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Abstract

In this paper, we study the numerical method for approximating the random periodic
solution of semilinear stochastic evolution equations. The main challenge lies in prov-
ing a convergence over an infinite time horizon while simulating infinite-dimensional
objects. We first show the existence and uniqueness of the random periodic solution
to the equation as the limit of the pull-back flows of the equation, and observe that its
mild form is well defined in the intersection of a family of decreasing Hilbert spaces.
Then, we propose a Galerkin-type exponential integrator scheme and establish its con-
vergence rate of the strong error to the mild solution, where the order of convergence
directly depends on the space (among the family of Hilbert spaces) for the initial point
to live. We finally conclude with a best order of convergence that is arbitrarily close
to 0.5.

Keywords Random periodic solution - Stochastic evolution equations - Galerkin
method - Discrete exponential integrator scheme
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1 Introduction

The random periodic solution is a new concept to characterize the presence of random
periodicity in the long run of some stochastic systems. On its first appearance in [22],
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the authors gave the definition of the random periodic solutions of random dynamical
systems and showed the existence of such periodic solutions for a C! perfect cocycle
on a cylinder. This is followed by another seminal paper [9], where the authors not
only defined the random periodic solutions for semiflows but also provided a general
framework for its existence. Namely, instead of following the traditional geometric
method of establishing the Poincaré mapping, a new analytical method for coupled
infinite horizon forward-backward integral equations was introduced. This pioneering
study boosts a series of work, including the existence of random periodic solutions
to stochastic partial differential equations (SPDEs) [4], the existence of anticipating
random periodic solutions [6, 7], periodic measures [8], etc.

Let us recall the definition of the random periodic solution for stochastic semiflows
given in [9]. Let H be a separable Banach space. Denote by (2, F, P, (65)ser) a
metric dynamical system and 65 : Q — € is assumed to be measurably invertible
for all s € R. Denote A := {(t,s5) € R2 s < t}. Consider a stochastic semiflow
u: A xQx H — H,which satisfies the following standard condition

u(t,r,w) =u(t,s,w)ou(s,r,w), forallr <s <t, r,s,t R, fora.e.w € Q.

(D
We do not assume the map u(t, s, w) : H — H tobe invertible for (t,s) € A, w € Q.

Definition 1.1 A random periodic path of period t > 0 of the semiflow u : A x
Q x H — H is an F-measurable map y : R x Q2 — H such that for a.e. v € Q

Hu(t,s,y(s,a)),a)) =y(t,w), YVt >s ?)
y(s + 1, w) = y(s, 0;w), Vs € R.

Note that Definition 1.1 covers both the deterministic periodic path and the random
fixed point (c.f. [1]), also known as stationary point as its special cases. To see the
latter one, one may assume (2) holds for any t > 0, and define y(6;w) = y(0, 6,w)
for t > 0, then one can conclude that u(z, 0, y(w), ®) = y(0;w) from (2), which
coincides with the definition of random fixed point (also termed as the station-
ary solution) given in [1]. A well-known example for stationary solution is given
by Y(w) = fi)oo e¢’dW (s), for the one-dimensional random dynamical system
o(t,w)x = xe ! + fot e~ =9dW (s, w) generated from the following Ornstein—
Uhlenbeck process:

dy(t) = —y(@)dt +dW (), y0)=x€eR, ¢t >0, 3)
where W : (¢, w) — W(t, ®) is a one-dimensional two-sided Wiener process on
(2, F, P), and as a convention, w is usually hidden in the notation W (s, ). One can
verify that ¢ (¢, w)Y (w) = Y (6;w). If in addition, we add a periodic drift term to Eqn
(3) such that it reads as

dy(?) = (—y(t) +sin(¢))dt +dW (), y(s)=x € R, t >0, 4)
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then it is not hard to see the semiflow for (4) is given by ¢(¢, s, x, ®) = xe =9 4
f; e~ ") sin(r)dr—l—fst e~ =AW (r).Now define Y (, w) = fioo e~ =9 sin(s)ds+
['. e ""9dW(s). One can verify that Y (t,») = ¢(t,s,®)Y(s,®) and Y(r +
27, w) = Y (¢, 6y w). Indeed,

t+2mw t+2

T
e U2 aW (s, w)

Y(t + 27, 0) =/

—0o0

e~ 1279 gin(s)ds + /

—00

t t
= / e~ 5in(§ + 27)ds + / e AW (S + 27, w)
—0 —00
t R t R
= / e 9 sin($)ds + / e AW E + 27, ) — W2, )
—0Q —0Q

t . t N
- / e~ sin(§)ds§ + / e AW S, Orrw) = Y (2, Orr )
—00 —0

where we use in the last two lines the measure-preserving property of Wiener process.
Therefore, Y is a random periodic path for semiflow ¢ generated from SDE (4).

In general, random periodic solutions cannot be solved explicitly. Even for the
simple case as we showcased in Eq. (4), one relies on numerical approaches to simulate
the random periodic path Y. For the dissipative system generated from some SDE
with a global Lipchitz condition, the convergences of a forward Euler-Maruyama
method and a modified Milstein method to the random period solution have been
investigated in [5]. For SDEs with a monotone drift condition, one benefits a flexible
choice of stepsize from applying the implicit method instead [20]. Each of these
numerical schemes admits their own random periodic solution, which approximates
the random periodic solution of the targeted SDE as the stepsize decreases. The main
challenge lies in proving a convergence of an infinite time horizon. In this paper, we
consider approximating the random periodic trajectory of SPDEs, where we encounter
an additional obstacle of simulating infinite-dimensional objects. For this, we employ
the spectral Galerkin method (c.f. [13]) for spatial dimension reduction, construct a
discrete exponential integrator scheme based on the spatial discretization and conclude
the existence and uniqueness of random periodic solution from the discrete scheme.
To the best of our knowledge, this is the first study that works on the numerical
analysis (Galerkin analysis) of random periodic solutions for SEEs. The Galerkin-
type method has been intensively used to simulate solutions of parabolic SPDEs over
finite-time horizon [10-12, 14, 15, 17], and it is recently applied to approximate
stationary distributions for SPDEs [2]. For the error analysis of both strong and weak
approximation of semilinear stochastic evolution equations (SEEs) through Galerkin
approximation, we refer the reader to the monograph [16].

Let (H,(-,-), |l - |) and (U, (-, )y, || - lly) be two separable R-Hilbert spaces.
Let P be the two-sided Wiener measure on (€2, F), which is a measure-preserving
probability, and denote by (2, F, (F;):er, P) a filtered probability space satisfying
the usual conditions. By (W (#));cr we denote an (F;);cr-Wiener process on U with
associated covariance operator Q € L(U), which is not necessarily assumed to be

of finite trace. Denote by Eg = L',(Z)(H ) = L',z(Q% (U), H) the set of all Hilbert—
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Schmidt operators from Q% (U) to H. Let 6 be the Wiener shift operator defined by
Brw) (s) = w(t+s)—w(t) foralls,t € Rand w € Q. Then, (2, F, P, 0) is a metric
dynamical system. For each € Q and ¢t € R, define W (¢, ) = w(t). We denote
by L? (2, Fy, P; H) the space of F;-measurable random variables X with finite p-th
moment, i.e. E[|| X||”] < oo.
For some arbitrary 9, T € (—o0, oo) with 9 < T, our goal is to study and approx-
imate the random periodic mild solution to SEEs of the form,
{dxgﬂ = [— AXP + £, X)]dr + (¢, X)W @), fort € (1o, T,
0 (%)
X;, =§.
Throughout the paper, we impose the following essential assumptions.

Assumption 1.1 The linear operator A: dom(A) C H — H is densely defined, self-
adjoint, and positive definite with compact inverse.

Assumption 1.1 implies the existence of a positive, increasing sequence (A;);eN C
Rsuchthat 0 < A1 < Ay < ... withlim;_. o A; = 00, and of an orthonormal basis
(ei)ien of H such that Ae; = Aje; for every i € N. Indeed we have that

dom(A) :={x € H : Zxﬁ(x, en)? < oo}

n=1

In addition, it also follows from Assumption 1.1 that — A is the infinitesimal generator
of an analytic semigroup (S(¢));e[0.00) C L(H) of contractions. More precisely, the
family (S(7))se0,00) €njOys the properties

S0) =1d € L(H),
Sis+1)=S(s)oS(t) =S5()oS(s), foralls,t e [0, 00),

and

sup ISy = 1. (6)

t€[0,00)

Further, let us introduce fractional powers of A, which are used to measure the
(spatial) regularity of the mild solution (10). For any r € [—1, 1], we define the
operator A2: dom(A2) ={x € H : Zﬁlk;(x, ej)2 < oo} C H — Hby

oo
AZx:= 2l(x.ej)e;. forallx € dom(A?). )

j=1
Then, by setting (H”, (-, )y, || - |I») := (dom(AZ), (A2, AZ.), ||AZ - ||), we obtain a

family of separable _Hilbert spaces. Clearly, for any 0 < r; < ro < 1, we have that
dom(A) C H? C H"' C H.
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Assumption 1.2 The initial value £ : Q — H satisfies £ € L2(S2, Fiy» P; H). Denote
by C¢ a constant such that E[|I£]12] < Cg.

Assumption 1.3 The mappings f: Rx H - Handg: Rx H — K% are continuous
and periodic in time with period 7. Moreover, there exist « € (0, 1], Cy, Cq,Cyr o €
(0, o0) such that

If (@ u) = f@ u)ll < Crllur — uall,
£t u) — flt,wl < Cr(l+ llulDltr — 2],
g, ur) —g(t, u2)ll 2 = Cellur — uall,

gt u) = g2, W)l 2 < Co (1 + JlulD Ity = 22,

forall u,ui,up € Handt, 11,1 € [0, 7).

Remark 1 Indeed the condition on f can be weakened to a local Lipschitz condition
for the existence and uniqueness of the random periodic solution. However, to show
the continuity of the random periodic solution or to conduct the numerical analysis,
one still need Assumption 1.3.

Remark2 One will see that the Holder continuity in temporal variable imposed on
both diffusion and drift terms plays an important role in the numerical analysis part.
To be more specific, it partly determines the order of convergence of the proposed
numerical scheme.

Remark 3 Note that the assumption on g excludes identity in £(H ). One may refer to
[2] for techniques handing a slight more general assumption on g, which allows g to
be constant in L(H).

From Assumption 1.3, we directly deduce a linear growth bound of the f and g
lft, wl <Ls+Cgrllull, forallt eR, uecH, (8)
and
||g(t,u)||£%§Lg+Cg||u||, forallt e R, u € H, O]

where L ¢ := maxse[o,7) | f (s, 0)|| and Ly := max;e(o,7) llg(s, 0)].
Under these assumptions, the SEE (5) admits a unique mild solution X o e, T] x
2 — H such that it is uniquely determined by the variation-of-constants formula (c.f.

(3D

t t

S(t—s)f(s,x§0)ds+/ S(t — s)g(s, X0)dW (s),

X&) = St — 1) + f
1
' (10)

)

which holds P-almost surely for all ¢ € [y, T'].
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1.1 The pull-back

To ensure the existence of random periodic solution, we need some additional assump-
tions on the Wiener process and on C s and A;p:

Assumption 1.4 The constant C s and C, in Assumption 1.3 and the eigenvalue A1 of
A satisfy 3C ¢ +2C5 < 2.

Denote by X, ke (&, w) the solution starting from time —kt. The uniform boundedness
of X, ke (€, w) in the L? sense can be guaranteed under Assumption 1.1-1.4. Further,
under Assumption 1.1-1.4, one is able to show that when k — oo, the pull-back
X, ez (&) has a unique limit X} in L2($2; H), moreover, X ; is the random periodic
solution of SEE (5), satisfying

t

t
X: =/ S(z—s)f(s,x;*)ds+/ S(t — $)g(s, X)AW (s). (11)

—00 —00

Surprisingly, the mild form (11) can be shown well defined in L?(S2; H") for any
r € (0, 1). More details about the proof can be found in Sect. 3. Besides, the continuity
of X, ke (&, w) is characterized in Sect. 3 for error analysis in Sect. 4.

1.2 The Galerkin approximation

Next, we formulate the assumptions and notations on the spatial discretization. To this
end, define finite-dimensional subspaces H,, of H spanned by the first n eigenfunctions
of the basis, ie, H, := {ey, ..., e,},andlet P, : H — H, bethe orthogonal projection.
Note that H, C H’ for any r € R. By doing this, we are able to further introduce
the following notations: A, = P,A € L(H,), S,(t) = P,S(t) € L(H,), fn =P, f :
RxH, - Hyand g, = P,g: Rx H, — E%(H,,). Then, the Galerkin approximation
to (5) can be formulated as follows

dX[0 = = A X0 4 fut, X ]de + gu (2, X)W (1), fort € (g, T,
X = Pk
(12)

Applying the spectral Galerkin method results in a system of finite-dimensional
stochastic differential equations. Note that for x, y € H,, we have that A,x = Ax,

Sa()x = S)x and (x, f,(t, y)) = (x, f(t.y)).

Remark 4 1t is easy to see there exists an isometry between H, and R". An simply
calculation leads to the existence of a unique strong solution to (12). The uniform
boundedness of X f’_k " as well as the existence of the random periodic solution to
(12) are simple consequences of the corresponding properties of X, ke,

Let us fix an equidistant partition 7" := {jh, j € Z} with stepsize h € (0, 1). Note
that 7" stretch along the real line because we are dealing with an infinite time horizon
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problem. Then to simulate the solution to (12) starting at —kt, the discrete exponential
integrator scheme on T" is given by the recursion

on,—kt
—kt+(j+1)h

on,—k . on—k
= 00 (R 50 + ha(— ke 4 KU (13)
(kT + i, RO AW e ),
for all j € N, where the initial value X Z’,;kr = P,&. Moreover, if we define
Xk = )?T,;’;fjh and A(1) = —kt + jh

fort € [kt + jh, —kt + (j + 1)h), it follows that the continuous version of (13) is
therefore

t
XM = 8, (1 + kT) Po +/ Su(t = M) fu(AGs), X275 ds
—kt

t
+/ Su(t = A())gn(Als), X FT)dW (s)
—kt

, (14)
=St +kt)P,& + / S(t — A(s))f,,(A(s), X;”fkf)ds
—kt
t
+ / S(t — As))gn(AGs), X F)aW (s),
—kt

with differential form

dXP R = AR TR 1 S(1 = AM) fu(A@), X dr s

+S(1 = AD)gn(A@), X" TF)dW (1),

In Sect. 4, we show the uniform boundedness of X f’_k * by imposing another assump-
tions on f and g:

Assumption 1.5 (Dissipative condition)It holds that
20f @t ur) — [t uz), ur —uz) + g (r, ur) — g(1, uz)llf% < —Crglur —ua]l?

forall u,ui,ur € Handt € [0, 7).
Cg
2V
We conclude the random periodicity of the spatio-temporal discrete scheme (14) in
Theorem 4.1 and determine a uniform and strong order to approximate X ~¥7 (£) from
(14) in Theorem 4.2. Compared to the convergence in SDE cases in [5, 20], for the
SEE case it is required that the approximation trajectory starting from L?(Q; H")

< 1.

Assumption 1.6 % +

@ Springer



140 Journal of Theoretical Probability (2024) 37:133-159

with 7 € (0, 1) rather than an arbitrary starting point in L>($2; H), which guarantees
the continuity of the path X f’“(é ). An interesting observation from it is, the order
of convergence directly depends on the space where the initial point lives on, ie,
L2(; H" ). As the rate of the convergence from X —kr (&) to the random periodic path
X* is dependent of the initial condition, we end up this paper with Corollary 4.1 which
determines a strong but not optimal order for approximating X*. Corollary 4.1 also
implies the best order of convergence can be ever achieved is 1/2 — e with arbitrarily
small €.

2 Preliminaries

In this section, we present a few useful mathematical tools for later use.

Proposition 2.1 Under the condition of the infinitesimal generator — A in Assumption
1.1 for the semigroup (S(t)):e[0,00), the following properties hold:

1. Foranyv € [0, 1], there exists a positive constant C1(v) such that
AT (S®) —Id) || gy < Cr(v)t" fort >0, (16)
where Id is the identity map from H to H. In addition,
IA gy < A7 17)
2. Forany u > 0, there exists a positive constant C(i1) such that
IARS Ol ety < Co(uyt™ fort > 0. (18)

3. Foranyt > 0, [SOl gy < e~ For the orthogonal projection P,, it holds
that

IS@)UTd — Po)ll comy < e 1, fort = 0. 19)

Proof The proof for the first two inequalities can be found in [19]. For the last one, note
for any x € H, we have the decomposition x = Z?il (x, e;)e;. Clearly, S(t)(Id — P,)
is a linear operator from H to H. Then, the induced norm (indeed we consider its
square for convenience) for it is therefore

o
ISOAd = Py = sup  ISOAd— Pox[P = sup Y e il (x, e)?
xeH ||x|=1 xeH.|IxI=1; 57

o0
<e Pl qup E (x, e))> < e Pt
xeH |xl=115
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As one of the main tools, Gamma function is presented:

o0
I'(y) :=/ x’ e dx < oo fory > 0. (20)
0

3 Existence and uniqueness of random periodic solution

In the following, we will show the boundedness of the solution to SEE (5) and char-
acterize its dependence on the initial condition, both of which are crucial ingredients
for the existence of random periodic solutions. The proof simply follows Lemma 3.1
and Lemma 3.2 in [20].

Lemma 3.1 For SEE (5) with the given initial condition & and satisfying Assumption
1.1 to Assumption 1.4, we have

sup sup E[||X, %7 (&))?] < o0. 1)
keNt>—kt

If, in addition, & € L2(Q, Foir, P H’)for some r € (0, 1),. then the mild solution
X,_kT (&) introduced in (10) is well defined in L*(2, F;,P; H") for any k € N, and
t > —krt.

Proof The fist assertion follows Lemma 11 in [20]. Applying It6 formula to
ePMIRE[|| X% (£)]|2] and taking the expectation yields

t
SMELN X E)IP) = HFTELENT + 20 / ENXT P
—KT

t
— 2/ AE(X R, AX TR )ds
—kt (22)

t
+2/ R(XTR, f(s, X)) ds
—kt
t
+ | PUEllgls. X )7 1ds.
—kt s L5

Note that 2(A;1 — A) is non-positive definite. Then, making use of Young inequality
and linear growth of f and g in Eqs. (8) and (9) gives

t
SHELX TN < e HEELEN + C f CENX P
—KT
1 ! 2018 —kty |12
o [ RIS, XEPds
Cf —kt

t
[P X s
—kt
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t
< e PME[|IE]7] + BCy +2C)) / PSR X417 1ds
—kt

L2 4 2[2)(o2M _ p=2nikTy
+ —2)” (_Cf ¥ + g)(e e )
Define
1LY
Ky = — (=L +L2),
2 A (Cf g)

Ky :=e M (B[|€*] - K2)  and K3 :=3Cj +2C;.

Note that K3 < 2)| because of Assumption 1.4. By the Gronwall inequality, we have
that

t
PHE[ X)) < K + Ko + / (Ky + Kae™19) KK 09
—kt

K>K3
<K eK}(k‘L’+t)+K €2A1t+ e2)u1t _e—Z)L]k'r
<K 2 K Kg( )
K>K3
< (K eZ)qk‘L’_'_K 62k1t+ elet.
< (K 2) K
Note that K1e?*1%7 + K, = E[||£]2]. By Assumption 1.2, it leads to

K> K3 <2 2K-o)

BOX @17 < B + 55— < €2+ 57—

It remains to justify the second assertion, by bounding each term of (10) in
L*(Q, F_kz, P; H") with some constant independent of k and . For the first term
on the right hand side of (10), we have

E[|AZS(r + k0)E %] = E[|S(r + kr)AZE|?] < E[||AZ&|%].

To bound the second term on the right hand side of (10), we apply the linear growth
of f in (8), Proposition 2.1 and (21), and take 6 = % as follows:

t
E[]? / : S =9 f(s, X, 7)ds|*]

t
=E[H/k AZS(6(t —))S((1 = 0)(t — ) £ (5, X;*7)ds|)’]

<215 (1 +sup sup EIJIX;*"|2)
keNs>—kt

t . 2
(/ IAES(66 = ) leanS((1 = )¢~ 5)lds)
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<2L% Cz( )*(1+sup sup E[|X;*72])
2 keNs>—kt

(/t (9([—5)) z —M(l 0)(t— s)ds>2

—kt

o P(1-%)°
<2LfgC2( ) (1+sup sup E[|X,; 72 ))r] > ——2,
keN s>—kt 4

where we make use of the definition of Gamma function (20) and 6 = % to get

! 5 p—h1(1-0 Tk L (-6 :,11‘(1—%)
(O(t—s)) 1=0)=9) g5 — Os) 2 MU=0sqg < p27 1 2]
k 0 - 2
—KT

It remains to estimate the last term of (10). To achieve it, we shall apply the Itd isometry,
the linear growth of g in (8), and Proposition 2.1 together with the technique involving
Gamma function above:

t
E[fa> / S =98l X7 DIW ) []

t
<212 (1 +sup sup E[|X;*7|? ])/ IAZS(t — s)|*ds
keNs>—kt —kt

rt—-r
<2L7 (1 +sup sup E[llX;’”||2])(zmr—l¥.
keNs>—kt

O

Remark 5 As in [20], it suffices to show (21) through a weaker condition on f, g
than the linear growth (8) there exists a constant Ly o such that 2(u, f(z,u)) +

lg (w3 < Ly g1+ |u|?),fort e Randu € H.

Lemma 3.2 Assume Assumption 1.1 to Assumption 1.4. Denote by X; K and Yt_kr
two solutions of SPDE (5) with different initial values & and n. Then for every € > 0,
there exists at > —kt such that

E[IX75 =y < e (23)

whenevert > t.

The existence of the semiflow u for SEE (5) and its continuity with respect to the
initial condition, ie, u(z, s, -, w) : H — H being continuous, can be guaranteed by
[18]. With Lemma 3.1, Lemma 3.2 and Assumption 1.3, the existence and uniqueness
of the random periodic solution to (5) can be shown following a similar argument in
the proof of Theorem 2.4 in [5].
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Theorem 3.1 Under Assumption 1.1 to 1.3, there exists a unique random periodic
solution X*(t,-) € L*(2; H) such that the solution of (5) satisfies

Jlim E1X77 @) - X7IP1=0. 24)

Moreover it holds that the mild form of X* given in (11) is well defined in L*>($2; H")
foranyr € (0, 1).

Proof For the existence and uniqueness of the random periodic solution X, we will
only give a sketch here as the proof simply follows [5]. Set u (¢, r)(§) := X/ (§). Then,
this u (¢, r) map defines a semiflow. First, for an arbitrary r € R, we are able to show
that (X, e (£))ken gives a Cauchy sequence in L2($2; H) via its semiflow property,
Lemma 3.1 and Lemma 3.2. The limit is denoted by X}. We then need to check
X} satisfies the two conditions in Definition 1.1. For the first condition, through the
continuity of the semiflow with respect the initial condition as well as the convergence
of the Cauchy sequence, we are able to show that

contmmty semiflow property Cduchy %

lim X, % X

k— 00

u(t, r, w)(X¥) Jim u(t, r, w)(X;57)

Thus, the first condition of Definition 1.1 has been verified. The second condition of
Definition 1.1 is the random periodic property. To show this property, one needs to
write down the mild solutions of X, _‘_(]; e (§)and 6: X _kr (&) for a deterministic & and
make the observation that two mild solutions are in the same format. The uniqueness
of the solution implies that they are the same. Finally using the convergence of the
Cauchy sequence again, one can achieve the random periodic property for X;.

It remains to show the second assertion. The first conclusion of Theorem 3.1 ensures
that for any €, there exists a K(¢) € N such that IE[||X,_kt &) — Xt*||2] < € for any
k > K (t). Then,

lim sup E[|| X} [1*] = lim sup E[|| X} — X, %7 (&) + X, " (®)II*]
t€l0,7] te[0,7]

<sup sup 2E[|X;*T®)? 1+limsup lim 2E[|X;" e - X717
keNte[0,7] K (1)

<sup sup 2E[[|X; (&)1 + 2e.
keNtel0,1]

Because € is arbitrary, then limsup,c . E[l X} 121 < SUPgeN SUP;¢[0.7]
2E[ X)),

Due to the random periodicity of X* and the measure-preserving property of 6, it
holds that

lim sup E[ | X;*()[I*] = lim sup B[[| X}, (6:-)[|°]

telr,27] telr,27]
= lim sup B[ X;_, () *] = lim sup E[|| X} () [|*].
telr,27] t€[0,7]
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Similarly lim sup,¢;_. o ELI X711 = limsup,cfo 1 E[IIXF[]. Thus by induction,
lim sup, g E[|| X} |1 < oo. Then following the same approach in the proof of Lemma
3.1, we can deduce that the mild form of X} is in L?(2; H") for anyr € (0,1). O

The second conclusion of Theorem 3.1 claims that the X* lives in an intersection
space of LZ(Q; H "), which is much smaller than LZ(Q; H). Note that the first con-
clusion of Theorem 3.1 shows the convergence is regardless of the initial condition &,
thatis, X, ke (&) will converge to the unique random periodic solution no matter where
it starts from. This observation is crucial in that one may choose a starting point with
preferred properties, for instance, the continuity shown in Lemma 3.3.

Lemma 3.3 Recall that for a fixed h € (0, 1), A(t) := —kt + jh whent € (—kt +
jh, —kt +(j + 1)h]. Consider the mild solution X ~** (€ ) of SEE (5) with given initial
condition € € L*(2, F_iz, IP; H’)for somer € (0, 1) and satisfying Assumption 1.1
to 1.4. Then for any v € (0, r /2], there exists a positive constant Cx depending on
r and vy such that

sup sup E[|X; " — X, (TI°] < Cx (vi, r)h*"".
keNt>—kt

Proof One can deduce the following expression from the mild form (10):

XK E) — X5 @)
= (S(t — A1) — 1d)S(A (1) + kT)&
A(t)

t
+/ S(t—s)f(s,xg’“)ds+/

A1) —kt
(St — A1) —1d)S(A®) — ) f (s, X, T)ds
A1)

t
+/ S(;—s)g(s,x;’“)dW(s)Jrf (St — A@)) — 1d)

A(t) —kt
S(A(r) — $)g(s, X *T)dW (s).

(25)

To get the final assertion, we estimate each term on the right hand in E[| - ||?]. For the
first term, we have that

E[|(S(t — AG)) —1d)S(A () + kD)€ ]

=E[[|A™" (S(t — AG) — 1) A~ G S(A®W) + kr)A%E ]

< NAT(S@ = A@) = 1) 7 1A~ N7 ISCA@) + KD 17 1) BIIAZE ]
< Crph® ;"R ATE |2,

where Proposition 2.1 is applied for the last line. For the second term of (25), by
making use of the linear growth condition on f and Holder’s inequality, we can obtain

t
]E[“/ S(t —s)f (s, X;5)ds ] = 20 (LY + CF sup sup E[IX; 7).
AW keN s>—kt
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Similarly for the fourth term of (25), through the It6 isometry we have that
! 2
E[]| / St —$)g(s, X, Hdw ()| 7]
NG

t
= / E[IIS(r — 5)g(s, X;’”)||Lz]ds

A1)
<2h(L} + Cysup sup E[|X7*7)%)).
keNs> kt
For the third term of (25), applying Assumption 1.1, Proposition 2.1 and defining
6 = 1/2 yield the following estimate
A(t) ' )
IE[||/ (St — A1) — 1d)S(A®) — ) f (s, X, Dds 7]

||/ (S — A)) —Td) AV S(A() —s) (s, X*T)ds | 7]

A1)
< Ci(v)*h*" / AV S(A®) = )l £eayds
—kt
A(t)
/k IA"S(A ) = 5) Il canELLF (s, X757 117 1ds
T
< 2(Lf + Cf sup sup E[|X;*7[121)Cy(vi)2h?"
keNs>—kt

A(t)+kt 2
(/0 1" S(0s5)S((1 — 9)s)||[;(H)ds)

<2(L% + Cisup sup E[|IX;*721)C1(v1)*h*" Co(v1)?

keNs>—kt
A(t)+kt 2
(/ (Qs)_”‘e_)“(l_g)sds)
0
2(v1 b 2
r'a—vwvy)
<2(L% + Cisup sup E[|IX;*7%1)C1(v1)*h*" Co(v1)? al :
keN s>—kt 4

(26)

where we change variable to deduce the integral in the fourth line and apply the Gamma
function (20) to get the last line.
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For the last term of (25), using the It6 isometry, the linear growth of g in (8) and
the definition of the Gamma function we have that

A1)
E[| /k (St — A1) —1d)S(AG) — 5)g(s, X;F)dW (s)[’]

A(t)
:/k E[|A™" (S(t—A(t))—Id)A”‘S(A(t)—s)g(s,Xs_kf)||2£%]ds

<2(L; + Cisup sup E[IX;*7(P1)Cr(v)*h
keNs>—kt (27)

A()+kt )
/0 1A S©@)S((1 = 0)s) 12z, ds
<2(Lj+ Cysup sup E[[|X;7[?1)Ci(v1)*h*" Ca(v)?
keNs>—kt
220270 = 2v))2
> .

m}

One will see that the continuity of the true solution in Lemma 3.3 plays an important
role in later analysis.

4 The random periodic solution of the Galerkin numerical
approximation

This section is devoted to the existence and uniqueness of the random periodic solution
for the Galerkin-type spatio-temporal discretization defined in (14), and its conver-
gence to the random periodic solution of our underlying SPDE (5).

Lemma 4.1 Under Assumption 1.1 to Assumption 1.3, for the continuous version of
the numerical scheme defined in (14) with stepsize h € (0, 1), it holds that

B[ X5 — X757 )12) < h(Cot + CuaBLIX7FT12)), (28)

where Cy .1 = 6(L% + L7) and Cy 2 = 303 +2CF +2C3).

Proof From (15), we get that

X?,—kr _ )‘(tn,—kr
13

= (5(r = A@) 1) X"~ +/ S(t — A)) fu(AGs), X 7F)ds
A1) 29)

13
+/ S(l — A(S))gn(A(S), )_(;l’_kr)dW(S).
A(1)
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For the first term on the right hand side, we have that
E[I(S(r — A@) —1d) X712
n
= B[] Y (O — 1) e, K
i=1

< (7 TMD —PE[IXTTP] < i ELNXT TR,

] (30)

where we use the fact (1 — e™%) < a for a > 0 to derive the last inequality.
For the second term on the right hand side of (29), we have that

ol st st 5o

t t
<[ 15(e = 80 / ELL (A0, 27 Pas
t

A(t
< 2n3(L} + CRRLIX! T 117)),

where we apply the Holder inequality to deduce the second line and make use of the
linear growth of f to get the last line.
For the last term on the right hand side of (29), through the It6 isometry, Assumption
1.1 and the linear growth of g we have that
]

t
= [ B~ A)an (a0, X7 [f]as
A(t) 0

t
E[H/ S(t = A(s))gn(Als), X 7K7)dW (s)
A()

< 20 (L + CGE[| X" I°])-
O

Lemma 4.2 Under Assumption 1.1 to Assumption 1.3 and Assumption 1.5 to Assump-
tion 1.6, let X~*7 be the solution of SEE (5) with the initial condition & and Xkt
from (14) be its numerical simulation with the stepsize h satisfying

Q2(Cy + DanVh(1+ Cyah) + Cr(1+ Cu2)Vh < 2Cs . 31)
Then, it holds that

sup sup E[|X]" (&[] < oo. (32)
keNt>—kt

If, in addition, & € LZ(Q, F i, P; H’)for re (0, 1), the numerical solution intro-
duced in (14) is well defined in Lz(Q, Fi,P; H") forany k € N, and t > —kr.
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Proof Applying the Itd formula to oM ||)A(l"’_kf (&)]12, where we consider the differ-
ential form (15), and taking the expectation yield

t
AMEL| X TR (E) 121 =e T PFTEL|IE)1%] + 21 / MR X R ds

—kt
t
—2/ AME(XM TR AX™ TR ds
—kt

t
+ 2/ EME(XMTRTS(s — A9)) fu(Als), X7FT))ds
—kt

t
t f - E[S( — M) (A, K37 3]s
(33)

Note that the inner product in the last second term can be further divided into several

inner products as follows:

(X27K S(s — A(s)) fu(A(s), X7KT))
= (X175 (S(s — A(9)) — 1d) fu(A(s), X1 7FD))
+ (RPT = X LA, X - (A 6). 0)

_ _ 34
+ (XK, £ (AG), XKD = fu(A(), 0)) Gd

+ (X L (A9, 0) =2 ) Vi

i=1

For V|, we have that

t
2 / e E[V;]ds
—kt

t
:2/ e2ksE Xn‘fkr’
—kt ( :

(S(s — A(s)) = 1d) fu(A(s), X7FT))ds
1t

< 2Anh/ AME[IIXETFC LI X + Ly)]ds
—kt

t t
< Lihh / e?5ds 4+ (2Cy + Drnh / AME[IXT )2 ds
—kt

—kt

2
- knh(Lf +22Cy + 1)Cn,1h)( vt ke
< 7 e —e )

t
+2(Cy 4+ DAgh(l + Cy2h) f ASE[|I X274 |?]ds,
—kt
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where to deduce the second line we make use of linear growth of f and a similar
estimate of (30), and to bound the term of E[||X§"_kr I?] in terms of E[H)_(;"_kf 1]
to get the last line we make use of the following fact from Lemma 4.1:

E[IX 1] < 2B[IXS 74 1P] + 2B[1 X9~ — X717

vin,—kt |2 (35)
< 2(1+ Co2DE[I X7 )12] + 2Cp 1 b

For V>, we have that by the Lipchitz condition of f, the Holder inequality and
Lemma 4.1

t
2/ ME[V,]ds
—kt
t
= z/ EME(XT TR — XK £ (AGs), XI TR
kt

— [a(A(s), 0))ds

t
< 2Cf / ezASE[||X?,7kI _ X;’l,fk‘[ ” ||X?’7kfl|]ds
kt

< ch/ \/]E ”Xn —kt X —kr” ]E[H)_(;l’_kt”z]ds
<2Cvh / 2“ C w2 E[IIXE 5 12] 4+ Co ) E[IXE 757 )12]ds

Can 1“/_( oAt
2\

— _2Akr)+Cf(1+Cn 2)\/_/ 2)»S]E |Xn —kT” ]dS

For V3, together with the last term in (33), we are able to make use of dissipative
condition in Assumtion 1.5 such that

‘ 1
Zf eZME[V3]dS +/ eZ)‘SE[HS(S — A(s))gn(A(S)» X?’—kr) ||2£5]ds
—kt —kz

t
<2 / PSE[(XK £ (AG), K1) = fo(A(s), 0))

—kt

o t
+ g (A ), X?,fkf) — gn(A(s),0) Hzﬁ(z)]ds + /k emsllgn([\(s), 0) ||i«%]ds
—KT
t ) 12
= _ch,g/ eZME[HX?’*kTIIZ]ds + Tg(e2M — Pk,
—kt

where we also apply linear growth of g in (8) to deduce the last line.
For V4, we have that by the linear growth of f and the Young inequality

t t
2fk M E[Vylds = sz AHE(XTR £ (A(s), 0))ds
—KT —KT
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t

< 2Lff SME[IXT R ]ds
—kt

2

t
(62)»1 72)»](‘[)_’_6/ EZASE[||X?’7kr||2]dS
6)‘ —kt

where € is an constant such that 0 < € < A;. Here we can fix e = A{/2.
Now take L = A1 — €/2 = A1/2 > 0. In summary,

PHE[ XM (€))7
< e PRTR[IEI?] + 2 4 € — 24)

[ Eni s

t -
—(2Cy o — Q(Cy + DagVh(1+ Cpoh) + C (1 + Cn,z))ﬁ)/ PME[ X2 ]ds

—kt

Anh(L +2(2cf+1)c,,]h)+cfcn]f+2L2+L /e
+ 21

Anh(Lz +2(2cf+1)c,,1h)+cfc,,1f+2L2+2L /A1
Al

( 2\t _ e—ZAkr)

< e kTRpg)?) 4

(2M _ =20kt

where, to deduce the last line, we make use of the choice for 4 in (31). This leads to

ELIX @)1
(L +2Q2C s + 1)Cyih) + +CCoiVh+ 202 +21% /1

< E 2
< E[lIEN"1+ »
(1 _ e—2)u(l+k1’)) < 00.
The second assertion follows the proof of Lemma 3.1. O

Lemma 4.3 Under Assumption 1.1 to Assumption 1.3, denote by )A("’*kt and )A’"’*kr
two Galerkin numerical approximations from (14) of SEE (5 ) with the same stepszze
h € (0, 1) but different initial valuesé and . Define EM 7 .= XK _ pkT gpg

similarly ET % .= X7k _ y kT Then,
~n,—kt ~n,—kt |2 —n,—kt 2
E[IE; —E; 7] = enhENES 17, (36)

where ¢y =30k, + C7 + C).
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Proof From (15), we have that

dE] ™ = —AEP M 4 5(t = A@) (fu(A@), X4 — fu(A@), 774 dr

+5(t = AD) (ga(AD), X7 = gu(A @), T"7F))dW ().
37)

The rest of the proof is similar to the proof of Lemma 4.1. O

Lemma 4.4 Under the same assumptions as Lemma 4.3 and Assumption 1.5. Denote
by X f’_kr and Yt"’_kr two approximations of SEE (5) with different initial values &
and n under the same stepsize 2C ¢ (\/i_lkn + | /cn)«/z < Cy,q. Then

on.—kt _ pn,—k -
E[| X — 7275712 < e M EHRDE]) g — )2,

Proof Similar as the proof of Lemma 4.2, we apply the It6 formula to e*17 || E™ 77|12,

take its expectation, make use of the It6 isometry and get
1

N _ L

SHUELES TP = e PRl — P12 / IR ES 7 1ds
—kt
t
- 2[ MSE(EnTRT AET TR )ds
—kt

t
+ 2/ eZA“YE(Ef’_kT, S(s — A®)) (fu(Als), X275 — fu(A(s), )?S”’_’”)))ds
—kt
t - -
+ f ) UE[1S(s = A)) (gn (A, X7 = gu (M), ¥ TN) 117, ds.
(38)

In order to make use of the dissipative condition in Assumption 1.5, we further decom-
pose the following term into three terms

(2747 5(s = A®) (oA, X275 = f(A ), 7)) )
= (E17R fu(A ). X2 — fu(AGs), T 7D))
(B (S0 = A®) ~ 1) (A, KT — £ (A, 77)

(Br T = B S(s = AW) (A ) KT = fulA (). 7 4))
=:U; + U + Us.

Substituting the right hand side into Eq. (38) and applying the dissipative condition
in Assumption 1.5 give that

t
MR ENTFP] < e PMRTELIE — 2]+ 200 — A1) / AR ER TR 2 1ds
—kt
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t t
—Cry / MBI ER TR 2 ds + 2 /
—kt

t
E[U,]ds + 2] ePSE[U5]ds.
—kt

—kt

For the term involving U,, we have that

t 1
2/ eSE[U)ds < 2cfxnh/ MR Em K712 ds,
—kt —kt

where we bound || S(s — A(s)) — Id) - || < Anhl| - || as we deduce the bound in (30)
of Lemma 4.1.
For the term involving U3, we have that

t t
2/ PP E[U3]ds < 2cff VR EPTF — EPTRER TR ds
—kt

—kt

t
< 2Cf«/_c,,«/Z/ ePISE[| EM kT2 ds,
—kt

where we apply Lemma 4.3 to deduce the last line.
In summary, we have that

MR EP TP < e PR E — )]
—(Cy.g = 2C;(Vhiy + Je)Vh) / tk MR EFT)71ds
—kt
< e MRTE[E — )]
because of the choice of stepsize i. Then, the assertion follows. O

Theorem 4.1 Under Assumptions 1.1-1.6, for any h € (0, 1) satisfying

2C ¢ (Whn + Jen)Wh < Cy o and
Q2(Cr + DanVh(1 + Cuph) + Cr(1+ Cp2))Vh < 2Cy (39

the Galerkin numerical approximation (14) admits a unique random period solution
X e L>(Q; H) such that

lim E[| X" &) — X121 = 0. (40)
k— 00

With Lemma 4.2 and Lemma 4.4, the proof is similar to the proof of Theorem 3.4 in

[51.
4.1 The convergence

Theorem 4.2 Under Assumption 1.1-1.3, and Assumption 1.5 to Assumption 1 -6, let
X7 be the solution of SEE (5) with the initial condition &€ € L*(Q2, F—_z,P; H")
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for some r € (0, 1), and let X" pe its numerical simulation defined by (14) with
the stepsize h satisfying (31). Then for any any vy € (0, r /2], there exists a constant C,

which depends on &, A, f, g, r, vi and the uniform bounds of both X %% and Xxm—kt,
such that

sup sup (E[|X; %™ — X721 < o (hie +

1

where v A k represents the smaller between vy and k.

(41)

Proof From the mild form (10) and the continuous version (14) for the Galerkin
numerical approximation we derive that

t

X7k XK — S(t + kT)(d — Po)E + L S(t —s)(Ad — P,) f (s, X;*7)ds

t
+ f St = ) (fuls. X757 = £u(AG5), X557))ds

—kt

t
4 f St =) (fu(A(s), X355) = fu(A(s), K74 ds

—kt

t
_/ S(t = $)(S(s — A(s)) — Id) £y (A(s), X2 *0)ds

—kt

t
+/ S(t — $)(Ad — Py)g(s, X, K0)dw (s)
—kt

t
" / =98, XD = g (A6, X)W )

t —_
+ / S =9)(en(AE), X5(5) = g (AW), X)W )

—kt

t 9
—/ S(t = $)(S(s — A(s)) — Id)gn(A(s), XK dW (s) = D Jj.
i=1
(42)

It remains to estimate each of {J; }?:] in E[|| - |] with a finite bound that is independent

of k and ¢. For J;, we can get the following estimate based on Assumption 1.1 and the
condition on &:

E[IS(t + kt)(d — PE|?]

00 _— 5 00 o204k s
—E[ Y MO )2 =F[ 3 (e ©)°]
i=n+1 i=n+1 n
 R—— 1
< S E[D e 6] = ElIAEI).
n i=1 n

@ Springer



Journal of Theoretical Probability (2024) 37:133-159 155

For J, by using the same decomposition for x € H as in Ji, the linear growth of f,
and the uniform boundedness of X, ex (see Lemma 3.1), one can see that

t
E[H/ St — $)(Ad — P,) f (s, X *%)ds %]
||/k Z —2(t— S))\.l(e f(S X—k‘[))d || ]

i=n+1
Z (ei, f(s, Xs_kr))”ds)z:l
i=n+1

t
< E[( / e 2=t
—kt

t t
5/ e—2kn+1(z—s)dS/ e_Z)“"“(’_S)IE[Hf(S,Xs_kf)Hz]dS
—kt —kt
(1 _ 6—2)»,1+1(t+k‘[))2
<2(L3 +Cf sup sup E[| X, %7||]) 3
keNt>—kt )‘n-i-l
2 2 —kt
< (Lf—}—Cf sup sup E[|X; ).
An+] keNt>—kt

To get the upper bound for J3, one shall apply the Holder inequality and Assumption
1.3, and then make use of Lemma 3.3,

||/ St — ) (fuls, X, = fu(AG), X17))ds ")
E[| / S =) (s X7 = £ (A, X;))as )2
1,2

[ 5= (hA0). X5 = (a0 X5E)as )
< 2cf(\/1 tsup sup E[IXKT21A¢ ~|—\/Cx(v1,r)h”‘)

keNs>—kt

t
/ 1S — )|l zcayds

—kt
1
< —2C;( [t+sup sup BIXTI2IAS +/Cx(or, ™),
Ao keN s>—kt
where to get the last line, we use the following estimate based on Proposition 2.1,
t t 1
/ 1S — ) ccyds S/ e Mgy < —. (43)
—kt —kt )\.

Regarding the term J4, by Assumption 1.3 and the estimate (43) one has that
t
_ o 2
E[] [ Sa=9) (a2, X3k0) = fu(A (), X)) ds 7]
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2
< —Lsup sup E[||X; %7 — X772,
1" keNt>—kt

For term Js, following the estimate (26) yields

1
E[] f S =96 = AG) =1 fu(AG), X~ Nds|]

a )»12(‘)]7])1—‘(1 _ vl)z
< 2(L§c + CJ% sup sup E[||X}" krIIZ])CZ(Vl)zcz(Vl)2
keN 1>—kt 4

h*.
Directly applying the It6 isometry and the estimate (19), we have the bound for Je:

t
E(] / ) St —5)(d = P)g(s, X7F)dw ()|

t
<2(L+CZsup sup E[|IX]"7|%) f 1S = $)(Ad = Po) |7y ds

keNt>—kt —kt
2 Sk
< A2—(L§+C§ sup sup E[[| X} ~*71%).
n+1 keNt>—kt

Through the It6 isometry, Assumption 1.1, Assumption 1.3, Lemma 3.3 and a similar
estimate as (43), one can derive the bound for J7 as follows

t
(B[ 86 =5)(ents, X7 = (A0 X35 W | ])

t
= (E[] /_kr St = 5)(ga(s. X75) = g (AGs). X77))aw () |*]) /2

t
+ (B[] /_ S $)(8n (M), X757) — gu(As). X1K0))dW (9)[*]) /2

< 2cg(\/1 +sup sup B[ X520 +,/cx(v1,r)h”1)

keNs>—kt

1/2

t
( f 1St = $)117g7,ds)
—kt
2c
g (\/l-i—sup sup ]E[||X;’“||2]hK+,/Cx(vl,r)h”1>.

<
2A1 keNs>—kt

Regarding the term Jg, by the It6 isometry, Assumption 1.3 and the estimate (43) one
has that

t —_
E[] /_ S =9(en(A0), XET) = gu(A(s), X)) dw ()| ]
2

C N
< —Lsup sup E[| X7 — X ~k7)2).
20 keNt=—kr
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Finally, applying the Itd isometry and the linear growth of g in Assumption 1.3,
and following the estimate (27), we have the bound for Jg that

! -
E[| /k St —$)(S(s — A(s)) — Id)gn (A(s), X?’_’”))dW(S)HZ]

t
<2(L2 + C2sup sup E[IX) Y2 / 1AM S(r — 5) A~
keNt>—kt —kt

(S(s = A(s)) = 1D, ds
<2(L2 + CZsup sup E[X]" 7|21 Cy (v)*h™
keNt>—kt
, QAT —2vp)?
1) 7 .

Cr(v

In total, we have that

9
_ Sn,— 1/2
sup sup (ELIX;* — &7 747122 <3 sup sup (B[22

keNt>—kt i—1 keNt>kt
1 1 1 Cy C
< C(h™ +h* + +t—+—)+ (- + =
VAL A Any ( Al «/2)»1)
_ Sn,— 1/2
Sup Sup (E[”Xt kt _ X;’l, kT||2]) / .
keNt>kt
Because of i—lf + JCZgT1 < 1 from Assumption 1.6, we can conclude the final assertion.

O

Note in Theorem 4.2, one can take v; = r/2 to achieve the fastest convergence.

Corollary 4.1 Assume Assumption 1.1 to Assumption 1.6. Let X} be the random peri-
odic solution of SEE (5) and )A(tn* be the random period solution of the Galerkin
numerical approximation with the stepsize h satisfying (39). Consider approximating
X through the sequence {)A(_"’_kr (E)lx with€é € L2(Q, F_ie,P; H") forr € (0, 1).
Then, there exists a constant C, which depends on A, f, g and r, such that

sup (E[I X5 — X" < c(h*™ + —). (44)
t

)\‘r

n

Corollary 4.1 implies that the best order of convergence can be achieved is 1/2 — €
for an arbitrarily small € > 0 if ¥k > 1/2. Moreover, as the mild form of X} is well
defined in mre(O,l) L2(Q; H") shown in Theorem 3.1, and H'' C H" for r; > ry, it
is not surprised to observe that the order of convergence would be higher if we adopt
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the approximation sequence with initial condition in L2(€2; H") under a higher value
of r.
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