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Abstract In this paper, the extended Hindmarsh-Rose

neuron model, which considers the slow intracellular ex-

change of calcium ions between its store and the cy-

toplasm, is studied. The dynamical behavior of this

neuron model is analyzed by deriving the equilibrium

points, the bifurcation diagrams, and the Lyapunov ex-

ponents, in the presence of an external forcing current.

Furthermore, the dynamics of the network of the ex-

tended model is investigated. Firstly, a one-dimensional

ring network is constructed, and the effects of the cou-

pling strength and the forcing current are considered

on the network behavior. The results confirm the exis-

tence of chimera state in small coupling strength val-

ues. Then a square network of the proposed model is

created by adding an external excitation to the neurons
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and four cases of different parameters are considered.

Particularly, the effects of the stimulus parameters, the

external current, and the coupling strength are studied

on the emergence of spiral waves.
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1 Introduction

The nervous system is made up of billions of smaller

building blocks called neurons. These neurons are the

main components of information transferring process

which interact with each other [1]. The dynamical be-

havior of the neurons has attracted many researchers

in recent years because of their role in transmitting the

brain impulses and signal measurements [2]. The math-

ematical modeling of the neurons behavior is a chal-

lenging subject due to the complexities of the involved

parameters. The Hindmarsh-Rose (HR) model [3,4] can

describe the bursting and spiking phenomenon of the

neurons which are of significance in studying the dy-

namics of neurons. Since the presence of HR model,

there have been many works in the literature, focusing

on the study of the dynamics of the original HR model

and also the effects of various external forces on the HR

model [5–8].

Various neurological studies show the relevance of the

dynamical behaviors of the neurons and the resting po-

tentials. Hence neurons may exhibit chaotic oscillations

during the bursting and spiking modes [9,10]. Mainly

such chaotic oscillations occur during the transition be-

tween the bursting and spiking phases, which partici-

pate in information transferring process [9]. The trans-

mission of the encoded information generally depends

on the capability of the neurons in synchronizing with
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their neighbors [11]. Electrical and chemical synapses

have an important role in information transmission be-

tween neurons and are often used to investigate the syn-

chronization. However, signal exchanging can also occur

by flow of ion currents in the case of field coupling [12].

Recently, the effect of electromagnetic field has been in-

vestigated on the collective behavior of neurons [13–15].

Thus the analysis of synchronization of neuronal net-

works is an important research area and has attracted

considerable attention [16–21]. These studies are often

considered as efficient mechanisms in identifying neural

disorders such as Parkinson [22].

Many biological systems show collective behaviors such

as chimera state and wave propagation which are ob-

served in real-world situations [23,24]. The chimera state

is denoted by the coexistence of coherent and incoherent

groups in the network of identical oscillators [25–28].

The chimera state has strong relevance with some real

phenomena including neuronal diseases [29]. Thus it has

been studied extensively in neuronal networks [29–32].

On the other hand, the wave propagation plays an im-

portant role in the excitable biological cells [33]. Spiral

wave is a special self-organized pattern which seems to

be a considerable fundamental of reentrant excitation

in the cardiac tissue [34]. Therefore, the study of spiral

waves has achieved significant attention in recent years

[34–36].

Motivated by the above literature, in this paper, an ex-

tended version of the HR model is analyzed, wherein

the slow intracellular exchange of calcium ions between

its store[37,38] and the cytoplasm is considered [39]. In

section two the mathematical model of the extended

HR model is given. In section three the complete dy-

namical properties of the HR model such as equilibrium

points, stability analysis, Lyapunov spectrum, and bi-

furcations are studied. Section four and five present the

network analysis of the proposed model and discuss the

emergence of chimera state and spiral wave. Finally, the

conclusions are presented in section six.

2 Extended Hindmarsh-Rose neuron model

(EHRN)

The simplest model for neuron [4] has been proposed

by two differential equations as:

ẋ = a(y − f(x)) + u

ẏ = b(g(x) − y)
(1)

where x represents the membrane potential and y

represents the recovery variable, with f(x) and g(x)

representing the cubic and quadratic nonlinear func-

tion. Considering the effects of spiking and also the fact

Fig. 1 2D phase portraits of the EHRN model Eq. (3) for
Iext = 3.

that the firing frequency of the cell is not uniform and

can slow down and vanishes, Eq. (1) was modified by

including a third state which represents the hyperpo-

larizing current [3]. The resulting equation is known as

the Hindmarsh-Rose neuron model given as:

ẋ = y − ax3 + bx2 − z + Iext
ẏ = c− 5x2 − y

ż = r(s(x+ 1.56) − z)

(2)

where the variables x, y, z describe the membrane

potential, slow current for recovery variable and adapt-

ing current, respectively, with Iext denoting the external

forcing current. However, the model of Eq. (2) cannot

represent the exact behavioral pattern of the neurons

due to its complex nonlinearity. To solve this, a fourth

dimension was added to Eq. (2), which describes the

slow intracellular exchange of calcium ions between its

store and the cytoplasm [39,40]. The resulting four-

dimensional neuron model was named as the extended

HR model (EHRN) and is expressed as:

ẋ = y − ax3 + bx2 − z + Iext
ẏ = c− 5x2 − y − (1/80)w

ż = r(s(x+ 1.56) − z)

ẇ = d(−w + e(y + 0.9))

(3)

where a, b, c, d, e, r, s are the system parameters, the

values of which are defined as:

a = 1, b = 3, c = 1, d = 0.0002, r = 0.006, s = 4,

e = 0.88
(4)

The external excitation current Iext is considered

as the control parameter of the system Eq. (3) and the

paper focuses on the dynamical analysis of the EHRN

for various values of the current Iext. Figure 1 shows the

2D phase portraits of the EHRN model for Iext = 3.
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3 Dynamical analysis of EHRN

The dynamical properties of the EHRN system such

as equilibrium points, eigenvalues, Lyapunov spectrum,

and bifurcation plots are derived and discussed in this

section.

3.1 Equilibrium points and stability analysis

The fixed points of Eq. (3) are obtained by setting the

time derivatives of Eq. (3) to zero as calculated in [37].

For the parameter set given in Eq. (4), the equation for

obtaining the fixed points becomes as:

x3e + 1.9456x2e + 4xe + 5.26067 − Iext = 0 (5)

Numerical calculations show that for −10 ≤ Iext ≤ 10

there is one real root to Eq. (5), which increases mono-

tonically between −2.63046 ≤ Iext ≤ 0.7756 and a pair

of complex conjugate roots, whose imaginary parts do

not vanish. Figure 2a shows the real-valued fixed points

for 0 ≤ Iext ≤ 10.

The linear stability of the real fixed point is deter-

mined from the fourth order Jacobian matrix [37], and

the associated characteristic equation:

λ4 +B3λ
3 +B2λ

2 +B1λ+B0 = 0 (6)

where:

B3 = r + d+ 1 + 3ax2e − 2bxe
B2 = r + d+ rd+ de/80 + (3ax2e − 2bxe)(r + d+ 1)

+10xe + rs

B1 = rd(1 + e/80) + (3ax2e − 2bxe)(r + d+ rd+ de/80)

+10xe(r + d) + rs(1 + d)

B0 = rd(1 + e/80)(3ax2e − 2bxe) + rd(10xe + s(1 + e/80))

(7)

The choice of parameter values leads to the coeffi-

cient B0 varying between the order of 10−6 and 10−5.

Figure 2b shows the linear stability curves in a region

of the zero-eigenvalue line. As Iext varies in the range

0 ≤ Iext ≤ 10, there are always two real eigenval-

ues. One eigenvalue is real, initially large and negative,

while another eigenvalue is of order 10−4, and remains

very small throughout. For 0 ≤ Iext ≤ 1.12, there is

a pair of complex conjugate eigenvalues with a nega-

tive real part. A Hopf bifurcation occurs at Iext ≈ 1.13.

When Iext ≈ 2.14, there are four real eigenvalues, two

of which are positive. Therefore, there is a saddle-node

bifurcation. All four eigenvalues remain real until Iext ≈
4.81, when a second saddle-node bifurcation occurs, and

again there is a pair of complex conjugate eigenvalues

with positive real parts. This pair crosses the imaginary

axis when Iext ≈ 5.26; the real parts remain negative,

until Iext ≈ 6.04, when a third Hopf bifurcation occurs.

Thereafter the complex eigenvalues have positive real

parts.

Criteria for a Hopf bifurcation can be identified by

substituting λ = iω into the characteristic equation.

Equating real and imaginary parts leads to the condi-

tion that ω2 must be a common positive root of ω4 −
B2ω

2+B0 = 0 and quadratic ω2 = B1/B3. Eliminating

ω2 between these two equations yields the equation Eq.

(8) for the Hopf bifurcation curve,

B2
1 −B1B2B3 +B0B

2
3 = 0 (8)

It is remarked that due to the existence of a Hopf bi-

furcation at Iext ≈ 2.13, the remaining bifurcations are

not observed in the nonlinear integrations. The appear-

ance of a stable periodic limit cycle, and its subsequent

transitions to chaotic dynamics, cover the range of Iext
at which the linear stability analysis predicts interest-

ing bifurcations.

3.2 Bifurcation analysis and Lyapunov spectrum

The dynamical behavior of the EHRN model can be un-

derstood by studying the bifurcation plots of the model.

For deriving the bifurcation diagrams, the external ex-

citation current Iext is considered as the control pa-

rameter and the local maxima of the state x is plotted.

Figure 3a shows the bifurcation of the EHRN model

at which several regions of periodic oscillations and pe-

riod doubling route to chaos is observed. For the region

1.5 ≤ Iext ≤ 1.9, period-2 oscillations are observed, as

shown in Fig. 3a as 'P-2' and for 1.9 ≤ Iext ≤ 2.4,

a period-3 oscillation is observed, denoted by 'P-3' in

Fig. 3a. Similarly, a period-4 oscillation region can be

observed for 2.4 ≤ Iext ≤ 2.7 and each period in 'P-4'
undergoes period doubling route to chaos for the region

2.7 ≤ Iext ≤ 3.25. The corresponding Lyapunov expo-

nents (LEs) are calculated using the Wolf algorithm [7]

for a fixed time of 40000s, and are shown in Fig. 3b.

Indeed the onset of a Hopf bifurcation was verified

with integrating the nonlinear four-dimensional system,

by both increasing and decreasing Iext. The results are

shown in Fig. 3c. Note the hysteresis at the boundaries

of transition between different periods.

4 Chimera state in 1D Network of the EHRN

To further capture the complex dynamics of the EHRN,

a ring network of neurons is constructed. Therefore,
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Fig. 2 a) The locus of fixed points for the neuron Eq. (3) as Iext varies. The pale blue line corresponds to x, the black line
to y, the darker blue line to z and the magenta line to w. b) Eigenvalues for the linear stability of the fixed point xe as Iext

varies. The blue curve corresponds to the real eigenvalues, while the black and red curves correspond to the real and imaginary
parts of the complex conjugate pair of eigenvalues. c) Hopf bifurcation condition shown by Eq.(8), where the curve crosses the
x axis is the location of the HB points. It can be seen that HB1 is at Iext = 1.131; HB2 is at Iext = 5.26 and HB3 is at
Iext = 6.04.

Fig. 3 a) Bifurcation, b) Lyapunov spectrum and c) The bifurcation transition plots as Iext increases (blue) and decreases
(red).



Dynamical behavior and network analysis of an extended Hindmarsh-Rose neuron model 5

the neurons are coupled non-locally to the nearby 2M

neighbors with a coupling strength of D. The ring net-

work structure of the neurons can be defined as:

ẋi = yi − ax3i + bx2i − zi + Iext + D
2M

∑i+M
j=i−M (xj − xi)

ẏi = c− 5x2i − yi − (1/80)wi
żi = r(s(xi + 1.56) − zi)

ẇi = d(−wi + e(yi + 0.9))

(9)

where i = 1, ..., N and N is the total number of

nodes. In order to derive the dynamics of the neuronal

ring network, the parameters are fixed as given in Eq.

(4) and N = 100, M = 25. In the simulations, the net-

work is investigated by varying the excitation current

Iext or the coupling strength D. Thus, the discussions

can be divided into two different cases as:

Case-A: For fixed Iext and by varying D.

Case-B: For fixed D and by varying Iext.

Figure 4 shows the spatiotemporal patterns of the

ring neuronal network for case-A where the external

excitation current is fixed as Iext = 3 and the cou-

pling strength is varied. It can be seen that for a cou-

pling strength close to zero, the system doesn’t have any

synchronization and the neurons are asynchronous. By

increasing the coupling strength to 0.1, it is observed

that the system exhibits the chimera state. For the cou-

pling strength values more than 0.5, the system moves

toward synchronization, and hence the chimera state

disappears.

For the second case, the spatiotemporal patterns are

considered for fixed coupling strength and varying Iext.

The results are shown in Fig. 5. At first, the coupling

strength is fixed at D = 0.01 (the top row of Fig. 5). In

this case, the network is in the asynchronous state un-

til the external current reaches to Iext = 3.5, at which

some small coherent groups are formed in the network.

Then the coupling strength is increased to D = 0.25

(the middle row of Fig. 5). In this case, the burst-

ing states of the neurons are composed of both syn-

chronous and asynchronous groups leading to chimera

state. Varying the external current changes the number

of neurons in the coherent and incoherent groups. By

Further increasing of the coupling strength to D = 0.5,

one can observe that the chimera state disappears and

the system enters the synchronous regime.

5 Spiral waves in 2D network of externally

excited EHRN model

To computationally analyze the formation of spiral wave

in the EHRN, we construct the coupled neuronal net-

work of size 110 × 110. An external stimulation ξ(t) =

Acos(ωt) is applied to the neuronal network for trigger-

ing the wave formation, where A,ω represent the stim-

ulus amplitude and frequency, respectively. The cou-

pling strength between the neurons of the network is D

and the stimulation excitation is present for the entire

period of simulation. The parameters used for the dis-

cussion on the birth and death of spiral waves, are the

excitation current Iext, the parameters of the external

periodical force A,ω, and the coupling strength D. The

4th order Runge-Kutta is used for numerical calcula-

tion of the network with no-flux boundary condition,

and with time step h = 0.001. The initial states of the

variables are (x, y, z, w) = [0.01, 0.02, 0.003, 1.01] and

the simulation period is about 15000−time units. The

spatiotemporal patterns of the membrane potential are

observed and the snapshots of the resulting patterns are

displayed in t = 15000−time units. In the snapshots,

the level of excitability of the neurons is represented

by the color. The EHRN network of 110 × 110 can be

defined as,

ẋij = yij − ax3ij + bx2ij − zij + Iext +D(xi+1,j + xi−1,j

+xi,j−1 + xi,j+1 − 4xi,j) + ξ(t)φi,θ1φj,θ2
ẏij = c− 5x2ij − yij − (1/80)wij
żij = r(s(xij + 1.56) − zij)

ẇij = (−wij + e(yij + 0.9))

(10)

where ξ(t) = Acos(ωt) is the stimulus, and{
φiθ1 = 1, for i = θ1
0, otherwise

,{
φjθ2 = 1, for j = θ2
0, otherwise

(11)

The stimulus ξ(t) is imposed on the left boundary

by setting θ1 = 2 : 108 and θ2 = 1. We discuss the gen-

eration of spiral waves under four different cases as

Case-1: Fixed stimulus amplitude, frequency and

coupling strength D, and varying Iext.

Case-2: Fixed stimulus amplitude, coupling strength

D and Iext, and varying stimulus frequency.

Case-3: Fixed stimulus amplitude, frequency and

Iext, and varying coupling strength D.

Case-4: Fixed stimulus frequency, Iext and coupling

strength D, and varying stimulus amplitude.

5.1 Spiral waves in case-1

In the first case, the generation of spiral waves is dis-

cussed for fixed stimulus amplitude, stimulus frequency,

coupling strength (D) and varying the external excita-

tion current. The snapshots of the membrane poten-

tial, at time t = 15000s, are shown in Fig. 6. Firstly,
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Fig. 4 Spatiotemporal patterns of the ring neuronal network for fixed Iext = 3 and different coupling strength values.

Fig. 5 Spatiotemporal patterns of the ring neuronal network for different values of Iext and fixed coupling strength of D = 0.01
(top row), D = 0.25 (middle row) and D = 0.5 (bottom row).
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the value of Iext = 2.9 is considered and it can be

verified from Fig. 3a that the system is in chaos re-

gion for this Iext value. The stimulus amplitude and

frequency are fixed at A = 2 and ω = 0.0001, with

D = 1. Figure 4 indicates that there is no sign of a spi-

ral seed or spiral circuit in the snapshot. The result is

similar for Iext = 2.95, with no spiral wave formation.

But when the external excitation current is increased to

Iext = 3, one can see the birth of spiral waves with a sin-

gular spiral seed. This spiral seed breaks into two spiral

seeds when the excitation current is further increased

to Iext = 3.1. These cases of Iext = 3 and Iext = 3.1 are

considered to be special cases of the EHRN model. Fur-

ther increasing of Iext makes the plane waves stronger

and destroys the spiral seeds.

5.2 Spiral waves in case-2

In the second case, the stimulus frequency ω is varied,

while keeping the stimulus amplitude fixed at A = 2,

the external excitation current at Iext = 3 and the cou-

pling strength at D = 1. Figure 7 shows the snapshots

of the membrane potential captured at 15000−time units.

It is observed that for a very low stimulus frequency of

ω = 0.00001, there is no spiral seed. Increasing the fre-

quency to ω = 0.0001, clearly indicates a spiral seed

with multiple orbits centered around that. Further in-

creasing of frequency to ω = 0.001, the spiral seed splits

into two spiral orbits. Finally, an increase in frequency

to ω = 0.01, leads to the power of plane waves and the

annihilation of spiral seeds.

5.3 Spiral waves in case-3

The third case is to discuss the impact of the coupling

strength on the generation of spiral waves. Therefore,

the coupling strength D is considered as the control

parameter and the stimulus amplitude, frequency and

excitation current are taken as 2, 0.0001 and 3, respec-

tively. The resulting snapshots of the membrane poten-

tials are shown in Fig. 8. When the coupling strength

takes the values of 0.91 and 0.92, there is no evidence

of spiral waves in the network. Whereas when the cou-

pling strength is increased to 0.93, two spiral seeds are

seen which further grow to spiral orbits. More increas-

ing of coupling strength destroys the spiral seeds such

that the spiral waves are not formed for D = 0.95 and

D = 0.98 and D = 0.99, as shown in Fig. 8. But when

the coupling strength reaches to D = 1, again the spiral

waves appear in the network.

5.4 Spiral waves in case-4

In the final discussion, the effect of the stimulus ampli-

tude on the generation of spiral waves is investigated.

The stimulus frequency, excitation current, and the cou-

pling strength are taken as 0.0001 and 3 and 1, respec-

tively. Figure 9 shows the snapshots of the membrane

potentials in this case. For the amplitude A = 1, there

are no spiral seeds in the network. When the stimulus

amplitude is increased to A = 2, the spiral waves are

formed, while for A = 3 the spiral seed is dissipated.

6 Conclusion

In this paper, we studied the dynamics of the extended

Hindmarsh-Rose neuron model with the forth variable

describing the slow intracellular exchange of calcium

ions. At first, complete dynamical behavior of the ex-

tended HR model was analyzed. The equilibrium points

and their stability, the bifurcation diagrams and the

Lyapunov exponents were derived and discussed. The

existence of chaos and the effect of an external forcing

current on the chaotic oscillations were also studied. In

addition, due to the influence of the elements’ dynamics

on the collective behaviors in the networks, the network

of the extended model was investigated. The synchro-

nization dynamics of the EHRN model was captured by

constructing a ring network of neurons. It was observed

that the chimera state is emerged in lower coupling

strength values and increasing the coupling strength

leads to the synchronization of the neurons. Finally,

a two-dimensional network was constructed with con-

sidering an external stimulation. The birth and death

of spiral waves were studied under different parameters’

sets. It was found that the formation of the spiral waves

is achieved in specific ranges of stimulus parameters and

the external current. The parameter values lower than

the defined range, cannot form the spiral seeds and the

higher values make the plane waves stronger and de-

stroy the spiral seeds.

For future studies we recommend analyzing the EHRN

system in the presence of the external magnetic excita-

tion and electromagnetic induction. Also one can con-

sider a periodic forcing current instead of the constant

one.
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Fig. 6 The time-snapshots of the neurons’ membrane potential for various values of Iext in case-1.

Fig. 7 The time-snapshots of the neurons’ membrane potential for various values of the stimulus frequency in case-2.
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