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Abstract

Multivariate Hawkes processes (MHP) are a fundamental class of point pro-
cesses with self-excitation. When estimating parameters for these processes, a
difficulty is that the two main error functionals, the log-likelihood and the least
squares error (LSE), as well as the evaluation of their gradients, have a quadratic
complexity in the number of observed events. In practice, this prohibits the use
of exact gradient-based algorithms for parameter estimation in many settings.
Furthermore, MHP models are not designed for non-stationary training data,
and they cannot incorporate event information besides their timestamps: we in-
troduce the marked time-dependent linear Hawkes (MTLH) model to overcome
these limitations. We construct an adaptive stratified sampling estimator of the
gradient of the LSE of Hawkes models. This results in the ASLSD algorithm, a
fast parametric estimation method for MHP and MTLH with general kernels,
applicable to large datasets, which compares favourably with existing methods.
We evaluate our algorithm on synthetic and real-world data.

We use the ASLSD algorithm to model high-frequency mid-price movements in
the Nasdaq equities market using Hawkes models with multi-modal kernels, time
varying baselines and multidimensional continuous marks. This approach allows
us to capture the different frequencies of excitation of price movements, and the
non-Markovian, non-stationary nature of price changes, while getting a better
fit to market data. We leverage the branching representation of fitted models to
build a counterfactual price impact model, and to understand exogenous price
movements.

Keywords: Hawkes processes; stochastic gradient descent; point processes;
Monte Carlo methods; adaptive stratified sampling, market microstructure,
price impact.
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Notation

Integers Denote by N∗ the set of strictly positive integers. For positive integers n < m,
denote by Jn,mK the set of integers from n to m, and by [n] the set of integers from 1 to n.

Indexing To simplify notation, we use variable names i, j, k to refer to event types, and
variable names m,n to refer to event indices such that the n-th event chronologically pre-
cedes the m-th event. We use variable names t, s to refer to event timings with s < t; and
we use variable names τ, σ to refer to time lags.

Matrices and vectors Denote byMd(R) (resp. Md(C)) the set of square matrices of
size d× d on R (resp. C). Given a matrix M ∈Md(C), denote by adj(M) the adjugate of
M , by Mᵀ its transpose, and by ρ(M) its spectral radius. Denote by Id the identity matrix
of rank d, and by 1d the d-dimensional vector with all coefficients equal to 1.

Given a d-dimensional vector X, denote by diag(X) ∈ Md(R) the diagonal matrix
where for i ∈ [d], diag(X)ii = Xi. To avoid confusion, denote multi-dimensional stochastic
processes in bold X, and their components Xk.

Positivity For x ∈ R, denote by (x)+ := max(x, 0) the positive part of x. By abuse of
notation, for a d-dimensional vector x, we denote by (x)+ the element-wise positive part,
i.e.the d-dimensional vector where for all i ∈ [d],

(
(x)+

)
i
= (xi)+. For a d-dimensional

vector x, we write x > 0 if all the components of x are positive, and similarly for x ≥ 0.

Lp metrics Denote by ||f ||1 the L1 norm of integrable functions f : [0,+∞) → R. Let
X,Y be two d-dimensional stochastic processes and fix two reals a < b. For k ∈ [d], define
the component-wise L2 distance between Xk, Yk by

‖Xk − Yk‖2,[a,b] :=

√
1

b− a

∫ b

a
E[(Xk(t)− Yk(t))2]dt.

Define the L2 distance between the vector processes X,Y by

‖X − Y ‖22,[a,b] :=
d∑

k=1

‖Xk − Yk‖22,[a,b].

By abuse of notation, let ‖X − Y ‖22,b := ‖X − Y ‖22,[0,b].

iii



Chapter 1

Introduction

Temporal point processes are widely applied as models of asynchronous streams of events.
One way to specify these models is through their conditional intensity, that is, the expected
infinitesimal rate of events per unit of time, conditioned on the history of the process. A
parsimonious class of conditional models is Hawkes processes, where the conditional inten-
sity at a given time is given by a linear auto-regression on the previous jumps of the process,
parameterised by a kernel matrix and a bias term (background rate); see Hawkes [47]. In
this work, we are interested in two types of Hawkes models: the multi-variate Hawkes pro-
cess (MHP), usually referred to in the literature as the linear Hawkes process; and the
marked time-dependent linear Hawkes process (MTLH). The widespread use of Hawkes
processes is mainly due to their explainability: their matrix of kernel functions accounts
for self-excitation and cross-excitation between different types of events, and their cluster
representation can be a proxy for causality between events. Hawkes processes have applica-
tions in a variety of domains including finance, particularly in market microstructure (see
Bacry et al. [9] and Hawkes [48] for an extensive review); social networks, with an emphasis
on modelling information cascades such as retweets (see Zhao et al. [110], Kobayashi and
Lambiotte [55] and Chen et al. [23]); seismology, to study the occurrence of earthquakes
and their aftershocks (see Veen and Schoenberg [104]); and criminology, to examine crimi-
nal contagion mechanisms, notably in burglaries and gang violence (see Mohler et al. [70],
Lewis et al. [59], and Mohler [69]).

Because of the auto-regressive nature of this conditional intensity model, the estimation
of the kernel matrix and background rates of Hawkes models is a difficult problem, usually
giving rise to objective functions whose gradient is expensive to compute without strong
simplifying assumptions on the kernel matrix. In practice, the absence of a fast parametric
estimation method prohibits the use of Hawkes models with significant amounts of data
(i.e., of order higher than 106–107 jumps in an observed sample path), and with arbitrary
kernels, in particular non-Markovian kernels. These limitations arise because the evaluation
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of the conditional intensity at each time t has linear complexity in the number of jumps
up to time t, leading to quadratic complexity overall. Therefore, objective functions based
on the conditional intensity of Hawkes processes are expensive to evaluate and to mini-
mize (see Section 4.2 for a detailed analysis). A notable exception is the Hawkes process
with exponential kernels (see Section 4.6), where the conditional intensity can be evaluated
recursively, which explains the predominance of exponential MHP in the literature.

In the first part of this work, we overcome these limitations by developing a stochastic
optimization algorithm for parametric and semi-parametric estimation of Hawkes models
that does not directly evaluate the conditional intensity; we call this the ASLSD algorithm
(Adaptively Stratified Least Squares Descent). This algorithm is computationally efficient,
accurate for a wide range of sample sizes, and flexible enough to allow for regularization
and sparsity terms to be easily included. In the second part of this work, we use ASLSD to
model mid-price jumps on the Nasdaq equities market and build a counter-factual impact
model.

1.1 Estimating Hawkes processes

We briefly review the state of the art for the estimation of Hawkes processes. The time com-
plexity, assumptions, objective function, and regularization type of the algorithms discussed
here are summarized in Table 4.1. To the best of our knowledge, there is no parametric
estimation approach for MTLH models in the literature. MHP estimation procedures fall
into three main categories:

• Method of moments. These procedures are typically based on spectral properties of
the MHP, and usually aim to convert the estimation problem into solving a system of
equations. Most of these methods are non-parametric, and require mild assumptions
beyond stationarity of the MHP as they use second order properties of the process.

• Maximum likelihood estimation. As in other statistical problems, this approach benefits
from sound theoretical guarantees. However, the evaluation of the log-likelihood of the
MHP has a quadratic time complexity in the number of jumps observed. The application
of the expectation-maximization (EM) algorithm to MHP estimation usually improves
the convergence of optimization algorithms, but the high computational cost of the E
step in EM methods does not allow for efficient algorithms.

• Least squares estimation. This class of methods is rarely used in the context of MHP.
The cost of evaluating the least squares objective function is roughly as expensive as
that of evaluating the log-likelihood. Nonetheless, in this work we show that, unlike
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the log-likelihood, the least squares error (LSE) has an additive decomposition that is
particularly suitable for efficient stochastic approximation.

Method of moments Hawkes [46, 47] applies methods developed for the general analysis
of the spectra of point processes by Bartlett [13]. Hawkes shows a link between the Laplace
transform of the autocovariance function ν of the increments of stationary MHP and the
mean conditional intensity and kernels of the MHP. Bacry et al. [5] use this link to propose
a non-parametric estimation method in the specific case of stationary MHP with symmetric
kernels and Laplace transforms diagonalizable in the same orthogonal basis. All these
assumptions (except stationarity) are relaxed by Bacry and Muzy [10], who show that
the MHP parameters solve a system of Wiener–Hopf equations; we use this algorithm as
a nonparametric baseline in our numerical examples. Achab et al. [2] use the first three
cumulants of the MHP to propose a non-parametric estimation method for the adjacency
matrix of the MHP (the matrix of L1 norms of the kernels). This algorithm is fast, as
it depends linearly on the number of jumps of the MHP; however, this method is not
meant for the estimation of the kernels themselves. Finally, the work of Gao et al. [38]
relies on the spectrum of the cumulative number of jumps of different types instead of the
autocovariance property. While algorithms based on the method of moments apply to a wide
range of models, they are particularly inefficient when the number of observations is small.
These moment-based methods are also particularly prone to the curse of dimensionality
(with respect to the number of dimensions d of the MHP), and regularization for the sake
of dimensionality reduction seems difficult for these models.

Maximum likelihood estimation A different paradigm consists in maximising the log-
likelihood of the sample path, see Daley and Vere-Jones [28]. To the best of our knowledge,
the fastest parametric approach, in the case where the kernels are a sum of exponentials
with fixed decay rates, is that in Bompaire et al. [15]; we use this algorithm as a parametric
baseline in our numerical examples. Lemonnier and Vayatis [56] use Bernstein polynomials
to give a density argument to justify the choice of a linear combination of exponential
decays. In the case of linear combinations of non-exponential kernels, Bacry et al. [8]
propose a mean field approximation of the log-likelihood to speed up standard parametric
estimation. Despite the speed of this method, it is difficult to generalize it due to the mean-
field and linearity assumptions. Another limitation of log-likelihood methods for MHP
estimation is the flatness of the log-likelihood. A classic approach to solve this issue is the
EM procedure introduced by Veen and Schoenberg [104] and Lewis and Mohler [58], which
is based on Hawkes and Oakes’s [49] cluster representation of the MHP. In the general
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case, the complexity of an EM iteration remains quadratic, but significantly smoothes the
objective. The ADM4 algorithm of Zhou et al. [111] also builds on the EM approach,
with the assumption that the kernels of the MHP are of a fixed form with a single scale
coefficient. This method uses sparsity and low rank penalties to estimate high-dimensional
MHP. Finally, Zhou et al. [112] show that the kernels satisfy an Euler–Lagrange equation
and use a Seidel method to solve it numerically. Again, these methods are not applicable
to general kernels without a significant computational burden.

Least squares estimation Among M-estimation methods for MHP, the log-likelihood is
significantly more popular than the least squares functional. To the best of our knowledge,
the work of Reynaud-Bouret and Schbath [90] is the first to introduce this objective for
MHP. Their estimation method is meant for piece-wise constant kernels with finite support,
with a view towards applications to genomics. Bacry et al. [3] develop an approach for
more conventional kernels; namely, linear combinations of exponential kernels with fixed
decays. They are interested in dimensionality reduction via sparsity inducing penalties, as
the number of kernels in the MHP is quadratic in the number of event types. However,
their method is not applicable to general kernels.

1.2 Price modelling with Hawkes processes

The majority of electronic equity markets are order-driven platforms operating with a limit
order book (LOB) using a price-display-time priority queue. Empirically, several properties
of prices and order flows in this system are identified as stylized facts such as heavy-tailed
return distributions, volatility clustering, long memory in order flow, and auto-correlation
and long memory of returns, see for example Abergel et al. [1] and Gould et al. [42]. Building
accurate high-frequency financial models is a well studied problem that requires to find a
trade-off between analytical tractability, interpretability, and good fit of the data. Some of
the first jump-diffusion models taking these constraints into account can be found in Cont
et al. [27]. In particular, during the last twenty years, there has been a growing interest
towards Hawkes models in high-frequency finance. The nature of price and volume changes
in a LOB is discrete, which cannot be captured by diffusive models; and asynchronous, which
cannot be captured by time series models: point processes can account for these realistic
features. The majority of financial applications of Hawkes models focus on MHP with
exponential kernels, notably because of the Markovianity of exponential Hawkes kernels
that leads to interesting numerical properties and ergodicity properties. But for general
kernels, the computation of the conditional intensity of a Hawkes model at all jump times
has quadratic complexity.
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In this work, we focus on a specific application of Hawkes models in market microstruc-
ture: mid-price models. In their pioneering work, Bacry et al. [6] consider an MHP N with
two event types: upward and downward moves of the mid-price. They assume N doesn’t
show any self excitation (φ11 = φ22 = 0) and use the same exponential decay function for
the cross-excitation kernels. They model the mid-price p as a functional of N :

pt = p0 +N1
t −N2

t . (1.1)

Therefore, N1 (resp. N2) models the upward (resp. downward) jumps of the mid-price,
which are assumed to be jumps of constant size. The assumptions φ11 = φ22 = 0 and
φ12 = φ21 guarantee the mean reversion of the mid-price in accordance with empirical
observations at the high frequency level. They get an analytical formula for the quadratic
variation estimator of this mid-price and show its re-scaled version converges to a Brownian
motion. The authors also consider the case of a coupling between two assets, with a 4-
dimensional exponential Hawkes process with events: upward jumps of asset A, downward
jumps of asset A, upward jumps of asset B, downward jumps of asset B. They also add some
sparsity assumptions on the kernel matrix and assume it is symmetric. In this framework,
they get an analytical formula of the correlation between the two mid-prices which behaviour
is qualitatively coherent with the well known Epps effect. Bacry et al. [7] prove a diffusive
limit for the model in (1.1) and show it also verifies the lead-lag effect. Another major step
in the study of mid-price models is achieved by Jaisson et al. [53]. The authors noted that
across several numerical applications of Hawkes processes to estimate models underlying
(1.1), the fitted kernels are close to instability. Therefore, the authors proposed to study
a sequence of stable uni-dimensional MHPs (NT )T with general kernels (φT )T such that
φT = aTφ, where ‖φ‖1 = 1 and the sequence (aT ) is in (0, 1) with limT→+∞ aT = 1. As
the authors note, this is a very specific convergence to an unstable limit, but they manage
to prove convergence of this model to a CIR model, and that the model of Bacry et al. [6]
converges to a Heston model.

1.3 Work outline

This thesis is separated into two parts. Part I is dedicated to our work on least-squares
estimation of Hawkes processes. As an accompaniment to our derivation and analysis,
an implementation in python is available at https://github.com/saadlabyad/aslsd.
Part II is focused on high-frequency mid-price models in the Nasdaq equities market with
the ASLSD method. We propose a python implementation of our analysis tools in https:

//github.com/saadlabyad/lob. All proofs of our results are at the end of this work, in
Appendix A.
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Least-squares estimation of Hawkes models Chapter 2 presents the least-squares
estimation framework for point processes, our methodology for model evaluation, and some
useful classes of Poisson models. Chapter 3 discusses the two classes of Hawkes models we
are interested in. MHP models are explainable models that capture first and second order
moments of stationary data. However, they have several limitations, notably that the least
squares fit of non-stationary data with MHP models can be particularly misleading. There-
fore, we introduce the richer class of MTLH models. In Chapter 4, Theorem 4.3.1 provides
a decomposition of the LSE as a sum of functions. The rationale behind this decomposi-
tion is that, if these functions and their partial derivatives can be evaluated quickly, then
a Monte Carlo estimator of the gradient of the LSE is inexpensive to evaluate. We con-
struct this Monte Carlo estimator using adaptive stratified sampling for variance reduction
purposes, allowing for general kernels for the Hawkes model. We combine this estimator
with numerical schemes from the stochastic gradient descent literature to propose ASLSD,
a new fast estimation method for MHP and MTLH models with general kernels and large
datasets. We discuss different parametric and semi-parametric families of kernel densities
for the ASLSD algorithm. Finally, in Chapter 5, we evaluate our method on synthetic data
and benchmark it against state of the art algorithms; then give two example applications
of our method with real-world data: first in epidemiology modelling malaria infections in
China, then modelling news cycles with the MemeTracker dataset.

Hawkes models of Nasdaq equities prices Chapter 6 gives some institutional back-
ground about the Nasdaq equities market, and introduces our mathematical notation and
conventions. Chapter 7 presents the dataset we construct for this work, that is composed of
48 Nasdaq tickers, studied on a period of 64 trading days ranging from Wednesday 1 June
2022 to Friday 2 September 2022. Chapter 8 discusses empirical properties of mid-prices in
this dataset, which guide our modelling choices. In Chapter 9, our parametric estimation
procedure for MHP and MTLH allows us to consider mid-price models with general ker-
nels, in particular, with delayed and multi-modal kernels. In high frequency financial data,
consecutive events might happen too fast to have triggered one another because of latency:
there might be several events happening in between the arrival of an order and the arrival
of the order it triggers. This feature cannot be captured by any decreasing kernel (notably
exponential or power law kernels).
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Part I

Least-squares estimation of
Hawkes models
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Chapter 2

Conditional intensity modelling

2.1 Point processes

In this section, fix d ∈ N∗ the dimension (number of event types) of the considered processes.

2.1.1 Definition and basic properties

We briefly recall basic definitions of point processes, their conditional intensity, and their
compensator based on Daley and Vere-Jones [28].

Definition 2.1.1 (Point process). A d-dimensional orderly point process is a random se-
quence of times T =

{
tim : m ∈ N∗, i ∈ [d], tim < tim+1

}
. The associated counting process N

is defined for times t ≥ 0 by Nt :=
(
N i
t

)
i∈[d], where N i

t :=
∑+∞

i=1 1
{
t≥tji

}. We denote the

total number of jumps up to time t by Nt :=
∑d

i=1N
i
t .

Consider a d-dimensional point process T and the associated counting process N . Let
F = (Ft)t≥0 be the natural filtration of N . The counting process N is characterized by its
conditional rate of events per unit time given the history of the process.

Definition 2.1.2 (Conditional Intensity). For i ∈ [d], the conditional intensity of N i is
defined by λi(t) := limh↓0

E[N i
t+h−N

i
t=1|Ft− ]

h , and we write λ := (λ1, . . . , λd)
ᵀ.

We define the compensator associated to a counting process, which is simply the integral
of the conditional intensity.

Definition 2.1.3 (Compensator). For i ∈ [d], the compensator of N i is defined by Λi(t) :=∫ t
0 λi(t)dt, and we write Λ := (Λ1, . . . ,Λd)

ᵀ.

The Doob–Meyer decomposition theorem states that for all event types i ∈ [d], the
process defined for times t ≥ 0 by M̃ i

t := N i
t −Λi(t), is a martingale. Furthermore, we note

that 〈M̃ i〉t = Λi(t), hence the stochastic process
(
(M̃ i

t )
2 − Λi(t)

)
t≥0

is a martingale.
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2.1.2 Moments

For event types k ∈ [d], and for bounds a, b ∈ [0,+∞) with a < b, define ηk[a,b] :=
Nk([a,b])
b−a .

By abuse of notation, for all event types k ∈ [d], we define the cumulative event rate process
ηk for all times t > 0 by ηkt := ηk[0,t]. It is clear that ηt

ᵀ := (η1t , . . . , η
d
t ) is right-continuous,

therefore, we also define this process for t = 0 by η0 = 0. The event rate process, which is
empirically observed given a data path of N , is of particular interest in the study of point
processes. First, as we discuss in Section 2.4.1, the vector of rates ηT is both the maximum
likelihood estimator and the least squares estimator of the conditional intensity under a
homogeneous Poisson model. Second, for MHP (see Section 3.1), this quantity is at the
center of the law of large numbers for Hawkes processes.

Now fix an event type k ∈ [d]. We get the moments of the cumulative event rate process
ηk
t using the Doob–Meyer decomposition of Nk.

Proposition 2.1.1 (Moments of the cumulative event rate). For event types k ∈ [d], and
for times t > 0, the moments of the rate process are

E[ηkt ] =
1

t
E[Λk(t)], Var[ηkt ] =

1

t2

(
E
[
Λk(t) + 2M̃k

t Λk(t)

]
+Var[Λk(t)]

)
. (2.1)

We give a proof of this result in Appendix A.1.1.

Definition 2.1.4 (Covariance function). Fix a sampling period h > 0 and a lag τ ≥ 0. We
call covariance function of the counting process N at time t ≥ 0 the squared matrix ν(h)τ (t),
where for all event types i, j ∈ [d], the entry ν(h)ij,τ (t) is defined by

ν
(h)
ij,τ (t) :=

1

h
Cov

[
N j
(
[t, t+ h)

)
, N i

(
[t+ τ, t+ τ + h)

)]
. (2.2)

If the counting process N is stationary, then the covariance function ν
(h)
τ (t) does not

depend on the time t and ν(h)τ (t) = ν
(h)
τ (0) for all t ≥ 0. In this case, and when there is no

ambiguity, we write ν(h)τ instead of ν(h)τ (t). For times t ≥ 0, and sampling periods h > 0,
the triangular function f (h)Tr is

f
(h)
Tr (t) :=

(
1− t

h

)
+

. (2.3)

This function appears in the autocovariance function of the point processes in this work.

2.2 Model estimation framework

We now formalise the estimation problems of conditional intensity models.
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Data setup Let N be a d-dimensional counting process. N is our data generating
process, denote by λ� its ground truth intensity. For the rest of this subsection, fix a
horizon T > 0. In this work, we distinguish two setups:

1. the long path setup; where we observe a single sample path of the counting process N
on [0, T ]. The underlying assumption is that we observe the process over a sufficiently
large horizon T . This work is mostly focused on the long path setup.

2. the episodic setup; where we observe multiple sample paths of the counting process N
on [0, T ]. In this case, the time horizon T might be small, but we need a large enough
number of episodes (sample paths).

Whether we place ourselves in the long path setup or the episodic setup, we assume that
observed paths are non-trivial, that is

• we observe at least one event of each type (i.e. for event type i ∈ [d], N i
T > 1);

• for each event type, the last observed event of that type is preceded by at least one event of
every type (i.e. using the notation of Chapter 4, for event types i, j ∈ [d], $(i, j) < N i

T ).

Intensity modelling Let Θ be a subset of a Euclidean space denoting the space of
parameters. To each given value of parameters θ ∈ Θ, we associate a conditional intensity
model λ(θ). The idea behind least squares estimation of point processes is to find parameter
values that minimize the L2 distance between the model intensity λ(θ∗) and the ground
truth intensity λ�. In Section 2.2.1, we motivate this approach by briefly discussing the
identifiability of conditional intensity models. Then in Section 2.2.2, we introduce the usual
definition of our loss function, the least squares error (LSE). The separability of the LSE
allows to parallelize the minimization of this loss function. We show some results on the
empirical evaluation of the LSE.

2.2.1 Model identifiability

Let M denote a subset of d-dimensional conditional intensity processes (for example, MHP
or MTLH conditional intensities). Clearly, θA = θB implies λ(θA) = λ(θB) a.s..

Definition 2.2.1 (Identifiable Model). We say that a class of models Θ is weakly identifiable
if the map

V : Θ→M; θ 7→ λ(θ). (2.4)

is injective, that is ∀θA, θB ∈ Θ

λ(θA) = λ(θB) a.s. =⇒ θA = θB. (2.5)
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We say that a class of models is path-wise identifiable if ∀θA, θB ∈ Θ

θA 6= θB =⇒ λ(θA) 6= λ(θB) a.s.. (2.6)

It is clear that if a family of models is path-wise identifiable, then it is weakly identifiable,
but the converse is not necessarily true.

2.2.2 Loss function: the least squares error

2.2.2.1 Definition and properties

We can now define the LSE of a model.

Definition 2.2.2 (LSE). For all event types k ∈ [d], define the k-th partial LSE of a
conditional intensity model λk as the random variable

R(k)
T (λk) :=

1

T

∫ T

0
λk(t)

2 dt− 2

T

Nk
T∑

m=1

λk

(
tkm

)
. (2.7)

The LSE of the conditional intensity model λ is the random variable

RT (λ) :=
d∑

k=1

R(k)
T (λk). (2.8)

Given a parametric family of models (λθ)θ∈Θ, for all parameters θ ∈ Θ, we write by
abuse of notation RT (θ), and R(k)

T (θ) for all event types k ∈ [d].

Motivation A well known result obtained using the Doob–Meyer decomposition of N is
that for all θ ∈ Θ

E [RT (θ)] = ‖λ(θ) − λ�‖2T − ‖λ�‖2T . (2.9)

Since the norm of the ground truth conditional intensity ‖λ�‖2T is unknown but fixed,
minimizing the expected LSE E [RT (θ)] over θ ∈ Θ is equivalent to minimizing the L2

distance between models and ground truth intensities ‖λ(θ) − λ�‖2T over θ ∈ Θ. The
parameters estimator we keep is a solution to the minimization program P defined as

θ? := min
θ

E[RT (θ)] s.t. θ ∈ Θ (2.10)

Denote by N̄ the counting process with fitted conditional intensity λ(θ?). It is not clear
whether this estimator is unbiased or consistent and, if so, at which rate does it converge.
Nevertheless, this estimator gives satisfactory results in practice, as seen in Reynaud-Bouret
and Schbath [90], Gaïffas and Guilloux [37], Hansen et al. [44], Bacry et al. [3], and in
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our numerical experiments (see Chapter 5). Using Equation (2.9), a lower bound for the
expected LSE is

E [RT (θ)] ≥ −‖λ�‖2T , ∀θ ∈ Θ. (2.11)

If the ground truth λ� belongs to the space of admissible conditional intensity models Θ,
then this lower bound on the expected LSE is attained.

Parallelization We do not impose a specific structure on the optimization program P.
To simplify the presentation of our methodology, we work under the following general
assumptions:

1. For each event type k ∈ [d], we assume that the conditional intensity model λk has its
own sub-vector of parameters θk, that is independent from the parameterization of the
other conditional intensities. For example, in the case of the Hawkes models discussed
in this work, this means that each baseline, each kernel, and each impact function is
parameterized independently, and we do not impose symmetry conditions on the kernel
matrix model.

2. There is no coupling between the sets of different parameters. For instance, in the case
of the Hawkes models in this work, we do not allow a stability constraint on the model
adjacency matrix, which would couple the L1 weights parameters of the kernels.

Note that the ASLSD method can be easily adapted to incorporate further constraints such
as symmetry conditions and coupling constraints. Under the general assumptions above,
for all event types k ∈ [d], the partial LSE R(k)

T (θ) only depends on θk and the observed
jumps. Therefore, using Equation (2.8), we get

RT (θ) :=
d∑

k=1

R(k)
T (θk). (2.12)

For each event type k ∈ [d], define the minimization program Pk as

min
θk

R(k)
T (θk) s.t. θk ∈ Θk (2.13)

This implies that the minimization program P is equivalent to solving the d independent
minimization programs (Pk)k∈[d]. In the remainder of this section, we fix an event type
k ∈ [d] and focus on the program Pk.
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2.2.2.2 Long path setup

Empirical evaluation As discussed above, the motivation for the use of the LSE as a loss
function is that minimizing its expectation ensures that the model intensity is as close as
possible to the ground truth intensity in the L2 sense. However, in the long path setup, we
only observe one sample path of the counting process N , and therefore, only one realisation
of the LSE RT (θ) for any given model θ. Therefore, the practical question we face is the
following: for large enough observation windows T , is the LSE RT (θ) close enough to its
expectation? In order to answer this question, we define the notion of temporal consistency.

Definition 2.2.3 (Temporal consistency). Let (Zt)t≥0 be an integrable stochastic process.
We say that Z is temporally consistent if

|ZT − E[ZT ]|
P−→

T→+∞
0. (2.14)

In general, it is not clear under which conditions on the ground truth conditional in-
tensity λ� and the space of models Θ is the LSE temporally consistent. Using Markov’s
inequality, a sufficient condition to show that the LSE RT (θ) is temporally consistent is if

lim
T→+∞

Var[RT (θ)] = 0. (2.15)

If we assume temporal consistency, in the long path setup, the objective of the estimation
procedure we consider is to solve the optimization program (P )

min
θ

RT (θ) s.t. θ ∈ Θ. (2.16)

Sign of the LSE Fix an event type k ∈ [d]. A first difference between the LSE (in the
context of point processes estimation) and the mean squared error in regression problems
(such as the ordinary least squares estimation of linear regression models) is that the partial
LSE R(k)

T is not necessarily positive. In fact, if constant conditional intensity models (i.e.
homogeneous Poisson, see Section 2.4.1) are allowed in the parametric family of models,
which is the case for the Hawkes models we consider in this work, then the minimal value
of the partial LSE is almost surely negative. This is because, if we evaluate the LSE at the
constant intensity model λk = ηkT , then the partial LSE is

R(k)
T (λk) = −(ηkT )2. (2.17)

This implies an almost sure upper bound for the minimal value of the partial LSE

min
θk∈Θk

R(k)
T (θk) ≤ −(ηkT )2 a.s. (2.18)
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Over-fitting Depending on the class of admissible conditional intensity models Θ, the
LSE is not necessarily almost surely lower bounded. For instance, we build the following
over-fitting model by analogy with kernel density estimation. Let ε > 0 such that

ε < min
m∈[Nk

T−1]

(
tkm+1 − tkm

)
, (2.19)

and consider the piece-wise constant Poisson 1 conditional intensity model defined by

λ
(ε)
k (t) :=

1

ε

Nk
T∑

k=1

1[tkm,t
k
m+ε)(t). (2.20)

Figure 2.1 illustrates this. This model achieves a partial LSE
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Figure 2.1: A trivial over-fitting model
We simulate a path from a uni-dimensional MHP with Gaussian kernel up to T = 20. The
corresponding path contains 21 events, and we pick ε ∼ 0.11 satisfying the constraints above.
Left: Orange line plots the ground truth conditional intensity λ�

1, blue line plots the over-fitting
model λ(ε)

1 . We see that even on the observed data path, the model intensity λ
(ε)
1 is far from

the ground truth conditional intensity in the L2 sense, and localizes around the observed times.
Right: we simulate 103 paths of the same ground truth MHP, and for each of these paths, we
compute the L2 distance from the deterministic model intensity λ�

1. We plot the distribution of
these L2 errors. Red line plots the empirical mean of this distribution, dashed orange line plots
the L2 error with the conditional intensity on the training path.

R(k)
T (λk) = −

1

ε
ηkT . (2.21)

Therefore, for any given conditional intensity model λk, we can always choose ε > 0 such
that

R(k)
T

(
λ
(ε)
k

)
< R(k)

T (λk). (2.22)

This model over-fits the data by not being able to generalize in the two following senses:
1To avoid confusion, by this we mean that we observe a path of the point process (tkm)m∈[Nk

T
], and define

the deterministic intensity above based on that single path observed.
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1. the model performs poorly on new simulated paths from the ground truth: Equa-
tion (2.22) does not hold when taking expectations against the ground truth conditional
intensity;

2. the model performs poorly beyond the training horizon: conditional on that training
path up to a horizon T , this conditional intensity model is null for times t > T .

It is important to note, again, the analogy between this least-squares estimation problem for
point processes and least-squares density estimation for i.i.d.(independent and identically
distributed) data, as opposed to the least-squares regression problem for i.i.d.data. In the
least-squares regression problem for i.i.d.data in the absence of noise, with features x and
target y, and a ground truth f�, an over-fitting model f will have the same value as the
ground truth on training data

f(xi) = yi = f�(xi). (2.23)

As we see in the example of Figure 2.1, this is not the case in point processes estimation:
the over-fitting conditional intensity does not match the ground truth intensity, even on the
training data, but it does match its empirical version. In fact, if we denote by δ the Dirac
delta distribution, then

λ
(ε)
k

P−→
ε→0

Nk
T∑

m=1

δ(t− tkm). (2.24)

This limit process is the process is the constant point process with the same jump times as
the training data.

Of course, this over-fitting issue is not specific to the fact that the interval bounds
[tkm, t

k
m + ε) of this model depend on the training data. For instance, we get a similar

problem with piece-wise constant Poisson models in general, with arbitrarily small bounds
that do not depend on the training data. In practice, this issue raises the question of
out-of-sample testing for point process models (Section 2.3.4), and that of a careful model
parameterization according to the scale of the training data.

2.2.2.3 Episodic setup

We now consider extensions of our estimation procedure in the episodic setup where we
observe multiple sample trajectories of a given point process. Let N be a d-dimensional
counting process. Fix a horizon T > 0, and assume we observe np sample paths of jump
times of the counting process N on the interval [0, T ]. We know that the conditional inten-
sity model λ minimizing the expectation of the least squares error E [RT ] also minimizes
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the L2 distance between the intensity and model and the ground truth λ�,

1

T

d∑
k=1

∫ T

0
E
[
(λk(t)− λ�k(t))

2
]
dt.

For a sample path ρ ∈ [np], we denote by R(k,ρ)
T the k-th partial LSE evaluated on sample

path T ρT . We denote by G(k,ρ)T (θk) the estimator of the gradient of the LSE R(k,ρ)
T on a given

sample path. Define

E(k)T :=
1

np

np∑
p=1

G(k,ρ)T . (2.25)

Then E(k)T is an unbiased estimator of the expected gradient of the LSE E
[
R(k)
T

]
.

2.3 Model evaluation framework

In this section, we propose different methods to evaluate the quality of a fitted model. Sup-
pose we are in the estimation framework discussed above, with a ground truth intensity λ�

and a fitted conditional intensity model λ? that minimizes the LSE over some class of para-
metric models. The ground truth intensity is not observable: how can we assess the quality
of the model λ?? In Section 2.3.1, we present the standard goodness of fit test for point
processes: residual analysis. We propose exact formulas for the residuals of Hawkes models,
whose computation has quadratic time complexity. Therefore, we briefly discuss numerical
methods for the acceleration of this computation. We discuss the Kolmogorov–Smirnov test
for residuals and complementary evaluation frameworks for point process models.

For the rest of this section, suppose we observe a path of the counting process N up
to T with ground conditional intensity λ�. Let λ denote a conditional intensity model,
evaluated on the observed path, and let N̂ denote the counting process associated to this
model. We assume we can simulate paths of N̂ exactly.

2.3.1 Residual analysis

Principle Residual analysis is the state of the art goodness-of-fit test for MHP. For event
indices m ∈ N∗, and for event types k ∈ [d], define the compensator transformed times

s(k)m := Λk

(
tkm

)
. (2.26)

Fix an event type k ∈ [d]. Define the transformed point process S(k) :=
{
s
(k)
m : m ∈ N∗

}
.

The inter-arrival times r(k) of the point process S(k), defined by

r(k)m := s
(k)
m+1 − s

(k)
m , (2.27)
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are usually called residuals in the point processes literature. For convenience, denote by S =(
S(k)

)
k∈[d] the d-dimensional compensator transformed point process. Following Ogata [84],

if λ = λ� a.s., then the compensator transformed processes
(
S(k)

)
k∈[d] are independent

standard Poisson processes. Equivalently, for all event types k ∈ [d], the residuals r(k) are
independent and follow a standard exponential distribution.

Testing identical distribution of residuals To assess if fitted residuals are correctly
distributed, we display the Q-Q plots of the residuals against a standard exponential dis-
tribution. As visual comparison of the fit of different models can be difficult, we also use
the probability plots of residuals, which are defined by

z(k)m := 1− exp
(
−s(k)m

)
, and J (k) :=

{
z(k)m : m ∈ N∗

}
. (2.28)

If the residuals S(k) are independent exponentially distributed, then
(
J (k)

)
k∈[d] are indepen-

dent random variables, uniformly distributed on [0, 1]. For improved clarity, we subtract the
y = x line from the probability plots and rescale z(k)m with a multiplicative factor

√
Nk
T − 1;

for large Nk
T , Donsker’s theorem indicates that this results in a process which is approxi-

mately a Brownian bridge. Beyond visual inspection, we use the Kolmogorov–Smirnov (KS)
test to evaluate the residuals. In each probability plot (for example in Chapter 5), we plot
dashed lines corresponding to the 99% critical value for the KS test.

Testing independence of residuals The time transformation property states the resid-
uals are i.i.d. standard exponential variables. The KS test, which is the only test used in a
significant part of the Hawkes estimation literature, only tests the identical distribution of
residuals, but not their independence.

This methodological issue can cause important problems in practice; we illustrate this
with the following example. Fix T > 0, and consider a path (t1m)m∈[N1

T ] of a uni-dimensional
standard homogeneous Poisson process N up to time T . Denote by r̄ the ordered residuals
of N , sorted in increasing order. Given this path, construct the uni-dimensional counting
process N̄ with jump times

τ0 := min
m∈[N1

T ]
r1m, τm+1 := τm + r̄m ∀m ∈ [N1

T − 1]. (2.29)

The residuals r̄ of the counting process N̄ are the residuals of the counting process (except
sorted in increasing order), therefore will pass the KS test. However, this process N̄ is clearly
not a standard homogeneous Poisson process since its increments are not independent.

Wald and Wolfowitz [106] propose the the Wald–Wolfowitz test, also known as the runs
test: this is a one-sample hypothesis test of independence. In the context of residual analysis,
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fix an event type k ∈ [d], and suppose we want to test for the independence of residuals rk.
Denote by r̃k the median of this sample. First, construct a sequence (xm)m∈[Nk

T ] where we
compare each term of the sample rk to the median r̃k; formally for indices m ∈ [Nk

T − 1]

xm :=

{
1 if rkm > r̃k,

0 otherwise.
(2.30)

Denote by n1 (resp. n0) the number of 1 (resp. 0) in the sequence x. Wald and Wolfowitz
[106] define a run as a sub-sequence (xp, xp+1, . . . , xq−1, xq) with p ≤ q such that:

• all elements of the sub-sequence are the same, i.e. for all indices l ∈ Jp, qK, xl = xn.

• the last element of the sequence x preceding the sub-sequence has a different value; i.e.
either p = 0 or xp−1 6= xp.

• the first element of the sequence x following the sub-sequence has a different value; i.e.
either q = Nk

T − 1 or xq+1 6= xq.

The idea of the Wald–Wolfowitz test is that, under the null hypothesis that the observations
in x are independent, the number of runs nr is normally distributed conditional on n1 and
n0. The test statistic they define is

Z :=
nr −mr

σr
; (2.31)

where mr := 1 + 2n0n1
n0+n1

and σ2r := (mr−1)(−mr2)

Nk
T−2

. Under the null hypothesis, Z must be
normally distributed conditional on n0, n1, which allows to compute a p-value for this test.
Variations of this test, by replacing the median in Equation (2.30) by another value, can
also be considered.

2.3.2 One-step-ahead prediction

In this paragraph, we briefly define one-step ahead predictions for the evaluation of point
process models, inspired by the work of Du et al. [33] and Mei and Eisner [66]. Consider
the following statistical problem. For times t ∈ [0, T ], let Tt denote the path of the point
process N up to t. We are interested in modelling jointly the event type ιt ∈ [d] and the
lag st until the next jump of N conditional on the history (the path) Tt. Predicting the
event type ιt is a classification problem, and predicting st is a regression problem.

For several classes of conditional intensity models, notably for the Hawkes models in
this work, the distribution of inter-arrival times of events is not known in closed-form. We
simulate one step ahead2 from the model λ conditional on the path Tt. This way, we

2For Hawkes models, we use an exact branching simulation algorithm to simulate conditional on a his-
torical path.
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get samples of the next event (ιt, t+ st), hence an empirical estimate of the distribution of
(ιt, st). To define the prediction (ι̂t, ŝt) for the next event, we first simulate npaths paths one-
step-ahead of the model. We then define ι̂t to be the mode of the empirical distribution of
event types in the simulated samples; and ŝt to be the empirical mean of lags st conditional
on the event type of samples being ι̂t. To assess the quality of this prediction over the
observed window, we fix a number ngrid ∈ N∗, and consider a time grid G :=

{
ti : i ∈

[ngrid]
}
. To avoid edge effects that may result from the data collection process, we choose

G ⊂ [0.2× T, 0.8× T ]. Define the evaluation metrics

OSAR :=

√∑
t∈G(ŝt − st)2∑
t∈G(st)

2
, OSAC :=

#
{
t ∈ G : ι̂t = ιt

}
#G

. (2.32)

By analogy with the time series literature, for example in Cerqueira et al. [22], we assess
these values using a Naive benchmark, predicting the next event type and lag to be the
same as the last observed value.

2.3.3 Empirical moments

The first and second empirical moments of a point process are summary statistics giving
insights on the dynamics of that process. Under the right assumptions, they are unbiased
estimators of the moments of the process, computed from observed data. In fact, for some
classes of point processes, the conditional intensity is fully characterized by the first and
second order moment of the process: this is the case for MHP models (see Section 3.1), the
standard class of linear Hawkes models. Therefore, if we compute the empirical moments
of data observed from a ground truth point process, we can compare them to empirical
moments computed on data simulated from a fitted model for evaluation.

Fix a sampling period h ∈ [0, T ], and divide the time interval [0, T ] into nbins :=

⌊
T/h

⌋
intervals of length h. As illustrated in Figure 2.2, for event types i ∈ [d], and for m ∈
J0, nbins − 1K, we observe the bin count c(h)i,m, that is, the number of events of type i in the
m-th bin

c
(h)
i,m := N i

(
[mh, (m+ 1)h)

)
. (2.33)

Analysing the joint distribution of bin counts is a tedious task; instead, the point processes
literature focuses on their sample mean and covariance.

First order: empirical event rate Using the Doob–Meyer decomposition of N , the
conditional intensity of the point process is related to the following empirical intensity.
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T = 6s0
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h = 1s

with lag l = 3

1st bin pair

with lag l = 3

2nd bin pair

Figure 2.2: Illustration of bin structure

Definition 2.3.1 (Empirical intensity). For event types i ∈ [d], and for bin indices m ∈
J0, nbins − 1K, the empirical intensity is

L
(h)
i,m :=

c
(h)
i,m

h
= ηi[mh,(m+1)h). (2.34)

Proposition 2.3.1 (Empirical and conditional intensity). For event types i ∈ [d], and for
bin indices m ∈ J0, nbins − 1K, the empirical intensity satisfies

E
[
L
(h)
i,m

]
:=

1

h

∫ (m+1)h

mh
E
[
λ�i (t)

]
dt. (2.35)

Furthermore, for times t ∈ [0, T ],

lim
h↓0

E
[
L
(h)

i,b t
h
c

]
:= E

[
λi(t)

]
. (2.36)

To evaluate model fits, we simulate paths from the conditional intensity model λ, com-
pute

(
L̄
(h)
i,m

)
the empirical intensity of a simulated path, and define

M1 :=

√√√√√√
∑d

i=1

∑nbins
m=1

(
L̄
(h)
i,m − L

(h)
i,m

)2
∑d

i=1

∑nbins
m=1

(
L
(h)
i,m

)2 . (2.37)

The denominator of M1 is positive since we assume the training path is not trivial.

Second order: empirical covariance We are now interested in the dependence between
the count of events of type i in a given bin c(h)j,n and the count of events of type j in a bin
c
(h)
i,n+l that is distant from a lag l. Define the empirical averages

c̄
(h)
j,l,lead :=

1

nbins − l

nbins−l∑
n=1

c
(h)
j,n , c̄

(h)
i,l,lag :=

1

nbins − l

nbins∑
m=l+1

c
(h)
i,m. (2.38)
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Definition 2.3.2 (Empirical covariance function). We define the empirical covariance ma-
trix V(h)l as the squared matrix with entries (V(h)ij,l )i,j∈[d]. The coefficient V(h)ij,l is the empirical
covariance function from events of type j to events of type i at lag l with sampling period h

V(h)ij,l :=
1

h(nbins − l)

nbins−l∑
n=1

(
c
(h)
j,n − c̄

(h)
j,l,lead

)(
c
(h)
i,n+l − c̄

(h)
i,l,lag

)
(2.39)

If the counting process N is stationary, the empirical covariance V(h)l at lag l = b τhc
is an unbiased estimator of the covariance function ν

(h)
τ (0). This is not necessarily true

for a non-stationary data-generating process like a non-homogeneous Poisson process (see
Section 2.4) or an MTLH (see Section 3.3). To evaluate model fits, simulate paths from
the conditional intensity model λ, compute

(
V̄(h)ij,l

)
the empirical covariance of a simulated

path, and define

M2 :=

√√√√√√
∑

i,j∈[d]
∑nbins

m=1

(
V̄(h)ij,l − V

(h)
ij,l

)2
∑

i,j∈[d]
∑nbins

m=1

(
V(h)ij,l

)2 . (2.40)

2.3.4 Out-of-sample testing

In any statistical estimation problem, out-of-sample (OOS) testing is a fundamental step
to avoid over-fitting the training data. However, to the best of our knowledge, there is
no standard methodology in the literature for OOS testing in the context of point process
estimation. Suppose we are in one of the two estimation setups discussed above. Denote
by T ′ > 0 the total observation horizon. Fix a training horizon T < T ′; we want to fit a
conditional intensity model using the training data on [0, T ], and test its OOS performance
on [T, T ′] .

Metric We propose the following natural extension to the LSE.

Definition 2.3.3 (OOS LSE). The OOS LSE of a conditional intensity model is

R[T,T ′](θ) :=
1

T ′ − T

d∑
k=1

∫ T ′

T
λk(t)

2 dt− 2

T ′ − T

d∑
k=1

Nk
T ′∑

m=Nk
T+1

λk

(
tkm

)
. (2.41)

Using the Doob–Meyer decomposition of N , this definition satisfies

E
[
R[T,T ′](θ)

]
= ‖λ− λ�‖2[T,T ′] − ‖λ

�‖2[T,T ′]. (2.42)

Therefore, minimizing the expected OOS LSE E
[
R[T,T ′](θ)

]
is equivalent to minimizing the

L2 distance ‖λ − λ�‖2[T,T ′]. On the space of all conditional intensity models, the expected
LSE is minimized by a conditional intensity model λ that satisfies

λk(t) = λ�k(t) a.s. for almost all t ∈ [T, T ′], k ∈ [d]. (2.43)
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We conveniently express the OOS LSE R[T,T ′] based on the LSE at times T and T ′.

Proposition 2.3.2. The OOS LSE verifies

R[T,T ′](θ) =
T ′

T ′ − T
RT ′(θ)− T

T ′ − T
RT (θ). (2.44)

Finally, note that the moment metrics M1 and M2 above can also apply for OOS testing.

Projectibility of the model In this train-test framework, we illustrate the projectibility
of the model in time. Consider a sample path from a uni-dimensional point process on [0, T ′].
We want to fit a piece-wise constant Poisson model to this data (see Section 2.4.2), with
conditional intensity

λ1(t) := b01[ 0,β1)(t) + b11[β1,+∞)(t), (2.45)

where the interval bounds β1 is a hyper-parameter. The parameters of the model are the
weights b := (b0, b1). If we set β1 = T , it is clear that ∂R(k)

T
∂b1

(b) = 0 for all parameter
values b > 0. Because of the parameterization of the model, the training LSE R(k)

T does not
depend on the parameter b1, and therefore this parameter cannot be learned in this setup.
In a more general context, this type of issue is known as Goodman’s paradox, or the new
riddle of induction (see Henderson [51]). By construction, the projectibility issue does not
appear for stationary models such as the homogeneous Poisson process (Section 2.4.1) or
the MHP (Section 3.1). However, this is a problem for non-stationary models, such as non-
homogeneous Poisson processes, and the MTLH model (Section 3.3). In the example above,
we fix the projectibility issue simply by choosing β1 < T . However, this highlights the need
to take T − β1 sufficiently large to observe enough data in that interval. Despite being
a trivial model, piece-wise constant baselines have the disadvantage from a projectibility
perspective that their parameters are not coupled at all in the case of a Poisson model, and
not directly coupled in the case of an MTLH model.

2.4 A building block: the Poisson process

Deterministic conditional intensity models are called Poisson processes. This section first
recalls definitions and general properties of Poisson processes, and introduces some objects of
interest. We then discuss some classes of Poisson intensities, their simulation, and properties
of their least-squares fit.

Definition 2.4.1 (Poisson process). Let N be a d-dimensional counting process with con-
ditional intensity λ. We say that N is a Poisson process if for all event types i ∈ [d] and
for all times t ≥ 0,

λi(t) = µi(t), (2.46)
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where ∀i ∈ [d], µi : [0,+∞) → (0,+∞) is differentiable by parts. We write in vector
notation µ = (µ1, . . . , µd)

ᵀ. If the function µi is constant for all event types i ∈ [d], we say
that N is a homogeneous Poisson process. Otherwise, we say that N is a non-homogeneous
Poisson process.

Of course, for event types k ∈ [d], the compensator process Λk of a Poisson process
is deterministic, and defined by Λk(t) :=

∫ t
0 µk(s)ds. We introduce the function Mk, the

temporal average of the squared intensity µk, as it appears in the LSE of different model
classes in this work.

Definition 2.4.2 (Mean squared intensity). For event types k ∈ [d], and for times t > 0,
the mean squared intensity Mk is

Mk(t) :=
1

t

∫ t

0
µ2k(t)dt. (2.47)

This function has a simple probabilistic interpretation. Using the Doob–Meyer decom-
position of the counting process Nk,

Mk(t) = E
[
1

t

∫ t

0
µk(t)dNk

t

]
. (2.48)

Poisson processes have independent increments; that is, for integers p ∈ N∗, and for sorted
collections of times (τm)m∈[p], the p− 1 random variables

(
Nk
τm+1

−Nk
τm

)
are independent.

Furthermore, for times s < t, the increment
(
Nk
t −Nk

s

)
follows a Poisson distribution with

parameter

Λk(t)− Λk(s) =

∫ t

s
µk(u)du. (2.49)

The moments of Poisson processes have simple analytic expressions. The cumulative event
rate process ηk verifies the following result.

Proposition 2.4.1 (Cumulative event rate of a Poisson process). For event types k ∈ [d],
and for times T > 0, the first and second moments of the cumulative event rate process are

E[ηkT ] =
1

T

∫ T

0
µk(t)dt, Var[ηkT ] =

1

T 2

∫ T

0
µk(t)dt. (2.50)

We give a proof of this result in Appendix A.1.2. Furthermore, the independent second
moments property implies a simple covariance matrix for the Poisson process.

Proposition 2.4.2 (Poisson covariance). Consider event types i, j ∈ [d] with i 6= j. The
covariance matrix of N at time t > 0, lag τ ≥ 0, and sampling period h > 0 is

ν
(h)
ii,τ (t) =

(
1

h

∫ t+h

t+τ
µi(s)ds

)
1{τ≤h}, ν

(h)
ij,τ (t) = 0. (2.51)
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We give a proof of this result in Appendix A.1.2. The two main paradigms for the
simulation of Poisson processes up to a horizon T > 0 are based on classic simulation
methods for random variables.

• Compensator inversion: this is the point process counterpart of simulation by CDF
inversion. The compensator Λk is monotonically increasing; denote by Λ−1

k its gener-
alised inverse. Cinlar [24] (Corollary 7.8) shows that if we simulate a path of a standard
Poisson process (see next section) up to time Λk(T ), with event times (τ1, τ2, . . . ), then(
Λ−1
k (τ1),Λ

−1
k (τ2), . . .

)
is a path the Poisson process with intensity µk.

• Thinning: this is the point process counter-part of acceptance-rejection simulation, pro-
posed by Lewis and Shedler [60] (Theorem 1). Consider a Poisson process with conditional
intensity µu ≥ µk; denote by (τ1, τ2, . . . ) its event times. If at each event time τm, we
reject this event with probability 1 − µku(τm)/µu(τm), the resulting point process has
conditional intensity µk.

We now discuss four classes of Poisson intensities. Section 2.4.1 discusses the homogeneous
Poisson process, which is at the basis of the MHP model (Section 3.1). Non-homogeneous
Poisson processes form the basis of the MTLH model (Section 3.3). For each class of Poisson
intensity, we characterize its compensator, both for simulation purposes, and because this
term appears in the expression of the MTLH LSE. We discuss the moments of the model,
and its least-squares fit. In Section 2.4.2, we discuss the basic case of piece-wise constant
Poisson processes. This is a simple extension of the homogeneous Poisson case, where
several results are obtained in closed-form, and is also an interesting case as an upper
bound of other classes of conditional intensities for simulation by thinning. Section 2.4.3
discusses periodic intensities, a useful modelling tool for systems with seasonality. Finally,
Section 2.4.4 presents linear intensities as a case of unbounded intensity.

2.4.1 Constant intensities

Definition 2.4.3 (Homogeneous Poisson process). Let N be a d-dimensional counting
process with conditional intensity λ. We say that N is a homogeneous Poisson process if
for all i ∈ [d] and for all t ≥ 0,

λi(t) = µi, (2.52)

where ∀i ∈ [d], µi > 0. We write in vector notation µ = (µ1, . . . , µd)
ᵀ.

In the rest of this subsection, let N be a homogeneous Poisson process
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Properties The increments of the homogeneous Poisson process are independent, station-
ary and follow an exponential distribution. For a horizon T > 0, and event types i ∈ [d],
the total event count N i

T follows a Poisson distribution with distribution µiT . The simula-
tion of a homogeneous Poisson process with rate µ up to a horizon T > 0 is well studied
and relies on the previous two properties: start by sampling N i

T following this distribution,
then sample N i

T points following a random uniform distribution on [0, T ]. Using Proposi-
tion 2.4.1 and Proposition 2.4.2, moments of the homogeneous Poisson process have simple
expressions.

Proposition 2.4.3 (Moments of the homogeneous Poisson process). Consider event types
i, j ∈ [d] with i 6= j. For times T > 0, the first and second moments of the cumulative event
rate process are

E[ηiT ] = µi, Var[ηiT ] =
µi
T
. (2.53)

The covariance matrix of the homogeneous Poisson process at time t > 0, lag τ ≥ 0, and
sampling period h > 0 is

ν
(h)
ii,τ (t) = µif

(h)
Tr (τ), ν

(h)
ij,τ (t) = 0. (2.54)

Least-squares fit Least squares estimation of homogeneous Poisson processes can be
solved analytically, and leads to similar results than log-likelihood estimation. Consider the
long path estimation setup with horizon T > 0, and fix an event type k ∈ [d]. For rates
µk ≥ 0, the partial LSE of this model

R(k)
T (µk) = µ2k − 2ηkTµk. (2.55)

Proposition 2.4.4. The LSE of the homogeneous Poisson model has variance

Var
[
RkT (µk)

]
= 4µ2kVar[ηkT ]. (2.56)

If the ground truth process is a (possibly non-homogeneous) Poisson model with bounded
intensity, then the LSE is temporally consistent.

We give a proof of this result in Appendix A.1.2. It is clear that the minimizer of the
LSE µ?k verifies

µ?k = ηkT , R(k)
T (µ?k) = −(ηkT )2. (2.57)
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2.4.2 Piece-wise constant intensities

Fix a number of intervals J ∈ N∗. Consider a family of strictly positive reals, the interval
intercepts b = (bj)j∈J0,J−1K ∈ (0,+∞)J . Finally, fix an ordered finite sequence of positive
reals, the interval bounds β = (βj)j∈J0,JK ∈ R̄J+ such that:

β0 = 0, βj < βj+1 ∀j ∈ J0, J − 1K, βJ = +∞. (2.58)

Definition 2.4.4 (Piece-wise constant intensity). We say that a conditional intensity func-
tion µ is piece-wise constant if it satisfies

µ(t) :=

J−1∑
j=0

bj1[βj ,βj+1)(t). (2.59)

For times t > 0, the mean-squared intensity M is

M(t) =
1

t

( g(t)−1∑
j=0

b2j (βj+1 − βj) + b2g(t)(t− βg(t))
)
, (2.60)

and for indices j ∈ J0, J − 1K, the derivatives of µ and M with respect to bj are

∂µ

∂bj
(t) = 1[βj ,βj+1)(t),

∂M

∂bj
(t) =

1

t

(
1j<g(t)2bj(βj+1 − βj) + 1j=g(t)2bg(t)(t− βg(t))

)
.

(2.61)

Properties Let N be a uni-dimensional non-homogeneous Poisson process with piece-
wise constant conditional intensity µ. Define the ranking function g for times t ≥ 0

g(t) := min{j ∈ J0, J − 1K, βj+1 > t}. (2.62)

Define the integral ranking function for y > 0

G(y) := max{i ∈ J0, J − 1K,
i−1∑
j=0

bj(βj+1 − βj) ≤ y}; (2.63)

with the convention

G(y) = 0 if {i ∈ J0, J − 1K,
i−1∑
j=0

bj(βj+1 − βj) ≤ y} = ∅. (2.64)
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Proposition 2.4.5 (Compensator). For times t ≥ 0, the compensator of the counting
process N is

Λ(t) =

g(t)−1∑
j=0

bj(βj+1 − βj) + bg(t)(t− βg(t)). (2.65)

For y > 0, the inverse compensator of N is

Λ−1(y) = βG(y) +
1

bG(y)
(y −

G(y)−1∑
j=0

bj(βj+1 − βj)). (2.66)

We get the second moment of N is available in closed form.

Proposition 2.4.6 (Covariance function). The covariance of the Poisson process at time
t > 0, lag τ ≥ 0, and sampling period h > 0 is

ν
(h)
11,τ (t) = bg(t+τ)f

(h)
Tr (τ), ifg(t+ τ) = g(t+ h). (2.67)

If g(t+ τ) < g(t+ h), then

ν
(h)
11,τ (t) = 1{τ<h}

(
βg(t+τ)+1 − (t+ τ)

h
bg(t+τ) +

g(t+h)−1∑
p=g(t+τ)+1

βp+1 − βp
h

bp

+
(
1−

βg(t+h) − t
h

)
bg(t+h)

)
.

(2.68)

Least-squares fit Consider the long path estimation setup with horizon T > 0. For
intercept parameters b ≥ 0, the partial LSE of the piece-wise constant intensity model is

R(1)
T (b) =

1

T

J−2∑
j=0

b2j (βj+1 − βj)−
2

T

J−2∑
j=0

bjN
k([βj , βj+1)). (2.69)

The analytic minimum of the LSE is analogous to the homogeneous Poisson case.

Proposition 2.4.7 (Minimal LSE of the piece-wise constant model). The minimizer b? of
the LSE is

b?j =
Nk([βj , βj+1))

βj+1 − βj
, ∀j ∈ J0, J − 1K. (2.70)

The minimal value of the LSE is

R(k)
T (b?) = − 1

T

J−2∑
j=0

(
Nk([βj , βj+1))

)2
βj+1 − βj

. (2.71)

As discussed in the example of over-fitting intensity in Section 2.3.4, Equation (2.71)
implies that for all α > 0, there exists J ∈ N∗ and a subdivision β of size J such that
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R(k)
T (b?) < −α. In fact, if λ

(nhp)
k is the least-squares fit of a piece-wise constant non-

homogeneous Poisson model to the data, and λ
(hp)
k is the least-squares fit of a homogeneous

Poisson model to the data, then

R(k)
T

(
λ
(nhp)
k

)
≤ R(k)

T

(
λ
(hp)
k

)
. (2.72)

2.4.3 Periodic intensities

Periodic intensities are particularly interesting for non-stationary systems with seasonality.
First, we discuss the general setup of periodic Poisson intensities and computationally effi-
cient exact simulation of these models, second, we present the example of cosine intensities.

2.4.3.1 General case

Fix a period Tp > 0. Let f : R+ → R be a bounded, piece-wise continuous, Tp-periodic
function.

Definition 2.4.5 (Periodic intensity). For times t ≥ 0, the periodic conditional intensity
function is

µ(t) := c+ αf(at+ b), (2.73)

where the parameters are the frequency a > 0, the phase b > 0, the re-scaling parameter
α > 0, and the intercept c ≥ 0.

For times t ≥ 0, the primitive of f is F (t) :=
∫ t
0 f(s)ds. In the rest of this paragraph,

consider a uni-dimensional Poisson process N with periodic conditional intensity µ.

Simulation Simulating paths of N up to a fixed time horizon T > 0 is critical for some
of the Hawkes models used in this work. In this paragraph, we discuss exact simulation of
periodic Poisson models by compensator inversion. Denote by Λ the compensator of N .
Let Dh ⊂ R∗

+ be the set such that:

Dh =

R∗
+ if f ≥ 0,(
0,− 1

min f

)
otherwise.

(2.74)

For all ε ∈ Dh, define hε by

hε : [0, T )→ [0, T + εF (T )); θ 7→ θ + ε

∫ θ

0
f(s)ds.

The function hε is continuous and strictly increasing, therefore it admits an inverse.
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Proposition 2.4.8 (Inverse compensator - with intercept). For y ≥ 0, the inverse com-
pensator Λ−1 is

Λ−1(y) =
kTp + θ − b

a
; (2.75)

where

k =

⌊
a

cTp + αF (T )

(
y +

αF (b) + cb

a

)⌋
,

θ = h−1
α
c

(
a

c

(
y − cT + αF (T )

a
k +

αF (b) + cb

a

))
.

(2.76)

Equation (2.76) requires computing the inverse of the function hε. While this inverse
might be available in closed-form for some choices of periodic intensity µ, even simple cases
require the use of numerical inversion methods. In this work, we use Newton’s method
to compute this inverse. We use a simple heuristic for the initialization of the method:
let y ∈ [0, T + εF (T )) such that we want to compute h−1

ε (y). First, fix a grid θgrid :=(
θ
(k)
grid

)
k∈[0,ngrid]

on [0, T ], with the convention θ
(0)
grid = 0, and θ

(ngrid)
grid = T . Evaluate the

function hε on the grid to get ygrid = hε(θgrid). Since hε is strictly increasing,

ykgrid ≤ y < yk+1
grid =⇒ θkgrid ≤ h−1

ε (y) < θk+1
grid . (2.77)

Therefore, we sample our initial guess for h−1
ε (y) uniformly at random in the interval

(θkgrid, θ
k+1
grid ). Note that if f > 0, we can set c = 0 while ensuring positivity of the con-

ditional intensity µ > 0. In this case, the inverse of the compensator is as follows.

Proposition 2.4.9 (Inverse compensator - without intercept). For y ≥ 0, the inverse
compensator Λ−1 is

Λ−1(y) =
kTp + θ − b

a
; (2.78)

where

k =

⌊
a

αF (T )

(
y +

αF (b)

a

)⌋
, θ = F−1

(
a

α

(
y − αF (T )

a
k +

αF (b)

a

))
. (2.79)

Mean squared intensity We briefly give the formulas for the corresponding mean
squared intensity M , which is essential for the LSE of this model and for the MTLH model
in Section 3.3. Let f−(t) = max(0, f(t)). Define mf = |min(f−)|. We parameterize the
periodic intensity µ by (α, a, b, δ) such that

µ(t) := δ + αmf + αf(at+ b). (2.80)

Let c := δ + αmf . For t ≥ 0, the primitive FQ of f2 is FQ(t) :=
∫ t
0 f

2(s)ds.
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Proposition 2.4.10 (The mean-squared intensity M). For times t > 0, the mean-squared
intensity M is

M(t) = c2 +
2αc

at

(
kF (Tp) + F (θ)− F (b)

)
+
α2

at

(
kFQ(Tp) + FQ(θ)− FQ(b)

)
, (2.81)

with
k :=

⌊
at+ b

Tp

⌋
, θ := at+ b− kTp. (2.82)

The derivatives of M with respect to model parameters are

∂M

∂α
(t) = 2mfc+

2(δ + 2αmf )

at
(kF (Tp) + F (θ)− F (b)) + 2α

at
(kFQ(Tp) + FQ(θ)− FQ(b)) ;

∂M

∂a
(t) =

1

a2t

(
2αc (atf(θ)− kF (Tp)− F (θ) + F (b))

+ α2
(
atf2(θ)− kFQ(Tp)− FQ(θ) + FQ(b)

))
;

∂M

∂b
(t) =

1

at

(
2αc (f(θ)− f(b)) + α2

(
f2(θ)− f2(b)

))
;

∂M

∂δ
(t) = 2c+

2α

at
(kF (Tp) + F (θ)− F (b)) .

(2.83)

2.4.3.2 Cosine intensity

We consider the case f = cos, for which we get closed-form expressions of the previous
results. In this case, the period of f is Tp = 2π, and Dh = (0, 1). Fix ε ∈ (0, 1). We get

hε(θ) = θ + ε sin(θ) = θ − ε sin(π + θ). (2.84)

As discussed previously, in order to compute the inverse compensator of the associated
periodic Poisson model using our results, we need to invert the function hε. Here, this
inversion is linked to solving Kepler’s equation, a well-studied problem. Define the function

Kepε : R→ R; θ 7→ θ − ε sin θ. (2.85)

Hence for θ ∈ [0, T ), hε(θ) = Kepε(π+ θ)− π. The function Kepε is continuous and strictly
increasing, therefore it is invertible. Denote by Kep−1

ε the inverse function. For y ∈ [0, 2π),
the inverse of hε is

h−1
ε (y) = Kep−1

ε (π + y)− π. (2.86)

First, note that the inverse of Kepε on [π, 3π) can be written as a function of Kep−1
ε |[0,π)

the restriction of the inverse function on [0, π), since

Kep−1
ε (y) =

{
2π −Kep−1

ε (2π − y) if y ∈ [π, 2π),

2π +Kep−1
ε (y − 2π) if y ∈ [2π, 3π).

(2.87)

30



Therefore, we only need to invert Kepε on [0, π), that is, for y ∈ [0, π), we need to solve the
equation

θ − ε sin θ = y, (2.88)

in the unknown θ ∈ [0, π). This equation is known as the Kepler equation. This equation
has a closed-form solution, the Kapetyn series

θ = y +
∞∑
n=1

2

n
Jn(nε) sin(ny), (2.89)

where Jn is the n− th Bessel function of the first kind. Figure 2.3 shows that the Newton
scheme with adequate initialization is more accurate and faster than the evaluation of the
Kapetyn series, validating our method. In particular, our method is robust to large values
of ε close to 1, which is known to cause numerical instabilities. However, we cannot exclude
that more sophisticated series acceleration techniques might improve the performance of
the Kapetyn series approach.
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Figure 2.3: Comparison of numerical methods

Define a uniform grid Gε for ε ∈ [10−3, 0.9] with nε = 103 values, and a uniform grid Gθ for
θ ∈ [0, π − 10−2] with nθ = 106 values. For ε ∈ Gε, and for θ ∈ Gθ, compute fε

(
Kepε(θ)

)
,

where fε approximates Kep−1
ε using the Newton method approach, then using the Kapetyn series

approach. For each ε ∈ Gε, measure the total run-time for the inversion of all the values in the
grid θ ∈ Gθ, and compute the error maxθ∈Gθ |θ − fε

(
Kepε(θ)|.

2.4.4 Linear intensities

Definition 2.4.6 (Linear baseline). For t ≥ 0, the linear baseline is

µ(t) = at+ b, (2.90)

and the parameters are the slope a ≥ 0, and the intercept b ≥ 0.
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For times t > 0, the mean-squared intensity M is M(t) = 1
3a

2t2 + abt + b2; and the
derivatives of M with respect to model parameters are ∂M

∂b (t) = at + 2b and ∂M
∂a (t) =

2
3at

2 + bt.

Properties Let N be a uni-dimensional non-homogeneous Poisson process with piece-
wise constant conditional intensity µ.

Proposition 2.4.11 (Compensator). For times t ≥ 0, the compensator of the Poisson
process N is

Λ(t) = a
t2

2
+ bt. (2.91)

For y ≥ 0, the inverse compensator Λ−1 is

Λ−1(y) =

{y
b if a = 0 and b > 0,√
b2+8ay−b

a if a > 0.
(2.92)

The second moment of this process has a simple analytic expression.

Proposition 2.4.12 (Covariance). Consider event types i, j ∈ [d] with i 6= j. The covari-
ance matrix of the Poisson process N at time t > 0, lag τ ≥ 0, and sampling period h > 0

is

ν
(h)
11,τ (t) =

(
a
(
t+

h+ τ

2

)
+ b

)
f
(h)
Tr (τ). (2.93)

Least-squares fit Consider the long path estimation setup with horizon T > 0. Since
this problem is in dimension d = 1, fix k = 1. For parameters a, b ≥ 0, the partial LSE of
the linear intensity model is

R(k)
T (a, b) =

1

3
a2T 2 + abT + b2 − 2a(

1

T

Nk
T∑

m=1

tkm)− 2bηkT . (2.94)

We want so solve the minimization program Pk defined by

min
b,a

R(k)
T (b, a) s.t. b ≥ 0, a ≥ 0. (2.95)

The problem Pk is a quadratic program with positivity constraints. For parameters a, b ≥ 0,
the Hessian of the partial LSE is

Ha,bR
(k)
T =

[
2 T
T 2

3T
2

]
. (2.96)

It is clear that this matrix is definite positive. Therefore, the LSE is strictly convex, and
the estimation problem Pk admits a unique solution. Define

τk :=
1

TNk
T

Nk
T∑

m=1

tkm. (2.97)
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It is clear that τk ∈ (0, 1). We express the regimes of solutions to problem Pk relatively to
τk. Recall that the cumulative rate ηkT is computed from the observed data and does not
depend on the model.

Proposition 2.4.13. The solutions (b?, a?) to problem Pk depend on the value of τk. When
normalized by (ηkT )

2, the minimal value of the partial LSE R(k)
T (b?,a?)

(ηkT )2
only depends on τk.

We distinguish three regimes of solutions.

1. If τk < 1
2 , the solution to problem Pk is the homogeneous Poisson solution

b? = ηkT , a? = 0. (2.98)

In this case, the normalized minimal value of the LSE is

R(k)
T (b?, a?)

(ηkT )
2

= −1. (2.99)

2. If τk ∈ (12 ,
2
3), the solution to problem Pk is the affine Poisson solution

b? =
6

T

(2
3
Nk
T −

1

T

Nk
T∑

m=1

tkm

)
, a? =

12

T 2

( 1
T

Nk
T∑

m=1

tkm −
Nk
T

2

)
. (2.100)

In this case, the normalized minimal value of the LSE is

R(k)
T (b?, a?)

(ηkT )
2

= −9
(2
3
− τk

)2
− 3
(
τk

)2
. (2.101)

3. If τk ∈ (23 , 1), the solution to problem Pk is the linear Poisson solution

b? = 0, a? =
3

T 3

Nk
T∑

m=1

tkm. (2.102)

In this case, the normalized minimal value of the LSE is

R(k)
T (b?, a?)

(ηkT )
2

= −3(τk)2. (2.103)

We give a proof of this result in Appendix A.1.2.
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Chapter 3

Hawkes models

3.1 Multivariate Hawkes process

This section is focused on the multivariate Hawkes process (MHP), the fundamental class
of linear Hawkes models. Section 3.1.1 recalls the standard definition of MHP models
in the literature and some of their properties that we use in this work: the branching
representation of the MHP, and its first and second order moments. We show that uni-
dimensional MHP models are path-wise identifiable, and formalize the parameterization of
these models. Section 3.1.2 shows properties of the uni-dimensional MHP (d = 1), and
Section 3.1.3 is focused on the multi-dimensional MHP (d ≥ 2).

3.1.1 Properties

We define the MHP model as in Liniger [61].

Definition 3.1.1 (MHP). Let N be a d-dimensional orderly counting process with condi-
tional intensity λ. We say that N is a (linear) MHP if for all i ∈ [d] and for all t ≥ 0,

λi(t) = µi +
d∑
j=1

∑
{m:tjm<t}

φij(t− tjm), (3.1)

where

• ∀i, j ∈ [d], φij : [0,+∞)→ [0,+∞) is right-continuous and in L1. The functions φij are
called the kernels of the MHP, and we write in matrix notation Φ(·) =

(
φij(·)

)
ij

.

• ∀i ∈ [d], µi > 0. The scalars µi are called baseline intensities, and we write in vector
notation µ = (µ1, . . . , µd)

ᵀ.

We refer to such a process as a (µ,Φ)-MHP, and to the pair (µ,Φ) as model functions.
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Figure 3.1: Conditional intensity of a bi-dimensional MHP
Consider a bi-dimensional (d = 2) MHP model with Gaussian kernels. We simulate a path of this
MTLH up to T = 100. For times t ∈ [0, T ], and for event types i ∈ [d], the thick solid lines plots
the conditional intensities λi(t) given the simulated path, the thin solid lines plot the baselines
µi, and the dashed horizontal lines plot the stationary regime intensities η(i)? .

Figure 3.1 plots an example of MHP conditional intensity. Without loss of generality,
we assume in the rest of this work that for all event types i, j ∈ [d], the kernel φij is a linear
combination of rij probability density functions (φ̃ij,l)l∈[rij ], of the form

φij =

rij∑
l=1

ωij,lφ̃ij,l. (3.2)

For all mixture indices l ∈ [rij ], the function φ̃ij,l : [0,+∞) → [0,+∞) is differentiable by
parts and normalized to ‖φ̃ij,l‖1 = 1. The function φ̃ij,l is effectively a PDF; in this work we
call φ̃ij,l a kernel density, and refer to the random variables with PDF φ̃ij,l as the random
offsets τ̃ij,l. As discussed below, these random offsets play a crucial role in the branching
representation of MHP, and therefore in the branching simulation of this type of process.
Denote by ψ̃ij,l the associated CDF, defined for lags t ≥ 0 by

ψ̃ij,l(t) :=

∫ t

0
φ̃ij,l(u)du. (3.3)

The weights ωij,l ≥ 0 control the L1 norm of the linear combination. Define ωij =
∑rij

l=1 ωij,l;
it is clear that ||φij ||1 = ωij . Forcing the mixture weights (ωij,l)l∈[rij ] to be non-negative
ensures that the conditional intensity of the MHP is almost surely non-negative at all times.
Finally, to simplify notation, for all mixture indices l ∈ [rij ], we denote φij,l := ωij,lφ̃ij,l, and
ψij,l := ωij,lψ̃ij,l. It is clear that the primitive of kernel φij is the function ψij :=

∑rij
l=1 ψij,l.
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3.1.1.1 Branching representation

Below, we see that the matrix ‖Φ‖1 := (‖φij‖1)i,j∈[d] plays a special role for the MHP.
A heuristic way to see the MHP is to imagine that events are generated following two
mechanisms:

• First, events arrive following a homogeneous Poisson process of rate µ. These events are
usually referred to in the literature as ”immigrants”.

• Then, apply the following procedure to each event. Fix an event and let j ∈ [d] denote
the type of this event. For each event type i ∈ [d], if the kernel φij is not null, the fixed
parent gives rise to “first generation descendants” of type i. The number of descendants
of type i follows a Poisson distribution of mean ‖φij‖1. The time offsets between a parent
event and its descendants are i.i.d.and follow the distribution φij

‖φij‖1 . This procedure is
then applied iteratively to each descendant.

We illustrate this procedure in Figure 3.2 for a bi-dimensional MHP. The branching repre-

Immigrants

1st generation
descendants

2nd generation
descendants

Time

µ1 µ2 µ1

φ1,1φ2,2φ2,1

φ1,2

0 T

Figure 3.2: Branching representation of an MHP.
Events of type 1 (resp. 2) correspond to the blue (resp. red) nodes. Immigrants of type 1 (resp.
type2) arrive with a Poisson rate µ1 (resp. µ2) and correspond to the squares. The descendants
correspond to the circles.

sentation of Hawkes processes gives rise to an efficient simulation algorithm.

Cluster probabilities The inverse problem, that is, given a path of Hawkes process,
identify which events are immigrants, and which events triggered each other, is referred to
in the literature as stochastic declustering. It is not possible to infer exactly the branching
structure from a path of an MHP, however, its distribution is known. Formally, let i, j ∈ [d],
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m ∈ [N i
T ] and n ∈ [N j

T ]. We denote by pi,m,j,n the probability that the m-th jump of N i is
triggered by the n-th jump of N j . Then

pi,m,j,n =


φij(t

i
m−tjn)

λi(tim)
if tim > tjn,

0 otherwise.
(3.4)

We denote by pi,m,m the probability that the m-th jump of N i is a background event of N i.
Then

pi,m,m =
µi

λi(tim)
. (3.5)

Stability We denote by A ∈ Md(R) the matrix such that for all i, j ∈ [d], Aij is the
expected number of direct descendants of type i from a parent of type j. For branching
processes, this matrix is usually referred to as the adjacency matrix of the process. The
spectral radius ρ(A) is referred to in the literature as the branching ratio of the process.

We say that a branching process is stable if any event has an almost surely finite number
of descendants. A branching process is stable if and only if ρ(A) < 1. In that case, the
expected number of descendants of a given event is 1

1−ρ(A) . A stable branching process with
branching ratio close to 1 is usually called near-critical.

In the case of an MHP, A := ‖Φ‖1. For certain fields of applications of MHP to real-life
systems, the branching ratio of fitted models appears to be consistently near-critical when
fitting different MHP to different datasets. In that case, this might be reported in that
specific literature as a stylized fact of that system. For instance, this is the case when
modelling the mid-price in high frequency financial data using MHP. In the literature on
the estimation of MHP, the stability condition is usually not explicitly imposed as an opti-
mization constraint due to its intractability. However, it might be an implicit assumption
in some methods, for example the ones that rely on stationarity properties of the MHP such
as in Bacry and Muzy [10].

There is no simple analytic characterization of stability in terms of the coefficients of
the adjacency matrix, which are usually the parameters of direct interest to the modeller.
but we can give some necessary conditions.

Proposition 3.1.1 (Necessary conditions for stability). A necessary condition for stability
is that diagonal coefficients of the adjacency matrix are smaller than 1. Formally, we get

ρ(||Φ||1) < 1 =⇒ ωii < 1 ∀i ∈ [d]. (3.6)

Furthermore, if d ≥ 2 and the matrix ||Φ||1 is symmetric with strictly positive coefficients,

ρ(||Φ||1) < 1 =⇒ ωij < 1 ∀i, j ∈ [d]. (3.7)
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We give a proof of this result in Appendix A.2.3. These necessary conditions have
a simple interpretation from a branching representation perspective. The first condition
asserts that for an MHP with any given adjacency matrix, the total number of descendants
of type i ∈ [d] with parents exclusively of type i is finite. The second condition asserts
that for an MHP with a symmetric adjacency matrix with strictly positive coefficients,
alternating cycles of descendants leads to a finite total descendance on expectation: for
event types i, j ∈ [d] such that i 6= j, starting from an element of type i, the total number
of its descendants (direct and indirect) such that we only count events of type i (resp. j)
that have a parent of type j (resp. i) is finite on expectation. However in general, stability
does not imply that non-diagonal elements must be smaller than 1.

Remark 3.1.1 (Dirac distributions are not valid MHP kernels). Note that by definition,
Dirac delta functions cannot be used as kernel densities for an MHP as they are not valued
in [0,+∞). In fact, if we consider an MHP with Dirac kernels, then we can no longer
guarantee that event times are almost surely distinct. For example, consider an MHP model
and suppose there exists event types i, j ∈ [d] such that φ̃ij = ωij δ̃a, with ωij > 0, and a ≥ 0.
Let n ∈ N∗, and consider the direct descendants of the event tjn of type i. If a = 0, then any
type i descendant of tjn will occur at tim = tjn. If a > 0, then if tjn has 2 or more descendants,
they occur at the same time.

Exogeneity ratio Consider a stable (µ,Φ)-MHP N . Suppose we generate paths of this
MHP up to a terminal horizon T > 0 using its branching representation. For any given path,
and for event types i ∈ [d], the baseline events of type i are generated using a homogeneous
Poisson N (µi) process of rate µi. We are interested in two types of ratios representing the
asymptotic proportion of baseline events.

Definition 3.1.2 (Exogeneity ratio of MHP). For event types i ∈ [d], define the type i

exogeneity ratio as the asymptotic proportion of baseline events of type i, that is

exoi = lim
T→+∞

N
(µi)
T

N i
T

. (3.8)

By construction, exoi ∈ [0, 1]; define the type i endogeneity ratio as endoi = 1− exoi.
Define the total exogeneity ratio as the asymptotic proportion of baseline events, that is

exo = lim
T→+∞

∑d
i=1N

(µi)
T∑d

i=1N
i
T

. (3.9)

By construction, exo ∈ [0, 1]; define the total endogeneity ratio endo = 1− exo.
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Using the law of large numbers for MHP (see Section 3.1.1.2), for event types i ∈ [d],
the type i exogeneity ratio verifies

exoi =
µi

[(Id − ||Φ||1)−1µ]i
; (3.10)

and the total exogeneity ratio verifies

exo =
||µ||1

||(Id − ||Φ||1)−1µ||1
=

1

||(Id − ||Φ||1)−1 µ
||µ||1 ||1

. (3.11)

This ratio depends on the normalised baseline vector µ
||µ||1 , this implies that in the uni-

dimensional case (see below), the total exogeneity ratio does not depend on the baseline
parameter.

3.1.1.2 First order moment

Unless mentioned otherwise, we assume in this section that the MHPN is stable. Bordenave
and Torrisi [16] give a law of large numbers (LLN) result for MHP

lim
T→+∞

ηT = (Id − ||Φ||1)−1µ a.s., (3.12)

and study large deviations from this limit. We use the notation

η? := lim
T→+∞

ηT , (3.13)

and refer to η? as the stationary regime intensity (SRI) of the MHP N . This result implies
that the cumulative event rate process η is temporally consistent. Of course, this first order
property is insufficient to fully characterize the MHP, as the map

(µ, ||Φ||1) 7→ (Id − ||Φ||1)−1µ, (3.14)

is clearly not injective. In fact, Bacry and Muzy [10] show that the additional use of a
second order statistic, the auto-covariance of the process, is necessary to fully characterize
an MHP. Furthermore, the stationary regime intensity η? does not depend on the kernel
densities (φ̃ij)i,j∈[d].

Interpretation To understand Equation (3.12), note that since the MHPN is stationary,
the spectral radius of ||Φ||1 is smaller than one. Therefore, the matrix Id−||Φ||1 is invertible,
and its inverse is the power series

(Id − ||Φ||1)−1 =
+∞∑
p=0

||Φ||p1. (3.15)
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In particular, this implies that the matrix (Id − ||Φ||1)−1 has non-negative coefficients.
Therefore, the vector

η? = (Id − ||Φ||1)−1µ, (3.16)

has non-negative coefficients. Furthermore, the stationary regime intensity η? has another
interpretation. Consider the branching representation of the MHP N . For all event types
i ∈ [d], denote by N (µi) the associated baseline homogeneous Poisson process. For all
times t > 0, N i

t ≤ N
(µi)
t a.s.. Now let N̂ i

t be the process constructed by counting the
number of baseline events up to time t, N (µi)

t , and adding all their descendants on [0,+∞).
By construction, this process upper-bounds almost surely the original counting process
N i
t ≤ N̂ i

t a.s.. Denote by N̂t the vector process

N̂t
ᵀ
:= (N̂1

t , . . . , N̂
d
t ). (3.17)

We want to compute the expectation E[N̂t]. The expected number of baseline events on
[0, t] is µit. Therefore, it is clear that the expected number of total descendants of these
baseline events is

+∞∑
p=1

||Φ||p1µt = ||Φ||1
+∞∑
p=0

||Φ||p1µt. (3.18)

Hence, we get the following formula for the expectation

E[N̂t] = tµ+ t

+∞∑
p=1

||Φ||p1µ = t

+∞∑
p=0

||Φ||p1µ = t(Id − ||Φ||1)−1µ. (3.19)

This implies E
[
1
t N̂t

]
= η?. Therefore, the stationary regime intensity η? is also the ex-

pected number of baseline events on [0, t] and their expected number of total descendants
on [0,+∞]. Since E[ηt] ≤ E[1t N̂t], this implies an upper bound for the expectation of the
cumulative rate process ηt.

Corollary 3.1.1 (Cumulative rate and SRI). For times t ≥ 0, E[ηt] ≤ η?.

First order characterization Fix a value of stationary regime intensity η? > 0. Define
the set of stable MHP with stationary regime intensity η? as

FMHP(η?) :=
{
(µ, ||Φ||1) : ρ(||Φ||1) < 1, (Id − ||Φ||1)−1µ = η?

}
. (3.20)

This set consists of all stable MHP with the same asymptotic rate of events. However, since
this first order statistic is not sufficient to characterize fully the MHP, all the elements of
this set present different trade-offs between exogenous and endogenous events.

In general, it is difficult to get an analytic characterization of FMHP(η?) in terms of the
coefficients of (µ, ||Φ||1). First, it clear that this set is non-empty. For example, consider a
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sequence αn ∈ [0, 1)N, and for all n ∈ N, define the element fn := (µ(n), ||Φ||(n)1 ) where for
all event types i, j ∈ [d] such that i 6= j

µ
(n)
i = αnη

(i)
? , ω

(n)
ii = 1− αn, ω

(n)
ij = 0. (3.21)

It is clear that for all n ∈ N, fn ∈ FMHP(η?). We note two particular elements in the
boundary (for the Euclidean topology) of FMHP(η?) :

• the homogeneous Poisson model with µ = η? and no endogeneity, i.e. ||Φ||1 = 0.

• the degenerate model with µ = 0, and ||Φ||1 = Id; which is equivalent to a null counting
process: any baseline event would almost surely lead infinitely many descendants in finite
time, but since µ = 0 there is almost surely no baseline event happening. Note that this
element is the limit of (fn)n∈N for (αn) = ( 1

n+1).

In dimension d > 1, there exist stable adjacency matrices ||Φ||1 such that for any baseline
µ ≥ 0, (µ, ||Φ||1) /∈ FMHP(η?). Not all stable adjacency matrices lead to non-negative
baselines by inverting the LLN using

µ = (Id − ||Φ||1)η?. (3.22)

For instance, take d = 2, and consider an adjacency matrix

||Φ||1 =
[
0.5 0.4
0.25 0.7

]
. (3.23)

This adjacency matrix is stable since the associated branching ratio is ρ(||Φ||1) = 0.93.
Consider a positive vector η? = (1.5, 2)ᵀ. Then

(Id − ||Φ||1)η? =

[
−0.05
0.225

]
. (3.24)

The first component of the vector (Id − ||Φ||1)η? is negative. Therefore, for a given stable
adjacency matrix ||Φ||1 in dimension d > 1, not all stationary regime intensities η? are
achievable. Therefore, given a vector η > 0, and an adjacency matrix ||Φ||1, we refer to the
inequality

(Id − ||Φ||1)η ≥ 0 (3.25)

as the LLN condition. If this condition is satisfied, then(
(Id − ||Φ||1)η, ||Φ||1

)
∈ FMHP(η). (3.26)

Note that in the uni-dimensional case d = 1, it is clear that

ρ(||Φ||1) < 1 =⇒ (Id − ||Φ||1)η? > 0, ∀η? > 0. (3.27)
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Estimating the stationary regime intensity The value of the stationary regime in-
tensity η? is often used by moment methods for the estimation of MHP, such as in Bacry
et al. [5]. In this work, we use η? as a heuristic for the initialization of MHP parameters in
our iterative method. However, in MHP estimation, under the hypothesis that the ground
truth is a stable MHP, the value of η? is not directly observed. Therefore, in order to use of
the LLN as a heuristic, we face the practical question of estimating the stationary regime
intensity η?. The data available for this task depends on the estimation setup.

• In the long path setup: we observe one path of the cumulative event rate process
(ηt)t∈[0,T ], where the observation window T is usually large. Since the LLN implies
that, under the hypothesis that the ground truth is a stable MHP, the cumulative rate
η is temporally consistent, a natural question arising is whether the window T is large
enough for ηT to be close enough to the stationary intensity η?.

• In the episodic setup: we observe npaths paths of the event rate (ηt)t∈[0,T ], usually with
a small observation window T . For all t ∈ [0, T ], we can approximate the expected event
rate E[ηt] with a standard unbiased Monte Carlo estimator over the episodes

1

npaths

npaths∑
p=1

η
(p)
t . (3.28)

As discussed in Corollary 3.1.1, for all times t > 0, the descendants of some events do
not fall into the observation window [0, t]. Because of this boundary effect, the expected
rate E[ηt] under-estimates the stationary intensity η?: E[ηt] ≤ η?.

We propose two numerical experiments to illustrate how for different MHPs with the same
value of stationary regime intensity η?, the cumulative rate process ηt and its expectation
have different dynamics and dependencies.

For the first experiment, consider 3 uni-dimensional MHP models: with Gaussian, ex-
ponential and power law kernels. We fix the same baseline and the L1 weight values for all
3 models, that is µ1 = 1.5, ω11 = 0.5. Therefore, all 3 models have the same stationary
regime intensity η1? = 3. For each model, we simulate npaths = 103 paths up to Tmax = 106.
We compute η1T for each path, and for each horizon T ∈ [102, 106] (using a logarithmic
discretization of this interval with 103 points). Figure 3.3 plots the different kernel densities
and the mean and percentiles of the distribution of η1T for each model, at each time T .
First, as expected, we note that for all 3 models, if the observation window T is small, the
expected event rate E[ηT ] strictly under-estimates the stationary regime intensity η?, and
the variance of the distribution of ηT seems to decrease with time. Second, we note that
although the baseline µ1 and branching ratio ω11 fully characterize the asymptotic regime
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intensity η(1)? , they are not sufficient to fully characterize neither the dynamics of the cu-
mulative rate process ηT nor the dynamics of its expectation, since the 3 MHP models
have different means E[ηT ] and variances. This is coherent with the fact that, even if the
baseline and branching ratio are fixed, the branching edge effect, that is, the number of
events excluded at the edge, depends on the kernel densities φ̃ij . Intuitively, for the same
baseline and branching ratio, an MHP with a heavy-tailed kernel density is more likely to
have descendants falling outside of the observation window. Note that this is coherent with
the order of magnitude of the difference η(1)? − E[η1T ] in this first experiment: for example,
if T ∼ 102, then excluding 1 to 5 events on average will under-estimate η? by 0.01 to 0.05.

0 1 2 3 4 5

0

0.5
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(a) Kernel densities
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(b) Convergence of η1T

Figure 3.3: Empirical illustration of the LLN for differents MHPs

Left: For each one of the three uni-dimensional MHP models, we plot the kernel density φ̃11

against time. Right: for each model, solid lines plot the expected event rate E[η1T ] against the
window size T . We fill the area between the 25% and 75% empirical percentiles of the values of
the rate η1T . The horizontal orange line is the theoretical value of the asymptotic intensity η1?.

Furthermore, the exclusion of descendants at the edge is also driven by the branch-
ing ratio of the MHP, since this controls the number of events closer to the edge of the
simulation interval. We highlight this with a second experiment. We now only use the
previous Gaussian uni-variate MHP with the same kernel density parameters, but we vary
the baseline and the branching ratio while maintaining the same stationary regime intensity
as before, η(1)? = 3. Figure 3.4 plots the mean and percentiles of the distribution of η1T for
each model, at each time T . The results of this experiment seem to imply that for fixed
stationary regime intensity and fixed kernel density, When the branching ratio increases,
the variance Var[η1T ] and the error η(1)? − E[η1T ] both increase.
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Figure 3.4: LLN.
We compute the total cumulative event rate η1T for each simulated path from the models. Dashed
lines plot the 25% and 75% percentile of these values; solid lines plot their empirical mean. In
orange, we plot the theoretical value of the asymptotic.

3.1.1.3 Second order moment

Notation and conventions Let f : [0,+∞)→ R be an integrable function. We denote
by F [f ] the Fourier transform of f , where for all frequencies x ∈ R

F [f ](x) :=
∫ +∞

0
f(t)e−i2πxtdt. (3.29)

By abuse of notation, if f is a matrix of functions, we denote by F [f ] the matrix of Fourier
transforms where F [f ]ij = F [fij ]. We denote by F−1 the inverse Fourier transform, defined
for all functions g : R→ R and for all times t ∈ R by

F−1[g](x) :=

∫ +∞

−∞
g(x)ei2πxtdx. (3.30)

The triangle function f (h)Tr plays a special role in the expression of the covariance of MHP.
Note that for all frequencies x ≥ 0, the Fourier transform of the triangle function is

F
[
f
(h)
Tr

]
(x) = h sinc2 (πhx) . (3.31)

Furthermore, the following lemma is particularly useful

Lemma 3.1.1 (Convolution with a triangle). Consider a function f : R→ R. Denote by
F a primitive of f . For all lags τ ≥ 0,

f
(h)
Tr ∗ f(τ) =

1

h

(∫ τ+h

τ
F (y)dy −

∫ τ

τ−h
F (y)dy

)
. (3.32)

We give a proof of this result in Appendix A.2.4.
For all complex numbers z, denote by z∗ the complex conjugate. By abuse of notation,

for all matrices M ∈Md(C), denote by M∗ the matrix of element-wise complex conjugates
of M . Finally, denote by M † the conjugate transpose of M .
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Second order characterization Fix a sampling period h > 0. By abuse of notation, we
see ν(h)τ as a matrix of functions of the lag τ , and denote by F [ν(h)] the Fourier transform
of this matrix. Bacry et al. [5] show1 that for all frequencies x ∈ R,

F
[
ν(h)

]
(x) = F

[
f
(h)
Tr

]
(x)
(
Id −F [Φ]∗(x)

)−1
diag(η?)

(
Id −F [Φ]ᵀ(x)

)−1
. (3.33)

We introduce some different terms. Since ρ(||Φ||1) < 1, det(Id − F [φ]) ∈ (0, 1). Therefore,
for times t ≥ 0, we can define the function

Z(t) := F−1

[
1

det(Id −F [φ])
− 1

]
(t). (3.34)

For all periods x ≥ 0, denote Z(x) := |1 + F [Z](x)|2 − 1.

Lemma 3.1.2 (Reformulating the auto-covariance). For all frequencies x ∈ R

F
[
ν(h)

]
(x) = F

[
f
(h)
Tr

]
(x)(1+Z(x))adj

(
Id−F [Φ]∗(x)

)
diag(η?)adj

(
Id−F [Φ]ᵀ(x)

)
. (3.35)

We give a proof of this result in Appendix A.2.4. For all times s ≥ 0, define the
convolution

z(2)(s) :=

∫ +∞

0
Z(u)Z(u+ s)du. (3.36)

For lags τ ≥ 0, define the primitives

Z(1)(τ) :=

∫ τ

0
Z(t)dt, Z(2)(τ) :=

∫ τ

0
z(2)(s)ds. (3.37)

We express the inverse Fourier transform of Z in terms of the functions Z and z(2).

Lemma 3.1.3 (Determinant of auto-convolutions). For all times s ∈ R,

F−1
[
Z
]
(s) = Z(s) + Z(−)(s) + z(2)(|s|). (3.38)

Therefore, for all times τ ≥ 0,∫ τ

0
F−1

[
Z
]
(s)ds = Z(1)(τ) + Z(2)(τ). (3.39)

We give a proof of this result in Appendix A.2.4.
1As mentioned by the authors, the relation between the auto-covariance function and the kernels is

originally shown by Hawkes [47].
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3.1.1.4 Modelling with MHP

Model identifiability Model identifiability can be understood by the following question:
considering two MHP models, can we compensate a lower background rate by a larger kernel
value to get the same intensity value for both models? As we see below, the answer to this
question is negative; 1-dimensional MHP are path-wise identifiable, the parameters of a
model are fully characterized by a single path of the conditional intensity process.

Proposition 3.1.2 (1-dimensional MHP). 1-dimensional MHP are path-wise identifiable.

We give a proof of this result in Appendix A.2.2. The identifiability of MHP in dimension
d ≥ 2 is beyond the scope of this work.

Parameterization Fix an event type k ∈ [d]. For all event type i ∈ [d], we consider
kernel functions of the form φki =

∑
l∈[rki] ωki,lφ̃ki,l, with previously discussed assumptions.

We denote by ωk the vector of L1 weights ωki,l sorted in lexicographic order of event type
i ∈ [d], and mixture index l ∈ [rki]. Therefore, ωk is a vector of size rk :=

∑d
i=1 rki

ωk
ᵀ = (ωk1,1, ωk1,2, . . . , ωk1,rk1 , ωk2,1, . . . , ωkd,rkd). (3.40)

For all event types i ∈ [d], for all mixture indices l ∈ [rki], denote by θ̃ki,l the vector of
parameters of density kernel φ̃ki,l. Denote by r̃ki,l the number of these parameters, and
let r̃ki =

∑rki
l=1 r̃ki,l. We denote by θ̃k the vector of parameters of density kernels, defined

similarly to ωk by concatenating the vectors θ̃ki,l in lexicographic order of event type and
mixture index. This vector θ̃k has size r̃k =

∑d
i=1 r̃ki. Finally, define θk, the vector of

parameters of MHP model functionals of dimension k by θk
ᵀ = (µk,ωk

ᵀ, θ̃k
ᵀ
). The total

number of parameters of the MHP model across dimensions k ∈ [d] is nparam := d+rk+r̃k. If
for all event types k ∈ [d], the kernel density parameters θ̃k are fixed, we refer to the Hawkes
model as a sum of basis functions (SBF) MHP; these are widely used in the literature. Our
method applies to general MHP, and includes SBF MHP as a special case. In this case, the
minimization of R(k)

T is a quadratic program (QP).

Residuals Unlike for Poisson processes, the compensator of an MHP is not deterministic.
We give a formula for the residuals of MHP models. In the rest of this paragraph, fix an
event type k ∈ [d]. Using the same approach as in Lemma A.3.1, we get the following
formula for MHP residuals.

Proposition 3.1.3 (Residuals of MHP models). For event indices m ∈ [Nk
T ], the m-th

compensator-transformed time of type k is

s(k)m = tkmµk +
d∑
i=1

1{m≥$(k,i)}

κ(i,k,m)∑
n=1

ψki(t
k
m − tin). (3.41)
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If for event types i ∈ [d], the kernel densities φ̃ki are compactly supported, that is,
there exists δ(L)ki , δ

(R)
ki ∈ [0,+∞) with δ

(L)
ki < δ

(R)
ki , such that φ̃ki(t) = 0 for all times ∀t /∈[

δ(L), δ(R)
)
, then for event times tin < tkm,

ψ̃ki(t
k
m − tin) =

0 if tin ≥ tkm − δ
(L)
ki ,

1 if tin ≤ tkm − δ
(R)
ki .

(3.42)

This accelerates the computation of the residuals, but does not hold for kernels which are not
compactly supported. Proposition 3.1.3 implies that the computation of all compensator-
transformed times sk has quadratic time complexity O(N2

T ), without further assumptions
on the kernels. This prohibits residual analysis with large amounts of training data. For
general kernels, since the primitives ψki are monotonically increasing to ωki, we propose a
simple approximation of the compensator-transformed times sk, with linear time complexity
and arbitrary precision, which consists in “trimming” the memory of the observed point
process path. For the sake of brevity, we discuss this approximation in dimension d = 1,
but this approach holds in general dimension. Suppose d = 1, and let k = i = 1. Fix a
cutoff parameter c ∈ [Nk

T − 1]. For all event indices m ∈ [Nk
T ], the cutoff c is the number

of events preceding tkm on which we evaluate the CDF ψ̃ki. Formally, we approximate the
compensator-transformed time s(k)m by

ŝ(k)m :=

{
tkmµk + (m− c− 1)ωki +

∑m−1
n=m−c ψki(t

k
m − tin) if m > c+ 1,

s
(k)
m otherwise.

(3.43)

This approximation clearly poses a speed-accuracy trade-off. The approximation of all
compensator-transformed times ŝk has time complexity O(cNT ); the speed improvement re-
lies on choosing c� NT . However, in order to conduct reliable KS tests or Wald–Wolfowitz
tests based on this approximation, it is necessary to control the relative approximation error

max
m∈[Nk

T ]

|ŝ(k)m − s(k)m |
s
(k)
m

. (3.44)

This approximation error is monotonically decaying with the cutoff c, and the approximation
over-estimates the true value of the compensator-transformed time, that is, ŝ(k)m ≥ s

(k)
m for

all m ∈ [Nk
T ]. However, we can achieve arbitrary small estimation error, depending on the

speed of convergence of the survival function 1 − ψ̃ki to 0, and the observed point process
path. Since ψ̃ki is a CDF, it is monotonically increasing and limτ→+∞ ψ̃ki = 1. Denote by
ψ̃−1
ki the generalized inverse of this CDF.

Proposition 3.1.4 (Residual approximation error). Fix a cutoff c ∈ [Nk
T − 1]. Let

τc := min
m∈Jc+2,NT K

tkm − tkm−c−1, εc := 1− ψ̃ki(τc). (3.45)

47



Then the relative approximation error satisfies the upper-bound

max
m∈[Nk

T ]

|ŝ(k)m − s(k)m |
s
(k)
m

≤ εc
1− εc

. (3.46)

Conversely, let ε ∈ [0, 1). If there exists a cutoff value c ∈ [Nk
T − 1] such that

min
m∈Jc+2,NT K

(
tkm − tkm−c−1

)
≥ ψ̃−1

ki

( 1

1 + ε

)
, (3.47)

Then the relative approximation error satisfies the upper-bound

max
m∈[Nk

T ]

|ŝ(k)m − s(k)m |
s
(k)
m

≤ ε. (3.48)

We give a proof of this result in Appendix A.2.1.

3.1.2 Uni-dimensional MHP

In this paragraph, we show some results for uni-dimensional MHP (d = 1). Let N be an
MHP with adjacency matrix ||Φ||1 = (ω11) and baseline µ = (µ1).

3.1.2.1 First order moment

This MHP has branching ratio ρ(||Φ||1) = ω11. The stability condition is trivial:

ρ(||Φ||1) < 1 ⇐⇒ ω11 < 1. (3.49)

In the uni-dimensional case, the LLN condition is equivalent to the stability condition.
Suppose the adjacency matrix ||Φ||1 satisfies the stability condition. Let η ∈ (0,+∞). The
LLN condition is

(Id − ||Φ||1)η > 0 ⇐⇒ ω11 < 1. (3.50)

The associated stationary regime intensity is η(1)? = µ1
1−ω11

, and the associated exogeneity
ratio is exo = 1 − ω11. As discussed previously, the total exogeneity ratio exo of uni-
dimensional MHP does not depend on the baseline µ11. In this case, the parameter ω11 is
also the endogeneity ratio of events in the system.

3.1.2.2 Second order moment

In this paragraph, we use the results of Bacry et al. [5] to show a slightly different formulation
of the covariance of a 1-dimensional MHP, which simplifies closed form expressions for some
parametric families of kernels. For times t ≥ 0,

Z(t) = F−1

[
F [φ11]

1−F [φ11]

]
(t). (3.51)
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An integral operator For sampling periods h > 0, define the linear operator Q(h) acting
on positive causal functions f : [0,+∞)→ [0,+∞) such that for all non-negative lags τ ≥ 0

Q(h)[f ](τ) :=


1
h

( ∫
[τ,τ+h] f −

∫
[τ−h,τ ] f

)
if τ ∈ [h,+∞),

1
h

( ∫
[τ,τ+h] f −

∫
[h−τ,τ ] f

)
if τ ∈ [h2 , h),

1
h

(
2
∫
[τ,h−τ ] f +

∫
[h−τ,h+τ ] f

)
if τ ∈ [0, h2 ).

(3.52)

If the function f is increasing, then Q(h)[f ](τ) ≥ 0 τ ≥ 0. Regarding the asymptotic
behaviour of Q(h)[f ], note that

lim
h→0+

Q(h)[f ](τ) = 0, ∀τ ≥ 0, Q(h)[f ](0) =
2

h

∫
[0,h]

f, ∀h > 0. (3.53)

Note that if the function f is constant on the exterior of a segment [δL, δR], then Q(h)[f ] is
compactly supported on [(δL − h)+, δR + h].

A formula for the covariance

Proposition 3.1.5 (Covariance of MHP in d = 1). For a sampling period h > 0 and a lag
τ ≥ 0, the covariance function of N is

ν(h)τ = η1?f
(h)
Tr (τ) + η1?Q(h)[Z(1) + Z(2)](τ). (3.54)

We give a proof of this result in Appendix A.2.4. Note that, by construction, the
functions Z(1) and Z(2) are both non-decreasing. Therefore the terms Q(h)[Z(1)](τ) and
Q(h)[Z(2)](τ) are both non-negative. This implies that the covariance is always non-negative.
An immediate corollary is that the L1 norm of the auto-covariance of the MHP is known
in closed form.

Corollary 3.1.2 (L1 norm of the covariance function). The L1 norm of the MHP is

||ν(h)11 ||1 =
hη

(1)
?

(1− ω11)2
. (3.55)

Note that the L1 norm of the covariance function ||ν(h)11 ||1 does not depend on the
kernel density φ̃11. Furthermore, the parameters (µ11, ω11) are fully characterized by the
moments (η1?, ||ν

(h)
11 ||1). This is the idea behind the cumulants method of Achab et al. [2].

One can potentially use this characterization of (µ11, ω11) for the initialization of the ASLSD

estimation method, given a computationally cheap but noisy empirical estimator of ||ν(h)11 ||1.
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Example: exponential MHP We now conclude this discussion of the uni-dimensional
MHP with a concrete example of kernels: the classic case of an MHP with a unique (r11 = 1)
exponential kernel. Consider an L1 weight ω11 ∈ (0, 1), and an exponential decay rate
parameter β11 > 0. For all times t ≥ 0, the exponential kernel density φ̃11 is

φ̃11(t) := β11 exp(−β11t). (3.56)

Fix a frequency x ∈ R. The Fourier transform of the kernel φ11 is simply

F [φ11](x) =
ω11β11

β11 + i2πx
. (3.57)

This implies that
F [φ11]

1−F [φ11]
(x) =

ω11β11
(1− ω11)β11 + i2πx

. (3.58)

Define the modified L1 weight a11 := ω11
1−ω11

, and the coupled decay rate b11 := (1−ω11)β11.
It is clear that a11 ≥ 0, and is a strictly increasing function of ω11. Note that a11 is also the
expected number of descendants of any given event in the branching representation of this
MHP. Now for all times t ≥ 0, we get

Z(t) = a11be
−bt. (3.59)

Therefore, the function Z still belongs to the parametric class of exponential kernels, with
L1 weight a11 and decay rate b11. In this case, it is simple to compute the moments Z(1),
z(2), and Z(2) using the formulas of ψ̃ and Υ̃ for an exponential kernel (see Section 4.6).
For all times s > 0, we get

z(2)(s) =
a211
2
b11e

−b11s. (3.60)

For all times t ≥ 0,

Z(1)(t) = a11(1− e−b11t), Z(2)(t) =
a211
2

(1− e−b11t). (3.61)

Hence
Z(1)(t) + Z(2)(t) = (a11 +

a211
2

)(1− e−b11t). (3.62)

Note that for all sampling periods h > 0, and for all lags τ ≥ 0

Q(h)[1− e−b11t](τ) :=

2 cosh (b11h)−1
b11h

e−b11τ if τ ∈ [h,+∞),

2f
(h)
Tr (τ) + 2

b11h

(
e−b11h cosh (b11τ)− e−b11τ

)
if τ ∈ [0, h).

(3.63)
Eventually, we get the following formula for the covariance of this MHP.
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Corollary 3.1.3 (Covariance of exponential MHP in d = 1). For sampling periods h > 0,
and for lags τ ≥ 0

ν
(h)
11,τ =

η
1
?(a11 +

a211
2 )2 cosh (b11h)−1

b11h
e−b11τ if τ ≥ h,

f
(h)
Tr (τ) η1?

(1−ω11)2
+ η1?(a11 +

a211
2 ) 2

b11h

(
e−b11h cosh (b11τ)− e−b11τ

)
if τ ∈ [0, h).

(3.64)

We comment on this expression in more detail. First, for all x ∈ R, define the function

fhyp(x) :=
cosh (x)− 1

x
. (3.65)

Note that if we denote by sinhc the hyperbolic cardinal sine function sinhc(x) := sinh (x)
x ,

then we get the formula
fhyp(x) =

x

2
sinhc2

(x
2

)
. (3.66)

It is clear that the function fhyp is strictly increasing. Furthermore,

fhyp ∼
x↓0

x

2
, and lim

x→0+
fhyp(x) = 0. (3.67)

Therefore, for x > 0, fhyp(x) > 0. We start by analysing the result for lags τ ≥ h. We
re-write the auto-covariance function in this case as

ν
(h)
11,τ = η1?

( 1

(1− ω11)2
− 1
)
fhyp(b11h)e

−b11τ . (3.68)

Therefore, in this case, the covariance ν(h)11,τ only depends on the sampling period h through
the term fhyp(b11h), which increases with h. The covariance only depends on the lag τ
through the exponential decay term e−b11τ , where both kernel parameters (ω11, β11) are
coupled through the decay rate b11.

First, we discuss the dependence in the L1 weight ω11. In the homogeneous Poisson
limiting case ω ↓ 0, as expected, we get no correlation limω↓0 ν

(h)
11,τ = 0. In order to analyse

the other limiting case, that of the critical regime limit ω ↑ 1, we note that ν(h)11,τ ∼
ω↑1

η1?
β11h

2(1−ω11)
. Therefore, the auto-covariance of the exponential MHP explodes when near-

critical, that is limω11↑1 ν
(h)
11,τ = +∞. Second, we discuss the dependence in the exponential

decay rate β11. The limiting case β11 ↓ 0 is actually to the homogeneous Poisson case
since limβ11↓0 φ̃11 = 0. Unsurprisingly, we get limβ11↓0 ν

(h)
11,τ = 0. As we expect, there is no

correlation either for infinitely fast decay rates: limβ11→+∞ ν
(h)
11,τ = 0. Note that in the limit

β11 → +∞, φ̃11 goes to a Dirac distribution at 0.
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3.1.3 Multi-dimensional MHP

In the multi-dimensional MHP case, characterizing the stability condition and the LLN
condition in terms of adjacency matrix coefficients is particularly difficult. Furthermore,
general estimation methods for Hawkes models suffer a curse of dimensionality with d.
Therefore, we focus our discussion on the bi-dimensional case d = 2; relevant in many
applications of MHP models, notably in finance where some models consider two event
types corresponding to upward and downward price movements of a security; and on a bi-
variate model in dimension d ≥ 2, where we assume the same kernels for all self-excitation,
and the same kernels for all cross-excitation.

3.1.3.1 The bi-dimensional case d = 2

We consider here the case of a general bi-dimensional adjacency matrix

||Φ||1 =
[
ω11 ω12

ω21 ω22

]
. (3.69)

We give an analytic characterization of both the stability condition and the LLN condition
in terms of the coefficients of the adjacency matrix. Note that

det(Id − ||Φ||1) = (1− ω11)(1− ω22)− ω12ω21. (3.70)

If the cross excitation terms are null (ω12 = ω21 = 0), and the self-excitation terms have
the same value (ω11 = ω22), then the adjacency matrix ||Φ||1 has one eigenvalue, ω11, with
multiplicity 2. Otherwise, the matrix ||Φ||1 has 2 distinct eigenvalues:

e1 :=
ω11 + ω22 −

√
(ω11 − ω22)2 + 4ω12ω21

2
,

e2 :=
ω11 + ω22 +

√
(ω11 − ω22)2 + 4ω12ω21

2
.

(3.71)

It is clear that the spectral radius of the adjacency matrix ||Φ||1 is

ρ(||Φ||1) =
ω11 + ω22 +

√
(ω11 − ω22)2 + 4ω12ω21

2
. (3.72)

We note that by construction, max(ω11, ω22) ≤ ρ(||Φ||1); and

ω12ω21 = (ρ(||Φ||1)− ω11)(ρ(||Φ||1)− ω22). (3.73)

Proposition 3.1.6 (Stability condition in dimension d = 2). The stability condition in
dimension d = 2 is

ρ(||Φ||1) < 1 ⇐⇒ ω12ω21 < (1− ω11)(1− ω22) and ω11, ω22 ∈ [0, 1). (3.74)

52



It is clear that if the stability condition holds, then the self-excitation terms are such
that ω11, ω22 ∈ [0, 1) and the cross-excitation terms are such that ω12ω21 < 1.

Proposition 3.1.7 (LLN condition in dimension d = 2). Suppose the adjacency matrix
||Φ||1 satisfies the stability condition. Let η ∈ (0,+∞)2. The LLN condition is

(Id − ||Φ||1)η > 0 ⇐⇒


ω21

1−ω22
< η(2)

η(1)
< 1−ω11

ω12
if ω12 > 0,

ω21
1−ω22

< η(2)

η(1)
otherwise.

(3.75)

It is clear that in this bi-dimensional case, if there exists η ∈ (0,+∞)2 satisfying Equa-
tion (3.75), then Equation (3.74) is satisfied.

Proposition 3.1.8 (Power series). Suppose the adjacency matrix ||Φ||1 satisfies the stability
condition. Therefore, the matrix Id − ||Φ||1 is invertible, and

(Id − ||Φ||1)−1 =
1

(1− ω11)(1− ω22)− ω12ω21

[
1− ω22 ω12

ω21 1− ω11

]
. (3.76)

Proposition 3.1.9 (Stationary regime intensity). Consider a 2-dimensional MHP with
adjacency matrix ||Φ||1 and baseline µ. The associated stationary regime intensity is

η? =
1

(1− ω11)(1− ω22)− ω12ω21

[
(1− ω22)µ1 + ω12µ2
ω21µ1 + (1− ω11)µ2

]
. (3.77)

Proposition 3.1.10 (Exogeneity ratio). Consider a 2-dimensional MHP with adjacency
matrix ||Φ||1 and baseline µ. The associated stationary regime intensity is

exo =
1− ω11 − ω22 + ω11ω22 − ω12ω21

1− µ1
µ1+µ2

(ω22 − ω21)− µ2
µ1+µ2

(ω11 − ω12)
,

exo =
(1− ρ(||Φ||1))(1 + ρ(||Φ||1)− ω11 − ω22)

1− µ1
µ1+µ2

(ω22 − ω21)− µ2
µ1+µ2

(ω11 − ω12)
.

(3.78)

3.1.3.2 A bi-variate matrix model for d ≥ 2

In the general multi-dimensional case d > 1, it is difficult to get similar analytic characteri-
zations like the ones discussed previously for d = 1 and d = 2. In this paragraph, we discuss
briefly a particular case of kernel matrices in dimension d > 1, which consists in a bi-variate
kernel matrix model with one self-excitation kernel and one cross excitation kernel.

The model Define the square matrix J ∈ Md(R) where for all i, j ∈ [d], Jij = 1. This
matrix clearly has rank 1, so 0 is an eigenvalue of multiplicity d− 1. It is clear that d is the
only other eigenvalue of J , with associated eigenvector 1d. By induction, we see that for all
p ∈ N∗, Jp = dp−1J . Finally, Jx = ‖x‖11d for all vectors x ≥ 0. For all a, b ∈ R, denote
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by J(a,b) ∈ Md(R) the matrix which diagonal elements are (J(a,b))ii = a for all i ∈ [d], and
which non-diagonal elements are (J(a,b))ij = b. We notice that this matrix satisfies

J(a,b) = bJ + (a− b)Id. (3.79)

By abuse of notation, for real valued functions fa, fb, we denote by J(fa,fb) the matrix of
functions such that for all t ≥ 0

J(fa,fb)(t) := J(fa(t),fb(t)). (3.80)

Denote by ωS > 0 (resp. ωC > 0) the self-excitation (resp. cross-excitation) L1 weight.
Consider a self-excitation (resp. cross-excitation) kernel density φ̃S (resp. φ̃C). Finally,
define the associated kernels φ̃S = ωSφ̃S and φ̃C = ωC φ̃C . We can now define the bi-variate
kernel matrix model

Φ := J(φS ,φC). (3.81)

Note that in dimension d = 2, all bi-symmetric kernel matrices are of bi-variate models
J(φS ,φC). In fact, this case is of particular interest in mid-price modelling in finance since
empirically, kernel fits appear to be close to bi-variate (see Chapter 9). For instance, this
hypothesis is used in Bacry et al. [5]. This bi-variate model can also serve as an L2 ap-
proximation of general kernel matrices in the following sense. Consider a general kernel
matrix Φ = (φij)i,j∈[d]. The L2 projection of the kernel matrix Φ on the space of bi-variate
matrix models is J(φ̄S ,φ̄C), where φ̄S (resp. φ̄C) is the average of self-excitation (resp. cross-
excitation) kernels of ||Φ||1. Formally, φ̄S = 1

d

∑d
i=1 φii, and φ̄C = 1

d(d−1)

∑
i,j∈[d],i 6=j φij .

The approximation error depends on the respective sample variances of self excitation ker-
nels and cross-excitation kernels. Formally, the L2 distance of a d-dimensional kernel matrix
Φ to the space of bi-variate matrix models is

dσ2S + d(d− 1)σ2C , (3.82)

where σ2S = 1
d

∑d
i=1(φii − φ̄S)2 and σ2C = 1

d(d−1)

∑
i,j∈[d],i 6=j(φij − φ̄C)2.

First order moment In this paragraph, we discuss first order properties of MHP with
a bi-variate kernel matrix. Even though we do not impose such constraints on the kernel
matrix in the ASLSD procedure, we allow the use of these results to initialize the L1 weights
||Φ||1 and the baseline µ in high dimension. It is clear that the adjacency matrix of the
bi-variate model is itself bi-variate of the form ||Φ||1 = J(ωS ,ωC). We now characterize first
order feasibility for the bi-variate model.
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Proposition 3.1.11 (Stability condition). The branching ratio of the adjacency matrix
||Φ||1 under the bi-variate model is ρ(||Φ||1) = (d−1)ωC+ωS. Hence, the stability condition
for this matrix is

ρ(||Φ||1) < 1 ⇐⇒ ωC <
1− ωS
d− 1

. (3.83)

We give a proof of this result in Appendix A.2.3. Note that if the adjacency matrix
||Φ||1 is stable, this implies that ωS ∈ [0, 1) and ωC ∈ [0, 1

d−1).

Proposition 3.1.12 (LLN condition). Let η ∈ (0,+∞)d. Denote by

m(η) :=
mink∈[d] ηk∑d

i=1 η
i
. (3.84)

The LLN condition for the bi-variate model is

(Id − ||Φ||1)η > 0 ⇐⇒ ωC
1 + ωC − ωS

< m(η). (3.85)

This is equivalent to

(Id − ||Φ||1)η > 0 ⇐⇒ ωC <
m(η)

1−m(η)
(1− ωS). (3.86)

It is clear that if there exists η > 0 such that the LLN condition holds, then the stability
condition must hold too. Indeed, let η > 0 such that (Id − ||Φ||1)η > 0. Since m(η) ≤ 1

d ,
then m(η)

1−m(η) ≤
1
d−1 . Therefore, the LLN condition implies the stability condition under the

bi-variate model. In the rest of this paragraph, consider a bi-variate adjacency matrix ||Φ||1
satisfying the stability condition ρ(||Φ||1) < 1. This implies that the matrix Id − ||Φ||1 is
invertible. The following lemma computes its inverse, which is still of the bi-variate form.
We then use this lemma to get both the stationary regime intensity and the exogeneity rate
of this model in closed form.

Lemma 3.1.4 (Power series of the adjacency matrix). The power series of the adjacency
matrix is

(Id − ||Φ||1)−1 = J(aS ,aC); (3.87)

with

aS :=
1

1− (ωS − ωC)

(
1 +

ωC
1− (ωS + (d− 1)ωC)

)
,

aC :=
ωC

(1− (ωS − ωC)) (1− (ωS + (d− 1)ωC))
.

(3.88)

We give a proof of this result in Appendix A.2.3. We can now compute a simple expres-
sion for the stationary regime intensity η∗ under the bi-variate model.
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Proposition 3.1.13 (Stationary regime intensity). The stationary regime intensity of the
MHP is

η∗ =
1

1− (ωS − ωC)

(
ωC

1− (ωS + (d− 1)ωC)
||µ||11d + µ

)
. (3.89)

Proposition 3.1.14 (Exogeneity ratio). Let J(ωS ,ωC) satisfying the stability condition
ρ(J(ωS ,ωC)) < 1. Then the exogeneity ratio is

exo = 1−
(
ωS + (d− 1)ωC

)
. (3.90)

Balanced classes case We refer to the balanced classes case as the MHP where the kernel
matrix is of the bi-variate form, and where the stationary regime intensity is constant across
event types, that is for all i, j ∈ [d], ηi? = ηj?. Empirically, this case is particularly relevant
to mid-price modelling in finance (see Chapter 9). Note that for a bi-variate model, having
constant stationary regime intensity across event types is equivalent to having constant
baseline across event types. That is, if the adjacency matrix is bi-variate, then

ηi? = ηj? ∀i, j ∈ [d] ⇐⇒ µi = µj ∀i, j ∈ [d]. (3.91)

This follows directly from Proposition 3.1.13. Therefore, by abuse of notation, we write

η? = η?1d, µ = µ1d. (3.92)

Now it is clear that in the balanced classes case,m(η) = 1
d . Therefore, the stability condition

and the LLN condition are the same, and simply read

ωC <
1− ωS
d− 1

. (3.93)

3.2 The least-squares problem for MHPs

In this section, we discuss the structure of the least squares estimation problem for MHP. As
discussed previously, least-squares estimation of MHP models is closer to a kernel density
estimation problem for i.i.d. data than a linear regression problem in supervised learning.
We emphasize this analogy in Section 3.2.1, we introduce a temporal average operator and
a counting average operator and re-formulate the LSE minimization problem using our de-
composition. Section 3.2.2 discusses the structure and solutions of the LSE minimization
problem in two steps: first, we fix kernel density parameters, and discuss the minimiza-
tion of the LSE with respect to first order parameters fk only, which is a non-negative
quadratic program. As expected, our analysis shows analogous results to ordinary least
squares regression for i.i.d. data, and we compute the minimal LSE for fixed kernel density
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parameters. This leads to a new objective function to minimize with respect to kernel den-
sity parameters. Section 3.2.3 briefly shows some properties of the LSE minimizer. In this
section, we consider only the long path estimation setup for the sake of brevity, but one can
reach similar conclusions in the episodic setup. Recall that least squares estimation in the
long path setup corresponds to solving the d independent minimization programs (Pk)k∈[d]

min
µk,ωk,θ̃k

R(k)
T (µk,ωk, θ̃k) s.t. µk ≥ 0, ωk ≥ 0, θ̃k ∈ Θ̃k. (3.94)

Now fix an event type k ∈ [d], we focus on the analysis of problem Pk.

3.2.1 Problem formulation

3.2.1.1 Feature process

For event types j ∈ [d], for mixture indices l ∈ [rkj ], and for all times t ≥ 0, define the
feature process ϕ(k)

j as the stochastic convolution

ϕ
(k)
jl (t) :=

∫ t

0
φ̃kjl(t− s)dN j

s . (3.95)

This is also a first-order “kernelized” signature of the counting process N . By construction,
for given kernel density parameters θ̃k, we can compute a path of the feature process ϕ(k)

jl

for the observed data path. Define the baseline feature as the constant process ϕ(k)
0 := 1.

For a baseline parameter µk ≥ 0 and a vector of L1 weights parameters ωk ≥ 0, define the
vector of first order parameters fk such that fkᵀ := (µk,ωk

ᵀ). Denote by ϕ(k) the vector of
feature processes, defined similarly to fk by concatenating the terms ϕ(k)

jl in lexicographic
order of event type j and mixture index l. For event types k ∈ [d], and for times t ≥ 0, the
intensity λk of the MHP model is therefore

λk(t) = µk +

d∑
j=1

rkj∑
l=1

ωkjlϕ
(k)
jl (t) = fk

ᵀϕ(k)(t). (3.96)

3.2.1.2 Empirical averages

Temporal averages We introduce the time averaging operator 〈〈·〉〉. Let f, g be square-
integrable stochastic processes on the real line. Define the (path-wise) temporal average of
f on [0, T ] by

〈〈f〉〉T :=
1

T

∫ T

0
f(t)dt, (3.97)

and the (path-wise) temporal covariance of f, g on [0, T ] by

〈〈f, g〉〉T := 〈〈fg〉〉T − 〈〈f〉〉T 〈〈g〉〉T . (3.98)
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We refer to 〈〈f, f〉〉T as the temporal variance of f . Using the Cauchy–Schwarz inequality,
the temporal variance is clearly positive and

〈〈f, f〉〉T = 0 ⇐⇒ ∃c ∈ R, f(t) = c ∀t ∈ [0, T ]. (3.99)

We now introduce notation for first and second order temporal averages of the feature
process in the MHP estimation problem. For event types i, j ∈ [d], and mixture indices
l ∈ [rki] and l′ ∈ [rkj ], define the first order terms

m
(X,k)
jl := 〈〈ϕ(k)

jl 〉〉T , (3.100)

and the second order terms

m
(XX,k)
il,jl′ := 〈〈ϕ(k)

il ϕ̃
(k)
jl′ 〉〉T , q

(XX,k)
il,jl′ := 〈〈ϕ(k)

il , ϕ̃
(k)
jl′ 〉〉T . (3.101)

We denote by m(X,k) the vector of first order temporal averages, defined similarly to fk

by concatenating the terms m(X,k)
jl in lexicographic order of event type j and mixture index

l. Similarly, we define the matrices m(XX,k) and q(XX,k). A process of particular interest is
ϕ̃
(k)
jl , the standardized version of the feature process ϕ(k)

jl , that we define as

ϕ̃
(k)
jl :=

ϕ
(k)
jl − 〈〈ϕ

(k)
jl 〉〉T

〈〈ϕ(k)
jl , ϕ

(k)
jl 〉〉T

; (3.102)

so that this process satisfies 〈〈ϕ̃(k)
jl 〉〉T = 0, and ϕ̃(k)

jl , ϕ̃
(k)
jl 〉〉T = 1.

Counting averages Define the empirical first order terms

m(Y,k) :=
1

T

∫ T

0
dNk

t , (3.103)

and the empirical second order terms

m
(XY,k)
jl :=

1

T

∫ T

0
ϕ
(k)
jl (t)dN

k
t , q

(XY,k)
jl := m

(XY,k)
j −m(X,k)

j m(Y,k). (3.104)

We denote by m(XY,k) and q(XY,k) the vectors of counting averages, defined similarly
to ωk by concatenating the terms m(XY,k)

jl and m
(XY,k)
jl in lexicographic order of event

type j and mixture index l. Like in the linear regression problem, the counting averages are
unbiased empirical estimators of their analogous temporal averages. Using the Doob–Meyer
decomposition, we see that E

[
m(Y,k)

]
= E

[
〈〈λk〉〉T

]
, and E

[
m

(XY,k)
jl

]
= E

[
〈〈ϕ(k)

jl λk〉〉T
]
. Note

that the standardized feature process satisfies

〈〈ϕ̃(k)
i , Nk〉〉N,T =

〈〈ϕ(k)
i , Nk〉〉N,T√
〈〈ϕ(k)

i , ϕ
(k)
i 〉〉T

. (3.105)
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3.2.1.3 Reformulating the LSE

In order to conduct our analysis, we propose a different formulation of the LSE. Define the
vector ck and the matrix Qk by

ck
ᵀ :=

(
m(Y,k),m(XY,k)ᵀ

)
, Qk :=

(
1 m(X,k)ᵀ

m(X,k) m(XX,k)

)
. (3.106)

Note that ck = 〈〈ϕ(k)〉〉Nk,T , and Qk = 〈〈ϕ(k)ϕ(k)ᵀ〉〉T .

Proposition 3.2.1 (LSE). For parameters θk ∈ Θk, the partial LSE R(k)
T satisfies the

decomposition

R(k)
T

(
θk
)
= µ2k + 2µk

d∑
j=1

rkj∑
l=1

ωkjlm
(X,k)
jl +

d∑
i=1

d∑
j=1

rki∑
l=1

rkj∑
l′=1

ωkilωkjl′m
(XX,k)
il,jl′

− 2µkm
(Y,k) − 2

d∑
j=1

rkj∑
l=1

ωkjlm
(XY,k)
jl .

(3.107)

In matrix notation, we get

R(k)
T

(
θk
)
= fk

ᵀQkfk − 2fk
ᵀck. (3.108)

We give a proof of this result in Appendix A.2.5.

3.2.2 Solutions

As discussed in introduction, we analyse the LSE minimization problem Pk in two steps:
first, for fixed kernel density parameters, we minimize the LSE with respect to first order
parameters, leading to a new objective function to minimize with respect to kernel density
parameters.

3.2.2.1 A quadratic program

Fix the kernel density parameters θ̃k. We are interested in the minimisation of the partial
LSE R(k)

T with respect to first order parameters fk = (µk,ωk) only. Formally, define the
program pk(θ̃k) by

min
fk

R(k)
T (fk, θ̃k) s.t. fk ≥ 0. (3.109)

Denote by f?
k (θ̃k) the solutions of this program. This problem is a quadratic program (QP)

with positivity constraints. One might be tempted to first compute the matrices in this QP
formulation, then use standard solvers to estimate the model parameters (for example, dual-
primal methods, see Vandenberghe [102]). The major difficulty is the pre-computation of
the QP formulation, which in general, takes quadratic time. This complexity can be reduced
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by assuming rij = r, φ̃ijl = φ̃l, for all i, j, l, and by choosing φ̃l to be an exponential decay.
In this case, the pre-computation of the QP formulation will still have linear complexity in
time, which is slower than the method we develop in this work. The derivatives of the LSE
are simply obtained, and the gradient of the LSE with respect to first order parameters fk
is

∇fk
R(k)
T = 2(Qkfk − ck), (3.110)

that is, for event types i ∈ [d] and mixture indices l ∈ [rki]

∂R(k)
T

∂µk
(µk,ωk, θ̃k) = 2

(
µk +

d∑
j=1

rkj∑
l=1

ωkjlm
(X,k)
jl −m(Y,k)

)
,

∂R(k)
T

∂ωkil
(µk,ωk, θ̃k) = 2

(
µkm

(X,k)
il +

d∑
j=1

rkj∑
l′=1

ωkjl′m
(XX,k)
il,jl′ −m(XY,k)

jl′

)
.

(3.111)

Similarly, the Hessian of the LSE with respect to first order parameters fk is simply
Hfk
R(k)
T = 2Qk, that is, for event types i, j ∈ [d], and for mixture indices l ∈ [rki] and

l′ ∈ [rkj ]

∂2R(k)
T

∂µ2k
(µk,ωk, θ̃k) = 2,

∂2R(k)
T

∂µk∂ωkil
(µk,ωk, θ̃k) = 2m

(X,k)
il ,

∂2R(k)
T

∂ωkil∂ωkjl′
(µk,ωk, θ̃k) = 2m

(XX,k)
il,jl′ .

(3.112)

The existence and uniqueness of solutions to this problem is characterized by the eigenvalues
of the Hessian. Let u ∈ Rd+1, such that u = (u0, . . . , ud). We see that

uᵀHfk
R(k)
T u = 〈〈(u0 +

d∑
j=1

ujϕ̃
(k)
j (t))2〉〉T ≥ 0. (3.113)

Proposition 3.2.2 (Positivity of the Hessian). The Hessian of the LSE Hfk
R(k)
T is positive

semi-definite. Furthermore, in the uni-dimensional case d = 1, the Hessian is definite-
positive. If d > 1, this is not necessarily the case.

The previous result implies the existence, but not necessarily the uniqueness, of uncon-
strained minimizers of the LSE. We are now interested in these unconstrained minimizers
using the stationary points of the LSE with respect to first order parameters fk. For a given
matrix M , we denote by M+ is Moore–Penrose inverse. Denote by r the rank of the matrix
Qk, and by (di)i∈[r] its strictly positive eigenvalues. Denote by D the diagonal matrix

D := diag
(
d1, . . . , dr, 0, . . . , 0

)
(3.114)
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Using the spectral theorem, there exists an orthogonal matrix P such that

Qk = PDP ᵀ. (3.115)

It is clear that the Moore–Penrose inverses of D and Qk are

D+ = diag
( 1

d1
, . . . ,

1

dr
, 0, . . . , 0

)
, Q+

k = PD+P ᵀ. (3.116)

The stationary points of the LSE for first order parameters are simply obtained using the
gradient formula.

Proposition 3.2.3 (Stationary points of the LSE). The set of stationary points of the LSE
R(k)
T (·, θ̃k) with respect to first order parameters is

f̄k = Q+
k ck + kerQk = PD+P ᵀck + P kerD. (3.117)

Furthermore, if the matrix Qk is positive definite, then f̄k = Q−1
k ck.

We give a proof of this result in Appendix A.2.5. A simple corollary of this result is the
value of the LSE at stationary points, and the value of the conditional intensity model at
stationary points.

Corollary 3.2.1. Let f̄k be a stationary point of the LSE for first order parameters, that
is, there exists u ∈ kerQk such that f̄k := Q+

k ck + u. Then the value of the LSE at f̄k is

R(k)
T

(
f̄k, θ̃k

)
= −f̄k

ᵀ
ck, = −ckᵀQ+

k ck − 2ck
ᵀu. (3.118)

The corresponding conditional intensity is

λk(t) = ck
ᵀQ+

k ϕk +ϕk
ᵀu. (3.119)

The stationary points of the LSE do not characterize the solutions to problem pk(θ̃k)

because of the positivity constraints fk ≥ 0, as discussed below. To deal with these con-
straints, the Lagrange multiplier associated to this problem is

L(k)T (fk, θ̃k,L) := R(k)
T (fk, θ̃k)− 2Lᵀfk, (3.120)

with a vector of coefficients L of the same size as fk. Note that the gradient of the Lagrange
multiplier is simply

∇fk
L(k)T (fk, θ̃k,L) = 2(Qkfk − ck −L). (3.121)

Therefore, the KKT conditions associated to the minimization program pk(θ̃k) are

1. Stationarity condition:
Qkfk = ck +L. (3.122)
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2. Primal feasibility:
fk ≥ 0. (3.123)

3. Dual feasibility:
L ≥ 0. (3.124)

4. Complementary slackness
fk

ᵀL = 0. (3.125)

Note that fk = 0 can be excluded from the analysis of the complementary slackness condi-
tion as it violates the stationarity condition. In the rest of this section, we focus on solutions
of the problem in the uni-dimensional case d = 1 with one feature r11 = 1, and leave the
analysis of the general case for future work. In this case, we solve for k = d = 1, and first
order parameters are then simply f1 = (µ1, ω11)

ᵀ. As discussed above, the matrix Q1 is
positive definite in this case. Using the results above, the stationary points of the LSE in
dimension d = 1 are

µ̄1 = m(Y,1) −m(X,1)
11

q
(XY,1)
11

q
(XX,1)
11,11

, ω̄11 =
q
(XY,1)
11

q
(XX,1)
11,11

. (3.126)

The sign of the critical L1 weight ω̄11 is the sign of the temporal covariance q(XY,1)11 , which
depends on the feature process. Therefore it is clear that critical points of the LSE are not
necessarily solutions of the constrained minimization problem. The Lagrange multiplier in
this case is

L(1)T (µ1, ω11, L0, L1) := R(1)
T (µ1, ω11, θ̃1)− 2L0µ1 − 2L1ω11. (3.127)

Therefore, there are only three sets of parameters satisfying the complementary slackness
condition in Equation (3.125): (µ1, L1) = (0, 0), (L0, ω1) = (0, 0), or (L0, L1) = (0, 0).
Using these conditions, we classify the solutions of the constrained problem into four regimes
depending on the values of the temporal correlation q

(XY,1)
11

q
(XX,1)
11,11

and the ratio m(Y,1)

m
(X,1)
11

. Note that

m
(X,1)
11 < m(Y,1). (3.128)

Proposition 3.2.4 (Solutions of problem p1(θ̃1)). The solutions f?
1 = (µ?1, ω

?
11)

ᵀ to the
constrained LSE minimization problem p1(θ̃1) are:

1. Homogeneous Poisson solution
(
µ?1 = η1T , ω?11 = 0

)
.

If we have negative temporal covariance q(XY,1)11 < 0, then the solution is the homogeneous
Poisson fit. Note that in this case, the stationary point of the LSE corresponds to a
positive baseline µ̄1 > 0, and a negative L1 weight ω̄11 < 0.
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2. Stable MHP solution
(
µ?1 = µ̄1, ω

?
11 = ω̄11

)
.

If we have temporal covariance satisfying q
(XY,1)
11

q
(XX,1)
11,11

∈ [0, 1), then the solution is a stable

MHP, and the first order parameters are critical points of the LSE.

3. Unstable MHP solution
(
µ?1 = µ̄1, ω?11 = ω̄11

)
.

If we have temporal covariance satisfying q
(XY,1)
11

q
(XX,1)
11,11

∈

[
1, m

(Y,1)

m
(X,1)
11

)
, then the solution is also

an MHP, and the first order parameters are also critical points of the LSE. However,
note that ω̄11 > 1 in this case, therefore the fitted MHP is unstable.

4. Degenerate MHP solution
(
µ?1 = 0, ω?11 =

m
(XY,1)
11

m
(XX,1)
11,11

)
.

If we have excess temporal correlation q
(XY,1)
11

q
(XX,1)
11,11

∈

[
m(Y,1)

m
(X,1)
11

,+∞

)
, then the solution is a

degenerate MHP, because the fitted baseline µ?1 is null, and the corresponding L1 weight
ω?11 is strictly greater than 1. Therefore, when simulating paths from this fitted model,
there is a.s. no event happening, but if a baseline event happens, then this event has a.s.
infinite descendance in finite time. Note that in this case, the stationary point of the
LSE corresponds to a negative baseline µ̄1 < 0, and a positive L1 weight ω̄11 > 0.

We give a proof of this result in Appendix A.2.5.

3.2.2.2 Solving for kernel densities

Recall that f?
k (θ̃k) denotes the first order parameters minimizing the LSE, and denote the

minimal value of the LSE for kernel density parameters θ̃k by

R̃(k)
T

(
θ̃k
)
:= R(k)

T

(
f?
k (θ̃k), θ̃k

)
. (3.129)

We are now interested in finding solutions θ̃k to the problem P̃k defined by

min
θ̃k

R̃(k)
T

(
θ̃k
)

s.t. θ̃k ∈ Θ̃k. (3.130)

We get

R̃(k)
T

(
θ̃k
)
=



−
(
m(Y,1)

)2
if q

(XY,1)
11

q
(XX,1)
11,11

< 0,

−

(
q
(XY,1)
11

)2

q
(XX,1)
11,11

−
(
m(Y,1)

)2
if q

(XY,1)
11

q
(XX,1)
11,11

∈
[
0, m

(Y,1)

m
(X,1)
11

)
,

−

(
m

(XY,1)
11

)2

m
(XX,1)
11,11

if q
(XY,1)
11

q
(XX,1)
11,11

≥ m(Y,1)

m
(X,1)
11

.

(3.131)

Note that the function R̃(k)
T (θ̃k) depends continuously on the temporal and counting aver-

ages. The following lemma helps compare the values of the LSE on the different domains.

63



Lemma 3.2.1 (Bounds on the LSE). The LSE R̃(k)
T

(
θ̃k
)

satisfies the following bounds. If
q
(XY,1)
11

q
(XX,1)
11,11

∈
[
0, m

(Y,1)

m
(X,1)
11

)
, that is, in the well-defined MHP case , then

−
m

(XX,1)
11,11(

m
(X,1)
11

)2 < R̃(k)
T

(
θ̃k
)(

m(Y,1)
)2 ≤ −1. (3.132)

If q
(XY,1)
11

q
(XX,1)
11,11

≥ m(Y,1)

m
(X,1)
11

, that is, in the degenerate MHP case, then

R̃(k)
T

(
θ̃k
)(

m(Y,1)
)2 ≤ − m

(XX,1)
11,11(

m
(X,1)
11

)2 . (3.133)

We give a proof of this result in Appendix A.2.5. Recall that m(Y,1) = η1T only depends
on the observed data path and not on the MHP model. This lemma gives an insight on
the solution regimes for P̃k, but we could not get an analytical expression for the temporal
correlation q

(XY,1)
11

q
(XX,1)
11,11

∈
[
0, m

(Y,1)

m
(X,1)
11

)
. Therefore:

• The solution to the full problem Pk is the homogeneous Poisson solution if and only for
all kernel density parameters θ̃k, the temporal correlation is negative.

• If there exists kernel density parameters θ̃k such that the temporal correlation q
(XY,1)
11

q
(XX,1)
11,11

is
positive, it is not clear under which condition the solution is non-degenerate. it is not

clear whether for a fixed value of the ratio m
(XX,1)
11,11(

m
(X,1)
11

)2 , we can control the ratio m
(XY,1)
11

m
(X,1)
11

.

3.2.3 Properties of fitted models

In this paragraph, suppose the least-squares fit is a non-degenerate MHP. In this case, for
all event types k ∈ [d], the optimal first order parameters (µ?

k,ω
?
k) are stationary points of

the partial LSE R(k)
T .

3.2.3.1 Fitted baseline and first order moment

Recall that for event types k ∈ [d], stationary points of the LSE verify

µ?k = ηkT − ω?
km

(X,k). (3.134)

Define the d× d squared matrix F , where for all event types i, j ∈ [d]

Fij :=
1

N j
T

rij∑
l=1

ω?ijl

Nj
T∑

n=1

ψ̃ij
(
T − tjn

)
. (3.135)

This directly implies the following result.
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Proposition 3.2.5 (Fitted baseline). If the parameters minimizing the LSE are stationary
points of the LSE, then

µ? =
(
Id − F

)
ηT . (3.136)

Note that for all i, j ∈ [d], Fij ≤ ω?ijl, hence in matrix notation F ≤ ||Φ?||1. Therefore,
the minimizer vector µ̄ verifies the bounds(

Id − ||Φ?||1
)
ηT ≤ µ? ≤ ηT . (3.137)

Now assume that the kernel parameter values are such that the fitted MHP is stationary, and
denote by η̄? the stationary regime intensity of the fitted MHP. Using our result above, we
can see how the stationary regime intensity η̄? of the least squares fitted MHP relates to the
observed empirical rate ηT . In least squares estimation of homogeneous Poisson processes,
the stationary regime intensity of the least squares fit is equal to the empirical rate. For
the estimation of MHP besides the least squares method, the moment estimation method
of Bacry and Muzy [10] matches moments of fitted models and empirical moments by
construction. This is not the case for the LSE minimizer. Define the matrix G := ||Φ?||1−F .
For all event types i, j ∈ [d],

Gij =
1

N j
T

rij∑
l=1

ω?ijl

Nj
T∑

n=1

(
1− ψ̃ijl

(
T − tjn

))
. (3.138)

Proposition 3.2.6 (Fitted stationary regime intensity). The stationary regime intensity
of the least squares minimizer verifies

η̄? = ηT + (Id − ||Φ?||1)−1GηT . (3.139)

We give a proof of this result in Appendix A.2.5. This result implies, in particular, that

η̄? > ηT . (3.140)

Remark 3.2.1 (Uni-dimensional case). Note that in dimension d = 1, the previous result
reads

η̄1? = η1T +
ω?11

1− ω?11
1

N j
T

Nj
T∑

n=1

(
1− ψ̃ij

(
T − tjn

))
η
(1)
T . (3.141)

The function ω11 7→ ω11
1−ω11

is a strictly increasing bijection from [0, 1) to [0,+∞), hence
the relative difference between the fitted SRI η̄1? and the observed rate η1T increases with the
fitted L1 weight ω?11 and diverges as the fitted MHP gets to criticality.
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3.2.3.2 Fitted intensity conditional on the training path

In the long path setup, we observe path of a counting process N , generated by a ground
truth conditional intensity λ�. Denote by λ? the fitted conditional intensity model evaluated
on that training path.

Proposition 3.2.7 (Properties of the least squares fitted intensity). Then for times t ≥ 0

λ1(t) = m(Y,1) +
q
(XY,1)
11√
q
(XX,1)
11,11

ϕ̃
(1)
11 (t). (3.142)

Therefore, the temporal average of the conditional intensity λ1 on the training path is

〈〈λ1〉〉T = m(Y,1) = η1T . (3.143)

The second order temporal averages of the conditional intensity λ1 on the training path are

〈〈(λ1)2〉〉T =
(
m(Y,1)

)2
+

(
q
(XY,1)
11

)2
q
(XX,1)
11,11

, 〈〈λ1, λ1〉〉T =

(
q
(XY,1)
11

)2
q
(XX,1)
11,11

. (3.144)

Finally, the counting average and the second order temporal average are equal

〈〈λ1〉〉N1,T = 〈〈(λ1)2〉〉T . (3.145)

3.3 Marked time-dependent linear Hawkes process

In this section, we propose a more general family of point processes with linear auto-
regressive structure: the marked time-dependent linear Hawkes process (MTLH). This class
of models aims to overcome two basic limitations of MHP models.

The first such limitation is that MHP models are not designed to use information as-
sociated to system events other than their timings. For instance, consider a system where
each event has a scale, and where the intensity of events is affected not only by the timing
of events, but also by this scale of events: magnitude of an earthquake in seismology, size
of a price jump in finance, number of followers of a social media account in sociology.

Below, we emphasize the second fundamental limitation of MHP models. In real-world
applications, there are several instances where point process data is clearly non-stationary:
systems with seasonality, systems with regime switching, etc. MHP models are not designed
to capture stable non-stationary dynamics, since MHP models are non-stationary if and only
if their adjacency matrix is critical: non-stationarity and instability are equivalent for an
MHP model. In fact, an MHP fit to non-stationary data can often be misleading. For
example, consider the estimation of a non-homogeneous Poisson ground truth process and
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an MHP model, that we develop below. Of course, the non-homogeneous Poisson ground
truth does not belong to the parametric space of MHP models, nor to its closure, and a
poor fit is to be expected: but the bigger issue is that even at a qualitative level, the fitted
model and the ground truth have very distinct properties. Indeed, we give an example
where least-squares fitting Poisson data with an MHP does not lead to a homogeneous
Poisson fit. Therefore, the fitted model shows auto-covariance that is not present in the
data: the fitted MHP with non-null kernels does not have independent increments, whereas
the ground truth does.

3.3.1 Motivation

Consider an observation horizon T > 0, and a uni-dimensional data generating process λ�

which is a piece-wise constant Poisson process

µ(t) := µL1[ 0,T
2
)(t) + µH1[ T

2
,T )(t), (3.146)

where µL < µH . This a simple non-homogeneous Poisson model with a low activity regime
µL on the first half of the observation window, and a high activity regime µH for the second
half. We want to fit an MHP model to this data. Note that the least squares minimizing
homogeneous Poisson fit to this data is

µ̄ = η1T , with E[η1T ] =
µL + µH

2
. (3.147)

First, consider an exponential MHP model with fixed decay rate β = 0.5. We simulate
103 paths of the ground truth up to T and compute the analytic minimizer of the LSE in
(µ, ω). Figure 3.5 plots the distribution of this minimizer, and we see clearly that the result
is an MHP with a relatively high self-excitation, on average ω ' 0.78. Figure 3.6 plots the
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Figure 3.5: Distribution of the LSE analytic minimizer
Empirical distribution of analytic minimizer of the LSE for µ (left) and ω (right). Dashed orange
lines plots the empirical averages.
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distribution of the difference between the LSE of the fitted MHP model and the LSE of
the homogeneous Poisson fit, for each path. We see that this difference is always strictly
negative, which emphasizes the fact that the MHP with non-null kernels is indeed a better
least squares fit to this data than the homogeneous Poisson. However, Figure 3.7 shows

-1.252 -1.236 -1.219 -1.203 -1.187
0

10

20

30

LSE improvement

Fr
eq
ue

nc
y

Figure 3.6: Distribution of the LSE improvement over Poisson model

Dashed orange line plots the empirical average.

that, while the MHP fit captures the total cumulative rate of the data, it does not have a
satisfactory auto-covariance. Figure 3.8 plots the analytic minimizers (µ?, ω?) of the LSE
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Figure 3.7: Distribution of moments

Left: we simulate 103 paths from the model, and for each path compute the cumulative event rate
η̄T . We plot the empirical distribution of the relative errors |η̄T−ηT |

ηT
. Right: Empirical covariance

(red) and theoretical covariance of least-squares fit (blue) for sampling period h = 10−1.

of the exponential SBF model with fixed decay rate β against β, and the corresponding
LSE. The minimal LSE is monotonically increasing with the decay rate β, hence the LSE
fit of non-SBF models degenerates to the MHP with null decay rate β, null baselines µ,
and critical L1 weight ω. These results indicate that significant care needs to be taken
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Figure 3.8: Analytic minimizer of the LSE
Left: Blue (resp. green) line plots the analytic minimizer ω (resp. µ) against the decay rate β.
Right: minimal LSE against β.

when fitting self-exciting models in non-stationary envrionments, as the difference between
self-excitation and other causes of baseline variation may be hard to distinguish.

3.3.2 Properties

Let N be a d-dimensional counting process with conditional intensity λ. For all event types
i ∈ [d], fix dimark ∈ N∗. Let Y i be a compact subset of Rdimark . For all event index m ∈ N∗,
we associate a mark ξim ∈ Y i to the event happening at time tim, where (ξim)m∈N∗ are
i.i.d.random variables with distribution Pi. Without loss of generality, we consider spaces
of marks Y i that are Cartesian products of either of the following sets

• Set of integers of the forms J0, nK: for categorical marks;

• The closed interval [0, 1]: which by the compactness assumption represents all sets of
continuous marks up to re-scaling.

Definition 3.3.1 (MTLH). We say that N is a marked time-dependent linear Hawkes
process (MTLH) if, for event types i ∈ [d] and times t ≥ 0,

λi(t) = µi(t) +
d∑
j=1

∑
m:tjm<t

φij(t− tjm)Iij(ξjm), (3.148)

where

• ∀i, j ∈ [d], φij : [0,+∞) → [0,+∞) is in L1. The functions φij are called the kernels of
the MHP, and we write, in matrix notation, Φ(·) =

(
φij(·)

)
ij

.

• ∀i ∈ [d], µi : [0,+∞) → (0,+∞) is differentiable by parts. The functions µi are called
baseline intensities, and we write, in vector notation, µ = (µ1, . . . , µd)

ᵀ.
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• ∀i, j ∈ [d], Iij : Yj → [0,+∞) is differentiable by parts. The functions (Iij)i,j∈[d] are
called impact functions. For all i, j ∈ [d], we impose the model identifiability condition

Iij(0) = 1. (3.149)

We refer to such a process as a (µ,Φ,I)-MTLH, and to the triplet (µ,Φ,I) as model
functions.

Figure 3.9 plots an example of MTLH conditional intensity. The set of MHP is obviously
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λ
1
(t
)

Baseline

Figure 3.9: Conditional intensity of a uni-dimensional MTLH
Consider a uni-dimensional MTLH model with cosine baseline, a power law kernel with L1 weight
ω11 = 0.4 and decay exponent α11 = 1, random uniform marks on [0, 1], and exponential impact
function. We simulate a path of this MTLH up to T = 200. For times t ∈ [0, T ], the thick blue
line plots the conditional intensity λ1(t) for the simulated path, and the thin blue line plots the
baseline µ1(t).

included in the set of MTLH. We choose our normalisation condition (on impact functions)
so that the only admissible constant impact function is Iij = 1. Hence, a (µ,Φ,I)-MTLH
with constant baselines µ and constant impact functions I is of course a (µ,Φ)-MHP. The
set of MTLH models is richer through the addition of two features:

• First, through the addition of time dependence in the baselines. While this results in the
MTLH not being a stationary process, several real life systems, in particular financial
markets, exhibit multi-scale behaviours which cannot be accounted for solely by the self-
excitation terms.

• Second, through the presence of the impact functions. The influence of impact func-
tions on the conditional intensity appears as a multiplicative term in front of the time
kernels, which does not affect the distribution of any given time offset in the branching
representation of the MTLH, but allow marks to vary the distribution of the number of
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descendants. Indeed, the times of the offsets are still distributed according to the density
φ̃ij . Given a mark ξjm, the number of descendants of type i of the event at tjm is Poisson
distributed with mean Iij(ξjm)||φ̃ij ||1, instead of ||φ̃ij ||1 in the MHP case.

Remark 3.3.1 (Marked Hawkes Process). In the literature, different authors sometimes
use different definitions for the notion of “Marked Hawkes Process”. In our MTLH model,
there are d2 independent impact functions I. Liniger [61] defines marked Hawkes processes
(with i.i.d. marks) using d impact functions: the author assumes that for all event types
i, j, k ∈ [d], Iik = Ijk. We keep a more general definition to preserve the decoupling of
estimation programs across event types, as we discuss in the next subsection. This property
is not necessary for the ASLSD method to work, but allows us to parallelize independent
optimization programs.

3.3.2.1 Modelling with MTLH

Parameterization We now introduce notation for MTLH models. Similarly to MHP
models, define the vectors of kernel L1 weights ωk, and the vector of kernel densities pa-
rameters θ̃k. For event types i ∈ [d], denote the vector of parameters of the impact function
Iki by ϑki = (ϑki,p)p∈r(I)

ki

. We concatenate these vectors to define the vector ϑk by

ϑk
ᵀ = (ϑk1

ᵀ, . . . ,ϑkd
ᵀ). (3.150)

We denote the total number of impact parameters by rIk =
∑d

i=1 r
I
ki. Denote by bk the

parameters of the baseline function µk as bkᵀ := (bkp)p∈[r(µ)k ]
. Finally, define θk, the vector

of parameters of MTLH model functionals of dimension k by

θk
ᵀ = (bk

ᵀ,ωk
ᵀ, θ̃k

ᵀ
,ϑk

ᵀ).

The total number of parameters of the MHP model across dimensions k ∈ [d] is

nparam :=
d∑

k=1

(
r
(µ)
k + rk + r̃k + r

(I)
k

)
.

Residuals In the rest of this paragraph, fix an event type k ∈ [d]. For event indices
m ∈ [Nk

T ], define the m-th compensator-transformed time of type k

s(k)m := Eξj [ Λk
(
tkm

)
] . (3.151)

Using the same approach as in Lemma A.3.1, we get the following formula for MTLH
residuals.
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Proposition 3.3.1 (Residuals of MTLH models). For event indices m ∈ [Nk
T ], the m-th

compensator-transformed time of type k is

s(k)m =

∫ tkm

0
µk(t)dt+

d∑
i=1

E[ Iki(ξim)]1{m≥$(k,i)}

κ(i,k,m)∑
n=1

ψki(t
k
m − tin), (3.152)

3.3.2.2 Marks and impact functions

Following our definition of MTLH, marks can be discrete or continuous, uni-dimensional
or multi-dimensional. In this paragraph, we propose some parametric families of impact
functions that might be useful for modelling. The case of continuous marks is significantly
less studied in the Hawkes literature. In this paragraph, we discuss two examples of simple
impact functions for continuous marks: the sigmoid impact for uni-dimensional continuous
marks, and the perceptron impact for multi-dimensional continuous marks.

Categorical marks First, we discuss the standard set of uni-dimensional, discrete marks.
Suppose the marks set Y has finite cardinality J . Let I : Y → [0,+∞) be an impact
function. Using the positivity and model identifiability conditions on the impact function ,
there exists β = (βk)k∈[J−1] ∈ RJ−1 such that

I(ξ) =

{
1 if ξ = 0

βξ if ξ ∈ [J − 1].
(3.153)

Therefore, the categorical impact function is simply parameterized by the vector of weights
β. The gradient of this impact function can be efficiently parallelized since for indices
p ∈ [J − 1],

∂I
∂βp

(ξ) = 1{ξ=p}. (3.154)

Note than an MTLH model with categorical marks and constant baseline corresponds to
an MHP of higher dimension.

Perceptron We place ourselves in the case of a continuous, multi-dimensional compact
marks set Y = [0, 1]dmarks . Denote by fσ the standard logistic function, such that for x ∈ R

fσ(x) :=
1

1 + e−x
, f ′σ(x) := fσ(x)(1− fσ(x)). (3.155)

We define the perceptron impact following standard deep learning definitions, with the
normalisation condition of impact functions.

Definition 3.3.2 (Perceptron impact). For marks ξ ∈ [0, 1]dmarks, the perceptron impact is

I(ξ) := fσ(a0 + aᵀξ)

fσ(a0)
, (3.156)

where the coefficient a0 ∈ R is a bias term, and the parameters (al){l∈[dmarks]} ∈ R
dmarks.
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The gradient of the perceptron impact is particularly simple to compute in parallel,

∂I
∂a0

(ξ) = fσ(a0)I(ξ)(1− I(ξ)), (3.157)

and for indices p ∈ [dmarks]

∂I
∂ap

(ξ) = ξpI(ξ)(1− fσ(a0)I(ξ)). (3.158)

3.3.3 Cluster modelling

The branching representation of Hawkes models is particularly insightful for several mod-
elling tasks as the parent-child logic of the branching representation can provide practical
and interpretable models. Given a Hawkes model λ, we study the branching representation
of events under this model given data paths in two setups:

• synthetic setup: the data paths are simulated from the model λ through our exact
branching simulation algorithm. Therefore, in this setup, the true branching representa-
tion of each path is known. This setup serves two objectives. First, to study numerically
properties of the branching representation of data paths under correctly specified models,
since many statistical properties of event clusters under Hawkes models are not known
theoretically (for example, the distribution of relaxation times). Second, this setup is
fundamental to tune cluster models before applying them to real data in the next setup.

• realized setup: the data paths are observed and the modeller does not know whether
they have been generated by the model λ. For example, these data paths could come
from a given real-world dataset, and the model λ is the Hawkes fit to this data.

Stochastic declustering is the identification of probable parent–child links in an observed
dataset. Discussing the full stochastic declustering of a data path, in any of the 2 setups
above, is beyond the scope of this work. Instead, we focus on two aspects of cluster mod-
elling. In Section 3.3.3.1, we discuss the binary classification problem of endogenous and
exogenous events in a data path. In Section 3.3.3.2, we discuss data censoring and the
impact of events. This discussion applies to both MHP and MTLH models: since these
models classes are nested, we use the notation of MTLH models.

3.3.3.1 Classifying exogenous events

We are interested in the binary classification of events in the observed path as exogenous
(to which we associate the label 1) or endogenous (label 0) under the model. In accordance
with standard terminology of binary classification problems, we may also refer to exogenous
(label 1) events as positives, and endogenous (label 0) events as negatives.
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Decision Fix a decision threshold ε ∈ [0, 1]. We restrict ourselves to a very simple class
of models Clfε.

Definition 3.3.3 (Exogenous event classifier). The model Clfε is such that for event types
i ∈ [d], and jump indices m ∈ [N i

T ], the predicted label of the m-th jump of type i is

Clfε(i,m) =

1 if µi(t
i
m)

λi(tim)
≥ ε,

0 otherwise.
(3.159)

Of course, this model is motivated by the cluster probabilities of Hawkes models, which
state that the exogeneity probability is pi,m,m := µi(t

i
m)

λi(tim)
. It is clear that the set of events

classified as exogenous is monotonically decreasing (for the inclusion) with the decision
threshold ε. For all values of ε ∈ [0, 1], the set of positives is non-null: the first event
of the path is always classified exogenous. For a maximal decision threshold ε = 1, if all
kernels and all impact functions are strictly positive, the first event in the path is the only
one classified as exogenous. For a null decision threshold ε = 0, all the events in the path
are classified as exogenous. A fundamental question now is the fine tuning of the decision
threshold ε.

Fine-tuning ε In order to fine tune the hyper-parameter ε, we place ourselves in the
synthetic setup, simulate paths from the Hawkes model for which the ground truth classes
are known, and use standard evaluation metrics for binary classification problems. Defi-
nition for these metrics can be found, for example, in Murphy [71] (page 183, 5.7.2.3): in
particular, we focus on the precision P (Clfε) and the recall R(Clfε)

P (Clfε) :=
TP

TP + FP
, R(Clfε) :=

TP

TP + FN
, (3.160)

and the F1 score F1(Clfε), the harmonic mean of precision and recall

F1(Clfε) = 2
P (Clfε)×R(Clfε)
P (Clfε) +R(Clfε)

. (3.161)

The relative importance given to precision with respect to recall depends on the objective
of a study and the type of application. The F1 score gives the same importance to precision
and recall. Therefore, as discussed by Baeza-Yates and Ribeiro-Neto [11] (page 327, 8.6.4),
the Fβ score can be a more appropriate metric. Let β ≥ 0, the Fβ score Fβ(Clfε) is

Fβ(Clfε) = (β2 + 1)
P (Clfε)×R(Clfε)
β2P (Clfε) +R(Clfε)

. (3.162)

The importance given to recall increases with the parameter β.
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3.3.3.2 Modelling descent

Fix a horizon T > 0 and suppose we observe a path of the Hawkes model on [0, T ]. Fix an
event type i ∈ [d], and an event index m ∈ [N i

T ]. We consider the impact of the event tim.

Definition 3.3.4 (Descendants set). Denote by D(j,p)
T,i,m the set of indices of p-th generation

descendants of type j ∈ [d] of the event tim in the window [0, T ] by

D(j)
T,i,m,p := {n ∈ [N j

T ] : tjn is a p-th generation descendant of tim and tjn < T}. (3.163)

When p = 1, D(j)
T,i,m,p is the set of direct descendants of type j of tim.

Denote by D(j)
T,i,m the set of indices of descendants of type j ∈ [d] of the event tim in the

window [0, T ],

D(j)
T,i,m := {n ∈ [N j

T ] : tjn is a descendant of tim and tjn < T}. (3.164)

Of course, D(j)
T,i,m =

⋃+∞
p=1D

(j)
T,i,m,p. By abuse of notation, we refer to DT,i,m as the set of

descendants of tim of all types DT,i,m =
⋃d
j=1D

(j)
T,i,m.

We censor the event tim and its descendants from the path of the counting process as
follows.

Definition 3.3.5 (Censored path). For all event types j ∈ [d], we denote by Ñ j the counting
process obtained by censoring the event tim and its descendants from N j. That is, N j

t = Ñ j
t

for all j ∈ [d], and for all t < tim. For all t ≥ tim,

N j
t = Ñ j

t +N j({tim}) +N j
(
(tim, t] ∩ D

(j)
i,m

)
. (3.165)

Definition 3.3.6 (Relaxation time). We define the relaxation time τi,m ≥ 0 of the pertur-
bation induced by tim by

τi,m := max{tjn, j ∈ [d], n ∈ D(j)
T,i,m} − t

i
m, (3.166)

with the convention that max{tjn, j ∈ [d], n ∈ D(j)
i,m} = tim if ∪j∈[d]D

(j)
i,m = ∅, that is: we set

the relaxation time τi,m to zero if the event tim has no descendants in [0, T ].
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Chapter 4

The ASLSD method

4.1 Notation and definitions

This chapter presents our procedure for the estimation of Hawkes models. Consider a d-
dimensional Hawkes model N . For the sake of brevity, assume N is an MTLH model,
unless specified otherwise. Since MHP models are a particular case of MTLH models, the
ASLSD procedure and all the results in this chapter apply directly to MHP by setting all
impact functions to the constants Iki = 1. We present our procedure in the long path setup
with horizon T > 0, but the extension to the episodic setup is immediate (see the example
in Section 5.1). For the rest of this chapter, fix an event type k ∈ [d].

4.1.1 Book-keeping

In dimension d > 1, the ordering of events times across dimensions requires some care. For
our method, we first need to track the index of last events of a certain type before a given
time. For all event types i ∈ [d], and for all times t > 0, define

κ(i, t) := lim
s↑0

N i
t−s. (4.1)

Equivalently, κ(i, t) = sup{m ∈ N∗; tim < t}, with the convention that if {m ∈ N∗; tim <

t} = ∅ then κ(i, t) = 0. By abuse of notation, for all i, j ∈ [d], for all n ∈ N∗ define

κ(i, j, n) := κ(i, tjn); (4.2)

that is, the index of the last event of type i before the n-th event of type j. Note that
κ(i, i, n) = n− 1.

Second, for our method we need to track the index of the first element of a type preceded
by a fixed number of events. Hence, for all event types i, j ∈ [d], and for all indices h ∈ N∗

define the upper inverse of κ(j, i, )̇ by

$(i, j, h) := inf {p ∈ N∗ : κ(j, i, p) ≥ h} . (4.3)
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that is, the index of the earliest jump of type i preceded by at least h jumps of type j. For
simplicity, we write

$(i, j) := $(i, j, 1). (4.4)

4.1.2 Correlation functionals

We now introduce a few functions measuring the cross-correlation of kernels and baselines.
Fix event types i, j ∈ [d], and lags τ, σ ≥ 0.

Kernels For mixture indices l ∈ [rki], and l′ ∈ [rkj ], the cross-correlation function Υijk,ll′

between kernel densities φki,l and φkj,l′ is

Υ̃ijk,ll′(τ, σ) :=

∫ τ

0
φ̃ki,l(u)φ̃kj,l′(u+ σ)du, (4.5)

and denote Υijk,ll′ := ωki,lωkj,l′Υ̃ijk,ll′ . The cross-correlation function Υijk between the
kernels φki and φkj is

Υijk :=

rki∑
l=1

rkj∑
l′=1

Υijk,ll′ . (4.6)

Note that the function Υ̃ijk is bounded; using the Cauchy–-Schwarz inequality, for lags
τ, σ ≥ 0

Υ̃ijk(τ, σ) ≤ ||φ̃||2||φ̃?||2. (4.7)

For lags σ ≥ 0, the function τ 7→ Υ̃ijk(τ, σ) is clearly non-decreasing.

Kernel–baseline For a mixture index l ∈ [rki], the baseline-kernel cross-correlation K̃ki

between the kernel density φ̃ki,l and the baseline µk is

K̃ki,l(τ, σ) :=

∫ τ

0
φki,l(u)µk(u+ σ)du, (4.8)

and denote Kki,l := ωki,lK̃ki,l. Finally, the cross-correlation function Kki between the kernel
φki and the baseline µk is

Kki :=

rki∑
l=1

Kki,l. (4.9)

Note that if N is an MHP, then the baseline-kernel cross correlation verifies

Kki(τ, σ) = µkψki(τ). (4.10)

4.2 Motivation

Directly minimizing the LSE of Hawkes models, for example with exact first order meth-
ods, is particularly inefficient without further assumptions because of the auto-regressive
structure of the conditional intensity.
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Evaluating the LSE is expensive For times t ≥ 0, evaluating the conditional intensity
model λi(t) based on Equation (3.148) has linear time complexity in Nt, the number of
jumps of N up to time t. Therefore, evaluating the second term

2

T

d∑
k=1

Nk
T∑

m=1

λk(t
k
m) (4.11)

in the LSE in Equation (2.7) has time complexity O(N2
T ), without further assumptions on

the kernel matrix Φ. Now, consider the evaluation of the first term

1

T

d∑
k=1

∫ T

0
λk(t)

2dt (4.12)

in the LSE. If the integral in Equation (4.12) is approximated numerically using a quadrature
rule, the cost of such approximation is at least linear since the conditional intensity has a
discontinuity at each jump time. If we re-use the evaluations of the conditional intensity
at jump times, which we computed for the evaluation of Equation (4.11), we still face the
problem that the conditional intensity varies between jump times. For general kernels, it
is not clear how to interpolate the conditional intensity accurately between jump times,
therefore, we might also have to evaluate λ between consecutive jump times. Another
drawback of numerical integration is that the evaluation of the gradient would typically
require a finite difference method or operator overloading, increasing the overall complexity.

In a nutshell, evaluating the LSE at a given parameter vector θ has complexity O(N2
T )

in the general case, and the evaluation of the gradient in closed-form is roughly as expensive
(if we ignore for now the curse of dimensionality coming from the number of parameters
of the model). This makes exact first order methods impractical for general kernels, unless
the kernels considered are sum-of-basis exponential functions.

Towards stochastic optimization A classic strategy to accelerate first order methods
is the use of Stochastic Gradient Descent (SGD), which relies on an approximation of the
gradient of the objective function; see Robbins and Monro [92]. The application of SGD
to the minimization of the LSE in Equation (2.7) faces some difficulties. For example, for
d = 1, and if N is an MHP model, write

RT (θ) =
1

T
(t1µ

2 − 2µ) +
1

T

∫ T

tNT

λ(t)2dt+ 1

T

NT−1∑
m=1

(∫ tm+1

tm

λ(t)2dt− 2λ(tm+1)

)
, (4.13)

and define

fm(θ) :=


∫ tm+1

tm
λ(t)2dt− 2λ(tm+1) if m ∈ J1, NT − 1K,∫ T

tNT
λ(t)2dt if m = NT ,

(4.14)
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to yield the decomposition

RT (θ) =
1

T
(t1µ

2 − 2µ) +
1

T

NT∑
m=1

fm(θ). (4.15)

This decomposition preserves the chronological order of the data because, for all m, the
function fm only depends on jump times up to tm+1. However, computing fm(θ) and its
derivatives has complexity roughly of order O(m). Due to this linear cost, we propose a
new additive decomposition of the LSE and build a fast, yet accurate, Monte Carlo (MC)
estimator of large finite sums.

4.3 LSE decomposition

Rewriting the LSE We state our decomposition of the partial LSE R(k)
T as a sum

involving the kernels (φki)i∈[d], the baseline-kernel cross-correlations (Kki)i∈[d], the kernel
cross-correlations (Υijk)i,j∈[d], and the mean squared background rate Mk.

Theorem 4.3.1 (Least squares error). For parameters θk ∈ Θk, the partial LSE R(k)
T

satisfies the decomposition

R(k)
T (θk) =

d∑
i=1

d∑
j=1

N i
T∑

m=$(i,j)

κ(j,i,m)∑
n=1

2

T
Υijk(T − tim, tim − tjn)Iki(ξim)Ikj(ξjn)

− 2

T

(
d∑
j=1

Nk
T∑

m=$(k,j)

κ(j,k,m)∑
n=1

φkj(t
k
m − tjn)Ikj(ξjn)

)
+Mk(T )−

2

T

Nk
T∑

m=1

µk(t
k
m)

+
2

T

d∑
i=1

N i
T∑

m=1

Kki(T − tim, tim)Iki(ξim) +
1

T

d∑
i=1

N i
T∑

m=1

Υiik(T − tim, 0)Iki(ξim)2.

(4.16)

We give a proof of this expansion in Appendix A.3.1. Fix event types i, j ∈ [d], and
mixture indices l ∈ [rki], l′ ∈ [rkj ], and define some notation for the different terms involved
in the LSE decomposition of Theorem 4.3.1. First, we have single-indexed sums

ZKki,l
:=

N i
T∑

m=1

Kki,l(T − tim, tim)Iki(ξim), ZΥiik,ll′ :=

N i
T∑

m=1

Υiik,ll′(T − tim, 0)Iki(ξim)2,

Zµk :=

Nk
T∑

m=1

µk(t
k
m).

(4.17)
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Second, we have double-indexed sums

SΥijk,ll′ :=

N i
T∑

m=$(i,j)

κ(j,i,m)∑
n=1

Υijk,ll′(T − tim, tim − tjn)Iki(ξim)Ikj(ξjn),

Sφkj,l′ :=

Nk
T∑

m=$(k,j)

κ(j,k,m)∑
n=1

φkj,l′(t
k
m − tjn)Ikj(ξjn).

(4.18)

Therefore, the k-th partial LSE satisfies

R(k)
T (θk) =

2

T

d∑
i=1

rki∑
l=1

ZKki,l
+

1

T

d∑
i=1

rki∑
l=1

rki∑
l′=1

ZΥiik,ll′ −
2

T
Zµk +Mk(T )

+
2

T

d∑
i=1

d∑
j=1

rki∑
l=1

rkj∑
l′=1

SΥijk,ll′ −
2

T

d∑
j=1

rkj∑
l′=1

Sφkj,l′ .

(4.19)

The only negative terms in the expression of the partial LSE are − 2
T

∑d
j=1

∑rkj
l′=1 Sφkj,l′ and

− 2
T Zµk . Each sum term is positive and minimized for null kernels, impact functions and

baselines. Fix event types i, j ∈ [d] with i 6= j; the double-indexed sums
(
SΥijk,ll′

)
ll′

allow
the coupling between the kernels φki and φkj , and the impact functions Iki and Ikj . The
single-indexed sums

(
ZKki,l

)
l∈[rki]

allow the coupling between the baseline µk, the kernel
φki, and the impact function Iki.

Complexity The brute force computation of each of the double sums SΥijk,ll′ and Sφkj,l′
has quadratic time complexity in the number of events. To compute SΥijk,ll′ , at each event
index m ∈ J$(i, j), N i

T K, we need to evaluate the functions Υijk,ll′ and Ikj on the κ(j, i,m)

events of type j anterior to tim. A crude inequality1 for κ(j, i,m) is κ(j, i,m) ≤ N j
T . Hence

the inequality
N i

T∑
m=$(i,j)

κ(j, i,m) ≤ N i
TN

j
T . (4.20)

Therefore, computing SΥijk,ll′ has time complexity O(N i
TN

j
T ). The computation of any of

the single sums ZKki,l
, ZΥiik,ll′ , or Zµk has time complexity O(N i

T ). If the number of basis
functions is the same for all kernels, that is, rki = r for all event types k, i ∈ [d], and the
number of observed events is of the same order of magnitude across dimensions, then the
exact brute force evaluation of the LSE has time complexity O(d2r2(Nk

T )
2), like for the log-

likelihood. The quadratic multiplicative factor d2r2 is the total number of basis functions
in the model. Overcoming this curse of dimensionality is beyond the scope of this work and
remains an open question in the literature of Hawkes processes that prohibits the estimation

1This bound is attained in the worst case where all the events of type j precede the first event of type i.
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of Hawkes models for large networks without significant simplifying assumptions. Instead,
we focus on reducing the quadratic dependence in the number of events (Nk

T )
2 by efficiently

approximating the double and single sums.

4.4 LSE gradient estimator

Next, for parameters θk ∈ Θk, we construct an unbiased estimator of the gradient∇R(k)
T (θk)

of the partial LSE, which we use as an input to our optimization. To do this, we use variance
reduction techniques to construct an efficient unbiased estimator using the additive structure
of Equation (4.16). In particular, we use stratified MC sampling for the single sums from
before; and for the double sums, we propose an adaptive stratified MC sampling scheme
with a carefully chosen stratification space: that of lags between event indices. We use an
adaptive scheme to allow the algorithm to learn to target lags with the highest impact.

4.4.1 Monte Carlo approximation problem

We first provide some notation to deal with the different types of sums involved in Theo-
rem 4.3.1. For the rest of this section, fix event types i, j ∈ [d], and mixture indices l ∈ [rki]

and l′ ∈ [rkj ]. For some domain E consider a function fθk : E → [0,+∞) parameterized by
θk. Let ES ⊂ E be finite, with NS := |ES |, and consider the generic problem of estimating

ST (θk) :=
∑
x∈ES

fθk(x).

In our problem, we need to address the following configurations:

1. The single sums

• Kernel correlation ZΥiik,ll′ ; corresponds to ES =
{(
T − tim, ξim

)
: m ∈ [N i

T ]
}
, and

fθk(x) = Υiik,ll′(T − tim, 0)I2ki(ξim) for all x ∈ ES .

• Kernel-baseline correlation ZKki,l
; where ES =

{(
T − tim, tim, ξim

)
: m ∈ [N i

T ]
}
, and

fθk(x) = Kki,l(T − tim, tim)Iki(ξim) for all x ∈ ES .

• Baseline term Zµk ; corresponds to ES =
{
tkm : m ∈ [Nk

T ]
}
, and fθk(x) = µk(t

k
m) for

all x ∈ ES . In the MHP case, this sum simplifies to 1
T Zµk = ηkTµk, so we compute it

exactly.

2. The double sums

• Kernel term Sφkj,l′ ; corresponds to ES = BjT , where

BjT :=
{(
tkm − tjn, ξjn

)
: m ∈ J$(k, j), Nk

T K, n ∈ [κ(j, k,m)]
}
, (4.21)

and fθk(x) = φkj,l′
(
tkm − t

j
n

)
Ikj
(
ξjn
)
for all x ∈ ES .
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•Kernel correlation SΥijk,ll′ ; corresponds to ES = B̃ijT where

B̃ijT :=
{(
T − tim, tim − tjn, ξim, ξjn

)
: m ∈ J$(i, j), N i

T K, n ∈ [κ(j, i,m)]
}
, (4.22)

and fθk(x) = Υijk,ll′
(
T − tim, tim − t

j
n

)
Iki
(
ξim
)
Ikj
(
ξjn
)
for all x ∈ ES .

The vanilla MC approach to this problem is to uniformly sample NMC < NS elements of
ES , denoted by EMC , and to consider the unbiased estimator

ŜT (θk) :=
NS

NMC

∑
x∈EMC

fθk(x).

In practice, only mild variations of this approach are needed to achieve satisfactory MC
estimation of the single sums, even in the case of a nearly critical Hawkes model (see
Section 5.1). However, the estimation of the double sums is significantly more challenging
and, in practice, vanilla MC is too imprecise for our problem because it does not capture
the variations of fθk on the domain ES . For this reason, we develop a stratified sampling
approach.

4.4.2 Estimating the single sums

First, note that in all the single-indexed sums described above, there exists an event type
i ∈ [d] such that |ES | = N i

T . Therefore, for parameter values θk, we summarize the single-
indexed sum estimation problems above as the estimation of

ZT (θk) =

N i
T∑

m=1

fθk(xm),

for a real-valued function fθk , and where ES = (xm)m∈[N i
T ]. Fix nmax ∈ N and consider a

fixed increasing sequence of integers b0 < b1 < · · · < bnmax , with b0 := 1 and bnmax < N i
T .

The integer intervals Jbp, bp+1 − 1K are the strata of a stratified MC estimator of

bnmax−1∑
m=1

fθk(xm).

Define an unbiased estimator of ZT (θk) by

ẐT (θk) :=

nmax−1∑
p=1

bp+1 − bp
qp

Zp +

N i
T∑

m=bnmax

fθkxm), (4.23)

where for each p, we sample uniformly qp integers (m
(p)
1 , . . . ,m

(p)
qp ) in the integer interval

Jbp, bp+1 − 1K without replacement and define

Zp :=

qp∑
l=1

fθk(xm
(p)
l

). (4.24)
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We do not set bnmax = N i
T because, even for a stable Hawkes model, there are values of m

such that tim ∼ T , and these values may contribute significantly to the sum. We summarize
this procedure in Algorithm 1.

Algorithm 1: Estimation of a single sum
Result: Estimator ẐT (θk)
Initialize ẐT (θk) =

∑N i
T

m=bnmax
fθk(xm);

for p in [nmax−1] do
Sample qp integers (m(p)

1 , . . . ,m
(p)
qp );

Use (4.24) to compute Zp ;
Increment ẐT (θk) by bp+1−bp

qp
Zp;

end
We base the construction of this estimator on the following heuristics. First, note that

the sequences m 7→ ψki,l(T − tim) and m 7→ Υiik,ll(T − tim, 0) are decreasing. Second,
qualitatively, we expect tim � T for a stable process, except for the largest values of index
m. Finally, we expect the variance of fθk(T−tim) to increase withm. The hyper-parameters
of this estimator are the bounds of the strata, bp, and the number of points sampled in the
strata, qp. In our numerical experiments, we choose the index bnmax such that N i

T − bnmax ∼
103. One can imagine schemes where bnmax is chosen adaptively, but our experiments
suggested this was not useful in practice. Given bnmax , we choose bnmax−1 = bnmax − δ

where δ ∈ N is a hyper-parameter, and choose the other bounds (bp), such that bp+1− bp ∼
(bp+2− bp+1)

2 for the sums ZKki,l
and ZΥiik,ll′ . For the sum Zµk , we choose a uniform grid,

that is, bp+1 − bp is constant.

4.4.3 Estimating the double sums

For model parameters θk ∈ Θk, we now consider the estimation of the double-indexed sums
ST (θk) above, corresponding to the terms

N i
T∑

m=$(i,j)

κ(j,i,m)∑
n=1

Υijk(T−tim, tim−tjn)Iki
(
ξim
)
Ikj
(
ξjn
)
,

Nk
T∑

m=$(k,j)

κ(j,k,m)∑
n=1

φkj(t
k
m−tjn)Ikj

(
ξjn
)
,

which appear in Theorem 4.3.1. Section 4.4.3.1 outlines the structure of our estimator, and
Section 4.4.3.2 gives a detailed description of our adaptive stratification.

4.4.3.1 Estimator structure

The key idea is to sample pairs of points, by stratifying over the index differences between
events – that is, we group pairs of points by the number of events between them, and sample
from these groups. For each training step, we update the number of points sampled from
each stratum adaptively, in order to reduce variance. Approaches similar to those used to
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estimate the single sums fail because of the larger number of terms in these sums, many
of which make very small contributions, leading to a high variance in a simple estimation.
Ideally, one could use stratified sampling of the data by time differences tim − t

j
n to reduce

the variance of the estimator Ŝ(θk). However, constructing strata based directly on the
time differences would require pre-computation of the density of time differences, which is
computationally expensive, both in time and memory. Instead, stratified sampling by index
differences acts as a proxy for time differences, which is significantly faster and memory
efficient; in particular we do not need to store any additional data beyond strata definition.

Sadly, working with this stratification, with multiple types of events, requires somewhat
convoluted notation, which we now present. For event indices m,n such that tjn < tim, the
difference κ(j, i,m)−n is the number of events of type j in the interval (tjn, tim). We refer to
the quantity h = κ(j, i,m)−n+1 as the lag between indicesm,n. For lags h ∈ [κ(j, i,N i

T )] ,
define the sets of event times with a given lag in their indices

Bj,hT := {tkm − tjn : m ∈ J$(k, j), Nk
T K, n = κ(j, k,m)− h+ 1},

B̃ij,hT := {(T − tim, tim − tjn) : m ∈ J$(i, j), N i
T K, n = κ(j, i,m)− h+ 1}.

For each element of the set Bj,hT (resp. B̃ij,hT ), the pair (m,n) is such that tjn is the h-th to
last jump of type j before tim (resp. tkm). Let E ij,hT denote Bj,hT or B̃ij,hT as appropriate for
the sum under consideration. Define

ShT (θk) :=
∑

x∈Eij,h
T

fθk(x), hence ST (θk) =

κ(j,i,N i
T )∑

h=1

ShT (θk).

The sets (E ij,hT )h form a partition of E ijT of size κ(j, i,N i
T ), which is typically still too large

to use as a stratification.2 Our heuristic for this estimator is to first note that

lim
t→∞

φki(t) = 0 and lim
s→∞

Υijk(t, s) = 0.

We expect the contribution of ShT (θk) to ST (θk) to decrease after a certain lag hmax, because
the sequence (min E ij,hT )h is strictly decreasing. Hence, we focus on the estimation of

Smax
T (θk) :=

hmax∑
h=1

ShT (θk)

separately from the estimation of the remainder

Srest
T (θk) :=

κ(j,i,N i
T )∑

h=hmax+1

ShT (θk).

2For example, one can think of the case j = i, where κ(j, i,N i
T ) = N i

T − 1.
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Our estimation approach is to use an adaptive stratified sampling for Smax
T (θk), hence we

refer to the set of lags [hmax] as the adaptive domain; and a classic stratified sampling
approach for the remainder Srest

T (θk), hence we refer to the set of lags Jhmax+1, κ(j, i,N i
T )K

as the non-adaptive domain. Therefore, we focus our presentation on the estimation of
Smax
T (θk). First, we group several index lag sets to reduce the number of strata in the

adaptive domain [hmax]. Formally, let nB ∈ N∗. Consider a partition B = (b1, . . . , bnB) of
[hmax] . By abuse of notation, for all strata b ∈ B take the disjoint union and sum

E ij,bT :=
⋃
·

h∈b
E ij,hT , Sb

T (θk) :=
∑
h∈b

ShT (θk).

Figure 4.1 illustrates the construction of this stratification in the case i = j. Now that we

2 N i
T

1

N i
T − 1

b1
b2
b3
b4

b5

m (index of events of type i)

n
(in

de
x
of

ev
en
ts

of
ty
pe

j)

Figure 4.1: Illustration of our stratification.
Here i = j and N i

T = 20. Black points are the points (m,n) such that 1 ≤ n < m ≤ N i
T . Dashed

green lines are the lines of equation m − n = h for h ∈ [N i
T − 1]. With hmax = 9, the blue

(respectively red) domain contains all the points (m,n) such that m − n ≤ hmax (respectively
m − n > hmax). In this example, we consider 3 (respectively 2) strata in the blue (respectively
red) domain, (b1, b2, b3) (respectively (b4, b5)), delimited by solid blue (respectively red) lines.
The MC estimator on the blue domain is constructed adaptively, whereas it is non-adaptive in
the red domain.

have define our strata, we explicit our MC estimator, given a number of points to sample.
For each stratum index p ∈ [nB], sample q(p) points (xbp1 , . . . , x

bp
q(p)

) uniformly and without
replacement from the stratum E ij,bpT , and define an unbiased estimator of Sbp

T (θk)

Ŝ
bp,q(p)

T (θk) =
|E ij,bT |
q(p)

q(p)∑
m=1

fθk(x
bp
m ). (4.25)

Fix in advance the total number Q of points we want to sample across all strata Q :=∑nB
p=1 q

(p). Let q := (q(1), . . . , q(nB)) denote the absolute allocation vector. For each stratum
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index p ∈ [nB] , define the relative allocation q̃(p) := q(p)/Q, and write q̃ = (q̃(1), . . . , q̃(nB)).
An unbiased estimator of Smax

T (θk) is

Ŝq
T (θk) =

nB∑
p=1

Ŝ
bp,q(p)

T (θk). (4.26)

In practice, one could fix q a priori, and choose hmax of order 30 to 50, for example. We
see in Chapter 5 that this leads to satisfactory results in a variety of cases, particularly
for monotonically decaying kernels. However, for general kernels, this approach is not
sufficiently robust; we instead adaptively determine the allocation of sampled points per
stratum in Section 4.4.3.2.

As in the single sum case, use a standard stratified MC approach with a fixed allocation
to estimate the remainder Srest

T (θk) defined above. Denote the estimator of the remainder
by Ŝrest

T (θk), and the estimator of the sum ST (θk) by

ŜT (θk) = Ŝq
T (θk) + Ŝrest

T (θk). (4.27)

This procedure is summarized in Algorithm 2, and relies on the discussion of adaptive
sampling in Section 4.4.3.2.

Algorithm 2: Estimation of a double sum
Result: Estimator ŜT (θk)
Initialize q̃

(0)
∗ (θk);

for s in [nK ] do
for p in [nB] do

Set ∆qbps = q̃
bp,(s−1)
∗ (θk)(nB +∆Qs);

Sample without replacement ∆qbps points (xbpm )m in E ij,bpT ;
Use (4.31) to compute Ŝbp,(∆s)

T (θk) and σ̂
bp,(∆s)
T (θk)

2 ;
Use (4.33) to compute Ŝbp,(s)

T (θk) and σ̂
bp,(s)
T (θk)

2 ;
end

end
Use (4.35) to compute Ŝrest

T (θk) ;
Use (4.27) to compute ŜT (θk) ;

4.4.3.2 Adaptive stratification

Allocation criterion For a given number of sample points Q, we build an adaptive strat-
egy to allocate our points between the nB strata of the adaptive domain B = (b1, . . . , bnB).
Recall that q is the vector of numbers of points allocated per stratum, that we call the
absolute allocation; and q̃ := (q(p)/Q)p∈[nB ] is the relative allocation. A naive allocation
criterion is to minimize the variance of Ŝq

T (θk), the estimator of Smax
T (θk). For each stratum
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index p ∈ [nB], define the total standard deviation in a stratum bp by

σ
bp
T (θk) :=

√√√√√ 1

|E ij,bpT |

∑
x∈Eij,bp

T

f2θk(x)−
1

|E ij,bpT |2

( ∑
x∈Eij,bp

T

fθk(x)

)2

.

The variance of the estimator Ŝq
T (θk), accounting for sampling without replacement, is

Var
[
Ŝq
T (θk)

]
=

nB∑
p=1

|E ij,bpT |2

qp

(
1− qp − 1

|E ij,bpT | − 1

)
σ
bp
T (θk)

2,

=
1

Q

nB∑
p=1

|E ij,bpT |3

(|E ij,bpT | − 1)q̃p
σ
bp
T (θk)

2 −
nB∑
p=1

|E ij,bpT |2

|E ij,bpT | − 1
σ
bp
T (θk)

2.

(4.28)

Use Jensen’s inequality to write

Var
[
Ŝq
T (θk)

]
≥ 1

Q

(
nB∑
p=1

|E ij,bpT |

√√√√ |E ij,bpT |
|E ij,bpT | − 1

σ
bp
T (θk)

)2

−
nB∑
p=1

|E ij,bpT |2

|E ij,bpT | − 1
σ
bp
T (θk)

2. (4.29)

For each stratum index p ∈ [nB], define

q̃p∗(θk) :=

√
|Eij,bp

T |
|Eij,bp

T |−1
σ
bp
T (θk)

∑nB
p′=1

√
|E

ij,bp′
T |

|E
ij,bp′
T |−1

σ
bp′
T (θk)

, (4.30)

and let q̃∗(θk) =

(
q̃1∗(θk), . . . , q̃

nB
∗ (θk)

)
. The inequality in (4.29) is tight, and this lower

bound is attained for q̃ = q̃∗(θk). Therefore, given a total number of sample points Q,
the relative allocation q̃ = q̃∗(θk) minimizes the variance of the estimator Ŝq

T (θk), and
we refer to it as the optimal allocation. The computation of the optimal allocation q̃∗(θk)

is expensive, because the computation of the vector of variances
(
σ
bp
T (θk)

)
p
has quadratic

worst-case complexity. In Section 5.1, we discuss cases where it is not necessary to choose
q̃ = q̃∗(θk) for the estimation procedure to converge, notably for some decreasing kernels.
But for general kernels, setting an arbitrary allocation q̃ does not lead to satisfactory
estimates in practice, this is why we propose an adaptive estimator of the optimal allocation
q̃∗(θk) below.

Efficient adaptive estimation of the optimal allocation We slightly modify the work
of Etoré and Jourdain [34] on adaptive stratified MC sampling to the case of simple random
sampling without replacement. Fix θk and an initial allocation guess q̃

(0)
∗ (θk). Let nK

denote the number of iterations used to estimate q̃∗(θk), and Q the total number of points
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that we sample in this procedure. Fix (∆Qs)s∈[nK ] such that at each step s ∈ [nK ] we
sample Qs := nB +∆Qs points. Denote the points sampled in stratum b at step s by

∆qbs := 1 + δqbs ,

so that we sample at least one point in each stratum at each step k. Denote by qbs :=∑s
s′=1∆q

b
s′ the total number of points sampled in stratum E ij,bT up to and including step s.

Begin the procedure with an initial guess of the optimal allocation q̃
(0)
∗ (θk). For all p ∈

[nB] , denote by Ŝ
bp,(s)
T (θk), σ̂

bp,(s)
T (θk), and q̃

(s)
∗ (θk), our estimates constructed inductively,

based on all the samples up to step s inclusive. At step s, for all p, compute

∆q
bp
s = q̃

bp,(s−1)
∗ (θk)(nB +∆Qs).

Next, for all p, sample without replacement ∆qbps points (xbpm )m in E ij,bpT , and obtain

Ŝ
bp
T (θk) = Ŝ

bp,(nB)
T (θk),

q̂
bp
∗ (θk) = q̂

bp,(nB)
∗ (θk),

σ̂
bp
T (θk)

2 = σ̂
bp,(∆s)
T (θk)

2.

In some cases, using a fixed, preset allocation q̃ is sufficient to get satisfactory numer-
ical results. In particular, for decaying kernels, we note that the sequence

(
ShT (θk)

)
h
is

decreasing with the lag h. For a sufficiently fine stratification, a monotonically decaying
allocation leads to good results. This is not the case for more general kernels, hence the
importance of constructing an adaptive estimator q̂∗(θk) of the optimal allocation q̃∗(θk)

without increasing significantly the complexity of the procedure.
At each step s, compute the sample mean and sample variance of the corresponding

batches

Ŝ
bp,(∆s)
T (θk) =

|E ij,bpT |
∆q

bp
s

∆q
bp
s∑

m=1

fθk(x
bp
m ), (4.31)

σ̂
bp,(∆s)
T (θk)

2 =
|E ij,bpT | − 1

|E ij,bpT |
1

∆q
bp
s − 1

∆q
bp
s∑

m=1

(
fθk(x

bp
m )− Ŝbp,(∆s)

T (θk)

)2

. (4.32)

To avoid unnecessary computations, update the running estimates in batches with

Ŝ
bp,(s)
T (θk) =

q
bp
s−1

q
bp
s

Ŝ
bp,(s−1)
T (θk) +

∆q
bp
s

q
bp
s

Ŝ
bp,(∆s)
T (θk), (4.33)

σ̂
bp,(s)
T (θk)

2 =
q
bp
s−1 − 1

q
bp
s − 1

σ̂
bp,(s−1)
T (θk)

2 +
∆q

bp
s

q
bp
s − 1

σ̂
bp,(∆s)
T (θk)

2

+
|E ij,bpT | − 1

|E ij,bpT |
q
bp
s−1∆q

bp
s

(q
bp
s − 1)q

bp
s

(
Ŝ
bp,(s−1)
T (θk)− Ŝ

bp,(∆s)
T (θk)

)2

.

(4.34)
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Sensitivity of the optimal allocation to parameters Note that for an SBF Hawkes
model such that each kernel φij is represented by only one basis function; i.e. only one
corresponding parameter ωij > 0, we have ∇q̃∗(θk) = 0. In the general case though, the
optimal allocation q̃∗(θk) depends on model parameters θk, which constitutes an addi-
tional estimation challenge. Consider a gradient-based optimization procedure; after t ∈ N∗

gradient iterations of this procedure we have computed a sequence of parameters(
θ
(1)
k , . . . ,θ

(t)
k ,θ

(t+1)
k

)
,

and estimates for the corresponding optimal allocations

q̃∗

(
θ
(1)
k

)
, . . . , q̃∗

(
θ
(t)
k

)
.

As discussed above, we need an initial guess to estimate the partial LSE gradient evaluated
in θ

(t+1)
k . To this effect, we use an exponential moving average to get a heuristic for

q̂∗

(
θ
(t+1)
k

)
, the optimal allocation at t+1; using the previous optimal allocation estimates.

Formally, denote by w > 0 the EMA weight, fixed at the beginning of the procedure, and
write

q̃(0)∗

(
θ
(t+1)
k

)
= w · q̃∗

(
θ
(t)
k

)
+ (1− w) · q̃∗

(
θ
(t−1)
k

)
.

Estimation of the remainder Srest
T (θk) As in the single sum case, use a standard

stratified MC approach with a fixed allocation to estimate the remainder

Srest
T (θk) :=

κ(j,i,N i
T )∑

h=hmax+1

ShT (θk).

Let nR ∈ N∗ denote the number of strata we use for this estimation, and consider a partition
B′ = (b′1, . . . , b

′
nR

) of Jhmax +1, κ(j, i,N i
T )K. Sample qp points (x

b′p
1 , . . . , x

b′p
qp ) uniformly and

without replacement from E ij,b
′
p

T for all p ∈ [nR] . Fix in advance the number of sample
points per stratum, which we denote by q = (q1, . . . , qp). Next, use the unbiased estimator
of Srest

T (θk) defined by

ŜrestT (θk) =

nR∑
p=1

|b′p|
qp

qp∑
n=1

fθk(x
b′p
qp ). (4.35)

4.4.4 Summary of the gradient estimator

We use the sum estimators constructed above to define the gradient estimate G(k)
T (θk). For

all i ∈ [d], denote the sum estimates by

• Ŝψ,ki,T (θk) the estimator of
∑N i

T
m=1 ψki(T − tim),

• ŜΥ,ik,T (θk) the estimator of
∑N i

T
m=1Υiik(T − tim),
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• Ŝφ,kj,T (θk) the estimator of
∑Nk

T

m=$(k,j)

∑κ(j,k,m)
n=1 φkj(t

k
m − t

j
n),

• ŜΥ,ijk,T (θk) the estimator of
∑N i

T

m=$(i,j)

∑κ(j,i,m)
n=1 Υijk(T − tim, tim − t

j
n).

We denote by G(k)
T |µk the µk component of G(k)

T (the estimator of the partial derivative of
the partial LSE R(k)

T with respect to µk), defined by

G(k)
T |µk(θk) = 2

(
µk − ηkT +

1

T

d∑
i=1

Ŝψ,ki,T (θk)

)
. (4.36)

For p ∈ [d] and l ∈ [ ρij ] , let ϑkpl be the l-th parameter of φkp. Denote by G(k)
T |ϑkpl the

ϑkpl component of G(k)
T (the estimator of the partial derivative of the partial LSE R(k)

T with
respect to ϑkpl) defined by

G(k)
T |ϑkpl(θk) =

2

T

d∑
i=1,i 6=p

∂ŜΥ,ipk,T
∂ϑkpl

+
∂ŜΥ,pik,T
∂ϑkpl

+
2

T

∂ŜΥ,ppk,T
∂ϑkpl

− 2

T

∂Ŝφ,kp,T
∂ϑkpl

+
2µk
T

∂Ŝψ,kp,T
∂ϑkpl

+
1

T

∂ŜΥ,pk,T
∂ϑkpl

.

(4.37)

Our method can easily be extended to include regularization terms, for example to encourage
sparsity. To give a concise expression for the complexity in time of the computation of the
estimate G(k)

T (θk), suppose that

• the number of parameters per kernel is constant; i.e. there exists ρ ∈ N such that ρij = ρ

for all i, j ∈ [d],

• the total sample size for the estimation of each single sum is constant, denoted Q(1),

• the total sample size for the estimation of each double sum is constant, denoted Q(2).

Under these assumptions, the complexity in time of the computation of a gradient estimate
is roughly of order O(ρd2Q(2) + ρdQ(1)).

4.4.5 Approximating model functionals

Computing the gradient estimator requires to evaluate the functionals Υ and K. For some
specific parametric classes of kernels and baselines, there exists simple closed-form expres-
sions for these functionals. However, for several other parametric classes, the integrals
defining these functions are either not solvable analytically, or involve special functions
which evaluation can be computationally expensive. For instance, if two kernels are power
laws (see Section 4.6), the integral defining their cross-correlation Υ is

Υ(t, s) =

∫ t

0

αpαqβpβq
(1 + βpu)1+αp(1 + βq(u+ s))1+αq

du. (4.38)
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This integral does not admit an analytical solution for general parameter values, except for
integer decay rates αp and αq. If two kernels are Rayleigh, their cross correlation Υ is

Υ̃(t, s) =
2π

β̃
fN (s̃)

[
b21s̃fN (a1s̃)− b22x̃2fN (a1x̃1) + b1b2(1− s̃2)

(
FN (a1x̃1)− FN (a1s̃)

)]
,

(4.39)
where (ai)i∈[2], (bi)i∈[2], and β̃ depend on β, β?, and (x̃i)i∈[2] and s̃ also depend on the lags
t, s. The derivatives of this expression with respect to β and β? are particularly lengthy
and require evaluations of the normal PDF fN and the normal CDF FN which in general
cannot be cached. Finally, if a kernels is in the Gamma family and a baselines is constant,
the integral defining their correlation K is

K(t, s) = µ

∫ t

0
βαl
l

uαl−1e−βlu

Γ(αl)
du, (4.40)

and it does not admit an analytical solution. In this subsection, we propose an alternative
solution to approximate the functionals Υ and K, in order to get rid of this requirement.
This solution consists in estimating these functionals using a one-shot MC estimator.

CDF Fix event types i, j ∈ [ d], a mixture index l ∈ [ rki], and a kernel density parameter
index p ∈ [ r̃ij ].

Proposition 4.4.1 (MC approximation of ψ). For lags t ≥ 0, the primitive ψij,l verifies

ψij,l(t) = ωijlEτ∼φ̃ij,l
[
1[0,t](τ)

]
(4.41)

and the partial derivatives of ψij,l with respect to model parameters verify

∂ψij,l
∂ωijl

(t) = Eτ∼φ̃ij,l
[
1[0,t](τ)

]
,

∂ψij,l

∂θ̃ijlp
(t) = ωijlEτ∼φ̃ij,l

[
1[0,t](τ)

∂ log(φ̃ij,l)
∂θijlp

(τ)

]
.

(4.42)

We give a proof of this result in Appendix A.3.2.

Kernel cross-correlation Fix event types i, j, k ∈ [ d], mixture indices l ∈ [ rki] and
l′ ∈ [ rkj ], and kernel density parameter indices p ∈ [ r̃ki] and q ∈ [ r̃kj ].

Proposition 4.4.2 (MC approximation of Υ). For lags t, s ≥ 0, the kernel correlation
Υijk,ll′ verifies

Υijk,ll′(t, s) = ωkilωkjl′Eτ∼φ̃ki,l
[
1[0,t](τ)φ̃kj,l′(τ + s)

]
. (4.43)
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If (i, l) = (j, l′), the partial derivatives of Υiik,ll with respect to model parameters verify

∂Υiik,ll

∂ωkil
(t, s) = 2ωkilEτ∼φ̃ki,l

[
1[0,t](τ)φ̃ki,l(τ + s)

]
,

∂Υiik,ll

∂θ̃kilp
(t, s) = ω2

kilEτ∼φ̃ki,l

[
1[0,t](τ)

(
∂ log φ̃ki,l
∂θ̃kilp

(τ)φ̃ki,l(τ + s) +
∂φ̃ki,l

∂θ̃kilp
(τ + s)

)]
.

(4.44)

If (i, l) 6= (j, l′), the partial derivatives of the Υijk,ll′ with respect to model parameters verify

∂Υijk,ll′

∂ωkil
(t, s) = ωkjl′Eτ∼φ̃kil

[
1[0,t](τ)φ̃kjl′(τ + s)

]
,

∂Υijk,ll′

∂θ̃kilp
(t, s) = ωkilωkjl′Eτ∼φ̃kil

[
1[0,t](τ)

∂ log φ̃kil
∂θ̃kilp

(τ)φ̃kjl′(τ + s)

]
,

∂Υijk,ll′

∂ωkjl′
(t, s) = ωkilEτ∼φ̃kil

[
1[0,t](τ)φ̃kjl′(τ + s)

]
,

∂Υijk,ll′

∂θ̃kjl′q
(t, s) = ωkilωkjl′Eτ∼φ̃kil

[
1[0,t](τ)

∂φ̃kjl′

∂θ̃kjl′q
(τ + s)

]
.

(4.45)

We give a proof of this result in Appendix A.3.2.

Kernel–baseline cross-correlation As discussed previously, the separation of time vari-
ation scales between kernel densities and baseline functions is an important modelling con-
straint. For a fixed kernel φ, different classes of baselines µ lead to very different kernel–
baseline cross-correlations K. There are some classes of baselines for which we can get
closed-form expressions of K without further assumptions on φ. For instance, if µ is piece-
wise constant (see notation in Section 2.4.2), then for all lags t, s ≥ 0, the baseline-kernel
correlation K is

K(t, s) = 1{g(s)=g(t+s)}bg(s)ψ(t)

+ 1{g(s)<g(t+s)}

(
bg(s)ψ

(
βg(s)+1 − s

)
+ bg(t+s)

(
ψ(t)− ψ

(
βg(t+s)

))
+

g(t+s)−1∑
j=g(s)+1

bj(ψ(βj+1 − s)− ψ(βj − s))
)
,

(4.46)

which depends on the primitive ψ. If µ is linear (see notation in Section 2.4.4), then

K(t, s) = µ(t+ s)ψ(t)− a
∫ t

0
ψ(u)du. (4.47)

In this case, K depends on the primitive of ψ, for which there is not necessarily a closed form
expression. Therefore, to simplify the use of the ASLSD procedure with general baselines
and kernels without further assumptions, we propose an MC approximation of K and its
derivatives. Fix event types i, k ∈ [ d], a mixture index l ∈ [rki], a kernel density parameter
index p ∈ [ r̃ki], and a baseline parameter index q ∈ [ r

(µ)
k ].
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Proposition 4.4.3 (MC approximation of the baseline-kernel correlation K). For lags
t, s ≥ 0, the baseline-kernel correlation K verifies

Kki,l(t, s) = ωkilEτ∼φ̃ki,l
[
1[0,t](τ)µk(τ + s)

]
, (4.48)

the partial derivatives of Kki,l with respect to kernel parameters verify

∂Kki,l

∂ωkil
(t, s) = Eτ∼φ̃kil

[
1[0,t](τ)µk(τ + s)

]
,

∂Kki,l

∂θ̃kilp
(t, s) = ωkilEτ∼φ̃kil

[
1[0,t](τ)

∂ log(φ̃kil)
∂θ̃kilp

(τ)µk(τ + s)

]
,

(4.49)

and the partial derivative of Kki,l with respect to baseline parameters verify

∂Kki,l

∂bkq
(t, s) = ωkilEτ∼φ̃kil

[
1[0,t](τ)

∂µk
∂bkq

(τ + s)

]
. (4.50)

We give a proof of this result in Appendix A.3.2.

Interpretation This property allows to re-interpret the LSE

Lemma 4.4.1. For parameters θk ∈ Θk, the partial LSE R(k)
T verifies

R(k)
T (θk) =

2

T

d∑
i=1

N i
T∑

m=1

(
Iki(ξim)ωkiEτ∼φ̃ki [1τ∈[0,T−tim]λk(t

i
m + τ | Ftim)] − λk(t

i
m)
)

+
1

T

d∑
i=1

N i
T∑

m=1

I2ki(ξim)ω2
kiEτ∼φ̃ki

[
1τ∈[0,T−tim]φ̃ki(τ)

]
+ EN(µ)∼µk

[ 1
T

∫ T

0
µk(t)dN

(µ)
t

]
.

(4.51)

We give a proof of this result in Appendix A.3.2. Taking a closer look at this expression,
fix an event type i ∈ [d] and an event index m ∈ [N i

T ]. Recall that the direct descendants of
type k of the event at tim, D

(k)
T,i,m,1, are i.i.d.and there random offsets τ from tim follow the

distribution φ̃ki. The number of direct descendants of type k follows a Poisson distribution
with parameter Iki(ξim)ωki. Therefore, we get

E

[ ∑
n∈D(k)

T,i,m,1

λk(t
k
n | Ftim)

∣∣Ftim
]
= Iki(ξim)ωkiEτ∼φ̃ki [1τ∈[0,T−tim]λk(t

i
m + τ | Ftim)] . (4.52)

Similarly, we re-write the term

E

[ ∑
n∈D(k)

T,i,m,1

Iki(ξim)ωkiφ̃ki(tkn − tim)
∣∣Ftim

]
= I2ki(ξim)ω2

kiEτ∼φ̃ki
[
1τ∈[0,T−tim]φ̃ki(τ)

]
. (4.53)

Finally, this implies the following re-formulation of the LSE.
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Corollary 4.4.1 (Re-formulating the LSE).

R(k)
T (θk) = 2

d∑
i=1

1

T

∫ T

0

(
E

[ ∑
n∈D(k)

T,i,Ni
t ,1

λk(t
k
n | Ft)

∣∣Ft]− λk(t)
)
dN i

t

+ EN(µ)∼µk

[ 1
T

∫ T

0
µk(t)dN

(µ)
t

]
+

d∑
i=1

1

T

∫ T

0
E

[ ∑
n∈D(k)

T,i,Ni
t ,1

Iki(ξiN i
t
)ωkiφ̃ki(t

k
n − t)

∣∣Ft]dN i
t .

(4.54)

The first term in this expression is the counting average of the variation of the conditional
intensity when simulating from the model

2
d∑
i=1

1

T

∫ T

0

(
E

[ ∑
n∈D(k)

T,i,Ni
t ,1

λk(t
k
n | Ft)

∣∣Ft]− λk(t)
)
dN i

t . (4.55)

The other 2 terms are L2 regularization terms.

4.5 The procedure

Initialize the parameter values at θ
(0)
k ∈ Θk. This starting value can be deterministic

or sampled using some heuristics; we discuss this in more detail in Section 4.5.1. We
then construct iteratively a sequence of parameter estimates

(
θ
(t)
k

)
t≥1

with updates of the
general form

θ
(t+1)
k := projΘk

(
θ
(t)
k +∆θ

(t)
k

)
. (4.56)

The function projΘk
is the projection operator on the space of parameters Θk. It ensures

that parameter estimates remain in the set of admissible parameter values. In Section 4.5.2,
we construct the update vector ∆θ

(t)
k using numerical schemes with demonstrated efficiency

in highly non-convex problems with large amounts of data, notably in the deep learning
literature. In most of these schemes, this update vector at a step t depends on the current
parameter values θ(t)k and the current gradient estimate, but also on functions of the sequence
of preceding parameters and gradient estimates up to step t. To reduce furthermore the
variance of the gradient estimates, we introduce a gradient clipping method. The algorithm
terminates after a fixed number of iterations niter, or using a convergence criterion.

4.5.1 Initialization

Iterative gradient methods require an initial guess of parameter values, and aim to initialize
parameter values as close as possible to the optimum to speed up convergence of the proce-
dure. Initialization may be deterministic, if the modeller can use domain knowledge or fit
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results from similar problems, but in general, we need to initialize parameters at random.
In this subsection, we discuss our random initialization heuristics, based on necessary con-
ditions on the LSE minimizer under some assumptions on the data generating process, and
the statistical challenges that arise to use these heuristics.

4.5.1.1 Initializing MHP models

First, we discuss random initialization of MHP models. If the training data is generated by
a stable (µ�,Φ�)-MHP. The stationarity characterization for MHP implies ρ(||Φ�||1) < 1,
and the LLN implies that there exists η? ∈ (0,+∞)d such that

η? = lim
t→+∞

ηt a.s., η? = (Id − ||Φ�||1)−1µ�. (4.57)

Of course, even under the hypothesis that the ground truth process is an MHP, the station-
ary regime intensity η? is not directly observed, as discussed in Section 3.1.1.2. We use an
estimator η̂? instead. Therefore, we expect a satisfactory adjacency matrix model ||Φ||1 to
verify the stability condition

ρ(||Φ||1) < 1, (4.58)

and the LLN condition
(Id − ||Φ||1)η̂? > 0. (4.59)

We then choose the baseline µ accordingly to the LLN

µ = (Id − ||Φ||1)η̂?. (4.60)

There exists different approaches to generate stable matrices with positive entries: for ex-
ample, using Girko’s circular law. However, these methods focus on generating eigenvectors
of the adjacency matrix. The modeller usually does not have a prior on the eigenvectors of
the adjacency matrix of the MHP model, but on the coefficients of this adjacency matrix.
For instance, depending on the system being modelled, the modeller may expect a symmet-
ric adjacency matrix. The modeller may also have a prior on the relative scales of different
L1 weights, and potentially the nullity of some coefficients: the modeller might believe that
the self-excitation in the system is negligible compared to the cross-excitation. This can
be the case in systems which exhibit mean-reverting properties, like in mid-price modelling
in finance, or in large systems which exhibit clustered behaviours and where the adjacency
matrix is believed to be sparse. However, there is no simple analytic characterization of the
stability condition and the LLN condition. Therefore, we rely on our analysis above from
Section 3.1.2 and Section 3.1.3.
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Uni-dimensional case Consider bounds a, b ∈ [0, 1] with a < b, such that we want the
initial guess of the L1 weight ω11 to satisfy ω11 ∈ (a, b). The bounds a, b are heuristics that
may be suggested by domain knowledge, or fit results from similar problems. As discussed in
Section 3.1.2, the LLN condition is automatically satisfied for stable uni-dimensional MHP
models. Therefore, the random initialization of feasible first order parameters (µ, ||Φ||1) is
particularly simple in this case.

Algorithm 3: Random initialization of first order parameters, d = 1

Data: An estimator η̂1? > 0, prior bounds (a, b) on ω11.
Result: First order feasible initial guess (µ1, ω11) ∈ FMHP(η̂

1
?).

Sample ω11 following a uniform distribution on [a, b];
µ1 ← (1− ω11)η̂

1
? .

Bi-dimensional case In the bi-dimensional case, it is not always possible to impose
bounds on all L1 weights ωij freely, that is, independently of the ratio η̂2?

η̂1?
. Therefore, we

choose to prioritise respecting bounds on the self-excitation L1 weights ωii. For event types
i ∈ [d], consider bounds aii, bii ∈ [0, 1] with aii < bii such that we want the initial guess of
self-excitation L1 weights ωii to satisfy ωii ∈ [aii, bii].

Algorithm 4: Random initialization of first order parameters, d = 2

Data: An estimator η̂? > 0, prior bounds (aij , bij) on ωij .
Result: First order feasible initial guess (µ1, ω11) ∈ FMHP(η̂

1
?).

r ← η̂2?
η̂1?
;

Sample ω11 following a uniform distribution on [a11, b11];
Sample ω12 following a uniform distribution on (0, 1−ω11

r );
Sample ω22 following a uniform distribution on [a22, b22];
Sample ω21 following a uniform distribution on (0, r(1− ω22));
µ← (Id − ||Φ||1)η̂? .

Bi-variate case If d ≥ 2, we do not have a general characterization of first order con-
ditions; unless the adjacency matrix follows the bi-variate model in Section 3.1.3.2. In
this case, the LLN condition is stronger than the stability condition, leading to a simple
algorithm.

Algorithm 5: Random initialization of first order parameters, bi-variate case
Data: An estimator η̂? > 0, prior bounds (aS , bS) ∈ [0, 1) on ωS .
Result: First order feasible initial guess (µ, ωS , ωC) ∈ FMHP(η̂?)

m(η̂?)←
mink∈[d] η̂

k
?∑d

i=1 η̂
i
?

;
Sample ωS following a uniform distribution on [aS , bS ];
Sample ωC following a uniform distribution on [0, m(η̂?)

1−m(η̂?)
(1− ωS)] ;

µ← (Id − ||Φ||1)η̂? .
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4.5.2 Parameter updates

Gradient clipping Despite the effort in variance reduction to construct of the unbiased
LSE gradient estimator, large deviations from the true gradient value can still occur. To
avoid these large deviations, we first clip the gradient estimate to an interval of admissible
values before proceeding to the parameter updates. Gradient clipping is a classic technique
in the deep learning literature, for example in Goodfellow et al. [41] (Section 8.2.4 and
10.11.1), or Zhang et al. [109]. First, define the clipping operator for vectors x,u,v of the
same length by

y = clip (x,u,v) , (4.61)

where the m-th component of the clipped vector has components

ym =


um if xm ≤ um,

xm if xm ∈ [um, vm],

vm otherwise.

(4.62)

To construct the clipped gradient estimate g
(t)
k at step t, our heuristic is to force the

absolute value of the components of the gradient estimate at step t to be less or equal than
the components a positive reference vector Ḡ

(t)
k . The reference Ḡ

(t)
k is a function of the

maximum of absolute gradients over a window of cwindow > 0 iterations. Formally, define
the reference

Ḡ
(t)
k := coff + ctol max

h∈[cwindow]

{∣∣∣g(t−h)
k

∣∣∣} . (4.63)

The hyper-parameter ctol ≥ 1 sets how much we can deviate from the maximum. If this
coefficient was smaller than 1, the dependence in the previous values would vanish. This
coefficient can be taken to be equal to 1, but we face the risk of mitigating too strongly the
gradients. Typically, we use ctol = 1.1. The hyper-parameter coff is a small positive offset.
This coefficient is here to avoid getting stuck in a situation where previous gradients are
null and not allowing large moves.

G
(t)
k := clip

(
G(k)
T ,−Ḡ(t)

k , Ḡ
(t)
k

)
. (4.64)

Schemes As discussed above, we define the parameters update vector ∆θ
(t)
k using stan-

dard schemes from the deep learning literature. Our only modification is a time varying
learning rate hyper-parameter t 7→ arate(t) > 0, because a constant learning rate does not
consistently lead to satisfactory results in our numerical experiments. Denote the element-
wise product between vectors or matrices by �. Denote the two moment hyper-parameters
by aM1 > 0 and aM2 > 0; and a last hyper-parameter aE > 0, which is used to avoid division
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by zero. Initialize g
(0)
1 = g

(0)
2 = 0, and consider a gradient step t ∈ N∗. We focus on three

numerical schemes.

• Momentum from Qian [86]; improves the vanilla SGD algorithm by incorporating a mo-
mentum term in order to use information from previous gradient updates to smooth
parameters trajectory. The associated update is

∆θ
(t)
k := −arate(t) ·G

(t)
k + aM1 ·∆θ

(t−1)
k . (4.65)

• RMSprop from Tieleman and Hinton [99]; is an adaptive learning rate method for each
parameters. The associated update is

g
(t)
2 := aM2 · g

(t−1)
2 + (1− aM2) ·G

(t)
k �G

(t)
k , (4.66)

∆θ
(t)
k := −arate(t) ·

G
(t)
k√

g
(t)
2 + aE

. (4.67)

• ADAM from Kingma and Ba [54]; combines the adaptive learning rate idea in RMSprop with
a more effective use of momentum. One can see RMSprop as a special case of ADAM with
aM1 = 0 (no momentum for the gradient term) and no debiasing step. The associated
update is

g
(t)
1 := aM1 · g

(t−1)
1 + (1− aM1) ·G

(t)
k , ḡ

(t)
1 =

1

1− atM1

· g(t)
1 , (4.68)

g
(t)
2 := aM2 · g

(t−1)
2 + (1− aM2) ·G

(t)
k �G

(t)
k , ḡ

(t)
2 :=

1

1− atM2

· g(t)
2 , (4.69)

∆θ
(t)
k := −arate(t) ·

ḡ
(t)
1√

ḡ
(t)
2 + aE

. (4.70)

In these schemes, the learning rates do not verify Robbins–Monro conditions (see Robbins
and Monro [92]). However, Défossez et al. [30] prove the convergence of ADAM with specific
hyper-parameter values, for smooth objectives with bounded gradients. These schemes do
not always perform well in the ASLSD method when using a constant learning rate arate.
Empirically, we get our most consistent results using an exponential learning rate: fix an
initial learning value arate(0) > 0, a number of steps before division asteps ∈ N∗, a coefficient
adiv ∈ N∗, and a minimal rate amin > 0; and consider

arate(t) := max
( arate(0)

a
bt/astepsc
div

, amin

)
. (4.71)

The hyper-parameter values that performed well in our numerical experiments are arate(0) =

10−1, asteps = 200, adiv = 2, and amin = 10−3.
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4.5.3 Comparison with other estimation methods

Table 4.1 summarizes some features of our algorithm in comparison with existing techniques.
The Algorithm column contains the reference of a given algorithm, and its name if it has
been named in the publication. Parametric specifies whether this is a parametric or non-
parametric method. Complexity is the time complexity of the algorithm to complete a
number of iterations niter, and using the notation of this work. This specific algorithmic
complexity does not take into account the fact that different estimation techniques can have
different convergence rates. However, for many of these techniques, including ours, there
are no theoretical results on convergence rates. Some algorithms consider a discretization
of the kernels, we denote by nres the resolution of this discretization. In case the algorithms
contain an inner loop, we denote its number of iterations by n′iter. We denote by nsamples the
number of observed sample paths of the MHP in case the method considers several sample
paths. Assumptions refers to the additional assumptions made on the MHP (SBF exp.

for an SBF MHP with exponential kernels, SBF uni. for an SBF MHP with r = 1 and a
unique basis function φ̃ij = φ̃, exp. for an MHP with exponential kernels). Type is either
the type of objective function used (LSE for Least Squares Error, LL for log-likelihood,
LL-EM for marginal likelihood in an EM framework) or MM in the case of the method of
moments. Regularization refers to the type of penalty used in the algorithm, if any. In
case no penalty is used in the paper, but could be incorporated to the method with mild
modifications, we write an asterisk.

4.6 Choosing kernel densities

4.6.1 Motivation

Our algorithm fits within the family of parametric and semi-parametric estimation algo-
rithms for Hawkes models. To the best of our knowledge, robust estimation of Hawkes
models and model error have not been extensively explored, and like any other parametric
or semi-parametric estimation algorithm, we leave certain modelling decisions to the user
based on their knowledge of the system being modeled. Recall that in this work, we consider
kernel functions φ : [0,+∞) → [0,+∞) such that φ :=

∑r
l=1 ωlφ̃l. We call the functions

φ̃l : [0,+∞)→ [0,+∞) kernel densities, with the normalisation condition
∫
[0,+∞) φ̃l = 1.

As discussed previously, first order properties of an MHP model are fully determined by
the constant baseline µ, and the adjacency matrix ||Φ||1. The kernels densities (φ̃ij)i,j∈[d]

control the distribution of offsets in the branching representation of Hawkes models, and
appear in second order statistics of the MHP. When using a parametric family of kernel
densities, like in any other statistical problem, not all parametric spaces of functions are
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Table 4.1: Comparison of the computational complexity of our algorithm ASLSD with state
of the art estimation of MHP. Our two baseline cases are denoted by SumExp and WH, both
here and in subsequent sections.
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capable of approximating all models in the space of data generating processes. In this case,
the choice of a relevant class of kernels depends, for example, on what level of smoothness
and structure is expected, whether kernels should be compactly supported, monotonically
decaying, or if kernels should exhibit a specific delayed structure. In practice, exploratory
analysis and out-of-sample verification may often be needed.

Notation To simplify notation, fix a kernel density φ̃. For lags τ ≥ 0, the CDF ψ̃ is

ψ̃(τ) :=

∫ τ

0
φ̃(u)du.

Fix a kernel density φ̃?, from the same parametric class as φ̃ or from a different one. For
lags τ, σ ≥ 0, the kernel correlation Υ̃ and the reversed kernel correlation Υ̃? are

Υ̃(τ, σ) :=

∫ τ

0
φ̃(u)φ̃?(u+ σ)du, Υ̃?(τ, σ) :=

∫ τ

0
φ̃?(u)φ̃(u+ σ)du.

Fix a time-dependent baseline function µ. For lags τ, σ ≥ 0, the baseline correlation func-
tional K̃ is

K̃(τ, σ) :=

∫ τ

0
φ̃(u)µ(u+ σ)du.

Numerical requirements Given a parametric family of kernels and baselines, which
functionals must be numerically evaluated so that the modeller can use the ASLSD algorithm?
For the estimation of a Hawkes model using the ASLSD method with the MC approximation
of functionals from Section 4.4.5, the modeller must be able to evaluate the kernel density
function φ̃ and its derivatives; the logarithm of the kernel function log φ̃ and its derivatives;
and simulate random variables with probability density φ̃. Without the MC approximation
of functionals, the modeller must be able to evaluate the kernel density function φ̃ and
its derivatives; evaluate the primitive of the kernel function ψ̃ and its derivatives for an
MHP model, or evaluate the kernel-baseline correlation function K̃ and its derivatives for
an MTLH model; and evaluate the kernel correlation function Υ̃ and its derivatives. We
summarize these requirements in Table 4.2. The study of further numerical approximations,
such as the approximation of derivatives by finite differences, or the approximation of the
logarithm of functions, is out of the scope of this work.

Functional Estimation (non-MC) Estimation (MC) Residuals

φ̃ 3 3 7

log φ̃ 7 3 7

K̃ 3 7 3

Υ̃ 3 7 7

Table 4.2: Requirements for Hawkes models
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Outline In this technical section, we discuss different parametric classes of kernel densities
φ̃ that we use in our numerical experiments (see Chapter 5) and in our models of Nasdaq
equities prices (see Part II). Section 4.6.2 gives results for the exponential kernel density,
and introduces RecExp, our estimation algorithm for MTLH with exponential kernels based
on the recursive exponential trick. Section 4.6.4 discusses power law and Rayleigh kernel
densities, two other classic examples. Section 4.6.3 gives results for four families of kernel
densities which are dense in the space of Hawkes kernels for the weak topology: uniform, tri-
angular, Gaussian, and Gamma kernels. These families are also suitable for semi-parametric
estimation approaches. Finally, Section 4.6.5 discusses delaying kernel densities.

4.6.2 Exponential kernels and Markovian models

Exponential kernels are the fundamental class of Hawkes models in the literature. We give
basic results for the standard exponential kernel, and discussion the estimation of MTLH
models with exponential kernels.

4.6.2.1 Exponential kernel

Definition 4.6.1 (Exponential kernel density). For lags τ ≥ 0, the exponential kernel
density is

φ̃(τ) := βe−βτ ,

and the parameter is the decay β ∈ (0,+∞).

Note that because of our normalisation constraint, our definition differs with some defi-
nitions of exponential kernels in the literature. The exponential kernel density degenerates
to the null kernel density for β → 0; and to the Dirac distribution in 0 for β → +∞.

Proposition 4.6.1 (Kernel density derivatives). For lags τ ≥ 0, the derivatives of log φ̃
with respect to model parameters are

∂ log φ̃
∂β

(τ) =
1

β
− τ.

We get the CDF associated to this kernel density below.

Proposition 4.6.2 (CDF). For lags τ ≥ 0, the exponential CDF is

ψ̃(τ) = 1− e−βτ , (4.72)

and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂β
(τ) = τe−βτ . (4.73)
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If U is a uniform random variable on [ 0, 1] , then the random offset τ̃ := − 1
β log(U) has

density φ̃. The moments of τ̃ are E[τ̃ ] = 1
β , and Var[τ̃ ] = 1

β2 . We now give closed-form
expressions for the kernel correlation functions of φ̃ with a kernel φ̃?. First, suppose φ̃? = φ̃.

Proposition 4.6.3 (Auto-correlation). For lags τ, σ ≥ 0, the auto-correlation of the expo-
nential kernel density is

Υ̃(τ, σ) =
β

2
e−βσ(1− e−2βτ ), (4.74)

and the derivatives of Υ̃ with respect to model parameters are

∂Υ̃

∂β
(τ, σ) :=

1

2
e−βσ

(
1− βσ + e−2βτ (β(2τ + σ)− 1)

)
. (4.75)

Note that for lags τ, σ ≥, Υ̃(τ, σ) ≤ β
2 e

−βσ. Furthermore, ∂Υ̃∂β (τ, 0) ≥ 0 and

∂Υ̃

∂β
(τ, 0) = 0 ⇐⇒ β =

1

2t
. (4.76)

Suppose φ̃? is an exponential kernel density with parameter β? such that φ̃? 6= φ̃. Define

b :=
β

β + β?
, b? :=

β?
β + β?

. (4.77)

Proposition 4.6.4 (Correlation with exponential kernel density). For lags τ, σ ≥ 0, the
cross-correlation Υ is

Υ̃(τ, σ) =
ββ?
β + β?

e−β?σ
(
1− e−(β+β?)τ

)
, (4.78)

and the derivatives of Υ̃ with respect to model parameters are

∂Υ̃

∂β
(τ, σ) = b?e

−β?σ
(
b? + (βτ − b?)e−(β+β?)τ

)
,

∂Υ̃

∂β?
(τ, σ) = be−β?σ

(
b− β?σ +

(
β?(τ + σ)− b

)
e−(β+β?)τ

)
.

(4.79)

Finally, suppose φ̃? is a Gaussian kernel density (see Section 4.6.3.3) with parameters
(β?, δ?). For σ ≥ 0, define the transformed lag σ? := δ? − σ − ββ2? . Since φ̃ is causal, for
x ∈ R, define

gE(x) := β exp (−βx), (4.80)
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Proposition 4.6.5 (Correlation with Gaussian kernel density). For lags τ, σ ≥ 0, the
cross-correlation Υ is

Υ̃(τ, σ) = gE

(
δ?−σ−

ββ2?
2

)(
FN

(
τ − (δ? − σ − ββ2?)

β?

)
−FN

(
− δ? − σ − ββ

2
?

β?

))
, (4.81)

and the derivatives of Υ̃ with respect to model parameters are

∂Υ̃

∂β
(τ, σ) = gE

(
σ? +

ββ2?
2

)[
β?

(
fN

(
τ − σ?
β?

)
− fN

(
− σ?
β?

))

+

(
1

β
− σ?

)(
FN

(
τ − σ?
β?

)
− FN

(
− σ?
β?

))]
,

(4.82)

∂Υ̃

∂β?
(τ, σ) = gE

(
σ? +

ββ2?
2

)[
β2β?

(
FN

(τ − σ?
β?

)
− FN

(
− σ?
β?

))

+

((
2β +

σ? − τ
β2?

)
fN

(
τ − σ?
β?

)
−
(
2β +

σ?
β2?

)
fN

(
−σ?
β?

)]
,

(4.83)

∂Υ̃

∂δ?
(τ, σ) = − gE

(
σ? +

ββ2?
2

)[
β

(
FN

(τ − σ?
β?

)
− FN

(
− σ?
β?

))

+
1

β?

(
fN

(
τ − σ?
β?

)
− fN

(
− σ?
β?

))]
.

(4.84)

Finally, we give formulas for the kernel–baseline correlation functional K̃ of φ̃ with
different classes of baselines µ. First, suppose µ is a linear baseline with parameters (a, b)

(see Section 2.4.4).

Proposition 4.6.6 (K̃ with linear baselines). For lags τ, σ ≥ 0, the cross-correlation K̃ is

K̃(τ, σ) =

(
a

(
σ +

1

β

)
+ b

)
−

(
a

(
τ + σ +

1

β

)
+ b

)
e−βτ ; (4.85)

the derivative of K̃ with respect to the kernel parameter is

∂K̃

∂β
(τ, σ) = − a

β2
+

(
at2 + ast+

(
b+

a

β

)
τ +

a

β2

)
e−βτ , (4.86)

and the derivatives of K̃ with respect to baseline parameters are

∂K̃

∂a
(τ, σ) =

(
σ +

1

β

)
−
(
τ + σ +

1

β

)
e−βτ ,

∂K̃

∂b
(τ, σ) = 1− e−βτ . (4.87)

Now suppose µ is a cosine baseline with parameters (α, δ, a, b) (see Section 2.4.3).
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Proposition 4.6.7 (K̃ with cosine baselines). For lags τ, σ ≥ 0, the cross-correlation K̃ is

K̃(τ, σ) = (α+ δ)(1− exp (−βτ))

+
βα

a2 + β2

(
β cos (aσ + b)− a sin (aσ + b)

− e−βτ
(
β cos

(
a(τ + σ) + b

)
− a sin

(
a(τ + σ) + b

)))
.

(4.88)

4.6.2.2 Recurrent exponential algorithm

To the best of our knowledge, there is no method for the parametric estimation of MTLH
models in the Hawkes literature besides ASLSD. In this paragraph, we propose an estimation
algorithm with exact evaluation of the LSE gradient, in the special case of an MTLH were
all kernels are exponential. We extend the well-known recurrence formula of exponential
MHP to this exponential MTLH, and compute exactly the LSE and residuals with linear
time complexity. This provides a reference case to verify our algorithms with large amounts
of data. We refer to this algorithm as RecExp. Formally, assume all kernels are of the form

φij(x) :=

rij∑
l=1

ωij,lφ̃ij,l(x), with kernel densities φ̃ij,l(x) := βij,le
−βij,lx.

We do not make assumptions on the background intensity nor the impact functions.

Exponential trick This method relies on the following property, closely related to the
Markovianity of the MHP with exponential kernels. In the rest of this paragraph, fix event
types i, j, k ∈ [d], a mixture index l′ ∈ [rkj ], and an event index m ∈ J$(i, j), N i

T K. Let
U := (Un)n∈N be a real valued sequence. Define the exponential sum operator S(m)

ijk,l′ acting
on the sequence U by

S
(m)
ijk,l′ [U ] :=

κ(j,i,m)∑
n=1

e−βkjl′ (t
i
m−tjn)Un. (4.89)

This operator is essential for our RecExp method as we show that expressions of this form
appear in the LSE and residuals formulas. Without pre-computations, the computation of
the m-th exponential sum term S

(m)
ijk,l′ [U ] has time complexity O (κ(j, i,m)). Therefore, the

brute force computation of the full sequence of exponential sum terms for m ∈ J$(i, j), N i
T K

has time complexityO
(
(N j

T )
2
)
. However, the following property offers a recurrence formula

that simplifies computations to linear time.
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Proposition 4.6.8 (Recurrence property). The (m + 1)-th exponential sum term is com-
puted from the m-th exponential sum term using

S
(m+1)
ijk,l′ [(Un)n] = e−βkjl′ (t

i
m+1−tim)S

(m)
ijk,l′ [(Un)n]

+ 1{κ(j,i,m+1)>κ(j,i,m)}

κ(j,i,m+1)∑
n=κ(j,i,m)+1

e−βkjl′ (t
i
m+1−t

j
n)Un.

(4.90)

This formula allows to compute all the terms of the exponential sum by recurrence with
time complexity O(N i

T ). Note that we also compute recursively the derivative of these
terms with respect to the decay rate βkjl′ , since

∂S
(m)
ijk,l′ [U ]

∂βkjl′
= S

(m)
ijk,l′ [(t

j
nUn)n]− timS

(m)
ijk,l′ [U ]. (4.91)

We compute the conditional intensity of the RecExp model at all jump times in linear time.
Formally, for event types k ∈ [d], and event indices m ∈ [Nk

T ], the conditional intensity of
the RecExp model satisfies the recursive formula

λk(t
k
m) = µk(t

k
m) +

d∑
j=1

rkj∑
l′=1

ωkj,l′βkj,l′S
(m)
kjk,l′ [Ikj(ξ

j)] . (4.92)

We also give a recursive expression for the residuals of the RecExp model

Proposition 4.6.9 (Linear expression for transformed times). For all event indices m ∈
[Nk

T ], the m-th transformed time of the model is

s(k)m =

∫ tkm

0
µk(t)dt+

d∑
j=1

E[ Ikj(ξjm)]1{m≥$(k,j)}

rkj∑
l′=1

ωkjl

(
κ(j, k,m)−S(m)

kjk,l′ [(1)n]

)
. (4.93)

Estimation procedure We show how the exponential trick allows to compute the LSE
and its gradient in linear time. In the rest of this section, fix event types i, j, k ∈ [d], and
mixture indices l′ ∈ [rki] and l′ ∈ [rkj ]. Define the decay rate shares

b
(1)
ijk,ll′ :=

βkil
βkjl′ + βkjl′

, b
(2)
ijk,ll′ :=

βkjl′

βkjl′ + βkjl′
,

and the half of the harmonic average of decay rates

bijk,ll′ :=
βkilβkjl′

βkjl′ + βkjl′
.

For indices m ∈ J$(i, j), N i
T K, define the exponential term

ε
(m)
ijk,ll′ := e−(βkil+βkjl′ )(T−tim).

Finally, denote the sequences

Ikj(ξ
j) :=

(
Ikj(ξjn)

)
{n∈[Nj

T ]}, tjIkj(ξ
j) :=

(
tjnIkj(ξjn)

)
{n∈[Nj

T ]}.

First, we get formulas for the single sums ZΥiik,ll′ and their derivatives.
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Proposition 4.6.10 (Linear formulas for ZΥiik,ll′ ). The sum ZΥiik,ll′ satisfies

ZΥiik,ll′ = ωkilωkil′biik,ll′

N i
T∑

m=1

Iki(ξim)2
(
1− ε(m)

iik,ll′
)
. (4.94)

If the mixture indices verify l = l′, the expression of ZΥiik,ll
becomes

ZΥiik,ll
=

1

2
ω2
kilβkil

N i
T∑

m=1

Iki(ξim)2
(
1− ε(m)

iik,ll

)
, (4.95)

and the derivatives of ZΥiik,ll
with respect to model parameters are

∂ZΥiik,ll′

∂ωkil
= ωkilβkil

N i
T∑

m=1

Iki(ξim)2
(
1− ε(m)

iik,ll

)
,

∂ZΥiik,ll′

∂βkil
=

1

2
ω2
kil

N i
T∑

m=1

Iki(ξim)2
(
1 + (2βkil(T − tim)− 1)ε

(m)
iik,ll

)
.

(4.96)

If the mixture indices verify l 6= l′, the derivative of ZΥiik,ll′ with respect to the L1 weights
parameters are

∂ZΥiik,ll′

∂ωkil
= ωkil′biik,ll′

N i
T∑

m=1

Iki(ξim)2
(
1− ε(m)

iik,ll′
)
,

∂ZΥiik,ll′

∂ωkil′
= ωkilbiik,ll′

N i
T∑

m=1

Iki(ξim)2
(
1− ε(m)

iik,ll′
)
,

(4.97)

and the derivatives of ZΥiik,ll′ with respect to the decay rates parameters are

∂ZΥiik,ll′

∂βkil
= ωkilωkil′b

(2)
iik,ll′

N i
T∑

m=1

Iki(ξim)2
(
b
(2)
iik,ll′ +

(
(T − tim)βkil − b

(2)
iik,ll′

)
ε
(m)
iik,ll′

)
,

∂ZΥiik,ll′

∂βkil′
= ωkilωkil′b

(1)
iik,ll′

N i
T∑

m=1

Iki(ξim)2
(
b
(1)
iik,ll′ +

(
(T − tim)βkil′ − b

(1)
iik,ll′

)
ε
(m)
iik,ll′

)
.

(4.98)

Second, we get formulas for the double-indexed sums SΥijk,ll′ and Sφkj,l , and their deriva-
tives.

Proposition 4.6.11 (Linear computation of Sφkj,l′ ). The double sum Sφkj,l′ satisfies

Sφkj,l′ = ωkj,l′βkj,l′

Nk
T∑

m=$(k,j)

S
(m)
kjk,l′ [Ikj(ξ

j)] . (4.99)

The derivative of Sφkj,l′ with respect to the L1 weight parameter is

∂Sφkj,l′

∂ωkj,l′
= βkj,l′

Nk
T∑

m=$(k,j)

S
(m)
kjk,l′ [Ikj(ξ

j)] . (4.100)
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The derivative of Sφkj,l′ with respect to the decay rate parameter is

∂Sφkj,l′

∂βkj,l′
= ωkj,l′

Nk
T∑

m=$(k,j)

(1−βkj,l′tkm)S
(m)
kjk,l′ [Ikj(ξ

j)] +ωkj,l′βkj,l′

Nk
T∑

m=$(k,j)

S
(m)
kjk,l′ [ t

jIkj(ξ
j)] .

(4.101)

Proposition 4.6.12 (Linear computation of SΥijk,ll′ ). The double sum SΥijk,ll′ verifies

SΥijk,ll′ = ωkilωkjl′bijk,ll′

N i
T∑

m=$(i,j)

Iki(ξim)(1− ε
(m)
ijk,ll′)S

(m)
ijk,l′ [Ikj(ξ

j)] . (4.102)

If the mixture indices verify (i, l) = (j, l′), this expression becomes

SΥiik,ll
=

1

2
ω2
kilβkil

N i
T∑

m=$(i,i)

Iki(ξim)(1− ε
(m)
iik,ll)S

(m)
iik,l[Iki(ξ

i)] . (4.103)

The derivative of SΥiik,ll
with respect to the L1 weight ωkil is

∂SΥiik,ll

∂ωkil
= ωkilβkil

N i
T∑

m=$(i,i)

Iki(ξim)(1− ε
(m)
iik,ll)S

(m)
iik,l[Iki(ξ

i)] , (4.104)

and the derivative of SΥiik,ll
with respect to the decay rate βkil is

∂SΥiik,ll

∂βkil
=

1

2
ω2
kil

N i
T∑

m=$(i,i)

Iki(ξim)(1− βkiltim + (βkil(2T − tim)− 1)ε
(m)
iik,ll)S

(m)
iik,l[Iki(ξ

i)]

+
1

2
ω2
kilβkil

N i
T∑

m=$(i,i)

Iki(ξim)(1− ε
(m)
iik,ll)S

(m)
iik,l[ t

iIki(ξ
i)] .

(4.105)

If the mixture indices verify (i, l) 6= (j, l′), the derivatives of Υijk,ll′ with respect to the L1

weight parameters are

∂SΥijk,ll′

∂ωkil
= ωkjl′bijk,ll′

N i
T∑

m=$(i,j)

Iki(ξim)
(
1− ε(m)

ijk,ll′

)
S
(m)
ijk,l′ [Ikj(ξ

j)] ,

∂SΥijk,ll′

∂ωkjl′
= ωkilbijk,ll′

N i
T∑

m=$(i,j)

Iki(ξim)
(
1− ε(m)

ijk,ll′

)
S
(m)
ijk,l′ [Ikj(ξ

j)] .

(4.106)

The derivative of Υijk,ll′ with respect to the decay rate βkil is

∂SΥijk,ll′

∂βkil
= ωkilωkjl′b

(2)
ijk,ll′

N i
T∑

m=$(i,j)

Iki(ξim)

((
(T − tim)βkil − b

(2)
ijk,ll′

)
ε
(m)
ijk,ll′

+ b
(2)
ijk,ll′

)
S
(m)
ijk,l′ [Ikj(ξ

j)] .

(4.107)
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and the derivative of Υijk,ll′ with respect to the decay rate βkjl′ is

∂SΥijk,ll′

∂βkjl′
= ωkilωkjl′b

(1)
ijk,ll′

N i
T∑

m=$(i,j)

(
b
(1)
ijk,ll′ − βkjl′t

i
m +

(
Tβkjl′ − b

(1)
ijk,ll′

)
ε
(m)
ijk,ll′

)

× Iki(ξim)S
(m)
ijk,l′ [Ikj(ξ

j)]

+ ωkilωkjl′βkjl′b
(i)
ijk,ll′

N i
T∑

m=$(i,j)

Iki(ξim)
(
1− ε(m)

ijk,ll′

)
S
(m)
ijk,l′ [ t

jIkj(ξ
j)] .

(4.108)

Conclusion Based on the previous formulas, we can now compute exactly the gradient of
the k-th partial LSE ∇θkR

(k)
T (θk) in linear time complexity. If the exponential decay rate

parameters β are fixed, we can accelerate this method by pre-computing the exponential
sum terms with linear time complexity and storing them; in that case, each gradient iteration
has trivial time complexity O(1). However, for each LSE minimization problem k ∈ [d], the
pre-computation step has memory complexity O(r2NT ): while this is linear in the number of
events, the memory complexity is quadratic in the number of basis functions r. Numerically,
this requires additional care in the type of data structures used to store the pre-computed
exponential sums.

4.6.3 Dense kernel families

In this section, we discuss families of kernels which mixtures are dense in the set of kernels
for both the weak topology and the Euclidean topology: uniform, triangular, Gaussian,
and Gamma kernel densities. Because of their density property, these families of kernels
represent a semi-parametric approach to the kernel estimation problem. The decision of
which specific dense family to choose should again be guided by the properties expected
of the true kernel. For example, if the true kernel is believed to have bounded support, a
mixture of triangular functions could be an adequate choice. If the modeler decides to use
a mixture of truncated Gaussian kernels and believes some specific modes are of interest in
the system studied, they can be targeted by the choice of Gaussian means in the mixture.

Weak topology Consider the weak topology on probability measures on [0,+∞) defined
by the convergence in distribution. A simple strategy to show that a family of kernels is
dense for the weak topology is to show that for all x ≥ 0, we can construct a sequence of
kernel densities φ̃(p) such that φ̃(p) →

p→+∞
δx weakly, where δx is the Dirac delta function in

x. Since the family of Dirac distributions is dense for the weak topology, the result follows
immediately.
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Euclidean topology In the deep learning literature, the work on universal approximation
theorems focused notably on density of neural network models in Lp spaces. For instance,
Theorem 3 of Hornik [52] states that shallow neural networks with arbitrarily large numbers
of hidden units, and bounded non-constant activation function of class Cp, are dense in Lp
for finite measures with compact support. The L2 density of the semi-parametric families
of kernels below is interesting to us because of the quadratic structure of the LSE. However,
although for a well-chosen activation function, each of these families can be expressed as
a subset of shallow neural networks with non-negative weights3, it is not clear whether
mixtures of these kernels are dense in the space of kernels for the Euclidean topology.

4.6.3.1 Uniform

Mixtures of uniform kernels are a particularly simple yet fundamental model. In the Hawkes
literature, Reynaud-Bouret and Schbath [90] use piece-wise constant kernel functions for
instance. With uniform densities, we get the different kernel and baseline functionals ap-
pearing in the ASLSD method in closed-form for general kernels, and their evaluation is
numerically inexpensive.

Definition 4.6.2 (Uniform kernel density). For lags τ ≥ 0, the uniform kernel is

φ̃(τ) :=
1

a
1{0≤τ−δ≤a},

and the parameters are the lower bound δ ∈ (0,+∞), and the interval size a ∈ (0,+∞).

Fix an estimation horizon b > 0, and a number of basis functions r ∈ N∗. Consider a
ground truth kernel φ�, that we want to approximate in L2 on [0, b] using a SBF uniform
kernel with r basis functions. Define the uniform step size a := b/r; and the edges δl :=
a(l − 1) for l ∈ [r]. For SBF models φω :=

∑r
l=1 ωl1[δl,δl+a), we want to minimize the L2

projection error
L(ω) :=

1

2
‖φω − φ�‖22,T .

The minimizer ω? of the loss function L is

ω? =
(∫ δi+1

δi

φ�
)
l∈[r]

, L(ω?) = 1

2
‖φ�‖22,T −

1

2

1

a

r∑
l=1

(∫ δi+1

δi

φ�
)2
. (4.109)

We get the CDF associated to this kernel density below.

Proposition 4.6.13 (CDF). For lags τ ≥ 0, the uniform CDF is

ψ̃(τ) = min

(
(τ − δ)+

a
, 1

)
, (4.110)

3The kernel families discussed in this chapter are stable by composition with a linear function.
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and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂δ
(τ) = −1

a
1{ τ−δ

a
∈(0,1)

}, ∂ψ̃

∂a
(τ) = −τ − δ

a2
1{ τ−δ

a
∈(0,1)

}. (4.111)

Note that if U is a uniform random variable on [0, 1], then the random offset τ̃ := aU+δ

is distributed following φ̃. With our parametrization, the moments of τ̃ are E[τ̃ ] = δ + a/2

and Var[τ̃ ] = a2

12 . We now get the kernel correlation functionals of the uniform kernel density
in closed form. First, suppose φ̃? = φ̃.

Proposition 4.6.14 (Auto-correlation). For lags τ, σ ≥ 0, the auto-correlation of the
uniform kernel density is

Υ̃(τ, σ) =
1

a2
min

(
(τ − δ)+, (a− σ)+

)
, (4.112)

the derivative of Υ̃(τ, σ) with respect to the lower bound parameter δ is

∂Υ̃

∂δ
(τ, σ) = − 1

a2
1{τ∈[δ,δ+a), σ∈[0,a), τ+σ∈[0,δ+a)}, (4.113)

and the derivative of Υ̃(τ, σ) with respect to the interval size parameter a is

∂Υ̃

∂a
(τ, σ) = 1σ∈[0,a)}

(
1{τ+σ≥δ+a}

(
− 2

a3
(a−σ)+ 1

a2

)
− 2

a3
(τ−δ)1{τ∈[δ,δ+a), τ+σ∈[0,δ+a)}

)
.

(4.114)

Now suppose φ̃? is a kernel density such that φ̃? 6= φ̃. We do not make assumptions of
the parametric family of φ̃?.

Proposition 4.6.15 (Correlation with a general density). For lags τ, σ ≥ 0, the cross-
correlation Υ is

Υ̃(τ, σ) =


0 if τ ∈ [0, δ),
1
a

(
ψ̃?(τ + σ)− ψ̃?(δ + σ)

)
if τ ∈ [δ, δ + a),

1
a

(
ψ̃?(δ + a+ σ)− ψ̃?(δ + σ)

)
if τ ≥ δ + a,

(4.115)

the derivative of Υ̃(τ, σ) with respect to the lower bound parameter δ is

∂Υ̃

∂δ
(τ, σ) =


0 if τ ∈ [0, δ),

− 1
a φ̃?(δ + σ) if τ ∈ [δ, δ + a),

1
a

(
φ̃?(δ + a+ σ)− φ̃?(δ + σ)

)
if τ ≥ δ + a,

(4.116)

and the derivative of Υ̃(τ, σ) with respect to the interval size parameter a is

∂Υ̃

∂a
(τ, σ) =


0 if τ ∈ [0, δ),

− 1
a2

(
ψ̃?(τ + σ)− ψ̃?(δ + σ)

)
if τ ∈ [δ, δ + a),

1
a φ̃?(δ + a+ σ)− 1

a2

(
ψ̃?(δ + a+ σ)− ψ̃?(δ + σ)

)
if τ ≥ δ + a.

(4.117)
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For numerical efficiency, we rewrite this derivative as

∂Υ̃

∂a
(τ, σ) = 1{τ≥δ+a}

1

a
φ̃?(δ + a+ σ)− 1

a
Υ̃(τ, σ) (4.118)

Note that for τ ≥ δ + a, Υ̃(τ, σ) does not depend on τ . In particular, this implies that
for lags σ ≥ 0

Υ̃(+∞, σ) = 1

a

(
ψ̃?(δ + a+ σ)− ψ̃?(δ + σ)

)
. (4.119)

Proposition 4.6.16 (Reverse correlation with another kernel density). For lags τ, σ ≥ 0,
the reverse cross-correlation Υ? is

Υ̃?(τ, σ) =


1
a1{τ≥δ−σ}

(
ψ̃?

(
min(τ, δ + a+ σ)

)
− ψ̃?(δ − σ)

)
if σ ∈ [0, δ),

1
a ψ̃?

(
min(τ, δ + a+ σ)

)
if σ ∈ [δ, δ + a),

0 if σ ≥ δ + a.
(4.120)

4.6.3.2 Triangular

Triangular densities are more seldom in the Hawkes literature. Like uniform densities, their
correlation functionals are inexpensive to evaluate, and available in closed-form for general
kernels.

Definition 4.6.3 (Triangular kernel density). For lags τ ≥ 0, the triangular kernel density
is

φ̃(τ) := 2
τ − α

β(β + δ)
1{τ∈[α,α+β)} − 2

τ − (α+ β + δ)

δ(β + δ)
1{τ∈[α+β,α+β+δ)}, (4.121)

and the parameters are the left corner α ∈ (0,+∞), the distance to the altitude foot β ∈
(0,+∞), and the distance between the altitude foot and the right corner δ ∈ (0,+∞).

Figure 4.2 plots a general triangular density to illustrate our parameterization. Note
that for numerical purposes, the following formula might be more convenient to use. For
lags τ ≥ 0,

φ̃(τ) =
2

β + δ

(
τ − α
β

1{(τ−α)∈[0,β)} +
(
1 +

β

δ
− τ − α

δ

)
1{(τ−α)∈[β,β+δ)}

)
. (4.122)

For more concise equations, denote the corners of the triangle by c1 := α, c2 := α+ β, and
c3 := α+ β + δ.

Proposition 4.6.17 (Triangular kernel density derivatives). For lags τ ≥ 0, the derivatives
of φ̃ with respect to model parameters are

∂φ̃

∂α
(τ) =

−2
β + δ

(
1

β
1{τ∈[c1,c2)} −

1

δ
1{τ∈[c2,c3)}

)
, (4.123)
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0 α α+ β α+ β + δ
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2

β + δ

τ
φ̃
(τ
)

Figure 4.2: Plot of a triangular kernel density against the lag τ .

∂φ̃

∂β
(τ) =

−2
(β + δ)2

((
2 +

δ

β

)
τ − α
β

1{τ∈[c1,c2)} −
τ − α
δ
1{τ∈[c2,c3)}

)
, (4.124)

∂φ̃

∂δ
(τ) =

−2
(β + δ)2

(
τ − α
β

1{τ∈[c1,c2)} +

((
1 +

β

δ

)2

−
(
2 +

β

δ

)
τ − α
δ

)
1{τ∈[c2,c3)}

)
,

(4.125)

We get the CDF associated to this kernel density below.

Proposition 4.6.18 (CDF). For lags τ ≥ 0, the triangular CDF is

ψ̃(τ) =



0 if τ ∈ [0, c1),
(τ−α)2
β(β+δ) if τ ∈ [c1, c2),

1− (τ−(α+β+δ))2

δ(β+δ) if τ ∈ [c2, c3),

1 if τ ≥ c3,

(4.126)

and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂α
(τ) = − 2

β + δ

(
τ − α
β

1{τ∈[c1,c2)} +
(
1 +

β

δ
− τ − α

δ

)
1{τ∈[c2,c3)}

)
= −φ̃,

∂ψ̃

∂β
(τ) = − 1

(β + δ)2

(
(2β + δ)

(τ − α
β

)2
1{τ∈[c1,c2)}

+ δ
((

1 +
β

δ

)2
−
(τ − α

δ

)2)
1{τ∈[c2,c3)}

)
,

∂ψ̃

∂δ
(τ) = − 1

(β + δ)2

(
δ

(
β
(
1 +

β

δ

)(τ − α
δ
− (1 +

β

δ
)
)
− (β + 2δ)

(τ − α
δ

)2)
1{τ∈[c2,c3)}

+ β
(τ − α

β

)2
1{τ∈[c1,c2)}

)
.

(4.127)
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Note that if U is a uniform random variable on [ 0, 1] , then the random offset

τ̃ :=


α+ (β + δ)

√
β
β+δU if U < β

β+δ ,

α+ (β + δ)
(
1−

√
δ

β+δ (1− U)
)

otherwise,
(4.128)

is distributed following φ̃. The moments of τ̃ are E[τ̃ ] = α+ 2β+δ
3 , Var[τ̃ ] = β2+δ2+βδ

18 . We
now give closed-form expressions for the cross-correlation of triangular kernel densities with
general kernels. Suppose φ̃? is another kernel density such that φ̃? 6= φ̃. We do not make
assumptions on the parametric family of φ̃?.

Proposition 4.6.19 (Correlation with a general density). For lags τ, σ ≥ 0, the cross-
correlation Υ is

Υ̃(τ, σ) =



0 if τ ∈ [0, c1),
2

β+δ

(
τ−α
β ψ̃?(τ + σ)− 1

β

∫
[c1+σ,τ+σ]

ψ̃?

)
if τ ∈ [c1, c2),

2
β+δ

(
c3−τ
δ ψ̃?(τ + σ) + 1

δ

∫
[c2+σ,τ+σ]

ψ̃? − 1
β

∫
[c1+σ,c2+σ]

ψ̃?

)
if τ ∈ [c2, c3),

2
β+δ

(
1
δ

∫
[c2+σ,c3+σ]

ψ̃? − 1
β

∫
[c1+σ,c2+σ]

ψ̃?

)
if τ ≥ c3,

(4.129)
and the derivative of Υ̃(τ, σ) with respect to the left corner parameter α is

∂Υ̃

∂α
(τ, σ) =



0 if τ ∈ [0, c1),
2

β(β+δ)

(
ψ̃?(α+ σ)− ψ̃?(τ + σ)

)
if τ ∈ [c1, c2),

2
β(β+δ)

(
β
δ ψ̃?(τ + σ)− (1 + β

δ )ψ̃?(α+ β + σ) + ψ̃?(α+ σ)
)

if τ ∈ [c2, c3),

2
β(β+δ)

(
β
δ ψ̃?(c3 + σ)− (1 + β

δ )ψ̃?(c2 + σ) + ψ̃?(c1 + σ)
)

if τ ≥ c3.
(4.130)

4.6.3.3 Gaussian

Gaussian mixture models are commonly used in density estimation for their analytical
properties, for instance in Zhou et al. [112]. In this section, we discuss kernel densities
which are PDF of Gaussian random variables truncated on non-negative values. Denote by
fN (resp. FN ) the PDF (resp. CDF) of a standard normal random variable. Denote by LN

the log-derivative of FN , that is LN := fN
FN

. Note that on [0,+∞), this function is positive,
decreasing, and convex, with LN (0) =

√
2/π, and limx→+∞ LN (x) = 0.

Definition 4.6.4 (Gaussian kernel density). For lags τ ≥ 0, the Gaussian kernel density
is

φ̃(τ) :=
1

FN (δ/β)
√
2πβ2

exp

(
−1

2

(
τ − δ
β

)2
)

=
1

βFN (δ/β)
fN

(
τ − δ
β

)
,

and the parameters are the location δ ∈ (0,+∞), and the scale β ∈ (0,+∞).
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The Gaussian kernel density degenerates to the null kernel density for β → +∞; and to
the Dirac distribution in δ for β ↓ 0. This implies that mixtures of Gaussian kernel densities
are dense for the weak topology.

Proposition 4.6.20 (Kernel derivatives). For lags τ ≥ 0, the derivatives of log φ̃ with
respect to model parameters are

∂ log φ̃
∂β

(τ) =
1

β

((τ − δ
β

)2
+
δ

β
LN (δ/β)− 1

)
,

∂ log φ̃
∂δ

(τ) =
1

β

(
τ − δ
β
− LN (δ/β)

)
.

(4.131)

We now compute the CDF of the Gaussian kernel density and its derivatives with respect
to model parameters.

Proposition 4.6.21 (CDF). For lags τ ≥ 0, the CDF of the Gaussian kernel density φ̃ is

ψ̃(τ) = 1−
1− FN

(
τ−δ
β

)
FN (δ/β)

, (4.132)

and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂β
(τ) =

−1
β2FN (δ/β)

(
(τ − δ)fN

(τ − δ
β

)
+ δ

fN (δ/β)

FN (δ/β)

(
1− FN

(τ − δ
β

)))
, (4.133)

∂ψ̃

∂δ
(τ) =

−1
βFN (δ/β)

(
fN

(τ − δ
β

)
− fN (δ/β)

FN (δ/β)

(
1− FN

(τ − δ
β

)))
. (4.134)

If U is a uniform random variable on [ 0, 1] , then the random offset τ̃ := δ + βF−1
N

(
1−

FN (δ/β)U
)

is distributed following φ̃. In practice, rejection sampling is a more efficient
simulation method for truncated Gaussian random variables. While the Gaussian kernel
density φ̃ does indeed have a unique mode in δ, the parameters δ, β do not correspond to
the moments of the associated random offset. In fact, a random offset with PDF φ̃ has
expectation

δ̄ := δ + βLN (δ/β), (4.135)

which is strictly greater than δ, and variance

β̄2 := β2

(
1− δ

β
LN (δ/β)−

(
LN (δ/β)

)2)
, (4.136)

which is strictly less than β2. Therefore, from a modelling standpoint, we need to be careful
about how the parameters (δ, β) relate to the statistical features of the random offset. For
example, if the initial Gaussian is centered, that is δ = 0,

δ̄ =

√
2

π
β, β̄ =

√
1− 2

π
β. (4.137)
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In this centered case, the standard deviation to mean ratio β̄
δ̄
is constant

β̄

δ̄
=

√
π

2
− 1 ' 75%. (4.138)

However, both the mean δ̄ and the standard deviation β̄ of the truncated Gaussian go to
+∞ when the standard deviation of the initial Gaussian β goes to +∞. In fact, the location
δ = 0 lies approximately 1.3 standard deviations β̄ away from the truncated Gaussian mean
δ̄, and as we see with the formula of the CDF ψ̃ below, we even have P(τ̃ ≤ δ) = 0. More
generally, if δ > 0, denote by α the original standard deviation to mean ratio α := β

δ . The
moment shift ratios δ̄

δ and β̄
β only depend on α, with

δ̄

δ
= 1 + αLN

( 1
α

)
,

β̄

β
=

√
1− 1

α
LN

( 1
α

)
− L2

N

( 1
α

)
. (4.139)

The mean shift ratio δ̄
δ is an increasing function of the original standard deviation to mean

ratio α, with δ̄
δ (α = 0) = 1, and limα→+∞

δ̄
δ = +∞. The standard deviation shift ratio β̄

β

is a decreasing function of the original variance to mean ratio α, with β̄
β (α = 0) = 1, and a

non-null limit

lim
α→+∞

β̄

β
=

√
1− 2

π
' 60%. (4.140)

We now give closed-form expressions of the kernel correlation function Υ̃ for different
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Figure 4.3: Shifted moments of the Gaussian kernel density
Dependence of the shifted moments (mean δ̄

δ
on the left, standard deviation β̄

β
on the right) on

the original standard deviation to mean ratio α := β
δ

. Red horizontal line plots the asymptote of
β̄
β

at +∞, given by
√

1− 2
π

.

parametric classes of the second kernel density φ̃?. First, suppose φ̃? = φ̃, and define the
following parameters. Define the re-scaled variance β̃ and the dimension-less parameter δ̃
by

β̃ :=
β√
2
, δ̃ :=

δ

β̃
. (4.141)
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Define the log-derivative
q := LN (δ/β). (4.142)

For lags τ, σ ≥ 0, define the dimension-less transformations of the time variables

σ̃ :=
σ/2

β̃
, x̃ :=

τ + σ/2

β̃
. (4.143)

Proposition 4.6.22 (Auto-correlation of Gaussian kernel densities). For lags τ, σ ≥ 0, the
auto-correlation of φ̃ is

Υ̃(τ, σ) =
1

2β̃(FN (δ/β))2
fN (σ̃)

(
FN (x̃− δ̃)− FN (σ̃ − δ̃)

)
, (4.144)

the derivative of Υ̃(τ, σ) with respect to the location parameter δ is

∂Υ̃

∂δ
(τ, σ) = − fN (σ̃)

2β̃2(FN (δ/β))2

(
fN (x̃− δ̃)− fN (σ̃ − δ̃) +

√
2q
(
FN (x̃− δ̃)− FN (σ̃ − δ̃)

))
,

(4.145)
and the derivative of Υ̃(τ, σ) with respect to the scale parameter β is

∂Υ̃

∂β
(τ, σ) = − fN (σ̃)

2
√
2β̃2(FN (δ/β))2

(
(x̃− δ̃)fN (x̃− δ̃)− (σ̃ − δ̃)fN (σ̃ − δ̃)

+ (1−
√
2qδ̃ + σ̃2)

(
FN (x̃− δ̃)− FN (σ̃ − δ̃)

))
.

(4.146)

Suppose φ̃? is another Gaussian kernel density with parameters (δ?, β?). Define the
log-derivatives

q1 :=
fN (δ/β)

FN (δ/β)
, q2 :=

fN (δ?/β?)

FN (δ?/β?)
. (4.147)

Define the two following variance parameters: first, the L2 norm of the vector (β, β?)

b :=
1

2

√
β2 + β2? , (4.148)

then
β̃ :=

ββ?√
β2 + β2?

. (4.149)

Define the following dimension-less transformations of kernel parameters

b1 :=
β√

β2 + β2?
, b2 :=

β?√
β2 + β2?

. (4.150)

Note that b21+ b22 = 1. For lags τ, σ ≥ 0, define the following dimension-less transformations
of the time variables

D̃ :=
δ − (δ? − σ)

2b
, σ̃ := −b

2
2δ + b21(δ? − σ)

β̃
, x̃ :=

τ −
(
b22δ + b21(δ? − σ)

)
β̃

. (4.151)
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Proposition 4.6.23 (Cross-correlation with Gaussian φ̃?). For lags τ, σ ≥ 0, the cross-
correlation of φ̃ with φ̃? is

Υ̃(τ, σ) =
1

2bFN (δ/β)FN (δ?/β?)
fN (D̃)

(
FN (x̃)− FN (σ̃)

)
, (4.152)

the derivatives of Υ̃(τ, σ) with respect to the location parameters are

∂Υ̃

∂δ
(τ, σ) =

−1
2bFN (δ/β)FN (δ?/β?)

fN (D̃)

[
1

2b

(q1
b1

+ D̃
)(
FN (x̃)− FN (σ̃)

)
+
b22
β̃

(
fN (x̃)− fN (σ̃)

)]
,

∂Υ̃

∂δ?
(τ, σ) =

−1
2bFN (δ/β)FN (δ?/β?)

fN (D̃)

[
1

2b

(q2
b2
− D̃

)(
FN (x̃)− FN (σ̃)

)
+
b21
β̃

(
fN (x̃)− fN (σ̃)

)]
,

(4.153)

and the derivatives of Υ̃(t, σ) with respect to the scale parameters are

∂Υ̃

∂β
(τ, σ) =

−fN (D̃)

4b2FN (δ/β)FN (δ?/β?)

[(
b1(1− D̃2)− δq1

2bb21

)(
FN (x̃)− FN (σ̃)

)
+
b22
b1

((
t̃− (σ̃ +

2δ

β
)

)
fN (x̃) +

(
σ̃ +

2δ

β

)
fN (σ̃)

)]
,

(4.154)

∂Υ̃

∂β?
(τ, σ) =

−fN (D̃)

4b2FN (δ/β)FN (δ?/β?)

[(
b2(1− D̃2)− δq2

2bb22

)(
FN (x̃)− FN (σ̃)

)
+
b21
b2

((
x̃+

b22
b21
(σ̃ +

δ

β
)

)
fN (x̃)

− (1− b42)
(
σ̃ +

2b22
1 + b22

δ

β

)
fN (σ̃)

)]
.

(4.155)

4.6.3.4 Gamma

The Gamma kernel is notably used in the seismology literature, originally in the linlin model
in Hawkes and Oakes [49]. Recall the definition of the Gamma function for all α > 0

Γ(α) :=

∫ +∞

0
tα−1e−tdt. (4.156)

For α > 0 and for x > 0, the lower incomplete Gamma function is

γ(α, x) :=

∫ x

0
tα−1e−tdt, (4.157)
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and the digamma function Ψ0 is

Ψ0(α) :=
Γ′(α)

Γ(α)
. (4.158)

Definition 4.6.5 (Gamma kernel density). For lags τ ≥ 0, the Gamma kernel density is

φ̃(τ) =
βα

Γ(α)
τα−1e−βτ , (4.159)

and the parameters are the shape α ∈ (1,+∞), and the rate β ∈ (0,+∞).

Proposition 4.6.24 (Kernel derivatives). For lags τ ≥ 0, the derivatives of log φ̃ with
respect to model parameters are

∂ log φ̃
∂α

(τ) = log (βτ)−Ψ0(α),
∂ log φ̃
∂β

(τ) =
α

β
− τ. (4.160)

We get the CDF associated to this kernel density below.

Proposition 4.6.25 (CDF). For lags τ ≥ 0, the Gamma CDF is

ψ̃(τ) =
γ(α, βτ)

Γ(α)
, (4.161)

and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂ω
(τ) =

γ(α, βτ)

Γ(α)
,

∂ψ̃

∂β
(τ) =

ω

Γ(α)
ταβα−1e−βτ . (4.162)

4.6.4 Heavy tailed densities

4.6.4.1 Power law

Heavy tailed densities are instrumental to model systems with long-memory excitation; in
this work, we focus on the classic power law kernel density.

Definition 4.6.6 (Power law kernel density). For lags τ ≥ 0, the power law kernel density
is

φ̃(τ) :=
αβ

(1 + βτ)1+α
, (4.163)

and the parameters are the scale β ∈ (0,+∞), and the decay α ∈ (0,+∞).

The power law kernel density degenerates to the null kernel density for α → 0 or
β → 0; and the Dirac distribution in 0 for α → +∞ or β → +∞. Note that the function
τ 7→ 1/(1 + βτ)1+α is not integrable for α = 0. The derivatives of this kernel density are
simply obtained below. We also display its log derivatives for computational efficiency.
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Proposition 4.6.26 (Kernel derivatives). For lags τ ≥ 0, the derivatives of log φ̃ with
respect to model parameters are

∂ log φ̃
∂α

(τ) =
1− α log (1 + βτ)

α
,

∂ log φ̃
∂β

(τ) =
1− αβτ
β(1 + βτ)

. (4.164)

We get the CDF associated to this kernel density below.

Proposition 4.6.27 (CDF). For lags τ ≥ 0, the power law CDF is

ψ̃(τ) = 1− 1

(1 + βτ)α
, (4.165)

and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂α
(τ) =

log (1 + βτ)

(1 + βτ)α
,

∂ψ̃

∂β
(τ) =

ατ

(1 + βτ)1+α
. (4.166)

If U is a uniform random variable on [ 0, 1] , then the random offset τ̃ := U−1/α−1
β has

density φ̃. We now discuss the kernel correlation function Υ̃ between φ̃ and a second power
law kernel density φ̃?, with parameters (α?, β?). It is not clear whether we can derive a
closed-form expression of Υ̃ for general values of the parameters (α, β, α?, β?). While this
issue motivates the MC approximation of model functionals we develop in Section 4.4.5,
we discuss here a configuration where we can obtain a closed-form expression for Υ̃ and
its derivatives in order to evaluate our approximations with synthetic data in Section 5.1.
First, assume φ̃? = φ̃, that is, Υ̃ is the auto-correlation function of φ̃. Second, fix the
exponent α = 1. To avoid confusion, we refer to this kernel density φ̃ as the squared power
law kernel density. For lags σ > 0, define the dimension-less variables

σ̃1 =
1

β2σ2
+

2

β3σ3
, σ̃2 =

1

β2σ2
− 2

β3σ3
. (4.167)

Proposition 4.6.28 (Auto-correlation). For lags τ, σ > 0, the auto-correlation of the
squared power law kernel densities is

Υ̃(τ, σ) =
1

βσ2

(
1− 1

1 + β(τ + σ)
− 1

1 + βτ
+

1

1 + βσ

)
+

2

β2s3

(
log
(
1 + β(τ + σ)

)
− log

(
1 + βτ

)
− log

(
1 + βσ

))
,

(4.168)

and the derivative of Υ̃(τ, σ) with respect to the scale parameter β is

∂Υ̃

∂β
(τ, σ) = −σ̃1 +

σ̃1
1 + βτ

− σ̃2
1 + βσ

+
σ̃2

1 + β(τ + σ)

+
1

βσ2

( τ

(1 + βτ)2
− σ

(1 + βσ)2
+

τ + σ(
1 + β(τ + σ)

)2)
− 4

β3σ3

(
log
(
1 + β(τ + σ)

)
− log

(
1 + βτ

)
− log

(
1 + βσ

))
.

(4.169)
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For null lags, the auto-correlation of φ̃ is

Υ̃(τ, 0) =
β

3

(
1− 1

(1 + βτ3)

)
, (4.170)

and the derivative of Υ̃(τ, 0) with respect to the scale parameter β is

∂Υ̃

∂β
(τ, 0) =

1

3

(
1− 1

(1 + βτ)3

)
+

βτ

(1 + βτ)4
, (4.171)

4.6.4.2 Truncated power law

We introduce the truncated power law kernel to avoid the non-integrability of functionsx 7→
x−1−α at 0 for α > 0, and to retain the long memory propriety of power laws while con-
straining the kernel on a finite support.

Definition 4.6.7 (Truncated power law kernel). For lags τ ≥ 0, the truncated power law
kernel is

φ̃(x) :=
αβ

x1+α
1x∈[δL,δR),

and the parameters are the exponent α ∈ (0,+∞), the delay δL ∈ (0,+∞), and the trunca-
tion threshold δR ∈ (0,+∞). To simplify notation, define

β :=
δαLδ

α
R

δαR − δαL
, b := β1/α, βR :=

δαR
δαR − δαL

. (4.172)

We get the derivatives of this kernel simply.

Proposition 4.6.29 (φ derivatives). For lags τ ≥ 0, the derivative of log φ̃ with respect to
the exponent α is

∂ log φ̃
∂α

(τ) =

(
1

α
+ βR log δL − βL log δR − log τ

)
1τ∈[δL,δR). (4.173)

We get the CDF associated to this kernel density below.

Proposition 4.6.30 (CDF). For lags τ ≥ 0, the truncated power law CDF is

ψ̃(τ) = βR

(
1−

(δL
τ

)α)
1τ∈[δL,δR) + 1τ≥δR , (4.174)

and the derivatives of ψ̃ with respect to model parameters are

∂ψ̃

∂α
(τ) = βR

((
βL log

δR
δL

+ log t

δL

)(δL
t

)α
− βL log

δR
δL

)
. (4.175)

Note that if U is a uniform random variable on [ 0, 1] , then the random offset τ̃ :=

b
(βR−U)1/α

is distributed following φ̃.
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4.6.5 Delaying kernels

In nature, there are systems generating streams of data with non-monotonic kernels; for
example, when events might trigger each other with some delay. In this section, we discuss
families of kernel densities obtained by adding a delay to a given kernel density. Formally,
let φ̃ by a kernel density, and denote by θ a parameter of φ̃. Consider a delay parameter
δ ≥ 0. For lags τ ≥ 0, define the delayed kernel density φ̃(D) by

φ̃(D)(τ) := φ̃(τ − δ)1{τ≥δ}. (4.176)

In the rest of the section, we use the superscript (D) to denote functionals related to the
delayed kernel density φ̃(D). For lags τ ≥ 0, the delayed CDF is

ψ̃(D)(τ) = ψ̃(τ − δ)1{τ≥δ}, (4.177)

and the derivatives of the delayed CDF with respect to model parameters are

∂ψ̃(D)

∂θ
(τ) =

∂ψ̃

∂θ
(τ − δ)1{τ≥δ},

∂ψ̃(D)

∂δ
(τ) = −φ̃(D)(τ). (4.178)

Second, we express the correlation functionals of the delayed kernel in terms of the correla-
tion functionals of the original kernel.

Proposition 4.6.31 (Auto-correlation functional). For lags τ, σ ≥ 0, the auto-correlation
function Υ̃(D) of the delayed kernel density φ̃(D) is

Υ̃(D)(τ, σ) = Υ̃
(
τ − δ, σ

)
1{τ≥δ}, (4.179)

And the derivatives of Υ̃(D) with respect to model parameters are

∂Υ̃(D)

∂θ
(τ, σ) =

∂Υ̃

∂θ

(
τ−δ, σ

)
1{τ≥δ},

∂Υ̃(D)

∂δ
(τ, σ) = −φ̃(τ−δ)φ̃(τ−δ+σ)1{τ≥δ}. (4.180)

As we expect, there is no auto-correlation up to lags τ < δ. For lags τ ≥ δ, delaying
the kernel density shifts the sampling window from [0, τ ] to [0, τ − δ], but does not affect
the dependence in the lag σ. In least-squares estimation of Hawkes models, the kernel
correlation Υ̃(D) is evaluated on pairs (T − tim, tim − t

j
n), for event types i, j ∈ [d] and event

timings tjn < tim. We see that

Υ̃(D)(T − tim, tim − tjn) = Υ̃
(
T − (tim + δ), (tim + δ)− (tjn + δ)

)
1{tim+δ≤T}. (4.181)

This is consistent with the fact that the LSE of a delayed Hawkes model on a data path is
equal to the LSE of the non-delayed Hawkes model on the data path where all jump times
are shifted by δ, and where we exclude the shifted jump times larger than the observation
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window T . We discuss this property in more detail in the motivational paragraph below.
Before that, we link the cross-correlation functional Υ̃(D) of the delayed kernel with other
kernel densities, with that of the original kernel Υ̃. Consider a second kernel density φ̃?,
and a delay parameter δ? ≥ 0. Denote by φ̃(D)

? the associated delayed kernel density. For
lags σ ≥ 0, define

D(σ) := max(δ, δ? − σ). (4.182)

Proposition 4.6.32 (Correlation with other kernel densities). For τ, σ ≥ 0, the correlation
function Υ̃(D) between the delayed kernel densities φ̃(D) and φ̃(D)

? is

Υ̃(D)(τ, σ) =

Υ̃
(
τ −D(σ), |δ − (δ? − σ)|

)
1{τ≥D(σ)} if δ ≥ δ? − σ,

Υ̃?

(
τ −D(σ), |δ − (δ? − σ)|

)
1{τ≥D(σ)} otherwise.

(4.183)
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Chapter 5

Numerical experiments

5.1 Synthetic data

In this section, we evaluate ASLSD on data simulated with an exact cluster based algo-
rithm, for a variety of data generating processes and model classes including both MHP in
Section 5.1.1 and MTLH in Section 5.1.2 1.

5.1.1 MHP Data

5.1.1.1 Exponential

The estimation of exponential MHP is a well studied problem that we discuss here as a
basic verification case, in the long path setup.

Uni-dimensional We start with the classic case of the uni-dimensional MHP with one
exponential kernel. Consider parameters

µ�1 = 1.55, ω�
11 = 0.45, β�11 = 1.95. (5.1)

We simulate a path of this MHP up to T ′ = 105, resulting in 283 099 events. For illustration
purposes, first consider a uni-dimensial MHP model with an SBF exponential kernel, i.e.
fix the model decay rate β11 = β�11. Using the exponential Markovianity trick, we compute
the exact LSE in linear time for given parameter values. Figure 5.1 plots the contour
map of the model’s LSE on the simulated path, in the (µ1, ω11) plane, and paths of the
ASLSD procedure for different solvers using the same initial point. Fitting the decay rate
of exponential Hawkes models is a difficult problem; Figure 5.2 shows that ASLSD yields
satisfactory results. We train the model on [0, T ] with T = 0.75T ′, and test it OOS on [T, T ′].
Outside of the uni-dimensional SBF MHP case, it is difficult to visualize the trajectory of

1To reproduce the results in this section, see the code in https://github.com/saadlabyad/aslsd/expe
riments/.
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Figure 5.1: Contour plot of the LSE
Contour plot of the exact LSE in the (µ1, ω11) plane. White segment plots the first order feasible
set FMHP(ηT ). White circle is the random initial point, yellow circle plots ground truth param-
eters, and solid lines are the trajectories of parameter estimates for ASLSD with different solvers.

an estimation method without projections. However, Figure 5.3 plots the exact train and
test LSE for the parameters at each gradient iteration, which shows a satisfactory decay.
To analyze the solver path at the level of each parameter, Figure 5.4 plots the different
parameter updates and gradient estimates at each iteration. Again, we see a satisfactory
convergence towards the ground truth, despite noisier gradient paths for the decay rate
β11 Figure 5.5 gives a closer look at the distribution of our gradient estimator evaluated at
model parameters (µ1 = 3, ω11 = 0.7, β11 = 2). This figure indicates unbiased estimates
of the derivatives of the LSE with respect to the L1 weight ω11, but shows a small bias for
derivatives with respect to the exponential decay rate β11.

Bi-dimensional Consider a bi-dimensional MHP with exponential kernels, and true pa-
rameters

µ� =

(
1.5
1

)
, ω� =

(
0.25 0.5
0.45 0.15

)
, β� =

(
1.05 1.5
2.35 1.35

)
.

This ground truth MHP has a moderate branching ratio ρ ' 0.67. For this problem, consider
an estimation model mhp_exp_2d1r which is an exponential model as in Section 4.6. We
simulate one path of this process up to T = 106, resulting in 7 768 386 jumps. We fit the
mhp_exp_2d1r model; Figure 5.6 plots the estimated kernels.
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Figure 5.2: Fit results for mhp_exp_1d1r
Left: ground truth (orange) and fitted (blue) kernel. Right: Empirical covariance of
the training path (red); theoretical covariance of the ground truth and fitted MHP
(sampling period h = 10−1).
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Figure 5.3: LSE at gradient iterations

5.1.1.2 Gaussian

Consider a uni-dimensional MHP with Gaussian kernels (see Section 4.6.3.3), and

µ�1 = 1.5, ω�
11 = 0.5, β�11 = 0.5, δ�11 = 1.5.

We consider a Gaussian MHP model, mhp_gauss_1d1r, with the same parameterisation.
We discuss both the long path setup and the episodic setup.

Long path setup We simulate one path of the ground truth process up to Tlong = 106,
which results in 3 006 805 jumps. Figure 5.7 presents the evolution of model parameter
values (left column) and their implied moments (right column) through gradient iterations.
There are four parameters fitted (simultaneously) in this model, in order to simply the
visualisation of gradient we discuss first order parameters (µ1, ω11), and then kernel density
parameters (β11, δ11).
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Figure 5.4: Gradient updates for the mhp_exp_1d1r model
Orange line corresponds to the true parameter values in the parameter updates column (left).

The baseline µ1 and the L1 weight ω11 characterize first order properties of the MHP
model. Figure 5.7 shows that the stationary regime intensity η?1 = µ1/(1− ω11) implied by
parameters updates of ASLSD oscillates around the ground truth with decreasing amplitude.
The first few updates of (µ1, ω11) are larger in absolute value, because of the initial learning
rate of our ADAM solver being relatively high.

The location parameter δ11 and the scale parameter β11 further characterize the second
order properties of the MHP. Figure 5.7 shows that the dynamics of learned parameters in
the (δ, β) plane are very different from the first order behaviour, particularly at the start of
training:

• during the first 15 gradient iterations, the location and scale are both decreasing with an
affine relation towards the minimal location value allowed in our procedure (10−10);

• during the following 28 gradient iterations, the scale parameter β11 decreases while the
location remains quasi-null.
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Figure 5.5: Distribution of LSE estimates at a given parameter values
Distribution of LSE gradient estimates for derivatives against the L1 weight ω11 (left) and the
exponential decay rate β11 (right).

As discussed previously, method of moments approaches to MHP estimation such as Bacry
and Muzy [10] exploit the characterization of MHP by their covariance to fit the kernels.
However, it is not clear what link LSE minimization has with the MHP. In order to answer
this question, we simulate2 an MHP path up to T = 105 at each parameters updates, and
compute the corresponding empirical covariance up to a lag τ = 20 with sampling period
h = 10−1. We plot this result in Figure 5.8. Again, we see an oscillatory behaviour of the
implied second moment mode around the ground truth throughout gradient iterations.

Episodic setup We simulate nep = 1000 paths of the ground truth Gaussian MHP
up to Tep = 100, which results in 296 131 jumps, and use our procedure to estimate the
mhp_gauss_1d1r model.

Besides the numerical challenges of the ASLSD procedure in the episodic case, a first
question is whether episodic data is sufficient to characterize a ground truth MHP. Em-
pirically, the order of magnitude of the total number of events is consistent with the long
path setup. However, the small observation window Tep = 100 and the preliminary results
in Section 4.5.1 invite to caution. Figure 5.8 shows that the empirical moments computed
from the episodic data almost match those from the long path data, therefore, it seems
reasonable to attempt estimating a Hawkes model in the episodic case. Finally, Figure 5.9
shows fitted kernels for the long path setup and the episodic setup.

5.1.1.3 Power laws

Parametric estimation of power law kernels poses different numerical challenges, coming
notably from the long memory of the MHP which implies that large index lags may still

2We could not get a closed-form expression for the covariance of a Gaussian MHP.
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Figure 5.6: Fit results for mhp_exp_2d1r

contribute to the stratified MC estimator we build. Consider a ground truth uni-dimensional
MHP with power law kernel (see Section 4.6.4.1), and with true parameters

µ�1 = 1.5, ω�
11 = 0.75, α�

11 = 1, β�11 = 1.5.

To evaluate our method, we set the true exponent value α�
11 = 1 because we have a closed

form expression for the kernel auto-correlation Υ111 in this case. We simulate a path
of this model up to T = 106, resulting in 6 024 396 events. We fit a power law MHP
model mhp_power_1d1r to this data. Figure 5.10 (left) plots the evolution of the relative
contribution of each sum term to the LSE (following our notation in Chapter 4) at each
gradient iteration: relative contributions oscillate but remain stable after a few gradient
iterations, and these contributions are dominate by the double sums SΥ and Sφ. The right
side of this figure plots relative allocations of MC samples at each lag stratum for the
double sums, at the first gradient iteration (dashed lines) and the last (solid lines). We
see that relative allocations at the terminal iteration are monotonically decaying with the
stratum index (and therefore with the index lag); and that their contribution is negligible
beyond the 25-th stratum, which explains why our estimator works even with a heavy tailed
kernel. We evaluate this model by residual analysis. Following the simple approximation
in Proposition 3.1.4, fix a cutoff c = 104. On the training path, compute

τc := min
m∈Jc+2,NT K

tkm − tkm−c−1 = 1.384× 103, εc := 1− ψ̃ki(τc) = 5.66× 10−5. (5.2)
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Figure 5.7: ASLSD updates for mhp_gauss_1d1r

Left: parameter updates of ASLSD represented in the (µ, ω) plane (up) and in (δ, β) plane (bottom).
Green point is the initial value of the parameters, red point their terminal value, and orange point
the true value. The black dashed line in the upper left figure is the line µ = 1 − µ/η1T . Right:
Moments implied by parameter updates of ASLSD. Upper right is the stationary regime intensity
η1? := µ/(1− ω) at each ASLSD update, dashed orange line plots the ground truth value. Bottom
right is the mode of the empirical covariance implied by the parameter updates. This empirical
covariance is obtained by simulating data from the models up to T = 105, and computed up to lag
τ = 20 with sampling period h = 10−1. The mode value is computed as the argument maximizing
the empirical covariance. These mode values are discrete with increments of the sampling period
h = 10−1; the horizontal dashed black lines are respectively at η1T + h and η1T − h.

Figure 5.11 plots the empirical distribution of cut-off timelags and CDF approximation
errors. The relative approximation error verifies the upper-bound

max
m∈[Nk

T ]

|ŝ(k)m − s(k)m |
s
(k)
m

≤ εc
1− εc

= 5.66× 10−5. (5.3)

5.1.1.4 Semi-parametric fit

In this paragraph, we discuss a use case of ASLSD in a semi-parametric estimation context.
Formally, we define a semi-parametric Hawkes model as an MHP or MTLH with SBF kernels
from one of the four dense families of kernels in Section 4.6.3 and in our accompanying code:
uniform, triangular, Gaussian, or gamma.
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ηTlong in the long path setup. Right: Red line plots the empirical covariance on the episodes,
blue line plots the empirical covariance on the long path, for sampling frequency h = 0.1s.

0 1 2 3 4

0

0.1

0.2

0.3

0.4 Ground truth
Long path
Episodic

Figure 5.9: Fitted kernels for mhp_gauss_1d1r

In the example we discuss here, the data generating process is a uni-dimensional MHP,
with true background rate µ� = 0.8. The only kernel of this MHP, φ�11, is a mixture of three
Rayleigh kernels. For lags τ ≥ 0, the Rayleigh kernel density is

φ̃(τ) :=
τ

β2
exp

(
−1

2

(
τ

β

)2
)
,

and the parameter is the scale β ∈ (0,+∞). Fix the scale parameters of the mixture

β�11,1 = 1.25, β�11,2 = 3.5, β�11,3 = 6.1, (5.4)

and L1 weights
ω�
11,1 = 0.2, ω�

11,2 = 0.5, ω�
11,3 = 0.1. (5.5)

To reflect typical usage, the model is somewhat misspecified, as the Rayleigh kernel mix-
ture cannot be expressed in terms of any dense families above. We deliberately choose a
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Figure 5.10: Stratified estimator
Left: relative contribution of each term in the LSE estimator. For each sum term, define the
relative contribution as the term’s absolute value divided by the sum of absolute values of all
other sum terms; so that relative allocations sum to 1 at each gradient iteration. Right: Relative
allocation of sample points per lag stratum in the double sums; dashed (resp. solid) lines corre-
spond to the allocation at the first (resp. last) gradient iteration. Red lines correspond to SΥ,
blue lines to Sφ.

class of models that does not contain the ground truth MHP (and so a perfectly fitting
model is impossible to achieve), as a particular challenge where our algorithm is going to
struggle due to model error. This type of ground truth process is relatively unusual for
the Hawkes literature, however, note that our specification is a favourable setup for kernel
estimation: most of the events from this ground truth MHP are asymptotically the result
of self-excitation (corresponding to a relatively small exogeneity rate exo = 0.2), this MHP
is far from critical (its branching ratio is ρ = 0.8), and the Rayleigh distribution does not
exhibit long memory. We place ourselves in the long path setup, simulate a path of this
process up to T = 106, which results in 4, 005, 567 events.

There are four important modelling choices in the semi-parametric approach:

1. mixture support: the modeller must decide of an interval [δL, δR] on which they
want to focus the modelling effort, since the uniform and triangular densities are com-
pactly supported, and the Gaussian and gamma densities decay fast. This implies
semi-parametric approaches may not be suitable for heavy-tailed ground truth kernels.

2. kernel family: families like Gaussian and gamma kernels have more representation
power than uniform and triangular kernels, but are more computationally expensive be-
cause they require calls to special functions (normal PDF, gamma function). Effectively,
the choice of dense kernel family consists in finding a trade-off between accuracy and
speed.

3. number of basis kernel densities: fixing the hyper-parameter r suffers from a speed-
accuracy trade-off. Increasing the number of basis kernel densities increases the time
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Figure 5.11: Resdiuals approximation error for mhp_powlaw_1d1r

Left: empirical distribution of time lags t1m−t1m−c−1 between events with index lag 1+c = 1+104.
Right: empirical distribution of the CDF approximation 1− ψ̃11(t

1
m − t1m−c−1) of these events.

complexity of gradient iterations quadratically (see Section 4.5.3).

4. location of basis kernel densities: the last modelling decision is to allocate the r
basis kernel densities on the support [δL, δR]. For varying numbers of basis kernels r,
kernel density models are not necessarily nested, and depending on the grid we specify,
increasing the number of basis kernels may reduce the accuracy of the model.

Figure 5.12 plots some empirical properties of the observed data. The empirical covariance3

shows a distinct mode at τ = 1.6s, and covariance values fall by 60% (compared to that
maximum value) for lags greater than τ = 20s. Therefore, we focus our modelling effort on
the interval [δL, δR] = [0, 15]; only a negligible L1 mass of the true kernel lies outside of this
interval, with

∫ 15
0 φ�11∫+∞
0 φ�11

' 99%.
The distribution of inter-arrival times can be misleading, as the link between this dis-

tribution and kernels is unclear. In the present case, the distribution of inter-arrival times
is monotonically decaying, unlike the ground truth kernel; and is supported on [0, 2], when∫ 2

0 φ
�
11∫+∞

0 φ�11
' 28%.

We now investigate the impact of the choice of families of kernel densities, and of the
number of basis kernels densities r11, on the accuracy and speed of the approximation. For
each family of kernel densities, we specify our grid of r11 kernel densities on [δL, δR] as
follows. Define the step size h := δR−δL

r11
, and for basis indices l ∈ [r11], set

3Thanks to the work of Bacry and Muzy [10], we expect the empirical auto-covariance to be particularly
informative as it fully characterizes the kernels, alongside the first order moment. However, as discussed
in Section 3.1.2, the link between auto-covariance and kernels is made through the auto-convolutions of
kernels (corresponding, heuristically, to descendants of an event over multiple generations): even if a kernel
is compactly supported, we will still observe non-zero auto-correlation for large lag values (outside of the
kernel support). Despite how informative the empirical covariance is, note that low-resolution covariance
estimates might be preferred to limit the computational cost.
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Figure 5.12: Empirical properties of simulated data
Left: empirical distribution of inter-arrival times of events in the simulated path. Right: Empirical
covariance of the simulated path, for sampling period h = 0.1s.

• for uniform densities: constant interval sizes al := h, and locations δl := h(l − 1);

• for triangular densities: constant βl = δl = h, and locations αl := h(l − 1);

• for Gaussian densities: constant scales h/2, and locations δl := h(l − 1);

• for gamma densities: constant scales h, and locations δl = 1 + h(l − 1).

For each kernel family except for uniform densities, our specification ensures overlapping
support between basis functions, as this produces signficantly better results in practice.
Figure 5.13 plots the run time and L2 projection error for each kernel family, with varying
numbers of basis functions. We fit the Gamma mixture model with 10 basis functions;

5 10 15 20

2

4

6

Number of basis functions

R
un

tim
e
(s
)

Uniform
Triangular
Gaussian
Gamma

5 10 15 20

0

1

2

3

4
·10−2

Number of basis functions

L
2
pr
oj
ec
tio

n
er
ro
r

Figure 5.13: Speed-accuracy trade-off
Left: For each class of basis kernel densities, average run time in seconds for one gradient iteration
against the number of basis functions in the mixture. Right: For each class of basis kernel
densities, L2 distance between the ground truth and that SBF family against the number of basis
functions in the mixture.

Figure 5.14 plots the fitted functionals.
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Figure 5.14: Fitted functions for mhp_rayleigh_1d3r

5.1.1.5 Benchmarking

We compare the performance of ASLSD to two state of the art MHP estimation methods
implemented in the python package tick [4] with an optimized C++ backend.

• SumExp: an SBF exponential MHP model, fitted using the algorithm in Bompaire et al.
[15]. This is an interesting benchmark to evaluate the quality of the fit for the decay
parameter β in a non SBF exponential using our method. For general kernels, SumExp is
our naïve benchmark.

• WH: the algorithm proposed in Bacry and Muzy [10], a non-parametric estimation method
which solves a Wiener–Hopf system derived from the autocovariance of the MHP. This
method applies to any stationary MHP.

Evaluation metrics Consider a (µ�,Φ�)−MHP observed on a window [ 0, T ] , and a
model (µ,Φ). We define metrics to evaluate the performance of our algorithms:

• L2RelErr : We define this metric by

L2RelErr :=
‖µ� − µ‖22
‖µ�‖22

+
‖Φ� − Φ‖22
‖Φ�‖22

, where ‖Φ‖22 :=
∑
i,j

∫ +∞

0
φ2ij(t)dt. (5.6)

• WassErr: The (first) Wasserstein distance between probability measures f and g is given
by

W1(f, g) := inf
π∈Γ(f,g)

∫
[0,+∞)×[0,+∞)

|x− y|dπ(x, y),

where Γ(f, g) is the space of measures on [0,+∞)× [0,+∞) with marginals f, g. Define

WassErr :=
d∑
i=1

|µ�i − µi|+
d∑
i=1

d∑
j=1

W1

(
φ�ij
||φ�ij ||1

,
φij
||φij ||1

)
+

d∑
i=1

d∑
j=1

∣∣||φ�ij ||1 − ||φij ||1∣∣ .
(5.7)
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Procedure Define four ground truth MHP: a uni-dimensional exponential MHP Exp1D,
a bi-dimensional exponential MHP Exp2D, a uni-dimensional Gaussian MHP Gauss1D, and
a uni-dimensional Gaussian MHP that is a mixture of three Gaussian densities Semi1D. For
each ground truth MHP, we simulate paths (T (p))p∈[npaths] of the process up to a terminal
horizon T . We consider (Tq)q∈[ntimes], an increasing sequence of times. For each (µ�,Φ�),
for each simulated path T (p), and for each integer q ∈ [ntimes], we define

T (p,q) := T (p) ∩ [ 0, Tq]
d;

i.e., the path of the process truncated at Tq, containing N (p)
Tq

jumps. Finally, for each ground
truth MHP, for each evaluation metric, and for each of the three algorithms considered (our
method and the two benchmarks), we fit a given MHP model to the observations T (p,q)

and compute the error ε(p,q). For each time discretization step q, we compute the empirical
mean (resp. 25th percentile and 75th percentile) of (ε(p,q))p∈[npaths] and denote it by M (q)

(resp. Q(q)
0.25 and Q(q)

0.75). Define the mean number of jumps per path

Ñq :=
1

npaths

npaths∑
p=1

N
(p)
Tq
.

Figure 5.15 plots the mean errorsM (q) against the mean number of jumps Ñq at each index
q ∈ [ntimes], and the shaded area between the lower quartiles (Q(q)

0.25)q∈[ntimes] and the upper
quartiles (Q

(q)
0.75)q∈[ntimes]. We see that our algorithm outperforms the WH benchmark with

respect to each evaluation metric in the two exponential cases, Exp1D and Exp2D. In the
unimodal Gaussian case Gauss1D, ASLSD outperforms WH for smaller datasets (under 106

jumps) in the Wasserstein metric WassErr. For the multi-modal Gaussian example Semi1D,
WH typically outperforms ASLSD, however this is due to the (deliberate) misspecification of
the SBF Gaussian model which is seen to approach its lower L2 error bound. Our procedure
consistently outperforms the SumExp benchmark for all ground truths.

5.1.2 MTLH Data

5.1.2.1 Periodic baseline

Consider a uni-dimensional MTLH model with cosine baseline (frequency a� := π × 10−5,
phase b� := π/2, scale α� := 0.5, intercept δ� = 1) and Gaussian kernel (L1 weight ω�

11 =,
location δ�11 = 3.5, scale β�11 = 2).

5.2 Epidemic propagation

In this application, we study the propagation of Malaria in Yunan province, China, for
T = 1000 days between 1 January 2011 and 24 September 2013. Malaria is not contagious
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Error plots for the various ground truth MHP. Blue lines correspond to our algorithm, orange
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Figure 5.16: Fitted functionals for mtlh_cos_gauss

between humans: a human cannot be infected by casual contact or directed exposure to
infected blood. Instead, the parasite is transmitted from humans to mosquitoes, and vice
versa. In the study of infectious disease within a specific geographic zone in epidemiol-
ogy, there is a natural exogenous-endogenous event dichotomy. Autochthonous (or locally
acquired) cases refer to infections occurring in the studied zone, while imported cases are
already infected individuals who arrive in the geographic zone after an infection somewhere
else. In this work, we model timings of new infections using Hawkes models, then leverage
these models to build an imported cases classifier. To reproduce the results in this section,
see the code in the experiments folder of https://github.com/saadlabyad/aslsd/.

5.2.1 Data analysis

Dataset We use the dataset of Unwin et al. [100] who study the disease transmission; this
data is available in Unwin et al. [101]. The dataset contains 2153 recorded infections, with
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a decimal time code in days up to an unspecified resolution. The smallest inter-arrival time
is about 15s, therefore the resolution seems to be at least of order a few seconds. This data
also records whether the case is imported or local. The first event timestamp is at t11 = 0

days, and the last timestamp is at t1
N1

T
' 997.05 days. In Hawkes modelling, if we consider

that the ground truth process is observed on [0, T ], the underlying assumption is that there
is a null probability to observe an event occurring at t = 0 or t = T . Therefore, we offset
the timestamp t11 of the first event by a small random value. It is unclear how sensitive the
solutions of the LSE minimization problem are to this random offset. The dataset identifies
which infections are imported (1) or autochthonous (0).

Non-stationarity Figure 5.17 shows a clear non-stationarity of the observed point pro-
cess. In fact, the data seems to exhibit seasonality in cycles of 1 year. Figure 5.17 plots
the empirical intensity estimator for this data, with a sampling period h = 10 days. The
infections present a mode around the summer, and decrease during winter. This is well
known in epidemiology, and is explained with the fact that the density of mosquitoes is
highly correlated with temperature and humidity levels; the Yunnan region has a tropical
monsoon climate, with a rainy season usually occurring from May to October, peaking from
June to August. As mentioned above, this dataset records whether registered cases are im-
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Figure 5.17: Empirical intensity
Empirical intensity of the Malaria data. Dashed vertical lines plot the 1st May and 1st

October of each year, corresponding roughly to the start and end of rainy season in
Yunnan. The dashed horizontal line corresponds to the average event rate η0T .

ported or local. Figure 5.18 plots the empirical intensity of imported and local cases (left),
and the cumulative exogeneity ratio (right). We note that 74.8% of cases in this dataset are
imported. First, the empirical intensities seem to display a lead–lag relationship between
the imported and local cases; note that the difference between the modes of these intensities
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is at 50 days. The timings of imported events are clearly non-stationary, and incompatible
with homogeneous Poisson dynamics as confirmed by a KS test. This implies MHPs are not
appropriate models for this data. Second, on the right picture, the exogeneity ratio seems
fluctuate less after the first 3 months of data and stabilize to a value close to 75%, which is
compatible with an MTLH with periodic baseline.
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Figure 5.18: Dynamics of imported cases

Covariance Figure 5.19 plots the empirical auto-covariance of the data up to a lag τ = 180

days, with a sampling period h = 1 day. The empirical auto-covariance seems to be roughly
decreasing with the lag, and we note two important features. First, the empirical auto-
covariance gets negative for large lags, above τ = 120 days. This corresponds to the order
of magnitude of 4 months or 1 season, and might be due to to the seasonality of the data.
Negative auto-covariance cannot be captured by MHP models. Second, the empirical auto-
covariance decays relatively slowly compared to the order of magnitude of the incubation
period of Malaria. With MHP models, we expect this feature to cause near-critical fits:
either with large branching ratios or heavier tails in kernel densities.
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Figure 5.19: Empirical auto-covariance
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5.2.2 Modelling

Unwin et al. [100] use a slightly modified uni-dimensional MHP with a delayed Rayleigh
kernel for their study. To fit their model, given the typically small number of observations in
the applications they consider, they compute exactly the log-likelihood of their observations
and input it to a standard optimization solver. In this study, we use Poisson models as
benchmarks: poisson_hom is a homogeneous Poisson model. poisson_cos is a cosine
Poisson model (see Section 2.4.3) with fixed frequency a := 0.02days−1 (i.e. the intensity
has period 314 days) and fixed phase b := 3.22 days, and where we fit the parameters α, δ.
poisson_pc is a piece-wise constant Poisson model (see Section 2.4.2) with 5 intervals of
200 days. We use two MHP models: mhp_exp is an MHP with one exponential kernel; and
mhp_gauss is an MHP with one Gaussian kernel.

Our two main models are MTLH: mtlh_exp_pc is an MTLH with no marks, piece-wise
constant baseline specified as in poisson_pc, and one exponential kernel; and mtlh_semi_pc

is an MTLH with no mark, piece-wise constant baseline specified as in poisson_pc, and
semi-parametric kernel based on 10 Gaussian kernels with locations uniformly spaced on
[0, 20] days, and scales equal to 50% of the difference between consecutive locations.

We fit poisson_hom and poisson_pc using the analytic minimizer of their LSE. We fit
all other models using ASLSD with 2000 gradient iterations: for mtlh_semi_pc, we use our
gradient approximation, for all other models, we compute the exact gradient given the small
size of the data. Given the small number of observations, the standard implementation of
the WH method would not run on this dataset. Table 5.1 summarises our results; where
LSE is the exact LSE of the model on the training path, KS and WW are the p-values
of the respective tests, and M1 and M2 are the empirical moments metrics defined in
Section 2.3.3. mtlh_semi_pc performs best, achieving satisfactory results.

Model LSE KS WW M1 M2 OSA
(%) (%) (%) (%) (%)

poisson_hom -4.635 0.0 0.0 58.7 96.3 87.6
poisson_cos -4.903 0.0 0.0 56.7 87.0 88.3
poisson_pc -6.098 0.0 0.0 39.2 23.3 73.5

mhp_exp -6.375 94.6 82.9 72.1 64.4 74.7
mhp_gauss -6.359 90.1 21.1 80.3 36.3 73.8

mtlh_exp_pc -6.443 77.8 96.6 39.9 38.8 68.4
mtlh_semi_pc -6.457 65.2 82.9 37.5 21.7 68.5

Table 5.1: Evaluation of fitted models (Malaria).
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Fitted models Figure 5.20 displays fitted baselines and kernels. As expected, MTLH
fits show clearly non-stationary baselines which are correlated with the piece-wise constant
Poisson fit. The values of MTLH baseline are less than half those of the piece-wise constant
Poisson fit, which is consistent with the poor WW p-value of Poisson models. mtlh_semi_pc

has a branching ratio of 63.4%, and 60.6% for mtlh_exp_pc. MHP models are both close
to instability and seem to model the data non-stationarity through near-critical fits (see
the discussion in Section 3.3): their branching ratios are 91.7% for mhp_exp, and 91.2%
for mhp_gauss. Note that the fitted scale of mhp_gauss is 8.15 days, and the fitted decay
rate of mhp_exp is 0.15 days. As discussed in Section 4.6, the limit of the Gaussian (resp.
exponential) kernel when the scale (resp. decay rate) parameter goes to infinity (resp. zero)
is the null kernel, which reinforces the observation that MHP fits are unreliable in this case.
Unwin et al. [100] propose that the self-excitation of malaria infection is better modelled
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Figure 5.20: Fitted models (Malaria)

by a non-monotonic kernel, because of the delay in contagions due to the mosquito phase
of the disease. They force this by using a delayed Rayleigh kernel, with a fixed delay of
15 days. It is therefore not surprising that mtlh_semi_pc outperforms the other models
as it incorporates multi-modal as well as non-stationary modelling. The fitted location
of the Gaussian kernel in mhp_gauss is null, but we see clearly two modes in the tail of
mtlh_semi_pc, located at 14 and 18 days: Figure 5.21 shows that 20% of the L1 mass
of the fitted kernels is located between 14 and 20 days. Given the delays in contagion
caused by the malaria life cycle (in particular during the mosquito phase, as discussed,
for example, in Stopard et al. [95] or Unwin et al. [100]), we might expect the true kernel
to have negligible mass below 10 days. However, we speculate that this dataset may not
be based on full observation of malaria cases (for example, due to some cases remaining
unreported). This can introduce significant biases in the estimated self-excitation structure,
which may explain that 61.8% of the fitted kernel mass in mtlh_semi_pc is under 6 days,
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with a primary mode at 4 days. It is important to underline that this remains a heuristic
interpretation: to the best of our knowledge, in the Hawkes models estimation literature,
there is no study of influential observations, censored data, and leverage analogous with
regression analysis in the i.i.d. case.
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Figure 5.21: Mass distribution (Malaria)
Each bar with edges xL, xR corresponds to the probability ψ̃11(xR) − ψ̃11(xL), where ψ̃11 is the
fitted CDF of mtlh_semi_pc.

Empirical moments The M1 and M2 metrics above show the superior accuracy of
the mtlh_semi_pc model in fitting the empirical moments of the training data. On the
left, we compute the conditional intensity on the training path of each fitted model, and
compare it to the empirical intensity of the training data. On the right, we simulate a
path from each fitted model, and compute the empirical intensity on that path. This figure
raises an interesting paradox for MHP models: despite the clear non-stationarity of training
data, the conditional intensity of MHP models on the training data fits the ground truth
empirical intensity correctly, however, the empirical intensity of data simulated from these
models is far from the ground truth (M1 ≥ 70%). Figure 5.23 plots the empirical covariance
of simulated paths from fitted models, comparing it to the empirical covariance of training
data. MTLH models achieve a satisfactory M2 error, as expected from the good performance
of the piece-wise constant Poisson model. Note that mhp_gauss achieves a surprising low
M2 error. Due to the small size of the dataset, it is difficult to draw conclusions from this
covariance analysis.

Residuals Figure 5.24 plots the residuals of fitted models. As shown in Table 5.1, Poisson
residuals display poor fits, failing the KS and WW residual test. All Hawkes models in this
study pass both tests. Figure 5.25 plots the distribution of inter-arrival times simulated
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Figure 5.22: Intensity evaluation (Malaria)
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Figure 5.23: Covariance evaluation (Malaria)

from the fitted models, which compare favourably to the ground truth.

OSA For one–step–ahead evaluation of the models (see Section 2.3.2), we consider a
uniform time grid on [200, 800] with ngrid = 50, and npaths = 1000. Figure 5.26 displays our
results for mtlh_semi_pc. The predicted lags to next event are positively correlated (60%
Pearson correlation), and with prediction error OSAR = 68.5%. The simulated lags have the
same first and second moment as the empirical distribution of observed lags, however, they
struggle to recover extreme values of this distribution.

5.2.3 Classifying imported cases

In epidemiology, identifying imported cases is critical for designing appropriate public health
response to an epidemic. As discussed in Section 5.2.1, the identification of imported and
local cases is a binary classification problem with imbalanced classes. In this paragraph,

143



Figure 5.24: Residuals (Malaria)
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Figure 5.25: Simulated inter-arrival times (Malaria)

we discuss the use of exogeneity probabilities of the mtlh_semi_pc fit for this classification
task.

Calibration The exogeneity probabilities give target scores for our classifier, we first
need to fine tune our decision threshold. We simulate a path from the model up to T ,
where we know which events are exogenous, and compute the exogeneity probability for
all events in this path. Figure 5.27 plots the exogeneity probability at each event time
in the simulated path, and the empirical distribution of exogeneity probabilities. This
model has a branching ratio of 63.4%: as expected, most events in the simulated path are
endogenous and the exogeneity probabilities have relatively small values. Surprisingly, the
modes of exogeneity probabilities are not located during the monsoon periods, but rather
in November and December. Figure 5.28 plots classic metrics and the receiver operating
characteristic (ROC) curve for our classifier. This model achieves a low AUC of 0.59. The
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Figure 5.26: OSA evaluation (Malaria)
Left: temporal dynamics of predicted (blue) and observed (orange) lags until next jump, and
shaded area between the lower and upper quartiles of simulated values. Dashed vertical lines plot
the start and end dates of monsoon in Yunan. Right: empirical distribution of simulated (blue)
and observed (orange) lags until next jump. Dashed vertical lines plot empirical means.
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Figure 5.27: Dynamics of exogenous classifications, calibration (Malaria)
Dashed line is the empirical mean of the distribution.

positives and recall plots are particularly close.

Results We now evaluate this classifier on the real data.
Similarly to the calibration results, this classifier achieves an AUC of 0.56 on the real

data; all Hawkes models fitted in this study have a similar AUC value. Figure 5.30 plots
different metrics and the ROC curve. Figure 5.31 shows indeed that the empirical distribu-
tion of exogeneity probabilities of imported cases is very similar to the distribution of the
exogeneity probabilities of local cases.

5.3 News cycles

In this application, we study the diffusion of information across media platforms: in par-
ticular, we model publication timings of news articles with keywords related to the British
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Figure 5.28: Metrics of exogenous classifications, calibration (Malaria)
Blue (resp. red) horizontal dashed line is the true rate of exogenous (resp. endogenous) events in
the simulated data.
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Figure 5.29: Dynamics of exogenous classifications, real data (Malaria)
Left: Blue plots exogeneity probabilities against time. Orange line plots the empirical
intensity of true imported cases against time. Right: empirical distribution of exo-
geneity probabilities. Black dashed line is the empirical mean of the distribution; blue
(resp. red) dashed line is the true rate of exogenous (resp. endogenous) events in the
data.

Royal family 4 after the wedding of Prince William and Catherine Middleton on Friday
29 April 2011. We train our models on publications occurring on the week from Monday
6 June 2011 midnight UTC to Saturday 11 June 2011 midnight UTC. In particular, we
are interested in modelling the interaction between publications in the UK and the USA.
During that period, the UK uses British Summer Time (BST) corresponding to UTC+1,
and the East coast of the USA uses Eastern Daylight Time (EDT) corresponding to UTC-4.
In online news coverage, information can be propagated through different media with high
intensity: this is refered to as viral news, which is studied for instance by Lu and Szymanski
[64] or Benson [14]. Similar text phrases can occur in news articles from different media;

4The exact keyword in the MemeTracker dataset is prince william-william-kate middleton-kate-middleton-
westminster-watch-marriage-queen-king-elizabeth-charles.
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Figure 5.30: Metrics of exogenous classifications, real data (Malaria)
Blue (resp. red) horizontal dashed line is the true rate of exogenous (resp. endogenous) events in
the data.
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Figure 5.31: Distribution of exogenous probabilities, real data (Malaria)

Leskovec et al. [57] study this phenomenon, which they refer to as memes. Gomez Ro-
driguez et al. [40] compiled news articles from several websites that mention a selection of
keywords into the MemeTracker dataset. In our application, we model the excitation in the
occurrences of a given keyword irrespective of the meme to which it belongs to. There is an
inherent causality structure and exogenous-endogenous event dichotomy at the level of an
event cascade: for a fixed meme, the first news article in the cascade causes the occurrence
of that meme in the subsequent articles in the cascade5. However, when we shift from
meme cascades to news articles, the causal structure is more ambiguous because a given
news article (A) can contain more than one meme, in this case:

• there are different other news articles causing the occurrence of these memes in the article
(A), and we cannot attribute (A) to a unique parent;
5This assumes no anterior mention of the meme has been missed.
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• if article (A) is the first recorded in a given cascade, but is not the first recorded in
another cascade, then we cannot consider article (A) to be exogenous anymore.

5.3.1 Data analysis

Dataset The MemeTracker dataset was initially developed by Leskovec et al. [57] with the
objective of studying propagation of memes across different media; we will use the updated
version of Gomez Rodriguez et al. [39]. Each file lists timestamps of occurrences of a given
keyword across 5 000 media outlets. The data is timestamped with a resolution in seconds.
When two or more posts have the same timestamp, we only keep the event that appears
first in the dataset.

Seasonality Figure 5.32 plots the empirical intensity of publication timings between Mon-
day 6 June 2011 at midnight UTC and Monday 28 November 2011 at midnight UTC. We see
a clear decrease of publication frequency during weekends. Figure 5.33 plots the empirical
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Figure 5.32: Seasonality of news cycles

Left: Empirical intensity of publications. Right: Empirical distribution of publication days.

moments of publication timings during the training week starting Monday 6 June 2011, for
media of all nationalities. The vertical dashed lines correspond to 02:00 PM UTC.

Media nationality Diffusion dynamics of news related to the British Royal family differ
significantly between UK, USA and Australian media, and those from other nationalities.
It is not sufficient to use the top-level domain of the website to deduce its country.6 We
manually verify the nationality of the media sources; the list of media nationalities is avail-
able as a csv file in the Applications folder of our repository. In this study, we focus on

6For example, several major news websites had a .com top-level domain at the time of data collection of
MemeTracker, such as The Economist (British), El País (Spanish) or Globo (Brazilian).
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Figure 5.33: Empirical moments (News 1D)
Left: empirical intensity of publication dates with 30 minutes sampling period. Horizontal dashed
line is the cumulative event rate on the training period, at 10.8 articles per minute. Right:
empirical covariance of publication dates with 5 minutes sampling period.

the interaction between publications in the UK and in the USA. Figure 5.34 plots the cor-
relation matrix of the number of daily publications for a selection of media, computed on
the 25 weeks period starting 6 June 2011. Dashed lines delimit UK media from US media.
As expected, we note a high correlation cluster corresponding to the websites of generalist
British media, differentiated from British tabloids. Note that all US media, with the ex-
ception of CNN, are highly correlated with the news agency Reuters. Among US media, we
observe a clear cluster of the websites of generalist news channels, distinct from primarily
paper–based or online–based US media. We investigate the lead-lag relationship between

Figure 5.34: Correlation matrix of daily publications

UK and US publications. Figure 5.35 plots the empirical intensity of publications with 30

minutes sampling period. Blue (resp. red) vertical dashed lines are located at 09:00 AM
BST (resp. EDT). In media from both countries, publications have a daily periodicity, with
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a clear delay due to the different time zones. Note the higher intensity of US publications
(1.67 publication per minute) than UK publications (0.91 publication per minute): we at-
tribute this to the predominance of US media in the dataset. Finally, Figure 5.36 plots
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Figure 5.35: Empirical intensity (News 2D)

the empirical covariance of this data with 5 minute sampling period. The auto-covariance
of UK publications has similar dynamics to the auto-covariance of US publications, with a
different scaling factor. The cross-correlation from UK to US publications displays a clear
mode at 6 hours; note that the time difference between the UK and the East coast of the
USA is of 5 hours during the data period. Negative correlation values in this empirical
estimator might result from data non-stationary rather than inhibitory effects.

Figure 5.36: Empirical covariance (News 2D)
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5.3.2 Modelling

We aggregate all publication timestamps in the training week from UK media (dimension
i = 1) and US media (dimension i = 2) into a path of a bi-dimensional point process. We
measure timestamps as minutes elapsed since Monday 6 June 2011 midnight UTC, with
one second resolution.

We use Poisson and MHP models as benchmarks: poisson_hom is a homogeneous Pois-
son model. poisson_cos is a cosine Poisson model (see Section 2.4.3) with fixed frequency
a := 2π

24×60 ' 4.3× 10−3min−1 (i.e. a period of 1 day), where we fit the scaling parameters
α, δ and the phase parameter b. poisson_pc is a piece-wise constant Poisson model (see
Section 2.4.2) with 12 intervals of 720 minutes (12 hours) each. mhp_gauss is an MHP
model with one Gaussian kernel.

Our two main models are MTLH: mtlh_exp_cos is an MTLH with no marks, cosine
baseline specified as in poisson_cos, and one exponential kernel. mtlh_semi_cos is an
MTLH with no mark, cosine baseline specified as in poisson_cos, and semi-parametric
kernels based on 7 Gaussian basis kernels with locations uniformly spaced from 0 360 min-
utes (6 hours), and scales equal to 50% of the difference between consecutive locations.

We fit poisson_hom and poisson_pc using the analytic minimizer of their LSE. We fit
all other models using ASLSD with 2000 gradient iterations.

Fitted models Figure 5.37 displays fitted baselines. The mtlh_semi_pc fit displays a
small baseline for US publications Figure 5.38 plots fitted kernels. As expected, the cross-
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Figure 5.37: Fitted baselines (News 2D)

excitation from UK to UK publications is numerically negligeable. The cross-excitation from
UK to US publications displays a clear mode around 5 hours. The self-excitation kernels are
both monotonically decreasing and simlar, although the US self-excitation presents more
mass around 3 hours, possibly due to the time difference between the East and West coast.
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Figure 5.38: Fitted kernels (News 2D)
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Part II

Hawkes models of Nasdaq equities
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Chapter 6

The Nasdaq equities market

6.1 System overview

We now describe the system we are interested in modelling in Part II of this work: mid-prices
on the Nasdaq equities market. An electronic equity market is composed of different market
participants who can buy or sell shares of a company. In the US, electronic equity markets
are managed by exchanges, such as Nasdaq or the New York Stock Exchange (NYSE). The
Nasdaq stock market (shortened to Nasdaq), is operated by Nasdaq, Inc., and based in New
York City. Therefore, in the rest of this work, all timings are in Eastern Standard Time
(EST) unless otherwise specified.

6.1.1 Orders

On public electronic equities markets, each market participant (MP) can place orders on
the exchange indicating their willingness to buy or sell shares of a ticker for a given price
and quantity. In the market microstructure literature, orders are usually categorized into
two simple types:

• Limit Orders (LOs) allow liquidity provision. These are orders to buy or sell with both a
size and price specification. As there are not necessarily available counterparties when an
LO is posted, it may not be executed immediately. To ensure the liquidity of the market,
most exchanges have designated market makers with quoting requirements.

•Market Orders (MOs) allow liquidity taking. These are orders to buy or sell with a size
specification only, seeking immediate execution at the best available price.

In practice, for major equities exchanges, all orders are LOs: an MO is simply an LO with
a very aggressive limit price. Furthermore, the trading activity can be enriched by several
other features of orders, called order attributes on Nasdaq. An LO rests in a Limit Order
Book (LOB) until one of the following events occurs.
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•The LO gets filled by an MO; The LO can be filled totally by one MO, or incrementally
by partial fills from different MOs.

•The LO gets cancelled totally or partially by the MP who posted the LO;

• The LO gets cancelled totally by the exchange; As we discuss below, there are different
reasons why an exchange may eventually cancel an LO, based on the order attributes
specified by the MP. We give two examples:

1. The MP specified that the LO may not be stored for more than a given duration1.
Once that duration is reached, the exchange deletes the LO totally.

2. The MP specified that they do not accept partial fills. Assume that an incoming MO
arrived on the market at some point, and that if the LO had not been totally deleted
by Nasdaq, the LO would have been partially but not totally filled by the MO. In this
case the LO is totally deleted by the exchange.

MPs place orders on the exchange through different types of connectivity protocols. In
Nasdaq, there are 4 proprietary connectivity protocols in addition to the international
standard for exchange connectivity FIX (Financial Information eXchange): FLITE (FIX
Lite), OUCH, RASH, and QIX. For a given exchange, each connectivity protocol leads to
a different processing of orders, notably in how the order will be automatically repriced or
modified during its lifetime.

6.1.2 Market schedule

Most electronic equity markets are usually closed on weekends and holidays. On a normal
trading day, these markets are not open for 24 hours: the period for which the system is
active and receives and posts orders is referred to as system hours. Market hours refer to
a sub-period of time included in system hours, and pre-market (respectively post-market
hours) refer to the time period before the start (respectively after the end) of Market hours2.
This distinction is made because the rules of the system usually vary between market hours
on the one hand, and pre-market and post-market hours on the other hand.

Figure 6.1 illustrates the Nasdaq market schedule on a normal trading day. The Nasdaq
system opens at 4 AM and closes at 8 PM. Market hours start with an opening cross at
09:30 AM, and end with a closing cross at 4 PM. Despite designated times at which the
opening and closing crosses should happen, in practice there exists an offset between the

1This duration is called the time-in force in the case of Nasdaq
2The term market hours can be ambiguous as one might think that no order executions can happen

during pre and post-market hours: this is not true for all market centers. In Nasdaq, executions are possible
outside of market hours.
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announced times and the times at which the crosses actually happen. This offset depends
on the activity on the matching engine, in Nasdaq rule 4701 paragraph (g) (see [73]) it
is stated that “Nasdaq Opening Crosses for different System Securities occur sequentially
rather than simultaneously”. Nasdaq’s announced intent behind the opening and closing
crosses is to improve price discovery and mitigate the reaction to quarterly reports.

System off

Extended trading
(Pre-market)

Market hours

3 : 50 pm
Imbalance data disseminationClosing cross

9 : 25 am Imbalance data disseminationOpening cross

Extended trading
(After hours)

System off

4 : 00 am

9 : 30 am

4 : 00 pm

8 : 00 pm

Figure 6.1: Daily market schedule on Nasdaq

Market schedule of the Nasdaq equities market on a normal trading day (without early closing).

6.2 Limit order books

A limit order book (LOB) stores the collection of active LOs. Limit prices can be specified
on a discrete grid with constant increment size referred to as a tick. For liquid Nasdaq
equities, the tick size is usually 1 cent (USD 0.01). Sizes of limit orders are also specified on
a discrete grid with constant increment size referred to as a lot. For liquid Nasdaq equities,
the lot size is equal to 1. Limit orders have many more attributes than their price and size,
on which we do not focus in this study.

Priority queue In Nasdaq, LOs are posted and stored in the LOB following a price–
display–time priority queue. This means that if an incoming buy (resp. sell) order is sent
to the market, potentially with a limit price, the routing algorithm executes trades until
exhaustion of the size or price of the incoming order using the ranking criteria:
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1. LOs with more aggressive prices are executed first;

2. If LOs have the same price, visible orders are executed before hidden orders 3;

3. If limit orders have the same price and display type, the orders with earlier submission
times are executed first.

Clock In the rest of this study, denote by T = 23 400s the total observation window over
trading hours, that is, the number of seconds from market opening at ti := 09:30 AM (EST)
to closing at tf := 04:00 PM (EST).

Price levels Fix a time t ∈ [0, T ]. The set of limit orders to buy (resp. sell) displayed in
the LOB at time t is called the Bid (resp. Ask) side. Consider a price level p, in ticks. We
say that the price level p is occupied at the bid (resp. ask) side at time t if there exists at
least one displayed buy (resp. sell) limit order posted at level p at time t.

Definition 6.2.1 (Price levels). Fix a time t ∈ [0, T ] and a positive integer index i ∈ N∗.
We denote by p(B,i)t (resp. p(A,i)t ) the i-th best Bid (resp. Ask) price at time t, that is, the
unique price such that this price is occupied on the bid (resp. ask) side at time t, and there
exists exactly i − 1 occupied levels at the bid (resp. ask) side at time t for prices strictly
larger (resp. smaller) than pB,it (resp. pA,it ).

The price pB,1t (resp. pA,1t ) is called the bid (resp. ask) price. We denote the total
displayed size posted at the i-th best bid (resp. ask) at time t by sB,it (sB,it ). The total
non-displayed size posted is not a quantity that is accessible in the public Nasdaq data feed.
The main object of interest of this work is the mid-price, defined as the arithmetic average
between the bid-price and ask price pt := pA,1

t +pB,1
t

2 . The mid-price takes discrete values
that change in half-tick increments.

6.3 Operating mechanisms

6.3.1 The principle of best price execution

A fundamental LOB design principle A fundamental operating principle for the ma-
jority of lit exchanges around the world is the prohibition of locking and crossing. We say
that a system is locked (resp. crossed) if the best bid price equals (resp. is strictly greater
than) the best ask price. Such a situation is sub-optimal for the Market participants owning
all the locked or crossed orders as they would get price improvement by executing against

3An important attribute is that a limit order can be displayed (visible) in the order flow, or non-displayed
(hidden) in the order flow. A non-displayed order is useful to mitigate one’s market impact.
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each other. This is why electronic markets are usually designed to avoid locking and cross-
ing: any incoming order can receive price improvement and the matching engine checks
whether it can execute against standing orders before posting to the LOB. In Nasdaq, this
is explicit in Rule 4757 of the equity market, see [73]. This implies that the bid-ask spread
ςt is always strictly positive on a market that cannot be locked or crossed.

Inter-market locking and crossing In the US, locking or crossing a protected quote is
prohibited by the American financial regulator, the SEC, in rule 600 of regulation NMS, see
[94]. This also refers to inter-market locking or crossing stocks that are traded on different
venues of different exchanges: we say that a quote is locked (resp. crossed) if there exists
two markets such that the best bid price on a market is equal to (resp. strictly greater
than) the best ask price in the other market. To enforce this rule, it is necessary for the
regulator and exchanges to consider the notion of National Best Bid and Offer (NBBO)
of a quote which is defined at any point in time4 as the highest bid price and lowest ask
price for the security over all registered exchanges where it is traded. Inter-market locking
(resp. crossing) on registered exchanges and alternative trading systems is normally avoided
by repricing or cancelling the locking (resp. crossing) orders, and/or routing them to the
market that realizes the NBBO.

6.3.2 Life cycle of an order

We summarize the life cycle of an order on Nasdaq as follows:

1. The order is submitted to the system by an MP.

2. The order is processed according to its type and attributes to determine whether it may
execute against any contra-side LOs5 on the Nasdaq LOB.

3. If there are remaining shares, the rest of the processing of the order depends on the
time-in-force (TIF) of the order, chosen by the participant. If the order has a TIF of
immediate-or-cancel (IOC), then the order is cancelled and returned to the participant.
If the order is not IOC, the price of the order might be adjusted depending on its type,
attributes, the state of the LOB and the NBBO, and is either routed to a different venue
or posted in the Nasdaq LOB.

4. Once an LO has been posted on the Nasdaq LOB, it can be later deleted or modified
by the MP. A modification consists in modifying the attributes of the order, such as
its price. The modified order will get a new timestamp and will be processed as a new

4Up to system latency.
5In the Nasdaq terminology in [73], a contra-side order refers to an order in the opposite of the market

as the order considered.
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order 6. There is a cap on the number of times an MP can modify the order. The order
can also be automatically adjusted by Nasdaq through time.

5. The order remains in the LOB until it gets executed, cancelled, or its TIF expires.

6.3.3 Why does the mid-price move?

A simple yet fundamental question is: what order book event is responsible for an observed
mid-price jump? By construction, the mid-price jumps at a given time t as the result of:

• a uni-lateral move: the Ask price jumps but the Bid price doesn’t; or the Bid price jumps
but the Ask price doesn’t.

• a bi-lateral price move: both the Ask price and the Bid price jump, and the sum of their
signed jump sizes is non-null.

By construction, uni-lateral moves can occur because of

Scenario name Trader action Market conditions

LO in the spread Submission of a LO Spread strictly greater
at a price strictly than 1 tick.

between Bid and Ask prices.
OM in the spread OM at a price strictly Spread strictly greater

between Bid and Ask prices than 1 tick.
Multi-level execution Submission of a MO MO entirely consumes

at least one level of orders
and no remaining size is posted.

Solitary deletion Total deletion of LO Deleted LO was
at the best quote the only order at that quote.

A bi-lateral price move is a more peculiar event: it results from the modification of a
solitary limit order to a more aggressive price, with execution of all contra-side orders at
the first level.

6.3.4 Latency

In order to interpret event timestamps on the Totalview-ITCH data feed and how they
may relate to each other, it is necessary to consider the latency experienced by different
MPs. In the literature, the term latency may refer to different concepts related to the
speed at which given market operations can be realized between MPs and exchanges. In
this work, we follow Hasbrouck and Saar [45] and define latency as the total duration for

6unless the modification is a short sell specification.
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a market participant to: receive information about a market event from Nasdaq; process
that information; send an order to Nasdaq in response; and wait for Nasdaq to process this
order. This definition of latency is sometimes referred to as the tick-to-trade.

6.3.4.1 Decomposing tick-to-trade

High frequency traders (HFTs) are a sub-class of algorithmic traders who leverage optimized
hardware and software infrastructure to place orders with low latency. In order to reduce
their latency, market participants can opt for co-location services offered by most lit ex-
changes, including Nasdaq: co-location consists in storing the market participant’s servers
and other hardware in a data center that belongs to the exchange [78]. It is well-known that
HFTs account for a significant part of trading activity on equities markets: Carrion [20]
report that 68% of traded volumes on Nasdaq equities are due to 26 HFTs. This emphasizes
the necessity of understanding the orders of magnitude of HFTs tick-to-trade when reading
Totalview-ITCH data 7. Figure 6.2 illustrates connectivity between a co-located MP and
Nasdaq.

Market participant server
�

Gateway

Nasdaq matching engine
�

Send message
(Totalview ITCH)

Send order
(FIX, OUCH, ...)

Matching engine latency

Trade decision

Figure 6.2: Tick-to-trade of HFTs
Connectivity with the exchange of a market participant co-located in the Nasdaq data center. In
black, we draw hardware components in this network. Blue arrows draw data transfers, with the
associated connectivity protocol between parenthesis. Red arrows draw data processing tasks.

7If the MP is not co-located, their latency corresponds mostly to the network transit time between their
servers and the Nasdaq data center. Note that a lower bound for network transit time is imposed by the
speed of light in vacuum, which gives an order of magnitude of 3.3µs/km.
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Matching engine latency To the best of our knowledge, the exact value of the Nasdaq
matching engine latency at the time of the present work is not publicly disclosed. As noted
by Baldauf and Mollner [12], it is well-known that exchange latency may vary depending
on market conditions: the general and ticker-specific trading activity on Nasdaq, and the
trading activity on other markets for order-routing purposes. However, in this commercial
document [77] used by Nasdaq to promote their exchange solutions to other countries8,
Nasdaq states that their “technology features among the lowest latency in the industry at
sub-40µs, with [Nasdaq’s] fastest production implementation at 14µs latency door-to-door”.
It remains unclear how this order of magnitude compares with the latency of the Nasdaq
engine in New York. In the literature, Hagströmer and Nordén [43] and Menkveld and
Zoican [67] report an average processing time of 250µs for the INET trading system on
Nasdaq OMX. While Nasdaq (in New York) is also build on INET, it is difficult to conclude
whether values reported in this work for Nordic markets, in 2013, are comparable to the
current engine latency on Nasdaq.

Order processing latency At the MP level, the operations that must be conducted
are: handling the data feed; compute responses; and make order decisions. There are
two paradigms within the HFT community. The first paradigm is software-based HFTs:
these are MPs who use general purpose systems, notably processor based systems, for MP
processing. For software HFTs, there exist non-compressible times added crossing the PCI
bus, and a non-deterministic time added when interacting with the OS layer.

The second paradigm is hardware-based HFTs, sometimes referred to as ultra-high fre-
quency traders: these are co-located MPs using integrated circuits to circumvent physi-
cal limitation of CPUs and GPUs. As discussed by De Schryver [29], while Application-
specific integrated circuits (ASICs) offer very low latency and have become widely used for
cryptocurrency mining, they suffer significant constraint for HFT applications: they are
specialized by design, have long production times, and high unit costs. Therefore, Field
Programmable Gate Arrays (FPGAs) have been progressively introduced in the finance
industry since the early 2010s and, at the time of writing, are widespread on both the buy
and sell side. FPGAs are re-configurable integrated circuits which can be programmed us-
ing simple logics. FPGAs do not involve the operating system nor need to cross the PCI
bus, hence reducing their latency 9. Nasdaq offers an FPGA version of their market data
feed: Totalview-ITCH FPGA [80], which is proposed through the UDP version of ITCH 5.0

8Nasdaq, Inc. also offers technological solutions to other market places, notably to operate matching
engines, such as for the nuam exchange (Chile, Peru, Colombia), or the Stock Exchange of Thailand.

9Therefore, a first large area of applications of FPGAs in finance is for high performance computing,
notably MC simulations in derivatives pricing for instance (see Vanderbauwhede and Benkrid [103], Chapters
1 and 2)
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(MoldUDP64). Pottathuparambil et al. [85] discuss the use of FPGAs to improve the speed
of a Nasdaq Totalview-ITCH 4.0 feed handler, achieving a processing time of 2.7µs, against
38µs for a CPU benchmark. Furthermore, they note that their FPGA processing time is
deterministic and does not vary with time nor with in-bound feed activity, as opposed to the
CPU solution. We expect this processing to be significantly lower in current implementa-
tions, notably because of the transition to ITCH 5.0 FPGA, and hardware evolution. This
seems consistent with the latest research on feed handlers for data encoded in the FAST
(FIX Adapted for STreaming) protocol. For instance, Tang et al. [96] achieve a 0.5–1.3µs
processing time, and Dou et al. [32] even get to 0.447µs.

Communication times The Nasdaq-MP and MP-Nasdaq communication times are un-
known, and executed using different protocols. The Nasdaq-MP communication is done
using the Totalview-ITCH protocol, potentially with an FPGA variant. The MP-Nasdaq
communication is usually done through OUCH or FIX lite, as FIX is known to be slower.

6.3.4.2 Latency estimation

Latency still constitutes a major technological competitive advantage within the HFT indus-
try, despite co-location solutions ending the arms race for exchange proximity. Therefore,
HFTs (and algorithmic trading firms in general) do not disclose their typical latency values.
Because of this, during the past 20 years, the study of latency in the market microstruc-
ture literature has been focused on theoretical problems rather than empirical studies. The
significant theoretical interest in latency has focused on the study of latency arbitrage and
front running in stylized LOB models through game theoretical approaches, allowing pre-
scriptive conclusions for regulatory purposes: Cohen and Szpruch [26] derive the optimal
latency arbitrage in a two–agents model and study the positive market implications of a
Tobin tax; Menkveld and Zoican [67] uses a recursive model to study optimal strategies
and equilibrium, with empirical applications on Nasdaq OMX; Baldauf and Mollner [12]
studies order-to-trade latency, and suggests frequent bath auctions. Manahov [65] propose
a computational approach by simulating a synthetic market model with HFTs, and also
suggest auctions to improve market quality.

The empirical study of latency is relatively scarce because of the difficulty of access to
very specific proprietary data. Even with exchange proprietary data, it is still not possible
to compute the true tick-to-trade of MPs as their algorithmic processing remains unknown:
when we see a message on the data feed, it is not possible to know with certainty what
triggered the decision to send that message. Thus, researchers often prefer to engage in
empirical research on the impact of HFTs on market quality rather than latency estimation.
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For instance, Brogaard [18], Carrion [20], and Brogaard et al. [19] use the same Nasdaq
proprietary dataset which contains trades and best quotes for 120 stocks traded on Nasdaq,
with an indicator of whether the MP is an HFT or not. As noted by Carrion [20], this
Nasdaq classification remains subjective, and misclassifications seem to bias their results
10. Hasbrouck and Saar [45] use Totalview-ITCH data for 351 (resp. 399) Nasdaq tickers
in October 2007 (resp. June 2008), and estimate the HFT latency to be 2–3 milliseconds.
Using proprietary exchange data for 30 Nasdaq OMX tickers, Hagströmer and Nordén [43]
estimate HFT latency around 100–600 (resp. 90–360) microseconds in August 2011 (resp.
February 2012) using a proxy measure.

10Nasdaq only revealed anonymized MPIDs to researchers in the dataset.
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Chapter 7

Dataset

To conduct the present work, we select LOB data from specific Nasdaq tickers over a specific
time period. The tickers we select must satisfy certain criteria, and we allocate them in
groups of 6 tickers each corresponding to their economic fundamentals. The group division
we propose is finer than that of the Nasdaq screener, and allows us to study the impact of
these fundamentals as well. In this section, we present our selection methodology, as well
as the actual tickers composing the study.

Our market data is available through a third party, Lobster [62]. Lobster is a data
provider of all LOBs of US equity markets available on the Nasdaq market data feed
(Nasdaq TotalView-ITCH) for academic research. The LOB is reconstructed using the
Nasdaq market data feed, Nasdaq TotalView-ITCH. The messages in the data feed are
timestamped with nanosecond resolution during all system hours. The equities LOBs on
Nasdaq TotalView-ITCH are not only the ones for stocks primarily listed on Nasdaq: it
also contains stocks listed on NYSE and AMEX.

7.1 Data selection

In this work, we consider LOB data up to a depth of 5 levels for different tickers on different
days. The study period and tickers must be chosen such that our results can be sufficiently
generalized, at least qualitatively: specifically, we select liquid stocks which are represen-
tative of the different economic sectors, on a time period which is recent enough but not
affected by very unusual market conditions.

7.1.1 Selection methodology

7.1.1.1 Time period

We want to use recent data while avoiding periods significantly affected by global crisis
situations. We avoid data close to the Covid-19 pandemic starting January 2020, because
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of the subsequent market crash and global recession. We also exclude data close to the
Russo-Ukrainian war starting 24 February 2022, and the resulting energy crisis starting in
the last quarter of 2022.

Therefore, we select data ranging from Wednesday 1 June 2022, to Friday 2 September
2022, inclusive. This represent 3 calendar months (14 weeks) of data, corresponding to a
total of ndays = 64 full trading days. During this period, there are 2 holidays during which
the Nasdaq exchange was closed Nasdaq [82]: Monday 20 June 2022, and Monday 4 July
2022. Over this period, some important market events must be taken into account for data
processing

1. Stock splits: some firms increase the number of outstanding shares with a given ratio
[81]. This means that a the moment of the stock split, the number of outstanding
shares is multiplied by the split ratio, and the trading prices are divided by the split
ratio. Among the tickers selected in this study (below), two are affected by a stock split
in the considered period:

• AMZN, with a 20 : 1 stock split going into effect on 6 June 2022 [35].

• GOOGL, with a 20 : 1 stock split going into effect on Monday 18 July 2022 [36].

None of the other tickers in the study underwent a stock split in the year 2022.

2. Symbol changes: Nasdaq symbols are not immutable. a firm can decide to change
its symbol, for instance because the legal name of the company changed. In this study,
it is the case for the company Meta (formerly Facebook), which was listed as FB, and
changed to META on 9 June 2022 [89]. We only use the ticker symbol META.

7.1.1.2 Tickers

At the time of writing of this work, there are 3790 Nasdaq listed stocks across 3 market tiers:
The Nasdaq Global Select Market; the Nasdaq Global; and The Nasdaq Capital Market.
Nasdaq listed and traded symbols are available in a FTP directory refreshed every night
[83]. This database is also accessible through the Nasdaq stock screener [79]. In the rest of
this work, we refer to stocks using their official symbol.

We want to select ntickers = 48 tickers split into 8 Groups of 6 tickers each. Each Group
should be composed of stocks belonging to the same economic sector. This reference is
distinct from the “sector” and “industry” fields in the Nasdaq stock screener data, because
of the level of granularity of these fields. To select our 48 tickers, we only consider stocks
satisfying the following heuristic criteria during the considered period.

1. Survival: up to the time of writing of the current work, the stock is not de-listed.
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2. Uninterrupted trading: the stock’s market was not halted.

3. Large market capitalization: the stock’s total market capitalization exceeds USD 90

billion. By market capitalization, we refer to the value of this field in the Nasdaq tickers
dataset at the time of ticker selection. It it is unclear which definition Nasdaq uses for
market capitalization.

4. High liquidity: the stock’s total available volume exceeds 800, 000 shares;

5. Sensible price range: the stock’s average trading price lies between USD 25 and USD
600. The tick size of all the stocks in this work is the same, and corresponds to one
cent, therefore mid-price jumps are always in half a cent increments. This rule excludes,
for example, BRK.A (Berkshire Hathaway Inc.), and UNH (UnitedHealth Group), which
satisfy all the previous criteria.

6. Uniqueness of companies: stocks must be emitted by distinct companies, and US
based stocks must be class A Common Stocks. This last rule aims to avoid capturing
correlations between different classes of stocks from the same company. For instance,
both GOOGL and GOOG, respectively class A common stock and class C capital stock of
Alphabet Inc, satisfy all the other criteria.

In our selection process, we dismissed a few largely traded tickers that were satisfying all
the above selection criteria, such as

• Financial services providers such as V (Visa) and MA (Mastercard): these tickers are among
the largest market capitalizations in the financial sector, however, most of the financial
institutions represented in this study are banks. Therefore, we preferred to preserve the
homogeneity in activity of that group.

• TSLA (Tesla): considered on the Nasdaq stock screener as within the Consumer Discre-
tionary economic sector, its industry (“automobile constructor”) is significantly different
from the other groups of companies in a similar economic sector. This is the only auto-
mobile constructor satisfying the selection criteria.

7.1.2 Selected tickers

In the summary tables below, Country is the alpha-2 country code of the corresponding
company. Exchange is the exchange on which the stock is listed: in our study, this will
be either Nasdaq or NYSE. Market cap is the total market capitalization of the ticker in
billion USD, as reported by Nasdaq in March 2023.
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G1: Semiconductors From 2020 to 2023, this sector was affected by a global shortage
of semiconductors, referred to as the global chip shortage (see for instance Voas et al. [105]).
Table 7.1 summarizes the tickers in this Group.

Symbol Company Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

AMD Advanced Micro Devices Inc. US Nasdaq 128 90.20 11.60
AVGO Broadcom Inc. US Nasdaq 249 522.42 5.36
INTC Intel Corporation US Nasdaq 114 37.32 0.63
NVDA NVIDIA Corporation US Nasdaq 526 169.75 16.94
TSM Taiwan Semiconductor TW NYSE 467 86.13 3.15

Manufacturing Company Ltd.
TXN Texas Instruments Inc. US Nasdaq 159 166.37 7.31

Table 7.1: Summary of selected semiconductors companies.

There exists some fundamental differences in activity between these firms: AMD and NVDA

do not manufacture their own chips themselves; INTC and TXN design and manufacture their
own chips, in the US; and TSM design and manufacture their own chips, but not in the US.
One direct implication of these differences is a disparity in how the CHIPS and Science Act
[97] applies to each of these companies. This Act offers significant subsidies and investment
tax credit to US based chip manufacturers, as part of the China-US trade war. This Act
was particularly discussed in summer 2022, which lies in our dataset:

• On 18 July 2022, some US semiconductors manufacturers expressed their need for this
Act, and some bills were set to be voted on 19 July 2022 [88];

• the Act was voted by the US senate on 27 July 2022, and by the US House of represen-
tatives on 28 July 2022;

• the Act was signed on 9 August 2022.

We have chosen not to include ASML in this economic Group, but rather include it in Com-
puter manufacturing and equipment: ASML is the largest European technology company
by market capitalization, but is a provider for semiconductor companies.

G2: Computer manufacturing and equipment Table 7.2 summarizes the tickers in
this Group.
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Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

AAPL Apple Inc. US Nasdaq 2,640 153.14 11.73
ASML ASML Holding N.V. NL Nasdaq 263 518.92 2.06
CSCO Cisco Systems Inc. US Nasdaq 209 44.72 0.68
IBM International Business Machines US NYSE 122 135.24 3.03

Corporation
QCOM QUALCOMM Inc. US Nasdaq 142 139.28 10.67
TMUS T-Mobile US Inc. US Nasdaq 182 138.57 2.86

Table 7.2: Summary of selected computer manufacturing and equipment companies.

In the Nasdaq stock screener, CSCO and TMUS are considered telecommunications com-
pany, but in the “telecommunications“ sector the vast majority of firms are classified within
the “Cable & Other Pay Television Services” industry. There is only one other “Telecom-
munications Equipment” company: VOD (Vodafone), which trades at a very low price and
that was therefore excluded from the study.

G3: Computer software and internet services Companies developing computer soft-
ware and/or providing internet services have particularly large market capitalization.

Table 7.3 summarizes the tickers present in this group.

Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

ADBE Adobe Inc. US Nasdaq 163 399.21 5.91
CRM Salesforce Inc. US NYSE 165 176.31 8.08

GOOGL Alphabet Inc. US Nasdaq 1,210 1084.44 8.20
META Meta Platforms Inc. US Nasdaq 448 169.80 11.10
MSFT Microsoft Corporation US Nasdaq 1,920 267.72 18.87
ORCL Oracle Corporation US Nasdaq 235 73.34 1.78

Table 7.3: Summary of selected companies in computer software and internet services.

G4: Pharmaceuticals Pharmaceutical companies dominate the large tickers from the
healthcare sector: among the 7 largest market capitalizations from this sector traded on
Nasdaq or NYSE, 6 out of 7 belong to the sector of “Biotechnology: Pharmaceutical Prepa-
rations”.

With the proximity of the COVID-19 pandemic, we note that 3 of these companies
developed COVID-19 vaccines: AZN, JNJ, and PFE. MRK did not develop a COVID-19 vaccine,
however, it helped manufacture and supply the vaccine of JNJ. Neither LLY nor NVO produced
a COVID-19 vaccine, but developed drug treatments. Table 7.4 summarizes the tickers in
this Group.
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Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

AZN AstraZeneca PLC UK Nasdaq 214 65.37 1.13
JNJ Johnson & Johnson US NYSE 419 172.44 3.59
LLY Eli Lilly and Company US NYSE 312 315.07 1.11
MRK Merck & Company Inc. US NYSE 278 90.01 1.62
NVO Novo Nordisk A/S DK NYSE 319 109.77 0.89
PFE Pfizer Inc. US NYSE 243 50.15 0.84

Table 7.4: Summary of selected pharmaceutical companies.

G5: Banks Banks dominate the “Finance” sector in NYSE. All the tickers in this group
are listed on NYSE. Table 7.5 summarizes the tickers in this Group.

Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

BAC Bank of America Corporation US NYSE 283 33.59 0.55
HSBC HSBC Holdings plc. UK NYSE 149 32.02 0.25
JPM JP Morgan Chase & Co. US NYSE 417 116.82 5.78
MS Morgan Stanley US NYSE 167 82.37 4.23

SCHW The Charles Schwab Corporation US NYSE 150 66.95 2.87
WFC Wells Fargo & Company US NYSE 182 42.49 0.96

Table 7.5: Summary of selected banking companies.

G6: Oil and gas The “Energy” sector in the Nasdaq stock screener is dominated by
companies which industry is either “Integrated oil Companies” or “Oil & Gas Production”.
This is again a group of NYSE only tickers. Half of the tickers in this group are not
American. Table 7.6 summarizes the tickers in this Group.

Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

BP BP p.l.c. UK NYSE 120 29.90 0.44
COP ConocoPhillips UK NYSE 127 99.05 5.37
CVX Chevron Corporation & Co. US NYSE 315 155.30 7.77
SHEL Royal Dutch Shell PLC NL NYSE 211 52.69 1.58
TTE TotalEnergies SE FR NYSE 153 52.39 0.82
XOM Exxon Mobil Corporation US NYSE 454 92.05 6.29

Table 7.6: Summary of oil and gas companies.

G7: Retail distribution Table 7.7 summarizes the tickers in this Group.
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Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

AMZN Amazon.com Inc. US Nasdaq 989 232.81 12.81
BABA Alibaba Group Holding Ltd. CN NYSE 265 101.29 5.49
COST Costco Wholesale Corporation US Nasdaq 225 509.49 6.13
HD The Home Depot Inc. US NYSE 324 296.47 4.38
PG The Procter & Gamble Company US NYSE 330 143.64 2.65
WMT Walmart Inc. US NYSE 395 128.06 2.48

Table 7.7: Summary of retail distribution companies.

G8: Food and beverages Table 7.8 summarizes the tickers in this Group.

Symbol Name Country Exchange Market cap Mean price Jumps rate
(109 USD) (USD)

(
s−1
)

BUD Anheuser-Busch Inbev SA BE NYSE 117 53.36 0.93
KO The Coca-Cola Company US NYSE 260 62.82 0.86
MCD McDonald’s Corporation US NYSE 198 253.56 3.56
MDLZ Mondelez International Inc. US Nasdaq 91 62.64 0.84
PEP PepsiCo Inc. US Nasdaq 243 170.53 3.98
SBUX Starbucks Corporation US Nasdaq 123 81.27 3.21

Table 7.8: Summary of food and beverages companies.

7.1.3 Context overview

We now give an overview of the features of the different tickers in this dataset. Figure 7.2
plots the empirical correlation between daily returns of the selected tickers over the selected
period. For a given ticker, we define the (arithmetic) daily return1 as the difference between
the mid-price in the associated LOB at exactly 04:00 PM, minus the mid-price in the LOB
at exactly 09:30 AM. This heat map shows some level of clustering around diagonal blocks,
which indicates a higher similarity between stocks of a same economic Group.

7.1.3.1 Exchanges

Dual listings Certain securities are listed on two or more exchanges: this situation is
usually referred to as dual listing [76]. In the case of US equities markets, Nasdaq launched
its dual listing program in January 2004 [72], [98]. According to Nasdaq, the objective of
this program is to attract large corporations listed on NYSE by allowing them to reach more
trade opportunities, while receiving lower general fees than if they were primarily listed on
Nasdaq. This constitutes an incentive offered to these firms to eventually be primarily listed
on Nasdaq (see Hegde et al. [50], and [93]). The arrival of RegNMS in 2005 regulates dual
listings, by ensuring markets of dual listed securities do not lock nor cross.

1Sometimes, daily returns are defined as the difference between the closing price and opening price, which
are themselves sometimes defined as the price of the last and first transaction of the day. It is clear that
this definition does not necessarily coincide with ours.

170



Figure 7.1: Empirical correlation of daily returns
Tickers in the rows and columns are sorted by economic group first, then in alphabetical order of
symbol. To clarify visualization, dashed black lines delimit the different Economic Groups. Each
unit in the heat map displays the empirical correlation of daily returns between the tickers of the
corresponding row and column.

Representation in the dataset Among the 48 tickers we selected, 20 are primarily
listed on Nasdaq, and 28 on NYSE. This is because Nasdaq listed firms are predominantly
technology companies. Therefore, selected tickers are biased towards NYSE primary listings.

This raises the question of the importance of the exchange in the daily returns corre-
lations we observed previously is due to the primary listing exchange. In Figure 7.2, we
permutate the rows and columns of Figure 7.2 by exchange: this shows that the exchange
does indeed play a role, but that there is still correlation between Nasdaq and NYSE tickers.

7.1.3.2 Countries

Non-US firms can be listed on Nasdaq and NYSE if they comply with local regulations.
Non-US companies can issue securities which are traded exclusively on US exchanges in USD
and paying dividends to their holders in USD, through two types of contracts. The first is
the American Depositary Receipt (ADR) [74], a negotiable ownership certificate emitted by
a US depository bank, representing a multiple of (ordinary) shares of the foreign company.
Note that American Depositary Shares (ADS) [75] refer to the actual tradable asset. The
second is New York Registry Shares (NYRSs) [25]: USD denominated shares which do not
require depository receipts from a US bank. In practice, this is an ad-hoc contract for Dutch
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Figure 7.2: Empirical correlation of daily returns, sorted by exchange
Tickers in the rows and columns are sorted by exchange first, then by economic group, then in
alphabetical order of symbol. To clarify visualization, dashed black lines delimit the NYSE and
Nasdaq tickers. Each unit in the heat map displays the empirical correlation of daily returns
between the tickers of the corresponding row and column.

companies. 38 (about 80%) of the tickers in the dataset are US companies. The 10 non-US
tickers are from 7 countries: Belgium, Denmark, France, Great Britain (3 tickers), and the
Netherlands (2 tickers) in Europe; and China and Taiwan in Asia.

7.1.3.3 Indices

The fact that a security belongs to a major index is often regarded as a significant feature
impacting how the security is traded. For instance, a direct consequence of a stock belonging
to an index is that the portfolio of ETFs tracking that index will have to be re-balanced to
reflect changes in the underlying index.

Index S&P 500 Nasdaq 100 DJIA

Count 38(7.6%) 28(28%) 15(50%)

Table 7.9: Representation of the main US indices in the dataset.
For each index, we count the number of tickers in the dataset which are within the components
of said index. Between parenthesis, we give the ratio of index components in the dataset divided
by the total number of components, as a percentage.

S&P 500 Because we do not impose any domiciliation condition, some of the companies
emitting these stocks are not primarily listed in the US, or do not derive the majority of
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their revenue in the US. In our dataset, the only stocks that are not included in the S&P
500 index are the 10 tickers which are not primarily listed in the US.

Nasdaq 100 In our dataset, the tickers which are not part of the Nasdaq 100 index are
exactly those primarily listed on NYSE.

DJIA The Dow Jones Industrial Average (DJIA) is composed of 30 tickers. 15 of these
30 constituents of the DJIA in summer 2022 are present in the dataset.

7.2 Pre-processing messages

Messages on Lobster and Nasdaq TotalView-ITCH are timestamped up to nanosecond pre-
cision. In the Lobster data, we observe several sequences of messages with the same times-
tamp. Because of the hardware and data processing constraints on the matching engine,
and the scale of market activity, it seems extremely improbable that messages occurring at
the same timestamp correspond to distinct orders arriving at the engine within the same
nanosecond. Therefore, our interpretation of simultaneous messages is that they correspond
to automatic order adjustments. However, it is not specified in the Nasdaq documentation
whether automatic order adjustments are simultaneous, or if there is a processing delay that
depends on the activity in the matching engine. In this section, we classify and interpret
the different types of sequences of simultaneous messages we observe in Lobster data. We
hope a more detailed study of this system will help guide the modelling phase.

The problem of message collisions If a given event happens on the market, this
might trigger an automatic sequence of adjustments of orders with specific order types
and attributes. This type of mechanism might reduce the quality of order-book models,
particularly when order adjustments are made because of events that are unobserved in the
Nasdaq market data feed: for instance, if the NBBO moves, because of the Nasdaq inside
quotes or because of activity in a market center other than Nasdaq.

We analyse such sequences for the 5 first levels of the LOBs of the ticker AAPL, on 5
days of trading (3 February 2020 to 7 February 2020). The total number of such sequences
in this period is 127, 961; their length is small on average with a mean of 2.42 messages
and a standard deviation of 3.26. In fact, 106, 263 sequences (83.04%) are of length 2, but
7.06% of these sequences have a length larger than 4 with a maximum length of 660. The
non-zero inter-arrival times during these five days are strictly superior to 100 nanoseconds.
This, in addition to normal orders of magnitude of market latency for the fastest market
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participants, suggests that it would be very unlikely that messages timestamped at the same
nanosecond would results from orders sent by different market participants.

Multi-order executions and order modifications Given the format of Lobster mes-
sages, we expect the majority of such sequences to come from two phenomena. The first
is order modifications: when an order is modified, this would result in two messages in
the data feed with the same timestamp. The first one should be a cancellation, and the
second one should be a submission of a new LO on the same side of the market. 61, 996

(48.44%) sequences have a structure similar to an order modification: they are sequences
of two messages, first a cancellation, then a submission of an LO, both on the same side.

The second is MOs executing several orders. Since the messages are given from a limit
order perspective, a market order that executes several LOs will result in several execution
messages with the same timestamp on the same side of the market. Of course, if some or all
of these executions affect hidden orders, then it is not possible to observe if they are on the
same side. 62, 251 (48.66%) sequences have a structure similar to an MO executing several
orders.

Crosses We focus on the remaining 3, 714 (2.90%) sequences. In Lobster data, there is
a specific message disseminated when a cross happens. This message has its own event
type indicator; its price corresponds to the crossing price and its volume to the total traded
volume. During the 5 days considered, each opening cross message is included in a sequence
of simultaneous messages. We observe two different structures among these messages:

• Three sequences start with the opening cross trade message. The rest of the simulta-
neous sequence is formed of submissions of LOs. Such a behaviour is coherent with the
fact that limit-on-close (LOC) orders, which are orders that do not interact with the
continuous trading book prior to the opening cross, can be posted to the continuous
trading book if they are not crossed and the participant requested it. It is not specified
in Nasdaq documentation how the submission of these orders is handled by the system,
but a simultaneous submission of these non-crossed LOCs would be coherent with this
behaviour.

• Two sequences start with multiple executions of limit orders, then a cross trade message
and finally several submissions of limit orders. We do not have an interpretation of the
execution messages yet.

Among the five closing cross trade messages, only two are part of sequences of simultaneous
messages. They both have the same structure: they start with multiple executions of LOs,
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then a cross trade message. We do not have an interpretation of the execution messages
yet.

Submissions Among the 3707 remaining sequences, the majority contain at least one LO.
In this paragraph, we focus on the 3254 such sequences. These sequences can be classified
as follows:

• There are only 14 sequences with two LO submissions or more. These sequences contain
exclusively LO submission messages, happen between 9:30:00 AM and 9:30:10 AM, and
these limit orders have the same direction. We do not have an interpretation yet of these
sequences.

• There are 3, 240 sequences with exactly one LO submission message. We observe that for
all these sequences, the LO submission message is at the end of the sequence. We can
classify these sequences into the following categories:

– 3, 139 of these sequences contain only execution messages and a submission message.
For each of the 1, 951 sequences with at least one execution of a visible LO (i.e. se-
quences with executions that do not consist only in executions of hidden orders), all
executed visible LOs have the same direction and the limit order is always posted on
the opposite direction. We interpret this behaviour as the arrival of an order that
executes several LOs and stops walking the book because of its own limit price.

– There are 25 sequences containing only cancellation messages and exactly one submis-
sion message. All cancelled LOs have the same direction. For 7 of these sequences, the
submitted LO has the same direction as the cancelled LO, whereas for the other 18

sequences the submission is on the other side of the market.

– 101 sequences are composed of at least a cancellation message and an execution mes-
sage, and ended by a submission message.

Remaining sequences The last 453 remaining sequences are exactly the sequences com-
posed of at least one cancellation message, and potentially execution messages, but no
submission nor cross trade.

• Only 3 sequences contain only cancellations. These sequences don’t seem to correspond
to an automatic cancellation of many orders triggered by the expiry of their time-in-force
(these sequences are timestamped between 10 AM and 2 PM). Nonetheless, we do notice
that all cancelled LOs in a given sequence have the same direction.
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• 450 sequences contain at least one execution message and at least one cancellation mes-
sage and no other message type. Note that in these sequences, if the LOs had not been
cancelled, they would have been executed following price-time priority rules. This be-
haviour is consistent with cancellations to prevent self-execution.

Summary of event types We pre-process Lobster data to define the following event
types based on simultaneous Lobster messages. A trade is any sequence of simultaneous
messages which contains at least one execution of a LO. A deletion is a cancellation
message that is not simultaneous with any other message. A modification is a simultaneous
sequence of one cancellation message followed by one LO submission message on the same
side of the market. A liquidity provision event is a submission of one and only one LO.
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Chapter 8

Empirical analysis of mid-prices

In this chapter, we discuss some statistical properties of mid-prices in the dataset, which
guide our modelling choices. This empirical analysis is based on our dataset of 48 tick-
ers selected, observed for 64 days, during which a total of 3, 344, 673, 42 mid-price jumps
occurred.

In order to keep this work concise, it is not always possible to plot data for each ticker
and each day in this study: for example, with empirical distributions. In such cases, we
display data fom 1 week (5 trading days), from Monday 18 July 2022 to Friday 22 July
2022, for 4 tickers: AAPL, AMZN, INTC, and JPM (see Table 8.1).

Symbol Name Exchange Market cap Average sparsity Average value Mean price Event rate Jumps rate Min time Max time
(109 USD) (103 USD) (USD) (s−1) (s−1) (ns) (s)

AAPL Apple Inc. Nasdaq 2,640 0.42 870 152.23 109.85 12.80 154 15.6
AMZN Amazon.com Inc. Nasdaq 989 1.91 446 120.15 62.93 11.08 169 12.8
INTC Intel Corporation Nasdaq 114 0.01 1,462 39.83 40.44 0.70 200 108.5
JPM JP Morgan Chase & Co. NYSE 417 1.40 219 114.04 27.79 5.98 168 21.7

Table 8.1: Sample data
Event rate is the ratio of total number of LOB events over the considered period, divided by
the total observation duration in seconds. Jumps rate is the ratio of total number of mid-price
jumps over the considered period, divided by the total observation duration in seconds. Min
time is the average of daily minimum inter-arrival times of mid-price jumps, in nanoseconds.
Max time is the average of daily maximum inter-arrival times of mid-price jumps, in seconds.

For each ticker, and each trading day, denote by N1 (resp. N2) the process counting
the number of upward (resp. downward) mid-price jumps up to time t ∈ [0, T ].

8.1 LOB mechanisms

We start by investigating the types of LOB events that make the mid-price change. As
discussed above, not all LOB events cause mid-price jumps. In Table 8.1 we see that the
rate of LOB events, the rate of mid-price jumps, and the ratio of mid-price jumps to LOB
events vary significantly across tickers. However, this ratio seems relatively stable through
days for each ticker. In particular, JPM has consistently the highest ratio value with the
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smallest number of LOB events; and INTC has consistently the lowest ratio with the smallest
market capitalization.

Figure 8.1: Jump-events ratio.

We are now interested in the distribution of event types. Figure 8.2 plots our results.
Before diving into their interpretation, we see that when fixing a stock, the distributions
considered are stable through time. However, across stocks, we see consistent behaviour
between AAPL, AMZN, and JPM, with INTC acting very differently.
As expected, Limits are the primary cause of mid-price jumps for all tickers. However, a
first counter-intuitive result for AAPL, AMZN, and JPM, is that Deletions are the secondary
mechanism of jumps, and significantly more predominant than Trades. The case of INTC is
quite different, when restricting to jump times only, we note that that proportion of posted
Limits is the same as for the other tickers, but Trades are significantly more predominant
than Deletions. We observe that LO submissions are the primary mechanism of mid-price
moves. By construction, a Limit event can only make the mid-price jump if the order is
posted in the spread. Therefore, this can only happen if the spread is higher than half a
tick. Surprisingly, solitary deletions are the secondary mechanism of mid-price jumps for
AAPL, AMZN and JPM, with over 30% of jumps.

8.2 Inter-arrival times

We now study the distribution of inter-arrival times of mid-price jumps at the high-frequency
level. For each ticker and each day of the dataset, consider the sequence of times at which
the mid-price changes. By inter-arrival times, we refer to the difference between consecutive
times at which the mid-price changes. Inter-arrival times of mid-price jumps are linked to
the latency of market participants. Figure 8.3, we plot systematically two vertical lines:
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Figure 8.2: Distribution of event types
Distribution of LOB event types (as percentages): for all events (orange), and only to events
corresponding to a mid-price jump (blue).

one at 12.5µs, and one at 22.5µs; there are consistently two modes present in the previous
distributions which are close to these fixed times.

8.3 Jump size

While the processes N1 and N2 count the number of mid-price jumps for a given ticker on
a given trading day, mid-price jumps do not all have the same size. In this work, we refer
to mid-price jumps of more than half a tick in absolute value as leaps. In Section 8.3.1,
we discuss empirical properties of mid-price jump sizes in general: Section 8.3.2 explores
the relationship between jump sizes and trading price; and Section 8.3.3 analyzes the bias
introduced by the AMZN and GOOGL data before their stock splits. Section 8.3.4 is focused
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Figure 8.3: Histogram of order inter-arrival times for some Nasdaq stocks.
We plot the histogram of inter-arrival times of mid-price jumps below 100µs for each ticker on
each date with µs resolution.

on empirical properties of leaps.

8.3.1 Overview

Distribution of jump sizes Mid-price jumps are usually small: the empirical average
(over all tickers and trading days) of the absolute value of all the jumps observed in this
study is 0.819 ticks. As shown in Figure 8.4, 84.79% of observed jumps are of half a tick in
absolute value, while only 3.82% of all observed jumps are of 2.5 ticks or more. However,
these numbers might be misleading when looking at a specific stock. As we see in Figure 8.5,
this is because tickers with larger leap probabilities have smaller range of activities (orders
per second).
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Figure 8.4: Empirical distribution of absolute jump sizes

Figure 8.5: Leap probability and activity
Empirical probability of leaps against total activity η for each ticker and each day (left), and
for each ticker averaged on all trading days (right). Solid dashed line plots the average leap
probability over all tickers.

Time dynamics Figure 8.6 plots the average jump size and leap probability over all
tickers against time. As we discuss in Section 8.3.3, the noticeable decreases in average
jump size are mainly due to two stock splits.

8.3.2 Relationship between jump sizes and price

We now consider the relationship between the average jump size δ (in ticks) and the time-
averaged price (in USD)

〈〈p〉〉T :=

∫ T

0
ptdt. (8.1)

A relationship is unsurprising, as our stocks have a common tick size independently of their
price. Figure 8.7 shows that average jump size increases with the average price in a convex
fashion; with different regimes depending on the primary listing exchange; and that this
relationship is better described by an exponential model than by a power law overall (see
Table 8.2 and Table 8.3). To fit the relationship between size and price, we consider an
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Figure 8.6: Temporal dynamics of jump sizes
Left: Empirical daily mean of jump sizes over all tickers against time, dashed line plots the
empirical mean over the time period. Right: Empirical daily mean of leap probabilities over all
tickers against time, dashed line plots the empirical mean over the time period.

exponential model and a power law model of the form

δ := c+ b exp (a〈〈p〉〉T ) , δ := c+ b〈〈p〉〉aT . (8.2)

Figure 8.7: Average jump size against time-averaged price
Left: Each point plots the average jump size against the time-averaged price for a given ticker on
a given day. Right: Each point plots the average jumps size against the time-averaged price for
a given ticker, averaged on all trading days.

Exchange Exponent a Scale b Bias c L2 loss
(×10−3USD−1) (Ticks) (Ticks)

Nasdaq 5.097(5.212) 0.128(0.124) 0.314(0.313) 0.177(0.128)

NYSE 9.445(9.804) 0.106(0.0977) 0.347(0.351) 0.0666(0.0419)

Table 8.2: Size–price fit (exponential).
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Exchange Exponent a Scale b Bias c L2 loss
(USD−1) (×10−7 Ticks) (Ticks)

Nasdaq 2.321(2.275) 8.124(10.95) 0.5(0.5) 0.177(0.128)

NYSE 2.725(2.441) 2.966(14.87) 0.5(0.5) 0.0691(0.0472)

Table 8.3: Size–price fit (power law).

The increase of average size with time-averaged price results from the increase of leap
probabilities with time-averaged price. Figure 8.8 plots this relationship.

Figure 8.8: Leap probability and price
Left: Each point plots the average leap probability against the time-averaged price for a given
ticker on a given day. Right: Each point plots the average jumps leap probability against the
time-averaged price for a given ticker, averaged on all trading days.

8.3.3 The effect of stock splits

The previous results are biased by the dynamics of AMZN and GOOGL before their respective
stock splits. Figure 8.9 plots time-average prices against trading day for these two stocks,
and benchmarks them against the empirical mean of the time-averaged price over all other
tickers. We see clearly that the time-averaged price of AMZN and GOOGL before split is
significantly higher than the average of the other tickers, and has a comparable order of
magnitude after split. Figure 8.10 shows that the average absolute jump size increases in
the days preceding a stock split.

8.3.4 Leaps

Leaps occur through different order book mechanisms: they can correspond to a trade
executing multiple levels of the LOB, a trade or solitary deletion with a sparse LOB, or an
LO submission when the spread is more than half a tick. Figure 8.11 plots the temporal
dynamics of the proportion of leaps caused by each event type. For AAPL and AMZN, leaps
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Figure 8.9: Stock splits and price
Time-averaged price against trading day. Red (resp. green) line corresponds to AMZN (resp.
GOOGL), vertical dashed lines mark stock split dates. Orange line corresponds to the empirical
mean of time-averaged price on all other stocks. Left figures plots prices as is, right figure adjusts
prices by dividing them by their respective split factor.

result predominantly from trades and liquidity provision. For most days, the relative share
of solitary deletions among leaps stagnates through the day: this is consistent with the
fact that for solitary deletions to cause leaps, the first and second price level should not be
contiguous, which is more likely near market opening. For JPM, the contributions of each
event type are close and have very similar temporal dynamics. On INTC, leaps are almost
exclusively caused by trades. Finally, the contribution of modifications is negligible for all
tickers.

8.4 First order moments

8.4.1 Total cumulative jump rate

We are interested in the total cumulative event rate ηT := (η1T , η
2
T ). This rate summarises

the total price activity at a first order level. For each ticker, Figure 8.12 plots the average
over all trading days of (η1T , η

2
T ). Again, we see that the total event rate is symmetric,

and Nasdaq tickers usually have higher activity than NYSE tickers. Figure 8.13 plots the
empirical distribution of jump sizes for a smaller subset of data. These distributions have
small Fisher-Pearson coefficient of skewness, with a fast decay.

8.4.2 Empirical intensity

Figure 8.14 plots the empirical intensity of mid-price jumps with sampling period h = 10

minutes. There is consistently a peak in the jump rate located at the first hour of trading.
The first hours of the day constitute a decay phase for the jump rate, followed by a phase
where the jump rate fluctuations are small. For some tickers and during some trading
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Figure 8.10: Stock splits and jump size
Left: empirical mean of average jump size against trading day over all tickers (blue) and over all
tickers excluding AMZN and GOOGL (orange). Right: Red (resp. green) line plots the average jump
size for AMZN (resp. GOOGL), and vertical dashed lines plot the stock split dates.

days (for example AAPL on Monday, JPM on Wednesday), there exists a third phase in the
afternoon, where the jump rate increases again and decays rapidly to another stable regime
before closure. We now look at the contribution of different LOB mechanisms to the number
of mid-price jumps through the day. Figure 8.15.
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Figure 8.11: Event types of leaps
For each ticker and trading day, ratio of deletions (orange), liquidity provision (blue), and trades
(red) divided be the total number leaps, against time of the day.
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Figure 8.12: Average upward and downward jump rates
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Figure 8.13: Distribution of jump sizes
We plot the histogram of mid-price jump values in ticks for each ticker on each date. The y-axis
is set in logarithmic scale and displays frequencies as a percentage.
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Figure 8.14: Distribution of mid-price jump times

188



Figure 8.15: Event types of jumps through time.
For each ticker and each trading day, number of deletions (orange), liquidity provisions (blue),
and trades (red), divided by the total number of jumps on that day, against time of the day.
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Chapter 9

Hawkes price model

9.1 Price model

This chapter aims to demonstrate the use of the ASLSD algorithm to enrich the standard
class of point process based mid-price models in the literature (used by Bacry et al. [6]
for instance). Let N be a bi-dimensional counting process, where N1 (resp. N2) counts
upward (resp. downward) jumps of the mid-price. Let p0 > 0 be the initial value of the
mid-price in ticks. As in the previous chapter, we consider a total observation window of
size T = 23 400s, corresponding to the duration of a trading day on Nasdaq. For times
t ∈ [0, T ], the standard mid-price model (SPM) is

pt = p0 +
1

2
(N1

t −N2
t ). (9.1)

Under the SPM, the moments of p relate simply to those of N ; for instance, the auto-
covariance of returns and the realized variance are

ν(p)hτ (t) =
1

4

(
νh11,τ (t) + νh22,τ (t)− νh12,τ (t)− νh21,τ (t)

)
, [p]t =

N1
t +N2

t

4
. (9.2)

It is clear that the SPM presents several conceptual limitations. For instance, it does not
guarantee that for times t ∈ [0, T ], pt ≥ 0 a.s., i.e. N2

t −N1
t ≤ 2p0 a.s.; nor that E[pt] ≥ 0.

The SPM also assumes all price jumps have size 0.5 ticks; we refer to this as the adjusted
mid-price.

Definition 9.1.1 (Adjusted price). For a given observed series of mid price jumps, with
associated counting processes N1 and N2 (where jumps can be of any size), we define the
adjusted price process to be that given by padj = p0 + (N1 −N2)/2, in units of ticks.

We shall see that padj typically overstates the volatility of the price process, as leaps
often correspond to mean-reversion. For simplicity, we will often write p for padj, as this
will be our main process of interest.
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Again, we use this as a first example application of our procedure in market microstruc-
ture, which can be significantly improved. We consider different classes of intensity models
for N .

Homogeneous Poisson We use a benchmark homogeneous Poisson model poisson_hom.

Proposition 9.1.1 (Fitted price moments). For times t ∈ [0, T ], the moments of the fitted
poisson_hom price model satisfy

E[p̄t] = p0 +
pT − p0
T

t, Var[p̄t] =
t

T
[p]T . (9.3)

For a sampling period h > 0, the auto-covariance of returns at lag τ ≥ 0 is

ν[p̄]hτ =
[p]T
T

f
(h)
Tr (τ). (9.4)

On [0, T ], the mean fitted price under poisson_hom is a linear function of time, with the
same initial and terminal values as the training data. The variance of this model increases
linearly with time, from 0 to the quadratic variation of the training data. Figure 9.1 plots
these quantities for the ticker AAPL, on Monday 18 July 2022. Positivity constraints are
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Figure 9.1: The poisson_hom price model
For times t ∈ [0, T ], blue line is the mean fitted price E[p̄t], orange line is the true adjusted mid-
price pt, and red line is the true mid-price, and We fill in blue the area one standard deviation
away from the mean. The axes are re-scaled to display time as hours of the day instead of seconds,
and prices in USD instead of ticks.

always satisfied in expectation for fitted models, i.e. E[p̄t] > 0 for times t ∈ [0, T ]. We
get the distribution of the price process in closed form. Denote by Iq the modified Bessel
function of the first kind, such that for all integers q ∈ Z and all x ∈ R

Iq(x) :=
(x
2

)q +∞∑
k=0

(
x2

4

)k
k!(k + q)!

. (9.5)
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Proposition 9.1.2 (Price distribution). For times t ∈ [0, T ], and all signed prices q such
that 2q ∈ Z, under the fitted poisson_hom model,

P(p̄t = q) =
(N1

T

N2
T

)q−p0
exp

(
− (N1

T +N2
T )
t

T

)
I2(q−p0)

(
2
√
N1
TN

2
T

t

T

)
. (9.6)

We give a proof of this result in Appendix A.4.

Non-homogeneous Poisson We consider poisson_piececonst, a non-homogeneous
Poisson model with piece-wise constant intensity (see Section 2.4.2). The bounds of the
intervals correspond to a uniform grid of the duration of the trading day, in bins of 30 min-
utes each. This model also acts as a benchmark in our study. The fitted hon-homogeneous
Poisson piece-wise constant intensities provide upper-bounds for the baseline parameters of
MTLH models with piece-wise constant baselines.

Consider a fitted poisson_piececonst model (p̄t)t.

Proposition 9.1.3 (Fitted price moments). For all times t ∈ [0, T ], the expectation of the
fitted poisson_piececonst price model is

E[p̄t] = pβg(t) +
pβg(t)+1

− pβg(t)
βg(t)+1 − βg(t)

(t− βg(t)), (9.7)

and the variance is

Var[p̄t] = [p]βg(t) + ([p]βg(t)+1
− [p]βg(t))

t− βg(t)
βg(t)+1 − βg(t)

. (9.8)

Under poisson_piececonst, the fitted mean price is a piece-wise linear interpolation of
the original price path. The variance of the fitted price through time is a piece-wise linear
interpolation of the quadratic variation of the training price. For times t ∈ [0, T ], whether
the variance of the fitted price p̄t is greater or lower than the variance of poisson_hom

depends on the dynamic of the true quadratic variation [p]t on the training data. Figure 9.2
plots these quantities for the ticker AAPL, on Monday 18 July 2022.

MHP models Because of their branching representation, we do not expect MHP mid-
price models with monotonically decaying kernels to lead to realistic inter-arrival time dis-
tributions for this problem. Fix an event type i ∈ [d]. If, for all event types j ∈ [d], the
kernel φij is decreasing, then for all j the sequence (pi,m,j,n)n is also decreasing. Therefore,
conditional on the jump at time tim not being a background jump, the most likely candi-
dates to trigger this jump are the jumps immediately preceding it in each dimension; that
is, the jumps at times (tjnj ) for j ∈ [d] such that tjnj < tim, tjnj+1 ≥ tim. This implication
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Figure 9.2: The poisson_piececonst price model
Left: For times t ∈ [0, T ], blue line is the mean fitted price E[p̄t], orange line is the true adjusted
mid-price pt, and red line is the true mid-price, and We fill in blue the area one standard deviation
away from the mean. The axes are re-scaled to display time as hours of the day instead of seconds,
and prices in USD instead of ticks. Right: we compare model variance as function of time for
poisson_piececonst and poisson_hom.

is not coherent with the typical latency of algorithmic traders, even of ultra-high-frequency
traders (see Figure 8.3). This suggests that non-monotonically decaying kernels might be
more appropriate. Therefore, we use 3 MHP models

• mhp_semi: semi-parametric MHP model with a learnt mixture of Gaussian kernels with
21 logarithmically spaced means in [25.10−6s, 25s], variances between 12% and 50% of
means.

• mhp_exp: MHP with exponential kernels. This model serves as a Hawkes benchmark
because it is very commonly used in Hawkes applications in market-microstructure.

MTLH model mtlh_pc is an MTLH model with piece-wise constant baseline as in
poisson_pc. Each kernel is a mixture of a truncated power law kernel with δL := 20

microseconds and δR := 50 milliseconds, and 3 SBF Gaussian kernel densities with scale 5

microseconds located at 10, 20, and 30 microseconds.

9.2 Fitted models

A universal delayed power-law decay First, we focus on the results of the fit of
mhp_semi, as a semi-parametric model designed to guide our modelling choices. Figure 9.3
plots the fitted cross excitation kernels φ12 in logarithmic scale. There is a clear delay in
kernel activity. For times ranging from 20µs to 100µs, the fitted kernel exhibits a clear
Gaussian mode. We fit a linear regression curve (in log-scale) to the kernel values in the
interval of times greater than 100µs; for times ranging from 100µs to 1s, the fitted Gaussian
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kernel resembles a power law of exponent close to −1. Figure 9.4 shows that fitted MHP
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Figure 9.3: Fitted Gaussian kernels

models are stable but near-critical.

MTLH Figure 9.5 plots fitted baselines for the MTLH model. Figure 9.6 plots fitted
kernels for the MTLH model. The kernel matrix is clearly bi-symmetric, with a heavy-
tailed cross-excitation consistent with the mean reverting dynamics of mid-prices. This
model correctly retrieves the empirical moments of the training data. Figure 9.7 plots the
empirical intensity of fitted models on simulated paths, and compares it to the empirical
intensity of the training path, with sampling period h = 1 minute. Figure 9.8 plots the
empirical covariance of fitted models with sampling period h = 1 second.
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Figure 9.4: Branching ratios of fitted mhp_gauss models.

9.3 Exogenous price moves

When applying Hawkes models to real world data, there is no statistical test of stochastic
declustering, using only sample paths of the counting process. In the specific case of financial
prices modelling, a further difficulty is that we cannot define rigorously what constitutes
an exogenous or endogenous price move outside of the Hawkes model, as opposed to our
previous application in epidemic propagation, for instance. In finance, neither the definition
of an exogenous-endogenous price move dichotomy is clear, nor the existence and uniqueness
of causality between different price moves. We use stochastic declustering of Hawkes models
in this work as a stylized representation of information mechanisms in an LOB. For a
heuristic definition, we see exogenous events as those mid-price moves which do not respond
to other mid-price moves of the same ticker on the same trading day: for instance, mid-
price moves at trades motivated solely by information on the fundamental, or block trades
occurring when re-balancing a portfolio. We see endogenous events as mid-price moves
which are directly triggered by another mid-price move: for instance, a trading algorithm
reacting to a new value of mid-price that passed a certain threshold, and placing a MO
that results in a multi-level execution. It is clear that many mid-price moves do not fall in
either of these two cases. While there is a significant literature in market microstructure
studying lead-lag relationships between tickers, for example by Cartea et al. [21], these
usually consider the impact of returns over a given period rather than individual price
moves. In fact, even simple cases of mid-price moves are difficult to classify, for instance:
mid-price jumps occurring at liquidation times of a TWAP liquidation strategy.
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Figure 9.5: Fitted baselines (SPM)

Figure 9.6: Fitted kernels (SPM)

Define an exogenous events classifier as in Section 3.3.3.1 based on the mtlh_pc fit.
We first calibrate our classifier’s decision threshold by simulating data from the Hawkes
model with an exact branching algorithm. Figure 9.9 plots different evaluation metrics for
this classifier, as well as its ROC curve which displays a AUC of 97.1%. These results
show satisfactory performance for this classifier, which we now apply to the training data.
Figure 9.10 plots the rate of positives against the decision threshold for the training data,
and the empirical distribution of exogeneity probabilities. Following the calibration results,
fix a decision threshold ε = 60%. This implies a 43% positivity rate on the training data.
This order of magnitude is also consistent with the branching ratio of the model. Figure 9.11
plots the empirical exogeneity probability conditional on the LOB event type, and shows
that trades are particularly over-represented.
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Figure 9.7: Empirical intensity of fitted models on simulated paths (SHM)

9.4 Counter-factual impact model

In market microstructure, market impact describes how a given order or market event
changes market dynamics such as price, order-flow, or volatility. The branching represen-
tation of Hawkes models gives rise to a natural notion of market impact, by censoring an
event and its descendants from the path of the point process as in Section 3.3.3.

9.4.1 Hawkes price impact

Let N be a bi-dimensional counting process and let p be the associated SPM as in Equa-
tion (9.1). Fix i ∈ [d], and m ∈ [N i

T ]. Denote by Ñt the associated censored path, obtained
by removing the event in tim and its descendants. Let τi,m be the relaxation time of the
system. For times t ∈ [0, T ] the resulting censored price p̃. is p̃t := f(Ñt).

Definition 9.4.1 (Price impact). The price impact of the event in tim on the mid-price p
is the cad-lag stochastic process ∆i,m, such that for lags u ∈ [−tim, T − tim]

∆i,m(u) = ptim+u − p̃tim+u, (9.9)

It is clear that the price impact is causal, that is ∆i,m(u) = 0, ∀u < 0, and for times
t ∈ [0, T ], pt = p̃t + ∆i

m(t − tim). The impact function ∆i
m is constant for times u > τi,m.

Denote its limit by ∆i,m(∞) := limu→(τi,m)+ ∆i,m(u). We call ∆i,m(∞) the residual price
impact. In general, the residual price impact is not necessarily null: in this sense, this
notion of relaxation time differs from the one used for modelling dynamic systems in physics;
the LOB does not revert back to the original equilibrium, but goes back to a perturbed
equilibrium.

197



Figure 9.8: Empirical covariance of fitted models (SPM)

Proposition 9.4.1 (Price impact). The price impact ∆i
m of the event in tim on the mid-price

p is given by the cad-lag stochastic process defined for lags u ∈ [−tim, T − tim] by

∆i,m(u) =

{
χim + ζim(u) if u ≥ 0,

0 otherwise,
(9.10)

where

χim := N1({tim})−N2({tim}),

ζim(u) := N1
(
(tim, t

i
m + u] ∩ D(1)

T,i,m

)
−N2

(
(tim, t

i
m + u] ∩ D(2)

T,i,m

)
.

(9.11)

We refer to the scalar χim as the instantaneous impact, and to the function ζim as the
transient impact.

Another interesting property of the SPM is that under this linear model, the price
verifies a kernel equation: the price process is the superposition of impacts of exogenous
events. Recall that for a Hawkes model with baselines µ, for event types i ∈ [d], N (µi)

denotes the baseline process, that is, the Poisson process with intensity µi.
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Figure 9.9: Metrics of exogenous classifications, calibration (SPM)
Blue (resp. red) horizontal dashed line is the true rate of exogenous (resp. endogenous) events in
the simulated data.
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Figure 9.10: Exogeneity probabilities (SPM)

Proposition 9.4.2 (Pricing kernel equation for the SPM). For times t ∈ [0, T ], the mid-
price pt verifies

pt = p0 +
d∑
i=1

∫ t

0
∆i,N i

s
(t− s)dN (µi)

s . (9.12)

9.4.2 Results

We apply our results for the mtlh_pc fit. Figure 9.12 plots the expected price impact
implied by this model, averaged over 103 simulated paths. The expected price impact is
conditional on the event type of the parent event: upward or downward mid-price jump.
For a downward parent jump, we multiply the price impact by a factor −1. In both cases,
the price impact relaxes almost monotonically to its asymptotic value in a few milliseconds.
Note that 63.1% (resp 61.6%) of paths induced by an upward (resp. downward) parent move
do not contain any descendant, which is consistent in order of magnitude with the adjacency
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Figure 9.11: Empirical exogeneity probability conditional on event type

matrix of the fitted model. Figure 9.13 plots the empirical distribution of the residual price
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Figure 9.12: Expected price impact

impact. This impact model displays clear adverse selection, as 74.8% (resp. 72.9%) of
residual impacts induced by an upward (resp. downward) jump parent are strictly positive
(resp. negative). Finally, Figure 9.14 the empirical distribution of relaxation times. The
mean relaxation time of an upward (resp. downward) mid-price move is 3.93 milliseconds
(resp. 4.30 milliseconds).
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Figure 9.13: Empirical distribution of residual price impact
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Chapter 10

Conclusion

10.1 Least-squares estimation of Hawkes processes

In this work, we proposed a new estimation method for MHP and MTLH models, which
applies to large datasets and general kernels.

10.1.1 Advantages

Competitivity The numerical experiments we conduct in Section 5.1 show that the preci-
sion of this algorithm competes with state-of-the-art methods with significant computational
advantages. In Table 4.1, we see that the time complexity of our algorithm is lower than
any other method. We also note that ASLSD has memory complexity in O(1) during the
gradient iterations as we only store the values of strata allocations. There is a fixed linear
cost of O(NT ) while pre-processing the data (before preforming the gradient iterations), to
store the book-keeping lists $ and κ.

Explainability An exciting alternative approach to calibrating general models for marked
point processes, is to use neural network parameterizations of the conditional intensity
function. Examples of this can be found in Du et al. [33], Mei and Eisner [66], Zhu et al.
[113], and Dong et al. [31]. In contrast to neural network methods for Hawkes model
estimation, our method cannot be transposed simply to a non-linear Hawkes case. However,
the semi-parametric nature of our method retains some critical advantages – the semi-
parametric formulation allows easy model explainability, as the kernel can be sketched;
the connection of the MHP with a branching process is preserved; and (in contrast to
models based on neural networks, cf. Rigaki and Garcia [91]), it is straightforward to verify
whether the model causes privacy issues when fitted with private data, as one simply checks
the fitted kernel is appropriate to publish. These advantages suggest that parametric and
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semi-parametric methods retain a significant role in many situations. Compared to non-
parametric estimation algorithms for MHP, our semi-parametric families are dense in the
space of kernels while maintaining explainability and data privacy. Furthermore, some non-
parametric estimation algorithms for MHP (in particular, the deep learning based methods
in Du et al. [33] and Mei and Eisner [66]) lose the branching structure of the MHP as they
reconstruct the conditional intensity without reconstructing linear Hawkes kernels.

10.1.2 Limitations

Curse of dimensionality in event types Each gradient iteration in ASLSD has cubic
complexity in the number of event types d. Estimating systems with more than 4 event
types on data paths with over 105 events for each type turns out to be very impractical
without sparsity assumptions like in Zhou et al. [111]. The ASLSD method does not seem
to be easily enhanced to accommodate large numbers of event types: for instance, it is
not clear whether randomly sampling which kernels φij to update in the stochastic gradient
approximation instead of updating all of them would be sufficiently accurate. In the Hawkes
literature, this curse of dimensionality is usually circumvented by reducing the number of
events to 1 or 2 fundamental types, and encoding the actual type with categorical marks.
This clearly limits modelling ability.

Curse of dimensionality in mixture size Because of the cross-correlation terms Υij ,
each gradient iteration in ASLSD has quadratic complexity in the number of terms rij in
each kernel mixture model (φijl)l∈rij . This limits the use of our method for fine modelling of
highly variable kernels. This issue is particularly annoying as unfortunately, model selection
is still an unexplored area in the Hawkes literature.

10.1.3 Future work

MHP and MTLH models are insightful, explainable models, which capture first and second
order properties of stationary and non-stationary data streams. However, it is clear that
they remain stylized models with very small numbers of parameters and several limitations.
To extend our estimation method to another class of conditional intensity model as is, it
is necessary that the LSE of that model class satisfies an additive decomposition like the
one we propose in Theorem 4.3.1, and that the MC estimation of this decomposition is still
computationally practical. Several simple extensions to the MTLH models verify this; such
as the state-dependent linear Hawkes model, where for a stochastic process X, and baseline
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functions µ dependent of time and state X, we consider the model

λi(t) := µi(t,Xt) +
d∑
j=1

Nj
t∑

n=1

Iij(ξjn)φij(t− tjn), ∀i ∈ [d], ∀t ≥ 0. (10.1)

It is also the case for MTLH with with regime switching, where kernels φij are no longer
translation invariant, that is, they do not only depend on the time elapsed since an event,
but also on the timing of the event

λi(t) := µi(t) +
d∑
j=1

Nj
t∑

n=1

Iij(ξjn)φij(t− tjn, tjn), ∀i ∈ [d], ∀t ≥ 0. (10.2)

Finally, our decomposition also extends to MTLH with external impact, inspired by Ram-
baldi et al. [87], where for a counting process Y and a uni-variate function f , we consider
the models

λi(t) := µi(t) +
d∑
j=1

Nj
t∑

n=1

Iij(ξjn)φij(t− tjn) +
∫ t

0
f(t− s)dYs, ∀i ∈ [d], ∀t ≥ 0. (10.3)

However, as discussed above, the LSE of the non-linear Hawkes processes (Brémaud and
Massoulié [17]) does not verify a practical additive decomposition. The conditional intensity
of a point process has to remain positive, and the fact that MHP kernels are positive is
sufficient to satisfy this condition. However, because their kernels are positive, MHP and
MTLH models are unable to model inhibition between events. In high-frequency LOB data
for example, inhibitory behaviours are well known: for example, Lu and Abergel [63] observe
empirically that order cancellations that change the spread may inhibit submission of contra-
side market orders. Non-linear Hawkes processes can model inhibitory interactions, but the
estimation of non-linear Hawkes processes is a hard problem and the literature is scarce,
with the notable exceptions of the work of Wang et al. [107] and Menon and Lee [68]. To the
best of our knowledge, there exists no fast method to calibrate non-linear Hawkes processes
with general kernels. Suppose we define non-linear MTLH model for event types i ∈ [d] and
for times t ≥ 0 by

λi(t) = Ai

(
µi(t) +

d∑
j=1

∑
m:tjm<t

φij(t− tjm)Iij(ξjm)
)
, (10.4)

where Ai : R → [0,+∞) is an activation function. If Ai is a positive polynomial, for
instance Ai(x) := x2 for all x ∈ R, then we still get an additive decomposition of the LSE
following the approach in Theorem 4.3.1. However, this decomposition is impractical as it
involves cross-correlation terms that depend on 4 event times∫ T−ti1m1

0
φki1(u)φkii2 (u+ ti1m1

− ti2m2
)φkii3 (u+ ti1m1

− ti3m3
)φkii4 (u+ ti1m1

− ti4m4
)du. (10.5)
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For general classes of activation functions, the additive decomposition in Theorem 4.3.1
cannot be directly transposed to the LSE of this model; in fact it seems improbable to
obtain any useful additive decomposition of the LSE in this case. Following the approach of
Menon and Lee [68], it would be interesting to investigate the use of other contrast functions
than the LSE for the estimation of non-linear Hawkes processes.

10.2 Hawkes models of Nasdaq equities prices

Our procedure allows us to overcome the limitations of Hawkes models in market microstruc-
ture by getting a stylized but more realistic price model, that is non-Markovian and non-
stationary. However, this is still only a first step into leveraging the ASLSD estimation
algorithm for Hawkes mid-price models, and therefore, presents several limitations.

Absence of volume data We expect the impact of order-flow and volume data on mid-
price movements to be better modeled as state variables rather than marks and impact
functions. Furthermore, by omitting order-flow data, our model does not use executions of
non-displayed orders.

Learning framework For practical applications, it remains unclear whether price dy-
namics can be transferred across days or tickers. Even if the Hawkes price model is im-
proved by including order flow and other features in a state-dependent Hawkes model, or
allowing inhibitory effects in a non-linear Hawkes model, we still fit these models for each
trading day and each ticker.

Post-open and pre-close dynamics Several price models exclude data near the open-
ing and closing of the trading day as those are particularly active periods with increased
volatility. The closing cross on Nasdaq is in place since April 2004 and concerns all Nas-
daq listed securities. Before market closing, in parallel to the continuous book (the LOB
for continuous trading), market participants have the possibility to place On Close orders
that will be executed or rejected only at market closing. These orders do not interact with
the continuous book at the time they are posted, and constitute a parallel book that is
not displayed in the data feed. Nevertheless, aggregated information about this book is
disseminated at fixed times from 03:50 PM to 04:00 PM
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Appendix A

Proofs

A.1 Conditional intensity modelling

A.1.1 Point processes

Proof of Proposition 2.1.1. Fix k ∈ [d] and t > 0. Since M̃k
0 = 0, the Doob–Meyer decom-

position of Nk gives E[Nk
t ] = E[λk(t)], and the mean of ηkt follows. Now note that

(Nk
t )

2 = (M̃k
t )

2 + 2M̃k
t Λk(t) + Λ2

k(t). (A.1)

Since (M̃k)2 − Λk is a martingale, E
[
(M̃k

t )
2
]
= E [Λk(t)]. By taking the expectation in

(A.1), we get
E
[
(Nk

t )
2
]
= E [Λk(t)] + E

[
2M̃k

t Λk(t) + Λ2
k(t)

]
. (A.2)

Therefore,
Var

[
Nk
t

]
= E

[
Λk(t) + 2M̃k

t Λk(t)
]
+Var[Λ2

k(t)]. (A.3)

A.1.2 Poisson processes

Proof of Proposition 2.4.1. For a Poisson process, Λk(T ) is deterministic. Therefore, Var[Λk(T )] =
0, and using Proposition 2.1.1, E[M̃k

TΛk(T )] = Λk(T )E[M̃k
T ] = 0.

Proof of Proposition 2.4.2. Fix a time t > 0, event types i, j ∈ [d] with i 6= j, a lag τ ≥ 0,
and a sampling period h > 0. By independence of the counting processes N i and N j , we
get ν(h)ij,τ (t) = 0. By definition,

ν
(h)
ii,τ (t) :=

1

h
Cov

[
N i
([
t, t+ h

))
, N i

([
t+ τ, t+ τ + h

))]
. (A.4)
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If τ ≥ h, the intervals
[
t, t+ h

)
and

[
t+ τ, t+ τ + h

)
are disjoint. By independence of the

increments of N i, we get ν(h)ii,τ (t) = 0. If τ < h,

ν
(h)
ii,τ (t) =

1

h
Cov

[
N i
([
t, t+ τ

))
+N i

([
t+ τ, t+ h

))
,

N i
([
t+ τ, t+ h

))
+N i

([
t+ h, t+ τ + h

))]
,

=
1

h
Cov

[
N i
([
t+ τ, t+ h

))
, N i

([
t+ τ, t+ h

))]
,

=
1

h
Var

[
N i
([
t+ τ, t+ h

))]
,

(A.5)

where we used again the independence of increments of N i.

A.1.2.1 Constant intensities

Proof of Proposition 2.4.4. If the ground truth process λ�k is a (possibly non-homogeneous)
Poisson model, then

Var
[
RkT (µk)

]
= 4µ2k

1

T 2

∫ T

0
λ�k(t)dt. (A.6)

If λ�k is bounded, denote its maximum value by ||λ�k||∞. Since Var
[
RkT (µk)

]
≤ 4µ2k

||λ�k||∞
T ,

we get limT→+∞Var
[
RkT (µk)

]
= 0. Using Markov’s inequality, the LSE is temporally

consistent.

A.1.2.2 Linear intensities

Proof of Proposition 2.4.13. For parameters b, a ≥ 0, the derivatives of the partial LSE are

∂R(k)
T

∂b
= aT + 2b− 2ηkT ,

∂R(k)
T

∂a
=

2

3
aT 2 + bT − 2(

1

T

Nk
T∑

m=1

tkm). (A.7)

Define the Langrange multiplier of problem Pk by

L(k)T (b, a, L0, L1) := R(k)
T (b, a)− 2bL0 − 2aL1. (A.8)

The primal and dual optimal variables must satisfy the following KKT conditions.

1. Stationarity:

∂L(k)T
∂b

= aT + 2b− 2ηkT − 2L0,
∂L(k)T
∂a

=
2

3
aT 2 + bT − 2(

1

T

Nk
T∑

m=1

tkm)− 2L1. (A.9)

2. Primal feasibility: b ≥ 0, a ≥ 0.

3. Dual feasibility: L0 ≥ 0, L1 ≥ 0.

4. Complementary slackness: bL0 = 0 ,aL1 = 0.
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First, we discuss the different possibilities for the complementary slackness conditions to be
satisfied. The optimum cannot be (a, b) = (0, 0). By contradiction, if this was the case, then
the stationarity conditions imply L0 = −ηkT , and L1 = − 1

T

∑Nk
T

m=1 t
k
m. It is clear that dual

feasibility is not respected, leading to a contradiction. Therefore, there are only 3 possible
cases satisfying the slackness conditions:

1. (L0, L1) = (0, 0). In this case, the stationarity conditions imply

a =
12

T 2
(
1

T

Nk
T∑

m=1

tkm −
Nk
T

2
), b =

6

T
(
2

3
Nk
T −

1

T

Nk
T∑

m=1

tkm). (A.10)

2. (L0, a) = (0, 0). In this case, the stationarity conditions imply

b = ηkT , L1 =
Nk
T

2
− 1

T

Nk
T∑

m=1

tkm. (A.11)

3. (b, L1) = (0, 0). In this case, the stationarity conditions imply

L0 = −
3

2T
(
2

3
Nk
T −

1

T

Nk
T∑

m=1

tkm), a =
3

T 3

Nk
T∑

m=1

tkm. (A.12)

If τk < 1
2 , the primal feasibility condition is not satisfied in case 1, and dual feasibility is

not satisfied in case 3. All KKT conditions are satisfied in case 2. If τk ∈ (12 ,
2
3), then dual

feasibility is not satisfied in case 2 and case 3, and all KKT conditions are satisfied in case
1. Finally, if τk ∈ (23 , 1), then primal feasibility is not satisfied for the variable b in case 1,
an dual feasibility is not satisfied for the variable L1 in case 2, whereas all KKT conditions
are satisfied in case 3.

A.2 Multivariate Hawkes processes

A.2.1 Residuals

Proof of Proposition 3.1.4. Let m ∈ [Nk
T ]. Since ŝ(k)m > s

(k)
m , the absolute estimation error

is

|ŝ(k)m − s(k)m | =
m−c−1∑
n=1

(
ωki − ψki(tkm − tin)

)
= ωki

m−c−1∑
n=1

(
1− ψ̃ki(tkm − tin)

)
. (A.13)
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The estimation error relative to ŝ(k)m verifies the inequality

|ŝ(k)m − s(k)m |
ŝ
(k)
m

≤ |ŝ(k)m − s(k)m |
(m− c− 1)ωki

≤ 1

m− c− 1

m−c−1∑
n=1

(
1− ψ̃ki(tkm − tin)

)
≤ 1

m− c− 1

m−c−1∑
n=1

(
1− ψ̃ki(tkm − tim−c−1)

)
≤ 1− ψ̃ki(tkm − tim−c−1) ≤ 1− ψ̃ki(τc).

(A.14)

Hence |ŝ(k)m −s(k)m |
ŝ
(k)
m

≤ εc. We are interested in the estimation error relative to the ground truth

s
(k)
m , that is

|ŝ(k)m − s(k)m |
s
(k)
m

=

|ŝ(k)m −s(k)m |
ŝ
(k)
m

1− |ŝ(k)m −s(k)m |
ŝ
(k)
m

. (A.15)

The function x 7→ x
1−x is a monotonically increasing bijection from [0, 1) to [0,+∞), there-

fore
|ŝ(k)m − s(k)m |

s
(k)
m

≤ εc
1− εc

. (A.16)

Conversely, fix ε ∈ [0, 1). If τc ≥ ψ̃−1
ki (1/(1 + ε)), then 1− ψ̃ki(τc) ≤ ε/(1 + ε). Therefore,

εc ≤ ε/(1 + ε), i.e.
εc

1− εc
≤ ε. (A.17)

A.2.2 Model identifiability

Proof of Proposition 3.1.2. Let λ(A) (resp. λ(B)) be a 1-dimensional conditional intensity
vector of MHP with baselines and kernels (µ(A)1 , φ

(A)
11 ) (resp. (µ(B)

1 , φ
(B)
11 )), and assume that

λ
(A)
1 (t) = λ

(B)
1 (t), ∀t ∈ [0, T ]. (A.18)

By evaluating Equation (A.18) for t < t11, we get µ(A)1 = µ
(B)
1 . Therefore,∫ t

0
φ
(A)
11 (t− s)dN1

s =

∫ t

0
φ
(B)
11 (t− s)dN1

s , ∀t ∈ [0, T ]. (A.19)

For m ∈ J2, N1
T K, define the assertion

H(1)(m) : φ
(A)
11 (t) = φ

(B)
11 (t), ∀t ∈ [0, t1m − t11]. (A.20)

We now prove by induction that for all m ∈ J2, N1
T K, the assertion H(1)(m) is true. For m =

2, by evaluating Equation (A.19) for t ∈ (t11, t
1
2], we get φ(A)11 (s) = φ

(B)
11 (s), ∀s ∈ (0, t12 − t11].
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Since the kernel functions are right continuous, φ(A)11 (s) = φ
(B)
11 (s), ∀s ∈ [0, t12 − t11], and the

assertion H(1)(2) is true. Now let m ∈ J2, N1
T − 1K such that H(1)(m) is true. We want to

prove that H(1)(m+1) is also true. First, by evaluating Equation (A.19) for t ∈ (t1m, t
1
m+1],

and s ∈ (0, t1m+1 − t1m], we get

φ
(A)
11 (s+ t1m− t11)+

m∑
n=2

φ
(A)
11 (s+ t1m− t1n) = φ

(B)
11 (s+ t1m− t11)+

m∑
n=2

φ
(B)
11 (s+ t1m− t1n). (A.21)

Now, let s ∈ (0,min(t1m+1− t1m, t12− t11)]. We note that s+ t1m− t1n ∈ [0, t1m− t11], ∀n ∈ J2,mK.
Therefore, H(1)(m+ 1) implies that

φ
(A)
11 (s+ t1m − t1n) = φ

(B)
11 (s+ t1m − t1n) ∀n ∈ J2,mK. (A.22)

In particular, this implies that
m∑
n=2

φ
(A)
11 (s+ t1m − t1n) =

m∑
n=2

φ
(B)
11 (s+ t1m − t1n). (A.23)

By plugging this in Equation (A.21), we get φ(A)11 (s+t1m−t11) = φ
(B)
11 (s+t1m−t11). By change

of variable, this implies that, for all x ∈ (t1m − t11, t1m − t11 +min(t1m+1 − t1m, t12 − t11)],

φ
(A)
11 (x) = φ

(B)
11 (x).

Since the kernel functions are right continuous, this last equation is true for all x ∈ [t1m −
t11, t

1
m− t11 +min(t1m+1− t1m, t12− t11)]. Since H

(1)
m is true, for all x ∈ [0, t1m− t11 +min(t1m+1−

t1m, t
1
2 − t11)],

φ
(A)
11 (x) = φ

(B)
11 (x).

Now, for all p ∈ N∗, define the assertion

H(2)(p) :

{
φ
(A)
11 (x) = φ

(B)
11 (x), ∀x ∈

[
0, t1m−t11+min

(
t1m+1−t1m, p(t12−t11)

)]}
. (A.24)

We want to show by induction that, for all p ∈ N∗, the assertion H(2)(p) is true. For p = 1,
it is clear that H(2)(1) is true based on the above. Now let p ∈ N∗ such that H(2)(p) is true.
Let s ∈

[
0,min

(
t1m+1 − t1m, (p+ 1)(t12 − t11)

)]
. We note that for all n ∈ J2,mK,

s+ t1m − t1n ∈
[
0, t1m − t11 +min

(
t1m+1 − t1m, p(t12 − t11)

)]
.

Assertion H(2)(p) implies

φ
(A)
11 (s+ t1m − t1n) = φ

(B)
11 (s+ t1m − t1n) ∀n ∈ J2,mK.
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Therefore,
m∑
n=2

φ
(A)
11 (s+ t1m − t1n) =

m∑
n=2

φ
(B)
11 (s+ t1m − t1n). (A.25)

By plugging this in Equation (A.21), we get

φ
(A)
11 (s+ t1m − t11) = φ

(B)
11 (s+ t1m − t11).

By change of variable, for all x ∈
[
0, t1m − t11 +min

(
t1m+1 − t1m, (p+ 1)(t12 − t11)

)]
φ
(A)
11 (s+ t1m − t11) = φ

(B)
11 (s+ t1m − t11).

Hence H(2)(p+ 1) is true. This proves that for all p ∈ N∗,{
φ
(A)
11 (x) = φ

(B)
11 (x), ∀x ∈

[
0, t1m − t11 +min

(
t1m+1 − t1m, p(t12 − t11)

)]}
.

Note that for p > b t
1
m+1−t1m
t12−t11

c, min
(
t1m+1 − t1m, p(t

1
2 − t11)

)
= t1m+1 − t1m. Therefore, we

conclude that {
φ
(A)
11 (x) = φ

(B)
11 (x), ∀x ∈

[
0, t1m+1 − t11

]}
.

Hence H(1)(m+ 1) is true. This proves that for all m ∈ J2, N1
T K

φ
(A)
11 (t) = φ

(B)
11 (t), ∀t ∈ [0, t1m − t11]. (A.26)

A.2.3 First order results

Proof of Proposition 3.1.1. This stability condition is equivalent to the convergence of the
power sequence of the adjacency matrix:

lim
n→+∞

||Φ||n1 = 0. (A.27)

Now assume d ≥ 2 and suppose that the matrix ||Φ||1 is symmetric with strictly positive
coefficients. Using the Perron–Frobenius theorem, the spectral radius ρ(||Φ||1) is an eigen-
value of ||Φ||1, with strictly positive eigenvector X. By contradiction, suppose there exists
p, q ∈ [d] with p < q such that apq > 1. Hence,

ωpqXq + ωppXp +
∑

i∈[d],i/∈{p,q}

ωpiXi = ρ(||Φ||1)Xp

ωpqXp + ωqqXq +
∑

i∈[d],i/∈{p,q}

ωqiXi = ρ(||Φ||1)Xq.
(A.28)
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Summing both equations, we get

(ωpp + ωpq)Xp + (ωpq + ωqq)Xq +
∑

i∈[d],i/∈{p,q}

(ωpi + ωqi)Xi = ρ(||Φ||1)(Xp +Xq). (A.29)

Since ωpq > 1, ωpq(Xp + Xq) > ρ(||Φ||1)(Xp + Xq). Therefore the LHS is strictly greater
than the RHS, and we get a contradiction.

Proof of Proposition 3.1.11. We discuss the eigenvalues of this bi-variate adjacency matrix
model. If d = 2 and ωS = 0, then the matrix J(ωS ,ωC) has a single eigenvalue, ωC , of
multiplicity 2. Otherwise, the matrix J(ωS ,ωC) has 2 distinct eigenvalues: ωC(d− 1) + ωS is
an eigenvalue of multiplicity 1, and ωS−ωC is an eigenvalue of multiplicity d−1. This allows
us to express simply the stability condition for the bi-variate matrix model J(ωS ,ωC).

Proof of Lemma 3.1.4. Let n ∈ N. Since the matrices Id and J commute, the binomial
formula gives

Jn(ωS ,ωC) =
n∑
k=0

(
n

k

)
(ωS − ωC)n−kωkCJk,

= (ωS − ωC)nId +
n∑
k=1

(
n

k

)
(ωS − ωC)n−kωkCJk.

(A.30)

Using Jk = dk−1J , we get

Jn(ωS ,ωC) = (ωS − ωC)nId +
1

d

n∑
k=1

(
n

k

)
(ωS − ωC)n−kωkCdkJ,

= (ωS − ωC)nId +
1

d

((
ωS + (d− 1)ωC

)n − (ωS − ωC)n
)
J.

(A.31)

Since ρ(J(ωS ,ωC)) < 1, the power series
∑

n≥0 J
n
(ωS ,ωC) converges to (Id − J(ωS ,ωC))

−1. And
using Equation (A.31),

+∞∑
n=0

Jn(ωS ,ωC) =

+∞∑
n=0

(ωS − ωC)nId +
1

d

(
+∞∑
n=0

(
ωS + (d− 1)ωC

)n − +∞∑
n=0

(ωS − ωC)n
)
J,

=
1

1− (ωS − ωC)
Id +

1

d
(

1

1− (ωS + (d− 1)ωC)
− 1

1− (ωS − ωC)
)J.

(A.32)

Therefore,

(Id − J(ωS ,ωC))
−1 =

ωC
(1− (ωS − ωC)) (1− (ωS + (d− 1)ωC))

J +
1

1− (ωS − ωC)
Id. (A.33)
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A.2.4 Second order results

Proof of Lemma 3.1.1. By definition, for all lags τ ≥ 0

f
(h)
Tr ∗ f(τ) =

∫ +∞

−∞
f
(h)
Tr (z)f(τ − z)dz,

=

∫ h

−h

(
1− |z|

h

)
f(τ − z)dz,

=

∫ h

−h
f(τ − z)dz + 1

h

∫ 0

−h
zf(τ − z)dz − 1

h

∫ h

0
zf(τ − z)dz,

=

∫ τ+h

τ−h
f(z)dz + 1

h

∫ 0

−h
zf(τ − z)dz − 1

h

∫ h

0
zf(τ − z)dz.

(A.34)

In order to compute these integrals, denote by F the primitive of f such that for all x ∈ R

F (x) :=

∫ x

0
f(y)dy. (A.35)

The first term is of course ∫ τ+h

τ−h
f(z)dz = F (τ + h)− F (τ − h). (A.36)

We write the second term as

1

h

∫ 0

−h
zf(τ − z)dz = τ

h

∫ τ+h

τ
f(y)dy − 1

h

∫ τ+h

τ
yf(y)dy. (A.37)

By integration by parts we get

−1

h

∫ τ+h

τ
yf(y)dy = −τ

h

(
F (τ + h)− F (τ)

)
− F (τ + h) +

1

h

∫ τ+h

τ
F (y)dy. (A.38)

Hence the second term is

1

h

∫ 0

−h
zf(τ − z)dz = −F (τ + h) +

1

h

∫ τ+h

τ
F (y)dy. (A.39)

Similarly, we get for the third term

1

h

∫ h

0
zf(τ − z)dz = F (τ − h)− 1

h

∫ τ

τ−h
F (y)dy. (A.40)

Eventually, we get

f
(h)
Tr ∗ f(τ) =

1

h

(∫ τ+h

τ
F (y)dy −

∫ τ

τ−h
F (y)dy

)
. (A.41)
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Proof of Lemma 3.1.2. Since(
Id −F [Φ]∗(x)

)−1
=

1

det(Id −F [Φ](x))∗
adj(Id −F [Φ]∗(x)), (A.42)

and (
Id −F [Φ]ᵀ(x)

)−1
=

1

det(Id −F [Φ](x))
adj(Id −F [Φ]ᵀ(x)), (A.43)

we get the result from Equation (3.33).

Proof of Lemma 3.1.3. Let s ∈ R. Note that

|1 + F [Z]|2 − 1 = 2<(F [Z]) + |F [Z]|2. (A.44)

Since
F−1

[
2<(F [Z])

]
(s) = Z(s) + Z(−), (A.45)

and
F−1

[
|F [Z]|2

]
(s) = Z ∗ Z(s), (A.46)

we get the desired result.

Proof of Proposition 3.1.5. Using Lemma 3.1.2, for all frequencies x ∈ R,

F
[
ν(h)

]
(x) = η1?F

[
f
(h)
Tr

]
(x)(1 + Z(x)),

= η1?F
[
f
(h)
Tr

]
(x) + η1?F

[
f
(h)
Tr

]
(x)Z(x).

(A.47)

Therefore, in the time domain we get, for all lags τ ≥ 0,

ν(h)τ = η1?f
(h)
Tr (τ) + η1?f

(h)
Tr ∗ F

−1
[
Z
]
(τ). (A.48)

Fix a lag τ ≥ 0. For a given function f : R→ R with primitive F , Lemma 3.1.1 implies

f
(h)
Tr ∗ f(τ) =

1

h

(∫ τ+h

τ
F (y)dy −

∫ τ

τ−h
F (y)dy

)
. (A.49)

Now suppose f = F−1
[
Z
]
. We need to compute a primitive of f . Let F be F (y) :=∫ y

0 f(t)dt. Note that for all times y ∈ R

F (x) = sign(x)F (|x|). (A.50)

Using Lemma 3.1.3, we get that for all times y ∈ R

F (y) = sign(y)Z(1)(|y|) + sign(y)Z(2)(|y|). (A.51)

It is clear that

1

h

∫ τ+h

τ
F (x)dx =

1

h

∫ τ+h

τ
Z(1)(x)dx+

1

h

∫ τ+h

τ
Z(2)(x)dx. (A.52)
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If τ ≥ h, then

1

h

∫ τ

τ−h
F (x)dx =

1

h

∫ τ

τ−h
Z(1)(x)dx+

1

h

∫ τ

τ−h
Z(2)(x)dx. (A.53)

If τ < h, then
1

h

∫ τ

τ−h
F (x)dx =

1

h

∫ 0

−|τ−h|
F (x)dx+

1

h

∫ τ

0
F (x)dx. (A.54)

This implies

1

h

∫ τ

τ−h
F (x)dx =

1

h

∫ τ

0
(Z(1)(x) + Z(2)(x))dx− 1

h

∫ |τ−h|

0
(Z(1)(x) + Z(2)(x))dx. (A.55)

Hence, if τ < h

1

h

∫ τ

τ−h
F (x)dx =

{
1
h

∫ τ
h−τ (Z

(1)(x) + Z(2)(x))dx if τ ∈ [h2 , h),

− 1
h

∫ h−τ
τ (Z(1)(x) + Z(2)(x))dx if τ ∈ [0, h2 ).

(A.56)

Therefore, we get

f
(h)
Tr ∗ f(τ) =


1
h(
∫
[τ,τ+h](Z

(1) + Z(2))−
∫
[τ−h,τ ](Z

(1) + Z(2))) if τ ∈ [h,+∞),
1
h(
∫
[τ,τ+h](Z

(1) + Z(2))−
∫
[h−τ,τ ](Z

(1) + Z(2)) if τ ∈ [h2 , h),
1
h(2

∫
[τ,h−τ ](Z

(1) + Z(2)) +
∫
[h−τ,h+τ ](Z

(1) + Z(2))) if τ ∈ [0, h2 ).
(A.57)

The desired result follows immediately.

A.2.5 Least-squares fit

Proof of Proposition 3.2.1. By definition

R(k)
T (θk) =

1

T

∫ T

0
λ2k −

2

T

∫ T

0
λk(t)dNk

t . (A.58)

Recall that for times t ≥ 0, λk(t) = fk
ᵀϕ(k)(t). First, we get

1

T

∫ T

0
λk(t)dNk

t = fk
ᵀ 1

T

∫ T

0
ϕ(k)(t)dNk

t = fk
ᵀck. (A.59)

Second, for times t ≥ 0

λ2k(t) =
(
fk

ᵀϕ(k)(t)
)2

= fk
ᵀϕ(k)(t)

(
ϕ(k)(t)

)ᵀ
fk. (A.60)

Hence
1

T

∫ T

0
λ2k =

(
fk

ᵀ

(
1

T

∫ T

0
ϕ(k)ϕ(k)ᵀ

)
fk (A.61)

Since Q = 1
T

∫ T
0 ϕ(k)ϕ(k)ᵀ, we get the desired result.
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Proof of Proposition 3.2.3. Using the gradient formula, the stationary condition with re-
spect to first order parameters is characterized by the linear system

∇fk
R(k)
T = 0 ⇐⇒ Qkfk = ck. (A.62)

If the matrix Qk is positive definite, the stationarity equation admits a unique solution
f̄k = Q−1

k ck. If the matrix Qk is positive semi-definite, using the diagonalization of the
matrix Qk in the stationarity equation we get DP ᵀfk = P ᵀck. The set of solutions of the
linear equation Du = P ᵀck of unknown u is

{D+P ᵀck + v, v ∈ kerD}. (A.63)

Therefore, the solutions of DP ᵀfk = P ᵀck are the set PD+P ᵀck +P kerD. It is simple to
show by double inclusion that P kerD = kerQ, hence the desired result.

Proof of Proposition 3.2.4. In order to prove this result, we distinguish three cases depend-
ing on the value of the temporal correlation q

(XY,1)
11

q
(XX,1)
11,11

, and for each case, identify which

parameter values satisfy the slackness condition and the other KKT conditions.
First, consider the case of negative temporal covariance: q(XY,1)11 < 0. Note that

q
(XY,1)
11 < 0 ⇐⇒ m

(XY,1)
11(

m
(X,1)
11

)2 < m(Y,1)

m
(X,1)
11

. (A.64)

Using the Cauchy–Schwarz inequality, the temporal variance satisfies m(XX,1)
11,11 >

(
m

(X,1)
11

)2
;

therefore

q
(XY,1)
11 < 0 =⇒ m

(XY,1)
11

m
(XX,1)
11,11

<
m(Y,1)

m
(X,1)
11

. (A.65)

We discuss the different parameter values that satisfy the slackness condition and con-
front them to the other KKT conditions. By contradiction, assume (µ?1, L

?
1) = (0, 0). The

stationarity condition implies

L?0 = m
(X,1)
11

(
m

(XY,1)
11

m
(XX,1)
11,11

− m(Y,1)

m
(X,1)
11

)
. (A.66)

Hence L?0 < 0, contradicting the dual feasibility condition, therefor (µ?1, L
?
1) 6= (0, 0). By

contradiction, assume (L?0, L
?
1) = (0, 0). The stationarity condition implies ω?11 =

q
(XY,1)
11

q
(XX,1)
11,11

.

Hence ω?11 < 0, contradicting the primal feasibility condition. Therefore, (L?0, L?1) 6= (0, 0).
The last possibility for the slackness condition to be satisfied is if (L?0, ω?11) = (0, 0). If we
set µ = m(Y,1), and L1 = −q(XY,1)11 ; then all KKT conditions are satisfied, therefore we get
the solution in the negative temporal covariance case.
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Second, consider the case of temporal correlation satisfying: q
(XY,1)
11

q
(XX,1)
11,11

≤ m(Y,1)

m
(X,1)
11

. Note that

q
(XY,1)
11

q
(XX,1)
11,11

>
m(Y,1)

m
(X,1)
11

⇐⇒ m
(XY,1)
11

m
(XX,1)
11,11

>
m(Y,1)

m
(X,1)
11

. (A.67)

We discuss the different parameter values that satisfy the slackness condition and confront
them to the other KKT conditions. By contradiction, assume (L?0, ω

?
11) = (0, 0). The

stationarity conditions imply
L?1 = −q

(XY,1)
11 . (A.68)

Hence L1 < 0, contradicting the dual feasibility condition. By contradiction, assume
(µ?1, L

?
1) = (0, 0). The stationarity conditions imply

L?0 = m
(X,1)
11

(
m

(XY,1)
11

m
(XX,1)
11,11

− m(Y,1)

m
(X,1)
11

)
, ω? =

q
(XY,1)
11

q
(XX,1)
11,11

, (A.69)

Using Equation (A.67), we conclude that µ?1 < 0 , contradicting the primal feasibility
condition. The last possibility for the slackness condition to be satisfied is if (L?0, L?1) =

(0, 0). If we set µ?1 = m(Y,1)−m(X,1)
11

q
(XY,1)
11

q
(XX,1)
11,11

, then all KKT conditions are satisfied, therefore
we get the solution in the excess temporal correlation case.

Finally, consider the case of excess temporal correlation: q
(XY,1)
11

q
(XX,1)
11,11

> m(Y,1)

m
(X,1)
11

. Note that

q
(XY,1)
11

q
(XX,1)
11,11

>
m(Y,1)

m
(X,1)
11

⇐⇒ m
(XY,1)
11

m
(XX,1)
11,11

>
m(Y,1)

m
(X,1)
11

. (A.70)

We discuss the different parameter values that satisfy the slackness condition and confront
them to the other KKT conditions. By contradiction, assume (L?0, ω

?
11) = (0, 0). The

stationarity conditions imply
L?1 = −q

(XY,1)
11 . (A.71)

Hence L1 < 0, contradicting the dual feasibility condition. By contradiction, assume
(L?0, L

?
1) = (0, 0). The stationarity conditions imply µ?1 = m(Y,1) − m

(X,1)
11

q
(XY,1)
11

q
(XX,1)
11,11

. Using

Equation (A.70), we conclude that µ?1 < 0 , contradicting the primal feasibility condition.
The last possibility for the slackness condition to be satisfied is if (µ?1, L?1) = (0, 0). If we
set

L?0 = m
(X,1)
11

(
m

(XY,1)
11

m
(XX,1)
11,11

− m(Y,1)

m
(X,1)
11

)
, ω? =

q
(XY,1)
11

q
(XX,1)
11,11

, (A.72)

then all KKT conditions are satisfied, therefore we get the solution in the excess temporal
correlation case.
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Proof of Lemma 3.2.1. If q
(XY,1)
11

q
(XX,1)
11,11

∈
[
0, m

(Y,1)

m
(X,1)
11

)
, then

(
q
(XY,1)
11

)2

q
(XX,1)
11,11

<

(
m(Y,1)

m
(X,1)
11

)2

q
(XX,1)
11,11 . Hence

−

(
q
(XY,1)
11

)2
q
(XX,1)
11,11

−
(
m(Y,1)

)2
< −

(
m(Y,1)

)2(
1 +

q
(XX,1)
11,11(
m

(X,1)
11

)2
)
. (A.73)

The result follows immediately. If q
(XY,1)
11

q
(XX,1)
11,11

≥ m(Y,1)

m
(X,1)
11

, then m
(XY,1)
11

m
(XX,1)
11,11

≥ m(Y,1)

m
(X,1)
11

, and the result

follows immediately.

Proof of Proposition 3.2.6. By definition,

η̄? := (Id − ||Φ?||1)−1µ?. (A.74)

Using Proposition 3.2.5, we get

η̄? = (Id − ||Φ?||1)−1
(
Id − F

)
ηT ,

= (Id − ||Φ?||1)−1
(
Id − ||Φ?||1 + ||Φ?||1 − F

)
ηT ,

= ηT + (Id − ||Φ?||1)GηT .

(A.75)

A.3 The ASLSD method

A.3.1 LSE decomposition

We now prove the LSE decomposition of Theorem 4.3.1. Consider a d−dimensional MTLH
model and fix an event type k ∈ [d]. In Section 3.2.1, we define the feature processes of
an MHP; we now extend this definition to the MTLH case. Fix types i, j ∈ [d]. For times
t ≥ 0, the feature process ϕ(k)

j is the stochastic convolution

ϕ
(k)
j (t) :=

∫ t

0
φ̃kj(t− s)Ikj(ξj

Nj
s
)dN j

s .

Note that ϕ(k)
j (t) = 0 for times t ≤ tj1. Define

C
(k)
j (t) :=

∫ t

0
µk(u)ϕ

(k)
j (u)du, I

(k)
ij (t) :=

∫ t

0

rki∑
l=1

rkj∑
l′=1

ϕ
(k)
i (t)ϕ

(k)
j (t)dt.

Lemma A.3.1 (Primitive of the feature process). For types j ∈ [d] and times t ≥ 0,

C
(k)
j (T ) =

Nj
T∑

n=1

Kkj(T − tjn, tjn)Ikj(ξjm). (A.76)
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Proof. Fix j ∈ [d]. By definition

C
(k)
j (T ) =

∫ T

0
µk(t)

κ(j,t)∑
n=1

φkj(t− tjn)Ikj(ξjn)dt =
∫ T

tj1

κ(j,t)∑
n=1

µk(t)φkj(t− tjn)Ikj(ξjn)dt.

Split the integral

C
(k)
j,l (T ) =

∫ T

tj
N

j
T

κ(j,t)∑
n=1

φkj(t− tjn)µk(t)Ikj(ξjn)dt+
Nj

T−1∑
m=1

∫ tjm+1

tjm

κ(j,t)∑
n=1

φkj(t− tjn)µk(t)Ikj(ξjn)dt.

For times t ∈ [ tj
Nj

T

, T ] , κ(j, t) = N j
T . For indices m ∈ [N j

T −1] , and for times t ∈ [ tjm, t
j
m+1]

κ(j, t) = m. Hence,

C
(k)
j,l (T ) =

∫ T

tj
N

j
T

Nj
T∑

n=1

φkj(t− tjn)µk(t)Ikj(ξjn)dt+
Nj

T−1∑
m=1

∫ tjm+1

tjm

m∑
n=1

φkj(t− tjn)µk(t)Ikj(ξjn)dt.

Use Fubini’s Theorem to write

C
(k)
j,l (T ) =

Nj
T∑

n=1

∫ T

tj
N

j
T

φkj(t− tjn)µk(t)Ikj(ξjn)dt+
Nj

T−1∑
m=1

m∑
n=1

∫ tjm+1

tjm

φkj(t− tjn)µk(t)Ikj(ξjn)dt.

Re-index the sums of the second term and use a change of variable to conclude

C
(k)
j,l (T ) =

Nj
T∑

n=1

∫ T−tjn

tj
N

j
T

−tjn
φkj(u)µk(u+ tjn)Ikj(ξjn)du

+

Nj
T−1∑
n=1

∫ tj
N

j
T

−tjn

0
φkj(u)µk(u+ tjn)Ikj(ξjn)du,

=

Nj
T∑

n=1

Ikj(ξjn)
∫ T−tjn

0
φkj(u)µk(u+ tjn)du.

Lemma A.3.2 (Second moment of the feature process). For types i, j ∈ [d] with i 6= j,

I
(k)
ii,ll′(T ) =

N i
T∑

m=1

Υ̃iik,ll′(T − tim, 0) + 2

N i
T∑

m=1

m−1∑
n=1

Υ̃iik,ll′(T − tim, tim − tin),

I
(k)
ij,ll′(T ) =

N i
T∑

m=1

κ(j,i,m)∑
n=1

Υ̃ijk,ll′(T − tim, tim − tjn) +
Nj

T∑
n=1

κ(i,j,n)∑
m=1

Υ̃jik,l′l(T − tjn, tjn − tim).

(A.77)
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Proof. Fix event types i, j ∈ [d] with i 6= j. First, define the ordered times of events of type
i or j

(tq)q∈
[
N i

T+Nj
T

] := (tim)m∈
[
N i

T

] ∪ (tjn)n∈[Nj
T

],
such that for q ∈

[
N i
T + N j

T − 1
]
, tq < tq+1. For all events q ∈ [N i

T + N j
T ], denote by

ς(q) ∈ {i, j} the type of the event, and by ι(q) ∈
[
N
ς(q)
T

]
its index, such that tq = t

ς(q)
ι(q) . We

prove by induction that for all event indices q ∈
[
N i
T +N j

T

]
,

I
(k)
ij (tq) =

κ
(
i,ς(q),ι(q)

)∑
m=1

κ(j,i,m)∑
n=1

∫ tq

tim

φki(t− tim)φkj(t− tjn)Iki(ξim)Ikj(ξjn)dt

+

κ
(
j,ς(q),ι(q)

)∑
n=1

κ(i,j,n)∑
m=1

∫ tq

tjn

φki(t− tim)φkj(t− tjn)Iki(ξim)Ikj(ξjn)dt.

For q = 1, the sum is empty so the result is true. Let q ∈ [N i
T + N j

T − 1], assume the
property is true for q. It is clearly true for q + 1 using

I
(k)
ij (tq+1)− I(k)ij (tq) =

∫ tq+1

tq

ϕki(t)ϕkj(t)dt,

=

κi∑
m=1

κj∑
n=1

∫ tq+1

tq

φki(t− tim)φkj(t− tjn)Iki(ξim)Ikj(ξjn),

where κi := κ
(
i, ς(q + 1), ι(q + 1)

)
and κj := κ

(
j, ς(q + 1), ι(q + 1)

)
. Therefore,

I
(k)
ij (T ) =

N i
T∑

m=1

κ(j,i,m)∑
n=1

∫ T

tim

φki(t− tim)φkj(t− tjn)Iki(ξim)Ikj(ξjn)dt

+

Nj
T∑

n=1

κ(i,j,n)∑
m=1

∫ T

tjn

φki(t− tim)φkj(t− tjn)Iki(ξim)Ikj(ξjn)dt.

Use the change of variables x := t− tim and y := t− tjn, to write

I
(k)
ij (T ) =

N i
T∑

m=1

κ(j,i,m)∑
n=1

∫ T−tim

0
φki(x)φkj(x+ tim − tjn)dx

+

Nj
T∑

n=1

κ(i,j,n)∑
m=1

∫ T−tjn

0
φkj(y)φki(y + tjn − tim)Iki(ξim)Ikj(ξjn)dy.

We can now prove the LSE decomposition of Theorem 4.3.1.
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Proof of Theorem 4.3.1. Fix θk ∈ Θk and denote by λk the associated MTLH model. It is
clear that

Nk
T∑

m=1

λk
(
tkm
)
=

Nk
T∑

m=1

µk
(
tkm
)
+

d∑
j=1

Nk
T∑

m=1

κ(j,k,m)∑
n=1

φkj
(
tkm − tjn

)
Ikj
(
ξjn
)
.

By definition

1

T

∫ T

0
λk(t)

2dt = 1

T

∫ T

0

(
µ2k(t) + 2µk(t)

d∑
j=1

ϕ
(k)
j (t) +

( d∑
j=1

ϕ
(k)
j (t)

)2
)
dt,

=Mk(T ) +
2

T

d∑
j=1

C
(k)
j (T ) +

1

T

∫ T

0

( d∑
j=1

ϕ
(k)
j (t)

)2

dt.

We note that∫ T

0

( d∑
j=1

ϕ
(k)
j (t)

)2

dt =
d∑
i=1

d∑
j=1

∫ T

0
ϕ
(k)
i (t)ϕ

(k)
j (t)dt =

d∑
i=1

d∑
j=1

Q
(k)
ij .

The result follows directly from the application of Lemma A.3.1 and Lemma A.3.2.

A.3.2 Approximating model functionals

Proof of Proposition 4.4.1. Fix a time t ≥ 0. By definition,

ψij,l(t) := ωij,l

∫ t

0
φ̃ij,l(u)du = ωij,l

∫ +∞

0
1[0,t](u)φ̃ij,l(u)du. (A.78)

By definition of the expectation operator,

ψij,l(t) = ωijlEτ∼φ̃ij,l
[
1[0,t](τ)

]
. (A.79)

Using Equation (A.78), we get the partial derivative of ψij,l with respect to the L1 weight
parameter ωijl

∂ψij,l
∂ωij,l

(t, s) = ψ̃ij,l(t) = Eτ∼φ̃ij,l
[
1[0,t](τ)

]
, (A.80)

and the partial derivative of ψij,l with respect to the kernel density parameter θ̃ij,lp

∂ψij,l

∂θ̃ij,lp
(t, s) = ωij,l

∫ +∞

0
1[0,t](u)

∂φ̃ij,l

∂θ̃ij,lp
(u)du,

= ωij,l

∫ +∞

0
1{(u∈[0,t])∩(φ̃ij,l(u)>0)}

∂ log φ̃ij,l
∂θ̃ij,lp

(u)φ̃ij,l(u)du,

= ωijlEτ∼φ̃ij,l

[
1[0,t](τ)

∂ log φ̃ij,l
∂θ̃ij,lp

(τ)

]
.

(A.81)

221



Proof of Proposition 4.4.2. Fix lags t, s ≥ 0. By definition,

Υijk,ll′(t, s) := ωkilωkjl′

∫ t

0
φ̃kil(u)φ̃kjl′(u+ s)du. (A.82)

We re-write this as

Υijk,ll′(t, s) = ωkilωkjl′

∫ +∞

0
1u∈[0,t]φ̃kjl′(u+ s)φ̃kil(u)du. (A.83)

By definition of the expectation operator,

Υijk,ll′(t, s) = ωkilωkjl′Eτ∼φ̃ki,l
[
1τ [0,t]φ̃kj,l′(τ + s)

]
. (A.84)

If (i, l) = (j, l′), then

Υiik,ll(t, s) = ω2
kil

∫ +∞

0
1u∈[0,t]φ̃kil(u+ s)φ̃kil(u)du. (A.85)

Using Equation (A.85), the partial derivative of Υiik,ll with respect to the ωkil is

∂Υiik,ll

∂ωkil
(t, s) = 2ωkilEτ∼φ̃ki,l

[
1[0,t](τ)φ̃ki,l(τ + s)

]
, (A.86)

and the partial derivative of Υiik,ll with respect to the kernel density parameter θ̃kilp is

∂Υiik,ll

∂θ̃kilp
(t, s) = ω2

kil

∫ +∞

0
1u∈[0,t]

∂φ̃kil

∂θ̃kilp
(u+ s)φ̃kil(u)du

+ ω2
kil

∫ +∞

0
1[0,t](u)φ̃kil(u+ s)

∂φ̃kil

∂θ̃kilp
(u)du,

= ω2
kilEτ∼φ̃ki,l

[
1τ∈[0,t]

(
∂ log φ̃ki,l
∂θ̃kilp

(τ)φ̃ki,l(τ + s) +
∂φ̃ki,l

∂θ̃kilp
(τ + s)

)]
.

(A.87)

If (i, l) 6= (j, l′), then using Equation (A.83), we get the partial derivatives of Υijk,ll′ with
respect to the L1 weight parameters ωkil and ωkjl′

∂Υijk,ll′

∂ωkil
(t, s) = ωkjl′Eτ∼φ̃ki,l

[
1τ∈[0,t]φ̃kj,l′(τ + s)

]
,

∂Υijk,ll′

∂ωkjl′
(t, s) = ωkilEτ∼φ̃ki,l

[
1τ∈[0,t]φ̃kj,l′(τ + s)

]
.

(A.88)

Using Equation (A.83), the derivative of Υijk,ll′ with respect to the kernel density parameter
θ̃kilp is

∂Υijk,ll′

∂θ̃kilp
(t, s) = ωkilωkjl′

∫ +∞

0
1u∈[0,t]φ̃kjl′(u+ s)

∂φ̃kil

∂θ̃kilp
(u)du,

= ωkilωkjl′

∫ +∞

0
1(u∈[0,t])∩(φ̃kil(u)>0)φ̃kjl′(u+ s)

∂ log φ̃kil
∂θ̃kilp

(u)φ̃kil(u)du,

= ωkilωkjl′Eτ∼φ̃kil

[
1τ∈[0,t]φ̃kjl′(τ + s)

∂ log φ̃kil
∂θ̃kilp

(τ)

]
.

(A.89)
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Using Equation (A.83), the derivative of Υijk,ll′ with respect to the kernel density parameter
θ̃kjl′q is

∂Υijk,ll′

∂θ̃kjl′q
(t, s) = ωkilωkjl′

∫ +∞

0
1u∈[0,t]

∂φ̃kjl′

∂θ̃kjl′q
(u+ s)φ̃kil(u)du,

= ωkilωkjl′Eτ∼φ̃kil

[
1τ∈[0,t]

∂φ̃kjl′

∂θ̃kjl′q
(τ + s)

]
.

(A.90)

Proof of Proposition 4.4.3. Fix lags t, s ≥ 0. By definition

Kki,l(t, s) := ωkil

∫ t

0
φ̃kil(u)µk(u+ s)du. (A.91)

We re-write this as

Kki,l(t, s) = ωkil

∫ +∞

0
1[0,t](u)µk(u+ s)φ̃kil(u)du. (A.92)

Using (A.92), the partial derivative of Kki,l with respect to ωkil is

∂Kki,l

∂ωkil
(t, s) =

∫ +∞

0
1[0,t]µk(u+ s)φ̃kil(u)du = Eτ∼φ̃kil

[
1[0,t](τ)µk(τ + s)

]
, (A.93)

the partial derivative of Kki,l with respect to the kernel density parameter θ̃kilp is

∂Kki,l

∂θ̃kilp
(t, s) = ωkil

∫ +∞

0
1[0,t](u)µk(u+ s)

∂φ̃kil

∂θ̃kilp
(u)du,

= ωkilEτ∼φ̃kil
[
1[0,t](τ)µk(τ + s)

∂ log φ̃kil
∂θ̃kilp

(τ)
]
,

(A.94)

and the partial derivative of Kki,l with respect to the baseline parameter bkq is

∂Kki,l

∂bkq
(t, s) = ωkil

∫ +∞

0
1[0,t](u)

∂µk
∂bkq

(u+ s)φ̃kil(u)du,

= ωkilEτ∼φ̃kil

[
1[0,t](τ)

∂µk
∂bkilp

(τ + s)

]
.

(A.95)
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Proof of Lemma 4.4.1. Using Theorem 4.3.1 and the results from this section, we get

R(k)
T (θk) =

∑
i,j∈[d]

N i
T∑

m=$(i,j)

κ(j,i,m)∑
n=1

2

T
Iki(ξim)Ikj(ξjn)ωkiωkj

× Eτ∼φ̃ki
[
1[0,T−tim](τ)φ̃kj(τ + tim − tjn)

]
− 2

T

(
d∑
j=1

Nk
T∑

m=$(k,j)

κ(j,k,m)∑
n=1

φkj(t
k
m − tjn)Ikj(ξjn)

)
+Mk(T )−

2

T

Nk
T∑

m=1

µk(t
k
m)

+
2

T

d∑
i=1

N i
T∑

m=1

Iki(ξim)ωkiEτ∼φ̃ki
[
1[0,T−tim](τ)µk(t

i
m + τ)

]
+

1

T

d∑
i=1

N i
T∑

m=1

ω2
kiIki(ξim)2Eτ∼φ̃ki

[
1[0,T−tim](τ)φ̃ki(τ)

]
.

(A.96)

The result follows directly by re-arranging the terms.

A.4 The standard price model

Proof of Proposition 9.1.2. Let n ∈ N.

P(N2
t −N1

t = n) =
+∞∑
k=0

P(N1
t = k)P(N2

t = n+ k). (A.97)

Developing this, we get

P(N2
t −N1

t = n) = (µ2t)
ne−(µ1+µ2)t

+∞∑
k=0

(
µ1µ2t

2
)k

k!(k + n)!
. (A.98)

Finally, by definition of the modified Bessel function of the first kind, we get

P(N2
t −N1

t = n) =
(µ2
µ1

)n
2
e−(µ1+µ2)t

+∞∑
k=0

In

(
2
√
µ1µ2t

)
. (A.99)

By symmetry, it is clear that this holds for all n ∈ Z. The result follows immediately.
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