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Abstract

In this dissertation the subject of stability of stratified two-fluid flows in an
inclined channel is examined and modelled using classical fluid dynamics.
The problem is motivated by the consideration of oil-water flows through

a Venturi flow meter in the oil industry.

A background to both inviscid and viscous instability theories are given.
An inviscid approach to the problem is undertaken and conditions for the
onset of instability in the flow are derived. These conditions involve den-
sity contrast, Richardson number and critical slip velocity. Furthermore
it is shown that a stable flow in an inclined channel may be made unstable

by a small enough constriction.
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Chapter 1

Introduction

Stratified flows occur in many fields of science and a range of industry. Characteristic
examples include the cooling of molten metal with water, oil and water flows in the oil
industry, even dolphins swimming - the dolphin emits lubricating fluid which acts to
reduce its hydrodynamic drag. We shall be concerned with the production of oil from
subsurface reservoirs where oil and water are both extracted as part of the production
process. The stratified mixture is pumped through pipes to the surface. For the
purposes of maximising the oil yield from a particular oil reservoir it is important to
know the relative flows of oil and water from different areas of the reservoir. These

measurements are made in near-horizontal pipes at the bottom of the oil well.

To carry out this work Schlumberger Cambridge Research (SCR) have developed a
Permanent Downhole Flow meter consisting of a Venturi flow meter similar to that

shown in Figure 1.1.

The Venturi flow meter accelerates the flow at the constriction (backward-facing step)
and there is a drop in pressure at this constriction. The fluid flow then slows through
the diverging section and the flow downstream of the backward-step is unstable as
can be seen from the experiments and numerical simulations. Schlumberger know

that the total mass flux per unit area through this flow meter, ()7, is given by

QTot =k V pmmApa

where AP is the pressure difference across the backward-facing step, pi. is the “av-
erage” density, and k is a constant of proportionality. As Schlumberger are interested
in the value of this flux for the purposes of production optimisation, as mentioned

above, SCR need to be able to measure p,,;,, and in order to do so a gamma-ray source



and detector are placed downstream of the Venturi flow meter. For an accurate mea-
surement to be made the flow must be well-mixed at this point. The stratified flow
in the pipe is stable but the presence of the flow meter causes an instability in the

flow and hence the mixing of the oil and water.

Thus our task is to analyse, and understand, the conditions that make the stratified
two-fluid flow in the Venturi flow meter unstable. The aim of this dissertation will be
to set up stability analysis models of stratified flow in order to derive the conditions for
instabilities to occur. These conditions will involve critical flow rates and Richardson

number dependence.

Throughout this dissertation we shall make use of Squire’s Theorem, which is stated

below.

Squire’s Theorem. 1.1 To each unstable three-dimensional disturbance there cor-

responds a more unstable two-dimensional one.

As Schlumberger wish the flow to be unstable we are interested in finding a lower
bound on the conditions for instability and consequently, thanks to Squire’s Theorem,

we may restrict our attention to two-dimensional disturbances.

Figures 1.2 and 1.3 have been obtained from a direct numerical simulation of the flow
through an axisymmetric Venturi flow meter. Discussions between ourselves and Dr
John Ferguson, together with figures 1.2 and 1.3 in particular, suggested the following

possible instability mechanisms:

1. Looking at figure 1.2 we see that the interface becomes wildly unstable down-
stream of the forward-facing step. It seems feasible that the flow could be
stable with respect to the backward-facing step but unstable with respect to

the forward-facing step.

2. The flow may develop Kelvin-Helmholtz instabilities in the constriction, since
there is a greater velocity difference at the interface in the constriction than in
the main pipe due to the faster flow in the constriction. These instabilities may

then become magnified in the diverging channel and by the forward-facing step.

3. Figure 1.2 indicates that the first breakup of the interface appears in the ex-
panding channel and it is possible that the interface becomes unstable in this

section of the Venturi.
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Figure 1.1: A Venturi flow meter.

Figure 1.2: A snapshot in time of oil (red) - water (blue) volume fraction.

Figure 1.3: A snapshot in time of mixture axial velocity (m/s).



4. Figure 1.3 shows boundary layer separation at the walls near the start of the
expanding channel. This leads to a shear layer in the flow that does not coincide
with the interface. The Kelvin-Helmholtz instability of this shear layer could

possibly drive instabilities and mixing at the interface.

In this dissertation we shall be mainly concerned with investigating mechanisms 2
and 3.

1.1 A Background to Viscous and Inviscid
Stability Theory

Hydrodynamic stability has been at the centre of fluid mechanics for over a century.
The work in this area was first addressed in the late nineteenth century by Kelvin,
Helmholtz, Rayleigh and Reynolds. The early work of these key mathematicians and
the progress made by others over the next one hundred years is well-presented in
Drazin and Reid [4], Batchelor [3] and Acheson [2]. Much of the work on the stability
of two-fluid flows was carried out in the 1960’s by Yih [15], Thorpe [13], [14], Kao
[9] and Drazin [5]. In [15] Yih shows that viscosity stratification can cause instabil-
ity; Thorpe analyses the conditions for the onset of Kelvin-Helmholtz instabilities in
flows with shear at the interface in [14], while in [13] he carries out experimental work
producing instabilities in stratified flows; Kao investigates the stability of flow down
an inclined plane for the case of a stratified fluid system consisting of two layers of
viscous fluids with different densities in [9]; and in [5] Drazin considers the stabilis-
ing effect of density stratification on the horizontal shear layer between two parallel
streams of uniform velocities.

In Appendix A we shall describe the background to both the viscous and inviscid

instability theories, much of which comes from the authors mentioned above.

Since the Schlumberger problem involves a turbulent flow the boundary layers will
not grow to fill the entire channel. Hence we are left with a base profile that is not
fully developed and we therefore propose that, since any shear or boundary layers

remain thin, an inviscid approach to the stability problem is more relevant.



Chapter 2

Instability of accelerating flow
down an inclined plane

The presence of shear leads to Kelvin-Helmholtz instabilities which are characterised
by the growth of waves at an interface between two fluids. In this chapter we shall
develop a theory to predict the conditions for the onset of Kelvin-Helmholtz instability
of an accelerating flow in a channel. The work here closely follows that of Thorpe
[14].

2.1 Problem Formulation

We will consider the stratified flow in an inclined channel as shown in figure 2.1, with
axes X = ()? , 57) as shown. The upper fluid has density p,, depth h, and pressure
P4, and the lower fluid has density p_, depth A_ and pressure p_. The two immiscible
fluids are separated by an interface at Y = 0. We shall analyse the stability of parallel

base flows of the form

~

@i(‘)?a?v?) = (aﬂ:(i}? )70)

The two fluids are initially pumped at velocities (Up,0) where Upy are constants.

The Euler equations that govern the flow of the inviscid fluids can be written in the

form

A~
~

e 7 A VA J L, v/ 2.1
ot @i _> AT G 21)

where g = —g(sin 6, cos 0).

To begin with we non-dimensionalise with typical flow speed Uy, fluid depth A, and



density p, by writing

uy = Uoptuy,
X = h—‘ria
ﬁ:l: = P+ U()Q—l—pj:’
~ h
t = ——t
Uo+

Next we incorporate the hydrostatic pressure directly into pressures p. by writing

hig
pr = pi+ (Xs1n9—|—Ycos€)
Ugy

h
p. = p- —|—ULg(XSIHQ—l-YCOSQ)—|—RZ(XSIH9+YCOSQ)
0+

where the non-dimensional parameter Ri, the Richardson number, is given by Ri =

<Z—; - 1> gg—g. In this way we obtain the following non-dimensional governing equa-
tions
0 = %p; (2.3)
0 = i%]; (2.5)

where the non-dimensional parameters, r, §, 3 and Ri, appearing in the problem are
deﬁnedbyr:p;,dzz;,ﬁ:w’; Ri = (P_—_1>9h_+.
P+ + P+

Uoy? U02Jr
2.1.1 Determination of the base velocities

Equations (2.3) and (2.5) say that pL are functions only of X and t. Consequently
%L; are functions only of X and ¢. But, since uy are functions of Y and ¢ only, then
from (2.2) and (2.4) we deduce that 8” £ are functions of ¢ only and consequently u4

are also functions of t only.

The pressure condition at the interface between the fluids gives py =p_ at Y =0 in

dimensional variables and so in non-dimensional variables we have

Pt —p— + Ri(Xsinf+Ycosf) =0 on Y =0. (2.6)



From this pressure condition (2.6), and the fact the pressure gradients are functions

of t only, we see that the difference in the pressure gradients is equal to Risin#,

Opy  Op- o
X X + Risinf = 0. (2.7)

Integrating (2.2) and (2.4) with respect to t, and using the fact that uy = 1 and
_ = at t =0, we find that the fluid velocities may be written

_ Op+
up(t) = 1—/0 St (2.8)
t op_
u_(t) = 5—; 0 aixdt (2.9)

Now, since fluid must be conserved in the flow, the total volume flux of fluid at time

t must equal the volume flux at ¢ = 0 and so

/01 o (£)dY + /Z w ()Y = 14 55, (2.10)
Now (2.7), (2.8), (2.9) and (2.10) give
/ Wy = O pising (2.11)
40
0 gi)gdt _ rf(iRi sin 6. (2.12)

And so from (2.8) and (2.9) we obtain the base velocities

b

uy = 1—|—T+5stm9, (2.13)
t

u_ = ﬁ_r—i—éRiSine’ (2.14)

which we will now denote by U, and U_ respectively.
We assume the flow is irrotational and therefore define velocity potentials & (X, Y, )
such that u, = V®,, and as is usual we introduce small disturbances to the base

flow by writing

where € < 1. Similarly we introduce a small perturbation to the interface by writing
Y =es(X,t).



2.1.2 Governing Equations

The perturbed velocity potentials ¢4 (X, Y, t) satisfy Laplace’s Equation
V¢, =0. (2.16)

Equations (2.16) are subject to the boundary conditions of no normal flow at the

walls
0o+ _
a—Y = O on Y = 1, (217)
00
a—Y = 0 on Y= —(S, (218)

the kinematic condition at the interface, which says that particles on the interface

stay on the interface

(%—i_yi'z) (Y —es(X,t)) =0 at Y =es(X,1), (2.19)

and the dimensional pressure condition at the interface, which says that the difference

in pressure across the interface must equal the stress induced by surface tension (see

[7])
Py —p- =27k at Y =es(X,1), (2.20)

where v denotes the surface tension between the two fluids. We linearise (2.19),

expanding about Y = 0 and discarding terms of O(e?),

dpL  Os 0s B

and (2.20) becomes (see Appendix A for details)

0%s
‘x>

p+—p+Ri(Xsin6—|—Ycos€):a( +O(€2)) at Y =0, (222

in non-dimensional variables, where the non-dimensional parameter o is defined by

- _
0’ = —_——1

p+hiUs
unsteady irrotational flow

. The non-dimensional pressures are given by Bernoulli’s equation for an

0P 1
p++ 8—t+ +3 VO, |* = A (D), (2.23)
1 b 1 )
-t g VO_[" =A_(1), (2.24)



where A, are arbitrary functions of t and we shall take them to be zero without loss
of generality. Now we linearise (2.22), with pressures given by (2.23) and (2.24), and

we have to first order

oU_ 1 oU. 1 o

which, because of the base flows (2.13) and (2.14), implies that

r= % (2.26)
And linearising to O(e) we obtain
P Op_\  (0¢+ 9o : s
r( T +U_8X) ( BT +U+8X —i—stcos@-aaXz. (2.27)

Equation (2.26) tells us that given the density stratification and one fluid velocity the
other fluid’s velocity is fixed by the flow.

2.2 Solution

In this section we shall solve the equations (2.16), (2.17), (2.18), (2.21) and (2.27).
We suppose that the disturbance to the interface, s(X,t), takes the form

s(X,t) = n(t)e™,

where k is the wavenumber (so a general solution can be found by superposition) and
that
by = Pi(t)coshk(Y — 1)e*, (2.28)
¢_ = P_(t)coshk(Y + )X, (2.29)
to satisfy (2.17) and (2.18), the real parts of the right-hand sides being understood.

Then, it may be shown (see Appendix B) that the solution for s, the disturbance to

the interface, is given by

s(X,1) =R {N(T)ei<kx+ct+dt2>} , (2.30)



where 7 = \t,

1
L _ | 2kRi sin O(rT.T_)2 (1 4 0) | (2.31)
(4 0)(Ts +T)
T/BT+ + T
= —k|———7+7 2.32
¢ { 7T, + T 1 ’ (2:32)
kRisin® |[6T_ — T
d = —_— 2.
2(r +9) |:7’T++T_:|7 (233)
T, = tanhk, (2.34)
T_ = tanhkd, (2.35)
and R indicates that the real part is to be taken. N(7) satisfies the equation
&N 1 ,
_ - N = 2.
472 {a + (T +b) } 0, (2.36)

where

o — Zlok+ Ricost(r+ §)(ILT) (2.37)
2Risinf(1 + 0)r2

1
2

KOOI | (2.38)

(rTy +T_)Risin6(1 +9)

We note that as r > 1 (since otherwise we would be in the trivially unstable case of
heavy fluid above light fluid), 5 < 1 by (2.26), and so b > 0. Now if we put 7 =745
then

>N 1
5 <a + Z#) N =0, (2.39)
=

and (2.39) is a standard form of the equation for the parabolic cylinder function -
see Abramowitz and Stegun [1]. Two linearly independent solutions, U(a,7), V(a, )
are known. For a < 0 as is the case here, U is bounded and oscillatory for all 7 > 0

and tends to zero as 7 tends to infinity, whilst V is oscillatory and bounded for

7 < 24/(—a) and increases monotonically for 7 > 2./(—a).

So the flow is stable as long as 7 < 24/(—a) Vk, i.e. as long as (7 +0)? < —4a Vk.

The condition is equivalent to

U (t) —U_(1) < [ak i 0059} [TT+ + T

. ] Vk. (2.40)

r

10



And so the flow becomes unstable if

(2.41)

U.() — U (1) > mkin{ [ak L 2"89] [TTfT—] } |

The first wavenumber to become unstable, k., is that value of k that minimises the
right-hand side of (2.41). The time, t., that the flow becomes unstable to perturba-
tions with this wave-number is the earliest time that the two terms in equation (2.41)
become equal.

Therefore we have shown that, for a given fluid stratification and inclination angle, a
shear of a certain magnitude can be supported. When the velocity difference becomes

large enough the interface becomes unstable.

2.2.1 Deep Fluids

In this section we shall look at the limit h. = h, — oco. We are forced to re-
dimensionalise as when we take the limit A, — oo there is no representative length

scale in the problem. If we now write

uy, = Uptuy,

~ 1

Fo= —k
hy

where the hat variables represent the variables in the dimensional co-ordinate system,
and take the limit o = h, — oo then the condition for the flow to be unstable, (2.41),
becomes

[(7+(t) - (7_<t)r > min { {vm - = p%)gcose} [”;fpf’*} } L (242)

So for deep fluids (2.42) says that the flow becomes unstable at the earliest time, .,
that the magnitude of the shear is such that

~ ~ 2 1| p-+
0.0 0-0] > 21t - podgeosot | =202 (2.43)
P+P-
and the first wavenumber to go unstable is given by
_ 3
b — {(p p+)90089} ' (2.44)
f‘)/

(2.43) and (2.44) are both in agreement with Kelvin [10], who showed this for the

case 0 = 0.

11



2.2.2 Instability in the constriction

Looking at (2.41) it seems possible, since a constriction would accelerate the flow
and therefore increase the square of the velocity difference (slip velocity) across the
interface, to have a geometry, such as in figure 2.2, where the flow is unstable in the

constriction but stable elsewhere.

Now since fluid must be conserved, both above and below the interface, the volume

flux must be constant in both fluids and so

U1+h1+ == U2+h2+, (245)
Ul_hl_ = Ug_hg_. (246)

We shall discuss the special case where the interface is in the centre of the pipe. Then,

hq_ ho_
hiy oy ( )
We also note that
Ui+ hoy
— = < 1. 2.48
Uor o (2.48)

Since we require the flow to be stable before (and after) the constriction, we have

Riy cos 9} [rT+ - T] }

(2.49)

(U (t) = Ui_ (1)) < min { {alk +— .

The non-dimensional parameters, o1, 09, Ri1, Ris, used in this section are defined by

v
o o= — 2.50
' p+h Uty ( )
h
Ri, = 9U21+(r—1), (2.51)
14+
fy
oy = — 2.52
’ P+h2+U22+ ( )
h
Riy = 9U22+(r—1). (2.53)
2t

Now from (2.45), (2.46) and (2.47) we find that the square of the slip velocity in the
constriction can be expressed in terms of the square of the slip velocity in the main

pipe in the following way

Uny (1) — Us (8) = (Z—) U (1) — U ()] (2.54)

12



Figure 2.1: Inviscid flow in an inclined channel.
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Figure 2.2: Pipe with constriction.

13



whilst

k r

2 .
ok 4 (h2+> Ri; cosO

. h2—+ . TT+ + T_

(;’lﬁ) min { [alk + Rilgose} {Tﬂ + T} } by (2.48).  (2.55)

14+ k r

mkin { {ng N Riy cos (9} [TT_,_ + T_} }

For a constriction with small enough ff—*, by consideration of (2.48), (2.49), (2.54)

1+
and (2.55), we can now obtain

(2.56)

Ua(t) = Up (1)) > min { [agk + Ri?;ose} {’“Tf T} } ,

and so comparing (2.48) and (2.56) we see that it is possible to achieve the situation
where the flow is stable in the main pipe but unstable in the constriction. Therefore we
have shown that, for the special case 6 = 1, the flow can be made unstable by a small
enough constriction. Indeed it seems reasonable that a small enough constriction

could cause instability even when the interface is not in the middle of the channel.

2.3 Results and Discussion

In this chapter we have derived conditions for the onset of instability in the low and
showed that a small enough constriction can be enough to cause instability in the
flow. From figure 2.3 we can see that larger Richardson numbers are able to stabilise
larger slip velocities in the horizontal case and in the inclined case larger Richardson
numbers are able to postpone the time at which the inevitable instability first occurs.
Equation (2.41) also tells us that for small § the magnitude of the shear that can be
supported does not change greatly and this concurs with the experimental evidence
obtained by SCR. Figures 2.3 and 2.4 have been produced with typical parameters
for oil-water flows in the Venturi flow meter obtained from Schlumberger. These
parameters are 0 = 2.9 x 1073, r = 1.25 and § = 1, we have also picked the case
0 =0.

14
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Figure 2.3: Plot showing how the critical slip velocity varies with Richardson number.
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Figure 2.4: Plot showing how the critical wavenumber varies with Richardson number.
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Chapter 3

Instability in the Expanding
Channel

3.1 Problem Formulation

In this chapter we shall be concerned with the stability of the flow in the diverging
section of the Venturi. As such we shall consider the flow in a wedge as in figure 3.1,
with axes X = ()A( , ?) as shown. Motivated by Jeffrey-Hamel type flow we consider

base flows in the physical plane of the form u = (u,., ug), where uy = 0 and

CE )
i, = : (3.1)
Uy <o.

where U, are both constants. The physical plane has co-ordinates ()A( , ?) We let

Z = X +14Y and then transform the wedge to a channel by means of the following

conformal map

Z = ¢, (3.2)

where Z = 2 + 7. The new geometry is the familiar channel as shown in figure 3.2,
with axes (£,7). The Euler equations that govern the flow of the inviscid fluids can

be written in the form

ou ~ 1 o

ot (209) 8 = ——Vpi + g, 3.3

ot N py . (33)
where g = i (ge£ sin n) and the vector operators are in the new co-ordinate system
and in which i 3 ( 885’ aan ) And so we are now in a very similar position to that

16
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Figure 3.1: The diverging channel.
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Figure 3.2: The new geometry.
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in Chapter 3, with a problem of flow in a channel. Firstly we shall non-dimensionalise

by writing
@i = U—I—Qia
E = OZ+C,
~ a
t = U—it,

pr = prUPL,
where the typical fluid flow speed is U, , density p, and angle ;. Now we proceed
as in chapter 2 and incorporate the hydrostatic pressures directly into the pressures

p+ by writing

. o gea+£ )
b+ = Py + +U2 SlIl(O{+77),
Jr
* a+gea+f . - g€
p— = p_+ sin(ayn) + Rie®+Ssin(ayn),

where the non-dimensional parameter Ri, the Richardson number, is given by R: =

p— _ 1) 9ox
(6 -1) 5
We introduce velocity potentials @, (&, n,t) such that u, = V&,. As is usual in
instability analysis we let the velocity potentials include both the base flow and a

perturbation. So,

q)+<57777t) = 5+€¢+(f,77> t)a (34)
d_(E,n.t) = EB+edp-(&mit), (3.5)

where the non-dimensional parameter, 3, that appears above is defined by § = g—+

We shall investigate the existence of normal mode solutions of the form

G (E,m,t) = fa(n)e*eh), (3.6)

Finally we shall let the perturbed interface be given by n = es(&,t), where € < 1.

3.1.1 Governing Equations
As in chapter 2, the perturbed velocity potentials ¢(&, n,t) satisfy Laplace’s Equation
22@: = 07 (37)

subject to the boundary conditions of no normal flow at the walls, the kinematic
condition at the interface n = es(£,t) and the condition that the difference in pres-

sure across the interface must equal the stress induced by surface tension. These

18



conditions are directly analogous to equations (2.17), (2.18), (2.19) and (2.20). The

non-dimensional pressures are given by Bernoulli

0P 1
p++ 8—t+ +3 VO, |* = Ay (D), (3.8)
TR S )
-t g VO_[" =A_(1), (3.9)

where A, are arbitrary functions of t and we shall take them to be zero without loss

of generality. And so as before we linearise these boundary conditions, ignoring terms

of O(€e?) and find

aé% = 0 at n=0, (3.10)
8@% = 0 at n=0, (3.11)
G_QM% _ % +€—2a+§g_§ at n =0, (3.12)
e—?w&% _ % + 56‘2‘“52—2 at n=0, (3.13)

r (% + 66—20%5%) _ (% + €—2a+§%> + Riea+5a+s

ot 33 ot 13
a ds s
= ge +¢ (a+a—€+8—§2)) at n=0. (3.14)

Also as in section 2.1 we find that the pressure condition yields, to first order,
1
= E’

which tells us that given a density stratification and one fluid velocity the other fluid

(3.15)

velocity is fixed by the flow. We shall investigate small wave disturbances to the

interface of the form
s(€,t) = Ae'he—wt) (3.16)

and in order for ¢4 (&, n,t) to satisfy Laplace’s equation (3.7) and the no flow boundary
conditions (3.10) -(3.11) we take perturbed velocity potentials of the form

bu(Emt) = By coshk(y — 1)), (3.17)
¢_(€,m,t) = B_coshk(n+ )b, (3.18)

19



Then from the linearised form of the kinematic condition, (3.12) and (3.13), we see
that

—ke >+ By sinhk = —Ai(w— ke >*+%), (3.19)
ke >*+*B_sinhkd = —Ai(w— Bke >*+%). (3.20)
Whilst the linearised pressure condition, (3.14), becomes

r (—iw + 5ike’2a+5) B_ cosh ko — (—iw + ike’2a+5) B, cosh k
+ Rie“+*a A = ge +¢ (ag’k — kz) A, (3.21)

where the non-dimensional parameter o is defined by o = p+U72a+. Now eliminating
+

A, By from (3.19) - (3.21) we find that we obtain the dispersion relation
r (w — 61{:6’2&*5)2 coth ko + (w — ke’2a+f)2 coth k — a Rike ®+¢
—oe 3 (kP — ayik?) =0, (3.22)

and we see that w, k£ must be functions of & which at the outset we assumed they

were not. This leads us to examine whether separable solutions exist.

3.1.2 Separable Solutions

We shall seek separable solutions for the perturbed velocity potentials ¢4 (&, n,t), and
the disturbance to the interface s(&,t), of the form

o+(&n,t) = fr(n)me(§ns(t), (3.23)
s(,t) = M(EN(t). (3.24)

Then Laplace’s equation (3.7), along with the boundary conditions of no normal flow
at the walls (3.8), (3.9) and the fact that the velocity potentials must be bounded

functions of ¢ as the flow domain is unbounded in &, tells us that

ms(§) = Aicosk(§—Cy), (3.25)
Fin) = By coshh(n—1), (3.26)
f-(n) = B_coshk(n+)9), (3.27)

where Ay, By, Cy are all constants and k € R.
Now substituting (3.23) and (3.24) into the linearised kinematic conditions (3.12),
(3.13), we find that

e_2a+£ﬂ-m+n+ = MN + e *M'N  a n=70, (3.28)
672a+r€f’_min7 - MN + 6672a+£M/N at =0, (329)
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And so, balancing functions of £ in the terms on the right hand sides of (3.28), (3.29)
we find that M o exp (62a+5) and then it is clear that we are unable to balance the
right and left-hand sides in terms of £ as my = Ay cosk(§ — Cy).

Therefore we can conclude that no unsteady separable solutions exist to the problem

of flow in a wedge.
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Chapter 4

Conclusions and Future Work

In this final chapter we briefly summarise the main results and discuss those extensions

on which we believe further work would be particularly fruitful.

4.1 Summary of Work

This dissertation was motivated by the need to model the stability of oil-water flows
through a Venturi flow meter. In chapter 1 we introduced the problem and its rele-
vance to science and industry. Possible instability mechanisms were suggested with
reference to direct numerical simulations of the flow. In chapter 2 we formulated the
model for the accelerating flow in an inclined channel and derived conditions for the
onset of instability in the flow. From these conditions we showed that the critical
slip velocity is affected by the Richardson number but does not depend strongly on
small angles of inclination. We also showed that a small enough constriction could
cause a stable stratified flow to become unstable in the constriction. In chapter 3 we
looked at the stability problem of stratified radial flow in a wedge and showed that

no unsteady separable solution to the perturbed problem exists.

4.2 Future Work

Whilst this dissertation has examined some aspects of the original problem of strati-
fied flow through a Venturi flow meter, there are others which are still to be investi-

gated.

The work we have carried out in chapter 2, deriving conditions for the onset of
instability in accelerating stratified flow in an inclined channel, predicts that whatever

the value of the parameters in the problem and therefore the critical velocity slip given
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by (2.41), the flow will always become unstable at some time t. This is because we
have not attempted to model the turbulent diffusion processes in the real flow and as
a result our model exhibits no steady state in the inclined cases. These statistically
steady states, in which turbulent diffusion balances gravitational acceleration, are
assumed to exist in practice and therefore it seems at least plausible that it is possible
to set up indefinitely stable inclined flows, if the slip velocity is held below the critical
level as a result of the turbulent diffusion processes. Work should be undertaken to
model this turbulent diffusion process and the stability of turbulent and non-parallel

flows in general.

In chapter 3 we analysed the stability characteristics of radial stratified flow in a
wedge and showed that there were no unsteady separable solutions to the perturbed
problem. More analysis could be carried out in this problem looking for non-separable

solutions.

In chapter 1 we suggested four possible instability mechanisms and so far we have only
looked at two of these. As suggested in the introduction the flow may be stable with
respect to the backward-facing step but unstable with respect to the forward-facing
step. Numerical simulations also indicate that the remaining possible mechanism,
that of shear layers in the flow caused by boundary layer separation in the expanding
channel, is a strong candidate for causing the instability seen in the Venturi flow
meter. These shear layers do not coincide with the interface and the Kelvin-Helmholtz
instability of this shear layer may lead to perturbations in the flow that drive the
instability and mixing at the interface. It would seem that much useful work could

be undertaken in analysing these mechanisms.

4.3 Final Comments

The possible extensions to this work, outlined above, would aid understanding of
the problem of instability of stratified two-fluid flow in a Venturi flow meter. In
this dissertation, however, we have come some way to understanding the problem,
particularly with the possible instability caused by the constriction and the conditions
derived for the onset on instability in an inclined channel involving Richardson number

and critical slip velocity.
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Appendix A

A Background to Viscous and
Inviscid Stability Theory

In this appendix we shall describe the background to both the viscous and inviscid

instability theories much of which comes from the authors mentioned in section 1.1.

A.1 Inviscid Stability Analysis

In this section we consider the flow as set out in figure A.1, with axes X = ()? , SA/)
as shown. The two immiscible fluids are separated by an interface at Y = 0. The

stability of parallel base flows of the form

@:I: = ([7i<?)70)
will be analysed. The upper fluid has density p, and depth h,, and the lower fluid
has density p_ and depth A_.

The Euler equations that govern the flow of an inviscid fluid can be written in the

form
@+(a V)a, = B v o % (A1)
N A p I
i-@Jr = 0, (AZ)
@+(a.@) 0= —LS5 - g, (A3)
or | ) - -
Vi = 0. (A.4)

where @, denote the velocity in the upper and lower layers respectively.
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To begin with we non-dimensionalise equations (A.1) - (A.4) by writing

@j: = UOH;I:?
X = h+£7
P = prUSpL,
t = %t,

where Uy is the typical flow speed, h, the typical fluid depth and p, the typical fluid

density. Next we incorporate the hydrostatic pressures directly into the pressures p

by writing
* h‘+g
Py = p++U—§Y’
. P-hig
p- = P+ ——7Y.
p+ Us

In this way we obtain the following non-dimensional governing equations

du
a—; + (Q.;.-Z) u, = _Zera (A5)
Ju 1
— Vv = —Vp_ A6
m + (u_.V)u_ pAY (A.6)
where the non-dimensional parameter r, the density ratio, is given by r = Z—J‘r.
We now make small perturbations to the base flow and so we write
uy = Uy+ed,, (A.7)
Vi = evl, (A.8)
P+ = P:t + Ep,i, (Ag)

where P is the dimensionless pressure for the base flow, u, = (uy,vy) and € < 1.
The perturbed interface is given by Y = es(X, t).
The equation of continuity allows us to introduce stream functions ¢4 for the per-

turbed flow. So we define v/, = ¥4y, v/, = —ix.

Substitution of (A.7), (A.8), (A.9) into (A.5) and (A.6) gives the linearised equations
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governing the disturbance motion,

ou!, ou, U4 op’,
+ _ _ Al
o TUrox Ty oX (A.10)
o', o'\, Op
BT + U o - v (A.11)
du’_ ou_  ,0U_ 10p_
_ —_— = ———— A.12
o "Uax Ty roX’ (A.12)
ov” ov” 10p_
_ = —= . Al
o PV-ox oY (A.13)
We explore sinusoidal perturbations of the form
Yy = Fo(Y) expli(kz — wt)], (A.14)
P = GL(Y)expli(kx — wt)], (A.15)

where w = w, + iw;, with w; < 0 representing damped disturbances and w; > 0 rep-
resenting growing disturbances. Substituting (A.14) and (A.15) into (A.10), (A.11),
(A.12) and (A.13), and using the stream functions, we find

—kwF, + KU F, = -G, (A.17)
ik

—iwF +ikU_F —ikU' F. = Za, (A.18)
T
1

—kwF_+KU_F. = 7&; (A.19)

where ’ denotes differentiation with respect to Y. Eliminating F' and G produces the
Rayleigh Stability equations
"

U
Fl - | —% 4+ K2 F. = 0 A.20
: LUi—c)* } = =0 (4.20)

where the wave-speed c is given by ¢ = £.
The above equations must be solved subject to the boundary conditions of no normal

flow at the walls and so

F.(1)=0, (A.21)

F (=0)=0, (A.22)

where the non-dimensional parameter 0, the ratio of fluid depths, is defined to be
5= 1=
hy
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At the interface, Y = es(X, t), we have the kinematic condition that says that particles

on the interface stay on the interface and so

<gt+uiv> (Y —es) =0 at Y =es(X,t). (A.23)

Linearising (A.23), by expanding about Y = 0 and discarding terms of O(¢?) we

obtain

85 85 B 81/& B

The two Rayleigh equations are coupled via the standard pressure condition, that says
that the difference in pressures across the interface must equal the stress induced by

surface tension (see [7]), and so in dimensional variables

~

Py — D = =2k, (A.25)

applied at the interface, Y = 0, where v denotes the surface tension between the two
fluids and the curvature s is given by the equation
2
% = —V. (%) - —h—i% +0(&) (A.26)
which is valid provided surface gradients are not too large. And so (A.25) becomes
92s
e

in non-dimensional variables where the non-dimensional parameter o is defined by

p+hi Uy

pr—p-= +0(e%), (A.27)

Now using the identity (gi.Z) u, = (Z A Q:t) Nu, +V (%fi), we can rewrite (A.5)

and (A.6) to get the non-dimensional Bernoulli equations

Ou 1

—5: +(VAu, ) Au, = =V (p+ + 5@1) , (A.28)
0 1 1

% +(YAu)Au. = =V ( 2_2) (A.29)

If the assumption is made that the flow is irrotational, then V. A u, = 0 and there
exist velocity potentials @4 such that u, = V®,. In this case (A.28) and (A.29)
simplify to give

0%, 1

5 TP Tgul = A, (A.30)
o0 1 1
5 top-tgpul = A, (A.31)



where A4 are arbitrary functions of £ and may be taken to be zero without loss of
generality.
We can now work with the velocity potential and so the pressure condition at the

interface becomes more manageable.

A.2 Stability of two-fluid viscous stratified flow
down an inclined plane

In this section we follow the work of Yih [15] and Kao [9] on the linear stability of
parallel channel flow of two superposed fluids of different density and viscosity. The
two immiscible fluids are separated by an interface at Y = 0. With co-ordinate axes,
X = ()A( , }A/), as in figure A.2, we shall consider the stability of perturbations to base

flows of the form

i, = (U+(Y),0).

So our base flows are flows parallel to the X axis. The upper fluid has density p,,
viscosity p, and depth h,; and the lower fluid has density p_, viscosity p_ and depth
h_. The channel is also inclined at an angle 6 to the horizontal.

Firstly we non-dimensionalise, as in section A.1, with typical fluid flow speed Uy,
depth h, and density p,. Again we incorporate the hydrostatic pressures directly

into the non-dimensional pressures p+ by writing

hy
P+ = DL+ g(XstJrYCOSQ)

Us
hig
p- = pt+ N7 (Xsm@—l—Ycos@) + Ri(X sinf + Y cos @),
where the non-dimensional parameter Ri, the Richardson number, is defined by Ri =
<Z—J‘r — 1) 9" In this way we obtain the non-dimensional Navier-Stokes equations
that govern the flow of the viscous fluids which can be written in the form
ou 1
8_t+ + (QJr'z) u, = —Vpi+ R_eij2Q+> (A.32)
ou 1 m
— v = —|-Vp_+—V? A.33
ot (e Y)u e +Re+ “=l ( )
where the non-dimensional parameters, r, m and Re,, appearing above are defined
byr—p‘ m——andRe :%.

As is usual we now resolve the motion into the primary motion and a perturbation.
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Figure A.1: Inviscid Channel flow.

Figure A.2: Viscous flow in an inclined channel.

29



So we write

uy = Us+ed,, (A.34)
vy = evl, (A.35)
pr = Pi+ep, (A.36)

where P is the dimensionless pressure for the base flow, u, = (uy,vy), and € < 1.
The perturbed interface is given by Y = es(X,t). The equation of continuity now
allows us to introduce stream functions 4 for the perturbed flow and so we write
Uy =Yyy, v = —ix.

We now assume that the perturbations take a sinusoidal form and write

(¢, 1) = (6(Y), (V) expli(kz — wt)], (A.37)
(V- p) = (X(Y), g(Y)) expli(kz — wt)], (A.38)

where w = w, + iw; with w; < 0 representing damped disturbances and w; > 0

representing growing disturbances.

Substituting (A.34), (A.35), (A.36) into (A.32) and (A.33), gives the linearised equa-
tions governing the disturbance motion (analogous to (A.10) - (A.13)) and then using
(A.37) and (A.38) we have

1
—iw¢' + ikU¢' — ikoU = —z'k;f+RT [—K*¢' + ¢"], (A.39)
+
1
—kwo + Uk’ = —f'+ — ik’ — ik¢"], (A.40)
R€+
—iwY' +ikU_x —ikxU. = —ikg+ e [—E*x" +Xx"], (A.41)
+
—kwxy +U_K*x = —¢ + m [ik*x — ikx"] (A.42)
rRe

where ' denotes differentiation with respect to Y. Eliminating f and g produces the

Orr-Sommerfeld equations

" — 22" + k') = iRey [(Usk — w)(¢" — K°¢) = Ulkg], (A-43)
X//// . 2]€2X// + kAX _ ZR;;LT [(U,k — w)(X” — k2x) - Uﬁk}d . (A.44)

The above two equations must be solved subject to eight boundary conditions, two

at the top of the channel, two at the bottom and four at the interface. The boundary
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conditions at the interface provide the coupling between the Orr-Sommerfeld equa-

tions.

There must be no slip at the walls and so the boundary conditions at the top and the

bottom of the channel are

#(1) =0, (A.45)
¢'(1) =0, (A.46)
x(—6) =0, (A.A4T)
X' (=0) =0, (A.48)

where § = Zf The boundary conditions at the interface ensure continuity of velocity

and of stress. Continuity of v" implies

¢(0) = x(0). (A.49)

Continuity of u must be applied at the interface Y = es(X,t). But the kinematic
condition that says that particles on the interface stay on the interface and linearising

as in section A.1 we find

0 0 0 . ,
(a + U+8—X> s(X,t) = —% = —ikgpexpli(kX —wt)] at Y =0. (A.50)

Therefore letting s(X,t) = Aexp[i(kX — wt)|, we find from (A.50) that the interface

takes the form

where ¢’ = ¢ — U, (0).
Continuity in u then demands u;, = u_ at Y = es(X,t) and so expanding in terms
of € we find that U, (0) = U_(0) to first order and to order €

4(0) X(0)

c c

U’ (0) +¢'(0) = U’ (0) +x/(0). (A.51)

The dimensional stress tensors, 8;';, is (see [12])




+

and so writing the stress tensors, ﬁij, in terms of non-dimensional variables we find

U;; — [p+gh+(X sinf + Y cosf) — P+ng+} dij + ;;JFO {a);j 8);:} ’
05 = [(prghs +p UgRi)(X sin6 +Y cost) — p. Ugp-] by
+,u_U0 au—i + au—j )

(A.52)

Now continuity of shear stress demands 7, = 7}, at Y = es(X,t) and so to leading

order
UL(0) = mU" (0),

and to order e

YOm0y + 6(0) + 126(0) = m | X0 (0) + 0) + 2x0)| . (A53)

c c

Now the normal stress condition is slightly more complicated. The difference of the
normal stresses must be balanced by the normal stress induced by surface tension
(see [7]). That is

+0() at Y =es(X,t) (cf (A27)).  (A.54)

o ve 0?%s
(G = ) = " h, 0X2

To leading order we find that
P.(0) — P_(0)+ RiXsinf =0
and to order €

m(X/// _ kZX/) + ikTR€+(C/X + U’_X) — (QS/” — k2¢/) — ikR€+(C/¢/ + U_/~_¢)
¢

+ 2ik(—ik¢' + miky') = ikRe (Ricos® + kQT)g (A.55)

where the non-dimensional parameters, T and Ri, appearing above are defined to be
T= m, Ri = (Z—jr - 1) %, and Rz is called the Richardson number.

The differential system governing the stability problem consists of (A.43)-(A.55). It
defines an eigenvalue problem in that for each k, given m, n, r, Ri, Re, and T, certain
values must be taken by ¢ and therefore w for the solution not to be identically zero.
The flow is then unstable, neutrally stable, or stable to disturbances of wavelength k

according to whether w; is positive, zero or negative respectively.
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A.2.1 Discussion

In [15] Yih goes on to analyse the stability characteristics for plane Poiseuille and
Couette flow; and in [9] Kao looks at the stability of steady viscous flow down an
inclined plane. However the Schlumberger problem involves a turbulent flow and so
the boundary layers will not grow to fill the entire channel. Hence we are left with a
base profile that is not fully developed and we therefore propose that, since any shear
or boundary layers remain thin, an inviscid approach to the stability problem is more

relevant.
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Appendix B

Derivation of the effect of

acceleration

We suppose that the interface takes the form

g = n(t)eikX
and that
Gy = () cosh k(Y —1)e™,
¢ = P_(t)coshk(Y + §)e* X,

(B.1)
(B.2)

to satisfy (2.17) and (2.18) where the real parts of the right-hand sides are understood.

Then (2.21) becomes

ZZZ +1ikUyn = —ki,sinhk, (B.3)
icll_t +1kU_n = kiy_sinhkd, (B.4)
and so
d277 dT] 8U+ anr
kU k— = — sinh k B.5
a U Ty o smbk, (B.5)
d*n dn oU_ )
— +ikU_— +ik—— = k——sinhk¢. B.6
e " a o o S (B.6)

Hence substituting for ¢, ¢_ from (B.1) and (B.2), and then for ¢, 2 5> Y from (B.3)

- (B.6) into (2.27) we find

r 1\ d*n rU_
(T—_‘_—)ﬁ_‘_ Zl{(T +

1 vz U?
+—8U+)+0k3 k2<r +—+>}n=0, (B.7)

r oU_
T Ot

{Rzk cosf + ik ( T. ot
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where Ty = tanh k, T_ = tanh k4. If we now put

() = R {N<7_>ei(ct+dt2)} 7

where 7 = i,

1
2kRisin0(rT,T_)2(1+6) |7
(r+0)(rTy+1T-)
Lk [T5T+ + T_}

rTy +T- |’
kRisin®g [6T_ — Ty
S 2(r+0) [TT++T_ ] ’

then (B.7) reduces to

>N 1
=7 <a + Z%Q) N =0,

where 7 = 7 + b, and

— [0k + Ricos O] (r + 8)(T 1)z
2Risin (1 + 6)r2

a =

1

2

2%h(r + 6)(rT T_)z
(rTy +T-)Risin0(1 + 9)
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(B.11)
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(B.13)

(B.14)
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