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Modeling of warm dense hydrogen via explicit real-time electron dynamics:
Dynamic structure factors
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We present two methods for computing the dynamic structure factor for warm dense hydrogen without in-
voking either the Born-Oppenheimer approximation or the Chihara decomposition, by employing a wave-packet
description that resolves the electron dynamics during ion evolution. First, a semiclassical method is discussed,
which is corrected based on known quantum constraints, and second, a direct computation of the density response
function within the molecular dynamics. The wave-packet models are compared to PIMC and DFT-MD for the
static and low-frequency behavior. For the high-frequency behavior the models recover the expected behavior in
the limits of small and large momentum transfers and show the characteristic flattening of the plasmon dispersion
for intermediate momentum transfers due to interactions, in agreement with commonly used models for x-ray
Thomson scattering. By modeling the electrons and ions on an equal footing, both the ion and free electron part
of the spectrum can now be treated within a single framework where we simultaneously resolve the ion-acoustic
and plasmon mode, with a self-consistent description of collisions and screening.
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I. INTRODUCTION

The scattering of light from massive particles is one of
the primary diagnostics for many-body systems, where the
change in direction and energy of the photon carries informa-
tion about the momentum and energy states within the systems
[1-3]. To first order, the nonresonant scattering of electrons
[4] is described by the A? term in the interaction Hamiltonian
[2,5], A being the vector potential of the electromagnetic field,
resulting in a differential cross section proportional to the
electron dynamic structure factor S, (k, w) [1],

d*o
dQdw

for an energy and momentum change of /iw and /ik, respec-
tively. The dynamic structure factor is the Fourier transform
of the two-time density-density correlation function,

X See(k, @), (D
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where 77 (t) is the Heisenberg operator for the spatially
Fourier transformed density operator of particles of type «,
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N, is the number of such particles and ( - )7 is the thermal and
quantum mechanical average [1]. Therefore, the scattering is
related to density fluctuations on length and timescales of
lk|~! and w~!, respectively.

In this work, we consider dense plasma systems—warm
dense matter (WDM)—where ions are strongly coupled and
electrons are partially Fermi degenerate [6], essential for de-
scribing a variety of astrophysical conditions [7—14] but now
also achievable in the laboratory [15,16] with static compres-
sion [17] and laser drive using both x-ray [18,19] and optical
probes [20,21]. In particular, the fuel capsule in an inertial
confinement fusion experiment [22,23] transitions through the
WDM regime [24] where improved descriptions are needed to
model experiments [25].

The measurement we focus on here is x-ray Thomson scat-
tering (XRTS) [26]. Certain properties can be extracted from
the XRTS spectrum in a model-independent manner—e.g.,
temperature via detailed balance [27-31]—however, more
commonly a comparison with a synthetic spectrum is used
for the analysis [27,32-34]. Most XRTS analyses rely on the
Chihara decomposition [15,26], where Zg and Z electrons per
ion are labeled as bound and free, respectively, yielding the
combined structure factor [35,36],

Seelk, ®) = | f (k) + n(k)|* S (k, w)
+ 780 (k, 0) + ZpSy s (k, w). 3)

e

In the above, the ion-ion structure factor S;; is scaled by the
form factors of the bound f(k) and screening n(k) electron
cloud representing the adiabatic electron motion following the
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ions, SO, represents the correlations in the free-electron pop-
ulation, and the bound-free term S;, arises from fluctuations
in the bound-state populations. The spectrum includes a rich
set of physics with dynamics on both the ionic and electronic
timescales, however, uncertainties arise when separate models
are used for all the terms [37] and the distinction between
bound and free states can be problematic under WDM con-
ditions [38].

The ionic structure can be modeled by the hypernetted
chain (HNC) approximation [26,39,40], but the state-of-the-
art models are Monte Carlo (MC) or molecular dynamics
(MD) which explicitly treat the many-body structure and
strong correlations. The interaction in such explicit models
can be based on effective ion interactions [41-44], density
functional theory (DFT) using orbital-free [45,46] or Kohn-
Sham [47,48] descriptions, or path integral Monte Carlo
(PIMC) simulations [49,50]. For the methods that solve for
the electron density, the screening cloud n(k) can be computed
self-consistently [51].

The base model for the free electron contribution S, is
based on the random phase approximation (RPA) [52], where
electron-ion collisions are treated by the Mermin formulation
of the dielectric function [53—-57] and electron correlations us-
ing local-field corrections (LFC) [58,59]. To model Sge(k, w)
an explicit treatment of the electron state is needed [60] and
the electron time evolution should be resolved to model the
w-dependence. Time-dependent DFT (TD-DFT) [61] models
time-varying electron dynamics and Sge [37,62], however, it is
limited to electron timescales. Alternatively, linear response
TD-DFT can be formulated without explicit time evolution
[63—65] commonly performed in the adiabatic approxima-
tion [66]. Statistical methods, e.g., PIMC, exactly treat the
full electron-ion dynamics beyond the Born-Oppenheimer ap-
proximation, see the recent Ref. [67], but do not have direct
access to the frequency resolved properties; instead recon-
structions based on LFC’s have been suggested for the warm
dense electron gas [68-70].

The bound electron properties are commonly taken from
atomic data and computations [26,71], and require a detailed
description of the bound states. The bound-free term primarily
contributes at large w but can overlap with the free term
[26,71-73].

It is therefore desirable to have a single MD framework
with explicit electron dynamics to model S°, while still being
able to model ion dynamics S; simultaneously, for system
sizes large enough to describe collective phenomena. Semi-
classical approaches of two-component plasma [74-77] can
be used as a starting point to bridge the timescale gap. Limited
quantum effects are introduced using wave-packet molecu-
lar dynamics (WPMD), which constrains the electron wave
function to a sub-manifold in Hilbert space [78,79], allow-
ing for the time evolution of electronic properties over the
characteristic timescale of ion dynamics. Both semiclassical
[54,80-84] and WPMD [85] electron models have been used
to extract plasmon resonances. Our work will focus on the
electron dynamics as well, using WPMD, but we will also
simultaneously resolve the ion dynamics. A particular focus
will be on the intrinsically quantum aspects of the scattering
formulated from a real-time perspective, which is of substan-
tial importance for modeling WDM conditions.

The manuscript is structured as follows. Section II will
describe the test system and the computational models, which
are compared in Secs. III and IV for static and dynamic prop-
erties, especially Sec. IV discusses the classical formulation
for the dynamic structure factor. Quantum aspects are consid-
ered in Sec. V and how impulse computations are used to go
beyond the classical treatment in Sec. VI. Frequency resolved
properties are compared with commonly employed models in
Sec. VII. A concluding summary is provided in Sec. VIII.

II. SIMULATION MODELS

A. System parameters

The primary test system under investigation is a homoge-
neous and isotropic sample of warm dense hydrogen with a
density of ry = a;/ap = (4mwagyn;/3)™1° =2 (n; =n, ~ 2 x
10?3 cm™3) and temperature T = 250kK = 21.5eV. The sys-
tem has moderately coupled protons

22 6’2

r,,=———=0.63, 4
PP Aregaikg T @)
and partially degenerate electrons
kgT
6= —— ~ 172, (5)
Er

where e is the proton charge, gy the vacuum permittivity,
kgT the temperature in energy units and the Fermi energy
Ep ~ 12.5eV. The conditions are such that a wave-packet
description with pair-exchange interactions (see below) is ap-
propriate.

Under such conditions, hydrogen is expected to be ionized.
The Saha equation with Debye-Hiickel or ion-sphere [86] IPD
models predicts full ionization, and all electrons are treated as
free, i.e., f(k) =0, Z = 1 and Zg = 0. The Chihara decom-
position in Eq. (3) therefore simplifies to

See(k, ) = [n(k)*Sii(k, ®) + SO, (k, w), (6)

which only depends on the magnitude of the wave vector
k = |k| and we average over equivalent k vectors in the sim-
ulations. The fermionic screening length [87] and plasma
frequency for the fully ionized system are A; & 1.54ap ~
0.81 A and hw, ~ 16.7 eV, respectively.

B. Wave-packet simulations

The fundamental problem in resolving both electron and
ion dynamics is the large proton to electron mass ratio,
my,/m, ~ 1836, yielding significantly different timescales
for the dynamics. The wave-packet approximation restricts
the electron wave function to a parametrized functional
form, allowing for a more rapid evaluation of the time
evolution [78,88-90], where ionic dynamics can now be mod-
eled [91,92]. Recently, an extension to the commonly used
isotropic Gaussian states for wave packets was developed in
terms of anisotropic Gaussians [93]. This is what we use in
this work.

For the temperature under consideration, a full Slater deter-
minant [94-96] is not needed to treat the antisymmetrization,
but rather we employ an approximation in terms of Pauli
interactions based on a pairwise antisymmetrization [97-100],
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which allow for larger systems to be modeled. Angermeier
et al. suggested an interaction between opposite spin electrons
based on a spatially symmetric state [101], however, we con-
sider only half of the opposite spin interactions to have such
form while the remainder interacts with the standard Pauli
form—along the lines of the spin-dependent interactions of
Ref. [76]—by dividing each electron species into two groups.

Last, wave packets tend to expand indefinitely at suffi-
ciently high temperatures, a common problem in WPMD
simulations [91,94,102-105]. An additional potential Vs,
quadratic in the width, is employed to limit the expansion of
electrons,

A Qe
Ve=73 ;@i — (&), (7)

where X; is the position operator of particle i and A set
to achieve the desired equilibrium width. In the main text
A =3Ha/ai was used, but in Appendix A an additional
confinement strength is tested. It is demonstrated that the
ion structure is insensitive to the choice and only a minor
dependence is seen for the electrons.

For the computation, a system of N, = 2048 protons
and an equal number of electrons are used and evolved in
time with a time step of 4 x 107*fs to have good energy
conservation. The system was initially thermalized with a
simple velocity re-scaling thermostat to achieve the desired
temperature—see Ref. [93]—followed by simulations in the
NVE ensemble. No data were collected during thermalization
and shorter thermalizations were interleaved between data
collection segments. The presented data have been averaged
over 70 simulations of length 40 fs, except for impulse com-
putations discussed in Sec. VI, computational details of which
are described in Appendix D.

C. PIMC simulations

The ab initio PIMC method [106] is based on a stochastic
evaluation of the thermal density matrix in coordinate
representation. Most importantly, PIMC is, in principle,
capable of giving quasiexact (i.e., exact within the given
statistical error bars) results for a host of observables without
the need for any external input. For fermions, such as the
electrons in warm dense hydrogen, an additional obstacle is
given by the notorious fermion sign problem [107,108], which
leads to an exponential increase in the required compute time
with respect to parameters such as the system size, or towards
low temperatures.

In this situation, it is a common practice to invoke the fixed-
node approximation [109], which removes the sign problem at
the cost of an approximation. Here, we follow the alternative
strategy described in Ref. [67] and carry out direct PIMC sim-
ulations of N = 32 protons, where the sign problem is tamed
by averaging over a large number of independent calculations.

A detailed overview that includes the comparison of vari-
ous PIMC approaches has recently been presented by Bonitz
etal [110].

D. DFT-MD simulations

The test system was also modeled by DFT molecu-
lar dynamics (DFT-MD) in which the interatomic forces

are calculated by DFT, using the CP2K package [111].
The DFT based calculation is conducted using the mixed
Gaussian and plane basis set, where the Kohn-Sham or-
bitals are expanded in contracted Gaussians, whereas the
electronic charge density is represented using plane waves.
For the former, we use an accurate triple basis set with
additional sets of polarization functions TZV2PX [112],
while for the latter we employ a cutoff of 500 Ha. The
local density approximation (LDA) is used as the exchange-
correlation functional with norm-conserving pseudopotential
[113]. Only the I' point is used for the Brillouin zone
integration.

The molecular dynamics was performed with 128 protons
in a cubic box with periodic boundary conditions. An ionic
time step of 0.0725fs was seen to conserve the appropriate
energy [114]. The system was thermalized using a Nosé-
Hoover thermostat with a time constant of 100 fs after which
the statistics are accumulated using the NVE ensemble for
1700 fs.

III. STATIC AND IONIC PROPERTIES

Before considering the time-dependent properties of the
electrons, associated with inelastic scattering, the static
properties and the ion dynamics are compared within the
different computational models. The structural correlations
are characterized by the static structure factor, which is the
zero time separation of the intermediate scattering function,
i.e., Sqp(k) = Fyg(k, 0). The classical intermediate scattering
function,

Fuplk,7) = D (enuEnIOn, L (8)

1
N

is computed based on the center of mass positions r;(t) (r;(¢))
at time ¢ for all N, (Ng) particles of type o (8). The time
average (), replaces the thermal average in the MD simula-
tions. Figure 1(a) shows the static structure factors, S,(k), for
WPMD and PIMC. The wave-packet model is seen to agree
well with the PIMC except for a reduced electron structure for
large k, due to the finite size of wave packets which softens
the short-range interaction and lowers the density fluctuations
below their typical size. However, the wave packet predicts
more structured ions for intermediate k values interpreted as
a weaker screening which is supported by Fig. 1(b). This
is likely due to the limited functional form for the electron
density, even if the ionic structure was shown to be rather
insensitive to the choice of confinement potential (see Ap-
pendix A). The ion structure in the DFT-MD agrees well with
the PIMC results.

Figure 1(b) isolates the form factors of the screening cloud
within the different models from the cross-species structure
factors, |n(k)| = |Si..(k)/S;i(k)|, equivalent to how it has been
done for DFT based methods in real-space [51]. The form
factor of the screening cloud in PIMC is observed to be larger
than in WPMD for large k, which is once more attributed to
the restricted form of the wave packet not allowing gradients
below the typical size of the packets.

Both WPMD and PIMC have access to full electron struc-
ture factors and the “free” contribution can be extracted,
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FIG. 1. Comparisons of static properties and ion dynamics between the WPMD (solid) and PIMC (dashed). Shaded regions correspond to
95% confidence intervals estimated from different initial configurations. (a) Static structure factors for electron-electron S, (k), proton-proton

S, (k), proton-electron S, (k), and “free” electron-electron S2,

(k), where the ion screening cloud has been subtracted. Dots show the static

structure computed within the impulse response formulation, see Secs. VI and VII. (b) The screening form factors n(k) within the different
models. Errors within each model are comparable to line width. (c) Ion acoustic dispersion within WPMD (circles) and DFT-MD (triangles)
based on a constrained GCM-fit [115,116], and linear fit w;,,(k) = ¢;|k| for ion sound speed c;, fitted for |k| < 0.5 agl in the wave-packet

model.

SO (k) = S.e(k) — |n(k)|*S;;(k), not directly possible in a
standard Born-Oppenheimer formulations [60]. The “free”
structure factors tend to agree for wavelengths larger than
the wave-packet size. Direct access to the “free”-electron
contribution allows for the study of the electron dynamics
and high-frequency modes, which will be the main topic
in Secs. IV=VII. However, first we will consider the low-
frequency ion-acoustic modes which require a larger number
of particles to model.

The WPMD and DFT-MD can access sufficiently long
length scales (number of ions &;) and timescales (physical
time simulated) to model ion-acoustic waves. However, the
required time step is substantially different as the electron
dynamics are not modeled in DFT-MD. The intermediate scat-
tering function is computed according to Eq. (8) for protons
(¢ = B = p) and the result is fitted with a generalized col-
lective mode (GCM) approach with one diffusive mode and
one oscillating mode, constrained by the first three (classical)
sum rules [115,116]. This parametrization has three indepen-
dent parameters for each k, one of which—the oscillation
frequency wjo, of the oscillating mode—is shown in Fig. 1(c).
From the clear linear trend for small k the ionic sound speed
is measured [40,42,44,116] in the wave-packet model to be
¢y = 1.46 ag /fs ~ 77.3 km/s. Comparing this to the DFT-MD
data, good agreement for the dispersion is seen in Fig. 1(c),
both in regards to the linear part of the dispersion and where
nonhydrodynamic effects are clearly seen in the dispersion,
here around k ~ 0.7 ag !, The limited fitting window for linear
dispersion makes any prediction of the ion-sound speed uncer-
tain for the DFT-MD data and we refrain from such extraction.

IV. CLASSICAL DYNAMIC STRUCTURE FACTORS

The classical formulation of the intermediate scattering
function, Eq. (8), can be applied to the electrons as previously
done in both classical MD [54,80,81,84] and WPMD [85];
however, at the conditions under investigation the low elec-
tron inertia and the resulting high-frequency dynamics will
be subject to quantum corrections—qualitatively the quan-

tum recoil and detailed balance—something which will be
discussed in the following section, and computations going
beyond this approximation are discussed in Sec. VI. Nev-
ertheless, the classical formulation can clearly demonstrate
the two-timescale nature of the dynamics, which is seen in
Fig. 2(a) for the WPMD.

The longer timescale features in the electron dynamics are
the correlations between the adiabatic screening clouds of the
ions and therefore are related to the timescales of ion motion.
This interpretation is supported by the Chihara decomposition
and explicitly tested by isolating the “free”-electron dynamics
via subtraction of the screened ion dynamics,

F2(k, T) = Foo(k, T) — |n(k)|*Fp(k, T), ©

which accounts for the long-time correlations to a high degree
of accuracy. Computationally, this is seen before the ion dy-
namics have converged as the electrons will rapidly adjust to
the quasiinstantaneous ionic configuration.

The remaining high-frequency oscillations in Fig. 2 de-
scribe the “free”-electron dynamics, Sge, shown in Fig. 2(b),
with a clear resonance (plasmon feature) in the collective
regime (Agk)~! > 1. This is broadened as we approach the
noncollective behavior (Ak)™! < 1. The width of the plasmon
feature for the more collective cases shown in Fig. 2(b) is set
primarily by the electron-ion collisions, which together with
the dynamic screening, is self-consistently calculated in the
WPMD.

In general, the data can be interpreted in the context of the
Chihara decomposition. However, our dynamic WPMD mod-
els do not rely on such approximation, as the low-frequency
modes are naturally added (see Fig. 7) to form the complete
spectrum of excitations. The dynamics treat electrons and
ions on an equal footing, nevertheless, separating the two
behaviors is still beneficial for discussions and numerical
comparisons.
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0.15

0.10

0.0

FIG. 2. Classical (a) intermediate scattering functions F'(k, 1)
at k =0.31ag Uand (b) classical “free”-electron dynamic structure
factor S¢(k, ). (a) Electron dynamics (¢~ — e~) has two distinct
features, the dynamics of the ion screening cloud set by the ion
dynamics (p* — p") and the plasma oscillations. The latter is iso-
lated by the subtraction F,,(k,t) — |n(k)|*F,,(k, t) (Free: e~ —e™).
(b) The dynamic structure factor for “free” electrons showing a clear
plasmon feature in the collective regime ((Ak)~! > 1) which is
broadened for larger k.

V. QUANTUM ASPECTS OF DYNAMIC
STRUCTURE FACTORS

The dynamic structure factors in Sec. IV are classical cor-
relation functions, as the distributed nature of the electron
state has been ignored. More importantly, the explicit time
dependence of the Heisenberg operators must be considered.
Neglecting this will lead to violation of known constraints
such as the f~sum rule and detailed balance [117-119] in the
classical formulation. In the Schrodinger picture, the time
dependence stems from additional time propagators in the
intermediate scattering function,

1
Fuo(k, 7) = N—((\P(r)lﬁ,‘ie"’“/’wk|\1/(0)>)

o

=-——§: (W()|e * e T/ MekT 1 @(0))),, (10)
i.j

N7

) —»— [¥'(0 —— |V (T

|w(0)) > W (7))

FIG. 3. Schematic of the scattering mechanics which is implicit
in the definition of the dynamic structure factor. Notation for the
states are as given in the main text, and Eq. (10) is a sum over terms
(¥(7)|W" (1)), where the absorption and emission are performed by
different orbitals.

where |W(7)) is the simulation state at some time ¢ + 7. Note
that the time propagator does not act directly on the simulation
state but rather on the modified state,

W) = e* [ w(0)), (11)

which carries a momentum shift of /ik compared to the orig-
inal state. Equilibrium methods typically do not evolve the
modified state |W’); however, methods that can represent and
propagate |W') can evaluate (10) without additional assump-
tions. This idea extends to two-time correlation functions in
general [120]. Equation (10) can be interpreted as the overlap
between the original state propagated in time |W(t)) and the
state |W”(7)) which is created from the time propagation
of the modified state for some time t and the subsequent
emission of the momentum /%k. This process is schematically
shown in Fig. 3 and gives a clear picture of the scattering
dynamics if a photon carries the momentum 7k. The classical
approximation discussed above therefore amounts to assum-
ing this momentum shift does not influence the dynamics,
arguably appropriate for ion dynamics in warm dense hydro-
gen which satisfy Bhiw;o, < 1. However, the same cannot be
said for the electrons, where for our specific system Bliw, ~
0.8.

To demonstrate the effect of the time evolution of the mod-
ified state, consider the noninteracting single-particle limit,
appropriate for short-time dynamics and the k — oo limit.
By writing the state in terms of plane-waves |p), the self-
contribution of the intermediate scattering function is

Fulk, ) = ) (pI¥(O)(¥(0)|p')e"r"
p.r

« (p/|e—ik-?e—iﬁr/heik-?|p)
= > (wO)p)
14

and fiw, = p?/(2m) is the energy of the plane-wave state. The
exponent now represents an interference effect between the
unmodified and the modified states due to their difference in
energy. From expanding the energy difference wp i — w, =
(p - k)/m + wg we note two distinct contributions. The first

e—if(wp+nk—wp) (12)
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term is translation for short times, which is captured in the
classical formulation (8), while the second term is the recoil
energy fiwg = li*k*/(2m), the associated energy of the mo-
mentum kick, and missing in the classical formulation. On
thermal averaging with a Maxwell-Boltzmann distribution,
the resulting dynamic structure factor is

Lo, (13)

now including the Compton shift and satisfies the f~sum rule
(w)s = wg, where (w")g is the nth moment of S(k, w). The
same result can be derived using operator notation and com-
mutators; see, e.g., Ref. [121].

It is worth mentioning that this type of shift in the res-
onance by wg in Eq. (13) due to the quantum recoil is
commonly added in the kinetic formulations for the evalua-
tion of resonances [122] and in particular the resonance of
collective plasma oscillations wy is shifted like [56,123]

Saa(kv (,()) =

g — W} + wh. (14)
A second nonclassical feature of the dynamic structure
factor is detailed balance,

Sk, —w) = e P"S(—k, ), (15)

a consequence of the occupation of states in the statis-
tical formulation [117,118]. This property is not retained
in the classical formulation due to time inversion sym-
metry Fug(k, v) = Fyp(k, —7) where positive and negative
frequencies have equal amplitude. The complete symmetry,
Fuplk, t) = FO[*/3 (k, —7), only guarantees real structure fac-
tors. Ortner et al. [80] suggested that molecular dynamics
computes a classical version of the fluctuation-dissipation the-
orem while still providing a good description of the dielectric
response, an argument that results in the traditional correction
formula for detailed balance:

Bhw
1 —exp (—phw)

where we have added the superscript “cl” to denote the
classical structure factor. The same expressions can be ar-
rived at by making connections to the relaxation function
[124]. Note that the above correction respects the f~sum rule
(w)s = Bh{w?)ga/2, assuming the classical result (w?)ga =
kBTk2 /m, but it does change the static structure factor. This
results in large errors for Shw > 1.

Despite the widespread use of Eq. (16), especially for ion
dynamics [121,125,126], it cannot be employed blindly for all
corrections. This is exemplified by expanding Eq. (13),

Stk, w) = Sk, w), (16)

Sk, @) = 7 @RV (ko) (17)

which is very different from Eq. (16) for Bhiw 2 1 and
the traditional correction formula cannot be used in the
single-particle limit. Therefore we propose an interpolation
between the two cases, whereby isolating the collective and
single-particle modes each part is corrected according to
Eq. (16)—where we incorporate the shift due to the recoil
in the collective mode—and (17), respectively. The differ-
ent parts of the spectrum are isolated by fitting a combined
GCM (one diffusive and one collective mode) with a weighted

single-particle spectrum where the constraints from the first
three sum-rules were adjusted appropriately. Further details
are given in Appendix B. The formulation will satisfy the
f-sum rule by construction. This method is demonstrated and
compared in Sec. VII with explicit computation of the density
response function, described in the following section.

Last, we need to point out that the benefit of deriv-
ing the electron dynamics from Egs. (10) and (11), rather
than via the density response formulation, is the extension
to nonequilibrium systems since they do not rely on the
fluctuation-dissipation theorem. A nonequilibrium formula-
tion would add to the discussion on the influence of gradients
and nonthermal distribution functions in XRTS—extensively
discussed recently [127-132]—however, the wave-packet ap-
proximation, and especially the effect of the confinement
potentials, strongly influences the result. To illustrate this
point, consider straight line motion as in Eq. (12), where an
additional suppression factor would be present when the mod-
ified (W(7)|#;|W(7)) and unmodified particle (W' (7)|#|V’ (1))
trajectories have separated a comparable distance to the wave-
packet size, due to the restricted expansion of the wave packet
imposed by the confinement potential. The density response
formulation only considers the total electron density and is
therefore less affected by these constraints.

VI. DENSITY RESPONSE COEFFICIENTS
AND DYNAMIC STRUCTURE FACTORS

An alternative route for computing the dynamic struc-
ture factors instead of via the two-time correlation functions
F,p(k, ©) is the computation of the density response function
x(r,r',t — ') directly in the MD by the explicit introduction
of an external potential similar to how it has previously been
done with TD-DFT [37].

Within linear theory, Ichimaru et al. [133] writes the den-
sity response for a two-component plasma due to an external
perturbation VX" acting on species o as

t
Sng(r,t) = Z/ dt’fd3r’ Xap(r. v/ 1 — VT 1),
/3 —0Q
(18)

where n, (r, ) is the density response of species o, x,g are
the appropriate response coefficients and the indices run over
species, here «, B € {e, p}. The fluctuation-dissipation theo-
rem now provides the remaining connection to the dynamic
structure factor [1,133]

h Im{Xee(k’ _kv 6())}
11— exp (—Bhw) TN

See(k, w) = . (19)

where the response function has been Fourier transformed in
space and time,

Xapk, —k, 0) = fdt/d3rd3r/ Ry (e T ).
(20)
Within this formulation S,.(k, w) automatically satisfies de-

tailed balance and the response functions generally adhere to
the f~sum rule as this is a consequence of mass conservation;
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FIG. 4. Fourier transform density response resolved in time for
the electrons (perturbed species) and the protons atk = 0.31 k;'. The
proton response is scaled with a screening factor s(k) to match long-
time electron response. The dominant signal is the high-frequency
plasma oscillations onto a smaller amplitude proton motion on longer
timescales (as shown in the inset). Subtraction of the proton signal
isolates the high-frequency dynamics analogously to Fig. 2. Shaded
areas are 95% confidence intervals, estimated from variations be-
tween impulse simulations.

see Ref. [117]. In Appendix C we discuss a nuance of how
the finite wave-packet size influences the results when the
wavelength of the external perturbation is comparable in size
and in particular the f~sum rule.

In investigating the electron dynamic structure factor, it is
evident from Eq. (18) that one should perturb the electrons and
examine their response. Following the methodology of Sakko
et al. [134] a complex impulse of strength I is introduced
VX(r, t) = Iyd(t) exp(ik - )8y, which in practice is modeled
by two separate simulations. The density perturbations are
averaged over multiple starting configurations, taken from a
thermal simulation, to incorporate different ionic configura-
tions and reduce the effect of thermal fluctuations. To further
reduce the effect of the latter, the fluctuations in an unper-
turbed simulation starting from the same configuration can be
subtracted, however, these vanish after proper averaging. An
example of the resulting average density response, resolved in
time, is shown in Fig. 4.

The impulse response formulation is primarily used to
model the higher-frequency part of the spectrum and not the
ion dynamics, as this limits the time after the impulse needs
to be modeled. However, the protons are still treated fully
dynamically and their density response is highlighted in the
inset of Fig. 4. This response corresponds to the cross-species
response function ., not directly related to x,, [133] which
appears in the Chihara decomposition [35]. However, a scaled
proton response still explains the long-time (low-frequency)
electron response and is subtracted to isolate the “free” elec-
tron dynamics. The low-frequency response is substituted by
the higher resolution time data from the classical model in
Sec. IV which behaves classically. Further details of the im-
pulse simulations and the effect of a finite-strength impulse
are provided in Appendix D.

VII. DYNAMIC STRUCTURE FACTOR:
COMPARISON AND PREDICTIONS

Two computational models for computing the dynamic
structure factor without the Born-Oppenheimer approxima-
tion using the wave-packet description have been presented.
These models will now be compared to the ones commonly
used for the interpretation of XRTS spectra discussed in the
Introduction.

In Fig. 5 the position and a measure of the width of the
largest feature in the “free” electron spectrum are compared
between a semiclassical formulation and analytical models.
In the collective regime, k| < A, the spectrum is dominated
by a clear plasmon feature whose position is well described by
the analytical model of Thiele er al. [56] when |k| < 0.5ag I
For larger k the wave-packet model and RPA based models
[52] predict a flattening of the plasmon dispersion in the
transition from collective to noncollective scattering occurring
at Aglk| = 1-3. This effect is especially clear when electron
interactions are included, exemplified here by the inclusion of
static LFC (sLFC) parameterized for an uniform electron gas
by Dornheim et al. [135]. The downshift compared to nonin-
teracting RPA is arguably the beginning of the roton feature
discussed for hydrogen at lower temperatures [68,137,138].
Furthermore, an additional downshift is seen when consider-
ing electron-ion collisions in Fig. 5(a) in terms of the extended
Mermin formulation [58,59] where LFC’s are treated as above
and electron-ion collisions are modeled within the first Born
approximation (SLFC+BMA) [56]. This type of downshift is
commonly associated with an imaginary component of the
dynamic collision frequency [59]. The wave-packet model
generally predicts all of the above features of the resonance
position, however, the downshifts seen are generally slightly
larger compared to LCF+BMA. In the noncollective regime,
for our test system |k| > 3X;1, all models converge to the
single-particle limit, where the resonance position is set by
the Compton shift wg.

When considering the plasmon feature at small k, the
width is dominated by the electron-ion collisions and good
agreement is seen between the wave-packet model and the
sLFC+BMA, both of which are seen in Fig. 5(b) to tend to
a finite width similar to the Drude-limit of the Born-Mermin
ansatz [59]. The wave-packet model therefore predicts an
electron-ion collision frequency similar to the first Born-
approximation. At intermediate k the models which neglect
electron-ion collisions achieve a similar width to the models
which include the collisions (WPMD and sLFC+BMA), as
Landau damping substantially contributes to the broadening
of the plasmon feature, demonstrated by good agreement with
the classical damping rate [136] in Fig. 5(b). All models agree
in the single-particle limit.

Some example spectra of the overall trends discussed in
Fig. 5 are shown in Fig. 6 along with the result of the
impulse computations. For the conditions under considera-
tion, Bhw, ~ 0.8, the effect of detailed balance can be seen,
demonstrating the need for a quantum description of the DSF.
The result of the density response computations is seen to
agree well with the semiclassical correction formula espe-
cially for the position and width of the resonance, marginal
differences are seen at w = 0. The integral—the static
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FIG. 5. (a) Position and (b) width of the feature with the largest amplitude in the “free”-electron part of the spectrum. Positions and widths
(FWHM) obtained for Gaussian fit for detailed balance-corrected classical WPMD model (WPMD), the random phase approximation (RPA),
with local field correction for UEG [135] (sLFC) and extended Mermin formulation (sLFC + BMA) [58,59] with collision frequencies within
the Born approximation [56] using ion structure from the wave-packet simulation. The analytical model for the limit k — 0 by Thiele et al.
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FIG. 6. Comparisons of “free” dynamic structure factors in the
collective regime (Ak)~! = 2.1 (a) and (Ak)™' = 1.1 (b). Models
are as presented in Fig. 5 with the addition of the impulse re-
sponse results (WPMD:IR) as described in Sec. VI. A linear fit of
Xee for small w has been used to reduce noise. The impulse re-
sponse agrees well with the semiclassical corrections for the WPMD
(WPMD:EQ).

structure factor S(k)—differs between the models for larger k,
where the density response formulation yields a reduced S (k).
This is shown in Fig. 1(a), where the semiclassical formula
agrees well with the classical static structure. This is partially
attributed to the finite size of the wave packet which explicitly
enters in the impulse computations. The overall agreement
between the formulations supports the semiclassical correc-
tion. All models presented predict similar spectral shapes,
where the shifts and width of the resonance are the primary
differences.

Last, we demonstrate the ability of the two models to
include ion dynamics along with the electron motion in Fig. 7,
which shows the complete electron structure factors. The ion
dynamics are processed by the fitting procedure discussed in
Sec. III and a detailed balance correction according to Eq. (16)
is applied as the ion dynamics satisfy Bliow < 1 (see Fig. 7).
The ion data is scaled by the appropriate screening factor
|n(k)|>. The comparatively slow ion dynamics compared to
plasma oscillations result in a narrow feature close to a §-
function in a frequency range appropriate for the electron
spectrum. When the ion feature is resolved, it has two distinct
ion-acoustic features. However, the width of such acoustic
modes does not allow for a clear separation of the diffusive
mode which otherwise contributes roughly 52% of the ionic
feature.

VIII. CONCLUSION

X-ray Thomson scattering is one of the key diagnostics
for warm dense matter conditions. It includes a detailed de-
scription of the microscopic dynamics of the plasma and is
directly related to the electron structure factor. In particu-
lar, dynamics on both the electron (plasmon resonance) and
ion (diffusion and ion-acoustic modes) timescales are present
within the measurement. We have presented how real-time
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FIG. 7. Complete electron structure factor incorporating both the
ion-acoustic modes and the plasmon resonance at k = 0.31 ag ! for
detailed balance corrected WPMD. The ionic timescale feature is
narrow around w = 0 on top of the broader free electron contribution
where substantial asymmetry between positive and negative frequen-
cies can be seen. The ionic feature is fitted with a GCM fit (see
Sec. IV) and the electron feature is corrected for detailed balance
according to Sec. V.

electron modeling with wave-packet molecular dynamics can
be used to model features on both timescales within a single
formulation with a self-consistent description of screening
and collisions. The purely quantum aspects of the scattering
have been discussed from a real-time modeling perspective.

Ultimately, two approaches have been presented to cal-
culate the dynamic structure factor. The first is based on
a semiclassical interpretation of the wave-packet trajecto-
ries with detailed balance corrections and the second is
based on explicit computation of the density response func-
tion within the MD, which is related to the scattering via
the fluctuation-dissipation theorem. As a result of the sep-
aration of timescales, the ion and electron dynamics are
treated partially separately—as suggested by the Chihara
decomposition—for computational and interpretation rea-
sons, where the quantum aspects of the electron dynamics
must be accounted for. However, we go beyond the Born-
Oppenheimer approximation as all the dynamics are modeled
with electron and ion dynamics on an equal footing.

The presented models are compared with PIMC and DFT-
MD for the static properties and ion dynamics, as well as with
commonly used models for the interpretation of the XRTS
spectrum. Similar static structures are observed in all models
but some influence due to the wave-packet size is seen for
wavelength comparable to the wave-packet size. Broadly the
same spectral feature are seen in all models, with a narrow
ionic feature incorporating a diffusive and ion-acoustic mode
and the broader electron feature. The ion-acoustic mode dis-
persion is seen to agree with DFT-MD for a broad range of
wavelengths. The plasmon feature shows a similar structure as
RPA-based models when both electron interactions in terms
of static local field corrections and electron-ion collisions
are included. In particular, the wave-packet models predict
collisional broadening of the plasmon resonance similar to
the first Born approximation while predicting a slightly larger
downshift in the resonance position.

The two models presented for the computation of the
electron-electron dynamic structure factor agree well with
each other, especially in terms of positions and widths of the
resonances, where differences are seen in the static structure
factor. This demonstrates that the semiclassical formulation
corrects for the main quantum aspects.

The ability to model both electron and ion timescale phe-
nomena within a single model allows for the treatment of
most of the XRTS spectrum where bound state effects are
the remaining missing feature. The modeling of bound states
is beyond the limited functional form for the electron wave
function used here, and the pairwise-exchange approximation.
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APPENDIX A: CONFINEMENT POTENTIAL
FOR WAVE PACKETS

The major unknown for the wave-packet model is how to
set the confinement potential and which impact this regular-
ization has on the computations. A comprehensive attempt
to answer such questions is beyond the scope of the current
manuscript, but the effect on static structure factors S(k) and
classical “free” electron dynamic structure factors Sgg(k, ),
for two different strengths are shown in Fig. 8.

The effect of the confinement potential is very minor on the
ion structure but has some influence on the electron structure.
In particular, the lower confinement case can be seen to give
less structure in the electron-electron structure factor and a
weaker ion screening, two results in agreement with having
larger wave packet. However, the effect is overall minor.

055205-9



PONTUS SVENSSON et al.

PHYSICAL REVIEW E 110, 055205 (2024)

k| [a5']

0.15

0.10

ce (K, w)

wp S

0.05
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classical “free”-electron dynamic structure factors, which are to be compared to Fig. 2(b). The stronger confinment case has been averaged
over 70 data runs while the lower confinement case has been averaged over 25, which is shown in the error estimates (shaded areas), which are

95% confidence intervals estimated from the different independent runs.

The general spectral shape of the classical dynamic struc-
ture factors is also shown in Fig. 8(b) to be rather insensitive
to the choice of A, however, minor changes are seen due to
variations in the collisionality due to different average packet
sizes. This has been previously discussed in Ref. [105]. Over-
all, the results here are not too sensitive to the choice of A;
however, it is a question which should be investigated further
in general.

APPENDIX B: DETAILS ON DYNAMIC STRUCTURE
FACTOR CALCULATIONS

To smoothly interpolate between the collective and single-
particle detailed balance corrections of the dynamic structure
factor, the classical structure factor is fitted by

Sk, ®) = STM(k, ) + CSP(k, w), (B1)
where
1 _ o
2S¢ (k, a)) = 2Bom
By By
Y2+ (wo+w)?  y?+ (w — w)?
By(wy + w) By (wy — w) (B2)
Y24 (wo + ) y?+ (0o — w)?
and
SP(k, ) = | T Ae (B3)

2rk?

are parameterized by k-dependent fitting coefficients o, wy, ¥
and C. The remaining coefficients are set by the first three
classical sum rules

SW)(y? + wp) — (@)
By =

@7y +af (B

Sk —2y) + (@)

- @-y’+e;

Sta(y? —ay — o) + @5~ y)
wol (@ — y)? + o]

B, (B4b)

h = , (B4c)

where S(k)=S(k)—C and (0?)§ = (1—C)k*kgT/m,
which is the extensions of the formulation in Ref. [115]
with the addition of a single-particle mode. This fitting
procedure was based on the Fourier transform of the classical
computation in Eq. (8), formulated in terms of mass centres
of the wave packets, as a description based on the full density
from the wave packets include a weak high-frequency mode
originating from the confinement potential.

The semiclassical quantum correction is implemented by
first shifting the resonance according to Eq. (14) and then
the two contributions SO and S* are corrected according
to Eqs. (16) and (17), respectively. This method automatically
satisfies the f-sum rule: this is obvious for the single-particle
term and for the collective term this is enforced by Eqs. (B4)
and (16).

APPENDIX C: f-SUM RULE FOR DENSITY
RESPONSE FUNCTIONS

The imaginary part of the density response function
Im{xyo(k, =k, w)} has an equivalent f~sum rule to the
dynamic structure factor Sy, (k, ). Using the fluctuation-
dissipation theorem (19) and Im{y..(k, —k, w)} =
—Im{xqe(k, —k, —®)} the f~sum rule is

21N,

WR, (C1

/ do olmy,,(k, —k, ) = —

o]

where the /i dependence cancel. To make a connection to the
time domain one should account for the causal nature of the
response coefficient,

Xota(kv _kv t) = G)(t))_(aol(kv _kv t)v (Cz)
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where ©(t) is the step function and X..(k, —k,t) is an to O),
odd function in ¢. The relation to the frequency domain
. dn(k,t
1S now Fua ks —k, 1) = (én(k, 1))
T . )
Xoa(k, — k1) = —[ dw e " Tmxgq (k, —k, w),  (C3)
T 1 .
) = = — Z@i(—k; of“)e_’k"f{o , (C9)
and the f~sum rule is I\ =
d _ K , , .
— Xaa(k, =k, t)];=0 = =Ny —, (C4) and, in particular, assuming an uncorrelated unperturbed mo-

dt My,

where m,, is the mass of the particles in question.

Looking specifically at the impulse response computations
for the wave-packet formulation, where the particles have
some classical position r; and momentum p; as well as some
internal degrees of freedom o; with associated momentum
variables ;. The single-particle density |¢;(x)|* is described
by some envelope p;, i.e.,

g (0)|* = pi(x — ri307). (C5)

Introducing the external impulse V(x) = Ihd(¢) exp(ik -
x)d4. the associated change in momentum variables are

tion

00;(k)
80,-

)

(C10)

d N,
T Kealle, =k, Dl = ——<k2<|9i(k)|2> +<
t Mmy

which agrees with the f~sum rule for point particles 6;(k) = 1
but the distributed nature of the particles effectively reduces
the strength of the impulse when the wavelength of the im-
pulse is comparable to the size of the wave packet.

APPENDIX D: IMPULSE SIMULATIONS

Ap; = —ilpe™® 10,k )k, (C6a)
a6 AND LINEARITY OF RESPONSE
Am; = _IOEZk‘ri?’ (Céb) The density response calculations where an explicit im-
l pulse is introduced—as discussed in Sec. VI—are started from
and thermal simulations taken from a standard data collection run
5 o where each starting configuration was taken 20 fs apart, where
Oik; o) = / d"x pi(x;07) €™ €7 94 stating configurations were considered. These consider-

For a short time after the impulse at + = 0, the generalized
trajectories are described by

ations were repeated for five different seed configurations,
resulting in 120 initial configurations to which the impulses
were computed. Furthermore, for the k vectors considered,

Ap; 2 three symmetry directions exist and the impulses were per-

(1) = 7 =

rf @) =ri®)+ Mg F+ O, (C8a) formed in each direction separately. High-resolution data were
AT also acquired without any impulse, and for varying impulse

af“(t) =0,(1) + —t + O@?), (C8b) strengths to confirm the simulation was performed in the

o

where r;(t) and o;(t) are the unperturbed trajectories.
The density response may now be explicitly evaluated

linear regime. A summary of the simulations is presented
in Table I where a total of 1080 impulse simulations were
performed.
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FIG. 9. The linearity of the impulse response is tested for (Ak)™' = 2.1 (a) and (Ak)~' = 1.1 (b), by varying the impulse strength I.
Shaded areas represent an estimate of the 95% confidence internal assuming all the simulation results are Gaussian distributed around the
response function. All simulations are seen to agree until the noise becomes dominant in which all simulations agree within the error estimates.
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TABLE L. Summary of all impulse simulations shown for the two
wavelength considered. A variety of impulse strengths I, were tested
for a subset of the 360 starting configurations to estimate nonlinear
effects. The required simulation time #,,,,x for the shorter wavelength
is reduced.

klaz'] I [E, fs] Start config.  Simulations  f, [fs]
1073 30 90 2
10-2 120 360 4

0.61 5% 1073 60 180 4

The linearity of the impulse response required for the
validity of Eq. (18) is demonstrated in Fig. 9. The re-
sponses (normalized with the impulse strength [y) agree for
substantially different Iy demonstrating that the impulses
were performed in the linear regime. For longer times after
the impulse the different perturbations to the system start
to deviate from one another—however, always within the
estimated error based on the variations between different start-
ing configurations—as the weaker impulses converge slower
(with respect to averaging) and less data were collected for
these cases when linearity was established. For the shorter
wavelength case nonlinear effects could be seen at an order
of magnitude larger impulses than shown here. Figure 6 in the
main text use an impulse strength of /y = 0.01 Ha fs.
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