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Abstract

This thesis is concerned with establishing and studying connections between
random matrices and log-correlated fields. This is done with the help of formulae,
including some newly established ones, for the asymptotics of Toeplitz, and

Toeplitz+Hankel determinants with Fisher-Hartwig singularities.

In Chapter 1, we give an introduction to the mathematical objects that we are
interested in. In particular we explain the relations between the characteristic
polynomial of random matrices, log-correlated fields, Gaussian multiplicative
chaos, the moments of moments, and Toeplitz and Toeplitz+Hankel deter-
minants with Fisher-Hartwig singularities. Chapter 1 is based on joint work
with Jon Keating |[FK21|, Tom Claeys and Jon Keating |[CFK23|, and Isao
Sauzedde |FS22|.

In Chapter 2, based on joint work with Jon Keating |[FK21|, we establish
formulae for the asymptotics of Toeplitz, and Toeplitz+Hankel determinants
with two complex conjugate pairs of merging Fisher-Hartwig singularities. We
prove those formulae using Riemann-Hilbert techniques, which are heavily
inspired by the ones used by Deift, Its, and Krasovsky |[DIK11], and Claeys and
Krasovsky |[CK15].

In Chapter 3, based on joint work with Jon Keating [FK21|, we complete the
connection between the classical compact groups and Gaussian multiplicative
chaos, by showing that analogously to the case of the unitary group first estab-
lished by Webb [Web15|, the characteristic polynomial of random orthogonal
and symplectic matrices, when properly normalized, converges to a Gaussian

multiplicative chaos measure on the unit circle.

In Chapter 4, based on joint work with Tom Claeys and Jon Keating |[CFK23],
we compute the asymptotics of the moments of moments of random orthogonal
and symplectic matrices, which can be expressed in terms of integrals over
Toeplitz+Hankel determinants. The phase transitions we observe are in stark

contrast to the ones proven for the unitary group by Fahs |[Fah21].
In Chapter 5, based on joint work with Isao Sauzedde [FS22|, we establish

convergence in Sobolev spaces, of the logarithm of the characteristic polynomial
of unitary Brownian motion to the Gaussian free field on the cylinder, thus

proving the dynamical analogue of the classical stationary result by Hughes,
Keating and O’Connell [HKOO1].
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Chapter 1

Introduction

Characteristic polynomials of large random matrices are fundamental objects in random
matrix theory. Besides encoding the eigenvalues of the random matrices, their statistics show
remarkable similarities with those of the Riemann zeta function and other number-theoretic
L-functions on the critical line [CFKT05, FHK12, FK14, KS00b,[KS00a,SW20,(ABB*19] -
see |BK22| for a review. They are also closely connected to the theory of log-correlated fields
and to Gaussian multiplicative chaos, a connection that we are concerned with in this thesis.
See for example |Spo98,HKOO01,[BF22, Web15, NSW20, FK21, CMN18|PZ18.|PZ22, NPS23|
Lam21,|[KW22]| for results on the circular ensembles, |Joh98, BWW18||CFLW19}|Lam20| for
Hermitian ensembles and the complex Ginibre ensemble, among others. For many classical
random matrix ensembles the limit, as the matrix size goes to infinity, of the logarithm of
the characteristic polynomial, has been identified to be a log-correlated Gaussian field, i.e.
a Gaussian random generalized function whose covariance kernel blows up logarithmically
on the diagonal. Such fields cannot be defined pointwise as their value at each point would
be a Gaussian with infinite variance, thus they need to be understood either as stochastic
processes indexed by test functions, or as random elements in a space of generalized func-
tions, for example Sobolev spaces of negativ regularity. However log-correlated fields can
still be exponentiated in a certain sense, which gives rise to a family of random measures,
called Gaussian multiplicative chaos measures. For various random matrix ensembles it
has been shown that powers of the the exponential of the real and imaginary part of the
logarithm of the characteristic polynomial, after an appropriate normalization procedure,

converge to such Gaussian multiplicative chaos measures, as the matrix size goes to infinity.

The log-correlated fields and Gaussian multiplicative chaos measures arising from the
characteristic polynomials of random matrices are also closely related to the so called
moments of moments of the characteristic polynomial, which have received a lot of attention
recently [FHK12, FK14,|CK15, FGK18,BK19, ABK19,AK20, BA20, Fah21},|AB22, BK22,
KW22,|CFK23|. The term moments of moments refers to the fact that one first takes a
moment of the characteristic polynomial with respect to the spectral variable, and then a
moment with respect to the random matrix distribution. The moments of moments can be
viewed as the moments of the partition function of the random energy landscape given by

the logarithm of the characteristic polynomial, thus their asymptotics can be interpreted as



the moments of the partition function of the limiting log-correlated field. Furthermore they
are related to the moments of the total mass of the Gaussian multiplicative chaos measures

associated to the characteristic polynomial.

In this thesis we prove results regarding log-correlated fields, Gaussian multiplicative
chaos, and the moments of moments in random matrix theory. In our proofs we often need
to evaluate certain expectations over random matrix ensembles which can be expressed
in terms of Toeplitz, Hankel, or Toeplitz+Hankel determinants with Fisher-Hartwig sin-
gularities. The asymptotics of such determinants have been studied for a long time and
with various techniques (see the references in Section and Chapter [2)), and we will prove
certain new asymptotic formulae for Toeplitz and Toeplitz+Hankel determinants which we

will then use in the proof of our results regarding Gaussian multiplicative chaos.

In the following sections of this introductory chapter we define all the mathematical
objects that we are concerned with, explain how they are related to each other, point out
the results that we contributed, and then provide an outline to the rest of the thesis. We
start by recalling some basic properties of random matrices from the classical compact

groups.

1.1 Random Matrices from the Classical Compact Groups

In this section we follow Sections 1 and 3 of [Mec19| and recall the definitions of the classical
compact groups and state basic properties of Haar distributed matrices from those groups.

We then follow [F'S22| for a defintion of unitary Brownian motion.

Definition 1. 1. An n x n matriz U over R is orthogonal if
vut =Utu =1, (1.1.1)

where I denotes the identity matriz, and UT is the transpose of U. The group of

n X n orthogonal matrices over R is denoted O(n).

2. The set SO(n) C O(n) of special orthogonal matrices is defined by
SO(n) :={U € O(n) : det(U) = 1}. (1.1.2)
3. The set SO~ (n) C O(n) (the negative coset) is defined by
SO~ (n) :=={U € O(n) : det(U) = —1}. (1.1.3)
4. An n x n matriz U over C is unitary if
UU* = UU =1, (1.1.4)

where U* is the conjugate transpose of U. The group of n X n unitary matrices over
C s denoted U(n).



5. The set SU(n) C U(n) of special unitary matrices is defined by

SU(n):={U € U(n) : det(U) = 1}. (1.1.5)

6. An 2n x 2n matriz U over C is symplectic if U € U(2n) and

vJut =utJgu = J, (1.1.6)

J:(flé). (1.1.7)

The group of 2n x 2n symplectic matrices over C is denoted Sp(2n). Note that Sp(2n),

where

defined like this, is isomorphic to the group of n X n matrices U with entries in the
quaternions H, that satisfy U*U = I, where U* denotes the quaternionic conjugate
transpose of U (see [Mec19][p.12] for details). Recall that H = {a + bi + ¢j + dk :
a,b,c,d € R}, with i, j, k satisfying the relation i> = j?> = k* = ijk = —1, and that

quaternionic conjugation is defined by

a+bi+cj+dk=a—bi—cj—dk. (1.1.8)
Thus Sp(2n) can also be defined as the isometry group of H™.

Let G denote any of O(n), SO(n), U(n), SU(n) or Sp(2n). We want to define a
natural probability measure on the Borel o-algebra of G. On the unit circle U(1) the most
natural probability measure is the uniform measure, and it can be defined as the unique
rotation-invariant probability measure on U(1). Similarly we want a probability measure
i on G that is translation invariant; that is, for any measurable subset A C G and fixed
M € G it holds that

(M A) = p(AM) = u(A), (1.1.9)

where M A :={MU :U € A} and AM :={UM : U € A}.
The following theorem (which is not stated here in its most general form), due to Alfréd

Haar |[Haa33|, states that such a measure on G exists and that it is unique:

Theorem 2 ( |Haa33|). Let G be any of O(n), SO(n), U(n), SU(n) or Sp(2n). Then

there is a unique translation-invariant probability measure (called Haar measure) on G.

By conditioning the Haar measure on O(n) onto SO~ (n) we also get a natural prob-
ability measure on SO~ (n) (even though it is not a group). In the following all random
matrices from the sets in Definition |l] are distributed according to (conditioned) Haar

measure.

It is easy to see that the Riemannian volume measure on any of the above groups is
translation invariant, thus it is Haar measure. Another way to understand Haar measure,
which is useful for simulations, is to sample a matrix with i.i.d. Gaussian entries (for U(n)

the real and imaginary part are sampled as i.i.d. real Gaussians and similarly for the real



and i, j, k parts in the case Sp(2n)), and then perform the Gram-Schmidt algorithm on
that matrix. In the quaternionic case one needs to then map to the 2n x 2n complex matrix
version of Sp(2n). To sample from SO(n), SO~ (n), or SU(n) one needs in an extra step to
multiply the final column by the necessary scalar to ensure that the matrix has the desired

determinant.

Since matrices from O(n), U(n) and Sp(2n) all act as isometries of C", all their
eigenvalues lie on the unit circle S' C C. In the orthogonal and symplectic cases there are

some further restrictions, which are stated in the following lemma which is easy to prove:

Lemma 3. Each U € SO(2n+ 1) has +1 as an eigenvalue, each U € SO~ (2n+ 1) has —1
as an eigenvalue and each U € SO~ (2n+2) has +1 and —1 as eigenvalues. The remaining
2n non-fized eigenvalues of matrices in SO(2n + 1), SO~ (2n + 1) and SO~ (2n + 2), as
well as the 2n eigenvalues of matrices in SO(2n) and Sp(2n) appear in complex conjugate

pairs.

Denote the 2n non-fixed eigenvalues of matrices in SO(2n + 1), SO~ (2n + 1), SO(2n),
SO~ (2n + 2) and Sp(2n), by €1, ... e 701 e~ with 6;,...,0, € [0,7]. The n
eigenvalue angles 01, ...,0,, corresponding to the eigenvalues in the upper half circle are
called the nontrivial eigenangles. For matrices in U(n) all the eigenvalue angles are
considered nontrivial, as there are no automatic symmetries in this case.

Explicit formulae for the joint distribution of the non-trivial eigenvalues of Haar-
distributed random matrices from any of the above groups have been found by Weyl. They
are known as the Weyl integration formulae for those groups and are given in the following

two theorems:

Theorem 4 (Weyl). The unordered eigenvalues of an n X n random unitary matriz have

eigenvalue density

% I e — e I2H dek (1.1.10)

’ 1§k’<j<n

with respect to dfy, ..., dd,, on [0,2m)". That is, for any g : U(n) — R with
g(U)=GWVUV*) forany U,V € U(n), (1.1.11)

(i.e. g is a class function and only depends on the unordered eigenvalues), if U is Haar-
distributed on U(n), then

1 e Z ( dg
E(9(U)) = n,/ §(01,.,00) [T 1% — €] H £ (1.1.12)
*/10,2m)n 1§k<j<n

where g : [0,2m)" — R is the (necessarily symmetric) expression of g(U) as a function of

the eigenvalues of U.



Theorem 5 (Weyl). Let U be a Haar-distributed random matriz in G, where G denotes
either SO(2n+1), SO~ (2n+1), SO(2n), SO~ (2n+2) and Sp(2n). Then a function g of U
for which g(VUVT) = g(U) for all V € G, is associated with a function §: [0,7)" — R (of
the unordered nontrivial eigenangles) which is invariant under permutation of coordinates,
and if U is Haar-distributed on G then

B = [ o (1113)
where the measures ,ug/ on [0, 7)™ have densities with respect to df, ..., d0, as follows:
G ne
SO(2n) m [Ti<jcren(2cos(k) — 2 cos(6;))?

SO@2n+1) 25 [licj<n sin? (%) [Ti<jcren (2cos(0k) — 2cos(6;))?

_ 0;
SO~(2n+1) 3= [Ticj<n cos? (%) [Ti<jcren (2cos(0y) — 2cos(6;))?

Sp(2n) n'7r" H1<J<n sin (ej) H1§j<k§n (2cos(by) — 2 COS(HJ‘))Q

One can see that the eigenvalues repel each other, i.e. they are very unlikely to be close
to each other. The factors sin? (%), cos? (%), and sin?(0;) are due to the deterministic
eigenvalues at £1. Figure shows samples of eigenvalues from the classical compact
groups, as well as points sampled independently on the unit circle. Due to the independent
points not repelling each other they are much more clustered, and large gaps are much

more cominon.

The following famous theorem relates the moments of traces of powers of random unitary
matrices to the moments of complex Gaussians, and we will need it at various points in the

following sections and chapters:

Theorem 6. (Diaconis, Shahshahani [DS94] and Diaconis, Evans [DE0I]) Let U be
a Haar-distributed random matriz in U(n), £ € N, and let Zy,...,Z; be i.i.d. standard
complex Gaussian random variables, i.e. their real and imaginary parts are independent
real Gaussians with variance 1/2. Let a, by € N, k=1,....1, and let n € N be such that

k k
max q Y jaj, Y jbj o <. (1.1.14)
- ~
Then
14 ¢
E (H(Tr(Uk))“k(Tr (UF)) ) H&akbkk kag! = (H (VEZy) % (VEZy, )b ) (1.1.15)
k=1 k=1

5
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Figure 1.1: Top left: 100 i.i.d. points drawn uniformly. Top right: Eigenvalues of a
random U € U(100). Bottom left: Eigenvalues of a random U € SO(100). Bottom right:
Eigenvalues of a random U € SO~ (100).

Note that from Theorem @ it follows that for any ¢ € N the random vector (Tr(U*))¢_,
converges to (\/EZk)ﬁzl as n — 00. Note that no normalization is needed for the traces of

powers to converge, which is due the repulsion between the eigenvalues.

When instead of looking at a random variable taking values in the unitary group one
looks at a stochastic process whose state space is the unitary group, the natural dynamic
analogue to Haar distributed random unitary matrices is Brownian motion on the unitary
group, which is usually referred to as unitary Brownian motion. We define unitary Brownian

motion (U;)¢>0 on U(n) as the diffusion governed by the stochastic differential equation
dU; = V2Ud B, (t) — Updt, (1.1.16)

with (By,(t))¢>0 denoting a Brownian motion on the space of n x n skew-Hermitian matrices.



That is
n2
Bu(t) =Y _ XpB® (1), (1.1.17)
k=1

where B®) k= 1,...,n2, are independent one-dimensional standard Brownian motions,
and where the matrices X3, k = 1,...,n?, are an orthonormal basis of the real vector space
of skew-Hermitian matrices w.r.t. the scalar product (A, B) := nTr(AB*). One such basis
is given by the matrices \/%(Ek,l - Ek), \/%(Ek,l +E), 1 <k<{<mn,and ﬁEk,k,
1 < k < n, where (Ek,l)mn = 5km5ln

Remark 7. Unitary Brownian motion is usually defined using a different normalisation,
i.e. satisfying the SDE dU, = ﬁtdBn(t) — %Ut dt. With this normalisation the generator is
given by one half times the Laplacian on U(n), which is the usual definition of Brownian
motion on a Riemannian manifold. The relation between the two normalisations is f]gt =U;.
We chose our normalisation to be consistent with the work of Spohn [Spo98], and Bourgade

and Falconet [BF22], to which our work in C’hapter@ is strongly related.

The study of unitary Brownian motion was initiated by Dyson [Dys62|, who showed
that the eigenangles 61, ..., 60, € [0,27) of unitary Brownian motion satisfy the stochastic

differential equation

do;(t) = 1 D ot ((6;(t) — 6x(t))/2) dt + \FdBU) (t), (1.1.18)
n Py n

where BU), 7 = 1,...,n, are one-dimensional standard Brownian motions. In the same
work he also showed that analogously the eigenvalues of a Brownian motion on the set of

Hermitian matrices satisfy a similar stochastic differential equation.

Since the normalized Riemannian volume measure is the stationary distribution of Brow-
nian motion on any compact Riemannian manifold, and since the normalized Riemannian
volume measure on U(n) equals Haar measure, we see that Haar measure on U(n) is the
stationary distribution of Unitary Brownian motion. Thus unitary Brownian motion started
at Haar measure is reversible and can in turn be defined for all ¢ € R. In this thesis we
always consider unitary Brownian motion at its equilibrium, so that U; is Haar distributed

for all ¢ € R. This is the stationary setting we consider in Chapter [5

1.2 Log-correlated fields

We say a field h on some metric space (D, d) is a centered log-correlated Gaussian field if

its covariance kernel K has a logarithmic singularity on the diagonal, i.e.
K(z,y) =E (h(x)h(y)) = —logd(z,y) + O(1), asz —y. (1.2.1)

Note that due to the logarithmic singularity on the diagonal such a field cannot be understood

as a function, as its value at any point would be a Gaussian with infinite variance. Thus it



has to be interpreted as a centered generalised Gaussian field, which we define as follows: a
centered generalized Gaussian field h with kernel K : D x D — RU{+00} on a metric space
(D,d) with Radon measure o, is a centered Gaussian process h = (h(f));cr, where the
index set F is some family of test functions (e.g. smooth functions with compact support

in the case of D being a smooth manifold), whose covariance function is given by

E (h(f)h(g)) = (f,g) i == / / fla 7, y)0(dz)o(dy). (12.2)

For any kernel K which is positive definite on F in the sense that the r.h.s. of (1.2.2)) is
non-negative and finite for f = g, for all f € F, such a field exists due to Kolmogorov’s

extension theorem.

In the case that (F, (-, )k ) is (or can be extended to) a Hilbert space, which is always
the case for the fields considered in this thesis, the Gaussian process (h(f))scr becomes a
Gaussian Hilbert space, i.e. a closed subspace of L? consisting of centered Gaussian variables
(see |Jan97| for more details on Gaussian Hilbert spaces). One can choose an ordered
orthonormal basis (¢;);jen of F (for simplicity we here assume F to be infinite-dimensional
but separable), and interpret h as the formal Fourier series (or "infinite-dimensional standard

Gaussian")

hi=>Y_Nj¢;, (1.2.3)

j=1
where NVj, i € Z, is a family of i.i.d. standard Gaussians. Defined like this, & is almost

surely not an element of F, as

(hyh) K ZNQ =00 almost surely. (1.2.4)
7=1

However when choosing an f € F and setting
h(f) = (b, i =D (5, /)N, (1.2.5)
j=1

one can see that this sum converges in L? and almost surely, and that defined like this the

field h has the right covariance structure:
]E Z ¢j7 (Z)]’ > <f7g>K (126>
7j=1

We now explain in which way logarithmically correlated fields appear as the limit
of the logarithm of the characteristic polynomial of random matrices. Let G(n) €
{U(n), O(n), SO(n), SO~ (n), Sp(2n)}. We define the characteristic polynomial of a ran-
dom U € G(n) as (note that for G(n) = Sp(2n) the product goes up to 2n)

PG(n)(0) = det (I - e"‘"U) = [ -, 6elo2m). (1.2.7)
k=1

8



Defined like this pg(,)(-) is a random function on [0, 27), and its zeroes are the phases 0y,
k =1,...,n of the eigenvalues of U. Further we define (note again that for G(n) = Sp(2n)

the sum goes up to 2n)
log i) () := Y _log(1 — €' %=0), (1.2.8)
k=1

with the branches on the RHS being the principal branches, such that for ¢, 6 € [0, 27) it
holds that

: —rp e g<yg 2
Slog(1— 00y =3 27 2 120" o< (—f, q : (1.2.9)
with Slog0 := 7/2. Since
-k
log(1—2)=—> % (1.2.10)
k=1

for |z| <1, where for z = 1 both sides equal —oco, and by the identity log det = Trlog, we

see that the Fourier expansion of log p,, is given as follows:

Tr(U*) _,
log pany (0) == (k)@ ¥, (1.2.11)
k=1

By Theorem |§| it follows that for any ¢ € N the random variables k~! Tr(U*), k = 1, ..., [,

converge in distribution to independent complex Gaussians Ag, k = 1, ..., 1, whose real and

oo

imaginary parts are independent centered real Gaussians with variance 1/(2k). Thus we
see that lim, o log pgn) () cannot exist for fixed 6, as it would have to be a Gaussian
with infinite variance. In fact, Hughes, Keating and O’Connell [HKOO1| proved that for
any fixed 6 it holds that

log pur(ny (0)
Vlogn

In the same work Hughes, Keating and O’Connell also proved though that without any

L. NT0,1). (1.2.12)

normalization log py(,)(+) has a limit, however only when considered as a random variable
taking values in the space of generalised functions H; “(S'), € > 0, where for s € R the
space H§(S!) is defined as

Hi(SY) = {f(e) =D [ T EP fl? < 00, fo = 0} : (1.2.13)
kEZ keZ

The spaces H§(S!) consist of (formal for s < 0) Fourier series whose Fourier coefficents

decay at certain rates, and when endowed with the scalar products (f, g)s := ZkeZ\{O} feok,

they are Hilbert spaces.

Theorem 8 (Hughes, Keating, O’Connell [HKOO01|). For any € > 0, the sequence of pairs
of fields (?Rlong(n)(-), %long(n)('))neN converges in distribution in Hy €(S') x Hy €(Sh)
to the pair of generalized Gaussian fields (RZ,3Z), where

Z(0) =) Ape ™, (1.2.14)
k=1



with Ay being complex Gaussians whose real and imaginary parts are independent centered

Gaussians with variance 1/(2k).

A straightforward formal calculation of the covariance kernel of RZ and &7 shows that
the fields RZ and $Z are indeed log-correlated:
oo
k=1

E (RZ(O)RZ(8) = E (SZ(0)SZ(9) = cos(h(8 — ) = 3 log e — |

Do =
=

(1.2.15)

For various other ensembles the logarithm of the characteristic polynomial has been
connected to a log-correlated Gaussian field, for example for the complex Ginibre ensemble,
the limiting field has been identified as the Gaussian free field on R? (conditioned to be
analytic outside the unit disk) [RV07|, and for the Gaussian unitary ensemble |[FKS13]|
the limiting field lives on (—1,1) and has the covariance kernel —3log|z — y|. For the
orthogonal and symplectic groups the limiting field is given in the following theorem, which
is the analogue to Theorem (to see that the fields X and X are indeed log-correlated see
Remark in which their covariance kernels are computed):

Theorem 9. (Assiotis, Keatmg Let Nj, j € N, be independent real standard Gaussians,
and let 1; = 1 is even, for j € N. Then for any € > 0, the sequence of pairs of fields
(?Rlong(n)('),Slogpo(n)(-))neN converges in distribution in Hy “(S1) x Hy¢(S1) to the
pair of generalized Gaussian fields (X —z, X — i), where

X(6) = ;ile (e_ije +ez‘j6) _ i \}ij cos(j0),
j=1

X(0) = ~ i N (e‘”’@ — e“@) = - i 2/\6 sin(j0),
j=1

21—~ /3
! (1.2.16)
1 i (o —ijo | ij6 j ,
x(ﬁ)—§Z7<e 19 4 et ) Z—,cos(jﬁ),
Jj=1 7=1
z(0) = 1 i 4 <e b e”9> = 3 1y sin(j6)
2 £ P

Similarly, for any € > 0, the sequence of pairs of fields (?Rlogpsp(zn)(-), %logpgp(Qn)('))neN
converges in distribution in Hy <(S') x Hy“(S') to the pair of generalized Gaussian fields
(X yz, X+ :c) .

In Chapter |5 we are concerned with the connection between the logarithm of the
characteristic polynomial of unitary Brownian motion and the Gaussian free field on the
cylinder. In the case of unitary Brownian motion there is an extra variable ¢ € R, which we

include in the notation as follows:

DU (t,0) = det (1 - e_igUt) = [ &@O=9) (1.0) eRx [0,27), (1.2.17)
k=1

*This result was first published in |[FK21| with the kind agreement of Dr. Assiotis.
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where 0 (t), k = 1,...,n, are the eigenangles of U;. We thus consider log py,,)(+,) as a
random field on the cylinder Rx [0, 27). Since Haar measure is the equilibrium distribution of
unitary Brownian motion it is natural to expect that the limit of py;(,)(-.) (in an appropriate

function space) would be given by
Z(t,0) =Y Ap(t)e™, (1.2.18)
k=1

where Ag(-), k € N, are complex stationary Ornstein-Uhlenbeck processes defined by the
SDEs

dAx(t) = —kAg(t)dt +d (Wk(t) + iWk(t)> , (1.2.19)

with Ak (0) being a complex Gaussian whose real and imaginary parts are independent
Gaussians with variance 1/(2k), and (Wi (t))i>0, (Wi(t))i>0, k € N, denoting real standard

Brownian motions. In Chapter [5| we prove the following theorem:

Theorem 10. For any s € [0,%), € > s, and T > 0, the sequence of random fields
(long(n) (-, ')neN converges in distribution in the tensor product of Hilbert spaces H*([0,T])®
Hy¢(SY) (see Sectz’onfor a definition) to the generalized Gaussian field Z in .
Furthermore, those regularity parameters s and —e are optimal, in the sense that for
s=1/2 or s > € > 0 the sequence (long(n)(-, -))neN almost surely does not converge in
H([0,T)) ® Hy °(SY), and Z is almost surely not an element of H*([0,T]) ® Hy €(S1).

As one can see by a covariance calculation, see Remark RZ and $Z are Gaussian
free fields on the infinite cylinder R x [0, 27). The identification of the Gaussian free field
as the limit of the logarithm of the characteristic polynomial of unitary Brownian motion
already follows from the much earlier work of Spohn [Spo98|, but the convergence holds in

a different way. We will expand in Section [5] on how our result is related to Spohn’s.

We conclude this section by mentioning that the maximum of the real and imaginary
part of the logarithm of the characteristic polynomial of random matrices has attracted
considerable interest, especially for random matrices from the unitary group, as in that
case one can get analogous conjectures for the extreme values of the Riemann Zeta function
on the critical line. Fyodorov-Hiary-Keating [FHK12| made the very precise conjecture that
the random variables

3
eé%)%};) log [py(n (0)| — logn + 1 log log n, (1.2.20)

converge in distribution, as n — oo, towards a limiting random variable R, whose density

is given by
P(R € dz) = 4¢** Ko(2¢")d, (1.2.21)

where K, denotes the modified Bessel function of the second kind. This density is the

density of the sum of two independent Gumbel random variables, as was later observed
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in [SZ15]. As was pointed out in [FHK12|, the constant 3/4 in the subleading order is
expected due to the asymptotically log-correlated structure of the field log [py(»)(-)|, and
stands in contrast to the constant 1/4 one obtains for the extreme values of short-range
correlated random fields [LLR83].

The Fyodorov-Hiary-Keating conjecture has now been almost entirely proven: the first
order term logn has been proven in [ABB17], the second order term %log log n has been
confirmed in [PZ18]|, tightness of the random variables in has been established
in [CMN18|, and in [PZ22| convergence has been proven towards a limiting random variable
which is the sum of two independent random variables, one of which is Gumbel. The
distribution of the second one is the last missing piece. Note that all of those results are also
valid for the circular S-ensemble, denoted C'SE, for a 8 > 0, whose joint eigenvalue density

on the unit circle is given by (the case § = 2 corresponds to random unitary matrices, see

Theorem [1.1.10)

1 A .
~ IT 1€ —€®|°d6; - ab,. (1.2.22)
B i k<n

For other ensembles there also exist conjectures and results: in |FS16]|, Simm and Fyodorov
made a similar conjecture for the extreme values of the absolute value of the characteristic
polynomial of the Gaussian unitary ensemble, and in [Lam20|, Lambert did so for the
complex Ginibre ensemble and proved the leading order term. Claeys, Fahs, Lambert
and Webb [CFLW19] considered the extreme values of the centered eigenvalue counting
function, (which is closely related to the imaginary part of the logarithm of the characteristic
polynomial) of a certain class of random Hermitian matrices which includes the Gaussian
unitary ensemble, and obtained the leading order term. This allowed them to prove bounds
on how much the eigenvalues of those random Hermitian matrices deviate from certain

deterministic location.

1.3 Gaussian Multiplicative Chaos

The theory of Gaussian multiplicative chaos was initiated by Kahane in the context of
turbulence in [Kah85|, and has since found many applications ranging from finance to
Liouville quantum gravity - see the review article [RV13| and the references therein. The
goal of the theory is to rigorously define and study the random measures (called Gaussian

multiplicative chaos measures or GMC measures)

eYh(z)

2
— (@)= G E(h(z)?) -
M,(dz) =e 2 o(dz) E (oh®)

do(z), (1.3.1)
where h is a real centered log-correlated Gaussian field on a locally compact metric space
(D, d), with covariance kernel K (z,y) = E(h(x)h(y)), v is a constant, and o is a positive
Radon measure on D. Since log-correlated fields cannot be defined pointwise they only
exist as random distributions. Thus to make sense of the measures ([1.3.1)), one needs to

12



first regularize h in some way to obtain fields he, € > 0, which are defined pointwise and

converge to h in a suitable sense as € — 0, then define the random measures

2
— he(@) =G E(he(2)?) —
M, (dz) =e 2 o(dz) = E (@) dz,

(1.3.2)

and finally set M, = lim._,o M, . Naturally the following questions arise:
e In which sense does M, . converge to M, ?
e Is the limit M, independent of the choice of the regularizations h, of h?

e For which v > 0 is the limiting field M, . non-trivial, i.e. not a.s. equal to the zero

measure?

In Kahane’s seminal work he proved the following theorem, which answers the first two

questions for a certain class of covariance kernels K:

Theorem 11 (Kahane [Kah85|). Let (D,d) be a locally compact metric space, and let
K :DxD — RU{zxoo} be a positive definite covariance kernel that allows a decomposition

K(l’,y) :ZKk(xvy)a xay€D7 (133)
k=1

where K, : D x D — R, k € N, are continuous and positive definite covariance kernels.
Further let g, k € N, be independent (pointwise defined) Gaussian fields with covariance
kernel Kj, and define the sequence of approximating fields hy, = > }_, gr, n € N. Then

giwen a Radon measure o on D and v > 0, the random measures

2
M, ,(dx) := evh"(x)_%E(h"(x)z)a(dx), (1.3.4)

converge almost surely in the space of Radon measures on D (equipped with the the topology
of weak convergence) to a random measure M.,. If in addition K(z,y) >0 for all x,y € D
and k € N, then the distribution of M, is independent of the decomposition of K into Ky,
ke N.

The proof of convergence uses a simple martingale argument, which we outline now, as
this gives insight into how the Gaussian multiplicative chaos measures in Chapter [3| are

constructed: For any compact A C D and n € N it holds by Fubini that

E (M, (A)) = / o(dz), (1.3.5)

A

and

E (M’Y,H(A)‘O—(gla -"7g'n—l)) = M'V,n—l(A)a (136)

where o(g1,...,gn—1) is the o-algebra generated by gi, ..., gp—1. Thus, since also for any
n € N the random variable M, ,(A) is measurable w.r.t. o(g1,...,gn—1), it follows that

the sequence (M, ,,(A)),cy is @ martingale. As a non-negative martingale the sequence
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converges a.s. to a random variable which will be denoted by M,(A). One can then
show that a.s. the map A — M,(A) is a measure and it holds that a.s. M, , 4 M,
in the space of Radon measures on D, equipped with the topology of weak convergence.
When constructing M, like this, Kolmogorov’s zero-one law also immediately implies that
P(M, is the zero measure) € {0,1}, since the event {M,, is the zero measure} is indepen-

dent of any finite number of gx, k € N.

The answer to the third question, i.e. for which v > 0 is the limiting measure M,
non-trivial, depends heavily on the specific kernel and the reference measure o. For this
question of non-triviality Kahane focused on the case of log-correlated Gaussian fields whose

covariance kernel can be written as

K(x,y) =log, d(J:Ty) + g(x,y), (1.3.7)

where log z := max(log z,0) and g is continuous and bounded on D x D. While he proved
more general results, we restrict ourselves to stating his result for the case that D is an

open subset of Euclidean space, which is the case we are concerned with.

Theorem 12 (Kahane |[Kah85|). If the domain D is an open subset of R? for some d € N,

equipped with the Fuclidean distance, o is the Lebesgue measure, and K takes the form

D). then
M., is non-trivial <= ~v* < 2d. (1.3.8)

Usually the phase 42 < 2d is referred to as the subcritical phase, the phase 42 = 2d is
referred to as the critical phase, and the phase v2 > 2d is referred to as the supercritical
phase. Constructed as above, a GMC measure in the critical and supercritical phases is
almost surely the zero measure, however there exist ways to construct non-trivial critical
and supercritical GMC measures, see for example [RV13]. The phase 2 < d is referred to
as the L2-phase, as here for any bounded measurable set A C D it holds that |[Kah85|

E (M, (A4)?) < oo, (1.3.9)

and more generally the m-th moment of the total mass of M, is finite if and only if
7?2 < 2d/m.

Since the theory of GMC was initiated by Kahane his results have been generalized
significantly. In particular the assumption that the covariance kernel can be decomposed
into a sum of positive continuous covariance kernels is very restrictive and hard to check
in practice. It is for example still unknown whether in the case D = R3 the kernel
allows a decomposition as in Theorem Rhodes and Vargas |[RV10| got rid of this
assumption and regularized the Gaussian field h by picking a mollifier function 6 instead,
i.e. a continuous non-negative and compactly supported function that integrates to 1,
and setting he(z) = h * 6., where * denotes convolution and () := ¢~ %0(-/¢) for € > 0.
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They then showed then that the sequence M, . of GMC measures corresponding to the
continuous Gaussian fields h., € > 0, converges to a limiting measure M, in the sense
that for all measurable A C D the sequence M, (A) converges to M, (A) in distribution.
Furthermore the limit is independent of the choice of the mollifier function. Shamov [Shal6]
further generalized their results by showing that for very general types h. of Gaussian
regularizations of h, the approximating GMC measures M, . convergence to M, weakly in
probability, and that the limit is independent of the type of regularization. Furthermore he
showed that the GMC measure M, is measurable w.r.t. the underlying Gaussian field h.
Using slightly less general assumptions than Shamov, but a very short and self-contained
proof, Berestycki |[Berl7| proved convergence in probability and uniqueness of the limit
when regularising the field using mollifier functions, as well as non-triviality in the entire

subcritical phase.

Since by Theorem [§]it holds that
(éR 10ng(n)(')> ) 1ngU(n)()) = (éRX, %X> (131())

as n — oo, one would expect that for certain & > —1/2 and 8 € iR the random measures
|pU(n) (9) |2aj e?iﬁj%long(n)(G)

: dg (1.3.11)
E (|PU(n) () ’20‘1 2P logpy(n) (6)>

Mn,a,ﬁ(de) =

converge to GMC measures associated to the field 2aRX + 2i3X (see Figure 1.2 for
two samples of Slogpy(n)(-) and fu, 0,/2). This was conjectured by Fyodorov, Hiary, and
Keating in |[FHK12|, and first proven to be true by Webb in [Web15|, thus establishing the
first connection between random matrix theory and the theory of Gaussian multiplicative

chaos.

Theorem 13 (Webb [Webl5|). For G(n) = U(n), a > —1/2 and o® — 3% < 1/2, as
n — oo the sequence of measures fin o3, N € N, converges in distribution in the space of
Radon measures equipped with the topology of weak convergence to the (non-trivial) Gaussian

multiplicative chaos measure

e20RZ(0)+2iB3Z(0)
do) :=
Maﬁ( E (e2a§RZ(9)+2iﬂ%Z(9))

do
_ 20RZ(0)+2i832(6)~207E(RZ (0)°)+28°E(SZ(9)%) g (1.3.12)

D 2\/a? —FPRZ(0)~2(a> ~FRERZ(0)?) gy

where the complex Gaussian field Z is given in Theorem [§,

Here v = 1/2a2 — 232, thus Theorem |13/ only shows convergence in the L?-phase, which
significantly simplifies the proof. Nikula, Saksman and Webb [NSW20| proved convergence
in the rest of the L' or subcritical phase in the case = 0, but as they mention their proof

technique can be modified in a straightforward manner to include the case 8 # 0.
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Figure 1.2: A sample of Slog py(,)(0) and its GMC measure ji,, g /2, for n = 200 (above)
and n = 500 (below).

Since then the connection between the two fields has been extended to other random
matrix ensembles. In |[CN19|, Chhaibi and Najnudel proved convergence (in a different
sense) of the characteristic polynomials of matrices drawn from the circular S-ensemble to
a GMC measure on the unit circle. In [BWW18| Berestycki, Webb and Wong proved that,
after suitable normalization, powers of the absolute value of the characteristic polynomial
of a matrix from the Gaussian Unitary Ensemble converge to Gaussian multiplicative chaos
measures on the real line. They proved this result in the L2-phase, however it is likely to
also hold in the whole L'-phase. The analogous result for powers of the exponential of the
imaginary part of the logarithm of the characteristic polynomial of the Gaussian Unitary
Ensemble was proven in [CFLW19], in the whole L!-phase. In [Lam20| Lambert connected
the characteristic polynomial of the Ginibre ensemble to Gaussian multiplicative chaos
measures associated to the Gaussian free field on the unit disk, however in a different sense.
Recently Bourgade and Falconet |[BF22| have proved the corresponding result for unitary
Brownian motion, that is they have shown the convergence

U () (02) 1> eTRZ(1.9)

im dodt = ——___dgdt, (1.3.13)
n=00 I (|pu(n) (6:)[*) E ([ RZ(0))

for all v in the subcritical phase, and as they remark a similiar result should hold for the
imaginary part. This is the natural dynamical analogue to the results by Webb |Web15|
and Nikula, Saksman, and Webb [NSW20|. The results by Bourgade and Falconet, and
Lambert are special in that the measures considered are living on a two-dimensional space,
instead of on a one-dimensional space as in all previously proven cases. Those results are
also special in that the limiting GMC measure has a specific interpretation, since it is the

GMC measure associated to the Gaussian free field, and thus equals the volume measure in
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two-dimensional Liouville quantum gravity.

Our purpose in Chapter [3|is to prove the analogue to Webb’s result for the other two

classical compact groups, i.e. that

o (0)[20e283 108 PG () (0) 20X (0)+2iBX ()
li —Pom O™ 6= —¢ a9, (1.3.14)
=00 (|pG(n) (6)[20¢25% logpc;(n>(6)) E <e2aX(0)+2iﬁX(9)>

for G(n) = O(n) and G(n) = Sp(2n), and certain parameters a and 3. The precise result
is stated in Theorems [§ and [50} We thus complete the connection between the classical

compact groups and Gaussian multiplicative chaos.

1.4 Moments of moments

It is a natural question how much circle averages of the characteristic polynomial fluctuate,
in particular what their moments are. Thus for « > —1/2 and m € R we define the

moments of moments of pg(,) () by

1 2 N m
MOMG(n)(m,a) ::EUGG(n) <<27r/0 |pg(n)(9)|2 d9> > s (1.4.1)

where the term moments of moments refers to the fact that we first take a moment of
the characteristic polynomial with respect to the spectral variable 6, and then a moment
with respect to the random matrix distribution. We are interested in the asymptotics of
MoMg ) (m, ) in the limit as n — oo, for fixed a, m.

The maximum of the characteristic polynomial maxge(o2x) [PG(n)(0)] is connected to the
moments of moments since MoMg(,,)(1/p,p/2) = Eqn) (Ilpcm) ()lp), and since for large
p the LP-norm approximates the L>°-norm ||pgn)(-)||cc = maxgepo ar) [Paen)(0)]. This sug-
gests that the asymptotics of MoMg,,)(m, @) can be used to motivate conjectures for the
maximum of the characteristic polynomials [FHK12,[FK14]. MoMg,)(m, a) is also related
to the m-th moment of the total mass of the Gaussian Multiplicative Chaos measures
arising from the characteristic polynomial of random matrices from the classical compact
groups, see [FK21,NSW20, Web15|. The moments of moments are also interesting because
of their application to understanding the large values taken by the Riemann zeta function
on the critical line and other L-functions [FHK12,FK14] - see [BK22] for a review.

Recently there has been a good deal of attention given to MoMp(,,) (m, a). Fyodorov,
Hiary and Keating made conjectures on the large n asymptotics in [FHK12|, which were
specified by Fyodorov and Keating in [FK14|, and which were then supported by numerical
computations and generalized in [FGK18|. So far their conjectures have been proven only
in cases where m € N, since then one can use Fubini’s theorem to write the moments of

moments as a multiple integral:

do;  do,,

2 2w m
2a
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For m = 2 and a > —1/4 the conjectured asymptotics of MoMy;(,)(m, a) were proven
by Claeys and Krasovsky, as an application of their calculation of the asymptotics of
Toeplitz determinants with two merging singularities via a Riemann-Hilbert analysis [CK15]
(Toeplitz determinants and Riemann-Hilbert problems will be introduced in the following
Sections and . For m,a € N they were proven by Bailey and Keating using an
approach based on exact identities for finite n [BK19|. Using a combinatorial approach for
m, a € N, which involved representation theory and constrained Gelfand-Tsetlin patterns,
Assiotis and Keating |[AK20| proved the same results as found in [BK19], but with an
alternative formula for the leading order coefficient (see also [BA20|, where the results
in [BK19] and |[AK20| were rederived using another approach). This same combinatorial
approach was then used by Assiotis, Bailey and Keating to prove asymptotic formulas
for G(n) = SO(2n) and G(n) = Sp(2n), when m,a € N [ABK19|. For those asymptotic
formulas Andrade and Best |[AB22| then provided an alternative proof using the methods

developed in [BK19], again with an alternative formula for the leading order coefficient.

Using the Riemann-Hilbert approach developed in |[CK15|, Fahs [Fah21] computed the
asymptotics, up to a multiplicative constant, of Toeplitz determinants with arbitrarily
many merging singularities. Using this Fahs then proved the asymptotic formula for
MoMy () (m,a) for m € N and general a > 0, however without an explicit expression for

the leading order coefficient:

Theorem 14 ( |[Fah21|). For m € N and o > 0, as n — oo:

ma2 G a)2m —ma?
(1 +o(1))nme” G8120)4)m?((11—a2)”2’ a< o

MOMU(R) (m,a) = eO(l)nlogn o= ﬁ7 (1.4.3)
eo(l)anQQJ,»lfm’ a > L’rn)

where e€©1) denotes a function that is bounded and bounded away from 0 as n — co, and

where G(z) denotes the Barnes G-function.

Note that the phase transition happens exactly at the point a = 1/4/m, below which
the m-th moment of the Gaussian multiplicative chaos measure jio,0 from Theorem |13]is

finite. This is because of the relation

m 2m n 0 2a m
MoMyy ) (m, @) = (21) ™™ E (|pyny (0)**) E((/O M%) ) (1.4.4)

The second expectation on the RHS converges to E(uq,0([0, 2)™), which is finite if and only
if & < 1/4/m, in which case it is given by the Fyodorov-Bouchaud formula [FB08, Rem20|

E <<21ﬂ_#a70([0,271')>m> = W (1.4.5)

For aw = 1/y/m the second expectation on the RHS of ([1.4.4]) can be seen as the "critical"
moment of ji40, and it diverges like logn. The explicit constant was found by Keating and
Wong [KW22| for m € N\ {1}, which allowed them to obtain an exact formula for the term
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e®M in the critical phase in Theorem .

Extending Fahs’ Riemann-Hilbert approach and using his asymptotics of Toeplitz
determinants, Claeys, Glesner, Minakov and Yang [CGMY22| computed asymptotics
of Toeplitz+Hankel determinants with arbitrarily many merging singularities, up to a
multiplicative constant. In Chapter 4 we use those asymptotic formulae for Toeplitz+Hankel
determinants to establish asymptotic formula for the moments of moments of characteristic
polynomials of random matrices from the orthogonal and symplectic groups, up to the
leading order coefficient. We obtain the leading order dependence of these moments of
moments in the limit on the size of the random matrices when this gets large. Our results
are as follows (see Chapter [4]) for a definition of the constants C*(m, )

Theorem 15. Let m € N and o > 0. Then, as n — oo:

(1+0(1))(2n)™*C~ (m,a), a < YEm=3-1

MoMgp(2n) (m; @) = eOMpme® Jogn o = V8m=3-1

dm—2
0(1) ,2(ma)*+ma—m > Y8m=3-1
, )

4dm—2

(1.4.6)

e n

Theorem 16. Let G(n) € {O(n), SO(n), SO~ (n)} and o« > 0. For m € N\ {2}, as

n — 00!

(1+o()nm*Ct(m,a), a< VRS,

4m—2
MoMg ) (m, o) = 01) yyma? log n o = 7%’ (1.4.7)
o 2 —ma— V8m—3+1
e (1)n2(ma) mo—m a > 47;2_2 )
Moreover, as n — 00
202 1
(1+ 0(1)2)n Ot (2,), a< 75
eCMp2 ogn o= %,
MoM¢(n)(2,a) = 60(1)n4a2_1’ ac %’ @) : (1.4.8)
60(1)n4a271 log n, o = \/54%»17
ke(’)(l)n8a272a727 a> \/54+1_

We see that the critical points where phase transitions occur are significantly different
for U(n), O(n) and Sp(2n). This is due to the symmetries around +1 in the eigenvalues of
orthogonal and symplectic matrices. As will become apparent in our proofs of Theorems
and [I6) in Chapter [4] the main contribution in the first phase, which we refer to as the

subcritical phase, comes from integrating the integrand
m
2
Eyean) H [PG(n) (05)]°
j=1

in (1.4.2) over the subset of (0,27)™ where | — €% | > 1/n for 1 < j < k < m, and
e £ 1| > 1/n for 1 < j < m. Except in the case where m = 2 and G(n) is one of the

orthogonal groups, the main contribution in the second and third phases, which we refer
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to as the critical and supercritical phases, respectively, comes from integrating over the

subset of (0,2m)™ where |¢® — 1| < 1/n for 1 < j < m. In the special case where m = 2

and G(n) is one of the orthogonal groups, the main contribution for a € [\}, \/54“) comes

from integrating over the subset of (0,27)™ where |¢% 4+ 1| > 1/n for 1 < j < m, and
e — €% | < 1/n for 1 < j < k < m. This is the reason for the additional two phases in
the asymptotics of MoMg ) (2, @).

Note also that, unlike in the case G(n) = U(n), the expectations E (|pg(,)(#)|**) are not
independent of 0 for G(n) € {O(n), Sp(2n)}. This is again due to the symmetries around £1
of the eigenvalues of orthogonal and symplectic matrices. Thus for G(n) € {O(n), Sp(2n)}
there is no immediate relationship of the type , between MoMg ) (m,a) and the
m-th moment of the total mass of the GMC measures

20X (0)
mde. (1.4.9)

1.5 Toeplitz, Hankel, Toeplitz+Hankel determinants with
Fisher-Hartwig singularities

Both to prove our Theorem 48 and Theorem [50]in Chapter [3] and for the proofs of Theorem
b8 and Theorem [59] in Chapter [d] we need to understand the large n asymptotics of

expectations of the form
m
Eyec(n) H|pG |20‘J€2153010gpc(n)( i), (1.5.1)

where o; > —1/2 and f; € iR (one can more generally consider complex «; with
Ra; > —1/2 and B; € C, but in this thesis those cases are not considered), and where
TrV(U) := > p_, V(z) for a given function V and an n x n matrix with eigenvalues

Z1, ..., 2n. This is particularly obvious in the case of the moments of moments, see ([1.4.2]).

Such expectations can be expressed in terms of Toeplitz, and Toeplitz-+Hankel determi-

nants, which are defined as follows:

Definition 17 (Toeplitz, Toeplitz+Hankel determinants). For a function f € L'(S') we
define the Toeplitz determinants Dy(f), and the Toeplitz+Hankel determinants DT+H”
k=1,2,3,4, as follows:

D, (f) =det (fjfk)?’;io )
DIFIL(f) = det (fi— + fr+1) Tl
DyHR(f) =det (fj -k — fijrnra)] o 152
DEFH3(f) =det (4 = Fynt)jio.
DI+A(F) =det (f- + frirn) o

where fj = 5 0% f(e®)e=94p.
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It holds that

H|pG 0;)|2 e 21833108 pam 05) = det(f(U)), (1.5.3)

for the function

m )
Z) :€V(z) H |Z _ et |2aj e2iﬁj%log(zfewj)’ (154)

where for an n dimensional complex matrix A with eigenvalues z1, ..., z, we set det(f(A)) =
[15—; f(2x). Thus by the following two famous identities one can express the expectations
in (1.5.1)) in terms of Toeplitz and Toeplitz+Hankel determinants:

Theorem 18 (Heine-Szegd). For a function f € L'(SY) it holds that

Ey () (det(f(U))) = Dn(f)- (1.5.5)

Theorem 19. (Theorem 2.2 in [BRO01|]) Let h(z) be any function on the unit circle such
that for 1(e?) := h(e®)h(e™) the integrals

1 2

=5 1(e)e0 dp (1.5.6)

are well-defined. Then for any n € NU {0}, with DLt defined in Definition it holds
that

Esotn (det(h(U)) = 3 DEH1(0)
Eso- () (det(h(1))) = h(DA(~1)DL(0),
Eso@n+1) (det(h(U))) = h(1)DITH3(1), (1.5.7)
Eso- (ans1) (det(h(U))) = h(~1)DIH14(),
Egp(an) (det(h(U))) = DEH2(1),

except that Ego o) (det(h(U))) = h(1).

The study of the asymptotics of Toeplitz and Toeplitz+Hankel determinants has a
long history and was initiated by Szegd. The simplest case is the strong Szegd limit

theorem (see for example [Sim05| for its most general version), which states that for
f(z) = eV = exp (31ep Vid")

Dp(eV) = e0eXi=1 FViVok (1 4 0(1)), n — oo. (1.5.8)

Together with the Heine-Szegd idendity this implies that for real-valued V', and Haar-
distributed U € U(n), the asymptotic variance of the linear statistic Tr V(U) is given by

YRz KV = IV o
/

The function inside a Toeplitz or Toeplitz+Hankel determinant is often referred
to as the symbol of the determinant, and roots and jumps of the type f in (1.5.4))
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has are called Fisher-Hartwig singularities, after Fisher and Hartwig, who in [FHG69|
made precise conjectures on the asymptotics of Toeplitz determinants of symbols with
such singularities. The asymptotics of D, (f) and DngH’N( f), for the symbol f hav-
ing Fisher-Hartwig singularities, were computed under various assumptions on the sym-
bol f |Bas78|Bas79,[BE01,[BCH02, BE02, BE09, BS81,/BS85|,BS86, ES97, Ehr01, Wid73|;
see |DIK12| for a recent historical account and |[DIK11] for the most general results on
symbols with Fisher-Hartwig singularities. However all these results are only valid if the
singularities of f are bounded away from each other as n — oo.

In recent years advances were made on the asymptotics of Toeplitz and Toeplitz-+Hankel
determinants, when the symbol f is allowed to vary with n, in particular when singularities
merge as n — 0o. Obtaining asymptotic formulas which are uniform w.r.t. the location of
the singularities is necessary for our proofs of Theorem 48 and Theorem [50] in Chapter [3]
and for the proofs of Theorem [59 and Theorem [58] in Chapter [4, since in both cases we
want to integrate expectations of the form over the location of the singularities.

In |[CK15| the asymptotics of D, (f) were computed for two merging singularities, and
were related to a solution of the Painlevé V equation. Using the techniques in [CK15|, we
establish new results on Toeplitz determinants in Theorems 27 and [33] in Chapter [2] that
give the asymptotics when there are two conjugate pairs of merging singularities which are
bounded away from 4+1. Again the asymptotics are related to a Painlevé V equation, in
fact the same one as in [CK15|. We use those results to prove Theorem [48|in Chapter .
In |Fah21] the asymptotics of D, (f) for arbitrarily many singularities merging were com-
puted up to a factor e which is uniformly bounded and bounded away from 0. The
precise factor is believed to be related to higher-dimensional analogues of Painlevé equa-
tions. Using the techniques of Fahs in [Fah21|, the asymptotics of D +H’”( f) for f having
arbitrarily many singularities merging were computed up to an e®™) factor in [CGMY22].
This result is stated in Theorem [34] in Chapter [2] and we use it to prove Theorem [50] in
Chapter

For two conjugate pairs of merging singularities which are bounded away from +1 our
Theorem 28] expresses that factor in terms of a Painlevé transcendent, which again is the

same one as in |[CK15].

In a recent paper [BF22|, Bourgade and Falconet gave the first dynamical extension of
Fisher-Hartwig asymptotics, that is they computed the large n asymptotics of expectations

of the form

E (ezses Tr fs(Us) H | det(Uy — €i672> , (1.5.9)

z=t+ifc A

where the expectation is w.r.t. U = (Uy)er, a unitary Brownian motion, A C R x [0, 27)
and B C R are finite subsets, 7, are real constants and the functions fs fulfill certain
regularity conditions. They used those asymptotics to prove the convergence of the

characteristic polynomial of unitary Brownian motion to a Gaussian multiplicative chaos
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measure associated to the Gaussian free field on the cylinder, i.e. the convergence in (|1.3.13)).

Closely related to Toeplitz and Toeplitz+Hankel determinants are Hankel determinants,

i.e. determinants of the form

det (/ ijrkw(x)da:) : (1.5.10)

1

where I C R is an interval on which the weight w(z) is supported, which is of the form
w(z) = e V@@ (), (1.5.11)

where W (z) is continuous, w(x) has Fisher-Hartwig singularities and V' (z) is a potential
(in case I is unbounded W and V need to fulfill certain integrability conditions).
There are three canonical cases of Hankel determinants which appear as averages over

Hermitian random matrix ensembles:

1

det (/ xj+kw(x)dx> = Efermn) | [ [ €7 M) |, (1.5.12)
j=1

where A, ..., A, € R are the eigenvalues of Herm(n), and
e I =R, V(z) = 222 when Herm(n) is the Gaussian Unitary Ensemble,
o [ =[-1,00), V() = 2(x + 1) when Herm(n) is the (shifted) Wishart Ensemble,
o [ =[-1,1], V(z) = 0 when Herm(n) is the (shifted) Jacobi Ensemble.

[IKO0§|, |[Gar05] and |[KraQ7| are important early works on the asymptotics of Hankel
determinants that have greatly contributed to the development of the theory. The most
general results have been proven in [Chal9| and |[CG21]. [CF16| concerns the case when
singularities are merging as n — o0o. There are various formulas which relate Hankel
determinants with I = [—1,1] and V(z) = 0 to Toeplitz determinants and Toeplitz+Hankel

determinants, which is how some of those formulas are proven, see for example |[DIK11].

1.6 Riemann-Hilbert Problems

One way to study the asymptotics of Toeplitz and Toeplitz+Hankel determinants is to
express them in terms of orthogonal polynomials on the unit circle, which in turn can
expressed in terms of solutions to certain Riemann-Hilbert problems. That orthogonal
polynomials can be represented as solutions to certain Riemann-Hilbert problems (RHPs)
was first observed by Fokas, Its and Kitaev in [FIK92| for polynomials on the real line, and
then by Baik, Deift, and Johansson in [BDJ99| for polynomials on the unit circle. One can
then use the steepest descent method introduced by Deift and Zhou in [DZ93], to analyze
those RHPs for orthogonals polynomials. This was first done by Bleher and Its in [BI99|
and Deift, Kriecherbauer, McLaughlin, Venakides, and Zhou in [DKM™99b, DKM™99a],

motivated by questions of universality in random matrix theory. See for example [Dei00]
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and |Kui03| for an introduction to Riemann-Hilbert problems for orthogonal polynomials.
We now follow those two works for a very brief introduction to what Riemann-Hilbert prob-

lems are and how they are useful for asymptotic analysis, without going into technical detail.

Roughly speaking Riemann-Hilbert problems are boundary value problems for analytic
functions. Consider an oriented contour ¥ C C, where oriented means that any arc has
a positive and a negative side to it. By convention the positive (resp. negative) side lies
to the left (resp. right) of the contour when traversing in the direction of the orientation.
For simplicity we assume X to be a finite union of smooth curves in C, with only finitely
many points of intersections, and all intersections being transversal, which is the case for
all contours encountered in Chapter [2| Furthermore consider a function (subject to certain

conditions for z — oo or z — {intersection points})
V : 3\ {intersection points} — GL(n,C). (1.6.1)

A typical Riemann-Hilbert problem associated to (3,V) then looks as follows: find a
function R : C\ ¥ — C™*" which fulfills the following conditions:

(a) R is analytic, in the sense that every entry is analytic.

(b) The continuous boundary values of R from the right and left side of ¥, denoted R —
and R_, respectively, exist on ¥ \ {intersection points}, and are related by the jump
condition

Ri(z) =R_(2)V(z), =ze€ X\ {intersection points}. (1.6.2)

(¢) R(z) =1+ O(1/z), uniformly as z — oco.

Due to condition (c) the problem is normalized at infinity, which is necessary to guarantee
uniqueness of a solution. Without this condition one could simply multiply a solution
by a matrix of arbitrary entire functions from the left to obtain another solution. Note
that one can also choose different normalization conditions for R as z — oo, and one
can also normalize at other sets of the complex plane, which will be the case for some
Riemann-Hilbert problems we encounter in Chapter Further note that in case there
are intersection points one needs to impose additional conditions at those to guarantee
uniqueness of a solution, since otherwise one could multiply a solution from the left by for
example matrix-valued functions of the form I + M, where M is analytic in the complex

plane apart from isolated singularities at the intersection points.

The reason why representing an object as a solution to a Riemann-Hilbert problem is
powerful, is the following: suppose one has a sequence of Riemann-Hilbert problems of the
type above, i.e. one has a sequence (Z(”), V("))neN of contours and jump matrices, and the

jumps vanish as n — oo in the sense that lim,_« ||V — I||gm) = 0 for some specified
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norm || - ||xm) on the set of measurable functions from X to C**". Typically one takes

|| [lsn) to be one (or a sum) of the LP norms

( /E . yV(z)dez) " (1.6.3)

where | - | denotes the Euclidean norm, or the corresponding L* norm. Then in many cases
one can find a constant C' > 0, independent of n € N and z € C\ {2}, such that

IRM™(2) = I| < CIIV™ — I||sm).- (1.6.4)

This allows us to compute very precise asymptotics for R™ as n — 0o, which are uniform
in all of C\ ¥ The exact statement depends on the case at hand, yet the proofs
are very similar and are often omitted in the Riemann-Hilbert literature. See for exam-
ple [Dei00, CFLW19, Fah21, BWW 18| for detailed proofs of such statements.

The typical procedure of a Riemann-Hilbert analysis is as then follows:
1. Represent the objects of interest in terms of solutions to a family of RHPs.

2. Transform this family of RHPs in such a way that one obtains another family of
RHPs whose jumps are small in the limit that one is interested in. The Deift-Zhou
steepest descent method is used in this step. For a certain class of Riemann-Hilbert
problems it allows us to construct a sequence of explicit transformations towards a

Riemann-Hilbert problem with small jumps.

3. Use estimates of the form (|1.6.4)) to obtain uniform asymptotics for the solutions of
the RHPs with small jumps.

4. Reverse the transformation from the second step, to express the solutions to the
original family of RHPs in terms of the solutions to the small-jump RHPs, and thus

obtain uniform asymptotics of the solutions to the original family of RHPs.

5. Extract the asymptotics of the objects of interest from the uniform asymptotics of
the solutions of the original RHP.

We now explain how Toeplitz determinants are related to orthogonal polynomials and
Riemann-Hilbert problems: by the Heine-Szego identity and since f > 0 almost everywhere
it holds that D, (f) € (0,00) for all n € N. Thus for n € N we can define the polynomials

fo f-1 ... fon
1 fi Jo o fonma
dn(z) = = xn2" + ...,
=) Dn(f)Dpia(f) fr-1 fa—2 ... f=1 o
1 z ... 2" (1.6.5)
foo fa1 oo fengr 1
~ 1 fl fO f—n-i-? z n
" — = Xn? + ..
Pn(2) Dn(/)Dnsr(f) | -+ - Xn®
fn fn—l fl 2"
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where the leading coefficient y,, is given by
(1.6.6)

Further we set Do(f) = 0 and ¢o(z) = ¢o(2) = xo = 1//D1(f). It is straightforward to
verify that the above polynomials satisfy the orthogonality relations

1 [ . : ,
o | On(€)eT 0 f(e)d0 =xz on
’ (1.6.7)
1 . —i0\ jik0 0 -1
5 [ On(e™ ) S (€)dl =" G
T Jo

for k =0,1,...,n, which means that they are orthonormal w.r.t. the weight f. Thus one

can see that
n—1
Du(f)=1] x> (1.6.8)
=0

which implies that when knowing the large n asymptotics of the leading order coefficients
Xn We can obtain information about the large n asymptotics of the Toeplitz determinants
Dy (f). Furthermore the Toeplitz+Hankel determinants D} T7(f) can be expressed in

terms of the Toeplitz determinants D,,(f) and ¢,,(0)/xn, see Theorem [25/in Chapter

The characterization of orthogonal polynomials on the unit circle in terms of Riemann-
Hilbert problems is stated in the following theorem. Since this theorem is of crucial
importance for the analysis of orthogonal polynomials, and since the proof only uses
elementary methods from complex analysis, we include the proof (note that the original
theorem was only proven for smooth functions f, but the proof extends easily to functions

with Fisher-Hartwig singularities).

Theorem 20 (Baik, Deift, Johansson |[BDJ99]). Let C' denote the unit circle, oriented
counterclockwise, and let f be as in (1.5.)). Then the matriz-valued function Y (z) =Y (z;n)

given by
-1 —1 [ on(8) f(E)dE
Y(z) = < Xa On(2) Xn' Jo € e >

' &= o (1.6.9)
—Xn-12" Y 1(57Y) —xn [ A LOE

is the unique solution of the following Riemann-Hilbert problem.
RH problem for Y (z) =Y (z;n)
(a) Y :C\ C — C?*? is analytic, in the sense that every entry is analytic.

(b) The continuous boundary values of Y from inside the unit circle, denoted Y7, and
from outside, denoted Y_, exist on C'\ {e¥1, ..., e} and are related by the jump

condition

Yi(2) = Y_(2) ( L ) 2eC\{e?, .., ePnY. (1.6.10)
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P P Zn—l Z—n—l
() Y(2) =T +0(1/2)) < 0 29n ) = < g<(3751) ) z*”O—iE (’)(z)ll) >, as z —
(d) As z = €%, 2 € C\ C, k=1,...,m, it holds that
O(1) O(1) +O(|z — zg|***) :
Y@= (00) 00+ 0 )+ For#o o

and

_ ( 0(1) O(log|z — z]) oo
Y(z2)= < 0(1) O(log|z — 2| > , ifap =0. (1.6.12)

Proof. We first show that Y given in fulfills the RHP, and then show that this solution
is unique. It is obvious that condition (a) is satisfied, i.e. that the entries of Y are analytic
for all z € C\ C, and that condition (d) is satisfied. Now from the Sokhotski—Plemelj
theorem (see for example |Gak66]|Section 4.2]) it follows that

Yia(2)4 =V12(2)- + X5, ' dn(2) f(2)27" = Yiz(2) - + Yii(2)-2z 7" f(2),

Ya2(2) 4 =Yaa(2)— = Xn-10n-1(z"") f(2)2 7! = Yaa(2)— + Yar(2)-2 " f(2),
which implies that Y satisfies condition (b). Condition (c) is obvious for Y7; and Ya;. For
Y12 and Y22 note that for |z| > 1 it holds that

(1.6.13)

1 &
_ . k+1°
£E—2 =
Using this, and the orthogonality relations in , we see that condition (c) also holds
for Y15 and Yo9: as z — 0o
Pn(§) £(£)dE
C 5 —Z 27’['an

. 1
*anzmm </ Pn(§ fk d£>zk+1

. . 1
— X! Z o ( Pnle )f(ele)e_le(n_k_l)M) porEs
:O(Z_n 1)

(1.6.14)

Yia(z) =x;,"

Gn_1(E71) f(€)aE (1.6.15)

C § —Z 27TZ§

Xn122m</¢n1 )§k1§> o

~ . 1
=Xn—1 kz % < 0 ¢n71(€_19)f( 10 ) Zk9d9> Zk+1
=0

="+ 0.

Y2 (2) = — Xn—1

We now show that if a solution exists then it is unique. By condition (a) the function
detY : C\ C — C is analytic and for z € C'\ {1, ..., "}, condition (b) implies that

(det V), (2) = det (Y_(z) ( (1) Zﬁn{(z) )) — (detY)_ (2). (1.6.16)
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Thus det is meromorphic on C, with singularities at €1, ..., ¢ Those singularities are
all removable however since by condition (d) it holds that lim__, is; (2 — ei)det Y (z) =
lim__, e, O(|z — ei|) + O(|z — €% |11299) 4 O(|z — €% | log |z — €i|) = 0, where in the
last equality we used that a; > —1/2, j = 1,...,m. This implies that det Y extends to an
entire function. By condition (c) it holds that det Y (z) — 1 as z — oo. Thus by Liouville’s
theorem it follows that det Y'(z) = 1 for all z € C, and Y is invertible for all z € C\ C. Now
i,

suppose that there are two solutions Y and Y. Then for any C'\ {1, ..., e} condition

(b) implies that

YY) = Y-(2) ( L) > ( L >}7_1(z) — (P (),
(1.6.17)

and again by condition (d) the singularities of YY ! at the points €1, ..., e are removable.
Thus YY ! extends analytically to the entire complex plane and every entry is an entire
function, and since additionally by condition (c) it holds that YV (2)Y ~1(z) — I as z — oo,

Liouville’s theorem implies that Y(z) =Y (z) for all z € C\ C. O

We see that Y (2;n)21(0) = x2_; and Y (2;n)11(2) = X, ¢n(2) =t ®,(2), thus if we
know the asymptotics of Y, we know the asymptotics of ®,,, ¢, and x,,, from which we can
then compute the asymptotics of the Toeplitz and Toeplitz+Hankel determinants D, (f),
DIYER(R) k=1,...,4.

1.7 Outline

In Chapter [2] we prove new formulas for the asymptotics of Toeplitz and Toeplitz+Hankel
determinants with two conjugate pairs of merging singularities, using the Deift-Zhou steepest
descent method for Riemann-Hilbert problems for orthogonal polynomials. Those formulas
are stated in Theorems 27] 23] and [33] Chapter 2]is based on the Riemann-Hilbert analysis
carried out in the paper "The Classical Compact Groups and Gaussian Multiplicative
Chaos" |[FK21], which is joint work with Jon Keating.

In Chapter [3| we use the formulae stated and proven in Chapter [2| to prove Theorems
and which state that the convergence holds, i.e. that powers of the exponential
of the real and imaginary part of the logarithm of the characteristic polynomial of random
orthogonal and symplectic matrices converge to certain Gaussian multiplicative chaos
measures on the unit circle. Just like Chapter [2 Chapter [3]is based on the paper "The
Classical Compact Groups and Gaussian Multiplicative Chaos" |[FK21|, which is joint work
with Jon Keating.

In Chapter [@ we prove the asymptotic formulae for the moments of moments of random
orthogonal and symplectic matrices stated in Theorems |15 and As key technical input
we use Theorem [34] by Claeys et al. [CGMY22|, stated in Chapter [2, which gives a for-

mula for the asymptotics of Toeplitz+Hankel determinants with arbitrarily many merging
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Fisher-Hartwig singularities. Chapter [4]is based on the paper "Moments of moments of the
characteristic polynomials of random orthogonal and symplectic matrices" |[CFK23|, which

is joint work with Tom Claeys and Jon Keating.

In Chapter [ we prove Theorem [I0} which states that the logarithm of the characteristic
polynomial of unitary Brownian motion converges in a certain tensor product of Sobolev
spaces to a generalized Gaussian field whose real and imaginary parts are Gaussian free
fields on the cylinder. We also prove a Wick-type identity, stated in Proposition which
expresses expectations involving traces of products of random unitary and random Hermitian
matrices, in terms of expectations involving only traces of random unitary matrices. Chapter
is based on the paper "Convergence of the logarithm of the characteristic polynomial of

unitary Brownian motion in Sobolev space" [F'S22|, which is joint work with Isao Sauzedde.
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Chapter 2

Toeplitz, and Toeplitz+Hankel
determinants with Fisher-Hartwig
Singularities

In this chapter, based on the Riemann-Hilbert analysis in [FK21], which is joint work with
Jon Keating, we state formulae, and establish new ones, for the asymptotics of Toeplitz
and Toeplitz+Hankel determinants with Fisher-Hartwig singularities, which we will use
in our proofs of Theorems [48| and [50] in Chapter [3] and Theorems [58) and [59]in Chapter
The results we prove are for the asymptotics of Toeplitz and Toeplitz+Hankel determinants
with two conjugate pairs of merging singularities. They are related to those in [CK15]
and |[DIK11| and in our proof we employ the Deift-Zhou steepest descent method for

Riemann-Hilbert problems, in a way which is strongly influenced by these two papers.

2.1 Context and Statement of Results

Definition 21. ( [DIK11]) A function f : S* — C is called a symbol with a fized number

of Fisher-Hartwig singularities if it has the following form:

m
f2) = VOB ] |2 = 0., 5, (2)2; 7, z=¢®, 0e0,2r),  (2.1.1)
§=0
for some m =0,1,..., where
zi=e%, j=0,..,m, 0=0 <0 <..<6b,<?2m;
€™ 0<argz < 0;
() =47 = : 92.1.2
gZJMBj( ) {e_zﬂ-ﬁj 0] S argz < 27_‘_ ( )

§R04j > —1/2, ,Bj e C, 7=0,..,m,

and V (z) is analytic in a neighborhood of the unit circle. A point zj, j =1,...,m, is included

if and only if either ai; # 0 or §; # 0, while always zo = 1, even if ag = By = 0.
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Under these assumptions V' has a Laurent series, convergent in a neighborhood of the

unit circle,
1 2

V)= D W V=g i V(e)e*0qp, (2.1.3)
k=—00

and the function ¢ (®) allows the standard Wiener-Hopf decomposition:
eV (?) = by(2)bob—(2), by(z) = e2k=1 V’“Zk, by = €0, b_(z) = e Xm0 Vi, (2.1.4)

Note that a symbol f as in Definition [21] that is real on the unit circle and fulfills f(e?) =
f(e™®) is of the following form:

f(2) (2.1.5)

r+1
:eV(Z) H ‘Z _ ezej ’201]‘ |Z _ e—Zej ’2%961‘9]' 7[.3]_ (Z)gei(Qﬂ'—ej)’_Bj (Z)e—’tejﬁj 61(27'(—93')5]"
7=0

wherer € NU{0},0=0p <01 < .. <0, <O,p1=m,a; >—1/2,3; €iRforj=0,....,r+1,
and By = Br11 = 0, and where V(&) = V(e=%) such that Vi = V_y.

We recall the definition of the Toeplitz and Toeplitz+Hankel determinants we consider:

Dy(f) = det (f5-1)}3 L -
DEFA(f) 2= det (fj- + Fi)}pto
DIVH2(f) .= det (fj_p — fj+k+2)?7;io 7 (2.1.6)
DIVH3(f) .= det (f;—k — fj+k+1)?,;io ;
DEHA(F) = det (fj -k + fire1) o
where f € L'(S') and
1 2m o\ _ii
fi=g- f(e?)e=940. (2.1.7)
m™Jo

The following two theorems state the asymptotics of Toeplitz and Toeplitz-+Hankel
determinants with real-valued symbols, when the singularities are bounded away from each
other:

Theorem 22. (Ehrhardt [Ehr01)) Let f be as in Definition 21, with aj € R and f; € iR
for j=0,...,m, and V(S') C R, and let G denote the Barnes G-function. Let ¢ > 0, then
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as n — 0o, uniformly for min; p—o _m |2; — 2| > €:

1%aﬁwm%+ZMWﬁumm§3a—ﬁ>

k=0

f: (Z Vi > + (o + B;) (i szjk:>
)

2.1.
+ Z 2(8iBr — ajan) log |zj — zx| + (0 Bk — akﬁj)log “k (2.1.8)
0<j<k<m
. G+ o+ B)G( +aj — B)
—|—Zlog G(1+ 2ay)
+o(1).

Theorem 23. (Deift, Its, Krasovsky [DIK11]) Let f(z) be as in and let € > 0.

Then as n — oo, uniformly for minj y—o _ r41|2; — 2| > €:

DT—}—H,n(f) :enVOJr%((ozoJrar_H+S/+t/)VO—(onJrS/)V(l)f(ar_H+t/)V(—1)+22°:1 kaz)
n

-
Tbatoror s

w e~ ((Qots'+355 11 05) iy Bi+ X cnsr(@Be—onby))

% 2(1*sl—t’)n+q+2§:1(a?*ﬁ?)*%(a0+a7-+1+s’+t/)2+%(a0+0¢r+1+s’+tl)

« p3ladtely)taos tart' +357_, (aF-57)

% H |Zj _ Zk|—2(ajak—ﬁjﬂk)|zj _ Zk*l|—2(0éjak+ﬂj/3k) (2.1.9)
1<j<k<r
v H ]2 5J|1 (o +,3 )’1 ,|—2a]-(ao+s’)|1 + Zj|—2aj(ar+1+t’)

71.%(060+04r+1+5 +t' +1)G(1/2)
“ G 1+ ap+s)G(1+ appr +t)

Gl4+a;+6)G(1+ «a; — Bj)
H JG(1J+204J) ’ ’

(1+0(1)),

]:
where log z; = i0;, by (z;) "1 = (—a; + B;) Yoo,y sz and similarly for b_(z;), A =
Hao+as+s +1)+ 22:1 a; and

B , 1
DITHL(f) =det (fj_x + fj—&-k)zkio» withq=-2n+2, s =t = 5
1
DS+H’2(JC) —det (fj—k _ fj+k+2)?,;i0’ with ¢ = 0, =t = 3 (2.1.10)

DIFH3(f) =det (fi—i = Syt withq=-—n, =2, ¢=-

DA (f) =det (fiok + fianit)jplos  withg=—n, §'=—2, t'=

Remark 24. The asymptotics in Theorem and Theorem were not stated in (DIK11|
to hold uniformly when the singularities are bounded away from each other, but looking at

their proofs one can quickly see that this is the case.
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Theorem 2.6 and Lemma 2.7 in [DIK11] relate Toeplitz-+Hankel determinants to Toeplitz
determinants and monic orthogonal polynomials, which is how Theorem [23]is proved. This

relation can be stated as follows:

Lemma 25 (Deift, Its, Krasovsky). Let f be as in . Then for all n € N:

. 2 (14 ®3,(0))°
DIH(f(2)) = o (1) Bon (—1)
(1 + (I)Qn(o))

2
T+H2(£(,))2 — N1 — 22 L2
D1 =g iy oy D I = 2P+ 2P)

Dan(f(2)),

(2.1.11)

| 1 (14 @,(0))°
D;I;+H 3<f(z))2 _1(1)2”(1)(1)2“(_1)D2n (f(Z)|1 - Z|2) ’
2
D;];—Q—HA(f(Z))Q 1 (1 + (I)QTL(O)) Do, (f(z)|]_ + Z|2) y

T4 D0, (1) D20 (—1)

where ®,(z) = 2" + ... are the monic orthogonal polynomials w.r.t. the symbols on the RHS,
ie. f(2), FR)L =21+ 2%, f(2)[1 = 2] and f(2)]1 + 2|,

We will use Lemma [25] in Section [2.5] to prove our results on the asymptotics of
Toeplitz+Hankel determinants with merging singularities, stated in Theorems and
B3] below, using our results on the asymptotics of Toeplitz determinants with merging
singularities, stated in Theorems and below. In those theorems we consider the
following class of symbols: let € € (0,7/2) and define

5
5 — 3. .
Ipt(2) i=e"(9) ;225=0 05 H |z — zj|2ajgzj”3j (2)z; BJ, z=¢e% 0el0,2n), (2.1.12)
j=0
2
=¥z = 12%0)z 4112 [ |2 = 22|z — 5% g2, 5, (2)95,-5,(2)7; 5™,
j=1
where
o zo=1,21 =P, 25 = P 2y = —1, 2y =75 = lCTP), 5 = 77 = IOTPH),

with p € (e,m —¢€), 0 <t <e,
e a; € (—1/2,00) for 5 =0,...,5, and oy = a5, az = oy,
® fo=pP3=0, b1 =—0F5 €iR, fo = —f4 €R,
e V(2) is real-valued on the unit circle, and satisfies V' (e?) = V(e=).

To state our results on the uniform asymptotics of D,,(fp:) and Dr JrH’“( fp,t) we further
need the following theorem (not in its most general form) from |[CK15|, which describes the

relevant Painlevé transcendents:

Theorem 26. (Claeys, Krasovsky) Let oy, o, aq + g > —%, 51, B2 € iR and consider the

o-form of the Painleve V equation
s202, = (0 — 805+ 202)* — 4(05 — 01) (05 — 02)(0s — 03)(0s — O4), (2.1.13)
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where the parameters 01, 02,03,04 are given by

+ +
91:—0424—61 52’ 9 :a2+61262,

) 52 0, — g _ PLE B
2 1= 2

Then there exists a solution o(s) to which is real and free of poles for s € —iRy,

and which has the following asymptotic behavior along the negative imaginary axis:

(B1+ B2)?
2

(2.1.14)
05 =a

o(s) =2a109 — +0O(Js|%), s— —i0,,

o(s) _b ;628 _ G _2/82)2 +0(|s|7%), s — —ioo,

(2.1.15)

for some § > 0.

Our result on the uniform asymptotics of Dy, (f,¢) is then the following:

Theorem 27. Let f,; be as in with ay+ag > —1/2, and let o satisfy the conditions
of Theorem . Then we have the following large n asymptotics, uniformly for p € (e,m — ¢€)

and 0 < t < tg, for a sufficiently small ty € (0,¢€):

5
log Dy, (fp,t) =2int(1 — P2) + nVp + Zka + log(n Z a - 6]2
k=1 7=0

5 00
- Z(O‘j - Bj) (Z szf) (aj + 5;) (Z ViZzj )
k=1

=0

z

Y 288 — ajan)loglz — 2l + (0 — an) log

0<j<k<5 /
(4,k)#(1,2),(4,5)

+ 4dit(o1 2 — a2 31)

—2Zint 1 1 sint
+ 2/ B (U(S) — 20100 + 5(51 + 52)2> ds +4 (152 — 1) 108; —
0
G(l + a0)2 G(l + 053)2
log —— " "0/ TAS TS
Tl G 200) T G+ 20n)
G(l+a +as+ 1+ £2)2G(1 + a1 + az — B1 — B2)?
I 2.1.1
log G(14 201 + 2a)? ( 6)
+o(1),

b =i(0, — 0 — ).

Our result on the uniform asymptotics of DT+H”( fot), £ =1,...,4, is the following,

where we use the same notation as in Theorem 23t
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Theorem 28. Let f,; be as in with a1 + ag > —1/2, and let o satisfy the
conditions of Theorem . For D7F‘C+H’”(fp7t) we get, as n — 0o, uniformly in p € (e, — €)
and 0 < t < tg, for a sufficiently small ty € (0,¢€):

D5+H7H(fp,t) :e2int(51 7,82)+nV0+%((ao+a3+s’+t’)Vof(ozoJrs’)V(l)f(a3+t’)V(71)+ZZ°:1 kaQ)
2
[T b+ (z) % P (z5) 0 emim(aots T a5) iy By
7j=1

% 2(1—3’—t’)n+q+2?:1(a?—,@f)—%(a0+a3+s’+t’)2+%(a0+a3+s’+t’)
L2402 2 2_32
x palaotaz)taos’tast'+3 5, (o —57) (2.1.17)

—2(a1a2—F162)

sint 2 Sinp|*2(a1a2+ﬁ1ﬁ2)6f074mt L(o(s)—2010245 (B1+B2)?) ds

2 -
« TT 22901 - 22 @41 — gy 2aeats) |y 4 g ) -2es(oste)
Jj=1

W%(ao+a3+s'+t'+l)G(1/2)2
x Gl+ao+s)G(1+asz+1)
« G(l+ o1 +ag+ 1+ B2)G(L+ a1+ az — B — Bo)
G(1+ 201 + 2a2)

(14 o0(1)).

Remark 29. One can probably get similar results if more generally one chooses complex
aj, B with R(ay) > —1/2, but to prove Theorem[{§ in Chapter[3, which was the original

motivation for computing the asymptotics in Theorem [28, this is not necessary.

Remark 30. The requirements p € (e,m — €), to € (0,€) are necessary for us to be able
to apply the proof techniques in [CK15]. The results there only hold for two merging
singularities, while if p — 0,7 we have 5 singularities merging at 1, and if t — € we can

have p £t — 0,7 which means 3 singularities are merging at £1.

Remark 31. Comparing the uniform asymptotics of Dyp(fpt) in Theorem with the non-
uniform asymptotics one gets from Theorem[23, one can see that the different expansions

are related in the following way:

2

G(l+a; +B)GA+a; —55) .
Q;IOg G(l T 2aj) - 2171'(04162 - OéQﬁl) + O(l)non—umform
. —2int 1 1 ) 1
=2int(B — PB2) + 2/ - <a(s) — 20100 + =(B1 + B2) > ds + 4(51 52 — a1az) log —
0 S 2 2nt
+ 9lg G(l+ar+as+ f1+ P2)G(l+ a1 + as — B1 — P2) + (L) form- (2.1.18)

G(1+ 201 + 2a2)

This is exactly the same relationship as the one between the non-uniform and uniform
expansions of Dy (ft) in [CK15] (see their (1.8), (1.24) and (1.26)).

Remark 32. The relationship between the uniform asymptotics of DZ+H"€(fp,t) in Theorem

and the non-uniform asymptotics one gets from Theorem[23 is given by , with
both sides divided by 2, and n replaced by 2n. This is because the uniform asymptotics of
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Dg+H’“(fp,t) are related to the uniform asymptotics of Dgn(fp’t)l/Q (with added singularities
at +1) and ®,(+1)'/2, @,,(0), by Lemma . As will be argued in Section the asymptotics
of ®on(£1), computed as in (DIK11] are unaffected by the merging of singularities away from
+1, and ®2,(0) = o(1) both when singularities merge or not. Thus only the asymptotics of

Dgn(fp7t)1/2 are different in the merging and non-merging regime, and their relationship is

given by with both sides divided by 2, and n replaced by 2n.

Our last results corresponds to Theorem 1.11 in |[CK15|. It extends Theorem [22| for the
symbol f,;, and Theorem [23|in the case r = 2:

Theorem 33. Let w(x) be a positive, smooth function for x sufficiently large, s.t.
w(x) = o0, w(x)=o0(x), asz— 0. (2.1.19)

Then for any to € (0,€) the expansion of Dy(fp+) one gets from Theorem holds uniformly
inp € (e,m —€) and w(n)/n <t < to. Forr = 2, the expansion of Theorem [23 holds
uniformly in 61,60 € (e,m — €) for which w(n)/n < |61 — 62].

Finally, we state the following result which gives asymptotics of Toeplitz-+Hankel
determinants which hold uniformly for arbitrarily many merging singularities, but only up

to a multiplicative constant:

Theorem 34. (Claeys, Glesner, Minakov, Yang [CGMY22]) Let f be as in with
reN, oo =041 =0andaj >0, j=1,...r. Then we have uniformly over the entire

region 0 < 01 < ... < 0, <m, asn — o0,

! 2_32 1 ajia?iﬁj
Dg*H’l(f) —Fe™Vo H n®%h; (sin 0; + ) x O
j=1 "
4 2_ g2 1\ %5
DIH(f) =Fem'o H n® P (sin6; + n) x e, (2.1.20)
j=1

j=1

D£+H’3(f) =FenVo H n® =5 <sin 0

)_aj_ai_ﬁjg (cos ] + 1>aj—a§—ﬂ? % 0)
2 n ’

T a—aQ—ﬁ2 —a~—a2.—182.
0. 1 J j j 0 1 J j j
DT{*HA(f) =FeVo H n®% 7 ( sin Ej + - <cos 2+ ) x P,

, 2 n

7j=1
where

0. — 0 1\ —2(ejan—>5;Bk) 0. 10 1\ ~2(ejan+5;b)
F = H <sin g7k +> (Sin O3+ Ok ) .
, n n
1<j<k<r
(2.1.21)

Here ¢©M) denotes a function which is uniformly bounded and bounded away from 0 as
n — oo.
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2.2 Riemann-Hilbert Problem for a System of Orthogonal
Polynomials and a Differential Identity

In this section and and the following Sections and we prove Theorems
and by following the Riemann-Hilbert analysis of [CK15|.

2.2.1 RHP for Orthogonal Polynomials

Let f,: be as in (2.1.12)). We recall that by the Heine-Szeg6 identity, and since f,; > 0
except at 2, ..., 25, it holds that D, (fp:) € (0,00) for all n € N. Thus we can define the

polynomials ¢, (2) = dn(2;p,t), n(2) = dn(z;p,t), by

fp,t,O fp,t,—l cee fp,t,—n
1 fp’tzl fpzt’o cet fpztvin+1
On(z) = . ) = Xn2" + ...,
VDOn(lp) Dosr(Fy) Iotn—1 fptm—2 o fpt-1
1 z . " (2.2.1)
fp,t,O fp,t,—l cee fp,t,—n—i—l 1
an(z) _ 1 fp,t,l fp,t,O s fp, ,—n+2 — ann + ..,
VD fp,))Drg1(fpe) | .
Iotm  Jptn—1 o fpt1 2"
where the leading coefficient y,, is given by
Dn(fp t)
=y =—. 2.2.2
X\ Daa (o) (222)
The above polynomials satisfy the orthogonality relations
1 _ ; _
% ¢n( 19) szf ( 19)d0 :anénka
) (2.2.3)
% ¢n( 719)eik0fp7t(ei0)d0 :qulénka

for £ = 0,1, ...,n, which implies that they are orthonormal w.r.t. the weight f,;.

Let C denote the unit circle, oriented counterclockwise. By Theorem [20]it holds that
the matrix-valued function Y (z) = Y (z;n,p,t) given by

_ én(§) fp.
Y(Z) _ Xn1¢n(z) lfC &= z) 2:”5" (224>
121 () —xn flf Sl a0

is the unique solution to the following Riemann-Hilbert problem:

RH problem for Y

(a) Y :C\ C — C**? is analytic.
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(b) The continuous boundary values of Y from inside the unit circle, denoted Y7, and from

outside, denoted Y_, exist on C'\ {zp, ..., 25}, and are related by the jump condition

Yi(z) = Y (2) ( b ) )  2eC\ {2000 25}, (2.2.5)

—n

(©) Y(2) = (I +0(1/2)) (

, as z — 00.
z

(d) As z = 2z, 2€ C\ C, k=0,...,5, we have

[ 01Q) O1)+ O]z — zg|*) .
Y() = ( 0(1) O(1) + O]z — =[2) > oy 70, (226)
and
([ 0(1) O(loglz — zkl) . _
Y(z) = ( O(1) Oflos |z — 2|) ) , ifo=0. (2.2.7)

We see that Y (z;n,p,t)21(0) = x2_; and Y (2;n,p,t)11(2) = X, *én(2) = ®,,(2), thus if
we know the asymptotics of Y, we know the asymptotics of @,,, ¢, and x,,.

2.2.2 Differential Identity

The Fourier coefficients are differentiable in ¢, thus log D,,(f,¢) is differentiable in ¢ for all
p € (e,m —¢€) and n € N. We calculate:

. 2 _ _ 20[1
9 log )z (0] R 9 log |2 sin b==t)
ot ot 2 (2.2.8)
I A V) B -
=1 CO 5 =i popr
Similarly we obtain
8 . 202 z _|_ ei(p+t)
i _ pilptt) S L
5 log}z e 2
a . o 20&4 z _|_ ei(zﬂ_(p""t))
il _ pi2m—(p+1)) — _ 2.2.9
5 log|z—e za4Z D) ( )
a . 20 z _|_ 6i(27r—(p—t))
e _i(2n—(p—t) R LI
ot %8 ‘Z ¢ s i (0
Therefore we get
0f(z) . z 4 2
5 —if(2) > ot B
k=1,2,4,5
. 204ka
=if(2) k:§4 5% (Oék B+ — zk> (2.2.10)
. 202
—if) Y w (m 42 _’“j)
k=1,2,4,5 k
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where qx = 1 for k = 1,4 and ¢ = —1 for £k = 2,5. In the last line we used that

Zk:1,2,4,5 qra = 0.

Set Y (z) = Y (2) in a neighborhood of z if oy, > 0. If oy, < 0 the second column of
Y has a term of order (z — 2;,)%*, which explodes as z — z,. We set ffjl =Yj,7=12,
ffjg =Yjo —cj(z — 2;)?“ in a neighborhood of zj, with c; such that Y is bounded in that
neighborhood. Then we have

Proposition 35. Letn € N and ag # 0 for k =1,2,4,5. Then the following differential
identity holds:

d dy !
%%logDn(fp,t) = Z qk <n5k — 2ap2p ( i Y) ’ (Zk)> ; (2.2.11)

k=1,2,45

with qi as above and (d};;l % )22 (2) = lim,_,,, (dyd—z_lY> ” (z) with z — z, non-tangentially

to the unit circle.

Proof: The proof for ap # 0, k = 1,2,4,5 works exactly like the proof of Proposition
2.1 in |[CK15]. We have to modify their (2.16), which we replace with our (2.2.10). The

singularities at &1 are independent of p and ¢ and thus always stay within f}, ;. O

Remark 36. As in Remark 2.2 in [CK15] one can also get a differential identity for
log Dy, (fp,t) in the case where ay, =0 for some k € {1,2,4,5}, by letting those ay’s go to
zero in , which is continuous in oy on both sides.

2.3 Aymptotics of the Orthogonal Polynomials

2.3.1 Normalization of the RHP

Set

z7" 0
Y(z) , el > 1,
T(z) = 0 2" (2.3.1)
Y(2), |z| < 1.
Then by the RH conditions for Y, we obtain the following RH condition for 7"

RH problem for T
(a) T:C\ C — C?*2 is analytic.

(b) The continuous boundary values of T" from the inside, 7', and from outside, T, of

the unit circle exist on C'\ {20, ..., 25}, and are related by the jump condition

z

T\ (2) = T_(2) ( AR ) 2 e O\ {20, s 25} (2.3.2)

(c) T(z)=1+0(1/z), asz— 0.
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(d) Asz =z, 2€ C\ C, k=0,...,5, we have

_( 0() O(1)+0(|z = z|*) .
T(z) = ( o) o) +0(|Z_Z:’2ak) ) . if g #0, (2.3.3)

and

_( 0(1) O(log|z — z) oo
T(z) = < 0(1) O(log |z — ) >, if g = 0. (2.3.4)

2.3.2 Opening of the Lens

Define the Szeg6 function

D(z)zexp( ! /de>, (2.3.5)

% C é_ —z
which is analytic inside and outside of C' and satisfies
Di(2) = D_(2)fpu(2), 2 €C\ {20, 25 (2.3.6)

We have (see (4.9)-(4.10) in |[DIK11]):

D(Z) = e2«0 Vi% H < zkem > =: Din,p,t(z)7 |Z| <1, (237)
k=0
and
oy (2 — e\ TP
D(z) =em 2= [] < ) = Doutp(2), |2 >1, (2.3.8)
z
k=0
and thus
- J > Z— Zk =Bk
Dout,p,t(?«')_1 = GZ*(’O Viz H ( ) . (239)
k=0 o

The branch of (z — z;,)®%8* is fixed by the condition that arg(z — z;) = 27 on the line
going from z; to the right parallel to the real axis, and the branch cut is the line 8 = 6;,

going from z = zj, = €' to infinity. For any k, the branch cut of the root 2® % is the line
0 = 0y from z = 0 to infinity, and 0y < argz < 0 + 27. By (2.3.6) we have that

fp,t(ew) = Din,p,t(ew)Dout,p,t(ew)_la (2.3.10)

and this function extends analytically to a neighborhood S of the unit circle with the 6

branch cuts z;RT NS, k =0, ...5, which we orient away from zero. Then we obtain for the
jumps of fj, :
fpﬂf-&-(z) :fp,t— (2)627”‘(&].76”’ on zj (O’ 1) ns,

. (2.3.11)
Fpr(2) =fpa—(2)e7 2O on 2i(1,00) NS,
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5,0ut

Figure 2.1: The jump contour Xg of S.

We factorize the jump matrix of T" as follows:

(5 40) (oot D)t 4°) Condon 1)

We then fix a lens-shaped region as in Figure and define

T(z), outside the lenses
1 0
T(z) B . , in the parts of the lenses outside the unit circle,
S(z) = 27" fpi(2) 1
1 0 _ o o
T(z) . , in the parts of the lenses inside the unit circle.
—2" fpi(2) 1
(2.3.13)
The following RH conditions for S can be verified directly:
RH problem for S
(a) S:C\ Xg — C**? is analytic.
(b) S+(2) = 5_(2)Js(z) for z € ¥g \ {0, ..., 25}, where Jg is given by
1 0
_n 1 ) on 20,out U 2270ut U 23,0ut U 25,0ut7
27" fp(2) 1
0
Foul )_1 fp’g(z) > , on XgUXoUXsUs,
- pHVE (2.3.14)

on 207' U 22?‘ U 23" U 257'
anpﬂg(Z)il 1 in in in ins

2" fpu(z)

0 z "

Js(z) = 1 0 )

, on Y1 UXy4.
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(c) S(2) =1+0(1/z), asz— oo.

(d) As z — z from outside the lenses, k = 0, ..., 5, we have

_ [ 0(1) 0)+0O(]z — z|>**) :
and
_(01) O(log|z — zl) oo —
S(z) = ( O() Ollog — ] ) f oy = 0. (2.3.16)

The behaviour of S(z) as z — z; from the other regions is obtained from these

expressions by application of the appropriate jump conditions.
Fix 61,2 > 0 such that the discs
Upp = {z: |z —%1| <81}, Us:={z:]z—e?| <&} (2.3.17)

are disjoint for any p € (e, m—e). Let tg € (0, €) such that e’P*t) € U, and /7= #+) ¢ _
for one and hence for all p € (¢,m — €). Then one observes that on the inner and out jump
contours and outside of Uy UU_1 UU UU_ the jump matrix Jg(z) converges to the identity

matrix as n — oo, uniformly in z, t < ¢ty and p € (e, 7 — €).

2.3.3 Global Parametrix

Dimp?t(?:) 0 0 1 |Z| <1
N() 0 Din,%t(z)il -1 0 ’ 7
z) =

0 -Dout,p,t(z)_1

Define the function

(2.3.18)

One can easily verify that IV satisfies the following RH conditions:

RH problem for N

(a) N:C\ C — C?*? is analytic.

(b) Ni(2) = N_(z) < s t(zz)_l fp’6<z) ) for z € C'\ {70, ..., 25}

(¢c) N(z)=1+0(1/z) as z — oc.
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2.3.4 Local Parametrix near +1

The local parametrix near +1 are constructed in exactly the same way as in [DIK11]. We

are looking for a solution of the following RHP:

RH problem for Py(z)
(a) Pi1:Usr\ Bg — C?*2 is analytic.
(b) Pi1(2)+ = Pr1(2)-Js(z) for z € Uy N Xs.
(c) As z — %1, S(2)Pr1(2)"t = O(1).

(d) Py satisfies the matching condition Py1(2)N~1(2) = I + o(1) as n — oo, uniformly
inzedUysy,p€(e,m—e€)and 0 <t < tp.

Py, is given by (4.15), (4.23), (4.24), (4.47)-(4.50) in |[DIK11] and one can see from
their construction that when all the other singularities are bounded away from +1, then the
matching condition is uniform in the location of the other singularities, i.e. holds uniformly
inpe(e,m—e)and 0 <t < tp.

2.3.5 0<t<w(n)/n. Local Parametrices near ¢*?
Let w(x) be a positive, smooth function for z sufficiently large, s.t.

w(x) = o0, w(x)=o0(x), asz— oco. (2.3.19)

For 0 <t <1/nand 1/n <t <w(n)/n we will construct local parametrices in Uy which
satisfy the same jump and growth conditions as S inside Uy, and which match with the
global parametrix N on the boundaries QUL for large n. To be precise, we will construct

P, satisfying the following conditions:

RH problem for P.(z)
(a) Py :Ug\ Xg — C*>*? is analytic.
(b) Pi(2)4 = Pi(z)-Jg(z) for z € Ux N Xg.
(¢c) As n — oo, we have
Pi(2)N7Y2) = (I +0(1)), =z€ Uy, (2.3.20)
uniformly for p € (e,7m —€) and 0 < ¢ < to.

(d) As z = 2, S(2)P(2)"1 = O(1), k = 1,2 for + and k = 4,5 for —.
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2.3.5.1 RH problem for &
Define

1, -1 <9<,
(I)-l-(Cv 5) :\I’+(C, 3) em(a2_ﬁ2)a3u %C > 17
emilon—Bos §¢ < 1,
(2.3.21)
1, -1 <9<,

d_(¢,8) =V, ((,s) ] emilantBos g > 1,
e~ mileatFa)os e < 1,

where W, (¢, s) equals U((, s), defined in Appendix [2.A] and ¥_((, s) equals ¥ (¢, s) with
(a1, a2, B1, B2) in the appendix changed to (au, s, B4, B5) = (a2, a1, —B2, —p1). The RH
conditions for ® follow directly from the RHP for W.

(47) (0 1)

eTi(oa—B2)os eTi(az+B2)o3

Y
Y

Y

emi(a1—p1)os > emi(a1+pB1)os

1 0 11
-1 1 0 1
Figure 2.2: The jump contour ¥ and the jump matrices for &,. P_ has the same

jump contour, while the jump matrices of ®_ are given by replacing (a1, oz, 81, f2) with
(a2, a1, — P2, —1) in the jump matrices of .
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RH Problem for &

(a) @4 :C\ X — C?*2 is analytic, where

3 =i =Ry, Si=—i—Ry, 5= —i+e TRy,
Se=—i+eiRy, S = —i+ Ry, S =i+ Ry, (2.3.22)

29 :[_Za Z]v
with the orientation chosen as in Figure [2.2] ("-" is always on the RHS of the contour).

(b) @ satisfies the jump conditions

Py(Q)+ =Py(C)-Vi, (€ g, (2.3.23)

11 1 0

Vs —eTi(az—P2)o3

where

)

1 -1 11
(1), as(B1) e

V7 :eﬂi(ocg +B2)03

9

0 1
we(5)

The jump conditions of ®_ are given by replacing («, ag, 51, B2) with (a9, a1, — B2, —51)

in the jump matrices of & .

(c) We have in all regions:

v v 5 (0o _is
®4(0) = <I+ ?1 + ;’2 + 0(4_3)) PPI(0)em 69, as ¢ = oo, (2.3.25)
where
L, 1< <1,
p£M)(C7 S) :Pioo) (C7 S) eﬂi(azfﬁg)ﬂg’ %C > 1’
6—7ri(oe1—,31)03’ 3¢ < —1,
(2.3.26)
L, ~1<S <1,
f’EOO)(C’ s) :P-g-OO)(C’ s) eﬂ'i(0q+ﬁ1)0’3’ 3¢ > 1,
6—7ri(oc2+,32)a3’ 3¢ < —1,
with
(c0) i\ ~(Bitb2)os . .
P(Cs) = <2> (¢ — )73 (¢ + i) P,
(2.3.27)

is (B1+B2)o3
> (g _ Z')ﬁlds (C + i)'BQUS,

P, s) = (2

with the branches corresponding to the arguments between 0 and 27, and where

S € —iR+.
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(d) @4 has singular behaviour near ¢ which is inherited from W. The precise conditions

follow from ([2.3.21)), (2.A.6)), (2.A.8)), (2.A.10) and (2.A.12]).

2.3.5.2 0 <t <w(n)/n. Construction of a Local Parametrix near ¢*? in terms
of (I)i

We choose Py as in (7.21) in [CK15], i.e.

1
Pi(2) = Be(2)®s (G9) Wel2), (= log—r, s = —2int, (2.3.28)
e
e where Slog takes values in (—o,0) for some o > 0,
e where F1 is an analytic matrix-valued function in Ui,

e and where W is given by

n o3
—z293 z) 20 for |z| < 1
Wi(Z _ s fp,t(% 3 | | y
227 f4(2)2 oy, for |z| > 1,

01 1 0
”1:<1 0)’ ”3:<0 —1)‘

The singularities z = ¢! for + and z = @™ F)) for — correspond to the values

¢ = +i. The jumps of W4 follow from (2.3.11)):

(2.3.29)

N (S T S

Wi(z)+ :Wi(z)_e_m(o‘j_ﬁj)%, z € 2j(0,1),
Wy (2)y =Wa(z)_ et 5 e 2i(1, 00).

(2.3.30)

Choose g such that %log (Efngi) C X U IR, where Y is the contour of the RHP for

®,, as shown in Figure Inside Uy the combinded jumps of W(z) and & are the same
as the jumps of S:

Pi(2); =E4(2)0y(2)_e™ =P, (2) e ™67 = P(2) | 2 ¢€ 2/(0,1),
Py(2)y =E4(2)0y(2)_e™@HPos W, (2) _em@it8)os = py(z) | 2 € 2(1,00),

_ 0 fpt(2) _
—P:I:(Z)— < —f;tl (Z) 0 , 2€X,NUL,k=0,2,3,5, (2331)

Pete) =Baia()- (5 1 )wee (b )

,t

=Py (z)_ ( 2 fpal() ) L 2 e NUy, k=1,4,

0 2z "
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and

P(e) =Ea2va() (1 ] ) et

1 0
=Py (z)- < S ha(2) ! 1 ) , 2€ XL NUL,k=0,2,3,5,

(2.3.32)
P(e)e =Ea(20a(:)- (o 1 ) Wae)

1 0
=Py (2)_ ( e 1 > 2 € ShouwNUs, k=0,2,3,5.

By the condition (d) of the RHP for S, the singular behaviour of W near z, k =1,2,4,5
and condition (d) of the RHP for @, the singularities of S(z)Px(z)~! at 21, 29 for +, and

at z4, z5 for —, are removable.

What remains is to choose F such that the matching condition (c) of Py holds. Define
Ei(2) = 01(Dinpt(2) Dout pt (2)) " 27eF#373 PV (¢ 6) 7, (2.3.33)

From ([2.3.7) and (2.3.8) one quickly sees that the branch cuts and singularities of
(Dm’m(z)Dout’pyt(z))_%”?’ cancel out with those of lf’ioo)(z)_l7 so that E is analytic in U4.
In exactly the same way as in the proof of Proposition 7.1 in |[CK15| one can now see that

the matching condition (c) is satisfied, i.e. we get:
Proposition 37. Asn — oo we have

Pi(2)N(2) ' =(I +0(n™ YY), (2.3.34)
uniformly for z € OUL, p € (e,m —€) and 0 < t < ty with ty sufficiently small.

Proof: Consider first the case where ¢y < nt < Cy, with some cg > 0 small and some
Co > 0 large, which will be fixed below. Then |(| = |%log —£| > on for z € UL, and
s = —2int remains bounded and bounded away from zero. Thus by (2.3.21)), (2.3.28) and

AT, as n — o

— — ~ (0o z —503 _
P(:)N(2)"L = BL(2)(I + O~ ) P(C, ) (eTp) P WLIN()L, 2 e dUy.
(2.3.35)
Since the RHP for ¥ is solvable for ¢y < nt < Cp, general properties of Painlevé RHPs

imply that the error term is valid uniformly for ¢y < nt < Cp. By (2.3.18]) and (2.3.29) we
obtain

2 EWL(2)N (2) ™" = (Dinpt(2) Dout pi(2))2% 01, 2 € Us. (2.3.36)

Thus we have
Pi(2)N(2) ' = E<(2)(I + (O(n ) Ex(2) !, (2.3.37)

and since one can quickly see that Ey(z) is bounded uniformly for z € U4, p € (e, 7 — €)
and ¢y < nt < Cy, we get that (2.3.34) holds uniformly z € dUL, p € (¢,m7 — €) and
Co <nt< C().
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E2,out

23,out
Figure 2.3: The jump contour ¥ of R.

Now consider the case Cp < nt < w(n). In this case we cannot use the expansion (2.A.4))

since the argument s of ¥y is not bounded. Instead we need to use the large |s| = 2nt

asymptotics for ¥, which were computed in |[CK15|[Section 5|. As is apparent from their
(7.30) - (7.33), we have for C sufficiently large

Pi(2)N(2) ' =T+ (0(n™Y), n—oo, z€dUs, (2.3.38)

uniformly for Cy/n <t < tg, z € U4 and p € (e,m — €).
If nt < c¢p, we can use the small |s| asymptotics for ¥((;s) for large values of { =
1log —£, as calculated in Section 6 of [CK15]. From their (7.34) and (7.35) we see that

Pi(2)N(z) =T+ (O®™), n—oo, =z€dUs, (2.3.39)
uniformly for 0 <t < Cy/n, z € U4 and p € (e,m — €). O
2.3.5.3 0<t<w(n)/n. Final Transformation

Define

S(z)N7Yz) 2€Ux\Xs, Uy :=C)\ local parametrices,
R(z) = { S(z)Pi'(2), z€Us\Zs, (2.3.40)
S(2)PLl(2), z€ U1\ Xs.

Then R solves the following RHP:
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RH problem for R

(a) R:C\ X — C?*? is analytic, where ¥y is shown in Figure

(b) R(z) has the following jumps:

1 0 . o
R =R NG () VET 2 € S 0235
_ 1 0 -1 o
R+(Z) 7R—(Z)N(Z) < fp,t(z)_lzn 1 >N(Z) I Zez],znv] *0727375a
Ri(2) = R_(2)Ps(2)N(2)"!, =z € OUx \ intersection points, (2.3.41)
R (2) = R_(2)Py1(2)N(2)™', 2z € dUy \ intersection points.

(c) R(z) =1+ 0(1/z) as z — 0.
One quickly sees that uniformly in z € ¥ ot U X, \ Uso we have
R (2) = R_(2)(I + O(e°")) (2.3.42)
for some § > 0 and uniformly in p € (e,7m —€), 0 < t < t9. By Proposition |37 we have that
R.(2) = R_(2)Pi(2)N(2)"' = R_(2)(I + O(n™1)), (2.3.43)

uniformly for z € UL, p € (e,m —€) and 0 < t < tg. Because of the matching condition
(d) of P11 we have

Ry (2) = R_(2)Piy(2)N(2) "' = R_(2)(I + O(n" 1)), (2.3.44)

uniformly for z € OU41, p € (e,m —€) and 0 < t < 1.

We see that we have a normalized RHP with small jumps, which by the standard theory
on RHP implies that

dR(z)
dz

R(z) =T+ 0(n™1), =0(n™h, (2.3.45)

as n — oo, uniformly for z off the jump contour and uniformly in p € (e,7 —¢€), 0 < t < to.

2.3.6 w(n)/n <t <ty. Local Parametrices near e¢*”

We now transfer the construction from Section 7.5 in |[CK15| to our setting in a completely
straightforward manner. Although the parametrices P+ from the previous section are valid
for the whole region 0 < t < ty we need to construct more explicit parametrices for the case
w(n)/n <t <ty to get a simpler large n expansion for Y, which is needed for the analysis

in the next section.
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In the case w(n)/n <t <ty (= %log —£ 1s not necessarily large on U... But we can

construct a large s = —int expansion for Y, as |s| = nt is large.

We modify the S-RHP by now also opening up lenses around the arcs (p —¢,p+t) and
(2m —p—t,2m — p+1), i.e. we choose the contour Xg as in Figure

E0,0m&

Z]5,out

Figure 2.4: The modified jump contour Xg of S in the case w(n)/n < t < ty. The difference
compared to Figure is that here there are also lenses around the arcs (p — ¢, p +t) and
2r—p—t,2n —p+1t).

The points zg = 1, z3 = —1 we surround with disks U, U_1, small enough such for all
pe(e,m—e€) and w(n)/n < t <ty they are disjoint with the neighborhoods Uy, Us, Uy, Us
defined in the next paragraph, and we take the same local parametrices Pyj in Uy, U_; as

in Section

Let U1,Us be small non-intersecting disks around =+, those are the same neighbor-
hoods as in Section 5 of [CK15]. We surround the points z; = €/P~%), 2 = P+ by
small neighborhoods Uy, Us, with U; being the image of U, under the inverse of the map
(= %log %, and Us being the image of ; under the same map. Similarly we surround
z4 = /™= (P+1) Ly a small neighborhood Uy, which is the image of Uy under the inverse of
the map ( = %log Z, and z5 = ¢! (2m=(r=1)) we surround by Us which is the image of Uy

under the same map. Since the disks U, Us are fixed in the (-plane, the neighborhoods

1;{1,2/72,2;{4,1;{5 contract in the z-plane if ¢t decreases with n.
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As global parametrix outside these neighborhoods we choose N(z) as in the previous

section. For k = 1,2,4,5 we choose the local parametrices in Uy, as follows:

Pi(2) =Br(:) M@ (t(((2) + AW (), €= flog =,
Pa(2) =Ea(2) M) (nt(G(2) = D)W (2), ¢ = 7log =,
) i . (2.3.46)
Po(2) =Ba(2) M50 (ut(C(=) + ) () W-(2), ¢ = 7log—,
Py(2) =B () M) (nt((2) — )5 ()W -(2), ¢ =7 log
where
E(2) = 01 (Dinpt(2) Dout e (2)) 7% Qu(2) (it ( £ 1)) 6732 27, (2.3.47)

with + for k = 1,4 and — for k = 2,5, where M (@) ()\) is given in Appendix with
o = oy, 8 = Bk, where

Q(z) = {Zit;ﬁi;; zg i 1 , (2.3.48)
and where W4 (z) is given in (2.3.29).
By (2.3.18) and ([2.3.29)) we obtain

2 3BWL(2)N(2) "L = (Dinpt(2)Doutps(2))2% 01, 2z € Us. (2.3.49)

Using the large argument expansion (2.B.2)) for M(1:81) (nt(¢ +14)) for z € OUy, we see that

- M (a1,81)

Pl(Z)N(Z)_l :El(z) (I + m + (9((nt)_2>

< ¢+ (o) T WA EN ()T
M (ea,B1)

:El(z) (I + m

+ (’)((nt)_2> (2.3.50)

X (nt(g + Z'))*B103Z1%‘7391(2) (Din,p,t(z)Dout,p,t(Z))%(73 o1
=FE1(2) (I +0((nt)™")) Ex(2) ™"
= +0((nt)™)),

uniformly in z € OUy, p € (e, — €) and w(n)/n < t < tg, since E(z) is uniformly bounded
for w(n)/n <t <tg, p € (e,m —€) and z € U;. Similarly one obtains that for k = 2,4,5

Py(z)N(2) ™t = (I+0((nt)™)), (2.3.51)

uniformly in z € OUy, p € (e, — €) and w(n)/n < t < t.
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Choose Y g such that %log (E—f) - (ei%]R UiR U ]R) in Uy,. Then one can easily verify,
as in , that Py, has the same jumps as S in Uy, so that S(z)P;(z)~" is meromorphic
in Uy, with at most an isolated singulary at zj. The singular behaviour of S and W4 near
2k, and of M(@:Bk) near 0 (given in (2.B.4) and (2.B.8)), imply that S(z)fj’lgl(z) is bounded
at zj, which shows that that Py is a parametrix for S in U, with the matching condition
(2.3.50) with N(z) at dUy.

2.3.6.1 w(n)/n <t <typ. Final Transformation

E2,out

E(),out

U_1 Uy

E5,out

E3,out

Figure 2.5: The jump contour X5 of R in the case w(n)/n < t < to.

We transfer Section 7.5.1 in [CK15| to our case. Figure shows the contour chosen for
the RHP of R, which we define as follows:

S(2)Pp(2)"Y,  zel,
R(z) ={ S(2)P11(2)7t, 2z € U4y, - (2.3.52)
S(2)N(2)~, ng\(dlu%umu%uﬁluT_l).

Then R is analytic, in particular has no jumps inside any of the local parametrices U,
k=1,2,4,5, Uy, or on the unit circle. On the rest of the lenses we can see that the jump
matrix is T + O(e~9™) for some § > 0, uniformly in p € (6,7 — ¢€) and w(n)/n < t < to.
Because of the matching condition (d) of Py; we have as in the case 0 < t < w(n)/n that

R.(2) = R_(2)P11(2)N(2)"' = R_(2)(I + O(n™Y)), (2.3.53)
uniformly for z € OU41, p € (e,m —€) and 0 < ¢ < t. Using (2.3.50), we get that
R.(2) = R_(2)P(2)N(2)"! = R_(2)(I + O((nt)™Y), (2.3.54)
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uniformly for z € Uy, p € (e,m — €) and w(n)/n < t < to. Finally we have that
lim, s R(z) = I, which by standard theory for RHPs with small jumps and RHPs on

contracting contours implies that

dR(z)

R(z) =T+ O((nt)™Y), = O((nt)™Y), (2.3.55)

uniformly for z off the jump contour of R, and uniformly in p € (¢, 7—e) and w(n)/n < t < to.

2.4 Asymptotics of D,(f,)

This section is a transfer of Section 8 in |CK15| to our case.

2.4.1 Asymptotics of the Differential Identity and Proof of Theorem

Proposition 38. Let a1, as, a1 + ag > —%, let o(s) be the solution to and let

w(x) be a positive, smooth function for x sufficiently large, s.t.
w(x) = o0, w(x)=o0(z), asz— 0. (2.4.1)

Then the following asymptotic expansion holds:

1d
T log Dy (fp,t) =2n(B1 — B2) + di(p, t; o, a1, B, 2, B2, 3) (2.4.2)
+ d2(p7t7 «, alaﬁlva%ﬁ% Oég) + d3(p7t7 «, 041,61,042,62, Oég) + €n,p,ts

where for the error term €, ¢

t
/ €n,p,r AT
0

for some 6 > 0, uniformly inp € (e,m —€) and 0 < t < tg, and where

= O(w(n)™%) = o(1), (2.4.3)

di(p,t; g, a1, 1, a2, Ba, a3)

—201 2 V/(21) — 2092V (23) + 2(81 + ) 3 3V (cos j(p +1) — cos j(p — 1))

j=1
cosp—t cosp+1t
2 P
(Oz1~|—51+/8152) p—t+ i(2cx +52+5152)Smp+t
. cosp
+ (B} BQ)SiIlp
. os P=t . sinﬁ cospTH ) SlinH
— 2t siin_t —|—21o¢1a3005pT —{—21@2040@ 2za2a3@
dQ(pat§04070417/31,05%62:043)
2 cost
== (4 — 2 2.4.4
Sols) +i(daras — (B + B2)) oy (2.04)
d3(p7t;a07a17/817a27627a3)
o) 5
:2%(22]’1/]- (cosj(p—t)+cosj(p+t))—QZaj
j=1 =0
cosp—t ., cosp+t . cost 1 . cosp
B Gy =1 sinp —t 2 sinp 41 il = f) sint t i +/82)sinp '
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Proof: The proof is analogous to the proof of Proposition 8.1 in [CK15]. As is done there,
we assume below that ap > 0, k = 1,2,4,5, for simplicity of notation. Once is
proven under this assumption, the case where a; = 0 for some k then follows from the
uniformity of the error terms in ag, k = 1,2,4,5. Extending to the case where ay < 0 for
some k is straightforward. We prove the proposition first in the regime 0 < ¢t < w(n)/n
and then in the regime w(n)/n <t < t.

Using the transformation ¥ — T — S inside the unit circle, outside the lenses, we can

rewrite the differential identity (2.2.11]) in the form

1d _,dS
T8 Dn n(fpt) = Z Qe <n5k+2akzkz (5 ! )

dz
k=1,2,4,5

(zk)) : (2.4.5)

with qx = 1 for k = 1,4 and g = —1 for k = 2,5, and where the limit z — z; is taken from

the inside of the unit circle and outside the lenses.

2.4.1.1 0<t<w(n)/n

By (2.3.40) we get

S(z) = R(2)Py(2), =€ Uy, (2.4.6)

and thus

ds dP
1>~ — P*li:li An i
<S dz>22 ) ( = odz )y, (2) + Anpi(2), 2z € Ugtin,

(2.4.7)
Aupal®) = (PE ORI TP

Following exactly the same approach as on pages 60, 61 in |[CK15|, we can use (2.A.4))
and the small and large |s| asymptotics from Sections 5, 6 of [CK15| to obtain that for
k=1,2,4,5

/MAP,%kn—d<> Y, 0o oo, (248)
uniformly in 0 < ¢t <w(n)/n and p € (¢, — €), and thus also
Enpt 1= 2 Z Grak 2k Anpi(z) = O(w(n)™h), (2.4.9)
k=1,2,4,5

uniformly in 0 < ¢t <w(n)/n and p € (e, ™ — €).
By (2.3.28)) we see that

—1 dPi
(Pi dz >22 =)
S 1&(z) + <<I> ) (2) + <(I>1E — ) (2)
22 2f * dz 99 =TE 4z i22 ’

(2.4.10)
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with z inside the unit circle and outside of the lenses of >g. By (2.3.33]) we have for z near
ep:

_1dEL(2)

Ba() 2 (2o, (2.4.11)
where
ha(z) = B 4 B2 .
zlog £ +itz  zlog £ Filz
8. LB (2.4.12)
Jj— 1 ] 1 .7 .
ZJVZ +3 Z iV Z oL
j,_l j=0
In the following equation we need the fact that
1 1 1
——=—+-+0(z2), z—0,
log(l1+2) =z 2
1 1 % (2.4.13)

+1+O(| ) —
= = — z—zr|), z— z.
log z — log z, logi z—zp 2 k k

Let £ = 1,2 and denote k' =1 for k = 2, k¥’ = 2 for k = 1. Putting together (2.4.10)) and
(2.4.11), we obtain for k = 1,2 (as in (8.33) in |[CK15|)

dP.
P_1+) (2x)
( Tode 22,4
n . t Qg
=— — +1 —-P —
22 +zi>nzlk <2 Ioit : zlogz — zlogzl>

1 _p dF k' 1 2k B zkz
— | F 1, +, 21 Zk h F 1/ F. . ] 2k
+ tZk; < +,k dZ ) ) (t 0og 67’p> + +(Zk;)( +.k o3 +.k )22 < Og

2Zk; =0 2 k i7 2k — Zj 2Zk
1 1 dFy 1 2, . 2
+ % <F+»k' dz - n log i + h+(zk)(F+7k/0'3F+,k/)22 log — ],
dP_
= ) (z) (2.4.14)
( dz 22+

/!
n t 823
__ 1 _ b, _
2zk+zi>nzlk<2fp¢ : zlogz—zlog%)
1 _,dF_ _ Zk
— (F 3 —— h_(%m)(F_ osF_
+t2k< —Fde )22(t >+ ) josF=p)en < >

n
:_T%+ V Z Z z—z] Q;k

7 Zj?ézk

1 1 dF_ 1 B 1 -
— | F 1 ) h Ia 1 P 1
+t2k< Fde >22<t )+ () (s P )22 ( o8 —zp>’

where in the second equalities we used (2.4.13|), and where Fy j equal the functions F},

defined in (2.A.6]), (2.A.8), (2.A.10) and (2.A.12)), with (aq, a9, (1, 82) in the appendix
replaced by (e, a1, —B2, —f1) in the — case. When replacing (a1, oz, 1, f2) in the Painlevé
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equation (3.52) in [CK15| with (a9, aq, B2,51) or (aq,as, —B1,—P2), we get the same
Painlevé equation as in our Theorem [26] Thus we can see that Propositions 3.1 and 3.2

in |[CK15| become in our case:

Proposition 39. We have the identities

Ozz(F.hl(i; 8)710'3}7’_’_,1(1';3))22 - _ O'S(S) + B1 ;',827
01 (F (i 5) 03P (s 8))n =o(5) + Dt 2,
Bi+ B + 3 (2.4.15)
a1 (F_ 1 (i58) o3P 1 (i3 5))an = — 04(s) — =2,
ag(F_o(—i; 5) " o3F_ o(—i; 5))az =0s(s) — & ;62

and

as (Fiua(i;8) "y c(iss )) o5 ia(s - *(ﬂ1 + B2)s + 3 (ﬁl + B2)?,
on (Fyo(—i5 8) " Fy .0(—i58)) gy = % _,(51+52)8_,(51+52) ,
ay (Foa(iys) TP 1c(i35)),, %U(s (51 +B2)s + < (51 + B2)?,
)

2 = (51 + Ba2)s — *(ﬁl + B2)2.

(2.4.16)

g (F_o(—i;8) ' F_ o c(—iss

Putting together (2.4.5)), (2.4.7) and (2.4.14]), we obtain:

1d
*alogD n(fp.t)
5
= Z Qi n6k+aksz’(zk) —i—akZﬂj +2akZOsz — —akZa]
k=1,2,4,5 Jj=0 Jj#k J#k

+
M)

(—1)k+L <2akzkh+(zk) (F;72,03F+7k/>22 (—1)%0) + iak (F+ LEL )22 ((—1)’%))

k=1

2

Nk — = (=1 k1, 1 g k1

# 32D (a0 (FoheosP ), (0810 + G (AP, (2040 )
+€n,p,ta
:2n(61 — Bz) + 204121‘//(21) — 2@222V/(22) (2.4.17)
Y gt

k=1245 ek

+ i(—n’f“ (2akzkh+<zk> (FrhosFew) (D)%) + §ak (FriFiw),, <<—1>’%>)
k=1

+ 22:(—1)’“ <2akzkh_(zk) (F_—}Cagﬂ,k)m ((—=1)%+L4) + 2a <F__}€F’_,k)
k=1

+ €np,ts

o6



where we used that since 1 = —f5, fo = —f4, a1 = a5, ag = a4 and V(z) =

holds that:

Z qrCtk Z aj =0,

k=1,2,4,5 £k

By Proposition [39) we get

5
Y Bi=0, 2V'(z)=-2zV
j=0

2 2

S0 S (FLLFLe) (18 + S0 o (PZLFE
k=1 k=1

=20(s) ~ (B + B,

and

2

Z k+12ak2’kh+(zk) <F+ k,O'3F+ k’) 0 ((—1)’%)

k:l

+Z

= (205( )+ B1+ B2) (z1h4(21) + Z1h—(21))

Vr2azh (z) (FohosF-s) (1))

+ (205(s)

=205 (21h4(21) + Z1h—(Z1) + 22h4(22) + Z2h—(Z2))

+ (B1 + B2) (z1hy(21) + Z1h— (1) — 22h4(22) — Z2h—(Z2

)

Then (2.4.17)), (2.4.19) and (2.4.20]) result in

V(z), it

(2). (2.4.18)

k), (CDF)

(2.4.19)

(2.4.20)

— B1 — B2) (22h4(22) + 22h—(%2))

1d
*a IOgD (fp,t) :2n(61 — 62) + 20(12’1‘//(21) — 2&222‘/’(2’2)
+2 Z qkakz% —
k=1,2,4,5 ek
2
+ ﬁg( 5) — %(51 + Bo)? (2.4.21)
+ 20, (z1hy(21) + Z1h—(Z1) + 22h4(22) + Z2h—(Z2))
+ (B1 + B2) (z1h4(21) + Z1h—(Z1) — 22D (22) — Z2h—(22))
+ Enpt-
With hy(z) and h_(z) given in (2.4.12)), and using (2.4.13)), we obtain:
Bjz1 51 B2
hi(a)an = Z]V 21+Z1 Zz1—z 772 @+ o2t
J#1 i
5
1 R Bjzz 1 B2 P
_ (5] J _ = Fe 22
h+(22)22—*§2]‘/3(22+22 %ZQ—ZJ Zoa]+ 2 +2t
- ! " (2.4.22)
Bizs 1 B B2
h_(z1)z1 = Z]V Zl—i—zl Z po—— —iz%-—? 5i7"
J#5 J j=0
5
o 1 o Bjza 1 B2 B
_ () J - . _ 7= =
h*(ZQ)Z2__§Z]‘/J(22+ZQ 224—ZJ _2 . 27 92 22.[;
J=1 J#4 Jj=0

o7



We thus see that

h+(zl)21 + z1h—(z1)

7j=1
z z z z1
+/32< 1 n 1 _71 I 1 >
Z1 — %9 zZ1 — %2 Z1 — %9 Z1 — %9
5
B2 cosp—t cost
=-2 Vicosj(p—1t) — o — — — -
2‘7 i ) Z J it sinp —1 ﬂzsmt
7j=1 7=0
. COSp
—if2—
sin p

o (2.4.23)
hy(z2)z2 + Z2h—(Z3)

Z9 + 22
=—-2 1V t)
E jVjcosj(p+1) E ajt+ +52<z2_z2>

7j=1

z z ) )
+51(— 2 I 27_72 +2>
zZ9 — 21 zZ9 — 21 zZ9 — 21 zZ9 — 21
o) 5
. 51 cosp—+t . cost
=—2 V., cos t
Zj jeostp+1) = Za] 1t BQsmp%—t +Zﬁlsint
j=1 7=0
. COSp
—if—.
sin p

Further we calculate
zZ1 z1 2 Z1 z1
« (o = — + o —
D mer) Jk—zj 10(21—1 z1—1> 1(21—21 zl—z1>

k=1,5 Jj#k
z1 21 zZ1 z1
+a1a2< + — — — Ee— >
21— Ry 21— Ry 21— 22 21— 22

n 21 zZ1
a1 — ,
S a0+l 7+l

—azao< 2__ = ) (2.4.24)

- Z qr Qg Za]

2k — Zj z9—1 Z5—1
k=24 Ak 2 2
22 22 Z2 Z2
+ asag < + — — = Sl >
zZ9 — 21 zZ9 — 21 29 — 21 zZ9 — 21
Z2 z2 22 z2
+ a% — — — + asas - — ,
Zy —Z2 Z2 — 22 z+1 zZ+1
. 9COSp—1t . 5cosp+t . cost
E qrOg E Oé] = — 20@71& + ZOZ%,*H + 210&10&2,7t
— 2 sinp — sin sin
k=1,2,4,5 e kT p p
1 z1—1 29+ 1 29— 1
+ ajagp + ajag — 0 — 03
z1—1 z21+1 zo— 1 z9+1
. gCOSp—1t . 5cOo8p+t . cost
= -0 oy—— + 2ica——
sinp —t sinp 4+t
coS % , sin prt , cos pTH sin 2%
— 101 Q + 1103 + 100 1000003
nkt cos 1 et 08 5~
2 2 2



Putting together (2.4.21)), (2.4.23)) and (2.4.24)) we get that uniformly in p € (¢, 7 — €) and

0<t<w(n)/n:

1d
~—log Dn(fpﬂf)

1 dt
=2n(B1 — B2) + 20121V (21) — 20222V (22)
—t t t
_22'04%709817 + ‘a%LSp + + diyay 2
sinp — ¢ sinp +t sint
. 0S pT_t , sin pT_t , cos pTH , sin pTJ“t
— 2t siin_t +2m1a3cosp7_t + 200 smj%t 2t 5 pT—H
2 1 9
+ ﬁg(s) - 2(51 + f2)
0o 5 ,8 —ﬁ
+ 204(s) < -2 ZJVJ (cosj(p—t)+cosj(p+1t)) — 2204]- + 2 m 2 (2.4.25)
j=1 7=0
.. cosp—t . cosp+t . cost . cos
— i iyt i(B1 = fa) oy — i(B1+ B2) ot
sinp —1 sinp+t¢ sint sinp
(o.]
. . . b1+ B2
+ (1 + B2) <2 > Vi (eosi(p+1) —cosjlp—t) — =
j=1
.. cosp—t . _ cosp+t . cost . Ccos p
—ib———— + b — (B + Bo)—— + (B — B2) =
sinp — 1 sinp 4+t sint sin p
+ gn7p7t'

Simplifying further and setting €, ,+ = €y, for 0 < t < w(n)/n we obtain (2.4.2)) for
0<t<w(n)/n.

2.4.1.2 w(n)/n<t<ty

For w(n)/n <t < ty, z € Uy, we obtain instead of (2.4.7):

G 3@Y _(paadh@) L,
<S () dz >22 (Pk() dz )22+ "

? (2.4.26)
-~ 1, (dR(2) ~
Anpel2) = (Pk<z> Lo )PW)) ’
22
with R(z) given in (2.3.52). From (£2.3.46) and (2.3.29) it follows that for |z| < 1
. dP(2) no 1 fp(2) _1dMy(z)
P 12+ k\<) - _ = e 2) M, 12" kr\<)
( e (2) dz )22 2z 3 Ipi(2) + ( Mi(z) dz 99
+ Bl(z) (Mk(z)_103Mk(z))22 ;
(2.4.27)

Appi(zi) = lim A, p4(2)
Z—r2L

- . dR -~
= lim (Mk_lEk_lRldREkMk> (2),
z

Z—r2f
22

99



where

ew
M. ( ) M(a2,52)(nt( ]og% - Z)),
t ez (2.4.28)
My(z) =M @5 (nt(—log — + 1)),
M. ( ) M(as,ﬁs)(nt( log :,p — ’L)),
and where
s 8 dEi(z) - B2
=E ! = _
hi(z)os 1(2)” dz ha(2) = hs(2) - zlog 5 — itz
- . dEy(2) 51
o 1 2 _ P el S
ha(2)os =Ba(2)" — =, ha(2) = h(2) zlog % +itz’
. " eﬁ (2.4.29)
7 _ T —19b4(%) 7 — —1
h4(z)03 —E4(Z) dz h4(z> h—(z) + zlog %p — itz
~ ~ _ dE5(z) = /82
=E 11— =h_ o Z i1
hs(2)os =E5(z) dz hs(z) = h—(2) + zlog % +itz’

with hy(2),h_(z) given in (2.4.12). By (2.3.55) and the fact that E, is uniformly bounded

for p € (e,m —¢€), w(n)/n < t < to, and z € Uy, we see that
Appi(z) = O((nt)™1) = O(w(n)™) (2.4.30)
uniformly in p € (e,m — €), w(n)/n < t < ty, and thus also

Eupt =2 Y qronzrAnpi(z) = O(w(n) ™), (2.4.31)
k=1,2,4,5

uniformly in 0 < ¢ <w(n)/n and p € (¢, ™ — €). This implies that as n — oo
to
[ fenpaldt = ofiotm) ™), (2.4.32)
w(n)/n

uniformly in p € (¢,m — €).
From (8.41) and (8.42) in |[CK15| we can see that for z — zj inside the unit circle and
outside of the lenses of ¥ g we have

_ dM1 51 n
Mt = -
< bodz >(Z) (2a1+nlog—|—mt> z+o
_1dM: I5; n
1 2 _ 2 Te
2 dz (2) = 209 nlog— — mt> z ol

(2.4.33)

1 dM4 o —ﬁg n
<M4 dz> (2) =~ (2@2 + nlog = +mt> z
—Bl Oé1 n

<M > (2&1 + nlog ,Zp > z
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and in the same limit,

(Myors M) (21) =2

2.4.34
o (24.3)
Together with (2.4.22)) and (2.4.29) we obtain (again in the same limit)
—1dM, 5 _
2L (Mk 1dZ> (Z) + zkhk(zk) (Mk 1O'3Mk)22 (Zk) (2.4.35)
22
Bk 7 Be [ Ix=.ir /. Bz
— R ~r _ - V J J =
<2ak+n10gf n+ak QZ] i(z1 +7) sz—zj Z J"‘
k Jj=1 JiFk
+ o(1).
Combining this with (2.4.13) and (2.4.27)) we get
dP
2021, (P ! d;) (2k)
+,22
n(ok + Be) + anzi V() (2.4.36)
J#k Ji#k
1 — Biz
+ 25 —§Z]Vj(2i+2k3)—27j —*Z aj +
- = 2k — %5
J=1 J3#k
Together with (2.4.5)), (2.4.26]) and (2.4.31)) we obtain
1d -
BT log Dy (fp,t) =S(p, t; o, a1, 1, a2, B, 3) + Enp e, (2.4.37)
where
S(p,t; 0, a1, 1, 2, Ba, 3)
e .
—22 DM (o — B) ZJVZk (o + Be) | D iVizw
j=1
5
k=0
. +1) . cost
9ila? 9 cos(p —t) 5 9, €Os(p 4
i(eq +Bl)7sin(p 5 + 2i(aj +52)7(p+t) + di(aag — 5152)Smt
o; sijLQ sinﬂ+2 CospTH 0 sin 2ft
—2ic« i g0y ——=+ — 2oy —=—.
1 0iin 1 3cospT 20x0 pTH 2 3cosp7+t

Now we compare this expression to (2.4.25)), obtained for 0 < ¢t < w(n)/n. Consider
.4.21)) for large s = —2int and without the error term. Substituting there the asymptotics
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of o(s) from Theorem [26| and using ([2.4.24)) we see that

1d
———log Dn(fp.1)

1 dt
=20121V"(21) — 20220V (22)
t t t
~ 20300 1 9ia3 PN iy S (2.4.39)
Lsinp — ¢ sinp + ¢ sint
: st sinft cosPt sin 3"
— 2l - %t + 2io a3 s prt + ZzaQOzO@ - 21&2&3@
) - e
+ ﬁ4ﬁ152 + 261 (h(21)21 + h—(Z1)71) — 282 (hy(22) 22 + h—(22)72)
+ (")n,p,ta

where O, ,; arises from the error term in the asymptotics of o(s), and becomes of order

w(n)~® after integration w.r.t. ¢, i.e.

t
/ Oy prdT
w(n)/n

uniformly in p € (¢,7 —¢€) and w(n)/n < t < ty. Using (2.4.23) now we see that

= O(w(n)™), (2.4.40)

n(Bl — ﬁg) + d1 + d2 + d3 =S+ Gn,p,ta w(n)/n <t <ty (2.4.41)
Thus when setting
€npt =€npt+ Onpt, wn)/n<t<to, (2.4.42)

we see that (2.4.2) remains valid also in the region w(n)/n <t < to, where the smallness of

the error terms follows from ([2.4.31)). O

Remark 40. Integrating from t to to with w(n)/n <t <ty and using Theorem
for the expansion of Dy (fp,), we get the same expansion for Dy(fp:) that Theorem
gives. The error term is then O(w(n)~1) and uniform for p € (e,7—¢) and w(n)/n <t < to.

Thus we have proven the statement on Toeplitz determinants in Theorem [33

2.4.2 Integration of the Differential Identity

We now integrate (2.4.2]), where we use exactly the same approach as in Section 8.2 of |[CK15|.
We obtain

t
/ dl(p,T;Oéo,Oél,,Bl,OéQ,IBQ,CM?,)dT
0
= + 2iay (V(ei(p’t)) - V(eip)) + 2ian <V(ei@+t>) - V(eip)) (2.4.43)

o
2(B1+ B2) > Vj (sinj(p +t) + sinj(p — t) — 2sin jp)
J=1

si np t sinp+t . cosp
+1i (205 + BF + B1B2) log ——— +i (205 + B3 + ﬁ1ﬂ2) log ——— +it(8; — 5)—
sinp sinp
, sin %t ) pft ptt , cos pTH
+ diaag log 5 — diagag log p + diaoag log — 4dicpag log —
sin § Cos 5 sin 2 5 cos §
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and

t
/ d2(p77—; Qp, a1, ﬁla QQ,BQ, a3)d7—
0

(2.4.44)
2int sint
=— 2z‘/ ; <J( ) — 2000 + = (ﬁ1 + B2) ) ds +1 ((51 + B2)? — 4a1a2) log -
0
and
t
/ d3(p) T;Qp, 01, /Bla a9, BQ? a3)d7—
0
5
=(B1— B2)|2) _V; (sinj(p—t) —sinj(p+1) — 2t Y oy (2.4.45)
j=1 §=0
. sin simp+1t . nt cos
viprlog L gy tog P s — ) 1og T ity + ) =t
Putting things together we see that, uniformly in p € (¢, —¢€) and 0 < t < t,
log Dn(fp,t)
=log Dn(fp0) + 2int(61 — B2)
=20y (V(e0™) = V(e7)) = 20, (V(eWH) — V(7))
+4i SV, (Busini(p — 1) + Basin(p+ £) — (81 + Bo) sin jp) (2.4.46)
j=1
inp —1t sinp+1t
—9(a2 2) 1 S p — 9 (a2 2)1
(af + B7) log sinp (a3 + B3) log sinp
sin p%t coS p;t sin 2 —gt , cos 2 ;rt
—daraplog ———— — dajaglog p — dasag log 5— — diagag log 5
Sin bl S 5 in bl S D)

—2int
—Qi/o i <O’( ) —2a100 + = (51+5z) >ds

sint

4 (B152 — a1az) log —

— 2it(B1 — f2) Z Q;

=0
+o(1).
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To calculate the asymptotics of Dy, (fp,0) we use Theorem 22 and get

=nVo+ Y _kV +logn (o + of + 2(a1 + a2)* — 2(B1 + B2)°)
k=1

— aglog (b4 (1)b—(1)) — aglog (b4 (—1)b—(-1))

—2(a1 + ag — B1 — B2)log by () — 2(ay + az + B + B2) log by (e )

— 2apaglog2 — dag(ag + az) log 2 sing —dag(ag + az) log 2 cosg

—2((B1 + B2)* + (o1 + a2)?) log 2sin p (2.4.47)
+ 2iag(B1 + B2)(p — ) + 2ias(B1 + B2)p

+2i(an + a2) (B1 + B2)(2p — 7)

G(1 + ap)? G(1 + a3)?

G+ 2a0) PG+ 2a3)

Gl+ar+as+ B+ B)?Gl+ar+as — B — B2)?
G(14 201 + 2a2)?

+ log

+ log

+o(1),
uniformly in p € (e,m — €). Combining the two last equations we obtain
log Dy (fp,t)

o) 5
=2int( — ) +nVo + Y kV7Z +logn > (a? - 2)
k=1 Jj=0

5 o0 S]
—> (a; = 8)) (Z Vka) + (o5 + B5) (Z szjk>
=0 k=1 k=1
—2(af + 1) log2sin(p — t) — 2 (a3 + 3) log 2sin(p + t)
— 4(a1ae + $152) log 2sinp — 2apag log 2

— 4asasglog 2 cos p

—1 t
— dasag log 2 sin P

—1
— 4oy aglog 2 cos p

— 4 log 2 sin p

—2int 1 5 sint
+ 2 3 o(s) —2a109 + 5(51 + B2)* | ds + 4 (812 — araz) log e
0

+ 2iapfBi(p —t — ) + 2icBa(p +t — ) + 2iasfi(p — t) + 2iazBa(p + )

+ 2i0181(2p — 2t — ) + 2ieB1(2p — 2t — ) + 201 B2(2p + 2t — 7) + 2P (2p + 2t — )

G(1 + ap)? G(1 + a3)?

G(1+2a0) |+ 2 G(1 1 203)

G+ a1+ az+ b1+ £2)°G(1 + o + ag — 1 — B2)°
G(1+ 201 + 2a9)?

+ log

(2.4.48)

+ log

+o(1),
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uniformly in p € (e,m —€) and 0 < t < typ. We note that

z
> (B — arf;) log ﬁ (2.4.49)
0<j<k<5,(j.k)#(1,2),(4,5) g
=2iapfr1(p —t — ) + 2icfBa(p +t — ) + 2iazfi(p — t) + 2iazBa(p + t)

+ 2i(af1 + a182)(2p — ) + 21 51 (2p — 2t — ) + 2iqaB2(2p + 2t — ).

Thus we finally get that

log Dy (fp,t)
[%S) 5
=2int(B1 — B2) + nVp + Z k‘Vk2 + logn Z(af — ,BJQ)
k=1 5=0
5 [e'9) [e'S)
=) (a; = Bj) (Z Vka) + (o + ;) <Z szjk>
=0 k=1 k=1
z
+ > 2(B; Bk — aja) log |zj — zi| + (o Bk — aB;) log ﬁ
0<j <k<5,(i,k)#(1,2),(4,5) !
+ 4it(o1 B2 — a2f1)
—2int | 1 sint
+ 2/ — (O‘(S) — 2a109 + *(Bl + B2)2> ds+4 (ﬁlﬁg — ozlozg) log —
0 s 2 nt
G(1+a0)2 G(1+a3)2
1
Tl G T 200) TG 1 209)
G(l+ai+az+ B+ 2)*G(L+ o + ag — 1 — B2)?
+log G(1+ 201 + 2a2)? (2.4.50)
+o(1),
uniformly in p € (e,m — €) and 0 < ¢ < tp, which proves Theorem
2.5 Asymptotics of ®,(0), ®,(+1) and DI TH7(f,,)
Tracing back the transformations of Section [2.3| we get
@4(0) =Y’ (0) = T(O) = SOn = (RONO) = ~Riz®Dunpu®)™ 0 )

= —R12(0)€_V0 = 0(1),

uniformly in p € (¢,7 —¢) and 0 < ¢ < t.

The asymptotics of ®,(1) and ®,(—1) can be calculated exactly as in Chapter 7
of [DIK11|. As is apparent from (7.13) there, these asymptotics are uniform for all other
singularities bounded away from 1. Thus when using Lemma [25] to calculate from the
asymptotics of D, (f,+) given in Theorem ®,,(£1) and ®,,(0), the asymptotics of the
corresponding Toeplitz+Hankel determinants, then uniformity of the error terms in p,t is
preserved. This proves the statement on Toeplitz+Hankel determinants in Theorem [33]

Further, since we know the relation between the asymptotic expansion of
Dy, (fp+) which is uniform for 0 < t < tp, and the asymptotic expansion for ¢t > ¢,
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Lemma |25 immediately gives the relationship between the expansions of DY JrH"{( fpt) in
the two regimes 0 < t < tg and ¢t > tg. In view of the way the uniform asymptotics of
D2+H"{(fp7t) are derived from the uniform asymptotics of Dap(fp¢)'/2, ®,(£1)Y/? and
®,,(0), the relationship between the 0 < t < to asymptotics of Dy TH"( fp,t) and the t > tg
asymptotics one gets from Theorem [28|is given by , with both sides divided by 2,
and n replaced by 2n. This proves Theorem

2.A Riemann-Hilbert Problem for U

This appendix is a mostly verbatim transfer from the beginning of Section 3 of [CK15]. We
include it here to make our account self-contained. We use ¥ to construct local parametri-
ces for the RHP for the orthogonal polynomials in Section We always assume that
ap, g > —% and [, 2 € iR (in [CK15| also the more general case of oy, aq, 51,2 € C

was considered).

RH Problem for ¥

(a) ¥:C\T — C?*2is analytic, where

F:UZZI L', I' :i+€%R+, Ty :i—}—e%R"r
Ty=—i+e TRy, Ty=—i+ef Ry, Ts=—i+Ry, (2.A.1)
Fﬁ =i+ R+, F7 = [_Z,Z],

with the orientation chosen as in Figure [2.6] ("-" is always on the RHS of the contour).

(b) W satisfies the jump conditions

B(Q)y = W) Sy CETh (2.4.2)
where
1 e2mi(a2—p2) 1 0
Jl = < 0 1 ) ’ J2 = ( _6—27ri(042_62) 1 > ’
1 0 1 e 2mi(e1—p)
Sy = < _627”'(041*51) 1 ) ) Jy = < 0 1 ) (2.A.3)
J5 :627mﬂ10'37 J6 — 627riﬂ203’
0 1
s (),
(c) We have in all regions:
B v W -3 (00) () o~ 2o
V)= I+ e + @ +O((7) | P (Q)e” 1573, as ( — oo, (2.A.4)

where
PO (¢ = (13
2
with the branches corresponding to the arguments between 0 and 27, and where
S € —iR+.

—(B1+B2)03
) (€ — i)y B3 (¢ 4 i), (2.A.5)
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(d) The functions F; and Fh defined in (2.A.6), (2.A.8), (2.A.10) and (2.A.12) below are
analytic functions of ¢ at ¢ and —i respectively.
1 e2mi(az—pPa)
(o 75

1 0
_67271'1'(012752) 1

II I
» > e2mif203
7 N
11T 0 1 VI
-1 1
A
—t > e2mif1o3

v \Y

1 0 1 e 2mi(ca—p1)
_e2mi(en—p1) 1 0 1

Figure 2.6: The jump contour and jump matrices of W.

The solution ¥ = ¥((;s) to this RHP not only depends on the complex variable ¢,
but also on the complex parameter s € —iR;. Without the additional condition (d) on
the behaviour of ¥ near the points +¢, the RHP wouldn’t have a unique solution. If
200 ¢ NU {0}, define F;(C, s) by the equations

U(¢is) = Fi(C,8)(C = )*7G, € € region j, (2.A.6)

where j € {I, 11,111,V I}, and where (¢ —4)*2%3 is taken with the branch cut on i+€%R+7
with the argument of ( —i between —57/4 and 37 /4. The matrices G; are piecewise constant
matrices consistent with the jump relations; they are given by
L g 1 2mi —2mi
G — , - - Tl i ’
1 ( 0 1 ) 9= " Sisin(2a9) )
Gy =GiJ;', Gr=GviJs, Gi=GpJ.

(2.A.7)

It is straighforward to verify that F} has no jumps near ¢, and it is thus meromorphic in a
neighborhood of i, with possibly an isolated singularity at i.
Similarly, for ¢ near —i, if 2aq ¢ NU {0}, we define F, by the equations

U(Gss) = Fo(C,)(C + )™ Hj, ¢ € region j, (2.A8)

where j € {III,,IV,V,V I}, where ({+7)*1?? is taken with the branch cut on —i —|—€%R+7

with the argument of ( + i between —37/4 and 57 /4, and where the matrices H; are
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piecewise constant matrices consistent with the jump relations; they are given by
1 h 1 omi -
H — h=— e b1 €—2ma1
Hi <o 1 ) 2isin(2a1)( )
Hyy =GiiJyt, Hy =GrJy', Hyr=HylJs.

(2.A.9)

Similarly as at ¢, one shows using the jump conditions for ¥ that F5 is meromorphic near

—i with a possible singularity at —i.

If 2a5 € NU {0}, the constant g and the matrices G; are ill-defined, and we need a
different definition of Fi:

U(¢;s) = Fi(¢;s)(¢ —1i)*29 < (1) Jint logl(C —9) ) Gj, (¢ € region j, (2.A.10)

where
e—27riﬁ2 _ 627ria2

, (2.A.11)

Jint = Iriemias

and G = I, and the other G’s are defined as above by applying the appropriate jump
conditions. Thus defined, F; has no jumps in a neighborhood of i. Similarly, if 2oy € NU{0},
we define Fy by the expression:

6727ria1 _627Ti61
U(Cs) = Fo(Gs)(C+18)™ 7 ( (1) Tieiml ) Hj, (€ region j, (2.A.12)

with Hyrr = I, and the other H;’s expressed via Hrrr as in (2.A.9). Then F5 has no jumps

near —i.

Given parameters s, aq, ag, 81, B2, the uniqueness of the function ¥ which satisfies RH

conditions (a) - (d) can be proven by standard arguments.

In Section 3 of |[CK15| it was shown that for oy, e, a1 + ag > —% and (1, B2 € iR, the
RHP is solvable for any s € —iR;. Furthermore they analyzed the RHP asymptotically as
s = —i00 and s = —i04.

Remark 41. We have to be careful what their (o, g, 1, B2) correspond to in our case,
when using U from [CK15]. In their paper aq, By correspond to the singularity left of the
merging point and ag, By correspond to the singularity to the right of the merging point,

while for us in the case + for example, aq, B are right and s, Bs are left.

2.B Riemann-Hilbert Problem for M

This appendix is a mostly verbatim transfer of Section 4 of |[CK15]. We include it here to
make our account self-contained. Let o > —% and 8 € iR. In Section 4.2.1 of |CIK11|, see
also |[DIK11,IK08,MMFS10|, a function M = M (@8) was constructed explicitly in terms of

the confluent hypergeometric function, which solves the following RH problem:

RH Problem for M
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(a) M :C\ (ei%]R U R+> — C?*? is analytic,

(b) M has continuous boundary values on eFTRU R4 \ {0} related by the conditions:

| erila=8) "
M(\). =M\ ( et ) Ae TR,
1 0 3im
MO)s =M\ ( e ! ) | e SR,
1 0 sim
M(A)_{. :M()\>_ eﬂ,i(a_ﬁ) 0 s A€Ee1 R+, (2B1)
1 —efm'(afﬁ) Tim
e == (5 ), e TR,
M(A)-F :M()‘)—()‘)627ri6037 A€ R-‘r?

where all the rays of the jump contour are oriented away from the origin.

(¢) Furthermore, in all sectors,
M) = (T+MA "+ 0N 2)A P 228 ag A — oo, (2.B.2)

where 0 < arg A < 27, and

2 92 _—2mip(1+a—p)
() a” —f € T(a+5)
My, = M{*P) = ( e : (2.B.3)
e2mip (r(a—/a)) —a2—|—62

1 0 5 1 emila=ph)
—e~mi(a=h) 1 0 1

3 0 > 627riﬁcr3

5

1 0 A 1 —emila=h)
emila=p) 1 0 1

Figure 2.7: The jump contour and jump matrices of M.

We use M to construct local parametrices for the RHP of the orthogonal polynomials
in Section [2.3.6] For that we also need the local behaviour of M at zero in region 3, i.e. the
region between the lines e’ R, and e R.. Write M = M®) in this region. It is known
(see Section 4.2.1 of [CIK11|) that M(®) can be written in the form

M®(\) = LA G3, 20 ¢ NU{0}, (2.B.4)
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with the branch of A*® chosen with 0 < arg A < 2. Here

—im(« T'(1+a—p)
L()\) :e—,\/2( ( +’B)w (a4 6,1+ 2a,N)
6—171'(06 B)M (1_’_a+6’1+2a’)\)

F(1+2a)
eim(a ﬁ)rr(gfg)ap( a+B,1—2a,\) )

€iﬂ(a+ﬁ)r(é2a))90(1 —a+8,1-2a,)\)

is an entire function, with

(a+n—-1)z
v(a,c;z) _1+Z c—i—n—l)) , ¢c#0,=-1,-2,..,

and @3 is the constant matrix

~ 1
bue (|

If 2¢v is an integer, we have

— @

) = _sinm(a+5)

g sin 27wa

M®(A) =L(A)r27s ( (1) mgx) >

_1)2a+1 )
m(\) :(13r+ sinm(a + ) log(Ae™""),

(2.B.5)

(2.B.6)

(2.B.7)

(2.B.8)

where I~/()\) is analytic at 0, and the branch of the logarithm corresponds to the argument

of A between 0 and 27.
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Chapter 3

The Classical Compact Groups and
Gaussian Multiplicative Chaos

In [HKOO1], Hughes, Keating and O’Connell proved Theorem , which states that the
real and the imaginary part of the logarithm of the characteristic polynomial of a random
unitary matrix converges jointly to a pair of Gaussian fields on the unit circle. Using
results on Toeplitz determinants with merging Fisher-Hartwig singularities due to Claeys
and Krasovsky in [CK15|, Webb proved Theorem , which states that powers of the
exponential of the real and imaginary part of the logarithm of the characteristic polynomial
of a random unitary matrix converge, when suitably normalized, to Gaussian multiplicative
chaos measures on the unit circle. Webb proved the result only in the so-called L?-phase,
that is those powers for which the second moment of the total mass of the limiting GMC
measure is finite. In [NSW20] the result was extended to the whole L!- or subcritical phase,
i.e. was proven to also hold for the whole set of powers for which the limiting GMC measure

is non-trivial.

This chapter is based on joint work with Jon Keating [FK21], and its purpose is to extend
Webb’s result to the other classical compact groups, i.e. to the orthogonal and symplectic
groups. Our starting point is Theorem [9] due to Assiotis and Keating, concerning the
convergence of the real and imaginary parts of the logarithm of the characteristic polynomials
of random orthogonal or symplectic matrices to a pair of Gaussian fields on the unit circle.
This is the analogous result to Theorem |8 by Hughes, Keating and O’Connell [HKOO1].
We then complete the connection between the classical compact groups and Gaussian
multiplicative chaos, by showing that for the orthogonal and symplectic groups we get
statements similar to Theorem [13[ by Webb. Using the same approach as Webb in [Web15|
we prove our results only in the L?-phase, i.e. when the limiting GMC measure’s total
mass has a finite second moment. We believe that using the techniques in [NSW20| one
can extend our results to hold more generally in the whole L'-phase, however extra care is
needed since the covariance function of the underlying Gaussian field has singularities not
just on the diagonal but also on the antidiagonal, in particular at +1 the field has special
behaviour.

Due to this special behaviour around +1 we first consider the case where we restrict all
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involved measures to (€, m —€) U (7w +¢€,2m —¢€), i.e. we exclude small neighborhoods around
+1. In this case we can use our Theorems 2§ and [33] which give formulas for the uniform
asymptotics of Toeplitz+Hankel determinants with up to two pairs of merging singularities
which are all bounded away from +1.

To prove convergence on the full unit circle we need also to know the uniform asymptotics
of Toeplitz+Hankel determinants with 3 or 5 singularities merging at +1, for which we use
Theorem [34) by Claeys, Glesner, Minakov and Yang, which gives a formula for the uniform
asymptotics of Toeplitz+Hankel determinants with arbitrarily many merging singularities,
up to a multiplicative constant [CGMY22|. Using their formula allows us to extend our
analysis to around 41, and so to cover the full unit circle, however for a slightly smaller set

of powers than when neighborhoods around +1 are excluded.

3.1 Statement of Results and Strategy of Proof

Recall that for G(n) € {U(n), O(n), SO(n), SO~ (n), Sp(2n)} we define the characteristic

polynomial of U € G(n) as a function on the unit circle, where all its zeroes lie:
PGy (0) = det (I — e*wU) = H(l — 7070y g e0,2n), (3.1.1)
k=1

where e, k = 1,...,n are the eigenvalues of U (and where the product is up to 2n in the

case G(n) = Sp(2n)).

Definition 42. Forn e N, a € R, § € iR and 0 € [0,27) let (from which G(n) U is taken

will be clear from context)
Friog(8) = [pam) ()>OS5 o8P (), (3.1.2)

where (with the sum being up to 2n for G(n) = Sp(2n))

3

Slog pan)(0) = Slog(1 — 0=, (3.1.3)
=1

b

with the branches on the RHS being the principal branches, such that

Slog(1— e e (-2, 7] (3.1.4)
22

where Slog0 := w/2. We now let U be Haar-distributed on G(n) and define the random

Radon measures jig(n),a,8 0N St~ [0,27) by

fna,8(0)

uG(n)7a7ﬂ(d0) == md@ (315)

Let (A)

denote

jeN be a sequence of independent standard (real) normal random variables and

n; = 1j is even- (316)
We recall the following result from [DS94,DEO1]:
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Theorem 43. (Diaconis and Shahshahani, Diaconis and Evans) If U, is Haar distributed
on O(n) we have for any fized k:

(mmhzmmmu%mwg:%%M+%M+%www3@.@m)

Similarly, if Uy, is Haar distributed on Sp(2n), we have for any fized k € N:

<W%R2WW%%%WWO—%%M—%M—

n

WM—%>WM&

2

Finally we have the bound

2
Ey, ((Tr(U,’f)) > < constmin{k,n}, (3.1.9)
where const is independent of k and n.

Using this result, Assiotis and Keating have proved the following theorem[?| which
identifies the limits of the real and imaginary parts of log po(,)(-) and logpgyn(-) as
log-correlated Gaussian fields on the unit circle. Their result was already stated as Theorem
|§| in Chapter and is the analogue of the result by Hughes, Keating, and O’Connell [HKOO1|
for the unitary group, stated as Theorem [§in Chapter [T}

Theorem 44. (Assiotis, Keating) Let po(n)(-) be the characteristic polynomial of a random
U € O(n), w.r.t. Haar measure. Then for any € > 0 the pair of fields (3‘% log pon)(+), S'log po(n)(-))
converges in distribution in Hy (S')x Hy €(S*) to the pair of Gaussian fields (X —z, X — &),

where

2i = /5 - )

1@ (3.1.10)
x(0) = = (om0 4 id? L cos(j9)

2 ; J ( ) 3231
z(0) = % i 4 (e_ij ”9> Z — sin(y

Similarly, for U € Sp(2n), the pair of fields (?Rlogpsp(gn)(-), %logpsp(gn)(-)) converges in
distribution in Hy “(S') x Hy “(S') to the pair of Gaussian fields (X +z, X+ i), for any
€ > 0.

*This result was first published in [FK21| with the kind agreement of Dr. Assiotis.
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Remark 45. Doing a formal calculation one see that X and X are log-correlated fields,

i.e. their covariance kernel blows up logarithmically as 6 — 0’ (and also as 6 — —0'):

E(X(0)X(0)) = i cos(j0) cos(j¢")

i=1 J
1 cos(j(O0+0 > 0—0
_ (( ) + Z cos(j( )
2 J J
7=1 Jj=1 (3111)
Lo L ito40) | —ij(0+0") | i (0—0) . —ij(0—0")
=-3 = (e +e +e¥ +e Y )
4e—~j
]_
1 o , o
D) (log e — €| +1og e — e \) .

Similarly one sees that

E <X(9)X(9’)> _ % (log 1€ — )] — log|e®® — e’i9/|) 7

) ) . | (3.1.12)
E <X(6)X(0’)> = (s log(1 — ei@+0)) _ Slog(1 — el“’*"’))) .
2
For a € R and 8 € iR we define the centered log-correlated Gaussian field
Y, 5(0) =2aX(0) + 2i3X ()
= N (3.1.13)
=Y —= (2acos(j0) — 2ipsin(j0)) .
%A
By (3.1.11)) and [3.1.12]) we see that its covariance kernel is given by
ov(Ya,5(0), Ya,8(6")) (3.1.14)
—2(a? — ) log e — | — 2(a® + B?) log|e? — e™'| + 4ia S log(1 — ¢ 0+0))

; (2(a? — B2) cos(j(0 — 8')) + 2(a® + B2) cos(j(0 + 8')) — diaBsin(j(6 + ).

Tbllﬂg

Motivated by Theorem [44] and analogous to the unitary case stated in Theorem [I3]
one expects that for large n the random measures fig(n).a,g behave like the Gaussian

multiplicative chaos measure
@Yayﬁ ()

_E T ap — Yas(0)—3E(Y, 5(0)?)
E(eYa,ﬁ((’))de e 2 do. (3.1.15)

.Ua,,@(de) =

Since Y, g is not defined pointwise due to it being log-correlated one has to first define what
is meant by ju 5(d6). Even though the covariance kernel of Y, g does not just blow up on
the diagonal, but also on the anti-diagonal, its covariance kernel can still be expressed as
an infinite sum of continuous covariance kernels. Thus one can still use Theorem [12] to

define pi, g as the large k limit of

(k) g
(k) eras?)

Pap =
E (eya%) (9))

k)

d = eXan O3B0 g (3.1.16)
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where the limit is almost sure in distribution, and where for £ € N

k
Z 71 (2 cos(j6) — 2i5sin(40)) . (3.1.17)

Remark 46. Since the covariance kernel of Y, g has logarithmic singularities not just on
the diagonal @ = 0’ but also on the anti-diagonal = —0', one cannot directly use Theorem
to determine for which o, B the GMC measure o g is non-trivial, i.e. not almost surely
the zero measure. However, when restricting the measure to the arc (e,m — €), for some
€ > 0, the covariance kernel can be written in the form required in Theorem which
implies that when restricting jia.g to (€,m — €), it is non-trivial if and only if o® — B < 1.
In particular the random variable pq g((e, 7 — €)) is not almost surely zero if and only if
a? — %2 < 1, and its construction does not depend on whether one restricts Lo, to (€,m—€)
(see the proof sketch below Theorem . Thus also when considered as a measure on the
full circle, pq g is non-trivial iof and only if a? - B2 <1,

Remark 47. Since near £1 one gets both the blowup from the diagonal as well as the
blowup from the anti-diagonal, the set of parameters o and B for which the moments of the
total mass of pa.pg are finite, depend on whether one defines the measure on the full unit
circle or whether one excludes small neighborhoods around +1. This is part of the reason
for the different sets of parameters o and 3 in our Theorems[{§ and [50 below, as for our

proofs to work we need the second moment of the total mass of pa g to be finite.

For € € (0,7/2) define I, := (e,m — €) U (7 + €,2m — €). Then our first result in this
chapter is the following;:

Theorem 48. Let o — 32 < 1/2 and o > —1/4. Further let G(n) € {O(n), Sp(2n)}.
When restricting the random measures fiG(n),a,3 aNd fa,g to Ie, then as n — oo, for any

fized € > 0, the sequence (,u(;(n)’aﬂ) converges weakly to i g in the space of Radon

neN
measures on I, equipped with the topology of weak convergence, i.e. for any bounded

F : {Radon measures on I} — R for which F(u,) — F(u) whenever p, 4 W, it holds that

E (F(tiGm),ap)) —— B (F(tia,s)) - (3.1.18)

Remark 49. Note that the limit of jign).a,p 5 the same for both G(n) = O(n) and
G(n) = Sp(2n) since by our normalisation procedure the deterministic means £x and £&

of the limiting fields get cancelled out.

The specialisation of the formulas in [CGMY22| to our situation is stated in Theorem
B4l Using these, we can prove our second result in this chapter, which extends Theorem
to the full circle, but for a slightly smaller set of parameters «, 8. The reason for the

different sets of parameters a, 8 is explained in Remark [56]

Theorem 50. Let o — 32 < 1/2 and 0 < o < 1/2. Further let G(n) € {O(n), Sp(2n)}.

Then the sequence of random measures (ug(n),aﬁ) converges weakly to 1o g in the space

neN
of Radon measures on [0,27) equipped with the topology of weak convergence.
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Proof strategy: Let I denote either I. or [0,27). We first remark that by Theorem 4.2.
in |Kal76|, weak convergence of HG(n),a,3 1O Ha,s in the space of Radon measures on I

equipped with the topology of weak convergence is equivalent to

/ 9(0) 1. 5(060) 5 / 9(0)110.5(d), (3.1.19)
I I

as n — 0o, for any bounded continuous non-negative function g on I.
To prove (3.1.19)) we use the following theorem:

Theorem 51 (Theorem 4.28 in [KalO1]). For k,n € N let &, &,, n* and nf be random
variables with values in a metric space (S, p) such that nk N n* as n — oo for any fized k,
and also 0¥ LN £ ask — oo. Then &, 4 & holds under the further condition

lim limsup E (p(n’;,gn) A 1) —0. (3.1.20)

k—00 n—oo

Our setting corresponds to S =R, p=|-|, and

¢ = /] 9(0) 10 p(A60), En = /l 9(0) 160y 5(06).

(3.1.21)
k k
= /1 o(O)n,(d0), = /I g(©)u), ,(d0),

(k)

where f1,,; s will now be defined by truncating the Fourier series of log f,, o 3. We see that
> 1 L L
tog fras(6) = =3 = (o BT + (o = )Tr(U ) )
! ; (3.1.22)
Tr(Un .
= — Z r(U ) (2acos(j6) — 2i5sin(j6)) ,
= 7
where we used that for U € O(n) or Sp(2n) we have Tr(U,?) = Tr(U3).
Definition 52. Fork,ne N, a e R, g €iR and 0 € I, let
k Sk LU%) 2acos(j60)—2iB sin(j0
fééﬁ(e) —¢ ZJ_1 3 ( (36)—2iB sin(j ))7 (3123)
and ®
(k) fn,awg(e)
1) o (df) = —=——db. (3.1.24)
e R 5(0)

In order to apply Theorem [51|to verify (3.1.19)), which then implies our main results, we
thus need to examine the following three limits: for any bounded continuous non-negative

function on I

i [ 9(0)n5(@0) 2 | g(0)as(a0), (31.25)

k—o0 I
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. d
i [ 9O, 0,5(00) £ [ 9(0)ny(a0), (31.26)

n—o0 I

and

k—00 n—oo

lim limsupE <

[ 508000) = [ 6Onaiastan| n1) =0, @aem

The first limit (3.1.25) follows immediately from the definition of y, g as the large k limit
of ,u((x /)3, defined in (3.1.16)): almost surely

lim :“((1,23 = a8 (3.1.28)

k—ro0
so in particular almost surely (and thus also in distribution)
lim | g(0)u)(d9) = / 9(0) 10 5(d6). (3.1.29)
k—oo I ’ I
The second limit (3.1.26]) will be proved in Section using previously established results

on the asymptotics of Toeplitz+Hankel determinants.

To show that the third limit (3.1.27)) holds, we will prove the following lemma in Section
9.2l

Lemma 53 (The L%limit). Let o® — 32 < 1/2. Further let 0 < o < 1/2 in the case
I =[0,27), and o > —1/4 in the case I = I.. Then for any bounded continuous non-

negative function g on I the following expectation goes to zero, as first n — oo and then

. ( ( /I 9(0) 10y () — /1 Q(H)N(Gk()n),aﬁ(de)>2>
( (k) 0’
= [ [ s)at) E (hiosOhas®)
1Jr1 E

fé’,‘iﬁ(e)) E(£{5))

E (£ 50 fras®)
2, fos E (% <>)E(fn,a,ﬁ<e'>>d9d6

/ fn a,B( )fn,a,ﬁ(el)) /
/ / IOVE (Fo s OV E (s @) ™

All the expectations inside the integrals can be expressed as (sums of) Toeplitz-+Hankel
determinants (see (2.1.6) and Theorem [54). We will prove Lemma [53] explicitly only in the
case I = [0,27), o® — %2 < 1/2, 0 < a < 1/2, using Theorem [34| below.

k — oo:

(3.1.30)

The proof in the case I = I, a® — % < 1/2, a > —1/4, works in almost exactly the
same way. Instead of Theorem which only holds for a > 0, we use new results on the
uniform asymptotics of Toeplitz-+Hankel determinants of symbols with two pairs of merging
singularities bounded away from +1, which are stated in Theorems 28] and [33] in the next
section. To the best of our knowledge these results have not previously been set out and

we believe them to be of independent interest.
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3.2 The L2-Limit

In this section we prove Lemma [53], for which we need to compute asymptotics of all the
expectation terms in the integrals, which hold uniformly in # and 6’ even as 6 — 6. We
recall the Baik-Rains identity (already stated as Theorem [19|in Chapter , which allows

us to express all those expectations as Toeplitz+Hankel determinants:

Theorem 54. (Theorem 2.2 in [BRO1||) Let h(z) be any function on the unit circle such
that for (%) := h(e®®)h(e™") the integrals
1 27

=5 1(e)e=Y dp (3.2.1)

are well-defined. Then with DI defined as in we have

Eso(2n) (det(h(U))) = T+H1(L)7
Eso-(2n) (det(h(U)))=h( Yh(=1) D (0),
Eso@n+1) (det(h(U))) = h(1)DITH3(4), (3.2.2)
Eso-@n+1) (det(h(U))) = h(=1)DE 74 (1),
Esp(an) (det(h(U))) = Dy t2(0),

except that Ego oy (det(h(U))) = h(1)
We define, for ¢ € [0,27) and 0,6 € [0, 27):
o Sher 2R ((aB) (e ) e

6100 () = |
G20,00(€') = o~ Si=1 FR((emB)e)e?) g it 20,21 log(1-e' =)
ag,e,ef(ez‘qb) _ ‘ew _ i9|2a 2iﬂ§log(1_ei(¢—0))|ei¢ B ew/|2°‘62i5310g(1—ei(¢*9’))’ 523
Gu(ei?) = e Liz1 3 R((amB)e0)e?
&5,9(ei¢) = |ei® — eiG|2a€21ﬂ§10g(1_6i(¢70))’

where the branch of the logarithm is the principal one (so in particular log(1 — ¢#(#=9) ¢
(=m/2,7/2]). Then we have

fgf;ﬂ(e)fé’zﬁ(gl) = [I 6100 (),
fgfgl,ﬁ(e)fn,aﬁ(@’) = H Go.0.0 (&),

fn,aﬁ(e)fn,a,ﬁ(al) = H 5'3,0,6" (eiég), (3.2.4)
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where the product is up to 2n for U € Sp(2n). Further we define

0100 (€%) =619.0(€?)01 99'( 9
. Z;c ) %%( 2]9+eij9,)> (6419 1e—1i%)
?
02,00/ (') =69.0.0/(€'?) G200 (e7)
o SE ZR((a- ) ) (179 4o )
« |ei9’ . eid)’2a62i5310g(176i(¢_9/))|6i9/ - 67i¢>|2a62i63log(lfei(_“;‘_e,))
)
30,0 (€') =63.0,0(€'?)63.9,00 (€) (3.2.5)

; ; i3S —ei(9=0))| g’ ; i8S —ei(9=0")
:|610 _ 62¢|2a621B\s10g(1 e )|619 _ ez¢’2a62zﬂ\slog(1 e )
; —i i8S _ei(=o=0Y, 400 i8S _ei(=0=0")
> ‘619 —e z¢|2a€21ﬁ\y10g(1 e )‘619 —e z¢|2a6216\ylog(1 e )’

04.0(€") =649(¢*)649(e %)
—e Xi=1 FR((a=p)eti?) (199 +e7%)

0) =65,0(")650(e

:|ei0 . ei¢|2a62ws1og(1—ei<¢*9>)|eie . e—i¢|2a62i,6’Slog(l—e"(’d’*e)).

os9(e o)

Applying Theorem [54], we obtain

O(2n) <f2na,8( ) 2(2)(1,5(9/))
1 (k) (k)
:§ESO(2n) <f2n,a,,8( >f2naﬁ( )) + §ESO*(2n) <f2n,a,,8(9> 2n,a,6(9/))

1 1. . H
:ZD,{JFHJ(ULG,@/) + 6100 (16100 (—1)D 2 (0194),

2
k k
Eoen+1) (fine10s(0) Fosr as(®) (3.2.6)
1 k k 1 k
1.

—35100(1)

IES}?(%) <f15ko)¢g(9)fq§ (i 5(9,)) = D2+H’2(01,0,9'),

1,
)DITH3 (5 5 4) + 501,9,9'(—1)DZ+H’4(01,9,0’)7

and similarly for o994/, ..., 05 .

The symbols 0166/, ..., 059 can be written as symbols with Fisher-Hartwig singularities,
i.e. as in Definition Due to our choice of logarithm, we have for ¢, 0 € [0, 2):

Slog(1 - 60 =1 "3 % 0<0<¢<2r
3t 0<¢<d<or
Slog(1 — '7979) =Glog(1 — '*7=09)) (3.2.7)
— _%+27r_26_¢ 0<¢p<2m—6<2rm
T4 g<oar-0<¢<2r
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which implies that we can write

20,00 (€')
o Shey 2R((amB)e?) (e emi97)

j=17

% ’€i¢ N ei@’ |2aei,8(¢70’)gew,ﬁ(ei¢) ‘eid) _ 671'9’ |2aeiilg(d)i(27.‘-79/))967;(27779,)y—ﬁ(ei(ﬁ)

03,979/(6i¢) (3.2.8)
:‘eiqb o €i9‘2aeiﬁ(¢—0)gew ﬁ(ei¢) ‘eiqb - e—i0’2a€—zﬂ(¢—(27r—0))g iqb)

)

8i(27r—0)7_ﬁ(€
« |ei¢ - ei@’|2aez‘6(¢—6’)gewlﬂ(ei¢)|ei¢ N e—iG’ |2o¢e—i6(¢—(27r—0’))7 g

o 5,9(€i¢)
:|6i¢) o 62’9‘2&61',8((;5—0)

ei(2m—0") ,_ﬁ(eid))v

(eiqS) |€id) i 6—i0|2a€—iﬁ(¢—(27r—49'))

geio 5 Gusianon (9.

Theorem [23| gives asymptotic formulae for the Toeplitz+Hankel determinants of oy g ¢/,
092,0,0',03,0,0',04,0,05¢, Which are uniform when all of the singularities that appear are
bounded away from each other. Since 014 and 049 do not have any singularities the
asymptotics of their Toeplitz+Hankel determinants are uniform in 6,60" € [0,27). To obtain
asymptotics for the Toeplitz+Hankel determinants of o3¢ ¢/, 03¢ and o5 that are also

uniform when singularities merge we use Theorem

When applying Theorem [28| we always have ag = a1 = 0, thus we get
7.‘-%(a0+ar+1+s/+t’+1)G(1/2)2
Gl4+ap+ )G+ appq + 1)

=1, (3.2.9)

for any choices of §',t' € {+1/2,—1/2}. Further one has to be careful that z1, 22 always
correspond to the singularities in the upper half circle, i.e. argzj,argze € (0,7). The
asymptotics of the Toeplitz+Hankel determinants of oy g ¢, 0920 6/,04,6,05 ¢ obtained with
Theorem 2§ are then as follows:

e For f(e!?) = 0194 (e") we have r = 0, ap = a; = 0 and

k
V) == 2R (0= A + 7)) (904 ). (3210)
j=1

Thus we obtain

L N2
Dy (o1,00) e (CEDICE )

« 2T LD g (0 ) (9046 (3.2.11)

s Q1= =g B PR (1 4 (1)),

uniformly for 6,6’ € [0, 27).

e For f(e'?) = 72,000 (€?) we have r = 1, ap = g = 0,

(3.2.12)

et 0<@ < B 0<@ <m
1= i2r—0) / , b= / ’
e m<0 <27 -8 m<b <2
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a1 = «a, and

u\[\p
/-\

zj0) (€199 4 ¢~119). (3.2.13)

Thus we obtain:
DT+Hx( ) =(2n)(@* =8 5= 5 R((a—p)eis?)? SH_; $0((a=B)e?)R((a=B)e?”")

—iﬁalB122aﬁl|1 B e2i9/|—(a2+62) G(l+a+p)G+a-p)
1 G(1+2a)

(=1 Iy
o 2Thy PR (0= B)e0) o (1~ )ntg— (s +1)2 4 S (7 +1')

02,00/

X e

» eiiﬂ_slﬁlzfl(sq_tl)u _ 619/|72a8/|1 + ei@/’72at/ (3214)
x (1+o(1)),

uniformly for 6,0 € [0,27) s.t. € stays bounded away from +1.

e For f(e!?) = 049(e'®) we have r =0, ap = a3 = 0 and

sz) (€199 4 ¢~119). (3.2.15)

u\[\p
/—\

Thus we obtain:

25 €ii0)2 g5k M% a—pB)ei?
04) —eXo=1 SR 2T (/) (3.2.16)
x 9(=8 =t)nta—5 (H) 45 (" +) (1 4 o(1)),

Dy

uniformly for 6 € [0, 27).

e For f(e'?) = 05,0 (€") with e £ 41, wehave r =1, ag = ap = 0,

0’ / /
- {Zi@ww e B {is o (32.17)
a1 = «a, and V = 0. Thus we obtain:
DE—FH’H(US,G’)
:(2,”)(0(2752)671'71*0451 Z%aﬁﬁ = e2i9’|—(a2+52) G(1+a+B)G(1+a— )

G(1+2a)
x 2(1—3’—t’)n+q—%(s’+t’)2+%(s’+t’)€—i7rs’,81 2151 (s'+t') ‘1 . eiO’ ’—20&8/ ’1 + ei@’ ’—2at’
% (14 0(1)), (3.2.18)
0’

uniformly for 6" € [0,27) s.t. € stays bounded away from +1.

For f(e'?) = 0390/(e"®) we have r = 2, ag = a3 = V(2) = 0 and 21, 29, a1, a2, B1, B2
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chosen according to the following decomposition (always a1 = ag = a):

[0,27)2 = Uf»:l Jj U {(9,0’) €0,2n)%:0=0", or 0 =21 — @', or 0,0 ¢ {O,w}} ,
J={(6,6") € (0,7) x (0,7): 0 <0},
for (6,0') € Ji: 21 =€ 2=¢" B =8 =8
Ty ={(0,0) € (0,7) x (0,7) : 0 < 0},
for (0,0)e Jy: z1=e 20=€" B =B =4
J3={(0,0") € (0,m) x (m,2m) : 0 <2w — '},
for (6,0") € Jy: 21 =¢?, 2 =) g = g = 5.
Ji={(0,0") € (m,2m) x (0,7) : §' <27 — 0},
for (0,0)€ Jy: 2= e 29 =m0 B = B, = p. (3.2.19)
Js ={(6,0) € (m,2m) x (m,2m) : 2m — 0 < 2w — '},
for (0,0)) € Js: =z = ei(z’r_@), 29 = ei(%_e/),ﬁl = o = —f.
Jo ={(6,0) € (m,2m) x (m,2m) : 2m — 0 < 27 — 0},
for (0,0)) € Jg: 2z = e"(Z’T*e/), 29 = €0 8 = By = —8.
Jr={(0,0") € (m,2m) x (0,7) : 2m — 0 < 0’} ,
for (0,0") e J7;: 2z = =0 o = B = —By = 8.
Js ={(6,0") € (0,7) x (m,2m) : 2m — 0’ < 6},
for (0,0 € Jg: 2 =€) 25 =¢? B =B =—p.

In this notation we obtain by Theorem

D5+H7H(03,970/)

:(2n)2(a2—52)e—ma(51+52+252)|ez‘0 _ ei9’|—2(a2—,82)|6i6 _ e—i0’|—2(a2+52)

4Bra_4Baa 2i0|—(a2+52) 2i0/ (2182 G +a+ B’G(1+a—B)?
X 217 %252 — e |1 — e | 5
G(1+ 2a)
v 2(1—5'—t’)n+q—%(s/+t’)2+%(s/+t')e—i7rs/(51+52)zlﬁ1 (S'+t’)z2ﬂ2(s’+t’) (3220)

x |1 B 6i€|—2as’|1 + 6i9|—2at’|1 . €i9’|—2as’|1 + 6i9/|—2at’(1 + 0(1))7

uniformly for 6,60 € [0,27), s.t. e, e e ¢~ stay bounded away from each other and
+1.

In the following sections we use the asymptotics obtained in this section to compute

the asymptotics of the quotients of expectations that appear in Lemma [53]
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3.2.1 The Symplectic Case

By (3.2.6), (3.2.11), (3.2.16) with k =2, ¢ =10, s’ =t = J, we get

k
Esp(2n) (févi,g(e)f,g j ,3(9,)> B Dy (0194)

Espon (£i050) Espon) (fis0)) Do (000)Dn™one)  (3221)
:ezf 1 %é}i(( 5)61J9)§R<(a—,3)ei]9 )(1 n 0(1))’

uniformly for 6,6 € [0, 27).

By (3.2.6), (3.2.14), (3.2.16) and (3.2.18) with k =2, ¢ =0, &' =t = 3, we get

k)
Esp(2n) (ff,(L 0.3(0) fr0,8(0 )) D2 (654.90)

= L T+H_2 T+H,2
Espon (Fios®) Espon (Frap@) Do oD (050)  (32.22)

b R ) ) i)

uniformly for 6,6 € [0,27) s.t. € stays bounded away from =+1.

By (]3.2.6[), (]3.2.18[), (]3.2.20[) withk =2, ¢g=0and s’ =t = % and z1, 22, 81, B2 chosen
as in (3.2.19)), a quick calculation results in

Espan) (fr,a,8(0)fr.a,s00")) _ Dy M2 (o300)
ESp(Qn) (fn,a,ﬁ(e)) ESp(Qn) (fn,oc,ﬁ(el)) D£+H’2(05,9)DZ+H’2(05,9/)
:|6i6’ . ei6" |—2(a2—62)‘6i9 o e—iﬁ/ ’—2(a2+52)zfa51 Zgaﬁze—%riaﬂg(l + 0(1))

(3.2.23)
:|€i9 _ ei9/|_2(a2_62)‘62~0 _ e_iel’_2(a2+ﬁ2)e4i@ﬁ$log(1—ei(9+9’))(1 + 0(1))’

uniformly for 6,60 € [0,2n), s.t. € e e ¢~ stay bounded away from each other and
+1.

3.2.2 The Odd Orthogonal Case
In the odd orthogonal case we always have ¢ = —n, and s’ + ¢’ = 0, which implies that
o(1—s'—t)ntq—5(s'+t") >+ 5(s'+') _ | (3.2.24)
We also note that by we have
G100 (£1) e 2X0=1 5 2 (@) (9 4+e5))

EV R ((a-p)

k ij .y .
Gop0 (£1) =e 201 1 e 20T geio' p(E1),
53 96’(1) :|1 _ ei0|2a|1 _ eiG"Qaeiﬂ(n—ﬁ)eiﬁ(w—ﬁ’),
6’3 0 9/(—]_) :|]_ + ei9|2a|1 + i@"20:61',8(#—0)6i5(7r—6")@—i7r(51+[32)’ (3225)
(il)J _B)etd
G49(£1) me 2 Xi= 5 R((a=p)e )

G5.0(1) =[1— e P20

)

(5’579/(—1) :|]_ + 67:9/ |2a6iﬁ(ﬂ-79/)67iﬂ-’81,
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where (1, B2 are chosen as in (3.2.19) for 63 ¢/, and as in (3.2.17) for G5 ¢. Thus by (3.2.6)),
B2.11) and (B.2.25) we get

k

1. 1 .
2501ﬁﬁ%1)D£+H3(ULam)*-50Law(—1)DZ+HA(ULaw)

_L sk 20 (e gy o)

2

k

1—(—1)J
=1 EE g

y ( —2 20, 1R((ap) (70 4e0?)) ST R (a0 el ) (3.2.26)

TR (@) (00 4e5)) - 5h, G

+e

1+(—1)J
J

S (O O S v R0 +) 1 1 o)

=€

uniformly for 6,6 € [0, 27).

Similarly we obtain from (3.2.6)), (3.2.14} (3.2.16)), (3.2.18) and (3.2.25)), that

2 ij0\2 _ ok 1+(f1)j a—B)eiif
Eo(2nt1) (fg,’;;l,aﬁ(e)) — T (0B ?)” = T HEER((0B)E) () L o1y),
(3.2.27)
uniformly for 6,6’ € [0,27), and
k a?—[2 2R ((a—B)ei?)?
EO(Zn—i—l) <f2(n)+1,a,6(9)f2"+17047ﬁ(0/)> (Qn)( B?) ZJ 13 (( B)e” )
S I
« e—iﬂ'aﬁl Z%aﬁl‘l - 62i9’|—(a2+ﬁ2)
Gl4+a+p)G(l+a—-p)
2.2
X G(1+2a) (3:2:28)

-, BEIR((a-p)e)

Ry o 014 o1

(2n) (@B gmimabs 208 _ 20|~ (0% +57)

 Gll+a+ PG +a—p)
G(1+ 2a)
7r—c9’)6—

EO(2n+1) (f2n+1,aﬂ (0,)) =

x e T — |21 + ¢ [*(1 + o(1)),

uniformly for 6,6’ € [0, 27), s.t. ¢ stays bounded away from +1, where

0’
i(2m—0")

0<0 <7
T<@ <21’

e
z1 =
e
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From (3.2.6)), (3.2.20) and (3.2.25) we obtain

Eo@n+1) (font1,0,8(0) fans1,0,8(0"))
:(2n)2(0¢2*52)6*iﬁa(51 +B2+2p2)

% \ew _ ei9’|72(a27ﬁ2)’8i9 . efia"72(a2+,82)211,31az;1/3204‘1 . e2i9’f(a2+52)‘1 . e2i9’7(a2+ﬂ2)
o G+ at BPCU+ a=B)° s o) is—0) 5648
(& € e 2
G(1+ 2a)?
X [1—e®|?1 4 |71 = & |*[1 4+ & |*(1 4 o(1)),

(3.2.30)

uniformly for 6,68’ € [0,27), s.t. e, ¢ e=0 ¢~ stay bounded away from each other and

+1, and where z1, 29, 81, B2 are chosen as in (3.2.19)).

Combining (3.2.26)), (3.2.27)) and ([3.2.28)), we obtain
k k
EO(2”+1) (fQ(n)—&—l,a,,B(e)fQ(n)—I—l,a,,B(al))

Eo(ant1) (félerl,a,ﬂ(e)) Eoent1) <fz(ﬁ)+1,a,g(9’)) (3.2.31)
S R (o) )

uniformly for 6,60 € [0,27), and

k
Eo@2nt1) (fg(nzrl,a,g(9)f2n+1,a,,8(9/))
Eoen+1) (fimr10,5(0)) Eo@at) (fnt1,a8(0") (3.2.32)
_ Zha R m(@0e) 1y o))

9/

uniformly for 6,0’ € [0,27), s.t. € stays bounded away from =1.

By (3.2.28) and (3.2.30) we obtain

Eo@n+1) (font1,0,8(0) font1,0,5(0"))

Eo@n+1) (f2n+1,0,6(0)) Eo@ni1) (font1,0,8(6))
:’eie . eie"—Q(oﬂ_B?)’ei@ . e—ie’|—2(o¢2+62)z%a51zga[‘}Qe—Qﬂ'ioc,Bg(1 +o(1)), (3.2.33)

:e4iaﬁglog(lfei(9+9/))|ei9 _ 610’|72(a2752)‘6i9 . efie/’f2(a2+52)(1 +o(1)),
uniformly for 6,6 € [0, 27), s.t. e ¥ =10 ¢~ gtay bounded away from each other and
+1.

3.2.3 The Even Orthogonal Case

In the same way as in the odd orthogonal case one can use (3.2.6)), (3.2.11)) - (3.2.20) and

(13.2.25)) to obtain

(k) (k) /
o (Fon s Oins®) st sm(eseomm(esne) ), )
k k ’
Eo(2n) (fg(n?a,g(e)) Eo(2n) (fg(n?a,gw’))

(3.2.34)
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uniformly for 0,0 € [0,27), and

(k) '
Eo(2n) (fzn,a,g(e)f%,a,ﬁ(@ )) _ T AR e ”9)%((&7&)6“9/)(1 +o(1))
k,‘ )
Eo(an) <f2(n?a,6(6)> Eo(2n) (f2n,a,5(0"))
(3.2.35)

uniformly for 0,6’ € [0, 27), s.t. ¢ stays bounded away from +1, and

IE’O(2n) (fZTL,a,B(Q)an,a,B (9,))
IEO(Qn) (f2n,oc,ﬁ(9)) IE:O(Qn) (f?n,oc,ﬁ(gl)) (3236)
—HiaBSlog(1=e ) i _ it/ |=2(0?=6%)| 10 _ =10 |=2e+5%) (1 | (1)),

uniformly for 8,6’ € [0,27), s.t. %, ¢ e~ ¢~ stay bounded away from each other and

+1.

In Section we will also need that

n 760 a—B)et 0
Eon) (finns(0)) =e 22 FR((eAe)+ i SR(-Be ) (g (1)) (3.2.37)

uniformly in 0 € [0, 27).

3.2.4 Pulling the large-n limit inside the integral

Using the asymptotics computed in the previous sections and Theorem [34] we follow the
proof of Corollary 2.1 in [Fah21| to show that we can pull lim,_,~ inside the integral, i.e.

that we can use the non-uniform asymptotics of the integrand:

Lemma 55. Let the expectations be over O(n) or Sp(2n), and a® — 32 < 1/2 and 0 < o <
1/2. Then

27 27 o’
hm / 6/ (f’l’b o ,3( )f?’l,‘%ﬂ( ))/ d@d&l (3238)
n—00 fna,ﬂ( ))E(fna,ﬁ(a ))
27r 2w
/ / 4zaﬁ\slog(1 ei(0+0 ))’ew . ewl‘_Q(az_62)’€i9 . €_i0/|_2(a2+62)d9d9,,

lim
n—oo 0

27 /27r , E(f,gka,g( )fnaﬁ( )) ,
9(6)g(0 o do b
E (£15(0)) E (faa,3(0) (3.2.39)

27 27 i
_/ / 9(0)g(0)e=i=1 3R (=D R(@=B)e) g g
o Jo

Remark 56. Note that the limit in is finite since 2(a? + %) < 2(a? — %) < 1 and
2(a?+B8%)+2(a? - %) = 4a® < 1. If we restrict the integrals to I. = (e, 71 —e)U(m+¢€, 2w —¢)
then we only need that 2(a? + B?) < 2(a? — 32) < 1 for the integral to be finite, since
e — | and |e® — e="| can only go to zero simultaneously when both 0,0 approach
{0, 7,27}, Further, if we restrict to I. we can rely on Theorems cmdfor the proof,
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which only require o > —1/4, and we will not need Theorem anymore, which requires
a > 0. Thus when restricting to I., Lemma [53 holds for the larger set of parameters
o - p2<1/2 and a > —1/4.

Proof of Lemma By Theorems [34] and [54] we have

Espon) (nons @ fuas®)  DE(0500)
ESp(Qn) (fn,ozﬁ (0)) ESp(Qn) (fn,Oé”B (0/)) DZ+H’2 (0'5,9)D77;+H’2 (0‘579/)

(3.2.40)
_om <Sin 0_ 0 . 1>—2(a2—62) (Sin 040 1> —2(a2452)
n n ’
as n — oo, uniformly in (Lebesgue almost all) (6,8’) € [0,27)2. By the same theorems we
get
EO(ZnJrl) (f2n+1,a,,6’(0)f2n+1,a,,8(9/))
=5 (63,00 (1) D3 (05 0.0) + 63,00 (—1) DL T4 (030.0))
1 2a?—52) O(1 2 sm‘(ﬂ—l—f -
=5 Fay o™ W ] (3.2.41)
2 e : sin2 1%l <cos 101 + l)
Jj=1 2 2 n
2 10,1 1 -
cos HH 4+ &
| —erei :
j=1 \ cos? - (sin 54+ ﬁ)
and
Eo@n+1) (font1,0,8(0)) (3.2.42)
1 2 SlanLl - COSM+l -
=—F, ,n® 700 = +
05,0 )
2 sin? |g| <cos |g‘ + n) cos? @ (sm |g| + n)

as n — 00, uniformly for (Lebesgue almost all) (6,60') € [0,2m)?, where 61g/,...,05¢ are
defined in . Thus we can see that also for the expectations over O(2n + 1) we get

EO(Qn—H) (f2n+1,a,ﬁ(9)f2n+1,a,ﬁ(0/))
Eo@nt1) (f2n+1,0,8(0)) Eo@nt1) (font1,0,8(0"))
g0 1\ 2 0+ 0
=0 <sin + ) <sin
n 2

as n — oo, uniformly in (Lebesgue almost all) (#,6’) € [0,2)2. Similarly, Theorem [34| gives

IEO(Zn) (on,a 5( )f2n o 5(0,))
IEO(Qn) (f2n,oz,ﬁ(9)) IEO 2n) (f2n oc,ﬁ 9

_
=90 (sin 66 + 1> (sm

(3.2.43)

n

1 ) —2(a?4p2)

(3.2.44)
0+ 6

)

1 > —2(a?+p?%)
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as well as
]ESp(Zn) (fqglzﬁ (a)fn,a,ﬁ (9/))
Espn) (Frons(®)) Espan) (fras(8)

Eo@n+1) (fg(,ﬂm,g(9)f2n+1,a,6(9/))

G = oW, (3.2.45)
Eo@2nt1) (f2n+1,a7/3(9)) Eo@n+1) (font1,0,8(0"))
(k)
I['30(271) (f2n7a7ﬁ(9)f2n,a,,3(9,)) _ 60(1)
k/' 9y
Eoan) (fg(n?a,g(@) Eo(n) (fon.a,5(0"))
as n — oo, uniformly in (Lebesgue almost all) (6,8") € [0, 27)2.
Now, for a given measureable subset R C [0, 27)?, we denote
_ —2(a?—p2) ' —2(a?+4?)
L.(R) :/ (sin b + 6) (sin b —; b + 6) dede’,
R (3.2.46)

6—0
2

—2(a®—p?)
K. (R) :/ <sin + 6) dode’.
R

In the case a? + 32 > 0 we have L.(R) < Lo(R) < oo for any € > 0 (since 2(a? — 82),2(a? +
?),4a% < 1), while in the case a? + 32 < 0 we have K (R) < Ko(R) < oo for any € > 0.
For n > 0 we define

—_p /
ran ={(0.0) € 207 U0 0201
Ra(n) =R1(n)".

It follows by (3.2.40)), (3.2.43)) and (3.2.44)) that for any n > 0 there exists a C' > 0 and
Ny € N such that

(3.2.47)

(3.2.48)

r E(faap @) faas(@) _ [CLo(Ra(n), a2+ B2 >0,
/ng@g(e B G O) E s (0) {CKO(RQ(U))7 02+ 52 <0,

for n > Np. Fix 6 > 0. Since Lo(R2(n)), Ko(R2(n) — 0 as n — 0, it follows that there
exists an 19 > 0 and an Ny € N such that

/ E (fn,a,ﬁ(g)fn,aﬁ(e/))
/R2 () 9(0)9(9 )E (fn,a,,@ (9)) E (fn,a,ﬁ (9/))

for n > Ny and n < np.

<6/2 (3.2.49)

Using (3.2.23)), (3.2.33) and (3.2.36]), we get that for any fixed n > 0 it holds that

! E (fn,a,ﬁ(e)fn,a,ﬂ (0/)) o o
/ng 9O s O E (o) — OG0 )

=(1+0(1))Lo([0,27)%) — (1 + o(1)) Lo(Ra(n)).
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We pick 1 < ng such that Io(Ra2(n)) < §/4, then we have

| s®a) ?(f”’“’ﬁw)f"’“’ﬁw/)) — Lo([0,2m)%)
Ri(n)

E (fna,8(0)) E (fn,a,8(6)) (3.2.51)
= |Lo(Ra2(n)) + o(1)| < /4 + o(1).
Together with m we obtain that there exists an IV € N such that
o 7) E (fn,0,8(0) fra,(0)) 2
: = — Lo(]0,2 1 3.2.52
fnozﬁ( ))E(fn,a,ﬁ(el)) 0([ ’ Tr) ) = ( )

for all n > N. Since > 0 is arbitrary, this shows the first part of (3.2.38). (3.2.39)) follows
from (3.2.45) in a similar way. O

3.2.5 Proof of Lemma 53

Now we have all the ingredients necessary to prove Lemma We will only prove it for
I =10,2m), the proof for I = I, = (e,m — €) U (7 + €,2m + €) is completely analogous and
relies on the fact that Lemma also holds for I = I, a® — 3% < 1/2 and a > —1/4, as
explained in Remark [56]

Proof of Lemma From Lemma [55] and (3.1.30), (3.2.21), (3.2.31)) and (3.2.34) it
follows that

nlinéoE<< / u 9(0) iy 05 (dA6) — /0 2Wg(e)ugv()m,a,ﬂ(de))2)

/277 /27r ) iaBSlog(1- ci(o+6' et — it | =25 gif _ o~ |2’ +5%) 49 q¢’
_/2“ /Qﬂg(ﬁ)g(e’) 1 R0 R(@-0) jpqg (3.2.53)
o Jo
We see that
18 (0= 00} (= )
=(a= 8?7 1 (a4 B)?e IO 4 (a? — 57) (9070 4 7070 (3.2.54)

=2(a?® — %) cos(j(8 — 0")) + 2(a® + B?) cos(j (0 + 6')) — 203 (eij(ew,) — e_ij(0+0/)> .

Since
) , 1
log|e?? —e?'| = — Z —cos(j(0—0)),
o (3.2.55)
- o 1
log |e? —e | = — Z —cos(j(0+6")),
=17
and
B Z GIOH0) _ =i O+0)) Zlog(1 — (HOH)Y _ Jog(1 — i+
(3.2.56)

=2iS log(1 — ¢ 0+9)),
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we see that
oo ((a+zﬁ)elj9) <(a+i,3)eij9/>

e—I=t ;
3.2.57
=l — ei9/|_2(a2—62)\ei9 — e_iel]_2(a2+52)e4i0¢ﬂ310g(1—6i(9+9/)), ( :
Because E ((...)%) > 0 it holds that
2m 2 0" 1 —2(a2 2 i0 i0' 1—2(a2 2) 4iaB3 1 1 i(6+6")
/ / — ¢t |— (a*—p )|€z — et ‘— (a*+p )6 oSS log(l—e )dedﬁ,
2T 2w k4  avige
Zliinsup/ /0 g(@)g(ﬁ')ezj:lj%((a B)e” )§R<(a Bev? )dé?d@’ (3.2.58)
— 00

Now we use that g is non-negative to apply Fatou’s lemma to get the other inequality,
which finishes the proof. O

3.3 Proof of the Second Limit

In this section we prove (3.1.26) for I = [0,27), i.e. that for any fixed k¥ € N and bounded
continuous function g : [0,27) — R it holds that

/0 9O o 5(d0) —>/ 0)(d0), (3.3.1)

as n — 00, where “(Gk()n) ap is defined in Definition [52| and ,ugé)ﬁ is defined in (3.1.16f). For
I=1I = (em—e€)U(m+ ¢ 2m — €) the proof is exactly the same.

We consider the function F : RF — R,

F(Zl,

2 —2325_ ) - (acos(j0)—iBsin(j60))
) 2K) = / 9l0)c >df, (3.3.2)
0

(251 FR((a=B)eid? )+ 55, SR((a—p)ets?)
which is continuous since the integrand is continuous in z1, ..., z, and @, and bounded in 6

for any fixed 21, ..., z,. Then we have, with + corresponding to symplectic/orthogonal:

J N
27 *) 27 9(0)6_2 25:1 Tr%n) (arcos(j0)—iBsin(j6))
g(a)uc(n) a 5(d0) = (k) dg
0 0 E(fp.as(0)

T Tr(U a cos(j0)—iB sin(760
_ 1 /2 g(0)e —23k (crcos(j0)—iB sin(j0)) “
L+o(1) Jo  #25h, FR((a-pei?)+55, 3R((a-p)eid?)’

N5

dé

NJ:F .
4 [ g(0)e -2k 7(0605(30) iBsin(jo))
4 [T s -
0 ei22j 14%((0‘* )ewa)JFZJ 1J ((a*ﬁ)ewe)
d / o 9(9)622 Tf(acos(ye) iBsin(j0))—Yh_ 2§R(<a—6)eij@)2de
0

2
= [ s ao) (333)

where in the second equality we used (3.2.16|), (3.2.27)), and (3.2.37|), where the convergence
in distribution follows from Theorem [43| and the continuous mapping theorem, and where

the penultimate equality follows from the fact that —N\/; 4 N;.
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Chapter 4

Moments of Moments of the
Characteristic Polynomial of Random
Orthogonal and Symplectic Matrices

In this chapter, which is based on joint work with Tom Claeys and Jon Keating [CFK23|,
we use the uniform asymptotics of Toeplitz+Hankel determinants from Theorem due to
Claeys et al. [CGMY22|, to establish formulae, stated in Theorems [58| and [59| below, for the
asymptotics of the moments of the moments of the characteristic polynomials of random
orthogonal and symplectic matrices, as the matrix-size tends to infinity. Those formulae
are analogous to the ones for random unitary matrices, found by Fahs |[Fah21|, and stated
in Theorem [57} A key feature of the formulae we derive is that the phase transitions in the
moments of moments are seen to depend on the symmetry group in question in a significant

way.

4.1 Statement of Results

We recall that for G(n) € {U(n), O(n), SO(n), SO~ (n), Sp(2n)} we define the character-
istic polynomial of a Haar distributed U € G(n) by

Do (0) = det (I - e—i"U) , 0eo,2r), (4.1.1)

and that for « > —1/2 and m € R we define the moments of moments of pg(,(€) by

1 2 N m
MOMG(n)(m, Oé) Z:Eg(n) <<27‘r/0 ‘pg(n)(g)‘Z d@) >, (4.1.2)

where Eg(,,) denotes the expectation with respect to the normalized Haar measure on G(n).
Furthermore we recall Fahs’ asymptotic formula for MoMg; ., (m, «) (this result was already
stated as Theorem [57)in Chapter [I but we restate it here for convenience):

Theorem 57 ( [Fah2l1]). For m € N and o > 0, as n — oo

2 G(14a)?>™"T(1-ma?) 1
(1 +o(V)nme* FEETThmsd, o<
MOMU(n) (m, Oé) = eo(l)nma2 logn o = Tlﬁ’ (413)
6(9(1)7,L'rn2a52<‘r17’rn7 le% > ﬁ?
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o(1)

where e denotes a function that is bounded and bounded away from 0 as n — oo, and

where G(z) denotes the Barnes G-function.
For m € N and o > 0, we define the constants

2
G(l + a)?m 4—a2m2:l:o¢m m—1 F(l —a? - ja2)I‘ (% _ ja2>

G420 am L4 T(1=a)T(1+a=a*(m+j))

(4.1.4)

C*t(m,a) =

where I' denotes Euler’s Gamma function and G denotes the Barnes G-function, satisfying
G(z+1) =T'(2)G(z) and G(0) = 0, G(1) = 1. Note that although C*(m, a) has poles for

certain values of «, it is well defined if

1 VBm=3+1) o= if m =2 and + = +, "
a < min T am—2 = Va1 _ (4.1.5)
m m e otherwise,
since in this case we have that 1—a? —ja? and 71—0;22104 —ja? are positive for j = 0,...,m—1,

such that the poles of I are avoided.

Our main results of this chapter are then as follows (recall that they were already stated

as Theorems |15 and [16|in Chapter :

Theorem 58. Let m € N and o > 0. Then, as n — oo:

(1+0(1)(2n)m*C~(m, @), o< i,
MOMSP(QTZ) (m’ O[) = 60(1)nma2 10g n o= 7\/8”7’7371 (416)

2 _ vV8m—3—1
O(1) ), 2(ma)*+ma m a > m .

€ n

Theorem 59. Let G(n) € {O(n), SO(n), SO~ (n)} and a > 0. For m € N\ {2}, as
n— 00:

(14 o(1))n™* C*(m,a), a < VEm3HL

MoMg ) (m, o) = O pma? logn o= @, (4.1.7)
0(1),,2 2—ma— 8m—3+1
O (1) p2(ma)*—ma m a> 477)711_2 )
Moreover, as n — oco:
2
(14 o(1))n*C*(2,0), a< L,
e©Mn20” og o= %,
MoMg(n) (2, ) = { CWpta’~1 ac @7 @) 7 (4.1.8)
O pda?—1 log n o= \/54+1
kGO(l)n8a2—2a—27 a > \/54+1

Remark 60. Since Eo(,)(f(U)) = Esom)(f(U))/2+ Eso-n)(f(U))/2 for any measurable
function f: O(n) — R, the above result for G(n) = O(n) is in fact a simple consequence of
the results for G(n) = SO(n) and G(n) = SO~ (n), and therefore we can restrict ourselves
to G(n) € {SO(n), SO~ (n), Sp(2n)} in what follows.

92



Remark 61. We will refer to the situations where av is small enough such that (4.1.5) holds
as the subcritical regimes or phases. For m # 2, or when both m = 2 and G(n) = Sp(2n),

there is the unique critical value o = V%IZL 2“ for G(n) € {O(n), SO(n), SO~ (n)} or
a= 7% for G(n)

= Sp(2n), and we will refer to values of a larger than the critical

value as the supercritical regimes. When both m = 2 and G(n) € {O(n), SO(n), SO~ (n)},

then there are the two critical values o = % and o = \/54"'1
regime if « lies in between the two critical values, and of the supercritical regime for

a> VBl

, and we speak of the intermediate

Remark 62. For m,« € N, our results are consistent with the results obtained by Assiotis,
Bailey and Keating [ABK19/, and Andrade and Best [AB22].

4.2 Proof Strategy and Outline

For G(n) € {SO(n), SO~ (n), Sp(2n)}, it follows from and Fubini’s theorem (recall
that m € N) that

2T 2T

L\ dor don,
=], ) e H‘pG U

For the second equality above, we used the fact that pg(,)(—0) = pgn)(0), which holds

21 2m L N de dgm
MoMg ) (m, ) :/0 /O Ecw | [T Ipam) 6 o
j=1

(4.2.1)

since the eigenvalues of orthogonal and symplectic matrices are +1 or appear in complex

conjugate pairs.
For 01,...,0,, € (0,7) we define the symbols
m . .
= H |z — 9|29z — 71052, (4.2.2)

Then by the Baik-Rains identity [BROlI[Theorem 2.2], stated in Theorem [19] we see that the
averages in the integrand in can be expressed as determinants of Toeplitz-+Hankel
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matrices:

m
1
Eso(an) H Pso@n (07)17* | =5 Di ! (fﬁ)) ;

2
m m
Eso-(ony | [ IPso-(eny(0)1** | =D "% (f ( ) [T 2sing;)
7=1 7j=1
m m 0. 2a
Eso@nt1) | [ IPso@ns1y (02 | =DI+H3 (fr(f)> <2 sin ;) ; (4.2.3)
Jj=1 Jj=1

m

m 2c
Eso-(@2n+1) H |Pso—(2n+1)(9j)\2a =DI+HA (¢ ( ) H <2 cos > ,
=1

=1

<.

ESp 2n) H |pSp 2n) :D7{+H72 <f7(7?)> )

where we recall Definition , i.e. that for a function f € L'(S%)

DITHI(f) = det (fj_ + fj+k)§k10,
DITH2(f) == det (fj_i, — fj+k+2)?7;i0 ,
T4H 3 i (4.2.4)
Dn ’ (f) = det (fj—k - fj+k+1)j7k:0 ’
Dy FA(F) = det (fj—k + Fieni1)]psg s
where f; is the j-th Fourier coefficient:
LT ey gy (4.2.5)
f] - 2 f(e )e . e
T Jo

On the right hand side of , the Toeplitz+Hankel determinants account for the
contribution of the complex conjugate pairs of eigenvalues of U, while the extra factors are
contributions from the fixed eigenvalues at +1.

Recall that uniform asymptotics of Toeplitz+Hankel determinants, including the case
when singularities are allowed to merge, were computed in [CGMY22, Theorem 2.2|, up to
an e factor. These results are stated here in Theorem and applied to our symbols

féf‘) imply that uniformly over the entire region 0 < 61 < --- < 0, < 7, as n — 00,

n —a?+a
1
DI+ fla)y —OMpme® p g 6, (2 sin6; + ) :
j=1 "
m —a?—a
1
DIy =eOWnme* F (01, 0) [ (2 sinf; + n) : (4.2.6)
j=1
m —062—0 —012 o
DIHHS(pla)y :eo(l)an‘ZFn(Gl ooy Om) H 2sin& + S 2 cos b + 1 i
n m ’ ’ e 2 n 2 n ’
m —062 (63 —042—(1
DT+H74(f(a)) :eO(l)nma2Fn(91 e Bm) H 24in 07] + l ’ 2 cos ei 4 l
n m ) ) 2 n 2 n ’



where

1 —2a? 1 —2a2
Fu(01,...,0m) =[] <2sin +) (zsin +> . (4.2.7)
1<j<k<m " n

Let H(n) € {SO(2n), SO~(2n), SO(2n + 1), SO~(2n + 1), Sp(2n)}. Combining (4.2.1),
[£Z3), and (T23), we sce that

MoM gy () (m, @) =e® D™ [y (@, (0,7)™), (4.2.8)

0; — 0
2

Qj-f—ek
2

where for a measurable subset R C (0, 7)™

)

1)6“2*%91 0

n

ISO(Qn)(Ol7 R) ::/ Fn(017 . ,Hm) H (2 sinHj +

R . ™ ™

2

Isof(%)(a, R) ::/ Fn(el, . 76m> H (2 sinGj + 711) (2 sin 9],)20; % . dtgm7

R i T T

ISO(2n+1) (aa R) = /R Fn(ely cee 76m> (429)
m 0, 1\ > 9, 1\ >t 0,\2*ds,  do

Xl_[1<2sin2]+n> <2C082]—|-n> <2sin2]> 717"1,

<

Iso-(ant1) (o, R) ::/RFn(el,-'-)‘gm)

2 2
. 1 —a“ta ) 1 —af—a A\ 2a
2sin9—]+— 20059—]4—— QCOSO—J d—elde—m,
2 n 2 n 2 T T

m el —a
. 1 dé dé,,
ISp(Zn)(a’R) ::/RFn((gl,...,em) | | <2Sln0j+n) 717

m ™

I

=1

<

j=1
For the proofs of the subcritical regimes in Theorem [58| and Theorem we will show in

Section that for R = (0,7)™ the above integrals converge as n — oo to Selberg-type
integrals which can be evaluated explicitly.

In the critical, intermediate, and supercritical regimes the integrals Iz ,)(c, (0,7)™)

diverge, and we need to prove optimal lower and upper bounds for them, up to an e©M) term.
To obtain lower bounds we use the inequalities
1 —2a? nA 2a2
2sin + — > (7) ,
n 3

2 2

0. 1\ @ Ta 1\ @ +a 2Fa

<2sin2]+> > (25in9j+> Z(%) , for —azj;a<0,
n n

0; + 0y,

1 —a?+a 0. 1 —a?+a )
(2 sin6; + > > (2 singj + > >p¥ T for —a’+a >0, (4.2.10)
n n

valid for 0 < 6;,6;, < 1/n, and the fact that

/ (25in6;)**d6; > / <2sin J) df; > (2/m)* / 62240, = @/m) 201,
0 0 2 0 200+ 1

(4.2.11)
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to obtain the inequalities
Iy (@, (0,70)™) > Iggoy (e, (0,1/n)™) > en?mm=bea’—m(1-a’Ea) (4.2.12)

with £ = + for H(n) one of the orthogonal ensembles, and + = — if H(n) = Sp(2n).
Together with this provides us with the required lower bounds in the supercritical
phases in Theorems |58 and |59} except when both m = 2 and H(n) € {SO(2n), SO~ (2n),
SO(2n+1), SO~ (2n+1)}.

Observe also that the lower bound diverges as n — oo if and only if

V8m —3+1
om(m —1)a® —m(l —a’+a) >0 < a> ;n —. (4.2.13)
m —

To prove the lower bound clogn for I,y (c, (0,7)™) in the critical phase a = 7m__32ﬂ,

we define the sets
B,(¢):=(0,4/n)™\ (0,({ —=1)/n)™, £=2,...,n. (4.2.14)

On B, (¢) it holds that

(2 sin

and when —a? £+ o < 0, then additionally

' Hij l —a?+a . | l —a?+a
2sin = + > | 2sinf; +
2 n n

Further we see that for all a > 0

2a m
/ H 2sin 6, 20‘d6 > / <2 sin j) do; > c/ H G?O‘dﬁj
n(f) n(0) 5= Bn(6) 554

l —2ma m (€2ma+m o (ﬂ o 1)2ma+m) > c//n—2ma—m€2ma+m—1

0; + 0,

1 —2a2 92 1 —2a2
+) 2(“) L 1<j<k<m, (4.2.15)

n n -

Y

—a?+a
(26—’_1) ., 1<j<m. (4216)

n

(4.2.17)

)

and that for —aZ +a >0

m 1 fa2+a m 9 1 —a“+a
2sin0-+> dH'Z/ <2sin]+> dé.
/nw)H( Ton ! nu)H 2 ' ’

J=1 J=1
i 2
>c / [T¢; +as;
n(0) j=1
:clnmaz—ma—m (K—mag—l—ma—l-m o (f o 1)—ma2+ma+m> > C//nma2—ma—m€—ma2+ma+m—1'
(4.2.18)
Thus, since B, (¢), £ =2,...,n, are disjoint, and since
VvVem —3—1
a= ZL—2 — —2m(m —1)a® —ma?® £ ma+m =0, (4.2.19)
m p—
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there exist constants ¢y, ca > 0, independent of n, such that

Y —2m(m—1)a?2—matma+m j—
Ty (e, (0,m)™) > Y (¢/n) =m0 tmatm p-1

=2 (4.2.20)

n
=c Zﬁ_l > cq logn — co.
(=2
This provides a sharp lower bound in the critical case, except when both m = 2 and H(n)
is equal to one of the orthogonal ensembles.
The upper bounds in the critical and supercritical phases of Theorem and Theorem
in the case m # 2, are more involved: they follow from and the following lemma,
which will be proven in Section [£.4]

Lemma 63. Let a > 0. As n — oo, we have the following estimates for m € N\ {2} when
H(n) € {SO(2n), SO~ (2n), SO(2n+1), SO~ (2n + 1), Sp(2n)}, and for m € N when
H(n) = Sp(2n),

- O(logn) o= 7%i17
IH(n) (O[, (07 7[') ) - O (an(m—l)QQ—m(l—a2ia)> a> \/847)17—3;:1 (4221)

with £ = — if H(n) = Sp(2n) and + = + otherwise.
Remark 64. In the subcritical phase, i.e. when a < 7%, the integral Iy (v, (0,7)™)
converges to the (finite) Selberg-type integral IX (v, (0,7)™), defined in below.

The case where both H(n) € {SO(2n), SO~ (2n), SO(2n+1), SO~ (2n+ 1)} and m =

2 remains. Then there are two additional phases. By integrating over

m T T . 1
{(91,...,9m)€(0,7r) .)91—2 <7 max 16 eky<n}, (4.2.22)

we obtain the lower bound
iy (@, (0,7)™) > epm(m=Deti=m (4.2.23)

which diverges if and only if

1
a?>1/mandm>1 < a>—— and m > 1. (4.2.24)

vm
Also, exactly as in Section 2.1.3 in [Fah21|, one can show that for @ = ﬁ there exist

constants c3, ¢4 such that
Tg(n) (@, (0,m)™) > c3logn — c4. (4.2.25)

For m > 2 in the case + = —, and m > 3 in the case + = +, it holds that

1 N V8m —3+1
NGD dm —2

mim—1)a>+1—-m < 2m(m —1)a? —m(l —a®+a), YVa>

(4.2.26)

3
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which implies that in those cases the lower bounds (4.2.23)) and (4.2.25)) are less sharp than
the previously obtained ones in (4.2.12) and can thus be ignored.

However, when m = 2 in the orthogonal cases, it holds that ﬁ < 7%, and
the lower bounds (4.2.23) and (4.2.25|) are optimal for o = % and % < a< ‘/iﬂ,

respectively. For a = @, when both the lower bounds (4.2.12)) and (4.2.23)) diverge with
the same power, it turns out that an extra logn term appears. The following lemma states

the different phases of the asymptotics of I, (e, (0, 7)2) for H(n) € {SO(2n), SO(2n +

1), SO~ (2n+1), SO~ (2n+ 1)}. It will be proven in Section and together with (4.2.8))
1

ﬁ.

Lemma 65. Let o > 1/v/2. For m = 2 and H(n) € {SO(2n), SO~ (2n), SOT(2n +
1), SO~ (2n+ 1)}, as n — oo, it holds that

implies Theorem [59| for m = 2 and the phases where o >

M logn a= %,
o(1),,2a% -1 1 \/5+1)
e“Wn o€
I a, (0,m)™) = v2r o4 4.2.27
R S ] (42.27)
cO(1),,60%—20—2 a> \/?Zﬂ
4.3 Proof of the subcritical phases
When setting 1/n to zero in (4.2.9)), we obtain the integrals
m
dé dé.
I£(a,R) / |2(:0$9j—20089k|_2a2H|2$in0j|—a2ia71...7m, (4.3.1)
Rycjck<m j=1 g g
with + = + in all the orthogonal cases, and + = — in the symplectic case. The integrals
IE (e, (0,7)™) are finite in the case m = 1 if and only if a < \/5;1’ and in the case m > 2
they are finite if and only if @ < min {\/—%, 7%}. This follows by changing variables

to x; = % + %cos 6; to obtain a Selberg integral, and then using Theorem |66/ below:

Ii( , (0,m)™)

—a2m2+am 5 m —a?ta
/ / 25 — 22" [y (1 = 23)) =5y -
0

1<j<k<m j=1

2
4—a2m2iam m—1 F(l —a?— ja2)r <% o jaz) 4.3.2
— I Ta-araza-am) e

Theorem 66 (Selberg, 1944 [|Sel44|). We have the identity

m

/ / |2 — g H (1—a;)"? :L‘;’-fldznl e day,
0 1<j<k<m j=1

ot ‘ ‘ (4.3.3)
FA+c+jo)l (a+jo) T (b+ jo)

iy 14+l (a+b+c(m+j—1))’
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where either side is finite if and only if Ra, kb > 0, Re > —min{l/m,Ra/(m —1), Rb/(m —
1)}.
Thus to prove the subcritical phase in Theorems [58[ and in view of (4.1.4)), we need

to show that for any « in the subcritical phase, and for any given § > 0, there is an integer
N such that for all n > N

2 G(l + a)2

MOMH(n) (m, Oé) — (2n)mo‘ W

I (a, (0, w)m)’ <on™me’. (4.3.4)

To prove this we need the following lemma, which will be proven in Section [£.4}

Lemma 67. Let m e N, a < min{ﬁ, 7%__?1}; and

€ {S0(2n), SO~ (2n), SO(2n+1), SO~ (2n+1), Sp(2n)} .

There exists an N € N and a constant C' > 0, such that for all n > N, and any subset
R C (0, 7)™ which is symmetric under permutation of the variables and symmetric around
7/2 in each variable, it holds that

Iy (o, R) < CIE (o, R), (4.3.5)
where £ = — if H(n) = Sp(2n) and £ = + otherwise.

For nn > 0 we divide (0, 7)™ into two regions R1(n) and Ra(n), where R1(n) is the region
where min{|2 sin ej;g’“ |, |2 sin nge’“ |,12sin6;|} > nforall j # k, and Ra(n) = (0, 7)™\ R1(n).
Then by (#.2.3), (4.2.6)), (4.2.9) and Lemma [67]it follows that

dé dé 2
2a 1 m __O(1), ma
H(n) | | [PH @) (05)] =" Ty (ar, Ra(n))
/ Q Q (4.3.6)

=0 (n™ I (0. Ra(n)) )

as n — oo, uniformly for 0 < n < m, with £ = + in the orthogonal cases, and &+ = — in
the symplectic case. Since IZ (a, Ra(n)) — 0 as  — 0, it follows that for any J > 0 we can
fix an 19 > 0 and an Ny € N such that

41 b
/ H P (05)2% | 2+ < 6nme® /2, (4.3.7)
Ra(n) i

™

for all n > Ny and 1 < ng.

We now evaluate the integral of Eg,, (H;n:l |PH () (Hj)|2a) over Ri(n). When all
(@)

singularities €%, j = 1,...,m, of fi’ are bounded away from each other and from =+1, then

Theorem 1.25 in |DIK11| gives the asymptotics, including the leading order coefficient, of
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DLt~ ( f,gffl )>, k=1,2,3,4. As on Ry(n) all singularities are bounded away from each
other and from 41, substituting those asymptotics into 3|) implies that

1 a 2m
Errn) (H PH<n>(9j)2“> (14 o(1))(2nyme* GLEO™

: G(1+2a)m
=t (4.3.8)
m
X H |2cos B — 2 cos 6?;.C|_2a2 H (2 sinej)_agio‘,
1<j<k<m =1

as n — oo, uniformly for (61, ...,0,,) € R1(n). Combining (4.3.1)) and (4.3.8) we see that

déq dé,,
E n |p n |2a T
/Rl("] e (H ) Q 7r

_ ma? G(L+a)*™ (4.3.9)
=1+ (1) 20" o o 0 Fa ()
_ ma? G(l + a)Qm + m +
=(1+o0(1))(2n) G+ 20" (I%(a, (0,m)™) — I (a, Ra(n)))
where the o(1) term tends to zero for any fixed n > 0, as n — oo. This implies that
mo? G(l + a)?m + m
MoM () (m, ) — (2n) Wloo(a’ (0,m)™)
dg, do 2 G(1 + @)™
_ 2a a1 Ym ma + m
- /(0771') (H |pH | ) T T (2n) G(1_|_2a)mloo(a7 (077‘-) )
O do,  db,, 2 G(1+a)*™
< Ei(n P O | — - —= = (2n)" e TE (o, (0, )™
/Rl(n) H()(EH()(]) ) - - (2n) G+ 20)m (a, (0,7)™)
M do,  db,,
+/ Ex(n Pr@ 0| — - —" (4.3.10)
a0 | Lo @ | =2
G(1 2m
<o) SUE O (00) 1 (0, (0.7)™) 4+ (1 + (1) (v Ba(n))

G(1+2a)™

- d6;  dé,,
+/ EH’I’L ‘pHn(g')‘za T -
. <>(}1 O ) S

Combining this with (4.3.7), the fact that IZ (a, Ra2(n)) — 0 when  — 0, and the fact that
o(1) = 0 as n — oo for any fixed > 0, we see that for any given § > 0 we can fix an
n < np and an N > Np, such that

2 G(l + Oz)zm

il Sl M/ S 5 m ma? 4.3.11
G+ 2a) (0, (0,m)™)] < dn™", (4.3.11)

MMy, ) ~ (20"

for all n > N. This finishes the proof of the subcritical phases in Theorems [58| and [59
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4.4 Proof of Lemma [63 and Lemma [67]

We first see, with + = + in all the orthogonal cases, and + = — in the symplectic case, that
0; — 0, 1\ 2 0;+ 0, 1\ 2
IH(n)OzR / <251n]k —|—> <’251n it O —I—)
1<j<k<m
m —a?+a
. 1 do;  db.,
H <| sin ;| + n) - -
1 0; — 0| 1 0;+ 0, 1) 2
/ <2c089j—cos¢9k\+ 2sin LK 4 = |25 i O +>
n 2 n 2 n?2
Ri<j<k<m
2
1\ " dg,  de
X 2sin 6 /... am 44.1
HQsmr+) o (a.4.)
1 —202 m 1 —a’+a
<C (cosﬁj—cosﬂk\+2> H <|sin0j|+> df; - - - db,,,
Ri<j<k<m n j=1 "

for a constant C' which is independent of n. Making the variable transformation cos 8; = ¢;
it follows that

Ity (o, (0,m)™) < CIiE (m, o), (4.4.2)

where

I (m,a) = /
(—1,1)m

We bound IF(m, «) by the following simpler integral:

1 —20(2 m 1 —042:|:Oé dt

IT (t-tl+— IT(yi-2+- —L

J n2 ) / 2

1<j<k<m j=1 1-— tj

(4.4.3)

Lemma 68. Let a > 0 and m € N. There exists C > 0 such that for all n € N it holds that

IE(m,a) < CJE(m,a), (4.4.4)

where
—2 2 m P
(64 a‘ta lt]

JE(m, o) = /[o,nm ]1;[1 <\/tj+ ;) 75 (4.4.5)

Proof: Due to symmetry of the integrand in the t;’s we see that

T (15-nl+5)

1<j<k<m

LF(mya) =Y (Z}) I£(m, a,0), (4.4.6)
=0
where for ¢ € {0,...,m}
IF(m,a,f) (4.4.7)
1 —2a% m 5 1 —a?+a dtj
= I (=t +— 1124 = —.
(—I,OVX[O,I)"”7Z 1<j<k<m n 7j=1 n 1-— t?
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By setting s; = —t; for 1 < j </ and s; =t; for £+ 1 < j < m we see that

Iy (m,a,0)
1 —26!2 1 —20&2
:/ [T (lsi—sel+ 5 11 |sj + skl + —
0,1)m | n . n
’ 1<5<k<L 1<j<e<k<m
1 —2a2 m 1 —a?+a ds.
X H <|sj—sk\+2> H(,/l—s?—i—) e
(+1<j<k<m n j=1 " 1-s3
1 —2a2 m 1 —a?+ta ds.
</ H <|Sj—8k\+2) H( 1—s2+) I
= V j
O.D™ 1< jck<m n j=1 " V157
=I%(m,a,0).

Thus
IF(m,a) < 2™IF(m, a,0).

Since 1 < (/1 +1; < V2 for tj € [0,1], and due to symmetry, it holds that

IF(m, a,0)
1y 1\ ayy
= 0.1y 1§j1<_£3m <|tj o nZ) 3H1 <ﬂ+ ”> VI=h
1\ 1 1\ " dt,
- 0,1)m 1§j1<_£§m <|tj — n?> 31;[1 (\/EJr n) N
This finishes the proof.
—a’+ta

We now combine the factors (\/E + %) and tj_l/ 2,

(4.4.8)

(4.4.9)

(4.4.10)

Lemma 69. Let a > 0 and m € N. There exists C > 0 such that for alln € N it holds that

Jni(m, Oé) < CZn2(m—€)(m—é—l)a2—(m—£)(l—a2io¢)Jf(m7a7€)7
=0

where for £ =1,....m

—1-(4(m—0)+1)a’+a

Tm.a.t) = [

¥4
[%21] 1<j<k<t
and JE(m,a,0) := 1.
Proof: We observe that

Jf(m,a)zi(?)/{l o™ 11 <|tj—tk’_|_:2>—2a2

=0 w2 w2 1<j<k<m

2

m 1\ @ +a 1/
X H (\/E—F n> tj_ dtj.
j=1
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H (‘tj —tk’ —i—n2> Ht]' 2 dtq -
j=1

(4.4.11)

.. dt€7

(4.4.12)

(4.4.13)



The integral on the right can be rewritten as

1 —2a? 1 —2a?
fepare I G I | i ()

:|m7[
"n2 1<j<k<t 1<5<t<k<
ST SIsishsm , (4.4.14)

1 —2a2% m —a“ta 3
< 1] (|tj —tk|+n2> H <f+ ) 1 a;.

L+1<j<k<m

Now using the estimates

1\ 2 1 1

(’tj —te| + nQ> < ' for ( (tj,tx) € [ n} [ 2] ;
202 1

<|tj —ti] + n?> t‘2°‘ for (t;,t1) € [ } [ ] ,

1 —a?+a
Vit +— <n°‘$°‘fort€ ,— and —a?+a <0,
n | n?]
e ] - (4.4.15)
1 n\ o Fo 1 9
\/IZJrf §<7> fort; € |0, | and —a”+a >0,
n 2 n- |

1 —a2+a —a24a 1 7
(ﬂ—l—) Stj > fort; e —2,1 and —a2:|:a§0,
n n

—a’4a 2 -

. ]
<\/t>]+> < (4t;)"z 2 for t; € |—,1| and —a®+a >0,
n

[n2 ]

and the identity f” t=1/2dt = 2, we see that is bounded by

1 —2a?
On2m=0)(m—t=1)a?~(m—0)(1-a’+a) I (1t —tl+=
n

4
19 .
{nQ’ ] l<]<k<€

(4.4.16)
—1-a?ta 2
th 2 Ay
for a suitably chosen C > 0. Substituting this in (4.4.13)), we obtain the result. O

Now we are able to prove Lemma [67] which is needed to complete the proof in Section
[4.3] of the results in the subcritical phase:

Proof of Lemma We see that J(m,a,f) < JE(m,a,l), where J£(m,a, ) denotes
the integrals one obtains when setting 1/n to zero in the integration ranges and integrands
of JE(m,a,0), £=0,...,m

i B o2 —1—(4(m— Z)+1)a2ia A
JE(m, a,l) T 16—l Ht dt;. (4.4.17)
0.11° ) <j <

JE(m,a,f) is a Selberg integral and is finite by Theorem [66] for all « in the subcritical

phase o < min {ﬁ, 7%} and for all £ = 0,...,m. Moreover, in the subcritical
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phase, the summands in (4.4.11]) contain n with a negative power for £ =0,...,m — 1 and
with power zero for £ = m. Thus, by (4.4.2), Lemma and Lemma we see that there
exists a constant C' such that for all n > N

Tr(n(a, (0,m)™) < CJE(m,a,m) = C2™IE (o, (0,7)™). (4.4.18)

We can repeat mutatis mutandis those estimates and arguments for subsets R C (0, 7)™
that are symmetric under permutation of the variables and symmetric around /2 in each
variable. Transforming R appropriately, i.e. splitting up the integration range or changing

variables, we then obtain that there exists a constant C' such that for all n € N
Ininy (o, R) < C2™ 15 (o, R). (4.4.19)

O

By changing variables to x; = tj_ln*2 in the integrals J¥(m, a,¢) from Lemma |69 we
see that

JE(m,a) < Cp2mim—1e?—m(1-e?+a) Z KE(m,a,l), (4.4.20)
=0
where for £ =1,...,m
/”2 1/n? 1<]<k<€ j=1

(4.4.21)

and K (m,a,0) := 1. We see, since (|z; — zx| + :Uj;vk)_2o‘2 > 1 for x;, 2y € [0,1], that for
£=1,...m—1

K,(m,a,m) > K,(m,«,{) / / (4m 3o Fa- 3)/2dazj > CKyp(m,a, ).
1/n? 1/n? j=0+1
(4.4.22)

Thus we see that

JE(m,a) < C’n2m(m_1)o‘2_m(l_azio‘)KELE (m,a,m). (4.4.23)

The following lemma, combined with (4.4.1)), (4.4.2), Lemma , Lemma and (4.4.23),

will complete the proof of Lemma [63]

Lemma 70. Let m € N\{2} and H(n) € {SO(2n), SO~ (2n), SO(2n+ 1), SO~ (2n + 1), Sp(2n)},
or let m =2 and H(n) = Sp(2n). As n — oo, with £ = — if H(n) = Sp(2n) and £ = +
otherwise:

O(logn) a= V8m—3+1
K (m, ) — Im=3 4.4.24
o (m,a,m) {0(1) o> \/4m—32¢1. ( )
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Proof of Lemma [70} For m = 1 the proof is immediate, thus we let m > 2 for + = +

and m>3for+=—. Fora= ”%L”n 211 we see that

Kimam)

—202 - ((4m—3)a?Fa—3)/2

1/n? 1< <k<m j=1
(4m—3)o¢22|204—3
m-—-s——" —
—m/ / / Tm 2 H | Tt — Tmti] 2a
1/n? J1/(n?zm) 1/(nzm) 1<j<k<m—1
m—1

H | — Tmtj|™ 2a t((4m Ba’Fa— 3)/2dt o dtp 2™ ey,
]:

042
<m / s zxﬁ(m DatameSg =y (4.4.25)
n

m—1
/ / It — b 72 11— tj!72a2t§(4m73)a2;a73)/2dt1 oty
0

1<]<k<m 1 j=1
where we set x; = t;z,, for j = 2,...,m. At the critical value the exponent in the first inte-
gral equals —1, thus the first integral exactly equals 2logn. The second integral is a Selberg
integral which is finite if and only if & < 1/v/m — 1, —2a%+1 > 0, ((4m—3)a’Fa—1)/2 > 0,
(m—2)a? < —2a2+1 and (m—2)a? < ((4m—3)a?Fa—1)/2 > 0. It is easy to check that all

those conditions are fulfilled for oo = 7%, which proves the lemma, for the critical value.
For ”i’:@ ;1 < a < 1/y/m we see that
m
KE(m,a,m) / / |z — a:k|72a2 H x§(4m73)a2$a73)/2dmj. (4.4.26)
0 1<j<k<m j=1

The right-hand side is a Selberg integral, which by Theorem is finite exactly when
V8m—3£1 <a< 1/\/*

T 4dm—2

When « > 1/4/m, then we see that for any ¢ > 0 it holds that

_9a2 E (m—1)(—2a? + —e)
I (zj—al +zm)? < [ lzj—al ™= et H z; . (4.4.27)

1<j<k<m 1<j<k<m
and thus
(m— le—l—L 1
KE(m,a,m) / / |z — xp|” +€H z; dz;.
0 1<jck<m

(4.4.28)

The right-hand side is again a Selberg integral which by Theorem [66| is finite if and only if
€>0,221 — (m —1)6+%>0, and

1 e 2 a?Fa—1
m 2 m T 2w
) (4.4.29)
E<i+a Fa-—1
2 m  2(m-—1)



For € < % the third condition implies the second. For o > 0 it holds that o — a > —1/4
and a2 + a > 0, thus we see that (except for + = + and m = 2) the third condition holds

for € small enough:

1 a‘—a—1 S 1 ) _ 3m-—38 -0
m  2m—1) ~m 8m-—1) 8m(m—1) ’
) (4.4.30)
1 a*+a-1_1 1 m—2
— 4 > = > 0.
m  2m—=1) " m 2(m—-1) 2m(m-—1)
This finishes the proof of the supercritical phase. O

4.5 Proof of Lemma [65]

Let H(n) € {SO(2n), SO_(Qn), S’O(2n +1), SO~ (2n+ 1)}. We split up the integration
range of Iy, (e, (0,7)?) in into (0,7/2)%, (0,7/2) x (7/2,7), (7/2,7) x (0,7/2),
and (7/2,7)%. We see that (Where SO*(n) :=S0(n))
Iso 2y (, (0,7/2)%) =Ig0%(2n) (e, (7/2,7)%),
Is0%(2n) (e, (0,7/2) X (7/2,7)) =Is0% 2n) (@, (7/2,m) x (0,7/2)),
Is0 (2nt1) (@, (0,7/2)?) =I5 (ant1) (@, (7/2,7)?),
Iso+(on41) (e, (0,7/2) x (7/2,7)) =Ig0F (2n+1) (@, (7/2,7) x (0,7/2)).

Thus it suffices to prove Lemma [65] for each of the eight integrals on the left-hand sides of

(4.5.1). We will only prove it for Iso(an)(a, (0,7/2)%) and Ison) (e, (7/2,m)?), as for the
other six integrals in (4.5.1]) the proof is essentially the same.

(4.5.1)

We use that 20/m <sinf < 0 for 0 < § < w/2 to obtain

Iso(n) (e, (0,7/2)%)

w/2 pw/2 1 —2a2 1 —a?4a 1 —a?+a
<c/ / < — 02420, /n+ 2> <91 + ) (92 + ) d6,dbs
0o n n n
<C'Ison) (@, (0,7/2)%). (4.5.2)

We see that for all a > 0

1 —2a2
(«9% — 02 + 20, /n+ n2) < e’ (4.5.3)

and when additionally —a? + « + 1 < 0 then we can bound the integral in the middle of
(4.5.2) by O(nf*~29-2)_ Since we get a lower bound of the same power by (4.2.12) those

upper and lower bounds are optimal.

For —a?2+a+1 >0 we set 0; = sj/n and find that the integral in the middle of 1)

is equal to

2 gqy [T, —2a? 2 ?
Cnﬁoz —2a— / / (51 — 52 + 281 + 1) (81 4 1)—06 +Oé(32 + 1)_06 +04d81d52.
0

(4.5.4)
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After another change of variables s1 = s, so = st, we see that this is equal to
nm/2 2
e 2/ / 2(1 = #2) + 25t + 1) 7% (s 4+ 1) 7"+ (st + 1)~ +sdtds
2
e 2/ / )25t + 1) (s 4 1) (st + 1) sdtds (4.5.5)
) nw/2 p1/2 902 2 2
+ O 2a2/ / (A=) +2st+ 1) (s+ 1) (st 4 1)~ T sdtds
60?202 nm/2 ) 9 —9a2 2 2
+ Opbet—2a- / / (21— %) + 25t + 1) " (s 4+ 1)7* (st + 1)~ Fsdtds.
/2
We then make the following observations.

e The first integral on the right-hand side is finite and non-zero.

e The second integral is bounded above and below by

nm/2 ) 1/2 )
/ goattatl / (st + 1)~ t2dtds, (4.5.6)
2 0

multiplied by suitable constants. It holds that

1/2 o2 Cls—ota —a’+a+1<0,
/ (st+1)7Fede<q " L By B (4.5.7)
0 C's log s, a*+a+1=0,

and it is easy to check that these bounds are optimal for s > 2, in the sense that the
left-hand side is bounded below by c(l_a2+a+1<03_0‘2+a + 1_a2+a+1:03_0‘2+a logn)

for some ¢ > 0. Thus for large n, the second integral is bounded by

nw/
—6a2+2a+1
/ s (1—a2+a+1<0 +1 a21a41=0l0g s)ds
2

=0(1)+ O (n_602+20+2> +1_ga24204+2-00(logn)

(4.5.8)

as n — 0o, and it is straightforward to see that this bound is optimal.

e Since s > 2 and t € [1/2,1] in its integration range, the third integral is bounded

above and below by

nm/2 9 1 _92a2
/ g—202+2a+1 / (s*(1—1t) + st) dtds, (4.5.9)
2 /2

multiplied by suitable constants. For o > 1/v/2 we see that

) 2 s — 8%)" !
[ 00w a= [ - o 02

1/2 1/2
2 _ -1 4.5.10
:(32&2 i)l (S—2a2+1 —(s%/2+ 5/2)—2a2+1) ( )
<C/S—2a2—1
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1

while for a = we see that

S

1
1
$2(1—t) + st dt s2—s)" o S+
/1/2( ( ) ) (57 =) log 2 (4.5.11)

<C"s %log s,

and we easily obtain lower bounds of the same order. Thus for large n, we get the

following optimal bound for the third integral
nw/2 )
/ s 2o 1 1, 0, logs)ds (4.5.12)
2
=0(1)+0O <n1_4°‘2+2°‘> + 19021-90 <n1_4°‘2+20‘ log n) + 11 _402124=00(logn).

Further we see that for large n

Isogn)(a, (0,7/2) x (7/2,))

w/2 1 —2a2 1 —a?+a 1 —a?+a
SC/ / (0% — 9% + 291/71 + 2) <7T — 01+ ) <92 + ) d6,do,
0 /2 n n n

m/2 37/4 ) ) 1 20
<C'4 c’/ / (91 02420, /n+ nQ) 6165 (4.5.13)

/2 37r/4 00,2
<C” + C”/ / — 0y + 1/n)_ « df,dby
=0(1) + O(n** ™) + 11 _g02-oO(logn),

and one can easily see that this bound is optimal as well.

Putting all the obtained bounds together we see that

ISO(Qn) (aa (0771-)2)
:O(l) -+ 11_2a2:00(10g n) + O(nZaQil) -+ 11—40424—204:00(”2&271 lOg n) + O(n6a272a72)

1
O(log ) a= %,
={ O(n2*-1 ae (L, ¢54+1> : (4.5.14)
OZ2
O(n? ] )1ogn a= \/\;{H,
O(nbe*=20-2) o > VBt

and since those bounds are optimal in the sense that we get lower bounds of the same order,

this finishes the proof.
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Chapter 5

The Characteristic Polynomial of
Unitary Brownian Motion and the
(Gaussian Free Field

In this chapter we prove Theorem which is the natural dynamical analogue to Theo-
rem [§| by Hughes-Keating-O’Connell, i.e. we prove that the convergence of the real and
imaginary parts of the logarithm of the characteristic polynomial of unitary Brownian
motion toward Gaussian free fields on the cylinder, as the matrix dimension goes to
infinity, holds in certain suitable Sobolev spaceq] whose regularity we prove to be opti-
mal. Our result is also related to the work of Spohn [Spo98|, from which the identification

of the above limit as the Gaussian free field first followed, albeit in a different function space.

In the course of this research we also proved a Wick-type identity, which we include in
the last section of this chapter, as it might be of independent interest. The identity allows
us to express the second moment of the trace of arbitrary products of a GUE matrix H and
an independent Haar-distributed unitary matrix U in terms of moments of traces of U only.
When the dimension n is large enough, the Diaconis-Shahshahani (and Diaconis-Evans)
theorem on moments of traces of unitary matrices [DS94], Theorem [6]in this thesis, allows
us to then compute this new expression explicitly as a polynomial in n. This chapter is
based on joint work with Isao Sauzedde [FS22].

5.1 Context and Statement of Results

We let (Up)ier be a unitary Brownian motion (see Section for a definition) at its
equilibrium measure, which is Haar measure, and recall the definition of its characteristic

polynomial:

PUny(t, ) := det (I - e*”Ut) =[Ja -0, (o) erRx[0,2r), (5.11)
k=1

*Several Sobolev spaces are involved because we can improve the regularity with respect to one of the
variables at the cost of sacrificing some regularity with respect to the other variable.
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where 61, ..., 0, (t) denote the eigenangles of U;. We define its logarithm by

log pur(n) Zlog !0k (t)=0)y (5.1.2)

with the branches on the RHS being the principal branches, such that

Slog(l — OO0 ¢ (—g g} , (5.1.3)

with Jlog0 := 7/2. Since
SN
log(1 — — 5.14
og(1 — 2) Z ’ (5.1.4)

for |z| <1, where for z = 1 both sides equal —oco, and by the identity log det = Trlog, we

see that the Fourier expansion of log pyr(,) w.r.t. the spatial variable ¢ is given as follows:

= Te(UF)
log purn)(t,0) = — (k £) g-iks, (5.1.5)
k=1

By Theorem@it follows that for any I € N and fixed ¢ € R, the random variables k~! Tr(UF),
k = 1,....1, converge in distribution to independent complex Gaussians Ax, k = 1,...,1,
whose real and imaginary parts are independent centered real Gaussians with variance
1/(2k). By also showing tightness in the negative Sobolev spaces H °(S1) (see Section
for a definition), Hughes, Keating and O’Connell proved that for any fixed ¢ € R,
log pyr(n) (t,-) converges to a generalized Gaussian field as n — oo. Their result was already

stated as Theorem [§in Chapter [T} but for the convenience of the reader we restate it here:

Theorem 71 (Hughes, Keating, O’Connell [HKOO1|). For any € > 0, the sequence of pairs
of fields (?Rlong(n)(-), %long(n)(-))neN converges in distribution in Hy “(S') x Hy €(Sh)
to the pair of generalized Gaussian fields (RZ,3Z), where

o0

=3 Ape %, (5.1.6)

k=1
with Ay being compler Gaussians whose real and imaginary parts are independent centered
Gaussians with variance 1/(2k).
In the dynamic case, i.e. when considering log py(,) also as a function of ¢, the natural
candidate for the limit of logg;(,(+, ) is the infinite-dimensional Orstein-Uhlenbeck process

o0

= Ag(t)e ™, (5.1.7)

k=1

where Ag(-), k € N, are independent complex Ornstein-Uhlenbeck processes at their

stationary distribution, i.e. (up to a linear time change) solutions to the SDEs

dAL(t) = —kAg(t)dt +d (Wk(t) + iWk(t)> , (5.1.8)
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with the real and imaginary parts of Ag(t) at any fixed time ¢ being independent real
Gaussians with variance 1/(2k), and Wy, Wy, k € N, denoting real standard Brownian
motions. The identification of Z as the limit of logpy(,), and in particular the weak
convergence of the dynamic Fourier coefficients ¢ — k~! Tr(U}), k € N, to the independent
Ornstein-Uhlenbeck processes Ay, k € N, follows from the work of Spohn [Spo98|, as we
now explain.

3

For fixed € > 0, and real-valued functions f € H0/2+E(51,R), Spohn considered the

linear statistics

Eult, )= feBD) =" 3" fre®O = N fT(UF), (5.1.9)
j=1

j=1 keZ\{0} keZ\{0}

01 ()

of the eigenvalues e ..., €7 of ynitary Brownian motion (in fact he more generally

considered interacting particles on the unit circle with different repulsion strengths). Since
H0_3/2_€(SI,R) is the dual space of H3/2+6(51,R), one can consider §, as a random
variable in C(R, H3/27¢(S' R)) := {f : R — H3/27¢(S'R) : f is continuous}, and
(with an abuse of notation) represent it as a time-dependent formal Fourier series, and see
that

ko iko : Tr(U; ") ko
&n(t,0) = Z Te (U, ")e™ = —i0y Z — ¢ = —20pS log py(n)(t, 0)
k€Z\{0} keZ\{0}
—k
:\/—892 Z Tr(ﬁj)eike :2\/—8g%long(n)(t,0),
keZ\{0}
(5.1.10)

where 4/ —092 denotes the operator that multiplies the k-th Fourier coefficient by |k|. Spohn’s

result, reformulated to our setting, is then as follows:

Theorem 72 (Spohn [Spo98|). Let € > 0 and endow C(R, H=3/2=¢(S R)) with the topology
of locally uniform convergence. Then, as n — oo, the random variables &, converge in
distribution to the infinite-dimensional Ornstein-Uhlenbeck process (where A_y = Ay, for
k € N and sgn(k) = 1gs>0 — <o)

§t,0):= > |kA @)™ =—idp | Y sgn(k)A_g(t)e™ | = —20,SZ(t,0)
keZ\{0} kez\{o}

=\/=03 | DY AL()e™ | =2,/-0FRZ(t,0).
kEZ\{0}
(5.1.11)
Remark 73. Spohn defined & as a Gaussian process indexed by (t, f) € R x H3/2+€(SI,R)
(asin (5.1.9)), i.e. £(¢, f) = (&(t,-), f), which satisfies a certain stochastic partial differential

equation. To see that the two definitions are equivalent, one can either use Gaussianity
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and do a covariance calculation, see Section 2.2 in [BF22/, or see that the SDEs for
E(t,e™ k) = (&(t,-), ™ [k) = (&(t, ), cos(k-) /k)) + (& (¢, ), sin(k-) /k), k € Z\ {0}, that
follow from Spohn’s representation, are exactly the SDEs that define Ay.

In particular, Spohn’s result implies that for any |l € N

(6t /m),_ = (@) = (/b)) = (A, (5112

=1

weakly as random variables in C(R,Cl), i.e. it implies convergence of the dynamic Fourier

coefficients of log py () to those of Z.

We now recall Theorem which on the one hand can be seen as the natural dynamic

analogue of Theorem and on the other hand as an analogue to Spohn’s result (see below

Remark :

Theorem 74. For any s € [0,

2
(long(n) (-, ~))n€N converges in distribution in the tensor product of Hilbert spaces H*([0,T])®

Hy¢(SY) (see Sectionfor a definition) to the generalized Gaussian field Z(-,-) in ,

Furthermore, those regularity parameters s and —e are optimal, in the sense that for s =1/2

), € > s, and T > 0, the sequence of random fields

or s> e>0 the sequence (1og py(n) (-, '))neN almost surely does not converge and Z(-,-) is

almost surely not an element of H*([0,T]) ® Hy “(S1).
Remark 75. A straightforward calculation shows that the covariance functions of ®Z and
SZ are given by

E(RZ(t,0),RZ({t',0") =E(SZ(t,0),SZ(t,0"))

> ekl 1 max{e~t,e "'} (5.1.13)
= k(O —0))==1 : .
; 2k cos(k( ) 9 %% le—tei — e—t'ei?|

This implies that RZ and SZ are Gaussian free fields on the infinite cylinder R x R/27Z,

since

llog max'{e_t,ejt/'}l
2 |€7t619 _ e tetl |

= n(—=A)71(t,0,¢,0), (5.1.14)

where (—A)~! denotes the Green’s function associated to the Laplacian A = 97 + 03,
see [BF22, Section 2.2].

To compare our Theorem [74] to Spohn’s Theorem observe that since by the latter
it holds that \/—02RZ(t,6), 8,37 € C([0,T), Hy /> “(S',R)), for ¢ > 0, it follows that

RZ, 3Z € C([0,T), Hy “(S',R)) for € > 1/2. Further note that the inclusions
H*([0,T)) ® Hy“(S*,R) cC([0,T], Hy (5", R)), (5.0.15)
HG(S',R) cC(S",R), h

are valid if and only if s > 1/2, and € > 1/2, respectively. Thus Spohn’s Theorem
implies that Z can be considered as a continuous function in ¢, but then it is of regularity

—e < —1/2in 6, and can thus only be integrated against functions of regularity ¢ > 1/2,
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which are in particular continuous. Our Theorem [74] treats the case where Z is considered
to be of regularity s < 1/2 in ¢, in which it is not continuous in ¢ anymore, and shows that
then Z is of regularity —e > —s > —1/2 in 6, and can thus be integrated against functions

of regularity € < s < 1/2, which includes discontinuous functions.

Recently Bourgade and Falconet proved the first multi-time generalization of Fisher-
Hartwig asymptotics [BF22|[Theorem 1.2] which allowed them to show that for v € (0,2+v/2)

the random measures on R x R/277Z

Pa(t, 0)7
E (Ipa(t, 0)17)

converge weakly to a Gaussian multiplicative chaos measure, which can be formally written

dtde, (5.1.16)

as
e YRZ(1,0)

Their dynamic Fisher-Hartwig asymptotics are related to this chapter since they in particular

imply that the exponential moments of the linear statistics

gn(t7j) ::<£n(ta')vf>v (5.1.18)

converge to the exponential moments of £(t, f) := (£(t,-), f), jointly for any finite number
of f in a certain class of functions, and times ¢t € R, thus providing another proof for the
convergence of the dynamic Fourier coefficients of log pyr(,) to those of Z. The specific result
from Bourgade and Falconet that we use in our proof of Theorem |74|is the following [BF22,
Corollary 3.2]:

Corollary 76 (Bourgade, Falconet). Let (1) ... ¢?n(1),5q denote the eigenvalue process
of unitary Brownian motion, started at Haar measure. For real functions f, g € Hl/Q(S1 R),
n € N and t > 0, it holds that

_&2¢ sinh(kt
o + > frgke W

kt
sinh( n kon

|:§n(0 én(t, g } > frg-rsen(k _‘k‘tsmh
Ik|<n—1

5.2 Sobolov spaces and their Tensor Product

Consider the space of square integrable C-valued functions on the unit circle, with vanishing

Ly(s") = { = fue™?: ka|2<oo,fo=0}- (5.2.1)

keZ kEZ

mean:

For s > 0, we define H(S!) as the restriction of LZ(S') w.r.t. the functions for which the

inner product

(f9)s =D kI frT (5.2.2)

keZ
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is finite. For s < 0, we define H§(S') as the completion of L3(S!) w.r.t. the scalar product
(+,*)s. Thus we see that for all s € R it holds that

H;(SY) = {f(e) =D fu™ Y EPfl? < 00, fo = 0} , (5.2.3)

keZ kEZ

i.e. H%(S') can be seen as a space of (formal) Fourier series. Note that (Hg(S?), (-,-)s) is
a Hilbert space for all s € R. For s > 0 it is a subspace of HJ(S') = L3(S!), i.e. the space
of square-integrable functions with zero mean, while for s < 0, H§(S') can be interpreted
as the dual space of H;*(S 1), ie. as a space of generalized functions defined up to an
additive constant. We denote by H§(S!,R) the subset of H§(S!) consisting of real-valued
(generalized) functions, i.e. those for which f;, = fj.

Fix T > 0. For s = 0 we set H*([0,T]) := L?([0,T]), and for s € (0,1), we define the
fractional Sobolev space H*([0,T]) as the subspace of L?([0,7T]), where the Slobodeckij

inner product

| () (o) —9() .
(f.g &—/.f w+/‘/ H—w”% dtd (5.2.4)

is finite. Note that (H*([0,T]),(+,+)s) is a Hilbert space for all s > 0.

Remark 77. For the fact that the fractional Sobolev spaces defined through Fourier series
or through the Slobodeckij norm agree, the reader can consult e.g. [DNPV12)].

For s > 0 and € > 0 we let H*([0,T]) ® H, “(S') denote the tensor product of Hilbert
spaces H*([0,T]) and Hy(S1). Since the inner product on that space is determined by

(f<2>g,h®/<¢>s_e

fih)s(g, k)
T ) (B(D) — h(w)
/.f +hﬂA A t_bﬁg M>me%@%,@za
_ B! (w))g, (h(t) = h(u))k)
= [t nom a1 [ [ EO=I0 G0 dtdu,

we obtain that
T
(P.Gmc = [ (PGl )t
r r (F(tv ) —F(U,),G(t, ) _G(u7)>—€
+ 13750/0 /0 dtdu,

|t _ u’1+23

(5.2.6)

first when F' and G are linear combinations of pure tensor products, and then for all
F,G € H*([0,T]) ® Hy(S') by density and continuity.
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5.3 Proof of the main result Theorem [74]

The strategy for proving convergence is as in the stationary case in [HKOO1|: we treat
(log pU(”))neN as a sequence of random variables in H*([0, T])® H, “(S'), and first establish
that if any of its subsequences has a limit then that limit has to be Z. We do this by
showing that the finite-dimensional distributions of log py(,,) converge to those of Z, i.e.
that

l

(kj—lTr(Uf;))l i

=1 = (Ak’j (tj))

(5.3.1)
for any [ € N, and (tj,k;) € [0,7] x N, j = 1,...,1. This follows immediately from Spohn’s
result, here Theorem as it implies in particular that (see Remark

(kler(U(’?;))izl = (4, (), (5.3.2)

in C(R,CY), for any I € N, and k; € N, j = 1,...,. Applying the continuous mapping
theorem to (5.3.2)), with the appropriate function from C(R,C!) to C, then implies (5.3.1).

We then show that the set (IngU("))neN is tight in H*([0, T]) @ Hy “(S!) for s € [0,1/2)
and € > s. Since H*([0,7]) ® Hy “(S') is complete and separable, Prokhorov’s theorem

implies that the closure of (log pU(n)) is sequentially compact w.r.t. the topology of

weak convergence. In particular this mzsis that every subsequence of (10g pU("))neN has a
weak limit in H*([0,7]) ® Hy “(S!). Since any such limit has to be Z it follows that the
whole sequence (10g pU(”))neN’ must converge weakly to Z. This implies in particular that
Z is almost surely an element of H*([0,7]) @ Hy “(S!) for s € [0,1/2) and € > s.

We will conclude by proving optimality of the regularity parameters s and —e, by showing
in Lemma that when s = 1/2 or s > € > 0 the field Z is almost surely not an element of
H([0,T]) ® Hy“(S'). Thus for s = 1/2 or s = € > 0 the sequence (long(n))neN almost
surely cannot converge (and cannot be tight) in H*([0,7]) ® H, (S') as its limit would

have to be Z.

We now show tightness of (long(n))neN in H5([0,T]) ® Hy°(S'), i.e. that for every

§ > 0 we construct a compact K5 C H*([0,T]) ® H; ¢(S') for which
SLEII\)IP (log pym) ¢ Ks) < 6. (5.3.3)
We let 0 < s’ < € be such that 0 < s < s’ < € < ¢, and choose
Ky = {F € B(0,7)) & Hy“(s") s | FI5 o < Cs}. (5.3.4)

for a C5 depending on 4. By Lemma [78 below we see that Kj is compact in H*([0,T]) ®
H;¢(S1), and by Lemma [79| below we see that sup,,cyE (|| 10g py (|12 761) < 00. Thus,
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by choosing Cs large enough and then using Markov’s inequality, we see that
sup P ((log pu(ny) ¢ Ks) =supP (|[log pym)ll3 —c > Cs)
neN neN

sup,en E (|| logpom)ll% o

_SUPnery (H vmlls, ) (5.3.5)
< s

<6,

which shows tightness of log py ().

Lemma 78. Let 0 < s < s < ¢ < e. Then, the inclusion of H* ([0,T]) ® HO_GI(SI) into
HE([0,T)) ® Hy “(Sh) is compact.

Proof. From the Kondrachov embedding theorem, the inclusion ¢; of H*([0,T]) into
H*([0,T]) is compact, as well as the inclusion ¢5 from H§(S') into H§ (S'). Then the dual
operator ¢ : HO_E/(SI) — Hy ¢(SY) is also compact. On Hilbert spaces, the tensor product

of two compact operators is also compact (see e.g. [KL11| E[), so that 1 ® ¢5 is compact
indeed. O

Lemma 79. For all s € [0,1/2) and all e > s, it holds that sup, ey E (|| log pym)ll2 _) <

Proof: We see that

E (/o pul2._.) = (/ 108 Py DI dt) (5.5.6)

T |[10g py(n) (-5 t) = log pur(n) (-, u) |2
bl ( [ / o e

For the first summand it holds that (with & A n denoting min{k,n})

B ([ ogpum i) = [ & (Zwmlfg‘>dt

k=1
:Tik*HeE Tr(UY) ’
b (‘ 0 ‘ ) (5.3.7)
=T k™>7(k An)
k=1

D
<TZ 172 < o
k=1

fIn [KL11], the result is stated for endomorphisms, but this extra assumption is not used in the proof.
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For the second summand it holds that:

T Nog puny (-1 t) — log py ) (- w2,
/ / |t7u|25+1 dtdu)
i 226/ /TE|TrUt Uk’)dtd
|t_u|23+1
k=1
T 2
<CT Zk 2— 25/ (’ T(Ut Uo)‘ )dt
k=1 0

t25+1

"E(|Te(UF - UE)I?)

oo k—
—2—2¢
<CT >k / o dt

k=1 0

CTZk 2— 26/ wdt'

2541

For the second summand in (5.3.8)) we get

> 4E (| Te(U§) ) 0
/k_l Tdt = 8s(n A k)k*,

which is sufficient since Y _po; k~272¢F1+25 ig finite as soon as s < e.

For the first sum in we use Corollary . 76| with f(z) = g(2) = 2F,

that for all £ > 1
E (Tr URTr (U ) =1 ne_kti
( t) ( 0) k< Si ](]:Lt)

. k(kAn)t
 k(kvn)t sinh ( n )
e n Y

sinh (%)

Sinh(k%t) _#2¢ sinh(kt)

(5.3.8)

which implies

(5.3.9)

with k£ Vn := max{k,n}. Using this, and the fact that sinhx > z and 1/sinhx > 1/ —x/6

for all > 0, we see that for t < k1

E (| To(Uf - UF)P)

—F (\ Tr(U5)|2> VE (| Tr(Utk)|2> _9E (Tr(Ut’f)Tr(Ug))

. (kA
7Msmh(u>
=2(k An)—2e an MO )
smh(ﬁ)
<2k A ) — 2e— e HEARE << ) _>
" n 6n
_2(k:/\n)—2e*M k/\n—w
_ 6n2
kv K262 (k A n) _ kvt
=2e n T+2(k/\n)(1—e vt
k(k ¢
ORI 4 2k ) TV
n

<4k’t.
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Thus we see that when s < 1/2, the first sum in is bounded by CT >_72 | k—172c+2s,
which is finite for s < €. This finishes the proof. D

Lemma 80. For s = 1/2 or s > € > 0 the field Z is almost surely not an element of
H>([0,T]) ® Hy “(S8%).

Proof. We see that

€ € T‘Ak ( )‘
HZHH—ZI« 2/ ARt + 1,z Zk 2/ [ A . )

For s = ¢ = 0 we see that

T
12130 = /0 122, )| 2de. (5.3.12)

If this were almost surely finite, then P (for almost all ¢ : ||Z(¢,-)||o < c0) =1, and

T T
7= ([ tzemestt) = [ B2 < )t (5:3.13)

which is a contradiction since for all ¢ we know that P(||Z(¢,-)||o < oo) = 0. Thus we see

that almost surely ||Z|]o,0 = 0o

For s = ¢ > 0 we use the fact that stationary Ornstein-Uhlenbeck processes Ay(t),

k € N, can be represented as scaled, time-changed Brownian motions:

e—kt

A= (Bk(e%t) + in(e%t)) , (5.3.14)

where By, By, k € N, are real standard Brownian motions. Thus it follows that the second

summand in ||Z]|2 _, is bounded below by

—€

T o=kt B, (e2kt) _ o—ku 2ku |2
By ( B
Zk 1- 26/ / e R(e”) — e (e2F )] didu

|t _ u|1+25
kT kT t 2t —u 2u\ |2
—1-2¢+42 le™" Br(e®) — e " By (e”")]
Z’“ ¢ / / T a dtdu (5.3.15)
T |6 tBk 2t —e uBk( 2u)|2dtd
|t — |l +2s .

=1

We see that V), := fo T le”* Byle ;t)uﬁ+zSBk(e ol dtdu, k € N, are an i.i.d. family of al-
most surely positive random variables. Let § > 0 be such that P(Y; > §) > %, and set
Zy, = 6ly, >s, so that Yi, > Z;, for all k. Notice that (6§ — Zj) is stochastically dominated
by Zg, so P(302 k712), < 00) < P(302 k1(6 — Zi) < 0). Since Y 5o, k™! = +oo,
these two events cannot happen at the same time, thus P(> 72, k=17, < o0) < % By
Kolmogorov’s zero-one law, P(3.7° | k=17 < 00) = 0. Since Yj > Zj, we deduce that, for

e<s, [|Z]2_c > >3, k™'Y, = 400 almost surely.
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For s > 3, we consider the event E in which Z is an element of H*([0,7]) ® H, “(S").
Then, since 0§ + e~ is in H§(S'), by duality in L?(S!), we deduce that the function
t— OQF Z(s,0)e~df belongs to H%([O, T1]). This function is nothing but A;, which is an
Ornstein-Uhlenbeck process. By Girsanov’s theorem, its distribution on a bounded set
[0, 7] is absolutely continuous with respect to the one of Brownian motion restricted to
[0,T]. Thus, the probability of E is equal to one if and only if Brownian motion almost

surely belongs to H %([0, T)), which is known not to be the case. O

5.4 A Wick-type identity

In this section we prove Proposition [81| below, which is about expectations of the form

]E(Tr (HUT HU®? ... HU®) Tt (HU HU = . . HU"z‘)), (5.4.1)

where o1,...,0; € Z, U € U(n) is Haar-distributed and independent from H, which is
a GUE(n) matrix, i.e. H; ~ N(0,1) for ¢ = 1,...,n, and ®H;; = RHj;; ~ N(0,1/2),
SHij = —SHj; ~ N(0,1/2) for 1 <i < j <n, with entries being independent up to the
Hermitian symmetry.

Such expressions appear rather naturally when we consider powers of a unitary Brownian

motion U, since for small s it holds that Upys ~ (1 4+ v2sH)Uy, see (|1.1.16]).

Let Co; = {m € Sy : w2 =1d,Vl € {1,...,2j},7({) # £}, i.e. Cy; is the set of pairings
on {1,...,25}. Using independence of U and H, and Isserlis’ theorem (also called Wick’s
probability theorem), we see that

E(Tr (HUT HU?? ... HU%) Tt (HU HU= . . HU"j))

= Z E [Hi1i2Hi3i4 o .Hi2j71i2j Hi2j+1i2j+2Hi2j+3i2j+4 o .Hi4j71i4jj| (5'4'2)

11505045
< B {(Ugl)izis (UU2)i4i5 T (Ugj)iZjil (UUI)i2j+1i2j+4(UOQ)i2j+3i2j+6 T (Uaj)i4jfli2j+2}

= Z Z 1V€€{17~-~72j}’(i2271’iQZ):(iQW(Z)»i27r(€)—1)

11,..05045 TECY;

xE [(Ugl)12i3(U02)i4i5 T (Ugj)izjil (UUI)i2j+1i21+4(U02)12j+312j+6 T (Uo-j)i4j—li2j+2:| .

The condition (2‘2571, igg) = (ig,r(g), Z'Qﬂ.(g),l) vl € {1, ceey 2]} Vit ...y i4j S {1, ceey TL}
allows us to define a map 7 — 7 from Cy; to Cy; by the formula

w20 —1)=2n(¢), 7(20)=2n(¢)—1, (=1,..,2]. (5.4.3)
Further we define the pairing p € Cy; as

p:=(23)(45)---(25,1)(2j + 1,25 +4)(25 + 3,25 + 6)

(5.4.4)
(24 20— 1,27+ 2042) - (45 — 1,25 + 2).
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See Example [82] for a list of the pairings 7, © and p, for j = 2, and Figure 5.1 for their

depiction.

Note that p and all pairings 7 pair even numbers with odd numbers, thus 7p maps even
numbers to even numbers and odd numbers to odd numbers. Using the pairing 7, the even

numbers i3, 4, ...i4; determine all the odd ones. Thus we see that

Z Z 1Vf€{1,.~-72j},(izz—17i24):(i27r(e)7732”(5)—1)

11,5045 TECY;
xE {(Ual)igis (UUQ)iu’s T (Uoj)i2jil (UUl)i2j+1z‘2j+4(ng)i2j+3i2j+e T (Uaj)i4j—1i2j+2

- Z Z 1v£€{17'~~74j}’il:iﬁ-(2) (545)

7T€02j ’L'l,“.,i4j

x E [(U‘”)

.. (UUj) (UUl) . (Uoj)ip(2j+2)i2j+2]

- Z Z E [(Ual)iziﬁp(z) T (Uaj)izjiﬁp(zj) (Ual)iﬁp(2j+4)i2j+4 T <U0j)iﬁp(2j+2)i2j+2

m€C2; 12,i4,-.-,045

2j
= Z E Z H(Ual)iZZiﬁ'p(Qﬁ) )

i28p(2) 121 p(25) ip(2j+4)92j+4

meCaj 12,i4,...145 £=1
where
0y, 6:1727“')]‘7
a'g = —0p—j—1, = ] + 2, ceey 2], (546)
—0aj, ! = 7+ 1.

By repeatedly applying 7p to {2,4,...,4j}, we get a partition of {2,4,...,45} into orbits.
The set of these orbits we denote by Oz,. We see that

27

Z E Z H(U&%)iuiﬁp(ze)

7€Cy;  \dayia,isj (=1
- Z E ‘ Z H H(U&w)iwiﬁpw)

7eCyj 12,84,...145 0€O5z, WEO (547)
=> E( [] ™ (H Uf’w>

TeCyj 0€0z, weo
= Z E H fﬁ(UZweO&w)

T€Co; 0€0z,

Putting together (5.4.2), (5.4.5), (5.4.6) and (5.4.7)), we have proven the following

proposition:

Proposition 81. Let H be an n x n matriz from the GUE(n), and let U € U(n) be
independent and Haar-distributed. Let Co; = {m € So; : m* = Id,V0 € {1,...,2j},m(£) # £},
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and for m € Cy; define the pairing ™ € Cy; by . Furthermore let p be as in ,
6 as in , and let Oz, denote the set of orbits obtained by repeatedly applying 7wp to
{2,4,...,4j}. Then for j € N and o1, ...,0; € N, it holds that

E(Tr(HU“lHU” . HU") Tr(HUHU .. .HUUJ'))

R (5.4.8)
= Z E H Tr (UZUJEOUU))
ﬂ'ECQj OGOﬁ-p
Example 82. For j =2 we see that p = (14)(23)(58)(67), and (see Figure 5.1)
= (12)(34), 7= (14)(23)(58)(67), 7p = (2)(4)(6)(8),
m=(13)(24), = (16)(25)(38)(47), mp = (28)(46), (5.4.9)
m=(14)(23), 7= (18)(27)(36)(45), 7p = (26)(48),
and that 69 = 01, 64 = 09, 66 = —09 and 6§ = —oy1. Thus from Lemma[8]] it follows that
E(Tr(HU"lHU"2) Tr(HUfleU@))
=E (T?“U‘T1 TrU°? TrU—°2 TrU_Ul)
01—01 02—02
+E(TrU TrU72=72) (5.4.10)

+E (TrU” =72 TrU”? =)
B 20%+n2+n2 o1 = 09
o109 +n%+ |0y — 03| o1 £ 0o

where the last equality holds for large enough n by Theorem 6,

e

Figure 5.1: The pairing p is in black, the three pairings 7 in Cy are in red.
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