


Abstract

The objective of this thesis is the unified investigation of a wide range of fundamental parallel methods
that are transportable amongst pragmatic parallel machines having different number of processors, differ-
ent periodicity of global synchronization and different bandwidth of inter-processor communication. The
computational model adopted is the bulk-synchronous parallel (BSP) model, which abstracts the char-
acteristics of parallel machines into three numerical parameters p, L and g, that quantify, respectively,
processors, periodicity and bandwidth — the model differentiates memory that is local to a processor from
memory that is non-local, yet, for the sake of universality, does not differentiate network proximity. The
BSP parameters p, L and g, together with the problem size n, are employed to measure the performance,
and consequently, the transportability of parallel methods across machines having different values of these
parameters.

We show that optimality to within small multiplicative constant factors close to one can be achieved
for a multiplicity of fundamental computational problems by transportable algorithms and data structures
that can be applied for a wide range of values of the BSP parameters. While these algorithms and data
structures are fairly simple themselves, description of their performance in terms of these parameters is
somewhat complicated. The main reward for quantifying these complications, is that it enables software
to be written once and for all that can be migrated efficiently amongst a variety of parallel machines. The
methods considered in this thesis — both theoretically and experimentally — embody deterministic and
randomized techniques for the efficient realization of fundamental algorithms (broadcasting, computing
parallel-prefixes, load-balancing, list-contracting, merging, sorting, integer-sorting, selecting, searching
and hashing), data structures (heaps, search trees and hash tables) and applications (computational

geometry, parallel model simulations and structured query language primitives).
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Chapter 1

Introduction

1.1 Parallel Computing

The explosion of parallel computing we are witnessing is arousing extraordinary interest at every level
of society. As the parallel computing hardware is continuing unabated its current steep performance
gradient, computations once infeasible become routine. Another factor, however, has had an even more
momentous effect in extending the frontiers of feasible computation: the use of efficient parallel algorithms,
data structures and techniques.!

The Concise Oxford Dictionary defines the term algorithm — the subject matter of this work — as
“Math. a process or set of rules used for calculation or problem-solving, esp. with a computer”, that is,
the execution of an algorithm does not encompass any subjective decisions, nor does it require the use of
intuition or creativity [41]. The theme of this work is the architecture independent study (design, analysis
and implementation) of a multiplicity of fundamental parallel methods (algorithms, data structures and
techniques).?

This work is neither a comprehensive account of theoretical results on architecture independent parallel
algorithms and data structures nor a thorough investigation of all available techniques. Still less is it
a programming manual containing a long catalogue of programs ready to be used directly on parallel
machines to solve certain specific problems, but giving at best a concise abstraction of the ideas involved
in their design and analysis.> On the contrary, the aim of this work is to give the reader some basic

understanding of the principles involved in the architecture independent design and analysis of certain

'In the remainder of this work, we sporadically employ the term algorithm(s) to collectively refer to algorithm(s), data

structure(s) and technique(s).
2A functional division of parallel algorithms is the division between those that exploit data parallelism (a single thread

of control that acts on many homogenous data items in parallel) and those that exploit control parallelism (a multiplicity
of threads of control that act on possibly heterogeneous data items). Although the distinction is not always sharp, it does
indeed capture an important aspect of parallel computing. Undoubtedly, both classes of parallel algorithms are consequential
and research in both areas is emphatically required. In this work, however, we focus on data parallel algorithms.

In order for a problem to be amenable to a data parallel algorithm, it should pertain to a massive homogenous data
set — such a set allows the underlying problem to be efficiently partitioned into sub-problems that can be subsequently
processed in parallel. Fortunately, a vast number of important and demanding problems in the realm of science involve

massive homogenous data sets.
3Even though most of the algorithms and data structures have been actually implemented and experimental results

reported, in this work we refrain from presenting the low-level details involved in the implementations, but rather, we focus
on the underlying high-level principles — with the exception of one or two purely illustrative examples.



1.2 A Bridging Model: The BSP Approach 2

fundamental parallel algorithms and data structures. Although our approach is rigorous and theoretical,
we do not neglect the needs of practitioners: besides illustrating the design and analysis of the underlying
methods, most of the methods also have real-life applications and implementations.

Thus we concentrate on the techniques used to design, analyze and subsequently implement efficient
algorithms and data structures. These architecture independent techniques include but are not limited
to: balanced trees (e.g., broadcasting [section 2.1] and parallel-prefix [section 2.1]), balancing (e.g., load-
balancing [section 2.1]), pointer jumping (e.g., list contraction [section 2.2]), symmetry breaking (e.g., list
contraction [section 2.2]), over-sampling (e.g., merging [section 2.3], sorting, [section 2.6] and selection
[section 2.8]), partitioning (e.g., merging [section 2.3], sorting [section 2.6]), divide-and-conquer (e.g.,
sorting [section 2.6] and computational geometry [section 2.10]), cascading divide-and-conquer (e.g., sorting
[section 2.6]), pipelining (e.g., heaps [section 3.1] and search trees [section 3.2]) and hashing (e.g., hash
tables [section 3.2]). We note, however, that these techniques are not presented in their full generality,
but rather reflected through concrete examples of fundamental algorithms and data structures.

In the last few paragraphs we have recurrently practiced the term architecture independent with refer-
ence to algorithms, data structures and techniques. The rationale behind emphasizing the aforementioned
term derives from the recent developments in the field of parallel computing: indubitably, parallelism has
been established as a viable approach to high-performance computing, however, a consensus has not yet
emerged on how parallelism should best be exploited — a multiplicity of radically different system archi-
tectures and programming frameworks have been proposed, praised and criticized by different schools of
thought. We argue — the subject matter of the following section — that if the parallel computing industry
is to prosper, then a unifying, or indeed, a bridging model of parallel computation has to be established
on a substantial base. In the following section, we briefly evaluate the underlying principles of such a

bridging model and claim that the model has to be architecture independent in order to serve its purpose.

1.2 A Bridging Model: The BSP Approach

Over the last three decades or so a major challenge for the parallel computing community has been to
develop and establish, on a substantial base, a model of parallel computation that could serve as a basis,
or indeed, as a kind of unifying platform for the design, analysis and implementation of high-performance
parallel algorithms and data structures that could be implemented efficiently and effectively on a wide
range of current and future parallel machines.? Unfortunately, despite the enormous research that has
been undertaken on this front in recent years, no single model of parallel computing has yet come to
dominate advancements in the way that the von Neumann model has dominated sequential computing
over the last fifty years [149, 150].

A close investigation of the body of parallel algorithms and data structures — developed under past
and current parallel models — reveals that the vast majority are impractical because they exploit artificial
factors not present in any realistic current or near-future machine, such as zero communication delay
or infinite bandwidth [55]. Others are overly and unduly specialized because they are tailored to the

individual idiosyncrasy of a given parallel machine, such as a particular interconnection topology [55].5

4The field of parallel computing is developing so rapidly nowadays that in some sense making any statement about the

present — much less the future — is a risky endeavor. Nonetheless, some clear directions can be delineated.
5As noted in [153, 154], on most of the early commercial parallel machines, scaleable parallel performance could only be

achieved by tailoring algorithms and data structures to the particular details of the underlying parallel machine. Besides
being extremely tedious and resource consuming in most cases, this approach usually resulted in parallel software that can not
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'To remedy the situation, the parallel community needs to design parallel algorithms and data structures
using a bridging model that is realistic enough to capture the most important performance factors of
current or near-future machines, abstract enough to ensure universality, and yet simple enough to promote
the design, analysis and implementation of tractable parallel methods.®

The bulk-synchronous parallel (BSP) model has been proposed as a viable candidate for the role of
bridging model [204, 205, 206].”

1.2.1 The Theoretical Model

The BSP model of computation has been proposed by L. G. Valiant [206], as a unified platform for the de-
sign, analysis and implementation of general purpose parallel machines. It offers the prospects of achieving
both scaleable parallel performance and architecture independent parallel software, and provides a frame-
work that allows the performance of parallel programs to be analyzed and predicted in a precise way. The
term bulk-synchronous reflects the underlying position of the model between the two extremes, (i) entirely
synchronous systems (a global clock is utilized to achieve synchronization on every instruction), and (ii)
fully asynchronous systems (synchronization is realized pair-wise whenever communication is required).
Processing units in the BSP model advance jointly through a program, with the required communication
occurring between supersteps: segments of computation delimited by a barrier synchronization.

A BSP machine as originally introduced in [204, 205, 206] and further addressed in [75, 111, 149, 150,
151, 152, 153, 154, 156, 200, 207] consists of the following three components.

(1) A collection of p processor-memory components.

(2) A mechanism for efficient communication of data point-to-point amongst the processor-memory

components.
(3) A mechanism for efficient barrier synchronization of all or a subset of the processor-memory

components.

In the remainder of this work we use the terms “processor-memory component” and “processor” inter-

changeably. The performance of any BSP machine can be characterized by the following four parameters.

(1) s — the performance of each processor, measured in basic computational operations per time
unit. 8

(2) p — the number of processors.

(3) L — the minimum elapsed time between successive synchronization steps, measured in basic

computational operations.

be transported on other parallel machines. In a computing environment of rapidly developing diverse parallel architectures,

this machine dependence of parallel software proved to be a major weakness and serious inhibitor to the growth of the field.
8For a variety of economic and technological reasons, over the last decade or so we have evidenced a high-level architectural

convergence of models for parallel scaleable computing — the economic advantages of using standard commodity components
has been the major factor in this convergence; other influential factors have been the need to efficiently support a shared
address space on distributed-memory machines (for easy of programming) and the need to replace bus-based shared-memory
machines by network-based distributed-memory machines. As a consequence, there is currently a growing consensus that
over the next few years we shall evidence steady evolution towards a “standard” architectural model for scaleable parallel
computing [153, 154] — the high-level architectural model is likely to consist of a collection of processor-memory pairs

connected by a sparse communication network.
“The BSP model is essentially the “standard” model described above.
8The term basic computational operation is formally defined in subsequent section 1.3.1.
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(4) g - the ratio of the total throughput of all p processors in terms of basic computational
operations to the total throughput of the communication mechanism in terms of words of
information delivered. More formally, if A denotes maximum number of incoming or outgoing
words over all processors in a given superstep (such a communication pattern is called an
h-relation), then g is related to the time required to realize an h-relation in g - h time, for h

larger than or equal to some h,,;, [206], measured in basic computational operations.

In order to compare the parallel performance of different BSP machines, we assume that the parameters L
and g are normalized with respect to the processor performance s, and consequently, all time measurements
are expressed in terms of basic computational operations (e.g., flops). Consequently, in the remainder of
this work we ignore parameter s and concentrate on the remaining three BSP parameters p, L and g.

The values of L and g for any BSP machine are likely to be monotonically non-decreasing functions
of the number of processors p [149, 200]. In particular, the BSP machine parameters L and 1/g are
proportional to the latency and bisection bandwidth of the underlying communication network, but not
equivalent.” For example, g depends on other factors such as: the protocols used to interface with and
within the communication network, the buffer management by both the processors and the communication
network, the routing strategy used within the communication network and the BSP run-time system
[149, 200]. Similarly, L depends on other factors such as: the software or hardware mechanism available
on the communication network for synchronizing and the way interrupts are handled by processors [200].
We note that a lower bound on L is imposed on the basis that the theoretical bound on g may be realizable
only for large enough L, so that the communication network can achieve the stated capacity - i.e., L should
satisfy L > g-hmin, so that every h-relation, for h less than h,,;,, is charged as an h,;,-relation. Table 1.1
summarizes the typical values of s, p, L and g for several commercial parallel machines [200].

Computation on the BSP model proceeds in a succession of supersteps; a superstep may be conceived
as a segment of a computation during which each processing unit performs a given thread using data
already available there locally before the start of the superstep. The thread may include (i) computation
steps on data held locally at the start of the superstep, (ii) data transmissions, and (iii) data receipts. At
the end of each superstep, all processing units wait in a global barrier synchronization until the non-local
data exchanges are completed before proceeding to the next superstep (for a graphical illustration refer
to figure 1.1). It should be noted that, although the model stresses global barrier mode synchronization,
pairs of processing units may synchronize pair-wise by sending messages to and from an agreed memory
location. However, such message exchanges should respect the superstep rules [75].

The model as described in [206] has two variants depending on how synchronization is handled, that
affect performance analysis to small multiplicative constant factors. In the first variant, processing units
are checked every L time units to determine whether the threads that are synchronized currently have
all terminated and only then proceed to the next superstep. The second variant, permits completion of
a superstep at any point after the first L time units. Along the lines of [205, 206] and for the sake of
simplicity, in the remainder of this work we adopt the latter variant.

9Even though there is currently a growing consensus on a “standard” high-level architectural model for scaleable parallel
computing — a collection of processor-memory pairs connected by a sparse communication network — there appears to be
no consensus emerging on the underlying low-level interconnection topology [55] — the communication networks of current
commercial parallel machines are typically different from their predecessors and different from one another. The high-level
convergence of parallel architectures is captured in the BSP model by addressing significant common issues, such as latency
and communication throughput, whilst suppressing low-level considerations, such as interconnection topology and routing

algorithms.
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Machine ls] [s] s D L Y
Mflops flops (LS flops/word | ps/word
Cray T3D 5.0 19.0 12.0 2 164 13.50 0.70 0.06
168 13.90 0.70 0.06
8 175 14.40 0.80 0.07
16 181 14.90 0.90 0.07
32 201 16.60 1.10 0.09
64 148 12.30 1.00 0.09
128 301 24.90 1.10 0.09
256 | 387 | 32.10 1.20 0.11
Cray T3E 4.3 89.2 | 46.7 2 269 5.70 0.87 0.02
4 357 7.60 0.87 0.02
8 506 10.80 0.81 0.02
16 751 16.00 1.04 0.02
Digital 8400 3.6 | 442 | 23.9 2 286 11.80 2.50 0.11
3| 362 15.20 3.70 0.16
IBM SP2 25.0 | 27.0] 26.0 2 | 1903 73.20 6.30 0.24
4 | 3583 | 137.80 6.40 0.25
8 | 5412 | 208.20 6.90 0.27
SGI Origin 2000 36.6 | 164.7 | 100.7 2 804 7.90 7.00 0.07
4 | 1789 17.90 9.10 0.09
8 | 3867 | 39.80 13.40 0.14
SGI Power Challenge | 53.0 | 94.0 74.0 2| 1132 15.30 9.80 0.13
3| 1496 20.20 8.90 0.12
4 | 1902 | 25.70 9.80 0.13

Table 1.1: BSP parameters - s, p, L and g. (1) Three values are given for s: (i) |s] is the Mflop rating for a dot-product on
two 1,048, 570 item single precision floating point arrays, (ii) [s] is the Mflop rating for a dense matrix-matrix multiplication
on two 200 x 200 single-precision floating point matrices, and (iii) s is the average of |s| and [s]; (2) all values for g are for
the communication of 32-bit words; (3) all benchmarks are performed at the -03 optimization level; (4) the Cray T3D, SGI
Power Challenge and IBM SP2 benchmarks use native implementations of the underlying BSP library.

1.2.2 The Practical Model

Although, the BSP model, as previously described, may be regarded as an architectural model, it can be
readily employed as a programming platform or, indeed, as a kind of programming framework [152, 156).
The underlying concept in the BSP model is the notion of the superstep and the abstraction that non-local
communication associated with a superstep takes place between supersteps as a global operation. Thus,
a BSP program may be viewed as a succession of supersteps, with the required non-local communication
occurring at the end of each superstep. Viewed in this way, the BSP model can be employed as a unifying
programming framework that can be realized on a variety of realistic parallel machines.

To this front, a considerable research effort has been recently invested in forming a world-wide standard
BSP library [112] by synthesizing several BSP programming approaches that have been pursued over the
last few years [130, 151, 152, 153, 155, 156, 162, 163]. This library, called the Oxford BSP toolset, BSPIib,

provides a parallel computation and communication platform based around a single program multiple
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Operation Routine Semantics

Initialization/Conclusion | bsp_init | simulate dynamic processes
bsp_begin | start SPMD code
bsp_end end SPMD code

Synchronization bsp_sync | barrier synchronize
DRMA Communication | bsp_put write to remote memory
bsp_get read from remote memory

BSMP Communication bsp_send | send to remote queue

bsp.move | fetch from local queue

Table 1.2: BSPIib fundamental primitives.

1.2.3 The Cost Model

The time complexity of a BSP program is merely the sum of the time complexities of its constituent

supersteps; in turn, for each superstep, the time complexity can be decomposed into:

(1) Local computation — referred to as computation time.

(2) Barrier synchronization and non-local communication — collectively referred to as communi-

cation time.

To ensure that time complexity analysis can be performed in an architecture independent way, cost formu-
las are based on the architecture dependent BSP parameters p, L and g. In particular, the computation
and communication time Cj and M} respectively of the k-th superstep is captured by the cost formula
[206]:

Cr = max{w;} and My =L+ g -max{h;},

where (i) k ranges over the supersteps, (ii) ¢ ranges over processors, (iii) w; is an architecture independent
time measure that reflects the maximum number of basic computational operations executed by processor
i in the local computation phase of the k-th superstep, and (iv) h; is an architecture independent data
size measure that reflect the largest accumulated number of incoming or outgoing words at processor ¢ in
the non-local communication phase of the k-th superstep. Often the maxima are assumed and the time is
expressed in the form w and L + g - h, for computation and communication respectively. The overall time
of the underlying program is simply the sum of all the individual superstep times ), (Cy + M}). We call

this the standard cost model.!!

1IOther cost formulas have been proposed, incorporating finer detail [206]. For example, computation and communication
can be conveniently overlapped, thus giving the following cost formula:

max {max {w;},L + g - max {hi}}
) 1

This optimization, however, results in a higher value of g — on most current parallel machines — and therefore, the benefit
obtained from overlapping computation and communication is entirely subsumed by the higher value of g [111, 173]. This
and other cost model variations [200] alter time analysis results by no more than small multiplicative constant factors, so,
in the remainder of this work, we use the standard cost model in the interests of simplicity and clarity.
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Remark As noted in [200], the existence of a cost model that is both simple and tractable makes it feasible
to truly design and implement efficient parallel algorithms and data structures — that is to consciously
and justifiably make choices amongst alternative implementations of a specification. Additionally, the
existence of a cost model that is analytic and accurate makes it possible to analyze (and accurately predict)
performance across target parallel machines. The number of supersteps and the values of max; {w;} and
max; {h;} for each superstep can be determined by inspection of the program code, subject to the usual
limits on predicting the performance of sequential code. The values of L and g can then be incorporated

into the standard cost model to accurately predict execution time.

1.2.4 Augmentations to the Standard BSP Model

The standard BSP model, as it has been described, does not support any specialized combining, broad-
casting or parallel prefix facilities, although these can be effectively realized in hardware or software where
required [75, 205, 206]. This realization has led to the proposal of a multiplicity of alternatives to the
standard BSP model that do incorporate such facilities.

In this work we refer to two such variants (augmentations) of the BSP model, namely the concurrent-
read exclusive-write bulk-synchronous parallel (CREW-BSP) model and the broadcast bulk-synchronous
parallel (BCAST-BSP) model.

(1) A CREW-BSP machine is a BSP machine that supports concurrent read operations but ex-
cludes concurrent write operations. If h denotes the maximum number of incoming or outgoing
words over all processors in a given superstep — in case of read operations, h relates to the
number of outgoing words from distinct memory cells — then g - h time is charged, for h larger
than or equal to some Apni, [206], measured in basic computational operations. Informally,
concurrent read operations (not write operations) are charged as the standard BSP model

would charge a single read operation.

(2) A BCAST-BSP machine is a BSP machine that supports broadcasting from any processor to
any subset of processors, provided that the destination of any single broadcast can be described
in a constant number of words. If h denotes the maximum number of incoming or outgoing
words over all processors in a given superstep — in case of broadcast operations h relates to the
number of outgoing words from the initiating processor - then g-h time is charged, for h larger
than or equal to some A, [206], measured in basic computational operations. Informally,
broadcast operations are charged as the standard BSP model would charge a single write

operation.

In the bulk of this work, we have almost completely dispensed of employing such artificially augmented
models. Nevertheless, for the sake of simplicity, we do sporadically employ such augmented models. We
do however present the corresponding standard BSP algorithms at full detail once the simplified high-level
analysis of the augmented model algorithms has been established.

1.3 Preliminaries and Notation

For the past few decades the analysis, design and implementation of algorithms and data structures has
been one of the most absorbing subjects in computer science. The fundamental work of [131, 132, 133]
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has originated an effort to bring order and uniformity to a rich compilation of otherwise isolated results.
Subsequent work has further strengthen the theoretical foundations. The scope of this section is merely
to introduce the adopted concepts and notation.

1.3.1 Basic Computational Operations

The term basic computational operation refers to the time — within a multiplicative constant factor de-
pending solely on the particular implementation used (machine, programming language, and so on) —

required to perform one of the following elementary operations.

The fundamental arithmetic operations (+, —, X, /, mod).

The common comparison operations (<, <,>,>,=,#).

- The flow control branch operation if ... then.!?

The local memory assignment operations read and write.

Throughout this work, the term basic computational operation is employed to characterize such ©(1)
time primitive operations. Additionally, in order to simplify the exposition, the following functions are
assumed to be basic computational operations — this assumption can be removed without affecting the

asymptotic analysis of the subsequent sections.

lg (), log (-), log, (-) and exp (-), where lg (z), log (z) and log, (z) denote the logarithms of

to base 2, e and ¢t respectively and exp z denotes the inverse of log .
v (*) and {¥/(4).
L(-)] and [(-)].

rnd (-), where rnd (z) denotes a random integer in the range {0,1,... , [z] — 1].

1.3.2 Randomization

A randomized algorithm (whether sequential or parallel) is one that bases some of its decisions on random
choices and terminates within a pre-specified running time with a given probability. The running time
of such an algorithm is said to be probabilistic. A deterministic algorithm, on the other hand, is one
that terminates within a pre-specified time with certainty. In this work we refer to an algorithm as
being deterministic in those circumstances where it is to be contrasted with a randomized algorithm.
When no qualifier is used explicitly, it is implied that the algorithm in question is deterministic. With
reference to randomized algorithms, the term high probability is employed in this work to denote probability
P > 1—n~", for any constant p > 0, where n is the problem size. In subsequent sections, randomized

algorithms are employed successfully to obtain efficient BSP algorithms for a multiplicity of fundamental

computational problems.

121 general, if S is any statement that can be true or false, the bracketed notation [S] evaluates to 1 if S is true, and 0

otherwise.
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1.3.3 Asymptotic Analysis

The work of [134] has manifested a notational methodology, usually referred to as asymptotic analysis,
that differentiates properly between upper and lower bounds. Let f(n) and g(n) be functions from the
positive integers to the positive reals. Then,

= O(f(n)) — denotes the set of all functions g(n) such that there exist two (unspecified) positive
constants ¢ and Ny with g(n) < ¢- f(n) for all n > Ny.

= Q(f(n)) — denotes the set of all functions g(n) such that there exist two (unspecified) positive
constants ¢ and Ny with g(n) > ¢- f(n) for all n > Nj.

= O(f(n)) — denotes the set of all functions g(n) with g(n) = O(f(n)) and g(n) = Q(f(n)).

= o(f(n)) — denotes the set of all functions g(n) such that for all positive constants c there exists
a positive constant No with g(n) < ¢- f(n) for all n > Np.

)
- w(f(n)) — denotes the set of all functions g(n) such that for all positive constants c there exists
a positive constant Ny with g(n) > ¢- f(n) for all n > Ny.

The O(-), o(+) and Q(-), w(-) notations are used, respectively, to express upper and lower bounds on the

computational complexity of problems.

Remark Obviously, the “order of” notation conceals multiplicative constants, and therefore, a complexity
result secures its full validity only for sufficiently large problem sizes. Hence, it is not uncommon that
for small problem sizes the most efficient algorithm is not necessarily the asymptotically best algorithm.
Practice has demonstrated that, for small problem sizes, many asymptotically inferior algorithms be-
have better than the corresponding asymptotically superior algorithms. Furthermore, a multiplicity of

algorithms perform considerably better on the average than predicted by the worst-case analysis.

1.3.4 Optimality

In this work, the theoretical performance of algorithms is measured in terms of worst-case analysis —
unless otherwise indicated. In particular, we specify the performance of BSP algorithms by comparing
their analytic run-time with that of (their corresponding) sequential algorithms. In order to achieve this,
we measure run-times on pairs of theoretical models — BSP and RAM [52] - that have the same set of
local instructions.

Let Q be a problem of size n for which there exists a p-processor BSP algorithm that requires time
To(n,p). The product W = p - Tg(n,p) represents the work performed by the BSP algorithm. The
algorithm is called work optimal (in short optimal), if the work W performed satisfies W = ©(Tg(n)),
where T'g(n) denotes the time complexity of the fastest known sequential algorithm to solve Q — the term
To(n) appearing in the above definition is not necessarily the value of Tg(n, p) for p = 1.13

1.3.4.1 Specifying the Performance of BSP Algorithms

In this work we concentrate on optimal BSP algorithms; in fact, in the spirit of [75], for a multiplicity of

problems we adopt the notion of c-optimal BSP algorithms. In particular, we specify two ratios 7 and L.

13The work W would be more naturally compared to the fastest sequential algorithm (rather than just the fastest known),
but in general this quantity is difficult to determine, and therefore, impractical to use [102].
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The former, 7, is the ratio between the computation time Cg(n, p) of the p-processor BSP algorithm, over
the time To(n) of the comparing sequential algorithm, divided by p, that is # = (p-Cg(n,p))/To(n). The
latter, u, is the ratio between the communication time Mg (n, p) of the p-processor BSP algorithm, over the
time Tg(n) of the comparing sequential algorithm, divided by p, that is u = (p- Mo(n,p))/To(n). Then,
a BSP algorithm is c-optimal, for some constant ¢ > 1, if # = 1+ 0(1) and g = o(1) as the problem size
n — oo. We note that the c-optimality notion does not require the specification of a low level instruction
set in order to detail how the local operations of a BSP algorithm are charged, as compared to the local
operations of some reference sequential algorithm. In particular, since the local operation mechanisms
of the BSP model are similar to those of the RAM model [52] and 7, u represent ratios between these
two, it is possible to be specific at a high level instruction set — the particulars of such an instruction set
are specified with reference to a given algorithm and/or data structure and are diverged to later sections
(under the heading “Cost Model”). Obviously, insistence on c-optimality leads to algorithms that only
work in restricted ranges of the BSP parameters p, L and g.

Remark The notion of c-optimality is considerably stronger than the (overly simplified) standard optimality
notion discussed at the introduction of this section. The major advantage of c-optimality over standard
optimality is that the c-optimality notion takes under explicit consideration multiplicative constant factors,
and therefore, avoids the caveats of the “order of” notation that is inherent in the standard optimality

notion.

We have not yet factored the running time Tg(n,p) of the BSP algorithm into our notion of opti-
mality. An optimal parallel algorithm is work-time optimal or optimally fully scaleable if it can be shown
that To(n,p) cannot be improved — within multiplicative constant factors — by any other optimal BSP
algorithm. Hence, the running time of a work-time optimal algorithm represents the ultimate speed that
can be achieved without sacrificing in the total number of operations.

1.3.5 Speedup and Efficiency

In this work, the practical performance of algorithms is measured in terms of time measurements — unless
otherwise indicated. In particular, we specify the performance of BSP algorithms by comparing their
experimental run-time with that of (their corresponding) sequential algorithms. In order to achieve this,
we measure run-times on pairs of practical models — BSP and RAM [52] — under the same clock mechanism.

Let Q be a problem of size n for which there exists a p-processor BSP algorithm implementation that
requires time To(n,p). Additionally, let Tg(n) denote the time required by the fastest known sequential

algorithm implementation to solve Q.!* Then, the ratio

g = Toln)
To(n,p)
represents the speedup achieved by the BSP algorithm implementation. Obviously, S measures the speedup
factor obtained by the BSP algorithm when p processors are available, and therefore, ideally, since S < p,

the design and implementation processes should aim at algorithms that achieve S ~ p. Similarly, the ratio

__ Tg(n)
F= =7
pb- TQ('I’L,p)
1For the sake of simplicity and uniformity, it is not uncommon practice in the experimental part of this work to replace
To(n) by To(n,1) whenever Tg(n) is not known or difficult to realize.
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- A precise and readable specification for each of the algorithms and data structures.

= An efficient implementation for each of the algorithms and data structures.

We hope that this library will narrow the gap between algorithmic research, implementation and teaching.
The constituent parts of the library are analyzed in detail at the relevant sections. The discussion in
the following section lays the foundations for experimentally assessing the practical viability (in terms of

performance) of the algorithmic library.

1.4.1 Experimental Results

Throughout this work we employ a set of data set benchmarks to compare the different algorithms, data
structures and techniques, and to examine their performance on commercial parallel machines with respect
to a multiplicity of varying parameters (in sections under the heading “Implementation and Experimental
Results”).1?

As noted in [186], to decide on a suitable benchmark a combination of contradicting objectives has to

be considered and evaluated:

- Too many computational results might tire the reader.

Too few results might not exhibit enough insight.

Not all test instances are suitable for every problem.

Problems from different sources might not be comparable in a fair way.
To overcome these limitations, in the remainder of this work, we adopt the following framework.

- A set of data set benchmarks (of the same type) has been selected that can always be treated

by our methods.

- Considerable effort has been invested in conforming to previously published data set bench-
marks [20, 108, 109] by including them in our experimental study. The six predominant
benchmarks are defined as follows, where n denotes the problem size, p the number of available
processors and m = 23! the maximum number of non-negative integer values accommodated
in a 32-bit signed arithmetic data type. To simplify the exposition, we assume that p is an

integral power of two.

(1) Uniform (U) - a uniformly distributed random input in the range 0 to m — 1.1¢

(2) Gaussian (G) — a Gaussian distributed random input in the range 0 to rn — 1.17

(3) Bucket Sorted (B) — an input that is generated as follows: the input items are
obtained by setting the first [n/p?] items at each processor to uniformly distributed

random values in the range 0 to [m/p] — 1, the next [n/p?] items at each processor

151 all of our algorithms we employed the BSP model in both the design and implementation stages of the algorithm
development; that is, we based our design and implementation choices purely on the BSP cost model (e.g., the algorithms

take into explicit consideration the BSP parameters p, g and L).
16 Uniformly distributed random values are approximated by calling a pseudo random number generator: the C standard

library function lrand48, which returns an integer in the range 0,1,...,m—1].
17Gaussian distributed random values are approximated by adding four uniformly distributed random values and dividing

the sum by four.
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()

For a discussion of the practicality and suitability of this data set benchmarks refer to [108].

- Considerable effort has also been invested in dispensing of data set benchmarks that would

invariantly favor our implementations and no algorithm has been optimized with respect to

to uniformly distributed random values in the range [m/p] to [(2-m)/p] — 1, and
so forth.

k-Group (k-G) — an input that is generated as follows: the processors are initially
divided into p/k groups each consisting of k processors, where k is any integer
that partitions p evenly, and within the j-th group, 1 < j < p/k, the input items
are obtained by setting the first [n/(k - p)| items at each processor to uniformly
distributed random values in the range ((( —1)-k+p/2—1) mod p) + 1) - [m/p] to
(((J—1)-k+p/2) mod p)+1)-[m/p]|—1, the next [n/(k-p)] items at each processor to
uniformly distributed random values in the range (((j—1)-k+p/2) mod p)+1)-[m/p]
to (((7—1)-k+p/2+1)modp)+1)[m/p] -1, and so forth.

Staggered (S) — an input that is generated as follows: if processor index 0 < ¢ < p/2,
then the input items are obtained by setting the items at processor p; to uniformly
distributed random values in the range (2-4 — 1) - [m/p] to (2-1) - [m/p] — 1;
otherwise, the input items are obtained by setting the items at processor p; to
uniformly distributed random values in the range (2-i —p—2)-[m/p]to (2-i—p—
1) [m/p] - 1.

Deterministic Duplicates (DD) — an input of duplicates that is generated as follows:
if processor index 0 < 7 < p/2, then the input items are obtained by setting the
items at processor p; to [lgn]; if processor index p/2 < i < 3-(p/4), then the input
items are obtained by setting the items at processor p; to [lgn] — 1, and so forth;
if processor index ¢ = p — 1, then the input items are obtained by setting the first

[m/(2-p)]items at processor p; to [lg (m/p)], the next [m/(4-p)] to [lg (m/p)] -1,
and so forth.

these benchmarks.

14

Concerning the CPU times that are either explicitly given or presented in a graphical exhibit, the following

remarks apply.

- All CPU times are given in seconds on two machines:

(1)

(2)

- All software (unless otherwise indicated) has been written in C — by the author — and has been
linked with the Oxford BSP toolset, BSPIib version 0.81ca. The source code has been compiled

A Silicon Graphics (SGI) Power Challenge shared memory system, consisting of
four 75 MHz TFP 64-bit RISC processors, for a total peak capacity of 1.2 Gflops with
512 Mbytes main memory.

A Cray T3D distributed memory system, consisting of 512 150 MHz DECchip 21064

Alpha processors, for a total peak capacity of 76.8 Gflops with 64 Mbytes main mem-

ory (per processor).'®

18 or our experimental results we were provided with 32 processors in on-line mode and 128 processors in off-line mode.
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using cc with option -03 under the operating systems IRIX 6.0.1 and UNI COS 8.0.4 on the
SGI Power Challenge and Cray T3D systems respectively.

- The BSPIib function bsp_time has been used for measuring running times.

For each test problem instance, a series of experiments has been performed, and the running times
indicated reflect the worst-case performance of these experiments.



Chapter 2

Fundamental Algorithms

2.1 Primitive Operations

The design of a complex algorithm relies on a set of primitive operations and the instruments required
to compile these operations into an algorithm. In this section, we examine some of these basic primi-
tive operations and present algorithms that are suitable for the BSP model. In particular, we consider

algorithms for the following primitive operations.

1) n-word broadcasting.

2) n-item parallel-prefix.

(1)
(2)
(3) n-item segmented parallel-prefix.
(4)

4) Load-balancing.

The material of this section is based on the following papers:

(1) “Portable and scaleable algorithm design on the IBM SP2: The bulk-synchronous parallel
paradigm.” In Proceedings of the Sup-Eur’96 Conference, Krakow, Poland, September 1996

[11].
(2) “Primitive operations on the BSP model.” Technical Report PRG-TR-23-96, Computing
Laboratory, Oxford University, October 1996 [82].

2.1.1 Broadcasting and Parallel-Prefix

In this section we design and analyze BSP algorithms for two fundamental operations, namely broadcasting
and parallel-prefiz (along with segmented parallel-prefix). These primitive operations are auxiliary routines

for the more complicated algorithms described in later sections.

2.1.1.1 A Broadcasting Algorithm

The broadcast operation is a fundamental primitive in many parallel applications. In this section we derive
an efficient BSP algorithm for a generalization of the single-item broadcast operation. In particular, if X;
is a vector of size n, such that X; resides on processor p;—; and X; = (z1,...2,), 1 <1 < p, then the
broadcast operation is defined to give the sequence (X1, X2,... ,X,), where X; = X;, forall 1 < j < p.

16
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Proposition 2.1.1 There ezists a p-processor BSP algorithm for broadcasting an n-word vector, that for

any integer t such that 2 < t < p, requires time at most!
n =(L. 2. w—1).|™ . (2-h— e2oh-1).t-[2 .
M) = (249 (2200 [2])) w2+ (-2 A= 4o (Con=1)--[2])) -fn <l

for communication, where h = [log, (t — 1) -p+ 1)] — 1. The overall time complezity of the algorithm is
denoted by Ty . .(p) = M} .(p).

c bcast

Proof Consider an n-word vector X = (z1,...,z,). Without loss of generality we assume that X
resides in the local memory of processor pg. The procedure to manage the broadcast operation follows.
We distinguish two cases.

Case 1 Ifn > p, then processor pg sends [n/p]-word vector (T(j—1)[n/pl+1s- -~ »Tj[n/p]) tO Processor p;_1,
for all 1 < j < p. Subsequently, each processor p;_;, sends the vector it received in the previous
step to all other processors. This process requires L-2+g-(2-(p—1) - [n/p]) communication time.

Case 2 If n < p, then processor py employs a pipelined t-ary tree, consisting of p nodes, for some
appropriate t. The depth of the tree is h = [log, ((t — 1) -p+1)] — 1. In phase [, processor p;_1,
for all 1 < j < #7' + 1, sends ¢ copies of the (I — [(j — 1)/¢])-th component of size [n/h] of
X, that is vector (T(—[j-1)/¢])-[n/h]+1> - - - y Z(1—[(j~1)/t]+1)-[n/h])> LO PTOCESSOIS D(j_1).t41,- - - »Dj-t-
This process completes within A+ [n/[n/h]] — 1 phases and each such phase requires L + g - [n/h]

communication time.

The proposition follows. O

The following result involves a rather more complicated algorithm and improves upon the previous result
for the case 1 < n < p. A similar result has been obtained independently and subsequently to this work
in [122].

Proposition 2.1.2 There exists a p-processor BSP algorithm for broadcasting an n-word vector, that for

any integer t such that 2 <t < p, requires time at most

M) = (L-249- (2:0-0-[2])) >0+ onig @on) <l

for communication, where h = [log, ((t — 1) - [p/n] + 1)]—1. The overall time complezity of the algorithm
is denoted by T ,.,(p) = Mp....(D).

Proof Consider an n-word vector X = (z1,...,z,). We number processors in a mesh-like fashion,
so that we can refer to processor at row 7 and column j, as p; ;, 1 < i < R, and 1 < j < R,, where
R, = [p/n] and R, = [p/R,]. Without loss of generality we assume that X resides in the local memory

of processor p;,;. The procedure to manage the broadcast operation follows.

Procedure BROADCAST
begin

1n general, if S is any statement that can be true or false, the bracketed notation [S] evaluates to 1 if S is true, and 0

otherwise.
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[Stage 1] Processor p;,; communicates [n/R.]-word vector (T(;—1)[n/R.]+1,--- »Tj[n/R.]) tO proces-
sor p1;, forall 1 < 7 < R,.

[Analysis of Stage 1] This stage requires at most L + g - ((R. — 1) - [n/R.]) communication time.

[Stage 2] Each processor p; j, for all for all 1 < j < R,, communicates the [n/R.]-word vector it
received in the previous stage to processor p; j, for all 1 <i < R,.

[Analysis of Stage 2] This stage is realized by utilizing a t-ary tree, rooted at p; ; and consisting of
R, nodes, for some appropriate ¢. In the first phase, processor p; ;, for all 1 < j < R, sends t copies

of the [n/R.]-word vector it received in stage 1 to processors ps j, ... ,Pr+1,5- Subsequently, at phase
I > 1 processors p; ;, for all (#71—1)/(t—1)+1 <14 < (—1)/(t—1), sends t copies of the [n/R.]-word
vector it received in the previous phase to processors p(;_1)e42,j,- - - »Pit+1,j- Lhis process completes

within A = [log, ((¢t — 1) - R, + 1)] — 1 phases, and therefore, takes at most L-h+g¢g-(h-t-[n/R.])
communication time.

[Stage 3] Each processor p; ;, for all 1 <i < R, and 1 < j < R, sends the [n/R.]-word vector it
received in stage 2 to processors p; , for all 1 <k < R,.

[Analysis of Stage 3] This stage requires at most L + g- ((R. — 1) - [n/R.]) communication time.

end

Analysis The correctness of the algorithm follows from its description and is omitted. To derive the time
complexity of procedure BROADCAST we distinguish three cases.

Case 1 If n > p, then R, = 1 and R, = p, and stage 2 is redundant. Thus, the time complexity of
algorithm BROADCAST for this case is bounded above by L-2+g-(2-(p—1) - [n/p]).

Case 2 If n =1, then R, = p and R, = 1, and stages 1 and 3 are redundant. Thus, the time complexity
of algorithm BROADCAST for this case is bounded above by L -h+g-(2-h-t).

Case 3 If 1 <n < p, then R, = [p/n] and R, = [p/R.], and therefore, the time complexity of algorithm
BROADCAST for this case is bounded above by the combined time complexities of cases 1 and 2.

The proposition follows. O

2.1.1.2 Implementation and Experimental Results

In this section we discuss a BSPIib implementation — in C — of a generalized variant of the broadcasting

algorithm (BROADCAST) of the previous section.

Implementation The prototype adopted for the BSPIib broadcasting procedure is outlined in figure 2.1.

The aim of function (procedure) BSP_broadcast is to provide a data-type independent high-performance

BSPIlib broadcasting algorithm implementation.
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void BSP_broadcast (byte *src, byte *xtrg, int n, int sb)

src  — input array.
trg - output array.
n — input size.
sb — item size.

Figure 2.1: Procedure for BSP broadcasting.

2.1.1.3 A Parallel-Prefix Algorithm

The parallel-prefiz operation [140, 145] is a powerful primitive operation with many parallel applications
[38]. In this section we derive an efficient BSP algorithm for a generalization of the prefix operation — n
distinct prefixes each consisting of p items. In particular, if (X7, X»,...,X,) is a sequence of p vectors
each of size n, such that X; resides on processor p;—1 and X; = (z14,...7,,), 1 <i < p, then the prefix
operation on sequence (X;,X5,...,X,), over an associative operator ®, is defined to give the sequence
(X1, X1 ®Xs,..., X1 ®X2®...® X,), where X; @ X1 = (1, ® 1,441, -+ »Tni @ Tpiq1), 1 <4 < p.

Proposition 2.1.3 There exists a p-processor BSP algorithm for realizing n disjoint parallel-prefiz oper-
ations, each of size p, over an associative operator ®, that for any integer t such that 2 < t < p, requires

time at most
G 0®) = (e -1 [2]) 2 p+ (4 h-2 ca-t-[7]) 1n <l

and

My (p, @) = (L-2+g-0(2-(p—1)-[§])) I 2pl+ (L4 h=2)+9-0(@-h=2-t-[7])) [n<p)

for computation and communication respectively, where h = [log, p] and cg is the time required to evaluate
®. The overall time complexity of the algorithm is denoted by T .(p,®) = Cp, +(p,®) + M -(p, ®).

Proof The desired result follows by way of arguments similar to that of proposition 2.1.2; the difference
being that the ¢-ary tree utilized in the analysis of case 2 consists of p leaf nodes and is of depth h = [log, p].
d

The following result involves a rather more complicated algorithm and improves upon the previous result
for the case 1 < n < p. A similar result has been obtained independently and subsequently to this work
in [122].

Proposition 2.1.4 There exists a p-processor BSP algorithm for realizing n disjoint parallel-prefiz oper-

ations, each of size p, over an associative operator ®, that for any integer t such that 2 <t < p, requires

time at most

Cra @) = (2200 = 1)+ | 2] ) 10> 14 (e he (e = 1) < 5],

and
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Mg ¢ (p, ®) = (L'2+9'O((p~1)- {%-l))-[n>1]+(L-(2'h)+g-0(h,-t))-[n<p],

for computation and communication respectively, where h = [log, [p/n]] and cg is the time required
to evaluate ®. The overall time complezity of the algorithm is denoted by (P, ®) = Ch (P, ®) +

Proof Consider an n-word vector X; ; = (%1,i,5,--- ,Zn,i,;). We number processors in a mesh-like fashion,
so that we can refer to processor at row 7 and column j, as p;;, 1 <i < R, and 1 < j < R,, where
R, = [p/n] and R, = [p/R,]. Without loss of generality we assume that vector X;; resides in the
local memory of processor p; ;. Our goal is to compute the parallel-prefix of the X; ;’s in row-major
direction — i.e., the parallel prefix of (Y1,...,Y}), where Y;_1)g,+; = X; ;. The procedure to manage the
parallel-prefix operation follows.

Procedure PREFIX

begin

[Stage 1] Each processor p; ; communicates vector (T(k=1)[n/R.1+1,i
pik, foralll1 <k < R,..

>+ »Tk[n/R.],5,;) tO Processors

[Analysis of Stage 1] This stage requires L + g - O((R. — 1) - [n/R.]) communication time. Note
that each processor receives R, disjoint [n/R.]-word vectors, and consequently, processor p; ;, for all

1 < i < R,, receives the vectors corresponding to [n/R.] disjoint parallel-prefix operations.

[Stage 2] Each processor p; j, forall 1 <¢ < R, and 1 < j < R,, computes locally the [n/R.]| disjoint

prefixes of size R, it received in stage 1.
[Analysis of Stage 2] This stage takes time at most cg - (R, — 1) - [n/R.].

[Stage 3] For each 1 < j < R,, processor p; ;, for all 1 < i < R,, realizes [n/R.] disjoint parallel-

prefix operations on the results of stage 2.

[Analysis of Stage 3] This stage is realized by processors p; ;, for all 1 < ¢ < R,, by utilizing a
t-ary tree, rooted at p; ; and consisting of R, leaf nodes, for some appropriate ¢, and proceeding in
two phases, first moving from the leaves to the root, and then back to the leaves, performing ¢t — 1
computations at each node [140]. The depth of the t-ary tree is h = [log, R, |, and therefore, this
stage requires time 2-cg -h-(t —1)-[n/R.land L-(2-h)+g-O(2-h-t-[n/R.]), for computation

and communication respectively.

[Stage 4] Each processor p;;, for all 1 <7 < R, and 1 < j < R,, uses the results of stage 3 to
complete the computation of the [n/R.] disjoint prefixes of size R, it received in stage 1.

[Analysis of Stage 4] This stage is complementary to stage 2, and thus, takes time cg - (R, — 1) -
[n/ R.].

[Stage 5] Each processor p;,j, foralll1 <i < R, and 1 < j < R., communicates the results of the

parallel-prefix operation to their target (original) position.
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[Analysis of Stage 5] This stage is analogous to stage 1, and thus, takes L+ g-O((R. —1)-[n/R.])
communication time.

end

Analysis The correctness of the algorithm follows from its description. The time complexity analysis of

procedure PREFIX is along the lines of procedure BROADCAST (refer to proposition 2.1.1.1) and is omitted.

The proposition follows. O

Remark If cg = O(1), then we write T . (p) for T} ((p,®). We also write Tpys (p, ®) for T,

same notational convention applies to all pipelined operations.

(p7 ®) The

2.1.1.4 A Segmented Parallel-Prefix Algorithm

The segmented parallel-prefiz operation [145] consists of a sequence of prefix computations over the same
associative operator ® on k disjoint sets of total size p. As shown in [145], to solve the segmented prefix
problem — along the lines of the standard prefix problem — the k disjoint input sets are first concatenated
into a single set, inserting a barrier at the start of each set of data. Next, an associative operator ®
is defined that respects the barriers, but otherwise performs identically to the original operator ®. This
augmented parallel-prefix operation is then realized as the standard parallel-prefix operation. We therefore
obtain that the time required to realize n disjoint segmented parallel-prefix operations, each on k disjoint

sets of total size p, over an augmented associative operator ® is at most

T;‘;g_ppf (p’ ®) = T;})f (p, ®)'

2.1.1.5 Implementation and Experimental Results
In this section we discuss a BSPIib implementation — in C — of a generalized variant of the parallel-prefix

algorithm (PREFIX) of the previous section.

Implementation The prototype adopted for the BSPIlib parallel-prefix procedure is outlined in fig-
ure 2.2.

void BSP_prefix (byte *src, byte **trg, int n, int sb, void (xoperator)(})) ;

src — wnput array.
trg — output array.

n — input size.

sb — item size.
operator — binary operator.

Figure 2.2: Procedure for BSP parallel-prefix.

The aim of function (procedure) BSP_prefix is to provide a data-type independent high-performance
BSPIlib parallel-prefix algorithm implementation.
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2.1.2 Load-Balancing

In this section we design and analyze a BSP algorithm for a fundamental data-redistribution operation,

namely load-balancing. This primitive operation is an auxiliary routine for the more complicated algo-
rithms described in later sections.

2.1.2.1 A Load-Balancing Algorithm

Let multi-set X = {z1,...,z,} be arbitrarily distributed amongst p processors such that no processor
possesses more than m < n items of X. We say that the mazimum load of multi-set X is m. In this section
we consider the problem of redistributing (load-balancing) the items of X amongst the p processors, so

that after the redistribution operation no processor possesses more than [n/p] items of X.

Proposition 2.1.5 There ezists a p-processor BSP algorithm for load-balancing a multi-set of size n and
of mazimum load m, that for all integers n and p such that n > p, requires time at most

Clbal(nam’p) =0(— )+ Cppf(p)
n

and

Mipar(n,m,p) = L+ g- O(m) + My, (p),

for computation and communication respectively. The overall time complexity of the algorithm is denoted

by Tipar(n, m,p) = Cpar(n, m,p) + Mpa(n,m,p).

Proof Consider a multi-set of size n initially distributed amongst p processors such that no processor
possesses more than m < n items. Let n;, 0 < i < p, denote the number of items residing in processor
p;. Initially, a parallel-prefix sum operation is realized on the n;’s. This step takes time T},¢(p). Each
processor p;, using the information of the previous step, routes the items in its possession to their final
destination (no more than [n/p]| per processor). This step can be easily shown to require time O((m-p)/n)

and L + g - m, for computation and communication respectively. The proposition follows. O

2.1.2.2 Implementation and Experimental Results

In this section we discuss a BSPIlib implementation — in C — of a generalized variant of the load-balancing

algorithm of the previous section.

Implementation The prototype adopted for the BSPIib load-balancing procedure is outlined in fig-
ure 2.3.
The aim of function (procedure) BSP_load balance is to provide a data-type independent (generic) high-

performance BSPIlib load-balancing algorithm implementation.
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void BSP.load balance (byte *src, int *#xtrg, int n, int *m, int sb)

1]

src - input array.
trg - output array.
n — input size.

m — outpul size.
sb — item size.

Figure 2.3: Procedure for BSP load-balancing.

2.2 List-Contraction

In this section we design, analyze and implement a BSP algorithm for a fundamental list operation,
namely list-contraction.> Parallel list-contraction [212] is a frequently recurring operation in computer
science and is fundamental for many parallel applications, such as computing the prefix-sum for some
associative operator over a linked list, determining the pre-order ordering of nodes on trees and evaluating
expressions on trees [119, 146, 182]. The material of this section is based on the following paper:

(1) “Parallel priority queues and list contraction: The BSP approach.” In Proceedings of Euro-
Par’97 Parallel Processing, Lecture Notes in Computer Science, Springer-Verlag, August 1997
[88].

2.2.1 Preliminaries and Notation

Let X = (7, - 2o = ... &> z, — L) be a linked list. We consider, in this section, the problem
of list-contracting list X; that is, making all its items point to L by means of pointer-jumping [212].
By pointer-jumping we imply the modification of the successor pointer = z;;; of some list item z; to
— ;2.2 We note that the solution we propose in the remainder of this section to the list-contraction

problem trivially gives a solution to the well-known list-ranking problem [212].

2.2.2 Cost Model

The performance of the BSP list-contraction algorithm of this section is specified as follows. Constant
O(1) time is charged for each (i) basic computational operation, and each (ii) operation over an associative
operator in parallel-prefix computations. Furthermore, constant time O(1) is charged for each pointer-
jumping operation in the modification process of the successor pointer.

Simple optimal ©(n) time sequential list-contraction algorithms are straightforward to design and
implement. In the following sections, we design, analyze and implement a simple optimal BSP list-

contraction algorithm — optimality is realized for an ample range of the BSP parameters.

2.2.3 Related Work and New Results

There has been a significant amount of previous work — mainly on the PRAM model — on parallel list-
contraction (e.g., [13, 46, 48, 135, 160, 212] on the PRAM model). The exhibit in table 2.1 summarizes the

2The list-contraction and list-ranking operations are rather similar, and therefore, list-contraction algorithms can (in

general) be trivially modified to list-ranking algorithms.
3In the discussion of this section we assume that z; = x; if i < n, and z; = L otherwise.
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[Analysis of Stage 1] Let k;) denote the maximum number of active items per processor, over all
processors, in the j-th iteration of the algorithm. The sub-optimal list-contraction process is realized
by way of a straightforward BSP adaptation of the list-contraction algorithm of [212]. Then, it is
trivial to verify that this stage requires overall time O(k(rigign/1g ((8/7)/(14¢)))) ~1&n and L - [lgn] +

g-O(k(ngig n/1g ((8/7)/(1+¢))]) * 1871), for computation and communication respectively.

[Stage 2] Each processor assigns uniformly at random a sex, either male or female, to each active
item in its possession.

[Analysis of Stage 2] This stage requires (per iteration) time O(k¢jy)-

[Stage 3] Each processor deactivates the items in its possession whose sex is male and their successor’s
sex is female — no two adjacent items can be deactivated in this stage.

[Analysis of Stage 3] This stage requires (per iteration) time O(k(;)) and L + g - O(k;)), for
computation and communication respectively.

[Stage 4] The active items are “locally” load-balanced amongst the processors — the term “locally”
is justified in the forthcoming analysis.

[Analysis of Stage 4] The load-balancing computation in j-th iteration is scheduled as follows. The
processors are partitioned into [((8/7)/(1+¢))'°6P~7] groups, each consisting of q(;y < ((8/7)/(1+¢))’
consecutively numbered processors. The active items within each group — and thus the term “locally”

- are load-balanced. This stage requires (per iteration) time at most Tipai(k(;) - 9G)> k) > 9G))-

end

Analysis The correctness of the algorithm follows from its description. We proceed by establishing an
upper bound on the computation and communication requirements of procedure LIST_CONTRACT. We
start by showing the following bound on the total number of active items n(;) in the j-th iterative call of

the algorithm.

Claim 2.2.1 Let m be the depth of the iteration of procedure LIST_CONTRACT. Then, for any 0 < € <
1/7,

Pring < (1+e) 20| > 1 e~ W60 for all 1 < j < m.

@&/71~

Proof Let X(;) denote the set of active items at (the beginning of) the j-th iteration of procedure
L1sT.CONTRACT. Obviously, | X(;)| = n(;). Let = be an item in X;. Then z is deactivated in the j + 1-th
iteration if its sex is male and the sex of its successor is female. Hence, the probability that z € X
is deactivated is equal to 1/4. The items, however, are not stochastically independent of each other.
For example, if an item is deactivated, then, with certainty, its successor is not deactivated in the same
iteration. Consider set X; C X, consisting of every other item of X;. Then, the distance between any two
items of X; is at least 2, and therefore, given two items in X, the event that any of these two items is
deactivated is independent of the event that another item is deactivated. We conclude that the probability
that z € X, is deactivated is at least 1/8 (independently of the other items). Then, the desired probability
bound follows by way of the inequality in theorem A.1.3. O
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Similarly, we obtain the following bound on the maximum number of active items k(;) per processor in
the j-th iterative call of the algorithm.

Claim 2.2.2 Let m be the depth of the iteration of procedure LIST_CONTRACT and consider integers n
and p such that p = O(n/lgn). Then, for any constant p > 0,

Pr [k = O([ng;/p])] =1-0(n7?), foralll1<j<m.

Proof The proof follows a line of arguments similar to that of claim 2.2.1, and derives by way of the

load-balancing operation of stage 3 of procedure LiST_CONTRACT and the inequality in theorem A.1.2.
d

By combining claims 2.2.1 and 2.2.2 and summing up the computation and communication requirements
of procedure LIST_CONTRACT, for £ = n!/2~¢ (for arbitrarily small constant 0 < { < 1/2), we obtain the
desired time and probability bounds.

Remark For the special case that p = O(n/lg?n), it is straightforward to verify that the time and
probability bounds follow even at the absence of the load-balancing operation of stage 3 of procedure
L1sT_CONTRACT.

The proposition follows. O

Proof (of theorem 2.2.1) The theorem follows easily from proposition 2.2.1 by substituting for Ty, and
T,ps the corresponding expressions in propositions 2.1.5 and 2.1.4, and letting ¢ = 2 in these expressions.
O

2.2.4.1 Implementation and Experimental Results
In this section we discuss a BSPIib implementation — in C — of a generalized variant of the list-contraction

algorithm (L1sST_-CONTRACT) of the previous section.

Implementation The prototype adopted for the BSPIlib list-contraction procedure is outlined in fig-
ure 2.4.

void BSP_list_contract (byte *src, int #*trg, int n, int sb, void (*next)()) ;

src — input list.

trg — table of ranks.

n — input size.

sb — item size.

next — generic pointer-jumping function.

Figure 2.4: Procedure for BSP list-contraction.

The aim of function (procedure) BSP_list_contract is to provide a data-type independent BSPIib list-

contraction algorithm implementation.®

5The terms generic and data-type independent imply that procedure BSP_list_contract can be employed to handle any
data type. To this end, a next function next is used to facilitate the pointer jumping process on two elements e; and e3. In
particular, the next function returns to e; the successor of ez.
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- 40%-50% of the available processor resources on the Cray T3D machine (for small problem

sizes), and

- 60%—~75% of the available processor resources on the Cray T3D machine (for large problem
sizes).

These results should be interpreted with caution on a twofold basis: (i) the one processor execution
time and efficiency correspond to the one processor parallel version of the algorithm (we note that a
highly optimized sequential list-contraction algorithm is expected to perform 10-100 times faster than
the one processor parallel version of the algorithm; this slowdown is mainly attributed to the overheads
introduced by communication and synchronization, along with the high multiplicative constant factors
introduced by the parallelization of the list-contraction algorithm), and (ii) the list-contraction problem
is communication bound, and therefore, efficiency close to one is not possible without the introduction of
artificial conditions and premises.

2.3 Merging

In this section we design, analyze and implement BSP algorithms for a fundamental combinatorial oper-
ation, namely merging. Parallel merging [133] is a fundamental operation on ordered sequences and of
great importance for many parallel applications, such as implementing database primitives, sorting and
computational geometry algorithms [54, 133, 198]. The material of this section is based on the following
paper:

(1) “Primitive operations on the BSP model.” Technical Report PRG-TR-23-96, Computing
Laboratory, Oxford University, October 1996 [82].

2.3.1 Preliminaries and Notation

Let X = (z1,Z2,... ,%m) and Y = (y1,¥2,... ,Yx) be two non-decreasing sequences whose items belong
to a universe U equipped with a total order < that can be evaluated in constant time by one processor
for any given pair of arguments. Without loss of generality, we assume that all the items appearing in
sequences X and Y are distinct — if the items are not distinct we can make them so by appending to them
their index. We consider, in this section, the problem of merging sequences X and Y into a non-decreasing
sequence — say, (21,22, - - - , Zm+k) = non-decreasing(X UY).

The following notation and definitions are assumed in the remainder of this section. Let X and Y be
non-decreasing sequences, and let z; be an item in X, 1 <1 <m. The position of item z; in sequence X,
denoted by pos(z; : X), is i. The rank of item z; in sequence Y, denoted by rank(z; : '), is the number
of items of ¥ that are less than or equal to z;. Ranking X in Y, amounts to computing the integer array
rank(X :Y) = (r1,72,- - ,7n), where r; = rank(z; : V), 1 <i <m.

Let ¢ be a positive integer. Sequence X is a c-sample of sequence X, denoted by smp,(X), if X consists

of every c-th item of X.

2.3.2 Cost Model

The performance of the BSP merging algorithms of this section is specified as follows. Constant O(1) time

is charged for each (i) basic computational operation, and each (ii) operation over an associative operator
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in parallel-prefix computations. Furthermore, for some constant ¢,,g, time ¢,y -7 is charged for merging
two non-decreasing sequences of combined size n — within the context of this section we denote Cpyry by
Cx-

Optimal ©(n) time sequential merging algorithms are well-known [54, 133]. In the following sections,
we design, analyze and implement simple sub-optimal and rather more complicated optimal BSP merging
algorithms — optimality is realized for an ample range of the BSP parameters.

2.3.3 Related Work and New Results

There has been a notable amount of previous work — mainly on the PRAM model — on parallel merging
(e.g., [8, 60, 72, 105] on the PRAM model, [22] on the comparison network model). The exhibit in
table 2.2 summarizes the aforementioned results with respect to the following statistics: computation
time, communication time, multiplicative constant factors, implementation effort and amount of parallel

slackness (in terms of maximum number of processors) required to achieve optimality.

Refs Computation | Communication | Constants | Implem. | Procs

22] oz 1g p) o2 1g p) n " O(n)

5 o(3 oz . = 0(g)
[72] O(% oz » - 0 l—g“—n>
[105] Oz o2 - w 0 glgin)
[60] o[z O(% e " 0, Eﬁ_n)
Sec 2.3.5 | ¢ 2+ o0 (%) 0 (g) . 0 (min)

Table 2.2: Performance comparison of parallel merging algorithms.

With reference to table 2.2 we note that both the algorithm of [105] and the algorithm of section 2.3.5
derive (independently) from the work of [195], and therefore, utilize similar concepts and ideas.
The optimal BSP merging algorithm of section 2.3.5 improves upon previous approaches on the fol-

lowing particulars:

(1) the asymptotic computation time requirements of [22],

(2) the asymptotic communication time requirements of [22],

(3) the multiplicative constant factor requirements of [8, 22, 60, 72, 105], and

(4) the parallel slackness requirements (to achieve optimality) of [8, 22, 60, 72].
The principal contribution, however, of the merging algorithm of section 2.3.5 is attributed to the small
constant multiplicative factors (refer to case 3), and the low amount of parallel slackness required to

achieve optimality (refer to case 4). Additionally, our techniques provide one-optimality in computation

for an ample range of the BSP parameters.

9.3.4 A Sub-Optimal Merging Algorithm

In this section we present a BSP adaptation of Batcher’s bitonic-sort algorithm [22]. Let V = (v1,... ,v,)

be a sequence of items drawn from a linearly ordered set. The sequence V is bitonic if, for some positive
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integer i < n, we have v; > ... 20 < vig1 < ... < v, In [22] it is shown that there exists a sorting
network of depth [lgn] and consisting of n - [lgn]/2 comparators that correctly sorts V. The following

result generalizes the construction of [22] by providing an efficient BSP implementation of Batcher’s
bitonic-sort algorithm.

Proposition 2.3.1 There ezists a p-processor BSP algorithm for merging two non-decreasing sequences

of sizes m and k that for all integers n, p and t, such that n = m + k, p = O(n) and 2 < t < p, requires
time at most

Chin(n,p) = [log,p +1] - (c* .olgt] P-D
p
and

My (n,p) =L-[log,p+1] +g-0O (flogtp+ 17 2Mst1-1 [%-D ’

for computation and communication respectively. The overall time complezity of the algorithm is denoted
by Totn(n, p) = Chin(n,p) + Mpin(n,p).

Proof Let X and Y be respectively the two input sequences. We assume that X and Y are evenly and
orderly distributed among the p processors — item z; € X, for all 1 < i < m, resides in the local memory
of processor p|;/4| at position ¢ mod ¢, and item y; € Y, for all 1 < j < k, resides in the local memory
of processor p|(m4k—j+1)/q) at position (m + k — j + 1) mod g, where ¢ = [(m + k)/p]. This distribution
of items to processors results in an ordered sequence for each processor except (possibly) for processor
Plm/q) that results in a bitonic sequence.

Let W = ((w1,1,--- ,W14)y--- ,(Wily--- s Wit)y - ,{Wp1,...,wWpy)) be a sequence of items such that
w;q < ... <w;y, for all 1 <4 < p, and sequence W = (wy 4, ... ,wp,) is bitonic. We next outline how to
modify Batcher’s bitonic-sort algorithm to obtain a p-processor BSP algorithm for sorting W. Each input
to the bitonic-sort network is replaced by a non-decreasing sequence w;; < ... < w;jofsizel, 1 <i <p.
Additionally, each comparator is replaced by a sequential merging algorithm that receives as input two
non-decreasing sequences each of size [, merges them, and outputs separately the lower and upper halves
of the merged sequences. As shown in [23, 133] the concatenation of the merged sequences at the output,
of the bitonic-sort network yields the desired sorted sequence. The performance of the aforementioned
algorithm can be improved [122] by combining [lgt] consecutive levels of comparators of the bitonic-sort
network into a single level, for some integer 2 < ¢ < p. The so constructed network has a total of at most
Mg p]/ligt]] levels.

To simulate this sorting network on a BSP machine, comparators at each level of the network are
replaced by a pairs of processors. Each processor, therefore, communicates a total of at most oflgt]—=1 ]
messages per level. Since the total number of levels is at most [log;p + 1] we obtain that the time
complexity of the BSP algorithm is bounded above by [log,p+ 1] - (c. - 2M1gtl . 1) and L - [log, p + 1] +
g - O([log, p + 1] - 2M8t1-1 . [} for computation and communication respectively. By substituting in the
above analysis | = [n/p] we obtain the desired result. O
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1

N ) + Cuun  Fon]19) + 2 Cpps )

D wn

and
n
Minrg(n,p) = L-0(1) + g+ O (;) + Misn (P [wn],0) + 2 - Mpps (p) + MO/ P (p),

for computation and communication respectively. The overall time complexity of the algorithm is denoted
by Tmrg(n:p) - Cmrg (”,P) + Mm'rg (n7p)'

Proof Let X and Y be respectively the two input sequences. We assume that X and Y are evenly and
orderly distributed among the p processors - item z; € X, for all 1 < ¢ < m, resides in the local memory
of processor p|;/q| at position i mod g, and item y; € Y, for all 1 < j < k, resides in the local memory of
ProCessor p|(m+j)/q a position (m + j) mod ¢, where ¢ = [(m + k)/p]. We also assume that the items
are distinct since we can always make them so by, for example, appending to them the code for their
memory location. This assumption can be removed without affecting the asymptotic performance of our

algorithm.

Procedure MERGE
begin

[Stage 1] Sub-sequences X and Y are constructed such that X is a [n/(p - wp)]-sample of X and,
similarly, Y is a [n/(p - w,)]-sample of Y. For each item in X and Y information about whether it

belongs to sequence X or Y along with its rank in that sequence is also maintained.

[Analysis of Stage 1] Each processor selects at most [w, ] items from its local memory, and therefore,
this stage takes time O(wy,).

[Stage 2] Sub-sequences X and Y are merged into sub-sequence Z. For each item in Z information

about whether it belongs to sequence X or Y along with its rank in that sequence is maintained.

[Analysis of Stage 2] The merging operation is realized by employing the BSP bitonic-sort algorithm
implied in proposition 2.3.1, for a total time of Ty, (| X U Y|, p), where | X U Y|isatmostp - [wn].

[Stage 3] Sub-sequence Z = (31,... ,%7/) is constructed such that Z is a [wy]-sample of Z — {22}

[Analysis of Stage 3] Since |Z| < p- [wy,] we have that |Z| < p, and therefore, each processor selects

at most one item from its local memory. This stage requires time O(1).

[Stage 4] Let X = XNZand Y = Y NZ. Integer arrays Ry y = rank(X : X), Ry, = rank(X : V),
Ry = rank(Y : X) and Ry = rank(Y : Y) are constructed. As a consequence, integer arrays
R, = rank(Z : X) and Ry, = rank(Z : Y) are obtained.

[Analysis of Stage 4] Integer arrays R, 5 and Ry, can be constructed in O(1) time since X ¢ X ¢
X and Y C Y C Y. The construction of integer arrays Ry, and Ry, is rather more complicated.
In the remainder of the analysis of this stage we outline how to generate R . v Integer array Ry,  is
obtained analogously. To simplify the exposition, we assume that sequences X and Y are padded with
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items —oo and +oo. This assumption can be removed without affecting the asymptotic performance
of our algorithm.

Let & be an item in X, and let 7;(¢) and §,(2) be the two consecutive items in Y, such that 7;(#) <
T < §r(2). In order to determine rank(£ : Y) it suffices to perform a binary search in sub-sequence
(Yrank(g1(3):Y)s - - - » Yrank(go(2):v))- Recall that X € X C X, and similarly, Y C Y C Y

A naive implementation of this step would require a CREW-BSP model to achieve optimality. Con-
currency is eliminated by providing each processor with a private copy of the required sequence (on
which it subsequently performs the search). To this end, for each item 3 € Y the two consecutive
items ;(§) and Z,(§) in X are computed, such that #;(7) < § < (7). The computation of these
two items, for each item ¢ in Y, is realized by two distinct parallel-prefix operations on sub-sequence
Z. The first parallel-prefix operation is from left to right of sequence Z and computes for each item ¥
in Y item #;(7). Analogously, the second parallel-prefix operation is from right to left of sequence Z
and computes for each item 7 in Y item #,(). Thus, this step requires time O(w,) + 2 - Cpps (p) and
2 - M,p¢(p), for computation and communication respectively.

For each pair (;,7;), ¢ < j, of consecutive items in Y, sub-sequence (Yrank(z::v)- - - , Yrank(g;:Y)) 18
broadcast to the consecutive block of processors maintaining items %,(g;) through Z;(y;). By way
of stages 1-3, no processor broadcasts more than [n/p] items, and no processor receives more than
[n/(p- [wn])] items. Therefore, since different broadcast operations can be realized on disjoint sets

of processors, this step takes time T,gf;;t/ P) (p).

Processors generate integer array Ry, by performing a binary search on the sub-sequence of size at
most [n/(p- wy,)] they received in the previous step. This step takes time O(lg (n/(p-wy))). Integer
array Ry, is computed similarly. We note that integer arrays Ry, and Ry y can be generated
simultaneously. Therefore, this stage requires overall time O(w,, +1g (n/(p - wn))) + 2 - Cpps(p) and

2- Myps(p) + M bocflzt/ P) (p), for computation and communication respectively.

[Stage 5] Each processor p;, for all 0 <i < |Z |, fetches into its local memory sub-sequences

<331, R ’zrank(ﬁi.H:X)) if7 = O,
Xi = (zrank(ii:X)+l> I )wrank(2i+1:X)> if 1 S 1< |Z|,
<xrank(2i:X)+17"' ,-'L'm> if 1 = |Zl7
and
<y1a s ’yrank(25+1:Y)> if ¢t = O,
Y, = <yrank(2,-:Y)+1a <. ayrank(2i+1;}/)> if 1 <1< ‘Zl,
<yrank(2i:Y)+11 ce 7yk> ifi= |Z|’

and subsequently merges them into sub-sequence Z; by employing some optimal deterministic merging
algorithm [54, 133]. The desired sequence is the concatenation of sequences Z;, for all 0 <14 < |Z], in
increasing order of i. Note that by way of stage 3, |Z| < p.

[Analysis of Stage 5] Since integer arrays R, , and R, are available, the determination of
rank(2; : X) and rank(2; : V), forall 1 <i < |Z|, can be performed, by realizing a constant number
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of local operations and a constant number of message exchanges, in time O(1) and L + g - O(1),
for computation and communication respectively. By way of stages 1-3, the size of X; UYj;, for all
0 < i <|Z|, is bounded above by [wr] - [n/(p-wn)] = n/p+ O(n/(p- wy)). Thus, this stage takes
time ¢, - (1 + O(1/wy)) - (n/p) and L + g - O(n/p), for computation and communication respectively.

end

Analysis The correctness of the algorithm follows from its description. By summing up the computation

and communication requirements of procedure MERGE we obtain the desired time bound.

‘The proposition follows. O

Proof (of theorem 2.3.1) Let w, = w(1) and w, = o(n/(plgn)). Then, the theorem follows easily
from proposition 2.3.2 by substituting for Tetn, Theas: and Typs the corresponding expressions in proposi-
tions 2.3.1, 2.1.2 and 2.1.4, and letting ¢ = 2 in these expressions. O

2.4 Integer-Sorting

In this section we design, analyze and implement a BSP algorithm for a fundamental computational
problem, namely integer-sorting. Parallel integer-sorting [133] is an important special case of sorting
with a significant number of parallel applications, such as implementing parallel model simulations and
improving the performance of computational geometry algorithms [9, 133, 206]. The material of this
section is based on the following paper:

(1) “Primitive operations on the BSP model.” Technical Report PRG-TR-23-96, Computing
Laboratory, Oxford University, October 1996 [82].

2.4.1 Preliminaries and Notation

Let X = (z1,72,...,Zn) be a sequence whose items belong to a finite universe U = [0,1,... ,R — 1]. We
consider, in this section, the problem of integer-sorting sequence X into a non-decreasing sequence — say

(Tr(1),--+ »Tx(n)) = non-decreasing(X).

2.4.2 Cost Model

The performance of the BSP integer-sorting algorithms of this section is specified as follows. Constant
O(1) time is charged for each (i) basic computational operation, and each (ii) operation over an associative
operator in parallel-prefix computations.

Optimal ©(n) time sequential integer-sorting algorithms are well-known [54, 133]. In the following
sections, we design, analyze and implement simple optimal BSP integer-sorting algorithms — optimality

is realized for an ample range of the BSP parameters.

2.4.3 Related Work and New Results

There has been a notable amount of previous work — mainly on the PRAM model — on parallel integer-
sorting (e.g., [135, 174, 206] on the PRAM model, [20] on an abstract parallel communication model).
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Theorem 2.4.1 There exists a p-processor BSP algorithm for sorting a multi-set consisting of n integers
i the range [0,1,... ,n°W)], that for all integers n and p such that p = O(n), requires time O((n/p +
lgp)-(lgn/1g(n/p+1gp))) and L-O(lgp-(gn/1g(n/p+1gp)))+g-O((n/p+1gp)-(gn/lg (n/p +lgp))),
for computation and communication respectively. The algorithm requires O(n/p + 1gp) space.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section

1s devoted to the proof of the following proposition. Then, theorem 2.4.1 follows easily as a consequence
of this result.

Proposition 2.4.1 There ezists a p-processor BSP algorithm for sorting a multi-set consisting of n in-

tegers in the range [0,1,... ,R — 1], that for all integers n, p and t, such that p = O(n) and 2 < t < p,
requires time

Crteort(m, Rip) =17+ (0 (max {| 2| ¢ Tog 1} ) + €y ).

and
Mrdz_srt(n, R,p) =1 - (L ‘0(1)+g-0 (2'maX{{ﬂ ot flogtzﬂ} + [%D + Mppf(p)) :

for computation and communication respectively, where r = [lg R/lg (max{[n/p],t- [log,p]})]. The
overall time complexity of the algorithm is denoted by Trgy_srt (N, R, p) = Craz_srt(n, Ry D)+ Mygs_sri (n, R, p).
The algorithm requires O(max {[n/p],t- [log, p]}) space.

Proof We assume that the input is evenly but otherwise arbitrarily distributed among the p proces-
sors. We next present a procedure for sorting n integer items in the range [0,1,...,R — 1], where
R =max{[n/p],t- [log, p]}. We then apply radix-sort techniques [133] to establish a procedure for sort-
ing n integer items in the range [0,..., R — 1], within 7 = [Ig R/ lg R] iterations of the basic procedure.

Procedure RADIX_SORT
begin

[Stage 1] Every processor counts the number of items in its possession that fall into the R intervals
induced by [0,1,..., R~1]. Let Cy,; denote the number of integer items with value kin [0,1,... , R~ 1]
on processor p;, 0 <1 < p.

[Analysis of Stage 1] When this step is executed, each processor holds at most [n/p] items. Thus,

this stage requires O(R) time.

[Stage 2] Each processor p;j, 0 < j < p, computes

S :1+Z(C’“’i | (k<m)or(k=mandi<j)), forallmin[0,1,... ,R~1].
ki

[Analysis of Stage 2] The position in the sorted array of the first integer item with value m that

is assigned to processor p; is given by Sy, ;. Hence, if each processor p; computes the value of Sm,;j
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(over all m), then it can store, in sorted order, all of its items in the appropriate output position. To
realize this computation it is sufficient to order the Ck,i’s in the direction of increasing k, perform
a parallel-prefix sum operation, and finally restore the original order of the Ck.i’s. Thus, this stage
requires the realization of two R-relations and a parallel-prefix sum operation, for a total time of

O(R) + Cpps(p) and L -2+ g - O(R) + My, (p), for computation and communication respectively.
[Stage 3] Each processor knows where to route its integer items, and performs the routing.
[Analysis of Stage 3] This stage requires time L + g - O([n/p]).

end

Analysis The correctness of the algorithm follows from its description and is omitted. By applying
radix-sort techniques [133] we obtain that n items in the range [0,1,...,R ~ 1], can be sorted within
r = [lg R/1g(max {[n/p],t- [log, p]})] iterations of procedure RADIX_SORT. Thus, by summing up the
computation and communication requirements of procedure RADIX_SORT we obtain the desired time
bound.

The proposition follows. O
Remark The algorithm as described requires O(max {[n/p],t- [log, p]}) space per processor. We can

trivially verify that, by replacing in the above result [n/p] for max {[n/p],t- [log, p]}, the space can be
reduced to O(n/p) per processor.

Proof (of theorem 2.4.1) The theorem follows easily from proposition 2.4.1 by substituting for T,y

the corresponding expression in proposition 2.1.4, and letting ¢ = 2 in this expression. O

2.4.4.1 Implementation and Experimental Results

In this section we discuss a BSPIib implementation - in C — of a variant of the integer-sorting algorithm

of section 2.4.4.

Implementation The prototype adopted for the BSPIib integer-sorting procedure is outlined in fig-
ure 2.16.

void BSP_int_sort (byte #*src, byte **trg, int n, int sb) ;

src — input array.
trg - output array.
n — input size.
sb — item size.

Figure 2.16: Procedure for BSP integer-sorting.

The aim of function (procedure) BSP_int_sort is to provide a high-performance BSPIib integer-sorting

algorithm implementation.
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Proof For any positive constant B, denote by £ the event that there are at least m = (B/D) - (k/1gk)
bins of size greater than or equal to D. By definition, the probability of a ball being placed in a fixed bin

is at most d/k'*#. Then, by a variation of a simple combinatorial argument of [104], we bound Pr[€] as
follows.

1+8 _ m—1 a1t...+am
Prle] < (k ) 3 (’“) (k Dy aa).( iﬁ)
m a1>D...am>D \%1 am k
Li+8 ai+...+am
< (W) X (o)) ()
a1>D.am>D Am
kl—i—ﬁ . Dm
S ( m ) Z (e_D_]i ) kiﬁ)
a1>D,...,am>D
144 D-m
() ()
o m D k18
<

D D
(eB ( kiﬁ) K 1g k)
e-D (ed\” s "
= ( 5 ‘(D-kﬂ) -k gk .

In the aforementioned bound we claimed the following inequality that derives form Stirling’s formulae

()= (5

By assumption, k is large enough to ensure that (e - D/B) - (e d/D)P -logk < k?. Therefore, for any
0<c <B-(B-2-B/D- B/(B-D)) the following bound is derived.

1 1+2-8 "
Prif] < (kﬂD k
— (k1+2~ﬁ—ﬂ-D)m
9(1+2-—8-D)-((B/D) k)
S 2——01-k.

We have therefore established that the probability that there are at least m bins of size greater than or
equal to D is at most 2—c1°k for some appropriately bounded positive constant ¢;. Denote by Z the event
that the total number of balls falling into these m bins is at least B - (k/lgk). Consider any fixed set
of m bins out of the total k!*% bins. By definition, placing a ball into a bin is independent of all other
placements. The total number of balls falling into these bins is stochastically dominated by a binomially
distributed random variable, and therefore, by employing the probability bound of theorem A.1.2 on the
tail of the binomial distribution the following upper bound on Pr[Z] is derived.
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The proof of the aforementioned result is diverged to the end of this section. The remainder of this
section is devoted to the proof of a number of technical results. Then, theorem 2.5.1 follows easily as a
consequence of these results.”

In the remainder of this section we address a slightly more general problem; its solution provides
us with a linear-time integer-sorting algorithm. The basic idea behind the algorithm in [148] is to sort
the items with respect to some reduced number of Most Significant Bits (MSBs). As noted in [176], this
nearly sorts the input. Suppose for example that the n integer items are sorted with respect to their [lgn|
MSBs. Let S;, for all 0 < i < 21871 be the (possibly empty) sequence of items with value i for their [lgn]
MSBs. Then, the original sorting problem reduces to 2/'8”! disjoint sub-problems, namely the problems
of sorting So,S1,...,Sne~1_1. In particular, the required sorted sequence is S o .Sfo...o0 Sotignl 15
where S is the sequence of items in S; in sorted order and o denotes concatenation. Therefore, the total
time required for the algorithm is O(n) + >, O(]S;| - 1g|S;|), which is known to be O(n) on the average
[148]. The remainder of this section is devoted to a proof of the following proposition.

Proposition 2.5.1 For some constant 8 >0, let f : U = [0,1,... ,n'*P —1] be a non-decreasing function
that can be evaluated in constant time, and suppose that X1, Xs,... , X, are random variables such that

for some positive constant d,

d
Prf(Xi) =k < — 35, foralll<i<nandkin[0,1,... it 1.
n

Then, for any constant p > 0, there exists a p-processor BSP algorithm for sorting the multi-set (of
values) {X1, Xa,... ,Xn}, that for all integers n and p, such that p = O(n), requires time [with probability
1-0(277m)]

n n n T
Cint-srt(n)p) =0 (—) -+ Crdz_srt (n,nl‘*‘ﬁ,p) + Csrt (O (_> ,P> + Clbal (O (_> 3 [_-\ ap)
» lgn lgn p

and

n mn mn
Mint_srt(nap) =L O(l) + g- o ('T—L'> + M'rd:c_srt (n>n1+ﬂ,P) + Msre <O (l—) ’p) + Mlbal (O (—) 3 [‘-‘ ,P) 5
p gn lgn p

for computation and communication respectively. The overall time complexity of the algorithm is denoted

by Tint_srt(nap) = Cint_srt (n,p) + Mint_srt (n,p).

Remark Suppose that X1, Xs,..., X, are independent and uniformly distributed over [0,1,... ,R — 1],
where R > n'1#. Then, as noted in [104], f(-) can be defined as follows.

0 if x <0,
f@) =4 |@-1 ]| fo<a<k,
R-1 if 2> R.

TRor the sequential case, the following analogue of theorem 2.5.1 applies.

Theorem 2.5.2 For any constant p > 0, there ezists a sequential algorithm for sorting a uniformly at random distributed
multi-set consisting of n integers in an arbitrary range, that requires time [with probability 1 — O(27°™)] O(n).
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Then, Pr[f(X;) = k] < 2/n'*F forall 1 < j < mand k in [0,1,...,n'™® — 1]. Function f(-) can be
efficiently implemented by simply “extracting” from the (values of) X;’s an appropriate number of MSBs.

Proof (of proposition 2.5.1) Let X = {z1,%2,...,2,} be the input multi-set. We assume that X is
evenly but otherwise arbitrarily distributed among the p processors.

Procedure R-S_SORT
begin

[Stage 1} For all 1 < j <n, y; = f(z;) is computed.

[Analysis of Stage 1) Since by definition, f(-) can be evaluated in constant time, this stage requires
O(n/p) time.

[Stage 2] Sequence (y1,¥s,... ,yn) is sorted by way of some stable radix-sort algorithm.

[Analysis of Stage 2] Since by definition, y; in [0,1,... ,n!*# — 1], for all 1 < j < n, this stages
requires time Tygq_srt (n, n2 14, p).

Remark For all 0 < i < n!*# let S; be the (possibly empty) sequence S; = (z; | 1 < j < n and f(z;) =
i), and let S = Spo0S10...08146_1 = (To;, Tawg,--- , T, ) be the concatenation of the S;’s. Then,
the original sorting problem reduces to solving I < n disjoint and non-empty sub-problems, namely,
the problems of sorting Sy,, Su,, ... ,Sy, such that Sy, is non-empty and u; in [0,1,... ,n!TF — 1],
for all 1 <4 <. In particular, the required sorted sequence is S;; o S; o...0 Sy , where S is the

sorted sequence of items in S,,;.

[Stage 3] Let D be some positive constant to be specified later. Then, the [; < [ non-empty sub-
< D, with v; in [0,1,... ,n'™# — 1], for all 1 < i < I3, are determined
and sorted (independently) by way of some deterministic stable sorter. For each z; € U;S,(;) the

sequences S, satisfying |Sy,

following information is also maintained: pos(z; : S) and pos(z; : Sy, ).

[Analysis of Stage 3] If D is sufficiently small, then the algorithm employs specially tailored sorters
to sort the S,,’s; otherwise, the algorithm employs any deterministic O(n - lgn) time sorter — such
sorters can be found in [133]. Hence, since the number of non-empty sequences Sy, is Iy <1 < n this
stage requires time O((n/p)-1g D) and L+ g-O(D), for computation and communication respectively.

[Stage 4] Each item z; € U;S,,, for all 1 < j < n, is placed in the output sequence at position
pos(z; : S) + (rank(z; : Sy,;) — pos(z; : Sy,))-

[Analysis of Stage 4] Since sequence Sy, is in sorted order, the rank of z; in Sy, can be computed
in constant time, and therefore, this stage takes time O(n/p) and L+ g-O(n/p), for computation and

communication respectively.

> D, with w; in
[0,1,...,n'*# — 1], for all 1 < i < Iy, are determined, load-balanced and sorted (globally) by way of

[Stage 5] The lo = | —11 < [ non-empty sub-sequences S, satisfying |S,,

some deterministic stable sorter. For each x; € U;S,(;) the following information is also maintained:

pos(z; : S) and pos(z; : U; Sw; )-
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Theorem 2.5.3 For any constant p > 0, there exists a p-processor BSP algorithm for sorting a uniformly
at random distributed multi-set consisting of n integers in an arbitrary range, that for all integers n and
p such that p = O(n), requires time [with probability 1 — 02~ (*/P)+18P)] O(n/p) and L+ g-O(n/p), for
computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section

is devoted to the proof of the following proposition. Then, theorem 2.5.3 follows easily as a consequence
of this result.

Proposition 2.5.2 For some constant 8 > 0, let f : U — [0,1,...,n'T# 1] be a non-decreasing function
that can be evaluated in constant time, and suppose that X1, X5,... , X, are random variables such that
for some positive constant d,

d
Prif(X:) = k] £ —35, forall1<i<nandk in(0,1,. .. R
n

Then, for any constant p > 0, there ezists a p-processor BSP algorithm for sorting the multi-set (of
values) {X1,Xa,... ,Xn}, that for all integers n and p, such that p = O(n), requires time [with probability
1 — 027, (n/P)+lgp)]

Cint-srt(nyp) =0 (ZE>
b

and

n
Mint_srt(n,p) =L+4+¢g-0 (;) ,

for computation and communication respectively. The overall time complexity of the algorithm is denoted

by Tint_srt (n,p) = Cint_srt (nap) + Mint_srt (n’p)'

Proof The main inefficiency of algorithm R-S_SORT of section 2.5.5 derives from the inability to optimally
radix-sort the input items for p = n!~°(). We overcome this problem by orderly and evenly distributing
the items among the processors — without employing radix sort — and then by applying the sequential
version of algorithm R-S_SORT to the so distributed items.

In the remainder of the analysis we sketch the algorithmic details of the modified R-S_SORT algorithm.
Stage 1 is identical to that of the original R-S_SORT algorithm, however, the remaining stages are replaced
by the following two stages (stages 2 and 3). In stage 2, the input items are mapped into [0,1,... 287} —
1], with respect to the |lgp| MSBs of the values of stage 1, and subsequently, using this information the
input items are routed to the corresponding processors.

It is not difficult to verify that the probability of a fixed processor receiving a given input item is at
most (2-d)/p. Therefore, by employing the probability bound of theorem A.1.2 on the tail of the binomial

distribution the following bound on the number of items n; received by processor p; is derived. For any

constant p > 0,

Pr [3@ (n =0 (-’3»} =1-0 (2-P'("/P>+‘gp) , 0<i<p.
p
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Hence, this stage requires time O(n /p) and L+g-O(n/p), for computation and communication respectively.
In stage 3, each processor sorts the items in its possession by employing the sequential version of algorithm
R-S_SORT. Since the number of items per processor is O(n/p), this stage requires time O(n/p), with
probability 1 — O(277("/P)*1&P) for any constant p > 0. The proposition follows. O

Proof (of theorem 2.5.3) The theorem follows easily from proposition 2.5.2. O

2.5.6.1 Implementation and Experimental Results
In this section we discuss an implementation — in C — of a variant of the sequential probabilistic integer-

sorting algorithm of section 2.5.5.

Implementation The prototype adopted for the sequential probabilistic integer-sorting procedure is
outlined in figure 2.23. ’

void prob_int_sort (byte *src, byte *xtrg, int n, int sb) ;

src - input array.
trg -~ oulpul erray.
n —~ tnput size.
sb - item size.

Figure 2.23: Procedure for sequential probabilistic integer-sorting.

The aim of function (procedure) prob_int_sort is to provide a high-performance probabilistic integer-

sorting algorithm implementation.

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.5.2.
To determine the practical significance of the aforementioned result we benchmarked our implementation
(prob_int_sort) on a machine with a varying number of input sets (consisting of uniformly distributed
integer valued items — unless otherwise indicated). Figures 2.24, 2.25 and 2.26 present the execution time
of procedure prob_int_sort (radix-plus-sifting sort (R-S) of section 2.5.5)? along with the execution times
of a multiplicity of comparing algorithms — radix sort (X) [133], quick sort (Q) [115], and hybrid sort (HB)
(104, 159].

As shown in figures 2.24, 2.25 and 2.26, the execution time of procedure prob_int_sort scales with the
input size (approximately as n). Additionally, the execution time of procedure prob_int_sort scales sub-
linearly with the input range. Both experimental results are in accordance with the theoretical analysis
of section 2.5.5. In all cases of interest (input size > 2%), our algorithm outperforms the comparing
algorithms by a wide margin. Figure 2.27 establishes the aforementioned claim for the largest of the

benchmarked problem sizes.

8We decided to study the sequential version (as opposed to the BSP version) of the probabilistic integer-sorting algorithm
on a twofold basis: (i) the performance of the BSP integer-sorting algorithm can be extrapolated from the performance
of the sequential integer-sorting algorithm (by independently considering the performance of the BSP implementations of
the constituent parts of the algorithm), and (ii) the sequential integer-sorting algorithm can be easily compared to previous
approaches on integer-sorting {44, 104, 148, 159, 176] (recall that previous approaches on parallel models {44, 104, 176] exploit
the CRCW capabilities of the underlying model, and therefore, are difficult to implement and study on realistic parallel

models).
91n the implementation of procedure prob_int_sort we fixed — in the proof of theorem 2.5.1 ~ D to 5 and ranged 8 from

1to 3.
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where 7; = rank(z; : Y), 1 < i < n. The predecessor of an arbitrary item z; in X is item xz;_; of X (if
necessary, we let z;_; = —o0), and the range (x;_,, ;] is the interval induced by item z; (including the
cases Tj—1 = —oo and z; = +00).

Let ¢ be a positive integer. Sequence X is a c-cover of Y, denoted by cvr (Y), if each interval induced
by an item in X contains at most ¢ items from {—00,Y,400}. More formally, given any two consecutive
items 2;—1 and z; of {—o00, X, 400}, the multi-set {y € Y | z;_; < y < z;} has at most ¢ items. The
items from Y in the range (z;_1,z;] are contained in z;’s interval.

Let [zi,z;], 1 <4 < j < n be an interval with z;,z; € {~00, X, 4+00}. The interval [;, ;] intersects
{—00,X,+00} in c items (or equivalently that there are ¢ items in common) if the number of items
z € {—00, X, 400} such that z; < z < z; is equal to c.

2.6.2 Cost Model

The performance of the BSP sorting algorithms of this section is specified as follows. Constant O(1) time
is charged for each (i) basic computational operation, and each (ii) operation over an associative operator
in parallel-prefix computations. Furthermore, for some constants cg, Cmrg aNd Cgrep, time cgre - 1 - Igm,
Cmrg * N, and cerep - lgn is charged respectively for sorting a sequence of size n, for merging two non-
decreasing sequences of combined size n, and for binary searching (for a single item) in a non-decreasing
sequence of size n — within the context of this section we denote ¢4+ by c,.

Optimal ©(n - lgn) time sequential sorting algorithms are well-known [54, 133]. In the following
sections, we design, analyze and implement simple sub-optimal and rather more complicated optimal BSP

sorting algorithms — optimality is realized for an ample range of the BSP parameters.

2.6.3 Related Work and New Results

There has been a notable amount of previous work — mainly on the PRAM model - on parallel sorting
(e.g., [8, 34, 47, 60, 72, 105, 187, 194] on the PRAM model, [108, 109] on an abstract parallel commu-
nication model, {75, 101] on the BSP model, [5, 22, 144] on the comparison network model, [183] on
the cube-connected-cycles model). The exhibit in table 2.6 summarizes the aforementioned results with
respect to the following statistics: computation time, communication time, multiplicative constant fac-
tors, implementation effort and amount of parallel slackness (in terms of maximum number of processors)
required to achieve optimality.

With reference to table 2.6 we note that the deterministic comparison network algorithm of [5] employs
expander graphs, and therefore, its practical viability is rather limited. Furthermore, the randomized
PRAM algorithm of [187] employs a non-standard (stronger) PRAM model, and therefore, compares
unfairly with other algorithms. Finally, the randomized cube-connected-cycles algorithm of [183] does not,
migrate efficiently to the BSP model as a result of its inherent requirement for a non-bulk communication
pattern (cube-connected-cycles style communication) — as opposed to a bulk communication pattern (BSP
style communication).

The optimal BSP sorting algorithms of sections 2.6.6, 2.6.7 and 2.6.8 improve upon previous approaches

on the following particulars:

(1) the asymptotic computation time requirements of [22, 144],

(2) the asymptotic communication time requirements of [5, 8, 22, 34, 47, 60, 72, 105, 144, 183, 187],
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Theorem 2.6.3 For arbitrarily small constant ( > 0 aend any a > (, there exists a p-processor BSP
algorithm for sorting a muilti-set of size n, that for all integers n and p such that p = O(n/1g>"% n),
requires time (co+3-(c. /) +0(1))-((n/p) 1gn) and L-O(Ig" p-(gn/1g (n/p)))+g-O((n/p)-(g n/ 1g (n/p))),
for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this section
is devoted to the proof of a number of technical results. Then, theorem 2.6.3 follows easily as a consequence

of these results. Additionally, an improved version of theorem 2.6.3 is shown in sub-section 2.6.6.1.

Optimality Claim 2.6.2 Theorem 2.6.3 implies that there ezists a p-processor BSP algorithm for sorting
a multi-set of size n, that for all integers n, p, L and g such that p = O(n/l1g> % n), L = o((n/p) -
(g (n/p)/ 187 p)) and g = o(lg (n/p)), has m =1+ 3 - (cu/ax) + o(1) and 11 = o(1).

The deterministic sorting algorithm is based on an efficient partitioning scheme that splits — almost
evenly and independently of the input distribution ~ an arbitrary number of sorted sequences among the
processors. The algorithm consists of the following phases:

(1) Local Sorting. Each processor, in parallel with all the other processors, sorts the sub-sequence
that resides in its local memory.

(2) Partitioning. Processors cooperate to evenly split the sorted sequences among the processors.

(3) Merging. Each processor, in parallel with all the other processors, merges a small number of
sub-sequences of total size (1 + o(1)) - (n/p).

The iterative version of the algorithm performs m iterations of phases 2 and 3. In each iteration the
data set is partitioned into k buckets of approximately equal size. In the next iteration a similar process
of sub-partitioning each of these £ buckets into k further buckets is performed, and so on. The maximum
size of every bucket formed in any of the m iterations is shown to be (1 + O(1/w,)) - (n/p), for any
slowly growing function w,. By unfolding the iteration process and employing multi-way merging [133]
we obtain the desired sorted sequence. The procedure to manage the aforementioned scheme is presented

in the following result.

Proposition 2.6.3 Let w, be any function of n such that w, = Q(1). Then, there exists a p-processor
BSP algorithm for sorting n items, that for any integers n, p, m and r, and any m such that p = O(n),
1<m<|lgpl,1<m<[m],0<r<m, and w2 -m?-p/™ = O(n/p), requires time,

1 -(m-—-m r(r+1 n
Csrt(n,p) = c*-?“lgﬁ—f—(l—i—O(-——))-E-(cmrg-(r ( — )-l— ( — )>-1gp+c*-(m—r)-lg—)+
P P Wn p m 2-m P
=~ 1/m cow’'™) S o | M)
Z [lg ajy] - Chotn (l’w,{l ‘m- [p -l ‘(I(j)aQ(j)) + Cpops (gGy) ) + Z .
j=0 j=0 (4)
and

m—1
nes
Mt(n,p) = L-O(m)+g- ZO< (J))+
=0 90)

m—1 l/T'h)

m o 1/m
> ([lgq(jﬂ  Cotn ([wn] -m [ -p1/™] (461 40) + Colty lagy) + COF )(qm)) )
j=0 :
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for computation and communication respectively, where ngy < n, 95 < P, 9y < NGy, nGY/ag) =
(1+0(1/wy)) - (n/p). The overall time complezity of the algorithm is denoted by Tsrt(n,p) = Cype(n, p) +

Mri(n,p).

Proof The algorithm is iterative in nature and each iteration is divided into a sequence of stages. We
assume that the input set is initially evenly but otherwise arbitrarily distributed among the p processors
before the beginning of the execution of the algorithm. Moreover, we assume that the items are distinct
since we can always make them so by, for example, appending to them the code for their memory location.

We later explain how we can remove such an assumption and still maintain optimality.

Algorithm DET_SORT

begin

SEQ_SORT

RECURSIVE_SORT (0, p — 1, n)

end

Procedure SEQ_SORT
begin

[Stage 1] Each processor sorts, by way of a deterministic sequential sorting algorithm, the items in
1ts possession.

[Analysis of Stage 1] When this step is executed, each processor holds at most [n/p] items. Thus,
the cost of this stage is that of sequentially sorting [n/p] items by some deterministic algorithm [133]
and requires time ¢, - [n/p] - lg [n/p].

end

In procedure RECURSIVE_SORT below the variables I, 4 and N have initially values 0, p — 1 and n
respectively; in any recursive call of the algorithm, the former two variables give the range of the processors
that participate in the call and the latter variable gives the input size.

Procedure RECURSIVE_SORT (I, u, N)
begin

[Stage 1] Each processor selects locally [wy,] - m - k — 1 evenly spaced sample items, that partition
its input into [w,] - m - k evenly sized segments, where k = min {q, [p'/™}, ¢ = u — I + 1 and m,
mm satisfy the conditions in the statement of the proposition. Additionally, each processor appends to
this sorted list the largest item in its input. Let s = [w,] - m - k be the size of the so identified list.

[Analysis of Stage 1] Since the items residing in the local memory of any processor are sorted prior
to the sample selection process, this stage requires time O(s).

[Stage 2] The g sorted lists, each of size s, are merged; let sequence (Sis41,51542,-- ;Sis+qs) b€
the result of the merge operation. By assumption, the sequence is evenly distributed among the ¢
processors — sub-sequence (Sis+1y- -+ »8(i+1)s), | <1 < u, resides in the local memory of processor Di,
0<1<p.
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[Analysis of Stage 2] The merging operation is realized by way of a BSP adaptation of bitonic-sort
sort [22]. Thus, by proposition 2.3.1, this stage requires time [lgq] - Thn (s - ¢, q).

[Stage 3] A broadcast operation is initiated, where splitter Sis+igs/k, 1 <1 < k, along with its index
in the sequence of sample items is communicated to all g processors.

[Analysis of Stage 3] The so identified k¥ — 1 splitter items are first sent to processor p; and then
broadcast to all ¢ processors. This stage takes communication time L + g - O(k) + M gg’:i(q) for

computation and communication respectively.

[Stage 4] (i) Each processor decides the position of every item it holds with respect to the k — 1
splitters it received in the previous stage, by way of merging, and counts the number of items that
fall into each of the k so identified buckets; (ii) k& independent parallel prefix operations are initiated
(one for each bucket) to determine how to split the items of each bucket as evenly as possible among
the processors using the information collected in step (i) of this stage.

[Analysis of Stage 4] Steps (i) and (ii) take O(N/q + k) and T[fpf (g) time respectively.

[Stage 5] Each processor knows where to route its items, and performs the routing. Processors route
items in “column-major” order, that is, items destined to some bucket fill the processors assigned
to this bucket in linear order, the first processor being determined by the information gathered in
step (ii) of stage 4.

[Analysis of Stage 5] This stage takes time L + g - O(N/q).

[Stage 6] Each processor merges the at most g sorted sub-sequences that it received in the previous
stage.

[Analysis of Stage 6] When this step is executed, each processor possesses at most min {g, [N/q]}
sorted sequences for a total of at most [N/q] items. The cost of this stage is that of sequential
multi-way merging/sorting [N/q] items by some deterministic algorithm [133], which is [N/q] -

min {¢mrg 18 ¢, ¢+ - 18 [N/ql}.

[Stage 7] If [ > u, then exit; otherwise, recursively sort each of the k buckets generated in stages 1-6
by assigning to each bucket [¢/k] (or |g/k]) consecutive processors.

[Analysis of Stage 7] The depth of the recursion is m < [m]. To simplify the exposition, in the
remainder of this section we assume that ¢/k is integer valued. This assumption can be removed

without affecting the asymptotic analysis of our algorithm.
end

Analysis The correctness of the algorithm follows from its description and is omitted. We proceed by
establishing upper bounds on the computation and communication requirements of procedure DET_SORT.
We start by showing the following bound on the maximum number of items n(;) per bucket in the j-th
recursive call of the algorithm (in the subsequent analysis the j-th recursive call is denoted by the subscript

notation (j)). We assume n) = n.
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Claim 2.6.1 Let w, be any function of n such that w, = Q(1). Let m be the depth of the recursion of

procedure DET_RECURSIVE_SORT, and consider integers n, p, m and any m such that w2 -m? - pt/™ =
O(n/p). Then,

. n —
ngGy < ((1+5)J.E§+O(wn.m.p1/m.j)> -q(;), foralll<j<m,

where e = 1/(m - [wy]).

Proof Although it is not explicitly mentioned in the description of procedure RECURSIVE_SORT we
assume that we initially pad the input so that each processor owns exactly [n/p] items. At most one item
is added to each processor (the maximum item can be such a choice). Before performing stage 1 we also
pad the input so that after stage 1 all segments have the same number of items that is, z = [[n/p]/s]. The
padding operation requires time at most O(s) per iteration, which is within the lower order terms of the
analysis of proposition 2.6.3, and therefore, does not affect the asymptotic complexity of the algorithm.
We note that padding operations introduce duplicate items. We have shown how to handle duplicate
items in the beginning of the section. A more refined approach is to be shown in a later section.

Refer to the j-th recursive call of stage 3 of procedure RECURSIVE_SORT and consider an arbitrary
SPLtter Sis ;,+(ige;ys(;))/ ke > Where 1 <1 < k. There are at least ((i - ;) - 5¢;))/k(;)) - * items which are
not larger than Sis(sy+(iags) se)/ ke » Since there are (i - qy) - 8¢j))/ k() segments each of size x whose items
are not larger than sy, ;) +(ig(;,s;y)/k, - Likewise, there are at least (q(;)-s¢;) — (i-q¢;) 5(y)/ k) — ) +1) -2
items which are not smaller than s, 1 (g ;,s;,)/k¢, » SiDCe there are gy - sy — (i - q(5) - 8¢j)) [ k() ~ 45) + 1
segments each of size x whose items are not smaller than Stsjy+(iag)s¢y)/ ke - Lhus, by noting that the
total number of items has been increased (by way of padding operations) from n(;) to gq(;) - s¢j) - =, the

number of items bfj) that are smaller than Sts;y+(iqc)s(s))/ ke, 1S bounded as follows.

L q(5) " S(j)

i ORI
L ORS CN O N (qm SG) — " — 4()) +1> X3
J

k)

7

Similarly we obtain the following bound on b’G.L)l.

(t+1)-q) 50
k(5

(E+1)-qy s
k(j)

TS b@l < 9G) "8Gy T~ (qu) “8() ~ —aq) t 1) "L

Substituting s¢jy = [wn] - m - k(;) we therefore conclude the following.

bz;—)l - sz’) S (J;C(j)(” Ty T = fwp] -m - qi) " T +q() - T
As evidenced from the above expression, the difference n(;) = bé;,*)l — b%j) is independent of i and gives
the maximum number of items per bucket in the j-th iteration. Considering that = < (n(j) + q¢y + q(j) -

VAR 5(jy) and substituting s(;) = [wn] - m - k(;), the following bound is derived.

G-y +46) (¢ +1)

J
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Solving the recurrence relation and substituting for ngy = n, k() *q(;) = qo) = pand sy < [wp]-m- [p/™]
we obtain the desired bound. O

We proceed by deriving an upper bound on the number of items per processor at the j-th recursive
call. Let parameters n(;) and q(;j) denote, respectively, the number of items per processor and the number
of processors in the j-th recursive call of procedure DET_RECURSIVE_SORT.

Initially, n(o) = n and g(o) = p. Then, by way of claim 2.6.1 and the fact that w2 -m? - p!/™ = O(n/p),
fore =1/(m - [w,]), we have that

n(; . n
9 < @a+o@)- L. (2.1)
93) p

We next establish the time complexity of stage 6 of algorithm DET_RECURSIVE_SORT. In particular, it is

straightforward to verify that the time complexity of this stage over the m iterations of the procedure is

bounded above as follows.

n(j N n
{ w me{cmm lgq(;—- 1) Cx ° lg[ (J)w} [M] Cmrg - Zngm —j) T Cx- Zlg{ (J)w

19 1 ;= 6y 4(;) =, q(;)

The value of r that minimizes the above expression is determined by comparing qy and [ngy/q;)]-
Substituting (1 + O(1/wy)) - (n/p) for n;/q;) we obtain the following bound on the cost of this stage.

1 n -1 ml 1 n
10 (2))2 (e Sy e S (140 (1)) )
( Wn, p 7 ;gq( ) J; & W, D

The following relations are noted: gy = p, lq-1)/ki-1)] < 9y < Tag-1)/kG-1l, ki) = [pt/™] if
J # m and k(m) = q(m)- To simplify the exposition, in the remainder of the analysis we assume that
q(j—1)/k(j—1) is integer valued; this assumption can be removed without affecting the asymptotic analysis
of the algorithm. Hence, we have that q(;) = p/| pl/mI=1 if j £ m. We conclude that this stage requires

time bounded as follows.

(1+O(i)) ':? (cmrg- (T'(mm—m) +T'(2Tﬁjl)> -1gp+c*-(m—r)~lg?—)+0(m)).

In the aforementioned bound we claimed inequality 1g (z + y) < lgz + 1.5 - (y/z) which holds by way of
log (1 + ) < z, for any z,y > 0 [40].
By summing up the computation and communication requirements of procedures SEQ_SORT and

DET_RECURSIVE_SORT we obtain the desired time bound. The bound on n(;/q(;) follows form equa-
tion 2.1.

The proposition follows. O

The following theorem is derived from proposition 2.6.3 and establishes concrete bounds on the com-
putation and communication requirements of algorithm DET_SORT.
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Corollary 2.6.1 There ezists a p-processor BSP algorithm for sorting n items, that for any integers p,
m and r, and any m and t such thatp=nl~t 1 <m<lgp, 1<m<[m],0<r <m, m=0(gn/wy),

Wy -m? - pt/™ = O(n/p) and Wl -m? - p!/™ -1g? p = O((n/p) -lgn) and 0 < t < 1, and any function wy of
n such that w, = Q(1), has,

Cort(n, p) = <(1+(m_r)).t+c:rg.(r-(rh—m)+r-(r+1)) .(1-t)+0<—1_)>.n-lgn

* m 2m Wn, P

and

Wn,

2
wy+m*-lgn m 1 nlgn
Msr 3 = . IR ZYESY7 R —1)? Tom .
t(n,p) (9 © (nt+(1/m)(t—1) (1-1)"+ lgn> +O( )) ’

provided that L = O((n/p) - (Ign/(wn - m -1g% p))) is satisfied.

Proof We first consider the computation time of the sorting algorithm. Let in proposition 2.6.3, p = n' ¢,
m = O(lgn/wy), wy - m? - p!/™ = O(n/p), wi - m* - p/™ - 1g°p = O((n/p) - Ign) and n(;/qy =
(14 O(1/wy)) - (n/p). Then, the bound on the computation time derives by substituting for Ty, Thcast
and Tj,r the corresponding expressions in propositions 2.3.1, 2.1.2 and 2.1.4, and letting ¢ = 2 in these
expressions.

The expression for the communication requirements is established similarly. O

Proof (of theorem 2.6.3) Let w, = w(l), w, = O((a -lglgn)/lg(1+a)) and » = 1. Then, the
theorem follows from corollary 2.6.1 by substituting for m = (1 ~¢)/(t — ) and § = (3 -lglgn + 2 -
lg (wn/(a-1glgn)))/lgn, where t = (3+ ) - (Iglgn/lgn). O

2.6.6.1 Improving Deterministic Sorting

We note that not only can the bounds given above be expressed in a variety of ways, but also the
algorithm itself leaves room for several improvements. As stated, the algorithm sorts the splitters using
the bitonic-sort sorting algorithm. In certain circumstances the performance can be improved by any of
several alternative methods. For example, the sorting of the splitters can be performed by either using our
algorithm recursively or by some completely different algorithm. In particular, since the set of splitters
per processor is already sorted we may use a merging algorithm for sorting the splitters; that is, g sorted
sequences, each of size s and one per processor, are merged. We perform this merging by using a binary
tree execution sequence of depth [lg¢], where in the i-th iteration pairs of sub-sequences of size 2¢7! - s are
merged into sequences of size 2° - s, where each such sequence is evenly distributed among 2° processors.
This algorithmic idea can be implemented by employing the BSP merging algorithm of section 2.3.5. The
algorithm executes in time O(s)+O(Cpps (¢)) and L-O(1)+g-O(s)+O(Mpyy (q))—%M,)OCEfJt (q) for computation
and communication respectively. For the case s = Q(lggq), the computation and communication time
(excluding synchronization costs) of stage 2 of RECURSIVE_SORT is reduced by a multiplicative factor of

O(lg p). We thus obtain the following analogue of theorem 2.6.3.

Theorem 2.6.4 For arbitrarily small constant { > 0 and any a > (, there exists a p-processor BSP
algorithm for sorting a multi-set of size n, that for all integers n and p such that p = O(n/1g*t™ n),
requires time (c.+2-(c. /@) +0(1))-((n/p)-lgn) and L-O(1g* p-(Ig n/ 1§ (n/p)))+9-0((n/p)-(g n/ 1§ (n/p))),
for computation and communication respectively.
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Proof (of theorem 2.6.4) The proof is similar to that of theorem 2.6.6 and is omitted. O

Optimality Claim 2.6.3 Theorem 2. 6.4 itmplies that there exists a p-processor BSP algorithm for sorting
a multi-set of size n, that for all integers n, p, L and g such that p = O(n/1g’t*n), L = o((n/p) -
(g (n/p)/1g° p)) and g = o(lg (n/p)), hasm =142 (cu/a) +0o(1) and p = o(1).

2.6.6.2 Implementation and Experimental Results

In this section we discuss a BSPIib implementation — in C - of a generalized variant of the optimal sorting

algorithm of section 2.6.6.

Implementation The prototype adopted for the BSPIib sorting procedure is outlined in figure 2.28.

void BSP.det_sort (byte *src, byte **trg, int n, int sb, void (*merge) (), void (*sort)(), int (*cmp)())
src ~ input array.

trg ~ output array.

n ~ input size.

sb — item size.

merge -~ generic merge function.
sort — generic sort function.
cmp — generic compare function.

Figure 2.28: Procedure for BSP deterministic sorting.

The aim of function (procedure) BSP_det_sort is to provide a data-type independent high-performance
BSPIib sorting algorithm implementation.!?

The source code — in C — of function BSP_det_sort is provided for illustration purposes in ap-
pendix B.1.1.

Experimental Results The theoretical performance of the algorithm is summarized in theorems 2.6.3
and 2.6.4. To determine the practical significance of the aforementioned results we benchmarked our
implementation (BSP_det_sort) on two different machines with a varying number of processors and input
sets (consisting of uniformly distributed integer valued items — unless otherwise indicated). Figures 2.30
and 2.32 present the execution time of procedure BSP_det_sort on the two machines (using as the under-
lying sequential sorting algorithm merge sort) — figure 2.29 reflects the execution time (%) of procedure
BSP_det_sort with respect to its constituent phases. Similarly, figures 2.31 and 2.33 expose the efficiency
of the corresponding timing results.

As shown in figures 2.30 and 2.32, the execution time of procedure BSP_det_sort using a fixed number
of processors scales with the input size (approximately as n-lgn). Accordingly, the execution time of pro-
cedure BSP_det_sort for a fixed input size scales inversely with the number of processors (approximately
as 1/p). Both experimental results are in accordance with the theoretical analysis of section 2.6.6. In
terms of efficiency, procedure BSP_det_sort utilizes approximately (within a 5%):

11 The terms generic and data-type independent imply that procedure BSP_det_sort can be employed to handle any data
type. To this end, a comparison function cmp is used to facilitate the comparison of two elements e; and e». In particular,
the cmp function returns 1, 0 or -1 depending on whether e; is greater, equal or smaller than es.
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Proposition 2.6.4 Let w,, be any function of n such that w, = Q(1). Then, for any constant p > 0,
there exists a randomized p-processor BSP algorithm for sorting a multi-set of size n, that for all integers
" Ty, Py d(5) and k) such that p = O(n - (Iglgn/lgn)), ngy < n, qu < p, ky),ag) < ng) ond
wn = O(lgn), requires time [with probability 1 — O(n=*)]

1 1
Csrt(n,p) = Q—m—-c*-(1+0(w )) —-lgn + Z O( . lgn(7)+lgn>
n (4

m-—1
2 Criuay(n(;),(5)) + Craz_srt (Ny, keiy, Gein) + C ;
> <1g(n(j)/q(j)) v(n(j),4)) + Crde_srt (1), (), 40)) + Copr (905)) | +

lolglgn )
Nglg? n] - Coum (ng‘glgnnJ 2" 1)+0 (-’3 Jlglg?n + 1glg’ n)
n(m)/q(m) p

and

m—1

Mat(nyp) = L- O<lgq(j) 1 _lgngy )+g ZO< E1() +lgn)+
= g(niy/ag) a5 18(nG)/ag))
-1

3

2-lgk
mwa (n , q + MT z_srt\ T ,kj q —+— q
< Ity /agy) u(1G)2 8G)) + Mrde_sre (), K5, 4(5)) + Mppr (4(5))

M

il

J
lglgn
Dg 1g2 TL] : Cbtn (I.Iglg lgn 'I'LJ ’ {Jg—_i >
M (m)/d(m)

for computation and communication respectively, where m < [lglgn], n¢y/qy) = (1+0(1/wy)) - (n/p) £
O(lg lg n)7 Zj lg i) = O(lg 'I’L), Zj lg k(]) = (1 - 1/2m) ’ lgn + O(m2) and Ti = Csrch * (1/2) ) lg (n(J)/q(]))
in the expression for Tmyqy (refer to proposition 2.9.2). The overall time complexity of the algorithm is
denoted by Tri(n,p) = Csre(n, p) + Msre(n,p).

Proof The algorithm is recursive in nature and each recursive call is divided into a sequence of stages. We
assume that the input set is initially evenly but otherwise arbitrarily distributed among the p processors
before the beginning of the execution of the algorithm. Moreover, we assume that the items are distinct
since we can always make them so by, for example, appending to them the code for their memory location.

We later explain how we can remove such an assumption and still maintain optimality.

Algorithm RND_SORT
begin
RND_RECURSIVE_SORT (0, p— 1, n)

end

In procedure RECURSIVE_SORT below the variables [, v and N have initially values 0, p — 1 and n
respectively; in any recursive call of the algorithm, the former two variables give the range of the processors

that participate in the call and the latter variable gives the input size.
Procedure RND_RECURSIVE_SORT (I, u, N)
begin

[Stage 1] Let ¢ =u -1+ 1. If (g=1)or (¢ # 1and N < 1g'8'8" ), then the input is sorted by
a sequential algorithm in the former case and by a sub-optimal parallel algorithm in the latter case,

and subsequently, the algorithm terminates.
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[Analysis of Stage 1] The sorting process is realized by one of two methods depending on the values
of [, r and N.

Case 1 If ¢ = 1, then processor p; sorts, by way of a deterministic sequential sorting algorithm, the
items in its possession.

Case 2 If ¢ # 1 and N < 1g'8'8™ n, then the ¢ processors participating in this recursive call of the
algorithm sort, by way of a BSP adaptation of bitonic-sort sort [22], the items in their possession.

The analysis of this stage is treated in detail in the discussion following the description of this algo-
rithm.

[Stage 2] A sample of size k-5 — 1 = |(|VN] + 1)/s] - s — 1 is selected, where the over-sampling
factor s is set to [lg°n], for any 1 < § < (lglgn — 1)/2. The sample selection method is as follows.

(1) Each processor selects approximately the same number of processor identifiers [(k-s—1)/ q)
(or |(k-s—1)/q]) uniformly at random; a sample of size k-s—1 < |V/N|, over all processors,
is selected.

(2) The processor identifiers are routed to the corresponding processors.

(3) Each processor p;, 0 < i < p, that receives t; identifiers selects among its items uniformly
at random without replacement t; items.

(4) A parallel-prefix sum on the number ¢; of items selected per processor is realized.

(5) The result of the parallel-prefix sum is used to evenly distribute the selected sample among

the processors.

[Analysis of Stage 2] Step 1 requires time O((k - s)/q) for random processor identifier generation.
We distinguish two cases in the analysis of step 2.

Case 1 If [(k-s—1)/q] = Q(lgn), then the inequality of theorem A.1.3 implies that each processor
receives O((k - s)/q) = O(v/N/q) processor identifiers with probability 1 — O(n™*), for any
constant p > 0.

Case 2 If [(k-s—1)/q] = O(lgn), then the inequality of theorem A.1.2 implies that each processor
receives O(lg n) processor identifiers with probability 1 — O(n~?), for any constant p > 0.

Thus, this step requires communication time L + ¢ - O(max {(k - s)/q,lgn}). Similarly, we conclude
that step 3 requires time O(max {(k-s)/q,Ign}). Step 4 requires time Tpps(g) and step 5 can be
shown (along the lines of step 2) to require communication time L + g - O(max {(k - s)/q,lgn}).

[Stage 3] The sample of size k- s —1= {v/N| is sorted.

[Analysis of Stage 3] This stage is realized by one of two sorting methods depending on the size of
the sample. We distinguish two cases in the analysis of this stage.

Case 1 If ¢ > (k- s)%, then the algorithm implied in theorem 2.6.2 is employed. The time required
for this case is therefore bounded above by O(lg¢) and L - O(lgq) + g - O(lg q), for computation

and communication respectively.
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Case 2 Otherwise, the algorithm implied in theorem 2.6.7 is employed.!? The time required for this
case is therefore bounded above by O(((k-s)/q')-1g (k- s)) and L - O(lg(k-s)/1g((k-5)/q"))+g-
O(((k-5)/q")- (g (k- s)/1g((k - s)/q)")), for computation and communication respectively, where
¢' = min {q, (k- s)/2}.

[Stage 4] A balanced d-ary tree is constructed over the & = [([VN] +1)/s] buckets (ranges) induced
by the k — 1 sorted splitters that evenly partition the sample.

[Analysis of Stage 4] Let d = 2 [(N/q)*], for some appropriately chosen constant 0 < a < 1 to be
specified later. In order to simplify the exposition we assume that k is an integral power of d — this
assumption can be removed without affecting the asymptotic analysis of the algorithm. The balanced
d-ary tree construction proceeds as follows. Let { be an arbitrary level of the tree. We define every
d-th item of level | of the tree to be a pivot item. The construction of the balanced tree proceeds
from the leaves to the root as follows. For each level { of the tree, level [ — 1 is constructed by only
considering the pivot items of level I. Since the height of the tree is [log, k] the construction takes
[log, k] phases, of which [log, g] phases are non-local (require inter-processor communication). Each
such phase requires time O(d) and L + g - O(d) for computation and communication respectively.
Since the overall cost of local computations is bounded above by O([k/q]), this stage requires overall
time O({k/q]) + O(d - logyq) and L - [log, q] + g - O(d - log, q), for computation and communication
respectively.

[Stage 5] Each processor decides the position of every item it holds with respect to the k —1 splitters,
by way of multi-way searching.

[Analysis of Stage 5] This stage is realized by employing the algorithm implied by proposition 2.9.2.
Given that the height of the balanced d-ary tree of stage 4 is log, k we obtain that this stage requires
time log, k - ey (IV, q), where 7 = cgpep - lg d in proposition 2.9.2.

[Stage 6] The input items are redistributed according to their bucket destination.

[Analysis of Stage 6] The process of this stage is equivalent to integer sorting in the range
[0,1,...,k — 1], and therefore, requires time Craz_srt(N,k,q) and L+ g - O(N/q) + Mraz_ors(N, k, q),
for computation and communication respectively.

[Stage 7] Recursively sort each of the k buckets generated in stages 1-6. If ¢/k > 1, then each bucket
is assigned [q/k] (or |g/k]) consecutive processors; otherwise each processor is assigned [k/q] (or

lk/q]|) consecutive buckets.

[Analysis of Stage 7] The depth of the recursion is m < [lglgn] (refer to claim 2.6.3). In the
remainder of this analysis, we assume that either q/k or k/q is integer valued. This assumption can

be removed without affecting the asymptotic analysis of the algorithm.

end

12The choice of the optimal merge-sort algorithm of section 2.6.7 is not essential for realizing the required optimal time
bounds. A tighter analysis reveals that even a sub-optimal sorting algorithm, such as bitonic-sort, is sufficient for achieving

optimality.
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Analysis The correctness of the algorithm follows from its description. We proceed by establishing upper
bounds on the computation and communication requirements of procedure RND_SORT. We start by
showing the following bound on the maximum number of items n(j) Per bucket in the j-th recursive call

of the algorithm (in the subsequent analysis the j-th recursive call is denoted by the subscript notation
(j)). We assume n(g) =n.

Claim 2.6.2 Let w, be any function of n such that w, = Q(1). Let m be the depth of the recursion of
procedure RND_RECURSIVE_SORT, and consider integers n, n(;) and any § such that ng; > 1g'8'8™ n and
1<é < (lglgn —1)/2. Then, in the j-th recursive call, 1 < j < m, for any constant p > 0,

_ 1 : 2_1/2j—1 . 2 —
Pring) < L+ 0@ nif? - [igfn] 421+ 0@) [1gfn] '] 21— nete s On a2,

where e = 1/(m - [w, ).

Proof Consider an arbitrary recursive call j of procedure RND_RECURSIVE_SORT such that ng;) >
1g'8'8" n. By definition, the number of buckets generated in the j-th recursive call is kj) = (L] +
1)/s]. Thus, by way of lemma A.2.2,fore = 1/(m-{wy,]), k = k(;) and s = Mg’ n], in the (j+1)-st recursive
call, we have that n(;11) < [(1+0(¢€)) - (n¢) — k() +1)/k(;) 1+ 1, with probability 1 - n=ple’ Tt/ (mefwal)®
for any constant p > 0. By substituting in this inequality, for k¢;) = [(|,/n)] + 1)/s], we obtain that
ni+y < (1+0()) - (s /agGy +2- s?). By way of an inductive argument on j, we therefore obtain that

in the j-th recursive call,
g < (L+0E)> V¥ all? 2777 12 (14 0()? - 5,

where n(g) = n. By substituting in this expression for ngy = n and s = ﬂg‘s n] we obtain the stated
bound. O

Hence, we conclude the following on the depth m of the recursion.

Claim 2.6.3 Consider integer n and any § such that 1 < § < (Iglgn — 1)/2. Then, the recursion in
procedure RND_RECURSIVE_SORT has depth

lrlglgn g (lg (max{lglglgnn, %}) —(2-6+1) Iglgn — omﬂ .

Proof Let m be the depth of the recursion. From the discussion of claim 2.6.2 we have that in the j-th

recursive call,

ny < 0@V gl - #7VPT 2 (1 0()?

where ngy =n, e = 1/(m- [we]) and s = [lg’ n]. Then, for j < Ign, we obtain the following bound.

e < (1+ 0@Vl 7P 42 (14 0() -5 = 0(1) - nt/P g® TR (22)

Additionally, for all j such that j < m, by way of stages 1 and 7 of procedure RND_RECURSIVE_SORT,

we also have that
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n(;) > max {lglglg" n, %}

By combining the previous observations and solving the following equation (with respect to j)

max {lglglgn n, %} =0(1) - nt/? -lg(z"H’l) n,

we obtain the stated upper bound on the depth of the recursion. O

We proceed by deriving upper and lower bounds on the number of items per processor at the j-th
recursive call. Let parameters n(;), q(;) and k(;) denote, respectively, the number of items, the number of
processors, and the number of splitters in the j-th recursive call of procedure RND_RECURSIVE_SORT.

Initially, n(o) = n and gy = p. In the (j — 1)-st recursive call of the algorithm ¢(;_,) processors are
assigned to each bucket. In the next recursive call, k;_;) — 1 splitters are selected that split the buckets
into k(;_1y further sub-buckets and q(;) = q(;1)/k(j—1) processors are assigned to each such newly formed
sub-bucket. Although in general we have that q;;_1) > k(;_1), it is, however, possible that in the last
recursive call to have q;_1) < k(j-1)-

By way of claim A.2.2, for e = 1/(m-[wy,]), we have that n(;11) < [(1+0(e))-(n) — ki) +1)/ ki1 +1,
with high probability, and therefore, we conclude that n;qy < (1+ O(e)) - (n()/k;)) + 2. Similarly, by
way of claim A.2.1, we have that ng1) > [(1 - O(¢)) - (n() — k¢ +1)/k(;)] + 1, and thus, we conclude
that n¢j1y > (1 — O(€)) - (n(;)/k(;))- We proceed by establishing upper and lower bounds on the ratio
n()/40)-

Since n(j11y < (1+0(€)) - (ng)/k¢;y) +2 and q(jy = q(j—1)/k(—1), we have that n(;) /q) < (1+0(e))-
n(-1)/(4G) - k-1) +2/4), and therefore, n(;)/q(;) < (L +O(€)) - n(j-1)/d(j-1) + 2 kj-1)/4(5-1)- The
latter recurrence relation gives that

1
. . ok
20 < (14 0@E) 22 +2. Y (1+0() =

i=

By way of stages 1 and 7 of procedure RND_RECURSIVE_SORT, it is true that k(;) < g(;), except possibly
for the last recursive call. Additionally, for all j < m, we have that (1 + O(e))?*~* = O(1). By way
of claim 2.6.3 we have that m < [lglgn] and we thus conclude that for all j such that k¢;y < g(;) the
following inequality holds.

(€l <1+ 0(5))j~7} + O(lglgn). (2.3)
9) p

Similarly, for all recursive calls, except possibly for the last one, we can prove a corresponding lower

bound. Since ng41) > (1 — O(e)) - n)/ki—1) and q¢;y = qj-1)/k(j—1), we conclude — using arguments
similar to those employed for the derivation of the upper bound - that for all j such that k¢;) < g(;) the

following inequality holds.

2D > (1-0()) 2 - 0(lglgn). (2.4)
{)) P
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The former analysis applies to all but (possibly) the last recursive call, since kim—-1) 2 qm—1) 18
possible. The following analysis handles the case k(m-1) = q(m—1)- In the last recursive call, we have
k(n—1) buckets and q(m-1) Processors. Each processor is assigned k(m—1)/q(m-1) buckets. Since n(,,) <
(1+0(¢)) "N(m-1)/k(m-1) + 2, the size of all k(m—1)/4(m-1) such buckets on any one processor is at most

M) - (k‘(m_l)/q(m_l)) < (1+0(8) ' npm—1)/d(m-1) + 2 k(m-1)/q(m—-1), which by equation 2.3 is bounded
above as follows.

K(m—1)

T(m) -

ki _
<A+0@E)™ 2 +00glgn) +2- =l (2.5)
A(m—1) D d(m—1)

Similarly, a corresponding lower bound can be derived.

k(m——l)
d(m-1)

Mom) - 2 (1= 0™~ - Ollslgn). (2.6)

We next derive an upper bound for the term k(m—1)/Q(m—1). By definition, we have that kim-1y =

| (L\/?m-1y) + 1)/s], and thus, km-1) < (/(m-1) + 1)/s. We also have that ng, < (1+ O(e)) -
Nim—1)/km-1) + 2. Since nj11y < (1 + O(g)) - niy/kGy + 2 and kgn_2y/qm-2 < 1, we obtain by
equation 2.3 the following bound.

k(m~1) < (\/n(m—l) + 1)/8

Um-1) —  dm-2)/km—-2)
(\/(1 + 0(5)) ) (n(m—Z)/k(m—-2)) + 2+ 1) : k(m—2)
S q(m—2)

O(v@@+ﬂﬁﬁj'

By substituting in equations 2.5 and 2.6, for k(m_l)/q(m_l), and since (14 O(g))™ = (1 + O(1/wy,)), we
obtain the following bounds respectively.

n n Viglgn
N(m) - frackim—1)qm-1) < (1 +O(1/wy)) - ; + O(lglgn) + O (\/p e + . ) (2.7)
and
-1 n n VEER
w2 (1= O(Lwn)) - = = Ollglgn) = O <\/p 5+ ) . (2.8)

This analysis completes the separate examination of the last recursive call of the algorithm. We next
establish the time complexity of stage 1 of algorithm RND_RECURSIVE_SORT. We distinguish two cases.

Case 1 If ¢ = 1, then the k(n_1)/q(m~1) buckets assigned to processor p; are sorted by way of a deter-
ministic sequential sorting algorithm. Each such bucket can be sorted in time c. - n(m) - 1g 1) for a
total time of ¢y - n(m) 18N (m) - (k(m-1)/4(m-1))- An upper bound on N(m) (k(m—l)/CI(m—l)) 1s given
by equation 2.7, and therefore, we obtain the following bound on the time complexity of this step.
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k(m— gl
Co my lgnpmy - 2D < o a1 0EeN™ - 40| 1el nrp gen)).
(m) 18y - < ( () 5 TO\lglgn+ e 1gn(m)-
By equation 2.2 we have that N(m) = O(n'/2" .1g%%%1 n). Additionally, by way of claim 2.6.3, we
have that lgn/2™ <l1g(n/p)+ (2-6 + 1) -lglgn + O(1). Hence, since (14 O(e))™ = (1+ O(1/wy)),
s = [lg°n] and & > 1 we obtain the following bound.

km-1) _ c. ( 1 n n
Cx * Tmy - 18 Ty - <= (1+0(=)) - 2agnto(s- (™ . |
) BT Gy = 2 (wn)) p T ( (pﬂglgn) lglgn>

Case 2 If ¢ # 1 and N < 1g'€'8" 5 then the single bucket assigned to processors p; through p,, is sorted
by way of a BSP adaptation of bitonic-sort sort [22]. Each processor is assigned a segment of the
single bucket of size n,,,)/ d(m)- Each such segment can be locally sorted in time c, - (n(m)/A(m)) -
lg (N(m)/q(m))- Since | # u we have that k(m) < q(m), and therefore, by equation 2.3 and the fact
that n,,) < lg1g lgn n, we obtain the following bound on the time complexity of this local sorting
step.

(m) 1, M)
q(m) d(m)

< ((1 +O(e))™ - % +O0(lglg n)) g n(m)

< ((1 + O(e))™ - ;—; + O(lg lgn)) glg®n

= 0 ((% +lglgn) 1glg? n) :

Finally, by way of proposition 2.3.1, the BSP adaptation of bitonic-sort sort algorithm requires time
at most [lg (Ig' 6" n)] - Toen (|1g* '™ 0, 16" '™ 1/ (m) [ 9(m))1)-

We complete the examination of stages 1-7 of procedure RND_RECURSIVE_SORT, by deriving upper
bounds on Z;"Z_Ol lgq¢j) and Z;"z_ol lgk¢jy. In particular, by way of claim 2.6.2, equation 2.2, and the
fact that q(;) < n(;y, we obtain the following bound.

m

~1
Z lgqy = O(lgn +6-m-lglgn). (2.9)
=0

J

We next derive an upper bound on Z;-”:_Ol lg k(;). By definition, k¢;y < (,/m;) + 1)/s, where s = g’ n],
and by way of the analysis of stage 1, ng;) > 1g'8'8™ p, for all 5 < m. Thus, we obtain the following bound.

m—1 m—1
> lgky < lg(vaG) +1) —m-lgs
el 1.5
S s I 41

lg\/@-l-w—n—m-lgs.

LY
]
=
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In the aforementioned bound we claimed inequality lg (x 4+ y) < lgz + 1.5 (y/z) which holds by way of
log (14 ) <z, for any 2,y > 0 [40]. The first term can be further bounded, by claim 2.6.2, as follows.

m—1

1
Z lg/nGy <m-lg(1+ 0(e)) + (1 — %> lgn+m-lgs+m?2.
Jj=0
By combining the previous inequalities we obtain the following bound.

m—1

> lgkg) < (1 - 51;) gn 4+ O(m?). (2.10)
j=0

By summing up the computation and communication requirements of procedure RND_RECURSIVE_SORT
and setting @ = 1/2 in the analysis of stage 4 we obtain the desired time bound. The bounds on ni/a;),
> ;189 and ) ;18 k(j) follow from equations 2.3, 2.9 and 2.10 respectively. The probability bound
follows from the analysis of stage 2 and claims 2.6.2 and 2.6.3 (for constant 6 > 3).

The proposition follows. O

Remark A tighter probabilistic analysis reveals that the success probability of the algorithm implied in
the aforementioned proposition can be shown to be

1-0 (n—p-(n/p)-lglg2 n 4 el n/(m-fwnT)Q) :

for any constant p > 0.

Proof (of theorem 2.6.5) Let w, = w(1) and w, = O(lgn). Then, the theorem follows from propo-
sition 2.6.4 by substituting for Trways Trdz_srt; Totn, Theast and Typs the corresponding expressions in
propositions 2.9.2, 2.4.1, 2.3.1, 2.1.2 and 2.1.4, and letting ¢ = 2 in these expressions. O

2.6.7.1 Improving Randomized Sorting

We note that not only can the bounds given above be expressed in a variety of ways, but also the algorithm
itself leaves room for several improvements. As stated the algorithm sorts the sample of size VN by
employing a BSP adaptation of a sorting algorithm of [167]. In most circumstances its performance
can be improved by any one of several methods. For example, the sorting could be performed by a
more efficient randomized parallel algorithm [75]. We also note that the recursion may terminate for
smaller values of N than 1g'®'8™n. Then, if we terminate the recursion for all N such that N < 1g° n,
for any B = o(lglgn), the contribution to the lower order terms of bitonic-sort algorithm is O((n/p) -
(3% 1glg? n)) rather than O((n/p) - g lg*n). This improves the asymptotic performance of the algorithm
whereas at the same time affects the probability of success insignificantly. The random sample selection
in stage 2 of algorithm RND_SORT can also be realized with higher probability by utilizing integer sorting
techniques. Furthermore, the analysis of the ordered h-level graph algorithm can be improved by taking
into consideration that the underlying structure is a d-ary tree, and that the queries progress in a balanced

fashion through the tree.
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2.6.7.2 Implementation and Experimental Results

In this section we discuss a. BSPIib implementation — in C - of a generalized variant of the optimal sorting
algorithm of section 2.6.7.

Implementation The prototype adopted for the BSPIib sorting procedure is outlined in figure 2.36.

void BSP.rnd_sort (byte *src, byte *+trg, int n, int sb, void (*merge)(), void (*sort)(), int (*cmp)()) ;
src — wnput array.

trg — output array.

n -~ input size.

sb — item size.

merge — generic merge function.
sort — generic sort function.

cmp — generic compare function.

Figure 2.36: Procedure for BSP randomized sorting.

The aim of function (procedure) BSP_rnd_sort is to provide a data-type independent high-performance
BSPIib sorting algorithm implementation.!3

Experimental Results The theoretical performance of the algorithm is summarized in theorem 2.6.5.
To determine the practical significance of the aforementioned result we benchmarked our implementation
(BSP_rnd_sort) on two different machines with a varying number of processors and input sets (consisting
of uniformly distributed integer valued items — unless otherwise indicated). Figures 2.38 and 2.40 present
the execution time of procedure BSP_rnd_sort on the two machines (using as the underlying sequential
sorting algorithm merge sort) — figure 2.37 reflects the execution time (%) of procedure BSP_rnd_sort with
respect to its constituent phases. Similarly, figures 2.39 and 2.41 expose the efficiency of the corresponding
timing results.

As shown in figures 2.38 and 2.40, the execution time of procedure BSP_rnd_sort using a fixed number
of processors scales with the input size (approximately as n-lgn). Accordingly, the execution time of pro-
cedure BSP_rnd_sort for a fixed input size scales inversely with the number of processors (approximately
as 1/p). Both experimental results are in accordance with the theoretical analysis of section 2.6.7. In

terms of efficiency, procedure BSP_rnd_sort utilizes approximately (within a 5%):

= 80%-90% of the available processor resources on the SGI Power Challenge machine (for small

problem sizes),

- 95%-100% of the available processor resources on the SGI Power Challenge machine (for large
problem sizes),

- 85%-95% of the available processor resources on the Cray T3D machine (for small problem
sizes), and

- 95%-100% of the available processor resources on the Cray T3D machine (for large problem

sizes).

13The terms generic and data-type independent imply that procedure BSP_rnd_sort can be employed to handle any data
type. To this end, a comparison function cmp is used to facilitate the comparison of two elements e; and es. In particular,
the cmp function returns 1, 0 or -1 depending on whether e; is greater, equal or smaller than e».
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Our main result is summarized in the following theorem.

Theorem 2.6.6 There erists a p-processor CREW-BSP (BCAST-BSP) algorithm for sorting a multi-
sret of size n that for all integers n and p such that p = O(n), requires time O((n/p) - lgn) and L -
O(lgn/lg (n/p)) +g-O((n/p) - (g n/lg(n/p))), for computation and communication respectively.

The proof of the aforementioned result is diverged to the end of this section. The remainder of this
section is devoted to the proof of a number of technical results. Then, theorem 2.6.6 follows easily as a
consequence of these results.

It the remainder of this section we address a slightly more general problem than sorting; its solution
provides with a time optimal CREW-BSP sorting algorithm. The general formulation of our algorithm is
as follows. Let T be a complete balanced k-ary tree such that each leaf node contains a single input item
drawn from a linearly ordered set. For simplicity, suppose that n is a power of k = max {2,[Vn/p]}, and
that all the items are distinct. Both assumptions can be removed without affecting the asymptotic time
analysis of the algorithm. Let v be an internal node of T. We consider the problem of determining, for
each internal node v, the non-decreasing sequence S[v] that contains all the items initially stored at the
leaves of the sub-tree rooted at v. Hence, for the remainder of this section we assume that T is a, k-ary
tree such that at most one item is stored in each leaf node and every internal node has exactly k children.
Our goal is to determine S[root(T)].

Our k-way merge-sort algorithm employs a pipelined divide-and-conquer strategy similar to that of
the merge-sort algorithm of [47]; that is, S[v] is determined over a number of phases such that, at phase [,
Ui[v] (a non-decreasing subset of S[v]) is an approximation of S[v] that is improved at the next phase [+ 1.
Simultaneously, a sample of U;[v] is propagated upward for producing approximations of the sequences to
be generated at higher levels.

We next describe the algorithm for generating Uj[v]; later, we provide a correctness proof and an
analysis of the resources required. Initially, Up[v] is empty if v is an internal node of T, and contains
exactly one item if v is a leaf node. We define alt(v), called altitude of node v [119], to be the length of
the path from v to any leaf node (recall that T is a complete balanced k-ary tree, and therefore, all the
leaves are on the same level). The algorithm realizes a sequence of phases, at each phase [, constructs
a new approximation U;{v] of S[v] for each active node v € T. We say that v is active during phase [ if
alt(v) <1 < 3-alt(v). A node ceases being active when [ > 3 - alt(v); later, we show that if I = 3 - alt(v)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>