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Abstract

The objective of this thesis is the unified investigation of a wide range of fundamental parallel methods 

that are transportable amongst pragmatic parallel machines having different number of processors, differ­ 

ent periodicity of global synchronization and different bandwidth of inter-processor communication. The 

computational model adopted is the bulk-synchronous parallel (BSP) model, which abstracts the char­ 

acteristics of parallel machines into three numerical parameters p, L and g, that quantify, respectively, 

processors, periodicity and bandwidth - the model differentiates memory that is local to a processor from 

memory that is non-local, yet, for the sake of universality, does not differentiate network proximity. The 

BSP parameters p, L and #, together with the problem size n, are employed to measure the performance, 

and consequently, the transportability of parallel methods across machines having different values of these 

parameters.

We show that optimality to within small multiplicative constant factors close to one can be achieved 

for a multiplicity of fundamental computational problems by transportable algorithms and data structures 

that can be applied for a wide range of values of the BSP parameters. While these algorithms and data 

structures are fairly simple themselves, description of their performance in terms of these parameters is 

somewhat complicated. The main reward for quantifying these complications, is that it enables software 

to be written once and for all that can be migrated efficiently amongst a variety of parallel machines. The 

methods considered in this thesis - both theoretically and experimentally - embody deterministic and 

randomized techniques for the efficient realization of fundamental algorithms (broadcasting, computing 

parallel-prefixes, load-balancing, list-contracting, merging, sorting, integer-sorting, selecting, searching 

and hashing), data structures (heaps, search trees and hash tables) and applications (computational 

geometry, parallel model simulations and structured query language primitives).
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Chapter 1

Introduction

1.1 Parallel Computing

The explosion of parallel computing we are witnessing is arousing extraordinary interest at every level 

of society. As the parallel computing hardware is continuing unabated its current steep performance 

gradient, computations once infeasible become routine. Another factor, however, has had an even more 

momentous effect in extending the frontiers of feasible computation: the use of efficient parallel algorithms, 

data structures and techniques. 1

The Concise Oxford Dictionary defines the term algorithm - the subject matter of this work - as 

"Math, a process or set of rules used for calculation or problem-solving, esp. with a computer", that is, 

the execution of an algorithm does not encompass any subjective decisions, nor does it require the use of 

intuition or creativity [41]. The theme of this work is the architecture independent study (design, analysis 

and implementation) of a multiplicity of fundamental parallel methods (algorithms, data structures and 

techniques). 2

This work is neither a comprehensive account of theoretical results on architecture independent parallel 

algorithms and data structures nor a thorough investigation of all available techniques. Still less is it 

a programming manual containing a long catalogue of programs ready to be used directly on parallel 

machines to solve certain specific problems, but giving at best a concise abstraction of the ideas involved 

in their design and analysis. 3 On the contrary, the aim of this work is to give the reader some basic 

understanding of the principles involved in the architecture independent design and analysis of certain

: In the remainder of this work, we sporadically employ the term algorithm(s) to collectively refer to algorithm(s), data 

structure(s) and technique(s).
2 A functional division of parallel algorithms is the division between those that exploit data parallelism (a single thread 

of control that acts on many homogenous data items in parallel) and those that exploit control parallelism (a multiplicity 

of threads of control that act on possibly heterogeneous data items). Although the distinction is not always sharp, it does 

indeed capture an important aspect of parallel computing. Undoubtedly, both classes of parallel algorithms are consequential 

and research in both areas is emphatically required. In this work, however, we focus on data parallel algorithms.

In order for a problem to be amenable to a data parallel algorithm, it should pertain to a massive homogenous data 

set - such a set allows the underlying problem to be efficiently partitioned into sub-problems that can be subsequently 

processed in parallel. Fortunately, a vast number of important and demanding problems in the realm of science involve 

massive homogenous data sets.
3 Even though most of the algorithms and data structures have been actually implemented and experimental results 

reported, in this work we refrain from presenting the low-level details involved in the implementations, but rather, we focus 

on the underlying high-level principles - with the exception of one or two purely illustrative examples.
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fundamental parallel algorithms and data structures. Although our approach is rigorous and theoretical, 

we do not neglect the needs of practitioners: besides illustrating the design and analysis of the underlying 

methods, most of the methods also have real-life applications and implementations.

Thus we concentrate on the techniques used to design, analyze and subsequently implement efficient 

algorithms and data structures. These architecture independent techniques include but are not limited 

to: balanced trees (e.g., broadcasting [section 2.1] and parallel-prefix [section 2.1]), balancing (e.g., load- 

balancing [section 2.1]), pointer jumping (e.g., list contraction [section 2.2]), symmetry breaking (e.g., list 

contraction [section 2.2]), over-sampling (e.g., merging [section 2.3], sorting, [section 2.6] and selection 

[section 2.8]), partitioning (e.g., merging [section 2.3], sorting [section 2.6]), divide-and-conquer (e.g., 

sorting [section 2.6] and computational geometry [section 2.10]), cascading divide-and-conquer (e.g., sorting 

[section 2.6]), pipelining (e.g., heaps [section 3.1] and search trees [section 3.2]) and hashing (e.g., hash 

tables [section 3.2]). We note, however, that these techniques are not presented in their full generality, 

but rather reflected through concrete examples of fundamental algorithms and data structures.

In the last few paragraphs we have recurrently practiced the term architecture independent with refer­ 

ence to algorithms, data structures and techniques. The rationale behind emphasizing the aforementioned 

term derives from the recent developments in the field of parallel computing: indubitably, parallelism has 

been established as a viable approach to high-performance computing, however, a consensus has not yet 

emerged on how parallelism should best be exploited - a multiplicity of radically different system archi­ 

tectures and programming frameworks have been proposed, praised and criticized by different schools of 

thought. We argue - the subject matter of the following section - that if the parallel computing industry 

is to prosper, then a unifying, or indeed, a bridging model of parallel computation has to be established 

on a substantial base. In the following section, we briefly evaluate the underlying principles of such a 

bridging model and claim that the model has to be architecture independent in order to serve its purpose.

1.2 A Bridging Model: The BSP Approach

Over the last three decades or so a major challenge for the parallel computing community has been to 

develop and establish, on a substantial base, a model of parallel computation that could serve as a basis, 

or indeed, as a kind of unifying platform for the design, analysis and implementation of high-performance 

parallel algorithms and data structures that could be implemented efficiently and effectively on a wide 

range of current and future parallel machines. 4 Unfortunately, despite the enormous research that has 

been undertaken on this front in recent years, no single model of parallel computing has yet come to 

dominate advancements in the way that the von Neumann model has dominated sequential computing 

over the last fifty years [149, 150].

A close investigation of the body of parallel algorithms and data structures - developed under past 

and current parallel models - reveals that the vast majority are impractical because they exploit artificial 

factors not present in any realistic current or near-future machine, such as zero communication delay 

or infinite bandwidth [55]. Others are overly and unduly specialized because they are tailored to the 

individual idiosyncrasy of a given parallel machine, such as a particular interconnection topology [55]. 5

4 The field of parallel computing is developing so rapidly nowadays that in some sense making any statement about the 

present - much less the future - is a risky endeavor. Nonetheless, some clear directions can be delineated.

5 As noted in [153, 154], on most of the early commercial parallel machines, scaleable parallel performance could only be 

achieved by tailoring algorithms and data structures to the particular details of the underlying parallel machine. Besides 

being extremely tedious and resource consuming in most cases, this approach usually resulted in parallel software that can not
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To remedy the situation, the parallel community needs to design parallel algorithms and data structures 

using a bridging model that is realistic enough to capture the most important performance factors of 

current or near-future machines, abstract enough to ensure universality, and yet simple enough to promote 

the design, analysis and implementation of tractable parallel methods. 6

The bulk-synchronous parallel (BSP) model has been proposed as a viable candidate for the role of 

bridging model [204, 205, 206]. 7

1.2.1 The Theoretical Model

The BSP model of computation has been proposed by L. G. Valiant [206], as a unified platform for the de­ 

sign, analysis and implementation of general purpose parallel machines. It offers the prospects of achieving 

both scaleable parallel performance and architecture independent parallel software, and provides a frame­ 

work that allows the performance of parallel programs to be analyzed and predicted in a precise way. The 

term bulk-synchronous reflects the underlying position of the model between the two extremes, (i) entirely 

synchronous systems (a global clock is utilized to achieve synchronization on every instruction), and (ii) 

fully asynchronous systems (synchronization is realized pair-wise whenever communication is required). 

Processing units in the BSP model advance jointly through a program, with the required communication 

occurring between supersteps: segments of computation delimited by a barrier synchronization.

A BSP machine as originally introduced in [204, 205, 206] and further addressed in [75, 111, 149, 150, 

151, 152, 153, 154, 156, 200, 207] consists of the following three components.

(1) A collection of p processor-memory components.

(2) A mechanism for efficient communication of data point-to-point amongst the processor-memory 

components.

(3) A mechanism for efficient barrier synchronization of all or a subset of the processor-memory 

components.

In the remainder of this work we use the terms "processor-memory component" and "processor" inter­ 

changeably. The performance of any BSP machine can be characterized by the following four parameters.

(1) s - the performance of each processor, measured in basic computational operations per time 

unit. 8

(2) p - the number of processors.

(3) L - the minimum elapsed time between successive synchronization steps, measured in basic 

computational operations.

be transported on other parallel machines. In a computing environment of rapidly developing diverse parallel architectures, 

this machine dependence of parallel software proved to be a major weakness and serious inhibitor to the growth of the field.
6 For a variety of economic and technological reasons, over the last decade or so we have evidenced a high-level architectural 

convergence of models for parallel scaleable computing - the economic advantages of using standard commodity components 

has been the major factor in this convergence; other influential factors have been the need to efficiently support a shared 

address space on distributed-memory machines (for easy of programming) and the need to replace bus-based shared-memory 

machines by network-based distributed-memory machines. As a consequence, there is currently a growing consensus that 

over the next few years we shall evidence steady evolution towards a "standard" architectural model for scaleable parallel 

computing [153, 154] - the high-level architectural model is likely to consist of a collection of processor-memory pairs 

connected by a sparse communication network.
7 The BSP model is essentially the "standard" model described above.
8 The term basic computational operation is formally defined in subsequent section 1.3.1.
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(4) g - the ratio of the total throughput of all p processors in terms of basic computational 

operations to the total throughput of the communication mechanism in terms of words of 

information delivered. More formally, if h denotes maximum number of incoming or outgoing 

words over all processors in a given superstep (such a communication pattern is called an 

/i-relation), then g is related to the time required to realize an /i-relation in g • h time, for h 
larger than or equal to some hmin [206], measured in basic computational operations.

In order to compare the parallel performance of different BSP machines, we assume that the parameters L 
and g are normalized with respect to the processor performance s, and consequently, all time measurements 

are expressed in terms of basic computational operations (e.g., flops). Consequently, in the remainder of 

this work we ignore parameter s and concentrate on the remaining three BSP parameters p, L and g.
The values of L and g for any BSP machine are likely to be monotonically non-decreasing functions 

of the number of processors p [149, 200]. In particular, the BSP machine parameters L and l/g are 

proportional to the latency and bisection bandwidth of the underlying communication network, but not 

equivalent. 9 For example, g depends on other factors such as: the protocols used to interface with and 

within the communication network, the buffer management by both the processors and the communication 

network, the routing strategy used within the communication network and the BSP run-time system 

[149, 200]. Similarly, L depends on other factors such as: the software or hardware mechanism available 

on the communication network for synchronizing and the way interrupts are handled by processors [200]. 

We note that a lower bound on L is imposed on the basis that the theoretical bound on g may be realizable 

only for large enough L, so that the communication network can achieve the stated capacity - i.e., L should 

satisfy L > g-hmin , so that every /i-relation, for h less than hmin , is charged as an hmin -relation. Table 1.1 

summarizes the typical values of s, p, L and g for several commercial parallel machines [200].

Computation on the BSP model proceeds in a succession of supersteps; a superstep may be conceived 

as a segment of a computation during which each processing unit performs a given thread using data 

already available there locally before the start of the superstep. The thread may include (i) computation 

steps on data held locally at the start of the superstep, (ii) data transmissions, and (iii) data receipts. At 

the end of each superstep, all processing units wait in a global barrier synchronization until the non-local 

data exchanges are completed before proceeding to the next superstep (for a graphical illustration refer 

to figure 1.1). It should be noted that, although the model stresses global barrier mode synchronization, 

pairs of processing units may synchronize pair-wise by sending messages to and from an agreed memory 

location. However, such message exchanges should respect the superstep rules [75].

The model as described in [206] has two variants depending on how synchronization is handled, that 

affect performance analysis to small multiplicative constant factors. In the first variant, processing units 

are checked every L time units to determine whether the threads that are synchronized currently have 

all terminated and only then proceed to the next superstep. The second variant, permits completion of 

a superstep at any point after the first L time units. Along the lines of [205, 206] and for the sake of 

simplicity, in the remainder of this work we adopt the latter variant.

9 Even though there is currently a growing consensus on a "standard" high-level architectural model for scaleable parallel 

computing - a collection of processor-memory pairs connected by a sparse communication network - there appears to be 

no consensus emerging on the underlying low-level interconnection topology [55] - the communication networks of current 

commercial parallel machines are typically different from their predecessors and different from one another. The high-level 

convergence of parallel architectures is captured in the BSP model by addressing significant common issues, such as latency 

and communication throughput, whilst suppressing low-level considerations, such as interconnection topology and routing 

algorithms.
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Machine

Cray T3D

Cray T3E

Digital 8400

IBM SP2

SGI Origin 2000

SGI Power Challenge

W M s
Mflops
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4.3

3.6

25.0

36.6

53.0

19.0

89.2

44.2

27.0

164.7
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23.9
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P

2
4

8
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2

4
8

16

2

3

2

4

8

2

4

8

2

3
4

L
flops

164
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181
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148

301

387

269

357
506
751

286
362

1903

3583
5412

804

1789

3867
1132

1496

1902

IJLS
13.50
13.90

14.40

14.90

16.60

12.30

24.90

32.10

5.70

7.60

10.80

16.00

11.80

15.20

73.20

137.80

208.20

7.90

17.90

39.80

15.30

20.20

25.70

9
flops/word

0.70

0.70

0.80

0.90

1.10

1.00

1.10
1.20

0.87

0.87
0.81

1.04

2.50

3.70

6.30

6.40
6.90

7.00

9.10

13.40

9.80

8.90

9.80

(is/word
0.06

0.06

0.07

0.07

0.09
0.09
0.09
0.11

0.02
0.02
0.02

0.02

0.11

0.16

0.24

0.25

0.27

0.07

0.09

0.14

0.13

0.12

0.13

Table 1.1: BSP parameters - s, p, L and g. (1) Three values are given for s: (i) [s\ is the Mflop rating for a dot-product on 

two 1,048, 570 item single precision floating point arrays, (ii) \s] is the Mflop rating for a dense matrix-matrix multiplication 

on two 200 X 200 single-precision floating point matrices, and (iii) s is the average of \_s\ and [s]; (2) all values for g are for 

the communication of 32-bit words; (3) all benchmarks are performed at the -03 optimization level; (4) the Cray T3D, SGI 
Power Challenge and IBM SP2 benchmarks use native implementations of the underlying BSP library.

1.2.2 The Practical Model

Although, the BSP model, as previously described, may be regarded as an architectural model, it can be 

readily employed as a programming platform or, indeed, as a kind of programming framework [152, 156]. 

The underlying concept in the BSP model is the notion of the superstep and the abstraction that non-local 

communication associated with a superstep takes place between supersteps as a global operation. Thus, 

a BSP program may be viewed as a succession of supersteps, with the required non-local communication 

occurring at the end of each superstep. Viewed in this way, the BSP model can be employed as a unifying 

programming framework that can be realized on a variety of realistic parallel machines.

To this front, a considerable research effort has been recently invested in forming a world-wide standard 

BSP library [112] by synthesizing several BSP programming approaches that have been pursued over the 

last few years [130, 151, 152, 153, 155, 156, 162, 163]. This library, called the Oxford BSP toolset, BSPlib, 

provides a parallel computation and communication platform based around a single program multiple
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> Computation

> Communication

> Synchronization

Figure 1.1: A BSP superstep.

data (SPMD) model of computation. The main constituent parts of BSPlib are:

- routines to spawn a number of processes to be run in a SPMD manner,

- barrier-synchronization facilities,

- direct remote memory access (DRMA) communication facilities that allow processors to ma­ 

nipulate the address space of remote processors without the active participation of the remote 

processors, and

- bulk-synchronous message passing (BSMP) communication facilities that allow processors to 

realize non-blocking send operations.

The essence of the library consists of a handful of routines embodying the three major components of 

a BSP abstract machine: processors, synchronization and communication. Table 1.2 summarizes the 

major BSPlib primitives. The first three routines handle process management, the next implements the 

synchronization mechanism and the last four implement the communication mechanism.

The library routines are callable from standard imperative languages (e.g., C, C++ and Fortran). 

Highly efficient, scaleable, native implementations of the library have been developed by Oxford Parallel 10 

for various parallel and distributed commercial parallel machines: Convex Exemplar, Cray T3D, Cray 

T3E, Digital 8400, Digital Alpha Farm, Hitachi SR2001, IBM SP2, Multiprocessor Sun, SGI Origin 2000, 

SGI Power Challenge and Parsytec GC.

OXFORD
>'' A n A L i. e L is the University of Oxford Parallel Computing Centre.
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Operation

Initialization/Conclusion

Synchronization

DRMA Communication

BSMP Communication

Routine

bsp_init 

bsp_begin 

bsp_end

bsp_sync

bsp_put 

bsp_get

bsp_send 

bsp_move

Semantics

simulate dynamic processes 

start SPMD code 

end SPMD code

barrier synchronize

write to remote memory 

read from remote memory

send to remote queue 

fetch from local queue

Table 1.2: BSPlib fundamental primitives.

1.2.3 The Cost Model

The time complexity of a BSP program is merely the sum of the time complexities of its constituent 
supersteps; in turn, for each superstep, the time complexity can be decomposed into:

(1) Local computation - referred to as computation time.

(2) Barrier synchronization and non-local communication - collectively referred to as communi­ 
cation time.

To ensure that time complexity analysis can be performed in an architecture independent way, cost formu­ 
las are based on the architecture dependent BSP parameters p, L and g. In particular, the computation 
and communication time Ck and Mk respectively of the fc-th superstep is captured by the cost formula 
[206]:

= max
i

and M& = L + g • max {hi},

where (i) k ranges over the supersteps, (ii) i ranges over processors, (iii) Wi is an architecture independent 
time measure that reflects the maximum number of basic computational operations executed by processor 
i in the local computation phase of the k-ih superstep, and (iv) hi is an architecture independent data 
size measure that reflect the largest accumulated number of incoming or outgoing words at processor i in 
the non-local communication phase of the k-ih superstep. Often the maxima are assumed and the time is 
expressed in the form w and L + g • h, for computation and communication respectively. The overall time 
of the underlying program is simply the sum of all the individual superstep times ^fc (Ck + M&). We call 
this the standard cost model. 11

11 Other cost formulas have been proposed, incorporating finer detail [206]. For example, computation and communication 
can be conveniently overlapped, thus giving the following cost formula:

max maxi , L + g • max{/ii} >. 
}

This optimization, however, results in a higher value of g - on most current parallel machines - and therefore, the benefit 
obtained from overlapping computation and communication is entirely subsumed by the higher value of g [111, 173]. This 
and other cost model variations [200] alter time analysis results by no more than small multiplicative constant factors, so, 
in the remainder of this work, we use the standard cost model in the interests of simplicity and clarity.
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Remark As noted in [200], the existence of a cost model that is both simple and tractable makes it feasible 

to truly design and implement efficient parallel algorithms and data structures - that is to consciously 

and justifiably make choices amongst alternative implementations of a specification. Additionally, the 

existence of a cost model that is analytic and accurate makes it possible to analyze (and accurately predict) 

performance across target parallel machines. The number of supersteps and the values of max; {wi} and 

max; {hi} for each superstep can be determined by inspection of the program code, subject to the usual 

limits on predicting the performance of sequential code. The values of L and g can then be incorporated 

into the standard cost model to accurately predict execution time.

1.2.4 Augmentations to the Standard BSP Model

The standard BSP model, as it has been described, does not support any specialized combining, broad­ 

casting or parallel prefix facilities, although these can be effectively realized in hardware or software where 

required [75, 205, 206]. This realization has led to the proposal of a multiplicity of alternatives to the 

standard BSP model that do incorporate such facilities.

In this work we refer to two such variants (augmentations) of the BSP model, namely the concurrent- 

read exclusive-write bulk-synchronous parallel (CREW-BSP) model and the broadcast bulk-synchronous 

parallel (BCAST-BSP) model.

(1) A CREW-BSP machine is a BSP machine that supports concurrent read operations but ex­ 

cludes concurrent write operations. If h denotes the maximum number of incoming or outgoing 

words over all processors in a given superstep - in case of read operations, h relates to the 

number of outgoing words from distinct memory cells - then g • h time is charged, for h larger 

than or equal to some hmin [206], measured in basic computational operations. Informally, 

concurrent read operations (not write operations) are charged as the standard BSP model 

would charge a single read operation.

(2) A BCAST-BSP machine is a BSP machine that supports broadcasting from any processor to 

any subset of processors, provided that the destination of any single broadcast can be described 

in a constant number of words. If h denotes the maximum number of incoming or outgoing 

words over all processors in a given superstep - in case of broadcast operations h relates to the 

number of outgoing words from the initiating processor - then g • h time is charged, for h larger 

than or equal to some hmin [206], measured in basic computational operations. Informally, 

broadcast operations are charged as the standard BSP model would charge a single write 

operation.

In the bulk of this work, we have almost completely dispensed of employing such artificially augmented 

models. Nevertheless, for the sake of simplicity, we do sporadically employ such augmented models. We 

do however present the corresponding standard BSP algorithms at full detail once the simplified high-level 

analysis of the augmented model algorithms has been established.

1.3 Preliminaries and Notation

For the past few decades the analysis, design and implementation of algorithms and data structures has 

been one of the most absorbing subjects in computer science. The fundamental work of [131, 132, 133]
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has originated an effort to bring order and uniformity to a rich compilation of otherwise isolated results. 

Subsequent work has further strengthen the theoretical foundations. The scope of this section is merely 

to introduce the adopted concepts and notation.

1.3.1 Basic Computational Operations

The term basic computational operation refers to the time - within a multiplicative constant factor de­ 

pending solely on the particular implementation used (machine, programming language, and so on) - 

required to perform one of the following elementary operations.

- The fundamental arithmetic operations (+,  , x, /, mod).

- The common comparison operations (<,<,>,>, =,7^)-

- The flow control branch operation if ... then. 12

- The local memory assignment operations read and write.

Throughout this work, the term basic computational operation is employed to characterize such 0(1) 

time primitive operations. Additionally, in order to simplify the exposition, the following functions are 

assumed to be basic computational operations - this assumption can be removed without affecting the 

asymptotic analysis of the subsequent sections.

- lg(-) ; log(-), logt ( ) and exp(-), where lg(a:), log(x) and logf (x) denote the logarithms of x 
to base 2, e and t respectively and expx denotes the inverse of logz.

and

- L(')J and [( )] 

- rnd ( ), where rnd (x) denotes a random integer in the range [0,1,... , \x] — I}.

1.3.2 Randomization

A randomized algorithm (whether sequential or parallel) is one that bases some of its decisions on random 

choices and terminates within a pre-specified running time with a given probability. The running time 

of such an algorithm is said to be probabilistic. A deterministic algorithm, on the other hand, is one 

that terminates within a pre-specified time with certainty. In this work we refer to an algorithm as 

being deterministic in those circumstances where it is to be contrasted with a randomized algorithm. 

When no qualifier is used explicitly, it is implied that the algorithm in question is deterministic. With 

reference to randomized algorithms, the term high probability is employed in this work to denote probability 

P > 1   n~p , for any constant p > 0, where n is the problem size. In subsequent sections, randomized 

algorithms are employed successfully to obtain efficient BSP algorithms for a multiplicity of fundamental 

computational problems.

12 In general, if S is any statement that can be true or false, the bracketed notation [S] evaluates to 1 if S is true, and 0 

otherwise.
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1.3.3 Asymptotic Analysis

The work of [134] has manifested a notational methodology, usually referred to as asymptotic analysis, 
that differentiates properly between upper and lower bounds. Let /(n) and g(n) be functions from the 
positive integers to the positive reals. Then,

- O(/(n)) - denotes the set of all functions g(n) such that there exist two (unspecified) positive 
constants c and NQ with g(ri) < c • /(n) for all n > NQ.

- D(/(n)) - denotes the set of all functions g(n] such that there exist two (unspecified) positive 
constants c and NQ with g(n] > c • /(n) for all n > N0 .

- 0(/(n)) - denotes the set of all functions g(n} with g(n) — O(f(n)) and g(n] = £)(/(n)).

- o(/(n)) - denotes the set of all functions g(n) such that for all positive constants c there exists 
a positive constant NQ with g(n] < c • f(n) for all n > NQ.

- cj(f(n}} - denotes the set of all functions g(n) such that for all positive constants c there exists 
a positive constant NO with g(n) > c • f(n) for all n > NQ.

The O(-), o(-) and £}( )) cj(-) notations are used, respectively, to express upper and lower bounds on the 
computational complexity of problems.

Remark Obviously, the "order of" notation conceals multiplicative constants, and therefore, a complexity 
result secures its full validity only for sufficiently large problem sizes. Hence, it is not uncommon that 
for small problem sizes the most efficient algorithm is not necessarily the asymptotically best algorithm. 
Practice has demonstrated that, for small problem sizes, many asymptotically inferior algorithms be­ 
have better than the corresponding asymptotically superior algorithms. Furthermore, a multiplicity of 
algorithms perform considerably better on the average than predicted by the worst-case analysis.

1.3.4 Optimality

In this work, the theoretical performance of algorithms is measured in terms of worst-case analysis - 
unless otherwise indicated. In particular, we specify the performance of BSP algorithms by comparing 
their analytic run-time with that of (their corresponding) sequential algorithms. In order to achieve this, 
we measure run-times on pairs of theoretical models - BSP and RAM [52] - that have the same set of 
local instructions.

Let Q be a problem of size n for which there exists a p-processor BSP algorithm that requires time 
TQ(n,p). The product W = p • TQ(H,P) represents the work performed by the BSP algorithm. The 
algorithm is called work optimal (in short optimal), if the work W performed satisfies W = 0(Tg(n)), 
where TQ(H) denotes the time complexity of the fastest known sequential algorithm to solve Q - the term 
TQ(H) appearing in the above definition is not necessarily the value of TQ(TT,,P) for p — I. 13

1.3.4.1 Specifying the Performance of BSP Algorithms

In this work we concentrate on optimal BSP algorithms; in fact, in the spirit of [75], for a multiplicity of 
problems we adopt the notion of c-optimal BSP algorithms. In particular, we specify two ratios TT and p,.

13 The work W would be more naturally compared to the fastest sequential algorithm (rather than just the fastest known), 
but in general this quantity is difficult to determine, and therefore, impractical to use [102].
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The former, TT, is the ratio between the computation time Cg(n,p) of the p-processor BSP algorithm, over 

the time Tg(n) of the comparing sequential algorithm, divided by p, that is TT = (p-C*g(n,p))/Tg(n). The 

latter, yu, is the ratio between the communication time Mg(n,p) of the p-processor BSP algorithm, over the 

time TQ(U) of the comparing sequential algorithm, divided by p, that is ^ = (p • Mg(n,p))/Tg(n). Then, 

a BSP algorithm is c-optimal, for some constant c > 1, if TT = 1 + o(l) and /u = o(l) as the problem size 

n -> oo. We note that the c-optimality notion does not require the specification of a low level instruction 

set in order to detail how the local operations of a BSP algorithm are charged, as compared to the local 

operations of some reference sequential algorithm. In particular, since the local operation mechanisms 

of the BSP model are similar to those of the RAM model [52] and TT, p, represent ratios between these 

two, it is possible to be specific at a high level instruction set - the particulars of such an instruction set 

are specified with reference to a given algorithm and/or data structure and are diverged to later sections 

(under the heading "Cost Model"). Obviously, insistence on c-optimality leads to algorithms that only 

work in restricted ranges of the BSP parameters p, L and g.

Remark The notion of c-optimality is considerably stronger than the (overly simplified) standard optimality 

notion discussed at the introduction of this section. The major advantage of c-optimality over standard 

optimality is that the c-optimality notion takes under explicit consideration multiplicative constant factors, 

and therefore, avoids the caveats of the "order of" notation that is inherent in the standard optimality 

notion.

We have not yet factored the running time Tg(n,p) of the BSP algorithm into our notion of opti­ 

mality. An optimal parallel algorithm is work-time optimal or optimally fully scaleable if it can be shown 

that Tg(n,p) cannot be improved - within multiplicative constant factors - by any other optimal BSP 

algorithm. Hence, the running time of a work-time optimal algorithm represents the ultimate speed that 

can be achieved without sacrificing in the total number of operations.

1.3.5 Speedup and Efficiency

In this work, the practical performance of algorithms is measured in terms of time measurements - unless 

otherwise indicated. In particular, we specify the performance of BSP algorithms by comparing their 

experimental run-time with that of (their corresponding) sequential algorithms. In order to achieve this, 

we measure run-times on pairs of practical models - BSP and RAM [52] - under the same clock mechanism. 

Let Q be a problem of size n for which there exists a p-processor BSP algorithm implementation that 

requires time Tg(n,p). Additionally, let Tg(n) denote the time required by the fastest known sequential 

algorithm implementation to solve Q. 14 Then, the ratio

s= TQ (n)
TQ (n,p)

represents the speedup achieved by the BSP algorithm implementation. Obviously, S measures the speedup 

factor obtained by the BSP algorithm when p processors are available, and therefore, ideally, since S < p, 

the design and implementation processes should aim at algorithms that achieve S & p. Similarly, the ratio

E =
p-TQ (n,p)

14 For the sake of simplicity and uniformity, it is not uncommon practice in the experimental part of this work to replace 
TQ(H) by TQ(H, 1) whenever Tg(n) is not known or difficult to realize.
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represents the efficiency achieved by the BSP algorithm. Obviously, E measures the effective utilization 

of the p available processors relative to the given BSP algorithm implementation, and therefore, ideally, 

since E < 1, the design and implementation processes should aim at algorithms that achieve E fa I.
Unfortunately, there are several factors that introduce inefficiencies and inhibit the ultimate aim of 

achieving S w p, or equivalently, E « 1 (e.g., insufficient concurrency in the computation, communication 

and synchronization overheads). A major goal in this work is the design, analysis and implementation of 

algorithms that achieve the best possible speedup and efficiency.

1.3.6 Related Work and New Results

Throughout this work (in sections under the heading "Related Work and New Results") we compare the 

theoretical performance of our BSP algorithms with well-known parallel algorithms on other models. In 

order to simplify the exposition, we present these comparison results on an abstract parallel model with 

no concurrent capabilities - unless otherwise indicated. In general, the performance of these algorithms 

is summarized with respect to the following statistics: computation time, communication time, multi­ 
plicative constant factors, implementation effort and amount of parallel slackness (in terms of maximum 
number of processors} required to achieve optimality. We note that the multiplicative constant factors 

and implementation effort statistics are presented with the following graphical format:

(1) m - no (hidden) multiplicative constant factors.

(2)   - low (hidden) multiplicative constant factors.

(3)     - moderate (hidden) multiplicative constant factors.

(4)       - high (hidden) multiplicative constant factors.

(5)         - very high (hidden) multiplicative constant factors.

(1) m - very low implementation effort.

(2) » - low implementation effort.

(3) mm- moderate implementation effort.

(4) mw.m- high implementation effort.

(5) mm mm- very high implementation effort.

Obviously, the aforementioned graphical format lacks preciseness, yet, possesses conciseness and clarity.

1.4 A BSP Algorithmic Library

This work is conducted in conjunction with a major project which is currently underway at Oxford Parallel, 

that of developing a comprehensive and integrated library of BSP algorithms for computationally intensive 

problems. The objective is to specify, design, analyze and implement a core of BSP algorithms in several 

scientific areas. On this premise we settled on developing a library of efficient BSP fundamental algorithms. 

The main features of the library are summarized as follows:

- A sizable collection of algorithms and data structures in a form that allows them to be used 

by non-experts.
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- A precise and readable specification for each of the algorithms and data structures.

- An efficient implementation for each of the algorithms and data structures.

We hope that this library will narrow the gap between algorithmic research, implementation and teaching. 

The constituent parts of the library are analyzed in detail at the relevant sections. The discussion in 

the following section lays the foundations for experimentally assessing the practical viability (in terms of 

performance) of the algorithmic library.

1.4.1 Experimental Results

Throughout this work we employ a set of data set benchmarks to compare the different algorithms, data 

structures and techniques, and to examine their performance on commercial parallel machines with respect 

to a multiplicity of varying parameters (in sections under the heading "Implementation and Experimental 
Results"). 15

As noted in [186], to decide on a suitable benchmark a combination of contradicting objectives has to 

be considered and evaluated:

- Too many computational results might tire the reader.

- Too few results might not exhibit enough insight.

- Not all test instances are suitable for every problem.

- Problems from different sources might not be comparable in a fair way.

To overcome these limitations, in the remainder of this work, we adopt the following framework.

- A set of data set benchmarks (of the same type) has been selected that can always be treated 

by our methods.

- Considerable effort has been invested in conforming to previously published data set bench­ 

marks [20, 108, 109] by including them in our experimental study. The six predominant 

benchmarks are defined as follows, where n denotes the problem size, p the number of available 

processors and m — 231 the maximum number of non-negative integer values accommodated 

in a 32-bit signed arithmetic data type. To simplify the exposition, we assume that p is an 

integral power of two.

(1) Uniform (U) - a uniformly distributed random input in the range 0 to m   I. 16

(2) Gaussian (G) - a Gaussian distributed random input in the range 0 to m   I. 17

(3) Bucket Sorted (B) - an input that is generated as follows: the input items are 

obtained by setting the first \n/p2 ] items at each processor to uniformly distributed 

random values in the range 0 to \m/p] — 1, the next [n/p2 ] items at each processor

15 In all of our algorithms we employed the BSP model in both the design and implementation stages of the algorithm 

development; that is, we based our design and implementation choices purely on the BSP cost model (e.g., the algorithms 

take into explicit consideration the BSP parameters p, g and L).
16 Uniformly distributed random values are approximated by calling a pseudo random number generator: the C standard 

library function Irand48, which returns an integer in the range [0,1,... ,m - I].
17 Gaussian distributed random values are approximated by adding four uniformly distributed random values and dividing

the sum by four.
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to uniformly distributed random values in the range \m/p\ to [(2   m)/p] — 1, and 
so forth.

(4) k-Group (k-G) - an input that is generated as follows: the processors are initially 

divided into p/k groups each consisting of k processors, where k is any integer 

that partitions p evenly, and within the j-ih group, 1 < j < p/k, the input items 

are obtained by setting the first \n/(k • p)~\ items at each processor to uniformly 

distributed random values in the range (((j — 1)   k+p/2 - 1) mod p) + 1)   [ra/p] to 

(((j — l)-k+p/2) mod p) + l)-|"m/p~l-l, the next \n/(k-p)~\ items at each processor to 

uniformly distributed random values in the range (((j — l)-k+p/2) mod p)-f !)  [m/p~| 

to (((j - 1)   k + p/2 + 1) mod p} + 1)   \m/p\ - 1, and so forth.

(5) Staggered (S) - an input that is generated as follows: if processor index 0 < i < p/2, 
then the input items are obtained by setting the items at processor pi to uniformly 

distributed random values in the range (2   i - 1)   \m/p] to (2   i) • \m/p] — 1; 

otherwise, the input items are obtained by setting the items at processor pi to 
uniformly distributed random values in the range (2   i — p — 2)   \m/p\ to (2   i — p — 
1)   fro/pi - 1.

(6) Deterministic Duplicates (DD) - an input of duplicates that is generated as follows: 

if processor index 0 < i < p/2, then the input items are obtained by setting the 

items at processor pi to [Ign]; if processor index p/2 < i < 3   (p/4), then the input 

items are obtained by setting the items at processor pi to [Ign]   1, and so forth; 
if processor index i = p — 1, then the input items are obtained by setting the first 

\m/(2 -p)~]items at processor p; to |"lg (m/p)~|, the next |"m/(4 -p)] to |~lg (m/p)~|   1, 

and so forth.

For a discussion of the practicality and suitability of this data set benchmarks refer to [108].

- Considerable effort has also been invested in dispensing of data set benchmarks that would 

invariantly favor our implementations and no algorithm has been optimized with respect to 

these benchmarks.

Concerning the CPU times that are either explicitly given or presented in a graphical exhibit, the following 

remarks apply.

- All CPU times are given in seconds on two machines:

(1) A Silicon Graphics (SGI) Power Challenge shared memory system, consisting of 

four 75MHz TFP 64-bit RISC processors, for a total peak capacity of l.2Gflops with 

512 Mbytes main memory.

(2) A Cray T3D distributed memory system, consisting of 512 150MHz DECchip 21064 

Alpha processors, for a total peak capacity of 76.8Gflops with Q^Mbytes main mem­ 

ory (per processor). 18

- All software (unless otherwise indicated) has been written in C - by the author - and has been 
linked with the Oxford BSP toolset, BSPlib version O.Sla. The source code has been compiled

18 For our experimental results we were provided with 32 processors in on-line mode and 128 processors in off-line mode.
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using cc with option -03 under the operating systems IRIX 6.0.1 and UNICOS 8.0-4 on the 

SGI Power Challenge and Cray T3D systems respectively.

- The BSPlib function bsp_time has been used for measuring running times.

For each test problem instance, a series of experiments has been performed, and the running times 

indicated reflect the worst-case performance of these experiments.



Chapter 2

Fundamental Algorithms

2.1 Primitive Operations

The design of a complex algorithm relies on a set of primitive operations and the instruments required 

to compile these operations into an algorithm. In this section, we examine some of these basic primi­ 

tive operations and present algorithms that are suitable for the BSP model. In particular, we consider 

algorithms for the following primitive operations.

(1) n-word broadcasting.

(2) n-item parallel-prefix.

(3) n-item segmented parallel-prefix.

(4) Load-balancing.

The material of this section is based on the following papers:

(1) "Portable and scaleable algorithm design on the IBM SP2: The bulk-synchronous parallel 

paradigm." In Proceedings of the Sup-Eur'96 Conference, Krakow, Poland, September 1996 

[11].

(2) "Primitive operations on the BSP model." Technical Report PRG-TR-23-96, Computing 

Laboratory, Oxford University, October 1996 [82].

2.1.1 Broadcasting and Parallel-Prefix

In this section we design and analyze BSP algorithms for two fundamental operations, namely broadcasting 
and parallel-prefix (along with segmented parallel-prefix). These primitive operations are auxiliary routines 

for the more complicated algorithms described in later sections.

2.1.1.1 A Broadcasting Algorithm

The broadcast operation is a fundamental primitive in many parallel applications. In this section we derive 

an efficient BSP algorithm for a generalization of the single-item broadcast operation. In particular, if Xi 
is a vector of size n, such that Xi resides on processor p$_i and Xi = (xi,... xn), 1 < i < p, then the 

broadcast operation is defined to give the sequence (Xi,X<2,... ,XP ), where Xj = Xi, for all 1 < j < p.

16
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Proposition 2.1.1 There exists ap-processor BSP algorithm for broadcasting an n-word vector, that for 
any integer t such that 2 < t < p, requires time at most1

• 2 + g • (2 • (p - 1) - \-]}}- (n > p] + (L • (2   h - 1) + g • ((2 -h - 1) - t • [£]))   [n < p], 
V I P I / / v v \ h\> >

for communication, where h = [logt ((t — 1)   p + 1)]   1. The overall time complexity of the algorithm is 
denoted by T£cast (p} = M ĉast (p).

Proof Consider an n-word vector X = (#1,... ,xn ). Without loss of generality we assume that X 
resides in the local memory of processor pQ . The procedure to manage the broadcast operation follows. 
We distinguish two cases.

Case 1 If n > p, then processor p0 sends |~n/p~|-word vector (£(j_i) \n/p\+i >       , xj \n/p\ ) to processor PJ-\ , 
for all 1 < j < p. Subsequently, each processor PJ-I, sends the vector it received in the previous 
step to all other processors. This process requires L • 2 + g • (2   (p — 1)   \n/p~\) communication time.

Case 2 If n < p, then processor po employs a pipelined t-ary tree, consisting of p nodes, for some 
appropriate t. The depth of the tree is h = |~logt ((t - 1) • p + 1)] - 1. In phase /, processor p^-i, 
for all 1 < j < tl ~ l + 1, sends t copies of the (/   \(j — l)/t])-th component of size \n/h~\ of 
X, that is vector (x(i^\(j^/t-\).\n/ h-\ +^... ,X( Z _ r(j _ 1 )/^ +1) . rn/^), to processors p^^.t+i, ••• ,Pj-t- 
This process completes within h + \n/ \njh\\ — 1 phases and each such phase requires L + g • \n/h~\ 
communication time.

The proposition follows. D

The following result involves a rather more complicated algorithm and improves upon the previous result 
for the case 1 < n < p. A similar result has been obtained independently and subsequently to this work 
in [122].

Proposition 2.1.2 There exists ap-processor BSP algorithm for broadcasting an n-word vector, that for 
any integer t such that 2 < t < p, requires time at most

for communication, where h = [logf ((t — 1)   \p/n\ + 1)]   1. The overall time complexity of the algorithm 
is denoted by T ĉast (p) = M ĉasi (p).

Proof Consider an n-word vector X = (xi,... ,xn }. We number processors in a mesh-like fashion, 
so that we can refer to processor at row i and column j, as pitj, I < i < Rr and 1 < j < Rc , where 
Rr = \p/n\ and Rc = \p/Rr] • Without loss of generality we assume that X resides in the local memory 
of processor pi,i. The procedure to manage the broadcast operation follows.

Procedure BROADCAST 

begin

: In general, if 5 is any statement that can be true or false, the bracketed notation [S] evaluates to 1 if S is true, and 0 
otherwise.
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[Stage 1] Processor pi,! communicates ("n/J?c ]-word vector (x(j_ 1 ^n/Rc -\ +1 ,... ,x^n/Rc -\) to proces­ 

sor pij, for all 1 < j < Rc .

[Analysis of Stage 1] This stage requires at most L + g • ((Rc - 1)   \n/Rc'\) communication time.

[Stage 2] Each processor pij, for all for all 1 < j < Rc , communicates the [n/^c]-word vector it 

received in the previous stage to processor p^-, for all 1 < i < Rr .

[Analysis of Stage 2] This stage is realized by utilizing a £-ary tree, rooted at pij and consisting of 

Rr nodes, for some appropriate t. In the first phase, processor pij, for all 1 < j < Rc , sends t copies 

of the [n/J^c]-word vector it received in stage 1 to processors p2 ,j,... ,pt+i,j- Subsequently, at phase 

/ > 1 processors p^j, for all (i'" 1 -!)/(£-1) + 1 < i < (t1 -l)/(t-l), sends t copies of the [n/.Rc]-word 

vector it received in the previous phase to processors p^_i) t+2,j^ • • • ,Pit+i,j- This process completes 

within h = |~logt ((t — 1)   RT -f-1)]   1 phases, and therefore, takes at most L • h + g • (h • t • \n/Rc]) 
communication time.

[Stage 3] Each processor p^j, for all 1 < i < Rr and 1 < j < Rc , sends the |~n/.Rc]-word vector it 

received in stage 2 to processors p^, for all 1 < k < Rc .

[Analysis of Stage 3] This stage requires at most L + g • ((Rc — 1)   \n/Rc ]) communication time. 

end

Analysis The correctness of the algorithm follows from its description and is omitted. To derive the time 

complexity of procedure BROADCAST we distinguish three cases.

Case 1 If n > p, then Rr = 1 and Rc = p, and stage 2 is redundant. Thus, the time complexity of 

algorithm BROADCAST for this case is bounded above by L • 2 + g • (2   (p   1)   \n/p\}.

Case 2 If n = 1, then Rr = p and Rc   1, and stages 1 and 3 are redundant. Thus, the time complexity 

of algorithm BROADCAST for this case is bounded above by L • h + g • (2 • h • i).

Case 3 If 1 < n < p, then Rr = \p/n\ and Rc = \p/Rr], and therefore, the time complexity of algorithm 

BROADCAST for this case is bounded above by the combined time complexities of cases 1 and 2.

The proposition follows. D

2.1.1.2 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the broadcasting 

algorithm (BROADCAST) of the previous section.

Implementation The prototype adopted for the BSPlib broadcasting procedure is outlined in figure 2.1.

The aim of function (procedure) BSP.broadcast is to provide a data-type independent high-performance 

BSPlib broadcasting algorithm implementation.
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void BSP .broadcast (byte *src, byte **trg, int n, int sb) ; 
src - input array. 
trg - output array. 
n - input size. 
sb - item size.

Figure 2.1: Procedure for BSP broadcasting.

2.1.1.3 A Parallel-Prefix Algorithm

The parallel-prefix operation [140, 145] is a powerful primitive operation with many parallel applications 
[38]. In this section we derive an efficient BSP algorithm for a generalization of the prefix operation - n 
distinct prefixes each consisting of p items. In particular, if (Xi,Xz, . . . ,XP ) is a sequence of p vectors 
each of size n, such that Xi resides on processor pi-\ and Xi = (xi,i, . . . xn ,i), 1 < i < p, then the prefix 
operation on sequence (Xi^Xz, • • • ,XP ), over an associative operator 0, is defined to give the sequence 
(Xi,Xi 0X2,. . . ,Xi®X2 <8>... <8>XP ), where Xt <8> Xi+ i - (x iti 0zM+i,. . . ,xn ,i ®xn>i+i ), 1 < i < p.

Proposition 2.1.3 There exists a p-processor BSP algorithm for realizing n disjoint parallel-prefix oper­ 
ations, each of size p, over an associative operator 0, that for any integer t such that 2 < t < p, requires 
time at most

and

g-o(2-(p-l}- |"^j^ • [n > p} + (L • (4 • h - 2) + g • O ((4 • h - 2) - 1 • |"^"|)) • [n < p],

for computation and communication respectively, where h = [logf p~\ and c<% is the time required to evaluate 
0. The overall time complexity of the algorithm is denoted by T£pf(p, 0) = C"p^(p, 0) +

Proof The desired result follows by way of arguments similar to that of proposition 2.1.2; the difference 
being that the t-ary tree utilized in the analysis of case 2 consists of p leaf nodes and is of depth h = |~logt p\ .
a

The following result involves a rather more complicated algorithm and improves upon the previous result 
for the case 1 < n < p. A similar result has been obtained independently and subsequently to this work 
in [122].

Proposition 2.1.4 There exists a p-processor BSP algorithm for realizing n disjoint parallel-prefix oper­ 
ations, each of size p, over an associative operator 0, that for any integer t such that 2 < t < p, requires 
time at most

Cppf (P^) = (2 • c® • (p - 1) • I -1 J • [n > 1] + (4 • c® • /i • (t - 1)) ' [" < P]. 

and
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Mwf(P> ®) = (L • 2 + 9 • O ((p - 1) • ["-j)) • [n > 1] + (L • (2 • h) + g • O (h • t)) • (n < p],

for computation and communication respectively, where h = |~logt [p/n]] and c® is the time required 
to evaluate 0. The overall time complexity of the algorithm is denoted by T£pf (p,<8>) = C™pf (p,®} +

Proof Consider an n-word vector Xij = (xi.ij, . . . , xn>i<j). We number processors in a mesh-like fashion, 
so that we can refer to processor at row i and column j, as pij, I < i < Rr and 1 < j < Rc , where 
Rr — IWnl and -Rc — \P/Rr\- Without loss of generality we assume that vector Xij resides in the 
local memory of processor pij. Our goal is to compute the parallel-prefix of the Xij's in row-major 
direction - i.e., the parallel prefix of (Yi, . . . , Yp), where Y^_^ RC+J — Xi}j. The procedure to manage the 
parallel-prefix operation follows.

Procedure PREFIX 
begin

[Stage 1] Each processor PJ j communicates vector (£(&_!) |-n /_R c ]+i,ij, • • • , xk\n/Rc ],i,j} to processors 
Pi^., for all 1 < k < Rc .

[Analysis of Stage 1] This stage requires L + g • O((RC — 1) • \n/Rc ~\) communication time. Note 
that each processor receives Rc disjoint [n/ JRc]-word vectors, and consequently, processor pij , for all 
1 < i < Rr , receives the vectors corresponding to \n/Rc ~\ disjoint parallel-prefix operations.

[Stage 2] Each processor pij , for all 1 < i < Rr and 1 < j < Rc , computes locally the \n/Rc ~\ disjoint 
prefixes of size Rc it received in stage 1.

[Analysis of Stage 2] This stage takes time at most c® • (Rc — 1) • \n/Rc ~\ .

[Stage 3] For each 1 < j < Rc , processor pij : for all 1 < i < Rr , realizes \n/Rc ~\ disjoint parallel- 
prefix operations on the results of stage 2.

[Analysis of Stage 3] This stage is realized by processors pij, for all 1 < i < Rr , by utilizing a 
t-ary tree, rooted at p\ ̂  and consisting of Rr leaf nodes, for some appropriate t, and proceeding in 
two phases, first moving from the leaves to the root, and then back to the leaves, performing t — 1 
computations at each node [140]. The depth of the i-ary tree is h — [logt .Rr ], and therefore, this 
stage requires time 2 • c<% • h • (t - 1) • \n/Rc ~] and L • (2 • h) + g • 0(2 -h-t- \n/Rc]), for computation 
and communication respectively.

[Stage 4] Each processor pij, for all 1 < i < Rr and 1 < j < Rc , uses the results of stage 3 to 
complete the computation of the \n/Rc ~] disjoint prefixes of size Rc it received in stage 1.

[Analysis of Stage 4] This stage is complementary to stage 2, and thus, takes time c® • (Rc — 1) • 
\n/Rc ] .

[Stage 5] Each processor pij, for all 1 < i < Rr and 1 < j < Rc , communicates the results of the 
parallel-prefix operation to their target (original) position.
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[Analysis of Stage 5] This stage is analogous to stage 1, and thus, takes L +g-O((RC -I) • \n/Rc]) 
communication time.

end

Analysis The correctness of the algorithm follows from its description. The time complexity analysis of 
procedure PREFIX is along the lines of procedure BROADCAST (refer to proposition 2.1.1.1) and is omitted.

The proposition follows. D

Remark If c0 = O(l), then we write Tpnp/ (p) for T£pf (p,®). We also write rpp/ (p,®) for T*pf (p,®) The 
same notational convention applies to all pipelined operations.

2.1.1.4 A Segmented Parallel-Prefix Algorithm

The segmented parallel-prefix operation [145] consists of a sequence of prefix computations over the same 
associative operator <g> on k disjoint sets of total size p. As shown in [145], to solve the segmented prefix 
problem - along the lines of the standard prefix problem - the k disjoint input sets are first concatenated 
into a single set, inserting a barrier at the start of each set of data. Next, an associative operator ® 
is defined that respects the barriers, but otherwise performs identically to the original operator ®. This 
augmented parallel-prefix operation is then realized as the standard parallel-prefix operation. We therefore 
obtain that the time required to realize n disjoint segmented parallel-prefix operations, each on k disjoint 
sets of total size p, over an augmented associative operator <g> is at most

2.1.1.5 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the parallel-prefix 
algorithm (PREFIX) of the previous section.

Implementation The prototype adopted for the BSPlib parallel-prefix procedure is outlined in fig­ 
ure 2.2.

void BSP_prefix (byte *src, byte **trg, int n, int sb, void (*operator)()) ; 
src — input array. 
trg - output array. 
n - input size. 
sb - item size. 
operator - binary operator.

Figure 2.2: Procedure for BSP parallel-prefix.

The aim of function (procedure) BSP-prefix is to provide a data-type independent high-performance 
BSPlib parallel-prefix algorithm implementation.
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2.1.2 Load-Balancing

In this section we design and analyze a BSP algorithm for a fundamental data-redistribution operation, 
namely load-balancing. This primitive operation is an auxiliary routine for the more complicated algo­ 
rithms described in later sections.

2.1.2.1 A Load-Balancing Algorithm

Let multi-set X = {xi, . . . ,xn } be arbitrarily distributed amongst p processors such that no processor 
possesses more than m < n items of X. We say that the maximum load of multi-set X is m. In this section 
we consider the problem of redistributing (load-balancing) the items of X amongst the p processors, so 
that after the redistribution operation no processor possesses more than \n/p\ items of X.

Proposition 2.1.5 There exists a p-processor BSP algorithm for load-balancing a multi-set of size n and 
of maximum load m, that for all integers n and p such that n > p, requires time at most

( 7TL ' T) \ —— J +cppf (p)

and

Mibai(n,m,p) = L + g- O(m) + Mppf (p),

for computation and communication respectively. The overall time complexity of the algorithm is denoted

Proof Consider a multi-set of size n initially distributed amongst p processors such that no processor 
possesses more than m < n items. Let n^, 0 < i < p, denote the number of items residing in processor 
Pi. Initially, a parallel-prefix sum operation is realized on the n^'s. This step takes time Tppf(p). Each 
processor pi, using the information of the previous step, routes the items in its possession to their final 
destination (no more than \n/p] per processor). This step can be easily shown to require time O((m-p}/n) 
and L + g • m, for computation and communication respectively. The proposition follows. D

2.1.2.2 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the load-balancing 
algorithm of the previous section.

Implementation The prototype adopted for the BSPlib load-balancing procedure is outlined in fig­
ure 2.3.
The aim of function (procedure) BSP_load_balance is to provide a data-type independent (generic) high-
performance BSPlib load-balancing algorithm implementation.
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void BSP_load_balance (byte *src, int **trg, int n, int *m, int sb) ; 
src - input array. 
trg - output array. 
n - input size. 
m - output size. 
sb - iiem size.

Figure 2.3: Procedure for BSP load-balancing.

2.2 List-Contraction

In this section we design, analyze and implement a BSP algorithm for a fundamental list operation, 
namely list-contraction. 2 Parallel list-contraction [212] is a frequently recurring operation in computer 
science and is fundamental for many parallel applications, such as computing the prefix-sum for some 
associative operator over a linked list, determining the pre-order ordering of nodes on trees and evaluating 
expressions on trees [119, 146, 182]. The material of this section is based on the following paper:

(1) "Parallel priority queues and list contraction: The BSP approach." In Proceedings of Euro- 
Par'97 Parallel Processing, Lecture Notes in Computer Science, Springer-Verlag, August 1997 
[88].

2.2.1 Preliminaries and Notation

Let X — (xi —>• x-2 —> . • - —> xn —» JL) be a linked list. We consider, in this section, the problem 
of list-contracting list X; that is, making all its items point to JL by means of pointer-jumping [212]. 
By pointer-jumping we imply the modification of the successor pointer —> Xi+i of some list item Xi to 
-> Xj+2- 3 We note that the solution we propose in the remainder of this section to the list-contraction 
problem trivially gives a solution to the well-known list-ranking problem [212].

2.2.2 Cost Model

The performance of the BSP list-contraction algorithm of this section is specified as follows. Constant 
O(l) time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel-prefix computations. Furthermore, constant time O(l) is charged for each pointer- 
jumping operation in the modification process of the successor pointer.

Simple optimal 0(n) time sequential list-contraction algorithms are straightforward to design and 
implement. In the following sections, we design, analyze and implement a simple optimal BSP list- 
contraction algorithm - optimality is realized for an ample range of the BSP parameters.

2.2.3 Related Work and New Results

There has been a significant amount of previous work - mainly on the PRAM model - on parallel list- 
contraction (e.g., [13, 46, 48, 135, 160, 212] on the PRAM model). The exhibit in table 2.1 summarizes the

2 The list-contraction and list-ranking operations are rather similar, and therefore, list-contraction algorithms can (in 
general) be trivially modified to list-ranking algorithms.

3 In the discussion of this section we assume that x^ = Xi if i < n, and Xi = J_ otherwise.
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aforementioned results with respect to the following statistics: computation time, communication time, 
number of pointer-jumping phases,4 multiplicative constant factors, implementation effort and amount of 
parallel slackness (in terms of maximum number of processors) required to achieve optimality.
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Table 2.1: Performance comparison of parallel list-contraction algorithms - the cyan color is associated with randomized 
approaches.

With reference to table 2.1 we note that the optimal deterministic PRAM algorithm of [48] employs 
expander graphs, and therefore, its practical viability is rather limited. Furthermore, the randomized 
PRAM algorithms of [13, 160] do not migrate efficiently to the BSP model as a result of their inherent 
requirement for a uniformly accessible global shared memory space (PRAM style memory) - as opposed 
to a non-uniformly accessible distributed memory space (BSP style memory).

The optimal BSP list-contraction algorithm of section 2.2.4 improves upon previous approaches on the 
following particulars:

(1) the asymptotic computation time requirements of [135, 212],

(2) the asymptotic communication time requirements of [135, 212],

(3) the number of pointer-jumping phases of [13, 46, 48, 135, 160],

(4) the multiplicative constant factor requirements of [13, 46, 48, 160],

(5) the implementation effort requirements of [48], and

(6) the parallel slackness requirements (to achieve optimality) of [46, 135, 212].

The principal contribution, however, of the list-contraction algorithm of section 2.2.4 is attributed to the 
simplicity of the underlying BSP algorithm (refer to case 5) and the small number of pointer-jumping 
phases (refer to case 3) that ultimately results in low synchronization cost.

2.2.4 An Optimal Randomized List-Contraction Algorithm

In this section we present a randomized BSP algorithm for the problem of contracting a list of n items. The 
algorithm is based on pointer-jumping techniques [212] and employs a deterministic "local" load-balancing 
scheme to achieve efficiency. The algorithm achieves optimality for an ample range of the parameters n, 

p, L and g.
4 The number of pointer-jumping phases gives a rather accurate indication of the number of supersteps in the underlying 

algorithm.
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Informal Description of Algorithm The optimal randomized list contraction algorithm, is based on 
pointer-jumping techniques and is iterative in nature. The input is assumed to be evenly but otherwise 
arbitrarily divided among the p participating processors before the beginning of the execution of the 
algorithm, in each iteration of the algorithm, processors assign a random, sex. either male or female, to 
each non-contracted, item in. their possession and co.utxa.ct, by means of pointer-jumping techniques, the 
items whose sex is male and their successor's sex is female. Subsequently, the processors are partitioned, 
in to an appropriate number of groups and the non-contracted items are load-balanced within each group, 
liio aforementioned, steps secure that a cot.istai.it. proportion of the non-eontraeted items of each processor 
is contracted, per iteration of the algorithm. Finally, after a pre-specified number of iterations the iterative 
process is halted, and the remaining non-contracted items are contracted, by rnea-ns of a sub-optima! list 
contraction algorithm.

Our main result is summarized in the following theorem.

Theorem 2.2.1 For any constant p > Q, there exists a p-processor BSP algorithm for contracting a list 
of size n, that for all integers n and p such thatp = O(n/ Ign), requires time [with probability I — O(n~p }] 
O(n/p) and L • ([Ign] 4- O(lglg2 n)) + g • O(n/p), for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the following proposition. Then, theorem 2.2.1 follows easily as a consequence of this result.

Proposition 2.2.1 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 
contracting a list of size n, that for all integers n and p such that p — O(n/\gn], requires time [with 
probability I — O(n~p )J

Ign

Clcntr (n,p) = O C^ o ,0 •p/ ~t V \p

and

l°gt
Tp

for computation and communication respectively, where t = (8/7)/(l + o(l)). The overall time complexity 
of the algorithm is denoted by Ticntr (n,p) — Cicntr (n,p) + Micntr (n,p).

Proof The algorithm is iterative in nature and each iterative call is divided into a sequence of stages 
(in the subsequent analysis the j-th iterative call is denoted by the subscript notation ^)). We assume 
that the input is evenly but otherwise arbitrarily distributed among the p processors before the beginning 
of the execution of the algorithm. Moreover, we initially assume that all items are marked as active and
3 = 0.

Procedure LiST_CONTRACT
begin

[Stage 1] If j > lglgn/lg((8/7)/(l 4-e)), for some 0 <£< 1/7 to be specified later, then the remain­ 
ing active items are contracted by a sub-optimal parallel list-contraction algorithm, and subsequently, 
the algorithm terminates; otherwise j = j + I.
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[Analysis of Stage 1] Let ky) denote the maximum number of active items per processor, over all 
processors, in the j-th iteration of the algorithm. The sub-optimal list-contraction process is realized 
by way of a straightforward BSP adaptation of the list-contraction algorithm of [212]. Then, it is 
trivial to verify that this stage requires overall time 0(fc(|-igign/ig((8/7)/(i+<:))l) • Ign and L • \\gn\ + 
9 • ^(fyrigign/ig((8/7)/(i+e))]) ' lg n), for computation and communication respectively.

[Stage 2] Each processor assigns uniformly at random a sex, either male or female, to each active 
item in its possession.

[Analysis of Stage 2] This stage requires (per iteration) time £(%))-

[Stage 3] Each processor deactivates the items in its possession whose sex is male and their successor's 
sex is female - no two adjacent items can be deactivated in this stage.

[Analysis of Stage 3] This stage requires (per iteration) time 0(%)) and L 4- g • O(k(^}, for 
computation and communication respectively.

[Stage 4] The active items are "locally" load-balanced amongst the processors - the term "locally" 
is justified in the forthcoming analysis.

[Analysis of Stage 4] The load-balancing computation in j-th iteration is scheduled as follows. The 
processors are partitioned into [((8/7)/(l + e)) losp'J'] groups, each consisting of q^ < ((8/7)/(l-t-£))-7 
consecutively numbered processors. The active items within each group - and thus the term "locally" 
- are load-balanced. This stage requires (per iteration) time at most Tu,ai(k(j) • q^,k^,q^).

end

Analysis The correctness of the algorithm follows from its description. We proceed by establishing an 
upper bound on the computation and communication requirements of procedure LIST_CONTRACT. We 
start by showing the following bound on the total number of active items n^ in the j-th iterative call of 
the algorithm.

Claim 2.2.1 Let m be the depth of the iteration of procedure LlST_CoNTRACT. Then, for any 0 < e <

Pr m .

Proof Let X(j) denote the set of active items at (the beginning of) the j-th iteration of procedure 
LIST_CONTRACT. Obviously, \X(j)\ — n^j). Let x be an item in Xj. Then x is deactivated in the j + 1-th 
iteration if its sex is male and the sex of its successor is female. Hence, the probability that x € Xj 
is deactivated is equal to 1/4. The items, however, are not stochastically independent of each other. 
For example, if an item is deactivated, then, with certainty, its successor is not deactivated in the same 
iteration. Consider set Xj C Xj consisting of every other item of Xj. Then, the distance between any two 
items of Xj is at least 2, and therefore, given two items in Xj, the event that any of these two items is 
deactivated is independent of the event that another item is deactivated. We conclude that the probability 
that x e Xj is deactivated is at least 1/8 (independently of the other items). Then, the desired probability 
bound follows by way of the inequality in theorem A. 1.3. D
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Similarly, we obtain the following bound on the maximum number of active items k^j per processor in 

the j-th iterative call of the algorithm.

Claim 2.2.2 Let m be the depth of the iteration of procedure LIST_CONTRACT and consider integers n 

and p such that p — O(n/ Ign). Then, for any constant p>0,

Pr [k(j) = 0(\n(j] /p-\]\ = I - 0(rr>), for all l<j<m.

Proof The proof follows a line of arguments similar to that of claim 2.2.1, and derives by way of the 

load-balancing operation of stage 3 of procedure LIST_CONTRACT and the inequality in theorem A.1.2.

D

By combining claims 2.2.1 and 2.2.2 and summing up the computation and communication requirements 

of procedure LiST_CoNTRACT, for e = n l /2 ~^ (for arbitrarily small constant 0 < C < 1/2), we obtain the 

desired time and probability bounds.

Remark For the special case that p = O(n/lg2 n), it is straightforward to verify that the time and 

probability bounds follow even at the absence of the load-balancing operation of stage 3 of procedure 

LlST_CONTRACT.

The proposition follows. D

Proof (of theorem 2.2.1) The theorem follows easily from proposition 2.2.1 by substituting for Tibai and 

Tppf the corresponding expressions in propositions 2.1.5 and 2.1.4, and letting t = 2 in these expressions.

D

2.2.4.1 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the list-contraction 

algorithm (LiST_CoNTRACT) of the previous section.

Implementation The prototype adopted for the BSPlib list-contraction procedure is outlined in fig­ 

ure 2.4.

void BSP_list_contract (byte *src, int **trg, int n, int sb, void (*next)()) ; 

src — input list. 
trg - table of ranks. 
n — input size. 
sb - item size. 
next - generic pointer-jumping function.

Figure 2.4: Procedure for BSP list-contraction.

The aim of function (procedure) BSP_list_contract is to provide a data-type independent BSPlib list- 

contraction algorithm implementation. 5

5 The terms generic and data-type independent imply that procedure BSP_list_contract can be employed to handle any 

data type. To this end, a next function next is used to facilitate the pointer jumping process on two elements e\ and 62- In 

particular, the next function returns to e\ the successor of 62-
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Experimental Results The theoretical performance of the list-contraction algorithm is summarized 
in theorem 2.2.1. To determine the practical significance of the aforementioned result we benchmarked 
our implementation (BSP_list_contract) on two different machines with a varying number of processors 
and input sets (consisting of uniformly distributed integer valued items - unless otherwise indicated). 
Figures 2.5 and 2.7 present the execution time of procedure BSP_list_contract on the two machines. 
Similarly, figures 2.6 and 2.8 expose the efficiency of the corresponding timing results.

Time (sees)

Efficiency
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Problem Size Problem Size

Figure 2.5: Execution time on a SGI Power Challenge for Figure 2.6: Efficiency on a SGI Power Challenge for ran- 
randomized list-contraction - uniform distribution (U). domized list-contraction - uniform distribution (U).
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Figure 2.7: Execution time on a Cray T3D for randomized Figure 2.8: Efficiency on a Cray T3D for randomized list- 
list-contraction - uniform distribution (U). contraction - uniform distribution (U).

As shown in figures 2.5 and 2.7, the execution time of procedure BSP_list_contract using a fixed 
number of processors scales with the input size (approximately as n). Accordingly, the execution time 
of procedure BSP_list_contract for a fixed input size scales inversely with the number of processors 
(approximately as l/p); nevertheless, the multiplicative constant factors introduced by the parallelization 
of the list-contraction algorithm are quite large, and therefore, linear in p speedup is not achievable. Both 
experimental results are in accordance with the theoretical analysis of section 2.2.4. In terms of efficiency, 
procedure BSP_list_contract utilizes approximately (within a 5%):

- 50%-65% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 75%-80% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),
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- 40%-50% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 60%-75% of the available processor resources on the Cray T3D machine (for large problem 
sizes).

These results should be interpreted with caution on a twofold basis: (i) the one processor execution 
time and efficiency correspond to the one processor parallel version of the algorithm (we note that a 
highly optimized sequential list-contraction algorithm is expected to perform 10-100 times faster than 
the one processor parallel version of the algorithm; this slowdown is mainly attributed to the overheads 

introduced by communication and synchronization, along with the high multiplicative constant factors 
introduced by the parallelization of the list-contraction algorithm), and (ii) the list-contraction problem 

is communication bound, and therefore, efficiency close to one is not possible without the introduction of 
artificial conditions and premises.

2.3 Merging

In this section we design, analyze and implement BSP algorithms for a fundamental combinatorial oper­ 

ation, namely merging. Parallel merging [133] is a fundamental operation on ordered sequences and of 
great importance for many parallel applications, such as implementing database primitives, sorting and 

computational geometry algorithms [54, 133, 198]. The material of this section is based on the following 
paper:

(1) "Primitive operations on the BSP model." Technical Report PRG-TR-23-96, Computing 
Laboratory, Oxford University, October 1996 [82].

2.3.1 Preliminaries and Notation

Let X — (.Ti,x2 ,. -. ,xm ) and Y = (1/1,2/2, • • • ,y&) be two non-decreasing sequences whose items belong 

to a universe U equipped with a total order < that can be evaluated in constant time by one processor 
for any given pair of arguments. Without loss of generality, we assume that all the items appearing in 
sequences X and Y are distinct - if the items are not distinct we can make them so by appending to them 
their index. We consider, in this section, the problem of merging sequences X and Y into a non-decreasing 

sequence - say, (zi,z2 ,... , zm+k) — non-decreasing(X U Y).
The following notation and definitions are assumed in the remainder of this section. Let X and Y be 

non-decreasing sequences, and let z; be an item in X, I < i < m. The position of item Xi in sequence X, 
denoted by pos(.T; : X), is i. The rank of item Xi in sequence F, denoted by rank(x» : Y), is the number 
of items of Y that are less than or equal to £;. Ranking X in Y, amounts to computing the integer array 

rank(X : Y) = (n,r2 ,... ,rn ), where n = rank(x; : F), 1 < i < m.
Let c be a positive integer. Sequence X is a c-sample of sequence X, denoted by smpc (^), if X consists 

of every c-th item of X.

2.3.2 Cost Model

The performance of the BSP merging algorithms of this section is specified as follows. Constant O(l) time 
is charged for each (i) basic computational operation, and each (ii) operation over an associative operator
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in parallel-prefix computations. Furthermore, for some constant cmrg , time cmrg -n is charged for merging 

two non-decreasing sequences of combined size n - within the context of this section we denote cmrg by 
c*.

Optimal 0(n) time sequential merging algorithms are well-known [54, 133]. In the following sections, 
we design, analyze and implement simple sub-optimal and rather more complicated optimal BSP merging 
algorithms - optimality is realized for an ample range of the BSP parameters.

2.3.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on parallel merging 

(e.g., [8, 60, 72, 105] on the PRAM model, [22] on the comparison network model). The exhibit in 
table 2.2 summarizes the aforementioned results with respect to the following statistics: computation 
time, communication time, multiplicative constant factors, implementation effort and amount of parallel 
slackness (in terms of maximum number of processors) required to achieve optimality.

Refs
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[105]
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Table 2.2: Performance comparison of parallel merging algorithms.

With reference to table 2.2 we note that both the algorithm of [105] and the algorithm of section 2.3.5 
derive (independently) from the work of [195], and therefore, utilize similar concepts and ideas.

The optimal BSP merging algorithm of section 2.3.5 improves upon previous approaches on the fol­ 

lowing particulars:

(1) the asymptotic computation time requirements of [22],

(2) the asymptotic communication time requirements of [22],

(3) the multiplicative constant factor requirements of [8, 22, 60, 72, 105], and

(4) the parallel slackness requirements (to achieve optimality) of [8, 22, 60, 72].

The principal contribution, however, of the merging algorithm of section 2.3.5 is attributed to the small 
constant multiplicative factors (refer to case 3), and the low amount of parallel slackness required to 

achieve optimality (refer to case 4). Additionally, our techniques provide one-optimality in computation 

for an ample range of the BSP parameters.

2.3.4 A Sub-Optimal Merging Algorithm

In this section we present a BSP adaptation of Batcher's bitonic-sort algorithm [22]. Let V = (vi ,... , vn } 
be a sequence of items drawn from a linearly ordered set. The sequence V is bitonic if, for some positive
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integer i < n, we have «i > ... > u» < vi+i < ... < vn . In [22] it is shown that there exists a sorting 
network of depth |"lgn] and consisting of n • [~lgn~|/2 comparators that correctly sorts V. The following 
result generalizes the construction of [22] by providing an efficient BSP implementation of Batcher's 
bitonic-sort algorithm.

Proposition 2.3.1 There exists a p-processor BSP algorithm for merging two non-decreasing sequences 
of sizes m and k that for all integers n, p and t, such that n = m + k, p = O(n] and 2 < t < p, requires 
time at most

Chtn (n,p) =
p

and

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tbtn (n,p) = Cbtn (n,p) + Mbtn (n,p).

Proof Let X and Y be respectively the two input sequences. We assume that X and Y are evenly and 
orderly distributed among the p processors - item Xi G X, for all 1 < i < m, resides in the local memory 
of processor p\_i/ q \ at position i mod g, and item yj G Y", for all 1 < j < k, resides in the local memory 
of processor p\l ( m+k-j+i)/q\ at position (m + k — j + 1) mod g, where q = \(m + k)/p]. This distribution 
of items to processors results in an ordered sequence for each processor except (possibly) for processor 
P[m/q\ that results in a bitonic sequence.

Let W = {{^1,1, ... ,wij), ... , (iUi,i,... ,u>i,z),.. - , (wp ,i, • • • ,Wp,i)) be a sequence of items such that 
Wi,\ < • • • < wi,h f°r all 1 < i < p, and sequence W — (wij,... , wpj) is bitonic. We next outline how to 
modify Batcher's bitonic-sort algorithm to obtain a p-processor BSP algorithm for sorting W. Each input 
to the bitonic-sort network is replaced by a non-decreasing sequence Wi t \ < ... < Wij of size /, 1 < i < p. 
Additionally, each comparator is replaced by a sequential merging algorithm that receives as input two 
non-decreasing sequences each of size /, merges them, and outputs separately the lower and upper halves 
of the merged sequences. As shown in [23, 133] the concatenation of the merged sequences at the output 
of the bitonic-sort network yields the desired sorted sequence. The performance of the aforementioned 
algorithm can be improved [122] by combining |~lgf| consecutive levels of comparators of the bitonic-sort 
network into a single level, for some integer 2 < t < p. The so constructed network has a total of at most
rrigpi/fig*n levels.

To simulate this sorting network on a BSP machine, comparators at each level of the network are 
replaced by a pairs of processors. Each processor, therefore, communicates a total of at most 2flgtl -1 • / 
messages per level. Since the total number of levels is at most [logt p + l~\ we obtain that the time 
complexity of the BSP algorithm is bounded above by [logt p+ 1] • (c* • 2l" lg *l • /) and L • \\ogt p+ 1] + 
cj • O(\\ogt p + I] • 2^gt^~ 1 • /), for computation and communication respectively. By substituting in the 
above analysis / = [n/p] we obtain the desired result, n
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2.3.4.1 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the sub-optimal 
merging algorithm of section 2.3.4.

Implementation The prototype adopted for the BSPlib merging procedure is outlined in figure 2.9.

void BSP_btn_merge (byte *src, byte **trg, int nl, int n2, int sb, void (*merge)(), int (*cmp)Q) ;
srcl, src2 - input array.
trg - output array.
nl, n2 - input sizes.
sb — item size.
merge - generic merge function.
cmp - generic compare function.

Figure 2.9: Procedure for BSP merging.

The aim of function (procedure) BSP_btn_merge is to provide a data-type independent high-performance 
BSPlib merging algorithm implementation. 6

Experimental Results The theoretical performance of the merging algorithm is summarized in propo­ 
sition 2.3.1. To determine the practical significance of the aforementioned result we benchrnarked our 
implementation (BSP_btn_merge) on two different machines with a varying number of processors and in­ 
put sets (consisting of uniformly distributed integer valued items - unless otherwise indicated). In fact, 
we employed procedure BSP_btn_merge to sort a sequence of integers and we benchrnarked this sorting 
operation. Figures 2.10 and 2.12 present the execution time of procedure BSP_btn_merge (in the context 
of sorting) on the two machines. Similarly, figures 2.11 and 2.13 expose the efficiency of the corresponding 
timing results.

2097152

524288
Problem Size

131072

Processors

Efficiency

Problem Size

Figure 2.10: Execution time on a SGI Power Challenge Figure 2.11: Efficiency on a SGI Power Challenge for 
for bitonic-sort sorting - uniform distribution (U). bitonic-sort sorting - uniform distribution (U).

As shown in figures 2.10 and 2.12, the execution time of procedure BSP_btn_merge (in the context 
of sorting) using a fixed number of processors scales with the input size (approximately as n • Ign).

6 The terms generic and data-type independent imply that procedure BSP_btn_merge can be employed to handle any data 
type. To this end, a comparison function cmp is used to facilitate the comparison of two elements e\ and e%. In particular, 
the cmp function returns 1, 0 or -1 depending on whether e\ is greater, equal or smaller than 62.
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Figure 2.12: Execution time on a Cray T3D for bitonic- Figure 2.13: Efficiency on a Cray T3D for bitonic-sort 
sort sorting - uniform distribution (U). sorting - uniform distribution (U).

Accordingly, the execution time of procedure BSP_btn_merge for a fixed input size scales inversely with 
the number of processors (approximately as \gp/p}. Both experimental results are in accordance with the 
theoretical analysis of section 2.3.4. In terms of efficiency, procedure BSP_btn_merge utilizes approximately 
(within a 5%):

- 85%-100% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 80%-90% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),

- 25%-85% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 40%-100% of the available processor resources on the Cray T3D machine (for large problem 
sizes).

These results should be interpreted with caution on the basis that the merging algorithm of section 2.3.4 
is sub-optimal, and therefore, efficiency close to one is not possible for large number of processors without 
the introduction of artificial conditions and premises.

In order to test the obliviousness of the merging algorithm to the input data distribution we bench- 
marked our implementation (BSP_btn_merge) on a machine with a varying number of processors and 
input sets (consisting of 221 integer valued items - unless otherwise indicated). Figure 2.14 presents the 
execution time of procedure BSP_btn_merge (in the context of sorting). Similarly, figure 2.15 exposes the 
efficiency of the corresponding timing result.

Obviously, the performance of the algorithm is quite consistent across the different input data dis­ 
tributions with the exception of the deterministic-duplicates distribution (we note that the observable 
inconsistency in procedure BSP_btn_merge, with respect to the deterministic-duplicates distribution, de­ 
rives from the sequential merging implementation (merge) employed in the main body of BSP_btn_merge 
and is irrelevant to the otherwise structure of the procedure).

2.3.5 An Optimal Merging Algorithm

In this section, we provide an optimal BSP solution to the problem of merging two sequences that is 
based on over-sampling techniques [77, 92]. The basic algorithmic idea derives from a merging algorithm
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Figure 2.14: Execution time on a Cray T3D for bitonic- Figure 2.15: Efficiency on a Cray T3D for bitonic-sort
sort sorting on uniform distribution (U), Gaussian distribu- sorting on uniform distribution (U), Gaussian distribution
tion (G), bucket-sorted distribution (B), 2-group distribution (G), bucket-sorted distribution (B), 2-group distribution (2-
(2-G), staggered distribution (S) and deterministic-duplicates G), staggered distribution (S) and deterministic-duplicates
distribution (DD) - input size 2 21 . distribution (DD) - input size 2 21 .

of [195]. The algorithm achieves optimality for an ample range of the parameters n, p, L and g.

Informal Description of Algorithm The optimal deterministic merging algorithm Is based on over- 
sampling techniques and is non-iterative in nature. The input is assumed to be evenly but otherwise 
arbitrarily divided among the p participating processors before the beginning of the execution of the 
algorithm. Initially, two sub-sequences axe constructed that are appropriate over-samples of the two input 
sequences. The two sub-sequences are merged, by means of the sub-optimal hi tonic-sort algorithm of 
section 2.3.4, and a sub-sequence of size p— I is constructed that is an appropriate sample of the resulting 
merged sequence. Finally, this sub-sequence is employed to partition the two input sequences into p 
pairs of overlapping partitions that are sequentially and indepen.der.itly merged at each processor (the 
aforementioned partitioning operation is realized by means of an optimal binary search, method that is 
based on a composite parallel-prefix scheme in order to avoid the inherent need for concurrent read).

Our main result is summarized in the following theorem.

Theorem 2.3.1 There exists a p-processor BSP algorithm for merging two non-decreasing sequences of 
combined size n, that for all integers n and p such that p = o(n/lgn), requires time (c* + o(l)) • (n/p) 
and L • O(lgp) + g • O(n/p), for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of the following proposition. Then, theorem 2.3.1 follows easily as a consequence 
of this result.

Optimality Claim 2.3.1 Theorem 2.3.1 implies that there exists a p-processor BSP algorithm for merg­ 
ing two non-decreasing sequences of combined size n, that for all integers n, p, L and g such that 
p — o(n/lgn) and L = o(n/(p • Igp)), has TT = 1 + 0(1) and p, = O(g).

Proposition 2.3.2 Let ujn be any function of n such that ujn = f)(l) and ujn = O(n/p}. Then, there 
exists a p-processor BSP algorithm for merging two non-decreasing sequences of sizes m and k that for all 
integers n and p, such that n = m + k and p = O(n/ Ign), requires time
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Cmrg(n,p) = c* • ( 1 + O ( —- }}• -+O {un + \g ^ ) + Cbtn (p • \ujn ] , p) + 2 • Cppf (p)

and

Mmrg (n,p) = L • O(l) + g • O ( — ) + Mbtn (p • \uin ] ,p) + 2 • Mppf (p) +

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tmrg (n,p) = Cmrg (n,p) + Mmrg (n,p).

Proof Let X and Y be respectively the two input sequences. We assume that X and Y are evenly and 
orderly distributed among the p processors - item X{ 6 X, for all 1 < i < m, resides in the local memory 
of processor p\i/ q\ at position i mod q, and item yj 6 Y, for all 1 < j < k, resides in the local memory of 
processor P[(m+j)/q\ at position (m + j) mod q, where q — \(m + k}/p\. We also assume that the items 
are distinct since we can always make them so by, for example, appending to them the code for their 
memory location. This assumption can be removed without affecting the asymptotic performance of our 
algorithm.

Procedure MERGE 
begin

[Stage 1] Sub-sequences X and Y are constructed such that X is a \n/(p • u;n )~| -sample of X and, 
similarly, Y is a \n/(p • o;n )"|-sample of Y. For each item in X and Y information about whether it 
belongs to sequence X or Y along with its rank in that sequence is also maintained.

[Analysis of Stage 1] Each processor selects at most |~tun ~| items from its local memory, and therefore, 
this stage takes time O(ujn ).

[Stage 2] Sub-sequences X and Y are merged into sub-sequence Z. For each item in Z information 
about whether it belongs to sequence X or Y along with its rank in that sequence is maintained.

[Analysis of Stage 2] The merging operation is realized by employing the BSP bitonic-sort algorithm 
implied in proposition 2.3.1, for a total time of Tbtn (\X \JY\,p), where \X U Y\isatmostp • |~o;n].

[Stage 3] Sub-sequence Z = (z^,... , z,^,) is constructed such that Z is a |"cjn]-sample of Z — {z^\}-

[Analysis of Stage 3] Since \Z\ < p- [cjn] we have that \Z\ < p, and therefore, each processor selects 
at most one item from its local memory. This stage requires time O(l).

[Stage 4] Let X = Xr\Z and Y = YnZ. Integer arrays R^.x = rank(j£ : X), RX:Y = rank(X : y), 
RY . X = rank(y : X) and RY -y ~ rank(y : y) are constructed. As a consequence, integer arrays

,A, ____ .A.

RZ-X — rank(2' : X) and R^.y = rank(Z : y) are obtained.

[Analysis of Stage 4] Integer arrays Rx . x and RY.y can be constructed in O(l) time since X C X C 
X and y C y C y. The construction of integer arrays RX . Y and RY . X is rather more complicated. 
In the remainder of the analysis of this stage we outline how to generate RX . Y - Integer array RY . X is 
obtained analogously. To simplify the exposition, we assume that sequences X and y are padded with
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items —oo and +00. This assumption can be removed without affecting the asymptotic performance 
of our algorithm.

Let x be an item in X, and let yi(x) and yr (x] be the two consecutive items in Y, such that yi(x) < 
x < yr (x}. In order to determine rank(x : Y) it suffices to perform a binary search in sub-sequence 
{yrank(j7,(x):y)> • • • > 2/rank(j/r (f ):K))- Recall that X C X c X, and similarly, Y C Y C Y. 

A naive implementation of this step would require a CREW-BSP model to achieve optimality. Con­ 
currency is eliminated by providing each processor with a private copy of the required sequence (on 
which it subsequently performs the search). To this end, for each item y 6 Y the two consecutive 
items xi(y) and xr (y) in X are computed, such that xi(y) < y < xr (y}. The computation of these 
two items, for each item y in y, is realized by two distinct parallel-prefix operations on sub-sequence 
Z. The first parallel-prefix operation is from left to right of sequence Z and computes for each item y 
in Y item X L (y} . Analogously, the second parallel-prefix operation is from right to left of sequence Z 
and computes for each item y in y item xr (y}. Thus, this step requires time O(cun ) + 2 • Cppf(p) and 
2 • Mppf (p) , for computation and communication respectively.

For each pair (y~i,yj), i < j, of consecutive items in Y, sub-sequence (yrank(y;:Y)) • • • >2/rank(j/.,-:y)} 1S 
broadcast to the consecutive block of processors maintaining items xr (y~i) through xi(yj). By way 
of stages 1-3, no processor broadcasts more than \n/p\ items, and no processor receives more than 
\n/(p • \ujn\}~\ items. Therefore, since different broadcast operations can be realized on disjoint sets 
of processors, this step takes time

Processors generate integer array RX . Y by performing a binary search on the sub-sequence of size at 
most \n/(p • cjn )~| they received in the previous step. This step takes time O(lg (n/(p • wn))). Integer 
array RY . X *s computed similarly. We note that integer arrays RX . Y an(^ RY-X can ^e generated 
simultaneously. Therefore, this stage requires overall time O(ujn + Ig (n/(p • un }}) + 2 • Cppf(p} and 
2 • Mppf (p) + MfcJ^t (p) , for computation and communication respectively.

_ /*.

[Stage 5] Each processor pi, for all 0 < i < \Z\, fetches into its local memory sub-sequences

(Xi,... ,Zrank(zi+1 :X)) if I = 0,

if 1 < « < \Z\, 

if I = \Z\,

and

,--- ,yrank(zi+ i:y)) if I = 0,

and subsequently merges them into sub-sequence Zi by employing some optimal deterministic merging 
algorithm [54, 133]. The desired sequence is the concatenation of sequences Zi, for all 0 < i < |Z|, in

/-.

increasing order of i. Note that by way of stage 3, \Z\ < p.

[Analysis of Stage 5] Since integer arrays R^-x anc^ RZ-.Y are available, the determination of 
rank(fi : X] and rank(zi : y), for all 1 < i < \Z\, can be performed, by realizing a constant number
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of local operations and a constant number of message exchanges, in time 0(1) and L + g • O(l), 
for computation and communication respectively. By way of stages 1-3, the size of Xi U Yi, for all 
0 < i < \Z\, is bounded above by [wn ~| • \n/(p • wn )"| = n/p + O(n/(p • ujn }}. Thus, this stage takes 
time c* • (1 + O(l/u>n )) • (n/p) and L + g • O(n/p), for computation and communication respectively.

end

Analysis The correctness of the algorithm follows from its description. By summing up the computation 
and communication requirements of procedure MERGE we obtain the desired time bound.

The proposition follows. D

Proof (of theorem 2.3.1) Let ujn = cj(l) and u>n = o(n/(plgn)). Then, the theorem follows easily 
from proposition 2.3.2 by substituting for Tbtn, Tbcast and Tppf the corresponding expressions in proposi­ 
tions 2.3.1, 2.1.2 and 2.1.4, and letting t = 2 in these expressions. D

2.4 Integer-Sorting

In this section we design, analyze and implement a BSP algorithm for a fundamental computational 
problem, namely integer- sorting. Parallel integer-sorting [133] is an important special case of sorting 
with a significant number of parallel applications, such as implementing parallel model simulations and 
improving the performance of computational geometry algorithms [9, 133, 206]. The material of this 
section is based on the following paper:

(1) "Primitive operations on the BSP model." Technical Report PRG-TR-23-96, Computing 
Laboratory, Oxford University, October 1996 [82].

2.4.1 Preliminaries and Notation

Let X = (xi , X2, - - - , xn } be a sequence whose items belong to a finite universe U = [0, 1, ... ,/£—!]. We 
consider, in this section, the problem of integer-sorting sequence X into a non-decreasing sequence - say 

= non-decreasing^).

2.4.2 Cost Model

The performance of the BSP integer-sorting algorithms of this section is specified as follows. Constant 
O(l) time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel-prefix computations.

Optimal 0(n) time sequential integer-sorting algorithms are well-known [54, 133]. In the following 
sections, we design, analyze and implement simple optimal BSP integer-sorting algorithms - optimality 
is realized for an ample range of the BSP parameters.

2.4.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on parallel integer- 
sorting (e.g., [135, 174, 206] on the PRAM model, [20] on an abstract parallel communication model).
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The exhibit in table 2.3 summarizes the aforementioned results with respect to the following statistics: 

computation time, communication time, multiplicative constant factors, implementation effort and amount 

of parallel (in terms of maximum number of processors) required to achieve optimality.
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Table 2.3: Performance comparison of parallel integer-sorting algorithms - range [0,1,... ,

With reference to table 2.3 we note that all algorithms derive from radix-sort techniques, and therefore, 

utilize similar concepts and ideas.
The optimal BSP integer-sorting algorithm of section 2.4.4 improves upon previous approaches on the 

following particulars:

(1) the asymptotic computation time requirements of [135, 174, 206] (Up — n/lg°^ ' n),

(2) the asymptotic communication time requirements of [135, 174, 206] (if p = n/lg°^ ' n),

(3) the multiplicative constant factor requirements of [135], and

(4) the parallel slackness requirements (to achieve optimality) of [20, 135, 174, 206].

The main contribution, however, of the integer-sorting algorithm of section 2.4.4 is attributed to the low 
amount of parallel slackness required to achieve optimality (refer to case 4).

2.4.4 An Optimal Integer-Sorting Algorithm

In this section, we provide an optimal BSP solution to the problem of integer-sorting a sequence that 
is based on radix-sort techniques and improves an idea of [174]. The algorithm is realized by employing 

exclusively parallel-prefix, regular routing and local operations, and achieves optimality for an ample range 

of the parameters n, p, L and g.

Informal Description of Algorithm The optimal deterministic integer-sorting algorithm is based on 

parallel-prefix techniques and is non-iterative in nature. The input is assumed to be evenly but otherwise 

arbitrarily divided among the p participating processors before the beginning of the execution of the 

algorithm. Additionally, the n input items are assumed to belong to the range R = |(K L ....n/p •••••• Ij

(to accommodate the case ./?, = [0.1,... ; (n/p)°lli -••• 1] standard radix-sort techniques may be applied). 

Initially, each processor computes the number of input items in its possession that fell into each of the 

n intervals induced by the range R. Subsequently; the sum. and prefix sum of the number of items per 

interval is computed, by means of a parallel-prefix scheme, and communicated to each, processor. Finally, 

the items arc routed to their final position (the afore mentioned routing operation is realized by employing 

the sum a;nd prefix sum of the number of items per interval).

Our main result is summarized in the following theorem.
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Theorem 2.4.1 There exists a p-processor BSP algorithm for sorting a multi-set consisting of n integers 
in the range [0, 1, ... ,n°^}, that for all integers n and p such that p = O(n), requires time O((n/p + 
lgp)-(lgn/lg(n/p + lgp))) ondL.O(lgp-(lgn/lg(n/p + lgp)))+p-O((n/p + lgp)-(lgn/lg(n/p + lgp))) ; 
for computation and communication respectively. The algorithm requires O(n/p + \gp] space.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of the following proposition. Then, theorem 2.4.1 follows easily as a consequence 
of this result.

Proposition 2.4.1 There exists a p-processor BSP algorithm for sorting a multi-set consisting of n in­ 
tegers in the range [0, 1, ... ,R— 1], that for all integers n, p and t, such that p = O(n) and 2 < t < p, 
requires time

Crdx .srt (n,R,p) = r- (o(max(|-| ,t • [logt p|i ) + Cppf (p}] , 
V V U p \ ) ) /

and

g • O (l • max ( [-1 ,t • \log t p]\ + \-\) + Mppf (p]\ , 
V U p I J I p I/ /

for computation and communication respectively, where r — |"lg R/ Ig (max { |~n/p~| , t • \logt p~\})~\ . The 
overall time complexity of the algorithm is denoted by Tr<ix _sri (n, R,p) = Crdx..srt(n, R,p)+MrdX -Srt(n, -R,p). 
The algorithm requires 0(max{[n/p], t • \\ogt p]}) space.

Proof We assume that the input is evenly but otherwise arbitrarily distributed among the p proces­ 
sors. We next present a procedure for sorting n integer items in the range [0,1,... ,R — 1], where 
R ~ max { \n/p] , t • \logt p]}. We then apply radix-sort techniques [133] to establish a procedure for sort­ 
ing n integer items in the range [0, ... , R — 1], within r = |~lg R/ \gR] iterations of the basic procedure.

Procedure RADIX_SORT 
begin

[Stage 1] Every processor counts the number of items in its possession that fall into the R intervals 
induced by [0, 1, ... ,R—l]. Let Ck,i denote the number of integer items with value k in [0, 1, ... ,R— 1] 
on processor pi, 0 < i < p.

[Analysis of Stage 1] When this step is executed, each processor holds at most |"n/p~| items. Thus, 
this stage requires O(R) time.

[Stage 2] Each processor PJ , 0 < j < p, computes

Sm,j - 1 + 5^ (Ck,i | (k < m] or (k = m and i < j)), for all m in [0,1,... ,R-1].
k,i

[Analysis of Stage 2] The position in the sorted array of the first integer item with value m that 
is assigned to processor PJ is given by Sm ,j- Hence, if each processor PJ computes the value of Sm)J-
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(over all m), then it can store, in sorted order, all of its items in the appropriate output position. To 
realize this computation it is sufficient to order the Cjk/s in the direction of increasing fc, perform 
a parallel-prefix sum operation, and finally restore the original order of the Cfc/s. Thus, this stage 
requires the realization of two ^-relations and a parallel-prefix sum operation, for a total time of 
O(R) + Cppf(p] and L • 2 + g • O(R) + Mppf(p), for computation and communication respectively.

[Stage 3] Each processor knows where to route its integer items, and performs the routing. 

[Analysis of Stage 3] This stage requires time L + g • O(\n/p\). 

end

Analysis The correctness of the algorithm follows from its description and is omitted. By applying 
radix-sort techniques [133] we obtain that n items in the range [0,1,... ,R— I], can be sorted within 
r = [Ig R/ Ig (max { \n/p\ , t • [logt p]})] iterations of procedure RADix_SoRT. Thus, by summing up the 
computation and communication requirements of procedure RADIX_SORT we obtain the desired time 
bound.

The proposition follows, d

Remark The algorithm as described requires O(max{fn/p],t • [logt p]}) space per processor. We can 
trivially verify that, by replacing in the above result \n/p\ for max {[n/p], t • |"logt p~|}, the space can be 
reduced to O(n/p) per processor.

Proof (of theorem 2.4.1) The theorem follows easily from proposition 2.4.1 by substituting for Tppf 
the corresponding expression in proposition 2.1.4, and letting t = 2 in this expression. D

2.4.4.1 Implementation and Experimental Results

In this section we discuss a BSPHb implementation - in C - of a variant of the integer-sorting algorithm 
of section 2.4.4.

Implementation The prototype adopted for the BSPHb integer-sorting procedure is outlined in fig­ 
ure 2.16.

void BSP_int_sort (byte *src, byte **trg, int n, int sb) ; 
src - input array. 
trg - output array. 
n - input size. 
sb — item size.

Figure 2.16: Procedure for BSP integer-sorting.

The aim of function (procedure) BSP_int_sort is to provide a high-performance BSPHb integer-sorting 

algorithm implementation.
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Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.4.1. 
To determine the practical significance of the aforementioned result we benchmarked our implementation 
(BSP_int_sort) on two different machines with a varying number of processors and input sets (consisting 
of uniformly distributed integer valued items - unless otherwise indicated). Figures 2.17 and 2.19 present 
the execution time of procedure BSP_int_sort on the two machines. Similarly, figures 2.18 and 2.20 expose 
the efficiency of the corresponding timing results.

Efficiency

2097152

524288
Problem Size

Processors

Problem Size

Figure 2.17: Execution time on a SGI Power Challenge Figure 2.18: Efficiency on a SGI Power Challenge for 
for integer-sorting - uniform distribution (U). integer-sorting - uniform distribution (U).
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Figure 2.19: Execution time on a Cray T3D for integer- Figure 2.20: Efficiency on a Cray T3D for integer-sorting 
sorting - uniform distribution (U). - uniform distribution (U).

As shown in figures 2.17 and 2.19, the execution time of procedure BSP_int_sort using a fixed number 
of processors scales with the input size (approximately as n). Accordingly, the execution time of procedure 
BSP_int_sort for a fixed input size scales inversely with the number of processors (approximately as 
1/p); nevertheless, the multiplicative constant factors introduced by the parallelization of the integer- 
sorting algorithm are quite large, and therefore, linear in p speedup is not achievable. Both experimental 
results are in accordance with the theoretical analysis of section 2.4.4. In terms of efficiency, procedure 
BSP_int_sort utilizes approximately (within a 5%):

- 45%-55% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 35%-55% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),
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- 20%-55% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 25%-50% of the available processor resources on the Cray T3D machine (for large problem
sizes).

These results should be interpreted with caution on a twofold basis: (i) the integer-sorting problem is 
communication bound, and therefore, efficiency close to one is not possible without the introduction of 
artificial conditions and premises, and (ii) the communication pattern of procedure BSP_int_sort is fine­ 
grained (refer to stage 3 of procedure RADIX_SORT of section 2.4.4), and consequently, a considerable 
slowdown is incurred due to the inability of the current BSPlib version to cope with such a situation 
(particularly for large problem sizes and number processors).

In order to test the obliviousness of the integer-sorting algorithm to the input data distribution we 
benchmarked our implementation (BSP_int_sort) on a machine with a varying number of processors and 
input sets (consisting of 221 integer valued items - unless otherwise indicated). Figure 2.21 presents the ex­ 
ecution time of procedure BSP_int_sort. Similarly, figure 2.22 exposes the efficiency of the corresponding 
timing result.

Time(secs)
Efficiency

2 G Input Distribution 2-G input Distribution

DD

Processors Processors

Figure 2.21: Execution time on a Cray T3D for integer- Figure 2.22: Efficiency on a Cray T3D for integer- 
sorting on uniform distribution (U), Gaussian distribution sorting on uniform distribution (U), Gaussian distribution 
(G), bucket-sorted distribution (B), 2-group distribution (2- (G), bucket-sorted distribution (B), 2-group distribution (2- 
G), staggered distribution (S) and deterministic-duplicates G), staggered distribution (S) and deterministic-duplicates 
distribution (DD) - input size 2 21 . distribution (DD) - input size 2 21 .

Obviously, the performance of the algorithm is quite consistent across the different input data distri­ 
butions with the exception of the deterministic-duplicates distribution (we note that the observable in­ 
consistency in procedure BSP_int_sort, with respect to the deterministic-duplicates distribution, derives 
from the underlying sequential integer-sorting-like process employed in the main body of BSP_int_sort 
and is irrelevant to the otherwise structure of the procedure).

2.5 Probabilistic Integer-Sorting

In this section we design, analyze and implement a BSP algorithm for a fundamental computational 
problem, namely integer-sorting of uniformly at random distributed items. Parallel integer-sorting of 
uniformly at random distributed items [133] is an important special case of integer-sorting with a number of
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parallel applications, such as improving the performance of computational geometry problems [9, 133, 148]. 
The material of this section is based on the following papers:

(1) "A note on probabilistic integer-sorting." Technical Report PRG-TR- 14-97, Computing Lab­ 
oratory, Oxford University, March 1997 [86].

(2) "On probabilistic integer sorting." In Proceedings of Workshop on Randomized Algorithms in 
Sequential, Parallel and Distributed Computing (RALCOM'97), October 1997 [89].

2.5.1 Preliminaries and Notation

Let X = (xi , £2, • • • , xn ) be a sequence of uniformly at random distributed items whose items belong to a 
finite universe U — [0, 1, ... ,R—l\. We consider, in this section, the problem of integer- sorting sequence 
X into a non-decreasing sequence - say (2^(1), . . . ,xff (n)) = non-decreasing(j£T).

2.5.2 Cost Model

The performance of the BSP integer-sorting algorithms of this section is specified as follows. Constant 
O(l) time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel prefix computations.

Optimal Q(n] time sequential integer-sorting algorithms are well-known [54, 133]. In the following 
sections, we design, analyze and implement simple and rather more complicated optimal probabilistic 
BSP integer-sorting algorithms - optimality is realized for an ample range of the BSP parameters.

2.5.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on parallel proba­ 
bilistic integer-sorting (e.g., [44, 104, 176] on the PRAM model). The exhibit in table 2.4 summarizes the 
aforementioned results with respect to the following statistics: computation time, communication time, 
multiplicative constant factors, implementation effort, probability of success and amount of parallel slack­ 
ness (in terms of maximum number of processors) required to achieve optimality. Approaches designed 
to exploit the CRCW capabilities of parallel models are identified with a f symbol.
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Table 2.4: Performance comparison of parallel probabilistic integer-sorting algorithms (for any constant p > 0) - range 
[0,1,... ,n°( 1 ')}, - the cyan color is associated with randomized approaches.

With reference to table 2.4 we note that the algorithms of [44, 104, 176] are not stable as opposed to the 
algorithms of sections 2.5.5 and 2.5.6. We also note that the algorithms of [44, 104, 176] are designed to 
fully utilize the CRCW capabilities of parallel models, and therefore, compare unfairly with our algorithms
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that are designed for parallel models with EREW capabilities. In fact, the performance of the algorithm of 
section 2.5.5 matches the performance of the best known deterministic EREW integer-sorting algorithm; 
yet, under realistic assumptions, the algorithm can be employed to optimally integer-sort uniformly at 
random items in an arbitrary range as opposed the best known deterministic EREW integer-sorting 
algorithm that can only be employed to optimally integer-sort items in the range [0,1,... ,no(1) j.

The optimal BSP integer-sorting algorithms of sections 2.5.5 and 2.5.6 improve upon previous ap­ 
proaches on the following particulars:

(1) the implementation effort requirements of [44, 104, 176], and

(2) the probability of success of [44, 104, 176] (algorithm of section 2.5.5).

The main contribution, however, of the probabilistic integer-sorting algorithms of section 2.5 is attributed 
to the stability and simplicity of the underlying BSP algorithm (refer to case 1), the very high probability 
of success (refer to case 2), and the EREW nature of the algorithm.

The optimal probabilistic BSP algorithm implied in the previous discussion can be trivially transformed 
into a highly efficient sequential algorithm. The sequential algorithm matches the performance of previous 
probabilistic integer-sorting approaches [44, 104, 148, 159, 176], yet, improves upon the probability of 
success of all these approaches. The exhibit in table 2.5 summarizes the aforementioned results with 
respect to the following statistics: computation time, multiplicative constant factors, implementation 
effort and probability of success.

Refs
[148]
[159]

[44] i

[104]

[176]
Sec 2.5.5

Computation
0(n)
0(n)
0(n)

0(n)
0(n)
0(n)

Constants
• •
• •
• •

• •
• •
• •

Implem.
•
m
m

m
m
m

Probability
expected time
expected time
1 — O 1 2 p ' n ' g n 1

1_0(2-^)

J- " \^f \ ' i

I f) ( O — p~Tl\ 
— ^"^ v /

Table 2.5: Performance comparison of sequential probabilistic integer-sorting algorithms (for any constant p > 0) - range 
[0,1,... ,n°( 1 )], - the cyan color is associated with randomized approaches.

2.5.4 A Combinatorial Lemma

This section is devoted to the proof of the following combinatorial lemma that is employed later in the 
analysis of the integer-sorting algorithm of section 2.5.5.

Lemma 2.5.1 For any positive constants d and ft, if k balls are independently placed into k l+f3 bins with 
probability at most d/k l+l3 of a ball being placed in a fixed bin, then there are at most B • (k/ Ig k] balls 
into bins of size greater than or equal to D with probability at least 1 — 2~ c ' k+1 , for any positive constants 
B, D and c such that 0<c</3-(5-2- B/D - B/((3 • D}).

Remark We assume that k is large enough to ensure that (e • D/B) • (e • d/D) D • log k < k13 and e • d < k13 .
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Proof For any positive constant B, denote by E the event that there are at least m = (B/D) • (k/lgk) 

bins of size greater than or equal to D. By definition, the probability of a ball being placed in a fixed bin 

is at most d/k1+f3 . Then, by a variation of a simple combinatorial argument of [104], we bound Pr[£] as 
follows.

o rn / A1+/3 \ ^ fk\ A-E^aA ( d \ ai +-+a™
Pr £ < • y ' • • - ' 3 • ' ——— '

V m J . ^ , _ \aj \ am J
ai>D,... ,a m >D

£ ( k }.....( k }.(^LT++"
ai >D,...,am >D\ai / VW 

/ j j \ D-mI e • k d \

<

\ D
ai>D,...,am >D ^

i j \ D-fn 
k d \

—— • ———————— I

<

In the aforementioned bound we claimed the following inequality that derives form Stirling's formulae

[40]:

x X
\yj ~ \ y J

By assumption, k is large enough to ensure that (e • D/B) • (e • d/D) D • log A; < k@. Therefore, for any 

0 < ci < /3 • (B - 2 • B/D - B/(/3 • D)) the following bound is derived.

m

We have therefore established that the probability that there are at least m bins of size greater than or 

equal to D is at most 2~ Cl ' k for some appropriately bounded positive constant c\. Denote by Z the event 

that the total number of balls falling into these m bins is at least B • (fc/lgfc). Consider any fixed set 

of m bins out of the total k 1+/3 bins. By definition, placing a ball into a bin is independent of all other 

placements. The total number of balls falling into these bins is stochastically dominated by a binomially 

distributed random variable, and therefore, by employing the probability bound of theorem A. 1.2 on the 

tail of the binomial distribution the following upper bound on Pr[Z] is derived.
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By assumption, k is large enough to ensure that (e • D/B) • (e • d/D} D • log k < k0 . Therefore, the following 
bound holds for any 0 < c2 < 0 • (B - 2 • B/D).

Pr[Z] <

< 2~ C2 '*.

We have therefore established that the probability that at least B • (k/lgk) balls fall into some fixed set 

of (B/D) • (k/lgk) bins is at most 2~ C2 ' fc , for some appropriately bounded positive constant c^. We have 

also shown that the probability that there are at least (B/D) • (k/ Ig k) bins of size greater than or equal 

to D is at most 2~ c ^ k . Therefore, for any 0 < d,c2 < ft • (B - 2 • B/D - B/(j3 • D)) and c = ci = c2 

there are at most B • (k/ Ig k) balls into bins of size greater than or equal to D with probability at least 

1 — 2~ c ' fc+1 , and the lemma follows. D

2.5.5 An Optimal Probabilistic Integer Sorting Algorithm

In this section, we provide an optimal probabilistic BSP solution to the problem of integer-sorting a 

sequence consisting of uniformly at random distributed items that is based on radix-sort techniques and 

extends the (sequential) expected-time radix-plus-sifting sorting algorithm of [148]. The algorithm derives 

from the ideas of [104, 148, 159, 176], and achieves optimality for an ample range of the parameters n, p, 

L and g.

Informal Description of Algorithm 'The optimal deterministic integer-sorting algorithm is based on 

probabilistic techniques and is non-iterative hi nature. The input is assumed to be evenly but otherwise 

arbitrarily divided among the p participating processors before the beginning of the execution of the 

algorithm. Initially, each processor extracts an appropriate number of most significant bits (MSBs) from 

each item in. its possession and sorts, by means of some optimal radix sort algorithm. the so extracted 

items. Subsequently, identical items are grouped (with respect to their MSBs) and items belonging to 

groups of constant pie-specified size are sorted, by means of specially tailored optimal sorters. The 

remaining items are sorted, by means of the optima,! merge-sort algorithm of section 2.3.5. Finally, the 

so sorted items are merged with the previously sorted items belonging to groups of constant p re- specified 

size.

Our main result is summarized in the following theorem.

Theorem 2.5.1 For any constant p > 0, there exists ap-processor BSP algorithm for sorting a uniformly 

at random distributed multi-set consisting of n integers in an arbitrary range, that for all integers n and 

p such that p = O(n), requires time [with probability I - O(2-p ' n )] O((n/p + Igp) • (Ign/ Ig (n/p + Igp))) 

and L • O(lgp • (lgn/lg(n/p + Igp))) + g • O((n/p + Igp) • (\gn/\g(n/p + lgp))), for computation and 

communication respectively.
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The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.5.1 follows easily as a 
consequence of these results. 7

In the remainder of this section we address a slightly more general problem; its solution provides 
us with a linear-time integer-sorting algorithm. The basic idea behind the algorithm in [148] is to sort 
the items with respect to some reduced number of Most Significant Bits (MSBs). As noted in [176], this 
nearly sorts the input. Suppose for example that the n integer items are sorted with respect to their |"lgn~| 
MSBs. Let Si, for all 0 < i < 2^s n\ be the (possibly empty) sequence of items with value i for their [Ign] 
MSBs. Then, the original sorting problem reduces to 2^lgn^ disjoint sub-problems, namely the problems 
of sorting So, Si, . . . , S2 ngni_i- In particular, the required sorted sequence is SQ o S± o . . . o S* flgn] _ l , 
where S* is the sequence of items in Si in sorted order and o denotes concatenation. Therefore, the total 
time required for the algorithm is O(n) + Y^i O(\Si\ ' lg !•%!)> which is known to be O(n) on the average 
[148]. The remainder of this section is devoted to a proof of the following proposition.

Proposition 2.5.1 For some constant ft > 0, let f : U -> [0, 1, . . . , n1+^ — 1] be a non- decreasing function 
that can be evaluated in constant time, and suppose that X\ , X? , . . . , Xn are random variables such that 
for some positive constant d,

Pi[f(Xi) = k]< -j^-5-, for all I <i <n and k in [0,1,... ,n 1+/3 - 1].

Then, for any constant p > 0, there exists a p-processor BSP algorithm for sorting the multi-set (of 
values) {Xi,X2, - . • ,Xn }, that for all integers n andp, such that p = O(ri), requires time [with probability 
I -

Crdx _STt n,n + ,p + Csrt o -- ,p + Clbalp

and

mt ,rt(n,p) = L • 0(1) + g.o-+ Mrdx _srt n,n1+^,p + Msrt o -- ,p + Mlbal o - , -

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tint_srt(n,p) = Cint_art(n,p) + Mint _srt (n,p).

Remark Suppose that Xi,X2 , • • • ,Xn are independent and uniformly distributed over [0,1,... ,R— 1], 
where R > n1+(3 . Then, as noted in [104], /(•) can be defined as follows.

0 if x < 0, 

R-l if x > R.

•=. <

7 For the sequential case, the following analogue of theorem 2.5.1 applies.

Theorem 2.5.2 For any constant p > 0, there exists a sequential algorithm for sorting a uniformly at random distributed 
multi-set consisting of n integers in an arbitrary range, that requires time [with probability 1 - O(2~ p ' n )] O(n).
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Then, Pr[f(Xj) = k] < 2/n1+ >3 for all 1 < j < n and k in [0,1,... ,n1+/3 - 1]. Function /(•) can be 
efficiently implemented by simply "extracting" from the (values of) X»'s an appropriate number of MSBs.

Proof (of proposition 2.5.1) Let X = {xi,x2 , . . . ,xn } be the input multi-set. We assume that X is 
evenly but otherwise arbitrarily distributed among the p processors.

Procedure R-S_SORT 
begin

[Stage 1] For all 1 < j < n, yj = f(xj) is computed.

[Analysis of Stage 1] Since by definition, /(•) can be evaluated in constant time, this stage requires 
O(n/p) time.

[Stage 2] Sequence (1/1,3/2, ••• ,2/n) is sorted by way of some stable radix-sort algorithm.

[Analysis of Stage 2] Since by definition, yj in [0, 1, ... ,n1+/? - 1], for all 1 < j < n, this stages 
requires time Trdx _srt (n,n1+(3 ,p).

RemarkFoi all 0 < i < n1+/3 , let Si be the (possibly empty) sequence Si = (xj \l < j <n and f(xj) — 
i), and let 5 = So ° Si ° . . . o Sni+p_i = (xWl ,xW2 , . . . ,xWn ) be the concatenation of the SVs. Then, 
the original sorting problem reduces to solving / < n disjoint and non-empty sub-problems, namely, 
the problems of sorting SUl ,SU2 , ... ,SUl such that SUi is non-empty and m in [0, 1, ... ,n1+/3 — 1], 
for all 1 < i < 1. In particular, the required sorted sequence is S^ o S^2 ° • • • ° S^, where 5*. is the 
sorted sequence of items in SUi .

[Stage 3] Let D be some positive constant to be specified later. Then, the l\ < I non-empty sub­ 
sequences SVi satisfying \SVi \ < D, with Vi in [0, 1, ... ,n1+/3 - 1], for all 1 < i < /i, are determined 
and sorted (independently) by way of some deterministic stable sorter. For each Xj 6 UiSv^ the 
following information is also maintained: pos(xj : 5) and pos(xj : SVi ).

[Analysis of Stage 3] If D is sufficiently small, then the algorithm employs specially tailored sorters 
to sort the 5u; 's; otherwise, the algorithm employs any deterministic O(n • Ign) time sorter - such 
sorters can be found in [133]. Hence, since the number of non-empty sequences SVi is l\ < I < n this 
stage requires time O((n/p] -Ig-D) and L + g-O(D), for computation and communication respectively.

[Stage 4] Each item Xj £ UiSVi , for all 1 < j < n, is placed in the output sequence at position
J : S) + (rank(xj : SVi ) -

[Analysis of Stage 4] Since sequence SVi is in sorted order, the rank of Xj in SVi can be computed 
in constant time, and therefore, this stage takes time O(n/p) and L + g- O(n/p), for computation and 
communication respectively.

[Stage 5] The 1% = I — l\ < I non-empty sub-sequences SWi satisfying \SWi \ > D, with Wi in 
[0 1 ,n1+/3 — 1], for all 1 < i < /2> are determined, load-balanced and sorted (globally) by way of 
some deterministic stable sorter. For each Xj e UiSw^ the following information is also maintained: 
pos(xj : S) and pos(xj : (JiSWi }.
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[Analysis of Stage 5] This stage requires time O(n/p) + Cibai(\ \J{ SWl \, \n/p\,p) + Csrt (\ U; SWi \,p) 
and Mibai(\ Uj SWi \, \n/p~\,p) + Msrt (\ U{ SWi \,p), for computation and communication respectively.

[Stage 6] Each item Xj € Uj5w , for all 1 < j < n, is placed in the output sequence at position 
J : 5) + (rank(xj : UiSWi ] - posfo : U,SW .)).

[Analysis of Stage 6] Since sequence (JiSWi is in sorted order, the rank of Xj in (JiSWi can be 
computed in constant time, and therefore, this stage takes time O(n/p) and L + g • O(n/p), for 
computation and communication respectively.

end

Analysis The correctness of the algorithm follows from its description and is omitted. To establish the 
time requirements of procedure R-S-SORT it remains to derive an upper bound for | U» SWi \. Substituting 
however in lemma 2.5.1 for k — n the following is derived for any positive constants B, D and p that 
satisfy the conditions of lemma 2.5.1.

Pr \(JiSWi \ >B~<1 

In particular, for (3 = 3/2 and D = 4 we get the following bound.

Pr ILLSU >2- n < l-
Ign

Thus, by summing up the computation and communication requirements of procedure R-S_SoRT we 
obtain the desired time bound.

The proposition follows. D

Proof (of theorem 2.5.1) The theorem follows from proposition 2.5.1 by substituting for Trdx.Srt, Tsrt 
and Tibai the corresponding expressions in propositions 2.4.1, 2.6.8 and 2.1.5, and letting t = 2 in this 
expressions, d

2.5.6 Yet Another Optimal Probabilistic Integer-Sorting Algorithm

In this section we present a variant of the BSP algorithm of section 2.5.5. The algorithm is based on 
the sequential version of algorithm R-S_SORT and achieves optimality for an even wider range of the 
parameters n and p (at the expense of lower probability of success).

Informal Description of Algorithm The optimal deterministic integer-sorting algorithm is based on 
•probabilistic, techniques and is iwn-iterative in nature. The input is assumed, to be evenly but otherwise 
arbitrarily divided among the p participating processors before1 the beginning of the execution of the 
algorithm. Initially, each processor extracts igp most significant bits (MSBs) from each item in its 
possession and routes, with respect to the so extracted MSBs, the items In its possession to the appropriate 
processor, FinaJly, the items received by each processor in the previous step are sorted, by means of the 
sequential version of the optima.] integer-sorting algorithm of section 2.5,5,

Our main result is summarized in the following theorem.
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Theorem 2.5.3 For any constant p > 0, there exists ap-processor BSP algorithm for sorting a uniformly 

at random distributed multi-set consisting of n integers in an arbitrary range, that for all integers n and 

p such that p = O(n), requires time [with probability 1 - O(2-^n/p ) +1sP)/ O(n/p) and L + g- O(n/p), for 

computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 

is devoted to the proof of the following proposition. Then, theorem 2.5.3 follows easily as a consequence 
of this result.

Proposition 2.5.2 For some constant ft > 0, let f : U -»• [0,1,... , n1+0 -1} be a non-decreasing function 

that can be evaluated in constant time, and suppose that Xi,X2 ,... ,Xn are random variables such that 

for some positive constant d,

Pr [f(Xi] = k}< -i+0, for all I < i < n and k in [0,1,... ,n 1+/3 - 1].

Then, for any constant p > 0, there exists a p-processor BSP algorithm for sorting the multi-set (of 

values) {Xi,X2 ,... ,Xn }, that for all integers n andp, such thatp = O(n), requires time [with probability

- 
p

and

(n
Mint.srt (n,p) = L + g • O I -

\P

for computation and communication respectively. The overall time complexity of the algorithm is denoted 

by Tint _srt (n,p') — Cint_srt(n,p} + Mint_srt(n,p}.

Proof The main inefficiency of algorithm R-S_SoRT of section 2.5.5 derives from the inability to optimally 

radix-sort the input items for p = nl ~°^. We overcome this problem by orderly and evenly distributing 

the items among the processors - without employing radix sort - and then by applying the sequential 

version of algorithm R-S_SORT to the so distributed items.
In the remainder of the analysis we sketch the algorithmic details of the modified R-S_SoRT algorithm. 

Stage I is identical to that of the original R-S_SoRT algorithm, however, the remaining stages are replaced 

by the following two stages (stages 2 and 3). In stage 2, the input items are mapped into [0,1,... , 2L1 SP-I - 

1], with respect to the [IgpJ MSBs of the values of stage 1, and subsequently, using this information the 

input items are routed to the corresponding processors.
It is not difficult to verify that the probability of a fixed processor receiving a given input item is at 

most (2 • d)/p. Therefore, by employing the probability bound of theorem A. 1.2 on the tail of the binomial 

distribution the following bound on the number of items n; received by processor pi is derived. For any 

constant p > 0,

n 
PV •* '

0<i <p.
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Hence, this stage requires time O(n/p) and L+g-O(n/p), for computation and communication respectively. 
In stage 3, each processor sorts the items in its possession by employing the sequential version of algorithm 
R-S-SORT. Since the number of items per processor is O(n/p), this stage requires time O(n/p), with 
probability 1 - O(2-"'(n/P) +1SP), for any constant p > 0. The proposition follows. D

Proof (of theorem 2.5.3) The theorem follows easily from proposition 2.5.2. D

2.5.6.1 Implementation and Experimental Results

In this section we discuss an implementation - in C - of a variant of the sequential probabilistic integer- 
sorting algorithm of section 2.5.5. 8

Implementation The prototype adopted for the sequential probabilistic integer-sorting procedure is 
outlined in figure 2.23.

void prob_int_sort (byte *src, byte **trg, int n, int sb) ; 
src - input array. 
trg - output array. 
n - input size. 
sb - item size.

Figure 2.23: Procedure for sequential probabilistic integer-sorting.

The aim of function (procedure) prob_int_sort is to provide a high-performance probabilistic integer- 
sorting algorithm implementation.

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.5.2. 
To determine the practical significance of the aforementioned result we benchmarked our implementation 
(prob_int_sort) on a machine with a varying number of input sets (consisting of uniformly distributed 
integer valued items - unless otherwise indicated). Figures 2.24, 2.25 and 2.26 present the execution time 
of procedure prob_int_sort (radix-plus-sifting sort (R-S) of section 2.5.5) 9 along with the execution times 
of a multiplicity of comparing algorithms - radix sort (X) [133], quick sort (Q) [115], and hybrid sort (HB) 
[104, 159].

As shown in figures 2.24, 2.25 and 2.26, the execution time of procedure prob_int_sort scales with the 
input size (approximately as n). Additionally, the execution time of procedure prob_int_sort scales sub- 
linearly with the input range. Both experimental results are in accordance with the theoretical analysis 
of section 2.5.5. In all cases of interest (input size > 26 ), our algorithm outperforms the comparing 
algorithms by a wide margin. Figure 2.27 establishes the aforementioned claim for the largest of the 
benchmarked problem sizes.

8 We decided to study the sequential version (as opposed to the BSP version) of the probabilistic integer-sorting algorithm 
on a twofold basis: (i) the performance of the BSP integer-sorting algorithm can be extrapolated from the performance 
of the sequential integer-sorting algorithm (by independently considering the performance of the BSP implementations of 
the constituent parts of the algorithm), and (ii) the sequential integer-sorting algorithm can be easily compared to previous 
approaches on integer-sorting [44, 104, 148, 159, 176] (recall that previous approaches on parallel models [44, 104, 176] exploit 
the CRCW capabilities of the underlying model, and therefore, are difficult to implement and study on realistic parallel

models).
9 In the implementation of procedure prob.int.sort we fixed - in the proof of theorem 2.5.1 - D to 5 and ranged /? from

1 to 3.
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and radix-plus-sifting sort (R-S) - uniform distribution (U)

Obviously, as indicated in figure 2.27, the execution time of our algorithm is approximately 1.2-1.7 

times faster than the fastest of the comparing algorithms.

2.6 Sorting

In this section we design, analyze and implement BSP algorithms for a fundamental combinatorial op­ 

eration, namely sorting. The sorting operation [133] has always been a fruitful research topic both in 

sequential [31, 54, 115, 133, 192] and parallel computation [4, 5, 7, 22, 47, 101, 133, 144, 145, 183, 196] be­ 

cause of its many important applications and its intrinsic theoretical significance. Parallel sorting [7, 133] 

is a fundamental operation on ordered sequences and of great importance for many parallel applications, 

such as implementing database primitives and computational geometry algorithms [7, 133, 198]. The 

material of this section is based on the following papers:

(1) "Portable and scaleable algorithm design on the IBM SP2: The bulk-synchronous parallel 

paradigm." In Proceedings of the Sup-Eur'96 Conference, Krakow, Poland, September 1996 

[11].

(2) "Deterministic sorting and randomized median finding on the BSP model." In Proceedings of 

the 8-th ACM Symposium on Parallel Algorithms and Architectures, Padova, Italy, June 1996
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[77].

(3) "Efficient deterministic sorting on the BSP model." Technical Report PRG-TR-19-96, Oxford 
University Computing Laboratory, October 1996 [81]. Also to appear in Parallel Processing 
Letters, 1997-8 [92].

(4) "An experimental study of sorting algorithms on the BSP model: Theory, practice and experi­ 
ence." Technical Report PRG-TR-06-97, Computing Laboratory, Oxford University, February 
1997 [84].

(5) "A randomized sorting algorithm on the BSP model." In Proceedings of the International 
Parallel Processing Symposium (IPPS'97), April 1997 [87].

(6) "An experimental study of BSP sorting algorithms." Submitted for publication, 1997 [95].

(7) "On the complexity of BSP sorting." Technical Report PRG-TR-09-96, Computing Labora­ 
tory, Oxford University, May 1996 [196].

2.6.1 Preliminaries and Notation

Let X — (xi,X2,. • • , xn ) be a sequence whose items belong to a universe U equipped with a total order 
< that can be evaluated in constant time by one processor for any given pair of arguments. Without loss 
of generality, we assume that all the items appearing in sequence X are distinct - if the items are not 
distinct we can make them so by appending to them their index. We consider, in this section, the problem 
of sorting sequence X into a non-decreasing sequence - say (2^(1),3^(2), • - - ,xn ( n)) = non-decreasing(JC). 

Let x, y and z be three positive integers, with x < z. The following notation and definitions are 
assumed in the remainder of this section. Integer y is between x and z (or equivalently, x and z straddle 
y) if and only if x < y and y < z. Let X — (xi,x2 ,... , xn ) and Y be non-decreasing sequences, and let 
Xi be an item in X, I < i < n. The position of item Xi in sequence X, denoted by pos(x; : X), is i. The 
rank of item x; in sequence Y, denoted by rank(x; : y), is the number of items of Y that are less than 
or equal to Xj. Ranking X in Y, amounts to computing the integer array rank(X : Y) = (ri, r-2 ,... , rn ),
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where r-j = rank(xj : Y), 1 < i < n. The predecessor of an arbitrary item Xi in X is item Xj_i of X (if 
necessary, we let Zj_i = -oo), and the range (zi_i,z;] is the interval induced by item Xi (including the 
cases Xj_! = -oo and Xi = +00).

Let c be a positive integer. Sequence X is a c-cover of Y, denoted by cvr (Y), if each interval induced 
by an item in X contains at most c items from {-oo,F, +00}. More formally, given any two consecutive 
items Xj_i and a;» of {-oo,X, +00}, the multi-set {y £ Y \ z;_i < y < zj has at most c items. The 
items from Y in the range (xi-i,xi] are contained in Xj's interval.

Let [zi,£j], 1 < i < j < n be an interval with x^Xj 6 {-oo,.X,+00}. The interval [x;,Zj] intersects 
{ — oo,X,+oo} in c items (or equivalently that there are c items m common) if the number of items 
2 G { —oo,X, +00} such that x^ < z < Xj is equal to c.

2.6.2 Cost Model

The performance of the BSP sorting algorithms of this section is specified as follows. Constant O(l) time 
is charged for each (i) basic computational operation, and each (ii) operation over an associative operator 
in parallel-prefix computations. Furthermore, for some constants csrt, cmrg and csrch, time csrt • n • Ign, 
Cmrg • n, and csrch • Ig n is charged respectively for sorting a sequence of size n, for merging two non- 
decreasing sequences of combined size n, and for binary searching (for a single item) in a non-decreasing 
sequence of size n - within the context of this section we denote csrt by c*.

Optimal 0(n • Ign) time sequential sorting algorithms are well-known [54, 133]. In the following 
sections, we design, analyze and implement simple sub-optimal and rather more complicated optimal BSP 
sorting algorithms - optimality is realized for an ample range of the BSP parameters.

2.6.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on parallel sorting 
(e.g., [8, 34, 47, 60, 72, 105, 187, 194] on the PRAM model, [108, 109] on an abstract parallel commu­ 
nication model, [75, 101] on the BSP model, [5, 22, 144] on the comparison network model, [183] on 
the cube-connected-cycles model). The exhibit in table 2.6 summarizes the aforementioned results with 
respect to the following statistics: computation time, communication time, multiplicative constant fac­ 
tors, implementation effort and amount of parallel slackness (in terms of maximum number of processors) 
required to achieve optimality.

With reference to table 2.6 we note that the deterministic comparison network algorithm of [5] employs 
expander graphs, and therefore, its practical viability is rather limited. Furthermore, the randomized 
PRAM algorithm of [187] employs a non-standard (stronger) PRAM model, and therefore, compares 
unfairly with other algorithms. Finally, the randomized cube-connected-cycles algorithm of [183] does not 
migrate efficiently to the BSP model as a result of its inherent requirement for a non-bulk communication 
pattern (cube-connected-cycles style communication) - as opposed to a bulk communication pattern (BSP 
style communication).

The optimal BSP sorting algorithms of sections 2.6.6, 2.6.7 and 2.6.8 improve upon previous approaches 
on the following particulars:

(1) the asymptotic computation time requirements of [22, 144],

(2) the asymptotic communication time requirements of [5, 8, 22, 34, 47, 60, 72, 105, 144, 183, 187],
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Table 2.6: Performance comparison of parallel sorting algorithms (for any a = fi(l)) - the cyan color is associated with 
randomized approaches.

(3) the multiplicative constant factor requirements of [5, 8, 22, 34, 47, 60, 72, 101, 105, 108, 109, 
144, 183, 187, 194] (algorithms of sections 2.6.6 and 2.6.7) and [5] (algorithm of section 2.6.8),

(4) the implementation effort requirements of [5, 47, 101, 187, 183] (algorithms of sections 2.6.6 
and 2.6.7), and

(5) the parallel slackness requirements (to achieve optimality) of [22, 72, 108, 109, 144, 194] (algo­ 
rithm of section 2.6.6), [8, 22, 34, 60, 72, 75, 105, 108, 109, 144, 194] (algorithm of section 2.6.7) 
and [8, 22, 34, 60, 72, 75, 105, 108, 109, 144, 194] (algorithm of section 2.6.8).

The principal contribution, however, of the sorting algorithms of sections 2.6.6 and 2.6.7 is attributed to 
the low communication cost (refer to case 2), the small constant multiplicative factors (refer to case 3), 
and the low amount of parallel slackness required to achieve optimality (refer to case 5). Additionally, 
our techniques provide tighter probabilistic bounds than previous randomized methods [75, 108, 183, 187] 
and one-optimality for an ample range of the BSP parameters. Accordingly, the main contribution of the 
sorting algorithm of section 2.6.8 is attributed to the low communication cost (refer to case 2) and the



2.6 Sorting 56

low amount of parallel slackness required to achieve optimality (refer to case 5).

2.6.4 A Sub-Optimal Sorting Algorithm

In this section, we provide a BSP solution to the problem of sorting a sequence X that is based on the 
merge-sort technique [54, 133] and derives from algorithm MERGE of section 2.3.5. The algorithm achieves 
optimality in computation for an ample range of the parameters n and p. Unfortunately, the amount of 
communication required is sub-optimal - in section 2.6.8 we refine the merge-sort technique of this section 
to obtain a communication optimal BSP sorting algorithm.

Informal Description of Algorithm The optimal deterministic sorting algorithm is based on merge:- sort 
tocb.niques and is iterative hi nature, The Input is assumed to be evenly but otherwise arbi.ti-ari.iy divided 
among the p participating processors before the beginning of the execution of the algorithm. Initially, each 
processor sorts, by means of some optimal sequential sorting algorithm, the Items in Its possession.. In 
each iterative call, pairs of sorted sub-sequences are merged, by means of rJie optimal merging algorithm 
of section 2,3,5, in a tree-like fashion. Finally, after a pre-specified number of iterations (equal to flgp]} 
the iterative process results in a single sorted sequence,

The main result of this section is summarized in the following theorem.

Theorem 2.6.1 There exists a p-processor BSP algorithm for sorting a multi-set of size n, that for all 
integers n and p such that p = o(n/ Ign), requires time c* • ((n/p) • (Ig (n/p))) + (cmrg + o(l)) • ((n/p) • Igp) 
and L • 0(lg2 p) + g • O((n/p) • Igp), for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of the following proposition. Then, theorem 2.6.1 follows easily as a consequence 
of this result.

Optimality Claim 2.6.1 Theorem 2.6.1 implies that there exists a p-processor BSP algorithm for sorting 
a multi-set of size n, that for all integers n, p, L and g such that p - o(n/\gn) and L = o(n/(p • Igp)), 
has TT = max {1, cmrg /c*} + o(l) and n — O(g).

Proposition 2.6.1 There exists a p-processor BSP algorithm for sorting a multi-set of size n, that for 
all integers n and p, such that p = O(n/lgn), requires time at most

- Ig + C-

and

n
~ , 2* 
"

for communication and computation respectively. The overall time complexity of the algorithm is denoted 

by Tmrg-srt(n,p} = Cmrg _srt (n,p) + Mmrg-srt(n,p).
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Proof The sorting algorithm is a BSP adaptation of sequential merge-sort [54, 133]. Initially, each pro­ 
cessor, in parallel with all other processors, sorts the items in its possession by some optimal deterministic 
sorting algorithm [54, 133]. When this step is executed, each processor holds at most \n/p\ items, and 
therefore, this step takes time c* • \n/p\ -lg \n/p\. Subsequently, processors merge the resulting p sequences 
via \lgp] merges of pairs of sequences of total size n, and the desired result follows. D

Proof (of theorem 2.6.1) The theorem follows easily from proposition 2.6.1 by substituting for Tmrg 
the corresponding expression in proposition 2.3.2 (as adapted in theorem 2.3.1). D

2.6.5 A Sorting Algorithm with n2 Processors

In this section, we provide a BSP solution to the problem of sorting a sequence X of size n with p = n2 
processors. The algorithm is an adaptation of an algorithm due to [167] and is realized by exclusively 
employing broadcasting, parallel-prefix, regular routing and local operations.

Informal Description of Algorithm The deterministic sorting algorithm Is based on broadcast and 
parallel-prefix techniques and is non-iterative in nature. The n 2 participating processors are assumed 
to be logically arranged in a mesh-like fashion and the input is assumed to be evenly but oth.erw.ise 
arbitrarily divided among the n processors of the first row before the beginning of the execution of the 
algorithm. Initially, each first-row processor broadcasts Its item to all processors of Us column and, in 
the o.ext step, each first-co.lu.rrui processor broadcasts its item to all processors of its row. Subsequently, 
processors compare the two items in their possession and compute the rank of each, item, by means of a 
parallel-prefix scheme. Finally, the items are routed to their final position (the aforementioned, routing 
operation is realized by employing the rank of each item.},

The main result of this section is summarized in the following theorem.

Theorem 2.6.2 There exists a p-processor BSP algorithm for sorting a multi-set of size n, that for all 
integers n and p such that p = ft(n2 ), requires time O(lgp) and L • O(lgp) + g • O(lgp), for computation 
and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of the following proposition. Then, theorem 2.6.2 follows easily as a consequence 
of this result.

Proposition 2.6.2 There exists a p-processor BSP algorithm for sorting a multi-set of size n, that for 
all integers n and p requires time

Cquad_, rt (n,p) = O

and

Ti (n^ = L - 0(1)

for computation and communication respectively. The overall time complexity of the algorithm is denoted

by Tquad -Srt(n,p) = Cquad _Srt(n,p} + Mquad _srt (n,p).



2.6 Sorting 58

Proof Consider input sequence X = (xi,xz,... ,xn ) of size n and n2 processors. We number processors 
in a mesh-like fashion, so that we can refer to processor at row i and column j, as pij, 1 < i,j < n. 
We also assume that the n input items are evenly distributed among the n processors of the first row - 
item Xj resides in the local memory of processor pij, for all 1 < j < n. By realizing n disjoint broadcast 
operations, processors pij, for all 1 < j < n, communicate item Xj to all processors of column j. Similarly, 
processors pi t i, for all 1 < i < n, communicate item Xi to all processors of row i. In a single superstep, 
processors p^j, for all 1 < i, j < n, compare Xi and £_,-, and subsequently, by realizing n disjoint parallel- 
prefix sum operations determine rank(o:j : X], for all 1 < i < n. The sorting operation is completed by 
routing each item to its final destination. The overall time complexity of the algorithm can be easily seen 
to be O(l) + Cppf(y/p) and L + g • 0(1) + 2 • Mbcast (^/p) + Cpp/(v/p). In case p < n2 , then each processor 
is assigned a block of the square grid of size [n2 /p], and the proposition follows, n

Proof (of theorem 2.6.2) The theorem follows easily from proposition 2.6.2 by substituting for Tbcast and 
Tppf the corresponding expression in propositions 2.1.2 and 2.1.4, and letting t = 2 in these expressions.
D

2.6.6 An Optimal Deterministic Sorting Algorithm

In this section, we provide an optimal BSP solution to the problem of sorting a sequence X that is based 
on deterministic over-sampling techniques [75, 183] and employs a partitioning scheme that meets the 
requirements of efficiency and insensitivity against initial data distribution. 10 The algorithm achieves 
optimality for an ample range of the parameters n, p, L and g.

Informal Description of Algorithm The optimal deterministic sorting algorithm is based on over- 
sampling techniques and is recursive in nature. The input- is assumed to be evenly but otherwise arbitrarily 
divided among the p participating processors before the beginning of the execution of the algorithm. 
Initially, each processor sorts, by means of some optima! sequential sorting algorithm, the items in its 
possession. lu each iteration of the; algorithm, each processor constructs (in a deterministic way) a sub- 
seqneu.ee that is an appropriate over-sample? of its input. Subsequently, the so coustructed. sub-sequences 
are merged, by means of the sub-optimal bltonic-sort algorithm of section 2,3.4, and a sub-sequence of size 
k •••••• I (where k Is appropriately chosen) is constructed, that is an appropriate sample of the resulting merged
sequence. This sub-sequence is broadcast to all processors and is employed to partition and re-distribute 
the input into k non-overlapping partitions. Accordingly, processors are logically re-arranged into k non- 
intersecting groups. Subsequently, each processor sorts, by means of an optimal composite sequential 
merge / sort scheme, the items in its possession. Finally, after a pre-spedfied number of iterations the 
iterative process results in a single sorted sequence per processor,

Our main result is summarized in the following theorem.
10 A distinction between the approach that we consider in this work and previous BSP approaches [75] is that our method 

does not sample the unsorted input data but the sorted initial runs. The accuracy of the splitting items depends solely 
on user defined parameters, which can be adapted to meet the worst-case requirements of parallel applications. Therefore, 
although we employ sampling [75, 117, 194] to realize efficiency, we give a precise worst-case estimation of the maximum 
imbalance which might occur.

The idea of regular (deterministic) sampling is not a new one, however, our techniques improve upon previous results 
on (i) the amount of parallel slackness required to achieve optimality, (ii) the communication requirements, and (iii) the 
multiplicative constant factors involved.



2.6 Sorting 59

Theorem 2.6.3 For arbitrarily small constant C > 0 and any a > £, there exists a p-processor BSP 
algorithm for sorting a multi-set of size n, that for all integers n and p such that p — O(n/lg3+a n), 
requires time (c*+3-(c*/a)+o(l))-((n/p)-\gn) and L-O(lg2 p-(lgn/lg(ra/p)))+0-0((n/p)-(lgn/lg(n/p))), 
for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of a number of technical results. Then, theorem 2.6.3 follows easily as a consequence 
of these results. Additionally, an improved version of theorem 2.6.3 is shown in sub-section 2.6.6.1.

Optimality Claim 2.6.2 Theorem 2.6.3 implies that there exists a p-processor BSP algorithm for sorting 
a multi-set of size n, that for all integers n, p, L and g such that p = O(n/lg3+a n), L = o((n/p] •

= o(\g(n/p)), has TT = 1 + 3 • (c*/a) + 0(1)

The deterministic sorting algorithm is based on an efficient partitioning scheme that splits - almost 
evenly and independently of the input distribution - an arbitrary number of sorted sequences among the 
processors. The algorithm consists of the following phases:

(1) Local Sorting. Each processor, in parallel with all the other processors, sorts the sub-sequence 
that resides in its local memory.

(2) Partitioning. Processors cooperate to evenly split the sorted sequences among the processors.

(3) Merging. Each processor, in parallel with all the other processors, merges a small number of 
sub-sequences of total size (1 -I- 0(1)) • (n/p).

The iterative version of the algorithm performs m iterations of phases 2 and 3. In each iteration the 
data set is partitioned into k buckets of approximately equal size. In the next iteration a similar process 
of sub-partitioning each of these k buckets into k further buckets is performed, and so on. The maximum 
size of every bucket formed in any of the m iterations is shown to be (1 + O(l/ujn )} • (n/p), for any 
slowly growing function ujn . By unfolding the iteration process and employing multi-way merging [133] 
we obtain the desired sorted sequence. The procedure to manage the aforementioned scheme is presented 
in the following result.

Proposition 2.6.3 Let u)n be any function of n such that ujn = Q(l). Then, there exists a p-processor 
BSP algorithm for sorting n items, that for any integers n, p, m and r, and any m such that p = O(n), 
1 < m < [IgpJ, 1 < rn < \fh\, 0 < r < m, and u% • m2 -p1 /™ = O(n/p], requires time,

n n _.ig -
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l-l

j=o

j=Q

-Cbin



2.6 Sorting 60

for computation and communication respectively, where n(j) < n, q^ < p, q(j) <
(1 + O(l/ujn }) • (n/p). The overall time complexity of the algorithm is denoted by Tsrt(n,p) = Csrt(n,p) +
Msrt (n,p).

Proof The algorithm is iterative in nature and each iteration is divided into a sequence of stages. We 
assume that the input set is initially evenly but otherwise arbitrarily distributed among the p processors 
before the beginning of the execution of the algorithm. Moreover, we assume that the items are distinct 
since we can always make them so by, for example, appending to them the code for their memory location. 
We later explain how we can remove such an assumption and still maintain optimality.

Algorithm DET_SORT 
begin
SEQ_SORT
RECURSIVE_SORT (0, p - 1, n) 
end

Procedure SEQ_SORT 
begin

[Stage 1] Each processor sorts, by way of a deterministic sequential sorting algorithm, the items in 
its possession.

[Analysis of Stage 1] When this step is executed, each processor holds at most [n/p] items. Thus, 
the cost of this stage is that of sequentially sorting [n/p] items by some deterministic algorithm [133] 
and requires time c* • \n/p] • Ig \n/p].

end

In procedure RECURS I VE_SORT below the variables /, u and N have initially values 0, p — I and n 
respectively; in any recursive call of the algorithm, the former two variables give the range of the processors 
that participate in the call and the latter variable gives the input size.

Procedure RECURSIVE-SORT (/, u, N) 
begin

[Stage 1] Each processor selects locally |~o;n ] • m • k — 1 evenly spaced sample items, that partition 
its input into \u}n~\ • m • k evenly sized segments, where k = min {q, [V/m]}, q = u - I + 1 and m, 
rh satisfy the conditions in the statement of the proposition. Additionally, each processor appends to 
this sorted list the largest item in its input. Let s = |"u;n ~| • m • k be the size of the so identified list.

[Analysis of Stage 1] Since the items residing in the local memory of any processor are sorted prior 
to the sample selection process, this stage requires time O(s).

[Stage 2] The q sorted lists, each of size s, are merged; let sequence {s/ s+i, s/ s+2 ,. -. ,s/s+(?s ) be 
the result of the merge operation. By assumption, the sequence is evenly distributed among the q 
processors - sub-sequence (s is+i,... ,S(;+i) s ), I < i < u, resides in the local memory of processor pi, 
0 < i < P-
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[Analysis of Stage 2] The merging operation is realized by way of a BSP adaptation of bitonic-sort 
sort [22]. Thus, by proposition 2.3.1, this stage requires time \lgq] • Tbtn(s • <?,<?)•

[Stage 3] A broadcast operation is initiated, where splitter sis+iqs/ k , 1 <i < k, along with its index 
in the sequence of sample items is communicated to all q processors.

[Analysis of Stage 3] The so identified k — 1 splitter items are first sent to processor pi and then 
broadcast to all q processors. This stage takes communication time L + g • O(k] + M° t̂ (q) for 
computation and communication respectively.

[Stage 4] (i) Each processor decides the position of every item it holds with respect to the k — 1 
splitters it received in the previous stage, by way of merging, and counts the number of items that 
fall into each of the k so identified buckets; (ii) k independent parallel prefix operations are initiated 
(one for each bucket) to determine how to split the items of each bucket as evenly as possible among 
the processors using the information collected in step (i) of this stage.

[Analysis of Stage 4] Steps (i) and (ii) take O(N/q + k) and T p (q] time respectively.

[Stage 5] Each processor knows where to route its items, and performs the routing. Processors route 
items in "column-major" order, that is, items destined to some bucket fill the processors assigned 
to this bucket in linear order, the first processor being determined by the information gathered in 
step (ii) of stage 4.

[Analysis of Stage 5] This stage takes time L + g • O(N/q).

[Stage 6] Each processor merges the at most q sorted sub-sequences that it received in the previous 
stage.

[Analysis of Stage 6] When this step is executed, each processor possesses at most min{q, \Nfq~}} 
sorted sequences for a total of at most \N/ q~\ items. The cost of this stage is that of sequential 
multi-way merging/sorting \N/q\ items by some deterministic algorithm [133], which is \N/q\ • 
min {cmrg • Ig g, c* • lg \N/q\}.

[Stage 7] If / > u, then exit; otherwise, recursively sort each of the k buckets generated in stages 1-6 
by assigning to each bucket \q/k] (or [q/k\) consecutive processors.

[Analysis of Stage 7] The depth of the recursion is m < \m\ . To simplify the exposition, in the 
remainder of this section we assume that q/k is integer valued. This assumption can be removed 
without affecting the asymptotic analysis of our algorithm.

end

Analysis The correctness of the algorithm follows from its description and is omitted. We proceed by 
establishing upper bounds on the computation and communication requirements of procedure DET_SORT. 
We start by showing the following bound on the maximum number of items n^ per bucket in the j-th 
recursive call of the algorithm (in the subsequent analysis the j-th recursive call is denoted by the subscript 
notation (j) ). We assume n (0 ) = n.
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Claim 2.6.1 Let u>n be any function of n such that ajn = r2(l). Let m be the depth of the recursion of 
procedure DETJR,ECURSIVE_SORT, and consider integers n, p, m and any fh such that u^-m2 - p1 /™ = 
O(n/p). Then,

< (! + £)' • — + O(un -m-p 1 /*l -j)\ -q(j) , for all 1 < j < m,

inhere s — l/(m • |"cjn ]).

Proof Although it is not explicitly mentioned in the description of procedure RECURSIVE_SORT we 
assume that we initially pad the input so that each processor owns exactly \n/p\ items. At most one item 
is added to each processor (the maximum item can be such a choice). Before performing stage 1 we also 
pad the input so that after stage 1 all segments have the same number of items that is, x = \\n/p\/ ' s] . The 
padding operation requires time at most O(s) per iteration, which is within the lower order terms of the 
analysis of proposition 2.6.3, and therefore, does not affect the asymptotic complexity of the algorithm. 
We note that padding operations introduce duplicate items. We have shown how to handle duplicate 
items in the beginning of the section. A more refined approach is to be shown in a later section.

Refer to the j-th recursive call of stage 3 of procedure RECURSIVE_SORT and consider an arbitrary 
splitter s is (j) +(iq(j )S (j ))/k (:i ), where 1 < i < k(j). There are at least ((i • q^ • s^-j)/k^)) • x items which are 
not larger than BI S + ^q s )/k(j) > since there are (i • q^ • s (j))/fyj) segments each of size x whose items 
are not larger than szs (j) +(tg(j)S(j) )/fcor Likewise, there are at least (g^ ^^-(i-q^ys^/k^-q^ + l^-x 
items which are not smaller than sis (i )+(iq(j) s (i} )/k (j ) > since there are q^ • s^ — (i • q^ • £(.?)) A(j) - Q(j) + 1 
segments each of size x whose items are not smaller than sis (j )+(iq (:n s (j ))/k (j y Thus, by noting that the 
total number of items has been increased (by way of padding operations) from n^ to q^ • s^ • x, the 
number of items &/ ••> that are smaller than si s r) +(ig ,. )S <-))/kU) is bounded as follows.

Similarly we obtain the following bound on

x -

Substituting s^) = [o;n "| • m • k^ we therefore conclude the following.

•_1_1 • (i) ' (i) r -i&J3") - b\j} < U 'k U ' • x + q(j) • x = Kl • m • q(j) • x + q(j} • x.

As evidenced from the above expression, the difference n^ = fcj^1 - ftj^ is independent of i and gives 
the maximum number of items per bucket in the j-th iteration. Considering that x < (n^ + q^ + q^ • 
S(J))/(Q(J) • 8(j)) and substituting s^ — \ujn] • m • %), the following bound is derived.
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Solving the recurrence relation and substituting for n (0) = n, k(j) *q(j ) = q(0) = p and s (j) < [u;n"| -m- [p1 /™] 
we obtain the desired bound. D

We proceed by deriving an upper bound on the number of items per processor at the j-th recursive 
call. Let parameters n^ and q^ denote, respectively, the number of items per processor and the number 
of processors in the j-th recursive call of procedure DET_RECURSIVE_SORT.

Initially, n (0 ) = n and q(0) = p. Then, by way of claim 2.6.1 and the fact that u*n • m2 -p1/7?l = O(n/p), 
for e = l/(m • \(jJn\), we have that

<(l + 0(e)Y--. (2-1)
P

We next establish the time complexity of stage 6 of algorithm DET_RECURSIVE_SORT. In particular, it is 
straightforward to verify that the time complexity of this stage over the m iterations of the procedure is 
bounded above as follows.

9(3)

— 1 m — 1

cmrg
j=0

The value of r that minimizes the above expression is determined by comparing q^ and 
Substituting (1 + O(l/ujn )) • (n/p) for n^/q^ we obtain the following bound on the cost of this stage

( / 1 \ \ / r —1 m —1
1 _|_ C) I —— I I . — . I f_ . \ lcr/7/ -i 4- r-L ~ ^s i it i *-"mrg / ̂  1o y(m—jj ' °*

\ n / / /^ y ^_0 j=r

The following relations are noted: #( 0 ) = p, [_9(.7-i) A(j-i)J < Q(j) < k(j-i) A(J-I)]J fyj) — [p1 / 771 ] if 
j 7^ m and fc( m ) = ^(m). To simplify the exposition, in the remainder of the analysis we assume that 
g(J _i)/A;(j_ 1 ) is integer valued; this assumption can be removed without affecting the asymptotic analysis 
of the algorithm. Hence, we have that q^ — p/fp1 / 771 ]^" 1 if j ^ m. We conclude that this stage requires 
time bounded as follows.

f-, ^ ( l \\ n ( (r-(m-m)r-(r + l)\ . n \l+O —— •-' Cmrg ' ——^Z———~ + ——~^——~ ' IgP + C, • (m - r) • Ig - + O (m) .
V \UnJJ P \ \ rn 1m J p J

In the aforementioned bound we claimed inequality lg(x + y) < Igx 4- 1.5 • (y/x) which holds by way of 
log (l + x) < x, for any x, y > 0 [40].

By summing up the computation and communication requirements of procedures SEQ_SORT and 
DET_RECURSIVE_SORT we obtain the desired time bound. The bound on ^(j)/<7(j) follows form equa­ 
tion 2.1.

The proposition follows. D

The following theorem is derived from proposition 2.6.3 and establishes concrete bounds on the com­ 
putation and communication requirements of algorithm DET.SORT.
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Corollary 2.6.1 There exists a p-processor BSP algorithm for sorting n items, that for any integers p, 
m and r, and any fa and t such that p = n1 -*, 1 < m < Igp, 1 < m < [m~|, 0 < r < m, m = O(lgn/cjn ), 
wn ' m2 -p1/m = O(n/p) and u; 2 • m2 -p1 /^ • Ig2 p = 0((n/p) • Ign) and 0 < t < I, and any function un of 
n such that ujn = Jl(l), has,

n • Ign
2m ) \UnJJ P 

and

j=.Uorj-o . (i - .)' + + o

provided that L = 0((n/p) • (lgn/(wn • m • Ig2 p))) is satisfied.

Proof We first consider the computation time of the sorting algorithm. Let in proposition 2.6.3, p = n1-i ,
m = O(lgn/u;n ), u2n • m2 • p1 /™ = O(n/p), wj . m2 • p1 /™ • Ig2 p = O((n/p) • Ign) and n(j} /q(j) =
(1 + O(l/cjn )) • (n/p). Then, the bound on the computation time derives by substituting for Tbtn , Tbcast
and Tppf the corresponding expressions in propositions 2.3.1, 2.1.2 and 2.1.4, and letting t = 2 in these
expressions.
The expression for the communication requirements is established similarly. D

Proof (of theorem 2.6.3) Let ujn = w(l), un = O((a • lglgn)/lg (1 + a)} and r = 1. Then, the 
theorem follows from corollary 2.6.1 by substituting for m = (1 — t}/(t - 5} and 6 — (3 • Iglgn + 2 • 
lg(wn /(a-lglgn)))/lgn, where t = (3 + a) • (Iglgn/ Ign). D

2.6.6.1 Improving Deterministic Sorting

We note that not only can the bounds given above be expressed in a variety of ways, but also the 
algorithm itself leaves room for several improvements. As stated, the algorithm sorts the splitters using 
the bitonic-sort sorting algorithm. In certain circumstances the performance can be improved by any of 
several alternative methods. For example, the sorting of the splitters can be performed by either using our 
algorithm recursively or by some completely different algorithm. In particular, since the set of splitters 
per processor is already sorted we may use a merging algorithm for sorting the splitters; that is, q sorted 
sequences, each of size s and one per processor, are merged. We perform this merging by using a binary 
tree execution sequence of depth |"lg </] , where in the i-th iteration pairs of sub-sequences of size 1l ~ l • s are 
merged into sequences of size 2* • 5, where each such sequence is evenly distributed among 2* processors. 
This algorithmic idea can be implemented by employing the BSP merging algorithm of section 2.3.5. The 
algorithm executes in time O(s)+O(Cppf (q}) and L-O(I}+g-O(s}+O(Mppf (q))+M°c (ass\(q) for computation 
and communication respectively. For the case s = fi(lgg), the computation and communication time 
(excluding synchronization costs) of stage 2 of RECURSIVE-SORT is reduced by a multiplicative factor of 
O(lgp). We thus obtain the following analogue of theorem 2.6.3.

Theorem 2.6.4 For arbitrarily small constant £ > 0 and any a > £, there exists a p-processor BSP 
algorithm for sorting a multi-set of size n, that for all integers n and p such that p = O(n/lg +a n), 
requires ttme (c,+2-(c*/a)+o(l))-((n/p)-lgn) 
for computation and communication respectively.
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Proof (of theorem 2.6.4) The proof is similar to that of theorem 2.6.6 and is omitted. D

Optimality Claim 2.6.3 Theorem 2.6-4 implies that there exists ap-processor BSP algorithm for sorting 
a multi-set of size n, that for all integers n, p, L and g such that p = O(n/lg2+Q n) ; L = o((n/p) • 
(Ig(n/p)/lg2 p)) andg = o(lg(n/p)), has TT = I + 2 • (c./a) +

2.6.6.2 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the optimal sorting 
algorithm of section 2.6.6.

Implementation The prototype adopted for the BSPlib sorting procedure is outlined in figure 2.28.

void BSP_det_sort (byte *src, byte **trg, int n, int sb, void (*merge)(), void (*sort)(), int (*cmp)()) ;
src - input array.
trg - output array.
n - input size.
sb - item size.
merge — generic merge function.
sort - generic sort function.
cmp - generic compare function.

Figure 2.28: Procedure for BSP deterministic sorting.

The aim of function (procedure) BSP_det_sort is to provide a data-type independent high-performance 
BSPlib sorting algorithm implementation. 11

The source code - in C - of function BSP_det_sort is provided for illustration purposes in ap­ 
pendix B.I.I.

Experimental Results The theoretical performance of the algorithm is summarized in theorems 2.6.3 
and 2.6.4. To determine the practical significance of the aforementioned results we benchmarked our 
implementation (BSP_det_sort) on two different machines with a varying number of processors and input 
sets (consisting of uniformly distributed integer valued items - unless otherwise indicated). Figures 2.30 
and 2.32 present the execution time of procedure BSP_det_sort on the two machines (using as the under­ 
lying sequential sorting algorithm merge sort) - figure 2.29 reflects the execution time (%) of procedure 
BSP_det_sort with respect to its constituent phases. Similarly, figures 2.31 and 2.33 expose the efficiency 
of the corresponding timing results.

As shown in figures 2.30 and 2.32, the execution time of procedure BSP_det_sort using a fixed number 
of processors scales with the input size (approximately as n • Ig n). Accordingly, the execution time of pro­ 
cedure BSP_det_sort for a fixed input size scales inversely with the number of processors (approximately 
as 1/p). Both experimental results are in accordance with the theoretical analysis of section 2.6.6. In 
terms of efficiency, procedure BSP_det_sort utilizes approximately (within a 5%):

11 The terms generic and data-type independent imply that procedure BSP_det_sort can be employed to handle any data 
type. To this end, a comparison function cmp is used to facilitate the comparison of two elements ei and e-2- In particular, 
the cmp function returns 1, 0 or -1 depending on whether e.\ is greater, equal or smaller than 62-
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Figure 2.29: Execution time (% per phase) on a Cray T3D for deterministic sorting 
- uniform distribution (U), input size 2 21 .
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Efficiency

2097152
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Figure 2.30: Execution time on a SGI Power Challenge Figure 2.31: Efficiency on a SGI Power Challenge for 
for deterministic sorting - uniform distribution (U). deterministic sorting - uniform distribution (U).

- 85%-95% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 95%-100% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),

- 85%-95% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 95%-100% of the available processor resources on the Cray T3D machine (for large problem 
sizes).

In order to test the obliviousness of the sorting algorithm to the input data we benchmarked our 
implementation (BSP_det_sort) on a machine with a varying number of processors and input sets (con­ 
sisting of 221 integer valued items - unless otherwise indicated). Figure 2.34 presents the execution time of 
procedure BSP_det_sort. Similarly, figure 2.35 exposes the efficiency of the corresponding timing result.
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Figure 2.32: Execution time on a Cray T3D for determin- Figure 2.33: Efficiency on a Cray T3D for deterministic 
istic sorting - uniform distribution (U). sorting - uniform distribution (U).
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Figure 2.34: Execution time on a Cray T3D for determin- Figure 2.35: Efficiency on a Cray T3D for deterministic
istic sorting on uniform distribution (U), Gaussian distribu- sorting on uniform distribution (U), Gaussian distribution
tion (G), bucket-sorted distribution (B), 2-group distribution (G), bucket-sorted distribution (B), 2-group distribution (2-
(2-G), staggered distribution (S) and deterministic-duplicates G), staggered distribution (S) and deterministic-duplicates
distribution (DD) - input size 2 21 . distribution (DD) - input size 2 21 .

Obviously, the performance of the algorithm is quite consistent across the different input data dis­ 
tributions with the exception of the deterministic-duplicates distribution (we note that the observable 
inconsistency in procedure BSP_det_sort, with respect to the deterministic-duplicates distribution, de­ 
rives from the sequential merging and sorting implementations (merge and sort respectively) employed 
in the main body of BSP_det_sort and is irrelevant to the otherwise structure of the procedure).

2.6.7 An Optimal Randomized Sorting Algorithm

In this section, we provide an optimal randomized BSP solution to the problem of sorting a sequence X 
that is based on ideas of [73, 187], and utilizes ordered h-level graphs (refer to section 2.9.4) and over- 
sampling techniques [75, 183] - the required notation and concepts related to random over-sampling are 
presented in appendix A.2.1. The algorithm employs a partitioning scheme that meets the requirements 
of efficiency and insensitivity against initial data distribution and achieves optimality for an ample range 

of the parameters n, p, L and g.

Informal Description of Algorithm The optimal randomized sorting algorithm i.s based on over- 
sampling techniques and is recursive in nature. '.The input is assumed to be evenly but other-wise arbitra.ri.lv 
divided among the p participating processors before the beginning of the execution of the algorithm. In
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each recursive call of the algorithm, each processor constructs (in a randomized way) a sub~sequen.ce that 
is an appropriate over-sample of its input. Subsequently, the so constructed sub-sequences are united and 
sorted, by means of either the sorting algorithm of section 2,6.5 (for small sample sizes) or the optimal 
sorting algorithm of section 2.6,8.2 (for large sample sizes), and a sub-sequence of size k - 1 (where k is 
appropriately chosen) is constructed that is an appropriate sample of the resulting sorted sequence. A d- 
ary tree (for some appropriate d) is actualized over the- so constructed sequence and tins tree is employed 
to partition ami ro-distribute the input into k non-overlapping partitions. Accordingly, processors are 
logically re-arranged into k non-intersecting groups. Finally, after a pro-specified number of iterations 
the iterative process results either in. a single sequence per processor (which is sorted by means of some 
optima! sequential sorting algorithm) or in an input sequence of small enough size (which is sorted by 
means of the sub-optimal bitonic-sort algorithm of section 2.3,4).

Our main result is summarized in the following theorem.

Theorem 2.6.5 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sorting 
a multi-set of size n, that for all integers n and p such that p = o(n • (lglgn/lgn)) ; requires time [with 
probability 1 - O(n~p }] (c* + o(l)) • (n/p) • Ig n and L • 0(lgp • (Ig n/ Ig (n/p))) + g • O((n/p] • (Ig n/ Ig (n/p))), 
for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.6.5 follows easily as a 
consequence of these results.

Optimality Claim 2.6.4 Theorem 2.6.5 implies that there exists a randomized p-processor BSP algo­ 
rithm for sorting a multi-set of size n, that for all integers n, p, L and g such that p — o(n • (Ig Ig n/ Ig n)), 
L - o((n/p) • (lg(n/p)/lgp)) and g - o(lg(n/p)), has it = 1 + 0(1)

Remark We note that the underlying assumption in the analysis of this section is that c* > csrch . The 
validity and implications of this assumption are treated, both theoretically and experimentally, in the 
discussion of section 2.7.

The randomized sorting algorithm is based on an efficient partitioning scheme that splits - almost 
evenly and independently of the input distribution - an arbitrary number of sorted sequences among the 
processors. The algorithm consists of the following phases:

(1) Sample Selection. Processors cooperate to select a sample of appropriately chosen size.

(2) Partitioning. Processors cooperate to evenly split the input among the processors (as induced 
by the sample).

(3) Sorting. Each processor, in parallel with all the other processors, sorts a set of total size 

(l + o(l))- (n/p).

The recursive version of the algorithm realizes m recursive calls of phases 2 and 3. In each recursive 
call the data set is partitioned into A; buckets of approximately equal size. In the next iteration a similar 
process of sub-partitioning each of these k buckets into k further buckets is performed, and so on. The 
maximum size of every bucket formed in any of the m recursive calls is shown to be (1 + 0(l/u;n )) • (n/p), 
for any slowly growing function o;n , with high probability. The procedure to manage the aforementioned 
scheme is presented in the following result.
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Proposition 2.6.4 Let un be any function of n such that ujn = fi(l). Then, for any constant p > 0, 
there exists a randomized p-processor BSP algorithm for sorting a multi-set of size n, that for all integers 
n, n(j) , p, q(j) and k(j) such that p = O(n • (Iglgn/lgn)), n (j} < n, q(j) < p, k(j] ,q(j) < n(j) and 
ujn = O(\gn), requires time [with probability 1 - O(n~p )J

C,rt(n, P) = -

lg(n ( •)/?(•)

V
\

+ Mrdz^rtfao')'^)'^.?)) + Mppf(<l(j}} +

"(m)/9(m) |/

/or computation and communication respectively, where m < [Iglgn], n^/q^ — (1 + 0(l/u;n )) • (n/p) ± 
O(lglgn), X^-lg^O') — ^(lg n)j X)jlS^(j) — (1 ~~ l/2m ) -lgn + O(m2 ) and 77 = csrc /,, • (1/2) -\g(n^)/q^) 
in the expression for Tmway (refer to proposition 2.9.2). The overall time complexity of the algorithm is 
denoted by Tsrt (n,p) — Csrt (n,p) + Msrt (n,p).

Proof The algorithm is recursive in nature and each recursive call is divided into a sequence of stages. We 
assume that the input set is initially evenly but otherwise arbitrarily distributed among the p processors 
before the beginning of the execution of the algorithm. Moreover, we assume that the items are distinct 
since we can always make them so by, for example, appending to them the code for their memory location. 
We later explain how we can remove such an assumption and still maintain optimality.

Algorithm RND_SoRT 
begin
RND_RECURSIVE_SORT (0, p - 1, n) 
end

In procedure RECURSIVE_SORT below the variables /, u and N have initially values 0, p — 1 and n 
respectively; in any recursive call of the algorithm, the former two variables give the range of the processors 
that participate in the call and the latter variable gives the input size.

Procedure RND_RECURSIVE_SORT (/, u, N) 
begin

[Stage 1] Let q = u - I + 1. If (q = 1) or (q ^ I and N < lglglgn n), then the input is sorted by 
a sequential algorithm in the former case and by a sub-optimal parallel algorithm in the latter case, 
and subsequently, the algorithm terminates.
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[Analysis of Stage 1] The sorting process is realized by one of two methods depending on the values 
of /, r and N.

Case 1 If q — 1, then processor pi sorts, by way of a deterministic sequential sorting algorithm, the 
items in its possession.

Case 2 If q / 1 and N < lg g gn n, then the q processors participating in this recursive call of the 
algorithm sort, by way of a BSP adaptation of bitonic-sort sort [22], the items in their possession.

The analysis of this stage is treated in detail in the discussion following the description of this algo­ 
rithm.

[Stage 2] A sample of size k • s - 1 = |_([\/7VJ -f l)/sj • s - 1 is selected, where the over-sampling 
factor s is set to fig"5 n], for any 1 < S < (Iglgrc - l)/2. The sample selection method is as follows.

(1) Each processor selects approximately the same number of processor identifiers \(k • s —
(or [(k • s — l}/q\ ) uniformly at random; a sample of size k • s — 1 < [\77VJ , over all processors, 
is selected.

(2) The processor identifiers are routed to the corresponding processors.
(3) Each processor pi, 0 < i < p, that receives ti identifiers selects among its items uniformly 

at random without replacement t{ items.
(4) A parallel-prefix sum on the number ti of items selected per processor is realized.
(5) The result of the parallel-prefix sum is used to evenly distribute the selected sample among 

the processors.

[Analysis of Stage 2] Step 1 requires time O((k • s)/q) for random processor identifier generation. 
We distinguish two cases in the analysis of step 2.

Case 1 If {(k • s — l)/q] = H(lgn), then the inequality of theorem A. 1.3 implies that each processor 
receives O((k • s)/q] — O(\/~N /q} processor identifiers with probability 1 — O(n~p ], for any 
constant p > 0.

Case 2 If \(k • s - l)/q] = O(lgn), then the inequality of theorem A. 1.2 implies that each processor 
receives O(lgn) processor identifiers with probability 1 — O(n~ p ), for any constant p > 0.

Thus, this step requires communication time L + g • O(max.{(k • s)/g,lgn}). Similarly, we conclude 
that step 3 requires time O(max{(A; • s)/g,lgn}). Step 4 requires time Tppf(q] and step 5 can be 
shown (along the lines of step 2) to require communication time L + g • O(max{(& • s)/<j,lgn}).

[Stage 3] The sample of size k-s-l= [VN\ is sorted.

[Analysis of Stage 3] This stage is realized by one of two sorting methods depending on the size of 
the sample. We distinguish two cases in the analysis of this stage.

Case 1 If q > (k • s) 2 , then the algorithm . implied in theorem 2.6.2 is employed. The time required 
for this case is therefore bounded above by 0(lg<?) and L • O(lgg) -f g • O(lgg), for computation 
and communication respectively.
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Case 2 Otherwise, the algorithm implied in theorem 2.6.7 is employed. 12 The time required for this 
case is therefore bounded above by O(((k-s}/q'} -lg (k • s}} and L• O(lg (k • s}/ Ig ((k • s)/q')}+g- 
O(((k • s)/q') • (lg (k • s}/ lg ((k • s)/q)'}), for computation and communication respectively, where 
q' = mm{q,(k-s}/2}.

[Stage 4] A balanced d-ary tree is constructed over the k = [_([VN\ + l)/sj buckets (ranges) induced 
by the k ~ 1 sorted splitters that evenly partition the sample.

[Analysis of Stage 4] Let d = 2 • \(N/q) a ], for some appropriately chosen constant 0 < a < 1 to be 
specified later. In order to simplify the exposition we assume that k is an integral power of d - this 
assumption can be removed without affecting the asymptotic analysis of the algorithm. The balanced 
d-ary tree construction proceeds as follows. Let / be an arbitrary level of the tree. We define every 
d-th item of level / of the tree to be a pivot item. The construction of the balanced tree proceeds 
from the leaves to the root as follows. For each level / of the tree, level / - 1 is constructed by only 
considering the pivot items of level /. Since the height of the tree is |~logd k] the construction takes 
flogrf Af| phases, of which [logd #] phases are non-local (require inter-processor communication). Each 
such phase requires time O(d) and L + g • O(d) for computation and communication respectively. 
Since the overall cost of local computations is bounded above by O(\k/q~}), this stage requires overall 
time O(\k/q\} + O(d • logd q) and L • flogd q] + g • O(d • logd g), for computation and communication 
respectively.

[Stage 5] Each processor decides the position of every item it holds with respect to the k — 1 splitters, 
by way of multi-way searching.

[Analysis of Stage 5] This stage is realized by employing the algorithm implied by proposition 2.9.2. 
Given that the height of the balanced d-ary tree of stage 4 is log^ k we obtain that this stage requires 
time logd k • Tmway (N, q), where 77 = csrch • Igd in proposition 2.9.2.

[Stage 6] The input items are redistributed according to their bucket destination.

[Analysis of Stage 6] The process of this stage is equivalent to integer sorting in the range 
[0,1,... , k - 1], and therefore, requires time Crdx.srt(N, k, q) and L + g • O(N/q) + Mrdx _srt (N, k, q), 
for computation and communication respectively.

[Stage 7] Recursively sort each of the k buckets generated in stages 1-6. If q/k > 1, then each bucket 
is assigned {q/k] (or \_q/k\] consecutive processors; otherwise each processor is assigned \k/q] (or 
[k/q\) consecutive buckets.

[Analysis of Stage 7] The depth of the recursion is m < [Iglgn] (refer to claim 2.6.3). In the 
remainder of this analysis, we assume that either q/k or k/q is integer valued. This assumption can 
be removed without affecting the asymptotic analysis of the algorithm.

end
12 The choice of the optimal merge-sort algorithm of section 2.6.7 is not essential for realizing the required optimal time 

bounds. A tighter analysis reveals that even a sub-optimal sorting algorithm, such as bitonic-sort, is sufficient for achieving 
optimality.
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Analysis The correctness of the algorithm follows from its description. We proceed by establishing upper 
bounds on the computation and communication requirements of procedure RND_SORT. We start by 
showing the following bound on the maximum number of items n^ per bucket in the j-th recursive call 
of the algorithm (in the subsequent analysis the j-th recursive call is denoted by the subscript notation 

)). We assume n( 0 ) = n.

Claim 2.6.2 Let ujn be any function of n such that un = £1(1). Let m be the depth of the recursion of 
procedure RND_RECURSIVE_SORT, and consider integers n, n^ and any S such that n^ > lglglgn n and 
1 < S < (Iglgri — l)/2. Then, in the j-th recursive call, I < j < m, for any constant p > 0,

Pr [n (j) ^(l + OCe)) 2 - 1 / 2'- 1 - nj/f - [lg* n] 2'^^ + 2 • (1 + O(e)) 2 . [lg* n] '] > 1 - n^ 1^ «/(«-r«-l) a ,

where e = l/(m • [o;n]).

Proof Consider an arbitrary recursive call j of procedure RND_RECURSIVE_SORT such that 
lglglgn n. By definition, the number of buckets generated in the j-th recursive call is k^ = |_(l\/

. Thus, by way of lemma A. 2. 2, for £ = l/(m-[u;n]), k — k^ and s = |~lg n], in the ( j + l)-st recursive
" 1 n/(™>«!)call, we have that n(j+1) < f(l + O(e)) • (n (j} -k(j) +l)/k(j) ]+l, with probability 1 -n""' 1 

for any constant p > 0. By substituting in this inequality, for k^ ~ \(\_^/n(J)\ + l)/sj, we obtain that 
n(j+i) £ (1 + O(e}} • (s • +/n~(j) + 2 • s 2 ). By way of an inductive argument on j, we therefore obtain that 
in the j-th recursive call,

2 - (1 + O(e)) 2 - s\

6where n( 0 ) = n. By substituting in this expression for n(0 ) = n and s = \lg n\ we obtain the stated 
bound. D

Hence, we conclude the following on the depth m of the recursion.

Claim 2.6.3 Consider integer n and any 6 such that 1 < 5 < (Iglgn - l)/2. Then, the recursion in 
procedure RND_RECURSiVE_SoRT has depth

["iglgn - Ig fig (max jig1*!*" n, - j) - (2 - 6 + 1) • Iglgn - O(l)) j .

Proof Let m be the depth of the recursion. From the discussion of claim 2.6.2 we have that in the j-th 

recursive call,

. < (1 + O(s)) 2 - 1/^ 1 - n/ - s 2 - 1 / 2 '- 1 + 2 • (1 + O(,)) 2

*5where n 0 = n, e = l/(m • (Wl) and s = [Ig* n\. Then, for j < Ign, we obtain the following bound.

2 • (1 + O(s)) 2 - s 2 = O(l) - n12 - lg n. (2.2)

Additionally, for all j such that j < m, by way of stages 1 and 7 of procedure RND_RECURSIVE_SORT, 
we also have that
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n(j) >maxjlglglsn n,-j. 

By combining the previous observations and solving the following equation (with respect to j)

max Jig's * » n , -\ = O(l) • n 1 /^' . ig (2-«+D n , 
I PJ

we obtain the stated upper bound on the depth of the recursion. D

We proceed by deriving upper and lower bounds on the number of items per processor at the j-th 
recursive call. Let parameters n(j), q^ and k^ denote, respectively, the number of items, the number of 
processors, and the number of splitters in the j-th recursive call of procedure RND_RECURSIVE_SORT.

Initially, ri(o) = n and #(o) = p. In the (j — l)-st recursive call of the algorithm q(j-i) processors are 
assigned to each bucket. In the next recursive call, fyj-i) - 1 splitters are selected that split the buckets 
into &(•/_!) further sub-buckets and q^ = g(J-_ 1 )/A;(j_ 1 ) processors are assigned to each such newly formed 
sub-bucket. Although in general we have that q(j-i) > fyj-i), it is, however, possible that in the last 
recursive call to have q(j-i) < fc(j_i).

By way of claim A. 2. 2, for e — l/(m- [W)), we have that n^+i) < |~(l + 0(e))-(n(j) —k(j)+l)/k(j)~\ + 1, 
with high probability, and therefore, we conclude that n(j+i) < (1 + O(e)) • (n(j)/k(j)) + 2. Similarly, by 
way of claim A. 2.1, we have that ^(j+i) > [(I ~ O(e)} • (n^ — k^ + l)/k^\ + 1, and thus, we conclude 
that fi(j+1 ) > (1 — O(e)) • (n(j)/fc(j)). We proceed by establishing upper and lower bounds on the ratio

Since n(j+1 ) < (l + O(e)) • (^(j)/^(j)) + 2 and q^) = g(j_i)/fc(j_i), we have that n^/q^ < (l-\-O(e)}- 
n (j-i)/(9(j) • kU-i)) + 2 /9(j)» and therefore, n(j )/q(j} < (1 + O(e}} • n(j _ 1) /g(j _ 1) + 2 • %_ 1) /g(j _ 1) . The 
latter recurrence relation gives that

< i + o . M + 2 . V(i + o&y- 1 -' 1̂ .~

By way of stages 1 and 7 of procedure RND_RECURSIVE_SORT, it is true that fc (j) < q^, except possibly 
for the last recursive call. Additionally, for all j < ra, we have that (1 + O(£}) J - 1 ' 1 = O(l). By way 
of claim 2.6.3 we have that m < [Iglgn] and we thus conclude that for all j such that ky) < q^ the 
following inequality holds.

). (2-3)

Similarly, for all recursive calls, except possibly for the last one, we can prove a corresponding lower 
bound. Since n(j+1) > (1 - O(e)} • n (j )/k(j -i) and q(j) = q(j _ 1} /k(j _ l} , we conclude - using arguments 
similar to those employed for the derivation of the upper bound - that for all j such that k^ < q^ the 

following inequality holds.

> (1 - 0(£)Y- - O(lglgn). (2.4)



2.6 Sorting 74

The former analysis applies to all but (possibly) the last recursive call, since k(m_ l} > g(m-i) is 
possible. The following analysis handles the case fc( m _i) > q(m-i)- In the last recursive call, we have 
k(m-i) buckets and q(m_^ processors. Each processor is assigned A;( m _ 1) /g(m _ 1) buckets. Since n (m ) < 
(1 + O(£)) • Ti( m_^/k(m_i) + 2, the size of all fc(m -i)/9(m-i) such buckets on any one processor is at most 
n (m) ' (fym-i)/9( m-i)) < (l + O(e)) • n(m_ 1 )/^(m _ 1 ) + 2 • A;(m __ 1 )/g(m _ 1) , which by equation 2.3 is bounded 
above as follows.

n(m) • < (1 + ~ + O(lglgn) + 2
P

(2.5)

Similarly, a corresponding lower bound can be derived.

n(m) - - O(lglgn). (2.6)

We next derive an upper bound for the term k(m-i)lq(m ~i). By definition, we have that A; (m_ 1) = 
l(l\/n(m-i)l + 1)/«J> and thus, fc(m _;L) < (y^^nj + !)/$• We also have that n (m) < (1 + O(e)) • 
«(m-i)/^(m-i) + 2 - Since n (j- +1) < (1 + O(e}} • n^/k^ + 2 and fyTO _ 2)/'9(m-2) < 1, we obtain by 
equation 2.3 the following bound.

Q(m~2

Q(g)) ' (tt(m-2)/fe(m-2)) + 2 

S • <7(m-2)

= O

By substituting in equations 2.5 and 2.6, for A;( m _ 1 )/g(m _ 1 ), and since (1 + O(e}) m = (I + O(l/u>n )}, we 
obtain the following bounds respectively.

n(m}

and

n- + O(lglgn)
n y/lg Ig n'

(2.7)

W(m) ' > (1 - - - O(lglgn) - (2.8)

This analysis completes the separate examination of the last recursive call of the algorithm. We next 
establish the time complexity of stage 1 of algorithm RND_RECURSIVE_SORT. We distinguish two cases.

Case 1 If q - 1, then the fc(m_i)/tf(m-i) buckets assigned to processor pt are sorted by way of a deter­ 
ministic sequential sorting algorithm. Each such bucket can be sorted in time c* • n (m) • lgn(m ) for a 
total time of c* • n(m) -lgn(m ) • (fc(m -i)/0(m-i))- An upper bound on n (m) • (fc(m -i)/g(m-i)) is given 
by equation 2.7, and therefore, we obtain the following bound on the time complexity of this step.
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By equation 2.2 we have that n (m) = O(n1 /2 "1 • Ig2 '^ 1 n). Additionally, by way of claim 2.6.3, we 
have that Ig n/2m < Ig (n/p) + (2 • S + 1) • Iglg n + O(l). Hence, since (1 + O(e)) m = (1 + O(l/u;n)), 
s = \lg6 n] and S > 1 we obtain the following bound.

Case 2 If g ^ 1 and A/" < lglglgn n, then the single bucket assigned to processors pi through pu is sorted 
by way of a BSP adaptation of bitonic-sort sort [22]. Each processor is assigned a segment of the 
single bucket of size n(m)/<7( m). Each such segment can be locally sorted in time c* • (n(m)/#(m )) • 
lg(™(m)/<7(m))- Since / / u we have that fym ) < <?(m), and therefore, by equation 2.3 and the fact 
that n( m ) < lg g gn n, we obtain the following bound on the time complexity of this local sorting 
step.

Q(m) P

n) -Iglg2 n

Finally, by way of proposition 2.3.1, the BSP adaptation of bitonic-sort sort algorithm requires time 
at most [lg(lglglgn n)l •Tbtn ([\gl^ n n\,\\^ n nl(n(m} /q(m] }-\).

We complete the examination of stages 1-7 of procedure RND_RECURSIVE_SORT, by deriving upper 
bounds on Y^"=o'^&9U) an(^ ^J=Q Igfyj)• ^n particular, by way of claim 2.6.2, equation 2.2, and the 
fact that g(j) < n(j), we obtain the following bound.

TO—1

£ lggw) - 0(lgn + J • m • Iglgn). (2.9) 
j=o

We next derive an upper bound on Y!J=Q tefyj)- By definition, k(j) < (^/n(j) + !)/«, where s = [Ig n], 
and by way of the analysis of stage 1, n(j ) > lglglgn n, for all j < m. Thus, we obtain the following bound.

m—1 TO—1

Ste^) - S
j=0 j=0

TO-1
___ 1.5 • 771 

J=0
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In the aforementioned bound we claimed inequality Ig (x + y) < Igx + 1.5 • (y/x) which holds by way of 
log (1 + .x) < x, for any x,y > 0 [40]. The first term can be further bounded, by claim 2.6.2, as follows.

m-l

( -, \ 
1- — 1 -Ign + m-lgs + m2 . 

* '

By combining the previous inequalities we obtain the following bound.

m-i , ^ ,
h-o^T -lgn + 0(m2 ). (2.10) 
\ z /

By summing up the computation and communication requirements of procedure RND_RECURSIVE_SORT 
and setting a = 1/2 in the analysis of stage 4 we obtain the desired time bound. The bounds on n^/q^ , 
Sjlg<?(j) and Djlgfyj) follow from equations 2.3, 2.9 and 2.10 respectively. The probability bound 
follows from the analysis of stage 2 and claims 2.6.2 and 2.6.3 (for constant S > 3).

The proposition follows. D

Remark A tighter probabilistic analysis reveals that the success probability of the algorithm implied in 
the aforementioned proposition can be shown to be

for any constant p > 0.

Proof (of theorem 2.6.5) Let ujn — u>(l) and u!n — O(lgn). Then, the theorem follows from propo­ 
sition 2.6.4 by substituting for Tmway , Trdx.Srt, Tbtn , Tbcast and Tpp/ the corresponding expressions in 
propositions 2.9.2, 2.4.1, 2.3.1, 2.1.2 and 2.1.4, and letting t = 2 in these expressions, n

2.6.7.1 Improving Randomized Sorting

We note that not only can the bounds given above be expressed in a variety of ways, but also the algorithm 
itself leaves room for several improvements. As stated the algorithm sorts the sample of size yN by 
employing a BSP adaptation of a sorting algorithm of [167]. In most circumstances its performance 
can be improved by any one of several methods. For example, the sorting could be performed by a 
more efficient randomized parallel algorithm [75]. We also note that the recursion may terminate for 
smaller values of N than lglglgn n. Then, if we terminate the recursion for all N such that N < Ig n, 
for any (3 — o(lglgn), the contribution to the lower order terms of bitonic-sort algorithm is O((n/p) • 
(ft'2 Iglg2 n}} rather than O((n/p) • Iglg4 n). This improves the asymptotic performance of the algorithm 
whereas at the same time affects the probability of success insignificantly. The random sample selection 
in stage 2 of algorithm RND_SORT can also be realized with higher probability by utilizing integer sorting 
techniques. Furthermore, the analysis of the ordered /i-level graph algorithm can be improved by taking 
into consideration that the underlying structure is a d-ary tree, and that the queries progress in a balanced 
fashion through the tree.
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2.6.7.2 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the optimal sorting 
algorithm of section 2.6.7.

Implementation The prototype adopted for the BSPlib sorting procedure is outlined in figure 2.36.

void BSP_rnd_sort (byte *src, byte **trg, int n, int sb, void (*merge)(), void (*sort)(), int (*cmp)O) ;
src - input array.
trg - output array.
n - input size.
sb — item size.
merge - generic merge function.
sort - generic sort function.
cmp - generic compare function.

Figure 2.36: Procedure for BSP randomized sorting.

The aim of function (procedure) BSP_rnd_sort is to provide a data-type independent high-performance 
BSPlib sorting algorithm implementation. 13

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.6.5. 
To determine the practical significance of the aforementioned result we benchmarked our implementation 
(BSP -jrnd_sort) on two different machines with a varying number of processors and input sets (consisting 
of uniformly distributed integer valued items - unless otherwise indicated). Figures 2.38 and 2.40 present 
the execution time of procedure BSPjrncLsort on the two machines (using as the underlying sequential 
sorting algorithm merge sort) - figure 2.37 reflects the execution time (%) of procedure BSP_rnd_sort with 
respect to its constituent phases. Similarly, figures 2.39 and 2.41 expose the efficiency of the corresponding 
timing results.

As shown in figures 2.38 and 2.40, the execution time of procedure BSP _jrnd_sort using a fixed number 
of processors scales with the input size (approximately as n • Ig n). Accordingly, the execution time of pro­ 
cedure BSP_rnd_sort for a fixed input size scales inversely with the number of processors (approximately 
as I IP). Both experimental results are in accordance with the theoretical analysis of section 2.6.7. In 
terms of efficiency, procedure BSP_rnd_sort utilizes approximately (within a 5%):

- 80%-90% of the available processor resources on the SGI Power Challenge machine (for small
problem sizes), 

_ 95%-100% of the available processor resources on the SGI Power Challenge machine (for large
problem sizes),

- 85%-95% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 95%-100% of the available processor resources on the Cray T3D machine (for large problem 
sizes).

13 The terms generic and data-type independent imply that procedure BSP_rnd_sort can be employed to handle any data 
type. To this end, a comparison function cmp is used to facilitate the comparison of two elements e\ and 63. In particular, 
the cmp function returns 1, 0 or -1 depending on whether e\ is greater, equal or smaller than 62-
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Figure 2.37: Execution time (% per phase) on a Cray T3D for randomized sorting 
- uniform distribution (U), input size 2 21 .

Efficiency

Problem Size

0.000 -U—_ 131072

Figure 2.38: Execution time on a SGI Power Challenge Figure 2.39: Efficiency on a SGI Power Challenge for 
for randomized sorting - uniform distribution (U). randomized sorting - uniform distribution (U).

In order to test the obliviousness of the sorting algorithm to the input data distribution we bench- 
marked our implementation (BSP jrnd_sort) on a machine with a varying number of processors and input 
sets (consisting of 221 integer valued items - unless otherwise indicated). Figure 2.42 presents the exe­ 
cution time of procedure BSP-rnd_sort. Similarly, figure 2.43 exposes the efficiency of the corresponding 
timing result.

Obviously, the performance of the algorithm is quite consistent across the different input data dis­ 
tributions with the exception of the deterministic-duplicates distribution (we note that the observable 
inconsistency in procedure BSP_rnd_sort, with respect to the deterministic-duplicates distribution, de­ 
rives from the sequential merging and sorting implementations (merge and sort respectively) employed 
in the main body of BSPjrnd_sort and is irrelevant to the otherwise structure of the procedure).
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Figure 2.40: Execution time on a Cray T3D for random- Figure 2.41: Efficiency on a Cray T3D for randomized 
ized sorting - uniform distribution (U). sorting - uniform distribution (U).
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Figure 2.42: Execution time on a Cray T3D for random- Figure 2.43: Efficiency on a Cray T3D for randomized
ized sorting on uniform distribution (U), Gaussian distribu- sorting on uniform distribution (U), Gaussian distribution
tion (G), bucket-sorted distribution (B), 2-group distribution (G), bucket-sorted distribution (B), 2-group distribution (2-
(2-G), staggered distribution (S) and deterministic-duplicates G), staggered distribution (S) and deterministic-duplicates
distribution (DD) - input size 2 21 . distribution (DD) - input size 2 21 .

2.6.8 A Fully Scaleable Optimal Sorting Algorithm

In this section, we provide an optimal BSP solution to the problem of sorting a sequence X that is based 
on a pipelined divide-and-conquer strategy similar to that of the merge-sort algorithm of [47] and achieves 
optimality for the full range of values of n and p. The underlying algorithm is initially presented and 
analyzed for the CREW-BSP model, and subsequently, extended to the BCAST-BSP and standard BSP 
models. Our main results are summarized in theorems 2.6.6 and 2.6.7 of sub-sections 2.6.8.1 and 2.6.8.2 
respectively.

2.6.8.1 The CREW-BSP and BCAST-BSP Variants

In this section we present a deterministic CREW-BSP algorithm for the problem of sorting n items; 
moreover, we show how the algorithm can be adapted to run on the BCAST-BSP model.

Informal Description of Algorithm The optimal deterministic sorting algorithm is a synthetic gener­ 
alization of the CREW PRAM sorting algorithm of [47] - with the noted difference that the underlying 
binary tree structure of the algorithm of 14 7 j is BOB-trivially substituted by a. rf-arv tree structure rrbr 
some appropriate d) in order to improve com nro mention, and synchronization costs.
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Our main result is summarized in the following theorem.

Theorem 2.6.6 There exists a p-processor CREW-BSP (BCAST-BSP) algorithm for sorting a multi­ 
set of size n that for all integers n and p such that p = O(n), requires time O((n/p) • Ign) and L • 
^(lg n/lg (n/p)) + g • O((n/p) • (lgn/lg(n/p))), for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.6.6 follows easily as a 
consequence of these results.

In the remainder of this section we address a slightly more general problem than sorting; its solution 
provides with a time optimal CREW-BSP sorting algorithm. The general formulation of our algorithm is 
as follows. Let T be a complete balanced fc-ary tree such that each leaf node contains a single input item 
drawn from a linearly ordered set. For simplicity, suppose that n is a power of k = max(2, \Vn/p]}, and 
that all the items are distinct. Both assumptions can be removed without affecting the asymptotic time 
analysis of the algorithm. Let v be an internal node of T. We consider the problem of determining, for 
each internal node v , the non-decreasing sequence S[v] that contains all the items initially stored at the 
leaves of the sub-tree rooted at v. Hence, for the remainder of this section we assume that T is a fc-ary 
tree such that at most one item is stored in each leaf node and every internal node has exactly k children. 
Our goal is to determine 5"[root(T)].

Our A>way merge-sort algorithm employs a pipelined divide-and-conquer strategy similar to that of 
the merge-sort algorithm of [47]; that is, S[v] is determined over a number of phases such that, at phase I, 
Ui[v] (a non-decreasing subset of S[v]} is an approximation of S[v] that is improved at the next phase l + l. 
Simultaneously, a sample of Ui [v] is propagated upward for producing approximations of the sequences to 
be generated at higher levels.

We next describe the algorithm for generating Ui[v]; later, we provide a correctness proof and an 
analysis of the resources required. Initially, UQ[V] is empty if v is an internal node of T, and contains 
exactly one item if v is a leaf node. We define alt(f), called altitude of node v [119], to be the length of 
the path from v to any leaf node (recall that T is a complete balanced &-ary tree, and therefore, all the 
leaves are on the same level). The algorithm realizes a sequence of phases, at each phase /, constructs 
a new approximation Ui[v] of S[v] for each active node v 6 T. We say that v is active during phase / if 
alt(v) < / < 3 • alt(u). A node ceases being active when / > 3 • alt(u); later, we show that if / = 3 • alt(v), 
then node v is full; that is, Ui[v] = S[v\.

An additional notion is required before proceeding to the details of the algorithm. Let X and Y be 
non-decreasing sequences and let c be a positive integer. X is a c-sample of Y, denoted by smpc (F), if X 
consists of every c-th item of Y. Define smp(t//[i>]) for an arbitrary node v € T as follows:

smp(Ui[v]) =
smpj.2 (Ui[v]) if I < 3 • alt(v), 
snip*. (Ui[v\) if / = 3 • alt(u) + 1,

^ smpl (Ul [v]) if / = 3 • alt(v) + 2.
Informally, smp(Ui[v]) consists of every fc 2 -th item of Ui[v] until it grows full; in the following phase (that 
is phase 3 • alt(v) + 1) smp(Ui[v]) consists of every k-th item of Ui[v], and every item in phase 3 • alt(i>) + 2. 
At each phase /, for each active node v € T, the algorithm consists of the following two stages.
Algorithm CREW-MERGE-SoRT 
begin
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[Stage 1] Sequence smp(Ui[v]) is constructed.

[Stage 2] Let zt , for all 1 < i < k, be the children of v. Sequence Ui+l [v] = (JiSmp(Ui[zi}) is 
constructed, where U denotes merging.

end

It is clear that three phases after node v becomes full, the parent of v, say u, also becomes full. We thus 
obtain the following result.

Lemma 2.6.1 Let v be an arbitrary node of T. Then, at the end of phase I = 3 • alt(v) of algorithm 
CREW-MERGE-SORT, v becomes full.

Proof The proof is by induction on alt(t>). It is straightforward to verify that the claim is true for all 
nodes satisfying alt(v) = 0, since they all are leaves satisfying initially U0 [v] = S[v].

Let v be an arbitrary internal node in T with alt(t>) > 0, and let z;, for all 1 < i < k, be the children 
of v. By the induction hypothesis the children of v become full at phase / = 3 • (alt(v) - 1), since alt(^) = 
alt(u) - 1. Recall that Ui+i[v] is obtained by merging smp(Ui[zi]), for all 1 < i < k, and similarly, Ui+3 [v] 
is obtained by merging smp(Ui+ -2 [zi\) , for all 1 < i < k. By definition, snip(t//+2 [<£;]) = smp^t//^;]), and 
thus, C//+3 [i;] = S[v]. Hence, at phase / + 3 = 3 • alt(i>), v becomes full, and the lemma follows. D
We therefore conclude the following.

Corollary 2.6.2 Algorithm CREW-MERGE-SORT requires 3 • Ign/lg [Vn/p] phases, for all integers n 
and p such that n > 4 • p.

Proof We can readily verify that the height of T is log^ n — Ig n/ Ig \vnjp\ , for all integers n and p such 
that n > 4 • p. Combining this fact with lemma 2.6.1, we obtain the desired result. D

A few additional technical results are required before a detailed description of the merging procedure 
is given. We start by establishing that smp(Ui[v]} is a 2fc-cover of smp(Ui+i[v]).

Lemma 2.6.2 Let v be an arbitrary node of T and let I > 0. Then, smp(Ui[v]) is a Ik-cover of
smp(Ui+i[v}).

Proof We use induction on / to prove the following claim.

Claim 2.6.4 // [x,y] and {—oo,smp(Ui[v}), +00} have r > 2 items in common, then [x,y] intersects 
smp(Ui+i[v]) in at most r • k items.

Proof The claim is true initially, for when / = 0, UQ[V] has no more than one item, and thus smp(t/oM) 
and smp(f/i[f]) are both empty. Assume that the induction hypothesis holds up to phase / — 1; we show 
that the claim holds for phase /.

Let [x,y] be an interval with x,y G {—oo,smp(E//[i>]), +00} such that the number of common items 
is r. Assume that / < 3 • alt(v). Since smp(Ui[v]) is a fc2 -sample of Ui[v] we obtain that [x,y] and 
(-00, Ui[v],+oo} have at most (r - 1) • k2 + I items in common.

Recall that Ui[v] is obtained by merging smp(Ui-i[zi\), for all 1 < i < k, where the Zj's are the children 
of v. Thus, the items belonging to [x,y] and Ui[v] come from Ui smp(C7/_ 1 [zi ]), where each sequence is 

iewed as a set of items. Let [xi,yi], for all 1 < i < k, be the smallest interval containing [x,y] suchv
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that xi ,yi e {-oo,smp(C/;_ 1 [zj]),+oo}, and let a; be the number of items in common between [xi,yi] and 
{-oo,smp(t// _ 1 [2;i ]),+oo}. Since the items are distinct, we obtain that £\ a, < (r - 1} • k 2 + 1 + 2- (k- 1), 
since 2 • (k - 1) additional items of {2:1,3/1,£2,2/2, ••• ,xk ,yk } are included.

By the induction hypothesis, [xi, j/i] intersects smp(C7j[^]) in at most jfe-a, items. By definition, Ui+i[v] 
is the sequence obtained by merging smp([7z [z;]), for all 1 < i < k, and thus, [x,y] intersects E/i+i[u] in at 
most £). fc • a, < (r - 1) • k3 + 2 • fc2 - k items. Since by definition smp(Ui+i[v]) is a fc 2 -sample of Ui+i[v] 
and A; > 2, we obtain that [x,y] intersects smp(t//+ i[u]) in at most r • k items, and the claim follows for 
/ < 3-alt(u).

It remains to prove the claim for the case I > 3-alt(u). This is readily seen. Consider phase /' = 3-alt(v) 
(the first phase that Uv [v] is full). Then, smp(C/i/ [v]) consists of every A; 2 -th item of Uv [v] and smp(C7^ +1 [v]) 
consists of every k-th item of Ui>+i[v]; thus, the claim is true for this phase. The argument is similar for 
subsequent phases. D

We now complete the proof of the lemma by taking r = 2. Let x,y € { —oo,smp(t/i[t;]),+00), such 
that x and y are adjacent. It is straightforward to verify that [x,y] intersects {—oo,smp(t//[V|), +00} in 
exactly two items, and therefore, from claim 2.6.4 we obtain that [x,y] and smp(Ui+i[v]) have at most 
2 • k items in common. Hence, smp(Ui[v]) is a 2fc-cover of smp(Ui+i[v}), and the lemma follows. D

Similarly, we derive the following result that relates Ui[v] and Ui+i[v}.

Corollary 2.6.3 If[x,y] and {— oo, Ui[v], +00} haver > 2 items in common, then [x,y] intersects Ui+i[v] 
in at most r • k + 2 • (k2 — k) items.

Proof Let [x,y] be an interval with x,y € {—oo,smp(C//[v]), +00} such that the number of common 
items is r. Recall that Ui[v] is obtained by merging smp(Ui-i[zi]}, for all 1 < i < k. Therefore, 
the items belonging to [x,y] and Ui[v] come from \Jismp(Ui-i[zi\), where each sequence is viewed as 
a set of items. Let [xi,yi], for all 1 < i < k, be the smallest interval containing [x,y] such that 
xi,yi 6 {—oo,smp([//_i[,Zi]), +00}, and let en be the number of items in common between [xj,t/j] and 
{-oo,smp(f//_i[^j]),+oo}. By claim 2.6.4, there are at most k • a; items in smp(t//+ i[z;]) between Xj 
and yi. Since the items are distinct, we obtain that X)i fl « - ^ + 2 • (A; - 1), since 2 • (k - 1) ad­ 
ditional items of {xi, j/i,x2 ,j/2, • • • ,%k,yk} are included. This result implies that there are at most 
^.k • di < r • k + 2 • (k2 - k) items in E/j+i[v] = Ujsmp(C//+i[^]), between x and y, and the desired 

result follows. D

The next lemma shows how to efficiently merge k sequences and maintain certain rank information 
on the CREW-BSP (BCAST-BSP) model. We assume that the input sequences are initially evenly 
distributed but otherwise arbitrarily among the processors before the beginning of the execution of the 

algorithm.

Lemma 2.6.3 Let Xi,X-2,... ,Xk be k non-decreasing sequences, and let Y be a sequence such that, if 
interval I and {—oo,y, +00} have r > 2 items in common, then I intersects UiXi, for all 1 < i < k, 
in at most r • k + 2 • (k2 - k) items. Moreover, assume that rank(smp fc (Y) : Xi), for all 1 < i < k, is 
known. Then, there exists a \\Y\/k]-processor BSP algorithm for merging Xi,X2 ,... ,Xk that requires 
tim,e O(k2 • lg k} and L • 0(1) + g • O(k2 ), for computation and communication respectively.

Proof Let X = U;X;, for all 1 < i < k. By definition, the interval / between k + 1 adjacent items,
.-,,, -ii , ii -/i., i 7/^vj.nt., from Y contains at most 3 • k2 - k items from X. In order to compute X.say Jjj'k ? yj 'K+i•> • • • •> y\j-ti-jKt ^ '
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it therefore suffices, for each such interval in Y, to determine the relative order of at the most 3 • k2 - k 
items of X it contains. To carry out this procedure we associate one processor with each such interval in 
the sequence Y - items yj>k,yj'k+i, • • • ,y(j>+i)k from Y are stored in the local memory of processor PJ>. 
The merging proceeds in two steps.

Step 1 The at most 3 • k2 - k items contained in / are those straddled by yjk and y(j+i)fc. The leftmost 
of these items in Xit for all 1 < i < k is determined, using rank(smp A (y) : X,); the rightmost items 
are obtained similarly. In a single communication round the so identified items are fetched. This 
step requires time O(k) and L • 0(1) + g • 0(fc2 ), for computation and communication respectively.

Step 2 For each such interval 7 in Y, the k sub-sequences obtained in the previous step are merged using 
fc-way merge [133]. Since the total size of these sub-sequences is at most 3 • k2 ~ k this step requires 
O(k2 -Igfc) time.

The lemma follows. D

In order to achieve communication efficiency, in the forthcoming analysis the following load-balancing 
properties are maintained at each node v in T.

Property 1 Let 5 be a sub-sequence stored at node v. If 5 is full, then S is partitioned into contiguous 
blocks of size k2 each, and each such block (along with its associated information) is assigned to a 
single processor.

Property 2 If S is not full, then S is partitioned into contiguous blocks of size k each, and each such 
block (along with its associated information) is assigned to a single processor.

In both cases, we assume that contiguous blocks of 5 are associated with consecutive processors. The 
following result bounds the space needed by sequences satisfying load-balancing property 2.

Lemma 2.6.4 The total space required by sequences satisfying load-balancing property 2 is O(n/k).

Proof It is not difficult to verify that the total size of the sequences satisfying load-balancing property 1 
is 0(n). For although each full sequence requires O(n) space, the space can be reused from sequence 
to sequence. Let I be the level in T such that the sequences at level / are full. Each sequence at level / 
advances at most l/kof its items to level I -1; similarly, each sequence at level I -1 advances at most 1/fc2 
of its items to level / — 1 and so on. Hence, the total space required by sequences satisfying load-balancing 
property 2 is bounded above by O((n/k] • £, l/k2 ' 1 ) = O(n/k), and the lemma follows. D

The procedure to compute Ui+\ [v], for an arbitrary active node v of T with children Zi, for all 1 < i < /e, 
is summarized in the following proposition.

Proposition 2.6.5 Let I be a given phase of algorithm CREW-MERGE-SORT, and assume that node v of 
T is active. Then, there exists ap-processor CREW-BSP (BCAST-BSP) procedure for computing Ui+i[v], 
that requires time O(k2 • Igfc) and L • (9(1) + g • O(k2 ), for computation and communication respectively, 

where k = max{2, \Vn/p\}•

Proof We assume that the items are distinct since we can always make them so by, for example, 
appending to them the code for their memory location. Additionally, in order to achieve computation and
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communication efficiency, the algorithm requires at each node v in T the maintenance of the following 
sequences: U,[v], smp(E/t[v]), and smp(Ui-i[v]). To simplify the exposition, we also assume that the nodes 
of T and their associated sequences are stored in a structured pattern; that is, sequences are partitioned 
m such a way, that given the name of a sequence, say S, and an index /, the processor storing L[i] can 
be determined as a local computation. The input sequences are initially evenly distributed among the 
processors and satisfy load-balancing property 2. Furthermore, when a new sequence is created, for each 
of its items, a record is maintained of where it comes from.

Let z,-, for all 1 < i < k, be the children of an arbitrary node v of T and let alt(i>) < / < 3 • alt(u). 
The following procedure shows how to efficiently compute Ui+i[v] - Uismp([7i[zi]). As part of the input 
to node v, for phase /, we assume the following rank invariants.

(1) rank(smp([//_i[V]) :

(2) rank(smp(C7/_i[zi]) : smp(f//_i[zj])), for all 1 < i, j < k.

Notice that since / < 3 • alt(t>) none of the above-mentioned sequences can possibly satisfy the conditions 
of load-balancing property 1.

Procedure CREW-MERGE-SORT 
begin

[Stage 1] Sequence t//+i[?;] = \Jismp(Ui[zi]) , for all 1 < i < k, is constructed.

[Analysis of Stage 1] Let smpk (Ui[v]) be a k sample of Ui[v]. We first show how to compute 
rank(smp A, (t// [v]) : smp(C/;[zj])), for all 1 < i < k. We start with a few observations. Since Ui[v] 
satisfies load-balancing property 2, each item of smp k (Ui[v]) is associated with a single processor. 
Moreover, since Ui[v] = \JiSmp(Ui-i[zi\), we deduce that rank(smp([//_i[,Zi]) : C//[vj), for all 1 < i < A;, 
can be computed in time O(k] and L-O(l)+g-O(k), for computation and communication respectively, 
with r|C//[f]|/A;] processors. Hence, since rank(smp(C//_i[2;j]) : smp(£//[zi])) is given, we immediately 
deduce that, for each x 6 smpk (Ui[v]) that originated from smp(Ui-i[zi\) , the rank of x in smp(Ui[zi]) 
can be computed within the same time bound. Then, rank(a; : smp(Ui[zj])) , for all 1 < j < k, is 
computed as follows. Let Xj and x'j be the two items in smp(Ui-i[zj]) that straddle x. Since by 
definition rank(smp(t/;_i[,Zj]) : smp(Ui[zj])) is known, the boundaries of the interval /, between Xj 
and x'., can be easily determined from smp(t//[z7-]). By lemma 2.6.2 we have that smp(Ui-i[zj]} is a 
2A;-cover of smp(Ui[zj]), and hence we conclude that |/| < 2 • k. Thus, the rank of x in smp(t//[z ; ]), 
for all 1 < j < A;, can be determined in time O(k • \gk] and L • O(l) + g • O(A; 2 ), for computation and 
communication respectively, with |~|t//[?;]|/A;] processors (by way of k distinct binary searches on non- 
decreasing sequences of size at most 2 • k). Finally, by employing lemma 2.6.3, with X% — smp(C//[zj]) 
and Y = Ui[v], we obtain Ui+i[v] = Uismp(t/j[zi]), in time O(k'2 • IgA;) and L • 0(1) + g • 0(A; 2 ), for 
computation and communication respectively, with ("|^HIA1 processors.
Notice that this stage, as described, requires the CREW-BSP model. In the remainder of this analysis 
we sketch the details of a similar procedure that requires however the BCAST-BSP model. Consider 
Ui[v] and let x be an arbitrary item in smpk (Ui[v]). The goal is to compute for each such x 6 
smp A.(£7/ [v}) the rank of x in smp(Ui[zj]), for all 1 < j < k. Consider Xj and x'j, the two items in 
smp(t//-i[^7J) tnat straddle x. The problem is that between Xj and :r';- there are many items from 
snip A- (^M); these items ' however, have to be adjacent in smpk (Ui[v]). It is therefore sufficient for
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the first such item to advance - as in the CREW-BSP variant of the procedure - and then broadcast 
all the necessary information from Ui[zj] to the appropriate items. Notice that, since the destination 
items are adjacent in smpk (Ui[v]), the destination of the broadcast operation can be described in a 
constant number of words. This step requires L • 0(1) + g • O(k2 ) communication time on the BCAST- 
BSP model. Having broadcast the necessary information to the appropriate processors the procedure 
proceeds as in the CREW-BSP version.

[Stage 2] If / < 3 • alt(i>) — 1, the necessary rank invariants for phase / + 1 are updated.

[Analysis of Stage 2] We first show how to obtain rank(smp(t//[i>]) : smp(Ui+ i[v])) [giving invari­ 
ant lj. By corollary 2.6.3, the interval / between k + I adjacent items from Ui[v], contains at most 
3 • k2 — k items from Ui+i[v\. Moreover, since by way of stage 1 these intervals have already been 
identified and assigned to a single processor, the required ranks can be obtained by simply merg­ 
ing (locally) the corresponding portions of Ui[v] and Ui+i[v]. This step requires O(k2 ) time with 
ri^/MI/fc"! processors. Having determined rank(f//[v] : Ui+ i[v]), the procedure can trivially compute 
rank(smp (Ui[v]) : smp(Ui+i[v])) within the same time bound.

We next consider the problem of determining rank(smp(£7,[[;?;]) : smp(Ui[zj])), for all 1 < i,j < k, 
[giving invariant 2]. Let smpk (Ui[v]) be defined as above, and consider x and #', two adjacent items 
in smpk (Ui[v}). By corollary 2.6.3, the interval I between x and x 1 contains at most 3 • k2 — k items 
from t/i+i[v]. Moreover, the ranks of x and x' in smp(Ui[zi\), for all 1 < i < &, are known. Hence, 
since by way of stage 1, one processor is associated with each such interval, the rank of every k-th 
item from t//+i[i;] in smp(Ui[zi]} can be computed in O(k2 ) time. The Ui+ i[v] sequence can then be 
redistributed, in time O(k2 ) and L• O(l)+g-O(k2 ), for computation and communication respectively, 
so as to maintain the load-balancing properties. Finally, since / < 3 • alt(v) — 1, we have that C//+i[i;] 
satisfies the conditions of load-balancing property 2, and consequently, each processor associated with 
a portion of t/i+i[v] maintains at most k items. Hence, the remaining ranks can be computed in 
O(k'2 ) time with |"|£7/+ i[v]|/Af| processors (notice that each processor receives at least one ranked 
item). The overall time complexity of this stage is O(k2 ) and L • 0(1) + g • O(k2 ), for computation 
and communication respectively.

[Stage 3] The sequences stored at node v of T are redistributed according to load-balancing proper­ 

ties 1 and 2.

[Analysis of Stage 3] When this step is executed, every processor holds at most O(k 2 ) items, hence, 
this stage requires time O(k2 } and L-O(I}+g-O(k2 }, for computation and communication respectively.

end

Analysis The correctness of the algorithm follows from its description and is omitted. We can easily
verify that the time complexity (over all stages) of procedure CREW-MERGE-SORT is O(k2 • Igfc) and
L . O(l) + g • O(k2 }, for computation and communication respectively. To complete the proof it remains
to establish that only p processors are required by the procedure. This however is an easy consequence of

lemma 2.6.4.

The proposition follows trivially, n

We have therefore established the following result.
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Proposition 2.6.6 There exists ap-processor CREW-BSP (BCAST-BSP) algorithm for sorting a multi­ 
set of size n that for all integers n, p and k such that k = max {2, \Vnfp~] } and p — O(n), requires time

Csrt (n,p) = O(k 2 -Ign) 

and

for computation and communication respectively.

Proof Let J" be the tree that is obtained from T by assigning to each leaf of T a single input item. 
By corollary 2.6.2, the height of T" is O(lgn/lgA;). Therefore, algorithm CREW-MERGE-SoRT consists 
of O(lgn/lgfc) phases. Furthermore, by proposition 2.6.5 each such phase requires time O(k2 • Igk] and 
L • O(l) + g • O(k2 }, for computation and communication respectively, and the claim follows. D

Proof (of theorem 2.6.6) The theorem follows easily from proposition 2.6.6. D

2.6.8.2 The BSP Variant

In this section we present a deterministic BSP algorithm for the problem of sorting n items.

Informal Description of Algorithm The optimal deterministic sorting algorithm, is a synthetic gener­ 
alization of the ER.EW PRAM sorting algorithm of |47| ••••• with the noted difference that the -underlying 
binary t-reo structure of tb.e algorithm of J47! is Lior.i-trivi.aUy substituted by ft *•/••• ary tree structure (for 
some: appropriate d) in order to improve communication. and synchronization costs,

Our main result is summarized in the following theorem.

Theorem 2.6.7 There exists a p-processor BSP algorithm for sorting a multi-set of size n that for all 
integers n and p such that p = O(n), requires time O((n/p) • Ig n) and L • <9(lg n/ Ig (n/p)} + g • O((n/p] • 
(lgn/lg(n/p))) ; for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.6.7 follows easily as a 
consequence of these results.

The algorithm uses the same tree T as for the CREW-BSP variant. In order however to avoid 
concurrent-read conflicts, at each node v in T, an additional sequence DI[V] is maintained, for each phase 
/ Simultaneously a sample of A [v] is propagated downward to facilitate the avoidance of concurrent-read
conflicts at lower levels.

We next describe the algorithm for generating Ui[v] and Dt [v]- later, we provide a correctness proof 
and an analysis of the resources required. Initially, DQ [v] is empty, and U0 [v] is empty if v is an internal 

de of T and contains exactly one item if v is a leaf node. An additional definition is required before a 
description of the algorithm is given. Define smp(AM) for an arbitrary node v £ T as follows:

snip (AM) = smpfc2 (AH) •
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Informally, smp(Di[v]) consists of every &2 -th item of DI[V]. At each phase /, for each active node v e T, 
the algorithm consists of the following 2 stages.

Algorithm MERGE- SORT 
begin

[Stage 1] Sequences smp(Ui[v]) and smp(Di[v]) are constructed.

[Stage 2] Let u, zit and Wj, for all 1 < i < k and 1 < j < k, be, respectively, the parent, children and 
siblings of v. Sequence Ui+i [v] = Ujsmp([//[zi]) is constructed, and if Ui+i[v] is not full, also sequence 
DI+I[V] = Ujsmp(Ui[wj]) U smp(Di[u]) is constructed, where U denotes merging.

end

The following result relates the sizes of DI [v] and Ui [v] .

Lemma 2.6.5 Let v be an arbitrary node of T and let I < 3 • alt(v). Then \Di[v]\ < ((k — 1) • k2 /(k5 —

Proof The proof is by induction on /. The base case / = 0 is trivial, since DQ[V] is empty and UQ[V] has 
one item. Assume that the induction hypothesis holds up to phase I — I; we show that the claim holds 
for phase /.

Let w, Zi, and Wj, for all 1 < i < k and 1 < j < k, be, respectively, the parent, children and siblings of 
v. Recall that DI[V] is obtained by merging smp(Dj_i[w]) and smp(Ui-i[wj]), for all 1 < j < k. Hence,

\Di[v]\ =

< (k - 1) • |smp (^-iM)| +

- ' lUl[v]l 

< • \Ui[v]\

The lemma follows. D

A few additional technical results are required before a detailed description of the merging procedure 
is given. We start by establishing that smp(AM) is a 2fc-cover of smp(A+iM).

Lemma 2.6.6 Let v be an arbitrary node of T and let I > 0. Then, smp(Di[v}) is a Ik-cover of

Proof We use induction on / to prove the following claim.
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2.6.5 // [x,y] and {— oo,smp(Di[v]), +00} have r > 2 items in common, then [x,y] intersects 
smP(A+i[f]) in at most r • k items.

Proof The claim is true initially, for when / = 0, DQ[V] is empty, and therefore, smp(D0 [v}) and smp(.Di [v]) 
are both empty. Assume that the induction hypothesis holds up to phase / — 1; we show that the claim 
holds for phase /.

Let [x,y] be an interval with x,y € {-oo,smp(Di[v]),+oo} such that the number of common items is 
r. Assume that / < 3 • alt(v), for when / > 3 • alt(u), Dt [v] does not exist. Since smp(Di[v}) is a P-sample 
of DI[V] we obtain that [x,y] and {-oo,.D/M, +00} have at most (r - 1) • k2 + 1 items in common.

Recall that DI[V] is obtained by merging smp(Di _ 1 [u]) and smp(Ui-i[wj}), for all 1 < j < k, where 
the Wj's are the siblings of v and u is the parent of v. Thus, the items belonging to [x,y] and DI[V] 
come from UfSmp(t7/_i[w;j]) U smp(A_i[u]), where each sequence is viewed as a set of items. Let [x',y'] 
be the smallest interval containing [x,y] such that x',y' 6 {-oo,smp(A-iM), +00}, and let a' be the 
number of items in common between [x',y'] and {-oo,smp(.D/_i[u]),+oo}. Likewise, let [xj,yj], for all 
1 < J < k, be the smallest interval containing [x,y] such that Xj,yj 6 {—oo,smp(Ui-i[wj}), +00}, and let 
a,j be the number of items in common between [xj,yj] and {—oo,smp(Ui-i)[wj],+oo}. Since the items 
are distinct, we obtain that a' + ]TV a,- < (r — 1) • k2 + 1 + 2 • (k — 1), since 2 • (A; — 1) additional items of 
{x',y',xi,yi,... ,Xk-i,yk-i} are included.

By the induction hypothesis, [x',y'] intersects smp(Di[u]) in at most k • a' items. Moreover, by 
claim 2.6.4, [xj,yj] intersects smp(Ui[wj]) in at most k • Q.J items. By definition, DI+I[V] is the sequence 
obtained by merging smp(Z)/[w]) and smp(Ui[wj]), for all 1 < j ; < k, and thus, [x,y] intersects DI+I[V] in 
at most k • a' + ^i k • a; < (r — 1) • A; 3 + 2 • k2 — k items. Since by definition smp(Di+i[v]) is a A; 2 -sample 
of Z);+ i[v] and k > 2, we obtain that [x,y] intersects smp(Di+i[v]) in at most r • k items, and the claim 
follows. D

We now complete the proof of the lemma by taking r = 2. Let x,y e {-oo, snip (AM), +CXD}, such 
that x and y are adjacent. It is easy to verify that [x,y] intersects {-oo,smp(Di[v]), +00} in exactly two 
items, and therefore, from claim 2.6.5 we obtain that [x,y] and smp(A+iH) have at most 2 • k items in 
common. Hence, smp(Di[v]) is a 2fc-cover of smp(A+iH), and the lemma follows. D

The next lemma shows how to efficiently merge m sequences and maintain certain rank information on 
the BSP model. We assume that the input sequences are initially evenly but otherwise arbitrarily among 
the processors before the beginning of the execution of the algorithm.

Lemma 2.6.7 Let Xi,X2 , • • • ,Xm be m non- decreasing sequences and let cvr (Xi) be Ci-covers for Xi} 
1 <i < m. Moreover, assume that rank(cvr (X^ : cvr(Xj)} and rank(cvr (Xi) : Xj), for all 1 < i, j < k, 
are known. Then, there exists a \\ Ui cvr (Xi)\/di ] -processor BSP algorithm for merging Xi,X2 ,... ,Xm 
and determining rank(U»cvr(Xi) : U*^), for all I < i < m, that requires time O(maxi {a} • (di + m) • 
\a-rn + d • m) and L • 0(1) + 9 ' 0(maxi {ci} • (di + m) + d\ • m), for computation and communication 
respectively, where d\ is any positive integer. Given (JiXi; for all I < i < m, there also exists a f| Uj 
X-l/d- 1 -processor BSP algorithm for determining rank(Xj : Xj), for all 1 < i,j < m, that requires time 
Ofmaxj {ci} • m- (di+ m)/d2 + d2 • m) and L • 0(1) + g • 0(maxf {Q} • (di + m) + d2 ), for computation 
and communication respectively, where d2 is any positive integer.

Proof We first state the following result.
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2.6.6 Let X\,X-2,... ,Xm be m non- decreasing sequences and let cvr (Xi) be a-covers for Xi, 
1 < i < m. If [x,y] and {—oo,(JiCvrXi,+oo}, 1 < i < m, have r > 2 items in common, then [x,y] 
intersects UiXi in at most maxj {c^} • (r + m — 2) + m items.

Proof Let X — (JiXi, cvr(X) = (JiCvr(Xi), for all 1 < i < m, and define [x,y] to be an interval with 
x,y 6 {— oo,cvr (J*Q, -foo}, such that the number of common items is r. Similarly, define [xi,yi\, for all 
1 < i < m, to be the smallest interval containing [x,y] such that Z;,T/; € {-co, cvr (Xi), +00}, and let a* 
be the number of items in common between [XJ,T/J] and {— oo, cvr (X), +00}.

It is not difficult to verify that [xi,yi] intersects Xi in at most c; • (a* - 1) + 1 items, which implies that 
[x, y] and X have in common at most £) . (a • (a{ - 1) + 1) < £ . (max; {cj • (a* - 1) + 1) items. Since 
all the items are distinct, we have that ^Oj = r + 2 • (m - 1), since 2 • (m - 1) additional items of 

{xi, 7/1, X2, 7/2, • • • > xm, 2/m} are included. Thus, [re, ry] intersects X in at most max; {cj • (r + m - 2) + m 
items, and the claim follows. D

We now complete the proof of the lemma. Let X — UjJQ and cvr (X) = U;cvr (Xi), for all 1 < i < m. 
We first show how to compute cvr(X), Consider an arbitrary item x G cvr (A"), we can easily verify 
that rank(x : cvr (X}) = ]T\ rank(x : cvr (Xi)). Therefore, the sequence cvr (X) can be computed in time 
O(di -m) and L-O(l) -\-g-O(d\ -ra), for computation and communication respectively, with |~| cvr (X)\/di~\ 
processors. We next show how to compute X.

By definition, cvr(Xi) is a c^-cover of Xi, for all 1 < i < m. Hence, by claim 2.6.6, the interval I 
between d\ + 1 adjacent items, say Xj> dl ,Xj> dl +i, • • • ^(j'+i)^-, from cvr (X) contains at most max^ {Q} • 
(di + m — l)+m items from X. In order to compute X, it therefore suffices, for each such interval in 
cvr (X), to determine the relative order of at the most maxj {ci} • (di+m — l)+m items of X it contains. 
To carry out this procedure we associate one processor with each such interval in the sequence cvr (X) 
- items Xj'd^Xj/^+i,.. . jX^+i)^ from cvr(X) are stored in the local memory of processor PJI . The 

merging proceeds in two steps.

Step 1 The at most max; (cj • (di + m - 1) + m items contained in / are those straddled by Xj> dl 
and X(j-/ +1)dl . If Xj>di is in cvr(X»), then the leftmost of these items in Xj, for all 1 < j < m, 
is determined, using rank(cvr (Xi) : Xj); the rightmost item is obtained similarly. In a single 
communication round the so identified items are fetched. This step requires O(m) and L • O(l) + 
g • O(maxi {ci} • (di + m)), for computation and communication respectively.

Step 2 For each such interval / in cvr (X) the m sub-sequences obtained in the previous step are merged 
using m-way merge [133]. Since the total size of all the sub-sequences is at most max; {ci} • (d\ + 

m _ i) + m this step requires <9(maxi {cj • (d\ + m) • Igm) time.

We now consider the problem of determining rank(cvr (X) : X). Let x be an item of cvr (X). The rank 
of x in X- is known, and therefore, the rank of x in X is determined by simply adding its ranks in Xj, for 
all l< i <m. This procedure can be easily verified to require time O(di • m) and L • 0(1) + g • O(d\ • m), 
for computation and communication respectively, with \\cvr(X)\/di] processors.

We finally show how to compute rank(Xi : Xj), for all 1 < i,j < m. By claim 2.6.6, the interval / 
between di adjacent items, say Xj> dl , Xj> dl +i,- • • , x(j > +1 ) dl from cvr (X), contains at most max; {a} • (di + 
m _ i) + m items from X. Moreover, the rank of Xj> dl and x^l+i) dl in Xi, for all 1 < i < m, is known. 
Therefore since by way of the previous steps we associate one processor with each such interval, the rank 
of every fa-th item of X in Xi, for all 1 < i < m, can be computed in 0(maxi {a} -m-(di+ m)/d2 ) time.
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Then, X is partitioned into contiguous blocks of size d2 each, and each such block (along with its associated 
information) is assigned to a single processor. This step takes L • 0(1) + g • 0(max; {cj • (di + m) + d2 ) 
communication time. Finally, since each processor is associated with a portion of X of size at most o?2 , we 
conclude that the remaining ranks can be computed in 0(d2 • m) time, with |"|^l/^2] processors (notice 
that each processor receives at least one ranked item). The lemma follows. D

In order to achieve communication efficiency, in the forthcoming analysis we maintain the following 
load-balancing properties at each node v in T.

Property 1 Let 5 be a sequence stored at node v. If 5 is full, then 5 is partitioned into contiguous 
blocks of size k2 each, and each such block (along with its associated information) is assigned to a 
single processor.

Property 2 If S is not full, and S consists of every k-th item of some full sequence, then S is partitioned 
into contiguous blocks of size k each, and each such block (along with its associated information) is 
assigned to a single processor.

Property 3 If 5 is not full, and S consists of less than every k-th item of some full sequence, then S is 
partitioned into contiguous blocks of unit size each, and each such block (along with its associated 
information) is assigned to a single processor (notice that S consists of at most every k2 -th item of 
some full sequence).

In all three cases, we assume that contiguous blocks of S are associated with consecutive processors. The 
following result bounds the space needed by sequences satisfying properties 2 and 3.

Lemma 2.6.8 The total space required by sequences satisfying load-balancing properties 2 and 3 is, re­ 
spectively, O(n/k) andO(n/k2 }.

Proof This result derives from the analysis of lemmas 2.6.4 and 2.6.5. D

The procedure to compute t//+i[t>] and Dj+i^j, for an arbitrary active node v of T, is summarized in 
the following proposition.

Proposition 2.6.7 Let I be a given phase of algorithm MERGE-SORT, and assume that node v of T is 
active. Then, there exists a p-processor BSP procedure for computing Ui+i[v] and DI+I[V], that requires 
time O(k2 • Igfc) and L • 0(1) + g • O(k2 ), for computation and communication respectively, where k = 
max{2, \yn/p]}.

Proof We assume that the items are distinct since we can always make them so by, for example, 
appending to them the code for their memory location. Additionally, in order to achieve computation and 
communication efficiency, the procedure requires at each node v in T the maintenance of the following 
sequences: Ui[v], smp(Ui[v]), smp(E/i_i[v]), DI[V], smp(DiM), smp(Dj_i[v]). To simplify the exposition, 
we also assume that the nodes of T and their associated sequences are stored in a structured pattern; that 
is, sequences are partitioned in such a way, that given the name of a sequence, say 5, and an index i, the 
processor storing L[i] can be determined as a local computation. The input sequences are initially evenly 
distributed among the processors and satisfy load-balancing properties 2 and 3. Furthermore, when a new 
sequence is created, for each of its items, a record is maintained of where it comes from.



2.6 Sorting 91

Let w, z;, and Wj, for all 1 < i < k and 1 < j < A;, be, respectively, the parent, children and siblings of 
an arbitrary node v e T and let alt(t;) < / < 3 • alt(v). The following procedure shows how to efficiently 
compute t//+ i[u] = \JiSmp(Ui[zi\) . As part of the input to node v, for phase /, we are given the following 
rank invariants.

(1) rank(smp(C7/ _ 1 [uj) : Smp (t7/[v])).

(2) rank(smp(C//_i[zj]) : smp(t/j_i[zj])), for all 1 < i, j < k.

(3) rank(smp(t//_i|V]) : smp(A-iM)) and rank(smp(A-iM) : smp(Ui-i[v])}.
(4) rank(smp(A-iM) : smp(AH))-

(5) rank(smp(t7/[n]) : smp(Di[v])) and iank(smp(Di[v]) : smp( Ui[v])).
(6) rank(t//[i>] : smp(Di [v])} and rank(smp (Di[v]) : Ui[v}}.

(7) rank(smp([//[i>]) : DI[V}) and rank(AM : smp(Ui[v])).

Notice that since / < 3 • alt(i;), none of the above-mentioned sequences can possibly satisfy load-balancing 
property 1. Furthermore, since none of the items in D[v] comes from the tree rooted at v , we have that 
D[v] and t/[£i], !<*<&, have no items in common. Hence, all the merge and rank operations that are 
performed below satisfy the assumption that the items involved are distinct.

Initially, the variable d\ (to be used later in the procedure) has the value A; or 1, depending on whether 
the sequences involved in the procedure satisfy load-balancing property 2 or 3 respectively. Intuitively, 
the variable di, for a given sequence S, indicates the number of items of S stored per processor.

Procedure MERGE-SORT 
begin

[Stage 1] Rank-info rank(smp(D/_i[w]) : smp(Ui[v])} and rank(smp(t//_i[wj]) : smp(C7/[f])), for all 
I < j < k, is computed.

[Analysis of Stage 1] Recall that sequence DI[V] is obtained by merging UjSmp(C7/_i[^j]) and 
smp(Z);_i[w]), for all 1 < j < k. Hence, since rank(D/[t>] : smp(Ui[v])) is given [from invariant 7], we 
deduce that rank(smp(L>;_i[w]) : smp(C//[f])) and rank(smp(C/;_i[w;j]) : smp(Ui[v})), for all 1 < j < k, 
can be computed in time O(di) and L-O(l)+g-O(di), for computation and communication respectively, 
with [|D/[i>]|/di] processors, where d\ assumes the value A; or 1 depending on whether the sequence 

v] satisfies load-balancing property 2 or 3 respectively.

[Stage 2] Sequence Ui+i [v] is constructed.

[Analysis of Stage 2] By lemma 2.6.2, we have that smp(Ui-i[zi]}, 1 < i < k, is a 2fc-cover for 
]). Additionally, the following information is available.

ra,nk(smp(Ui-i[zi\) : smp(Ui-i[zj])) , for all 1 < i, j < k, [from invariant 2]. 
rank(smp(t//_i[,Zi]) : smp(Ui[zi])), for all 1 < i < k, [from invariant 1]. 
rank(smp(t/z_i[;z;]) : smp(C/j[zj])), for all l<i,j <k, [from stage 1].

Hence, by employing lemma 2.6.7, with Xi = smp(Ui[zi\) and cvr(Xj) = smp(Ui-i[zi\), we obtain 
Ui+ i[v] = (JiSmp(Ui[zi\), intime(9(A;2 -lgA;) and L-O(l] +g-O (k2 ), for computation and communication 
respectively, with H^MI/^il processors, where di assumes the value A; or 1 depending on whether 
the sequence Ui [v] satisfies load-balancing property 2 or 3 respectively.
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[Stage 3-9] If / < 3 • alt(i;) — 1, in stages 3-9, the necessary rank invariants for phase / + 1 are 
updated.

[Stage 3] Rank-info rank(smp(Ui[v]} : smp(Ui+i[v})} [giving invariant 1] and rank(smp([/;[zi]) : 
smp(Ui[zj])) , for all 1 < i, j < k, [giving invariant 2], is computed.

[Analysis of Stage 3] It is not difficult to verify that the computation in stage 2, also yields 
r&nk(Ui[v] : Ui+ i[v]) and ra,nk(smp(Ui[zi\) : smp(Ui[zj]}), for all 1 < i,j < k, in time O(k2 • Igfc) and 
L-O(l)+g-O(k'2 ), for computation and communication, with [|C//[f]|/di] and ["|^/+iH|/d2~| processors 
respectively, where di is defined as in stage 2 and d2 = k. Having determined rank(Ui[v] : t//+ i[i>]), 
the procedure can trivially compute rank(smp([/j[u]) : smp(t/;+ i[i>])) within the same time bound.

[Stage 4] Rank-info rank(smp(t/;_i[^]) : smp(Di[v])}, for all 1 < i < k, is computed.

[Analysis of Stage 4] Recall that Ui[v] is obtained by merging snip (C7/_i [-?;]), for all 1 < i < k. 
Thus, since rank(Ui[v] : smp(AM)) is given [from invariant 6], we conclude that rank(smp(t//_i[2:j]) : 
smp(AH)), for all 1 < i < k, can be computed in time O(di) and L-O(l}+g-O(di), for computation 
and communication respectively, with H^MI/^il processors, where d\ = 1.

[Stage 5] Rank-info rank(smp(C/;[i']) : smp(Di[u}}) and rank(smp(Z)/[u]) : smp(Ui[v]}) [giving invari­ 
ant 3], is computed.

[Analysis of Stage 5] By lemma 2.6.2, we have that smp(C//_i[fj) is a 2fc-cover for smp(C/z[f]), and 
by lemma 2.6.6, we have that smp(D;_ 1 [w]) is a 2A;-cover for smp(Di[u]). The following information 
is also available.

rank(smp(t/z_i[i>]) : smp(Dj_i[w])) and rank(smp(Dz_i[u]) : smp(C//_i[f])) [from invariant 3]. 

rai\.k(smp(Ui-i[v]} : smp(Ui[v]}) [from invariant 1]. 

rank(smp([/f_i[i/]) : smp(Di[u]}) [from stage 4]. 

rank(smp(D<_ 1 [w]) : smp(Ui[v]}} [from stage 1]. 

rank(smp(r>^_i)[w] : smp(£>^[w])) [from invariant 4].

By employing lemma 2.6.7, with Xi = smp(Ui[v]}, X2 = smp(Di[u}), cvr(^Ci) = smp(t//_i[f]), and 
cvr (^2) = smp(D;_i[w]), we obtain rank(smp(C7/[f]) : smp(^[w])) and rank(smp(D/[u]) : smp(Ui[v])} 
in time O(k'2 • \gk) and L • O(l] + g • O(fc2 ), for computation and communication respectively, with 
max{r|smp(t/j_i[f]) U smp(A_i[w])|/di], [|smp(t/;[u]) U smp(A[w])|/^2]} processors, where di = I 
and d'2 = k.

[Stage 6] Sequence A+iM and rank-info rank(smp(A[t>]) : smp(Di+ i[v})} [giving invariant 4], are 

computed.

[Analysis of Stage 6] Recall that in stage 3 at node u the procedure computed rank(smp(t//[w;j]) : 
smp(t/;[w;j])), for all 1 < i, j < k, and in stage 5 at node Wj it also computed rank(smp(C7^[wj]) : 
smp(£>/M)) and rank(smp(AM) : smp(Ui[wj}}), for all 1 < j < k. Hence, since Di+ i[v] = 
(JjSmp(Ui[wj]) U smp(AN), for all 1 < j < k, the procedure can trivially compute Di+ i[v] by 
simply adding, for each item x in DI+ I[V], its ranks in smp(Di[u]) and smp(Ui[wj]), for all 1 < j < k.
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This step requires time O(d\ • k) and L • 0(1) + g • O(di • A;), for computation and communication 
respectively, with |~|A+iHI/^il processors, where d\ assumes the value A; or 1 depending on whether 
the sequence A+i [v] satisfies load-balancing property 2 or 3 respectively.

We now consider the problem of determining rank(smp(AH) : smp(A+iH))- Recall that DI[V] is 
obtained by merging \JjSmp(Ui-i[wj]), for all 1 < j < k, and smp(A-iM). Let x be an item in AH- 
The rank of x in smp(AM) and smp(Ui[wj]), 1 < j < k, is known; these ranks are obtained from 
rank(smp(A-i[w]) : smp(AM)) [from invariant 4], rank(smp(A-iM) : smp(Ui[wj])) [from stage 1], 
rank(smp(t//_i[wj]) : smp(A[w])) [from stage 4], and rank(smp(t/;_i[u>j]) : smp(Ui[wj])) [from invari­ 
ant 1 and stage 1], 1 < i, j < k. Thus, the rank of x in smp(A+iM) = UjSmp(Ui[wj]) U smp(AM) 
can be determined by simply adding its ranks in smp(A[uj) and smp(Ui[wj]) : for all 1 < j< k. This 
step requires time O(d\ • k} and L • 0(1) + g • O(d\ • k), for computation and communication respec­ 
tively, with |"|AHI/^il processors, where d\ = 1. Having determined rank(AH : smp(A+iH))> the 
procedure can trivially obtain rank(smp(AH) : smp(A+iH)) within the same time bound.

[Stage 7] Rank-info rank(smp(t/i+iH) : smp(A+iH)) and rank(smp(A+iH) : smp(t//+iH)) [giv­ 
ing invariant 5], is computed.

[Analysis of Stage 7] We first consider the problem of determining rank-info rank(smp(AH) : 
smp(t/j+ iH))- Recall that in stage 5 at node Zi the procedure computed rank(smp(t//[^]): smp(AH)) 
and rank(smp(AH) : smp(Ui[zi])), for all 1 < i < k. Since C/i+iH = U;smp([//[zi]), for all 1 < i < 
k, the procedure can therefore trivially compute rank(t//+iH : smp(AH)) an(^ rank(smp(AH) : 
Ui+i H)j by simply adding, for each item x in AH> its ranks in smp([7/[z;]), for all 1 < i < k. This step 
requires time O(d\ -k) and L-O(l)+g-O(di -A:), for computation and communication respectively, with 
|~|C//+iHI/^il processors, where d\ assumes the value A; or 1 depending on whether the sequence t/^+iH 
satisfies load-balancing property 2 or 3 respectively. Having determined rank(E//+iH : smP(Di[v])) 
and rank(smp(AH) : ^i+iH)? the procedure can trivially obtain rank(smp(t//+iH) : smp(AH)) 
and rank(smp(AH) : smP(^+iH))) within the same time bound.

We now consider the problem of computing rank-info rank(smp(t/zH) : smP(A+iH))- Recall that 
in stage 3 at node u the procedure computed rank(smp(Ui[wj]) : smp(C//H)) and rank(smp(L^H) : 
smp(Ui[wj})), for all 1 < j < k. Moreover, in stage 5 the procedure computed rank(smp(t//H) : 
smp(AM)) and rank(smp(A[w]) : smp(Ui[v])}. Hence, since A+iH — \JjSmp(Ui[wj]) Usmp(AM), 
for all 1 < j < k, the procedure can deduce rank(smp(E//H) : A+iH) and rank(-D/+i [v] : smp(Ui[v])), 
by simply adding, for each item x in A+i H> its ranks in smp(Di [u]) and smp(t// [wj\)i f°r an> 1 ^ J < k. 
This step requires time O(d\ • k) and L • 0(1) + g • O(d\ • k), for computation and communica­ 
tion respectively, with [|A+iHI/^il processors, where di assumes the value A; or 1 depending on 
whether the sequence A+iH satisfies load-balancing property 2 or 3 respectively. Having deter­ 
mined rank(smp(C7/H) : A+iH) and rank(A+iH '• smp(Ui[v])), the procedure can trivially obtain 
rank(smp(C/iH) : smp(A+iH)) and rank(smp(A+iH) : smP(^/H))> within the same time bound. 
By lemma 2.6.2, we have that smp(Ui[v]) is a 2A;-cover for smp(t/i+iH)» an^ similarly, by lemma 2.6.6, 
we have that smp(AH) is a 2A;-cover for smp(A-i-iH)- Additionally, the following information is 
available.

rank(smp(AH) : smp(t/tH)) and rank(smp(t/;H) : smp(AH)) [from invariant 5]. 

rank(smp(AH) : smp(A+iH)) [from staSe 61-
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rank(smp(t/j[t;]) : smp(E7/+1 [v])) [from stage 3].

Since rank-info rank(smp (Di[v]) : smp(E7j+i[u])) and rank(smp(C7/[u]) : smp(A+iH)) is also available, 
by lemma 2.6.7, with X\ = smp(Di+i[v]), X2 = smp(C//+ i[u]), cvr(A"i) = smp(D/[u]) and cvr (X2 ) = 
smp(Ui[v]), we obtain rank(smp(.D/+iM) : smp(Ui+i[v])) and rank(smp(t/z+ i[t>]) : smp(A+iH)), in 
time O(k2 • Igfc) and L • 0(1) -I- # • 0(&2 ), for computation and communication respectively, with
max{[|smp(I)i[t;]) Usmp(t/z[v])|/di], |"|smp(t/([+ i[i;]) Usmp(A+iH)|/d2 l} processors, where d\ — I 
and d2 = k.

[Stage 8] Rank-info rank(t//+i[i>] : smp(Di+ i[v]}) and rank(smp(.D/+ i[i>]) : L^+ i[i;]) [giving invari­ 
ant 6], is computed.

[Analysis of Stage 8] By definition smp(C7j+i[i;]) consists of every fc2 -th item of t/j+i[i>], and thus we 
have that smp(t/;+i[t>]) is a fc 2 -cover of t/j+i[t/|. By lemma 2.6.6, we also have that smp(Di[v]) is a 2k- 
cover for srnp(.Dj+i[v]). Furthermore, in the analysis of stage 7, rank-info rank(smp(Di[v]) : Ui+i[v]), 
rank(smp(t/j+ i[i>]) : smp(Di[v])} and rank(smp(D/M) : smp(Ui+ i[v])) is computed. The following 
information is also available.

rank(smp(I7j+ i[v]) :

rank(smp(.D/[t']) : smp(Di+i[v])) [from stage 6].

rank(smp(t//+i[i>]) : smp(Di+i[v])) [from stage 7].

Thus, by employing lemma 2.6.7, with X\ — Ui+ i[v], X2 — smp(Di+i[v]), CVT (Xi) = smp(Ui+ i[v]) 
and cvr (X2 ) — smp(Di[v]}, we obtain rank(f7/+i[v] : smp(.Df+ i[i>])) and rank(smp(J9;+ i[f]) : C/;+i[fj), 
in time O(k 2 • Igk) and L • 0(1) + g • O(k2 }, for computation and communication respectively, with 
max{[| smp(Ui+i[v]) U smp(D/[v])|/di], [|C7j+i[i>] U smp(Di+i[v])\/d2 ]} processors, where di = 1 and 
d-2 — k.

[Stage 9] Rank-info rank(-Dj+iH : smp(Ui+i[v])) and rank(smp(t/j!+ i[i/]) : Di+i [v]} [giving invari­ 
ant 7], is computed.

[Analysis of Stage 9] By definition smp(D;+ i[t>]) consists of every & 2 -th item of DI+ I[V], and thus 
we have that smp(Z)<-)-i[f]) is a &2 -cover of -Dj+i[t;]. By lemma 2.6.2, we also have that smp(Ui[v]) 
is a 2fc-cover for smp(C7/+ i[i;]). Moreover, in (the analysis of) stage 7 the procedure computed 
rank(smp(t7/[v]) : A+iM), rank(smp(£>j+iM) : smp(Ui[v]}} and rank(smp([//[t>]) 
The following information is also available.

rank(smp(A+iM) :

rank(smp(i7z[?;]) : smp(Ui+i[v])) [from stage 3].

rank(smp(A+iH) : smp(C//+i[u])) [from stage 7].

Hence, by employing lemma 2.6.7, with X\ = Di+i [v], X2 = smp(Ui[v]), cvr(Xi) = smp(Dj+i[u]) 
and cvr(X2 ) = smp(C7/[u]), we obtain rank(A+iM : smp(C/i+i[u])) and rank(smp(t/J+1 [v]) : DI+I[V]), 
in time 0(A;2 • Igfc) and L • 0(1) + g • O(k2 ), for computation and communication respectively, with 
max{f| smp(Di+i[v]) U smp(t//[u])|/dil, [| smp(Ui+i[v]) U Di+i[v]\/d2 ]} processors, where di = 1 and 
d-2 = k.
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[Stage 10] The sequences stored at node v of T are redistributed according to load-balancing prop­ 
erties 1-3.

[Analysis of Stage 10] When this step is executed, every processor holds at most O(k2 ) items, 
hence, this stage requires time O(k2 } and L • (9(1) + g • O(k2 ), for computation and communication 
respectively.

end

Remark In the above procedure (stages 3-9), a sequence S stored at some arbitrary node v might be 
accessed (shared) by at most k nodes. Since however by load-balancing properties 2 and 3, each processor 
stores a segment of S of size at most fc, no processor will receive more than O(k2 ) requests for S, and 
therefore, the overall time complexity of the procedure is not affected.

Analysis The correctness of the algorithm follows from its description and is omitted. We can easily verify 
that the time complexity (over all stages) of procedure MERGE-SORT is O(k2 -Igfc) and L-O(l)+g-O(k2 }, 
for computation and communication respectively. To complete the proof it remains to establish that only 
p processors are required by the procedure. This however is an easy consequence of lemma 2.6.8.

The proposition follows trivially. D

We have therefore established the following result.

Proposition 2.6.8 There exists a p-processor BSP algorithm for sorting a multi-set of size n that for all 
integers n, p and k such that k = max {2, \Vn/p] } and p = O(ri), requires time

Csrt (n,p) = O(k 2 -Ign) 

and

for computation and communication respectively.

Proof Let T1 be the tree that is obtained from T by assigning to each leaf of T a single input item. By 
corollary 2.6.2, the height of T' is O(lgn/lgA;). Therefore, algorithm MERGE-SORT consists of O(lgn/lgA;) 
phases. Furthermore, by proposition 2.6.7 each such phase requires time 0(A;2 -lgA;) and L-O(l}+g-O(k2 ), 
for computation and communication respectively, and the claim follows. D

Proof (of theorem 2.6.7) The theorem follows easily from proposition 2.6.8. n

2.6.8.3 A Lower Bound

In the previous sections, we derived O((n/p) • Ig n) and L • O(lg n/ Ig (n/p)) + g • O((n/p) • (Ig n/ Ig (n/p))) 
computation and communication time BSP algorithms for the problem of sorting n items. The natural 
question is whether this time bound can be improved. We conclude our discussion with an indication 
that i7(lgn/lg (h + 1)) communication rounds is the best that can be achieved, regardless of the number
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of processors, where h > 1 is the maximum number of items that can be transmitted or received by any 
processor in a single communication round. 14 We also show that sorting n items, by storing only O(n/p) 
items per processor, requires the communication of $l((n/p) • (lgn/lg(n/p))) items on a BSP machine 
with any number of processors p < n. Finally, we prove that by combining these two lower bounds we 
obtain that sorting requires L • fl(lg n/ Ig (n/p}} + g • $l((n/p} • (Ig n/ Ig (n/p}}} communication time - thus 
substantiating the claim that our methods are indeed optimal and fully scaleable.

Preliminaries and Notation Lower-bound arguments require a formalized framework in which precise 
statements about the progress of a computation can be made. In the next few paragraphs we establish - 
along the lines of [53] - such a framework. We first provide the following precise definition of a BSP com­ 
putation. A BSP computation consists of a set {pojPi, • • • ,Pp-i} of p processors, a set {mi, ra2,... , mm } 
of m memory locations, an alphabet S, a number of n inputs, and an execution time T. To be consistent 
with the definitions of section 1.2, we assume that p and m are finite integers; this assumption, however, 
can be removed without affecting the results of this section. Computation proceeds in a succession of 
supersteps; a superstep may be conceived as a segment of a computation during which each processor 
performs a given computation thread using data already available there locally before the start of the 
superstep. The thread may include: computation operations on values held locally at the start of the 
superstep, message transmissions and message receipts. At the end of each superstep, all data exchanges 
are assumed to have completed before proceeding to the next superstep. To simplify the exposition we 
assume that remote data exchanges are effected during the superstep that they occur, however, the con­ 
tents of the memory locations associated with such remote data exchanges are assumed to be available 
for access in the next superstep. Moreover, message transmissions and receipts are assumed to be realized 
as /i-relations. That is, the maximum number of messages communicated to or from any processor is at 
most /i, where each message may accommodate the contents of one memory location (word).

Each processor p^ 1 < i < p, consists of a (possibly infinite) state set Q{. At the beginning of superstep 
t, 0 < t < T, processor pi, 0 < i < p, is in state q\ € Qi and memory location rrij, 1 < i < m, contains 
symbol «*• £ S. Processor pi then assumes a new state ql+1 that depends on the contents of the memory 
locations it read at superstep t and its previous state q\. Similarly, memory location rrij assumes a new 
content s*+1 that depends on the values written (or not written) into rrij at superstep t+l and its previous 
content s*-. At superstep zero, processor pi is assumed to be in the distinguished state qf, and memory 
location rrij contains the input Xj G S. That is, s° — Xj, for all 1 < j < n, and s° = e, for j > n, where e 
is some distinguished (possibly blank) member of S.

Indices Affecting a Processor or a Memory Location Let /(#i, #2, • • • •> xn) be a Boolean function 
with n inputs. We shall employ the notation / = x\x<i... xn to denote the input x\, £2,.. - , #2, and I(i} 
to denote the input / whose i-ih. component is complemented. An input I is critical for / if and only if 
y(J) ^ /(/(i)), for all 1 < i < n. Consider the computation of the Boolean function /(xi,X2,... ,xn ) on a 
p-processor BSP machine, where p may be arbitrarily large. Assume that the input values of x\ , x 2 ,... ,xn 
are stored initially in memory locations mi, 7712,... , mn with memory locations mj/1+i,... , m( i+1 ) /l stored 
in the local memory of processor pi, for all 1 < i < \n/h~\. At the end of the computation, the value of 
the function / is to be reflected in the state of processor p0 .

We say that an input index i affects the contents of a memory location I at superstep t on some input

14 In the remainder of this section we use the terms "superstep" and "communication round" interchangeably.
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/ if the contents of / at superstep t with input / differ from the contents of / at superstep t with input 
/(i). Define the set L(l,t,i) as follows.

L(l,t,I) = {i | i affects / at superstep t on input /}.

Similarly, we say that an input index i affects processor q at superstep t on some input / if the state of q 
at superstep t with input / differs from the state of q at superstep t with input I(i}. The set K(q, t, /) is 
defined in a way analogous to that of L(l,t, I).

K(q,tjl) = {i | i affects q at superstep t on input /}. 

The following two lemmas are employed in the proof of the main theorem of this section.

Lemma 2.6.9 If i G K(q,t,I), where t > \, then one of the following two cases must hold.

(1) ieK(q,t-l,T).

(2) Processor q accesses the contents of a memory location I at superstep t on input I, and 
i G L(l,t-l,I).

Proof Let i G K(q,t,I) and i £ K(q,t — 1,1). Then, the state of processor q at superstep t — 1 is the 
same, regardless of whether the input is / or I(i). The only way for the state of processor q to change at 
superstep t is for processor q to access the contents of a memory location I, and the contents of / to be 
different on the inputs / and I(i). This observation implies that i G L(l, t — 1,1), where m is the memory 
location accessed by processor q at superstep t. D

Similarly we can prove the following lemma.

Lemma 2.6.10 If i G L(l,t,I), where t > 1, then one of the following three cases must hold.

(i) i eL(i,t-ij).
(2) A processor q writes into memory location I at superstep t on input I, and i G K(q,t,I}.

(3) A processor q writes into memory location I at superstep t on input I(i).

Proof The proof is similar to that of lemma 2.6.9 and is omitted. D

A Generalized Lower Bound on the Number of Communication Rounds We are now ready 
to state the following lemma, which gives the key fact needed to establish the desired lower bound for the 
BSP model.

Lemma 2.6.11 Let q be a processor of a BSP machine, and let I be a memory location. Then, after 
t supersteps of an arbitrary computation, we have \K(q,t,I)\ < h • (h2 + 4 • h + 4)* and |L(/,t,/)| < 
h • (h2 + 4 • h + 4) f , where h > 1 is the maximum number of messages that can be transmitted or received 
by any processor in a single communication round.



2.6 Sorting 98 

Proof Let Kt and Lt satisfy the recurrence equations:

h if £ = 0, 
Kt-i + h • Lt-! if t > 0,

X

and

i h if t = 0 
* I (h + 3) • Kt~! + (h-(h + 3) + l)- Lt-! if t > 0

V

We prove by induction the following claim.

Claim 2.6.7 \K(q,t,I)\ < Kt and \L(l,t,I)\ < Lt , for any t > 0.

Proof We start with the base case t = 0. Initially, each processor maintains in its local memory at most 
h input symbols. Since at the beginning of superstep zero only the contents of local memory locations 
can affect processor q and at most one index can affect any memory location (if an input is stored in that 
location), we have that \K(q, 0,7)| < h. Similarly, by the end of superstep zero at most h indices can 
affect the contents of any memory location /; that is, if the processor associated with memory location I 
decides to write its state into /. Hence, |L(/,0,7)| < /i, and the base case follows.

Suppose that the induction hypothesis holds for K(q, t, 7) and L(l, £,7), £ > 0. We show that the claim 
holds for K(q, t + 1,7) and L(/, t + 1,7). By assumption, the maximum number of messages communicated 
to or from any processor is at most h, where each message may accommodate the contents of one memory 
location. Hence, lemma 2.6.9 implies that K(q,t + 1,7) C K(q,t,I)\JiL(mw^,t,I), 1 < i < h. Therefore,

\K(q,t+l,I)\ < \K(q,t,I)\ + h-\L(l,t,I)\ <Kt + h-Lt , (2.11)

and the inductive claim for K(q,t + 1,7) follows. To obtain a bound on \L(l,t + 1,7)| we employ 
lemma 2.6.10. Then, if i G L(l, t + 1,7) one of the following three cases must hold.

(1) t<

(2) A processor q writes into memory location / on input 7 at superstep t + 1, and i G K (g, t + 1,7). 
By assumption, the maximum number of messages that can be communicated to the processor 
associated with memory location / is at most h, where each message may accommodate the 
contents of one memory location. We therefore deduce that the maximum number of messages 
hi that can be communicated (in this step) to memory location I is h.

(3) A processor q writes into memory location / at superstep t + 1 on input I(i). In the latter 
case, we say that index i causes processor q to write into memory location / at superstep t + 1 
with input 7. Similarly to the previous case, the maximum number of messages /i2 that can 
be communicated (in this step) to memory location / is h — hi.

Hence, if /i2 = 0, then

(2.12)



2.6 Sorting 99

otherwise

\L(l,t + l,I)\<\L(l,t,I)\ + \Y(l,t + l,I)\ + h1 -\K(q,t+l,I)\, (2.13)

where Y(l, t + 1, /) denotes the set of those indices that cause some processor q to write into / at superstep 
t+l with input /, hi = h ~ /i2 , and /i2 > 1. The goal is to obtain an upper bound on \Y(l, t + 1, /)|.

Let Y(l, t+l, I) — {2/1,7/2, • • • >2/r}> where r = \Y(l,t+l,I)\, and suppose that index yi causes processor 
Pw(i) to write into / at superstep t + l with input /, 1 < i < r. That is, processor pw (i) writes into / at 
superstep t + 1 on input I(yi).

Claim 2.6.8 IfY = {yUl ,yU2 ,... ,yUh2+1 } is a subset of Y (I, t + l, 1} ofsizeh2 + l, such that for any pair 
yu' € Y, pw ( u ) ^ Pw(u'), then there is a pair yz , yz i G Y such that yz ^ yz > and yz affects processor 
') at superstep t + 1 on input I(yz>).

Proof We prove the claim by contradiction. Suppose that there is no pair yz , yz > G Y such that yz / yz > 
and yz affects processor pw ( z >) on input I(yz '} at superstep t + l. Then, on input I(yUl )(yu2 ) • • • (yUh2+1 ) 
processors pw (ui),Pw(u2 )i • • • ,Pw(uh +i ) write into memory location I at superstep t+l, which is not 
possible in our model, since the maximum number of messages that can be communicated to any memory 
location in a single communication round is at most h = hi + h% . d

We next show that r < (h2 + 3) • Kt+i, I < h2 < h. The proof is by contradiction. Suppose that 
r > (h-2 + 3) • Kt+i. Along the lines of [53], we construct the bipartite graph G = (Y U V, E) consisting 
of the set of vertices, Y — Y(l,t+ 1,1) = (2/1,2/25 • • • , 2/r} and V = {v\, v2 , • • • ,vr }, where the v 's are any 
r distinct new vertices. We say that there is an edge between yi and Vj if and only if yi affects pw (j) at 
superstep t + 1 on input I(yj). To get the desired bound on r, we derive upper and lower bounds on the 
number \E\ of edges in G.

By the construction of the bipartite graph, for each vertex Vj, we have at most K(pw^,t + l,I(uj)) < 
edges. Therefore, we obtain the following upper bound on the number \E\ of edges in G.

\E\<r-Kt+i.

To obtain a lower bound on \E\ we proceed as follows. Let Q denote the set of sub-graphs of G, such 
that for any sub-graph G = (Y U V, E) in Q the following two conditions are satisfied:

(1)

(2) for any pair yu , yu > in F, pw(u) ^ pw ( u>).

Then, by claim 2.6.8, G contains at least one edge of G. We therefore obtain that \E\ > \Q\. It is 
not difficult to verify that by placing a vertex y^ G Y(l,t + 1,1) in G we disqualify at most Kt+i other 
vertices from being placed in G, since there are at most \K(pw^),t +!,/)) < Kt+i indices yj such that 
Pw(i) — Pw(j)- Hence, we obtain the following bound on the size of Q.

\r\ -> r-(r-Kt+i)-...-(r-h2 -Kt+l )
\y\ — CU i 1 M (A12 + 1)!
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Combining this inequality with the facts that r > (h2 + 3) • Kt+i, \E\ < r • Kt+1 , and \E\ > \Q\, we obtain 
that

r .K

r/Kt+i r/Kt+i - 1 r/Kt+i - ~ t+l ' h2 + 1 ' ——hi—— ' ''' ' ———1

Since /i2 > 1 and Kt+\ > 1, this inequality implies that

which cannot be true, since we have assumed that r > (/i2 + 3) • Kt+i- Hence, we conclude that r < 
(h-2 + 3) • Kt+i. We therefore obtain, by way of equations 2.11, 2.12, and 2.13, the following bound on

\L(l,t+lJ)\ < Lt + (hy + 3) • Kt+l + hi • Kt+i
+ h- Lt )

= L

The claim follows. D

We can now complete the proof of the lemma by establishing bounds on Kt and Lt. We can verify that 
the recurrences defining Kt and Lt have the following solutions.

Kt =
Lt =

where pi = ((h2 + 3 • h + 2) + (h + 2) • V/i4 + 6 • /i3 + 13 • h2 + 12 • /i)/2, p2 = ((h2 + 3 • h + 2) - (h + 
2) • v//i4 + 6 • h3 + 13 • h2 + 12 • /i)/2, a< = (-h • pi + (h3 + 2 • h2 + h))/(2/pi - (h2 + 3 • h + 2)) and 
bj_ = (—h • pi — (h2 + 2 • ti)}/(1/ pi — (h2 + 3 • h + 2)), 1 < i < 2. 15 Hence, after some calculations, we obtain 
that Kt < h • (h2 + 4 • h + 4)* and Lt < h • (h2 + 4 • h + 4) f , and the lemma follows. D

15 Bounding Kt and Lt. Let

f h ift = 0,
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Specific Lower Bounds on the Number of Communication Rounds

Theorem 2.6.8 Let f : {0, l}n ->• {0,1} have a critical input. Then, ft(lgn/lg(/i + 1)) supersteps are 
required to compute f on a BSP machine with any number of processors, where h > 1 is the maximum 
number of messages that can be transmitted or received by any processor in a single superstep.
and

j h if t = 0, 
*~{ (h + 3)-Kt -i+(h-(h + 3) + l)-Lt-i ift>0.

We derive closed forms for Kt and Lt by using generating functions. From the above definitions we have

Kt = Kt-i + h • L t -i + h • [t = 0],
L t = (h + 3)-Kt-i + (h-(h + S) + l)-Lt-i+h-[t = Q],

for all n. Then, for K(z) = Z) t fc* • z* and L ( z ) = ^>t lt' z* ^ is not difficult to verify that

K(z) =

t t 
= z • K(z) + h • z • L(z) + h,

and similarly,

L(z) =
t t t 

= (h + 3) • Y^ kt • z t+1 + (h-(h + 3) + l)-^lf zt+l + h\ / ^^^^ " \ v / ' ^^.^

t t 
- (h + 3) • z • K(z] + (h • (h + 3) + 1) • z • L(z) + h.

This system of two equations in two unknowns yields

The required closed forms for Kt and Lt are, respectively, the coefficients of z4 when K(z) and L(z) are expanded in a power 
series. The following result due to [103] is employed to compute these coefficients.

Lemma 2.6.12 ([103]) // R(z) = P(z}/Q(z}, where P and Q are polynomials, Q(z) = q0 • (1 - pi • z) •... • (1 - pk • z), and 
the numbers pi,... ,pk are distinct, and if P(z) is a polynomial of degree less than k, then the coefficient of z t in R(z) is

oti • PI + . • • + otk • pi. where a; = —~̂d

In our case we have

Q(z) = l-(h2 +3-h + 2)-z +

= (1-P1-Z)(1- P2 -Z)

and, 4g-(z) = -(h2 + 3 • h + 2) + 2 • z, where pi = ((h 2 + 3 • h + 2) + (h + 2) • v//i 4 + 6 • h3 + 13 • h 2 + 12 • h)/2 and 
p2 — ((h 2 + 3 • h + 2) - (h + 2) • Vh4 + 6 • h3 + 13 • h 2 + 12 • h)/2. Therefore, after some calculations, we obtain from 
lemma 2.6.12, and equations 2.14 and 2.15 that

Kt = 01 • p\ + ai • p\ 

Lt = bi-pl+bz-p^,

where Oi = (-h • Pi + (h3 + 2 • h 2 + h))/(2/Pi - (h2 + 3 • h + 2)) and b{ = (-h • Pi - (h 2 + 2 • h))/(2/Pi - (h 2 + 3 • h + 2)), 
1 < i < 2.
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Proof According to our conventions, the output value should be reflected in the state of processor po 
at the end of the computation. Thus, the number of indices that must affect processor p0 is n; that is, 
\K(po,t,I)\ > n. By lemma 2.6.11, we have that h • (h2 + 4 • h + 4)* > \K(p0 ,t,I)\ > n, and hence the 
theorem follows. D

Using the fact that there is a simple reduction from the problem of computing the Boolean OR of n 
inputs to the problem of sorting a multi-set of size n, and the fact that the OR function has a critical 
input [53], we derive the following result.

Theorem 2.6.9 The problem of sorting a multi-set of size n, requires fi(lgn/ Ig (h + 1)) supersteps on a 
BSP machine with any number of processors, where h > 1 is the maximum number of messages that can 
be transmitted or received by any processor in a single superstep.

A Lower Bound on the Number of Messages Communicated Along the lines of [4], we establish 
the following bound on the communication requirements of BSP sorting.

Theorem 2.6.10 The problem of sorting a multi-set of size n, by storing only O(n/p] items per processor, 
requires the communication of $l((n/p] • (lgn/lg(n/p))) items on a BSP machine with any number of 
processors p < n.

Proof Let A be some BSP sorting algorithm, and let Ui — Ci • (n/p) denote the number of data items 
residing in the local memory of processor PJ, 0 < i < p, for some positive constant a. Moreover, let TTI 
denote the number of relative orderings that can be distinguished by algorithm A, at the beginning of the 
computation, by only comparing the items that reside in the local memories of the p^s, for all 0 < pi < p. 
Then,

p-l p-l x \ c-(n/p)

where c — max; {cj}. Furthermore, let m denote the maximum number of items communicated to or from 
any processor during the communication steps of algorithm A. Then, the additional number of relative 
orderings ^2 that can be distinguished by algorithm A is bounded above by,

p-i p-i / N m7r2 <n^<n( c --) '
i=0 ,ti0 V pJ

where c = maxj {Q}. Thus, the overall number of permutations TT that can be distinguished, is bounded 
above by,

P-l , \ c-(n/p) P-l / _,\"i / r.\P'(c-(n/p)+m) 
^ TT / n \ TT / n \ I n \ 7r = 7Ti -7T2 < II C-- 'II C '~ =C '~ 
f=\\ PJ tL0 \ PJ \ PJ

Let U denote the total number of relative orderings that can be distinguished by algorithm A. Then,

( \ p-(c-(n/p)+m) 
c--) 

PJ
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and therefore,

n
p • Ig (c • (n/p)) p' 

Since U > n!, we obtain, for p < n,

n • Ig n n / n Ig n»" > —r~?—/ / NN -c- - = n - • ——
p- lg(c • (n/p)) p \p 

The desired result follows. D

A Lower Bound on both the Number of Communication Rounds and the Number of Mes­ 
sages Communicated By combining the results of theorems 2.6.9 and 2.6.10 we obtain the following 
bound on BSP sorting.

Theorem 2.6.11 The problem of sorting a multi-set of size n, by storing only O(n/p] data items per 
processor, requires time fi((n/p)-lgn) ane?L-fi(lgn/lg(n/p))+#-f2((n/p)-(lgn/lg(n/p))) ; for computation 
and communication respectively, on a BSP machine with any number of processors p < n.

Proof The bound on the computation time is trivial [133], and the lower bound on the communication 
time derives directly from theorems 2.6.9 and 2.6.10. D

2.6.8.4 Applications of Sorting in Computational Geometry Algorithms

We have presented in section 2.6.8 a variant of the pipelined divide-and-conquer strategy of [47] as applied 
to the following problem.

Problem Given a fc-ary tree T such that each leaf node contains a single input item drawn from a linearly 
ordered set, determine, for each internal node v, the non-decreasing sequence S[v] that contains all the 
items initially stored at the leaves of the sub-tree rooted at v.

In theorem 2.6.7, we established that such a computation can be handled in time O(n • lgn) and 
L • O(lgn/lg(n/p)) + g • O((n/p) • lgn/lg(n/p)) for computation and communication respectively. The 
significance of the aforementioned algorithm - for the scope of this section - derives from the fact that 
when the algorithm terminates, we can assume that we have the non-decreasing sequence S[v] at each 
node v and the rank-info rank(5'[zj],Sr [u]), where Zj is a child of v, I < j < k. In addition, the sequences 
generated at each sibling pair of nodes are cross-ranked. Therefore, if zi, for all 1 < i < k, are the children 
of v, then the predecessor of an arbitrary element of S[zj] in the sequences S[zi], for all 1 < i < k, can be 
efficiently determined. It is this very property of the pipelined merge-sort algorithm of section 2.6.8 that 
is exploited in a multiplicity of previous approaches in order to realize optimal computational geometry 
algorithms [16, 50, 119]. The following problems admit optimal solutions on the PRAM model by way of 
the pipelined merge-sort method.

- Segment intersection detection, trapezoidal decomposition, planar-point location, fractional 
cascading, three-dimensional maxima, two-set dominance counting and visibility from a point
[16].
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- Convex hull construction and all-nearest neighbors [50].

It is our belief that by employing the pipelined merge-sort algorithm of section 2.6.8 it is possible to 
derive communication efficient BSP solutions for the aforementioned problems - there is no fundamental 
impediment known that would preclude this derivation done by communication efficient BSP algorithms. 16

2.6.9 Duplicate Item Handling

The explicit assumption in the analysis of the sorting algorithms of sections 2.6.6 and 2.6.7 is that items 
are unique; in case of duplicate items, the optimality bounds presented in the aforementioned sections 
do not apply. To remedy the situation, in the remainder of this section we present a simple scheme for 
handling duplicates. 17

The algorithmic scheme that follows pertains to procedure DET_SORT of section 2.6.6; a similar scheme 
can be applied to procedure RND_SoRT of section 2.6.7. Recall that algorithm DET_SORT consists of 
two sub-procedures: SEQUENTIAL_SORT and RECURSIVE-SORT. Procedure SEQUENTIAL_SORT is imple­ 
mented by means of some stable sequential sorting algorithm. In procedure RECURSIVE_SORT all items 
are appended the address of their memory location. The attached information is only used in stages 2-4 
(note that these stages require distinct items to achieve stability and load-balance). The computation and 
communication cost of these stages is within the lower order terms of the analysis of section 2.6.6, and 
therefore, the optimality claims are not affected by the aforementioned algorithmic scheme.

2.7 Converting Sorting Algorithms into Fast Randomized Ones 
through Searching

In this section we design, analyze and implement an algorithmic transformation for converting sorting 
algorithms to fast randomized ones via searching. For the sake of simplicity, in the remainder of this section, 
we confine the study of the algorithmic transformation to the sequential case; then, the generalization to 
the parallel case is trivial. 18 The material of this section is based on the following papers:

(1) "Converting sorting algorithms to fast randomized ones via searching." Submitted for journal 
publication, 1996 [83]. Also as Technical Report PRG-TR-22-97, Computing Laboratory, 
Oxford University, June 1997 [91].

2.7.1 Preliminaries and Notation

Let X = (#1, x2 ,... , xn ) be a sequences whose items belong to a universe U equipped with a total order < 
that can be evaluated in constant time by one processor for any given pair of arguments. Without loss of

16 Unfortunately, the underlying details of these solutions are rather complicated and technical, and therefore, beyond the
scope of this work.

17 One way to allow duplicates is by making items distinct. This can be achieved by attaching to each item the address of
the memory location it is stored in. For data types whose bit or byte length is comparable to that of their memory location, 
such a transformation leads - in most cases - to doubling the overall number of comparisons performed. For more complex 
data types such as strings of characters the extra cost may be negligible.

18 Recall that the discussion of this section is motivated by the assumption in section 2.6.7 that the multiplicative constant 
factor associated with the time complexity of sorting is larger than the multiplicative constant factor associated with the 
time complexity of binary searching. In this section we study the validity and implications of the aforementioned claim both 
theoretically and experimentally.
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generality, we assume that all the items appearing in sequence X are distinct - if the items are not distinct 
we can make them so by appending to them their index. Additionally, let SEQ_SORT be a sequential sorting 
procedure, and similarly, let SEQ_SEARCH be a sequential searching procedure. We consider, in this 
section, the problem of providing a sequential randomized procedure (SEQ_RND_SORT), that is based on 
procedures SEQ_SORT and SEQ_SEARCH and that with high probability requires less time than SEQ_SORT 
for sorting sequence X into a non-decreasing sequence - say (x7r ( 1 ),... , £„•(„)) — non-decreasing(X).

2.7.2 Cost Model

The performance of the algorithmic transformation of this section is specified as follows. Constant 0(1) 
time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel-prefix computations. Furthermore, for some constants csrt and csrch, time csrt -n-lg7 n 
and csrch • lg13 n is charged respectively for sorting a sequence of size n and for searching (for a single item) 
in a non-decreasing sequence of size n.

2.7.3 An Algorithmic Transformation

In this section, we provide an algorithmic transformation for converting sorting algorithms to fast random­ 
ized ones via searching that is based on over-sampling techniques [75, 183]. In particular, we claim that, if 
SEQ_SORT is a sequential sorting procedure and SEQ_SEARCH is a sequential searching procedure - with 
time complexity csrt • n • lg7 n and csrch • \g^ n respectively - then there exists a randomized sequential 
sorting procedure SEQ_RND_SORT that requires time (with high probability) (csrch + 0(1)) ' n ' lg n -

Informal Description of Algorithm The optimal randomized sequential sorting algorithm is ba..sed 
on over-sampling techniques and is ri.or.i-iterative in nature. Initially; a sub-sequence is constructed (in 
a randomized way) that is an appropriate over-sample of the input. Subsequently, the so constructed 
sub-sequence is sorted, by means of the given sequential sorting algorithm, and a sub-sequence of size 
k -- I (where />: is appropriately chosen) is constructed that is an appropriate sample of the resulting sorted 
sequence. This sample is employed to partition, by means of the given sequential searching algorithm, the 
input into k non-overlapping partitions. Finally, each partition is independently sorted, by means of the 
given sequential sorting algorithm.

Our main result is summarized in the following theorem.

Theorem 2.7.1 Consider sequential sorting and searching algorithms with execution times csrt • n • lg7 n 
and csrch ' lg n respectively, where 0 < /3 < 7. Then, for any constant p > 0, there exists a randomized 
sequential algorithm for sorting a sequence of size n that requires [with probability I — O(np )J time (csrch +

Proof We assume that the input is in array X[l,2,... , n]. The following auxiliary arrays are also 
required: T[l,2,... ,n] holds the sorted output, and A[l,2,... ,n - k + 1], C[0,1,... ,fc], D[0,1,... ,fc], 
S[l, 2,... , k • s — I] and S[l, 2,... , k — I] provide temporary working space, where k, s > I and k • s < n. 
The space requirements can be reduced by re-utilizing unused space, that is, arrays T and S are necessary 
and sufficient for the algorithm to execute. We also assume the existence of a random number generator, 
realized by function RND(A;), that generates uniformly distributed integers in the range [0,1,... ,& — !]. 

Let SEQ_SORT be the sequential sorting procedure, and similarly, let SEQ_SEARCH be the sequential 
searching procedure. The resulting procedure is presented in figure 2.44. With reference to this figure
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the following conventions apply. Procedure SEQ_SORT(X, n] requires two parameters: (i) the sequence 
of items X to be sorted, and (ii) the cardinality n of set X. Procedure SEQ_SEARCH(X ,X, n) returns the 
rank of x in X and requires three parameters: (i) the element x to be located, (ii) the ordered sequence 
X to be searched, and (iii) the cardinality n of sequence X.

begin PROCEDURE SEQ_RND_SORT (X, n}
1. for i = I to k • s — I
2. do let r = RND(n - i + 1) + 1 ;
3. let S[i\ = X[r] ;
4. let X = X - X[r] ;
5. SEQ_SORT(S, k-s-l) ;
6. for i = 1 to k — 1
7. do let S\i] = S[i • s] ;
8. \etX = X\j(S-S);
9. for i — Iton — fc + 1
10. do let A[i] = SEQ_SEARCH(X[i], S, k - 1) ;
11. for i = 1 to k
12. do let C[i] = 0 ;
13. for i = lton — k + 1
14. do let C[A[i\] = C[A[i}} + I ;
15. for i = 2 to k
16. do let C[i] = C[i\ + C[i - I] ;
17. let D[i] = C\i] ;
18. for i = n — k + 1 downto 1
19. do\etT[C[A[i\]]=X[i];
20. let C[A[i]] = C[A[i]] - 1 ;
21. let £>[0] = 0 ;
22. for i = I to k
23. do SEQ_SoRT(T[D[i -!] + !,..., D[i]], D[i] - D[i - I}} ;
24. T = TUmergeS

end SEQ_RND_SORT

Figure 2.44: Procedure SEQ_RND_SORT.

Analysis In lines 1-4, a sample S of size k • s — 1 is selected at random without replacement among 
the n input items of X. The "over-sampling" parameter s is chosen so that it satisfies the conditions 
of lemma A.2.2. We note that the operation X — X — X[r] can be easily implemented by swapping 
elements X[r] and X[n — i + 1]. Hence, this step requires time O(k • s). In line 5 the sample S of size 
k • s — 1 is sorted by employing procedure SEQ_SORT. By the definition of procedure SEQ_SORT, this step 
takes time csrt • (k • s) • lg7 (k • s). In lines 6-7, the sorted sample S is employed to determine in O(k) 
time the sub-sequence 5 of k — I splitters that evenly partition 5. In lines 8-10, the bucket destination 
of each element in X — S is determined with respect to the k — I splitters by employing procedure 
SEQ_SEARCH. Since, \X — S\ = n — k + l, by the definition of procedure SEQ_SEARCH, this step takes time 

• (n — k +1) • lg^ (k - 1). In lines 11-20, the items in X - S are redistributed according to their bucket
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destination. This step is equivalent to one of integer sorting [133], where the n — k+1 integers to be sorted 
belong to the range [1, 2, ... , k], induced by the k - 1 splitters. It follows that this step takes time O(n). 
Subsequently, in lines 21-23, the items in each bucket are sorted by employing procedure SEQJSORT. By 
way of lemma A. 2. 2, the size of each bucket is bounded above by [~(1 + e) • (n - k + l)/Af| with high 
probability, for some appropriately chosen 0 < £ < 1. Hence, by the definition of procedure SEQ_SORT, 
this step requires time csrt • (1 + e) • (n - k + 1) lg7 ((1 + e) • (n - k + l)/k) with high probability. Finally, 
in line 24, the sorted sequence of splitters S is merged with the sorted sequence of items. We note that 
no actual merging has to occur since, by way of the analysis of lines 8-20, the rank of S in the sorted 
sequence of items is already known. Hence, this step requires time O(k). We conclude that with high 
probability the overall time of algorithm SEQ_RND_SoRT is bounded above, for 0 < e < 1, by

Csrch • (n - & + 1) • h/ (& - 1) + O ((n - k + 1) • lg7 (U ~ f + ^ + (k • s) • lg7 (k • s) + nV
V * /

Then, for any constant p > 0, by substituting in the aforementioned expression and in lemma A. 2. 2 for 
constant 0 < e < 1, s = 0(lgn) and k = n/(lg1+7 n), we obtain that procedure SEQ_RND_SoRT requires 
time [with probability 1 — O(n~p )] (csrch + 0(1)) -n-l^ n.

Remark A tighter probabilistic analysis reveals that the success probability of the algorithm implied in 
the aforementioned theorem can be shown to be

1 - O

for any constant p > 0 and 6 > 0. 

The theorem follows, n

In practical applications procedure SEQ_SEARCH realizes a binary search method, and therefore, re­ 
quires csrch • Ign time, for some constant csrch > 0, to search for an item in a sequence of size n. Hence, 
ft = 1 in the previous analysis, and our method can be used to speedup asymptotically any sorting pro­ 
cedure SEQ_SORT with time complexity csrt • n • lg7 n, where 7 > 1. For the special case 7 = 1 [115, 133], 
our method provides an algorithm that improves upon the multiplicative constant factor of the underlying 
sorting algorithm, provided that csrt > csrch-

It is not difficult to verify that the parallelization of the sequential algorithmic transformation of this 
section is straightforward, given parallel versions of procedures SEQ_SORT and SEQ_SEARCH. In fact, the 
randomized algorithm of section 2.6.7 is a special case of the algorithmic transformation of this section - 
SEQ_SORT is realized by means of a sub-optimal BSP sorting algorithm and SEQ-SoRT by means of an 
optimal BSP searching algorithm based on ordered /i-level graphs (refer to section 2.9.4).

2.7.3.1 Implementation and Experimental Results

In this section we discuss an implementation - in C - of a variant of the randomized sequential algorithmic 
transformation of section 2.7.3. 19 _____

19 We decided to study the sequential version (as opposed to the BSP version) of the randomized algorithmic transformation 
on a twofold basis: (i) the performance of the resulting BSP sorting algorithm can be extrapolated from the performance of the 
sequential sorting algorithm (by independently considering the performance of the BSP implementations of the constituent 
parts of the algorithm), and (ii) the resulting sequential sorting algorithm can be easily compared to previous (well-known) 
approaches on sorting.
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Implementation The prototype adopted for the sequential randomized sorting procedure is outlined 
in figure 2.23.

void rnd.sort (byte *src, byte **trg, int n, int sb, int (*search)(), void (*sort)(), int (*cmp)()) ;
src - input array.
trg — output array.
n - input size.
sb - item size.
search - generic search function.
sort - generic sort function.
cmp - generic compare function.

Figure 2.45: Procedure for sequential randomized sorting.

The aim of function (procedure) rncLsort is to provide a data-type independent high-performance 
randomized sorting algorithm implementation. 20

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.7.1. 
To determine the practical significance of the aforementioned result we benchmarked our implementation 
(rnd_sort) on a machine with a varying number of input sets (consisting of uniformly distributed integer 
valued items - unless otherwise indicated). Figures 2.46, 2.47 and 2.48 present the execution time of 
procedure rnd_sort (modified merge sort (M*), quick sort (Q*) and heap sort (H*) as suggested by the 
algorithmic transformation of section 2.7.3) along with the execution time of the corresponding unmodified 
comparing algorithms - merge sort (M) [133], quick sort (Q) [115] and heap sort (H) [133]. 21

As shown in figures 2.46, 2.47 and 2.48, the execution time of procedure rnd_sort scales with the input 
size (approximately as n • Ign). Additionally, as the problem size increases, the performance of procedure 
rnd_sort converges, for all three underlying algorithms, to the practical performance of binary search. 
Both experimental results are in accordance with the theoretical analysis of section 2.7.3. In most cases 
of interest, our randomized algorithms outperform the corresponding comparing algorithms by a wide 
margin. Figure 2.49 establishes the aforementioned claim.

Obviously, as indicated in figure 2.49, the speedup of our randomized algorithms is consistently greater 
than 1 (for all large enough problem sizes), and ranges from 0.88 to 2.87.

2.8 Selection
In this section we design, analyze and implement BSP algorithms for a fundamental combinatorial oper­ 
ation, namely selection. The selection operation [133] has always been a fruitful research topic both in 
sequential [39, 70, 118, 128, 133, 166, 191] and parallel computation [6, 27, 49, 187, 208, 175]. Parallel 
selection is a frequently recurring operation in computer science and is fundamental for many parallel 
applications, such as improving the performance of parallel priority queues and implementing branch- 
and-bound algorithms [27, 78, 79, 189]. The material of this section is based on the following papers:

20 The terms generic and data-type independent imply that procedure rnd_sort can be employed to handle any data type. 
To this end, a comparison function cmp is used to facilitate the comparison of two elements e\ and e-i. In particular, the cmp 
function returns 1, 0 or -1 depending on whether e\ is greater, equal or smaller than e^.

21 Algorithms merge sort (M*), quick sort (Q*) and heap sort (H*) result from applying the algorithmic transformation of 
section 2.7.3 to the well-known algorithms merge sort (M) [133], quick sort (Q) [115] and heap sort (H) [133].
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(1) "Portable and scaleable algorithm design on the IBM SP2: The bulk-synchronous parallel 
paradigm." In Proceedings of the Sup-Eur'96 Conference, Krakow, Poland, September 1996 
[11].

(2) "Deterministic sorting and randomized median finding on the BSP model." In Proceedings of 
the 8-th ACM Symposium on Parallel Algorithms and Architectures, Padova, Italy, June 1996 
[77].

(3) "Concurrent heaps on the BSP model." Technical Report PRG-TR-14-96, Computing Labo­ 
ratory, Oxford University, June 1996 [78].

(4) "Selection on the bulk-synchronous parallel model with applications to priority queues." In 
Proceedings of the International Conference on Parallel and Distributed Processing Techniques 
and Applications, Sunnyvale, California, USA, August 1996 [79].

(5) "Selection on the BSP model with applications to parallel priority queues." Submitted for 
journal publication, 1997 [94].

2.8.1 Preliminaries and Notation

Let X = (xi,x2 ,... ,xn ) be a sequence whose items belong to a universe U equipped with a total order 
< that can be evaluated in constant time by one processor for any given pair of arguments. Without loss 
of generality, we assume that all the items appearing in sequence X are distinct - if the items are not
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Figure 2.49: Speedup on a SGI Power Challenge for randomized merge sort (M*), 
quick sort (Q*) and heap sort (H*) with respect to merge sort (M), quick sort (Q) and 
heap sort (H) respectively - uniform distribution (U).

distinct we can make them so by appending to them their index. We consider, in this section, the problem 
of selecting from sequence X the C-th smallest item - say, e = xn(c), where (x 7r ( 1 ),x7r (2), . . . , x 7r ( n)) is the 
sequence X in non-decreasing order.

2.8.2 Cost Model

The performance of the BSP selection algorithms of this section is specified as follows. Constant 0(1) 
time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel-prefix computations. Furthermore, constant time csei is charged for each comparison 
followed by a counter increment - within the context of this section we denote cse i by c* .

Optimal 0(n) time sequential selection algorithms are well-known [54, 133]. In the following sections, 
we design, analyze and implement a simple optimal BSP selection algorithm - optimality is realized for 
an ample range of the BSP parameters.

2.8.3 Related Work and New Results

There has been a significant amount of previous work - mainly on the PRAM model - on parallel selection 
(e.g., [6, 49, 187, 208] on the PRAM model, [27] on the BSP* model, 22 [175] on the hyper-cube model). 
The exhibit in table 2.7 summarizes the aforementioned results with respect to the following statistics: 
computation time, communication time, multiplicative constant factors, implementation effort and amount 
of parallel slackness (in terms of maximum number of processors) required to achieve optimality. To 
simplify the exposition, selection is assumed to transpire on an input set of uniformly distributed items. 

With reference to table 2.7 we note that the optimal randomized algorithm of [187] employs a non- 
standard (stronger) PRAM model, and therefore, compares unfairly with other algorithms.

22 The BSP* is an augmentation of the standard BSP model that takes into explicit account the size of communicated 
messages. The standard BSP model may also take message size into consideration by absorbing message size, for small 
messages, into one of its parameters, L, and for large messages, into another parameter, g.
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The optimal BSP selection algorithm of section 2.8.5 improves upon previous approaches on the fol­ 
lowing particulars:

(1) the asymptotic communication time requirements of [6, 27, 49, 175, 187, 208], 23

(2) the multiplicative constant factor requirements of [6, 27, 49, 175, 187, 208],

(3) the implementation effort requirements of [49, 208], and

(4) the parallel slackness requirements (to achieve optimality) of [6, 27, 49, 208].

The principal contribution, however, of the selection algorithm of section 2.8.5 is attributed to the sim­ 
plicity of the underlying BSP algorithm (refer to case 3), the low communication cost (refer to case 1), 
and the small constant multiplicative factors (refer to case 2). Additionally, our techniques provide tighter 
probabilistic bounds than previous randomized methods [27, 175, 187] and one- optimality for an ample 
range of the BSP parameters.

2.8.4 A Randomized Sorting Algorithm with nl+€ Processors

In this section we present a simple randomized BSP algorithm for the problem of sorting n items with 
p — n l+e processors, for any constant 0 < e < 1. The algorithm is a non-trivial generalization of an algo­ 
rithm due to [167]; the fundamental difference between our randomized algorithm and the deterministic 
algorithm of [167] is that our methods are based on random-sampling techniques [75] and exclusively uti­ 
lize broadcast, parallel-prefix and regular-routing operations. The algorithm is employed as an auxiliary 
routine for the randomized selection algorithm presented later in this work.

Informal Description of Algorithm The randomized sorting algorithm is an imiucxhate iterative 
^Hiaptatioi! of the sorting algorithm, of section 2.6.5 ••••• with the utilization of the over- samp ling ic!oas for 
rli.0 act lUiJiza.tion of the iterative process.

The main result of this section is summarized in the following theorem.

23 The o(n/p] term in the communication time requirements of [27] is asymptotically larger than the corresponding term 
in our algorithm.
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Theorem 2.8.1 For any constant p > 0 and 0 < e < 1, there exists a randomized p-processor BSP 
algorithm for sorting a multi-set of size n, that for all integers n and p such that p = fJ(n1+e ), requires 
time [with probability I — O(n~p }] O(l/e • Igp) and L • O(l/e • Igp) + g • O(l/e • Igp), for computation and 
communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.8.1 follows easily as a 
consequence of these results.

The general formulation of our algorithm is as follows. Initially, the p processors select a sample of 
size y/p and sort this sample by performing all possible (^/p- (^/p~ l))/2 comparisons in constant time by 
utilizing all p processors. A parallel-prefix sum operation on the results of the comparisons determines the 
rank of each item in the final sorted sequence (for a detailed discussion of this method refer to section 2.6.5). 
The time of this sorting step is thus dominated by that of the parallel-prefix operation. Subsequently, a 
subset of the sample consisting of k — 1 = o( v/p) items (splitters) is chosen. The input items are then 
partitioned into k buckets (as induced by the k — l splitters) by a search procedure that exclusively utilizes 
parallel-prefix and regular-routing operations. The k buckets are then sorted recursively by allocating the 
same number of processors to each bucket. The recursion terminates when the size of each bucket is at 
most the square root of the number of processors allocated to it; then, the algorithm previously employed 
for sample sorting is used to sort the items within each bucket.

In the following paragraphs we sketch a deterministic BSP algorithm for the following searching prob­ 
lem.

Problem Given a multi-set of n items X = (xi,X2, • • • , xn } and a sorted sequence Y of k items, determine, 
for each x G X, its rank in Y.

The following result suggests an efficient BSP algorithm for solving the searching problem with p = 
n • k l /h processor, for some positive integer h > 0.

Proposition 2.8.1 There exists a p-processor BSP algorithm for solving the searching problem on a multi­ 
set of size n and a sorted sequence of size k, that for all integers n, k, p and m, such that p — n • k l /m 
and m>\, requires time

Csrch (n,k,m,p) = m • (O(l) + Cppf (p}}

and

Msrch (n,k,m,p) = m • (L • 0(1) + g • 0(1) + 3 • Cbcast (p) + Cppf (p)) ,

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
byTsrCh(n,k,m,p) = Csrch(n : k,m,p) + Msrch (n, fc,m,p).

Proof The algorithm to manage the search process employs a fc 1 /m-ary balanced search tree on the 
sorted sequence of size k and derives from the ideas of section 2.6.5. The basic algorithmic idea is fairly 
simple; however, its technical details are rather complicated and omitted in this work. A full detailed 
account of the algorithm and its analysis can be found in [78]. D
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We now present the randomized BSP sorting algorithm for the problem of sorting n items with p = n1+e 
processors, for any constant 0 < e < 1.

Proposition 2.8.2 For any constant p > 0 and 0 < e < 1, there exists a randomized p-processor BSP 
algorithm for sorting a multi-set of size n, that for all integers n and p, such that p > n1+f , requires time 
[with probability 1 - O(n~p )J -

Cpoiy_,rt(n,p) = ° (7) ' (o(l) + C?uad.^(n(1+£)/2 ,p) + CSTch (CSTch n,n, Cppf (p]

and

Mpoly _srt (n, P) = O(^\-(L- 0(l} + g- O(l] + Mguad.,rt (n (1+e)/2 ,p) + Msrch (n,n, | ~; | ,PJ + Mppf (p}\

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tpo iy _srt (n,p) = Cpoiy_$rt (n,p) + Mpoiy _srt (n,p}.

Proof The algorithm to manage the sorting process employs the sorting and searching algorithms im­ 
plied in propositions 2.6.2 and 2.8.1 respectively and is based on the random sampling techniques of 
section A. 2.1. The basic algorithmic idea is fairly simple; however, its technical details are rather compli­ 
cated and omitted in this work. A full detailed account of the algorithm and its analysis can be found in
[78]. D

Proof (of theorem 2.8.1) The theorem follows easily from proposition 2.8.2 by substituting for Tquad.Srt, 
Tsrch and TPPf the corresponding expression in propositions 2.6.2, 2.8.1 and 2.1.4, and letting t — 2 in 
these expressions. D

2.8.5 An Optimal Randomized Selection Algorithm

In this section, we provide an optimal randomized BSP solution to the problem of selecting the (7-th 
smallest item from a randomly distributed multi-set X that is based on over-sampling techniques [75, 183] 
- the required notation and concepts related to random over-sampling are presented in appendix A. 2. 2. 
The basic algorithmic idea derives from a selection algorithm of [70]. The algorithm achieves optimality 
for an ample range of the parameters n, p, L and g.

Informal Description of Algorithm The optimal randomized selection algorithm Is based on sampling 
techniques and. is non-iterative in nature;. The input is assumed, to he evenly but; otherwise arbitrarily 
divided among the p participating processors before the beginning of the execution of the algorithm. 
Initially, each processor constructs (in a randomized way) a sub-sequence that; is an appropriate sample 
of its input. Subsequently, the so constructed sub-sequences are united and sorted, by means of either the 
sorting algorithm of section 2.8.4 (for small sample sizes) or the optimal sorting algorithm of section 2.6.8,2 
(for large sample sizes), and two appropriately chosen items are selected, from the resulting sorted sequence 
and. broadcast to all processors. The input items within these two items are selected and sorted, by means 
of either the; sorting algorithm, of section 2,8.4 (for small input, sizes) or the optimal sorting algorithm of 
section 2.6.8.2 (for large input sizes). Subsequently, the sum and prefix sum of the number of input items 
within the two selected items is computed, by means of a parallel- prefix scheme, and commimieated to
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each processor. Finally, the required item is selected (the aforementioned selection operation is realized 
by employing the sum and prefix sum. of the number of input items within the two selected items).

Our main result is summarized in the following theorem.

Theorem 2.8.2 For any constant p > 0, there exists a randomized p-processor BSP algorithm for de­ 
termining the C-th smallest item of a multi-set of size n that for all integers n, C and p, such that 
p = O(ri) and C < |"n/2], requires time [with probability 1 - O(n~ p )J c* • (n + C)/p + O(^/(n/p] -Ign) + 
(n2 /3 /p)-lg4 ' 3 n + lgn) and L-O(lgp) + #-0((n2/3 /p) -Ig1//3 n + lgn), for computation and communication 
respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of a number technical results. Then, theorem 2.8.2 follows easily as a consequence 
of these results.

Optimality Claim 2.8.1 Theorem 2.8.2 implies that there exists a p-processor BSP algorithm for de­ 
termining the C-th smallest item of a multi-set of size n, that for all integers n, C, p, L and g such that 
p = o(n/lgn) ; L = o(n/(p • Igp)) and g = o((n/lgn) 1 / 3 + n/(p • Ign)), has is = 1 + 0(1) and /j, = o(l).

The general formulation of the algorithm is as follows. A random sample of the input is initially 
chosen; the iterative version of the algorithm, which improves the lower order terms of the non-iterative 
version, proceeds in phases (iterations) so that in each phase a new sample is selected that is a superset of 
the sample selected in the previous phase. Subsequently, the sample is sorted and two items within this 
sample are selected so that the C-th smallest item is straddled by these items. The so identified items are 
broadcast to all processors and the set of items between them is determined. Finally, by sorting this set 
the required statistic is trivially determined and broadcast to all processors. The procedure to manage 
the aforementioned scheme is presented in the following result.

Proposition 2.8.3 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 
determining the C-th smallest item of a multi-set of size n that for all integers n, C and p, such that 
p — O(n) and C < |~n/2], requires time [with probability I — O(n~ p )J

(n, C,p) = C, • + O + + Ign + 2 . Tttt(p}

and

2n3

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
byTsei(n,C,p) = C. ei(n,C,p) + Msel (n,C,p).

Proof We assume that the input set is evenly and uniformly at random distributed among the p pro­ 
cessors. If the input is not initially randomly distributed, then a pre-randomization phase is required for
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optimal time bounds to be derived. 24

Procedure SELECT 
begin

[Stage 1] A sample of size 2 • A - 1 - 2 • n2/3 • (3 • p • logn) 1 / 3 • ((V^~c + y/2 • (1 - c))/2) 2/ 3 - 1 is 
selected, where c = C/n. The sample selection method is as follows.

(1) Each processor selects approximately the same number of processor identifiers [(2 • A — l)/p] 
(or [(2 • A — l)/pj) uniformly at random; a sample of size 2 • A — 1, over all processors, is 
selected.

(2) The processor identifiers are routed to the corresponding processors.

(3) Each processor pi: 0 < i < p, that receives ti identifiers selects among its items uniformly 
at random without replacement ti items.

(4) A parallel-prefix sum on the number ti of items selected per processor is realized.

(5) The result of the parallel-prefix sum is used to evenly distribute the selected sample among 
the processors.

[Analysis of Stage 1] Step 1 requires time O(\/p) for random processor identifier generation. We 
distinguish three cases in the analysis of step 2.

Case 1 If [(2 • A — l)/p] = fl(lgra), then the inequality in theorem A.1.3 implies that each processor 
receives O(\/p) processor identifiers, with probability 1 — 0(n~p ), for any constant p > 0.

Case 2 If [(2 • A — l)/p] = 0(lgn), then the inequality in theorem A.1.2 implies that each processor 
receives 0(lgn) processor identifiers, with probability 1 — O(n~p ), for any constant p > 0.

Case 3 If |"(2-A —l)/p] = O(n~ (*), for any constant 0 < ( < 1/3, then the inequality in theorem A.1.2 
implies that each processor receives 0(1) processor identifiers, with probability 1 — 0(n~ p ), for 
any constant p > 0.

Cases 2 and 3 overlap for certain ranges of [2A/p]; case 3 is applied to such cases. Thus, this step 
requires communication time L + g • 0(max{A/p,Ign}) if p < n2 / 3+<» and L + g • 0(1) otherwise. 
Similarly, we conclude that step 3 requires time 0(max{A/p, Ign}) if p < n2 / 3 "1"^ and 0(1) other­ 
wise. Step 4 requires time Tppf(p) and step 5 can be shown (along the lines of step 2) to require 
communication time L + g • 0(max {A/p,lgn}) if p < n2/3+c and L + g • 0(1) otherwise.

[Stage 2] The sample of size [2 • \/p] is sorted. Let the result of the sorting operation be sequence 
Y - (2/1,3/2,. •• ,2/2-A-i)-

[Analysis of Stage 2] This stage is realized by one of two sorting methods depending on the size of 
the sample. We distinguish two cases for the analysis of this stage.
24 For a random distribution and given p = o(n/ Ign), the BSP algorithm requires, with high probability, c* • (n + C)/p + 

o(n/p) and g • o(n/p) computation and communication time respectively. For a non-random distribution, the algorithm 
requires, with high probability, 2 • (n/p) + o(n/p) and g • O(n/p) computation and communication time respectively. In the 
latter case, the algorithm is work-optimal in computation in the sense that the total computation time over all processors is 
still c* -(n + C + o(n)).
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Case 1 If p = A1+e , for some constant 0 < e < 1, then the algorithm implied in theorem 2.8.1 is 
employed. The time required for this case is therefore bounded above by O(lg A) and L • O(lgp) + 
9 ' O(\gp), for computation and communication respectively, with probability 1 - O(n~p ), for 
any constant p > 0.

Case 2 Otherwise, the algorithm implied in theorem 2.6.7 is employed. The time required for this 
case is therefore bounded above by O((\/p'} • IgA) and L • O(lg A/lg (A/p')) + g • O((\/p'} • 
(Ig A/ Ig (A/p'))), for computation and communication respectively, where p' = min {p, A/2}.

[Stage 3]Let/i0 = 2 V3 • p • 2 • c • A • logn and /z2 = 2-^/3 • p • 2 • (1 - c) • A-logn. Ifc> 2-p-logn/A, 
then let m = y^cX-^/i and M — yzcX+^/z', otherwise, let m = -oo and M = 2/2cA+^ 2 /2- Pivot items 
m and M are broadcast to all processors.

[Analysis of Stage 3] This stage takes time O(l) and Tbcast (p) for computation and communication 
respectively.

[Stage 4] Each processor PJ, 0 < i < p, sets l t = n = Q and Ri — {}. Then, processor pi, for each 
item x in its possession, compares x to M. If a; is larger than M, then r; = r; + 1. If a: is smaller than 
M, then x is compared to m. If x is smaller than m, then h — li + 1. Otherwise, Ri = Ri U {x}.

[Analysis of Stage 4] By way of claim A. 2. 4, at least n — C — n- y/3 • p • 2 • (1 — c) • log n/\f\ items 
have value larger than M, with probability 1 — O(n~ p }, for any constant p > 0. Therefore, the number 
of items, over all processors, which are smaller than M is at most (C+n-^/3 • p • 2 • (1 — c) • logn/>/A). 
Since these items are uniformly at random distributed among the processors, we distinguish cases 
similar to those of stage 1 to determine the number of such items residing in the local memory of 
each processor. We therefore obtain that each processor has in its local memory at most C/p + 
O(\/C • Ign/p + Ign) + O(max{A/p,lgn}) such items if p < n2 /3-K and C/p + O(^C -Ign/p + 
Ign) + O(l) otherwise, with probability 1 — O(n~ p ), for any constant p > 0. Thus, this step requires 
time c* • (n + C)/p + O(^C • Ign/p + Ign) + O(max{A/p,lgn}) if p < n'2 / 3+c and c* • (n + C)/p +

Ign/p + Ign) + O(l) otherwise. 

[Stage 5] A parallel-prefix sum operation is realized on the /j's and r^'s, 0 < i < p. 

[Analysis of Stage 5] This stage requires time Tppf (p) . 

[Stage 6] A broadcast operation is realized on ^i /; and ^ ri? 0 < i < p. 

[Analysis of Stage 6] This stage takes time Tbcast (p).

[Stage 7] Set R = (JiRi, for all 0 < i < p, is sorted and the (C - ^ /i)-th smallest item of R is 
broadcast to all processors.

[Analysis of Stage 7]

Case 1 If c > 3 • p • logn/A, then, for n — N, by way of claims A. 2.1 and A. 2. 3, at least C — n • 
A/3 • p • 2 • c • log n/\/A items and at most C — 1 items have value less than ra, with probability 
I _ O(n~ p ), for any constant p > 0. Similarly, by way of claims A. 2. 2 and A. 2. 4, at least 
n — C — n- ^/3 • p • 2 • (1 - c) • log n/A/A and at most n- C -I items have value larger than M, 
with probability 1 - O(n~p ), for any constant p > 0.



2.8 Selection 117

Case 2 If c < 3-p-logn/A, then, by way of claim A.2.4, at least n-C-n-^3 • p • 2 • (1 - c) -logn/v/A 
items have value larger than M, with probability 1 - O(n~p }, for any constant p > 0.

Therefore, the number of input items between m and M, or equivalently, the size of R is at most 
2 • A, with probability 1 - O(np ), for any constant p > 0. The results of stages 5 and 6 are then used 
to evenly distribute set R among the processors. Along the lines of the analysis of step 2 of stage 1, 
this distribution operation requires communication time L + g • O(max {X/p, Ign}) if p < n2 /3+^ and 
L + g • O(l) otherwise. Finally, the broadcast operation requires time Tbcast (p).

end

Analysis The correctness of the algorithm follows from its description and is omitted. By summing up the 
computation and communication requirements of procedure SELECT we obtain the desired time bound, 
with probability 1 — O(np ), for any constant p > 0.

The proposition follows. D

Remark We note that if C > [n/2], by reversing the meaning of the inequalities in procedure SELECT, 
we can employ the same procedure to determine the (n — C)-th largest item of the input set, which is the 
(7-th smallest item of the input set.

Proof (of theorem 2.8.2) The theorem follows easily from proposition 2.8.3 by substituting for Tbcast and 
Tppf the corresponding expressions in propositions 2.1.2 and 2.1.4, and letting t = 2 in these expressions. 
D

In the data-structure algorithms we describe in later sections, it is sometimes desirable that h inde­ 
pendent and disjoint selection operations are realized simultaneously. Each such selection operates on 
disjoint data sets of size n and the same statistic is involved in all operations. The probabilistic argu­ 
ments involved in the analysis of the procedure implied in proposition 2.8.3 can be extended, due to the 
independence of the involved sub-problems, to handle simultaneously all h selection operations. This 
observation can be exploited to decrease the amount of parallel slackness required to achieve optimality 
by as much as h. Moreover, since the operations involved in the selection process include broadcast and 
parallel-prefix operations the selection process can be further improved by pipelining these operations. 
Hence, it is straightforward to verify the following analogue of proposition 2.8.3.

Proposition 2.8.4 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 
determining the C-th smallest item of h multi-sets each of size n that for all integers n, C and p, such 
that p = O(ri) and C < \n/2], requires time [with probability 1 — O(n~ p }]

and

h •

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by T^(n, C,p) = Cjel (n, C,p]
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Proof The proof follows that of proposition 2.8.3 and is omitted. D

2.8.5.1 Improving Randomized Selection

In order to improve the lower order terms in proposition 2.8.3 an iterative version of the selection procedure 
of the previous section has also been designed. The underlying algorithm is based on a bootstrapping 
technique of [70].

Informal Description of Algorithm The randomized selection algorithm is an im mediate iterative1 
adaptation of the selection algorithm, of section 2,8.5 •••••• with the utilization of the bootstrapping ideas of
j70| foi: the actualization of the iterative process.

Our main result is summarized in the following theorem.

Theorem 2.8.3 For any constant p > 0 and arbitrarily small constant 0 < ( < 1/2, there exists a 
randomized p-processor BSP algorithm for determining the C-th smallest item of a multi-set of size n that 
for all integers n, C andp, such thatp = O(n) and C < [n/2], requires time [with probability 1 — O(n~p }]

and L-O(\gp)+g-O((nl /'2 +< /p) -Ig1 /2 n + lgn),
for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the following result. Then, theorem 2.8.3 follows easily as a consequence of this result.

Optimality Claim 2.8.2 Theorem 2.8.3 implies that there exists a p-processor BSP algorithm for de­ 
termining the C-th smallest item of a multi-set of size n, that for all integers n, C , p, L and g such that 
p — o(n/lgn), L — o(n/(p-\gp)) and g — o((n/lg~ <' n) 1//2+ ^ + n/(p-lgn)), has -K — iH-o(l) and p, — o(l).

Proposition 2.8.5 For any constant p > 0 and arbitrarily small constant 0 < C < 1/2, there exists a 
randomized p-processor BSP algorithm for determining the C-th smallest item of a multi-set of size n that 
for all integers n, C and p, such thatp < n and C < \n/1~\, requires time - with probability 1 — O(n~ p ) -

and

+ O • (3 • Mbcast (p) + 2 • Mppf (p}) ,

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tsel (n,C,p) = C8ei(n,C,p) + Msei(n,C,p).

Proof The algorithm to manage the selection process employs a scheme similar to that of the selection 
algorithm implied in proposition 2.8.3 and is based on a bootstrapping technique of [70]. The basic 
algorithmic idea is fairly simple; however, its technical details are rather complicated and omitted in this 
work. A full detailed account of the algorithm and its analysis can be found in [78]. D

Proof (of theorem 2.8.3) The theorem follows easily from proposition 2.8.5 by substituting for Tbcast and 
T f the corresponding expressions in propositions 2.1.2 and 2.1.4, and letting t — 2 in these expressions.
D
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2.8.5.2 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the selection 
algorithm (SELECT) of the previous section.

Implementation The prototype adopted for the BSPlib selection procedure is outlined in figure 2.50.

void BSP.select (byte *src, int *trg, int n, int m, int sb, int (*cmp)O) ;
src - input array.
trg - rank of required statistic.
n — input size,
m - required statistic.
sb — item size.
cmp - generic compare function.

Figure 2.50: Procedure for ESP selection.

The aim of function (procedure) BSP_select is to provide a data-type independent high-performance 
BSPlib selection algorithm implementation.25

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.8.2. 
To determine the practical significance of the aforementioned result we benchmarked our implementation 
(BSP_select) on two different machines with a varying number of processors and input sets (consisting 
of uniformly distributed integer valued items - unless otherwise indicated). Figures 2.51 and 2.53 present 
the execution time of procedure BSP_select on the two machines. Similarly, figures 2.52 and 2.54 expose 
the efficiency of the corresponding timing results.

0.45CH 
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0.350- 
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Time(secs) 0.250- 

0.200- 
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0.000-'—

Efficiency

1048576
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Figure 2.51: Execution time on a SGI Power Challenge for Figure 2.52: Efficiency on a SGI Power Challenge for
randomized selection (statistic |"n/2~|) - uniform distribution randomized selection (statistic |"n/2~|) ~ uniform distribution
(U). (U).

As shown in figures 2.51 and 2.53, the execution time of procedure BSP_select using a fixed number of 
processors scales with the input size (approximately as n). Accordingly, the execution time of procedure 
BSP_select for a fixed input size scales inversely with the number of processors (approximately as l/p}.

25 The terms generic and data-type independent imply that procedure BSP_select can be employed to handle any data 
type To this end, a comparison function cmp is used to facilitate the comparison of two elements e\ and 62. In particular, 
the cmp function returns 1, 0 or -1 depending on whether e\ is greater, equal or smaller than 62-
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Figure 2.53: Execution time on a Cray T3D for random- Figure 2.54: Efficiency on a Cray T3D for randomized 

ized selection (statistic |~n/2~|) - uniform distribution (U). selection (statistic |~n/2]) - uniform distribution (U).

Both experimental results are in accordance with the theoretical analysis of section 2.8.5. In terms of 

efficiency, procedure BSP_select utilizes approximately (within a 5%):

- 80%-90% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 95%-100% of the available processor resources on the SGI Power Challenge machine (for large 

problem sizes),

- 60%-85% of the available processor resources on the Cray T3D machine (for small problem 

sizes), and

- 90%-100% of the available processor resources on the Cray T3D machine (for large problem 

sizes).

These results should be interpreted with caution on a twofold basis: (i) the random choices of the parallel 

and sequential selection algorithms might be different, and therefore, small inconsistencies in timing results 

are possible, and (ii) the timing results pertain only to the uniform distribution (we note that for non- 

uniform distributions the selection algorithm executes 1.3-1.6 times slower than reported in figures 2.51 

and 2.53 - in accordance with the theoretical analysis - this slowdown is attributed to the fact that for 

non-uniform distributions the selection problem is communication bound, and therefore, efficiency close 

to one is not possible without the introduction of artificial conditions and premises).

2.9 Searching

In this section we design, analyze and implement BSP algorithms for a fundamental combinatorial op­ 

eration, namely searching. In fact, we study a generalization of the searching operation [133], namely 

multi-way searching on complex data structures. 26 Parallel searching is a frequently recurring oper-

26 The implementation and utilization of data structures on distributed memory models such as the BSP rather than shared 

memory ones like the PRAM offers a serious challenge.
The problem of realizing such distributed data structures has been addressed in the past and several results have been 

obtained for particular network architectures (e.g, hyper-cubes, butterflies and meshes [17, 57, 178]). Unfortunately, archi­ 

tecture dependent features involved in these implementations, make the migration of these results to the more general setting 

of the BSP model non-trivial, and, in general, inefficient. In this work, we study communication efficient BSP methods for 

multi-way searching on a broad class of data structures that generalize, extend and improve previous approaches in several 

ways, as described in later sections.
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ation in computer science and is fundamental for many parallel applications, such as implementing 
database primitives and parallel dictionaries, and improving the performance of combinatorial algorithms 
[25, 26, 54, 76, 80, 133]. The material of this section is based on the following papers:

(1) "Communication efficient data structures on the BSP model with applications." Technical 
Report PRG-TR-13-96, Computing Laboratory, Oxford University, May 1996 [76].

(2) "Communication efficient data structures on the BSP model with applications in computa­ 
tional geometry." In Proceedings of Euro-Par'96 Parallel Processing, Lecture Notes in Com­ 
puter Science 1124, Springer-Verlag, August 1996 [80].

(3) "Ordered /i-level graphs on the BSP model." Submitted for journal publication, 1997 [93].

2.9.1 Preliminaries and Notation

Let X = (xi, x-2 ,... , xn } be a non-decreasing sequence whose items belong to a universe U equipped with 
a total order < that can be evaluated in constant time by one processor for any given pair of arguments. 
We consider, in this section, the problem of multi-way searching for the items in sequence X into complex 
graph structures - in particular, ordered h-level graphs. A detailed account of the definitions and notation 
pertaining ordered fr-level graphs is diverged to section 2.9.4.1.

2.9.2 Cost Model

The performance of the BSP multi-way searching algorithms of this section is specified as follows. Constant 
O(l) time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel-prefix computations. Furthermore, for some constant csrch, time csrch • n • Igra, O(n), 
and o(ri) is charged respectively for searching (for a single item) in a d-ary tree of size m, for integer-sorting 
a sequence (in the range [0,1,... ,n°^]) of size n, and for sorting a sequence of size l^ffi] - within the 
context of this section we denote csrch by c*.

Remark In the remainder of this work we refer to the aforementioned liner-time integer-sorting and sub- 
quadratic sorting algorithms as SEQ_RADIX_SORT and SEQ_SuBQuAD_SoRT respectively. Moreover, we 
refer to the parallel version of algorithm SEQ_RADIX_SORT as RADIX_SORT (refer to section 2.4.4 for a 
detailed discussion of the parallel integer-sorting algorithm).

Optimal ©(n • Igm) time sequential multi-way searching (on d-ary trees of size m) algorithms are 
well-known [133, 54]. In the following sections, we design and analyze optimal BSP multi-way searching 
(on a much wider class than d-ary trees) algorithms - optimality is realized for an ample range of the BSP 
parameters.

2.9.3 Related Work and New Results

There has been a notable amount of previous work on parallel multi-way searching (e.g., [170] on the 
PRAM model, [24, 25] on the BSP* model, [57] on the hyper-cube model, [178, 185] on the butterfly model). 
The exhibit in table 2.8 summarizes the aforementioned results with respect to the following statistics: 
computation time, communication time, multiplicative constant factors, implementation effort and amount 
of parallel slackness (in terms of maximum number of processors) required to achieve optimality. To
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simplify the exposition, multi-way searching is assumed to transpire on d-ary trees of appropriate degree 
and of size ra < n.

Refs.
[170]

[57]

[178]

[185L
[24]

[25]
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Table 2.8: Performance comparison of parallel multi-way searching algorithms - the cyan color is associated with 
randomized approaches.

With reference to table 2.8 we note that the algorithms of [57] and of section 2.9.6 can be employed 
to realize multi-way searching for a much wider class of data structures than d-ary trees (as opposed to 
the algorithms of [24, 25, 170, 178, 185] that can only be employed for d-ary trees).

The optimal BSP multi-way searching algorithm of section 2.9.6 improves upon previous approaches 
on the following particulars:

(1) the asymptotic computation time requirements of [57, 170, 178, 185] (if m = n0^),
(2) the asymptotic communication time requirements of [57, 170, 178, 185],

(3) the multiplicative constant factor requirements of [24, 57, 170, 178, 185],

(4) the implementation effort requirements of [24, 25, 185], and

(5) the parallel slackness requirements (to achieve optimality) of [24, 25, 178].

The principal contribution, however, of the multi-way searching algorithm of section 2.9.6 is attributed 
to the low communication cost (refer to case 2), the small constant multiplicative factors (refer to case 3), 
and the low amount of parallel slackness required to achieve optimality (refer to case 5). Additionally, 
our techniques provide support for a much wider class of data structures than previous approaches [24, 
25, 170, 178, 185] and one-optimality for an ample range of the BSP parameters.

2.9.4 Ordered /i-level Graphs
In this section we study the computation and communication requirements of multi-way searching on a 
special class of graphs, namely ordered h-level graphs [57, 76, 80]. We propose multi-way searching as a 
general tool for the design, analysis and implementation of BSP algorithms. As noted in [57], multi-way 
searching allows elegant high-level design and analysis of several parallel techniques - using data structures 
similar to those of sequential models. In later sections, applications of multi-way searching (on ordered 
/7,-level graphs) to several fundamental computational problems are also presented.
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Figure 2.55: An ordered h-level graph.

2.9.4.1 Preliminaries and Notation

In the remainder of this section, we formally define ordered h-level graphs and discuss some of their 
properties. The definitions and notation of this section derive from [57]. We extend, however, some of the 
notions introduced in [57] to include a more general class of ordered h-level graphs. Let G = (V, E) be a 
directed graph with vertex set V and edge set E. An ordered h-level partitioning of G is a partitioning 
of V into h disjoint sets Vi,V2,-.. , V/n together with an ordering of the vertices in each subset Vj, 
1 < i < h. For every h-level partitioning of G we define, for all v G V, two parameters, namely Level(v) 
and Levellndex(v) as follows.

(1) Level(v] = I if and only if v € Vj, 1 < / < /i.

(2) Levellndex(v] = rank(i> :

A directed graph G = (V, -E) is in the class of ordered h-level graphs if G has the following properties 
(refer to figure 2.55 for an illustration).

(1) Every vertex v in V has out degree of at most dmax . In contrast to [57], we do not insist on 
constant degree graphs.

(2) The number of sources ds of G is at most dmax .

(3) There exists an ordered /i-level partitioning Vi, V2, . . . ,14, of G such that

- every source of G is contained in V\ ,

- if (u, v) is an edge of G, then Level(v] = Level(u) + 1,

- if (w,v) and (w,v) are two edges of G such that both Level(u) — Level(u) and 
Levellndex(u) < Levellndex(u), then Level (v} — Level(v) and Levellndex(v) < 
Levellndex(v).

(4) The graph has no double edges.

As noticed in [57], any d-ary tree can be expressed as an ordered h-level graph. The following lemma 
captures many important facts about ordered h-level graphs.

Lemma 2.9.1 Let G — (V,E] be an ordered h-level graph. Then, the following statements hold. 

(1) G is planar and acyclic.
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(2) \E\ < |Vi| + 2 • \V2 U . . . U Vfc _i| + |Vfc| - (h - 1).

Proof The planar and acyclic properties of G follow directly from the definition of ordered /i-level graphs. 
In particular, the planarity of G derives from property 3 (case 3) of ordered /i-level graphs, and similarly, 
the acyclic property of G derives from property 3 (case 2).

We use induction on the level number / of G to prove that \E\ < |V"i| + 2-|V2 U. - .UV/l _i| + |V/l |-(h-l). 
The claim is initially true, for when / = 1, E is empty, and therefore, \E\ = 0.

Assume that the induction hypothesis holds up to level 1-1,1 < I <h. We next show that the claim 
holds for level /. We prove this by coloring the vertices of sets V/_i, VJ and the edges between these two 

sets, and subsequently, by claiming that the number of colored edges is at most one less than the sum 
of the cardinalities of sets V/_i and VJ. We assume that vertices within a set are colored from "left" to 

"right", that is, from the vertex with the lowest Levellndex to the vertex with the highest Levellndex.
We use an inductive argument on the number of uncolored vertices in V/_]_. Let u 6 V/_i be the vertex 

with the lowest Levellndex among the yet uncolored vertices of Vj_i . If there is no edge (u, v) 6 E, we color 

u and our claim holds, since we have colored one vertex and no edges. Otherwise let Vj + i , Vj+2 , . . . , Vj+a 6 
Vi be the vertices connected to u. By property 3, and the coloring so far, only the "rightmost" vertex 

Vj+a may have additional incoming edges from other uncolored vertices of Vi-\. Let the number of such 
additional edges be b. Denote by ur the vertex with the highest Levellndex among the vertices of Vi-i 
pointing to Vj+ a . By property 3, only vertex ur among the b vertices of V/_i may be connected to other 

vertices in Vi. Let the out-degree of ur be c > 1, and let Vj+a ,Vj+a+i, . . . ,Vj+a+ c-i G Vi be the children 
of UT . We color vertices u, Vj+i,Vj+2 , • • • ,fj+a+c_2 (all but the "rightmost" children of ur ), and the b 
vertices of V/_i connected to Vj+a (ur included). We also color the a outgoing edges of w, the b incoming 
edges of v j+a , and the remaining c — 1 outgoing edges of ur . This process colors a + b + c — 1 vertices and 
a + b + c — 1 edges. If the "rightmost" child of ur is not connected to some other yet uncolored vertex 

of Vi-i, then we color it and our claim holds, since we have colored a + b + c vertices and a + b + c — 1 
edges. We proceed as above until all vertices of VJ_i and V\ are colored. We can deduce that at the end of 
the coloring process, the number of colored vertices will be at least one more than the number of colored 

edges.
We thus conclude that the number of edges pointing to vertices in VJ is at most |V/_i U V/| — 1. By the 

induction hypothesis, the number of edges up to level/ - 1 is at most |Vi| + 2-|V2 U. . .UV/_ 2 | + |VJ_ 1 |-(l-2), 

and thus, the number of edges up to level / is at most \Vi\ + 2 • \V2 U . . . U V/_i| + \Vt \ - (I - 1), and the 

lemma follows. D

2.9.5 Mult i- Way Searching on Ordered /i-Level Graphs

Let G - (V, E} be an ordered /i-level graph of maximum out-degree dmax , with vertex set V - V"i U V2 U 
. . . U Vh and edge set E, where |V| = ra. Moreover, let U be a universe of possible search queries on 

G. A search path for a query q e U is a sequence Path(q) = (vi,v2 ,... ,vh ) of h vertices of G, vt <E Vi, 
l<i<h, prescribed by a next function / : U x (V U {start}) -> (1, 2, . . . , dmax } as follows:

- f(q, start) — Index (vi),

> vi) = Index(vi+i), 1 < i < h — 1,

where (vi,vi+ i) 6 E and for every v € V, Index(v) = ^f"6 - 1 |^| + Levellndex (v). For example, if G 
is a d-ary search tree, then for every query q, f(q, start) evaluates to the index of (or pointer to) the root
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of the tree, and for every vertex v, f(q,v} evaluates to the index of (or pointer to) the next vertex to be 
visited.

Given an ordered /i-level graph G, we define the search process for a query q to be a process divided 
into h phases such that in phase I, 1 < I < h, the search path <vi,u2 , • • • , ^i) of q has been determined 
and there exists a processor which contains a description of both the query q and the vertex vt . We 
do not assume that the search path is given in advance, only that it is constructed during the search 
process by successive applications of the next function /. We note that, in contrast to other methods 
(e.g., [24, 25, 170, 178, 185]), our method has the advantage of constructing the entire search path for 
each query q, and therefore, can be applied to the solution of a class of geometric problems such as those 
presented in [57]. The multi-way search problem is the following one.

Problem Given a set of n queries Q = {91,92, • • • , <?n} and an ordered /i-level graph G, determine, for each 
q 6 Q, the search processes induced by q.

2.9.6 An Optimal Multi-Way Searching Algorithm on Ordered /i-level Graphs

In this section we provide an optimal BSP solution to the multi-way searching problem on ordered h- 
level graphs that is based on a communication efficient load-balancing scheme. The algorithm achieves 
optimality for an ample range of the parameters n, p, L and g.

Informal Description of Algorithm The optimal deterministic searching algorithm, (cm ordered /Mevel 
graphs) is based on pipelining techniques and is iterative in nature. The input is assumed to be evenly but 
otherwise arbitrarily divided among the p participating processors before the beginning of the execution of 
the algorithm. In each iteration of tiie algorithm, processors obtain the required edge information (in order 
to advance the queries from one level of the graph to the next). Subsequently, processors determine, by 
utilizing the previously obtained edge information, the vertex destination of each query in their possession 
and re-group the queries with respect to their destination vertex:. Finally, alter a pre-speeified number of 
iterations (equal to the number of levels in the graph) the iterative process results in all queries being at 
the last level of the graph,

Our main result is summarized in the following theorem.

Theorem 2.9.1 LetG = (V,E) be an ordered h-level graph, with minimum out-degree dmm and maximum 
out-degree dmax , where \V\ — m. Then, there exists a p-processor BSP algorithm for solving the multi- 
way searching problem on n queries, that for all integers n, p, dmin and dmax , and any 6 such that 
p = o(n/lgn), dmax = o(n/p] and6 = O(Vdmin ), requires time ^'i=l (i-i+O(l))-(n/p+2-m/(6-p)+o(n/p)) 
and L-h- O(lgp) + g • h • O(S • (n/p) + m/(6 -p}}, for computation and communication respectively, where 
TI is the time required to evaluate the next function at level I. The algorithm requires O(6 • (n/p} + m/p) 
space per processor.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.9.1 follows easily as a 
consequence of these results.

Consider an ordered /i-level graph G — (V,E), of maximum out-degree dmax , with vertex set V = 
Vi U 1/2 U ... U Vh and edge set E, where \V\ = m. Let U be a universe of possible search queries on G 
and let / : U x (V U {start}} -> {1,2,... ,dmax } be the next function. In the remainder of this section,
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we consider a communication efficient algorithm for the solution of the multi-way searching problem for 
a set Q = (<?i , <?2> • • • , qn } CU of n queries.

The general formulation of our technique is as follows. The algorithm computes the n search processes 
for all n queries in a sequence of phases. The number of phases corresponds to the number of levels 
(height) of the underlying ordered /i-level graph. At each phase /, 1 < / < h, the queries advance through 
the graph along their search paths from level I - I to level /. We observe that the first phase is different 
from subsequent phases, since it has to manage an arbitrary permutation of the queries, whereas each 
subsequent phase may utilize the processing performed in the previous stage to improve the performance 
of the algorithm. At each phase /, for each query q e Q, the algorithm consists of the following two stages.

Algorithm M WAY -SEARCH 
begin

[Stage 1] Let vi-i be the (/ - l)-th vertex in the search path of q (if / = 1, then v0 = start). Evaluate

[Stage 2] Obtain the next vertex vi in the search path of q.

end

The algorithm terminates within h phases. Some additional notation, describing the allocation of the 
queries among the processors, is required before proceeding to the details of the algorithm. Let v be a 
vertex of V. We define the set of queries visiting v to be the thread at vertex v. We refer to this thread as 
a thread of level Level (v). A thread might be distributed over a number of consecutive processors; such a 
thread is called shared, as opposed to exclusive. The processors that hold a shared thread form a group. 
The first processor of each group is called the group leader.

In order to achieve communication efficiency we maintain the following distribution (load-balancing 
properties) of the underlying ordered /i-level graph G among the processors.

(1) Each vertex v 6 V, has out-degree of at most dmax , where dmax = o(n/p). Additionally, each 
vertex v maintains the information pertaining to its children (Nextlnfo) in the form of edges.

(2) Each edge e^E, maintains (i) a pointer to the vertex v that e points to, (ii) the key associated 
with v, and (iii) the out-degree of v.

(3) start is maintained as a vertex with children the sources of G.

(4) G is orderly and evenly distributed among the processors; that is, all outgoing edges of a given 
vertex are stored in consecutive memory locations of a single processor, and no processor 
maintains more than [|^|/pl + dmax edges.

The procedure to manage the multi-way search process, for an arbitrary phase /, is summarized in the 

following proposition.

Proposition 2.9.1 Let G — (V,E) be an ordered h-level graph, with minimum out-degree dmin and 
maximum out-degree dmax , where \V\ - m. Then, there exists a p-processor BSP algorithm for solving 
the multi-way searching problem on n queries, that for all integers n, p, dmin and dmax , and any 6 such 
that p = O(n), dmax = o(n/p) and 8 = O(^dmin ), requires time
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,TM,p) = L - O(l) + g • O s • + - + Mrdx _srt n + ' 0 + M^\p} + Mppf (p),

for computation and communication respectively, where 77 is the time required to evaluate the next function 
at level I . The overall time complexity of the algorithm is denoted by Tmway (n, m, 6, p) = Cmway (n, m, 6, p) + 
Mmway (n,m,8,p). The algorithm requires O(S • (n/p) + m/p) space per processor.

Proof Let Q = {gi, #2, • • • , Qn} be the input set (of queries). We assume that Q is evenly but otherwise 
arbitrarily distributed among the processors. Additionally, we assume that the ordered /i-level graph G 
satisfies load-balancing properties 1-4. As part of the input, for phase /, we also assume the following 
invariants.

(1) The queries are sorted with respect to the Levellndex of their associated vertex of level I — 1.

(2) All shared threads at level / — 1 are identified and characterized by their group and group 
leader.

In the first phase there exists a single thread associated with vertex start of out-degree ds < dmax . The 
procedure for level /, 1 < / < h, ensures that, for each query q € Q, with search path (i>i , i>2, • • • , Vh), there 
exists a processor which contains a description of both the query q and the vertex vi . In the remainder of 
this proof, we use the term Nextlnfo, for a particular thread Q, to describe the edges emanating from the 
vertex associated with Q. Informally, Nextlnfo relates to the information required to evaluate the next 
function.

Procedure MWAY_SEARCH 
begin

[Stage 1] Each processor obtains, for each thread in its possession, the associated Nextlnfo informa­ 
tion.

[Analysis of Stage 1] Let s be the size of some thread Q formed in the previous phase or the single 
thread associated with vertex start, and let d be the out-degree of the vertex associated with Q (if 
/ = 1, then s = n}. We note that d is known by load-balancing property 2.

This stage is realized by one of several methods depending on the size and distribution of Q. Infor­ 
mally, the motivation behind realizing different methods for obtaining Nextlnfo is to minimize the 
communication requirements of the procedure. To this end, when the size of a thread is larger than the 
size of the associated Nextlnfo (cases 1-3 below) , the latter information is read from the appropriate 
processor. Otherwise (case 4 below), the thread is sent to the processor maintaining the associated 
Nextlnfo. In particular, if Q resides on some processor p, Nextlnfo resides on some processor p and 
S - O(^}, processor p proceeds as follows:
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(1) read Nextlnfo if a > dmax/^ and Q is exclusive.
(2) read Nextlnfo if s > dmax /6, Q is shared, and p is a group leader.
(3) read Nextlnfo if s < dmax /6 and s > d/6.
(4) send Q to p if s < d/6.
(5) remain idle otherwise.

When this stage is initiated each processor holds at most \n/p\ queries, and by way of lemma 2.9.1 

and load-balancing property 4, maintains at most [2 • m/p] + dmax edges. By way of cases 1-3 above, 

each processor reads information of size at most 6-(n/p) + 2-dmax , where the 1-dmax term is attributed 

to shared threads. Additionally, by way of case 4 above, each processor receives a set Q* of queries, of 

size at most s* = ([2 • m/p] + dmax )/6. Hence, this step requires L + g • O(6 • (n/p) + (m/p + dmax )/&) 
communication time.

If Q is shared and processor p is the group leader for Q, then processor p broadcasts the information 

it read in the previous step to all the processors in its group. By proposition 2.1.2, this step requires 

communication time M'bcast (p) • At the end of this stage each processor holds at most fn/p] + s* 

queries.

[Stage 2] Each processor computes, for each query q 6 Q in its possession, the Index of the next 

vertex v\ in the search path of q by evaluating the next function

f(q, start) if / = 1, 
f(q,vi-i) otherwise.

[Analysis of Stage 2] When this stage is executed every processor holds at most \n/p] + s* queries, 

and therefore, the time required by this stage is bounded above by 77 • (\n/p~\ + s*), where TI is the 

time required to evaluate the next function / at level /.

[Stage 3-5] If / < h, in stages 3-5, the necessary invariants for phase / + 1 are updated.

[Stage 3] The queries within each thread are sorted with respect to the Levellndex of their associated 

vertex of the current level [giving invariant 1].

[Analysis of Stage 3] Let s be the size of some thread Q formed in the previous phase or the single 

thread at the beginning of the algorithm, and let d be the out-degree of the vertex associated with Q 

(if / = 1, then s — n). The sorting operation is performed by one of several methods depending on 

the size and distribution of Q. In particular, the algorithm employs

SEQ_RADIX_SORT if s > \fdj6 and Q is exclusive,
r ,,. _

RADIX_SORT if s > \/d/6 and Q is shared, 

SEQ_SUBQUAD-SORT if s < \fdfl.

In case 3, if Q is shared, then the lower-indexed of the two processors sharing Q performs procedure 

SEQ-SUBQUAD_SORT.
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When this stage is executed the overall size of all threads of size greater than ^/d/~6 on any one 
processor is at most \n/p\ + s*. By way of algorithms SEQ_RADix_SoRT and RADIX.SORT (refer to 
section 2.9.2) we have that all such threads can be sorted in time O(n/p) + Crdx _srt (n + p-s*, dmax , p) 
and Mrdx _srt (n + p • s*,dmax ,p) for computation and communication respectively. The O(n/p) term 
is attributed to sequential radix sort - each exclusive thread implies radix sorting of at least \fdfl 
integers in the range [0,1,... ,d- 1], for a total time of O(\gd/\g^/d|5 • (n/p)) = O(n/p), since

By the definition of SEQ_SuBQuAD_SORT (refer to section 2.9.2), each thread of size less than Vd/6 
can be sorted in o(d/6) time. The total time required to sort all such threads Qj of size Sj < Vdj/6 on 
any particular processor is o(^ sj) < o(£V dj/6), where dj is the out-degree of the vertex associated 
with thread Qj. By lemma 2.9.1 and load-balancing property 4, £),,• dj- < [2 • m/p] + dmax , and 
therefore, ^ s? < (\1 • m/p] + dmax )/8. Thus, the total time required to sort all such threads is 
bounded above by o((m/p + dmax )/5} and L + g • o(^/dmax /6) for computation and communication 
respectively.

[Stage 4] Each processor returns (to the original processor) the threads that it received in stage 1.

[Analysis of Stage 4] Since the total size of all the threads that any single processor sent or received 
in stage 1 is at most [n/p] and s* respectively, this stage takes time L + g • 0(max {n/p, s*}).

[Stage 5] The threads at level / are determined and characterized by group and group leader [giving 
invariant 2].

[Analysis of Stage 5] When this stage is executed, the queries are sorted with respect to their 
Levellndex, and therefore, each processor can determine all of its exclusive threads by simply scanning 
the queries in its local memory. Moreover, if there are shared threads, all of them can be identified 
and characterized by communicating a constant number of messages and performing a parallel-prefix 
operation. In particular, the prefix operator takes two operands, namely (shared .threadi, processor^) 
and (shared -thread j , processor j/} , and returns (for i < j):

(shared -threadi , processor^/) if shared -threadi = shared -thread-, ;, 
(shared -thread j, processor j<] if shared -threadi / shared -thread., •.

After completion of the parallel prefix operation each processor knows for each of its shared threads 
its group and group leader - the group leader of some shared thread i is determined by the second 
argument of the pair returned by the parallel-prefix operation. When this stage is initiated every 
processor holds at most \n/p~\ queries and at most two shared threads. Thus, the cost of this stage is 
bounded above by O(n/p) + Cppf(p) and L + g • O(l) + Mppf (p), for computation and communication 
respectively.

end

Analysis The correctness of the algorithm follows from its description. By summing up the computation 
and communication requirements of procedure MWAY-SEARCH we obtain the desired time bound.

The proposition follows. D
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Proof (of theorem 2.9.1) The theorem follows easily from proposition 2.9.1 by substituting for Trdx _srt , 
Tbcast and Tppf the corresponding expressions in propositions 2.4.1, 2.1.2 and 2.1.4, and letting t = 2 in 
these expressions. D

2.9.6.1 The Case m < n through Load-Balancing

In the description of procedure MWAY_SEARCH of section 2.9.6, we employed the parameter 6 to express 
a trade-off between computation and communication time. In particular, we obtained a 2 • m/(6 • p) term 
in the computation requirements of the algorithm at the expense of a 6 • (n/p) term in the communication 
and space requirements of the algorithm. In the remainder of this section we outline an algorithm that 
disposes of the aforementioned terms by employing a load-balancing scheme.

Informal Description of Algorithm The optimal deterministic: searching algorithm (on ordered /j.-level 
grapiis) is an immediate adaptation of the searching algorithm of section 2.9.6 ----- with the exception that 
load-balandng techniques are utilized to improve; and generalize: the algorithm.

Our main result is summarized in the following theorem.

Theorem 2.9.2 Let G = (V,E) be an ordered h-level graph, with maximum out-degree dmax , where 
\V\ = m. Then, there exists a p-processor BSP algorithm for solving the multi-way searching problem on 
n queries, that for all integers n, m, p and dmax such that m < n, p = o(n/lgn) and dmax = o(n/p), 
requires time X^(T/ ~^~ O(l)) • (n/p) and L • h • O(lgp) + g • h • O(n/p), for computation and communication 
respectively, where n is the time required to evaluate the next function at level I.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of a technical result. Then, theorem 2.9.2 follows easily as a conseqiwnce of this 
result.

The main inefficiency of algorithm M WAY-SEARCH derives from case 4 of stage 1, where a set Q*, of 
size s* < ([2 • m/p\ + dmax)/(>, is received by processor p^. We assume that s* < n/p, which is always 
true (asymptotically) for some 6 < 3 • (m/n), m < n and dmax = o(n/p). We next outline a scheme for 
load-balancing the queries in stage 1 of algorithm MWAY_SEARCH so that each processor in stages 2-5 
operates on a set of queries of total size at most \n/p].

Recall that the queries in Q\ need to be evaluated by the recipient processor pi: and therefore, can 
not be reallocated in order to achieve load-balance. The remaining queries on processor p^ say, Qi, are 
distributed among the processors so that each processor receives \n/p~\ — s* queries for a total of at most 
[n/p]. The load-balancing scheme is realized by a series of parallel-prefix and regular routing operations. 
Initially, the queries in UiQi are evenly distributed among the processors. This step can be effected by 
realizing a parallel-prefix sum operation on the size of the QiS followed by a routing operation of size 
at most [n/p]. Let \n/p\ — s* denote the capacity of processor pi. A parallel-prefix sum operation is 
realized on the capacities in order to determine the final destination of the queries in U/Qj. The load- 
balancing operation is completed by realizing a routing operation of size at most \n/p~\. The total time 
complexity of the aforementioned load-balancing scheme is bounded above by O(n/p) + 2 • Cpp/(p) and 
L • 2 + g • O(n/p) + 2 • MPpf(p), for computation and communication respectively. We therefore derive the 
following analogue of proposition 2.9.1.
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Proposition 2.9.2 Let G = (V,E) be an ordered h-level graph, with maximum out-degree dmax , where 
\V\ = m. Then, there exists a p-processor BSP algorithm for solving the multi-way searching problem on 
n queries, that for all integers n, m, p and dmax such that m<n,p- O(n) and dmax = o(n/p], requires 
time

Cmway (n,p) = n • + o + O + Crdx _srt n,o ,p+3- Cppf (p) 

and

Mmway (n,p} = L • 0(1) +g.o(^+ Mrdx _srt (n, o Q ,pj + M£{P) (P) + 3 • Mpp/ (p),

for computation and communication respectively, where 77 is the time required to evaluate the next function 
at level I. The overall time complexity of the algorithm is denoted by Tmway (n,p) = Cmway (n,p) + 
Mmway (n,p}.

Remark Even though the aforementioned load-balancing scheme improves asymptotically the performance 
of algorithm MWAY.SEARCH, in most practical situations an appropriately chosen 6 would result in 
superior performance.

Proof (of theorem 2.9.2) The theorem follows easily from proposition 2.9.2 by substituting for Trdx _Srti 
Tbcast and Tppf the corresponding expressions in propositions 2.4.1, 2.1.2 and 2.1.4, and letting t = 2 in 
these expressions. D

2.9.6.2 The Case m > n through Randomization

Consider an ordered /i-level graph G = (V,E), of maximum out-degree dmax , with vertex set V — 
V\ U V-2 U . . . U Vh and edge set E, where |V| = m. For the case m > n, the deterministic algorithm 
described in section 2.9.6 proves to be inefficient, since its running time depends on m. In this section, 
we remove all dependencies on m in the time bound of procedure MWAY .SEARCH of section 2.9.6 by 
introducing randomization. In the remainder of this section, we sketch the details of the randomized 
algorithm.

Informal Description of Algorithm The optimal randomized searching algorithm (on ordered /i-level 
graphs) is an immediate adaptation of the searching algorithm of section 2.9.6.1 with the exception that 
randomized techniques are utilized to improve and generalize the algorithm.

Our main result is summarized in the following theorem.

Theorem 2.9.3 Let G = (V,E) be an ordered h-level graph, with maximum out-degree dmax and number 
of possible out-degree values r, where \V\ — m. Then, for any constant p > 0, there exists a randomized 
n-nrocessor BSP algorithm for solving the multi-way searching problem on n queries, that for all integers 
n, p, dmax and r such that p = O(n/(r • d2max • Ign)) and dmax = o(n/p), requires time [with probability 
I _ Q(h . n -p- n/(p- r" dLx' 1 g n))y X^(TJ +O(1)) • (n/p) and L- h-O(lgp) + g • h- O(n/p), for computation and 
communication respectively, where n is the time required to evaluate the next function at level I.
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The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.9.3 follows easily as a 
consequence of these results.

In the randomized version, the data structure representing the ordered /i-level graph is maintained in 
such a way that a vertex and its associated information (number of edges and edge pointers) is stored at 
some processor chosen uniformly at random. All information dependent on the storage address of this 
vertex is modified accordingly. Given this random distribution of vertices to processors, the implementa­ 
tion details of procedure MWAY_SEARCH remain almost identical. We assume that p < n/(r • d'2max • Ign), 
where r is the number of possible out-degree values of the underlying graph (e.g., for a balanced d-ary tree 
r = 1, since the only possible out-degree of an internal vertex is d}. We note that in general, r < dmax .

The notable change in the randomized version is identified in the implementation of stage 1 of algorithm 
MWAY_SEARCH; a minor modification is also required in the implementation of stage 3. Stages 2, 4-5 
of algorithm MWAY_SEARCH remain unmodified. In particular, we examine two cases in the analysis of 
stage 1 as described below. As the parameter 6 of section 2.9.6 is irrelevant in our analysis, we fix 6 = 1.

Case 1 If a thread Q is of size s such that d < s, where d is the out-degree of the vertex associated 
with Q, then a "read Nextlnfo" operation is realized, similar to cases 1-3 of stage 1 of algorithm 
MWAY_SEARCH. Each such thread Q receives information of size s. Let the total size of all such 
threads, over all processors, be denoted by Si < n.

We next bound the number of queries that are sent to and received from any processor. Clearly, 
a processor can receive information of size at most \n/p\. In the remainder of the analysis of 
this case, we derive an upper bound on the size of information sent by any processor. Let rik 
be the number of threads of processor pi such that the vertex associated with each such thread 
has out-degree k = d, where k < s. Then, Y^i rik ^s the number of such threads, over all p 
processors, whose associated vertices have out-degree k. Since such vertices are uniformly at ran­ 
dom distributed among the p processors, we claim, by way of the inequality in theorem A. 1.3, 
that with probability 1 - O(n~p ' n/(p ' r ' d"«'*' lgn)), for any constant p > 0, each processor receives 
O(m&x{Y^i rik/Pin/(p- r • d?max )}} "read Nextlnfo" requests. For each such request, the processor 
needs to route information of size k. Summing over all r possible values of fc, we claim that each 
processor routes information of size O(max {^k k • (^ rik }/p, ^k k • (n/(p • r • d'2max ))}}. By defi­ 
nition we have that ^i>k (k • rik ) < Si. Moreover, since d < dmax , we have that ^ k < r • dmax , 
and therefore, we obtain that a relation of size 0(max{Si/p, n/(p • dmax )}) is routed. Thus, since 
P < n/(ujn • r • d m̂ax • Ign) and Si < n, we have that a relation of size O(n/p) is realized in stage 1 
(cases 1-3).

Case 2 If a thread Q is of size s such that s < d, where d is the out-degree of the vertex associated with 
thread Q, then a "send Q to p" operation is realized, similar to case 4 of algorithm MWAY_SEARCH. 
Let the total size of all such threads, over all processors, be denoted by 8-2 < n. It is clear that 
52 = n — Si.
Each such thread Q sends information of size s. We next bound the number of queries that are sent 
to and received from any processor. Clearly, a processor can send information of size at most \n/p] 
(all the queries in its possession). In the remainder of the analysis of this case, we derive an upper 
bound on the size of information received by any processor. Let rijk be the number of threads of 
processor pi of size j = s such that the vertex associated with each such thread has out-degree k = d,
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where j < k. Then, Y^i rijk is the number of such threads, over all p processors, of size j, whose 
associated vertices are of out-degree k. Since such vertices are uniformly at random distributed 
among the p processors, we claim, by way of the inequality in theorem A. 1.3, that with probability 
1 - O(n-^' n/(p- r" dmax-ign)) ) eacn processor receives O(max {j • £]. rijk /p,j • n/(p • r • d2max )}) queries. 
Summing over all r possible values of k and all dmax possible thread sizes j, we claim that each proces­ 
sor routes information of size at most O(max {£\ k j • (£. rijk /p), £,>fc j • (n/(p • r • <Pmax ))}). By 
a simple combinatorial argument, we have that E;,j,itO'' rijk] < 52 . Moreover, since s < d < dmax , 
we have that £V fc j < r • d2max , and therefore, we obtain that a relation of size O(max {52 /p, n/p}) 
is routed. Thus, since p < n/(un • r • d2max • Ign)) and 52 < n, we have that a relation of size at 
O(n/p} is realized in stage 1 (case 4).

By way of the analysis of cases 1-2 above, at the end of stage 1 of the randomized algorithm 
MWAY-SEARCH, each processor maintains [n/p] + O(n/p] queries. We can therefore load-balance these 
queries, using a scheme similar to that of sub-section 2.9.6.1, and subsequently, proceed as in stages 2-5 
of algorithm MWAY_SEARCH. It remains to show how to modify the sorting operation of stage 3 to cope 
with the fact that m > n.

Whereas procedures SEQ_RADIX_SORT and RADIX_SORT (within procedure MWAY_SEARCH) are 
oblivious to the size m of the underlying graph, the analysis of algorithm SEQ_SuBQuAD_SoRT heav­ 
ily depends on m. To remove the dependency of the latter algorithm on m we substitute algorithm 
SEQ_SUBQUAD_SORT by two applications of SEQ_RADIX_SORT as follows.

Let Q be a thread and let Indexmin be the minimum Levellndex over all queries in Q in the current 
level. We define the Index of a query q in Q to be the Levellndex of the vertex associated with q minus 
the Indexmin of Q; clearly, Index is in the range [0,1,... , dmax — 1]. Let S be the total size of all threads 
Qj of size Sj < yfdj on any particular processor. Each processor employs algorithm SEQ_RADIX_SORT 
to sort the queries in UjQj with respect to their Index, maintaining for each query its thread number. 
Thus, by way of algorithm SEQ_RADIX_SORT (refer to section 2.9.2), we have that the queries in all 
threads of size Sj < l̂/dj can be sorted in time 0([lg dmax /lgS] • 5). Finally, each processor employs once 
more algorithm SEQ_RADix_SoRT to sort the queries with respect to their thread number. This latter 
operation results in globally sorting the queries in (JjQj with respect to the Levellndex of their associated 
vertex. It remains to establish the time complexity of the latter sorting operation. By way of algorithm 
SEQ_RADIX_SORT and the fact that the number of queries is greater than the number of threads, we have 
that this step requires time 0(5). Since 5 < \nfp\ and dmax = o(n/p) we conclude that the overall time 
required by this process is therefore bounded above by O(n/p).

This result completes the analysis of the randomized version of algorithm MWAY_SEARCH. We have 
therefore established the following analogue of proposition 2.9.2.

Proposition 2.9.3 Let G — (V,E) be an ordered h-level graph, with maximum out-degree dmax and 
number of possible out-degree values r, where \V\ = m. Then, for any constant p > 0, there exists a 
randomized p-processor BSP algorithm for solving the multi-way searching problem on n queries, that for 
all integers n, p, dmax and r such that p = O(n/(r • d2max • Ign)) and dmax = o(n/p), requires time [with 
probability I - 0(n-'-»/<'"" da"-- lgn) )7

3 - Cppf (p)



2-9 Searching 134

and

Mmway (n,p) = L • 0(1} + g. 0 (^ + Mrdx ,srt (n, o (-) ,pj + M°b t̂ p) (p) + 3 • Mppf (p),

for computation and communication respectively, where 77 is the time required to evaluate the next function 
at level I. The overall time complexity of the algorithm is denoted by Tmway (n,p) = Cmway(n,p) + 
Mmway (n,p).

Proof (of theorem 2.9.3) The theorem follows easily from proposition 2.9.3 by substituting for Trdx _srt , 
Tbeast and Tppf the corresponding expressions in propositions 2.4.1, 2.1.2 and 2.1.4, and letting t = 2 in 
these expressions. D

2.9.6.3 Improving Multi-Way Searching

We observe that not only can the bounds given in the previous sections be expressed in a variety of ways, 
but also algorithm MWAY_SEARCH leaves room for several improvements. As stated, the algorithm makes 
the implicit assumption that the time 77 required to evaluate the next function / at some level /, 1 < / < h, 
is uniform over all vertices of level /. Even though this assumption is valid in most practical situations 
(e.g., fixed degree ordered /i-level graphs) there might be cases where the time required to evaluate / at 
level / varies considerably amongst the vertices of level /. We address this problem, by presenting a simple 
vertex-decomposition scheme that normalizes the time required to evaluate / over all vertices of the same 
level.

We also observe that algorithm MWAY_SEARCH is limited by the fact that it requires g to be upper 
bounded by O((^T/)//I) f°r the communication requirements to be within the lower order terms of the 
computation requirements (refer to theorem 2.9.2). This bound implies that the performance of algorithm 
MWAY-SEARCH is closely linked to the actual time 77 required to evaluate the next function / at level /. 
For example, for 77 = O(l) (e.g., constant degree ordered /i-level graphs) the algorithm requires g = o(l) 
in order to achieve comparable computation and communication requirements. Intuitively, the higher 77 
is, the better the performance of the algorithm. As 77 is in general some non-decreasing function of the 
out-degree of the vertices at level /, the overall performance of algorithm MWAY_SEARCH can be improved 
by increasing the out-degree of the underlying ordered /i-level graph. To this end, we present a rather 
natural level-composition scheme that coalesces a number of consecutive levels into a single level, and 
consequently, increases the out-degree of the underlying ordered /i-level graph.

Modular Decomposition of Ordered h-Level Graphs In this section we outline a simple vertex- 
decomposition scheme that normalizes the time n required to evaluate the next function / over all vertices 
of the same level. Let G = (V, E) be an ordered /i-level graph with vertex set V = V\ U V2 U ... U Vh and 
edge set E, where \V\ = m. Consider an arbitrary level / of G and let Timin and TimaT denote respectively 
the minimum and maximum time required to evaluate / over all vertices at level /. Similarly, let diwin 
and di denote respectively the minimum and maximum out-degree over all vertices at level /. In most 
practical situations, nmin and nmax are some non-decreasing functions of dtmin and dtmttx respectively. For 

example,
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Figure 2.56: Modular decomposition of the vertex of out-degree 7 (case (a)) into the sub-vertices of out-degree 3 (cases 
(bl) and (b2)). The multi-level sub-vertex structure of case (bl) supports a linear-search next function and the multi-level 
vertex structure of case (b2) supports a binary-search next function. Solid-line squares and dotted-line rectangles represent 
vertices, solid-line arrows represent edges, and solid-line hexagons represent the keys associated with edges.

^ mi'n

O(dimin ] if / is a linear-search routine, 
O(lgdimin ) if / is a binary-search routine.

Hence, the time required to evaluate the next function / over all vertices at level / can be normalized 
by modularly decomposing each vertex Vj in VJ into an r^-level structure, consisting of sub-vertices of 
minimum out-degree d? — dim . and maximum out-degree dz* , such that r* = (1 + o(l)) • r,* . . The

O Imin •'nun *-* l-max •'max ^ \ / / lnt.ni

aforementioned decomposition scheme guarantees that the time rf = rz* required to evaluate the next 
function / is (1 4- o(l)) • rz* , and therefore, the time normalization process is completed. If a vertex is 
decomposed into an r*-level sub-vertex structure, then we say that the decomposition factor is r* < dmax 
(for example, the decomposition factor of cases (bl) and (b2) of figure 2.56 is 3 and 2 respectively).

Remark The decomposition procedure is application specific and closely related to the next function /. 
We do not make any claims on how such a decomposition can be derived in general; in the remainder of 
this section we assume that such a decomposition procedure is available.

The adoption of such a vertex-decomposition scheme does not affect asymptotically the time complexity 
of our algorithm, it does, however, introduce a fundamental complication: by decomposing vertices into 
multi-level structures, property 3 (cases 2 and 3) of ordered /i-level graphs is violated.

In order to overcome these complications we extend the notion of ordered /i-level graphs to that of 
r* -ordered /i*-level graphs that can accommodate the multi-level structures introduced by modularly

TTlOrX

decomposing the vertices of the underlying ordered /i-level graph. In particular, a directed graph G* = 
(V*,E*) is called an r*max -ordered h*-level graph if it has the following properties.

(1) Every vertex v in V* has out-degree of at most d*max .
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"max"

,* 
moor

(2) The number of sources d* of G* is at most d*o Tfl

(3) The maximum decomposition factor of G* is r*

(4) There exists an ordered h*-level partitioning Vf, V2*,... , V£ of G* such that

- every source of G* is contained in V*,
- if (u,v) is an edge of G*, then Level(u) < Level(v) < Level(u) + r*max ,
- if (w,f) and (w,t>) are two edges of G*, such that both Level(u) = Level(u) and 

Levellndex(u) < Levellndex(u], then Level(v) - (r*max - 1) < Level(v) < Level(v] + 
(rmaa; ~ 1)» and tf Level(v] = Level(v), then also Levellndex(v) < Levellndex(v}.

(5) Graph G* has no double edges.

The parameter r^ax in the above definition reflects the maximum decomposition factor over all vertices 
of the underlying ordered /i-level graph; if r^az = 1, then the definitions of ordered /i-level graphs and 
r^al -ordered h*-level graphs coincide.

Informal Description of Algorithm The optimal deterministic searching algorithm (on r*, f! ,,.»ordered 
/r-level graphs) is an Immediate adaptation of the searching algorithm of section 2,9,6,1 with the 
exception thai: nou-trivial algorithmic techniques are employed to generalize the algorithm,

Our main result on r^a2.-ordered /i*-level graphs is summarized in the following theorem.

'*
max'Theorem 2.9.4 Let G* = (V*,E*} be an r*max -ordered h*-level graph, with maximum out-degree d, 

where \V*\ = m*. Then, there exists a p-processor BSP algorithm for solving the multi-way searching 
problem on n queries, that for all integers n, m*, p, r*max and d*max such that m* < n, p = o(n/lgn), 
rmax = O(n/p] andd*max = o(n/p), requires time ^i(rf+O(l})-(nfp) andL-h-O(lgp)+g-h-O(n/p), for 
computation and communication respectively, where rf is the time required to evaluate the next function 
at level I.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.9.4 follows easily as a 
consequence of these results.

The procedure to manage multi-way searching on r^ax -ordered h* -level graphs is similar to procedure 
MWAY_SEARCH of section 2.9.6. The n search processes for all n queries are realized in a sequence of 
phases. The number of phases is upper bounded by the number of levels /i* of the underlying r*max -ordered 
/i*-level graph. At each phase /, the queries advance jointly through the graph along their search paths. 
We observe that, ^ax-ordered /i*-level graphs, in contrast to ordered /i-level graphs, allow queries to 
proceed to different levels of the graph. Therefore, the multi-way searching algorithm for r*max -ordered 
h* -level graphs has to cope with the requirement of queries being processed on different levels of the
underlying graph.

To this end we extend the invariants assumed to hold for algorithm MWAY_SEARCH to accommodate 
the notion of queries being sorted with respect to the Level of their associated vertex - and still preserve 
within the Level the ordering with respect to Levellndex. Since queries on different levels can proceed 
independently we can employ algorithm MWAY_SEARCH to realize searching on r^ax -ordered h*-level 
graphs.
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It remains to show how the ordering of queries with respect to the Level of their associated vertex can 
be effected. We observe that, by way of property 4 (case 3) of r*max -ordered h* -level graphs, the queries 
at some level /*, 1 < P < h*, can proceed to at most r*max distinct consecutive levels of the underlying 
graph. Similarly, by way of property 4 (case 2), the queries from at most r*max distinct consecutive levels 
can converge to the same level /*. Thus, no two queries that are r*max levels apart at phase I - I of the 
search procedure can be on the same level at phase /. We next sketch the algorithmic scheme utilized to 
obtain the queries at phase / sorted with respect to the Level of their associated vertex.

Let the queries at phase / - 1 be sorted with respect to the Level of their associated vertex. Denote by 
fc(i-i) mm and fc( t _ 1 ) mai the minimum and maximum Level of all vertices visited by queries at phase I — 1. 
The queries are partitioned into k = [(*(/-!)„« - k(i-i) mj/rmax] buckets Hi,H2 ,... ,Hk , such that Hj, 
1 < J< k, consists of the queries that at phase / — 1 visit some vertex with Level in [i,... , i'], where

-l)m,». • ' • » k(l-l) min + rmax] if J = 1,

[k(i-i) mm + (J - 1) • CM + 1,... , k(l _ l]min + j • r*max ] if K j <

The determination of &(i-i) min and fc(i-i) mai takes time Tppf(p). The partitioning of queries into buckets 
can be performed by way of a procedure similar to that of stage 5 of algorithm MWAY_SEARCH, and 
therefore, requires time O(n/p)+Cppf(p) and L + g-O(l) + Mppf(p), for computation and communication 
respectively.

The queries within Hj U Hj+i, for all odd j, 1 < j' < k — 1, are sorted independently with respect to 
the Level of their associated vertex at phase /. The sorting operation is realized by one of several methods 
depending on the size Sj of Hj U Hj+i. In particular, the algorithm employs

SEQ_RADIX_SORT if Sj > (r*max ) a and Hj U Hj+ i is exclusive,
RADIX-SORT if Sj > (r*max ) a and Hj U Hj+1 is shared,
SEQ_SUBQUAD_SORT if Sj < (r*max ) a ,

for some constant 0 < a < 1/2 to be specified later. In case 3, if HjUHj+ i is shared, then the lower-indexed 
of the two processors sharing Hj U Hj+1 performs procedure SEQ_SuBQuAD_SoRT.

Recall that the queries at some level P can proceed to at most r*max distinct consecutive levels of 
the underlying graph, and the queries from at most r*max distinct consecutive levels can converge to the 
same level /*. Thus, by way of algorithms SEQ_RADIX_SORT and RADIX_SORT (refer to section 2.9.2) 
we have that all queries in buckets of size greater than or equal to (r*max ) a , can be sorted in time 
O(n/p) + Crdx _srt(n,'2-r*max ,p) and Mrdx _STt (n, cl-r*max ,p) for computation and communication respectively. 
The O(nlp) term is attributed to sequential radix sort - each exclusive bucket implies radix sorting of at 
least (r*max ) a integers in the range [0,1,... , 2 • r*max - I], for a total time of O((lg (2 • r^J/ Ig (( 
(nip)} - O(n/p), since a is a constant.

By the definition of SEQ_SuBQuAD_SORT (refer to section 2.9.2), each bucket of size less than 
can be sorted in o((r*max ) 2 ' a ) time. The total number of such buckets is at most

r *
max r *

max
+ 1.

max
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These buckets are evenly distributed amongst the processors by employing the load-balancing scheme of 
section 2.1.2 in time Tibai(n, \n/p],p). Then, the time required to sort all such buckets of size s < (r*max ) a 
is IW/Co* + l)/p] • o((Cax ) 2-) = o((m* • (Cax ) 2— 1 )/p+ (Cax ) 2 -).

The queries in buckets Hj and Hj+% are ordered with respect to each other, and therefore, by sorting the 
queries within Hj U Hj+\ , for all even 2 < j < k — 1, the queries at phase / are globally sorted with respect 
to the Level of their associated vertex. Hence, we conclude that the aforementioned scheme requires overall 
time 0(n/p) + o((m* - (r^)2— 1 )/? + (r^)2 "") + Crdx _srt (n, 2 - rj^.p) + Clbal (n, \n/p\,p} + Cppf (p) 
and L • 2 + g • O(r*max ) a + Mrdx _srt(n,2 • r^ax ,p} + Mibal (n, \n/p\,p) + Mppf (p) for computation and 
communication respectively. By substituting a = 1/2 in the above analysis we obtain the following 
analogue of proposition 2.9.2.

Proposition 2.9.4 LetG* = (V*,E*) be an r*max -ordered h* -level graph, with maximum out- degree d*max , 
where \V*\ — ra* . Then, there exists a p-processor BSP algorithm for solving the multi-way searching 
problem on n queries, that for all integers n, m, p, r*max and d*max such that m* < n, p = O(n), 
rmax = O(n/p) and d*max = o(n/p), requires time

<?,„,„„„. (n,p) = r,*- (T-l + ° (-")") +o(~] + 2-Crdx _srt (n,o(-],p] + Clbal (n,\-} ,p] + 4-Cppf (p) 
\\ P \ \P/J \P/ \ \PJ / \ IP! /

and

Mmway * (n,p) = L • 0(1) + g-o(-}+2- Mrdx _srt (n, O ^ t p^ + Mlbal (n, [^] .?) + M£(P) (P) + 4 - Mppf (p),

for computation and communication respectively, where T£ is the time required to evaluate the next function 
at level I. The overall time complexity of the algorithm is denoted by Tmway*(n,p) = Cmway *(n,p) +

Remark In proposition 2.9.4, by abuse of notation, we refer to rf as the time required to evaluate / at 
level /, rather than at phase I. This is to be interpreted as rf = maxijr*}, where i ranges over all levels 

participating at phase /.

Proof (of theorem 2.9.4) The theorem follows easily from proposition 2.9.4 by substituting for Trdx _srt , 
Tibai, Tbcast and Tppf the corresponding expressions in propositions 2.4.1, 2.1.5, 2.1.2 and 2.1.4, and letting 

t = 2 in these expressions. D

Structural Composition of Ordered /i-Level Graphs In this section we outline a simple level- 
composition scheme that coalesces a number of consecutive levels into a single level, and consequently, 
increases the out-degree of vertices. Let G = (V, E] be an ordered /i-level graph with vertex set V = 
V U V U U Vh and edge set E, where |V| = m. Consider an arbitrary level / of G and let TI denote the 
time required to evaluate the next function / at level /. As noted in sub-section 2.9.6.3, the performance 
of procedure M WAY -SEARCH is closely linked to the actual time rt required to evaluate /; the higher n 
is, the better the performance of the algorithm.

As n is in general some non-decreasing function of the out-degree of the vertices at level /, the per­ 
formance of algorithm M WAY-SEARCH can be improved by increasing the out-degree of the underlying
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Figure 2.57: Structural composition of the one-level vertices of case (a) into the two-level vertices of case (b). Solid-line 
squares and doited-line rectangles represent respectively vertices and multi-level vertices, solid-line arrows and doited-line 
arrows represent respectively edges and internal multi-level vertex edges.

ordered /i-level graph - by structurally composing the descendants of each vertex in Vt , up to some level 
I' >l, into a single multi-level vertex structure. If the vertices and their descendants are composed into 
R*-level vertex structures, then we say that the composition factor is R* (for example, the composition 
factor of figure 2.57 is 2).
Remark The composition procedure is application independent. We do not, however, make any claims on 
how such a composition can be derived in general; in the remainder of this section we assume that such 
a composition procedure is available.

Since in the aforementioned composition scheme each vertex in levels I + I through /' needs to be 
replicated as many times as its in-degree, we obtain that the resulting vertex structure corresponding 
to levels / through /' has size at most £,. £J=i \Vk \, I < j < /', which is at most R* • £fc |V*|, where 
R* =1' -l + l. We thus obtain (in the worst case) an fl*-fold increase in the space requirements. We 
note, however, that in most practical situations the increase in memory requirements is negligible (e.g., 
d-ary trees do not involve an increment in space requirements).

The aforementioned composition scheme guarantees that the next function / at level /* requires eval-
* _ ^ _. i < ]* < 1 + R* — 1 Thus, the time required to evaluate the next function / at uation time rr — 2^,1* Ti* ' l — —

level r has increased, and simultaneously, the number of levels in the underlying graph has decreased. It
to verify that the adoption of such a level-composition scheme does not affect asymptotically the

• e complexity of our algorithm, it does, however, introduce a fundamental complication: by composing
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a vertex and its descendants into a single multi-level vertex structure, property 3 (case 3) of ordered 
h- level graphs is violated.

In order to overcome this complication we extend the notion of ordered h-level graphs to that of Rmax ~ 
ordered h* -level graphs that can accommodate the multi-level vertex structures introduced by structurally 
composing the levels of the underlying ordered h-level graph. In particular, a directed graph G* = (V* , E*} 
is called an R*max -ordered h* -level graph if it has the following properties.

(1) Every vertex v in V* has out-degree of at most d*max and size at most s*max , where the size of 
a vertex is the size of its internal structure (vertices and edges) .

(2) The number of sources d* of G* is at most d* „..
O llUjrJLl

(3) The maximum composition factor of G* is R*max .

(4) There exists an ordered fo* -level partitioning Vj*, V2* 5 • • • > Vi** of G*, such that

- every source of G* is contained in V^ ,

- if (w, v) is an edge of G*, then Level (v) = Level(u) + 1,

- if (w,u) and (u,v) are two edges of G*, such that both Level(u) = Level(u) and 
Levellndex(u) < Levellndex(u), then Level (v) = Level (v) and Levellndex(v] < 
Levellndex(v} + (d*max - 1) • min {1, R*max -I}.

(5) Graph G* has no double edges.

The parameter R*max in the above definition reflects the maximum composition factor over all levels of 
the underlying ordered h-level graph; if R*max — 1, then the definitions of ordered h-level graphs and 

/i* -level graphs coincide.

Informal Description of Algorithm The optimal deterministic marching algorithm (on /?*, 0 ,.™ordered 
//."••level graphs) is an immediate adaptation of the searching algorithm of section 2,9.6.1 ••••• with the 
exception that HOB -trivial algorithmic techniques axe employed to generalize the algorithm,

Our main result on R* -ordered JiMevel graphs is summarized in the following theorem.

'"maxTheorem 2.9.5 Let G* = (V*,E*) be an R*max -ordered h*-level graph, with maximum out-degree dr 
and maximum vertex size s*max , where \V*\ = m*. Then, there exists a p-processor BSP algorithm for 
solving the multi-way searching problem on n queries, that for all integers n, m*, p, d*max and s*max such 
that m* <n, p = o(n/lgn), d*max = o(n/p) and s*max = o(n/p], requires time ^(r,* + O(l)) • (n/p) 
and L • h • O(lgp) + 9 • h • O(n/p), for computation and communication respectively, where r^ is the time 
required to evaluate the next function at level I*. The algorithm requires O(n/p+ ((s*max + d*max ) • m*)/p} 
space per processor.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.9.5 follows easily as a 

consequence of these results.
The procedure to manage multi-way searching on .RJ^-ordered h*-level graphs is similar to procedure 

MWAY-SEARCH of section 2.9.6. The n search processes for all n queries are realized in a sequence of 
phases. The number of phases corresponds to the number of levels h* of the underlying R*max -ordered 
/i*-level graph. At each phase /, the queries advance jointly through the graph along their search paths
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from level /* - 1 to level I*. We observe that, for #^ax -ordered h* -level graphs, in contrast to ordered 
/?-level graphs, sorting the queries within each thread with respect to the Levellndex of their associated 
vertex is not sufficient for maintaining the queries globally sorted. Therefore, the multi-way searching 
algorithm for -R^-ordered /iMevel graphs has to cope with this complication.

To this end, we extend the scope of stage 3 of algorithm MWAY -SEARCH to handle sorting of queries 
with respect to the Levellndex of their associated vertex in the underlying .R^aa.-ordered /i* -level graph. 
We next sketch the algorithmic scheme utilized to obtain the queries at phase / sorted with respect to the 
Levellndex of their associated vertex.

Let the queries at phase / — 1 be ordered with respect to the Levellndex of their associated vertex. 
Denote by Ki min and Ki max the minimum and maximum Levellndex over all vertices visited by queries at 
phase /. The queries are partitioned into K - \(Kimm - Kimin )/d*max ] buckets Hi,H2 ,... , HK, such that 
HJ, 1 < j ' < K, consists of queries that at phase / visit some vertex with Levellndex in [i, . . . , i'], where

r - -n = { [Kin** + (3 ~ 1) • Cax , • • • , #!„*. + (j + 1) ' d*max ] if 1 < j < K ,

We observe that the bucketing scheme used in the previous section (modular decomposition) does not 
work in this setting as the assignment of queries to buckets is realized with respect to the ordering of 
queries at phase / and not / — 1 (at phase / — 1 the queries are sorted with respect to Levellndex).

By way of property 4 (case 3), the Levellndex of any two queries that are not ordered with respect 
to Levellndex at phase / may differ by at most d*max . This fact is exploited in the assignment of queries 
to the aforementioned "overlapped" buckets as follows. The queries are scanned from "left" to "right", 
and query q is assigned to Hj or Hj+ \ depending on whether some query q' that belongs to bucket HJ+I 
but not Hj has already been encountered; if such a query q' has been encountered, then q is assigned to 
bucket HJ+I, otherwise, to bucket Hj.

The determination of Ki min and Kimax takes time Tppf(p). The partitioning of queries into buckets 
can be performed by way of a procedure similar to that of stage 5 of algorithm MWAY_SEARCH, and 
therefore, requires time O(n/p) + Cppf(p) and L + g-O(l) + Mppf(p), for computation and communication 
respectively.

The queries within Hj U HJ+I, for all odd j, 1 < j < K - 1, are sorted independently with respect to 
the Levellndex of their associated vertex at phase /, and subsequently, the queries within Hj U #7+1, for 
all even j, 2 < j < K — 1, are sorted independently. The queries in buckets Hj and Hj+2 are sorted with 
respect to each other, and therefore, by way of the aforementioned sorting operations, the queries at phase 
/ are globally sorted with respect to the Levellndex of their associated vertex. These sorting operations 
can be realized by employing an algorithmic scheme similar to that of the previous sub-section. Hence, 
we conclude that the aforementioned scheme requires overall time O(n/p) + o((m* • (d*max ) 2 ' a' l )/p + 

a ) + Crdx.,rt(n, 2 • d*max ,p) + Clbai(n, \n/p],p) + Cppf (p) and L • 2 + s • O(d*max ) a + Mrdx _srt (n, 2 • 
p\ + Mibai(n, \n/p] ,p) + Mppf(p) for computation and communication respectively. By substituting 

a = 1/2 in the above analysis we obtain the following analogue of proposition 2.9.2.

Proposition 2.9.5 Let G* = (V*,E*) be an R*max -ordered h*-level graph, with maximum out-degree 
dmax and maximum vertex size s*max , where \V*\ = m*. Then, there exists a p-processor BSP algorithm 
for solving the multi-way searching problem on n queries, that for all integers n, m, p, d*max and s*max 
such that m* <n, p = O(n), d*max = o(n/p) and s*max = o(n/p), requires time
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Figure 2.58: The multi-way point-location problem.
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and

MMway * (n,p) = L • 0(1) + g • O + 2 - Mrdx _3rt n,o ,p + Mlbal n

for computation and communication respectively, where rf* is the time required to evaluate the next func­ 
tion at level I* . The overall time complexity of the algorithm is denoted by TMway" (n,p) — Cuway* (n,p) + 
MMway* (n,p). The algorithm requires O(n/p + ((s*max + d*max ) • m*)/p) space per processor.

Proof (of theorem 2.9.5) The theorem follows easily from proposition 2.9.5 by substituting for Trdx _srt , 
Tibai, Tbcast and Tppf the corresponding expressions in propositions 2.4.1, 2.1.2, 2.1.5 and 2.1.4, and letting 
t = 2 in these expressions. D

2.9.6.4 One-Optimal Applications of Multi-Way Searching in Computational Geometry 
Algorithms

By substituting appropriate values for the parameters in the results of the previous sections a multiplicity 
of optimality bounds on the runtime are derived. As noted in [75], the best optimality bounds are obtained 
by selecting the parameters with regard to the actual values of n, p, L and g. By making, however, more 
generic selections for the underlying parameters and worst-case bounds for p, L and g, more general 
results in terms of n can be obtained. In the following sections, we illustrate this claim by presenting 
a variety of one-optimal results in computational geometry that are derived as direct applications of 
theorems 2.9.2, 2.9.4 and 2.9.5.

Multi-Way Point Location through Multi-Way Searching In this section we apply the methods 
we developed in section 2.9.6 to outline an efficient BSP solution to an important computational geometry 
problem.

Problem Given a set of n points (queries) X = {xi,x2 ,... ,xn } and an ordered partitioning Y of a two- 
dimensional horizontal strip V by m - I non-intersecting line segments S = (si,s2 ,... ,sm-i) into m 
slabs, determine, for each x e X, the vertical slab it belongs to.
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The solution to this problem, which we call multi-way point location (refer to figure 2.58 for an illustration), 
is central to several other geometric problems [172] (e.g., planar point location, plane sweep, and segment 
trees). In the remainder of this section we assume n = m, the case n^m can be derived in a similar way. 

The algorithm for solving the multi-way point-location problem consists of two phases. In the first 
phase an ordered /i-level graph G is constructed based on the ordered partitioning Y of the two-dimensional 
horizontal strip V. In particular, a balanced d-ary tree is constructed on the n vertical slabs, where 
d = |~(n/p) a ] for some positive constant a < 1. In the second phase we utilize algorithm MWAY_SEARCH, 
to determine, for each x G X, the slab it belongs to. The following result shows how to efficiently 
implement the first phase.

Lemma 2.9.2 For any constant a, 0 < a < 1, there exists dp-processor BSP algorithm for constructing 
a balanced d-ary tree T on n ordered items, that for all positive integers n, p and d such that p = O(n) 
and d — \(n/p} a ~\ requires time O(n/p) + O(d • logd p) and L • \\ogd p] + g • O(d • logd p), for computation 
and communication respectively.

Proof Let / be an arbitrary level of T. We define every d-th item of level / of T to be a pivot item. 
The construction of the balanced tree proceeds from the leaves to the root as follows. For each level 
I of T, level / — 1 is constructed by only considering the pivot keys of level /. Since the height of T 
is [logd n] the construction takes ("logd n"] phases, of which [logd p] phases are non-local (require inter- 
processor communication). Each such phase requires time O(d] and L + g • O(d) for computation and 
communication respectively. Since the overall cost of local computations is bounded above by O(n/p), 
the lemma follows. D

The so constructed balanced tree T has n leaves and out-degree d = \(n/p) a '\ , and therefore, its height 
is at most [lgn/(a • Ig (n/p))]. Moreover, since the in-degree of any vertex v 6 T is at most one and the 
number of internal vertices is at most n — 1, the number of edges in T is bounded above by 2 • n — 1. 
Combining these observations with lemma 2.9.2 and theorem 2.9.2 we obtain the following result which 
summarizes the discussion of this section - note that sequentially, multi-way point location requires time 
0(n-lgn).27

Optimality Claim 2.9.1 LetY be an ordered partitioning of a two-dimensional horizontal strip V, where 
\Y\ — m. Then, the aforementioned discussion implies that there exists a p-processor BSP algorithm for 
solving the multi-way point-location problem induced by n points, that for all positive integers n, m, p and 
L such that m < n, p — o(n/lgn), L = o((n/p) • (lg(n/p)/lgp)) and g — o(lg(n/p)) ; has TT = I + 0(1) 
and IJL — o(l).

Range Searching through Multi-Way Search In the following discussion we apply the methods 
we developed in section 2.9.6 and sub-section 2.9.6.3 to outline an efficient BSP solution to an important 
computational geometry problem.

Problem Given a set of n range queries Q = {91,^2, ••• ,<?n} and a set X of m two-dimensional points, 
determine, for each q G Q, the subset of X contained in the query domain of q.

The solution to this problem, which we call range searching, is of fundamental importance in compu­ 
tational geometry [172]. In the remainder of this section we assume n — m, the case n ^ m can be derived

27 The sequential solution to multi-way point-location problem entails, for each x G X, a binary-search process on the m 
slabs; clearly, this method requires optimal time 0(n • Ign).
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in a, similar way. We also assume that range queries are rectangles and that X consists of two-dimensional 
points, the generalization to higher dimensions can be realized easily.

The algorithm for solving the range-searching problem is an adaptation on the BSP model of the 
"range tree method" [32, 190]. The n abscise on the x-axis of set X are assumed to be normalized to 
the integers in [0,1,... , n — 1] by their rank. These n abscise induce n ~ I elementary intervals [i, i + 1], 
0 < i < n — 1. The range tree method partitions the interval [0,n — 1] into elementary intervals by way 
of the segment tree structure [172]. The segment tree - a rooted binary tree of depth O(lgn) - is a data 
structure that allows the partitioning of an arbitrary interval, whose extremes belong to the set of n given 
abscise, into its constituent elementary intervals. In particular, the segment tree corresponding to interval 
[l,u] is recursively built as follows: (i) it consists of a root with parameters / and u, and if u — I > 1, (ii) 
of a left segment tree corresponding to interval [/, [(I + u}/2\] and a right segment tree corresponding to 
interval [[(I + u)/2J,... ,u] (we note that the segment tree construction can be optimally realized by way 
of the tree construction algorithm of the previous sub-section.

The range tree T is then constructed as follows: (i) it consists of a primary segment tree T corresponding 
to the x-coordinates of the points in X, and (ii) for each node v £ T, of a standard threaded binary tree 
on the y-coordinates of the points corresponding to the interval associated with node v [172]. In view 
of these properties, the use of the range tree in range searching is straightforward. The segment tree is 
employed for searching the re-coordinate. This search process identifies for each range query a unique set 
of nodes (the allocation nodes) of size at most 2-Ign —2 [172]. Then, the threaded binary trees associated 
with these allocation nodes are employed for searching the y-coordinate. An illustration of the range-tree 
method is presented in figure 2.59 (see also [172]).

The aforementioned search process on range tree T resembles the search process on ordered /i-level 
graphs since both T and its associated threaded binaries trees can be expressed as ordered /i-level graphs. 
By employing the structural composition scheme of section 2.9.6.3 with R*max = a-log (n/p), the maximum 
out-degree dmax — 2 of T and its associated threaded binaries trees can be increased from constant to 
2 /C.,:r = (n/p) a , for any constant 0 < a < 1. Combining these observations with theorem 2.9.5 we 
obtain the following result, which summarizes the discussion of this section - note that sequentially, 
range-searching requires time Q(n • Ign) [172]. 28

Optimality Claim 2.9.2 Let X be a set of two-dimensional points (along with their corresponding range 
tree T), where \T\ — m. Then, the aforementioned discussion implies there exists a p-processor BSP 
algorithm for solving the range-searching problem induced by n range queries, that for all positive integers 
n, m, p and L satisfying m < n, p = o(n/lgn), L = o((n/p) • (lg(n/p)/lgp)) and g = o(lg(n/p)), has 
TT — 1 + 0(1) and n — o(l).

Planar Subdivision Point Location through Multi-Way Search In the subsequent discussion we 
apply the methods we developed in sections 2.9.6 and 2.9.6.3 to demonstrate an efficient BSP solution to 
yet another important computational geometry problem.

Problem Given a set of n points (queries) X = {x\ ,x%,... , xn } and an m-vertex connected planar straight- 
line graph G of vertex degree > 2, determine, for each x € X, the planar subdivision it belongs to.

28 The sequential range-tree method we presented in this section requires time 6(n • Ig2 n); however, in [147, 210] it is 
shown that a straightforward variant of the aforementioned method requires optimal time O(n • Ign). The latter variant is 
assumed in optimality claim 2.9.2.
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(a)

Figure 2.59: A single range query (a) and its associated search process (b).

The solution to this problem, which we call planar subdivision point location, is of fundamental im­ 
portance in computational geometry [172]. In the remainder of this section we assume n — m, the case 
n ^ m can be derived in a similar way.

The algorithm for solving the planar subdivision point-location problem is an adaptation on the BSP 
model of the "triangulation refinement method" [129]. The n-vertex connected planar straight-line graph 
G is assumed to be a triangulation (all bounded regions are triangles). In addition - for technical reasons 
- it is convenient to assume that the triangulation is inscribed within a triangular boundary (refer to 
figure 2.60 for an illustration).

Let G be such an n-vertex triangulation and consider the sequence of triangulations (Si, 82, • • • , 5/i), 
where Sh = G and Si-i is obtained from Si by (i) removing the set of non-adjacent non-boundary vertices 
of degree less than or equal to dmax = 12 of Si-i and their incident edges, and (ii) re-triangulating the 
polygons arising from the removal of vertices and edges.

Along the lines of [172], we note that a triangle TJ may appear in many triangulations; however, TJ is 
conventionally said to belong to triangulation Si-\ (denoted by TJ 6 S/-i) if TJ is generated in step (ii) 
of the construction of 5j_i. Consider the directed acyclic graph T, whose nodes represent triangles and 
whose topology is defined as follows. There is an out-going edge form triangle r^ to triangle TJ, if during 
the construction of S\-\ the following conditions are true: (i) TJ is eliminated from Si in step (i) of the 
construction of S/_i, (ii) Tk is generated in step (ii) of the construction of 5/_i, and (iii) rk n TJ ± {}. 
Then, in [172], it is shown that the following properties hold for such an n-vertex directed acyclic graph 
T.
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(a) (b) 

Figure 2.60: A given triangulation (a) and the same triangulation within an inscribing triangle (b).

(1) 15^1=2-71-5.

(2) \Si-i\ < a • \Si\, 2 < / < h, for some constant 0 < a < I.

(3) Each triangle r e S;_i intersects at most dmax = 12 triangles in S/, and vice versa.

A sequence of triangulations along with their corresponding acyclic directed graph T is illustrated in 
figure 2.61 (see also [172]); the encircled vertices are those which are removed at each step.

As noted in [172], once T is available, it is straightforward to identify how point location proceeds. 
The underlying primitive operation is "inclusion in triangle", which is obviously performed in constant 
time. The n search processes for all n points (queries) are realized in a sequence of phases. The number 
of phases corresponds to the number of levels of the underlying directed acyclic graph T. At each phase I, 
1 < I < h, the points advance through the graph along their search paths from level I — I to level /, that is, 
once a point (query) has reached a triangle (node) in the path, test for inclusion in all of its descendants 
is performed; since the point is included in exactly one descendant, this advances the search process by 
one level.

The aforementioned search process on directed acyclic graph T resembles the search process on ordered 
h-level graphs. The fundamental difference, however, is identified in the fact that T does not satisfy 
property 3 (case 3) of ordered h-level graphs. In section 2.9.6.3 we outlined a scheme that relaxes property 3 
(case 3) of ordered h-level graphs to property 4 (case 3) of -R^az-ordered fo*-level graphs. The latter graph 
resembles closer the structure of T, but still, fails short of capturing its overall nature. In particular, 
directed acyclic graph T satisfies the following analogue of property 4 (case 3) of .Rj^-ordered h* -level 

graphs:

- if (u,v) and (u,v) are two edges of T, such that Level(u) = Level(u) and Lev el-Index (u) < 
Level-Index (u), then Level(v) = Level(v] and Level -Index (v) < Lev el-Index (v) + \SLeve i( u)\,

where \SLevei( u )\ < ah ~ Level ( u) • (2 • n - 5). In view of this property, it is not difficult to verify that the 
scheme proposed in section 2.9.6.3 for .R^ax -ordered /i*-level graphs can be efficiently adapted to directed 
acyclic graphs; the additional time requirements for this scheme can be shown to be upper bounded by
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(a)

(b)

Figure 2.61: A sequence of triangulations (a) and the corresponding acyclic graph (b); the encircled vertices are those 
which are removed at each phase.

(2 • n - 5),p)
1=1

By employing the structural composition scheme of section 2.9.6.3 with R*max — a • Iog12 (n/p), the 
maximum out-degree dmax = 12 of T can be increased from constant to 2 fl*"- > (n/p) a/ lg12 , for any 
constant 0 < a < I. 29 Additionally, if the node sizes in the resulting structure vary in size, then the 
modular decomposition scheme of section 2.9.6.3 can be employed to smooth out this variation. Combining 
the aforementioned result and these observations with theorems 2.9.4 and 2.9.5 we obtain the following 
result, which summarizes the discussion of this section - note that sequentially, planar-subdivision point 
location requires time 0(n • Ign).

Optimality Claim 2.9.3 Let G be a connected planar straight-line graph (given as a triangulation in­ 
scribed in a triangular boundary along with its directed acyclic graph T), where \T\ < n. Then, the 
aforementioned discussion implies there exists a p-processor BSP algorithm for solving the planar subdivi­ 
sion point-location problem induced by the n points, that for all positive integers n, m, p and L satisfying 
m < n, p = o(n/lgn), L = o((n/p] • (lg2 (n/p)/(lgn • Igp))) and g = o(lg2 (n/p)/lgn), has TT = 1 + o(l) 
and IJL — o(l).

2.9.6.5 Further Applications of Multi-Way Searching in Computational Geometry Algo­ 
rithms

In [57] it is shown that the following problems admit efficient solutions on the hyper-cube model by way of 
multi-way searching: next element search, trapezoidal decomposition and triangulation [57]. It is our belief

29 The minimum out-degree of T is considered to be at least 2, since nodes with out-degree less than 2 are either leaf nodes 
or point to themselves, and therefore, can be safely ignored from further consideration.
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that by employing the multi-way searching algorithm of section 2.9.6 it is possible to derive communication 
efficient BSP solutions for the aforementioned problems - there is no fundamental impediment known that 
would preclude this derivation done by communication efficient BSP algorithms. 30

2.10 Applications of Fundamental Algorithms to Computational 
Geometry Algorithms

In this section we apply the techniques we developed in this chapter to design, analyze and implement 
simple - yet optimally efficient - BSP algorithms for a variety of fundamental computational geometry 
operations, namely convex hulls, geometric searching and visibility. Computational geometry [172] has 
always attracted a great deal of research interest both in sequential [54, 172, 203] and parallel computation 
[3, 9, 18, 59, 119, 184] because of its many important applications. Parallel computational geometry is a 
branch of computer science concerned with the study of designing, analyzing and implementing efficient 
- practical being of great importance nowadays - parallel algorithms to treat computational problems 
dealing with collections of Euclidean objects. This wealthy class of problems arises naturally, not only in 
the obvious application areas such us computer graphics, computer aided design (CAD), image analysis, 
pattern recognition and classification, robotics, but also in statistics, management science, operations 
research, and database search [32, 59, 119, 172, 184, 203]. The material of this section is based on the 
following papers:

(1) "Portable and scaleable algorithm design on the IBM SP2: The bulk-synchronous parallel 
paradigm." In Proceedings of the Sup-Eur'96 Conference, Krakow, Poland, September 1996
[11].

(2) "Direct bulk-synchronous parallel algorithms in computational geometry." Technical Report 
PRG-TR-10-96, Computing Laboratory, Oxford University, May 1996 [196]. Also as Qualifying 
Dissertation to Support an Application for Transfer of Status from a Probationary Research 
Student to a Student for the Degree of Doctor of Philosophy at the University of Oxford, 
September 1995.

2.10.1 Preliminaries and Notation

Let U = (ui,U2,... ,un ) be a sequence of points in d-dimensional Euclidean space. Without loss of 
generality, we assume that no three points appearing in sequence U are co-linear (degenerate) - if the 
points are degenerate we can remove the degeneracy by adopting techniques for coping with degeneracies 
(e.g., [66, 68]). We consider, in this section, the problem of computing the convex hull, dominance counting 
and lower envelope of sequence U. In the forthcoming discussion the following notation is used.

- By Ed we denote the d-dimensional Euclidean space, with metric (]Ci=i x?) 5 ' and by u = 
(xi, x2 , • • • ,Xd} we denote a point (vector) u in Ed .

- The combination a • u\ + (1 — a) • u2 , for some real 0 < o < 1, describes a straight line segment. 
The straight line segment joining vectors u\ and u% is denoted by

30 Unfortunately, the underlying details of these solutions are rather complicated and technical, and therefore, beyond the 
scope of this work.
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- A domain D of vectors in Ed is convex, if for any pair of vectors (111,112) in D, the straight 
line segment u^u^ belongs entirely in D [172].

- The convex hull of a set of vectors in Ed is denned as the smallest convex domain in Ed 
containing the entire set.

- A collection of vectors V (vertex set) and straight line segments E (edge set) describes a graph 
G. A graph is planar if the set of edges and vertices composing the graph belong in E2 without 
crossing - the special case where all its faces are triangles, defines a triangulation.

The restriction to Euclidean geometry is suggested by the fact that the vast majority of applications 
are formulated in Euclidean space, however, such a restriction is unessential for all of the applications to 
be considered in the remainder of this section.

2.10.2 Cost Model

The performance of the BSP computational geometry algorithms of this section is specified as follows. 
Constant O(l) time is charged for each (i) basic computational operation, each (ii) operation over an 
associative operator in parallel-prefix computations, and each (iii) operation over Euclidean objects in 
.E0(1) . Furthermore, for some constants csrt , c chuu, Cdcnt, cienv , time csrrn-lgn, c chuirn-\gn, c dcnt -n-\gn, 
and cienv -n-lgn is charged respectively for solving the sorting, convex-hull, dominance-counting and lower- 
envelope problems for a sequence of points in E2 of size n - within the context of each separate section 
we denote cchuii, Cdcnt and cienv by c*.

Optimal 9(n • Ign) time sequential convex-hull, dominance-counting and lower-envelope algorithms 
are well-known [172]. In the following sections, we design, analyze and implement simple optimal BSP 
algorithms for the aforementioned problems - optimality is realized for an ample range of the BSP pa­ 
rameters.

2.10.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on parallel convex hull 
computations (e.g., [6, 161, 168] on the PRAM model, [58] on an abstract parallel communication model, 
[161] with [145] on the hyper-cube model, [184] on the butterfly model, [45] on the cube-connected-cycles 
model). The exhibit in table 2.9 summarizes the aforementioned results with respect to the following 
statistics: computation time, communication time, multiplicative constant factors, implementation ef­ 
fort and amount of parallel slackness (in terms of maximum number of processors) required to achieve 
optimality.

With reference to table 2.9 we note that the randomized butterfly algorithm of [183] does not migrate 
efficiently to the BSP model as a result of its inherent requirement for a non-bulk communication pattern 
(butterfly style communication) - as opposed to a bulk communication pattern (BSP style communica­ 
tion) .

The optimal BSP convex-hull construction algorithms of section 2.10.4 and sub-section 2.10.7.2 improve 
upon previous approaches on the following particulars:

(1) the asymptotic computation time requirements of [45],

(2) the asymptotic communication time requirements of [6, 45, 161, 168, 184],
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Table 2.9: Performance comparison of parallel convex-hull algorithms (for any constant 0 < e < 1) - the cyan color is 
associated with randomized approaches.

(3) the multiplicative constant factor requirements of [6, 45, 161, 168, 184] (algorithm of sec­ 
tion 2.10.4),

(4) the implementation effort requirements of [161, 184], and

(5) the parallel slackness requirements (to achieve optimality) of [6, 168] (algorithm of sub­ 
section 2.10.7.2).

The principal contribution, however, of the convex-hull construction algorithm of section 2.10.4 is at­ 
tributed to the low communication cost (refer to case 2) and the small constant multiplicative factors 
(refer to case 3). Additionally, our techniques provide one-optimality for an ample range of the BSP pa­ 
rameters. Accordingly, the main contribution of the convex-hull construction algorithm of section 2.10.7.2 
is attributed to the low communication cost (refer to case 2) and the low amount of parallel slackness 
required to achieve optimality (refer to case 5).

Remark The comments that apply to the dominance-count ing and lower-envelope algorithms of sec­ 
tions 2.10.5 and 2.10.6 are similar to those of the convex-hull algorithm of section 2.10.4, and therefore, 
have been omitted from the discussion of this section.

2.10.4 An Optimal Convex-Hull Construction Algorithm
The problem of computing the convex hull of a point-set [9, 18, 119, 172] is not only fundamental to 
many practical applications, but is also a mean for the solution of apparently unrelated issues arising in 
computational geometry. The importance of efficient convex-hull algorithms is apparent in many appli­ 
cations; for example, in computer graphics, computer-aided design, image processing, robotics, pattern 
recognition and statistics [119, 172]. The convex-hull problem may be concisely defined as follows.

Problem Given a set of n two-dimensional points U = {wi,M2> • • • 5 wn }, determine the smallest convex 
domain containing the entire set and give a complete description of its boundary.

Unfortunately, this simple definition is not of a constructive nature. Thus, appropriate notions must be 
identified that are conductive to algorithm development.

In the remainder of this section we present a deterministic BSP algorithm for the problem of computing 
the convex hull of n two-dimensional points. The algorithm is based on an efficient deterministic parti-
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tioning scheme [3, 58, 100] and achieves optimality in computation for an ample range of the parameters 
n, p, L and g.

Informal Description of Algorithm The optimal deterministic con vex-hull construction algorithm is 
based on the fundamental algorithms of the previous sections and is non-iterative in nature. The input- 
is assumed to be evenly but otherwise arbitrarily divided among the p participating processors before the 
beginning of tl.io execution of the algorithm. Initially, processors sort (with respect to the ,r--coordinate), by 
means of some optimal deterministic sorting algorithm, the points in their possession and each processor 
constructs, by means of some optimal sequential convex-hull construction algorithm, the convex hull of 
its points. Subsequently, each processor computes, by means of an optimal binary-like search process, the 
upper and lower lines of tangency between its convex hull and the convex bulls of all other processors. 
Finally, each processor computes its (possibly empty) contribution to the convex hull (the aforementioned 
computation is realized by employing the upper and lower lines of tangency).

Our main result is summarized in the following theorem.

Theorem 2.10.1 There exists a p-processor BSP algorithm for solving the convex-hull problem on a 
set of n two-dimensional points that for all integers n and p such that p = o(yn/\gn), requires time 
Csrt(n,p) + (c* + o(l)) • ((n/p) • lg(n/p)) and Msrt (n,p) + L • 0(1) + g • O(n/p), for computation and 
communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.10.1 follows easily as a 
consequence of these results.

Optimality Claim 2.10.1 Theorem 2.10.1 implies that there exists a p-processor BSP algorithm for 
solving the convex-hull problem on a set of n two-dimensional points, that for all integers n, p, L and g 
such that p — o(y/n/lgn), L = o((n/p) • Ign) and g = o(lgn), has TT = 1 + csri /c* + o(l) and n = o(l).

Lemma 2.10.1 Let {C/i, U2 , ... , Uk} be a set of k disjoint two-dimensional point sets. Then, the convex 
hull resulting from the union of CH(U\), CH(U2),.. • , CH(Uk) is equivalent to the convex hull of the union 
ofUi,U2 ,... , Uk ; that is, CH(Ui) U CH(U2 ) U ... U CH(Ui) = CH(Ui U U2 U ... U UJ.

Proof The correctness of the above lemma follows trivially from the convex-hull definition. D

The aforementioned result implies that the convex hull of U\ U U2 U ... U Uk is invariant under permu­ 
tations of Ui , t/2, • • • ,Uk and possesses the inclusion property. The procedure to manage the convex-hull 
computation is presented in the following result.

Proposition 2.10.1 There exists a p-processor BSP algorithm for solving the convex-hull problem on a 
set of n two-dimensional points, that for any integers n and p such that p = O(n), requires time,

n n . (n [ n~] lg (n/p) \ 
CcJlM(n,p) = c* - - - Ig - + C,rt(n,p) + o(-+p-\^\- a ///;p p Vp IP I ig(l n /p l + i)/ 

and
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for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tc _hull (n,p) = Cc _huu(n,p) + M

Proof We assume that the input is evenly but otherwise arbitrarily distributed among the p processors 
before the beginning of the execution of the algorithm.

Procedure CONVEX_HULL 
begin

[Stage 1] The input set is orderly (by re-coordinate) and evenly distributed amongst the processors. 
Let the result of this distribution be set V; on processor pi, 0 < i < p.

[Analysis of Stage 1] The cost of this stage is that of parallel sorting by one of the algorithms of 
section 2.6. Thus, this stage requires time Tsrt (n,p}.

[Stage 2] Each processor p;, 0 < i < p, solves the convex-hull problem for the points in V^. Let the 
result of this computation be convex-hull chain CH(Vi) on processor pi.

[Analysis of Stage 2] When this step is executed, each processor holds at most \n/p\ points. Thus, 
this stage involves sequentially solving the convex-hull problem on \n/p] points by some deterministic 
algorithm [172] and requires time c* • \n/p] • Ig \n/p\.

[Stage 3] Each processor p^, 0 < i < p, computes the upper and lower lines of tangency between 
CH(Vi] and CH^}, for all 0 < j < p.

[Analysis of Stage 3] By employing a procedure reminiscent to that of [169] - a binary search 
procedure that requires at each step a point, its successor and its predecessor - this stage can be 
shown to require time O(p • \n/p3 ~\ • (Ig \n/p] / Ig ( \n/p3 ] + 1))) and L • O(lg \n/p] / Ig ( [n/p3 ] + 1)) + 
9 ' O(p • [n/p3 ] • (Ig \n/p]/lg(\n/p3 ] + 1))), for computation and communication respectively. 31

[Stage 4] Each processor PJ, 0 < i < p, computes its (possibly empty) contribution to the convex 
hull.

[Analysis of Stage 4] The (possibly empty) contribution of each processor to the convex hull is 
determined by selecting the sequence of points on the upper chain between the leftmost point of 
tangency ur of a right tangent vr and the rightmost point of tangency HI of a left tangent vi [100] (the 
process for the lower chain is similar). As shown in figure 2.62 if the angle formed by vi and vr is less 
than TT, none of the points between ur and u/ is on the convex hull; otherwise, all the points between 
ur and ui are on the convex hull. This stage requires O(n/p + p) time.

end

Analysis The correctness of the algorithm follows from its description and lemma 2.10.1, and is omitted. 
By summing up the computation and communication requirements of procedure CONVEX_HULL we obtain 
the stated time bound.

31 The basic idea behind the procedure of stage 3 is for each processor (in each step) to read [n/p3 ] evenly spaced points, 
along with their successors and predecessors, from each other processor. Then, the procedure of [169] can be shown to 
require O(lg \n/p\/ Ig ([n/p3 ] + 1)) steps, and the desired time bound follows trivially.
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Figure 2.62: Two dimensional convex-hull merging. If the angle formed by vi and vr is less than vr, none of the points 
between the tangency points of vi and vr is on the convex hull; otherwise, all the points are on the convex hull.

The proposition follows. D

Proof (of theorem 2.10.1) The theorem follows easily from proposition 2.10.1. D

2.10.4.1 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the convex-hull 
algorithm of section 2.10.4.

Implementation The prototype adopted for the BSPlib convex-hull procedure is outlined in figure 2.63.

void BSP_convex_hull (point *src, chull **trg, int n) ; 
src - input point array. 
trg - convex-hull structure. 
n - input size.

Figure 2.63: Procedure for BSP convex-hull computation.

The aim of function (procedure) BSP_convex_hull is to provide a high-performance BSPlib convex-hull 
algorithm implementation.

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.10.1. 
To determine the practical significance of the aforementioned result we benchmarked our implementa­ 
tion (BSP-ConvexJiull) on two different machines with a varying number of processors and input sets
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(consisting of uniformly distributed two-dimensional integer valued points - unless otherwise indicated). 
Figures 2.64 and 2.66 present the execution time of procedure BSP_convex_hull on the two machines. 
Similarly, figures 2.65 and 2.67 expose the efficiency of the corresponding timing results.

~'—i

Time (sees)
524288

Problem Size

Efficiency

Figure 2.64: Execution time on a SGI Power Challenge Figure 2.65: Efficiency on a SGI Power Challenge for 
for convex-hull computation - uniform distribution (U). convex-hull computation - uniform distribution (U).

18000- 
16.000- 
14.000- 

12.000-
Time(secs) 10.000- 

8.000- 
6.000- 
4000- 

2000 
0.000 

1

Efficiency

Problem Size

Figure 2.66: Execution time on a Cray T3D for convex- Figure 2.67: Efficiency on a Cray T3D for convex-hull 
hull computation - uniform distribution (U). computation - uniform distribution (U).

As shown in figures 2.64 and 2.66, the execution time of procedure BSP_convex_hull using a fixed 
number of processors scales with the input size (approximately as n • Ig n). Accordingly, the execution 
time of procedure BSP_convex_hull for a fixed input size scales inversely with the number of processors 
(approximately as 1/p). Both experimental results are in accordance with the theoretical analysis of 
section 2.10.4. In terms of efficiency, procedure BSP_convex_h.ull utilizes approximately (within a 5%):

- 90%-95% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 95%-100% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),

- 75%-100% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 95%-100% of the available processor resources on the Cray T3D machine (for large problem 
sizes).
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These results should be interpreted with caution on the basis that the convex-hull algorithm of sec­ 
tion 2.10.4 has been enhanced in the implementation by incorporating a heuristic point-elimination scheme 
[99] that improves the performance of the underlying convex-hull algorithm.

2.10.5 Optimal Geometric Searching and Dominance-Counting Algorithms

Geometric searching problems [9, 172] may be classified in two broad categories: point-location and range- 
checking problems. In point location problems we are given a partitioning of space P and an arbitrary 
point z, and we have to locate the relative position of z in P. On the other hand, in range checking 
problems we are given a partitioning of space (range) R and an arbitrary set of points n, and we have to 
determine how many points lie in R.

In the simplest case, searching is performed just once, in which case any preprocessing to speed 
up future queries would be wasteful. A one-time query is referred to as single-shot [172]. In many 
applications, however, numerous queries are repeated on the same set of data. Such queries are referred to 
as repetitive mode queries [172]. In this section we restrict ourselves to range searching single-shot queries; 
further results on point location and repetitive mode queries have been presented in the discussion of 
sub-section 2.9.6.4. The range searching problem we consider in this section, a variant of the dominance- 
counting problem, may be concisely be defined as follows.

Problem Given a dominant?2 set of n two-dimensional points U = {wi,W2, •. • ,wn } and a dominated set 
U of m two-dimensional points, determine, for each u € [/, the number of points in U that are dominated 
by u.

Unfortunately, this simple definition is not of a constructive nature. Thus, appropriate notions must be 
identified that are conductive to algorithm development.

In the remainder of this section we present a deterministic BSP algorithm for the problem of computing 
the dominance counting of n two-dimensional points. The algorithm is based on an efficient deterministic 
partitioning scheme [58] and achieves optimality in computation for an ample range of the parameters n, 
p, L and g.

Informal Description of Algorithm The optimal deterministic dominance-counting algorithm is based 
on the fundamental algorithms of the previous sections and is non-iterative in. nature. The input is as­ 
sumed to be evenly but otherwise arbitrarily divided among the p participating processors before the 
boguming of the execution of the algorithm. Initially, processors sort (with respect to the x-coordinate), 
by. means of some optimal deterministic sorting algorithm, the items in their possession and each proces­ 
sor solves, by means of some optimal sequential dominance-counting algorithm, the dominance-counting 
problem for its items. Subsequently, processors sort (with respect to the ^-coordinate), by means of some 
optimal deterministic sorting algorithm, the items in their possession and ea.rh processor solves, by means 
of some optimal sequential dominance-counting algorithm, the dominance-counting problem for its items. 
Additionally, each processor solves, by means of some optimal sequential dominance-counting algorithm, 
the dominance-counting problem for the sets resulting by the intersection of the two sorted sets (with re­ 
spect; to .>:- and ^/-coordinates). Finally, the dominance-counting problem solution derives by appropriately 
combining the aforementioned, independent solutions.

Our main result is summarized in the following theorem.

32 The dominance is a relation as follows: two-dimensional point u — (xi, 12) dominates two-dimensional point u = (x\ , £2) 

if x\ > xi and x? > £2-
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Theorem 2.10.2 There exists a p-processor BSP algorithm for solving the dominance- counting problem 
on two sets consisting of n two-dimensional points that for all integers n and p such that p — O(^/n), 
requires time 2 • Csrt (n,p} + (3 • c* 4- o(l)) • ((n/p) • Ig (n/p)) and 2 • Msrt (n,p) + L • O(l) + g • O(p), for 
computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.10.2 follows trivially as 
a consequence of these results.

Optimality Claim 2.10.2 Theorem 2.10.2 implies that there exists a p-processor BSP algorithm for 
solving the dominance- counting problem on two sets consisting of n two-dimensional points, that for all 
integers n, p, L and g such thatp = O(^/n), L = o((n/p}-\gri) and g — o(lgn), has TT — 3+2-(csri /c*)+o(l) 
and [n = o(l).

Lemma 2.10.2 ([58]) Consider dominant and dominated sets U and U respectively. Let V and H be a 
vertical and a horizontal slab of U , delimited from left and below by the lines v and h respectively. For 
every point u e U that belongs to the intersection I of V and H, we have that D(u,U) = D(u,V) + 
D(u, H) — D(u, I) + D(v U h, U), where D(v U h, U) denotes the number of points in U that are both below 
h and to the left of v (or equivalently, the number of points in U dominated by point v U h).

The procedure to manage the dominance computation is presented in the following result.

Proposition 2.10.2 There exists a p-processor BSP algorithm for solving the dominance- counting prob­ 
lem on two sets consisting of n two-dimensional points, that for any integers n and p such thatp — O(n], 
requires time,

Hi Ti i Tl \
Cdom.cnt(n,p) = 3 • c* • - • Ig - + 2 • Csrt(n,p) + O - + p)

p p \p J 

and

Mdom.cnt (n,p) = L • 0(1) + g • 0(p) + 2 • Msrt (n,p),

for computation and communication respectively. The overall time complexity of the algorithm is denoted
by Tdom-cnt(n-,p] — Cdom-cnt(n,p) +

Proof We assume that the input is evenly but otherwise arbitrarily distributed among the p processors 
before the beginning of the execution of the algorithm.

Procedure DOMINANCE_COUNT 
begin

[Stage 1] The input set is orderly (by x-coordinate) and evenly distributed amongst the processors. 
Let the result of this distribution be set Vi on processor pi, 0 < i < p.

[Analysis of Stage 1] The cost of this stage is that of parallel sorting by one of the algorithms of 
section 2.6. Thus, this stage requires time Tsrt (n,p}.
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[Stage 2] Each processor pi, 0 < i < p, solves the dominance-counting problem for the points in Vi.

[Analysis of Stage 2] When this step is executed, each processor holds at most \n/p\ points. Thus, 
this stage involves sequentially solving the dominance-counting problem on \n/p\ points by some 
deterministic algorithm [172] and requires time c* • \n/p\ • Ig \n/p\.

[Stage 3] Each processor pi, 0 < i < p, computes the maximum ^-coordinate of the points in its 
possession (vertical line Vi) and communicates Vi to all other processors.

[Analysis of Stage 3] This stage takes time 0(1) and L+g-O(p), for computation and communication 
respectively.

[Stage 4] The input set is orderly (by y-coordinate) and evenly distributed amongst the processors. 
Let the result of this distribution be set Hj on processor p3;, 0 < j < p.

[Analysis of Stage 4] The cost of this stage is that of parallel sorting by one of the algorithms of 
section 2.6. Thus, this stage requires time Tsrt(n,p).

[Stage 5] Each processor PJ, 0 < j < p, solves the dominance-counting problem for the points in Hj.

[Analysis of Stage 5] When this step is executed, each processor holds at most \n/p\ points. Thus, 
this stage involves sequentially solving the dominance-counting problem on \n/p\ points by some 
deterministic algorithm [172] and requires time c* • \n/p] • Ig \n/p\.

[Stage 6] Each processor PJ, 0 < j < p, determines Hj U Vi, for all 0 < i < p.

[Analysis of Stage 6] The cost of this stage is that of merging Hj with {VQ,VI, • • • j^p-i}- Thus, 
this stage requires time O(n/p + p).

[Stage 7] Each processor PJ, 0 < j < p, solves the dominance-counting problem for the points in 
Hj\JVi, for all 0 < i < p.

[Analysis of Stage 7] This stage involves sequentially solving p disjoint dominance-counting problems 
on a total of at most \n/p\ points by some deterministic algorithm [172], and therefore, requires time 
at most c* • \n/p\ • Ig \n/p].

[Stage 8] Each processor PJ, 0 < j < p, computes n^ - the number of points in Hj that belong to 
the dominated set and they are to the left of v^, for all 0 < i < p - and communicates n^ to processor 
Pi+i , for all 0 < i < p — I.

[Analysis of Stage 8] The cost of this stage is that of merging Hj with {^0,^1, • • • ,^P-i}- Thus, 
this stage requires time O(n/p + p) and L + g-O(p), for computation and communication respectively.

[Stage 9] Each processor PJ , 0 < j < p, solves the dominance-counting problem for the points in Hj 
by employing the formulae of lemma 2.10.2.

[Analysis of Stage 9] This stage requires time O(n/p).
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end

Analysis The correctness of the algorithm follows from its description and lemma 2.10.2. By summing 
up the computation and communication requirements of procedure DOMINANCE_COUNT we obtain the 
stated time bound.

The proposition follows. D

Proof (of theorem 2.10.2) The theorem follows easily from proposition 2.10.2. D

2.10.5.1 Applications of Dominance Counting in Rectangle Inclusion

A range-searching problem that can be handled efficiently using dominance counting is the rectangle- 
inclusion problem.

Problem Given a set of n rectangular range queries Q = {q±, q%, . . . , qn } and a set U of m two-dimensional 
points, determine, for each q 6 Q, the number of points in U contained in the query domain of q.

In the remainder of this section we present a deterministic BSP algorithm for the problem of computing 
the rectangle-inclusion of n rectangular range queries and n two-dimensional points. The algorithm is 
based on the dominance-counting algorithm of the previous section and achieves optimality in computation 
for an ample range of the parameters n, p, L and g.

Informal Description of Algorithm The optimal deterministic reetangle-'-mciusioxi algorithm is an 
immediate application of the domiuau.ce~couuting algorithm, of section 2,10.5,

Our main result is summarized in the following theorem.

Theorem 2.10.3 There exists dp-processor BSP algorithm for solving the rectangle-inclusion problem on 
n rectangle range queries and n two-dimensional points that for all integers n and p such that p — O(n], 
requires time Cdom-cnt(§ • n,p) + O(n/p) and Mdom-cnt(5 • n,p), for computation and communication 
respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of a technical result. Then, theorem 2.10.3 follows trivially as a consequence of 
this result.

Lemma 2.10.3 The rectangle-inclusion problem on a set ofn rectangular range queries Q and a set U of 
n two-dimensional points can be solved in O(n/p) time, on the BSP model, once the dominance- counting 
problem has been solved for the points in dominant set Q (vertices of rectangles) and dominated set U .

Proof Let r be a rectangle with vertices (v 1,^2,^3 1^4) ordered counterclockwise starting from the upper 
right corner. The number of points contained in rectangle r is given by,

U] - D(v2 ,U) - D(oi, U} + D(v3 ,U], (2.16)

where D(v,U) denotes the number of points in U dominated by point v. Hence, such a number can be 
computed in O(l] sequential time for each rectangle. Since the number of rectangles is n, the rectangle
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Figure 2.68: Two-dimensional lower envelope; visible portions of non-intersecting line segments from — oo.

inclusion problem can be computed in O(n/p) time, once the dominance-counting problem has been solved 
for the points in dominant set Q (vertices of rectangles) and dominated set U. D

Proof (of theorem 2.10.3) The theorem follows easily from lemma 2.10.3 and proposition 2.10.2. D

2.10.6 Optimal Visibility and Lower-Envelope Construction Algorithms

Given a set S of "forbidden" curves and a point u in E2 , a point v is visible from u if the line segment uv 
does not intersect any forbidden curve in S [9, 18, 119, 172]. Normally, visibility is denned with respect to 
a point u. In the plane, if S consists of line segments, the locus of points visible from u form a (possibly 
unbounded) star-shaped polygon, called the visibility polygon [9, 18, 119, 172]. Visibility problems occur in 
a multiplicity of applications in graphics, scene analysis and robotics. The visibility problem we consider 
in this section, a variant of the lower-envelope problem, may be concisely be denned as follows.

Problem Given a set of n non-intersecting line segments S = {si, §2,... , s n } - except possibly at their 
endpoints - and a point v at negative infinity, determine, for each s 6 5, the visible portion of s from p.

Unfortunately, this simple definition is not of a constructive nature. Thus, appropriate notions must be 
identified that are conductive to algorithm development. 33

In the remainder of this section we present a deterministic BSP algorithm for the problem of computing 
the lower envelope of n two-dimensional non-intersecting line segments. The algorithm is based on an

33 Obviously, an algorithm for the computation of the lower envelope of n non-intersecting line segments can be readily 
employed to handle the case that v is any finite point, that is, the view of segments being ordered by x-coordinate is replaced 
by the view that segments are ordered radially around v [18]. Therefore, it suffices to compute the lower envelope of a set 
of non-intersecting line segments to establish a method for determining the visibility from a given point.
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efficient deterministic partitioning scheme [58] and achieves optimality in computation for an ample range 
of the parameters n, p, L and g.

Informal Description of Algorithm The; optimal deterministic lower-envelope algorithm is based ou 
the fundamental algorithms of the previous sections and is non-iterative in nature, UK-; input Is assumed 
to he evenly but otherwise arbitrarily divided among the p participating processors before the beginning of 
the execution of the algorithm. Initially, each, processor solves, by means of some optimal sequential, lower- 
envelope algorithm, the lower-envelope problem for the items in its possession. Subsequently, processors 
sort (with respect to the ^-coordinate). by means of some optimal deterministic sorting algorithm, the 
items in their possession and each processor solves, by means of some optimal sequential lower-envelope 
algorithm, the lower-envelope problem for its items along with at most p additional 'items belonging to the 
intersections of the initially constructed lower-envelopes and the p newly formed sets. Finally, the lower- 
envelope problem solution derives by appropriately combining the aforementioned independent solutions.

Our main result is summarized in the following theorem.

Theorem 2.10.4 There exists a p-processor BSP algorithm for solving the lower-envelope problem on a 
set of n non-intersecting line segments that for all integers n and p such that p — O(^/n), requires time 
Csrt (1 • n, p) + (3 • c* + o(l)) • ((n/p + p/3) • Ig (n/p)} and Msrt (1 -n,p) + L- (9(1) + g • O(p), for computation 
and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.10.4 follows trivially as 
a consequence of these results.

Optimality Claim 2.10.3 Theorem 2.10.4 implies that there exists a p-processor BSP algorithm for 
solving the lower- envelope problem on a set of n non-intersecting line segments, that for all integers n, p, 
L and g such that p = O(^/n), L = o((n/p] • Ign) and g — o(lgra), has TT = 3 + 2 • (csrt /c*) + o(l) and

Lemma 2.10.4 Let {81,82, • • • ,8k} be a set of k disjoint non-intersecting line segment sets. Then, the 
lower envelope resulting from the union of LE(Si), LE(S<z), . . . , LE(Sk) is equivalent to the lower envelope 
of the union ofSi,S2 ,..., Sk ; that is, LE(Si) U LE(S2 ) U . . . U LE(St ) = LE(Si U 52 U . . . U Si).

Proof The correctness of the above lemma follows trivially from the lower-envelope definition. D

The aforementioned result implies that the lower envelope of Si U 52 U . . . U Sk is invariant under permu­ 
tations of Si , Sz , . . . ,Sk, and possesses the inclusion property.

Lemma 2.10.5 The lower envelope of a set S of n non-intersecting line segments is x-monotonic - a 
line orthogonal to the x-axis intersects at most one segment in S, except at endpoints - and consists of at 
most 2 • n — 1 non-intersecting line segments.

Proof The x-monotonicity of the lower envelope follows directly from its definition. Furthermore, it is 
straightforward to verify that \LE(S)\ < 2 • n — 1. D

The procedure to manage the lower envelope is presented in the following result.
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Proposition 2.10.3 There exists a p-processor BSP algorithm for solving the lower-envelope problem on 
a set of n non-intersecting line segments, that for any integers n and p such that p — O(n], requires time,

Ciow.env(n,p) = 3 • c* .(- + ?) . lg ( - + p ) + Cirt (2 • n, p) + O (- + p]
\p 3J \p ) \P J

and

Miow _env (n,p) = L • O(l) + g • O(p) + Msrt(2 • n,p),

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tiow _env (n,p) = Ciow _env (n,p) + Miow _env (n,p).

Proof We assume that the input is evenly but otherwise arbitrarily distributed among the p processors 
before the beginning of the execution of the algorithm.

Procedure LOWER-ENVELOPE 
begin

[Stage 1] Each processor pi, 0 < i < p, solves the lower-envelope problem for the line segments in its 
possession. Let the result of this computation be x-monotonic chain LE(Si) on processor pi.

[Analysis of Stage 1] When this step is executed, each processor holds at most \n/p] points. Thus, 
this stage involves sequentially solving the lower-envelope problem on \n/p~\ non-intersecting line 
segments by some deterministic algorithm [172], and therefore, requires time c* • \n/p~\ • lg |"n/p~|. By 
way of lemma 2.10.5, | U* LE(Si)\ < 2 • n - 1.

[Stage 2] Set (JiLE(Si), 0 < i < p, is orderly (by x-coordinate of the right endpoint) and evenly 
distributed amongst the processors. Let the result of this distribution be set Li on processor pi, 
0 < i < p.

[Analysis of Stage 2] The cost of this stage is that of parallel sorting by one of the algorithms of 
section 2.6. Thus, this stage requires time Tsrt(1 • n,p).

[Stage 3] Each processor Pi, 0 < i < p, computes the maximum x-coordinate (of the right endpoint) 
of the segments in its possession (vertical line vi) and communicates Vi to all other processors.

[Analysis of Stage 3] This stage takes time O(l) and L+g-O(p), for computation and communication 
respectively.

[Stage 4] Each processor PJ, 0 < j < p, communicates segment s e LE(Sj) to processor pi, for all 
0 < i < p, if s intersects Vi. Let Ri be the set of segments communicated to processor pi. Then, by 
way of lemma 2.10.5, \Ri\ < p.

[Analysis of Stage 4] The cost of this stage is that of merging LE(Sj) with {v0 , Vi , . . . , fp_i }. Thus, 
this stage requires time O(n/p + p) and L + g-O(p), for computation and communication respectively.

[Stage 5] Each processor Pi, 0 < i < p, solves the lower-envelope problem for the line segments in
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[Analysis of Stage 5] When this step is executed, each processor holds at most 2 • \n/p\ + p 
points. Thus, this stage involves sequentially solving the lower-envelope problem on 2 • \n/p] + p 
non-intersecting line segments by some deterministic algorithm [172] and requires time c* • (2 • \n/p] + 
p)-lg(2-\n/p]+p).

end

Analysis The correctness of the algorithm follows from its description and lemmas 2.10.4 and 2.10.5. In 
particular, after the completion of stage 2 the segments in UjL;, 0 < i < p, are ordered by the x-coordinate 
of their right endpoints, and hence, the lower envelope LE(Li) of some processor pi can be affected by 
those segments in processorspi+i,pi+2,... ,pp-i that have their left endpoints to the left of the rightmost 
endpoint in L j. Obviously, since after the completion of stage 1 the resulting chains are x-monotonic (refer 
to lemma 2.10.5) there can be at most p such segments - one per x-monotonic chain. Stage 4 identifies 
those segments, and therefore, in stage 5 each processor correctly computes the lower envelope of its share 
of the global problem. By summing up the computation and communication requirements of procedure 
LOWERJENVELOPE we obtain the stated time bound.

Remark The same algorithmic idea can be employed to solve the problem for possibly intersecting line 
segments, by replacing stages 1 and 5 of the above algorithm by a sequential lower-envelope algorithm 
that can handle intersecting line segments [110]. However, since the size of the resulting problem is fi(n), 
some extra storage is (possibly) necessary - the size of the lower envelope for possibly intersecting line 
segments is O(n • a(n)), where a(-) is the slow growing inverse Ackermann function [58].

The proposition follows. D

Proof (of theorem 2.10.4) The theorem follows easily from proposition 2.10.3. D

2.10.7 Improving Computational Geometry Algorithms

The computational geometry methods we have presented in this section require polynomial amount of 
parallel slackness to achieve optimality - typically p = O(^/n). In this section we argue that by employing 
recursive (or iterative) techniques the algorithms achieve optimality for values of p much closer to n. 
Unfortunately, the details underlying these techniques are problem-bound, and therefore, there is no 
(trivial) generalization. The main idea behind these recursive techniques can be summarized as follows. 
The global problem is partitioned into a suitable number of disjoint sub-problems and each of these sub- 
problems is solved recursively (in parallel). Then, by combining the solutions of the disjoint sub-problems 
each processor determines its share of the global solution. The above is necessarily an oversimplification. 
The actual algorithms do more than just those simplistic steps. The major challenge lies in formulating 
partitioning and combining strategies that ensure optimality. In the remainder of this section we outline 
such a scheme for the convex-hull problem. Similar ideas can be employed to reduce the amount of parallel 
slackness required to achieve optimality for the other computational geometry problems presented in this 
section.

2.10.7.1 Improving Convex-Hull Construction I

The algorithmic scheme that follows derives from the ideas of section 2.10.4. In particular, we outline 
an iterative version of the algorithm of section 2.10.4. The notable change in the iterative version is
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identified in the implementation of stage 3 of algorithm CONVEX_HULL (refer to proposition 2.10.1); a 
minor modification is also required in the implementation of stage 4.

Informal Description of Algorithm The optimal deterministic convex-bull construction algorithm Is 
an immediate iterative adaptation of the convex-hull construction algorithm of section 2,1.0-4.

Our main result is summarized in the following theorem.

Theorem 2.10.5 For arbitrarily small constant £ > 0 and any a. > 0, there exists a p-processor BSP 
algorithm for solving the convex-hull problem on a set of n two-dimensional points that for all integers n 
andp such that p = O(n- (Ig (n/p)/lg2 n) 1+a ), requires time Csrt(n,p) + (c* +0(1)) • ((n/p) -lg(n/p)) and 
Msrt (n,p) + L • O(lg2 n/lg (n/p)) + g • O(n/p), for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.10.5 follows easily as a 
consequence of these results.

Optimality Claim 2.10.4 Theorem 2.10.5 implies that there exists a p-processor BSP algorithm for 
solving the convex-hull problem on a set ofn two-dimensional points, that for all integers n, p, L and g such 
thatp = O(n-(lg(n/p)/lg2 n) 1+a ) ; L - o((n/p)-(lg(n/p)/lgn)) and g = o(lgn), has TT = l + csri /c*+o(l) 
and n = o(l).

The details of the algorithm follow. Stages 1-2 of algorithm CONVEX_HuLL remain unmodified. For 
some constant 0 < e < 1, in stage 3, the upper and lower lines of tangency between at most \(n/p) e] 
consecutive convex hulls are computed. In stage 4, the contribution of these \(n/p) 6 ] consecutive convex 
hulls to the resulting convex hull is computed. It is easy to verify that the desired convex hull is computed 
within [Igp/ lg [~(n/p) € l~| iterations of stages 3-4. It remains to establish the time complexity of stages 3-4. 
Along the lines of the analysis of algorithm CONVEX-HULL, stage 3 can be easily shown to require time

and

for computation and communication respectively. Similarly, stage 4 can be shown to require time O(n/p) 
and L • O(l) + g • O((n/p) e ) for computation and communication respectively. This result completes the 
analysis of the iterative version of algorithm CONVEX_HULL. We have therefore established the following 

analogue of proposition 2.10.1.

Proposition 2.10.4 For any constant 0 < e < 1, there exists a p-processor BSP algorithm for solving 
the convex-hull problem on a set of n two-dimensional points, that for any integers n and p such that 
p — O(n), requires time,
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x-, / N n , n „ in In\ Cc .huli(n,p) = c, • - • Ig - + Csrt (n,p) + O(-+(-) 
P P \P \PJ

lg'2 n 

Ig (n/p)

and

Mc.hull (n,p) = L-0 (r-i^-fr) + 9 • O (Y-Y - r^fv) + Msrt (n,p), 
\\g(n/p)J \\pj lg(n/p);

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by TcJluU (n,p} = Cc_huii(n,p) + Mc _huu(n,p).

Proof (of theorem 2.10.5) The theorem follows easily from proposition 2.10.4. D

2.10.7.2 Improving Convex-Hull Construction II

The algorithmic scheme that follows derives from the ideas of section 2.10.4. In particular, we outline a 
non-trivial recursive version of the algorithm of section 2.10.4. The notable change in the recursive version 
is identified in the implementation of stage 3 of algorithm CONVEX_HULL (refer to proposition 2.10.1); a 
minor modification is also required in the implementation of stage 4.

Informal Description of Algorithm Tb.e optimal deterministic convex-hull construction algorithm 
is an immediate recursive adaptation of the convex-hull construction, algorithm, of section 2.10.4 with 
the exception that the simple binary-like search process (in the computation of the lines of tangeney) is 
substituted by a. non-trivial re-working of the algorithm of [15j.

Our main result is summarized in thefollowing theorem.

Theorem 2.10.6 There exists a p-processor BSP algorithm for solving the convex-hull problem on a set 
of n two-dimensional points that for all integers n and p such that p = O(n), requires time Csrt(n,p) + 
O((n/p) • Ign) and Msrt(n,P) + L • O(lgn/lg(n/p)) + g • O((n/p) • (lgn/lg (n/p))), for computation and 
communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 2.10.6 follows easily as a 
consequence of these results.

The details of the algorithm follow. The basic idea is to partition - by way of sorting - the input into 
min {p, [n 1 /6] } contiguous subsets, each consisting of at most max { [n/p] , [n5 /6] } points. The convex hull 
of each of these subsets is recursively computed (in parallel), and subsequently, the n1 /6 disjoint convex 
hulls are merged by employing a procedure similar to that of stages 3-4 of algorithm CONVEX_HULL (refer 
to section 2.10.4). In [15], it is shown that given two convex hulls of size k°^ there exists a fc-processor 
CREW PRAM algorithm for computing the upper and lower lines of tangeney that requires time O(l). 
In stage 3, we simulate the process of the algorithm of [15], by means of a constant number of broadcast, 
parallel-prefix and sorting operations - sorting is required to avoid concurrent read conflicts. Then, in 
stage 4, we complete the convex-hull computation by means of a parallel-prefix operation. It can be shown 
that each sorting operation involves at most [n1 /3 ] items. The overall convex- hull merging process can 
be shown to require time
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O (Jj + O (Cquad _srt ([n1 /3 ] ,p)) + O (Cppf (P)) 

and

L • 0(1) + g .o(-}+0 (Mquad _srt (jV/sj ,p)) + O (M^/J1 (p)) + O

for computation and communication respectively, where Tqua d_srt denotes the time complexity of the 
sorting algorithm of section 2.6.5.

This result completes the analysis of the recursive version of algorithm CONVEX_HULL. We have 
therefore established the following analogue of proposition 2.10.1.

Proposition 2.10.5 There exists a p-processor BSP algorithm for solving the convex-hull problem on a 
set of n two-dimensional points, that for any integers n and p such that p = O(n], requires time,

pCc,hull (n,p) = CcJ^i(max{[^] Jn5/«1\.|
V II P \ ' ' J L . mm{p, f

O (-) + O (Cquad _srt (n1/3 ,p)) + O (Cppf (p}}

and

Mc _hull (n,p) = Mc _hull max - , , . . f 1/61 , V UP! I U Lmm{p,[n 1 /6]}

L - 0(1) + g • O (^ + O (Mguad _srt (n 1 / 3 ^)) + O (M[^ (p]) + O (Mppf (p)) ,

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tc _huU (n,p) = Cc_huii(n,p) + Mc _huu(n,p).

Proof (of theorem 2.10.6) The theorem follows easily from proposition 2.10.5 by solving the recurrence 
relation (with base casep — 1) and substituting for Tquad_S rt'> T\,cas t and Tppf the corresponding expressions 
in propositions 2.6.2, 2.1.2 and 2.1.4, and letting t = \n/p\ in these expressions. D

Remark Theorems 2.10.1 and 2.10.6 are asymptotically equivalent for the case p — nl ~ € , for any positive 
constant 1/2 < e < I. The constant factors, however, associated with theorem 2.10.6 are considerably 
larger than those of theorem 2.10.1.

2.10.8 Other Optimal Computational Geometry Algorithms

A multiplicity of related computational problems may be tackled by employing techniques similar to those 
of sections 2.10.4, 2.10.5 and 2.10.6. The following problems have been already tackled and the results 
have been reported in [197]. In the remainder of this section we summarize the aforementioned results.
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2.10.8.1 Intersection of Horizontal and Vertical Line Segments

Problem Given a dominant set of n horizontal line segments 5 = {si, s2 ,... , sn } and a dominated set S 
of m vertical line segments, determine, for each s e S, then number of segments in S that are intersected 
by s.

Theorem 2.10.7 There exists ap-processor BSP algorithm for solving the inter section-of-horizontal-and- 
vertical-line-segments problem on a set of n horizontal and vertical line segments that for all integers n 
andp such thatp = O(n), requires time Cdom.cnt(^'n,p)-\-O(n/p) and Mdom _cn^(2-n,p), for computation 
and communication respectively.

2.10.8.2 Three-Dimensional Maxima

Problem Given a set of n three-dimensional points U = {MI, 1*2?... , M n }, determine, for each u G [/, the 
number of points in U that are dominated by u.

Theorem 2.10.8 There exists a p-processor BSP algorithm for solving the three-dimensional maxima 
problem on n three-dimensional points that for all integers n and p such that p — O(^/n), requires time 
2 • Csrt (n,p) + Cdom_cnt(n,p) + (3 • c* + o(l)) • ((n/p + p/3) • Ig (n/p)) and 2 • Msrt (n,p) + Mdom _cnt (n,p) + 
L-0(l)+g-0(p).

2.10.8.3 All Nearest Neighbors

Problem Given a set of n two-dimensional points U = {MI, M2, • • • , un }, determine, for each u £ t/, all the 
nearest neighbors of u.

Theorem 2.10.9 There exists a p-processor BSP algorithm for solving the all-nearest-neighbors problem 
on n two-dimensional points that for all integers n andp such thatp = 0(1/71}, requires time 4-Csrt(n,p) + 
(2 • c, + o(l)) • ((n/p + p/2) • Ig (n/p)) and 4 • Msrt (n,p) + L • O(l) + g • O(p).

2.10.8.4 All Furthest Neighbors

Problem Given a set of n two-dimensional points U = {MI, M2, • • • , wn }, determine, for each u 6 [/, all the 
furthest neighbors of u.

Theorem 2.10.10 There exists ap-processor BSP algorithm for solving the all-furthest-neighbors problem 
on n two-dimensional points that for all integers n andp such thatp = O(n), requires time Cc _huu(n,p) + 
h • (Cppf(p) + O(n/p)) and Mc _huii(n,p} + h • MPP/(p), where h denotes the number of edges in the convex 
hull of the n two-dimensional points.
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2.10.8.5 Minimum-Area Enclosing Rectangle

Problem Given a set of n two-dimensional points U — (ui,W2,--- ,wn }, determine the minimum-area 
rectangle that contains U.

Theorem 2.10.11 There exists a p-processor BSP algorithm for solving the minimum-area-endo sing - 

rectangle problem on n two-dimensional points that for all integers n and p such that p = O(ri), requires 

time CcJluu(n,p} + O(Cppf (p}) + O(n/p] and Mc _huU (n,p) + O(Mppf (p}).



Chapter 3

Fundamental Data Structures

3.1 Priority Queues

In this section we design, analyze and implement BSP algorithms for a fundamental dynamic data struc­ 
ture, namely the priority queue. Priority queues [133] have always been a fruitful research topic both in 
sequential [54, 69, 133, 202, 211] and parallel computation [27, 37, 121, 124, 125, 127, 171, 179, 180, 181]. x 
Parallel priority queues are frequently recurring data structures in computer science and are fundamental 
for many parallel applications, such as implementing branch-and-bound algorithms [27, 54, 78, 79, 133, 
189]. The material of this section is based on the following papers:

(1) "Concurrent heaps on the BSP model." Technical Report PRG-TR-14-96, Computing Labo­ 
ratory, Oxford University, June 1996 [78].

(2) "Selection on the bulk-synchronous parallel model with applications to priority queues." In 
Proceedings of the International Conference on Parallel and Distributed Processing Techniques 
and Applications, Sunnyvale, California, USA, August 1996 [79].

(3) "Selection on the BSP model with applications to parallel priority queues." Submitted for 
journal publication, 1997 [94].

3.1.1 Preliminaries and Notation

Let X = (xi , x2 ,... , xn ) be a non-decreasing sequence whose items belong to a universe U equipped with 
a total order < that can be evaluated in constant time by one processor for any given pair of arguments. 
We consider, in this section, the problem of inserting, deleting-min and finding-min for the items in 
sequence X into parallel priority queues (PPQs) - in particular, (n,d) -bandwidth concurrent heaps. A 
detailed account of the definitions and notation pertaining inserting, deleting-min and finding-min on 
(n, d)-bandwidth concurrent heaps is diverged to sub-section 3.1.4.1.

1 Since the advent of parallel computing considerable work has be done towards solving the problem of maintaining 
dynamic priority queues subject to the operations of insert, delete-min and find-min.

Previous approaches based on traditional concurrent priority queue algorithms [37, 121, 180, 181] provide only limited 
parallelism. In this paper, we concern ourselves with parallel priority queue algorithms [124, 125, 127, 171, 179] that offer 
the prospect of a high degree of parallelism.

168
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3.1.2 Cost Model

The performance of the BSP parallel priority queue algorithms of this section is specified as follows. 
Constant O(l) time is charged for each (i) basic computational operation, and each (ii) operation over 
an associative operator in parallel-prefix computations. Furthermore, for some constants C{ns , Cdei and 
cse i, time cms • Igm, Cdei • lg m and csei • (n + C) is charged for inserting and deleting-min (a single item) 
in/from a heap of size m, and for selecting the C-th smallest item from a sequence of size n.

Remark In the remainder of this work we refer to the aforementioned inserting and deleting-min algorithms 
as SEQ_!NSERTQ and SEQ_DELETEMlND respectively. Additionally, we refer to the finding-min algorithm 
as SEQ_FINDMINQ.

Optimal 0(n • Igm) time sequential inserting, deleting-min and finding-min (on ordinary heaps of size 
m) algorithms are well-known [54, 133]. In the following sections, we design and analyze optimal BSP 
inserting, deleting-min and finding-min algorithms - optimality is realized for an ample range of the BSP 
parameters.

3.1.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on concurrent and 
parallel priority queues (e.g., [37, 121, 171, 180, 181] on the PRAM model, [27] on the BSP* model, 
[179] on the butterfly model). The exhibits in tables 3.1, 3.2 and 3.3 summarize the aforementioned 
results with respect to the following statistics: computation time, communication time, multiplicative 
constant factors, implementation effort and amount of parallel slackness (in terms of maximum number 
of processors) required to achieve optimality. To simplify the exposition, inserting, deleting-min and 
searching-min is assumed to transpire on ordinary binary heaps of size n < ml ~ t < 2n//lg n , for some 
constant 0 < e < 1.
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Table 3.1: Performance comparison of parallel priority queue algorithms (insert operation) - the cyan color is associated 
with randomized approaches.

With reference to tables 3.1, 3.2 and 3.3 we note that the algorithms of [121, 179, 180] and of sec­ 
tion 3.3.2 can be employed to support parallel priority queue operations on data sets of varying size (as 
opposed to the algorithms of [27, 171] that can only be employed for data sets of predetermined size).

The optimal BSP inserting algorithms of sections 3.1.5 and 3.3.2 improve upon previous approaches 
on the following particulars:
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Table 3.2: Performance comparison of parallel priority queue algorithms (delete-min operation) - the cyan color is 
associated with randomized approaches.
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Table 3.3: Performance comparison of parallel priority queue algorithms (fmd-min operation) - the cyan color is associated 
with randomized approaches.

(1) the asymptotic computation time requirements of [121, 180] (if n,p = m 1

(2) the asymptotic communication time requirements of [121, 171, 180],

(3) the multiplicative constant factor requirements of [27, 121, 171, 179, 180],

(4) the implementation effort requirements of [171] (algorithm of section 3.1.5) and [27, 121, 171, 
180] (algorithm of section 3.3.2), and

(5) the parallel slackness requirements (to achieve optimality) of [27, 121, 179, 180] (algorithm of 
section 3.1.5) and [27, 121, 180] (algorithm of section 3.3.2).

Similarly, the optimal BSP deleting-min algorithms of sections 3.1.5 and 3.3.2 improve upon previous 
approaches on the following particulars:

(1) the asymptotic computation time requirements of [121, 180] (if n,p — m 1

(2) the asymptotic communication time requirements of [121, 171, 180] (algorithm of sections. 1.5) 
and [27, 121, 171, 179, 180] (algorithm of section 3.3.2),

(3) the multiplicative constant factor requirements of [27, 121, 171, 179, 180],
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(4) the implementation effort requirements of [171], and

(5) the parallel slackness requirements (to achieve optimality) of [27, 121, 179, 180] (algorithm of 
section 3.1.5) and [27, 121, 180] (algorithm of section 3.3.2).

Finally, the BSP find-min algorithms of sections 3.1.5 and 3.3.2 improve upon previous approaches on the 
following particulars:

(1) the asymptotic computation time requirements of [27,121,179, 180] (algorithm of section 3.1.5) 
and [121, 180] (algorithm of section 3.3.2 - if n,p = m 1 " 0^),

(2) the asymptotic communication time requirements of [27, 121, 179, 180],

(3) the multiplicative constant factor requirements of [27, 121, 179, 180],

(4) the implementation effort requirements of [27, 121, 179, 180] (algorithm of section 3.1.5), and

(5) the parallel slackness requirements (to achieve optimality) of [27, 121, 179, 180] (algorithm of 
section 3.1.5) and [27, 121, 180] (algorithm of section 3.3.2).

The principal contribution, however, of the inserting, deleting-min and finding-min algorithms of sec­ 
tions 3.1.5 and 3.3.2 is attributed to the low communication cost (refer to case 2), the small constant 
multiplicative factors (refer to case 3), and the low amount of parallel slackness required to achieve op­ 
timality (refer to case 5). Additionally, our techniques provide one-optimality for an ample range of the 
BSP parameters.

3.1.4 (n, d)-Bandwidth Concurrent Heaps

In this section we study the computation and communication requirements of inserting, deleting-min 
and finding-min on a randomized processor-mapping of a variant of n-bandwidth heaps [171], namely 
(n^d}-bandwidth concurrent heaps - a combination of n-bandwidth heaps [171] and ordinary d-ary heaps 
[54, 133, 202]. The utilization of (n, d) -bandwidth concurrent heaps allows elegant high-level design and 
analysis of several parallel techniques - using data structures similar to those of sequential models - such 
as branch-and-bound [124, 125, 127], which require the solution of several sub-problems, each associated 
with a possibly different cost.

3.1.4.1 Preliminaries and Notation

In the remainder of this section, we formally define bandwidth heaps and discuss some of their properties. 
A bandwidth heap is an abstract data structure for maintaining a collection of (possibly duplicate) items 
and selecting the n items associated with the smallest values. We assume that the items belong to a 
universe U equipped with a total order < that can be evaluated in constant time by one processor for any 
given pair of arguments.

The randomized algorithms we present in this work for supporting the pre-mentioned bandwidth heap 
data structure are based on a new randomized processor-mapping of a variant of the n-bandwidth heaps 
introduced in [171]. Formally, the new data structure, which we call (n,cf)-bandwidth concurrent heap 
(in short, (n, d)-BCH), is defined as a concurrent d-ary heap whose nodes, each consisting of n items, are 
arranged in extended heap order. By extended heap order we imply that the value of an item at any node 
is not greater than the value of the items at each of its children. By employing (n, d)-BCHs (in contrast
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to (n,2)-BCHs) we achieve a speedup for insertions at the expense of deletions. We can therefore adapt 
the parameter d so as to select a data structure that fits the relative frequencies of the heap operations.

Let m be the number of items stored in a (n, d)-BCH H, with k — m/n being the number of nodes 
in H. The height h of H is \\ogd ((d - 1) • k + 1)~|. Such a heap H can be conveniently implemented in 
terms of the following data structure. Each processor pi, 0 < i < p, maintains a one-dimensional array 
Aj[l, 2,... , k] of size k, where each position j of the array is associated with a list Lj of items, 1 < j' < k. 
Each such list Lj contains the items of node Vj that reside on processor pi. We note that the order of the 
items within these lists is irrelevant.

Along the lines of [180], we associate with H data fields full-level and last-elem. Data field full-level is 
the index of the leftmost node in the deepest non-empty level h of H, and last-elem is the index of the last 
non-empty node of H. For an empty heap, full-level and last-elem are both set to zero. The path from 
the root to the first empty node (target) of H, denoted by o~ins , is called the insertion-path of H. Then, 
as shown in [181], the insertion path <7jns of H can be represented by a sequence of h — 1 digits in radix d, 
and hence, the next node in the insertion path can be determined in 0(1) time. In particular, if we denote 
by D the displacement of target at the deepest level, D = last-elem — full-level + 1, then we can view D 
as a (h — l)-digit radix-d number that prescribes the insertion path of H. This path can be traversed as 
follows. Let (i/l_iz/l _2 .. .ii)d be the radix-d representation of D. Then the digits representing D (from 
the most significant to the least significant) indicate which node (child) to visit when we move from the 
root downward, that is, zero indicates the leftmost child and d — I indicates the rightmost child with all 
intermediate values interpreted accordingly.

3.1.5 Optimal Randomized Inserting, Deleting-Min and Finding-Min Algo­ 
rithms on (ri,d)-Band width Concurrent Heaps

The following operations are defined on a (n, d)-BCH H.

(1) INSERT_BCH({yi, 2/2, ••• ,yn }, H} for the insertion of items {2/1,2/2, ••• , 2/n} € U into H.

(2) DELETEMiN_BCH(n, H) for the determination and deletion of the n smallest items of H.

(3) FiNDMiN_BCH(n, H} for the determination of the n smallest items of H.

The implicit assumption is that there exists an operation CoNSTRUCT_BCH(#) for the construction of 
an empty heap H.

In the remainder of this section we present the algorithmic idea underlying the usage of (n, d)-BCHs. 
More precisely, we demonstrate how to employ (n, d)-BCHs in order to embody a dynamically changing 
set of items induced by processing a sequence of n queries containing the instructions of (i) inserting an 
element, (ii) deleting the minimum element, and (iii) finding the minimum element. The algorithm is 
based on a communication efficient load-balancing scheme and achieves optimality for an ample range of 
the parameters n, p, L and g.

Informal Description of Algorithm The optimal randomized insert, delete-min and find-miri algo­ 
rithms (on (n,d)-ba,.ndwidth concurrent heaps) are based on ramlomized load-balancing techniques and 
are iterative in nature. The input is assumed to be evenly but otherwise arbitrarily divided among the 
p participating processors before the begilining of the execution of the algorithm. Processors access the 
bandwidth concurrent heap (which is randomly distributed amongst the |>-participating processors) in a 
top-down fashion. In each, iteration of the insert algorithm., processors proceed, from the top of the heap
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and, through successive selection operations, actualize the '"down-flow"' of the new items to their target 

position. Finally, the delete-min algorithm (ai.ul similarly the iind-min algorithm) i.s realized along the 
lines of the insertion algorithm (the delete-min algorithm is transformed to a complex variant of the inser­ 

tion algorithm by removing the root node of the bandwidth concurrent heap mid inserting in its position 
an appropriate leaf node).

Our main result is summarized in the following theorem.

Theorem 3.1.1 Let H be a (n,d)-BCH of height h. Then, for any constant p > 0, there exists a 
randomized p-processor BSP algorithm for supporting the bandwidth heap operations insert, delete-min 

and find-min, that for all integers n and p such that p = o(n/lgn), requires time [with probability I —

(cse i + o(l)) • (3 • h} • - for insert,
(csei + o(l)) • (((5/2) • d + 1) • (h - 1)) • a + 0(d • Ig d] for delete-min,
O(l) for find-min,

and

L • O(h • Igp) + g • O(h • o(n/p) + £) for insert,
L • O(h • d • Igp) + g • O(h • d • o(n/p)) for delete-min,

for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 3.1.1 follows easily as a 
consequence of these results.

Consider a (n, d)-BCH H of height h. In the remainder of this section we consider a new randomized 
approach towards the implementation of a communication efficient algorithm for supporting inserting, 
deleting-min and finding-min on H.

The general formulation of our randomized technique is as follows. The algorithm computes the n 
insert (delete-min) processes for all n items in a sequence of phases. The number of phases corresponds to 
the number of levels (height) of the underlying (n,d)-BCH. At each phase /, 1 < / < h, the items advance 
in a pipelined fashion through the bandwidth heap along their insert (delete-min) paths from level I — 1 to 
level I. 2 The procedures to manage the insert and delete-min operations are summarized in the following 

proposition.

Proposition 3.1.1 Let H be a (n,d)-BCH of height h. Then, for any constant p > 0, there exists a 
randomized p-processor BSP algorithm for supporting the bandwidth heap operations insert, delete-min 

and find-min, that for all integers n and p such that p = O(n/lgn), requires time [with probability 
l-O(d-h-n- f) }]

2 Previous approaches employing bandwidth heaps [171] are quite complex and are based on communication intensive 

merging and sorting algorithms. In contrast, our approach is based on the communication efficient selection algorithm 

of section 2.8. Consequently, the communication requirements of our methods are within the lower-order terms of the 

computation requirements. Additionally, in contrast to previous approaches our approach achieves optimality to within a 
small multiplicative constant factor for a wide range of the BSP parameters.
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h • (Cset (2-p- r,n,p) + Cppf (p) + O(l)) for insert,
Cbch(n, d, h,p) = ^ (h — 1) • (53^=0 Cael((d — i) • P • r,n,p) + Csei(2 • p • r,n,p) + O(d • \gd}\ for delete-min,

O(l) for find-min,

and

h g • O(r] for insert,
M dh =

' ' for delete-min,

for computation and communication respectively, where r = \(l + O(V(p • lgn)/n)) • (n/p}~\. The overall 
time complexity of the algorithm is denoted by Tbch(n,d,h,p) = Cbch(n,d, h,p) + Mftc/i(n,(i, h,p).

Proof We initially present the procedures to realize the insert, delete-min and find-min operations on a 
(n, d)-BCH; later, we provide a correctness proof and an analysis of the resources required. Some notation 
is required before proceeding to the details of the algorithm. Let v be a node in a (n, d)-BCH H . Along the 
lines of [171], by Ev we denote the set of n items stored in node v of H, and by max {Ev } the item of Ev 
with the maximum value. Moreover, let nodes {u^\u^\ . . . ,u^} be the children of v. By muij {u^} 
we denote the child of v that has the minimum max.{Euu)}. Finally, the path from the root to the first 
empty node of H, denoted by <7jns , is called the insertion-path of H.

The insertion process is realized by procedure INSERT _BCH({yi, 7/2, • • • ,yn},H] (refer to figure 3.1), 
where Y = {3/1,2/2, • • • ,2/n} denotes the set of n items to be inserted into H. 3 We note that in order to 
achieve communication efficiency we maintain the following randomized mapping of H on the processors. 
The items {yi,y2 ,..- ,yn } are randomly distributed among the p processors at the beginning of the 
insertion process (line 8). In later phases, whenever items are to be transferred from one node to another 
they are simply re-labeled locally (refer to lines 13, 15-16), and therefore, no inter-processor communication 
is required during these subsequent phases. This random distribution (line 8) is the only operation where 
physical movement of items occurs (except from input and output). Thus, in the remainder of this analysis 
whenever a data movement is implied, a local re-labeling operation actually takes place. This re-labeling 
technique guarantees the low-contention of our algorithm and preserves the random distribution of items 
to processors.

A graphical example of the insertion process on a (3,3)-BCH of 33 items is given in figure 3.2. We 
observe that the insertion process preserves the extended heap order of H . In particular, for each node 
v^\ I < i < | (Tins |, in the insertion path o~ins of H, the value of max{Ev (i)} is not incremented by 
procedure INSERT. Consequently, the items stored in the children of v^ are not less than max{Ev (i)} 
and the correctness of the procedure follows.

The resources required for a single iteration of procedure INSERT are bounded as follows. The de­ 
termination of the next node in the insertion path of H (line 3), by way of the analysis presented in 
section 3.1.4.1, requires 0(1) sequential time. The local operations (lines 5, 7) also require 0(1) time. 
The random distribution of items to processors (line 8) takes at most g • O(r) communication time with 
probability 1 - 0(n~p ), for any constant p > 0, where r = [(1 + e) • (n/p)] , and e = O(V(p • lgn)/n). This 
is true by way of the inequality in theorem A. 1.3 on the right tail of the binomial distribution. For the 
remainder of this proof, we therefore assume that each processor has at most r = [(! + £)• (n/p)~\ items

3 With reference to the pseudo-code of this section, the superscript notation < fc ) refers to processor pk (or equivalently, 
processor p <fc> ) and implies the "local segment" of that processor.
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begin INSERT_BCH ({yi ,y2 ,... ,yn },H}
1. for i = 1 to h
2. do denote by Y set {3/1,3/2,... ,y«} ;
3- let node v^ at level i, i e {1,2,... , /i}, be the next node in the 

insertion path <jjns of # ;
4. if (i = 1) then
5. let last-elem = last-elem + 1 ;
6. if (level of full-level is full) then
7. update full-level;
8. distribute randomly the items of Y among the p processors ;
9. let e = SELECT(EV(O \JY,n] ;
10. for each processor p^k\ k e {0,1,... ,p — 1}, in parallel
11. do if (i = h] then
12. let E$} = y<*> ;
13. else
14. let £?<*> - {x | x e £<*> U y W and x < e} ;
15. let y<*> = {x | x € £$?, U ^ <fc> and x > e} ;
16. PARALLEL_PREFIX_MAX(EV (O) ; 
end INSERT_BCH

Figure 3.1: Procedure lNSERT_BCH, p - number of processors, h - height of H.

from any node in H. The median selection process (line 9) takes at most Tsei (2 • p • r, n,p) time. We note 
that we use the expression 2-p-r to compensate for the uneven distribution of items to processors. Finally, 
the re-labeling operation is realized as a by-product of the selection process, and thus, the local operations 
(lines 12, 14-15) require O(l) time. For implementation purposes, we require that the maximum item 
of the newly added node is determined and maintained (line 16). This step requires time Tppf(p). The 
time bound on the insertion process follows by observing that the pre-mentioned steps (except from the 
random distribution of line 8) are iterated h = \^ins\ times.

The process to manage the deletion operation on a (n, d)-BCH H is rather more complicated. We 
first define an auxiliary routine ADJUST on a set of sibling nodes that does not violate the extended 
heap property and facilitates the deletion process [171]. In particular, this procedure rearranges the items 
stored in the children of v^ so that the items of one of the children can be shifted up without violating 
the extended heap order. The process is outlined in procedure ADJUST(n, {u^ l \u^2\ ... ,u^}} (refer to 
figure 3.3), where n is the size of a node and {u^\u^\ ... ,11^} is a set of at most d sibling nodes.

Procedure ADJUST re-labels the items stored in nodes {u( l \ u^,... , w^}, whilst maintaining the 
extended heap order, so that after its execution, node u^1 )) holds the n smallest items of the set, node 
U (T(2)) holds the next n smallest items of the set, and so on, where initially (u^^.u^^,... ,u (7r ^ d^) is 
the sequence of nodes in {u (1) , w (2) ,... ,w (d) } such that max{Eu ( T( fc))} < max{£lu ( W (m))}, for all k < m, 
I < m < d. The preservation of the extended heap order follows directly from the fact that max {Eu(i) }, 

I < j < d, is not incremented by the process.
The time complexity of procedure ADJUST is derived as follows. The determination of sequence 

(u (7r(1)) , w^ (2)) , • - • ,w (7r^} (line 1) is realized by broadcasting items max{Eu(j) }, for all 1 < j < d, to all 
processors in time T^j(p), and subsequently, by sorting locally these items in time O(d-lgd) [133]. The
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Figure 3.2: A (3,3)-BCH of 33 items. Insertion of item set {65, 12,33}.

begin ADJUST (71, {u (1) , u (2) ,... ,w (rf) })
1. do let {'u (7r(1)) ,'u (7r(2)) ,... ,w (7r(rf)) ) be the sequence of nodes in {w (1) ,M (2) , ••• ,w (r/) }, 

such that max.{Eu(*(k))} < max{Eu (^ ( m))}, V k < m G {1,2,... , r/} ;

2. let ej = SELECT(Uf= i £u«>, J • n), V j 6 {1, 2,... , d - 1} ;

3. for each processor p^ k\ k G {0,1,... ,p — 1}, in parallel

4. do let E („(!)) = {x | x G (J E' ('j } and x < e\} ;
5 let E^ — ir I r G I I E^ and p i < r <<=•"!• V-;G-f2 r/ — 21- •<J • Ati U _L/ f * ( 4 \ \ —— 1 Jj Jy \._ I I • J—/ / • \ C111L4. O i — 1 ^^v. «*' ^t^lli V / ^_ 1 ^ . . . . ^Lt/ ^1 i

i/l 7r \Jj'/ *- I ^—^ / I/I, J i J •*• —— J J ' *f *~ ' ' J '

6. let Eu( l (d)) = {x | x G U -E^o-) and x > 6^-1} ; 
end ADJUST

Figure 3.3: Procedure ADJUST, p - number of processors.

selection process (line 2) takes time at most Y^i=o Tse.i((d — i} -p-r,n,p}. We note that for sufficiently 
large d it might be more efficient to sort the d-n items instead of performing d—l selection processes. The 
re-labeling operation is realized as a by-product of the selection process, and therefore the local operations 
(lines 4-6) take O(d) time.

The deletion process is realized by procedure DELETEMiN_BCH(??,, H} (figure 3.4), where 71 denotes 
the number of items to be deleted from H.

A graphical example of the deletion process on a (3,3)-BCH of 36 items is given in figure 3.5. We note 
that the deletion process maintains the extended heap order of H. In fact, for each node v^\ 1 < ?" < h in 
the deletion path of H, the value of maxjE1^;)} is not incremented by procedure DELETEMiN_BCH by 
way of procedure ADJUST (line 10). Consequently, the items stored in the children of v^ are not less than 
max {Evd)} and the correctness of the procedure follows. We note that the preservation of the extended 
heap order is guaranteed by way of the auxiliary procedure ADJUST (line 10), that enables to shift up the 
items of one of the children of i> (z) whilst maintaining the extended heap order.



3.1 Priority Queues 177

begin DELETEMiN.BCH (n, H)
1. for i = 1 to h — 1
2. do if (i = 1) then
3. return Eroot(H) ;
4 - let root(H) - viast _ e iem ;
5. let node t/ 1 ) = root(H) be the first node in the deletion path of H ;
6. let last-elem — last-elem — 1 ;
7. if ((last-elem < full-level}) then
8. update full-level;
9. denote by u^ l\u^,... ,u^ the children of node v^ ;
10. ADJUST (n,{u^,u(2 )
11. let e = SELECT(Ew( i)

12. for each processor pW, k e {0,1,... ,p — 1}, in parallel
13. do let £<*> = {x | x G E<*> U 4*1,- {«<»} and X ^ e > ;
14 - let ^-L, {uW )> - i* I ^ £?<*> u E%nj <„«> } and * > ei;
15. let node v^ = minj {u^} be the next node in the deletion path of H ; 
end DELETEMlN_BCH

Figure 3.4: Procedure DELETEMlN_BCH, p - number of processors, h - height of H, d - degree of H.

The time required for a single iteration of procedure DELETEMiN_BCH is determined as follows. The 
deletion of the n smallest items (line 3) and the local operations (lines 4-5, 6, 8, 15) are realized in O(l) 
computation time. The time required for the ADJUST procedure (line 10) has been analyzed in the previous 
paragraphs. The selection process (line 11) takes at most Tse/(2-p-r, n,p) time. The re-labeling operations 
are realized as a by-product of the selection process, and therefore, the local operations (lines 13-14) take 
0(1) time. Finally, the time bound on the deletion process follows by observing that the pre-mentioned 
steps are iterated h — 1 times, where h is the height of the underlying (n, d)-BCH H.

Finally, the find-min process is realized in O(l) time by procedure FlNDMiN_BCH(n,.ff) (refer to 
figure 3.6), where n denotes the number of minimal items in H to be determined.

Analysis The correctness of the algorithm follows from its description. By summing up the computation 
and communication requirements of procedures lNSERT_BCH, ADJUST, DELETEMlN_BCH and FIND- 
MiN_BCH we obtain the desired time bound. The probability bound follows by way of the analysis of 
the random distribution of procedure INSERT_BCH. We also observe that the aforementioned procedures 
perform a total of at most d • h selection operations - by way of proposition 2.8.3, the failure probability 
of each such selection operation is O(n~ p ).

The proposition follows. D

3.1.5.1 Improving Deleting-Min and Finding-Min

The performance of auxiliary procedure ADJUST, presented in section 3.1.5 to facilitate the deletion 
process, can be improved by utilizing a rather more complicated algorithmic scheme. Recall that procedure 
ADJUST (refer to figure 3.3) rearranges the items stored in the children of v^ so that the items of one of 
the children can be shifted up without violating the extended heap order. As outlined in figure 3.3, the
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Figure 3.5: A (3, 3)-BCH of 36 items. Deletion of the 3 smallest items.

begin FlNDMlN_BCH (n, H)
1. for each processor p^k\ k e {0,1,... ,p — 1}, in parallel
2. do return ^<*>
end FiNDMiN_BCH

Figure 3.6: Procedure FiNDMlN_BCH, p - number of processors.

procedure realizes the desired rearrangement by performing d — 1 selections on a set of size d • n. We next 
describe how procedure ADJUST can be realized by performing 1 and (d — 2) selections on sets of sizes 
d-n and n respectively. The process is outlined in procedure ADJUST_H(n, {u^\u^2\ ... ,u^}) (refer to 
figure 3.7), where n is the size of a node and {u^,u^2\ ... ,u^} is a set of at most d sibling nodes.

Procedure ADJUST_H re-labels the items stored in nodes {u^ l \u^2\... , u^}, whilst maintaining 
the extended heap order, so that after its execution, node u^ 1 )) holds the n smallest items of the 
set, where initially (u^^\u^^\... ,u^^) is the sequence of nodes in {u^ l \u^2\ ... ,u^} such that 
max{.Eu(7r(fc))} < max{Eu(n(m))}, for all k < m, I < m < d. The preservation of the extended heap order 
follows directly from the fact that maxl-E^o)}, 1 < j < d, is not incremented by the adjustment process.

The time complexity of procedure ADJUST_H is derived as follows. The determination of sequence 
(w (7r(1)) ,w (7r(2)) ,... ,w (7r(d)) ) (line 1) is realized by broadcasting'items max {£„(,-)}, for all j e {1,2,... ,d}, 
to all processors in time T°c^'t (p), and subsequently, by sorting locally these items in time O(cMg d) [133]. 
The selection process (line 2) takes time at most Tsei(d -p • r, n,p). The local operations (lines 4-5, 9) 
require time O(d). The re-labeling operation is realized as a by-product of the selection process, and 
therefore the local operations (lines 6-8) take O(l) time. The parallel-prefix and broadcast operations 
(lines 10-11) are realized in time at most T*pf (p) and T°J£l(p) respectively. The selection process (line 12)
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begin ADJUST_H (n, {u^,u^,... ,
1. do let ( UWV\ UW\... ,u^d»> be the sequence of nodes in {u^,u^\.. 

such that max {Eu^ (k )) } < max {Eu(,( m » }, V A; < m e {1, 2, . . . , d} ;
2. let ei = SELECT(U?=1 Eu(n , n) ;
3. for each processor p^ , k G {0, 1, . . . ,p - 1}, in parallel
4. do let rf = \E$lu»\,Vj € {2, . . . ,d - 1} ;

6. let E$ (1)) = {x | x e ^ £$«„ and x < 6l } ;
7 IP* F*^ — T^W - fF1^ n 7T< fc > } •
'• let •C/u (t7«p) — -^(tmp) ^^(l)) ' l&udmp)) )

8. let £<*> W)) = E<*> W)) - (£#> (1)) n £$ W)) ), V j € {2, . . . , d} 5
9- letr< fc>=rj*>-|^> ( , )) | ) Vj6{2,...,d-l};
10. PARALLEL JPREFix_SuM({rj fc> }), Vj e {2, . . . ,d- 1} ;

<*>•
11. BROADCAST({^rf; }), Vj e {2,... ,d-l} ;
12. do let ej = SELECT(Eu(tmp) , EL2 Efc rf0 ). j G {2,... , d - 1} ;
13. for each processor p^, A; G {0,1,... ,p — 1}, in parallel
14. do let £?<f> (a)) - E<*> (2)) U {x | x e ^LP) and x < e2 } ;
15. let £$>(.„ = JS7<*> W)) U {x | x G E^JL,, and ej-_i < x < Gj }, V j € {3,... , d - 1} ;
16. let £7$ ((0) - E<*i (d)) U {x | x € ^Lp) and x > e^} ;
end ADJUST_H

Figure 3.7: Procedure ADJUST.H, p - number of processors.

takes time at most (d — 2) • Tsei(p • r, fn/2],p). We note that for sufficiently large d it might be more 
efficient to sort the at most n items instead of performing d—l selection processes. Finally, the re-labeling 
operation is realized as a by-product of the selection process, and therefore the local operations (line 14-16) 
take O(d) time. We therefore obtain the following analogue of proposition 3.1.1.

Proposition 3.1.2 Let H be a (n,d)-BCH of height h. Then, for any constant p > 0, there exists a 
randomized p-processor BSP algorithm for supporting the bandwidth heap operations insert, delete-min 
and find-min, that for all integers n and p such that p — O(n/lgn), requires time [with probability

Cbch (n,d,h,p) =

h • (Csei(2 -p- r,n,p) + Cppf (p) + O(l)) for insert, 
(h-l)- (Csel (d • p • r,n,p) + (d - 2) • Csel (p • r, [f ] ,p)+ 
Csei(2 -p • r,n,p) + C|Jp/ (p) + O(d • Igd)) for delete-min, 

O(l) for find-min,

and

h-(L- O(l) + Msel (2-p- r,n,p) + Mppf (p)) + g • O(r) for insert,

Mbch (n,d,h,p)=
Cael (2 .p.r,n,p)+ Cdppf (p] + 2 • M°™(p)) for delete-min,

for computation and communication respectively, where r = \(l + O(V(p- lgn)/n)) • (n/p)]. The overall 
time complexity of the algorithm is denoted by Tbch (n,d,h,p) = Cbch(n,d,h,p) + Mbch (n,d,h,p).
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Proof (of theorem 3.1.1) The theorem follows easily from proposition 3.1.2 by substituting for Taei, 
Tbcast and Tppf the corresponding expressions in propositions 2.8.3, 2.1.2 and 2.1.4, and letting t — 2 in 
these expressions. D

3.1.5.2 Introducing Concurrency

Procedure lNSERT_BCH and DELETEMlN_BCH of section 3.1.5 (refer to proposition 3.1.2) can be con­ 
veniently pipelined, since both manipulate the underlying (n,cf)-BCH heap from top to bottom. The 
pipelining of these operations can be exploited on a twofold basis: (i) procedures INSERT _BCH and 
DELETEMlN_BCH heavily utilize parallel-prefix and broadcast operations, and therefore, the underlying 
algorithms are expected to benefit from pipelining these operations, and (ii) pipelining can be exploited 
in order to decrease the amount of parallel slack required to obtain optimality. In the remainder of this 
section we focus on the latter case; the former case can be treated by a similar line of arguments.

Informal Description of Algorithm The optimal randomized insert, delete-min and. find-miu algo­ 
rithms (on (n,<y)~banciwidth. concurrent heaps) are immediate pipelined adaptations of the insert, delete- 

and find-min alorithms of section 3.1.5.

Our main result is summarized in the following theorem.

Theorem 3.1.2 Let H be a (n,2)-BCH of height h. Then, for any constant p > Q, there exists a 
randomized p-processor BSP algorithm for supporting the bandwidth heap operations insert, delete-min 
and find-min, that for all integers n and p such that p = o(min {n, h • (n/ Ign)}), requires amortized time 
[with probability 1 — O(h • n~p }J

(cse i + o(l)) • (6 • (h — 1)) • — for insert/delete-min, 

0(1) for find-min,

and

L • O(lgp) + g • O(h • o(n/p) + — ) for insert/delete-min

for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this 
section is devoted to the proof of a number of technical results. Then, theorem 3.1.2 follows easily as a 
consequence of these results.4

The pipelining process is straightforward when procedures lNSERT_BCH and DELETEMiN_BCH do 
not operate simultaneously. Then, we can trivially verify the following analogue of proposition 3.1.2.

Proposition 3.1.3 Let H be a (n,d)-BCH of height h. Then, for any constant p > 0, there exists a 
randomized p-processor BSP algorithm for supporting the bandwidth heap operations insert, delete-min

4 For the special case that the insert and delete-min operations are not realized simultaneously the following (improved) 
analogue of theorem 3.1.2 applies.

Theorem 3.1.3 Let H be a (n,d)-BCH of height h. Then, for any constant p > Q, there exists a randomized p-processor 
BSP algorithm for supporting the bandwidth heap operations insert, delete-min and find-min (not simultaneously), that for 
all integers n and p such that p = o(min {n, h • (n/ Ign)}), requires time [with probability I — O(d • h • n~ p )]



3.1 Priority Queues 181

and find-min (not simultaneously), that for all integers n, p and h such that p = O(min {n, h • n/ Ign}), 
requires amortized time [with probability 1 - O(d • h • n~p }J

Cbch (n,d,h,p] =

and

(2-p-r,n,p) + C%pf (p) + O(h]

-p • r,n,p) + + O(h • d • Igd)
O(l)

for insert,

for delete-min, 
for find-min,

Mbch (n,d,h,p}=

L • 0(1) + M*e/ (2 • p • r, n,p) + Mjp/ (p) + g • O(Hdstr )

• p • r,n,p) + + 2 •

for insert, 

for delete-rmn,

for computation and communication respectively, where r = \(l + O(V(p • lgn)/n)) • (n/p}~\ and

Hdstr —
otherwise.

T/je overall time complexity of the algorithm is denoted by

Proof The proof follows a line of arguments similar to that of proposition 3.1.2 and is briefly sketched 
in the following discussion. Pipelining is possible since procedures INSERT_BCH and DELETEMlN_BCH 
both manipulate the underlying (n,d)-BCH from top to bottom and they both require a small portion 
of the heap at a time, consisting of one level for the INSERT_BCH procedure and two levels for the 
DELETEMlN_BCH procedure. By substituting therefore in the analysis of proposition proposition 3.1.2 for 
the broadcast and parallel-prefix operations, their pipelined versions (refer to propositions 2.1.2 and 2.1.4), 
and by employing proposition 2.8.4 for selection we obtain the desired result. We note that min{/i,lgn} 
expresses the portion of the degree of concurrency that is exploited to decrease the amount of parallel 
slackness required to achieve optimality. Unfortunately, the initial distribution of items to processors 
(line 8) of procedure INSERT_BCH cannot be efficiently pipelined (this is due to the synchronous nature 
of the BSP model). In the remainder of this proof we focus on bounding the time required for this initial 
distribution. We distinguish two cases.

Case 1 If — — O(lgn), then the random distribution of items to processors results, with probability 
1 — O(n~p ), for any constant p > 0, in O(min{lgn, (n/p) • (Ign/lglgn)}) items per processor. This

( 3 ' h) • j
(cje/ + o(l))-(((5/2) Pd+l)-(/i-l)) 
0(1)

and

for insert,
— + O(d • Igd) for delete-min, 

for find-min,

L • O(d • Igp) + g • O(h • d • o(n/p}}
for insert, 
for delete-min,

for computation and communication respectively.
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claim can be derived by way of the inequality in theorem A. 1.2 on the right tail of the binomial 
distribution.

Case 2 Otherwise, the random distribution of items to processors results, with probability 1 - O(n~ p ], 
for any constant p > 0, in (1 + o(l)) • (n/p) items per processor. This claim can be derived by way 
of the inequality in theorem A. 1.3 on the right tail of the binomial distribution.

The proposition follows. D

Proof (of theorem 3.1.3) The theorem follows easily from proposition 3.1.3 by substituting for Tsei, 
Tbcast and Tppf the corresponding expressions in propositions 2.8.4, 2.1.2 and 2.1.4, and letting t = 2 in 
these expressions. D

Although procedures INSERT_BCH and DELETEMlN_BCH both manipulate the underlying heap from 
top to bottom, the problem of realizing them concurrently (simultaneously) turns out to be rather compli­ 
cated. Informally, the main problem associated with realizing insertions and deletions concurrently is sum­ 
marized as follows. If procedure INSERT_BCH is still in progress when procedure DELETEMlN_BCH be­ 
gins its execution, then the target node for procedure DELETEMiN_BCH is empty. We are then faced with 
two options to remedy the situation, neither of which is satisfactory: (i) procedure DELETEMiN_BCH se­ 
lects some other leaf node, which may result in an unbalanced heap, and (ii) procedure DELETEMiN_BCH 
delays its operation until the most recent lNSERT_BCH procedure finishes, which results in limited con­ 
currency. To alleviate these limitations we adopt an implementation that is based on the locking scheme 
of [180], that achieves concurrency, while preserving the consistent and deadlock-free operation of the 
underlying algorithm. Instead of locking the entire heap, the algorithm locks only a small portion of 
the heap at a time, consisting of one node (corresponding to one level of the underlying heap) for the 
lNSERT_BCHprocedure and d + 1 nodes (corresponding to two levels of the underlying heap) for the 
DELETEMiN_BCH procedure. Distinct insert and delete-min operations access the contents of a node 
only after locking it to ensure mutual exclusion. The implementation details follow. We associate a field 
called status with every node in the heap. This field may obtain two distinct values, each associated with 
the following semantics [180]: Pending - an insertion is in progress which ultimately inserts into the node, 
and Wanted - a delete-min operation is waiting for the node. When procedure INSERT_BCH starts, the 
status of its target is set to Pending. Accordingly, when procedure DELETEMiN_BCH starts (and an 
insert operation is still in progress), the status of the target of the last insert operation is set to Wanted, 
and the DELETEMlN_BCH procedure is delayed for one phase. Moreover, at each iteration of procedure 
INSERT-BCH, the status of the target node is checked, and if it has been set to Wanted, it is placed 
at the root and the insertion process for that node is abandoned. Once the node is placed at the root, 
the DELETEMiN_BCH procedure resumes its operation. Finally, data fields fullJevel and last^elem, are 
modified only in the initialization phase of procedures INSERT and DELETEMiN_BCH.

This locking scheme can be implemented through a broadcast operation and a constant number of 
local operations. This additional cost does not affect (asymptotically) the time bounds of section 3.1.5. 
We thus obtain a result similar to that of proposition 3.1.3 for the case that procedures INSERT_BCH and 
DELETEMiN_BCH operate concurrently.

Remark It should be noted, however, that the cost of procedures INSERT and DELETEMiN_BCH can 
no longer be de-coupled (due to the concurrent nature of the implementation), and therefore, we should 
consider, in each iteration, the combined cost of the two procedures.
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Therefore, we can easily verify the following analogue of proposition 3.1.3.

Proposition 3.1.4 Let H be a (n,d)-BCH of height h. Then, for any constant p > 0, there exists a 
randomized p-processor BSP algorithm for supporting the bandwidth heap operations insert, delete-min 
and find-min, that for all integers n, p and h such that p = O(min {n, h • n/lgn}), requires amortized 
time [with probability 1 — O(d • h • n~p )J

max

I -p • r,n,p) + Cpp(fh 1)/2 (p)) + O(h • d • \gd)} for insert/'delete-min, 

. O(l) for find-min,

and

max {L • 0(1) + M^(2 • p • r.n.p) + M* , (p) + g • O(Hdstr ),
Mhch (n,d,h,p) =

\ i y^fdt' (/I — I ) / ^ / \ . o 11 jf L' I Ct' ( /I — i J / ̂  ) / \ A "1 X ' _t/J 1 J•p-r,n,p) + G f ' (p) + 2-M fcc v v (PJ) I for insert/delete-min,

for computation and communication respectively, where r = [(1 + O(V(p • lgn)/n)) • (n/p)]

) J P 
(1 + o(l)) • - otherwise.

The overall time complexity of the algorithm is denoted by T[,ch(n,d,h,p)

The main inefficiency of the method implied in the aforementioned proposition derives from that fact 
that procedures INSERT_BCH and DELETEMiN_BCH can no longer be de-coupled (due to the concurrent 
nature of the implementation), and therefore, the advantages of (n,d)-BCHs (over (n,2)-BCHs) are no 
longer valid - this fact is reflected in theorem 3.1.2 where the notion of d-ary bandwidth heaps is limited 
to that of binary ones.
Proof (of theorem 3.1.2) The theorem follows easily from proposition 3.1.4 by substituting for Tset , 
Tbcas t and Tppf the corresponding expressions in propositions 2.8.4, 2.1.2 and 2.1.4, and letting t = 2 in 
these expressions. D

3.2 Dictionaries

In this section we design, analyze and implement BSP algorithms for a fundamental dynamic data struc­ 
ture, namely the dictionary. Dictionaries [133] have always been a fruitful research topic both in sequential 
[2, 28, 29, 54, 62, 65, 74, 133, 202] and parallel computation [25, 30, 36, 57, 63, 64, 67, 120, 138, 139, 
143, 170, 178, 185, 188, 193]. 5 Parallel dictionaries are frequently recurring data structures in computer 
science and are fundamental for many parallel applications, such as implementing database primitives

5 Since the advent of parallel computing considerable work has be done towards solving the problem of maintaining static 
and dynamic dictionaries subject to the operations of insert, delete and find.

Previous approaches based on traditional concurrent dynamic dictionary algorithms [30, 36, 67, 120, 143, 138, 139, 143, 
188, 193] provide only limited parallelism. In this paper, we concern ourselves with parallel dictionary algorithms [25, 57, 
63, 64, 170, 178, 185] that offer the prospect of a high degree of parallelism.
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and improving the performance of combinatorial algorithms [25, 26, 54, 76, 80, 133]. The material of this 
section is based on the following papers:

(1) "Communication efficient data structures on the BSP model with applications." Technical 
Report PRG-TR-13-96, Computing Laboratory, Oxford University, May 1996 [76].

(2) "Communication efficient data structures on the BSP model with applications in computa­ 
tional geometry." In Proceedings of Euro-Par'96 Parallel Processing, Lecture Notes in Com­ 
puter Science 1124, Springer-Verlag, August 1996 [80].

(3) "Ordered /i-level graphs on the BSP model." Submitted for journal publication, 1997 [93].

(4) "Static and dynamic hashing strategies on the BSP model." Technical Report PRG-TR-25-97, 
Computing Laboratory, Oxford University, July 1997 [199].

3.2.1 Preliminaries and Notation

Let X = (xi,X2,... ,xn ) be a non-decreasing sequence whose items belong to a universe U equipped 
with a total order < that can be evaluated in constant time by one processor for any given pair of 
arguments. Additionally, for hash-based operations we assume that the items belong to a finite universe 
U = {0,l,...,g — 1}, and that all the items appearing in sequence X are distinct. We consider, in 
this section, the problem of inserting, deleting and finding6 the items in sequence X into/from parallel 
dictionaries (PDs) - in particular, ordered h-level graphs and hash tables. A detailed account of the 
definitions and notation pertaining inserting, deleting and finding on ordered /i-level graphs and hash 
tables is diverged to sub-sections 3.2.4.1 and 3.2.6.1 respectively.

3.2.2 Cost Model

The performance of the BSP dictionary algorithms of this section is specified as follows. Constant O(l) 
time is charged for each (i) basic computational operation, and each (ii) operation over an associative 
operator in parallel-prefix computations. Furthermore, for some constants Cjns , Cdei and csrchi time cins • 
Ig m, Cdej-lg in, csrch-\g ra, and O(ri) is charged respectively for inserting, deleting and finding (a single item) 
in/from a balanced search tree of size m, and for integer-sorting a sequence (in the range [0,1,... ,n°^]) 
of size n - within the context of this section we denote csrch by c*.

Remark In the remainder of this work we refer to the aforementioned liner-time integer-sorting algo­ 
rithm as SEQ_RADIX_SORT. Additionally, we refer to the parallel version of algorithm SEQ_RADix_SoRT 
as RADIX-SORT (refer to section 2.4.4 for a detailed discussion of the parallel integer-sorting algo­ 
rithm). We also refer to the aforementioned inserting, deleting and finding algorithms as SEQ_!NSERTD, 
SEQ_DELETED and SEQ_FINDD respectively.

Optimal 0(n • Igm) and 0(n) time sequential inserting, deleting and finding (on balanced d-ary trees 
and hash tables of size m respectively) algorithms are well-known [54, 133]. In the following sections, we 
design and analyze optimal BSP inserting, deleting and finding algorithms - optimality is realized for an 
ample range of the BSP parameters.

6 In the remainder of this section we employ the terms "search" and "find" interchangeably.
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3.2.3 Related Work and New Results

There has been a notable amount of previous work - mainly on the PRAM model - on concurrent and 
parallel dictionaries (e.g., [67, 139, 143, 170] on the PRAM model, [24, 25] on the BSP* model, [63] on the 
distributed memory model, [57] on the hyper-cube model, [178, 185] on the butterfly model). The exhibits 
in tables 3.4, 3.5 and 3.6 summarize the aforementioned results with respect to the following statistics: 
computation time, communication time, multiplicative constant factors, implementation effort and amount 
of parallel slackness (in terms of maximum number of processors) required to achieve optimality. To 
simplify the exposition, inserting, deleting and finding is assumed to transpire on balanced d-ary trees of 
appropriate degree and of size m > n; with the exception of hash-based approaches that operate on hash 
tables of size m>n. Hash-based approaches are identified in tables 3.4, 3.5 and 3.6 with the f symbol. 7
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Table 3.4: Performance comparison of parallel dictionary algorithms (insert operation) (for any constant 0 < e < 1 and 
any a — fi(l)) - the cyan color is associated with randomized approaches.

With reference to table 3.6 we note that the algorithms of [57] and of section 2.9.6 can be employed to 
realize searching (finding) for a much wider class of data structures than balanced c/-ary trees (as opposed 
to the algorithms of [25, 26, 67, 139, 143, 170, 178, 185] that can only be employed for balanced d-ary 
trees). Additionally, we note that the parallel dictionary algorithms of section 3.2.7 operate on data sets 
consisting of unique items (no duplicates), and therefore, compare unfairly with the remaining algorithms; 
however, the algorithms can be trivially modified to operate on data sets consisting of duplicate items - 
at the expense of increasing the parallel slackness requirements (to achieve optimality) from lg n • lg lg n 
to ne .

The optimal BSP inserting, deleting and finding algorithms of sections 2.9.6, 3.2.5 and 3.2.7 improve 
upon previous approaches on the following particulars:

(1) the asymptotic computation time requirements of [25, 26, 57, 67, 139, 143, 170, 178, 185] 
(algorithms of section 3.2.7),

(2) the asymptotic communication time requirements of [57, 67, 139, 143, 170, 178, 185] (algo­ 
rithms of section 3.2.5 and 2.9.6) and of [25, 26, 57, 67, 139, 143, 170, 178, 185] (algorithms of

7 In spite of the immense research interest in parallel hashing on concurrent read/write models, the research on exclusive 
read/write models has been rather sparse, and consequently, the references in the aforementioned tables (on parallel hashing) 
are likewise rather limited.
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Table 3.5: Performance comparison of parallel dictionary algorithms (delete operation) (for any constant 0 < e < 1 and 

any a = H(l)) - the cyan color is associated with randomized approaches.

section 3.2.7),

(3) the multiplicative constant factor requirements of [57, 63, 67, 139, 143, 170, 178, 185] (algo­ 

rithms of section 3.2.5 and 2.9.6),

(4) the implementation effort requirements of [25, 26, 63, 185], and

(5) the parallel slackness requirements (to achieve optimality) of [25, 26, 63, 67, 139, 143, 178].

The principal contribution, however, of the inserting, deleting and finding algorithms of sections 3.2.5 

and 2.9.6 is attributed to the low communication cost (refer to case 2), the small constant multiplicative 

factors (refer to case 3), and the low amount of parallel slackness required to achieve optimality (refer to 

case 5). Additionally, our searching techniques provide support for a much wider class of data structures 

than previous approaches [25, 26, 67, 139, 143, 170, 178, 185] and one-optimality for an ample range of 

the BSP parameters. Accordingly, the main contribution of the inserting, deleting and finding algorithms 

of section 3.2.7 is attributed to the low computation cost (refer to case 1), the low communication cost 

(refer to case 2), and the low amount of parallel slackness required to achieve optimality (refer to case 5).

3.2.4 (d, a)-£2-3-4+-Trees

In this section we study the computation and communication requirements of inserting, deleting and 

finding on a randomized processor-mapping of a special class of ordered /i-level graphs [57], namely (d, a)- 

B2 -3~4+-trees - a combination of 5+-trees [51, 54, 133] and 2 - 3 - 4+-trees [54]. 8 The utilization of 

(d, a)-B<2-3-4+-trees allows elegant high-level design and analysis of several parallel techniques - using 

data structures similar to those of sequential models.

8 We restrict ourselves to (d, a)-B2-3-4+-trees (as opposed to the broader class of ordered /i-level graphs), because the full 

generality of ordered /i-level graphs complicates - beyond the scope of this work - the design, analysis and implementation 

of dynamic algorithms.



3.2 Dictionaries 187

Refs
[67]

[143]

[139]

[170]

[57]

[63|f
^[i?8p
[185]

•I
Sec 2.9.6

:>Sec 3.2.7 t

Computation
O

O

O

O

O

O

O

O

?-lgm
- • Igm

J-lgm

g'lgm

J-(lgm-lgn))
n \ 

,

<

p p
c • - • lem+of- -km)* p o \p 6 /

°(?)

Communication
O

0

O

O

O

0

O

O

O

f -Igm

g'lgm

f -Igm

f "Igm

J-(lgm-lgn))
— I 
P)
J-lg™)

?-lg^J
n . Igm \ 
p Ig (n/p) J

Q (n . Igm \
Ip Ig (n/p) J

°(?)

Constants
••

•«

• •

• ••

••

"••

• •

••

•

m

...

Implem.
..

• •

• •

mm

mm

mmm

mm

mmm

mmm

mm

mm

Procs
O(lgm)

O(lgm)

O(lgm)

0(n)

0(n)

O(n£ )
Of n i

I Ig 2 n-lglgny

0(n)

°(lft)
O ( n ^1 lgl + a n ^

O 1 n 1
^ yign-lglgny

Table 3.6
any a =

Performance comparison of parallel dictionary algorithms (find operation) (for any constant 0 < e < 1 and 
- the cyan color is associated with randomized approaches.

3.2.4.1 Preliminaries and Notation

In the remainder of this section, we formally define search trees and discuss some of their properties. The 
definitions and notation of this section derive from [30, 51, 54]. A search tree is an abstract data structure 
for maintaining a collection of (possibly duplicate) items and supporting efficient insert, delete, and find 
operations on data sets of size n. We assume that the items belong to a universe U equipped with a total 
order < that can be evaluated in constant time by one processor for any given pair of arguments.

The randomized algorithms we present in this work for supporting the pre-mentioned search tree data 
structure are based on a new randomized processor-mapping of a variant of £?+-trees [51]. Formally, the 
new data structure, which we call (d, a)-.E?2-3-4+-tree, is defined as follows. Let d > 1 and a > 2 be 
non-negative integers. A directed tree T is in the class (d, o:)-.B2-3-4+-trees if T is either empty or has 
the following properties.

(1) Each path from the root to any leaf of T has the same length (height] h.

(2) All the keys reside in the leaves of T and internal nodes contain copies of the keys stored in 
the leaves.

(3) Every node v of T has the following associated information: (i) s[v] - the size of node v, and 
(ii) the s[v] keys ki [v] , A;2 [v] ,... , A^ft;] stored as a 2 - 3 - 4+-tree. 9

(4) If v is not a leaf node, then v accommodates s[v] + 1 additional pointers e0 [v] , &\ [v] ,... , e s [ w][i;] 
to the children of v.

(5) If K[e;[t>]] is the set of keys stored in the sub-tree T[ei] rooted at e;, then the following

9 A 2 — 3 — 4+-tree is a £?+-tree of minimum out-degree 2 and maximum out-degree 4 [54].
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conditions hold:

if k e K[e0 [v]] then k < k0 ,
if A: 6 -K[ej[v]] then fcj_! < k < ki, 1 <i < s[v],
if k € ^[e^jM] then ks [v ] < k.

(6) Each node except the root and the leaves has at least d+l children. The root is a leaf or has 
at least a children.

(7) Each node has at most a- d+l children. 

The following lemma captures many important facts about (d, a)-52 -3-4+-trees.

Lemma 3.2.1 Let T be a (d,a)-B2-3-4+-tree consisting of m items. Then, the following statements 
hold.

(1)

{ 0 ifm = 0
1 ifO<m<a-d

^J+2 ifm>a-d.

(2) 1 + (a/d) • ((d + l) h -i - 1) < |T| < (l/(a -d)) • ((a -d+ l) h -l)ifh>l, 

where \T\ denotes the number of nodes in T.

Proof The case h = 0 is trivial, since T is empty, and hence |T| = 0. We therefore assume that h > 1. 
Then,

|T| > 1 + a ((d + l}° + (d + I) 1 + ... + (d + l) h ~ 2 ) =l + -((d+ I}'1' 1 - 

Similarly, we obtain that

h-l 1
\T\ < Y. (« ' d + 1)< - -^ ((a • d + I)'1 - 1) .

Oi * Gi i=0

We complete the proof of the lemma by observing that at height h > 2 there are at most a • (t + l} h ~ 2 
nodes, or equivalently, at most a • (t + l} h ~ 2 • t items. The lemma follows easily. D

3.2.5 Optimal Randomized Inserting, Deleting and Finding Algorithms on

The following operations are defined on a (d, a)-52 -3-4+-tree T.

(1) lNSERT_T({yi,j/2 ,... ,3/n}, T) for the insertion of {3/1,3/2, •• v ,3/n} into T.

(2) DELETE_T({j/i,j/2,-.- ,Vn}, T) for the deletion of {y1} y2 ,... ,yn }fromT.

(3) FlND_T({j/i,3/2, • • • , J/n}, T) for the determination of {ei,e2 ,. - - ,en }, where e^ = y» if y^ e T, 
and e; = {} otherwise, for all 1 < i < n.
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The implicit assumption is that there exists a CONSTRUCT_T(T) operation for the construction of an 
empty tree T".

In the remainder of this section we briefly sketch the algorithmic idea underlying the usage of (d, a}- 
52 _3_4+-trees. More precisely, we demonstrate how to employ (d, a)-#2 -3_4+-trees in order to embody a 
dynamically changing set of items induced by processing a sequence of n queries containing the instructions 
of (i) inserting an element, (ii) deleting an element, and (iii) finding an element. The algorithm is based 
on a communication efficient load-balancing scheme and achieves optimality for an ample range of the 
parameters n, p, L and g.

Informal Description of Algorithm The optimal randomized insert, delete and search, algorithms 
urn (flrt)-.B:.>.....;-;..... 4 -trees} are immediate adaptations of the search algorithm of section 2.9,6.2 with the 
exception that; inserting and deleting require, in addition to some extra synthetic processing, a second, 
swoop (iu. tho inverse direction) of the underlying graph.

Our main result is summarized in the following theorem.

Theorem 3.2.1 Let T be a (d^a)-B2-3-^+-tree of height h. Then, for any constant p > 0, there exists 
a randomized p-processor BSP algorithm for supporting operations insert, delete and find on n queries, 
that for all integers n and p such that p = O(n/((a • d} 3 • Ign)) and a • d — o(n/p), requires time [with 
probability I - O(h • n -p-n/(P -(a-d) 3 .ign)jj h . (n/p) . O(lg(a • d)) and L • h • O(\gp) + g • h • O(n/p), for 
computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to an informal discussion of the underlying algorithmic scheme. Then, theorem 3.2.1 follows as 
a consequence of this algorithmic scheme.

The general formulation of the algorithm is along the lines of section 2.9.6. The n processes for all n 
queries are realized in a sequence of phases. The number of phases corresponds to the to the number of 
levels (height) of the underlying (of, a)-.B2-3-4+-tree. At each phase /, 1 < / < h, the queries advance 
through the tree along their paths from level / — 1 to level I. We observe that the first phase is different 
from subsequent phases, since it has to manage an arbitrary permutation of the queries, whereas each 
subsequent phase may utilize the processing performed in the previous stage to improve the performance 
of the algorithm. The search algorithm (downward sweep of the tree) terminates within h phases and is 
realized by way of the randomized algorithm of sub-section 2.9.6.2. 10

For insert and delete operations a maximum of at most h additional phases are required (upward sweep 
of the tree) [30, 51, 54]. For insert operations the upward sweep of the (d, a)-B2 -3-4+-tree implies the 
splitting of over-full nodes - i.e., nodes of size greater than a • d + 1. For delete operations the upward 
sweep of the (d, a)-.E?2-3-4+-tree implies the joining of under-full nodes - i.e., nodes of size less than d+ 1. 
The algorithms for the insert and delete operations are straightforward generalizations of the searching 
algorithm of section 2.9.6.2; however, the technical details involved in the underlying implementations are 
rather complicated and are omitted in this work.
Proof (of theorem 3.2.1) The theorem follows easily from theorem 2.9.3, by substituting for dmax = 
a • d + 1, r = (a - 1) • d and n = O(lg (a -d)). D

10 The motivation behind employing the randomized algorithm of section 2.9.6.2 is that it delivers superior performance 
for the case that m > n, where m denotes the number of nodes in the underlying (d, a)-B2-3-4+-tree.
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3.2.6 Hash Tables

In this section we study the computation and communication requirements of inserting, deleting and 
finding on a randomized processor-mapping of hash tables. The utilization of hash tables allows elegant 
high-level design and analysis of several parallel techniques - using data structures similar to those of 
sequential models.

3.2.6.1 Preliminaries and Notation

In the remainder of this section, we formally define hash tables and discuss some of their properties. A 
hash table is an abstract data structure for maintaining a collection of (unique) items11 and supporting 
efficient insert, delete, and find operations on data sets of size n. We assume that the item values belong 
to a finite universe U = {0, 1, . . . , q - 1}, q prime.

3.2.6.2 Hashing

Given a set 5 of n elements from a finite universe U — {0,1,... ,q — 1}, the hashing problem is to determine 
a function h : S —t {0,1,. . . ,s — 1}, for some s < q such that the following properties hold.

- h is "easy" to generate;

- h needs a "small" amount of additional space to store;

- h is "easy" to evaluate;

- h behaves "almost" as a random function.

In the remainder of this section we quantify the aforementioned properties and present a class of hash 
functions that possesses them.

A Universal Class of Hash Functions For the scope of this work we use a universal class [42] of 
hash functions initially introduced in [62] and further addressed in [63, 65].

Definition Let q be prime and U = (0, 1, ... , q — 1} be a finite universe. Define

where d > 1 and s > 1 are integers, 60, &i, • • • , &d £ U, and h is given by

h(x) = I ^P (bi • x l ) mod q I mod s, x e U. 
\i=o /

Definition Let q be prime and U = {0, 1, . . . , q - 1} be a finite universe. Define

11 The explicit assumption in the forthcoming analysis of the hash table operations is that items are unique. In case of 
duplicate items, the upper bounds presented in the following sections do not apply. To remedy the situation, in section 3.2.8 
we outline an efficient duplicate item elimination scheme that removes the requirement for unique items.
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where d\ , d2 > 1 and r,s >l are integers, OQ, ai , . . . , ar_i e {0, 1, . . . , s — 1}, and h is given by

h(x] = (/ (x) + a/(x) ) mod s, z e U, f e fl? 1 and / 6 #f2 .

Several of the intrinsic properties of the aforementioned classes of hash functions are established and 
discussed in some detail in appendix A. 2. 3.

Construction and Evaluation of h G Hfyd2 In this section we concentrate on BSP algorithms for 
the construction and evaluation of random members of Hd\' d'2 . Our main results are summarized in the

7 ,A

following two propositions.

Proposition 3.2.1 Let h be a randomly chosen function from Hd,\* d'* . Then, there exists a p-processor 
BSP algorithm for constructing h [with O(d\ + d^ + \r/p\] space per processor] that for all integers n and 
p such that p = O(n), requires time

( r
Cc_h,h(n,di,d2,r,p) = O ( di + d2 + -

V P

and

Mc _hsh (n, dl ,d2 ,r,p) =

for computation and communication respectively - we refer to this construction as construction CP. 
The overall time complexity of the algorithm (construction CP) is denoted by Tc _/iS /l (n,d1 ,<i2,/',p) — 
Cc-hsh(n,di : d,2,r,p) + Mc _/ls /l (n,di,d2)^) p)- Alternatively, the algorithm for constructing h [with O(d\ + 
d-2 + r) space per processor] requires time

Cc.hsh*(n,di,d2,r,p) - O(d\ + d2 + r)

and

Mc _hah * (n, d, , da, r,p) =

for computation and communication respectively - we refer to this construction as construction Cs. 
The overall time complexity of the algorithm (construction Cs) is denoted by Tc _hsh*(n,di,d2,r,p) = 

(n, di , d2 , r, p) + Mc _hsh* (n,d1 ,d2 , r, p) .

Proof Processor p0 selects at random functions / e Hdl and / e Hf2 in time O(di + d2 ], and sub­ 
sequently, broadcasts / and / to all other processors in T^J+d2) (p) time. The construction of h re­ 
quires the additional selection of random o0 ,oi,... ,ar _! e {0, 1, . . . , s - 1}. To this end, processors 
po,Pi>--- >Pmin{P-i,r} select dQ,ai,... ,or_i in O(\r/p]) time. Then, the processors replicate each ai5 
0 < i < s, \p/r\ times in Tb t̂ (\p/r\] time. The overall representation (construction CP) requires 
O(di +d2 + \r/p\] space per processor.
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Alternatively, processor p0 selects a0 ,ai, . . . ,ar_i € {0, 1, . . . , s - 1} in O(r) time, and subsequently, 
broadcasts them to all other processors in Tbc t̂ (p) time. The overall alternative representation (construc­ 
tion Cs) requires O(d\ + d2 + r) space per processor and the desired result follows, d

Proposition 3.2.2 Let q be prime, S C U — (0, 1, . . . ,q - I}, \S\ < n, and h be randomly chosen 
from #r,V rf2 • Assume any 0 < 6 < 1 such that r = nl ~ s and n > (d\ + 1) • r/2. T/*en7 /or any 
constant p > 0, t/iere exists a randomized p-processor BSP algorithm for evaluating (for construction CP 
in proposition 3.2.1) h(x), for all x G 5, t/iat for all integers n and p, and any u such that p < n, and 
u > 0, requires time [with probability 1 - O(a • (l/u} dl+l • n1 ~ <J 'K dl+1)/2+1 ) + n~p }]

and

Mejlsh(n,r,u,p) = L - O(l) + g • O(Hdstr ),

for computation and communication respectively, where a = ((d+ l)/2) d+2 /((d + l)/2)!, r(/i) denotes the 
time required to evaluate h(x] and

Hdstr = < i/p > r and (I + n) • * = O(lgn),

otherwiseoinerwise.

The overall time complexity of the evaluation algorithm (for construction CP) is denoted by T 
Ce _hsh(n,p} + Me _/ls/j(n,p). Alternatively, the algorithm for evaluating (for construction Cs in proposi­ 
tion 3.2.1) h(x], for all x G 5, requires time

\n~\
- 

I P I

/or computation. The overall time complexity of the evaluation algorithm (for construction Csj is denoted 
by Te _hsh .(ri,p} = Ce _hsh-(n,p}.

Proof We assume that 5 is evenly but otherwise arbitrarily distributed among the p processors before the 
beginning of the execution of the evaluation process. The computation of h(x) = (f(x] + a/(x )) mod s, 
for all x G 5, involves the parameters associated with /, / and a,f( x )- Clearly, for construction Cs in 
proposition 3.2.1, these parameters are local, and therefore, the evaluation of h(x), for all x € S1 , requires

^-

r(h) • \n/p~\ time. For construction CP in proposition 3.2.1, only the parameters associated with / and / 
are local. In the remainder of this proof we propose a randomized scheme for the determination of a,f( x ) 
that results in low contention.

Recall that by construction CP in proposition 3.2.1 there are fp/r] copies of a/( x ). Additionally, for 
any 0 < 8 < I such that r = n l ~ 5 and n > (di +1) -r/2, by way of lemma A.2.9, it follows that a randomly 
chosen / G H^ satisfies b{ < (1 + u) • n6 , for all 0 < i < r and any u > 0, with probability
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1-0 n 1 - - a • - • n-5 - +12 = I - O [ a • - • ni-*-((*+D/2+i) ,
J \ W J

where a = ((d+ l)/2) d+2 /((d+ l)/2)!. We distinguish two cases. In case p <r, then it is straightforward 
to verify that the maximum number of accesses to any single processor is at most (1 + u) • [n/r] • \r/p]. 
In case p > r, then we assume that processors select uniformly at random one of the [p/r\ copies of a,f( x ). 
Then, for any constant p > 0, by invoking theorem A. 1.2, it follows that the maximum number of accesses 
to any single processor is upper bounded as follows:

with probability 1 — O(n~p ). The desired result follows. D

Remark We note that the time r(h] required to evaluate h is upper bounded by O(di + d2 }.

3.2.6.3 (6, s)- Quasi-Random Functions

In the forthcoming sections we employ the aforementioned class of hash functions to obtain simple and 
efficient BSP algorithms for a multiplicity of problems. In order to simplify the exposition of these 
subsequent algorithms we assume the following definition and corollaries that are immediate applications 
of theorems A. 2.1, A. 2. 2, A. 2. 3 and A. 2. 4, and propositions 3.2.1 and 3.2.2 respectively.

Definition Let q be prime, S C U = {0, 1, ... ,q — 1}, \S\ < n, and consider function h to be chosen 
at random from H \'_f , for constant integers d\ and d2 , and any constant 0 < 6 < 1 such that ns > 
(d\ + l)/2. Then, we say that h is (6: s)- quasi-random for S. For the special case that 6 = 1/2 and s = n, 
we say that h is quasi-random for S.

Corollary 3.2.1 Let q be prime, S C U — {0, 1, ... , q — 1}, \S\ < n, and consider a (S, s)- quasi-random 
function h. Then, with probability I — O(n~p }, for any constant p > 0 such that d\ > 2 • (p + l)/5 — 3 and 
dz > (p + l)/(lgs/lgn — 6), and any u > 0 and 0 < e < I,

and

) , 0<j<s. (3.2)

Corollary 3.2.2 Let q be prime, S C U = {0, 1, . . . ,q - 1}, \S\ < n < s, and consider a (6,s)-quasi- 
random function h. Then, with probability l-O(n~p ), for any constant p > 0 such that di > 2- 
and d-2 > (p + l)/(lgs/lgn - 8), and any u> 0,

Pr <2-e~ u ' n /8 , for any constant k>l,
j=0

where ck = (k - l) k ~ l + 7 • ek ~ l and 7 < (1 +
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Corollary 3.2.3 Let q be prime, S C S C U = {0,1,... ,q - 1}, \S\ = n, \S\ < n, and consider a 
(5, s)-quasi-random function h. Then, with probability 1 — O(n~p ), for any constant p > 0 such that 
di > 2 • (p + l}/6 — 3 and d2 > (p + l)/(lgs/lgn — 6), and any u > 0,

r _ /n\i/ \ ^2+1 /1 \ ̂ 2 
Pr \\{x e 5 | 3x 6 S (h(x) = h(x})}\ > ((1 + u) • - +d2 ) -n < (2-n<5 -n) •(-] + 

L Jl \ s/J — V / \ s /

(1 +

Corollary 3.2.4 Lei ? &e prime, 5 C 5 C U = {0,1,... ,q - 1}, \S\ = n, \S\ < n, J = {j \ 0 < j < 
s and B* n S ^ {}}, and consider a (6, s)-quasi-random function h. Then, with probability 1 — O(n~ p ], 
for any constant p > 0 such that di > 2 • (p + l)/6 - 3 and d2 > (p + l)/(lgs/ Ign - 6), and any u > 0,

n/(d2 -s)

Corollary 3.2.5 Let q be prime, S C U = {0,1,...,? — 1}, |5| < n, and h be a (6, s)-quasi-random 
function. Then, there exists a p-processor BSP algorithm for constructing h [with O(\n 1 " 5 /p\] space per 
processor] that for all integers n and p such that p — O(n), requires time

Cc _ qrnd(n,6,p) = O
P

and

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tc _qrnd (n,p] — Cc _qrnd(n,p} + Mc _qrnd (n,p).

Corollary 3.2.6 Let q be prime, S C U = {0, 1, ... : q — I}, \S\ < n, and h be a (5, s)- quasi-random 
function. Then, for any constant p > 0, there exists a randomized p-processor BSP algorithm for evaluating 
h(x), for all x G S, that for all integers n, p and d\, and any u such that p < n, d\ > 2 • (p + I — o}/(2 • 
Igw/lgn + 6) — 1 and u > n~^5/2 ^ +^ (for arbitrarily small positive constant C < 1/4,), requires time [with 
probability I — O(n~p }]

and

Me _qrnd (n,6,u,p) = L • 0(1} + g • O(Hdstr ),

for computation and communication respectively, where r(h) denotes the time required to evaluate h and

Hdstr = O minlgn, • if P > n^ and (1 + n) • = O(lgn),
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The overall time complexity of the evaluation algorithm is denoted byTe _qrnd (n,6,u,p) = Ce _qrnd(n,5,u,p)+
A/f . (m H „. «-,\

Remark The time r(h) required to evaluate a (6, s)-quasi-random function h is upper bounded by O(di + 
d'2 ) = 0(1).

3.2.7 Optimal Randomized Inserting, Deleting and Finding Algorithms on 
Parallel Hash Tables

The following operations are denned on a hash table HT.

(1) lNSERT_HT({yi,y2 , • • • ,y«}, HT} for the insertion of {yi,y2 , • - - ,yn } into HT.

(2) DELETE_HT({j/i, j/2 , • • • ,3/n}, HT) for the deletion of {y^y*,... ,yn } from HT.

(3) FlND_HT({yi,y2 j • • • ,2/n}, HT) for the determination of {ei,e2 ,-.. ,en }, where &i — yt if 
yi E HT, and BI = {} otherwise, for all 1 < i < n.

The implicit assumption is that there exists a CONSTRUCT_HT(#T) operation for the construction of 
an empty table HT. In contrast to previous approaches (e.g., [26, 178]), our implementation has the 
advantage of supporting hash table operations on data sets of varying size - in [26, 178], insert, delete 
and find operations have to be performed on data sets of predetermined size, by contrast, in this work we 
support data sets of varying size.

3.2.7.1 Static Hash-Table Algorithms

In this section we present a randomized BSP algorithm for the static hash table operations (construct 
and find). More precisely, we demonstrate how to employ hash tables in order to embody a static set 
of items induced by processing a sequence of n queries containing the unique instruction of finding an 
element. The algorithm derives from the ideas of [65, 74] and utilizes the notion of secondary hashing. 
The algorithm is fairly simple and achieves optimality for an ample range of the parameters n, p, L and
9-

Informal Description of Algorithm The optimal randomized hash-table construction and. find, algo­ 
rithms are synthetic generalizations of the sequential hash™table construction aud iiud algorithms of j74] 
••••• with the noted difference that the underlying hash fiincti.oi.is of the algorithms of [74] are non-trivially 
substituted by the more powerful (d, m)-quasi-randoin hash functions.

Our main result is summarized in the following two theorems.

Theorem 3.2.2 For any constant p > 0, there exists a randomized p-processor BSP algorithm for con­ 
structing a hash table on m items, that for all integers m and p such that p — 0(m/(lgm • Iglgm)), 
requires time [with probability I — O(m~p )J O(m/p) and L • O(\gp) + g • O(m/p), for computation and 
communication respectively.

Theorem 3.2.3 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sup­ 
porting operation find on a hash table of size m, that for all integers n, m and p such that m > n and
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p = O(n/lgn), requires time [with probability l-O(n~p }] O(n/p) and L-O(l)+g-O(n/p), for computation 
and communication respectively,

The proof of the aforementioned results is diverged to the end of this section. The remainder of this 
section is devoted to the proof of the following two propositions. Then, theorems 3.2.2 and 3.2.3 follow 
easily as a consequence of these results.

Proposition 3.2.3 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 
constructing a hash table on m items, that for all integers m and p, and constant 6 such that p = 
O(m • Iglgm/ lg2 m) and 0 < S < I, requires time [with probability 1 - O(m~ p }]

Cc.hsh (m, 8, p) = O ( — \ + Cc _qrnd (m, 6, p) + Ce _qrnd (m, 6,1, p) + Cppf (p)

and

Mc _hlh (m,S,p) = L • O(l)+g- O ( — J + Mc _qrnd (m,6,p) + Me _qrnd (m,<J, l,p) + Mppf (p) ,

for computation and communication respectively. Furthermore, for p = cj(m • Iglgm/lg m) and p = 
0(m/(lgm • Iglgm)), the algorithm requires additional time

k • 0(lgm),A;2 • 0(lgm),n (T-
k

I'm/(p-lgm-Iglgm)] 

Clba p-Iglgm 

and

Mrdx _sri I k • O(lgm),k • O(lgm),fi ( -—-—-————-——— 
V VI \m/(p-lgm-lglgm)\

(™\ ,l7J' J

for computation and communication respectively, where k — O(lgm/Iglgm). The overall time complexity 
of the algorithm is denoted by Tc _hsh (m,d,p} — Cc _hsh(m,&-,P) + Mc _hsh(m,6,p}. The algorithm requires 
O(m/p] space per processor.

Proof We assume that the input is evenly but otherwise arbitrarily distributed among the p processors 
before the beginning of the execution of the algorithm. Moreover, we assume that the items are distinct; 
we later explain how we can remove such an assumption and still maintain the desired time and space 

bounds.

Procedure CONSTRUCT_HT 
begin

[Stage 1] A (6, m)-quasi-random function h is constructed - we refer to this function as the primary 
hash function. We assume sufficiently large constants di and d2 in the construction of h so as to 
satisfy the conditions of corollaries 3.2.1, 3.2.2 and 3.2.6.
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[Analysis of Stage 1] By way of corollary 3.2.5, this stage requires time Tc_qrnd(m,8,p).

[Stage 2] Each processor determines the processor destination of each item in its possession by 

evaluating the function h' = [h/(m/p)\ - item y is destined to processor Ph>( y )-

[Analysis of Stage 2] For any constant p > 0, by way of corollary 3.2.6, this stage requires time

probability 1 — O(m~p }.

[Stage 3] Each processor knows where to route its items, and performs the routing - item x along 

with its hashed value h(y] is communicated to processor Ph'(y )-

[Analysis of Stage 3] In view of lemma A. 2. 5 and the fact that p = 0(m/(lgm • Iglgm)), it is not 

difficult to verify that h' shares the properties in corollary 3.2.1 of (5, m/(lgm-lglgm))-quasi-random 

functions. Thus, for any constant p > 0, by way of corollary 3.2.1, processors receive O(m/p) items, 

with probability 1 — O(m~p }. Hence, the communication cost of this stage is bounded above by 

L + g-O(m/p).

[Stage 4] A memory block of size 2 • (&^) 2 + 1 is allocated for each bucket B^ , 0 < j < m - we refer 

to this memory block as the secondary hash table STj. Additionally, a memory block of size O(m) 

is allocated for the secondary hash functions to be introduced in the next stage - we refer to this 

memory block as the primary hash table HT. We assume that the primary and secondary hash tables 

are evenly and contiguously distributed amongst the processors.

[Analysis of Stage 4] In order to achieve an even and contiguous distribution of the secondary hash 

tables a prefix operation on at most m bucket sizes (O(m/p) per processor) is realized. Thus, this 

stage requires time O(m/p) + Cppf(p) and Mppf(p) for computation and communication respectively. 

For any constant p > 0, by way of corollary 3.2.2, the total memory allocated in this stage is upper 

bounded by 0(m), with probability 1 — O(m~p ).

[Stage 5] Let J — { j \ I < bh- < 2 • Iglgra}. Each processor constructs a random function hj 6 

H 1 h 2 for each bucket B^ , j £ J, in its possession - we refer to this function as the secondary hash

function hj . If the secondary function hj is one-perfect for B^ , then hj is stored in local memory and 

Bh- is set to {}. This stage is repeatedly executed until J = {}.

[Analysis of Stage 5] Consider an arbitrary processor pi, 0 < i < p, and let J{ = {j ; | 1 < bh- < 

2 • Iglgm and Bh, resides in the local memory of processor p^}. Define (for processor p^ the random 

variable Y as follows:

YJ — time required for the construction of one-perfect hj , j e Ji.

The random function hj is constructed in O(l) time. Furthermore, the injectiveness of hj is tested in 

O(bh • (Ig (2 • (6j) 2 + l)/lg&J) + &J) = O(6j) time by employing algorithm SEQ_RADIX_SORT (refer
j J J J J

to section 3.2.2). The test implies radix sorting of 6^ integers in the range [0,1,... ,2 • (6^) 2], and
J J

subsequently, scanning this sorted sequence. By way of lemma A.2.7, the probability that a randomly 

chosen hj € H 1 h is one-perfect for B^ is at least 1/2. Therefore, for any k > 1, we have that
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<2 -*

By way of the analysis of stage 3 we have that £^6J . tf = O(m/p) and by definition &J < 2 • Iglgm. 
Therefore, by invoking lemma A. 1.3, we conclude that, for any constant p > 0,

Pr

Thus, this stage requires time O(m/p).

= 1-0 (m~ p ) , 0 < i < p.

[Stage 6] Let J = {j | bh- > 2 • Iglgm}. The elements in (Jj^jB' are load-balanced amongst the
processors, maintaining the items of each distributed bucket in the memory of contiguous processors. 

[Analysis of Stage 6] For any constant p > 0, by way of corollary A. 2.1,

k Iglgm, , 0 < j < m.

Furthermore, in [98] it is shown that,

3k (\{j\b*>k} =0 =1-0 , 0 < j < m.

We conclude that, for any constant p > 0,

Pr m
Jgm-Iglgm,

Thus, the time required for this stage is upper bounded by T^a/(0(m/(lgm • lglgm)),O(m/p),p).

[Stage 7] The first processor associated with each bucket Bj , j 6 J, constructs I random functions 
hj,i, ^j,2? • • • j fy;,z £ -^ 1 h^ 2 f°r -^j and subsequently broadcasts these functions to all processors
associated with bucket BJ1 , where / = 0(lgm). The first hj^, 1 < i < /, that is one-perfect for B^ is 
stored in the local memory of the first processor associated with B'j - we refer to this function as the 
secondary hash function hj.

[Analysis of Stage 7] By way of the load-balancing operation of stage 6, each processor maintains 
O( \m/(p • Ig m • Ig Ig m)]) items of (J^jB1̂ . Therefore, the construction of the / random functions (per 
bucket) takes O(lgm + m/(p-Iglgm)) time. Moreover, by way of lemma A.2.7, the probability that a 
randomly chosen hj }i G H* (bh )2+l , 1 < i < /, is one-perfect for Bj is at least 1/2. Therefore, for any 
constant p > 0 and / = 0(lgm), with probability 1 — 0(m~p ), at least one of the / hash functions is 
one-perfect for .£? .
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In the analysis of stage 6 it is shown that the maximum bucket size is 0(lgm/Iglgm). Thus, the 

broadcasting operation requires M°c^ftm) (k) time for communication, where k = 0 (Igm/Iglgm). 

Furthermore, since each processor shares at most two buckets with other processors, injectiveness is 

tested (along the lines of stage 5) in time

O

and

m
p • Ig m • Ig Ig m Igm +

k
|"m/(p-lgm-lglgm)l

( k
[m/(p-Igm-Iglgm)]

for computation and communication respectively, where k = 0(lgm/Iglgm). Finally, the selection of 

one out of the (at most) / one-perfect hash functions is realized by way of a parallel prefix operation 

in time O(\m/(p • Igm • Iglgm] • Igm)) + Cppf(k) and Mppf(k) for computation and communication 
respectively.

[Stage 8] Each processor knows where to route its items, and performs the routing - item x is 

communicated to memory cell •STjl ( a.)[/i/l (,B )(:r)]. Additionally, secondary hash function hj is stored in 
memory cell HT\j].

[Analysis of Stage 8] By way of the analysis of stage 4, each processor maintains a segment of size 

O(m/p) from tables HT and (JjSTj. Therefore, this stage requires L + g • O(m/p) communication 

time.

end

Remark Stages 6 and 7 can be safely removed, without affecting the asymptotic analysis of the algorithm, 

by defining J in stage 5 as follows:

J = {j I 6? =0(lgm/lglgm)}, 0<j<m.

Then, the process involved in stages 6 and 7 is redundant. Unfortunately, to achieve the desired probability 

bound the condition p = 0(m/(lgm • Iglgm)) has to be relaxed to p = O(m • lglgm/lg2 m).

Analysis The correctness of the algorithm follows from its description. By summing up the computation 

and communication requirements of procedure CONSTRUCT_HT we obtain the desired time bound. The 

probability bound follows by assuming sufficiently large d\ and d2 in the construction of corollary 3.2.5 

- di > 2 • (p + l)/S - 3 and d2 > (p + !)/(! - 6 - o(l)) are sufficient (refer to corollaries 3.2.1, 3.2.2 

and 3.2.6). Finally, the space requirement follows from the analysis of stage 4.

The proposition follows. D
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Proposition 3.2.4 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 
supporting the operation find on a hash table of size m, that for all integers n, m and p, and constant 6 
such that m>n,p = O(n/lgn) and 0 < <5 < 1, requires time [with probability I - O(n~ p )J

/n\ 
n,8,p) = Oi-\

and

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
,6,p) = Chsh (n,6,p) + Mhsh (n,6,p}.

Proof We initially present the procedure to realize the find operation on a hash table that is constructed 
by the algorithm implied in proposition 3.2.3; later, we provide a correctness proof and an analysis of the 
resources required. We assume that the input is evenly but otherwise arbitrarily distributed among the 
p processors before the beginning of the execution of the algorithm. Moreover, we assume that the items 
are distinct; we later explain how we can remove such an assumption and still maintain the desired time 
bound. Some notation is required before proceeding to the details of the algorithm. By h we denote the 
(6, m)-quasi-random function that serves as the primary hash function of the underlying primary hash 
table HT, and by h' we denote the composite function [h/(m/p)\. Accordingly, by hj, 0 < j < rn, we 
denote the function that serves as the secondary hash function of the underlying secondary hash table 
STj.

The procedure to manage the find operation is FiND_HT({yi,y2 , • • • ,yn},HT) (refer to figure 3.8), 
where Y = {yi, j/2 5 • • • , Vn} denotes the set of n items to be found in hash table HT. 12

begin FiND_HT ({2/1,2/2,-.. ,2/n}, HT}
1. do denote by y set {2/1,2/2,... ,2/n} I
2. for each processor p^ , k e {0, 1, . . . ,p — I}, in parallel
3. do let £<*> = {y | y e Y and h'(y) = k} ;
4. report (as found) set {x \ x € E^ and x — 5T/1 ( z )[/i/l ( a,)(x)]} ; 
end FlND-HT

Figure 3.8: Procedure FlND_HT, p - number of processors.

The correctness of the procedure follows from its description and the construction implied in proposi­ 
tion 3.2.3. The time required for procedure FiND_HT is determined as follows. For any constant p > 0, by 
way of corollary 3.2.6, the hash function evaluation (line 3) requires time Te _qrnd(n,6, l,p), with probabil­ 
ity 1 — O(n~ p ). Accordingly, by way of corollary 3.2.1, processors receive O(n/p) items, with probability 
1 — O(n~p ), and therefore, the routing operation (line 3) takes L + g-O(n/p) communication time. Finally, 
by way of the analysis of stages 4 and 8 of procedure CoNSTRUCT_HT, the "reporting" operation (line 4) 
requires time O(n/p) and L + g • O(n/p) for computation and communication respectively.

12 With reference to the pseudo-code of this section, the superscript notation ( k ) refers to processor p^ (or equivalently, 
processor p^) and implies the "local segment" of that processor.
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Analysis The correctness of the algorithm follows from its description. By summing up the computation 
and communication requirements of procedure FlND-HT. The probability bound follows by assuming 
sufficiently large di and d2 in the construction of proposition 3.2.3 - di > 2 • (p + l)/6 - 3 and d2 > 
(p + !)/(! - 5 - o(l)) are sufficient (refer to corollaries 3.2.1, 3.2.2 and 3.2.6).

The proposition follows. D

Proof (of theorem 3.2.2) The theorem follows easily from proposition 3.2.3, for any constant 0 < 
6 < 1, by substituting for Tc _qrnd , Te _qrnd , Trdx _srt , Tibai, Tbcast and Tpp/ the corresponding expressions 
in corollaries 3.2.5 and 3.2.6, and propositions 2.4.1, 2.1.5, 2.1.2 and 2.1.4, and letting t = 2 in these 
expressions. D

Proof (of theorem 3.2.3) The theorem follows easily from proposition 3.2.4, for any constant 0 < 8 < 1, 
by substituting for Te _qrnd the corresponding expression in corollary 3.2.6. D

3.2.7.2 Dynamic Hash- Table Algorithms

In this section we present randomized BSP algorithms for the dynamic hash table operations (construct, 
insert, delete and find). More precisely, we demonstrate how to employ hash tables in order to embody a 
dynamically changing set of items induced by processing a sequence of n queries containing the instructions 
of (i) inserting an element, (ii) deleting an element, and (iii) finding an element. The algorithm derives 
from the ideas of [62, 65, 74] and utilizes the notion of secondary hashing. The algorithm is fairly simple 
and achieves optimality for a ample range of the parameters n, p, L and g.

Informal Description of Algorithm The optimal randomized hash-ta.ble insert, delete and find al­ 
gorithms are synthetic generalizations of the sequential hash-table insert, delete and find algorithms of 
[65, 74] ••••• with the noted difference that the underlying hash functions of the algorithms of [65. 74] are 
noil- trivially substituted by the more powerful (d rnj-quasi-raudom hash, functions.

Our main result is summarized in the following theorem.

Theorem 3.2.4 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sup­ 
porting the operations insert, delete and find on a hash table of size m, that for all integers n, m and p 
such that m >n and p — O(n/(\gn • Iglgn)), requires time [with probability 1 — O(n~ p }]

CM — J for insert, delete and find, 

and

L-o([min{l,^r }.lgp])+g-o(a) for insert, 

L-O(l) + g-O (} for delete/find,

for computation and communication respectively.

The proof of the aforementioned results is diverged to the end of this section. The remainder of this section 
is devoted to the proof of the following proposition. Then, theorem 3.2.4 follows easily as a consequence 
of this result.
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Proposition 3.2.5 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 
supporting the operations insert, delete and find on a hash table of size m, that for all integers n, m 
and p, and constant 6 such that m > n, p = O(n/(\gn • Iglgn)) and 0 < 6 < 1/2 , requires time [with 
probability 1 — O(n~p )J

, n }) ,6,p)

(?) + Ce-irnd(n,6, l,p)

for insert, 

for delete/find,

and

0(1)

L • 0(1)

g • O * 

c-hsh (O (max 

+ C

n

}} , 6,p) 
e ,qrnd (n,5, l,p)

for insert, 

for delete/ find,

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Thsh (n, 6, p} = Chsh (n, 6, p} + Mhsh (n, 6, p) .

Proof The parallel dynamic hash table is maintained as a collection of disjoined tables. In particular, 
along the lines of [62] , the dynamic hash table consists of a primary hash table and of a cache hash table 
both of size O(m). Items are initially inserted into the cache and later transferred (as a background 
process) to the permanent primary hash table. To this end, two hash tables of size O(m) are alternately 
employed as the cache - new items are inserted into one of the two cache tables (foreground) whilst the 
other table (background) is flashed into the permanent primary hash table. In our implementation, the 
primary table is essentially a static hash table (refer to sub-section 3.2.7.1). The truly dynamic hash table 
is the cache.

Initially, the two caches are empty. The primary hash table is constructed by way of the algorithm 
implied in proposition 3.2.3. Let (<5, m)-quasi-random function h be the primary hash function associated 
with the so constructed primary table; then, h also serves as the primary hash function for the cache 
tables. We assume sufficiently large d± and d-2, in the construction of h so as to satisfy the conditions of 
corollaries 3.2.1, 3.2.2 and 3.2.6.

The dynamic nature of the overall structure is based on the fact that the number of items maintained 
at any time in the cache tables is considerably smaller than the corresponding number in the primary 
table. In particular, the underlying idea is to maintain ra items in the primary table and at most 2 • ^Jrn 
items in the cache table. An informal description of the BSP algorithm follows.

Let n < m denote the number of items involved in insert, delete and find operations. In the remainder 
of this proof we assume that p — O(n/(lgn • Iglgn)) and n < ^/m; the case n > \fm is treated at the end 
of this discussion. For the insertion of n new items (at most \n/p] per processor), each processor sends its 
(at most) \n/p\ items to uniformly at (5,p)-quasi-random distributed processors by employing function 
h! = [h/(m/p}\ . In view of lemma A. 2. 5 and the fact that p = O(n/ Ign- Iglgn), it is not difficult to verify 
that h' shares the properties described in corollary 3.2.1 of (S,n/(\gn • Ig Ig n)-quasi-random functions. 
Hence, for any constant p > 0, by way of corollary 3.2.1, processors receive O(n/p) items, with probability 
l — O(n~p ). We conclude that this step requires time Ce _qrnd(n, 6, l,p) and L+g-O(n/p)+Me _qrn(i(n, <5, l,p) 
for computation and communication respectively. Furthermore, by way of lemma A. 2. 7, primary function 
h is d-2 -perfect for the input set, with probability
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Pr [h is d2 -perfect for the input set] = l-O[n- (—} } = 1 - O (n l ~ d2 } - 1 - O (n~ p } ,
\ \ra/ /

for any d2 > p + 1. We conclude that primary function h maps at most d2 items per cache table 
position. Therefore, a foreground cache table of size 0(d2 • m) = O(m) is sufficient for supporting the 
insertion of n — O(^/m) new items (at most \n/p] per processor) in time O(n/p) + Ce _grnd(n, 6, l,p) and 
L + g • O(n/p) + Me _qrnd(n,6, l,p) for computation and communication respectively. Additionally, if a 
sequential list - consisting of the elements that are currently in the cache table - is maintained, then 
the cache table can also be reinitialized in O(n/p) time. In case the number of items in the cache table 
exceeds ^/m, then the roles of the foreground and background cache tables are interchanged.

It remains to establish the time requirements associated with transferring the background cache table 
into the permanent primary table. Recall that this transfer is realized as a background process, and there­ 
fore, has to be accounted in the time complexity of the overall insertion process. By way of corollary 3.2.3, 
under primary function /i, the number of items in the cache table that collide with themselves or with 
items from the primary table is 0(d2 • Vm) = 0(-v/m), with probability

01 _ o (n((i/2)+*H*.+D-«i2) =1-

for any 0 < 6 < 1/2 and d2 > (2 • p + 1 + 25)/(l — 2 • <5). Furthermore, by comparing corollaries 3.2.1 
and 3.2.4, we conclude that the bucket size distribution of these items is not significantly different to the 
"ideal" distribution of the combined primary and cache tables. In particular, the bucket size associated 
with items in the cache table that collide with themselves or with items from the primary table is merely 
increased by an additive constant factor of d2 . Therefore, algorithm CoNSTRUCT_HT can be employed 
to efficiently rehash these colliding items in time Cc.hsh(O(^/m),6jp) and McjiSh(O(\/rn),5,p), for com­ 
putation and communication respectively. The analysis pertaining the aforementioned claim is similar to 
that of algorithm CoNSTRUCT_HT and is therefore omitted.

In case n > \/m, then the n items to be inserted along with the O(\/m) items of the cache (foreground 
and background) are directly inserted in the primary hash table as outlined in the preceding discussion in 
time Cc _flsh(O(n}^6,p) and Mc _flsh(O(n), 6,p) for computation and communication respectively. Evidently, 
the resulting primary table is identical to the static table of sub-section 3.2.7.1, and hence, requires the 
same resources. Thus, we conclude the desired time bound on the insert operation.

For the deletion of n new items (at most \n/p\ per processor) an adaptation of the algorithm implied 
in proposition 3.2.4 can be shown to work efficiently for the dynamic hash tables of this section. In 
particular, deletions are performed by attaching a tag "deleted" to the item to be removed - only when a 
new primary hash function h or a new secondary function hj STj is chosen, does the algorithm remove the 
elements with a tag "deleted" from the hash table. Note however that the dynamic hash table presented 
in this section consists of three disjoined tables - the primary and the two caches. Hence, the interaction 
of insert and delete operations has to be analyzed within this disjoined-table framework. In particular, 
delete operations should treat the hash tables in the following order: foreground cache table, background 
cache table and primary cache table. Thus, by way of proposition 3.2.4, we conclude the desired time 
bound on the delete and find operations.

Analysis The correctness of the algorithm follows from its description. The probability bound follows by 
assuming sufficiently large di and d2 in the construction of corollary 3.2.5 - d\ > 2(p + I)/ 6 — 3 and
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d-2 > (1p + I + 26)/(I - 26) are sufficient (refer to corollaries 3.2.1, 3.2.2 and 3.2.6 and the conditions 
imposed in the preceding analysis).

Remark In the aforementioned discussion we have assumed that the size of the primary hash table is O(m). 
For the case that the size of the permanent primary table fluctuates, standard doubling techniques for 
managing growing tables show that the analysis is still valid. To maintain however the real-time property 
of our algorithm we need to introduce two further temporary tables - new items are inserted into one of 
the two temporary tables whilst the other temporary table is flashed into the permanent primary hash 
table (for the details of this technique refer to [62]).

The proposition follows. D

Proof (of theorem 3.2.4) The theorem follows easily from proposition 3.2.3 and 3.2.5, for any constant 
0 < 6 < 1/2, by substituting for Tc _qrnd , Te _qrnd , Trdx _srt , Tj6o/, Tbcast and Tppf the corresponding 
expressions in corollaries 3.2.5 and 3.2.6, and propositions 2.4.1, 2.1.5, 2.1.2 and 2.1.4, and letting t = 2 
in these expressions. D

3.2.8 Duplicate Item Handling

The explicit assumption in the analysis of the hash table operations of section 3.2.7 is that items are 
unique; in case of duplicate items, the upper bounds presented in the previous sections do not apply. To 
remedy the situation, in the remainder of this section we present a simple randomized scheme for the 
elimination of duplicates.

Informal Description of Algorithm The optimal randomized duplicate item elimination algorithm 
is ar.i. immediate adaptation of the integer-sorting algorithm of section 2,4.4 ••••• with the utilization of the 
hashing ideas of appendix A.2.3 for the actualization of the elimination process,

Our main result is summarized in the following theorem.

Theorem 3.2.5 For any constant p > 0, there exists a randomized p-processor BSP algorithm for elimi­ 
nating duplicate items from a multi-set of size n in the range [0,1,... , q — 1], q prime, that for all integers 
q, n and p such that n < q and p = O(ri), requires time [with probability 1 — O(n~ p )] O((n/p + Igp) • 
(Ig n/ Ig (n/p + Igp))) and L • 0(lgp • (Ig n/ Ig (n/p + Igp))) + g • O((n/p + Igp) • (Ig n/ Ig (n/p + Igp))), for 
computation and communication respectively. The algorithm requires O(n/p + lgp) space.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of a technical result. Then, theorem 2.4.1 follows easily as a consequence of this 
result.

One technique for eliminating duplicates is to sort items according to their value so that items with 
the same value are adjacent in the sorted output. A multiplicity of BSP comparison-based sorting al­ 
gorithms can be employed to realize the aforementioned scheme (refer to [75, 77, 81, 82, 87, 101] and 
sections 2.6.4, 2.6.6, 2.6.7, 2.6.8). For the scope of this work, however, we employ the BSP integer sorting 
algorithm of section 2.4.4. The choice of integer sorting (rather than comparison sorting) is motivated by 
the fact that the item values are known to belong to some finite universe t/ = {0,l,...,g — 1}. Unfortu­ 
nately, no BSP integer sorting algorithm is known to achieve optimality for all values of q. Along the lines 
of [205], we define the weaker operation of semi-sorting as that of reordering the items so that any subset 
of identically valued items is adjacent in the semi-sorted output (but these subsets need not be ordered).
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Proposition 3.2.6 For any constant p > 0, there exists a p-processor randomized BSP algorithm for 
semi-sorting an integer multi-set of size n in the range [0, 1, . . . ,R - 1], R prime, that for all integers n 
and p, requires time

Csemi .srt (n,R,p) - Crdx ,srt (n,min {n2+p , R},p)

and

Msemi.S rt(n,R,p) = Crdx .srt (n, min {n2+p , R} , p)

for computation and communication respectively. The overall time complexity of the algorithm is denoted 
by Tsemi_srt(n,R,p} = Csemi_srt (n,R,p) + Msemi_srt (n,R,p).

Proof Let R be prime, X C U = {0, 1, . . . , R - 1}, \X\ = n, and consider function h to be chosen at 
random from H^2+ P - Then, by way of lemma A. 2. 7,

Pr [h is one-perfect for X] = 1 - O (n~p ) .

It is therefore straightforward to verify that h maps distinct items of X to distinct integer values in 
[0,1,... ,n2+p — 1], with probability 1 — O(n~ p }. These values can be subsequently sorted in time 
TrdX-srt(n,n2+p ,p} by way of proposition 2.4.1. We note that the case R < n2+p requires no randomization 
since integer sorting can be directly applied to the input. D

Proof (of theorem 3.2.5) The theorem follows easily from proposition 3.2.6 by substituting for Tr^x _srt 
the corresponding expression in proposition 2.4.1, and letting t — 2 in this expression. D

3.3 Priority Queues and Dictionaries Revisited
In this section we design, analyze and implement simple BSP algorithms for two fundamental dynamic data 
structures, namely the priority queue and the dictionary. In contrast to the elaborate parallel priority 
queue (PPQ) and parallel dictionary (PD) algorithms of preceding sections (refer to the discussion of 
sections 2.9.6, 3.1-5, 3.2.5 and 3.2.7), the algorithms of this section are remarkably simple, yet, highly 
efficient both theoretically and practically. In particular, the algorithms are based on sequential data 
structures and a few primitive parallel operations, such as broadcasting, parallel-prefix and selection. The 
material of this section is based on the following papers:

(1) "Concurrent heaps on the BSP model." Technical Report PRG-TR-14-96, Computing Labo­ 
ratory, Oxford University, June 1996 [78].

(2) "Selection on the bulk-synchronous parallel model with applications to priority queues." In 
Proceedings of the 1996 International Conference on Parallel and Distributed Processing Tech­ 
niques and Applications, Sunny vale, California, USA, August 1996 [79].

(3) "Dynamic data structures: The BSP approach." Technical Report PRG-TR-1 1-97, Computing 
Laboratory, Oxford University, March 1997 [85].
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(4) "Parallel priority queues and list contraction: The BSP approach." In Proceedings of Euro- 
Par'97 Parallel Processing, Lecture Notes in Computer Science, Springer-Verlag, August 1997

Remark For a detailed account of the notation, cost model and related work pertaining to this section 
refer to sections 3.1 and 3.2 respectively.

3.3.1 Parallel Priority Queues

In this section we study the computation and communication requirements of a recently introduced data 
structure, namely the parallel priority queue (PPQ) [171], and formulate an implementation on the BSP 
model. As noted in [171], PPQs allow the elegant high-level design and analysis of several parallel 
techniques, such as branch-and-bound [124, 125, 127], which require the solution of several sub-problems, 
each associated with a possibly different cost.

3.3.1.1 Preliminaries and Notation

A PPQ is an abstract data structure for maintaining a collection of (possibly duplicate) items and selecting 
the n items associated with the smallest values. We assume that the item values belong to a universe U 
equipped with a total order < that can be evaluated in constant time by one processor for any given pair 
of arguments.

3.3.2 Optimal Randomized Inserting, Deleting-Min and Finding-Min Algo­ 
rithms on Parallel Priority Queues

The following operations are defined on a PPQ Q.

(1) lNSERTQ({yi,y2 ,... ,yn }, Q) for the insertion of {2/1,7/2, • • • ,2/n} into Q.

(2) DELETEMiNQ(n, Q) for the deletion of the n smallest items from Q.

(3) FiNDMlNQ(n, Q} for the determination of the n smallest items of Q.

The implicit assumption is that there exists a CONSTRUCTQ(Q) operation for the construction of an 
empty queue Q. In contrast to previous approaches [27, 171], our implementation has the advantage of 
supporting PPQ operations on data sets of varying size - in [27, 171], insert, delete-min and find-min 
operations have to be performed on data sets of predetermined size.

The randomized algorithms we present in this section for supporting the pre-mentioned PPQ operations 
are based on an efficient processor-mapping of sequential ordinary (and leftist) heaps, even though, other 
sequential data structures might be supported as well (e.g., relaxed heaps, fibonacci heaps, balanced search 
trees [54, 133, 202]). To this end, in the forthcoming analysis of the PPQ algorithms we do not make any 
assumptions about the underlying local (sequential) priority queues. In order to simplify the exposition, 
the following notational convention is employed.

" riQ(n -> m) ~ denotes the time required to sequentially insert n items into a local priority queue 
of size m.
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TFQ(n, m) - denotes the time required to sequentially determine the n smallest items of a local 
priority queue of size m.

~ TDq(n, m) - denotes the time required to sequentially delete the n smallest items from a local 
priority queue of size m.

- TCQ (m) - denotes the time required to sequentially construct a local priority queue of size m 
(we note that in general TCQ (m} < =̂~ l r/Q (l,«)).

- TMQ(m\, m2 ) - denotes the time required to sequentially meld two local priority queues of size 
mi and m2 into one of size mi 4- m2 .

In [125, 127], a parallel randomized technique to approximate a priority queue is presented. This 
technique is extended in [179] to handle exact priority queues. In particular, in [179] a randomized variant 
of the approximate PPQs of [127] is presented that delivers optimal performance for the insert operation 
but sub-optimal performance for the find-min and delete-min operations. The main inefficiency of the 
delete-min and find-min operations of [179] derives from a global sorting that is inherent in the particular 
implementation of these operations. Parallel sorting - in the setting of PPQs - has two major drawbacks: 
(i) it is communication intensive, and (ii) it has a super-linear computation and communication time 
complexity. In this work we propose parallel selection, in order to alleviate the limitations imposed by 
sorting.

The randomized methods we present in this section derive from the ideas of [125, 127] as extended in 
[179]. The underlying algorithms are fairly simple and achieve optimality for a wide range of values of n, 
p, L and g.

Informal Description of Algorithm The optimal randomized insert, delete-min and find-min algo­ 
rithms (on parallel priority queues) are based on randomized load-balancing techniques and are non- 
iterative in nature. The input is assumed to be evenly but otherwise arbitrarily divided among the p 
participating processors before the beginning of the execution of the algorithm. Processors access indepen­ 
dent partitions of tiie parallel priority queue (which is randomly distributed amongst the ^-participating 
processors) simultaneously. In the insert algorithm, processors randomly distribute the new items amongst 
the p participating processors and each processor inserts, by means of some optima] sequential insertion 
algorithm, the items it received in the distribution phase to its local priority queue (ordinary heap). In the 
delete-min algorithm (and. similarly in the lind-min algorithm), each processor selects, by means of some 
optimal sequential find-min. algorithm, an appropriate number of minimum items from its local priority 
queue (ordinary heap) and from the union of these sets the processors extmet, by means of the selection 
algorithm of section 2.8.5, the required number of minimum Stems,

Our main result is summarized in the following theorem - additional results are presented later in this 
section.

Theorem 3.3.1 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sup­ 
porting the operations insert, delete-min and find-min on a PPQ of size m, that for all integers n, m and 
p such that m>n and p = o(n/lgn), requires time [with probability 1 — O(n~ p }]
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(cins + o(l)) • a . ig a for i
(cde i + o(l)) • ^ • Ig y /or delete-min/ find-min,

and

for insert, 

L • O(lgp) + g • o f -J /or delete-min/ find-min,

for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 
is devoted to the proof of the following proposition. Then, theorem 3.3.1 follows easily as a consequence 
of this result.

Proposition 3.3.1 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 

supporting the operations insert, delete-min and find-min on a PPQ of size m, that for all integers n and 

p such that p = O(ri), requires time [with probability 1 — O(n~ p }]

TjQ(S(n,n),S(n,m)) for insert,
TFQ (2- [jf] ,S(n,m)) + TDQ (l,S(n,m)) • (S(n, 1.2 • n) + 5(n,n))+

2-TFO (l,S(n,m)) + CJe/ (2-p- [|j , n> p) +
Csei(p • S(n, 1.2 • n),n,p) + O(l) for delete-min/find-min,

Cppq (n,m,p) - <

and

_( L-O(l)+g-O(S(n,n)) for insert, 
ppg ' ' 1 Mse i ( 2 • p • — ,n,pj + Msei(p • S(n, 1.2 • n),n,p) for delete-min/find-min,

for computation and communication respectively, where

S(n,k)=
otherwise.

The overall time complexity of the algorithm is denoted by Tppq (n,m,p) — Cppg (n,m,p) + Mppg (n,m,p).

Proof The PPQ is maintained as a collection of disjoint local (sequential) priority queues. For the 
insertion of n new items (at most [n/p] per processor), each processor sends its (at most) [n/p] items 
to uniformly at random chosen processors, where they are inserted into their local priority queues. The 
procedure to manage the insert operation on a PPQ Q is lNSERTQ({yi, 3/2, • • • , 2/n}, Q) and is outlined in 

figure 3.9. 13
The correctness of procedure INSERTQ is immediate; it therefore remains to bound the resources 

required by the aforementioned scheme. The following lemma bounds the number of items received by 
any processor as a result of the random distribution of items to processors (line 2).

13 With reference to the pseudo-code of this section, the superscript notation ^ refers to processor p/~ (or equivalently, 
processor p^} and implies the "local segment" of that processor.
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begin INSERTQ ({yi,ya> ... ,yn }, Q)
1. denote by Y set {1/1, j/2 , • • • ,2/«} ;
2. distribute randomly the items of Y among the p processors ;
3. for each processor p^k\ 0 < k < p, in parallel
4. doSEQjNSERTQ(y<*>,Q<*>) ;

end INSERTQ

Figure 3.9: Procedure INSERTQ, p - number of processors.

Claim 3.3.1 Let in procedure INSERTQ Y - \J k Y^ and Q = \J k Q (h) , for all 0 < k < p. Then, for any 
constant p > 0 and all 0 < k < p,

— otherwise, 

and

l + O (v^^) ) ' *P otherwise,

with probability 1 — O(n~p ), where m denotes the total number of items in Q prior to the insertion.

Proof In procedure INSERTQ, the random distribution of items to processors implies that the probability 
of a processor receiving an item is 1/p. Therefore, the expected number of items received per processor is 
n/p. By invoking theorem A.1.2, for n/p = 1, it follows that, for all 0 < k < p,

Similarly, by invoking theorem A.1.3, for n/p — w(lgn), it follows that, for all 0 < k < p,

-f*. i •— - / if \ i i _. *~~± i i t-' -"-^\ • v \ \ * "Pr
p

The analysis of the remaining cases follows a line of arguments similar to that of the aforementioned cases 
and is therefore omitted. The bound on \Q^\ follows similarly. D

The resources required for procedure INSERTQ are bounded as follows. The random distribution of 
items to processors (line 2) takes communication time L + g • O(\Y^ |), with probability 1 — O(n~ p ). The 
insertion of the \Y^\ items in the local priority queues (line 4) requires time T/Q(|Y^|, |Q^|). Thus, 
insertion can be efficiently implemented by employing this simple randomized scheme in time

and
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for computation and communication respectively.
For the deletion of the n smallest items, the following (rather more complicated) procedure is employed. 

The 2 • \nfp\ smallest items in each processor are duplicated. Let X denote the set of these 2 • p • \n/p] 
items. By employing selection, the n-th smallest item e of X is determined and broadcast. Let R^ 
denote the set of items in processor p^ , 0 < k < p, that are not larger than e. By employing selection, 
the n-th smallest item e' from \J k R^ is determined and broadcast to all processors. Finally, the set S 
of the n smallest items (the items smaller than e') is removed from the local priority queues and returned 
as the result of the delete-min operation. The procedure to manage the deletion operation on a PPQ Q 
is DELETEMiNQ(n, Q} and is outlined in figure 3.10. The find-min operation is implemented similarly.

begin DELETEMiNQ (n, Q)
1. if \Q\ = n then
2. return Q< fc > ;
3. else
4. for each processor p(k\ 0 < k < p, in parallel
5. do X^ = {SEQ_FiNDMiNQ (2 • \n/p] , Q< fe >)} ;
6. let H<*> = {} ;
7. let e = SELECT(|J fc X^ ; n ) ;
8. while SEQ_FiNDMlNQ(l,Q<fc >) < e
9. let x = SEQ_DELETEMlNQ(l,Q< fc >) ;
10. let .R<*> = fl<*> |J {x} •
11. let S<*> = {} ;
12. let e1 - SELECT(U fe fl<*> , n) ;
13. while SEQ_FlNDMlNQ(l,Q< fc >) < e1
14. let x = SEQ_DELETEMlNQ(l,Q<*>) ;
15. let 5<*> - S<*> \J {x} •
16. return £<*> ;
end DELETEMINQ

Figure 3.10: Procedure DELETEMiNQ, p - number of processors.

The correctness of procedure DELETEMiNQ is easy to verify; it therefore remains to bound the re­ 
sources required by the aforementioned scheme. The following claim bounds the total number of items 
(as well as the number of items per processor) that are smaller than e (lines 6-10).

Claim 3.3.2 Let in procedure DELETEMiNQ R = \J k R^ , for all 0 < k < p. Then, for some constant 
p' > 0, we have that \R\ < [1.2 • n], with probability at least I — O(2~ p ' n ). Additionally, for any constant 
p > 0 and all 0 < k < p,

with probability I - O(n~p }.
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Proof We prove the bound on R for the case n = p; the other cases follow trivially. Let R\.in denote 
the smallest ("1.2 • n\ items (overall) at the beginning of procedure DELETEMiNQ. Along the lines of 
[179], we establish that with probability 1 - O(1~p'- n }, set X = \J k X<*>, for all 0 < k < p, of procedure 
DELETEMiNQ contains at least n items from Ri.2n . Therefore, since R C Rli2n we have that \R\ < 1.2 -n, 
with the stated probability.

Let Z be the random variable denoting the number of processors containing no items when [1.2 • ri\ 
items are placed randomly into n processors. Similarly, let W be the random variable denoting the number 
of processors containing exactly one item when [1.2 • n] items are placed randomly into n processors. 
Substituting in lemmas A.1.1 and A.1.2, m = [1.2 • n], k = n, and A = c • n (for any positive constant c), 
we obtain that

-no\ <c-nand \W - ni\ <c-n] = I -

where ^ = (I - (l/n))^-2 '"! . n and m = (1 - (l/n))^- 2 '"!- 1 • [1.2 • n\. By definition, X contains the 
two smallest items from each processor at the beginning of procedure DELETEMiNQ. Thus, X contains 
at least

W + 2 • (n - Z - W) > 2 • n - 2 • (/^ + c • n) - (m + c • n) > n,

items from R\.2n, for some appropriately small constant c. Therefore, we obtain that R C Ri.2n , or 
equivalently, that \R\ < 1.2 • n, with probability 1 — O(2~ p'' n }. The analysis pertaining to the size of R^ 
follows a line of arguments similar to that of claim 3.3.1 and is omitted. D

The resources required for procedure DELETEMiNQ are bounded as follows. The determination of 
the 2 • \n/p] smallest items per local priority queue (line 5) requires time TFQ (2 • \n/p\, |Q^)|). The 
median selection process (line 7) takes time Tsei(2 • p • \n/p],n,p). The sequential find-min and delete- 
min operations per local priority queue (lines 8-10) involve \R^\ items, and therefore, require time 
TFQ(I, |Q^|) + T£>Q(!, |<2^|) • |-R^|- Accordingly, the selection process (line 12) requires time at most 
Tsei (p • \RW\,n,p). By employing probabilistic arguments similar to those of claim 3.3.1 we can fur­ 
ther establish that the sequential find-min and delete-min operations per local priority queue (lines 13- 
15) involve |F^| items, with probability 1 — O(n~p ), for any constant p > 0, and thus, require time 
rFQ (l, |Q< fe) |) + TDQ (l, \Q {k} \) • |F (fc) |. Finally, the local operations (lines 6, 11, 16) take time O(l). Thus, 
deletion can be implemented efficiently by employing this simple randomized scheme in time

(2- [*] ,|Q (fc> |) +2-rFQ (l,|gW|)+rDQ (l,|QW|) • (|fl<*>|

C8 ei (2-p- [gl ,n,p) +Csel (p- |H<*>|,n,p) + O(l) \ I P I /

and

Msei(2-p- - ,n, 
IP I

for computation and communication respectively.
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Analysis The correctness of the algorithm follows from its description. By summing up the computation 

and communication requirements of procedures INSERTQ and DELETEMiNQ we obtain the desired time 

bound. The probability bound follows by way of claims 3.3.1 and 3.3.2. We also observe that the 

aforementioned procedures perform O(l) selection operations, and by way of proposition 2.8.3, the failure 

probability of each such selection operation is O(n~p ).

The proposition follows. D

Proof (of theorem 3.3.1) The theorem follows easily from proposition 3.3.1 by employing ordinary heaps 

[54, 202] - as the underlying sequential PQ - and substituting for Tsei, Tbcast and Tppf the corresponding 

expressions in propositions 2.8.3, 2.1.2 and 2.1.4, and letting t = 2 in these expressions. D

We note that we can improve the performance of the INSERTQ and DELETEMiNQ operations in 

several ways. For example, in case n/p = n(lgn), a simplified version of procedure DELETEMiNQ can be 

employed to realize the delete-min operation. The procedure to manage the simplified deletion operation 

on a PPQ Q is DELETEMiNQ* (n, Q) and is outlined in figure 3.11. The find-min operation is implemented 

similarly. To simplify the exposition, in the remainder of this section we assume that n/p = fi(lgn).

begin DELETEMiNQ* (n, Q}
1. if|Q|=nthen
2. return Q^ ;
3. else
4. for each processor pW, 0 < k < p, in parallel

5. doX<*> = {SEQ_FiNDMiNQ([(l +
6. let R<k > = {} ;
7. let e = SELECT(U fe X^ , n) ;
8. while SEQ_FlNDMiNQ(l,Q< fc >) < e

9. let x = SEQ_DELETEMlNQ(l,
10. let RW = R^ |J {x } •

11. return R^ ;
end DELETEMINQ*

Figure 3.11: Procedure DELETEMINQ*, p - number of processors, e - 0 < e < 1.

In theorem 3.3.1, the underlying local (sequential) PQ maintained by each processor is assumed to 

be an ordinary sequential heap, and therefore, the insertion of O(n/p) items per processor requires time 

(cins + 0(1)) ' (n/P) ' Ig (m/P)- If instead of using ordinary heaps, we employ leftist heaps [202], then the 

INSERTQ operation can be performed in O(n/p + lg(m/p)) time as follows. Each processor constructs an 

auxiliary leftist heap on the (1 + 0(1)) • (n/p) items it receives, as a result of the random distribution of 

items to processors (line 2), in time TCQ((! + o(l)) • (n/p)) - O(n/p) [202], and subsequently melds this 

auxiliary leftist heap with its local heap that is part of Q. The latter operation requires time TMQ((! + 

o(l)) • (n/p), (1 + o(l)) • (m/p)) = O(lg (n/p) + Ig (m/p)) [202]. Overall, an improved O(n/p + Ig (m/p)) 

computation time bound can be claimed for insertion.

The usage of leftist heaps can also be exploited to obtain O(n/p) computation time for the find-min 

operation. The general idea is as follows (recall that the find-min operation is realized along the lines of 

the delete-min operation). Each processor maintains a copy of the 2 • \n/p] smallest items of its local 

leftist heap in a separate list. We observe that the 2 • [n/p] smallest items can be maintained in a separate
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local list in time O(n/p) under the operations insert and delete-min by employing a linear time sequential 
selection algorithm [54, 70, 133]. As it is noted in [202], the heap structure of leftist heaps allows the 
determination of all items not exceeding a pre-specified value e in time proportional to the number of such 

items, by performing a pre-order traversal of the underlying leftist heap starting from the root, listing 
every encountered item with value not exceeding e and immediately retreating from each item with value 
exceeding e. Therefore, the determination of items with values not exceeding e and e 1 (lines 8-10, 13-15 
of procedure DELETEMiNQ) requires time O(n/p). The O(n/p) time bound on the find-min operation 
follows. The following analogue of theorem 3.3.1 can then be derived.

Theorem 3.3.2 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sup­ 
porting the operations insert, delete-min and find-min on a PPQ of size m, that for all integers n, m and 
p such that m>n and p = o(n/ Ign), requires time [with probability I - O(n~p )J

0 + lg f°r insert>
(cde[ + o(l)) • 2. . ig 221 for delete-min,

O (jj) for find-min, 

and

for insert, 

L • O(lgp) + g • o ( - J for delete-min/find-min,

for computation and communication respectively.

Proof The proof follows a line of arguments similar to that of theorem 3.3.1, where ordinary heaps are 
replaced by leftist heaps [202]. D

3.3.2.1 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the PPQ algorithms 
(INSERTQ, DELETEMINQ and FwoMiNQ) of the previous sections.

Implementation The prototypes adopted for the BSPlib priority queue procedures are outlined in 
figure 3.12.

void BSP_insert_ppq (byte *src, ppq **trg, int n, int *m, int sb, int (*cmp)Q) ; 
void BSP_delete_min_ppq (byte **src, ppq **trg, int n, int *m, int sb, int (*cmp)Q) ; 
void BSP.f ind_min_ppq (byte **src, ppq *trg, int n, int m, int sb, int (*cmp)Q) ;

src - input/output array.
trg — priority queue data structure.
n - input size.
m — priority queue size.
sb - item size.
cmp - generic compare function.

Figure 3.12: Procedure for BSP PPQ inserting, deleting-min and finding-min.
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The aim of functions (procedures) BSP_insert_ppq, BSP_delete_min_ppq and BSP_f indjnin_ppq is 
to provide a data-type independent high-performance BSPlib priority queue implementation. 14 In the 
following section we study the experimental performance of the parallel priority queue insertion and 
deletion algorithms, using as underlying sequential data structures ordinary binary heaps.

Experimental Results The theoretical performance of the algorithms is summarized in theorems 3.3.1. 
To determine the practical significance of the aforementioned results we benchmarked our implementations 
(BSP_insert_ppq and BSP_delete_min_ppq) on two different machines with a varying number of processors 
and input sets (consisting of uniformly distributed integer valued items - unless otherwise indicated). 15

Figures 3.13, 3.15, 3.17, 3.19, 3.21, 3.23, 3.25 and 3.27 present the execution time of procedures 
BSP_insert_ppq and BSP_delete_min_ppq on the two machines. Similarly, figures 3.14, 3.16, 3.18, 3.20, 
3.22, 3.24, 3.26 and 3.28 expose the efficiency of the corresponding timing results.

As shown in figures 3.13, 3.15, 3.17, 3.19, 3.21, 3.23, 3.25 and 3.27, the execution time of proce­ 
dures BSP_insert_ppq and BSP_delete_min_ppq using a fixed number of processors scale with the input 
size (approximately as n • Ign). Accordingly, the execution time of procedures BSP-insert_ppq and 
BSP_delete_min_ppq for a fixed input size scale inversely with the number of processors (approximately 
as I IP). Both experimental results are in accordance with the theoretical analysis of section 3.3.2. In 
terms of efficiency, procedure BSP_insert_ppq utilizes approximately (within a 5%):

- 50%-85% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 85%-100% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),

- 15%-85% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 30%-85% of the available processor resources on the Cray T3D machine (for large problem 
sizes).

Similarly, in terms of efficiency, procedure BSP_delete_min_ppq utilizes approximately (within a 5%):

- 40%-50% of the available processor resources on the SGI Power Challenge machine (for small 
problem sizes),

- 35%-45% of the available processor resources on the SGI Power Challenge machine (for large 
problem sizes),

- 15%-50% of the available processor resources on the Cray T3D machine (for small problem 
sizes), and

- 20%-85% of the available processor resources on the Cray T3D machine (for large problem 
sizes).

14 The terms generic and data-type independent imply that procedures BSP_insert_ppq, BSP_delete_min_ppq and 
BSP-f ind_min_ppq can be employed to handle any data type. To this end, a comparison function cmp is used to facili­ 
tate the comparison of two elements e\ and e^. In particular, the cmp function returns 1, 0 or -1 depending on whether e\
is greater, equal or smaller than e^.

15 The find-min implementation (BSP_f indjnin.ppq) is similar to the delete-min implementation (BSP_delete_min_ppq), and 
therefore, has been omitted from our experimental study.
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Figure 3.13: Execution time on a SGI Power Challenge for Figure 3.14: Efficiency on a SGI Power Challenge for
randomized heap insertion into an ordinary heap - uniform randomized heap insertion into an ordinary heap - uniform
distribution (U), heap size 2 17 . distribution (U), heap size 2 17 .
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Figure 3.15: Execution time on a SGI Power Challenge for Figure 3.16: Efficiency on a SGI Power Challenge for
randomized heap insertion into an ordinary heap - uniform randomized heap insertion into an ordinary heap - uniform
distribution (U), heap size 2 19 . distribution (U), heap size 2 19 .

These results should be interpreted with caution on a twofold basis: (i) the random choices of the 
parallel and sequential algorithm might be different, and therefore, small inconsistencies in timing results 
are possible, and (ii) the timing results are influenced by caching effects, particularly for the SGI machine 
through the presence of first- and second-level cache on operations involving a relatively small number of 
items.

3.3.3 Parallel Dictionaries

In this section we study the computation and communication requirements of a recently introduced data 
structure, namely the parallel dictionary (PD) [170], and formulate an implementation on the BSP model. 
As noted in [57], PDs allow the elegant high-level design and analysis of several parallel techniques, using 
data structures similar to those of sequential models.
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Figure 3.17: Execution time on a SGI Power Challenge for Figure 3.18: Efficiency on a SGI Power Challenge for
randomized heap deletion from an ordinary heap - uniform randomized heap deletion from an ordinary heap - uniform
distribution (U), heap size 2 17 . distribution (U), heap size 2 17 .
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Figure 3.19: Execution time on a SGI Power Challenge for Figure 3.20: Efficiency on a SGI Power Challenge for
randomized heap deletion from an ordinary heap - uniform randomized heap deletion from an ordinary heap - uniform
distribution (U), heap size 2 19 . distribution (U), heap size 2 19 .

3.3.3.1 Preliminaries and Notation

A PD is an abstract data structure for maintaining a collection of (unique) items16 and supporting efficient 
insert, delete, and find operations on data sets of size n. We assume that the item values belong to a 
finite universe U — {0,1,... , q — 1}, q prime.

3.3.4 Optimal Randomized Inserting, Deleting and Finding Algorithms on 
Parallel Dictionaries

The following operations are defined on a PD D.

(1) lNSERTD({yi,y2 ,..- ,3/n}, D] for the insertion of {yi,y2 ,--- ,2/n} into D.

(2) DELETED({yi,?/2,--- ,yn }> D} for the deletion of {2/1,3/2,- •• ,yn } from D.

16 The explicit assumption in the forthcoming analysis of the PD operations is that items are unique. In case of duplicate 
items, the upper bounds presented in the following sections do not apply. To remedy the situation, in section 3.2.8 we have 
outlined an efficient duplicate elimination scheme that removes the requirement for unique items.
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Figure 3.21: Execution time on a Cray T3D for random- Figure 3.22: Efficiency on a Cray T3D for randomized
ized heap insertion into an ordinary heap - uniform distribu- heap insertion into an ordinary heap - uniform distribution
tion (U), heap size 2 16 . (U), heap size 2 16 .
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Figure 3.23: Execution time on a Cray T3D for random- Figure 3.24: Efficiency on a Cray T3D for randomized
ized heap insertion into an ordinary heap - uniform distribu- heap insertion into an ordinary heap - uniform distribution

tion (U), heap size 2 18 . (U), heap size 2 18 .

(3) FiNDD({yi,7/2, • • • ,2/n}, D) for the determination of {ei,e2 ,. . . ,en }, where Si — yi if 
and ei = {} otherwise, for all 1 < i < n.

G D,

The implicit assumption is that there exists a CONSTRUCTD(£)) operation for the construction of an 

empty dictionary D. In contrast to previous approaches [26, 178], our implementation has the advantage 

of supporting PD operations on data sets of varying size - in [26, 178], insert, delete and find operations 

have to be performed on data sets of predetermined size.
The randomized algorithm we present in this work for supporting the pre-mentioned PD operations is 

based on an efficient processor-mapping of sequential balanced search trees, even though, other sequential 

data structures might be supported as well (e.g., hash tables, treaps, skip lists [54, 165, 202]). To this end, 
in the forthcoming analysis of the PD algorithm we do not make any assumptions about the underlying 

local (sequential) dictionary. In order to simplify the exposition, the following notational conventions are 

employed.

,rn} - denotes the time required to sequentially insert n items into a local dictionary of

size m.

, m) ~~ denotes the time required to sequentially find n items in a local dictionary of size
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ized heap deletion from an ordinary heap - uniform distribu- heap deletion from an ordinary heap - uniform distribution
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Figure 3.27: Execution time on a Cray T3D for random- Figure 3.28: Efficiency on a Cray T3D for randomized
ized heap deletion from an ordinary heap - uniform distribu- heap deletion from an ordinary heap - uniform distribution
tion (U), heap size 2 18 . (U), heap size 2 18 .

m.

~ TDD (n^m) - denotes the time required to sequentially delete n items from a local dictionary 
of size m.

" TCD (m) - denotes the time required to sequentially construct a dictionary of size ra (we note 
that in general TCD(KI} < Y^=o TID (l,i)}.

>(""&!> ^2) ~ denotes the time required to sequentially join two dictionaries of size mi and 
2 into one of size mi + 777,2-

The quasi-randomized methods we present in this section derive from the idea of quasi-random func­ 
tions of section 3.2.6.3. The underlying algorithms are fairly simple and achieve optimality for a wide 
range of values of n, p, L and g.

Informal Description of Algorithm The optimal randomized insert, delete and search algorithms (on 
parallel dictionaries) are immediate adaptations of the parallel priority queue algorithms of section 3.3.1.

Our main result is summarized in the following theorem - additional results are presented later in this 

section.
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Theorem 3.3.3 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sup­ 

porting the operations insert, delete and find on a PD of size m, that for all integers n, m and p such that 

m>n and p = o(n/lgn), requires time [with probability 1 — O(n~p )J

(ctns + o(l)) • a . lg ffi. for insert,
(cdel + o(l)) • | • lg f for delete-min,
(Csrch + o(l)) • a . lg 21 for find-min,

and

L • O(l) + g • O (a jFor insert/delete/find,

for computation and communication respectively. The algorithm requires O(^/n/p + Igp) + L • O(lgp) + 

g • O(lgp) preprocessing time.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section 

is devoted to the proof of the following proposition. Then, theorem 3.3.3 follows easily as a consequence 

of this result.

Proposition 3.3.2 For any constant p > 0, there exists a randomized p-processor BSP algorithm for 

supporting the operations insert, delete and find on a PD of size m, that for all integers n and p such that 

p — O(n), requires time [with probability 1 — O(n~p )]

i TTD(S(n,n),S(n,m)) + Ce _qrnd (n,l/2,l,p) for insert,
TDD(S(n,n),S(n,m)) + Ce _qrnd (n,l/2, l,p) for delete,
TFD (S(n,n),S(n,m)) + Ce _ qrnd (n,l/2,l,p) for find,

and

Mp<i(n,m,p) = •< L • O(l) + g • O(S(n,n)) + Me _qrnd(n, 1/2, l,p) for insert/delete/find,

for computation and communication respectively, where

S(n,k} = otherwise,

The overall time complexity of the algorithm is denoted by Tpd(n,m,p) = Cpd(n,m,p) -I- Mpd(n,m,p). 

The algorithm requires preprocessing time Tc_qrnd (n,l/2,p).

Proof The PD is maintained as a collection of disjoint local (sequential) dictionaries. For the insertion 

of n new items (at most \n/p\ per processor), each processor sends its (at most) \n/p\ items to uniformly 

at quasi-random chosen processors, where they are inserted in their local dictionaries. The procedure to 

manage the insert operation on a PD D is lNSERTD({yi,y2 , • • • ,yn }, D) and is outlined in figure 3.29. 17 

The correctness of procedure INSERTD is immediate; it therefore remains to bound the resources 

required by the aforementioned scheme. The following lemma bounds the number of items received by 

any processor as a result of the quasi-random distribution of items to processors (line 2).

17With reference to the pseudo-code of this section, the superscript notation ^ refers to processor pi-, (or equivalently, 

processor p^) and implies the "local segment" of that processor.
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begin INSERTD ({3/1, y2 ,... ,yn }, D)
1. denote by Y set {3/1,3/2,... ,yn } ;
2. distribute quasi-randomly the items of Y among the p processors ;
3. for each processor p^ k\ 0 < k < p, in parallel
4. do SEQ_lNSERTD(y< fc >, £><*>);

end INSERTD

Figure 3.29: Procedure INSERTD, p - number of processors.

Claim 3.3.3 Let in procedure INSERTD Y = \Jk Y^ and D = \J k D^ , for all 0 < k < p. Then, for 
any constant p > 0 and all 0 < k < p,

l + O 21 • ~ otherwise,

and

1 + 0 (\l m JJ'f otherwise,

with probability 1 — 0(n~p ), where m denotes the total number of items in D prior to the insertion.

Proof In procedure INSERTD, the quasi-random distribution of items to processors implies that the 
results of sub-section 3.2.6.2 can be employed to bound the number of items per processor. Hence, by 
invoking corollary 3.2.1 (probability bound 3.1), for n/p = 1, it follows that, for all 0 < k < p,

Pr

Similarly, by invoking corollary 3.2.1 ( probability bound 3.2), for n/p = cj(lgn), it follows that, for all 
0 < k < p,

Pr
n 
P

The analysis of the remaining cases follows a line of arguments similar to that of the aforementioned cases 
and it is therefore omitted. The bound on \D^\ follows similarly, n

The resources required for procedure INSERTD are bounded as follows. For any constant p > 0, 
by way of corollary 3.2.6, the quasi-random distribution of items to processors (line 2) takes time 
Ce-qrnd(n,l/2,l,p) and L + g • O(\Y^\) + Me _ qrnd (n,l/2l ,l,p} : for computation and communication 
respectively, with probability 1 — O(n~ p ). The insertion of the |y^| items in the local dictionaries 
(line 4) requires time T/£>(|^ fc '> |, \D^ |). Thus, insertion can be implemented efficiently by employing this 
simple quasi-randomized scheme in time

TID \Y k l \D j + Ce _ qrnd (n, 1/2, l,
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and

L + g-0 (|y<*> |) + Me _qrnd (n, 1/2, l,

for computation and communication respectively.
For the deletion of n items (at most \n/p\ per processor), the following procedure is employed. Each 

processor sends its (at most) \n/p\ items to uniformly at quasi-random chosen processors, where they 
are deleted from their local dictionaries. The procedure to manage the delete operation on a PD D is 
DELETED ({yi, 7/2, • • • ,yn }, D] and is outlined in figure 3.30. The find operation is implemented similarly.

begin DELETED ({yi,j/2 ,.-. ,yn }, D)
1. denote by r set {yi,y2 ,... ,yn } ;
2. distribute quasi-randomly the items of Y among the p processors ;
3. for each processor p^ k\ 0 < k < p, in parallel
4. do SEQ_DELETED(y< fc >, £><*>) ;

end DELETED

Figure 3.30: Procedure DELETED, p - number of processors.

Since the quasi-random distribution of items to processors results in identical distributions for both 
INSERTD and DELETED procedures, the correctness of procedure DELETED is easy to verify; it there­ 
fore remains to bound the resources required by the aforementioned scheme. The process of procedure 
DELETED is similar to that of INSERTD, and therefore, it is straightforward to verify that deletion can 
be implemented efficiently by employing this simple quasi-randomized scheme in time

TDD |y*|, |D*| +Ce _qrnd (n, 1/2, 

and

L + g-0 |y* | + Me _qrnd (n, 1/2, l,p) ,

for computation and communication respectively.

Analysis The correctness of the algorithm follows from its description. By summing up the computation 
and communication requirements of procedures INSERTD and DELETED we obtain the desired time bound. 
The analysis pertaining procedure FiNDD is identical to that of procedure DELETED, and therefore, is 
omitted. The probability bound follows by way of claim 3.3.3 and corollary 3.2.6. Additionally, the meth­ 
ods employed in the aforementioned analysis make use of the quasi-random functions of section 3.2.6.3, and 
therefore, we assume an implicit preprocessing step for the construction of the underlying quasi-random 
function. By way of corollary 3.2.5, the time required for this preprocessing step is Tc _qrnd(n, 1/2, p}.

The proposition follows. D

Proof (of theorem 3.3.3) The theorem follows easily from proposition 3.3.2 by employing balanced 
search trees [54, 202] - as the underlying sequential PD - and substituting for Tc _qrnd , Te _qrnd , Tbcast and
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Tppf the corresponding expressions in corollaries 3.2.5 and 3.2.6, and propositions 2.1.2 and 2.1.4, and 
letting t = 2 in these expressions. D

We note that we can improve the performance of the INSERTD operation in several ways. For example, 
instead of implementing the insertion of O(n/p) items per processor as a sequence of O(n/p) single insert 
operations, we employ the following scheme on balanced search trees. To simplify the exposition, in the 
remainder of this section we assume that n/p — fi(lgn). Each processor constructs an auxiliary tree on the 
(l+o(l))-(n/p) items it receives, as a result of the quasi-random distribution of items to processors (line 2), 
in time rcD((l + o(l))-(n/P)) = O((n/p)-lg (n/p)} [54, 202], and subsequently joins this auxiliary tree with 
its local tree that is part of D. The latter operation requires time rjD((l + o(l))-(n/p), (l + o(l))-(m/p)) = 
O(lg n/p + Ig m/p) [54, 202]. Overall, an improved O((n/p) • Ig (n/p) + Ig (m/p)) computation time bound 
can be claimed for insertion. The following analogue of theorem 3.3.3 can then be derived.

Theorem 3.3.4 For any constant p > 0, there exists a randomized p-processor BSP algorithm for sup­ 
porting the operations insert, delete and find on a PD of size m, that for all integers n, m and p such that 
rn > n and p = o(n/ Ign), requires time [with probability I — O(n~ p )]

for insert,
+ o(l)) • j • Ig j- for delete-min, 

(csrch + o(l)) • 2. - lg 21 for find-min,

and

L • O(l) + 9-o(j} for insert/delete/find,

for computation and communication respectively. The algorithm requires O(i/n/p + Igp) + L • O(lgp) + 
g • O(\gp) preprocessing time.

Remark Along the lines of PD operations, quasi-random functions can be employed to deliver optimal 
performance for PPQ operations. The significant advantage, however, of employing quasi-random hash 
functions is that the processor location of items can be easily determined - in contrast to purely random 
functions. For example, there exist applications involving parallel computations that generate tasks that 
have to be stored and subsequently scheduled for execution according to their priority (e.g., branch-and- 
bound applications [124, 125, 127]). As noted in [123], tasks are usually not independent of one another, 
and hence, they have to be able to communicate - employing quasi-random function allows the efficient 
communication of inter-dependent tasks.

3.3.4.1 Implementation and Experimental Results

In this section we discuss a BSPlib implementation - in C - of a generalized variant of the PD algorithms 
(INSERTD, DELETEMIND and FiNDMiND) of the previous sections.

Implementation The prototypes adopted for the BSPlib dictionary procedures are outlined in fig­
ure 3.31.

The aim of functions (procedures) BSP_insert_pd, BSP_delete_pd and BSP_f ind_pd is to provide a 
data-type independent high-performance BSPlib dictionary implementation. 18

18 The terms generic and data-type independent imply that procedures BSP_insert_pd, BSP_delete_pd and BSP_find_pd can
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void BSP_insert-pd (byte *src, pd **trg, int n, int *m, int sb, int (*cmp)O) ; 

void BSP_delete_pd (byte **src, pd **trg, int n, int *m, int sb, int (*cmp)()) ; 

void BSP_find_pd (byte **src, pd *trg, int n, int m, int sb, int (*cmp)O) ;

src - input/output array.
trg - dictionary structure.
n — input size.
m - dictionary size.
sb - item size.
cmp - generic compare function.

Figure 3.31: Procedure for BSP PD inserting, deleting and finding.

be employed to handle any data type. To this end, a comparison function cmp is used to facilitate the comparison of two 

elements e\ and 63. In particular, the cmp function returns 1, 0 or -1 depending on whether e\ is greater, equal or smaller 

than e-2-



Chapter 4

Conclusion

4.1 Epilogue

The theme of this work has been the architecture independent study (design, analysis and implementation) 
of a multiplicity of fundamental parallel methods (algorithms, data structures and techniques). This work 
has neither been a comprehensive account of theoretical results on architecture independent parallel 
algorithms and data structures nor a thorough investigation of all available techniques. Still less has 
it been a programming manual containing a long catalogue of programs ready to be used directly on 
parallel machines to solve certain specific problems, but giving at best a concise abstraction of the ideas 
involved in their design and analysis. On the contrary, the aim of this work has been to give the reader 
some basic understanding of the principles involved in the architecture independent design and analysis 
of certain fundamental parallel algorithms and data structures. Although our approach has been rigorous 
and theoretical, we did not neglect the needs of practitioners.

We concentrated on the techniques used to design, analyze and subsequently implement efficient archi­ 
tecture independent algorithms and data structures. These architecture independent techniques included 
but were not limited to: balanced trees (e.g., broadcasting [section 2.1] and parallel-prefix [section 2.1]), 
balancing (e.g., load-balancing [section 2.1]), pointer jumping (e.g., list contraction [section 2.2]), sym­ 
metry breaking (e.g., list contraction [section 2.2]), over-sampling (e.g., merging [section 2.3], sorting, 
[section 2.6] and selection [section 2.8]), partitioning (e.g., merging [section 2.3], sorting [section 2.6]), 
divide-and-conquer (e.g., sorting [section 2.6] and computational geometry [section 2.10]), cascading divide- 
and-conquer (e.g., sorting [section 2.6]), pipelining (e.g., heaps [section 3.1] and search trees [section 3.2]) 
and hashing (e.g., hash tables [section 3.2]).

The main contribution of this work has been the unified investigation of the aforementioned techniques 
and the implementation of software that is transportable amongst pragmatic parallel machines having 
different number of processors, different periodicity of global synchronization and different bandwidth of 
inter-processor communication. The computational model adopted has been the bulk-synchronous parallel 
(BSP) model, which abstracts the characteristics of parallel machines into three numerical parameters p, 
L and g. The BSP parameters p, L and g, together with the problem size n, have been employed to 
measure the performance, and consequently, the transportability of parallel methods across machines 
having different values of these parameters.

We showed that optimality to within small multiplicative constant factors close to one can be achieved

224
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for a multiplicity of fundamental computational problems by transportable algorithms and data structures 
that can be applied for a wide range of values of the BSP parameters. While these algorithms and data 
structures have been fairly simple themselves, description of their performance in terms of these parameters 
has been somewhat complicated. The main reward for quantifying these complications, has been that it 
enabled software to be written once and for all that could be migrated efficiently amongst a variety of 
parallel machines.



Appendix A

Probabilistic Results

A.I Tail Inequalities

In this section we present some basic facts from probability theory. For a detailed account of the forth­ 
coming material the reader should refer to [40, 165].

Theorem A.1.1 Let Y\,Yi,... ,Yn be independent random variables such that, for all 1 < i < n, 0 < 
Yi < z. Then, for Y = £)"=1 Yi} fj, = E[Y], and any u>Q,

1+u

Theorem A. 1.2 Let X±,X2, • • • ,Xn be independent Poisson trials such that, for all 1 < i < n, 
1} = Pi, where 0 < Pj < 1. Then, for X = £)?=1 Xt , p, = E[X] = £)"=1 Pi} and any u>0,

The aforementioned tail inequalities (referred to as Chernoff's bounds) are attributed to [116] and [43] 
respectively. A simpler bound (due to [14]) is obtained for the special case 0 < u < 1 and is summarized 
bellow [157].

Theorem A.1.3 Let Xi,X2, • • • ,Xn be independent Poisson trials such that, for all 1 < i < n, Pic[Xi — 
1] = Pi, where 0 < Pi < 1. Then, for X = £?=i Xi} p, = E[X] = £?=1 Pf , and any 0 < £ < 1,

Pr[X > (H-e)-MJ < e

and

Pr[X <(l-e)-A*] ^e

Theorem A. 1.4 Let Z0 , Z\,... be a martingale sequence such that, for alii, \Zi - Zi-\\ < $i, where 
may depend on i. Then, for any A > 0,

Pr [\Zn - Z0 \ > A] < 2 - e -*2 /(2.£?=i *?) _ 

226
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The aforementioned tail inequality (referred to as Azuma's inequality) is due to [19, 116], and various 
forms and applications are surveyed in [157].

A. 1.1 Applications of Azuma's Inequality

Lemma A. 1.1 Let W be the number of bins containing exactly one ball when m balls are placed randomly 
into k bins. Then,

( i \ m ~ l 
1--) •m~e-(m 

K )

and for A > 0,

Pr[\W - m\ > A] < 2 • e -(

Proof The probability that a bin gets exactly i balls when m balls are placed randomly into k bins is

Therefore, the expected number of bins with exactly i balls is bounded above by

Substituting in the above bound for i — 1 we obtain the desired expected number of bins with exactly 
one ball when ra balls are placed randomly into k bins. In the remainder of this proof we concentrate on 
proving the tail bound.

Let GO C GI C ... C Gm be a filter, where Gt is generated by the random choice of the first t 
balls, that is, the set of events corresponding to the state of the bins at time t. Let W be the random 
variable denoting the number of bins with exactly one ball at time m, and let Wt — E[W | Gt] denote the 
conditional expectation of W at time t. Then, the random variables VF0 , W\,... , Wm form a martingale 
with W0 = E[W] and Wm = W.

Let w(X, Y, t) denote the expectation of W given that X bins are empty at time t and Y bins contain 
exactly one ball. The probability that any of these empty bins receives exactly one ball during the last 
m — t time units is given by (mj~*) • (1/&) • (1 — l/k) m ~ t ~ l . Similarly, the probability that any of these bins 
containing exactly one ball does not receive a ball during the last m — t time units is given by (1 — l/k) m~t . 
By linearity of expectations, we obtain that the number of these bins that contain exactly one ball at the 
end of the m placements is given by

( <\ / -i \ / i \ ?n— t— 1 / ., \ m — t 
V)-a)-H) +-H) •

Let the random variable Xt denote the number of empty bins at time t, and, similarly, the random variable 
Yt denote the number of bins containing exactly one ball at time t. Then,
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*m "i
i

* i -i"

At time t — 1 the values of Xt-\, Yt-\ and Wt-\ are known. Then, at time £, there are three possibilities 
With probability Xt_i/k, the t-th ball goes into a currently empty bin. Then, Xt = Xt-i-l, Yt = Yt-i 
and

m—t—1 / 1 \ m—twt = «;(xt_ l -i,yt_ 1 +i,t) = (xt_ 1 -i). (m *} • (I}- (\-\
\ 1 / \K/ \ /C

With probability Yt_i/k, the t-th ball goes into a bin currently containing exactly one ball. Then,

With probability 1 — (Xt-i + Yt-i)/k, the t-th ball goes into a bin currently containing more than one 
balls. Then, Xt = Xt-i, Yt = Yt-i, and

( l\ / -1 \ / 1 \ 771 — t — 1 / -i \ 771 — i 
mfO-G)-H) +y'-H) •

We next focus on the difference random variable At = Wt — Wt-\- Similarly to Wt, the distribution of 
At (given the state at time t — 1) can be characterized as follows.

(1) With probability Xt-i/k, the value of A* is

/ _ ,\ /1 \ / i \ rn ~^~"i / i \ m~t

(m-t)-fe

Thus, since I <t <m— 1 and by definition 0 < Xt-i +Yt-i < k, it follows that the absolute 
value of <5o is bounded as follows:

o I = \Wt -Wt-i\
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(2) With probability Yt-i/k, the value of At is

7 ~ 7 \ kj
m-t-Jfe

Thus, since 1 < t < m — 1 and by definition 0 < Xt-i + Yt-i < k, it follows that the absolute 
value of 61 is bounded as follows:

( -t \ / -i \ 777. — t 
-•

(3) With probability 1 - (Xt-i + Yt-i)/k, the value of Af is

_ /m — A (^-\ (-i l\ m v /., l\ m

/ * _L 1 \ /1\ / 1\ m~t / 1 \ m ~£ + l

M^ M ^\ f v m — f — fc + 1 \= 7 ' [*- ~ T i ^-t-i • ——j——i——— + *t-i •
\kj \ kj \ k — 1 /

Thus, since 1 < t < m - I and by definition 0 < Xt-i + lt-i < fc, it follows that the absolute 

value of 8-2 is bounded as follows:

= \Wt -Wt-i\

( 1 \ / 1 \ Tl — t 
1 + '

It therefore follows that the value of the difference At is bounded by

m—t / i \ / i \ m—t

For 1 < t < m, let r = (m - l)/fc and t?t = (2 + (m - l)/(fc - 1)) • (1 - l//c)m-f . Then, we obtain that 
I At I = \Wt — ^t-i| < ^*- By a straightforward calculation,
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TO / -. \ 2 m—1 / -, \ 2-t

- f2 , "»-iy— i ^ T- , „ i

/ m - l\ 2 k2 - GUI • (k/m) • (1 - — I z ~r fc-iy 2-fc-i
The desired result is obtained by invoking theorem A. 1.4 and substituting the above result for Y^tLi ^1-
D

Lemma A.1.2 ([165]) Let Z be the number of empty bins when m balls are placed randomly into k bins. 
Then,

( l\ m 11. /xo = E[Z = 1 - - ) - k - e-™/ fc - k, 
\ kj

and for A > 0,

IT r i & J~"0 ^*I j^ ^ * c .

Lemma A. 1.3 ([62]) Consider arbitrary yi,yz,... ,yn > 0 and let Yi,Y<2,... ,Yn be independent random 
variables such that, for any integer k > 1,

Pr[Yi >k- yi}<2~ k . 

Then, for Y = Y^—i Yi, ^i = 2 • J^ILi ^«; rn = maxi{?/i}j an^ any integer u > 0,

A.2 Randomized Results

In this section we present several randomized and probabilistic results on random sampling and hashing 
that provide the basis for the analysis of a multiplicity of efficient algorithms.

A.2.1 Random Sampling Applied to Sorting

In this section we present tight results related to random sampling - in the context of sorting - that 
generalize those of [75, 77]. In the discussion and proofs to follow we use the notation originally used in [75]. 
Let X = (xi,x2 ,. • • ,XN) be a set of size N, and for integers k > 1 and s > 1, let Y = (#1,3/2, • • • ,2/fc«-i) 
be a randomly chosen sub-sequence of X, ordered such that yj < yj+\, for all 1 < j < k • s — 1. Without 
loss of generality, we assume that all the items appearing in sequence X are distinct - if the items are not 
distinct we can make them so by appending to them their index. The following three subsets are then 
defined.
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X0 = {x | x e X and x < ys } ,

Xi = {x | x e X and yis < x < y(;+i) s } > for all 1 < i < fc — 2, 

a; € X and

Let Qi(j) be the probability that yi = Xj. Then, for all 1 < i < k • s - 1 and 1 < j < N the following 
equality holds [75].

i-i\ . ( N-J \
l -\ \i-lJ \k-s-l — iJi(j) =

-s-1

For alH, 0 < i < k — 1, let 6j denote the size of Xi and let Pi(j) be the probability that bi — j. The 
following is shown in [75].

N-j-i
.

-s-l)

In the remainder of this section we establish a tight upper and lower bounds on the size of the .XV s. We 
next establish lower bounds on the size of the X^s.

Lemma A. 2.1 Consider positive integers n, N, k and s, and any p and e such that n > N, k > 2, 
k • s < TV/2 and 0 < e < I. Then, for any p > Q, if

s > 1^ (3 • p • logn + log (k3 • (2 • TT • (k • s - I)) 3/ 2 • e i/(2-(*

the probability that Xi, for all 0 < i < k — 1, is of size at least [(I — e) • (N — k + l)/fcj — 1 is 1 — O(n~p }. 

Proof In order to establish an upper bound for the term

E
we approximate P(j) by a binomial term and use bounds on the right tail of the binomial distribution. 
Let B = [(I - e} • (N - k + l)/fcj - 1 and q - (k • s - l)/N. The probability that in TV Bernoulli trials, each 
with a probability of success q we get s — I successes among the first j trials, a success at the (j + l)-st 
trial, and (k - 1) • s - I successes in the remaining trials is

\s — v Vv^ — i; • s — 

Let A be the ratio of R(j) over P(j). The following then holds.

N
k-s-l
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The following inequality is shown in [40].

v
TT • a • 6 • v \u 

Substituting for u = k • s — 1, v = N, a = q = (k • s — l)/N and 6 = 1 — a we obtain the following result.

e-i/(6-(fc.*-i)) .q-k-s+i . (j _ q^-N+k-s-i f N
~ k-s-l

It is then immediate that the following holds.

A> . =. (A.I) 
~ TT • (A: • s - 1) • (1 - (k • s - l)/N)

Thus, since R(j) < (^J • qs ~ l • (1 - q) j ~ s+l • q and P(j) = R(j)/A, we obtain the following result.

j<B B

In the remaining analysis we establish an upper bound for the following term by employing generating 
functions.

- n\J~ s+l

Term ( £ x ) • qs ~ l • (1 - g)J ~ s+1 is the coefficient of X s" 1 in the polynomial ((1 - q) + q • x) j . Therefore, 
the sum over all the terms with j < B is the coefficient of X s" 1 in the following sum.

^^ , - q) + q • x)J = ————— - ——— r —— +
-q-(l-x)

The coefficient of xs ~ l in this expression is

« «
The sum in the term above gives the probability of having at least s successes in B + 1 independent 
Bernoulli trials with probability of success q. Therefore, by employing the inequality of theorem A. 1.3 on 
the probability of having at least (l + /3)-(5 + l)-<? successes, we obtain an upper bound of e~ (/3 •( B+ 1 )-<?)/ 3 . 
By setting s = (I + /?) • (B + 1) • q we further obtain e-(02 -(B+D-g)/3 = e-(s-(B+i). q ) 2 /(3.(B+i). q ) We first 

derive a lower bound on the term s - (B + 1) • g, for 0 < e < 1 and k • s < N/2.

(l-e) N -k + l 
k

k-s-l
N

(1 - g) • (k - 1) • k • s + (1 - g) • (TV - k + 1) > s s-(L £)+ ^-^———————————

> E-S.
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An upper bound on (B + 1) • q is derived similarly.

,., N-k + l\\ k-s-l< i -*•—*—])-*-
(1 - e) + ~ (1 ~ £) ' (fc "

N-k

The combination of these two bounds gives e -P*-(B+i)-q/3 <• e- £ 2 . s /(3.(i- e )) We thug ot,tajn the following 
inequality for the sum of interest.

^ +

< . e-*V(3.(i-0). (A.3)
~ q

The desired bound follows from equations A.I, A. 2 and A. 3, and is given by the following expression.

TT • (A; • a - 1) • e 1 /(6(*— D) . e- £ 2 - S /(3-(i-e)) 

Substituting for the value of s, gives the desired result. D

Lemma A. 2. 2 ([75]) Consider positive integers n, N, k and s, and any p and e such that n > N, k > 2, 
k • s < N/2 and 0 < e < 1. Then, for any p > 0, if

s > i±£ (2 • p • log n + log (fc 2 • (2 • TT • (fc • 5 - i)) • e i/(3-(*-*-i))) ) , 

^/ie probability that Xi, for all 0 < i < k — I, is of size at most [(I + e) • (N — k + T)/k\ +1 is I — O(n~p }.

A. 2. 2 Random Sampling Applied to Selection

In this section we present tight results related to random sampling - in the context of selection - that 
generalize those of [75]. In the discussion and proofs to follow we use the notation originally used in [75]. 
Let X = (xi,x2 , . . . ,XAT) be a set of size AT, and for integers A > 1 and s > 1, let Y = (2/1,1/2, • • • , y2A«-i) 
be a randomly chosen sub-sequence of X, ordered such that yj < yj+i , for all 1 < j < 2 • A • s — 1. Without 
loss of generality, we assume that all the items appearing in sequence X are distinct - if the items are 
not distinct we can make them so by appending to them their index. The following three subsets are 
then defined for some positive integers jU0 , /u2 and t, and any c such that 2 • c • A • s > /x0 • (t/2) and 
l/N <c< 1/2.

X0 = {x | x e X and x < y2 cA S-Mo(t/2) } ,

Xi = {x | x &X and y2cAs _Mo(t/2) <x <

X2 = {x | x e X and y2c\s+^(t/2) <
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For i = 0, 2, let ^ = \Xi\ and let Pi(j) be the probability that bi=j. The following is shown in [75]. 
For i = 0, 2

C N }\2-\-s-l)

Let B = c • N — f(N) — 1, for some non-decreasing function f(N) of N. In the remainder of this section 
we establish a tight upper and lower bounds on the size of sets X0 and X2 , or equivalently, on the term 

j), i — 0, 2. We next establish lower bounds on the size of sets XQ and X2 .

Lemma A.2.3 Consider positive integers n, N, A, //, s and t, and any p and c such that n > N, 
2 • A • s - 1 < N/2, 2 • c • X • s > n • (t/2) and l/N < c < 1/2. Then, for any p > I, if // • t =
2 • ^/3 • p • 2 • c • X • s • log n and f(N) — (N • p • t)/(2 • A • s), the probability that sets XQ and X2 are of size 
at least c-N - f(N) is 1 - O(nl -f>}.

Proof We first observe that the combinatorial identity [132],

E (u + v\ (r — v\ _ (r + u + l\ 
( a )'( b ) = (a + b + l)'

a-u<v<r-b \ / \ / \ /

implies that

, . xx N-j-l \ = / N 
-, . 2-c-A-«--t2-l 2-l-c-A- 8 + i-t2-l \2 • X • s -

j=2-c-\-s—n-

By a combinatorial interpretation argument it is not difficult to verify that the term Y^J<B ^0) expresses 
the number of ways we can choose 2 • A • s - 1 objects so that among them, the object with the (2 • c • A • 
s- p.- (t/2))-th highest rank is labeled at most B = c • N - (N • p, • t)/(2 • X • s) - 1.

In order to establish an upper bound for Y*,J<B ^C?) we approximate P(j) by a binomial term and use 
bounds on the right tail of the binomial distribution. Let q = (2 • A • s - l)/N. The probability that in N 
Bernoulli trials, each with a probability of success q we get 2 • c • A • s — p, • (t/2) - 1 successes among the 
first j trials, a success at the (j + l)-st trial, and 2 • (1 - c) • A • s + p • (t/2) - 1 successes in the remaining 

trials is

N-j-l 2 .l-c..«+i.t2-l M _ \
q)

Let A be the ratio of R(j) over P(j). The following then holds.

A _RU1_( N V,2.A- S -1. (
"" P(j) " V2 • A • s - l) Q 

The following inequality is shown in [40].
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V2 • TT • a • 6 • v v ' ~ W

By substituting foTu = 2-X-s — l,v = N,a = q=(2-X-s — l)/N and b — 1 — a we obtain the following 

result.

TT • (2 • A • s - 1) • (1 - (2 • A • s - 1)/AO ~ \2 • A • s - 

It is then immediate that the following holds.

> ————— . (A.4)
~ v/2 • TT • (2 • A • s - 1) • (1 - (2 • A • s - l)/7V)

Thus, since fl(j) = (2 . c .A..-i.(t/2)-i) ' (Z2 ""*—"-^- 1 • (1 - g)J-2-c-A-.+M-(*/2)+i . g and P(j) - 

we obtain the following result.

-^

In the remaining analysis we establish an upper bound for the following term by employing generating 

functions.

Term (. J , ^ } • g2-c-A- s-M-(t/2)-i . n _ gy-2. c .A.»+/i.(t/2)+i is the coefficient of x2. c .A. s -M .(t/2)-i in
V^'C'A'S — H'\t- 1 2.J — i /

the polynomial ((1 - q) + q • x}j . Therefore, the sum over all the terms with j < B is the coefficient of 
x2-c-A-s-/i-(f/2)-i ^n ^ne following sum.

The coefficient of x2-c-A-«-/i-(t/2)-i in tnjs expression is

1N 1 B+l /R1V9'-( 1 -9) fl+1 -' = 1 - E f

The sum in the term above gives the probability of having at least 2 • c • A • s — p, • (t/2) successes in 

B + l independent Bernoulli trials with probability of success q. Thus, by employing the inequality in 

theorem A. 1.3 on the probability of having at least (l + /3)-(B + l)-q successes, we obtain an upper bound 
of e _(/3 2 -(B+iH)/3. By setting 2 • c • A • s - /z • (t/2) = (1 + /3) • (B + 1) • q we further obtain e -(/3 2 -(£+iH)/3 = 

e -(2. c .A- s -M-(t/2)-(s+i)-g) 2 /(3-(S+i)-g). By substituting function B = c • N - (N • // • t)/(2 • A • s) - 1, the 

following lower bound on 2 • c • A • s - [i • (t/2) - (B + 1) • q is derived.
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2 • c • A • s - A* • (t/2) - (B + 1) • q > p, • (t/2) - (fj. • t}/(2 • X • s). 

An upper bound on (B + 1) • q is derived similarly.

A-s).

The combination of these two bounds gives e -(2-c-A. s-M .(t/2)-(s+i). g ) 2 /(3-(B+i). g ) < e -(i/3).(^.(i/2)) 2 /(2. c -A. s ) 

We thus obtain the following upper bound for the sum of interest (refer to expression A.6).

1 B + l / TO , 1\

i=2-c-\-s-n-(t/2) ^ ' '

The desired bound follows from equations A.4, A.5 and A.7, and is given by the following expression.

J<B
7T • (2 • A • S -

Substituting for /z • t = 2 • ^3 • p • 2 • c • A • s-logn and noting that -y/2 • TT • (2 • A • s - 1) • 
6 • n, gives the desired result. D

We can similarly establish upper bounds on the size of sets XQ and X%.

Lemma A.2.4 Consider positive integers n, N, X, p, s and t, and any p and c such that n > N, 
2 • A • s - I < N/2, 2 • c • A • s > p • (t/2) and I/TV < c < 1/2. Then, for any p > I, if ^ • t = 
2 • \/2 • p • 2 • c • A • s • log n, the probability that sets XQ and X% are of size at most c- N —I is 1 — O(nl ~ p ).

Proof The proof follows that of lemma A.2.3 with f(N) - 0. D

The following bounds on the size of XQ and X% can then be derived for s = t — 1.

Claim A.2.1 Consider positive integers n, N, X and JJ,Q, and any p andc such thatn > N, 2-A —1 < N/2, 
4 • c • A > HQ, po = 2 • \/2 • p • 2 • c • A • log n and 1/N < c < 1/2. Then, for any p > I, the probability that 
set XQ is of size at most c- N — I is 1 — O(n 1 ~ p ).

Proof The claim is a direct consequence of lemma A.2.4 by substituting for s = t — 1. D

Claim A.2.2 Consider positive integers n, N, X and p,2 , and any p andc such thatn > N, 2-A —1 < N/2, 
4 • (1 - c) • A > Hz, ^2 = 2 • v/2-p-2-(l-c) -A-logn and 1/N < (1 - c) < 1/2. Then, for any p > 1, 
the probability that set X2 is of size at most N -c- N -I is 1 - O(nl ~ p }.

Proof The claim is a direct consequence of lemma A.2.4 by substituting for s = t — 1. D

Claim A.2.3 Consider positive integers n, N, A and n, and any p and c such that n> N, 2-A-1 < N/2, 
4 • c • A > ft, Ho = 2 • V3 • p- 2 -c- A-logn andl/N < c < 1/2. Then, for any p > I, the probability that 
set XQ is of size at least c- N - N • x/3 • p • 2 • c • logn/v^ is 1 - O(nl ~ p ).
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Proof The claim is a direct consequence of lemma A. 2. 3 by substituting for s = t — I and (i — p,Q = 
2- V3-/9-2-C- A-logn. D

Claim A. 2. 4 Consider positive integers n, N, X and /j,, and any p and c such that n > N, 2- A — 1 < N/2, 
4 • (1 - c) • A > n, no = 2 • >/3-p-2-(l-c)- A-logn and l/N < (1 - c) < 1/2. Then, for any p>l, the 
probability that set X2 is of size at least N - c • N - N • ^/3 • p • 2 • (1 - c) • logn/\/A - 1 is I - O(nl ~ p }.

Proof The claim is a direct consequence of lemma A. 2. 3 by substituting for s — t = I and n — HQ — 
2- ^/3-p-2-(l -c) • A-logn. D

A. 2. 3 Hashing

In the remainder of this section we present several of the central properties of random members of Hd 
and #r,V d2 (refer to section 3.2.6.2 for definitions).

Definition Consider any c > 0 and integer d > 1. Then, multi-set H C {h \ h : U ->• {0,1,... , s - 
1}} is called (c, A;) -universal, if for all sequences (xi,x2 , - - . ,xd ) of distinct elements of U, all sequences 
(yi, 3/2, • • • , yd} of distinct elements of {0, 1, ... ,s - 1}, and randomly chosen h e H the following holds.

Lemma A. 2. 5 ([42, 158]) // multi-set U is (c,d) -universal and r : U -> (0, 1, . . . , s - 1} w suc/i 
I?'" 1 !.?)! < k > f°r al1 3 e {0,1,..- ,s - 1}, i/^en multi-set H' = {r o h \ h £ H} is (c1 ,d) -universal, for 
c' = c-(k-(s/\Q\)} d .

Remark Lemma A. 2. 5 implies that sets ^ and ^yd are (j,d+ l)-universal, for 7 = (\q/s\ • (s/q)) d+l < 
(l + s/q) d+l [158].

Definition Let g be prime, S C 17 = {0, 1, . . . , q- 1}, |5| < n, and consider function /i : [7 ->• {0, 1, . . . , s - 
1} to be chosen at random from some universal class of hash functions.

- The j-th bucket induced by h on S is Bj1 = {x e S \ h(x) = j}, 0 < j < s.

- The size of the j-th bucket Bf is 6j = \B%\, 0 < j < s.

-his called c-perfect for S if tf < c, for all 0 < j < s.

Lemma A.2.6 ([65]) Let q be prime, S C U = {0,1,... , q - 1}, \S\ < n, and consider function h : U 
{0 1, , s — 1} to be chosen at random from H. If H is (7, d + l}-universal, then

—>
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Lemma A.2.7 ([65]) Let q be prime, S C U = {0,1,... , q - 1}, \S\ < n, and consider function h : U ->• 
{0,1,... , s — 1} to be chosen at random from H. IfH is (7, d + 1)-universal, then

Pr [h is d-perfect for S] > I - ——-—- • n • (-} .

Lemma A.2.8 ([65]) Let q be prime, S C U - {0,1,... ,g - 1} ; \S\ < n < s, and consider function 
h : U —> {0,1,... , s — 1} to be chosen at random from H.. IfH is (7, d + l)-universal, then

E
s-l

£ < Ck • n, for any I < k < d+ 1,
H=o 

where Ck = (k — l} k ~ l + 7 • ek ~ l .

Lemma A.2.9 ([137]) Let q be prime, S C U = {0,1,... ,g — 1}, |5| < n, and consider function 
h : U —i {0,1,... , s — 1} to be chosen at random from 1-i. Assume any 0 < 6 < 1 such that s = nl ~ 5 and 
n > (d + 1) • s/2. // 1-L is (7, d + 1) -universal, then, for any u > 0,

1 \ d+lr n 1
Pr Ib 1} <(l + u)-ns >l-a- (-

L •* J V^

The following theorem is a generalization of a result due to [62] .

Theorem A. 2.1 Let q be prime, S C U = {0, 1, . . . ,g — 1}, \S\ < n, and consider function h to be 
chosen at random from H ŝ' d2 . Assume any 0 < 6 < 1 such that r — nl ~ 6 and n > (di + l)r/2. Then, 
with probability I - O(a • ni-*-((di+i)/2+i) + (7/(d2 + 1)!) . ns ' c+l • (2/s) d2 ), for any u > 0 and 0 < £ < 1,

, 0 < j < s (A.8)

and

Pr \bh > (l + e)- -] < e-( 1 / 3 )- £2 ' ri /( d2^) ) o<j<s, (A.9) 
L J s J

where a = ((d + l)/2) d+2 /((d + l)/2)! and 7 < (1 + 

Proof Let

R = {/i 6 H^V d2 | 6f < 2 • - and / is d2 -perfect for £/, for all 0 < i < r\ .

Along the lines of [62], we show that the aforementioned class of hash functions has the desired properties. 
Assume \S\ = n (otherwise add some dummy elements). Consider fixed / 6 H^ and / e Hf2 such that 
bf < 2 • (n/r) and / is c/2-perfect for B\, for all 0 < i < r. It suffices to show that the assertion holds for 
the probability space generated by the random choice of a0 , ai,... , ar _!. With respect to this probability 
space, denote the probability and expectation by Pr^[...] and T&ft f[. • •] respectively. Fix j, 0 < j < s, 
and define the random variable Y{ as follows:
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{ | f(x) + ai =j (mods)} , 0 < i < r.

Then,

s-i

a=0

-
s

The independence of the o^s implies the independence of the F;s, and therefore, we obtain the following 
for the mean expected value JJL of £^ 1^ = 6ft .

= E,
v-i —1

i=0 i-0

J5| = n 
s s

The desired result is obtained by observing that 0 < Yi < d% and applying theorem A. 1.1 (the former
yv __ f

observation follows from the fact that / is d2 -perfect for B*, for all 0 < i < r).

Pr
n/(d2 -s)

, 0 < j < s.

By the right half of the following inequality [106],

-(1/2) • e 2 < e - (1 + e) • log (1 + e) < -(1/3) • e 2 , 0 < e < 1, 

we further conclude that

L T f ? o • ^-> (1 -(- £) • \ e , u \ j <c s.
7.7 L J ~ sJ ~

It remains to establish that for suitably chosen d±, d2 , r and s, a randomly chosen h G H ŝ' d2 satisfies 
h G -R, that is, b{ < 2 • (n/r) and / is d2 -perfect for B?, for all 0 < i < r. Fix a0 , ai,... , ar_i and assume 
any 0 < S < 1 such that r = n l ~ 6 and n > (d\ + I) • r/2. Then, by way of lemma A.2.9, it follows that a 
randomly chosen / G Hdl satisfies b{ < 2 • n*5 , for all 0 < i < r, with probability

- O (nl ~ 5 a = 1 - O (a • ni-«-((di

where a = ((d + l)/2) d+2 /((d + l)/2)!. Given such an /, by way of lemma A. 2. 7 and sub-additivity, a 
randomly chosen / G Hf2 is d2 -perfect for B{ , for all 0 < i < r, with probability

1 - 0 n1 7 • 2 • nd • 7

where 7 < (1 + s/'q) d2+1 . The desired result follows trivially. D

The following result is an non-trivial adaptation of a result due to [64].
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Theorem A.2.2 Let q be prime, S C U = {0,1,... ,q - 1}, \S\ <n<s, and consider function h to be 
chosen at random from Hd̂ d2 . Assume any 0 < S < I such thatr - nl ~ 6 andn > (di + l)-r/2. Then, with
probability l-O(a-n1 ~ 6 '^dl ^ 

s), for any (3 > 0 and u > 0,

Pr
3=0

s-l
' 0 _ U 2 1-4-2.fe.(lg/3/lgn + o(-

< 2 • e ' , for any k > 1,

where a = ((d + l}/2) d+2 /((d + l)/2)!, 7 < (1 + s/q) d* +l and ck = (k - l) k ~ l + 7 • ek ~ l . 

Proof Let

= lh <E Hd̂ d2 I &{ < 2 • - and / is d2 -perfect for £/, for all 0 < i < r\ .R

We show that the aforementioned class of hash functions has the desired property. Recall that in theo­ 
rem A.2.1 it is shown that for suitably chosen di, d2 , r and s, a randomly chosen h e Hdls' d2 satisfies 
h e R, with probability 1 - O(a • ni-*-((di+i)/2+i) + (7/(^2 + i)!) . n<5-d2 +i . (2/s) d2). Assume \S\ = n 

(otherwise add some dummy elements), and consider fixed / € Hdl and / e Hf,2 such that b{ < 2 • (n/r)
A f

and / is d2 -perfect for B[ , for all 0 < i < r. In view of lemma A.2.8, it suffices to show that the assertion 
holds for the probability space generated by the random choice of ao, ai,... , ar _i. With respect to this 
probability space, denote the probability and expectation by Pr, *[...] and E,?[...] respectively. For any 
J3 > 0, by way of theorem A.2.1, we have that

Pr
" Y=o(n - 3 -lgn)/lglgn- 0 (l)).( /0/d2 )\ 0 < ? < S.

L 3 - V igign,
We subsequently define truncated versions of the bucket sizes. In particular, define

'- 1 k

Similarly, define

and
j=0 j=0

Then, Pr f/-[Mfc ^ Mk\ = O(s • n-( 1 +( 1s/3 + 1g*- 1g")/igig"-o(i))-(/^/d2))_ Therefore, since 

E, f[Mit] < Ck • n (refer to lemma A.2.8), it suffices to establish a bound on
J t J

[ *• r ^ n i 
Mk > E \Mk \ + u • n . ~ L J J

Let Go C GI C ... C Gr be a filter, where Gt is generated by the random choice of the first t of the 
aj's, that is, the set of events corresponding to the state of the buckets given that the first t of the Oj's 
have been fixed. Let Z be the random variable denoting ]T\ (b'j) k given that all of the a^'s have been 
fixed, and let Zt = E[Z \ Gt ] denote the conditional expectation of Z given that the first t of the o^'s have
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been fixed. Then, the random variables Z0 ,Zi,... ,Zr form a martingale with Z0 = E[Z] = E[Mk ] and 
Zr = Z = Mk .

By assumption, b{ <2-n6 , and therefore, if at is changed, then at most 2 • n5 of the &J's are affected 
(increased or decreased). Furthermore, by definition, b 1* < j3 • (Ign/lglgn); thus, the overall change 
(increment or decrement) At = Zt — Zt-\ of Mk in response to changing at is bounded as follows:

ft
For 1 < t < r, we set dt = 2 • n*+*-Og^/ig 

a straightforward calculation,

igig n ; ' 

} and we therefore have that |A*| = tft . By

_4. nl+J+2.*.(lg/9/lgn+ 0 (l))_

The desired bound on Mk is obtained by invoking theorem A. 1.4 and substituting the above expression
for Vm ?92I0r l^t=i vt •

u • n 2 -* > E [Mk ]

The desired result follows trivially. D

The following theorem is a generalization of a result due to [62] .

Theorem A. 2. 3 Let q be prime, S C S C U = {0, 1, . . . ,g — 1}, |5| = n, \S\ < n, and consider function 
h to be chosen at random from H ŝ' d2 • Assume any 0 < 6 < 1 such that r ~ n1 ' 5 and n > (di + 1) • r/2. 
Then, with probability I - O(a • n1 - <5 '(( di+ 1 )/2+1 ) + (7/(d2 + 1)!) • n<5 ' d2+1 • (2/s)^2 ), /or any u > 0,

[l{zI 1PrlzeS nl
-I .. 1 .,

(<I2 + Ij! (v
2 • n5 •

Proof Let

! and 7 <

R = ih G ff^V d2 I ^ < 2 ' - and / is ^2-perfect for B{, for all 0 < i < r\ .

We show that the aforementioned class of hash functions has the desired property. Recall that in theo­ 
rem A.2.1 it is shown that for suitably chosen di, d2 , r and s, a randomly chosen h 6 Hd̂ d2 satisfies 
/i G R, with probability 1 - O(a • n1 - (H( di+ 1 )/2+ 1 ) + (7/(d2 + 1)!) - n<5 ' d2 + 1 • (2/s) d2 ). Assume \S\ = n 

(otherwise add some dummy elements), and consider fixed / € H* 1 and / e H%2 such that b{ < 2 • (n/r) 
and / is d^-perfect for J5/, for all 0 < i < r. It suffices to show that the assertion holds for the probability 
space generated by the random choice of a0 ,oi,... ,ar_i. With respect to this probability space, denote
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the probability and expectation by Pr^j[...} and E/ f[... ] respectively. Define I - {i \ B{ n 5 ^ {}} and 
/ = {0,1,... , r - 1} - 7. Furthermore, let

zr

and

(h(x) = h(x}}

B
te/

e S (h(x) = h(x))

The quantity to be estimated is ZJ + ZT. It is straightforward to verify that |/| < n, and thus, |
2 • n5 • n (note that by assumption b{ < 2 • n5 ). Fix Oj, for all i € /. Then, by invoking lemma A.2.7, we

yv j />

obtain that a randomly chosen / € H%2 is ^-perfect for Uie/B(, with probability at least

1- 7
(cfc + 1)! 

We therefore conclude that

2 • ns • n •
'2-n5 -ff

= 1-
7 ,5 _xn • n

/

j [zj > d2 • n] < 7
1)! (2 n

sIt remains to establish an upper bound on zj. Consider fixed a^, for all i e /, such that / e 
c?2-perfect for \Ji£jBf . It suffices to bound zj for the probability space generated by the random choice of 
di, for i G /. With respect to this probability space, denote the probability and expectation by Pr , ,- /[•••] 
and E, ; /[•••] respectively. Define the random variable Y{ as follows:

Then,

s-l

E \{ x
a=0

e 5 (h(x) = i € I.

a

The independence of the a^s, for i e /, implies the independence of the Yis, and therefore, we obtain the 
following for the mean expected value ^ of £i€/ Yi = z/.

Lie/

The desired result is obtained by observing that 0 < Yi < 2 • d2 • n6 and applying theorem A. 1.1 (the 
former observation follows from the facts that B[ < 2 • n6 and / is c^-perfect for £?/, for all 0 < i < r).
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n-n/(2-d,2-n -s)

n

Theorem A.2.4 Lei q be prime, S C S C U = {0,1,... ,g - 1}, |5| = n, \S\ < n, J = {j \ 0 < j < 

s and 5^ C\S ^ {}}, and consider function h to be chosen at random from Hd *s' d2 . Assume any 0 < 6 < 1 
such that r = nl ~ 5 and n > (dl + 1) • r/2. Then, with probability 1 - O(a • ni-<H(<*i+i)/2+i) + 
1)!) • nd ' d2+l • (2/s) d2 ), for any u>0,

(1

n/(d2 -s)

where a = ((d + l}/2} d+2 /((d + l)/2)! and 7 < (1 + s/q) d*+ l . 

Proof Let

R = {/i e #rdl/2 | &£ < 2 • - and / is d2 -perfect for £/, for all 0 < i < r j .

We show that the aforementioned class of hash functions has the desired property. Recall that in theo­ 
rem A.2.1 it is shown that for suitably chosen di, e/2, r and s, a randomly chosen h e H ŝ' dz satisfies 
h 6 R, with probability 1 - O(a • ni-<H(<*i+i)/2+i) + (7/(rf2 + i)|) . n<5-d2 +i . (2/s)^). Assume \S\ = n 

(otherwise add some dummy elements), and consider fixed / 6 Hdl and / e Hf2 such that b{ < 2 • (n/r) 
and / is ^-perfect for B[ , for all 0 < i < r. It suffices to show that the assertion holds for the probability 
space generated by the random choice of a0 ,oi,... ,ar_i. With respect to this probability space, denote 
the probability and expectation by Pr, /[•••] and E .*[...] respectively. Define I = {i \ B\ n S ^ {}} and 

/ = {0,1,... , r — 1} — /. Furthermore, let

X

»€/

and

ai~3 ( mods)

^i=J (mods)

The quantity to be estimated is zj + zj. It is straightforward to verify that |/| < n, and thus, | U ie /B/| < 
2 • n6 • n (note that by assumption b{ <2-n6 ). Fix a», for all i 6 7. Then, by invoking lemma A.2.7, we 

obtain that a randomly chosen / e Hd2 is d2-perfect for Uie/S/, with probability at least

1- 2 • n6 • n = 1- 7 (2 • ns • n)

We therefore conclude that
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Pr/)7 [zj > d2 ] < 7 (2-ns -n)

It remains to establish an upper bound on zj. Consider fixed Oj, for all i 6 /, such that / € 2 s 

^-perfect for \J ie jBf. It suffices to bound zj for the probability space generated by the random choice of 

aj, for i 6 /. With respect to this probability space, denote the probability and expectation by Pr, ,- /[...] 

and Ey j /[...] respectively. Fix j, j 6 J, and define the random variable Yi as follows:

OiEEj (mods)}| , i €/.

Then,

a =

The independence of the a^s, for i G /, implies the independence of the F^s, and therefore, we obtain the 

following for the mean expected value ^ of X) ^ = zi-

Lie/

The desired result is obtained by observing that 0 < Yi < d2 and applying theorem A. 1.1 (the former 

observation follows from the fact that / is ^-perfect for B\ , for all 0 < i < r).

,14 n/(d2 -s)
, j e J.

D



Appendix B

A Sample Program

B.I Source Code

In this section we present the source code - in C - of the BSP deterministic sorting algorithm of sub­ 
section 2.6.6.2.

B.I.I BSP Deterministic Sorting

BSP_det_sort.c - A high-performance generic BSP implementation of the deterministic sorting algo­ 
rithm of section 2.6.6 (non-recursive version).

BSP_det_sort.c
#include

#define byte char

over-sampling factor #define w_N(N) max(l, (log2(log2(N))))

BSP_det_sort

input array 

output array 

input size (per proc) 

item size 

merge function 

sort function 

compare function

( byte *src,
byte **trg,
int n,
int sb,
void (*merge)(),
void (*sort)(),
int (*cmp)()

byte *aux, *smpl, *ssmpl, *splt ;

245
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get proc id and 

number of procs

compute global input 

size

compute sample size

allocate buffers

register input-output 

buffers

sort input array into 

auxiliary buffer

select sample

globally sort sample

communicate splitters

initialize counter 

count items per bucket

int *c, *tc, *t, ntrg, nsmpl, nt, stp, rnd ;
int np, pid ;
int i, j, k, 1, m, N ;

if ((n <= 0) || (sb <- 0)) { *trg = NULL ; return n ; } 

pid = BSP.pidQ ; np = BSP_np() ; 

BSP.reduce(plus, 1, &n, &N, sizeof(int)) ;

nsmpl = w_N(N) * np ;
if (nsmpl > n) BSP_abort("Sample too large.") ;

new(aux, byte, n * sb) ; 
new(smpl, byte, nsmpl * sb) ; 
new(splt, byte, np * sb) ; 
new(c, int, np) ; 
new(tc, int, np) ; 
new(t, int, np) ;

BSP_pushregister(splt, np * sb) ; 
BSP_pushregister(t, np * sizeof(int)) ; 
BSP_sync() ;

memcpy(aux, src, n * sb) ; 
sort(aux, n, sb, cmp) ;

for (j = 0, stp = n / nsmpl ; j < (nsmpl - 1) ; ++j)
memcpy(&smpl[j*sb], &aux[((j+l)*stp-l)*sb], sb) ; 

memcpy(&smpl[j*sb], &aux[(n-l)*sb], sb) ;

nsmpl — BSP_bitonic_sort(smpl, &ssmpl, nsmpl, sb, cmp) ;

for (i = 0 ; i < np ; ++i)
BSP_put(i, &ssmpl[(nsmpl-l)*sb], spit, pid * sb, sb) ; 

BSP_sync() ;

memset(c, 0, np * sizeof(int)) ; 
for (i = np - 2, c[np-l] = n ; i >= 0 ; -i) { 

c[i] = search(&splt[i*sb], aux, n, sb, cmp) ;
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compute prefix-sum

communicate prefix-sum 

results

allocate target buffer

register target buffer

send items to target 

processor

de-allocate auxiliary

buffer 

merge input

BSP_prefix(plus, np, c, tc, sizeof(int)) ;

for (i = 0 ; i < np ; ++i)
BSP_put(i, &tc[i], t, pid * sizeof(mt), sizeof(mt}} ; 

BSP_sync() ;

nt = t[np-l] ;
new(*trg, byte, nt * sb) ;

BSP_pushregister(*trg, nt * sb) ; 
BSP_sync() ;

for (i = 0, k = 0 ; i < np ; k += c[i], — hi)
BSP_put(i, &aux[k*sb], *trg, (tc[i] - c[i]) * sb, c[i] * sb) ; 

BSP_sync() ;

free(aux) ;

for (i = 1 ; i < np ; i *= 2)
for (1 = 0, k = 0 ; 1 < (np / 2 + 1) ; k = t[m], 1 += 2 * i) { 

m = min(l + 2 * i, np) - 1 ;
merge(&(*trg)[k*sb], &(*trg)[t[H-i-l]*sb], (t[l+i-l] - k), 

(t[m] - t[l+i-l]), sb, cmp) ;

load balance output 

de-register buffers

de-allocate buffers

BSP_load_balance(*trg, &aux, nt, &ntrg, sb) ;

BSP_popregister(*trg) ; 
BSP_popregister(t) ; 
BSP_popregister(splt) ;

free(*trg) ; *trg = aux ; 
free(t) ; 
free(tc) ; 
free(c) ; 
free (spit) ; 
free(smpl) ; 
free(ssmpl) ;

BSP-sync() ;

return output size return ntrg ;
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