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GLOBAL SOLUTIONS OF THE COMPRESSIBLE EULER-POISSON
EQUATIONS FOR PLASMA WITH DOPING PROFILE
FOR LARGE INITIAL DATA OF SPHERICAL SYMMETRY"*

GUI-QIANG G. CHENT, LIN HE!, YONG WANG!, AND DIFAN YUANY

Abstract. We establish the global-in-time existence of solutions of finite relative-energy for
the multidimensional compressible Euler-Poisson equations for plasma with doping profile for large
initial data of spherical symmetry. Both the total initial energy and the initial mass are allowed to
be unbounded, and the doping profile is allowed to be of large variation. This is achieved by adapting
a class of degenerate density-dependent viscosity terms, so that a rigorous proof of the inviscid limit
of global weak solutions of the Navier-Stokes-Poisson equations with the density-dependent viscosity
terms to the corresponding global solutions of the Euler-Poisson equations for plasma with doping
profile can be established. New difficulties arise when tackling the non-zero varied doping profile,
which have been overcome by establishing some novel estimates for the electric field terms so that the
neutrality assumption on the initial data is avoided. In particular, we prove that no concentration is
formed in the inviscid limit for the finite relative-energy solutions of the compressible Euler-Poisson
equations with large doping profiles in plasma physics.

Key words. Euler-Poisson equations, Navier-Stokes-Poisson equations, multi-dimension, doping
profile, plasma, compressible, compactness framework, inviscid limit, large data, relative-energy,
infinite mass, spherical symmetry, a prior: estimate, higher integrability, approximate solutions
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76X05; 76N17

1. Introduction. The Euler-Poisson equations have been intensively studied
due to their vast relevance to modeling physical phenomena, especially in semicon-
ductor modeling and plasma physics; see [19, 28, 36, 50, 52] and the references cited
therein. In this paper, we are concerned with the global-in-time existence of solutions
for the multidimensional (M-D) compressible Euler-Poisson equations (CEPEs) for
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plasma with doping profile for large initial data of spherical symmetry in R™:

O¢p + divi = 0,
(1.1) OpM + div(HM2X) 4 Vp + pVP = 0,
AD = d(X) - P

for (t,x) € Ry xRN with N > 3, where p is the density, p is the pressure, and M € RY

represents the momentum, d(x) is the doping profile with ‘ llim d(x) = p. > 0 s0
X|—00

that the background state varies with the space variable, and @ is the self-consistent
electric field potential function. When p > 0, U = &4 € RV represents the velocity.
For polytropic perfect gases, the constitutive pressure-density relation is determined
by

2
where v > 1 is the adiabatic exponent and k = % (without loss of generality).

We are concerned with the Cauchy problem (1.1) with the Cauchy initial data:
(1.2) (. M)(0,%) = (po, Mo)(x) — (p,0) s x| = o0,
subject to the asymptotic condition:
(1.3) O(t,x) — 0 as |x| — oo,

where (p«,0) is the constant far-field state for (p, M). Since a global solution of
CEPEs (1.1) usually contains the vacuum states {(¢,x) : p(t,x) = 0} where the
M(t,x)

=== as the

vV p(t,x)

physical variables, instead of U(t,x), when the vacuum states occur. These choices
of variables will be shown to be globally well-defined. It is challenging to prove the
existence of global solutions of problem (1.1)—(1.3), due to the possible formation of
shock waves and blowups in a finite time [15, 20, 30, 49, 50]. To solve this problem, we
consider the inviscid limit of the solutions of the compressible Navier-Stokes-Poisson
equations (CNSPEs) with delicately designed density-dependent viscosity terms in
RY:

fluid velocity U (t,x) is not well-defined, we use momentum M (¢, x) or

atp + leM = 0,
(1.4)  OM +div(MEM) 4 Vp + pVE = ediv(u(p) D(21)) + eV (A(p)div(ZL)),
AD =d(x) — p,

where D(%) = %(V(%) + (V(%))T) is the stress tensor, £ > 0 denotes the inverse

of the Reynolds number, and the Lamé (shear and bulk) viscosity coefficients u(p)
and A(p) are density dependent, which may vanish on the vacuum and satisfy

1(p) >0, u(p)+NA(p) >0 for p > 0.

Formally, for the inviscid limit € — 0+, system (1.4) of CNSPEs converges to system
(1.1) of CEPEs. However, the rigourous mathematical proof of this limit has been one
of the most challenging problems in compressible fluid dynamics; see Chen-Feldman
[10], Dafermos [19], and the references cited therein.
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COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE 3

System (1.1) of CEPEs is a fundamental prototype of hyperbolic balance laws aris-
ing in either the two-fluid theory in plasma physics or in the theory of self-consistent
gravitational gaseous star. In the classical two-fluid model describing plasma dynam-
ics for electron-ion fluids, the self-consistent electrostatic Newtonian potential satisfies
the Poisson equation for the repulsive Coulomb interaction. It is worth noting that
plasma, composed of swiftly-moving charged particles, accounts for more than ninety
percent of the observable matter in the universe, including its presence within stars,
intergalactic spaces, nebulas, and even neon signs. Understanding the existence or
nonexistence of weak solutions, as well as the stability or instability of CEPEs for
plasma are among the key challenging problems for nuclear fusion. Specifically, the
acceleration of charged particles to high speeds through particle accelerators, leading
to the emission of electromagnetic energy, plays a pivotal role in this intricate process.

For CEPEs (1.1) with constant doping profile, Guo [26] first constructed a global
smooth irrotational solution without shock by using the dispersive Klein-Gordon ef-
fect and adapting Shatah’s normal form method. It is due to the enhanced dispersive
effects induced by the repulsive electrostatic interaction, which is different from the
pure compressible Euler equations for neutral gas. Guo-Strauss [29] proved the ex-
istence of global smooth solutions near a given steady state of the Euler-Poisson
equations, for which the steady state and the doping profile are permitted to be of
large variation while the initial velocity must be small. Later on, Guo-Pausader [28]
constructed global smooth irrotational solutions with small amplitude for the Euler-
Poisson equations for ion dynamics. Jang [37] constructed two-dimensional (2-D)
global smooth solutions for spherically symmetric flows with small perturbed initial
data. A family of smooth solutions was constructed in [38]. Smooth irrotational solu-
tions in R? were constructed independently by Ionescu-Pausader [35] and Li-Wu [42].
Such a surprising and subtle dispersive property has also been identified and exploited
in other two-fluid models, which leads to the persistence of global smooth solutions
and absence of shock formation. Guo-Ionescu-Pausader [27] first proved the global
stability of a constant neutral background in the sense that irrotational, smooth, and
localized perturbations of a constant background with small amplitude lead to global
smooth solutions in R3 for the Euler-Maxwell two-fluid systems. These results can
be applied equally well to other plasma models such as the Euler-Poisson systems for
two-fluids.

As indicated earlier, due to the hyperbolic structure of the Euler-Poisson equa-
tions, for large initial data, the smooth solutions of (1.1) may form shock waves and
blowup in finite time; see [15, 20, 30, 49, 50]. For the compressible Euler equations, we
refer to [8, 9, 12, 14, 16, 17, 21, 22, 33, 39, 41, 46, 47] and the references therein. For
the global existence of solutions of the compressible Navier-Stokes equations, we refer
to [23, 40, 45] for the case of constant viscosity and [44, 62] for the case of density-
dependent viscosity and the reference therein. In [44, 62], the Bresch-Desjardins
entropy (BD entropy) plays an essential role to obtain the derivative estimate of the
density, which was first identified by Bresch-Desjardins [2] (also see [3, 4, 5, 6, 7]).
The BD entropy estimate is also crucial in our analysis in this paper. The global ex-
istence of weak solutions of the compressible Navier-Stokes equations with spherical
symmetry is established in [31] for v € (1,3) in a finite region under the Dirichlet
boundary conditions.

Regarding to the inviscid gases as viscous gases with vanishing real physical vis-
cosity can date back to the pioneering paper by Stokes [60] and the important con-
tributions of Rankine [57], Hugoniot [34], and Rayleigh [58] (¢f. Dafermos [19]). The
first convergence proof of the inviscid limit from the one-dimensional (1-D) barotropic
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4 G.-Q. CHEN, L. HE, Y. WANG AND D.F. YUAN

Navier-Stokes to Euler equations was rigorously provided by Gilbarg [24], in which
he established the mathematical existence and vanishing viscous limit of the Navier-
Stokes shock layers. For the convergence analysis confined in the framework of piece-
wise smooth solutions, see [25, 32, 63] and the references cited therein. Due to the lack
of the classical L uniform estimate, the L> compensated compactness framework
fails to work directly in the inviscid limit of the compressible Navier-Stokes equation;
see [21, 22, 47, 46]. An LP compensated compactness framework was first established
by LeFloch-Wesdickenberg [41] for the isentropic Euler equations with geometric ef-
fects for v € (1, 2), and was later further developed by Chen-Perepelitsa [12] to handle
all the adiabetic exponent v > 1 with a simplified proof to prove the vanishing real
physical viscosity limit of smooth solutions for the 1-D Navier-Stokes equations to
the corresponding finite relative-energy solutions of the Euler equations with p, > 0.
In [13, 14], the existence theory of global finite-energy entropy solutions of the Euler
equations with spherical symmetry and large initial data was established for p, = 0
through constructing artificial viscosity approximate smooth solutions (also see [59]).
Chen-Wang [16] proved the existence of global finite relative-energy solutions for the
compressible Euler equations with spherical symmetry through taking a vanishing
physical viscosity limit even for p, > 0. Most recently, Chen-He-Wang-Yuan [11]
established the global existence of finite-energy solutions of the M-D Euler-Poisson
equations for both compressible gaseous stars and plasmas with large initial data of
spherical symmetry. For further work related with CEPEs with doping profile, we
refer to [1, 43, 48, 51] and the references cited therein.

In this paper, we are concerned with the spherically symmetric solutions of (1.1)
for plasma with doping profile. Denote

(1.5) p(t,x) = p(t,r), M(t,x)= m(t,r)%, O(t,x) = D(t,r) for r = |x|,
subject to the initial conditions:

(1.6)  (p, M)(0,x) = (po, Mo)(x) = (po(r)’mo(r)é) — (p,0) s [x] — oo,
and the asymptotic condition:

(1.7) O(t,x) = d(t,r) — 0 as |x| — oo.

It is not necessary to impose the initial data for @, since ®(0,x) can be determined
by the initial density and the boundary condition (1.7).

We establish the inviscid limit of the corresponding spherically symmetric solu-
tions of CNSPEs (1.4) with the adapted class of degenerate density-dependent vis-
cosity terms and approximate initial data of form (1.6). For spherically symmetric
solutions of form (1.5), systems (1.1) and (1.4) become

Pt +my + %m = 07
(1.8) my+ (2 +p), + XL 4 pd, =0,

D, + ¥¢T = d(’F) - P

and
(1.9)
pe +my + X=m =0,
m2 - m2 m —1m — m
mt+(7+p)r+NT17+p(I>r:5((u+)\)((;)r+N 1*))T—€NT1MT?,
(I)rr + #q)r = d(T‘) - P

This manuscript is for review purposes only.
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COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE 5

respectively. We emphasize that the differentiation with respect to r now refers to
the differentiation in the radial direction.
For the potential function ®, we need to assume the boundary condition:

lim N =1®,(t,r) =0 for all ¢t > 0.
r—0+4

This leads to

N, () = — /OT (p(t,y) —d(y)) y™ ~'dy.

The study of spherically symmetric solutions can date back to the 1950s and has
been motivated by many important physical problems such as the stellar dynamics
including gaseous stars and supernova formation [18, 54, 55]. A fundamental open
problem is whether the concentration is formed at the origin for both the compressible
Euler equations and the Euler-Poisson equations, which has been answered for the
solutions as the inviscid limits in [11, 16] (without doping profile). In this paper, we
prove that no concentration (no delta measure) is formed at the origin, for CEPEs
(1.1) even with doping profile for plasma.

The main difficulties in this paper are twofolds:

(1) Since the initial data satisfy (1.2), the initial mass is allowed to be unbounded:

/po(x)dX:wN/ po(r) rN"1dr = oo,
RN 0

N
2m 2
r(3)
the initial total energy is unbounded, while initial total relative-energy is finite. We
overcome this difficulty by fully taking advantage of (3.9) via the conservation of
relative mass. Note that the finite relative-mass depends on the upper bound of the

truncated domain; see (3.9).

where wy = denotes the surface area of unit sphere in RY. In addition,

(ii) Since the compressible Euler-Poisson equations involve the non-zero varied
doping profile, new difficulties occur due to the electric field potential terms & de-
pending on the doping profile. To solve these new difficulties, we make a more careful
analysis in the estimates of the electric field potential terms. In order to control these
terms, our key observation is to use the boundedness of the initial total relative-energy
to control the electric potential, especially to tackle the non-zero doping profile terms.
We establish two delicate uniform local estimates of the density near the origin, es-
pecially Lemma 3.4, which is essential to the convergence proof of the electric field
potential; see (6.13) and (6.14). We remark that, differently from [16], when proving
the lower bound of the density, the higher exponent of integrability for the derivatives
of the density is required; see Lemma 4.3, especially (4.15). When we prove the higher
integrability of the velocity, we need the extra weight for the electric field terms; see
(4.1)—(4.3). These estimates indicate that the estimates of the electric field should be
much more involved in the proof of Lemma 4.5 and the follow-up lemmas than those
for the case without doping profile in [11].

We remark that no imperative neutrality condition is assumed on the initial data:

[ (ool) = ) ax £ 0
RN

in our analysis. It is natural to avoid this nonphysical assumption when we take
into account of the effect of the positive density at the far fields (|x| — 0o0). This is

This manuscript is for review purposes only.
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achieved by constructing approximate solutions without imposing the extra boundary
restriction: ®@,(¢,b) = 0, where b is the upper bound of |x| for the truncated domain.
To avoid this imperative condition, we need to establish some novel estimates when
performing integration by parts in the proof of BD-type entropy estimates. The
boundary terms are needed to be delicately controlled; for example, see the last term
of the right-hand side of (3.26) in Steps 5-6 in the proof of Lemma 3.5. The key idea
is to make these terms to be controlled by the initial total finite relative-energy.

The plan of this paper is as follows: In §2, we first introduce the definitions of finite
relative-energy solutions of the Cauchy problem (1.1)—(1.3) for CEPEs and then state
Main Theorem I: Theorem 2.2 for the global existence of weak solutions. To prove
Theorem 2.2, the global weak solutions of the Cauchy problem (1.4) and (2.6)—(2.7) for
CNSPE:s are firstly constructed and their inviscid limit is then analyzed, as stated in
Main Theorem II: Theorem 2.4. In §3, we give the construction of global approximate
smooth solutions (p=%?, m*%%) and perform the basic energy estimate and the BD-
type entropy estimate of (p=%*, m=:%?), for CNSPEs (1.9). In §4, we derive the higher
integrability of (p=%?, m=%®), uniformly in b, for the approximate smooth solutions.
In §5, through taking the limit of (p=%° m®%?) as b — oo, we obtain global strong
solutions (p=%, m=9) of system (3.1) with several uniform bounds in (e, d), and then
we pass to the limit, § — 0+, to obtain global existence of spherically symmetric
weak solutions of CNSPEs (1.9) with several desired uniform bounds and the H !~
compactness, which are important for us to utilize the L? compensated compactness
framework in §6 to establish Theorem 2.4. In the appendix, the approximate initial
data with desired estimates are constructed, which are needed for the construction of
the approximate solutions in §3.

In this paper, we write LP(Q), W*?(Q), and H*() as the usual Sobolev spaces
defined on Q for p € [1,00]. We also write LP(I; 7V ~1dr) or LP([0,T) x I;rVN~1drdt)
for the open interval I C R, with measure 7V ~'dr or »V~'drdt respectively, and
LY ([0,00);7N=1dr) to denote LP([0, K);r¥~1dr) for arbitrary fixed K > 0.

loc

2. Mathematical Problems and Main Theorems. In this section, we intro-
duce the definition of weak solutions of finite relative-energy solutions of the Cauchy
problem for CEPEs (1.1) in Rf+1 =R, x RN = (0,00) x RN for N > 3. We as-
sume that the initial data (po, M) (x) and the corresponding initial potential function
®p(x) have both finite total initial relative-energy:

1, Mg 2 1 9
2.1 = ~ 1220 ) 4 = Va®?)d ,
(21) o= [ (517 + cloopu) + 5I0xoltax < o

where e(p, p.) is the relative internal energy with respect to p. > 0:
K _
(2:2) e(p, ps) = e(p) —e(ps) — €' (ps)(p — px) = ﬁ(ﬂ7 —pl =0l Hp—ps)),

where e(p) = —“5p” denotes the gas internal energy.
¥
We also assume that the doping profile satisfies

(2.3) d(r) € C(]0,00)), ILm d(r) = p, >0,
(2.4) / |d(r) — p*|er71dr < 00 for j = 1,2, ﬁ
0

DEFINITION 2.1 (Weak Solutions). A measurable vector function (p, M, ®) is
said to be a weak solution of finite relative-energy of the Cauchy problem (1.1)—(1.3)
provided that

This manuscript is for review purposes only.
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COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE 7

(i) p(t,x) >0 a.e., and (M, %)(t,x) = 0, a.e. on the vacuum states {(t,x) :
p(t,x) = 0};

(ii) For a.e. t > 0, the total relative-energy with respect to the far field state
(ps, 0) is finite:

1y M2 1
(2.5) /RN (5‘%] +e(p,p*)+§|vxq>|2)(t,x) dx < &.
(iii) For any ((t,x) € C}([0,00) x RN),

/OO/ (pC + M - V() dxdt+/ (p¢)(0,x)dx = 0.
o JrN RN
(iv) For any ¥(t,x) = (¥y,--- ,Un)(t,x) € (CZ([0,00) x RNV

/000 /RN <M O A+ yﬁ : (yﬁ V)T -HU(/))div\I/) dxdt

+ Mp(x) - ¥(0,x)dx = / / pVx® - U dxdt.
0o JrN

RN

(v) For any £(x) € CE(RY),

Vx®@(t,x) - Vx&(x)dx = / (p(t,x) — d(x))&(x) dx for a.e. t>0.

RN RN

THEOREM 2.2 (Main Theorem I: Existence of Global Solutions of CEPEs for
Plasma with Doping Profile and Large Initial Data of Spherical Symmetry). Con-
sider the Cauchy problem (1.1)—=(1.3) for CEPEs with large initial data of spherical
symmetry of form (1.6)—(1.7). Assume that the doping profile and the initial density
satisfy (2.1), (2.3)~(2.4), and py — d(x) € (LI\?if2 N LY (RY). Then there exists a
globally defined weak solution (p, M, ®) of finite relative-energy of the Cauchy prob-
lem (1.1)~(1.3) and (1.6)—(1.7) with spherical symmetry of form (1.5) in the sense
of Definition 2.1 such that (p, m,®)(t,r) is determined by the corresponding system
(1.8) with initial data (po, mo, ®o)(r) given in (1.6) subject to the asymptotic behavior
(1.7).

To prove Theorem 2.2, we first construct global weak solutions for CNSPEs (1.4)
with appropriately adapted degenerate density-dependent viscosity terms and approx-
imate initial data:

(2.6) (ps M, ®)|t=0 = (pga 0 (I)g)(x) — (po, Mo, Po)(x) as € = 0+,
subject to the asymptotic boundary condition:
(2.7) O°(t,x) = 0 as |x| — oo.

For simplicity, we consider the viscosity terms with (s, A) = (p,0) in (1.4), and € €
(0,1] without loss of generality.

DEFINITION 2.3. A pair (p°, M®, ®%) is said to be a weak solution of the Cauchy
problem (1.4) and (2.6)—(2.7) with (4, A) = (p,0) if the following conditions hold:

This manuscript is for review purposes only.
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() p°(t,x) > 0 a.e., (M=, )(t x) = 0 a.e. on the vacuum states {(t,x) :

ps(t7x) = 0}’
p° € L=(0,T; L) (RY)), V/pf € L=(0,T; L*(R"Y)),
Me o
0,7; L2RY)), @ e L>(0,T; L~-2(RM)),
N ( R™) ( R™)

Vo< € L0, T; L2 (RY)).
(ii) For anyty >t > 0 and ((t,x) € C}([0,00) x RY),
/ (P°Q)(t2,x )dX—/RN(pEC)(tl,x)dx

/t2 / (PG + M® - V{)(¢,x) dxdt.

(iii) For any W(t,x) = (U1, -, Un)(t,x) € (C}([0,00) x RN )NV
. MM »
/ RN M SO+ —— N (\F V)V + p(p )dw\I/) dxdt

+ M‘E( ) - U(0,x)dx

/ /RN PEV & - W)(t, %) dxdt

— 6/ / (AT + Vdivl)
]RN

M= ME
+\/p>6~(v\/,7-vw+v\/f(\/p?

: V)\I/) dxdt.

(iv) For any &(x) € CH(RY),

/ Ved(t,x) - Vxé(x)dx = / (p°(t,x) —d(x))&(x)dx  for a.e. t > 0.
RN RN

We now consider spherical symmetric solutions of form (1.5). Then systems
(1.1) and (1.4) become systems (1.8) and (1.9), respectively. A pair of functions

(n(p,m),q(p,m)), or (n(p,u),q(p,u)) for m = pu, is called an entropy-entropy flux
pair for the first two equations of system (1.8) (with N =1 and ® = 0) if (1, ¢) is a

solution of

Vq(p,m) = Vn(p,m)V <n;2 +p(p)> ,

which implies that, for any smooth solution (p(t,7), m(t,r)) of (1.8), the following

equation holds:
(9{17(/)(15, T)7 m(t7 T)) + aTg(p(tv T)7 m(t’ r)) =0.

Moreover, n(p,m) is called a weak entropy if

Np=0 =0 for any fixed u = m
P

This manuscript is for review purposes only.
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COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE 9

We denote v = %+ and m alternatively when p > 0. We also call n(p,m) a convex

entropy if the Hessian V?7(p, m) > 0 in the region under consideration. From [47], it
is well-known that any weak entropy pair (7, ¢) can be represented by

(2 8) { ( ) pvpu f]R p,s—u 1/’(5) ds»
Y (p,m) = n(p, pu) = g (05 + (1 — O)u)x(p; s — u)ip(s) ds,
where the kernel is x(p; s —u) = [p?? — (s —u)?]} with A = 2(7 1) > —1andf = Tl
In particular, ¥(s) := % , the entropy pair is the mechanical energy-energy flux pair:
1m? 1m3
0 (pym) = {”7 telp), " (pym) = 5% +me'(p).

Since (p, m)(t, ) — (ps,0) with p, > 0 as r — oo, We use the relative mechanical
energy
. 1 m?2
" (p,m) = 3, " e(p, p«)

with e(p, p«) is defined in (2.2) satisfying

e(p, pe) = Cyp(p? — p2)?
for some constant C, > 0.

THEOREM 2.4 (Main Theorem II: Existence and Inviscid Limit for CNSPEs).
Consider CNSPEs (1.4) with N > 3 and the spherically symmetric approximate initial
data (2.6) satisfying that, as e — 0+,

(2.9) (5, mp)(r) = (po,mo)(r) in Lf,.([0,00); 7V~ 1dr) x Lio([0,00); 7~ dr)

with p = max{~y, ]\2,—12} and

> 1

@10) G [ (7 05m) + 5[85.00F) i

0

[ee]
(2.11) £ = 82/ |(\/p5)r >~ dr — 0,

0

and there exists a constant C > 0 independent of € € (0,1] such that
(2.12) EE+E<C(E+1)

for & defined in (2.1). Then the following statements hold:

Part 1. Existence of Solutions for CNSPEs (1.4):
(i) For each € > 0, there exists a globally-defined spherically symmetric solution

x
(p%, MF, @°)(t,x) = (p°(t, 7), m*(t, 1), @°(, 7))
x
- (pa(t,”l’),ps(t,T)ug(t,r);, @6(1’77"))
of the Cauchy problem (1.4) and (2.6)—(2.7) in the sense of Definition 2.3

with »
us(t,r) = TZE((t,’:)) a.e. on {(t,r): p*(t,r) # 0},
) 0 a.e. on {(t,7) : p(t,r) = 0}.
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In addition, (p°,m*, ®°)(t,r) satisfies the following uniform estimates: For
t>0,

(2.13) / ﬁ*(pa,ma)(t,r)erldrﬁLs/ p° (s, 7)|uf (s,7) > rN ~3drds
0 R?

.
1 oo
+7/ |®5, 2 rNtdr < 2% £ < C(& + 1),
2 Jo WN
euy 2 [ WEEn) P
0
e [ 1)) tards < (o + 1),
=l

and, for any given T € (0,00) and any compactly supported subset [r,rs] €
(0, 00),

(2.15) / / VT drdt < C(ry, 79, T, &),
(2.16) / / (P (1) + (o (6, ))70) drdt < Oy, 1o, T, E0),

e [ e [ st ) <om.),

where C > 0 and C(ry,r2,T,E) > 0 are two constants independent of &,
but may depend on (v,N) and (r1,72,T,&) respectively, D > 0 and R? =:

{(t,r) : t € (0,00),7 € (0,00)}.

The following energy inequality holds:

1y M= 2 1
2.18 / - + e(p®, px +7Vx<I>62 t,x)dx
e [ G| el + 5V Pt

1 MG
< LGl

Let (1, q) be an entropy pair defined by (2.8) for a smooth compactly supported
function ¢¥(s) on R. Then, for e € (0,1],

Felphp) + IV 0 dx  fort >0,

(2.19) om* (p°,m°) + 0,q% (p°,m%) is compact in H}(R%),

where H,}(R2) denotes H~1((0,T) x Q) for any T > 0 and open subset
QEeER;.

Part 2. Inviscid Limit and Existence of Global Solutions of CEPEs (1.1):
For the global weak solutions (p°, M®,®%) of CNPSEs (1.4) obtained in Part 1, there
exist a subsequence (still denoted) (p°,m®, ®°) and a vector function (p,m,®) such
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that, as € — 0+,

(p°,m®) — (p,m)(t,r) in (LY. _x LI

loc loc

)([0, 00); 7V~ 1dr)
3(v+1)
forpe[l,y+1) and g€ [l,ﬁ)

®° =~  weakly in L*(0,T; HL . (RY)),
ety = / (P (t.y) — d(y)) 4™ 1y
0
T
S ()N = / (p(t.y) —d) v 'dy  ae. (tr) € B2,
0

m

T frr e
/0 /0 |(\TZ?)(t, r) — (\/ﬁ)(t,rﬂ2 rNldrdt — 0 for any fized T, 75 € (0, 00),

and (p, M, ®)(t,x) := (p(t,r),m(t,r)%, ®(t,r)) is a global spherically symmetric so-
lution with finite relative-energy of problem (1.1)—(1.3) in the sense of Definition 2.1.

3. Constructions of Approximate Solutions and Uniform Estimates. In
this section, we construct appropriate approximate solutions and obtain some uniform
estimates of the approximate solutions of the Cauchy problem for CNSPEs (1.9) that
corresponds to the initial conditions (2.6)—(2.7).

3.1. Constructions of Approximate Solutions. In this subsection, we con-
sider the approximate CNSPEs in the truncated domains:

P+ (,OU)T + Nﬁlpu =0,

r

(3.1) < (pu)e + (pu® + p(p))r + X2 pu? — =1 [ (p(t,y) — d(y)) yN~dy
(e A+ X)) — oMLy,

T T

where r € [6,b] and t > 0, with § € (0,1] and b > 1+ 6~!. We consider (3.1) with the
following initial data:

(3.2) (pu)(0,7) = (95", ug™")(r)  for r € [5,0],

and the boundary condition:

(3.3) u(t,d) =u(t,b) =0 for t > 0.

We take

(3.4) n(p) = p+3dp%,  Ap) =d(a—1)p*

with a = 2]2\[]\71 so that u(p) and A(p) satisfy the following BD relation:
(3.5) 1(p) + XNp) = pit'(p)-

We first fix parameters e > 0,6 > 0, and b > 1 4+ 6!, and assume that (pg"‘;’b,ug";’b)

are smooth functions such that
3.6 0< (Be)i < p5%° < (Be) 2 < o0
0

for a given small constant 0 < 8 <« 1. The approximate initial data functions in (3.2)
is constructed in Appendix A, which meet all the properties in Lemma A.1.
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The existence of global smooth solutions of the initial-boundary value problem
(3.1)—(3.3) can be achieved by following similar arguments as in §3 and §4.1 in Guo-
Jiu-Xin [31]; see also [40]. Notice that the lower and upper bounds of p=%° in [31]
depend on parameters (g, 0, b). Therefore, the main strategy of this section is to obtain
some uniform estimates of (p=%°, u*%®) independent of (4, b) such that we can take
both limits b — oo and 6 — 0+ to obtain the global existence of weak solutions of
(1.4) and (2.6)—(2.7); see §5.

Since p=*? is positive, we may use u orm alternatively , and ignore the su-
perscripts of solution (p%® u%?)(¢,7) and the approximate initial data (pg* 0,0 U 0:0)
for simplicity. When the initial data functions are involved, we keep the superscripts.
After solving (3.1)—(3.3), we can define the potential function ® as the solution of the
Poisson equation:

£,0,b €,0,b

(3.7 —AD = (p —d(x))Iq, lim & =0,

|x|—00
with Q = {x € RY : § < |x| < b}. We can obtain that ®(¢,x) = ®(¢,7) with

0 for r € [0, 4],
(3.8) O.(t,r) =4 =[5 (p(ty) —d(y)) y"~'dy  for € [5,0],
— = fy (p(t,y) — d(y)) yV 1y for 7 € [b, 00).

Using the conservation law of mass, we obtain

_ My

WN

b b
(3.9) 7/5 (p(t,y) —d(y) yN 'y = 7/5 (poy) —d(y)) yV'dy

3.2. Uniform Estimates of the Approximate Solutions. The main goal of
this section is to obtain several uniform estimates that are independent of (g, 4, b) so
that the two limits b — oo and § — 0+ can be taken in order.

LEMMA 3.1 (Basic Energy Estimate). The smooth solution of (3.1)—(3.3)
satisfies the following basic energy estimate:

/b(lpu Felp.pa) + 1% P) () P

+€// u+ 1 )( r)yr¥ " ldrds

+55// au? +2(a—1)(N—1)uuT

+(1+ (N =1a—1)(N - 1)%) (s,7) N ~ldrds

r

Sséb

WN

b
1 1
:/5 <§P0U(2J+G(PO,P*)+§|‘I)0r|2>() Nldr =

In particular, there exists a constant cy > 0 depending only on N such that, for the
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smooth solution of (3.1)—(3.3),

° (1 FN-1
/ (2pu +e(p, ps) + f|‘1> I) dr
w2
+CN55/ / pou? + 2 )(5 r)rN=tdrds

—1—5/0/5 (puf—k%)(s,r)r -

for some constant C > 0 independent of (£,0,b).

(& +1) foranyt >0

Proof. Multiplying (3.1), by rN=1y and then integrating by parts, we have

d (1 5 Ny ° N-1
(3.10) — —purY i dr+ [ ppur? Todr

-/ (e W+ L)), — (7 DY), ) ar

r

b r
+/5 pu/g (p(t,y) —d(y)) y™ " dydr.

For the second term on the left-hand side (LHS) of (3.10), one has

b b b
/épruerldr: K—vl_/(; ,OOVL(P%I)M"N’ldr:—Wﬁ_vl_/(S (rN = pu)p? "t dr
b
K _
= 1/ (p")e N Ldr
-1/

b

K _ _

= / (p”—pl—w*” 1(p—p*)) N ldr
vy—1Js t

d r°
T dt

e(p, pu)(t,r)r™N " tdr.

For the viscous term, a direct calculation shows that

(3.11)

(e + X)(ur + ?)(TNAU),. (N = DAY 22),
= jp° { N-1 2+2(0471)(N 1) uur+(NflJr(Oéfl)(Nil)z)ersuz}

+p( N— 1u2—|—(N I)TN_3U2).

For the first term on the right-hand side (RHS) of (3.11), noting that a € (¥, 1),
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we calculate its discriminant:

A=4(a—1)*N-1)*—4a(N -1+ (a—1)(N — 1))
=4(N -1)*((a—1)* —a(a—1)) —4(N — 1)a
=4(N - 1)*(1 —a) —4(N - Da
= 4(N - 1)%( a) <0 ifae(N_l,l),

so that there exists a constant ¢y > 0 such that

(1 ) o+ D) N ), — (N = DY),

> endp® (rV Tl + eV ) 4+ p(rN Tl 4 e N 3?).

For the last term on RHS of (3.10), a direct calculation yields

b T
/6 pu /5 (p(t,y) — d(y)) y™ ' dydr

b b
= — U r)rNldr = urN 1 r
- /ép@(m d /5(p ) ®d
b b
:—/ (erlp)t@dr:—/ (erl(p—d(r)))tCI)dr
)

4

° N-1 N-1 * Na1
= ((IDM + 7<I>r)t®r dr = (r D), Pdr
s r 5

_ bq) (I) N—ld N—-1 b__ ° ‘(I)T|2 N—-1
= ONY S r 4+ (r <I>,,t<I>)6— ( 3 )tr dr

5
_ _ - (b 2 N-— 1d
2dt/ [ @ [Fr = dr,

where we have used (3.8) and

(3.12) D, (t,0) = @y (t,0) =0 for any t > 0.

Combining (3.10)—(3.12), we obtain

(3.13) d{/b (1 2+ e(p, pu) + - |® |2) erldr}
. ar\ 2P Ps Px 5%
b
+ 5/ (enop™(r™N 12 + rV730u%) + p(rNV Tl + N Bu?))dr < 0.
s

Integrating (3.13), we have
b1
/ (qu +e(p, ps) + *I‘P | )TN_ldT
+€/ / PNt 2 N73’UJ2)+CN(5[)O&(TN71UE+TN73’LL2)) drds

< / (50003 + elpo p.) + 5120, ) P e
o

Then we conclude Lemma 3.1.
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Remark 3.2. Using (3.9), we can rewrite the electric field term as

(3.14) V024 e, :wN/ 1@, 2N 14y
0

b oo
:wN(/ |<I>T|27"N71dr+/ |<I>r|27'N71dT)
4 b
b [es} 2
M
:wN(/ |<I>T|27"N*1dr+/ T ;’,_1 dr)
5 b WNT

b
1 M,
_ o2 N-1 b2 )
WN(/(S e[ dr+(Nf2)be2(wN))

On one hand, it follows from (3.14) that this term has a good sign, which is important

such that this makes the following integral also nonnegative, via integration by parts.
On the other hand, we also have the following equality:

/; (/; (,O(t,y) - d(y)) yN_ldy) (p—d(r))rdr
T /b (p = d(r) @, r™dr = /b @, + Y Lo )0, rVar
5 ; .

‘ |
:/ (TN*l(I)r)r(I)erT :/ Ni—2(7|TN71(I)r|2)r dr
) 5 r 2

b
1 _ _ 1 _ Ik
:_/5 §(r N+2)T|7,N 1(I)T‘2dT+2TN—2|TN I(I)r| ‘5
N-—2 [° 1
:T/é @2 s [N (1, B)

N-—2 [° 1M
=S [ e P s (e
1)

2 26N-2
N-2/[° 1 M
_ = & 12N-1g - (b2
2 (/5 @17 r+(N—2)bN—2(wN))

N2
o 2wN

VO[3 > 0.

Now, we prove two crucial uniform local estimates of the density near the origin,
especially Lemma 3.4 below, which will be used in the convergence proof of the electric
field potential.

LEMMA 3.3 (Uniform Local Estimate for the Density near the Origin I).
The smooth solution of (3.1)—(3.3) satisfies

D 1 T _ 2
(3.15) /5 erl‘/g p(t,y)y" "t dy| dr < C(D, &)

for any D € (4,b).

Proof. First, notice that there exists C; > 0 such that |d(y)| < C; for any y € [0, 00).
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132 Furthermore, we have

133 (3.16) (/; (p(t,y) —d(y))y™ dy)2

r 2 T T
134 = (/ p(t,y)yN’ldy) —2/ p(t,y)y Tty [ d(y)y™ T dy
é 5 §
T 2
435 + ( d(y)y™ ! dy)
S
1 /T N1 2 /7’ N1 2
436 > - plt,y)y™  dy) — d(y)y™ dy) .
5 (), ettt ay) = ([ diw)g " dy)
437 Then, from (3.16), we obtain
(3.17)

438 ‘/ (t,y)y™~ 1dy‘ <2</ ty)—d(y))y]\f_1 dy>2+2(/6rd(y)yN_1dy>2.

439 Using Lemma 3.1 and (3.17), we have

D 1 T N_1 2
140 /5 741\17—1‘ / o(t,y)y dy’ dr
N-1 4 |?
441 < / N 1’/ p(t,y) — ))y dy‘ dr
yN -1
442 +2/§ N1 / d(y dy) dr
D D 1 T 2
443 < 2/ |®, 2Nt dr + 2012/ 7 (/ yN Tt dy) dr
) s T )
202 1
144 <20(&) + N21 / TN717"2N dr < C(D, &).
445 This completes the proof. O
446 LEMMA 3.4 (Uniform Local Estimate of the Density near the Origin II).
447 The smooth solution of (3.1)—(3.3) satisfies
D r
148 (3.18) / (/ p(t,y)yN ! dy)p(t, ryrdr < C(D, &)
s 5
149 for any D € (4,b).
150 Proof. Set h(r ( I5 p(t,y)yN 1 dy) A simple calculation yields
451 B (r) = 2p(t,r)rN 1 / p(t, )y tdy = 20V 2p(t, r)r/ p(t,y)y™N " dy.
5 5

452 Then it follows from (3.15) that

D r N 1 (P 1
5% -1 = — —n
453 /5 </5 o(t,y)y dy) p(t,r)rdr 5 /5 erzh (r)dr

1h(D) N-2 (P 1

454 :iDN—2+ 5 /5 TN_lh(r)dr
1 h(D

455 < MD) +C(D,&) < C(D, &),

= 9 DN-2
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where we have used the fact that

2
7

h(D) < (/(;Dp”z/\"ldy)i(/{sDyN‘ldy)w < C(D,&).

This completes the proof. O

LEMMA 3.5 (BD Entropy Estimate). The smooth solution of (3.1)—(3.3)
satisfies

b 2
1) 2 [ (arasry 0?0200 (1,1)
4

t b
+ 5/ / (1 +adp® 1) 2p2)(s,r) rNtdrds < C(& + 1),
0 Js

where we have used the following relation:
(3.20)

5 5
suap  sup (& byes ’b)
0<e,6<1 b>145-1

b
+ CT/ (Ip« = d(r)[ + |pe = d(r)* + [ — d(r)[77) PN 1dr < C(& +1)
s
with
b
(3.21) 500 = 62/5 (14 2a6p5 ™" + a®6%p3* ) [(v/po)r | v~ dr.
Proof. We divide the proof into seven steps:

1. It is convenient to deal with (3.1) in the Lagrangian coordinates. For simplicity,
we assume that

b
Ly ::/ po(r) rN"tdr.
5

Since

d [ b

G | ot tar == [ oy ar =0,
we have

b b
/ p(t,r)rN"1dr = / po(r)rN7ldr = Ly for all t > 0.
5 5
For r € [,b] and ¢ € [0,T], we define the Lagrangian coordinates transformation:
z = /5 pty)yN My, T=t,

which translates domain [0, 7] x [4, b] into [0, T] x [0, Ly] and satisfies

ox __ N-—1 oxr __ N-—1 or _ or _
aif_p/r ) ng—_PUT ) 37:_03 37;_17
or _ 1 or _ ot _q 9t _

oxr — prN-1» or — or — ox —
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176 Performing the Lagrange transformation to (3.1), we have

pr+ 2V ), = 0,

477 uy + 1N lp, = erN-1 (p(u + )\)(TN_lu)m)z —e(N - 1)rVN"2u,u

tonir (2= ] dly) v dy),
and the boundary conditions (3.3) become
u(1,0) = u(r,Ly) =0 for 7 > 0.

178 2. Multiplying (3.2); by 4/(p) and using (3.5), we have

179 (3.22) pr + plp + N (N ), = 0.

480 Then we substitute (3.22) into (3.2), to obtain

1 T
181 (3.23) up+rVlp, = —erN T, —e(N - 1)7“N_2uwu+ﬁ (x—/ d(y) yN_ldy).
r )
Noting that u = %, we have

E(N - 1)TN_2M$U = E(N - I)TN_QMwTT = E( N 1)7’#%
482 which, together with (3.23), yields

1 T
483 (3.24) (u+erN ) + VN lp, = NTT (ac - /5 d(y) yN_ldy).

484 3. Multiplying (3.24) by u + er¥ ~1u,, we see that
d

Lo 1 ) Ly
—/ f|u+5rN_1,uz| dx—i—/ px(u—i—ErN_lﬂI) rNldg
dT 0 2 0
186 _ [ — Td N=1q N=1.)d
5 = N T i (y)y y (u—!—er uw) T.
0

487 Integrating (3.25) over [0, 7] and pulling it back to the Eulerian coordinates, we have

(3.26)
b t b t b
1 ™ 2 THTr — —
188 /fp‘qusM— erlerre// Pobir N ldrder//uprrN Ldrds
s 2 p o Js
°1
489 :/ fpo‘uo—ke or | N = 1dr+//pu/ sy)—d(y))yN*Idy)drds

490 +€/ / ur / (s,y) — d(y)) yN‘ldy)drd&

491 4. A direct calculation shows that

t b b b
192 (3.27) / / uprrN_ldrds:/ e(p,p*)rN_ldr—/ e(po, ps) ¥ "tdr,
0o Js 5 s

o g2 f t / o [ 0t ) sy aras

1 [° 1 b
194 — _,/ |<I)7«|27’N71d7‘+7/ |‘I>0T|2TN71d7‘.
2 Js 2 Js

485 (3.25)
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195 5. For the last term of RHS of (3.26), we integrate by parts to obtain

496 (3.29) E/(;t /; ur(/; (p(s,y) —d(y)) yN—ldy)deS

t b T
497 = — N S,Y) — N-1 rds
19 6/0 /5 (1p) — (e ))T(/(s (p(s,y) —d(y) y dy)d d
t b
198 = 76/0 /5 (1(p) — n(ps)) (p(s,7) — d(r)) v ~*drds
t b
199 b [ tots. ) =) ([ (plovn) = dw) v s
t b
500 = —E/O /6 (1(p) — 1(p.)) (p(s,7) — ps) TN 1drds
t b
501 — 5/0 /5 (1(p) — p(ps)) (ps — d(r)) rN=1ldrds
t b
502 e [ Gutots.0) = o) ([ s, = dw) vy )as
t b
503 < 75/0 /(s (p —d(r)) (u(p(s,7)) — p(ps)) v ~tdrds
504 + ‘%‘ /0 e|u(p(s, b)) — p(ps)| ds.

505 The first term of RHS of (3.29) becomes

(3.30)
t b
506 - 5/0 /6 (p — d(r)) (1(p(s,7)) — pu(ps)) TN~ drds

t b
507 SOs//
o Js
t b
508 +€//5 [P = d(r)|Lip(s,m) 5201
0

b
509 < CT/ |pi — d(r)| rN=tdr
B

pi — d(r)| rN-ldrds

u(p(s,7)) — p(p.)| ¥ drds

~
—1

T (b
510 + C/O A (‘,u(p(sn”)) - M(p*)P + ‘p* - d(r)‘wi)l{p(s,r)ZQp*} TN_ld’l"dS

b
511 SCT/ (p
5
Jie

b
512 gCT/ (|p*fd(r)|Jr|p*fd(r)|7*1>rN71dr+ng,5,b <C1+&),
5

N —d(r)’ +

3 T b
P —d(r)‘ﬁ) TN_ldT+C/ / e(p, p) ¥ ~tdrds
o Js

513 where 1¢,(5,)>2,.} i the indicator function of set {p(s,r) > 2p.}.

514 6. To bound the last term of RHS of (3.29), we have to be very careful, since it
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ot
iy
ot

involves the boundary value of the density.
(3.31)

t
o [ udpts. o) = st as

t

t
516
Y =€/0 1{p(s,6)<4p.} [1(p(5, b)) —u(p*)|d8+s/0 1{p(s,0)>4p. 1 [1(p(5,0)) — p(p.)| ds

t
<CT+¢ [ 1y p(s.0) = i) ds.

Since ] )
/ (plt.r) — p) PV 1dr = / (po(r) — p.) ¥~ 1dr,
) )
then
b 1 b
[ ety tar = .08 =)+ [ () - po) Y a,
) )

Therefore, there exists rg € [d, b] such that, for any ¢ > 0,

ot
—
~

N ° N-1 1 .
518 (3.32)  p(t,ro(t)) = ps + W/(; (po(r) — ps)r ~7dr € [gp*,Qp*] if b >> 1,

where we have used

<C < .

|/ (pulr) = )V

519  Motivated by [16], we define

ot
)

At) = {r : r € [5,6], plt,r) > 20.}
521 At) = {re A®t) : 1> 1},  As(t) = A()\A,(1).

522 Similarly, we also define
1
523 B(t)={r : re[d,b], 0 <p(t,r) < 5’0*}’
524 Bi(t)={re B(t) : r > 1}, By (t) = B(t)\Bi(t).
525 It is direct to check that
526 (333) e(p7 p*) — |p p ‘ 1 p € [2/717 p ]3
lp—p|7 it p €0, 5] U [2ps, 00).
527 Then there exists a constant ¢(p,) > 0 such that
528 e(p, p«)(t,7) > c(ps) >0 for any r € A(t) U B(t),

529 which, together with (3.1), yields

b

w0 630 &z [ eppen) iz ) [ PNty
g A1 (£)UB; ()

o1 > c(p.) (|41 (8)] + B (1),
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532 Hence, we obtain
533 (3.35) |A®)| + |B(#)] < [A1(t)] +|Bi(t)] +2 < Cp) (1 + E°).

34 Since p(t,r) is a continuous function of (¢,r), for s € {s : p(s,b) > 4p.}, it follows
35 from (3.32)—(3.34) that there exists 7o(s) € [1, b] such that

b —Fo(s)| < Clp.) (1+E7°),
536 (3.36) p(s,7) > 2p, for all r € [Fo(s), b],
p(s,70(s)) = 2ps.

537 Thus, using (3.36), we have

(3.37)

t
5 [ L (ot 8) = (o) ds

t
s 2 [ 1usan ip(s8) = alols ()] ds + Clp)T
0
t b
540 < 6/ 1{p(s,b)>4p*}/ © |,u,«| drds + C(p*)T
0 F() S

t b
541 ga/ 1{p(s,b)>4p*}/ lpr| (1 + adp® ') drds + C(p.)T
0 7

o(s)

t b
s <Ce [ Lewipny [ lorldrds + Clp)T
0 ~

7o (s

t b
543 < O(p*)s/ 1{p(s7b)>4p*}(/
0 7o

To(s

i/ [° 3
0772 pp |2 dr) (/ P> dr) ds + C(p.)T.
) 7o(s)

For v € (1, 2],
PP < C+pY),

544 which, together with (3.36), yields

b b b
545 (3.38) / P> 7dr <C (1+p)dr<C (1+e(p, ps)) dr
Fo(s) ’Fo(S) ;0(8)
b
546 <Clp) 1+ + C/ ( )e(P» p.)rNldr
TolS
547 < Clp)(1+E00).

548  For v € (2,00), it follows from (3.36) that

b
19 (3.39) [P S Clole R < Clpu) (1485
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Combining (3.37)—(3.39), we obtain

T
(3.40) e / 10ps.0y54p (05, B)) — i(p2)] ds
< m// P72 p, |2 drds + C(p)T (1 + £°°)

SR’YE‘?// N-1 'y 2|p ‘szdS+C(p*) (1+gs§b)

which, together with (3.31), implies that
(3.41)

T b
/ |1(p(s, b)) (p*)ldsé'%g/o /5 P2, 2N T drds + Clp)T (1 + £57°).

7. Substituting (3.30) and (3.41) into (3.29), we have

(3.42)
//N’r / Sy)—d(y))yN’ldy)drds

lﬁﬂ/c?/ / y— 2|p |2 N-— 1deS+CT/ (|p*fd(7‘)|+|p*fd(7’)|2) PN-14,
+C(p)T (1+5§5b)'

Combining (3.42) with (3.26)—(3.28), we obtain

/ */)|U—|—€MT|2 N— ld +K’Y€/ / ’y 2 2+a6p(y+’y 3p2) N_ldeS
5
t [ o [ L
§

b
< O, T)(ES + €59 4 OT /5 (1o — d(r)] + |p — d(r)|?) dr
< C(l + 50).

This completes the proof. O

As shown in [12], the higher integrabilities of the density and the velocity are
important for the LP compensated compactness framework. We now prove the higher
integrability of the density.

LEMMA 3.6 (Higher Integrability on the Density). For given r1 and ro with
§ <1y <ry <b, any smooth solution of problem (3.1)—(3.3) satisfies

T
(3.43) / / PVt ) drdt < C(ry, 79, T, &),
0o Ja

where R is any compact subset of [ri,ra).

Proof. Let w(r) be a smooth compact support function such that suppw C (r1,r2)
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and w(r) =1 for r € R Multiplying (3.1), by w(r), we obtain

N -1
(3.44) (puw); + ((pu® + p)w)r + putw
N-—-1 N-—-1
— 5((p+a6pa)(ur + u)w)r —¢ u(p + 0p®)rw
+ (pu® +p —elp+ adp™)(u, + — u))w, — pw®,.

Integrating (3.44) over [r1,7), we have

N -1 "N-1
(pu + phw = o+ @)+ =y == [ Sl g wdy
ry

T T N _ 1
— (/ puwdy) —/ puw dy
T1 t 1 y

" N
+/ (pu2 +p—elp+ adp®)(uy +

T1

7/ pw®, dy.
1

Then we multiply the above equality by pw to obtain

(P*u® + pp)w?

N -1 "N-1
=ep(p+ adp®)(u, + " u)w? — 5pw/ ; u(p + adp),wdy
r1

" N -1
—pw(/ puwdy) —pw/ ” puw dy
t

T1 T1

r N
+ pw/ (pu2 +p—elp+ adp®)(uy +

1

fpw/ pw®, dy.

T1

Notice that

T T T
pw(/ puwdy) = —p?utw? + (pw/ puwdy) + (puw/ puwdy)
o) t r1 t o) T
— puw, / puw dy + — puw / puw dy,
1 T1
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24 G.-Q. CHEN, L. HE, Y. WANG AND D.F. YUAN

which yields

N-1 "N-1
(3.45)  ppw? = ep(p + adp®)(u, + " u)w? — spw/ ” u(p + adp”),wdy
ry

T T T
— (pw / puw dy) — (puw / puUw dy) + puw, / puw dy
T1 t T1 r

T1

N -1 " "N-1
— puw/ puw dy — pw/ puw dy
r T1 ™1 y

" N-1
+pw/ (pu2+p75(p+a5p°‘)(uy+ u))wy dy
1

r 9
— pw/ pwd, dy = Z J;.
ry

i=1

To estimate RHS of (3.45), it follows first from Lemma 3.1 that

(3.46) / P’ Nl < C(rg, &),

T1

T2 T2 T2
(3.47) / pdr < %/ prVN7ldr < C’/ (p7 +1)rNldr < C(r1,72, &),
T

T1 1 T1 T1

(3.48) / pu®dr < NCLI/ pu? rN=rdr < C(ry, &).
L1

1 T1

We also obtain

(3.49

)
’/OT/ pw(/rjpwq)ydy>drdt‘

T T2 T Y
< ’/ / pw(/ pw(/ (p—d(2)) 2N "1d2) ](\1,:(/_1) drdt‘ < C(r1,7r2,T,&).
0 1 1 ) Yy

Now it follows from (3.47)—(3.48) that

T T2
/ / (J3+"'+J7)d1"dt
0 T1

Next, we estimate Jg. Note that

(350) S C(T‘l,TQ,T, 50)

T o r
’/ / pw(/ (pu? + p)w, dy)drdt’ < Cl(ri,re,T,&),
0 T1 T1
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and

1

72 T N _ 1
/ pw / (p+ adp®)(uy ; u)wydy)drdt‘

< C(r1, 72, E0)e // |(p + adp) (yuy + (N — 1)u)w, |dydt

< C(r1,r2,&) 5/ / (p+a5p“)(yuy+(N—1)u)2dydt
0 r1

T T2
+ / / e(p+ adp®) dydt)
0 1

S C(T17T27T7 50)7

which yield
(3.51)

For J5, since

‘/’"N—l

dy
—1\/ — (60w + (60 g0 + (o + 39"y, ) (1.) <
N-1 ra
< [P (ot S yuw) ()] + ) [P ot 65 dr o Clrna o),
we have
T T2
(3.52) ’ / Jo drdt’
0 T1

T T2
‘/ / Jg drdt‘ < C(r1,7m2, T, &).
0

T1

ulp+ 89wy = | X2 (o4 8%y 1,

T ) T N _ 1
= ‘ / / Epw( u(p + 9p%)yw dy)drdt‘
0 71 1 Yy

T T2
< C(r1,7,T, &) + Clr1, 72, T, E) / / er?(p+ 6p%)u drdt
0 r1

+5/ / 2(p + 0p*)w? drdt

2
SC(7“177’2,T750)+5/ / pw? drdt,
0

since a € (0,1).
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Finally, we estimate J;. It is clear that

(3.53)

T T2
( / Jldrdt’
0 T1

T T2 _ 1
- 5‘ / / (p* + adp™) (uy u)w2drdt‘
<5/ / p |ur u|w drdt
+a55/ / O‘H{ u‘w drdt

< 5/ / 0% (p + adp®)w? drdt
0 1
T pre N-1
+C’6/ / (p+ adp™)(ur + " u)2w2 drdt
0 T1

T T2
< Clri,re, T, &) + 6/ / piw? drdt.
0 T1

To close the estimate, we still need to bound the last term on RHS of (3.52)—(3.53).
We first consider the case: v € (1,2]. Then we have

(3.54)

(3.55)

T T2
s/ / pPw? drdt
1

< 5/ / pdr sup (p3_7w2) dt

relry,ra]

<C(T177’2,80)/ € sup (p3_7w )dt

re 7“177"2]

T17T2780 / / 3 ’)’wQ t77")’ drdt

C(ri,ra, 50)/ / (ep* | pr|w? + ep® T wlw,|) drdt.
0 r1

We now estimate each term of RHS of (3.54). A direct calculation shows that

T T2
C(T1,7“2750)€/ / p°7 | prw? drdt
0 1
T o
C(T17T2,50)/ / ep? 2p2drdt + = / / =M w? drdt

< C(ry,7r2,&) + / / piw? drdt,
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642 and

T T2
643 (3.56) C’(rl,rg,é'o)/ / ep® Y w|w,| drdt
0 1

T T2

644 < C(r1,7re, 50)/ e sup (pw)(t, r)/ p* 77 Jw,| drdt

0 r r1

T
645 < C’(rl,rg,é'o)/ esup (pw)(t,r)dt

0 I

T T2
646 < C(Th’l’g,go)/ E/ (|or|w + plw,|) drdt

0 T

T r12 T pra

647 < C(’I"l,’l"g,go)/ / ep? 2 p? drdt + C(’I"l,’l"g,go)/ / p* " Tw drdt

0 1 0 1
648 < C(ri,re,&).
649 Combining (3.55)—(3.56), we obtain
650 (357) / / 2 drdt < C(’I"l, T2, 50) for v e (1, 2]
651 For the case: (2, 3], we have
652 (3.58) / / pPw? drdt

ry
T2
653 < 5/ sup (p w)/ pw drdt
0 r€lri,ra] 1
T T2
654 < C(m,m,&))s/ / (plprlw + p*|w,|) drdt
0 r1
T T2
655 < C(r1,7e, 60)/ / (207 2| prPw + p?|w,| + p* T Tw) drdt
0 T1
656 < C(’I“l,’l“g,go).
657 For the case: v € (3,00), we obtain
T To T To
658 (3.59) 5/ / pPw? drdt < C/ / (p+p")drdt < C(r1,re,&,T).
0 1 0 1
659 Now substituting (3.57)—(3.59) into (3.53), we have
T T2
660 (360) ‘ / / (Jl + Jg) d’l“dt‘ < C(’I“l, T2, T, 50)
0 r1

661 Integrating (3.45) over [0,T] X [r1,72] and then using (3.50)—(3.51) and (3.60), we
662  conclude (3.43). O
663 4. Uniform Higher Integrability of the Approximate Solutions. To em-

664 ploy the compensated compactness framework [12], we need additional uniform inte-
665 grability of the velocity for the approximate solutions. We first define
(4.1)

666 My i=E +petpt+ot+e 1+ sup 826’5’[’ < oo, Msy:=Mi+ sup Sg"s’b,
b>1+6-1 b>1+06-1
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where
,0,b ° 8 Hor 18y N—1
(4.2) E7 = polug+|=]") r¥ tdr,
5 Po
b
c 1 1 _
(4.3) £ = /5 (§POU(2) + e(po, px) + §|@0r\2) r? =D

for some ¥ € (0,1). It follows from Lemma A.1 that £5°° and E;"s’b are uniformly
bounded with respect to b. However, the upper bounds may depend on (g,d), such
that My and My are finite for any fixed (e, d), independent of b > 0.

PROPOSITION 4.1. Given r1 and ro with § < ry < ro < b, the smooth solution of
(3.1)~(3.3) satisfies that there exists ¥ € (0,1) such that

9

T T2
(4.4) / / (plul® + o) (¢, r)rN " tdrdt < C(r1, 72, T, &) + C(T, M2) b~ 2.
0 T1

The proof of Proposition 4.1 will be given later, after several lemmas are verified.
Motivated by [16], it is important to see that the positive constant C(T, Myz) is
independent of b, so that this term vanishes when b — oo in Proposition 4.1. Note
that CNSPEs with spherical symmetry is singular at » = 0 and r = co. In order to
integrate the quantities in r from co, we need to know the asymptotic behavior of
p(t,r) near boundary r = b. Thus, we have to obtain the lower and upper bound of p,
which should be independent of b. First, we have the following lemma for the upper
bound of p (also see [16, Lemma 4.2]).

LEMMA 4.2 (Upper Bound of the Density). The smooth solution of (3.1)-
(3.3) satisfies

(4.5) 0 < p(t,r) < C(My) fort >0 and r € [4,1],

We are now going to prove Lemma 4.3 as a preparation to estimate the lower
bound of the density.

LEMMA 4.3. The smooth solution of (3.1)—(3.3) satisfies
b 1
(4.6) / plp 172N p, B rN T dr < O(T, M) fort e [0,T].
5
Proof. We write (3.24) as

_ _ 1 " _
(4.7) e(rN ) + N Ty = —us + m(ﬂv _/5 d(y)y™ 1dy),

and then integrate (4.7) over [0, 7] to obtain
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Multiplying (4.8) by (rV~!u,)?*~! and integrating the resultant equation, we have

Ly
(4.9) 5/ [N 2R da
0
Ly 2k—1
< PN-1 m2kdx 2k
< (/O 7 e )
Ly N &
x{e( / (PN 0) (0,2) 2 da) ™+ (u(r), o)l s
Ly 1
+C’T / / N |2kdxds)
Le T 2k =
vor( / | = /5 (p(s,9) — dw)dy| )™},
Since 1
el = P2 +8(p™)al = 10" +8) ("ol = (6
and (p7)z = Lp7"*(p)s, it follows from (4.5) and (4.9) that
(4.10) / Y| ?F da
Ly
SC(50,T55)< |00 ) 0.0+ )P+ o) da

Ly
// N (p®), |2 deds
Ly T N1, |2k
+/ / ﬁ/ (p(s,y) —d(y)) vy~ dy’ dxds).
0 Jo r 5

Pulling (4.10) back to the Eulerian coordinates, we see that

(4.11)

b
N P _
/ plp~t 2% p, [P ar
§

b t b
< C(&,T,e,0) (525’5’6 +/ plul* erlerr/ / p|p717ﬁpr|2k rN=ldrds
6 0 Jé

+/(:/;)TA,1_1/6T (P(s,y)—d(y))yN’ldy’%prN’ldrdS)'

Now, we consider the last term of (4.11). Notice that

(4.12)

<

<

TN%’ /; (p(s,9) — d(y)) y™ ' dy|

—d(y)|y"N'dy

1 r _
ot [ ot =l
r 5

1 " N—-1
T lp(s,y) — px|lawuswy - dy

1 " _ _N
+ TNi—l/g Ip(s,y) — P*|(1 - 1A(t)uB(t)) yN 1dy +[|d = pullp2r™ 2 I
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715 Using (3.33), we have

1 " _
716 (4.13) 77-1\[*1/5 Ip(s,y) = p«|Lawyum yVdy
Clps) [T B C T B
o < Jslp—l)/ 113’(15)3/1\[ 'y + N—l/ PlA(t)yN dy
T 5 r s
Clps) [T
e < T1<vp1)/5 e(p,p) y™ N dy < C(p) g™ r VT,
719 and
1 T B
20 (4.14) TN—1/6 o(s,9) = el (1 = Layusw) v~ 'y
e 1 " 2 N-—-1 % r N—-1 %
! < erl( S o(s,y) = p* (1 = Lawyun) ¥ dy) ( Y dy)
r 1
722 < C(p*)r’%“(/ e(p, p*)nylde < Clpa, &) 5L,
5

723 Substituting (4 13)—(4.14) into (4.12), we conclude

TN ! ’ / )) yNildy’ < C(p*,go)(’rfNJrl + T*%Jrl)

< C(pse, &, 8)r =1,

724

725 Therefore, using (4.15), we obtain

726 (4.15) /Ot/;pﬂrj\,l_l/; (p(s,9) —d(y))yN_ldy‘%rN_ldrds

t b
727 < C(p*,&),&)/ / pr_k(N_g) rVNldrds
0 Jé
t b
728 = O(p*v 507 6) ( / / 2/)* 1{p(t’r)§2p*}TN_l_k(N_Q)deS
0 Js
t b
729 + /0 /5 e(p, p)r VDL drds)
b
730 < C(ps, &, T, 6) (1 + / erlfk(N*Q)do
5
1
731 < Clp.,&,T,6 (1 (§N-K(N=2) _ pN-k(N-2) )
< C(ps: 0, T, ) +k(N_2)_N( )
732 < Cl(ps,&0,T,96),
733  provide that k > N 5, which can be satified by taking k = 4.
734 In order to bound the fourth term, we multiply (3.1), by rN=1y2k~1 to obtain

b
735 (4.16) dt/ V=1 gy 2k dr—/ p(rN Tt dr
5

N-1

736 (4 M)ty + ——w)(r¥ ), — (N~ 1)M(TN—2u2k)T) dr
5

-~
o
-~

o/
+ [

2’“’1(/ (p(t,y) —d(y))yN’ldy)dr-

This manuscript is for review purposes only.



738

740

741

-3
Ny
[}

-~
N
ot

746

-~
3

748

749

COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE 31

For the last term of RHS of (4.16), it follows from (4.15) that

b T

[ ([ (ot = dw) ¥ ay)ar
g )

b
SO(P*,go)/ pu1p 2 qr

5

° 2t gl n
< C(P*f())(/g pu?* rN_ldr) (/5 pr—N(k—1)+2k—1dr)
2k—1

b o b %
< C’(P*,So,e,cS)(/ pu?k rN*ldr) (/ r*N(’“l)“k’ldﬂ
5 5

b
< C(p*agoaga(s)(\/é pu2k rNildr) - )

provided that N(k — 1) > 2k, i.e., k > % A direct calculation shows that

(4.18)

Since « =1 —

A:

N-1 o )
(1 + M) (ur + w) (PR ), (N = (N2,
= p((2k — )rV 7122 4 (N — 1)rV—342k)
+ 5(@(2k ~ DN 2R 22 L 9k(N — 1)(a — D)rN 202k,

(V= 1)@V = 1) = (N = 2))rV %),

75+ we calculate the discriminant A for the last term of (4.18) to have

4k*(N = 1)*(a — 1)* — 4a(2k — 1)(N — 1) (a(N = 1) — (N — 2))
N -1
N2

(K*(N —1) — (2k — 1)(2N — 1)(N + 1)).

Choosing k = 4, we have

N -1

which, together with (4.18) yields

(4.19)

(1 A+ V1), (V= D2,

> p((2k — 1)rN 1?7202 4 (N — 1)V 342F),
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757  For the pressure term, it follows from (4.5) that

(4.20)
758 ’/ A T dr)
759 = ‘/ 2k DV 1y2k =2y, 4 (N — l)rN_2u2k_1) dr‘
60 Si//)(lekQQ"FNSQk)dT‘FC/ P21y 2h=2 N1,
s
I b
761 < 5/ p(erluzk”uf—i-rN*Bu%) dr—|—C’(T,/\/l1)/ (pu2—|—pu2k) rNldr
s 5
— b
762 < 5/ p(rN T ruR T2y 2 4 N3 2k dr+C(T,M1)<1+/ pu%rN’ldr).
5 s

Combining (4.12), (4.17), and (4.20) with (4.16), we conclude

d [°1 o
— / —pu?* N < (T, M) (1 + / puk TN_ldr>,
dt J5 2k 5

763 which, together with Gronwall’s inequality, implies

b
764 (4.21) / pu?k PN =ldr < C(T, M) for all ¢t € [0, T7.
5

765 Substituting (4.15) and (4.21) into (4.11), we have

b T b
766 / plp~ 12w p, |2 Nl < O(T, M) (1 + / / plp~ "2 p, |2 TNfldrds).
8 0 6

767 Again, applying the Grénwall inequality, we obtain

b
768 (4.22) / p|p717ﬁp,«|2k rN=ldr < C(T, M,).
5
769 Taking k = 4, we conclude the proof. O
770 With Lemma 4.3, we obtain the following lower bound of the density.

771 LEMMA 4.4 (Lower Bound of the Density). There exists C(T,M;1) > 0
772 depending only on T and My such that the smooth solution of (3.1)—(3.3) satisfies

773 (4.23) p(t,r) > C(T, M)~ >0 for (t,r) € [0,T] x [4,b].

1 Proof. It is noted that p(¢,r) is a continuous function on [d, b]. Therefore, for any
5 1€ B(t) with p(t,r) < %p., there exists rg € B(t) such that

P
2 )

& (for instance, 8 = 2-4T), we have

776 p(t,rg) = |r — 70| < C(px,&p)-

777 Therefore, for 0 < 8 < sz

s pltr) P = p(tre) " + B / =571 p, dy
To

2k—1

(/ (o= ) Ty
0

w-""

779 SC(p*)Jrﬂ(/ plp™' "2 p, Iz’“dy)

To

780 < Clp«) + BC(T, My),
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where we have used (4.5), (4.6), and (3.35). Thus, we obtain

p(t,r) > C(T,My)™! for any r € B(t),

which yields (4.23). This completes the proof.

Using Lemmas 4.2 and 4.4, though the upper and lower bounds of density depend

on ¢! and 57!, we can have the following useful weighted estimate.

LEMMA 4.5. For any constant ¥ € (0,1), the smooth solution of (3.1)~(3.3) sat-

isfies

b
4.24 1u2+€ s P +1q)r2 t,r)r2N =D+ gy
20 PP B
5

T b
+ 6/ / (rQ(N*IHﬁpuf + adrz(Nfl)Jrﬂpo‘uz)drdt < C(T, My).
0o Js

Proof. Let L > 0. Multiplying (3.1), by rN=1+Ly, and integrating by parts, we have

b b
1
—/ ipUQTN_HLdr—l—/ prurN_HLdr
5 5

-1
) (ruy + (N — 1+ L)u) r¥N 2 Edr
b
+e(N-1) / p(2ruu, + (N =2+ L)u®) vV =3 Ldr
5
b r
+/ pu(/ (p(t,z) —d(2)) szldz> rldr.
5 5
For the last term on RHS of (4.25), we notice from (3.8) that, for any r € [J, b],
NP, = —/5 " p(t.y)edy = /5 ("~ pu)y dy = pur™
which yields
(4.25) D,.. = pu for any t € [9, b].
Using (4.25), we have

/55 pu</6” (p(t,y) —d(y)) yN—ldy) L

b 1d b
= —/ R e —f—/ |®, |2 rN 1R,
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The other terms can be dealt by similar arguments as in [16]. Then we conclude
(4.26)

b

d [°/1 1
—/ <fpu2 +e(p,ps) + 7|(I)'r‘|2) rN =Ly 4 E/ (pu? + adp®u?) rN =1y
at Jy \2 2 2 Js

b
< C(T, M1)</ (pu® + e(p, ps)) FN=2+L g,
s

b 4 b
+ (/ pu?rN= 2+Ldr>3 +/ pu? TNldr).
o o

Taking L =1 in (4.26) and integrating it over [0, ], it follows from from (3.1) that

b t b
1 1
/ <fpu2+e(f),ﬂ*)+f|¢r|2) rNdr—I—E/ / (pug—&-aép“uf)rNdrds
5 \2 2 2 )0 Js
A 1 2\ .N
g/ (503 + (oo, ) + 510, 2) ¥ dr + C(T, My) < O(T, M),
5

Then, taking L =2,3,--- ;N — 1 in (4.26) step by step, we have

b t b
1 1
(4.27) / (§Pu2+€(/”/’*)+§|q’r|2) T2N*2dr+g/ / (p + adp®)u2 12N ~2drds
5 0 Js

b1 1
< / (§P0U(2) +e(po, px) + §|‘I>0r|2) r*N=2dr + C(T, Ms) < C(T, M>)
5

for any t € [0,T].
Finally, taking L = N — 1 + ¢ with ¢ € (0,1) in (4.26) and integrating it over
[0,t], we conclude from (4.27) that

b t b
1 1
/ (épu2+e(p,p*)+§|<I>T|2)T2N*2“9dr+6/ / (p + adp®)u? 2N =2+7drds
5 0 Js

b
1 1
</ (§p0u3+e(po,p*)+ §|<I>0r\2)r2N—2+§dr+C(T,M2) < C(T, My)
o

for any t € [0,7]. Then the proof is completed. O

Using Lemmas 3.1, 3.5, 4.2, and 4.4-4.5, by similar arguments as in [16], we obtain
the following decay estimates.

LEMMA 4.6 ([16], Lemma 4.7). The smooth solution of (3.1)—~(3.3) satisfies that,
forr €[1,8],

9

(p — pu)(t,7)| < O(T, M) r iN+i%

wle

T
/0 (Ju(t, )| + [ut,r)[?) PN rdt < O(T, Ma) 7™

Taking v(s) = %s|s| in (2.8), then the corresponding entropy and entropy flux
pair can be represented as

7 (p,pu) = p 1, (u+ p%s)u+ ps|[1 — 522 ds,

¢*(p,p0) = 1o [, (u+ 0p%5) (u + %) u + p7s][1 — 57} ds,
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823 where 0 = %—1 Then it is direct to show that

w20 (4.28) 0" (o, pu)| S plul® + 07, q*(p, pu) Z pluf® + p7*0.
825 Since
* 1
826 o = [2) (= zu+ (0 +5)p%s) [u+ p’s|[1 — ]} ds,
Omn* = f_ll lu+ p?s|[1 — SQB\rdS7

827 then for some constant C' = C(y) > 0, it is direct to see that,

828 Il < C(lul+ 9%, Impl < C(Juf* + p*),
1
829 15(p,0) =0, 1 (p,0) = 2/)9/ s[1 — s°]\ds.
0
830 Define the relative-entropy pair:
. {ﬁ(p, pu) = 1% (p, pu) — 0* (ps,0) — 05, (p, 0) pus,
q(p, pu) = q*(p, pu) — ¢*(p«, 0) = 0, (P, 0) (pu® + p(p) — p(p))-

832 Now, we recall a key lemma established in [16], which will be used to prove
833 Proposition 4.1.

834 LEMMA 4.7 ([16], Lemma 4.8). There exists C,(px) > 0 depending only on vy
835  such that

836 (4.29)  =d(p, pu) + pud,ii(p, pu) + pudmii(p, pu) < Cy(p.) (pu® + e(p, pi)).-

837 Now, we are ready to prove Proposition 4.1.

838 Proof of Proposition 4.1: A direct calculation shows that

(4.30)
830 (PVIR) 4+ (PN TG), 4 (N — l)rN_Q( — 4+ pud,n+ quamﬁ)
N-—-1 N -1
840 = 5rN_18mﬁ{((p+a6pa)(ur + u))r - T(p—i—&pa)ru} + OiiprN 1 ®,.
841 Let y € [b —1,b] and r € [ry,72]. Integrating (4.30) over [r,y] and then over
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[0,T] x [6—1,b] X [r1,r2], we have
T T2
(4.31) / / q(t,r)yrN"tdrdt
0 r
' T b T2 Y
=(N-1) / / / / (— G+ pud,f + pudpij) 2~ ~2dzdrdydt
0 b—1Jr; r

[T e 0,

T b
+ (rg — 1) / / q(t,y) N 'dydt
0 b—1

E/OT/:I / /Tyamﬁ{((pmép“)(uﬁ]vz1u))z
N-1

(p+ 5p°‘)zu} 2N dzdrdydt

z

T b T2 Y 5
— / / / / Omiip®. 2N~ dedrdydt := > K;.
0 b—1Jr r i=1

It follows from (4.29) that

T T b T
Ko <O [ [ o o)ty gt < o) (80 + 1)

Similar to the argument in [11, Proposition 4.1], we can obtain

m2

(o, )] < Cy (== + elpy p))
and then
|K2| < C,Y’I’Q(go + 1)

For the third term on RHS of (4.31), since

7" (p. pu) = 0" (p, 0)| < C5 (plul® + p"***|ul),
we have
(4.32) q(p, pu) < C(T, Ma)(|p = pul? + [ul* + |ul).
It follows from (4.32) and Lemma 4.6 that

(4.33)

b T
K| < C(T, Ma)r / / (10— pul? + luf®* + [ul) (t, y) y™ ~'dydt < C(T, M2) b
b—1J0

To bound the viscous term, we regard 7, (p, pu) as a function of (p,u), then

{|8m77(p, pu)| < Cy(lul + 1% = p2),

(4.34) N L
|Omuti(ps pu)| + p* =% Ompii(p; pu)| < Cs,
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-1

),

follows from integration by parts that
v N
/ amn{ ((p+adp®)u.) + (p+ adp®)(
N —

3) K</T//
+ (o= 13—

T rb re Py
s¢€ / / / / (p + adp™)|u. (2N 710,i).| dzdrdydt
0 b—1Jr T
T b re Py y
A A Gt
0 b—1Jr; r z

T b T2 Y
+€/ / / / (p+§pa)|8mﬁ(g)z\szldzdrdydt
0o Jo—1Jr Jr Z

T T2
+ CE/ / (r[(Omi(p + 6p™)ur ) (t, )| + 8|p“udmdi(t, 7)|) 7™ ~2drdt
0 1

1
u} zN_ldz‘ drdydt

dzdrdydt

T b
“75/ /b (o + 8p°)|Omittty| + 6] (0™ udm ) (£, y)|) y™ ~2dydt.
0 —1

order to estimate the terms on RHS of (4.35), we notice that

e(p, p) 1p()(r) > for r € B(t).

C(ps)

b
/ p(p? = pf)? rNldr

T1

b b
: C(p*)/ Lo ()l = pl)*r¥ e +/ L (r)p®(p° — p2)2(t,r) Y ~tar

b b
< C(p*)/ e(p»p*)TN_ldT + C(P*)/ 1p(r) rNldr
b :
= C(p*) / e([h p*)TN_ldT + C(p*) / €(p7 P*) TN_ldT
S C(p*,go).

Using (4.34) and (4.36), the first to third terms on RHS of (4.35) can be bounded

1 T b To Yy
C(*)g/ / / / {2 + 77202 + Gp™u + 5702 0220w
™ 0 b—1Jr; r
+ pu® + e(p, ) + 6272 p% (0" — 03)2} 2N dzdrdydt
< C(p«,&o,71,72,T).
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The fourth term on RHS of (4.35) is bounded by

1 T T2
C(ra, —) / / {6puf + e6pu? + edr 2 pu’
1 0 1
+ pu® +e(p, pi) + p*(p° — pf)z} rN =t drdt

S C(p*5505r17r27T)'

The last term of (4.35) is bounded by

(4.37)

T b
Tzf/ / (p+ 6p™)uy|(lul + 0% = p2]) y™ ' dydt
0 b—1

T b
< Crz/ / (elp+0p™)uy + (pu® + e(p, p.))) y™ ~ dydt
b—1

TMz/ / (t,y))?y™~'dtdy
b—1

< Clps, Eo,m1,7m2,T) + C(T, Ma)b™ 2.

Finally, for K5, it follows from (4.15) that

(4.38)

1 T
@] = m’/é (p(t,y) —d(y)) yN*ldy’ < Clpa, &) (rNF 43 HL),

Using (4.38), we have

(4.39)

T b To Yy
‘ / / / / OmT p @zzN_ldzdrdydt‘
0 b—1Jry r
T rb

2 Yy
S/ / / / 12N p(ful + |p” = pl]) dzdrdydt
0 b—1Jr r
T b T2
TS
0 b—1Jr;
T
<CT’2/ /

b T b
(pu2+6(p,p*))yN’1dydt+Crz/ / |®y[2py™ ' dydt

Y
(pu® +1®.2p + plp? — ) 2N dzdrdydt

C(T 7‘2,50) +CT2/ / ‘(I) | p*l{p(t y)<2p*}y dydt
CTQ/ / @y p1 4y dydt
< Cr2, T, E) + Clpe, E0,71) / / Pl ipozp.y vV~ Ldydt
0 ™1

T rb
< C(T%Ta 80) +C(p*,50,7"1)/ / 6(/), p*)yNildydt
0 T1

S C(p*7805r1aT2’T)'

Combining all the estimates, we obtain

(4.40)

T 2
/ / q(t,r)rN7rdrdt < C(pa, 1,70, T, &) + C(T, My) b2
0
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Then we conclude (4.4) from (3.1), (4.28), and (4.40). O

Now, we prove the following lemma, which is needed when passing to the limit
b — oco.

LEMMA 4.8. The smooth solution of (3.1)—(3.3) satisfies that, for any t € [0,T],

T

(4.41) lur ()17 +/ lue(D)I72 + llurr (B)]|72dt < C(T, [[uor || L2, M)
0

Proof. It follows from (3.1); that

(4.42) —e((p+ Nuy)r + pus = H,

where H := —puu, — pr +(pu+ A)(#u)r + fs%u)\r — p®,.. Multiplying (4.42) by
us and integrating it over [4, b], we have

cd [P b P b
(4.43) f—/ (e + /\)\ur|2dr+/ pu? dr = 7/ (1 + N)i|ug|* dr +/ Huyg dr.
Using (3.1), (3.19), (4.5), (4.23), and the Sobolev inequalities, we obtain
1 1
[z < C(llurllze + lurll 72w l172),

and

b

€ 2

@a) 5 [ N P

5

< C(T, My) /5 " (el + |+ ) s P
< (T, M) ([l 22 l1prl 2 (3 e 2 + 1 52)
ol B el 52+l 3o (e 2 =+ e 3 £2) )
< C(T,M2)<(”ur”%2 + ||u7n||%2)||uw||%2 + ||Ur||?iz + 1>.
Notice that

b
(4.45) / o p®, > dr < C(T, My).
)

Then, using (4.45), we obtain

(4.46

)
b 1 b b
‘/ Hutdr‘ < f/ p|ut|2dr+0/ p Y H|dr
5 8 Js 5
1 b
< C(T, M) ((lullZ + DIl (or, ur) 172 + ullZ2) + §/5 plul* dr

1 b
< g/ plue? dr + C(T, Ma) (Jlur |3 + 1).
4
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To close estimate (4.46), we use (3.19), (4.5), (4.23), and (4.42) to obtain
(447) w32 < O@ Mo) (IvpuelZa + llorl 3l o lfure L2 + 1715 )
< (T, Mo) (I/purllfe + lurllzallurr e + lur 2 +1)
< O(T, Ma) (|IVpuel3z + llurlle +1).
Using (4.43)—(4.47), we have
d b b b
G [ Dl ar [ pdar< 0@ M) (14l [ Nl dr).
4 0 0
Applying the Gronwall inequality, we obtain

b t b
/ (1 + N)|ug|* dr +/ / pu? drds < C(T, ||uor||r2, Ma).
5 0 Js

together with (4.47), yields (4.41). O

5. Limits of the Approximate solutions for the CNSPEs. In this section,
we first pass to the limit, b — oo, to obtain global strong solutions (p®%,u®%) of
CNSPEs with required uniform bounds. Then, taking the limit, § — 0+, we obtain
global spherically symmetric solutions of CNSPEs (1.4) with some desired uniform
bounds on [0,7] x [0,00), which are important for us to utilize the compensated
compactness framework in §6.

5.1. Passage the limit: b — oo. In this subsection, we fix parameters (g, )
and denote the solution of (3.1)—(3.3) as (p=°, u=%). Similar to [11, 16] (see Appen-
dix for details), we can construct that there exist sequences of smooth approximate

initial data functions (p5>°, u5*°) and (p5°,u5?) satisfying (3.6) and
(5.1)
,0,b ,0,b 0 ) .
(550 mE ™)) = (a0 in L(5,00) x Lhe([6,00) as b — oo
(&5, 670 = (65°,€7°) as b — oo,
ESO0 4 £ b |uS 0| is uniformly bounded with respect to b,

where p = max{~, % ,
€,0 > %/ €,0 €,0 £,0 —
g() ::/ (77 (pO 7m0 )+|(I)Or|2)rN 1d’1"<OO,
(5.2) " e
£,0 £,0\au— £,0\2c0— £,0 2 —
&= 52/5 (14 2a6(pg°)* " + a®6%(pg ) 2) |(W g )| 7N dr < 0.

From (3.1), (3.19), (4.5), (4.23), and (4.41), there exists a constant C' > 0 that
may depend on (e,d,T), but is independent of b, so that

(5.3) 0<Ct<po%b(t,r) < C,
2 2
(5:4) o) (10 = e ) s oy + 175 Ol

T
[ ) O] gyt < O
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We extend p=%°(t,r) and u%°(t,r) to [0,T] x [6,00) by defining p=>°(t,7) = p.
and u®%°(¢,7) = 0 for all (t,r) € [0,T] x (b,00). Then it follows from (5.4) and the
Aubin-Lions lemma that

(p=%°, usob) is compact in C([0,T]; L}, [§, 00)) with p € [1,00).

loc

To be more precise, we obtain

LEMMA 5.1. There exist functions (p=°,u?)(t,r) such that, as b — oo (up to a
subsequence),

(p=%°, usP) = (=0, us?) strongly in C([0,T7; L, [0, 00)) for all p € [1,00).
In particular, as b — oo (up to a subsequence),
(p=00 us%®) = (p=0, us?) a.e. (t,r)€[0,T] x [0, 00).

Using Lemma 5.1, it is straightforward to show that (p*°,u5?%) is a global weak

solution of the initial-boundary value problem (IBVP) of CNSPEs (3.1):

(5.5) {@nomn» 0 forr e [500),

Ulp=s =0 for t > 0.

Moreover, it yields from (5.3)—(5.4) and the lower semicontinuity of approximate
solutions that

(5.6) 0<Ct<p™(t,r) < C,
(5.7) sup_ ([[(p7° = pas u= ) () 311 (5,000 + 105 (D 172(5,000))
t€[0,T]

T
£,0 =
+An@,@ﬂw@m@@§a

These facts show that the weak solution (p=9,us9, &) of (5.5) is indeed a strong
solution. The uniqueness of the strong solution (p?,us?, ®°) is guaranteed by

properties (5.6)—(5.7) and the L?-energy basic estimate. This indicates that the

whole sequence (p=%° u=%®) converges to (p=°,us%) as b — oo.

Then it is straightforward to show that
(677, M=, @0 (1,5) = (o (¢, 1), m=4 (2, 7) =, @4 2, 1))
r

with p=°(t,x) > 0 is a strong solution of the initial-boundary problem of system (1.4)
with (g, A) determined by (3.4) for (¢,x) € [0, 00) x (RV\Bs(0)) with initial-boundary
data as follows:

{w%MW@w:@?Umﬁmm,
Ms’é(t, X)|x€(’)B§(0) =0.

From Lemma 5.1, Lemma 3.4, (3.1), (3.19), (3.30), (3.43), (4.4)—(4.5), (5.1),
Fatou’s lemma, and the lower semicontinuity, we have
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981 PROPOSITION 5.2. Under assumption (5.1), for any fized (,9), there exists a
982 unique strong solution (p°,us®, ®%9) of IBVP (5.5). Moreover, (p*°,u®%) satisfies
983 (5.6) and, fort >0,

< /1 1
s [ (G R e )+ 59 (1)
2
)(s,r)erldrds

T oo us
985 + s/ / ,05"S|uf"5|2 +p

G €82 4 us?|? N—-1 e,
986 + cN55 (lug®? + =) ) (s,r) PN " drds < £57° < C(& + 1),
r

S (s +5(”)HIP?‘*IQ+52(p5’5)2“*3\pi’5l2)(t,r)rN’ldr

T o)
988 +e / / (| ("), 1"+ 5(p5’5>”+°“‘3|pi"5|2) (s,7)rV~ldrds < (& + 1),
0 1

T T2
989 / / (=) (¢, r) drdt < C(ry,72, T, &),
0

T T2
990 / /
0 T1

D r
091 / ( / o) dy) 0 ) e < O(D. &),
) )

34 (p€v5)7+9)(t,r) rNldrdt < C(ry,7r2,T, &),

992 for any fizred T, D > 0 and any compact subset [r1,r3] of [9,00).

993 5.2. Passage the limit: 6 — 04. In this subsection, for fixed ¢ > 0, we
994 consider the limit: 6 — 0+ to obtain the weak solution of CNSPEs. It follows from
995 Lemma A.1 in the appendix that

(5.8)

(06, m§°)(r) = (p§,mE)(r), in LY ([0, 00);rN"1dr) x L ([0, 00); 7N ~Ldr)
996 as § = 0+,

(E5°,62°) — (£5,€5) as & — 0+,

997 where p = max{~, %} To take the limit, we need to be careful, since the weak
998 solution may contain the vacuum state. Here, we consider the limit process: § — 0+,
999 by adopting similar compactness arguments as in [53, 31]. It is noted that our solution
1000 (p9,u%%) can be extended as the zero extension of (p=?,us?) outside [0, T] x [0, 00).
1001 In the following lemma, we collect some results that are used for the limits for self-
1002 containedness.

1003 LEMMA 5.3. For fized £, as 6 — 0+ (up to a subsequence), the extended solution
1004 sequence (p=°, m®°) satisfies the following:

1005 (i) There exists a function p(t,r) such that

1006 (5.9) (v p=8, p=° (Vp,p%) a.e. and strongly in C(0,T;L{ )

1007 for any q € [1,00), where L] _ stands for LY(O) for any O € (0,00).
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(ii) The pressure function sequence p(p>°®) is uniformly bounded in L>=(0,T; L1 )

loc
for all ¢ € [1,00], and

(5.10)  p(p=°) — p(p°) strongly in L1(0,T; L{ ) for all ¢ € [1,00).

loc

(iii) The momentum function sequence m=° converges strongly in L*(0,T; LL ) to

loc
some function me(t,r) for all q € [1,00), which yields
meo(t,r) = (p=°usO)(t,r) — mE(t,r) a.e. in [0,T] x (0,00).

In Lemma 5.3, the convergence results in (i)—(iii) are from Lemma 5.3, Corollary 5.4,
and Lemma 5.5 in [16].

The proof of the following lemma is similar to that in [11, Lemma 4.4].

LEMMA 5.4. m®(t,7) = 0 a.e. on {(t,r) : p°(¢t,7) = 0}. Moreover, there exists
a function u(t,r) such that me(t,r) = p°(¢t,r)us(t,r) a.e., u®(t,r) = 0 a.e. on
{(t;r) = p°(t,r) =0}, and

me® — m® strongly in L*(0,T; LY ) for p € [1,00),
£,0 5
LN L VpEuf strongly in L*(0,T; L} ).

Then we can obtain the following theorem for the global weak solutions of CN-
SPEs:

THEOREM 5.5. As § — 0+. Let (p°,m?) be the limit of (p=°, m=?), and (p§, m§)
be the initial data satisfying (2.9)—(2.12). For each fized € > 0, there exists a global
spherical symmetry weak solution

x
(", M, ) (8, ) 1= (9 (t,7), e (1), 05 (1,7))
of CNSPEs (1.4) in the sense of Definition 2.3. Moreover,
(p%,m", 9%)(t, ) = (p°(t,7), p° (¢, m)u(t, ), ®°(L, 7)),

with u®(t,r) := % a.e. on {(t,r) : p°(t,r) # 0} and us(t,r) := 0 a.e. on
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{(t,r) = p(t,r) =0 or r = 0}, satisfies the following bounds:

(5.11) p°(t,r) >0 a.e.,
(5.12) (%)(t,r) =/pe(t,r)us(t,r) =0 a.e. on {(t,r) : p°(¢t,r) =0},

1
Celf ) 5P ) ()

2
(s,7)rN3drds < & < & + 1 fort > 0,

(5.13) /0 (

+€/]R§_ T
(5.14) 62/0 I( ps(t,r))rer*ldr

+ 6/ [((p5(s,7))2), [2rNtdrds < C(Eg + 1) fort > 0,

g

(5.15) / / (L, r) drdt < C(ry, 12, T, &),
(5.16) / / (p°|u® + (pE)V‘LG)(t, r)rNrdrdt < C(ry, e, T, &),
0 T1
D r
e [ (] e ) e < 0.,
0 0

for any fixed T, D > 0 and any compact subset [ri,r3] € (0,00). In addition, the
following energy inequality holds:

/ (% y; ’ + e(p%, pi) + 1|V,<<I>5\2)(t,x) dx
< [ G
T

For any entropy pair (n,q) defined in (2.8) for any smooth compactly supported func-
tion (s) on R,

Y e(of,p) + |vq>|)()x fort > 0.

Om(p®,m) + 0rq(p®, m%) is compact in H ! (R?).

Proof. We divide the proof into four steps:

1. It follows from the lower semicontinuity, Fatou’s lemma, and Proposition 5.2 that,
under assumption (5.8), for any fized € and T > 0, the limit functions (p°,m¢) =
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(p°, p°u) satisfy
p(t,r) >0 ae.,

g

u®(t,r) =0, (%

[ Gl
+E/R2+ \T/nf?

82/000|( pE(t,r))T|27"N_1dr

+ 5/ ‘((pe(s,r))%)r‘QrN_ldrds <C(&+1) fort>0,

)(t,’l’) = \/E(t,r)us(t,r) =0 a.e. on {(t,r) : p*(t,r) = 0},

1
(o p.) + 3 1051) (t.r) Y M

€12

(S,’I“) rN=3drds < 58 <& +1 fort>0,

/ / N, r) drdt < C(ry, 72, T, &),
/ / (,0‘E|u‘5|3 + (p€)7+9) (t,r)rN 7 drdt < C(ry, 72, T, &),
0 T1

/oD </0 Pt )y dy)lf(t,r) rdr < C(D, &).

where [r1,72) € (0,00), D > 0.

2. Similar to [11, Lemma 4.6], we can obtain the convergence of the potential function
=% For fized ¢ > 0, there exists a function ®(t,x) = ®°(t,7) such that, as § — 0+
(up to a subsequence),

(5.18) @0 — ®° weak-+ in L>=(0,T; HL (RY)) and weakly in L*(0,T; HL . (RY)),
(5.19) ®=0(t,r)rV 1 = ®E(t, r)rN !
__ / (0°(t,2) — d(2)) 2¥~Ldz  in Cioe([0,T] x [0, 00)),
0

(5.20) ||®*(¢) - ) + ||V¢'E(t)HL2(RN) < C(&) fort>0.

Similar to [11, Lemma 4.8], we can also obtain the following energy inequality:
For v >1, the following energy inequality holds:

/0 (2 \ﬁ )>(t’T)TN1d7"+;/000‘135(t,r)|2rN1d7~
& vl “(pgvp*))(” g [T I850R

3. Now, we prove that

£ g g £ g X g
(P aM ,(I) )(t,X):(p (th)vm (t7r);a<b (t,’l"))
is a global weak solution of the Cauchy problem (1.4) and (2.6) defined in RY in the

sense of Definition 2.3, following the arguments as for Lemmas 4.9-4.10 in [11]. More
precisely, the function sequence (p°, M®, ®°)(t,x) satisfies the following properties:
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Let 0 <ty <ty <T, and let {(t,x) € C([0,T] x RY) be any smooth function
with compact support. Then

/ P (b2, %)C (£, %) dx
RN

ta
:/ /f(tl,x)C(tl,x)dx+/ / (p°Ce + M® - V() dxdt.
RN t1 RN

Let ¥(t,x) € (C3([0, oo) X RN))N be any smooth function with compact sup-
port supp ¥ € [0,T) x RN. Then, it has

M ME
ME -0 + . V)V + p(p®) div ¥ ¢ dxdt
[ s 2 Sy s

7/ PV Wdxdt + | MG(x) - 0 (0,%) dx
RYH

RN

Ve . Me _
:_€/RN+1{§M (AW Vv ) + T (VP Y)
+VVp© - (\ﬁ V) jwaxat
EX®X Ve m* X®X\ |
- \[ N+1 \/7{\/ r \/[T(INXN - T)} : VU dth,

with VE(t,x) € L?(0,T; L>(RY)) as a function satisfying

T
/ / [Ve(t,x)|> dxdt < C&
0 RN

for some C > 0, independent of T > 0.

It follows from (5.19) that ®¢ satisfies the Poisson equation in the classical
sense except for the origin:

AD® = d(x) — p*(t,x) fort>0, xecRY\{0}.

Moreover, for any smooth function £(x) € C3(RYN) with compact support, it
has

/ VoE(t, x) - VE(x)dx = / (p(t,x) — d(x))&(x) dx.
RN

RN

4. We can also prove the nggfcompactness of weak entropy dissipation measures:
Let (n,

q) be a weak entropy pair defined in (2.8) for any smooth compact supported
function ¥(s) on R. Then, it has

On(p®,m*) + 0rq(p°, m?) is compact in H ! (R?).

The proof is similar with [11, Lemma 4.12]. Hence, we omit the proof for brevity.

We also refer to [56, 61] as an introduction to the method of compensated compactness,
especially div-curl lemma.

In summary, Theorem 5.5 is proved by combining Steps 1-4 above together. [J
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6. Proof of the Main Theorems. In this section, we complete the proof of
Main Theorem II: Theorem 2.4. And then we prove Main Theorem I: Theorem 2.2.
Since the proof is similar to that in [11], we sketch it briefly for self-containedness.
The proof is divided into four steps.

1. The uniform estimates and compactness properties obtained in Theorem 5.5 imply
that the weak solutions (p°, m¢) of CNSPEs (1.9) satisfy the compensated compact-
ness framework in Chen-Perepelitsa [12] for the general case v > 1; also see LeFloch-
Westdickenberg [41] for v € (1, 3]. Then the compactness theorem in [12] shows that
there exists (p,m)(t,r) such that

(6.1)  (p°,m") — (p,m) a.e. (t,r) €R? ase— 0+ (up to a subsequence).

By adopting similar arguments as in the proof of [11, Lemma 4.4], we obtain
that m(t,7) = 0 a.e. on {(¢t,7) : p(¢,7) = 0}. By denoting u(t,r) := 7;((;’:)) a.e. on
{(t,r) = p(t,r) # 0}, and u(t,r) := 0 a.e. on {(t,7) : p(t,r) =0 or r =0}, we can

define the limit velocity w(¢, 7). Then we obtain that

m(t,r) = p(t,r)u(t,r).

Similarly, we can define (%)(t7 r) = +/p(t,m)u(t,r), which is zero a.e. on the vacuum
states {(t,r) : p(t,r) = 0}. Moreover, one can obtain that, as € — 0+,
(6.2) mo_ pEus — LI Vpu strongly in  L*([0,T] x [0, 75], 7Y ~1drdt)

- \/pis f ) ) 9 N

. 3(y+1) |m|? +1 . . .
Notice that |m| 3 < C(p—z—i—/ﬂ ), which, together with (5.15)—(5.16), yields
that
(63 (6, m%) > (pym)  in If, (R%) x L

loc

(R%) as € — 0+

forpe [1,y+1)and g € [1, 3&7_1_21)) where L{ (R ) represents L4([0,T] x O) for any
T >0and O € (0,00).
From (6.2)—(6.3), we also obtain the convergence of the relative mechanical energy
as € — 0+:
77 (p%,m%) = " (p,m)  in Li (RY).

By passing the limit in (5.13) and noticing that 7*(p, m) is a convex function, we have

// 512 )t ) P et

< (t2 — tl)/ (1" (po, mo) + §|¢0r|2)(r) rNldr,
0
which yields that
= 1
64 [+ e
0

e 1
< / (7*(po, mo) + §|<I>or|2)(r)7‘N71d7“ for a.e. t > 0.
0
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This indicates that no concentration (Dirac mass) is formed in the density p at the
origin r = 0.

2. For the convergence of the electric potential function ®¢(¢,r), by similar calculation
in [11], as e = 0+ (up to a subsequence), we obtain

(6.5) o (t,r)rN T = — /r (p°(t,y) —d(y)) y™ 'dy
0
== [ (et y) —dw) y" Ny ae () € R

Then (5.20) implies that there exists a function ®(¢,x) = ®(t, r) such that, as ¢ — 0+
(up to a subsequence),
¢ — ® weak-* in L>(0,T; HE.(RY)) and weakly in L?(0, T; HL.(RY)),

12O, 2, g, + VD2 < OE0)  ae.t >0,

It follows from (6.5) and the uniqueness of the limit that
O, (t,r)rN T = — / (p(t,y) —d(y) vV 'dy  ae. (t,r) € RL.
0

3. Define the functions:
(0. M. @)(2.) = (p(t. ). m(t,r) =, @(1,1)) = (p(t.1). p(t, P)ult, )~ B(2,7)).

Then we obtain that, for a.e. t > 0,
11 M2 1
—|— N —|V<®|?) (¢, x)d
/RN(2\W31 Felp,p2) + 3 [Vx®P) (%) dx

11 Mg |2 1 5
< - |20 ) + 2|V, @ ) dx,
< [ GIZR] + eloo o) + 1900l ) ax
This implies (2.5) in Definition 2.1. From (6.4), we know that % = /pu ¥ is well-
defined and in L? for a.e. t > 0.

4. Using Theorem 5.5 and applying the similar argument as in [11, Section 5], we can
finally conclude that (p, M, ®)(¢,x) is a global weak solution of the Cauchy problem
of CEPEs (1.1) in RY and (1.5)—(1.6) in the sense of Definition 2.1.

For the sake of completeness, we only consider the momentum equations. Let

¥ = (Y1, - ,¥n) € (C3(R x RN))N be a smooth function with compact support,
and let xo(r) € C*(R) be a cut-off function satisfying given o € (0, 1],

(6.6)

Xo(r)=0 forr <o, x,(r)=1 forr>20, [x,(r)<

alQ

C
1"
el <

Without loss of generality, we assume that supp ) C [—T,T] x Bp(0), for some D > 0.
Denote ¥, = ¢x,. Then, performing similar argument as in [11, Section 5], one can

This manuscript is for review purposes only.



1159

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1173

1174

1175

COMPRESSIBLE EULER-POISSON EQUATIONS WITH DOPING PROFILE

obtain

M M
6.7 / M-00, + 22 (L)W, 4 p(p) dive, — pVE - U, Ldxdt
(6.7) M+1{ ot =5 (\/[3 )¥s + plp) p }

+ Mop(x) - ¥, (0,x)dx = 0.
RN

Notice that, for any 7' > 0 and D > 0,

T D 2

(6.8) / / (" 4 o) (¢, 7) PN Adrdt < C(D, T, Ey),
o Jo P

which leads to

(6.9) lim { M0, dxdt +
R

o—0

Mjp(x) - U, (0,x) dx}

RN

= | M - Oyp dxdt + Mo (x) - (0, x) dx.
1 RN

N
RY

Using Lebesgue’s Dominated Convergence Theorem, one can also prove that

(6.10) lim /R - {yﬁ : (g’lﬁ V), + pl(p) div\IIU}dxd
M M .
= /Rf“ {% (5 V) +l0) divip paxa.
Define
1
(6.11) p(t,r) = /831(0) w- Yt rw)dw = NI /aBr(o)w ~(t,y) dSy

1 /
== dive(t,y)dy,
FN-1 B.(0)

which implies

(6.12) lo(t,r)r~H < C([9]lo);
also see [40, 59]. Using Theorem 5.5, we can obtain that

(6.13) plt.ryr [ pleu)y™ " dy € L1((0.D) x (0.7))

49

Using the Lebesgue’s Dominated Convergence Theorem, (6.12), (6.13), we obtain

that

(6.14) lim pV® - U, dxdt = lim p®p(t, )Xo (Mwnr™ L drdt
o—0+ Ri

o0+ JpN+1
+

= 1im [ ot / (0lt,2) — =1 d2) () o ) drc

o—0+ 2
R

/2
R

= / pV O - U dxdt.
RY T

p(t, 7")1"( /Or(p(t, z) — d(z))wNzN_ldz) ((t,r)r~t)drdt
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Substituting (6.9)—(6.10) into (6.7), we conclude that (p, M, ®) is a global weak
solution of the Cauchy problem of CEPEs (1.1) in RY and (1.5)-(1.6) in the sense of
Definition 2.1. The proof of Theorem 2.2 is completed. O

Appendix A. Construction of Approximate Initial Data. For complete-
ness, in this appendix, we present the construction of the approximate initial data
functions with desired estimates and regularity. From (1.2), there exists a positive
constant 7 > 1 so that

1 3
0< 3P < po(r) < 5P for r > 7.

The density function pg(r) is cut off as follows:

(Be)t if po(r)
p5(r) = < po(r) if (Be)t
(Be)~% if po(r)

< (Be)i,
< po(r) < (Be)~
>

(Be)™

where ¢ € (0,1], and 0 < 8 <« 1 is a fixed small positive constant, which is to
guarantee (fe)i < ()2 for all € € (0,1]. It is direct to check that

1

w\

N\»—A

(A1) p5(r) < po(r) +1, p5(r) = po(r) as e — 04+ a.e. 7 € Ry,

To keep the LP mollification properties, it is more convenient to mollify the ini-
tial data in the original coordinate RY; therefore we do not distinguish functions

(po, mo)(r) from (pg, mg)(x) = (po, mo)(|x|) for simplicity.
It yields from (2.2)-(2.5) that po(x) € L (RY). We also assume that pg(x) —
d(x) € (L% N L) (RY). Denote

Ady = —(po — d(x)),

loc

which is well-defined under the above assumption. Using the convexity of e(p, p.), we
have

(A2) 0 < e(p5(x), ps) < e(po(x), p)-

Using (2.5), (A.1)—(A.2) and the Lebesgue’s Dominated Convergence Theorem,
we obtain

lim P5(x) — po(X)” + |\/55(x) — V/po(x)|?7 ) dx =0 for any O € RY.
(18569 = poGO" + 1y/5566) = Voo GO

e—0+

In the following, we take the following cut-off density function for j§(x) at the

far-field:
. _ L
se(x) = po(x)  if x| < (Be)~ ¥,
’ P if [x| > (Be)~ 7,
since a better decay property for approximate initial data is needed. Here, we further

take 3 small enough such that |x| > (8e)"2v > 7+ 2 for all € € (0,1]. It is obvious
that p5(x) is not a smooth function. Therefore, we need to mollify p§(x). Let J(x)
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be the standard mollifier and J,(x) := ZxJ(%) for o € (0,1). Here, we take o = ei
and define p§(x) as follows:

i) = ([ a3, v)ay)

Then p§(x) is still a spherically symmetric function, i.e., p§(x) = p§(|x|). By similar
arguments as in [11, 16], we can obtain the following Lemma (the details are omitted
here for simplicity of presentation).

LEMMA A.1. The following three statements hold:
(i) Ase — 0+,

(€5, &1) = (&0,0),
(P5,m5)(r) = (po,mo)(r) in LY, ([0,00); 7~ *dr) x Lj

10c([07 00)7 TN?ldr)'
where £5,E5, and & are defined in (2.10), (2.11), and (2.1), separately, and
2N
PeE{Y vzt
(ii) For any fized € € (0,1], as § — 0+,

(E5°,€7°) — (&5, €5),

0 0 .
(P, mg°)(r) = (p5, mg)(r) in Lf

loc

([0, 00); 7N —tdr) x L

loc

([0, 00); PN —tdr),

where £5° and E° are defined in (5.2), and p € {7, o}
(iii) For any fized (¢,0), as b — oo,

50 o8, S ped
(€57, E077) = (657, &1°),

(P m5 ™) (r) = (95, mg°)(r)
in Ly, ((8,00); 7~ 1dr) x Li (6, 00); 7~ tdr),

where E5°°° €590 €00 and £5°° are defined in Lemmas 3.1-3.5 and (4.3),
£,0,b

and p € {v, %} In addition, the upper bounds of E5%°,£5°° €% and
55’5’[’ are independent of b (but may depend on €,6), and
E5 + 70 < C& + 1),

b
£,0,b —x( €,0,b €,6,by . 2(N—1)+9
& .—/wo Sy 2N g,
)

__N—1+0)

< C&(SNT 4o

for some C > 0 independent of (g,9,b), where 9 € (0,1) is arbitrary fized
constant.
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