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Abstract

This thesis explores model selection and uncertainty through the lens of prediction.

Building on recent developments in Bayesian predictive inference, we approach uncertainty

as a missing data problem, extending the logic of the bootstrap by treating future

observations as the basis for inference. This framework offers a complementary perspective

to conventional frequentist and Bayesian methods, as it supports probabilistic uncertainty

quantification without requiring the subjective specification of a prior distribution. We

first apply this lens to model uncertainty and hypothesis testing, proposing a novel

procedure where uncertainty is propagated via the recursive imputation of new data,

using a one-step-ahead model selection criterion. We then broaden this view, arguing that

a model’s sequential predictive behavior — specifically, its production of conditionally

identically distributed updates — can be used to characterize its coherence, allowing

for Bayesian-style uncertainty even in plug-in or frequentist settings. Finally, we apply

predictive model ensembling to causal treatment effect estimation, introducing a random

forest method that targets relative risk heterogeneity, and demonstrating its application

to data from a major cardiovascular clinical trial. Taken together, these results argue that

predictive resampling methods, grounded in bootstrap principles, can provide flexible and

principled tools for model evaluation and validation.
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Chapter 1

Introduction

1.1 The eternal debate: inference or prediction?

Modern machine learning and artificial intelligence are characterized by large datasets and

substantial computational resources, making it possible to develop highly flexible models

that can capture complex hidden patterns. However, this progress has sharpened the long-

standing tension between two core statistical objectives: inference, or understanding the

underlying mechanisms which generated the data, and prediction, or accurately forecasting

future outcomes without requiring an explanation. This distinction has been widely

discussed (Breiman, 2001b; Shmueli, 2010), with an emphasis on how the methods suited

to each task can differ substantially.

The subject of this thesis is how prediction-centric methodologies, particularly those

leveraging bootstrapping and related resampling techniques, can address essential inference

problems such as model selection and uncertainty quantification. Related ideas have long

appeared under the broad umbrella of “predictive inference” (Geisser, 1993), but recent

developments provide a more formal framework for this perspective, in which missing

data is treated as the fundamental source of statistical uncertainty, and the prediction

of future observations becomes the central mechanism for inference (Fong et al., 2024;

Fortini & Petrone, 2025). We aim to demonstrate that these approaches offer practical,

flexible, and interpretable tools which can complement more traditional paradigms.

Another long-standing tension in statistics concerns the distinction between frequen-

tist and Bayesian approaches. Classical frequentist confidence intervals are based on

the concept of repeated sampling, yielding probability statements that do not directly
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apply to an observed dataset and can be difficult to interpret in practice. In contrast,

Bayesian credible intervals provide more intuitive probabilistic reasoning but require a

prior distribution, which may be arbitrary or hard to elicit. In this thesis, we explore how

prediction-based methods offer an alternative perspective, supporting prior-free probability

statements directly on quantities of interest, while sidestepping some of the philosophical

and practical challenges associated with both conventional frameworks.

As a specific area of focus, this thesis looks at questions related to models, including

selection, validation, evaluation, and uncertainty quantification. In applied settings, these

tasks often reduce to retrospectively summarizing the observed data given a model — for

example, via likelihood-based information criteria, or cross-validation scores on held-out

subsets. Through the predictive lens, we aim to show that these questions can instead be

approached as forward-looking problems about the future or unseen data. This includes

model uncertainty, by resampling different possible imputations of the complete population

(Chapters 2 and 3); model characterization, by examining the step-by-step distribution

of future predictive updates (Chapters 4 and 5); and model ensembling, by comparing

predictive fits to construct and combine weak learners into a mixture (Chapters 6 and 7).

1.2 The puzzle of inverse probability

Before introducing the primary work of this thesis, we provide a brief overview of some

historical foundations and core debates that have shaped the theory of statistical inference.

1.2.1 Bayes, Laplace, and uniform priors

The foundations of Bayesian inference trace back to a simple question about uncertainty in

a binomial setting. If we observe an event with x successes and y failures (for example, a

coin landing on heads or tails), what can we say about the true probability of success p? In

a posthumously published letter, Thomas Bayes introduced a method for updating beliefs

about this probability using binary outcome data (Bayes, 1764). Bayes illustrated his idea

with a thought experiment involving a billiard table: the first ball establishes an unknown

threshold, and each subsequent ball is counted as a success or failure depending on whether
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it falls to the left or right of that point. This construction assumes a fixed but unknown

parameter, but Bayes’ key innovation was to treat that parameter probabilistically, placing

a distribution over it to express uncertainty.

Pierre-Simon Laplace independently derived similar results and formalized them into

a “rule of succession,” which we would now recognize as a conjugate beta-binomial update

with a Uniform[0; 1] or Beta(1; 1) prior distribution (Laplace, 1774; Stigler, 1986). In terms

of the coin toss example, we add one to each count and divide, so the final probability of

heads becomes p = x+1
x+1+y+1

= x+1
x+y+2

. At the time, probability was primarily applied to

describe possible variation in observable outcomes. Together with Augustus de Morgan,

these thinkers extended its use to what became known as inverse probability : the idea

that one could reason in the other direction, starting with the outcomes and working

backwards to learn about the underlying process that generated the data.

Through the 19th century, the Bayesian solution to the so-called “inverse problem”

became widely accepted. A central point of contention, however, was the use of the

uniform prior — adding one to each count in the coin toss calculation. This returns a

posterior mean of 1=2 before observing any data, which seems like a neutral choice, but

clearly introduces external information into the analysis. Philosophers such as George

Boole and John Venn raised further objections, pointing out examples in which a uniform

prior led to clearly unreasonable conclusions (Zabell, 1989).

A deeper technical concern soon followed: the uniform prior is not invariant under

reparameterization, meaning that what appears “uninformative” in one parameterization

becomes informative in another. In the binomial example, we are often interested in

the log-odds � = log( p
1�p), but placing a Uniform[0; 1] prior on the success probability

necessarily implies a non-uniform prior on the log-odds, specifically a logistic distribution

peaked at � = 0. As the 20th century began, these concerns sparked renewed efforts

to formalize and refine the foundations of Bayesian inference, and opened the door to

alternative updating principles.

Stigler (1982) offers an intriguing historical clarification, observing that the common

interpretation of Bayes’ prior distribution as reflecting “equal ignorance” about a parameter
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may misread Bayes’ original reasoning. In fact, Bayes justified the uniform prior not by

appealing to ignorance about the parameter itself, but by assuming equal ignorance about

the outcomes of future observations. For example, if a random binary event occurs ten

times, and no information is available, each count from zero to ten successes should be

considered equally likely. In the binomial case, this happens to lead to the same result — a

uniform prior over the parameter — but the reasoning is predictive rather than parametric.

This subtle distinction avoids some of the issues associated with reparameterization and

reinforces an interpretation of uncertainty centered on observable quantities.

1.2.2 Fisher and fiducial inference

In the early 20th century, R.A. Fisher, originally trained in the Bayesian tradition, sought

a novel alternative to the uniform prior, motivated in part by personal and intellectual

disagreements with contemporaries such as Karl Pearson. In a series of papers on inverse

probability, Fisher introduced what became known as the fiducial argument (Edwards,

1997). Although the formulation evolved over time, the core idea remained the same.

Given a sufficient statistic, we know that no other statistic can provide additional

information on a parameter of interest. Fisher proposed inverting the cumulative distribu-

tion function of this sufficient statistic to yield a distribution over the parameter itself,

thereby assigning probabilistic uncertainty to parameters without relying on prior beliefs

(Zabell, 1992). The fiducial argument worked nicely in simple cases, such as the binomial

parameter problem that had originally motivated Bayes and Laplace, but Fisher was never

able to extend it into a coherent general theory (Savage, 1976). From the outset, critics

identified logical inconsistencies and pathological behaviors, especially when applying the

method to more complex models. Zabell (2022) summarizes the resulting impasse:

“...the happy accident that in the case of a single parameter, fiducial per-

centiles can be spliced together to form a distribution function in the purely

mathematical sense (that is, a function increasing from 0 to 1) led [Fisher] to

regard this construct as a viable and principled probabilistic replacement for

a Bayesian posterior distribution. His inability to extend this construction
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to the multi-parameter setting in a way that won general acceptance never

caused him to waver from this view.”

Even in the cases where the fiducial argument could be applied, the resulting distri-

butions were found to be theoretically or practically equivalent to frequentist confidence

intervals (Cox, 1958), Bayesian posteriors (Lindley, 1958), or both. By 1956, Fisher’s last-

ditch effort was to argue that fiducial methods (unlike Bayesian ones) were fundamentally

defined by the absence of prior information, based on a concept of “recognizable subsets”,

but this was also ultimately shown to be imprecise (Savage, 1976). Despite some later

efforts to salvage aspects of the theory (Fraser, 1961), the fiducial approach largely faded

from mainstream statistical discourse following Fisher’s death in 1962.

Instead, contemporary statistics operates largely within the well-known frequentist

paradigm, where observed data is viewed as one realization of a data-generating process

with a fixed but unknown underlying parameter. This approach was formalized in the

early 1900s by figures such as Jerzy Neyman and Egon Pearson, alongside contributions

from Fisher himself (Fisher, 1925; Neyman & Pearson, 1933), and gained widespread

adoption throughout the 20th century, eventually becoming the dominant framework in

both statistical research and education. However, frequentist methods face challenges

in interpretation: hypothesis tests and confidence intervals are necessarily defined in

terms of hypothetical repeated experiments, not the actual data. As a result, they only

permit probability statements about long-run sampling frequencies, not the parameters

themselves, meaning their conclusions can be non-intuitive in applied settings.

1.2.3 Modern attempts at unification

Statisticians in the late 20th and early 21st centuries have explored a number of strategies

to reconcile the Bayesian, fiducial, and frequentist perspectives.

Under the umbrella of objective Bayesian inference (Berger, 2006), several methods

have been proposed to specify principled, data-driven prior distributions. An important

starting point for this line of work is the Jeffreys prior, which transforms the Fisher

information matrix into a density function that is invariant under reparameterization
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(Jeffreys, 1961). This resolves one of the classical concerns with uniform priors, but is not

a universal solution, leading to improper or atypical results in certain settings. Objective

Bayesian methods include a number of alternatives to p-values and Bayes factors that

seek to mitigate the influence of the prior distriubtion by aligning it with the observed

data, through posterior predictive checks, data-splitting strategies, and so forth (Bayarri

& Berger, 2000, 2004; Meng, 1994; Zhang, 2014).

Other approaches adopt a fiducial-style procedure within a frequentist framework,

using inversion to target a distribution over the parameter space while avoiding some of the

interpretive challenges that troubled Fisher’s original formulation. Key contributions in this

area include confidence distributions (Xie & Singh, 2013) and generalized fiducial inference

(Hannig et al., 2016). These methods typically define a “distribution estimator”, rather

than a point or interval estimator, enabling uncertainty to be represented probabilistically

while emphasizing strong empirical coverage properties.

1.3 Uncertainty through a predictive lens

While the approaches discussed above provide valuable insights, we argue that they may

overlook a more fundamental point: the source of statistical uncertainty is missing data.

If we directly target this source, and focus on modeling the distribution of unobserved

outcomes given the observed data, it becomes possible to make meaningful probabilistic

statements about parameters without requiring a prior distribution. In this section, we

formalize this idea through a predictive representation of Bayesian inference, and describe

the conditions under which such an approach yields valid and coherent results.

1.3.1 Bayesian inference as a missing data problem

Let Y1; Y2; : : : denote a sequence of random variables, which we assume are drawn from

an unknown sampling distribution P ?. Upon observing y1:n, suppose we wish to conduct

inference on an associated parameter �. The typical Bayesian approach is to specify a

likelihood or sampling model fP� : � 2 �g, which is a family of probability distributions

indexed by a parameter � from a parameter space �, with associated densities f(y j �).
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We elicit a prior density �(�) over the parameter space, then apply Bayes’ theorem to

yield the posterior density

�(� j y1:n) / �(�)
nY
i=1

f(yi j �): (1.1)

If, however, the entire infinite sequence of random variables Yn+1:1 was observed, any

identifiable quantity would be completely determined. This quantity could be a parameter

� (e.g., the mean or variance) or a functional of P ? such as its density. The statistical

uncertainty in the posterior distribution therefore arises entirely from the fact that we

only observe a sample of size n and are missing the remaining observations.

Motivated by this insight, we adopt a predictive reformulation of statistical learning,

where the goal is to directly model the conditional distribution of future observations

given the past. In other words, our target is p(yn+1:1 j y1:n), the true conditional density

of Yn+1:1 given Y1:n, as determined by the unknown data-generating process P ?.

Rather than modeling the data we already have, we focus our modeling effort on

what is required to resolve our uncertainty — namely, the distribution of the data we

do not observe. Our target quantity is thus defined as a functional of the complete

random sequence Y1:1, with uncertainty indexed over different possible realizations of its

unobserved tail Yn+1:1. This frames inference entirely in terms of observables, avoiding

the need for subjective prior specification on a latent parameter.

To put this into practice, several recent papers (Fong et al., 2024; Holmes & Walker,

2023) have explored a direct specification of uncertainty over the conditional density

p(yn+1:N j y1:n) via the sequential factorization

p(yn+1:N j y1:n) =
NY

i=n+1

p(yi j y1:i�1); (1.2)

which follows directly from the chain rule for conditional densities. In the limit N !1,

this formulation defines the full joint distribution p(y1:1), allowing inference on any

identifiable quantity of interest. In many real-world applications, we can also view this as

a finite imputation problem, where N represents the known total population size.

Echoing the “prequential” (predictive sequential) perspective of Dawid (1982, 1984), this

approach views Bayesian learning entirely through the sequential updating of predictive

7



density functions. The core inferential task reduces to two alternating recursive steps, a

process which Fong et al. (2024) refer to as predictive resampling, to simulate a complete

future data sequence one observation at a time. First, given the current data y1:i�1 at

each stage, we require a mechanism to sample the next observation yi. Second, upon

imputing yi, we must update the predictive density to reflect the new information. This

update can be represented as a general one-step mapping,

fp(� j y1:i�1); yig ! p(� j y1:i); (1.3)

which denotes a function that transforms the current predictive density, together with

the newly sampled data point, into the predictive density for the next observation. The

process then progressively evolves as new observations become available.

As a concrete illustration of the update rule in Equation 1.3, we note that its simplest

form will be familiar to readers as the Bayesian bootstrap of Rubin (1981). The Bayesian

bootstrap arises within the framework described above when using the simple non-

parametric predictive rule where we duplicate one of the existing data points at random,

also known as a Pólya urn scheme with replacement. The one-step predictive density is

defined as a draw from the empirical distribution,

Yn+1 j y1:n � Uniformfy1; : : : ; yng: (1.4)

This is equivalent to sampling from the discrete measure 1
n

Pn
i=1 �yi

, with mass 1=n at

each observed yi. In the limit, this process defines a randomized empirical distribution

F1 =
nX
i=1

wi �yi
; w1:n � Dirichlet(1; : : : ; 1)

with random weights w1:n that are positive and sum to one. This is precisely the Bayesian

bootstrap, in contrast to the frequentist bootstrap (Efron, 1979), which approximates a

sampling distribution by repeatedly drawing resamples of size n with replacement from

the observed data. The following discussion can therefore be viewed as a generalization of

the Bayesian bootstrap, in which predictive updates are not limited to copies of existing

data drawn from the empirical distribution.
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1.3.2 Martingale posterior distributions

The predictive formulation described in the previous section is intentionally general:

it specifies a framework in which uncertainty is represented through the sequence of

predictive distributions p(yi j y1:i�1), but without imposing any particular form on the

predictive rule. In principle, many possible rules could be constructed, including trivial or

degenerate cases that would not yield meaningful uncertainty. A key research question is

therefore what conditions the predictive specification must satisfy in order to return a

valid notion of uncertainty that is coherent with standard Bayesian inference (Battiston

& Cappello, 2025).

To understand these conditions, we first examine the learning properties of parametric

Bayesian inference, with a specific focus on consistency — the property that the posterior

distribution concentrates on the true parameter value as data accumulate. The key result

in this setting comes from Doob (1949), and provides a benchmark for coherent learning in

the parametric case. We then extend these ideas to suggest the conditions under which a

predictive representation can reproduce the same learning behavior and yield meaningful

uncertainty quantification.

Specifically, we return to the Bayesian updating framework of Equation 1.1, with data

generated conditionally on a latent parameter � � � according to

Yi j � = � � P�; i = 1; 2; : : :

independently and identically. Here, P� is the sampling model distribution, with associated

density f(y j �). This induces the joint density

p(�; y1:n) = �(�)
nY
i=1

f(yi j �); (1.5)

for the parameter � and observations y1:n at any given sample size n. Let Fn = �(Y1; : : : ; Yn)

denote the filtration generated by the first n observations, representing the information

available after observing the data. To estimate the parameter with this information, an

appropriate starting point is the posterior mean, given by ��n = E[� j Fn].

The following result then establishes that Bayesian updating is consistent: as more

data are observed, the posterior distribution concentrates on the true parameter value.
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Theorem 1 (Doob, 1949). Assume that � takes values in a linear space with E[j�j] <

1, and that (�; Y1; Y2; : : :) is distributed according to Equation 1.5, so that � � �.

Additionally, assume that the model fP� : � 2 �g is identifiable, meaning that P� = P�0

implies � = �0, and that � is measurable with respect to the �-algebra F1 generated by the

infinite data sequence. Then the sequence of posterior means satisfies

��n = E[� j Fn]! �

as n!1 almost surely.

In other words, although Bayesian updating is typically interpreted as refining belief

about the latent parameter �, it can equivalently be viewed as sequentially resolving

uncertainty about the unobserved data. Each new observation incrementally reduces

uncertainty, and in the limit, the a priori variability in � is explained entirely by the

missing information in Y1:1.

The key criterion underlying this result is that the sequence of posterior means forms

a martingale. A martingale is a stochastic process whose expected next value, given the

current information, equals its present value; intuitively, it represents a learning process

that evolves without systematic drift, where the best forecast for the next step is simply

the current estimate. With respect to the filtration fFng generated by the observations,

this property is written as

E[��n j Fn�1] = ��n�1: (1.6)

Doob’s martingale convergence theorem states that any integrable martingale f�ng con-

verges almost surely to a limiting random variable �1. Applying this result, the sequence

f��ng therefore converges almost surely to some limit ��1. Under the identifiability con-

dition, the limit is uniquely determined by the infinite sequence of data, ensuring that

��1 = �. In this sense, Doob’s theorem ensures that Bayesian learning proceeds as a

drift-free updating process that eventually resolves all parametric uncertainty through the

step-by-step incorporation of information from observed data.

How does this extend to the predictive framework? Recall that the predictive re-

sampling pipeline aims to directly specify uncertainty on the missing data, applying the
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sequential factorization of Equation 1.2. The algorithm alternates between imputing the

next data point and updating the predictive density via the one-step mapping in Equation

1.3. As described previously, this amounts to a generalized Bayesian bootstrap where

predictive updates are not required to be copies of existing data.

Under the result from Doob, we know that coherent Bayesian learning rests on the

construction of a martingale for the sequence of posterior means of the quantity of interest.

For the bootstrap predictive update, the data-generating procedure can therefore also be

constrained by this martingale requirement. Specifically, any predictive rule we apply

should ensure that the sequence of posterior means forms a martingale, meaning that

its conditional expectation before incorporating each new imputed observation equals

its previous value. This condition enables a predictive update scheme to propagate

uncertainty without introducing systematic bias.

Fong et al. (2024) bring these insights together to define the martingale posterior

distribution as the posterior uncertainty resulting from a valid predictive resampling

process. After resampling the unobserved sequence yn+1:N , the quantity of interest is

evaluated using the completed sample y1:N . For simple functionals such as the mean or

variance, this evaluation is straightforward. More generally, Fong et al. (2024) construct

a random limiting empirical distribution, denoted FN , from which any parameter or

functional �(FN) can be derived.

Across repeated predictive resampling trials, the resulting distribution of �(FN) then

serves as the martingale posterior, representing the uncertainty induced purely by the

predictive specification. Crucially, when the predictive rule satisfies the martingale

condition discussed above, the limiting distribution FN converges to a random measure

F1 that coincides almost surely with the posterior distribution obtained under the standard

prior–likelihood formulation. In this sense, the martingale posterior provides a predictive

characterization of Bayesian learning that reproduces the same asymptotic uncertainty

while avoiding explicit reference to a prior distribution on parameters.
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1.3.3 Conditionally identically distributed sequences

The previous section established a benchmark for coherent Bayesian learning, rooted in

results from Doob: the sequence of posterior means for a parameter of interest must form

a martingale, satisfying Equation 1.6. A core goal of our framework, however, is to ground

Bayesian inference entirely in terms of observable data. This motivates the search for a

parallel coherence condition which is defined not on a latent parameter, but rather on the

sequence of future observables directly.

The foundation for this condition comes from the concept of conditionally identically

distributed (c.i.d.) sequences (Berti et al., 2004). To develop this argument, we first

revisit the role of exchangeability in standard Bayesian inference, then introduce the

c.i.d. condition and show that it can be understood as a weakening of exchangeability.

Ultimately, we define “predictive coherence” as a martingale property that applies directly

to the sequence of predictive distribution functions in a resampling scheme.

In the Bayesian literature, a typical starting point to justify the adoption of a prior-

likelihood model is to assume exchangeability. An infinite sequence y1; y2; : : : is defined

as exchangeable if, for any finite n, its joint distribution is invariant to permutation, i.e.,

p(y1; : : : ; yn) = p(y�(1); : : : ; y�(n)) for any permutation �. The representation theorem of

de Finetti (1937) demonstrates the consequences of this assumption for the foundational

case of a binary sequence.

Theorem 2 (de Finetti, 1937). Let (Y1; Y2; : : :), with Yi 2 f0; 1g, be an infinite sequence

of binary random variables. If this sequence is exchangeable, then there exists some

cumulative distribution function � such that the joint probability of any finite subsequence

Y1:n has the form

p(y1:n) =

Z nY
i=1

�yi(1� �)1�yi d�(�):

Additionally, there exists a random variable � distributed according to � which is the limit

of the empirical mean, with

lim
n!1

1

n

nX
i=1

Yi = �

almost surely.
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This theorem provides a powerful justification for the traditional prior-likelihood speci-

fication. It shows that for a binary sequence, the subjective assumption of exchangeability

— an assumption purely about the structure of the observable data — is mathemati-

cally equivalent to postulating the standard Bayesian generative model. Specifically,

exchangeability implies a model where the observations yi are independent Bernoulli trials

conditional on a parameter �, and this unobservable parameter � is itself treated as a

random variable drawn from a prior distribution �. This has been described as a “shortcut

to infinity”, as it allows us to induce the familiar generative structure of Equation 1.5

using nothing more than an intuitive assumption on the symmetry of the data.

When applying the predictive factorization of Equation 1.2, we directly specify the

sequence of one-step-ahead conditional distributions. Critically, this formulation does

not require the infinite sequence (Y1; Y2; : : :) to be fully exchangeable. This departure

means Theorem 2 no longer applies, so we cannot invoke the standard likelihood-prior

construction of Equation 1.5 or the corresponding coherence of parametric belief updates.

However, the key insight is that we can still conduct Bayesian inference under the c.i.d.

assumption, as it represents a weaker but sufficient form of exchangeability.

To formalize this, let Pi(y) = P (Yi+1 � y j y1:i) denote the one-step-ahead predictive

cumulative distribution function (CDF) given the history y1:i. As described by Berti et al.

(2004), our sequence of future observations Yn+1; Yn+2; : : : is c.i.d. if

P (Yi+k � y j y1:i) = Pi(y) 8k � 1: (1.7)

In other words, given any history y1:i, all future observations Yi+1; Yi+2; : : : are identically

distributed according to the current one-step-ahead predictive distribution Pi(y). This

c.i.d. property is a weakening of full exchangeability (Mlodozeniec et al., 2024), as it

does not assume the entire sequence is exchangeable, but rather that only the future is

exchangeable, conditional on the past.

Fong et al. (2024) show that if the c.i.d. condition in Equation 1.7 is satisfied, then

the predictive updating scheme satisfies two key properties:

1. Existence: The sequence of predictive CDFs Pn+1(y); Pn+2(y); ::: converges almost

surely to a random probability distribution function P1(y) for all y.

13



2. Unbiasedness: The posterior expectation of this limiting distribution, conditional on

the information at step n, is the current predictive distribution, or E[P1(y) j Fn] =

Pn(y) almost surely where Fn = �(y1:n).

These properties are collectively termed predictive coherence, and provide a sufficient

basis for a valid martingale posterior distribution. The existence property ensures that

the predictive resampling process converges to a well-defined random measure, while the

unbiasedness property ensures that no new information or bias is introduced, and the

process only serves to propagate uncertainty.

As a further connection with the previous section, Fong et al. (2024) also show that the

c.i.d. condition can be equivalently formulated as a martingale condition on the sequence

of predictive distributions, with

E[Pi(y) j y1:i�1] =

Z
Pi(y)dPi�1(yi) = Pi�1(y):

The construction of a c.i.d. sequence therefore serves as a predictive analogue to the

martingale property in the parametric setting, giving us a coherence condition defined

purely in predictive terms. The martingale property is not always straightforward to

assess for parameters in complex models, but this condition suggests an alternative route

for practical model validation based solely on observable predictions.

1.3.4 Related work

Beyond de Finetti, several previous works have identified the value of uncertainty quan-

tification through observables rather than parameters. Roberts (1965) presents an early

version of the predictive argument for finite data, noting that any statement about a finite

population parameter can be reinterpreted as a predictive statement about the unobserved

part of the population. Geisser (1982, 1993) concedes that the “lurking parameter” may

be a relevant construct in modeling, but argues that prediction is more relevant than

parametric inference since results are expressed in terms of actual observables. Dawid

(1982, 1984) goes a step further, arguing at a fundamental level that “the purpose of

statistical inference is to make sequential forecasts for future observations rather than to

express information about parameters.”
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In Bayesian nonparametrics, Fortini and Petrone (2012, 2020) analyze the predictive

construction of underlying models, where resampling is applied to retrieve the prior

law of the mixing distribution. Berti et al. (2021) discuss a general class of models

building on c.i.d. sequences, while Battiston and Cappello (2025) introduce asymptotically

conditionally identically distributed (a.c.i.d.) sequences as a generalization of the c.i.d.

condition. Hahn et al. (2018) provide a fast online approach for sequential updates that

makes use of bivariate copulas.

Instructive reviews of the predictive approach to Bayesian inference are given by Berti

et al. (2023) and Fortini and Petrone (2025); as above, these rely on the overall view of

Bayes as a sequential learning problem, where the goal is to specify one-step marginal

predictive updates without having to rely on the usual prior-posterior pipeline.

1.4 From parameters to models

So far, we have focused on quantifying parameter uncertainty by bootstrapping the

unobserved data. However, another fundamental challenge in statistical inference is

model uncertainty — accounting for uncertainty not just within the parameters of a

given model, but also across the broader space of plausible models. Interestingly, many

popular techniques in this space also rely on bootstrap-based principles, resampling and

ensembling several models to yield uncertainty. This provides an underlying thematic link

between predictive inference and modeling practices in modern machine learning.

1.4.1 Why model uncertainty matters

Model uncertainty can be of interest for a variety of reasons: for instance, to assess the

sensitivity of results to modeling assumptions, to quantify ambiguity in which model best

fits the data, or to combine competing models for improved robustness. This challenge

is illustrated by the garden of forking paths metaphor from Gelman and Loken (2019),

which highlights that the seemingly arbitrary modeling choices made by analysts — such

as variable selection, data transformation, or treatment of missing data — can have a

greater influence on the results than the data itself.
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In the social sciences, this has led to the development of multiverse analysis, where

researchers systematically conduct the main analysis across a range of plausible data

collection and processing regimes, and then examine the variation in outcomes (Harder,

2020; Steegen et al., 2016). This allows for a form of empirical sensitivity analysis,

ensuring that reported results are not purely the byproduct of a single selected model

structure. Riha et al. (2024) provide a computational iterative filtering workflow to

support multiverse analysis in more complex settings, enabling the efficient exploration

and assessment of several alternative models.

1.4.2 Bayesian model averaging and exploration

More formally, let fMkgKk=1 be a set of candidate models for observed data D. Bayesian

approaches to model uncertainty typically target the posterior probability of each individual

model given the data,

�(Mk j D) =
P (D j Mk)�(Mk)

P (D)
; (1.8)

where �(Mk) is the prior probability of model Mk and P (D j Mk) is the marginal

likelihood of the data under modelMk. These posterior probabilities may be of interest

in their own right, or as an intermediate step for Bayesian model averaging (BMA),

�(� j D) =
KX
k=1

P (� j Mk)�(Mk j D) (1.9)

where � is a separate target quantity, such as a prediction or parameter, that could vary

considerably across different models (Hoeting et al., 1999; Leamer, 1978). BMA has

been found to empirically improve predictive performance across a variety of settings, by

protecting against overfitting and providing robustness to model misspecification.

Central to this calculation is the marginal likelihood or evidence, given by

P (D j Mk) =

Z
PMk

(D j �k)�(�k)d�k: (1.10)

This returns the probability of the data under each model by integrating over the model-

specific parameters. The marginal likelihood has been described as the Bayesian encoding

of “Occam’s razor” (MacKay, 1992a), since simpler models place a greater probability
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weight on a narrower range of possible datasets, and therefore return a greater likelihood

if consistent with the observed data.

In the case of two competing modelsM1 andM2, the standard approach is to examine

the ratio of their posterior probabilities, known as the posterior odds. Applying Equation

1.8, this can be decomposed as

�(M1 j D)

�(M2 j D)| {z }
Posterior Odds

=
P (D j M1)

P (D j M2)| {z }
Bayes Factor

� �(M1)

�(M2)| {z }
Prior Odds

(1.11)

where the normalizing constant P (D) cancels out. Note that the ratio of the marginal

likelihoods is also known as the Bayes factor, and quantifies the evidence from the data

alone (Kass & Raftery, 1995). As this decomposition shows, the final posterior odds

are sensitive to the prior distributions on both the parameters within each P (D j Mk)

and the models themselves, motivating the development of several variations that use

data-dependent prior distributions (Berger & Pericchi, 1996; O’Hagan, 1995).

To compute posterior model probabilities directly, a number of alternative approaches

have been proposed that rely on sampling. Standard Markov Chain Monte Carlo (MCMC)

approaches aim to construct a random walk through parameter space that converges to

the desired posterior distribution. Once convergence is reached, the resulting samples can

be used to estimate expectations and quantiles, or to visualize the posterior distribution

by plotting a histogram. To extend this to model uncertainty, the sampling protocol needs

to also allow for jumps between models. For example, Model Composition MCMC (MC3)

achieves this by sampling not only parameters but also model indices (Madigan et al.,

1995). Perhaps the most well-known variant is Reversible Jump MCMC (RJ-MCMC),

which incorporates an adjustment for “model size” to allow for transitions between models

of differing dimensions (Green, 1995). The resulting chain provides uncertainty not only

across individual parameter values but also across model structures.

1.4.3 Bagging, ensembling, and mixtures

While methods like RJ-MCMC offer principled ways to explore model space, they can be

computationally intensive and difficult to tune. In practice, particularly for supervised
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learning tasks, a more flexible and scalable alternative is often to train and combine the

results of several models directly.

Breiman (2001b) discusses the Rashomon effect : the observation that many problems

admit a multiplicity of models with comparable predictive performance. Subsequent work

on “Rashomon sets” has formalized this idea, defining a class of near-optimal models —

for example, those whose predictive risk lies within � of the best model — and using

this set to answer questions such as variable importance, by analyzing all of the models

collectively (Fisher et al., 2019).

These insights motivate the idea of bagging (bootstrap aggregating), where predictions

from several models trained on different bootstrap samples are combined. By averaging

across multiple models, this effectively reduces model variance while maintaining low bias.

Bagging is exemplified by random forests (Breiman, 2001a), one of the most widely used

ensemble methods, in which multiple decision trees are independently trained on subsets

of the data, then combined via majority vote or average prediction. Over time, random

forests have been extended to handle a variety of statistical tasks, including survival

analysis, causal inference, and conditional density estimation.

Beyond decision trees, the general strategy of fitting multiple weak learners and

combining their predictions appears across other ensemble frameworks. These include

boosting, which gradually improves performance by sequentially fitting models to the

residuals or errors of previous models; and stacking, which fits a meta-model to learn how

to best combine the predictions of a set of base learners, often using cross-validation to

assign optimal weights (Yao et al., 2018). Together, these strategies illustrate an emphasis

on prediction as a primary avenue for evaluating and combining models.

1.5 Thesis outline

This thesis investigates novel applications of predictive inference and bootstrapping to

questions of model selection and uncertainty quantification. Here, we provide a brief

overview of the upcoming chapters.
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Chapters 2 and 3 Existing approaches to model uncertainty typically either compare

models using a retrospective model selection criterion or evaluate posterior model prob-

abilities having set a prior distribution. In these chapters, we propose an alternative

strategy which views missing observations as the source of model uncertainty, where the

true model would be identified with the complete data. To quantify model uncertainty,

it is then necessary to provide a probability distribution for the missing observations

conditional on what has been observed. This can be set sequentially using one-step-ahead

predictive densities, which recursively sample from the best model according to some

consistent model selection criterion. This approach bypasses the need for subjective

prior specification or integration over parameter spaces, addressing issues with standard

methods such as the Bayes factor. In Chapter 2, we introduce the framework, with

illustrations from density estimation and variable selection. In Chapter 3, we focus on the

question of hypothesis testing, contrasting predictive resampling with existing approaches

in greater detail.

Chapters 4 and 5 Bayesian methods typically frame uncertainty through prior and

posterior distributions on parameters, a framework which becomes increasingly strained

as model dimensions grow. On the other hand, uncertainty can also be understood as

arising from an incomplete dataset, and quantified through the construction of a predictive

model for the missing observations. To ensure convergence of the resulting sequence of

one-step-ahead distributions, we restrict the future samples to be c.i.d. given the observed

data. In Chapter 4, we argue that if this key condition is satisfied, then a model can still

provide coherent Bayesian predictions even without a traditional prior-posterior update.

We propose and implement diagnostics for the c.i.d. property, showing that a wider class

of machine learning methods, including those based on plug-in or frequentist estimation,

can be understood as Bayesian through a predictive lens. In Chapter 5, we focus on a

direct approach for predictive resampling with parametric c.i.d. sequences. We provide

illustrations from the areas of nonparametric curve fitting with splines and time-to-event

survival analysis.
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Chapters 6 and 7 The identification of heterogeneous treatment effects across subgroups

is of significant interest in clinical trial analysis. Several state-of-the-art heterogeneity

estimation methods, including causal random forests, apply recursive partitioning for non-

parametric identification of relevant covariates and interactions. However, the partitioning

criterion typically targets differences in absolute risk. This can dilute statistical power

by masking variation in the relative risk, which is often a more appropriate quantity

of clinical interest. In these chapters, we propose and implement a methodology for

modifying causal forests to target relative risk, using a novel node-splitting procedure

based on exhaustive generalized linear model comparison. In Chapter 6, we present the

method, along with results from simulation studies that suggest relative risk causal forests

can capture undetected sources of heterogeneity. In Chapter 7, we provide an application

case study on real-world data from a major cardiovascular clinical trial.

Each chapter contains further technical background details as needed. Chapters 2 and

3 are currently under review as a journal submission. Chapters 4 and 5 consist of work

not yet submitted for publication. Chapters 6 and 7 are currently under revision as a

journal submission.
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Chapter 2

A general framework for probabilistic
model uncertainty

2.1 Introduction

In Section 1.3, we established a predictive framework for inference, viewing missing

observations as the fundamental source of statistical uncertainty. This approach centers

on specifying a joint distribution for the missing data p(yn+1:N j y1:n) via the sequential

factorization in Equation 1.2, a process termed predictive resampling.

This framework has been applied in the context of parameter estimation and conditional

prediction (Fong et al., 2024; Holmes & Walker, 2023), but in this chapter, we extend it

to provide a general construction for probabilistic model uncertainty. We propose a novel

approach where the one-step-ahead predictive density p(yi j y1:i�1) used in the resampling

process is itself determined by a model selection step. Specifically, our method recursively

alternates between selecting the best model for the current data y1:i�1, according to some

consistent selection criterion, and sampling the next imputation yi from that model’s

predictive distribution.

Ultimately, this allows us to retrieve Monte Carlo uncertainty on the “true” model as

identified with the complete missing data using a specified criterion for model selection.

This predictive approach is fundamentally different from the usual frequentist view, based

on repeated experiments of size n, but also deviates from the usual Bayesian requirement

of eliciting a subjective prior distribution. We motivate this approach in detail, and

demonstrate its application to several statistical decision problems.
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To formalize this, consider a set of candidate models fMkgKk=1 for the observed data

y1:n. As established, the uncertainty in which model is optimal arises from the missing

Yn+1:1. We require a generative model p(yn+1:1 j y1:n) for the missing data given the

observed data, and at any given point in the resampling process, the most natural choice

for predicting new information is the best model available given the current information.

To impute the missing data, we therefore adapt the one-step predictive update from

Equation 1.3 with respect to the candidate models. In particular, we use a model selection

criterion C to determine the best current model for y1:n, which we write asMbk(n), along

with associated parameter(s) b�bk(n). (We discuss the specification of C below.) We sample

a new observation from p(� j Mbk(n);
b�bk(n)), add it to the data, and repeat the process

recursively up to some sufficiently large N . The update is defined by

Yn+1 j y1:n � p(� j Mbk(n);
b�bk(n));bk(n+ 1) = argmax

k
C(Mk; y1:n+1):

(2.1)

Rather than evaluating the evidence for models under limited data, our focus shifts to

the distribution over the “true” model as determined by different possible completions of

the dataset. Under the martingale posterior framework (Fong et al., 2024), the target of

our inference for each modelMk is P (Mbk(1) =Mk j y1:n): the probability that it would

be selected given infinite data, a quantity induced by the predictive resampling process.

We denote this as �pred(Mk j y1:n), deliberately using the �pred notation to distinguish

this predictive probability from a standard Bayesian posterior probability �(Mk j y1:n).

In practice, we approximate �pred using a Monte Carlo estimator. After B independent

resampling trials, our estimate b�pred is given by the empirical frequency,

b�pred(Mk j y1:n) = B�1

BX
b=1

1
�
M(b)bk(1)

=Mk

�
:

Here, b indexes the repeated replications of yn+1:1. (As a practical matter, we assess

the behavior of C as the sample size grows and stop at some sufficiently large N < 1

when the choice of model has clearly converged, usingM(b)bk(N)
as our proxy forM(b)bk(1)

.)

The resulting estimates express uncertainty over the space of candidate models, without

requiring the elicitation of prior distributions on either the models or their parameters.
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A key ingredient in this procedure is the one-step model selection criterion C. Since

the eventual goal is to make inferences based on the complete data, we require a criterion

which is consistent, or guaranteed to select the correct model as n ! 1 (Claeskens

& Hjort, 2008). The above pipeline can then be viewed as a way of converting our

consistent criterion directly into a statement of posterior uncertainty over the space of

models. As we discuss in Section 2.2.4, the requirement of consistency admits the use of

the Bayesian information criterion (BIC), but not the Akaike information criterion (AIC)

or leave-one-out cross-validation (LOO-CV). The AIC and LOO-CV do not necessarily

select the correct model as n!1, and so should not be used in a setting where our goal

is to understand uncertainty in decisions based on the complete data.

The work of Draper (1995) on model expansion provides a useful context for our

approach. Draper denotes a model M = (S; �) as a set of “structural assumptions” S

(such as the assumed linear structure, the link function in a GLM, etc.) along with

parameter(s) �. He notes that statistical applications typically assume a best structure

S� and then discuss parametric uncertainty on �, but that this equates to placing an

overly concentrated prior point mass of one on S�, leading to overconfident conclusions.

A preferable approach would be to propagate structural uncertainty by placing a more

diffuse prior distribution across a wider space of models. Draper suggests that this wider

space could be determined by “starting with a single structural choice S� and expanding

it in directions suggested by context”, though the specific prescription for this expansion

is determined on a case-by-case basis.

Our approach is also a form of model expansion around the initialMbk(n), where the

progressive search for new models is guided by the imputation of unseen data. Figure 2.1

represents this idea with a sampling trajectory diagram based on a simple hypothesis test,

discussed further in Section 2.2.3. Each individual path tracks the value of a sufficient

summary statistic (in this case, the mean) for one possible realization of the complete

data as new samples are imputed. All paths start at a common initial best model — in

this case, the alternative hypothesis H1 — but by recursively sampling new observations

and then updating the choice of best model, we introduce uncertainty over the model
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Figure 2.1: Trajectory diagram showing propagation of uncertainty through sampling of
missing observations, where different possible realizations of the complete data start at
the sameMbk(n) = H1, but individually converge to either H0 or H1.

space. Several of the sample paths cross back and forth over the dotted line, representing

the decision boundary between the models, but each one ultimately converges to a single

model choice once the sample size becomes sufficiently large.

As noted previously, the practical implications of our work are similar to those expressed

in the “prequential” approach of Dawid (1984), which reframes statistical inference as a

sequential forecasting problem. Dawid often employs a plug-in predictive density, such

as one based on the maximum likelihood estimate (MLE) b�i�1. This specifies the joint

distribution sequentially as
nY
i=1

p(yi j yi�1; b�i�1);

which is then used to evaluate the model’s likelihood based on observed data. We extend

this plug-in strategy, with the one-step-ahead prediction p(� j Mbk(n);
b�bk(n)) determined by

the model and parameters that optimize a selection criterion C, typically a dimension-

penalized likelihood such as the BIC. (We concede that the penalty term could be viewed

as a form of effective prior distribution, a point we discuss further below.) However, our

overarching motivation goes one step further: the sequential forecasting of unseen data is
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valuable not only in its own right, but also for what it progressively reveals about the

corresponding model uncertainty.

What distinguishes this framework from traditional approaches to model uncertainty?

Standard calculations using Bayes factors (Kass & Raftery, 1995) exhibit a known over-

dependence on subjective model priors, and entail the computational complexity of

integrating over the complete parameter space within a model. There have been several

“objective” variations on the Bayes factor theme, such as fractional (O’Hagan, 1995) and

intrinsic (Berger & Pericchi, 1996) Bayes factors, but these still require the loss of some

training data or the selection of an arbitrary calibration weight. Alternative approaches

apply sampling strategies to explore the space of models (George & McCulloch, 1993;

Madigan et al., 1995), of which RJ-MCMC is perhaps the most well-known (Green, 1995).

MCMC-style methods require the difficult construction of an ergodic Markov chain that

can eventually visit all parts of the model space.

In contrast, by focusing exclusively on the prediction of observable data points to

propagate uncertainty, we bypass the need for any subjective prior distribution over the

space of candidate models or their parameters. Predictive resampling makes complete use

of the information contained in the training data, with a fully pre-specified protocol to

define �pred(Mk j y1:n). This procedure’s only fundamental dependence is on the chosen

model selection criterion C. The penalty term within that criterion (such as the log(n)

term in BIC) admittedly introduces an external preference for model parsimony. Our

approach, therefore, should be understood not as an entirely “objective” process, but as a

mechanism that converts a model selection criterion directly into a probabilistic measure

of uncertainty.

Additionally, the procedure is pragmatic and straightforward. We reduce uncertainty

quantification to two simple steps, model comparison and simulation of a new observation,

which can be easily parallelized over the B trials, and applied as a wrapper for any

model selection rule. The first step, which requires optimization using a consistent

model selection criterion, can leverage modern methods for efficient model search, and is

computationally simpler than the transformations required to jump between dimensions
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in sampling methods such as RJ-MCMC.

The remainder of this chapter is organized as follows. In Section 2.2, we formally present

our framework for model uncertainty in the context of traditional approaches. Section 2.3

contains further theory related to the necessary conditions for model convergence. Section

2.4 contains illustrations, and Section 2.5 provides a discussion and conclusions. Code to

replicate all experiments is available at https://github.com/vshirvaikar/MPModel.

2.2 Model uncertainty via predictive resampling

Before detailing our approach to quantifying model uncertainty, we outline the usual

Bayesian strategies.

2.2.1 The standard Bayesian approach

As introduced in Section 1.4, Bayesian model uncertainty typically targets posterior model

probabilities �(Mk j D) according to Equation 1.8, which can then be used for BMA

(Equation 1.9). The comparison of two models is formalized by the posterior odds, as

shown in Equation 1.11, which decompose prior beliefs about models (the prior odds)

from the evidence contained in the data (the Bayes factor).

A well-known problem with this framework is its sensitivity to prior specification at

multiple levels. First, the final posterior odds depend directly on the model priors �(Mk).

An arbitrary choice, such as a “uniform” prior distribution with constant �(Mk) for all

models, may have a substantial and unintended impact on the result, especially as the

number of candidate models grows. Scott and Berger (2010) highlight that this can lead

to significant issues with multiple testing and false positive control.

Second, as seen in Equation 1.10, the marginal likelihood is sensitive to the parameter

priors �(�k). Efforts to mitigate this with “objective” priors have led to an array of Bayes

factor alternatives, such as intrinsic and fractional Bayes factors. These methods use the

observed data to help specify the prior distribution in some way, such as by weighting

the likelihood (O’Hagan, 1995) or setting aside a portion of data for “training” (Berger &

26



Pericchi, 1996). However, this still requires an element of user choice, and can result in

the loss of some information contained within the observed data.

A separate, practical problem with the Bayes factor is the computational complexity

of integrating over the complete parameter space for marginal likelihood calculation. In

practice, this integral is often sidestepped by using the BIC, which provides an asymptotic

approximation to the negative log-evidence (Schwarz, 1978). This is given by

BIC = �2 log bL+ d log n (2.2)

where bL is the maximum likelihood of the model at the optimal parameter values, d is

the dimension of the model, and n is the sample size. (The BIC is sometimes denoted as

the negative of the above; in our case, a lower value indicates a better model fit.)

A tempting idea is then to treat this approximation as an exact quantity — for example,

by computing exp(�1
2
BIC) as a direct substitute for the marginal likelihood. However,

Kass and Raftery (1995) show that this approximation has a relative error of O(1),

meaning it does not improve with n and should not be used to evaluate exact posterior

probabilities. In Section 3.3.1, we provide a further discussion of this approximation in

the context of two-sided hypothesis testing and e-values.

2.2.2 Recursive model updating

We now formally present a predictive resampling approach that emphasizes missing data

as the source of model uncertainty. With observed y1:n, the guiding principle is that

uncertainty quantification for any statistical task, including model selection, requires the

construction of a model for the data we have not observed, given what has been observed.

Algorithm 1 outlines the procedure, alternating between the selection of the best available

model at any given point and the imputation of a new observation. This is presented for

finite N , and the choice of model stabilizes as N !1.

Following the logic of Fong et al. (2024), we express uncertainty over the final choice

of model in light of different possible realizations of the complete dataset. Rather

than targeting a parameter, our inferential goal is the martingale posterior probability

�pred(Mk j D) for each model, which we approximate with our Monte Carlo estimator
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Algorithm 1 Predictive resampling for model uncertainty
1: Specify search space of candidate models fMkgKk=1

2: Specify consistent model selection criterion C
3: Set number of trials B and final sample size N � n
4: for b from 1 to B do
5: for i from n+ 1 to N do
6: Calculate C(Mk; y1:i�1) for k 2 f1; : : : ; Kg
7: Optimize and identify best model index bk(i� 1) = argmaxk C(�; �)
8: Set the chosen model toMbk(i�1) (with possible MLE(s) b�bk(i�1))
9: Sample Yi j y1:i�1 � p(�jMbk(i�1);

b�bk(i�1)) and add to training data
10: end for
11: Calculate and record final modelM(b) =Mbk(N)

12: end for
13: Return final probabilities b�pred(Mk j D) = B�1

PB
b=1 1(M(b) =Mk)

b�pred. The benefit of this approach is that uncertainty arises from actual observables. The

only required inputs are a routine to optimize a consistent model selection criterion C and

a method to generate new samples from the selected model. This inverts the inferential

process: we go from decision to uncertainty, making a fully determined choice for each

replicated dataset, rather than from uncertainty to decision, making a single choice based

on the evidence from our one observed dataset.

For supervised data, with observed covariates X and outcomes y, we adapt the

framework by viewing X as a fixed set of support points. The target for predictive

resampling is then the imputation of new outcome vectors, conditional on the fixed design

matrix. In other words, at each iterative step, we replicate X and use the optimal model

fit to the current data to sample a new n� 1 outcome vector. The new vector is appended

to the set of outcomes, and the process repeats. This “block resampling” keeps with

the idea of “repeating the experiment”, and ensures that the process does not introduce

out-of-distribution bias in the covariate space. We defer further discussion of this setup to

the illustration of variable selection in Section 2.4.2.

We can also consider the result of performing predictive resampling via a standard

Bayesian update. In other words, rather than the deterministic optimization in Algorithm
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1, we would draw yi at each step from the full posterior predictive mixture,

p(� j y1:i�1) =
X
k

p(� j Mk)�(Mk j y1:i�1):

In this model-averaged resampling, the relative proportions of the final models would

converge to the posterior model probabilities �(Mk j D) as B !1.

Our approach can therefore be understood as a re-interpretation of standard Bayesian

model uncertainty, where the Bayesian mixture is replaced by a plug-in selection step at

each stage. The benefit of this re-interpretation is that it provides a direct, operational

link between a consistent selection criterion C and the resulting model uncertainty b�pred,

bypassing the computationally complex and prior-sensitive calculation of the marginal

likelihood required for the standard posterior distribution.

2.2.3 Point hypothesis example

To demonstrate, suppose we wish to compare two point hypothesis models

M0 : � = �0

M1 : � = �1

for the unknown mean parameter of a normal distribution with a known variance of 1.

Let �(y j �; 1) denote the probability density function for this normal distribution. Since

we are comparing two simple hypotheses with fixed parameters, there is no penalty for

model complexity. For observed data y1:n, we can directly select the modelMbk(n) that

maximizes the log-likelihood criterion C, denoted as

bk(n) = argmax
k2f0;1g

C(k; y1:n) where C(k; y1:n) =
nX
i=1

log �(yi j �k; 1):

The parameter associated with the chosen model is then �bk(n) (i.e. either �0 or �1.) In

this setting, the choice of model and choice of parameter are functionally identical, but

we distinguish them here to establish notation that can later be generalized.

Under the predictive resampling approach, we generate a new data point

Yn+1 j y1:n � �(� j �bk(n); 1)
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from the chosen model and add its realization yn+1 to the observed data. We then find

the choice of modelMbk(n+1) that maximizes the likelihood of the augmented data y1:n+1,

and repeat the process. Once we have imputed a sufficiently large number of additional

samples N � n, we record our final choice of model. We repeat this pipeline several times

and index our uncertainty over replications of the “completed” population.

Theoretical framework

We now illustrate the convergence properties of the model choice in this simple two-model

setting. This serves as a demonstration of the key concepts, with a discussion for more

general settings provided in Section 2.3.

Our proof strategy is to construct a likelihood ratio process that tracks the evidence

for any given model relative to the model chosen at the previous step. We then show that

this process is a supermartingale, meaning that its expected value at the next step, given

the present, is always less than or equal to its current value. Applying a result from Doob

(1953), any non-negative supermartingale must converge to a finite limit. This implies

that the model choice itself eventually stabilizes as more data are imputed.

Let Fn = �(y1:n) be the filtration generated by the data. For a given k 2 f0; 1g, define

the likelihood ratio process Ln(k) as

Ln(k) =

Qn
i=1 �(yi j �k; 1)Qn

i=1 �(yi j �bk(n�1); 1)
:

Note that the denominator uses the parameter �bk(n�1) selected at the previous step. While

�bk(n�1) is a random variable depending on y1:n�1, it is Fn�1-measurable and thus treated

as fixed when conditioning on the past. Ln(k) is therefore the ratio of the likelihood of

Mk to the likelihood of the previously selected modelMbk(n�1), both evaluated on the full

data y1:n. By construction, ifMk is the previous best model (with k = bk(n� 1)), then

the numerator and denominator are identical, and Ln(k) = 1.

We now examine the expectation of Ln(k) given Fn�1. Since the terms up to n� 1

are constants conditional on Fn�1, they can be factored out, yielding

E[Ln(k) j Fn�1] =

 Qn�1
i=1 �(yi j �k; 1)Qn�1

i=1 �(yi j �bk(n�1); 1)

!
� E

"
�(Yn j �k; 1)

�(Yn j �bk(n�1); 1)
j Fn�1

#
:
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The expectation in the second term is taken over the data-generating distribution

Yn j Fn�1 � �(� j �bk(n�1); 1):

The expectation term thus integrates to one:

E[�] =

Z 1
�1

�(y j �k; 1)

�(y j �bk(n�1); 1)
�(y j �bk(n�1); 1) dy =

Z 1
�1

�(y j �k; 1) dy = 1:

Substituting this back, we find the conditional expectation is

E[Ln(k) j Fn�1] =

Qn�1
i=1 �(yi j �k; 1)Qn�1

i=1 �(yi j �bk(n�1); 1)
:

Now, we compare this to Ln�1(k), which is defined recursively by the same process as

Ln�1(k) =

Qn�1
i=1 �(yi j �k; 1)Qn�1

i=1 �(yi j �bk(n�2); 1)
:

By definition, �bk(n�1) maximizes the likelihood given y1:n�1. Therefore, this must be

greater than or equal to the likelihood when using �bk(n�2) from the previous step:

n�1Y
i=1

�(yi j �bk(n�1); 1) �
n�1Y
i=1

�(yi j �bk(n�2); 1):

Since the likelihoods are positive, this implies

1Qn�1
i=1 �(yi j �bk(n�1); 1)

� 1Qn�1
i=1 �(yi j �bk(n�2); 1)

:

Multiplying by the positive numerator
Qn�1

i=1 �(yi j �k; 1) preserves the inequality:Qn�1
i=1 �(yi j �k; 1)Qn�1

i=1 �(yi j �bk(n�1); 1)| {z }
E[Ln(k)jFn�1]

�
Qn�1

i=1 �(yi j �k; 1)Qn�1
i=1 �(yi j �bk(n�2); 1)| {z }

Ln�1(k)

:

Thus, we have shown E[Ln(k) j Fn�1] � Ln�1(k), confirming that Ln(k) is a non-

negative supermartingale. Under Doob’s martingale convergence theorem, Ln(k) therefore

converges almost surely to a finite limit L1(k) for both k 2 f0; 1g (Doob, 1953). The

parameter is selected which maximizes L1(k); in the limit, the model selection process

will eventually converge to a single choice.
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Figure 2.2: Proportion of trials in which alternate model H1 is selected as alternate mean
�1 varies from -0.3 to 0.3. The observed sample mean �x is denoted by the vertical line,
while the baseline of �0 = �1 = 0 is denoted by the black bar.

Experimental results

Experimentally, we generate n = 100 data points from N (0; 1) as our observed data, which

gives �x = 0:066. We set �0 = 0 and vary �1 in the range f-0.3, -0.29, -0.28, : : :, 0.3g, and

impute an additional N = n+ 2500 samples over B = 1000 trials. Figure 2.1 demonstrates

that this is a sufficiently large sample size for the final model choice to converge, in the

example case where �1 = 0:1. For the initial iteration, we will always select the model

where �k is closer to the observed sample mean of 0.066; however, from the second iteration

forwards, as the imputed data points introduce uncertainty, it becomes possible to switch

between models. We would expect to see that H1 is chosen most frequently in cases where

the alternative mean �1 is closer to �x. Figure 2.2 confirms this: with the baseline case of

�0 = �1 = 0 marked at 50% in light blue, H1 is selected more frequently in cases where �1

is closer to �x, and less frequently otherwise.

As an alternative means of explanation, Figure 2.1 captures the idea that model

uncertainty can often be expressed in terms of a decision rule on some population-level

summary statistic. In this case, when comparing H0 : �0 = 0 against H1 : �1 = 0:1, we
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would expect this decision threshold to be at �x = 0:05. We in fact see a clear divergence

between populations with �xN > 0:05, where we select H1, and populations with �xN < 0:05,

where we select H0. By targeting a probability distribution over the complete population

p(yn+1:1 j y1:n), what we are ultimately attempting to retrieve is a probability distribution

over this summary statistic computed on the infinite population. This partitions the space

of possible observable datasets into critical regions, which we can then interpret in the

context of model uncertainty.

2.2.4 Consistent model selection

This framework requires the specification of a model selection criterion, which will be

used to select the best model at each step for the generation of yn+1 given observed y1:n,

and ultimately to select the best final model for each possible realization of the complete

data. The key requirement for this criterion is therefore that it be consistent, i.e., that the

probability of selecting the correct model converges to 1 as N !1 (Claeskens & Hjort,

2008). The BIC provides consistency, as well as a clear connection to Bayesian inference,

and therefore serves as our preferred one-step model selection rule (Schwarz, 1978).

To further motivate the BIC, we can consider its more general interpretation in the

context of predictive evaluation. A scoring rule is a general summary measure for a

probabilistic forecast (Matheson & Winkler, 1976). Consider the score S which is defined

as the sum of the individual log-predictive probabilities

S(y1:n;M) =
nX
i=1

log pM(yi j y1:i�1)

with the data evaluated as if they had appeared in sequence. This is a proper scoring

rule (Gneiting & Raftery, 2007) in that its expected value is maximized when the true

distribution is used for forecasting. In fact, Fong and Holmes (2020) show that it is the

unique scoring rule which guarantees coherent model evaluation.

Dawid (1984) shows that this scoring rule is equivalent to the Bayes factor, which the

BIC approximates. This means that the difference in scores between modelsM1 andM2,

logBF = S(y1:n;M1)� S(y1:n;M2);
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can be interpreted as the “weight of evidence” in favor of the first model (Good, 1952).

The BIC therefore provides a general method for comparing forecasting rules (Gneiting

& Raftery, 2007), supporting its use as a tool to select the best model for a one-step

predictive update p(yn+1 j y1:n).

We now briefly discuss other common approaches for model comparison. Cross-

validation splits the observed data (of size n) into two parts, uses the first n�p samples to

train the model, and then evaluates predictive performance on the held-out validation set

of p samples. Full leave-p-out cross-validation requires fitting the model
�
n
p

�
times, which

can be computationally infeasible, and so simplifications such as k-fold cross-validation

(dividing the data into blocks of size n=k for testing) are often preferred (Geisser, 1975).

The marginal likelihood is equivalent to exhaustive leave-p-out cross-validation averaged

over all values of p and all possible test sets, providing an underlying link between these

approaches (Fong & Holmes, 2020; Gneiting & Raftery, 2007).

One of the most common simplifications is LOO-CV, where the model is fit and

evaluated n times. This is equivalent to k-fold cross-validation with k = n. However, Shao

(1993) shows that LOO-CV is asymptotically inconsistent for linear models, meaning it

should not be applied in a context where our eventual target is a decision based on the

complete data. This can be rectified by using leave-p-out cross-validation with p=n! 1 as

n!1, where the size of the validation set grows alongside the sample size, though this

again faces computational constraints as n grows. Intuitively, this is necessary because

a larger validation set provides a smoother assessment of prediction error; optimizing

the fit on a single observation at a time can select unnecessarily large models. Yang

(2007) extends these findings to nonparametric models, while Vehtari and Lampinen (2002)

motivate cross-validation in the Bayesian context. Vehtari et al. (2017) and Sivula et al.

(2023) discuss Bayesian LOO-CV; it is noted to be unreliable in certain common use cases,

such as comparing similar models or misspecified models.

The AIC approximates predictive fit, given by

AIC = 2d� 2 log bL
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where the penalty for model complexity is fixed, unlike the variable penalty of log n applied

in the BIC (Akaike, 1974). However, the AIC is asymptotically equivalent to LOO-CV,

and so it is also asymptotically inconsistent (Shao, 1993), for the similar reason that it

tends to overfit to models that are too complex.

We acknowledge that the consistency of the BIC is limited to theM-closed setting,

where the true model is assumed to be contained in the space of candidate models

(Bernardo & Smith, 2004). In theM-open setting, where the true data-generating process

lies outside the specified model class, predictive performance can be improved through

the use of stacking or other methods based on cross-validation or AIC (Yao et al., 2018).

However, our aim here is to develop a principled, general approach for computing posterior

model probabilities within a given class, rather than optimizing out-of-sample prediction

for the resulting Bayesian model average.

Overall, our approach is grounded in the idea that statistical uncertainty stems

from missing data, and if complete data were available, we could reliably identify the

correct model. For well-calibrated uncertainty propagation, we need a criterion that can

consistently choose the right model once the missing observations are recovered. While this

does not necessarily have to be the BIC, it should not be methods like LOO-CV or AIC, as

they lack the guarantee of asymptotic consistency. In Section 2.4.2, we demonstrate that

the AIC selects overly complex models as expected when used for predictive resampling

in the context of variable selection.

2.3 Convergence of one-step updates

We now consider the convergence of the model choices returned by predictive resampling

in a general setting. Following the specification in Algorithm 1, we start with a finite

set of candidate models fMkgKk=1 and observed data y1:n. We apply the update from

Equation 2.1 to recursively select models and sample new observations. At step i, the

chosen model is denoted byMbk(i), and any associated parameter MLEs are b�bk(i).

Our aim is to explore how the model choice bk(n) converges to some k(1) as the

sample size grows from n ! 1. To extend the proof strategy applied in Section 2.2.3,
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we construct a likelihood ratio processLn(k) that measures the evidence for any model

relative to the model selected at the previous step, then aim to show that this process is

a supermartingale. Speci�cally, letFn = � (y1:n) be the �ltration generated by the data.

For a given k 2 f1; : : : ; Kg, de�ne L n (k) as

Ln (k) =

Q n
i=1 p(yi j M k ; b� k(n) )

Q n
i=1 p(yi j M bk(n�1) ; b� bk(n�1) )

:

As before, the denominator uses the parametersb� bk(n�1) estimated at the previous step.

The processLn (k) represents the ratio of the maximum likelihood ofM k to the maximum

likelihood of the previously selected model Mbk(n�1) .

The next step is to examine the conditional expectation ofLn(k) given Fn�1 . Here,

we encounter a technical obstacle regarding the interdependency of the parameter re-

estimation. In particular, the updated parameterb� k(n) is a function of Yn , meaning it

is not Fn�1 -measurable and cannot be factored out of the conditional expectation. To

proceed with the derivation using the strategy from Section 2.2.3, we must introduce two

substantial simplifying assumptions: �rst, that the parameter estimate does not shift

instantaneously with the new data point, orb� k(n) = b� k(n�1) , and second, that the candidate

models possess equal parameter dimensions.

Consequently, the remainder of this proof only formally demonstrates the convergence

mechanism for the restricted setting where the parameter estimates are treated as �xed

and dimensions are equal. This isolates the behavior of the model selection criterion from

the variance of the parameter estimation. Rigorously handling the parameter variance to

extend this result to the general setting remains an ongoing priority for future research.

One potential strategy involves constructing a joint likelihood ratio processLn(k; � ) to

show (nested) joint convergence. A complementary approach relies on the asymptotic

stability of the MLE. In practice, parameter estimates for common models typically

stabilize once the sample size is su�ciently large, implying that the stepwise di�erence

b� k(n) � b� k(n�1) e�ectively vanishes. Asymptotic arguments may therefore be able to bound

the error and validate the convergence result for large n.
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Continuing the argument for the restricted case, we have

E[Ln (k) j F n�1 ] =

 Q n�1
i=1 p(yi j M k ; b� k(n�1) )

Q n�1
i=1 p(yi j M bk(n�1) ; b� bk(n�1) )

!

� E

"
p(Yn j M k ; b� k(n�1) )

p(Yn j M bk(n�1) ; b� bk(n�1) )
j F n�1

#

:

The expectation in the second term is taken over the data-generating distribution

Yn j F n�1 � p(� j M bk(n�1) ; b� bk(n�1) ):

As in our simple proof, this integral evaluates to one:

E[�] =
Z

p(y j M k ; b� k(n�1) )

p(y j M bk(n�1) ; b� bk(n�1) )
p(y j M bk(n�1) ; b� bk(n�1) ) dy = 1:

Substituting this back, we �nd the conditional expectation is

E[Ln (k) j F n�1 ] =

Q n�1
i=1 p(yi j M k ; b� k(n�1) )

Q n�1
i=1 p(yi j M bk(n�1) ; b� bk(n�1) )

:

We now compare this to Ln�1 (k), which is de�ned recursively as

Ln�1 (k) =

Q n�1
i=1 p(yi j M k ; b� k(n�1) )

Q n�1
i=1 p(yi j M bk(n�2) ; b� bk(n�2) )

:

By de�nition, M bk(n�1) (with b� bk(n�1) ) maximizes the likelihood at stepn � 1, so its

likelihood is greater than or equal to the likelihood of the model chosen at step n � 2:

n�1Y

i=1

p(yi j M bk(n�1) ; b� bk(n�1) ) �
n�1Y

i=1

p(yi j M bk(n�2) ; b� bk(n�2) ):

Since the likelihoods are positive, this implies

1
Q n�1

i=1 p(yi j M bk(n�1) ; b� bk(n�1) )
�

1
Q n�1

i=1 p(yi j M bk(n�2) ; b� bk(n�2) )
:

Multiplying by the positive numerator preserves the inequality:

Q n�1
i=1 p(yi j M k ; b� k(n�1) )

Q n�1
i=1 p(yi j M bk(n�1) ; b� bk(n�1) )

| {z }
E[L n (k)jF n�1 ]

�

Q n�1
i=1 p(yi j M k ; b� k(n�1) )

Q n�1
i=1 p(yi j M bk(n�2) ; b� bk(n�2) )

| {z }
L n�1 (k)

:

Thus, we have shownE[Ln (k) j F n�1 ] � L n�1 (k), meaning that Ln (k) is a non-negative

supermartingale. The modelM bk(n) selected by sequential maximum likelihood with �xed

parameter values and equal dimensions therefore converges almost surely as n ! 1.
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In practice, a penalty term is usually applied to the maximum likelihood due to the

risk of over�tting. We can extend the logic of the restricted proof above to characterize

the convergence behavior of such penalized objectives. Generally, a penalized likelihood

criterion can be written using the form

c(n; dk)
nY

i=1

p(yi j M k ; � k)

wherec is a penalty function in terms of the sample sizen and model dimensiondk . For

the AIC, this penalty is c(n; dk) = e�d k and remains constant with respect to sample size.

For the BIC, this penalty is c(n; dk) = e�
dk
2 log n . The strength of the penalty increases

with the sample size, meaning that the multiplicative term c(n; dk) decreases.

For convergence under these conditions, we consider the penalized likelihood ratio

process. The conditional expectation of this process includes the ratio of the penalty

terms at the current and previous steps, c(n;d k )
c(n�1;d k ) . If we continue with the assumption

of equal dimensions, then this ratio is one for the AIC. For the BIC, the ratio is less

than one, becausec(n; dk) decreases asn ! 1 . The unpenalized process is already a

supermartingale as shown previously, so multiplying the expectation by a factor less than

or equal to one preserves the inequalityE[Ln(k) j F n�1 ] � L n�1 (k). Thus, the model

choice stabilizes almost surely even when these standard penalties are applied.

2.4 Illustrations

In this section, we demonstrate model uncertainty via predictive resampling on example

problems from density estimation and variable selection. Code for all illustrations can be

found at https://github.com/vshirvaikar/MPModel.

2.4.1 Density estimation

A typical model selection question is the number of components required in a �nite

Gaussian mixture model (GMM) for density estimation.

38



(a) Density with � = 0:6 for components (b) Density with � = 0:9 for components

Figure 2.3: Kernel density plots for data generated from GMM with 2 components.

Figure 2.4: Posterior uncertainty over number of components G via resampling.

Background

To begin, we demonstrate the predictive resampling framework on a simple univariate

example. We simulate n = 50 samples from a GMM with G = 2 components

f 0(y) =
1
2

N (y j �1; � 2) +
1
2

N (y j 1; � 2)

and rescale the individual data points to vary the standard deviation between� = 0:5

and � = 1. Figure 2.3 shows sample kernel density plots with a �xed bandwidth of 0.5

for the generated data. The two separate peaks are clearly visible when� = 0:6 (Figure

2.3a), for example, but begin to merge together when � = 0:9 (Figure 2.3b).

Under the predictive resampling framework, the goal is to identify an optimal GMM at

each step, which is then used to recursively predict one additional data point. Following

Fraley and Raftery (2002), we apply the expectation-maximization (EM) algorithm for

clustering to our observed data of sizen. The convergence properties of EM for Gaussian

mixtures have been widely studied (Xu & Jordan, 1996), and while its consistency is not
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guaranteed in all conditions, it is well-established for simple and correctly speci�ed models

such as the ones we explore here (Balakrishnan et al., 2017).

We vary the number of componentsG across a speci�ed range and select the model

with the lowest BIC. We assume equal variances, with a dimension of

d = G means + (G � 1) proportions + 1 common variance

in the BIC calculation for a total of 2G; if we allow unequal variances, the �nal term

becomes G as well for a total of 3G � 1. We simulate a new data point from this model,

augmenting our dataset to sizen + 1, and repeat the above process. This continues for

several additional points, yielding a �nal resampled dataset of sizeN , after which we

record the �nal selected model for the �complete� data. We replicate this across several

trials and then index our uncertainty over the distribution of �nal models.

We implement this pipeline using themclust package in R (Scrucca et al., 2023),

with candidate models containing either 1 or 2 components, and recursively simulate

N = n + 200 new observations per trial across a total ofB = 100 trials for each value of

� . We empirically �nd that this value of N is su�ciently large for the model M bk(N) to

closely approximate the �nal M k(1) ; convergence diagrams can be found in the appendix.

Figure 2.4 shows the distribution of the �nal number of components across all trials, as�

increases from 0.5 to 1. As expected, the posterior probability of selecting onlyG = 1

component increases as the observed data becomes more unimodal.

Simulated example

As a more complex example, we generaten = 20 and n = 50 data points from a GMM

with G = 3 components

f 0(y) = 0:4N (y j �3; 1) + 0:3N (y j 0; 1) + 0:3N (y j 4; 1)

where the goal is to identify and return uncertainty around the true value ofG. Figure

2.5 shows kernel density plots for the data, where the three peaks are less clear in the

n = 20 case (Figure 2.5a) than the n = 50 case (Figure 2.5b).
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(a) Density for n = 20 observations (b) Density for n = 50 observations

Figure 2.5: Kernel density plots for data generated from GMM with 3 components.

(a) Components for n = 20 observations (b) Components for n = 50 observations

Figure 2.6: Posterior uncertainty over number of components G sampled in DPMM.

(a) Components for n = 20 observations (b) Components for n = 50 observations

Figure 2.7: Posterior uncertainty over number of components G via resampling.
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Following Fong et al. (2024), we apply Dirichlet process mixture modeling (DPMM)

as our baseline for comparison. The DPMM (Escobar & West, 1995) is often considered

the gold standard for Bayesian nonparametric density estimation. It samples from a

Dirichlet process distribution DP (H; � ) where each mixture component has its underlying

parameters drawn from the base distributionH , and the probability of forming new

components is determined by the concentration parameter� . This generative scheme is

often described metaphorically as a �Chinese restaurant process�, where new data points

are �customers� who are seated at `tables� (clusters) with a probability proportional to

the table's popularity, or at a new, empty table with a probability proportional to �.

In the following examples, we focus on comparing the number of componentsG

estimated under each model. We acknowledge the key theoretical consideration that the

DPMM is not a suitable tool for estimating a �true� number of components. Speci�cally,

it is a known result that the posterior onG asymptotically tends towards1 asn increases

(Cai et al., 2020; Yang et al., 2019).

Our comparative aim is to highlight a di�erent point: the DPMM's results, as with

many standard Bayesian methods, are highly sensitive to the prior distribution. In

applied analysis, prior speci�cation (for both H and � ) can be a key feature, as it

allows an expert to encode rich, suitable prior information for the speci�c dataset at

hand. However, this �exibility also means that meaningful estimation is dependent on

careful, subjective tuning, as di�erent prior choices can lead to vastly di�erent outcomes.

Predictive resampling, in contrast, is designed for a di�erent and more constrained task; it

replaces the multi-dimensional, subjective prior speci�cation of the DPMM with a single,

transparent assumption in the form of a principled model selection criterion. We therefore

focus on how predictive resampling transforms this criterion into a probabilistic measure

of uncertainty, while bypassing the need for complex prior elicitation and tuning.

We implement DPMM with the dirichletprocess package in R (Ross & Markwick,

2019). For Gaussian mixtures, the package default assumes a Normal-Inverse-Gamma

base distribution H with hyperparameters (� 0; � 0; � 0; � 0) = (0 ; 1; 1; 1), and places a

Gamma(2; 4) prior distribution on � . In practical implementations, directly evaluating
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the relevant joint distribution is not possible, so DPMM uses Gibbs sampling to return

uncertainty over the number of components, their means, variances, and weights. Over

eight sampling chains, we discard the �rst 500 iterations as burn-in and retain the next

2,000 iterations. Figure 2.6 displays the distribution of the number of components sampled

in the DPMM. For n = 20 (Figure 2.6a), the mode is 5 components, and forn = 50

(Figure 2.6b) the mode is 7 components. Without subjective prior tuning, the default

DPMM returns a component structure more complex than the �true� G = 3.

For the resampling approach, we implement EM clustering with candidate models

ranging from 1 to 9 components. Models with both equal and unequal variances are

tested, with di�ering dimension penalties in the BIC calculation as noted previously. We

recursively simulateN = n + 600 new observations per trial across a total ofB = 400

trials; this value of N is again su�ciently large that M k(N) closely approximatesM k(1) ,

with convergence diagrams available in the appendix.

Figure 2.7 shows the distribution of the �nal number of components across all trials.

In the n = 20 case, the initial model with the best BIC has 1 component, but our method

reveals that this choice is highly uncertain. The �nal model transitions to the trueG = 3

in 19% of trials, with the posterior probability spread across values up toG = 9. In the

n = 50 case, the initial model with the best BIC isG = 3, and our method con�rms

this choice with high con�dence, as 96% of trials converge to this model. These results

demonstrate that predictive resampling is not just applying a penalty; it is translating the

selection criterion's own con�dence into a coherent probability. The method accurately

re�ects that the BIC's choice is uncertain atn = 20 (yielding a wide posterior) but decisive

at n = 50 (yielding a sharp posterior).

Real-world example

To demonstrate on a real-world example, we consider the galaxies dataset from Roeder

(1990), which contains velocity measurements forn = 82 galaxies in the Corona Borealis

region. Figure 2.8 shows a kernel density plot of the data, where the goal is to group

similar galaxies by velocity. This dataset has been used for univariate clustering analysis

across several previous works (Richardson & Green, 1997; Rodríguez et al., 2025).
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Figure 2.8: Kernel density plot for galaxies dataset.

Figure 2.9: Posterior uncertainty over number of componentsG via resampling (white);
DPMM with tuned prior distribution 
 (1; 8) for concentration parameter� (gray); and
DPMM with default prior distribution 
(2; 4) for concentration parameter (black).

We again use thedirichletprocess package in R, implemented via eight Gibbs

sampling chains. To illustrate the e�ect of prior speci�cation, we compare two di�erent

choices of prior distribution. First, we set the prior cluster mean� 0 to the observed mean

of 20.83, but otherwise use the package defaults, including� � Gamma (2; 4). Second, we

apply a more conservative prior distribution on the concentration parameter, changing it

to � � Gamma(1; 8).

Figure 2.9 shows the results. The default prior distribution (shaded in black) overesti-

mates the number of components as expected, with a mode of 15. Simply tuning the�

prior distribution to the more conservativeGamma(1; 8) (shaded in gray) signi�cantly

changes the result, shifting the new mode to 6 components. This demonstrates that the

DPMM is not providing a single answer, but rather a �exible estimate that is highly

dependent on careful, subjective prior speci�cation.

In contrast, the resampling approach returns a probabilistic answer to the model

selection question based on a single, transparent criterion. We again use themclust
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package for candidate models from 1 to 9 components (with equal and unequal variances)

and the BIC. We recursively simulateN = n + 1500 new observations per trial across

B = 100 trials; this sample size is su�cient for the model choice to converge, with a

diagram available in the appendix. Figure 2.9 shows the resulting martingale posterior

(shaded in white), which has a realistic mode of 4 components.

This illustration showcases how predictive resampling can convert any general model

selection technique into a probabilistic quanti�cation of model uncertainty. We demonstrate

here using density estimation withmclust , but the above framework would apply for

any other package or method that allows the user to compare models using a consistent

criterion and then sample a new observation from the best model.

2.4.2 Variable selection

Another common model uncertainty question is variable selection in regression, where the

goal is to identify the relevant covariates in a givenn � p design matrix X with respect to

an observed n � 1 outcome vector y.

Background

As brie�y discussed in Section 2.2.2, the predictive resampling framework must be adapted

for supervised learning. Rather than imputing a single new observationyi at a time (as

in Algorithm 1), we treat the observed design matrix X as a �xed set of support points.

We then sequentially resample newn � 1 outcome vectors Y, conditional on this �xed X.

This results in a block-iterative process, which we refer to as �block resampling�. At each

step m of a single resampling trial, we:

1. De�ne the current dataset as consisting of the �xed design matrix X replicatedm

times and the set ofm previously sampled outcome vectors,f y1; : : : ; ymg, where y1

is the original observed outcome vector.

2. Find the best modelM bk(m) for the current data, according to a pre-speci�ed model

selection criterion such as the BIC.
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3. Sample a newn � 1 outcome vector Ym+1 � p (� j X ; M bk(m) ) and append its

realization to the data.

This is repeated forM steps, resulting in a �nal sample size ofN = n � (M +1). The logic

is identical to Algorithm 1, but the object being resampled is ann-dimensional vector y

conditional on X instead of a 1-dimensional scalaryi . By only resampling outcomes at

these �xed support points, we condition on the observed covariate distribution and avoid

introducing out-of-distribution bias.

A key ingredient in the block resampling process is identi�cation of the optimal model

at each stepm. With a pre-speci�ed criterion such as the BIC, a full optimization would

require evaluating 2p candidate models at each iteration, a task that is computationally

infeasible for even moderatep. In the implementation below, we therefore apply forward

stepwise regression to approximate the BIC-optimal model at each step, using theMASS

package in R (Venables & Ripley, 2002). We begin with the null model (intercept only)

and greedily add terms one at a time that most improve the model BIC until no further

improvements can be found (Efroymson, 1960). We acknowledge the known limitations

of this approach: greedy search is not guaranteed to �nd the global BIC-optimal model,

and di�erent stepwise procedures (e.g., forward versus backward selection) are not always

consistent with each other. A full, non-greedy optimization of the model selection criterion

at each resampling step remains a signi�cant area for future improvement.

A potential path to more e�cient optimization lies in a direct analysis of the BIC

calculation. The BIC is a penalized likelihood criterion, which for a linear model is a

direct function of the Residual Sum of Squares (RSS). For a candidate model withd

parameters (where d � p depending on the selected variables), the calculation is

BIC = N log(RSS=N) + d log(N)

whereN is the total sample size (here,N = nm at step m). The computational bottleneck

is thus the need to calculate the RSS for all 2p models.

At the �rst step with n � 1 outcome vector y 1, the RSS is given by

RSS = y0
1(I � H d)y 1
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where Hd is the hat matrix, H d = X d(X 0
dX d)�1 X 0

d, which projects the outcome vector onto

its �tted values ŷ1 = H dy1. The n � d design matrix Xd in this context contains only the

selected covariates. As we proceed to stepm of predictive resampling, the augmented data

now consists of the stackednm � 1 outcome vector y(m) = [y 1; : : : ; ym ] and the nm � d

stacked design matrix (formed bym copies of Xd). To compute the RSS for this stacked

system, one would need to construct itsnm � nm hat matrix. The computational expense

of this operation � speci�cally, forming and inverting the d � d cross-product matrix for

the large stacked design matrix � makes a brute-force search over every combination of

covariates prohibitive.

However, the key insight is that this large matrix operation is unnecessary. Thed � d

cross-product matrix for the stacked system simpli�es algebraically as

(X 0
dX d + : : : + X 0

dX d)�1 = (m � X 0
dX d)�1 =

1
m

(X 0
dX d)�1 :

This allows the full RSS for thenm data points to be calculated e�ciently using only the

small, original n � n hat matrix H d,

RSSm =

 
mX

l=1

y0
ly l

!

� m( �y0
mH d �ym );

where �ym = 1
m

P m
l=1 y l is the element-wise average of them outcome vectors. This

demonstrates that the BIC for any candidate model can be computed using only operations

on n � n matrices. Future work could leverage this property to develop a computationally

practical, non-greedy search algorithm.

Simulated example

To demonstrate, we conduct a simulation study across 100 independent trials. For each

trial, we �rst generate a design matrix with p = 20 independent covariates,X i;j � N (0; 1),

for sample sizesn 2 f 10; 20; 50; 100g. We then generate the outcomesYi from a sparse

linear model where only the �rst �ve covariates are active,

Yi = X i;1 + X i;2 + X i;3 + X i;4 + X i;5 + " i ; " i � N (0; 1):

We expect the model uncertainty in variable selection to be high forn = 10 and to become

more concentrated on the true �ve-variable model as n increases.
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As a baseline for comparison, we apply Gibbs sampling (George & McCulloch, 1993)

with binary inclusion indicators 
 j 2 f 0; 1g for each covariate. The resulting Markov chain

can iteratively explore di�erent subsets of predictors by adding and removing covariates

from the model speci�cation. This approach is modeled after RJ-MCMC (Green, 1995),

but avoids the computational complexity of modifying the Metropolis-Hastings acceptance

probability to adjust for the change in �volume� of the parameter space when moving

between models of di�erent sizes.

We implement our Gibbs sampler with therjags package in R (Plummer et al., 2023).

For regression, we model the linear predictor term as

� i = � 0 +
pX

j=1

(� j � 
 j � X i;j )

where the outcomes are thenyi � N (� i ; 1=� ). The prior distributions are speci�ed as

� j � N (0; 0:01) for the intercept term and all regression coe�cients;
 j � Bernoulli (0:5)

for the variable inclusion indicators; and� � Gamma (0:01; 0:01) for the response precision.

In the context of model selection, our target parameters of interest are the variable

inclusion indicators 
j that indicate whether each covariate is excluded or included.

In each trial, for three separate Gibbs sampling chains, we discard the �rst 5,000

iterations and retain the next 10,000 iterations. Figure 2.10 displays the mean posterior

selection frequency for each covariate across theB = 100 trials, while Figure 2.11 displays

the proportion of trials for which 
 j > 0:5, indicating the variable is more likely than not

to be included. Barbieri and Berger (2004) refer to this as the �median probability model�,

and demonstrate that it often yields better predictive performance than the maximum a

posteriori model. In both cases, we observe a similar pattern, with signi�cant uncertainty

across all variables forn = 10; roughly 50-50 identi�cation of the correct variables for

n = 20; and near-certainty for n = 50 and n = 100.

For the resampling approach, we apply the algorithm as previously described, using

forward stepwise regression with BIC. This process is repeated forM = 10 block-sampling

steps, yielding a �nal resampled dataset of sizen � (M + 1), after which we record the

�nal selected model. We then replicate this entire procedure acrossB = 100 trials to

return uncertainty over the �nal model choice.
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Figure 2.10: Mean posterior selection frequencies
P


 j =B for Gibbs sampling as observed
sample size increases, with correct variables in black.

Figure 2.11: Proportion of trials with posterior selection frequency
 j > 0:5 for Gibbs
sampling as observed sample size increases, with correct variables in black.
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Figure 2.12: Proportion of trials with x j in �nal model for forward stepwise regression
with BIC as observed sample size increases, with correct variables in black.

Figure 2.13: Proportion of trials with x j in �nal model for forward stepwise regression
with AIC as observed sample size increases, with correct variables in black.
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Figure 2.12 displays the posterior selection frequency of each variable as a function

of the observed sample size, using BIC as the optimization criterion. We observe similar

patterns to the Gibbs sampling approach. In then = 10 case, the procedure is highly

uncertain and distributes weight across all available covariates, while in the n = 20 case,

the true variables clearly receive more weight. In then = 50 and n = 100 cases, variables

x1 to x5 are correctly identi�ed in almost all trials.

For comparison, Figure 2.13 displays the posterior selection frequencies with AIC as

the optimization criterion. As discussed previously, AIC is asymptotically equivalent to

LOO-CV, meaning it is also asymptotically inconsistent since it tends to select overly

complex models (Shao, 1993). This pattern is re�ected in the observed results, with the

AIC including more variables on average across all sample sizes.

2.5 Conclusion

We view model uncertainty through the lens of missing information. With a complete

data sequence in hand, we would be able to reliably identify the correct model, meaning

that inferential uncertainty entirely arises from only observing a �nite sample. Through

predictive resampling (Fong et al., 2024), we can sequentially impute di�erent possible

realizations of the missing data. This allows us to convert a model selection criterion

directly into a probability distribution over the space of candidate models.

Our approach serves as a form of model expansion around the initial best model for the

observed data, as discussed by Draper (1995), and also echoes the prequential argument

of Dawid (1984) with its focus on step-by-step prediction as the fundamental object of

statistical modeling. The framework can be applied as a wrapper for any general method

or package, as long as it allows for models to be compared and a new observation to then

be sampled from the best model.

We acknowledge that the method has known failure cases, typically related to a high

degree of model separation, where the data-generating distributions of competing models

have little �overlap�. For instance, consider the point hypothesis example of Section 2.2.3,

but with � 0 = � 1, � 1 = 1, and a small known variance such as� 2 = 0:1. Suppose we
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observen = 10 with mean �y = 0:001. A deterministic criterion like the BIC will marginally

prefer M 1, but new samples will then come fromN (1; 0:1), pulling subsequent model

choices further towardM 1. The algorithm will return b� pred(M 1) � 1, in contrast to a

standard Bayesian approach, which would correctly return posterior probabilities near 0:5

for both models. This discrepancy is due to the �path-dependent� nature of Algorithm 1,

which selects the single best model at each step. In cases with such poor model overlap,

improvements could be made by incorporating a more stochastic selection mechanism,

rather than a deterministic optimization at each step.

Computationally, we avoid the complexities of Bayes factor calculations and MCMC-

style sampling methods, with the additional bene�t of bypassing the need for subjective

prior speci�cation. The method, however, does introduce challenges related to Monte Carlo

uncertainty quanti�cation. Speci�cally, our estimator b� pred relies on indexing uncertainty

over several resampling trials to obtain precise results, which becomes increasingly di�cult

as the model space grows. The ability to parallelize the independent resampling trials is a

valuable asset that can alleviate some of these computational demands.

A complementary strategy is to implement early stopping, terminating a sampling

trajectory once a particular model has clearly been selected. Fong and Yiu (2024a)

show promising evidence that most uncertainty is captured within the initial stages of

resampling, meaning that a limited number of iterations can su�ce when combined

with a suitable approximation. Recent theoretical developments frame this as a form

of �martingale central limit theorem� (Fortini & Petrone, 2025), which could provide

signi�cant computational bene�ts in practice.

Another question that warrants attention is the requirement for models to be easily

updated and for the consistent model selection criterion to be rapidly optimized at each

step. While we have not speci�cally explored this aspect in the current work, it presents

a potential area for future research. E�cient iteration of the model search process � for

example, through an online search process that maintains a working model and uses a

gradient-based update at each step � will be critical for scaling our method to more

complex or higher-dimensional model spaces.
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Chapter 3

Hypothesis testing via predictive
resampling

3.1 Introduction

In this chapter, we conduct a deeper investigation into hypothesis testing, perhaps the

most prevalent model uncertainty question in the statistical literature. We begin with a

brief discussion of certain issues in both frequentist and Bayesian hypothesis testing, along

with recent work on e-values. In particular, we focus on how the interpretation of these

results can often be unclear or counter-intuitive. We then demonstrate how predictive

resampling frames hypothesis testing as a decision problem on a population statistic,

propagating uncertainty through the missing data to directly quantify the probability of

competing hypotheses, without requiring the speci�cation of a prior distribution.

3.2 Review of existing approaches

3.2.1 Frequentist testing

Suppose we have an unknown parameter � and wish to test

H0 : � 2 � 0

H1 : � 2 � 1:

Generally, we would de�ne our test such that �0 \ � 1 = ; and � 0 [ � 1 = �. A classical

(frequentist) procedure constructs a critical regionC such that the null hypothesisH0 is

rejected if the observed sampleY1:n falls within C and not rejected ifY =2 C (Berger, 2003).
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Typically, this is done by calculating a test statisticT = t(Y) as a function of the observed

sample, then specifying the critical region asC = fy j t (y) > t 0g. The critical value t0 is

set using a pre-speci�ed signi�cance level of 1� � such that � = P0(T > t 0) is the selected

Type I error rate, or the probability of erroneously rejecting the null hypothesis when it is

actually true.

A key aspect of this approach is that it focuses solely on the observedY1:n to calculate

the test statistic, which is then treated as a random variable. Within this construction, the

p-value p = P0(T > t (y)) can be understood as the probability under the null hypothesis

of obtaining a test statistic which is �at least as extreme� as the observed value. This

probability is interpreted with respect to the variation across all possible samples of sizen

in the population from which Y is drawn. For a speci�c observed sample, havingt(y) > t 0

is then equivalent to havingp < � , and so hypothesis tests are often discussed in terms of

whether the p-value falls below the chosen signi�cance threshold.

However, a well-known issue with rejecting the null hypothesis based onp < � at

sample sizen is that this con�ates the e�ect size with the sample size (Gelman & Stern,

2006; Nickerson, 2000). For example, suppose we are testing

H0 : � = 0

H1 : � 6= 0
(3.1)

for the unknown mean parameter of a normal distribution with known variance� 2 = 1.

For an observed sample y1:n , the e�ect size is the absolute mean di�erence from the null

hypothesis value of zero, or j�yj exactly.

The test rejectsH0 if the e�ect size exceeds the critical valuet0 = z�=2 � (�=
p

n). As

the sample sizen increases, this rejection boundary shrinks toward zero. Consequently, a

vanishingly small e�ect size becomes su�cient to achievep < � , even when that di�erence

is far below any threshold of practical relevance. Figure 3.1 demonstrates this relationship:

as n grows, the magnitude of the e�ect size required to rejectH0 shrinks. This leads

to a well-known paradox: for any �xed alternative � A 6=0, no matter how practically

insigni�cant (e.g., � A = 0:0001), the power of the test to rejectH0 will approach 1 as

n ! 1 . Je�reys (1961) famously summarizes this result, emphasizing whyp-value
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Figure 3.1: Minimum e�ect size �y � � su�cient with sample size n to reach �signi�cant�
conclusion of p < 0:05 for simple one-sample z-test.

computations based on tail area are illogical: �...a hypothesis that may be true may be

rejected because it has not predicted observable results that have not occurred.�

3.2.2 Bayesian testing

Meanwhile, Bayesian hypothesis testing faces challenges related to the precise speci�cation

of prior distributions. This occurs at two levels: the prior probabilities on the models

themselves (� 0 and � 1), and the parameter prior distributions for the parameters (� )

within each model. A famous illustration is the Je�reys-Lindley paradox (Je�reys, 1961;

Lindley, 1957), which arises when testing a point null hypothesis, such as

H0 : � = 0:5

H1 : � 6= 0:5

for a binomial proportion � . With equal prior model probabilities (� 0 = � 1 = 0:5) and

a di�use parameter prior distribution for � under H1, such as� � Uniform (0; 1), the

Bayesian approach may strongly preferH0 even when a frequentistp-value strongly

rejects it. Intuitively, this occurs because the alternative model spreads its prior mass

thinly across � 2 [0; 1] , diminishing its marginal likelihood regardless of the actual data.
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The unfortunate consequence is that a minimally informative prior distribution on the

parameter, speci�ed in an apparently objective manner, becomes maximally informative

for model selection, in favor of the null.

However, Johnson and Rossell (2010) highlight a contrasting issue that occurs when

the alternative prior distribution � 1(� ) assigns signi�cant mass �locally� (i.e., very near

the null value � 0). In this case, the null and alternative hypotheses are not well-separated,

meaning that evidence is accumulated much more rapidly to support true alternative

models than to support true null models. As a result, it can become asymmetrically

di�cult to accumulate strong evidence for H0 even when it is true.

3.2.3 Recent developments in e-values

In recent years, an alternative approach for hypothesis testing has emerged under the

name ofe-values (Grünwald et al., 2024; Vovk & Wang, 2021). As thee-value framework

increases in popularity, we include it in our discussion to provide a comparison of predictive

resampling with this emerging approach. We highlight that thee-value provides several

concrete bene�ts but still faces challenges in interpretation.

An e-value is a non-negative random variableE (which may depend on the sampley)

whose expected value under the null hypothesisH0 is at most one. In other words, it is

de�ned by the property that E0[E ] � 1. This property provides two considerable bene�ts

for accumulating evidence againstH0. First, the product of e-values from independent

experiments is also ane-value (i.e., if E1 and E2 are e-values, thenE0[E1E2] � 1). Second,

an e-value can be updated as data accumulates,y1; y2; : : :, to form a test supermartingale.

This is a sequence of non-negative random variablesEn = E(y1:n) where the expected

value, given the past, does not increase underH0. Together, this allows for evidence to be

continuously monitored and accumulated while maintaining strict control of the Type I

error rate, avoiding the �p-hacking� issues of sequential p-value analysis.

The e-value is closely linked to the likelihood ratio, and manye-values are identical

to Bayes factors with particular prior distributions. This provides a direct frequentist

justi�cation (Type I error control) for a Bayesian object, bridging a signi�cant gap between
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the two paradigms. Shafer (2021) discusses a very similar concept using the terminology

of �betting scores�, arguing that ane-value is most naturally motivated and understood

as the monetary winnings from making a bet against the null hypothesis.

Despite these powerful properties, a challenge remains in the direct interpretation

of an e-value's magnitude. This contrasts with classical test statistics, which are often

designed to diverge. For example, a classical statisticTn for the normal mean problem

might be constructed to diverge in opposite directions:Tn ! �1 under H0 and Tn ! 1

under H1. This allows for a �xed critical value (such as zero) to separate the hypotheses.

One such test statistic (which amounts to a modi�ed version of the BIC) is

Tn = log(�y 2
n

p
n) =

�
1
2 log n + log(�y 2

n ) H 1 : � 6= 0
� 1

2 log n + log(n�y 2
n ) H 0 : � = 0:

Under H1, �y 2
n converges to a non-zero �nite constant, soTn goes to1 at rate 1

2 log n.

Under H0, the term n�y 2
n (assuming� 2 = 1) converges in distribution to a � 2

1 random

variable. Its logarithm is therefore a �nite random variable, soTn is dominated by the

� 1
2 log n term and goes to�1 . Since these convergences are at the same rate, zero is a

suitable critical value.

An e-value, by contrast, does not diverge to�1 under the null; it must remain

non-negative, and converges to a �nite random variable (with an expected value less than

1). This provides the strong Type I error guarantee, but it means that the practical

strength of evidence for ane-value with a given magnitude (say,En = 5) is unclear.

Lacking an intuitive scale, Vovk and Wang (2021) resort to the heuristic �rule of thumb�

originally proposed by Je�reys (1961) for Bayes factors (values between 1 and
p

10 are

�not worth more than a bare mention�, between
p

10 and 10 are �substantial�, etc.)

3.3 Illustrations

Meanwhile, predictive resampling provides a path to a direct probability for each hypothesis,

under a di�erent set of interpretations and assumptions. Unlike the frequentistp-value

(a tail-area probability) or the e-value (a betting score), resampling targets a genuine

probability � pred(H k j D ), but unlike the Bayesian approach, this probability is derived

without specifying subjective prior distributions over parameters or models.
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Having observed datay1:n , we focus on the missingYn+1:1 as the source of uncertainty,

where the decision rule for selecting a hypothesis is based on some summary statistic of the

complete population. Applying Algorithm 1, we compare the null and alternative hypothe-

ses at each step using a consistent model selection criterion (such as BIC). We then impute

a new observation from the currently preferred hypothesis, including any parameter MLE(s)

as needed. By indexing the �nal model choice over many replications of this imputation

process, we approximate the martingale posterior probability of each hypothesis. Code to

replicate all experiments is available at https://github.com/vshirvaikar/MPModel.

3.3.1 Two-sided testing

To demonstrate, consider the null hypothesis test from Equation 3.1, and suppose we

observe y1:n with sample mean �y.

Methodology

The classical p-value is computed using a two-sided z-test, with test statistic

Z =
�y

1=
p

n
=

p
n �y;

and correspondingp-value p = 2 �( �jZj ); where � denotes the cumulative distribution

function of the standard normal distribution.

Following Vovk and Wang (2021), we calculate thee-value as the likelihood ratio

between the null and the most favorable point alternative (at �y), resulting in

E =
Q n

i=1 e�(y i ��y) 2=2

Q n
i=1 e�y 2

i =2
:

After simplifying, this reduces to

E = exp

 

n�y 2 �
1
2

nX

i=1

(yi � �y) 2 +
1
2

nX

i=1

y2
i �

n�y 2

2

!

= exp
�

n�y 2

2

�
:

As mentioned previously, this has the appealing property of closure under multiplication,

where e-values from independent samples can be easily combined.

As discussed in Section 2.2.1, a common approach for approximating posterior model

probabilities is to compare BIC values, sinceexp(� 1
2BIC) serves as a large-sample ap-

proximation to the marginal likelihood. We also include this approach for comparison.
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The null model H0 : � = 0 is fully determined and has no free parameters (d = 0) in the

evaluation of Equation 2.2. The alternative modelH1 : � 6=0 has a penalty term ofd = 1,

with one free parameter � which is estimated by the sample mean �y.

Under this approach, the posterior probability of the null model is given by

p(H0 j y1:n) =
exp(� 1

2BIC0)

exp(� 1
2BIC0) + exp(� 1

2BIC1)
:

Substituting

exp
�

�
1
2

BICk

�
= bL k � n �d k =2;

with the same maximized likelihoods under each model, we get

p(H0 j y1:n) =
Q n

i=1 e�y 2
i =2

Q n
i=1 e�y 2

i =2 +
Q n

i=1 e�(y i ��y) 2=2 � n �1=2
:

Dividing by
Q n

i=1 e�y 2
i =2 and simplifying gives us

p(H0 j y1:n) =
1

1 + exp
�

n�y 2
n

2

�
� n �1=2

=
1

1 + E � n �1=2
;

whereE is the e-value from the likelihood ratio calculation above. This shows that the

BIC approximation to the posterior probability of H0 is closely related to a scaled inverse

of the e-value; in fact, Vovk and Wang (2021) suggest using the simpler �e-to-p calibrator�

function p = min(1; 1=e) to transform e-values into the [0; 1] window.

Finally, for the predictive resampling approach, we directly compare the BIC given the

observed data at each step, which reduces to rejectingH0 if n�y 2
n > log n , and vice versa.

We therefore sampleym from N (0; 1) if (m � 1)�y 2
m�1 < log(m � 1) and from N ( �y m�1 ; 1)

otherwise. The resulting sequence

hm+1 = 1(m�y 2
m > log m); m > n

converges to 0 or 1. We repeat this up to the total sample size ofN = n + 20n across

several Monte Carlo iterations (in this case, 1000) to index our uncertainty between the

two hypotheses. In the supplementary material, we provide convergence diagrams showing

that the speci�ed value of N is su�ciently large for the choice of model to converge in

this particular setting. While this determination is currently based on visual inspection, a

key area for future work is the development of a formal convergence diagnostic.

59



Figure 3.2: Trajectory diagram showing uncertainty propagation via resampling for two-
sided hypothesis testing. The dotted lines indicate the BIC-based decision boundary
�y m =

p
(log m)=m, which contracts toward zero asn ! 1 , re�ecting the increasing

penalty for model complexity.

Figure 3.2 illustrates the resampling procedure for a simple example withn = 10

observed data points and a total sample size ofN = 1000. The initial data are drawn

from N (0; 1) with an observed mean of�y n = 0:132, meaning thatH0 is initially preferred.

As the remainingN � n observations are imputed, some sample paths cross over into the

H1 critical region. The curved funnel de�ned by the dotted lines represents the decision

boundary at �y m =
p

(log m)=m, re�ecting the BIC penalty for model complexity. As

n increases, this boundary narrows around zero, requiring stronger evidence to justify

selection of the more complex model. We ultimately retrieve a Monte Carlo posterior

probability of b� pred(H 0 j y1:n) = 0:846 for this particular example.

Results

To compare the approaches, we �rst generate data under the null, i.e., fromN (0; 1), for

sample sizesn = f 30; 100; 300; 1000g across 400 random seeds. As expected, the classical

p-values under the null are uniformly distributed across [0; 1] regardless of the observed

sample size. Since thep-values cannot be directly interpreted as probabilities, we interpret
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True model Summary metric
Sample size

30 100 300 1,000

H0 (� = 0)

Prop. of tests with p < 0:05 (Type I error) 6% 4% 4% 6%

Prop. of tests with e > 10 (Type I error) 4% 3% 3% 5%

Average resampling posterior prob. of H1 0.14 0.08 0.05 0.04

Prop. of tests with b� pred(H 1 j D) > 0:05 80% 33% 17% 11%

Prop. of tests with b� pred(H 1 j D) > 0:1 33% 15% 8% 7%

H1 (� = 0:1)

Prop. of tests with p < 0:05 (Power) 9% 17% 41% 89%

Prop. of tests with e > 10 (Power) 5% 13% 34% 85%

Average resampling posterior prob. of H1 0.17 0.18 0.29 0.69

Prop. of tests with b� pred(H 1 j D) > 0:5 11% 13% 25% 71%

Prop. of tests with b� pred(H 1 j D) > 0:9 4% 5% 11% 50%

Table 3.1: Metrics for two-sided hypothesis testing across 400 random seeds

them as a binary decision using a pre-speci�ed Type I error rate, usually� = 0:05. In the

�rst row of Table 3.1, we see that the proportion of tests withp < 0:05 is approximately

5% for all values ofn. For the e-values, as recommended by Vovk and Wang (2021), we

apply Je�reys' rule of thumb, under which e > 10 indicates that the evidence against

the null hypothesis is �strong�. The proportion of tests withe > 10 also remains at

approximately the same level for all values of n.

In contrast, predictive resampling allows us to accumulate evidence in favor of the

null as the observed sample size grows. In the third row of Table 3.1, we see that the

average posterior probability ofH1 returned by resampling decreases withn. This re�ects

the underlying principle that missing data is the source of statistical uncertainty, and that

observing additional data consistent with a given model (in this case,H0) should result in

a greater degree of probabilistic certainty about that model.

If desired, we can also apply a decision rule, and record the proportion of trials for

which the posterior probability of H1 exceeds a certain level. In the fourth and �fth rows of

Table 3.1, we see that under the null hypothesis, the proportion of tests withb� pred(H1 j D )

above certain thresholds (in this case, 0.05 and 0.1) decreases withn. Conversely, this

means that increasing the sample size results in a greater proportion of tests with at least

61



0.95 and 0.9 posterior probability on H0 respectively.

As a di�erent mode of visualization, in Figure 3.3 we plot the classicalp-values for 100

of the 400 seeds on the horizontal axis, and the resampling posterior probabilities ofH0

on the vertical axis. The X marks on the plots indicate tests withp < 0:05 where classical

testing would reject H0, and the O marks indicatep > 0:05 for which classical testing

would fail to reject H0. We again see that thep-values are invariant to sample size, but

that the overall level of the resampling probabilities increases towards 1 as the sample

size grows. In the supplementary material, we provide a corresponding plot comparing

e-values with predictive resampling; the interpretation is largely similar.

Alternatively, in the bottom half of Table 3.1, we generate the same set of sample sizes

from N (0:1; 1) under H1. All three methods successfully accumulate evidence against the

null as n increases; this can be seen visually in Figure 3.4, where the points gradually

migrate towards the bottom and left as we observe more data. (The corresponding plot

for e-values is in the supplementary material.)

In this context, sinceH1 is the �true� underlying model, we would interpret thep-value

and e-value results in terms of statistical power. As expected, both increase in power asn

grows, based on the proportion of tests withp < 0:05 or e > 10 respectively. However,

this calculation is only possible because we are simulating several datasets. The concept of

power does not directly translate to a single trial, where we only get one chance to observe

the outcome; it is inherently probabilistic, estimating the likelihood that a study will

detect a certain e�ect across many repetitions of the same trial. This can be observed in

applied statistical practice, where power calculations generally have to resort to simulation.

In contrast, the average posterior probability ofH1 returned by predictive resampling

also grows asn increases, but we can directly interpret the results for a single trial, rather

than having to interpret our outcomes in the context of long-run Type I and Type II error

rates. However, as before, we can also apply a decision rule if desired, and consider the

proportion of individual trials for which b� pred(H1 j D ) exceeds a given level. To �accept�

the alternative hypothesis, we might specify a higher threshold (such as 0.5 or 0.9); at the

bottom of Table 3.1, we see that these proportions increase with n.
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Figure 3.3: Observedp-value vs. resampling posterior probability ofH0 for data generated
under the null N (0; 1) across 100 out of 400 random seeds. X denotes tests withp < 0:05
where classical testing rejects H0, and O denotes tests with p > 0:05.
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Figure 3.4: Observedp-value vs. resampling posterior probability ofH0 for data generated
under the alternative N (0:1; 1) across 100 out of 400 random seeds. X denotes tests with
p < 0:05 where classical testing rejects H0, and O denotes tests with p > 0:05.
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As an additional point of interest, for the experiment with data generated under the

alternative hypothesis, we compare the results of our predictive resampling procedure

with those obtained from the BIC-based approximation, p(H0 j y1:n) = 1=(1 + E � n �1=2 ).

As seen in Figure 3.5, the two methods produce relatively similar posterior probabilities,

with predictive resampling closely tracing the smooth (logistic-shaped) curve implied by

the BIC function. This may imply that predictive resampling is unnecessarily elaborate

for a simple problem like point-null hypothesis testing, but the close agreement also

o�ers encouraging validation. Despite its greater generality and �exibility, the predictive

approach encodes and propagates uncertainty in a way that aligns with the penalized

likelihood structure of BIC, while directly targeting interpretable model probabilities.

3.3.2 Multi-level testing

For a more detailed demonstration, we consider the well-known example of the �hot hand�

in basketball � i.e., whether players are subject to swings in �momentum� that a�ect

their accuracy (Gilovich et al., 1985; Hsiao et al., 2005; Kass & Raftery, 1995).

For a particular player, we observe data (ni ; ki ) for i = 1; 2; : : : ; g games, where

n is the number of shots attempted andk is the number scored. If the player's true

underlying shooting percentage is stable, then the variation across individual games should

be explained by binomial distributions with the same success probability. If not, the

game-level shooting percentages should be su�ciently independent from each other. A

simple hypothesis test that captures this di�erence is

H0 : ki � Binomial(n i ; p) with a common percentage p

H1 : ki � Binomial(n i ; pi ) with independent pi � B(a; b)

where the null model is binomial for all games and the alternative model is beta-binomial.

The null model likelihood is

L 0(1; 1 j fn i ; ki g
g
i=1 ) =

gY

i=1

�
ni

ki

�
B(k i + 1; n i � k i + 1)

B(1; 1)

with a uniform prior on the beta distribution.
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Figure 3.5: Approximateexp(� 1
2BIC) probability vs. resampling posterior probability of

H0 for data generated under the alternativeN (0:1; 1) across 100 out of 400 random seeds.
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For the alternative model likelihood, we have

L 1(a; b j fn i ; ki g
g
i=1 ) =

gY

i=1

�
ni

ki

�
B(k i + a; n i � k i + b)

B(a; b)

where the best values of â and̂b can be �tted with numerical optimization.

We maximize the log-likelihood for each model and compare the BIC. The dimension

penalty is one for the null model (the choice of prior distribution) and two for the alternative

model (a; b), while the sample size is the number of games. For the preferred model, we

simulate a new game by drawingng+1 from (n1; : : : ; ng) and thenkg+1 � BetaBin (ng+1 ; 1; 1)

in the null case, or kg+1 � BetaBin(n g+1 ; â; b̂) in the alternative case.

To demonstrate, we generate data forg = 20 games with ki � B (ni ; pi ), where

ni � Unif [5; 15] and pi � B (�; � ). We vary the value of � 2 f 0:5; 1; 1:5; 2; 2:5g and

resample up toG = 200 games across 100 trials. Figure 3.6 shows the acceptance

proportion of H0 with respect to the � used for data generation. As expected, we accept

H0 in most cases when the initial data are generated underBetaBin(ni ; 1; 1), corresponding

to the original null hypothesis, and vice versa.

Figure 3.6: Null hypothesis acceptance probability vs.� parameter used to sample
data from beta-binomial distribution. H0 is accepted in 70% of trials when the data are
generated under B(1; 1), decreasing to 6% of trials under B(2:5; 2:5).
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Chapter 4

Bayesian prediction without parameter
uncertainty

4.1 Introduction

The goal of prediction is to quantify uncertainty over future observables, not to recover

posterior distributions over latent parameters. However, even when prediction is the

primary objective, Bayesian methods typically approach uncertainty entirely through

the lens of parameters � requiring that we specify a prior distribution, update it via a

likelihood, and marginalize over the resulting posterior weights before making statements

about observables. This can be a cumbersome and misdirected detour, particularly in

Bayesian deep learning, where prior distributions lack clear interpretation and posterior

updates are generally intractable.

In this chapter, building upon recent developments in Bayesian predictive inference

(Fong et al., 2024; Fortini & Petrone, 2025), we argue that a model is fundamentally

de�ned by how it sequentially resolves predictive uncertainty. In particular, a Bayesian

model is one whose future predictions form a c.i.d. sequence (Berti et al., 2004). Under

this view, if our goal is to retrieve Bayesian predictive uncertainty, a prior-likelihood

update is no longer strictly necessary � we can adopt a plug-in approach, where we

specify and directly optimize a �exible predictive distribution, provided that the resulting

model produces c.i.d. observations.

This shifts the core task of Bayesian learning: rather than computing a parametric

posterior distribution, often via imprecise approximation or sampling, we simply need to
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assess whether a model's predictions satisfy the c.i.d. property. To this end, we introduce

a new diagnostic based on predictive consistency under one-step sequential imputation,

and demonstrate its application in a supervised learning setting. We additionally build

on the related work of Mlodozeniec et al. (2024), who test whether a one-dimensional

predictive rule is �implicitly Bayesian� by evaluating the exchangeability of new predictions

with observed data, as quanti�ed by the variance of the log-joint probability. In our

demonstration, this idea is extended to supervised learning and implemented as an

alternative diagnostic.

Taken together, our �ndings suggest a complementary perspective for practition-

ers and researchers interested in Bayesian uncertainty quanti�cation. The traditional

prior-posterior work�ow, while foundational, is not the only path to producing coherent

predictive distributions. We suggest that there is also value in designing and optimizing

�exible models with the explicit goal of producing coherent, c.i.d. predictions. This

reframing introduces its own set of modeling choices and diagnostic trade-o�s, but allows

a broader array of procedures, including plug-in or frequentist methods, to inherit the key

virtues of Bayesian reasoning. By focusing on predictive coherence as a central criterion,

we open the door to new modeling strategies that are both practically e�ective and

theoretically grounded.

The remainder of this chapter is organized as follows. Section 4.2 provides a brief

background on related work in generalized Bayesian inference and model uncertainty.

In Section 4.3, we apply the predictive representation of Bayesian inference to argue

that Bayesian uncertainty only requires the construction of a c.i.d. predictive model.

Section 4.4 introduces novel metrics to evaluate predictive coherence, based on consistent

prediction under sequential imputation and the log-joint variance method of Mlodozeniec

et al. (2024). In Section 4.5, we apply these metrics to supervised learning examples,

demonstrating that plug-in models can produce coherent Bayesian conditional predictions.

Section 4.6 provides some concluding remarks. Code to replicate all experiments is

available at https://github.com/vshirvaikar/MPPrediction.
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4.2 Related work

In this section, we provide a brief overview of relevant literature on non-standard Bayesian

updates and model uncertainty, particularly in the context of deep learning.

4.2.1 Generalized Bayesian inference

The standard Bayesian pipeline provides a number of desirable properties, such as coher-

ence, consistency, and asymptotic optimality (Bernardo & Smith, 2004). However, these

guarantees typically depend on a set of critical assumptions. Knoblauch et al. (2022)

highlight three such assumptions that are often fragile in practice: model speci�cation,

prior speci�cation, and computational feasibility.

First, Bayesian inference typically assumes anM -closed setting (Bernardo & Smith,

2004), where the true data-generating process lies within the speci�ed model class �

in other words, there exists some value of the random parameter� 2 � for which the

likelihood accurately describes the data. Second, this parameter requires an associated

prior distribution � (� ) that meaningfully encodes initial uncertainty (MacKay, 1992a).

Third, it must be computationally feasible to update this prior distribution based on

observed data to yield a posterior distribution. In many Bayesian machine learning

use cases, one or more of these are violated; in the case of Bayesian neural networks

(BNNs), all three are likely violated, as we discuss further in Section 4.2.2. As a result,

several �generalized� approaches have emerged that aim to leverage the useful properties

of Bayesian inference, but without strict reliance on the standard prior-posterior pipeline.

Power posteriors (Friel & Pettitt, 2008; Lartillot & Philippe, 2006) introduce a

�temperature� parameter � > 0 that controls the in�uence of the likelihood relative to the

prior distribution. The resulting posterior distribution takes the form

� � (� j D) / p(D j �) � �(�):

When � = 1, this reduces to the standard Bayesian posterior. Smaller values of� down-

weight the likelihood, while larger values of� downweight the prior distribution, providing
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a �exible mechanism for robustness and control of either model or prior misspeci�cation

(Grünwald, 2012; Grünwald & Ommen, 2017).

Gibbs posteriors (Zhang, 1999, 2006) replace the log-likelihood with a general loss

function L, yielding the update

� L (� j D) / exp

 

��
nX

i=1

L(�; x i ; yi )

!

�(�)

where� is again a scaling parameter. This framework allows Bayesian-like updates even

when no likelihood is speci�ed, enabling coherent inference in misspeci�ed or loss-driven

contexts (Bissiri et al., 2016; Kallioinen et al., 2023). WhenL(�; x; y ) = � log p (y j x; � ),

the Gibbs posterior also reduces to the standard Bayesian posterior distribution.

Other approaches in this space include PAC-Bayes, which provides high-probability

performance guarantees by balancing empirical �t and model complexity (McAllester,

1999); and optimization-based generalized variational inference, with a �exible objective

that trades o� data �t and prior regularization (Knoblauch et al., 2022).

4.2.2 Bayesian neural networks

Bayesian neural networks (BNNs) are a widely popular approach for uncertainty quanti�-

cation in deep learning (MacKay, 1992b; Neal, 1996). In principle, they apply full Bayesian

inference to neural networks, placing a prior distribution over the weights and biases of

the network � , which is then updated based on observed data. This is believed to improve

calibration for the resulting posterior predictive by capturing epistemic uncertainty in the

modeling process (Izmailov et al., 2021; Snoek et al., 2015).

In practice, the extent to which BNNs satisfy the underlying assumptions of Bayesian

inference is questionable. Full posterior inference is generally intractable, so approximation

schemes are typically applied to update� (Blundell et al., 2015; Welling & Teh, 2011).

Specifying or engineering a meaningful prior distribution over� is also di�cult (Nalisnick

& Smyth, 2018; Sharma et al., 2023), since a choice made for computational ease or

�exibility in parameter space may have unintended downstream properties in predictive

space (Fortuin et al., 2021; Noci et al., 2024). Ultimately, this tends to result in model
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updates which diverge substantially from the �true� Bayesian posterior distribution (Coker

et al., 2022; Foong et al., 2020; Trippe & Turner, 2018).

Several BNN-speci�c e�orts have therefore also moved away from strict adherence to

standard Bayesian updating. One line of work introduces partial stochasticity, applying

uncertainty only to a subset of weights or layers to balance expressiveness and tractability

(Daxberger et al., 2021; Izmailov et al., 2020; Kristiadi et al., 2020; Sharma et al., 2023).

Another explores power posteriors, referred to in the related literature as �cold posteriors�

(Wenzel et al., 2020), though their theoretical justi�cation remains debated (Izmailov

et al., 2021; McLatchie et al., 2024). A third direction has attempted to learn the posterior

predictive distribution directly, typically using variational techniques (Farquhar et al.,

2020; Rudner et al., 2020; Sun et al., 2019).

4.2.3 Model uncertainty in deep learning

The challenges associated with BNNs have led to an active line of deep learning research

focused on more directly encoding model uncertainty. The standard approach is deep

ensembling (Lakshminarayanan et al., 2017), which trains multiple models with di�erent

initializations and aggregates their predictions at test time. Despite its relative simplicity,

deep ensembling has been shown to provide strong empirical performance (Abdar et al.,

2021; Wilson & Izmailov, 2020). Recent work on MixupMP (Wu & Williamson, 2024)

extends deep ensembling through the predictive lens of martingale posterior distributions

(Fong et al., 2024), using data augmentation to train ensemble members.

Other approaches also aim to capture model uncertainty directly in predictive space.

These include epistemic neural networks (Osband et al., 2021), which place a joint

distribution over the predictions themselves; and evidential deep learning (Sensoy et al.,

2018), which targets the parameters of a higher-order distribution (e.g. a Dirichlet over

class probabilities) to simultaneously represent aleatoric and epistemic uncertainty.
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4.3 Rethinking Bayesian prediction

We now consider a general supervised learning setting where the primary interest is

prediction, conditional on an observed sample of sizen. More speci�cally, we observe

training data Dobs= f (x i ; yi )gn
i=1 and wish to return a predictive densityp(y j x � ; Dobs)

at a new, unseen observationx � . This setting arises across many real-world applications,

from image classi�cation to medical diagnosis.

The standard Bayesian approach to this problem is well-documented: specify a

likelihood p(y j x � ; � ), then mix it over the parametric posterior distribution to compute

the posterior predictive

p(y j x � ; Dobs) =
Z

p(y j x � ; �)
| {z }

aleatoric

�(� j D obs)| {z }
epistemic

d�: (4.1)

The parametric posterior distribution captures epistemic uncertainty in the underlying� ,

which is reducible asn ! 1 and more data is observed, while the likelihood captures

aleatoric uncertainty inherent in the data, which is irreducible even when the true parameter

is known (Bickford Smith et al., 2024).

This approach is coherent and optimal in a decision-theoretic sense, but as previously

discussed, it requires a well-speci�ed model with the notion of a random parameter� ,

the speci�cation of an associated prior distribution� (� ), and the ability to compute the

resulting prior-posterior update. The validity of these constructions has increasingly been

questioned, especially in the Bayesian deep learning literature.

It is therefore worth stepping back to consider when and why we want to accept

the complexity of a full Bayesian analysis. Bayesian updates are especially valuable in

sequential settings where the model must be updated iteratively as new data arrives, such

as active learning, continual learning, or Bayesian optimization (Houlsby et al., 2011; Snoek

et al., 2012). They are also important when we care about a principled decomposition

of uncertainty, such as distinguishing between epistemic and aleatoric components as

outlined above, or designing adaptive learning rates based on model con�dence.

However, our original setting of interest is one-step-ahead prediction, with a �xed

dataset and no intention to update the model. We only care about the total predictive
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uncertainty for a new input, and do not need to determine how it decomposes into

model-based (epistemic) and data-based (aleatoric) components. In this context, there is

nothing fundamental about the parameter� in Equation 4.1 � it solely serves to index the

sampling density, and must ultimately be marginalized out so that the �nal predictive can

be expressed entirely in terms of observable data. A full Bayesian posterior distribution

may therefore be nothing but a poorly speci�ed and computationally expensive detour,

especially when applying a complex model such as a BNN.

A more direct alternative is to adopt a plug-in approach: specify a predictive model

g(y j x; � ), possibly over an extended model space, and optimize�̂ using a �exible machine

learning technique. Ifg is su�ciently expressive, the resulting predictive distribution

g(y j x � ; �̂ ) can yield calibrated uncertainty estimates and prediction intervals without a

prior-posterior calculation. While there have been e�orts to directly target the posterior

predictive using BNNs, these typically rely on variational inference and still assume an

underlying Bayesian structure with a posterior update.

In the absence of a typical Bayesian model, how can we retain guarantees of coherent

or well-calibrated prediction (Dawid, 1982)? As discussed in Section 1.3, Doob (1949)

demonstrates the consistency of Bayesian updating, where new observations sequentially

resolve uncertainty about the parameter. The key condition underlying this result is that

as we impute data, the posterior mean of the quantity of interest forms a martingale. This

requirement can be reinterpreted as a predictive coherence condition, which corresponds

to the future data being c.i.d. given the observed data, as de�ned in Equation 1.7.

This c.i.d. property can be assessed operationally. Consider the setup of Equation 1.3,

where we generate a one-step predictive update from our model, add it to the training

set, and repeat, with the eventual goal of recursively imputing the complete missing

data. A core property of a well-calibrated Bayesian model is that it should preserve a

self-consistent amount of uncertainty when updated with its own predictions. That is,

averaging over di�erent possible imputations, the updated predictive distribution at each

step should remain stable. If the sequential prediction intervals become wider, it means

the updating scheme is losing information from previous data; if they become narrower, it
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suggests the model has �hallucinated� certainty without any new data (Falck et al., 2024).

If the c.i.d. condition holds, we argue that under the predictive representation, our

approach is producing meaningful Bayesian uncertainty estimates. This is true even if its

underlying functionality actually relies on nothing more than a plug-in approach, such

as maximum likelihood estimation. In other words, the fundamental essence of Bayesian

inference is not subjective prior speci�cation or a prior-posterior update � it is the

coherent sequential resolution of predictive uncertainty, and this can still be achieved by

a model that does not appear �Bayesian� in the traditional sense.

Explained another way, recall that the predictive framework views missing data as the

source of uncertainty, where any identi�able target quantity would be known given the

complete data. Let the complete dataD = fD obs; Dmisg be composed of the observed

data Dobs= f (x i ; yi )gn
i=1 and the missing (or future) dataDmis = f (x i ; yi )g1

i=n+1 . When

the target quantity is the latent parameter �, this is represented as

p(� j D obs) =
Z

p(�; D mis j Dobs) dDmis =
Z

p(� j D) p(D mis j Dobs) dDmis: (4.2)

If our one-step predictive update forms a martingale for the posterior mean of� , this

representation yields the standard parametric posterior distribution.

Our goal, however, is the posterior predictive distribution from Equation 4.1. We can

connect these two frameworks by substituting Equation 4.2 directly into the posterior

predictive equation as

p(y j x � ; Dobs) =
Z

p(y j x � ; �) p(� j D obs) d�

=
Z

p(y j x � ; �)
� Z

p(� j D) p(D mis j Dobs) dDmis

�
d�:

By changing the order of integration, this becomes

p(y j x � ; Dobs) =
Z � Z

p(y j x � ; �) p(� j D) d�
�

p(Dmis j Dobs) dDmis:

The inner integral is simply the predictive distribution given the complete dataD, which

we can write asp(y j x � ; D). This is becausep(� j D ) becomes a point mass at the true

parameter determined by the complete data. The expression then simpli�es to

p(y j x � ; Dobs) =
Z

p(y j x � ; D) p(Dmis j Dobs) dDmis:
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If our one-step predictive update is c.i.d., which corresponds to the martingale condition,

then this representation again yields the same uncertainty as the typical parametric

approach. Our key insight is that this means we can directly interpret the update as

our actual predictive uncertainty. By constructing a c.i.d. sequence, we ensure that

the uncertainty in our initial update is the same as the uncertainty we would get from

imputing and marginalizing over the missing data; paradoxically, but conveniently, this

means that we no longer have to perform the complete update.

4.4 Evaluating predictive coherence

The insights of the previous section motivate a new perspective: to operationally assess

whether a model is performing �Bayesian� inference, we simply need to evaluate whether

it produces c.i.d. observations under sequential updating. In other words, if a predictive

resampling procedure generates a c.i.d. sequence, then the model is predictively resolving

uncertainty in a manner consistent with Bayesian updating � even if this does not involve

a prior distribution, a likelihood, or any explicit posterior computation.

How do we conduct this evaluation? Let the observed dataDobs = (X ; y1) consist

of a covariate design matrix and outcome vector. To implement sequential updates for

supervised learning, we apply the �block resampling� strategy from Section 2.4.2, where the

observed covariates are treated as �xed, and the target for each update is the imputation of

a new outcome vector. In other words, we �t the model toDobs, then sample a newn � 1

outcome vector Y2 from the model's predictive distribution conditional on X. We append

the realized (X; y2) to the data and repeat to generate a sequence of imputations. If the

model is performing a valid Bayesian update, then this sequence, (Yk)k�2 = f Y 2; Y 3; : : :g,

should be c.i.d. given y1, with the covariates X �xed throughout.

Under this construction, we present a novel metric based on the consistency of

predictions under one-step sequential updating, followed by a metric that extends the

exchangeability test of Mlodozeniec et al. (2024) to the supervised learning setting.

76



Figure 4.1: Predictive coherence check via consistency under one-step imputation. A
coherent model should yield similar predictive distributions at a new test pointx � before
(left) and after (right) updating the model with synthetic outcomes imputed at xobs.

4.4.1 Consistency under sequential updating

In this test, we evaluate whether the average predictive distribution at a new inputx �

remains stable under a one-step model update. In other words, we evaluate how the

model's predictions evolve when its own outputs are used to update it. The central

intuition is simple: conditionally on the observed data, the model learns a representation

of predictive uncertainty over future observations. If this uncertainty is c.i.d., then it

should remain consistent in expectation as those hypothetical outcomes are realized. If

not, it suggests that new information is being introduced through the sequential update,

and the model predictions have incorrectly represented the underlying uncertainty.

Formally, let g(y j x � ; �̂ 1) denote the predictive density at a test pointx � under

optimized model parameterŝ� 1 �t to the observed dataset (X; y1). We assess whether

this density remains stable after the model is updated on synthetic data drawn from itself.

AcrossB trials, we sample responses Y(b)
2 � p (� j X ; �̂ 1), augment the training set with

realizations (X; y2), re�t the model to obtain updated parameters�̂ (b)
2 , and compute the

new predictive density as g(y j x� ; �̂ (b)
2 ).

Averaging over the trials gives us an equal-weighted mixture density formed from the
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B post-update predictive densities. If the model is predictively coherent, the original

predictive density should closely match this mixture density, or

g(y j x � ; �̂ 1) �
1
B

BX

b=1

g(y j x � ; �̂ (b)
2 ):

No new information is introduced through the resampled datasets, only uncertainty

already encoded by the initial model. If the model's predictive uncertainty is c.i.d., we

should therefore expect it to retain a consistent level of uncertainty through a one-step

update. A shift in the predictive density would indicate that the model is either over- or

under-con�dent, and is e�ectively �hallucinating� or introducing arti�cial variability into

its predictions (Falck et al., 2024). This diagnostic is illustrated in Figure 4.1.

4.4.2 Exchangeability via log-joint variance

In this test, we assess the conditional exchangeability of future predictions by measuring

the variance of the log-joint likelihood across sequentially resampled blocks, with respect

to the initial model. In other words, we alternate between generating data from a model

and using that data to progressively re-optimize the model parameters. We then measure

whether each of those imputed data blocks would have been equally likely under the

original model. If so, it suggests that future observations are c.i.d., and the model is

preserving consistent uncertainty through updates.

This extends the test proposed by Mlodozeniec et al. (2024), originally developed for

one-dimensional sequences, to our block resampling setting. Speci�cally, they measure

mvar (s1; : : : ; sn ) = E X 1 ;:::;X n

"

Var�

 
nX

i=1

log si (X �(i) j X �(1) ; : : : ; X �(i�1) )

!#

for predictive densities (s1; s2; : : : ; sn) over permutations � (Mlodozeniec et al., 2024,

Equation 5). If future predictions are exchangeable, then this should be invariant to

reordering and the variance should be near zero.

To adapt this to our setting, we again consider one-step sequential updates. If a model

produces c.i.d. predictions, then the likelihood of future blocks of data should remain

consistent even after updating the model on intermediate blocks. To test this, we �rst

optimize the model on the observed data (X; y1) to obtain initial parameters �̂ 1. We
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then iterate K times for each ofB independent trials. At each iteration, we sample a new

outcome random vector Y(b)
imp;k+1 � p (� j X ; �̂ (b)

k ) and append its realization y(b)
imp;k+1 to

the data alongside the replicated design matrix. We re�t the model on all data available

so far to obtain the updated parameters �̂(b)
k+1 .

This process ultimately generatesB � K blocks y(b)
imp;k . The log-likelihood of each

imputed block, evaluated under the original model (with parameters �̂1), is

log p
�

y (b)
imp;k j X; �̂ 1

�
; b = 1; : : : ; B and k = 2; : : : ; K:

If the model is predictively coherent and produces exchangeable blocks, then within each

of the B independent chains, the empirical variance of theseK log-likelihoods should be

close to zero, or

Vark

h
log p

�
y (b)

imp;k j X; �̂ 1

�i
� 0; b = 1; : : : ; B and k = 2; : : : ; K: (4.3)

A large variance suggests that some imputed updates lead to future data which is much

more or less likely under the original model, indicating a breakdown in the c.i.d. condition.

This would suggest that the model's sequential updates are introducing mis-calibrated

predictive behavior.

4.5 Illustrations

In this section, we demonstrate the predictive coherence diagnostics on a regression example.

Our demonstration is limited to a simple linear model; while we expect analogous predictive

representations to hold in deep learning contexts, a full treatment is beyond the current

scope and we leave it to future work. Forn 2 f 20; 50g data points with p = 5 covariates

(including an intercept), we generate synthetic data according to

yi = x >
i � + " i ; " i � N (0; � 2

i );

where the (heteroskedastic) conditional variance is de�ned as� 2
i = softplus(x>

i 
 ). We

sample the design matrix X2 Rn�p � Uniform (� 1; 1), with the �rst column �xed as 1 to

serve as the intercept. The true regression weights� 2 R p and variance weights
 2 R p
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are also drawn independently fromUniform(� 1; 1), with the intercept coe�cient 
 0 �xed

to 1 to ensure nondegenerate variance.

For baseline comparison, we �t a homoskedastic Bayesian linear regression (BLR)

model with a normal-inverse-gamma prior distribution over the regression weights and

noise variance. The posterior distribution over the parameters is conjugate, and the

posterior predictive at a new point x� is a Student's t-distribution

y� � t 2a

�
x �> �;

b
a

�
1 + x �> � �1 x �

�
�

:

where� and � are the mean and precision matrix for the weights, and (a; b) are shape

and scale parameters for the precision. We use a di�use prior with� 0 = 0, � 0 = 10�3 I p,

and (a; b) = (2; 0:5).

To directly target this predictive distribution via maximum likelihood, we �t a para-

metric t-distribution to the data using the following �exible form. The predictive mean

and variance are modeled as

�(x) = x > �; � 2(x) = softplus(x > 
);

with shared degrees of freedom� . The parameters� = ( �; 
; � ) are estimated by minimizing

the negative log-likelihood, with an optional̀ 2 (ridge) regularization penalty controlled

by � according to the loss function

L(�) = �
nX

i=1

log t�
�

yi j �(x i );
p

� 2(x i )
�

+ �
�
k�k 2

2+k
k 2
2

�
:

Prediction at a new input x� then uses the �tted parameters � to evaluate

y� � t �

�
x �> �;

p
softplus(x�> 
)

�
:

This model bypasses the need for a prior-likelihood decomposition by directly �tting

the predictive distribution, while maintaining a comparable structure to the Bayesian

posterior predictive.

80



Figure 4.2: Predictive consistency at a �xed test inputx � with n = 20 observed data
points, comparing Bayesian linear regression (left) with a directly maximized t-distribution
(right). Solid black lines show the initial predictive density, while dotted red lines show
the mixture of predictions acrossB = 100 trials after retraining with synthetic outcomes.

Figure 4.3: Predictive consistency at a �xed test inputx � with n = 50 observed data
points, comparing Bayesian linear regression (left) with a directly maximized t-distribution
(right). Solid black lines show the initial predictive density, while dotted red lines show
the mixture of predictions acrossB = 100 trials after retraining with synthetic outcomes.
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4.5.1 Consistency under sequential updating results

For the �rst test, we visualize sequential consistency by plotting kernel density estimates

of the predictive density at a �xed input x � . We compare the initial predictive density

g(y j x � ; �̂ 1) to the equal-weighted mixture of updated predictive densities,1B
P B

b=1 g(y j

x � ; �̂ (b)
2 ), obtained after retraining on synthetic data imputed at X acrossB = 100 trials.

The Kullback-Leibler (KL) divergence between the initial and mixture models is estimated

using 105 Monte Carlo samples to quantify the degree of predictive drift. Results show that

the maximum likelihood-based model retains a stable predictive distribution, with a KL

divergence less than or equal to the BLR baseline. This suggests that direct optimization

can preserve uncertainty without an explicit posterior update.

Notably, compared to BLR, the MLE-based predictive distribution is very di�use in

the n = 20 setting (Figure 4.2), but more concentrated forn = 50 observed data points

(Figure 4.3). This behavior can be interpreted through the lens of (possibly implicit)

prior speci�cation. Under BLR, the spread of posterior predictive uncertainty is largely

determined by prior dispersion. Based on the observed results, the speci�c MLE approach

implemented here behaves in the manner of a Bayesian model whose prior distribution

becomes increasingly concentrated as the sample size grows. From this perspective,

di�erent speci�cations of the MLE model, provided they satisfy predictive coherence, can

be understood as Bayesian under di�erent implicit priors.

4.5.2 Exchangeability via log-joint variance results

For the second test, we assess conditional exchangeability by evaluating the average

variance of the log-likelihood for synthetic outcomes. We alternate between simulating a

new block of data and retraining the model on the updated dataset forK = 10 forward

steps, and compute the log-likelihood of each new block under the original (pre-update)

model. We compute the empirical variance of theK log-likelihoods, then repeat this

acrossB = 100 trials and average the results. Results show that the MLE-based model

has a larger variance than the Bayesian baseline, suggesting that this plug-in model may

struggle to generate conditionally exchangeable updates as resampling progresses.
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(a) Histogram for n = 20 experiment (b) Histogram for n = 50 experiment

Figure 4.4: Average variance of joint log-likelihood forK = 10 resampled blocks under the
original model, comparing Bayesian linear regression (black) with a directly maximized
t-distribution (red) over B = 100 trials.

4.6 Conclusion

Bayesian inference has been interpreted in many di�erent ways � for example, as a

framework for updating beliefs in light of new data, or more broadly as the use of

probability as the language of uncertainty. In this work, we emphasize a predictive

interpretation of Bayes, under which any learning rule is evaluated based on the sequence

of predictive distributions it produces. For a learning rule to provide coherent, unbiased

uncertainty quanti�cation within a bootstrap scheme, the essential requirement is that its

predictions are identically distributed conditional on the observed data, a condition often

mathematically formalized through the use of martingales.

In practice, this predictive perspective opens the door for methods that are not

traditionally Bayesian to be interpreted through a Bayesian lens, as long as they yield

c.i.d. predictions. We introduce two diagnostics to assess this property and apply them

to examples from supervised learning. The key direction for future work will be the

development of more expressive parametric models that can capture a wider class of

distributions via direct optimization. Our t-distribution regression example demonstrated

only limited success, highlighting the need for more �exible predictive representations

before these concepts can be reliably extended to more complex settings.
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Chapter 5

Predictive resampling with
conditionally identically distributed
parametric models

5.1 Introduction

In this chapter, we examine resampling schemes for predictive inference. While martingale

posterior-style approaches provide a compelling alternative to prior-likelihood calculation,

it is crucial to establish the necessary properties for a bootstrap-based updating rule to

yield meaningful uncertainty quanti�cation.

We �rst review existing predictive constructions, including plug-in parametric updates

and c.i.d. sequences. We then introduce a resampling procedure based on c.i.d. parametric

models that enables valid inference from a one-step c.i.d. update, thereby avoiding a full

resampling procedure. The approach is illustrated with applications from nonparametric

curve �tting and time-to-event survival analysis.

5.2 Review of existing approaches

Recall from Section 1.3 that the predictive view of Bayesian uncertainty quanti�cation

directly targets the density of unobserved data, via the sequential factorization of Equation

1.2. This can be implemented using the Bayesian bootstrap (Equation 1.4). However, a

frequent objection to established bootstrap methods, both classical and Bayesian, is that

resampling from discrete point masses yields a discrete predictive distribution, lacking

smoothness and failing to capture continuous uncertainty.
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In contrast, a key advantage of the martingale posterior framework is that it enables

the use of a broader class of predictive models, allowing modern machine learning methods

to be leveraged for Bayesian inference as a form of generalized bootstrap (Fong & Yiu,

2024a). The one-step-ahead approach allows for �ne control over the procedure, with the

primary requirement being that the predictive updates form a c.i.d. sequence, as speci�ed

in Equation 1.7. Recent work from Battiston and Cappello (2025) on asymptotically c.i.d.

sequences may provide a pathway towards relaxing this condition even further.

Building on work by Hahn et al. (2020), Fong et al. (2024) propose a recursive

c.i.d. update using bivariate copulas. A copula is a function that couples multivariate

distribution functions to their marginal distributions. In this case, the copula construction

is applied to update the predictive distribution,

pi+1 (y) = c i+1 fP i (y); Pi (yi+1 )g;

where the copula is de�ned as

ci+1 fP i (y); Pi (yi+1 )g =

R
f � (y) f � (yi+1 ) �(� j y 1:i ) d�

pi (y) p(yi+1 )
:

This provides a �exible mechanism which can be tailored for various settings (univariate

density estimation, multivariate density estimation, regression, etc.) to yield nonparametric

c.i.d. predictive distributions.

An alternative approach from Holmes and Walker (2023) builds upon the parametric

bootstrap of Efron (2012). The parametric bootstrap replaces the Bayesian bootstrap's

empirical distribution with a plug-in density estimator f (� j �̂ ), where �̂ is some functional

of the observed data, such as the MLE. This allows the bootstrap procedure to incorporate

model structure and parametric assumptions, potentially yielding more e�cient resampling

when the model is well-speci�ed.

Holmes and Walker (2023) show that if̂� is an unbiased estimator of the true parameter

� , then predictive resampling can similarly be conducted with a plug-in parametric

predictive density Yn+1 � f (� j �̂ n ), where data is sequentially drawn from the model �t to

the current MLE. The parameter is updated via stochastic gradient descent according to

�̂ n+1 = �̂ n +
1

n + 1
r � log p(yn+1 j �̂ n );
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where the score functionr � log p has mean zero under the model, ensuring that the

sequence (̂� m�n ) forms a martingale. Asn ! 1 , the limiting distribution P1 therefore

exists, and can be interpreted as a sample from a �parametric martingale� posterior.

Though we do not discuss them in detail here, additional e�orts have sought to further

optimize the resampling process for particular settings. For example, Fong and Yiu (2024b)

derive a quantile-based predictive update that allows resampling to be performed entirely

via Uniform[0; 1] draws. This yields a quantile regression procedure that is substantially

faster than existing approaches in dependent Bayesian nonparametrics.

5.3 Basic constructions for conditionally identically dis-
tributed sequences

In this section, we examine a class of closed-form c.i.d. constructions, where we directly

derive a sequence of predictions that are identically distributed given the initial data.

While this approach is not feasible for every setting, it reinforces the key insight from

Section 4.3. In particular, we argue that the c.i.d. condition is both necessary and

su�cient for coherent predictive uncertainty, so if we can specify a c.i.d. model to impute

the �rst missing observation, then carrying out the full predictive resampling process is

no longer necessary. This is because the initial predictive distribution fully captures the

Monte Carlo uncertainty that would otherwise be approximated through resampling.

5.3.1 Univariate location parameter

As a basic example of a c.i.d. sequence, consider the autoregressive update de�ned by

Ym j y1:m�1 � N (� m ; � 2
m )

� m+1 = (1 � a)� m + aym

� 2
m+1 = (1 � a 2)� 2

m

where the hyperparametera 2 (0; 1) is a �xed value that determines the level of autocor-

relation between subsequent samples. To initialize the process, we let� 1 = 0 and � 2
1 = 1,

meaning that the �rst observation is randomly drawn according toY1 � N (0; 1) . Based

on its realization, the mean and variance are recursively updated to generate the next
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(a) Density with autocorrelation a = 0:3 (b) Density with autocorrelation a = 0:7

Figure 5.1: Initial distribution y1 � N (0; 1) (dotted) compared to kernel density of �nal
samples yM across trials (solid) for univariate resampling.

observation, and so on. This means that at any stepm, the parameters� m and � 2
m are

deterministic given the historyy1:m�1 , while the next observationYm is a random variable.

To verify that this sequence is c.i.d., we con�rm that the expected predictive density

for the next step equals the current density,

E
�
N (y j � m+1 ; � 2

m+1 ) j y1:m�1
�

= N (y j � m ; � 2
m ):

This equality holds because, conditional ony1:m�1 , the expected parameter updates

preserve the moments of the predictive distribution. The expected mean isE[� m+1 ] = (1 �

a)� m + a� m = � m , and the total variance isE[� 2
m+1 ]+ Var(� m+1 ) = (1 �a 2)� 2

m + a2� 2
m = � 2

m .

To demonstrate this in simulation, we draw samples up toM = 100 for 1000 trials

and compare the distribution of the originalY1 � N (0; 1) to the distribution of the �nal

observed values at the end of each trial. Figure 5.1 shows that the two kernel densities

are roughly equivalent, for autocorrelation parameters a = 0:3 and 0:7.

As the resampling progresses, the model variance� 2
i decreases while the empirical

variance in � i across the trials increases. These e�ects combine to maintain a constant

total variance, consistent with the c.i.d. nature of the sequence. Figure 5.2 illustrates this

behavior over the �rst 25 resampling steps, showing sample mean trajectories from 100

trials (top) and variance decomposition (bottom), for a = 0:3 and 0:7.

In other words, our total uncertainty remains �xed, but the nature of the uncertainty

shifts from epistemic (model-based, reducible with additional data) to aleatoric (data-

based, irreducible once outcomes are observed) as more data is observed. The rate of

this transition is governed by the autocorrelation parametera, as shown in Figure 5.2.
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(a) Uncertainty decomposition with a = 0:3 (b) Uncertainty decomposition with a = 0:7

Figure 5.2: Univariate resampling trajectories (top) and decomposition of variance (bot-
tom). The model variance� 2

i (blue) decreases and the data variance of� i across trials
(red) increases with resampling step m, resulting in constant overall variance (black).

This helps to demonstrate why the construction of a c.i.d. parametric model eliminates

the need for actual imputation of the in�nite data � the initial model variance exactly

captures the eventual data variance that would be realized across the Monte Carlo trials.

5.3.2 Simple linear model

We now consider a simple linear model with no intercept. Let X� N (0; 1) be a �xed

n � p data matrix and yobs = y 1 = X � sim + � be a vector of responses, generated using

some random coe�cients� sim . As in Sections 2.4.2 and 4.3, the c.i.d. update condition

relies on a �block resampling� procedure where the full design matrix X is copied at each

step, and the target for imputation is a complete vector of outcomes.
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Algorithm 2 Conditionally identically distributed linear model

1: X  N (0; 1)
2: H  X(X T X) �1 X T (hat matrix)
3: � sim  Unif[1; 5]
4: yobs  X� sim + �
5: s1 = 1; a 2 (0; 1) (hyperparameters)
6: for m = 2; :::; 1000 do
7: ym+1  X� m + s mHz
8: � m+1  (1 � a)� m + a(X T X) �1 X T ym+1

9: sm+1  s m

p
1 � a 2

10: end for

Speci�cally, our c.i.d. model for the outcomes is de�ned by

ym+1 = X� m + s mHz

� m+1 = (1 � a)� m + a(X T X) �1 X T ym+1

sm+1 = s m

p
1 � a 2

where� 1 is �tted by an ordinary least squares regression of yobs on X and we initialize

s1 = 1. The hyperparameter a 2 (0; 1) again determines the level of autocorrelation;

the hat matrix is denoted as H = X(X T X) �1 X T and z � N (0; 1) represents a vector of

standard normals. This procedure is fully detailed in Algorithm 2.

To simulate, we letn = 20 and p = 7 and follow the procedure in Algorithm 2, with

the regression coe�cients drawn from� sim � Uniform [1; 5]. We resample up toM = 100

for 1000 trials with a = 0:7. Note that n is used here to indicate the length of the

observed outcome vectors, whereasM is used to index the resampling procedure. We

empirically verify the c.i.d. condition by comparing the distributions ofy2;i (the �rst

resampled observation at indexi ) and yM;i (the �nal resampled observation at indexi ) at

two randomly chosen indices (speci�cally,i 2 f 3; 17g out of the 20 individuals). Figure

5.3 shows that these kernel densities are roughly equivalent. In other words, across the

1000 trials, the �rst and �nal imputed predictions for each individual have the same

distribution, centered in each case on the initial predicted value (X�1) i .
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(a) Densities for observation i = 3 (b) Densities for observation i = 17

Figure 5.3: Kernel density of initial y2;i (dotted) and �nal yM;i samples at speci�c indices
i for linear model resampling.

5.4 Illustrations

In this section, we demonstrate predictive resampling with parametric c.i.d. models on ex-

ample problems from nonparametric curve �tting and time-to-event survival analysis. Code

for all illustrations can be found at https://github.com/vshirvaikar/MPPrediction.

5.4.1 Nonparametric curve �tting

To explore predictive uncertainty under di�erent resampling schemes, we consider basis

splines or B-splines, a versatile tool in nonparametric curve �tting. B-splines, or basis

splines, are piecewise-de�ned polynomials that facilitate �exible modeling of curves without

imposing strict parametric assumptions.

We demonstrate our procedure on a univariate real-world data example from the R

dataset mtcars example, plotted in Figure 5.4a. The original outcomey is miles per

gallon for n = 32 di�erent vehicle models, with p = 10 predictive covariates (horsepower,

weight, cylinders, etc.), of which we focus onx6 (quarter-mile time) in this example. Our

basis functions are pre-speci�ed using cubic curves (order 3) with 2 internal knots or

breakpoints, as seen in Figure 5.4b. Applied spline-based modeling often employs adaptive

strategies where knots are inserted or removed, or the order of the basis functions is

modi�ed, based on the features of the data, but we simplify this step in order to focus on

changes in the model coe�cients as additional data points are imputed.

For our simulations, we follow the previously described �block resampling� procedure,

where the B-spline regression is re�tted at each step to impute a new outcome vector

for the �xed design matrix. This is repeated up to a total of 8 blocks across 25 trials,
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(a) Observed data for covariatex6 (quarter-
mile time) and y (miles per gallon).

(b) B-spline basis functions of order 3 (cubic)
with 2 internal knots on domain [12, 24].

Figure 5.4: Observations and basis functions for B-spline modeling of mtcars data

(a) Splines with �blockstrapped� data points
(imputed by c.i.d. full-population repetition.)

(b) Splines with uniform random data points
sampled from the observed domain.

Figure 5.5: Comparison of predictive uncertainty under di�erent resampling schemes

with the results shown in Figure 5.5a. The Monte Carlo predictive uncertainty is tightly

bounded within the domain of the observed data, and much wider outside this region.

To compare, we consider a resampling scheme where new covariate values are uniformly

drawn from the observed domain of [14:5; 22:9]. At each iteration, we generateX n+1 �

Unif[14:5; 22:9], predict Yn+1 using the �tted B-spline regression, append (x; y)n+1 to the

observed data, and re�t the regression. This is repeated up to the same total sample size

of N = 32 � 8 = 256. Figure 5.5b displays the results, with substantially wider predictive

uncertainty outside the observed domain.

5.4.2 Time-to-event survival analysis

We next consider hazard regression, a method for analyzing time-to-event data, which

�exibly estimates the conditional hazard function by using splines to capture the instan-

taneous risk of an event occurring at any given time (Kooperberg et al., 1995). In this

setup, we de�nef (�jx) as the conditional density of survival timeT given covariates x,
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(a) Predicted survival function at new obser-
vation x � for baseline model (red) and 25
predictive resampling trials (black).

(b) Predicted survival function at x � for base-
line model (red) with 95% error bounds from
1,000 resampling trials (blue).

Figure 5.6: Survival function with error bounds for time-to-event analysis.

with corresponding conditional distribution function

F (tjx) =
Z t

0
f (ujx)du

The hazard function is then

h(tjx) =
f (tjx)

1 � F (tjx)

and polynomial splines are used to �t a linear model for the conditional log-hazard function,

with coe�cients selected by maximum likelihood estimation.

We simulate n = 50 observed data points with �ve-dimensional covariate vectors x1:n .

The true survival times T1:n are drawn from a Weibull distribution dependent on the

covariates, and the individual censoring timesC1:n are drawn from a uniform distribution.

The hazard regression model only receives (x; y; � )1:n where eachyi = minft i ; ci g is the

observed failure time and each� i = 1ft i < c i g is a censoring indicator that takes the value

of 1 if the event was observed and 0 otherwise.

For predictive resampling, we iteratively bootstrap xn+1 from the observed x1:n ; sample

a new survival timeTn+1 using the �tted hazard regression model, with an upper bound of

120 years; add (x; y; � )n+1 to the observed data, withyn+1 = tn+1 and � n+1 = 1; and re�t

the hazard regression model. This is repeated up to a total sample size of N = n + 500.

To visualize predictive uncertainty, we generate a new observation x� for prediction.

Figure 5.6a displays the predicted survival function 1� F (tj x � ) under the baseline model

in red, and the survival functions from 25 predictive resampling trials in black. Figure

5.6b displays the 2:5% and 97:5% error bounds across 1000 predictive resampling trials in

blue, providing an uncertainty measure around the initial estimate.
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Chapter 6

Targeting relative risk heterogeneity
with causal forests

6.1 Introduction

In clinical settings, we are often interested in exploring the evidence for heterogeneous

treatment e�ects (HTE), or determining whether speci�c subgroups of the population

respond di�erently to a treatment under investigation. Over the past few decades, this

question has received signi�cant attention in the causal inference literature, as it represents

a key step toward personalized medicine. Identifying HTEs is also essential for transporting

and generalizing trial �ndings to populations that have been under-represented in clinical

studies (Lipkovich et al., 2024; Sechidis et al., 2024).

More speci�cally, HTE discovery calls for nonparametric methods which can evaluate

the dataset as a whole to identify subgroups of interest (Watson & Holmes, 2020). Classical

subgroup analysis, where potentially relevant covariates are pre-speci�ed in a clinical trial

protocol, may fail to detect strong but unexpected heterogeneity, and additionally raises

concerns related to multiple testing (Cook et al., 2004). For this reason, forest-based

methods have become especially popular, building upon the seminal work of Breiman

(2001a) to �exibly model high-dimensional interactions between covariates.

In particular, causal forests (Athey & Imbens, 2015; Athey et al., 2019; Wager &

Athey, 2018) are a state-of-the-art approach for HTE estimation in real-world clinical

trial analysis (Athey & Wager, 2019; Basu et al., 2018; Raghavan et al., 2022). While a

standard decision tree recursively partitions the input data to maximize the variability in
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an outcome, a causal decision tree instead maximizes the variability in treatment e�ect by

separating the treatment and control samples within each node. To adjust for confounding

and directly estimate HTEs, causal forests orthogonalize the outcome and treatment

propensity with respect to the covariates, leveraging ideas from the double/debiased

machine learning literature (Chernozhukov et al., 2018).

However, the node-splitting criterion in causal forests targets heterogeneity in the

absolute Risk Di�erence (RD) between subgroups. In certain contexts, a preferable

approach is to target heterogeneity in the relative Risk Ratio (RR). The RR has been

found to extrapolate more e�ectively across populations (Deeks, 2002; Furukawa et al.,

2002), meaning that heterogeneity in the RR may be more indicative of a true di�erence

in treatment e�cacy (Spiegelman & VanderWeele, 2017; Sun et al., 2014).

In addition, the RD over-emphasizes individuals with a high baseline risk level (Kent

et al., 2010). As a result, HTE estimates based on RD could be biased towards high-risk

individuals, and spuriously identify prognostic covariates that are related to baseline risk,

rather than predictive covariates that indicate treatment heterogeneity. Targeting the

RR can therefore improve statistical power, especially in scenarios with large variation in

individual baseline risk, by weighting all individuals equally regardless of risk level.

We therefore aim to adjust the structure of causal forests such that the RR can be

chosen as the quantity of interest. We present a novel method that uses exhaustive

generalized linear model (GLM) comparison as the basis for the splitting rule within

the forest. By �tting a GLM with an interaction term between the treatment and every

possible candidate split in succession, we identify the split that induces the most signi�cant

heterogeneity in the treatment e�ect. Changing the link function of the GLM then allows

for quantities other than the RD, such as the RR, to be targeted. Our approach is

implemented as an update to thegrf software package inR (Tibshirani et al., 2023),

available at https://github.com/vshirvaikar/rrcf.

Previous partitioning approaches such as RECPAM (Ciampi et al., 1988) have imple-

mented an exhaustive model-based search, but never in the causal setting, or with a focus

on RR. We additionally note the recent body of work on �model-based forests�, which
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identify the optimal split by �tting a model within each node of a decision tree (Seibold

et al., 2016; Zeileis et al., 2008). However, the mechanism and motivation of this approach

are fundamentally di�erent: model-based forests �t a single model within each node in

order to simultaneously estimate prognostic and predictive e�ects, while we �t several

models within each node for the purpose of identifying the optimal split.

The remainder of this chapter is organized as follows. We present the problem setting

in Section 6.2, and motivate the importance of relative risk in Section 6.3. In Section 6.4,

we review existing forest-based methods for HTE estimation, and in Section 6.5, we present

our proposed methodology and demonstrate how it �ts into the causal forest framework.

Section 6.6 validates our approach on simulated data, and Section 6.7 concludes.

6.2 Problem setting

Consider a clinical trial with n subjects, each with covariatesX i and a binary treatment

assignment indicatorWi 2 f 0; 1g for i = 1; : : : ; n. In the current work, we focus on the

binary outcome setting with Yi 2 f 0; 1g. To estimate the causal e�ect of the treatment

on the outcome, we adopt the potential outcomes framework of Rubin (2005). Under

this framework, each subject has potential outcomesY (1)
i , representing the outcome if

the subject were treated (Wi = 1), and Y (0)
i , representing the outcome if the subject

were untreated (Wi = 0). The fundamental challenge in causal inference is that for each

subject, we can only observe one of these outcomes depending on treatment assignment,

Yi = W i Y
(1)

i + (1 � W i )Y
(0)

i :

To estimate causal e�ects from observed data, we must therefore introduce certain

key assumptions. The Stable Unit Treatment Value Assumption states that there is no

hidden variation in the treatment W, and no interference between the treatment outcomes

for di�erent subjects. Ultimately, this implies that each subject's outcome depends

only on their own treatment status
h
Yi = Y (W i )

i

i
. We additionally assume ignorability

or unconfoundedness, meaning that treatment assignment is independent of potential

outcomes given the observed covariates
h
(Y (1)

i ; Y (0)
i ) ?? W i j X i

i
. Finally, we assume
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positivity or overlap, where each subject has a nonzero probability of receiving either

treatment [0 < P(W i = 1 j X i ) < 1 8X i ].

Together, these assumptions allow us to identify various causal estimands for our

treatment e�ect. Note that in the binary setting, expected outcomes can be interpreted

as probabilitiesE
h
Y (W i )

i

i
= P

h
Y (W i )

i = 1
i

: Two common choices for outcome measure

are the RD, which measures the absolute change in event probability due to treatment,

� RD = E
h
Y (1)

i � Y (0)
i

i
= P

h
Y (1)

i = 1
i

� P
h
Y (0)

i = 1
i

;

and the RR, which measures the relative change in event probability between the treated

and untreated groups,

� RR =
E

h
Y (1)

i

i

E
h
Y (0)

i

i =
P

h
Y (1)

i = 1
i

P
h
Y (0)

i = 1
i :

Though we will not focus on them here, other common measures used in the binary setting

include the Odds Ratio, which compares the odds of the event under treatment versus

control and frequently appears in case-control studies; and the Number Needed to Treat,

which contextualizes the RD using patient counts and is widely used in medical practice

(Altman, 1999; Cook & Sackett, 1995).

The RD is also referred to as the average treatment e�ect (ATE) across the population.

However, this does not capture variation in treatment response across di�erent subgroups

of the study population, motivating the need for HTE investigation (Rothman, 2012). A

typical target quantity for HTE estimation is then the expected RD for a subject with a

given set of covariates

� RD (x) = E[Y (1)
i � Y (0)

i jX i = x]

or, equivalently, the conditional average treatment e�ect (CATE).

6.3 The importance of relative risk

In many practical applications, there are compelling reasons to prefer HTE estimation on

a relative rather than an absolute scale, or to evaluate both in parallel. Instead of the
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CATE, the relevant estimand becomes the expected RR given covariates

� RR (x) =
E[Y(1)

i jX i = x]

E[Y(0)
i jX i = x]

;

which has been referred to as the conditional Risk Ratio (Wang et al., 2016).

Relative e�ect measures such as the RR are often preferred due to their perceived

stability across settings. Multiple meta-analyses of clinical trials have found that RR

reductions extrapolate most reliably across di�erent time periods and populations (Deeks,

2002; Furukawa et al., 2002; Schmid et al., 1998). As a result, it has been argued that

heterogeneity in the RR is more indicative of true underlying e�ect modi�cation than

heterogeneity in the RD or OR (Spiegelman & VanderWeele, 2017; Sun et al., 2014). We

note that certain contrasting empirical settings have been highlighted, in which RD or

OR estimates are likely more stable (Doi et al., 2022; Poole et al., 2015).

The RR also possesses several desirable theoretical properties. Under a range of

plausible causal models, Huitfeldt et al. (2022) and Colnet et al. (2023) show that the

RR remains stable between patient groups, provided that the standard RR is used if the

treatment is bene�cial, and the Survival Ratio (the RR reversed to count null events) is

used if the treatment is harmful. This formulation is equivalent to the Switch Relative

Risk of Van Der Laan et al. (2007), and addresses long-standing concerns about the

asymmetry of the RR �rst discussed in Sheps (1958). Stensrud and Smith (2023) �nd that

the RR is stable when exposure is partially unobserved, while Piccininni and Stensrud

(2025) �nd that the RR is stable when immune individuals are excluded from a study.

The RR may present advantages in terms of explanation and interpretability. Relative

e�ects often better align with how patients and practitioners perceive risk (Schechtman,

2002; Simon, 2001). For example, expressions such as ��ve times higher� can be more

intuitively meaningful than statements like �a 4% increase,� particularly when the outcome

of interest is rare. In applied settings, it is generally recommended that relative and

absolute e�ect measures are reported in parallel, in order to provide context and support

accurate interpretation (Colnet et al., 2023; Noordzij et al., 2017).

Finally, RR-based estimands can be more appropriate in settings with substantial

variation in baseline risk. For instance, Watson and Holmes (2020) present a malaria
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case study from the AQUAMAT clinical trial where patients' predicted baseline mortality

risk varied from less than 1% to greater than 80%. In such cases, estimates based on

di�erences in RD are often dominated by covariates associated with overall mortality.

Individuals with a high pre-treatment risk may be �overrepresented� in the �nal results,

since a risk reduction from 40% to 10% (for example) is considered ten times as important

as a reduction from 4% to 1%. While this weighting is appropriate when estimating a

population-average e�ect, it may dilute statistical power for HTE detection by discounting

individuals with a low pre-treatment risk level. Estimates based on RR would weight

these reductions equally, potentially leading to a more balanced detection of subgroup

di�erences across the covariate distribution.

Together, these motivations help to explain the widespread use of the RR in clinical

research. A survey of 100 clinical trials published in the New England Journal of Medicine

between 2018 and 2020 found that the RR was employed approximately twice as often

as the RD to report subgroup e�ects (Andersen, 2021). Despite this, state-of-the-art

HTE estimation methods, such as causal forests, are still primarily designed to target

heterogeneity on an absolute scale. Given the prominent role of the RR in medical

decision-making, we aim to develop an HTE estimation method that speci�cally operates

on a relative scale. In the following sections, we review existing forest-based approaches to

HTE estimation, then describe our modi�cations for targeting relative treatment e�ects.

6.4 Review of existing approaches

Tree-based methods non-parametrically partition the covariate space to adaptively model

complex interactions, making them particularly well-suited for detecting HTEs, especially

in high-dimensional settings. Classical decision trees and random forests (Breiman, 2001a;

Breiman et al., 1984) are widely used in supervised learning, where the partitioning

process aims to optimize a variance-based loss function (for regression) or a Gini impurity

criterion (for classi�cation) with respect to the outcome.

However, HTE estimation requires a di�erent objective: rather than identifying

covariates which explain variability in the outcome itself, the goal is to identify covariates
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which explain variability in the treatment e�ect, or in other words, di�erences in the

di�erences between the treated and untreated groups. Various modi�cations to recursive

partitioning have been developed to achieve this; we discuss two key frameworks below.

6.4.1 Causal forests

Causal forests (Athey & Imbens, 2015; Wager & Athey, 2018) take a direct approach,

specifying the ATE as the quantity of interest within a random forest framework. Suppose

that we are evaluating whether to split on variableZ at value z at a given node in a

decision tree. For some target quantity� , we would calculate the reduction in variance

from the parent node to the resulting children, choosing the split that maximizes

�V = Var(� i ) � p L � Var(� i j Z i < z) � p R � Var(� i j Z i > z)

where pL = P(Z i < z ) and pR = P(Z i > z ) denote the proportions of observations in

the left and right child nodes, respectively. In a classical regression tree, the quantity of

interest is the outcome� i = Yi , but in a causal tree, it is instead the treatment e�ect� RD .

However, individual-level treatment e�ects� RD (X i ) cannot be directly observed, so

causal forests instead rely on proxy estimates using average group-level di�erences. In-

tuitively, this can be understood as maintaining a separation between the treated and

control samples in each node, enabling the tree structure to capture HTEs through local

di�erences in group means. Wager and Athey (2018) describe this as a form of data-driven

population strati�cation, where each leaf �acts as though [it] had come from a randomized

experiment� restricted to individuals within that particular subgroup.

To ensure valid inference and prevent over�tting in the resulting tree, the key detail is

a sample-splitting procedure known as honesty, where the data is randomly partitioned

into two subsamples: one to construct the tree (i.e., determine splits), and another to

then estimate treatment e�ects within the terminal leaves. The major theoretical results

of Athey et al. (2019), including consistency and asymptotic normality, rely on honesty

along with several additional structural constraints, as speci�ed below.

Speci�cation 1 (Athey et al., 2019). All trees are symmetric, in that their output is

invariant to permuting the indices of training examples; make balanced splits, in the sense
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that every split puts at least a fraction! of the observations in the parent node into each

child, for some! > 0; and are randomized in such a way that, at every split, the probability

that the tree splits on thej -th feature is bounded from below by some� > 0. The forest is

honest and built via subsampling with subsample size s satisfying s=n ! 0 and s ! 1.

Together, these conditions ensure the resulting forest is an ensemble of learners that

are both su�ciently diverse (due to randomization and subsampling) and stable (due to

honesty and balanced splits), allowing for valid pointwise con�dence intervals.

To improve the empirical performance of causal forests, Athey et al. (2019) incorporate

local centering through the double/debiased machine learning (DML) framework of

Chernozhukov et al. (2018). This approach yields smoother and more robust estimates by

separately regressing out the in�uence of the baseline covariates on both the treatment and

the outcome. In practice, this is implemented by �rst �tting regression forests onY � X

and W � X to estimate the baseline riskbY = E[Y jX ] and propensity scorecW = E[WjX ].

The main causal forest algorithm is then applied to the residualized outcomeeY = Y � bY

and residualized treatmentfW = W � cW.

An important theoretical insight underlying DML is the concept of Neyman orthog-

onality, which ensures that the �nal treatment e�ect estimate is insensitive to small

misspeci�cations in the initial regression models. In the context of causal forests, the

baseline risk and propensity score forests are not of direct inferential interest, so they

are considered nuisance functions, collectively denoted by� = f bY ;cWg. For a moment

function  (W; Y; X; �; � ) which de�nes some condition for estimating the treatment e�ect

� , Neyman orthogonality refers to the additional requirement that

@
@�

E[ (W; Y; X; �; �)]

�
�
�
�
�=� 0

= 0;

meaning that small perturbations in� around the true value� 0 do not a�ect the �rst-order

expectation of the score function. In other words, the estimator for� is doubly robust: it

remains consistent even if one of the nuisance functions is misspeci�ed, provided the other

is accurately estimated. This property underpins the stability of orthogonalized causal

forest estimates in high-dimensional or �exible settings.
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In recent years, causal forests have gained widespread adoption across the biomedical

and social sciences (Athey & Wager, 2019; Davis & Heller, 2017; Raghavan et al., 2022).

The current state-of-the-art implementation is the generalized random forests (grf )

package inR(Tibshirani et al., 2023), which extends forest-based inference to a broad class

of statistical problems, including HTE estimation. Another popular extension is Bayesian

causal forests (Hahn et al., 2020), which leverages the bene�ts of Bayesian regularization

and shrinkage.

6.4.2 Model-based forests

Meanwhile, model-based forests (Seibold et al., 2016; Zeileis et al., 2008) explicitly specify

a parametric model with the outcome as a function of the treatment and covariates

Yi = �(X i ) + W i � (X i ) + � i :

In this setting, � (X ) represents the prognostic e�ect of baseline covariates that directly

impact the outcome, while � (X ) is the predictive e�ect of covariates that in�uence

treatment e�cacy. Any given covariate can be both prognostic and predictive.

For this model, de�ne an objective function 	(( Y; X); � ), such as the negative log-

likelihood, with respect to parameters � = (�; � ). The model minimizes this function,

arg min
�

nX

i=1

	((y i ; x i ); �);

or equivalently solves the score equation

nX

i=1

@	((y i ; x i ); �)
@�

=
nX

i=1

 ((y i ; x i ); �) = 0

where is the score function, the gradient of the objective function with respect to the

parameters (Seibold et al., 2016).

The key insight of model-based forests is that covariates associated with heterogeneity

induce instabilities in the parameter estimates, and that this can be measured directly via

score functions, which quantify how much each individual's data in�uences the estimation

of � and � . Speci�cally, de�ne the partial score functions as

 � ((y; x); �) =
@	((y; x); �)

@�
and  � ((y; x); �) =

@	((y; x); �)
@�

:
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If the true baseline e�ect � is constant across individuals, then � should be independent

of any covariates; similarly, if the true treatment e�ect � is homogeneous, then � should

be independent of all partitioning variables.

To detect covariates associated with heterogeneity, two hypothesis tests of independence

can therefore be conducted for each candidate split variableZ j (where the splitting variables

Z and model variables X are often the same, but are not required to be)

H 0
�;j :  � ((y; x); �̂) ? Z j ; j = 1; : : : ; J

H 0
�;j :  � ((y; x); �̂) ? Z j ; j = 1; : : : ; J:

Out of these 2� J tests, the partitioning variable with the smallest p-value (subject to a

certain threshold) is selected, indicating the strongest dependence between the covariate

and changes in the prognostic or predictive e�ect.

Model-based forests build upon older approaches, such as RECPAM (Ciampi et al.,

1988) and GUIDE (Loh, 2002), which conduct model comparison within each node of a

tree to identify the optimal splitting variable. However, these approaches have typically

been applied to general regression or classi�cation, rather than causal HTE estimation. In

recent years, model-based forests have been extended to several other speci�c applications,

including individual-level modeling (Seibold et al., 2018) and observational data integration

(Dandl et al., 2024).

6.5 Relative risk causal forests

Forest-based methods are fundamentally characterized by the rule that determines whether

and where to split the data at each node. In standard causal forests, this rule targets

heterogeneity in the absolute risk because it aims to maximize variation in� RD (X i ). To

instead target heterogeneity in the relative risk, we modify this splitting criterion to

focus on variation in � RR (X i ). We begin by proposing a general alternative node-splitting

procedure based on exhaustive GLM comparison, and then specialize it to the relative risk

setting. Our implementation modi�es the open-sourcegrf package inR, and is available

at https://github.com/vshirvaikar/rrcf.
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6.5.1 Forest construction

Recall that at any given parent node, we observe a set of outcomesYi , covariatesX i , and

binary treatment indicators Wi 2 f 0; 1g. To evaluate a candidate split on covariateZ at

threshold z, we �rst de�ne a binary split indicator Si = 1fZ i > zg which denotes whether

observation i would fall to the left or right of the proposed split. We then �t the GLM

Yi � X i + W i + S i + W i � Si : (6.1)

Here, the X i terms adjust for baseline covariate e�ects,Wi controls for the average

treatment e�ect throughout the parent node, andSi controls for the main e�ect of the

candidate split. The interaction term Wi � Si then captures the di�erence in treatment

e�ects between the two sides of the split � in other words, the degree of treatment e�ect

heterogeneity induced by the partition. We repeat this procedure for each candidate

split, and select the one with the smallestp-value (or most extreme test statistic) on

the interaction coe�cient. While this approach is computationally intensive, it is easily

parallelizable, and designed speci�cally for long-term clinical trial analysis where runtime

is not a primary concern.

The motivation for GLM-based splitting is that we can target di�erent treatment e�ect

estimands by toggling the assumed response distribution and link function. For example,

if we use linear regression (Gaussian distribution with an identity link), the estimated

e�ect corresponds to an absolute risk di�erence. If we use logistic regression (binomial

distribution with a logit link), the estimated e�ect represents a log-odds ratio.

To target the relative risk ratio, we require a model with a log link function, as this

directly models multiplicative e�ects on the outcome scale. For a binary outcome, this

leads to two primary candidates: log-binomial regression (with a binomial likelihood) and

Poisson regression (with a Poisson likelihood). Log-binomial regression is theoretically

more appropriate for binary data, as it ensures that �tted probabilities remain within the

unit interval. However, log-binomial models su�er from convergence issues, especially in

small samples or near the boundaries.
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Meanwhile, Poisson regression is typically used for count data, but enjoys stable

estimation due to its canonical link function. In comparative studies, it has been shown

to perform similarly to the log-binomial approach, providing a valid approximation for

binary outcomes when the focus is on estimating relative risks (Chen et al., 2018; Petersen

& Deddens, 2008). We therefore adopt Poisson regression, which speci�cally models the

response as

Yi � Poisson(� i ); with log(� i ) = � 0 +
X

k

� kx ik :

In this setting, � i represents the expected value ofYi and can be interpreted as an intensity

parameter, analogous to a hazard function in survival analysis, capturing the instantaneous

rate at which the binary outcome transitions from 0 to 1.

We incorporate additional adjustments to mirror the orthogonalization strategy used

in standard causal forests. In classical DML, both the outcome and treatment variables

are residualized to remove variation explained by baseline covariates (Chernozhukov et al.,

2018). However, our outcome variable must remain non-negative and integer-valued for

Poisson regression, so we cannot useeY = Y � bY in Equation 6.1. Instead, we still estimate

a baseline risk model of the form Y � X, but then use the linear predictor

�̂ = log( bY ) = log(E[Y j X])

to replaceX in Equation 6.1, yielding a univariate adjustment for baseline outcome risk

under the log link. While the functional form of this model is �exible, we use Poisson

regression and extract the �tted linear predictor as�̂ = X �̂ . In the resulting GLM, �̂

typically has a coe�cient close to one, re�ecting its role in capturing the background log-

risk. This substitution also provides a computational bene�t: it reduces the dimensionality

of the repeated GLM �ts from p + 3 covariates to exactly four.

In the case of randomized controlled trial (RCT) data, where treatment is unconfounded

by design, the adjusted model becomes

Yi � �̂ i + W i + S i + W i � Si :

In observational or mixed designs, however, additional adjustment is required to mitigate

confounding. Following the application of DML used in causal forests, we estimate the
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propensity score via a regression forest onW � X , yielding cW = E[W j X ], and replace

the treatment indicator with the residualized treatment fW = W � cW. The �nal model

used for evaluating candidate splits in such settings is then

Yi � �̂ i + fWi + S i + fWi � Si :

We implement our modi�ed splitting criterion within the grf package inR, which relies

on a C++backend for computational e�ciency and scalability via theRcppframework

(Eddelbuettel & François, 2011). The GLM �ts are performed inC++using iteratively

reweighted least squares (IRLS), a standard algorithm for maximum likelihood estimation

in GLMs. IRLS solves a sequence of weighted least squares problems, where both the

weights and the working response are updated based on the current parameter estimates.

In our implementation, we use Householder QR decomposition at each step for improved

numerical stability. Convergence is assessed via theL2 norm of successive coe�cient

updates, and we terminate early if convergence stalls or fails. Upon convergence, we extract

the �nal coe�cient vector and its estimated covariance matrix to compute standard errors,

and select the candidate split with the largest absolutet-statistic for the treatment-split

interaction term. If no candidate split yields a converged model, we stop splitting. This

commonly occurs in small subsamples or when outcomes are highly imbalanced, mirroring

standard stopping behavior in classical random forests.

Because our method is implemented within the existinggrf framework, it inherits the

key structural properties described in Speci�cation 1, including honesty and subsampling.

We also retain the randomized selection of candidate splitting variables at each node,

where the number of features considered is drawn fromminfmaxfPoisson(m); 1g; kg with

tuning parameter m > 0, ensuring that every feature has a strictly positive probability of

being selected (Denil et al., 2014). The GLM-based splitting rule is symmetric (invariant

to the ordering of training observations) and balanced (ensuring that each split places

a nonzero fraction of samples from the parent node into each child). As a result, the

theoretical guarantees established by Athey and Wager (2019) under Speci�cation 1,

including consistency and asymptotic normality, continue to apply to our method.
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6.5.2 Treatment e�ect estimation

With a trained forest in hand, we now consider how to estimate the treatment e�ect at a

new test point x. Classical random forests frame prediction as an ensemble procedure:

for each tree, the test point is passed down to a terminal leaf, the average outcome of

training points in that leaf is computed, and the leaf-level means are aggregated across

trees. This yields the estimate

�̂(x) =
1
B

BX

b=1

 P
X i 2L b(x) Yi

#fX i 2 L b(x)g

!

;

whereLb(x) denotes the set of training samples that fall into the same leaf asx in tree b,

and B is the total number of trees.

However, computational implementations of causal forests, including thegrf package,

recast this aggregation step as an adaptive nearest-neighbor procedure (Tibshirani et al.,

2023). Rather than computing tree-level predictions, these methods directly assign a

weight to each training point based on how frequently it co-occurs in a leaf withx across

the forest. Let the resulting forest weights be denoted by �i (x), de�ned as

� i (x) =
1
B

BX

b=1

1(X i 2 L b(x))
#fX i 2 L b(x)g

;

where
P n

i=1 � i (x) = 1. This formulation de�nes a kernel centered atx, allowing the

forest to be interpreted as a locally weighted estimator over training examples. For

causal applications, this enables smoother and more stable estimates of treatment e�ects,

particularly when leaf sizes or class proportions vary across trees.

The adaptive weighting setup enables e�cient computation of �nal estimates using

pre-computed forest-wide statistics. In causal forests, this takes the form of a two-stage

least squares estimate, motivated by the equivalence between causal and instrumental

forests where the treatment assignment vector serves as the instrument (Athey et al.,

2019). However, this cannot be directly extended to the relative risk setting, as the

estimand is multiplicative rather than additive. Instead, we use the forest weights� i (x)

to compute weighted averages of outcomes within each treatment group. Speci�cally, for
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each test point x, we estimate the conditional risk under treatment and control as

�̂ 1(x) =

P
W i =1 � i (x)Y iP

W i =1 � i (x)
; �̂ 0(x) =

P
W i =0 � i (x)Y iP

W i =0 � i (x)

The absolute risk estimate returned by a standard causal forest is then equivalent to

�̂ RD (x) = �̂ 1(x) � �̂ 0(x)

and so we can de�ne the relative risk estimate as

�̂ RR (x) =
�̂ 1(x)
�̂ 0(x)

6.5.3 Omnibus testing

Our �nal step is to evaluate whether the forest's individual-level relative treatment e�ect

predictions�̂ RR (X i ) are well-calibrated and statistically signi�cant. To this end, we develop

an omnibus test for the detection of overall heterogeneity, extending the calibration test

proposed by Tibshirani et al. (2023) to the multiplicative setting.

The grf package assesses the overall quality of a forest via a simple linear �t on held-out

data. Let eY and fW denote the residualized outcome and treatment vectors as before,

and let �̂ RD (X i ) represent the individual predicted absolute treatment e�ects. De�ne

�� RD (X ) = E[�̂ RD (X i )] as the mean prediction across the test set. Thegrf calibration test

�ts the linear model

eYi � � fWi �� RD (X) + � fWi (�̂ RD (X i ) � �� RD (X)) ; (6.2)

where� indicates whether the mean forest prediction is centered and� indicates whether

the individual HTE estimates are well-calibrated. A �correct� forest would have� = � = 1,

and Equation 6.2 would reduce toeYi = fWi �̂ RD (X i ). The p-value on� is then used as an

omnibus test for absolute heterogeneity: a small p-value indicates that the individual

predictions contain signi�cant explanatory signal beyond the global average.

In the relative risk setting, we analogously predict̂� RR (X i ) for each individual in a

held-out test set. We begin with the baseline modelY � X + W, and evaluate the added

contribution of an interaction term W � log(�̂ RR (X)). This yields the model

Yi � X i + W i + W i � log(�̂ RR (X i )); (6.3)
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where the �nal term becomes exactlŷ� RR (X i ) for the treatment group and zero for the

control group under the log link. The p-value on the �nal term therefore serves as an

omnibus test for relative heterogeneity in the relative treatment e�ect: it measures whether

the individual-level predictions provide signi�cant improvement over a model with only

main e�ects for the covariates and treatment.

6.6 Simulation study

We conduct a simulation study to assess the e�ectiveness of the relative risk causal forest

in detecting HTEs, and to compare its statistical power against the grf baseline.

6.6.1 Data generation

For a meaningful simulation study with a known true treatment e�ect, it is critical to

simulate data from a correctly speci�ed data-generating process. While this is relatively

straightforward in the case of additive treatment e�ects, greater care is required when

modeling potential outcomes on a relative scale. Following Lin et al. (2024), we adopt

the frugal parameterization proposed by Evans and Didelez (2024) to de�ne and simulate

from marginal structural models. This framework allows for precise control over the

HTE structure by separately specifying the key components of the joint distribution.

Speci�cally, the joint distribution of covariates, treatment, and potential outcomes is

decomposed into three distinct components: (1) the marginal causal quantity of interest,

i.e., the HTE function; (2) the joint distribution of the treatment and covariates; and (3)

the dependence between the outcome and covariates conditional upon the treatment.

We simulate seven covariates in total.X 1, X 2, and X 3 are prognostic for the outcome

Y but do not modify the treatment e�ect, while C1, C2, C3, and C4 are predictive e�ect

modi�ers. These variables are a mix of discrete and continuous as speci�ed below.

X 1 � N(0; 1) X 2 � Gamma(0:1 + 0:2X 1; 1) X 3 � Beta(0:1 + 0:1X 1; 1)

C1 � Bernoulli(0:5) C 2 � Bernoulli(expit(�2 + C 1))

C3 � N(0:1C 1C2; 1) C4 � t 20(0:1C1; 0:1)
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A pair-copula construction is used to �exibly encode the dependency between the

non-modi�er covariates and the outcome. Speci�cally, we employ a Gaussian copula to

model the X 1 � Y dependency with correlation depending onC2; a Clayton copula to

capture higher-tail dependency forX 2 � Y ; and a Gumbel copula to introduce lower-

tail dependency forX 3 � Y . We simulate these complex distributions to better re�ect

real-world scenarios, where data often deviates from simple Gaussian and linear models.

We consider both an RCT setting, where treatment is assigned independently of

covariates, and an observational setting, where treatment depends on a subset of the

covariates. In the RCT setup, treatment is simulated asW � Bernoulli (0:5). In the

observational setup, we simulate W � Bernoulli(expit(�1 + 2X 1 + 2X 3 � C 2)),

Potential outcomes are drawn from the marginal Y (w) � Bernoulli(� y), where

log(� y) = �2 + 0:3C 1 + 0:4 sin(C4) + W
�

�0:2 + �
�
C1 + C 2 + I(C 3 > 0) + C 2

4

�	

This results in a CATE given by

� RR (c) = exp
�

�0:2 + �
�
C1 + C 2 + I(C 3 > 0) + C 2

4

�	

where� controls the degree of heterogeneity. When� = 0, there is no heterogeneity and

the treatment e�ect is homogeneous at a factor ofexp(� 0:2) � 0:819. We vary� across

f0; 0:25; 0:5; 0:75g, resulting in a progressively stronger signal.

6.6.2 Results

We compare the methods across 100 random seeds, for a range of sample sizes and

heterogeneity levels, with forests comprised of 500 trees. We �rst report statistical power,

de�ned as the proportion of simulations in which the omnibus test yields a p-value below

0.05, with each forest trained on 80% of the given sample size and tested on the other

20%. We also report the average variable importance assigned to the true predictive

covariates (C1 to C4) in the forest, as a measure of whether each method successfully

identi�es the relevant sources of heterogeneity. Variable importance is computed using

the built-in function in the grf package, which weights variables based on how frequently
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they are used for splits, adjusted for their depth in the tree. Complete numerical results

are provided in Table A.1, located in the appendix.

In the RCT setting, Figure 6.1 displays the power of each method, while Figure 6.2

shows the average importance assigned to the true predictive variables. As expected,

performance improves with increasing sample size and heterogeneity level. Across both

metrics, the relative risk approach consistently outperforms the baseline causal forest. In

non-null simulations, the relative risk causal forest achieves an average increase in power

of 5.2%, and assigns 5.5% more importance to the true e�ect modi�ers.

In the observational setting, Figure 6.3 displays power, while Figure 6.4 compares

key variable importance. The relative risk approach again uniformly outperforms the

baseline causal forest in both metrics. The di�erence in performance is larger than in the

RCT experiment, with an average power increase of 10.3% in non-null simulations, and

9.5% more importance assigned to the true e�ect modi�ers. These results suggest that

the relative risk forest is able to e�ectively adjust for di�erences in treatment propensity,

making it a promising candidate for observational data applications.

6.7 Conclusion

In this study, we present an adaptation of causal forests that speci�cally targets hetero-

geneity in the relative risk. The RR is an important clinical measure for several reasons,

including its ability to generalize across populations. HTE discovery methods that only

target the absolute risk may overlook critical sources of heterogeneity on the RR scale,

especially in settings with large variation in individual baseline risk. The modi�cation is

based on an alternative splitting rule for the data in a causal forest that uses exhaustive

GLM comparison. Specifying Poisson regression as the GLM of choice allows the RR to

be targeted as the quantity of interest. Validation on simulated data suggests that the

RR adjustment can improve the power of causal forests to identify heterogeneity.

Next steps for this project will focus on robust uncertainty quanti�cation for our relative

risk predictions. HTE discovery faces the fundamental challenge that true individual

treatment e�ects are never observed, due to the missing counterfactual data, and so we
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Figure 6.1: Power (proportion of trials where omnibus test p-value on additional
Wi log(�̂ RR (X i )) term was signi�cant) across 100 RCT simulations, as a function of
sample size n and heterogeneity level �.

Figure 6.2: Average variable importance assigned to true predictive covariates (C1 to C4)
across 100 RCT simulations, as a function of sample size n and heterogeneity level �.
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Figure 6.3: Power (proportion of trials where omnibus test p-value on additional
Wi log(�̂ RR (X i )) term was signi�cant) across 100 observational simulations, as a function
of sample size n and heterogeneity level �.

Figure 6.4: Average variable importance assigned to true predictive covariates (C1 to C4)
across 100 observational simulations, as a function of sample sizen and heterogeneity
level �.
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cannot rely on standard methods such as cross-validation to assess variability in our

estimates. Instead, causal forest implementations typically turn to the �bootstrap of little

bags�, using the empirical variance across subsamples to approximate standard errors

and con�dence intervals. We plan to apply this same approach to our relative risk forest,

and test its coverage and calibration in simulation, with the ultimate goal of providing

transparent measures of uncertainty.
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Chapter 7

Exploring relative risk heterogeneity in
the LEADER clinical trial

7.1 Introduction

In this chapter, we apply relative risk causal forests to the analysis of real-world data from

the Liraglutide E�ect and Action in Diabetes: Evaluation of Cardiovascular Outcome

Results (LEADER) clinical trial. We �rst screen endpoints based on variation in baseline

risk to identify the most promising candidates for further analysis. The relative risk

approach uncovers signi�cant heterogeneity in one particular outcome, indicating composite

heart failure or death. To translate the forest's estimates into clinically actionable insights,

we then conduct a downstream analysis of the identi�ed subgroups, exploring variable

di�erences and importances to pinpoint key drivers of heterogeneity.

7.2 Trial details

LEADER was initiated in 2010 to evaluate the bene�t of liraglutide, a glucagon-like

peptide 1 analogue, in the treatment of patients with type 2 diabetes (Marso et al., 2016).

9,340 patients underwent randomization with a median follow-up time of 3.8 years. The

primary outcome (MACE, or major adverse cardiovascular events) occurred in signi�cantly

fewer patients in the treatment group � 13.0% compared to 14.9%, with a hazard ratio

of 0.87 (95% con�dence interval from 0.78 to 0.97).

From the LEADER dataset, 70 covariates were identi�ed as potentially relevant based

on guidance from collaborators at Novo Nordisk. A complete list of these covariates is
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provided below. Only patients with no missing data across all covariates were used, result-

ing in a �nal analysis set of 8,750 observations, with a very similar outcome distribution

to the complete data.

ˆ 6 demographic �elds: Age, Diabetes Duration, Sex, Race, Current Smoker,

Previous Smoker

ˆ 11 baseline vital signs: Waist Circumference, Body Mass Index, Pulse, Systolic

Blood Pressure, Diastolic Blood Pressure, Hemoglobin A1C (HbA1C), High-Density

Lipoprotein (HDL) Cholesterol, Low-Density Lipoprotein (LDL) Cholesterol, Total

Cholesterol, Triglycerides, Serum Creatinine

ˆ 14 lab measurements: Alanine Aminotransferase, Amylase, Bilirubin, Calcium,

Estimated Glomerular Filtration Rate (eGFR) by the Chronic Kidney Disease-

Epidemiology Collaboration (CKD-EPI) Formula, eGFR by the Modi�cation of

Diet in Renal Disease (MDRD) Formula, Potassium, Triacylglycerol Lipase, Sodium,

Hematocrit, Hemoglobin, Platelets, Erythrocytes, Leukocytes

ˆ 19 medical history �ags: Antihypertensive Therapy, Myocardial Infarction,

Stroke, Stroke Sensitivity Analysis, Revascularization, Carotid Stenosis on Angiog-

raphy, Coronary Heart Disease, Ischaemic Heart Disease, Chronic Heart Failure,

Chronic Kidney Failure, Microalbuminuria and Proteinuria, Hypertension and Left

Ventricular Hypertrophy, Left Ventricular Systolic and Diastolic Dysfunction, An-

kle/Brachial Index, Cardiovascular High Risk, Cardiovascular Medium Risk, Diabetic

Retinopathy, Diabetic Nephropathy

ˆ 20 concomitant medication �ags: Insulin, Metformin, Sulfonylureas, Alpha Glu-

cosinade Inhibitors, Thiazolidinediones, Glinides, Vitamin K Antagonists, Platelet

Inhibitors, Other Antihypertensives, Thiazides, Thiazide-like Diuretics, Loop Diuret-

ics, Aldosterone Antagonists, Beta-blockers, Calcium Channel Blockers, Angiotensin-

Converting Enzyme Inhibitors, Angiotensin Receptor Blockers, Statins, Other Lipid

Lowering Drugs, Ezetimibe
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Outcome Event Description Baseline Risk Variance

PRMACETM Expanded MACE* 14.4%

HFDTHEVT Composite heart failure or death 12.9%

MICROTM Microvascular event 9.3%

NEPHROTM Secondary nephropathy event 7.8%

MACEEVTM MACE* 7.7%

FRMASATM MACE prior to 15th visit* 7.6%

ALDTHTM All-cause death 7.2%

PPEVENT MACE without pause over 120 days* 5.2%

OTR30EVT MACE within 30 days of completion* 4.9%

EXMCHFTM Heart failure requiring hospitalization* 4.5%

Table 7.1: Baseline risk variancesVar(Ŷi ) for the top ten outcomes from LEADER,
using predicted risk from a logistic regression model. MACE refers to major adverse
cardiovascular events; outcomes marked with an asterisk (*) require con�rmation from an
event adjudication committee.

7.3 Results

7.3.1 Baseline risk screening

Including the primary MACE endpoint, the LEADER dataset contains records for 30 total

primary and secondary outcomes. Recall that HTE estimation based on relative risk can

improve power when baseline risk varies substantially across individuals, since estimates

based on absolute risk may overweight high-risk patients with large event probabilities.

This suggests that we can identify cases where the relative risk approach could be bene�cial

by searching for outcomes with large variability in baseline risk.

To operationalize this idea, we conduct a screening procedure across all available

outcomesY (1) ; :::; Y (30) . We �t baseline logistic regression modelsY (j) � X for j = 1; :::; 30

using the observed covariates, compute individual risk estimateŝY (j)
i , and calculate the

empirical variance of the predicted riskVar(Ŷ (j)
i ) across the population. Table 7.1 lists the

ten outcomes with the highest baseline risk variance. The top �ve outcomes were selected

for further analysis, with the primary MACE outcome ranking �fth. For reference, the

baseline risk of MACE across the complete population ranges from 1.2% to 62.4% with a

mean of 13.9%.
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Outcome Event Description
Omnibus p-value

GRF RRCF

PRMACETM Expanded MACE* 0.724 0.082

HFDTHEVT Composite heart failure or death 0.921 0.027

MICROTM Microvascular event 0.904 0.512

NEPHROTM Secondary nephropathy event 0.238 0.072

MACEEVTM MACE* 0.163 0.908

Table 7.2: Cross-validated omnibus test results for the top �ve outcomes from LEADER,
comparing p-values for absolute and relative risk causal forests. MACE refers to major
adverse cardiovascular events; outcomes marked with an asterisk (*) require con�rmation
from an event adjudication committee. The bolded p-value (composite heart failure or
death, for the relative risk causal forest) indicates the only signi�cant �nding at� = 0:05.

7.3.2 Omnibus testing

For each of the top �ve outcomes, we perform �ve-fold cross-validation using forests

composed of 2,000 trees. In each fold, 80% of the data are used to train the forest,

and relative risk coe�cients �̂ RR are predicted for the remaining 20%. The out-of-fold

predictions are concatenated to yield a vector of estimates across the full dataset of 8,750

observations, and the omnibus test from Equation 6.3 is applied.

Table 7.2 summarizes the results: for thegrf absolute risk forest, none of the �ve

p-values indicate useful �ndings, but for the relative risk approach, two are suggestive

at � = 0:1, and one outcome is signi�cant at� = 0:05. While this does not include a

multiple testing correction, guidance from collaborators at Novo Nordisk indicates the

result is still of exploratory clinical interest. We focus on this outcome (HFDTHEVT,

indicating composite heart failure or death) for subsequent analysis.

7.3.3 Covariate analysis

To translate our HTE �ndings into clinically relevant insights, a key question is which

covariates or interactions drive variation in treatment e�ectiveness, as captured by the

�tted relative risk estimates �̂ RR (X i ) from the causal forest. For the composite heart

failure or death outcome, we focus on two subgroups: (1) the decile of patients with

the greatest predicted bene�t (those with�̂ RR (X i ) < 0:815), which we refer to as the

high-bene�t group; and (2) the subset of patients for whom treatment is predicted to be
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Subgroup Mean

Covariate Reference High-Bene�t Percent Di�erence

Systolic blood pressure 135 147 +8.35%

Total cholesterol 4.37 5.13 +17.3%

LDL cholesterol 2.30 2.90 +26.1%

Sex (Male=1) 0.66 0.39 -40.9%

Hemoglobin 8.53 8.02 -6.02%

Reference Low-Bene�t

Total cholesterol 4.37 3.76 -13.9%

Platelets 269 222 -17.6%

LDL cholesterol 2.30 1.89 -17.8%

Sex (Male=1) 0.66 0.85 +28.5%

Systolic blood pressure 135 128 -5.61%

Table 7.3: Covariates with the �ve most signi�cant di�erences, measured byp-value, from
the reference population to the high-bene�t (top) and low-bene�t (bottom) subgroups.
All p-values are signi�cant at � = 10 �25 .

harmful (those with �̂ RR (X i ) > 1), comprising 7.6% of the population, which we refer to

as the low-bene�t group. The remaining 82.4% of individuals not in either subgroup are

designated as the reference population.

To characterize each subgroup, we perform two-samplet-tests comparing each covariate

to the reference population. Table 7.3 lists the �ve covariates with the most signi�cant

di�erences (indicated by p-value) between each subgroup and the reference. Overall, the

high-bene�t group appears less healthy, with elevated blood pressure and cholesterol,

while the low-bene�t group is comparatively healthier. However, the relationship is not

explained by overall health alone. Figure 7.1 plots baseline risk estimatesŶi from the

initial logistic regression against relative treatment e�ectŝ� RR (X i ) from the relative risk

causal forest. There is a slight negative trend, but the correlation is weak (� = � 0:053),

suggesting that more complex interactions underlie treatment heterogeneity.

In addition, simulation results suggest that relative risk causal forests more e�ectively

split on predictive covariates which drive treatment e�ect heterogeneity. To explore

this, we compare variable importance between the absolute and relative risk approaches.

Table 7.4 displays the �ve covariates with the largest gains and losses in importance under

the relative risk model, averaged across �ve training folds.
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Figure 7.1: Baseline risk estimateŝYi from logistic regression against relative treatment
e�ects �̂ RR (X i ) from the causal forest. Points are color-coded by subgroup.
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Covariate
Importance

Di�erence
GRF RRCF

White blood cells 3.39% 14.58% +11.19%

Platelets 3.17% 8.01% +4.84%

Amylase 2.27% 3.60% +1.33%

Potassium 2.16% 2.86% +0.70%

Sodium 0.87% 1.55% +0.68%

eGFR by CKD-EPI 4.52% 1.87% -2.65%

Hematocrit 4.51% 2.52% -1.99%

Systolic blood pressure 5.62% 3.79% -1.83%

eGFR by MDRD 3.83% 2.15% -1.68%

Age 4.47% 2.81% -1.66%

Table 7.4: Covariates with the �ve largest gains (top) and �ve largest losses (bottom)
in variable importance between absolute and relative risk forests, averaged across �ve
training folds. eGFR refers to estimated glomerular �ltration rate, a marker of kidney
function, which is estimated according to two di�erent formulas in the provided data.

White blood cell and platelet counts show the greatest increases in importance, suggest-

ing that blood-related biomarkers, particularly those linked to immune or in�ammatory

activity, play a central role in driving heterogeneity on the relative scale. However, these

e�ects may be underrepresented in absolute risk models, possibly because their in�uence

is stronger among individuals with lower baseline risk. Conversely, two of the �ve largest

decreases in importance involve estimated glomerular �ltration rate (eGFR), a marker of

kidney function. While Marso et al. (2016) identi�ed eGFR as a potential e�ect modi�er,

our �ndings suggest that its role may be overstated when heterogeneity is analyzed in

absolute terms, and less relevant under a relative risk framework.
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Chapter 8

Discussion and future work

In this thesis, we have explored a range of questions concerning the principled selection

and speci�cation of statistical models, through a predictive inference lens that treats

missing data as the fundamental source of uncertainty. In particular, we have motivated

probabilistic model uncertainty by comparing candidate models to impute data through

one-step-ahead predictive updates; characterized the distribution of these updates to

understand when and how models are propagating uncertainty in a consistent manner;

and developed ensembling strategies to adjust causal random forests toward clinically

relevant quantities of interest, with an application to real-world clinical trial data.

Methodologically, these contributions o�er a framework for evaluating and understand-

ing models entirely through the predictions they generate. Modern machine learning excels

at precisely the task of rapid, high-quality prediction, and we aim to leverage this as a

tool that enables principled inference and uncertainty quanti�cation, rather than viewing

the �two cultures� as orthogonal or mutually exclusive. As a further advantage, the predic-

tive perspective may provide insights that help bridge the long-standing divide between

frequentist and Bayesian approaches, by directly targeting probability distributions on

quantities of interest without the need for explicit prior speci�cation.

As outlined in previous chapters, a key direction for future work is computational

improvements to make these methods more scalable and stable. This includes more

e�cient frameworks for recursive model updating and optimization, as well as more

expressive model classes that can capture uncertainty beyond �nite or closed-form settings.

In conjunction with this work, a deeper understanding of the asymptotic behavior of
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predictive resampling paths would also provide both theoretical and practical bene�ts,

allowing for early stopping with provable guarantees.

In the longer term, another goal is to extend predictive resampling to a broader

range of model classes and data structures. A central challenge in this direction is

identifying the appropriate level of abstraction at which to sample. For example, consider

graphical models, originally referred to as Bayesian networks, which represent variables

and their conditional dependencies in a dataset using nodes and (optionally directed)

edges. In fact, graphical models were the primary focus of early model-based MCMC

approaches (Madigan et al., 1995), but direct resampling over all possible graph structures

is computationally infeasible due to their super-exponential growth and highly irregular

posterior landscapes.

Subsequent work has found that sampling over constrained model spaces, such as

topological orderings (Friedman & Koller, 2003) or graph partitions (Kuipers & Mo�a,

2017), can signi�cantly improve uncertainty quanti�cation, by leveraging structural

assumptions to reduce the problem complexity. This suggests that predictive resampling

may become feasible in more complex settings by thinking carefully about the structure

and representation of the underlying models.
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Appendix A

Supplementary �gures and tables

A.1 Density estimation (Chapter 2)

This set of �jelly�sh plots� displays empirical convergence for the density estimation

illustrations in Section 2.4.1. Unlike MCMC, each individual resampling path ultimately

follows a �xed trajectory, so visual inspection is typically su�cient to determine when the

�nal empirical results have stabilized.

For the �rst example with two components, we track the ongoing model choice between

G = 1 and G = 2 components as data points are imputed across 100 random trials. We

add some jitter to each resampling trajectory to improve the visibility of the diagram.

In Figures A.1 and A.2, for data with � = 0:6 and � = 0:9 respectively, we see that

N = n + 200 additional observations are su�cient for the choice of model to converge.

For the second example with three components, we now plot candidate models with

G = f 1; : : : ; 9g components across 100 trials. We again add some jitter to each trajectory

for visibility. In Figure A.3, models with up to 9 components are explored, and that

N = n + 600 additional observations are su�cient for M bk(N) to approximate M k(1) . In

Figure A.4, model space is only explored up toG = 4 components, re�ecting the principle

that observing more initial data should tighten our �nal uncertainty estimate.

Finally, for the real-world galaxies dataset, we again plot candidate models with

G = f 1; : : : ; 9g components across 100 trials, with some jitter for visibility. Figure A.5

shows that N = n + 1500 additional observations are su�cient for convergence.
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Figure A.1: Sample trajectory diagram for density estimation in two-component GMM
with � = 0:6, showing that model choice converges afterN = n+200 imputed observations.

Figure A.2: Sample trajectory diagram for density estimation in two-component GMM
with � = 0:9, showing that model choice converges afterN = n+200 imputed observations.
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Figure A.3: Sample trajectory diagram for density estimation in three-component GMM
with n = 20 initial data points, showing that model choice converges afterN = n + 600
imputed observations.
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Figure A.4: Sample trajectory diagram for density estimation in three-component GMM
with n = 50 initial data points, showing that model choice converges afterN = n + 600
imputed observations.
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Figure A.5: Sample trajectory diagram for density estimation with galaxies dataset,
showing that model choice converges after N = n + 1500 imputed observations.
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A.2 Two-sided hypothesis testing (Chapter 3)

The �rst set of diagrams here demonstrates empirical convergence for the two-sided

hypothesis testing demonstration in Section 3.3. Forn = f 30; 100; 300; 1000g observations

simulated from the �true alternative� N (0:1; 1), we see in Figures A.6, A.7, A.8, and A.9

respectively that N = n + 20n additional observations are su�cient for M bk(N) to closely

approximate the �nal M k(1) over 400 random trials. We note that the scale of the y-axis

(the range of �nal model means) decreases as the initial observedn increases, re�ecting

the intuition that uncertainty should be reduced with the observation of additional data.

The second set of diagrams compares resampling withe-values. In Figure A.10, we plot

the (log-scaled)e-values for each seed on the horizontal axis and the resampling posterior

probabilities of H0 on the vertical axis, for data generated underH0. This corresponds

to Figure 3.3 for p-values. The X marks on the plots indicate tests withe > 10 where

Je�reys' rule of thumb �nds strong evidence againstH0, and the O marks indicatee < 10.

We note that the e-values are invariant to sample size, with a constant Type I error rate

regardless ofn, but that the resampling probabilities tend towards 1 as the sample size

grows. Figure A.11 is the corresponding diagram to Figure 3.4 forp-values, with data

generated underH1. The e-values build evidence against the null asn increases, with the

points gradually migrating towards the bottom and right as we observe more data.
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Figure A.6: Sample trajectory diagram for predictive resampling withm = 30 observations
simulated fromN (0:1; 1), showing that model choice converges afterM = m+20m imputed
observations, indicated by the dashed vertical line.

Figure A.7: Sample trajectory diagram for predictive resampling withm = 100 observa-
tions simulated fromN (0:1; 1), showing that model choice converges afterM = m + 20m
imputed observations, indicated by the dashed vertical line.
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