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the multidimensional compressible Euler-Poisson equations for plasma with doping profile for large6
initial data of spherical symmetry. Both the total initial energy and the initial mass are allowed to7
be unbounded, and the doping profile is allowed to be of large variation. This is achieved by adapting8
a class of degenerate density-dependent viscosity terms, so that a rigorous proof of the inviscid limit9
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profile can be established. New difficulties arise when tackling the non-zero varied doping profile,12
which have been overcome by establishing some novel estimates for the electric field terms so that the13
neutrality assumption on the initial data is avoided. In particular, we prove that no concentration is14
formed in the inviscid limit for the finite relative-energy solutions of the compressible Euler-Poisson15
equations with large doping profiles in plasma physics.16
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1. Introduction. The Euler-Poisson equations have been intensively studied22

due to their vast relevance to modeling physical phenomena, especially in semicon-23

ductor modeling and plasma physics; see [19, 28, 36, 50, 52] and the references cited24

therein. In this paper, we are concerned with the global-in-time existence of solutions25

for the multidimensional (M-D) compressible Euler-Poisson equations (CEPEs) for26
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plasma with doping profile for large initial data of spherical symmetry in RN :27 
∂tρ+ divM = 0,

∂tM+ div(M⊗M
ρ ) +∇p+ ρ∇Φ = 0,

∆Φ = d(x)− ρ,

(1.1)28

for (t,x) ∈ R+×RN withN ≥ 3, where ρ is the density, p is the pressure, andM ∈ RN29

represents the momentum, d(x) is the doping profile with lim
|x|→∞

d(x) = ρ∗ > 0 so30

that the background state varies with the space variable, and Φ is the self-consistent31

electric field potential function. When ρ > 0, U = M
ρ ∈ RN represents the velocity.32

For polytropic perfect gases, the constitutive pressure-density relation is determined33

by34

p = p(ρ) = κργ ,35

where γ > 1 is the adiabatic exponent and κ = (γ−1)2

4γ (without loss of generality).36

We are concerned with the Cauchy problem (1.1) with the Cauchy initial data:37

(ρ,M)(0,x) = (ρ0,M0)(x) −→ (ρ∗,0) as |x| → ∞,(1.2)38

subject to the asymptotic condition:39

Φ(t,x) −→ 0 as |x| → ∞,(1.3)40

where (ρ∗,0) is the constant far-field state for (ρ,M). Since a global solution of41

CEPEs (1.1) usually contains the vacuum states {(t,x) : ρ(t,x) = 0} where the42

fluid velocity U(t,x) is not well-defined, we use momentum M(t,x) or M(t,x)√
ρ(t,x)

as the43

physical variables, instead of U(t,x), when the vacuum states occur. These choices44

of variables will be shown to be globally well-defined. It is challenging to prove the45

existence of global solutions of problem (1.1)–(1.3), due to the possible formation of46

shock waves and blowups in a finite time [15, 20, 30, 49, 50]. To solve this problem, we47

consider the inviscid limit of the solutions of the compressible Navier-Stokes-Poisson48

equations (CNSPEs) with delicately designed density-dependent viscosity terms in49

RN :50 
∂tρ+ divM = 0,

∂tM+ div
(M⊗M

ρ

)
+∇p+ ρ∇Φ = εdiv

(
µ(ρ)D(Mρ )

)
+ ε∇

(
λ(ρ)div(Mρ )

)
,

∆Φ = d(x)− ρ,

(1.4)51

where D(Mρ ) = 1
2

(
∇(Mρ ) + (∇(Mρ ))⊤

)
is the stress tensor, ε > 0 denotes the inverse

of the Reynolds number, and the Lamé (shear and bulk) viscosity coefficients µ(ρ)
and λ(ρ) are density dependent, which may vanish on the vacuum and satisfy

µ(ρ) ≥ 0, µ(ρ) +Nλ(ρ) ≥ 0 for ρ ≥ 0.

Formally, for the inviscid limit ε→ 0+, system (1.4) of CNSPEs converges to system52

(1.1) of CEPEs. However, the rigourous mathematical proof of this limit has been one53

of the most challenging problems in compressible fluid dynamics; see Chen-Feldman54

[10], Dafermos [19], and the references cited therein.55
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System (1.1) of CEPEs is a fundamental prototype of hyperbolic balance laws aris-56

ing in either the two-fluid theory in plasma physics or in the theory of self-consistent57

gravitational gaseous star. In the classical two-fluid model describing plasma dynam-58

ics for electron-ion fluids, the self-consistent electrostatic Newtonian potential satisfies59

the Poisson equation for the repulsive Coulomb interaction. It is worth noting that60

plasma, composed of swiftly-moving charged particles, accounts for more than ninety61

percent of the observable matter in the universe, including its presence within stars,62

intergalactic spaces, nebulas, and even neon signs. Understanding the existence or63

nonexistence of weak solutions, as well as the stability or instability of CEPEs for64

plasma are among the key challenging problems for nuclear fusion. Specifically, the65

acceleration of charged particles to high speeds through particle accelerators, leading66

to the emission of electromagnetic energy, plays a pivotal role in this intricate process.67

For CEPEs (1.1) with constant doping profile, Guo [26] first constructed a global68

smooth irrotational solution without shock by using the dispersive Klein-Gordon ef-69

fect and adapting Shatah’s normal form method. It is due to the enhanced dispersive70

effects induced by the repulsive electrostatic interaction, which is different from the71

pure compressible Euler equations for neutral gas. Guo-Strauss [29] proved the ex-72

istence of global smooth solutions near a given steady state of the Euler-Poisson73

equations, for which the steady state and the doping profile are permitted to be of74

large variation while the initial velocity must be small. Later on, Guo-Pausader [28]75

constructed global smooth irrotational solutions with small amplitude for the Euler-76

Poisson equations for ion dynamics. Jang [37] constructed two-dimensional (2-D)77

global smooth solutions for spherically symmetric flows with small perturbed initial78

data. A family of smooth solutions was constructed in [38]. Smooth irrotational solu-79

tions in R2 were constructed independently by Ionescu-Pausader [35] and Li-Wu [42].80

Such a surprising and subtle dispersive property has also been identified and exploited81

in other two-fluid models, which leads to the persistence of global smooth solutions82

and absence of shock formation. Guo-Ionescu-Pausader [27] first proved the global83

stability of a constant neutral background in the sense that irrotational, smooth, and84

localized perturbations of a constant background with small amplitude lead to global85

smooth solutions in R3 for the Euler-Maxwell two-fluid systems. These results can86

be applied equally well to other plasma models such as the Euler-Poisson systems for87

two-fluids.88

As indicated earlier, due to the hyperbolic structure of the Euler-Poisson equa-89

tions, for large initial data, the smooth solutions of (1.1) may form shock waves and90

blowup in finite time; see [15, 20, 30, 49, 50]. For the compressible Euler equations, we91

refer to [8, 9, 12, 14, 16, 17, 21, 22, 33, 39, 41, 46, 47] and the references therein. For92

the global existence of solutions of the compressible Navier-Stokes equations, we refer93

to [23, 40, 45] for the case of constant viscosity and [44, 62] for the case of density-94

dependent viscosity and the reference therein. In [44, 62], the Bresch-Desjardins95

entropy (BD entropy) plays an essential role to obtain the derivative estimate of the96

density, which was first identified by Bresch-Desjardins [2] (also see [3, 4, 5, 6, 7]).97

The BD entropy estimate is also crucial in our analysis in this paper. The global ex-98

istence of weak solutions of the compressible Navier-Stokes equations with spherical99

symmetry is established in [31] for γ ∈ (1, 3) in a finite region under the Dirichlet100

boundary conditions.101

Regarding to the inviscid gases as viscous gases with vanishing real physical vis-102

cosity can date back to the pioneering paper by Stokes [60] and the important con-103

tributions of Rankine [57], Hugoniot [34], and Rayleigh [58] (cf. Dafermos [19]). The104

first convergence proof of the inviscid limit from the one-dimensional (1-D) barotropic105
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Navier-Stokes to Euler equations was rigorously provided by Gilbarg [24], in which106

he established the mathematical existence and vanishing viscous limit of the Navier-107

Stokes shock layers. For the convergence analysis confined in the framework of piece-108

wise smooth solutions, see [25, 32, 63] and the references cited therein. Due to the lack109

of the classical L∞ uniform estimate, the L∞ compensated compactness framework110

fails to work directly in the inviscid limit of the compressible Navier-Stokes equation;111

see [21, 22, 47, 46]. An Lp compensated compactness framework was first established112

by LeFloch-Wesdickenberg [41] for the isentropic Euler equations with geometric ef-113

fects for γ ∈ (1, 53 ), and was later further developed by Chen-Perepelitsa [12] to handle114

all the adiabetic exponent γ > 1 with a simplified proof to prove the vanishing real115

physical viscosity limit of smooth solutions for the 1-D Navier-Stokes equations to116

the corresponding finite relative-energy solutions of the Euler equations with ρ∗ > 0.117

In [13, 14], the existence theory of global finite-energy entropy solutions of the Euler118

equations with spherical symmetry and large initial data was established for ρ∗ = 0119

through constructing artificial viscosity approximate smooth solutions (also see [59]).120

Chen-Wang [16] proved the existence of global finite relative-energy solutions for the121

compressible Euler equations with spherical symmetry through taking a vanishing122

physical viscosity limit even for ρ∗ > 0. Most recently, Chen-He-Wang-Yuan [11]123

established the global existence of finite-energy solutions of the M-D Euler-Poisson124

equations for both compressible gaseous stars and plasmas with large initial data of125

spherical symmetry. For further work related with CEPEs with doping profile, we126

refer to [1, 43, 48, 51] and the references cited therein.127

In this paper, we are concerned with the spherically symmetric solutions of (1.1)128

for plasma with doping profile. Denote129

ρ(t,x) = ρ(t, r), M(t,x) = m(t, r)
x

r
, Φ(t,x) = Φ(t, r) for r = |x|,(1.5)130

subject to the initial conditions:131

(ρ,M)(0,x) = (ρ0,M0)(x) = (ρ0(r),m0(r)
x

r
) −→ (ρ∗,0) as |x| −→ ∞,(1.6)132

and the asymptotic condition:133

Φ(t,x) = Φ(t, r) −→ 0 as |x| → ∞.(1.7)134

It is not necessary to impose the initial data for Φ, since Φ(0,x) can be determined135

by the initial density and the boundary condition (1.7).136

We establish the inviscid limit of the corresponding spherically symmetric solu-137

tions of CNSPEs (1.4) with the adapted class of degenerate density-dependent vis-138

cosity terms and approximate initial data of form (1.6). For spherically symmetric139

solutions of form (1.5), systems (1.1) and (1.4) become140 
ρt +mr +

N−1
r m = 0,

mt + (m
2

ρ + p)r +
N−1
r

m2

ρ + ρΦr = 0,

Φrr +
N−1
r Φr = d(r)− ρ,

(1.8)141

and142


ρt +mr +

N−1
r m = 0,

mt + (m
2

ρ + p)r +
N−1
r

m2

ρ + ρΦr = ε
(
(µ+ λ)

(
(mρ )r +

N−1
r

m
ρ

))
r
− εN−1

r µr
m
ρ ,

Φrr +
N−1
r Φr = d(r)− ρ,

(1.9)

143
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respectively. We emphasize that the differentiation with respect to r now refers to144

the differentiation in the radial direction.145

For the potential function Φ, we need to assume the boundary condition:146

lim
r→0+

rN−1Φr(t, r) = 0 for all t ≥ 0.147

This leads to148

rN−1Φr(t, r) = −
∫ r

0

(
ρ(t, y)− d(y)

)
yN−1dy.149

The study of spherically symmetric solutions can date back to the 1950s and has150

been motivated by many important physical problems such as the stellar dynamics151

including gaseous stars and supernova formation [18, 54, 55]. A fundamental open152

problem is whether the concentration is formed at the origin for both the compressible153

Euler equations and the Euler-Poisson equations, which has been answered for the154

solutions as the inviscid limits in [11, 16] (without doping profile). In this paper, we155

prove that no concentration (no delta measure) is formed at the origin, for CEPEs156

(1.1) even with doping profile for plasma.157

The main difficulties in this paper are twofolds:158

(i) Since the initial data satisfy (1.2), the initial mass is allowed to be unbounded:∫
RN

ρ0(x) dx = ωN

∫ ∞

0

ρ0(r) r
N−1dr = ∞,

where ωN := 2π
N
2

Γ(N
2 )

denotes the surface area of unit sphere in RN . In addition,159

the initial total energy is unbounded , while initial total relative-energy is finite. We160

overcome this difficulty by fully taking advantage of (3.9) via the conservation of161

relative mass. Note that the finite relative-mass depends on the upper bound of the162

truncated domain; see (3.9).163

(ii) Since the compressible Euler-Poisson equations involve the non-zero varied164

doping profile, new difficulties occur due to the electric field potential terms Φ de-165

pending on the doping profile. To solve these new difficulties, we make a more careful166

analysis in the estimates of the electric field potential terms. In order to control these167

terms, our key observation is to use the boundedness of the initial total relative-energy168

to control the electric potential, especially to tackle the non-zero doping profile terms.169

We establish two delicate uniform local estimates of the density near the origin, es-170

pecially Lemma 3.4, which is essential to the convergence proof of the electric field171

potential; see (6.13) and (6.14). We remark that, differently from [16], when proving172

the lower bound of the density, the higher exponent of integrability for the derivatives173

of the density is required; see Lemma 4.3, especially (4.15). When we prove the higher174

integrability of the velocity, we need the extra weight for the electric field terms; see175

(4.1)–(4.3). These estimates indicate that the estimates of the electric field should be176

much more involved in the proof of Lemma 4.5 and the follow-up lemmas than those177

for the case without doping profile in [11].178

We remark that no imperative neutrality condition is assumed on the initial data:∫
RN

(ρ0(x)− d(x)) dx ̸= 0

in our analysis. It is natural to avoid this nonphysical assumption when we take179

into account of the effect of the positive density at the far fields (|x| → ∞). This is180
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achieved by constructing approximate solutions without imposing the extra boundary181

restriction: Φr(t, b) = 0, where b is the upper bound of |x| for the truncated domain.182

To avoid this imperative condition, we need to establish some novel estimates when183

performing integration by parts in the proof of BD-type entropy estimates. The184

boundary terms are needed to be delicately controlled; for example, see the last term185

of the right-hand side of (3.26) in Steps 5–6 in the proof of Lemma 3.5. The key idea186

is to make these terms to be controlled by the initial total finite relative-energy.187

The plan of this paper is as follows: In §2, we first introduce the definitions of finite188

relative-energy solutions of the Cauchy problem (1.1)–(1.3) for CEPEs and then state189

Main Theorem I: Theorem 2.2 for the global existence of weak solutions. To prove190

Theorem 2.2, the global weak solutions of the Cauchy problem (1.4) and (2.6)–(2.7) for191

CNSPEs are firstly constructed and their inviscid limit is then analyzed, as stated in192

Main Theorem II: Theorem 2.4. In §3, we give the construction of global approximate193

smooth solutions (ρε,δ,b,mε,δ,b) and perform the basic energy estimate and the BD-194

type entropy estimate of (ρε,δ,b,mε,δ,b), for CNSPEs (1.9). In §4, we derive the higher195

integrability of (ρε,δ,b,mε,δ,b), uniformly in b, for the approximate smooth solutions.196

In §5, through taking the limit of (ρε,δ,b,mε,δ,b) as b → ∞, we obtain global strong197

solutions (ρε,δ,mε,δ) of system (3.1) with several uniform bounds in (ε, δ), and then198

we pass to the limit, δ → 0+, to obtain global existence of spherically symmetric199

weak solutions of CNSPEs (1.9) with several desired uniform bounds and the H−1
loc –200

compactness, which are important for us to utilize the Lp compensated compactness201

framework in §6 to establish Theorem 2.4. In the appendix, the approximate initial202

data with desired estimates are constructed, which are needed for the construction of203

the approximate solutions in §3.204

In this paper, we write Lp(Ω),W k,p(Ω), and Hk(Ω) as the usual Sobolev spaces205

defined on Ω for p ∈ [1,∞]. We also write Lp(I; rN−1dr) or Lp([0, T )× I; rN−1drdt)206

for the open interval I ⊆ R+ with measure rN−1dr or rN−1drdt respectively, and207

Lploc([0,∞); rN−1dr) to denote Lp([0,K); rN−1dr) for arbitrary fixed K > 0.208

2. Mathematical Problems and Main Theorems. In this section, we intro-209

duce the definition of weak solutions of finite relative-energy solutions of the Cauchy210

problem for CEPEs (1.1) in RN+1
+ := R+ × RN = (0,∞) × RN for N ≥ 3. We as-211

sume that the initial data (ρ0,M0)(x) and the corresponding initial potential function212

Φ0(x) have both finite total initial relative-energy:213

(2.1) E0 :=

∫
RN

(1
2

∣∣M0√
ρ0

∣∣2 + e(ρ0, ρ∗) +
1

2
|∇xΦ0|2

)
dx <∞,214

where e(ρ, ρ∗) is the relative internal energy with respect to ρ∗ > 0:215

(2.2) e(ρ, ρ∗) := e(ρ)− e(ρ∗)− e′(ρ∗)(ρ− ρ∗) =
κ

γ − 1

(
ργ − ργ∗ − γργ−1

∗ (ρ− ρ∗)
)
,216

where e(ρ) = κ
γ−1ρ

γ denotes the gas internal energy.217

We also assume that the doping profile satisfies218

d(r) ∈ C([0,∞)), lim
r→∞

d(r) = ρ∗ > 0,(2.3)219 ∫ ∞

0

|d(r)− ρ∗|jrN−1dr <∞ for j = 1, 2, γ
γ−1 .(2.4)220

Definition 2.1 (Weak Solutions). A measurable vector function (ρ,M,Φ) is221

said to be a weak solution of finite relative-energy of the Cauchy problem (1.1)–(1.3)222

provided that223
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(i) ρ(t,x) ≥ 0 a.e., and (M, M√
ρ )(t,x) = 0, a.e. on the vacuum states {(t,x) :224

ρ(t,x) = 0};225

(ii) For a.e. t > 0, the total relative-energy with respect to the far field state226

(ρ∗,0) is finite:227 ∫
RN

(1
2

∣∣∣M√
ρ

∣∣∣2 + e(ρ, ρ∗) +
1

2
|∇xΦ|2

)
(t,x) dx ≤ E0.(2.5)228

(iii) For any ζ(t,x) ∈ C1
0 ([0,∞)× RN ),229 ∫ ∞

0

∫
RN

(
ρζt +M ·∇ζ

)
dxdt+

∫
RN

(ρζ)(0,x) dx = 0.230

(iv) For any Ψ(t,x) = (Ψ1, · · · ,ΨN )(t,x) ∈ (C1
0 ([0,∞)× RN ))N ,231 ∫ ∞

0

∫
RN

(
M · ∂tΨ+

M
√
ρ
· (M√

ρ
· ∇)Ψ + p(ρ)divΨ

)
dxdt232

+

∫
RN

M0(x) ·Ψ(0,x) dx =

∫ ∞

0

∫
RN

ρ∇xΦ ·Ψdxdt.233

(v) For any ξ(x) ∈ C1
0 (RN ),234 ∫

RN

∇xΦ(t,x) · ∇xξ(x) dx =

∫
RN

(
ρ(t,x)− d(x)

)
ξ(x) dx for a.e. t ≥ 0.235

Theorem 2.2 (Main Theorem I: Existence of Global Solutions of CEPEs for236

Plasma with Doping Profile and Large Initial Data of Spherical Symmetry). Con-237

sider the Cauchy problem (1.1)–(1.3) for CEPEs with large initial data of spherical238

symmetry of form (1.6)–(1.7). Assume that the doping profile and the initial density239

satisfy (2.1), (2.3)–(2.4), and ρ0 − d(x) ∈ (L
2N

N+2 ∩ L1)(RN ). Then there exists a240

globally defined weak solution (ρ,M,Φ) of finite relative-energy of the Cauchy prob-241

lem (1.1)–(1.3) and (1.6)–(1.7) with spherical symmetry of form (1.5) in the sense242

of Definition 2.1 such that (ρ,m,Φ)(t, r) is determined by the corresponding system243

(1.8) with initial data (ρ0,m0,Φ0)(r) given in (1.6) subject to the asymptotic behavior244

(1.7).245

To prove Theorem 2.2, we first construct global weak solutions for CNSPEs (1.4)246

with appropriately adapted degenerate density-dependent viscosity terms and approx-247

imate initial data:248

(2.6) (ρ,M,Φ)|t=0 = (ρε0,Mε
0,Φ

ε
0)(x) −→ (ρ0,M0,Φ0)(x) as ε→ 0+,249

subject to the asymptotic boundary condition:250

(2.7) Φε(t,x) → 0 as |x| → ∞.251

For simplicity, we consider the viscosity terms with (µ, λ) = (ρ, 0) in (1.4), and ε ∈252

(0, 1] without loss of generality.253

Definition 2.3. A pair (ρε,Mε,Φε) is said to be a weak solution of the Cauchy254

problem (1.4) and (2.6)–(2.7) with (µ, λ) = (ρ, 0) if the following conditions hold:255
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8 G.-Q. CHEN, L. HE, Y. WANG AND D.F. YUAN

(i) ρε(t,x) ≥ 0 a.e., (Mε, Mε
√
ρε
)(t,x) = 0 a.e. on the vacuum states {(t,x) :256

ρε(t,x) = 0},257

ρε ∈ L∞(0, T ;Lγloc(R
N )), ∇

√
ρε ∈ L∞(0, T ;L2(RN )),258

Mε

√
ρε

∈ L∞(0, T ;L2(RN )), Φε ∈ L∞(0, T ;L
2N

N−2 (RN )),259

∇Φε ∈ L∞(0, T ;L2(RN )).260

(ii) For any t2 ≥ t1 ≥ 0 and ζ(t,x) ∈ C1
0 ([0,∞)× RN ),261 ∫

RN

(ρεζ)(t2,x) dx−
∫
RN

(ρεζ)(t1,x) dx262

=

∫ t2

t1

∫
RN

(ρεζt +Mε · ∇ζ)(t,x) dxdt.263

(iii) For any Ψ(t,x) = (Ψ1, · · · ,ΨN )(t,x) ∈ (C1
0 ([0,∞)× RN ))N ,264 ∫ ∞

0

∫
RN

(
Mε · ∂tΨ+

Mε

√
ρε

· (M
ε

√
ρε

· ∇)Ψ + p(ρε)divΨ
)
dxdt265

+

∫
RN

Mε
0(x) ·Ψ(0,x) dx266

=

∫ ∞

0

∫
RN

(ρε∇xΦ
ε ·Ψ)(t,x) dxdt267

− ε

∫ ∞

0

∫
RN

(1
2
Mε · (∆Ψ +∇divΨ)268

+
Mε

√
ρε

· (∇
√
ρε · ∇)Ψ +∇

√
ρε · (M

ε

√
ρε

· ∇)Ψ
)
dxdt.269

270

(iv) For any ξ(x) ∈ C1
0 (RN ),271 ∫

RN

∇ε
xΦ(t,x) · ∇xξ(x) dx =

∫
RN

(
ρε(t,x)− d(x)

)
ξ(x) dx for a.e. t ≥ 0.272

We now consider spherical symmetric solutions of form (1.5). Then systems
(1.1) and (1.4) become systems (1.8) and (1.9), respectively. A pair of functions
(η(ρ,m), q(ρ,m)), or (η(ρ, u), q(ρ, u)) for m = ρu, is called an entropy-entropy flux
pair for the first two equations of system (1.8) (with N = 1 and Φ = 0) if (η, q) is a
solution of

∇q(ρ,m) = ∇η(ρ,m)∇

(
m

m2

ρ + p(ρ)

)
,

which implies that, for any smooth solution (ρ(t, r),m(t, r)) of (1.8), the following
equation holds:

∂tη(ρ(t, r),m(t, r)) + ∂rq(ρ(t, r),m(t, r)) = 0.

Moreover, η(ρ,m) is called a weak entropy if273

η|ρ=0 = 0 for any fixed u =
m

ρ
.274
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We denote u = m
ρ and m alternatively when ρ > 0. We also call η(ρ,m) a convex275

entropy if the Hessian ∇2η(ρ,m) ≥ 0 in the region under consideration. From [47], it276

is well-known that any weak entropy pair (η, q) can be represented by277 {
ηψ(ρ,m) = η(ρ, ρu) =

∫
R χ(ρ; s− u)ψ(s) ds,

qψ(ρ,m) = η(ρ, ρu) =
∫
R(θs+ (1− θ)u)χ(ρ; s− u)ψ(s) ds,

(2.8)278

where the kernel is χ(ρ; s−u) = [ρ2θ− (s−u)2]λ+ with λ = 3−γ
2(γ−1) > − 1

2 and θ = γ−1
2 .279

In particular, ψ(s) := 1
2s

2, the entropy pair is the mechanical energy-energy flux pair:280

η∗(ρ,m) =
1

2

m2

ρ
+ e(ρ), q∗(ρ,m) =

1

2

m3

ρ2
+me′(ρ).281

Since (ρ,m)(t, r) → (ρ∗, 0) with ρ∗ > 0 as r → ∞, We use the relative mechanical282

energy283

η̄∗(ρ,m) =
1

2

m2

ρ
+ e(ρ, ρ∗)284

with e(ρ, ρ∗) is defined in (2.2) satisfying285

e(ρ, ρ∗) ≥ Cγρ(ρ
θ − ρθ∗)

2
286

for some constant Cγ > 0.287

Theorem 2.4 (Main Theorem II: Existence and Inviscid Limit for CNSPEs).288

Consider CNSPEs (1.4) with N ≥ 3 and the spherically symmetric approximate initial289

data (2.6) satisfying that, as ε→ 0+,290

(2.9) (ρε0,m
ε
0)(r) → (ρ0,m0)(r) in Lploc([0,∞); rN−1dr)× L1

loc([0,∞); rN−1dr)291

with p = max{γ, 2N
N+2} and292

Eε0 = ωN

∫ ∞

0

(
η̄∗(ρε0,m

ε
0) +

1

2
|Φε0r(r)|2

)
rN−1dr → E0,(2.10)293

Eε1 = ε2
∫ ∞

0

|(
√
ρε0)r|2 rN−1dr → 0,(2.11)294

and there exists a constant C > 0 independent of ε ∈ (0, 1] such that295

(2.12) Eε0 + Eε1 ≤ C(E0 + 1)296

for E0 defined in (2.1). Then the following statements hold:297

Part 1. Existence of Solutions for CNSPEs (1.4):298

(i) For each ε > 0, there exists a globally-defined spherically symmetric solution299

(ρε,Mε,Φε)(t,x) = (ρε(t, r),mε(t, r)
x

r
,Φε(t, r))300

= (ρε(t, r), ρε(t, r)uε(t, r)
x

r
,Φε(t, r))301

of the Cauchy problem (1.4) and (2.6)–(2.7) in the sense of Definition 2.3
with

uε(t, r) =

{
mε(t,r)
ρε(t,r) a.e. on {(t, r) : ρε(t, r) ̸= 0},
0 a.e. on {(t, r) : ρε(t, r) = 0}.
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In addition, (ρε,mε,Φε)(t, r) satisfies the following uniform estimates: For302

t > 0,303

∫ ∞

0

η̄∗(ρε,mε)(t, r) rN−1dr + ε

∫
R2

+

ρε(s, r)|uε(s, r)|2 rN−3drds(2.13)304

+
1

2

∫ ∞

0

|Φε0r|2 rN−1dr ≤ Eε0
ωN

≤ C(E0 + 1),305

ε2
∫ ∞

0

|(
√
ρε(t, r))r|2 rN−1dr(2.14)306

+ ε

∫
R2

+

|((ρε(s, r))
γ
2 )r|2 rN−1drds ≤ C(E0 + 1),307

and, for any given T ∈ (0,∞) and any compactly supported subset [r1, r2] ⋐308

(0,∞),309

∫ T

0

∫ r2

r1

(ρε(t, r))γ+1drdt ≤ C(r1, r2, T, E0),(2.15)310 ∫ T

0

∫ r2

r1

(
ρε(t, r)|uε(t, r)|3 + (ρε(t, r))γ+θ

)
drdt ≤ C(r1, r2, T, E0),(2.16)311 ∫ D

0

ρε(t, r)r
(∫ r

0

ρε(t, y)yN−1 dy
)
dr ≤ C(D, E0),(2.17)312

where C > 0 and C(r1, r2, T, E0) > 0 are two constants independent of ε,313

but may depend on (γ,N) and (r1, r2, T, E0) respectively, D > 0 and R2
+ =:314

{(t, r) : t ∈ (0,∞), r ∈ (0,∞)}.315

(ii) The following energy inequality holds:316

∫
RN

(1
2

∣∣∣Mε

√
ρε

∣∣∣2 + e(ρε, ρ∗) +
1

2
|∇xΦ

ε|2
)
(t,x) dx(2.18)317

≤
∫
RN

(1
2

∣∣∣Mε
0√
ρε0

∣∣∣2 + e(ρε0, ρ∗) +
1

2
|∇xΦ

ε
0|2
)
(x) dx for t ≥ 0.318

(iii) Let (η, q) be an entropy pair defined by (2.8) for a smooth compactly supported319

function ψ(s) on R. Then, for ε ∈ (0, 1],320

∂tη
ψ(ρε,mε) + ∂rq

ψ(ρε,mε) is compact in H−1
loc (R

2
+),(2.19)321

where H−1
loc (R2

+) denotes H−1((0, T ) × Ω) for any T > 0 and open subset322

Ω ⋐ R+.323

Part 2. Inviscid Limit and Existence of Global Solutions of CEPEs (1.1):324

For the global weak solutions (ρε,Mε,Φε) of CNPSEs (1.4) obtained in Part 1, there325

exist a subsequence (still denoted) (ρε,mε,Φε) and a vector function (ρ,m,Φ) such326
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that, as ε→ 0+,327

(ρε,mε) → (ρ,m)(t, r) in (Lploc × Lqloc)([0,∞); rN−1dr)328

for p ∈ [1, γ + 1) and q ∈ [1,
3(γ + 1)

γ + 3
)329

Φε ⇀ Φ weakly in L2(0, T ;H1
loc(RN )),330

Φεr(t, r)r
N−1 = −

∫ r

0

(
ρε(t, y)− d(y)

)
yN−1dy331

→ Φr(t, r)r
N−1 = −

∫ r

0

(
ρ(t, y)− d(y)

)
yN−1dy a.e. (t, r) ∈ R2

+,332 ∫ T

0

∫ r2

0

|( m
ε

√
ρε

)(t, r)− (
m
√
ρ
)(t, r)|2 rN−1drdt→ 0 for any fixed T, r2 ∈ (0,∞),333

and (ρ,M,Φ)(t,x) := (ρ(t, r),m(t, r)xr ,Φ(t, r)) is a global spherically symmetric so-334

lution with finite relative-energy of problem (1.1)–(1.3) in the sense of Definition 2.1.335

3. Constructions of Approximate Solutions and Uniform Estimates. In336

this section, we construct appropriate approximate solutions and obtain some uniform337

estimates of the approximate solutions of the Cauchy problem for CNSPEs (1.9) that338

corresponds to the initial conditions (2.6)–(2.7).339

3.1. Constructions of Approximate Solutions. In this subsection, we con-340

sider the approximate CNSPEs in the truncated domains:341 
ρt + (ρu)r +

N−1
r ρu = 0,

(ρu)t + (ρu2 + p(ρ))r +
N−1
r ρu2 − ρ

rN−1

∫ r
δ

(
ρ(t, y)− d(y)

)
yN−1dy

= ε
(
(µ+ λ)(ur +

N−1
r u)

)
r
− εN−1

r µru,

(3.1)342

where r ∈ [δ, b] and t > 0, with δ ∈ (0, 1] and b ≥ 1+ δ−1. We consider (3.1) with the343

following initial data:344

(ρ, u)(0, r) = (ρε,δ,b0 , uε,δ,b0 )(r) for r ∈ [δ, b],(3.2)345

and the boundary condition:346

u(t, δ) = u(t, b) = 0 for t > 0.(3.3)347

We take348

(3.4) µ(ρ) = ρ+ δρα, λ(ρ) = δ(α− 1)ρα349

with α = 2N−1
2N so that µ(ρ) and λ(ρ) satisfy the following BD relation:350

µ(ρ) + λ(ρ) = ρµ′(ρ).(3.5)351

We first fix parameters ε > 0, δ > 0, and b ≥ 1 + δ−1, and assume that (ρε,δ,b0 , uε,δ,b0 )352

are smooth functions such that353

(3.6) 0 < (βε)
1
4 ≤ ρε,δ,b0 ≤ (βε)−

1
2 <∞354

for a given small constant 0 < β ≪ 1. The approximate initial data functions in (3.2)355

is constructed in Appendix A, which meet all the properties in Lemma A.1.356
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The existence of global smooth solutions of the initial-boundary value problem357

(3.1)–(3.3) can be achieved by following similar arguments as in §3 and §4.1 in Guo-358

Jiu-Xin [31]; see also [40]. Notice that the lower and upper bounds of ρε,δ,b in [31]359

depend on parameters (ε, δ, b). Therefore, the main strategy of this section is to obtain360

some uniform estimates of (ρε,δ,b, uε,δ,b) independent of (δ, b) such that we can take361

both limits b → ∞ and δ → 0+ to obtain the global existence of weak solutions of362

(1.4) and (2.6)–(2.7); see §5.363

Since ρε,δ,b is positive, we may use uε,δ,b ormε,δ,b alternatively , and ignore the su-364

perscripts of solution (ρε,δ,b, uε,δ,b)(t, r) and the approximate initial data (ρε,δ,b0 , uε,δ,b0 )365

for simplicity. When the initial data functions are involved, we keep the superscripts.366

After solving (3.1)–(3.3), we can define the potential function Φ as the solution of the367

Poisson equation:368

(3.7) −∆Φ = (ρ− d(x))IΩ, lim
|x|→∞

Φ = 0,369

with Ω = {x ∈ RN : δ ≤ |x| ≤ b}. We can obtain that Φ(t,x) = Φ(t, r) with370

Φr(t, r) =


0 for r ∈ [0, δ],

− 1
rN−1

∫ r
δ

(
ρ(t, y)− d(y)

)
yN−1dy for r ∈ [δ, b],

− 1
rN−1

∫ b

δ

(
ρ(t, y)− d(y)

)
yN−1dy for r ∈ [b,∞).

(3.8)371

Using the conservation law of mass, we obtain372

(3.9) −
∫ b

δ

(
ρ(t, y)− d(y)

)
yN−1dy = −

∫ b

δ

(
ρ0(y)− d(y)

)
yN−1dy :=

Mb

ωN
.373

3.2. Uniform Estimates of the Approximate Solutions. The main goal of374

this section is to obtain several uniform estimates that are independent of (ε, δ, b) so375

that the two limits b → ∞ and δ → 0+ can be taken in order.376

Lemma 3.1 (Basic Energy Estimate). The smooth solution of (3.1)–(3.3)377

satisfies the following basic energy estimate:378

∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
(t, r) rN−1dr379

+ ε

∫ t

0

∫ b

δ

ρ
(
u2r +

N − 1

r2
u2
)
(s, r) rN−1drds380

+ εδ

∫ t

0

∫ b

δ

ρα
(
αu2r + 2(α− 1)(N − 1)

uur
r

381

+
(
1 + (N − 1)(α− 1)

)
(N − 1)

u2

r2

)
(s, r) rN−1drds382

=

∫ b

δ

(1
2
ρ0u

2
0 + e(ρ0, ρ∗) +

1

2
|Φ0r|2

)
(r) rN−1dr =:

Eε,δ,b0

ωN
.383

In particular, there exists a constant cN > 0 depending only on N such that, for the384
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smooth solution of (3.1)–(3.3),385

∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
(t, r) rN−1dr386

+ cNεδ

∫ t

0

∫ b

δ

(
ραu2r +

ραu2

r2

)
(s, r) rN−1drds387

+ ε

∫ t

0

∫ b

δ

(
ρu2r +

ρu2

r2
)
(s, r)rN−1 drds ≤ Eε,δ,b0

ωN
≤ C(E0 + 1) for any t > 0388

for some constant C > 0 independent of (ε, δ, b).389

Proof. Multiplying (3.1)2 by rN−1u and then integrating by parts, we have390

d

dt

∫ b

δ

1

2
ρu2 rN−1dr +

∫ b

δ

pru r
N−1dr(3.10)391

= −ε
∫ b

δ

(
(µ+ λ)(ur +

N − 1

r
u)(rN−1u)r − (N − 1)µ(rN−2u2)r

)
dr392

+

∫ b

δ

ρu

∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dydr.393

For the second term on the left-hand side (LHS) of (3.10), one has394

∫ b

δ

pru r
N−1dr =

κγ

γ − 1

∫ b

δ

ρu(ργ−1)r r
N−1dr = − κγ

γ − 1

∫ b

δ

(rN−1ρu)rρ
γ−1 dr

=
κ

γ − 1

∫ b

δ

(ργ)t r
N−1dr

=
κ

γ − 1

∫ b

δ

(
ργ − ργ∗ − γρ∗

γ−1(ρ− ρ∗)
)
t
rN−1dr

=
d

dt

∫ b

δ

e(ρ, ρ∗)(t, r) r
N−1dr.

395

For the viscous term, a direct calculation shows that396

(µ+ λ)(ur +
N − 1

r
)(rN−1u)r − (N − 1)λ(rN−2u2)r

(3.11)

397

= δρα
{
αrN−1u2r + 2(α− 1)(N − 1)rN−2uur +

(
N − 1 + (α− 1)(N − 1)2

)
rN−3u2

}
398

+ ρ
(
rN−1u2r + (N − 1)rN−3u2

)
.399

For the first term on the right-hand side (RHS) of (3.11), noting that α ∈ (N−1
N , 1),400
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we calculate its discriminant:401

∆ = 4(α− 1)2(N − 1)2 − 4α
(
N − 1 + (α− 1)(N − 1)2

)
= 4(N − 1)2

(
(α− 1)2 − α(α− 1)

)
− 4(N − 1)α

= 4(N − 1)2(1− α)− 4(N − 1)α

= 4(N − 1)2
(
1− N

N − 1
α
)
< 0 if α ∈ (

N − 1

N
, 1),

402

so that there exists a constant cN > 0 such that403

(µ+ λ)
(
ur +

N − 1

r

)
(rN−1u)r − (N − 1)µ(rN−2u2)r

≥ cNδρ
α
(
rN−1u2r + rN−3u2

)
+ ρ
(
rN−1u2r + rN−3u2

)
.

404

For the last term on RHS of (3.10), a direct calculation yields405 ∫ b

δ

ρu

∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dydr

= −
∫ b

δ

ρuΦr(t, r) r
N−1dr =

∫ b

δ

(ρurN−1)rΦdr

= −
∫ b

δ

(rN−1ρ)tΦdr = −
∫ b

δ

(
rN−1(ρ− d(r))

)
t
Φdr

=

∫ b

δ

(
Φrr +

N − 1

r
Φr
)
t
Φ rN−1dr =

∫ b

δ

(rN−1Φrt)rΦdr

= −
∫ b

δ

ΦrtΦr r
N−1dr + (rN−1ΦrtΦ)

∣∣∣b
δ
= −

∫ b

δ

( |Φr|2
2

)
t
rN−1dr

= −1

2

d

dt

∫ b

δ

|Φr|2 rN−1dr,

406

where we have used (3.8) and407

Φrt(t, δ) = Φrt(t, b) = 0 for any t ≥ 0.(3.12)408

Combining (3.10)–(3.12), we obtain409

d

dt

{∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
rN−1dr

}
(3.13)410

+ ε

∫ b

δ

(
cNδρ

α(rN−1u2r + rN−3u2) + ρ(rN−1u2r + rN−3u2)
)
dr ≤ 0.411

Integrating (3.13), we have412 ∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
rN−1dr

+ ε

∫ t

0

∫ b

δ

(
ρ(rN−1u2r + rN−3u2) + cNδρ

α(rN−1u2r + rN−3u2)
)
drds

≤
∫ b

δ

(1
2
ρ0u

2
0 + e(ρ0, ρ∗) +

1

2
|Φ0r|2

)
rN−1dr.

413

Then we conclude Lemma 3.1. □414
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Remark 3.2. Using (3.9), we can rewrite the electric field term as415

∥∇Φ∥2L2(RN ) = ωN

∫ ∞

0

|Φr|2 rN−1dr(3.14)416

= ωN

(∫ b

δ

|Φr|2 rN−1dr +

∫ ∞

b

|Φr|2 rN−1dr
)

417

= ωN

(∫ b

δ

|Φr|2 rN−1dr +

∫ ∞

b

M2
b

ω2
Nr

N−1
dr
)

418

= ωN

(∫ b

δ

|Φr|2 rN−1dr +
1

(N − 2)bN−2
(
Mb

ωN
)2
)
.419

On one hand, it follows from (3.14) that this term has a good sign, which is important420

such that this makes the following integral also nonnegative, via integration by parts.421

On the other hand, we also have the following equality:422

∫ b

δ

(∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dy

)
(ρ− d(r))r dr

= −
∫ b

δ

(
ρ− d(r)

)
Φr r

Ndr =

∫ b

δ

(
Φrr +

N − 1

r
Φr
)
Φr r

Ndr

=

∫ b

δ

(rN−1Φr)rΦr rdr =

∫ b

δ

1

rN−2
(
1

2
|rN−1Φr|2)r dr

= −
∫ b

δ

1

2
(r−N+2)r|rN−1Φr|2 dr +

1

2rN−2

∣∣rN−1Φr
∣∣2∣∣∣b

δ

=
N − 2

2

∫ b

δ

|Φr|2 rN−1dr +
1

2bN−2
|bN−1Φr(t, b)|2

=
N − 2

2

∫ b

δ

rN−1|Φr|2dr +
1

2bN−2
(
Mb

ωN
)2

=
N − 2

2

(∫ b

δ

|Φr|2 rN−1dr +
1

(N − 2)bN−2
(
Mb

ωN
)2
)

=
N − 2

2ωN
∥∇Φ∥2L2(RN ) ≥ 0.

423

Now, we prove two crucial uniform local estimates of the density near the origin,424

especially Lemma 3.4 below, which will be used in the convergence proof of the electric425

field potential.426

Lemma 3.3 (Uniform Local Estimate for the Density near the Origin I).427

The smooth solution of (3.1)–(3.3) satisfies428

∫ D

δ

1

rN−1

∣∣∣ ∫ r

δ

ρ(t, y)yN−1 dy
∣∣∣2 dr ≤ C(D, E0)(3.15)429

for any D ∈ (δ, b).430

Proof. First, notice that there exists C1 > 0 such that |d(y)| ≤ C1 for any y ∈ [0,∞).431
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Furthermore, we have432 (∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1 dy

)2
(3.16)433

=
(∫ r

δ

ρ(t, y)yN−1 dy
)2

− 2

∫ r

δ

ρ(t, y)yN−1 dy

∫ r

δ

d(y)yN−1 dy434

+
(∫ r

δ

d(y)yN−1 dy
)2

435

≥ 1

2

(∫ r

δ

ρ(t, y)yN−1 dy
)2

−
(∫ r

δ

d(y)yN−1 dy
)2
.436

Then, from (3.16), we obtain437

∣∣∣ ∫ r

δ

ρ(t, y)yN−1 dy
∣∣∣2 ≤ 2

(∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1 dy

)2
+ 2
(∫ r

δ

d(y)yN−1 dy
)2
.

(3.17)

438

Using Lemma 3.1 and (3.17), we have439 ∫ D

δ

1

rN−1

∣∣∣ ∫ r

δ

ρ(t, y)yN−1 dy
∣∣∣2 dr440

≤ 2

∫ D

δ

1

rN−1

∣∣∣ ∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1 dy

∣∣∣2 dr441

+ 2

∫ D

δ

1

rN−1

(∫ r

δ

d(y)yN−1 dy
)2

dr442

≤ 2

∫ D

δ

|Φr|2rN−1 dr + 2C2
1

∫ D

δ

1

rN−1

(∫ r

δ

yN−1 dy
)2

dr443

≤ 2C(E0) +
2C2

1

N2

∫ D

δ

1

rN−1
r2N dr ≤ C(D, E0).444

This completes the proof. □445

Lemma 3.4 (Uniform Local Estimate of the Density near the Origin II).446

The smooth solution of (3.1)–(3.3) satisfies447 ∫ D

δ

(∫ r

δ

ρ(t, y)yN−1 dy
)
ρ(t, r)r dr ≤ C(D, E0)(3.18)448

for any D ∈ (δ, b).449

Proof. Set h(r) :=
( ∫ r

δ
ρ(t, y)yN−1 dy

)2
. A simple calculation yields450

h′(r) = 2ρ(t, r)rN−1

∫ r

δ

ρ(t, y)yN−1 dy = 2rN−2ρ(t, r)r

∫ r

δ

ρ(t, y)yN−1 dy.451

Then it follows from (3.15) that452 ∫ D

δ

(∫ r

δ

ρ(t, y)yN−1 dy
)
ρ(t, r)r dr =

1

2

∫ D

δ

1

rN−2
h′(r) dr453

=
1

2

h(D)

DN−2
+
N − 2

2

∫ D

δ

1

rN−1
h(r) dr454

≤ 1

2

h(D)

DN−2
+ C(D, E0) ≤ C(D, E0),455
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where we have used the fact that

h(D) ≤
(∫ D

δ

ργyN−1 dy
) 2

γ
(∫ D

δ

yN−1 dy
) 2

γ′
≤ C(D, E0).

This completes the proof. □456

Lemma 3.5 (BD Entropy Estimate). The smooth solution of (3.1)–(3.3)457

satisfies458

ε2
∫ b

δ

(
(1 + αδρα−1 + α2δ2ρ2(α−1))

ρ2r
ρ

)
(t, r) rN−1dr(3.19)459

+ ε

∫ t

0

∫ b

δ

(
(1 + αδρα−1)ργ−2ρ2r

)
(s, r) rN−1drds ≤ C(E0 + 1),460

where we have used the following relation:461

sup
0<ε,δ≤1

sup
b≥1+δ−1

(
Eε,δ,b0 + Eε,δ,b1

)(3.20)

462

+ CT

∫ b

δ

(
|ρ∗ − d(r)|+ |ρ∗ − d(r)|2 + |ρ∗ − d(r)|

γ
γ−1
)
rN−1dr ≤ C(E0 + 1)463

with464

Eε,δ,b1 := ε2
∫ b

δ

(
1 + 2αδρα−1

0 + α2δ2ρ2α−2
0

)
|(√ρ0)r|2 rN−1dr.(3.21)465

Proof. We divide the proof into seven steps:466

1. It is convenient to deal with (3.1) in the Lagrangian coordinates. For simplicity,467

we assume that468

Lb :=

∫ b

δ

ρ0(r) r
N−1dr.469

Since
d

dt

∫ b

δ

ρ(t, r) rN−1dr = −
∫ b

δ

(rN−1ρu)r(t, r) dr = 0,

we have470 ∫ b

δ

ρ(t, r) rN−1dr =

∫ b

δ

ρ0(r) r
N−1dr = Lb for all t > 0.471

For r ∈ [δ, b] and t ∈ [0, T ], we define the Lagrangian coordinates transformation:472

x =

∫ r

δ

ρ(t, y) yN−1dy, τ = t,473

which translates domain [0, T ]× [δ, b] into [0, T ]× [0, Lb] and satisfies474 {
∂x
∂r = ρrN−1, ∂x

∂t = −ρurN−1, ∂τ
∂r = 0, ∂τ

∂t = 1,
∂r
∂x = 1

ρrN−1 ,
∂r
∂τ = u, ∂t

∂τ = 1, ∂t
∂x = 0.

475
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Performing the Lagrange transformation to (3.1), we have476 
ρτ + ρ2(rN−1u)x = 0,

uτ + rN−1px = εrN−1
(
ρ(µ+ λ)(rN−1u)x

)
x
− ε(N − 1)rN−2µxu

+ 1
rN−1

(
x−

∫ r
δ
d(y) yN−1dy

)
,

477

and the boundary conditions (3.3) become

u(τ, 0) = u(τ, Lb) = 0 for τ > 0.

2. Multiplying (3.2)1 by µ′(ρ) and using (3.5), we have478

(3.22) µτ + ρ(µ+ λ)(rN−1u)x = 0.479

Then we substitute (3.22) into (3.2)2 to obtain480

(3.23) uτ+r
N−1px = −εrN−1µxτ−ε(N−1)rN−2µxu+

1

rN−1

(
x−
∫ r

δ

d(y) yN−1dy
)
.481

Noting that u = ∂r
∂τ , we have

ε(N − 1)rN−2µxu = ε(N − 1)rN−2µxrτ = ε(rN−1)τµx,

which, together with (3.23), yields482

(3.24) (u+ εrN−1µx)τ + rN−1px =
1

rN−1

(
x−

∫ r

δ

d(y) yN−1dy
)
.483

3. Multiplying (3.24) by u+ εrN−1µx, we see that484

d

dτ

∫ Lb

0

1

2

∣∣u+ εrN−1µx
∣∣2 dx+

∫ Lb

0

px
(
u+ εrN−1µx

)
rN−1dx(3.25)485

=

∫ Lb

0

1

rN−1

(
x−

∫ r

δ

d(y) yN−1dy
)(
u+ εrN−1µx

)
dx.486

Integrating (3.25) over [0, τ ] and pulling it back to the Eulerian coordinates, we have487

∫ b

δ

1

2
ρ
∣∣∣u+ ε

µr
ρ

∣∣∣2 rN−1dr + ε

∫ t

0

∫ b

δ

prµr
ρ

rN−1drds+

∫ t

0

∫ b

δ

upr r
N−1drds

(3.26)

488

=

∫ b

δ

1

2
ρ0

∣∣∣u0 + ε
µ0r

ρ0

∣∣∣2rN−1dr +

∫ t

0

∫ b

δ

ρu
(∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
drds489

+ ε

∫ t

0

∫ b

δ

µr

(∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
drds.490

4. A direct calculation shows that491 ∫ t

0

∫ b

δ

upr r
N−1drds =

∫ b

δ

e(ρ, ρ∗) r
N−1dr −

∫ b

δ

e(ρ0, ρ∗) r
N−1dr,(3.27)492 ∫ t

0

∫ b

δ

ρu
(∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
drds(3.28)493

= −1

2

∫ b

δ

|Φr|2 rN−1dr +
1

2

∫ b

δ

|Φ0r|2 rN−1dr.494
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5. For the last term of RHS of (3.26), we integrate by parts to obtain495

ε

∫ t

0

∫ b

δ

µr

(∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
drds(3.29)496

= ε

∫ t

0

∫ b

δ

(
µ(ρ)− µ(ρ∗)

)
r

(∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
drds497

= −ε
∫ t

0

∫ b

δ

(
µ(ρ)− µ(ρ∗)

)(
ρ(s, r)− d(r)

)
rN−1drds498

+ ε

∫ t

0

(
µ(ρ(s, b))− µ(ρ∗)

)( ∫ b

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
ds499

= −ε
∫ t

0

∫ b

δ

(
µ(ρ)− µ(ρ∗)

)(
ρ(s, r)− ρ∗

)
rN−1drds500

− ε

∫ t

0

∫ b

δ

(
µ(ρ)− µ(ρ∗)

)(
ρ∗ − d(r)

)
rN−1drds501

+ ε

∫ t

0

(
µ(ρ(s, b))− µ(ρ∗)

)( ∫ b

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
ds502

≤ −ε
∫ t

0

∫ b

δ

(
ρ∗ − d(r)

)(
µ(ρ(s, r))− µ(ρ∗)

)
rN−1drds503

+
∣∣∣Mb

ωN

∣∣∣ ∫ t

0

ε
∣∣µ(ρ(s, b))− µ(ρ∗)

∣∣ ds.504

The first term of RHS of (3.29) becomes505

− ε

∫ t

0

∫ b

δ

(
ρ∗ − d(r)

)(
µ(ρ(s, r))− µ(ρ∗)

)
rN−1drds

(3.30)

506

≤ Cε

∫ t

0

∫ b

δ

∣∣ρ∗ − d(r)
∣∣ rN−1drds507

+ ε

∫ t

0

∫ b

δ

∣∣ρ∗ − d(r)
∣∣1{ρ(s,r)≥2ρ∗}

∣∣µ(ρ(s, r))− µ(ρ∗)
∣∣ rN−1drds508

≤ CT

∫ b

δ

∣∣ρ∗ − d(r)
∣∣ rN−1dr509

+ C

∫ T

0

∫ b

δ

(∣∣µ(ρ(s, r))− µ(ρ∗)
∣∣γ + ∣∣ρ∗ − d(r)

∣∣ γ
γ−1

)
1{ρ(s,r)≥2ρ∗} r

N−1drds510

≤ CT

∫ b

δ

(∣∣ρ∗ − d(r)
∣∣+ ∣∣ρ∗ − d(r)

∣∣ γ
γ−1

)
rN−1dr + C

∫ T

0

∫ b

δ

e(ρ, ρ∗) r
N−1drds511

≤ CT

∫ b

δ

(∣∣ρ∗ − d(r)
∣∣+ ∣∣ρ∗ − d(r)

∣∣ γ
γ−1

)
rN−1dr + CEε,δ,b0 ≤ C(1 + E0),512

where 1{ρ(s,r)≥2ρ∗} is the indicator function of set {ρ(s, r) ≥ 2ρ∗}.513

6. To bound the last term of RHS of (3.29), we have to be very careful, since it514
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involves the boundary value of the density.515

ε

∫ t

0

|µ(ρ(s, b))− µ(ρ∗)|ds

= ε

∫ t

0

1{ρ(s,b)≤4ρ∗}|µ(ρ(s, b))− µ(ρ∗)|ds+ ε

∫ t

0

1{ρ(s,b)>4ρ∗}|µ(ρ(s, b))− µ(ρ∗)|ds

≤ CT + ε

∫ t

0

1{ρ(s,b)>4ρ∗}|µ(ρ(s, b))− µ(ρ∗)|ds.

(3.31)

516

Since ∫ b

δ

(ρ(t, r)− ρ∗) r
N−1dr =

∫ b

δ

(ρ0(r)− ρ∗) r
N−1dr,

then ∫ b

δ

ρ(t, r) rN−1dr = ρ∗
1

N
(bN − δN ) +

∫ b

δ

(ρ0(r)− ρ∗) r
N−1dr.

Therefore, there exists r0 ∈ [δ, b] such that, for any t ≥ 0,517

(3.32) ρ(t, r0(t)) = ρ∗ +
N

bN − δN

∫ b

δ

(ρ0(r)− ρ∗) r
N−1dr ∈ [

1

2
ρ∗, 2ρ∗] if b >> 1,518

where we have used ∣∣∣ ∫ b

δ

(ρ0(r)− ρ∗) r
N−1dr

∣∣∣ ≤ C <∞.

Motivated by [16], we define519

A(t) = {r : r ∈ [δ, b], ρ(t, r) ≥ 2ρ∗}520

A1(t) = {r ∈ A(t) : r ≥ 1}, A2(t) = A(t)\A1(t).521

Similarly, we also define522

B(t) = {r : r ∈ [δ, b], 0 ≤ ρ(t, r) ≤ 1

2
ρ∗},523

B1(t) = {r ∈ B(t) : r ≥ 1}, B2(t) = B(t)\B1(t).524

It is direct to check that525

(3.33) e(ρ, ρ∗) =

{
|ρ− ρ∗|2 if ρ ∈ [ 12ρ∗, 2ρ∗],

|ρ− ρ∗|γ if ρ ∈ [0, 12ρ∗] ∪ [2ρ∗,∞).
526

Then there exists a constant c(ρ∗) > 0 such that527

e(ρ, ρ∗)(t, r) ≥ c(ρ∗) > 0 for any r ∈ A(t) ∪B(t),528

which, together with (3.1), yields529

Eε,δ,b0 ≥
∫ b

δ

e(ρ, ρ∗)(t, r) r
N−1dr ≥ c(ρ∗)

∫
A1(t)∪B1(t)

rN−1dr(3.34)530

≥ c(ρ∗)
(
|A1(t)|+ |B1(t)|

)
.531
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Hence, we obtain532

(3.35) |A(t)|+ |B(t)| ≤ |A1(t)|+ |B1(t)|+ 2 ≤ C(ρ∗)
(
1 + Eε,δ,b0

)
.533

Since ρ(t, r) is a continuous function of (t, r), for s ∈ {s : ρ(s, b) > 4ρ∗}, it follows534

from (3.32)–(3.34) that there exists r̃0(s) ∈ [1, b] such that535

(3.36)


|b− r̃0(s)| ≤ C(ρ∗)

(
1 + Eε,δ,b0

)
,

ρ(s, r) ≥ 2ρ∗ for all r ∈ [r̃0(s), b],

ρ(s, r̃0(s)) = 2ρ∗.

536

Thus, using (3.36), we have537

ε

∫ t

0

1{ρ(s,b)>4ρ∗}|µ(ρ(s, b))− µ(ρ∗)|ds

(3.37)

538

≤ ε

∫ t

0

1{ρ(s,b)>4ρ∗}|µ(ρ(s, b))− µ(ρ(s, r̃0(s)))|ds+ C(ρ∗)T539

≤ ε

∫ t

0

1{ρ(s,b)>4ρ∗}

∫ b

r̃0(s)

|µr|drds+ C(ρ∗)T540

≤ ε

∫ t

0

1{ρ(s,b)>4ρ∗}

∫ b

r̃0(s)

|ρr|
(
1 + αδρα−1

)
dr ds+ C(ρ∗)T541

≤ C(ρ∗)ε

∫ t

0

1{ρ(s,b)>4ρ∗}

∫ b

r̃0(s)

|ρr|drds+ C(ρ∗)T542

≤ C(ρ∗)ε

∫ t

0

1{ρ(s,b)>4ρ∗}

(∫ b

r̃0(s)

ργ−2|ρr|2 dr
) 1

2
(∫ b

r̃0(s)

ρ2−γ dr
) 1

2

ds+ C(ρ∗)T.543

For γ ∈ (1, 2],

ρ2−γ ≤ C(1 + ργ),

which, together with (3.36), yields544

∫ b

r̃0(s)

ρ2−γ dr ≤ C

∫ b

r̃0(s)

(
1 + ργ

)
dr ≤ C

∫ b

r̃0(s)

(
1 + e(ρ, ρ∗)

)
dr(3.38)545

≤ C(ρ∗)
(
1 + Eε,δ,b0

)
+ C

∫ b

r̃0(s)

e(ρ, ρ∗) r
N−1dr546

≤ C(ρ∗)
(
1 + Eε,δ,b0

)
.547

For γ ∈ (2,∞), it follows from (3.36) that548

(3.39)

∫ b

r̃0(s)

ρ2−γ dr ≤ C(ρ∗)|b− r̃0(s)| ≤ C(ρ∗)
(
1 + Eε,δ,b0

)
.549
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Combining (3.37)–(3.39), we obtain550

ε

∫ T

0

1{ρ(s,b)>4ρ∗}|µ(ρ(s, b))− µ(ρ∗)|ds(3.40)551

≤ κγε

8

∫ t

0

∫ b

r̃0(s)

ργ−2|ρr|2 drds+ C(ρ∗)T
(
1 + Eε,δ,b0

)
552

≤ κγε

8

∫ t

0

∫ b

δ

rN−1ργ−2|ρr|2 drds+ C(ρ∗)T
(
1 + Eε,δ,b0

)
,553

which, together with (3.31), implies that554

(3.41)

ε

∫ t

0

|µ(ρ(s, b))− µ(ρ∗)|ds ≤
κγε

8

∫ T

0

∫ b

δ

ργ−2|ρr|2 rN−1drds+ C(ρ∗)T
(
1 + Eε,δ,b0

)
.555

7. Substituting (3.30) and (3.41) into (3.29), we have556

ε

∫ t

0

∫ b

δ

µr

(∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

)
drds

≤ κγε

8

∫ T

0

∫ b

δ

ργ−2|ρr|2 rN−1drds+ CT

∫ b

δ

(
|ρ∗ − d(r)|+ |ρ∗ − d(r)|2

)
rN−1dr

+ C(ρ∗)T
(
1 + Eε,δ,b0

)
.

(3.42)

557

Combining (3.42) with (3.26)–(3.28), we obtain558 ∫ b

δ

1

2
ρ|u+ ε

µr
ρ
|2 rN−1dr +

κγε

2

∫ t

0

∫ b

δ

(
ργ−2ρ2r + αδρα+γ−3ρ2r

)
rN−1drds

+

∫ b

δ

e(ρ, ρ∗) r
N−1dr +

∫ b

δ

1

2
|Φr|2 rN−1dr

≤ C(ρ∗, T )
(
Eε,δ,b0 + Eε,δ,b1

)
+ CT

∫ b

δ

(
|ρ∗ − d(r)|+ |ρ∗ − d(r)|2

)
dr

≤ C
(
1 + E0

)
.

559

This completes the proof. □560

As shown in [12], the higher integrabilities of the density and the velocity are561

important for the Lp compensated compactness framework. We now prove the higher562

integrability of the density.563

Lemma 3.6 (Higher Integrability on the Density). For given r1 and r2 with564

δ < r1 < r2 < b, any smooth solution of problem (3.1)–(3.3) satisfies565 ∫ T

0

∫
K

ργ+1(t, r) drdt ≤ C(r1, r2, T, E0),(3.43)566

where K is any compact subset of [r1, r2].567

Proof. Let w(r) be a smooth compact support function such that suppw ⊆ (r1, r2)568
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and w(r) = 1 for r ∈ K. Multiplying (3.1)2 by w(r), we obtain569

(ρuw)t +
(
(ρu2 + p)w

)
r
+
N − 1

r
ρu2w(3.44)570

= ε
(
(ρ+ αδρα)(ur +

N − 1

r
u)w

)
r
− ε

N − 1

r
u(ρ+ δρα)rw571

+
(
ρu2 + p− ε(ρ+ αδρα)(ur +

N − 1

r
u)
)
wr − ρwΦr.572

Integrating (3.44) over [r1, r), we have573

(ρu2 + p)w = ε(ρ+ αδρα)(ur +
N − 1

r
u)w − ε

∫ r

r1

N − 1

y
u(ρ+ δρα)yw dy574

−
(∫ r

r1

ρuwdy
)
t
−
∫ r

r1

N − 1

y
ρu2w dy575

+

∫ r

r1

(
ρu2 + p− ε(ρ+ αδρα)(uy +

N − 1

y
u)
)
wy dy576

−
∫ r

r1

ρwΦy dy.577

Then we multiply the above equality by ρw to obtain578

(ρ2u2 + ρp)w2
579

= ερ(ρ+ αδρα)(ur +
N − 1

r
u)w2 − ερw

∫ r

r1

N − 1

y
u(ρ+ αδρα)yw dy580

− ρw
(∫ r

r1

ρuw dy
)
t
− ρw

∫ r

r1

N − 1

y
ρu2w dy581

+ ρw

∫ r

r1

(
ρu2 + p− ε(ρ+ αδρα)(uy +

N − 1

y
u)
)
wy dy582

− ρw

∫ r

r1

ρwΦy dy.583

Notice that584

ρw
(∫ r

r1

ρuw dy
)
t
= −ρ2u2w2 +

(
ρw

∫ r

r1

ρuwdy
)
t
+
(
ρuw

∫ r

r1

ρuw dy
)
r

585

− ρuwr

∫ r

r1

ρuw dy +
N − 1

r
ρuw

∫ r

r1

ρuw dy,586
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which yields587

ρpw2 = ερ(ρ+ αδρα)(ur +
N − 1

r
u)w2 − ερw

∫ r

r1

N − 1

y
u(ρ+ αδρα)yw dy(3.45)588

−
(
ρw

∫ r

r1

ρuw dy
)
t
−
(
ρuw

∫ r

r1

ρuw dy
)
r
+ ρuwr

∫ r

r1

ρuw dy589

− N − 1

r
ρuw

∫ r

r1

ρuw dy − ρw

∫ r

r1

N − 1

y
ρu2w dy590

+ ρw

∫ r

r1

(
ρu2 + p− ε(ρ+ αδρα)

(
uy +

N − 1

y
u
))
wy dy591

− ρw

∫ r

r1

ρwΦy dy :=

9∑
i=1

Ji.592

To estimate RHS of (3.45), it follows first from Lemma 3.1 that593

∫ r2

r1

ργ rN−1dr ≤ C(r2, E0),(3.46)594 ∫ r2

r1

ρdr ≤ C

rN−1
1

∫ r2

r1

ρ rN−1dr ≤ C

∫ r2

r1

(
ργ + 1

)
rN−1dr ≤ C(r1, r2, E0),(3.47)595 ∫ r2

r1

ρu2 dr ≤ C

rN−1
1

∫ r2

r1

ρu2 rN−1dr ≤ C(r1, E0).(3.48)596

We also obtain597

∣∣∣ ∫ T

0

∫ r2

r1

ρw
(∫ r

r1

ρwΦy dy
)
drdt

∣∣∣
(3.49)

598

≤
∣∣∣ ∫ T

0

∫ r2

r1

ρw
(∫ r

r1

ρw
( ∫ y

δ

(ρ− d(z)) zN−1dz
) dy

yN−1

)
drdt

∣∣∣ ≤ C(r1, r2, T, E0).599

Now it follows from (3.47)–(3.48) that600

∣∣∣∣∣
∫ T

0

∫ r2

r1

(
J3 + · · ·+ J7

)
drdt

∣∣∣∣∣ ≤ C(r1, r2, T, E0).(3.50)601

Next, we estimate J8. Note that602

∣∣∣ ∫ T

0

∫ r2

r1

ρw
(∫ r

r1

(ρu2 + p)wy dy
)
drdt

∣∣∣ ≤ C(r1, r2, T, E0),603
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and604

ε
∣∣∣ ∫ T

0

∫ r2

r1

ρw
(∫ r

r1

(ρ+ αδρα)(uy +
N − 1

y
u)wydy

)
drdt

∣∣∣605

≤ C(r1, r2, E0)ε
∫ T

0

∫ r2

r1

1

y

∣∣(ρ+ αδρα)
(
yuy + (N − 1)u

)
wy
∣∣dydt606

≤ C(r1, r2, E0)
(
ε

∫ T

0

∫ r2

r1

(ρ+ αδρα)
(
yuy + (N − 1)u

)2
dydt607

+

∫ T

0

∫ r2

r1

ε(ρ+ αδρα) dydt
)

608

≤ C(r1, r2, T, E0),609

which yield610

∣∣∣ ∫ T

0

∫ r2

r1

J8 drdt
∣∣∣ ≤ C(r1, r2, T, E0).(3.51)611

For J2, since612

∣∣∣ ∫ r

r1

N − 1

y
u(ρ+ δρα)ywdy

∣∣∣ = ∣∣∣N − 1

r

(
(ρ+ δρα)uw

)
(t, r)

∣∣∣613

+ (N − 1)
∣∣∣ ∫ r

r1

(
− (ρ+ δρα)uw + (ρ+ δρα)uyw + (ρ+ δρα)uwy

)
(t, y)

dy

y

∣∣∣614

≤
∣∣∣N − 1

r

(
(ρ+ δρα)uw

)
(t, r)

∣∣∣+ C(r1)

∫ r2

r1

rN−1(ρ+ δρα)u2r dr + C(r1, r2, E0),615

we have616

∣∣∣ ∫ T

0

∫ r2

r1

J2 drdt
∣∣∣(3.52)617

=
∣∣∣ ∫ T

0

∫ r2

r1

ερw
(∫ r

r1

N − 1

y
u(ρ+ δρα)yw dy

)
drdt

∣∣∣618

≤ C(r1, r2, T, E0) + C(r1, r2, T, E0)
∫ T

0

∫ r2

r1

εr2(ρ+ δρα)u2r drdt619

+ ε

∫ T

0

∫ r2

r1

ρ2(ρ+ δρα)w2 drdt620

≤ C(r1, r2, T, E0) + ε

∫ T

0

∫ r2

r1

ρ3w2 drdt,621

since α ∈ (0, 1).622
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Finally, we estimate J1. It is clear that623

∣∣∣ ∫ T

0

∫ r2

r1

J1drdt
∣∣∣(3.53)624

= ε
∣∣∣ ∫ T

0

∫ r2

r1

(ρ2 + αδρα+1)
(
ur +

N − 1

r
u
)
w2drdt

∣∣∣625

≤ ε

∫ T

0

∫ r2

r1

ρ2
∣∣ur + N − 1

r
u
∣∣w2 drdt626

+ αδε

∫ T

0

∫ r2

r1

ρα+1
∣∣ur + N − 1

r
u
∣∣w2 drdt627

≤ ε

∫ T

0

∫ r2

r1

ρ2(ρ+ αδρα)w2 drdt628

+ Cε

∫ T

0

∫ r2

r1

(ρ+ αδρα)
(
ur +

N − 1

r
u
)2
w2 drdt629

≤ C(r1, r2, T, E0) + ε

∫ T

0

∫ r2

r1

ρ3w2 drdt.630

To close the estimate, we still need to bound the last term on RHS of (3.52)–(3.53).631

We first consider the case: γ ∈ (1, 2]. Then we have632

ε

∫ T

0

∫ r2

r1

ρ3w2 drdt(3.54)633

≤ ε

∫ T

0

∫ r2

r1

ργ dr sup
r∈[r1,r2]

(
ρ3−γw2

)
dt634

≤ C(r1, r2, E0)
∫ T

0

ε sup
r∈[r1,r2]

(
ρ3−γw2

)
dt635

≤ C(r1, r2, E0)
∫ T

0

ε

∫ r2

r1

∣∣(ρ3−γw2
)
r
(t, r)

∣∣ drdt636

≤ C(r1, r2, E0)
∫ T

0

∫ r2

r1

(
ερ2−γ |ρr|w2 + ερ3−γw|wr|

)
drdt.637

We now estimate each term of RHS of (3.54). A direct calculation shows that638

C(r1, r2, E0)ε
∫ T

0

∫ r2

r1

ρ2−γ |ρr|w2 drdt(3.55)639

≤ C(r1, r2, E0)
∫ T

0

∫ r2

r1

εργ−2ρ2r drdt+
ε

2

∫ T

0

∫ r2

r1

ρ3(2−γ)w2 drdt640

≤ C(r1, r2, E0) +
ε

2

∫ T

0

∫ r2

r1

ρ3w2 drdt,641
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and642

C(r1, r2, E0)
∫ T

0

∫ r2

r1

ερ3−γw|wr|drdt(3.56)643

≤ C(r1, r2, E0)
∫ T

0

ε sup
r

(ρw)(t, r)

∫ r2

r1

ρ2−γ |wr|drdt644

≤ C(r1, r2, E0)
∫ T

0

ε sup
r

(ρw)(t, r) dt645

≤ C(r1, r2, E0)
∫ T

0

ε

∫ r2

r1

(
|ρr|w + ρ|wr|

)
drdt646

≤ C(r1, r2, E0)
∫ T

0

∫ r2

r1

εργ−2ρ2r drdt+ C(r1, r2, E0)
∫ T

0

∫ r2

r1

ρ2−γw drdt647

≤ C(r1, r2, E0).648

Combining (3.55)–(3.56), we obtain649

ε

∫ T

0

∫ r2

r1

ρ3w2 drdt ≤ C(r1, r2, E0) for γ ∈ (1, 2].(3.57)650

For the case: γ ∈ [2, 3], we have651

ε

∫ T

0

∫ r2

r1

ρ3w2 drdt(3.58)652

≤ ε

∫ T

0

sup
r∈[r1,r2]

(ρ2w)

∫ r2

r1

ρw drdt653

≤ C(r1, r2, E0)ε
∫ T

0

∫ r2

r1

(
ρ|ρr|w + ρ2|wr|

)
drdt654

≤ C(r1, r2, E0)
∫ T

0

∫ r2

r1

(
ε2ργ−2|ρr|2w + ρ2|wr|+ ρ4−γw

)
drdt655

≤ C(r1, r2, E0).656

For the case: γ ∈ (3,∞), we obtain657

ε

∫ T

0

∫ r2

r1

ρ3w2 drdt ≤ C

∫ T

0

∫ r2

r1

(ρ+ ργ) drdt ≤ C(r1, r2, E0, T ).(3.59)658

Now substituting (3.57)–(3.59) into (3.53), we have659 ∣∣∣ ∫ T

0

∫ r2

r1

(
J1 + J2

)
drdt

∣∣∣ ≤ C(r1, r2, T, E0).(3.60)660

Integrating (3.45) over [0, T ] × [r1, r2] and then using (3.50)–(3.51) and (3.60), we661

conclude (3.43). □662

4. Uniform Higher Integrability of the Approximate Solutions. To em-663

ploy the compensated compactness framework [12], we need additional uniform inte-664

grability of the velocity for the approximate solutions. We first define665

(4.1)

M1 := E0+ρ∗+ρ−1
∗ + δ−1+ ε−1+ sup

b≥1+δ−1

Eε,δ,b2 <∞, M2 := M1+ sup
b≥1+δ−1

Eε,δ,b3 ,666
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where667

Eε,δ,b2 :=

∫ b

δ

ρ0
(
u80 +

∣∣µ0r

ρ0

∣∣8) rN−1dr,(4.2)668

Eε,δ,b3 :=

∫ b

δ

(1
2
ρ0u

2
0 + e(ρ0, ρ∗) +

1

2
|Φ0r|2

)
r2(N−1)+ϑdr,(4.3)669

for some ϑ ∈ (0, 1). It follows from Lemma A.1 that Eε,δ,b2 and Eε,δ,b3 are uniformly670

bounded with respect to b. However, the upper bounds may depend on (ε, δ), such671

that M1 and M2 are finite for any fixed (ε, δ), independent of b > 0.672

Proposition 4.1. Given r1 and r2 with δ < r1 < r2 < b, the smooth solution of673

(3.1)–(3.3) satisfies that there exists ϑ ∈ (0, 1) such that674 ∫ T

0

∫ r2

r1

(
ρ|u|3 + ργ+θ

)
(t, r)rN−1drdt ≤ C(r1, r2, T, E0) + C(T,M2) b

−ϑ
2 .(4.4)675

The proof of Proposition 4.1 will be given later, after several lemmas are verified.676

Motivated by [16], it is important to see that the positive constant C(T,M2) is677

independent of b, so that this term vanishes when b → ∞ in Proposition 4.1. Note678

that CNSPEs with spherical symmetry is singular at r = 0 and r = ∞. In order to679

integrate the quantities in r from ∞, we need to know the asymptotic behavior of680

ρ(t, r) near boundary r = b. Thus, we have to obtain the lower and upper bound of ρ,681

which should be independent of b. First, we have the following lemma for the upper682

bound of ρ (also see [16, Lemma 4.2]).683

Lemma 4.2 (Upper Bound of the Density). The smooth solution of (3.1)–684

(3.3) satisfies685

0 < ρ(t, r) ≤ C(M1) for t ≥ 0 and r ∈ [δ, b],(4.5)686

We are now going to prove Lemma 4.3 as a preparation to estimate the lower687

bound of the density.688

Lemma 4.3. The smooth solution of (3.1)–(3.3) satisfies689 ∫ b

δ

ρ|ρ−1− 1
2N ρr|8 rN−1dr ≤ C(T,M1) for t ∈ [0, T ].(4.6)690

Proof. We write (3.24) as691

(4.7) ε(rN−1µx)τ + rN−1px = −uτ +
1

rN−1

(
x−

∫ r

δ

d(y) yN−1dy
)
,692

and then integrate (4.7) over [0, τ ] to obtain693

ε(rN−1µx)(τ, x) = ε(rN−1µx)(0, x)−
(
u(τ, x)− u0(x)

)
−
∫ τ

0

(rN−1px)(s, x) ds+

∫ τ

0

1

rN−1

(
x−

∫ r

δ

d(y) yN−1dy
)
ds.

(4.8)

694
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Multiplying (4.8) by (rN−1µx)
2k−1 and integrating the resultant equation, we have695

ε

∫ Lb

0

|rN−1µx|2k dx(4.9)696

≤
(∫ Lb

0

|rN−1µx|2kdx
) 2k−1

2k

697

×
{
ε
(∫ Lb

0

|(rN−1µx)(0, x)|2k dx
) 1

2k

+ ∥(u(τ), u0)∥L2k698

+ CT

(∫ T

0

∫ Lb

0

|rN−1(ργ)x|2k dxds
) 1

2k

699

+ CT

(∫ T

0

∫ Lb

0

∣∣∣ 1

rN−1

∫ r

δ

(ρ(s, y)− d(y))dy
∣∣∣2kdxds) 1

2k
}
.700

Since

|µx| = |ρx + δ(ρα)x| = |( 1
α
ρ1−α + δ)(ρα)x| ≥ δ(ρα)x,

and (ργ)x = γ
αρ

γ−α(ρα)x, it follows from (4.5) and (4.9) that701 ∫ Lb

0

|rN−1(ρα)x|2k dx(4.10)702

≤ C(E0, T, ε, δ)
(∫ Lb

0

(
|(rN−1µx)(0, x)|2k + |u(τ)|2k + |u0|2k

)
dx703

+

∫ τ

0

∫ Lb

0

|rN−1(ρα)x|2k dxds704

+

∫ τ

0

∫ Lb

0

∣∣∣ 1

rN−1

∫ r

δ

(ρ(s, y)− d(y)) yN−1dy
∣∣∣2kdxds).705

Pulling (4.10) back to the Eulerian coordinates, we see that706

∫ b

δ

ρ|ρ−1− 1
2N ρr|2k rN−1dr

(4.11)

707

≤ C(E0, T, ε, δ)
(
Eε,δ,b2 +

∫ b

δ

ρ|u|2k rN−1dr +

∫ t

0

∫ b

δ

ρ|ρ−1− 1
2N ρr|2k rN−1drds708

+

∫ t

0

∫ b

δ

∣∣∣ 1

rN−1

∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

∣∣∣2kρ rN−1drds
)
.709

Now, we consider the last term of (4.11). Notice that710

1

rN−1

∣∣∣ ∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

∣∣∣(4.12)711

≤ 1

rN−1

∫ r

δ

|ρ(s, y)− ρ∗| yN−1dy +
1

rN−1

∫ r

δ

∣∣ρ∗ − d(y)
∣∣ yN−1dy712

≤ 1

rN−1

∫ r

δ

|ρ(s, y)− ρ∗|1A(t)∪B(t) y
N−1dy713

+
1

rN−1

∫ r

δ

|ρ(s, y)− ρ∗|
(
1− 1A(t)∪B(t)

)
yN−1dy + ∥d− ρ∗∥L2r−

N
2 +1.714
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Using (3.33), we have715

1

rN−1

∫ r

δ

|ρ(s, y)− ρ∗|1A(t)∪B(t) y
N−1dy(4.13)716

≤ C(ρ∗)

rN−1

∫ r

δ

1B(t) y
N−1dy +

C

rN−1

∫ r

δ

ρ1A(t) y
N−1dy717

≤ C(ρ∗)

rN−1

∫ r

δ

e(ρ, ρ∗) y
N−1dy ≤ C(ρ∗)Eε,δ,b0 r−N+1,718

and719

1

rN−1

∫ r

δ

|ρ(s, y)− ρ∗|(1− 1A(t)∪B(t)) y
N−1dy(4.14)720

≤ 1

rN−1

(∫ r

δ

|ρ(s, y)− ρ∗|2
(
1− 1A(t)∪B(t)

)
yN−1dy

) 1
2
(∫ r

δ

yN−1dy
) 1

2

721

≤ C(ρ∗)r
−N

2 +1
(∫ r

δ

e(ρ, ρ∗) y
N−1dy

) 1
2 ≤ C(ρ∗, Eε,δ,b0 )r−

N
2 +1.722

Substituting (4.13)–(4.14) into (4.12), we conclude723

1

rN−1

∣∣∣ ∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

∣∣∣ ≤ C(ρ∗, E0)(r−N+1 + r−
N
2 +1)

≤ C(ρ∗, E0, δ)r−
N
2 +1.

724

Therefore, using (4.15), we obtain725 ∫ t

0

∫ b

δ

ρ
∣∣∣ 1

rN−1

∫ r

δ

(
ρ(s, y)− d(y)

)
yN−1dy

∣∣∣2k rN−1drds(4.15)726

≤ C(ρ∗, E0, δ)
∫ t

0

∫ b

δ

ρr−k(N−2) rN−1drds727

= C(ρ∗, E0, δ)
(∫ t

0

∫ b

δ

2ρ∗1{ρ(t,r)≤2ρ∗}r
N−1−k(N−2)drds728

+

∫ t

0

∫ b

δ

e(ρ, ρ∗)r
N−1−k(N−2)1{ρ(t,r)>2ρ∗}drds

)
729

≤ C(ρ∗, E0, T, δ)
(
1 +

∫ b

δ

rN−1−k(N−2)dr
)

730

≤ C(ρ∗, E0, T, δ)
(
1 +

1

k(N − 2)−N

(
δN−k(N−2) − bN−k(N−2)

))
731

≤ C(ρ∗, E0, T, δ),732

provide that k > N
N−2 , which can be satified by taking k = 4.733

In order to bound the fourth term, we multiply (3.1)2 by rN−1u2k−1 to obtain734

d

dt

∫ b

δ

1

2k
rN−1ρu2k dr −

∫ b

δ

p(rN−1u2k−1)r dr(4.16)735

= −ε
∫ b

δ

(
(µ+ λ)(ur +

N − 1

r
u)(rN−1u2k−1)r − (N − 1)µ(rN−2u2k)r

)
dr736

+

∫ b

δ

ρu2k−1
(∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dy

)
dr.737
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For the last term of RHS of (4.16), it follows from (4.15) that738

∫ b

δ

ρu2k−1
(∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dy

)
dr(4.17)739

≤ C(ρ∗, E0)
∫ b

δ

ρu2k−1r
N
2 dr740

≤ C(ρ∗, E0)
(∫ b

δ

ρu2k rN−1dr
) 2k−1

2k
(∫ b

δ

ρr−N(k−1)+2k−1dr
) 1

2k

741

≤ C(ρ∗, E0, ε, δ)
(∫ b

δ

ρu2k rN−1dr
) 2k−1

2k
(∫ b

δ

r−N(k−1)+2k−1dr
) 1

2k

742

≤ C(ρ∗, E0, ε, δ)
(∫ b

δ

ρu2k rN−1dr
) 2k−1

2k

,743

provided that N(k − 1) > 2k, i.e., k > N
N−2 . A direct calculation shows that744

(µ+ λ)(ur +
N − 1

r
u)(rN−1u2k−1)r − (N − 1)µ(rN−2u2k)r(4.18)745

= ρ
(
(2k − 1)rN−1u2k−2u2r + (N − 1)rN−3u2k

)
746

+ δ
(
α(2k − 1)rN−1u2k−2u2r + 2k(N − 1)(α− 1)rN−2u2k−1ur747

+ (N − 1)
(
α(N − 1)− (N − 2)

)
rN−3u2k

)
.748

Since α = 1− 1
2N , we calculate the discriminant △ for the last term of (4.18) to have749

△ = 4k2(N − 1)2(α− 1)2 − 4α(2k − 1)(N − 1)
(
α(N − 1)− (N − 2)

)
750

=
N − 1

N2

(
k2(N − 1)− (2k − 1)(2N − 1)(N + 1)

)
.751

Choosing k = 4, we have752

△ = −N − 1

N2
(14N2 − 9N + 9) < 0,753

which, together with (4.18) yields754

(µ+ λ)(ur +
N − 1

r
u)(rN−1u2k−1)r − (N − 1)µ(rN−2u2k)r(4.19)755

≥ ρ
(
(2k − 1)rN−1u2k−2u2r + (N − 1)rN−3u2k

)
.756
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For the pressure term, it follows from (4.5) that757

∣∣∣ ∫ b

δ

p(rN−1u2k−1)r dr
∣∣∣

(4.20)

758

=
∣∣∣ ∫ b

δ

p
(
(2k − 1)rN−1u2k−2ur + (N − 1)rN−2u2k−1

)
dr
∣∣∣759

≤ ε

2

∫ b

δ

ρ
(
rN−1u2k−2u2r + rN−3u2k

)
dr + Cε

∫ b

δ

ρ2γ−1u2k−2 rN−1dr760

≤ ε

2

∫ b

δ

ρ
(
rN−1u2k−2u2r + rN−3u2k

)
dr + C(T,M1)

∫ b

δ

(
ρu2 + ρu2k

)
rN−1dr761

≤ ε

2

∫ b

δ

ρ
(
rN−1u2k−2u2r + rN−3u2k

)
dr + C(T,M1)

(
1 +

∫ b

δ

ρu2k rN−1dr
)
.762

Combining (4.12), (4.17), and (4.20) with (4.16), we conclude

d

dt

∫ b

δ

1

2k
ρu2k rN−1dr ≤ C(T,M1)

(
1 +

∫ b

δ

ρu2k rN−1dr
)
,

which, together with Grönwall’s inequality, implies763

(4.21)

∫ b

δ

ρu2k rN−1dr ≤ C(T,M1) for all t ∈ [0, T ].764

Substituting (4.15) and (4.21) into (4.11), we have765 ∫ b

δ

ρ|ρ−1− 1
2N ρr|2k rN−1dr ≤ C(T,M1)

(
1 +

∫ T

0

∫ b

δ

ρ|ρ−1− 1
2N ρr|2k rN−1drds

)
.766

Again, applying the Grönwall inequality, we obtain767

(4.22)

∫ b

δ

ρ|ρ−1− 1
2N ρr|2k rN−1dr ≤ C(T,M1).768

Taking k = 4, we conclude the proof. □769

With Lemma 4.3, we obtain the following lower bound of the density.770

Lemma 4.4 (Lower Bound of the Density). There exists C(T,M1) > 0771

depending only on T and M1 such that the smooth solution of (3.1)–(3.3) satisfies772

ρ(t, r) ≥ C(T,M1)
−1 > 0 for (t, r) ∈ [0, T ]× [δ, b].(4.23)773

Proof. It is noted that ρ(t, r) is a continuous function on [δ, b]. Therefore, for any774

r ∈ B(t) with ρ(t, r) < 1
2ρ∗, there exists r0 ∈ B(t) such that775

ρ(t, r0) =
ρ∗
2
, |r − r0| ≤ C(ρ∗, E0).776

Therefore, for 0 < β < k−N
2kN (for instance, β = k−N

4kN ), we have777

ρ(t, r)−β = ρ(t, r0)
−β + β

∫ r

r0

ρ−β−1ρy dy778

≤ C(ρ∗) + β
(∫ r

r0

ρ|ρ−1− 1
2N ρy|2k dy

) 1
2k
(∫ r

r0

(
ρ−β+

k−N
2Nk

) 2k
2k−1 dy

) 2k−1
2k

779

≤ C(ρ∗) + βC(T,M1),780
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where we have used (4.5), (4.6), and (3.35). Thus, we obtain781

ρ(t, r) ≥ C(T,M1)
−1 for any r ∈ B(t),782

which yields (4.23). This completes the proof. □783

Using Lemmas 4.2 and 4.4, though the upper and lower bounds of density depend784

on ε−1 and δ−1, we can have the following useful weighted estimate.785

Lemma 4.5. For any constant ϑ ∈ (0, 1), the smooth solution of (3.1)–(3.3) sat-786

isfies787

∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
(t, r)r2(N−1)+ϑ dr(4.24)788

+ ε

∫ T

0

∫ b

δ

(
r2(N−1)+ϑρu2r + αδr2(N−1)+ϑραu2r

)
drdt ≤ C(T,M2).789

Proof. Let L > 0. Multiplying (3.1)2 by rN−1+Lu and integrating by parts, we have790

d

dt

∫ b

δ

1

2
ρu2 rN−1+Ldr +

∫ b

δ

pru r
N−1+Ldr

=
1

2

∫ b

δ

ρu3 rN−2+Ldr

− ε

∫ b

δ

(µ+ λ)
(
ur +

N − 1

r
u
)(
rur + (N − 1 + L)u

)
rN−2+Ldr

+ ε(N − 1)

∫ b

δ

µ
(
2ruur + (N − 2 + L)u2

)
rN−3+Ldr

+

∫ b

δ

ρu
(∫ r

δ

(
ρ(t, z)− d(z)

)
zN−1dz

)
rLdr.

791

For the last term on RHS of (4.25), we notice from (3.8) that, for any r ∈ [δ, b],792

rN−1Φrt = −
∫ r

δ

(yN−1ρ(t, y))t dy =

∫ r

δ

(yN−1ρu)y dy = ρurN−1,793

which yields794

(4.25) Φrt = ρu for any t ∈ [δ, b].795

Using (4.25), we have796

∫ b

δ

ρu
(∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dy

)
rLdr797

= −
∫ b

δ

ΦrtΦr r
N−1+Ldr = −1

2

d

dt

∫ b

δ

|Φr|2 rN−1+Ldr.798
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The other terms can be dealt by similar arguments as in [16]. Then we conclude799

d

dt

∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
rN−1+Ldr +

ε

2

∫ b

δ

(
ρu2r + αδραu2r

)
rN−1+Ldr

(4.26)

800

≤ C(T,M1)

(∫ b

δ

(
ρu2 + e(ρ, ρ∗)

)
rN−2+Ldr801

+
(∫ b

δ

ρu2 rN−2+Ldr
) 4

3

+

∫ b

δ

ρu2r r
N−1dr

)
.802

Taking L = 1 in (4.26) and integrating it over [0, t], it follows from from (3.1) that803 ∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
rNdr +

ε

2

∫ t

0

∫ b

δ

(
ρu2r + αδραu2r) r

Ndrds

≤
∫ b

δ

(1
2
ρ0u

2
0 + e(ρ0, ρ∗) +

1

2
|Φ0r|2

)
rNdr + C(T,M2) ≤ C(T,M2).

804

Then, taking L = 2, 3, · · · , N − 1 in (4.26) step by step, we have805 ∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
r2N−2dr +

ε

2

∫ t

0

∫ b

δ

(ρ+ αδρα)u2r r
2N−2drds(4.27)806

≤
∫ b

δ

(1
2
ρ0u

2
0 + e(ρ0, ρ∗) +

1

2
|Φ0r|2

)
r2N−2dr + C(T,M2) ≤ C(T,M2)807

for any t ∈ [0, T ].808

Finally, taking L = N − 1 + ϑ with ϑ ∈ (0, 1) in (4.26) and integrating it over809

[0, t], we conclude from (4.27) that810 ∫ b

δ

(1
2
ρu2 + e(ρ, ρ∗) +

1

2
|Φr|2

)
r2N−2+ϑdr + ε

∫ t

0

∫ b

δ

(ρ+ αδρα)u2r r
2N−2+ϑdrds811

≤
∫ b

δ

(1
2
ρ0u

2
0 + e(ρ0, ρ∗) +

1

2
|Φ0r|2

)
r2N−2+ϑdr + C(T,M2) ≤ C(T,M2)812

for any t ∈ [0, T ]. Then the proof is completed. □813

Using Lemmas 3.1, 3.5, 4.2, and 4.4–4.5, by similar arguments as in [16], we obtain814

the following decay estimates.815

Lemma 4.6 ([16], Lemma 4.7). The smooth solution of (3.1)–(3.3) satisfies that,816

for r ∈ [1, b],817

|(ρ− ρ∗)(t, r)| ≤ C(T,M2) r
− 3

4N+ 3
4−

ϑ
4 ,818 ∫ T

0

(
|u(t, r)|+ |u(t, r)|3

)
rN−1dt ≤ C(T,M2) r

−ϑ
2 .819

Taking ψ(s) = 1
2s|s| in (2.8), then the corresponding entropy and entropy flux820

pair can be represented as821 η
⋆(ρ, ρu) = 1

2ρ
∫ 1

−1
(u+ ρθs)|u+ ρθs|[1− s2]λ+ ds,

q⋆(ρ, ρu) = 1
2ρ
∫ 1

−1
(u+ θρθs)(u+ ρθs)|u+ ρθs|[1− s2]λ+ ds,

822
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where θ = γ−1
2 . Then it is direct to show that823

|η⋆(ρ, ρu)| ≲ ρ|u|2 + ργ , q⋆(ρ, ρu) ≳ ρ|u|3 + ργ+θ.(4.28)824

Since825

{
∂ρη

⋆ =
∫ 1

−1

(
− 1

2u+ (θ + 1
2 )ρ

θs
)
|u+ ρθs|[1− s2]λ+ ds,

∂mη
⋆ =

∫ 1

−1
|u+ ρθs|[1− s2]λ+ ds,

826

then for some constant C = C(γ) > 0, it is direct to see that,827

|η⋆m| ≤ C
(
|u|+ ρθ

)
, |η⋆ρ| ≤ C

(
|u|2 + ρ2θ

)
,828

η⋆ρ(ρ, 0) = 0, η⋆m(ρ, 0) = 2ρθ
∫ 1

0

s[1− s2]λds.829

Define the relative-entropy pair:830

{
η̃(ρ, ρu) = η⋆(ρ, ρu)− η⋆(ρ∗, 0)− η⋆m(ρ∗, 0)ρu,

q̃(ρ, ρu) = q⋆(ρ, ρu)− q⋆(ρ∗, 0)− η⋆m(ρ∗, 0)
(
ρu2 + p(ρ)− p(ρ∗)

)
.

831

Now, we recall a key lemma established in [16], which will be used to prove832

Proposition 4.1.833

Lemma 4.7 ([16], Lemma 4.8). There exists Cγ(ρ∗) > 0 depending only on γ834

such that835

−q̃(ρ, ρu) + ρu∂ρη̃(ρ, ρu) + ρu2∂mη̃(ρ, ρu) ≤ Cγ(ρ∗)
(
ρu2 + e(ρ, ρ∗)

)
.(4.29)836

Now, we are ready to prove Proposition 4.1.837

Proof of Proposition 4.1: A direct calculation shows that838

(rN−1η̃)t + (rN−1q̃)r + (N − 1)rN−2
(
− q̃ + ρu∂ρη̃ + ρu2∂mη̃

)(4.30)

839

= εrN−1∂mη̃
{(

(ρ+ αδρα)(ur +
N − 1

r
u)
)
r
− N − 1

r
(ρ+ δρα)ru

}
+ ∂mη̃ρr

N−1Φr.840

Let y ∈ [b − 1, b] and r ∈ [r1, r2]. Integrating (4.30) over [r, y] and then over841
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[0, T ]× [b− 1, b]× [r1, r2], we have842 ∫ T

0

∫ r2

r1

q̃(t, r) rN−1drdt(4.31)843

= (N − 1)

∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

(
− q̃ + ρu∂ρη̃ + ρu2∂mη̃

)
zN−2dzdrdydt844

+

∫ b

b−1

∫ r2

r1

∫ y

r

(
η̃(t, z)− η̃(0, z)

)
zN−1dzdrdy845

+ (r2 − r1)

∫ T

0

∫ b

b−1

q̃(t, y) yN−1dydt846

− ε

∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

∂mη̃
{(

(ρ+ αδρα)(uz +
N − 1

z
u)
)
z

847

− N − 1

z
(ρ+ δρα)zu

}
zN−1dzdrdydt848

−
∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

∂mη̃ρΦz z
N−1dzdrdydt :=

5∑
i=1

Ki.849

It follows from (4.29) that850

K1 ≤ C(ρ∗)
r2
r1

∫ T

0

∫ b

r1

(
ρu2 + e(ρ, ρ∗)

)
(t, y) yN−1dydt ≤ C(ρ∗)

r2
r1

(E0 + 1).851

Similar to the argument in [11, Proposition 4.1], we can obtain

|η̃(ρ, ρu)| ≤ Cγ
(m2

ρ
+ e(ρ, ρ∗)

)
,

and then852

|K2| ≤ Cγr2(E0 + 1).853

For the third term on RHS of (4.31), since854

|q⋆(ρ, ρu)− q⋆(ρ, 0)| ≤ Cγ
(
ρ|u|3 + ρ1+2θ|u|

)
,855

we have856

(4.32) q̃(ρ, ρu) ≤ C(T,M2)
(
|ρ− ρ∗|2 + |u|3 + |u|

)
.857

It follows from (4.32) and Lemma 4.6 that858

|K3| ≤ C(T,M2)r2

∫ b

b−1

∫ T

0

(
|ρ− ρ∗|2 + |u|3 + |u|

)
(t, y) yN−1dydt ≤ C(T,M2) b

−ϑ
2

(4.33)

859

To bound the viscous term, we regard η̃m(ρ, ρu) as a function of (ρ, u), then860

(4.34)

{
|∂mη̃(ρ, ρu)| ≤ Cγ

(
|u|+ |ρθ − ρθ∗|

)
,

|∂muη̃(ρ, ρu)|+ ρ1−θ|∂mρη̃(ρ, ρu)| ≤ Cγ ,
861
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It follows from integration by parts that862

K4 ≤ ε

∫ T

0

∫ b

b−1

∫ r2

r1

∣∣∣ ∫ y

r

∂mη̃
{(

(ρ+ αδρα)uz
)
z
+ (ρ+ αδρα)(

N − 1

z
u)z(4.35)863

+ (α− 1)δ(ρα)z
N − 1

z
u
}
zN−1dz

∣∣∣drdydt864

≤ ε

∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

(ρ+ αδρα)|uz(zN−1∂mη̃)z|dzdrdydt865

+ ε

∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

δρα
∣∣∣(zN−1∂mη̃)z

u

z

∣∣∣dzdrdydt866

+ ε

∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

(ρ+ δρα)|∂mη̃(
u

z
)z| zN−1dzdrdydt867

+ Cε

∫ T

0

∫ r2

r1

(
r|(∂mη̃(ρ+ δρα)ur)(t, r)|+ δ|ραu∂mη̃(t, r)|

)
rN−2drdt868

+ Cε

∫ T

0

∫ b

b−1

(
y(ρ+ δρα)|∂mη̃uy|+ δ|(ραu∂mη̃)(t, y)|

)
yN−2dydt.869

In order to estimate the terms on RHS of (4.35), we notice that

e(ρ, ρ∗)1B(t)(r) ≥
1

C(ρ∗)
for r ∈ B(t).

Then870

∫ b

r1

ρα(ρθ − ρθ∗)
2 rN−1dr

(4.36)

871

≤ C(ρ∗)

∫ b

r1

1Bc(t)(r)ρ(ρ
θ − ρθ∗)

2 rN−1dr +

∫ b

r1

1B(t)(r)ρ
α(ρθ − ρθ∗)

2(t, r) rN−1dr872

≤ C(ρ∗)

∫ b

r1

e(ρ, ρ∗) r
N−1dr + C(ρ∗)

∫ b

r1

1B(t)(r) r
N−1dr873

≤ C(ρ∗)

∫ b

r1

e(ρ, ρ∗)r
N−1dr + C(ρ∗)

∫ b

r1

e(ρ, ρ∗) r
N−1dr874

≤ C(ρ∗, E0).875

Using (4.34) and (4.36), the first to third terms on RHS of (4.35) can be bounded876

by877

C(
1

r1
)ε

∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

{
ρu2z + ργ−2ρ2z + δραu2z + δργ+α−3ρ2z + δz−2ραu2878

+ ρu2 + e(ρ, ρ∗) + δz−2ρα(ρθ − ρθ∗)
2
}
zN−1dzdrdydt879

≤ C(ρ∗, E0, r1, r2, T ).880
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The fourth term on RHS of (4.35) is bounded by881

C(r2,
1

r1
)

∫ T

0

∫ r2

r1

{
ερu2r + εδραu2r + εδr−2ραu2882

+ ρu2 + e(ρ, ρ∗) + ρα(ρθ − ρθ∗)
2
}
rN−1drdt883

≤ C(ρ∗, E0, r1, r2, T ).884

The last term of (4.35) is bounded by885

r2ε

∫ T

0

∫ b

b−1

(ρ+ δρα)|uy|
(
|u|+ |ρθ − ρθ∗|

)
yN−1dydt(4.37)886

≤ Cr2

∫ T

0

∫ b

b−1

(
ε(ρ+ δρα)u2y + (ρu2 + e(ρ, ρ∗))

)
yN−1dydt887

+C(T,M2)

∫ b

b−1

∫ T

0

|u(t, y)|2 yN−1dtdy888

≤ C(ρ∗, E0, r1, r2, T ) + C(T,M2)b
−ϑ

2 .889

Finally, for K5, it follows from (4.15) that890

(4.38) |Φr| =
1

rN−1

∣∣∣ ∫ r

δ

(
ρ(t, y)− d(y)

)
yN−1dy

∣∣∣ ≤ C(ρ∗, E0)
(
r−N+1 + r−

N
2 +1

)
.891

Using (4.38), we have892 ∣∣∣ ∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

∂mη̃ ρΦzz
N−1dzdrdydt

∣∣∣(4.39)893

≤
∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

|zN−1Φz|ρ
(
|u|+ |ρθ − ρθ∗|

)
dzdrdydt894

≤
∫ T

0

∫ b

b−1

∫ r2

r1

∫ y

r

(
ρu2 + |Φz|2ρ+ ρ|ρθ − ρθ∗|2

)
zN−1dzdrdydt895

≤ Cr2

∫ T

0

∫ b

r1

(
ρu2 + e(ρ, ρ∗)

)
yN−1dydt+ Cr2

∫ T

0

∫ b

r1

|Φy|2ρ yN−1dydt896

≤ C(T, r2, E0) + Cr2

∫ T

0

∫ b

r1

|Φy|2ρ∗1{ρ(t,y)≤2ρ∗} y
N−1dydt897

+ Cr2

∫ T

0

∫ b

r1

|Φy|2ρ1A(t) y
N−1dydt898

≤ C(r2, T, E0) + C(ρ∗, E0, r1)
∫ T

0

∫ b

r1

ρ1{ρ>2ρ∗} y
N−1dydt899

≤ C(r2, T, E0) + C(ρ∗, E0, r1)
∫ T

0

∫ b

r1

e(ρ, ρ∗) y
N−1dydt900

≤ C(ρ∗, E0, r1, r2, T ).901

Combining all the estimates, we obtain902 ∫ T

0

∫ r2

r1

q̃(t, r) rN−1drdt ≤ C(ρ∗, r1, r2, T, E0) + C(T,M2) b
−ϑ

2 .(4.40)903
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Then we conclude (4.4) from (3.1), (4.28), and (4.40). □904

Now, we prove the following lemma, which is needed when passing to the limit905

b → ∞.906

Lemma 4.8. The smooth solution of (3.1)–(3.3) satisfies that, for any t ∈ [0, T ],907

(4.41) ∥ur(t)∥2L2 +

∫ T

0

∥ut(t)∥2L2 + ∥urr(t)∥2L2dt ≤ C(T, ∥u0r∥L2 ,M2).908

Proof. It follows from (3.1)1 that909

(4.42) −ε((µ+ λ)ur)r + ρut = H,910

where H := −ρuur − pr + ε(µ+ λ)(N−1
r u)r + εN−1

r uλr − ρΦr. Multiplying (4.42) by911

ut and integrating it over [δ, b], we have912

(4.43)
ε

2

d

dt

∫ b

δ

(µ+ λ)|ur|2 dr +
∫ b

δ

ρu2t dr =
ε

2

∫ b

δ

(µ+ λ)t|ur|2 dr +
∫ b

δ

Hut dr.913

Using (3.1), (3.19), (4.5), (4.23), and the Sobolev inequalities, we obtain

∥ur∥L∞ ≤ C
(
∥ur∥L2 + ∥ur∥

1
2

L2∥urr∥
1
2

L2

)
,

and914

ε

2

∫ b

δ

(µ+ λ)t|ur|2 dr(4.44)915

≤ C(T,M2)

∫ b

δ

(
|ρru|+ |ur|+ |u|

)
|ur|2 dr916

≤ C(T,M2)
(
∥u∥

1
2

L2∥ρr∥L2

(
∥ur∥2L2∥urr∥

1
2

L2 + ∥ur∥
5
2

L2

)
917

+ ∥u∥
1
2

L2∥ur∥
5
2

L2 + ∥ur∥2L2

(
∥ur∥L2 + ∥ur∥

1
2

L2∥urr∥
1
2

L2

))
918

≤ C(T,M2)
((

∥ur∥2L2 + ∥ur∥
5
2

L2

)
∥urr∥

1
2

L2 + ∥ur∥3L2 + 1
)
.919

Notice that920

(4.45)

∫ b

δ

ρ−1|ρΦr|2 dr ≤ C(T,M2).921

Then, using (4.45), we obtain922

∣∣∣ ∫ b

δ

Hutdr
∣∣∣ ≤ 1

8

∫ b

δ

ρ|ut|2 dr + C

∫ b

δ

ρ−1|H|2 dr

(4.46)

923

≤ C(T,M2)
(
(∥u∥2L∞ + 1)∥(ρr, ur)∥2L2 + ∥u∥2L2

)
+

1

8

∫ b

δ

ρ|ut|2 dr924

≤ 1

8

∫ b

δ

ρ|ut|2 dr + C(T,M2)
(
∥ur∥3L2 + 1

)
.925
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To close estimate (4.46), we use (3.19), (4.5), (4.23), and (4.42) to obtain926

∥urr∥2L2 ≤ C(T,M2)
(
∥√ρut∥2L2 + ∥ρr∥2L2∥ur∥L2∥urr∥L2 + ∥H∥2L2

)
(4.47)927

≤ C(T,M2)
(
∥√ρut∥2L2 + ∥ur∥L2∥urr∥L2 + ∥ur∥3L2 + 1

)
928

≤ C(T,M2)
(
∥√ρut∥2L2 + ∥ur∥3L2 + 1

)
.929

Using (4.43)–(4.47), we have930

d

dt

∫ b

δ

(µ+ λ)|ur|2 dr +
∫ b

δ

ρu2t dr ≤ C(T,M2)
(
1 + ∥ur∥2L2

∫ b

δ

(µ+ λ)|ur|2 dr
)
.931

Applying the Grönwall inequality, we obtain932 ∫ b

δ

(µ+ λ)|ur|2 dr +
∫ t

0

∫ b

δ

ρu2t drds ≤ C(T, ||u0r||L2 ,M2).933

together with (4.47), yields (4.41). □934

5. Limits of the Approximate solutions for the CNSPEs. In this section,935

we first pass to the limit, b → ∞, to obtain global strong solutions (ρε,δ, uε,δ) of936

CNSPEs with required uniform bounds. Then, taking the limit, δ → 0+, we obtain937

global spherically symmetric solutions of CNSPEs (1.4) with some desired uniform938

bounds on [0, T ] × [0,∞), which are important for us to utilize the compensated939

compactness framework in §6.940

5.1. Passage the limit: b → ∞. In this subsection, we fix parameters (ε, δ)941

and denote the solution of (3.1)–(3.3) as (ρε,δ,b, uε,δ,b). Similar to [11, 16] (see Appen-942

dix for details), we can construct that there exist sequences of smooth approximate943

initial data functions (ρε,δ,b0 , uε,δ,b0 ) and (ρε,δ0 , uε,δ0 ) satisfying (3.6) and944


(ρε,δ,b0 ,mε,δ,b

0 )(r) → (ρε,δ0 ,mε,δ
0 )(r) in Lploc([δ,∞))× L1

loc([δ,∞)) as b → ∞,

(Eε,δ,b0 , Eε,δ,b1 ) → (Eε,δ0 , Eε,δ1 ) as b → ∞,

Eε,δ,b2 + Eε,δ,b3 + ∥uε,δ,b0r ∥L2 is uniformly bounded with respect to b,

(5.1)

945

where p = max{γ, 2N
N+2},946

Eε,δ0 : =

∫ ∞

δ

(
η̄∗(ρε,δ0 ,mε,δ

0 ) + |Φε,δ0r |2
)
rN−1dr <∞,

Eε,δ1 : = ε2
∫ ∞

δ

(
1 + 2αδ(ρε,δ0 )α−1 + α2δ2(ρε,δ0 )2α−2

)∣∣(√ρε,δ0 )r
∣∣2 rN−1dr <∞.

(5.2)947

From (3.1), (3.19), (4.5), (4.23), and (4.41), there exists a constant C̃ > 0 that948

may depend on (ε, δ, T ), but is independent of b, so that949

0 < C̃−1 ≤ ρε,δ,b(t, r) ≤ C̃,(5.3)950

sup
t∈[0,T ]

(∥∥(ρε,δ,b − ρ∗, u
ε,δ,b)(t)

∥∥2
H1([δ,b])

+
∥∥ρε,δ,bt (t)

∥∥2
L2([δ,b])

)
(5.4)951

+

∫ T

0

∥∥(uε,δ,bt , uε,δ,brr )(t)
∥∥2
L2([δ,b])

dt ≤ C̃.952
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We extend ρε,δ,b(t, r) and uε,δ,b(t, r) to [0, T ] × [δ,∞) by defining ρε,δ,b(t, r) = ρ∗953

and uε,δ,b(t, r) = 0 for all (t, r) ∈ [0, T ] × (b,∞). Then it follows from (5.4) and the954

Aubin-Lions lemma that955

(ρε,δ,b, uε,δ,b) is compact in C([0, T ];Lploc[δ,∞)) with p ∈ [1,∞).956

To be more precise, we obtain957

Lemma 5.1. There exist functions (ρε,δ, uε,δ)(t, r) such that, as b → ∞ (up to a958

subsequence),959

(ρε,δ,b, uε,δ,b) → (ρε,δ, uε,δ) strongly in C([0, T ];Lploc[δ,∞)) for all p ∈ [1,∞).960

In particular, as b → ∞ (up to a subsequence),961

(ρε,δ,b, uε,δ,b) → (ρε,δ, uε,δ) a.e. (t, r) ∈ [0, T ]× [δ,∞).962

Using Lemma 5.1, it is straightforward to show that (ρε,δ, uε,δ) is a global weak963

solution of the initial-boundary value problem (IBVP) of CNSPEs (3.1):964 {
(ρ, u)(0, r) = (ρε,δ0 , uε,δ0 )(r) for r ∈ [δ,∞),

u|r=δ = 0 for t ≥ 0.
(5.5)965

Moreover, it yields from (5.3)–(5.4) and the lower semicontinuity of approximate966

solutions that967

0 < C̃−1 ≤ ρε,δ(t, r) ≤ C̃,(5.6)968

sup
t∈[0,T ]

(
∥(ρε,δ − ρ∗, u

ε,δ)(t)∥2H1([δ,∞)) + ∥ρε,δt (t)∥2L2([δ,∞))

)
(5.7)969

+

∫ T

0

∥(uε,δt , uε,δrr )(t)∥2L2([δ,∞))dt ≤ C̃.970

These facts show that the weak solution (ρε,δ, uε,δ,Φε,δ) of (5.5) is indeed a strong971

solution. The uniqueness of the strong solution (ρε,δ, uε,δ,Φε,δ) is guaranteed by972

properties (5.6)–(5.7) and the L2–energy basic estimate. This indicates that the973

whole sequence (ρε,δ,b, uε,δ,b) converges to (ρε,δ, uε,δ) as b → ∞.974

Then it is straightforward to show that

(ρε,δ,Mε,δ,Φε,δ)(t,x) = (ρε,δ(t, r),mε,δ(t, r)
x

r
,Φε,δ(t, r))

with ρε,δ(t,x) > 0 is a strong solution of the initial-boundary problem of system (1.4)975

with (µ, λ) determined by (3.4) for (t,x) ∈ [0,∞)×
(
RN\Bδ(0)

)
with initial-boundary976

data as follows:977 {
(ρε,δ,Mε,δ)(0,x) = (ρε,δ0 (r),mε,δ

0 (r) x
r ),

Mε,δ(t,x)|x∈∂Bδ(0) = 0.
978

From Lemma 5.1, Lemma 3.4, (3.1), (3.19), (3.30), (3.43), (4.4)–(4.5), (5.1),979

Fatou’s lemma, and the lower semicontinuity, we have980
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Proposition 5.2. Under assumption (5.1), for any fixed (ε, δ), there exists a981

unique strong solution (ρε,δ, uε,δ,Φε,δ) of IBVP (5.5). Moreover, (ρε,δ, uε,δ) satisfies982

(5.6) and, for t > 0,983 ∫ ∞

δ

(1
2
ρε,δ|uε,δ|2 + e(ρε,δ, ρ∗) +

1

2
|Φε,δr |2

)
(t, r) rN−1dr984

+ ε

∫ T

0

∫ ∞

δ

(
ρε,δ|uε,δr |2 + ρε,δ

|uε,δ|2

r2

)
(s, r) rN−1drds985

+ cNεδ

∫ T

0

∫ ∞

δ

(
(ρε,δ)α

(
|uε,δr |2 + |uε,δ|2

r2
))

(s, r) rN−1drds ≤ Eε,δ0 ≤ C(E0 + 1),986

ε2
∫ ∞

δ

(∣∣(√ρε,δ)r∣∣2 + δ(ρε,δ)α−2|ρε,δr |2 + δ2(ρε,δ)2α−3|ρε,δr |2
)
(t, r) rN−1dr987

+ ε

∫ T

0

∫ ∞

δ

(∣∣((ρε,δ) γ
2

)
r

∣∣2 + δ(ρε,δ)γ+α−3|ρε,δr |2
)
(s, r) rN−1drds ≤ C(E0 + 1),988

∫ T

0

∫ r2

r1

(ρε,δ)γ+1(t, r) drdt ≤ C(r1, r2, T, E0),989

∫ T

0

∫ r2

r1

(
ρε,δ|uε,δ|3 + (ρε,δ)γ+θ

)
(t, r) rN−1drdt ≤ C(r1, r2, T, E0),990

∫ D

δ

(∫ r

δ

ρε,δ(y)yN−1 dy
)
ρε,δ(r) rdr ≤ C(D, E0),991

for any fixed T,D > 0 and any compact subset [r1, r2] of [δ,∞).992

5.2. Passage the limit: δ → 0+. In this subsection, for fixed ε > 0, we993

consider the limit: δ → 0+ to obtain the weak solution of CNSPEs. It follows from994

Lemma A.1 in the appendix that995

(5.8)
(ρε,δ0 ,mε,δ

0 )(r) → (ρε0,m
ε
0)(r), in Lploc([0,∞); rN−1dr)× L1

loc([0,∞); rN−1dr)

as δ → 0+,

(Eε,δ0 , Eε,δ1 ) → (Eε0 , Eε1 ) as δ → 0+,

996

where p = max{γ, 2N
N+2}. To take the limit, we need to be careful, since the weak997

solution may contain the vacuum state. Here, we consider the limit process: δ → 0+,998

by adopting similar compactness arguments as in [53, 31]. It is noted that our solution999

(ρε,δ, uε,δ) can be extended as the zero extension of (ρε,δ, uε,δ) outside [0, T ]× [δ,∞).1000

In the following lemma, we collect some results that are used for the limits for self-1001

containedness.1002

Lemma 5.3. For fixed ε, as δ → 0+ (up to a subsequence), the extended solution1003

sequence (ρε,δ,mε,δ) satisfies the following:1004

(i) There exists a function ρε(t, r) such that1005

(
√
ρε,δ, ρε,δ) → (

√
ρε, ρε) a.e. and strongly in C(0, T ;Lqloc)(5.9)1006

for any q ∈ [1,∞), where Lqloc stands for Lq(O) for any O ⋐ (0,∞).1007
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(ii) The pressure function sequence p(ρε,δ) is uniformly bounded in L∞(0, T ;Lqloc)1008

for all q ∈ [1,∞], and1009

(5.10) p(ρε,δ) → p(ρε) strongly in Lq(0, T ;Lqloc) for all q ∈ [1,∞).1010

(iii) The momentum function sequence mε,δ converges strongly in L2(0, T ;Lqloc) to1011

some function mε(t, r) for all q ∈ [1,∞), which yields1012

mε,δ(t, r) = (ρε,δuε,δ)(t, r) → mε(t, r) a.e. in [0, T ]× (0,∞).1013

In Lemma 5.3, the convergence results in (i)–(iii) are from Lemma 5.3, Corollary 5.4,1014

and Lemma 5.5 in [16].1015

The proof of the following lemma is similar to that in [11, Lemma 4.4].1016

Lemma 5.4. mε(t, r) = 0 a.e. on {(t, r) : ρε(t, r) = 0}. Moreover, there exists1017

a function uε(t, r) such that mε(t, r) = ρε(t, r)uε(t, r) a.e., uε(t, r) = 0 a.e. on1018

{(t, r) : ρε(t, r) = 0}, and1019

mε,δ → mε strongly in L2(0, T ;Lploc) for p ∈ [1,∞),1020

mε,δ√
ρε,δ

→ mε

√
ρε

=
√
ρεuε strongly in L2(0, T ;L2

loc).1021

Then we can obtain the following theorem for the global weak solutions of CN-1022

SPEs:1023

Theorem 5.5. As δ → 0+ . Let (ρε,mε) be the limit of (ρε,δ,mε,δ), and (ρε0,m
ε
0)

be the initial data satisfying (2.9)–(2.12). For each fixed ε > 0, there exists a global
spherical symmetry weak solution

(ρε,Mε,Φε)(t,x) :=
(
ρε(t, r),mε(t, r)

x

r
,Φε(t, r)

)

of CNSPEs (1.4) in the sense of Definition 2.3. Moreover,

(ρε,mε,Φε)(t, r) = (ρε(t, r), ρε(t, r)uε(t, r),Φε(t, r)),

with uε(t, r) := mε(t,r)
ρε(t,r) a.e. on {(t, r) : ρε(t, r) ̸= 0} and uε(t, r) := 0 a.e. on1024
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{(t, r) : ρε(t, r) = 0 or r = 0}, satisfies the following bounds:1025

ρε(t, r) ≥ 0 a.e.,(5.11)1026 ( mε

√
ρε
)
(t, r) =

√
ρε(t, r)uε(t, r) = 0 a.e. on {(t, r) : ρε(t, r) = 0},(5.12)1027 ∫ ∞

0

(1
2

∣∣∣ mε

√
ρε

∣∣∣2 + e(ρε, ρ∗) +
1

2
|Φεr|2

)
(t, r) rN−1dr(5.13)1028

+ ε

∫
R2

+

∣∣∣ mε

√
ρε

∣∣∣2(s, r) rN−3drds ≤ Eε0 ≤ E0 + 1 for t > 0,1029

ε2
∫ ∞

0

∣∣(√ρε(t, r))
r

∣∣2 rN−1dr(5.14)1030

+ ε

∫
R2

+

|
(
(ρε(s, r))

γ
2

)
r
|2 rN−1drds ≤ C(E0 + 1) for t > 0,1031 ∫ T

0

∫ r2

r1

(ρε)γ+1(t, r) drdt ≤ C(r1, r2, T, E0),(5.15)1032 ∫ T

0

∫ r2

r1

(
ρε|uε|3 + (ρε)γ+θ

)
(t, r) rN−1drdt ≤ C(r1, r2, T, E0),(5.16)1033 ∫ D

0

(∫ r

0

ρε(t, y)yN−1 dy
)
ρε(t, r) rdr ≤ C(D, E0),(5.17)1034

for any fixed T,D > 0 and any compact subset [r1, r2] ⋐ (0,∞). In addition, the1035

following energy inequality holds:1036

∫
RN

(1
2

∣∣∣Mε

√
ρε

∣∣∣2 + e(ρε, ρ∗) +
1

2
|∇xΦ

ε|2
)
(t,x) dx

≤
∫
RN

(1
2

∣∣∣Mε
0√
ρε0

∣∣∣2 + e(ρε0, ρ∗) +
1

2
|∇xΦ

ε
0|2
)
(x) dx for t ≥ 0.

1037

For any entropy pair (η, q) defined in (2.8) for any smooth compactly supported func-1038

tion ψ(s) on R,1039

∂tη(ρ
ε,mε) + ∂rq(ρ

ε,mε) is compact in H−1
loc (R2

+).1040

Proof. We divide the proof into four steps:1041

1. It follows from the lower semicontinuity, Fatou’s lemma, and Proposition 5.2 that,1042

under assumption (5.8), for any fixed ε and T > 0, the limit functions (ρε,mε) =1043

This manuscript is for review purposes only.



COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE 45

(ρε, ρεuε) satisfy1044

ρε(t, r) ≥ 0 a.e.,1045

uε(t, r) = 0,
( mε

√
ρε
)
(t, r) =

√
ρε(t, r)uε(t, r) = 0 a.e. on {(t, r) : ρε(t, r) = 0},1046 ∫ ∞

0

(1
2

∣∣∣ mε

√
ρε

∣∣∣2 + e(ρε, ρ∗) +
1

2
|Φεr|2

)
(t, r) rN−1dr1047

+ ε

∫
R2

+

∣∣∣ mε

√
ρε

∣∣∣2(s, r) rN−3drds ≤ Eε0 ≤ E0 + 1 for t ≥ 0,1048

ε2
∫ ∞

0

∣∣(√ρε(t, r))r∣∣2 rN−1dr1049

+ ε

∫
R2

+

∣∣((ρε(s, r)) γ
2

)
r

∣∣2 rN−1drds ≤ C(E0 + 1) for t ≥ 0,1050 ∫ T

0

∫ r2

r1

(ρε)γ+1(t, r) drdt ≤ C(r1, r2, T, E0),1051

∫ T

0

∫ r2

r1

(
ρε|uε|3 + (ρε)γ+θ

)
(t, r) rN−1drdt ≤ C(r1, r2, T, E0),1052

∫ D

0

(∫ r

0

ρε(t, y)yN−1 dy
)
ρε(t, r) rdr ≤ C(D, E0).1053

where [r1, r2] ⋐ (0,∞), D > 0.1054

2. Similar to [11, Lemma 4.6], we can obtain the convergence of the potential function1055

Φε,δ: For fixed ε > 0, there exists a function Φε(t,x) = Φε(t, r) such that, as δ → 0+1056

(up to a subsequence),1057

Φε,δ ⇀ Φε weak-∗ in L∞(0, T ;H1
loc(RN )) and weakly in L2(0, T ;H1

loc(RN )),(5.18)1058

Φε,δr (t, r)rN−1 → Φεr(t, r)r
N−1(5.19)1059

= −
∫ r

0

(
ρε(t, z)− d(z)

)
zN−1dz in Cloc([0, T ]× [0,∞)),1060

∥Φε(t)∥
L

2N
N−2 (RN )

+ ∥∇Φε(t)∥L2(RN ) ≤ C(E0) for t ≥ 0.(5.20)1061

Similar to [11, Lemma 4.8], we can also obtain the following energy inequality:1062

For γ > 1, the following energy inequality holds:1063 ∫ ∞

0

(1
2

∣∣∣ mε

√
ρε

∣∣∣2 + e(ρε, ρ∗)
)
(t, r) rN−1dr +

1

2

∫ ∞

0

|Φε(t, r)|2 rN−1dr

≤
∫ ∞

0

(1
2

∣∣∣ mε
0√
ρε0

∣∣∣2 + e(ρε0, ρ∗)
)
(r) rN−1dr +

1

2

∫ ∞

0

|Φε0(r)|2 rN−1dr.
1064

3. Now, we prove that1065

(ρε,Mε,Φε)(t,x) = (ρε(t, r),mε(t, r)
x

r
,Φε(t, r))1066

is a global weak solution of the Cauchy problem (1.4) and (2.6) defined in RN in the1067

sense of Definition 2.3, following the arguments as for Lemmas 4.9–4.10 in [11]. More1068

precisely, the function sequence (ρε,Mε,Φε)(t,x) satisfies the following properties:1069
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(i) Let 0 ≤ t1 < t2 ≤ T , and let ζ(t,x) ∈ C1([0, T ]×RN ) be any smooth function1070

with compact support. Then1071 ∫
RN

ρε(t2,x)ζ(t2,x) dx1072

=

∫
RN

ρε(t1,x)ζ(t1,x) dx+

∫ t2

t1

∫
RN

(
ρεζt +Mε · ∇ζ

)
dxdt.1073

(ii) Let Ψ(t,x) ∈
(
C2

0 ([0,∞)× RN )
)N

be any smooth function with compact sup-1074

port suppΨ ⋐ [0, T )× RN . Then, it has1075 ∫
RN+1

+

{
Mε · ∂tΨ+

Mε

√
ρε

·
(Mε

√
ρε

· ∇
)
Ψ+ p(ρε) divΨ

}
dxdt1076

−
∫
RN+1

+

ρε∇xΦ
ε ·Ψdxdt+

∫
RN

Mε
0(x) ·Ψ(0,x) dx1077

= −ε
∫
RN+1

+

{1
2
Mε ·

(
∆Ψ+∇divΨ

)
+

Mε

√
ρε

·
(
∇
√
ρε · ∇

)
1078

+∇
√
ρε ·

(Mε

√
ρε

· ∇
)}

Ψdxdt1079

=
√
ε

∫
RN+1

+

√
ρε
{
Vε

x⊗ x

r2
+

√
ε

r

mε

√
ρε
(
IN×N − x⊗ x

r2
)}

: ∇Ψdxdt,1080

with Vε(t,x) ∈ L2(0, T ;L2(RN )) as a function satisfying∫ T

0

∫
RN

|Vε(t,x)|2 dxdt ≤ CE0

for some C > 0, independent of T > 0.1081

(iii) It follows from (5.19) that Φε satisfies the Poisson equation in the classical
sense except for the origin:

∆Φε = d(x)− ρε(t,x) for t ≥ 0, x ∈ RN \ {0}.

Moreover, for any smooth function ξ(x) ∈ C1
0 (RN ) with compact support, it1082

has1083 ∫
RN

∇Φε(t,x) · ∇ξ(x)dx =

∫
RN

(
ρ(t,x)− d(x)

)
ξ(x) dx.1084

4. We can also prove the H−1
loc –compactness of weak entropy dissipation measures:1085

Let (η, q) be a weak entropy pair defined in (2.8) for any smooth compact supported1086

function ψ(s) on R. Then, it has1087

∂tη(ρ
ε,mε) + ∂rq(ρ

ε,mε) is compact in H−1
loc (R2

+).1088

The proof is similar with [11, Lemma 4.12]. Hence, we omit the proof for brevity.1089

We also refer to [56, 61] as an introduction to the method of compensated compactness,1090

especially div-curl lemma.1091

In summary, Theorem 5.5 is proved by combining Steps 1–4 above together. □1092
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6. Proof of the Main Theorems. In this section, we complete the proof of1093

Main Theorem II: Theorem 2.4. And then we prove Main Theorem I: Theorem 2.2.1094

Since the proof is similar to that in [11], we sketch it briefly for self-containedness.1095

The proof is divided into four steps.1096

1. The uniform estimates and compactness properties obtained in Theorem 5.5 imply1097

that the weak solutions (ρε,mε) of CNSPEs (1.9) satisfy the compensated compact-1098

ness framework in Chen-Perepelitsa [12] for the general case γ > 1; also see LeFloch-1099

Westdickenberg [41] for γ ∈ (1, 53 ]. Then the compactness theorem in [12] shows that1100

there exists (ρ,m)(t, r) such that1101

(6.1) (ρε,mε) → (ρ,m) a.e. (t, r) ∈ R2
+ as ε→ 0+ (up to a subsequence).1102

By adopting similar arguments as in the proof of [11, Lemma 4.4], we obtain1103

that m(t, r) = 0 a.e. on {(t, r) : ρ(t, r) = 0}. By denoting u(t, r) := m(t,r)
ρ(t,r) a.e. on1104

{(t, r) : ρ(t, r) ̸= 0}, and u(t, r) := 0 a.e. on {(t, r) : ρ(t, r) = 0 or r = 0}, we can1105

define the limit velocity u(t, r). Then we obtain that1106

m(t, r) = ρ(t, r)u(t, r).1107

Similarly, we can define ( m√ρ )(t, r) :=
√
ρ(t, r)u(t, r), which is zero a.e. on the vacuum1108

states {(t, r) : ρ(t, r) = 0}. Moreover, one can obtain that, as ε→ 0+,1109

(6.2)
mε

√
ρε

≡
√
ρεuε → m

√
ρ
≡ √

ρu strongly in L2([0, T ]× [0, r2], r
N−1drdt).1110

Notice that |m|
3(γ+1)
γ+3 ≤ C

( |m|3
ρ2 +ργ+1

)
, which, together with (5.15)–(5.16), yields1111

that1112

(ρε,mε) → (ρ,m) in Lploc(R2
+)× Lqloc(R2

+) as ε→ 0+(6.3)1113

for p ∈ [1, γ+1) and q ∈ [1, 3(γ+1)
γ+3 ), where Lqloc(R2

+) represents L
q([0, T ]×O) for any1114

T > 0 and O ⋐ (0,∞).1115

From (6.2)–(6.3), we also obtain the convergence of the relative mechanical energy1116

as ε→ 0+:1117

η̄∗(ρε,mε) → η̄∗(ρ,m) in L1
loc(R2

+).1118

By passing the limit in (5.13) and noticing that η̄∗(ρ,m) is a convex function, we have1119 ∫ t2

t1

∫ ∞

0

(η̄∗(ρ,m) +
1

2
|Φr|2)(t, r) rN−1drdt1120

≤ (t2 − t1)

∫ ∞

0

(η̄∗(ρ0,m0) +
1

2
|Φ0r|2)(r) rN−1dr,1121

which yields that1122 ∫ ∞

0

(η̄∗(ρ,m) +
1

2
|Φr|2)(t, r) rN−1dr(6.4)1123

≤
∫ ∞

0

(η̄∗(ρ0,m0) +
1

2
|Φ0r|2)(r) rN−1dr for a.e. t ≥ 0.1124
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This indicates that no concentration (Dirac mass) is formed in the density ρ at the1125

origin r = 0.1126

2. For the convergence of the electric potential function Φε(t, r), by similar calculation1127

in [11], as ε→ 0+ (up to a subsequence), we obtain1128

Φεr(t, r)r
N−1 = −

∫ r

0

(
ρε(t, y)− d(y)

)
yN−1dy(6.5)1129

→ −
∫ r

0

(
ρ(t, y)− d(y)

)
yN−1dy a.e. (t, r) ∈ R2

+.1130

Then (5.20) implies that there exists a function Φ(t,x) = Φ(t, r) such that, as ε→ 0+1131

(up to a subsequence),1132

Φε ⇀ Φ weak-∗ in L∞(0, T ;H1
loc(RN )) and weakly in L2(0, T ;H1

loc(RN )),1133

∥Φ(t)∥
L

2N
N−2 (RN )

+ ∥∇Φ(t)∥L2(RN ) ≤ C(E0) a.e. t ≥ 0.1134

It follows from (6.5) and the uniqueness of the limit that1135

Φr(t, r)r
N−1 = −

∫ r

0

(
ρ(t, y)− d(y)

)
yN−1dy a.e. (t, r) ∈ R2

+.1136

3. Define the functions:1137

(ρ,M,Φ)(t,x) := (ρ(t, r),m(t, r)
x

r
,Φ(t, r)) = (ρ(t, r), ρ(t, r)u(t, r)

x

r
,Φ(t, r)).1138

Then we obtain that, for a.e. t ≥ 0,1139 ∫
RN

(1
2

∣∣∣M√
ρ

∣∣∣2 + e(ρ, ρ∗) +
1

2
|∇xΦ|2

)
(t,x) dx

≤
∫
RN

(1
2

∣∣∣M0√
ρ0

∣∣∣2 + e(ρ0, ρ∗) +
1

2
|∇xΦ0|2

)
(x) dx,

1140

This implies (2.5) in Definition 2.1. From (6.4), we know that M√
ρ =

√
ρu x

r is well-1141

defined and in L2 for a.e. t > 0.1142

4. Using Theorem 5.5 and applying the similar argument as in [11, Section 5], we can1143

finally conclude that (ρ,M,Φ)(t,x) is a global weak solution of the Cauchy problem1144

of CEPEs (1.1) in RN and (1.5)–(1.6) in the sense of Definition 2.1.1145

For the sake of completeness, we only consider the momentum equations. Let1146

ψ = (ψ1, · · · , ψN ) ∈
(
C2

0 (R × RN )
)N

be a smooth function with compact support,1147

and let χσ(r) ∈ C∞(R) be a cut-off function satisfying given σ ∈ (0, 1],1148

χσ(r) = 0 for r ≤ σ, χσ(r) = 1 for r ≥ 2σ, |χ′
σ(r)| ≤

C

σ
, |χ′′

σ(r)| ≤
C

σ2
.

(6.6)

1149

Without loss of generality, we assume that suppψ ⊂ [−T, T ]×BD(0), for some D > 0.1150

Denote Ψσ = ψχσ. Then, performing similar argument as in [11, Section 5], one can1151
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obtain1152 ∫
RN+1

+

{
M · ∂tΨσ +

M
√
ρ
·
(M
√
ρ
· ∇
)
Ψσ + p(ρ) divΨσ − ρ∇Φ ·Ψσ

}
dxdt(6.7)1153

+

∫
RN

M0(x) ·Ψσ(0,x) dx = 0.1154

Notice that, for any T > 0 and D > 0,1155

(6.8)

∫ T

0

∫ D

0

(m2

ρ
+ ργ

)
(t, r) rN−1drdt ≤ C(D,T,E0),1156

which leads to1157

lim
σ→0

{∫
RN+1

+

M · ∂tΨσ dxdt+
∫
RN

M0(x) ·Ψσ(0,x) dx
}

(6.9)1158

=

∫
RN+1

+

M · ∂tψ dxdt+

∫
RN

M0(x) · ψ(0,x) dx.1159

Using Lebesgue’s Dominated Convergence Theorem, one can also prove that1160

lim
σ→0

∫
RN+1

+

{M
√
ρ
·
(M
√
ρ
· ∇
)
Ψσ + p(ρ) divΨσ

}
dxd(6.10)1161

=

∫
RN+1

+

{M
√
ρ
·
(M
√
ρ
· ∇
)
ψ + p(ρ) divψ

}
dxdt.1162

Define1163

φ(t, r) :=

∫
∂B1(0)

ω · ψ(t, rω) dω =
1

rN−1

∫
∂Br(0)

ω · ψ(t,y) dSy(6.11)1164

=
1

rN−1

∫
Br(0)

divψ(t,y) dy,1165

which implies1166

|φ(t, r)r−1| ≤ C(∥ψ∥C1);(6.12)1167

also see [40, 59]. Using Theorem 5.5, we can obtain that1168

ρ(t, r)r

∫ r

0

ρ(t, y)yN−1 dy ∈ L1((0, D)× (0, T )).(6.13)1169

Using the Lebesgue’s Dominated Convergence Theorem, (6.12), (6.13), we obtain1170

that1171

lim
σ→0+

∫
RN+1

+

ρ∇Φ ·Ψσ dxdt = lim
σ→0+

∫
R2

+

ρΦrφ(t, r)χσ(r)ωNr
N−1 drdt(6.14)1172

= − lim
σ→0+

∫
R2

+

ρ(t, r)r
(∫ r

0

(ρ(t, z)− d(z))ωNz
N−1dz

)
(φ(t, r)r−1)χσ(r) drdt1173

= −
∫
R2

+

ρ(t, r)r
(∫ r

0

(ρ(t, z)− d(z))ωNz
N−1dz

)
(φ(t, r)r−1) drdt1174

=

∫
RN+1

+

ρ∇Φ ·Ψdxdt.1175
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Substituting (6.9)–(6.10) into (6.7), we conclude that (ρ,M,Φ) is a global weak1176

solution of the Cauchy problem of CEPEs (1.1) in RN and (1.5)–(1.6) in the sense of1177

Definition 2.1. The proof of Theorem 2.2 is completed. □1178

Appendix A. Construction of Approximate Initial Data. For complete-1179

ness, in this appendix, we present the construction of the approximate initial data1180

functions with desired estimates and regularity. From (1.2), there exists a positive1181

constant r̂ ≫ 1 so that1182

0 <
1

2
ρ∗ ≤ ρ0(r) ≤

3

2
ρ∗ for r ≥ r̂.1183

The density function ρ0(r) is cut off as follows:1184

ρ̌ε0(r) =


(βε)

1
4 if ρ0(r) ≤ (βε)

1
4 ,

ρ0(r) if (βε)
1
4 ≤ ρ0(r) ≤ (βε)−

1
2 ,

(βε)−
1
2 if ρ0(r) ≥ (βε)−

1
2 ,

1185

where ε ∈ (0, 1], and 0 < β ≪ 1 is a fixed small positive constant, which is to1186

guarantee (βε)
1
4 ≪ (βε)−

1
2 for all ε ∈ (0, 1]. It is direct to check that1187

(A.1) ρ̌ε0(r) ≤ ρ0(r) + 1, ρ̌ε0(r) → ρ0(r) as ε→ 0+ a.e. r ∈ R+.1188

To keep the Lp mollification properties, it is more convenient to mollify the ini-1189

tial data in the original coordinate RN ; therefore we do not distinguish functions1190

(ρ0,m0)(r) from (ρ0,m0)(x) = (ρ0,m0)(|x|) for simplicity.1191

It yields from (2.2)–(2.5) that ρ0(x) ∈ Lγloc(RN ). We also assume that ρ0(x) −
d(x) ∈ (L

2N
N+2 ∩ L1)(RN ). Denote

∆Φ0 = −(ρ0 − d(x)),

which is well-defined under the above assumption. Using the convexity of e(ρ, ρ∗), we1192

have1193

0 ≤ e(ρ̌ε0(x), ρ∗) ≤ e(ρ0(x), ρ∗).(A.2)1194

Using (2.5), (A.1)–(A.2) and the Lebesgue’s Dominated Convergence Theorem,1195

we obtain1196

lim
ε→0+

∫
O

(
|ρ̌ε0(x)− ρ0(x)|γ + |

√
ρ̌ε0(x)−

√
ρ0(x)|2γ

)
dx = 0 for any O ⋐ RN .1197

In the following, we take the following cut-off density function for ρ̌ε0(x) at the1198

far-field:1199

ρ̂ε0(x) =

{
ρ̌ε0(x) if |x| ≤ (βε)−

1
2N ,

ρ∗ if |x| > (βε)−
1

2N ,
1200

since a better decay property for approximate initial data is needed. Here, we further1201

take β small enough such that |x| ≥ (βε)−
1

2N ≥ r̂ + 2 for all ε ∈ (0, 1]. It is obvious1202

that ρ̂ε0(x) is not a smooth function. Therefore, we need to mollify ρ̂ε0(x). Let J(x)1203
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be the standard mollifier and Jσ(x) :=
1
σN J(xσ ) for σ ∈ (0, 1). Here, we take σ = ε

1
41204

and define ρε0(x) as follows:1205

ρε0(x) :=
(∫

RN

√
ρ̂ε0(x− y)Jσ(y)dy

)2
.1206

Then ρε0(x) is still a spherically symmetric function, i.e., ρε0(x) = ρε0(|x|). By similar1207

arguments as in [11, 16], we can obtain the following Lemma (the details are omitted1208

here for simplicity of presentation).1209

Lemma A.1. The following three statements hold:1210

(i) As ε→ 0+,1211

(Eε0 , Eε1 ) → (E0, 0),1212

(ρε0,m
ε
0)(r) → (ρ0,m0)(r) in Lploc([0,∞); rN−1dr)× L1

loc([0,∞); rN−1dr).1213

where Eε0 , Eε1 , and E0 are defined in (2.10), (2.11), and (2.1), separately, and1214

p ∈ {γ, 2N
N+2}.1215

(ii) For any fixed ε ∈ (0, 1], as δ → 0+,1216

(Eε,δ0 , Eε,δ1 ) → (Eε0 , Eε1 ),1217

(ρε,δ0 ,mε,δ
0 )(r) → (ρε0,m

ε
0)(r) in Lploc([0,∞); rN−1dr)× L1

loc([0,∞); rN−1dr),1218

where Eε,δ0 and Eε,δ1 are defined in (5.2), and p ∈ {γ, 2N
N+2}.1219

(iii) For any fixed (ε, δ), as b → ∞,1220

(Eε,δ,b0 , Eε,δ,b1 ) → (Eε,δ0 , Eε,δ1 ),1221

(ρε,δ,b0 ,mε,δ,b
0 )(r) → (ρε,δ0 ,mε,δ

0 )(r)1222

in Lploc((δ,∞); rN−1dr)× L1
loc((δ,∞); rN−1dr),1223

where Eε,δ,b0 , Eε,δ,b1 , Eε,δ,b2 , and Eε,δ,b3 are defined in Lemmas 3.1–3.5 and (4.3),1224

and p ∈ {γ, 2N
N+2}. In addition, the upper bounds of Eε,δ,b0 , Eε,δ,b1 , Eε,δ,b2 , and1225

Eε,δ,b3 are independent of b (but may depend on ε, δ), and1226

Eε,δ,b0 + Eε,δ,b1 ≤ C(E0 + 1),1227

Eε,δ,b3 :=

∫ b

δ

η̄∗(ρε,δ,b0 ,mε,δ,b
0 ) r2(N−1)+ϑdr1228

≤ CE0
(
δ−N+1−ϑ + ε−

N−1+ϑ
2N

)
,1229

for some C > 0 independent of (ε, δ, b), where ϑ ∈ (0, 1) is arbitrary fixed1230

constant.1231
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