1, 1] and V (x) = 0 to Toeplitz determinants and Toeplitz+Hankel
determinants, which is how some of those formulas are proven, see for example [DIK11].

1.6 Riemann-Hilbert Problems

One way to study the asymptotics of Toeplitz and Toeplitz+Hankel determinants is to
express them in terms of orthogonal polynomials on the unit circle, which in turn can
expressed in terms of solutions to certain Riemann-Hilbert problems. That orthogonal
polynomials can be represented as solutions to certain Riemann-Hilbert problems (RHPs)
was first observed by Fokas, Its and Kitaev in [FIK92] for polynomials on the real line, and
then by Baik, Deift, and Johansson in [BDJ99] for polynomials on the unit circle. One can
then use the steepest descent method introduced by Deift and Zhou in [DZ93], to analyze
those RHPs for orthogonals polynomials. This was first done by Bleher and Its in [BI99]
and Deift, Kriecherbauer, McLaughlin, Venakides, and Zhou in [DKM+99b,DKM+99a],
motivated by questions of universality in random matrix theory. See for example [Dei00]
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and [Kui03] for an introduction to Riemann-Hilbert problems for orthogonal polynomials.
We now follow those two works for a very brief introduction to what Riemann-Hilbert prob-
lems are and how they are useful for asymptotic analysis, without going into technical detail.

Roughly speaking Riemann-Hilbert problems are boundary value problems for analytic
functions. Consider an oriented contour Σ ⊂ C, where oriented means that any arc has
a positive and a negative side to it. By convention the positive (resp. negative) side lies
to the left (resp. right) of the contour when traversing in the direction of the orientation.
For simplicity we assume Σ to be a finite union of smooth curves in C, with only finitely
many points of intersections, and all intersections being transversal, which is the case for
all contours encountered in Chapter 2. Furthermore consider a function (subject to certain
conditions for z →∞ or z → {intersection points})

V : Σ \ {intersection points} → GL(n,C). (1.6.1)

A typical Riemann-Hilbert problem associated to (Σ, V ) then looks as follows: find a
function R : C \ Σ→ Cn×n which fulfills the following conditions:

(a) R is analytic, in the sense that every entry is analytic.

(b) The continuous boundary values of R from the right and left side of Σ, denoted R+−
and R−, respectively, exist on Σ \ {intersection points}, and are related by the jump
condition

R+(z) = R−(z)V (z), z ∈ Σ \ {intersection points}. (1.6.2)

(c) R(z) = I +O(1/z), uniformly as z →∞.

Due to condition (c) the problem is normalized at infinity, which is necessary to guarantee
uniqueness of a solution. Without this condition one could simply multiply a solution
by a matrix of arbitrary entire functions from the left to obtain another solution. Note
that one can also choose different normalization conditions for R as z → ∞, and one
can also normalize at other sets of the complex plane, which will be the case for some
Riemann-Hilbert problems we encounter in Chapter 2. Further note that in case there
are intersection points one needs to impose additional conditions at those to guarantee
uniqueness of a solution, since otherwise one could multiply a solution from the left by for
example matrix-valued functions of the form I +M , where M is analytic in the complex
plane apart from isolated singularities at the intersection points.

The reason why representing an object as a solution to a Riemann-Hilbert problem is
powerful, is the following: suppose one has a sequence of Riemann-Hilbert problems of the
type above, i.e. one has a sequence (Σ(n), V (n))n∈N of contours and jump matrices, and the
jumps vanish as n → ∞ in the sense that limn→∞ ||V (n) − I||Σ(n) = 0 for some specified
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norm || · ||Σ(n) on the set of measurable functions from Σ(n) to Cn×n. Typically one takes
|| · ||Σ(n) to be one (or a sum) of the Lp norms(∫

Σ(n)

|V (z)|pdz
)1/p

, (1.6.3)

where | · | denotes the Euclidean norm, or the corresponding L∞ norm. Then in many cases
one can find a constant C > 0, independent of n ∈ N and z ∈ C \ {Σ(n)}, such that

|R(n)(z)− I| < C||V (n) − I||Σ(n) . (1.6.4)

This allows us to compute very precise asymptotics for R(n) as n→∞, which are uniform
in all of C \ Σ(n). The exact statement depends on the case at hand, yet the proofs
are very similar and are often omitted in the Riemann-Hilbert literature. See for exam-
ple [Dei00,CFLW19,Fah21,BWW18] for detailed proofs of such statements.

The typical procedure of a Riemann-Hilbert analysis is as then follows:

1. Represent the objects of interest in terms of solutions to a family of RHPs.

2. Transform this family of RHPs in such a way that one obtains another family of
RHPs whose jumps are small in the limit that one is interested in. The Deift-Zhou
steepest descent method is used in this step. For a certain class of Riemann-Hilbert
problems it allows us to construct a sequence of explicit transformations towards a
Riemann-Hilbert problem with small jumps.

3. Use estimates of the form (1.6.4) to obtain uniform asymptotics for the solutions of
the RHPs with small jumps.

4. Reverse the transformation from the second step, to express the solutions to the
original family of RHPs in terms of the solutions to the small-jump RHPs, and thus
obtain uniform asymptotics of the solutions to the original family of RHPs.

5. Extract the asymptotics of the objects of interest from the uniform asymptotics of
the solutions of the original RHP.

We now explain how Toeplitz determinants are related to orthogonal polynomials and
Riemann-Hilbert problems: by the Heine-Szego identity and since f > 0 almost everywhere
it holds that Dn(f) ∈ (0,∞) for all n ∈ N. Thus for n ∈ N we can define the polynomials

ϕn(z) =
1√

Dn(f)Dn+1(f)

∣∣∣∣∣∣∣∣∣∣
f0 f−1 . . . f−n

f1 f0 . . . f−n+1

. . . . . . . . .
fn−1 fn−2 . . . f−1

1 z . . . zn

∣∣∣∣∣∣∣∣∣∣
= χnz

n + ...,

ϕ̂n(z) =
1√

Dn(f)Dn+1(f)

∣∣∣∣∣∣∣∣
f0 f−1 . . . f−n+1 1
f1 f0 . . . f−n+2 z
. . . . . . . . . . . .
fn fn−1 . . . f1 zn

∣∣∣∣∣∣∣∣ = χnz
n + ...,

(1.6.5)
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where the leading coefficient χn is given by

χn =

√
Dn(f)

Dn+1(f)
. (1.6.6)

Further we set D0(f) = 0 and ϕ0(z) = ϕ̂0(z) = χ0 = 1/
√

D1(f). It is straightforward to
verify that the above polynomials satisfy the orthogonality relations

1

2π

∫ 2π

0
ϕn(e

iθ)e−ikθf(eiθ)dθ =χ−1
n δnk,

1

2π

∫ 2π

0
ϕ̂n(e

−iθ)eikθf(eiθ)dθ =χ−1
n δnk,

(1.6.7)

for k = 0, 1, ..., n, which means that they are orthonormal w.r.t. the weight f . Thus one
can see that

Dn(f) =
n−1∏
j=0

χ−2
j , (1.6.8)

which implies that when knowing the large n asymptotics of the leading order coefficients
χn we can obtain information about the large n asymptotics of the Toeplitz determinants
Dn(f). Furthermore the Toeplitz+Hankel determinants DT+H,κ

n (f) can be expressed in
terms of the Toeplitz determinants Dn(f) and ϕn(0)/χn, see Theorem 25 in Chapter 2.

The characterization of orthogonal polynomials on the unit circle in terms of Riemann-
Hilbert problems is stated in the following theorem. Since this theorem is of crucial
importance for the analysis of orthogonal polynomials, and since the proof only uses
elementary methods from complex analysis, we include the proof (note that the original
theorem was only proven for smooth functions f , but the proof extends easily to functions
with Fisher-Hartwig singularities).

Theorem 20 (Baik, Deift, Johansson [BDJ99]). Let C denote the unit circle, oriented
counterclockwise, and let f be as in (1.5.4). Then the matrix-valued function Y (z) = Y (z;n)

given by

Y (z) =

(
χ−1
n ϕn(z) χ−1

n

∫
C

ϕn(ξ)
ξ−z

f(ξ)dξ
2πiξn

−χn−1z
n−1ϕ̂n−1(z

−1) −χn−1

∫
C

ϕ̂n−1(ξ−1)
ξ−z

f(ξ)dξ
2πiξ

)
(1.6.9)

is the unique solution of the following Riemann-Hilbert problem.

RH problem for Y (z) = Y (z;n)

(a) Y : C \ C → C2×2 is analytic, in the sense that every entry is analytic.

(b) The continuous boundary values of Y from inside the unit circle, denoted Y+, and
from outside, denoted Y−, exist on C \ {eiθ1 , ..., eiθm}, and are related by the jump
condition

Y+(z) = Y−(z)

(
1 z−nf(z)
0 1

)
, z ∈ C \ {eiθ1 , ..., eiθm}. (1.6.10)
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(c) Y (z) = (I +O(1/z))
(

zn 0
0 z−n

)
=

(
zn +O(zn−1) O(z−n−1)
O(zn−1) z−n +O(z−n−1)

)
, as z →

∞.

(d) As z → eiθk , z ∈ C \ C, k = 1, ...,m, it holds that

Y (z) =

(
O(1) O(1) +O(|z − zk|2αk)
O(1) O(1) +O(|z − zk|2αk)

)
, if αk ̸= 0, (1.6.11)

and

Y (z) =

(
O(1) O(log |z − zk|)
O(1) O(log |z − zk|)

)
, if αk = 0. (1.6.12)

Proof. We first show that Y given in (1.6.9) fulfills the RHP, and then show that this solution
is unique. It is obvious that condition (a) is satisfied, i.e. that the entries of Y are analytic
for all z ∈ C \ C, and that condition (d) is satisfied. Now from the Sokhotski–Plemelj
theorem (see for example [Gak66][Section 4.2]) it follows that

Y12(z)+ =Y12(z)− + χ−1
n ϕn(z)f(z)z

−n = Y12(z)− + Y11(z)−z
−nf(z),

Y22(z)+ =Y22(z)− − χn−1ϕ̂n−1(z
−1)f(z)z−1 = Y22(z)− + Y21(z)−z

−nf(z),
(1.6.13)

which implies that Y satisfies condition (b). Condition (c) is obvious for Y11 and Y21. For
Y12 and Y22 note that for |z| > 1 it holds that

1

ξ − z
= −

∞∑
k=0

ξk

zk+1
. (1.6.14)

Using this, and the orthogonality relations in (1.6.7), we see that condition (c) also holds
for Y12 and Y22: as z →∞

Y12(z) =χ−1
n

∫
C

ϕn(ξ)

ξ − z

f(ξ)dξ
2πiξn

=− χ−1
n

∞∑
k=0

1

2πi

(∫
C
ϕn(ξ)f(ξ)ξ

k−ndξ
)

1

zk+1

=− χ−1
n

∞∑
k=0

1

2π

(∫ 2π

0
ϕn(e

iθ)f(eiθ)e−iθ(n−k−1)dθ
)

1

zk+1

=O(z−n−1)

Y22(z) =− χn−1

∫
C

ϕ̂n−1(ξ
−1)

ξ − z

f(ξ)dξ
2πiξ

=χn−1

∞∑
k=0

1

2πi

(∫
C
ϕ̂n−1(ξ

−1)f(ξ)ξk−1dξ
)

1

zk+1

=χn−1

∞∑
k=0

1

2π

(∫ 2π

0
ϕ̂n−1(e

−iθ)f(eiθ)eikθdθ
)

1

zk+1

=z−n+1 +O(z−n).

(1.6.15)

We now show that if a solution exists then it is unique. By condition (a) the function
detY : C \ C → C is analytic and for z ∈ C \ {eiθ1 , ..., eiθm}, condition (b) implies that

(detY )+ (z) = det

(
Y−(z)

(
1 z−nf(z)
0 1

))
= (detY )− (z). (1.6.16)
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Thus det is meromorphic on C, with singularities at eiθ1 , ..., eiθm . Those singularities are
all removable however since by condition (d) it holds that lim

z→eiθj
(z − eiθj ) detY (z) =

lim
z→eiθj

O(|z − eiθj |) + O(|z − eiθj |1+2αj ) + O(|z − eiθj | log |z − eiθj |) = 0, where in the
last equality we used that αj > −1/2, j = 1, ...,m. This implies that detY extends to an
entire function. By condition (c) it holds that detY (z)→ 1 as z →∞. Thus by Liouville’s
theorem it follows that detY (z) = 1 for all z ∈ C, and Y is invertible for all z ∈ C\C. Now
suppose that there are two solutions Y and Ỹ . Then for any C \ {eiθ1 , ..., eiθm} condition
(b) implies that

(Y Ỹ −1)+(z) = Y−(z)

(
1 z−nf(z)
0 1

)(
1 −z−nf(z)
0 1

)
Ỹ −1
− (z) = (Y Ỹ −1)−(z),

(1.6.17)

and again by condition (d) the singularities of Y Ỹ −1 at the points eiθ1 , ..., eiθm are removable.
Thus Y Ỹ −1 extends analytically to the entire complex plane and every entry is an entire
function, and since additionally by condition (c) it holds that Y (z)Ỹ −1(z)→ I as z →∞,
Liouville’s theorem implies that Y (z) = Ỹ (z) for all z ∈ C \ C.

We see that Y (z;n)21(0) = χ2
n−1 and Y (z;n)11(z) = χ−1

n ϕn(z) =: Φn(z), thus if we
know the asymptotics of Y , we know the asymptotics of Φn, ϕn and χn, from which we can
then compute the asymptotics of the Toeplitz and Toeplitz+Hankel determinants Dn(f),
DT+H,κ

n (f), κ = 1, ..., 4.

1.7 Outline

In Chapter 2 we prove new formulas for the asymptotics of Toeplitz and Toeplitz+Hankel
determinants with two conjugate pairs of merging singularities, using the Deift-Zhou steepest
descent method for Riemann-Hilbert problems for orthogonal polynomials. Those formulas
are stated in Theorems 27, 23, and 33. Chapter 2 is based on the Riemann-Hilbert analysis
carried out in the paper "The Classical Compact Groups and Gaussian Multiplicative
Chaos" [FK21], which is joint work with Jon Keating.

In Chapter 3 we use the formulae stated and proven in Chapter 2 to prove Theorems 48
and 50, which state that the convergence (1.3.14) holds, i.e. that powers of the exponential
of the real and imaginary part of the logarithm of the characteristic polynomial of random
orthogonal and symplectic matrices converge to certain Gaussian multiplicative chaos
measures on the unit circle. Just like Chapter 2, Chapter 3 is based on the paper "The
Classical Compact Groups and Gaussian Multiplicative Chaos" [FK21], which is joint work
with Jon Keating.

In Chapter 4 we prove the asymptotic formulae for the moments of moments of random
orthogonal and symplectic matrices stated in Theorems 15 and 16. As key technical input
we use Theorem 34 by Claeys et al. [CGMY22], stated in Chapter 2, which gives a for-
mula for the asymptotics of Toeplitz+Hankel determinants with arbitrarily many merging
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Fisher-Hartwig singularities. Chapter 4 is based on the paper "Moments of moments of the
characteristic polynomials of random orthogonal and symplectic matrices" [CFK23], which
is joint work with Tom Claeys and Jon Keating.

In Chapter 5 we prove Theorem 10, which states that the logarithm of the characteristic
polynomial of unitary Brownian motion converges in a certain tensor product of Sobolev
spaces to a generalized Gaussian field whose real and imaginary parts are Gaussian free
fields on the cylinder. We also prove a Wick-type identity, stated in Proposition 81, which
expresses expectations involving traces of products of random unitary and random Hermitian
matrices, in terms of expectations involving only traces of random unitary matrices. Chapter
5 is based on the paper "Convergence of the logarithm of the characteristic polynomial of
unitary Brownian motion in Sobolev space" [FS22], which is joint work with Isao Sauzedde.
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Chapter 2

Toeplitz, and Toeplitz+Hankel
determinants with Fisher-Hartwig
Singularities

In this chapter, based on the Riemann-Hilbert analysis in [FK21], which is joint work with
Jon Keating, we state formulae, and establish new ones, for the asymptotics of Toeplitz
and Toeplitz+Hankel determinants with Fisher-Hartwig singularities, which we will use
in our proofs of Theorems 48 and 50 in Chapter 3 and Theorems 58 and 59 in Chapter 4.
The results we prove are for the asymptotics of Toeplitz and Toeplitz+Hankel determinants
with two conjugate pairs of merging singularities. They are related to those in [CK15]
and [DIK11] and in our proof we employ the Deift-Zhou steepest descent method for
Riemann-Hilbert problems, in a way which is strongly influenced by these two papers.

2.1 Context and Statement of Results

Definition 21. ( [DIK11]) A function f : S1 → C is called a symbol with a fixed number
of Fisher-Hartwig singularities if it has the following form:

f(z) = eV (z)z
∑m

j=0 βj

m∏
j=0

|z − zj |2αjgzj ,βj
(z)z

−βj

j , z = eiθ, θ ∈ [0, 2π), (2.1.1)

for some m = 0, 1, ..., where

zj = eiθj , j = 0, ...,m, 0 = θ0 < θ1 < ... < θm < 2π;

gzj ,βj
(z) =

{
eiπβj 0 ≤ arg z < θj

e−iπβj θj ≤ arg z < 2π
, (2.1.2)

ℜαj > −1/2, βj ∈ C, j = 0, ...,m,

and V (z) is analytic in a neighborhood of the unit circle. A point zj, j = 1, ...,m, is included
if and only if either αj ̸= 0 or βj ̸= 0, while always z0 = 1, even if α0 = β0 = 0.
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Under these assumptions V has a Laurent series, convergent in a neighborhood of the
unit circle,

V (z) =

∞∑
k=−∞

Vkz
k, Vk =

1

2π

∫ 2π

0
V (eiθ)e−ikθdθ, (2.1.3)

and the function eV (z) allows the standard Wiener-Hopf decomposition:

eV (z) = b+(z)b0b−(z), b+(z) = e
∑∞

k=1 Vkz
k
, b0 = eV0 , b−(z) = e

∑−1
k=−∞ Vkz

k

. (2.1.4)

Note that a symbol f as in Definition 21 that is real on the unit circle and fulfills f(eiθ) =

f(e−iθ) is of the following form:

f(z) (2.1.5)

=eV (z)
r+1∏
j=0

|z − eiθj |2αj |z − e−iθj |2αjg
eiθj ,βj

(z)g
ei(2π−θj),−βj

(z)e−iθjβjei(2π−θj)βj ,

where r ∈ N∪{0}, 0 = θ0 < θ1 < ... < θr < θr+1 = π, αj > −1/2, βj ∈ iR for j = 0, ..., r+1,
and β0 = βr+1 = 0, and where V (eiθ) = V (e−iθ) such that Vk = V−k.

We recall the definition of the Toeplitz and Toeplitz+Hankel determinants we consider:

Dn(f) := det (fj−k)
n−1
j,k=0 ,

DT+H,1
n (f) := det (fj−k + fj+k)

n−1
j,k=0 ,

DT+H,2
n (f) := det (fj−k − fj+k+2)

n−1
j,k=0 ,

DT+H,3
n (f) := det (fj−k − fj+k+1)

n−1
j,k=0 ,

DT+H,4
n (f) := det (fj−k + fj+k+1)

n−1
j,k=0 ,

(2.1.6)

where f ∈ L1(S1) and

fj =
1

2π

∫ 2π

0
f(eiθ)e−ijθdθ. (2.1.7)

The following two theorems state the asymptotics of Toeplitz and Toeplitz+Hankel
determinants with real-valued symbols, when the singularities are bounded away from each
other:

Theorem 22. (Ehrhardt [Ehr01]) Let f be as in Definition 21, with αj ∈ R and βj ∈ iR
for j = 0, ...,m, and V (S1) ⊂ R, and let G denote the Barnes G-function. Let ϵ > 0, then
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as n→∞, uniformly for minj,k=0,...,m |zj − zk| ≥ ϵ:

logDn(f) =nV0 +

∞∑
k=0

k|Vk|2 + (log n)

m∑
j=0

(α2
j − β2

j )

−
m∑
j=0

(αj − βj)

( ∞∑
k=1

Vkz
k
j

)
+ (αj + βj)

( ∞∑
k=1

V−kzj
k

)
+

∑
0≤j<k≤m

2(βjβk − αjαk) log |zj − zk|+ (αjβk − αkβj) log
zk

zjeiπ

+
m∑
j=0

log
G(1 + αj + βj)G(1 + αj − βj)

G(1 + 2αj)

+ o(1).

(2.1.8)

Theorem 23. (Deift, Its, Krasovsky [DIK11]) Let f(z) be as in (2.1.5) and let ϵ > 0.
Then as n→∞, uniformly for minj,k=0,...,r+1 |zj − zk| ≥ ϵ:

DT+H,κ
n (f) =enV0+

1
2((α0+αr+1+s′+t′)V0−(α0+s′)V (1)−(αr+1+t′)V (−1)+

∑∞
k=1 kV

2
k )

×
r∏

j=1

b+(zj)
−αj+βjb−(zj)

−αj−βj

× e−iπ((α0+s′+
∑r

j=1 αj)
∑r

j=1 βj+
∑

1≤j<k≤r(αjβk−αkβj))

× 2(1−s′−t′)n+q+
∑r

j=1(α
2
j−β2

j )−
1
2
(α0+αr+1+s′+t′)2+ 1

2
(α0+αr+1+s′+t′)

× n
1
2
(α2

0+α2
r+1)+α0s′+αr+1t′+

∑r
j=1(α

2
j−β2

j )

×
∏

1≤j<k≤r

|zj − zk|−2(αjαk−βjβk)|zj − z−1
k |

−2(αjαk+βjβk)

×
r∏

j=1

z
2Ãβj

j |1− z2j |
−(α2

j+β2
j )|1− zj |−2αj(α0+s′)|1 + zj |−2αj(αr+1+t′)

× π
1
2
(α0+αr+1+s′+t′+1)G(1/2)2

G(1 + α0 + s′)G(1 + αr+1 + t′)

×
r∏

j=1

G(1 + αj + βj)G(1 + αj − βj)

G(1 + 2αj)
(1 + o(1)),

(2.1.9)

where log zj = iθj, b+(zj)−αj+βj = (−αj + βj)
∑∞

k=1 Vkz
k
j and similarly for b−(zj), Ã =

1
2(α0 + α3 + s′ + t′) +

∑2
j=1 αj and

DT+H,1
n (f) =det (fj−k + fj+k)

n−1
j,k=0 , with q = −2n+ 2, s′ = t′ = −1

2
,

DT+H,2
n (f) =det (fj−k − fj+k+2)

n−1
j,k=0 , with q = 0, s′ = t′ =

1

2
, (2.1.10)

DT+H,3
n (f) =det (fj−k − fj+k+1)

n−1
j,k=0 , with q = −n, s′ =

1

2
, t′ = −1

2
,

DT+H,4
n (f) =det (fj−k + fj+k+1)

n−1
j,k=0 , with q = −n, s′ = −1

2
, t′ =

1

2
.

Remark 24. The asymptotics in Theorem 27 and Theorem 28 were not stated in [DIK11]
to hold uniformly when the singularities are bounded away from each other, but looking at
their proofs one can quickly see that this is the case.
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Theorem 2.6 and Lemma 2.7 in [DIK11] relate Toeplitz+Hankel determinants to Toeplitz
determinants and monic orthogonal polynomials, which is how Theorem 23 is proved. This
relation can be stated as follows:

Lemma 25 (Deift, Its, Krasovsky). Let f be as in (2.1.5). Then for all n ∈ N:

DT+H,1
n (f(z))2 =4

(1 + Φ2n(0))
2

Φ2n(1)Φ2n(−1)
D2n(f(z)),

DT+H,2
n (f(z))2 =

(1 + Φ2n(0))
2

Φ2n(1)Φ2n(−1)
D2n

(
f(z)|1− z|2|1 + z|2

)
,

DT+H,3
n (f(z))2 =

1

4

(1 + Φ2n(0))
2

Φ2n(1)Φ2n(−1)
D2n

(
f(z)|1− z|2

)
,

DT+H,4
n (f(z))2 =

1

4

(1 + Φ2n(0))
2

Φ2n(1)Φ2n(−1)
D2n

(
f(z)|1 + z|2

)
,

(2.1.11)

where Φn(z) = zn + ... are the monic orthogonal polynomials w.r.t. the symbols on the RHS,
i.e. f(z), f(z)|1− z|2|1 + z|2, f(z)|1− z|2 and f(z)|1 + z|2.

We will use Lemma 25 in Section 2.5 to prove our results on the asymptotics of
Toeplitz+Hankel determinants with merging singularities, stated in Theorems 28 and
33 below, using our results on the asymptotics of Toeplitz determinants with merging
singularities, stated in Theorems 27 and 33 below. In those theorems we consider the
following class of symbols: let ϵ ∈ (0, π/2) and define

fp,t(z) :=eV (z)z
∑5

j=0 βj

5∏
j=0

|z − zj |2αjgzj ,βj
(z)z

−βj

j , z = eiθ, θ ∈ [0, 2π), (2.1.12)

=eV (z)|z − 1|2α0 |z + 1|2α3

2∏
j=1

|z − zj |2αj |z − zj |2αjgzj ,βj
(z)gzj ,−βj

(z)z
−βj

j zj
βj ,

where

• z0 = 1, z1 = ei(p−t), z2 = ei(p+t), z3 = −1, z4 = z2 = ei(2π−p−t), z5 = z1 = ei(2π−p+t),
with p ∈ (ϵ, π − ϵ), 0 < t < ϵ,

• αj ∈ (−1/2,∞) for j = 0, ..., 5, and α1 = α5, α2 = α4,

• β0 = β3 = 0, β1 = −β5 ∈ iR, β2 = −β4 ∈ iR,

• V (z) is real-valued on the unit circle, and satisfies V (eiθ) = V (e−iθ).

To state our results on the uniform asymptotics of Dn(fp,t) and DT+H,κ
n (fp,t) we further

need the following theorem (not in its most general form) from [CK15], which describes the
relevant Painlevé transcendents:

Theorem 26. (Claeys, Krasovsky) Let α1, α2, α1 + α2 > −1
2 , β1, β2 ∈ iR and consider the

σ-form of the Painleve V equation

s2σ2
ss = (σ − sσs + 2σ2

s)
2 − 4(σs − θ1)(σs − θ2)(σs − θ3)(σs − θ4), (2.1.13)
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where the parameters θ1, θ2, θ3, θ4 are given by

θ1 =− α2 +
β1 + β2

2
, θ2 = α2 +

β1 + β2
2

,

θ3 =α1 −
β1 − β2

2
, θ4 = −α1 −

β1 + β2
2

.

(2.1.14)

Then there exists a solution σ(s) to (2.1.13) which is real and free of poles for s ∈ −iR+,
and which has the following asymptotic behavior along the negative imaginary axis:

σ(s) =2α1α2 −
(β1 + β2)

2

2
+O(|s|δ), s→ −i0+,

σ(s) =
β1 − β2

2
s− (β1 − β2)

2

2
+O(|s|−δ), s→ −i∞,

(2.1.15)

for some δ > 0.

Our result on the uniform asymptotics of Dn(fp,t) is then the following:

Theorem 27. Let fp,t be as in (2.1.12) with α1+α2 > −1/2, and let σ satisfy the conditions
of Theorem 26. Then we have the following large n asymptotics, uniformly for p ∈ (ϵ, π− ϵ)

and 0 < t < t0, for a sufficiently small t0 ∈ (0, ϵ):

logDn(fp,t) =2int(β1 − β2) + nV0 +
∞∑
k=1

kV 2
k + log(n)

5∑
j=0

(α2
j − β2

j )

−
5∑

j=0

(αj − βj)

( ∞∑
k=1

Vkz
k
j

)
+ (αj + βj)

( ∞∑
k=1

Vkzj
k

)
+

∑
0≤j<k≤5

(j,k) ̸=(1,2),(4,5)

2(βjβk − αjαk) log |zj − zk|+ (αjβk − αkβj) log
zk

zjeiπ

+ 4it(α1β2 − α2β1)

+ 2

∫ −2int

0

1

s

(
σ(s)− 2α1α2 +

1

2
(β1 + β2)

2

)
ds+ 4 (β1β2 − α1α2) log

sin t

nt

+ log
G(1 + α0)

2

G(1 + 2α0)
+ log

G(1 + α3)
2

G(1 + 2α3)

+ log
G(1 + α1 + α2 + β1 + β2)

2G(1 + α1 + α2 − β1 − β2)
2

G(1 + 2α1 + 2α2)2
(2.1.16)

+ o(1),

where log zk
zjeiπ

= i(θk − θj − π).

Our result on the uniform asymptotics of DT+H,κ
n (fp,t), κ = 1, ..., 4, is the following,

where we use the same notation as in Theorem 23:
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Theorem 28. Let fp,t be as in (2.1.12) with α1 + α2 > −1/2, and let σ satisfy the
conditions of Theorem 26. For DT+H,κ

n (fp,t) we get, as n→∞, uniformly in p ∈ (ϵ, π − ϵ)

and 0 < t < t0, for a sufficiently small t0 ∈ (0, ϵ):

DT+H,κ
n (fp,t) =e2int(β1−β2)+nV0+

1
2((α0+α3+s′+t′)V0−(α0+s′)V (1)−(α3+t′)V (−1)+

∑∞
k=1 kV

2
k )

×
2∏

j=1

b+(zj)
−αj+βjb−(zj)

−αj−βje−iπ(α0+s′+
∑2

j=1 αj)
∑2

j=1 βj

× 2(1−s′−t′)n+q+
∑2

j=1(α
2
j−β2

j )−
1
2
(α0+α3+s′+t′)2+ 1

2
(α0+α3+s′+t′)

× n
1
2
(α2

0+α2
3)+α0s′+α3t′+

∑2
j=1(α

2
j−β2

j ) (2.1.17)

×
∣∣∣∣sin t2nt

∣∣∣∣−2(α1α2−β1β2)

|2 sin p|−2(α1α2+β1β2)e
∫−4int
0

1
s (σ(s)−2α1α2+

1
2
(β1+β2)2)ds

×
2∏

j=1

z
2Ãβj

j |1− z2j |
−(α2

j+β2
j )|1− zj |−2αj(α0+s′)|1 + zj |−2αj(α3+t′)

× π
1
2
(α0+α3+s′+t′+1)G(1/2)2

G(1 + α0 + s′)G(1 + α3 + t′)

× G(1 + α1 + α2 + β1 + β2)G(1 + α1 + α2 − β1 − β2)

G(1 + 2α1 + 2α2)
(1 + o(1)).

Remark 29. One can probably get similar results if more generally one chooses complex
αj , βj with ℜ(αj) > −1/2, but to prove Theorem 48 in Chapter 3, which was the original
motivation for computing the asymptotics in Theorem 28, this is not necessary.

Remark 30. The requirements p ∈ (ϵ, π − ϵ), t0 ∈ (0, ϵ) are necessary for us to be able
to apply the proof techniques in [CK15]. The results there only hold for two merging
singularities, while if p→ 0, π we have 5 singularities merging at ±1, and if t→ ϵ we can
have p± t→ 0, π which means 3 singularities are merging at ±1.

Remark 31. Comparing the uniform asymptotics of Dn(fp,t) in Theorem 27 with the non-
uniform asymptotics one gets from Theorem 22, one can see that the different expansions
are related in the following way:

2

2∑
j=1

log
G(1 + αj + βj)G(1 + αj − βj)

G(1 + 2αj)
− 2iπ(α1β2 − α2β1) + o(1)non−uniform

=2int(β1 − β2) + 2

∫ −2int

0

1

s

(
σ(s)− 2α1α2 +

1

2
(β1 + β2)

2

)
ds+ 4(β1β2 − α1α2) log

1

2nt

+ 2 log
G(1 + α1 + α2 + β1 + β2)G(1 + α1 + α2 − β1 − β2)

G(1 + 2α1 + 2α2)
+ o(1)uniform. (2.1.18)

This is exactly the same relationship as the one between the non-uniform and uniform
expansions of Dn(ft) in [CK15] (see their (1.8), (1.24) and (1.26)).

Remark 32. The relationship between the uniform asymptotics of DT+H,κ
n (fp,t) in Theorem

28 and the non-uniform asymptotics one gets from Theorem 23 is given by (2.1.18), with
both sides divided by 2, and n replaced by 2n. This is because the uniform asymptotics of
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DT+H,κ
n (fp,t) are related to the uniform asymptotics of D2n(fp,t)

1/2 (with added singularities
at ±1) and Φn(±1)1/2, Φn(0), by Lemma 25. As will be argued in Section 2.5 the asymptotics
of Φ2n(±1), computed as in [DIK11] are unaffected by the merging of singularities away from
±1, and Φ2n(0) = o(1) both when singularities merge or not. Thus only the asymptotics of
D2n(fp,t)

1/2 are different in the merging and non-merging regime, and their relationship is
given by (2.1.18) with both sides divided by 2, and n replaced by 2n.

Our last results corresponds to Theorem 1.11 in [CK15]. It extends Theorem 22 for the
symbol fp,t, and Theorem 23 in the case r = 2:

Theorem 33. Let ω(x) be a positive, smooth function for x sufficiently large, s.t.

ω(x)→∞, ω(x) = o(x), as x→∞. (2.1.19)

Then for any t0 ∈ (0, ϵ) the expansion of Dn(fp,t) one gets from Theorem 22 holds uniformly
in p ∈ (ϵ, π − ϵ) and ω(n)/n < t < t0. For r = 2, the expansion of Theorem 23 holds
uniformly in θ1, θ2 ∈ (ϵ, π − ϵ) for which ω(n)/n < |θ1 − θ2|.

Finally, we state the following result which gives asymptotics of Toeplitz+Hankel
determinants which hold uniformly for arbitrarily many merging singularities, but only up
to a multiplicative constant:

Theorem 34. (Claeys, Glesner, Minakov, Yang [CGMY22]) Let f be as in (2.1.5) with
r ∈ N, α0 = αr+1 = 0 and αj ≥ 0, j = 1, ..., r. Then we have uniformly over the entire
region 0 < θ1 < ... < θr < π, as n→∞,

DT+H,1
n (f) =FenV0

r∏
j=1

nα2
j−β2

j

(
sin θj +

1

n

)αj−α2
j−β2

j

× eO(1),

DT+H,2
n (f) =FenV0

r∏
j=1

nα2
j−β2

j

(
sin θj +

1

n

)−αj−α2
j−β2

j

× eO(1), (2.1.20)

DT+H,3
n (f) =FenV0

r∏
j=1

nα2
j−β2

j

(
sin

θj
2

+
1

n

)−αj−α2
j−β2

j
(
cos

θj
2

+
1

n

)αj−α2
j−β2

j

× eO(1),

DT+H,4
n (f) =FenV0

r∏
j=1

nα2
j−β2

j

(
sin

θj
2

+
1

n

)αj−α2
j−β2

j
(
cos

θj
2

+
1

n

)−αj−α2
j−β2

j

× eO(1),

where

F =
∏

1≤j<k≤r

(
sin

∣∣∣∣θj − θk
2

∣∣∣∣+ 1

n

)−2(αjαk−βjβk)
(
sin

∣∣∣∣θj + θk
2

∣∣∣∣+ 1

n

)−2(αjαk+βjβk)

.

(2.1.21)

Here eO(1) denotes a function which is uniformly bounded and bounded away from 0 as
n→∞.
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2.2 Riemann-Hilbert Problem for a System of Orthogonal
Polynomials and a Differential Identity

In this section and and the following Sections 2.3, 2.4 and 2.5 we prove Theorems 27, 28
and 33, by following the Riemann-Hilbert analysis of [CK15].

2.2.1 RHP for Orthogonal Polynomials

Let fp,t be as in (2.1.12). We recall that by the Heine-Szegö identity, and since fp,t > 0

except at z0, ..., z5, it holds that Dn(fp,t) ∈ (0,∞) for all n ∈ N. Thus we can define the
polynomials ϕn(z) = ϕn(z; p, t), ϕ̂n(z) = ϕ̂n(z; p, t), by

ϕn(z) =
1√

Dn(fp,t)Dn+1(fp,t)

∣∣∣∣∣∣∣∣∣∣
fp,t,0 fp,t,−1 . . . fp,t,−n

fp,t,1 fp,t,0 . . . fp,t,−n+1

. . . . . . . . .
fp,t,n−1 fp,t,n−2 . . . fp,t,−1

1 z . . . zn

∣∣∣∣∣∣∣∣∣∣
= χnz

n + ...,

ϕ̂n(z) =
1√

Dn(fp,t)Dn+1(fp,t)

∣∣∣∣∣∣∣∣
fp,t,0 fp,t,−1 . . . fp,t,−n+1 1
fp,t,1 fp,t,0 . . . fp,t,−n+2 z
. . . . . . . . . . . .
fp,t,n fp,t,n−1 . . . fp,t,1 zn

∣∣∣∣∣∣∣∣ = χnz
n + ...,

(2.2.1)

where the leading coefficient χn is given by

χn =

√
Dn(fp,t)

Dn+1(fp,t,)
. (2.2.2)

The above polynomials satisfy the orthogonality relations

1

2π

∫ 2π

0
ϕn(e

iθ)e−ikθfp,t(e
iθ)dθ =χ−1

n δnk,

1

2π

∫ 2π

0
ϕ̂n(e

−iθ)eikθfp,t(e
iθ)dθ =χ−1

n δnk,

(2.2.3)

for k = 0, 1, ..., n, which implies that they are orthonormal w.r.t. the weight fp,t.

Let C denote the unit circle, oriented counterclockwise. By Theorem 20 it holds that
the matrix-valued function Y (z) = Y (z;n, p, t) given by

Y (z) =

(
χ−1
n ϕn(z) χ−1

n

∫
C

ϕn(ξ)
ξ−z

fp,t(ξ)dξ
2πiξn

−χn−1z
n−1ϕ̂n−1(z

−1) −χn−1

∫
C

ϕ̂n−1(ξ−1)
ξ−z

fp,t(ξ)dξ
2πiξ

)
(2.2.4)

is the unique solution to the following Riemann-Hilbert problem:

RH problem for Y

(a) Y : C \ C → C2×2 is analytic.
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(b) The continuous boundary values of Y from inside the unit circle, denoted Y+, and from
outside, denoted Y−, exist on C \ {z0, ..., z5}, and are related by the jump condition

Y+(z) = Y−(z)

(
1 z−nfp,t(z)
0 1

)
, z ∈ C \ {z0, ..., z5}. (2.2.5)

(c) Y (z) = (I +O(1/z))
(

zn 0
0 z−n

)
, as z →∞.

(d) As z → zk, z ∈ C \ C, k = 0, ..., 5, we have

Y (z) =

(
O(1) O(1) +O(|z − zk|2αk)
O(1) O(1) +O(|z − zk|2αk)

)
, if αk ̸= 0, (2.2.6)

and

Y (z) =

(
O(1) O(log |z − zk|)
O(1) O(log |z − zk|)

)
, if αk = 0. (2.2.7)

We see that Y (z;n, p, t)21(0) = χ2
n−1 and Y (z;n, p, t)11(z) = χ−1

n ϕn(z) = Φn(z), thus if
we know the asymptotics of Y , we know the asymptotics of Φn, ϕn and χn.

2.2.2 Differential Identity

The Fourier coefficients are differentiable in t, thus logDn(fp,t) is differentiable in t for all
p ∈ (ϵ, π − ϵ) and n ∈ N. We calculate:

∂

∂t
log
∣∣∣z − ei(p−t)

∣∣∣2α1

=
∂

∂t
log

∣∣∣∣2 sin θ − (p− t)

2

∣∣∣∣2α1

=α1 cot
θ − (p− t)

2
= iα1

z + ei(p−t)

z − ei(p−t)
.

(2.2.8)

Similarly we obtain

∂

∂t
log
∣∣∣z − ei(p+t)

∣∣∣2α2

= −iα2
z + ei(p+t)

z − ei(p+t)
,

∂

∂t
log
∣∣∣z − ei(2π−(p+t))

∣∣∣2α4

= iα4
z + ei(2π−(p+t))

z − ei(2π−(p+t))
,

∂

∂t
log
∣∣∣z − ei(2π−(p−t)

∣∣∣2α2

= −iα5
z + ei(2π−(p−t))

z − ei(2π−(p−t))
.

(2.2.9)

Therefore we get

∂f(z)

∂t
=if(z)

∑
k=1,2,4,5

qk

(
αk

z + zk
z − zk

+ βk

)

=if(z)
∑

k=1,2,4,5

qk

(
αk + βk +

2αkzk
z − zk

)

=if(z)
∑

k=1,2,4,5

qk

(
βk +

2αkzk
z − zk

) (2.2.10)
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where qk = 1 for k = 1, 4 and qk = −1 for k = 2, 5. In the last line we used that∑
k=1,2,4,5 qkαk = 0.

Set Ỹ (z) = Y (z) in a neighborhood of zk if αk > 0. If αk < 0 the second column of
Y has a term of order (z − zk)

2αk , which explodes as z → zk. We set Ỹj1 = Yj1, j = 1, 2,
Ỹj2 = Yj2 − cj(z − zk)

2αk in a neighborhood of zk, with cj such that Ỹ is bounded in that
neighborhood. Then we have

Proposition 35. Let n ∈ N and αk ̸= 0 for k = 1, 2, 4, 5. Then the following differential
identity holds:

1

i

d
dt

logDn(fp,t) =
∑

k=1,2,4,5

qk

(
nβk − 2αkzk

(
dY −1

dz
Ỹ

)
22

(zk)

)
, (2.2.11)

with qk as above and
(

dY −1

dz Ỹ
)
22

(zk) = limz→zk

(
dY −1

dz Ỹ
)
22

(z) with z → zk non-tangentially
to the unit circle.

Proof: The proof for αk ≠ 0, k = 1, 2, 4, 5 works exactly like the proof of Proposition
2.1 in [CK15]. We have to modify their (2.16), which we replace with our (2.2.10). The
singularities at ±1 are independent of p and t and thus always stay within fp,t.

Remark 36. As in Remark 2.2 in [CK15] one can also get a differential identity for
logDn(fp,t) in the case where αk = 0 for some k ∈ {1, 2, 4, 5}, by letting those αk’s go to
zero in (2.2.10), which is continuous in αk on both sides.

2.3 Aymptotics of the Orthogonal Polynomials

2.3.1 Normalization of the RHP

Set

T (z) =

Y (z)

(
z−n 0

0 zn

)
, |z| > 1,

Y (z), |z| < 1.

(2.3.1)

Then by the RH conditions for Y , we obtain the following RH condition for T :

RH problem for T

(a) T : C \ C → C2×2 is analytic.

(b) The continuous boundary values of T from the inside, T+, and from outside, T−, of
the unit circle exist on C \ {z0, ..., z5}, and are related by the jump condition

T+(z) = T−(z)

(
zn fp,t(z)
0 z−n

)
, z ∈ C \ {z0, ..., z5}. (2.3.2)

(c) T (z) = I +O(1/z), as z →∞.
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(d) As z → zk, z ∈ C \ C, k = 0, ..., 5, we have

T (z) =

(
O(1) O(1) +O(|z − zk|2αk)
O(1) O(1) +O(|z − zk|2αk)

)
, if αk ̸= 0, (2.3.3)

and

T (z) =

(
O(1) O(log |z − zk|)
O(1) O(log |z − zk|)

)
, if αk = 0. (2.3.4)

2.3.2 Opening of the Lens

Define the Szegö function

D(z) = exp

(
1

2πi

∫
C

log fp,t(ξ)

ξ − z
dξ
)
, (2.3.5)

which is analytic inside and outside of C and satisfies

D+(z) = D−(z)fp,t(z), z ∈ C \ {z0, ..., z5}. (2.3.6)

We have (see (4.9)-(4.10) in [DIK11]):

D(z) = e
∑∞

0 Vjz
j

5∏
k=0

(
z − zk
zkeiπ

)αk+βk

=: Din,p,t(z), |z| < 1, (2.3.7)

and

D(z) = e−
∑−1

−∞ Vjz
j

5∏
k=0

(
z − zk

z

)−αk+βk

=: Dout,p,t(z), |z| > 1, (2.3.8)

and thus

Dout,p,t(z)
−1 = e

∑−1
−∞ Vjz

j
5∏

k=0

(
z − zk

z

)αk−βk

. (2.3.9)

The branch of (z − zk)
αk±βk is fixed by the condition that arg(z − zk) = 2π on the line

going from zk to the right parallel to the real axis, and the branch cut is the line θ = θk

going from z = zk = eiθ to infinity. For any k, the branch cut of the root zαk−βk is the line
θ = θk from z = 0 to infinity, and θk < arg z < θk + 2π. By (2.3.6) we have that

fp,t(e
iθ) = Din,p,t(e

iθ)Dout,p,t(e
iθ)−1, (2.3.10)

and this function extends analytically to a neighborhood S of the unit circle with the 6
branch cuts zkR+ ∩ S, k = 0, ...5, which we orient away from zero. Then we obtain for the
jumps of fp,t:

fp,t+(z) =fp,t−(z)e
2πi(αj−βj), on zj(0, 1) ∩ S,

fp,t+(z) =fp,t−(z)e
−2πi(αj+βj), on zj(1,∞) ∩ S.

(2.3.11)
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z1

z2

z4

z5

1-1

Σ0,out
Σ0Σ0,in

Σ5,out

Σ5
Σ5,in

Σ2,out

Σ2

Σ2,in

+
−
+
−
+
−

Σ3,out

Σ3

Σ3,in

Σ1
+
−

Σ4

Figure 2.1: The jump contour ΣS of S.

We factorize the jump matrix of T as follows:(
zn fp,t(z)
0 z−n

)
=

(
1 0

z−nfp,t(z)
−1 1

)(
0 fp,t(z)

−fp,t(z)−1 0

)(
1 0

znfp,t(z)
−1 1

)
.

(2.3.12)
We then fix a lens-shaped region as in Figure 2.1 and define

S(z) =



T (z), outside the lenses

T (z)

(
1 0

z−nfp,t(z)
−1 1

)
, in the parts of the lenses outside the unit circle,

T (z)

(
1 0

−znfp,t(z)−1 1

)
, in the parts of the lenses inside the unit circle.

(2.3.13)
The following RH conditions for S can be verified directly:

RH problem for S

(a) S : C \ ΣS → C2×2 is analytic.

(b) S+(z) = S−(z)JS(z) for z ∈ ΣS \ {z0, ..., z5}, where JS is given by

JS(z) =



(
1 0

z−nfp,t(z)
−1 1

)
, on Σ0,out ∪ Σ2,out ∪ Σ3,out ∪ Σ5,out,(

0 fp,t(z)

−fp,t(z)−1 0

)
, on Σ0 ∪ Σ2 ∪ Σ3 ∪ Σ5,(

1 0

znfp,t(z)
−1 1

)
, on Σ0,in ∪ Σ2,in ∪ Σ3,in ∪ Σ5,in,(

zn fp,t(z)

0 z−n

)
, on Σ1 ∪ Σ4.

(2.3.14)
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(c) S(z) = I +O(1/z), as z →∞.

(d) As z → zk from outside the lenses, k = 0, ..., 5, we have

S(z) =

(
O(1) O(1) +O(|z − zk|2αk)
O(1) O(1) +O(|z − zk|2αk)

)
, if αk ̸= 0, (2.3.15)

and

S(z) =

(
O(1) O(log |z − zk|)
O(1) O(log |z − zk|)

)
, if αk = 0. (2.3.16)

The behaviour of S(z) as z → zk from the other regions is obtained from these
expressions by application of the appropriate jump conditions.

Fix δ1, δ2 > 0 such that the discs

U±1 := {z : |z −±1| < δ1}, U± := {z : |z − e±ip| < δ2} (2.3.17)

are disjoint for any p ∈ (ϵ, π−ϵ). Let t0 ∈ (0, ϵ) such that ei(p±t) ∈ U+ and ei(2π−(p±t)) ∈ U−

for one and hence for all p ∈ (ϵ, π − ϵ). Then one observes that on the inner and out jump
contours and outside of U1∪U−1∪U+∪U− the jump matrix JS(z) converges to the identity
matrix as n→∞, uniformly in z, t < t0 and p ∈ (ϵ, π − ϵ).

2.3.3 Global Parametrix

Define the function

N(z) =



(
Din,p,t(z) 0

0 Din,p,t(z)
−1

)(
0 1

−1 0

)
, |z| < 1,(

Dout,p,t(z) 0

0 Dout,p,t(z)
−1

)
, |z| > 1.

(2.3.18)

One can easily verify that N satisfies the following RH conditions:

RH problem for N

(a) N : C \ C → C2×2 is analytic.

(b) N+(z) = N−(z)

(
0 fp,t(z)

−fp,t(z)−1 0

)
for z ∈ C \ {z0, ..., z5}.

(c) N(z) = I +O(1/z) as z →∞.
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2.3.4 Local Parametrix near ±1

The local parametrix near ±1 are constructed in exactly the same way as in [DIK11]. We
are looking for a solution of the following RHP:

RH problem for P±1(z)

(a) P±1 : U±1 \ ΣS → C2×2 is analytic.

(b) P±1(z)+ = P±1(z)−JS(z) for z ∈ U±1 ∩ ΣS .

(c) As z → ±1, S(z)P±1(z)
−1 = O(1).

(d) P±1 satisfies the matching condition P±1(z)N
−1(z) = I + o(1) as n→∞, uniformly

in z ∈ ∂U±1, p ∈ (ϵ, π − ϵ) and 0 < t < t0.

P±1 is given by (4.15), (4.23), (4.24), (4.47)-(4.50) in [DIK11] and one can see from
their construction that when all the other singularities are bounded away from ±1, then the
matching condition is uniform in the location of the other singularities, i.e. holds uniformly
in p ∈ (ϵ, π − ϵ) and 0 < t < t0.

2.3.5 0 < t ≤ ω(n)/n. Local Parametrices near e±ip

Let ω(x) be a positive, smooth function for x sufficiently large, s.t.

ω(x)→∞, ω(x) = o(x), as x→∞. (2.3.19)

For 0 < t ≤ 1/n and 1/n < t ≤ ω(n)/n we will construct local parametrices in U± which
satisfy the same jump and growth conditions as S inside U±, and which match with the
global parametrix N on the boundaries ∂U± for large n. To be precise, we will construct
P± satisfying the following conditions:

RH problem for P±(z)

(a) P± : U± \ ΣS → C2×2 is analytic.

(b) P±(z)+ = P±(z)−JS(z) for z ∈ U± ∩ ΣS .

(c) As n→∞, we have

P±(z)N
−1(z) = (I + o(1)), z ∈ ∂U±, (2.3.20)

uniformly for p ∈ (ϵ, π − ϵ) and 0 < t < t0.

(d) As z → zk, S(z)P±(z)
−1 = O(1), k = 1, 2 for + and k = 4, 5 for −.
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2.3.5.1 RH problem for Φ±

Define

Φ+(ζ, s) =Ψ+(ζ, s)


1, −1 < ℑ < 1,

eπi(α2−β2)σ3 , ℑζ > 1,

e−πi(α1−β1)σ3 , ℑζ < −1,

Φ−(ζ, s) =Ψ+(ζ, s)


1, −1 < ℑ < 1,

eπi(α1+β1)σ3 , ℑζ > 1,

e−πi(α2+β2)σ3 , ℑζ < −1,

(2.3.21)

where Ψ+(ζ, s) equals Ψ(ζ, s), defined in Appendix 2.A, and Ψ−(ζ, s) equals Ψ(ζ, s) with
(α1, α2, β1, β2) in the appendix changed to (α4, α5, β4, β5) = (α2, α1,−β2,−β1). The RH
conditions for Φ± follow directly from the RHP for Ψ.

+i

−i

(
0 1
−1 1

)

(
1 1
0 1

)(
1 0
−1 1

)

eπi(α2+β2)σ3eπi(α2−β2)σ3

eπi(α1+β1)σ3eπi(α1−β1)σ3

(
1 1
0 1

)(
1 0
−1 1

)
Figure 2.2: The jump contour Σ and the jump matrices for Φ+. Φ− has the same
jump contour, while the jump matrices of Φ− are given by replacing (α1, α2, β1, β2) with
(α2, α1,−β2,−β1) in the jump matrices of Φ+.
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RH Problem for Φ±

(a) Φ± : C \ Σ→ C2×2 is analytic, where

Σ = ∪9k=1 Σk, Σ1 = i+ e
iπ
4 R+, Σ2 = i+ e

3iπ
4

R+

Σ3 =i− R+, Σ4 = −i− R+, Σ5 = −i+ e−
3iπ
4 R+,

Σ6 =− i+ e
iπ
4 R+, Σ7 = −i+ R+, Σ8 = i+ R+, (2.3.22)

Σ9 =[−i, i],

with the orientation chosen as in Figure 2.2 ("-" is always on the RHS of the contour).

(b) Φ+ satisfies the jump conditions

Φ+(ζ)+ = Φ+(ζ)−Vk, ζ ∈ Σk, (2.3.23)

where

V1 =

(
1 1
0 1

)
, V2 =

(
1 0
−1 1

)
,

V3 =eπi(α2−β2)σ3 , V4 = eπi(α1+β1)σ3 ,

V5 =

(
1 −1
0 1

)
, V6 =

(
1 1
0 1

)
, (2.3.24)

V7 =eπi(α2+β2)σ3 , V8 = eπi(α1+β1)σ3 ,

V9 =

(
0 1
−1 1

)
.

The jump conditions of Φ− are given by replacing (α1, α2, β1, β2) with (α2, α1,−β2,−β1)
in the jump matrices of Φ+.

(c) We have in all regions:

Φ±(ζ) =

(
I +

Ψ±,1

ζ
+

Ψ±,2

ζ2
+O(ζ−3)

)
P̂

(∞)
± (ζ)e−

is
4
ζσ3 , as ζ →∞, (2.3.25)

where

P̂
(∞)
+ (ζ, s) =P

(∞)
+ (ζ, s)


1, −1 < ℑ < 1,

eπi(α2−β2)σ3 , ℑζ > 1,

e−πi(α1−β1)σ3 , ℑζ < −1,

P̂
(∞)
− (ζ, s) =P

(∞)
+ (ζ, s)


1, −1 < ℑ < 1,

eπi(α1+β1)σ3 , ℑζ > 1,

e−πi(α2+β2)σ3 , ℑζ < −1,

(2.3.26)

with

P
(∞)
+ (ζ, s) =

(
is

2

)−(β1+β2)σ3

(ζ − i)−β2σ3(ζ + i)−β1σ3 ,

P
(∞)
− (ζ, s) =

(
is

2

)(β1+β2)σ3

(ζ − i)β1σ3(ζ + i)β2σ3 ,

(2.3.27)

with the branches corresponding to the arguments between 0 and 2π, and where
s ∈ −iR+.
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(d) Φ± has singular behaviour near ±i which is inherited from Ψ. The precise conditions
follow from (2.3.21), (2.A.6), (2.A.8), (2.A.10) and (2.A.12).

2.3.5.2 0 < t ≤ ω(n)/n. Construction of a Local Parametrix near e±ip in terms
of Φ±

We choose P± as in (7.21) in [CK15], i.e.

P±(z) = E±(z)Φ± (ζ; s)W±(z), ζ =
1

t
log

z

e±ip
, s = −2int, (2.3.28)

• where ℑ log takes values in (−σ, σ) for some σ > 0,

• where E± is an analytic matrix-valued function in U±,

• and where W is given by

W±(z) =

{
−z

n
2
σ3fp,t(z)

−σ3
2 σ3, for |z| < 1,

z
n
2
σ3fp,t(z)

σ3
2 σ1, for |z| > 1,

σ1 =

(
0 1
1 0

)
, σ3 =

(
1 0
0 −1

)
.

(2.3.29)

The singularities z = ei(p±t) for + and z = ei(2π−(p∓t)) for − correspond to the values
ζ = ±i. The jumps of W± follow from (2.3.11):

W±(z)+ =W±(z)−

(
0 fp,t(z)

−f−1
p,t (z) 0

)
, z ∈ C,

W±(z)+ =W±(z)−e
−πi(αj−βj)σ3 , z ∈ zj(0, 1),

W±(z)+ =W±(z)−e
πi(αj+βj)σ3 , z ∈ zj(1,∞).

(2.3.30)

Choose ΣS such that 1
t log

(
ΣS∩U±
e±ip

)
⊂ Σ ∪ iR, where Σ is the contour of the RHP for

Φ±, as shown in Figure 2.2. Inside U± the combinded jumps of W (z) and Φ are the same
as the jumps of S:

P±(z)+ =E±(z)Ψ±(z)−e
πi(αj−βj)σ3W±(z)−e

−πi(αj−βj)σ3 = P±(z)−, z ∈ zj(0, 1),

P±(z)+ =E±(z)Ψ±(z)−e
πi(αj+βj)σ3W±(z)−e

πi(αj+βj)σ3 = P±(z)−, z ∈ zj(1,∞),

P±(z)+ =E±(z)Ψ±(z)W±(z)−

(
0 fp,t(z)

−f−1
p,t (z) 0

)
=P±(z)−

(
0 fp,t(z)

−f−1
p,t (z) 0

)
, z ∈ Σk ∩ U±, k = 0, 2, 3, 5, (2.3.31)

P±(z)+ =E±(z)Ψ±(z)−

(
0 1
−1 1

)
W±(z)−

(
0 fp,t(z)

−f−1
p,t (z) 0

)
=P±(z)−

(
zn fp,t(z)
0 z−n

)
, z ∈ Σk ∩ U±, k = 1, 4,
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and

P±(z)+ =E±(z)Ψ±(z)−

(
1 0
−1 1

)
W±(z)

=P±(z)−

(
1 0

znfp,t(z)
−1 1

)
, z ∈ Σk,in ∩ U±, k = 0, 2, 3, 5,

P±(z)+ =E±(z)Ψ±(z)−

(
1 1
0 1

)
W±(z)

=P±(z)−

(
1 0

z−nfp,t(z)
−1 1

)
, z ∈ Σk,out ∩ U±, k = 0, 2, 3, 5.

(2.3.32)

By the condition (d) of the RHP for S, the singular behaviour of W near zk, k = 1, 2, 4, 5

and condition (d) of the RHP for Φ±, the singularities of S(z)P±(z)
−1 at z1, z2 for +, and

at z4, z5 for −, are removable.

What remains is to choose E± such that the matching condition (c) of P± holds. Define

E±(z) = σ1(Din,p,t(z)Dout,p,t(z))
− 1

2
σ3e∓ipn

2
σ3P̂

(∞)
± (ζ, s)−1, (2.3.33)

From (2.3.7) and (2.3.8) one quickly sees that the branch cuts and singularities of
(Din,p,t(z)Dout,p,t(z))

− 1
2
σ3 cancel out with those of P̂ (∞)

± (z)−1, so that E± is analytic in U±.
In exactly the same way as in the proof of Proposition 7.1 in [CK15] one can now see that
the matching condition (c) is satisfied, i.e. we get:

Proposition 37. As n→∞ we have

P±(z)N(z)−1 =(I +O(n−1)), (2.3.34)

uniformly for z ∈ ∂U±, p ∈ (ϵ, π − ϵ) and 0 < t < t0 with t0 sufficiently small.

Proof: Consider first the case where c0 ≤ nt ≤ C0, with some c0 > 0 small and some
C0 > 0 large, which will be fixed below. Then |ζ| = |1t log

z
e±ip | > δn for z ∈ ∂U±, and

s = −2int remains bounded and bounded away from zero. Thus by (2.3.21), (2.3.28) and
(2.A.4), as n→∞

P (z)N(z)−1 = E±(z)(I +O(n−1))P̂
(∞)
± (ζ, s)

( z

e±ip

)−n
2
σ3

W±(z)N(z)−1, z ∈ ∂U±.

(2.3.35)
Since the RHP for Ψ is solvable for c0 ≤ nt ≤ C0, general properties of Painlevé RHPs
imply that the error term is valid uniformly for c0 ≤ nt ≤ C0. By (2.3.18) and (2.3.29) we
obtain

z−
n
2
σ3W±(z)N(z)−1 = (Din,p,t(z)Dout,p,t(z))

1
2
σ3 σ1, z ∈ U±. (2.3.36)

Thus we have
P±(z)N(z)−1 = E±(z)(I + (O(n−1))E±(z)

−1, (2.3.37)

and since one can quickly see that E±(z) is bounded uniformly for z ∈ ∂U±, p ∈ (ϵ, π − ϵ)

and c0 ≤ nt ≤ C0, we get that (2.3.34) holds uniformly z ∈ ∂U±, p ∈ (ϵ, π − ϵ) and
c0 ≤ nt ≤ C0.
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U1U−1

U+

−
+

U−

Σ0,out

Σ0,in

Σ5,out

Σ5,in

Σ2,out

Σ2,in

+
−

+
−

Σ3,out

Σ3,in

Figure 2.3: The jump contour ΣR of R.

Now consider the case C0 < nt < ω(n). In this case we cannot use the expansion (2.A.4)
since the argument s of Ψ1 is not bounded. Instead we need to use the large |s| = 2nt

asymptotics for Ψ, which were computed in [CK15][Section 5]. As is apparent from their
(7.30) - (7.33), we have for C0 sufficiently large

P±(z)N(z)−1 = (I + (O(n−1)), n→∞, z ∈ ∂U±, (2.3.38)

uniformly for C0/n < t < t0, z ∈ ∂U± and p ∈ (ϵ, π − ϵ).
If nt < c0, we can use the small |s| asymptotics for Ψ(ζ; s) for large values of ζ =

1
t log

z
e±ip , as calculated in Section 6 of [CK15]. From their (7.34) and (7.35) we see that

P±(z)N(z)−1 = (I + (O(n−1)), n→∞, z ∈ ∂U±, (2.3.39)

uniformly for 0 < t < C0/n, z ∈ ∂U± and p ∈ (ϵ, π − ϵ).

2.3.5.3 0 < t ≤ ω(n)/n. Final Transformation

Define

R(z) =


S(z)N−1(z) z ∈ U∞ \ ΣS , U∞ := C \ local parametrices,
S(z)P−1

± (z), z ∈ U± \ ΣS ,

S(z)P−1
±1 (z), z ∈ U±1 \ ΣS .

(2.3.40)

Then R solves the following RHP:
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RH problem for R

(a) R : C \ ΣR → C2×2 is analytic, where ΣR is shown in Figure 2.3

(b) R(z) has the following jumps:

R+(z) = R−(z)N(z)

(
1 0

fp,t(z)
−1z−n 1

)
N(z)−1, z ∈ Σj,out, j = 0, 2, 3, 5,

R+(z) = R−(z)N(z)

(
1 0

fp,t(z)
−1zn 1

)
N(z)−1, z ∈ Σj,in, j = 0, 2, 3, 5,

R+(z) = R−(z)P±(z)N(z)−1, z ∈ ∂U± \ intersection points, (2.3.41)

R+(z) = R−(z)P±1(z)N(z)−1, z ∈ ∂U±1 \ intersection points.

(c) R(z) = I +O(1/z) as z →∞.

One quickly sees that uniformly in z ∈ Σj,out ∪ Σj,in \ U∞ we have

R+(z) = R−(z)(I +O(e−δn)) (2.3.42)

for some δ > 0 and uniformly in p ∈ (ϵ, π − ϵ), 0 < t < t0. By Proposition 37 we have that

R+(z) = R−(z)P±(z)N(z)−1 = R−(z)(I +O(n−1)), (2.3.43)

uniformly for z ∈ ∂U±, p ∈ (ϵ, π − ϵ) and 0 < t < t0. Because of the matching condition
(d) of P±1 we have

R+(z) = R−(z)P±1(z)N(z)−1 = R−(z)(I +O(n−1)), (2.3.44)

uniformly for z ∈ ∂U±1, p ∈ (ϵ, π − ϵ) and 0 < t < t0.

We see that we have a normalized RHP with small jumps, which by the standard theory
on RHP implies that

R(z) = I +O(n−1),
dR(z)

dz
= O(n−1), (2.3.45)

as n→∞, uniformly for z off the jump contour and uniformly in p ∈ (ϵ, π − ϵ), 0 < t < t0.

2.3.6 ω(n)/n < t < t0. Local Parametrices near e±ip

We now transfer the construction from Section 7.5 in [CK15] to our setting in a completely
straightforward manner. Although the parametrices P± from the previous section are valid
for the whole region 0 < t < t0 we need to construct more explicit parametrices for the case
ω(n)/n < t < t0 to get a simpler large n expansion for Y , which is needed for the analysis
in the next section.
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In the case ω(n)/n < t < t0 ζ = 1
t log

z
e±ip is not necessarily large on ∂U±. But we can

construct a large s = −int expansion for Y , as |s| = nt is large.

We modify the S-RHP by now also opening up lenses around the arcs (p− t, p+ t) and
(2π − p− t, 2π − p+ t), i.e. we choose the contour ΣS as in Figure 2.4.

z1

z2

z4

z5

1-1

Σ0,out

Σ0
Σ0,in

Σ5,out

Σ5

Σ5,in

Σ2,out

Σ2

Σ2,in

+
−
+
−
+
−

Σ3,out

Σ3

Σ3,in

Σ1,out

Σ1

Σ1,in

Σ4,out

Σ4

Σ4,in

Figure 2.4: The modified jump contour ΣS of S in the case ω(n)/n < t < t0. The difference
compared to Figure 2.1 is that here there are also lenses around the arcs (p− t, p+ t) and
(2π − p− t, 2π − p+ t).

The points z0 = 1, z3 = −1 we surround with disks U1, U−1, small enough such for all
p ∈ (ϵ, π − ϵ) and ω(n)/n < t < t0 they are disjoint with the neighborhoods Ũ1, Ũ2, Ũ4, Ũ5
defined in the next paragraph, and we take the same local parametrices P±1 in U1, U−1 as
in Section 2.3.4.

Let U1,U2 be small non-intersecting disks around ±i, those are the same neighbor-
hoods as in Section 5 of [CK15]. We surround the points z1 = ei(p−t), z2 = ei(p+t) by
small neighborhoods Ũ1, Ũ2, with Ũ1 being the image of U2 under the inverse of the map
ζ = 1

t log
z
eip

, and Ũ2 being the image of U1 under the same map. Similarly we surround
z4 = ei(2π−(p+t)) by a small neighborhood Ũ4, which is the image of U2 under the inverse of
the map ζ = 1

t log
z

e−ip , and z5 = ei(2π−(p−t)) we surround by Ũ5 which is the image of U1
under the same map. Since the disks U1, U2 are fixed in the ζ-plane, the neighborhoods
Ũ1, Ũ2, Ũ4, Ũ5 contract in the z-plane if t decreases with n.
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As global parametrix outside these neighborhoods we choose N(z) as in the previous
section. For k = 1, 2, 4, 5 we choose the local parametrices in Ũk as follows:

P̃1(z) =Ẽ1(z)M
(α1,β1)(nt(ζ(z) + i))Ω1(z)W+(z), ζ =

1

t
log

z

eip
,

P̃2(z) =Ẽ2(z)M
(α2,β2)(nt(ζ(z)− i))Ω2(z)W+(z), ζ =

1

t
log

z

eip
,

P̃4(z) =Ẽ4(z)M
(α4,β4)(nt(ζ(z) + i))Ω4(z)W−(z), ζ =

1

t
log

z

e−ip
,

P̃5(z) =Ẽ5(z)M
(α5,β5)(nt(ζ(z)− i))Ω5(z)W−(z), ζ =

1

t
log

z

e−ip
,

(2.3.46)

where

Ẽk(z) = σ1 (Din,p,t(z)Dout,p,t(z))
−σ3/2Ωk(z)(nt(ζ ± i))βkσ3z

−n
2
σ3

k , (2.3.47)

with + for k = 1, 4 and − for k = 2, 5, where M (αk,βk)(λ) is given in Appendix 2.B with
α = αk, β = βk, where

Ωk(z) =

{
ei

π
2
(αk−βk)σ3 , ℑζ > 1

e−iπ
2
(αk−βk)σ3 , ℑζ < 1

, (2.3.48)

and where W±(z) is given in (2.3.29).

By (2.3.18) and (2.3.29) we obtain

z−
n
2
σ3W±(z)N(z)−1 = (Din,p,t(z)Dout,p,t(z))

1
2
σ3 σ1, z ∈ U±. (2.3.49)

Using the large argument expansion (2.B.2) for M (α1,β1)(nt(ζ + i)) for z ∈ ∂Ũ1, we see that

P̃1(z)N(z)−1 =Ẽ1(z)

(
I +

M (α1,β1)

nt(ζ + i)
+O((nt)−2

)

× (nt(ζ + i))−β1σ3

( z

ei(p+t)

)−n
2
σ3

Ω1(z)W+(z)N(z)−1

=Ẽ1(z)

(
I +

M (α1,β1)

nt(ζ + i)
+O((nt)−2

)
× (nt(ζ + i))−β1σ3z

n
2
σ3

1 Ω1(z) (Din,p,t(z)Dout,p,t(z))
1
2
σ3 σ1

=Ẽ1(z)
(
I +O((nt)−1)

)
Ẽ1(z)

−1

=
(
I +O((nt)−1)

)
,

(2.3.50)

uniformly in z ∈ ∂Ũ1, p ∈ (ϵ, π− ϵ) and ω(n)/n < t < t0, since Ẽ1(z) is uniformly bounded
for ω(n)/n < t < t0, p ∈ (ϵ, π − ϵ) and z ∈ Ũ1. Similarly one obtains that for k = 2, 4, 5

P̃k(z)N(z)−1 =
(
I +O((nt)−1)

)
, (2.3.51)

uniformly in z ∈ ∂Ũk, p ∈ (ϵ, π − ϵ) and ω(n)/n < t < t0.
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Choose ΣS such that 1
t log

(
ΣS
zk

)
⊂
(
e±

πi
4 R ∪ iR ∪ R

)
in Ũk. Then one can easily verify,

as in (2.3.31), that P̃k has the same jumps as S in Ũk, so that S(z)P̃k(z)
−1 is meromorphic

in Ũk, with at most an isolated singulary at zk. The singular behaviour of S and W± near
zk, and of M (αk,βk) near 0 (given in (2.B.4) and (2.B.8)), imply that S(z)P̃−1

k (z) is bounded
at zk, which shows that that P̃k is a parametrix for S in Ũk with the matching condition
(2.3.50) with N(z) at ∂Ũk.

2.3.6.1 ω(n)/n < t < t0. Final Transformation

U1U−1

Ũ1

−
+

Ũ2

Ũ5

Ũ4

Σ0,out

Σ0,in

Σ5,out

Σ5,in

Σ2,out

Σ2,in

+
−

+
−

Σ3,out

Σ3,in

Figure 2.5: The jump contour ΣR̃ of R̃ in the case ω(n)/n < t < t0.

We transfer Section 7.5.1 in [CK15] to our case. Figure 2.5 shows the contour chosen for
the RHP of R̃, which we define as follows:

R̃(z) =


S(z)P̃k(z)

−1, z ∈ Ũk,
S(z)P±1(z)

−1, z ∈ U±1,

S(z)N(z)−1, z ∈ C \
(
Ũ1 ∪ Ũ2 ∪ Ũ4 ∪ Ũ5 ∪ U1 ∪ U−1

)
.

(2.3.52)

Then R̃ is analytic, in particular has no jumps inside any of the local parametrices Ũk,
k = 1, 2, 4, 5, U±, or on the unit circle. On the rest of the lenses we can see that the jump
matrix is I + O(e−δnt) for some δ > 0, uniformly in p ∈ (ϵ, π − ϵ) and ω(n)/n < t < t0.
Because of the matching condition (d) of P±1 we have as in the case 0 < t < ω(n)/n that

R̃+(z) = R̃−(z)P±1(z)N(z)−1 = R̃−(z)(I +O(n−1)), (2.3.53)

uniformly for z ∈ ∂U±1, p ∈ (ϵ, π − ϵ) and 0 < t < t0. Using (2.3.50), we get that

R̃+(z) = R̃−(z)P̃k(z)N(z)−1 = R̃−(z)(I +O((nt)−1), (2.3.54)
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uniformly for z ∈ ∂Ũk, p ∈ (ϵ, π − ϵ) and ω(n)/n < t < t0. Finally we have that
limz→∞ R̃(z) = I, which by standard theory for RHPs with small jumps and RHPs on
contracting contours implies that

R̃(z) = I +O((nt)−1),
dR̃(z)

dz
= O((nt)−1), (2.3.55)

uniformly for z off the jump contour of R̃, and uniformly in p ∈ (ϵ, π−ϵ) and ω(n)/n < t < t0.

2.4 Asymptotics of Dn(fp,t)

This section is a transfer of Section 8 in [CK15] to our case.

2.4.1 Asymptotics of the Differential Identity and Proof of Theorem 33

Proposition 38. Let α1, α2, α1 + α2 > −1
2 , let σ(s) be the solution to (2.1.13) and let

ω(x) be a positive, smooth function for x sufficiently large, s.t.

ω(x)→∞, ω(x) = o(x), as x→∞. (2.4.1)

Then the following asymptotic expansion holds:
1

i

d
dt

logDn(fp,t) =2n(β1 − β2) + d1(p, t;α0, α1, β1, α2, β2, α3) (2.4.2)

+ d2(p, t;α0, α1, β1, α2, β2, α3) + d3(p, t;α0, α1, β1, α2, β2, α3) + ϵn,p,t,

where for the error term ϵn,p,t∣∣∣∣∫ t

0
ϵn,p,τdτ

∣∣∣∣ = O(ω(n)−δ) = o(1), (2.4.3)

for some δ > 0, uniformly in p ∈ (ϵ, π − ϵ) and 0 < t < t0, and where

d1(p, t;α0, α1, β1, α2, β2, α3)

=2α1z1V
′(z1)− 2α2z2V

′(z2) + 2(β1 + β2)
∞∑
j=1

jVj (cos j(p+ t)− cos j(p− t))

− i(2α2
1 + β2

1 + β1β2)
cos p− t

sin p− t
+ i(2α2

2 + β2
2 + β1β2)

cos p+ t

sin p+ t

+ i(β2
1 − β2

2)
cos p

sin p

− 2iα1α0
cos p−t

2

sin p−t
2

+ 2iα1α3
sin p−t

2

cos p−t
2

+ 2iα2α0
cos p+t

2

sin p+t
2

− 2iα2α3
sin p+t

2

cos p+t
2

d2(p, t;α0, α1, β1, α2, β2, α3)

=
2

it
σ(s) + i(4α1α2 − (β1 + β2)

2)
cos t

sin t
(2.4.4)

d3(p, t;α0, α1, β1, α2, β2, α3)

=2σs

(
− 2

∞∑
j=1

jVj (cos j(p− t) + cos j(p+ t))− 2

5∑
j=0

αj

− iβ1
cos p− t

sin p− t
− iβ2

cos p+ t

sin p+ t
+ i(β1 − β2)

(
cos t

sin t
− 1

t

)
− i(β1 + β2)

cos p

sin p

)
.
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Proof: The proof is analogous to the proof of Proposition 8.1 in [CK15]. As is done there,
we assume below that αk > 0, k = 1, 2, 4, 5, for simplicity of notation. Once (2.4.2) is
proven under this assumption, the case where αk = 0 for some k then follows from the
uniformity of the error terms in αk, k = 1, 2, 4, 5. Extending to the case where αk < 0 for
some k is straightforward. We prove the proposition first in the regime 0 < t ≤ ω(n)/n

and then in the regime ω(n)/n < t < t0.

Using the transformation Y → T → S inside the unit circle, outside the lenses, we can
rewrite the differential identity (2.2.11) in the form

1

i

d
dt

logDn(fp,t) =
∑

k=1,2,4,5

qk

(
nβk + 2αkzk

(
S−1dS

dz

)
+,22

(zk)

)
, (2.4.5)

with qk = 1 for k = 1, 4 and qk = −1 for k = 2, 5, and where the limit z → zk is taken from
the inside of the unit circle and outside the lenses.

2.4.1.1 0 < t ≤ ω(n)/n

By (2.3.40) we get
S(z) = R(z)P±(z), z ∈ U±, (2.4.6)

and thus (
S−1dS

dz

)
22

(z) =

(
P−1
±

dP±
dz

)
22

(z) +An,p,t(z), z ∈ Ue±ip ,

An,p,t(z) =

(
P−1
± (z)R−1(z)

dR

dz
(z)P±(z)

)
22

.

(2.4.7)

Following exactly the same approach as on pages 60, 61 in [CK15], we can use (2.A.4)
and the small and large |s| asymptotics from Sections 5, 6 of [CK15] to obtain that for
k = 1, 2, 4, 5 ∫ t

0
|An,p,t(zk)|dt = o(ω(n)−1), n→∞, (2.4.8)

uniformly in 0 < t ≤ ω(n)/n and p ∈ (ϵ, π − ϵ), and thus also

ϵ̃n,p,t := 2
∑

k=1,2,4,5

qkαkzkAn,p,t(zk) = O(ω(n)−1), (2.4.9)

uniformly in 0 < t ≤ ω(n)/n and p ∈ (ϵ, π − ϵ).

By (2.3.28) we see that(
P−1
±

dP±
dz

)
22

(z)

=− n

2z
+

1

2

f ′
p,t

fp,t
(z) +

(
Φ−1
±

dΦ±
dz

)
22

(z) +

(
Φ−1
± E−1

±
dE±
dz

Φ±

)
22

(z),

(2.4.10)
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with z inside the unit circle and outside of the lenses of ΣS . By (2.3.33) we have for z near
eip:

E±(z)
−1dE±(z)

dz
=h±(z)σ3, (2.4.11)

where

h±(z) =±
β1

z log z
e±ip ± itz

± β2
z log z

e±ip ∓ itz

− 1

2

∞∑
j=1

jVjz
j−1 +

1

2

−∞∑
j=−1

jVjz
j−1 −

5∑
j=0

βj
z − zj

− 1

2z

5∑
j=0

αj .

(2.4.12)

In the following equation we need the fact that

1

log(1 + z)
=
1

z
+

1

2
+O(z), z → 0,

1

log z − log zk
=

1

log z
zk

=
zk

z − zk
+

1

2
+O(|z − zk|), z → zk.

(2.4.13)

Let k = 1, 2 and denote k′ = 1 for k = 2, k′ = 2 for k = 1. Putting together (2.4.10) and
(2.4.11), we obtain for k = 1, 2 (as in (8.33) in [CK15])(

P−1
+

dP+

dz

)
22,+

(zk)

=− n

2zk
+ lim

z→zk

(
1

2

f ′
p,t

fp,t
(z)− αk

z log z − z log z1

)
+

1

tzk

(
F−1
+,k′

dF+,k′

dz

)
22

(
1

t
log

zk
eip

)
+ h+(zk)(F

−1
+,k′σ3F+,k′)22

(
1

t
log

zk
eip

)
=− n

2zk
+

1

2
V ′(zk) +

5∑
j=0

βj
2zk

+
∑
j,j ̸=k

αj

zk − zj
− αj

2zk

+
1

tzk

(
F−1
+,k′

dF+,k′

dz

)
22

(
1

t
log

zk
eip

)
+ h+(zk)(F

−1
+,k′σ3F+,k′)22

(
1

t
log

zk
eip

)
,(

P−1
−

dP−
dz

)
22,+

(zk) (2.4.14)

=− n

2zk
+ lim

z→zk

(
1

2

f ′
p,t

fp,t
(z)− αk

z log z − z log zk

)
+

1

tzk

(
F−1
−,k

dF−,k

dz

)
22

(
1

t
log

zk
e−ip

)
+ h−(z2)(F

−1
−,kσ3F−,k)22

(
1

t
log

zk
e−ip

)
=− n

2zk
+

1

2
V ′(zk) +

5∑
j=0

βj
2zk

+
∑

j,zj ̸=zk

αj

zk − zj
− αj

2zk

+
1

tzk

(
F−1
−,k

dF−,k

dz

)
22

(
1

t
log

zk
e−ip

)
+ h−(zk)(F

−1
−,kσ3F−,k)22

(
1

t
log

zk
e−ip

)
,

where in the second equalities we used (2.4.13), and where F±,k equal the functions Fk

defined in (2.A.6), (2.A.8), (2.A.10) and (2.A.12), with (α1, α2, β1, β2) in the appendix
replaced by (α2, α1,−β2,−β1) in the − case. When replacing (α1, α2, β1, β2) in the Painlevé
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equation (3.52) in [CK15] with (α2, α1, β2, β1) or (α1, α2,−β1,−β2), we get the same
Painlevé equation as in our Theorem 26. Thus we can see that Propositions 3.1 and 3.2
in [CK15] become in our case:

Proposition 39. We have the identities

α2(F+,1(i; s)
−1σ3F+,1(i; s))22 =− σs(s) +

β1 + β2
2

,

α1(F+,2(−i; s)−1σ3F+,2(−i; s))22 =σs(s) +
β1 + β2

2
,

α1(F−,1(i; s)
−1σ3F−,1(i; s))22 =− σs(s)−

β1 + β2
2

,

α2(F−,2(−i; s)−1σ3F−,2(−i; s))22 =σs(s)−
β1 + β2

2
,

(2.4.15)

and

α2

(
F+,1(i; s)

−1F+,1,ζ(i; s)
)
22

=
i

4
σ(s)− i

8
(β1 + β2)s+

i

8
(β1 + β2)

2,

α1

(
F+,2(−i; s)−1F+,2,ζ(−i; s)

)
22

=− i

4
σ(s)− i

8
(β1 + β2)s−

i

8
(β1 + β2)

2,

α1

(
F−,1(i; s)

−1F−,1,ζ(i; s)
)
22

=
i

4
σ(s) +

i

8
(β1 + β2)s+

i

8
(β1 + β2)

2,

α2

(
F−,2(−i; s)−1F−,2,ζ(−i; s)

)
22

=− i

4
σ(s) +

i

8
(β1 + β2)s−

i

8
(β1 + β2)

2.

(2.4.16)

Putting together (2.4.5), (2.4.7) and (2.4.14), we obtain:

1

i

d
dt

logDn(fp,t)

=
∑

k=1,2,4,5

qk

nβk + αkzkV
′(zk) + αk

5∑
j=0

βj + 2αk

∑
j ̸=k

αj
zk

zk − zj
− αk

∑
j ̸=k

αj


+

2∑
k=1

(−1)k+1

(
2αkzkh+(zk)

(
F−1
+,k′σ3F+,k′

)
22
((−1)ki) + 2

t
αk

(
F−1
+,k′F

′
+,k′

)
22
((−1)ki)

)

+

2∑
k=1

(−1)k
(
2αkzkh−(zk)

(
F−1
−,kσ3F−,k

)
22
((−1)k+1i) +

2

t
αk

(
F−1
−,kF

′
−,k

)
22
((−1)k+1i)

)
+ ϵ̃n,p,t,

=2n(β1 − β2) + 2α1z1V
′(z1)− 2α2z2V

′(z2) (2.4.17)

+ 2
∑

k=1,2,4,5

qkαk

∑
j ̸=k

αj
zk

zk − zj

+

2∑
k=1

(−1)k+1

(
2αkzkh+(zk)

(
F−1
+,k′σ3F+,k′

)
22
((−1)ki) + 2

t
αk

(
F−1
+,k′F

′
+,k′

)
22
((−1)ki)

)

+
2∑

k=1

(−1)k
(
2αkzkh−(zk)

(
F−1
−,kσ3F−,k

)
22
((−1)k+1i) +

2

t
αk

(
F−1
−,kF

′
−,k

)
22
((−1)k+1i)

)
+ ϵ̃n,p,t,
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where we used that since β1 = −β5, β2 = −β4, α1 = α5, α2 = α4 and V (z) = V (z), it
holds that: ∑

k=1,2,4,5

qkαk

∑
j ̸=k

αj =0,
5∑

j=0

βj = 0, zV ′(z) = −zV ′(z). (2.4.18)

By Proposition 39 we get

2∑
k=1

(−1)k+1 2

t
αk

(
F−1
+,k′F

′
+,k′

)
22
((−1)ki) +

2∑
k=1

(−1)k 2
t
αk

(
F−1
−,kF

′
−,k

)
22
((−1)k+1i)

=
2

it
σ(s)− i

t
(β1 + β2)

2, (2.4.19)

and
2∑

k=1

(−1)k+12αkzkh+(zk)
(
F−1
+,k′σ3F+,k′

)
22
((−1)ki)

+
2∑

k=1

(−1)k2αkzkh−(zk)
(
F−1
−,kσ3F−,k

)
22
((−1)k+1i) (2.4.20)

=(2σs(s) + β1 + β2) (z1h+(z1) + z1h−(z1)) + (2σs(s)− β1 − β2) (z2h+(z2) + z2h−(z2))

=2σs (z1h+(z1) + z1h−(z1) + z2h+(z2) + z2h−(z2))

+ (β1 + β2) (z1h+(z1) + z1h−(z1)− z2h+(z2)− z2h−(z2)) .

Then (2.4.17), (2.4.19) and (2.4.20) result in

1

i

d
dt

logDn(fp,t) =2n(β1 − β2) + 2α1z1V
′(z1)− 2α2z2V

′(z2)

+ 2
∑

k=1,2,4,5

qkαk

∑
j ̸=k

αj
zk

zk − zj

+
2

it
σ(s)− i

t
(β1 + β2)

2

+ 2σs (z1h+(z1) + z1h−(z1) + z2h+(z2) + z2h−(z2))

+ (β1 + β2) (z1h+(z1) + z1h−(z1)− z2h+(z2)− z2h−(z2))

+ ϵ̃n,p,t.

(2.4.21)

With h+(z) and h−(z) given in (2.4.12), and using (2.4.13), we obtain:

h+(z1)z1 =−
1

2

∞∑
j=1

jVj(z
j
1 + z1

j)−
∑
j ̸=1

βjz1
z1 − zj

− 1

2

5∑
j=0

αj +
β1
2
− β2

2it
,

h+(z2)z2 =−
1

2

∞∑
j=1

jVj(z
j
2 + z2

j)−
∑
j ̸=2

βjz2
z2 − zj

− 1

2

5∑
j=0

αj +
β2
2

+
β1
2it

,

h−(z1)z1 =−
1

2

∞∑
j=1

jVj(z
j
1 + z1

j)−
∑
j ̸=5

βjz5
z5 − zj

− 1

2

5∑
j=0

αj −
β1
2
− β2

2it
,

h−(z2)z2 =−
1

2

∞∑
j=1

jVj(z
j
2 + z2

j)−
∑
j ̸=4

βjz4
z4 − zj

− 1

2

5∑
j=0

αj −
β2
2

+
β1
2it

.

(2.4.22)
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We thus see that

h+(z1)z1 + z1h−(z1)

=− 2
∞∑
j=1

jVj cos j(p− t)−
5∑

j=0

αj −
β2
it

+ β1

(
z1 + z1
z1 − z1

)

+ β2

(
− z1
z1 − z2

+
z1

z1 − z2
− z1

z1 − z2
+

z1
z1 − z2

)
=− 2

∞∑
j=1

jVj cos j(p− t)−
5∑

j=0

αj −
β2
it
− iβ1

cos p− t

sin p− t
− iβ2

cos t

sin t

− iβ2
cos p

sin p
,

h+(z2)z2 + z2h−(z2)

=− 2
∞∑
j=1

jVj cos j(p+ t)−
5∑

j=0

αj +
β1
it

+ β2

(
z2 + z2
z2 − z2

)

+ β1

(
− z2
z2 − z1

+
z2

z2 − z1
− z2

z2 − z1
+

z2
z2 − z1

)
=− 2

∞∑
j=1

jVj cos(p+ t)−
5∑

j=0

αj +
β1
it
− iβ2

cos p+ t

sin p+ t
+ iβ1

cos t

sin t

− iβ1
cos p

sin p
.

(2.4.23)

Further we calculate∑
k=1,5

qkαk

∑
j ̸=k

αj
zk

zk − zj
=α1α0

(
z1

z1 − 1
− z1

z1 − 1

)
+ α2

1

(
z1

z1 − z1
− z1

z1 − z1

)

+ α1α2

(
z1

z1 − z2
+

z1
z1 − z2

− z1
z1 − z2

− z1
z1 − z2

)
+ α1α3

(
z1

z1 + 1
− z1

z1 + 1

)
,

−
∑
k=2,4

qkαk

∑
j ̸=k

αj
zk

zk − zj
=α2α0

(
z2

z2 − 1
− z2

z2 − 1

)
(2.4.24)

+ α2α1

(
z2

z2 − z1
+

z2
z2 − z1

− z2
z2 − z1

− z2
z2 − z1

)
+ α2

2

(
z2

z2 − z2
− z2

z2 − z2

)
+ α2α3

(
z2

z2 + 1
− z2

z2 + 1

)
,∑

k=1,2,4,5

qkαk

∑
j ̸=k

αj
zk

zk − zj
=− iα2

1

cos p− t

sin p− t
+ iα2

2

cos p+ t

sin p+ t
+ 2iα1α2

cos t

sin t

+ α1α0
z1 + 1

z1 − 1
+ α1α3

z1 − 1

z1 + 1
− α2α0

z2 + 1

z2 − 1
− α2α3

z2 − 1

z2 + 1

=− iα2
1

cos p− t

sin p− t
+ iα2

2

cos p+ t

sin p+ t
+ 2iα1α2

cos t

sin t

− iα1α0
cos p−t

2

sin p−t
2

+ iα1α3
sin p−t

2

cos p−t
2

+ iα2α0
cos p+t

2

sin p+t
2

− iα2α3
sin p+t

2

cos p+t
2

.
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Putting together (2.4.21), (2.4.23) and (2.4.24) we get that uniformly in p ∈ (ϵ, π − ϵ) and
0 < t ≤ ω(n)/n:

1

i

d
dt

logDn(fp,t)

=2n(β1 − β2) + 2α1z1V
′(z1)− 2α2z2V

′(z2)

− 2iα2
1

cos p− t

sin p− t
+ 2iα2

2

cos p+ t

sin p+ t
+ 4iα1α2

cos t

sin t

− 2iα1α0
cos p−t

2

sin p−t
2

+ 2iα1α3
sin p−t

2

cos p−t
2

+ 2iα2α0
cos p+t

2

sin p+t
2

− 2iα2α3
sin p+t

2

cos p+t
2

+
2

it
σ(s)− i

t
(β1 + β2)

2

+ 2σs(s)

(
− 2

∞∑
j=1

jVj (cos j(p− t) + cos j(p+ t))− 2

5∑
j=0

αj +
β1 − β2

it

− iβ1
cos p− t

sin p− t
− iβ2

cos p+ t

sin p+ t
+ i(β1 − β2)

cos t

sin t
− i(β1 + β2)

cos p

sin p

)

+ (β1 + β2)

(
2

∞∑
j=1

jVj (cos j(p+ t)− cos j(p− t))− β1 + β2
it

− iβ1
cos p− t

sin p− t
+ iβ2

cos p+ t

sin p+ t
− i(β1 + β2)

cos t

sin t
+ i(β1 − β2)

cos p

sin p

)
+ ϵ̃n,p,t.

(2.4.25)

Simplifying further and setting ϵn,p,t = ϵ̃n,p,t for 0 < t ≤ ω(n)/n we obtain (2.4.2) for
0 < t ≤ ω(n)/n.

2.4.1.2 ω(n)/n < t < t0

For ω(n)/n < t < t0, z ∈ Ũk, we obtain instead of (2.4.7):(
S−1(z)

dS(z)
dz

)
22

=

(
P̃k(z)

−1dP̃k(z)

dz

)
22

+An,p,t,

An,p,t(z) =

(
P̃k(z)

−1R̃−1(z)
dR̃(z)

dz
P̃k(z)

)
22

,

(2.4.26)

with R̃(z) given in (2.3.52). From (2.3.46) and (2.3.29) it follows that for |z| < 1(
P̃k(z)

−1dP̃k(z)

dz

)
22

=− n

2z
+

1

2

f ′
p,t(z)

fp,t(z)
+

(
Mk(z)

−1dMk(z)

dz

)
22

+ h̃1(z)
(
Mk(z)

−1σ3Mk(z)
)
22
,

An,p,t(zk) = lim
z→zk

An,p,t(z)

= lim
z→zk

(
M−1

k Ẽ−1
k R̃−1dR̃

dz
ẼkMk

)
22

(z),

(2.4.27)
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where

M1(z) =M (α1,β1)(nt(
1

t
log

z

eip
+ i)),

M2(z) =M (α2,β2)(nt(
1

t
log

z

eip
− i)),

M4(z) =M (α4,β4)(nt(
1

t
log

z

e−ip
+ i)),

M5(z) =M (α5,β5)(nt(
1

t
log

z

e−ip
− i)),

(2.4.28)

and where

h̃1(z)σ3 =Ẽ1(z)
−1dẼ1(z)

dz
, h̃1(z) = h+(z)−

β2
z log z

eip
− itz

,

h̃2(z)σ3 =Ẽ2(z)
−1dẼ2(z)

dz
, h̃2(z) = h+(z)−

β1
z log z

eip
+ itz

,

h̃4(z)σ3 =Ẽ4(z)
−1dẼ4(z)

dz
, h̃4(z) = h−(z) +

β1
z log z

e−ip − itz
,

h̃5(z)σ3 =Ẽ5(z)
−1dẼ5(z)

dz
, h̃5(z) = h−(z) +

β2
z log z

eip
+ itz

,

(2.4.29)

with h+(z), h−(z) given in (2.4.12). By (2.3.55) and the fact that Ẽk is uniformly bounded
for p ∈ (ϵ, π − ϵ), ω(n)/n < t < t0, and z ∈ Ũk, we see that

An,p,t(zk) = O((nt)−1) = O(ω(n)−1) (2.4.30)

uniformly in p ∈ (ϵ, π − ϵ), ω(n)/n < t < t0, and thus also

ϵ̃n,p,t := 2
∑

k=1,2,4,5

qkαkzkAn,p,t(zk) = O(ω(n)−1), (2.4.31)

uniformly in 0 < t < ω(n)/n and p ∈ (ϵ, π − ϵ). This implies that as n→∞∫ t0

ω(n)/n
|ϵ̃n,p,t|dt = o(ω(n)−1), (2.4.32)

uniformly in p ∈ (ϵ, π − ϵ).
From (8.41) and (8.42) in [CK15] we can see that for z → zk inside the unit circle and

outside of the lenses of ΣS we have(
M−1

1

dM1

dz

)
(z) =−

(
β1
2α1

+
α1

n log z
eip

+ int

)
n

z
+ o(1),(

M−1
2

dM2

dz

)
(z) =−

(
β2
2α2

+
α2

n log z
eip
− int

)
n

z
+ o(1),(

M−1
4

dM4

dz

)
(z) =−

(
−β2
2α2

+
α2

n log z
e−ip + int

)
n

z
+ o(1),(

M−1
5

dM5

dz

)
(z) =−

(
−β1
2α1

+
α1

n log z
e−ip − int

)
n

z
+ o(1),

(2.4.33)
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and in the same limit,

(Mkσ3M)22 (zk) =
βk
αk

. (2.4.34)

Together with (2.4.22) and (2.4.29) we obtain (again in the same limit)

zk

(
M−1

k

dMk

dz

)
22

(z) + zkh̃k(zk)
(
M−1

k σ3Mk

)
22
(zk) (2.4.35)

=

(
βk
2αk

+
αk

n log z
zk

)
n+

βk
αk

−1

2

∞∑
j=1

jVj(z
j
k + zk

j)−
∑
j,j ̸=k

βjzk
zk − zj

− 1

2

5∑
j=0

αj +
βk
2


+ o(1).

Combining this with (2.4.13) and (2.4.27) we get

2αkzk

(
P̃−1
k

dP̃k

dz

)
+,22

(zk)

=− n(αk + βk) + αkzkV
′(zk) + 2αk

∑
j,j ̸=k

αjzk
zk − zj

− αk

∑
j,j ̸=k

αj

+ 2βk

−1

2

∞∑
j=1

jVj(z
j
k + zk

j)−
∑
j,j ̸=k

βjzk
zk − zj

− 1

2

5∑
j=0

αj +
βk
2

 .

(2.4.36)

Together with (2.4.5), (2.4.26) and (2.4.31) we obtain

1

i

d
dt

logDn(fp,t) =S(p, t;α0, α1, β1, α2, β2, α3) + ϵ̃n,p,t, (2.4.37)

where

S(p, t;α0, α1, β1, α2, β2, α3)

=2
2∑

k=1

(−1)k+1

(αk − βk)

 ∞∑
j=1

jVjz
j
k

− (αk + βk)

 ∞∑
j=1

jVjzk
j


− 2(β1 − β2)

5∑
k=0

αk

− 2i(α2
1 + β2

1)
cos(p− t)

sin(p− t)
+ 2i(α2

2 + β2
2)
cos(p+ t)

sin(p+ t)
+ 4i(α1α2 − β1β2)

cos t

sin t

− 2iα1α0
cos p−t

2

sin p−t
2

+ 2iα1α3
sin p−t

2

cos p−t
2

+ 2iα2α0
cos p+t

2

sin p+t
2

− 2iα2α3
sin p+t

2

cos p+t
2

.

(2.4.38)

Now we compare this expression to (2.4.25), obtained for 0 < t ≤ ω(n)/n. Consider
(2.4.21) for large s = −2int and without the error term. Substituting there the asymptotics
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of σ(s) from Theorem 26 and using (2.4.24) we see that

1

i

d
dt

logDn(fp,t)

=2α1z1V
′(z1)− 2α2z2V

′(z2)

− 2iα2
1

cos p− t

sin p− t
+ 2iα2

2

cos p+ t

sin p+ t
+ 4iα1α2

cos t

sin t
(2.4.39)

− 2iα1α0
cos p−t

2

sin p−t
2

+ 2iα1α3
sin p−t

2

cos p−t
2

+ 2iα2α0
cos p+t

2

sin p+t
2

− 2iα2α3
sin p+t

2

cos p+t
2

+
1

it
4β1β2 + 2β1 (h+(z1)z1 + h−(z1)z1)− 2β2 (h+(z2)z2 + h−(z2)z2)

+ Θn,p,t,

where Θn,p,t arises from the error term in the asymptotics of σ(s), and becomes of order
ω(n)−δ after integration w.r.t. t, i.e.∣∣∣∣∣

∫ t

ω(n)/n
Θn,p,τdτ

∣∣∣∣∣ = O(ω(n)−δ), (2.4.40)

uniformly in p ∈ (ϵ, π − ϵ) and ω(n)/n < t < t0. Using (2.4.23) now we see that

n(β1 − β2) + d1 + d2 + d3 = S +Θn,p,t, ω(n)/n < t < t0. (2.4.41)

Thus when setting

ϵn,p,t =ϵ̃n,p,t +Θn,p,t, ω(n)/n < t < t0, (2.4.42)

we see that (2.4.2) remains valid also in the region ω(n)/n < t < t0, where the smallness of
the error terms follows from (2.4.31).

Remark 40. Integrating (2.4.37) from t to t0 with ω(n)/n < t < t0 and using Theorem
22 for the expansion of Dn(fp,t0), we get the same expansion for Dn(fp,t) that Theorem 22
gives. The error term is then O(ω(n)−1) and uniform for p ∈ (ϵ, π−ϵ) and ω(n)/n < t < t0.
Thus we have proven the statement on Toeplitz determinants in Theorem 33.

2.4.2 Integration of the Differential Identity

We now integrate (2.4.2), where we use exactly the same approach as in Section 8.2 of [CK15].
We obtain∫ t

0
d1(p, τ ;α0, α1, β1, α2, β2, α3)dτ

=+ 2iα1

(
V (ei(p−t))− V (eip)

)
+ 2iα2

(
V (ei(p+t))− V (eip)

)
(2.4.43)

+ 2(β1 + β2)
∞∑
j=1

Vj (sin j(p+ t) + sin j(p− t)− 2 sin jp)

+ i
(
2α2

1 + β2
1 + β1β2

)
log

sin p− t

sin p
+ i
(
2α2

2 + β2
2 + β1β2

)
log

sin p+ t

sin p
+ it(β2

1 − β2
2)
cos p

sin p

+ 4iα1α0 log
sin p−t

2

sin p
2

− 4iα1α3 log
cos p−t

2

cos p
2

+ 4iα2α0 log
sin p+t

2

sin p
2

− 4iα2α3 log
cos p+t

2

cos p
2

,
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and ∫ t

0
d2(p, τ ;α0, α1, β1, α2, β2, α3)dτ (2.4.44)

=− 2i

∫ −2int

0

1

s

(
σ(s)− 2α1α2 +

1

2
(β1 + β2)

2

)
ds+ i

(
(β1 + β2)

2 − 4α1α2

)
log

sin t

t
,

and ∫ t

0
d3(p, τ ;α0, α1, β1, α2, β2, α3)dτ

=(β1 − β2)

[
2

∞∑
j=1

Vj (sin j(p− t)− sin j(p+ t))− 2t

5∑
j=0

αj (2.4.45)

+ iβ1 log
sin p− t

sin p
− iβ2 log

sin p+ t

sin p
+ i(β1 − β2) log

sin t

t
− it(β1 + β2)

cos p

sin p

]
.

Putting things together we see that, uniformly in p ∈ (ϵ, π − ϵ) and 0 < t < t0,

logDn(fp,t)

= logDn(fp,0) + 2int(β1 − β2)

− 2α1

(
V (ei(p−t))− V (eip)

)
− 2α2

(
V (ei(p+t))− V (eip)

)
+ 4i

∞∑
j=1

Vj (β1 sin j(p− t) + β2 sin j(p+ t)− (β1 + β2) sin jp) (2.4.46)

− 2
(
α2
1 + β2

1

)
log

sin p− t

sin p
− 2

(
α2
2 + β2

2

)
log

sin p+ t

sin p

− 4α1α0 log
sin p−t

2

sin p
2

− 4α1α3 log
cos p−t

2

cos p
2

− 4α2α0 log
sin p+t

2

sin p
2

− 4iα2α3 log
cos p+t

2

cos p
2

− 2i

∫ −2int

0

1

s

(
σ(s)− 2α1α2 +

1

2
(β1 + β2)

2

)
ds

+ 4 (β1β2 − α1α2) log
sin t

t

− 2it(β1 − β2)
5∑

j=0

αj

+ o(1).
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To calculate the asymptotics of Dn(fp,0) we use Theorem 22 and get

logDn(fp,0)

=nV0 +
∞∑
k=1

kV 2
k + log n

(
α2
0 + α2

3 + 2(α1 + α2)
2 − 2(β1 + β2)

2
)

− α0 log (b+(1)b−(1))− α3 log (b+(−1)b−(−1))

− 2(α1 + α2 − β1 − β2) log b+(e
ip)− 2(α1 + α2 + β1 + β2) log b+(e

−ip)

− 2α0α3 log 2− 4α0(α1 + α2) log 2 sin
p

2
− 4α3(α1 + α2) log 2 cos

p

2
− 2((β1 + β2)

2 + (α1 + α2)
2) log 2 sin p

+ 2iα0(β1 + β2)(p− π) + 2iα3(β1 + β2)p

+ 2i(α1 + α2)(β1 + β2)(2p− π)

+ log
G(1 + α0)

2

G(1 + 2α0)
+ log

G(1 + α3)
2

G(1 + 2α3)

+ log
G(1 + α1 + α2 + β1 + β2)

2G(1 + α1 + α2 − β1 − β2)
2

G(1 + 2α1 + 2α2)2

+ o(1),

(2.4.47)

uniformly in p ∈ (ϵ, π − ϵ). Combining the two last equations we obtain

logDn(fp,t)

=2int(β1 − β2) + nV0 +

∞∑
k=1

kV 2
k + log n

5∑
j=0

(α2
j − β2

j )

−
5∑

j=0

(αj − βj)

( ∞∑
k=1

Vkz
k
j

)
+ (αj + βj)

( ∞∑
k=1

Vkzj
k

)
− 2

(
α2
1 + β2

1

)
log 2 sin(p− t)− 2

(
α2
2 + β2

2

)
log 2 sin(p+ t)

− 4(α1α2 + β1β2) log 2 sin p− 2α0α3 log 2

− 4α1α0 log 2 sin
p− t

2
− 4α1α3 log 2 cos

p− t

2
− 4α2α0 log 2 sin

p+ t

2
− 4α2α3 log 2 cos

p+ t

2

+ 2

∫ −2int

0

1

s

(
σ(s)− 2α1α2 +

1

2
(β1 + β2)

2

)
ds+ 4 (β1β2 − α1α2) log

sin t

nt

+ 2iα0β1(p− t− π) + 2iα0β2(p+ t− π) + 2iα3β1(p− t) + 2iα3β2(p+ t)

+ 2iα1β1(2p− 2t− π) + 2iα2β1(2p− 2t− π) + 2iα1β2(2p+ 2t− π) + 2iα2β2(2p+ 2t− π)

+ log
G(1 + α0)

2

G(1 + 2α0)
+ log

G(1 + α3)
2

G(1 + 2α3)

+ log
G(1 + α1 + α2 + β1 + β2)

2G(1 + α1 + α2 − β1 − β2)
2

G(1 + 2α1 + 2α2)2
(2.4.48)

+ o(1),
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uniformly in p ∈ (ϵ, π − ϵ) and 0 < t < t0. We note that∑
0≤j<k≤5,(j,k)̸=(1,2),(4,5)

(αjβk − αkβj) log
zk

zjeiπ
(2.4.49)

=2iα0β1(p− t− π) + 2iα0β2(p+ t− π) + 2iα3β1(p− t) + 2iα3β2(p+ t)

+ 2i(α2β1 + α1β2)(2p− π) + 2iα1β1(2p− 2t− π) + 2iα2β2(2p+ 2t− π).

Thus we finally get that

logDn(fp,t)

=2int(β1 − β2) + nV0 +
∞∑
k=1

kV 2
k + log n

5∑
j=0

(α2
j − β2

j )

−
5∑

j=0

(αj − βj)

( ∞∑
k=1

Vkz
k
j

)
+ (αj + βj)

( ∞∑
k=1

Vkzj
k

)
+

∑
0≤j<k≤5,(j,k)̸=(1,2),(4,5)

2(βjβk − αjαk) log |zj − zk|+ (αjβk − αkβj) log
zk

zjeiπ

+ 4it(α1β2 − α2β1)

+ 2

∫ −2int

0

1

s

(
σ(s)− 2α1α2 +

1

2
(β1 + β2)

2

)
ds+ 4 (β1β2 − α1α2) log

sin t

nt

+ log
G(1 + α0)

2

G(1 + 2α0)
+ log

G(1 + α3)
2

G(1 + 2α3)

+ log
G(1 + α1 + α2 + β1 + β2)

2G(1 + α1 + α2 − β1 − β2)
2

G(1 + 2α1 + 2α2)2
(2.4.50)

+ o(1),

uniformly in p ∈ (ϵ, π − ϵ) and 0 < t < t0, which proves Theorem 27.

2.5 Asymptotics of Φn(0), Φn(±1) and DT+H,κ
n (fp,t)

Tracing back the transformations of Section 2.3 we get

Φn(0) = Y
(n)
11 (0) = T (0)11 = S(0)11 = (R(0)N(0))11 = −R12(0)Din,p,t(0)

−1

= −R12(0)e
−V0 = o(1),

(2.5.1)

uniformly in p ∈ (ϵ, π − ϵ) and 0 < t < t0.

The asymptotics of Φn(1) and Φn(−1) can be calculated exactly as in Chapter 7
of [DIK11]. As is apparent from (7.13) there, these asymptotics are uniform for all other
singularities bounded away from ±1. Thus when using Lemma 25 to calculate from the
asymptotics of Dn(fp,t) given in Theorem 33, Φn(±1) and Φn(0), the asymptotics of the
corresponding Toeplitz+Hankel determinants, then uniformity of the error terms in p, t is
preserved. This proves the statement on Toeplitz+Hankel determinants in Theorem 33.

Further, since we know the relation (2.1.18) between the asymptotic expansion of
Dn(fp,t) which is uniform for 0 < t < t0, and the asymptotic expansion for t > t0,
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Lemma 25 immediately gives the relationship between the expansions of DT+H,κ
n (fp,t) in

the two regimes 0 < t < t0 and t > t0. In view of the way the uniform asymptotics of
DT+H,κ

n (fp,t) are derived from the uniform asymptotics of D2n(fp,t)
1/2, Φn(±1)1/2 and

Φn(0), the relationship between the 0 < t < t0 asymptotics of DT+H,κ
n (fp,t) and the t > t0

asymptotics one gets from Theorem 28 is given by (2.1.18), with both sides divided by 2,
and n replaced by 2n. This proves Theorem 28.

2.A Riemann-Hilbert Problem for Ψ

This appendix is a mostly verbatim transfer from the beginning of Section 3 of [CK15]. We
include it here to make our account self-contained. We use Ψ to construct local parametri-
ces for the RHP for the orthogonal polynomials in Section 2.3.5. We always assume that
α1, α2 > −1

2 and β1, β2 ∈ iR (in [CK15] also the more general case of α1, α2, β1, β2 ∈ C
was considered).

RH Problem for Ψ

(a) Ψ : C \ Γ→ C2×2 is analytic, where

Γ = ∪7k=1 Γk, Γ1 = i+ e
iπ
4 R+, Γ2 = i+ e

3iπ
4

R+

Γ3 =− i+ e
5iπ
4 R+, Γ4 = −i+ e

7iπ
4 R+, Γ5 = −i+ R+, (2.A.1)

Γ6 =i+ R+, Γ7 = [−i, i],

with the orientation chosen as in Figure 2.6 ("-" is always on the RHS of the contour).

(b) Ψ satisfies the jump conditions

Ψ(ζ)+ = Ψ(ζ)−Jk, ζ ∈ Γk, (2.A.2)

where

J1 =

(
1 e2πi(α2−β2)

0 1

)
, J2 =

(
1 0

−e−2πi(α2−β2) 1

)
,

J3 =

(
1 0

−e2πi(α1−β1) 1

)
, J4 =

(
1 e−2πi(α1−β1)

0 1

)
(2.A.3)

J5 =e2πiβ1σ3 , J6 = e2πiβ2σ3 ,

J7 =

(
0 1
−1 1

)
.

(c) We have in all regions:

Ψ(ζ) =

(
I +

Ψ1

ζ
+

Ψ2

ζ2
+O(ζ−3)

)
P (∞)(ζ)e−

is
4
ζσ3 , as ζ →∞, (2.A.4)

where

P (∞)(ζ) =

(
is

2

)−(β1+β2)σ3

(ζ − i)−β2σ3(ζ + i)−β1σ3 , (2.A.5)

with the branches corresponding to the arguments between 0 and 2π, and where
s ∈ −iR+.
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(d) The functions F1 and F2 defined in (2.A.6), (2.A.8), (2.A.10) and (2.A.12) below are
analytic functions of ζ at i and −i respectively.

+i

−i

(
0 1
−1 1

)

(
1 e2πi(α2−β2)

0 1

)(
1 0

−e−2πi(α2−β2) 1

)

e2πiβ2σ3

e2πiβ1σ3

(
1 e−2πi(α1−β1)

0 1

)(
1 0

−e2πi(α1−β1) 1

)

II

IV

VIIII

I

V

Figure 2.6: The jump contour and jump matrices of Ψ.

The solution Ψ = Ψ(ζ; s) to this RHP not only depends on the complex variable ζ,
but also on the complex parameter s ∈ −iR+. Without the additional condition (d) on
the behaviour of Ψ near the points ±i, the RHP wouldn’t have a unique solution. If
2α2 /∈ N ∪ {0}, define F1(ζ, s) by the equations

Ψ(ζ; s) = F1(ζ, s)(ζ − i)α2σ3Gj , ζ ∈ region j, (2.A.6)

where j ∈ {I, II, III, V I}, and where (ζ− i)α2σ3 is taken with the branch cut on i+e
3πi
4 R+,

with the argument of ζ−i between −5π/4 and 3π/4. The matrices Gj are piecewise constant
matrices consistent with the jump relations; they are given by

GIII =

(
1 g
0 1

)
, g = − 1

2i sin(2α2)
(e2πiα2 − e−2πiβ2),

GV I =GIIIJ
−1
7 , GI = GV IJ6, GII = GIJ1.

(2.A.7)

It is straighforward to verify that F1 has no jumps near i, and it is thus meromorphic in a
neighborhood of i, with possibly an isolated singularity at i.

Similarly, for ζ near −i, if 2α1 /∈ N ∪ {0}, we define F2 by the equations

Ψ(ζ; s) = F2(ζ, s)(ζ + i)α1σ3Hj , ζ ∈ region j, (2.A.8)

where j ∈ {III, , IV, V, V I}, where (ζ+ i)α1σ3 is taken with the branch cut on −i+ e
5πi
4 R+,

with the argument of ζ + i between −3π/4 and 5π/4, and where the matrices Hj are
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piecewise constant matrices consistent with the jump relations; they are given by

HIII =

(
1 h
0 1

)
, h = − 1

2i sin(2α1)
(e2πiβ1 − e−2πiα1),

HIV =GIIIJ
−1
3 , HV = GIV J

−1
4 , HV I = HV J5.

(2.A.9)

Similarly as at i, one shows using the jump conditions for Ψ that F2 is meromorphic near
−i with a possible singularity at −i.

If 2α2 ∈ N ∪ {0}, the constant g and the matrices Gj are ill-defined, and we need a
different definition of F1:

Ψ(ζ; s) = F1(ζ; s)(ζ − i)α2σ3

(
1 gint log(ζ − i)
0 1

)
Gj , ζ ∈ region j, (2.A.10)

where

gint =
e−2πiβ2 − e2πiα2

2πie2πiα2
, (2.A.11)

and GIII = I, and the other Gj ’s are defined as above by applying the appropriate jump
conditions. Thus defined, F1 has no jumps in a neighborhood of i. Similarly, if 2α1 ∈ N∪{0},
we define F2 by the expression:

Ψ(ζ; s) = F2(ζ; s)(ζ + i)α1σ3

(
1 e−2πiα1−e2πiβ1

2πie2πiα1

0 1

)
Hj , ζ ∈ region j, (2.A.12)

with HIII = I, and the other Hj ’s expressed via HIII as in (2.A.9). Then F2 has no jumps
near −i.

Given parameters s, α1, α2, β1, β2, the uniqueness of the function Ψ which satisfies RH
conditions (a) - (d) can be proven by standard arguments.

In Section 3 of [CK15] it was shown that for α1, α2, α1 + α2 > −1
2 and β1, β2 ∈ iR, the

RHP is solvable for any s ∈ −iR+. Furthermore they analyzed the RHP asymptotically as
s→ −i∞ and s→ −i0+.

Remark 41. We have to be careful what their (α1, α2, β1, β2) correspond to in our case,
when using Ψ from [CK15]. In their paper α1, β1 correspond to the singularity left of the
merging point and α2, β2 correspond to the singularity to the right of the merging point,
while for us in the case + for example, α1, β1 are right and α2, β2 are left.

2.B Riemann-Hilbert Problem for M

This appendix is a mostly verbatim transfer of Section 4 of [CK15]. We include it here to
make our account self-contained. Let α > −1

2 and β ∈ iR. In Section 4.2.1 of [CIK11], see
also [DIK11, IK08,MMFS10], a function M = M (α,β) was constructed explicitly in terms of
the confluent hypergeometric function, which solves the following RH problem:

RH Problem for M
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(a) M : C \
(
e±

πi
4 R ∪ R+

)
→ C2×2 is analytic,

(b) M has continuous boundary values on e±
πi
4 R ∪ R+ \ {0} related by the conditions:

M(λ)+ =M(λ)−

(
1 eπi(α−β)

0 1

)
, λ ∈ e

iπ
4 R+,

M(λ)+ =M(λ)−

(
1 0

−e−πi(α−β) 0

)
, λ ∈ e

3iπ
4 R+,

M(λ)+ =M(λ)−

(
1 0

eπi(α−β) 0

)
, λ ∈ e

5iπ
4 R+, (2.B.1)

M(λ)+ =M(λ)−

(
1 −e−πi(α−β)

0 1

)
, λ ∈ e

7iπ
4 R+,

M(λ)+ =M(λ)−(λ)e
2πiβσ3 , λ ∈ R+,

where all the rays of the jump contour are oriented away from the origin.

(c) Furthermore, in all sectors,

M(λ) = (I +M1λ
−1 +O(λ−2))λ−βσ3e−

1
2
λσ3 , as λ→∞, (2.B.2)

where 0 < arg λ < 2π, and

M1 = M
(α,β)
1 =

(
α2 − β2 −e−2πiβ Γ(1+α−β)

Γ(α+β)

e2πiβ Γ(1+α+β)
Γ(α−β) −α2 + β2

)
. (2.B.3)

0

(
1 eπi(α−β)

0 1

)(
1 0

−e−πi(α−β) 1

)

e2πiβσ3

(
1 −e−πi(α−β)

0 1

)(
1 0

eπi(α−β) 1

)

2

4

3

1

5

Figure 2.7: The jump contour and jump matrices of M .

We use M to construct local parametrices for the RHP of the orthogonal polynomials
in Section 2.3.6. For that we also need the local behaviour of M at zero in region 3, i.e. the
region between the lines e

3πi
4 R+ and e

5πi
4 R+. Write M ≡M (3) in this region. It is known

(see Section 4.2.1 of [CIK11]) that M (3) can be written in the form

M (3)(λ) = L(λ)λασ3G̃3, 2α /∈ N ∪ {0}, (2.B.4)
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with the branch of λ±α chosen with 0 < arg λ < 2π. Here

L(λ) =e−λ/2
( e−iπ(α+β) Γ(1+α−β)

Γ(1+2α) φ(α+ β, 1 + 2α, λ)

−e−iπ(α−β) Γ(1+α+β)
Γ(1+2α) φ(1 + α+ β, 1 + 2α, λ)

eiπ(α−β) Γ(2α)
Γ(α+β)φ(−α+ β, 1− 2α, λ)

eiπ(α+β) Γ(2α)
Γ(α−β)φ(1− α+ β, 1− 2α, λ)

)
,

(2.B.5)

is an entire function, with

φ(a, c; z) = 1 +
∞∑
n=1

a(a+ 1) · · · (a+ n− 1)

c(c+ 1) · · · (c+ n− 1)

zn

n!
, c ̸= 0,−1,−2, ..., (2.B.6)

and G̃3 is the constant matrix

G̃3 =

(
1 g̃
0 1

)
, g̃ = −sinπ(α+ β)

sin 2πα
. (2.B.7)

If 2α is an integer, we have

M (3)(λ) =L̃(λ)λασ3

(
1 m(λ)
0 1

)
, (2.B.8)

m(λ) =
(−1)2α+1

π
sinπ(α+ β) log(λe−iπ),

where L̃(λ) is analytic at 0, and the branch of the logarithm corresponds to the argument
of λ between 0 and 2π.
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Chapter 3

The Classical Compact Groups and
Gaussian Multiplicative Chaos

In [HKO01], Hughes, Keating and O’Connell proved Theorem 8, which states that the
real and the imaginary part of the logarithm of the characteristic polynomial of a random
unitary matrix converges jointly to a pair of Gaussian fields on the unit circle. Using
results on Toeplitz determinants with merging Fisher-Hartwig singularities due to Claeys
and Krasovsky in [CK15], Webb proved Theorem 13, which states that powers of the
exponential of the real and imaginary part of the logarithm of the characteristic polynomial
of a random unitary matrix converge, when suitably normalized, to Gaussian multiplicative
chaos measures on the unit circle. Webb proved the result only in the so-called L2-phase,
that is those powers for which the second moment of the total mass of the limiting GMC
measure is finite. In [NSW20] the result was extended to the whole L1- or subcritical phase,
i.e. was proven to also hold for the whole set of powers for which the limiting GMC measure
is non-trivial.

This chapter is based on joint work with Jon Keating [FK21], and its purpose is to extend
Webb’s result to the other classical compact groups, i.e. to the orthogonal and symplectic
groups. Our starting point is Theorem 9, due to Assiotis and Keating, concerning the
convergence of the real and imaginary parts of the logarithm of the characteristic polynomials
of random orthogonal or symplectic matrices to a pair of Gaussian fields on the unit circle.
This is the analogous result to Theorem 8 by Hughes, Keating and O’Connell [HKO01].
We then complete the connection between the classical compact groups and Gaussian
multiplicative chaos, by showing that for the orthogonal and symplectic groups we get
statements similar to Theorem 13 by Webb. Using the same approach as Webb in [Web15]
we prove our results only in the L2-phase, i.e. when the limiting GMC measure’s total
mass has a finite second moment. We believe that using the techniques in [NSW20] one
can extend our results to hold more generally in the whole L1-phase, however extra care is
needed since the covariance function of the underlying Gaussian field has singularities not
just on the diagonal but also on the antidiagonal, in particular at ±1 the field has special
behaviour.
Due to this special behaviour around ±1 we first consider the case where we restrict all
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involved measures to (ϵ, π− ϵ)∪ (π+ ϵ, 2π− ϵ), i.e. we exclude small neighborhoods around
±1. In this case we can use our Theorems 28 and 33, which give formulas for the uniform
asymptotics of Toeplitz+Hankel determinants with up to two pairs of merging singularities
which are all bounded away from ±1.
To prove convergence on the full unit circle we need also to know the uniform asymptotics
of Toeplitz+Hankel determinants with 3 or 5 singularities merging at ±1, for which we use
Theorem 34 by Claeys, Glesner, Minakov and Yang, which gives a formula for the uniform
asymptotics of Toeplitz+Hankel determinants with arbitrarily many merging singularities,
up to a multiplicative constant [CGMY22]. Using their formula allows us to extend our
analysis to around ±1, and so to cover the full unit circle, however for a slightly smaller set
of powers than when neighborhoods around ±1 are excluded.

3.1 Statement of Results and Strategy of Proof

Recall that for G(n) ∈ {U(n), O(n), SO(n), SO−(n), Sp(2n)} we define the characteristic
polynomial of U ∈ G(n) as a function on the unit circle, where all its zeroes lie:

pG(n)(θ) := det
(
I − e−iθU

)
=

n∏
k=1

(1− e−i(θ−θk)), θ ∈ [0, 2π), (3.1.1)

where eiθk , k = 1, ..., n are the eigenvalues of U (and where the product is up to 2n in the
case G(n) = Sp(2n)).

Definition 42. For n ∈ N, α ∈ R, β ∈ iR and θ ∈ [0, 2π) let (from which G(n) U is taken
will be clear from context)

fn,α,β(θ) = |pG(n)(θ)|2αe2iβℑ log pG(n)(θ), (3.1.2)

where (with the sum being up to 2n for G(n) = Sp(2n))

ℑ log pG(n)(θ) :=
n∑

k=1

ℑ log(1− ei(θk−θ)), (3.1.3)

with the branches on the RHS being the principal branches, such that

ℑ log(1− ei(θk−θ)) ∈
(
−π

2
,
π

2

]
, (3.1.4)

where ℑ log 0 := π/2. We now let U be Haar-distributed on G(n) and define the random
Radon measures µG(n),α,β on S1 ∼ [0, 2π) by

µG(n),α,β(dθ) =
fn,α,β(θ)

E (fn,α,β(θ))
dθ. (3.1.5)

Let (Nj)j∈N be a sequence of independent standard (real) normal random variables and
denote

ηj := 1j is even. (3.1.6)

We recall the following result from [DS94,DE01]:
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Theorem 43. (Diaconis and Shahshahani, Diaconis and Evans) If Un is Haar distributed
on O(n) we have for any fixed k:(

Tr(Un),
1√
2
Tr(U2

n), ...,
1√
k
Tr(Uk

n)

)
d−−−→

n→∞

(
N1 + η1,N2 +

η2√
2
, ...,Nk +

ηk√
k

)
. (3.1.7)

Similarly, if Un is Haar distributed on Sp(2n), we have for any fixed k ∈ N:(
Tr(Un),

1√
2
Tr(U2

n), ...,
1√
k
Tr(Uk

n)

)
d−−−→

n→∞

(
N1 − η1,N2 −

η2√
2
, ...,Nk −

ηk√
k

)
. (3.1.8)

Finally we have the bound

EUn

((
Tr(Uk

n)
)2)

≤ constmin{k, n}, (3.1.9)

where const is independent of k and n.

Using this result, Assiotis and Keating have proved the following theorem∗, which
identifies the limits of the real and imaginary parts of log pO(n)(·) and log pSp(2n)(·) as
log-correlated Gaussian fields on the unit circle. Their result was already stated as Theorem
9 in Chapter 1 and is the analogue of the result by Hughes, Keating, and O’Connell [HKO01]
for the unitary group, stated as Theorem 8 in Chapter 1:

Theorem 44. (Assiotis, Keating) Let pO(n)(·) be the characteristic polynomial of a random
U ∈ O(n), w.r.t. Haar measure. Then for any ϵ > 0 the pair of fields

(
ℜ log pO(n)(·),ℑ log pO(n)(·)

)
converges in distribution in H−ϵ

0 (S1)×H−ϵ
0 (S1) to the pair of Gaussian fields

(
X − x, X̂ − x̂

)
,

where

X(θ) =
1

2

∞∑
j=1

1√
j
Nj

(
e−ijθ + eijθ

)
=

∞∑
j=1

1√
j
Nj cos(jθ),

X̂(θ) =
1

2i

∞∑
j=1

1√
j
Nj

(
e−ijθ − eijθ

)
= −

∞∑
j=1

1√
j
Nj sin(jθ),

x(θ) =
1

2

∞∑
j=1

ηj
j

(
e−ijθ + eijθ

)
=

∞∑
j=1

ηj
j
cos(jθ),

x̂(θ) =
1

2i

∞∑
j=1

ηj
j

(
e−ijθ − eijθ

)
= −

∞∑
j=1

ηj
j
sin(jθ).

(3.1.10)

Similarly, for U ∈ Sp(2n), the pair of fields
(
ℜ log pSp(2n)(·),ℑ log pSp(2n)(·)

)
converges in

distribution in H−ϵ
0 (S1)×H−ϵ

0 (S1) to the pair of Gaussian fields
(
X + x, X̂ + x̂

)
, for any

ϵ > 0.

∗This result was first published in [FK21] with the kind agreement of Dr. Assiotis.
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Remark 45. Doing a formal calculation one see that X and X̂ are log-correlated fields,
i.e. their covariance kernel blows up logarithmically as θ → θ′ (and also as θ → −θ′):

E
(
X(θ)X(θ′)

)
=

∞∑
j=1

cos(jθ) cos(jθ′)

j

=
1

2

 ∞∑
j=1

cos(j(θ + θ′))

j
+

∞∑
j=1

cos(j(θ − θ′))

j


=

1

4

∞∑
j=1

1

j

(
eij(θ+θ′) + e−ij(θ+θ′) + eij(θ−θ′) + e−ij(θ−θ′)

)
= −1

2

(
log |eiθ − eiθ

′ |+ log |eiθ − e−iθ′ |
)
.

(3.1.11)

Similarly one sees that

E
(
X̂(θ)X̂(θ′)

)
=− 1

2

(
log |eiθ − eiθ

′)| − log |eiθ − e−iθ′ |
)
,

E
(
X(θ)X̂(θ′)

)
=
1

2

(
ℑ log(1− ei(θ+θ′))−ℑ log(1− ei(θ−θ′))

)
.

(3.1.12)

For α ∈ R and β ∈ iR we define the centered log-correlated Gaussian field

Yα,β(θ) =2αX(θ) + 2iβX̂(θ)

=

∞∑
j=1

Nj√
j
(2α cos(jθ)− 2iβ sin(jθ)) .

(3.1.13)

By (3.1.11) and 3.1.12) we see that its covariance kernel is given by

Cov(Yα,β(θ), Yα,β(θ′)) (3.1.14)

=− 2(α2 − β2) log |eiθ − eiθ
′ | − 2(α2 + β2) log |eiθ − e−iθ′ |+ 4iαβℑ log(1− ei(θ+θ′))

=
∞∑
j=1

1

j

(
2(α2 − β2) cos(j(θ − θ′)) + 2(α2 + β2) cos(j(θ + θ′))− 4iαβ sin(j(θ + θ′))

)
.

Motivated by Theorem 44, and analogous to the unitary case stated in Theorem 13,
one expects that for large n the random measures µG(n),α,β behave like the Gaussian
multiplicative chaos measure

µα,β(dθ) :=
eYα,β(θ)

E(eYα,β(θ))
dθ = eYα,β(θ)− 1

2
E(Yα,β(θ)

2)dθ. (3.1.15)

Since Yα,β is not defined pointwise due to it being log-correlated one has to first define what
is meant by µα,β(dθ). Even though the covariance kernel of Yα,β does not just blow up on
the diagonal, but also on the anti-diagonal, its covariance kernel can still be expressed as
an infinite sum of continuous covariance kernels. Thus one can still use Theorem 12 to
define µα,β as the large k limit of

µ
(k)
α,β :=

eY
(k)
α,β(θ)

E
(
eY

(k)
α,β(θ)

)dθ = eY
(k)
α,β(θ)−

1
2
E(Y (k)

α,β(θ)
2)dθ, (3.1.16)
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where the limit is almost sure in distribution, and where for k ∈ N

Y
(k)
α,β (θ) :=

k∑
j=1

Nj√
j
(2α cos(jθ)− 2iβ sin(jθ)) . (3.1.17)

Remark 46. Since the covariance kernel of Yα,β has logarithmic singularities not just on
the diagonal θ = θ′ but also on the anti-diagonal θ = −θ′, one cannot directly use Theorem
12 to determine for which α, β the GMC measure µα,β is non-trivial, i.e. not almost surely
the zero measure. However, when restricting the measure to the arc (ϵ, π − ϵ), for some
ϵ > 0, the covariance kernel can be written in the form required in Theorem 12, which
implies that when restricting µα,β to (ϵ, π − ϵ), it is non-trivial if and only if α2 − β2 < 1.
In particular the random variable µα,β((ϵ, π − ϵ)) is not almost surely zero if and only if
α2− β2 < 1, and its construction does not depend on whether one restricts µα,β to (ϵ, π− ϵ)

(see the proof sketch below Theorem 11). Thus also when considered as a measure on the
full circle, µα,β is non-trivial if and only if α2 − β2 < 1.

Remark 47. Since near ±1 one gets both the blowup from the diagonal as well as the
blowup from the anti-diagonal, the set of parameters α and β for which the moments of the
total mass of µα,β are finite, depend on whether one defines the measure on the full unit
circle or whether one excludes small neighborhoods around ±1. This is part of the reason
for the different sets of parameters α and β in our Theorems 48 and 50 below, as for our
proofs to work we need the second moment of the total mass of µα,β to be finite.

For ϵ ∈ (0, π/2) define Iϵ := (ϵ, π − ϵ) ∪ (π + ϵ, 2π − ϵ). Then our first result in this
chapter is the following:

Theorem 48. Let α2 − β2 < 1/2 and α > −1/4. Further let G(n) ∈ {O(n), Sp(2n)}.
When restricting the random measures µG(n),α,β and µα,β to Iϵ, then as n → ∞, for any
fixed ϵ > 0, the sequence

(
µG(n),α,β

)
n∈N converges weakly to µα,β in the space of Radon

measures on Iϵ equipped with the topology of weak convergence, i.e. for any bounded
F : {Radon measures on Iϵ} → R for which F (µn)→ F (µ) whenever µn

d−→ µ, it holds that

E
(
F (µG(n),α,β)

) n→∞−−−→ E (F (µα,β)) . (3.1.18)

Remark 49. Note that the limit of µG(n),α,β is the same for both G(n) = O(n) and
G(n) = Sp(2n) since by our normalisation procedure the deterministic means ±x and ±x̂
of the limiting fields get cancelled out.

The specialisation of the formulas in [CGMY22] to our situation is stated in Theorem
34. Using these, we can prove our second result in this chapter, which extends Theorem
48 to the full circle, but for a slightly smaller set of parameters α, β. The reason for the
different sets of parameters α, β is explained in Remark 56.

Theorem 50. Let α2 − β2 < 1/2 and 0 ≤ α < 1/2. Further let G(n) ∈ {O(n), Sp(2n)}.
Then the sequence of random measures

(
µG(n),α,β

)
n∈N converges weakly to µα,β in the space

of Radon measures on [0, 2π) equipped with the topology of weak convergence.
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Proof strategy: Let I denote either Iϵ or [0, 2π). We first remark that by Theorem 4.2.
in [Kal76], weak convergence of µG(n),α,β to µα,β in the space of Radon measures on I

equipped with the topology of weak convergence is equivalent to∫
I
g(θ)µG(n),α,β(dθ)

d−→
∫
I
g(θ)µα,β(dθ), (3.1.19)

as n→∞, for any bounded continuous non-negative function g on I.

To prove (3.1.19) we use the following theorem:

Theorem 51 (Theorem 4.28 in [Kal01]). For k, n ∈ N let ξ, ξn, ηk and ηkn be random
variables with values in a metric space (S, ρ) such that ηkn

d−→ ηk as n→∞ for any fixed k,
and also ηk

d−→ ξ as k →∞. Then ξn
d−→ ξ holds under the further condition

lim
k→∞

lim sup
n→∞

E
(
ρ(ηkn, ξn) ∧ 1

)
= 0. (3.1.20)

Our setting corresponds to S = R, ρ = | · |, and

ξ =

∫
I
g(θ)µα,β(dθ), ξn =

∫
I
g(θ)µG(n),α,β(dθ),

ηk =

∫
I
g(θ)µ

(k)
α,β(dθ), ηkn =

∫
I
g(θ)µ

(k)
n,α,β(dθ),

(3.1.21)

where µ
(k)
n,α,β will now be defined by truncating the Fourier series of log fn,α,β . We see that

log fn,α,β(θ) = −
∞∑
j=1

1

j

(
(α+ β)Tr(U j

n)e
−ijθ + (α− β)Tr(U−j

n )eijθ
)

= −
∞∑
j=1

Tr(U j
n)

j
(2α cos(jθ)− 2iβ sin(jθ)) ,

(3.1.22)

where we used that for U ∈ O(n) or Sp(2n) we have Tr(U−j
n ) = Tr(U j

n).

Definition 52. For k, n ∈ N, α ∈ R, β ∈ iR and θ ∈ I, let

f
(k)
n,α,β(θ) = e

−
∑k

j=1
Tr(Uj

n)
j

(2α cos(jθ)−2iβ sin(jθ))
, (3.1.23)

and

µ
(k)
G(n),α,β(dθ) =

f
(k)
n,α,β(θ)

E(f (k)
n,α,β(θ))

dθ. (3.1.24)

In order to apply Theorem 51 to verify (3.1.19), which then implies our main results, we
thus need to examine the following three limits: for any bounded continuous non-negative
function on I

lim
k→∞

∫
I
g(θ)µ

(k)
α,β(dθ)

d
=

∫
I
g(θ)µα,β(dθ), (3.1.25)
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lim
n→∞

∫
I
g(θ)µ

(k)
G(n),α,β(dθ)

d
=

∫
I
g(θ)µ

(k)
α,β(dθ), (3.1.26)

and

lim
k→∞

lim sup
n→∞

E
(∣∣∣∣∫

I
g(θ)µ

(k)
G(n),α,β(dθ)−

∫
I
g(θ)µG(n),α,β(dθ)

∣∣∣∣ ∧ 1

)
= 0. (3.1.27)

The first limit (3.1.25) follows immediately from the definition of µα,β as the large k limit
of µ(k)

α,β , defined in (3.1.16): almost surely

lim
k→∞

µ
(k)
α,β

d
= µα,β, (3.1.28)

so in particular almost surely (and thus also in distribution)

lim
k→∞

∫
I
g(θ)µ

(k)
α,β(dθ) =

∫
I
g(θ)µα,β(dθ). (3.1.29)

The second limit (3.1.26) will be proved in Section 3.3, using previously established results
on the asymptotics of Toeplitz+Hankel determinants.

To show that the third limit (3.1.27) holds, we will prove the following lemma in Section
3.2:

Lemma 53 (The L2-limit). Let α2 − β2 < 1/2. Further let 0 ≤ α < 1/2 in the case
I = [0, 2π), and α > −1/4 in the case I = Iϵ. Then for any bounded continuous non-
negative function g on I the following expectation goes to zero, as first n → ∞ and then
k →∞:

E

((∫
I
g(θ)µG(n),α,β(dθ)−

∫
I
g(θ)µ

(k)
G(n),α,β(dθ)

)2
)

=

∫
I

∫
I
g(θ)g(θ′)

E
(
f
(k)
n,α,β(θ)f

(k)
n,α,β(θ

′)
)

E
(
f
(k)
n,α,β(θ)

)
E
(
f
(k)
n,α,β(θ

′)
)dθdθ′

− 2

∫
I

∫
I
g(θ)g(θ′)

E
(
f
(k)
n,α,β(θ)fn,α,β(θ

′)
)

E
(
f
(k)
n,α,β(θ)

)
E (fn,α,β(θ′))

dθdθ′

+

∫
I

∫
I
g(θ)g(θ′)

E (fn,α,β(θ)fn,α,β(θ
′))

E (fn,α,β(θ))E (fn,α,β(θ′))
dθdθ′.

(3.1.30)

All the expectations inside the integrals can be expressed as (sums of) Toeplitz+Hankel
determinants (see (2.1.6) and Theorem 54). We will prove Lemma 53 explicitly only in the
case I = [0, 2π), α2 − β2 < 1/2, 0 ≤ α < 1/2, using Theorem 34 below.

The proof in the case I = Iϵ, α2 − β2 < 1/2, α > −1/4, works in almost exactly the
same way. Instead of Theorem 34, which only holds for α ≥ 0, we use new results on the
uniform asymptotics of Toeplitz+Hankel determinants of symbols with two pairs of merging
singularities bounded away from ±1, which are stated in Theorems 28 and 33, in the next
section. To the best of our knowledge these results have not previously been set out and
we believe them to be of independent interest.
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3.2 The L2-Limit

In this section we prove Lemma 53, for which we need to compute asymptotics of all the
expectation terms in the integrals, which hold uniformly in θ and θ′ even as θ → θ′. We
recall the Baik-Rains identity (already stated as Theorem 19 in Chapter 1), which allows
us to express all those expectations as Toeplitz+Hankel determinants:

Theorem 54. (Theorem 2.2 in [BR01]) Let h(z) be any function on the unit circle such
that for ι(eiθ) := h(eiθ)h(e−iθ) the integrals

ιj =
1

2π

∫ 2π

0
ι(eiθ)e−ijθ dθ (3.2.1)

are well-defined. Then with DT+H,κ
n defined as in (2.1.6) we have

ESO(2n) (det(h(U))) =
1

2
DT+H,1

n (ι),

ESO−(2n) (det(h(U))) = h(1)h(−1)DT+H,2
n−1 (ι),

ESO(2n+1) (det(h(U))) = h(1)DT+H,3
n (ι),

ESO−(2n+1) (det(h(U))) = h(−1)DT+H,4
n (ι),

ESp(2n) (det(h(U))) = DT+H,2
n (ι),

(3.2.2)

except that ESO(0) (det(h(U))) = h(1).

We define, for ϕ ∈ [0, 2π) and θ, θ′ ∈ [0, 2π):

σ̂1,θ,θ′(e
iϕ) = e

−
∑k

j=1
2
j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)
eijϕ

,

σ̂2,θ,θ′(e
iϕ) = e

−
∑k

j=1
2
j
ℜ((α−β)eijθ)eijϕ |eiϕ − eiθ

′ |2αe2iβℑ log(1−ei(ϕ−θ′)),

σ̂3,θ,θ′(e
iϕ) = |eiϕ − eiθ|2αe2iβℑ log(1−ei(ϕ−θ))|eiϕ − eiθ

′ |2αe2iβℑ log(1−ei(ϕ−θ′)),

σ̂4,θ(e
iϕ) = e

−
∑k

j=1
2
j
ℜ((α−β)eijθ)eijϕ ,

σ̂5,θ(e
iϕ) = |eiϕ − eiθ|2αe2iβℑ log(1−ei(ϕ−θ)),

(3.2.3)

where the branch of the logarithm is the principal one (so in particular ℑ log(1− ei(ϕ−θ)) ∈
(−π/2, π/2]). Then we have

f
(k)
n,α,β(θ)f

(k)
n,α,β(θ

′) =
n∏

ℓ=1

σ̂1,θ,θ′(e
iθℓ),

f
(k)
n,α,β(θ)fn,α,β(θ

′) =

n∏
ℓ=1

σ̂2,θ,θ′(e
iθℓ),

fn,α,β(θ)fn,α,β(θ
′) =

n∏
ℓ=1

σ̂3,θ,θ′(e
iθℓ),

f
(k)
n,α,β(θ) =

n∏
ℓ=1

σ̂4,θ(e
iθℓ),

fn,α,β(θ) =

n∏
ℓ=1

σ̂5,θ(e
iθℓ),

(3.2.4)
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where the product is up to 2n for U ∈ Sp(2n). Further we define

σ1,θ,θ′(e
iϕ) =σ̂1,θ,θ′(e

iϕ)σ̂1,θ,θ′(e
−iϕ)

=e
−

∑k
j=1

2
j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)
(eijϕ+e−ijϕ)

,

σ2,θ,θ′(e
iϕ) =σ̂2,θ,θ′(e

iϕ)σ̂2,θ,θ′(e
−iϕ)

=e
−

∑k
j=1

2
j
ℜ((α−β)eijθ)(eijϕ+e−ijϕ)

× |eiθ′ − eiϕ|2αe2iβℑ log(1−ei(ϕ−θ′))|eiθ′ − e−iϕ|2αe2iβℑ log(1−ei(−ϕ−θ′)),

σ3,θ,θ′(e
iϕ) =σ̂3,θ,θ′(e

iϕ)σ̂3,θ,θ′(e
−iϕ) (3.2.5)

=|eiθ − eiϕ|2αe2iβℑ log(1−ei(ϕ−θ))|eiθ′ − eiϕ|2αe2iβℑ log(1−ei(ϕ−θ′))

× |eiθ − e−iϕ|2αe2iβℑ log(1−ei(−ϕ−θ))|eiθ′ − e−iϕ|2αe2iβℑ log(1−ei(−ϕ−θ′)),

σ4,θ(e
iϕ) =σ̂4,θ(e

iϕ)σ̂4,θ(e
−iϕ)

=e
−

∑k
j=1

2
j
ℜ((α−β)eijθ)(eijϕ+e−ijϕ)

,

σ5,θ(e
iϕ) =σ̂5,θ(e

iϕ)σ̂5,θ(e
−iϕ)

=|eiθ − eiϕ|2αe2iβℑ log(1−ei(ϕ−θ))|eiθ − e−iϕ|2αe2iβℑ log(1−ei(−ϕ−θ)).

Applying Theorem 54, we obtain

EO(2n)

(
f
(k)
2n,α,β(θ)f

(k)
2n,α,β(θ

′)
)

=
1

2
ESO(2n)

(
f
(k)
2n,α,β(θ)f

(k)
2n,α,β(θ

′)
)
+

1

2
ESO−(2n)

(
f
(k)
2n,α,β(θ)f

(k)
2n,α,β(θ

′)
)

=
1

4
DT+H,1

n (σ1,θ,θ′) +
1

2
σ̂1,θ,θ′(1)σ̂1,θ,θ′(−1)DT+H,2

n−1 (σ1,θ,θ′),

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)f

(k)
2n+1,α,β(θ

′)
)

(3.2.6)

=
1

2
ESO(2n+1)

(
f
(k)
2n+1,α,β(θ)f

(k)
2n+1,α,β(θ

′)
)
+

1

2
ESO−(2n+1)

(
f
(k)
2n+1,α,β(θ)f

(k)
2n+1,α,β(θ

′)
)

=
1

2
σ̂1,θ,θ′(1)D

T+H,3
n (σ1,θ,θ′) +

1

2
σ̂1,θ,θ′(−1)DT+H,4

n (σ1,θ,θ′),

ESp(2n)

(
f
(k)
n,α,β(θ)f

(k)
n,α,β(θ

′)
)
= DT+H,2

n (σ1,θ,θ′),

and similarly for σ2,θ,θ′ , ..., σ5,θ.

The symbols σ1,θ,θ′ , ..., σ5,θ can be written as symbols with Fisher-Hartwig singularities,
i.e. as in Definition 21. Due to our choice of logarithm, we have for ϕ, θ ∈ [0, 2π):

ℑ log(1− ei(ϕ−θ)) =

{
−π

2 + ϕ−θ
2 0 ≤ θ < ϕ < 2π

π
2 + ϕ−θ

2 0 ≤ ϕ ≤ θ < 2π
,

ℑ log(1− ei(−ϕ−θ)) =ℑ log(1− ei(2π−θ−ϕ))

=

{
−π

2 + 2π−θ−ϕ
2 0 ≤ ϕ < 2π − θ ≤ 2π

π
2 + 2π−θ−ϕ

2 0 < 2π − θ ≤ ϕ < 2π
,

(3.2.7)
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which implies that we can write

σ2,θ,θ′(e
iϕ)

=e
−

∑k
j=1

2
j
ℜ((α−β)eijθ)(eijϕ+e−ijϕ)

× |eiϕ − eiθ
′ |2αeiβ(ϕ−θ′)geiθ′ ,β(e

iϕ)|eiϕ − e−iθ′ |2αe−iβ(ϕ−(2π−θ′))gei(2π−θ′),−β(e
iϕ),

σ3,θ,θ′(e
iϕ) (3.2.8)

=|eiϕ − eiθ|2αeiβ(ϕ−θ)geiθ,β(e
iϕ)|eiϕ − e−iθ|2αe−iβ(ϕ−(2π−θ))gei(2π−θ),−β(e

iϕ)

× |eiϕ − eiθ
′ |2αeiβ(ϕ−θ′)geiθ′ ,β(e

iϕ)|eiϕ − e−iθ′ |2αe−iβ(ϕ−(2π−θ′)), gei(2π−θ′),−β(e
iϕ),

σ5,θ(e
iϕ)

=|eiϕ − eiθ|2αeiβ(ϕ−θ)geiθ,β(e
iϕ)|eiϕ − e−iθ|2αe−iβ(ϕ−(2π−θ′))gei(2π−θ′),−β(e

iϕ).

Theorem 23 gives asymptotic formulae for the Toeplitz+Hankel determinants of σ1,θ,θ′ ,
σ2,θ,θ′ , σ3,θ,θ′ , σ4,θ, σ5,θ, which are uniform when all of the singularities that appear are
bounded away from each other. Since σ1,θ,θ′ and σ4,θ do not have any singularities the
asymptotics of their Toeplitz+Hankel determinants are uniform in θ, θ′ ∈ [0, 2π). To obtain
asymptotics for the Toeplitz+Hankel determinants of σ2,θ,θ′ , σ3,θ,θ′ and σ5,θ that are also
uniform when singularities merge we use Theorem 34.

When applying Theorem 28 we always have α0 = αr+1 = 0, thus we get

π
1
2
(α0+αr+1+s′+t′+1)G(1/2)2

G(1 + α0 + s′)G(1 + αr+1 + t′)
= 1, (3.2.9)

for any choices of s′, t′ ∈ {+1/2,−1/2}. Further one has to be careful that z1, z2 always
correspond to the singularities in the upper half circle, i.e. arg z1, arg z2 ∈ (0, π). The
asymptotics of the Toeplitz+Hankel determinants of σ1,θ,θ′ , σ2,θ,θ′ , σ4,θ, σ5,θ′ obtained with
Theorem 28 are then as follows:

• For f(eiϕ) = σ1,θ,θ′(e
iϕ) we have r = 0, α0 = α1 = 0 and

V (z) = −
k∑

j=1

2

j
ℜ
(
(α− β)(eijθ + eijθ

′
)
)
(eijϕ + e−ijϕ). (3.2.10)

Thus we obtain

DT+H,κ
n (σ1,θ,θ′) =e

∑k
j=1

2
j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)2

× e
2
∑k

j=1
s′+(−1)jt′

j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)

× 2(1−s′−t′)n+q− 1
2
(s′+t′)2+ 1

2
(s′+t′)(1 + o(1)),

(3.2.11)

uniformly for θ, θ′ ∈ [0, 2π).

• For f(eiϕ) = σ2,θ,θ′(e
iϕ) we have r = 1, α0 = α2 = 0,

z1 =

{
eiθ

′
0 < θ′ < π

ei(2π−θ′) π < θ′ < 2π
, β1 =

{
β 0 < θ′ < π

−β π < θ′ < 2π
, (3.2.12)

80



α1 = α, and

V (z) = −
k∑

j=1

2

j
ℜ
(
(α− β)eijθ

)
(eijϕ + e−ijϕ). (3.2.13)

Thus we obtain:

DT+H,κ
n (σ2,θ,θ′) =(2n)(α

2−β2)e
∑k

j=1
2
j
ℜ((α−β)eijθ)

2

e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)

× e−iπαβ1z2αβ1
1 |1− e2iθ

′ |−(α2+β2)G(1 + α+ β)G(1 + α− β)

G(1 + 2α)

× e
2
∑k

j=1
s′+(−1)jt′

j
ℜ((α−β)eijθ)2(1−s′−t′)n+q− 1

2
(s′+t′)2+ 1

2
(s′+t′)

× e−iπs′β1z
β1(s′+t′)
1 |1− eiθ

′ |−2αs′ |1 + eiθ
′ |−2αt′ (3.2.14)

× (1 + o(1)),

uniformly for θ, θ′ ∈ [0, 2π) s.t. eiθ
′ stays bounded away from ±1.

• For f(eiϕ) = σ4,θ(e
iϕ) we have r = 0, α0 = α1 = 0 and

V (z) = −
k∑

j=1

2

j
ℜ
(
(α− β)eijθ

)
(eijϕ + e−ijϕ). (3.2.15)

Thus we obtain:

DT+H,κ
n (σ4,θ) =e

∑k
j=1

2
j
ℜ((α−β)eijθ)

2

e
2
∑k

j=1
s′+(−1)jt′

j
ℜ((α−β)eijθ)

× 2(1−s′−t′)n+q− 1
2
(s′+t′)2+ 1

2
(s′+t′)(1 + o(1)),

(3.2.16)

uniformly for θ ∈ [0, 2π).

• For f(eiϕ) = σ5,θ′(e
iϕ) with eiθ

′ ̸= ±1, we have r = 1, α0 = α2 = 0,

z1 =

{
eiθ

′
0 < θ′ < π

ei(2π−θ′) π < θ′ < 2π
, β1 =

{
β 0 < θ′ < π

−β π < θ′ < 2π
(3.2.17)

α1 = α, and V = 0. Thus we obtain:

DT+H,κ
n (σ5,θ′)

=(2n)(α
2−β2)e−iπαβ1z2αβ1

1 |1− e2iθ
′ |−(α2+β2)G(1 + α+ β)G(1 + α− β)

G(1 + 2α)

× 2(1−s′−t′)n+q− 1
2
(s′+t′)2+ 1

2
(s′+t′)e−iπs′β1z

β1(s′+t′)
1 |1− eiθ

′ |−2αs′ |1 + eiθ
′ |−2αt′

× (1 + o(1)), (3.2.18)

uniformly for θ′ ∈ [0, 2π) s.t. eiθ
′ stays bounded away from ±1.

For f(eiϕ) = σ3,θ,θ′(e
iϕ) we have r = 2, α0 = α3 = V (z) = 0 and z1, z2, α1, α2, β1, β2
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chosen according to the following decomposition (always α1 = α2 = α):

[0, 2π)2 = ∪8j=1 Jj ∪
{
(θ, θ′) ∈ [0, 2π)2 : θ = θ′, or θ = 2π − θ′, or θ, θ′ ∈ {0, π}

}
,

J1 =
{
(θ, θ′) ∈ (0, π)× (0, π) : θ < θ′

}
,

for (θ, θ′) ∈ J1 : z1 = eiθ, z2 = eiθ
′
, β1 = β2 = β.

J2 =
{
(θ, θ′) ∈ (0, π)× (0, π) : θ′ < θ

}
,

for (θ, θ′) ∈ J2 : z1 = eiθ
′
, z2 = eiθ, β1 = β2 = β.

J3 =
{
(θ, θ′) ∈ (0, π)× (π, 2π) : θ < 2π − θ′

}
,

for (θ, θ′) ∈ J3 : z1 = eiθ, z2 = ei(2π−θ′), β1 = −β2 = β.

J4 =
{
(θ, θ′) ∈ (π, 2π)× (0, π) : θ′ < 2π − θ

}
,

for (θ, θ′) ∈ J4 : z1 = eiθ
′
, z2 = ei(2π−θ), β1 = −β2 = β. (3.2.19)

J5 =
{
(θ, θ′) ∈ (π, 2π)× (π, 2π) : 2π − θ < 2π − θ′

}
,

for (θ, θ′) ∈ J5 : z1 = ei(2π−θ), z2 = ei(2π−θ′), β1 = β2 = −β.

J6 =
{
(θ, θ′) ∈ (π, 2π)× (π, 2π) : 2π − θ′ < 2π − θ

}
,

for (θ, θ′) ∈ J6 : z1 = ei(2π−θ′), z2 = ei(2π−θ), β1 = β2 = −β.

J7 =
{
(θ, θ′) ∈ (π, 2π)× (0, π) : 2π − θ < θ′

}
,

for (θ, θ′) ∈ J7 : z1 = ei(2π−θ), z2 = eiθ
′
, β1 = −β2 = −β.

J8 =
{
(θ, θ′) ∈ (0, π)× (π, 2π) : 2π − θ′ < θ

}
,

for (θ, θ′) ∈ J8 : z1 = ei(2π−θ′), z2 = eiθ, β1 = −β2 = −β.

In this notation we obtain by Theorem 28

DT+H,κ
n (σ3,θ,θ′)

=(2n)2(α
2−β2)e−iπα(β1+β2+2β2)|eiθ − eiθ

′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)

× z4β1α
1 z4β2α

2 |1− e2iθ|−(α2+β2)|1− e2iθ
′ |−(α2+β2)G(1 + α+ β)2G(1 + α− β)2

G(1 + 2α)2

× 2(1−s′−t′)n+q− 1
2
(s′+t′)2+ 1

2
(s′+t′)e−iπs′(β1+β2)z

β1(s′+t′)
1 z

β2(s′+t′)
2 (3.2.20)

× |1− eiθ|−2αs′ |1 + eiθ|−2αt′ |1− eiθ
′ |−2αs′ |1 + eiθ

′ |−2αt′(1 + o(1)),

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ, eiθ
′
, e−iθ, e−iθ′ stay bounded away from each other and

±1.

In the following sections we use the asymptotics obtained in this section to compute
the asymptotics of the quotients of expectations that appear in Lemma 53.
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3.2.1 The Symplectic Case

By (3.2.6), (3.2.11), (3.2.16) with κ = 2, q = 0, s′ = t′ = 1
2 , we get

ESp(2n)

(
f
(k)
n,α,β(θ)f

(k)
n,α,β(θ

′)
)

ESp(2n)

(
f
(k)
n,α,β(θ)

)
ESp(2n)

(
f
(k)
n,α,β(θ

′)
) =

DT+H,2
n (σ1,θ,θ′)

DT+H,2
n (σ4,θ)D

T+H,2
n (σ4,θ′)

=e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
(1 + o(1)),

(3.2.21)

uniformly for θ, θ′ ∈ [0, 2π).

By (3.2.6), (3.2.14), (3.2.16) and (3.2.18) with κ = 2, q = 0, s′ = t′ = 1
2 , we get

ESp(2n)

(
f
(k)
n,α,β(θ)fn,α,β(θ

′)
)

ESp(2n)

(
f
(k)
n,α,β(θ)

)
ESp(2n) (fn,α,β(θ′))

=
DT+H,2

n (σ2,θ,θ′)

DT+H,2
n (σ4,θ)D

T+H,2
n (σ5,θ′)

=e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
(1 + o(1)),

(3.2.22)

uniformly for θ, θ′ ∈ [0, 2π) s.t. eiθ
′ stays bounded away from ±1.

By (3.2.6), (3.2.18), (3.2.20), with κ = 2, q = 0 and s′ = t′ = 1
2 , and z1, z2, β1, β2 chosen

as in (3.2.19), a quick calculation results in

ESp(2n) (fn,α,β(θ)fn,α,β(θ
′))

ESp(2n) (fn,α,β(θ))ESp(2n) (fn,α,β(θ′))
=

DT+H,2
n (σ3,θ,θ′)

DT+H,2
n (σ5,θ)D

T+H,2
n (σ5,θ′)

=|eiθ − eiθ
′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)z2αβ1

1 z2αβ2
2 e−2πiαβ2(1 + o(1))

=|eiθ − eiθ
′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)e4iαβℑ log(1−ei(θ+θ′))(1 + o(1)),

(3.2.23)

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ, eiθ
′
, e−iθ, e−iθ′ stay bounded away from each other and

±1.

3.2.2 The Odd Orthogonal Case

In the odd orthogonal case we always have q = −n, and s′ + t′ = 0, which implies that

2(1−s′−t′)n+q− 1
2
(s′+t′)2+ 1

2
(s′+t′) = 1. (3.2.24)

We also note that by (3.2.3) we have

σ̂1,θ,θ′(±1) =e
−2

∑k
j=1

(±1)j

j
ℜ
(
(α−β)

(
eijθ+eijθ

′))
,

σ̂2,θ,θ′(±1) =e
−2

∑k
j=1

(±1)j

j
ℜ((α−β)eijθ)|1∓ eiθ

′ |2αeiβ(π−θ′)geiθ′ ,β(±1),

σ̂3,θ,θ′(1) =|1− eiθ|2α|1− eiθ
′ |2αeiβ(π−θ)eiβ(π−θ′),

σ̂3,θ,θ′(−1) =|1 + eiθ|2α|1 + eiθ
′ |2αeiβ(π−θ)eiβ(π−θ′)e−iπ(β1+β2),

σ̂4,θ(±1) =e
−2

∑k
j=1

(±1)j

j
ℜ((α−β)eijθ),

σ̂5,θ′(1) =|1− eiθ
′ |2αeiβ(π−θ′),

σ̂5,θ′(−1) =|1 + eiθ
′ |2αeiβ(π−θ′)e−iπβ1 ,

(3.2.25)
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where β1, β2 are chosen as in (3.2.19) for σ̂3,θ,θ′ , and as in (3.2.17) for σ̂5,θ′ . Thus by (3.2.6),
(3.2.11) and (3.2.25) we get

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)f

(k)
2n+1,α,β(θ

′)
)

=
1

2
σ̂1,θ,θ′(1)D

T+H,3
n (σ1,θ,θ′) +

1

2
σ̂1,θ,θ′(−1)DT+H,4

n (σ1,θ,θ′)

=
1

2
e
∑k

j=1
2
j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)2

×

(
e
−2

∑k
j=1

1
j
ℜ
(
(α−β)

(
eijθ+eijθ

′))
e
∑k

j=1
1−(−1)j

j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)

(3.2.26)

+ e
−2

∑k
j=1

(−1)j

j
ℜ
(
(α−β)

(
eijθ+eijθ

′))
e
−

∑k
j=1

1−(−1)j

j
ℜ
(
(α−β)(eijθ+eijθ

′
)
))

(1 + o(1))

=e
∑k

j=1
2
j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)2

e
−

∑k
j=1

1+(−1)j

j
ℜ
(
(α−β)(eijθ+eijθ

′
)
)
(1 + o(1)),

uniformly for θ, θ′ ∈ [0, 2π).

Similarly we obtain from (3.2.6), (3.2.14, (3.2.16), (3.2.18) and (3.2.25), that

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)

)
= e

∑k
j=1

2
j
ℜ((α−β)eijθ)

2

e
−

∑k
j=1

1+(−1)j

j
ℜ((α−β)eijθ)(1 + o(1)),

(3.2.27)

uniformly for θ, θ′ ∈ [0, 2π), and

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)f2n+1,α,β(θ

′)
)
=(2n)(α

2−β2)e
∑k

j=1
2
j
ℜ((α−β)eijθ)

2

× e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
× e−iπαβ1z2αβ1

1 |1− e2iθ
′ |−(α2+β2)

× G(1 + α+ β)G(1 + α− β)

G(1 + 2α)
(3.2.28)

× e
−

∑k
j=1

1+(−1)j

j
ℜ((α−β)eijθ)

× eiβ(π−θ′)e−
iπ
2
β1 |1− eiθ

′ |α|1 + eiθ
′ |α(1 + o(1)),

EO(2n+1)

(
f2n+1,α,β(θ

′)
)
=(2n)(α

2−β2)e−iπαβ1z2αβ1
1 |1− e2iθ

′ |−(α2+β2)

× G(1 + α+ β)G(1 + α− β)

G(1 + 2α)

× eiβ(π−θ′)e−
iπ
2
β1 |1− eiθ

′ |α|1 + eiθ
′ |α(1 + o(1)),

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ
′ stays bounded away from ±1, where

z1 =

{
eiθ

′
0 < θ′ < π

ei(2π−θ′) π < θ′ < 2π
, β1 =

{
β 0 < θ′ < π

−β π < θ′ < 2π
. (3.2.29)
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From (3.2.6), (3.2.20) and (3.2.25) we obtain

EO(2n+1)

(
f2n+1,α,β(θ)f2n+1,α,β(θ

′)
)

=(2n)2(α
2−β2)e−iπα(β1+β2+2β2)

× |eiθ − eiθ
′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)z4β1α

1 z4β2α
2 |1− e2iθ|−(α2+β2)|1− e2iθ|−(α2+β2)

× G(1 + α+ β)2G(1 + α− β)2

G(1 + 2α)2
eiβ(π−θ)eiβ(π−θ′)e−

iπ
2
(β1+β2) (3.2.30)

× |1− eiθ|α|1 + eiθ|α|1− eiθ
′ |α|1 + eiθ

′ |α(1 + o(1)),

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ, eiθ
′
, e−iθ, e−iθ′ stay bounded away from each other and

±1, and where z1, z2, β1, β2 are chosen as in (3.2.19).

Combining (3.2.26), (3.2.27) and (3.2.28), we obtain

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)f

(k)
2n+1,α,β(θ

′)
)

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)

)
EO(2n+1)

(
f
(k)
2n+1,α,β(θ

′)
)

=e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
(1 + o(1)),

(3.2.31)

uniformly for θ, θ′ ∈ [0, 2π), and

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)f2n+1,α,β(θ

′)
)

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)

)
EO(2n+1) (f2n+1,α,β(θ′))

=e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
(1 + o(1)),

(3.2.32)

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ
′ stays bounded away from ±1.

By (3.2.28) and (3.2.30) we obtain

EO(2n+1) (f2n+1,α,β(θ)f2n+1,α,β(θ
′))

EO(2n+1) (f2n+1,α,β(θ))EO(2n+1) (f2n+1,α,β(θ′))

=|eiθ − eiθ
′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)z2αβ1

1 z2αβ2
2 e−2πiαβ2(1 + o(1)),

=e4iαβℑ log(1−ei(θ+θ′))|eiθ − eiθ
′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)(1 + o(1)),

(3.2.33)

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ, eiθ
′
, e−iθ, e−iθ′ stay bounded away from each other and

±1.

3.2.3 The Even Orthogonal Case

In the same way as in the odd orthogonal case one can use (3.2.6), (3.2.11) - (3.2.20) and
(3.2.25) to obtain

EO(2n)

(
f
(k)
2n,α,β(θ)f

(k)
2n,α,β(θ

′)
)

EO(2n)

(
f
(k)
2n,α,β(θ)

)
EO(2n)

(
f
(k)
2n,α,β(θ

′)
) = e

∑k
j=1

4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
(1 + o(1)),

(3.2.34)
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uniformly for θ, θ ∈ [0, 2π), and

EO(2n)

(
f
(k)
2n,α,β(θ)f2n,α,β(θ

′)
)

EO(2n)

(
f
(k)
2n,α,β(θ)

)
EO(2n) (f2n,α,β(θ′))

= e
∑k

j=1
4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
(1 + o(1)),

(3.2.35)

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ
′ stays bounded away from ±1, and

EO(2n) (f2n,α,β(θ)f2n,α,β(θ
′))

EO(2n) (f2n,α,β(θ))EO(2n) (f2n,α,β(θ′))

=e4iαβℑ log(1−ei(θ+θ′))|eiθ − eiθ
′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)(1 + o(1)),

(3.2.36)

uniformly for θ, θ′ ∈ [0, 2π), s.t. eiθ, eiθ
′
, e−iθ, e−iθ′ stay bounded away from each other and

±1.

In Section 3.3 we will also need that

EO(2n)

(
f
(k)
2n,α,β(θ)

)
= e

−2
∑k

j=1

ηj
j
ℜ((α−β)eijθ)+

∑k
j=1

2
j
ℜ((α−β)eijθ)

2

(1 + o(1)), (3.2.37)

uniformly in θ ∈ [0, 2π).

3.2.4 Pulling the large-n limit inside the integral

Using the asymptotics computed in the previous sections and Theorem 34, we follow the
proof of Corollary 2.1 in [Fah21] to show that we can pull limn→∞ inside the integral, i.e.
that we can use the non-uniform asymptotics of the integrand:

Lemma 55. Let the expectations be over O(n) or Sp(2n), and α2 − β2 < 1/2 and 0 ≤ α <

1/2. Then

lim
n→∞

∫ 2π

0

∫ 2π

0
g(θ)g(θ′)

E (fn,α,β(θ)fn,α,β(θ
′))

E (fn,α,β(θ))E (fn,α,β(θ′))
dθdθ′ (3.2.38)

=

∫ 2π

0

∫ 2π

0
g(θ)g(θ′)e4iαβℑ log(1−ei(θ+θ′))|eiθ − eiθ

′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)dθdθ′,

and

lim
n→∞

∫ 2π

0

∫ 2π

0
g(θ)g(θ′)

E
(
f
(k)
n,α,β(θ)fn,α,β(θ

′)
)

E
(
f
(k)
n,α,β(θ)

)
E (fn,α,β(θ′))

dθdθ′

=

∫ 2π

0

∫ 2π

0
g(θ)g(θ′)e

∑k
j=1

4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
dθdθ′.

(3.2.39)

Remark 56. Note that the limit in (3.2.38) is finite since 2(α2+β2) ≤ 2(α2−β2) < 1 and
2(α2+β2)+2(α2−β2) = 4α2 < 1. If we restrict the integrals to Iϵ = (ϵ, π−ϵ)∪(π+ϵ, 2π−ϵ)
then we only need that 2(α2 + β2) ≤ 2(α2 − β2) < 1 for the integral to be finite, since
|eiθ − eiθ

′ | and |eiθ − e−iθ′ | can only go to zero simultaneously when both θ, θ′ approach
{0, π, 2π}. Further, if we restrict to Iϵ we can rely on Theorems 28 and 33 for the proof,
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which only require α > −1/4, and we will not need Theorem 34 anymore, which requires
α ≥ 0. Thus when restricting to Iϵ, Lemma 55 holds for the larger set of parameters
α2 − β2 < 1/2 and α > −1/4.

Proof of Lemma 55: By Theorems 34 and 54 we have

ESp(2n) (fn,α,β(θ)fn,α,β(θ
′))

ESp(2n) (fn,α,β(θ))ESp(2n) (fn,α,β(θ′))
=

DT+H,2
n (σ3,θ,θ′)

DT+H,2
n (σ5,θ)D

T+H,2
n (σ5,θ′)

=eO(1)

(
sin

∣∣∣∣θ − θ′

2

∣∣∣∣+ 1

n

)−2(α2−β2)(
sin

∣∣∣∣θ + θ′

2

∣∣∣∣+ 1

n

)−2(α2+β2)

,

(3.2.40)

as n→∞, uniformly in (Lebesgue almost all) (θ, θ′) ∈ [0, 2π)2. By the same theorems we
get

EO(2n+1)

(
f2n+1,α,β(θ)f2n+1,α,β(θ

′)
)

=
1

2

(
σ̂3,θ,θ′(1)D

T+H,3
n (σ3,θ,θ′) + σ̂3,θ,θ′(−1)DT+H,4

n (σ3,θ,θ′)
)

=
1

2
Fσ3,θ,θ′n

2(α2−β2)eO(1)

(
2∏

j=1

 sin
|θj |
2 + 1

n

sin2
|θj |
2

(
cos

|θj |
2 + 1

n

)
−α

+
2∏

j=1

 cos
|θj |
2 + 1

n

cos2
|θj |
2

(
sin

|θj |
2 + 1

n

)
−α)

,

(3.2.41)

and

EO(2n+1) (f2n+1,α,β(θ)) (3.2.42)

=
1

2
Fσ5,θ

nα2−β2
eO(1)

 sin |θ|
2 + 1

n

sin2 |θ|
2

(
cos |θ|

2 + 1
n

)
−α

+

 cos |θ|
2 + 1

n

cos2 |θ|
2

(
sin |θ|

2 + 1
n

)
−α ,

as n → ∞, uniformly for (Lebesgue almost all) (θ, θ′) ∈ [0, 2π)2, where σ̂1,θ,θ′ ,...,σ̂5,θ are
defined in (3.2.3). Thus we can see that also for the expectations over O(2n+ 1) we get

EO(2n+1) (f2n+1,α,β(θ)f2n+1,α,β(θ
′))

EO(2n+1) (f2n+1,α,β(θ))EO(2n+1) (f2n+1,α,β(θ′))

=eO(1)

(
sin

∣∣∣∣θ − θ′

2

∣∣∣∣+ 1

n

)−2(α2−β2)(
sin

∣∣∣∣θ + θ′

2

∣∣∣∣+ 1

n

)−2(α2+β2)

,

(3.2.43)

as n→∞, uniformly in (Lebesgue almost all) (θ, θ′) ∈ [0, 2π)2. Similarly, Theorem 34 gives

EO(2n) (f2n,α,β(θ)f2n,α,β(θ
′))

EO(2n) (f2n,α,β(θ))EO(2n) (f2n,α,β(θ′))

=eO(1)

(
sin

∣∣∣∣θ − θ′

2

∣∣∣∣+ 1

n

)−2(α2−β2)(
sin

∣∣∣∣θ + θ′

2

∣∣∣∣+ 1

n

)−2(α2+β2)

,

(3.2.44)
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as well as

ESp(2n)

(
f
(k)
n,α,β(θ)fn,α,β(θ

′)
)

ESp(2n)

(
f
(k)
n,α,β(θ)

)
ESp(2n) (fn,α,β(θ′))

= eO(1),

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)f2n+1,α,β(θ

′)
)

EO(2n+1)

(
f
(k)
2n+1,α,β(θ)

)
EO(2n+1) (f2n+1,α,β(θ′))

= eO(1),

EO(2n)

(
f
(k)
2n,α,β(θ)f2n,α,β(θ

′)
)

EO(2n)

(
f
(k)
2n,α,β(θ)

)
EO(2n) (f2n,α,β(θ′))

= eO(1),

(3.2.45)

as n→∞, uniformly in (Lebesgue almost all) (θ, θ′) ∈ [0, 2π)2.

Now, for a given measureable subset R ⊂ [0, 2π)2, we denote

Lϵ(R) =

∫
R

(
sin

∣∣∣∣θ − θ′

2

∣∣∣∣+ ϵ

)−2(α2−β2)(
sin

∣∣∣∣θ + θ′

2

∣∣∣∣+ ϵ

)−2(α2+β2)

dθdθ′,

Kϵ(R) =

∫
R

(
sin

∣∣∣∣θ − θ′

2

∣∣∣∣+ ϵ

)−2(α2−β2)

dθdθ′.

(3.2.46)

In the case α2+β2 > 0 we have Lϵ(R) < L0(R) <∞ for any ϵ > 0 (since 2(α2−β2), 2(α2+

β2), 4α2 < 1), while in the case α2 + β2 ≤ 0 we have Kϵ(R) < K0(R) <∞ for any ϵ > 0.
For η > 0 we define

R1(η) =

{
(θ, θ′) ∈ [0, 2π)2 : sin

|θ − θ′|
2

, sin
|θ + θ′|

2
> µ

}
R2(η) =R1(η)

c.

(3.2.47)

It follows by (3.2.40), (3.2.43) and (3.2.44) that for any η > 0 there exists a C > 0 and
N0 ∈ N such that∫

R2(η)
g(θ)g(θ′)

E (fn,α,β(θ)fn,α,β(θ
′))

E (fn,α,β(θ))E (fn,α,β(θ′))
≤

{
CL0(R2(η)), α2 + β2 > 0,

CK0(R2(η)), α2 + β2 ≤ 0,
(3.2.48)

for n > N0. Fix δ > 0. Since L0(R2(η)),K0(R2(η) → 0 as η → 0, it follows that there
exists an η0 > 0 and an N0 ∈ N such that∫

R2(η)
g(θ)g(θ′)

E (fn,α,β(θ)fn,α,β(θ
′))

E (fn,α,β(θ))E (fn,α,β(θ′))
< δ/2 (3.2.49)

for n > N0 and η < η0.

Using (3.2.23), (3.2.33) and (3.2.36), we get that for any fixed η > 0 it holds that∫
R1(η)

g(θ)g(θ′)
E (fn,α,β(θ)fn,α,β(θ

′))

E (fn,α,β(θ))E (fn,α,β(θ′))
= (1 + o(1))L0(R1(η))

=(1 + o(1))L0([0, 2π)
2)− (1 + o(1))L0(R2(η)).

(3.2.50)
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We pick η < η0 such that I0(R2(η)) < δ/4, then we have∣∣∣∣∣
∫
R1(η)

g(θ)g(θ′)
E (fn,α,β(θ)fn,α,β(θ

′))

E (fn,α,β(θ))E (fn,α,β(θ′))
− L0([0, 2π)

2)

∣∣∣∣∣
= |L0(R2(η)) + o(1)| < δ/4 + o(1).

(3.2.51)

Together with (3.2.49) we obtain that there exists an N ∈ N such that∣∣∣∣∫ 2π

0

∫ 2π

0
g(θ)g(θ′)

E (fn,α,β(θ)fn,α,β(θ
′))

E (fn,α,β(θ))E (fn,α,β(θ′))
− L0([0, 2π)

2)

∣∣∣∣ < δ (3.2.52)

for all n > N . Since δ > 0 is arbitrary, this shows the first part of (3.2.38). (3.2.39) follows
from (3.2.45) in a similar way.

3.2.5 Proof of Lemma 53

Now we have all the ingredients necessary to prove Lemma 53. We will only prove it for
I = [0, 2π), the proof for I = Iϵ = (ϵ, π − ϵ) ∪ (π + ϵ, 2π + ϵ) is completely analogous and
relies on the fact that Lemma 55 also holds for I = Iϵ, α2 − β2 < 1/2 and α > −1/4, as
explained in Remark 56.

Proof of Lemma 53: From Lemma 55 and (3.1.30), (3.2.21), (3.2.31) and (3.2.34) it
follows that

lim
n→∞

E

((∫ 2π

0
g(θ)µG(n),α,β(dθ)−

∫ 2π

0
g(θ)µ

(k)
G(n),α,β(dθ)

)2
)

=

∫ 2π

0

∫ 2π

0
g(θ)g(θ′)e4iαβℑ log(1−ei(θ+θ′))|eiθ − eiθ

′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)dθdθ′

−
∫ 2π

0

∫ 2π

0
g(θ)g(θ′)e

∑k
j=1

4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
dθdθ′. (3.2.53)

We see that

4ℜ
(
(α− β)eijθ

)
ℜ
(
(α− β)eijθ

′
)

=(α− β)2eij(θ+θ′) + (α+ β)2e−ij(θ+θ′) + (α2 − β2)(eij(θ−θ′) + e−ij(θ−θ′)) (3.2.54)

=2(α2 − β2) cos(j(θ − θ′)) + 2(α2 + β2) cos(j(θ + θ′))− 2αβ
(
eij(θ+θ′) − e−ij(θ+θ′)

)
.

Since

log |eiθ − eiθ
′ | =−

∞∑
j=1

1

j
cos(j(θ − θ′)),

log |eiθ − e−iθ′ | =−
∞∑
j=1

1

j
cos(j(θ + θ′)),

(3.2.55)

and

−
∞∑
j=1

1

j
(eij(θ+θ′) − e−ij(θ+θ′)) = log(1− ei(θ+θ′))− log(1− e−i(θ+θ′))

=2iℑ log(1− ei(θ+θ′)),

(3.2.56)
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we see that

e
∑∞

j=1
1
j
ℜ((α+iβ)eijθ)ℜ

(
(α+iβ)eijθ

′)
=|eiθ − eiθ

′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)e4iαβℑ log(1−ei(θ+θ′)).
(3.2.57)

Because E
(
(...)2

)
≥ 0 it holds that∫ 2π

0

∫ 2π

0
g(θ)g(θ′)|eiθ − eiθ

′ |−2(α2−β2)|eiθ − e−iθ′ |−2(α2+β2)e4iαβℑ log(1−ei(θ+θ′))dθdθ′

≥ lim sup
k→∞

∫ 2π

0

∫ 2π

0
g(θ)g(θ′)e

∑k
j=1

4
j
ℜ((α−β)eijθ)ℜ

(
(α−β)eijθ

′)
dθdθ′. (3.2.58)

Now we use that g is non-negative to apply Fatou’s lemma to get the other inequality,
which finishes the proof.

3.3 Proof of the Second Limit

In this section we prove (3.1.26) for I = [0, 2π), i.e. that for any fixed k ∈ N and bounded
continuous function g : [0, 2π)→ R it holds that∫ 2π

0
g(θ)µ

(k)
G(n),α,β(dθ)

d−→
∫ 2π

0
g(θ)µ

(k)
α,β(dθ), (3.3.1)

as n→∞, where µ
(k)
G(n),α,β is defined in Definition 52 and µ

(k)
α,β is defined in (3.1.16). For

I = Iϵ = (ϵ, π − ϵ) ∪ (π + ϵ, 2π − ϵ) the proof is exactly the same.

We consider the function F : Rk → R,

F (z1, ..., zk) =

∫ 2π

0

g(θ)e
−2

∑k
j=1

zj√
j
(α cos(jθ)−iβ sin(jθ))

e
±2

∑k
j=1

ηj
j
ℜ((α−β)eijθ)+

∑k
j=1

2
j
ℜ((α−β)eijθ)

2 dθ, (3.3.2)

which is continuous since the integrand is continuous in z1, ..., zn and θ, and bounded in θ

for any fixed z1, ..., zn. Then we have, with ± corresponding to symplectic/orthogonal:∫ 2π

0
g(θ)µ

(k)
G(n),α,β(dθ) =

∫ 2π

0

g(θ)e
−2

∑k
j=1

Tr(Uj
n)√
j

(α cos(jθ)−iβ sin(jθ))

E(f (k)
n,α,β(θ))

dθ

=
1

1 + o(1)

∫ 2π

0

g(θ)e
−2

∑k
j=1

Tr(Uj
n)√
j

(α cos(jθ)−iβ sin(jθ))

e
±2

∑k
j=1

ηj
j
ℜ((α−β)eijθ)+

∑k
j=1

2
j
ℜ((α−β)eijθ)

2 dθ

d−→
∫ 2π

0

g(θ)e
−2

∑k
j=1

Nj∓
ηj√
j√

j
(α cos(jθ)−iβ sin(jθ))

e
±2

∑k
j=1

ηj
j
ℜ((α−β)eijθ)+

∑k
j=1

2
j
ℜ((α−β)eijθ)

2 dθ

d
=

∫ 2π

0
g(θ)e

2
∑k

j=1

Nj√
j
(α cos(jθ)−iβ sin(jθ))−

∑k
j=1

2
j
ℜ((α−β)eijθ)

2

dθ

=

∫ 2π

0
g(θ)µ

(k)
α,β(dθ), (3.3.3)

where in the second equality we used (3.2.16), (3.2.27), and (3.2.37), where the convergence
in distribution follows from Theorem 43 and the continuous mapping theorem, and where
the penultimate equality follows from the fact that −Nj

d
= Nj .
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Chapter 4

Moments of Moments of the
Characteristic Polynomial of Random
Orthogonal and Symplectic Matrices

In this chapter, which is based on joint work with Tom Claeys and Jon Keating [CFK23],
we use the uniform asymptotics of Toeplitz+Hankel determinants from Theorem 34, due to
Claeys et al. [CGMY22], to establish formulae, stated in Theorems 58 and 59 below, for the
asymptotics of the moments of the moments of the characteristic polynomials of random
orthogonal and symplectic matrices, as the matrix-size tends to infinity. Those formulae
are analogous to the ones for random unitary matrices, found by Fahs [Fah21], and stated
in Theorem 57. A key feature of the formulae we derive is that the phase transitions in the
moments of moments are seen to depend on the symmetry group in question in a significant
way.

4.1 Statement of Results

We recall that for G(n) ∈ {U(n), O(n), SO(n), SO−(n), Sp(2n)} we define the character-
istic polynomial of a Haar distributed U ∈ G(n) by

pG(n)(θ) := det
(
I − e−iθU

)
, θ ∈ [0, 2π), (4.1.1)

and that for α > −1/2 and m ∈ R we define the moments of moments of pG(n)(θ) by

MoMG(n)(m,α) :=EG(n)

((
1

2π

∫ 2π

0
|pG(n)(θ)|2αdθ

)m)
, (4.1.2)

where EG(n) denotes the expectation with respect to the normalized Haar measure on G(n).
Furthermore we recall Fahs’ asymptotic formula for MoMU(n)(m,α) (this result was already
stated as Theorem 57 in Chapter 1, but we restate it here for convenience):

Theorem 57 ( [Fah21]). For m ∈ N and α > 0, as n→∞:

MoMU(n)(m,α) =


(1 + o(1))nmα2 G(1+α)2mΓ(1−mα2)

G(1+2α)mΓ(1−α2)m
, α < 1√

m
,

eO(1)nmα2
log n α = 1√

m
,

eO(1)nm2α2+1−m, α > 1√
m
,

(4.1.3)
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where eO(1) denotes a function that is bounded and bounded away from 0 as n→∞, and
where G(z) denotes the Barnes G-function.

For m ∈ N and α > 0, we define the constants

C±(m,α) :=
G(1 + α)2m

G(1 + 2α)m
4−α2m2±αm

πm

m−1∏
j=0

Γ(1− α2 − jα2)Γ
(
1−α2±α

2 − jα2
)2

Γ(1− α2)Γ (1± α− α2(m+ j))
, (4.1.4)

where Γ denotes Euler’s Gamma function and G denotes the Barnes G-function, satisfying
G(z + 1) = Γ(z)G(z) and G(0) = 0, G(1) = 1. Note that although C±(m,α) has poles for
certain values of α, it is well defined if

α < min

{
1√
m
,

√
8m− 3± 1

4m− 2

}
=

{
1√
m

if m = 2 and ± = +,
√
8m−3±1
4m−2 otherwise,

(4.1.5)

since in this case we have that 1−α2−jα2 and 1−α2±α
2 −jα2 are positive for j = 0, . . . ,m−1,

such that the poles of Γ are avoided.

Our main results of this chapter are then as follows (recall that they were already stated
as Theorems 15 and 16 in Chapter 1):

Theorem 58. Let m ∈ N and α > 0. Then, as n→∞:

MoMSp(2n)(m,α) =


(1 + o(1))(2n)mα2

C−(m,α), α <
√
8m−3−1
4m−2 ,

eO(1)nmα2
log n α =

√
8m−3−1
4m−2 ,

eO(1)n2(mα)2+mα−m, α >
√
8m−3−1
4m−2 .

(4.1.6)

Theorem 59. Let G(n) ∈ {O(n), SO(n), SO−(n)} and α > 0. For m ∈ N \ {2}, as
n→∞:

MoMG(n)(m,α) =


(1 + o(1))nmα2

C+(m,α), α <
√
8m−3+1
4m−2 ,

eO(1)nmα2
log n α =

√
8m−3+1
4m−2 ,

eO(1)n2(mα)2−mα−m, α >
√
8m−3+1
4m−2 .

(4.1.7)

Moreover, as n→∞:

MoMG(n)(2, α) =



(1 + o(1))n2α2
C+(2, α), α < 1√

2
,

eO(1)n2α2
log n α = 1√

2
,

eO(1)n4α2−1, α ∈
(

1√
2
,
√
5+1
4

)
,

eO(1)n4α2−1 log n, α =
√
5+1
4 ,

eO(1)n8α2−2α−2, α >
√
5+1
4 .

(4.1.8)

Remark 60. Since EO(n)(f(U)) = ESO(n)(f(U))/2+ESO−(n)(f(U))/2 for any measurable
function f : O(n)→ R, the above result for G(n) = O(n) is in fact a simple consequence of
the results for G(n) = SO(n) and G(n) = SO−(n), and therefore we can restrict ourselves
to G(n) ∈ {SO(n), SO−(n), Sp(2n)} in what follows.
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Remark 61. We will refer to the situations where α is small enough such that (4.1.5) holds
as the subcritical regimes or phases. For m ̸= 2, or when both m = 2 and G(n) = Sp(2n),
there is the unique critical value α =

√
8m−3+1
4m−2 for G(n) ∈ {O(n), SO(n), SO−(n)} or

α =
√
8m−3−1
4m−2 for G(n) = Sp(2n), and we will refer to values of α larger than the critical

value as the supercritical regimes. When both m = 2 and G(n) ∈ {O(n), SO(n), SO−(n)},
then there are the two critical values α = 1√

2
and α =

√
5+1
4 , and we speak of the intermediate

regime if α lies in between the two critical values, and of the supercritical regime for
α >

√
5+1
4 .

Remark 62. For m,α ∈ N, our results are consistent with the results obtained by Assiotis,
Bailey and Keating [ABK19], and Andrade and Best [AB22].

4.2 Proof Strategy and Outline

For G(n) ∈ {SO(n), SO−(n), Sp(2n)}, it follows from (4.1.2) and Fubini’s theorem (recall
that m ∈ N) that

MoMG(n)(m,α) =

∫ 2π

0
· · ·
∫ 2π

0
EG(n)

 m∏
j=1

|pG(n)(θj)|2α
 dθ1

2π
· · · dθm

2π

=

∫ π

0
· · ·
∫ π

0
EG(n)

 m∏
j=1

|pG(n)(θj)|2α
 dθ1

π
· · · dθm

π
.

(4.2.1)

For the second equality above, we used the fact that pG(n)(−θ) = pG(n)(θ), which holds
since the eigenvalues of orthogonal and symplectic matrices are ±1 or appear in complex
conjugate pairs.

For θ1, . . . , θm ∈ (0, π) we define the symbols

f (α)
m (z) =

m∏
j=1

|z − eiθj |2α|z − e−iθj |2α. (4.2.2)

Then by the Baik-Rains identity [BR01][Theorem 2.2], stated in Theorem 19, we see that the
averages in the integrand in (4.2.1) can be expressed as determinants of Toeplitz+Hankel
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matrices:

ESO(2n)

 m∏
j=1

|pSO(2n)(θj)|2α
 =

1

2
DT+H,1

n

(
f (α)
m

)
,

ESO−(2n)

 m∏
j=1

|pSO−(2n)(θj)|2α
 =DT+H,2

n−1

(
f (α)
m

) m∏
j=1

(2 sin θj)
2α ,

ESO(2n+1)

 m∏
j=1

|pSO(2n+1)(θj)|2α
 =DT+H,3

n

(
f (α)
m

) m∏
j=1

(
2 sin

θj
2

)2α

,

ESO−(2n+1)

 m∏
j=1

|pSO−(2n+1)(θj)|2α
 =DT+H,4

n

(
f (α)
m

) m∏
j=1

(
2 cos

θj
2

)2α

,

ESp(2n)

 m∏
j=1

|pSp(2n)(θj)|2α
 =DT+H,2

n

(
f (α)
m

)
,

(4.2.3)

where we recall Definition 17, i.e. that for a function f ∈ L1(S1)

DT+H,1
n (f) := det (fj−k + fj+k)

n−1
j,k=0 ,

DT+H,2
n (f) := det (fj−k − fj+k+2)

n−1
j,k=0 ,

DT+H,3
n (f) := det (fj−k − fj+k+1)

n−1
j,k=0 ,

DT+H,4
n (f) := det (fj−k + fj+k+1)

n−1
j,k=0 ,

(4.2.4)

where fj is the j-th Fourier coefficient:

fj =
1

2π

∫ 2π

0
f(eiθ)e−ijθdθ. (4.2.5)

On the right hand side of (4.2.3), the Toeplitz+Hankel determinants account for the
contribution of the complex conjugate pairs of eigenvalues of U , while the extra factors are
contributions from the fixed eigenvalues at ±1.

Recall that uniform asymptotics of Toeplitz+Hankel determinants, including the case
when singularities are allowed to merge, were computed in [CGMY22, Theorem 2.2], up to
an eO(1) factor. These results are stated here in Theorem 34, and applied to our symbols
f
(α)
m imply that uniformly over the entire region 0 < θ1 < · · · < θm < π, as n→∞,

DT+H,1
n (f (α)

m ) =eO(1)nmα2
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin θj +

1

n

)−α2+α

,

DT+H,2
n (f (α)

m ) =eO(1)nmα2
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin θj +

1

n

)−α2−α

, (4.2.6)

DT+H,3
n (f (α)

m ) =eO(1)nmα2
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin

θj
2

+
1

n

)−α2−α(
2 cos

θj
2

+
1

n

)−α2+α

,

DT+H,4
n (f (α)

m ) =eO(1)nmα2
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin

θj
2

+
1

n

)−α2+α(
2 cos

θj
2

+
1

n

)−α2−α

,
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where

Fn(θ1, . . . , θm) =
∏

1≤j<k≤m

(
2 sin

∣∣∣∣θj − θk
2

∣∣∣∣+ 1

n

)−2α2 (
2 sin

∣∣∣∣θj + θk
2

∣∣∣∣+ 1

n

)−2α2

. (4.2.7)

Let H(n) ∈ {SO(2n), SO−(2n), SO(2n+ 1), SO−(2n+ 1), Sp(2n)}. Combining (4.2.1),
(4.2.3), and (4.2.6), we see that

MoMH(n)(m,α) =eO(1)nmα2
IH(n)(α, (0, π)

m), (4.2.8)

where for a measurable subset R ⊂ (0, π)m

ISO(2n)(α,R) :=

∫
R
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin θj +

1

n

)−α2+α dθ1
π
· · · dθm

π
,

ISO−(2n)(α,R) :=

∫
R
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin θj +

1

n

)−α2−α

(2 sin θj)
2α dθ1

π
· · · dθm

π
,

ISO(2n+1)(α,R) :=

∫
R
Fn(θ1, . . . , θm) (4.2.9)

×
m∏
j=1

(
2 sin

θj
2

+
1

n

)−α2−α(
2 cos

θj
2

+
1

n

)−α2+α(
2 sin

θj
2

)2α dθ1
π
· · · dθm

π
,

ISO−(2n+1)(α,R) :=

∫
R
Fn(θ1, . . . , θm)

×
m∏
j=1

(
2 sin

θj
2

+
1

n

)−α2+α(
2 cos

θj
2

+
1

n

)−α2−α(
2 cos

θj
2

)2α dθ1
π
· · · dθm

π
,

ISp(2n)(α,R) :=

∫
R
Fn(θ1, . . . , θm)

m∏
j=1

(
2 sin θj +

1

n

)−α2−α dθ1
π
· · · dθm

π
.

For the proofs of the subcritical regimes in Theorem 58 and Theorem 59, we will show in
Section 4.3 that for R = (0, π)m the above integrals converge as n→∞ to Selberg-type
integrals which can be evaluated explicitly.

In the critical, intermediate, and supercritical regimes the integrals IH(n)(α, (0, π)
m)

diverge, and we need to prove optimal lower and upper bounds for them, up to an eO(1) term.

To obtain lower bounds we use the inequalities(
2 sin

∣∣∣∣θj ± θk
2

∣∣∣∣+ 1

n

)−2α2

≥
(n
3

)2α2

,(
2 sin

θj
2

+
1

n

)−α2±α

≥
(
2 sin θj +

1

n

)−α2±α

≥
(n
3

)α2∓α
, for − α2 ± α < 0,(

2 sin θj +
1

n

)−α2±α

≥
(
2 sin

θj
2

+
1

n

)−α2±α

≥nα2∓α, for − α2 ± α ≥ 0, (4.2.10)

valid for 0 < θj , θk < 1/n, and the fact that∫ 1/n

0
(2 sin θj)

2αdθj ≥
∫ 1/n

0

(
2 sin

θj
2

)2α

dθj ≥ (2/π)2α
∫ 1/n

0
θ2αj dθj =

(2/π)2α

2α+ 1
n−2α−1,

(4.2.11)

95



to obtain the inequalities

IH(n)(α, (0, π)
m) ≥ IH(n)(α, (0, 1/n)

m) ≥ cn2m(m−1)α2−m(1−α2±α), (4.2.12)

with ± = + for H(n) one of the orthogonal ensembles, and ± = − if H(n) = Sp(2n).
Together with (4.2.8) this provides us with the required lower bounds in the supercritical
phases in Theorems 58 and 59, except when both m = 2 and H(n) ∈ {SO(2n), SO−(2n),

SO(2n+ 1), SO−(2n+ 1)}.

Observe also that the lower bound diverges as n→∞ if and only if

2m(m− 1)α2 −m(1− α2 ± α) > 0 ⇐⇒ α >

√
8m− 3± 1

4m− 2
. (4.2.13)

To prove the lower bound c log n for IH(n)(α, (0, π)
m) in the critical phase α =

√
8m−3±1
4m−2 ,

we define the sets

Bn(ℓ) := (0, ℓ/n)m \ (0, (ℓ− 1)/n)m, ℓ = 2, . . . , n. (4.2.14)

On Bn(ℓ) it holds that(
2 sin

∣∣∣∣θj ± θk
2

∣∣∣∣+ 1

n

)−2α2

≥
(
2ℓ+ 1

n

)−2α2

, 1 ≤ j < k ≤ m, (4.2.15)

and when −α2 ± α ≤ 0, then additionally(
2 sin

θj
2

+
1

n

)−α2±α

≥
(
2 sin θj +

1

n

)−α2±α

≥
(
2ℓ+ 1

n

)−α2±α

, 1 ≤ j ≤ m. (4.2.16)

Further we see that for all α > 0∫
Bn(ℓ)

m∏
j=1

(2 sin θj)
2αdθj ≥

∫
Bn(ℓ)

m∏
j=1

(
2 sin

θj
2

)2α

dθj ≥ c

∫
Bn(ℓ)

m∏
j=1

θ2αj dθj

=c′n−2mα−m
(
ℓ2mα+m − (ℓ− 1)2mα+m

)
≥ c′′n−2mα−mℓ2mα+m−1,

(4.2.17)

and that for −α2 + α > 0∫
Bn(ℓ)

m∏
j=1

(
2 sin θj +

1

n

)−α2+α

dθj ≥
∫
Bn(ℓ)

m∏
j=1

(
2 sin

θj
2

+
1

n

)−α2+α

dθj

≥c
∫
Bn(ℓ)

m∏
j=1

θ−α2+α
j dθj

=c′nmα2−mα−m
(
ℓ−mα2+mα+m − (ℓ− 1)−mα2+mα+m

)
≥ c′′nmα2−mα−mℓ−mα2+mα+m−1.

(4.2.18)

Thus, since Bn(ℓ), ℓ = 2, . . . , n, are disjoint, and since

α =

√
8m− 3− 1

4m− 2
⇐⇒ −2m(m− 1)α2 −mα2 ±mα+m = 0, (4.2.19)
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there exist constants c1, c2 > 0, independent of n, such that

IH(n)(α, (0, π)
m) ≥c1

n∑
ℓ=2

(ℓ/n)−2m(m−1)α2−mα2±mα+m ℓ−1

=c1

n∑
ℓ=2

ℓ−1 > c1 log n− c2.

(4.2.20)

This provides a sharp lower bound in the critical case, except when both m = 2 and H(n)

is equal to one of the orthogonal ensembles.
The upper bounds in the critical and supercritical phases of Theorem 58, and Theorem

59 in the case m ̸= 2, are more involved: they follow from (4.2.8) and the following lemma,
which will be proven in Section 4.4.

Lemma 63. Let α > 0. As n→∞, we have the following estimates for m ∈ N \ {2} when
H(n) ∈ {SO(2n), SO−(2n), SO(2n+ 1), SO−(2n+ 1), Sp(2n)}, and for m ∈ N when
H(n) = Sp(2n),

IH(n)(α, (0, π)
m) =

{
O(log n) α =

√
8m−3±1
4m−2 ,

O
(
n2m(m−1)α2−m(1−α2±α)

)
α >

√
8m−3±1
4m−2 ,

(4.2.21)

with ± = − if H(n) = Sp(2n) and ± = + otherwise.

Remark 64. In the subcritical phase, i.e. when α <
√
8m−3±1
4m−2 , the integral IH(n)(α, (0, π)

m)

converges to the (finite) Selberg-type integral I±∞(α, (0, π)m), defined in (4.3.1) below.

The case where both H(n) ∈ {SO(2n), SO−(2n), SO(2n+ 1), SO−(2n+ 1)} and m =

2 remains. Then there are two additional phases. By integrating over{
(θ1, . . . , θm) ∈ (0, π)m :

∣∣∣θ1 − π

2

∣∣∣ < π

4
, max

1≤j<k≤m
|θj − θk| <

1

n

}
, (4.2.22)

we obtain the lower bound

IH(n)(α, (0, π)
m) ≥ cnm(m−1)α2+1−m, (4.2.23)

which diverges if and only if

α2 > 1/m and m > 1 ⇐⇒ α >
1√
m

and m > 1. (4.2.24)

Also, exactly as in Section 2.1.3 in [Fah21], one can show that for α = 1√
m

there exist
constants c3, c4 such that

IH(n)(α, (0, π)
m) ≥ c3 log n− c4. (4.2.25)

For m ≥ 2 in the case ± = −, and m ≥ 3 in the case ± = +, it holds that

1√
m

>

√
8m− 3± 1

4m− 2
, (4.2.26)

m(m− 1)α2 + 1−m < 2m(m− 1)α2 −m(1− α2 ± α), ∀ α ≥ 1√
m
,
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which implies that in those cases the lower bounds (4.2.23) and (4.2.25) are less sharp than
the previously obtained ones in (4.2.12) and can thus be ignored.

However, when m = 2 in the orthogonal cases, it holds that 1√
m

<
√
8m−3±1
4m−2 , and

the lower bounds (4.2.23) and (4.2.25) are optimal for α = 1√
2

and 1√
2
< α <

√
5+1
4 ,

respectively. For α =
√
5+1
4 , when both the lower bounds (4.2.12) and (4.2.23) diverge with

the same power, it turns out that an extra log n term appears. The following lemma states
the different phases of the asymptotics of IH(n)(α, (0, π)

2) for H(n) ∈ {SO(2n), SO(2n+

1), SO−(2n+ 1), SO−(2n+ 1)}. It will be proven in Section 4.5, and together with (4.2.8)
implies Theorem 59 for m = 2 and the phases where α ≥ 1√

2
.

Lemma 65. Let α ≥ 1/
√
2. For m = 2 and H(n) ∈ {SO(2n), SO−(2n), SO+(2n +

1), SO−(2n+ 1)}, as n→∞, it holds that

IH(n)(α, (0, π)
m) =


eO(1) log n α = 1√

2
,

eO(1)n2α2−1 α ∈
(

1√
2
,
√
5+1
4

)
,

eO(1)n2α2−1 log n α =
√
5+1
4 ,

eO(1)n6α2−2α−2 α >
√
5+1
4 .

(4.2.27)

4.3 Proof of the subcritical phases

When setting 1/n to zero in (4.2.9), we obtain the integrals

I±∞(α,R) :=

∫
R

∏
1≤j<k≤m

|2 cos θj − 2 cos θk|−2α2
m∏
j=1

|2 sin θj |−α2±α dθ1
π
· · · dθm

π
, (4.3.1)

with ± = + in all the orthogonal cases, and ± = − in the symplectic case. The integrals
I±∞(α, (0, π)m) are finite in the case m = 1 if and only if α <

√
5±1
2 , and in the case m ≥ 2

they are finite if and only if α < min
{

1√
m
,
√
8m−3±1
4m−2

}
. This follows by changing variables

to xj =
1
2 + 1

2 cos θj to obtain a Selberg integral, and then using Theorem 66 below:

I±∞(α, (0, π)m)

=
4−α2m2±αm

πm

∫ 1

0
· · ·
∫ 1

0

∏
1≤j<k≤m

|xj − xk|−2α2
m∏
j=1

(xj(1− xj))
1−α2±α

2
−1dx1 · · · dxm

=
4−α2m2±αm

πm

m−1∏
j=0

Γ(1− α2 − jα2)Γ
(
1−α2±α

2 − jα2
)2

Γ(1− α2)Γ (1± α− α2(m+ j))
. (4.3.2)

Theorem 66 (Selberg, 1944 [Sel44]). We have the identity∫ 1

0
· · ·
∫ 1

0

∏
1≤j<k≤m

|xj − xk|2c
m∏
j=1

(1− xj)
a−1 xb−1

j dx1 · · · dxm

=

m−1∏
j=0

Γ(1 + c+ jc)Γ (a+ jc) Γ (b+ jc)

Γ(1 + c)Γ (a+ b+ c(m+ j − 1))
,

(4.3.3)
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where either side is finite if and only if ℜa,ℜb > 0, ℜc > −min{1/m,ℜa/(m−1),ℜb/(m−
1)}.

Thus to prove the subcritical phase in Theorems 58 and 59, in view of (4.1.4), we need
to show that for any α in the subcritical phase, and for any given δ > 0, there is an integer
N such that for all n > N∣∣∣∣MoMH(n)(m,α)− (2n)mα2 G(1 + α)2m

G(1 + 2α)m
I±∞(α, (0, π)m)

∣∣∣∣ <δnmα2
. (4.3.4)

To prove this we need the following lemma, which will be proven in Section 4.4:

Lemma 67. Let m ∈ N, α < min
{

1√
m
,
√
8m−3±1
4m−2

}
, and

H(n) ∈
{
SO(2n), SO−(2n), SO(2n+ 1), SO−(2n+ 1), Sp(2n)

}
.

There exists an N ∈ N and a constant C > 0, such that for all n > N , and any subset
R ⊂ (0, π)m which is symmetric under permutation of the variables and symmetric around
π/2 in each variable, it holds that

IH(n)(α,R) ≤ CI±∞(α,R), (4.3.5)

where ± = − if H(n) = Sp(2n) and ± = + otherwise.

For η > 0 we divide (0, π)m into two regions R1(η) and R2(η), where R1(η) is the region
where min{|2 sin θj−θk

2 |, |2 sin θj+θk
2 |, |2 sin θj |} > η for all j ̸= k, and R2(η) = (0, π)m\R1(η).

Then by (4.2.3), (4.2.6), (4.2.9) and Lemma 67 it follows that

∫
R2(η)

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π
=eO(1)nmα2

IH(n)(α,R2(η))

=O
(
nmα2

I±∞(α,R2(η))
)
,

(4.3.6)

as n → ∞, uniformly for 0 < η < π, with ± = + in the orthogonal cases, and ± = − in
the symplectic case. Since I±∞(α,R2(η))→ 0 as η → 0, it follows that for any δ > 0 we can
fix an η0 > 0 and an N0 ∈ N such that

∫
R2(η)

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π
< δnmα2

/2, (4.3.7)

for all n ≥ N0 and η < η0.

We now evaluate the integral of EH(n)

(∏m
j=1 |pH(n)(θj)|2α

)
over R1(η). When all

singularities eiθj , j = 1, ...,m, of f (α)
m are bounded away from each other and from ±1, then

Theorem 1.25 in [DIK11] gives the asymptotics, including the leading order coefficient, of
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DT+H,κ
n

(
f
(α)
m

)
, κ = 1, 2, 3, 4. As on R1(η) all singularities are bounded away from each

other and from ±1, substituting those asymptotics into (4.2.3) implies that

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 = (1 + o(1))(2n)mα2 G(1 + α)2m

G(1 + 2α)m

×
∏

1≤j<k≤m

|2 cos θj − 2 cos θk|−2α2
m∏
j=1

(2 sin θj)
−α2±α ,

(4.3.8)

as n→∞, uniformly for (θ1, ..., θm) ∈ R1(η). Combining (4.3.1) and (4.3.8) we see that

∫
R1(η)

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π

=(1 + o(1))(2n)mα2 G(1 + α)2m

G(1 + 2α)m
I±∞(α,R1(η))

=(1 + o(1))(2n)mα2 G(1 + α)2m

G(1 + 2α)m
(
I±∞(α, (0, π)m)− I±∞(α,R2(η))

)
,

(4.3.9)

where the o(1) term tends to zero for any fixed η > 0, as n→∞. This implies that∣∣∣∣MoMH(n)(m,α)− (2n)mα2 G(1 + α)2m

G(1 + 2α)m
I±∞(α, (0, π)m)

∣∣∣∣
=

∣∣∣∣∣∣
∫
(0,π)m

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π
− (2n)mα2 G(1 + α)2m

G(1 + 2α)m
I±∞(α, (0, π)m)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∫
R1(η)

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π
− (2n)mα2 G(1 + α)2m

G(1 + 2α)m
I±∞(α, (0, π)m)

∣∣∣∣∣∣
+

∫
R2(η)

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π
(4.3.10)

≤(2nmα2
)
G(1 + α)2m

G(1 + 2α)m
(
o(1)I±∞(α, (0, π)m) + (1 + o(1)I±∞(α,R2(η))

)
+

∫
R2(η)

EH(n)

 m∏
j=1

|pH(n)(θj)|2α
 dθ1

π
· · · dθm

π
.

Combining this with (4.3.7), the fact that I±∞(α,R2(η))→ 0 when η → 0, and the fact that
o(1) → 0 as n → ∞ for any fixed η > 0, we see that for any given δ > 0 we can fix an
η < η0 and an N ≥ N0, such that∣∣∣∣MoMH(n)(m,α)− (2n)mα2 G(1 + α)2m

G(1 + 2α)m
I±∞(α, (0, π)m)

∣∣∣∣ < δnmα2
, (4.3.11)

for all n ≥ N . This finishes the proof of the subcritical phases in Theorems 58 and 59.
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4.4 Proof of Lemma 63 and Lemma 67

We first see, with ± = + in all the orthogonal cases, and ± = − in the symplectic case, that

IH(n)(α,R) ≤
∫
R

∏
1≤j<k≤m

(∣∣∣∣2 sin θj − θk
2

∣∣∣∣+ 1

n

)−2α2 (∣∣∣∣2 sin θj + θk
2

∣∣∣∣+ 1

n

)−2α2

×
m∏
j=1

(
|2 sin θj |+

1

n

)−α2±α dθ1
π
· · · dθm

π

=

∫
R

∏
1≤j<k≤m

(
2| cos θj − cos θk|+

1

n

∣∣∣∣2 sin θj − θk
2

∣∣∣∣+ 1

n

∣∣∣∣2 sin θj + θk
2

∣∣∣∣+ 1

n2

)−2α2

×
m∏
j=1

(
|2 sin θj |+

1

n

)−α2±α dθ1
π
· · · dθm

π
(4.4.1)

≤C
∫
R

∏
1≤j<k≤m

(
| cos θj − cos θk|+

1

n2

)−2α2 m∏
j=1

(
| sin θj |+

1

n

)−α2±α

dθ1 · · · dθm,

for a constant C which is independent of n. Making the variable transformation cos θj = tj

it follows that

IH(n)(α, (0, π)
m) ≤ CI±n (m,α), (4.4.2)

where

I±n (m,α) :=

∫
(−1,1)m

∏
1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2 m∏
j=1

(√
1− t2j +

1

n

)−α2±α dtj√
1− t2j

.

(4.4.3)
We bound I±n (m,α) by the following simpler integral:

Lemma 68. Let α > 0 and m ∈ N. There exists C > 0 such that for all n ∈ N it holds that

I±n (m,α) ≤ CJ±
n (m,α), (4.4.4)

where

J±
n (m,α) =

∫
[0,1)m

∏
1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2 m∏
j=1

(√
tj +

1

n

)−α2±α dtj√
tj
. (4.4.5)

Proof: Due to symmetry of the integrand in the tj ’s we see that

I±n (m,α) =

m∑
ℓ=0

(
m

ℓ

)
I±n (m,α, ℓ), (4.4.6)

where for ℓ ∈ {0, . . . ,m}

I±n (m,α, ℓ) (4.4.7)

:=

∫
(−1,0]ℓ×[0,1)m−ℓ

∏
1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2 m∏
j=1

(√
1− t2j +

1

n

)−α2±α dtj√
1− t2j

.

101



By setting sj = −tj for 1 ≤ j ≤ ℓ and sj = tj for ℓ+ 1 ≤ j ≤ m we see that

I±n (m,α, ℓ)

=

∫
[0,1)m

∏
1≤j<k≤ℓ

(
|sj − sk|+

1

n2

)−2α2 ∏
1≤j≤ℓ<k≤m

(
|sj + sk|+

1

n2

)−2α2

×
∏

ℓ+1≤j<k≤m

(
|sj − sk|+

1

n2

)−2α2 m∏
j=1

(√
1− s2j +

1

n

)−α2±α dsj√
1− s2j

≤
∫
[0,1)m

∏
1≤j<k≤m

(
|sj − sk|+

1

n2

)−2α2 m∏
j=1

(√
1− s2j +

1

n

)−α2±α dsj√
1− s2j

=I±n (m,α, 0).

(4.4.8)

Thus

I±n (m,α) ≤ 2mI±n (m,α, 0). (4.4.9)

Since 1 ≤
√

1 + tj ≤
√
2 for tj ∈ [0, 1], and due to symmetry, it holds that

I±n (m,α, 0)

≤ C

∫
[0,1)m

∏
1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2 m∏
j=1

(√
1− tj +

1

n

)−α2±α dtj√
1− tj

,

= C

∫
[0,1)m

∏
1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2 m∏
j=1

(√
tj +

1

n

)−α2±α dtj√
tj
.

(4.4.10)

This finishes the proof.

We now combine the factors
(√

tj +
1
n

)−α2±α and t
−1/2
j :

Lemma 69. Let α > 0 and m ∈ N. There exists C > 0 such that for all n ∈ N it holds that

J±
n (m,α) ≤ C

m∑
ℓ=0

n2(m−ℓ)(m−ℓ−1)α2−(m−ℓ)(1−α2±α)J±
n (m,α, ℓ), (4.4.11)

where for ℓ = 1, . . . ,m

J±
n (m,α, ℓ) :=

∫
[

1
n2 ,1

]ℓ ∏
1≤j<k≤ℓ

(
|tj − tk|+

1

n2

)−2α2 ℓ∏
j=1

t
−1−(4(m−ℓ)+1)α2±α

2
j dt1 · · · dtℓ,

(4.4.12)

and J±
n (m,α, 0) := 1.

Proof: We observe that

J±
n (m,α) =

m∑
ℓ=0

(
m

l

)∫
[

1
n2 ,1

]ℓ
×
[
0, 1

n2

]m−ℓ

∏
1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2

×
m∏
j=1

(√
tj +

1

n

)−α2±α

t
−1/2
j dtj .

(4.4.13)
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The integral on the right can be rewritten as∫
[

1
n2 ,1

]ℓ
×
[
0, 1

n2

]m−ℓ

∏
1≤j<k≤ℓ

(
|tj − tk|+

1

n2

)−2α2 ∏
1≤j≤ℓ<k≤m

(
|tj − tk|+

1

n2

)−2α2

×
∏

ℓ+1≤j<k≤m

(
|tj − tk|+

1

n2

)−2α2 m∏
j=1

(√
tj +

1

n

)−α2±α

t
−1/2
j dtj .

(4.4.14)

Now using the estimates(
|tj − tk|+

1

n2

)−2α2

≤ n4α2
for (tj , tk) ∈

[
0,

1

n2

]
×
[
0,

1

n2

]
,(

|tj − tk|+
1

n2

)−2α2

≤ t−2α2

j for (tj , tk) ∈
[
1

n2
, 1

]
×
[
0,

1

n2

]
,(√

tj +
1

n

)−α2±α

≤ nα2∓α for tj ∈
[
0,

1

n2

]
and − α2 ± α ≤ 0,(√

tj +
1

n

)−α2±α

≤
(n
2

)α2∓α
for tj ∈

[
0,

1

n2

]
and − α2 ± α > 0,(√

tj +
1

n

)−α2±α

≤ t
−α2±α

2
j for tj ∈

[
1

n2
, 1

]
and − α2 ± α ≤ 0,(√

tj +
1

n

)−α2±α

≤ (4tj)
−α2±α

2 for tj ∈
[
1

n2
, 1

]
and − α2 ± α > 0,

(4.4.15)

and the identity
∫ 1

n2

0 t−1/2dt = 2
n , we see that (4.4.14) is bounded by

Cn2(m−ℓ)(m−ℓ−1)α2−(m−ℓ)(1−α2±α)

∫
[

1
n2 ,1

]ℓ ∏
1≤j<k≤ℓ

(
|tj − tk|+

1

n2

)−2α2

×
ℓ∏

j=1

t
−1−α2±α

2
−2(m−ℓ)α2

j dtj ,

(4.4.16)

for a suitably chosen C > 0. Substituting this in (4.4.13), we obtain the result.

Now we are able to prove Lemma 67, which is needed to complete the proof in Section
4.3, of the results in the subcritical phase:

Proof of Lemma 67: We see that J±
n (m,α, ℓ) ≤ J±

∞(m,α, ℓ), where J±
∞(m,α, ℓ) denotes

the integrals one obtains when setting 1/n to zero in the integration ranges and integrands
of J±

n (m,α, ℓ), ℓ = 0, . . . ,m:

J±
∞(m,α, ℓ) :=

∫
[0,1]ℓ

∏
1≤j<k≤ℓ

|tj − tk|−2α2
ℓ∏

j=1

t
−1−(4(m−ℓ)+1)α2±α

2
j dtj . (4.4.17)

J±
∞(m,α, ℓ) is a Selberg integral and is finite by Theorem 66 for all α in the subcritical

phase α < min
{

1√
m
,
√
8m−3±1
4m−2

}
and for all ℓ = 0, . . . ,m. Moreover, in the subcritical
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phase, the summands in (4.4.11) contain n with a negative power for ℓ = 0, . . . ,m− 1 and
with power zero for ℓ = m. Thus, by (4.4.2), Lemma 68, and Lemma 69, we see that there
exists a constant C such that for all n ≥ N

IH(n)(α, (0, π)
m) ≤ CJ±

∞(m,α,m) = C2mI±∞(α, (0, π)m). (4.4.18)

We can repeat mutatis mutandis those estimates and arguments for subsets R ⊂ (0, π)m

that are symmetric under permutation of the variables and symmetric around π/2 in each
variable. Transforming R appropriately, i.e. splitting up the integration range or changing
variables, we then obtain that there exists a constant C such that for all n ∈ N

IH(n)(α,R) ≤ C2mI±∞(α,R). (4.4.19)

By changing variables to xj = t−1
j n−2 in the integrals J±

n (m,α, ℓ) from Lemma 69 we
see that

J±
n (m,α) ≤ Cn2m(m−1)α2−m(1−α2±α)

m∑
ℓ=0

K±
n (m,α, ℓ), (4.4.20)

where for ℓ = 1, . . . ,m

K±
n (m,α, ℓ) :=

∫ 1

1/n2

· · ·
∫ 1

1/n2

∏
1≤j<k≤ℓ

(|xj − xk|+ xjxk)
−2α2

ℓ∏
j=1

x
((4m−3)α2∓α−3)/2
j dxj ,

(4.4.21)

and K±
n (m,α, 0) := 1. We see, since (|xj − xk|+ xjxk)

−2α2 ≥ 1 for xj , xk ∈ [0, 1], that for
ℓ = 1, ...,m− 1

Kn(m,α,m) ≥ Kn(m,α, ℓ)

∫ 1

1/n2

· · ·
∫ 1

1/n2

m∏
j=ℓ+1

x
((4m−3)α2∓α−3)/2
j dxj ≥ CKn(m,α, ℓ).

(4.4.22)

Thus we see that

J±
n (m,α) ≤ Cn2m(m−1)α2−m(1−α2±α)K±

n (m,α,m). (4.4.23)

The following lemma, combined with (4.4.1), (4.4.2), Lemma 68, Lemma 69, and (4.4.23),
will complete the proof of Lemma 63.

Lemma 70. Let m ∈ N\{2} and H(n) ∈ {SO(2n), SO−(2n), SO(2n+ 1), SO−(2n+ 1), Sp(2n)},
or let m = 2 and H(n) = Sp(2n). As n→∞, with ± = − if H(n) = Sp(2n) and ± = +

otherwise:

K±
n (m,α,m) =

{
O(log n) α =

√
8m−3±1
4m−2 ,

O(1) α >
√
8m−3±1
4m−2 .

(4.4.24)
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Proof of Lemma 70: For m = 1 the proof is immediate, thus we let m ≥ 2 for ± = +

and m ≥ 3 for ± = −. For α =
√
8m−3±1
4m−2 we see that

K±
n (m,α,m)

≤m
∫ 1

1/n2

∫ xm

1/n2

· · ·
∫ xm

1/n2

∏
1≤j<k≤m

|xj − xk|−2α2
m∏
j=1

x
((4m−3)α2∓α−3)/2
j dx1 · · · dxm

=m

∫ 1

1/n2

∫ 1

1/(n2xm)
· · ·
∫ 1

1/(n2xm)
x
m

(4m−3)α2∓α−3
2

m

∏
1≤j<k≤m−1

|xmtj − xmtk|−2α2

×
m−1∏
j=1

|xm − xmtj |−2α2
t
((4m−3)α2∓α−3)/2
j dt1 · · · dtm−1x

m−1
m dxm

≤m
∫ 1

1/n2

x
m(m−1)α2+mα2∓α−1

2
−1

m dxm (4.4.25)

×
∫ 1

0
· · ·
∫ 1

0

∏
1≤j<k≤m−1

|tj − tk|−2α2
m−1∏
j=1

|1− tj |−2α2
t
((4m−3)α2∓α−3)/2
j dt1 · · · dtm−1,

where we set xj = tjxm for j = 2, ...,m. At the critical value the exponent in the first inte-
gral equals −1, thus the first integral exactly equals 2 log n. The second integral is a Selberg
integral which is finite if and only if α < 1/

√
m− 1, −2α2+1 > 0, ((4m−3)α2∓α−1)/2 > 0,

(m−2)α2 < −2α2+1 and (m−2)α2 < ((4m−3)α2∓α−1)/2 > 0. It is easy to check that all
those conditions are fulfilled for α =

√
8m−3±1
4m−2 , which proves the lemma for the critical value.

For
√
8m−3±1
4m−2 < α < 1/

√
m we see that

K±
n (m,α,m) ≤

∫ 1

0
· · ·
∫ 1

0

∏
1≤j<k≤m

|xj − xk|−2α2
m∏
j=1

x
((4m−3)α2∓α−3)/2
j dxj . (4.4.26)

The right-hand side is a Selberg integral, which by Theorem 66 is finite exactly when√
8m−3±1
4m−2 < α < 1/

√
m.

When α ≥ 1/
√
m, then we see that for any ϵ > 0 it holds that∏

1≤j<k≤m

(|xj − xk|+ xjxk)
−2α2

≤
∏

1≤j<k≤m

|xj − xk|−
2
m
+ϵ

m∏
j=1

x
(m−1)(−2α2+ 2

m
−ϵ)

j , (4.4.27)

and thus

K±
n (m,α,m) ≤

∫ 1

0
· · ·
∫ 1

0

∏
1≤j<k≤m

|xj − xk|−
2
m
+ϵ

m∏
j=1

x
2m−1

m
−(m−1)ϵ+α2∓α−1

2
−1

j dxj .

(4.4.28)

The right-hand side is again a Selberg integral which by Theorem 66 is finite if and only if
ϵ > 0, 2m−1

m − (m− 1)ϵ+ α2∓α−1
2 > 0, and

1

m
− ϵ

2
<

2

m
− ϵ+

α2 ∓ α− 1

2(m− 1)

⇐⇒ ϵ

2
<

1

m
+

α2 ∓ α− 1

2(m− 1)
.

(4.4.29)
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For ϵ < 2
m the third condition implies the second. For α > 0 it holds that α2 − α ≥ −1/4

and α2 + α > 0, thus we see that (except for ± = + and m = 2) the third condition holds
for ϵ small enough:

1

m
+

α2 − α− 1

2(m− 1)
≥ 1

m
− 5

8(m− 1)
=

3m− 8

8m(m− 1)
> 0,

1

m
+

α2 + α− 1

2(m− 1)
>

1

m
− 1

2(m− 1)
=

m− 2

2m(m− 1)
≥ 0.

(4.4.30)

This finishes the proof of the supercritical phase.

4.5 Proof of Lemma 65

Let H(n) ∈ {SO(2n), SO−(2n), SO(2n+ 1), SO−(2n+ 1)}. We split up the integration
range of IH(n)(α, (0, π)

2) in (4.2.9) into (0, π/2)2, (0, π/2)× (π/2, π), (π/2, π)× (0, π/2),
and (π/2, π)2. We see that (where SO+(n) := SO(n))

ISO±(2n)(α, (0, π/2)
2) =ISO±(2n)(α, (π/2, π)

2),

ISO±(2n)(α, (0, π/2)× (π/2, π)) =ISO±(2n)(α, (π/2, π)× (0, π/2)),

ISO±(2n+1)(α, (0, π/2)
2) =ISO∓(2n+1)(α, (π/2, π)

2),

ISO±(2n+1)(α, (0, π/2)× (π/2, π)) =ISO∓(2n+1)(α, (π/2, π)× (0, π/2)).

(4.5.1)

Thus it suffices to prove Lemma 65 for each of the eight integrals on the left-hand sides of
(4.5.1). We will only prove it for ISO(2n)(α, (0, π/2)

2) and ISO(2n)(α, (π/2, π)
2), as for the

other six integrals in (4.5.1) the proof is essentially the same.

We use that 2θ/π ≤ sin θ ≤ θ for 0 < θ < π/2 to obtain

ISO(2n)(α, (0, π/2)
2)

≤C
∫ π/2

0

∫ π/2

θ2

(
θ21 − θ22 + 2θ1/n+

1

n2

)−2α2 (
θ1 +

1

n

)−α2+α(
θ2 +

1

n

)−α2+α

dθ1dθ2

≤C ′ISO(2n)(α, (0, π/2)
2). (4.5.2)

We see that for all α > 0 (
θ21 − θ22 + 2θ1/n+

1

n2

)−2α2

≤ n4α2
, (4.5.3)

and when additionally −α2 + α+ 1 < 0 then we can bound the integral in the middle of
(4.5.2) by O(n6α2−2α−2). Since we get a lower bound of the same power by (4.2.12) those
upper and lower bounds are optimal.

For −α2 +α+ 1 ≥ 0 we set θj = sj/n and find that the integral in the middle of (4.5.2)
is equal to

Cn6α2−2α−2

∫ nπ/2

0

∫ nπ/2

s2

(
s21 − s22 + 2s1 + 1

)−2α2

(s1 + 1)−α2+α(s2 + 1)−α2+αds1ds2.

(4.5.4)
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After another change of variables s1 = s, s2 = st, we see that this is equal to

Cn6α2−2α−2

∫ nπ/2

0

∫ 1

0

(
s2(1− t2) + 2st+ 1

)−2α2

(s+ 1)−α2+α(st+ 1)−α2+αsdtds

=Cn6α2−2α−2

∫ 2

0

∫ 1

0

(
s2(1− t2) + 2st+ 1

)−2α2

(s+ 1)−α2+α(st+ 1)−α2+αsdtds (4.5.5)

+ Cn6α2−2α−2

∫ nπ/2

2

∫ 1/2

0

(
s2(1− t2) + 2st+ 1

)−2α2

(s+ 1)−α2+α(st+ 1)−α2+αsdtds

+ Cn6α2−2α−2

∫ nπ/2

2

∫ 1

1/2

(
s2(1− t2) + 2st+ 1

)−2α2

(s+ 1)−α2+α(st+ 1)−α2+αsdtds.

We then make the following observations.

• The first integral on the right-hand side is finite and non-zero.

• The second integral is bounded above and below by∫ nπ/2

2
s−5α2+α+1

∫ 1/2

0
(st+ 1)−α2+αdtds, (4.5.6)

multiplied by suitable constants. It holds that∫ 1/2

0
(st+ 1)−α2+αdt ≤

{
C ′s−α2+α, −α2 + α+ 1 < 0,

C ′s−α2+α log s, −α2 + α+ 1 = 0,
(4.5.7)

and it is easy to check that these bounds are optimal for s ≥ 2, in the sense that the
left-hand side is bounded below by c(1−α2+α+1<0s

−α2+α + 1−α2+α+1=0s
−α2+α log n)

for some c > 0. Thus for large n, the second integral is bounded by∫ nπ/2

2
s−6α2+2α+1(1−α2+α+1<0 + 1−α2+α+1=0 log s)ds

=O(1) +O
(
n−6α2+2α+2

)
+ 1−6α2+2α+2=0O(log n)

(4.5.8)

as n→∞, and it is straightforward to see that this bound is optimal.

• Since s ≥ 2 and t ∈ [1/2, 1] in its integration range, the third integral is bounded
above and below by∫ nπ/2

2
s−2α2+2α+1

∫ 1

1/2

(
s2(1− t) + st

)−2α2

dtds, (4.5.9)

multiplied by suitable constants. For α > 1/
√
2 we see that∫ 1

1/2

(
s2(1− t) + st

)−2α2

dt =
[(
s2(1− t) + st

)−2α2+1 (s− s2)−1

1− 2α2

]1
1/2

=
(s2 − s)−1

2α2 − 1

(
s−2α2+1 − (s2/2 + s/2)−2α2+1

)
≤C ′s−2α2−1,

(4.5.10)
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while for α = 1√
2

we see that∫ 1

1/2

(
s2(1− t) + st

)−2α2

dt =(s2 − s)−1 log
s+ 1

2

≤C ′′s−2 log s,

(4.5.11)

and we easily obtain lower bounds of the same order. Thus for large n, we get the
following optimal bound for the third integral∫ nπ/2

2
s−4α2+2α(1 + 12α2=1 log s)ds (4.5.12)

=O(1) +O
(
n1−4α2+2α

)
+ 12α2−1=0O

(
n1−4α2+2α log n

)
+ 11−4α2+2α=0O(log n).

Further we see that for large n

ISO(2n)(α, (0, π/2)× (π/2, π))

≤C
∫ π/2

0

∫ π

π/2

(
θ21 − θ22 + 2θ1/n+

1

n2

)−2α2 (
π − θ1 +

1

n

)−α2+α(
θ2 +

1

n

)−α2+α

dθ1dθ2

≤C ′ + C ′
∫ π/2

π/4

∫ 3π/4

π/2

(
θ21 − θ22 + 2θ1/n+

1

n2

)−2α2

dθ1dθ2 (4.5.13)

≤C ′′ + C ′′
∫ π/2

π/4

∫ 3π/4

π/2
(θ1 − θ2 + 1/n)−2α2

dθ1dθ2

=O(1) +O(n2α2−1) + 11−2α2=0O(log n),

and one can easily see that this bound is optimal as well.

Putting all the obtained bounds together we see that

ISO(2n)(α, (0, π)
2)

=O(1) + 11−2α2=0O(log n) +O(n2α2−1) + 11−4α2+2α=0O(n2α2−1 log n) +O(n6α2−2α−2)

=



O(1) α < 1√
2
,

O(log n) α = 1√
2
,

O(n2α2−1) α ∈
(

1√
2
,
√
5+1
4

)
,

O(n2α2−1) log n α =
√
5+1
4 ,

O(n6α2−2α−2) α >
√
5+1
4 ,

(4.5.14)

and since those bounds are optimal in the sense that we get lower bounds of the same order,
this finishes the proof.
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Chapter 5

The Characteristic Polynomial of
Unitary Brownian Motion and the
Gaussian Free Field

In this chapter we prove Theorem 10, which is the natural dynamical analogue to Theo-
rem 8 by Hughes-Keating-O’Connell, i.e. we prove that the convergence of the real and
imaginary parts of the logarithm of the characteristic polynomial of unitary Brownian
motion toward Gaussian free fields on the cylinder, as the matrix dimension goes to
infinity, holds in certain suitable Sobolev spaces∗, whose regularity we prove to be opti-
mal. Our result is also related to the work of Spohn [Spo98], from which the identification
of the above limit as the Gaussian free field first followed, albeit in a different function space.

In the course of this research we also proved a Wick-type identity, which we include in
the last section of this chapter, as it might be of independent interest. The identity allows
us to express the second moment of the trace of arbitrary products of a GUE matrix H and
an independent Haar-distributed unitary matrix U in terms of moments of traces of U only.
When the dimension n is large enough, the Diaconis-Shahshahani (and Diaconis-Evans)
theorem on moments of traces of unitary matrices [DS94], Theorem 6 in this thesis, allows
us to then compute this new expression explicitly as a polynomial in n. This chapter is
based on joint work with Isao Sauzedde [FS22].

5.1 Context and Statement of Results

We let (Ut)t∈R be a unitary Brownian motion (see Section 1.1 for a definition) at its
equilibrium measure, which is Haar measure, and recall the definition of its characteristic
polynomial:

pU(n)(t, θ) := det
(
I − e−iθUt

)
=

n∏
k=1

(1− ei(θk(t)−θ)), (t, θ) ∈ R× [0, 2π), (5.1.1)

∗Several Sobolev spaces are involved because we can improve the regularity with respect to one of the
variables at the cost of sacrificing some regularity with respect to the other variable.
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where θ1, ..., θn(t) denote the eigenangles of Ut. We define its logarithm by

log pU(n)(t, θ) :=
n∑

k=1

log(1− ei(θk(t)−θ)), (5.1.2)

with the branches on the RHS being the principal branches, such that

ℑ log(1− ei(θk(t)−θ)) ∈
(
−π

2
,
π

2

]
, (5.1.3)

with ℑ log 0 := π/2. Since

log(1− z) = −
∞∑
k=1

zk

k
(5.1.4)

for |z| ≤ 1, where for z = 1 both sides equal −∞, and by the identity log det = Tr log, we
see that the Fourier expansion of log pU(n) w.r.t. the spatial variable θ is given as follows:

log pU(n)(t, θ) =−
∞∑
k=1

Tr(Uk
t )

k
e−ikθ. (5.1.5)

By Theorem 6 it follows that for any l ∈ N and fixed t ∈ R, the random variables k−1Tr(Uk
t ),

k = 1, ..., l, converge in distribution to independent complex Gaussians Ak, k = 1, ..., l,
whose real and imaginary parts are independent centered real Gaussians with variance
1/(2k). By also showing tightness in the negative Sobolev spaces H−ϵ

0 (S1) (see Section
5.2 for a definition), Hughes, Keating and O’Connell proved that for any fixed t ∈ R,
log pU(n)(t, ·) converges to a generalized Gaussian field as n→∞. Their result was already
stated as Theorem 8 in Chapter 1, but for the convenience of the reader we restate it here:

Theorem 71 (Hughes, Keating, O’Connell [HKO01]). For any ϵ > 0, the sequence of pairs
of fields

(
ℜ log pU(n)(·),ℑ log pU(n)(·)

)
n∈N converges in distribution in H−ϵ

0 (S1)×H−ϵ
0 (S1)

to the pair of generalized Gaussian fields (ℜZ,ℑZ), where

Z(θ) =
∞∑
k=1

Ake
−ikθ, (5.1.6)

with Ak being complex Gaussians whose real and imaginary parts are independent centered
Gaussians with variance 1/(2k).

In the dynamic case, i.e. when considering log pU(n) also as a function of t, the natural
candidate for the limit of logU(n)(·, ·) is the infinite-dimensional Orstein-Uhlenbeck process

Z(t, θ) :=

∞∑
k=1

Ak(t)e
−ikθ, (5.1.7)

where Ak(·), k ∈ N, are independent complex Ornstein-Uhlenbeck processes at their
stationary distribution, i.e. (up to a linear time change) solutions to the SDEs

dAk(t) = −kAk(t)dt+ d
(
Wk(t) + iW̃k(t)

)
, (5.1.8)
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with the real and imaginary parts of Ak(t) at any fixed time t being independent real
Gaussians with variance 1/(2k), and Wk, W̃k, k ∈ N, denoting real standard Brownian
motions. The identification of Z as the limit of log pU(n), and in particular the weak
convergence of the dynamic Fourier coefficients t 7→ k−1Tr(Uk

t ), k ∈ N, to the independent
Ornstein-Uhlenbeck processes Ak, k ∈ N, follows from the work of Spohn [Spo98], as we
now explain.

For fixed ϵ > 0, and real-valued functions f ∈ H
3/2+ϵ
0 (S1,R), Spohn considered the

linear statistics

ξn(t, f) :=

n∑
j=1

f(eiθj(t)) =

n∑
j=1

∑
k∈Z\{0}

fke
ikθj(t) =

∑
k∈Z\{0}

fk Tr(U
k
t ), (5.1.9)

of the eigenvalues eiθ1(t), ..., eiθn(t) of unitary Brownian motion (in fact he more generally
considered interacting particles on the unit circle with different repulsion strengths). Since
H

−3/2−ϵ
0 (S1,R) is the dual space of H

3/2+ϵ
0 (S1,R), one can consider ξn as a random

variable in C(R, H−3/2−ϵ(S1,R)) := {f : R → H−3/2−ϵ(S1,R) : f is continuous}, and
(with an abuse of notation) represent it as a time-dependent formal Fourier series, and see
that

ξn(t, θ) =
∑

k∈Z\{0}

Tr(U−k
t )eikθ =− i∂θ

 ∑
k∈Z\{0}

Tr(U−k
t )

k
eikθ

 = −2∂θℑ log pU(n)(t, θ)

=
√
−∂2

θ

 ∑
k∈Z\{0}

Tr(U−k
t )

|k|
eikθ

 = 2
√
−∂2

θℜ log pU(n)(t, θ),

(5.1.10)

where
√
−∂2

θ denotes the operator that multiplies the k-th Fourier coefficient by |k|. Spohn’s
result, reformulated to our setting, is then as follows:

Theorem 72 (Spohn [Spo98]). Let ϵ > 0 and endow C(R, H−3/2−ϵ(S1,R)) with the topology
of locally uniform convergence. Then, as n → ∞, the random variables ξn converge in
distribution to the infinite-dimensional Ornstein-Uhlenbeck process (where A−k = Ak for
k ∈ N and sgn(k) = 1k>0 − 1k<0)

ξ(t, θ) :=
∑

k∈Z\{0}

|k|A−k(t)e
ikθ =− i∂θ

 ∞∑
k∈Z\{0}

sgn(k)A−k(t)e
ikθ

 = −2∂θℑZ(t, θ)

=
√
−∂2

θ

 ∑
k∈Z\{0}

A−k(t)e
ikθ

 = 2
√
−∂2

θℜZ(t, θ).

(5.1.11)

Remark 73. Spohn defined ξ as a Gaussian process indexed by (t, f) ∈ R×H3/2+ϵ(S1,R)
(as in (5.1.9)), i.e. ξ(t, f) = ⟨ξ(t, ·), f⟩, which satisfies a certain stochastic partial differential
equation. To see that the two definitions are equivalent, one can either use Gaussianity
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and do a covariance calculation, see Section 2.2 in [BF22], or see that the SDEs for
ξ(t, eik·/k) := ⟨ξ(t, ·), eik·/k⟩ = ⟨ξ(t, ·), cos(k·)/k)⟩ + i⟨ξ(t, ·), sin(k·)/k⟩, k ∈ Z \ {0}, that
follow from Spohn’s representation, are exactly the SDEs (5.1.8) that define Ak.
In particular, Spohn’s result implies that for any l ∈ N(

ξn(·, eik·/k)
)l
k=1

=
(
|k|−1Tr(U−k

(·) )
)l
k=1

=⇒
(
ξ(·, eik·/k)

)l
k=1

= (Ak(·))lk=1 , (5.1.12)

weakly as random variables in C(R,Cl), i.e. it implies convergence of the dynamic Fourier
coefficients of log pU(n) to those of Z.

We now recall Theorem 10, which on the one hand can be seen as the natural dynamic
analogue of Theorem 71, and on the other hand as an analogue to Spohn’s result (see below
Remark 75):

Theorem 74. For any s ∈ [0, 12), ϵ > s, and T > 0, the sequence of random fields(
log pU(n)(·, ·)

)
n∈N converges in distribution in the tensor product of Hilbert spaces Hs([0, T ])⊗

H−ϵ
0 (S1) (see Section 5.2 for a definition) to the generalized Gaussian field Z(·, ·) in (5.1.7).

Furthermore, those regularity parameters s and −ϵ are optimal, in the sense that for s = 1/2

or s ≥ ϵ ≥ 0 the sequence
(
log pU(n)(·, ·)

)
n∈N almost surely does not converge and Z(·, ·) is

almost surely not an element of Hs([0, T ])⊗H−ϵ
0 (S1).

Remark 75. A straightforward calculation shows that the covariance functions of ℜZ and
ℑZ are given by

E(ℜZ(t, θ),ℜZ(t′, θ′)) = E(ℑZ(t, θ),ℑZ(t′, θ′))

=
∞∑
k=1

e−k|t−t′|

2k
cos(k(θ − θ′)) =

1

2
log

max{e−t, e−t′}
|e−teiθ − e−t′eiθ′ |

.
(5.1.13)

This implies that ℜZ and ℑZ are Gaussian free fields on the infinite cylinder R× R/2πZ,
since

1

2
log

max{e−t, e−t′}
|e−teiθ − e−t′eiθ′ |

= π(−∆)−1(t, θ, t′, θ′), (5.1.14)

where (−∆)−1 denotes the Green’s function associated to the Laplacian ∆ = ∂2
t + ∂2

θ ,
see [BF22, Section 2.2].

To compare our Theorem 74 to Spohn’s Theorem 72, observe that since by the latter
it holds that

√
−∂2

θℜZ(t, θ), ∂θℑZ ∈ C([0, T ], H
−3/2−ϵ
0 (S1,R)), for ϵ > 0, it follows that

ℜZ, ℑZ ∈ C([0, T ], H−ϵ
0 (S1,R)) for ϵ > 1/2. Further note that the inclusions

Hs([0, T ])⊗H−ϵ
0 (S1,R) ⊂C([0, T ], H−ϵ

0 (S1,R)),

Hϵ
0(S

1,R) ⊂C(S1,R),
(5.1.15)

are valid if and only if s > 1/2, and ϵ > 1/2, respectively. Thus Spohn’s Theorem 72
implies that Z can be considered as a continuous function in t, but then it is of regularity
−ϵ < −1/2 in θ, and can thus only be integrated against functions of regularity ϵ > 1/2,
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which are in particular continuous. Our Theorem 74 treats the case where Z is considered
to be of regularity s < 1/2 in t, in which it is not continuous in t anymore, and shows that
then Z is of regularity −ϵ > −s > −1/2 in θ, and can thus be integrated against functions
of regularity ϵ < s < 1/2, which includes discontinuous functions.

Recently Bourgade and Falconet proved the first multi-time generalization of Fisher-
Hartwig asymptotics [BF22][Theorem 1.2] which allowed them to show that for γ ∈ (0, 2

√
2)

the random measures on R× R/2πZ

|pn(t, θ)|γ

E (|pn(t, θ)|γ)
dtdθ, (5.1.16)

converge weakly to a Gaussian multiplicative chaos measure, which can be formally written
as

eγℜZ(t,θ)

E
(
eγℜZ(t,θ)

)dtdθ. (5.1.17)

Their dynamic Fisher-Hartwig asymptotics are related to this chapter since they in particular
imply that the exponential moments of the linear statistics

ξn(t, f) = ⟨ξn(t, ·), f⟩, (5.1.18)

converge to the exponential moments of ξ(t, f) := ⟨ξ(t, ·), f⟩, jointly for any finite number
of f in a certain class of functions, and times t ∈ R, thus providing another proof for the
convergence of the dynamic Fourier coefficients of log pU(n) to those of Z. The specific result
from Bourgade and Falconet that we use in our proof of Theorem 74 is the following [BF22,
Corollary 3.2]:

Corollary 76 (Bourgade, Falconet). Let (eiθ1(t), ..., eiθn(t))t≥0 denote the eigenvalue process
of unitary Brownian motion, started at Haar measure. For real functions f, g ∈ H

1/2
0 (S1,R),

n ∈ N and t ≥ 0, it holds that

E
[
ξn(0, f)ξn(t, g)

]
=
∑

|k|≤n−1

fkg−k sgn(k)e
−|k|t sinh(

k2t
n )

sinh(ktn )
+
∑
|k|≥n

fkg−ke
− k2t

n
sinh(kt)

sinh(ktn )
.

(5.1.19)

5.2 Sobolov spaces and their Tensor Product

Consider the space of square integrable C-valued functions on the unit circle, with vanishing
mean:

L2
0(S

1) =

{
f(θ) =

∑
k∈Z

fke
ikθ :

∑
k∈Z
|fk|2 <∞, f0 = 0

}
. (5.2.1)

For s ≥ 0, we define Hs
0(S

1) as the restriction of L2
0(S

1) w.r.t. the functions for which the
inner product

⟨f, g⟩s =
∑
k∈Z
|k|2sfkgk (5.2.2)
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is finite. For s < 0, we define Hs
0(S

1) as the completion of L2
0(S

1) w.r.t. the scalar product
⟨·, ·⟩s. Thus we see that for all s ∈ R it holds that

Hs
0(S

1) =

{
f(θ) =

∑
k∈Z

fke
ikθ :

∑
k∈Z

k2s|fk|2 <∞, f0 = 0

}
, (5.2.3)

i.e. Hs(S1) can be seen as a space of (formal) Fourier series. Note that
(
Hs

0(S
1), ⟨·, ·⟩s

)
is

a Hilbert space for all s ∈ R. For s ≥ 0 it is a subspace of H0
0 (S

1) = L2
0(S

1), i.e. the space
of square-integrable functions with zero mean, while for s < 0, Hs

0(S
1) can be interpreted

as the dual space of H−s
0 (S1), i.e. as a space of generalized functions defined up to an

additive constant. We denote by Hs
0(S

1,R) the subset of Hs
0(S

1) consisting of real-valued
(generalized) functions, i.e. those for which fk = fk.

Fix T > 0. For s = 0 we set Hs([0, T ]) := L2([0, T ]), and for s ∈ (0, 1), we define the
fractional Sobolev space Hs([0, T ]) as the subspace of L2([0, T ]), where the Slobodeckij
inner product

(f, g)s :=

∫ T

0
f(t)g(t)dt+

∫ T

0

∫ T

0

(f(t)− f(u))(g(t)− g(u))

|t− u|1+2s
dtdu (5.2.4)

is finite. Note that (Hs([0, T ]), (·, ·)s) is a Hilbert space for all s ≥ 0.

Remark 77. For the fact that the fractional Sobolev spaces defined through Fourier series
or through the Slobodeckij norm agree, the reader can consult e.g. [DNPV12].

For s ≥ 0 and ϵ > 0 we let Hs([0, T ])⊗H−ϵ
0 (S1) denote the tensor product of Hilbert

spaces Hs([0, T ]) and H−ϵ
0 (S1). Since the inner product on that space is determined by

⟨f ⊗ g, h⊗ k⟩s,−ϵ

= (f, h)s⟨g, k⟩−ϵ

=

∫ T

0
f(t)h(t)dt⟨g, k⟩−ϵ + 1s ̸=0

∫ T

0

∫ T

0

(f(t)− f(u))(h(t)− h(u))

|t− u|1+2s
dtdu⟨g, k⟩−ϵ,

=

∫ T

0
⟨f(t)g, h(t)k⟩−ϵdt+ 1s ̸=0

∫ T

0

∫ T

0

⟨(f(t)− f(u))g, (h(t)− h(u))k⟩−ϵ

|t− u|1+2s
dtdu,

(5.2.5)

we obtain that

⟨F,G⟩s,−ϵ =

∫ T

0
⟨F (t, ·), G(t, ·)⟩−ϵdt

+ 1s̸=0

∫ T

0

∫ T

0

⟨F (t, ·)− F (u, ·), G(t, ·)−G(u, ·)⟩−ϵ

|t− u|1+2s
dtdu,

(5.2.6)

first when F and G are linear combinations of pure tensor products, and then for all
F,G ∈ Hs([0, T ])⊗H−ϵ

0 (S1) by density and continuity.
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5.3 Proof of the main result Theorem 74

The strategy for proving convergence is as in the stationary case in [HKO01]: we treat(
log pU(n)

)
n∈N as a sequence of random variables in Hs([0, T ])⊗H−ϵ

0 (S1), and first establish
that if any of its subsequences has a limit then that limit has to be Z. We do this by
showing that the finite-dimensional distributions of log pU(n) converge to those of Z, i.e.
that (

k−1
j Tr(Ukj

tj
)
)l
j=1

=⇒
(
Akj (tj)

)l
j=1

, (5.3.1)

for any l ∈ N, and (tj , kj) ∈ [0, T ]× N, j = 1, ..., l. This follows immediately from Spohn’s
result, here Theorem 72, as it implies in particular that (see Remark 73)(

k−1
j Tr(Ukj

(·))
)l
j=1

=⇒
(
Akj (·)

)l
j=1

, (5.3.2)

in C(R,Cl), for any l ∈ N, and kj ∈ N, j = 1, ..., l. Applying the continuous mapping
theorem to (5.3.2), with the appropriate function from C(R,Cl) to Cl, then implies (5.3.1).

We then show that the set
(
log pU(n)

)
n∈N is tight in Hs([0, T ])⊗H−ϵ

0 (S1) for s ∈ [0, 1/2)

and ϵ > s. Since Hs([0, T ]) ⊗H−ϵ
0 (S1) is complete and separable, Prokhorov’s theorem

implies that the closure of
(
log pU(n)

)
n∈N is sequentially compact w.r.t. the topology of

weak convergence. In particular this means that every subsequence of
(
log pU(n)

)
n∈N has a

weak limit in Hs([0, T ])⊗H−ϵ
0 (S1). Since any such limit has to be Z it follows that the

whole sequence
(
log pU(n)

)
n∈N, must converge weakly to Z. This implies in particular that

Z is almost surely an element of Hs([0, T ])⊗H−ϵ
0 (S1) for s ∈ [0, 1/2) and ϵ > s.

We will conclude by proving optimality of the regularity parameters s and −ϵ, by showing
in Lemma 80 that when s = 1/2 or s ≥ ϵ ≥ 0 the field Z is almost surely not an element of
Hs([0, T ])⊗H−ϵ

0 (S1). Thus for s = 1/2 or s = ϵ > 0 the sequence
(
log pU(n)

)
n∈N almost

surely cannot converge (and cannot be tight) in Hs([0, T ])⊗H−ϵ
0 (S1) as its limit would

have to be Z.

We now show tightness of
(
log pU(n)

)
n∈N in Hs([0, T ]) ⊗H−ϵ

0 (S1), i.e. that for every
δ > 0 we construct a compact Kδ ⊂ Hs([0, T ])⊗H−ϵ

0 (S1) for which

sup
n∈N

P
(
log pU(n) /∈ Kδ

)
< δ. (5.3.3)

We let 0 ≤ s′ < ϵ′ be such that 0 ≤ s < s′ < ϵ′ < ϵ, and choose

Kδ =
{
F ∈ Hs([0, T ])⊗H−ϵ

0 (S1) : ||F ||2s′,−ϵ′ ≤ Cδ

}
, (5.3.4)

for a Cδ depending on δ. By Lemma 78 below we see that Kδ is compact in Hs([0, T ])⊗
H−ϵ

0 (S1), and by Lemma 79 below we see that supn∈N E
(
|| log pU(n)||2s′,−ϵ′

)
< ∞. Thus,
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by choosing Cδ large enough and then using Markov’s inequality, we see that

sup
n∈N

P
((
log pU(n)

)
/∈ Kδ

)
=sup

n∈N
P
(
|| log pU(n)||2s,−ϵ > Cδ

)
≤
supn∈N E

(
|| log pU(n)||2s′,−ϵ′

)
Cδ

<δ,

(5.3.5)

which shows tightness of log pU(n).

Lemma 78. Let 0 ≤ s < s′ < ϵ′ < ϵ. Then, the inclusion of Hs′([0, T ])⊗H−ϵ′

0 (S1) into
Hs([0, T ])⊗H−ϵ

0 (S1) is compact.

Proof. From the Kondrachov embedding theorem, the inclusion ι1 of Hs′([0, T ]) into
Hs([0, T ]) is compact, as well as the inclusion ι2 from Hϵ

0(S
1) into Hϵ′

0 (S
1). Then the dual

operator ι∗2 : H
−ϵ′

0 (S1)→ H−ϵ
0 (S1) is also compact. On Hilbert spaces, the tensor product

of two compact operators is also compact (see e.g. [KL11] †), so that ι1 ⊗ ι∗2 is compact
indeed.

Lemma 79. For all s ∈ [0, 1/2) and all ϵ > s, it holds that supn∈N E
(
|| log pU(n)||2s,−ϵ

)
<∞.

Proof: We see that

E
(
|| log pU(n)||2s,−ϵ

)
=E

(∫ T

0
|| log pU(n)(·, t)||2−ϵdt

)
(5.3.6)

+ 1s ̸=0E

(∫ T

0

∫ T

0

|| log pU(n)(·, t)− log pU(n)(·, u)||2−ϵ

|t− u|2s+1
dtdu

)
.

For the first summand it holds that (with k ∧ n denoting min{k, n})

E
(∫ T

0
|| log pU(n)(·, t)||2−ϵdt

)
=

∫ T

0
E

( ∞∑
k=1

k−2ϵ

∣∣Tr(Uk
t )
∣∣2

k2

)
dt

=T

∞∑
k=1

k−2−2ϵE
(∣∣∣Tr(Uk

0 )
∣∣∣2)

=T

∞∑
k=1

k−2−2ϵ(k ∧ n)

<T

∞∑
k=1

k−1−2ϵ <∞.

(5.3.7)

†In [KL11], the result is stated for endomorphisms, but this extra assumption is not used in the proof.
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For the second summand it holds that:

E
(∫ T

0

∫ T

0

|| log pU(n)(·, t)− log pU(n)(·, u)||2−ϵ

|t− u|2s+1
dtdu

)
=

∞∑
k=1

k−2−2ϵ

∫ T

0

∫ T

0

E
(
|Tr(Uk

t − Uk
u |2
)

|t− u|2s+1
dtdu

≤CT

∞∑
k=1

k−2−2ϵ

∫ T

0

E
(
|Tr(Uk

t − Uk
0 )|2

)
t2s+1

dt

≤CT
∞∑
k=1

k−2−2ϵ

∫ k−1

0

E
(
|Tr(Uk

t − Uk
0 )|2

)
t2s+1

dt (5.3.8)

+ CT
∞∑
k=1

k−2−2ϵ

∫ ∞

k−1

4E
(
|Tr(Uk

0 )|2
)

t2s+1
dt.

For the second summand in (5.3.8) we get∫ ∞

k−1

4E
(
|Tr(Uk

0 )|2
)

t2s+1
dt = 8s(n ∧ k)k2s,

which is sufficient since
∑∞

k=1 k
−2−2ϵ+1+2s is finite as soon as s < ϵ.

For the first sum in (5.3.8) we use Corollary 76 with f(z) = g(z) = zk, which implies
that for all k ≥ 1

E
(
Tr(Uk

t )Tr(U
k
0 )
)
=1k<ne

−kt sinh(
k2t
n )

sinh(ktn )
+ 1k≥ne

− k2t
n
sinh(kt)

sinh(ktn )

=e−
k(k∨n)t

n

sinh
(
k(k∧n)t

n

)
sinh

(
kt
n

) ,

(5.3.9)

with k∨n := max{k, n}. Using this, and the fact that sinhx ≥ x and 1/ sinhx ≥ 1/x−x/6

for all x > 0, we see that for t < k−1:

E
(
|Tr(Uk

t − Uk
0 )|2

)
=E

(
|Tr(Uk

0 )|2
)
+ E

(
|Tr(Uk

t )|2
)
− 2E

(
Tr(Uk

t )Tr(U
k
0 )
)

=2(k ∧ n)− 2e−
k(k∨n)t

n

sinh
(
k(k∧n)t

n

)
sinh

(
kt
n

)
≤2(k ∧ n)− 2e−

k(k∨n)t
n

k(k ∧ n)t

n

((
kt

n

)−1

− kt

6n

)

=2(k ∧ n)− 2e−
k(k∨n)t

n

(
k ∧ n− k2t2(k ∧ n)

6n2

)
=2e−

k(k∨n)t
n

k2t2(k ∧ n)

6n2
+ 2(k ∧ n)(1− e−

k(k∨n)t
n )

≤2k3t2 + 2(k ∧ n)
k(k ∨ n)t

n
≤4k2t.

(5.3.10)
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Thus we see that when s < 1/2, the first sum in (5.3.8) is bounded by CT
∑∞

k=1 k
−1−2ϵ+2s,

which is finite for s < ϵ. This finishes the proof.

Lemma 80. For s = 1/2 or s ≥ ϵ ≥ 0 the field Z is almost surely not an element of
Hs([0, T ])⊗H−ϵ

0 (S1).

Proof. We see that

||Z||2s,−ϵ =
∞∑
k=1

k−2ϵ

∫ T

0
|Ak(t)|2dt+ 1s ̸=0

∞∑
k=1

k−2ϵ

∫ T

0

∫ T

0

|Ak(t)−Ak(u)|2

|t− u|1+2s
dtdu. (5.3.11)

For s = ϵ = 0 we see that

||Z||20,0 =
∫ T

0
||Z(t, ·)||20dt. (5.3.12)

If this were almost surely finite, then P (for almost all t : ||Z(t, ·)||0 <∞) = 1, and

T = E
(∫ T

0
1||Z(t,·)||0<∞dt

)
=

∫ T

0
P (||Z(t, ·)||0 <∞) dt, (5.3.13)

which is a contradiction since for all t we know that P(||Z(t, ·)||0 <∞) = 0. Thus we see
that almost surely ||Z||0,0 =∞.

For s = ϵ > 0 we use the fact that stationary Ornstein-Uhlenbeck processes Ak(t),
k ∈ N, can be represented as scaled, time-changed Brownian motions:

Ak(t) =
e−kt

√
2k

(
Bk(e

2kt) + iB̃k(e
2kt)
)
, (5.3.14)

where Bk, B̃k, k ∈ N, are real standard Brownian motions. Thus it follows that the second
summand in ||Z||2s,−ϵ is bounded below by

1

2

∞∑
k=1

k−1−2ϵ

∫ T

0

∫ T

0

|e−ktBk(e
2kt)− e−kuBk(e

2ku)|2

|t− u|1+2s
dtdu

=
1

2

∞∑
k=1

k−1−2ϵ+2s

∫ kT

0

∫ kT

0

|e−tBk(e
2t)− e−uBk(e

2u)|2

|t− u|1+2s
dtdu (5.3.15)

≥1

2

∞∑
k=1

k−1

∫ T

0

∫ T

0

|e−tBk(e
2t)− e−uBk(e

2u)|2

|t− u|1+2s
dtdu.

We see that Yk :=
∫ T
0

∫ T
0

|e−tBk(e
2t)−e−uBk(e

2u)|2
|t−u|1+2s dtdu, k ∈ N, are an i.i.d. family of al-

most surely positive random variables. Let δ > 0 be such that P(Yk ≥ δ) ≥ 1
2 , and set

Zk = δ1Yk≥δ, so that Yk ≥ Zk for all k. Notice that (δ − Zk) is stochastically dominated
by Zk, so P(

∑∞
k=1 k

−1Zk < ∞) ≤ P(
∑∞

k=1 k
−1(δ − Zk) < ∞). Since

∑∞
k=1 k

−1 = +∞,
these two events cannot happen at the same time, thus P(

∑∞
k=1 k

−1Zk < ∞) ≤ 1
2 . By

Kolmogorov’s zero-one law, P(
∑∞

k=1 k
−1Zk <∞) = 0. Since Yk ≥ Zk, we deduce that, for

ϵ ≤ s, ∥Z∥2s,−ϵ ≥
∑∞

k=1 k
−1Yk = +∞ almost surely.
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For s ≥ 1
2 , we consider the event E in which Z is an element of Hs([0, T ])⊗H−ϵ

0 (S1).
Then, since θ 7→ e−iθ is in Hϵ

0(S
1), by duality in L2(S1), we deduce that the function

t 7→
∫ 2π
0 Z(s, θ)e−iθdθ belongs to H

1
2 ([0, T ]). This function is nothing but A1, which is an

Ornstein-Uhlenbeck process. By Girsanov’s theorem, its distribution on a bounded set
[0, T ] is absolutely continuous with respect to the one of Brownian motion restricted to
[0, T ]. Thus, the probability of E is equal to one if and only if Brownian motion almost
surely belongs to H

1
2 ([0, T ]), which is known not to be the case.

5.4 A Wick-type identity

In this section we prove Proposition 81 below, which is about expectations of the form

E
(
Tr (HUσ1HUσ2 . . . HUσj )Tr (HUσ1HUσ2 . . . HUσj )

)
, (5.4.1)

where σ1, ..., σj ∈ Z, U ∈ U(n) is Haar-distributed and independent from H, which is
a GUE(n) matrix, i.e. Hii ∼ N (0, 1) for i = 1, ..., n, and ℜHij = ℜHji ∼ N (0, 1/2),
ℑHij = −ℑHji ∼ N (0, 1/2) for 1 ≤ i < j ≤ n, with entries being independent up to the
Hermitian symmetry.

Such expressions appear rather naturally when we consider powers of a unitary Brownian
motion U , since for small s it holds that Ut+s ≃ (1 +

√
2sH)Ut, see (1.1.16).

Let C2j = {π ∈ S2j : π
2 = Id,∀ℓ ∈ {1, . . . , 2j}, π(ℓ) ̸= ℓ}, i.e. C2j is the set of pairings

on {1, ..., 2j}. Using independence of U and H, and Isserlis’ theorem (also called Wick’s
probability theorem), we see that

E
(
Tr (HUσ1HUσ2 . . . HUσj )Tr (HUσ1HUσ2 . . . HUσj )

)
=
∑

i1,...,i4j

E
[
Hi1i2Hi3i4 · · ·Hi2j−1i2jHi2j+1i2j+2Hi2j+3i2j+4 · · ·Hi4j−1i4j

]
(5.4.2)

× E
[
(Uσ1)i2i3(U

σ2)i4i5 · · · (Uσj )i2ji1(U
σ1)i2j+1i2j+4(U

σ2)i2j+3i2j+6 · · · (Uσj )i4j−1i2j+2

]
=
∑

i1,...,i4j

∑
π∈C2j

1∀ℓ∈{1,...,2j},(i2ℓ−1,i2ℓ)=(i2π(ℓ),i2π(ℓ)−1)

× E
[
(Uσ1)i2i3(U

σ2)i4i5 · · · (Uσj )i2ji1(U
σ1)i2j+1i2j+4(U

σ2)i2j+3i2j+6 · · · (Uσj )i4j−1i2j+2

]
.

The condition (i2ℓ−1, i2ℓ) = (i2π(ℓ), i2π(ℓ)−1) ∀ℓ ∈ {1, . . . , 2j} ∀i1, ..., i4j ∈ {1, ..., n}
allows us to define a map π 7→ π̃ from C2j to C4j by the formula

π̃(2ℓ− 1) =2π(ℓ), π̃(2ℓ) = 2π(ℓ)− 1, ℓ = 1, ..., 2j. (5.4.3)

Further we define the pairing ρ ∈ C4j as

ρ :=(23)(45) · · · (2j, 1)(2j + 1, 2j + 4)(2j + 3, 2j + 6)

· · · (2j + 2ℓ− 1, 2j + 2ℓ+ 2) · · · (4j − 1, 2j + 2).
(5.4.4)
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See Example 82 for a list of the pairings π, π̃ and ρ, for j = 2, and Figure 5.1 for their
depiction.

Note that ρ and all pairings π̃ pair even numbers with odd numbers, thus π̃ρ maps even
numbers to even numbers and odd numbers to odd numbers. Using the pairing π̃, the even
numbers i2, i4, ...i4j determine all the odd ones. Thus we see that∑

i1,...,i4j

∑
π∈C2j

1∀ℓ∈{1,...,2j},(i2ℓ−1,i2ℓ)=(i2π(ℓ),i2π(ℓ)−1)

× E
[
(Uσ1)i2i3(U

σ2)i4i5 · · · (Uσj )i2ji1(U
σ1)i2j+1i2j+4(U

σ2)i2j+3i2j+6 · · · (Uσj )i4j−1i2j+2

]
=
∑

π∈C2j

∑
i1,...,i4j

1∀ℓ∈{1,...,4j},il=iπ̃(ℓ)
(5.4.5)

× E
[
(Uσ1)i2iρ(2) · · · (U

σj )i2jiρ(2j)(U
σ1)iρ(2j+4)i2j+4 · · · (Uσj )iρ(2j+2)i2j+2

]
=
∑

π∈C2j

∑
i2,i4,...,i4j

E
[
(Uσ1)i2iπ̃ρ(2)

· · · (Uσj )i2jiπ̃ρ(2j)
(Uσ1)iπ̃ρ(2j+4)i2j+4 · · · (Uσj )iπ̃ρ(2j+2)i2j+2

]

=
∑

π∈C2j

E

 ∑
i2,i4,...i4j

2j∏
ℓ=1

(U σ̂l)i2ℓiπ̃ρ(2ℓ)

 ,

where

σ̂ℓ =


σℓ, ℓ = 1, 2, ..., j,

−σℓ−j−1, ℓ = j + 2, ..., 2j,

−σj , ℓ = j + 1.

(5.4.6)

By repeatedly applying π̃ρ to {2, 4, ..., 4j}, we get a partition of {2, 4, ..., 4j} into orbits.
The set of these orbits we denote by Oπ̃ρ. We see that

∑
π∈C2j

E

 ∑
i2,i4,...i4j

2j∏
ℓ=1

(U σ̂2ℓ)i2ℓiπ̃ρ(2ℓ)


=
∑

π∈C2j

E

 ∑
i2,i4,...i4j

∏
o∈Oπ̃ρ

∏
w∈o

(U σ̂w)iwiπ̃ρ(w)


=
∑

π∈C2j

E

 ∏
o∈Oπ̃ρ

Tr

(∏
w∈o

U σ̂w

)
=
∑

π∈C2j

E

 ∏
o∈Oπ̃ρ

Tr
(
U

∑
w∈o σ̂w

) .

(5.4.7)

Putting together (5.4.2), (5.4.5), (5.4.6) and (5.4.7), we have proven the following
proposition:

Proposition 81. Let H be an n × n matrix from the GUE(n), and let U ∈ U(n) be
independent and Haar-distributed. Let C2j = {π ∈ S2j : π

2 = Id, ∀ℓ ∈ {1, . . . , 2j}, π(ℓ) ̸= ℓ},
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and for π ∈ C2j define the pairing π̃ ∈ C4j by (5.4.3). Furthermore let ρ be as in (5.4.4),
σ̂ as in (5.4.6), and let Oπ̃ρ denote the set of orbits obtained by repeatedly applying π̃ρ to
{2, 4, ..., 4j}. Then for j ∈ N and σ1, ..., σj ∈ N, it holds that

E
(
Tr (HUσ1HUσ2 . . . HUσj )Tr (HUσ1HUσ2 . . . HUσj )

)
=
∑

π∈C2j

E

 ∏
o∈Oπ̃ρ

Tr
(
U

∑
w∈o σ̂w

) .
(5.4.8)

Example 82. For j = 2 we see that ρ = (14)(23)(58)(67), and (see Figure 5.1)

π = (12)(34), π̃ = (14)(23)(58)(67), π̃ρ = (2)(4)(6)(8),

π = (13)(24), π̃ = (16)(25)(38)(47), π̃ρ = (28)(46),

π = (14)(23), π̃ = (18)(27)(36)(45), π̃ρ = (26)(48),

(5.4.9)

and that σ̂2 = σ1, σ̂4 = σ2, σ̂6 = −σ2 and σ̂8 = −σ1. Thus from Lemma 81 it follows that

E
(
Tr (HUσ1HUσ2)Tr (HUσ1HUσ2)

)
=E

(
TrUσ1TrUσ2TrU−σ2TrU−σ1

)
+ E

(
TrUσ1−σ1TrUσ2−σ2

)
+ E

(
TrUσ1−σ2TrUσ2−σ1

)
=

{
2σ2

1 + n2 + n2 σ1 = σ2

σ1σ2 + n2 + |σ1 − σ2| σ1 ̸= σ2
,

(5.4.10)

where the last equality holds for large enough n by Theorem 6.
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Figure 5.1: The pairing ρ is in black, the three pairings π̃ in C̃8 are in red.
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