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Abstract

Aspects of exchangeable
coalescent processes

Helmut H. Pitters D.Phil. Thesis
St Peter’s College, Oxford Trinity Term, 2015

In mathematical population genetics a multiple merger n-coalescent process, or A
n-coalescent process, {II"(t),t > 0}, models the genealogical tree of a sample of
size n (e.g. of DNA sequences) drawn from a large population of haploid individuals.
We study various properties of A coalescents. Novel in our approach is that we
introduce the partition lattice as well as cumulants into the study of functionals of
coalescent processes. We illustrate the success of this approach on several examples.

Cumulants allow us to reveal the relation between the tree height, T,,, respec-
tively the total branch length, L,,, of the genealogical tree of Kingman’s n-coalescent,
arguably the most celebrated coalescent process, and the Riemann zeta function.
Drawing on results from lattice theory, we give a spectral decomposition for the gen-
erator of both the Kingman and the Bolthausen-Sznitman n-coalescent, the latter
of which emerges as a genealogy in models of populations undergoing selection [11].

Taking mutations into account, let M; count the number of mutations that
are shared by j individuals in the sample. The random vector (My,..., M, 1),
known as the site frequency spectrum, can be measured from genetical data and
is therefore an important statistic from the point of view of applications. Fu [32]

worked out the expected value, the variance and the covariance of the marginals of



the site frequency spectrum. Using the partition lattice we derive a formula for the
cumulants of arbitrary order of the marginals of the site frequency spectrum.
Following another line of research, we provide a law of large numbers for a family
of A coalescents. To be more specific, we show that the process {#II"(t),t > 0}
recording the number #11"(t) of individuals in the coalescent at time ¢, coverges,
after a suitable rescaling, towards a deterministic limit as the sample size n grows
without bound. In the statistical physics literature this limit is known as a
hydrodynamic limit. Up to date the hydrodynamic limit was known for Kingman’s
coalescent, see |5], but not for other A coalescents. We work out the hydrodynamic
limit for beta coalescents that come down from infinity, which is an important

subclass of the A coalescents.
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Chapter 1

Introduction

1.1 Background

The main forces in the evolution of biological populations are believed to be genetic
drift (also known as random mating), mutation, natural selection, recombination,
spatial structure and size of a population, and competition between different
populations. This is a crude abstraction from phenomena observed in nature, but
in order to obtain mathematically tractable models, even more abstractions have
to be made, i.e. even more of these forces have to be neglected.

The most celebrated model in population genetics for the evolution of a single

population starts from just four assumptions, namely that the population

evolves in discrete, non-overlapping generations,

is in equilibrium, i.e. has a fixed size at all times,

is neutral, and

its individuals are haploid.



Neutral means, that there is no natural selection acting, that is no individual is
favoured over another. Haploid means, that each individual only has one parent.
The model just mentioned is known as the (neutral) Wright-Fisher model and we
do not provide a mathematically precise definition of it here. For an introduction
to mathematical models in population genetics the reader is referred to Etheridge’s
lecture notes [27].

The only way to gather empirical information about a population in nature
is to sample from its current state and infer its properties based on this data.
We might then be interested in the so-called genealogy of a sample from this
population, that is for any two individuals (and their ancestors) we want to know
their (common) ancestor (if any) and the times of their births and deaths. For
a large population size, N, it turns out that the genealogy of a sample of size
n, drawn from this population, can be approximated by Kingman’s n-coalescent.
Kingman’s n-coalescent can be thought of as a stochastic process with state space
the partitions of [n| := {1,...,n}, initial state {{1},...,{n}} and absorbing state
{[n]} (we occasionally drop the outer parantheses for this partition). If the current
state of the process consists of b > 0 blocks, any two blocks merge at rate 1 to
form the next state, otherwise no further transition occurs.

A fascinating fact about Kingman’s coalescent is its robustness: we can change
a lot of details in the reproduction mechanism of the (forwards in time) popula-
tion model (e.g. we may allow for a fluctuating population size, subject to some
constraints, of course), and still obtain a genealogy that is governed by Kingman’s
coalescent in the limit of large population size. So, for a lot of discrete population
models Kingman’s coalescent plays the role that Normal distribution plays for

i.i.d. sequences of random variables in the Central Limit Theorem, or that Brownian



motion plays for sequences of random walks in Donsker’s invariance principle. In
probability theory such phenomena are termed universality phenomena, and the
limiting object, in our case Kingman’s coalescent, is called a universal scaling limit.

Natural generalizations of the Wright-Fisher model are models of randomly
mating neutral populations of constant size, also known as Cannings models |20,
[21]. Mohle and Sagitov [54] showed that if the population size is large, the
genealogy of a suitably rescaled Cannings model can be approximated by a certain
class of coalescent processes, so-called exchangeable coalescents or = coalescents,
that allow for simultaneous multiple mergers. Here multiple means that more than
two blocks may merge in one instant (unlike Kingman’s coalescent, that only allows
for mergers of two blocks), and simultaneous means that the blocks merging do
not all have to end up in the same block, but may belong to different groups each
of which gives rise to a new block. In recent years a subclass of the = coalescents
has attracted the increasing attention of researchers. The coalescent processes
in this subclass only allow for multiple (but not simultaneous) mergers, and are
also known as /A coalescents, see Section for a precise definition. Multiple
merger coalescents have been introduced independently by Donnelly and Kurtz [24],
Pitman [60] and Sagitov [64].

In this thesis we will study various properties of multiple merger coalescent

processes.

1.2 Motivation

In some sense, the starting point of this thesis is the question of how to characterize

the site frequency spectrum (SFS) of Kingman’s n-coalescent. The SFS is the



random vector (M, ..., M,_1), where M; denotes the number of mutations that
are shared by j individuals in the sample. For a definition of the coalescent with
mutations see Definition 2.7 Since the SF'S can be measured in genetical data,
this quantity is highly important from the point of view of applications, e.g. for
statistical inference. Fu [32| has studied distributional properties, i.e. expected
value, variance and covariance, of the SFS for Kingman’s coalescent, whereas
Birkner, Blath and Eldon [16] extended Fu’s results to recursions for the expected
value, the variance and covariance of the SF'S for multiple merger coalescents.

The SFS is a rather complex quantity, and even though we make some steps
towards characterizing its distribution, we cannot yet give a complete characteriza-
tion. Along the way, the author thought of solving some simpler problems instead,
that might shed some light on what a good approach to the SFS should be.

One of these simpler problems is concerned with the cumulants of the absorption
time 7,, of Kingman’s n-coalescent II"™ = {II"(t),t > 0}. When Martin Mohle
told the author that calculations suggested that the moments m;(T,,) = ET? of T,,
should be polynomials in 72, the author got hooked. Why should this be the case?
Instead of working out the moments of T, directly, the author noticed that its
cumulants €; (1},) are much more tractable because of their linearity with respect

to convolutions (i.e. the independence of two real random variables X, Y implies

€ (X+Y)=%;(X)+%;(Y)), and since

n
Tn = E Tk,
k=2

where the waiting times (73) of II™ are independent exponentials. This observation

reveals the connection between % (7;,) and the Riemann zeta function, see (4.4),



which in turn implies that € (T},) are polynomials in 7. The moments m;(T,,) are

then found by the well-known transformation (see |61, Equation (1.30)])

mi(T) = > [[ % (T,

ﬂGP[n] Ber

where Py, denotes the set of all partitions of [n].

The fact that the waiting times of Kingman’s coalescent are independent (and
independent of the jump chain) can be further exploited to characterize functionals
of the coalescent in terms of cumulants. Most studies in coalescent theory are
concerned with the limit as n — oo of the distribution of some quantitative property,
or functional, f(I1I™), of the n-coalescent I1™. Though this is an interesting and
sensible endeavour, there are good reasons to study functionals f(/1™) when the
sample size n is fixed. One reason being that for statistical inference knowledge of
the limiting law of f(II™) as n — oo is really only useful if the rate of convergence
is known (and sufficiently high). In this case the limiting law may be used as an
approximation for the law of f(I1™).

Another such functional that we investigate is the total tree length

Ln == i k‘Tk
k=2

of Kingman’s n-coalecsent. A well known result, see Etheridge’s lecture notes [27],

is the convergence

L,/2—1logn — G (1.1)



in distribution as n — oo, where G is a random variable distributed according to
a standard Gumbel law. We will see in Theorem [1.5] that it is straightforward to
derive ([1.1) via cumulants, which then implies that the convergence holds in L? for
any p € (0,00). (In fact, Theorem |4.5| states that even holds almost surely.)

These results and the independence of the waiting times of Kingman’s coalescent
suggest that cumulants seem to be rather well-suited for the characterization of
other functionals, as for instance the SFS. The use of cumulants in the study
of functionals of coalescent processes seems to be new in the literature. Before
we return to the SFS, let us make another observation. Both the absorption
time T, and the total tree length L, of Kingman’s n-coalescent are simple in the
sense that they are fully determined by the knowledge of the ancestral process
N = {N(t),t > 0}, where N(t) counts the number of blocks in the coalescent at
time ¢. However, if we want to study more complex functionals (for instance, the
SFS), we need a better understanding of Pp,), the set of all partitions of [n], which
is the state space of the n-coalescent. To the best of the author’s knowledge the
lattice structure of Py, has not been studied and exploited before in the context of
coalescent processes.

From this perspective the results on the spectral decomposition of the partition-
valued coalescents (Kingman and Bolthausen-Sznitman, to be precise) in Section [3.3]
can be viewed as an exercise in the connection between the n-coalescent and its
state space Pp,;. On the other hand, the spectral decomposition of a stochastic
process is a basic problem whose answer has numerous applications (in our case it
allows us to derive, among other things, transition probabilities, see Corollary [3.17],
and hitting probabilities, respectively Green’s functions, see ), and is therefore

of interest in its own right.



Equipped with an understanding of cumulants and the partition lattice Py,
we finally characterize the marginals M; of the SFS in terms of cumulants in
Theorem[d.14] This result should be considered as a first step towards the (complete)
characterization of the law of the SFS. To derive this result, we work out the
cumulants of the negative binomial distribution in Lemma [4.15] which are given by
the polylogarithm. To the best of the author’s knowledge these cumulants have
not been derived before in the literature.

Finally, we study in Chapter [5[ the hydrodynamic limit of beta coalescents
(defined in Examples that come down from infinity. This is a law of large
numbers type of result quantifying the manner in which a beta coalescent comes
down from infinity. So far in coalescent theory the hydrodynamic limit has only
been known for Kingman’s coalescent, see Aldous [5]. The main reason for this is
that Kingman’s coalescent (unlike other multiple merger coalescents) fits into the
framework of Smoluchowski’s coagulation equations. For beta coalescents that come
down from infinity the hydrodynamic limit, {c(t),¢ > 0}, is a deterministic limit
as n — oo of the suitably rescaled block counting process (or ancestral process)
N™ = {N"(t),t > 0}, where N"(t) counts the number of blocks of the n-coalescent

II" at time t. We show in Theorem [5.10 that

o) = (1 + %t)“ (t>0),

where a, b are parameters characterizing the beta coalescent.

In the second step, we consider the block size spectrum

(el IT7(1), ..., e IT" (), > 0}



of IT™(t), where ¢;I1"(t) counts the number of blocks of size i in IT™(t). Applying the
same rescaling as before, we again find a deterministic limit {(¢;(¢));>1,t > 0} as
n — 0o, see Corollary where ¢;(t) is given by the ith complete Bell polynomial
(defined in Definition with suitable parameters.

1.3 Summary

This thesis is laid out as follows. In Chapter 2| we introduce basic notions such as
the partition lattice, P4, the multiple merger coalescent, I/, and the corresponding
coalescent tree, 7. In Chapter 3] we provide spectral decompositions for the generator
of IT™ and the corresponding ancestral process, or block counting process, N", in
the case of the Kingman and the Bolthausen-Sznitman coalescent. For Kingman’s
n-coalescent we study the height and total tree length of 7" and the site frequency
spectrum in the setting of finite sample size n in Chapter [l Finally, we turn to
the block size spectrum (¢, I1", ..., ¢, II"), where ¢;m counts the number of blocks
of size i in ™ € Pp,), and its scaling limit, the so-called hydrodynamic limit, in
Chapter [f| In the setting of finite sample size we characterize the distribution of the
block size spectrum for the Kingman and the Bolthausen-Sznitman n-coalescent.
For a beta coalescent (defined in Examples that comes down from infinity
(see Section , we work out the scaling limit of the block size spectrum that

quantifies the manner in which the beta coalescent comes down from infinity.



Chapter 2

Basic notions

In this Chapter we introduce basic notions and results that will be used throughout
this thesis. We start with the partition lattice Py, in Section which has been
studied extensively in combinatorics, see e.g. [70], and lattice theory, see e.g. [15],
[35]. Throughout our investigations Bell polynomials will appear in various forms
(some special cases being different kinds of Stirling numbers) and we therefore
define them in Section . The partition lattice is the state space of (multiple
merger) coalescent processes defined in Section . We give some examples of
the most popular coalescent processes and some of their properties. Usually, a

coalescent is identified with a random tree, and this identification is made precise

in Section 2.3.21

2.1 Partition lattice

A partition of a non-empty set A is a set, 7 say, of nonempty pairwise disjoint

subsets of A whose union is A. The members of 7 are called the blocks of 7. Let



#A denote the cardinality of A and let P4 denote the set of all partitions of A. For
t € N we denote by P4, the set of all partitions of A that consist of © blocks. For
any two elements a,b € A and m € P4 we write a ~, b if and only if a and b are
elements of a common block in , i.e. if there exists a B € w such that a,b € B.
Recall that a partially ordered set (poset for short) (P, <) is a set P together

with a binary relation < satisfying: for all p,q,r € P
i) p < p (reflexivity),
ii) if p < ¢ and ¢ < p, then p = ¢ (antisymmetry),
iii) if p < ¢ and ¢ < r, then p < r (transitivity).

Often we call P the poset and omit the binary relation < in the notation if there
is no risk of confusion. The binary relation < is said to be a partial order on P.
A map ¢: P — @ between two posets (P, <p), (Q, <g) is called order-preserving,
if p <p p’ implies ¢(p) <g ¢(p') for any p,p’ € P. Two posets P,Q are called
1somorphic, in which case we write P = (@), if there exists an order-preserving
bijection ¢: P — () whose inverse is order-preserving. The product P x @) of two
posets P, Q) is defined on the set {(p,q): p € P,q € Q} by letting (p,q) < (p',¢)
in Px Q if and only if p < p'in P and ¢ < ¢’ in Q). For p,q € P an upper bound
of p and ¢ is an element » € P such that p,q < r. A least upper bound of p and ¢
is an upper bound s € P of p and ¢ such that for any upper bound r of p and ¢
one has s < r. Clearly, if a least upper bound of two elements p and q exists, it is
unique. A greatest lower bound is defined in complete analogy. A lattice L is a
poset with the property that any two of its elements have a least upper bound and

a greatest lower bound. It is well-known that P}, together with the relation <,

10



defined by m < p if and only if p can be obtained by merging some blocks of , is
a lattice, the so-called partition lattice. For 7, p € Pp,; with m < p we call the set
(7, p] = {0 € Pij: m < 0 < p} an interval. For any two sets A and B C A and a
partition m € Py we call w|p = {CNB: C €n,CNB+# 0} € Py the restriction

of m to B. We will make repeated use of the isomorphism

[W,p] = >< PTI'|B = >< ,P#W\B7 (2'1)

Bep Bep

where the right hand side in denotes the product of lattices Py, as defined
earlier, cf. Example 3.10.4 in [70]. For more information on posets in general, and
the partition lattice in particular, the reader is referred to [70]. Evidently, we have
Py = [Ap; {[n]}], where for any set A we let Ay = {{a}: a € A} be the partition

of A into singletons. Moreover, we write 4A,, as a shorthand for A,.

2.2 Bell polynomials and combinatorics

Various Bell polynomials of specific parameters appear repeatedly in this thesis,
for example, Bell numbers and Stirling numbers of different kinds. Once we
have defined the Bell polynomials, this should not be too surprising, given the
exchangeability property of the coalescents that we will see later. In this section we
closely follow Pitman’s lecture notes [61] and the reader is referred to these notes

as well as to Comtet’s book [22| for further information on Bell polynomials.

Definition 2.1 (Bell polynomials). For any two sequences vy = (vg)ren and

11



we = (wy)ren denote by

3

B (ve,we) ==Y v Bp(w,) (2.2)

)

o

=1

the nth complete Bell polynomial (associated with (v, w,)), where

Bmk(w.) = Z Hw#B (23)

TEPn) x BET
denotes the (n, k)th partial Bell polynomial (associated with ws).

Remark 2.2 (Bell polynomials and composite structures). For sequences v, = (vy),
we = (wy) of non-negative integers, the nth Bell polynomial has a straightforward
combinatorial interpretation. Let V' denote a construction that associates with
each finite set F), of n = #F, elements a set V(F),) of V-structures on F,, with
v, = #V (F,,) elements. Likewise, W is a species of combinatorial structures that
assigns w,, W-structures to any finite set F), of n elements. Then (V o W)(F},)
denotes the composite structure on F),, which contains as elements all ways to
partition F,, into blocks {Ai,..., Ay}, k € [n], assign this collection of blocks a
V-structure, and assign each block A; a W-structure. Then, for each set F,, of

cardinality n, we have
#(V o W)(F,) = Bp(ve, w,),

and B, ;(w,) counts the number of ways to partition F,, into k blocks and assign
each block a W-structure. For more on species of combinatorial structures the

reader is referred to [13].

12



Examples 2.3. (i) The number of permutations of n € N with k£ € N cycles is

(iii)

given by

m = Byu((e — 1)), (2.4)

These quantities are known as the (signless) Stirling numbers of the first kind,

or Stirling cycle numbers. We call the quantities

s(n, k) = (—=1)"* m (2.5)
the signed Stirling numbers of the first kind. By convention, we let [g] =0
and [g} = 1.

The number #P,) , of partitions 7 of [n] € N with #7 = k € N blocks is given
by

{Z} = B, (1), (2.6)

where 1 is a shorthand for the sequence (1,1, ...). These quantities are known
as the Stirling numbers of the second kind, or Stirling partition numbers. By

convention, we let {8} =1.

The number of partitions 7 of [n] with k linearly ordered blocks, i.e. in each
block of 7 the elements are ordered (according to their absolute value, for

instance), is given by B,, x(e!), where o! is a shorthand for the sequence (k!)g>1.

13



It can be shown that

=Bt = (1) 2

The numbers LZJ are known as the (signless) Lah numbers or Stirling numbers

of the third kind.

For n € N let B, denote the number #P}, of partitions of [n]. From the

definition of the Bell polynomials and the Stirling partition numbers we have

" (n
=Y {} s
k=1
We refer to B,, as the nth Bell number.

More generally, for distinct o, § € R and non-negative integers n, k € Ny we

define the generalized Stirling numbers Sz,f implicitly via

e = Z Ssy’,fx@, (2.8)
k=0
where
n—1
2=z —a) - (r—(n—-1)a)= H(m —ja) = a"(z/a)™ (2.9)
=0

denotes the nth descending factorial power with increment «. For the nth
descending factorial power x™' we shortly write 2. Notice that s(n, k) = 5711:2
and {Z} = SgllC This is but one of several different generalizations of Stirling

numbers used in the literature. Recall that the generalized Stirling numbers

14



may be written as

sz =3[ (s o1
k

or Sf:;’f = Bui((8 — a)*=12), see |61} pp. 20, 21].

2.3 Multiple merger coalescent processes

The study of coalescent processes goes back at least to Kingman (1982). In [44] he
showed that the genealogy of the rescaled Wright-Fisher population model, and
other similar models, can be approximated by a Markov process IT (with state space
Pn), now known as Kingman’s coalescent. In population genetics, the restriction
IT" of IT to [n]| customarily models the genealogy of a sample of size n drawn
from a large population of haploid individuals. It is the most celebrated model
in population genetics besides the Wright-Fisher model. Since its introduction it
has been rediscovered in a variety of different contexts from interacting particle
systems in statistical physics, e.g. [3], to Smoluchowski’s coagulation equations,
e.g. [5] to Hastings-Levitov models of planar random growth [38].

However, when the reproduction mechanism of the population model allows for
occasional large offspring numbers, large meaning on the order of total population
size, the genealogy will no longer be governed by Kingman’s coalescent (put in
more probabilistic terms: this population model is not in the range of attraction
of Kingman’s coalescent). Mdohle and Sagitov [54] showed that the genealogies of
models of randomly mating neutral populations of constant size, also known as

Cannings models [20], [21], are coalescent processes that in general exhibit simulta-
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neous multiple mergers. These coalescent processes are known as = coalescents,
sometimes called exchangeable coalescents, and were also introduced and studied
by Schweinsberg [65], independently of M&hle and Sagitov.

An important subclass of = coalescents, the multiple merger coalescents, or A
coalescents, has attracted the increasing attention of researchers in recent years.
As their name suggests, these processes only allow for multiple (but not simultane-
ous) mergers. They were introduced independently by Donnelly and Kurtz [24],
Pitman [60] and Sagitov [64]. Multiple merger coalescents are the main object of

study in this thesis and are now defined formally.

Definition 2.4 (Multiple merger coalescent). For any finite measure A on the
unit interval there exists a (unique in law) Markov process [T with state space
Pr, such that for each n € N the restriction II" of IT to [n] == {1,...,n} is a
continuous-time Markov chain with initial state Ap,, absorbing state {[n]}, and
the following dynamics: when I1™ has b blocks, any 2 < k < b specific blocks merge
into a single block at rate Ay, = fol 2%72(1 — 2)> % A(dx). The process II is called
the multiple merger coalescent process corresponding to A, or A coalescent, cf. |60].

We refer to II™ as the A n-coalescent.

In population genetics, the interpretation of /1" is that two individuals 7, j €
{1,...,n} in a sample of size n drawn from a large population of haploid individuals
at time 0 have a common ancestor at time —t if and only if {i, j} is contained in a
block of IT"(t). For convenience of notation we let IT(¢) :== {{1}} for all ¢ > 0.

We denote by 0 = Sy < S7 < --- < Syy the jump times of II™ with #.J the total
number of jumps, which in general is random. Since the so-called ancestral process

or block counting process N™ .= {N"(t),t > 0}, where N"(t) := #I1"(t) counts the
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total number of blocks in I1"(t), is a death process starting in n, we have #J < n—1
almost surely. For convenience of notation let S) := Sy; whenever k > #.J. Let
Ti = Sn_k+1 — Sn_k denote the waiting time after the kth jump of II"™. Moreover,
let J ={Jy,k=1,...,n} denote the jump chain of II", where J, = II"(S, )
denotes the state of II"™ after its (n — k)th jump. Let A\, := ZZZQ (Z) b1 denote the

total rate in any state with b =2,...,n blocks.

Examples 2.5. 1. Choosing A = §p, the Dirac measure with mass 1 in 0, we

recover the rates

0 otherwise

of the so-called Kingman coalescent.

2. For A = 41, the Dirac measure with mass 1 in 1, we obtain the rates

0 otherwise

The corresponding coalescent process II is called the star-shaped coalescent, since
there occurs only one jump, in which all individuals merge, and the corresponding
genealogical tree has the shape of a star.

3. For A the Lebesgue measure on [0, 1], the rates are given by

v (= 2m k!

, (m—1)! (2<k<m). (2.11)

The corresponding coalescent process Il is known as the Bolthausen-Sznitman
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coalescent and was discovered by Bolthausen and Sznitman [17] in the context of
spin glasses.

4. Take A to be the Beta(a, b) distribution with density
A(dr) = B(a,b) "2 (1 — 2)"'dz (2 € (0,1)), (2.12)
where for a,b > 0 the Beta function with parameters a, b is defined as
1
B(a,b) ::/ (1 — 2)" . (2.13)
0

For 2 < k < m if there are currently m blocks in II, we will see any k specific

blocks merge at rate

B(k—24a,m—Fk+0b) a2 F

_ lxk—Q VR A () — —
M= [ a1 =) () o e

(2.14)

where for any 2 € R and n € N we denote by 2z :== z(x +1)--- (z +n — 1) the

rising factorial power. We used here the identity
B(a,b) =T (a)L'(b)/T'(a+0b) (a,b>0),

see 6, Theorem 1.1.4], where for a positive real number a € (0, 00) the Gamma

function is defined as

1
I'(a) ::/ e "z dur, (2.15)
0
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and may be meromorphically continued to the entire complex plane. Since I'(a +

1) = al'(a) for a > 0, we have

I'(a+n)=a"T(a) (neN).

The corresponding coalescent process I1 is known as the beta(a,b) coalescent.

2.3.1 Some properties of multiple merger coalescents

We collect some further notions and properties of multiple merger coalescent

processes for later use.

Definition 2.6 (Finite exchangeable partition). A random element X in Py, is
called an ezchangeable partition if and only if for any [ € [n] there exists a symmetric

function p: N! — [0, 1], such that

P{Y ={B,...,B}} =p(#B,.... #B) (2.16)

for any partition {Bi, ..., B;} € Py,). Here symmetric means that p(ni,...,n;) =
pP(no1, - - -, Por) for any permutation o of {1,...,1}, and p is called the exchangeable
partition probability function. In our notation, we suppress the dependence of p on

L.

It should be clear from the definition of I, Definition [2.4] that for any ¢ > 0,

the random partition I7(t) of {1,...,n} is exchangeable.
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Coming down from infinity

A A coalescent [T is said to come down from infinity (CDI) if P{#I1(t) < co} =1
for all ¢ > 0 and is said to stay infinite if P{#II(t) = oo} = 1 for all t > 0.
Pitman |60, Proposition 23| showed the dichotomy that if A does not charge 1,
i.e. A({1}) =0, then the corresponding coalescent either comes down from infinity
or stays infinite almost surely. Schweinsberg [66] showed that a A coalescent that

does not charge 1 comes down from infinity if and only if
> () < o0, (2.17)

where 7! = >oiis (1) Ana(l—1) is the rate at which the number of blocks decreases.

Bolthausen-Sznitman coalescent and random recursive tree

We present a beautiful construction due to Goldschmidt and Martin [33] of the
Bolthausen-Sznitman n-coalescent II™ via a Markovian cutting procedure applied
to the random recursive tree. We will later use this construction in our arguments,
e.g. in Section and Section [3.3.3] Let us recall the notion of a random recursive
tree, where we closely follow Goldschmidt and Martin [33]. We call a tree on n
nodes labelled by 1,2, ...,n an increasing tree if the root has label 1 and the labels
in any path from the root to another node are increasing. Figure shows all
6 increasing trees on {{1}, {2}, {3},{4}}. If we have an increasing tree on n — 1
nodes, we obtain an increasing tree on n nodes by adding a node labelled n and
attaching it by an edge to one of the nodes in the given tree. Starting from the

tree that only consists of the root node 1 this gives an explicit construction of all
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{4}
3t {4 {3} {4} {4}

\Ié' v} K}} {U {2} {3} {4}
{1}

{1} {1} {1} {1} {1}

Figure 2.1: All 6 increasing trees on {{1}, {2}, {3},{4}}. Only the third and the
sixth tree contain {{1,2,3},{4}}.

increasing trees on n nodes. Consequently, there are (n — 1)! increasing trees on
n nodes. A random recursive tree is a tree chosen uniformly at random from all
increasing trees on n nodes. An explicit construction of a random recursive tree on
n nodes is the following. Start with the root node labelled 1. If the tree currently
has k£ nodes, choose one of these nodes uniformly at random and attach to it node
k 4+ 1 by an edge. Stop after attaching node n.

For any partition m € P, an increasing tree on 7 is a tree with #m nodes that
are labelled by the blocks in 7 such that the labels in any path from the root
to another node are increasing with respect to their least element. We denote a
random recursive tree on ™ by <.

Crucial to the construction of the Bolthausen-Sznitman coalescent via random
recursive trees is the following cutting procedure. When a tree .7 on 7 is given, a
cut is performed by picking an edge, removing the subtree above this edge (here we
picture trees as they grow in nature: from the root at the bottom to the leaves at
the top) and adding the labels of this subtree to the labels of the node below the
edge. For a simple tree the cutting procedure is depicted in Figure We denote

by ¢7 the tree obtained by cutting .7 at an edge chosen uniformly at random. A
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{4}

(2} » {3} // {3}

{1} {1,2,4} {1,2,3,4}

Figure 2.2: An increasing tree on {{1}, {2}, {3},{4}} cut down successively to a
tree on one node {1,2,3,4}.

striking result then is Proposition 2.1 in Goldschmidt and Martin 33|, which states
that after cutting a random recursive tree T, on 7 at an edge chosen uniformly at
random, the new tree ¢, is a random recursive tree on the new label set (which is
again a partition of [n]).

For 7 € Py, define a time-homogeneous continuous-time Markov chain R, :=
{R,(t),t > 0} with values in the set of random recursive trees as follows. The
initial state R,(0) is the random recursive tree T, on 7. The process R, evolves
according to the following dynamics. Suppose R, is in state 7. If .7 has only one
vertex, do nothing. Otherwise, attach to each edge in .7 an exponential 1 clock, all
clocks being independent. When the first clock rings, cut .7 at the associated edge
to obtain the next state of R,. Proposition 2.2 of Goldschmidt and Martin [33]
establishes that the Bolthausen-Sznitman n-coalescent I1™ is equal in distribution

to

{P(Ra,(t)),t >0},

where p(.7) == 7 for any tree .7 on the label set 7.
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2.3.2 Coalescent tree

Often, if the A coalescent IT comes down from infinity, it is implicitly identified
with a random tree. These seems so natural an identification, that most of the time
it is not even mentioned in the literature, and we will also make it continuously
in this thesis. However, this identification can be made precise via the notion of
R-trees. In order to do this, we closely follow the lecture notes of Evans [30] to

which we refer the reader for further information on random R-trees.

Real tree induced by coalescing partitions

Consider a non-decreasing (with respect to the partial order < on Py), right-
continuous function p: [0, 0c0) — Py with p(0) = Ay and p(t) = {N} for ¢ sufficiently
large, and recall that Py is endowed with the discrete topology. Then p encodes
the evolution of coalescing partitions, just as any path ¢ — I1(t)(w), w € 2, of
a coalescent I that comes down from infinity, where ({2, F,P) is the probability

space underlying I7. The tree corresponding to p is encoded by the set of nodes

T ={(t,B):t€[0,00),B € II(t)}

together with the metric d that we now define. For any two points (¢, A), (s, B) € T

let

m((t, A), (s, B)) = inf{u > sV t: both A and B are

subsets of a common block in IT(u)}
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denote the time back to the most recent common ancestor of (t, A) and (s, B). It

can be shown that 7 together with the metric d defined by

d((tv A)? (57 B)) = (m«tv A)? (87 B)) - 8) + <m<<t7 A)v (57 B)) - t)

is an R-tree. This is done formally in Example 3.41 of [30]. Informally, d yields the
genealogical distance between any two points in 7.

If we interpret T as a genealogical tree, (s, B) € T means that individual B
is alive at time s, and if for two points (¢, A), (s, B) € T we have that s <t and
B C A, then A is interpreted as an ancestor of B alive at time t.

This yields a pathwise construction of the random tree 7 corresponding to I1,
provided that I comes down from infinity. We refer to 7 as the coalescent tree. In
general, II" can be identified in complete analogy with an R-tree 7" on n leaves
labelled 1, ... ,n. If I comes down from infinity, 7" corresponds to the subtree in
T spanned by the leaves 1,..., n.

We will also be interested in modeling mutations that may affect individuals
in the sample, and that we encode in the coalescent process. The corresponding
process is called a A coalescent with mutation. It is best introduced via the

corresponding coalescent tree.

Definition 2.7 (A coalescent with mutation). For w € (2 consider the coalescent
tree T (w) corresponding to II(w) = {II(t)(w),t > 0}. Run a homogeneous Poisson
process N with parameter r > 0, independently of IT(w) (respectively T (w)), along
the branches of T (w), and at each jump of N place a mark at the corresponding
position of the branch. Each mark is interpreted as a mutation that affects all

individuals (nodes) supported by the corresponding branch. We call this process
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the A coalescent with mutation. We call r the mutation rate.

In this chapter we have introduced the Bell polynomials and have seen that
some of their special cases agree with various kinds of Stirling numbers. We defined
the multiple merger coalescents (respectively n-coalescents) and introduced some
notation for the description of their state space Py (respectively Py, ), the partition
lattice. We defined what it means for a coalescent to come down from infinity
and made precise the identification of a CDI coalescent with the corresponding

coalescent tree.
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Chapter 3

Spectral decompositions

The spectral decomposition of the generator of a Markov process is of interest in its
own right, but also provides a route to calculating further properties of the process
under consideration. In this Chapter we work out for both the Kingman and the
Bolthausen-Sznitman coalescent spectral decompositions for the generator of 11",
respectively the generator of the corresponding ancestral process, or block counting
process.

As applications we obtain explicit formulae for the transition probabilities,
Corollaries and [3.17], respectively Green’s functions and hitting probabilities,
Corollaries B.5] and B.I8 In the case of the Bolthausen-Sznitman coalescent we
obtain closed-form expressions for the factorial moments, see , the cumula-
tive distribution function, see , and the Laplace transform, see , of the
absorption time 7}, of I1™.

The transition probabilities for the Bolthausen-Sznitman coalescent and the
hitting probabilities for the Kingman n-coalescent have been provided before by

Bolthausen and Sznitman, respectively Kingman. All other results are new (unless
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stated otherwise).

3.1 Ancestral process of the Kingman coalescent

A number of authors have studied N™ in Kingman’s case extensively, and we
mention this here for the sake of completeness. An overview of the properties of
N™ is given in Tavarés lecture notes [72]. Somewhat more generally, we give a
spectral decomposition of the generator of a pure death process starting from a
finite number of individuals, which obviously includes Kingman’s n-coalescent. The

following Lemma (3.1 has been derived in |51} Hilfssatz 6.1.6].

Lemma 3.1 (Spectral decomposition of a pure death process). Let n € N and
let X := {X(t),t > 0} be a pure death process with state space {1,...,n} and
pairwise distinct death rates dy, ..., d,. Then, the transition probabilities p;;(t) :=

P{X(t) =j|X(0) =1} are given by
p”(t) = Zeidktﬁklkj, Z,] - {1, . ,n}, (31)
k=j

where the n x n matrices R = (r;;) and L = (l;;) are lower left triangular and

defined via r;; = 1l;; =0 fori < j and

i—1

, i d; _ di1 .
Tij = H i—d and lij = H 7 —d fori>j.
l=j+1 I=j

Here and elsewhere we agree on the convention that empty products equal 1 and

empty sums equal 0.

Proof. With some effort it can be checked that RL = I, where I = (d;j)1<ij<n
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denotes the n x n unit matrix. Let Q) = (gij)1<i j<n denote the generator matrix of
X, ie. gy = —d;, ¢;;—1 = d; and g;; = 0 otherwise. Furthermore, let D denote the
diagonal matrix with entries d;; := —d; for ¢ = j and d;; := 0 otherwise. It is readily
checked that RD = @R, and, hence, RDL = (). The transition probabilities
pij(t) of the process X are now obtained from the spectral decomposition P(t) =

e!Q = !BPL = R(e!P) L of the transition matrix P(t) as pi;(t) = Y p_, e ¥lryly; =
ZZ:j €_dkt7’iklk]’. ]

Plugging in the transition rates ¢;; = i(i — 1)/2 for Kingman’s coalescent, we
find d;; = —i(i — 1)/2 for i = j and d;; = 0 otherwise, and for i > j

o= 1l Hk —1—‘(3‘—1)

rej1 6T qJ k=j+1

_ H k(k—1) B il(i — 1)!(2j — 1)!
(k

o F=DE+j =1 GG =D =)+ =D

and

Qr+1
kHQk_Qz
B +1) iy =D+ = 2)!

H k’+2—1) =1 (=Dl = )2 —2)F

k=

The formula for r;; asks for a combinatorial interpretation. In fact, we will see in
Corollary [3.21] that the spectral decomposition of the generator of II"™ reveals the

structure of both R and L more clearly.
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3.2 Ancestral process of the Bolthausen-Sznitman
coalescent

This subsection is a modified version of the publication [56] which was written in
collaboration with Martin Md&hle from the University of Tiibingen.

A spectral decomposition for the generator and the transition probabilities of
the block counting process N of the Bolthausen-Sznitman coalescent I7 is derived.
This decomposition is closely related to the generalized Stirling numbers, and
in particular to the Stirling numbers of the first and second kind. The proof
is based on generating functions and exploits a certain factorization property of
the Bolthausen-Sznitman coalescent. As an application we derive a formula for
the hitting probability h(i, j) that N ever visits state j when started from state
1 > j. Moreover, explicit formulae are derived for the moments and the distribution
function of the absorption time 7}, of II™. We provide an elementary proof for the
well known convergence of T}, — loglogn in distribution to the standard Gumbel

distribution. It is shown that the speed of this convergence is of order 1/logn.

3.2.1 Introduction and results

Recall that the Bolthausen-Sznitman coalescent is the particular A coalescent
IT with A being the uniform distribution on the unit interval [0,1] and that
N(t) = #II(t) denotes the number of blocks of II(t). It is well known that
N ={N(t),t > 0} is a Markovian process. Let ) = (g;;); jen denote the generator
of N. The ancestral process N makes a transition from ¢ to j at rate (l_; +1) Nii—jt1

if © > j and at rate 0 otherwise. Consequently, () is a lower left triangular matrix
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and, using ([2.11]), we obtain for its entries

A o il (j— DI(i — j — 1)!
i = (i—j+1)A“‘J“ (- + 1) - 1) (i — 1) (3:2)
“Gpa-gry

Gii = —Z;;llqij =1—-¢and ¢; =0fori<j. Let ¢ ;== —¢q;; =1—1,7€N.
The main result of this chapter, Theorem [3.1] provides a spectral decomposition
for ), which is closely related to the classical Stirling numbers. For the definition of

Stirling numbers see Section [2.1] The proof of Theorem [3.1]is given in Section [3.2.2]

Theorem 3.1. (Spectral decomposition of the generator) The infinitesimal
generator Q = (¢i;)ijen of the block counting process of the Bolthausen-Sznitman
coalescent has spectral decomposition Q = RDL, where D = (d;;); jen is the diagonal
matriz with entries d;j =1 —1i fori=j and d;; =0 for i # j, and R = (74j)i jen

and L = (1;;)i jen are lower left triangular matrices with entries

ri; = (‘7.'_1)‘! H and 1 = (—1)i+j%{;}, i,j €EN. (3.3)

In particular, 7y =15 =l =1 and l;; = (=1)"1/(i —1)!, 1 € N.

Remark 3.2. For alternative formulae for r;; and [;; we refer the reader to (3.21)),

(3.22) and (3.24]). The first entries of R and L are provided in (3.25)).

The next corollary provides the spectral decomposition of the transition matrix

of the block counting process N of the Bolthausen-Sznitman coalescent.

Corollary 3.3. (Spectral decomposition of the transition matrix) For all

t € [0,00) the transition matriz P(t) := (P{N(t) = j| N(0) = i}); jen of the block
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counting process {N(t),t > 0} of the Bolthausen-Sznitman coalescent has spectral

decomposition P(t) = Re!P L, i.e.

. . G-
palt) = BANW =G [NO) =} = 30ty = 0L D,
k=j '

(3.4)
1,7 € N, where D s the diagonal matriz defined in Theorem and R = (1ij)i jen
and L = (1;;)i jen are defined via (3.3)).

Remark 3.4. As a consequence of Corollary the block counting process has

resolvent (see, for example, Norris [59) p. 146])
Ry = / e MP(t)dt = / e MR Ldt = R / e MetP dtL = RD(\)L,
0 0 0

A € (0,00), where D(\) is the diagonal matrix with entries dy;(A\) = 1/(A 47 — 1),
i€ N.

As an application we provide a formula for the probability that the block

counting process ever visits state j € N when started from state ¢ € N with ¢ > j.

Corollary 3.5. (Hitting probabilities) The probability
h(i,j) :==P{N(t) = j for some t > 0| N(0) =i} (3.5)

that the block counting process hits state j € N when started from state i € N with

i > 7 is given by h(i,1) =1 and

2—1

nig) = (-G Z — {}, 2<j<i
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Remark 3.6. Further formulae for A(i, j) are provided in [55, Theorem 2.1 with
a = 1] and [58, Eq. (11)]. For the asymptotics of h(i,j) as i — oo we refer the
reader to [37, Corollary 3.4] and |58, Theorem 1.1 and Corollary 1.3].

As a further application we provide in the following formulae for the moments,

the distribution function and the Laplace transform of the absorption time

T, =inf{t > 0: #II"(t) = 1} (3.6)

of II™, that is the time until II™ reaches its absorbing state. In the biological
context T,, is called the time back to the most recent common ancestor of a sample

of size n.

Corollary 3.7. (Moments of the absorption time) The absorption time T,

of the Bolthausen-Sznitman n-coalescent has moments

ET) =

(n

ill)! ;(—1)’“(k [_’“]1)]., n,j €N, (3.7)

Remark 3.8. Note that (3.7)) is simpler than the formula in |31, Proposition 1.1].
Some concrete values of the first and second moment of 7,, are listed in [31, p. 403,

Table 1]. For the asymptotics of ETY as n — oo we refer the reader to |31, Theorem

1.1].

Recall that for a positive real number a € (0, 00) the Gamma function is defined

as I'(a) == fol e dz.

Corollary 3.9. (Distribution and asymptotics of the absorption time)

The absorption time T,, of the Bolthausen-Sznitman coalescent started in a partition
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with n blocks has distribution function

(T, <1} =[] 2 ——= (" _nl__1€_> = F(Z)(% e__e)_t) (t € (0,00)),

=1

(3.8)
and Laplace transform

(1t & )
s(n, k) PR

. (Ae[0,00). (3.9

In particular, T,, — loglogn — T in distribution as n — oo, where T s standard

Gumbel distributed with distribution function F(t) :=e* ' t € R.

Remark 3.10. 1. The first equation in is implicitly contained in [60, Theorem
14, Eq. (17) with k = 1]. The convergence in distribution of T;, — loglogn to the
standard Gumbel distribution is well known from the literature (see, for example,
[33, Proposition 3.4| or |31, Corollary 1.2]). Our alternative proof of this convergence
is based on the last expression in (3.8)) and is rather elementary as it follows from
a straightforward application of Stirling’s formula for I'(x) as * — oo.

2. Let ¥(x) := (d/dz)(log I'(z)) = I"'(x)/I'(x) denote the digamma function
(logarithmic derivative of the Gamma function). Taking the derivative with respect
to t in (3.8]) it is readily seen that for n > 2 the absorption time 7, has density

e 'I'n—e)
'n)I'(1—e)

fr, (t) (W(n —e ) —v(l- e’t))

n—1
1

= e 'P{T, <t > 2.t € (0,00).

€ { — };k_e_t7 n— ? (7OO>

Note that, for n > 2, P{T,, <t} ~t/(n—1) as t \, 0 and, hence, limy o fr, (t) =
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1/(n—1).

3. The fact that the distribution function of the absorption time T, is
known explicitly can be further exploited. For example, it is readily checked that
for all z € R, P{T,, —loglogn < x} — F(z) ~ —ye *F(x)/logn as n — oo, where
v &~ 0.577216 denotes Euler’s constant. Thus, the speed of the convergence of

T,, — loglogn to the Gumbel distribution is of order 1/ logn.

For the star-shaped coalescent the spectral decomposition ) = RDL can be
readily calculated and is omitted here. Finding the spectral decomposition of the
generator () of the block counting process for other exchangeable coalescents, for
example for the (a,b) coalescent with parameters a,b > 0, is an open problem.
Note that the spectral decomposition ) = RDL exists for any exchangeable
coalescent, since the generator () is lower left triangular. More precisely, R and
L are recursively defined via the first equation in and respectively,

where ¢;; and ¢; are the rates and total rates of the exchangeable coalescent.

3.2.2 Proofs

Before Theorem [3.1] will be proven, we mention two recursions for the Stirling

numbers. These recursions will be used in the proof of Theorem [3.1]

Lemma 3.11. The absolute Stirling numbers of the first kind satisfy the recursion

H = (i—1)! Zl [j]il}, i,j €N, (3.10)

k=j—1
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whereas the Stirling numbers of the second kind satisfy the recursion

{;} - kg; (Zil){]fl} i.j €N (3.11)

Proof. Let us verify (3.10) by induction on i. Obviously, (3.10]) holds for i = 1,
since [ﬂ =0 = LEJ for all 7 € N. The induction from 7 to 7 + 1 works as follows.

We have, by induction,

i! Z L}% = il i [j]il]jt[jjl}

(AR R P R !

by the well known recursion [”jl} = zm + [jiﬂ’ see |70, Lemma 1.3.6]. The

induction is complete.

We verify as follows. There are (121) possibilities to choose a subset A of
size k from {1,...,7— 1} and there are {jfl} possibilities to partition this subset A
into j—1 nonempty subsets. Together with the nonempty set ({1,...,i—1}\A)U{i}
one obtains, after summing over all possible values of k, the number {;} of partitions

of {1,...,i} into j nonempty subsets. O

Let us now turn to the proof of the spectral decomposition Q = RDL (see
Theorem . The following proof is based on generating functions and has the
advantage that the solution for R and L does not need to be known in advance
in order to perform the proof. The solution (3.3) pops up naturally during the
proof as the coefficients of appropriately chosen generating functions. Crucial for

the proof is the factorization formula (3.14)), which essentially goes back to the
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particular form of the rates ¢;; in (3.2)).

Proof. (of Theorem Let D = (d;j)i jen be the diagonal matrix with entries
dii = qii = —¢; = 1—1i,7 € N, and d;; := 0 for i # j. Furthermore, let R = (7;); jen
be the lower left triangular matrix with entries recursively defined for each j € N
via 7j; := 1 and

=

1
Ty, = QikTki; — — QikTkq, 1 E j+ 1,]+2, . 3.12
i S s DU { ) (312)

Since ¢; = —¢;, © € N, we conclude that 7;q;; = Zk —j QikTkj- Thus, the entries r;
of R are defined such that RD = QR. Define L := R™!. Then, the spectral decom-
position () = RDL holds. Moreover, DL = L@ and, hence, g;;l;; = Zk_j ik Gk
1,7 € N. Since ¢; = —q;, © € N, we obtain for each i € N the backward recursion

lii =1 and

Z likgrj = —— Z lngry,  j=i—1,i—2,...,2,1. (3.13)

di k=j+1 k=j+1

Let us verify by induction on i (> j) that

k—1 —1
Tij < H e = ]i'— = (Z 1)7 iajENaizja
ke TG S YT J =

with the convention that empty products equal 1. For ¢ = j this inequality obviously

holds, since r;; = 1. The induction step from {j,...,i — 1} to i (> j) works as
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follows. By (3.12) and by induction,

1 1 qi
iy = _ Z QikTkj < — q; H -
qi J k=j ) qj k=j I=j+1 ai d;
1 i—1 i—1 q % q
l l
i — qj oy ll;[d qr — g 4i — qj llj_J[rl a —qj l:l;[rl qr — gy

which completes the induction.
In order to solve the recursion (3.12) we exploit generating function techniques
similar to those used in [31], [55] and [58]. Let U := {z € C: |z| < 1} denote the

open unit disc. For j € N define the generating function r; : U — C via

%
7
) = § /rijza
=7

z € U. Note that, for j € N and z € U,

e o1 , , .
< Y rulel < 3 (57 Yl = el - el <o
=7 =7

Thus, for each 7 € N, the function r; : U — C is well defined. Consider the
modified function f; : U — C defined via f;(2) := Y7 (i — j)i~'ri2', z € U.

Clearly, |f;(2)] < 3272, mijl2|" = r;(]2]) < 00, s0 fj : U — C is well defined. We

have

- Tij AN
z):Zrij Z—jz =r;(z )—j/o Zrijs Lds
1=j =)
=rj(z) — j/ rils) ds.
0

S
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On the other hand, by the recursion (3.12)), we obtain the factorization

0o : co 1—1 i 00 o0
N4 2" Qik
file) = Y (=drg™ = DY awre T = D 1 ), o2
i=j+1 i=j+1 k=j k=j  i=k+1
= Tz - ;
— el (t—k)(@i—k+1)

= St g = n(a) 3.10)
k=j n=1

where the function a : U — C is defined via a(z) :== > 2 2"/(n(n + 1)) =
1—(1—2)L(2)/z, z € U, with L(z) := —log(1 — z), z € U. Thus, r; satisfies the
integral equation j [; r;(s)/sds = (1—a(z)) r;(z). Differentiating with respect to z
leads to jr;(2)/z = —a'(2)rj(z) + (1 — a(2))r}(z) or, equivalently, (1 —a(2))r}(z) =
(a'(2) +j/2)rj(z). Plugging in 1 —a(z) = (1 —2)L(2)/z and d'(2) = L(2)/2* —1/=

leads to
! = ! + j-1 ri(z
Tj(z) (Z(l —z) (1-— Z)L(Z)) i(2)- (3.15)

The solution of this homogeneous differential equation with initial conditions

ri(0) = 7(0) = - =¥ 7V(0) = 0 and 7 (0) = 5 is
n(z) = T (LEP, eNd <1 (3.16)
In the following, for a power series f(z) = > -, fu2", [2"]f(2) := f, denotes

the coefficient of 2™ in the series expansion of f. By |1, p. 824], (L(2))’/j! =

D he 2" m /k!. Thus, [2*](L(2))! = j'm /k!. For the coefficient r;; = [2']r;(z) we
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therefore obtain

- SEeeyt = oy Y 2 R

k=0 k=j—1 " (i -

by (3.10]), which is the first formula in (3.3)).
Let us now turn to L := R™' We have (2,2%,...)R = (r1(2),7r2(2),...).
Multiplying by L and noting that RL = (8;;)ijen it follows that (z,2%...) =

(r1(2),72(2), ... )L. Thus, 27 = 37 ri(2)li; = 2(1 — 2)71 327 (= log(1 — 2))" "1y,
or, equivalently, (1 — 2)z/~" = 3°* (—log(1 — 2))""'l;;. Replacing z by 1 —e™*

leads to e™*(1 —e™%)7~" = 377 1;;2*~". Thus,
li(z) = Zlijzi = ze *(1—e#) 1 jeN (3.18)
=

Let us extract the coefficient {;; = [2"]l;(z). We have

>

Sy, ()

(1—e?) =

k=0 =0
00 k 7 . 0o k

= ey () = o peradt],
o k! P l —~ k! J

where the last equality follows from the explicit formula

{j} - %g(‘l)j_i(‘Z)ik’ k.5 € No, (3.19)
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for the Stirling numbers of the second kind, see |70, Equation (1.94a)|]. Thus,
[2F](1 — e7#)I 7t = (—1)TF1(5 — 1)!{jfl}/k! and, therefore,

i = () = e (1—e)™) = Y [(ze ) [F)(1 —e7) !

L ()R (=L — 1)!{]‘51;

B Z_(i—l—k)! k!

k=j—1 ’
SRt

= ()G -1 ) (I

k=j—1
LG & i1\ [k G =D (i
= (= Kyl
(2_1)!k;'—1 k j—1 (t—1)! |y
by (3.11]), which is the second formula in (4.21)). The proof is complete. H

Remark 3.12. 1. Let us provide some additional information on R and L. Plugging

in the formula

1
Wi 2
Z P i,j €N (3.20)

k1+-~+kj:’i

for the Stirling numbers of the first kind into the first formula in (3.3)) leads to

? 1 .
Tij = = Z T i,j € N. (3.21)

In particular, 1, = (i/2) Y5 1/(k(i — k) = (1/2) Sy (1/k + 1/(i — k) = i,
i € N, where hy := 0 and h, := Y,_, 1/k denotes the nth harmonic number,
n € N. Thus, ry ~ logi as © — oo. More generally, for arbitrary but fixed

j € N the absolute Stirling numbers of the first kind m satisfy the asymptotics
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m ~ (i—1)!(logd)’~1/(j —1)! as i — oo, see for example |1, p. 824]. Thus, for each
j € N we conclude from that r;; ~ (logi)’~! as i — oo. For each j € N it
follows from the middle expression in that the sequence (7);en is monotone
increasing in 7. Plugging into the second formula in leads to

lj = (—1)”]‘%2(—1)]“’“(2)#, i,j € N. (3.22)

Alternatively one may also plug in the formula
i i! 1
= — —_— ,7 €N 3.23
V-3 oo (3.23)

for the Stirling numbers of the second kind into the second formula in (3.3 leading

to

.1 1 o
lij = (—1)1+J_, E —kl‘---k:-" 1,7 € N. (3.24)
! 4!

Note that formula (3.24) for [;; has structural similarities with formula (3.21)) for
ri;. These similarities point to the spectral decomposition of the partition valued

Bolthausen—Sznitman n-coalescent, which is provided in Theorem [3.16|

2. Egs. (3.21)), (3.22)) and (3.24]) are useful to compute the entries of R and L
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numerically. One obtains

1 1
11 1 1
1 3 1 L _3 1
R = ? and L = 2 2
11 1 7
142 —L T 9
25 35 5 1 5 25 5
I %5 5 31 3 ~s 12 —a 1

(3.25)

Proof. (of Corollary Fix t € [0,00). By Theorem , @ = RDL, where R and
L := R~! have entries . Therefore, the spectral decomposition of the transition
matrix is P(t) = e'¢ = Pl = Re!P [, Thus, p;;(t) := P{N({t) =j| Ny =i} =
ZZ:]. eyl for all 4,7 € N. The last equality in follows from and
formula :

i

)
= J

_ e 1) i iy ik | ]SRN U= D et
¢ (i—l)!};e S A U A ey PR

J

]

Proof. (of Corollary The Green’s matrix G = (g;)ijen of {N(t),t > 0} is
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given by

G = / P dr. (3.26)

Using the spectral decomposition of P(t) provided in Corollary we obtain, for

2<) <0,

% = / pz‘j(t) dt = Zriklkj/ e~ k=Dt 4t — ( Z+] 'Z k { }7
0 =g 0 ‘

where the last equality follows from (4.21). We have g;; = h(i,7)/(¢;(1— f;)), where
h(i, j) is the probability of hitting j starting from ¢ and f; is the return probability

for j. For (N (t));>0 we evidently have f; =0 forall j >2and ¢; =j5—1, j € N.

Hence,
h(i,j) = ¢i9i5 = (G — (-1 W IZ 1 2=l
Clearly, h(i,1) = 1, since N? reaches its absorbing state 1 almost surely. O]

Proof. (of Corollary By Corollary [3.3 for all ¢ € (0,00) and all n € N,
P{T, >t} =1—pu(t) = => 1y rale %" Thus, for all j € N,

ET) = / GETTP{T, >t} dt = —Zrnklm/ gt temwt dt = —Zrnklm]—j-
0 k=2 0 k=2 0

Plugging in the formulae r,, = (k — 1)![7]/(n — 1)! and I = (=1)*!/(k — 1)!
from Theorem and noting that ¢z = k — 1 the formula (3.7)) for ET?, n,j € N,

follows immediately. O
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Proof. (of Corollary From Corollary it follows that the absorption time 7;,
= Taklme . By (4.21),

of II™ has distribution function P{7,, <t} = p,1(t)

I N ) e
ikl = (n—l)![k:] G-l = (o)

Thus, T}, has distribution function

P{T, <t} — E 1" P (=1t ((;i)nl)!etkls(n,k)(e_t)k (3.27)
(=1 j—eti n—1—e
 (n—1) _< n—1 )
B F(n—et)

C I(n)I(1—et)’

n €N, t € (0,00), where we have used the formula 22 = Y 7_| s(n, k)z*, n € N,

x € R, see (2.8)). Note that (3.27)) is in agreement with |60, Proposition 29, Eq. (44)],

when taking |60, Eq. (49)] into account.

In particular, for all x € R and n sufficiently large,

P{T, —loglogn <z} = P{T,<z+loglogn} = [l —err o8 oen)
" - " I'(n)[(1 — e-#~loglogn)
I'(n—e*/logn) I'(n+c/logn)
I(n)I(1—ec=/logn) I'(n)

as n — 0o, where the abbreviation ¢ := —e™" is used for convenience. In order to

see that the last expression converges to e¢ = e=¢ "~ = F(x) as n — 00, one may
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apply Stirling’s formula I'(n + 1) ~ (n/e)"v/2mn as n — oo to obtain

I'(n+c¢/logn) N I'(n+c¢/logn+1)
I'(n) I'in+1)
_((n+c/log n)/e)rre/len, /2r(n + ¢/ logn)
(n/e)n\/2mn
(04 e/ logm) el e
(n/e)"

= e~/ (4 ¢/logn)/ " (1 + ¢/(nlogn))"

~ (n+ ¢/ logn)/ 1sm

_ (1 + C/(nlogn))c/lognnc/logn ~ nc/logn — €.

Thus, for all z € R it is shown that P {7}, — loglogn < x} — F(x) as n — 00, so
T, — loglogn converges in distribution to the standard Gumbel distribution.

It remains to determine the Laplace transform of 7,,. Applying the formula
BA(T) = FO)+ [ PO >} a
to the function f(t) := e, it follows that T,, has Laplace transform
Ee*Mr = 1 - A/OOO e M1 -P{T, <t}h)dt, neNIe€[0,00). (3.28)

Plugging in the formula (3.27)) for the distribution function of T, it follows that

oo —1)n1 n
e n — 1_)\/ oM (1_% > s(n, k)e(kl)t) dt, neNXel0,00).
0 n — S
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Since s(n,1) = (—1)"'(n — 1)! we can rewrite this as

0o —1)n1 n
REe 1+ )\/ e‘At( ) s(n, k)e =D q¢
=2
(_1)n71 n /oo i (_1)n71 n A
L+ Ad—— k R k
* (n—1)!k_25(”’ )] e LTI _28(”’ e
n € N, A € [0,00). The proof is complete. ]

We have seen in that the spectral decomposition provides an analytic
proof of the formula for the distribution function of the absorption time
T,.. Alternatively, the connections between the Bolthausen-Sznitman coalescent
and the random recursive tree, see [2.3.1], or the Chinese Restaurant process, see
Appendix [A] may also be used to prove . In most cases it is enriching to view
a problem from different perspectives, and therefore we provide these alternative

proofs.

Proof. (Second proof of ) Alternatively, the product formula for the
distribution function of T, follows from the construction of the Bolthausen-Sznitman
coalescent via the random recursive tree described in Section 2.3.1l Recall that IT"
is constructed by cutting down the random recursive tree T, . Hence, the event
that IT™ reaches its absorbing state before time ¢, {7}, < t}, occurs if and only if
all children of the root in T, are cut before time ¢, i.e. the attached exponential

clock has to ring before time t. More formally, the event {7}, < ¢t} coincides with

ﬂ({z is a child of the root, E; <t} U {i is not a child of the root}),

=2

where Es, ..., E, are independent standard exponential random variables. These
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events, indexed by 4, are furthermore independent. Formula (3.8) now follows by

the straightforward calculation

P{T, <t}

=P {ﬂ({z is a child of the root, E; <t} U {i is not a child of the root})}

o . 1t P et
:g(z‘il(l_e )+<1—ii1>):£{1] ; :p(f;)p(l_@)t),
nEN,tE(O,OO)- .

Proof. (Third proof of ) The following third approach derives formula (j3.8])
via the Chinese restaurant process. It is known, see |60, Theorem 14|, that I1(t)
is a PD(e7%,0) random partition. For more information on both the Chinese
restaurant process and the PD(«, #) distribution see Appendix . On the other
hand the distribution PD(a, 6) is obtained by considering the ranked frequencies
of the partition of an («, #)-Chinese restaurant process. Thus, the event {7, <t}

coincides with
{the first n customers in a (e~*, 0)-Chinese restaurant sit at table 1}.

Since any new customer joins the my > 0 customers at table & with probability
(mg—e~")/m, where m := 3, my, denotes the number of already present customers,

we obtain
Si—1—et I'(n—e)

P{T, <t} = ll =1 T —e

as required. O
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3.3 Partition-valued process

This section is a modified version of the preprint [46] written in collaboration with
Jonas Kukla from the University of Tiibingen.

As opposed to Sections[3.1]and we now turn to the partition-valued processes.
Namely, we consider both the Kingman coalescent IT% = {II*(¢),t > 0} and the
Bolthausen-Sznitman coalescent I17% = {IIP5(t),t > 0}. For convenience we
drop the superscripts K and BS when there is no risk of ambiguity. Our main
results are spectral decompositions of the generator of the Bolthausen-Sznitman
n-coalescent, Theorem [3.16], respectively of the generator of Kingman’s n-coalescent,
Theorem [B.13] As Corollaries we obtain for the Bolthausen-Sznitman coalescent
a derivation of the formula for the transition probabilites that goes back to |17],
and a formula for its Green’s matrix. As a further application we obtain a spectral
decomposition of the generator of the block counting process of the Bolthausen-
Sznitman, respectively Kingman’s coalescent. These derivations are alternative to
the ones given in Section [3.1] and Section [3.2]

We will denote the generator for both the coalescent process and the correspond-
ing ancestral process by (), as it will be clear from the context whether we refer
to the partition-valued process, with generator (gr,)x pep,, Or the integer-valued

process, with generator (gi;); jcp)-

3.3.1 Kingman’s coalescent

Recall that Kingman’s n-coalescent ™% = {II"™¥(t),t > 0} is obtained by

choosing A to be dy, the Dirac measure in 0, that is the corresponding ()-matrix
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Q = Qn’K = (QTrp)Wwe'Pn iS glven by

1 it ™ < p,
Grp = —(*7) if = p,
0 otherwise,

(3.29)

where m < p if and only if 7 < p and #m —#p = 1. In other words, the jump chain of

Kingman’s n-coalescent is the directed simple random walk on the partition lattice

Py, where at each step the chain jumps into a coarser partition. In this subsection

we only consider Kingman’s n-coalescent and therefore write II" instead of I1™%.

Theorem 3.13 (Spectral decomposition of Kingman’s coalescent). Define the

matrices L = (lxp)npep,y and B = (Trp)xpep,, bY

_ T —2)! .
(—1)rm oGt DT #ls! if 7w < p,

lrp
0 otherwise,

and
2#p—1)! .
(#(7r+p#p—)1)! HBEp #ﬂ.’B! Zfﬂ- < P,

0 otherwise.

Then a spectral decomposition of Q) is given by Q = RDL, where D = (dyp)r pep

(3.30)

(3.31)

[n]

18 defined by d, = —(#2”) and dr, = 0 if # # p. In particular, lyx = 77z = 1 for

any T € Py,

Remark 3.14. Although the spectral decomposition of (), Theorem directly
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yields a spectral decomposition of the matrix of transition probabilites p,,(t) ==
P{II(t) = p|II(0) = 7w}, analoguous to the one given in for the Bolthausen-
Sznitman n-coalescent, this expression is not particularly convenient. In fact, a
better approach to calculating p,,(t) is the one given by Kingman in [44] Equation
(2.5).

Consider the block counting process {N"(t),t > 0} of Kingman’s n-coalescent
defined by N"(t) := #II"(t) and let @ = (¢;;); el denote the generator of N™(t).

From Theorem [3.13| we obtain a spectral decomposition of Q).

Corollary 3.15. Let L = (li;)ijem), R = (7ij)ijem) be matrices defined by

(g =2) |4 (25 — 1) |4

li; = (—1 ’*J(l— ;= .32
5= (=1 (20 —2)! 5]’ TG ) (3:32)
where UJ = (;j);—', denotes the unsigned Lah numbers which count the number of

partitions into j blocks of a set of i elements, where the elements in each block are
ordered. Then () = RDL is a spectral decomposition of ), where D = (dij)mep[n]

is defined by d;; = —(Z) and d;; = 0 if © # j.

2

Notice that using the definition (2.7 for the Lah numbers, the formulae in
Corollary [3.15] for the entries of R and L agree with the ones derived after Lemma[3.1]

For a derivation of the hitting probabilities of Kingman’s n-coalescent see

Remark [3.23

3.3.2 Bolthausen-Sznitman coalescent

The Bolthausen-Sznitman n-coalescent IT™P5 = {II"™P5(t),t > 0} is obtained by

choosing A to be the uniform measure on [0, 1], that is the corresponding @-matrix
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Q Qn BS = (qu>7r PEP(n) 18 glven by

.

—D)!(#r—#p—1)! .
oY
Qrp = —(#71' — 1) if m= P, (333)
0 otherwise,

where m < p if and only if p is obtained by exactly one merger of blocks of 7. In
this section we only consider the Bolthausen-Sznitman n-coalescent and therefore

write II" instead of I1™5%.
Theorem 3.16 (Spectral decomposition of the Bolthausen-Sznitman coalescent).
Let L = (lxp)rpepy, and R = (rzp)rpep,, be matrices defined by

(- s,

lrp = (3.34)
0 otherwise,

and

oo e, (#nls = 1! ifm < p,
T (3.35)

0 otherwise.

Recall that m < p if and only if each block of m is contained in a block of p. Then
a spectral decomposition of Q) is given by Q = RDL, where D = (dﬂp)mpep[n] 1S
defined by drr = —(#1 — 1) and d,, =0 if  # p. In particular, lyx = 177, =1 for

any m € Py
The right eigenvectors r,, may be interpreted as the probability that a random
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recursive tree on the label set m can be cut down to a tree on the label set p, see
“Bolthausen-Sznitman coalescent and random recursive tree” in Section 2.3l As
an application of this spectral decomposition we derive the well-known formula
for the transition probabilities of II™ given by Bolthausen and Sznitman in [17],

Proposition 1.4.

Corollary 3.17 (Transition probabilities of the Bolthausen-Sznitman coalescent).
For any two partitions m, p € Py and any time t > 0 the transition probabilities
Prp(t) = P{I"(t) = p|II"(0) = 7w} of the Bolthausen-Sznitman n-coalescent are

given by

Prp(t) = (-1)#@&% H(—eit)#ﬂB,

where for x € R, k € N we denote by 2F .= z(x 4+ 1)--- (x + k — 1) the ascending

factorial power with the convention x° := 1.

Thanks to the spectral decomposition, Theorem we obtain a formula
for the Green’s matrix G = (xp)x pep,, of the Bolthausen-Sznitman n-coalescent

defined by

Grp = /OOO pwp(t>dt- (3.36)

Recall that gr, = E[ [~ 1 @)=pydt|II™(0) = ] is the expected total time that 11"
spends in p starting from 7. Recall that we denote by m the Stirling permutation
numbers or unsigned Stirling numbers of the first kind, which count the number of

permutations of a set of ¢ elements with j cycles.
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Corollary 3.18 (Green’s matrix of the Bolthausen-Sznitman coalescent). The

Green’s matriz G = (gup)n,pepy, S given by

(

—1)! |k T .
() s e e T Tse, [717] i 7 < p# (I},

Grp = § 00 ifr <p={n]}, 337

0 otherwise,

where |k| =3 p, kp

Remark 3.19. Notice that since the return probability to any state m € Py,
7 # {[n]}, equals 0 for any A n-coalescent II™ there is a close connection between

the Green’s matrix G of II™ and its hitting probabilities defined by
h(m, p) = P{II" hits p when started from 7}, (3.38)

namely via g., = h(m,p)/q, = h(m,p)/(1 — #p), cf. [59], p. 146, where ¢, =

dep[ Lop Qo is the total rate in p.

Recall that {;} denotes the Stirling partition numbers or Stirling numbers of
the second kind, which count the number of partitions into j blocks of a set of ¢

elements.

Remark 3.20. From Corollary it follows by a technical but straightforward

computation that for any = € Pp,); and j <

S gy =y U DS GO (6

PEP). 5
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in agreement with the entries of the Green’s matrix of the block counting process of

the Bolthausen-Sznitman coalescent provided in the proof of Corollary 1.5 in [56].

As a further application of the spectral decomposition, Theorem [3.16] we present
a further derivation of the spectral decomposition of the generator @ = (gi;)i e[ of
the block counting process {N"(t),t > 0} of the Bolthausen-Sznitman n-coalescent.
In Section this spectral decomposition of () was derived by means of generating

functions without recourse to the partition-valued process I7".

Corollary 3.21. Let L = (l;;); jem), R = (7ij)ijem), and D = (dij); jefn) be matrices

given by

b= CUGEIY B G =0t 659

Then a spectral decomposition of Q) is given by QQ = RDL.

3.3.3 Proofs

Recall the notation of Chapter [2| where we introduced the partition lattice Py, and
the multiple merger coalescent II. The A n-coalescent II™ is a Markov chain on

P with Q-matrix Q" = (qﬁp)mpep[n] given by

(

)\#w,#wf#erl lf ™ S P,
qu = —)\#ﬂ— if m= P (340)

0 otherwise,

\
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where A\, = ZZ:Q (Z) Abk, b > 2, is the infinitesimal rate. Recall the definition of
a partial order, <, on a set P from Section [2.1] If any two elements p,q € P of
P are comparable, i.e. either p < q or ¢ < p holds, then < is said to be a linear
(or total) order on P. More precisely, if (P, <) is a partially ordered set and the

reflexivity condition
i) p<pforallpe P
can be replaced by the stronger condition
i) p,q € P implies p < q or ¢ < p (totality),

then (P, <) is called a linearly (or totally) ordered set.

We call a binary relation <., on P an extension of < to a linear order, if <.,
is a linear order on P and for all p,q € P, p < ¢ implies p <. q. There are several
extensions of < to a linear order on Pp,. Let us fix such an extension <., and
notice that the following quantities of )™ that we are interested in do not depend
on the specific extension chosen. The linear order <., induces a natural bijection v
from P, to [B,], where B, denotes the nth Bell number, which is the number #Py,
of partitions of [n], defined inductively by letting 1(Ap,;) = 1 and ¥ (7) < 9(p) if
and only if m <. p. Via the bijection ¥, Q" can be viewed as a matrix with index
set [B,] and is then an upper right triangular matrix. The determinant of Q" is
therefore given by the product of its diagonal entries. Hence, the characteristic
polynomial of Q" is given by

X (7)== det(Q" — all,) = (=1)% ] (ur +2) = (=1)5 [T + )11,

TEPy i=1
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where Ip , = (57rp)7r,p677[n] is the identity matrix on P,. Hence, for each i € [n],
—\; is an eigenvalue of Q" with algebraic multiplicity #P,; = {?} Since Q" is
a Q-matrix, (1,...,1)T € RP" is an eigenvector corresponding to the eigenvalue
0, and direct inspection yields that (1,0,...,0)T € RP is also an eigenvector
corresponding to the eigenvalue —\,,.

From now on we fix an n € N, n > 2, and drop this index in the notation, if

there is no risk of confusion.

Kingman’s n-coalescent

For any two partitions 7, p € P, such that 7 < p one may ask in how many
different ways the jump chain of Kingman’s coalescent may reach p when started
in . Since at each step only one merger of a pair of blocks occurs, there are

#m — #p + 1 steps to be taken, and so the set of different ways is

C(myp) ={(m1,...,Tm): T =M < <7, =p,m =#1 —#p+ 1},

where we defined < in the paragraph preceding Theorem [3.13] We call each element

in C(m, p) a mazimal chain in |, p] and denote by

m(m, p) = #C(7, p) (3.41)

the number of mazimal chains in [m, p|. Before we turn to the proof of the spectral

decomposition of ), Theorem [3.13] we count the number of maximal chains m(w, p)

in [, p].
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Lemma 3.22 (Number of maximal chains). For m, p € Py, we have that

28074 (g — #p) [ e, #rlB! if < p,
m(r, p) = ber (3.42)

0 otherwise.

Proof. For m £ p the claim is trivial. Suppose then that 7 < p. Notice that
any maximal chain (m,...,7,) in [A},, {[n]}] can be constructed as follows. Let
7 = Apy, and if 7; with ¢ < n is constructed, ;4 is obtained by merging two
blocks in 7;, which can be done in (*]') ways. When 7, = {[n]} is reached, the

construction is finished. This construction shows that there are m(Apy,, {[n]}) =
(B ("1 -+ (5) = 2'7"n!(n—1)! maximal chains in [Ap,, {[n]}]. Hence holds
in the case (7, p) = (A, {[n]}).

For the general case, recall the isomorphism [7, p] = X, c» Pr|y- As a conse-
quence, any maximal chain in [, p] can be built by choosing a maximal chain in

each factor P, and then “intertwining” these chains, i.e. ordering their elements

|5
(excluding the first element — the partition into singletons — in each chain) in
any order subject to the restriction that the order of elements of the same chain is

preserved. Consequently, we have

m(n, p) = (#r — #p)! [ [ (|5 — DI ] ml(Any, {ml5})

Bep Bep
= (#m — #p)l [ [ 2 "o #tm |l = 2% (#m — #p)! [ | #l).
Bep Bep

o7



Lemma 3.23. For any p € Py the vector (rr,)rep,,, defined by

n

27— #p (24p—1)! .
(#ﬂ—#p)!((#:i#p)—l)!m(ﬂ7p) if T < p,

Trp =
0 otherwise,

2#p—1)! .
(#(7r+p#pf)1)! HBEp #7T|B! lfﬂ- < P

0 otherwise,

1s a right eigenvector of () with corresponding eigenvalue —(#2”).

Proof. Fix m,p € Pp. If m < p, we have

Z QroTop

Uepn

=Y e (#2”)“,,
o: <o

¥ =140 (24tp — 1)! #r
T — 1 #p)l(#n 1 #p— 2)! 2, mlo.p) - < 2 )””

_ ((#7? - #p)(#27r +#p—1) (#27:30) ey = — (#;) o

where we used > . ___m(o,p) =m(m, p). If == p, we have

#p
Z QroTop = Qrm = _( 9 )Tﬂpa

0EP [

(3.43)

(3.44)

since m(m,m) = 1, hence r., = 1. Finally, if 7 < p does not hold, thus r,, = 0,

we cannot have m < o < p for any o € Py, and therefore dep[ | GroTop = 0. This

shows (3.43). Now (3.44) follows from Lemma on the number of maximal

chains.
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Evidently, the B,, eigenvectors (recall that B,, denotes the nth Bell number)
of @ defined by (3.43)) are linearly independent. We are now interested in the
inverse matrix of R = (rxp)xpep,,, that is the matrix L = (Iz)xpep,, such that

5 ZUE'P[n] nglgp fOI’ a].l 7T7 p e P[n}

T —

Lemma 3.24. For any 7 € Py the vector (Izp)pep,,, given by

1\ #r—#p 2" P (#1 4 #p—2)! .
Ly = (=)= (Q#W_z)!(#w_#p)!m(ﬁvp) if m<p, (3.45)

0 otherwise,

a— #p (#r+#p—2)! .
TGRS e, #rls! i T < p, (3.46)

0 otherwise,

1s a left eigenvector of () with corresponding eigenvalue —(#2”).

Proof. Use m(m,0) = m(m, p) to obtain

o 0<p

Z lwaqap

0EP )

= Z l7TO' - (#QP) lﬂ'p

o:0<p

2 #0=1 (i 4 #p — 1)! #p
— 1 #r—#p—1 lﬂ—
(=1) (2#77—2)(#7?—#p—1‘azagpmﬁ(7 <2> g

_ (_ (#m + #p —21)(#7r —#p) (#;)) Ly — — (#27r> Ly,

thus (3.45) holds. Equation (3.46)) follows from the Lemma on the number of

maximal chains, Lemma [3.22] O
Proof. (of Theorem (3.13) The inverse matrix of R, let us call it U = (uﬁp)mpep[n],
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is uniquely determined, and is a matrix of left eigenvectors of @), i.e. UQ) = DU.
Moreover, for any 7 € Py, we have by assumption u,, = > . n<o<p Uralop =
Oxn = 1. This uniquely determines a matrix of left eigenvectors of @), since for any

7, p € P with 7 < p we have

< )Uwp Z UroQop = 1{7r<p} + Z Urolop,

c€[m,p] o:m<o<p

and u,, = 0 for 7 £ p. Since QR = RD by Lemma (3.24)), and evidently I, = 1

for any 7 € Py,), we have U = L and the claim follows. n

Remark 3.25. Instead of calculating the hitting probabilites A(m, p) of King-
man’s n-coalescent via the spectral decomposition, Theorem [3.13] we use the
observation from Section [3.3.1] that the jump chain of IT can be interpreted as
the directed simple random walk on Pp,. This implies that the jump chain of
IT (when started from 7) traces out any maximal chain in [m, {[n]}] with equal
probability m(m, {[n]})~*. Clearly, the total number of maximal chains in [, {[n]}]

that contain p is m(m, p)m(p, {[n]}), and thus

i p) = T PImp A} _ <#7r - 1) Tl ) — {Z;J_l ] #ls

m(r, {[n]}) #p—1) #nl i

where we used the Lemma on the number of maximal chains, Lemma in the
second step. In the special case m = A, this formula was given by Kingman in

[44, equation (2.3)].

Proof. (of Corollary [3.15)) In complete analogy to the argument in Corollary (3.21}
we have ¢;; = > PPy, G independent of the particular partition m € P,

the following calculation shows. Using the spectral decomposition of (), Theorem
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3.13| we obtain

qij = Z Z TTI’O'dO'O'ZO'p

PEP),j o€[m,p]

-~ ¥ i (H#”'B>< y

o: <o
#o>j

#U-‘r U+]
DN A rrTh “#0 —2)! H#U|B!
p:o<p
#p=j
L2k =1)! || [k (k+j—2)|k d
== —1)F T = il
k]z+k:—1 M(2>( ) 2k —2)! |j k:j“kkkm

where in the third step we used the identity |, | = dep[i],k [15c, #B! twice. This
identity for the Lah numbers is obvious from the interpretation of [;J as the number
of partitions into k ordered blocks of a set of i elements, where the elements in

each block are ordered. O

Bolthausen-Sznitman n-coalescent

In order to prepare the proof of the spectral decomposition of Q = Q™% Theo-
rem [3.16, we calculate the left and right eigenvectors of (). In the sequel we give
two proofs for the right eigenvectors of () that are of rather different flavours. The
first proof is completeley self-contained and only makes use of the partition lattice
Ppy). Together with the proof of Lemma it might serve as a starting point to
find a spectral decomposition for more general coalescents, e.g. beta coalescents.
A probabilistic interpretation of the right eigenvectors of () in terms of random

recursive trees motivates our second proof.
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Lemma 3.26. For p € Py the vector (rry)rep,, defined by

W pe,(#nls — 1) if m <
— ! < p,
S S (3.47)

0 otherwise,

s a right eigenvector of Q) with corresponding eigenvalue 1 — #p.

Proof. (first proof of Lemma In order to carry out the following calculations,
for any two partitions 7, p € P},; we need to parameterize the set {o: 7 < o < p}.
To construct an arbitrary partition o such that 7 < o, we could choose a subset
C C 7 of at least two blocks of m and merge them in order to obtain . In this case
#o = #m — #C + 1. If, additionally, we require o < p, we certainly cannot choose
any collection C' of blocks in 7. Instead, all blocks chosen have to be in 7|p for

some block B € p, in which case #0|g = #7|p — #C + 1. To summarize, we have

{J:W<a§p}:{{uD}U(W\C):Bep,Cgﬂ\B,#Cz2}.

DeC
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Using this parametrization, we obtain

Z QroTap

0E€P,
Z QroTop — (#1 — 1)17),
o: m<0<p
o — — |
=i # 1) (#r — #C)!
#C>2
x (#rlp —#C) [ (#rlp — D= (47— D)rey
Dep\{B}
#TI'|B
. #7T|B 2)' |(#7T|B '
Bep c=2 DEp
#n|p
# # —c)!
S| W'B) 2)!—( i
P (#r|p —1)!
#n|p 1
— Z#ﬂBZ o) — (#r = 1) | 7
Bep
= (S (#nls — 1) — (87— 1)) Fap = (1= #p)rsy,
Bep
and the claim follows. O

Recall the construction of the Bolthausen-Sznitman coalescent via the random
recursive tree in “Bolthausen-Sznitman coalescent and random recursive tree” in Sec-
tion By using this construction we will give a second derivation of Lemma |3.26]
Fix two partitions 7, p € P, such that m < p. We say that an increasing tree 7
on m contains p if and only if one can obtain an increasing tree on p by successively
cutting 7. If 7 contains p we write p C 7. Let {R,(k),k > 0} denote the jump

chain of R,. From the definition of R it follows that a process that is equal in

63



distribution to the jump chain R can be constructed recursively by letting
R.(0) =%, R(k+1):=cR;(k), k>0.

A simple question then is: what is the probability P{p = T} that a random
recursive tree on 7 contains p? Notice first, that an increasing tree .7 on 7 contains
p if for each block B € p we can find a node v = v(B) in .7 such that the labels
in the subtree above v coincide with the elements in 7|g. In other words, we can
construct all increasing trees on 7 that contain p by first constructing an increasing
tree 7 on p. Then each node v € 7 is labelled by some block B € p. Now if
#7|p > 1, build an increasing tree on 7| and replace v by this tree. This procedure
is carried out for all nodes v € .7 to obtain an increasing tree on 7 that contains

p. Therefore, the number of increasing trees on 7 containing p is

#{.7 . 7 increasing tree on m,p C 7} = (#p — 1)! H(#ﬂ'|B — 1)
Bep
On the other hand, the total number of increasing trees on 7 is (#7 — 1)!. Since a
random recursive tree on 7 is a tree chosen uniformly at random from all increasing
trees on 7, we obtain

(50— 1! T e, (] 1)1
(#m—1)!

it m <p,

P{pC T} = (3.48)

0 otherwise,

which is just r.,. We can now turn to our second proof of Lemma in terms of

random recursive trees.
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Proof. (second proof of Lemma [3.26)) We rewrite the statement as

Z QrnoTop = (#77- - #P)Twp~ (349)

o: <0

Let J = {Jy,k =1,...,n} denote the jump chain of IT" = ITP5". Since
P{Jn_l = U|Jn = 7T} - q7l'0'/q7l'

is the probability that J jumps from 7 to o, after dividing (3.49) by ¢, = #7 — 1

we obtain for the left hand side

3 q;—"rgp: N P{li=0lli=n}P{pC T,}

o T<0 0. T<0

= ) P{p(cT,) =0} P{pC T}

0. T<0

=P{pC Tyern) }
=P{pC %}

=P{pC ZpC T }P{pC %,},

where we used that for any random recursive tree 7 one has T, 7y =4 7. Condi-
tional on p C ¥, there are precisely #m — #p among the #m — 1 edges in T, that
we may cut in order to obtain a tree ¢, that contains p. Since, by definition, ¢,
is obtained by cutting ¥, at an edge chosen uniformly at random, we have

#m — #p
#r—1°

P{p T cTlpC T} =
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The claim follows. O

Lemma 3.27. For x € R\ {0} we have

(#p — 1)!
N ra® M, = (1) #7’;_1 ' z)*e (3.50)
0EP[n BGp

Proof. Notice that

#p—1)!
Z TWGCC#U_IZU;) — ( P ) (_1)#0—#;233#0'—1 H(#W|B . 1)'

5 (#m —1)!
[n] o€[m,p] Beo

= (= 1)plz7pr_1,ZH z(#r|p — 1)\, (3.51)

o€[n,p] BEo

From the interpretation of [7] as counting the number of permutations of [n] with
i cycles it is clear that [7] = Zwep[m [15e.(#B —1)!, cf. equation (1.15) in [61].

Using the isomorphism [r, p|] = X, - Pr, we calculate

S I wtnls—1t= > I I —=¥C -1)

o€[m,p] BEo T/GXBEPPW\B BGpCETﬁ3
=T Y. ] -=xc-1)
Bep 7'673,,|B Cer
#TI’|B
I (St X THec-
Bep \ k=1 T€Px 5.k CET
#71"3
#
“TI ot 3.52)
Bep k=1
= [ (=), (3.53)
Bep
where in the last step we used 2™ = Y7, [1]a*, cf. (2.8). ]
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Lemma 3.28. The matriz L = (Ixp)x pep,, defined by

(~) e i T <o,

lep = ' (3.54)

0 otherwise,

1s the inverse matrix of R, i.e. ZUEP[ Trolop = Orp.
Proof. Choosing z = 1 in Lemma we have that ZUGP[n] Trolop = Onp O

Proof. (of Theorem [3.16)) The claim follows by Lemmata and O

Proof. (of Corollary [3.17)) Since IT is a continuous-time Markov chain with finite
state space, we have for P(t) = (pr(t))x pep,, the identity P(t) = exp(tRDL) =
Rexp(tD)L. In the last step we made use of the spectral decomposition, Theorem

3.16. In particular, this yields
Pt Z O D D ) (3.55)
oE€P, o€(m,p)

t

Letting x = e~ * in Lemma proves the claim. O

Proof. (of Corollary [3.18)) From (3.52) we have

Y I #W\B—ll_mln% {#W‘B]

c€[m,p] BEo Bep k=1
PR ) | {#W\B}
(kB)BepeN P BEp

where k] =" 5 , kp. Letting x = e~! and integrating out with respect to t we see
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for p 7 {[n]}

3 R

o€[m,p) BEo (kB)BepEN*P

where for p = {[n]}

/ ST e t#rls — 1)t = Z( 1) /Ooeﬂkl)dt{#ﬂ .

c€[m,p] BEo 0
The claim follows from (3.51)) and the definition of g,. O

Proof. (of Corollary [3.21)) Evidently, the rate at which a jump from ¢ to j blocks
occurs equals the sum of all rates at which a jump from a partition ™ € Py,
to a partition p € Py, ; occurs, ie. q; = zpep[ . Qo where m € Py, is fixed

arbitrarily. The quantity )  rp does not depend on the choice of m € Py, ;,

PEP[n]

as the following calculation shows. By the spectral decomposition of (), Theorem

3.16,, we obtain

qzj = Z Z TWUdO'O'lO'p

PEP(n),; o€, p]

-y 3! 7T_l'H4@&1}3—1)(1—#0)( 1)#01%

o: <0 p: 0'<p

- (é : i)), (—1)1020(#0 — 1)!;;[0(#3 -1 - #U)%{#j}
_1 ' ‘ 27 Z _1 " k d / 4 !
By o - S,
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hence, Q' = R'D'L’. m

For the Kingman coalescent and the Bolthausen-Sznitman coalescent we have
derived spectral decompositions for both the generators of II™ and N" together
with a number of applications.

One may try to extend the generating functions techniques that we used for the
block counting process to the setting of beta coalescents. This leads to fractional
differential equations whose solutions currently seem to be out of reach (personal
communication with Martin Méhle). The author is somewhat more optimistic that
the spectral decomposition of II™ can be “guessed” for beta coalescents, and we

leave this for future work.
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Chapter 4

Functionals of Kingman’s coalescent

and cumulants

In recent years the study of functionals f(I1™), respectively f(7"), of an n-coalescent
process 11", respectively of the corresponding coalescent tree 7", has attracted
increasing attention among researchers in probability. Here, f is a measurable func-
tion from the set Dp, [0, 00) of Pp,-valued cddlég functions (i.e. right-continuous
functions with left limits) on [0, 00), respectively rooted R-trees on n leaves, en-
dowed with the Skorokhod topology, into R for some d € N. For instance, f could
measure the height or the total length of 7" or count the number of branches in
T" that support one leaf. The tree 7" exhibits a rich combinatorial structure,
and—unlike for a Galton-Watson tree—its subtrees are highly interdependent. It is
because of this dependency structure that for most functionals f(7") little can be
said about their distribution. Often, the strategy, therefore, is to study rescaling
limits of f(7T™) as n — oo.

In this Chapter, we deliberately focus on the setting of a finite sample size n and
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characterize the law of some functionals f(7™) explicitly. The limiting distribution
of f(T™) (suitable rescaled) as n — oo will only occur as a byproduct, if at all.
In order to make some progress, throughout this chapter we restrict ourselves
to the Kingman coalescent. We argue that cumulants are a useful tool for the
characterization of f(7").

Section is a modified version of the article [53| written in collaboration
with Martin Mohle from the University of Tiibingen. This article was accepted for
publication in 2014 by the journal “Markov Processes and Related Fields”. Here, f
is chosen to be a) the height, T, respectively b) the total length, L,, of 7.

In Sectionwe turn our attention to the site frequency spectrum (M, ..., M, _1)
for Kingman’s n-coalescent. Recall that M; counts the number of mutations that
affect j individuals in the sample. This quantity can be measured in genetical data
and is therefore highly important from the point of view of applications and for
statistical inference. In Kingman’s case the expected value, variance and covariance
have been studied by Fu [32]. A discussion of these results and further information
on the SFS can be found in Durrett [26]. For general multiple merger coalescents
Birkner, Blath and Eldon [16] have derived recursion formulae for the expected
value, the variance and the covariance of the SFS.

Here, we are only concerned with characterizing the law of an arbitrary marginal
M; and the beautiful underlying combinatorial problem. In fact, in Theorem [4.14]

we work out the cumulants of arbitrary order of M;.
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4.1 Absorption time and tree length

We provide formulae for the cumulants and the moments of the time T back to
the most recent common ancestor of the Kingman coalescent. It is shown that
both the jth cumulant and the jth moment of T" are linear combinations of the
values ((2m), m € {0,...,|j/2]}, of the Riemann zeta function ¢ with integer
coefficients. The proof is based on a solution of a two-dimensional recursion with
countably many initial values. A closely related strong convergence result for the
tree length L,, of the Kingman coalescent restricted to a sample of size n is derived.
The results give reason to revisit the moments and central moments of the classical

Gumbel distribution.

4.1.1 Results

Kingman [45] studied the absorption time 7" of II. In the biological context T'
is called the time back to the most recent common ancestor or the age of the
most recent common ancestor. It is well known that 7= ", 74 is an infinite
convolution of independent exponentially distributed random variables 75, with
parameter A\, = k(k — 1)/2. Using the inversion formula for Fourier transforms
it is readily checked that T" has a bounded and infinitely differentiable density g :
R — [0, 00) with respect to Lebesgue measure on R. Kingman [45, p. 37, Eq. (5.9)]
showed that g(t) = > 77, (—1)%(2k — 1)\pe !, t € (0,00). It is furthermore known
(Watterson |74 p. 213], Tavaré |71}, p. 132]) that T" has mean ET = 2 and variance
Var(T) = 47%/3 — 12 ~ 1.15947 and, hence, second moment ET? = 47%/3 — 8 ~
5.15947. To the best of the authors’ knowledge higher moments and cumulants of
T have not been derived so far. Proposition .1 and Theorem (.3 below provide
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full information on the cumulants and moments of 7T'.

Before we present our results, let us recall the notion of a cumulant. Let X be
a real random variable whose moment generating function Mx(s) = Ee*X exists
for |s| < ¢ and some § > 0. Recall that the cumulant generating function of X is
defined by Kx(s) = log Mx(s). The coefficient ¢; in the power series expansion
Kx(s) = 3272, ¢;s’/j! near 0 is called the jth cumulant of X, denoted € (X).
Notice that €) (X) = EX is the expectation and %, (X) = Var(X) the variance of
X. We will repeatedly use the following properties of cumulants. For real random

variables X, Y and j € N, a,b € R we have
) (X +8) =4 (X) if ] > 2,
i) % (aX) = % (X),
iii) the independence of X, Y implies €; (X +Y) =€, (X) + €; (V).

Proposition 4.1. For the Kingman coalescent the absorption time T has cumulants

(T) = <j—1>!2jzm, jen, (4.1)

and moments

S (—D)R(2k - 1) o= 1 4m—1  4m+1 ,
J ; Kk — 1) szzlm] @m—1)y @em+ip) 7€
(4.2)

In particular, €; (T) ~ (j — 1)! and ETV ~ 3j! as j — co. Alternatively,

ET7 = 51 Y ﬁ:jmj > H /«-1 jeN. (4.3)

A ,
2<k1 <<k k1 J 2<k1 <--<kj i=1
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Remark 4.2. For n € N let T, denote the absorption time of the Kingman
coalescent restricted to a sample of size n. The proof of Proposition [4.1] provided in
Section shows that T, — T almost surely as n — oo with convergence of all
moments, which implies (see, for example, [42, Proposition 3.12]) the convergence
T, — T in LP for any p € (0,00). Moreover, the sequence (7?),¢cy is uniformly

integrable for any p € (0, c0).

The following result shows that the cumulants €; (T') and the moments ET7
of T are related to the Riemann zeta function (. More precisely, ¢; (T') and ETY
are both linear combinations of the zeta values ((2m), m € {0, ..., [j/2]}, with

integer coefficients.

Theorem 4.3. For all j € N,

b/2l .
B ojtl (27 —2m —1)!
) = i3 e (4.4

and

/2] om o))
— (_1>jj2j+1z<zm_1>(1_ 2Qi_l)(2‘7(]._sz)f)'qzm), (45)

m=0
where ¢ denotes the zeta function.

Remarks 4.4. 1. The coefficient in (4.5) in front of ((2m) is integer, since
21— 1/22m=1y = 20 — 2i72mH2 ¢ 7 and (25 — 2m — 2)!/(j — 2m)! € Z for all

je€Nandallme{0,...,|j5/2]}.

2. Let By, By, ... denote the Bernoulli numbers defined recursively via By := 1
and B, := —1/(n+1) 372} (") By, for n € N. For instance, B; = —1/2, and

By = 1/6. Since ¢(2m) = (—=1)™"1(27)?™/(2(2m)!) By, is a rational multiple of
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2™ Theorem implies that ¢ (T') and ETV are both polynomials in 72 of degree

|7/2] with rational coefficients.

The proofs provided in Section rely on the fact that the jump chain of the
block counting process of the Kingman coalescent is deterministic, which implies
that T is an infinite convolution of exponentially distributed random variables.
The proof of Theorem is based on a solution of a two-dimensional recursion
with an infinite number of initial values (see Lemma [4.9)).

Our methods do not seem to be directly applicable to (absorption times of)
other exchangeable coalescent processes, since the jump chain of the block counting
process of a coalescent with multiple collisions is in general not deterministic.

Our methods are partly useful to analyze further functionals of the Kingman
n-coalescent (restricted to a sample of size n € N). As an example we provide
detailed information on the tree length L, (the sum of the lengths of all branches of
the n-coalescent tree) of the Kingman n-coalescent. Let G be a standard Gumbel
distributed random variable with distribution function z — exp(—exp(—=z)), € R.
It is well known (see, for example, |72, p. 22-23|, |25, Lemma 7.1| or [27, Lemma
2.21]) that L, has the same distribution as the maximum of n — 1 independent
and exponentially distributed random variables with parameter 1/2 and that
L,/2 —logn — G in distribution as n — oco. We verify the following stronger

convergence result.

Theorem 4.5 (Strong asymptotics of the tree length). For the Kingman coalescent,
as n — oo, G, = L,/2 —logn — G almost surely and in LP for any p €
(0,00), where G is standard Gumbel distributed. Moreover, the sequence (GP)pen is

uniformly integrable for any p € (0, 00).
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Remarks 4.6. 1. Theorem implies the convergence ¢; (G,) — €; (G) of all
cumulants and the convergence EGY — EGY of all moments, which is one of the
starting points of the proof of Theorem [£.5] Formulae for the cumulants and the
moments of L, are provided in , and .

2. For asymptotic results on the tree length L,, for beta(a,b) coalescents with
parameters a,b € (0, 00) we refer the reader to [43, Theorem 1] for 0 < a < 1 and
b:=2 — a and to |25, Corollary 4.3 and Theorem 5.2| for a = b = 1 (Bolthausen—
Sznitman coalescent). The asymptotics of L,, for =-coalescents with dust is provided

in |52, Theorem 3|.

The Gumbel distribution revisited

Theorem and its proof smooth the way to establish a new result, Theorem [£.7]
on the Gumbel distribution, also called the extreme value distribution of type 1.
Recall that a standard Gumbel distributed random variable G has (see, for example,
[40, p. 12, Egs. (22.29) and (22.30)|) cumulants €, = %, (G) = v (Euler’s constant)
and €; = € (G) = (—1YwU=1(1) = (j — 1)!¢(4), j > 2. Note that €; ~ (j — 1)!

as j — 0o. Moreover, G has moments

m, = EG" = /m(—log w)"e tdu = (=1)"I'™(1), neNy:=1{0,1,2,...}.

i (4.6)
The integral in is sometimes called the nth Euler-Mascheroni integral. In
the analytic community its interpretation as the nth moment of the Gumbel
distribution often remains unmentioned. It is well known that m,, ~ n! as n — oo.

The moments mq, ms, ... can be recursively computed via the relation between
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cumulants and moments

n

n—1 1
n = Cg n— — n— - ]- ' k n—k» 6 N’
m ;(k—l) Moy YMp—1+ (n—1) —C( YMp—k, 1
(4.7)
in agreement with the recursion provided on top of p. 214 in the book of Boros

and Moll |18]. A useful and well known formula for the moments is

m, = > [[%s neN (4.8)

TI'EP[n] Bem

Since there exist n!/(a!---a,!11* - - nl*) partitions 7 € P, having a; blocks of

size 7, 1 < j < n, the above formula can be also written as

SNAR L ()™
= n! — | = = nl R _ 27
=0l S Ha,.!<z-!> —a Y ,,( DY nen )
al n 1=

..... an =1

where the sum extends over all a1, ...,a, € Ny satisfying Y | ia; = n.
For instance, m; = v, my = v*+ ((2), and m3 = * + 37((2) + 2¢(3). In particular,
m,, is a polynomial of degree n in the variable z := (z1,...,x,) := (v,{(2),...,{(n))
with non-negative integer coefficients. In the following we focus on the central
moments

m, :=E(G—~)" (n€Ny), (4.10)

n

of the Gumbel distribution. Clearly,

m, = E(G—v+7)" = (



and

= nle™”

ml, = no (?)(-Wmn_j D St LS TR) o

| — 7!
gt (n—j)! = I

as n — o0o. As for the moments we obtain for the central moments the recursion

k=1

with solution

m, = > [[GsG—7) =n > H%(@) L neN, (19

2
TI'EP[H] Ber  a2,.., apn 1=2

where the last sum Z@ o extends over all as, ..., a, € Ny satisfying Z?:z ia; = n.
In particular, for all n > 2, m/ is a polynomial of degree |n/2| in the variable
(€(2),...,¢(n)) with non-negative integer coefficients. Theorem below provides
an alternative formula for m/. In order to state the result we introduce the

non-negative integer coefficients

. neN,. (4.13)

Note that d,, is the number of derangements (fixed point free permutations) of n
elements. Clearly, d, = nd,,—1 +(—1)", n € N. For instance, dy = 1, d; =0, dy = 1,
dz3 =2,dy, =9, ds = 44, and dg = 265. For a set B and indices ny;, b € B, we use

in the following the notation npg 1=, 5.

Theorem 4.7 (Alternative formula for the central moments). A standard Gumbel
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distributed random variable G has central moments mj =1, mj =0 and

n
1 Apy - dy,
m;, = n'ZZ_' Z ntl!..._nt! si(ny, ..., m;), n > 2, (4.14)
i=1 nifzziz
ny+-+n;=n

with coefficients d,, defined in and si(ny,...,n;) given via

1
si(nl, e ,ni) = Z W (415)
1 %

Kqseees k; EN
all distinct

=> (=17 Y (#Bi =) (#B = 1)!¢(np,) -+ C(np,)

=1 {B1,....BI}€P};
(4.16)
SN C i | (TR VISON! o
mEP) Bem

where ¢ denotes the zeta function.

Remarks 4.8. 1. The proof of Theorem is based on the fact that the random
variable .S,, defined in converges to G — v as n — oo. For more information
on this convergence we refer the reader to the proof of Theorem [4.5]

2. Clearly, s;(nq,...,n;) is symmetric with respect to the entries ny,...,n;. For
instance, s1(n1) = ((nq1), sa(n1,n2) = ((n1){(n2) — {(ny + ny) and s3(ny, ng, ngz) =
¢(n1)¢(n2)¢(n3)—C(n1)¢(notn3)—C(ng)C(n1+n3)—C(n3)¢(ni+n2)+2¢ (ny+ns+ns).
A recursion for s;(ni,...,n;) is provided in (4.31). Egs. and are

reminiscent of sieve formulae, but we have not been able to rigorously relate these
equations with some known sieve formula.
3. The values of the central moments m,, for 0 < n < 10 are listed in Appendix .

The nth raw moment m,, of the Gumbel distribution is either obtained via (4.8)
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or (4.9), or from the central moments mj, 0 < j < n, via (4.11). The book of
Srivastava and Choi [69, pp. 370-371] contains the values of (—1)"m, = I'™(1)

for 1 <n <10.

4.1.2 Proofs

Proof. (of Proposition For n € N let T}, denote the absorption time of the
Kingman coalescent restricted to a sample of size n. Clearly (see, for example,
Kingman [45, Eq. (5.5)]), Tn 2 > h_o Tk, Where 7o, 73, ... are independent random
variables and 7 is exponentially distributed with parameter A\, = k(k—1)/2, k > 2.
Thus (e.g., Ross |63 p. 309]), T}, has a hypoexponential distribution with density

Gn(t) =D 1y anp e, ¢ > 0, where

n

A A nl(n —1)!
e = = (—1)F2k -1 . 2<k<n
(i HAj—Ak (=X P T ey — "

=2
£k

Alternatively, the density g, of T, is obtained as follows. Let D = (D;):>o denote
the block counting process of the Kingman coalescent restricted to a sample of
size n. From the Lemma on the spectral decomposition of a pure death process,

Lemma [3.1] it follows that 7,, has distribution function

P{T, <t} = P{D,=1} = Y e Mryuln
k=1

n

_ zn:e—m( 11 Aj )(ﬁ Aj+1 )
2 YD WAN & DYEDH

j=k+1
= 1-) e A’vtl_[—)\’_”)\ = 1-) auwe ™,  te[0,00),
k=2 =2 k k=2
J
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where the second last equality holds since \; = 0. Taking the derivative with

respect to t it follows that 7T), has density g,. In particular, T,, has moments

ET;] = / Hgu(t)dt = Zank/ Pae ™ dt = jIY 2 jeN,
0 k=2 0 =
(4.18)

In the following it is shown, essentially by letting n — oo in (4.18)), that
2k —1
ET7 = J'Z ), j €N. (4.19)

Eq. holds for 7 = 1, since ET" = 2. Assume now that j > 2. From
T, T 2 Y peo Tk almost surely as n — oo it follows by monotone convergence
that the left hand side in converges to the left hand side in as n — 00.
In order to see that the right hand side in (4.18)) converges to the right hand
side in as n — oo fix e > 0. Since j > 2 and A\, = k(k — 1)/2, the series
S5 ,(2k — 1) /X, is absolutely convergent. Thus, there exists a constant ny = ng(¢)

such that Y32 . (2k —1)/X, < e. Noting that a,x = (—1)¥(2k — 1)by, with

o nl(n —1)! ~oonn—=1)---(n—k+1)
0= b = O k=) ~ k- Dmth-2) -7 =

it follows for all n > ng that

nk 2k—1)‘ - "2k —1 = 2%k -1
>~ : |bn _1|+ -
Z ,2 2w U 2

2k —1 . 2k —1
< Z \ [ — 1] + Z )\?ﬂ

k=2 k k=no+1

02k —1

Y Tl —1+e —» ¢
)\]

k=2 k

81



as n — 00, since b, — 1 as n — oo for each fixed k € {2,3,...}. Since € > 0 can
be chosen arbitrarily small, it follows that the right hand side in (4.18)) converges to
the right hand side in (4.19)). Thus, (4.19) is established. Distinguishing in (4.19)

even k = 2m and odd k£ = 2m + 1 and summing over all m € N it follows that

, =1 dm — 1 dm + 1
ET/ = 4! — - : e N
15 (@t @) €N

and (4.2)) is established. Let us now turn to the cumulants of 7. Note that the
exponential distribution with parameter A € (0, 00) has jth cumulant (j — 1)!/\.

From T, 4 > r_o Tk it follows that T, has cumulants

n N n
T,) = ;‘é(m) = ;% = (- 1)!2j;—kj(k1_ ol jeN.
(4.20)
We have verified above that the moments of 7T,, converge to those of T, which
implies that the cumulants of T}, converge to those of T'. Letting n — oo in
yields ([4.1)).
Note that € (T') /(j—1)! = Y252, 1/M, — 1 and that ET7 /5! = 77 (—1)*(2k—
1)/)\§;—>3asj—>oo, since Ao = 1 and A\, > A3 = 3 for all & > 3.
It remains to verify the alternative formula for the moments of T". For all

J € N we have

k=2 kiyeskj=2
o0 (0.9}
J— am __ QAm,
= > llE=r = ZH .HE%
ki, kj=2 m=2 2<k <o <ky L AM=2 G
where, for m > 2, a,, denotes the number of indices ki, ..., k; being equal to m.
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Note that >~ *_, a,, = j. Since ET%™ = a,,!/A%", the above expression simplifies to

. _ 1 - g 1
ET =5t ) oo, > Hk(k——l)

2<k <<k, T 1 i 2<ky <<k i=1

which is (4.3)). O

The proof of Theorem [£.3] is based on the following basic but fundamental
lemma, which provides a solution for a certain two dimensional recursion with a

countable number of initial values.

Lemma 4.9. Let a1,bi,a2,by,... € R. For i,5 € N define s;; recursively via

Sij = Si—1,j — Sij—1, Wwith initial values soy, := ar and sy := by, kK € N. Then

J . . i . .
i+ —k—1 ~ 1+7—k—1 .
Sij = Z(—l)ﬂ k( 1 )ak—l—(—l)JZ( i by, 1,7 € N.

k=1

Proof. (of Lemma Induction on i + j. Clearly, (4.21)) holds for i + j = 2, since
$11 = So1 — S10 = a1 — by. For the induction step from i+ j — 1 to i + j (> 2) three

cases are distinguished.
Case 1: If j = 1, then 7 > 1 and, hence, by the recursion and by induction,
Si1 = Si—l,l — S;0 — (a1 — 22;11 bk) — bz = a1 — Z;:l bk, Wthh iS ‘) fOI‘ j = 1
Case 2: If i = 1, then j > 1 and, hence, by the recursion and by induction,
s1; = s0j—=s151 = ;= (342, (= 1) Pt (=1)771by) = S (=1) Fap+(=1)7by,
which is (4.21)) for i = 1.
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Case 3: If 7,5 > 1 then

Sij = Si—1,j — Sij—1
J i—1
—k—-2 —k-2
= D -V k<z+] )ak+(—1)3 (lﬂ )bk
1—2 j—1
k=1 k=1
J—1 )
gttty — k=2 1 i+j—k—2
B R . 51 (AL
k=1 k=1
7j—1
B k(1] —k—=2 i+7—k—2
= a;+) (1) (( i—2 ) ( i—1 i
k=1
i—1
— k=2 —k-2
+(_1)jbz + (_1>j ! +j. vt bk
J—2 J—1
k=1
j i
B pft+7—k—1 i+j—k—1
= S (T s ey (A
k=1 k=1
which completes the induction. O

Before we come to the proof of Theorem we provide a typical application of
Lemma [1.9] showing that this lemma can be used to determine the value of certain

series.

Example 4.10. For j € N we would like to determine the series Y -, 1/(k?(k—1)7).
We proceed as follows. For i,j € Ny := {0,1,2,...} with ¢ + j > 2 define
= > 10, 1/(k'(k — 1)7). Note that s;; = 1, s,0 = (i) — 1, ¢ > 2, and that

soj = C(j), j > 2. For all 4,5 € N with i 4+ j > 3,

11
Ejkll ——1J1k k—1) E:kll k—1)i (k—1_E> — LT

If we additionally define sqg; := 1 and sjo := 0, then this recursion holds also for
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i=j=1,soforall i,j € N. By Lemma[.9] for all j € N,

k=1

— (cy Z (G (R RR e Z S [T

k even k odd

J . J
, 27 —k—1 27 —k—1
Sii = E(—l)’k(jj_1 )30k+ 17 (]3—1 )Sko
k=1

Plugging in so + sgo = 2¢(k) — 1 for even k and sxo — sor, = —1 for odd k we obtain

the solution

S - s e (V) e 5 (0 e

k= k=2
Li/2)
27 —1 , 27 —2m —1
= (=1 2(—1)’ 2
() ey X (5 Jeem
L2l .
= 2(-1) ) (23_],2_””;_1)4“(2771), jeN, (4.22)
m=0

since ((0) = —1/2. For instance sy = 2((2) — 3 = 72/3 — 3 ~ 0.28987 and
s33 = 10 — 6(2) = 10 — 72 ~ 0.13040.

The following proof of Theorem has much in common with the previous
example, but a modified double sequence (s;;); jen is used having in particular more

involved initial values.

Proof. (of Theorem The formula (4.4]) for the cumulants of T follows directly

from (4.1) by multiplying (4.22) with (7 — 1)!27. In order to verify the formula
(4.5)) for the moments of T" define for i, j € Ny with ¢ 4+ j > 2

[e.9]

Qk—l
Z k;z )

=2
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By Proposition 4.1, ET7 = j!27s;.. Thus it remains to verify that
y J:4"55j

Li/2] o
sjj = 2(=1) Z(Qm —1) (1 — 22i_1> (;2z 1)2<j — 237)1) ¢(2m), jeN.
(4.23)

m=0

It is straightforward to check that s;;3 =1, sg2 = 2log 2+ ((2)/2, s90 = 1 —2log2+
¢(2)/2,

S0 = 1_2<1_2i1—2)g(i_1>+(1_21‘1_1)C<i)7 i >3,

and
1 . 1 . )
30j221_2]_ C(j—1)+ 1—2J— ¢(4), Jj >3
For all 7,j € N with ¢ + j > 3 we have

2k: —1) = (—1)F 2k -1/ 1 1
Z i— 1 _ 1)j-1 Z i 1 1)1 — 7] T Si—1iSig-1-
ki D1 k(k p 1) k—1 k
(4.24)

If we additionally define sg; := 1 and s39 := 0, then the recursion (4.24]) holds also
for i = j =1, so for all i, j € N. By Lemma [4.9]

J . J
< 27 —k—1 27 —k—1 .
Sjj = Z(—l)jk<j 1 >80k+ jz<j 1 >8k0, jEN

k=1 J k=1 J

Ordering with respect to even and odd k yields

J . J .

) 29—k —1 29—k —1

S (]j—l )(smsmwz (Jj_l ><Sk0_s%).
k=2 k=1

k even k odd

Plugging in sox + sgo = 1+ 2(1 — 1/2¥ 1) (k) for even k, s;o — sp1 = —1, and
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sko — Sor = 1 — 4(1 — 1/272))((k — 1) for odd k > 3, it follows that

(=1)sy; = ki; <2j]'__]€1_1> <1+2(1_2k_11>C(k))
(e () (o))
- RO -G R () st

O R R G [CEES

Thus,
J
(_1)]Sjj = Cj+ Z Cjk€<k), (425)
k=2
k

where ¢; == (¥77%) — (¥77) = (27 — 2)!/(4!(j — 1)!) and

=)0 ()
(0"

(27 —k-1)! ( —k=2)! )
(J 1)!(J' R TG =D k- 1)

v
= 2 1_2,} (§231)!(j_2]1),(( =k —1)—2(j — k)
B 1\ (2j—k—2)
= 2001 5 5 g

87



Substituting k£ = 2m in (4.25) and noting that ((0) = —1/2 yields (4.23)). The

proof is complete. []

In order to prepare the proof of Theorem recall that a standard Gumbel
distributed random variable G has (see, for example, [40, p. 12, Egs. (22.29) and
(22.30)]) cumulants € (G) = v (Euler’s constant) and % (G) = (—=1)7¥0-1(1) =

(= DICG), 7 =2
Proof. (of Theorem We start in a similar way to the proof of Proposition .
Clearly,

Lo=> kn=Y X (4.26)

where the random variables X, := k7, k > 2, are independent and X}, is exponen-
tially distributed with parameter p := A\y/k = (k —1)/2, k > 2. Thus, L, has

cumulants

G(L) = S5 = U . jen
— — 143, - (k) - 1)J
k=2 k=2 k=2
(4.27)

For j = 1 we have 6, (G,) = ¢\ (L,/2 —logn) = 6, (L,) /2—logn=> 1 _,1/(k—
1) —logn — v = ¢ (G) as n — oo. For j > 2 we have €, (G,) = € (L,) /2! =
G=DI>0 L, 1/(k—1)Y7 = (j — 1)I(y) = € (G) as n — oo. Thus, we have
convergence ¢, (G,) — %, (G) as n — oo of all cumulants, which implies the
convergence EGJ — EGY as n — oo of all moments.

For the convergence G,, := L,,/2 —logn — G in distribution as n — oo we refer

the reader to [25] Lemma 7.1] and the references in the remark thereafter. In order
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to verify that the convergence GG,, — G holds even almost surely define

S, = ﬂ — ;X’“ — EX Zyk, n €N, (4.28)
where Yy := (X, — EX})/2, k > 2. Note that Y5,Y3,... are independent. From
EL,=2>7_,1/(k—1) =2logn+ 2y + O(1/n) we conclude that S, — G —~ in
distribution as n — co. It is well known (see, for example [14, Theorem 22.7]) that
asum S, = Y ,_, Y} of independent random variables converges in distribution if
and only if it converges almost surely. Thus we even have S,, — G —~ almost surely.
Thus, G,, — G almost surely as n — oo. By [42, Proposition 3.12| it follows that
G, — G in LP for any p € (0,00), and the sequence (GP),cy is uniformly integrable
for any p € (0,00). Note that |[S, — (G =), < |7+ Sn — Gully + |Gn = G, =
|y +logn — > ,1/(k—1)|l, + [|Gn — G|, = 0 as n — oo, so we also have
S, — G —~ in L? for any p € (0,00) and, hence, convergence ES? — E(G — )
as n — oo of all moments. Furthermore, (S, ),cn is @ martingale, but we did not
use this property in the proof.

O

Remark 4.11. For the sake of completeness, we provide in this remark formulae for
the moments of the total tree length L,. It is known (see, for example, |25, Lemma
7.1] and the remark thereafter) that L,, has the same distribution as the maximum
of n—1 independent and exponentially distributed random variables with parameter

1/2. In particular, L, has distribution function P{L, <t} = (1 — e ¥/2)""1 ¢ > 0,
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and, hence, moments
EL! = / TP {L, >t} dt
0
JETHL = (1 — e )ty dt

00 n—1 .
it Z (n . 1) (_eft/2)k dt

k=1

k=1
n—1 n—1
~1\ J! i (—D)F p -1
=3 (= (" - 127 N
(4.29)
Alternatively,

EL} = E(ixk)] = Xn: EXp, - Xy,
k=2

ke k=2
D O D M e
Kt k=2 2<ki<<kj<n 2T
where, for m € {2,...,n}, a,, denotes the number of indices ki, ..., k; being equal

to m. Since EX%" = a,,!/p;™, the above expression simplifies to

EL, = j1 > +:j!2j >

o<k <ky<n R HE; 1<k <oy <n—1

key ok

Comparing (4.29) with (4.30) leads to the combinatorial identity

n—1

(—DF n—1\ 1 ,
Z ki k o Z ~-kj’ JENn =2

k1
k=1 1<k < <kj<n—1

90



Proof. (of Theorem Note first that an exponentially distributed random variable
X with parameter o € (0,00) has moments EX” = n!/a™ and central moments
E(X — EX)" = d,/a" with d, defined in ([4.13)), n € Ny. Consider the random
variable Sy defined via (4.28). From the proof of Theorem it is already known
that Sy — G — ~v almost surely as N — oo with convergence of all moments.

Moreover, for all n € Ny,

= D > Y ——— Ry BV
i=1 2<k1<--<k; <N 71, n;>1 1
ny+-- +"z =n

. n! i
— o > > mEY]gl - EY

=1 k1,eens k;i=2 nq,..., n;>1
all dlbtlﬂCt ny+-- +n, =n

n N
oy sy Ly
’ 1l ..., — 1) 1)
i=1 & ny,..., n;>1 nl an- k1,..es k;=2 (kl 1) (kl 1) '
ni+-+n;=n all distinct
n N-1
SO EDIE e S M reer
- | I, n )
- v Ny >2 ny: i B yeeski=1 kl kl
ni+--+n;=n all distinct

since d; = 0. Letting N — oo it follows that G has central moments (4.14]) with
si(ny,...,n;) defined via (4.15). Obviously, the expressions in (4.16]) and (4.17)

coincide. Thus, it remains to verify that s;(ny,...,n;) can be expressed in terms of
the zeta function via (4.16)). We show this by induction on i € N. Clearly, (4.16)

holds for ¢ = 1, since s1(ny) = ((ny) for all ny > 2. Concerning the induction step
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from 1,...,7 to i+ 1 (> 2) note first that, for all i € N and all ny,...,n; > 2,

Sz+1(n17 nz—l—l)
> Y o=
- fmL L Lt
kppoookgeN L U kip1€N\{k,. ki) oL

= 2 Ky k”@( 2 k:’““ ka“)

kv kg €N kip1€N il
all distinct

i
= si(n1, ..., ni) s1(nig1) — Z Si(n1, .. M1, M+ Mg, Mg, -2, mg). (4.31)
r=1

By induction we conclude that

si(ni, ... ni) s1(niyr)

=Y (=) Y @B =D (#Bi = 1)!(n,) -+ ((n)¢ (nis1)
=1

{B1,...BI}€P;

= Z(_Diil Z <#Bl - 1)' e (#Bl+1 - 1)' C(n31> e C(nBlH)

{B1,--»By11}€P;11

Byyq={i+1}
i+1
=D (= YT @B = 1) (#B = 1)1 C(np,) - C(np,). (4.32)
=2 {B1,.-, Bl}epi+l
B;={i+1}

Also by induction it is seen that

i
E Si(N1s oy M1, My M1, N1, -+, 1)
r=1

= ZZ(—DH Z (#A — D)l (#A = DIC(na,) - - C(na,_ ) C(naugicny),
r=1 =1 {A1.... A }eP;

where, in the last sum, we ordered without loss of generality the blocks Ay, ..., A,
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of the partition such that the element r belongs to the last block A;. Reordering
the sums on the right hand side yields

i

E Si(N1y o M1, M M1, Ny - -5 1)
r=1

i

= ST Y S @A - D (84, - DIC(na,) - Ca ) asgn):

= .or=1
=1 {A1,..., A }EP; reA,

Rewriting this expression in terms of the blocks By := Ay, ..., B;_1 := A;_; and

By := AU {i + 1} it follows that

7

Z Si(M1y ooy M1, M+ M1, M1 - -5 1)
r=1
= ) (-t Y > (#Bi -1 (#B — 1)l (#B1 - 2)!{(np,) - - ((np,).
=1 {B1,...B1 }€Pi+1 r,ijﬁféBl

The last sum (over r) consists of #8; — 1 summands and these summands do not

depend on r, which gives rise to a factor #58; — 1 leading to

i
E Si(N1, .o M1, M+ Mg, M1, -2, 1)

r=1

i

(-1 > (#By — D!+ (#B, — D! ((np,) - - C(np,).

=1 {B1,--Bi}€Pjy1
By #{i+1} for all ke{1,..., 1}

(4.33)
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Subtracting (4.33)) from (4.32)) and recalling (4.31)) it follows that

Sz‘+1(n1, ce 7ni+1)
i+1

=D (=D YT @B =D (#B— D! (ng,) - C(ngy),
=1 {B1,...Bi}€P; 11

which completes the induction. Thus, (4.16) is established.

4.2 Site frequency spectrum

Consider a sample of size n > 2 drawn from a large population of haploid individuals
undergoing mutation. In most settings in population genetics the genealogy of such
a sample is modled by Kingman’s n-coalescent with mutations. We are interested
in the distribution of the site frequency spectrum (M, ..., M,_1), where M; is
the number of mutations that are shared by precisely j individuals in the sample.
We derive the higher order cumulants of an arbitrary marginal M; in terms of the
jump chain J = {Jy,k =1,...,n} of II", where J; denotes the state of II" after
its (n — k)th jump.

For studies of the asymptotic behaviour of the SFS under Kingman’s coalescent
see Dahmer and Kersting 23|, and under general multiple merger coalescents see
Berestycki, Berestycki and Limic [8].

Before we turn to our result, let us recall the results of Fu [32] on the expected
value, variance and covariance of the SFS without proof. Notice that the mutation

parameter 6 in Durrett’s notation corresponds to 2r in our notation.
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Theorem 4.12 (Theorem 2.1 in [26]).
EM; =2r/j (j€[n—1]). (4.34)

In order to present Fu’s results on the variance and covariance, we use the
following notation. Let h, = .11 1/k, n € N, denote the (n — 1)th harmonic

number, and let

2n
(hn+l - hl) -

5l = i D= n

(n,i € N). (4.35)
Theorem 4.13 (Theorem 2.2 in |26]). We have fori,j € [n — 1]

Var M; = 2r/j +4r%c;;, and fori#j Cov(M;, M;) = 4r°cy;, (4.36)
where

ojj =2t L= )2, (4.37)

n—j J

and fori > j
)
B (i+1)—Bn (i) e
B if i+ 3 <n,
0y = q buzhe 4 hz:;u _ Bn(i)+§n(j+1) _ % ifi+j=n, (4.38)
Bn(3)—Bn(i+1) 1 y .
Pl — 5 if t +7 > n.

\
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Recall that for non-negative integers n,k € N with £ < n we call LZJ =

By, k(o) = (Z) EZ:B,‘ the Lah numbers. Then U;J counts the number of partitions

7 of [n] with k linearly ordered blocks, i.e. in each block of 7 the elements are

ordered.

Theorem 4.14. (Cumulants of marginals of site frequency spectrum) The ith

cumulant €; (M;) of M; is given by

Z Z > € ((cjh,) "% k € [#0] ﬁLll you, <7~ {r+<l2)]_l),

s=11y,..., ls=20€P,s m=1

where o, denotes the kth block of the partition o, the ordering of the blocks is fixed

arbitrarily, and

Li, (u) =Y _u'/I" (4.39)

>1

denotes the polylogarithm. In particular, for the expectation of M; we obtain

61 (M;) = EM; = 2r/j in agreement with Theorem [{.17

We have not yet been able to show that our result in Theorem agrees with
Fu’s result on the variance M; in Theorem [.13] Before we turn to the proof of
Theorem [£.14] we calculate the cumulants of a negative binomial distribution.

We define the negative binomial distribution, Nb(c, p), with parameters o > 0,
p € [0, 1] to be supported on the non-negative intergers Ny with probability mass

function

k (O‘ *’; B 1) (1—p)%*  (keNy). (4.40)
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If « € N, Nb(q, p) can be interpreted as the distribution of the number of failures in
a sequence of independent Bernoulli trials with success probability 1—p each, before
the ath success occurs. Recall that the special case a = 1 yields the geometric
distribution with success probability 1 — p.

In the following the notation a[i times| is a shorthand for i consecutive symbols

“a” seperated by commas.
Lemma 4.15. (Cumulants of negative binomial distribution) Let X ~ Nb(a,p).
Then the ith cumulant of X is given by

Martin Mohle pointed out the following elementary proof of Lemma [4.15]

Proof. (first proof of Lemma [4.15)) It follows immediately with the binomial series

that the moment generating function of X ~ Nb(a,p) is

1_ «
Eetxz(l—pit) (t < —logp).

Hence, the cumulant generating function of X is given by

P a(log(1 — p) —log(1 — pe')).

log Ee'* = alog
1 —pe

Now, for t < —logp, using the series representation logﬁ = Yo 2" /k for
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—1 <z <1, see [34, Equation 1.513.4], of the logarithm

. Y k Ay 4 .
S0 S

k>1 k>1 >0 ’ >0 k>1
pk tl tl
= — —Li;_ = —log(l — —Li;_
k§>1 2 + § T 1 (p) og(l—p) + z§>1 Th 1 (p),

and therefore

and the claim follows. O

Although this is a short and elementary proof, we consider it instructive to
give an alternative proof of Lemma |4.15| via conditional cumulants, which is also a
warmup for the proof of Theorem However, this proof requires the notion of
joint and conditional cumulants, as well as the notion of a mixture distribution,
that we now recall.

For the following statements on joint and conditional cumulants we closely
follow Speed [67] and Brillinger [19].

For s € R™ let M(x, . x,)(s) = E[exp{}_,_; 5:.X;}] denote the moment generat-
ing function of the real random vector (X, ..., X,) and suppose it has radius of
convergence ¢ > 0. Then the cumulant generating function of (X7, ..., X,,) is given
by Kx,,.. x.(s) =log Mx, . x,(s) and the joint cumulant €, ;, (Xi,...,X,)
of order (iy,...,1,) € N is defined as the coefficient ¢;, _; in the series expansion
Ky x)(8) = 2451 G H?Zl(slf/ij!) in s near 0. Often in the literature

Gr...1(Xq,...,X,) is called the joint cumulant of (X7, ..., X)), and we denote it
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by € (X1,...,X,). A remarkable property of the joint cumulant ¢ (X, ..., X,)

is captured in the following proposition.

Proposition 4.16. (|67, Proposition 4.1]) If there is a subset S C [n] such that the

random variables (X;)ics and (X;)icp\s are independent, then € (X1, ..., X,) = 0.

Another important property of the joint cumulant is its multilinearity, as stated

in the next proposition.

Proposition 4.17. (Multilinearity of joint cumulant, |67, Proposition 4.2]) Let
(Xi5) (i.j)elm)xm)> Tespectively (ai;) . jyemxm] be an array of real random variables,

respectively real numbers. Then

4 <Z arj, X1j,, - - -,Zam‘nxnjn> =D Y a0, (X, Xag,) -
i in in

J1
Finally, we recall a formula for the joint cumulants in terms of conditional
cumulants that was first given by Brillinger [19]. Suppose that X,Y are (possibly
multivariate) random variables defined on some common probability space. We

write € (XY") for the joint cumulant of X given Y. In complete analogy we denote

conditional cumulants of higher order.

Proposition 4.18. (|67, Proposition 4.4])

C(X1,....Xp)= Y €(€(X;:i€BY):Bem).

ﬂ‘E’P[n]

In what follows we use the notion of a mixture distribution as defined in
Chapter 8 of Johnson et al. [39]. There is a number of contexts in which mixture

distributions arise, but here we are only interested in the context of (randomly)
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varying parameters: suppose the distribution Px = Px(6;,...,6,,), m € N, of a
random variable X valued in S C R?, d € N, depends on parameters 6, ..., 6,, that
vary randomly according to the joint distribution Pg,, . e,.), that is, conditional

on {O; =b,,...,0, =0,} the cumulative distribution function of X is given by
FX;@LH_’QM(Z‘) = ]P){X < I‘|@1 = 01, e @m = Hm}, (l’ - S)

Consequently, the (unconditional) cumulative distribution function of X is given

by

FX(JT) = P{X S .T}} = /FX;917~--,9m(I)dp(@hm,@m)'

The law Py is called a mixture distribution and P(g, ... e,,) the corresponding mixing

-----

distribution. In analogy to the notation of Johnson et al. [39] we write this relation

in the symbolic form

Px =aPx(01,....0n) N Poy..om-
(01,...,.0m)

For o, 5 > 0 we define the Gamma distribution, Gamma(c, ), with parameters

(cr, B) to be supported on (0, 00) with density
t B—tafle*tﬂ (t € (0,00)). (4.41)

I'(a)

The special case a = 1 yields the exponential distribution with parameter 3. Recall
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that the negative binomial distribution can be constructed as a mixture distribution

Nb(a, 3/(1+ 3)) = Pn(0) /\ Gamma(a, 5), (4.42)
0

where Pn(f) denotes a Poisson distribution with parameter 6 > 0, see e.g. [39).
Before we turn to the second proof of Lemma [£.15] we need an alternative

formula for the polylogarithm Li_,, (u) when n € Nj.

Lemma 4.19. For the polylogarithm of negative order we have

Lioy (1) = é k'{z I 1} (1 ! u>k+l (n € N). (4.43)

Proof. We prove the statement by indunction on n.

For n = 0, according to the definition (4.39) of the polylogarithm we have

1
Lio(u):Zul: 1=-"

l—u_ 1—u
I>1

in agreement with the right hand side in (4.43)).
To conclude the induction step, suppose that the statement holds for some

n € N. Taking the derivative of Li_,, (u) with respect to u yields the recursion

d : _d lin I-1mm+1 _  —1 lin+l _  —17:
ToLisg (w) = 3l =y T = Yl = a T Ly ().

du
I>1 I>1 I>1

This recursion together with the initial value Lip (u) completely determines the

polylogarithm of negative order, Li_,, (u), n € N. If we can show that the right
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hand side

M (u) = gk'{Z:} (lﬁu)kﬂ (n €N)

in (4.43) satisfies the same recursion, the claim follows.

Notice that for m € N

—u™(1 —u)™™ =mu™ (1 —u)™™ + mu™ (1 — )"

=t (i ).

Therefore,

d d o~ n+1 [ v "
—M_ = — !
du (1) duzk{k’—i—l} (1—u)

=u! ki)k'{;;j: 1} ((k + 1)(%)"“+1 + (k+ 1)(%)’f+2>

=y kz:(k + 1)!{“+ 1}(L)k+l(1 + )

k+1)'1—u 1—u

n

a u(ll— u) Z(k * 1)!{Z ::-_ 1}(%)“1

k=0

= u_lM*(nJrl) (U),

where the last equation is seen as follows. Recall for £ > 0 the recurrence relation

for the Stirling numbers of the second kind
n+1] n n n I
k k-1 k)]

102



This implies

— k+1)'1—wu
n+1 n+1
n+1 U n+1 U
= > K )Ert kl(k+1 wH
Z { k }(1—u +Z * ){k+1}(1—u)
k=0 k=0
n+1
n+1 U n+1 U
— ]{?' k+1 k 1 k+1
— { k }(1—u +kz:£ * {k—l—l}(l—u) ’

since {"0'} = {112} =

Moreover, we have

nzﬂkl{n;;l}(lﬁu)kﬂ i(k+ 1)!{211}(%)“2

k=0
U n+1 u
= k+ 1)! —)kHL
1—u;( * ){k—i-l}(l—u) ’
and consequently
1 n+1), u
k=0

]

Proof. (second proof of Lemma |4.15)) Recall that the jth cumulant of a random

variate with law Pn(0) is 6 for all j € N, and the jth cumulant of a random variate

that obeys a Gamma(a, 8) law is a(j — 1)!/87, 7 € N. Let X ~ Nb(a, 3/(1 + f))

have a negative binomial distribution. According to the construction (4.42) we
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compute

€ (X) =% (X[i times]) = > % (Gup (Pu(r)|7) : B € 0)
o€P

—a i (b_l)!{z}:aLil_i(l/(leﬁ)),

where we used the formula

. n 7’L—|—1 u k+1
- ER{0 ()
k=0

for the polylogarithm of negative order, see Lemma Now let 5 :=p/(1 — p).

Then X ~ Nb(a, p) and, consequently,
cgi (X> - aLil—i (p) )

and the claim follows. O]

Proof. (Proof of Theorem 4.14)) Part I. Conditioning on the jump chain .J, we have
by Proposition

€ (M;) = € (M;[i times]) € (¢ (M;[#B times| | J): B€ o),
J
UE'Pl]
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and

€ (M;[#B times||.J) = (ZM (#J,)[#B times] J)

= Z Z G (M;(#y,), ... Mj(#Jy,5)]J),

b1=2 byp=2

where M;(k) is defined as the number of mutations that affect j individuals while

IT™ has k blocks. Letting w; :== #{i: b; = [} we obtain
C (M;(#Jp,), ... Mj(#y,,)|J) =€ (M;(#J2)[ug times|, ..., M;(#J,)[u, times]|.J)

and thus

#B

€ (M;[#B times||J) = Z € (M;(#J2)[ug times|, ..., M;(#J,)[u, times]||.J)

While in state J;, II™ has ¢;J; blocks of size j. The time until the next merger is
r7;, where (7;) is a sequence of independent exponential random variables, 7; having
parameter (;), and the number of mutations before the next jump that may affect
any of these ancestors independently is Poisson distributed with random parameter

r7;. This shows that

M;(#J;) =4 %,s; Pn(0) /G\Exp ((;) /r> : (4.44)

where ¥, denotes the I-fold convolution of measures. Let (P;(r7;))", denote
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a sequence of random variables with law ). ; Pn(6) A, Exp ((2)/r) . where @),

denotes the [-fold product of measures. By Proposition and Lemma {4.15

C (Py(r7)|ug times], ..., P,(r1,)[u, times]|J)

€ (Py(rm.)[#B times||J) if up = #B for some 2 < k <n,

0 otherwise,
\
(

Lii_sp <r [r + ('2“)] _1> if up, = #B for some 2 < k <n,

0 otherwise,

\

where we applied Lemma in the second step. The multilinearity of the joint

cumulant, Proposition [4.17] together with (4.44]) yields

€ (M;(#J2)[usg times|, ..., M;(#J,)[u, times]||.J)

= (H(chl)“l> € (Pi(r1o)[ug times|, ..., P,(r7,)[u, times]||J)

=2

Hence, a further application of the multilinearity of the joint cumulant, Proposi-

tion yields

G(M) =D ¢ (i(chl)#BLil_#B <r {r + (;)F) B e a)

=2 2. H}M% <(CszB)#BLi1#B <r [r - (lg)]_l) :Be a> .

0€Pu) (IB)Beo €12,
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Notice that

“(oara(fe ()] ) ner)
_ (g Lit s (r {r + (ZQB)] 1)) # ((c;71,)"": B € o).

and
€ ((c;d1,)*": Be o) =% ((¢; ;)" k € [#0]) .

Putting everything together, we obtain for &; (1)

Z Z > G ()" k € [#o] ﬁml v, (r {r+ <l2)]_1).

s=11,..., ls=20€P),s m=1

Part II. We are left to show ) (M) = 2r/j. From the above formula we obtain

fort=1

@ (M) = i% (¢;J1) Lig <7~ [r + (;)] _1>
CE () o

since by the definition of the polylogarithm

w05 () -

Recalling the formula for the hitting probabilities h(7, p) of Kingman’s coalescent

107



from Remark [3.25, we obtain

€ () =Be;Jy= > Ele;JilJy = wlh(A,, 7)

71'67)[”],1

-1 CY e [[#B- ) WL—_ !

TEPn) 1 Ben

where the last step follows from

> gr[[#B! = Z T l'mlml szml

WE'P[n]’l Bem m1 ..... mn>0 =1

n! n! -
= EE—
R S 1

M,y.ny myp >0
Im|=l—1,|m|l=n—j

“wlia)

We thus have

Notice that

1 . (n—j—l (n—4)!
LnJ {n —jJ Uil ) sy
_ - n\ (n—1)!
l -1 l)
n—j

(—1D)!
(

o) (n =)

(1) (n = D)!
(=) (n—j—D(n—1)
(=D n—j—1+1)n!
- 20—

(n—g'(I\N(n—j-1)! (n-0!
(n—1)<> n! (n—j—1+1)0
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and therefore

IR RS (n—1)!
GM) = 2r =T lz:;(n—j—H-l)!

__TQ—1Wn—j—U!n n—1
B ] ;(j—l)

=2r - =2r/j,

(")

where we used )., (;L:f) = (";1) in the last step. O]

We restricted ourselves to Kingman’s n-coalescent and studied the height and
total length of the corresponding genealogical tree, as well as the marginals of
the site frequency spectrum. Our calculations suggest that cumulants are rather
well-suited for this purpose.

Three directions for future research seem rather obvious, namely a) to work
out the joint cumulants of the jump chain J of Kingman’s n-coalescent in order to
simplify the result in Theorem , b) to extend this result to the joint cumulants
of the site frequency spectrum and c) to study functionals of coalescents other
than Kingman’s coalescent via cumulants. To this end, the reader should recall
that for any n-coalescent II™, conditional on its jump chain J the waiting times
are independent exponentials (which, of course, is true for any Markov chain), and
this fact may be exploited via conditional cumulants. Moreover, cumulants have
been used extensively for studying asymptotics, e.g. central limit theorems, as well
as for statistical inference, see, for instance, |68| and [49]. Another direction for

future research would be to apply this theory to the functionals of A coalescents.
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Chapter 5

Hydrodynamic limit

Recall that for any multiple merger coalescent I the partition I7(t) is exchangeable
for any ¢ > 0, where the notion of an exchangeable random partition of N is
explained in Appendix [A] In other words, the law of II(¢) only depends on the
sizes of its blocks, but not on the specific elements contained in a block. Because

of this exchangeability the block size spectrum
(¢ IT™(t), ..., ¢, JI1"(t)) (n>2,t>0)

contains almost all information on the random partition I7™(¢), namely up to
the labelling of the elements in the blocks. Recall that ¢;m counts the number
of blocks of size ¢ in m € Pp,. In this chapter we study various aspects of the
block size spectrum for different coalescent processes. To the best of the authors’
knowledge the block size spectrum of A coalescents has not been studied before in
the literature, except from the hydrodynamic limit for Kingman’s coalescent that

we will encounter shortly.

110



In the setting of finite sample size n we characterize in Section [0.1| the block size
spectrum for the Kingman and the Bolthausen-Sznitman coalescent via its factorial
moments. Crucial for our derivation are the transition probabilities of 17, which so
far have only been derived for the Kingman coalescent [44, Equation (2.4)| and
the Bolthausen-Sznitman coalescent |17, Proposition 1.4], see also Corollary
In the case of Bolthausen-Sznitman similar calculations lead us to a beautiful
formula for a somewhat mysterious quantity: the logarithmic generating function

—uN®(0), | of Laplace transforms of N*(t). However, the

of the sequence (u — Ee
consideration of this quantity was inspired by a similar one that was introduced
and studied by Pollaczek [62] (see, for instance, Equation (3.29) in [62]) in queuing
theory. As an application of this result we derive the Laplace transform of N"(t).
This can be viewed as complementing the spectral decomposition of the transition
matrix of N"(¢) and the formula

I'(n+e™) (t>0)

ENT() = r(n)M(1+et) 7

in |57, Equation (1.2)] for the mean of N"(¢).
In Section we turn to a scaling limit of {c¢II"(¢),t > 0} as n — oo for

1 and

beta coalescents that come down from infinity. If we rescale space by n~
suitably rescale time, this limit exists and is deterministic. In the statistical physics
literature (e.g. systems modeled by Smoluchowski’s coagulation equations) this

kind of limit is referred to as the hydrodynamic limit. In the case of Kingman’s

coalescent this hydrodynamic limit is well-known, cf. the survey paper by Aldous [5].
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5.1 Block size spectrum

In this section we study the block size spectrum in the setting of finite sample size

n for two coalescents: the Kingman and the Bolthausen-Sznitman coalescent.

5.1.1 Kingman

For Kingman’s coalescent the transition probabilities of II™ have been derived by

Kingman, namely [44, Equations (2.3) and (2.5)| yield
P{II"(t) = w} = P{N"(t) = #r} h(A,,7), (5.1)

where h(A,, ) denotes the probability that II™ hits 7 when started from A,, as
defined in Remark [3.25, This allows us to derive the following formula for the

descending factorials of ¢II™(t).

Proposition 5.1 (Descending factorials of block size spectrum; Kingman coales-

cent). For k € Ny we have

_ EN()E(N™ () — 1)F(n — N7 () IRI=IH
N (n — 1)1kl :

E(c 21" ()™ - (e 1T (1)) (5.2)

Proof. First consider the moments given that IT™(¢) has m blocks. Using (5.1]) we
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have

E(e 1™ (4))Er -+ (e T (8))22 1 10 (1) =

= Y (@mt (mEP{I"() = 7}

WEP[H]’"L
-1
=P{N"(t) =m} L?:LJ Z (epm)k .. (¢ m)kn H #D!
WGP[an Bem
-1
B nin n n! n — || k||
2o =m || o {m K

= B {N"(t) = m} ml¥l(m — 1) (n — )= (g 1)L

since

> (am)ie s (cum)i [T #B!

TEP[n],m Ber
= E U/f
T /N |
X /L' uzu ' H
ULyeeey up >0 HZ*
[[ull=n,|u|=m

n! g
> WH”

1,eyfin >0

ll@l|=n—||kl|,|@|=m—|k|
- —_ TT%  (iNaiq,! | i |
(n HkH) lyeenylin >0 H Z i =1
(|@]|[=n—||kl|,|a&|=m—]|k|

- <n+'|k:u>' H—%

Summing both sides of equation ([5.3) over m we obtain the claim.

O

It is somewhat surprising that a formula for the moments of N"(¢) is rather

complicated. Griffiths [36, p. 406 with mutation parameter § = 0] showed that
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such a formula is given by

n _1 1
EN”@ﬁ:=§:e—W—WQQZ—1)(£_1)ﬁ—ﬂl. (5.4)

i
I=k n

One can compute the right hand side in ([5.2)) solely in terms of descending factorial
moments of N™(t), but since this formula is not very illuminating, we omit it here.
However, we do give a formula for the mean of the entries in the block size spectrum

without proof:

j—

B (0 = -0 (1) ) (55)

P (n— 1)”71'

This formula can be proven using the identity

22(n — z)b = ko= DF () (n — (a + k))!
(n— (a+10))!

(0 <z <n,a,beN),

which in turn can be shown by an argument similar to the one given in the proof

of |28, Lemma A.2, Appendix A].

5.1.2 Bolthausen-Sznitman

We now study the block size spectrum for the Bolthausen-Sznitman n-coalescent.
Recall that for a partition 7 = {A;,..., Ay} € Py such that n; = #A4; the transition

probabilities of the Bolthausen-Sznitman n-coalescent are given by

k
P{H”@}zﬂ}z}ﬂﬁh”.ﬂ%):Eﬁ:j%e%KJﬁIIﬂ—wfﬁmq, (5.6)

(n—1 P
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cf. Corollary [3.17 The following lemma allows us to rewrite the right hand side

of (5.6) in a form that will be more convenient for our subsequent calculations.

Lemma 5.2. Fori € [n] let m; .= #{j: n; =1}. Then

P, i) = et (—1)FLE - B: I (=)™, (5.7)

(n

Proof. Note that (—1)'zt = (—z)!, so 2(1 — )1 = —(—z)" and therefore

k k n

H(l — x)ﬁ =z " H —(—2)" =" H (—(—x)z>mz )
i=1 i=1 i=1
Applying this to (5.6) yields the statement. ]

Theorem 5.3 (Logarithmic generating function of Laplace transforms of block
counting process). Forn € N, u,t,§ > 0, such that =1 < e "[(1 — §)e_t -1 <1
the logarithmic generating function of the Laplace transforms of N™(t), n € N, is

given by

B¢ ut) = Y E [exp { —uN*(1)}] % = —¢'log (1 Fet[(1-6) " — 1]) .

k>1

(5.8)

Proof. The convergence of the series is clear for —1 < & < 1, since |E[exp{—uN*(#)}]| <

1 for all t,u > 0, k € N, as N¥(t) > 1 a.s. for all u > 0 and k € N. Using (5.7)
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and |61, Equation (54)|, we have

P {N"(t) = k} (5.9)
(k—1)!

= (_1)k ! TI™ (N |
(n—1)! m1,.§n>0 | Y z' im,! H ( )

jmI=Fm]j=n
(k—1)!
( 1)k t(n — 1)|Bn,k(w0>7
where the sequence w, = (wy)gen is given by wy, = (—e *)F. Note that the

exponential generating function of (wy)g>1 is given by

Zwk_:Z )’f5 —(1—&° " —1. (5.10)

k>1 ) k>1

For the Laplace transform of the number of blocks in I7"(t) we therefore obtain

Bep{—u ()} = —1'Bnk(w.)_et%, (5.11)

where v, = (v},)ren is given by vy, == (k — 1)!(—e™¥)*. The sequence (v3)z>1 has

exponential generating function

v(€) = ka% = Z % = —log(1 + e ™), (5.12)

k>1 ’ E>1

whenever —1 < e7“¢ < 1. Using |61, Equation (57)] we find

S Elexp{ N ()}]5 = e'o(w(€) = ¢ Toa(1 + ¢ [(1 - &)

n>1

t

— 1)),

—t

whenever —1 < e “[(1 —¢&)¢ — 1] <1, which is the claim. O
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In (5.11)) we already saw a formula for the Laplace transform of N™(t) in terms
of complete Bell polynomials. Corollary [5.4] yields a more explicit formula for this

Laplace transform in terms of generalized Stirling numbers.

Corollary 5.4 (Laplace transform of restricted block counting process). Forn € N

the Laplace transform of N™(t) is given by

o 8£L¢(§7 u, t)|§:0 et—u -

E exp{—uN"(t)} = =1 = =T Z(b — 1)!6_“3}1:27: (5.13)
' T =1

foru > 0.

Proof. From the formula for the logarithmic generating function of the Laplace

transform of the block counting process, Theorem [5.3] we have
Eexp{—ulV"(1)} = (n — 1) 00 P(E, 1, 1) co

In order to compute the nth partial derivative of @ with respect to &, we first write
@ as a functional composition in a convenient way, and then apply Faa di Bruno’s

formula. Letting

glx) =(1—-2)° (5.14)

and

f(x) = —e'log(1 + e “{x — 1}),
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we have

-t

D& u,t) = —e'log(L+e"[(1=¢)" —1]) = (fog)(©).

Recall that Faa di Bruno’s formula [41] states that the ith derivative of the

concatenation f o g of two functions f, g is given by

ddxz = > f*@) [T 9" (), (5.15)

TEP[) Ber

where f, g are real functions that are at least i times differentiable, and £ denotes
the jth derivative of f.

In our case, we have ¢g(0) = 1,

t

$9(x) = (1P (0~
and, hence, ¢ (0) = (=1)7(e~*)Z. Moreover,

fO(x) = —€'(logo(1+ e "{- = 1}))V(x)

(1P = DI e o — 1])
This holds true, since, by another application of Faa di Bruno’s formula

L (logoh)(x) = Y 1og® (h(a)) [] 1)

TEP) Ber
_ Z ( 1)#7r 1(#71' o 1 ']’L —#7 H h(#B
TEP Ber
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and, letting h(x) =1+ e “{x — 1}, we have

d e ™ if j=1,
() =

J
dr 0 otherwise.

Consequently,

f]

%(log o(l+e*{x —1}))(x)

= ) (=D ar - DI+ e {a — 1) [ 2% (2)

71'673[]-] Ber

= (1N - D e 1)

Since 9 (g(€))]ezo = f9(1) = —(=1)"71(j — 1)le*", we compute

FD(E, U, t)]e=0 = Zf(#ﬂ Hg(#B

TI'E'P[n] Ber
== (=) = D) ()P (e
WG,P[n] Ber
- Y T
b=1 7T€7>[n] b Bem
Z b1t >0 [t
weP[n] b Benm
= e (- leshe
b=1
The claim follows. [

We basically derived the Laplace transform of N"(¢) in the Bolthausen-Sznitman

case for the sake of completeness, and in order to show that in the two cases of
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Kingman and Bolthausen-Sznitman some progress can be made even in the setting
of finite sample size n, since the transition probabilities are known in these cases.
To the best of the author’s knowledge the transition probabilities are not known
for other coalescent processes. However, in order to study the scaling limit of the
block size spectrum as n — oo, one does not need the transition probabilities, as

the next section shows.

5.2 Hydrodynamic limit

This section is a modified version of the preprint [50] written in collaboration with
Luke Miller (University of Oxford). We quantify the manner in which the beta
coalescent IT = {II(t),t > 0}, with parameters a € (0,1), b > 0, comes down from
infinity. Approximating IT by its restriction I1™ to [n], the suitably rescaled block
counting process n~'#II"(tn"!) has a deterministic limit, c(t), as n — co. An
explicit formula for ¢(¢) is provided in Theorem [5.10]

The block size spectrum (¢, /1"(t),...,c,I1I"(t)) captures more refined infor-
mation about the coalescent tree corresponding to I/. Using the corresponding
scaling, the block size spectrum also converges to a deterministic limit as n — oc.
This limit is characterized by a system of ordinary differential equations whose ith
solution is a complete Bell polynomial, depending only on ¢(t) and a, that we work
out explicitly, see Corollary [5.16]

For other studies of asymptotic properties of beta coalescents we refer the reader
to Berestycki, Berestycki and Schweinsberg [9] and [10]. For work on the first- and
second-order approximation of the ancestral process N(t) as t — 0 the reader may

want to consult Berestycki, Berestycki and Limic |7] and Limic, Talarczyk [47], [48].
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5.2.1 Introduction and summary of results

One may wonder whether the (random) coalescent tree T corresponding to IT
(see Section [2.3.2])) can be described more explicitly. One way to study 7 is
by “exploring” it via subtrees, namely, if we consider any n of its leaves labelled
ly,...,l, € N, their spanning tree will correspond to a A n-coalescent with leaves
labelled Iy, ...,l,, as is apparent from the consistency of A coalescents. As we
increase the sample size n, we explore larger and larger subtrees of 7. However,
the topology of a subtree spanned by n leaves is rather involved.

In order to work out explicitly the asymptotic shape of a subtree when the
number n of leaves grows without bound in what follows, we restrict ourselves to beta
coalescents that come down from infinity. Recall the definition of a beta coalescent
from Examples [2.5] Notice that according to Schweinsberg’s characterization of
coalescents that come down from infinity, equation , the beta(a, b) coalescent
comes down from infinity if and only if a € (0,1), cf. Example 15 in [66]. Without
further mention, we assume hereafter that A is the beta(a, b) distribution for some
a€(0,1),b>0.

In the first part of our note we study the behaviour of the frequency of the
total number of blocks of IT for small times. We show in Theorem [5.10 that with
a suitable scaling of time the frequency of the total number of blocks of IT has
a non-trivial scaling limit, more precisely, as n — oo we have convergence to a

deterministic limit

{n~ "I (tn"""),t > 0} — {(1 + %t) o it > 0}

in Dy 1[0, 00), the space of right-continuous functions with left limits from [0, c0)
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to [0, 1], in the Skorokhod topology. We obtain the limit as the solution ¢(t) of the

ordinary differential equation

%c(t) == f;)((‘;t?) T €20, q0 =1 (510)

of Bernoulli type.
In the second part we work out in Proposition [5.12] a scaling limit for the

so-called block size spectrum

{cII™(t),t > 0} (5.17)

of II", where for 7 € Pp, ¢m = (¢;7,...,¢,m) denotes the so-called type of 7
defined by ¢;m .= #{B € m: #B = i} for any i € N. The block size spectrum is
a summary statistic that encodes “almost all” information on a subtree of the
coalescent tree spanned by n leaves. The tree spanned by the leaves [y, ...,1[,,
also called the spanning tree, is the smallest subtree in the coalescent tree with
leaves [y, ...,l,. To be more specific, given {c¢II"(t),t > 0} one can recover the
corresponding subtree in the coalescent tree up to the choice of branches that
merge at each branch point and up to the labelling of the leaves. In fact, in order
to reconstruct this subtree on n leaves, due to the exchangeability of II all one
needs to do is choose at each branch point £ branches among the existing branches
uniformly at random (if & branches are to merge), and randomly label its leaves by
1,...,n (i.e. according to a permutation of {1,...,n} picked uniformly at random).
We focus on the behaviour of the average number of blocks of a given size, and

therefore rescale the state space of the block size spectrum by n=!.
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Fix d € N arbitrarily. We show that the evolution of the frequency of blocks of
size < d in II™ with the same time scaling as before converges to a deterministic

limit, namely
(N I (tnY), . eqI™ (1), t > 0} — {(c1(t),. .., ca(t)),t > 0},

as n — oo in Dy 45¢[0, 00) in the Skorokhod topology, where by Corollary

7! 1—a

ci(t) = C@ _aBi (( ! ) (—c(t)' )t (1 - a)') (1 € N), (5.18)

and for any function f: N — R we write f(e) as a shorthand for the sequence

(f(k))k>1. We find the functions ¢;(t) by computing their generating function

G(t,x) =Y ci(t)a’ (t>0,z€0,1)).

i>1
Theorem [5.15| states that ¢ is given by

g(t,l’) _ C(t) . ((1 . ZE)a_l + %t) ! (I € (—1, 1),t > 0) (519)

It is remarkable to see the similarity between the term subtracted from c¢(¢) in

formula (5.19) for ¢, namely

g(t,x) =c(t) —9(t,x) = Zci(t)(l —a') = ((1 — )"+ %t) o
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and c¢(t). In fact, g(t,x) solves the partial differential equation

I'(a+0b)

Og(t, ) = — (1—a)2— a)F(b)g(

t,x)** (v €(0,1),t>0) (5.20)

with boundary condition ¢g(0,x) = 1 —x, and ¢(¢,0) = ¢(t). This partial differential
equation should be compared to the ordinary differential equation for ¢(t), equation
(5.16)). We interpret this as a form of self-similarity of the limiting block frequency

spectrum of the beta coalescents expressed in terms of generating functions.

5.2.2 Block counting process

Before we turn to the scaling limit of the block size spectrum we study the simpler
block counting process N" = {N"(t),t > 0}. Recall that N™(t) = #II"(t) counts

the number of blocks in I7"(t). For a,b > 0 we will repeatedly use the identities
B(a,b) = I'(a)I'(b)/I'(a + D),

see |6, Theorem 1.1.4], and, since I'(a + 1) = al'(a),
I'(a+n)=a"T(a) (neN).

In order to find the right time scaling for N", notice that the rate at which the

number of blocks decreases has asymptotics

n

n TN I'(a+Db) 2-a
Z(l)““ Do —arm”

=2

as n — 0o, which is proved in Lemmal[5.8] Consequently, in order to see a nontrivial
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limit of N™ when its state space is rescaled by n~!, we should rescale time by a

factor on the order of n®~!. Let therefore C™ := {C™(t),t > 0} be defined by

C"(t) :==n"*N"(tv,)  (n>2,t>0), (5.21)

a—1

where v, ~n as n — 0o.

The process C™ is a continuous-time Markov chain with state space F,, == n~![n],
initial state C™(0) = 1, absorbing state n~! and evolves according to the following
dynamics: for ¢ € E,, and 2 <[ < nc

-1

ne
a transition crc— —— occurs at rate < ] ))\nc,l- (5.22)
n

For 2 < k < m if there are currently m blocks in I1, we will see any k specific

blocks merge at rate

B(k—2+a,m—k+b)  a*2pmF

Nk = /0 A 2(1 — )R A(de) = e -

Remark 5.5. Equation (5.23)) yields the recursive formula

a+k—2

_OTRZ2 e 2<k<m—1). 5.24
ko1 (@sksm-—l) (5.24)

)\m,k—‘rl =

This should be compared to the recursive formula

Ak = Atk + Amitprr (2<k<m)
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for arbitray A given in [60, Lemma 18|. Combined, these formulae can be used to

efficiently compute the rates of the beta(a,b) coalescent iteratively.

We prepare the proof of the diffusion approximation for C™ by establishing

some Lemmas. For k& € N define

n

F® =3 (7;) Mgl =15, and A =3 (7) An il (5.25)

=2 =2
(2)

The asymptotic behaviour of ”yy(Ll),% as n — oo will play a crucial role in the

proof of our first result, Theorem [5.10]

Lemma 5.6. For a,b > 0, a natural number n € N and an integer z € Z we have

a’ﬁ F(b) a—b—z
5~ Tla) n : (5.26)

as n — 00.
Proof. Since I'(a+n)/I'(n) ~ n® as n — 0o, we have

a” :F(a+n) ) Nf(b)n

btz IF(a) I'b+n+z2) Ifa)

as n — 00. ]

Moreover, for d € N, z € R? and k € N? let 2% == [[%, 2% and |2| = Z?:1|xi|.

i=1"1

Lemma 5.7. Fixd € N and k,n € N&. Then for a,b € R

Z lkambﬁmn (7;%> — alFnHl (g 4 b+ |k|)IP-IH, (5.27)

d
leNd i=1
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Proof. We first prove the statement for k = 0 € R? by an induction on d. Hence,

for d = 1 the statement reads

and this is true, since the sequence (aE) r>1 of rising factorial powers is a sequence
of polynomials of binomial type, as is well known. Suppose now that (5.27)) holds

for some d € N. Then

S alllbn|—|l|ii[1 (”)
i=1 li

leNgt!
4
ST | | (”
L
lend =1 N\

Nd+4+1 L -
x D (ndH) (a+ [1)# (b +ny + 4 mg — [1]) T

— (a4 b)" T (a4 bt ny 4.4 1) = (a+ )",

where we used the induction hypothesis in the second equality. Now suppose

|k| > 0. Performing the index shift m = [ — k in the first step and applying the
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statement for £ = 0 in the last step, we obtain

— d .
3 el T (?)

lend i=1
d n
_ kIm|+|k|pln|—|k|—|m]| ‘
_Z(m+k)a b H(ml—l—kz)
mGNg i=1
— gl*l Im| lnl—[k|—|m]| 4 ki i
="y (a+ k)b 11 [(ml—i—k,)(mﬂrki)}
mENg i=1
rpal e sk
— lkl E Im| p|n|—|k|—|m| R
a™'n Z(a+|k!) b H( m )
mENg =1
= dMpk(a + b+ [k|)MH]
which completes the proof. n

Lemma 5.8. Fora € (0,1) as n — oo we have that

NN I'(a+10) 2
" (1 —a)(2—a)l'(b) '

(5.28)

Proof. Firstly, note the relation 77(11) = 'yr(}) —%(10). Using Lemmawith d=k=1,
we find

" ((a+b—1)"1_ T )

l—a\ (a+b)"2 (a+Db)—2
The first summand in above paranthesis vanishes, if a +b = 1. If a + b # 1 we have

(a+b—1)""1 I'(a+b)

~

(a+b)n—2 F'la+b—-1)
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as n — oo by Lemma 5.6 On the other hand, Lemma [5.6] yields

pr—t N I'(a+ b)nl—a
(a+ D)2 I'(b) 7

as n — 00, and, since a < 1, we obtain

Y~ (f;¥%§%%%5n?‘“, (5.29)

as n — oQ.

Now consider %(10) :

L (e ()

’Yn n,l =

= \! a+b I—2
_ ZTJ
_(L%M2—aa+b 2;(»

B 1 <m+b 2" (2 — a)nb™ T — Uj
N (1—-a)(2—a)
N I'la+0b) o,

@-al®)"

3

(a+b)n= (a+ b2

where we applied Lemmata and once more and distinguished the cases

a+b=2and a+ b # 2. Putting everything together, the claim follows.

Lemma 5.9. As n — oo we have that 7&2) ~ n?.

Proof. We can write 7.2 = 72 — 4", since (1—1)? = 12— (I—1). Applying Lemma
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B with d =1 and k£ = 2 we find that

_ L = Y (7) (@ — 212 = n(n — 1),

From this and Lemma we conclude ’yﬁf) =D 4 n?asn — . [

For a metric space (E, 1) we denote by Dg([0,00)) the space of right-continuous
functions from [0, 00) into E having left limits. Moreover, by C(F), respectively
C>(E), we denote the continuous, respectively smooth functions (that is functions

that have derivatives of arbitrary order) from E to R.

Theorem 5.10. Let v, be of order n®~t. Then as n — oo we have convergence
{C"(t),t > 0} — {c(t),t > 0} (5.30)

in Dio1)([0, 00)) in the Skorokhod topology, where c(t) solves the ordinary differential

equation of Bernoulli type

d I'(a+1b)

TR CEA TRy ()

7 c(t)*™* (t>0), (5.31)

with boundary condition c(0) = 1. The solution to (5.38) is given by

1

B Ta+b) \= (2 — a)I(b) =
=g o) = (eormrrerm) - 6
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Proof. The jump chain (J})g>o of C"(t) = n~'N"(tv,) has transition probabilities

JSL:C}

(”lc) ’\A":C’l if c>n"1,2<1<ne,

[—1 [—1
see— "y =Pl =2
n(c, ) {1 c -

n

(

=131 ifc=n"t1=1,

0 otherwise.

\

Denoting by A, (c) the total rate of C™ in state ¢ € E,, for any f € C*([0,1]) the

generator of C" is given by

— u, (_1—71 F(e) + Rz(ﬂm)) ("ZC) At (5.33)
=2

where we used Taylor’s approximation in the third equality. Taylor’s approximation
ensures the existence of a value ¥,,; € (¢ — (I — 1)/n, c¢) such that the remainder

term Ry(1),,) is given, for instance, by its Lagrange form

1/1-1\?
19n =35\ — " 1971
Ral0n) =3 (S0) #7000
First notice that by Lemma
Up = (1€ v I'(a+Db) _
_n [ — DAy = ——~4W 5 — 2-a
n 2 (z)< et = =25Me @ T @ T D)
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as n — 00, since v,, is chosen to be of order n®!, and a < 1 by assumption. Since
f is smooth (i.e. f has derivatives of arbitrarily high order) on [0, 1], f” attains its

supremum || f”{| o = sup,¢p 1 f”(x)|. Consequently, as n — co we obtain

nc nc

nc Un nc 2
Unz ( I ))\nc,lRQ(xn,l) S 2_722”][””002 ( I ))\nc,l(l - 1)

=2 =2

_ Un " (2) 1 2 "

where we used Lemma [5.9in the third step. This shows the convergence

lim sup|G,f(c) —Gf(c)] =0, (5.34)

n—00 CGEn

where the operator G is defined by

— I'(a+D) 2=

Since [0,1] 3 ¢ = —c**I'(a + b)/(1 — a)(2 — a)I"(b) is Lipschitz continuous,
[29, Theorem 2.1 in Chapter 8] yields that the set C*°([0,1]) is a core for G, and
the closure of {(f,Gf): f € C*([0,1])} is single-valued and generates a Feller
semigroup {7'(t)} on C([0,1]). By [29, Theorem 2.7 in Chapter 4| there exists a
diffusion process ¢ corresponding to {7'(¢)}.

To prove that C™ converges in Djy1)([0,00)) in the Skorokhod topology to ¢ as
n — 00, it suffices by |29, Corollary 8.7 of Chapter 4] to show that holds for
all f in a core for the generator G, which we have just done.

O
Remark 5.11. 1. According to Theorem 1.1 in Berestycki, Berestycki and Schweins-
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berg [10] for beta(2 — «, ar) coalescents we have

lim ¢/ V#I1(t) = (al ()Y as.

t—0
Letting ¢ = tn®~ !, where a := 2 — «, this result yields

1
nTHII (") = —————(tn" ") & N(tn"")

n1+o¢71 tafl

1

s er@)™ = (Ggre=g)

a.s. as n — 0o, and suggests that one can extend Theorem for beta(a, b)
coalescents to the convergence

{n I (tn* "), t > 0} — <%t) o (5.36)

in Djy1)([0,00)) in the Skorokhod topology. In order to see this, notice that the
boundary value for the limiting ODE changes, but not the generator calculations
in the proof of Theorem if we consider the process {n~'#II(tn®" '), ¢t > 0}.

Thus, the limiting ODE satisfies

d B I'l(a+0b) 9 a
—c(t) = — i ae- a)F(b)C<t) (t>0), (5.37)

with boundary condition ¢(0) = co. In order to solve this ODE, notice that the

solution to

%c(t):— I(at?) ct)* (t=0), ¢0)=C (5.38)
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is given by

and converges to

I'(a+b)t =
(2= a)I'(b)
as C' — oo. It would be interesting to see whether Theorem 1.1 in [10] can be
extended to the result in (5.36]), and we leave this investigation for future work.
2. Kingman’s coalescent can be thought of as the beta(a, b) coalescent obtained

in the limit as a — 0. In this case we recover for the rescaled block counting process

the hydrodynamic limit

which is well known, cf. [75], equation (2.15).

5.2.3 Block size spectrum

For d € N let the rescaled block size spectrum (C?)E = (CP(t),t > 0)E] be

defined by

CM(t) = n"te; 1" (tv,),i € [d], Crt)=n" i ¢; 11" (tuy,). (5.39)

i=d+1

For | € NI*! with |I| > 1 we say that an [-merger occurs in /1" if among the
merging blocks there are [; singletons, ls blocks of size 2, ..., l; blocks of size

d and Iz, blocks of size at least d + 1. The process (CF){*! has state space
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E? = n710,...,n}? \ {0}, initial state (1,0,...,0) € E¢ absorbing state

n

(0,0,...,n7") and evolves according to the following dynamics:
l—e T7 (ne
a transition ¢ ¢ — —MrEED) occurs at rate  Ayjq H ( k),
n
(5.40)
if c € B and I, < ¢ for all i € [d + 1], where ||[I|| = 3071 ki), and ¢; = ((5”)?2%

denotes the ith unit vector in R4t!,

Let 0; = % denote the partial derivative with respect to the i¢th coordinate.
a—1

Proposition 5.12. Fixz d € N. For any sequence (v,) such that v, ~ n® ! as

n — 0o and a < 1 we have convergence

(CT@), -, Cia (@) = (ar(t), - - cama (1),

in Diy 1ja+1(0, 00) in the Skorokhod topology, where the latter process is deterministic

with initial state (¢1(0),...,cq+1(0)) = (1,0,...,0) and generator

Gf(c) :=%Z —Cil’c_‘; +Z e Y H— dif ()

i=1 leNd =
[l]=m Hl|| i

(5.41)
r +b 9_gq d+1 7 d+1 e
g et S sy H— O f(c).
( ) —a r=1 m=2 ZGN3+1 =

[t=m, ll]|=r
for any f € C>([0,1]¢F1).
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Proof. For a function f: R™! — R and a vector x € NI™! let D* := 9" - - o

and f)(x) = o --- 01" f(z). Moreover, let k! := [T k! and for any vector

z € R et o == [[Z] 2. Let \,(c) denote the total rate of (C)&! in state

¢ € B Using a Taylor expansion we obtain for the generator G, of (CI")&

gnf(c) = )\n(c) /(f(c’) _ f(C)),u(c, dCl)
= UpAp)c Z (f(c — (I = epyn(a+1))/n) — f(c)) A}\"'ﬂ H (iik)

leNd+! A
[1]>1,1<nc
SCED S CD S (5.42)
n n .
IENGFL j1|>1 KENTTE |k|=1
(L= epa@+n)” e = epuaga+n)
+ Y o DR (0= g (5.43)

I{EN3+1,‘I€‘=2
i+l o
i
X N | | < ) )
i=1 ¢

for any f € C>~([0,1]™), ¢ € EY and for some d,; € [0,1]%". Let |||l =

SUPeo,1)d+1 | f(@)].

Part 1. Let us first consider summands corresponding to || = 2 by focusing on

Un (I = epyn+1)" I — eya(d+1
@) == > Y PR D f(c—ﬁn,l—qll'/A( DY) (5.44)

lENGT! keNgH!
[[>1  |x|=2

a1
k

X Anje i | | ( z )
k=1 \ 'k

Evidently, in this case there exist (possibly equal) 7,75 € [d + 1] with kK = e; + ¢;.
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Notice that

2 if k= 2e; for some i € [d + 1],
(L= epa@rn)” <17 =
Lil; if Kk =e;+e; for some i, € [d+1],i# .

Hence, for fixed i € [d + 1] and x = 2¢;

1 L= eyn(d+1
T*(n) =vn D, 55— epia@e)* D* f( l%) Al

leNg+?
[I|>1
A
k
X
1 ( Lk )
k=1
y 1o
e; on k
<Mooz D B, uH( )
leNd'H
|l|>1
a1 oo
_ (2e¢) 2 \l| 2pnlc|—|l| k
Nd+1
|l|>1
d+1
[ Un 2 z ncy
_ 2(q — 2)pe =T _
o)~ ) sy 2,1 iy
|l|>1
Writing 12 = 12 + [;, we find
o a1
U 2(a — 2Tyl ( k)
(a_+_b)n\c\ ZnQI%;rl H
\l|>1

Un

m“ —a)(2 — a)nlc|(nlc| — 1)(a+ b)"FI=2

~(2—a)(l—- a)|c]2n“’1 — 0,
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as n — 0o, and

d+1
m nlc[—I| nek
(a+bn|c| 2p2 Zl b H( >

Nd+1
|l\>1

Unp,
(a + b)nld—2n2

|C|na—2 cl-|c|1_“n 1
N(a—Z)F(a+b)(F(a+b_l)— ) )%O,

= (a—2) <n|c|(a b — 1)t bWTLCZ) (5.45)

as n — 0o, where we applied Lemma (with k& = 2e; in the first case and k = ¢;

in the second) and Lemma [5.6|

For fixed i, j € [d 4 1] such that ¢ # j and k = e; + e; we obtain

d+1
Un 3 cite; L= ead+) nck
T7§2) < n2 lil; D e f <C - 79n,l— Anlel I | |

lENGT J1|>1
e d+1
1) || o) neg
< Lil;( nle| =l
(1—a)(2—a)n? oz~|—b"|c| 216%:“ kl;[l lk
|l\>1
L) |l Un

(a = 2)(a = 1)(nlel2(a+ b2

T (1= a)2—a) n2(a+ )2

~ I Fer D solePnt = 0,

as n — oo, where we applied Lemmata and (with k£ = e; +e¢;). Summarizing,

we showed that T%(n) vanishes as n — oo.
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Part 2. We now focus on |x| = 1, i.e. we consider

d+1
T( Z Z l — €||I||A(d+1) ) D" f n|c| " H (Tl@c)

leNd+1 rENGH
ST [kl=1

d+1

Up
= _—n(a n b)m ; dif(c)
- d

1
5 e ne
X E — L yind+1)y)@ alll=2prlel =M (l:)

ZENd“ k=1
\l|>1

+

Now consider in T (n) the summands corresponding to a fixed i € [d + 1].
We partition these summands and analyse their asymptotics seperately as follows.

Firstly, by Lemma |5.7] (with k& = e;) we have that

v L d+1 ne
() U T2y nld T k
Oi(n) : NPT Z L;a''=2p H( )

leNgT! k=1 b
[i]>1
1 Up, a+l ney,
Ii( Il\bn\d l2] < )
= T 0@ ana s bpe 2,1 Il
|l\>1
1 Up,

= 0@~ ) n(a = by 2
X ((a —2)nci(a+b— 1)m — (a— 2)bmnci)

SrES Y (@b =T =)
R R S 1 PR L S
a—1 " I'la+b—1) r) (a—1)I(b) " ’

~

as n — o00. Secondly, for any fixed ¢ € [d] the summand corresponding to the
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indicator 1g—ja@+1)} has asymptotic behaviour

d+1

v nc

L(n) = —— 0 L T2yl Tl g
(n) n(a t b2 > Lizjia@inya | |

leNg*t!
[1]>1
U o neg
T pald— Z H ( )
1> 1,[|2]|=1
v nlc|Ai d+1 ne
_ ™ m—2pnlc|-m ( k)
= a™ b
n(a + b)nld=2 mZZZ leNZ““ H
l1|= mlllH i
i d+1 z
F(a+ b) a— m—2 —a—m, —a—(m— m :
T " 2y AR By H—_
m=2 leNGT! k=
1= mlll\l—l
i d+1 z
I'(a+D) m—2| |2—a—m k
T > a" el . H Ll
m=2 lENdH =

|l|=m IIlII—I

as n — o0.

However, I;,1(n) must be treated as a special case. Using the set equality

{IleN&F ) > 1, >d+1}

=No"\ ({L e Ng™ Il > 2, |lif] € [d]} U {l e Ng™*: i < 1})
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it follows that

d+1
n) = Un — a — 2)lpnld— "k
faa(n) (1—a)(2—a)n(a+ b)rld=2 ( Z (a =2 lk ( Uk )

leNgt? =1
d+1

DN N ()

r=1 m=2 leNd'H —

ti=m =
d+1 L

- Y (@ 2)lilpnlel= mH (”0k> _ple |

leNgt?

=1

We now study each of the summands in 7;,1(n). Using Lemma |5.7| (with & = 0) we

find that the first summand

d+1

Un T e
a — 2 | nc| —1 ( )
(1 —a)(2 — a)n(a + b)ml—2 le%%;*l H
v -
= - —(a+b—2)"
(1—a)©2—a)n(a+ b)”|c|*2( )
F(CL + b) na72
(1—a)2—a)l(a+b-—2)
vanishes as n — oco. For the second summand, we find
d+1
- . >3-y ()
(1 —a)(2—a)n(a+ bnld-2 ol ety
= | =r
Heslse sy I
r=1 m=2 leNgtt k=
|t|=m Hlll—r

as n — o0.
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Using

d+1 d+1
3 (a- 9)lTprlel= mH (”0k> (a — 2)ble= ”ZC 2)6™ ¢,

leNdt!
ll[=1

as n — oo we find for the last summand in I;,1(n)

_<1 —a)(2 - a)tz(a + b)m Z (a — \lleLICI 1] H ( k) Ll

leNgt!
1121

N I'(a+0b)
(2 = a)l’(b)

Jel*~

as n — 00.
Since, by definition, TW (n) = —Zle(Oi(n) + I;(n))0; f(c), we obtain the

convergence

lim sup |G, f(c) = Gf(c)| =0, (5.46)

n—o0 CGE?L

for all f € C([0, 1]4+1).

Since G operates on real functions defined on the bounded domain E? := [0, 1]+
whose boundary is not smooth, a direct analysis of the corresponding semigroup,
respectively process, as done in the one-dimensional case in the proof of Theorem
5.10} is non-trivial, cf. [73|. Instead, we proceed via the theory of martingale
problems. We say that a process is a martingale, if it is a martingale with respect

to its natural filtration.
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Since G, is the generator of a Markov jump process,
Mn(t) — f( d+1 / gn On d+1)d

is a martingale for each f € B(E?) with compact support. Hence, if some sub-

)d+1

sequence of {(CM)%! n > 2} converges in distribution to (¢;)“f}, then for each

)

feCET

d+1 / gn Cz d—i—l) 3

is a martingale by the continuous mapping theorem, cf. [29, Corollary 1.9 of Chapter
3]) and [29, Problem 7 of Chapter 7], since (¢?)“} is bounded by 1 and M, (t)
is uniformly integrable, and so (c;)%} is a solution of the martingale problem

for {(f,Gf): f € C?(E%}. Once we show that the function b = (b;)t! from

0,00) x R to R defined for ¢t > 0, ¢ € R by

G IC\ 2— doof d+1 ;
— Zm 2 a™ |C| o Zm—lej\ﬁ(liﬂ—‘ k=1 Kk' ifce [07 1] v NS [dL
I'(a+0b a . _ ,
(F ; ) S Y LY e [T fee [0, i=d+ 1,
() = uf=r
0 otherwise,

\

satisfies the conditions of [29, Theorem 3.10 of Chapter 5|, then |29, Theorem 2.6

of Chapter 8| implies that the martingale problem for {(f,Gf): f € C*(E)} is
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well-posed. This is indeed the case, since

d+1

chb(c) = Zcibi(c),

and moreover, using ¢; < |c| < 1

d d
Zcibi(c) < KZQ\CP’“KC“ < K|c] < K|c|?
i=1

i=1
and

d+1 r

Carrbari () < el Y Y lef"K < Klef* < K|ef,

r=1 m=2

where the K, K,;; denote suitable constants that may vary from step to step. It is
now straightforward to verify the conditions of Corollary 8.16 of Chapter 4 in |29|

which implies the convergence in the statement. O]
Let G=T(a+b)/(1—a)2—a)l'(b).
Lemma 5.13. We have

%ci(t) = %c(t)Q_aBi((a —2)%c(t)"*, ol (t)) (i €N,t>0).

Proof. Proposition implies that for each i € N ¢;(¢) is a solution of the ODE

i

o Tlatd) o _ D@tD) N~ s oo T4
Ci(S)—mCi(S)C(S) _Wza c(s) Z H A

m=2 leNd k=1
|t]=m,||I]|=1

(5.47)
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or

d(s) = Llatd) o — 2)le(s)2-a Ml T cr(s)"
) = oD@ —2rm ZEN%”_} 2)"e(s) kl:[l I

)

G : m 2—a—m ! k
=7 > (a—2)"c(t) > T (R [ (ke ()

m=1 leNd k=1
[t|=m, ||l]|=¢

- % Z(a — 2)7c(t)* ™ B (we)

G —a
g Z—‘ (t)Q Bi(v.,w.),

—k

where v, = (v3), we = (wy) are sequences defined by vy, == (a — 2)¥¢(t)™* and

wy = kleg(t). O

Consider now the generating function

G(t,x):=> c(t)a' (ve[-1,1,t>0). (5.48)

i>1
We write 0, for the partial derivative % with respect to t.
Lemma 5.14. The generating function ¢ solves the partial differential equation

I'(a+10)

Y (t,x) = — (1—a)(2—a)T(b)

((c(t) =9 (t,2))* " = c(t)*) (5.49)

for x € (—1,1),t > 0 with boundary condition 4(0,z) = x for x € [-1,1].

Proof. We use the well known fact, cf. |61, Equation (1.11)], that for any two

sequences (vy), (wg), the exponential generating function of the sequence of the
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associated complete Bell polynomials (By(v,, w,)) is given by

> Bilva, wa) 7 = v(w(a)),

k>1

where these quantities are defined, and v, respectively w, denotes the exponential
generating function of v, = (v), respectively we = (wy), i.e. v(0) = >, Uk%v

w(z) = wki—l;. For our particular choice of (vy) and (wy), we find

v(0) = Z’Uj% = Z(a - 2)3 ' ¢’ - = (1 — i)Q—a 1,

> = Jle(ty

o
w(z) = Zwkﬁ = ch(t)xk =9(t,x),

for 10| < ¢(t), x € [—1,1]. Noticing that |¥4(t,z)| < c(t) for |x| < 1, we use

Lemma [5.13] to obtain

Theorem 5.15. The generating function 94 is given by

I'(a+0)

g(t,l’) _ C(t) N ((1 . l’)a_l + mt) ! (CL’ € (0, 1),t > O) (550)
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Proof. First, for fixed z € (0,1) consider the transformation

g(t,x) =c(t) —¥9(t,x) (t>0).

It is straightforward to verify that g solves the Bernoulli differential equation

I'(a+0b)

g(t,z) = _(1 —a)(2—a)l(b)

g(t)*™, (5.51)

with boundary condition ¢(0,z) = 1 — . Notice the remarkable similarity between
this partial differential equation and the ordinary differnetial equation in (5.38]) for
the total number of blocks. We interpret this as a form of self-similarity in terms

of generating functions. It is straightforward to solve (5.51f) and obtain

g(t,l‘) _ ((1 N ZE)a_l + %t) o . (552)

]

Corollary 5.16. For the deterministic limit {(c1(t), ..., cqr1(t)),t > 0} derived in

Proposition we have

7! 1—a

ci(t):c(t? _QBZ-(< ! ) (—c(t)l_“)'_l,(l—a)') (i € [d),t >0). (5.53)

Proof. From the definition (5.48)) of ¢ it is clear that we can compute its coefficient
¢;(t) for instance by evaluating its ith partial derivative with respect to x at x = 0.

To this end, it will prove useful to write ¢ as a composition, namely

G(t,2) = ct) = (f o g)(x),

147



where

flz) = (:z; + %t) o and g(z) = (1 —z)* "

We can now find a formula for the 7th partial derivative of ¢ by an application of

Faa di Bruno’s formula, see [41], which states that

dci; (fog)w) =D [ (g(@) [] 4" (=), (5.54)

ﬂG'P[i] Ber

for any two real functions f, ¢ that are at least ¢ times differentiable, where f0)

denotes the jth derivative of f. In our case, for j € N the jth derivatives are

£9) () = <a i 1)]’ (x n %Q ail‘j’ (5.55)

and

|~

g(j)(:z;) = (=1)(a — DL(1 — z)* 1, (5.56)
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Plugging this into (5.54)) and using ([5.32)) yields

1,
Git) = 50, i G(t, )
_ 1 L \™ Pa+h) N s
il & (a—l) (1+ a0 ) lg; 1)*2(a — 1)
_C(f) Z (=1 1 i a)#” (t)¥r(1=a) H<1 —a)*P
TP Ber
- C(tz)'! - 2 (1 i a) (=)™ " Bim((1 — a)*)

]

Remark 5.17. Notice that for ¢t > 0 we have c(t) = >, ¢i(t), since by monotone
convergence ¢ (t,x) = > o ci(t)r’ — Y., ct) = 4(t,1) as © — 1, whereas
Theorem implies ¥ (t,x) — ¢(t) as © — 1, since

e, D) NTTO
((1 ) +<2—a>f<b>t) !

as v — 1.

In this chapter we have studied the block size spectrum {c/1"(t),t > 0} and its
scaling limit as n — oo for various coalescent processes. In Section [5.1] we used the
transition probabilities for the Kingman and the Bolthausen-Sznitman coalescent
to characterize the block size spectrum for finite sample size n. Currently, we
cannot extend this method to other coalescents, as their transition probabilities

are not (yet) known. Finding the transition probabilities for coalescents other than
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the Kingman and the Bolthausen-Sznitman coalescent seems to be a challenging

problem. One route to this goal might be to try to find the spectral decomposition

of the corresponding generator. However, in Section we turn to the so-called

hydrodynamic limit of the block size spectrum for beta coalescents that come down

from infinity. The explicit formula for this limit quantifies how the corresponding

coalescent comes down from infinity.

Our results on the hydrodynamic limit raise a number of new questions that

one could investigate next.

(i)

(i)

The hydrodynamic limit for beta coalescents, given in Theorem and
Proposition [5.12] can be viewed as a law of large numbers type of result. A
natural question to ask is about the nature of the fluctuations of the relative

block sizes around their means ¢;, ¢ € N.

An obvious task is to understand the limiting behaviour in the regime a > 1. Of
particular interest is the borderline case a = 1 that comprises the Bolthausen-

Sznitman coalescent.

The reason that the hydrodynamic limit has already been studied for King-
man’s coalescent is that this coalescent fits into the framework of Smolu-
chowski’s coagulation equations, corresponding to the constant coagulation
kernel K (x,y) = 1, see [5]. Clearly, multiple merger coalescents do not fit
into the framework of Smoluchowski’s coagulation equations, since a) they
allow for mergers of more than two blocks and b) their rates do depend on

the total number of blocks present in the system.

Naively, one would expect that Smoluchowski’s coagulation equations could

be generalized to comprise both the classical kernels as well as kernels corre-
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sponding to multiple merger coalescents. If this is the case, the more general
coagulation kernel should have the form Kj(xq,...,zg) with 1 +...+ 2, < b,
where b denotes the total mass of current particles, and where k varies between
1 and the number of current particles. A particularly interesting problem
would then be the following. In Aldous [5] the author reviews in Section 4
finite-volume stochastic models that respectively correspond to the constant
kernel K (z,y) = 1, the additive kernel K(z,y) = = + y and the multiplica-
tive kernel K (z,y) = xy. For all of these kernels the hydrodynamic limit is
known explicitly, see [75]. One could hope for closed-form expressions for the
hydrodynamic limit for a generalization a) Ky(zq + ...+ x%) =21+ ... + xp
of the additive kernel, and a generalization b) Ky(xy,...,xx) = x1 -z} of
the multiplicative kernel. Moreover, it would be interesting to identify and

study corresponding finite-volume stochastic models.
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Chapter 6

Conclusion

We briefly recall the lines of investigation in this thesis and outline possible directions

for future research.

i)

if)

Spectral decompositions. We have derived the spectral decompositions of
II™ and N™ and applications thereof in Chapter (3| for the Kingman and the
Bolthausen-Sznitman n-coalescent. Finding spectral decompositions for the
beta coalescents seems to be a challenging open problem. However, this
spectral decomposition is of interest, as it should pave the way to work out

the transition probabilities for beta n-coalescents.

In Chapter 4| we studied the height, the total branch lengths and the SF'S
of Kingman’s n-coalescent tree 7. Our approach suggests that one should
investigate further functionals via cumulants and the partition lattice, e.g. the
ordered branch lenghts (L. ..., L" |), where L7 measures the total length
of branches in 7" subtending j leaves. In an ongoing project we study the

multivariate cumulants of the jump chain J of Kingman’s n-coalescent in order
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iii)

to simplify the formula for the cumulants of M; in Theorem [4.14] The final

goal in this direction is to find the joint cumulants of the SF'S.

More distant goals would be to use cumulants to investigate functionals of
other than Kingman’s coalescent, and moreover, to apply the statistical theory

developed for cumulants to coalescent processes.

We studied the hydrodynamic limit in Chapter [5] In future work one may
want to extend this result to a broader class of coalescents. Obvious candidates

would be the regularly varying coalescents, see |12, Definition 4.1].

Two other questions that arise naturally are: a) What is the distribution of
the fluctuations around the hydrodynamic limit ¢(t), respectively (c¢;(t))i>1,
in other words, a central limit type of result. b) What can be said about
coalescents that do not come down from infinity, e.g. beta(a,b) coalescents in
the regime a > 17 Does there still exist a rescaling that yields a hydrodynamic

limit, possibly in special cases only?

Yet another direction of research, which the author considers quite exciting,
is the following. Smoluchowski’s coagulation equations model systems of
particles (of different masses) that merge as time passes, and are parameterized
by a so-called coagulation kernel K. The value K(x,y) is interpreted as the
rate at which two clusters of particles with masses x and y coagulate, or
merge, to form a new cluster of mass x + y. It is well known that Kingman’s
coalescent corresponds to the constant kernel K(x,y) = 1. The additive
kernel, K(z,y) = x + y, corresponds to the additive coalescent, which is
important in the context of continuum random trees. The multiplicative

kernel, K(z,y) = wy, corresponds to the multiplicative coalescent, and is
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intimately related to the Erdgs-Rényi random graph. For more information on

these models of random coagulation see, for instance, Aldous’ survey [5], [2]

and [4].

It seems natural to ask for an extension of Smoluchowski’s coagulation equations
to allow for multiple mergers, so that they would incorporate multiple merger

coalescents. Because of their symmetry, the more general kernels
a) K(xy,...,zx) =1,

b) K(xy,...,x) = a1+ -+ xy,

c) K(zy,...,x) = a1 2y,

would then lend themselves as starting points for further investigations. A
particularly exciting problem would be to find the corresponding finite-volume

stochastic models.
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Appendix A

Poisson-Dirichlet random partitions

and Chinese restaurant process

We briefly recall the notion of a Poisson-Dirichlet random partition and its construc-
tion via Kingman’s paintbox, where we closely follow Berestycki’s lecture notes [12)].
For further information on this topic the reader is also referred to Pitman’s lecture
notes [61].

For any partition m € Pyp,; we write ¢ ~, j if and only if 7, j are elements of a

common block in 7. For any permutation ¢ of N define
om = {{o(b): b€ B}: B € 7},

in other words, let (i) ~yr o(j) if and only if i ~, j. Recall that an exchangeable

random partition of N is a random element ' in Py whose law is invariant under
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any permutation of finitely many elements, more formally,
) =4 0 p)

for all permutations o of N with finite support. Kingman’s correspondence, see, for
instance, |12, Corollary 1.1] asserts that the laws of exchangeable random partitions

on N and the laws on

Sy = {S:<81,Sl,...)2812322"'72751':1}7

i€Np

the space of tilings of the unit interval, are in one-to-one correspondence.

We recall how a random exchangeable partition is constructed from a given
tiling s = (s;)i>0 € So. Picture the tilings Jy = (0, s0), J1 = (so, S0 + s1), etc. as
paintboxes containing paint of different colours (we say that J; contains paint of
colour 1), the tiling Jy playing an exceptional role as we shall see. We now “colour”
the natural numbers 1,2,... consecutively as follows: Let (U;);en be a sequence
of i.i.d. uniform [0, 1] random variables. If U; € J, falls into the kth paintbox
for some k > 1, we paint the number ¢ with colour k. If U; € J, falls into the
Oth paintbox, we paint ¢ with a unique, new colour. The random exchangeable
partition X of N is defined by 7 ~x j if and only if 7 and j are of the same colour.
Instead of a deterministic tiling s € Sy one could have a random tiling of [0, 1].
This construction of a random exchangeable partition from a tiling of the unit
interval is referred to as Kingman’s paintbox construction.

A family of random tilings that is ubiquitious in the field of exchangeable

random partitions is known as the Poisson-Dirichlet distribution. This is a two-
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parameter family usually denoted PD(«, 6). However, for our purposes we restrict
ourselves to the case 0 < o < 1, 8 = 0. Let (W;);>1 be a sequence of independet
random variables with W; ~ Beta(1l — «, i) having a Beta distribution, see (2.12]).

Construct a sequence (Pi),;zl of random variables by letting

pl = W17

Poyyi=(1—=P —- —P)W,.

The non-increasing reordering (P;);>1 of (F;)ien is said to have a Poisson-Dirichlet
distribution with parameters («, 0), denoted PD(c, 0). This construction of PD(«;, 0)
is sometimes called the stick-breaking construction (for obvious reasons). We say
that a random exchangeable partition X' of N is a PD(«, 0)-partition if it can
be constructed from the random tiling (F;);>; of [0,1] via Kingman’s paintbox
construction.

We now turn to an alternative construction of a PD(«, 0)-partition X via the
so-called Chinese restaurant process. Picture a restaurant with an unlimited number
of tables. Customers enter one by one and take seats according to the following
rule: the first customer sits at the first table. When customer n+ 1 enters and there
are k tables occupied, he joins a table occupied by m customers with probability
(m — «)/n each, and takes a seat at a new table with probability ka/n. The
partition X is constructed by letting ¢ ~5 j if and only if customers ¢ and j sit at

the same table.
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Appendix B

Central moments of the Gumbel

distribution

For the sake of completeness we record the central moment m;, of the Gumbel
distribution for 0 < n < 10. Based on (4.14)) we provide them in terms of the
coefficients s;(nq,...,n;), in terms of the zeta function, and numerically. The
first central moments of the Gumbel distribution are my; = 1, m}| = 0, m}, =
s1(2) = C(2) = 72/6 ~ 1.64493, m} = 25,(3) = 2¢(3) ~ 2.40411, m/, = 9s1(4) +
352(2,2) = 6¢(4) + 3¢%(2) = 371/20 ~ 14.61136, m; = 445,(5) + 20s5(2,3) =
24¢(5) + 20¢(2)¢(3) = 24¢(5) + (10/3)72((3) ~ 64.43235,

mly = 26551(6) 4 135s5(2,4) + 40s5(3,3) + 1555(2,2,2)

= 120¢(6) + 90C(2)C(4) + 40C2(3) + 15¢3(2)

61 ,
= 544 ~ 406.8734
g A0 (3) 06.87347,
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Q

mb = 1854s1(7) + 924s2(2,5) 4+ 630s2(3,4) + 210s3(2, 2, 3)
= 720¢(7) + 504¢(2)C(5) + 420¢(3)¢(4) + 210¢3(2)¢(3)

21
= 720((7)+84W2C(5)+77r4§(3) ~ 2815.13142,

1483351 (8) + T42055(2, 6) + 492855(3,5) + 283555(4, 4)

+ 1890s5(2,2,4) + 1120s3(2, 3, 3) + 10554(2, 2, 2, 2)
5040¢(8) + 3360¢(2)¢(6) + 2688¢(3)¢(5) + 1260¢%(4)

+ 1260C2(2)¢(4) + 1120¢(2)¢2(3) + 105¢4(2)
1261

%”8 +2688¢(3)¢(5) + ?ﬂ@(:&) ~ 22630.60731,

13349651 (9) + 6674455(2, 7) + 445205,(3, 6) 4 4989655 (4, 5)
+ 1663255(2, 2, 5) + 2268053(2, 3, 4) + 2240s5(3, 3, 3) + 252054(2, 2,2, 3)
40320 (9) + 25920¢ (2)C(7) + 20160¢ (3)¢ (6) + 18144¢ (4)¢(5)
+ 9072¢2(2)¢(5) + 15120¢(2)¢(3)C(4) + 2240¢3(3) + 2520¢3(2)¢(3)
2268 ,

40320¢(9) + 432072 (7) + =T C(5) + 2240¢3(3) + 617°¢(3)

203595.03670, and
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Q

133496151 (10) + 66748555(2, 8) + 444960s5(3, 7) + 50085055 (4, 6)

+ 24393655 (5, 5) + 16695055 (2,2, 6) + 221760s3(2, 3, 5) + 12757555(2, 4, 4)

+ 7560055(3, 3, 4) + 2835054(2, 2,2, 4) + 2520054(2, 2,3, 3) + 94555(2, 2,2, 2,2)
362880¢(10) + 226800¢(2)¢(8) + 172800 (3)¢(7) + 151200 (4)¢(6)

+ 72576¢%(5) + 75600¢2(2)¢(6) + 120960¢ (2)¢(3)¢(5) + 56700¢(2)¢%(4)

+ 50400¢2(3)¢(4) + 18900¢3(2)¢(4) + 25200¢%(2)¢%(3) + 945¢5(2)
4977

g™+ 172800¢(3)¢(7) + T2576¢%(5) + 201607 (3)¢ (5) + 12607¢*(3)

2036946.09776.
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