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Abstract

In recent years, there has been significant progress in the theory of orthogonal polynomials on
algebraic curves, particularly on genus 1 surfaces. In this paper, we focus on elliptic orthogonal
polynomials and establish several of their fundamental properties. In particular, we derive general
five-term and seven-term recurrence relations, which lead to a Christoffel-Darboux formula and
the construction of an associated point process on the A-cycle of the torus. Notably, the recurrence
coefficients in these relations are intricately linked through the underlying elliptic curve equation.
Under additional symmetry assumptions on the weight function, the structure simplifies consider-
ably, recovering known results for orthogonal polynomials on the complex plane.

1. Introduction

The Christoffel-Darboux (CD) formula is central to the spectral theory of orthogonal polynomials
(OPs) (see [18] for a review), and is influential in several other areas such as integrable systems, ran-
dom matrices, point processes, approximation theory [17], and data analysis [14]. The CD formula is
a classical object of study for OPs on the complex plane. In the recent years, there have been impor-
tant advances in the understanding of orthogonal polynomials and integrable systems on higher genus
Riemann surfaces [1, 7, 8, 10, 16]. Following these developments, an obvious question, due to the prox-
imity between OPs and interacting particle systems, is if polynomials on higher genus surfaces could
lead to novel phenomenon for point processes. In this paper, we achieve the first step towards this goal,
namely constructing the CD formula, for elliptic orthogonal polynomials (EOPs) as constructed in [7]
with degree independent weights. Let us now introduce the EOPs we deal with in this paper.

Consider the complex torus defined by the lattice with modular parameter 7 € iR:

T:=C/(Z+Z-T).

Given appropriate weight which we introduce below, an EOP Py(z), k € Z ., is defined as a doubly
periodic meromorphic function on T that has a unique pole of order k at z=0. Since no such func-
tion exists for k =1, we set P;(z) = 0 for the rest of our article. We also assume that Py is monic i.e. , it
admits the following Laurent expansion near the origin:

Pi(z) =z *(1+0(2)), asz—0. (1.1)
Such polynomials can be expressed in terms of a basis constructed from Weierstrass g-functions,
given by
B={Elusomn:  Ex=p@)  En=-3p"( p(2)" (12)

© 2026 The Author(s). Published by IOP Publishing Ltd
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The polynomials {P;} satisfy the orthogonality relation
/Pk (2) P (2) w(2) dz= i Ok, k,m e {0,2,3,...}, (1.3)
¥

where hy is a normalization constant, and dy ,, denotes the Kronecker delta. The weight w(z) is assumed
to be a positive and continuous function supported on the cycle
N
7= [543
Please refer to [7, figures 2—4] for a description of the admissible weights and numerics of polynomials.
Finally, analogous to the classic result on the complex plane [11], the polynomials Py also satisfies the
following Riemann—Hilbert problem (RHP) [1, 7].

It is a classical result that orthogonal polynomials can be studied through the solutions of the associ-
ated RHP, which amounts to finding a 2 x 2 matrix valued function with prescribed jumps on the sup-
port of the orthogonal polynomials. The polynomials can then be read out from the 11 entry of this
matrix [5, 6, 11]. This method, dubbed the Deift—-Zhou or the nonlineear steepest descent method, is
crucial for the asymptotic study of these polynomials. These techniques can be extended to EOPs [1, 7].
We now recall the construction in [7].

Rhp 1. The RHP comprises of finding a 2 x 2 matrix valued function Y, (z,7) with the following properties:

e Y,(z,7)isanalyticinze€ T\ (yU{0}).

e The following jump condition holds for z € ~:

Yn,+(z,f)=Yn,<zm><(1, e ) (14)

where, following the standard notation, & indicate the piece-wise analytic functions to the left and right
side, respectively, of v w.r.t its orientation (from left to right),

e In thelimitz — 0:

Y, (z,7) = (12+O(z))( Zg Z,,O,z ) (1.5)
Indeed, RHP 1 is uniquely solvable and has the form
Py (2) C(Pn)(2)
Yy(z,7) = st i =3, 1.
) (ile4@> ZC(P) () "7 16

where C(.) is the Cauchy transform of a function f€ L'(7), defined as
dz’

2mi’

ﬂﬁ@%:/ﬂ/ﬂdif@fCQW

where ((.) denotes the Weierstrass ¢-function.
For the remainder of the paper, we deal with orthonormal polynomials denoted by 7,. For conve-
nience, let us establish the following definition.

Definition 1.1. The family of EOPs {7, (z) } s>0, n1 is orthonormal with respect to the weight function w(z)
on the contour 7.

Indeed, they are obtained by the rescaling

1
Ty = ——P,. (1.7)

Vi, "

With respect to a positive weight function w(z), the pairing

m9=/mw@w@a (1.8)

defines an inner product on the space of polynomials. The family of polynomials {7 }i>0 k21 can be
obtained by the Gram-Schmidt procedure. Due to the particular choice of the A-cycle , and since p
and g’ are real on 7y, we obtain that the polynomials 7, are real on the support .

2
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1.1. Overview of the results

Our first set of results are theorems 2.1 and 2.2 which establish a five-term and a seven-term recurrence
relation respectively for EOPs with generic degree-independent weights. In fact, we observe that these
relations are coupled. We make this precise by proving an elliptic polynomial analogue of the Shohat—
Favard theorem in section 2.2, wich recovers the class of EOPs using the coupled recurrence relations.
Next, with the results of section 2, we establish a Christoffel-Darboux formula for EOPs in theorem
3.1. This construction leads to a natural determinantal point process (DPP) supported on a cycle on the
torus. We further express the CD kernel in terms of the associated RHP 1 in proposition 3.4.

As a final part of the paper, in section 4, we consider the case where the weight function is symmet-
ric. Under this assumption, the orthogonal polynomials split into families of odd and even functions.
This structural symmetry reduces the five-term recurrence relation to a three-term recurrence relation
for odd and even polynomials respectively, while the seven-term relation reduces to a four-term rela-
tion which describes the odd polynomials in terms of even ones and vice versa. This phenomenon is
described in propositions 4.1 and 4.3. The corresponding CD formula also simplifies significantly as
shown in 4.3. In fact, it turns out to be the elliptic analogue, under the transformation z — p(z) of the
classical CD formula for OPs on the complex plane. For completeness, we demonstrate how the zeros
of the even EOPs correspond to the eigenvalues of certain Jacobi matrices, and we establish interlacing
properties of these zeros in section 4.1. Finally, we also provide a Heine type formula of even EOPs in
section 4.2. While for EOPs with non-symmetric weights, the interlacing of zeros and Heine type formu-
las are not accessible with present methods, we hope to obtain insights from the case of even EOPs.

1.2. Outlook

Beyond their intrinsic analytic interest, our results suggest promising applications. For instance, EOPs
may describe special solutions to integrable systems such as the elliptic Calogero—-Moser model [19]
and its quantum extensions. The CD kernel we construct in this paper may give the associated tau-
function to the integrable system, providing an elliptic analogue of the well-known connection between
orthogonal polynomials and special solutions of isomonodromic systems. Such special solutions may,
in turn, be obtained from the tau function studied by one of the authors in [16] under a suitable limit.
Furthermore, the EOPs considered in this work admit a natural interpretation as bivariate orthogonal
polynomials [9], the latter being amenable to the study of novel random matrix ensembles. In this set-
ting, the CD kernel constructed in this paper may prove useful in uncovering new universality classes,
among other applications. We now detail few interesting questions that follow from our results.

e As mentioned above, one can aim to understand the interlacing properties of the zeros of EOPs for
non-symmetric weights. From the five-term recurrence relation, we obtain that the corresponding
Jacobi matrix is symmetric, pentadiagonal, and the CD formula is more involved than usual. It would
be interesting to find an analogous result in the elliptic situation.

e While our main aim here was to derive the CD formula, the exploration of the associated DPP is a
natural next step. We describe the existence of such a process, and an in-depth analysis of such a DPP
and its relation to the results of [3] will be carried out in a future study.

o The expression of the CD kernel in terms of the solution of the RHP in (3.4) and the canonical DPP
constructed in section 3 paves the way for the double scaling limit of the kernel and could lead to
novel universality results. One can achieve this in a tedious yet straightforward manner by adapt-
ing the nonlinear steepest descent analysis in [1] in an appropriate manner. For the EOPs consid-
ered here, the weight is degree-independent which would lead to absence of local parametrices. A
more challenging and interesting questions comes when one is able to generalize the present story
to include n-dependent weights, for which the associated RHP is not known in the literature. We plan
to address these questions in future.

e Finally, it is important to note that there exist at least two other notions of CD kernels on Riemann
surfaces, in context of matrix valued orthogonal polynomials (MVOPs) [4], and bi-orthogonal matrix
valued polynomials [2, 4]. These papers hinge on the relation between matrix and scalar valued
orthogonality. It would be interesting to relate the notion of orthogonal polynomials on Riemann
surfaces [1, 7] to MVOPs. If such a connection exists, it could yield new insights into lattice models
[13] and may help relate the CD kernel studied in this paper to those appearing in the matrix-valued
setting.
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2. Recurrence relations for EOPs for generic weight

In this section, we will first show that the EOPs 7,(z) satisfy five-term and seven-term recurrence rela-
tions. We elaborate on the relation between the two expressions and explain the relation between them.
Finally, we present an elliptic version of the Shohat-Favard theorem, which constructs a family of EOPs
given a recurrence relation. Consequently, we show that the five-term recurrence reproduces polynomi-
als m,(z) for n > 3, while the seven-term recurrence relation is needed to construct EOPs for n > 0. This
reflects our definition of EOPs where 7 (z) = 0.

2.1. Coupled recurrence relations
We now derive the five and seven-term recurrence relations individually.

2.1.1. Five-term recurrence relation
Theorem 2.1. Consider the family of EOPs in definition 1.1. Let us define the coefficients i , by orthogonality

Chn 1= / 0 (2) my (2) Tk (2) w(2) dz. (2.1)
2l
The EOPs satisfy a five-term recurrence relation for n > 2

0 (2) 70 (2) = @n1Tnr2 (2) + b1 Mg (2) + €m0 (2) + byTn1 (2) + an170—2 (2) (2.2)

where the parameters above are defined as follows with a,, > 0:

An+1 = Cnt2.n = Cnn42,5 bn+1 = Cn+1,n = Cnnt1, Cn = Cnyn- (2.3)

Proof. Let 7,(z) be an orthonormal polynomial of degree #. Since p(z) is an even elliptic function with a
double pole at z = 0, the product p(z),(z) is a meromorphic function on the torus with a pole of order
n+ 2 atz =0, and is therefore an elliptic polynomial of degree n + 2.

As such, p(z)m,(z) can be expanded in terms of the orthonormal basis {7 (z) }, up to degree n + 2:

n—+2

0270 (2) =D cknmi(2). (2.4)
k=0

Now observe that for any k < n — 2, the function p(z)mx(z) has a degree strictly less than #, and by orthog-
onality, the right-hand side of (2.1) vanishes for these values. This implies that ¢, = 0 for k < n — 2.
Consequently, the expansion (2.4) reduces to

£ (Z) Tn (Z) = Cn+2,nTn+2 (z) + Cnt1,nTn+1 (2) + Cn,nTn (2)

+ Ch—1,nTn—1 (Z) + Ch—2,nTn—2 (Z) . (2.5)

We now show the symmetry of the coefficients in the expression above. Observe that
Cnton = / 0 (2) Ty (2) Tpta (2) w(z) dz = / 0 (2) Tyya (2) Ty (2) w(z) dz = ¢y ppa- (2.6)
g gl

Hence we may define:

Apnt1 = Cn42,n = Cnynt2, anrl = Cn4+1,n = Cnyn+1,

which gives us the simplified five-term recurrence relation (2.2). Finally, we determine the sign of a,, ;.
Since the orthonormal polynomials 7, behave as

—n

z

T (2) = NS

and p(z) =z72+ O(1) near z = 0, it follows that:

(1+0(2)) forz—0,
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Matching the above asymptotic behaviour to the leading order term of the expansion (2.2), which comes
from a,+17,12(2), we must have

1 1 B
—— =y = Gpt1= >0
\4 hn hn+2 h"
Consequently, a,, > 0. This concludes the proof. O

We can simplify the five-term relation further. Let us introduce the vector-valued polynomial

= [

Ton (2)

Then the five-term recurrence relation (2.2) may be recast as a three-term matrix recurrence of the form

0 (2) Iy, (2) = Aspg2Ilanyz (2) + Banlls, (2) + AInHanz (2), (2.7)

where the recurrence matrices are explicitly given by

b b
A2n+2 _ A2p4-2 2n4-2 ’ By, = Con+1 2n4-1 ) (2.8)
0 i1 b1 G

2.1.2. Seven-term recurrence relation
As opposed to the above description, we now consider the expression g’(z)m,(z) which is a polynomial
of degree in n+ 3. We expand @’ (z)7,(z) in the basis of orthonormal polynomials

n+3

p/ (Z) Tn (Z) = Z CinTi (Z) . (2.9)

Therefore, for i <n—3, p’(z)mi(z) is a polynomial of degree i+ 3 < n. By a similar argument as above,
we have the following theorem.

Theorem 2.2. Let {m,(2) }n>0,n1 be a family of orthonormal elliptic polynomials with respect to a weight
function w(z) on a contour ~y. Then multiplication by the derivative of the Weierstrass function, p'(z), yields the
seven-term recurrence relation:

o' (2) T (2) =, Put3Tnt3 (2) + Gug2Tng2 (2) + ragp1Tnyr (2)
+ STy (Z) + -1 (Z) + qnTn—2 (Z) +pn7rn—3 (Z) ’ (210)

where pyy3 = —2+/hp13/h, <0, and

qn+2, k:n+2a

Tnt1, k=n+1,
/ﬁ@mwm@w@&:sm k=n,
Yy

Ty k=n-—1,

qn k=n-2.

Remark 2.3. It is important to note that for EOPs, we need both the five and seven-term recurrence rela-
tions simultaneously. The interplay between the two relations can be seen through the simple case of n =0
for (2.13) and n = 1 for (2.12), which define a simultaneous system of linear equations that determine 7,(z)
and 73(z). The derivation of higher degree polynomials then follows.

Remark 2.4. The coefficients of five-term and seven-term recurrence relations are related in a non-trivial
way by the elliptic curve. A trivial condition is that

4a,45004+30n+1 = Pnt6Pn+3- (2.11)

We refer the reader to appendix B for a detailed list of relations.

5
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2.2. Elliptic analogue of the Shohat-Favard theorem

At first glance, one might question the necessity of the seven-term recurrence when the five-term recur-
rence already exists. The seven-term recurrence, however, plays an equally crucial role. The reason for
this lies in the construction of the polynomials from the recurrence coefficients. While the five-term
recurrence allows for the construction of polynomials up to a certain degree, the polynomial 73 can-
not be generated using just the five-term recurrence because the polynomial 7, is undefined. By adding
the seven-term recurrence, we can generate polynomials of any degree, even from the sequence 7, and
m3. This ensures the consistency of the recurrence coefficients and ensures that the polynomials are well-
defined. In fact, the orthogonality measure becomes uniquely determined when the recurrence coeffi-
cients satisfy this condition. This fact is rigorously addressed in the elliptic version of the Shohat—Favard
theorem, which we state and prove below.

Definition 2.5. Let P be the vector space of all elliptic polynomials. We define a moment functional to be a
linear functional £ : P — R. We say £ is positive definite if for all f € P we have £(f*) > 0.

In what follows we show that if we inductively build our family of polynomials according to the
five and seven-term recurrence relation consistently, then there exists a moment functional, for which
the polynomials are orthogonal. With the proof that the functions satisfying the recurrence relation are
orthogonal w.r.t to a weight function, one obtains the representation of the coefficients such as (2.1)
and (2.3).

Theorem 2.6. Let {a, > 0},{b,},{cu},{pn > 0},{qn}, {rn}{sn} be sequences, and let \; > 0 be a constant
which is uniquely determined through the parameters (a,, by, c,). According to our definition of EOPs (see
definition 1.1), we further assume m1(z) = 0, and 7y = 0 for k < 0. Consider the five and seven-term recurrence
relations for the polynomials 7 (z) respectively

— ay17(2) = bp17T0—1(2) + (a2 — ©(2)) Tn—2(2) + by—27n— (2) + An—3m0—4(2) , (2.12)
and

—Pn7n(2) = Gu1Tn—1(2) + ra—amu_2(2) + (sn—3 — 0" (2))T—3(2) + ru_3mu_4(2)

(2.13)
+ %—3%—5(2) +Pn—37rn—6(z)'

If the system is consistent, then there exists a unique positive definite moment functional L : P — R such that:
LA)=X, L(mu(2)7Tm(2)) = XOmn, An>0.

Proof. We define the moment functional £ on the space of polynomials by specifying its action on the
orthogonal polynomial sequence {7,(z) },>0 as follows:

L(1)= A, L(m,(2))=0 foralln>1

This definition extends uniquely to all polynomials via linearity.
Let n = 2k be even, and fix an integer i < k — 1. From the five-term recurrence relation satisfied by the
orthogonal polynomials (denoted as equation (2.12)), we can write:

2k+-2i
p(x Tk (2 Z dimj(z), forsomed; € R.

j=2k—2i
Applying L to both sides and using the defining property that £(7j(z)) = 0 for j > 1, we find:
2k+-2i

E(p(x o (2 ) 3 dL (i

j=2k—2i

Now consider the expression £(p’(z) o' (z)mx(z)) with i < k — 2. Using the same recurrence, we write:

2k—+2i

L (o' (2)p' (2) max (2 Z L(p'(2)dim(2)). (2.14)

j=2k—2i
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Each term of the form p’(z)7;j(z) can be expressed using the seven-term recurrence relation (2.13). For
example, consider the highest-degree term for i = k — 2, namely:

o' (2)m4(2) = Z emi(z), forsomee; € R.
i=2
Then,
L(dsp' (z)74(2)) = Zejﬁ (7j(2)) =0.
i=2

As all such terms in (2.14) vanish by the same reasoning, we conclude:
L(p'(2)¢' (z) Tk (2)) =0 foralli <k—2.

A completely analogous argument applies in the case where n = 2k + 1 is odd. Thus for any m < n, the
inner product induced by L satisfies:

L (7 (2)7,(2)) =0,

which shows that {7,(z)} is an orthogonal system under L.
To study the moments, observe that applying £ to the recurrence for m,,(z), we get:

L(9(2)" T2 (2) = w1 L (p(z)n_l Fon—z (z)) .

This recurrence allows us to compute moments recursively from lower degrees.
Similarly,

L(p" (2) 9" (2) Tans3 (2)) = a2 2L (9" (2) 9" (2) Tanp1 (2))

Since the action of £ vanishes on all polynomials orthogonal to the constant function and satisfies a
recursive moment structure on the diagonal, the orthogonality is complete and well-posed. Furthermore,
assuming the recurrence coefficients a,, p, > 0, the functional L is also positive definite. O

3. CD formula

In this section, we first use the five-term recurrence relation in theorem 2.1 to obtain a CD formula for
EOPs. We then express it in terms of the solution of the RHP 1.

Theorem 3.1 (Christoffel-Darboux Formula for Elliptic Orthogonal Polynomials). Consider the EOPs
7n(2) described in definition 1.1. Then the Christoffel-Darboux kernel

K () =31 (0w ()
j=0

is given by

— 1

Ky (x,y) = ) An—1 (T (%) Tn—2 (y) — 700 (¥) T2 (%))

p(x)—pl
Fan—2 (Tu1 (X) Tu_3 (y) = Tp1 () a3 (%))

+ by (M1 (X) Ty () — Tt () Tz () |, (3.1)

where the coefficients ay, by are obtained through orthogonality condition as defined in (2.3).

7
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Proof. We begin by using the five-term recurrence relation for the action of p(z) on 7, (z) in (2.12):
0 (2) 7 (2) = a1 (2) + bipamips (2) + ¢ (2) + bymi1 (2) + aj-17j-2 (2) (3.2)

where the coefficients a;, bj,¢; € R, and a; > 0 for all j. Multiplying both sides of (3.2) by 7;(y) and summing
over j from 0 to n — 2, we obtain

2 p ()i (x) i (y) = ) (@172 (%) + b (x) + 6y (x) + bymia (%) + ajmimia (%)) 7 (7).
i=0 i=0

The right-hand side of the above expression can be rearranged by collecting terms that are symmetric in x

and y:
S 00w @m0 = 36w T 0) + 3 by (171 ()7 0) + () 751 () (33)
i=0 i=0 i=1

+ i aj—1 (mj—2 (%) 7 (v) + 7 (x) 72 () (3.4)

+an170 (%) Tp2 (¥) + @21 (%) Tu—3 (y) + bp1 w1 (X) T2 (y) . (3.5)

Similarly, one obtains a similar expression for x ¢+ y

> o OmOITE) = Dm0 () + D b1 (12 )T 3) + 75031 4) G0

S s (152 (0) 75 () + 750) 71 () (37)

j=2
+an 17y () Tue2 (%) + an2mu—1 (¥) T3 (%) + by1Tpr () T2 (x). (3.8)

Subtracting the expressions (3.5) and (3.8) we get

(P (x) =) iﬂ'j W) (x) = an—1 (70 (X) Tn2 () = 700 (¥) 02 ()
j=0

+ an—2 (Ty—1 (%) Tu—3 (¥) = Tu—1 (y) Tu—3 (%))
+ bnfl (’R’n,] (x) Tn—2 ()/) — Th—1 (}') Th—2 (X)) .
Dividing both sides by p(x) — p(y) gives the result in (3.1). O

Corollary 3.2 (Confluent Christoffel-Darboux Formula). Taking the limit y — x in (3.1), we obtain

7rj(x)2 = —F

|

o
)
/-\\
&

j=

+ by (1 () T2 (%) — 1 (%) 705 (%)) |- (3.9)

Corollary 3.3 (Degenerate Points). Ifx € {7/2,(1+7)/2}, where p’(x) = 0, then the confluent formula
takes the form

S 097 = s 01 (Lo (5) 7 59

A

+an—2 (anl (), _3(x) — (x)ﬂn%»(x))

+ by (7 () T2 (x) — mur ()75 (%)) |- (3.10)

We now express the CD formula in terms of the solution of the RHP 1 in the following proposition.
For convenience, we present this result in terms of the EOPs P,,.

8
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Proposition 3.4. Recall the RHPI, then the Christoffel-Darboux kernel can be expressed in the following form,

K(x.y)
N an—1hy > e 1 x) — de x 1 (x 1
— 0 1) (@t )Y )T~ ety (9, (T00) ()
an—2hy_3 1 —de X 1 (x 1
+ 27 (000 — 00) (0 1) (detY,—>(y)Y, 5 () Yuo1(x) —detY, 5 (x)Y, 5 (x) Ya—1(y)) (0)

bn—lhn—l 1
T omitot) oo O Y (4095 ()Y () <0> : (3.11)

Proof. It was shown in [7, lemma 2.3] that
detY, (z) = p(2) + ¢y,

where p(z) is the Weierstrass elliptic function and ¢, is a constant depending on n. Since ©(z) + ¢, is a dou-
bly periodic meromorphic function with a double pole and two simple zeros in the fundamental region, it
follows that det Y, (z) has exactly two simple zeros, which we denote by x; (1) and x,(n).

Away from the points 0, x; (), and x,(n), the matrix det Y, (z) is nonzero and thus Y,,(z) is invertible. At
z = xx(n) for k = 1,2, we define the expression

detY, -1 (2) ¥,y (2) 1= lim detY, 1 (€)Y, 1, (0),

which we interpret as the analytic continuation of the matrix product from a punctured neighbourhood
of z. In particular, we define

27riC(P _1)(2) 727riP_1(Z)
detY,_ vt =T o 1
e @ = (Mo T
A direct computation using the solution of the RHP (1.6) shows that the Christoffel-Darboux
expression

) , z€{x1(n),x(n)}.

An—1 (0 (%) Tn—2 (y) — 7u (¥) Ta—2 (%))
p(x)—p»)

ap—1hy—> 1 1 1
= e o0 (0 1) (detY,—y (y)- Y, !y () Yu (x) —det Y,y (x) - Y, !y (%) Y () <0>, (3.13)

(3.12)

and
Ap—2 (Tp—1 () Tp—3 (y) — o1 () T3 (x))
o) - 90) o
an—Zhn—3

! —dae 2(X ! X —1 ! . .
= o o0 (0 1) (detY,—>(») Y, 15 (y) Yoo (x) —det Y, 5 (x) Y, !, (x) Y1 (1)) (0) (3.15)

Similarly, we obtain

by (anl(x)ﬂan ()’) - 71',1,1()/)77,1,2(36))

3.16
o) — 90) (316
_ bnflhnfl 1 1
= o 90 (0 1)(detY,—y (») Y, (y) Yuoi (%)) (0> ) (3.17)
Substituting the above expressions in (3.1) gives (3.11).
O

Remark 3.5 (Spectral Interpretation of Zeros). For our EOPs, we have 71 (z) = 0. Now set a, = by = b,
=0, ¢; = 1. From the five-term recurrence coefficients, we can then construct the infinite, symmetric, penta-
diagonal matrix

o by aa 0 0 0
bl (5] bz a) 0 0
a by ¢ by az O
] = 0 a b3 C3 b4 ay
0 0 a3 by ¢ bs
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Let J,,n+1 denote the n x (n+ 1) top-left submatrix of J. Then, the recurrence relation implies the following
linear identity for the column vector of orthonormal polynomials:

o Ex; o EX;
]n,n-H ﬂ—l:x = p(x) Wl:x — AnTp41 (x) €ns
T () Tn—1 (%)

where e, is the nth standard basis vector in C". In particular, if x, is a zero of 7,41 (x), then the correction
term vanishes, and we obtain

]n,n+1Vn = @(xo) - Pvy,

where v, = (mo(x0), - - ., mn(x0)) " and P is the projection onto the first n coordinates. Thus, the zeros of 7,1
correspond to the compressed eigenvalue problem for J, ,+; under the projection P.

With the CD kernel constructed above, we define the new correlation kernel

K, (x,y) := /w(x) VW () Kns1 (x,7). (3.18)

Proposition 3.6. The kernel K(x,y) has the following properties.

1. Positivity: For x; € v we have

det [K(xi,xj)]z].zl = <det [\/W(xj)ﬁk_l (Xj)} " ) >0 (3.19)

jk=1

2. Trace-class:

n—1

TrK:/Kn(x,x)dx: /Ww(x)wk(x)ﬂk(x)dxn

v i=0

3. Reproducing property:
/Kn (x,5) K, (5,y)ds = K, (x,y) .
.

The proof follows through the classical arguments in [12, chapter 9].

The advantage of introducing the kernel (3.18) is that it defines a point process. Indeed, it is known
that the determinant of a kernel with the properties above defines a symmetric probability density
function (p.d.f)

(3.20)

P(xp,...,x,) = %det [K(.xﬁxj)]zj:] .
In our case, this is associated to a DPP on the interval 4", with K(x;,x;) assuming the role of the
correlation kernel.

The above fact merits a separate study. As mentioned in section 1.2, we expect interesting phenom-
ena with n-dependent weights, and we reserve a detailed study of point processes associated to EOPs
with general weights for a future work.

4. Case of the symmetric weight

With the general setup of the previous sections, we now turn to a special case of the weight function,
namely when w(x) is symmetric, i.e.,

w(3(1+7)+z)=w(30+7)—2), zel0,1]. (4.1)

In this case, the system of EOPs decompose naturally into families of even and odd degree
polynomials [7]. More precisely, the monic orthogonal polynomials 7,(x,7) admit the following explicit
forms:

10
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e For even degrees n = 2k, one has
ok (2,7) Zal 2% , with a5 (7) = 1. (4.2)

e For odd degrees n =2k + 3, one has

Toky3 (2,7) **@ Zﬂz 2k43 ( ) ) with  ay sky s (r)=1. (4.3)

This splitting reflects the underlying parity symmetry induced by (4.1). We note that each of the even
and odd families recover the classical OPs on the complex plane with the transformation p(z) — z.
However, studying each of these odd and even families offers insights into the dynamics of the EOPs

on non-trivial topologies. In what follows, we present three results for the even polynomials, namely, the
interlacing property of the zeros, Heine like formula, and the CD formula. Similar expressions hold for
the odd polynomials and can be obtained by repeating the arguments presented here.

4.1. Jacobi Matrix and interlacing of the zeros
Let us begin with the three-term recurrence relation satisfied by the even-degree EOPs.

Proposition 4.1. The orthonormal polynomials satisfy the following three-term recurrence relation
9 (2) T (2) = anp1Tng2 (2) + cu (2) + 17— (2) (4.4)

Where the sequence {a, > 0} and {c,} are defined in as of theorem 2.1.

Remark 4.2. The above statement can be proved starting from the five-term recurrence relation by restrict-
ing to even polynomials or through the linear system they solve, as shown in [7].

Proposition 4.3. One might also obtain a four-term recurrence relation
9" (2) 70 (2) = Pry3Tnrs (2) + 1 Tugr (2) + 1T (2) + Pamtn—s (2), (4.5)

where {p,} and {r,} are defined as in theorem 2.10.

Sketch of proof: We similarly consider

6

@l ( )772n+3 Z Con+i2n4+3T2n+i\Z ( ) (46)
i=0

where
Con+i2n+3 = / Ton+i (Z) T2n+3 (Z) @/ (Z)W(Z) dz.
v

From symmetry, it follows that ¢, 2,43 =0 for i =1,3,5 and ¢yqi 2043 = Cont3,20+i- We then recover
the statement of the proposition.

With the recurrence relation above, the (semi-infinite) Jacobi matrix J associated with the orthogonal
polynomial system {m2,(z)},>0 is given by

ﬂo (675} 0 0
a; B a0

j=|0 @ B oas T (4.7)
0 0 o3 f3s

where o > 0 for all k > 1, and [ € R are the recurrence coefficients corresponding to the orthonor-
mal polynomials. Denote by J,, the upper-left n x n principal submatrix of J. The recurrence relation can

11
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then be expressed in matrix form as

o (Z) o (Z) 0
) (Z) ) (Z) 0
Jn : =p(2) : - : . (4.8)
Tan—4(2) Tan—4 (2) 0
Ton—2 (2) Ton—2 (2) QT (2)

Let zg be a zero of my,(2), i.e., mu(20) = 0. Then the residual term vanishes at z = zj, and we obtain

Tav(zo0) = p(20) v(2p), (4.9)

where the vector v(zp) € R" is defined by

T2n—4 (Zo)
T2n—2 (Zo)

Hence, p(zy) is an eigenvalue of the finite Jacobi matrix J,, and v(z,) is the associated eigenvector.
Lemma 4.4. Let the zeros of m,,(z) be denoted by
{Zl,ZmzZ,Zm cee aZanl,Zn;ZZn,Zn} )
ordered (because of symmetry) such that
© (22172,1) =p (sz+1,2n) foreachj =1,...,n.

Then, the zeros of the polynomials interlace in the following sense:

90 (22521) < 9 (22j,21—2) < 9 (22j42,20) forj=1,...,n—1. (4.10)
Since g is monotone in vy /2 this means they are also interlacing on .

Proof. The result follows from the spectral theorem applied to symmetric tridiagonal matrices, and the
interlacing property of eigenvalues of principal submatrices. Since the eigenvalues of J,, correspond to the
values ©(2,j,24), and similarly those of J,_1 to (22j,24—2), the interlacing follows from the classical Cauchy
interlacing theorem or, equivalently, from the Rayleigh quotient characterization of eigenvalues. O

For completeness, we now provide the Shohat-Favard theorem for even EOPs.

Proposition 4.5. Let {m2,(z) }u>0 be a sequence of polynomials satisfying the three-term recurrence relation
0 (2) T2n (2) = Anp1T2n12 (2) + buT2n (2) + anT2n—2 (2) nz=0, (4.11)

with initial conditions my(z) = wo, T_2(2) = 0, and recurrence coefficients a,, > 0, b, € R for all n > 0. Then
there exists a symmetric probability measure p, supported on a compact set vy, such that the family {r,,} is
orthonormal with respect to ji:

/7r2n (2) Tam (2) dpe (2) = Sy m,s n,m>=0. (4.12)
.

Proof. Let J, € R"*" denote the n X n truncation of the Jacobi matrix associated with the recurrence (4.11),
given by

bp a O 0
a b a
Jh=10 a b . o |- (4.13)
. . . an—1
0 -+ 0 a1 by

12
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This matrix is real symmetric and tridiagonal. Hence, by the spectral theorem, it is diagonalizable with a
complete orthonormal set of eigenvectors, and all its eigenvalues are real and simple.

Let {2, }}_, C /2 denote the zeros of m,,(z). It follows from the recurrence relation that p(z ) is an
eigenvalue of J,,, with associated eigenvector

Vi := (o (2zkn) , T2 (Zkn) 5 s T2n—2 (ka))T cR".

Let V € R"*" be the matrix whose kth column is the normalized vector vi/||v||, and let D = diag(p(z1.4),
..o9(zu.n)). Then J, = VDV, and since the eigenvectors are orthonormal, we have

VIv=1I, hence VV'=1I,.

Set Ak := 1/]|v]|* > 0. Then we obtain the identity

n
> Neni(zn) Ty (zkn) = 6ijy  0<ij<n—1. (4.14)
k=1

In particular, taking i = j = 0, we find

n
Z /\km =1.
k=1

Define the discrete probability measure

Mn = Z )\k,n 5zk,nv
k=1

which is supported on the compact set /2. Then forall 0 <i,j <n—1,
[ i ms2) din ) = 0. (@.15)
v/2

The sequence { (i, }»>1 consists of probability measures supported on the compact set y/2, and is tight.
By Prokhorov’s theorem, there exists a subsequence (1, that converges weakly to a probability measure /i,
supported on /2.

Since each 7, (z) is a continuous function bounded on /2, the orthogonality relations pass to the limit:

/ Ton (2) Tom (2) A (2) = Gy m, n,m = 0.
v/2
Finally, define a symmetric measure p on y by

p(a):= 5 (a(AN37) +a(-AN37)),

for Borel sets A C «y. Then p is a symmetric probability measure on -y, with respect to which the polynomials
70 (2) are orthonormal, as claimed. O

4.2. Heine like formula
Heine formula [20] for orthogonal polynomials in the real line allows us to view the polynomials as the
expected characteristic polynomial of a joint probability distribution function (pdf). We prove analogous
results in proposition 4.6 in the elliptic case when the weight function is symmetric.

Let us define

N 1
n=[o@wiad  n=g [ o't EwEE (4.16)
2l 2l
with
Uk =4 (Vig3 — Vi1 — $3V%) - (4.17)

13
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The Hankel determinants of moments are given by

1240 vy ... Vk—1 /V\() /V\l e /V\k,1
141 vy ... Ve —~ /V\l /1/\2 I//\k
A= Ag=1|. . ) (4.18)
Vk—1 Vg ... 2k Uk /V\k+1 oo Unkea
with Ay = Ag = 1. Then Py is explicitly given as
) Vi Vi
| 141 v Vi41
Po(z)= —| : : . oL 4.19
2k( ) Ak . . . . ( )
Vk—1 Vk Vok—1
k
1 (2 p(2)

Note that for the purposes of this section, we work with the polynomials P,, which are related to their
orthonormal counterparts via the expression (1.7). Similarly to the above expression, the polynomials
P43 can be written as

~ ~ ~

1Z0) 141 e Ve
X 2 2 Vkt1
Ar| - ~ ~

Vit1 Vit2 ‘.- Vok—1 .
—30'(0) =39’ (Dp) ... —30'(Dp (2
Proposition 4.6. We have
£ 2
Py (2) = WA / /H H (o (%) — 9 (x:)" wxi)...w(x) dx ... dx, (4.21)
Tj=1 i<j

and

Pus@=(3) ok [ [ @I 6 60 () LT (o) - ot

k'Ak Y j:1 i<j
X W(xl)...W(Xk) dxl...ka. (422)

Proof. In (4.19), we can replace the moments by integrals, using x; as the variable of integration in the jth
row. Then, by multilinearity of the determinant, we extract k integrations out of the k rows to obtain

1 p(x1)2 p(xllzkl
pn) o) . p)T
Py (z / / w(x)...w(xg) dxp ... dxg
Pl o)t e
1 o) .. e
| k k
Kk /Hp (xi)—p(xj))H(p(z)—p(xj)) w(x1)...w(x) dxp ... dxg.
Tj=1 1<f j=1
(4.23)
For a permutation o of {1,2,...,k}, we make a change of variables x; — x, ;) in the integral (4.23).
Then the Vandermonde factor [[; _;(¢(xi) — o(x;)) changes sign if o is odd, and we obtain
-1
Py (z / /sgn H ) U(]) H (9 (x) — 9 (%)) H (0(2) —p (%))
i<j j=1
X w(xp)...w(xg) dxl...dxk. (4.24)

14
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Averaging over all permutations, we get

P =g 3 [ o [ @ ITo o) Tt -0 ) IL (00~ o)

i<j j=1
X w(xy)...w(xg) dxp ... dxg. (4.25)
Now observe that
k L
> sen(0) [To(oin)™ =TT (06— 0 (x))-
o j=l1 i<j

Substituting this into the previous expression yields (4.21). The formula (4.22) is obtained analogously. [

4.3. Christoffel-Darboux formula for even EOPs
We define the even Christoffel-Darboux Kernel as

Ky (x,y) = vVw(x)vVw(y) i 72 (%) ™2 () (4.26)

The following proposition and Lemma follow from standard theory such as [12, Chapter 9].
The recurrence relation (4.4) gives the following expression

Proposition 4.7. The kernel K,, satisfies the Christoffel-Darboux identity

Ky (1) = a2 T m T e ) (1.27)

Lemma 4.8. The determinant of the correlation kernel can be expressed as

1

, 1 n
o det (K () [y = o IT loG)—p () PIIwee). (4.28)
1<i<jg<n i=1

where the partition function Z,, is given by

zo= [ T loe—o(x) RICCIER (429)

1<i<G<n

Remark 4.9 (A curious identity). We assume w(x) = 1. In that case we note 7, (x) is a polynomial of degree
n+ 1. If we expand in the orthonormal polynomial basis, then we can write

n+1

() =Y Gami(x), = / ) (x) 7 (x) dx. (4.30)
j=0 v

Using integration by parts, and taking into account the double periodicity of the polynomials, we find that
¢j,n = 0 for j < n — 2. As a corollary we then obtain

n+1

7 (x) = Z G (%) . (4.31)

j=n—1
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Appendix A. Simplicity of zeros

Let us first start by proving the analogue of [1, theorem 2.3, 2.4] for our EOPs’.

Theorem A.1. Let n be even. Then 7, has exactly n zeros on ~y. If n is odd, then m, has n — 1 zeros on vy, and the
remaining zero lies on the interval [0,1].

Proof. We begin with the fact that the polynomial 7,,(z) has # zeros, as it is an elliptic function with an n

order pole. Furthermore, by Abel’s theorem [15], the sum of the divisors of the zeros must be zero, and since
the only pole of EOPs is at z = 0, the sum of all zeros of 7, (z) must be zero modulo the lattice.

Let us now denote the zeros of 7, on y by s1,. . ., s, the zeros on the interval [0,1] by 1, ..., 1, and the
zeros elsewhere by xi, ..., xj, where k + [+ j = n. Since the polynomial 7, has real coefficients, for each zero
x; on the torus, its complex conjugate X; is also a zero. This symmetry implies that the sum of the imaginary
parts of the x;’s is zero. Similarly, the sum of the imaginary parts of the zeros #; on the real line is trivially
zero. Finally, since the imaginary part of 7y is Im(7y) = 7, the number of zeros on v must be even.

Let k = 2m < n — 2 denote the number of zeros on ~. In this case, we can construct an elliptic polyno-
mial P,,,41 with zeros at si,. .., S,,. By Abel’s theorem, the location of the remaining zero is uniquely deter-
mined, and it must lie on the real line. Since Py, is a polynomial of degree less than # — 1, its zeros on 7y
match those of 7, with the same multiplicity.

However, this leads to a contradiction. Specifically, we have

/m (2) Py (z) w(z) dz >0,

which contradicts the orthogonality condition. Now, suppose  is even. In this case, the number of zeros

on y must be either n or n — 1. However, the number of zeros must be even, so it cannot be #n — 1. Thus, 7,
must have exactly # zeros on +. Finally, suppose 7 is odd. By the same reasoning, 7, must have exactly n — 1
zeros on 7. Abel’s theorem then implies that the remaining zero must lie on the real line. O

Corollary A.2. The zeros of m, are all simple.

Proof. Suppose, for contradiction, that 7, has a zero of multiplicity greater than one. Let zj, . .., z; be the
distinct zeros of 7, that have odd multiplicity strictly greater than one. Since the total number of such zeros
must be even, it follows that k is even.

Consider first the case where 7 is odd. From theorem A.1, we know that 7, has exactly n — 1 zeros on «y
and a single zero on the real line. In particular, if not all zeros are simple, then k < n— 3.

We now construct an elliptic polynomial Py, on T, with simple zeros at zi, ..., zx. By Abel’s theorem, the
location of the remaining pole is uniquely determined so as to ensure that the divisor of Py sums to zero.
Since the divisor of Py includes exactly k + 1 simple zeros, Py is of degree at most k+ 1 < n — 2.

Since 7, and Py vanish at the same points (modulo multiplicity), their product does not change sign on
7, and in particular,

/7rn (2) Pr(2) w(z) dz > 0,

which contradicts the orthogonality of 7, with all functions of degree less than n.

The case where 1 is even is treated analogously: any non-simple zero yields a construction of Py of degree
at most n — 2, leading to the same contradiction.

Hence, all zeros of 7, must be simple. O

Appendix B. Relation between recurrence coefficients

Our goal is to relate the recurrence coefficients {a,},{b,} and {c,} in the five-term recurrence relation
with the recurrence coeffcients {p,},{q,},{rn},{s.} from the 7 term recurrence relation. We begin with

5 The number of zeros and the proof of this statement are modified in our case as the definition of polynomials in our case differ from
that of [1].
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the Weierstrass elliptic curve equation:

o' (2) =9 —0p(2) - g (B.1)

This identity allows one to express p’(z)?m,(z) in terms of (p(z)* — g29(2) — g3)m,(z), which, when
expanded via recurrence relations, yields polynomial combinations of 7, k(z) for —6 < k < 6. Matching
coefficients of like terms gives algebraic identities between recurrence coefficients.

More precisely we can obtain

6
(0 ~20(2) — &) M (@) = > Busimusi (B.2)
i=—6

by using the five-term recurrence relation thrice. The computation is tedious and done by Mathematica
version 14.3.

By—¢ = 4ay—5an—30,_1,

By 5 =4(an_sbuyr+an1bp2)an_s+4ay 30,110, 4,

By—s =4(ap—3bu12+ ani1by—2) bu3z +4(an—36n12 + Angp16n—2 + bu_2bni2) an_s3
+4a, 30,1164,

Bu—3 =4(ap—3buq2+ anp1bp—2) cue3 +4(an—3Cn12 + Any16n—2 + bu_2byi2) by
+ 4 (app1by—1 + bucusr + bujacu—1) an—r +4a,_30,41b,_3,

By =—an—1+4(an_3bui2+ ani1b0—2) byr +4(an_3¢u12 + anp16a—2 + by—2bpi2) cu2
+4(ap—10p41 4+ by—1bptr + cuCut2) an—1 + 4 (ans1bp—1 + buCpgz + bygorcu—1) by
+day_sa1,

B,_1 = —gby +4(ay_3bni2 4 anp1bu—2) an_ +4(ay—3¢n42 + An16u—2 + bu_2bpi2) by
+4(an—10n41+ bu_1bytr + cuny2) by + 4 (an—1bng2 + bugi1Cugo + buyscn) an
+4(anyp1bu_1 + bucotr + bugacn1) a1,

By =—gcy — g +4(an—3¢+2+ Qny16n—2 + by2buiz) an—1
+4(ap—1ap41 4+ by—1bpir + cucnga) cu + 4 (an—1byg2 + bug1Cugr + bugscn) by
+ 4 (anp1by—1 4 bucugz + bygacn—1) by + 4 (apg16np2 + ng36n + by 1 buys) ngr,

Buy1 = —&bup1 +4(ans1bngs + an3bpg1) Gna +4 (1001 + by 1bnga + CuCota) bt
+4(ap—1bpt2 + buy1cnga + bugscn) Cupr + 4 (ang1bu—y + bucugsr + bpgacu—r) ay
+4(anp16nt2 + Ang36n + b 1bpgs)bnga,

Buy2 = —ani1 + 416013 + any3buy1)bngs +4(an_10np1 4+ by 1bpga + uCuy2)ang
+4(an1buys + buy 162 + buyscn)buga +4(Anp16us2 + @36+ by 1bags)Cota
+ 4an+la%1+37

B3 = 4(any1bngs + anysbuy1)cngs +4(an—1bnp2 + bu1cura + buyscn)ana
+4(anp16nt2 + @360 + bu1bpgs)bygs +4a0110,13b1 4,

Buya =4(an41bn43 + ani3b041) buga + 4(an1 602 + ng36n + b1 b0ng3) angs + 4454100436044,

Byts = 4(ang1buys + anpsbugr)angs + 40,410,430, 15,

Birs =4an10,13a545.
Similarly we compute
6
l 2
p'(2)" m,(2) = Z Bt iTnti (B.3)
i=—6

using the seven-term recurrence relation twice.

Bt = Pnt3Puts

Bn+5 = Pn+39n+s5 + qn+2Pn+5,

Bits = putstnia + Gui2Gnia + Tny1Puta,
Bn+3 = Pn+3Sn+3 + qn+2"n+3 + Tn4+19n+3 + SuPn+3,
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Biio = quiasntz + tnpitni2 + Sudni2 + TuPnia + Pui3tngs,
BnJrl - rn+15n+1 + Srl”rH»l + rnqn+l + %Pn+1 + Qn+2rn+2 +Pn+3%+3,
By = ppis+ iy + oy + 55+ 1+ P

Bu—1 = sutn + tnSu—1 + qngn+1 + Putn—1 + Pndn—1 + GnTn—1,
Bu—2 = $uqun + tntu—1+ quSn—2 + Pnqn—1,

Bu—3 = supu + Tuqn—1 + qntn—2 + PnSu—3,

Bu—a =13pn—1+ qndn—2 + Putn—s3,

Bu—5 = qnPn—2 + Puqun-3,

Bi—6 = pupn—3-
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