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Abstract

Human T-cell lymphotropic virus type I (HTLV-I) is a persistent human retrovirus
characterised by life-long infection and risk of developing one of two major, clinically in-
dependent diseases: adult T-cell leukaemia/lymphoma (ATL), an aggressive blood cancer,
and HAM /TSP, a progressive neurological and inflammatory disease. Infected individuals
typically mount a large, chronically activated CD8 cytotoxic T-lymphocyte (CTL) re-
sponse against HTLV-I-infected cells, but ultimately fail to effectively eliminate the virus.
Moreover, the identification of determinants to disease manifestation has thus far been
elusive.

A central issue in current HTLV-I research is how the virus is able to persist despite
strong immune pressure. To explore this issue, we adopt a mathematical modelling ap-
proach. Mathematical modelling can help us break apart the complex mechanisms of HTLV-
I persistence and identify the underlying principles that govern successful viral propagation
in the presence of host immunity. Understanding these interactions is a crucial step on
the road to developing effective ways to disrupt the virus life-cycle and may help identify
promising new treatment strategies to reduce the severity of HTLV-I infection and minimise
the detriment due to associated disease.

The objective of this thesis is to develop a consistent theoretical framework that can help
shed light on specific, biologically relevant questions that are of interest to experimentalists
and theoretical immunologists trying to understand the complicated host-pathogen dynam-
ics of chronic infection by HTLV-I. In this thesis, we construct a series of mathematical
models, each incorporating an increasing level of immunological detail, designed to explore
the impact of three biologically significant features that have not been fully considered in
previous mathematical models of HTLV-I: (I) the trade-off between proviral latency and
activation, (II) the simultaneous expression of viral proteins, and (III) the role of antigenic
variability.

The results from investigation of these features in the various models help contribute to
our understanding of the dynamics of persistent HTLV-I infection alongside virus-specific
host immunity. Although our approach is primarily theoretical in nature, our research is
principally driven by a desire to elucidate biologically and clinically relevant phenomena
observed in HTLV-I and, for each of the models, we link our results to what is known

from experimental observations and discuss their significance in a biologically meaningful

context.
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Glossary

Glossary/Table of Terminology

Table 1: Table of immunological terms, abbreviations, and acronyms that frequently appear
in the text.

Term Meaning

AC asymptomatic carrier, an infected individual who displays no vis-
ible symptoms

Antigen any molecule that triggers an immune response

ATL adult T-cell leukaemia/lymphoma, an aggressive blood/lymph
cancer caused by HTLV-I

CTL CD8™ cytotoxic T-lymphocyte, or a so-called ‘killer T-cell’, the
principle branch of host immunity

CTL profile the set of characteristics or attributes that define an individual’s

cellular immune response against an invading pathogen, such as
the number and relative immunogenicities of epitopes that are
recognised, the abundance of each CTL type (i.e. the ‘immu-
nodominance hierarchy’), and the rates of proliferation, natural
death, and cell-mediated lysis of infected target cells; the ‘CTL
profile’ encapsulates a broader scope than the ‘immunogenicity
profile’

CTL rank order a list of CTL epitopes in order from least immunogenic to most
immunogenic; not to be confused with ‘immunodominance hierar-
chy’, which describes the order of CTL responses in terms of their
abundances

DSS ‘discrete strain structure’, or sometimes referred to as ‘discordant
strain structure’; describes the stable co-existence of a set of anti-
genically variable virus strains which do not share variants at any
of the same epitopes

Epitopeﬂ the specific part of a (viral) antigen that can be recognised by host
immunity, a single antigen can have multiple distinct epitopes

Continued on next page —

!Called a ‘viral epitope’, because it is a product of the virus, but can also be referred to as a ‘CTL
epitope’, due to it being the part of the viral product which is recognised by the CTL response. Both terms
are interchangeable.

xi
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Table 1 — Continued from previous page.

Term

Meaning

HAM/TSP

HBZ
HLA
HTLV-1

Immunodominance

Immunodominance
hierarchy

Immunogenicity

Immunogenicity
profile (IP)

KIR

NSS

PBMC

PDSS

Proviral load (PVL)

Provirus
Target cell
Tax

HTLV-I-associated myelopathy, also known as tropical spastic
paraparesis, a neurological and inflammatory disease caused by
HTLV-1

HTLV-I basic leucine zipper factor, an anti-sense HTLV-I protein
believed to play an important role in HTLV-I infection

human leukocyte antigen, the major histocompatibility complex
in humans, aids in host immunity

human T-cell lymphotropic virus type 1

a phenomenon occurring during infection by a pathogen in which
the bulk of the host immune response is directed towards only one
or two epitopes, even though more epitopes are present

a ranked list of epitope-specific cellular immune responses accord-
ing to CTL frequency (or abundance); the most abundant CTL
type is said to be ‘immunodominant’, whilst the remaining, less
prevalent, CTL types are called ‘subdominant’

the extent to which an antigen or epitope provokes an immune
response

the set or collection of relative immunogenicities for all viral epi-
topes recognised by a given individual’s immune system; not to be
confused with ‘CTL profile’, which describes the collective prop-
erties of the immune response

stands for ‘killer-cell immunoglobulin-like receptors’; regulates the
function of immune cells, usually associated with innate immunity,
but recent evidence suggests that KIRs can also regulate aspects
of adaptive immunity

‘no strain structure’; often used to describe the situation in which
all possible strains co-exist

peripheral blood mononuclear cell, which includes any blood cell
that has a round nucleus (as opposed to a lobed nucleus). For
example, CD4" helper T-cells, monocytes, macrophages, B-cells,
CD8™ T-cells, and NK cells

‘partial discrete strain structure’; describes a stable set of strains
that neither contains all possible strains nor is strictly discrete;
in other words, the set of strains consists of a subset of discrete
strains, but it also contains other strains that exhibit some degree
of overlap in at least one of the epitopes

the proportion of PBMCs that carry a copy of the HTLV-I genome,
a measure of viral abundance

integrated viral DNA

CDA4™ helper T-cell, the primary target cells of HTLV-I

the immunodominant HTLV-I protein




Chapter 1

Introduction

1.1 HTLV-I Infection

Human T-cell lymphotrophic virus type I (HTLV-I) is a persistent human retrovirus that in-
fects between 10-25 million individuals world-wide (Bangham, [2000a; (Gallo, [2005; Gongalves
et al., 2010; Mortreux et al., [2003; Proietti et al., 2005)). It is the causative agent of a wide
range of chronic inflammatory afflictions, and has been clinically linked to two major, in-
dependent diseases: adult T-cell leukaemia/lymphoma (ATL), an aggressive cancer of the
blood or lymph organs that often leads to mortality within a year from diagnosis, and HTLV-
I-associated myelopathy or tropical spastic paraparesis (HAM/TSP), a slowly progressive
neurological and inflammatory disease that causes gradual perivascular demyelination and
axonal degeneration in the central nervous system of chronically infected patients, eventually
leading to severe motor dysfunction and permanent disability (Bangham| 2000a; Gallo, [2005;
Levin and Jacobson, [1997; Mortreux et al., 2003; |[Proietti et al.l 2005). Despite significant
advances over the past three decades, there still remain questions about the way in which
HTLV-I-infected cells successfully evade a vigorous and chronically activated virus-specific
host immune response mediated primarily by cytotoxic T-lymphocytes (CTLs) or so-called
‘killer T-cells” (Asquith and Bangham), 2007, 2008} |Bangham et al.l (1999, 2009). There is no
cure nor preventative vaccine for the acquisition of infection, and neither is there effective
treatment available for HTLV-I-associated pathologies — infection is life-long (Bangham),
2000a; [Kubota et al.l 2007; Mosley et all 2005; Proietti et al., 2005). Intriguingly, the vast
majority (over 90%) of provirus-positive individuals are life-long asymptomatic carriers of
the virus. The remaining 5-10% develop ATL or HAM/TSP; however, the exact mecha-
nisms for pathogenesis are unknown and a precise determinant of disease outcome has not
yet been established (Asquith and Bangham) 2000; |Bangham and Osame, 2005} Matsuoka
and Green, 2009; Mosley et al., 2005).
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A central issue in current HTLV-I research is how the virus is able to persist despite
the presence of strong immune pressure. We will use mathematical modelling methodology
to shed light on this issue. In this thesis, we develop a framework to address specific
aspects of persistent viral infection in the presence of host-mediated immunity that have
not been previously considered in mathematical models of HTLV-I. Although our approach
is primarily theoretical in nature, this research is principally driven by a desire to elucidate
biologically and clinically relevant phenomena observed in HTLV-I. We construct a series
of mathematical models designed to explore the host-virus interface which, over the length
of this thesis, progressively integrate the following three biologically significant features or
‘themes’: (I) proviral latency and activation, (II) simultaneous viral protein expression, and
lastly, (IIT) antigenic variation. We explore and build upon these ‘themes’; that is to say, as
we progress through more and more complicated models, we are mindful of what we have

learnt in the previous models.

Theme I: Proviral Latency and Activation

A traditional viewpoint of the survival strategy of HTLV-I has been one of complete viral
latency — infected cells carry transcriptionally silent proviruses and evade destruction be-
cause they are ‘invisible’ to immune-mediated surveillance (Asquith et al., 2000; Richardson
et al., 1997). However, such a scenario cannot adequately explain the clinical observation
that blood samples taken from HTLV-I seropositive individuals typically show high frequen-
cies of chronically activated HTLV-I-specific cytotoxic T-lymphocytes (CTLs), or so-called
‘killer T-cells’, as the maintenance of such a vigorous immune response requires continu-
ous stimulation by proviral cells that are actively expressing viral antigens (Asquith et al.,
2005a}; |[Bangham et al.| [2009; Daenke et al., [1996; Niewiesk et al., 1995; [Parker et al., [1994]).
From this observation, |Asquith et al.| (2000) raised the natural question: ‘Is HTLV-I really
silent?” Several years later, Asquith et al.| (2007) demonstrated experimentally that HTLV-1
is, in fact, not a completely latent infection and, moreover, the authors have proposed an ex-
perimental hypothesis that HTLV-I persists by achieving a highly dynamic balance between
viral activation and transcriptional latency (Asquith et al.l |2007; Asquith and Bangham),
2008)). This balance is one of the underlying features which we incorporate in all of the
models developed in this thesis, and we examine its implications in detail, especially in the
formulation and characterisation of our so-called ‘baseline model’ , which captures the

fundamental dynamics of persistent HTLV-I infection.
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Theme II: Simultaneous Viral Expression

In the next step of our work, we will focus on illuminating the role of simultaneous expres-
sion of multiple distinct viral proteins. With respect to HTLV-I, two such key viral proteins,
namely Tax and HBZ, are believed to determine the outcome of the infection (Boxus and
Willems, 2009; MacNamara et al., 2010). Although the functions of the immunodomi-
nant viral protein Tax have been studied extensively, until recently relatively little has
been known about the impact of HBZ. It is now believed that expression of the much less
immunogenic viral protein HBZ could play a crucial role in determining the outcome of
infection, including the level of detriment due to the virus as well as the risk of develop-
ing disease (MacNamara et al., 2010; Matsuoka and Green) 2009; [Saito et al., [2009). In
addition, experimental research has shown that activated HTLV-I-infected cells can down-
regulate the expression of Tax whilst maintaining or even up-regulating the expression of
HBZ (Boxus and Willems|, |2009; MacNamara et al. 2010; Matsuoka and Greenl, |2009)).

In fact, it is known that a range of viral proteins, roughly 12, can be simultaneously
expressed by an activated HTLV-I-infected target cell (Boxus and Willems, 2009; Goon
et al., [2004a). Whereas in the baseline model we have represented the anti-HTLV-
I cellular immune response by a single homogenous pool of CTLs, the consideration of
multiple epitopes requires a more complex immune system dynamic that incorporates a
range of distinct types of CTL responses, each of which can only target a specific viral

antigen. We explore the resulting heterogeneity in the pool of anti-HTLV-I immune cells.

Theme III: Antigenic Variability

From a more general viewpoint, it is known that each of the two key viral proteins, Tax and
HBZ, display variation in their genomic sequences (Gaudray et al., [2002; Kubota et al.,|2007;
Niewiesk et al.,[1994]), and such variation can arise due to the strong, positive selection forces
exerted by antigen-specific CTLs (Furukawa et al., 2001} Niewiesk and Bangham, 1996)). A
further extension to our HTLV-I models that takes into account the interactions between
an HTLV-I provirus displaying multiple variable epitopes and variant-specific CTLs better
reflects the antigenically diverse nature of HTLV-I and could therefore help resolve several
unknown issues in the way in which HTLV-I-infected target cells navigate the complex
within-host environment and persist despite the presence of host immunity. In this part of
our investigation, we first examine the basic principles accompanying antigenic variability
in only one of the two epitopes before moving to the scenario where variability exists in

both epitopes.
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1.2 Mathematical Methodology

Undoubtedly, one of the greatest advantages to modelling the HTLV-I system using a math-
ematical, rather than a verbal, approach is that we can make use of mathematical techniques
to rigorously and unambiguously characterise model behaviour, allowing for a systematic
way to draw inferences from the model results. To better understand the dynamics of
our mathematical models, we utilise standard mathematical and computational methods,
including non-dimensionalisation, stability, asymptotic, and bifurcation analyses, to inves-
tigate the various systems analytically and numerically. In each of our approaches, we
can identify a threshold parameter, the basic reproduction number for viral infection Ry
(or in later chapters when we consider antigenic variability, the basic reproduction number
for a given virus strain), which is a measure of viral fitness or the ability of the virus to
propagate within the host. For the mathematical models that consider a single strain (i.e.
in the absence of antigenic variability), we are able to prove that viral fitness in terms of
the basic reproduction number completely characterises the global behaviour of solutions
to the model: if Ry < 1, the infection is cleared; if Ry > 1, the infection is chronic. The
global stability of the respective equilibria in each of the two cases for Ry has been shown
by constructing appropriate Lyapunov functions.

Establishing the global dynamics of the mathematical models not only allows us to fully
investigate the finer aspects of these models without worrying about unexpected behaviour,
it also provides us with a clear understanding of the type of behaviour that one might
expect in later models where antigenic variability is taken into consideration, for which
the global dynamical behaviour cannot always be characterised analytically. Because the
mathematical models have been built on a solid foundation and motivated by immunological
processes, our approach therefore places us in a position where we can ask biologically
meaningful questions and then use our models to try and answer them. The results of
our investigation yield biologically significant conclusions that either link closely to clinical
observations or may be experimentally testable, and furthermore suggest novel hypotheses

for the classification and control of virus-associated pathology.

1.3 Objectives and Overview

The overall objective of this thesis is to develop a consistent theoretical framework that can
help shed light on specific, biologically relevant questions that are of interest to experimen-
talists and theoretical immunologists trying to understand the complicated host-pathogen
dynamics of chronic viral infections such as HTLV-1. We will investigate these questions us-

ing a mathematical modelling approach. Mathematical modelling can help us break apart
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the complex mechanisms of HTLV-I persistence and identify the underlying principles that
govern successful viral propagation in the presence of host immunity, providing insights on
the evolution of HTLV-I infection and virus-associated pathogenesis. Understanding these
interactions is a crucial step on the road to developing effective ways to disrupt the virus
life-cycle and may help identify promising new treatment strategies to reduce the severity of
HTLV-I infection and minimise the detriment due to associated disease. Although the issues
here have been investigated in the context of persistent HTLV-I infection, the framework
that we have established can be applied more generally to a range of pathogenic invasions.
In the following, we outline the structure of this thesis. A flowchart of the various chapters
is shown in Figure (1.1

In the present Introduction chapter (Chapter , we have set out a broad motivation
behind our study of within-host HTLV-I infection, outlined three overlapping themes which
we will explore, briefly touched upon the mathematical methodology that will be used, and
now provide a general overview of the contents of this thesis. In Chapter [2, we present
a thorough immunological survey of the virus, focussing in particular on the properties of
infected cells and their interactions with host immunity. We also review some of the key
mathematical modelling work that has previously been done on HTLV-I. The biological
details described here serve as an important basis for how we construct our mathematical
models in order to accurately capture the host-virus dynamic.

Throughout Chapters[3|to[6] we develop a series of four mathematical models of HTLV-I
infection which incorporate an increasing level of biology detail covering the three themes
mentioned above. In Chapter (3], we present our ‘baseline model’, which is represented by a
four-dimensional non-linear system of ordinary differential equations describing the dynamic
interactions among viral expression, infected target cell activation, and the HTLV-I-specific
CTL response. The baseline model focusses on elucidating Theme I and, in particular, the
roles of viral expression and host immunity during the chronic phase of HTLV-I infection to
gain some insights on viral persistence and pathogenesis. This mathematical model serves
as a foundation for the models in subsequent chapters. In Chapter [4] we begin our foray
into Theme II by considering the simultaneous expression of two distinct epitopes, leading
to the development of the basic two-epitope ‘Tax/HBZ model’ of HTLV-I infection. The
consideration of multiple epitopes in HTLV-I infection naturally raises further questions
about HTLV-I immunology and allows us to better capture the essential nature of HTLV-I
infection and persistence. Following this, there are two different directions which we can
take. Along one direction, in Chapter [5] we continue developing the ideas of multiple
viral expression in more detail by generalising to the situation with an arbitrary number of

distinct epitopes, which we called the ‘multiple epitope model’. Along the other direction, we
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explore Theme III by incorporating antigenic variation in the two-epitope model. Namely,
in Chapter [6] we consider antigenic variability in the two epitopes, which results in the
development of the first ‘multi-locus model’ for within-host HTLV-I infection.

In Chapter [, we wrap up the body of the thesis by briefly summarising the main
conclusions of our work and listing a number of directions and model extensions that can be
explored in more detail in the future. Lastly, we finish off the thesis with several concluding

remarks.
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Introduction
(Chapter 1)
HTLV-I
(Chapter 2)
Buildinga Baseline Model
Foundation (Chapter 3)
Considering Tax/HBZ Model
Two Epitopes (Chapter 4)
Arbitrary Number of | General Multiple Multi-Locus
Epitopes Without Epitope Model Model
Antigenic Variation (Chapter 5) (Chapter 6)

Y

Conclusions +
Future Directions

(Chapter 7)

Incorporating

Antigenic Variation
In Both Epitopes

Figure 1.1: Flowchart of the chapters in this thesis showing how each of the chapters relate

to one another.



Chapter 2

HTLV-1

In this chapter we present a thorough epidemiological, immunological, and mathematical
survey of HTLV-I. We begin by briefly describing the epidemiology of HTLV-I infection and
its associated diseases. As our focus is on elucidating the within-host dynamics of HTLV-
I infection and persistence, we proceed in the following sections by discussing essential
properties of virus-infected cells, including the methods of viral transmission and the roles
of different HT'LV-I proteins in the course of the infection. Next, we describe the properties
of the HTLV-I-specific immune response, which is believed to play a significant role in the
outcome of the infection. Lastly, we highlight several key mathematical models that have
been previously considered and motivate the formulation of our own baseline mathematical
model in the following chapter. A table of biological terms, abbreviations, and acronyms
that commonly appear in this chapter and the remainder of the thesis can be found in the

Glossary (Table [1)).

2.1 Epidemiology

Human T-lymphotrophic virus type I (HTLV-I) was the first discovered human retrovirus,
identified independently in Japan and the United States in the late 1970’s to early 1980’s,
and it has been estimated that between 10-25 million individuals world-wide are infected
with HTLV-I (Bangham, [2000a; |Gallol 2005; (Gongalves et al., [2010; [Mortreux et al., [2003;
Proietti et al [2005)). Since its discovery, the geographic distribution of HTLV-I has been
studied extensively, with southern Japan, the Carribean, Africa, Central and South America
being identified as regions where the infection is endemic (Bangham, 2000a; |Gongalves
et al.l 2010; [Proietti et al., |2005; Tomaru et al., 2005). The transfer of infected cells either
through breast milk, semen, or blood is necessary for infection to occur horizontally between
individuals, and infection can also be transmitted vertically from mother to child (Bangham),

2000a; Bangham et al., [2009; Proietti et al., 2005]).
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The vast majority (over 90%) of HTLV-I-infected individuals are asymptomatic carriers
(ACs) of the virus and do not display symptoms. The remaining 5%—10% develop a form
of HTLV-I-associated pathology. HTLV-I is the aetiological agent of two major, clinically
independent diseases which usually develop after a long asymptomatic phase, and it is still
not known what triggers disease manifestation (Asquith and Bangham| [2007; [Mortreux
et al., [2003)). The first major pathology is adult T-cell leukaemia/lymphoma (ATL), an ag-
gressive T-cell malignancy characterised by the emergence of atypical lymphoid cells with
multi-lobulated nuclei known as ‘flower cells’ (Boxus and Willems), [2009; |Gongalves et al.|,
2010; Mortreux et all |2003)). ATL encompasses a spectrum of the disease that is divided
into four clinical subtypes, namely smouldering, chronic, lymphoma, and acute (Boxus and
Willems, 2009; |Gongalves et al., 2010; Mortreux et al., 2003; Proietti et al., |2005)). Patients
diagnosed with the most aggressive forms, the lymphoma and acute subtypes, comprise the
major proportion of all ATL cases, up to 75% or higher, and typically die within 12 months,
while the relatively small proportion of those diagnosed with the two remaining subtypes
have a longer life expectancy, up to 24 months for the chronic type and up to five years
or more for the smouldering type (Gongalves et al., [2010; Proietti et al., [2005). The sec-
ond major clinical disease is HT'LV-I-associated myelopathy, also known as tropical spastic
paraparesis (HAM/TSP), a slowly progressive, debilitating neurological and inflammatory
disorder caused by perivascular de-myelination and axonal degeneration (Bangham et al.,
1999; |Levin and Jacobson| 1997). HAM/TSP is characterised by spastic gait, sensory dys-
function, hyper-reflexia, and muscle weakness, including degeneracy of the sphincter mus-
cles which often affects the autonomic functions of the bladder and bowel (Gongalves et al.,
2010; Proietti et al., 2005). HTLV-I has also been clinically linked to a wide range of other
chronic and acute diseases, including arthritis, uveitis, infective dermatitis, polymyositis,
Sjogren’s syndrome, and pulmonary infiltrative pneumonitis (Parker et al.| [1994; |Proietti
et al., [2005; [Tomaru et al., 2005), and is associated with an increased risk of opportunistic
infections — pathogenic invasions that cannot manifest into disease in a healthy individual,
but thrive in the presence of a weakened immune system — such as Strongyloides stercoralis,
Staphylococcus aureus, and Mycobacterium tuberculosis (Asquith and Bangham) [2007; [Proi-
etti et al.l [2005). In our study, we will consider HTLV-I infection principally as a precursor
to the acquisition of chronic inflammatory disease, most notably HAM /TSP. Although the
dynamics of T-cell malignancy are fundamentally different from non-malignant disease and
alternative realisations are needed to describe leukaemogenesis, some of our results may also

have biological implications that are related to the events leading up to the development of
ATL.
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2.2 Classification and Viral Dynamics

HTLV-I belongs to the family Retroviridae consisting of enveloped RNA viruses that create
DNA from their original RNA genome, which is then integrated into the host cell’s genetic
code. The family of retroviruses includes the well-known human immunodeficiency virus
(HIV), simian immunodeficiency virus (SIV), and bovine leukaemia virus (BLV). More
specifically, HTLV-I is a complex, exogenous, oncogenic RNA retrovirus classified in the
genus Deltaretrovirus of the subfamily Orthoretrovirinae (Bangham| 2003). The HTLV-
I genome, which is 9 kb in length, is highly genetically stable with few sequence varia-
tions (Asquith and Bangham)| 2008} [Bangham et al., |1999; [Kubota et al., [2007; Mortreux
et al., [2003)), and encodes the usual retroviral genes such as gag, pol, pro and env, the
viral enzymes polymerase, integrase, protease and reverse transcriptase (Bangham) [2000b)),
accessory proteins p12, p13 and p30 (Boxus and Willems, 2009)), along with sequences for
regulatory proteins including Tax, Rex, Rof, Tof, and the recently identified HTLV-I basic
leucine zipper factor (HBZ) (Boxus and Willems), [2009; (Gaudray et al., 2002; Mosley et al.,
2005). HTLV-I preferentially infects CD4™ helper T-cells in vivo, and although significant
populations of CD8* T-cells and dendritic cells may also be infected (Bangham, [2003}; Boxus
and Willems, [2009; Hollsbergl (1999), productive viral replication is thought to only occur
in the CD4*" helper T-cell population (Bangham) [2000a; Bangham et al., 1999). We will
model the dynamics of HTLV-I infection in CD4™ helper T-cells as the target cells.

As with other RNA retroviruses, HTLV-I uses the enzymes reverse transcriptase and
integrase, respectively, to transcribe a double-stranded DNA copy of its viral genome, and
to integrate this viral DNA into the host cell genome, thus allowing the virus to take ad-
vantage of the T-cell machinery and propagate the infection (Mosley et al. 2005). The
integrated viral DNA is called a provirus, and the proportion of peripheral blood mononu-
clear cells (PBMCs) that carry a provirus is known as the proviral load. Experimental
evidence has shown that cell-free virions are typically undetectable in the peripheral blood
and are inefficient at infecting CD4™ helper T-cells, the primary targets of HTLV-I (Igakura,
et al., [2003). The cell-to-cell spread of HTLV-I does not require the formation of enveloped
extracellular virions, thus the proviral load is an accurate measure of the viral burden in an
infected individual (Asquith and Bangham)| |2008; Mosley et al., 2005)). A characteristic fea-
ture of chronic HTLV-I infection is the establishment of high proviral loads; the proportion
of proviral cells in the periphery typically falls in the range of 0.1%-10% PBMCs, but may
approach 5% of PBMCs in an AC, and may be as high as 40% PBMCs or up to 50%-70%
of CD4™ helper T-cells in HAM /TSP patients (Asquith and Bangham) 2007; |Asquith et al.,
2000; Bangham! 2000a; Bangham and Osame}, 2005, Mortreux et al., [2003; [Mosley et al.|
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2005)). In contrast, during the later stages of acquired immunodeficiency syndrome (AIDS),
the proviral load in HIV-infected individuals rarely exceeds 3.3% PBMCs (Mortreux et al.,

2003).

HTLV-I proviral cells may be separated into two broad classes depending on their state

of activation, which is accompanied by the suppression or expression of viral antigens: (i)
latently infected target cells are resting CD4™" helper T-cells that contain a provirus but
do not display viral proteins, and (ii) actively infected target cells are activated provirus-
harbouring CD4*" helper T-cells that do display viral proteins. While latently infected
cells that hide viral antigens are transcriptionally silent and do not make copies of the

provirus, actively infected cells that express viral proteins undergo persistent replication of

the provirus. Experimental work by Richardson et al.| (1997) has demonstrated that viral

latency is frequent and that such latently infected proviral cells do not undergo selective,
spontaneous proliferation unlike their actively infected counterparts. In other words, there
is a correlative link between viral gene expression and replication of the provirus. Figure 2.1
shows a cartoon illustration of the three types of target cells: healthy, latently infected, and

actively infected. These cartoon representations will appear throughout the thesis.

Figure 2.1: The target cell population can be categorised into three broad classes. The cir-
cles represent CD4™" helper T-cells, the primary target cells of HTLV-I infection. Healthy
cells (blue) do not contain a provirus. Latent proviral cells (green) hide viral protein expres-
sion (represented by yellow triangles). Activated proviral cells (red) display viral antigens.

There are two routes of viral transmission of CD4 ™ helper T-cells: ‘infectious’ or horizon-
tal, and ‘mitotic’ or vertical. These are illustrated schematically in Figure 2.2] Infectious

transmission occurs through direct cell-to-cell contact between an activated proviral cell

and a healthy cell. Igakura et al. (2003) showed experimentally that a reorientation of the

infected cell’s cytoskeleton results in the formation of a highly organised structure known
as a ‘virological synapse’ which creates a tight junction across which enveloped HTLV-I
virions are efficiently transferred to the target cell without escaping into the periphery.
Once entry into the host cell cytoplasm is complete, the HTLV-I virion unpackages itself,
along with viral enzymes such as reverse transcriptase and integrase, and proceeds to in-
corporate itself into the host cell genome. Mitotic transmission occurs when an infected
parent cell undergoes cellular division, creating two identical daughter cells that both carry

an integrated copy of the viral DNA. Experiments have shown that the vast majority of
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an infected individual’s proviral load consists of large numbers of clonally expanded copies

of a relatively small number of different T-cell clones (Mortreux et al., |2003). Because of

this observation, the relative lack of variability in the HTLV-I genetic sequence within an
infected individual over time, and since reverse transcription is known to be an error-prone

process, it is reasonable to infer that during chronic HTLV-I infection, the proviral set point

is maintained primarily by the mitotic route of infection (Mortreux et al., |2003)). However,

the existence of distinct T-cell clones in an infected individual, along with evidence of on-
going viral replication in wvivo, suggests that infectious transmission is also a substantial
contributing factor to maintenance of the proviral load and its impact on the outcome of

infection should not be ignored (Bangham| 2003; Bangham et al., [1999; Mortreux et al.,

2003} Niewiesk et al. [1995). Indeed, conventional experimental techniques have previously

shown that T-cell clones number at least in the hundreds (Mortreux et al., 2003). Recently,

the invention of more precise measurement techniques has led to the discovery that such an

estimate is far too modest and that identification of infected T-cell clones could potentially

be on the order of thousands or ten thousands, or even more (Gillet et al., 2011).

(a) Infectious trans- (b) Mitotic transmis-
misson. sion.

Figure 2.2: A schematic representation of the two routes of viral transmission. Healthy
target cells and actively infected target cells are drawn as blue and red circles, respectively.

2.3 HTLV-I Proteins

There are approximately 12 HTLV-I proteins in total, including the structural proteins Gag
and Env, as well as Pol and Pro, which are common to all retroviruses. In addition, the

HTLV-I genome encodes several non-structural regulatory proteins Tax, Rex, Rof, Tof and

HBZ, as well as the accessory proteins p12, p13 and p30 (Boxus and Willems|, 2009). Among

all the HTLV-I proteins, Tax and HBZ appear to play crucial roles in viral persistence and
in the progression of disease (Boxus and Willems| [2009; MacNamara et al., [2010; Matsuoka)
land Green, [2009; Saito et al., [2009)).
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The regulatory protein Tax (p40) is one of the first viral proteins to be expressed (Bang-

ham et al.,1999)). Tax is highly immunodominant and promotes viral replication through its

transcriptional transactivator function (Bangham et al., 1999). It is responsible for driving

the expression of both host and viral genes, and induces infected T-cell proliferation via
up-regulation of cellular genes involved in mitosis, down-regulation of cell-cycle checkpoints,
and reducing the threshold of T-cell activation (Asquith and Bangham), |2008; |Asquith et al.,
2007; |[Kubota et al., 2007; Mortreux et al., 2003; Niewiesk et al., 1995; [Wattel et al., 1996)).

Tax has also been shown to inhibit DNA repair and generate DNA abnormalities, leading
to genetic instability and subsequent transformation of infected target cells (Boxus and
Willems, 2009; Matsuoka, 2005; Mortreux et al., 2003). Despite its oncogenic role in dis-

rupting the stability of the host cell genome, Tax is itself functionally constrained, and

even minor mutations can impair its transactivation abilities (Kubota et al., [2007; [Niewiesk|

ot al} [1905)

Recently, the regulatory protein HTLV-I basic leucine zipper factor (HBZ) has been

identified as having a significant impact on proviral load and the risk of developing HTLV-
I-associated pathologies, both HAM/TSP and ATL (MacNamara et al., 2010; Matsuoka and|
|Green, 2009; Saito et al., 2009). Unlike the other HTLV-I proteins, HBZ is encoded by the
complementary (anti-sense) strand of the HTLV-I genome (Gaudray et al.l [2002; Matsuoka)
land Green, [2009; Saito et al., [2009). It has been observed that HBZ expression promotes

infected T-cell proliferation while suppressing Tax-mediated viral transactivation through

the 5" long terminal repeat (LTR) (Boxus and Willems| 2009} Matsuoka and Green, 2009;

[Saito et al. 2009). The expression of HBZ and its connection with the immunodominant

viral Tax protein is an important factor that we will consider using mathematical modelling.

The remaining regulatory and accessory proteins also play significant parts in estab-
lishing and maintaining HTLV-I infection. Rex (p27), whose coding sequence substantially
overlaps that of Tax, is a post-transcriptional regulatory protein that mediates the transport
and splicing of viral mRNA (Bangham)|, [2000a/b; Boxus and Willems|, 2009} [Smith et al.
[1997). The HTLV-I regulatory proteins Rof and Tof are believed to play an important role
in the establishment of chronic HTLV-I infection (Pique et al.,|2000). The accessory proteins

are involved in various processes and have been the subject of previous investigation (John-|

sson et al., 2001). For example, p30 appears to modulate the expression and transcription

of viral and cellular genes and, along with its truncated form p13, aids in the maintenance

of high proviral loads in vivo (Johnson et al., 2001} Pique et al., 2000). The p12 protein

displays multiple functions, including regulation of calcium-dependent signalling and up-
regulation of transcriptional activity, and has been shown to cause intracellular degradation

of MHC Class I molecules, preventing the presentation of HTLV-I antigens and possibly
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reducing recognition by host immune responses (Bangham et al.,|2009; Johnson et al., 2001}

Pique et al., 2000)).

2.4 HTLV-I-Specific Host Immunity

As with most pathogenic invasions, HTLV-I infection induces innate and adaptive immune
responses, including recruitment and activation of macrophages, dendritic cells, B-cells, and
T-cells. Strong adaptive immune responses to HTLV-I are established within 7-10 days,
and consist mainly of the humoral or antibody response, and the cellular or cytotoxic T-cell
response. Recent research has also shed light on the role of the CD4™ helper T-cell response
during infection (Bangham), 2003).

HTLV-I-infected individuals have appreciable levels of HTLV-I-specific antibodies, and
their detection is the basis of diagnosis of HTLV-I infection (Bangham) 2000a; Mosley et al.)
2005). Antibodies against dominant epitopes on the viral protein Tax are the most abun-
dant, although antibodies targeting Gag and Env are also present (Bangham)| [2000a,b]).
However, the role of the humoral response in controlling the proviral load or preventing the
emergence of disease is unclear (Bangham, 2000bl [2003; Mosley et al., 2005). In addition,
the antibody titre in serum against HTLV-I antigens is often remarkably high and displays
a positive correlation with proviral load (Bangham), 2000b, |2003; [Mosley et al., [2005), sug-
gesting that anti-HTLV-I antibodies are at best ineffective at limiting viral replication, and
may even play a part in the pathogenesis of HAM /TSP.

In contrast, cellular immunity, which is mediated primarily by the expansion and lytic
effects of HTLV-I-specific CD8" cytotoxic T-lymphocytes (henceforth referred to as ‘CTLs’),
also known as ‘killer T-cells’, is hypothesised to be a major determinant of proviral load and
disease outcome (Asquith and Banghaml [2000; Asquith et al., 2005a; Bangham and Osame,
2005). Chronically activated anti-HTLV-I CTLs are typically abundant in the peripheral
blood of infected hosts, both ACs and HAM /TSP, suggesting persistent production and
expression of HTLV-I antigens in vivo (Asquith et al. |2005a; Bangham et al., 2009; Daenke
et al., 1996).

HTLV-I-specific CTLs eliminate activated infected target cells, and the proliferation of
these anti-HTLV-I CTLs is stimulated in response to expressed viral antigens (Bangham),
2003)). Latently infected target cells that do not express viral proteins evade immune surveil-

lance and are safe from CTL-mediated lysis. These interactions are illustrated in Figure [2.3

The immunodominant viral protein Tax is the primary antigen recognised by circulating
anti-HTLV-I CTLs (Bangham, [2000a; Goon et al., 2004a; Mosley et al., 2005; |[Parker et al.,
1994). Blood samples taken from most HTLV-I-infected individuals consistently show that
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(a) CTLs and active provi- (b) CTLs and la-
ral cells. tent proviral
cells.

Figure 2.3: An illustration of the interaction between infected target cells and HTLV-I-
specific CTLs. CTLs (grey rectangles) proliferate in response to expressed antigen and
eliminate actively infected target cells (red circles). [(b)| Latently infected cells (green circles)
cannot be seen by the immune response and therefore evade CTL-mediated lysis.

these Tax-specific CTLs occur at high frequency and are chronically activated (Asquith and
Bangham) 2008; Bangham), [2003; Parker et al., [1994)), suggesting that they have recently

been exposed to antigen in vivo, and implying continuous expression of Tax in the infected

target cell population (Niewiesk et al.| 1995 [Parker et al. [1994). The presence of CTLs

specific to other HTLV-I regulatory proteins including Tof, Rof, and the minus-strand gene
protein HBZ have also been detected (Bangham), 2003; [MacNamara et al., 2010; Pique et al.,
. Anti-HTLV-I CTLs can also target the usual retroviral antigens such as Gag, Pol
and Env (Bangham), [2003). Interestingly, the regulatory protein Rex, whose gene overlaps

with Tax, does not elicit a strong CTL response, and it is not clear why this would be the
case (Daenke et all |1996; Bangham) [2003).

As CD4T helper T-cells are the main host cells of infection, the effector functions of the
CD4™" T-cell response to HTLV-I has been difficult to study (Bangham, [2003)). Nonetheless,
it has been observed that CD4" helper T-cells specific to HTLV-I are more frequently
infected than CD4*" T-cells with different antigen specificities (Bangham), [2003;|Goon et al.
2004b; Mosley et al., 2005).

2.5 Pathogenesis of HTLV-I-Associated Disease

Current hypotheses of HTLV-I-associated disease manifestation suggest that the magnitude
of an infected individual’s proviral load is directly correlated with pathology; however, the
ranges of the proviral loads in ACs and HAM/TSP patients are broad and overlapping,
and it is clear that a high proviral load is neither necessary nor sufficient to cause dis-

ease (Asquith and Bangham) [2007}; |Asquith et al., 2000; Mosley et al., 2005). Indeed, there

exist ACs that display a high proviral load (characterised as greater than 3% PBMCs in-
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fected) along with HAM/TSP patients that exhibit a low proviral load (characterised as
fewer than 1% PBMCs infected) (Asquith and Bangham)| 2007; |Asquith et al., 2005b; Bang-|
lham et al.,|1999; Mosley and Bangham) [2009; Nagai et al., 1998). Still, it has been observed

that infected individuals with a proviral load greater than 1% PBMCs are more likely to
have HAM/TSP than those whose proviral load is below 1% PBMCs, in which there is no

apparent association between viral burden and the risk of disease (Bangham et al.; 1999;

Nagai et al., [1998)). Within an infected individual, the proviral load appears to remain

stable over time about a viral ‘set point’, which fluctuates no more than five-fold; this is
contrasted with the between-individual variation, which may differ by up to four orders of
magnitude, from 0.001%-40% PBMCs (Asquith and Bangham| [2008} |Asquith et al., 2005a;
Bangham), 20002}, 2003} Mosley et al., 2005)). Since HTLV-I exhibits little variability in its

genetic sequence either within the same host or between different hosts, it has been sug-
gested that these discrepancies are likely to be due to differences in the hosts rather than in

the virus, and may depend on intrinsic factors such as the human leukocyte antigen (HLA)

class restriction in the host genotype (Bangham, [2000b; Bangham et al.,|2009; Jeffery et al.,

7'

Cellular immunity is believed to play a role in the pathogenesis of HTLV-I-associated

disease, although there is conflicting evidence as to whether CTL activity is beneficial or
detrimental to the host (Asquith and Bangham, 2000} Asquith et al.l 2005a; Bangham) [2003;
Mosley et al., 2005; Parker et al., 1994). On the one hand, there is evidence that HTLV-

I-specific CTLs control the proviral load and confer protection against the development of

associated disease (Asquith and Bangham)| [2000; Bangham et al.l [1999; Jeffery et al.,|1999).

Indeed, an immunogenetics study conducted in southern Japan has shown that certain HLA
class I-restricted CTL responses are significantly associated with a reduced proviral load as
well as a lower prevalence of HAM/TSP (Jeffery et al., 1999, 2000). On the other hand, it
has been suggested that activated HTLV-I-specific CTLs migrate through the blood-brain

barrier and accumulate in the central nervous system (CNS), where they cause inflamma-
tion and damage leading up to the development of HAM /TSP (Bangham, 2000a; Biddison,
et al.l 1997 Jacobson) 2002; Mosley et al., [2005; [Mosley and Bangham), 2009). Indeed,
high frequencies of HTLV-I-specific CD8%T CTLs have been found in white matter lesions
and in the cerebro-spinal fluid (CSF) of HAM/TSP patients (Bangham)| 2003; Levin and|

|Jacobson, 1997). The two seemingly opposing hypotheses are in fact not mutually exclu-

sive, as the CTL response depends on a complex system of positive and negative controls

in its interaction with pathogenic invasions which determines whether its effect is beneficial

(e.g. clearance of pathogen) or detrimental (e.g. auto-immune disorders) (Bangham), [2003}

Bangham et al. [1999).
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2.6 Simultaneous Expression of Multiple Viral Proteins: Fo-
cussing on the Roles of Tax and HBZ

Traditionally, it has been argued that Tax, which elicits the most intense HTLV-I-specific
CTL response, is the biggest determinant of proviral load and disease status (AC or
HAM/TSP). Indeed, it has been observed that asymptomatic carriers, who generally carry
a lower proviral load, exert a stronger positive selection on the taz gene than do HAM /TSP
patients (Bangham), |2003; |[Kubota et al., 2007; |[Niewiesk et al.,1994). However, MacNamara
et al. (2010) have recently demonstrated that strong CTL selection in the context of HLA
class I for the less immunogenic viral protein HBZ, rather than Tax, is associated with a
lower proviral load and asymptomatic carriage.

In contrast with Tax, which stimulates HTLV-I expression including that of HBZ, the
role of HBZ is to down-regulate Tax-mediated viral transactivation, thereby inhibiting the
expression of other HTLV-I genes (Boxus and Willems|, 2009). Indeed, the anti-sense HTLV-
I protein HBZ may be expressed independently of other HTLV-I antigens (MacNamara et al.|
2010; Matsuoka and Green, |2009)). In addition, while Tax is immunodominant and elicits a
vigorous cellular immune response, CTLs targeting HBZ have been shown to be much less
frequent (Suemori et al.,[2009). In terms of strategies for viral persistence, these observations
suggest a mechanism by which HTLV-I-infected target cells can evade destruction by host
immune responses against the immunodominant protein Tax whilst benefitting from rapid,
selective growth through the function of the alternative HBZ transactivator (Suemori et al.)

2009).

2.7 Previous Modelling Work

Previous within-host mathematical models of HTLV-I form a basis upon which we may
expand. One fundamental aspect of the dynamics of HTLV-I infection is the interaction
between proviral cells and virus-specific adaptive immune responses, which are mediated
primarily by CD8" CTLs. In this section, we briefly highlight some previous work in
mathematical modelling of HTLV-I infection that is important to the formulation of our

baseline model.

2.7.1 Wodarz, Nowak, and Bangham (1999)

Wodarz et al. (1999) have developed a mathematical model for HTLV-I infection that takes
into account both horizontal and vertical transmission of the provirus in addition to an
explicit consideration of the Tax-specific CTL response. The target cell population of CD4*
helper T-cells is split into healthy and proviral groups, which are denoted by z(t) and y(t),
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respectively. The pool of anti-HTLV-I CD8" CTLs is denoted by z(t). The production
of new, uninfected target cells from the thymus is assumed to be at a constant rate .
Healthy and infected target cells undergo density-dependent proliferation with respective
rate constants r and s. The rate r represents homeostatic proliferation of the CD4™ helper
T-cell population while the rate s represents mitotic transmission of the provirus in infected
CD4™ T-cells. Target cell proliferation is assumed to follow logistic growth behaviour, with
the total number of target cells, including both healthy and infected, bounded above by a
carrying capacity, k. Healthy cells that come into direct contact with infected cells may
themselves become infected via the infectious route of viral transmission at a rate 3, and
this interaction is assumed to have a bi-linear incidence form. The proliferation of anti-
HTLV-I CTLs occurs at a rate ¢ and at high densities is assumed to be proportional simply
to the number of infected target cells. Specifically, the density of CTLs saturates according
to z(t)/(z(t) + 1). CTLs are assumed to encounter and lyse infected cells at a bi-linear
incidence rate p. Lastly, the natural death rates of healthy and infected CD4" helper T-
cells are dz(t) and ay(t), respectively, and that of CD8" CTLs is bz(t). A schematic diagram

of the interactions is shown in Figure [2.4]

Proliferation of

Constant production of Natural death
uninfected CD4* cells
Density-dependent

uninfected CD4* cells /
expansion of CTLs

C Infectious transmission

Natural death (
Mitotic transmission
(Proliferation of
CTL-mediated ly51s of infected CD4" cells)
infected CD4* cells
Natural death

Figure 2.4: A schematic diagram of the model by Wodarz et al.| (1999) that considers the
interactions among healthy target cells, x, infected target cells, y, and virus-specific CTLs,
z. The effects of target cell latency are not considered.

Let / denote the derivative with respect to time. The above assumptions lead to the

following system of equations:

¥ = (A+rz) <1—;:y> —dz — By

y = Pry+sy (1—xzy> —ay — pyz (2.1)
, cyz

Z = — bz

z+1
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Although analytical techniques were not utilised, Wodarz et al.| (1999) performed extensive
numerical investigations on their model, using non-negative initial conditions, to study the
contributions of infectious and mitotic transmission at equilibrium. The authors concluded
that although the high proviral load is maintained principally by vertical or mitotic spread,
the effects of horizontal or infectious spread can also be a significant contributing factor.
Their results demonstrated the proof of principle that the relative sequence invariance
of the HTLV-I genome does not necessarily imply that HTLV-I replication via infectious
transmission is low.

This model illustrates the importance of incorporating the role of HTLV-I-specific im-
mune responses to fully understand the interactions that occur during chronic infection.
However, this model does not address the issue of how HTLV-I-infected individuals, both
ACs and HAM /TSP patients, often accumulate high proviral loads despite strong positive
selection by anti-HTLV-I CTLs in vivo (Asquith et al., 2005a; Bangham and Osamel, [2005]).

2.7.2 Asquith and Bangham (2000)

Asquith and Bangham| (2000) have developed a mathematical model that describes the
interaction between infected target cells and the anti-HTLV-I CTL response. A notable
feature of this model that differs from other models is the explicit incorporation of cytokine
production by CTLs. Cytokines are a class of proteins produced by various cells that affect
the behaviour of other cells (Parham)| 2005)). In the model, the authors consider the inflam-
matory cytokine, interferon-y (IFN+), which plays a critical role in innate and adaptive
immunity against pathogenic invasions. Specifically, the authors consider a compartmental
model consisting of four populations: uninfected CD4" cells, z(t), infected CD4™ cells,
y(t), HTLV-I-specific CTLs, z(t), and the level of IFN~, r(t). The illustration in Figure
shows a schematic diagram of the interactions that are represented by the model.

Letting  denote the derivative with respect to time, this leads to the following system

of differential equations:

¥ = AN—dz— Bxy
By + sy — ezy

czy — boz
" = hf(y)z —gr,

(2.2)

where f(y) is a function determining the magnitude of IFN+ production which, in numerical
simulations, has been represented using a Hill function, although the authors remarked that
the exact functional form of f(y) does not affect the qualitative results of the model (Asquith
and Bangham) 2000).
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" Productlon

of IFNy
Natural death /
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infected CD4" cells
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infected CD4" cells)

Figure 2.5: A schematic diagram of the model by |Asquith and Bangham| (2000)) that consid-
ers the interactions among healthy target cells, x, infected target cells, y, and virus-specific
CTLs, z, as well as incorporating the production of inflammatory cytokines IFN~, denoted
by r. The role of target cell latency is not considered.

The authors set out to elucidate the role of CTL-mediated immunity in HTLV-I in-
fection and the impact of CTLs on HTLV-I-associated pathogenesis by incorporating and
interpreting the effects of cytokine production from experimental observations. Signifi-
cantly, the results from the model help unify the two seemingly contradictory viewpoints
that CTLs can both prevent and contribute to the progression of disease, explain the ob-
served correlation between proviral load and pathology, and propose new predictions that
are experimentally testable.

The work by |Asquith and Bangham (2000) illustrates how mathematical modelling can
be used to provide plausible explanations for existing experimental or clinical data as well
as stimulate the development of new biological hypotheses, and reminds us of the benefits

of linking theoretical and empirical tools to advance our understanding of complex systems.

2.7.3 Goémez-Acevedo, Li, and Jacobson (2010)

Gomez-Acevedo et al.| (2010) studied a mathematical model based on that of Wodarz et al.
(1999)) which focuses on providing a complete mathematical analysis of the dynamics of the
HTLV-I-specific CTL response. The authors consider three populations of cells: Healthy
CD4* helper T-cells z(t), infected CD4" helper T-cells y(t), and HTLV-I-specific CD8"
CTLs z(t). The production of new target cells occurs at a constant rate A. Infectious
transmission via direct cell-to-cell contact is given by the term Sz (t)y(t) and infected cells
are subject to strong adaptive immune responses. The effects of mitotic transmission are
ignored. The humoral, or antibody response, is assumed to rapidly eliminate newly in-

fected cells so that only a fraction of8z(t)y(t), where 0 < o < 1, survive. Cellular immunity,
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driven by anti-HTLV-I CTLs, targets and lyses infected cells at a rate yy(t)z(t). A key
feature of the model is the consideration of a more general function for CTL proliferation
motivated by the biological justification that by reducing the proviral load, anti-HTLV-I
CTLs simultaneously reduce the amount of antigen that stimulates their own prolifera-
tion. Hence, the authors assume that CTL expansion takes the density-dependent form
vy(t)z(t)/(z(t) + K), where K > 0. Natural death rates of healthy and infected target cells
are p1x(t) and poy(t), respectively, and the decay of CTLs is psz(t). Figure shows a

diagrammatic representation of the model.

Constant production of Natural death

uninfected CD4" cells /

Density-dependent Fraction of newly infected cells
expansion of CTLs are neutralised by antibodies
: Infectious transmission

Natural death ( /

CTL-mediated lysis of
infected CD4" cells

Natural death

Figure 2.6: A schematic diagram of the model by |Gémez-Acevedo et al.| (2010) that considers
the interactions among healthy target cells, z, infected target cells, y, and virus-specific
CTLs, z. Mitotic transmission of the provirus and target cell latency are not considered.

Denoting by ' the derivative with respect to time, the resulting system of differential

equations is:

¥ = N— gz — By
Yy = oBry— poy —yyz (2.3)
J o= v [3Z.

z+ K

With non-negative initial conditions, (Gémez-Acevedo et al.| (2010) show that system ([2.3))

has two different types of endemic equilibria, one corresponding to chronic infection with-
out a CTL response and the other corresponding to chronic infection that stimulates and
maintains a persistent CTL response. The authors interpret the former state as that of an
asymptomatic carrier and the latter state as that of a HAM/TSP patient. Each of the two
chronic infection steady states are shown to be globally stable within respective parameter

regions dependent upon two threshold parameters (which the authors refer to as Ry and
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Ry, where R; < Rp). An important finding from this model is the identification of a con-
trol strategy to prevent disease by limiting the CTL response, whose chronic activation has
been postulated to cause the damage seen in HAM/TSP patients (Biddison et al., [1997;
Jacobson), 2002; Mosley and Bangham) 2009).

The model by |Gomez-Acevedo et al. (2010) reinforces the need to consider the CTL
response in the dynamics of HTLV-I infection. Nevertheless, further investigation is required
to shed light on the processes that HT'LV-I uses to evade host immunity while harbouring
a high proviral load.

2.7.4 Li and Lim (2011)

Li and Lim! (2011) considered the dynamic interactions that occur in the pool of CD4™
helper T-cells, the primary targets of HTLV-I infection, consisting of both uninfected (i.e.
healthy) and infected cells. Healthy cells are denoted by z(t). One key aspect of this model
is the separation of infected target cells into two distinct compartments depending on the
state of activation, which is assumed to be associated with the expression of viral proteins:
latently infected cells, u(t), are resting proviral cells that hide viral expression, and actively
infected cells, y(t), are activated proviral cells that persistently express viral antigens. An

illustration of the interactions captured by the model is shown in Figure 2.7}

Constant production of
uninfected CD4" cells

Mitotic transmission (Proliferation ‘

of actively infected CD4" cells) Praction of Sn;wg ;r;fsicitxj};y

Fraction of newly divided ‘ . .
proviral cells are neutralised Infectious transmission
by host immunity ~
Natural death( \,
Natural death

Spontaneous infected
CD4" cell activation

Natural death

Surviving proviral daughter cells
shut down transcriptional
activity and become latent

Figure 2.7: A schematic diagram of the model by [Li and Lim| (2011) that considers the
interactions among healthy target cells, x, latently infected target cells, u, and actively
infected target cells, y. An explicit incorporation of the virus-specific CTL response is not
considered.

Letting / denote the derivative with respect to time, the resulting system of equations
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is:

¥ = AN—fBry—
u = ofxy+ery <1 - x;:“) — (T + p2)u (2.4)
y = Tu-— 3y,

which is considered with non-negative initial conditions.

Because this model is important for the work in the following chapters, we briefly ex-
plain the meaning of each term in the equations. Healthy (uninfected) CD4% T-cells are
produced at a constant rate A. Infectious spread of the provirus occurs by direct cell-to-cell
contact between an actively infected target cell and a healthy target cell at a rate 5 and is
assumed to follow mass-action kinetics. Actively infected target cells also undergo mitotic
division at a rate r. Due to the biologically motivated assumption that the vast majority of
infected target cells are latent at any given time, the authors describe the mitotic spread of
the provirus using a modified logistic growth term ry(l —(z4u)/ k), where k is the carrying
capacity of the CD4™ helper T-cell population. Although the immune system dynamics are
not modelled explicitly, the authors incorporate a static effect of host immunity. Specifi-
cally, the parameters o and €, where o,¢ € (0,1), represent proportions of newly infected
cells from infectious and mitotic transmission, respectively, that survive immune-mediated
elimination. These cells are then assumed to silence viral expression and enter the latently
infected target cell compartment. Meanwhile, latently infected cells return to an activated
state at a rate 7. Lastly, each of the target cell populations (i.e. healthy, latently infected,
and actively infected) are removed from the system via natural death according to expo-
nential decay at respective rates pi, po and ps. All parameter values are assumed to be
positive.

The authors demonstrate that system exhibits the phenomenon of a backward
bifurcation resulting in a region of bi-stability with respect to the basic reproduction number
for viral infection Ry. Specifically, there is a range of the parameter Ry for which multiple
stable equilibria co-exist. Backward bifurcation and bi-stability suggest that chronic HTLV-
I infection is difficult to clear due to hysteresis effects.

The consideration of a latent compartment of proviral cells in model allows for a
closer examination of the issue of viral persistence. The authors focus their investigations
on the role of the immunodominant viral protein Tax, whose spontaneous expression is
assumed to coincide with infected target cell activation. They demonstrate that in the
chronic phase of infection, although the majority of the proviral load is comprised of latent
proviral cells, a chronic infection equilibrium state includes Tax-expressing proviral cells
and must be reached through a dynamic balance between infected target cell latency and

activation. One main implication of this approach is the identification of the rate of Tax
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expression, given by the parameter 7 in model , as having a substantial impact on the
outcome of HTLV-I infection. Namely, spontaneous viral expression is a crucial factor that
drives chronic infection, determines the proviral load, and affects the time it takes for an
individual to reach the equilibrium state. These observations suggest that this aspect may
be useful to consider in future mathematical models of HTLV-I infection.

As pointed out earlier, the model by Li and Lim| (2011) incorporates the effects of
adaptive immunity on proviral cells implicitly by considering surviving fractions of infected
cells from infectious and mitotic transmission routes. An explicit compartment of HTLV-
I-specific CTLs is not taken into account. In the following chapter, we begin the first
stage of our work by extending this model and constructing a new mathematical model
to describe the infection of CD4" helper T-cells which takes into account a dynamically
changing CTL response. This new model will be referred to as the baseline model and it

forms the foundation of the work presented in this thesis.



Chapter 3

Constructing a Baseline
Mathematical Model

In this chapter we construct and analyse a baseline mathematical model that captures the
essential elements of HTLV-I infection in vivo and lays down the foundation for subsequent
chaptersﬂ In Section we begin by posing three key questions in current HTLV-I re-
search which motivate the formulation of our mathematical model. Then, in Section we
present our mathematical model, which is given by the four-dimensional non-linear system
of ordinary differential equations describing a dynamically changing within-host envi-
ronment involving the interactions among healthy, latently infected, and actively infected
target cells, and anti-HTLV-I CTLs. Next, in Section we consider each parameter in
the mathematical model in turn and discuss biologically reasonable ranges in which they lie
from experimental and theoretical studies on T-cell dynamics and the kinetics of HTLV-I
infection. These parameter values are adopted in numerical simulations in this chapter as
well as in subsequent chapters. Following this, in Section we discuss and establish
the global qualitative behaviour present in the model, which relies on dynamical systems
theory and Lyapunov functions to prove stability results. In our mathematical analysis,
we first determine a feasible region which bounds the solutions of our model, whose cor-
responding biological interpretation is that T-cell populations can neither be negative, nor
can they become unbounded. We then proceed to characterise the global asymptotic be-
haviour of solutions, and identify the basic reproduction number for viral infection, Ry, as
a sharp threshold parameter that completely determines the global dynamics of the system:
If Ry < 1, then the virus is cleared. If Ry > 1, then the infection becomes chronic. A
complete understanding of the global behaviour of our model is important as it allows us
to study the finer aspects of our model in a robust manner as we use the model to gain

some biological insights. In Section we non-dimensionalise and re-scale model (3.1)

!The work presented in this chapter has been published (Lim and Mainil 2014])

25



CHAPTER 3. BASELINE MODEL 26

under biologically realistic parameter values to characterise the transient behaviour of the
system using asymptotic analysis. The remainder of the chapter focusses on the biological
applications and outcomes of the baseline model. In Section we distinguish between two
important measures of viral detriment which our modelling approach allows us to consider,
namely the proviral load and the activated proportion of infected cells. Following this, we
proceed to address the three key questions of interest here. Namely, in Section [3.7] we ex-
plore the effects of spontaneous viral expression that accompanies infected T-cell activation
to understand why HTLV-I is not a completely silent infection. Then in Section [3.8, we
consider factors that define an effective virus-specific cellular immune response and specu-
late why infection ultimately persists despite the presence of anti-viral host immunity. In
Section we examine our mathematical model in the context of pathology. Results from
our investigations provide insights regarding HTLV-I-associated disease and suggest a novel
hypothesis for pathogenesis. Penultimately, in Section [3.10], we summarise our principal
mathematical results as well as provide biologically meaningful answers arising from explo-
ration of model in response to the motivating questions posed. Lastly, in Section

we conclude the chapter with several final remarks on the baseline model.

3.1 Motivation

The formulation of a baseline mathematical model is principally motivated by the desire to

elucidate the following questions.

(1) Since viral activation exposes infected cells to immune-mediated surveillance, why is
HTLV-I not silent? In other words, what benefit does the HTLV-I provirus gain in

becoming activated and expressing viral antigens?

(2) What determines the strength of the HTLV-I-specific CTL response, and why is infec-
tion life-long? That is, how can we evaluate the quality of the HTLV-I-specific CTL

response, and why does host immunity fail to eradicate the virus?

(3) What characterises HTLV-I-linked pathology? Indeed, how can one determine the
severity of viral detriment considering that the size of the proviral load is insufficient
to classify clinical status? Can a mathematical modelling approach suggest an al-
ternative, quantifiable measure to determine the outcome of the infection? If such a
measure does exists, what implications might it have on the diagnosis, development,

and treatment of HTLV-I-associated disease?
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3.2 Baseline Mathematical Model Formulation

Relatively recently, Asquith and Bangham| (2008)) have proposed an experimental hypothesis
for the infection and persistence of HTLV-I in vivo which motivated the formulation of a
mathematical model by [Li and Lim| (2011)) illustrating the balance between latency and
activation in the target cell dynamics of the viral infection. In this model, the action
of anti-viral host immunity was considered implicitly via fractions of newly infected cells
that survive elimination. However, the pool of HTLV-I-specific immune effectors is highly
dynamic and continuously changing in response to the virus population.

As cellular immunity is widely believed to be the most significant factor in determining
the outcome of infection, we extend the model of |Li and Lim| (2011) to incorporate the two
key features of HTLV-I infection in vivo: (i) viral latency, and (ii) the HTLV-I-specific CTL
response. The separation of infected target cells into two distinct compartments, latently
infected and actively infected, is crucial to understanding the persistence of HTLV-I in the
midst of a chronically stimulated anti-viral host immune response.

The primary target cells of HTLV-I infection are CD4" helper T-cells, which we will
initially separate into three different compartments. To model the explicit role of anti-viral
cellular immunity, we also include an additional compartment of HTLV-I-specific CD8"

CTLs. In particular, we define

z(t) : density of healthy CD4" helper T-cells at time ¢,

t) : density of latently infected CD4" helper T-cells at time ¢,

e

t) : density of actively infected CD4™ helper T-cells at time t,

<

t) : density of HTLV-I-specific CD8" CTLs at time t.

N

() :
() :
() :
(t) :

We consider a mathematical model of HTLV-I infection given by the following four-dimensional

non-linear system of ordinary differential equations:

T-cell production  infectious transmission natural death

dx P
O = A - Bzy - iz
infectious transmission i g con spontaneous activation and natural death
du ~ =~ e ~
spontaneous activation =~ CTL-mediated lysis natural death
dy = ~= =
CTL proliferation  natural death
dz = N
at = vy - M4z

A schematic representation of the biological mechanism of HTLV-I infection in wvivo upon

which our model is based is shown for reference in Figure [3.1}
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Figure 3.1: A schematic representation of the biological mechanism of HTLV-I infection in
vivo that motivates the formulation of model (3.1). Healthy z(t), latently infected u(t), and
actively infected y(t) target cells are represented by blue, green, and red circles, respectively,
while HTLV-I-specific CTLs z(t) are represented by the grey rectangle.

In fact, model can be characterised by a set of seven distinct types of reactions that
take place among the various T-cell populations. These reactions are motivated by within-
host immunological processes which we will justify one by one in the following paragraph.
Briefly, the reaction kinetics can be illustrated as below. Short comments are written in

square brackets.

(i) Production of healthy target cells from thymus:

02 z, [Susceptible cells are produced at a constant rate.]

(ii) Infectious or horizontal transmission of provirus:

T4y —B——> U+, [Newly infected cells silence viral expression.]

(iii) Mitotic or vertical transmission of provirus:
y—— u+y, [Division is asymmetric.]
(iv) Spontaneous infected T-cell activation:

U —— vy, [Latently infected cells become activated and express viral proteins.|

(v) CTL-mediated lysis of activated infected cells:

y+z SN z, [Host immunity only recognises activated infected cells.]
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(vi) Proliferation of CTLs in direct response to activated infected cells:

y —— y+z, [The presence of expressed viral antigen stimulates CTL growth.]

(vii) Natural death of all cell populations:

0, w50, y—L0, 20 [The rate of decay is constant.]

Let us now motivate each term individually. Naive CD4" helper T-cells are produced in
the bone marrow, then migrate to the thymus where they mature before being released
into the peripheral blood (Parham, 2005). These mature CD4*" helper T-cells are initially
uninfected and we describe their rate of entry into the periphery by a constant, A [Reaction
(i)]. There are two routes of transmission for HTLV-I within the target cell population:
horizontal or ‘infectious’, and vertical or ‘mitotic’. Infectious transmission requires direct
contact between an actively infected and a healthy target cell, and involves a restructuring of
the cell cytoskeleton to create a tight junction known as a virological synapse, across which
the viral genome is transported from the infected target cell to the uninfected one (Igakura
et al.,|2003; Shiraki et al., 2003). Upon infection, the newly infected target cell silences viral
expression and becomes latently infected. The precise mechanisms behind the suppression
of viral proteins are not yet understood (Asquith and Bangham) |2008). We describe the
cell-to-cell virus transmission using a bilinear incidence term Sz (t)y(t) [Reaction (ii)], where
B is the coefficient of infectious transmissibility. The mitotic route of transmission occurs
when an actively infected target cell divides, creating two genetically identical daughter
cells (Bangham| 2000a). One way to represent the mitotic route of viral transmission is
to assume that the proliferation of actively infected cells follows a logistic growth pattern
given by a term ry(t)(1 — (z(t) + u(t) + y(t))/k), where r is the rate of rapid selective
division, and k is the carrying capacity of CD4" helper T-cells. However, from studies
of T-cell dynamics, the proliferation and removal rates of CD4" helper T-cells have been
quantified (Asquith et al., 2007; Kirschner and Webb), (1996} Nelson et al., [2000), and suggest
that the maximum proliferation rate is in general less than the removal rates due to natural
death. Thus, it is plausible that even in the presence of rapid selective mitotic division,
target cell populations do not exceed the total CD4™" helper T-cell carrying capacity. We
have investigated numerically the dynamics of the model using a full logistic term and
observed no qualitative difference in the behaviour of trajectories (see Figures and in
Appendix[C.1]for details). Hence, with respect to our model we will assume that z(t)+u(t)+
y(t) < k for all ¢ > 0, so that the proliferation of actively infected target cells follows an

exponential growth profile. As a result, we choose to represent infected T-cell proliferation



CHAPTER 3. BASELINE MODEL 30

using a linear growth term ry(t) rather than a logistic growth term [Reaction (iii)]. As with
infectious transmission, newly infected target cells arising from mitotic division immediately
hide the expression of viral genes and enter the latently infected cell compartment, thereby
evading the immune system. At this point, we remark that although mitosis is a process that
occurs in all target cells, it has been experimentally shown that the rapid rate of infected
target cell proliferation is significantly faster than normal homeostatic division (Asquith
et al., 2007), but only so during intermittent expression of the provirus. The set of such
provirus-expressing infected target cells coincides in our model with the pool of actively
infected target cells. Latently infected target cells do not express the provirus and are
assumed to proliferate at the same rate as normal, healthy CD4" helper T-cells. To avoid
unnecessarily complicating the model equations, we do not consider the passive proliferation
of healthy and latently infected target cells.

Latency allows the proviral cell to escape lysis by anti-HTLV-I CTLs, but hinders both
the infectious and mitotic routes of viral transmission. Meanwhile, activation promotes viral
transmission, but simultaneously exposes the proviral cell to immune surveillance (Asquith
and Bangham| 2008). It is becoming increasingly clear that a dynamic balance between
infected target cell latency and activation exists. Indeed, while the vast majority of proviral
cells are latent at any given time, it has been observed experimentally that a small pro-
portion of latently infected CD4™" helper T-cells spontaneously express viral proteins and
become actively infected (Asquith et al., 2000; |Asquith and Bangham, [2008; |Asquith et al.
2007)). We represent the transition of a proviral cell from the latently infected state to the
actively infected state by a term 7u(t) [Reaction (iv)], where 7 is the rate of spontaneous
infected T-cell activation or viral protein expression. In the activated state, proviral cells
are subject to strong selection by HTLV-I-specific CTLs that recognise expressed HTLV-I
antigens, such as epitopes on the immunodominant virus protein Tax and the minus-strand
viral gene product HBZ (Gaudray et al., 2002; Goon et al., 2004al). We model the elim-
ination of actively infected target cells by virus-specific CTLs using a bilinear incidence
term yy(t)z(t) [Reaction (v)], where 7 represents the rate of CTL-mediated lysis. The pool
of CTLs is maintained by antigenic stimulation from virus-expressing activated proviral
cells (Asquith et al. 2007; Bangham et al., [2009). The replenishment of these CTLs is
described by the term vy(t) [Reaction (vi)], where v is the rate of CTL proliferation or
turnover, also referred to as the CTL responsiveness (Nowak and Bangham) [1996; |Wodarz
et al., 2001).

Lastly, all T-cell populations under consideration, including CD4™" helper T-cells and
CD8™ cytotoxic T-lymphocytes (CTLs), are removed from the system via natural cell death.
We represent the removal of each cell type by a rate proportional to its density. Healthy,
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latently infected, and actively infected target cells die at respective rates i, po, and pus,
and the removal rate of CD8" CTLs is uy [Reaction (vii)].
All parameters are assumed to be positive. To close the model, we need to specify the

initial conditions, and this is done in the next section.

Remark 3.1. It should be clarified that at a more detailed level, a distinction exists between
two subclasses of CD4™1 helper T-cells in the host-virus interaction above. In particular,
the production of T-cells arising from thymic exit describes the subclass of naive CD4" T-
cells. Meanwhile, it has been demonstrated experimentally that the pool of memory CD4"
T-cells, namely those that are specific to HTLV-1, are the ones most susceptible to infection
by the virus (Goon et all [2004b). An implication of this observation is that our baseline
mathematical model is likely over-estimating the number of infected cells that occur by
infectious cell-to-cell transmission. However, in reality it is not known what proportion of
the CD4™1 T-cell population are specific to HTLV-I, thus raising a challenge in differentiating
between the two subclasses of CD4" helper T-cells. Because we are primarily interested
in examining the overall dynamics of persistent viral infection, we avoid over-complicating
our mathematical model at this stage and, as a simplification, we designate the ‘target cell’
population to comprise memory CD4™" helper T-cells, with the naive assumption that such

T-cells exit the thymus and are also infected by the virus.

3.3 Parameter Values and Numerical Simulations

In this section, we discuss the parameter values that we use to simulate the baseline
model , which have been estimated using both experimental and theoretical meth-
ods in studies of CD4" lymphocyte kinetics by Kirschner and Webb| (1996]), and Nelson
et al.[(2000). |Asquith et al. (2005b, |2007) have also quantified the in vivo kinetics of CD4™
helper T-cells and CD8" CTLs in the context of persistent infection by HTLV-I in both
asymptomatic carriers and in HAM /TSP patients. Using these biologically realistic param-
eters, we then simulate the time evolution graphs for model numerically, which allows
us to identify some of the possible dynamical behaviours present and get a sense of the

kinds of mathematical techniques we might be able to apply to analyse the model.

3.3.1 Parameter Values

The production, A, of healthy, naive CD4™" helper T-cells exiting the thymus falls in the
range of 0-10 cells/mm3/day (Kirschner and Webb| 1996} Perelson et al., 1993), and we
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select a value of 10 cells/mm3/ da As infection by HTLV-I only causes minor detriment
to T-cell functionality (Asquith and Bangham| 2007), it is expected that all three popu-
lations of target cells considered in our model display natural death rates similar to those
of healthy target cells, between 0.01-0.11 day~! (Kirschner and Webb, 1996; Nelson et al.,
2000; Ribeiro et all [2002). Extracting from studies of HIV-1 infection (Ribeiro et al.,
2002), it is assumed that activated CD8" CTLs die at similar rates in both uninfected and
infected individuals, with the death rate lying between 0.03-0.05 day~!. Experiments have
measured the rate of rapid Tax-driven selective mitosis r to lie within the range 0.01-0.045
day~! (Asquith et al., 2007; [Kirschner and Webb), [1996), with higher rates of CD4* helper
T-cell turnover usually associated with disease status, e.g. HAM/TSP. Because our model
does not distinguish between the subclasses of naive and memory CD4" T-cells, for the
model simulations, we have chosen a proliferation rate of 0.011 day~! to coincide with the
maximal proliferation rate of CD4" cells as measured by Kirschner and Webb (1996).

We consider values for the coefficient of infectious transmissibility 8 to be on the order
of 1073 mm? /cell/day, which is consistent with those used in recent mathematical models of
HTLV-I infection (Gémez-Acevedo and Li, 2005 |(Gomez-Acevedo et al., [2010; [Li and Lim),
2011)). Asquith et al.| (2007) have quantified the rate of expression, 7, of Tax in proviral cells
to be between 0.0003-0.03 per day, and an intermediary value of 0.003 per day is chosen.
The rate of lysis by anti-HTLV-I CTLs « in asymptomatic carriers of the virus depends on
each individual, and has been measured to be between 0.007-0.220 per CD8" cell per day
with a median value of 0.029 day~! (Asquith et al., 2005b). Finally, the proliferation rate
of HTLV-I-specific CD8" CTLs has been measured to be in the range 0.009-0.161 per day
with a median value of 0.036 day~! (Asquith et al., [2007). The biological meaning of the
parameters, the primary sources for the parameter ranges, and the specific choices for the

dimensional parameter values within the relevant ranges are summarised in Table

*Using both experimental techniques and mathematical modelling, Bains et al.| (2009) have quantified
the rate of thymic export of CD4™" helper T-cells to be 3.5 x 105 CD4™" T-cells per day, with a range between
(0.1,27) x 10® CD4™ T-cells by the age of 20. Considering that the blood volume of an average human
weighing 70 kg is roughly 5.5 litres, taking our selected value of \ yields 10 cells/mm3/day x 5.5 x 10¢ mm?
= 5.5 x 107 CD4" T-cells per day, which is within the range of thymic exit estimated by [Bains et al.| (2009).
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Initial
.. 1
Condition Value Source
z(0) ~ 850 cells/mm? (Bofill et al,[1992)
U(O) 0.1 cells/mm3 Assumption on initial in-
fection
y(O) 0.5 CGHS/HHII3 Assumption on initial in-
fection
Z(O) 0.1 C(%HS/HIHI3 Assumption on initial
HTLV-I-specific CTL
abundance
Dimensional . . .
Value Biological Meaning Source
Parameter
A 10 cells/mm?®/day  rate of production of target (Bains et all 2009
+ _ Kirschner and Webb
cells (CD4™ helper T-cells) — Fremmeanc 2o
1993)
B 0.001 mm?/cell/day infectious transmissibility —(Gomes-Acevedo and Li,
: 2005; |Gomez-Acevedo
coefficient ot al 2010; [ and Liny
2011; |Perelson m
r 0.011 day—! selective proliferation rate of  (Asquith et al, 2007
actively infected cells 11<91§S6T)hner and _Webb
k 1150 cells/mm? target cell carrying capacity —(Goémez-Acevedo and Li,
2008} [Li and Lim| 2011
T 0.003 day—! rate of spontaneous Tax ex-  (Asquith et al 2007 [Li
pression fpnd Lim} [2011)
v 0.029 mm?®/cell/day rate of CTL-mediated lysis (Asquith et all [2005b]
of actively infected cells 2007)
v 0.036 day—! proliferation rate of CTLs (IAsquith et al.L |2007I)
(or CTL responsiveness)
1 0.012 day—! natural death rate of (Kirschner and Webb
1996} |[Nelson et al.| 2000
healthy cells Ribeiro et al., 2002)
a2 0.03 day~! natural death rate of la- (Kirschner and Webb
. 1996; [Nelson et al.| 2000
tently infected cells Ribeiro et aT] [£002
3 0.03 day_l natural death rate of ac- (Kirschner and Webb
: : 996;; |Nelson et al.l [2000
tively infected cells Ribeiro et aT] 2002
m 0.03 day—! natural death rate of virus- (IRibeiro et al.l, |2002
specific CTLs

Table 3.1: Table of biologically relevant dimensional initial conditions and parameter values
that describe chronic infection by HTLV-I. In general, median values have been selected.
The ranges for each parameter can be found in the text. Values within these ranges are
used to parameterise the various HTLV-I models explored in this thesis.

Before we can solve model (3.1)), we discuss a biologically reasonable initial state of the

system at the onset of infection. In the absence of infection, the normal CD4™ helper T-cell

count averages 850 cells/mm? of peripheral blood, although it is known that there is a wide

variance between individuals, with healthy values in adolescents and adults ranging from
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500 cells/mm? to 1200 cells/mm¥| (Bofill et al. [1992).

We assume that the individual is initially healthy, and that the start of infection occurs
after the introduction of a small dose of infected cells, say on the order of 107! cells/mm?3.
Next, it is known that CTLs of a diverse range of specificities are continuously being pro-
duced. The average level of CD8T cytotoxic T-lymphocytes in a normal, healthy individual
is roughly 550 cells/mm? of peripheral blood (Bofill et al.,[1992). We will assume that at the
start of infection, the number of circulating CD8" CTLs in an individual that can recognise
HTLV-I epitopes is on the order of 10~! cells/mm?®. Here we remark that although the
magnitude of the initial level of viraemia is small relative to the size of the target cell pool,
these values, measured in units of cells per mm? of peripheral blood, are assumed to be
homogeneous throughout the entire body of an individual, whose blood volume is several
orders of magnitude higher (~ 5.5 L of blood for an average human weighing roughly 70
kg). Thus, stochastic effects are negligible and we are justified in adopting a deterministic

modelling approach.

3.3.2 Numerical Simulations

To gain some insight as to how we will approach the mathematical analysis of model , we
use these biologically motivated initial conditions and parameter values as in Table and
run preliminary numerical simulations of the model. Using the built-in differential equation
solver in Mathematica (version 10.0.0.0), we solve model numerically and plot the
solution as in Figure [3.2l The NDSolve command in Mathematica automatically selects
a numerical algorithm to optimally solve the designated system of ordinary differential
equations, and includes both explicit and implicit methods such as Euler, Adams, and
Runge-Kutta of arbitrary order. Figure shows all four cell populations and highlights
their relative abundances. As the magnitudes of the terms in the u, y, z-equations are much
smaller than those of the z-equation, we take a closer look at their behaviours by magnifying
the vertical axis, roughly 30 times in Figure and 600 times in Figure We
observe that after some time, the solution appears to settle at a positive equilibrium which
may be reached by damped oscillations. In the following section, we will examine the

underlying dynamical behaviour of model (3.1)) in more detail.

3.4 Global Qualitative Behaviour

The purpose of this section is to provide a complete mathematical description of the global

qualitative behaviour of all possible solutions of model (3.1). Establishing the global dy-

TFor reference, Acquired Immune Deficiency Syndrome (AIDS) caused by the human immunodeficiency
virus (HIV) is characterised by a CD4™ helper T-cell count below 200 cells/mm?.
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(b) Zooming in on the behaviour of u(t). (¢) Zooming in on the behaviour of y(t) and z(t).

Figure 3.2: Numerical simulation of the solution of model with initial conditions and
parameter values as in Table The level of healthy (z(t)), latently infected (u(t)), and
actively infected (y(t)) target cells are shown in blue, green, and red, respectively, and
the level of HTLV-I-specific CTLs (z(t)) is shown in black. [(a)] The full dimensional range
showing all cell populations and highlighting their relative abundances. |(b)H(c)[ A closer
examination of the behaviour of u(t), y(t) and z(t) in model (3.1)).

namics of our mathematical model means that we have a complete understanding of the
qualitative behaviour of solutions of the model. This puts us in a position where we can
fully explore the model without having to worry about the occurrence of unexpected phe-
nomena, and allows us to draw robust conclusions from further investigations of the model
in the remainder of this chapter. More broadly, a well-defined mathematical model can
also help us identify specific processes that can lead to experimental designs which test the
validity of the model representation we have chosen and determine its applicability to the

biological system under study.

3.4.1 Biologically Realistic Region

The first step in the mathematical analysis of model (3.1)) is to determine a bounding region

for the T-cell populations to ensure that our model is biologically reasonable. In particular,
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T-cell populations should never become negative, nor should they become unbounded. Our
first result, Theorem formalises such a notion.
Denote by Ri the closed positive orthant of R*. Let y = min{u1, po, 3}, and consider

the closed, bounded region

A A A
I':= (x,u,y,z)eRi:xS—,x%—u—i—yS , 2 < v )
{11 p—r pa(p =)

Theorem 3.1. Assuming that r < p, the set I' is positively invariant with respect to

model (3.1). All solutions are bounded for t > 0 and eventually enter T'.

Proof of Theorem[3.1. It can be seen from the model equations that for any set of non-
negative initial conditions, x(t), u(t), y(t), z(t) > 0 for all ¢ > 0 (this is because the equations
in model (3.1) do not allow any of the T-cell compartments to become negative when any

one of the populations sit on the boundary at zero). It is clear that

dzx
— <\ =
dt — l’l’l‘,r7

and this implies that
A
limsup z(t) < —.
t—o0 M1
Let p = min{puy, uo, u3} and suppose that r < p. Adding the first three equations of
model (3.1]) yields the inequality

d
& tuty) A= (u-r)z+uty),

which implies that limsup, ,. (x + v + y)(t) < A/(u — 7). The assumption that r <
u ensures that the quantity on the right-hand side of the inequality is always positive.
Let (z(t),u(t),y(t), 2(t)) be a solution of model (3.1)) with z(0) + u(0) + y(0) < X/(p — 7).
Then,

dz A _ Av
— =vy — sz < v —puz = limsupz(t) < ———.
dt w—=r t—00 pa(p —r)

Therefore, we consider the closed, bounded region

A A A
I‘::{(:c,u,y,z)ERi:xS,x+u+y§ , 2 < Y }
01 p—=r pa(p —r)

As T is positively invariant in R* (due to the direction of the vector field for model ([3.1])

pointing towards and remaining in I" for every initial element in "), model (3.1]) is well-posed.
This completes the proof of the result. O
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In Theorem we have assumed that r < u. This assumption is supported by exper-
imental evidence indicating that the proliferation rate of CD4™" helper T-cells is generally
lower than the rate of removal due to natural death (Asquith et al., [2007; |[Kirschner and
Webbl, [1996; Nelson et al.,|2000). Hence, our results rest on biologically meaningful assump-
tions and our theoretical result, Theorem [3.I] defines the set I' as a biologically feasible

region on which the model dynamics may be analysed.

3.4.2 Basic Reproduction Number for Viral Infection

The global behaviour of model (3.1) depends crucially on a key parameter, the basic repro-

duction number for viral infection, defined as

A
(53:1{ + 7‘), where xg = e (3.2)

-
flo = p3(T + p2)
Biologically, Ry represents the average number of secondary infected cells produced from a
single actively infected cell over its lifetime. There are various ways of deriving the basic
reproduction number each one of which, although all yielding the same expression, provides
a slightly different perspective to the interpretation of Ry. Three different methods of
deriving Ry are explained in detail in Appendix [A.1] We remark that the expression for Ry
derived from model displays a similar form to the one determined in the model by |Li

and Lim (2011]).

3.4.3 Characterisation of Global Dynamics

The following theorem summarises our main mathematical result and establishes Ry as a
sharp threshold that characterises the global dynamics of model in the biologically
realistic region. We present a rigorous mathematical proof of the result, which has been
separated into three parts to facilitate ease of understanding. Section deals with the
existence and uniqueness of equilibria, while Sections and [3.4.6] respectively, demon-
strate the stability properties of the infection-free and chronic infection steady states, when-
ever they exist. We establish the global dynamical behaviour of model using the direct
method of Lyapunov, a well-known method which has been successfully employed in proving
the global stability of equilibria in a variety of population models from epidemiology (Kala-
jdzievska and Li, 2011; Korobeinikov and Wake, 2002) and immunology (Goémez-Acevedo
et al.l 2010; [Korobeinikov, 2004).
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Theorem 3.2 (Global Dynamics of the Baseline Model).

1) The infection-free equilibrium Py always exists. Moreover, if 0 < Ry < 1, then Py is
the only equilibrium in fﬂ and it is globally asymptotically stable in T';

2) if Ry > 1, then the infection-free equilibrium Py is unstable. In addition, a unique

chronic infection equilibrium P* exists in 13| and it is globally asymptotically stable in

r.

3.4.4 Proof of Theorem [3.2] Part 1: Existence of Equilibria

The first proposition shows that the basic reproduction number for viral infection, given by

T A
Ry=——(Bxyg +7r), wherexy=—,
‘ M3(7+M2)( ) M1

as in Equation (3.2]), determines the existence of equilibria in T.
Proposition 3.1 (Existence of Equilibria).

1) The infection-free equilibrium Py = (xp,0,0,0), where xg = N/ p1, always exists in

[. Moreover, if 0 < Ry < 1, then Py is the only equilibrium in T';

2) If Ry > 1, there exist exactly two equilibria, Py on OI' and a unique chronic infection

equilibrium P* = (z*,u*,y*, 2*) in I.
Proof. Equilibria occur when

0=\—Bzy — iz, (3.3a

0=pBxy+ry— (T + u)u, (

0=r1u—yyz — psy, (3.3¢
0=vy— pyz. (3.3d

Observe that since z, u, y and z are restricted to be non-negative in the biologically feasible

region I'; then from Equations (3.3c) and (3.3d), u = 0 <= y =0 < 2z =0 at

equilibrium. We will show that there are only two possible non-negative equilibria in our

model (3.1)): Py representing the infection-free state, and P* representing chronic infection.

#The (topological) closure of T' in R*: T' = I' U dI', where OI' denotes the boundary of T'. Note that, in
fact, ' =T.
$The (topological) interior of T' in R*: T'=T'\ 8T, where 8I' denotes the boundary of I'.
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We first determine the existence of the infection-free equilibrium Py = (zg,0,0,0),
where zy = A\/p; is the level of target cells in the absence of an infection and coincides
precisely with the normal CD4" helper T-cell count in a healthy individual.

Next, we search for steady state solutions of the form P* = (z* u*,y*, 2*), where
¥ u*,y*, 2z > 0. We will refer to such a steady state, if it exists, as a chronic infec-
tion equilibrium. Equations (3.3a) to allow us to express z*, u* and y* in terms of

z*. Namely,

Av 14 [4
* — * - 7= * * * - = * 3'4
,BH4Z* + v ) U —y (’YZ + /,L3)Z ) ) v z, ( )
where z* is a root of the following function F'(z):
A
Flz)= ——— < Pv__ | r> ST (3.5)
pa(7 + p2) \ Bpaz + v 13

It is possible to solve the equation F'(z) = 0 analytically. However, we have chosen not to
show an explicit formula for z* as the resulting expression is overly complicated and does
not provide any meaningful insight to the task at hand, which is to prove the existence of
a unique chronic infection steady state for model . We instead construct the following
argument. Clearly, F'(z) is a monotonically decreasing function of z and lim,_,o, F'(z) < 0.

Moreover, since
F(0) = [Ro — 1],

then the existence of a unique positive root z* of F'(z) = 0 is equivalent to the condition

that Rp > 1, thus completing the proof. ]

3.4.5 Proof of Theorem [3.2] Part 2: Stability of F,

The Jacobian matriz for model (3.1)) is

—By — 0 —px 0
_ By —T—p2  Pr+r 0
J(x,u,y,z) = 0 . ey -y | (3.6)
0 0 v — g

The local stability of Py is given by the following.
Proposition 3.2 (Local Stability of P).

i) When Rg < 1, the infection-free equilibrium Py = (xg,0,0,0), where zg = X/ p1, is

always locally asymptotically stable in the feasible region I'.
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ii) When Ry > 1, Py is unstable. Specifically, Py is a saddle with dim W} (Py) = 3
and dim W (Po) = 1, where W} (Fy), W.(Po) denote the local stable and unstable

manifolds of Py, respectively.

Proof. Establishing the local stability of the infection-free equilibrium Py is equivalent to
determining the signs of the real parts of the eigenvalues of J(Fy), the Jacobian matrix at

Py. The characteristic polynomial is

X0(€) = (¢ + p1)(C + pa) [ + (7 + pa + p3)¢ — 3 (T + pa) [Ro — 1]],

where Ry is the basic reproduction number for viral infection defined in Equation (3.2]).
The roots of x((¢) are precisely the eigenvalues of the Jacobian matrix J(Py). They are
given by (; € C such that x((¢;) = 0:

1 =—p1, Go= —pa,

and

1 1
C3’4 = —5(7'-1-,&2 +M3) + 5\/(7’4-/12 +,U3)2 +4,LL3(7‘+/A2)[R0 — 1].

Clearly, both (1,2 < 0. Moreover, if Ry < 1, then Re((3), Re({4) < 0. Hence Fj is either a
stable node or a stable spiral. However, if Ry > 1, then it is readily seen that Re((3) > 0,
so that Py is unstable. Specifically, Py is a saddle whose local stable manifold W} (Fp)
has dimension 3 and local unstable manifold W}%_ (Fy) has dimension 1. If Ry = 1, then
(3 = 0 is a zero eigenvalue of J(FPy) and no immediate conclusions about the local stability
of Py may be inferred. The preceding argument establishes the basic reproduction number
for viral infection Ry as a threshold parameter that characterises the local stability of the

infection-free equilibrium Fj. O

In fact, a stronger statement can be made about the stability of Py when Ry < 1, namely

that it is globally asymptotically stable in the feasible region I'.

Proposition 3.3 (Global Stability of Fy). When Ry < 1, the infection-free equilibrium Py
s globally asymptotically stable in the feasible region I.

Proof. Assume that Ry < 1. Then by Proposition the infection-free steady state Py is
the only equilibrium point in I'. Note that < xzp for all z € T.
Consider

L= L(z,uy,z) = <x_$H—l‘H10gx> pug T2, T )
TH T 2TV

The function L : Ri — R is positive deﬁniteﬂ, as

2We refer the reader to Lemma which shows a proof for the positive definiteness of the function
f(z) =z — & — &log(z/z), where & is any positive constant.
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(i) L(xzg,0,0,0) =0, i.e. L(Fy) = 0; and
(i) L(z,u,y,2) >0, for all (x,u,y,z) € RY, (2, u,y, 2) # (xy,0,0,0).

The Lyapunov derivative of L is

L
((iit:<1 a;H>dx du+7+u2%+’y(7+ﬂ2)z%

dt - dt T dt v dt
x x
= <1 - H)()\ — px) — Bmy(l - H) + (5my+ry — (T Jr,uz)u)
x x

V(T + p2)
TV

X

+T+H2
-

(Tu—yyz — psy) + z(vy — paz).
Replacing A = p12p and expanding terms yields

dL 1 2, M3 TYH4 2
—_— — — —_ —_— —1 —_— ——
7= @ wn) (7 ) [Ro— 1y — —(7 4 p2)2

<0, VY(x,u,y,z) €, since Ry < 1.

Hence, L is an appropriate Lyapunov function and, moreover, dL/dt(xH, 0,0,0) = L(x,0,0,0) =
0. Since the feasible region I' is compact and invariant with respect to the vector field of
model (3.1)), it then follows from LaSalle’s invariance principle (LaSalle, 1976) that every

trajectory starting in I' approaches a set M, where M is the largest invariant subset of

dL
I: {(%U,yaz) € Ri : E(.’E,U,y,Z) = 0}7
which, in the present case, is precisely
{r=zy}n{y=0}n{z=0}.

To establish the global stability of Py when Ry < 1, it remains to show that the set M
consists solely of the equilibrium point Py. Observe that in the set I, the variable u can
take on any arbitrary value along the non-negative real line. Let w(t) = (x(t), u(t), y(t), 2(t))
be any trajectory of model starting in I, so that x(0) = zg, y(0) = 0, and 2(0) = 0.
Then, the behaviour of w(t) at t = 0 is governed by

dz du dy dz
E—O, E——(T+M2)u, E—TU, &—0

Hence, z(t) = zp, 2(t) = 0, and
u(t) = u(0)e(THr2)t,

The y-compartment varies according to dy/dt = Tu(0) at time ¢ = 0. If u(0) # 0, then
dy / dt > 0, implying that y(t9) # 0 for some to # 0; that is, the trajectory will leave the
set I. For the solution w(t) to remain in I for all ¢, we must have «(0) = 0 and therefore
u(t) = 0. Subsequently, solving the initial value problem dy/ dt = 0, y(0) = 0 yields
y(t) = 0. Taken all together, the above argument means that the maximal invariant set in

I is comprised only of the single point Py = (x,0,0,0), i.e. M = {Fp}. O
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3.4.6 Proof of Theorem [3.2] Part 3: Stability of P*

The final part of the proof of Theorem 3.2]is to demonstrate the global stability of the chronic

infection equilibrium P* whenever it exists in I'. We therefore establish the following.

Proposition 3.4 (Global Stability of P*). When Ry > 1, the chronic-infection equilibrium
P* is globally asymptotically stable in r.

Proof. Assume that Ry > 1. Then by Proposition the chronic infection equilibrium P*
exists in the feasible region I'. To prove the result, we construct an appropriate Lyapunov
function V : Ri — R that will allow us to conclude the global asymptotic stability of P*
inT.

Suppose that (z(t), u(t), y(t),z(t)) is a solution of model and let

V= <:L‘—:U*—x*logx*> + <u—u*—u*logu*> +T+'u2<y—y*—y*logy*>
x u T Yy
+l(7+u2)z* (z—z* — 2% log z*>
TV 2

The function V' = V(x,u,y,z) is positive definite with respect to the chronic infection
equilibrium point P* = (z*,u*, y*, z*). The reason for this is because V' is a sum of positive

definite functions (see Lemma [B.1)). Taking the Lyapunov derivative along the solution
(2(t), u(t), (1), 2(1)) yields

v dx u*\ du ’T—|—u2 y*\ dy
dt_<1 >dt+<1 u>d T <1 y J dt

— <1 - f)(/\ — By — ) + <1 - 15) (Bay +ry — (T + p2)u)

*

T+ * N z
+ 12 <1 - y> (Tu — yyz — p3y) + (7 + p2)z <1 - > (vy — paz).
T Y TV z

By making the appropriate substitutions using the equilibrium equations (3.3al)—(3.3d]), we
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find that

% N (1 - g;) (mz* — pz) + <1 N Z) (Ba™y”™ — Bry)

+ (1 - l:;) (Bwy +ry — (Bw*y* + Ty*) ;)

Bty +ry’ y" v Y\ THp y"
+—— (1= )| Tu—Tu = | + 1—5 (vyz" —yyz)

Tu*

The final line follows from the inequalities \/ajas < (a1 + ag)/2 and ¥ajazasz < (a1 +az +
ag)/3, where a1, a2, a3 > 0; that is, the geometric mean of n positive numbers can be no
greater than their arithmetic mean. Hence, the global stability of P* has been established
when Ry > 1. ]

3.5 Non-Dimensionalisation and Asymptotic Analysis

In this section, we seek to characterise the transient behaviour of solutions of model ({3.1))
under biologically realistic parameters as in Table To achieve this, we first non-
dimensionalise the system, then re-scale the variables and parameters to order 1, and lastly

perform an asymptotic expansion to explore the leading order behaviour.

3.5.1 Non-dimensionalisation

For the non-dimensionalisation, we begin by defining new variables

where xq, ug, Yo, 2o are the appropriate re-scalings that make all variables of order 1. We
remark that the observation from Figures with respect to the relative sizes of
x,u,y,z suggest that the ratios ug/xo, yo/xo and zp/z¢ are ‘small’. We will make this
statement more precise in the following subsection about re-scaling variables to order 1 (refer
to Subsection. Substituting into the equations in model yields the following non-
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dimensional system:

dX
i AN = BNXY — iy X
dU N
- BNXY +rNY — (73 + poy)U
e (3.7)
dZ
@ = VNY — ,U4NZ,
where
At A t t
)\N — 705 ﬂN = 5y0t07 BN = %7 TN = o 07 ™ = Tto,
i) UuQ UuQ
. Tugptp B _ Vyoto _ _
TN = o YN = Yzoto, VN = 0 iy = pato, p2n = pato,

w3y = psto, pan = pato.

The subscript N above designates the various quantities as being associated with the non-
dimensionalised system. Note that BN = ﬁ—gﬁN and Ty = %TN. The corresponding non-

dimensional feasible region is
Iy := {(X,U,Y,Z) eRY:

XgA—N,XJr@UJr@YgAiN 7 < YNAN >},

__ rNUuo Y —_ __ TNUo
Hin zo o MN — =y Han (MN “vo

where pn = min{p; n, 2y, p3n - Using the same methods as before, which are explained
in detail in Appendix we can derive the expression for the non-dimensional basic

reproduction number for viral infection for the non-dimensionalised model (3.7 to be

. A
(ﬂNXH n rN), where Xz = 2N, (3.8)
Hin

N
psn (TN + p2y)

Roy =

3.5.2 Re-scaling Variables to Order 1

In this section, we evaluate the relative sizes of each cell population based on rough es-
timates from experimental data on T-cell dynamics and infection by HTLV-I, and select
appropriate factors xg, ug, Yo, 2o to re-scale all variables to order 1. Note that this approach
is slightly different to the usual method of non-dimensionalisation which reduces the num-
ber of parameters but does not necessarily re-scale all variables to order 1. Our approach,
which in general introduces new parameters to the model, allows us to consider the specific
immunological properties of HTLV-I infection represented by our mathematical model in

the context of biologically realistic parameter values, of which some but not all have been
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clinically measured. It can be expected that even known parameters will vary over a broad
range of values. Nevertheless, we can exploit those that are known by restricting their
selection to reasonable, averaged values. Meanwhile, quantities that are not yet known are
initially chosen to be biologically plausible, and changes to these values are explored fur-
ther to better understand their role in describing infection using our mathematical model.
Our non-dimensional re-scaling has been chosen according to HTLV-I infection in ACs, as
this group comprises the vast majority of HTLV-I-infected individuals (Bangham. 2000a;
Proietti et al., [2005)).

The key to selecting an appropriate non-dimensional re-scaling is to take a closer look
at the average T-cell populations during the course of chronic infection. First, since the
normal CD47 helper T-cell count in a healthy individual averages around 850 cells/mm?,
this suggests an appropriate scaling for the X-equation to be 2o = 1000 cells/mm?®. Next,
it has been estimated that approximately 1% or less of an AC’s CD4™" helper T-cells are
provirus-positive, and that out of these infected target cells, only 1% to 5% are activated
and expressing viral antigens at any given time (Asquith and Bangham| 2008; |Asquith et al.)
2005b; Richardson et al., [1997). We therefore select scalings for the latently infected (the
U-equation) and actively infected (the Y-equation) target cell populations to be uy = 10
cells/mm? and 3o = 0.5 cells/mm?, respectively. Meanwhile, the normal level of CD8 cyto-
toxic T-lymphocytes typically lies between 300 cells/mm? and 800 cells/mm? of peripheral
blood (Bofill et al.,[1992). It has been estimated that up to 1% or more of circulating CD8*
CTLs can recognise HTLV-I epitopes (Bangham, 2000b). Since chronic HTLV-I infection
is often accompanied by high frequencies of HTLV-I-specific CD8" CTLs (Asquith et al.,
2005a; Bangham and Osamel |2005), we calculate, using the upper limit of CD8" CTL fre-
quency in the peripheral blood, that zg = 1 CD8¥ cell/mm? is a good approximation for
the case of CTLs specific to HTLV-I. Lastly, since the timescale during the acute phase of
infection is not known experimentally, we non-dimensionalise time by setting tg = 1 day. We
assume that this choice of non-dimensionalisation re-scales each of the variables X,U,Y, Z

to order 1. The corresponding non-dimensional parameters are shown in Table

3.5.3 Re-scaling Parameter Values to Order 1

With the choice of non-dimensional re-scaling of variables to order 1 and the chosen pa-
rameter values as in Table we are now in a position to evaluate the relative impact of
each term in the equations to the solution of the non-dimensionalised model . It is seen
that the highest order parameter in each of the equations is 10~2. This suggests another

re-scaling, this time for the non-dimensional parameters, to make them of order one.
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Table 3.2:

model (3.7)).

Let € = ug/xo = 1072

Non-dimensional Scaling

Value

Zo
Uug
Yo
20
to

1000 cells/mm?
10 cells/mm?
0.5 cells/mm?

1 cells/mm?
1 day

Non-dimensional Initial Condition

Value

X(0)
U(0)
Y(0)
Z(0)

1
0.01
0.05
0.01

Non-dimensional Parameter

Value

Ay = 2o

o

BN = Byolo
BN — Bzoyoto

uo
TN = %
TN = Tto
= e
YN = YZolo
UN = %
iy = Hito
Hapn = pato
p3n = p3to
pany = pato

0.010
0.0005
0.05
0.00055
0.003
0.06
0.029
0.018
0.012
0.03
0.03
0.03

Table of non-dimensional parameter values for the non-dimensionalised

The corresponding non-dimensional parameters, re-scaled to

order 1 and written in terms of the un-scaled non-dimensional and dimensional parameters
for reference, are shown in Table Note that in Table the parameter Tg = 0.3 is not

re-scaled to order 1 as it is seen to always go together with the parameter p2p = 3, which

is of order 1. By re-scaling most of the parameters of the non-dimensional model (3.7) to

order 1, we obtain the following equivalent system:

dx
dt’
dU
dt’
dy
dt’
dz
dt’

€(Ar — eBrXY — ppX)
e(BRXY + ergY — (1r + p2g)U)
€(TRU — YRY Z — ji3RY’)

e(WRY — papZ2).

(3.9)

On this timescale, the dynamics occur at a very slow rate as all of the equations are
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Re-scaled, Non-dimensional Parameter Value
Ap =2l — 2 1
Br = g = P 5
Br = 51\?0 — 5z£3§t0 5
rp = g0 = ol 5.5
TR =M = Th 0.3
YR = ')/Nieto = @ 2.9
VR = VNietO = V?G,lgoto 1.8
pup = e = b 1.2
pop = M0 = 20 3
pgp = M0 = o 3
pup = e = b 3

Table 3.3: Table of non-dimensional parameter values, re-scaled to order 1, for the re-scaled,

non-dimensionalised models (3.9) and (3.10]).

changing on the order of e = 10~2. Indeed, this observation echoes our remark on the time
series plot of the original dimensional model (i.e. the ‘baseline model’) that motivated
our analysis in the first place, where the behaviour of the solution was seen to vary on the
timescale of 1/e = 100 days (refer to Figure . This suggests a re-scaling of time to
T = et’ so that

d_d'd _1d
dT  dTdtr  edt’’
Noting that BR = Br and 7r = 207R, the model now becomes

ax
dT

dU
a BrXY +ergpY — (T + pog)U
(3.10)

= AR — €BrXY — X

dY

a - 207RU — yrY Z — u3pY
dz

ﬁ = VRY — ,LL4RZ

Assuming that all the re-scaling and parameter choices are biologically realistic, we observe,

by comparing the terms in each equation, that
(i) €8r < AR, p1p in the X-equation, and
(ii) erp < PR, TR + p2p in the U-equation.

Hence, the impact of these two quantities on the overall dynamics of the solution is ‘small’

in relation to the other terms, at least with this choice of non-dimensional re-scaling and
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parameter values. We will denote the corresponding feasible region for model (3.10) as I'g.
The re-scaled, non-dimensional basic reproduction number for viral infection is
AR

Rop = :
H1R

20
'R ] (BRXH + E’I“R), where Xy = (3.11)

nsr(Tr + p2g

The choice of re-scaled, non-dimensional parameter values as in Table represents bio-
logically realistic quantities that arise during chronic HTLV-I infection and correspond to
the situation when the basic reproduction number, Ryg, takes a value greater than unity.
By a result analogous to Theorem for the re-scaled, non-dimensional model , the
(re-scaled, non-dimensionalised) infection-free equilibrium Py is unstable and the existence
and the global stability of a unique chronic infection equilibrium Py in r R is guaranteed.
Choosing biologically realistic initial conditions, we plot the time evolution graph for the
re-scaled, non-dimensional model in Figure . We point out several observations
about Figure First, we notice that the population of healthy target cells, X (7T'), begins
of order 1 and remains so as time progresses. Meanwhile, the populations of the infected
target cells, U(T') and Y (T'), and immune cells, Z(T'), begin of much smaller order, O(e),
and appear to increase exponentially before approaching asymptotically to the chronic in-
fection equilibrium levels. In the following section, we perform an asymptotic expansion

to characterise the transient behaviour of solutions of the re-scaled, non-dimensionalised

model (3.10)).

3.0 r
[ u(T)
- ()
g
(=)
p A7)
Z
z
& X(D)
5
Il Il I
6 8 10

Time (Non - Dimensional), 7'

Figure 3.3: Convergence to Pj when Rgp > 1 for the re-scaled, non-dimensional model
described by system . Initial conditions are biologically plausible and, in this case,
are chosen to be X(0) = 1,U(0) = 0.01,Y(0) = 0.05,Z(0) = 0.01. The plot shows that
after the initial behaviour, all populations of target cells and immune cells persist at an
equilibrium level. Given the parameter values from Table Ry =~ 2.56 > 1.
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3.5.4 Asymptotic Analysis

In this subsection, we study the transient and asymptotic behaviour of model when
Rogr > 1, for biologically realistic initial conditions. Recall that for model , we selected
appropriate re-scalings so that all variables and parameter values may be assumed to be of
order 1 in the chronic phase of infection. The size of each compartment, however, is bound
to differ at the onset of the infection. For example, the initial level of viraemia exposed to
the host is likely to be significantly lower than the level during chronic infection after the
virus has replicated and established itself in the host. Likewise, due to the functionality
of adaptive immunity, the reaction of the host immune response towards the virus is often
substantially less vigorous at the start of the infection (i.e. when the immune system is
naive against the new invading pathogen) than later on as time progresses and virus-specific
immunity has been built up. For these reasons, let us assume that the initial level of infected
target cells, as well as the initial level of HTLV-I-specific CD8T CTLs, are small and, in
particular, of order e. Meanwhile, we assume that at the beginning of the infection, nearly
all target cells are uninfected and thus the level of healthy cells is of order 1.

Let us look at the initial behaviour in more detail. Specifically, we examine the ex-
ponential transient growth of the U, Y, Z-compartments of model during the initial
phase of infection when the variables U(T),Y (T), Z(T) ~ O(€), and search for an explicit
analytical expression characterising this initial exponential growth. By plotting the initial
transients alongside the equilibrium solutions, we are able to get an idea as to how the two
piece together smoothly to form the solution of model .

This amounts to examining the behaviour of model with initial conditions X (0) =
O(1), and U(0),Y(0), Z(0) = O(e). Under these initial conditions, several terms in the
equations for model contribute very little to the dynamics of each T-cell population
under investigation, at least at the onset of the infection, and can therefore be omitted
when examining the transient behaviour of solutions. For instance, in the X-equation, the
non-linear term eS8z XY is initally of order €2 as Y (0) ~ O(¢), and thus may be discarded
as the other terms are of order 1. Similarly, the U, Y, Z-equations are all initially of order ¢,
hence the errY term in the U-equation and the non-linear term vrY Z in the Y-equation
are both of order €2 and may also be discarded. Note that the Sp XY term in the U-equation
cannot be discarded as it is of order ¢, i.e. the same order as the initial value Y (0). As our
primary interest here is in the initial behaviour, let us introduce the notation X,U,Y to
denote the corresponding transient variables of the (non-dimensionalised, re-scaled) healthy,
latently infected, and actively infected target cell populations. Similarly, denote by Z the

transient variable for the (non-dimensionalised, re-scaled) compartment of HTLV-I-specific
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CTLs. Specifically, X, U, Y, and Z are solutions to the linearisation of model (3.10) about
the initial conditions X (0) = O(1), and U(0), Y (0), Z(0) = O(e), namely,

dX .
- _ X
ar AR — 1R
dU _ . ~
a Br(X — Xo)Yo + BrXoY — (T + pag)U
" (3.12)
dY N -
d7 == ZOTRU - ,LL3RY
dz . _
aTr = VRY — purZ,

where Xy = X (0). As a result of the linearisation, the X-equation is decoupled from the

remaining equations and can be solved directly to yield

X(T) =Xy + (Xo — Xg)e T, (3.13)
We know that Xz ~ O(1) due to our choice of non-dimensional re-scaling, hence from the
above formula with initial value Xo ~ O(1), we see that the variable X (7)) starts out to
be of O(1) and remains O(1) as time progresses, changing slowly as it eventually converges
to Xp. Note that this behaviour is slightly different to that in the non-dimensionalised,
re-scaled model , where the non-linear term ¢Sr XY in the X-equation plays a role
in determining the long-term behaviour of X (7') by applying a damping effect on X (7") so
that it converges not to X, but instead to the chronic infection equilibrium level X which,
although not the same as Xy, is nevertheless still of order 1.

Next, we examine the transient behaviour of the remaining coupled equations. As
the X variable in the linearised non-dimensionalised, re-scaled model varies little in
magnitude and remains of order 1 throughout its time course according to Equation ,
we make the assumption that X (7) in the U-equation can be described by its initial constant

value Xy so that

dU - -
a7 = BrXoY — (7 + p2)U.

As we will see shortly, by choosing X to be X, the value at the chronic infection equilib-
rium, we find that the initial transient behaviour matches quite closely to the solution of
system (3.10) with the same initial condition. The transient variables U,Y, Z are solutions

to the linear subsystem

d[:]/dT —Tr —p2p BrXo 0 [:]
dv/aT| = | 200p  —psp 0 ||V (3.14)
dZ /dT 0 vr gl | Z

A
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We can solve this linear first-order system with constant coefficient matrix A by finding the
fundamental matrix eA”. We begin by determining the eigenvalues of the matrix A. The

characteristic polynomial is

XR(C) = (C + pap) [C2 + (TR + p2g + 13r)C — p3p(Tr + p2g) [9(Xo) — 1]} ;

where

(Xo) = 208rTRX0
13r(Tr + H2R)

Notice that g(Xg) looks like the expression for Ry in the case when ¢ = 0, but with the
initial condition Xy in place of the level of healthy target cells at the infection-free steady
state Xg. In the absence of infection, it is reasonable to presume that Xg = Xpg, or at least
| Xo — Xu| < O(1), so that g(Xo) =~ Ry. Since our current focus is to study the transient
dynamics leading to chronic infection, we may assume that g(Xo) > 1. Thus, there are
three distinct, real eigenvalues of the constant coefficient matrix A, one of which is positive.
These are precisely the roots of xg(¢) = 0: (1 = ¢+ >0, (o = ¢— < 0, and (3 = —pap,

where

1 1
¢x = —5 (TR + h2g + p3g) £ 5\/(71% +pi2g + psp)® + s p(TR + p2r) [9(Xo0) — 1]

Standard calculations from linear algebra then yield three linearly independent eigenvectors

D1, P2, and p3, each corresponding to its respective eigenvalue (1, (2, and (3:

2017—R (64 + 13g) 2()17—R (¢— + usg) 0
P = 1 , D2= 1 and p3= |0
VR | 4 1

$++par ¢—+tuap

Thus, the explicit form of the transient solution is
U(T)
Y(T)| = qie?*" + qoe" + ggean", (3.15)
Z(T)
where ¢1, ¢2, @3 are derived from the eigenvectors and depend on the initial conditions X,
Up, Yo, and Zy. The formula given by Equation represents an explicit solution of
the linearised subsystem and accurately describes the solution of the full re-scaled,
non-dimensional model in the initial stages of the infection until 7'~ 1/¢., at which
point the transient solution becomes of order 1 and non-linear effects start to come into
play.
By taking a closer look at the initial transient behaviour when Ry > 1 as in Figure we
see that at the very start, the solutions U(T"), Y(T"), Z(T') of model are relatively flat.
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After a short time has progressed, the variables begin to increase exponentially. This sharp
increase corresponds to the positive eigenvalue (; = ¢4 becoming dominant in the transient
variables U(T),Y (T), Z(T). We can derive a crude upper bound for the size of ¢, by noting
that for any two positive real numbers a1, as € Ry, the inequality /a1 + a2 < /a1 + /a2
holds. In particular, applying this inequality yields the following estimate:

b+ < \Jusr(rr + w2g) [9(X0) — 1]. (3.16)

For each of the variables, we can visualise the way in which the initial transients X (T'), U(T),
?(T), Z (T'), which are solutions of the linearised, re-scaled, non-dimensional model ,
piece together with the solution at the chronic infection equilibrium X, U, Y, Z by plotting
the two alongside the solution X (T'), U(T), Y(T'), Z(T) of the non-dimensionalised, re-

scaled model (3.10)), as in Figures |3.4i(a)H(d)|
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(a) Healthy target cells: X (T), X(T), X*. (b) Latently infected target cells: U(T), U(T),

Cell Density (Non - Dimensional), ¥
Cell Density (Non - Dimensional), Z

Time (Non - Dimensional), 7' Time (Non - Dimensional), 7'

(¢) Actively infected target cells: Y (T), Y (T), Y*. (d) HTLV-I-specific CTLs: Z(T), Z(T), Z*.

Figure 3.4: Piecing together transient solutions with the chronic infection equilibrium Pr.
Transient solutions of system are shown as dashed lines, the equilibrium solutions
at Pp are shown as dotted lines, and the solutions of the original non-dimensionalised
model are shown as solid lines.
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The results of non-dimensionalisation and asymptotic analysis performed in this section
has shown two main features of the baseline model under our assumptions on the
parameter values and re-scalings, which have been based on biologically realistic quantities.
First, mitotic transmission does not appear to play a significant role in driving the dynamics
of the system, although it is important in determining the levels of each compartment at
equilibrium. Second, the linearisation of the re-scaled, non-dimensional model is able to
accurately describe the behaviour of solutions to the full non-linear system, at least during
the initial transient stages of infection. Whereas we cannot determine an explicit solution
for the original re-scaled, non-dimensional model , we can, by contrast, write an

explicit formula for the transient solution of the linearised version of the model given by

system (3.12]).

3.6 Measures of Viral Burden

One of the most important tasks faced by clinicians after identifying an HTLV-I seropositive
individual is to evaluate the severity of the infection. How much damage has the virus
caused to the host? Is the infected individual asymptomatic or are there signs of chronic
or malignant disease? For the former, is the individual at risk of developing symptoms?
For the latter, how far and how fast has the disease progressed? The degree of detriment
caused by the virus is termed the wviral burden.

The most common measure of viral burden in the host is the proviral load, and it is given
by the proportion of all target cells in the peripheral blood that carry a provirus, regardless
of their state of activation (Asquith et al., 2005a; Asquith and Bangham, 2008). With
the advance of current experimental techniques, such a measure, which simply reports the
magnitude of the virus infection, is relatively easy to obtain from host sera and is frequently
reported in experimental data as a percentage of all peripheral blood mononuclear cells
(PBMCs) (Asquith et al., 2005a&). In terms of our mathematical model, we define the
proviral load at equilibrium as the infected fraction of all CD4™ helper T-cells,

ot — a% Proviral Load (PVL)} (3.17)
A defining characteristic of our mathematical modelling approach to HTLV-I infection is
the separation of proviral cells into two distinct compartments based on infected target cell
latency or activation. This allows us to consider how the two populations of proviral cells
co-exist and how they persist as the infection propagates back and forth through the latent
and activated states. In our model, the total number of infected target cells, both latent

and active, at equilibrium is given by the expression (u* + y*) Thus, we can define and
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examine a second measure of viral burden to be the proportion of proviral cells that are
activated, which is represented by the following ratio:

*

Y

[Active Proportion of Proviral Cells (3.18)

3.7 Exploring Spontaneous Viral Expression: Why is HTLV-
I not silent? (Question 1.)

In HTLV-I infection, the vast majority of proviral cells do not express viral proteins at any
given time, an observation that lends support to the traditional viewpoint that HTLV-I is
largely inactive (Asquith and Bangham| 2008; Asquith et al., [2007)). Nevertheless, it has
been shown that most HTLV-I seropositive individuals, regardless of clinical status, mount
a vigorous virus-specific cellular immune response, suggesting continuous stimulation by
expressed viral antigens and thereby raising the important question (Asquith et al., [2000)):
‘Is HTLV-I infection really silent?’ This issue has been resolved by |Asquith et al.| (2007)),
who have demonstrated experimentally that each day, a small proportion of infected target
cells spontaneously re-activate and express viral antigens. Such studies have been crucial
in establishing that the strategy of HTLV-I infection is not that of complete latency, but
one that is more dynamic.

In light of our overall theme of understanding HTLV-I persistence, in this section, we
consider the following conundrum: Why is HTLV-I not silent? Indeed, the expression of
viral proteins accompanying infected T-cell activation exposes proviral cells to immune
surveillance, which are then at risk of destruction. If this is the case, then why would
the evolution of HTLV-I favour a route for viral expression and activation rather than
remaining completely latent? The fact is that viral activation can be both beneficial and
detrimental to the proviral cell. On the one hand, displaying viral proteins is required for
infectious cell-to-cell transmission and is believed to drive the rapid, selective expansion
of infected cells (Asquith and Bangham, [2008; Igakura et al., [2003)). On the other hand,
it simultaneously allows such cells to be eliminated by a persistently activated HTLV-I-
specific CTL response (Asquith et al.l 2005a; Bangham), 2003]). The balance between the two
opposing selection forces determines the outcome of infection. To resolve our conundrum,
we switch our perspective to that of the virus to understand why and how viral activation
can be advantageous.

Our mathematical model explicitly incorporates the interactions among the latent
and active states of HTLV-I proviral cells, and virus-specific CTLs. In particular, the tran-
sition from the latently infected target cell compartment to the actively infected target cell

compartment is encapsulated in the parameter 7, the rate of spontaneous viral expression
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that accompanies proviral activation. We can therefore examine the impact of the param-
eter 7 on the long-term behaviour of model (3.1). Our results are consistent with those
of Li and Lim (2011, whose model explored in detail the role of Tax expression on chronic

HTLV-I infection, but in the absence of a dynamically changing host immune response.

3.7.1 Tax/HBZ Expression Drives Chronic Infection and is an Important
Determinant of Proviral Load

The basic reproduction number for viral infection Ry, defined in Equation , can be
thought of as a measure of viral success with respect to the ability to establish and propagate
the infection. A simple calculation shows that Ry is an increasing function of 7; that is, the
rate of spontaneous viral activation is seen to be a factor that drives the system towards
chronic infection, making it difficult for infected individuals to clear the virus.

Next, we explore the way in which the expression of viral proteins affects the proviral
load. In Figure we have plotted numerically a curve from our mathematical model
showing the impact of the rate 7 of spontaneous infected target cell activation on the
equilibrium proviral load v*. Our model results show that for small values of 7, there is
a sharp positive, rather than negative, correlation between 7 and v*. As the value of 7 is
increased, we observe that the magnitude of the proviral load v* begins to level off before
gradually decreasing and settling to a constant positive level for sufficiently large values of
7. Hence, viral expression is a factor that determines an infected individual’s equilibrium

proviral load. This second point provides further support for a non-latent virus strategy.
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Figure 3.5: The effect of spontaneous viral activation, 7, and subsequent expression of viral
antigens on the equilibrium proviral load, v*, as governed by our mathematical model .
The above graph was obtained by solving the equilibrium equations for model numer-
ically using the parameter values from Table to determine z*, u* and y*, then plotting
the quantity v* = (u* + y*)/(x* +u* + y*) as a function of the parameter 7.
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A traditional measure of viral success is the proviral load, and a higher proviral load
is a better established infection. With this perspective, Figure |3.5| can be thought of as
reflecting a cost-benefit relationship for infected target cell activation that governs successful
viral persistence: A rate of spontaneous viral expression that is too low is of little benefit to
the virus as latency does not propagate the spread of infection; meanwhile, one that is too
high could also be detrimental as it over-exposes proviral cells to host immunity and places
a stronger demand on the virus to replicate fast enough to outpace CTL-mediated lysis.
Our results suggest that an intermediate rate of spontaneous infected T-cell activation, for
example in the vicinity of the peak of the graph in Figure 3.5 could be optimal for HTLV-I
to successfully establish and maintain a high proviral load in the presence of host immunity.
This observation supports the theoretical hypothesis by |Asquith and Bangham| (2008]) that
HTLV-I relies on a dynamic balance between viral latency and activation in order to persist
indefinitely in the host: complete transcriptional latency is counter-productive to viral
transmission and propagation of the infection, whereas full infected T-cell activation leaves
too many proviral cells susceptible to immune-mediated lysis. Nevertheless, there may
be another consequence of a higher rate of spontaneous viral protein expression despite
its association with lowering the magnitude of the proviral load, which comes to light by

examining the activated fraction of infected cells.

3.7.2 Tax/HBZ Expression Increases Activated Fraction of Infected Cells

Model allows us to consider the effect of spontaneous viral expression or activation,
represented by the parameter 7, on the second measure of viral burden or detriment, the
equilibrium proportion of proviral cells that are actively infected, y* / (u* + y*). The result
of numerical investigation of this dependence is shown in Figure [3.6] where we observe that
the net effect of a faster rate of spontaneous viral expression is a higher active proportion.
In addition, unlike the proviral load v*, which decreases when 7 is sufficiently large, the
active proportion of proviral cells is a monotonically increasing function of 7. The main
implication of the result here is that the rate of spontaneous viral expression, 7, determines
a characteristic ratio of latent versus activated infected cells at equilibrium, irrespective of
the magnitude of the proviral load itself.

Our model predicts a relationship between the proviral load v* and the active propor-
tion of infected cells y* / (u* + y*) which is consistent with the recent experimental results
of [Melamed et al. (2013), who demonstrated a negative correlation between the abundance
of a given infected T-cell clone and the proportion of the respective clone that sponta-
neously expresses the provirus in HAM /TSP patients. Taken together, the results shown in

Figures and [3.6] imply such a negative correlation, when the rate of spontaneous viral
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Figure 3.6: A faster rate of proviral expression 7 increases the proportion of infected target
cells that are transcriptionally active, y* / (u* + y*), at equilibrium. The above graph was
obtained by determining the steady state solutions during chronic infection for model
numerically, then plotting the quantity y* / (u* + y*) as a function of the parameter 7. All
parameter values have been selected from Table

expression 7 exceeds a threshold value (of about 0.03 day~! as in Figure i.e. past the
peak; see also Figure [3.11)).

3.8 Evaluating CTL Quality: What determines the strength
of the HTLV-I-specific CTL response, and why is infec-
tion life-long? (Question 2.)

In the previous section, we investigated the impact of spontaneous viral expression in our
model to try and resolve the issue as to why HTLV-I is not silent. We have discovered
that a low level of viral protein expression can offer tremendous benefits in terms of viral
propagation and success. In other words, the net effect of viral activation is to drive chronic
infection and aid the persistence of HTLV-I. These observations, in turn, suggest a complex

interaction with the host immune response that we now explore in further detail.

3.8.1 CTL Frequency # CTL Efficiency

It is well established that cellular immunity, driven by the selective expansion of anti-
viral CTLs, is an important branch of the human immune system that aids in eliminating
invading intracellular pathogens such as viruses (Parham, [2005). In the case of HTLV-I,
virus-specific CTLs have been shown experimentally to be highly efficient at killing antigen-
expressing proviral cells and are an important determinant of an infected individual’s provi-

ral load (Asquith et all |2005a). Moreover, CTLs are thought to play a role in the devel-
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opment of HTLV-I-associated pathologies (Asquith and Bangham| 2000; |Bangham et al.,
1999; |Jeffery et al., |1999)), although there is conflicting speculation as to whether CTLs are
protective or whether they contribute to disease progression (Biddison et al., [1997; Mosley
and Bangham)| [2009). It is therefore essential to investigate how CTLs affect the outcome
of chronic HTLV-I infection.

The strength of the immune response against virally infected cells has traditionally
been thought of as being directly related to the frequency or magnitude of virus-specific
CTLs in the peripheral blood. In HTLV-I infection, large numbers of circulating anti-
HTLV-I CTLs are often found in blood samples from HTLV-I seropositive individuals,
whether or not malignant disease is present (Bangham) 2003; |Biddison et al., [1997; Parker
et al., [1992). Such an observation is somewhat unexpected as the vast majority of the
proviral load is latent and therefore invisible to host immunity. Indeed, how is it possible
for the CTL response to have any impact on the course of infection when most proviral
cells are transcriptionally silent at any given time and are thus not even visible to immune
surveillance? |Asquith and Bangham| (2008 hypothesise that since the expression of HTLV-I
proteins is crucial for viral propagation, then by exerting selective pressure on the small
proportion of virus-expressing cells, CTLs block a key point in the virus life cycle and can
therefore have a substantial effect on the infection dynamics.

This underlies an important issue that arises in experimental data on HTLV-I-infected
individuals, which is identifying the aspects of cellular immunity that are responsible for
controlling the proviral load during the chronic phase of infection, otherwise known as the
quality of the CTL response. A natural question comes to mind: What determines CTL
quality? Morever, is it the size of the CTL response that influences its ability to reduce the
proviral load, or is there another factor at play?

We again turn to our baseline mathematical model for some insights, focussing on
two specific factors commonly believed to impact the proviral load of an infected individual:
CTL frequency and CTL-mediated lysis of antigen-expressing infected cells. In our model,
the equilibrium proviral load is given by v*. Moreover, the abundance of CTLs is precisely z*
and the rate at which CTLs eliminate activated proviral cells is represented by the parameter
~. A few straightforward calculations in our model yield Theorem which demonstrates
that the proviral load is positively correlated with the level of CTLs at equilibrium and
negatively correlated with the rate of CTL-mediated lysis.
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Theorem 3.3. Assume that Ry > 1. Then, the equilibrium proviral load v* is an increasing

function of z*, but a decreasing function of .

Proof of Theorem[3.3. Consider the proviral load at equilibrium, which is given by the
expression v* = (u* + y*) / (a:* +u* + y*). From Equation (3.4]), we have

Ba " " AV
w4yt ="y 4+ 7+ u3)2* and zFf=—"-—"-——.
Y TVW 13) Buaz* + v

To show the first part of the theorem, we compute

d M4
* * — = 2 * > O,

dz*(u +y") Ty(fyz + 7+ u3)
and

dz* A

:E*:— B*VM 5 < 0.

dz (Bpaz* 4 vpy)
Then,

dv* d uw* + y*
dz*  dz* \z* + ut 4 y*
(@ +u" +y) g (W +y") — (0 +y") = (@ +u +y)

j22 * * ﬁ)\TV2(U* + y*)
= 292" + 1+ T+
2 [( ! s) (Buaz* + vj)?

- Tv(z* + u* + y*)

> 0.

Hence, the proviral load at equilibrium, v*, is an increasing function of z*.
The second part of the theorem is proved by observing that
dv*  dov* dz”
dy  dz* dy’

It is straight-forward to show that dz* / dy < 0 (the derivation follows directly from differ-
entiating the equation F(z*) = 0, where F(z) is defined in Equation (3.5), implicitly with
respect to the parameter ). Combined with the result from the first part of the theorem
demonstrating that dv* / dz* > 0, we conclude that

do*
dry

< 0;

that is, v* is a decreasing function of ~. O
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What the result of Theorem suggests is that the strength or efficacy of the CTL
response with respect to controlling the proviral load is influenced by how fast the HTLV-
I-specific CTL response can eliminate virus-infected target cells rather than the size of the
CTL pool. A significant implication of this result is that the traditional line of thinking
that the strength of the anti-HTLV-I CTL response is equal to its size needs to be re-
evaluated. Indeed, intuitively one may expect that the more CTLs there are, the stronger
the immune response, and thus the lower the proviral load. However, a decrease in the
proviral load subsequently implies reduced stimulation for the proliferation of CTLs that
control the proviral load. Such opposing feedback makes it unclear how one can predict the
relationship between CTL frequency and the strength of the CTL response with respect to
its effect on the proviral load, a sentiment which has been expressed by experimentalists and
theoreticians (Asquith and Bangham) |2008; Bangham et al., [2009; Elemans et al., [2012).
Nevertheless, the notion that large numbers of CTLs can be associated with large numbers
of virus-infected cells is not new, and has been observed in clinical data (Kubota et al., 2000,
2003; Nagai et al., 2001; [Wodarz et al., 2001). Moreover, experiments have demonstrated
that a fast rate of clearance of virus-expressing infected cells is associated with a reduced
proviral load (Asquith et al., [2005a; Kattan et al.l 2009).

Figure shows a positive correlation between the frequency of HTLV-I-specific CTLs
and the proviral load in an HTLV-I seropositive individual. In Figure we reproduce
the experimental results of Nagai et al.| (2001)), who measured the percentage of CTLs tar-
geting the immunodominant viral Tax protein in the context of HLA-A2, which represented
the bulk of the anti-HTLV-I CTL response, and the viral burden was measured in terms of
the number of proviral cells per 100 peripheral blood mononuclear cells (PBMCs), which is
directly proportional to the number of CD4™ helper T-cells that are infected. Meanwhile,
Figure plots the relationship between the number of CTLs at equilibrium z* and the
proviral load in terms of the infected fraction of target cells v* as determined by our base-
line mathematical model . Although quantitative comparisons have not been done, our
theoretical results agree qualitatively with the experimental data from [Nagai et al. (2001).

Figure|3.8|displays a negative correlation between the rate at which actively infected tar-
get cells expressing viral antigens are cleared by CD8" CTLs, and the proviral load. Asquith
et al.| (2005a) reported their experimental measurements of anti-viral efficacy as the number
of Tax™ cells cleared per day per CTL and its correlation with the proviral load in terms of
PBMCs (Figure . As Tax is the immunodominant viral antigen targeted by CTLs,
such a measure is directly related to the parameter v in our model. In addition, the viral
burden measured in terms of infected PBMCs corresponds directly to the measure of the

proviral load with respect to the CD4" helper T-cell population, which is represented in
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(a) Experimental data. Reproduced from [Nagai et al.| (2001) (Figure 6A)
with permission from the publisher.
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Figure 3.7: Positive correlation between CTL frequency (horizontal axis) and proviral load
(vertical axis). The experimental results from Nagai et al.| (2001) show data points
and have been fitted theoretically with a linear curve. (Figure reproduced with permission
from the publisher.) @ The corresponding curve from our model , which plots the
relationship between the proviral load v* and CTL abundance z* at equilibrium, displays
a different form, but agrees qualitatively with the experimental data. Although there is a
difference in the numerical values along the corresponding axes between the two graphs, the
measures of the proviral load for each graph are proportional to one other. However, the
exact scaling is unknown. Parameter values have been selected as in Table

our model by the quantity v*. We observe that the data from Asquith et al.| (2005a) are in
qualitative agreement with Figure |3.§(b)l which shows how the equilibrium proviral load v*
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changes with respect to v according to our baseline mathematical model (3.1]). Our model
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(a) Experimental data. Reproduced from [Asquith et al.| (2005a)) (Figure 4) with per-
mission from the publisher.
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Figure 3.8: Negative correlation between rate of CTL-mediated lysis (horizontal axis) and
the proviral load (vertical axis). [(a)] The experimental measurements from [Asquith et al.
(2005a) show data points for both ACs and HAM /TSP patients. (Figure reproduced with
permission from the publisher.) [(b)] Our model results arising from the system of equa-
tions are in qualitative agreement. Parameter values are taken from Table

therefore supports the relatively recent idea that a large CTL response is not necessarily a
strong one, and that CTL frequency is not a reliable measure of immune efficiency (Asquith
and Bangham) 2008; Bangham et al., |2009; Bangham, [2009; [Bangham et al., 1996, [1999;
Elemans et al., [2012). In addition, our findings agree with previous mathematical mod-
elling work by |[Nowak and Bangham (1996]) and Wodarz et al.| (2001) demonstrating how
the CTL response to persistent viral infections such as HIV and HTLV-I can be inefficient

at controlling the proviral load yet CTLs may exist at high frequencies.
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3.8.2 Efficient CTLs Cannot Eliminate the Active Proportion of Proviral
Cells

We have shown that effective immune control of the HTLV-I proviral load is reflected in the
rate at which CTLs eliminate actively infected cells rather than the size of the CTL pool.
This finding motivates the question: Why is there no cure for HTLV-I infection? Indeed, our
results indicate that a fast rate of CTL-mediated lysis is effective at reducing the proviral
load. Yet, the application of vaccines that boost the efficiency of CTL responses elicited
by infected hosts has been unsuccessful at achieving complete elimination of the virus, and
infection remains chronic (Bangham, 2000a).

Using our baseline mathematical model , we offer a possible explanation for this
failure by examining the impact of CTL efficiency, encapsulated by the parameter v, on
the proportion of proviral cells that is activated, y* / (u* + y*). We observe from numerical
investigations that for sufficiently large values of v, further changes in « have little effect on
the active proportion of proviral cells (note that we can equally conclude from the results
shown in Figure that, when this same value of v is exceeded, there is little further
reduction in the proviral load v*). Indeed, combining this result with our earlier finding
that the rate of spontaneous viral expression 7 displays a positive correlation with the active
proportion of proviral cells yields Figure which illustrates that the quantity y* / (u* +y*)
steadily increases with larger values of 7 for fixed values of v, whereas for fixed 7, an increase
in v has only a minimal impact on y* / (u* + y*) when -« is sufficiently large.

The main implications of the above result are that: (1) an efficient CTL response fails
to eradicate the infection because it cannot eliminate the activated (i.e. ‘aggressive’) part of
the infected target cell population, and (2) a faster rate of proviral activation which exposes
more infected cells to immune surveillance makes it more difficult for CTLs to achieve
clearance of activated proviral cells. These observations motivate a hypothesis relating to

pathogenesis which is discussed in the following section.

3.9 Insights to HTLV-I-Associated Disease: What charac-
terises HTLV-I-linked pathology? (Question 3.)

A puzzling issue in HTLV-I infection is why only a small fraction of chronically infected
individuals develop the inflammatory disease HAM /TSP whereas the vast majority remain
as life-long asymptomatic carriers (ACs) of the virus. Although much experimental work
has shed light on the way in which several key factors of the infection may be associated
with clinical status, either AC or HAM /TSP patient, a clear determinant to distinguish

between the two states is not yet known.



CHAPTER 3. BASELINE MODEL 64

A ]

Direction of increasing 7

020 } \ E

Activated Proportion of Proviral Cells, y*/(u* + y*)

0.10 - N
—
005 1
oo —
0.00 0.05 0.10 0.15 0.20

Rate of CTL—Mediated Lysis,?

Figure 3.9: Evaluating the effects of CTL-mediated lysis, =, and spontaneous viral expres-
sion, 7, on the activated proportion of cells, y*/(u* + y*) The above figure depicts a
bifurcation diagram for y* / (u* + y*) with respect to v for three different choices of 7, and
was obtained by solving model at equilibrium numerically. CTL quality or effective-
ness may be characterised by high values of . For fixed values of 7, when ~ is sufficiently
large, a further increase in v has little effect on the Taxt/HBZ™ proportion of proviral cells
y* / (u* + y*) Therefore, even though efficient CTLs (i.e. large 7) reduce the magnitude of
the proviral load, they do not necessarily decrease the active (i.e. ‘aggressive’) proportion
of proviral cells. Here, we have selected values of 7 to be 0.03, 0.07 and 0.11 day~!. All
other parameters have been chosen as in Table

In the previous sections, our investigations of key factors including spontaneous acti-
vation of proviral cells, CTL frequency, and CTL efficiency have illuminated important
properties of HTLV-I infection that help our understanding of viral persistence in the pres-
ence of chronically activated immune responses. In this section, we take our results one
step further by interpreting the roles of these key parameters in the context of HTLV-I-
associated disease. In particular, we propose a plausible hypothesis for the identification of

disease status and suggest a possible mechanism for pathogenesis.

3.9.1 A Hypothesis for Determining Clinical Status

The equilibrium proviral load is a major correlate of clinical status: a high proviral load
is associated with HAM /TSP development, whilst a low proviral load is associated with
asymptomatic carriage. However, it is known that the size of the proviral load does not,
on its own, separate ACs from HAM /TSP patients. Indeed, there is broad overlap among
the proviral loads of ACs and HAM /TSP patients, and a high proviral load is not a reliable
determinant of disease status (Asquith and Bangham)| 2007; |Asquith et al., |2005b).

We propose instead that the extent of activation of proviral cells, y* / (u* + y*), and
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not necessarily the absolute magnitude of the proviral load, v*, may be associated with
the inflammatory disease, HAM/TSP. For example, there may be a threshold level for
the activated proportion of infected target cells above which asymptomatic carriers develop
disease, regardless of the size of the proviral load. At this stage, it is important to clarify that
such a proposed hypothesis of disease status is not due to the measurement of the proportion
of activated cells per se, but because the proportion of activated cells is a direct reflection
of the activation parameter 7, representing the rate of spontaneous viral expression, with
which it is positively correlated. This activation parameter 7 represents a characteristic
property of the virus that can be thought of as a measure of how “aggressive” it is. A more
aggressive virus will have a faster activation rate, and a faster activation rate has been
shown experimentally to be associated with pathology; namely, it has been demonstrated
that infected cells from HAM /TSP patients expressed the Tax protein at higher levels than
those from ACs (c.f. Figure 2 from (Asquith et al., 2005b))).

This hypothesis for distinguishing between ACs and HAM /TSP patients is shown graph-
ically in Figure where the proposed theoretical threshold for pathogenesis is repre-
sented by the thin, horizontal dotted line. With respect to our interpretation, the threshold
for pathogenesis in terms of the activated proportion of proviral cells as shown is determined
wholly by the rate of spontaneous viral expression 7 for a given individual with all other
parameters fixed. Our hypothesis is consistent with previous experimental data showing
that infected cells from HAM /TSP patients expressed the Tax protein at higher levels than
those from ACs (c.f. Figure 2 from |Asquith et al., 2005b).

In chronic HTLV-I infection, it is well-documented that the magnitude of the provi-
ral load is not a direct reflection of the extent of activation of proviral cells. Although
generally a high proviral load is associated with disease progression, it is not uncommon
for asymptomatic carriers to harbour proviral loads that are higher than those of symp-
tomatic carriers (Asquith et al.l[2005b). The separation of clinical status based on the active
proportion of infected target cells rather than the magnitude of the proviral load could po-
tentially explain how infected individuals with a low proviral load could have HAM /TSP
due to a high proportion of activated infected cells, or conversely, how those with a high
proviral load could be asymptomatic due to a low proportion of activated infected cells.
For a wide range of parameter values, our model exhibits behaviour that is consistent with
experimental observations (c.f. Figure 2(b) from Asquith and Bangham, 2008)); that is, at
a given rate of CTL lysis, the proviral load in ACs is lower than that in HAM/TSP pa-
tients (results not shown). However, due to the shape of the curve describing how the
activated proportion of infected cells changes with the proviral load and because the pro-

posed theoretical threshold for disease manifestation is not precisely known, our model can
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Figure 3.10: A hypothesis for classifying clinical status arising from our mathematical
model is that a high activated proportion of infected cells, and not necessarily the
size of the proviral load, may be an important determinant of disease. In the above figures,
we solve model at equilibrium numerically and plot the bifurcation diagrams for the
activated proportion of cells, y* / (u* + y*), with respect to the rate of CTL-mediated lysis,
v, for two different choices of the rate of spontaneous viral expression, 7. The solid line and
the dashed line correspond, respectively, to two different individuals. @ For all values of ~,
the individual represented by the solid line is seen to have a lower activated proportion of
infected cells than that of the individual represented by the dashed line. @ By contrast, the
proviral load for the former individual (solid line) is, in fact, higher than that of the latter
individual (dashed line) for all values of «. Furthermore, for sufficiently high rates of CTL-
mediated lysis 7y, the individual corresponding to the solid line has an active proportion
of infected cells that lies below the theoretical threshold for disease manifestation (the
thin, dotted, horizontal line) and would therefore be classified as an asymptomatic carrier
under our hypothesis (refer again to |(a)), despite having a higher absolute magnitude of
the proviral load than the individual corresponding to the dashed line (refer again to |(b)).
Here, we have selected values of 7 to be 0.03 day~! (solid line) and 0.11 day~! (dashed
line). All other parameters have been chosen as in Table

also exhibit the converse phenomenon in which the proviral load in an AC is greater than
that of a HAM/TSP patient (for more details, we refer the reader to Figures and
as well as Figure . Indeed, such a scenario is possible in our model as highlighted in
Figure [3.10, where we have plotted the efficiency of the CTL response v against the two
different measures of viral detriment. Parameter values are selected that lie in the same
range as those in Table In Figure with respect to the activated proportion
of proviral cells, the solid line lies below the threshold for pathogenesis for all sufficiently
large values of «, and thus corresponds to asymptomatic clinical status, while the dashed
line lies above the proposed threshold for all v and would therefore represent a patient with
HAM/TSP. Yet with respect to the proviral load v* as in Figure|3.10(b)} it is seen that for
all values of v, the magnitude of v* for the AC (given by the solid line) is, in fact, higher
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than that for the HAM/TSP patient (given by the dashed line). An alternative way to
visualise the complex connections between the proviral load and clinical status with respect
to the activated proportion of proviral cells, according to our hypothesis, is illustrated in
Figure [3.11], which shows two theoretically possible scenarios that can be captured using
the baseline model , and lends support to the experimental observation that the mag-
nitude of the proviral load is neither necessary nor sufficient to classify clinical status. Our
model therefore allows for a consistent framework that could potentially account for this
peculiar aspect of chronic HTLV-I infection which has been well-documented in the liter-
ature (Asquith et all) 2005b; Bangham et all 1999; Nagai et all 1998). Moreover, given
two infected individuals whose immune efficiencies are equal, we remark that our model can
demonstrate the intuitive scenario whereby the proviral load of an AC is lower than that of
a HAM /TSP patient, as shown in Figure Nevertheless, further studies are needed
to deduce better estimates for the position of the theoretical threshold for disease mani-
festation and determine whether the alternative, less intuitive scenario is possible, namely,
can there exist two HTLV-I seropositive individuals with the same immune efficiency, one
AC and one HAM/TSP patient, in which the proviral load of the AC is higher than that

of the HAM /TSP patient, as shown in Figure [3.11(b)[’

3.9.2 Failure of HAM /TSP Treatment

We have observed previously how increasing the rate of CTL-mediated lysis -, which is
a measure of CTL efficiency, is effective in lowering the magnitude of the proviral load,
but is ineffective in reducing the activated proportion of infected target cells. In terms of
the efficiency of the CTL response, there is an additional consequence of our hypothesis
for identifying clinical status. Taking another look at Figure |3.10(a)l we notice that it is
possible for chronically infected individuals to have less efficient CTLs (i.e. a low value of
) and still be asymptomatic because of having an active proportion of infected cells that
lies below the designated threshold. Alternatively, it may also be the case that chronically
infected individuals with very efficient CTLs (i.e. a high value of 7) could be diagnosed
with HAM/TSP due to an active proportion of infected cells that lies above the proposed
threshold.

The above observation has an implication for HAM/TSP treatments and could offer a
possible explanation as to why a cure for the disease has been difficult to discover. Consider
an infected individual with HAM /TSP who has a given immune efficiency +, as indicated
by the open circle () in Figure The dashed line shows how the activated proportion of
proviral cells of this individual (i.e. with all other parameters fixed) varies with different rates

of CTL-mediated lysis. Suppose that treatment is administered to enhance the efficiency
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(b) Case 2. Our model results demonstrate that it is possible for the
proviral load of an AC to be higher than that of a HAM/TSP
patient.

Figure 3.11: Bifurcation diagram relating proviral load, v*, and the active proportion of infected
cells, y* / (u* + y*) The above figures show the outcomes of solving model at equilibrium
numerically with the rate of spontaneous viral expression, 7, as the bifurcation parameter, and
plotting the corresponding relationship between v* and y* / (u* + y*) The results of our model
are consistent with experimental and clinical observations, and can even account for some of the
peculiarities of HTLV-I infection. In particular, it is known that although the magnitude of the
proviral load of an HTLV-I seropositive individual is correlated with the presence of disease, there
exists a broad overlap in the magnitudes of the proviral loads among ACs and HAM /TSP patients,
and a high proviral load is neither necessary nor sufficient for the progression of HTLV-I-associated
disease. Here, the rate v of CTL-mediated lysis is fixed. The thin, dotted vertical line representing
the theoretical threshold for disease manifestation corresponds to the thin, dotted horizontal line in
Figure[3.1(J(a)] The precise position of this theoretical threshold is unknown. [(a)] If the threshold for
disease manifestation is sufficiently low, then the proviral load of an AC (along the curve to the left
of the threshold, for example, at the position of the open circle ) would always be lower than that
of a HAM/TSP patient (along the curve to the right of the threshold, for example, at the position
of the open square [J). This represents the typical case whereby a HAM/TSP patient harbours a
higher proviral load than that of an AC. @ However, if the threshold for disease manifestation is
sufficiently high, then our model demonstrates the theoretical possibility for the proviral load of an
AC (along the curve to the left of the threshold, for example, symbolised by an open circle ) to
be above that of a HAM/TSP patient (along the curve to the right of the threshold, for example,
symbolised by an open square [J). All parameters have been selected from Table
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of the HTLV-I-specific CTL response which, although lowering the absolute magnitude of
the proviral load v*, does not significantly impact the proportion of proviral cells that are
actively infected (c.f. Figure dashed lines). The active proportion continues to lie
above the threshold for pathogenesis and the individual remains with the inflammatory

disease.
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Figure 3.12: Failure of HAM /TSP treatment. In the above figure, we solve model at
equilibrium numerically, and plot the bifurcation diagram for the activated proportion of
cells, y*/(u* + y*), with respect to the rate of CTL-mediated lysis, v, for a fixed rate of
spontaneous viral expression, 7. Our results suggest a plausible reason as to why treatment
for HTLV-I pathology is unsuccessful. Consider the profile of an infected individual char-
acterised by a given initial rate of CTL-mediated lysis (thick, vertical, dotted line) and a
corresponding activated proportion of proviral cells which, before treatment is administered,
is indicated by the open circle () in the figure. The dashed line shows the way that the
activated proportion varies with the rate of CTL-mediated lysis according to model (3.1]).
Although the administration of vaccines that improve the efficiency of anti-HTLV-I CTLs
reduce the magnitude of the proviral load (as shown in Figure [3.10(b)| dashed line), it may
be ineffective at lowering the activated proportion of proviral cells below the theoretical
threshold for pathogenesis (thin, horizontal, dotted line). Here, we have selected 7 = 0.11
day~!. All other parameters have been chosen as in Table

3.9.3 Immune Compromise is a Possible, Though Unlikely, Cause of Dis-
ease

An intriguing aspect of chronic HTLV-I infection is that only a small fraction of infected
individuals develop the inflammatory disease, HAM /TSP, after a long asymptomatic clinical
phase. It remains unresolved as to how or why disease may manifest over time during the
chronic stage of infection. In the context of our hypothesis, if there does exist a threshold

level for the activated proportion of infected target cells that distinguishes clinical status,
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how could it be possible for the active proportion to increase and eventually cross the
proposed threshold?

One possible route, which occurs in HIV infection, is that the virus severely compro-
mises the human immune system, and a weakened state allows for the progression of disease.
For instance, over time HTLV-I may disrupt the functionality of the immune system and
render virus-specific CTLs ineffective at controlling viral replication, allowing the popula-
tion of proviral cells to expand tremendously. The scenario is illustrated in Figure [3.13
where we first consider an asymptomatic carrier with a given rate of CTL-mediated lysis
v, represented by the open circle (). The solid black line shows how the active proportion
of proviral cells varies with respect to immune efficiency v and all other parameters fixed.
It is reasonable to believe that as time progresses, the efficiency of the CTL response is
compromised so that the value of v becomes very small. In this case, the active proportion
of the viral burden would increase and could end up above the threshold for pathogenesis,
which is shown in Figure [3.13]| as an open square [J. The infected individual then develops
HAM/TSP. However, it has been experimentally shown that chronic infection by HTLV-I
is not associated with overt immuno-suppression (Asquith and Bangham, 2007)); more or
less normal T-cell functionality remains. If anything, the efficiency of a functional CTL
response is thought to increase over time, rather than decrease, due to continued expo-
sure and increased specificity towards target antigens (Parham), [2005). This explanation is

therefore unlikely to describe the progression of HAM/TSP.

3.9.4 A Plausible Mechanism for Pathogenesis

Although silencing the expression of viral proteins allows HTLV-I to evade immune selection,
there is little benefit for proviral cells to be fully transcriptionally latent. Indeed, continued
propagation of the infection requires that at least a small fraction of latently infected cells
becomes spontaneously re-activated each day. As we have seen previously in Figure [3.6
the rate of spontaneous infected T-cell activation, 7, displays a strict positive correlation
with the active proportion of proviral cells, y* / (u* + y*) In terms of the development of
the inflammatory disease, HAM /TSP, we offer a hypothesis that as time progresses, the
active proportion of proviral cells may increase, and could eventually cross the threshold
for pathogenesis, thus causing disease. One way that this could happen is that the rate 7 of
spontaneous expression of viral proteins, which in our model is treated as a constant, may
in fact increase over time.

A hypothetical situation is illustrated in Figure As before, we consider an asymp-
tomatic carrier with a specified CTL efficiency «. The position of this individual is given

by the open circle () on the graph, and the solid black curve on which the open circle lies
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Figure 3.13: A prediction of the baseline model is that immune compromise lead-
ing to development of disease is possible. The above figure shows the outcome of solving
model at equilibrium numerically, and plotting the bifurcation diagram for the acti-
vated proportion of cells, y* / (u* + y*), with respect to the rate of CTL-mediated lysis, -,
for a fixed rate of spontaneous viral expression, 7. Consider an infected individual whose
immune system exhibits a given efficiency in terms of the rate « of CTL-mediated lysis
(thick, vertical, dotted line), classifying him or her as being initially an AC and is repre-
sented in the figure by the open circle (). The solid black curve illustrates how the active
proportion of proviral cells, y* / (u* +y*), for this particular individual changes with respect
to the efficiency of his or her anti-viral CTL response according to model . Suppose
that the immune system of this individual is compromised, resulting in a decrease in CTL
efficiency which, in turn, leads to an increase in the active proportion (moving left along the
solid black line). At some sufficiently low value of ~, the active proportion rises above the
threshold for pathogenesis (thin, horizontal, dotted line), proposing a route by which the
infected individual could develop disease, such as the neurological and inflammatory con-
dition HAM /TSP. Disease manifestation is represented by the open square [J in the figure.
However, chronic infection by HTLV-I is not associated with immune suppression, suggest-
ing that such an explanation for disease progression is unlikely. Here, we have selected
7 = 0.03 day—!. All other parameters have been chosen as in Table

is the way that the active proportion of proviral cells changes with respect to the rate of
CTL-mediated lysis, 7, with all other parameters fixed. Suppose that over time, the rate of
spontaneous infected target cell activation 7 increases. The net effect, as expected, would be
a general increase in the active proportion of infected cells. It is then possible that the pro-
portion of actively infected cells reaches the threshold for pathogenesis, represented by the
open square [ in Figure and manifestation of the inflammatory disease, HAM /TSP,
occurs.

However, it is known that the vast majority of chronically infected individuals do not

develop HAM /TSP, and instead remain asymptomatic throughout their lifetime. Suppos-
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Figure 3.14: Our baseline mathematical model suggests a plausible mechanism for the
development of disease. The above figure illustrates the outcomes of solving model at
equilibrium numerically, and plotting the bifurcation diagram for the activated proportion
of cells, y* / (u* + y*), with respect to the rate of CTL-mediated lysis, -y, for three differ-
ent choices of spontaneous viral expression, 7. Consider an infected individual whose CTL
response is characterised by a certain efficiency (thick, vertical, dotted line). For a given
rate, 7, of spontaneous viral expression, the curves in the figure describe the relationship
between CTL efficiency, 7, and the active proportion of proviral cells, y* / (u* + y*), ac-
cording to model (solid and dashed curves). Suppose that, initially, the value of 7
for this individual is sufficiently low so that the active proportion lies below the theoretical
threshold for pathogenesis (thin, horizontal, dotted line), thus classifying him or her as an
AC (represented by the open circle O in the figure). We conjecture that an increase in
viral protein expression over the course of chronic HTLV-I infection could eventually push
the active proportion of proviral cells over the proposed threshold for pathogenesis, leading
to disease manifestation (represented by the open square [J in the figure). Here, we have
selected the values of 7 to be 0.03, 0.07, and 0.11 day—!. All other parameters have been
chosen as in Table

ing our hypothesis on the threshold for pathogenesis is true, this suggests that either the
proposed threshold for the activated proportion of proviral cells is much higher than that of
most HTLV-I-infected individuals, or that perhaps 7 does not change significantly over the
course of chronic infection. Nevertheless, it is not clear why the rate of spontaneous viral
expression 7 would increase over time. Indeed, this rate is thought to be characteristic to
each individual and is determined by two primary factors that remain relatively constant
over time: the HTLV-I genomic sequence, which is genetically stable, and the dominance of
infected T-cell clones, each defined by a specific site of integration into the host DNA (Bang-
ham et al., 2009} Gillet et al., 2011; Meekings et al, [2008). Further studies are needed to

resolve these issues and test the validity of our hypothesis.
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3.10 Summary of Results from Baseline HTLV-I Model

In this chapter, we have developed a theoretical framework that incorporates sufficient bio-
logical complexity to accurately describe the fundamental within-host dynamics of HTLV-1
infection and, at the same time, is able to account for some of the idiosyncrasies frequently
observed in HTLV-I experimental and clinical data. Specifically, we have constructed the
baseline mathematical model to describe the in vivo infection dynamics of HTLV-I that
incorporates two key features: (i) viral latency, and (ii) the HTLV-I-specific CTL response.
The separation of infected target cells into two distinct compartments, latently infected and
actively infected, is crucial to understanding the persistence of HTLV-I in the midst of a
chronically stimulated anti-viral host immune response. Here we summarise the theoretical

results, both mathematical and biological, that arise from investigation of model (3.1).

3.10.1 Mathematical Conclusions

To gain some insights to the behaviour of solutions to our model, we have exploited the
known absolute and relative sizes of the variables to select an appropriate non-dimensional
re-scaling for the model, and considered parameter values in biologically relevant ranges.
Performing mathematical analysis on the non-dimensionalised system, we have identified
a quantity, the basic reproduction number for viral infection Ry, as a sharp threshold
parameter that determines the global dynamics of the model. Moreover, asymptotic analysis
has allowed us to characterise the exponentially increasing initial transient behaviour of
solutions before they level off and settle to equilibrium. The mathematical results are

stated in the following two theorems in terms of the original dimensional model (3.1)).
Theorem 3.4 (Global Dynamics).

1) The infection-free equilibrium Py always exists. Moreover, if 0 < Ry < 1, then Py is
the only equilibrium in T and it is globally asymptotically stable in T;

2) if Ry > 1, then the infection-free equilibrium Py is unstable. In addition, a unique

chronic infection equilibrium P exists in I and it is globally asymptotically stable in

o

r.

Theorem 3.5 (Characterisation of the Initial Transients). Suppose Ry > 1 and let Z, a,

Y, Z represent the variables in the initial phase of infection. Then, the initial transient

behaviour of model (3.1) is characterised by

A
i(t) =z + ((0) —zp)e ™', where xy = u (3.19)
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and

t)
)| = @e”" + @e’" + ge (3.20)
(t)

where ¢+ and —uy are the eigenvalues of the linearisation of the subsystem for u,y,z of

S
—~

the dimensional model with x(0) replacing Z(t), and ¢i, ¢3, G5 are functions of the initial

conditions z(0), w(0), y(0), z(0) derived from the corresponding eigenvectors.

Our analysis has also revealed that the timescale for the establishment of chronic infec-
tion is on the order of 102 days, at least in the parameter ranges under consideration. As
infection by HTLV-I is typically asymptomatic, identification of chronic HTLV-I infection
usually occurs long after the initial exposure to the virus, and consequently it has been diffi-
cult to study the events that occur in the initial phase of infection. Although this timescale
for establishment of HTLV-I in a host has not yet been quantified, it would be interesting
to see how our estimated timescale compares to that of other, more well-known, chronic
(retro-) viral infections.

Establishing the global dynamics of our mathematical model means that we have
a complete understanding of the qualitative behaviour of solutions of the model. This puts
us in a position where we can fully explore the model without having to worry about the
occurrence of unexpected phenomena, and allows us to draw robust conclusions from further

investigations of the model that rely more on computational, rather than analytical, results.

3.10.2 Biological Conclusions

From a biological perspective, we have investigated our mathematical model in the
context of several important questions regarding the persistence and pathogenesis of HTLV-
I in order to gain some biologically meaningful insights into the nature of chronic HTLV-I
infection. One key feature of our model that differs from previous models is the consideration
of a dynamically changing within-host environment involving the complex interplay between
infected target cells that may either be latent or activated, and persistent virus-specific host
immune responses. Our study has shed light on the way in which HTLV-I interacts with host
immunity to persist. The results of our model are consistent with experimental observations
and, in addition, raise further questions that may be addressed experimentally.

In particular, we set out to illuminate the following three key questions in HTLV-I

immunology.
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Why is HTLV-I not silent?

Viral expression is necessary for the establishment, propagation, and per-

sistence of HTLV-I infection.

Recently, Asquith et al.|(2007)) have given a definitive resolution to the issue of HTLV-
I latency by demonstrating experimentally that HTLV-I is not a fully silent infection
and that on-going viral transcription is present. We asked the question: Why is HTLV-
I not silent since proviral activation exposes infected target cells to immune-mediated

pressure?

We investigated this question in the context of our mathematical model, and dis-
covered that for a completely latent virus, the benefits gained by activation aided in
the establishment of infection. Moreover, the rate of spontaneous expression of viral

antigens was shown to be an important determinant of the proviral load.

What determines the strength of the HTLV-I-specific CTL response, and

why is infection life-long?

Efficient control of the HTLV-I proviral load depends on a high rate of
CTL-mediated lysis and not on the frequency of anti-HTLV-I CTLs.

Our model has demonstrated that despite frequent viral latency, the HTLV-I-specific
CTL response is a factor that determines the level of the proviral load at equilibrium.
The ability of the CTL response to effectively control the proviral load may not
be dependent upon the numbers of CTLs, but on how fast CTLs are able to lyse
the relatively small proportion of virus-infected target cells that are activated. The
results of our model agree qualitatively with experimental data from [Nagai et al.

(2001)) and |Asquith et al. (2005al).

Infection may be life-long because efficient immune responses fail to elim-

inate the small proportion of proviral cells that are activated.

An efficient HTLV-I-specific CTL response kills virus-expressing actively infected cells
at a rapid rate and lowers the proviral load. However, due to the benefits to the virus
gained by exhibiting at least a low level of proviral expression, a plausible reason why
efficient CTLs cannot eradicate the infection is because they are unable to completely
eliminate the activated proportion of proviral cells that are aggressively propagat-
ing the infection. Furthermore, from our model, we have shown the somewhat non-

intuitive result that a faster rate of spontaneous proviral activation and subsequent
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expression of HTLV-I antigens, which exposes more infected target cells to host im-
munity, makes it more challenging for CTLs to achieve complete viral clearance of the

actively infected target cell pool.
What characterises HTLV-I-linked pathology?

The extent of proviral activation, rather than the size of the proviral load,
may distinguish clinical status and suggests a potential route for disease

manifestation.

Finding a quantifiable measure for the amount of detriment caused by HTLV-I is
important in assessing the severity of infection and disease: For an asymptomatic
carrier, what is the risk of developing disease? For a HAM /TSP patient, how far has

the disease progressed?

A traditional measure of viral burden is the proviral load, which is a direct represen-
tation of the magnitude of the infection. However, the proviral load among both ACs
and HAM/TSP patients can display large overlap and its magnitude alone cannot
determine clinical status (Asquith et al., 2000; Mosley et al., [2005). We propose that
the activated proportion of proviral cells, which is a direct reflection of the rate of
spontaneous proviral activation and hence a measure of the “aggressiveness” of the
virus itself, could be an alternative measure of viral burden that distinguishes ACs
from HAM/TSP patients, independent of the size of the proviral load. Namely, we
hypothesise that a high level of infected target cell activation could be associated
with HAM /TSP, whereas a low level of proviral activation may correspond to asymp-
tomatic carriage — there exists a threshold level of activation separating the two
states. Our results offer insights to two unknown issues in HTLV-I pathogenesis. (i)
Why do HAM/TSP treatments fail to eradicate disease? and (ii) what causes the
progression of HTLV-I infection from the asymptomatic stage to HAM/TSP?

For the former, we have demonstrated using our mathematical model that treatments
boosting the efficiency of the HTLV-I-specific CTL response may be inadequate at
reducing the activated proportion of proviral cells below the proposed threshold level
for disease, despite being effective at lowering the proviral load. For the latter, we
suggest a plausible mechanism for disease manifestation: The rate of spontaneous
viral activation increases over time, for example through activation induced by pro-
stimulatory signalling pathways (Hollsberg, [1999)), gradually raising the proportion of
infected target cells that are activated and eventually crossing the proposed threshold

for disease.
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3.11 Modelling Development and Structural Stability

In the development of the baseline model (3.1), we understand that a range of alternative
possible model structures could have been selected to represent the various host-virus inter-
actions. Indeed, any of the terms in the model can take on a wide range of different forms,
for instance, those describing the proliferation of each cell population, the transmission of
virus, as well as the removal of infected cells by host immunity.

We have based the construction of the baseline model, as well as the model extensions
explored in subsequent chapters, on previous within-host virus infection models, and most of
the principle interactions, including production of uninfected CD4% T-cells into the system,
the mechanism of infectious transmission, mitotic proviral transmission, and CTL-mediated
lysis of proviral cells, are consistent with these models and are robust to slight variations
in their exact functional forms (Asquith and Bangham, 2000, 2003a; |Gomez-Acevedo et al.,
2010; [Li and Lim| [2011}; [Nowak and Bangham)| (1996} |Perelson et al., [1993} |[Perelson and
Nelson, 1999; Wodarz et al.l |1999, |2002; |Wodarz, 2005). Thus, the modelling framework
we have selected exhibits some degree of structural stability (though this is not explicitly
quantified). For example, in the formulation of the baseline mathematical model (3.1) in
Section 3.2, we have demonstrated and discussed how the exact term describing mitotic
divison of the target cell population does not affect the qualitative behaviour of the model
outcomes in comparison to other models (see also Appendix C.1).

A crucial difference between our approach and a number of other models is the repre-
sentation of the CTL proliferation term. The expansion of CTLs is dependent on antigen
stimulation and is of the form vy f(z), where v is the CTL proliferation rate, y is the density
of proviral target cells, and f(z) is a function of the CTL density, z. Common choices in
within-host mathematical models of virus infection for f(z) are z, z/(z + a), or a more
general Hill function 2"/(z" + a) for n > 1, where a > 0 is a positive constant. However,
the precise way in which CTL proliferation should be modelled is not known. Although
CD8' CTL expansion involves cellular proliferation and should therefore be proportional
to the number of CD8" CTLs present, it has been noted that such proliferation should be
expected to saturate; otherwise, the resulting rapid expansion of CTLs can lead to unstable
dynamical behaviour (Wodarz, 2005). Following Wodarz et al.| (2002)) and |Wodarz| (2005),
we consider the case f(z) = 1 for the functional form of f(z), which is believed to be a
more biologically plausible representation of CTL proliferation. As we will see later on in
subsequent models, the adoption of this functional form for CTL proliferation is consistent
with the co-existence of distinct epitope-specific CTL responses when we consider multiple

epitopes in the following chapters.
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As discussed by |Asquith and Bangham| (2003b)), the types of theoretical results that can
be obtained from a particular model are strongly influenced by the precise functional forms
of the terms in the model equations. The authors point out that there is a trade-off between
generality of the model and its predictive power: a more biologically realistic model aims
to follow more faithfully the detailed immunological interactions and would be expected to
‘correctly’ capture the dynamical behaviour of the system, whereas an alternative approach
would be to develop more general models that have less predictive capability but exhibit
consistent behaviour independent of the choice of model. In this thesis, we lean towards
the former approach and have chosen our particular modelling framework, importantly, to
test the hypothesised host-virus interactions underpinning our mathematical model and,
equally, to reflect what is observed in the experimental data. To address the sensitivity of
the model parameters to the outputs, we have conducted a global stability analysis which
has allowed us to thoroughly understand the qualitative behaviour of the mathematical
model. Inevitably, a complete characterisation of the detailed immunological processes is
likely unattainable, at least in the near future, due to the sheer complexity of the host-
virus interaction, thereby supporting a shift towards the latter approach. Nevertheless,
the modelling work presented in this thesis follows the development of a specific model
structure. In future work, we would like to generalise our analyses to cover a broader and

more general class of mathematical models.

3.12 Final Remarks on the Baseline Model

The baseline mathematical model describing the host-virus interaction during persis-
tent HTLV-I infection, which we have developed in this chapter, forms the foundation for
the more complicated mathematical models in the remainder of this thesis that incorporate
an increasing level of biological detail. As we have seen in our investigation of the baseline
model, there exists a dynamic struggle between host immunity and infected target cells that
actively display viral antigens. In fact, a variety of viral gene products are expressed by
a single activated proviral cell at the same time, and due to the highly specific nature of
cell-mediated immunity, each one can trigger a distinct antigen-specific CTL response. The
next step is to more carefully explore this issue of simultaneous viral protein expression.
In the following chapter, we examine an extension of the baseline model representing the
situation where two viral proteins are simultaneously expressed, which will pave the way to

further model extensions in subsequent chapters.



Chapter 4

Considering Simultaneous

Expression of Two Epitopes in
HTLV-I Infection: The Tax/HBZ
Model

In Chapter (3| we developed and analysed a baseline mathematical model for the in vivo
dynamics of HTLV-I infection in the presence of persistent host immunity (Lim and Maini,
2014)). Mathematical and numerical investigations of this baseline HTLV-I model, given by
the system of equations , yielded predictions that help to resolve four main gaps in
the understanding of HTLV-I persistence. First, HTLV-I is not a transcriptionally silent
infection because viral expression is required for establishing the infection and determining
the equilibrium proviral load. Second, the abundance of anti-HTLV-1 CTLs is maintained
by a rapid rate of CTL expansion in response to a high, continuous level of viral antigen
expression. Moreover, a high CTL frequency is not responsible for controlling the proviral
load; rather, CTL quality depends on how fast host immunity eliminates activated proviral
cells. Third, it is possible that the reason why infection is so difficult to clear is not because
most of the virus is latent, but because CTLs cannot eradicate the small proportion of
proviral cells that are activated. Fourth, we can reconcile the experimental observation that
the magnitude of an infected individual’s proviral load is by itself not able to classify clinical
status (AC or HAM/TSP patient) by suggesting that the extent of proviral activation
may be an important measure of viral detriment. Using this alternative measure of viral
detriment, we suggested a promising way not only to distinguish the clinical status of
chronically infected individuals independent of the magnitude of the proviral load, but
also propose a plausible quantifiable mechanism for the progression of the inflammatory
disease, HAM /TSP. The baseline mathematical model has therefore helped to improve

our understanding as to why HTLV-I has evolved mechanisms to retain transcriptional

79



CHAPTER 4. TAX/HBZ MODEL 80

activity rather than adopting a life-cycle that is completely latent. Indeed, it is becoming
increasingly apparent that the relatively small fraction of infected target cells that actively
express viral antigens in a sea of proviral cells that is largely latent has a strong effect on
HTLV-I persistence.

Yet, there still remain many unresolved issues in current understanding of HTLV-I to
which our model cannot provide insights. Indeed, in light of recent experimental work, it is
evident that the dynamics of HTLV-I infection exhibit a much more sophisticated structure
than our baseline model has described. To try and address these more detailed issues
concerning HTLV-I infection and persistence, we must therefore consider a more biologically

detailed manifestation of our mathematical model.

4.1 Motivation

At this point, we are reminded of our central theme of understanding viral persistence in
the presence of host immunity. Infected target cell activation is beneficial to the virus, but
how is it able to make any meaningful contribution to the long-term persistence of the infec-
tion when HTLV-I-specific CTLs rapidly eliminate infected cells that express viral proteins?
Do actively infected cells simply wait to be removed by host immunity? Since the adap-
tive immune response tends to improve over the course of chronic viral infection (Parham)
2005), and HTLV-I infection does not significantly impair immune functionality (Asquith
and Bangham, 2007), it would be expected that strong CTL pressure would eventually
drive the infection in the direction of latency. This is clearly not what happens, as a
high level of continuous expression can certainly accompany a large, chronically activated
CTL response (Asquith et al., 2000; Bangham, |2003)). Moreover, insights from our baseline
model have supported a positive role for viral activation in the persistence of HTLV-I.

The question that arises from the above observations then is: How do HTLV-I-infected
cells evade CTL-mediated elimination whilst retaining transcriptional activity? A plausible
explanation comes to light when we realise that the expression of multiple viral antigens
means that the same pool of actively infected cells can stimulate multiple distinct anti-
HTLV-I immune responses. It is reasonable to expect a varying array of stimulation for
each of the different antigen-specific immune responses, resulting in a heterogeneous CTL
population structure.

In this chapter, we extend the baseline model to incorporate a biologically impor-
tant aspect of HTLV-I infection, namely that infected target cell activation is accompanied
by the simultaneous expression of multiple HTLV-I proteins. Despite there being a variety of
distinct HTLV-I proteins, roughly 12 in total (Boxus and Willems, 2009; MacNamara et al.,

2010)), to begin our investigation regarding the presence of multiple viral protein targets, we
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first focus on the expression of only two epitope targets here. Although our model does not
distinguish between the various HTLV-I proteins in terms of their respective functions, to
all intents and purposes in the two-epitope case we will call the viral proteins Tax and HBZ
since these are believed to be the two proteins that play the greatest role in determining the
course of chronic HTLV-I infection (Boxus and Willems, 2009; [MacNamara et al., 2010)).
Consequently, we refer to the two-epitope model developed in this chapter as the Tax/HBZ
model. In the following chapter, we generalise our results to cover any arbitrary number
of CTL epitopes, which gives rise to what we call the (general) multiple epitope model for
HTLV-I infection.

We use the Tax/HBZ model, which is given by the system of equations to address

the following issues that could not have been resolved using previous models:

(1) Which factors contribute to the prevalence of a certain CTL type when all target

antigens can be recognised by host immunity?

(2) Why can one CTL response have a greater impact on the proviral load than another?

More broadly, what defines a ‘good’ epitope-specific immune response?

4.2 Extension of Baseline Model to a Basic Multiple Epitope
Model: The Tax/HBZ Model

Motivated by the above discussions, we formulate and analyse the Tax/HBZ model (4.1)),
which is a direct extension of our baseline model (3.1)) that distinguishes between differ-
ent anti-HTLV-I CTL responses having specificities to only one of the two simultaneously

expressed viral antigens, Tax or HBZ.

4.2.1 Tax/HBZ Model Formulation

We separate the T-cell populations into two broad classes of target cells and immune cells.
Target cells are CD4™" helper T-cells of which there are three types, which we identify
according to their properties: healthy, latently infected, and actively infected. Meanwhile,
the immune cell pool of CD8' CTLs consists of two types depending on antigen specificity:
Tax-specific and HBZ-specific. Denote

x(t) : number of healthy (uninfected) CD4" helper T-cells at time ¢,

(t)
u(t) : number of latently infected CD4™ helper T-cells at time ¢,
y(t) : number of actively infected CD4" helper T-cells at time ¢,
z(t) : number of Tax-specific CD8" CTLs at time t,
5(t) : number of HBZ-specific CD8T CTLs at time t.
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The incorporation of the simultaneous expression of Tax and HBZ on activated proviral
cells necessitates the consideration of multiple CTL responses that are specific to each
particular epitope or antigenic target. It is known that actively infected T-cells displaying

multiple viral epitopes concurrently can be recognised by more than one CTL response at a

time (Macken and Perelson), |1984; Zagury et al., 1979). Upon proviral activation (which is

accompanied by the expression of all viral antigens), antigen-specific CTL responses, either
Tax-specific or HBZ-specific or both, engage the infected T-cell and the corresponding
CTL type undergoes two processes: (i) it is stimulated to proliferate, and (ii) it induces
cell death in the proviral cell to which it is engaged. The effect of proviral activation on
the interactions between infected T-cells and antigen-specific CTLs, both Tax- and HBZ-
specific, are illustrated for reference in Figure

Effect of Proviral Activation

on CTL-Virus Interactions in
the Tax/HBZ Model
b | @ ®
(D) (10) q *

Epitopes
Tax | A
HBZ | O (1)

Figure 4.1: The effect of proviral activation on CTL-virus interactions in the Tax/HBZ
model . (I) Proviral cells that are transcriptionally latent are able to hide from im-
mune surveillance and avoid recognition and subsequent destruction by the host immune
response. (II) Proviral activation of infected target cells is accompanied by the simultane-
ous expression of both Tax and HBZ. (III) Host cellular immunity is able to recognise each
of the two viral proteins. Any given actively infected target cell can stimulate the expansion
of either antigen-specific CTL response. The Tax and HBZ epitopes are illustrated in the
figure by the yellow shapes as indicated.

To develop the Tax/HBZ model, we combine the T-cell dynamics from the baseline
model with the more detailed antigen-specific CTL-virus interactions described above. An
illustration of the various interactions that take place among the target and immune cell

sub-populations in our two epitope Tax/HBZ model is shown in Figure
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Healthy CD4" T-cells
(blue) are produced
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Activated infected cells (red) express both Tax and HBZ and
do not evade host immunity. They are eliminated by HTLV-I-

specific CTLs (grey). CTLs expand in response to viral
antigens. Multiple CTL responses can be stimulated at a time.
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Figure 4.2: A schematic representation of the simultaneous expression of the viral proteins
Tax and HBZ that motivates the formulation of a more detailed mathematical model for
HTLV-I infection in vivo. The corresponding dynamical system is represented by the non-
linear set of ordinary differential equations .

The dynamics of the Tax/HBZ model is represented by the following non-linear system

of ordinary differential equations (4.1]).

infectious transmission

~ =

T-cell production

dx =

natural death

~
a = A - Bry - M1z
infectious transmission s [ spontaneous activation and natural death
mitotic transmission
du =~ Py —_——~~
T - Bxy + Ty — (T4 p2)u
spontaneous activation  Tax-specific CTL lysis HBZ_SpeCiﬁ.C CTL lysis natural death
dy o = ~ = / N (4.1)
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CTL proliferation natural death
dz /g’\ PNy
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Many of the underlying processes of the infection dynamics follow the formulation of the
baseline HTLV-I model (3.1)) (refer to Chapter [3|as well as to Lim and Maini, 2014). How-
ever, what is different here is the refinement of the anti-HTLV-I CTL response to reflect

specificities to each of the two HTLV-I proteins, Tax or HBZ. These mechanisms will be
described more thoroughly.

Infectious transmission of the provirus occurs as a result of direct cell-to-cell contact
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between a healthy cell z(t) and an actively infected cell y(t) with coefficient of infectious
transmissibility 5. Actively infected cells, y(t), undergo rapid, mitotic division proportional
to their numbers and their expansion is assumed to obey an exponential growth profile
with proliferation rate r. Newly infected target cells from either route of transmission
are assumed to immediately silence viral expression, thus entering the latently infected
target cell pool, u(t). A small fraction of transcriptionally silent target cells spontaneously
become re-activated at a rate 7, simultaneously expressing both Tax and HBZ in the y(t)
compartment. These actively infected cells both stimulate the proliferation of, and are
eliminated by, the two subpopulations of anti-HTLV-I CD8" CTLs, those that target Tax
and those that target HBZ, and CTL-mediated lysis is assumed to have a bilinear incidence
form. Tax-specific CTLs eliminate such cells at a rate -, while the rate of lysis due to
HBZ-specific CTLs is v/.

Since actively infected cells y(t) express both viral antigens, they stimulate the expan-
sion of both populations of anti-HTLV-I CTLs. We assume that the proliferation rate of
Tax-specific CTLs z(t) is linear with respect to the abundance of activated proviral cells
at a rate constant v, and similarly the proliferation rate of HBZ-specific CTLs s(t) is v/'.
Although activated proviral cells can simultaneously initiate the expansion of both types
of CTLs, a proportion of all infected T-cell and CTL interactions engage a particular CTL
type and stimulate its proliferation. We represent this aspect of the host-virus interaction
by a parameter ¢, where 0 < ¢ < 1, so that the fraction dy(t) of fully activated proviral
cells stimulate Tax-specific CTL growth, whereas the remaining fraction (1 — §)y(t) stim-
ulate HBZ-specific CTL growth. In fact, the parameter § captures an important concept
in immunology known as immunogenicity, which is the ability of a substance to provoke
an adaptive immune response (Parham)| [2005). Following |[Nowak (1996), let us define the
immunogenicity of a CTL epitope to be the rate at which this epitope induces CTL prolif-
eration. Then, in the context of model , the immunological meaning of the parameter
0 is precisely that of immunogenicity of the Tax antigen. Meanwhile, since ¢ is a proportion
lying in between 0 and 1, then its complement (1 — J) represents the immunogenicity of the
HBZ antigen. Hence, large values of § (i.e. close to 1) corresponding to a strong stimulation
of Tax-specific CTLs and a weak stimulation of HBZ-specific CTLs is equivalent to high
Tax immunogenicity and low HBZ immunogenicity. The reverse is true for small values of
d (i.e. close to 0), namely, low Tax immunogenicity and high HBZ immunogenicity. This
has significant biological implications which will be explored in more detail later.

Lastly, healthy, latently infected, and actively infected target cells are removed from the

system at linear rates p1, po and ug, respectively, whereas Tax-specific and HBZ-specific
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CTLs have respective removal rates p4 and us. All parameters are assumed to be positive,

with the exception of ¢, which lies in the closed interval between 0 and 1.

Remark 4.1. The Tax/HBZ model is a natural, direct extension of the baseline model. In
the situation where there is no distinction between the two types of anti-HTLV-I CTLs so
that v =+/, v =/, and pu4 = us, then letting Z(¢) denote the total number of anti-HTLV-I
CTLs z(t) 4 s(t), we observe that the model reduces to the baseline model analysed
in Chapter (3| (see also Lim and Maini, 2014).

Remark 4.2. In the formulation of model , we incorporate the role of epitope immu-
nogenicity through the parameter § representing the proportion of infected target cells and
CTL interactions that engage Tax-specific CTLs. Although there is a possibility that mul-
tiple CTLs can engage a given actively infected target cell (displaying both viral epitopes)

at the same time, this will be reflected in the parameter 4.

4.2.2 Virus Fitness and Heterogeneity in CTL Responses

The basic reproduction number Ry with respect to model (4.1)) is

Ry = m<6$1{ + r), where g = :1 (4.2)
Note that this is precisely the same expression for the basic reproduction number Ry for
the baseline HTLV-I model . Meanwhile, there can also exist heterogeneity in epitope-
specific CTL responses, which depend on factors relating to effector functionality as well as
growth and death properties of each CTL type. For the former, effector function is defined
by the rates of CTL-mediated lysis (v, 7/). For the latter, each CTL type is governed by
intrinsic properties such as its rate of proliferation (v, v/) and lifespan (1/p4, 1/pu5). We

group together the growth and death rates into a single quantity ¢ representing what we

will refer to as the effective C'TL expansion rate for each epitope-specific CTL response:

Bepitope = 2P [Effective CTL Expansion Rate} (4.3)

Hepitope

With respect to the Tax/HBZ model (4.1]), the effective CTL expansion rates for Tax-specific
and HBZ-specific CTL types are, respectively,

/

14 1%
PTax = — and ¢$HBZ = —. (4.4)
22 M5
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4.2.3 A Detailed Look at the Activation and Effector Phases of the Cell-
Mediated Immune Response

In order to get a sense of the dynamic that our Tax-HBZ model is meant to capture,
we have to delve a bit deeper into one of the details of cell-mediated immunity, whilst still
maintaining as much simplicity in the underlying mechanisms as possible. In particular, we
acknowledge that there are two distinct phases involved in the production of an antigen-
specific cellular immune response: (i) the activation phase, and (ii) the effector phase.
Because CTLs interact with the pool of proviral cells in a different way during the effector
phase than during the activation phase, in our modelling approach, we conceptually draw
a distinction between these two phases of cell-mediated immunity.

During the activation phase, fragments of viral proteins are presented by professional
antigen-presenting cells (APCs) such as dendritic cells, macrophages, and B-cells to naive
CD8™ T-cells in the secondary lymphoid tissue (usually in the lymph nodes) (Parham,[2005).
T-cells that are able to recognise the foreign protein then differentiate into activated CTLs
which are specific for that particular antigen and subsequently undergo clonal expansion. In
terms of the Tax/HBZ model , the activation phase corresponds to the recognition of
viral antigens by CTLs, thereby stimulating their proliferation at a rate directly proportional
to the concentration of antigen (i.e. CTL proliferation grows exponentially with respect to
the numbers of proviral cells present). For this phase, we assume that all infected target
cells are recognised by at least one of the two CTL types: the proportion dy(t) of the
proviral population stimulates the expansion of Tax-specific CTLs at the rate v, whereas
the remaining proportion (1 — §)y(¢) stimulate HBZ-specific CTL proliferation at the rate
V. The expanded CTL populations then proceed to the effector phase of cellular immunity.
A schematic diagram of the activation phase is illustrated in Figure 4.3(a)|

The effector phase describes the stage where cell-mediated lysis of proviral cells takes
place. Differentiated and now activated epitope-specific CTLs, known also as effector T-
cells, bind and eliminate infected target cells expressing the appropriate cognate antigen by
inducing apoptosis (i.e. programmed cell death) via one of two possible pathways. The first
pathway is the directed release of cytotoxins such as perforin, granzymes and granulysin by
the effector CTL onto the surface of the target cell, causing fatal damage to the recipient
proviral cell. The second pathway involves the interaction of receptors on the effector
and target cells, namely the cell-surface cytokine protein Fas ligand on the CTL and the
Fas molecules on the surface of the target cell, which leads to apoptosis of the infected
cell (Parham, 2005). Regardless of the pathway chosen, after apoptosis has been induced
in the target cell, the effector T-cell is able to move on to the next infected cell, meaning

that a single CTL can lyse several target cells in succession (Parham) 2005). In terms of



CHAPTER 4. TaAx/HBZ MODEL 87

Rate of stimulation
of Tax-specific CTLs

vy

Activation Phase

Rate of stimulation
of HBZ-specific CTLs

(1-9)vYy

(a) CTL activation phase.
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Figure 4.3: A more detailed look at the two phases of cell-mediated adaptive immunity: the activation
phase and the effector phase. @ During the activation phase, CTLs recognise and bind to their respective
cognate antigens and undergo clonal expansion. With respect to the Tax/HBZ model , we suppose
that a fraction dy(t) of the proviral population stimulates the proliferation of Tax-specific CTLs at a rate
v, whereas the remaining fraction (1 — §)y(t) stimulates the growth of HBZ-specific CTLs at a rate v/’ @
During the effector phase, antigen-specific CTLs which have become activated (known as effector CTLs)
eliminate actively infected target cells by inducing apoptosis (or programmed cell death). In the Tax/HBZ
model, we assume that such cell-mediated lysis occurs according to mass action kinetics by Tax-specific and
HBZ-specific CTLs at respective rates v and +'.
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the Tax/HBZ model , in the effector phase, we make the assumption that the entire
population y(t) of virus-expressing infected target cells is subject to immune-mediated lysis
by either of the two types of epitope-specific CTL in line with the law of mass action. Thus,
we describe the rate of immune-mediated lysis of activated proviral cells according to the

term —vyyz — v'ys. A schematic illustration of the effector phase is shown in Figure

4.2.4 Global Dynamical Behaviour of the Tax/HBZ Model

We observe from the model equations that for any set of non-negative initial conditions,
x(t),u(t),y(t), z(t),s(t) > 0 for all t > 0. Let u = min{uq, po, us}, ¥ = max{v,v'}, and

i = min{ g, ps}, and consider the closed, bounded region

A A AU
I‘::{(;v,u,y,z,s)eRi:xg, zt+tut+y< ——m, z+s§~y}.
111 p—r Al — )

Theorem 4.1. Assume that r < p. Then, the set I' defines a positively invariant region

with respect to model (4.1)). All solutions are bounded for t > 0 and eventually enter T'.

The following theorem demonstrates that the basic reproduction number Ry is a sharp

threshold parameter that establishes the global dynamical behaviour of model (4.1).
Theorem 4.2 (Global Dynamics of the Tax/HBZ Model).

1) The infection-free equilibrium Py always exists. Moreover, if 0 < Ry < 1, then Py is
the only equilibrium in T and it is globally asymptotically stable in T;

2) if Ry > 1, then the infection-free equilibrium Py is unstable. In addition, a unique

chronic infection equilibrium P* exists in L and it is globally asymptotically stable in

o

r.

The proofs of Thereom and Theorem follow a similar approach as for the base-
line model and have therefore been omitted. The principal differences in the proofs
arise due to the consideration of varying epitope immunogenicities resulting from immune
selection targeting either Tax or HBZ. We will generalise the two-epitope model to the
situation with an arbitrary number, p € N, of epitopes in Chapter |5} The above analytical
results thus correspond to the special case when p = 2 in Theorems [5.1] and
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4.3 Differences in the Effective Expansion Rate and Func-
tionality Between Epitope-Specific CTL Responses De-
termine How Immunogenicity Affects Measures of CTL
and Virus Abundance

A key feature of the Tax/HBZ model which distinguishes it from the baseline model
is that actively infected target cells express both Tax and HBZ proteins simultaneously and,
furthermore, host cellular immunity has the ability to differentiate between the two viral
antigens, hence implying the existence of two distinct types of immune responses, Tax-
specific and HBZ-specific. The greatest advantage to this extended approach is that we can
investigate how diversity in the CTL population can impact various aspects of the host-virus

interaction.

4.3.1 CTL Dominance and CTL-to-Virus Ratio are Dependent on Immu-
nogenicity and Factors Related to CTL Proliferation and Lifespan,
but not Efficiency

There are two traditional metrics to quantify the magnitude of the cellular immune response:
(i) total CTL abundance, which we will also refer to as CTL dominance, and (ii) CTL
abundance relative to the size of the virus compartment. Because multiple CTL types are
present, we adjust the aforementioned definitions in order to distinguish between the two
immune responses. For the former, to keep track of the two different CTL pools, we consider
the dominance of a particular CTL, that is, the proportion or relative abundance of each
CTL type. For the latter, we consider the CTL to virus ratio for a particular antigen-specific
immune response, or in other words, the ratio of each CTL type with respect to the total
numbers of virus-expressing target cells.

We explore in more detail how the two CTL ‘fitness’ factors, namely immunogenicity
and the effective CTL expansion rate of Tax-specific and HBZ-specific CTLs, contribute to
each of the two CTL measures. We discover that both a high prevalence of CTLs and a
large CTL to virus ratio for a particular immune response are the result of at least a high

relative effective expansion rate or a high degree of epitope immunogenicity.

CTL Dominance

The dominance of epitope-specific CTLs does not depend on its efficiency (i.e. rate of CTL-
mediated lysis), but only on immunogenicity, CTL proliferation and CTL lifespan. Specifi-
cally, the relative abundances of Tax- and HBZ-specific CTLs are given by the proportions

of each CTL type’s effective expansion rate scaled by its respective immunogenicity (see
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Appendix for a full derivation of the expression for dominance of Tax-specific CTLs).
That is,
Z* _ 5¢Tax and 8* _ (1 — 5)¢HBZ
¥+ 8% d¢Tax + (1 — 0)PuBz Z¥+ 8% d¢rax + (1 - 9)Pnpz’
[CTL Dominance]

(4.5)

where ¢rax = v/ug and ¢ypz = v'/ps are the growth/death ratios, or effective CTL ex-
pansion rates, of each of the two types of CTLs as defined in Equation . We point out
that in accordance with Equations , the strength of dominance of Tax-specific CTLs is
the consequence of higher relative immunogenicity towards the Tax epitope (i.e. larger §) as
well as a higher effective CTL expansion rate of Tax-specific CTLs over CTLs that target
HBZ (i.e. higher ¢ra.x compared to ¢ppz). In the extreme cases when there is complete
immunogenicity towards one of the epitopes, in particular when either § = 1, corresponding
to Tax being solely immunogenic, or § = 0, corresponding to HBZ being solely immuno-
genic, the cellular immune effector pool consists only of one CTL type. In between, the two
types of CTL responses, Tax-specific and HBZ-specific, co-exist at various prevalences and
achieve equal equilibrium abundances when § = §, where § is defined as follows:
< 1

o= — i, 4.6
¢rax/ PuBzZ + 1 (4.6)

Since the prevalence of each CTL type is determined solely by its relative immunogenicity
(which here is ¢ for Tax and (1 — §) for HBZ) and its effective rate of CTL expansion
(@epitope), we can think of these two factors as defining the ‘fitness’ of each CTL response.
Figure illustrates a heat map of Tax-specific CTL dominance and how it is influenced
by the relationship between the two CTL ‘fitness’ factors. Along the horizontal axis is the
relative immunogenicity (0) of the Tax epitope. Note that its complement, (1—¢), describes
the relative immunogenicity of the HBZ epitope. Meanwhile, the vertical axis indicates the
ratio of effective CTL expansion rates between the two types of CTL responses. The dashed
line is precisely the curve § = 4 from Equation along which the two CTL types exist
at equal abundances. The strength of dominance, in terms of relative abundance within the
CTL pool, of Tax-specific CTLs is indicated by a colour gradient lying to the right of the
dashed line (i.e. § > 0).

We make the following observations directly from Equation . First, when there is
a skew towards Tax-specific CTLs so that ¢rax / ¢ugz > 1, then 5 <1 /2, meaning that
lower Tax immunogenicity is required for Tax-specific CTLs to dominate the CTL pool.
Conversely, a skew towards HBZ-specific CTLs such that ¢ray / ouBz < 1 implies that

6>1 /2, which means that a higher level of Tax immunogenicity is required for Tax-specific
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(a) Tax-specific CTL dominance. (b) Tax-specific CTL-to-virus ratio.

Figure 4.4: Heat maps showing @ the strength of CTL dominance and @ the CTL to
active virus ratio of Tax-specific CTLs in the two-epitope Tax/HBZ model . CTL
dominance of each CTL type, Tax-specific or HBZ-specific, can be described analytically
by the expressions in Equation . Meanwhile, the CTL-to-virus ratios (with respect to
either Tax- or HBZ-specific immunity) are given by the expressions in Equation @ Both
of these measures of CTL prevalences are determined by only two factors: (i) the ratio
between the effective CTL expansion rates for each immune response (qSTaX / gZ)HBZ), and (ii)
the relative immunogenicity of each epitope target (4). In the heat maps above, we have
plotted the two CTL measures with respect to the pool of Tax-specific CTLs; however, the
corresponding heat maps with respect to the subset of HBZ-specific CTLs are analogous
to the figures shown here. The dashed line represents the curve with respect to these two
factors along which Tax-specific and HBZ-specific CTLs are equal in terms of either of the
two measures of CTL abundance as described by Equation . Parameter values used to
generate the above plots lie within physiologically realistic ranges as discussed in Table
with the exception of the parameter § representing the immunogenicity of the Tax epitope,
which is a fraction that can vary between 0 and 1.

CTLs to exhibit dominance. In the neutral case where both CTL responses have the same
effective expansion rate, i.e. ¢rax / ¢upz = 1, the boundary between Tax-specific and HBZ-
specific CTL dominance occurs when the immunogenicities of each epitope are equal, i.e.
6=1/2.

CTL to Virus Ratio

From an experimental viewpoint, there appears to be no definitively established relationship
between the abundance of CTLs and proviral load. Indeed, it has been observed in sera from
different HTLV-I sero-positive individuals that the frequency of CTLs and the magnitude

of the proviral load can display either positive, negative, or no correlation between the two
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measures (Asquith et al.; 2005a; Goon et al., 2004a; [Kubota et al., 2000; Nagai et al., 2001}
Rowan and Bangham)| 2011; Wodarz et al., 2001)). In our baseline model , as well as in
the Tax/HBZ model , the production of virus-specific CTLs is directly related to the
size of the pool of activated proviral target cells, suggesting that a high abundance of CTLs
can be indicative of a high, rather than low, proviral load, which is in qualitative agreement
with experimental data from |[Nagai et al.| (2001)), as we have demonstrated previously in
Chapter using the results from our baseline model . However, it is instructive to think
of a measure of the CTL abundance scaled with respect to the size of the proviral load. We
therefore consider the ratio of CTLs to active virus to gauge how many effector CTLs are
present per proviral cell. The CTL to active virus ratio for Tax-specific and HBZ-specific
CTL responses, respectively, are bi-linear functions of the ratio of effective expansion rates
(quaX / ngBZ) and the relative immunogenicity (§), and from the latter two equations in

model (4.1)) are given by:

* *

= prx  and % =(1-0)oupz. [CTL-To-Virus Ratio} (4.7)

- =
A heat map illustrating the CTL to virus ratio for Tax-specific CTLs with respect to the
extent of Tax immunogenicity () and the ratio of the effective expansion rates between
the two types of cellular immune responses (QSTaX / ngBZ) is shown in Figure [4.4(b)| From
both Equations and Figure 4.4(b), we see that a high CTL to virus ratio for a given
CTL type (for example, Tax-specific CTLs) is the result of a high degree of immunogenicity
coupled with a rapid rate of effective CTL expansion. The dashed line traces out the curve
along which the CTL-to-virus ratios are equal for both Tax-specific and HBZ-specific CTL
responses, and is equivalent to the curve representing equal abundances for the two CTL
types as in Equation .

The ratio of all CTLs to active virus is a sum of the above two quantities, and yields

the following expression.

Z*;S* = 0¢rax + (1 = 8)dmBz. Total CTL-To-Virus Ratio (4.8)

From Equation (4.8)), it is clear that the CTL to active virus ratio is an increasing function
of both QSTaX and ¢HBZ~

4.3.2 The Relationship Between Proviral Load and CTL-Related Factors,
Namely the Effective CTL Ratio and Immunogenicity

Differences between the two types of anti-HTLV-1 CTL responses, not only in their respec-

tive effective CTL expansion rates (i.e. growth and death), but also in their rates of lysis,
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can have a differential impact on the direction in which immunogenicity influences the mag-
nitude of the equilibrium proviral load. We consider the following quantity, 77, which defines
what we call the effective ratio between the two types of CTL responses, one targeting Tax

and the other targeting HBZ:

n=-> O [Eﬁective Ratio (4.9)
Y ¢HBzZ

The immunogenicity towards the Tax epitope could either contribute to or restrict the level
of virus depending on the value of the effective ratio 1. The following theorem makes this

idea more rigorous in terms of our mathematical model (4.1). For the proof, we refer the

reader to Appendix

Theorem 4.3. Assume that Ry > 1. Then, there are three possible scenarios in which the
immunogenicity 0 of the Tax epitope can impact viral abundance in terms of the equilibrium
proviral load (PVL), v*, depending on the effective ratio n between the two types of epitope-
specific CTL responses.

*

dv
1. 1 1, th
fn <1, then 5

> 0, i.e. PVL displays positive correlation with Tax immunogeni-
city;

*

d
2. If n =1, then dqu

=0, i.e. PVL displays no correlation with Tax immunogenicity;

*

d
3. If n > 1, then d—% < 0, i.e. PVL displays negative correlation with Tax immunogeni-

city.

Figure visually illustrates the theoretical result from Theorem by showing a heat
map for the PVL (v*) with respect to the immunogenicity of Tax (J) along the horizontal
axis and the effective ratio (1) between the two CTLs along the vertical axis. We briefly
highlight that, unlike the relative abundance of CTLs and the CTL to virus ratio, the PVL
is dependent on the efficiency of CTL-mediated lysis (i.e. v, 7') in addition to its dependence
on the effective expansion rates for each CTL type (i.e. ¢Tax, duBZ)-

On the one hand, by taking horizontal cross-sections of the heat map in Figure 4.5
we observe the outcome of the theoretical result from Theorem above. Namely, that
depending on whether the effective ratio between the two CTL responses is less than, equal
to, or greater than unity, the PVL v* would, respectively, be an increasing, neutral, or
decreasing function of the extent of immunogenicity ¢ of the Tax epitope. Indeed, we
observe that a skew in the effective ratio towards anti-Tax CTLs (i.e. 7 < 1) results in a
positive relationship between Tax immunogenicity and the size of the PVL. Meanwhile, the

opposite is true if the effective ratio is skewed towards anti-HBZ CTLs (i.e. n > 1). At the



CHAPTER 4. TaAx/HBZ MODEL 94

0.10

0.08

0.06

0.04

0.02

Effective Ratio Between Tax— and HBZ—-Specific CTLs (17)

S T T OO
0.0 0.2 0.4 0.6 0.8 1.0

Relative Immunogenicity of Tax Epitope (6)

Figure 4.5: Heat map of PVL demonstrating how immunogenicity (¢) influences the magni-
tude of the PVL (v*) in different ways depending on the effective ratio () between distinct
CTL responses, thus illustrating the theoretical result derived in Theorem [£.3] Specifically,
when 7 < 1, there is positive correlation between the PVL and §. When n = 1, no correla-
tion exists between the PVL and . Lastly, when n > 1, the PVL and ¢ display a negative
correlation. The heat map shows that, as Tax immunogenicity (J) increases, a skew in
the effective ratio towards either Tax-specific CTLs (i.e. n > 1) or HBZ-specific CTLs (i.e.
7 < 1) can lead to a significant decrease or increase, respectively, in the size of the PVL.
Parameter values are the same as those used in Figure [4.4] which have been taken from
biologically realistic ranges as discussed in Table

neutral point where both CTL types are effectively identical (i.e. n = 1), the magnitude of
the PVL is unaffected by differences in immunogenicity between the two epitopes.

On the other hand, by taking vertical cross-sections, we can examine how the PVL
changes with respect to differences in the effective ratio between the two CTL responses for
a fixed immunogenicity. What we discover is that when the extent of immunogenicity of the
Tax epitope is low (i.e. small §), the variation between the two CTL types in terms of their
effective ratio has little effect on the PVL. However, if the Tax epitope is highly immunogenic
(i.e. large 6), then the degree of skew in the effective ratio can have a substantial impact
on the magnitude of the PVL. Specifically, if the Tax epitope is highly immunogenic, then
an increase in the effective ratio towards Tax-specific CTL properties is associated with a
more dramatic decrease in the PVL. Because the effective ratio incorporates the efficiency
of the two types of antigen-specific CTLs (i.e. 7, 7'), next we will briefly link the above

results to what we have seen previously in the baseline model in terms of how varying the
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efficiency of anti-HTLV-I immunity can affect the size of the PVL, and extend these ideas

to take into account the role of immunogenicity.

4.3.3 The Impact of the Efficiency of Each Antigen-Specific CTL Type
Depends on Immunogenicity

One significant biological consequence from previous mathematical models of HTLV-I in-
fection, including that of our baseline model , is that the measure of efficiency of the
cellular immune response is not related to the frequency of CTLs, but rather to the rate
at which CTLs lyse activated proviral cells. In the Tax/HBZ model , we consider two
different populations of HTLV-I-specific CTLs, whose respective rates of CTL-mediated
lysis are v and 7'. As we have mentioned earlier, these two CTL responses are likely to
be functionally distinct and hence would be expected to have a differential impact on the
dynamics of the infection. What then happens if the efficiency of the cellular immune re-
sponse is increased, for instance, by administering treatment that improves the rate of lysis
of infected target cells? One question that arises immediately is: Does it matter which of
the CTL responses, Tax-specific or HBZ-specific, is improved?

Using our Tax/HBZ model , we take a closer look at how the immunogenicity
of Tax can affect the ability of each type of HTLV-I-specific CTL to control the PVL,
vt = (u* + y*)/(m* + u* + y*) Due to the widespread notion that the Tax epitope is
immunodominant, a natural idea for reducing the PVL would be to increase the rate of
lysis of CTLs specific to Tax, i.e. increase v. However, a significant outcome of our investi-
gations is that administering such a strategy of only improving the efficiency of Tax-specific
CTLs may not necessarily be effective at lowering the PVL. The reason is that the degree
of immunogenicity of each CTL epitope, captured by the parameter § in model , is
important in determining which of the antigen-specific CTL responses can be made more
efficient to achieve a greater reduction in the PVL.

The efficiencies of Tax-specific CTLs and HBZ-specific CTLs characterised by the re-
spective rates at which they eliminate actively infected target cells, v and +/, with respect to
the PVL, v*, are plotted in Figure Let us briefly describe Figure The open circle
(O represents the magnitude of the PVL of a chronically infected individual with a given im-
mune efficiency when v = 7/, i.e. Tax-specific and HBZ-specific CTLs lyse actively infected
cells at the same rate. The curves then represent the way in which the equilibrium PVL,
v*, varies (with all other parameters fixed) as the efficiency of Tax-specific CTL-mediated
lysis, 7, changes for two separate cases: (1) Tax is highly immunogenic (§ =~ 1, solid line),
and (2) HBZ is highly immunogenic (§ =~ 0, dashed line). In the former case, we observe, as

expected, that the level of the PVL v* experiences a more substantial change with respect
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to the efficiency ~ of Tax-specific CTLs when Tax is the principal source of stimulation for
CTL proliferation (§ ~ 1) than the case when HBZ primarily stimulates CTL expansion
(6 ~ 0), as shown in Figure [f.](a)] The converse holds for the efficiency of HBZ-specific
CTLs, as depicted in Figure In particular, if CTLs are largely stimulated by Tax
(6 ~ 1, solid line), then increasing the efficiency +' of HBZ-specific CTLs has little impact
on the level of the PVL at equilibrium. However, if CTLs are largely stimulated by HBZ
(0 ~ 0, dashed line), then an increase in HBZ-specific CTL efficiency 7' could lead to a

significant reduction in the equilibrium PVL.
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Figure 4.6: The relative immunogenicity of either Tax or HBZ determines which of the
antigen-specific CTL responses is more effective at controlling the magnitude of the proviral
load at equilibrium, v* = (u* + y*)/(a:* +ut + y*) In both of the above figures, the solid
black line represents the situation when Tax displays high immunogenicity, corresponding
to large §. Meanwhile, the dashed black line corresponds to the case when HBZ displays
high immunogenicity and § is small. The open circle () corresponds to the initial situation
when the efficiencies of both types of CTL responses are equal, i.e. v = «/. @ Boosting
the efficiency of Tax-specific CTLs is effective at lowering the magnitude of the proviral
load when § is large (solid line), but not as effective when ¢ is small (dashed line). [(b)]
The proviral load shows the converse effect with respect to efficiency of HBZ-specific CTLs.
Namely, when ¢ is large (solid line), an increase in the efficiency of HBZ-specific CTLs
has a relatively small impact on the proviral load as compared with the case when ¢ is
small (dashed line), where more efficient HBZ-specific CTLs can have a strong effect on the
magnitude of the proviral load.

Another way to look at Figures is as follows. A high level of stimulation
of Tax-specific CTLs is represented by the solid black lines (i.e. 6 ~ 1). The proviral
load is seen to be dramatically affected by varying the efficiency v of Tax-specific CTLs
(Figure , but is largely unaffected by changes to the efficiency 7' of HBZ-specific

CTLs (Figure 4.6(b)).
The above theoretical result from our model (4.1]) is biologically realistic as CTL quality
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is believed to depend precisely on these two factors: (1) the removal of virus-infected cells
by CTLs, and (2) CTL proliferation stimulated by the presence of antigen (Bangham et al.)
2009; Wodarz et al., [2001)). A biological implication of this result is that simply boosting
the efficiency of any arbitrary anti-HTLV-I CTL response may not be beneficial in achieving
a reduction in the proviral load. It may be important to first identify which pool of antigen-
specific CTLs is being preferentially stimulated, and selectively boost the efficiency of that
particular CTL response. For instance, if the Tax epitope is highly immunogenic (i.e.
d ~ 1), then increasing the efficiency of the Tax-specific CTL response, say, by a certain
factor, would result in a greater overall reduction in the proviral load rather than increasing
the efficiency of the HBZ-specific response by the same factor. The identification of which
CTL response would effect the greatest reduction in proviral load is clinically relevant and

could have implications for the delivery of optimal treatment regimens.

4.4 Discussion of Main Results from the Tax/HBZ Model

In this chapter, we have developed a basic two-epitope model of persistent HTLV-I infection,
called the Tax/HBZ model , to investigate the simultaneous expression of multiple viral
epitopes in the presence of host immunity. The principal difference betweeen the Tax/HBZ
model and the baseline model is the refinement of the HTLV-I-specific cellular
immune response into two separate compartments, CTLs directed at Tax and CTLs directed
at HBZ. Such a separation of distinct CTL responses allows us to study the role of anti-
HTLV-I cellular immunity on the outcome of the infection in more detail. Our results help
us to understand how host immunity reacts against infected cells that can stimulate distinct
responses to different antigenic targets.

Below we summarise and discuss the main conclusions obtained from the Tax/HBZ
model which directly address the two motivating questions posed at the beginning of
this chapter.

Q1. Which factors contribute to the prevalence of a certain CTL type when all

target antigens can be recognised by host immunity?

> The relative abundance of CTLs with respect to two different measures
is dependent on two key factors: (i) relative immunogenicity towards a
particular epitope, and (ii) the differences in the effective rates of expansion

of each of the two CTL types.

The parameter § encapsulates the immunological meaning of immunogenicity of the
CTL epitopes Tax and HBZ. Different values for ¢ correspond to the extent of stim-
ulation of either Tax-specific CTLs or HBZ-specific CTLs. Meanwhile, the respective
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effective CTL expansion rates for Tax- and HBZ-specific CTL responses are ¢ax and

ouBz, and are determined by the growth and death rates of each CTL type.
From the Tax/HBZ model (4.1), we have derived two different measures of CTL

prevalence: the relative abundance of each CTL type in the pool of effector cells, and
the CTL-to-virus ratio, which is an indication of the abundance of CTLs in relation
to the size of the proviral population. One of the main results that we have shown
using the model equations is that both the structure of the CTL population, as well
as the size of the effector pool with respect to either of the aforementioned measures,
are wholly determined by the relative immunogenicities of the epitope targets (),
and the ratio of the effective expansion rates between the two epitope-specific CTLs
(¢Tax/¢uBz). Moreover, we discovered that the efficiency of CTL-mediated lysis is
not a contributing factor to the structure of the cellular immune response in terms of

the relative abundances of each CTL pool.

Why can one CTL response have a greater impact on the proviral load

than another? More broadly, what defines a ‘good’ immune response?

The extent of immunogenicity towards one epitope or another, and not
only the expansion rates of the corresponding CTL response, determines
how well epitope-specific cellular immune responses can control the provi-
ral load and could possibly play a bigger role on other aspects of viral

persistence and pathogenesis.

In our previous analysis of the baseline model , we have demonstrated that the
size of the HTLV-I-specific CTL response is by no means a definitive metric of its
efficiency in eliminating virus-infected cells. Rather, we showed that the proviral load
is affected by the efficiency of the CTL response in terms of the rate of CTL-mediated
lysis. It can also be shown that the effective expansion rate (i.e. the proliferation and

lifespan) of anti-viral CTLs is inversely correlated with the size of the proviral load.

In the Tax/HBZ model , we found that immunogenicity, in addition to the skew in
the effective expansion rates and rates of cell-mediated lysis between the two distinct
epitope-specific CTL responses (termed the effective ratio 1), not only influences the
prevalence of CTL effectors, but can also have a strong effect on the proviral load.
Notably, we discovered that an efficient antigen-specific CTL response (i.e. one which
is effective at maintaining a reduced PVL) is characterised by a fast rate of cell-
mediated lysis and whose effective ratio (with respect to other CTL types) is skewed
towards an epitope exhibiting a high degree of immunogenicity, both echoing and

extending an earlier result derived from the baseline model (3.1)).



CHAPTER 4. TAX/HBZ MODEL 99

4.5 Final Remarks on the Two-Epitope Tax/HBZ Model

The consideration of simultaneous expression of the HTLV-I antigens Tax and HBZ ac-
companied by multiple CTL responses adds a layer of complexity to the way we think
about the host-virus interactions in HTLV-I infection. One important aspect that is taken
into account in our Tax/HBZ model is that an actively infected target cell displaying
both viral proteins can interact simultaneously with multiple anti-HTLV-I cellular immune
responses, Tax-specific or HBZ-specific.

The Tax/HBZ model developed in this chapter captures a highly dynamic interac-
tion among transcriptional latency, infected target cell activation accompanied by simulta-
neous viral protein expression, and antigen-specific anti-HTLV-I CTLs. The key difference
between the baseline model and the Tax/HBZ model is the explicit incorpora-
tion of multiple epitopes and, correspondingly, multiple CTL responses, which allows us to
explore a more complex and biologically representative within-host landscape that HTLV-I
navigates amidst host immunity.

The study of our two-epitope Tax/HBZ model has illuminated a significant role for
epitope immunogenicity in determining what constitutes an effective anti-viral cellular im-
mune response with respect to reducing the magnitude of the proviral load. This obser-
vation prompts a deeper investigation into the link between epitope immunogenicity and
other CTL-related properties. Indeed, in HTLV-I infection, an array of viral gene products
can be targeted by host CTLs simultaneously (Parker et al., 1994). Although the analysis
and results in this chapter have been developed for the scenario with two viral epitopes,
the same methodology can be generalised to incorporate any number of distinct viral gene
products, which we will investigate in the following chapter. Alternatively, the Tax/HBZ
model can be extended to take into account the phenomenon of antigenic variability,
which is a mechanism occurring in a wide range of pathogenic invasions, including HTLV-I,
whereby different variants of the same protein or epitope can exist at the same time. We

will explore the implications of this latter idea in a subsequent chapter.



Chapter 5

Principles of Multiple Epitope
Systems Without Antigenic
Variation

In Chapter [4) we examined a simple extension of the baseline HTLV-I model from
Chapter [3| highlighting the role of simultaneous expression of two epitopes, namely Tax
and HBZ. Because cellular immunity is highly specialised, this leads to the co-existence of
two distinct CTL responses, each one specific to precisely one of the viral epitopes. A key
feature of the two-epitope Tax/HBZ model not present in the baseline model is the
introduction of the concept of epitope immunogenicity, which refers to the immunological
mechanism that despite the fact that both Tax and HBZ are displayed concurrently, for any
given actively infected target cell, each of the viral gene products provides differential stim-
ulation for the expansion of its cognate CTL type. The model predicted that in conjunction
with differences between the effective CTL expansion rates for the two CTLs, the extent of
immunogenicity was also important in determining the structure or relative abundance of
each CTL type. Futhermore, the model predicted that while the efficiency of anti-HTLV-I
CTL responses, in terms of the rate of CTL-mediated lysis, was negatively correlated with
proviral load, a high degree of immunogenicity towards the particular epitope against which
an efficient CTL response is directed played a pivotal role in effecting a reduction in the
magnitude of the proviral load.

At this point, we recognise that there are a handful of ways in which we can extend
the basic two-epitope Tax/HBZ model . There are two distinct approaches that we
will develop in more detail in this and the forthcoming chapters, each motivated by zoom-
ing in on complementary aspects of the host-virus interaction. One way to generalise the
Tax/HBZ model is to incorporate any arbitrary number of epitopes, which we investi-
gate thoroughly in this chapter. This approach raises deeper questions concerning epitope

immunogenicity and the immunological phenomenon of immunodominance, and allows a

100
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more careful examination of the properties of the host cellular immune response during
persistent retroviral infection. In particular, we develop a framework to incorporate the
diversity of anti-HTLV-I CTL responses and explore the factors that define distinct hierar-
chical structures in the CTL population, which can then differentially influence the control
of the virus-infected cell pool. After laying down the theoretical groundwork, in the last
part of this chapter, we demonstrate a proof of concept that our mathematical framework
applied to a set of experimental data can be used for the estimation of parameters that
may not be easily measurable. A second extension of the Tax/HBZ model involves
consideration of antigenic variability at each of the two epitopes, Tax and HBZ, which we
will explore in the following chapter. We briefly mention here that the two approaches that
we have outlined are not specific to HTLV-I infection and can be applied more generally
to a wider range of host-pathogen interactions. Nevertheless, we will develop these ideas in

the context of our HTLV-I modelling framework.

5.1 Motivation: What is Immunodominance and Why is it
Important for us to Consider?

The consideration of multiple distinct antigen-specific CTL types in the HTLV-I system
prompts an investigation along two main threads: (1) the structure of the CTL response,
and (2) the concept of immunodominance. For the former, due to the diversity of CTLs,
we raise the question as to whether the population of immune effectors self-organises into a
CTL hierarchy in which various responses exist at different abundances and, if so, whether
we can identify the key underlying factors that create and maintain such structure in the
CTL pool. For the latter, we try to address an intriguing conundrum frequently observed
in chronic viral infections, specifically that of CTL immunodominance, in the context of
our HTLV-I model system. Intuition suggests to us that since there exists a wide array
of different CTL epitopes that can all elicit an immune response, it might be expected
that the pool of anti-viral CTLs would be diverse and consist of a wide and relatively
uniform mix of epitope-specific responses. However, what is more commonly observed is
immunodominance[], a phenomenon occurring in a wide range of host-pathogen systems
whereby the bulk of the immune response is directed against only one or two epitopes,
despite there being a variety of CTL epitopes presented by the invading pathogen, most
or even all of which can be recognised by host immunity (Akram and Inman, [2012; Frank],
2002)). Meanwhile, the remaining subdominant immune responses are suppressed, even

though they may be completely functional and in circulation in the peripheral blood.

'We refer the reader to|Akram and Inman| (2012) for a comprehensive review of immunodominance, with
specific examples and detailed explanation taken in the context of infection by Influenza A and HIV-1.
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With respect to chronic infection by HTLV-I, blood collected from seropositive individ-
uals, regardless of clinical status, consistently shows that CTL responses restricted by a
variety of host HLA Class I alleles can recognise a wide range of viral gene products (Goon
et al., [2004a; MacNamara et al., 2010), such as the common retroviral proteins Gag, Env,
Pol and Pro, as well as the HTLV-I regulatory proteins Tax, Rof, Tof, and the minus-strand
HBZ (Goon et al. [2004a; Kannagi et al., [1991; Nagai et al.,|2001; Pique et al.l [2000). These
sera studies typically show that in the majority of HTLV-I seropositive individuals, both
asymptomatic carriers and patients with the neurological disease HAM /TSP, the HTLV-I-
specific cellular immune response is principally directed towards epitopes in the Tax pro-
tein (Bangham) 2000b; (Goon et al., [2004a; Jeffery et al., |1999; Kubota et al., 2007; Parker
et al., 1994), thereby designating Tax as the immunodominamﬂ epitope. Moreover, these
Tax-specific CTLs often exist at frequencies higher than those found in most other chronic
virus infections (Daenke et al., 1996, with the possible exception of HIV-1, and can even
be present at abundances of 1-10% of all circulating CD8™ effector CTLs among infected
individuals with cellular immune responses restricted by the HLA-A*02 genotype, which
has a particularly strong binding affinity to epitopes in the Tax protein (Bangham) 2000b;
Kattan et al., 2009). Somewhat counter-intuitively, for a number of persistent infections,
including HTLV-I, experimental studies have demonstrated that the immunodominant epi-
tope may not necessarily be the optimal target for CTLs in terms of limiting the burden or
degree of detriment caused by the virus, suggesting that further investigation is needed to
evaluate what constitutes an effective, or protective, host immune response.

The key aspect that we would like to focus on in this chapter is to characterise het-
erogeneity in the host immune response and how it influences the outcome of infection.
Ultimately, this requires us to build a better understanding of the phenomenon of immuno-
dominance and the role that immunogenicity plays in establishing a hierarchy of epitope-

specific CTL responses.

5.2 Extending the Tax/HBZ Model to Incorporate an Arbi-
trary Number of Distinct Epitopes

Model (4.1)) can be straight-forwardly extended to incorporate any arbitrary number of epi-

topes. However, it is fundamental that we consider carefully the way in which proviral cells

2There are several different ways in which the concept of “immunodominance” of an antigen may be
defined (Cook et al.,[2013]). It could refer to the antigen that is most frequently recognised by host immunity,
thus highlighting the importance of immunogenicity of that particular antigen. Alternatively, and more
commonly, an immunodominant antigen may refer to one that elicits the largest CTL response in terms of
CTL abundance, either before or after correcting for the difference in protein lengths. In HTLV-I infection,
it has been demonstrated that the Tax protein is immunodominant by any of the above definitions (Cook
et al. 2013).
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interact with a broader range of CTL types that are each specific to precisely one antigenic
target. It is assumed that actively infected T-cells display their entire set of viral proteins,
and that CTLs specific to each of the antigenic targets, or epitopes, exist. The extent to
which one particular CTL response is stimulated over another is a function of the relative im-
munogenicity of the corresponding epitope. The key interactions between activated proviral
T-cells expressing multiple epitopes simultaneously and the array of antigen-specific CTL
responses is illustrated schematically in Figure [5.1 where we have sketched a representative

scenario with five distinct epitopes.
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Figure 5.1: An illustration of the key interactions in a generalised multiple epitope model
of HTLV-I infection. Actively infected target cells typically express a wide range of viral
epitopes simultaneously (represented in the schematic figure above by the various yellow
shapes). The extent to which each CTL type is stimulated relative to other CTL types
depends on the immunogenicity of that particular epitope (i.e. the various ‘e’ values cor-
responding to each of the yellow shapes). The result is that the host immune response
is made up of a diverse range of epitope-specific CTLs. The relative abundance of each
CTL type creates a dominance hierarchy for the anti-HTLV-I host immune response, with
one response generally over-powering the rest of the responses. This phenomenon is known
as immunodominance. Although a principal factor in establishing immunodominance, the
concept of immunogenicity alone cannot explain immunodominance. In this chapter, we
explore the various factors that contribute to immunodominance.
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5.2.1 Formulating a General Multiple Epitope Model of HTLV-I Infection

Let us first remind ourselves of the notation for the T-cell classes under consideration,
namely target cells and immune cells. The target cell population is comprised of CD4"
helper T-cells and is subdivided into three compartments depending on which state it is
in: healthy cells are those that are susceptible to infection, latently infected cells carry
a transcriptionally silent copy of the provirus, and actively infected cells are activated
proviral cells displaying the entire range of viral gene products. In the lattermost case, the
simultaneous expression of all viral proteins then implies the existence of a variety of antigen-
specific CD8' CTL responses that are able to recognise each of the individual epitopes from
the various virus proteins. To formulate the above interactions mathematically, suppose
that the HTLV-I provirus encodes p > 1 distinct viral epitopes, meaning that there are p
epitope-specific CTL responses, which we will denote by zx(t), where k = 1,...,p. Thus,

we define the following compartments:

x(t) : number of healthy (uninfected) CD4" helper T-cells at time t,
u(t) : number of latently infected CD4" helper T-cells at time ¢,
y(t) : number of actively infected CD4" helper T-cells at time t,
2p(t) : number of CD8' CTLs specific to epitope k at time .

Combining the dynamics of the baseline model (3.1) and the Tax/HBZ model (4.1)) in the
presence of an arbitrary number of viral epitope targets allows us to construct the following

generalised multiple epitope model for HTLV-I infection:

T-cell production infectious transmission

dx =~ =~

natural death

=
a A - Bzy - iz
infectious transmission S S, spontaneous activation and natural death
mitotic transmission
du =~ e N
O Bry + Ty - (T 4+ p2)u
CTL lysis
. (5.1)
spontaneous activation p natural death
dy o A~ = PN
ETH TU -y E VERk — u3y
dt
k=1
CTL proliferation
e e natural death
dzg €k —
ar = <p _YEY — H4kZk, for k=1,...,p,

i=1%i
where €5,/ >7_, &; represents the relative immunogenicity of epitope k (g5 > 0 Vk).

Here we make the reasonable assumption that at least one of the ¢ > 0, otherwise
no immune response would exist. We will prove in Section that model admits

two non-negative equilibria: (1) The infection-free steady state, Py = (2,0,0,0), where
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g = M1 and 0 € RP, and (2) a positive, endemic steady state corresponding to chronic
infection, P* = (x*,u*,y*, 2*), where 2* = (z{,..., 2;).

As with the previous models, we can derive the basic reproduction number for viral
infection, Ry, representing the fitness of the virus, and it can be shown that the expression
for Ry in our multiple epitope model is equal to the expression for Ry in both the
baseline model and the two-epitope Tax/HBZ model . In particular, the basic
reproduction number for viral infection for model is defined as
m (ﬁ:ﬂH + 7“), where xy = :\1 (5.2)
Remark 5.1. In the two-epitope Tax/HBZ model , we represented the relative im-

Ry =

munogenicities of the Tax and HBZ epitopes using the parameters ¢ and (1—4), respectively,
where 0 is a proportion lying between 0 and 1. Here, for the multiple epitope model ,
the relative immunogenicity of a particular epitope k, where k € {1,...,p}, is given by the
fraction e/ Y F_ ;. Note that an equivalent description of the relative immunogenicity
of epitope k, for Kk = 1,...,p, would simply be the parameter £ subject to the condi-
tion Y 7_, ex = 1. The quantity e,/ > F_, & is itself a proportion and so incorporates this

requirement that the individual relative immunogenicities of each epitope sum up to unity.

Remark 5.2. Model (5.1)) is indeed a direct generalisation of our previous models. Specif-
ically, we point out that when p = 1, model (5.1) reduces to the baseline model (3.1]).
Moreover, when p = 2, setting 6 = £1/(1 + €2) yields that model (5.1)) is equivalent to the

Tax/HBZ model (4.1]).

Remark 5.3. As with the two-epitope Tax/HBZ model , we conceptually separate the
activation and effector phases of the cell-mediated adaptive immune response and represent
them in the same way for the general multiple epitope model . In particular, although
an actively infected target cell displays p distinct viral epitopes simultaneously, there is
differential stimulation of each of the various CTL responses to proliferate during the ac-
tivation phase. Meanwhile, we make the assumption that during the effector phase, each
of the CTL types has an equal opportunity to eliminate any proviral cell. Thus, the factor
expressing the relative immunogenicity of each epitope, given by the fraction e;/ > " ; &
for epitope k, only appears in the term describing CTL proliferation and not in the terms

describing CTL-mediated lysis.

5.2.2 Global Dynamical Behaviour of the Multiple Epitope Model

Here we use the methodology from the previous chapters and generalise the mathematical
results therein to derive the global dynamics of the multiple epitope model (5.1)) with an

arbitrary number, p € N, of viral epitopes.
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From the equations of the multiple epitope model (5.1), we observe that for any set of
non-negative initial conditions, z(t),u(t),y(t), zx(t) > 0 for all ¢t > 0 and k =1,...,p. Let
= min{py, po, pus}, v = max v, and i = min 4y, and consider the closed, bounded

=1,..., =1,...,

region

A A P \D
Ip:= (x7u7y>zk ERP+3::L'S ,$+U+y§ 5 2e < = .
g { JERy i p—r ; i —r)

Theorem 5.1. Assume that r < . Then, the set I'), defines a positively invariant region

with respect to model (5.1). All solutions are bounded for t > 0 and eventually enter T'.

The following theorem demonstrates that the basic reproduction number Ry is a sharp

threshold parameter that establishes the global dynamical behaviour of model ([5.1).
Theorem 5.2 (Global Dynamics of the Multiple Epitope Model).

1) The infection-free equilibrium Py always exists. Moreover, if 0 < Ry < 1, then Py is

the only equilibrium in T, and it is globally asymptotically stable in T);

2) if Ry > 1, then the infection-free equilibrium Py is unstable. In addition, a unique

chronic infection equilibrium P* exists in Fop and it is globally asymptotically stable in

o

I,

The detailed proofs of Theorem [5.1] and Theorem [5.2] may be found in Appendix

5.2.3 Quantifying Measures of CTL Abundance: Establishing an Immu-
nodominance Hierarchy

In the previous subsection, we have established the global dynamics of the general multiple
epitope model , meaning that we have a thorough understanding of the qualitative
behaviour of the model and can explore other relevant aspects of persistent HTLV-I infection
that are represented by the model.

In the remainder of this chapter, we turn to the application of the model to the biological
question posed as the motivation for our multiple epitope modelling approach, which is to
better understand the complex interactions between HTLV-I proviral cells expressing an
array of viral epitopes and an assortment of cellular immune effectors, namely CD8" CTLs,
that are each highly specific to a given target antigen. From the equilibrium equations of the
general multiple epitope model , we can derive two different expressions to quantify
the size or influence of the CTL pool. Specifically, for each £ = 1,...,p, we define the
relative abundance of CTL type k, and the ratio of CTL type k with respect to the number
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of actively infected (or virus-expressing) target cells, as shown below in Equations (/5.5

and (5.6, respectively.
From the equations in model (5.1]), the frequency of each CTL type at equilibrium is

£k
= —=——Ory", | k=1,... 5.3
Zk; Z,{-’:l £ ¢k?/ 9 or 9 7p7 ( )

where ¢, = vy/pq ) is the effective expansion rate, or growth/death ratio, of CTL type k.
Pairwise comparison of Equation (5.3) for £ = 1,...,p allows us to infer that any two CTL

responses exist at equal equilibrium abundances when

5k1¢k1 :5k2¢k2; for any kl,kg € {1,...,p}. (5.4)

For each k =1,...,p, we consider the relative abundance of CTL type k as a proportion of
the total CTL population, which is given by the expression

*

G KOk [Relative CTL Abundance| (5.5)

P P :
=175 Zj:l €jj

A simple re-arrangement of Equation (5.3|) emphasises another related measure, the CTL

to active virus ratio for each epitope-specific CTL response, which describes how many
CTLs of a certain specificity there are scaled to the magnitude of the proviral load. For the
multiple epitope model , the CTL-to-virus ratio for CTL type k, where kK = 1,...,p,
is:

Z—E = —* 4. CTL-To-Virus Ratio} (5.6)

Y i=1 i
We observe that both of the above measures of CTL frequency can be expressed solely in
terms of model parameters and so are independent of the density of infected cells, hence
making them potentially useful indicators to compare the states of the immune responses
among different HTLV-I-infected individuals. For the former, the relative abundance of each
CTL type demonstrates how strongly each epitope elicits an immune response relative to all
other epitopes, thus allowing us to construct a CTL frequency hierarchy listing epitopes from
the most immunodominant to the least immunodominant. The ranking of CTL responses
in terms of their respective relative abundances is known as the CTL immunodominance
hiemrchyﬂ Meanwhile, for the latter, the ratio of each CTL type to the size of the actively
infected cell pool describes the influence that each of the various CTL responses has on the

proviral target cell population.

3Note that the CTL immunodominance hierarchy differs from the ranking of CTL responses with respect
to immunogenicity. The former is an ordering of CTL types with respect to their relative abundances in the
CTL population, whereas the latter is an ordering of the corresponding epitopes in terms of how strongly
each stimulates the proliferation of its respective effector CTL type.
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The main point that we would like to highlight from the two measures of CTL abun-
dance, Equations and , is that the relative abundance of each CTL type k, where
k =1,...,p, with respect to either of the two above CTL measures is determined only
by two factors: the effective expansion rate (¢y), and its respective immunogenicity (ex)
relative to each of the other various epitopes. What this means is that an immunodominant
CTL response is often one that both targets a highly immunogenic epitope and has a fast
effective expansion rate. However, because neither immunogenicity nor the rate of effective
expansion alone establishes CTL abundance, in our model framework it is possible to ex-
plain how the most immunogenic epitope need not elicit the largest response, or why the
pool of CTLs that has the fastest rate of effective expansion need not necessarily be immun-
odominant. Notably, the above metrics describing the relative size of each epitope-specific
CTL response are independent of the efficiency or rate of lysis of proviral target cells, which
lends support to the proposed idea that the size of an individual’s CTL response is not an
accurate measure of its ability to reduce viral burden (Banghaml| 2009; Bangham et al.,
1996; Nowak and Bangham) 1996).

We briefly remark that the two CTL measures defined here are very closely related, as
Equations and point out. Indeed, while the relative abundance of CTL type
k is a weighted sum of both immunogenicity and effective expansion rate for CTL type
k with respect to all other CTLs, the CTL to active virus ratio is determined by the
effective expansion rate of CTL type k scaled by the relative immunogenicity of CTL type
k without the need to consider weighted sums. Because our primary interest is to examine
the hierarchy of the CTL response and how CTL population can impact the proviral load,
we will focus our attention on quantifying CTLs according to the first metric, that is, the
relative abundance of each CTL type.

Overall, it is important to identify such comparative metrics in order to construct a
clearer picture as to why one immune response may be better or worse than another,
especially when considered in conjunction with how a particular immune profile influences
the traditional and other measures of viral detriment such as the proviral load and the
activated proportion of proviral cells, both of which can exhibit a wide variance among

infected hosts.

5.2.4 Constructing a Visual Representation of an Individual’s CTL Re-
sponse

One of the consequences of the simultaneous expression of multiple distinct viral epitopes
by infected target cells is that the host immune response is correspondingly diverse due

to its ability to recognise a wide range of foreign antigens. In our formulation for the
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general multiple epitope model , we have assumed that proviral activation results in
the expression of all viral epitopes and that the host cellular immune response is composed
of the entire range of CTL types, each of which is specific to precisely one of the viral
epitope targets.

Each epitope-specific CTL type can be characterised by four main properties: (i) im-
munogenicity, (ii) effective expansion rate, (iii) efficiency of CTL-mediated lysis (effector
function), and (iv) prevalence or relative abundance. In this section, we construct a visual
representation of an individual’s anti-HTLV-I cellular immune response that can capture
these four attributes.

Figure provides a graphical representation of the above concepts by considering
the multiple epitope model with p different types of epitope-specific CTL responses
for p = 12, corresponding to 12 distinct epitopes on an activated proviral cell that can
be recognised by host cellular immunity (see Remark below for the reason why we
have chosen p = 12 here). The effective expansion rates, relative immunogenicities, and
efficiencies for the various CTL responses have been selected at random from physiologically
meaningful ranges for each of the respective parameters from Table as discussed in
Chapter[3] We briefly recall that the relative abundance of each CTL type can be calculated
from the effective expansion rate and the immunogenicity of the particular CTL type under
study as in Equation . For reference, we refer the reader to Table which lists the
selected parameter values and properties for each of the CTLs represented in Figure [5.2

In Figure the attributes for each of the 12 distinct CTL responses are plotted in
the form of a “colour bubble Chartﬁ’ representation, with the position of each bubble on
a two-dimensional “CTL fitness space”, wherein the horizontal axis indicates the relative
immunogenicity of the epitope, the vertical axis describes the effective expansion rate of the
particular CTL type, and the colour of the bubble corresponds to its efficiency or rate of
cell-mediated lysis according to a colour gradient. Lastly, the size of the bubble represents
the relative abundance of that CTL type. Next, because one of the key attributes of our
multiple epitope approach that differs from our earlier HTLV-I models is the incorporation
of immunogenicity for an arbitrary number of epitopes in the dynamics of HTLV-I infection,
to complement the bubble chart representation, in Figure we illustrate the relative
immunogenicity of each epitope corresponding to the CTL types in Figure along with
their relative abundances indicated by the height of the vertical lines using a “list ploiﬂ’

4The “colour bubble chart” representation is the combination of a standard bubble chart with an added
dimension captured by colour according to a heat or temperature gradient, allowing us to illustrate four
pieces of information at the same time. Namely, (i) position on the horizontal axis, (ii) height on the vertical
axis, (iii) colour of the bubble, and (iv) size of the bubble.

5The “list plot” representation is a standard plot of points on a two-dimensional plane displaying two
pieces of information. Namely, (i) position on the horizontal axis, and (ii) height on the vertical axis.
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Figure 5.2: Constructing a visual representation of the properties that define an individ-
ual’s anti-viral cellular immune response. In this figure, each CTL type has a characteristic
level of relative immunogenicity, effective expansion rate, and rate of lysis (i.e. CTL effi-
ciency). @ Bubble chart illustrating four properties for each of the p CTL types, where here
we have taken p = 12: (i) relative immunogenicity (horizontal axis), (ii) effective expansion
rate (vertical axis), (iii) efficiency of CTL-mediated lysis (colour of bubble according to
a gradient), and (iv) CTL abundance (size of bubble). [(b)] Immunogenicity profile (IP) of
the individual’s cellular immune response as a list plot illustrating the relative immuno-
genicities (horizontal position of coordinate) and relative abundances (height of coordinate)
corresponding to each CTL type. This visual representation focusses on the distribution
of immunogenicities exhibited by the pool of CTL responses. The particular values for
the four properties or attributes describing each of the 12 CTL types have been selected
from biologically realistic parameter ranges as discussed previously and are summarised in
Table

representation, which defines what we call the immunogenicity profile (IP) of an individ-
ual’s cellular immune response. Whereas the colour bubble chart representation provides
a convenient way to visualise all four properties of each CTL type (Figure , the list
plot representation allows us to more easily see the distribution of relative immunogenicities
towards each of the viral epitopes and thus emphasises the role of immunogenicity in creat-
ing structure in the CTL repertoire (Figure . Collectively, these two representations
allow us to compare how different immune configurations, either within a single individual
or between separate individuals, can have a differential impact on the outcome of infection,
namely factors related to viral detriment such as the proviral load or the active proportion
of proviral cells, thereby providing us with a way in which we can visualise and subsequently
evaluate the overall efficacy of an individual’s immune response and explore the issue as to
what constitutes an effective immune response as well as why one immune response may be

better or worse than another.
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The particular scenario illustrated in Figure shows a typical choice of parameter
values in our simulations, where we observe the trade-offs that exist among each of the
CTL responses (see also the values listed in Table for a quantitative comparison). For
example, we notice that CTL type 8 has the fastest effective CTL expansion rate, has a
relatively high rate of lysis, and exists at a proportionally high prevalence despite being
only moderately immunogenic. By contrast, CTL type 1 is the most efficient at eliminating
virus-infected target cells, but is nearly absent from the CTL population due to its poor
immunogenicity combined with a relatively slow rate of expansion. Meanwhile, CTL type
12 is the most immunogenic as well as the most prevalent (hence we identify it as being
the immunodominant CTL response), yet it is neither the fastest growing nor the most
efficient. In the following section, we will explore in more detail how these attributes can
combine together to create distinct CTL profiles that exhibit varied characteristics and

exert differential pressure on the virus population.

Remark 5.4. MacNamara et al.| (2010) created two ranked lists of HTLV-I epitopes ac-
cording to their impact either on reducing the proviral or on preventing the onset of HTLV-
I-associated disease. The ordering of these ranked lists were obtained from the analysis
of experimental results that measured the strength of binding of individual virus proteins
and its association with a reduction in proviral load and, independently, the relationship
between binding strength and clinical status, i.e. whether there was a difference in bind-
ing strength of certain viral epitopes between asymptomatic carriers and patients with the
neurological and inflammatory disease HAM /TSP. We have chosen p = 12 to coincide with
the number of epitopes considered by MacNamara et al.| (2010).

Remark 5.5. For a given epitope, the interaction of the MHC:peptide complex and the
T-cell receptor (TCR) is involved in both the activation and effector phases of the cellular
immune response. Due to being triggered by the same interaction, it is likely that there is
a relationship between the parameters describing the effective CTL expansion rate and the
rate of CTL-mediated lysis. Indeed, on the one hand, a high rate of CTL expansion results
in a greater abundance of effector cells that can suppress viral burden. On the other hand,
suppression of viral burden can also be brought about by a fast rate of CTL-mediated lysis.
The observation that similar outcomes can potentially arise from the two aforementioned

distinct processes suggests that a positive correlation may exist between the two parameters.



CTL Property

CTL Type (p = 12)

Table 5.1: Properties for each of the p = 12 CTL types corresponding to Figure Each CTL is defined by four attributes: (i) relative
immunogenicity, (ii) effective expansion rate, (iii) efficiency of CTL-mediated lysis, and (iv) relative abundance. For each CTL property,

the three largest values are highlighted in cyan
parameters have been selected from biologically realistic ranges as in Table

, lime (second) , and yellow (third) for emphasis. The values for each of the

1 [ 2 [ 3 [ 4 1 5 1 6 [ 7 [ 8 [ 9 [ 10 11
Relative Immunogenicity< ;jlsi) 0.000638 | 0.0357 | 0.0358 | 0.0528 | 0.0562 | 0.0648 | 0.0702 | 0.0759 | 0.0934 | 0.0984 | 0.113
Effective Expansion () 2.379 | 5254 | 2408 | 1.308 | 0.255 | 2.134 | 4.344 1.034 | 1.106 | 4.310 | 4.894
CTL Efficiency (7) 0.130 | 0.113 | 0.089 | 0.028 [WNONME2N 0.069 | 0.061 | 0.113 | 0.023 | 0.128 | 0.095
Relative Abundance( ;"iz*_) 0.000403 | 0.0498 | 0.0229 | 0.0183 | 0.00380 | 0.0367 | 0.0809 | 0.210 | 0.0256 | 0.0289 | 0.129
J=2 7
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5.3 Characterising the Anti-HTLV-I Cellular Immune Re-
sponse Against Multiple Epitopes: Establishing a CTL
Profile and Observing its Effect

The generalised multiple epitope model provides us with a framework in which we
can investigate in more detail the dynamics between a persistent virus expressing a range
of different protein targets and a corresponding array of host immune responses specific to
each of the viral protein targets. In this section, we develop the ideas of CTL hierarchy and
immunodominance by utilising our visual representation of an individual’s CTL repertoire
described in the previous section, which characterises the principal properties of the cellular
immune response, including the roles of epitope immunogenicities, effective CTL expansion
rates, CTL efficiency, and CTL abundance, to explore how these properties influence the
measures of viral burden such as the activated proportion of infected cells and the magnitude

of the proviral load, both within the same individual as well as between different individuals.

5.3.1 The Immunogenicity Profile Alone Can Give Rise to an Array of
Different CTL Population Structures, Even When Epitopes Pre-
serve Relative Rank Order With Respect to Immunogenicity

A central feature of the present mathematical model is the simultaneous expression
of any number of viral epitopes accompanying proviral activation of infected target cells.
Biologically speaking, it is known that host cellular immunity has evolved so as to create a
diverse pool of CTLs that is able to recognise an extensive range of foreign antigens (Parham),
2005)), and so in our model, we assume that CTLs targeting the full set of epitopes exist. The
relative immunogenicity of each viral epitope is characterised by its ability to stimulate its
cognate epitope-specific CTL response, and is determined by factors such as the strength of
binding affinities to distinct viral peptide sequences from the particular epitope, the number
of viral epitopes present, as well as the relative immunogenicities of all other epitopes. The
collection of relative immunogenicities of all epitopes (which are individual proportions that
sum up to unity) forms an immunogenicity profile with each epitope-specific CTL response
ranked in order of increasing relative immunogenicity.

Within a single individual, fluctuations in the abundances of various epitope-specific
CTLs are known to occur over time (Daenke et all {1996; Parker et al., [1994). However,
two of the defining properties of a given CTL type, namely the effective CTL expansion
rate and the rate of CTL-mediated lysis, are intrinsic characteristics and therefore would
not be expected to change throughout the course of chronic infection. How, then, can
we reconcile the observed variation in the immunodominance hierarchy or structure of the

cellular immune response with the stability of intrinsic CTL properties? Earlier in this
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chapter, in Section [5.2.3] we have quantified the relative abundance of each CTL type
according to Equation , demonstrating that it depends not only on the effective rate
of CTL expansion (i.e. ¢ for each k = 1,...,p), but also on the immunogenicity of the
particular epitope (i.e. g; for k = 1,...,p). Even if the intrinsic rate of CTL proliferation for
each epitope-specific CTL type does not vary from one point in time to the next, a change
in the structure of the CTL population can arise from variation in the immunogenicity
profile, which is likely to fluctuate over the course of persistent infection. Such a scenario
may arise, for instance, following the emergence of a previously unrecognised epitope or,
alternatively, following the loss of recognition of a previously seen epitope over timeﬂ

To explore this aspect, let us consider a variety of different immunogenicity profiles
for a given individual. These various immunogenicity profiles are generated by allocating
specific values for the relative immunogenicities of each CTL response randomly from a
uniform distribution between 0 and 1, all the while maintaining the same rank order of
CTL epitopes with respect to immunogenicityﬂ The rank order of CTLs is itself assigned
arbitrarily, then fixed thereafter. Because we are focussing on a single host, we assume that
the other properties that define each CTL response, namely, the characteristic effective CTL
expansion rate and rate of cell-mediated lysis, are all held constant. The parameters for
CTL expansion and CTL efficiency have been selected randomly within biologically realistic
ranges as described in Table and are the same as the values listed in Table

Figure [5.3] illustrates the properties of the cellular immune response from this same
individual with variations only in the immunogenicity profiles. We consider five different
immunogenicity profiles, which we label IP-1 to IP-4, plus IP-E corresponding to the sit-

uation in which all of the epitopes are equally immunogenic. These five immunogenicity

5In an experimental study, [Parker et al| (1994) observed differential epitope recognition by the same
HTLV-I-infected individual at different time points. For example, freshly isolated CD8™ cells from patient
HM at an initial time point showed recognition of four HTLV-I epitopes from the N-terminus region of Tax
(Tax 12-19, XN3, XN4, and XN11) and one epitope, X4, from the middle of the molecule; meanwhile, a
fresh sample taken three months later revealed the loss of recognition of XN11 and X4, but recorded the
recognition of an additional epitope, X7, from the middle of Tax.

"Despite the mutability of individual immunogenicity values for each epitope, the CTL rank order with
respect to the immunogenicities of HTLV-I epitopes is believed to remain relatively stable over time meaning
that, for example, if some epitope A is more immunogenic than another epitope B, then it will generally
continue to be so. There are several lines of evidence from experimental studies that lend support to this
idea. First, the viral protein Tax, which is expressed early on in the infection, is the most recognised HTLV-I
antigen and elicits an immunodominant anti-HTLV-I CTL response which is detected in almost all HTLV-I
seropositive individuals without malignant disease, both asymptomatic carriers and HAM/TSP patients,
and is often present at high frequencies even after years of persistent infection (Daenke et al., |1996} |Goon
et al.l [2004a; Parker et al. [1992)). Second, in the study by Parker et al.| (1994), the majority of HTLV-I
epitopes that were recognised at an intial time point were again recorded in a later time point from freshly
isolated CD8' CTLs from three HTLV-I-infected individuals (two asymptomatic carriers and one patient
with HAM/TSP). Third, it has been shown that virus variants that escape CTL recognition do not reach
fixation and thus a particular epitope-specific CTL would continue to receive stimulation from its cognate
antigen to proliferate (Niewiesk et al.l [1995)).
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profiles are meant to demonstrate the typical kinds of patterns that can be observed in
the CTL population. The specific values for the relative immunogenicities and relative
abundances corresponding to each of the CTL types with respect to the five distinct, ran-
domly generated immunogenicity profiles (IP-1, IP-2, IP-3, IP-4, and IP-E) can be found
in Table Because both epitope immunogenicity and the effective expansion rates of
cognate CTLs determine CTL abundance according to Equation , it is unsurprising
that a change in the distribution of relative epitope immunogenicities would change the
prevalence of each CTL type. However, we point out that such a re-structuring of the CTL
population can be brought about even though the rank order of the set of CTL responses
is kept the same. Significantly, the immunogenicity profile alone can change the hierarchy
of the CTL population and can even result in replacement of the immunodominant epitope
— in other words, immunodominance can change.

To highlight this point from our current example, we compare the immunogenicity pro-
files IP-1 with IP-2 in the same individual as in Figure Under immunogenicity profile
IP-1, we observe that the cellular immune response is dominated by a single CTL type 12
targeting a highly immunogenic epitope, which at 39% prevalence in the effector pool, is
almost twice the abundance as the next largest effector type, CTL type 8, targeting a much
less immunogenic epitope and comprising roughly 21% of all CTLs. In contrast, under
immunogenicity profile IP-2, the bulk of the immune response is made up of three effector
types which, listed in order of prevalence, are CTL types 8, 12, and 11, although all three
immune responses exist at fairly similar abundances, approximately 25%, 22%, and 18%),
respectively. In addition to exhibiting significantly different CTL population structure, we
also notice that the immunodominant response (which we define as being the one existing
at the highest prevalance), differs between the two immunogenicity profiles. Specifically,
for IP-1, CTL type 12 not only targets the most immunogenic epitope, but is also the im-
munodominant response, whereas for IP-2, CTL type 8 displays immunodominance, yet its
target antigen is only moderately immunogenic. In the latter situation, the most immuno-
genic epitope 12 instead elicits a subdominant immune response by its corresponding CTL
type 12. The other immunogenicity profiles each display their own unique set of character-
istics as well. For instance, whereas the immunodominance of CTL type 8 (as well as the
order of the second and third most abundant responses being exhibited by CTL types 12
and 11, respectively) is preserved under both IP-3 and IP-4, the two immunogenicity profiles
differ to each other in terms of the individual values for the relative immunogenicities of the
epitopes. In particular, we notice that the epitopes under IP-3 are more clustered in their
relative immunogenicities than under IP-4. Similarly, under IP-E, CTL type 8 is also im-

munodominant, even though in this case, all epitopes are equally immunogenic. In the next
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subsection, we will examine how these distinct immunogenicity profiles can differentially

impact control of the infected target cell pool.
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Figure 5.3: The structure of the CTL response for various different immunogenicity profiles within the same individual according to the
multiple epitope model . The figure uses the two graphical representations introduced in Section for visualising the properties
of the CTL repertoire for each of five immunogenicity profiles, where each column corresponds to one of the immunogenicity profiles
(c.f. Figure . From left to right: IP-1, IP-2, IP-3, IP-4, and IP-E. Top Row: The ‘colour bubble’ representations under the various
immunogenicity profiles illustrate the following CTL attributes: (i) relative immunogenicity (horizontal axis), (ii) effective expansion
rate (vertical axis), (iii) efficiency of CTL-mediated lysis (colour of bubble according to a gradient), and (iv) relative abundance (size of
bubble). Bottom Row: The corresponding ‘list plot’ representations for each of the five immunogenicity profiles highlight the distinction
of relative immunogenicities towards the various viral epitopes along with the abundance of their respective cognate CTLs. By comparing
the visual representations for IP-1 through to IP-E (i.e. from left to right column-wise), our model demonstrates that the differences in
immunogenicity profile alone can account for the variation seen in the structure and immunodominance hierarchy of the anti-HTLV-I
CTL response over the course of chronic infection. This is due to the observation that the relative abundance of each CTL type is
dependent on relative immunogenicity in addition to effective CTL expansion rate. The values for the relative immunogenicities and
abundances of each CTL type for the immunogenicity profiles considered here are listed for reference in Table
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Immunogenicity CTL CTL Type
Profile Property 1 ‘ 2 3 4 ‘ 5 ‘ 6 ‘ 10 ‘ 11 ‘ 12
IP-1 Immunogen. || 0.000638 | 0.0357 | 0.0358 | 0.0528 | 0.0562 | 0.0648 0.0984 | 0.113 -
Abundance || 0.000403 | 0.0498 | 0.0229 | 0.0183 | 0.00380 | 0.0367 0.0289 | 0.129
P2 Immunogen. 0.0303 | 0.0348 | 0.0460 | 0.0607 | 0.0666 | 0.0670 0.133 | 0.137 | 0.150
Abundance 0.0214 | 0.0542 | 0.0328 | 0.0235 | 0.00504 | 0.0424 0.0437 | 0.175 | 0.217
IP-3 Immunogen. 0.0526 | 0.0565 | 0.0651 | 0.0714 | 0.07867 | 0.0838 0.103 | 0.106 | 0.109
Abundance 0.0370 | 0.0877 | 0.0463 | 0.0276 | 0.00593 | 0.0529 0.0336 | 0.135 | 0.157
P-4 Immunogen. 0.0063 | 0.0085 | 0.0105 | 0.0177 | 0.0472 | 0.0657 0.139 | 0.183 | 0.186
Abundance | 0.00383 | 0.0114 | 0.00646 | 0.00591 | 0.00308 | 0.0358 0.0391 | 0.202 | 0.232
IP.E Immunogen. 1/12 1/12 1/12 1/12 1/12 1/12 1/12 | 1/12 | 1/12
Abundance 0.0597 0.132 | 0.0604 | 0.0328 | 0.00641 | 0.0535 0.0278 | 0.108 | 0.123

Table 5.2: Relative immunogenicities and CTL composition for each of the five immunogenicity profiles (IP-1, IP-2, IP-3, IP-4, and
IP-E) corresponding to Figure For each immunogenicity profile, the three most prevalent CTL responses in descending order (and
their corresponding relative immunogenicities) are highlighted in cyan _, lime (second-most abundant) , and yellow

(third-most abundant) , respectively.

18!
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5.3.2 Immunogenicity Profile Can Have a Significant Impact on Viral
Burden Because it Affects How the Rate of Spontaneous Viral Ex-
pression Differentially Manifests Itself

The effector function of the cellular immune response is responsible for eliminating virus-
infected cells and reducing the detriment due to infection. In Chapter 3} we considered two
measures of viral burden that could be investigated using the baseline HTLV-I model ,
namely the proviral load, which we defined as the proportion of total target cells that carry
the virus, and the active proportion of proviral cells, which represents the fraction of infected
cells that are activated and therefore subject to immune surveillance and selection.

Our multiple epitope modelling approach incorporates an array of distinct CTL re-
sponses, each of which has its own set of characteristic properties. Differences in the
structure of the effector population would emphasise different characteristics of the cel-
lular immune response, which might then have a differential impact on the two measures
of viral burden. We have seen previously that the immunogenicity profile within a single
individual can give rise to substantially different CTL repertoires. In this subsection, we
explore how these differing CTL repertoires impact the virus-infected target cell population.

Figure illustrates many of the attributes of the CTL response for each of the five
different immunogenicity profiles under consideration and the resultant measures of viral
burden or detriment. In particular, Figures show bubble chart and list plot
representations for each of the CTL responses in a single individual for the five different
immunogenicity profiles (IP-1, IP-2, IP-3, IP-4, and IP-E) considered in Subsection m
Note that in the bubble chart visualisation here, unlike for the previous bubble chart rep-
resentation for a given immunogenicity profile, we have not utilised a colour gradient for
the efficiency of each CTL response since we have chosen instead to use different colours
to distinguish between the various immunogenicity profiles (compare Figure |5.4(a) with
Figure . These alternative visual representations allow us to compare how the distri-
bution of the CTL response lies in ‘CTL fitness space’ or along the ‘immunogenicity space’
for each of the five different immunogenicity profiles. Meanwhile, Figure depicts the
parametric curves describing the relationship between the proviral load and the active pro-
portion of proviral cells, as governed by the rate 7 of spontaneous proviral expression as
the independent parametric variable, according to the multiple epitope model under
each set of specified parameter values corresponding to a particular immunogenicity proﬁleﬂ
The colours each represent a particular immunogenicity profile as indicated. We observe

that the immune response of an individual can exert differential control of viral burden

8Recall that we introduced this way of visualising the two measures of viral burden in our investigation
of the baseline model (3.1)) (c.f. Figure|3.11]).
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with respect to the magnitude of the proviral load and the activated proportion of proviral
target cells depending on the immunogenicity profile, even when all other factors governing
cellular immunity are held constant. This is because differing immunogenicity profiles alter
the CTL population structure and therefore change the way in which each individual CTL
type interacts with the virus-infected target cell pool.

Moreover, we discovered that for different immunogenicity profiles, a given rate of
spontaneous viral expression, which is represented by a fixed value of the parameter 7
in model and which determines the fitness of the virus in terms of its basic repro-
duction number Ry, differentially manifests itself with respect to the two measures of viral
burden, i.e. the proviral load and the active proportion of proviral cells. Specifically, the
same rate of spontaneous proviral expression can be associated with a higher proviral load
and higher activated proportion under one immunogenicity profile, whilst manifesting as a
lower proviral load and lower activated proportion under another immunogenicity profile.
For instance, if we compare the two measures of viral burden for immunogenicity profiles
IP-1 versus IP-4 in Figure we observe a higher proviral load and activated proportion
of proviral cells for the former immunogenicity profile (IP-1) as opposed to the latter one
(IP-4) for the same fixed value of 7 (whether or not 7 is small, intermediate, or large).
Similar qualitative comparisons can be made regarding the other immunogenicity profiles.
The quantities for the two measures of viral burden for fixed values of 7 under each of the

five different immunogenicity profiles are shown for reference in Table [5.3]
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Figure 5.4: Exploring the role of CTL heterogeneity arising from differences in immuno-
genicity profiles for the same individual on the outcome of infection with respect to two
measures of viral burden according to the multiple epitope model . Each of the fol-
lowing colours correspond to a single immunogenicity profile (unless otherwise indicated):
B o), B (violet), IP-3 (vellow), [IP4 (green), [lPSB) (grey/black). Bubble
chart representation showing the CTL ‘fitness space’ and relative abundance of each CTL
type for the five different immunogenicity profiles. @ List plot representation showing the
relative immunogenicities and prevalences of each CTL type for the five different immu-
nogenicity profiles. The curves corresponding to each of the immunogenicity profiles
depicting the relationship between the two measures of viral burden, the proviral load, v*,
and the active proportion of proviral cells, y* / (u* + y*), as parametric functions of the
rate of spontaneous infected target cell activation, 7, representing the fitness of the virus.
Each of the curves is obtained by numerically solving model at equilibrium with 7 as
the bifurcation parameter, and plotting the relationship between v* and y* / (u* + y*) (note
that we previously introduced this graphical representation for the baseline model , c.f.
Figure [3.11]). Selected values for 7, whether small (7 = 0.005), intermediate (7 = 0.030), or
high (7 = 0.120), demonstrate that the manifestation of the virus, for some fixed choice of
7, can differ depending on the immunogenicity profile, even when all other attributes are
held constant.



Proviral Load (PVL) Active Proportion
Immunogenicity Small 7 Intermediate 7 | Large 7 Small 7 Intermediate 7 | Large 7
Profile (7 =0.005) (1 =0.03) (1 =0.12) | (r =0.005) (1 =0.03) (1 =0.12)
[Tl 00108 | 00246 [ 00173 [ 00409 [ 00738 | 0173 |

1P-2 0.00976 0.0233 0.0165 0.0408 0.0730 0.172
IP-3 0.00922 0.0221 0.0156 0.0408 0.0726 0.171
IP-4 0.00837 0.0202 0.0143 0.0407 0.0721 0.169
IP-E 0.00903 0.0217 0.0153 0.0408 0.0725 0.170

Table 5.3: Magnitude of the proviral load and the active proportion of proviral cells at equilbrium for selected levels of viral fitness (in
terms of the extent of spontaneous proviral activation 7 which determines the basic reproduction number Ry of the infection) for each of
the five immunogenicity profiles corresponding to the markers in Figure [5.4[c)| The top three immunogenicity profiles which give rise to
the highest PVL and activated proportions of proviral cells for the same respective rates of spontaneous infected target cells activation
7 are highlighted in cyan i, lime (second) , and yellow (third) for comparison.

44!
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5.3.3 Comparison of Cellular-Mediated Immunity Between Individuals:
What Determines an Effective CTL Response?

In this subsection, we extend the analysis and simulation of the previous sections, which
examined what happens within a single infected host, and explore how we can compare the
various characteristics of the anti-HTLV-I cellular immune response between different in-
fected hosts in the context of our multiple epitope framework. Figures and illustrate
several distinct CTL profiles and their impact on viral burden by varying the immunogenic-
ities and effective expansion rates of p different types of epitope-specific CTL responses
across five different sample data sets which have been simulated using the equations for
the multiple epitope model when p = 12. These five different sets of sample data
are meant to depict the typical kinds of behaviour that can arise. We refer to each of the
five sets of sample data as SD-1, SD-2, SD-3, SD-4 and SD-C, the last of which represents
the ‘control’ sample in which all CTL responses have the same effective expansion rates
and immunogenicities (hence exist at equal abundances according to Equation ) For
a given sample, each of the 12 different epitope-specific CTL responses have been assigned
effective expansion rates and relative immunogenicities randomly from physiologically re-
alistic parameter ranges as discussed for the baseline model (3.1). The CTL responses are
ordered with respect to increasing immunogenicity so that e, < e, for all k1 < ko, where
ki,ko € {1,...,p}. Lastly, for each k = 1,...,p, the efficiency of cell-mediated lysis for
CTL type k is assigned at random within a biologically relevant parameter range, and is
the same across all sample data sets, e.g. CTL type 1 has the same rate of lysis in sample

data SD-1 as in sample data SD-2, and so on.
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Figure 5.5: CTL properties and immunogenicity profiles for the immune responses of five different individuals. Each column shows the
various CTL properties for the five sample data sets considered here, namely SD-1, SD-2, SD-3, SD-4, and SD-C, using the graphical
visualisation representations introduced in Section (c.f. Figure . Top Row: The ‘colour bubble chart’ representations for each
sample data set illustrate four CTL attributes: (i) relative immunogenicity (horizontal axis), (ii) effective expansion rate (vertical axis),
(iii) efficiency of CTL-mediated lysis (colour of bubble), and (iv) relative abundance (size of bubble). Bottom Row: The corresponding ‘list
plot’ representations for each sample data set emphasise the relationship between the immunogenicity profile and the relative abundances
of each CTL type. Parameter values and the corresponding relative abundances of effector T-cells defining the CTL profiles for each of

0.15

Relative Immunogenicity (Ek/ > Ei)

0.10 0.15

the individuals (referred to, collectively, as ‘sample data’) are shown for reference in Table .
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(c) Proviral load and active proportion as parametric functions of 7, the rate of spontaneous proviral
activation and viral protein expression.

Figure 5.6: CTL dominance hierarchy and its effect on the virus population across five different sample
individuals according to the multiple epitope model (5.1]). Each of the following colours correspond to a par-
ticular sample data set (unless otherwise indicated): (blue), - (violet), SD-3 (yellow), [SD-4

(green), - (grey/black). The latter-most set (SD-C) represents the control data set in which all CTL
types possess identical attributes and differ only in epitope specificity. @Bubble chart representation depict-
ing the distribution of the various CTL types in CTL ‘fitness space’ and their respective relative abundances
for each of the five sample data sets. @ List plot representation showing the relative immunogenicities and
prevalences corresponding to the CTL types for each of the sample data sets. |(c)| The curves for each sample
data set describing the relationship between the two measures of viral burden, the proviral load, v*, and the
active proportion of proviral cells, y* / (u* + y*), as parametric functions of the rate of spontaneous infected
target cell activation, 7, representing the fitness of the virus. Each of the curves is obtained by numerically
solving model at equilibrium with 7 as the bifurcation parameter, and plotting the relationship between
v* and y*/(u* + y*) In the above, for a given sample, all CTL types are ordered sequentially with respect
to increasing immunogenicity. Parameter values and the corresponding relative abundances for each of the
CTL types are shown for reference in Table [5.4] while the measures of viral detriment for selected rates of
spontaneous proviral expression are shown in Table @
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To make comparisons amongst the five different sets of sample data, we first construct
visual representations describing various attributes of each CTL response, namely, the rel-
ative immunogenicity of an epitope, the effective expansion rate for its cognate CTL type,
the efficiency of CTL-mediated lysis, and the relative abundance of that particular CTL
type. Figure shows ‘colour bubble chart’ and ‘list plot’ representations of the CTL
repertoire for each of the five individuals as we described previously in Section (see
also Table for the assigned parameter values used to create the graph). An alterna-
tive visualisation places all the CTL responses from the five different individuals in the
same ‘CTL fitness space’ or along the same axis with respect to relative immunogenicity, as
shown in Figures Next, in Figure we examine the impact of cell-mediated
immunity on the virus population for each of the five sets of sample data by plotting the
corresponding curves relating the two measures of viral burden, namely the proviral load
and the activated proportion of proviral cells. We discover, as would be expected, that
differing immune responses between individuals establish different levels of control on the
virus population. Moreover, we notice that because of such heterogeneity between indi-
viduals with respect to immune-mediated control, the same fixed rate of spontaneous viral
expression given by the parameter 7 in the multiple epitope model can differentially
manifest itself in terms of viral burden, analogous with what we have seen previously within
a single individual (we refer the reader to the open triangle A, open square [J, and open
circle () markers in Figure see also Table for comparisons of the manifestation of
viral detriment given fixed rates of spontaneous proviral expression, i.e. small, intermediate
and large values of the parameter 7, in each of the five sample data sets). For instance, we
see that a specific rate of proviral expression (e.g. 7 = 0.030) is associated with an active
proportion of infected cells and proviral load for sample data SD-1 which is higher than
those for any of the other sets of sample data (compare the positions of the open squares
[ for each of the five sample data sets in Figure .

The next question that one might ask is whether we can identify which characteristics
constitute a ‘good’ cellular immune response, in other words, one that is effective in main-
taining a low degree of viral detriment? Taking a more careful look at Figure we
immediately notice that sample data sets SD-1 and SD-2 display the highest degrees of viral
detriment, whilst sample data sets SD-3 and SD-4 both exhibit the lowest degrees of viral
burden and, moreover, are at similar levels (refer to Tables and for a comparison of
the numerical values of the parameters and quantities that define the immune profile and
viral burden for each sample data set). The control sample data set SD-C lies in between the
two extremes at an intermediate level of viral burden. Considering that the CTL response

is different in each of the above three sample data sets, we wonder why is it that SD-1 and
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SD-2 are poor at controlling the virus compared to SD-3 and SD-4, and additionally, how
do both SD-3 and SD-4 achieve a similiar degree of immune-mediated suppression despite
having vastly distinct CTL repertoires? Referring to the CTL attributes for each of the
sample data sets in Figure [5.5] we observe that the CTL response for sample data SD-1
consists principally of a single immunodominant CTL type 10 which has the highest rate of
effective expansion and targets a highly immunogenic epitope (specifically, the third most
immunogenic epitope 10), but has a very low rate of lysis (in fact, the second lowest CTL
killing rate out of all the CTL types). Meanwhile, for sample data SD-2, which does a
slightly better job of controlling the virus than SD-1, the cellular immune response is much
more heterogeneous, with multiple CTL types existing at similar prevalences. However,
along with low rates of CTL expansion across all CTL types, the distribution of relative
immunogenicities for SD-2 means that the more efficient CTL types do not prevail at high
enough abundances to effectively control the virus. Nevertheless, comparing sample data
sets SD-1 and SD-2 suggests that a more balanced CTL population (SD-2) that can rep-
resent a wide range of efficiencies is better at reducing viral burden than a single large,
inefficient CTL response (SD-1), as would be expected from intuition (compare the blue
(SD-1) and violet (SD-2) curves in Figure [5.6{c)). This observation is further exemplified
by comparison with the control sample data SD-C, whose CTL response exhibits a uniform
distribution of effector cells in that all CTL types have equal immunogenicity and equal
effective expansion rates, and hence equal abundances. As a result, the more efficient CTL
types 5 and 1, which are poorly immunogenic for SD-1 and SD-2, are more immunogenic for
SD-C and can therefore exert a greater impact on reducing the proviral load and activated
proportion of proviral cells.

By contrast, the sample data sets SD-3 and SD-4 represent two different examples of
immune profiles that are able to effectively suppress the viral infection (refer to Figure
third (SD-3) and fourth (SD-4) columns; also, Figure yellow (SD-3) and green (SD-
4) colours). On the one hand, the immune response from sample data set SD-3 shows
co-dominance of three CTL types 8, 11, and 12 that exist at similar abundances, arising
from a trade-off between effective expansion and relative immunogenicity. Whereas CTL
types 11 and 12 correspond to targets that are highly immunogenic, they also expand at a
slower rate than CTL type 8, which has a faster rate of effective expansion, but targeting a
less immunogenic epitope. The balance between the two forces (i.e. immunogenicity versus
effective expansion rate) creates the three similar-sized responses, two of which are likely
to exert the greatest control over viral burden, namely, the less immunogenic but quickly
expanding, highly efficient CTL type 8, and the more immunogenic but slower expanding,

moderately efficient CTL type 11 (we note that the slowly expanding, inefficient CTL type
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12 is unlikely to have a large impact on controlling the viral burden, despite its high degree
of immunogenicity). Lastly, we make a comparison between these two sample data sets
SD-3 and SD-4, both of which are equally effective at controlling viral burden. We observe
that the CTL repertoire in sample data set SD-4 appears more evenly distributed than
SD-3, and much like the control data set SD-C, the immunogenicities for the various CTL
responses are similar to each other and so the prevalence of each CTL type relative to the
others depends more on its individual rate of effective expansion. In this case, many of the
CTL types exist at similar prevalences, however, since the more efficient responses, such as
CTL type 1 and CTL 11, also expand at higher rates, their presence allows them to have a
greater effect on the virus population.

As a side remark, we notice that the CTL distribution of the immune response for
sample data SD-4, which is effective at suppressing viral burden, appears similar to that of
SD-2, whose control of the virus is poor (see Figure second (SD-2) and fourth (SD-4)
columns; also, Figure violet (SD-2) and green (SD-4) colours). What is it, then, that
distinguishes these two sets of sample data? Although both sets exhibit a fairly good mix of
all CTL types, the key difference is that for the better controller of viral burden (SD-4), the
rates of expansion of efficient (e.g. CTL type 1) or at least moderately efficient (e.g. CTL
type 8) CTL responses are faster than those of the CTLs from the poor controller of viral
detriment (SD-2). This contrast between sample data SD-2 and SD-4, in tandem with the
comparison between sample data SD-3 and SD-4, fortifies the notion that only a handful of
CTLs (and not the entire CTL repertoire) are the main driving force behind effective viral
control.

Lastly, we re-iterate the observation that the cellular immune response for the control
sample data (SD-C), which is comprised of a uniform mix of CTLs that all have identical
effective expansion rates and are equally immunogenic (and hence exist at equal relative
abundances according to Equation ), is better at controlling viral detriment than sample
data SD-1 and SD-2, both of which exhibit much more heterogeneity in their respective CTL
repertoires than SD-C, both in terms of individual effective CTL expansion rates as well
as the distribution of relative immunogenicities for each CTL type. A plausible reason
for the inefficacy in sample data SD-1 and SD-2, as we have mentioned above, is that
efficient CTL types do not exist at high enough prevalences to have a significant effect on
viral burden. Thus, it would make sense that increasing the abundance of efficient CTLs
targeting poorly immunogenic epitopes could result in a reduction in the proviral load and
activated proportion of proviral cells. To test this hypothesis, we consider the five sets
of sample data SD-1, SD-2, SD-3, SD-4 and SD-C, and in the context of our multiple
epitope model , we adjust the immunogenicity of all epitopes to be equal; that is,
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in each of the sample data sets, e = € for all k = 1,...,12. The results are plotted in
Figure and (refer to Table and Table for the various parameter values used,
the relative abundances of each CTL type, and the measures of viral burden corresponding
to selected rates 7 of spontaneous proviral expression). What we notice immediately is
that the magnitude of the proviral loads for the worst controller of viral burden, SD-1, is

significantly lower for the case when all CTL responses have equal immunogenicity than in

the case with the original immunogenicity profile (compare Figures [5.6(c)| and [5.§(c)l blue
lines). A closer look at the numerical values for the proviral loads in Table reveals that

equal immunogenicity amongst all epitopes leads to a lower proviral load for a given rate
of spontaneous proviral expression, although there is little change in the second measure
of viral burden, the active proportion of proviral cells. The reason for this is not that a
uniform immunogenicity profile is necessarily optimal in reducing the proviral load in all
cases, but rather because levelling out the immunogenicities of all CTL types means that
efficient responses targeting poorly immunogenic epitopes can exist at higher abundances
and therefore play a greater role in eliminating virus-infected cells.

The results discussed here are consistent with our previous examination of different
immununogenicity profiles in determining the structure and impact of anti-HTLV-I cellular
immunity. In particular, the findings from our multiple epitope model generalises and
supports the conclusions from the baseline and Tax/HBZ models that an effective immune
response is one that selects for CTL types that are efficient at killing infected cells, expand
rapidly, and whose corresponding epitope targets are sufficiently immunogenic to elicit a

sizeable response in order to cause a reduction in the magnitude of the proviral population.



Sample CTL CTL Type
Data Property 1 ] 2 [ 3 | 4 | 5 | 6 | 7 [ 8 ] 9 [ 10 | 11 | 12
CTL Effic. | 0130 | 0.113 | 0.089 [ 0.028 [0S 0.069 [ 0.061 | 0.113 [ 0.123 [ 0.028 | 0.095 [ 0.027
Eff. Exp. 3643 | 3373 [ 0595 | 1.937 | 0.254 [ 2.741 [ 1.668 | 0.240 [ 2.635 0.975 | 1.114
gp.; | Lmmunog. |1 0.00656 | 0.00885 [ 0.0109 | 0.0184 [ 0.0492 [0.0684 [ 0.0830 [ 0111 [ 0.115 | 0.144 | 0.191
Abun. 0.0119 | 0.0148 | 0.00323 | 0.0177 | 0.00621 | 0.0930 | 0.0687 | 0.0132 | 0.150 0.0923 | 0.107
Abun. (IP-E) | 0.145 | 0.135 | 0.0237 | 0.0773 | 0.0101 | 0.109 | 0.0665 | 0.00955 | 0.105 0.0389 | 0.0444
Eff. Exp. 1.732 [ 2339 | 0.715 [ 2.741 [ 0499 [ 3105 [ 2.797 | 2.790 | 1.232 3.091 | 1.677
Sp.o | [Immunog: 0.0143 | 0.0193 | 0.0517 | 0.0682 | 0.0724 | 0.0748 | 0.0911 | 0.0941 | 0.101 | 0.105 | 0.140
Abun. 0.0108 | 0.0198 | 0.0162 | 0.0819 | 0.0158 | 0.102 | 0.112 | 0.115 | 0.0546 | 0.160 0.124
Abun. (IP-E) | 0.0662 | 0.0893 | 0.0273 | 0.105 | 0.0191 | 0.119 | 0.107 | 0.107 [ 0.0471 0.118 | 0.0640
Eff. Exp. 2379 | 5254 | 2408 [ 1.308 | 0.255 [ 2.134 [ 4.344 1.034 [ 1.106 | 4.310 | 4.894
sp.3 | Lmmunog. [0.000502 | 0.0281 | 0.0282 | 0.0415 | 0.0441 [0.0509 | 0.0552 0.0985 | 0.113 | 0.225
Abun. 0.000315 | 0.0389 | 0.0179 | 0.0143 | 0.00297 | 0.0287 | 0.0632 0.0269 | 0.0331 | 0.256
Abun. (IP-E) | 0.0597 | 0.132 | 0.0604 | 0.0328 | 0.00641 [ 0.0535 | 0.109 0.0259 [ 0.0278 | 0.108 | 0.123
Eff. Exp. 6.005 | 4.196 [ 3.990 | 0.645 | 1.621 [ 1.372 | 3.044 | 2596 | 2.586 | 5.768
Sp.y | mmunog. 0.0499 | 0.0520 | 0.0627 | 0.0730 | 0.0805 | 0.0858 | 0.0903 | 0.0909 | 0.0993 | 0.103
Abun. 0.0845 | 0.0614 | 0.0705 | 0.0133 | 0.0368 | 0.0332 | 0.0775 | 0.0665 | 0.0724 | 0.168
Abun. (IP-E) | 0.142 | 0.0989 | 0.0940 | 0.0152 | 0.0382 | 0.0323 | 0.0717 | 0.0612 [ 0.0609 | 0.136
Eff. Exp. 2.4 2.4 2.4 2.4 2.4 2.4 2.4 2.4 2.4 2.4
sp.c | mmunog. 1/12 /12 | 1/12 | 112 | 1/12 | 1/12 | 1/12 | 1/12 | 1/12 | 1/12
Abun. 1/12 112 | 1/12 | 1/12 | 1/12 | 1/12 | 1/12 | 1/12 | 1/12 | 1/12
Abun. (IP-E) [ 1/12 112 [ 112 [ 112 | 1j12 [ 1/12 | 1/12 | 1/12 [ 1/12 | 1/12

Table 5.4: CTL properties for each of the p = 12 CTL types in five sets of sample data simulated from the multiple epitope model (5.1)
corresponding to Figures and Each CTL is defined by four attributes: (i) relative immunogenicity, (ii) effective expansion
rate, (iii) efficiency of CTL-mediated lysis, and (iv) relative abundance. For each CTL property, the three largest values are highlighted in

cyan

, lime (second) , and yellow (third) for emphasis. The values for each of the parameters have been selected from biologically
realistic ranges as in Table
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Proviral Load Active Proportion
Sample | Immunogenicity Small 7 Intermediate 7 Large 7 Small 7 Intermediate Large 7
Data Profile (7 =0.005) (T =0.03) (1 =0.12) || (7 =0.005) (1 =0.03) (r=0.12)
SD-1 IP-Original 0.0209 0.0468 0.0327 0.0420 0.0797 0.191
IP-E 0.0158 0.0364 0.0255 0.0415 0.0767 0.183
D2 IP-Original 0.0161 0.0370 0.0259 0.0415 0.0769 0.183
IP-E 0.0154 0.0355 0.0248 0.0414 0.0764 0.182
SD-3 IP-Original 0.00943 0.0226 0.0159 0.0408 0.0728 0.171
IP-E 0.00905 0.0218 0.0153 0.0408 0.0725 0.170
SD-4 IP-Original 0.00926 0.0222 0.0157 0.0408 0.0726 0.171
IP-E 0.00864 0.0208 0.0147 0.0407 0.0723 0.170
SD-C IP-Original 0.0127 0.0297 0.0209 0.0411 0.0748 0.177
IP-E 0.0127 0.0297 0.0209 0.0411 0.0748 0.177

Table 5.5: Magnitude of the proviral load and the active proportion of proviral cells at equilbrium for selected levels of viral fitness (in
terms of the extent of spontaneous proviral activation 7, which determines the basic reproduction number Ry of the infection) for each
of the p = 12 CTL types in five sets of sample data simulated from the multiple epitope model (5.1) corresponding to Figures [5.6[c)]

and G
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Figure 5.7: CTL properties and immunogenicity profiles for the immune responses of the five individuals described in Figures and
except with uniform immunogenicity profiles. The graphs in each column show visual representations as described in Section [5.2.4]and
correspond to the same set of sample individuals considered earlier (SD-1, SD-2, SD-3, SD-4, and SD-C). Here, the relative abundance
of each CTL type depends only on its respective effective expansion rate. Top Row: The ‘colour bubble chart’ representations for each
sample data set illustrate four CTL attributes: (i) relative immunogenicity (horizontal axis), (ii) effective expansion rate (vertical axis),
(iii) efficiency of CTL-mediated lysis (colour of bubble), and (iv) relative abundance (size of bubble). Bottom Row: The corresponding ‘list
plot’ representations for each sample data set highlight the relationship between the immunogenicity profile and the relative abundances
of each CTL type. Values for the parameters and the corresponding relative abundances of effector T-cells defining the CTL profiles for
each of the individuals are shown for reference in Table .
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activation and viral protein expression.

Figure 5.8: CTL dominance hierarchy and its effect on the virus population according to the
multiple epitope model across the same five sample individuals considered in Figures[5.5 and5.6],
but with uniform immunogenicity profiles. Each of the colours represents a particular sample data set
as follows (unless otherwise indicated): - (blue), - (violet), SD-3 (yellow), [SD-4 (green),

- (grey/black). In this case, the abundance of each CTL response is strictly dependent on its
respective rate of effective expansion. We previously observed that for a general immunogenicity
profile, CTL responses targeting poorly immunogenic epitopes were almost non-existent; however,
with equal immunogenicity, these responses, which can sometimes be highly efficient at eliminating
virus-infected target cells, can prevail at sufficiently large abundances to affect the size of the proviral
load (compare and contrast Figures and also refer to the numerical values in Tables
and . This is apparent especially in sample data set SD-1 (c.f. Figures [5.6(c)] and [5.§(c)] blue
lines). Parameter values and the resulting relative abundances for each of the CTL types are shown
for reference in Table [5.4] while the measures of viral detriment for selected rates of spontaneous
proviral expression are shown in Table
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5.4 Comparison of Model Outcomes with Data

In the previous sections we have developed a theoretical framework to explore the role that
a diverse CTL response targeting multiple epitopes has in establishing a CTL immunodom-
inance hierarchy, and how it can lead to differential control of the infection with respect
to two measures of viral burden, the activated proportion of proviral cells and the size of
the proviral load. Here, we apply our framework to published experimental data from the
literature, which in several cases allows us to estimate parameter values related to CTL and
virus properties. The ideas presented in this section are preliminary and require further
detailed investigation. Nevertheless, the purpose of this exposition is to provide a proof
of concept that our modelling framework can be used in conjunction with experimental
data to help estimate parameter values that have not been, or cannot be, measured and,
moreover, to draw conclusions that could have implications for future experimental designs

and theoretical hypotheses.

5.4.1 Experimental Data From Published Literature

There is a considerable amount of published experimental data on HTLV-I. An HTLV-I
seropositive individual is often uniquely identified by a series of anonymised two or three
letter codes which are prefixed by ‘T’ for HAM /TSP patients and ‘H’ for healthy carriers.
These identifying codes appear in various sources, with the same code representing the same
infected individual (although blood samples may, in some cases, have been taken longitudi-
nally — in other words, from a single person but at different points in time) (Asquith et al.,
2005alb; [Daenke et al., [1996; Goon et al., [2004a; Parker et al., 1992; |[Niewiesk et al., [1994]).
We focus on those data that are reported as measurements of viral or CTL abundance iso-
lated from fresh blood samples of HTLV-I seropositive individuals which are directly related
to quantities that can be captured using our mathematical modelling framework. In the
present context, we are interested in examining the interaction between the diverse HTLV-
I-specific CTL response and our two measures of viral detriment, and we have focussed on
data from three relevant sources, namely (Goon et al.| (2004a) and Asquith et al. (2005aljb).

Goon et al.| (2004a) have performed a systematic investigation of the diversity in anti-
HTLV-I CTL responses, creating a detailed immunodominance hierarchy for each infected
individual in a cohort of 17 HTLV-I seropositives, 10 patients with the inflammatory disease
HAM/TSP and 7 asymptomatic carriers, by measuring the frequencies of epitope-specific
CTLs across almost the full range of HTLV-I antigens comprising eight viral proteins in
total: Tax, Env, Rex, Tof, Rof, Gag, Pol and Pro. Table reproduces the relevant

data from |Goon et al.| (2004a) detailing the experimentally measured values for individual
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epitope-specific CD8' T-cell counts corresponding to the various peptide targets for each
HTLV-I-infected subject in the cohort, as well as their respective proviral loads (the original
table is provided in Appendix for reference). We note that for each of the subjects in the
study, there are two columns for the Tax protein, Tax13 and Tax20; however, both of these
are meant to quantify the same epitope-specific CTL response, corresponding to those CTLs
that target peptide fragments covering all of the Tax protein, with the only difference being
in how the lengths of the peptide chains are cut. Specifically, Tax13 consists of peptides
from the Tax protein that have 13meIE| lengths overlapping by 9 amino acids, whereas Tax20
comprises peptides from Tax that have 20mer lengths overlapping by 14 amino acids. Hence,
the measured Tax-specific CTL frequency for the Tax13 and Tax20 columns as reported
in Table describe the same response, and the reason for the slight differences in values
between the two columns is due to varying degrees of recognition of the different-sized
peptides by Tax-specific CD8" CTLs, which can come about, for example, if there were to
exist an epitope on a given 13mer chain that can be recognised with high affinity by anti-
Tax CTLs, but this same epitope is ‘broken’ when cutting the protein into 20mer length
peptides. Although the measurements for Tax-specific CD8" CTL abundance tend to be
slightly lower using 20mer peptide fragments instead of 13mer peptide chains, |(Goon et al.
(2004a) demonstrated that the difference is not significant. In order to better represent the
immunodominance of the Tax-specific CTL response, for the remainder of our analysis, we
will consider the CTL abundances corresponding to Tax13 rather than Tax20. All other
epitope-specific CTL responses have been measured after stimulation with 20mer length
peptide fragments.

Meanwhile, |Asquith et al.| (2005b) have quantified two separate measures of viral burden,
namely the proviral load with respect to the number of Tax copies per 100 PBMCs as well
as the extent of viral expression in terms of the percentage of Taxt CD4™ helper T-cells
in the target cell pool. This study, along with an additional experimental study by the
same research group, set out to measure and report the total rate of CTL-mediated lysis
by HTLV-I-specific effector cells as defined by the proportion of Tax™ CD4" helper T-cells
that are cleared per CD8" cell per day (Asquith et al., 2005a]b), thereby characterising the
overall efficiency of the HTLV-I-specific CTL response. We combine and list the relevant
information from |Asquith et al.| (2005al/b)) reporting the experimental measurements of viral
burden and the overall HTLV-I-specific CTL lysis rates in Table (the original full tables
are provided in Appendix for reference).

9The suffix ‘“mer’ refers to the length of the peptide chain with respect to the number of amino acids
present. A 13mer length peptide is composed of 13 amino acids, whereas a 20mer length peptide consists of
20 amino acids.



Clinical Subject/ PVL Peptide
Status Patient || (% PBMCs) || Tax13 [ Tax20 | Env [ Rex | Tof | Rof | Gag | Pol | Pro | Total
TAY 14.00 8480 ND 5590 | O 1540 | 0 | 3000 | 7880 0 26500
TBA 10.90 631 496 | 2000 | O 996 | 673 0 902 0 5220
TAQ 1.50 584 ND 0 0 0 0 0 0 0 584
TAU 2.70 534 ND 300 | 152 | 243 | 265 | 117 | 2350 0 3961
TBI 32.00 3390 ND 0 0 0 0 0 [1230| O 4620
HAM/TSP ™ 23.00 6620 3450 | 980 0 0 0 392 0 0 7990
TBK 35.20 4900 | 2390 | 2060 | O 0 0 | 416 | 537 | 416 | 8330
TAN 6.20 29000 | 34000 | 3300 | O 0 0 0 0 0 37200
TAE 3.10 7850 | 8220 | 337 | O 214 | 241 | 228 | 296 0 9170
TAL 26.20 4460 3160 | 617 0 0 0 225 0 0 5300
HBD 0.01 8130 6430 0 0 0 0 394 | 947 0 9470
HBE 11.50 8960 | 6160 | 2170 | O 0 | 563 |2290 | 883 | 374 | 15000
HBF 6.50 857 690 0 0 0 290 | 273 | 623 0 2040
AC HT 1.20 15900 | 5300 | 1680 | O 0 0 0 [4940| O 22520
HAY 10.60 4110 0 0 0 0 0 0 0 1570 || 5680
HX 0.01 4670 2960 772 0 2320 | 822 | 1810 | 4530 0 14924
HAE 0.01 0 0 0 0 0 0 0 5690 0 5690

Table 5.6: Experimental data from |Goon et al.|(2004a). The table shows measured CD8" CTL frequencies for an almost full range of
HTLV-I epitopes (eight in total), thus creating a CTL immunodominance hierarchy across 17 HTLV-I seropositive individuals, including
10 HAM/TSP patients (prefixed with ‘T’) and 7 healthy carriers (prefixed with ‘H’). We will use these measured values for parameter
estimation using our multiple epitope model framework in Section This table is adapted from the one found in|Goon et al.|(2004a)
(Table 1), which is included for reference in Appendix All non-Tax peptides are 20mers in length. ‘0’: Below the limit of detection;
ND: Not done; Tax13: Tax 13mer peptides (overlapping by 9 amino acids); Tax20: Tax 20mer peptides (overlapping by 14 amino acids).
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Clinical Subject/ || Total Effective Rate of CTL Lysis | % Tax Expression | Proviral Load
Status Patient (per CD8T cell per day) (Tax+ CD44/CD4+) | (% PBMCs)

TAC 0.091 11.1 12.1

TAY 0.298 4.4 2.2

TBA 0.050 6.1 3.5

TAT 0.058 9.6 4.2

TBG 0.007 21.5 16.4

™ 0.024 12.4 10.3

TAQ 0.083 2.7 1.0

HAM/TSP TAU 0.049 9.8 5.4
TBI 0.003 8.1 12.3

TAL 0.053 - ND

TAA 0.048 - ND

TBJ 0.039 - ND

TBO 0.172 - ND

TAZ 0.020 - ND

HS 0.001 3.0 5.8

HT 0.062 3.1 1.0

oy 0.065 0.6 0.4

AC HAY -0.007 7.5 10.6
HBD 0.220 0.1 0.001

HBF 0.029 2.9 2.8

HBH 0.020 2.7 3.98

HCB 0.051 - ND

HBE 0.427 - ND

Table 5.7: Combined experimental data from |Asquith et al.| (2005alb). The table shows experimentally obtained values for the total
effective, or overall, rate of HTLV-I-specific CTL lysis, the percentage of CD4™ T-cells expressing Tax, and the proviral load in terms of
the proportion of Tax copies per 100 PMBCs. The shaded rows indicate those HTLV-I seropositive individuals who also appear in the
experimental data in|Goon et al.|(2004a). For such individuals, their respective immunodominance hierarchies are known (see Table .
The original tables from which this table is adapted are included for reference in Appendix ND: Not done. ‘~’: Data not available.
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In the following subsection we will link these data to corresponding quantities in our

multiple epitope modelling framework.

5.4.2 Linking Experimental Measurements to Model Quantities

The measured data values from |Goon et al.| (2004a) and |Asquith et al.| (2005a.b)) correspond
directly to quantities that appear in our multiple epitope model . We would therefore
like to incorporate the data into our mathematical framework and use the model to explore
aspects of realistic HTLV-I infection in the set of sample patients.

With respect to the experimental data of Goon et al.| (2004al), the measurements for the
abundances of individual epitope-specific effector cells correspond precisely to the quantity
Zepitope OVer the set of all epitopes in our multiple epitope model . Because |Goon
et al.| (2004a) considered eight distinct epitopes in total, we take p = 8 in the model to
coincide with the data. Meanwhile, the experimental data of Asquith et al. (2005albl)
captures three quantities that are analogous to the expressions appearing in our model.
First, the measurement for overall CTL efficiency represents the average rate of lysis across
all HTLV-I epitopes, which can be represented by the single parameter ﬂ Next, since the
measurements of the percentage of Tax expression in the CD4™ T-cell pool have been taken
during the chronic phase of infection long after establishment of the virus (often years
or even decades following initial infection), we assume that they have reached a steady
state. These measurements correspond not exactly to the activated proportion of proviral
cells y*/(u* 4+ y*) at equilibrium that we have derived analytically in our multiple epitope
model , but to another related quantity describing the activated infected fraction of all
CD4™ helper T-cells (including healthy CD4% T-cells), given by the expression y*/(z* +
u*4y*) in our model. Lastly, in the experimental data, the proviral load has been expressed
as a percentage of PBMCs that are infected, whereas in our model, we only consider the
pool of CD4™ helper T-cells. Nevertheless, because the virus primarily resides in the subset
of CD4™ helper T-cells, the proviral load defined with respect to the infected proportion
of PBMCs is directly proportional to the proviral load according to our characterisation
(given by the expression v* in our mathematical model), scaled only by a constant factor
depending on the state of the individuaﬂ As our model describes only the behaviour of
the CD4™ helper T-cell pool, we apply a constant scaling factor of 0.3 CD4"/PBMC to
the dataE To obtain the adjusted values for the proviral load in terms of Tax copies per

ONote, however, that the individual lysis rates corresponding to a particular epitope-specific CTL type
has not been determined.

1 CD4+ T-cells make up between 25-60% of the lymphocyte population (Bofill et all [1992), which them-
selves comprise 20-50% of peripheral blood leukocytes (i.e. PBMCs) (Parhaml 2005).

12This constant scaling factor has been obtained by taking the upper limit for the CD4+ T-cell proportion
in the pool of PBMCs. Specifically, we assume that CD4" T-cells comprise 60% of the lymphocyte population
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100 CD4™, we take the measured value for the proviral load in terms of Tax copies per 100
PBMCs, and divide this value by 0.3 CD4"/PBMC (refer to Figure for a bar chart
showing the adjusted proviral load measurements from |Asquith et al.| (2005a,b|), which we
will use for our parameter estimation procedure in the next subsection).

Both |Goon et al.| (2004a) and |Asquith et al.| (2005alb) report values for the proviral load
for the majority of the infected individuals, and there exists some overlap in the patients;
that is, a few of the samples originating from the same patient were examined in both
studies. However, we observe that although the experimental procedure for determining
the proviral load appears to be the same for the two studies (Asquith et al., 2005a,b; |Goon
et al., |2003] 2004a), in several instances there is a discrepancy in the measurements for the
proviral loads of the same individual between the studies (compare the corresponding entries
for the PVL in Table and Table . The reason for this discrepancy is likely due to the
fact that the two experiments were carried out at different points in time, even though the
set-point proviral load within an individual is known to remain stable over time (Asquith
and Bangham, 2008). Indeed, since the proviral load has been expressed in terms of infected
PBMCs, the presence or absence of other PBMCs in serum samples can result in a wide
variation in the measurement of the proviral load at a given time. These other PBMCs
include, for instance, monocytes, macrophages, dendritic cells, or other lymphocyte subsets
which are less likely to carry HTLV-I provirus such as B-cells, CD8" T-cells, and NK cells,
and such variability in the composition of PBMCs, including the subset of CD4" T-cells,
has been shown to occur even diurnally (Bofill et al., 1992]).

Because the experimental design in [Asquith et al. (2005b)) was purposefully aimed at
quantifying the virus-host interactions, and since the measurements of proviral load and
the Tax™ proportion of CD4" T-cells express two measures of viral burden that correspond
directly to the two theoretically derived quantities from our multiple epitope modelling
approach (and not just a single measurement of the proviral load), in order to utilise as
much experimental information as possible, we shall use the proviral load measurements
alongside the measurements of Tax expression reported by Asquith et al. (2005b) as in
Table [5.7| when we incorporate the data values into our mathematical modelling framework
in the following section.

The particular cohort of individuals that we will consider are the 17 HTLV-I seropositive
subjects whose immunodominance hierarchy has been established by |Goon et al.| (2004a).
Namely, 10 HAM/TSP patients identified by TAY, TBA, TAQ, TAU, TBI, TW, TBK,
TAN, TAE and TAL, and 7 ACs identified by HBD, HBE, HBF, HT, HAY, HX and HAE.

and, moreover, that lymphocytes comprise 50% of all PBMCs. This implies that CD4% T-cells make up
30% of all PBMCs, i.e. 60 CD4" /100 Lympocyte x 50 Lympocyte/100 PBMC = 30 CD4" /100 PBMC, or
0.3 CD4" /PBMC.
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For a handful of these patients, the viral burden, both in terms of the proviral load as well
as the extent of Tax expression in the CD4™ cell pool, has been quantified experimentally
and listed in Table (shaded rows). Figure shows a bar chart representation of the
two measures of viral burden from |Asquith et al.| (2005b)) for each of the HTLV-I-infected
individuals considered by |Goon et al.| (2004a). In the subset of HAM/TSP patients, data
were available for 6/10 subjects, and in the subset of ACs, data were available for 4/7
subjects. Figure shows the percentages of Tax expression, whereas Figures
show the proviral load as reported by Asquith et al. (2005b)). The proviral load is graphed
both in terms of the infected percentage of PBMCs (Figure as well as with respect
to the infected percentage of CD4" helper T-cells, adjusted by our previously described
choice of constant scaling factor of 0.3 CD4" /PBMC (Figure . Where data for the
extent of viral burden were not available, we have indicated this with an ‘x’ symbol. For
bar chart representations of the above data separating the cohort by clinical status (i.e.
HAM /TSP patients and ACs), see Appendix Figure

In the following section, we collate the relevant experimental data from the three sources
mentioned here (summarised in Tables and and, after integrating them into our
mathematical framework, we use the multiple epitope model to derive estimates for
two key parameters, namely, the average rate of effective CTL expansion (represented by ¢
in the model), and the rate of spontaneous infected target cell activation accompanied by
the expression of viral proteins (represented by 7 in the model), both quantities for which
experimentally measured data are not readily available. The estimation of these parameters
is an important step in understanding the role of a diverse immune response to HTLV-I

infection.

5.4.3 Parameter Estimation Using the Multiple Epitope Model

In the general multiple epitope model with p epitopes, we have identified four key
parameters (or parameter groupings) which characterise the host-virus interaction within
different HTLV-I-infected subjectﬂ Specifically, viral fitness in terms of the rate of
spontaneous proviral expression (7), the immunogenicity of each of the epitopes (ej for
k=1,...,p), CTL fitness in terms of the effective expansion rates for each CTL type (¢
for k = 1,...,p), and CTL efficiency in terms of the respective cell-mediated lysis rates
for each CTL type (v for k = 1,...,p). Meanwhile, the experimental data set which we
are considering yields measurements for the CTL immunodominance hierarchy consisting of

eight different epitope-specific CTL types, the lysis rates for the Tax-specific CTL response

3Recall that following our investigations of the baseline model (3.1)), we identified three of these criti-
cal parameters defining the host-virus interface to be spontaneous viral expression (i.e. 7), effective CTL
expansion (i.e. ¢), and CTL efficiency (i.e. 7).
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Figure 5.9: (Caption on following page.)



CHAPTER 5. MULTIPLE EPITOPE MODEL 142

40 - ] HAM/TSP
I ] AC

L x indicates no data
30 -

20 -

10 -

Proviral Load (% Tax Copies/100 CD4")

L X X X X Xl:[lXX

&Yﬁ &Q’?’ &Y’O’ &Y}} &Q}/ ‘@ ({8% &Y’é &Yg/ &V/y QS)Q QS’@ Q8$ ‘2(3 QS’% ‘2&' QS{’O

(c) Adjusted PVL in terms of percentage of Tax copies per 100 CD4™" T-cells.

Figure 5.9: Bar chart of the experimental data from |Asquith et al.| 4200521@ describing
the viral burden for a cohort of HTLV-I seropositive individuals. Only the values for pa-
tients appearing in (Goon et al.| (2004a) are considered (refer to Table and Table
shaded rows). x: indicates no data available for the particular individual. For bar chart
representations of the above data separating the cohort by clinical status (i.e. HAM /TSP
patients and ACs), see Appendix Figure Note: To obtain the adjusted PVL in we
considered a constant scaling factor of 0.3 CD4"/PBMC and applied it to the measured
PVL data shown in @

(though not for the CTL responses targeting non-Tax epitopes), and two measures of viral
burden (i.e. the PVL and the activated proportion of proviral cells) for each infected subject
in the cohort (refer to Tables and .

In its current formulation, the general multiple epitope model is over-parameterised
for the amount of data that we have (e.g. for each infected subject, we consider the exis-
tence of eight distinct CTL types, but the experimental data only reports the total overall
efficiency of the HTLV-I-specific CTL response). In order to incorporate as much of the
experimental data as possible, we will have to introduce several justifiable assumptions to
the mathematical model, which we will explain as we proceed through this section. In the
cases where patient data are not available, we have chosen the corresponding parameter
values from Table Bl

Our aim is to demonstrate a proof of concept that using our multiple epitope model ,
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we can utilise measured quantities to derive estimates for three of the four critical parameters
(or parameter groupings) characterising the CTL properties of a given HTLV-I-infected
subject for which no data are otherwise available, namely: (i) the immunogenicity profile,
in terms of the relative immunogenicities of each epitope, denoted by &/ Z?:l gj for k =
1,...,p (here p = 8), (ii) the rate of spontaneous viral expression, denoted by 7, and (iii)
the overall rate of effective CTL expansion, which we denote by ¢.

For the first, the experimental measurements in Table detail the CTL immunodom-
inance hierarchy; that is, the abundances of the various CTL effector types. Using these
measurements in conjunction with the model, we can determine the immunogenicity profile
that gives rise to the immunodominance hierarchy observed in the experimental data. For
the second, spontaneous expression of the provirus which accompanies infected target cell
activation is a measure of viral fitness and regulates the ability of the virus to propagate
within the host in terms of the basic reproduction number for viral infection Ry, which in
our mathematical model is defined by the expression in Equation . The rate of spon-
taneous viral expression is an intrinsic characteristic of the virus which determines viral
burden with respect to the proviral load and the activated proportion of proviral cells as
we have seen in the baseline model , and a high rate has been associated with the
severity of HTLV-I-linked pathology (Asquith and Bangham) [2007, [2008)). Lastly, for the
third, measurements of virus-specific CTL growth focussed on quantifying the average rate
of target cell expansion across all CTL types rather than individual measurements of the
effective expansion rate for each particular epitope-specific CTL type (see Table . Yet,
because epitope-specific CTLs differ primarily in specificity and effector functionality (i.e.
rate of CTL-mediated elimination), as a simplification we assume that the effective expan-
sion rates for all CTLs are identical, at a rate ¢, so that ¢p, = ¢ forall k =1,... ,ﬂ The
determination of the above three parameters or parameter groupings, namely, e/ Z§:1 £j,
7 and ¢, within our sample cohort can therefore help shed light on the virus-host interaction
in chronic HTLV-I infection.

According to our multiple epitope model , the relative abundance for each CTL
type k, where £k = 1,...,p and p is the total number of epitope targets, is dependent
on the weighted sum of its relative immunogenicity and the effective expansion rate as
described in Equation . Since we have assumed that the effective expansion rate is the
same across all CTL types, it follows that, using Equation , we can derive the relative

immunogenicity for each individual epitope-specific CTL to be equal to its measured relative

14Recall that the effective expansion rate for CTL type k is given by ¢r = vk/pak, where k = 1,...,p.
The assumption here means that this growth/death ratio ¢ is the same for all CTL types, although the
individual proliferation and death rates may differ.
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CTL abundance; that is, for each k =1,...,p,

*

_ k. - Gk (5.7)
Z?:l €5 5‘):1 zZj

relative immunogenicity measured relative CTL abundance

Applying Equation to the data listed in Table with p = 8 different CTL types
allows us to calculate the relative immunogenicities for the various epitopes, which taken
together provides us with the immunogenicity profiles for each of the HTLV-I seropositive
individuals considered by |Goon et al.|(2004a). We then plot the immunogenicity profiles for
each patient in the form of list plot representations, shown in Figure [5.10] as we have done
previously in Section [5.3.3] using simulated data. The corresponding values for the relative
immunogenicities of each epitope are shown in Table As we have discussed previously,
this list plot representation helps us to visualise the relative distances in immunogenicities
amongst the various epitopes. Thus, we are able to establish the immunogenicity profiles
for all 10 HAM/TSP patients (Figure |5.10(a))) and 7 healthy asymptomatic carriers (Fig-
ure . A combined plot of the immunogenicity profiles for all individuals from each
of the two cohorts is shown in Appendix Figure for reference.
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Figure 5.10: (Caption on following page).
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Figure 5.10: List plot representations of the immunogenicity profiles of HTLV-I-infected individuals as described by experimentally
measured data from |Goon et al.|(2004a) for [(a)| HAM/TSP patients, and [(D)]ACs. The individual plots show the distribution of relative
immunogenicities towards each of the eight epitopes (horizontal axis) and the relative abundances of their cognate CTL types (vertical
axis). The immunogenicity profile for each HTLV-I seropositive individual is obtained by assuming that the effective expansion rate
is the same for all CTL types and, using Equation derived from model , determining that the relative immunogenicity for
each epitope-specific CTL is equal to its measured relative abundance. The values that describe the immunogenicity profile for each
HTLV-I-infected subject is shown for reference in Table A combined plot of the immunogenicity profiles for all individuals from each
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Clinical Subject/ Relative Immunogenicity Towards Epitope
Status Patient | Tax13 \ Env \ Rex \ Tof \ Rof \ Gag \ Pol \ Pro
TAY 0.32 0.211 0 0.0581 0 0.113 | 0.297 0
TBA 0.121 | 0.383 0 0.191 | 0.129 0 0.173 0
TAQ 1.000 0 0 0 0 0 0 0
TAU 0.135 | 0.0757 | 0.0384 | 0.0613 | 0.0669 | 0.0295 | 0.593 0
TBI 0.734 0 0 0 0 0 0.266 0
HAM/TSP ™ 0.829 | 0.123 0 0 0 0.0491 0 0
TBK 0.588 | 0.247 0 0 0 0.0499 | 0.0645 | 0.0499
TAN 0.780 | 0.0887 0 0 0 0 0 0
TAE 0.856 | 0.0368 0 0.0233 | 0.0263 | 0.0249 | 0.0323 0
TAL 0.842 | 0.116 0 0 0 0.0425 0 0
HBD 0.859 0 0 0 0 0.0416 | 0.100 0
HBE 0.597 | 0.145 0 0 0.0375 | 0.153 | 0.0589 | 0.0249
HBF 0.420 0 0 0 0.142 | 0.134 | 0.305 0
AC HT 0.706 | 0.0746 0 0 0 0 0.219 0
HAY 0.724 0 0 0 0 0 0 0.276
HX 0.313 | 0.0517 0 0.155 | 0.0551 | 0.121 | 0.304 0
HAE 0 0 0 0 0 0 1.000 0

Table 5.8: Estimated immunogenicity profiles for each of the 17 HTLV-I seropositives considered by |Goon et al.|(2004a) according to
the experimental data listed in Table [5.6]and using Equation The distribution of the relative immunogenicities using our ‘list plot’

representation (as described in Section corresponding to this table is shown in Figure
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We now turn to the data measurements of viral burden and CTL efﬁciencﬂ for the
subjects in the cohort under consideration (refer to Table shaded rows), which we
will use to estimate the remaining parameters. To examine viral detriment, we consider
a similar graphical representation of viral burden as our usual one, where the activated
infected proportion of all target cells (instead of all proviral cells) is along the horizontal
axis and the proviral load is along the vertical axis (for example, see Figure or Fig-
ures [5.4f(c), 5.6(c)l 5.§(c)). As mentioned previously, the experimental measurements for
viral burden from Table are directly analogous to, but not precisely the same as, the

respective quantities that arise from our mathematical model, and the only difference would
be in the scaling of the quantities, athough the exact scaling is not known. However, since
the purpose of the current exercise is to demonstrate a proof of concept and not necessarily
present a strict method, we will consider the values for the proviral load in the experimental
data adjusted by our selected scaling factor of 0.3 CD41 /PBMC as discussed and show how
one could use our model to derive estimates for certain parameters. As we will see, even
with this ad-hoc choice of scaling for the proviral load, the parameters that we can estimate
still end up lying within biologically reasonable ranges, the implications of which we will
discuss in more detail later.

Figures show the outcome of our parameter estimation using model .
We also refer the reader to Table for the measured and estimated values corresponding
to both experimental data and our model results. We describe the procedure in more
detail below. The plots combining the outcome of our parameter estimation for all HTLV-
I-infected subjects in each of the two cohorts, HAM /TSP patients and ACs, are shown for
reference in Appendix Figure [C.6]

15We note here again that the measurements of the rates of cell-mediated lysis represent the total overall
efficiency for the pool of CTLs — we do not have enough information to determine the individual lysis rates
for each of the epitope-specific CTL types.
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(a) Viral burden and parameter estimation in the subset of HAM /TSP patients.

Figure 5.11: Here we list the terminology used. Measured: Parameter value for the efficiency of HTLV-I-specific CTLs () has been taken
from experimental data. Data adjusted: The measured value for v has been adjusted slightly because the original value was too small
for the default algorithm to solve the system numerically (i.e. it was too close to 0). Data not available: The particular measurement for
~ was not available, so we have substituted the parameter with the appropriate value from Table Estimated: Estimated parameter
value for either ¢ or 7 by simple inspection and manual adjustment. Cannot estimate: The parameter estimation technique could not

be done due to insufficient data. (Caption continued on following page).
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(b) Viral burden and parameter estimation in the subset of ACs.

Figure 5.11: (Continued caption from preceding page). Comparison of viral burden or detriment as predicted by our multiple epitope
model . Experimentally measured data are taken from the cohort of 17 HTLV-I-infected individuals considered by |Goon et al.|(2004a) consisting
of @ 10 HAM/TSP patients, and @ 7 ACs. Matching the mathematical model to experimental data allows us to derive estimates for two key
parameters: (i)the overall effecive expansion rate ¢ of CTLs, and (ii) the rate 7 of spontaneous viral expression. To briefly outline the procedure, we
first estimate, by inspection and manual fitting, the overall effective CTL expansion rate ¢ so that the curve describing viral detriment, namely how the
active proportion of proviral cells varies with proviral load, generated using our model passes through the experimental data point. In the situations
where ¢ cannot be estimated, we instead take median values from Table as previously discussed (note: that here 8 = 0.006 mm?/cell/day).
Next, we can estimate the rate 7 of spontaneous viral expression so that the magnitudes of the proviral load from our model matches those from the
experimental data. The measured and estimated values for the various parameters and quantities related to viral detriment are shown in Table
A Experimental data points. () Estimated point using model . Solid line: Curve describing viral detriment as a parametric function of 7, the
rate of spontaneous proviral expression, as predicted by the mathematical model. Dashed line: The level of the proviral load as reported in |Goon
et al.|(2004a) (plotted for reference purposes only — we did not use this value for parameter estimation; see Table . Dotted line: The level of
the proviral load as reported by |Asquith et al.|(2005alb), adjusted by a chosen scaling factor of 0.3 CD4"/PBMC to convert the measurement of the
proviral load in terms of infected proportions of CD4" helper T-cells instead of PBMCs (wherever possible, we matched our model results to these
experimental values; see Table . Combined plots of the above parameter estimation within each cohort, HAM/TSP patients and ACs, are shown

in Appendix Figure
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Measured Data from Table 5.7 Estimated Values From Model (5.1)
Clinical Subject/ Rate of CTL Lysis % Tax Proviral Adjusted Rate of Effective | Rate of Spontaneous | Tax™ Proportion of | Proviral
Status Patient Tax-Specific () Expression Load Proviral Load || CTL Expansion Viral Expression CD4™ T-Cells (%) | Load (%)
(per CD8* cell/day) | (Tax™CD4"/CD4%) | (% PBMC) (% CD4™) (9) (1) y* /(@ +u* + y*) v*
TAY 0.298 4.4 2.2 7.3 0.417 2.579 4.40 6.12
TBA 0.050 6.1 3.5 11.7 1.034 6.10 11.05
TAQ 0.083 2.7 1.0 3.3 4.163 2.69 3.51
TAU 0.049 9.8 5.4 18.0 0.842 9.80 17.37
TBI 0.003 8.1 12.3 41.0 0.129 8.10 40.37
HAM/TSP ™ 0.024 12.4 10.3 34.3 0.293 12.40 33.44
TBK ND ND ND N/A CE CE CE CE
TAN ND ND ND N/A CE CE CE CE
TAE ND ND ND N/A CE CE CE CE
TAL 0.053 ND ND N/A CE CE CE CE
Median® 0.050 7.1 4.5 14.8 1.417 7.100 14.210
MeanSt 0.080 7.3 5.8 19.3 1.697 7.249 18.644
Std Dev’t 0.099 3.6 4.6 15.2 1.111 3.577 15.072
HBD 0.220 0.1 0.001 0.003 CE 0.002 0.10 12.03
HBE 0.427 ND ND N/A CE CE CE CE
HBF 0.029 2.9 2.8 9.3 CE 0.020 2.90 54.58
AC HT 0.062 3.1 1.0 3.3 CE 0.056 3.10 38.73
HAY -0.007 75 10.6 .3 | 1433 | 0.153 7.50 35.42
HX ND ND ND N/A CE CE CE CE
HAE ND ND ND N/A CE CE CE CE
Median® 0.062 3.0 1.9 6.3 1.433 0.038 3.001 37.072
Mean$t 0.146 3.4 3.6 12.0 1.433 0.058 3.402 35.188
Std Dev® 0.179 3.1 4.8 16.0 N/A 0.067 3.057 17.559
Baseline Values || 0.029 \ N/A [ N/A ] N/A [ 1.2 \ 0.003 N/A | N/A

Table 5.9: (Table caption on following page).
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Table 5.9: (Table caption). Measured and estimated values corresponding to viral burden and
CTL properties (refer to Figure for the graphs). Using experimentally measured data, namely
the rate of Tax-specific CTL lysis, the percentage of CD4™ T-cells expressing Tax (which is analogous
to the active proportion of proviral cells), and the proviral load in terms of the proportion of Tax
copies per 100 PBMCs (which is analogous to the proviral load in terms of proportion of infected
target cells, which we obtain by scaling by a factor of 0.3 CD4%/PBMC), we use model to
estimate the values of two parameters for each infected individual, specifically (i) the overall effective
rate of CTL expansion, denoted by ¢, and (ii) the rate of spontaneous proviral expression, denoted
by 7, which is directly related to the fitness of the virus in terms of the basic reproduction number for
viral infection. For infected individuals in the cohort under investigation for which we can estimate
the effective rate of CTL expansion, we can compare this estimated rate to the baseline rate of 1.2,
which is obtained by calculating the ratio ¢ = v/u4 using the baseline parameters as in Table In
the 7 subjects (6/10 HAM /TSP and 1/7 AC) for which a comparison can be made, we notice that the
median and mean estimated values for the effective CTL expansion rate ¢ are slightly higher than the
baseline value; however, no conclusions can be made about this result as individually, 4/7 subjects

displayed higher estimated rates [highlighted in cyan _}, and 3/7 displayed

lower estimated rates [highlighted in lime (lower estimated ¢) } In contrast, with respect to the

rate 7 of spontaneous viral expression, which determines viral fitness, we find that both the median
and mean estimated values for 7 using our mathematical model is higher in HAM/TSP patients

[highlighted in red _} , than in ACs [highlighted in (lower rate) } , an observation which

lends support to current experimental hypotheses that associates a high rate of proviral expression
with the onset of disease. Baseline values for the parameters of interest here, from Table are
shown in the last row for reference. ND: No Data. N/A: Not Applicable. CE: Cannot Estimate.
§Only calculated for values that are either measured or can be estimated. T Arithmetic mean. *Sample
standard deviation.

First, for those patients in the cohort with available data for the two measures of viral
burden in |Asquith et al.| (2005ab), which comprise 6/10 of the HAM /TSP patients and 4/7
of the healthy carriers, we plot the particular data point describing viral detriment for each
HTLV-I-infected subject as a coordinate indicated by an open triangle /A, where the first
coordinate describes the percentage of Tax™ CD4" T-cells out of all CD4™ T-cells ()i.e. the
activated infected proportion of all CD4™" T-cells), and the second coordinate is the proviral
load in terms of infected CD4™" T-cells (i.e. the adjusted proviral load, which is obtained
by considering the reported value for the proviral load with respect to infected PBMCs and
scaling it by a factor of 0.3 CD4"/PBMC).

Next, for each patient, we plot the corresponding curve for viral detriment according to
model and select the overall effective CTL expansion rate in order for the system to
achieve the correct balance of immune effectors so that the theoretical curve passes through
the experimental data point, thereby providing us with an estimate of the parameter ¢,
which we are able to obtain for all 6/6 of HAM/TSP patients and 1/4 of ACs for which
data are available (i.e. 6/10 of the HAM /TSP patients and 1/7 of ACs from the original
cohort). Comparison of the estimated overall effective expansion rates of CTLs with the

baseline rate of 1.2 (obtained by calculating the ratio ¢ = v/u4 using the baseline parameters
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as in Table reveals that the median and mean estimated values for the effective CTL
expansion rate ¢ are slightly higher than the baseline value; however, on an individual
level, out of the 7 subjects (6/10 HAM/TSP and 1/7 AC) for which a comparison can be
made, 4/7 subjects displayed higher estimated rates and 3/7 displayed lower estimated rates
(refer to the -— and lime -coloured highlighted entries in Table . We conclude that
these estimated values for the overall effective rate of CTL expansion are in agreement with
baseline values.

Lastly, we recall that since the curve describing viral burden using our mathematical
model is obtained as a parametric function of the rate of spontaneous viral expression (7),
we can actually determine the value of this parameter for which the point on this curve
matches the experimental data point. In particular, for the cohort under investigation, we
select the value of 7 so that the activated infected proportion of all CD4" T-cells between
the experimental data and the model are in agreement. If we do not require the magnitude
of the proviral load for each individual to simultaneously agree perfectly, this allows us
to obtain an estimate for the spontaneous rate 7 of viral expression for all 6/6 of the
HAM/TSP patient{'¥ (Figure in addition to all 4/4 of the ACs (Figure
for which data are available (i.e. 6/10 of the HAM /TSP patients and 4/7 of the ACs from
the original cohort). The point on the graph describing viral burden corresponding to the
estimated parameters is a coordinate indicated by an open circle () (while the data point
from experimental measurements, as mentioned previously, is indicated by an open triangle
A). Examining the estimated values in closer detail, we discover that both the median and
mean values for the rate, 7, of spontaneous viral expression in the subset of HAM /TSP
patients are substantially higher (approximately 25 times for both metrics) than those for
the subset of ACs (refer to the -— and yellow -coloured highlighted entries in Table .
This observation lends support to experimental evidence demonstrating a strong association
between the rate of spontaneous expression of the provirus and clinical status (Asquith and
Bangham), 2007} [2008)).

Remark 5.6. In the above representation of the experimental data, we do not incorporate
the epitope specificities when building the immunodominance hierarchy for each HTLV-I

seropositive individual, but instead, we distinguish amongst different CTL structures by the

We note that there is very good agreement between the model and the data for the 6/6 HAM/TSP
patients with respect to both measures of viral burden. However, this was true for only 1/4 ACs. For
the remaining 3/4 ACs, although the model results matched exactly with the data with respect to the
activated infected proportion of all CD4" T-cells, in contrast, there was a large discrepancy (specifically,
an over-estimation) in the resulting predicted magnitude of the proviral load. This discrepancy has likely
arisen because we have not distinguished HTLV-I sero-positive individuals by clinical status, i.e. HAM /TSP
patient versus AC, whose baseline parameter sets, which influence the outcomes of the mathematical model
and parameter estimation procedure, are bound to differ.
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CTL rank order with respect to immunogenicity, e.g. the immunodominant CTL response
in one infected individual may be directed towards Tax, whereas in another individual, the

immunodominant CTL type might be targeted at a different viral protein such as Env.

Remark 5.7. Here, we have taken published experimental data and used our multiple
epitope model to estimate the average effective rate of CTL expansion and the rate
of spontaneous viral expression for each infected individual as well as the corresponding
resultant measures of viral burden, which we then compared to measured and estimated
values in the literature using different methods. However, because all of the parameters
are not exactly known for each individual, we have made several assumptions about their
values, such as assuming the expansion rates for all CTL types within a host are equal
to the average rate. Indeed, even in incorporating the experimentally measured rate of
CTL lysis into our multiple epitope model , we have made the assumption that all
CTLs directed against the various HTLV-I epitopes lyse their targets at the same rate.
Although this may lead to a crude estimate, at best, of any quantities dependent on these
values, it nevertheless provides us with a starting point for incorporating data into our
mathematical framework and observing agreement or disagreement between experimental
and estimated rates as well as qualitative trends. The purpose of this exercise at the present
stage, therefore, is a proof of concept that our model could be used to estimate parameter
values for quantities that either have not yet been, or otherwise cannot easily be, measured
experimentally. An important next step would be to determine the appropriate scaling
for each measurement in the literature so that the data values correspond precisely to the
quantities represented in the mathematical model, which may then lead to a more accurate
parameter estimation. Here we have chosen an ad-hoc scaling factor of 0.3 CD41/PBMC;
however, the exact scaling is now known, is bound to vary across different individuals as
well as in the same individual over time, and is subject to a great deal of uncertainty. To
evaluate the validity of our parameter estimates, it will therefore be necessary to determine
the corresponding experimentally measured quantities and see how they compare with our

theoretically derived results.

Remark 5.8. In this section, we have estimated the parameters for the overall effective
CTL expansion rate (which is a measure of CTL fitness) and the rate of spontaneous viral
expression (which is a measure of viral fitness as it determines the basic reproduction number
for viral infection Rp) through brute force trial and error. Specifically, we used simple
inspection and manual adjustment to approximate the parameter values that resulted in
a ‘close’ match between the model and the given experimental data, where by ‘close’, we

mean that the measured (i.e. from the data) and estimated (i.e. from the model) values
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of the proviral load for the patients generally agreed to two significant figures). Although
our parameter estimation method has served its intended purpose of demonstrating a proof
of concept that our model can be integrated with data to produce estimates on quantities
that may be difficult to determine experimentally, we recognise that this rough approach is
preliminary and requires more work to improve its accuracy and reliability. For instance, we
have not yet performed a thorough sensitivity analysis of the mathematical model, nor have
we established the uniqueness of our parameter estimation method. There is also a great
deal of uncertainty in the data which we would like to address in the future as well. Whereas
in the case of the 6/6 HAM/TSP patients for which viral burden data was available, we
were able to determine both parameters of interest, namely ¢ and 7, which yielded nearly
perfect matches between our multiple epitope model and the data, in contrast, we were able
to determine both parameters for only 1/4 ACs. At this stage, it is unclear whether, firstly,
there always exists a combination of both parameters that yield the given data (e.g. for the
ACs, we could not find such a pair, but that does not mean it does not exist) and, secondly,
if the parameters that we can estimate are unique (e.g. for the HAM /TSP patients, there
could be an alternative combination of parameters that yield the same data). Nevertheless,
we are aware that there exist systematic methods for parameter estimation and matching
experimental data to mathematical models that are more rigorously defined. This leads to
several active areas of research such as identifiability, uncertainty analysis, and Bayesian
inference, which employ powerful mathematical and statistical tools that are beyond the

current scope of this thesis.

5.5 Discussion of Main Conclusions Drawn from the General
Multiple Epitope Model

The focus of this chapter has been to develop a consistent framework to understand the con-
cept of immunodominance, which helps us to unravel the mechanisms by which the cellular
immune response acts against a pathogen expressing multiple viral antigens simultaneously.
Although our investigation is in the context of persistent infection by HTLV-I, the concepts
we have developed can be applied more generally to any host-pathogen system where a
homogeneous pathogen population harbouring a number of distinct loci can elicit an array
of epitope-specific immune responses.

In particular, we generalise the basic two-epitope Tax/HBZ model to incorporate
the simultaneous expression of any arbitrary number of epitopes, yielding the multiple
epitope model . A key feature of the generalised multiple epitope model is the
consideration of a wide range of HTLV-I-specific CTL responses targeting the array of viral

proteins that are expressed by actively infected cells. By considering the properties for
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each CTL, we can construct an immune profile for each individual and explore the way in
which different immune profiles influence the measures of viral burden, namely proviral load
and the active proportion of infected cells. Our investigations have allowed us to draw the

following conclusions based on our mathematical modelling approach.

Q1. What can our model say about immunodominance in the context of chronic

HTLV-I infection and the role of CTL structure?

> We have demonstrated using our multiple epitope model that immu-
nodominance, and the organisation of an immunodominance hierarchy, is
the outcome of two factors: (i) epitope immunogenicity, and (ii) the ef-
fective expansion rate of the corresponding CTL type. Within a single
individual, although effective CTL expansion rates are believed to remain
stable over time, different immunogenicity profiles (defined by the set of
relative immunogenicities of epitopes at a given time) can give rise to a
broad range of CTL population structures, which differentially affects vi-
ral burden. We find that effective control of the virus infection is the
consequence of an immunogenicity profile that encourages the collective
dominance of efficient CTL types that expand rapidly and are highly im-
munogenic. Lastly, our results show that the immunodominant response

is not necessarily the most effective one at reducing viral detriment.

In terms of CTL abundance, we have shown that the prevalence of a particular CTL
type, which is equivalent to its degree of dominance, is determined by a combination
of only two factors: the relative immunogenicity of the CTL epitope, and the effective
rate of CTL expansion. The immunogenicity profile refers to the distribution of rela-
tive immunogenicities of each of the various epitopes. Epitopes can be listed in a rank
order according to ascending immunogenicity and this rank order is believed not to
change over the course of chronic infection. For instance, during chronic HTLV-I in-
fection among both asymptomatic carriers and HAM /TSP patients, epitopes from the
viral Tax protein (which is expressed early on in the virus replication cycle) are highly
immunogenic and are also immunodominant, eliciting the largest CTL response, and
continue to do so throughout the course of infection (Bangham et al., [1999; |Cook
et al., [2013; Goon et al., [2004a; Kattan et al., [2009). Other subdominant immune
responses, such as those directed towards epitopes from the proteins Pol, Env, Gag,

or the anti-sense gene product HBZ, may be present, but remain poorly immunogenic
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and unable to surpass Tax in terms of immunogenicityﬂ (Goon et al., [2004a).

Within an individual, it has been observed in clinical data that a change in the preva-
lences of the various effector subpopulations can either preserve or shift the structure
or immunodominance hierarchy of the CTL response, i.e. the ranking of CTL types
in order of their relative abundances. Indeed, to take a concrete example, in the ex-
perimental study by |Daenke et al.| (1996), it was observed that the immunodominant
epitope (specifically, the X19 peptide from the C-terminal end of the Tax protein)
remained immunodominant throughout a five month period in one infected individual
(TZ). By contrast, in a different HTLV-I seropositive individual (HM), the immun-
odominant epitope was switched from XN11 to XN3 (these are two different peptides
from the N-terminal end of the Tax protein) over a period of time (Daenke et al.,
1996).

In our modelling investigations, we have reasoned that within the same host, intrinsic
CTL characteristics, including the rates of CTL proliferation and death that define
CTL expansion, are unlikely to vary drastically over time, with the exception of a
change in phenotype of the infection, for example, if the infected individual experi-
ences a sharp decline in health, as with the development of pathological disease from a
previously asymptomatic state. Thus, if all immune responses retain their respective
effective expansion rates, the only other possibility for a change in CTL structure
to occur in our model is if there is variation in the relative immunogenicities among
the epitopes. As variation in the immunogenicity profile of an individual is likely to
occur over time due to the constantly evolving and changing nature of the within-host
environment, such a scenario is immunologically feasible. After all, the interactions
that take place within an infected individual are not static, but rather give rise to
a dynamic and ever-changing battle between the virus and host immunity and, es-
sentially, any factor that can influence the immunogenicity of even a single epitope
or its CTL response can effect a substantial change in the immunogenicity profile
of an individual. For instance, the emergence of a previously undetectable epitope-

specific CTL type, or the loss of recognition of an epitope, can affect the relative

1"Exceptionally, there is also evidence that a change in the rank order of epitopes with respect to immuno-
genicity may be accompanied by a drastic transformation of the infection phenotype (e.g. the development
of a pathological condition). For example, while the transcriptional transactivator protein Tax plays a
central role in the establishment of chronic HTLV-I infection and is detectable in all HTLV-I-seropositive
asymptomatic carriers, it has been observed in fresh leukaemic isolates derived from patients with the T-cell
malignancy adult T-cell leukaemia (ATL) that Tax is not readily expressed in 60% of ATL cases (Matsuokal
2005). By contrast, the reverse-strand viral gene product HBZ is poorly detected in asymptomatic carriers,
but can be identified in 100% of ATL patients (Satou et al., 2006} |Saito et al.l |2009). This observation sug-
gests a significant shift not only in the immunogenicity profile of an HTLV-I seropositive individual between
non-malignant and malignant infected states, but also in the immunogenicity rank order of epitopes.
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immunogenicities, and hence the immunogenicity profiles, of the anti-HTLV-I CTL
response within the same host across two different time points. |[Parker et al.| (1994)
observed both of these scenarios experimentally. Additionally, cross-immunity arising
from non-HTLV-I infections can sometimes lead to recognition by, and subsequent ex-
pansion of, anti-HTLV-I CTLs, which would affect the immunodominance hierarchy
by changing the structure of the CTL population. Because the immunogenicities of
epitopes are likely to change throughout the course of the infection, we investigated

this idea in slightly more detail using our multiple epitope model framework.

We demonstrated that considering only differences in the immunogenicity profiles can
reproduce both of the aforementioned behaviours, that is, either preserving or chang-
ing the structure of the HTLV-I-specific CTL response, even when the rank order of
the CTL epitopes with respect to immunogenicity is maintained. This is due to the
fact that despite taking into account the maintenance of such CTL rank order, the
relative immunogenicities of each epitope can still vary a great deal, giving rise to a
variety of different immunogenicity profiles. Indeed, pairwise comparison of immu-
nogenicity profiles can result in either the maintenance of CTL immunodominance
hierarchy with possibly varying relative prevalences (for example, compare IP-2 with
IP-3 in Figure , or a complete shift in the immunodominant CTL response (for
example, compare IP-1 with IP-2 in Figure .

Furthermore, we showed that the composition of the CTL population brought about
by distinct immunogenicity profiles can differentially influence the viral burden due
to the infection. We discovered that immunogenicity profiles which favoured a higher
proportion of the immune cell population being composed of efficient CTL types
led to more effective control of viral detriment. This could be achieved by rapid
expansion or by high immunogenicity of efficient CTL types, whether or not the
immune response is more heterogeneous or more homogeneous. Along these lines,
our model results demonstrated that the effective control of viral detriment is not
necessarily achieved by the action of the immunodominant CTL response. Conversely,
poor control of the virus population was the result of immunogenicity profiles that
favoured immunodominance of an inefficient CTL response or a slow expansion of

efficient CTL types.



CHAPTER 5. MULTIPLE EPITOPE MODEL 159

Q2. How can our mathematical framework be used to relate to experimental

data?

> Using published experimental data in the context of our multiple epitope
modelling framework, we are able to estimate values for the immunogen-
icity profile as well as two key parameters, which have not been experi-
mentally measured, in the majority of HTLV-I seropositives in the cohort
under investigation. We discover that our estimated parameter values for
the overall effective rate of CTL expansion are generally in agreement
with baseline values. More significantly, the outcome of our parameter
estimation for the rates of spontaneous proviral expression, which is a
measure of viral fitness, reveal that the virus population in HAM /TSP pa-
tients exhibits a greater rate of viral expression, on average, than healthy
asymptomatic carriers, thus providing support for a recent experimental
hypothesis that a high degree of viral expression is associated with the

progression of HTLV-I-linked disease.

We have collated and incorporated experimental data for a total of 17 HTLV-I seropos-
itive individuals (namely, 10 HAM/TSP patients and 7 ACs) into our mathemati-
cal framework from three primary sources: Goon et al. (2004a) and |Asquith et al.
(2005alb). Using model (5.1, we are able to determine the immunogenicity profiles
for all infected subjects, and to derive estimates for the rate of spontaneous proviral
expression, as well as the overall effective rate of CTL expansion, for the majority of

patients for which data were available.

We emphasise two main conclusions that arise from the results of our parameter
estimation. First, we discovered that among all of the HTLV-I-infected individuals
in the cohort under investigation for which we were able to successfully estimate the
appropriate parameters, the overall effective CTL expansion rates were in general
agreement with the baseline value, thus supporting the validity of our parameter

estimation technique.

Second, and more significantly, we observed that the average estimated rate of sponta-
neous proviral expression was significantly higher in the subset of HAM /TSP patients
than in the subset of healthy ACs, suggesting that a higher rate of spontaneous viral
expression is linked to the presence of HTLV-I-associated disease. This hypothesis has
recently been tested using experimental methods which demonstrated a strong associ-

ation between a high rate of spontaneous viral expression, which is believed to be an
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intrinsic characteristic of the virus infection within a given host, and pathological clin-
ical status, namely the neurological and inflammatory disease HAM /TSP (Asquith
and Bangham), 2007, 2008)).

How does our modelling approach relate to similar approaches?

We have developed the first within-host multiple epitope mathematical
model of HTLV-I infection. Other authors have considered the simul-
taneous expression of multiple antigens in different viral infections, no-
tably HIV. One crucial difference is that our framework allows for the
co-existence of different epitope-specific CTL responses and does not de-
pend on viral mutation leading to immune escape in order to establish
an immunodominance hierarchy. We exploit these features to characterise

effective host immunity.

The phenomenon of immunodominance has been studied by both experimentalists
and theoreticians alike (Akram and Inman, 2012; Althaus and Boer, 2008; Nowak and
Bangham), [1996)). [Nowak and Bangham| (1996|) examined immunodominance using a
predator-prey model to describe the interactions between epitope-specific CTLs and
the virus population, primarily in the context of HIV infection. The authors concluded
that persistent infection by a homogeneous virus population should be expected to
yield immunodominance of a single epitope. Moreover, by introducing heterogeneity
in the virus population via the consideration of antigenic variation, there can arise
antigenic oscillations in which the abundance of different virus variants, as well as the
dominance of immune effectors, fluctuate throughout time as a consequence of chang-
ing immune selection acting on the diverse virus pool. Our model conclusions agree
with those of Nowak and Bangham (1996]) in establishing that immunodominance
of a CTL response is a consequence of epitope immunogenicity and viral replication
rate. However, the model by [Nowak and Bangham| (1996|) precludes the co-existence
of multiple epitope-specific CTL responses unless mutational events are taken into
consideration. By contrast, our multiple epitope modelling approach allows for such
a scenario even when no mutation is present and there exist functional differences

amongst the various epitope-specific effectors present in the CTL repertoire.

Althaus and Boer (2008) developed a computational model to characterise within-
host infection by HIV/SIV focussing on the dynamics of immune escape arising from
escape and compensatory mutations. The authors concluded that a greater degree
of immunodominance leads to poorer control of viral replication. The results from

our model (5.1) are consistent with those of |Althaus and Boer| (2008)). However, one
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difference is that our approach incorporates different cell-mediated lysis rates for each
of the various CTL types, and what we find is that although a more heterogeneous
CTL pool is generally more effective at controlling viral abundance, our model also
demonstrates that effective immune surveillance is possible even when a single CTL
type strongly dominates host immunity, provided that this particular immune response

is adequately efficient in eliminating infected target cells.
What are the advantages of our mathematical modelling framework?

We have been careful to develop a biologically meaningful and mathemat-
ically rigorous within-host model of HTLV-I that captures the multiple
epitope nature of the host-virus interaction and can be interpreted in the

context of experimental observations.

By characterising the global dynamical properties, we can be certain that the model
is well-posed and that we understand all possible behaviours of the system. Moreover,
we have demonstrated that taking into consideration the multiple epitope nature of
host-virus interactions allows us to incorporate more detailed data sets which can
help estimate key parameters that have not yet been measured or, perhaps in some
instances, cannot be measured. We estimated these parameters in a cohort of HTLV-1
seropositive individuals and drew conclusions from the results which match with cur-
rent experimental hypotheses. Although our model has been formulated in the context
of chronic infection by HTLV-I, the focus in this chapter has been on the immuno-
logical phenomenon of immunodominance and the concept of an immunodominance
hierarchy. More generally, our mathematical framework can be applied to a wider

range of host-pathogen invasions that exhibit immunodominance.

5.6 Final Remarks on the General Multiple Epitope Model

Immunodominance refers to the frequently observed phenomenon during chronic infection

in which a single epitope (called the immunodominant epitope) elicits a disproportion-

ately large CTL response compared to the other virus targets (known as the subdominant

epitopes). Immunodominance is commonly, though not always, observed in a number of

viral and bacterial infections, including the human immunodeficiency virus type 1 (HIV-1),

influenza A, West Nile cirus, Listeria, human cytomegalovirus (CMV), hepatitis B virus
(HBV), hepatitis C virus (HCV), and Epstein-Barr virus (EBV) (Akram and Inman) 2012}
Frank, 2002).
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In this chapter we have developed a novel framework to examine the host-virus inter-
actions that take place when any arbitrary number of viral antigens are expressed simul-
taneously, which naturally implies the existence of a broad array of corresponding epitope-
specific CTL responses. As a result, the anti-viral cellular immune response is made up of
a diverse array of CTL types, each characterised by a distinct set of characteristics, includ-
ing the effective rate of expansion, the immunogenicity of its cognate epitope target that
stimulates CTL proliferation, the rate of cell-mediated elimination of infected cells, and the
relative prevalence of that particular CTL type which creates a CTL immunodominance
hierarchy or list of CTL responses from least abundant to most abundant. Due to these
differences among the various CTL types, it is often the case that effective control of viral
burden is driven primarily by the action of a small subset of the entire CTL repertoire.
Notably, we determined that an immune response that is effective at controlling viral bur-
den, with respect to the proviral load and activated proportion of proviral cells, is one that
is comprised of CTL types that are efficient at killing infected cells, expand rapidly, and
target epitopes that are sufficiently immunogenic to elicit a large enough response that is
able to make an impact on the proviral population.

However, in our investigation, we have only considered heterogeneity in the CTL re-
sponse and not in the virus population. In the following chapter, we will take a step towards
an alternative extension of the two-epitope Tax/HBZ model which incorporates the
role of antigenic variability in the HTLV-I system.



Chapter 6

A Multi-Locus Approach With
Antigenic Variation: The
Multi-Locus Model

The two-epitope Tax/HBZ model that we developed in Chapter 4| incorporated an
important feature of HTLV-I-infected cells (and more generally of cells infected by a virus),
namely that proviral activation is often accompanied by the simultaneous expression of
multiple viral proteins, Tax and HBZ in our case. As we have mentioned, we have identified
two different extensions of the Tax/HBZ model ([4.1)), each of which is aimed at elucidat-
ing a certain aspect of the host-virus interaction. In Chapter [5| we have generalised the
two epitope model to include any arbitrary number of epitopes. Indeed, since the HTLV-I
genome encodes a handful of viral proteins and not just Tax and HBZ, the multiple epi-
tope model allowed us to better understand how the existence of multiple viral gene
products expressed simultaneously by a single infected target cell, the relative immunogenic-
ities of such proteins, and the differences in the response of the adaptive immune system,
can explain the phenomenon of immunodominance as well as define various types of CTL
structures in the pool of epitope-specific anti-HTLV-I effector cells which can differentially
impact the viral population.

Next, we consider an alternative extension of the two-epitope Tax/HBZ model that
focusses on a different, but equally important, biologically realistic aspect of the virus that
has not yet been considered in mathematical models of HTLV-I infection. In particular,
this alternative model extension is motivated by experimental evidence for the existence of
naturally occurring variants in both Tax and HBZ (Cavanagh et al., [2006; |(Gaudray et al.,
2002; [Kubota et al., 2007; Niewiesk et al., [1995)), a feature known as antigenic diversity or
variability. Coupled with the inherent diversity presented by host immunity, such antigenic
variability implies a complex interplay between the virus and the host. Our goal, therefore,

is to examine how heterogeneity in the two interacting populations can shape the overall
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dynamics of the infection. In this chapter, we bring together the conceptual framework we
have been building in the previous chapters to develop a generalised model incorporating
antigenic variability at multiple epitopes.

There are important biologically relevant aspects that can be explored by taking into
account the multi-locus nature of HTLV-I, namely the heterogeneity in the population
structure of virus-infected target cells. Moreover, the high specificity of the host cellular
immune response to a particular variant of a viral antigen means that there is likely to be a
large degree of diversity and structure present in the CTL population. We apply the results
of our model to try and gain insights on the long-term persistence of HTLV-I infection, as

well as to the pathogenesis of HTLV-I-associated disease.

6.1 Motivation

It is widely believed that a high proviral load is the principal factor contributing to disease
manifestation. However, while asymptomatic carriers tend to carry a lower equilibrium
proviral load, they share a very broad range of overlap with symptomatic carriers (Asquith
and Bangham| 2007; Mosley et al., 2005; Nagai et al.l |1998)). Even though there is a
large degree of diversity in viral strains, no single HTLV-I strain is known to be directly
associated with disease outcome (Daenke et al., [1990; Kinoshita et al., 1991; |Mosley et al.,
2005; Niewiesk and Bangham| 1996]). Nevertheless, studies have demonstrated that healthy
HTLV-I seropositive individuals harbour virus populations displaying wider variation at
the protein level than do patients with HAM /TSP (Niewiesk et al., 1994). A study on
HTLV-I seroprevalence in two geographically different, but ethnically similar, communities
has also provided evidence that a high degree of HTLV-I sequence conservation is associated
with ATL (Moynet et al. [2001). Furthermore, the recent characterisation of infected T-cell
clones distinguished by their unique sites of proviral integration has shown that the proviral
population in infected patients with malignant disease (the various manifestations of ATL)
is comprised principally of a relatively small handful of clone types that exist in large
abundances and account for major proportions of the virus population (Gillet et al., 2011):
for example, in one patient with chronic leukaemia, more than 80% of the HTLV-I-infected
target cell population was made up of a single, abundant clone.

The main motivation behind developing a multi-locus model of HTLV-I infection is to
examine how variability in the virus and the host influences the dynamics between HTLV-1
and host immunity. Specifically, we focus on the way in which these interactions contribute
to the structure and abundance of both the virus and anti-HTLV-I CTL populations. Using

the more biologically realistic multi-locus approach raises several issues related to how
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antigenic variability can aid viral persistence and contribute to disease manifestation. We

consider the following questions that we would like to investigate using this extended model:

(1) How are the dynamics and outcomes of persistent infection by HTLV-I influenced by
the extent of homogeneity or heterogenity in the proviral population? In particular,
what effects do the relative sizes of each virus variant or clone have on the course of

infection?

(2) Which is worse for the host: An infection that is largely homogeneous, or one that is
antigenically diverse? If we know the particular structure of the proviral load for an
infected individual who is undergoing treatment, must we employ different strategies

depending on the degree of heterogeneity of the virus clone structure?

(3) What sort of similar questions can we raise with respect to the degree of heterogeneity
and relative abundances present in the population of antigen-specific anti-HTLV-I
CTLs.

6.2 The General Multi-Epitope Model Incorporating Anti-
genic Variability at Multiple Epitopes Simultaneously:
m Variants in Tax, n Variants in HBZ

The inherent heterogeneity of the HTLV-I genome acting in parallel to the diversity of
associated host immune responses naturally suggests the use of a multi-locus modelling
framework, which has been extensively developed in the context of immune selection on anti-
genically diverse infectious pathogens (Gupta et al., 1996, 1998; |Gupta and Anderson, |1999;
Gupta and Maiden, 2001), including the malaria parasite Plasmodium falciparum (Gupta
et al., [1994; Gupta, [2005; Recker et al., [2004), the bacterium Neisseria meningitidus (Buc-
kee et al. [2008; |Callaghan et al., |2008), influenza (Recker et al., 2007; Wikramaratna et al.
2013)), and the human immunodeficiency virus type 1 (HIV-1) (Nowak et al.l [1995b.a).
Generally, there can exist any number of antigenic variants at each viral epitope and,
from a biological point of view, this depends on factors such as whether variability in
the epitope is subject to functional or conformational constraints that promote epitope
conservation or diversity. Nevertheless, any given single proviral cell is capable of expressing
just one variant of Tax and one variant of HBZ. Moreover, the combination of a certain Tax
variant and a certain HBZ variant defines a distinct virus variant or clone as the antigenic
variability in Tax and HBZ are presumed to be independent of one another. A diagrammatic

illustration is shown in Figure [6.1
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(a) There exist naturally occurring variants in each of the two proteins.
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(b) A virus strain is uniquely defined by a combination of each of its epitopes.

Figure 6.1: A multi-locus approach to modelling HTLV-I infection involves the consideration
of antigenic variability at multiple epitopes simultaneously. @ We suppose that there exist
m distinct variants of the Tax protein and n distinct variants of the HBZ protein. @ A
virus strain 5 is defined by the unique combination of Tax variant ¢ and HBZ variant j,
where 1 <7 <mand 1 <j<n.

Meanwhile, the anti-HTLV-I host immune response is highly specific and is maintained
by the presence of expressed viral antigens. Despite the simultaneous expression of multiple
viral protein variants (one at the Tax epitope and one at the HBZ epitope) in an activated
proviral cell, only one epitope-specific CTL response may be stimulated at a time. The
extent to which one epitope is recognised over another by corresponding host CTLs is
therefore a measure of the immunogenicity of that particular epitope. A schematic of the

key interactions is illustrated in Figure [6.2

6.2.1 Formulation of the General Multi-Locus Model

We describe the above ideas in mathematical terms. Let m and n be positive integers.
Suppose that there are m different variants in the genomic sequence of Tax and n different
variants in that of HBZ. In the following, we define a virus ‘strain’ ¢ to refer to an infected
target cell possessing a specific variant for each of the two major HTLV-I proteins, Tax

variant ¢ (Tax;) and HBZ variant j (HBZ;), where 1 <i<mand 1 < j <n.
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Figure 6.2: A schematic representation illustrating the key interactions of the multi-locus
model . Each strain simultaneously expresses multiple viral antigens, one at each
epitope (Tax and HBZ), and can therefore be recognised by multiple CD8" CTLs that
are specific to one antigen or the other. However, any single actively infected target cell
(CD4* helper T-cell) may stimulate only one CTL response at a time. Meanwhile, a single
variant-specific CTL type is able to suppress multiple different strains as long as each of
these strains share the same variant of the particular epitope. The degree of immunogenicity
towards antigenic variant Tax; at the Tax epitope, denoted by J;, determines the extent to
which the Tax-specific or HBZ-specific CTL responses interact with the given strain.

The pool of healthy CD4™" helper T-cells (a:(t)) is susceptible to infection by all virus
strains. Transmission by strain ij, which encodes the viral protein variants Tax; and HBZ;,
results in infected target cells that can exist in two possible states depending on the tran-
scriptional activity of the provirus: latently infected cells (uw(t)) and actively infected cells
(yij(t)). The host immune response is partitioned into two compartments: CTLs that are
specific to the Tax; variant at the Tax epitope (zl(t)), and CTLs that are specific to the
HBZ; variant at the HBZ epitope (sj (t)) We therefore consider the T-cell populations for
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i=1,....mand j=1,...,n:
x(t) : healthy (uninfected) CD4" helper T-cells,
u;;(t) : latently infected CD4™ helper T-cell variant ij (with Tax; and HBZ;),
y;j(t) : actively infected CD4™ helper T-cell variant ij (expressing Tax; and HBZ;),
z(t) : CD8" CTLs specific to Tax;,
sj(t) : CD8% CTLs specific to HBZ;.

The general multi-locus mathematical model for the within-host dynamics of HTLV-I infec-
tion that incorporates antigenic variability in both epitopes is represented by the following

(2mn + m + n + 1)-dimensional non-linear system of ordinary differential equations:

% = A—ﬁl’zzyz‘j—M%

i=1 j=1
A
gtw = (5x—|—r)y”—(7'w—|—,u,2)u”, forz':1,...,mandj:1,...,n,
dy;; . .
g;j = TyUij — VYijZi — Y YijSj — MaYij, fori=1,....mandj=1,...,n, (6.1)
dz; = .
ditl = V(Si;yij—u4zi, fori=1,...,m,
ds; =
% = I// (1—51')3/1']'—,[1,58]', fOI‘j: 1,...,n.

i=1
Because the above model considers m variants in Tax and n variants in HBZ, we sometimes
refer to model as the ‘m x n’ model. Many of the underlying processes of the infection
dynamics are the same as those represented by the basic two-epitope Tax/HBZ model
and hence do not require detailed explanation. However, what is different here is the
refinement of the anti-HTLV-I CTL response to reflect specificities to a particular variant
of the two HTLV-I proteins at a time, Tax or HBZ but not both.

Healthy new CD4" helper T-cells are produced at a constant rate . All strains are
assumed to have the same coefficient of infectious transmissibility S and rate of mitotic
division r. Newly infected target cells silence viral expression and become latently infected.
For each strain ij, there is a characteristic rate 7;; at which infected target cells that are
transcriptionally latent spontaneously become re-activated. The simultaneous expression
of both viral antigens that accompanies spontaneous proviral activation means that these
actively infected cells stimulate, and are targeted by, two types of anti-HTLV-I CD8* CTL
responses. We assume that the two distinct CTL types, Tax-specific and HBZ-specific,

proliferate at rates v and v/, respectively, and may be functionally dissimilar in their effector
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responses to each of the two epitope targets; namely, we denote the respective rates for Tax-
specific and HBZ-specific CTL-mediated lysis by the parameters v and +'. A key feature
of model that we expand from the previous Tax/HBZ model is that activated
proviral cells cannot simultaneously initiate the expansion of both types of CTLs. We
represent this aspect of the host-virus interaction by the parameters §;, where 0 < §; < 1 for
i =1,...,m, which represents the immunogenicity of the Tax; variantﬂ Then, the fraction
;i (t) of fully activated proviral cells infected by strain ij stimulates the expansion of CTLs
specific to Tax;, whereas the remaining fraction (1 — d;)y;;(t) stimulates the expansion of
CTLs specific to HBZ;. It is assumed that all actively infected proviral cells, which express
one variant of Tax and one variant of HBZ, must stimulate exactly one of the two antigen-
specific CTL responses. Large values of §; therefore correspond to a strong stimulation of
Tax;-specific CTLs and a weak stimulation of HBZ;-specific CTLs. The reverse is true for
small values of 9;.

Lastly, healthy, latently infected, and actively infected target cells are removed from the
system at linear rates p1, e, and us, respectively, whereas Tax-specific and HBZ-specific
CTLs have respective removal rates p4 and ps. All parameters are assumed to be positive,

with the exception of d;, which lies in the closed interval between 0 and 1.

Remark 6.1. Immunologically speaking, there is a distinction between a virus-infected
clone and a virus strain. Whereas a virus strain represents a particar genetic variant of a
virus genome, a clone refers to the genetically identical progeny of a virus-infected parent
cell. In this way, many distinct clones can be and, in fact, are likely to be, infected with
the same viral strain. Our definition of a virus ‘strain’ represents an infected target cell
possessing a particular combination of one Tax variant and one HBZ variant (which are the
product of different genes encoding each protein) and thus corresponds to the aforemen-

tioned virological notion of a strain.

6.2.2 Comments About Infection by Multiple Strains and Defining Mea-
sures of Strain and CTL Fitness

One of the implications of infection by multiple strains of a pathogen is a broadening of
the definition of what constitutes a chronic infection. Indeed, a persistent infection can be

caused by the presence of a single viral strain, or by a combination of multiple co-existing

'Recall that we have previously defined epitope immunogenicity in Chapter [4]to be the rate at which the
particular epitope induces the proliferation of CTLs directed against it. In the special case, m = n = 1, where
there is no antigenic variability in either the Tax or HBZ epitopes, this particular feature of simultaneous
expression of multiple epitopes is captured by a single parameter §, with 0 < § < 1, and corresponds precisely
to the concept of immunogenicity which we developed in the basic two-epitope Tax/HBZ model .
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strains. We will therefore define chronic infection to mean the long term persistence of at
least one viral strain.

As with the models without the inclusion of antigenic variability (e.g. the baseline
model and the Tax/HBZ model ), the fitness of a particular viral strain ¢j is
directly related to the basic reproduction number for viral infection, also commonly known
as the basic reproductive ratio, which we denote by Rg;;. The quantity R ;; is dependent
upon three key factors: (i) the rate of infectious proviral transmission (3), (ii) the rate of
selective mitotic division of proviral-expressing infected cells (r), and (iii) the rate at which
latently infected target cells spontaneously express viral antigens (7;;). The form of Ry ;;
as in Equation is analogous to the one derived for a single strain in previous models
(refer to Appendix for various methods commonly used to calculate an expression for

the basic reproduction number), and is given by:

A
———(Bxyg +r), wherezy=—. 6.2
p3(Tij + p2) ( ) p 02

Tij

Roij =

Moreover, in analogy to the characterisation of the proviral load as the infected fraction
of all CD4™ helper T-cells for the baseline model (3.1)) (c.f. Equation (3.17))), we can also
define for the multi-locus model ([6.1]) the infected fraction of all CD4™ helper T-cells due

only to strain ij as follows:
Ui + Yij

i=1 j=1

Vi = , fori=1,....mand j=1,...,n.

Next, as with the Tax/HBZ model , we define an expression @epitope (Which we have
previously called the effective CTL expansion rate; refer to Equation ), to describe
CTL proliferation and lifespan. Respectively, for Tax-specific and HBZ-specific CTLs, we
denote:

/

v v
PTax = — and $HBZ = —. (6.3)
M4 Hs

6.2.3 The Special Case n = 1: Basic Analytical Insights Gained from
the Multi-Locus HTLV-I System with Antigenic Variability in One
Epitope

In this subsection, we briefly consider variability in only one of the epitopes. A thorough
exploration of these interactions provides us with crucial insights that form a foundational

basis for understanding multi-strain pathogens that will carry over more generally to the

situation where antigenic variability is present at both epitopes.
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Specifically, we examine two crucial aspects of within-host infection by HTLV-I, namely
immunogenicity and inter-strain competition, in the special case when n = 1 (i.e. the so-
called ‘m x 1’ model). Utilising a combination of analytical and computational techniques,
our investigations reveal the following basic ideas (we refer the reader to Appendix for

a detailed mathematical exploration of these three ideas):

1. Chronic infection is only possible when the basic reproduction number, or
fitness (i.e. Ry ;,, where iy € {1,...,m}), of at least one viral strain is greater

than unity.

> Because we are considering the possibility of infection by multiple strains, the appro-
priate interpretation of chronic infection corresponds to the successful establishment
of at least one strain (and not necessarily all strains concurrently). This interpretation
and the results of our model are consistent with the notion of chronic infection in our

previous models.

2. In the absence of competition, the extent of immunogenicity of antigenic
variants in an epitope is an important determinant of strain abundance,

but not strain structure.

> Related strains that have identical fitness can co-exist in linearly stable equilibrium
with the host immune response, and the relative abundance or dominance of each
strain is determined solely by the extent of immunogenicity of variant-specific re-

sponses.

3. The introduction of inter-strain competition can result in different viral

population structures due to the effects of competitive exclusion.

> As soon as inter-strain competition is introduced, the ability of the less fit strain
to persist depends strongly on the extent to which the dominant strain stimulates a
variant-specific CTL response instead of a shared CTL response. There always exists
a threshold degree of immunogenicity for which actively infected target cells from
the dominant strain provide sufficient stimulation of the cross-reactive response to

overwhelm and drive the weaker strain to extinction.

6.2.4 Characterisation of the Infection-Free Steady State in the General
Multi-Locus Model

The following two theorems summarise the analytical results that we are able to establish

regarding the existence and stability properties of steady state solutions of the multi-locus
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model. The proofs of these results are analogous to those in the special case when n = 1

(see Appendix for details), and so we have chosen not to include them here.

Theorem 6.1 (Boundedness of Solution Trajectories for the Multi-Locus Model). De-
note @ = {ug¥=y . § = {yi Kol 2 = {zitimt,m, and § = {sj}j=1,.n. Let
p = min{pq, po, ps}, ¥ = max{v,v'}, and i = min{ug, pus}, and consider the closed,

bounded region

Ty o= {(m,u,y,z,s) eRy:x < Iu—, :U—i—ZZ(uij-}-yij) < p
1 i=1 j=1 -

r?
m n ~
AU
iy
po = (g —1)
where M = (2mn 4+ m +n+1). Assume that r < p. Then, the set T'y; defines a positively

invariant region with respect to model (6.1). All solutions are bounded for t > 0 and

eventually enter T'yy.

Theorem 6.2 (Global Dynamical Properties of the Infection-Free Equilibrium Py in the
Multi-Locus Model). Let Oy = (0,...,0) € RN denote the N-dimensional zero vector for
some N € N and let xyp = AN 1. The infection-free equilibrium for model (6.1), given
by Py = (mH,(_)'mn,(jmnj(_)’m,(_)'n), always exists. If 0 < Ro;; < 1 for allt =1,...,m and
j=1,...,n, then Py is the only equilibrium in Ty and it is globally asymptotically stable
in Tpr. Conversely, if there exists (io, jo) € {1,...,m} x {1,...,n} such that Royj, > 1,
then Py is unstable. Specifically, let 1 < k < m denote the number of viral strains whose
basic reproduction number is greater than unity. Then, Py is a saddle with dim W} (Py) =
2mn+m+n—k+1) and dim W} (Fy) = k, where W} (Py), W}t.(Fy) denote the respective

local stable and unstable manifolds of Py.

6.2.5 A Remark on Analytic Tractability of the General Multi-Locus
Model

In developing the multi-locus HTLV-I model, we find that the trade-off between incorporat-
ing an increased level of biological complexity and retaining some degree of mathematical
tractability becomes strikingly apparent. As a consequence of this, our investigation of the
model relies heavily on numerical simulation and computational output with relatively fewer
analytical results as compared with our previous models. Due to such a limitation, during
our investigation of the model we have been careful in ensuring that the results presented in
this chapter are the outcome of extensive simulation studies using parameter values drawn
from the physiologically realistic ranges as outlined in Table[3.1} Importantly, we note that

the various graphs and charts illustrated here are meant to be representative of the overall
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dynamics of the multi-locus model rather than being artefacts of a single, atypical
simulation. Thus, our main focus in developing the multi-locus HTLV-I model is to build a
consistent mathematical framework that can highlight a better conceptual understanding of
the complicated interaction between host immunity and an antigenically variable pathogen.
Our exposition of the results in this chapter is therefore somewhat different in style than
that of previous chapters in the sense that the ideas presented here, although based on firm
biological and experimental evidence, are slightly less rigorous from a purely mathematical
perspectiveﬂ Inevitably, several of our interpretations are speculative, but nevertheless, we
argue that our multi-locus modelling approach serves its intended purpose as it allows us
to present and discuss biologically meaningful explanations of realistic aspects of HTLV-1
infection which are both consistent with our multi-locus mathematical modelling framework
and can be placed in the context of empirical evidence, leading to valuable insights from an

immunological standpoint.

6.3 Co-existence of All Strains

We begin our examination of the multi-locus model by considering the scenario in
which there are no differences in fitness among the various virus strains, as illustrated in Fig-
ure . When all viral strains have identical fitness (shown schematically in Figure ,
the successful establishment of one particular strain implies fixation of all species that are
present at the onset of the infection, and the system naturally tends towards a stable chronic
infection equilibrium where all strains co-exist at abundances dictated by the skew in im-
munogenicity (J;) of antigenic variants in the Tax epitope and the initial conditions of the
system. In other words, there is no strain structure (NSS) present in the virus popula-
tion. Figure shows a typical time series graph. In the situation where all CTLs are
functionally identical, the two CTL types achieve equilibrium at equal abundances when
>t 1/6; = 2m, where m denotes the number of possible antigenic variants present in the
Tax epitope. Figure [6.3(c)|illustrates a heat map of CTL dominance for the situation with
two variants in each of the two epitopes, where the degree of dominance of Tax-specific
CTLs is determined simply by their relative abundance within the CTL pool. When both
Tax-specific and HBZ-specific CTL types are equally abundant, or co-dominant, the graph
demonstrates numerical agreement at the theoretically derived boundary curve, shown by
the black, dashed line (see Appendix for a derivation of the general result).

2It should be noted that several authors have developed some analytical insights in other systems that
exhibit a multi-locus model structure (Calvez et al., |2005}; Recker and Guptal 2005; Blyuss and Gupta), |2009);
however, their work is not applicable to our model.
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Figure 6.3: With respect to the multi-locus model , in the absence of inter-strain
fitness discrepancies, we observe the co-existence of all viral strains and no strain structure
(NSS). @ Assume that no fitness differences exist among the strains. Typical time
evolution graph showing convergence to a chronic infection steady state in which all possible
strains co-exist. Here, the abundance of each viral sub-population is determined by the skew
in immunogenicity §; of Tax variant ¢ as well as the initial conditions of the system.
Heat map showing the degree of dominance of Tax-specific CTLs, which is represented by
their relative abundance within the pool of all CTLs. The two types of epitope-specific
CTL responses maintained equilibrium at equal frequencies when )", 1/8; = 2m, where
m is the number of antigenic variants in the Tax epitope. In the above figures, Ry ;; = 2.56
for all strains. Values for the various parameters describing each strain in model are
selected from biologically relevant ranges as in Table

However, more detailed calculations reveal that degeneracy can arise when there is no
inter-strain variability in the multi-locus model . Specifically, we have found that
in the absence of fitness differences among the various strains, there is an infinite line of
equilibria in which all possible strains co-exist. By contrast, the introduction of inter-strain
differences in fitness precludes the existence of such interior equilibria, meaning that at
least one subpopulation of proviral cells is eventually outcompeted by the other strains and

eliminated by host immunity. The precise statement and proof of this result can be found

in Appendix
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6.4 The Simplest Example of a Multi-Locus System: 2 Vari-
ants in Tax, 2 Variants in HBZ

To illustrate the main features of our multi-locus HTLV-I model , we examine the
situation in which there are two possible forms for the Tax protein (say, Tax; and Taxs),
and two possible forms for the HBZ protein (say, HBZ; and HBZs). The result is four
distinct virus variants: Tax;/HBZp, Tax;/HBZy, Taxe/HBZ;, and Taxy/HBZ,. We will
denote these as variants 11, 12, 21, and 22, respectively, and we refer to this model as the
2 x 2 model.

The existence of the four distinct virus variants as described above is the simplest way
in which we can represent our multiple epitope model with antigenic variability in both
Tax and HBZ. By exploring how these virus variants interact with each other and with
antigen-specific host immunity, we hope to build a conceptual understanding of the multi-
locus interactions in HTLV-I infection. The underlying principles are generalisable to the

case when any number of distinct antigenic variants exist at each of the two epitopes.

6.4.1 Differences in Inter-Strain Fitness Create Patterns of Viral Strain
Structure

In the previous section, we have discussed the outcomes of the multi-locus model in the
case when there are no differences in fitness among the viral strains. However, experimental
measurements of T-cell kinetics have provided strong evidence that viral sub-populations
can exhibit variability in their individual levels of fitness; for example, it has been shown
that mutations or nucleotide substitutions in the tax gene can affect Tax-mediated trans-
activation activity (which is a measure of viral fitness) through the HTLV-I long terminal
repeat (LTR) (Furukawa et al., 2000; Renjifo et al.l 1995; Semmes and Jeang), |1992). In-
deed, such inter-strain variability is a direct consequence of differences in the way that the
combination of distinct protein variants at each epitope (e.g. Tax; versus Taxs at the Tax
epitope and HBZ; versus HBZs at the HBZ epitope) contributes to the proper functionality
of cellular processes of the viral strain possessing that particular set of antigenic variants
and therefore determine its basic reproductive ratio.

In the more general situation where there exists heterogeneity in the basic reproduc-
tive ratios among distinct viral strains, we have proved that the co-existence of all viral
sub-populations is not possible and the HTLV-I-infected cell pool will instead self-organise
into ordered sets in which at least one strain is eliminated as the system equilibriates (refer
to Appendix , an outcome that arises as a consequence of the competitive exclusion

principle (Hardin, [1960). In the following, we assume that in the 2 x 2 model, only strain
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11 has a fitness advantage compared to the remaining strains (see Figure for an illus-
tration). Our simulation results here appear to indicate that there emerge two qualitatively
distinct patterns of strain structure that depend on the relative degrees of immunogenicities
(61 and d2) towards each one of the two Tax epitopes: discrete strain structure (DSS), and
what we will refer to as partial discrete strain structure (PDSS). The time evolution graphs
for strain abundances from the start of infection to the establishment and maintenance of

each of the two types of viral strain structures are shown in Figures [6.4(b)H(c)]
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Figure 6.4: Heterogeneity in strain fitness creates structure in the viral population in the
multi-locus model . @ To illustrate the main principles underlying the role and out-
come of inter-strain differences, we assume for the meantime that only one of the virus
strains, specifically strain 11, has a fitness advantage over the other strains. |(b)H(c)| Rep-
resentative time evolution plots for the solution trajectories of model . Extensive
numerical investigations of the model show the emergence of two qualitatively distinct
types of convergent strain structures which arise as a consequence of inter strain differences
in fitness: @ discrete, non-overlapping strain structure (DSS), and |(c)| partial discrete,
overlapping strain structure (PDSS). The type of strain structure achleved, as well as the
abundances of each individual strain, are determined by the relative differences in immuno-
genicities towards each of the Tax protein variants. The graphs show typical time evolution
plots of the virus population in each of the two regions.

DSS, sometimes referred to as discrete, non-overlapping strain structure, is characterised

by the stable co-existence at equilibrium of a set of strains that do not share antigenic
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variants at any of the epitopes. For example, the non-overlapping pair of strains, namely,
strains 11 and 22, exhibit DSS (see Figure . Alternatively, PDSS describes a proper
subset of all strain types that express overlapping variants in at least one of the epitopes. In
other words, PDSS consists of a discrete set of strains along with a number of other strains
that share a protein variant at either the Tax epitope or HBZ epitope. For instance, the
overlapping set of strains, namely, strains 11, 21, and 22, represents an example of PDSS
(see Figure . We will refer to the convergence to a particular organised pattern of co-
existing strains during the chronic phase of infection, whether DSS or PDSS, as establishing

a stable strain structure.

6.4.2 Discrete Strain Structure, Strain Dominance, and Stratification of
the HTLV-I-Specific CTL Response

The consideration of HTLV-I as a multi-locus system highlights two complementary aspects
of the host-virus interaction. On the one hand, the simultaneous expression of multiple viral
epitopes means that a single strain can be recognised by multiple distinct CTL responses.
On the other hand, because distinct strains may share common protein variants at one
epitope, a single variant-specific CTL response is also able to suppress multiple different
strains (we refer the reader back to the schematic illustration in Figure [6.2). As we have
seen, these two aspects not only contribute to the establishment and maintenance of a
certain type of strain structure (in the presence of inter-strain differences in fitness), but
also influence the composition of the virus population. In other words, the combination of
immune-mediated pressures exerted by the various CTL types on each individual virus strain
can create wide variation in the relative abundances of each strain, even whilst maintaining
a specific viral population structure (i.e. DSS or PDSS). Moreover, an important aspect of
our modelling approach is that we are able to characterise the immune profile of an infected
host. Since HTLV-I-infected cells are under positive selection by a host cellular immune
response which is highly specific to target antigens, the existence of protein variants at
distinct antigenic loci in the virus population therefore implies a corresponding measure of
diversity in anti-HTLV-I CTL responses.

Figure [6.5] captures a series of representative plots illustrating one of the main results
from our multi-locus HTLV-I model, namely that the organisation and abundance of both
virus and CTLs during chronic infection are strongly influenced by two primary factors: (i)
the extent of immunogenicity of protein variants at the immunodominant Tax epitope (i.e.
01 and d2), and (ii) the degree of heterogeneity in the level of fitness of individual strains
(i.e. Ry j values). The results shown in Figure are the outcome of a typical simulation

as described below.
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Figure 6.5: Numerical investigation of the multi-locus model indicates that the degree of
heterogeneity in the fitness of individual strains (i.e. Ry ;; values) and the extent of immunogenicity
towards protein variants in the Tax epitope (i.e. §;) play a significant role in determining the structure
of both virus and CTL populations. Here, we have illustrated the case when m = n = 2, i.e. when
there exist two protein variants at each epitope, which we call the 2 x 2 model. @ In conjunction
with heterogeneity in the fitness levels among the virus strains, the immunogenicities of the various
antigenic variants at the Tax epitope determine the type of organised strain structure that the system
will adopt: DSS, or PDSS. DSS is shown by cross-hatching, while the absence of cross-hatching
designates PDSS. The shaded areas indicate regions for which the strain with the highest fitness,
in terms of the basic reproductive ratio, dominates the virus population (defined as the strain that
persists at the highest prevalence). The parameters J; represent the respective immunogenicities
towards variant ¢ at the Tax epitope. Our results demonstrate that a large fitness discrepancy
between the most advantageous strain and the remaining strains increases the region for which
DSS is stable, i.e. the system converges to an equilibrium describing DSS. The most advantageous
strain is not necessarily dominant in the PDSS region when the inter-strain fitness discrepancy is
sufficiently low. @ Immune selection on an antigenically variable virus population creates organised
CTL structure. The coloured regions indicate parameter regimes for d; where Tax-specific immune
responses (all sub-types) dominate the CTL population at equilibrium, i.e. comprises more than half
of the total CTL population. The intensity of Tax-specific CTL dominance is represented by a colour
gradient as indicated. In the above figures: Left panel, Ry 11 = 2.71; Centre panel, Ry 11 = 3.46;
Right panel, Rp,11 = 6.61. For all other strains, Ry ,;; = 2.56, where ij # 11. Parameters used to
simulate the model have been drawn from biologically realistic ranges as discussed in Table
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In Figure we illustrate the regions corresponding to a particular type of ‘sta-
ble strain structure’. We observe that when the immunogenicities of the Tax variants are
similar with respect to the differences in inter-strain fitness, the virus population adopts a
pattern of DSS (cross-hatched regions in Figure the time series graph corresponding
to any specific point in the DSS region is qualitatively similar to the one shown in Fig-
ure. Alternatively, when the Tax variants have sufficiently skewed immunogenicities,
the virus population instead converges to PDSS (the regions that are not cross-hatched in
Figure|6.5)(a); a point lying in the PDSS region has a corresponding time series graph which
is qualitatively similar to the one in Figure . In this latter scenario, the persistence of
a specific combination of overlapping viral strains depends on whether strong competition
is favoured at the Tax locus or the HBZ locus, resulting in competitive exclusion of only
those strains that share either a common Tax variant or HBZ variant with the most fit
strainﬂ Meanwhile, the shaded areas indicate parameter choices for 4; and do for which
the strain with the greatest fitness, with respect to the basic reproductive ratio, dominates
the virus population (we consider a single strain as dominant if it persists at the highest
prevalence amongst all the strains). Our numerical investigations indicate, at least for the
selected parameter values, that DSS can persist for a wide range of differences between the
immunogenicities of the two Tax variants and, moreover, the range for which such a set
of non-overlapping strains exists at stable equilibrium with host immunity increases as the
discrepancies in strain fitness widen (compare the sizes of the cross-hatched regions among
the three panels in Figure [6.5(a)]).

Figureillustrates the results of solving model numerically until it has reached
a stable steady state and examining the structure of Tax-specific CTLs with respect to the
immunogenicities, 61 and do, of each of the two Tax variants for varying degrees of hetero-
geneity in fitness among the strains. The coloured regions in the heat maps in Figure
designate parameter regimes for §; and o in which Tax-specific cellular immune responses
(targeting any of the protein variants at the Tax locus) dominate the CTL population, in
terms of frequency, during chronic infection and represent a gradient (from yellow to green
to dark blue), where the lightest shade of yellow along the edge of each region reflects the
situation where the pool of Tax-specific CTLs weakly dominate that of HBZ-specific CTLs
and the darker shades of blue are indicative of a response that is predominantly comprised
of CTLs that recognise only protein variants at the Tax epitope. For instance, in the ex-

treme case where both §; and d2 are equal to 1 (i.e. both Tax protein variants are fully

3We have not proved this explicitly for the multi-locus model. However, we briefly touched upon how inter-
strain competition between any two strains that share a common antigenic target can lead to competitive
exclusion of the lesser fit strain during our investigation of the ‘m x 1’ model as described in Subsection |6.2.3]
We speculate that the same basic principles apply to the multi-locus model , and numerical investigation
of the model appears to corroborate such a proposition.
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immunodominant), the host immune cell population is made up entirely of Tax-specific
CTLs.
We highlight three details of interest based on our observations of the simulation results

of the 2 x 2 model presented in Figure [6.5

1. In the region where DSS occurs (see Figure cross-hatched areas), the fittest
strain is always dominant (Figure shaded areas). This observation points to
DSS patterning as a route by which HTLV-I can promote viral homogeneity. In
addition, as the discrepancy between strain fitnesses is increased, not only does the
region for which DSS arises become larger, so does the region for which the most fit

strain dominates the virus population (compare Figure [6.5(a)} left to right panels).

2. In the regions where PDSS persists, the model results demonstrate the proof of prin-
ciple that the most advantageous strain need not necessarily be dominant and, in fact,
other strains that have no fitness advantage can exist at a higher abundance within
the virus population. This observation, despite appearing somewhat counter-intuitive
at first, should not be entirely unexpected. The biological reasoning is as follows: The
fitness of a particular strain is determined by the functionality of the specific combi-
nation of protein variants at each epitope, and a virus strain that has a higher level
of fitness possesses an advantage in its ability to productively propagate its lineage
to a subsequent generation. However, the action of variant-specific CTL responses is
impacted greatly by epitope immunogenicity. A virus strain displaying epitopes that
are highly immunogenic elicits a vigorous host immune response and can therefore be

suppressed to low levels, regardless of whether or not it has a fitness advantage.

3. Our numerical investigation of the CTL population structure appears to indicate that
as the discrepancy in strain fitness increases, Tax-specific cellular immune responses
are able to dominate the CTL population provided only that the immunogenicity &1
of the Tax protein variant expressed by the most advantageous strain is sufficiently

large, regardless of the degree of immunogenicity do of the other Tax protein variant.

Remark 6.2. With respect to the second detail of interest raised above (i.e. Point 2), the
results from our 2 x 2 model help illustrate this point. We refer the reader to Figures
and which represent, in the form of pie charts, the proportions of each strain for five
evenly spaced, selected sample values of §; and 2 from the three panels in Figure
(Figure is simply a chart legend explaining how to interpret the pie charts in Fig-
ure . We refer to this style of visualisation as a ‘concentric pie chart representation’.

In Figure we notice that when Tax variant 1 is sufficiently more immunogenic than
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Tax variant 2, strain 11 (designated as a light blue colour in the pie chart representation),
despite being the most fit strain, is the least abundant one, at least in the case when inter-
strain fitness discrepancies are sufficiently low (outermost pie charts). This observation can
be straight-forwardly explained: strain 11 expresses Tax variant 1 and HBZ variant 1. A
strongly immunogenic Tax variant 1 (i.e. large value of d7) elicits a vigorous Tax-specific
CTL response targeting all strains expressing Tax variant 1, including Strain 11. Mean-
while, a weakly immunogenic Tax variant 2 (i.e. small value of d2) means that all strains
expressing Tax variant 2 elicit host immune responses that target respective variants in
their HBZ epitopes. Some of these HBZ-specific CTL responses, namely the one specific to
HBZ variant 1, can also target strain 11. We hypothesise, based on our model observations,
that compounded host immunity acting against strain 11 leads to its suppression, whereas
other strains that are not subject to intense immune-mediated selection are given freedom

to propagate.

Pie Chart Legend
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Figure 6.6: Pie chart legend for the composition of the virus population in terms of rel-
ative abundances of each individual viral strain for different degrees of inter-strain fitness
discrepancies. This schematic legend illustrates how we visualise the structure of the virus
population at equilibrium according to the multi-locus model for a fixed combination
of immunogenicities of the two Tax variants, i.e. a fixed choice of §; and 2. Each circu-
lar plot, as shown in the schematic figure above, consists of three separate, concentric pie
charts detailing the respective virus population structures corresponding to low (outermost
pie chart), intermediate (middle pie chart), and high (innermost pie chart) differences in
fitness between the most advantageous strain and the remaining strains. The four different
colours represent the individual strains as indicated. We will call this style of visualising
the model results a ‘concentric pie chart representation’.

Our numerical simulations demonstrate that the phenomena described above can arise

when all strains have similar levels of fitness or, in other words, when the inter-strain
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Virus Composition for Sample Values of ¢, and 6, (Low, Mid, and High R, Discrepancies)

Increasing Immunogenicity of Tax Variant 2 (d,)

Increasing Immunogenicity of Tax Variant 1 (d,)

Figure 6.7: Examining virus composition for varying degrees of inter-strain fitness discrepancies.
Here, we have selected five uniformly spaced immunogenicity values for both §; and ds within the
interval (0, 1) (for a total of 5 x5 = 25 combinations). For each d;, d2 combination, we consider three
degrees of inter-strain fitness discrepancies: low, intermediate, and high, which are determined by
the differences in fitness among the various viral strains, e.g. a low inter-strain fitness discrepancy
means that the least fit strain and the most fit strain have similar basic reproduction numbers. With
fixed values of 41, d2, and the degree of inter-strain discrepancy (i.e. low, intermediate, or high), we
then solve the 2 x 2 model numerically, and plot the relative abundances of each individual strain as
a single pie chart element in the concentric pie chart representation as described in the schematic in
Figure Thus, the figure shows the outcomes of 25 x 3 = 75 simulations. (Caption continued
on following page.)

differences in fitness are sufficiently low (refer to Figure[6.7], outermost pie charts). However,

our results suggest that provided there is a sufficiently large discrepancy in fitness between
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Figure 6.7: (Continued caption from preceding page.) The columns and rows show the strain
structures corresponding to a fixed immununogenicity of Tax variant 1 (i.e. §;), and of Tax variant
2 (i.e. d3), respectively. Meanwhile, the outermost, middle, and innermost pie charts show the
resulting strain structures associated with low, intermediate, and high differences in fitness among
the strains (for a specified combination of §; and d2). To put the figure into perspective, we note
that each of the individual pie charts above is simply detailing the composition of the virus at a
particular point in the strain structure graphs plotted in Figurefor low, intermediate, and high
inter-strain fitness discrepancies (corresponding to the left, centre, and right panels of Figure[6.5(a)|
respectively). The basic reproduction numbers for the various strains are uniquely determined by
their individual rates of spontaneous viral expression, as represented by the parameter 7;;. The
quantity, v;;, refers to the fraction of target cells infected by strain ij, and is defined as follows:
vij = (ugj + yij)/(a: + Dy Dy (ug + yij)). In the above figure, the v;; for the various strains
in each pie chart element are shown as relative proportions. The values of the basic reproduction
numbers for the fittest strain 11 are as follows: outermost pie charts, g 11 = 2.71; middle pie charts,
Ro,11 = 3.46; innermost pie charts, Rg 11 = 6.61. For all other strains, Ry ;; = 2.56, where 75 # 11.
Moreover, 6; and 6o take the specific values 0.05, 0.275, 0.5, 0.725, and 0.95. We observe that
the composition of the virus population becomes more homogeneous as inter-strain fitness increases
(compare outermost versus innermost pie charts).

the most fit strain and all other strains, the strain with the highest fitness is likely to always

dominate the viral population (refer to Figure innermost pie charts).

6.4.3 Differences in Effective Expansion Rates Between CTLs Determine
Strain and CTL Regions

The effective expansion rate of each type of anti-viral immune response is a measure of
its proliferative capacity and lifespan, and is governed by both genetic factors as well as
the effects of inter-cellular signalling. For instance, in terms of CTL proliferation, the
activation of a pool of virus-specific CTLs by its cognate antigen leads to rapid clonal
expansion of that particular CTL type (Parham, 2005). Alternatively, while mechanisms
such as activation-induced programmed cell death reduce CTL lifespan, other inter-cellular
processes, including the engagement of inhibitory killer-cell immunoglobulin-like receptors
(KIRs) on natural killer cells with virus-specific CTLs, have recently been suggested to
prolong the lifespan of CTLs (Seich al Basatena et al.,2011;|Ugolini et al.,|2001)). Differences
between CTLs in their lifespans introduce heterogeneity in the effector cell pool and can
thus shift the dynamical properties of the virus population. An increased CTL lifespan
(and hence an increased effective expansion rate) means that such effector cells spend more
time suppressing virus-expressing target cells and could therefore have a substantial effect
on the long-term outcome of infection.

Using our multi-locus model, we explore the way in which differences in the proliferation
and lifespan ratios (collectively grouped together as the effective expansion rate) of Tax-

specific and HBZ-specific CTLs, represented respectively by ¢Tax and ¢pupyz, structure the
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virus and CTL populations. The results of a typical simulation are illustrated in Figure
We observe that a change in the shape of the regions for which DSS and PDSS are stable
depends on the ratios of the effective expansion rates between the two types of epitope-
specific CTL responses (Figure . The dominance of Tax-specific CTLs, in terms
of relative CTL abundance, is also strongly influenced by the relationship between the
different CTL types (Figure . Indeed, if the ratio of effective expansion rates is
skewed towards HBZ-specific CTLs (i.e. ¢rax/éuBz < 1), then the DSS region emerges for
higher immunogenicity values of d; (the Tax variant presented by the fittest strain 11), and
lower immunogenicity values of dy (the Tax variant not presented by the fittest strain) and,
moreover, the CTL population is largely dominated by CTL effectors targeting HBZ, even
for high degrees of Tax variant immunogenicities (i.e. when ¢; and o are close to 1).

Meanwhile, if the skew of CTL effective expansion rates is biased towards Tax-specific
CTLs (i.e. ¢rax/dupz > 1), then the converse holds; that is, DSS is favoured for lower §;
and higher d5 and, additionally, the dominant CTL type consists of those targeting Tax,
even when the immunogenicity values of Tax variants are low (i.e. when ¢; and d are close
to 0; see Figure right column). In each of the two situations described above, our
simulations demonstrate that a greater skew between ¢r.x and ¢ppz results in a larger
curved region of DSS.

Lastly, when both CTL types display the same effective expansion rates (i.e. ¢rax/Pupz =
1), the DSS and PDSS regions, as well as the corresponding CTL dominance heat plot, obey
the same rules as we have examined previously with respect to inter-strain differences in

fitness (in other words, the plots resemble those seen in Figure [6.5)).

Remark 6.3. If the effective expansion rates of both CTL types are very low (e.g. CTL
lifespans are ~1 day), then the shape of the region where Tax-specific CTLs are dominant
is similar to what is seen with fitness discrepancies, i.e. the right-hand side of the d1, d2-
plot is shaded instead of just the top-right quadrant. In particular, Tax-specific CTLs will
dominate as long as the Tax variant 1 is sufficiently immunogenic, and the immunogenicity
of Tax variant 2 can be lower. We speculate that this occurs because low effective CTL
expansion rates imply fewer circulating CTLs (which interact with virus-infected cells), and
suggest that differences among virus strains play a larger role (e.g. the impact of inter-strain

competition).

Remark 6.4. In addition to the impact of CTL expansion on virus and CTL population
structure, our numerical simulations indicate that there also exists a positive correlation
between effective CTL expansion rate and the ratio of CTLs to activated proviral cells

(results not shown). We found that this positive correlation holds in both the DSS and
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(b) Tax-Specific CTL Dominance.

Figure 6.8: Numerical investigation of the multi-locus model show that relative differences in
the effective expansion rates of immune effector cells and the skew in immunogenicity towards protein
variants in the Tax epitope (i.e. §;) determine the organisation of the virus and CTL populations in
the presence of inter-strain differences in heterogeneity. Here, we have illustrated the output from
a typical simulation for the 2 x 2 model using physiologically realistic parameters as discussed in
Table 3.1} The effective expansion rate for each class of CTLs is a ratio of its rate of proliferation
and rate of natural decay. We consider the relative difference between the effective expansion rates
of Tax-specific to HBZ-specific CTLs, which is given by the ratio (¢rax/dunz). @ The areas for
which DSS is stable are shown by cross-hatching, while the shaded areas indicate regions for which
the strain with the highest fitness, in terms of the basic reproductive ratio, dominates the virus
population (defined as the strain that persists at the highest prevalence). @ Immune selection on
an antigenically variable virus population creates organised CTL structure. The coloured regions
indicate parameter regimes for d; where Tax-specific immune responses (all sub-types) dominate
the CTL population at equilibrium, i.e. comprises more than half of the total CTL population.
The intensity of Tax-specific CTL dominance is represented by a colour gradient as indicated. In
agreement with current immunological understanding of cellular immunity, we observed that the
degree of anti-Tax CTL dominance is positively correlated with the immunogenicities, d;, of antigenic
variants in the Tax epitope and, furthermore, is greater as the skew of effective CTL expansion is
biased towards Tax-specific CTLs. Left column: ¢ra.x/¢upz < 1. Centre column: ¢rax/dnpz = 1.
Right column: ¢rax/dupz > 1. Specifically, the values for the ratio ¢rax/dupz in the left, centre, and
right columns are, respectively, 1/18, 1, and 18. In the above figures, Ry 11 = 2.71, Rp others = 2.56.
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PDSS regions, and is also robust to both small and large changes in inter-strain fitness
discrepancies. Although we have not proved this relationship analytically, our observation
echoes an analogous result from the basic two-epitope Tax/HBZ model (in particular,
refer to Subsection .

6.4.4 Heterogeneity in the Efficiencies of Epitope-Specific CTL Responses
Shapes the Regions for Ordered Strain and CTL Structure

One specific prediction of the multi-locus model is that differences among individual strains
induce heterogeneity in the virus population and allow HTLV-I to self-organise into struc-
tured patterns consisting of multiple strains (not all possible strains co-exist, but also not
just one; see Subsection [6.4.1)). Considering the significance of host immunity in the dy-
namics of HTLV-I infection, we raised the question: How does the strength, or efficiency, of
epitope-specific CTLs influence the patterns of structure and dominance observed in viral
strains and host immune responses?

Figure shows a representative simulation illustrating how the regions where each of
the two types of strain structures occur can be shaped by host immunity, assuming that
strain 11 has a slight fitness advantage over the other strains. A noteworthy observation is
that the change in shape of the regions is not dependent on the strengths of each epitope-
specific CTL response, but rather on the relative differences in strength between the CTL
responses that target Tax versus those that target HBZ. Indeed, when both CTL types
have equal lytic rates so that v = 4/, the shape of the DSS and PDSS regions are the
same as governed by inter-strain fitness discrepancies, with the area of the DSS region
inversely proportional to CTL strength (see Figure centre column, and compare with
Figure [6.5(a))). Namely, a more efficient rate of CTL-mediated lysis is associated with a
decrease in the area for which the DSS is stable. However, if the CTL strength ratio is skewed
towards HBZ-specific CTLs (i.e. if v/4' < 1), then the shape of the DSS region changes
to favour higher immunigenicity values of Taxy, the variant possessed by the advantageous
strain 11, and lower immunogenicity values of Taxo, the variant which is not possessed by
the advantageous strain (see Figure[6.9] left column). Conversely, if CTL-mediated selection
(either Tax-specific or HBZ-specific) is more effective against the Tax epitope rather than
the HBZ epitope, in which case /4" > 1, then DSS is favoured for lower immunogenicity

values of Tax; and higher immunogenicity values of Taxy (see Figure right column).

Remark 6.5. As with the case of comparing the effective CTL expansion rates of the two
epitope-specific CTL types, our numerical investigations demonstrate that a greater skew in

CTL efficiencies, i.e. /4, in either direction results in a larger curved region for which DSS
occurs. Comparison of Figure [6.§(a) with Figure [6.9(a)| implies that CTL efficiency and



CHAPTER 6. MuLTI-LOCUsS MODEL 187

10F 2 10F 2 10F q
< osf 1 < osf 1 < osf 1
» [ » 1 % [
< < <
= [ E 1 B [
T 06F 1 B 06F 1 B 06F 1
z [ o 12 [
S [ 3 12 [
S, 04f 4 B 04f 1 5 o04f i
=] =) =]
=] =} =
=1 L =1 1 = L
£ o2f 1 £ o2} 1 E o2} 1
0.0 ; | o 00 | | | | a 00 | | | | d
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
Immunogenicity of Tax;, §, Immunogenicity of Tax;, ¢, Immunogenicity of Tax;, 6,
(a) Strain Structure and Fittest Strain Dominance.
1.0
1LOF 1LOF 1LOF
I I I 09
< 08F < 08F < 08F
3 = 5
= = =
T 06F S 06F S 06F 0.8
z z z
3 3 K]
5 04f 5 04f 5 04f
=) =) =) 07
5 =L = .
£ o2} £ o2} £ o2}
0.0k . . . . d 0.0k . . . . d 00k . . . . d 0.6
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
Immunogenicity of Tax, ¢, Immunogenicity of Tax;, d; Immunogenicity of Tax;, d;
0.5

(b) Tax-Specific CTL Dominance.

Figure 6.9: Numerical investigation of the multi-locus model demonstrating that het-
erogeneity in the efficiencies of CTL responses can change the shape of the regions of
organised strain structure and CTL dominance, and is dependent primarily on the strength
ratio between Tax-specific and HBZ-specific CTLs (y/+'). Here, we have illustrated the
outcome of a representative simulation of the 2 x 2 model, which has been parameterised
using physiologically realistic values taken from Table @ The cross-hatched regions
indicate DSS and the shaded regions represent dominance of the fittest strain (in terms of
its persistence at the highest prevalence among all strains). Comparison to Figure
suggests that the ratios of both CTL efficiencies and effective CTL expansion rates between
the two epitope-specific CTL types affect the establishment of strain structure, either DSS
or PDSS, in similar ways. @ CTL dominance and structure can also be influenced by the
skew in efficiencies between the CTL types. The heat maps indicate parameter regimes
for §; and d2 where Tax-specific immune responses (all sub-types) dominate the CTL pop-
ulation at equilibrium, i.e. comprises more than half of the total CTL population. The
intensity of Tax-specific CTL dominance is represented by a colour gradient as indicated.
Left column: /4" < 1. Centre column: v/4" = 1. Right column: /9" > 1. Specifically,
the values for the ratio v/’ in the left, centre, and right columns are, respectively, 1/16, 1
and 16. R0711 = 2.71, RO,others = 2.56.
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effective CTL expansion (including CTL lifespan) may play a similar role in determining

the strain structure of HTLV-I.

6.4.5 Proviral Load, Viral Composition, and Strain Dominance Are Dif-
ferentially Influenced by CTLs Depending on Type of Strain Struc-
ture

The efficiency of the HTLV-I-specific cellular immune response is a direct measure of its
strength and has been shown to be a significant factor in effectively suppressing viral
spread (Asquith et all 2005a)). We therefore explored in more detail the role that CTL
strength plays in determining viral structure, total abundance, as well as the prevalence of
the fittest strain in the context of the multi-locus HTLV-I model .

Figures[6.10] [6.11] and [6.12] plot typical outcomes of numerical investigation of the above
factors for the 2 x 2 model. These results show that differing strengths of each type of

epitope-specific CTL response can affect the magnitude and composition of the virus pop-
ulation in both the DSS and PDSS regions. We first observe that in both the DSS and
PDSS settings, more efficient CTL responses of either specificity, either Tax-specific or
HBZ-specific, are associated with a reduced proviral load and, as the pool of CTLs is main-
tained by proviral stimulation, a lower abundance of CTLs (see Figure , a notion which
is consistent with current understanding of host cellular immunity.

The composition of the virus, however, was found to be differentially influenced by CTL
efficiency in each of the two regions of strain structure (see Figures . Specif-
ically, within the DSS region, the fittest strain was always observed to be dominantﬁ (at
least in the case we have considered here in which only strain 11 exhibits a fitness advantage
over the other strains), and such dominance was highly robust and resilient to changes for a
broad range of skewness in CTL strengths (Figure . In contrast, the composition of
the virus was not well-preserved in the PDSS region and could vary substantially depend-
ing on the differences between the epitope-specific CTL responses. Within this region of
PDSS, the fittest strain could range from being the least abundant to the most abundant
(Figure [6.1(b))).

Significantly, these results demonstrate how functional differences between the two types
of CTL responses can differentially influence the composition of the virus population, espe-
cially in the PDSS region, a feature not apparent simply by looking at the magnitude of the
proviral load. To illustrate this, we refer to Figure [6.11{(b), which shows the abundances

of each strain for varying combinations of Tax- and HBZ-specific CTL efficiencies (selected

“We consider a strain to be dominant if it is the most abundant amongst all of the strains present.
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Figure 6.10: The impact of CTL efficiency on proviral load and CTL frequency for a typical
choice of d; and d2 in the PDSS region. The two figures show the outcome of solving the
multi-locus model numerically for each combination of selected rates of CTL lysis, or
efficiencies, of both Tax-specific and HBZ-specific CTLs, and plotting the corresponding
magnitudes of the proviral load, and @ the total CTL frequency. Here, we are con-
sidering the 2 x 2 model, where R 11 = 2.71 and Ry others = 2.56. Meanwhile, we select
multiples of 1, 4 and 16 of the baseline values for the efficiencies, v and «/, respectively,
of Tax-specific and HBZ-specific CTL types. The above graphs correspond to particular
points in the plots shown in Figure[6.9] The specific choices for the immunogenicities of the
two Tax variants are §; = 0.9 and d» = 0.1, which lies in the PDSS region for all combina-
tions of v and 4/ (refer to Figure . All other parameter values have been selected from
biologically realistic ranges as discussed in Table The above figures are representative
of any other choice of §; and d2 in the PDSS region. However, further investigations have
revealed that both the proviral load and frequency of CTLs are negatively correlated with
CTL efficiency in the DSS region as well (results not shown).

from multiples of the baseline values of v and + as listed in Table , with all other param-
eters fixed, for a typical plot in the PDSS region of the 2 x 2 model. Specifically, we look at
the two bar charts on opposite corners indicated by a choice of (167, v') (Figure left-
most panel, third bar chart) and the choice of (v, 16v") (Figure right-most panel,
first bar chart) for the respective efficiencies of Tax- and HBZ-specific CTLs. We observe
that both cases result in similar total virus abundances (i.e. the heights of the respective
bar charts are similar), yet they exhibit vastly different virus compositions: Whereas the
former case consists of a relatively uniform mix of strains 11, 21, and 22, the latter case
exhibits dominance primarily of strain 11. Since the only differences between the various
bar charts are in the efficiencies of the CTL responses, the above observation may have
relevance to the diagnosis of HTLV-I-associated disease as well as vaccine administration,

which we will discuss in more detail later in this chapter.
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(b) Proviral load and strain structure in the PDSS region.

Figure 6.11: The influence of CTL efficiency on the magnitude of the proviral load and viral
strain composition in the DSS and PDSS regions. Our results show that efficient immune
responses of either specificity reduce the magnitude of the proviral load regardless of the
type of strain pattern exhibited. The composition of the virus population, however, varies
between the two regions: @ Strain composition is well-preserved in the DSS region and is
robust to variations in the strength among virus-specific CTLs. @ By contrast, in the PDSS
region, differences in efficiency between the two epitope-specific CTLs can affect the relative
abundances of strains within the viral structure. The above figures are representative of the
behaviour observed in the DSS and PDSS regions for the 2 x 2 model. Here, the fitnesses
for each strain are as follows: Ry 11 = 2.94 and Ry others = 2.56. The specific choices for
the Tax variant immunogenicities for the above figures are as follows: DSS region, §; = 0.9,
09 = 0.9; PDSS region, 61 = 0.9, é3 = 0.1. All parameters have been taken from biologically
relevant ranges as in Table

6.5 Visualisation of Strain Structure in a Higher Order Multi-
Locus System: The 3 x 3 Model

Because of the great deal of complexity, both analytical and numerical, inherent in the gen-
eral multi-locus model ([6.1]), so far we have concentrated on highlighting the basic principles
of the multi-locus HTLV-I system by considering only the 2 x 2 case. Indeed, there arise

several challenges when attempting to explore the model with a larger number of possible
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Figure 6.12: Heat map showing the effect of CTL efficiency on dominance of the fittest
strain. The above figures illustrate the relative prevalence of the most advantageous strain
scaled with respect to the total proviral load and hence represent the level of dominance of
the fittest strain within the viral population. In the DSS region, the fittest strain not
only preserves dominance, but also maintains a largely invariable relative abundance in the
presence of differences in efficiencies between the two CTL types. @ Meanwhile, in the
PDSS region, the dominance of the fittest strain is more variable. Indeed, depending on the
efficiencies of each CTL response, the most advantageous strain can either be sub-dominant
(i.e. not dominant), weakly dominant (i.e. is the most prevalent strain, but other strains
co-exist at significant abundances), or strongly dominant (i.e. makes up almost all of the
strain population at equilibrium). The above heat maps are representative of the behaviour
observed in the DSS and PDSS regions for the 2 x 2 model. Strain fitnesses: R 11 = 2.94
and Ro others = 2.56. Tax variant immunogenicities: DSS region, d; = 0.9, d2 = 0.9; PDSS
region, 1 = 0.9, 65 = 0.1. All parameters have been taken from biologically relevant ranges
as in Table @

variants at each epitope. These include, for instance, a rapid rise in dimensionality of the
non-linear system of equations in model , as well as how we can represent the model
results in a clear and concise way that can highlight the relationship between strain com-
position and immunogenicity of Tax variants which, from the 2 x 2 case, has been shown to
play a substantial role in establishing stable strain structure.

In Figure[6.13] we illustrate a schematic that we can use to visualise the composition of
the virus population for a specified combination of Tax variant immunogenicities in the case
where there are three variants present at each of the two antigenic loci; in other words, the
3 x 3 model, which is obtained when m = n = 3 in model (6.1)). Figures[6.14] [6.15 and [6.16]

demonstrate three sample outcomes from numerical simulation of the 3 x 3 model, which




CHAPTER 6. MuLTI-LOCUsS MODEL 192

illustrate the emergence of organised strain structure, both DSS and PDSS. These prelim-
inary results, although representing the typical sort of behaviour exhibited by the model,
simultaneously emphasise the need for further investigation in order to better characterise

the general multi-locus model with an arbitrary number of variants in both epitopes.

Remark 6.6. The multi-locus modelling approach that we have developed in this chapter
can also be applied to the situation in which there is an asymmetric number of variants in
each of the two epitopes. As with the case where both epitopes have a symmetric number
of protein variants, there exist a wide range of possible overlapping and non-overlapping
strain structures. As an example, we refer the reader to Appendix [C.4] for representative

graphs for the scenario where there are 3 variants in Tax, but only 2 variants in HBZ.
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Virus Composition Pie Chart Legend for the 3x3 Model
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Figure 6.13: Pie chart legend indicating virus composition in terms of relative abundances
of each individual viral strain for the higher order multi-locus model with three variants
in each of Tax and HBZ. Specifically, this schematic legend illustrates how we can use a
‘concentric pie chart representation’ to visualise the structure of the virus population at
equilibrium according to model in the case where there are three possible variants at
each of the two epitopes, i.e. the 3 x 3 model. Here, we consider a total of nine possible
virus strains which, listed in lexicographic order, are: 11, 12, 13, 21, 22, 23, 31, 32 and
33. In this representation, we consider a series of circular plots (like the one shown above)
consisting of a set of concentric pie charts. Each individual pie chart corresponds to a
particular combination of selected values for the immunogenicities of each of the three
distinct Tax variants; that is, d1, d9 and d3. In the subsequent simulations, we consider
five different sample choices, representing a set of evenly spaced values between 0 and 1,
for each of the §;. Separate circular plots along the horizontal and vertical axes correspond
to the various choices of §; and 2, respectively (note that the schematic legend above
only shows one such circular plot). Meanwhile, within each circular plot, the pie charts
spreading radially outward correspond to increasing values of d3. For each pie chart, the
colours represent individual viral strains as indicated. As we will see in the remainder of
this chapter, this concentric pie chart representation allows us to examine and gain insights
to the way in which Tax variant immunogenicities influence the composition of the virus
when the various strains all differ in their respective levels of fitness (in terms of the basic
reproduction number Ry ;; for strain ij). Note the slight difference in the interpretation of
the concentric pie charts radiating outwards in this representation versus those described

earlier in Figure
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Virus Composition for Sample Values of §,, §,, and 6, (Low R, Discrepancy)
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Figure 6.14: Visualisation of virus composition at equilibrium in the 3 x 3 multi-locus
model. The above figure shows one possible outcome of solving model with m =
n = 3 numerically, and plotting the relative abundances of all co-existing virus strains at
equilibrium for a particular combination of Tax variant immunogenicities (i.e. d1, d2, and
d3). Strains are labelled 1 through 9 corresponding to the strains ij in lexicographic order.
In this figure, only strain 11 (labelled ‘1’) is different from all of the others. There is no
DSS present in this scenario, which is expected since all other strains aside from strain 11
(labelled ‘1’) have the same fitness. Nevertheless, the strain structure consisting of strains
{11, 22, 23, 32, 33} (labelled {‘1’, ‘5", ‘6°, ‘8", ‘9’}, respectively) is similiar to DSS. Here,
Rp 11 = 2.94, Ro others = 2.56. Each of the Tax variants can take on one of the following five
(uniformly-spaced) immunogenicity values between 0 and 1: 0.05, 0.275, 0.5, 0.725, 0.95.
Thus, a total of 5 x 5 x 5 = 125 simulations are represented. All other parameters have
been selected from Table
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Virus Composition for Sample Values of ¢, ¢,, and 6,

Increasing Immunogenicity of Tax Variant 2 (9,)

Increasing Immunogenicity of Tax Variant 1 (9,)

Figure 6.15: DSS and a variety of overlapping strain structures can exist in the 3 x 3 system.
The above figure shows the result of numerical simulation of the multi-locus model with
m = n = 3. In particular, we demonstrate that it is possible for DSS to appear in the 3 x 3
model, at least for the given set of parameters considered here and particular combinations
of Tax variant immunogenicities. In this case, when DSS emerges, the virus population
consists of the strains {11, 22, 33} (labelled {‘1’, ‘5’, ‘9’}) and, moreover, the fittest strain,
which is strain 11, is always dominant in that it exists at the highest prevalence among
all existing strains. Here, the fitnesses of all strains have been randomly assigned and the
basic reproduction numbers for each strain are Rg 11 = 10.48, Ry 12 = 9.38, Ro13 = 6.71,
R0721 = 4.16, R0722 = 5.63, R0723 = 2.32, R0731 = 1.76, R0732 = 5.20, R0733 = 4.43. Each
of 01, 02, and d3 can take one of the following five (uniformly-spaced) immunogenicity
values between 0 and 1: 0.05, 0.275, 0.5, 0.725, 0.95. Thus, the figure represents a total
of 5 x5 x5 = 125 model simulations. All parameter values have been selected from
physiologically realistic ranges as discussed in Table @
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Virus Composition for Sample Values of ¢, 6,, and ¢,

Increasing Immunogenicity of Tax Variant 2 (J,)

Increasing Immunogenicity of Tax Variant 1 (9,)

Figure 6.16: Unlike in the 2 x 2 model, DSS does not imply that the fittest strain is
dominant in the 3 x 3 system. The above figure illustrates yet another possible outcome
from numerical exploration of the multi-locus model with m = n = 3. In contrast to
the sample simulation in Figure here we observe that for many values of Tax variant
immunogenicity d1, d2 and 03, the dominant strain is Strain 32 (labelled ‘8’), which is not
the fittest strain but, in fact, the second fittest strain. Furthermore, there exists a DSS
with the strains {11, 23, 32} (labelled {‘1’, ‘6’, ‘8’}). Even in these regions of DSS, the
fittest strain 23 (labelled ‘6’) is far less abundant than the less fit strain 32 (labelled ‘8’).
Note that there is also a combination of immunogenicities that gives rise to a different set
of DSS with the strains {12, 23, 31} (labelled {‘2’, ‘6’, ‘7’}), where the fittest strain is the
most prevalent. Here, the fitnesses of all strains have again been randomly assigned and
are: R0711 = 4.63, R0712 = 4.23, R0713 = 5.39, R0721 = 9.13, R0722 = 3.88, R(),Qg = 11.05,
Roz1 = 8.23, Ro32 = 9.67, Rp33 = 8.87. Each of the Tax variant immunogenicities can
take one of the following five (uniformly-spaced) immunogenicity values: 0.05, 0.275, 0.5,
0.725, 0.95. These are meant to represent the range of values between 0 and 1, and leads
to a total of 5 x 5 x 5 = 125 combinations of d1, d2, and d3 (corresponding to each of the
125 individual pie charts illustrated above). All parameter values have been selected from

Table
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6.6 Conclusions and Discussion of the Results from the Multi-
Locus Model

In this section, we focus on the application of our results from the multi-locus model of
HTLV-I infection and discuss their significance for, and implications on, our understanding
of the immunological processes behind viral persistence and pathogenesis. Specifically,
we link up our model conclusions with clinical and experimental observations to provide

biological justification and qualitative validation of the model.

6.6.1 The Emergence of Ordered Strain Structure in Persistent HTLV-I
Infection

Our multi-locus modelling approach demonstrates that inter-strain differences in fitness
can give rise to two qualitatively distinct types of organised strain structure: DSS and
PDSS. DSS is characterised by reduced strain diversity and emergence of a stable set of
strains that do not share common antigenic variants at any CTL epitopes, whereas PDSS is
distinguished by a greater degree of strain diversity and convergence to a set of strains that
express overlapping variants. In the 2 x 2 model, we found that a characteristic feature of
DSS is that it is dominated by the fittest strain and such dominance is generally resilient to
differences in the efficiencies of epitope-specific CTLs. Meanwhile, in the case of PDSS, the
fittest strain does not necessarily exhibit dominance over the virus population and strain
composition is strongly governed by the combinations of Tax variant immunogenicities as
well as the relative skew in lytic potential between the various epitope-specific CTL response.
We note, however, that in higher dimensional representations of the multi-locus model ,
for example, in the symmetric 3 X 3 model or the asymmetric 3 x 2 model, DSS does not
necessarily imply that the fittest strain dominates the virus population. It is unclear why
this would be the case and warrants further exploration of the model to identify the key
distinguishing aspects of each type of organised strain structure.

It is unsurprising that the introduction of heterogeneity in the fitness levels among the
virus strains induces a change in the virus population structure. Moreover, what one might
expect to see is the emergence of a single dominant strain that has the greatest fitness
advantage over all other strains, a pattern which is likely to emerge if all virus strains share
a conserved epitope that is highly immunogenic; in other words, the strain that has the
highest fitness outcompetes and rapidly eliminates all other strains. However, it is known
that HTLV-I, like other RNA retroviruses, does not exist as a single, genetically uniform
strain; rather, it is comprised of a set of strains that are closely related yet distinct (Kubota
et al., [2007; [Niewiesk et al., 1994). The distribution of viral strains is also known to

differ significantly both between and within seropositive individuals. This composite nature
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of HTLV-I is consistent with the predictions of a multi-locus mathematical model that
illustrates an alternative dynamical possibility aside from single strain domination and
complete viral heterogeneity whereby all possible strains co-exist, namely, the emergence of

organised strain structure comprising a subset of persistent strains.

6.6.2 Why Strain Structure?

A natural question that arises is the following: Why does the pathogen tend to organise
itself into heterogeneous groups or clusters rather than forming a single homogeneous pool?
Mathematically speaking, it has been demonstrated that the formation of ordered sets of
strains is an intrinsic feature of mathematical models which describe multi-strain infections
displaying a measure of cross-immunity (Calvez et al., [2005;|Gupta et al., 1996, 1998; Recker
et al., 2004). In our multi-locus model , the consideration of virus strains that share
common antigenic variants at either one of the two distinct epitopes introduces a kind of
intrinsic cross-immunity. Indeed, a CTL response that is specific to a particular protein
variant (at either epitope) is able to recognise, and therefore suppress, any virus strain
expressing the same protein at the same epitope.

From a biological point of view, there are two lines of evidence, which are not mutually
exclusive, arising from examination of clinical studies on chronic infection that may help
to explain this phenomenon. First, the existence of a vigorous and highly specific anti-
HTLV-I CTL response in the chronic phase of infection places continual positive selection
pressure for the maintenance of viral antigenic variants. The most direct form of evidence
for this comes from a study by Niewiesk et al.| (1995), who demonstrated that naturally
occurring variants in the Tax protein are able to escape recognition by CTLs specific to the
consensus Tax sequence, thereby supporting a role for the establishment and maintenance
of viral diversification in concert with the immune selection process. Second, it is believed
that the long-term persistence and evolutionary survival of many pathogenic agents, in-
cluding viruses, are not dependent on the development of pathological conditions (Gupta
and Maiden, 2001)), and HTLV-I appears to be no exception. The tendency of HTLV-
I to self-organise into ordered strain structure promotes the co-existence of distinct viral
strains, thereby maintaining pathogen diversity and potentially conferring protection from
disease, and could therefore help explain the observation that over 90% of HTLV-I-infected
individuals remain as asymptomatic carriers of the virus, while only a small proportion of
seropositive individuals develop some form of HTLV-I-associated pathology (Asquith and
Bangham), 2007} [Proietti et al., 2005)).
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6.6.3 Virus Composition and Diagnosis of HTLV-I-Associated Pathology

Even though there is a large degree of diversity in viral strains, no single HTLV-I strain is
known to be directly associated with disease outcome (Daenke et al., [1990; Mosley et al.
2005; |[Niewiesk and Bangham), [1996)). Nevertheless, despite the intrinsically heterogeneous
nature of the virus, the strain that dominates the virus population is likely to exert the
greatest influence over the course of infection. Often it is assumed that the strain possessing
the highest fitness is the one that has the greatest potential to cause pathological damage to
the host. It is therefore plausible that the successful establishment of strong dominance by
such a strain in an environment with low strain diversity would be detrimental to the host
and may, in turn, be linked to the development of disease. Conversely, suppression of the
fittest strain in an environment of higher strain diversity may be protective and indicative
of asymptomatic clinical status. In the context of our multi-locus mathematical model, we
have identified two distinct types of viral strain structure, DSS and PDSS, each of which
is characterised by a set of distinguishable properties. While DSS is stable to variation in
CTL efficiencies, PDSS is more susceptible to such factors. We hypothesise that single strain
dominance resulting in increased virus homogeneity corresponds to disease manifestation
(for example, dominance of the fittest strain exhibited by DSS, or strong dominance by a
single lesser-fit strain coupled with a large skew in the efficiencies of host immune responses
in certain regions of PDSS), whereas the greater degree of strain diversity along with non-
dominance of viral strains generally, but not always, associated with PDSS corresponds
to asymptomatic carriage. Therefore, if it is indeed the structure of the virus population,
rather than the size, that determines the outcome of disease, then our results suggest a
way to diagnose the clinical status of infected individuals irrespective of the proviral load.
Specifically, heterogeneous strain structure is associated with asymptomatic clinical status
and protection from disease, while homogeneous strain structure is associated with HTLV-
I-associated pathology, such as HAM /TSP and ATL.

The notion that the structure of the pathogen population, and not necessarily the pres-
ence of any specific strain nor the size of the proviral load, is linked to disease progression
has been suggested by clinical evidence. Indeed, an experimental study by |[Niewiesk et al.
(1994)) on the intra-isolate variability of the transcriptional transactivator Tax provides
support for such a hypothesis, demonstrating that healthy HTLV-I seropositive individuals
harbour virus populations displaying wider variation at the protein level than do patients
with HAM/TSP and indicating that a greater degree of amino acid conservation is associ-
ated with more severe pathological manifestation.

Although the precise threshold of viral homogeneity or heterogeneity associated with

disease manifestation is currently unknown and, moreover, is largely dependent on both
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virus and host factors, it is hoped that with the increase in accuracy and availability of
longitudinal data, it may be possible to quantify such thresholds and verify the plausibility
of this hypothesis. In terms of testing and validation, relevant data could be obtained
from experimental studies that quantify the sequence variation in both Tax and HBZ for
a given sample as well as identify the clinical status of the HTLV-I-infected subject. As
discussed above, this has been carried out for the Tax protein (Niewiesk et al.l |1994]);
however, the potential for simultaneous expression of distinct HBZ variants, even with the
same Tax variant, would imply a range of different ‘strains’, at least in the context of our
multi-locus modelling framework. Such a study could help test for the association between
different ‘strains’ and clinical outcome and, if it exists, refine our hypothesis regarding strain

heterogeneity and risk of developing disease.

Remark 6.7. The concept of heterogeneity in relation to disease progression has been ex-
plored by experimental groups in differing, but analogous, contexts. For instance, |Gillet
et al.| (2011)) have recently developed an experimental technique to characterise the abun-
dance of infected T-cell ‘clones’ within the HTLV-I-infected T-cell population, where each
clone has been identified by the unique insertion site of the provirus in the host genome.
The authors devise a metric based on the Gini coefﬁcien‘c[?f]7 called the oligoclonality index,
to quantify the clonality of a given sample, that is, the distribution of the abundance of each
clone. Using this metric, the authors make the remarkable observation that the proviral
population in infected patients with malignant disease (the various manifestations of ATL)
is comprised principally of a relatively small handful of clone types that exist in large abun-
dances and account for major proportions of the virus population. These findings suggested
that a more homogeneous distribution of HTLV-I clones was correlated with severe pathol-
ogy — for instance, |Gillet et al.| (2011)) reported that in a patient with chronic leukaemia,
more than 80% of the HTLV-I-infected target cell population was made up of a single,
abundant clone. By contrast, the distribution of infected clones in HTLV-I seropositive
individuals without malignant disease showed a substantially greater degree of uniformity
among the viral strains, although the authors remarked that the oligoclonality index could
not distinguish ACs from HAM/TSP patients. Lastly, we note that despite the difference
in context from our multi-locus model, where we consider the relationship between disease
progression and heterogeneity in a set of distinct virus ‘strains’ and not ‘clones’, the study
by |Gillet et al. (2011) nevertheless provides further support to the notion that a reduction
in diversity within the pathogen structure may be associated with HTLV-I-linked disease,

®The Gini coefficient (Gini, [1912)) was originally defined to be a measure of inequality in the distribution
of wealth or income of individuals.
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although it is important to note that in both situations such an association demonstrates a

correlation and is not indicative of a causal relationship.

6.6.4 Both Virus and Host Factors Contribute to the Establishment and
Maintenance of Strain Structure

HTLV-I-associated pathology often manifests in seropositive individuals after a long asymp-
tomatic phase. Although the incidence of severe HTLV-I-associated pathology is low, the
fact remains that disease still manifests in a handful of individuals. What factors could
cause pathogenesis? Based on our hypothesis that viral strain structure is a determinant
of disease, our model results demonstrate the way in which each side of the host-virus
interaction could aid in establishing organised strain patterning.

With respect to viral factors, our model suggests that a large fitness discrepancy be-
tween the most advantageous strain and the remainder of the virus population promotes
the establishment of a discrete strain structure (DSS) as well as strong dominance of the
fittest strain, reducing viral heterogeneity and thus implying an increased risk of disease
acquisition. These inter-strain differences may arise from fixation of certain strains which
in some way have a substantial fitness advantage over others, for instance in the activity
of transcriptional transactivation. Such a scenario could potentially explain the association
between four nucleotide substitutions in the tax gene and a higher incidence of HAM /TSP
in a population of HTLV-I seropositive individuals with and without the inflammatory
disease HAM/TSP (Furukawa et al., [2000; Nagai and Osame, [2003)). For instance, the
nucleotide substitutions may have created a larger fitness discrepancy among the various
strains, leading to an increased likelihood of pathology, although this is speculative.

Despite exhibiting a significant degree of inter-strain variability, the HTLV-I genome is
relatively conserved compared to other retroviruses and differs little in sequence between
infected individuals (Mortreux et al., 2003; Wattel et al., [1996)). Such conservation is due
primarily to functional constraints on viral proteins. For instance, many (but not all)
amino acid substitutions in the Tax protein abolish its transactivation ability (Niewiesk
et al., [1995). Nevertheless, HTLV-I-infected individuals present a broad range of clinically
relevant data, including the proviral load, the structure and relative abundance of individual
strains within the viral population, and the existence and severity of associated pathologies.
Due to the genetic stability of HTLV-I, inter-strain variation alone is unlikely to be able
to explain the between-host variability that is observed and it is therefore believed that
differences among virus-infected hosts, and not only in the virus itself, can play an integral

role in determining clinical status.
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At the genomic level, hosts differ in their HLA type, which is a genetic factor governing
the functionality of their immune responses against invasive pathogens, including viruses.
There is mounting evidence that such host genetic factors strongly influence the course and
outcome of chronic HTLV-I infection, and that certain HLA class I alleles, which govern
the specificity and functionality of cellular immune responses, can be classified as being
protective or detrimental. Indeed, in a cohort of HTLV-I seropositive individuals in southern
Japan, a lower proviral load as well as a reduced prevalence of HAM /TSP was observed
in those carrying either one of the HLA class I alleles HLA-A*0201 and HLA-Cw*0801;
meanwhile, the HLA class I allele HLA-B*5/01 was associated with an increased proviral
load and greater risk of developing inflammatory disease (Bangham), 2003; |Jeffery et al.
1999, [2000; [Vine et al., [2002)). In a geographically similar cohort, HLA-A*26, HLA-B* 4002,
HLA-B*4006, and HLA-B*/801 alleles have been linked to the progression of ATL (Yashiki
et al., [2001)).

An individual’s HLA type determines the lytic potential of the HTLV-I-specific CTL
response, which is governed by two primary factors: CTL strength or efficiency, which is
generally characterised by the rate of cell-mediated lysis of provirus-positive target cells,
and effective CTL expansion, which is determined by the proliferation rate and lifespan of
effector cells. With respect to our multi-locus model, the role of CTL efficiency is captured
in the parameters v and 7/ representing the respective rates of Tax- and HBZ-specific CTL-
mediated lysis. Meanwhile, effective CTL expansion of Tax- and HBZ-specific CTLs are
given by the parameters ¢T.x and ¢ppz. In addition, the activation of virus-specific CTLs
by HTLV-I antigens not only triggers their rapid expansion, but also initiates activation-
induced programmed cell death, a process which shortens the lifespan of such effector cells
and therefore limits their cumulative potential for eliminating proviral cells. Recently,
interest has been focussed on the role of killer cell immunoglobulin-like receptors (KIRs)
in influencing the course and outcome of chronic viral infections such as HTLV-I (Seich
al Basatena et al., 2011; Ugolini et al. 2001)). In particular, experimental evidence has
suggested that a subset of KIRs, known as inhibitory KIRs, usually associated with innate
immunity, can regulate the adaptive immune response, primarily by extending CTL survival
and circumventing activation-induced cell death. It has been proposed that KIRs extend
CTL survival in an environment of chronic antigen stimulation by raising the threshold for
CTL activation (Ugolini et al., 2001)).

We discovered that a skew between the lytic potentials of different epitope-specific CTL
responses changes the way in which Tax variant immunogenicities give rise to each type of
organised strain structure. Specifically, stable DSS was favoured for greater immunogenicity

of the Tax variant carried by the fittest strain when CTL lytic potential was skewed towards
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the HBZ epitope (i.e. v/7" < 1 or ¢rax/dupz < 1). Conversely, when CTL lytic potential
was skewed towards the Tax epitope (v/v" > 1 or ¢rax/dupz > 1), lower immunogenicity
of the Tax variant carried by the fittest strain was seen to promote DSS. Investigation of
virus and CTL structure with respect to differences in the lifespans of CTLs showed similar
shifts in how immunogenicity induces each type of strain pattern.

We suggest that protective HLA class I alleles change the host immune landscape in
favour of heterogeneous viral strain structure (i.e. PDSS), resulting in suppression of strains
that have too much of a fitness advantage over the others, whereas HLA class I alleles associ-
ated with detrimental effects shape the immune environment towards viral strain structure
that is homogeneous and dominated by a particularly fit strain (i.e. DSS). Experimental
studies to test such a hypothesis would require classification of HTLV-I sero-positive individ-
uals according to their HLA class I alleles, clinical status (e.g. asymptomatic, HAM /TSP,
ATL), as well as measurements of the proviral population collected from blood sera to
identify both strain structure and the fitnesses of each individual strain. This would allow
us, firstly, to assess the hierarchy of the proviral population and verify whether or not an
association exists between the type of strain structure possessed by an infected individual
and that particular individual’s HLA class I allele and, secondly, to determine the link with

the presence (or absence) of disease manifestation.

6.6.5 Implications for Administration of Vaccines

Lastly, our work has significant implications regarding the administration of anti-viral vac-
cine treatments. Vaccines can commonly be designed to improve the efficiency of host
immunity with the aim of reducing total virus abundance. Typically, such vaccines are
highly specific to target antigens (in other words, they are not broadly-neutralising). With
respect to our multi-locus model , we discovered that although boosting the efficiency
of either CTL response, Tax-specific or HBZ-specific, can effect a similiar reduction in the
size of the proviral load (see Figure [6.10}(a)]), our results show that administering one type
of vaccine focussed on one of the epitopes could reduce the proviral load without substan-
tially changing viral strain structure, whereas administration of another vaccine targeting
the other epitope could achieve a similar reduction in the proviral load, but significantly
disrupt the structure of the virus, making it more homogeneous and therefore increasing the
infected individual’s risk of developing disease (refer to Figure . Because of the poten-
tial impact on vaccine design and administration of treatment regimes, further experimental

and theoretical work is required in order to assess the feasibility of this hypothesis.
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6.7 Final Remarks on the Multi-Locus Model

The consideration of simultaneous expression of multiple antigenically variable HTLV-I
antigens, namely Tax and HBZ, accompanied by variant-specific CTL responses adds a
layer of complexity to the way we think about the host-virus dynamics in HTLV-I infection.
We examined these interactions in the context of a multi-locus mathematical modelling
framework. Due to the added mathematical complexity arising from the incorporation
of more detailed immunological interactions, a complete analytical characterisation of the
general multi-locus model was not possible. We therefore focussed our attention on the 2 x 2
case and explored the dynamical behaviour of this model extensively using computational
methods in order to gain a sense of the basic underlying features of the multi-locus HTLV-
I system. Preliminary results for a higher dimensional system exhibiting symmetry (i.e.
the 3 x 3 model) and asymmetry (i.e. the 3 x 2 model) in the number of variants at each
antigenic locus, Tax or HBZ, appear to demonstrate similar types of qualitative behaviour
with respect to the emergence of ordered strain structure. Nevertheless, further investigation
is required to fully understand the details of the general formulation of the multi-locus model
of HTLV-I infection.

The work in this chapter may be relevant to research on the within-host dynamics of
persistent infection by the human immunodeficiency virus (HIV), an antigenically variable
infectious pathogen that is much better-studied and for which a greater amount of data
is available. Like HTLV-I, chronic HIV infection is characterised by a virus population
made up of a collection of distinct virus variants (Goodenow et al. |1989). However, HIV
displays a substantially greater degree of genetic diversity than HTLV-I, and such rapid
evolution of HIV results in the emergence of escape mutants which successfully evade host
immunity (Goodenow et al., [1989; |Rambaut et al., 2004; [Smyth et al.l 2012). In contrast,
HTLV-I exhibits a lower degree of sequence diversity (Bangham, 2000b)), meaning that mu-
tation is likely to play a less significant role for HTLV-I than HIV. An understanding of
the HTLV-I system can help unravel the key underlying principles governing the host-virus
interaction between a persistent human retrovirus and host immunity in the (relative) ab-
sence of escape mutations. These basic underlying principles could then form a conceptual
basis when carried over to HIV infection, where escape mutations are more prevalent. Con-
sidering the wealth of experimental and theoretical work done on HIV, including studies on
identifying the association between HLA type (which is involved in CTL restriction) and
the outcome of the infection (Asquith et al., 2006; |Asquith) [2008; Leslie et al., 2004)), as well
as mathematical modelling of within-host HIV infection (Fryer et al., 2010; Nowak et al.,
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1995alb; Nowak and Bangham), [1996} [Perelson et al., [1993; [Perelson) 2002)), a further explo-

ration and connection between HTLV-I and HIV research can lead to a better understanding

of the role of host immunity against both of these persistent retroviral infections.



Chapter 7

Conclusions and Future Directions

7.1 Perspectives and Overview

Understanding the complex mechanisms that HTLV-1 has developed to evade elimination
despite the presence of a strong, virus-specific host immune response is an issue that has
puzzled theoreticians and clinicians. We explored this issue of HTLV-I persistence from a
mathematical modelling point of view. Using a non-linear dynamical systems approach,
our goal in this thesis has been to develop a consistent mathematical framework that can
capture the essential features of the dynamic host-virus interactions that take place in
HTLV-I infection. Specifically, we constructed a series of four mathematical models aimed
at progressively incorporating three broad themes: (I) proviral latency and activation, (II)
simultaneous viral protein expression, and (III) antigenic variability. Although the models
each focus on a particular biological feature of interest, they are formulated so as to maintain
aspects of previous themes whilst exploring subsequent themes; that is to say, the ideas
developed in Theme I follow through to Themes II/III and, similarly, the ideas of Theme II
form a basis for examination of Theme III (refer to Figurefor a schematic diagram of how
each of the mathematical models in this thesis falls within the three themes). By analysing
the resulting mathematical models, we have attempted to extract insights that can help
elucidate the immunological phenomena of HTLV-I persistence amidst host immunity and
the manifestation of HTLV-I-associated diseases. In this chapter, we re-visit and summarise
the outcome of our investigations regarding each of the three themes and finish off with

several short concluding remarks.

Theme I: Proviral Latency and Activation

The basis of the work presented in this thesis has been motivated by the novel hypothesis
by |Asquith and Bangham (2008), who proposed that HTLV-I persistence is the consequence

of a dynamic balance between proviral latency and activation. We developed this idea in
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Fundamental
HTLV-I Dynamics
Baseline Model (Chp 3)
Simultaneous Viral M
Protein Expression
Tax/HBZ Model (Chp 4)
Without Antigenic
Variability With Antigenic
General Multiple Var iability
Epitope Model (Chp 5) Multi-Locus Model (Chp 6)

Theme II \ Theme III

Theme I: Proviral Latency and Activation

Theme II: Simultaneous Viral Expression
Theme III: Antigenic Variability

Figure 7.1: Overview of the three broad research themes explored in this thesis and how
each of the mathematical models relate to them. We have constructed and analysed a
series of four models that progressively develop three broad themes: (I) Proviral latency
and activation, (II) simultaneous viral expression, and (III) antigenic variability.

mathematical terms by formulating and analysing a ‘baseline model” in Chapter [3] which
focussed on exploring the role of proviral latency and activation (Theme I) during chronic
HTLV-I infection. The results of the baseline model support the conclusions of
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and Bangham| (2008)) and help justify why HTLV-I is not a silent infection, what deter-
mines immune efficiency, and why infection is life-long. Namely, our model demonstrated
that viral expression is necessary for the establishment, transmission, and persistence of
HTLV-I, that CTL efficiency depends not solely on the abundance of effector cells, but also
substantially on the rate of cell-mediated lysis of active proviral cells, and that the reason
infection is difficult to clear is because the population of latent proviral cells supply the pool
of activated proviral cells that aggressively propagate the infection (due to continuous spon-
taneous proviral activation). This model is consistent with the relatively recent idea that
the extent of proviral activation, rather than the magnitude of the proviral load, may be a
strong determinant of clinical status (i.e. the presence or absence of disease) among HTLV-
I seropositive individuals, a notion which is supported by experimental evidence (Asquith
and Bangham| 2008). Moreover, interpretation of the model results allows us to propose a
plausible mechanism for HTLV-I pathogenesis. This baseline model forms a foundation for

the remaining models in subsequent chapters.

Theme II: Simultaneous Viral Expression

Having established a solid foundation in the baseline model, we set out to incorporate a
greater degree of immunological detail, namely, the simultaneous expression of multiple viral
antigens (Theme II), a feature that has not been previously considered in mathematical
models of HTLV-I infection. We first considered the case where there are two epitopes
that are displayed by a proviral cell, leading to what we refer to as the ‘Tax/HBZ model’
in Chapter [ aptly named as such to emphasise that Tax and HBZ are the two key viral
proteins that are believed to play the most significant role in the establishment, persistence,
and pathogenesis of infection by HTLV-I (Boxus and Willems, |2009; [MacNamara et al.,
2010; Matsuoka and Green, 2009), although our approach does not explicitly distinguish
between the two distinct proteins with respect to functionality. This basic two-epitope
model shifted the focus to the way that HTLV-I-infected target cells are recognised by host
immunity, which has evolved to be highly specific to target antigens, and emphasised the
intrinsic heterogeneity present in the CTL population. In order to identify how each type of
CTL, Tax-specific or HBZ-specific, could impact the course of infection, we determined the
principal factors that quantify their respective relative abundances within the CTL pool.
Our model results demonstrated that the effective rate of expansion (i.e. growth/death ratio)
was not the only factor determining the prevalence of each CTL type but, significantly, the
relative immunogenicity of its cognate epitope also played a pivotal part in shaping the
CTL landscape.
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From this point, we branched off and extended the Tax/HBZ model in two separate
directions. Along one route, we further expanded the ideas of Theme II by considering the
scenario in which an arbitrary number of viral proteins are expressed at the same time, lead-
ing to the general ‘multiple epitope model’ in Chapter [l Indeed, although Tax and HBZ
are believed to be the two principal viral proteins in persistent HTLV-1, it is nevertheless
the case that up to 12, or possibly more, HTLV-I proteins are displayed simultaneously by
an activated proviral cell (Boxus and Willems, 2009; Goon et al., 2004a; MacNamara et al.,
2010)), and so we set out to explore this feature in more detail. The results of this model
helped to emphasise the significance of relative immunogenicities in shaping the CTL reper-
toire and demonstrated that effective control of an individual’s proviral load is the outcome
of an immunogenicity profile which selects for the dominance of CTL types that expand
rapidly, are efficient at eliminating proviral cells, and target highly immunogenic epitopes.
Furthermore, by incorporating existing published data sets into this general multiple epi-
tope modelling framework, we were able to derive preliminary estimates for the average
fitness both of the virus as well as the CTL repertoire within a particular HTLV-I-infected
individual. These preliminary estimates are in general agreement with experimental data,

however, further investigation is required to establish validity of the model.

Theme III: Antigenic Variability

Along the alternate route, we expanded the Tax/HBZ model in a different direction by
taking into consideration the immunological feature of antigenic variability (Theme III) in
HTLV-I infection, which arises due to the existence of protein variants in both the Tax and
HBZ epitopes (Gaudray et al., [2002; Kubota et al.| 2007} |[Niewiesk et al., [1995]). To capture
such a feature, we model the HTLV-I system using a multi-locus approach, a theoretical
framework which has been successfully applied to a wide variety of infectious pathogens
exhibiting some measure of antigenic variability (Gupta et al., 1996, 1998; Buckee et al.,
2008; [Recker et al., [2007; Nowak et al.l [1995a; |Wikramaratna et al., 2013)).

In HTLV-I, the presence of antigenic variability means that a specific combination of
variants in each of Tax and HBZ defines a particular virus subpopulation (which we refer
to as a ‘strain’). Moreover, the highly-specific nature of host cellular immunity implies that
a broad range of CTL responses exist, each of which can only recognise a single variant
at a particular epitope (known also as an ‘antigenic locus’). We explored this theme via
the formulation of a general ‘multi-locus model” in Chapter [6] where antigenic variability is
considered at the two epitopes. The incorporation of multiple viral strains raises the issue of
heterogeneity in the virus population. Using these models, we set out to examine whether

strain structure is possible and, if so, to identify the factors that drive its emergence. Our
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model results demonstrated that inter-strain competition leads to a stratification of the
different strain types due to the effects of competitive exclusion at a particular epitope or
antigenic locus. Coupled with the effects of immunogenicity and the effects of host immu-
nity targeting distinct viral antigens (explored in terms of epitope specificity in Theme II,
but here encapsulating immunogenicity with respect to variant specificity), these factors
characterised the establishment of one of three distinct types of viral strain structure: (i)
no strain structure (NSS), defined by the stable co-existence of all possible strain types; (ii)
discrete strain structure (DSS), representing a stable set of strains that do not share overlap-
ping antigenic variants at either epitope; and (iii) partial discrete strain structure (PDSS),
describing an intermediate stable state in between the previous two strain structures that
consists of an overlapping subset of some, but not all, strains. We pose our results in the
context of HTLV-I-associated disease and draw a comparison with clinical observations. In
particular, our multi-locus HTLV-I model can provide a consistent mathematical framework
to evaluate the experimental hypothesis that a greater degree of viral homogeneity is pos-
itively correlated with the presence and severity of HTLV-I-linked pathology (Gillet et al.,
2011 |[Niewiesk et al., 1994), as well as raising plausible implications for the diagnosis and
treatment of associated disease, thereby laying the groundwork for further experimental

and theoretical study.

7.2 Extensions and Future Directions

The conclusions from our mathematical modelling investigations have helped us gain a
more thorough understanding of the host-virus landscape in the context of chronic HTLV-I
infection. Yet, there remain many unanswered questions relating to viral establishment,
persistence, and pathogenesis. The work presented in this thesis is just another piece of a
larger puzzle and there is certainly much more work that can be done, both from biological
as well as mathematical standpoints. In particular, in the following we list several avenues

of exploration stimulated from this work which we would like to pursue in the future.

> Innate immunity and the humoral branch of adaptive immunity: What
effect do inhibitory killer-cell immunoglobulin-like receptors (KIRs) and antibodies,

respectively, have on the host-virus interaction?

> Incorporating variable degrees of cross-protection by host immunity: How
can we characterise the spectrum of cross-reactivity in the host-virus interaction,

ranging from fully cross-reactive (as in our multi-locus model) to fully strain-specific?
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> Options for vaccine design: What is the best way to augment HTLV-I-specific cel-
lular immune responses to achieve a desired outcome, for instance, a reduced proviral

load or a reduced activated proportion of proviral cells?

> Measuring viral diversity: How can we quantify viral diversity so that we can use
such measures to aid us in identifying patterns that indicate effective control of viral

burden or detriment?

> Dynamics of T-cell activation: Because the extent of proviral T-cell activation
occurs on a spectrum, how does immune pressure select for the right level of activation

and subsequent viral expression within the HTLV-I-infected target cell population?

> Extending the multi-locus HTLV-I model to incorporate an arbitrary num-
ber of epitopes: Can we unify the multiple epitope model with the multi-locus model
to create an even more general model of HTLV-I that encapsulates antigenic variability

in more than two viral epitopes?

> Reduction of dimensionality for mathematical models of HTLV-I: Is it pos-
sible to construct a lower-dimensional model representation that can capture the fun-
damental dynamical behaviour of the original system? If so, such a representation

could lead to a reduction in computational and other resource expenditures.

> Identifiability and parameter estimation from data: Can we make use of our
mathematical models of HTLV-I in conjunction with more extensive data sets to
identify and estimate parameters of interest which may not be easily obtained exper-

imentally?

7.3 Concluding Remarks

In this thesis, our overall aim has been to develop a rigorous theoretical framework to elu-
cidate the underlying mechanisms responsible for infection, persistence, and pathogenesis
in relation to the human retrovirus HTLV-1. We approach these issues using mathematical
modelling, which allows us to analyse different aspects of the complex dynamics underly-
ing the host-virus interface. Importantly, the basis of our model representations must rest
on a solid mathematical foundation that is both consistent and biologically meaningful.
Mathematical modelling can break apart the complexities inherent in within-host immuno-
logical interactions and allow us to focus on particular aspects to clarify the role of immune

selection on HTLV-I infection.
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With the rise in interdisciplinary collaboration and communication, it is becoming in-
creasing clear that mathematical modelling, in conjunction with experimental data, can be
utilised as an additional tool for developing and testing theoretical hypotheses that can
explain and address the idiosyncrasies observed in chronic pathogenic infections such as
HTLV-I and, eventually, may be able to offer insights that guide experimental design and
inform clinical work. Further work on both the mathematical and biological forefronts, such
as those touched upon briefly in the preceding section, is required to advance and refine
the development of these mathematical models representing the HTLV-I system and, ulti-
mately, to validate and evaluate their potential impact on an experimentally or clinically

relevant scale.



Appendix A

Additional Derivations and Proofs

A.1 Derivation of the (Dimensional) Basic Reproduction
Number R,

Here we derive the basic reproduction number for viral infection (also commonly referred
to as the basic reproductive ratio), defined by Equation , for the dimensional baseline
model using three different methods. The infection-free equilibrium for model is
given by Py = (,0,0,0), where g = /1.

A.1.1 Method I. Using the Next Generation Operator

This method involves deriving the basic reproduction number for viral infection, Ry, using
the next generation operator (Diekmann et al.l |1990). View the Jacobian matrix at the

infection-free equilibrium J(Fp) as a block matrix

— 0 —Bry 0
0 | —7— zg+7r| O
JRy=| o |7 Bfﬂg ol (A1)
0 0 v — g

The upper-left and lower-right blocks each have a negative eigenvalue, which is given by

their respective entries. Write the middle block in the following way:

—T — +
Joa(Po) { T — 2 530_1{ r]
T K3
|0 Bxg+r T e 0
10 0 —-T M3 '
Let
F:[O ﬂ:cH+r] and V:[T—’_MZ 0]7
0 0 —T U3
so that

1
o D [“3 0 ] = | T ? .
T T+ 2 pa(t+p2) w3

213
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Then,

0 0

The spectral radius of FV ! is precisely Ry:

Ry = p(FV_l) = Bxrm +r>.

p3(T + p2) (
A.1.2 Method II. Using the Stability Condition for F,

Here we use the condition that the infection-free equilibrium Fj is linearly unstable if and
only if Ry > 1 in order to derive an appropriate expression for Ry. The full proof of the
stability of Py for the baseline model is shown in Subsection From the block
matrix form of J(Fp) shown in , we observe that since the upper-left and lower-right
blocks each have a negative eigenvalue, the linear stability of J(Fy) is determined by the
eigenvalues of the middle 2 x 2 block of J(Fp),

—7— +
Jax2(Py) = T k2 Bra T].

T —H3
Using the well-known Routh-Hurwitz criterion for 2 x 2 matrices, since tr(ngg(Po)) <0,
it follows that Jox2(FPp) is linearly stable if and only if det (J2><2(P0)) > 0. Hence, for

instability, we require

det (Jox2(Po)) = ps( + p2) — T(,B.CL‘H + r) <0

w3 (T + p2) (BmH - T) =0

<~ Rp>1.

Setting Ry = (ﬁx H—H’) yields the expression for the basic reproduction number.

p3(T + p2)
A.1.3 Method III. Using the Biological Interpretation

Biologically, the basic reproduction number may be expressed in the following way:
Ro=1Ir-Ce=1Ir-C -,

where I is the mean infectious period and C¢, the infection rate or effective contact rate, is
the product of two quantities, the contact rate C', and the effective rate of transmissibility
of infected cells e.

In model , the rate at which a cell leaves the actively infected cell compartment

is p3. One may think of the mean infectious period (i.e. the average duration in the y



APPENDIX A. ADDITIONAL DERIVATIONS AND PROOFS 215

compartment) as the reciprocal of this rate, so I = 1/us. It is observed that a fraction
7/(T+ p2) goes from the u-compartment to the y-compartment, representing the proportion
of latently infected cells that begin to express the viral Tax protein, becoming actively
infected and thus able to propagate the infection, so e = 7/(7 + u2). Lastly, the contact
rate (which is a somewhat misleading name as it involves a rate due to mitosis) is given by
the sum of the contribution of proviral cells from both infectious and mitotic transmission
routes; that is, C' = Bz g + 7.
Therefore, we have derived

T

w3 (T + p2)

Ry may be thought of as representing the average number of secondary infected cells result-

Ro=1Ip-C-e= (ﬁxH—H“).

ing from a single actively infected cell introduced into a completely susceptible population

of healthy cells over its lifetime (the mean infectious period).

A.2 Proofs for the Tax/HBZ Model (4.1))

A.2.1 Derivation of Expression for Tax-Specific CTL Dominance in Sub-
section [4.3.1]

Suppose that Ry > 1. Then by Theorem there exists a globally asymptotically sta-

ble chronic infection steady state P* = (z*,u*,y*, z*, s*), whose components satisfy the

following equilibrium equations:

0=X\—pz"y" — ma*, (A.2a)
0= Ba"y" +ry" — (7 + p2)u’, (A.2b)
0=71u" — vy 2" —~'y"s" — uzy”*, (A.2¢c)
0= dvy" — uaz™, (A.2d)
0=(1-90)Vy* — uss™. (A.2¢)

Equations (A.2a) to (A.2¢]) allow us to express z*, u*, z*, and s* in terms of y*. Namely,

A 1
=y = = Sy + (1— 6 Ly ) A3
B+ T( YOTaxy” + ( )Y duBzy” + ps |y (A.3)

*

and
2" =6¢raxy”, s =(1-0)dupzy", (A.4)

where ¢rax = v/pa, ¢ousz = v/ s, and y* is a root of the following function F(y):

/

_ T B (% _5 _
FO) = v m) (5@/ o r) <u3 P (1 =0) ¢HBZ>y L (4.5)
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According to Equation (A.4]), the relative abundance of Tax-specific CTLs to all CTLs at

the chronic infection equilibrium can be described by

z* _ 6¢Tax
2*+ 8% dprax + (1 —9)dunz

We observe that the expression in Equation (A.6) is independent of the rates of lysis for
either CTL type.

(A.6)

Next, we determine conditions on immunogenicity (J) resulting in dominance of Tax-
specific CTLs, defined as comprising greater than 50% of the total CTL population. Such

a scenario occurs when

Z*

z* 4 s*

S 1
5
That is, when

1 N

0> —F—— =
¢Tax/¢HBZ +1

A.2.2 Proof of Theorem [4.3]

Proof of Theorem[].3 At the unique chronic infection equilibrium P*, the equation F(y*) =
0 holds, where F(y) is the function defined in Equation (A.5). We differentiate this equation
implicitly with respect to the parameter §, which yields the following:

dy* (’YV ,Y/V/)
= _A(5) L= = * A8
b= —Ae (-2, (A8)
where
T B2\ dyv 7’1/)_1
A(d) = + +(1-90 > 0 for all 6 € [0, 1].
©) <T+u2 (By* +p1)?  pa =9 s 0,1}

Consider the effective ratio of Tax-specific to HBZ-specific CTLs given by np = (’yqﬁTaX) / (fy’ qﬁHBz).
Then,

>0 ifn<l1

du* y

d‘% =0 ifp=1, (A.9)
<0 ifn>1.

The proviral load at equilibrium is given by the expression v* = (u* + y*)/(x* + u* + y*).

To demonstrate that v* is positively correlated with Tax immunogenicity §, we compute

d 1/ 6 /!
W +y) == (222 420 - Oy +r 43 ) >0,
dy* T\ 4 M5

and

< 0.

— = = — x
dy* (By* + p1)? By* +
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Then,

dv*  d u* 4+ y*

(" +u +y)dy*(u +y*) — (u +y)d ”

(" +u* 4+ y*)

dz*

T (@ +y) ( ) = +y)dy*)
= Z 1—8)—— P\ I
($*+U*+y [T )M5y+T+M3>+(ﬁy*+m)

> 0.

Thus, the equilibrium proviral load v* is positively correlated with the abundance of active
proviral cells y*. Since

dv*  dv* dy*

dé  dy* do’

we therefore conclude that

>0 ifn<1
d * )
d% =0 ifn=1, (A.10)
<0 ifn>1.
This completes the proof of the theorem. O

A.3 Proofs for the General Multiple Epitope Model (j5.1))
A.3.1 Biologically Realistic Region for the Multiple Epitope Model (j5.1)

Proof of Theorem[5.1. Let p > 1. From the model equations, we notice that for any set of
non-negative initial conditions, x(t),u(t),y(t), zx(t) remain non-negative for all ¢ > 0 and

k=1,...,p. It is clear that

dx

<\ -
a = nix,

and this implies that

A
limsup z(t) < —
w1

t—o00

Let p = min{py, po, ps} and suppose that r < p. Adding the first three equations of
model (5.1)) yields

dt<w+u+y) <A ( T)(a:—l—u—l—y), Whereﬂzmin{ﬂl7ﬂ27M3}a
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which implies that limsup,_, . (z4+u+y)(t) < A/(p—r). The assumption that r < u ensures
that the quantity on the right-hand side of the inequality is always positive. For the last
inequality, let (z(t),u(t),y(t), Z(t)) be a solution of model subject to the condition
x(0) + u(0) +y(0) < A/(p — 7). Then,

d [& " dz €kVE
dt(zzk>: dtk—Zkl *Zﬂ4kzk<Vy szkv
k=1

k=1
where 7 = max Vg and i = knlun f4,k, SO that
=1,..5,p =
d [ A L
— zr | < — [ zr — limsup 2z <
dt(% ) e v Z Ry
Therefore, we consider the closed, bounded region
A P 7
[y = (x,u,y,zk)eRIf?’::ch,:C+u+y<7 Z 7) .
M1 P r

It is a straight-forward exercise to verify that I', is positively invariant in RP+3 and hence
model (5.1)) is well-posed. O

A.3.2 Proof of Theorem Part 1: Existence of Equilibria

The first proposition shows that the basic reproduction number for viral infection, given by

T

Ry = )(B:CH—i-r), where xH:i,

ps(T + po f1

as in Equation (3.2), determines the existence of equilibria in T',.
Proposition A.1 (Existence of Equilibria).

1) The infection-free equilibrium Py = (xH,O,O,G), where g = N/ and 0 € R? is the
p-dimensional null vector, always exists in fp. Moreover, if 0 < Ry < 1, then Py is

the only equilibrium in T'p;

2) If Ry > 1, there exist exactly two equilibria, Py on OI'), and a unique chronic infection

equilibrium P* = (x*,u*,y*, 2*) in I'p, where 2* = (27,...,2,).

Proof. Equilibria occur when

0=\—-pzy— 1z, (A.11a)
0= pzy+ry— (7 + p2)u, (A.11b)
0=171u—yyz —Y'ys — psy, (A.1lc)
0= sikyky — pazk, foreach k=1,...,p. (A.11d)

=11
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Observe that since x,u,y, z; are restricted to be non-negative in the biologically feasible
region I',, then from the equilibrium equations and , at equilibrium u =
0 = y=0 <<= 2z, =0forall k=1,...,p. We will demonstrate that there are only
two possible non-negative equilibria in our model : P, representing the infection-free
state, and P* representing chronic infection.

We first determine the existence of the infection-free equilibrium Py = (xH,O,O,ﬁ),
where 0 € RP and zy = ﬁ is the level of target cells in the absence of an infection and
coincides precisely with the normal CD4* helper T-cell count in a healthy individual.

Next, we search for steady state solutions of the form P* = (z*,u*, y*, 2*), where 2* =

(27,5 25) and o, u*, y*, 27 > 0 for all k = 1,...,p. We will refer to such a steady state,

if it exists, as a chronic infection equilibrium. Equations (A.11a) to (A.11d) allow us to

express z*, u*, and z; for k =1,...,p in terms of y*. Namely, the components of P* must
satisfy
TF = A ut = 1 Zp:gk/ykyk y*2+@y* oF = €k Vi y* (A 12)
By* + 1 DR = pak 7 RN g
where y* is a root of the following function Fj,(y):
T ﬁ)\ 1 P ELVEVE
Fy(y) = < + 7“> — y— 1 (A.13)
P s (T + p2) \ By + w3 Yoy € = g

It is straight-forward to show that F,(y) is a monotonically decreasing function of y (i.e.

Fl(y) < 0) and limy o F,(y) < 0. Hence, since
FP(O) = [RO - 1]7

the existence of a unique positive root y* of Fj,(y) = 0 is equivalent to the condition that

Ry > 1, thus completing the proof. O

A.3.3 Proof of Theorem Part 2: Stability of P,

The Jacobian matrix for the multiple epitope model (5.1]) is a (p + 3)-dimensional matrix

k=1 k=p
_IBy_Ml 0 —Bm 0 o e e DY DI 0
T _lezl ,YZZ’L — l’l’v?) _ryly e ... o .. —’ypy
kzl 0 0 pEl %1 _Iu471 0 0

T,y ) =
: : . 0

k=p 0 0 £ vy 0 0 —puaypl

i=18i
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(A.14)
which can be written in block matrix form as
. A1, Ars ]
J(x,u,y,2) = |- ==~ == -
( %) [ Agr ' Agg
where
3 X 3 matrix 3 X p matrix
—By —m 0 — Bz or
A= By T Bx +r ;o A= 07 ;
T
0 T — > b1 YKk — 143 [(—%y)zzl]
p X 3 matrix p X p matrix
Aoy = 0 0 [5719 }p ], Agg = |: diag —4]€:|.
1 0 0 s k::l,...,p( [14,k)

In the above, 0 = (0,...,0) € RP denotes the p-dimensional null vector. The local stability
of Py is given by the following.

Proposition A.2 (Local Stability of F).

i) When Ry < 1, the infection-free equilibrium Py = (xH,O,O,ﬁ), where xg = N1, is

always locally asymptotically stable in the feasible region I'y.

ii) When Ry > 1, Py is unstable. Specifically, Py is a saddle with dim W (Py) = (p+2)
and dim W (Po) = 1, where W} (Fy), W.(Py) denote the local stable and unstable

manifolds of Py, respectively.

Proof. Establishing the local stability of the infection-free equilibrium P is equivalent to
determining the signs of the real parts of the eigenvalues of J(Fp), the Jacobian matrix at

Py. To do this, we first calculate the characteristic polynomial for J(FP), defined by

Xo(¢) = det (Cf(p+3)x(p+3) - J(Po))v

where I(,;3)x(p+3) denotes the (p +3) x (p + 3) identity matrix. We evaluate

— 0 —Bxy 0"
A11P= 0 —7—p Brg+r|, A12P= 0’|,
0 O T _Mg 0 (_)'T

Aai

=10 0 Sk ? } — [ diag (—pa,k)
Py N [0 0 [Zf:leiyk}kzl ’ Az Py T lk=1,...,p

Let 03x, denote the (3 x p) zero matrix. Since we notice that J(FPp) is of a lower (block)

triangular form
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this is equivalent simply to the product of the determinants of the diagonal block matrices

)
Po>

where I343 and I,,», denote the appropriately sized identity matrices. Thus, the character-

<Cfsx3 — An - > and <CIpo — Ago
0

istic polynomial is

p

116+ ran)

k=1

x0(6) = (¢ + ) (€24 (7 2 + p13)C — o+ p12) [Ro — 1],

where Ry is the basic reproduction number for viral infection defined in Equation . This
is a straight-forward extension of the method used to calculate the characteristic polynomial
for the baseline model , applied here to cover the situation pertaining to any arbitrary
number p of epitopes as in model (c.f. the proof of Proposition . The roots of
Xo0(¢) are given by (; € C such that xo({;) = 0:

Cph = —pap for k=1,...,p,

Cpt+1 = —H1,

and

1 1
Cpt2,p+3 = —5(7 + po 4 p3) £ 5\/(7 + po + p3)% + 4ps (T + p2)[Ro — 1].

Clearly, (1,...,{p+1 < 0. Moreover, if Ry < 1, then Re({p4+2) and Re({p43) < 0. Hence
Py is either a stable node or a stable spiral. However, if Ry > 1, it is readily seen that
Re({p+2) > 0, so that Py is unstable. Specifically, P is a saddle whose local stable manifold
W .(Po) has dimension (p 4 2) and local unstable manifold W}’ (F) has dimension 1. If
Ry =1, then (p42 = 0 is a zero eigenvalue of J(Fp) and no immediate conclusions about
the local stability of Py may be inferred. The preceding argument establishes the basic
reproduction number for viral infection Ry as a threshold parameter that characterises the

local stability of the infection-free equilibrium Fy. O

In fact, a stronger statement can be made about the stability of Py when Ry < 1, namely

that it is globally asymptotically stable in the feasible region I',,.

Proposition A.3 (Global Stability of Py). When Ry < 1, the infection-free equilibrium Py
is globally asymptotically stable in the feasible region I'y.

Proof. Assume that Ry < 1. Then by Proposition the infection-free steady state P is
the only equilibrium point in F_p. Note that x < zy for all € I',. In the following, we will
assume that e, > 0 for all k = 1,...,p. The case when ¢, = 0 for some ko € {1,...,p} will
be discussed at the end of the proof.



APPENDIX A. ADDITIONAL DERIVATIONS AND PROOFS 222

Consider

P
T+ 12 (T+u2)Zf:1EiZ Ve 2
T 27 A 15k7/k

T
Ly(z,u,y,21,...,2p) = <x—xH—leog$> +u+ Y+ 2L
H

The function L, : Rz:rii — R is positive definite since
(i) Ly(g,0,0,0) =0, i.e. L,(Py) = 0; and
(i) Lp(z,u,y,2) >0, for all (z,u,y,?) € RT'?’, (z,u,1,2) # (zx,0,0,0).

The Lyapunov derivative of L, is

a T aTa T T @ Kt

dL, _ <1_xH>dx du T—i—/m%_i_ (T+#2)Zf:1«si§p: T, dz
x i EkVE

_ (1 _ ”””f)u ) — Bxy(l - ””f) + (Bay +ry — (7 + p)u)

p
T+ 2
T (TU yZszk M3y>

k=1

p
T+ U9 P: Eq k Ek
+( M)Zz 1 zz i Zk|: = ka—m,m]-
k 15ka i

T i=1%i

Replacing A = p1zy and expanding terms yields

L,
dt

P L
= a2 4 B (g )[Ry — 1)y - T B Sy Tkl
x T T 1 ELVE
<0, V(z,u,y,7)eTl), since Ry <1.

Hence, Ly, is an appropriate Lyapunov function and moreover,

dr,

a (15]—[,0,0,6) = Lp(IH,0,0,a) =0.

Since the feasible region I', is compact and invariant with respect to the vector field of
model (5.1)), it then follows from LaSalle’s invariance principle (LaSalle, 1976) that every

trajectory starting in I',, approaches a set M), where M, is the largest invariant subset of
dL
I, = {(x,u,y,g) € R’f?’ : d—tp(ac,u,y,E) = 0},
which, in the present case, is precisely

{z=zg}n{y=0}n m{zk =0}.
k=1

To establish the global stability of Py when Ry < 1, it remains to show that the set
M, consists solely of the equilibrium point Fy. Observe that in the set I,, the vari-

able u can take on any arbitrary value along the non-negative real line. Let wy(t) =



APPENDIX A. ADDITIONAL DERIVATIONS AND PROOFS 223

(z(t), u(t), y(t), 21(t),. .., 2(t)) be any trajectory of model (5.1) starting in I, so that
xz(0) =z, y(0) =0, and 2,(0) = 0 for £ = 1,...,p. Note that the value of u(0) = ug is
not yet known at this stage. Then, the behaviour of w,(t) at t = 0 is governed by

d
— (7 + p2)u, %:Tu, and gzo fork=1,...,p.

de oo du
de 7 dt

Hence, x(t) = g, Z(t) = 0, and

The y-compartment varies according to dy/dt = 7u(0) at time ¢ = 0. If u(0) # 0, then
dy/dt > 0, implying that y(ty) # 0 for some ty # 0; that is, the trajectory will leave
the set I,,. For the solution wy(t) to remain in I, for all ¢, we must have u(0) = 0 and
therefore u(t) = 0. Subsequently, solving the initial value problem dy/dt = 0, y(0) = 0
yields y(t) = 0. Taken all together, the above argument means that the maximal invariant

set in I, is comprised only of the single point Py = (x1,0,0,0), i.e. M, ={P}. O

Remark A.1 (Establishing the global stability of Py when e, takes a value of 0). For
simplicity, let p = 2 so that we are in the two-epitope case. The model can then be reduced
to the Tax/HBZ model by setting § = £1/(e1 + €2). Assume that J takes a value at
one of the endpoints, i.e. § = 0 or § = 1. Then, either the z-equation (in the former case),
or the s-equation (in the latter case) in model would describe exponential decay of
that particular variable. In both situations, the model dynamics would be further reduced
to that of the baseline HTLV-I model . The corresponding Lyapunov functions take on
a similar form as the function L above, with minor modifications depending on the precise
choice of ¢ (i.e. either 0 or 1) as indicated in the following.

First, let us suppose that § = 1. Then, the equations for the Tax- and HBZ-specific CTL
compartments in model become dz/dt = vy — pgz and ds/dt = —pusz, respectively.

Consider

T+u2y 7(T+u2)zz

+ 2TV

Ls=1 = Ls=1(z,u,y,2,8) = (5593H93H10g$) +u + + s.
TH

As in the general case above, it can be easily verified that the function Lgs—; is positive
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definite. We compute the Lyapunov derivative of Ls—; as follows:

dL(;_l_( xH>dac du+T+M2%+’y(T+M2) dz+ds

1 2
dt T

at " dt T dt stv Cdt T dt

= <1 — T)(A — pix) — 6xy<1 - xf) + (Bwy+7"y - (T+M2)U)

+ M2(7u_792—7'y8—ugy)+w2(l/y—u4z)+(—u5s)
T+ "1+
__Iu.;(x_xH)z"i_lf)(T‘i‘MQ)[RO—l]y—fYMZl( N2)22—’Y( NQ)ys

TV T
— M55

<0, VY(x,u,y,z,s) €, since Ry < 1.

Therefore, Ls—1 is a suitable Lyapunov function and we can argue using LaSalle’s invari-

ance principle (LaSalle, [1976), as we have done in the general case, that all trajectories of

model for 6 = 1 converge to the infection-free steady state Py when Ry < 1.
Analogously, if 6 = 0, let

x T+ " +
Ls—o = Ls—o(z,u,y,2,8) = <x—a:H —xglog > +u+ 7M2y+z+ 7(7,'@)52.
TH T 2TV

Then, it can be similarly shown that

dLs—
d(stfo <0, VY(z,u,y,z,s) €, when Ry < 1.

Hence, the function Ls—q is an appropriate Lyapunov function that establishes the global

convergence of Py for the situation when § = 0.

A.3.4 Proof of Theorem Part 3: Stability of P*

The final part of the proof of Theorem|[5.2]is to demonstrate the global stability of the chronic

infection equilibrium P* whenever it exists in I',. We therefore establish the following.

Proposition A.4 (Global Stability of P*). When Ry > 1, the chronic-infection equilibrium
P* is globally asymptotically stable in fp.

Proof. Assume that Ry > 1. Then by Proposition[A:T] the chronic infection equilibrium P*
exists in the feasible region I',. To prove the result, we construct an appropriate Lyapunov
function V,, : ]R’_fr?’ — R that will allow us to conclude the global asymptotic stability
properties of P* in fp. As with the proof for the global stability of the infection-free steady
state in Proposition in the following, we will assume that ¢, > 0 for all kK = 1,...,p.
We will discuss the special case when e, = 0 for some kg € {1,...,p} at the end of the

proof.
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Suppose that (z(t),u(t),y(t),Z(t)) is a solution of model (5.1]) and let
* * £ * * u T+ p2 * * Y
Vp=|z—2"—2"log— |+ |u—u —u'log— |+ y—y —y log =
x u T Yy

(7- + M2) Zp—l € z Tk« * * <k
+ = g 2l 2z — 2 — 2 log —= .
T 1 EkVk AN k k08 ZZ

The function V}, = V), (z,u, y, ) is positive definite with respect to the chronic infection equi-
librium point P* = (z*,u*, y*, 2*) (refer to Lemma [B.1]). Taking the Lyapunov derivative
along the solution (z(t), u(t),y(t), Z(t)) yields

dVv, *\ dz u*\Ndu T4 po y*\ dy
—=1-— )= 1—— )= 1-=)=
dt ( :1:>dt+< u)dt+ T ( y ) dt

p *
+(T+M2)Z$:1Eiz Ve (q 2k dzk
1 CkVk dt

T Zk

= (1 - Z) (A= Bry — mz) + (1 - 1;) (Bxy +ry — (7 + MQ)U>
LT Y B i N
— g TU =Y VeZk — H3Y

k=1

p
T p2) Do € Ve« z €k
+( )2 lE Zk<1_k) 7 VkY — M4 kZk |-
1 ELVE E;

T i=1Ei

By making the appropriate substitutions using the equilibrium equations (A.11a})—(A.11d)),
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we find that

% B (1 - 3;) (mz* — mz) + (1 - Z) (Bz"y" — Pay)

U/* U
+ <1 - > <5:vy +ry — <ﬁ$*y* + ry*) *>
u U
n W/<1 _ y) (m _ m*y>
TU* Y y*
p p
T+ 2 y' .
Iy <yz%zk—yzm)
y k=1 k=1
+(T+M2)Z€:15ii Yk Z*<1—Z;:”) EkVE y— ELVk y*Zi
T Sk F 2k b oLEi P e’
* * * *
:,ulzv*<2— T i) +B$*y*<3_ r_rvy _ uy)
i X

x T*u Yyt uty

* p * *

" U U T+ « z Z
+ry <2_y_y>+<uz>yzwk kY YA
kY Yz

The final line follows from the inequalities \/ai1az < (a1 + a2)/2 and Yarazas < (a1 + az +
a3)/3, where aj,ag,as > 0; that is, the geometric mean of n positive numbers can be no
greater than their arithmetic mean. Hence, the global stability of P* has been established
when Ry > 1. ]

Remark A.2 (Establishing the global stability of P* when ey, = 0). To complete the proof,
we must deal with the case when e, = 0 for some ko € {1,...,p}. For simplicity, let us
consider the two-epitope case (i.e. p = 2), which is equivalent to the Tax/HBZ model ,
for example, by setting § = £1/(e1 + €2). First, suppose that 6 = 1. Then, the equations
for the Tax- and HBZ-specific CTL compartments in model become dz/dt = vy — gz
and ds/dt = —pusz, respectively. We notice that the latter equation is decoupled from the

remaining equations, and we can explicitly solve it to obtain

s(t) = 5(0) exp ¥,
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which implies that s* =0 (as s* = limy_,o s(t)). Define

Vi1 = (x—:v*—:n*logx*> + <u—u*—u*logu*> +T+'”2<y_y*_y*10gy*)
T u T Yy
/

+ l(T—}-ug)z* (Z — 2" = 2%log Z*> +
TV 2 T

- (T + p2)y™s.

The function Vs—1 = Vs—1(x,u,y, 2, s) is positive definite with respect to the chronic infec-

tion equilibrium point P* = (z*, u*, y*, z*, s*). Calculating the Lyapunov derivative yields

dVs—1 *\ dz u*\du T4 po y*\ dy
=1-— 1—— )= 1—= )=
dt < x)dt+< u)dt+ T y /) dt

gl . 2" \dz o
L 12 )= 4L 1
+TI/(T+'“2)Z < z)dt+7u5(7+u2)

y*a
= (1 - Z,)(A — Bry — px) + <1 - 1;) (ﬁfﬂerTy — (7 +u2)U)

T H2
T

y*
+ <1 = y) (Tu —vyz —v'ys — p3y)

* /

. z
+ l(’l‘ + p2)z (1 - ) (vy — paz) + 7
TV z Tl

(7 + p2)y" (—pss)-

Using the equilibrium equations, we can make the appropriate substitutions and re-arrange

the terms to obtain

dVs— . ’
S (1 - 3;) (ma* — pz) + (1 - 3;) (Bz™y” — Bry)

+ (1 - u*> (Bzy +ry — (ﬁx*y* + ry*) u*>
u u

+/3wy+ry(1_ y ><m_m*y>
TUu* Yy y*

T+ i y' .
+— <1 = ) (92" —vyz —'ys)
T y
* ,.Y/
+ (7 +u2)2*(1 - ) (Vy — vy *> - (T p)y’s

As in the general case, the final line follows from the inequalities /a1as < (a1 + a2)/2
and ¥arazaz < (a1 + ag + a3)/3, where a1, a2,a3 > 0. This shows that Vs—; is a suitable
Lyapunov function that establishes the global stability of P* for model in the case
6 =1 when Ry > 1.
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Analogously, if § = 0, let
* * x * * U T + U2 * * )
Vs—o = (:v—af —x log*> + <u—u —u log*> —i—(y—y -y log*)
x u T Yy
! s
+ l(T + p2)y*z + l,(T + p2)s” <s — 8" —s"log *>
i TV S

Then, it can be similarly shown that

dVs— o
(ft_o <0, Y(x,u,y,z,s)€Tl.

Hence, the function Vz—g is an appropriate Lyapunov function that establishes the global

convergence of P* for the Tax/HBZ model for 6 = 0 when Ry > 1.

A.4 Proofs and Derivations for the Multi-Locus Model (6.1)
in the Special Case When n = 1: The ‘m x 1’ Model,
Corresponding to One Antigenically Variable Epitope
and One Conserved Epitope

Here we take a closer look at the special case n = 1 in the multi-locus model in which
antigenic variation is present at only one of the epitopes. Due to clinical evidence that
Tax and HBZ are the key proteins in HTLV-I infection and the experimental observation
that there exists a wider degree of variation in Tax (Cavanagh et al., 2006; |Gaudray et al.,
2002; Kubota et al.l |2007; |[Niewiesk et al., 1994, 1995)), we will say that the variable epitope
corresponds to the Tax protein while the conserved epitope corresponds to the minus—strand[]
gene product HBZ. However, as with our previous mathematical models, our approach is
not specific to Tax and HBZ, but more generally represents any two antigenic targets in
which one is variable and the other is conserved. The main purpose of our effort here is to
develop several basic ideas that help build a clearer picture of the interactions that occur

in the more general multi-locus, or ‘m x n’, model (6.1)).

A.4.1 The ‘m x 1’ Model Notation and Equations

Let m be a positive integer and n = 1 in the multi-locus model (6.1). Then there are m
different variants of the Tax protein, denoted individually by Tax;, where i = 1,...,m.
Meanwhile, we assume there is only a single variant of the HBZ protein, denoted simply by

HBZ;. Thus, there are a total of m different strains (see Figure for an illustration).

'Recall that HBZ is the only HTLV-I protein whose RNA is transcribed in the anti-sense direction of the
virus genome, i.e. from the 3’ end to the 5’ end instead of from 5’ to 3’.
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T A A A e A

HBZ 1

a) Introducing antigenic variation in the Tax epitope.

Strain 1 Strain 2 Strain 3

(b) A virus strain is defined by a combination of each of its epitopes.

Figure A.1: In order to clarify the idea of antigenic variation in the context of our within-
host HTLV-I system, we consider an infected cell that expresses two viral epitopes, Tax
and HBZ, in which the Tax protein exhibits antigenic variability whilst the HBZ protein is
conserved. In the present formulation, because the HBZ protein is common to all proviral
cells, each virus strain 4 is identified only by its Tax variant q.

For simplicity of notation, we will drop the index j. Hence, we consider the following

populations:

: healthy (uninfected) CD4" helper T-cells,

: latently infected CD4™" helper T-cell with Tax variant i,

: CD8*' CTLs specific to Tax;,

(t)
(t)
yi(t) : actively infected CD4™ helper T-cell expressing Tax variant 4,
(t)
(t) : CD8" CTLs specific to HBZ.

The general two-epitope model with antigenic variation in only one epitope, which we refer
to as the ‘m x 1’ model, is given by the following (3m + 2)-dimensional non-linear system

of ordinary differential equations (A.15)):

dz Ui
@ = By me,
7=1
du; _
o = Braryi— (mitpe)u, fori=1,....m,
d ] .
% = Tiui — YYizi — Y'yis — psyi, fori=1,...,m, (A.15)
dz;
(T’? = V5iyi—u4zz~, fori=1,...,m,

ds ,
T - ij_;l— — U5S.
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A.4.2 Global Properties of the Infection-Free Equilibrium for the m x 1
Model

The consideration of antigenic variation comes at a cost. Indeed, due to the inherent
complexity of multi-strain systems, whereas the model incorporates a greater degree of
biological detail, the system also becomes much less tractable mathematically. In particular,
we are not able to completely characterise the global dynamical properties of model
using analytical techniques and can only fully classify the existence and global stability of
the infection-free steady state Py, including defining an invariant region within which the
dynamical behaviour can be captured as well as establishing conditions for the instability
of Py. These results, as well as the proofs, are presented in Theorems and below.

Theorem A.1 (Biologically Realistic Region for the ‘m x 1’ Model (A.15). Let p =
min{pq, g2, p3}, ¥ = max{v, '}, and i = min{uy, us}, and consider the closed, bounded
TEGLON

m

A % A AD
D=1 (2,0,7,2,8) eR¥™2 0 < 2= 24+ (u +y) < 7 wts< 2 L
= perias 2 o Sem s A e s 20

Assume that r < u. Then, the set Iy, defines a positively invariant region with respect to
model (A.15)). All solutions are bounded for t > 0 and eventually enter T'y,.

Proof of Theorem[A-1l Here we determine a region of interest for model for which
the dynamical behaviour can be examined. The proof follows a similar argument as for
previous models, but is presented here for completeness.

Let m > 1. Denote @ = {u;}", ¥ = {yi}l",, and Z = {%},. From the equations
in model , it is clear that for any set of non-negative initial conditions, the variables
x(t),u(t),y(t), Z(t), s(t) remain non-negative for all time ¢ > 0. As with the previous models,

we notice that

dx
< )\ _
dr = H1x,

and this implies that

A
limsup z(t) < —.
t—o0 M1

Let p = min{uq, uo, u3} and suppose that » < p. Adding the first (2m + 1) equations of
model (A.15)) (representing the x, u;, and y; compartments for i = 1,...,m) yields

Ci(x+g(Ui+yi)) gA—(u—r)(eri(uz*erz’)),

i=1
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which implies that limsup;_, . (ac + >0 (u + yz)) (t) < A/(p —r). Again, the assump-
tion that r < p ensures that the quantity on the right-hand side of the inequality is al-
ways positive To obtain the final inequality, let (x(t),a(t),7(t),Z(t),s(t)) be a solution
of model (| with 2(0) +u(0) + y(0) < A/(x —r). Then, summing up all of the CTL
populations (both Tax- and HBZ-specific), we compute

ig(zzﬁ-s):‘ dzz dt—”Zyz <Zzi+5)a

i=1 =1

where 7 = max{v, '} and i = min{uy, us}, so that

d (& “ A\ v
— Zi+s|+n zi+s]| < = limsupj zz—i—s <

t—o00 i—1

Therefore, we consider the closed, bounded region

It is a straight-forward exercise to verify that I',, is positively invariant in R®"*+2 and

model (A.15)) is well-posed. O

Theorem A.2 (Global Dynamical Properties of the Infection-Free Equilibrium Py in the
‘m x 17 Model). Let 0= (0,...,0) € R™ denote the m-dimensional zero vector and let
g = M pa. The infection-free equilibrium for model (A.15)), given by Py = (25,0,0,0,0),
always exists. If 0 < Ro; < 1 for alli =1,...,m, then Py is the only equilibrium in T,
and it is globally asymptotically stable in T'y,. Conversely, if there exists ip € {1,...,m}
such that Rg;, > 1, then Py is unstable. Specifically, let 1 < k < m denote the number
of viral strains whose basic reproduction number is greater than unity, i.e. Ro; > 1 for
i =11,...,i5. Then, Py is a saddle with dim W} (Py) = 3m — k +2 and dim W _(Py) = k,
where Wi _(Py), W.(Po) denote the respective local stable and unstable manifolds of Py.

Proof. Part 1. Existence of Fj.
Let m > 1. Denote @ = {u; }[", ¥ = {yi}I"q, and 2 = {z;}[,. First, to show the existence

of an infection-free steady state Py, we consider the corresponding equilibrium equations
for model . As with our previous models, in the absence of infection by any strain,
that is, if y; =0 for all ¢ = 1,...,m, then there exists a steady state representing a healthy
individual given by the point Py = (zx,0,0,0,0) € R3t2 where 0 = (0,...,0) € R™
denotes the m-dimensional zero vector and xy = A/up is determined by the equilibrium

equation corresponding to the z-variable in model (A.15]). This infection-free steady state
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Py always exists.

Part 2. Linear Stability and Instability of Fj.

Next, we demonstrate the local stability properties of Py, again following a similar argu-
ment as with earlier proofs. In particular, we will demonstrate how the basic reproduction
numbers, Ry ;, for each strain ¢ € {1,...,m} establish the linear stability or instability of
Py.

The Jacobian matrix for the general ‘m x 1’ model is a (3m + 2)-dimensional

matrix which can be written in block matrix form as

Bu Bz Big_
J(;Uv ﬂ:a _’a Z) 3) R 52717: 73722, L@Z; -
B3y ! B3y ! Bss

Denote by 0 € R™ and 0,,xm, respectively, the m-dimensional vector and m x m matrix

whose entries are all zero. Also, let diag {a;} represent the diagonal matrix with a; along
i=1,....,m
the main diagonal and zero elsewhere. We can write each of the individual block matrices

as follows:

1 x 1 matrix 1 X 2m matrix

By = [_ﬁiw—#l} Bu= [[0]" [{-pxmy]" ]

2m x 1 matrix
1 x (m + 1) matrix

Bs = [mT 0 }, By — [ {5?%}?1 ],

2m X 2m matrix

diag {—7; — o} diag {Bz +r}
B22 = i:l,..,m i:17...,m s
diag {r;} diag {—vz; —'s — us}
i=1,....m i=1,....m
2m x (m + 1) matrix (m +1) x 1 matrix
00nx 0 0
Bas = o s om0 Bai= ;
diag {—vyi} {—7vi}iy 0
Li=1,....m
(m+ 1) X 2m matrix (m+1) x (m + 1) matrix
ﬁmxm diag {V(Sz} diag {_M4} 6
By = i=1,..,m , 4g = i=1,...,m
T T T
L [6} [{V,(l —0;) i:l] [5} —H5

Because the block matrices By, B21, Beg, and B3y evaluated at the infection-free equilib-

rium point Py are matrices whose entries are all zero, to characterise the linear stability
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properties of J(F), it suffices to determine the eigenvalues of the diagonal block matrices.

We compute the respective characteristic polynomials for By1, Bog, and Bss as follows:

XBi11 (C) = det (C - Bll) =(+ M1,

XBas (¢) = det ((Iomxam — Boz) = H [CQ + (7i + p2 + p13)¢ — p3(7i + p2) [Roi — 1}},
=1

and

XBs3(C) = det (Comr1)x(m1) — B3z) = (¢ + pa) ™ (¢ + pis)-

The roots of the above three characteristic polynomials are precisely the eigenvalues of the

original Jacobian matrix at Py, i.e. J(P). Specifically,

¢1 = —p1, (1 eigenvalue),

1 1
C2is Qoit1 = — 5 (Ti + po 4+ p3) £ *\/(Ti + po + p3)? + 4ps (i + p2)[Roq — 1],

2 2
fori=1,...,m, (2m eigenvalues),
Comtit1 = —pa, fori=1,...,m, (m eigenvalues),
and
C3m+2 = —ps, (1 eigenvalue).

There are (2m + 2) eigenvalues that are clearly negative, namely, (1, (3m+2 < 0 and also
C2i41, Comyit1 < 0 for ¢ = 1,...,m. Meanwhile, the remaining m eigenvalues given by (y;
for i = 1,...,m may be either positive or negative (or zero), depending on the value of
the corresponding basic reproduction number for strain 7 described by Ry ;. There are two
situations that need to be considered. First, suppose that for every i =1,...,m, Rp; < 1.
Then, Re((2;) < 0 for each i = 1,...,m. Hence, all eigenvalues of J(F) are either negative
or have negative real part, which means that P is stable and, in particular, Py is either a
stable node or a stable spiral.

Alternatively, suppose that there exists at least one iy € {1,...,m} such that Ry ;, > 1.
Then it is readily seen that the corresponding eigenvalue, (2;,, has positive real part. In
this case, F is unstable. Now, suppose that 1 < k < m of the Ry ; are greater than unity.
We denote these by the indices i;,...,ix € {1,...,m}, where i; < ... < ix. The eigenvalues,
€2y - - - C24p,, corresponding to each of these k strains all have positive real part. Thus, Py is
a saddle whose local unstable manifold W} (Pp) has dimension k. The local stable manifold

W .(FPo) therefore has dimension (3m — k + 2). Lastly, we remark that if Ry ;, = 1 for any
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Jo € {1,...,m}, then the corresponding eigenvalue (zj, is zero and no immediate conclu-
sions about the local stability of Py can be inferred in this case. The preceding argument

establishes the linear stability and instability properties of Fj.

Part 3. Global Stability of F.

As we have seen above, the infection-free equilibrium Py is linearly stable if the basic

reproduction number for each strain is less than unity. In fact, such a condition not only
implies local stability, but also global stability in the region I';;,. We will show this result
below using the method of Lyapunov functions. The proof again follows a similar argument
as in previous models, with slight modifications to suit the current model.

Assume that Ryg; < 1 for all i =1,...,m. Then by Part 1, P is the only equilibrium
point in T',,,. By Part 2, Py is linearly stable. Define a function Ly, : Rim” — R as follows:

m / .
The function L, is positive definite since
(i) Lm(zg,0,0,0,0) =0, i.e. Ly (Py) = 0; and
(i) Li(x,,7,2,s) >0, for all (z,,7,Z,s) € RY"2 (2,4, 7, Z,s) # (z#,0,0,0,0).

The Lyapunov derivative of L,, is
dL,, du; Ti + o dyl 'y T + K2, dzl
——m o _ (1= Zi—t
dt < > Z zz; Ti Z 0iT;
v i=1,....m (1 — 51)7'1 dt
I—— (A= il 1—— { i z}
< z>( p) 5w;y( >+Z (B + r)yi — (7i + po)u

i+ Ve T 4
3 2 ; 2
+D [Tiui — itz — Y'yis — u3yz} +- Z e [V(Siyi — um}

i=1 v

04 ikl S
. % 2 /
L e bl

=1

Replacing A = pixy, expanding terms, and noting that rlnin {(7‘Z + ,ug)/((l - 5073)} <
i=1,....m

(Tio + 112)/ (1 = 83y ) 74, ) for any fixed ig € {1,...,m} (to allow cancellation of several terms)
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yields

dL o+ NP PR
m:—&($—$H)2+,USZ P T2 {R()i_l}yi 2 i M2z2
€ : Ti

dt i1 ’ PTax i1 0;T; !
— 7 min {Ti + H2 }52
ngBZ i=1,....m (1 — 51)’7'1
<0, Y(z,4,9,%Z,s)€Tly, since Ry, <1 foralli=1,...,m.

Hence, L,, is an appropriate Lyapunov function and moreover, dL,, /dt(Py) = L, (P) = 0.
Since the feasible region I',, is compact and invariant with respect to the vector field of
model (A.15)), it then follows from LaSalle’s invariance principle (LaSalle, [1976|) that every

trajectory starting in I';,, approaches a set M,,,, where M,, is the largest invariant subset of

dL
I = {(wuy Zos) €RYMTY = (2,07, 8) = 0},

which, in the present case, is precisely
m m
{z=zg}n rW{y2 =0}nN (W{zZ =0}N{s=0}.
i=1 i=1

To establish the global stability of Py when Ry < 1, it remains to show that the set M,, con-
sists solely of the equilibrium point Fy. Observe that in the set I,,,, the variable u can take on
any arbitrary value along the non-negative real line. Let wy,(t) = (x(t), @(t), §(t), 2(t), s(t))
be any trajectory of model starting in I, so that (0) = zg, and fori =1 ..., m,
¥:(0) = 0, 2;(0) = 0, and s(0) = 0. Note that the value of u;(0) = ug; is not yet known at
this stage. Then, the behaviour of w,,(t) at t = 0 is governed by

dx ds

=0 =0
and fori=1,...,m,
dui . dyi - dzi .
a — _mAmu =T g =0

Hence, z(t) = zg, Z(t) =0, s(t) = 0, and
wi(t') = ui(0)e”TTEL - fori=1,... m.

For each i = 1,...,m, the y;-compartment varies according to dy;/dt = 7u;(0) at time
t =0. If for any ip € {1,...,m}, u;,(0) # 0, then dy;,/dt > 0, implying that y;,(to) # 0 for
some to # 0; that is, the trajectory will leave the set I,. For the solution wy,(t) to remain
in I, for all ¢, we must have u;,(0) = 0 and therefore u;,(t) = 0. Subsequently, solving the

initial value problem dy;,/dt = 0, v;,(0) = 0 yields y;,(t) = 0. As this argument applies to



APPENDIX A. ADDITIONAL DERIVATIONS AND PROOFS 236

any choice of i, then it holds for every ¢ € {1,...,m} (otherwise, that particular trajectory
will leave the set I,,). Taken all together, we obtain that the maximal invariant set in I,
is comprised only of the single point Py = (zg,0,0,0, 0), i.e. M, = {Pp}. This completes
the proof of Theorem m

Remark A.3. In the case of chronic infection, we are unable to derive analogous analytical
results. In examining the ‘m x 1’ model, we instead choose to break apart the underlying
mechanisms of the system by focussing independently on separate aspects of the host-virus
interaction, which will allow us to gain several insights analytically. We are able to show
the existence of a chronic infection steady state as well as derive several useful relationships
among the variables describing the viral and CTL populations by considering two different
simplifications, each of which focusses on a certain aspect of the model whilst keeping the
other parts of the model fixed. Specifically, in Appendix we first focus on the role
of immunogenicity of Tax variants in the absence of competition among viral strains (i.e.
Ro; = Ry for all ¢,j € {1,...,m}). Following this, in Appendix we introduce inter-
strain competition (i.e. the Ry ;’s can be different) and examine its effect on the outcome of
chronic infection. Under each of these two simplifications, we are able to prove the existence
of at least one chronic infection equilibrium when the basic reproduction number of at least
one strain is greater than unity. Furthermore, we have performed an extensive numerical
investigation of the model using parameter values within biologically realistic ranges as
discussed in Table Although not proven, the results of numerical simulations suggest
that model can only admit one stable steady state at a time, and this has been

observed for a wide range of parameter choices.

Remark A.4. In model , we notice that the equations describing the dynamics for
each strain ¢ can be de-coupled from the others. As a result, for each 1 < j < m, it is
possible for there to exist what we refer to as ‘j-strain’ equilibria, describing the set of non-
negative steady states for which precisely j of the strains are present (i.e. the corresponding
components are positive), and the remaining m — j strains are absent (i.e. the corresponding
components are zero). Due to the possible combinations for which a fixed number of strains
can be present at the same time, for each j € {1,...,m}, there are a total of (T) potential
j-strain equilibria (note that we are not saying that these equilibria exist and are biologically
meaningful; at this stage, we are only considering the possibility according to an initial look
at the equations). For example, when j = 1, there are a total of (T) = m potential chronic
infection equilibrium points representing infection by a single strain. We also highlight that
the case j = m corresponds to the scenario in which the chronic infection equilibrium, if

it exists, represents the co-existence of all m distinct viral strains simultaneously. As we
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branch out into the two different simplifications discussed above in the following sections,
we work to show the existence of a chronic infection equilibrium describing co-existence of
all possible strains, i.e. the case j = m. The reason for this is because the proofs of the
existence of any j-strain equilibrium for 1 < j < m follow a similar method of derivation

and so it suffices to show the case j = m.

A.4.3 Focussing on Immunogenicity

We begin by focussing on elucidating the role of immunogenicity of each Tax variant in
the absence of competition. Namely, let us assume that the three factors that govern the
success of each strain are the same, so that all virus strains have identical fitness. In other
words, we will assume that for every strain, the rates of infectious transmission, mitotic
division, and spontaneous infected target cell activation are 3, r, and 7, respectively. Then,

Roi=Ro=71(Bz+7)/(p3(r + p2)) forall i =1,...,m.

A.4.3.1 Coexistence

In the absence of inter-strain competition, all virus strains have identical fitness, and there-
fore the existence of one strain can be expected to imply the presence of the other. Moreover,
the basic reproduction number Ry ;, which is the same for all strains ¢, determines whether
or not chronic infection is possible.

Formally, we have the following analytical result for the existence of a unique chronic
infection state in the situation where all strains are equally fit. The proof follows a similar

argument as with our previous models.

Proposition A.5 (Existence of P* Without Inter-Strain Competition). Let Ry ; = Ry for

all i = 1,...,m, and suppose that Ry > 1. Then, there exists a unique chronic-infection
equilibrium P* = (x*,d*,y*, Z*,s*) in Uyn, where @* = (ui,...,ur), ¥ = (yf,...,uh),
2= (2],...,2}).

Proof. We will follow a similar method of proof as for the existence of interior equilib-
ria in previous models. Namely, we search for steady state solutions of the form P* =
(x*,a*, y*, 2%, s*), where @* = (u},...,u,), ¥ = (y],...,y5), 25 = (27,...,2},), and all
entries of P* are non-negative. To simplify the system in this case so as to ignore the effects
of inter-strain competition, we assume that all strains have identical rates of spontaneous

viral expression, i.e. 7; = 7 for all i = 1,...,m. Hence, in such a case, Ry; = Rp.



APPENDIX A. ADDITIONAL DERIVATIONS AND PROOFS 238

Equilibrium points of model (A.15)) under the above conditions, if they exist, satisfy the

following equations:

m
0=M\—pz" Zyj* — i, (A.16a)
7j=1
0= (Bz" +r)y; — (T+p2u;, fori=1,...,m, (A.16D)
O:Tu: 77?/; : 77,y;ﬁk8* 7/‘633/7?5 for ¢ = 17"'ama (A16C)
0 =vdiy; —paz;, fori=1,...,m, (A.16d)
m
0="1 Z(l — 05)yj — pss" (A.16e)
j=1

We use these equations to express all of the variables at equilibrium in terms of yj. From
Equations (A.16d)) and (A.16¢), we find that

2F = draxbiyl, fori=1,....m, (A.17)
and
s* = ¢upz »_(1— )y}, (A.18)
j=1

where ¢rax = v/pg and ¢upy = v/ us.
Next, substituting the above expressions into Equation (A.16¢|) yields

1 - .
U =~ (’Y¢Tax5iyf ++'¢upz > _(1-8;)y; + M3> y;, fori=1,....m, (A.19)
j=1

Define the function

Rez) = m (B +7). (A.20)
Observe that at the level of healthy cells, given by xzjr, at the infection-free equilibrium
Py, we obtain R(zy) = Rp, which is identical to the expression for the basic reproduc-
tion number in previous models (c.f. the expressions that appear in Equations , ,
and (5.2)).

After substitution of Equations (A.17)-(A.19) into Equation (A.16b)) and re-arranging

terms, we derive the following relationship:

3 [R(z*) — 1] = v¢raxdiy; + ' dunz Z(l —6;)y;, foreachi=1,...,m. (A21)
j=1
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Notice that the term on the left side as well as the second term on the right side of Equa-
tion ([A.21)) are equal for any choice of i € {1,...,m}. Thus, we can conclude that

0i Y7, = 0iyy;,, for amy iy ip € {1,...,m}. (A.22)

In other words, every strain can be related to each other. Next, from Equation (A.16al), we

have the following relationship between z* and the sum of all strains y;:

() -2 a2

Note that since we are considering non-negative values for all y;, where j € {1,...,m},
then according to Equation (A.23)), it follows that x* < zy.
Next, substitution of Equation (A.22) into Equation ({A.23]) yields the following relation,

which is now only in terms of * and y;, the latter variable representing any single particular

strain ¢ € {1,...,m} (rather than the sum of all possible strains):
i (e~ 1\""(zg
Siyr =1L = 1), A.24
i <]§ 5j> ( z* > (4.24)

By substituting Equations (A.22)) and (A.24]) for each of the strains in Equation (A.21]), we

obtain for each ¢ = 1,...,m:

(1=9;

_ 1 {V(bTax + '7/¢HBZ Z;szl T)} <JUH 1>
5 ST 1
Thus, a chronic infection equilibrium P* would satisfy the above Equation (A.25). Proving

ps[R(z*) — 1] (A.25)

:L-*

that such a point exists is equivalent to showing the existence of a positive root of the

following function:

[W)Tax + 7' ¢upz ; (1;%)]

’ <1 - xH) (A.26)

F(z) = [R(z) — 1] + ﬁ’“ -
5 > 1
— )
Jj=1
We compute

/ m  (1-6;)
Fl(z) = R'(x) + =2 [WT“ Y Pnnz 2, } TH
5#3 Z;nzl % 2

where R'(z) = B7/(us(7 4 p2)) > 0. Hence, F'(z) > 0 Va # 0, i.e. F(x) is a monotonically

increasing function of . Moreover, it is straight-forward to compute

lim F(z)=—-o00 and F(zg)= [Ro—1].

z—0t
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Then, the existence of a unique positive root, x*, of the equation F'(x) = 0 is equivalent to
the condition that Ry > 1.

Therefore, in the case where there is no competition among strains, the chronic infection
steady state P* exists if and only if Ry > 1, where Ry represents the basic reproduction

number for all strains. This concludes the proof. O

We have not been able to establish analytically the stability properties of the chronic
infection equilibrium using the methodology developed for previous models. However, we
have performed extensive computational investigation of this problem, namely, examining
the behaviour of the system as the value of Ry passes unity (i.e. by perturbing the parameters
found in the expression for Rp), including numerically determining the eigenvalues of the
Jacobian matrix at the chronic infection steady state P*. The results of these simulations,
which have not been shown, are consistent with the stability properties of the chronic
infection equilibrium in our previous models, specifically that, for a wide range of parameter
choices, all eigenvalues appear to have negative real part whenever Ry > 1, and so this
condition implies that the healthy state Py is unstable and the chronic infection state P* is

stable.

A.4.3.2 The extent of Tax immunogenicity determines the relative abundances
of virus strains and CTLs

Despite the various virus strains having equal fitness, a detailed analytical exploration
of the stable co-existence equilibrium has demonstrated that the relative abundances of
individual virus strains and epitope-specific CTLs are heavily influenced by the degree of
immunogenicity towards each of the m Tax variants. Furthermore, these quantities are
independent of factors arising due to host immunity and viral fitness.

As long as all of the §;, where i = 1,...,m, are non—zerﬂ we can derive the following
relationships for the viral and CTL populations at equilibrium. A detailed derivation of
each of the expressions follows. Specifically, for all i1,is € {1,...,m}, we have for the virus

population:

(V1) Ratio of active virus strain iy versus strain io: 8;,y;, = 0iy ¥,

*

. . o Ly Y;
(V2) Ratio of latent virus strain iy versus strain ip: i+ = &
2 2

, L.e. 5@1%1 = 512’“1‘2’

(V3) Total virus population: >, (v} +yj) = 0 ( >t %) (ui, + ;i)

If §;, = 0 for a given igp € {1,...,m}, then the corresponding equation for the CTL type targeting
Tax variant 79 would represent exponential decay, meaning that this CTL population would disappear at
equilibrium and hence the dimension of the system would be reduced.
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(V4) Therefore, the relative abundances of each viral strain in terms of the total virus

population are:

Straini ui, +yj o 1/04
Total Virus 377", (uf +y;) Py 5%-

and for the CTL population:

*

(C1) Tax variant-specific CTLs are in equal abundance: z5 =25

(C2) Total CTL population: <Z;":1 z;‘) 4os* = [m¢Tax + ¢uBz ZTzl (%)}&y{;
(C3) The dominance of a CTL type in terms of the ratio of Tax-specific CTLs to HBZ-
specific CTLs is given by:

(A.27)

CTLrax o Z;nzl Z;'( _ m¢Tax <§: 1- 5]’)1

CTLupz  s*  oumz = 0

From Equation , we observe that the dominance of CTLs targeting Tax or HBZ is
determined only by parameters defining the number of distinct Tax variants, their respective
immunogenicities, and the ratio of effective expansion rates of Tax- versus HBZ-specific
CTL responses. This observation in turn allows us to establish whether the bulk of the
CTL response is strain-specific and targeting the Tax epitope, or whether it is targeting
instead the shared HBZ eptiope. In particular, there are three mutually exclusive outcomes

for the CTL response:

m

1 x . :

(a) Z — < m( IT + 1): Tax-specific CTLs eventually dominate;
i PHBZ,

1 ax
(b) g 5= m<:bbT + 1): The total number of Tax-specific CTLs (consisting of all
il HBZ

variant-specific CTL types) exists at equal abundance as the compartment of HBZ-

specific CTLs at equilibrium;

m

1 X . .

(c) Z 5 > m(zTa + 1): HBZ-specific CTLs eventually dominate.
Pl HBZ

Proof. In the following, we derive the various expressions relating viral and CTL populations
that we have stated above, i.e. properties (V1)—(V4) for the former and properties (C1)—
(C3) for the latter. The system under consideration is the simplified version of model
in which all strains have identical fitness, i.e. 7, = 7 for alli = 1,...,m (note that this implies

that Ro; = Ro for all i = 1,...,m). Assume that a chronic infection equilibrium P* =
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(a*,u*,y*, 2", s*) for this system exists, where @* = {u}}", 7 = {y }1", 25 = {7},
and all entries in P* are non-negative.
Let i1,i2 € {1,...,m} represent the index of any two virus strains. For the virus

population:

(V1) Equation (A.22) shows the relationship between strain i; and strain . Namely,
0ir Uiy = Oirliy- (A.28)
(V2) From Equation (A.19)), the latent compartment for strains i; and iy are, respectively,

.1
up, = (’Y¢Tax wWyh ¢>HBzZ 1—6,)y; + ua)yll,
7j=1

and

.1
up, = <7¢Tax iU + 7 duBZ Z ;)Y + u3> Y,
7j=1

Substituting Equation (A.28]) into the first term of either equation, we observe that
the expression in parentheses is equal for both u;, and u; , hence we can determine

the ratio of latent virus strain ¢; versus strain i to be

Uiy Yis
Thus, again by Equation (A.28)),
Oiyug, = iy, (A.29)

(V3) The total virus population is computed by applying Equations (A.28) and - to
the definition of total virus as the sum of all provirus-positive cells, both latent and
active, across the possible strains. That is, Total Virus = > " i 1(u + yj) Thus, we

have

m

Total Virus = §;, (Z 61) (u;kl + y;‘l>. (A.30)
j

j=1
Note, in particular, that Equation (A.30) is now only dependent on a single virus

strain.

(V4) Using Equation (A.30]), we can calculate the relative abundance of strain i; € {1,...,m}

within the virus-infected cell pool as

Strain i1 u;, + Y5, 1/6;,

Total Virus < m
1
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Next, for the CTL population:

(C1)

(C2)

(C3)

Substitution of Equation (A.28)) into Equation (A.17)) yields

* *
Ziy T iy

for any i1,i2 € {1,...,m}. (A.31)

The total CTL population is obtained by summing the z]’f, for j = 1,...,m, using

Equation (A.17) and s* from Equation (A.18); that is, Total CTL = 0%, 27 + s™.
Then, substituting Equation (A.28|) appropriately, we obtain

Total CTL = ¢rax Z 8;y; + dupz Z(l — 05)y;

j=1 j=1
m

m
(1—94))

= PTaxdiy Ui, Z 1 + ¢uBzdi yi, Z BT
7j=1 7j=1
Note that in the above equations, the top line is a sum of all possible strains, whereas
the subsequent line is only dependent on the single strain ;. This leaves us with the
relation

(1—-4;)

0;

m
Total CTL = [M¢Tax + ¢uBz Z

:|(52'1y;<1. (A.32)
j=1

We compute the abundances of Tax-specific CTLs (all types) and HBZ-specific CTLs
using the respective terms in Equation (A.32) as follows:

CTLTaX _ m¢Tax (A 33)
CTLTotal " (1 — 5]) ’

MPTax + PHBZ Z o

7=1
and
(16
GHBz Y (5])

CTLupz _ j=1 J (A.34)
CTLotal T i”: (1-19;) '

m ax

T, HBZ 2 5,

Moreover, the two epitope-specific CTL responses (i.e. Tax versus HBZ, where all Tax
variant-specific CTL responses have been grouped together) are in equal abundance
when

CTL7ax _ m¢Tax (i (1— 5].)>—1 ,
CTLuBz  ¢uBz \ 4 d;

Jj=1
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if and only if

Z <51J o 1) _ md)Tax

= PHBZ

if and only if

> < = m( Plax | 1)- (A.35)
=g

OHBZ

Similarly, using Equations (A.33) and (A.34]), we can solve the inequalities when the

ratio of Tax-specific to HBZ-specific CTLs is greater than unity (in which case, Tax-
specific CTLs are in greater abundance than HBZ-specific) or, conversely, less than
unity. All together, there are three possibilities that characterise the dominance of

each epitope-specific CTL response. In particular,

m

1 x . .

(a) If Z 5 < m(jTa + 1>, then Tax-specific CTLs dominate;
purill HBZ

1 ax
(b) If Z —=m (ngZ + 1), then both Tax-specific CTLs (consisting of all types)

and HBZ-specific CTLs exist at equal abundances;

=1

m

1

(c) If g 57 m<:§TaX + 1>, then HBZ-specific CTLs dominate.
pid HBZ

This completes the derivation of all the properties as stated.
O

Remark A.5 (A Special Case). We consider the following special case for model
without the effects of inter-strain competition, namely, when ¢; are equal for alli = 1,...,m,
which we denote simply by 4.

Then, by (V1), all virus strains are at equal abundance. The relative abundances of
CTLs targeting either one of the two epitopes, Tax or HBZ, depends on the value of the
single parameter § as in the basic two-epitope model . Specifically, the dominance
of Tax-specific and HBZ-specific CTLs for this special case are, respectively, given by the
following expressions (see the derivation of (C3), namely, Equations and ([A.34));
also, compare with Equation (4.5])):

CTL1ax d¢Tax and CTLupz (1 —0)dupz

CTL7otal  0¢Tax + (1 — 6)pupz CTLtotal  0¢Tax + (1 — 8)dupz

At the endpoints for §, we briefly note that the above expressions imply the following;:
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(a) If § = 1, then anti-HTLV-I host immunity consists only of CTLs targeting specific

Tax variants. The immune response is therefore completely strain-specific;

(b) If 6 = 0, then host immunity is comprised only of CTLs targeting the shared HBZ

epitope. The immune response is therefore fully cross-reactive.

A.4.4 Focussing on Competition Between Strains

The basic reproduction number Ry ; defines viral fitness for Strain ¢ and distinguishes the
different strains. We have assumed that a virus strain is able to gain a competitive advantage
over other strains if latently infected cells spontaneously become re-activated at an increased
rate. From the proof of Theorem we can deduce that a sufficient condition for the
extinction of any given virus strain is Rg; < 1. Without competitive effects between strains,
there is a single Ry value representing the fitness of all virus strains, and such a condition
is also necessary for convergence to the infection-free steady state. As we are interested
here in the case where virus strains differ in fitness, to examine the effects of inter-strain
competition, we will assume that all virus strains ¢, for ¢ = 1,...,m, have values of Ry;
larger than 1.

In the previous section, we have seen that in the absence of competition between strains,
the chronic infection state to which the system naturally tends is one where there is stable
co-existence of both strains. Moreover, the relative abundances of both the virus and CTL
populations are determined by the extent of immunogenicity towards the particular Tax
variant possessed by a given virus strain. However, what would happen in the more general
case if one of the virus strains has a competitive advantage over the other?

In order to highlight the fundamental principles of inter-strain competition, we let m = 2
in model and focus our attention on the case where two variants of Tax exist (Tax
and Taxs) alongside a single form of HBZ. The resulting ‘2 x 1’ model is the simplest way in
which we can incorporate antigenic variation in one of the epitopes. The concepts illustrated
by this simpler system can be applied to the more general ‘m x 1’ system with any number of
Tax variants. With the introduction of inter-strain competition, two possible stable chronic
infection outcomes are now possible: (i) co-existence of both strains, and (ii) dominance of
the advantageous strain accompanied by the exclusion of the weaker strain. The outcome
of such an interaction between strains depends on the extent to which the advantageous

strain stimulates cross-reactive host immune responses.
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A.4.4.1 The extent of immunogenicity of the advantageous strain determines
co-existence or competitive exclusion of virus strains

Without loss of generality, let us assume that strain 1 has a competitive advantage over
strain 2. From the expression for the basic reproduction number, such a fitness advantage
could be manifested as strain 1 having a greater potential for infectious transmissibility, a
faster rate of mitotic spread, or a higher rate of spontaneous activation from the latently
infected state. In other words, we assume that Rg1 > Rp2 > 1. In the following, we derive

a necessary, though not sufficient, condition for the co-existence of both strains.

Proposition A.6 (Existence of P* in the Presence of Inter-Strain Competition). Let Ry 1 >
Ro2 > 1 and suppose that a chronic infection equilibrium P* exists. Then, there exists a
(unique and fized) degree of immunogenicity 0 < 61 < 1 towards Taz (corresponding to
Strain 1, the advantageous strain) such that 61 > 61 implies the co-existence of both wviral

strains. Conversely, when 8, < 61, the co-existence equilibrium does not exist.

Proof. Let Rg1 > Rp2 > 1 and suppose that there exists a unique chronic infection steady
state P* = (x*,u}, ud, vy, y5, 27, 25, s") whose compartments satisfy the following equilib-
rium equations for model (A.15]) with m = 2 strains:

m
0=\—pz" Z y; — mat, (A.36a)
j=1
0= (Bz" +r)y; — (1 + p2)u;, fori=1,...,m, (A.36D)
0=rmul —yy'zi —~y's" —pgyl, fori=1,....m, (A.36¢)
0=vdy; —paz;, fori=1,...,m, (A.36d)
m
0= (1-6;)y; — pss". (A.36e)
j=1

By Equations (A.36b)), (A.36d]) and (A.36€]),

1
u; = P (Bx+r)y; and  z = draxdiy;, fori=1,2, (A.37)
and
s* = ounz[(1 — 01)y] + (1 — 02)y3]. (A.38)

By Equation (A.364)),

* * xz
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As with previous models, we require 0 < z* < x 7, otherwise from Equation (A.39)), yi+v; <
0, which is biologically impossible. Also, if #* = xy, then y] + y5 = 0 and no infection

occurs.

Substitution of Equations (A.37)—(A.38) into Equation (A.36¢]) yields
Yorax0iyi + 7' duBz (1 — 01)y} + (1 — 82)y5] = ps[Ri(z*) — 1], fori=1,2. (A.40)

Note that Equation (A.40|) implies that R;(z*) > 1 for ¢ = 1,2 (i.e. because the left-hand side
of the equation is positive, so must be the right-hand side). We can write Equation (A.40)
as Ay = b:

bt + ¥ Supz(1 — 61) ' brpz (1 — 62) ] [yf] _ [Mg [Ri(z) — 1]} (A.41)
v oupz(l — 61) YPTaxd2 + ¥ dupz(1 — d2)| |v5 ps|Ro(z) — 1]
A y b

The determinant of the coefficient matrix A can be computed as

det A = (’Y¢Tax)25152 + (vdrax) (Y duBz) (61(1 — 82) + 62(1 — 61)). (A.42)

We notice that det A > 0 since 0 < é1,d2 < 1. Hence, the matrix A is invertible and its

inverse A~ is given by

Al 1 [V¢Tax52 + ' ¢upz (1l — 92) —'¢uBz(1 — d2) } (A.43)
det A — ounz(1 — 61) YP1ax1 + 7V puBz(l — 61)] )

Hence, the solution of system (A.41) is uniquely determined by y* = A~!b, whose compo-

nents are given by

W= oA [WT%(SZ [Ri(2*) = 1] +'éuna(l — 62)[Ra(2) - m(fﬂ] SN W)
and
V= Gua [W’Tax‘sl [Ro(a) = 1] + 7wzl — 1) [Ra(a”) — Ry (x*)]] . (A)

The signs of y] and y3 depend on the sum within the large, outer square brackets in
Equations (A.44) and (A.45]). Recall that we have assumed that Ry 1 > Rp2 > 1, which is

equivalent to 7 > 7o, and so the following also holds:
Ri(xz) > Ra(xz) Vx> 0.
Thus,

Ri(z*) — R2(2™) >0 but Ry(z) — Ri(z*) <0.
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We now derive a condition for the co-existence of the two strains. For the advantageous
strain (i.e. strain 1), we observe from Equation (A.44) that

yy >0 for any choice of 0 < §1,d2 < 1.
However, this is not true for y3. Instead, using Equation (A.45)), we calculate that at ; = 0,
S5, —o = 22 dupz [Ra(a®) — Ri(a™)] <0,
21=0 " det A

while at 61 = 1,

M3 *\

v5

since Ra(z*) > 1. Then, as y; is a smooth function with respect to the parameter d;, by

the Intermediate Value Theorem,
36 € (0,1) such that y’2'“|51:51 =0.

That is, &; is a threshold for the extent of immunogenicity of the Tax variant possessed by
the advantageous strain 1 below which competitive exclusion occurs. Moreover, this value
o1 is unique since y; is linear in d;. There is an intuitive immunological explanation for
the existence of such a threshold parameter. In particular, on the one hand, when §; > 51,
immunity is primarily strain-specific with little cross-interference with the lesser fit strain
2. On the other hand, when &; < 01, the advantageous strain 1 stimulates a vigorous cross-
reactive CTL response targeting the shared HBZ epitope, and this shared immune response
is sufficiently strong to eliminate the lesser fit strain 2.

Lastly, re-arranging Equation allows us to determine an explicit expression for
o1, namely, by requiring that y5 > 0 as follows:

YoTaxO1 [Ra(x*) — 1]+~ dupz(1 — 01) [Ra(2*) — Ri(2*)] > 0

iff 0 [7¢Tax [Ra(x*) — 1] 4+~ ¢upz [R1(z*) — R2($*)]] > 7' ¢upz | Ri(x*) — Ry(a*) |
>0

v ¢upz [R1(a*) — Ro(x*)]

if o .
e Y¢Tax | Ra(2*) — 1] + +'¢upz [ Ri(x*) — Ro(z*)]

Set

5 7' éupz[Ri(a*) — Ra(2")]
" Ybrax [ Ra(2*) — 1] ++'¢upz[Ri(z*) — Ro(z*)]

We note that assuming that R;(x*), Ra(2*) > 1 (which we have done here), if R;(z*) >

(A.46)

Ra(x*), then 0 < 61 < 1. Hence, in the presence of competition, such a threshold parameter

o1 always exists, i.e. competitive exclusion is always possible. This concludes the proof. [
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In the proof of Proposition we show that é; is a unique, fixed quantity that depends
on the parameters, and hence on the specific values of Ry ; for ¢ = 1,2, as well as the level
of healthy target cells at the chronic infection co-existence equilibrium. Unfortunately, we
have not been able to find satisfactorily intuitive sufficient conditions for the co-existence of
both viral strains, nor can we prove the stability of the chronic infection steady state using
the analytical methods developed earlier. However, extensive numerical simulations suggest
that, like the model simplification considered in the previous section (i.e. in the absence of
inter-strain competitive effects), the establishment of persistent infection by at least one
strain only requires that one of the Rp; (here ¢ = 1 or 2, but this can be extended to
any m > 1) is greater than unity (results not shown). Furthermore, our numerical results
appear to indicate that the quantity b1 as stated in Proposition acts as a threshold
parameter determining not only the co-existence of both strains, but also stability — in
other words, whenever such a co-existence equilibrium exists, it is stable, at least locally.
Taken together, our simulation results also imply that if §; < 61, then the weaker strain 2
is driven to extinction by the principle of competitive exclusion (Hardin, [1960) (results not
shown).

More generally, this demonstrates that in the presence of inter-strain fitness differences,
immunogenicity towards a common or shared epitope can lead to the extinction of strains
that are under strong selection by a broad neutralising host immunity, but do not have the
ability to expand rapidly enough to avoid elimination. As we see in Chapter [0, when we
incorporate antigenic variation at both epitopes, the introduction of heterogeneity in the
fitnesses of even just one strain can lead to a self-organisation of the virus population into
ordered sets in which viral strains form a stable structure consisting of a proper subset of

all possible virus variants.

A.5 Proofs for the General Multi-Locus Model (6.1))

A.5.1 Derivation of the Expression Relating Equal CTL Frequencies from
Section [6.3]

Here we derive the mathematical expression describing the relationship between the im-
munogenicities §;, where i = 1,...,m, of the various Tax variants, in which both types of
epitope-specific CTLs, Tax-specific and HBZ-specific, are functionally identical and achieve
equilibrium at equal abundances.

Fork=1,...,mandl =1,...,n, the fitness of each strain kl is determined by its basic

reproduction number as given by Equation (6.2)):

A
Ro 1 = Tkt ) (593H + 7“), where zg = —.

w3 (T + po H1
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A chronic infection equilibrium P* = (z*, uj;, yi;, 2, s;) for model (6.1) with £ =1,...,m

and [ =1,...,n, if it exists, must satisfy the steady state equations
m n
0=\—pz" Z Z Yi; — (A.47a)
i=1 j=1
0= (B +r)ypy — (Tt + p2)uyy, fork=1,...,m, andl=1,...,n, (A.47Db)

0 = Tiuy, — Yyizh — Yyask —usyp, fork=1,...,m, andl=1,...,n, (A.47c)

Ozyéka,:j—;MzZ, fork=1,...,m, (A.47d)
j=1
0=v"> (1-=68)y;—pss;, forl=1,...,n. (A.47e)
=1

Using the notation ¢rax = v/ps and ¢upz = v/ /us to denote the respective growth/death
ratios of Tax- and HBZ-specific CTLs as defined in (4.3)), we manipulate the equations for
g, 87, and uy; and write them in terms of the y;;’s. In particular, by Equation (A.47d)),

2p = GTaxOk Zy,’gj, fork=1,...,m, (A.48)
j=1

and by Equation (A.47€),
st =¢upz Y (1= 06)yj, forl=1,...,n. (A.49)
i=1

In addition, Equation (A.47c) yields

up = ’yzZ—i—’y’s?‘—i—,ug}yZl, fork=1,...,m, andl=1,...,n. (A.50)

=l
Then, substituting Equations (A.48)) and (A.49) into Equation (A.50) gives us that for each

k=1,....mandl=1,...,n,

* 1 = * - * *
Uk = [W¢Tax5k Z Yij + 7 OBz Z(l — 6i)yir + 13| Yia- (A.51)
=1 i=1

Next, by Equation (A.47h]), we have that

Uy = - i o (Bz* +71)yfy, fork=1,...,m, andl=1,...,n. (A.52)
Equating the expressions in and leads to the following relationship between
z* and the various y;;’s. Namely, for k=1,...,mandl=1,...,n,

n m
(3| Ria(x*) — 1] = yéraxy Z Yij + 7 PuBz Z(l = 0i)yi, (A.53)

j=1 i=1
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where
Tkl
Ry(x) = ————(Bx + 7).
(@) M3(Tkz+,u2)( )
When all strains have identical fitness, the basic reproduction numbers Ry j; for each strain

are equal, which is equivalent to the parameter restriction that 74y =7 forallk =1,....,m

and [ =1,...,n. Then,

T

) = ) = )

(ﬂx—i—r), forallk=1,...,mandl=1,...,n, (A.54)

and hence equating the relation (A.53)) for any two Tax variants ki, ko € {1,...,m} yields

n n
x *
Ok, Z Ykij = Oy Z Ykoj-
j=1 j=1

In particular, by letting ko = 1, we find that for each k; € {1,...,m},

Oky Y Uiy = 01> Wi (A.55)
j=1 j=1

Next, we compare the frequencies of each pool of epitope-specific immune cells to determine
CTL dominance. Summing up the Tax- or HBZ-specific CTL populations as described by
Equations and , we compute the total abundance of Tax-specific and HBZ-
specific CTLs, respectively, to be

Z' = sz = @Tax Z&' Zy:} and s* = ¢upz ZZ(l — 0i)Yi; (A.56)
i=1 =1 j=1 i=1 j=1

According to Equation (A.55)), the cumulative abundance of virus strains that all share

the same Tax variant is related to the sum of all virus strains that display Tax variant 1.
Applying Equation (A.55)) to the equations in (A.56)) thus yields

2" = mdraxdn Z Yijs (A.57)
j=1

and

s" = ¢upzd1 (Z?ﬁj) > d g %), (A.58)

j=1 i=1

The two CTL populations are equal in frequency when z* = s* or, equivalently,

lem[¢Tax +1
i=1 0;

PHBZ
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Lastly, if we assume that all CTLs are identical with respect to their effective expansion

rates, i.e. ¢Tax = PuBz, then

Z 51 m, (A.59)

which demonstrates the general result for equal abundances of Tax-specific and HBZ-specific
CTLs when there exist m different antigenic variants in the Tax epitope. In the case with two
Tax variants (i.e. m = 2), the expression, 1/§1+1/02 = 4, describes the relationship between
the immunogenicities d; and d5 of the two Tax variants that result in equal numbers of both
types of CTLs. As a final remark, observe that Equation makes no assumptions on
the efficiencies of the two distinct CTL types.

A.5.2 Statement and Proof of Degeneracy in the Multi-Locus Model

Let us assume that an interior equilibrium E* = (x*, Uy, Yigs 2o s?‘), where each entry is
positive for all £k = 1,...,m and | = 1,...,n, exists so that it satisfies the steady state
equations ((A.47). We will prove the result below for the general multi-locus model (6.1)).

Theorem A.3 (Degeneracy in the Multi-Locus HTLV-I Model). For the multi-locus
model (6.1), a unique interior equilibrium, corresponding to the co-existence of all possible

strains, cannot exist. Instead, we have the following:

(i) If all strains have identical fitness (i.e. T are equal for all k = 1,...,m and | =

1,...,n), then there exists an infinite number of interior equilibria;

(ii) If at least one strain differs in fitness from the others, then no interior equilibrium

exists.

Proof. For each k = 1,...,m and | = 1,...,n, we have previously derived the following

equations (|A.53) at equilibrium,

Y P Tax Zym + 7/ ¢uBz Z Dyi = ks [Ru(e™) — 1],

J=1 =1

which represent the rows of a system of linear equations with respect to the variables y7;.

In particular, let {(1)}Z = {k:l} k 1 m denote set of lexicographic ordermgﬂ of the
mn distinct virus strains Then we Can erte the above equations to obtain the following
system:

My* = c, (A.60)

3Lexicographic ordering refers to the same type of ordering as used in the dictionary.
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T

T T
where y* = (yiki)) = (yZl)kzl,...,m and ¢ = ([L;g [Rp(z*) — 1]>k:1’m’m are vectors in
I=1,....n =1,...,n

R™" whose entries are indexed according to lexicographic ordering, and the entries of the

mn X mn square (constant) coefficient matrix M = [mgﬂ i—1.._mn are given as follows: For

i=1,....mn

j=1,....mn
indices (i) = kil and (j) = kalo, with ki, ke € {1,...,m} and l1,l5 € {1,...,n},

YOTaxOk + 7' duBz(1 — 0) when ki = ko and 1 = Iy,
(i.e. along the diagonal),
) Y TaxOk when ki = ko and [y # [,
mg; _ (A.61)
v dupz (1l — k) when ky # ko and 11 = Io,
0 when both k‘l 7é kg and ll 75 l2.

For (i) = ki, where k =1,...,mand [ = 1,...,n, define

96 (") = ¥b1ax0k Y yi; + ¥ bunz Y (1= 6:)yj. (A.62)
j=1 i—1

Then, Equation (A.53)) (which are the rows of the matrix M) can be written succinctly as

9&)(y*) = cq), for each (i) € {(1),...,(mn)}. (A.63)

Now, consider any two indices (i) = #1i2 and (jo) = jij2, where 41,751 € {1,...,m} and
in,j2 € {1,...,n}. Let (ip) = 12 and (jo) = jiia. We observe that the sum for index (ig)
as in Equation can be written in terms of the three other indices (namely, (io), (jo),
and (jo)). Specifically,

960) (") = 960y (5) + 9500 (¥) — 960y (¥7). (A.64)

Consequently, the rows of M are linearly dependent, meaning that det(M) = 0. In other
words, the system defined by the equations in for ¢ = 1,...,mn is an under-
determined linear system (in terms of the components y;;), and so there are two possibilities
with respect to the solution y* of My = c: Either there are infinitely many solutions, or
there are no solutions.

Considering the same indices above, then for index (ip), we have

9(o)(Y*) = C(ig)- (A.65)

Next, since the left-hand side of Equation (A.65]) can be written as a sum of the other indices
according to relation (A.64)), we can write the corresponding right-hand side for index (ip)

in an alternative way as follows:

960)(Y") = €g) + €Go) ~ CGio)- (A.66)
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In the first scenario (case (i)), when all strains have identical fitness, c(;) are equal for all
indices i = 1,...,mn. As a result, the right-hand sides of Equations and are
identical. In this situation, system is consistent and there are an infinite number of
solutions, corresponding to chronic infection steady states where all strain types co-exist.
By contrast, in the complementary scenario (case (ii)), when at least one strain differs in
fitness from the others, the right-hand sides of Equations and are generally
not equal. Hence, in this case, no (strictly) interior chronic infection equilibrium point is
possible, i.e. the co-existence of all strain types at the same time is not possible. Taken
together, the above two possibilities exclude the existence of a unique interior equilibrium,
thereby completing the proof.

O



Appendix B

Lemmas

In this section, we state and prove an important result that helps us in the construction
of Lyapunov functions that we have used to determine the global dynamics of our baseline
mathematical model (3.1]), the Tax/HBZ model (4.1)), as well as the general multiple epitope

model (5.1)).

x
Lemma B.1. Let & be a positive constant. The function f(x) = x — & — & log — is positive
z

definite.

Proof. The function f(x) satisfies f(#) = 0. From the first and second derivatives, we

observe that

f’(x)zl—g and f'(z) =0 < z =2,

and

(z) = % >0, Vx#0, ie. thegraph of f(x) is convex.
x
Hence, the function f(x) is positive except at the point x = &, at which it attains its
minimum value 0. In other words, f(z) is positive definite. The graph of f(x) when & =1

is shown in Figure [B.1 O

255
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x

Figure B.1: The graph of the postive definite function f(z) =z — 1 — log(x).



Appendix C

Additional Figures and Tables

C.1 Comparison of Exponential and Logistic Growth Profiles
for the Proliferation of Actively Infected Target Cells

In order to justify the use of an exponential growth profile for the proliferation of provirus-
expression infected target cells, we explore the baseline model using a full logistic
growth term, ry(t)(1 — (z(¢) + u(t) + y(t))/k), with the biologically realistic parameter
values in Table In the numerical simulations that follow for the model with logistic
growth, we have selected a carrying capacity of & = 800 cells/mm?, which is on the same
order as the value for k listed in Table We note, however, that our conclusions here
are not dependent on any particular choice of k. Next, because the rate r of infected target
cell proliferation differentially influences each of the two models, we explore its effect on the
various cell populations. We find that when the value of r was chosen in the physiologically
relevant range as in Table the two models converge to equilibrium points that differ
little quantitatively (result not shown). This observation is not unexpected, as we have
demonstrated in Section using non-dimensionalisation and asymptotic analysis that the
impact of the mitotic growth term is small, namely of O(¢), where € = 1072, at least in the
range for r in Table We therefore select a value of r that is two orders of magnitude
higher than the original value. With respect to the asymptotic analysis in Section this
amounts to re-scaling the infected cell proliferation term, in both the model with exponential
growth and the one with logistic growth, to leading order (O(1)).

The time series plots in this case (i.e. when the value for r is large) for each of the T-cell
compartments in the two models are shown in Figure and those of the proviral load and
active proportion are shown in Figure (see Sectionfor a definition of proviral load and
active proportion with respect to model ) Although there are quantitative differences
between the model with exponential growth versus the model with logistic growth, we

observe no qualitative difference in the behaviour of solution trajectories. The primary

257
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effect of a logistic growth term serves to control the magnitude of the infected target cell

populations and hence would result in a lower proviral load.
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Figure C.1: Time series plots for each of the T-cell populations under investigation comparing the dynamical behaviour of the baseline
model when infected target cell proliferation is described by @a linear growth term, and @a logistic growth term. Because we
noticed that the mitotic growth term, whether exponential or logistic, had a negligible effect on the levels of the various T-cell populations
when the rate r of infected target cell proliferation was chosen in the physiologically realistic range as in Table to emphasise the
role of mitotic transmission, here we have selected a value of r that is two orders of magnitude higher (which we refer to as ‘large ).
Morever, for the latter model, the carrying capacity k has been selected so that = +u+y is of the order k. Specifically, k = 800 cells/mm?.
All other parameters have been chosen as in Table [3.I]and are the same between the two models. We observe that although the effect
of a logistic growth term serves to control the magnitude of each of the infected cell populations, there is no qualitative difference in
dynamical behaviour between the two models given by the different growth terms.
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Figure C.2: Time series graphs for the proviral load and active proportion of infected cells
comparing linear and logistic growth terms for infected target cell proliferation. In the
above figures, as with Figure the value of r is selected to be two orders of magnitude
higher than in Table (which we refer to as ‘large r’) in order to emphasise the role of
mitotic proviral transmission for the two models. We observe, as would be expected, that
the model with a logistic growth term (right plot) achieves better control of the proviral
load than the model with an exponential growth term (left plot). All other parameters
have been chosen as in Table and are equal for both models. Solid line: Proviral load.
Dashed line: Active proportion of infected target cells.
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C.2 Original Tables of Experimental Data Used in the Mul-
tiple Epitope Model

Table 1. Immunodominance hierarchy of the human T cell lymphotropic virus type (HTLV)-1-specific CD8* T
cell response.

Group, Age,  Provirus Peptide
subject years  load, % Tax13 Tax20 Env Rex Tof Rof  Gag Pol Pro Total
HAM/SP
TAY 78 14.00 8480 ND 5590 0 1540 0 3000 7880 0 26,500
TBA 63 10.90 631 496 2000 0 996 673 0 902 0 5220
TAQ 75 1.50 584 ND 0 0 0 0 0 0 0 584
TAU 73 2.70 534 ND 300 152 243 265 117 2350 0 3961
TBI 68 32.00 3390 ND 0 0 0 0 0 1230 0 4620
TW 38 23.00 6620 3450 980 0 0 0 392 0 0 7990
TBK 78 35.20 4900 2390 2060 0 0 0 416 537 416 8330
TAN 47 6.20 29,000 34,000 3300 0 0 0 0 0 0 37200
TAE 80 3.10 7850 8220 337 0 214 241 228 296 0 9170
TAL 66 26.20 4460 3160 617 0 0 0 225 0 0 5300
AC
HBD 49 0.01 8130 6430 0 0 0 0 394 947 0 9470
HBE 70 11.50 8960 6160 2170 0 0 563 2290 883 374 15000
HBF 37 6.50 857 690 0 0 0 290 273 623 0 2040
HT 75 1.20 15,900 5300 1680 0 0 0 0 4940 0 22520
HAY 61 10.60 4110 0 0 0 0 0 0 0 1570 5680
HX 60 0.01 4670 2960 772 0 2320 822 1810 4530 0 14924
HAE 57 0.01 0 0 0 0 0 0 0 5690 0 5690
Un
un1 40 NA 0 0 0 0 0 0 0 0
Un2 48 NA 0 0 0 0 0 0 0 0 0 0
Un3 65 NA 0 0 0 0 0 0 0 0

NOTE. Patients with HTLV-1-associated myelopathy/tropical spastic paraparesis (HAM/TSP) have anonymized codes beginning
with T, asymptomatic HTLV-1 carriers (ACs) have codes beginning with H, and uninfected control subjects have codes beginning with
Un. All results shown are the mean of replicate well counts minus the mean negative (background) and are expressed in no. of spot-
forming cells/10° CD8* T cells. Counts were considered to be positive if values were =(2 SD + mean negative [mean of a minimum
of 6 negative wells]). All non-Tax peptides are 20mers. 0, below the limit of detection; NA, not applicable; ND, not done; Tax13, Tax
13mer peptides (overlapping by 9); Tax20, Tax 20mer peptides (overlapping by 14).

Supplementary Table C.1: Original table of experimental data from |Goon et al.| (2004a)
(Table 1). The red rectangle indicates the general portion of the data set which we have used
in our model (refer to Table . (Figure reproduced with permission from the publisher.)
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Table 1. Subject data and CD8™" cell antiviral efficacy estimates

Disease duration is measured in years since first diagnosis. CD8" cell antiviral efficacy is defined as the proportion of Tax*CD4™" cells
cleared per CD8™ cell per day. Negative estimates of antiviral efficacy were likely to be due to noise contributing in such a way that near
zero clearance rates appeared negative. A-C, Afro-Caribbean; Cauc, caucasian; ND, not done; Dis. Dur., disease duration.

Subject Clinical Sex  Ethnicity  Dis. dur. Age Proviral load] Antiviral efficacy (per CD8™ cell per day)

status (years) (years) (% PBMC) Repeat 1 Repeat 2 Mean
TAC HAM/TSP F A-C 16 56 121 0-088 0-093 0-091
TAY HAM/TSP F A-C 8 60 2-2 0-317 0-279 0-298
TBA HAM/TSP F A-C 18 61 35 0-060 0-040 0-050
TAT HAM/TSP F A-C 8 66 4:2 0-067 0-050 0-058
TBG HAM/TSP F A-C 7 66 16-4 0-010 0-005 0-007
™ HAM/TSP F A-C 10 36 10-3 0-039 0-009 0-024
TAQ HAM/TSP M A-C 18 73 1-0 0-081 0-084 0-083
TAU HAM/TSP M A-C 11 72 54 0-051 0-047 0-049
TBI HAM/TSP M A-C 11 66 123 —0-002 0-007 0-003
TAL HAM/TSP F A-C 26 65 ND 0-079 0-026 0-053
TAA HAM/TSP F A-C 17 64 ND 0-051 0-045 0-048
TBJ HAM/TSP F A-C 13 42 ND 0-045 0-034 0-039
TBO HAM/TSP F A-C 9 56 ND 0-198 0-145 0-172
TAZ HAM/TSP M Asian 22 64 ND 0-015 0-024 0-020
HS AC F A-C - 47 1-6 —0-029 0-002 —0-013
HS AC F A-C - 47 58 0-003 —0-001 0-001
HT AC F A-C - 74 1:0 0-073 0-050 0-062
HY AC F A-C - 58 0-4 0:094 0-036 0-065
HAY AC F Persian - 60 10-6 —0-001 —0-012 —0-007
HBD AC F Cauc. - 47 0-001 0-182 0-258 0-220
HBF AC F A-C - 56 2-8 0-033 0-024 0-029
HBH AC F A-C - 35 3-98 0-018 0-021 0-020
HCB AC F A-C/Cauc. - 39 ND 0-038 0-064 0-051
HBE AC F A-C - 69 ND 0-362 0-492 0-427

Supplementary Table C.2: Experimental data from [Asquith et al.| (2005a) (Table 1). The
red rectangle indicates the general portion of the data set which we take for parameter
estimation using our multiple epitope model framework in Section (Figure reproduced
with permission from the publisher.)
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Table I: Tax expression in CD4* lymphocytes is 2.5-3 fold higher in HAM/TSP patients than ACs of comparable proviral load

Patient| Proviral load Rate of CTL lysis %Tax expression Mean Tax expression Fold Increase in
(% PBMC)  (per CD8+ cell per day) (Tax+CD4+/CD4+) Tax Expression (HAM+AC)
Group |  AC HBD 0.0 0.220 0.1 1.3 28
HT 1.0 0.062 3.1
HY 0.4 0.065 0.6
HAM TAQ 1.0 0.083 27 35
TAY 22 0.298 4.4
Group2 AC HBH 4.0 0.020 27 28 3.0
HBF 2.8 0.029 29
HAM TAT 42 0.058 9.6 8.5
TAU 5.4 0.049 9.8
TBA 35 0.050 6.1
Group3 AC HS 5.8 0.001 3.0 52 25
HAY 10.6 -0.007 75
HAM TW 10.3 0.024 12.4 13.3
TAC 12.1 0.091 11
TBG 16.4 0.007 21.5
TBI 12.3 0.003 8.1

The choice of groups of "comparable" proviral load is, to some extent, subjective but a range of alternative groupings gave similar results. This
included a grouping in which the mean proviral load of ACs was higher than the mean proviral load of HAM/TSP patients in each group (it was
necessary to omit some high proviral load HAM/TSP patients in order to obtain this alternative grouping). We have illustrated our results using this
particular grouping because it is a representative grouping and because it yields two or more subjects in each group thus minimising the effect of
outliers.

Supplementary Table C.3: Experimental data from [Asquith et al| (2005b) (Table 1). The
red rectangle indicates the general portion of the data set which we take for parameter
estimation using our multiple epitope model framework in Section m (Figure reproduced
with permission from the publisher.)
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C.3 Additional Bar Charts and Combined Plots for Param-
eter Estimation Using the Multiple Epitope Model
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Figure C.4: Bar chart representation describing the experimental data from Aséuith et al.
(2005ab)). Measurements of the Taxt pool of CD4* T-cells. Refer to Figure [5.9(a)
for a bar chart combining the data from both HAM /TSP patients and ACs. (d)|Measure-
ments of the proviral load in terms of the percentage of Tax copies per 100 PBMCs. |(e)
Adjusted measurements for the proviral load in terms of the percentage of Tax copies per
100 CD4™" helper T-cells. These adjusted values were obtained by dividing the measured
PVL with respect to the pool of PBMCs by the scaling factor of 0.3 CD4" /PBMC as de-
scribed in Subsection Refer to Figure|5.9(b)|for a bar chart combining the data from
both HAM/TSP patlents and ACs. Refer to Table shaded rows, for the values. Xx:
indicates no data available for the particular individual.
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(b) Combined immunogenicity profiles for ACs in the data.

Figure C.5: Combined list plot representation of the immunogenicity profiles of HTLV-I-
infected individuals as described by experimentally measured data from Goon et al.| (2004a))
for @ 10 HAM/TSP patients, and @ 7 ACs. The figure shows the distribution of relative
immunogenicities towards the eight epitopes (horizontal axis) and the relative abundances
of their cognate CTL types (vertical axis) for the 17 HTLV-I seropositive subjects in each of
the two infected cohorts. The individual immunogenicity profiles for each subject is shown

in Figure
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(b) Combined plots displaying viral burden and parameter estimation in the subset of ACs.

Figure C.6: Combined plots showing the matching of the multiple epitope model to experi-
mental data, which allows us to derive estimates for two key parameters in each of the two
HTLV-I seropositive cohorts, namely, for @ 10 HAM /TSP patients, and @ 7 ACs. The
measured and estimated values for the various parameters and quantities related to viral
detriment is shown in Table A Experimental data points. (O Estimated point using
model . Solid line: Curve describing viral detriment as a parametric function of 7, the
rate of spontaneous proviral expression, as predicted by the multiple epitope model .
The individual plots for each infected subject are shown in Figure .
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C.4 Strain Structure in an Asymmetric Multi-Locus System:
The 3 x 2 Model

Virus Composition Pie Chart Legend for the 3x2 Model
Increasing 9,

A I Increasing 6,

[ Strain 11
] Strain 12
[ Strain 21
[J Strain 22
[] Strain 31
[ Strain 32

Increasing 9,

Figure C.7: Pie chart legend indicating virus composition in terms of relative abundances
of each individual viral strain for asymmetric multi-locus model with three variants in
Tax and two variants in HBZ. This schematic legend illustrates a ‘concentric pie chart
representation’ to visualise the structure of the virus population at equilibrium according
to model in the case m = 3 and n = 2, i.e. the 3 x 2 model (c.f. Figure which
shows the same type of representation for the 3 x 3 model). We therefore consider a total
of nine possible virus strains which, listed in lexicographic order, are: 11, 12, 21, 22, 31
and 32. In this representation, we consider a series of circular plots (like the one shown
above) consisting of a set of concentric pie charts. Each individual pie chart corresponds
to a particular combination of selected values for the immunogenicities of each of the three
distinct Tax variants; that is, d1, d2 and 3. In Figures we consider five different
sample choices, representing a set of evenly spaced values between 0 and 1, for each of the
d;. Separate circular plots along the horizontal and vertical axes correspond to the various
choices of ¢; and J2, respectively (note that the schematic legend above only shows one
such circular plot). Meanwhile, within each circular plot, the pie charts spreading radially
outward correspond to increasing values of d3. For each pie chart, the colours represent
individual viral strains as indicated.
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Virus Composition for Sample Values of ¢, d,, and ¢,

Increasing Immunogenicity of Tax Variant 2 (6,)

Increasing Immunogenicity of Tax Variant 1 (¢,)

Figure C.8: Visualisation of virus composition at equilibrium in the asymmetric 3 x 2 multi-
locus model. The above figure shows one possible outcome of solving model withm = 3
and n = 2 numerically, and plotting the relative abundances of all co-existing virus strains at
equilibrium for a particular combination of Tax variant immunogenicities (i.e. d1, d2, and d3).
Strains ij are labelled as indicated. We observe that a wide variety of overlapping and non-
overlapping strain structures are possible. In this figure, the basic reproduction numbers
for each strain are R 11 = 7.70, Ro12 = 9.95, Ro21 = 9.71, Rp22 = 7.55, Ro31 = 8.09,
Ry 32 = 6.33. Meanwhile, each of the Tax variants can take on one of the following five
(uniformly-spaced) immunogenicity values between 0 and 1: 0.05, 0.275, 0.5, 0.725, 0.95.
Thus, a total of 5 x 5 x 5 = 125 simulations are represented. All other parameters have
been selected from Table
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Virus Composition for Sample Values of §,, §,, and 6,
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Increasing Immunogenicity of Tax Variant 2 (6,)

Increasing Immunogenicity of Tax Variant 1 (6,)

Figure C.9: DSS and strain dominance in the asymmetric 3 x 2 system. The above figure
shows the result of numerical simulation of the multi-locus model with m = 3 and
n = 2. When there is a set of discordant strains, the strain with the highest fitness often
dominates the viral population, i.e. it exists at the highest prevalence. For example, for
the parameters considered here, Strain 11 is the fittest strain and co-exists with a less fit
discordant strain 22 sharing no common variants at either of the two epitopes. This is shown
notably in the concentric pie charts occupying roughly the bottom left portion of the figure,
where we observe that when the two strains maintain DSS, Strain 11 is dominant. The
fitnesses for the various strains are Rp 11 = 11.09, R 12 = 6.16, Rg21 = 8.14, Rp 22 = 6.38,
Rp31 = 7.80, Ro32 = 5.98. Each of 61, d2, and é3 can take one of the following five
(uniformly-spaced) immunogenicity values between 0 and 1: 0.05, 0.275, 0.5, 0.725, 0.95.
Thus, the figure represents a total of 5 x 5 x 5 = 125 model simulations. All parameter
values have been selected from physiologically realistic ranges as discussed in Table
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Virus Composition for Sample Values of §,, d,, and ¢,

Increasing Immunogenicity of Tax Variant 2 (6,)

Increasing Immunogenicity of Tax Variant 1 (6,)

Figure C.10: As with the symmetric multi-locus system, DSS does not imply that the fittest
strain is dominant in the asymmetric system. The above figure illustrates yet another
possible outcome from numerical exploration of the multi-locus model with m = 3
and n = 2. In this scenario, Strain 31 is the fittest strain, yet for many immunogenicity
values for the three Tax variants 41, do and d3, we observe instead the co-existence of
Strain 11 and Strain 32 forming a discordant, non-overlapping set of strains. Moreover,
we notice that the much less fit of the two strains, Strain 32, strongly dominates the
virus population, in several instances making up over 90% of provirus-positive cells. Here,
R0,11 = 8.87, R0712 = 4.29, RO,QI = 3.24, R0722 = 1.17, R0731 = 10.66, R0’32 = 5.27. Each
of the Tax variant immunogenicities can take one of the following five (uniformly-spaced)
immunogenicity values: 0.05, 0.275, 0.5, 0.725, 0.95. These are meant to represent the range
of values between 0 and 1, and leads to a total of 5 x 5 x5 = 125 combinations of d1, d2, and
3 (corresponding to each of the 125 individual pie charts illustrated above). All parameter
values have been selected from Table
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