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Abstract

Populations of bacteria regulate motility through chemical signalling to

control emergent self-organisation. We investigate emergent behaviour in

a population of bacteria whose motility is controlled through a type of

chemical signalling called quorum sensing (QS). We develop a cell-level

mathematical model that accounts for both QS and genetic regulation of

motility. By systematically upscaling our model with the Fokker–Planck

equation, we derive two multi-scale continuum models that describe the

system at the population level. Our first model uses chemical structuring

to capture genetic regulation of motility. We derive our second model

by effectively averaging out the chemical structure, leading to a simpler

reaction-diffusion system. Through analysis and simulation of both mod-

els, we characterise different types of emergent behaviour for various broad

classes of gene-regulatory networks. Examples of emergent behaviour in-

clude motility-induced phase separation, spatio-temporal oscillations, and

oscillator synchronisation. We investigate qualitative and quantitative dif-

ferences between the two models in order to characterise situations where

chemical structure is important. This comparison provides insight on the

reliability of reaction-diffusion models for motile signalling bacteria, which

should benefit future modelling efforts.
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Chapter 1

Introduction

1.1 Bacterial Motility and Active Matter

Motility is crucial for the successful operation of cells. It allows colonies of bacteria to

locate valuable resources or avoid noxious ones, and is an integral part of antimicrobial

resistance development [73], as well as tissue remodelling in morphogenesis, wound

healing, and cancer invasion [31]. Cells exhibit several methods of locomotion, but

in this thesis we focus on flagella-driven motility, which is used by many bacterial

species [12, 67,88].

Escherichia coli is a model organism for which flagella-driven motility is well-

studied. Individual E. coli perform so-called run-and-tumble motion [12] (Ch. 4).

Broadly, this motion consists of straight line trajectories at a constant speed, punc-

tuated by ‘tumbles’ wherein the cell randomly chooses a new direction of travel. Lo-

comotion during runs is achieved through the counterclockwise rotation of a flagella

bundle. The flagella become unbundled when one or more individual flagella reverse

direction, thereby triggering a tumbling event. The reversal of flagella is controlled

by intracellular biochemical circuitry, the specifics of which are outside the scope of

this work (see [67,88] for details).

We outline some of the quantitative details of run-and-tumble motion since they

are relevant to our modelling in Chapter 2. The time between tumbles follows an

exponential distribution with an average of roughly one second while the average

duration of a tumble is approximately 0.1 seconds (see [11], Ch. 6). Because cells

typically exist in low-Reynold’s number environments (∼ 10−5), they are effectively

stationary during tumbling events when the propulsion mechanism ceases [75]. In

reality, the movement of E. coli is only approximated by run-and-tumble motion.

The trajectories during runs differ slightly from straight lines due to rotational and
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passive diffusion, and the short duration of tumbles results in a slight bias towards

the previous orientation (see [11], Ch. 6).

By sensing and responding to chemical concentrations in their surrounding envi-

ronment, E. coli modulate their run-and-tumble motion so as to bias their net motion

in a desirable direction — this is called chemotaxis. Through biochemical regulation

of the tumbling frequency, cells can bias their motion either up (chemoattractant) or

down (chemorepellent) spatial gradients of an external chemical signal [88]. Because

cells are too small to directly measure spatial gradients, they direct their motion by

tumbling more frequently when they encounter lower concentrations of chemoattrac-

tant, and vice versa for chemorepellent.

Colonies of motile bacteria are an example of active matter, defined as a collec-

tion of interacting self-propelled particles. Examples of active matter range from

chemically propelled Janus particles that interact through steric forces [10, 17], to

flocks of birds and schools of fish where individuals align themselves relative to

their neighbours [87]. These systems display complex emergent behaviour such as

motility-induced phase separation [20], macroscopic orientational ordering [21,37,87],

and other complex spatio-temporal dynamics [85]. Motility-induced phase separation

(MIPS) occurs when a system of active particles phase separates in the absence of

attractive forces, leading to a two-phase system comprising a dense phase of immotile

particles surrounded by a dilute phase of motile particles. For motile bacteria, the

inter-particle interactions include physical forces such as collisions and hydrodynamic

effects [10], as well as chemical interactions such as quorum sensing [90].

1.1.1 Mathematical Modelling of Active Matter

There are two broad approaches to modelling active systems: microscopic particle-

level models and macroscopic population-level models. Macroscopic models are com-

monly upscaled from a microscopic model, but can also be phenomenological. One

method of describing particle motion on the microscale is with a set of SDEs for

the positional and orientational degrees of freedom. Lattice-based models provide

another approach (see, e.g., [16]).

Two types of particles are commonly studied in active systems: run-and-tumble

particles and active Brownian particles (for a review see, e.g., [10]). For run-and-

tumble particles in 2D, the position xi and orientation ei := (cosϕi, sinϕi)
T of each
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particle are governed by

dxi
dt

= vei + Fi, (1.1a)

dϕi
dt

= 0, (1.1b)

where v is a constant self-propulsion speed and Fi is the net external force acting

on the ith particle. Instantaneous tumbling events can be modelled by selecting a

random new orientation ϕi after a random time interval; the new orientation and

time interval are chosen from uniform and exponential distributions, respectively

[10]. These modelling assumptions are in line with our description of run-and-tumble

motion above. For active Brownian particles, the equations of motion are

dxi
dt

= vei + Fi, (1.2a)

dϕi
dt

=
√

2Drη(t), (1.2b)

where Dr is a rotational diffusion coefficient, and η is zero-mean, unit-variance white

noise [10]. In other words, the orientation angle ϕi undergoes standard Brownian

motion. We note that inertial forces have already been neglected in (1.1)–(1.2),

which is appropriate in small Reynold’s number regimes.

For systems of active Brownian or run-and-tumble particles, the force Fi crucially

includes particle interactions. Examples include steric repulsion [39] and electrostatic

interactions [96]. Alignment interactions or rules can also be included in either (1.1b)

or (1.2b) (see, e.g., [87,96]). Hydrodynamic effects can be included by supplementing

(1.1) or (1.2) with a flow field [51, 78]. In this thesis, we choose to neglect hydrody-

namic effects and instead focus on the role of chemical interactions.

1.1.1.1 Continuum Models

While agent-based microscopic models are useful for investigating emergent behaviour,

they can be computationally intensive for large numbers of particles. This is usually

due to the expensive evaluation of pairwise summations in the interaction term Fi.

An alternative approach is to derive macroscopic models through a formal upscaling.

These models have the added benefit that they are amenable to mathematical anal-

ysis. We now review several continuum models of active matter and later provide a

brief overview of upscaling strategies in Section 1.4.

The result of upscaling either of the microscopic systems (1.1) or (1.2) is a set of

governing equations that describe the system at the macroscale. The key macroscale
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quantity is the cell density ρ(x, t). A hallmark of these models is effective density-

dependent transport coefficients that describe the effect of particle interactions on

motility.

The system of active Brownian particles with pairwise interactions in (1.2) is

upscaled in [13]. They obtain

∂ρ

∂t
= ∇ · (D(ρ)∇ρ) , D(ρ) = D +

(v − ζρ)(v − 2ζρ)

2Dr

, (1.3)

where D is the long-time diffusion coefficient of the passive system (with v = 0) and ζ

is a constant. Both D and ζ can in principle be measured from numerical simulation

of the microscopic system. The quantity D(ρ) is an effective diffusion coefficient

representing cell motility at the macroscale. Similar continuum models are obtained

in [39,81].

Another approach to continuum modelling uses stochastic PDEs to describe the

cell density. As we will see in Section 1.4, the cell density in (1.3) derives from a

probability density function (PDF). As such, it is not completely accurate to refer to ρ

as a cell density. The actual density field evolves stochastically due to the randomness

at the microscale. It is given by
∑N

i=1 δ(x−xi(t)), where xi are the particle positions,

and δ is the Dirac-delta function [30]. A slightly different approach to upscaling the

microscale system (1.2) results in a stochastic PDE of the form [20,30]

∂ρ̃

∂t
= −∇ ·

[
V[ρ̃]ρ̃−D[ρ̃]∇ρ̃+ (2D[ρ̃]ρ̃)1/2η(x, t)

]
(1.4)

where ρ̃(x, t) is a coarse-grained density field (sometimes referred to as the empirical

density), η is white noise, and the transport coefficients D[ρ̃] and V [ρ̃] are density

dependent functionals given by

D[ρ̃] =
v2[ρ̃]

2Dr[ρ̃]
, V[ρ̃] =

−v[ρ̃]∇v[ρ̃]
2Dr[ρ̃]

. (1.5)

The cell-level motility parameters v[ρ̃] and Dr[ρ̃] are now also effective functionals of

the density due to the interaction. Their precise form depends on the type of inter-

action and is not particularly relevant here. Equation (1.4) describes the stochastic

evolution of the density field ρ̃, rather than the PDF ρ.

Motility-induced phase separation is well-studied in active systems [20]. An ad-

vantage of continuum models is that often one can derive criteria for the onset of

MIPS from the spatially uniform state ρ = const. For example, in [13] it was shown

that MIPS occurs when D(ρ) < 0 in (1.3), which is a condition for the continuum

model to become ill-posed. As another example, when the functionals v and Dr in
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(1.5) are local functions of the density, the criteria for the onset of MIPS in the

homogeneous state is given by [20]

ρ
v′

v
< −1. (1.6)

According to (1.6), MIPS is caused by a density-dependent self-propulsion; density-

dependent tumbling frequency or rotational diffusion cannot cause MIPS. We note

that this only applies to systems in a specific large lengthscale and timescale regime

where the upscaling leading to (1.4)–(1.5) is valid; outside of this regime, MIPS can

be caused by variations in rotational diffusion (see, e.g., [16]). In Chapter 3 we show

that variations in rotational diffusion or tumbling frequency can cause MIPS in living

active systems in the large lengthscale and timescale regime where MIPS is classically

forbidden according to (1.6). We have published this result in [77]. Before discussing

chemical interactions in active systems in Section 1.3, we briefly introduce quorum

sensing (QS).

1.2 Bacterial Quorum Sensing

Quorum sensing is a method of chemical signalling that enables colonies of bacteria

to alter their collective behaviour in response to environmental queues. Examples of

collective behaviour where quorum sensing has been implicated include virulence fac-

tor production [29,80], biofilm formation [48,59], and bioluminescence [70]. Quorum

sensing circuitry is often used as a building block in synthetic biology applications as

it allows the engineering of tunable coordinated behaviour at the population scale [15].

This has been exploited in the design of toggle switches [56] and oscillators [28, 74],

as well as industrial metabolite production [5, 47]. Quorum sensing also regulates

motility in both natural [82] and synthetic [91] biological systems.

Quorum sensing works in bacteria through gene regulatory networks (GRNs),

which alter production of molecules such as proteins, and ultimately emergent be-

haviours, in response to the local concentration of a chemical signal. In certain QS

systems in bacteria, the chemical signal is self-generated in the form of diffusible sig-

nalling molecules called autoinducers (AI). AI molecules can freely diffuse through

the cell membrane and be detected by intracellular transcription factors or gene-

regulatory proteins [70,93]. Termed the LuxIR circuit, the QS circuitry in the marine

bacterium Vibrio fischeri stands as a canonical example since many other bacterial

species possess variants thereof [9,92]. A hallmark of this system is a positive feedback

loop, the core of which has two steps [90]. In step one, AI binds to an intracellular
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protein called LuxR to form a LuxR-AI complex. Second, the LuxR-AI complex trig-

gers production of AI, which re-initiates step one provided that LuxR is present. The

feedback loop requires a threshold level of AI in order to begin, and it saturates when

LuxR is no longer abundant. A more nuanced explanation of the details in each step

can be found in [70,93].

The effect of the chemical signalling and positive feedback in the GRN is a switch-

like change in behaviour [90]. At low cell densities the AI concentration is small, so

the positive feedback loop is inactive. As cell density increases (e.g. by bacterial

growth and division), the AI concentration also increases, which eventually initiates

the feedback loop, thereby flooding the extracellular space with AI. The higher levels

of internal LuxR and AI, in the case of V. fischeri, lead to transcription of genes that

control bioluminescence. On the population scale, the result is a spontaneous change

in behaviour.

1.2.1 Mathematical Modelling of Quorum Sensing

Several mathematical models of QS have been developed independently from active

systems. These models tend to represent the GRN and chemical signalling in more

detail, but do not focus on motility. The biochemical aspects of these models will be

relevant to our model formulation in Chapter 2.

A mathematical model of QS was developed in [89] for the canonical LuxIR circuit.

Here the population is treated as a continuum and consists of subpopulations of up-

regulated and down-regulated cells. Each cell is in either of the two states depending

on whether the QS switch is active or inactive. The concentration of AI is modelled

as a well-mixed field that permeates the population. Signal production, uptake, and

natural decay are incorporated. Broadly, they demonstrate that an initially down-

regulated population undergoes a colony-wide transition to the up-regulated state

as the population increases, in line with real biological systems. They additionally

quantify the timescale over which the up-regulation occurs.

Another approach to modelling QS is to treat cells as fixed immotile ‘compart-

ments’ [24,46]. In [46], the concentration field of AI permeates the intercellular space

only. Cells are modelled as small immotile ‘holes’ in the domain with Robin bound-

ary conditions that mediate influx and efflux of AI. Inside each cell, ODEs govern

the (well-mixed) chemical reactions involved in the QS genetic circuitry, while in the

extracellular space AI molecules diffusive passively with a natural decay rate. Using

the method of matched asymptotic expansions in the limit of small cell radius, they

demonstrate the onset of synchronous collective oscillations at a critical population.
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A similar modelling framework is used in [24], but the cell positions are periodic in

space and they do not assume well-mixed internal concentrations. Through a sys-

tematic upscaling via homogenisation theory (method of multiple scales in space),

they derive a set of averaged governing equations which is valid on the macroscale.

Upscaling QS has paved the way for recent studies that investigate QS in e.g. the

presence of fluid flow [25] and morphogens [26].

When the GRN reaction kinetics admit oscillatory solutions (limit cycles) QS

can trigger synchronous collective oscillations [46, 53]. These systems of chemically

coupled oscillators are relevant in biological contexts such as collective migration of

Dictyostelium (see, e.g., [41] and references therein). Using the general framework

of [46], a quantitative criterion for the onset of collective oscillations is derived in [53].

Although we will be primarily focused on studying motility-induced patterning in this

thesis, we study a class of GRN kinetics in Section 4.3 that is directly relevant to the

problem of characterising oscillator synchronisation by QS.

1.3 Regulation of Bacterial Motility through Quo-

rum Sensing

Quorum sensing regulation of motility has been achieved in synthetic biological sys-

tems to generate tunable patterns in vitro. In [58] a population of E. coli was engi-

neered with the LuxIR circuitry from V. fischeri and coupled to genes that regulate

tumbling frequency (rather than bioluminescence). They demonstrated the emergence

of concentric ring patterns of high and low cell density in an expanding population

and that these patterns could be switched on or off by modulating the expression of

a single gene. A similar system exhibiting ring patterns was engineered in [23] where

the population consists of two different strains of engineered E. coli. Each strain

regulates the motility of its counterpart. The LuxIR QS circuitry from V. fischeri

and the LasI QS circuitry from Pseudomonas aeruginosa was engineered into the two

strains and coupled with motility genes.

Quorum sensing interactions in active matter have been represented mathemati-

cally through effective physical interactions. At the macroscopic level, this has been

done with effective density-dependent transport coefficients [84]. At the microscopic

level, QS interactions have been modelled as effective forces [2, 45, 54] or rule-based

collisions [69]. These studies have demonstrated clustering and phase-separation be-

haviour, similar to active systems with physical interactions (hereafter referred to as

classical active matter). However, it is not known how well these existing models
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predict emergent patterning since they represent QS through effective terms rather

than accounting for gene regulation and chemical signalling explicitly.

Recent studies have supplemented active systems with a concentration field of

signalling molecules that mediate the interactions [3, 18, 57, 60, 76, 98]. The concen-

tration field in these models is self-generated and detectable by cells, in line with our

description of QS in Section 1.2. At the population level, interactions are modelled

by posing transport coefficients that depend on the local concentration of AI, rather

than the local cell density. Similarly, microscale models assume AI dependent motility

parameters. These studies have shown that, broadly, repression of motility through

QS tends to promote emergent patterning. However, the effect of the GRN remains

unclear in general since an explicit model of gene regulation is absent in these studies.

Recent studies have begun to address this issue by incorporating phenomeno-

logical reaction-diffusion models of gene regulation [99], or through a structured

model [52, 94, 97]. In [99], a reaction-diffusion system represents the concentration

of intracellular gene-regulatory proteins or transcription factors through an effective

macroscopic field. A range of dynamic emergent behaviours was found through nu-

merical simulation. In [94], a detailed model incorporating gene-regulated motility,

bacterial growth, and nutrient concentration was developed and shown (numerically)

to successfully reproduce the experimentally observed stripe patterns in [58]. Simi-

larly, in [52,97] models incorporating gene-regulated motility were studied for simple

gene-regulatory networks and found to exhibit clustering behaviour. While these

models have made progress in exploring the role of the GRN, they have several im-

portant limitations, which we will discuss at the end of this chapter in Section 1.6.

1.4 Approaches to Upscaling

Upscaling microscopic models of active systems is a challenging problem in general.

We briefly review some general strategies for upscaling the SDE models of the form

(1.1)–(1.2), omitting most of the technical details. We use similar techniques in our

continuum model formulation in Chapter 2.

One formal method of upscaling is to reformulate the SDEs (1.1)–(1.2) in terms of

a probability density function (PDF) with the many-particle Fokker–Planck (Smolu-

chowski) equation. This is the approach that we will use for our upscaling in Chapter

2. In [13] they consider active Brownian particles that undergo passive diffusion (with

diffusion coefficient equal to one) and pairwise interactions. The particles are confined
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to a periodic domain Ω and the Fokker–Planck equation reads

∂ψN
∂t

=
N∑
i=1

∇xi
·[∇xi

U − vei +∇xi
]ψN+Dr

N∑
i=1

∂2ψN

∂ϕi
2 , xi ∈ Ω, ϕi ∈ [0, 2π), t > 0,

(1.7)

where N is the number of particles, U =
∑

i<j U(|xi−xj|) is the interaction potential,

and ψN({xi, ei}, t) is the PDF for the system to be in the configuration {xi, ei} at

time t. Although Eq. (1.7) is used for the specific system in [13], the upscaling

approaches in other models have similar starting points [7, 19, 39, 81]. Eq. (1.7) has

has a dimension of (3N + 1), making it impractical to study directly. A series of

approximations, broadly involving two steps, is used to reduce the dimension. First,

an effective equation for the marginal one-particle PDF is derived. The dimension is

usually still too large to be tractable, so the second step is to eliminate or approximate

the orientational degrees of freedom.

A challenge arises due to the pairwise interaction potential U . This causes the

governing equation for the one-particle PDF to depend on the (unknown) two-particle

PDF, which in turn depends on the three-particle PDF, and so on. For (1.7), the

one-particle PDF ψ1(x1, ϕ1, t) satisfies [13]

∂ψ1

∂t
= −∇x1 · [G+ veψ1 −∇x1ψ1] +Dr

∂2ψ1

∂ϕ1
2 , (1.8)

where G(x, t) depends on the two-particle PDF ψ2(x1,x2, ϕ1, ϕ2, t). There are a few

methods to eliminate the two-particle PDF. For example, in [13,81] they introduce a

phenomenological model for the interaction term G assuming a strong, short-ranged

interaction potential. In [16], two additional (off-lattice) methods are presented which

are suitable for weak, long-range interactions and strong, very-short-range interac-

tions. The first is a mean-field approximation where the one-particle PDF for any

two particles are effectively assumed independent as

ψ2(x1,x2, ϕ1, ϕ2, t) ≈ ψ1(x1, ϕ1, t)ψ1(x2, ϕ2, t), (1.9)

resulting in a closed equation for the one-particle PDF. The second off-lattice method

in [16] uses the fact that for strong very-short range potentials, particles cannot

overlap, i.e. |xi − xj| > ε with ε being the particle diameter. Thus the space of

allowed particle positions becomes a ‘perforated’ domain with small circular holes

of radius ε. They obtain approximations for the two-particle PDF using matched

asymptotics in the regime ε≪ 1, which enables a closure for the one-particle PDF.
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The governing equation for the one-particle PDF depends on the state variables

x1 and ϕ1 as well as time. It is therefore sometimes desirable to reduce the dimension

by eliminating the orientational degrees of freedom. One way to accomplish this

is to derive equations for the angular moments of the one-particle PDF (see, e.g.,

[13, 19, 84]). The cell density ρ is defined as the zeroth angular moment of the one-

particle PDF:

ρ(x, t) :=

∫ 2π

0

ψ1(x, ϕ, t) dϕ, (1.10)

where the subscript ‘1’ is dropped on the independent variables for convenience. The

first angular moment, defined by

p(x, t) :=

∫ 2π

0

ψ1(x, ϕ, t)e dϕ, (1.11)

describes the local average orientation of the particles. Governing equations for ρ

and p can be obtained by integrating (1.8). This moment expansion technique again

leads to closure issues because the governing equations for ρ and p depend on higher

order moments. This has been addressed with macroscopic scaling arguments [13,19,

39] as well as truncating higher-order moments [7]. Other methods of reducing the

dimension of the equation for the one-particle PDF have been employed for active

suspensions, such as generalised Taylor dispersion theory [63] and recently an operator

inversion method [42]. We will not use these methods in this thesis and therefore omit

a detailed review.

1.5 Structured Population Models

Throughout this thesis we will make use of a ‘chemically structured’ model. This

model is similar to an age-structured model (see, e.g., the book by Murray [66]),

but the ‘age’ variable will be the concentration of an internal gene-regulatory protein

or transcription factor. Structured models are relevant here because upscaling via

the Fokker–Planck equation ‘transforms’ dependent state variables into independent

state variables. These macroscopic models are therefore structured in terms of any

state variables that are posed at the microscale. A few studies mentioned above use

structured models to describe the intracellular gene-regulatory network [52,94,97]. We

remark that kinetic transport models are another example of structured population

models (see, e.g., [36, 61]). In these models, the governing equations are structured

in terms of cell/particle velocity.

10



1.6 Thesis Goals and Structure

Mathematical models of motile bacteria with QS regulated motility have typically

been placed within the framework of active matter [2,45,54,69,84]. In line with clas-

sical active systems, these models broadly predict clustering and phase separation

behaviour when motility is effectively decreased by the interactions. These studies

represent the GRN and QS through effective terms rather than explicitly. Several

recent studies have supplemented models of classical active matter with concentra-

tion fields of signalling molecules [3, 18, 57, 60, 76, 98], as well as reaction-diffusion

systems to represent the GRN [99]. While these models can be studied to predict

emergent behaviour, their phenomenological nature makes it difficult to relate model

parameters to measurable cell-level quantities. Additionally, they may contain hid-

den or uncontrolled assumptions. Only a few studies have explicitly modelled the

genetic regulation of motility using a structured modelling framework [52, 94, 97].

However, they either focus on specific experimental setups or do not explicitly ac-

count for chemical signalling. Additionally, some of these models are too complex to

be amenable to mathematical analysis. Models of QS tend to represent the GRN and

chemical signalling in more detail [24, 46, 53, 89]. However, the cells are usually im-

motile or well-mixed. Overall, we conclude from this Introduction that the role of the

GRN and QS in emergent motility-induced patterning remains poorly understood. In

particular, it is not known whether physical forces in classical active systems can ac-

curately represent chemical signalling, or how different types of GRN affect emergent

motility-induced patterning.

We aim to address this gap by systematically investigating the role of QS and

the GRN in motility-induced patterning. To this end, we develop two continuum

mathematical models of motile bacteria that explicitly incorporate genetic regulation

of motility through QS. Both models are derived through systematic upscaling of

a microscopic system so that the assumptions underlying our continuum model are

clear. Our first model retains as much information as possible about the GRN while

remaining analytically tractable. In this model, the internal GRN reaction kinetics are

modelled through chemical structuring, in principle retaining the full distribution of

internal states. By effectively replacing the full distribution in this structured model

with a discrete set of effective states, we are able to derive a significantly simpler set

of reaction-diffusion equations. This reaction-diffusion system constitutes our second

model, which we hereafter refer to as an internal mean-field (IMF) model. Our formal
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upscaling sheds light on hidden assumptions associated with approximating the GRN

kinetics through a reaction-diffusion system, rather than a structured model.

In order to better understand how the GRN affects emergent behaviour, we sys-

tematically analyse both models for various broad classes of GRN reaction kinetics.

We are then able to compare the predictions of both models in order to clarify sit-

uations where the IMF model is qualitatively and/or quantitatively inaccurate. To

concretely illustrate both models, we also consider a simple model of the canonical

LuxIR QS system and characterise motility-induced patterning therein.

The structure of the remainder of this thesis is as follows. First, we formulate

the cell-level model in Chapter 2 and perform a systematic upscaling. This leads to

our structured and IMF models which we analyse in chapters 3–5. In Chapter 3 we

develop a WKBJ (Louiville-Green)-like framework for analysing the structured model

for the canonical LuxIR QS circuit. In Chapter 4, we extend our analytical techniques

to three broad classes of reaction kinetics. Specifically, we consider kinetics that admit

multiple equilibria, kinetics with multiple internal chemical species, and kinetics that

admit a stable limit cycle. This last case poses significant analytical and numerical

challenges, so we restrict our attention to the spatially uniform case. Even so, our

system is directly relevant to the problem of QS-induced oscillator synchronisation

discussed above. It is also a situation in which the predictions of the IMF model

differ significantly from those of the structured model. In Chapter 5, we analyse the

IMF model and perform qualitative and quantitative comparisons with the structured

model. Finally, we summarise the key results of this work in Chapter 6 and discuss

potentially fruitful directions for future work.
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Chapter 2

Model Formulation and Derivation
of Continuum Equations

We have published a simplified version of this chapter for one internal chemical in [77].

2.1 Cell-level Model

To investigate emergent pattering in motile signalling bacteria, we begin by formu-

lating a mathematical model at the cell level. We then derive two continuum models

through a systematic upscaling of our cell-level model in a biologically realistic scaling

regime.

We consider a population ofN chemically interacting bacteria and neglect physical

interactions in order to focus on the role of chemical signalling. We model each

bacterium as a motile agent in two spatial dimensions with an internal chemical state.

For each cell, we specify an index i = 1, . . . , N and assign a position xi, orientation

ei = (cosϕi, sinϕi)
T , and a set of internal concentrations ui. In deriving the model,

we consider M internal species where ui = (u1i, . . . , uMi)
T , but later specialise to

the cases M = 1, 2. Each cell is therefore characterised by the state {xi, ϕi,ui}.
The chemical interactions between cells are mediated by a global concentration field

c(x, t) of autoinducer (AI), which depends on position x and time t. The full system

is therefore characterised by the state variables {xi, ϕi,ui}Ni=1 and AI concentration

field c(x, t).

Next we specify the dynamics for the state variables xi, ϕi, and ui. In terms of

motility, we consider cells that undergo both run-and-tumble and active Brownian

motion for generality. We also allow the cells to undergo passive diffusion. We

model the genetic regulation of motility by allowing all active motility parameters
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to depend on the internal concentrations ui. Between tumbles, the particle positions

and orientations therefore obey

dxi
dt

= v(ui)ei +
√

2Dtζi(t), (2.1a)

dϕi
dt

=
√

2Dr(ui)ηi(t), (2.1b)

where ei := (cosϕi, sinϕi)
T , while v(ui) and Dr(ui) are the respective gene-regulated

self-propulsion speed and rotational diffusion coefficient. The passive translational

diffusion coefficient is denoted by Dt. The quantities ζi and ηi are independent, zero-

mean, unit-variance Gaussian white noise terms associated with the translational dif-

fusion and rotational diffusion, respectively. The motion of each cell, characterised by

(2.1a)–(2.1b), is punctuated by tumbling events in which the cell attains a new orien-

tation angle. In E. coli, the average duration of a tumble is roughly ten-times smaller

than the average duration of a run, while the actual run time and new orientation are

chosen from exponential and (approximate) uniform distributions, respectively [11]

(Ch. 6). We therefore treat tumbling events as instantaneous and use exponential

and uniform distributions for the run times and new orientations. To model gene-

regulated motility, we pose a gene-regulated rate parameter (tumbling frequency)

γ(ui) for the exponential distribution. We omit a chemotactic term proportional to

the gradient of a concentration field in (2.1a)–(2.1b) because many species of bacteria,

including E. coli, are too small to sense spatial gradients directly. They instead bias

their motion along gradients by adjusting their tumbling frequency to the local sig-

nal concentration via intracellular biochemical pathways (see [11], Ch. 2), which we

model here by allowing a ui-dependent tumbling frequency γ. The cells are assumed

to occupy a physical (2D) domain Ω that has reflecting boundaries ∂Ω.

The internal state ui represents the intracellular concentrations of gene-regulatory

proteins or transcription factors, as well as any intermediate proteins involved in the

reactions. Biochemical reactions are known to have a stochastic component, especially

when the reagents are present in small amounts [44]. We model this by including a

noise term in the reaction kinetics. As we will show, the noise term has the additional

benefit that it regularises the resulting continuum equations. We thus have

dui
dt

= f(ui, c(xi, t)) +
√
2εξi(t), (2.1c)

where f = (f1, . . . , fM)T describes the reaction kinetics, which depend on the local

AI concentration c(x, t). We will introduce the governing equation for c directly in

terms of continuum quantities in our formal upscaling in the following section; for
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now we assume that c is prescribed. The quantity ε is the strength of the zero-mean,

unit-variance Gaussian white noise ξi. We consider generic reaction kinetics f in

developing the model, but in later chapters specialise to various classes. Eq. (2.1c)

assumes a common noise strength ε for each chemical species. In general, this can be

accomplished through a rescaling of the components of ui. In later chapters we will

work in the regime of small noise, so it is important that the noise strengths prior to

the rescaling are on the same order of magnitude. In the linear noise approximation

(LNA) of a stochastic reaction network, the coefficient ε should be a function of ui

in general (see e.g. [35], Ch. 3). We make ε constant in (2.1c) for simplicity, which

we expect to have no affect on any of our results since we consider the limit of small

ε (after non-dimensionalising). In reality, the concentration ui of each reagent is

discrete and the reaction network is accurately described by the chemical master

equation [35], Ch. 3. However, it is known that in the LNA, the system is well-

approximated by a Langevin equation (see [43]), as assumed in (2.1c).

Before continuing, we state here some generic assumptions on f to ensure phys-

ically realistic (i.e. bounded and non-negative) chemical concentrations. These as-

sumptions will be important in our formal upscaling. Let us write u = (u1, . . . , uM),

where we drop the cell index for convenience. Non-negative concentrations require

that u lies in the positive orthant of state space, which we denote by RM
+ . To ensure

non-negative concentrations in the absence of noise (ε = 0), it is sufficient to impose

that the components of f satisfy fj(u, c) ≥ 0 on the boundary ∂RM
+ . For finite ε, we

additionally impose that ∂RM
+ is reflecting. To ensure bounded concentrations, we

also impose fj(u, c) < 0 as |u| → ∞ in the positive orthant.

Our cell-level model consists of the equations of motion (2.1). The motility of

each cell is determined by the internal concentration ui, which evolves according to

prescribed gene-regulatory reaction kinetics f(ui, c). The cells interact through the

global concentration field c(x, t), which couples the reaction kinetics in each cell. Our

system therefore describes a population of motile bacteria whose motility is effectively

controlled by chemical signalling in combination with the gene-regulatory network.

2.2 Formal Upscaling and Continuum Model

Our starting point for the upscaling is to reformulate the SDEs (2.1) in terms of a

probability density function. In this alternative description, the probability of the

population being in the state {xi, ϕi,ui}Ni=1 at time t is given by ψN({xi, ϕi,ui}Ni=1, t).
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Our approach is similar to the methodology of [13,19] wherein they upscale a system of

active particles that have pairwise physical interactions, but no chemical interaction.

The evolution of ψN is governed by the Fokker–Planck equation. For our system

of SDEs (2.1), we have

∂ψN
∂t

=
N∑
i=1

∇xi
· (−v(ui)ei +Dt∇xi

)ψN +
N∑
i=1

Dr(ui)
∂2ψN

∂ϕi
2

+
N∑
i=1

(
γ(ui)

2π

∫ 2π

0

ψN dϕi − γ(ui)ψN

)
+

N∑
i=1

∇ui
· [ε∇ui

ψN − f(ui, c(xi, t))ψN ] ,

xi ∈ Ω, ui ∈ RM
+ , ϕi ∈ [0, 2π). (2.2)

Since probability is conserved, (2.2) has the form of a conservation equation where

each term on the RHS is the divergence of a flux. The fluxes can be interpreted

as follows. The fluxes in the first sum are due to self-propulsion and translational

diffusion, respectively. In the second sum, the diffusive flux (in orientation space) is

due to the rotational diffusion. In the third sum, the respective fluxes describe tumbles

into and out of the orientation ϕi. Since we previously assumed that tumbling events

occur instantaneously, the flux into angle ϕi is non-local. The form of the integral also

implies that all orientations are equally probable, in line with our earlier assumption.

The decay term describing tumbles out of orientation ϕi is due to our assumption

that the run times are exponentially distributed. Finally, the diffusive and advective

fluxes in the last sum are due to the internal noise and reaction kinetics. The form

of these terms follows directly from (2.1c).

Next we impose appropriate boundary conditions on ψN . In our cell-level model,

we confined the cells in both physical space and state space with reflecting boundaries.

Hence, no-flux conditions are appropriate. These read

[Dt∇xi
ψN − v(ui)eiψN ] ·Nx = 0, xi ∈ ∂Ω, (2.3a)

[ε∇ui
ψN − f(ui, c)ψN ] ·Nu = 0, ui ∈ ∂RM

+ , |ui| → ∞, (2.3b)

for i = 1, . . . , N , where Nx and Nu are the unit normals on the relevant domain

boundary. We also impose periodic boundary conditions in the orientation variables

ϕi.

Eq. (2.2) is a deterministic PDE that governs the evolution of the full probability

density ψN . However, it is too complicated to study directly since it has N · (M +

3) independent variables. Moreover, it describes the system in full detail at the

microscopic level, and we are interested in a macroscopic description. Our next step
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therefore is to simplify (2.2)–(2.3) through a formal upscaling in which we effectively

average out most of the independent variables.

Following [13], our next step is to derive a governing equation for the one-particle

probability density. This is the conditional probability of finding a given cell in a

given state, and we denote this quantity by ψ1. Since the particles are identical, we

consider the conditional probability for the first particle without loss of generality, so

ψ1 is determined by averaging over the other particles’ state variables:

ψ1(x, ϕ,u, t) :=

∫
ψN dϕ2 . . . dϕNdx2 . . . dxNdu2 . . . duN . (2.4)

Here the subscript ‘1’ has been dropped on the independent variables to ease nota-

tion. By integrating (2.2) over positions, orientations, and internal concentrations of

particles 2, . . . , N , we obtain an equation for ψ1, which reads

∂ψ1

∂t
=∇x · (Dt∇xψ1 − veψ1) +Dr

∂2ψ1

∂ϕ2
+

γ

2π

∫ 2π

0

ψ1 dϕ− γψ1

+∇u · [ε∇uψ1 − f(u, c(x, t))ψ1] , (2.5)

where we have used the no-flux boundary conditions in (2.3), as well as periodic

boundary conditions in ϕ.

Next we employ a moment expansion technique with respect to the orientation

ϕ (cf. [13, 19]). We denote the zeroth and first angular moments of ψ1 as n and p,

which we refer to as the chemically structured cell density and orientation field. These

quantities are defined by

n(x,u, t) := N

∫ 2π

0

ψ1 dϕ, (2.6a)

p(x,u, t) := N

∫ 2π

0

eψ1 dϕ. (2.6b)

We emphasize here that the structured cell density n will be one of the main quantities

of interest throughout the remainder of this thesis. The governing equations for n

and p are found by computing zeroth and first angular moments of (2.5). These

equations read

∂n

∂t
= ∇x · (Dt∇xn− vp) +∇u · (ε∇un− fn) , (2.7a)

∂p

∂t
= Dt∇2

xp− v

2
∇xn− (Dr + γ)p+ ε∇2

up−∇u ·
(
fpT
)
+ v∇x ·Q, (2.7b)

where Q is the second angular moment of ψ1, defined by

Q(x,u, t) := N

∫ 2π

0

(
I

2
− eeT

)
ψ1 dϕ, (2.8)
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where I is the identity matrix. We remark that the term I/2 must be present so

that the matrix I/2 − eeT contains only the second-order harmonics cos(2ϕ) and

sin(2ϕ). Otherwise the integral in (2.8) would have a contribution from n. We remark

that since fpT is not square in general, the divergence term in (2.7b) is performed

column-wise. In contrast Q is symmetric, so row-wise and column-wise divergence

are equivalent.

Each of the terms on the RHS of (2.7) has physical meaning. On the RHS of the

equation for n, the terms inside the first divergence represent the flux of cells through

physical space, consisting of translational diffusion and advection in the direction of

the orientation field p (cf. the corresponding terms in (2.2) in the first set of brackets).

The flux through state space in the second set of brackets in (2.7a) is also similar to

the corresponding fluxes in (2.2); the internal noise appears as a diffusion, and the

reaction kinetics as an advection. In (2.7b), we see that orientational order is lost

due to translational diffusion (first term), but produced by spatial gradients in the

structured density (second term). The third term on the RHS of (2.7b) states that

orientational order decays at the rate of reorientation Dr + γ. The final two terms

represent the flux through chemical space, which have the same interpretation as in

(2.7a).

The system (2.7) constitutes our upscaled version of the cell-level equations (2.1).

However, even if we prescribe the AI concentration c, the system (2.7) is not closed

due to the term involving the second-order moment Q. It is possible in principle to

derive a governing equation for Q, but it will depend on the third-order moment. In

general, the governing equation for each moment will have contributions from the next

higher moment. In order to proceed with our upscaling, we will introduce a closure

for p in (2.7). We accomplish this by exploiting a suitable macroscopic scaling regime,

as detailed in the following subsection.

Before introducing our closure of (2.7), we describe our modelling choices for the

AI concentration field c(x, t). We assume that AI molecules passively diffuse with

coefficient Dc, decay with rate β, and are generated through cell secretion at a rate

α(u). We therefore have

∂c

∂t
= Dc∇2

xc− βc+

∫
RM
+

α(u)n(x,u, t) du, (2.9)

where RM
+ is the positive orthant of RM . The final term on the RHS is the secretion

term, which is non-local in u as it encodes the contribution from all internal concen-

trations in a locally averaged region of space. By allowing for a non-constant secretion
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rate α(u), we retain the details of the reaction kinetics that generate c within each

cell. In posing a secretion term proportional to the marginal probability density n,

we implicitly assume a mean-field approximation for c and that the system comprises

a large number of cells (N ≫ 1) for which a continuum description is appropriate.

Our continuum model so far consists of Eqs. (2.7) and (2.9).

2.2.1 Macroscopic Scaling Regime

Our goal now is to close the moment equations (2.7) using a suitable macroscopic

scaling regime. To this end, we introduce the dimensionless quantities

x̃ =
x

L
, t̃ =

t

Td
, ũ =

u

U
,

ñ(x̃, ũ, t̃) =
n(x, u, t)

N
, p̃(x̃, ũ, t̃) =

p(x,u, t)

P
, Q̃(x̃, ũ, t̃) =

Q(x,u, t)

Q

c̃(x̃, t̃) =
c(x, t)

C
, f̃(ũ, c̃) =

Tk
U
f(u, c) (2.10a)

as well as the dimensionless parameters

D̃r(ũ) = Dr(u)Tr, γ̃(ũ) = γ(u)Tr ṽ(ũ) =
v(u)

V
D̃t =

DtTd
L2

, D̃c =
DcTd
L2

,

α̃(ũ) =
α(u)TdUMN

C
, β̃ = Tdβ, ε̃ =

εTk
U2

, (2.10b)

where tildes denote dimensionless quantities. Here L is a characteristic lengthscale

while Td, Tr, and Tk are respective characteristic diffusive, rotational, and kinetic

timescales. The quantities U and C are characteristic concentrations of internal chem-

ical and AI. The quantities N , P , and Q are typical values of the structured cell

density, orientation field magnitude, and |Q| respectively. Finally, V is a typical cell

speed between tumbling events. We additionally define the dimensionless parameters

χ :=
Td
Tr
, Γ :=

Td
Tk
, (2.10c)

and fix the ratio
L2

Td
= V 2Tr, (2.10d)

where the RHS of (2.10d) is the long-time, large-length diffusion coefficient of an

individual active Brownian particle (cf. [13, 14, 19]); hence L and Td are diffusive

length and timescales characteristic of the active motion. We also fix P/N = V Tr/L
and Q/N = (V Tr/L)2. The quantity V Tr/L is the ratio of the persistence length

to the diffusive lengthscale and will turn out to be small in our macroscopic scaling
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regime, implying that we consider systems whose (dimensional) orientation |p| and
second moment |Q| are small compared to n. Inserting the non-dimensionalisation

(2.10) into the governing equations for n and p (2.7) yields

∂ñ

∂t̃
=D̃t∇2

x̃ñ− ṽ∇x̃ · p̃+ Γ∇ũ ·
(
ε̃∇ũñ− f̃(ũ, c̃)ñ

)
, (2.11a)

∂p̃

∂t̃
=D̃t∇2

x̃p̃− χ

(
ṽ

2
∇x̃ñ+ (D̃r + γ̃)p̃

)
+ Γ

(
ε̃∇2

ũp̃−∇ũ ·
[
f̃(ũ, c̃)p̃T

])
+ ṽ∇x̃ · Q̃. (2.11b)

Eqs. (2.11) constitute dimensionless versions of (2.7).

We now close (2.11) using scaling arguments. We consider a macroscopic scaling

regime in which the reorientation timescale Tr is much shorter than both the diffusive

timescale Td and kinetic timescale Tk. Mathematically, this regime is given by χ≫ 1

and χ ≫ Γ; we make no assumption on the size of Γ. We consider an alternative

scaling regime in the following section in which our system reduces to an effective

active system with physical interactions (a classical active system).

Since χ ≫ 1 and χ ≫ Γ, the O(χ) terms dominate in (2.11b). Hence p has the

following quasi-steady state to leading order in χ:

p ∼ − v

2 [γ +Dr]
∇xn, (2.12)

where we drop the tilde notation as well as neglect the second-order moment, assuming

|Q| ≪ χ. In [13, 19, 61] they argue that Q is negligible for 1) timescales much

longer than the tumbling/reorientation timescale and 2) lengthscales much larger

than the persistence length V Tr. In our case, the first condition is satisfied in the

regime χ ≫ 1, while the second is satisfied due to the diffusive scaling (2.10d), i.e.

(V Tr)2 = L2Tr/Td ≪ L2. Next, we substitute the quasi-steady orientation field (2.12)

into the density equation (2.11a) to obtain

∂n

∂t
=

(
Dt +

v2(u)

2(Dr(u) + γ(u))

)
∇2

xn+ Γ∇u · (ε∇un− f(u, c)n) . (2.13)

We now absorb the factor of Γ into our definition of f and ε. As this factor will not

reappear in our subsequent analysis, we remark here that our small-ε asymptotics in

the following chapters requires that Γε ≪ 1 in addition to ε ≪ 1. Physically, this

means that the chemical noise is small on the diffusive timescale Td. Our dimensionless
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continuum model is therefore

∂n

∂t
= D(u)∇2

xn+∇u · (ε∇un− f(u, c)n) , (2.14a)

∂c

∂t
= Dc∇2

xc− βc+

∫
RM
+

α(u)n(x,u, t) du, (2.14b)

D(u) := Dt +
v2(u)

2 [γ(u) +Dr(u)]
. (2.14c)

Here, D(u) is an effective gene-regulated diffusion coefficient resulting from the up-

scaled run-and-tumble/active Brownian motion. Eq. (2.14c) agrees with the effective

diffusion coefficient derived previously in the parameter regime where our model and

previous models in [13,19] overlap. This regime is given by no gene-regulated motility

(v, γ = const. in (2.14c)) and no physical interaction (ζ = 0 in (1.3)). This agreement

is expected since we consider a similar diffusive scaling regime (2.10d) with χ≫ 1.

In summary, we have derived the simplified governing equation (2.14a) by upscal-

ing the cell-level equations of motion (2.1) in a suitable macroscopic scaling regime. In

this scaling regime, the timescale of particle tumbling and reorientation is much faster

than the kinetic and diffusive timescales. With the diffusive scaling (2.10d), this is

equivalent to considering lengthscales larger than the particle persistence length. We

emphasize that the relationship between the kinetic and diffusive timescales remains

general as we have made no assumption on the size of Γ. Our continuum model is

expected to hold for populations with large numbers of cells, as are typically present

in natural [27] and synthetic [58] biological systems. In the continuum equations

(2.14), the intracellular chemical concentrations u become independent variables,

whereas they began as dependent variables in the cell-level model (2.1). That is,

the population-level equations are structured in terms of the GRN inside cells; we

refer to these multiscale equations as GRN-structured.

We now deduce the boundary conditions on n. We accomplish this by integrating

the boundary conditions for ψN in (2.3) over the state variables of particles 2, . . . , N

as well as the orientation of particle 1. By integrating (2.3a) in this way and using

the definition (2.6b) as well as the quasi-steady orientation (2.12), we obtain

∇xn ·Nx = 0, x ∈ ∂Ω. (2.14d)

We integrate (2.3b) in the same fashion and obtain

[ε∇un− f(u, c)n] ·Nu = 0, u ∈ ∂RM
+ , |u| → ∞. (2.14e)
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Finally, we assume that the AI molecules are confined to the domain Ω, just as the

cells. We therefore impose no-flux boundary conditions on c as

∇xc ·Nx = 0, x ∈ ∂Ω. (2.14f)

Our full continuum model consists of the governing equations (2.14a)–(2.14c) as

well as the no-flux boundary conditions (2.14d)–(2.14f). A schematic of the model

illustrating its multiscale nature is given in Figure 2.1. We remark that that the

physical cell density ρ(x, t) is related to the GRN-structured cell density n through

(cf. (1.10))

ρ(x, t) =

∫
RM
+

n du. (2.15)

Importantly, we note that (2.14a) is a conservation equation as the RHS is the total

divergence (with respect to u and x) of a flux. As such, there is an associated

conserved quantity given by∫
RM
+

∫
Ω

n(x,u, t) dxdu := ρ∗|Ω| = const., (2.16)

where ρ∗ is the global cell density and can be considered an additional model pa-

rameter while |Ω| the area of Ω. When expressed in dimensional quantities using

(2.10a), the constant on the RHS of (2.16) is equal to N , the total number of cells.

In principle, we could fix the scaling N in (2.10a) so that the RHS of (2.16) is equal

to one; however, it will be convenient to keep ρ∗ as a parameter to explore the effect

of varying the total number of cells in our system.

Finally, we check that our scaling regime is biologically relevant. We estimate

χ ≈ 900 and Γ ≈ 15 for run-and-tumble bacteria (no rotational diffusion) with

a canonical LuxIR gene-regulatory network (see Chapter 3) and a lengthscale of

L = 1mm. These values are in line with the scaling regime χ ≫ 1 and χ ≫ Γ. On

a lengthscale comparable to a Petri dish (L ≈ 1cm), we obtain even more favourable

estimates of χ ≈ 9× 104 and Γ ≈ 1.5× 103. These values are estimated with (2.10c)–

(2.10d) and with a tumble rate of T −1
r ≈ 0.6s−1 and run speed of V ≈ 20µm/s (see the

paragraph below Eq. (12) and bottom of page 6 of [94]). We also use T −1
k ≈ 0.01s−1

as the natural decay rate of the LuxR-AI dimer in the canonical LuxIR system (see

the parameter k̃− in Table S1 of [25]). We note that other possible choices for Tk
based on the parameter values given in [25] yield even more favourable estimates for

Γ.
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Figure 2.1: Schematic illustration of our multiscale models of chemically interacting
cells. We represent the cell density (left panel) by a continuum field n(x,u, t). The
motility of individual cells depends on their internal concentrations u. The various
gene-regulatory proteins or transcription factors can either repress or promote motil-
ity. The GRN-structured model in (2.14) retains the distribution of internal chemical
while the internal mean-field (IMF) model in (2.36) and (2.38) approximates the dis-
tribution of each chemical species as a superposition of Dirac-delta functions (two
shown here).

2.2.2 Alternative Scaling Regime: Reduction to a Classical
System

In this section, we give an alternative scaling regime in which our upscaling instead

leads to an effective classical system. In particular, the chemical interaction is replaced

by an effective physical interaction. Our analysis therefore clarifies the conditions un-

der which chemical interaction can be accurately represented by an effective physical

force, as is often done in the literature [2, 45,54].

We aim to show that on a diffusive timescale the full system (2.11) is dynamically

equivalent to a classical active matter system when the following scaling assumptions

are satisfied:

1. fast reaction kinetics with respect to the tumbling and reorientation timescales

(Γ ≫ χ),

2. fast AI secretion and decay timescales as compared to AI diffusion timescales

(β ∼ |α| = O(Γ) ≫ Dc),

3. fast tumbling and reorientation with respect to cell diffusion (χ≫ 1),
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4. the kinetics have a unique, linearly stable equilibrium in the sense that for any

fixed c, there is a unique u∗ such that f(u∗, c) = 0 for which the eigenvalues of

the Jacobian of f are negative.

At the continuum level, physical inter-particle interactions generally appear as a den-

sity dependence in the motility parameters [13, 38, 83]. For pure active Brownian

particles, the self-propulsion speed is approximately linear over a wide range of cell

densities and several pairwise interaction potentials [39]. Below, we describe a fur-

ther special case where the gene-regulated motility in our model reduces to a linear

density-dependent motility, thereby effectively representing repulsive active Brownian

particles.

We begin by considering (2.11) in the regime characterised by assumptions 1 – 4

above. For simplicity, we set ε = Dt = 0. Eq. (2.11) thus becomes

∂n

∂t
= −v∇x · p− Γ∇u · [f(u, c)n] , (2.17a)

∂p

∂t
= −χ

[v
2
∇xn+ (Dr + γ)p

]
− Γ∇u ·

[
f(u, c)pT

]
+ v∇x ·Q. (2.17b)

When Γ ≫ χ ≫ 1, the reaction terms dominate in both (2.17a) and (2.17b), so

the internal reactions equilibrate on an O(Γ−1) timescale. To account for both the

fast O(Γ−1) kinetic timescale and the slow O(1) diffusive timescale, we use a formal

multiple scales approach and introduce fast and slow time variables τ and T as

τ = Γt, T = t, (2.18)

respectively. We then separate the two scales in the field variables as

n(x,u, t) = n(x,u, τ, T ), p(x,u, t) = p(x,u, τ, T ), c(x, t) = c(x, τ, T ).

(2.19)

The leading order O(Γ) terms in (2.17) describe the dynamics on the fast scale as

∂n

∂τ
= −∇u · [f(u, c)n] , (2.20a)

∂p

∂τ
= −∇u ·

[
f(u, c)pT

]
, (2.20b)

where we assume that the higher-order moment is o(Γ). Similarly, the leading order

O(Γ) terms in (2.14b) yield

∂c

∂τ
= −βc+

∫
RM
+

α(u)n(x,u, τ), (2.20c)
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where we have implicitly rescaled α and β in accordance with assumption 2 above.

Since our aim is to simplify our system for t = O(1), we are interested in the limit

τ → ∞ of (2.20). To this end, we note that Eqs.(2.20a) and (2.20b) are first order

PDEs that have characteristic curves u(x, τ, T ), n(x, τ, T ), p(x, τ, T ) defined by

du

dτ
= f(u, c), (2.21a)

dn

dτ
= − (∇u · f)n, (2.21b)

dp

dτ
= − (∇u · f)p, (2.21c)

where x and T appear as parameters. From (2.20c) and (2.21a), u and c have quasi-

steady states u = u∗(x, T ), c = c∗(x, T ) where

f(u∗(x, T ), c∗(x, T )) = 0, (2.22a)

βc∗ −
∫
RM
+

α(u)n(x,u, T ) du = 0. (2.22b)

From assumption 4, we have that ∇u ·f < 0 at u = u∗, so we deduce from (2.21b) that

n(x,u∗, τ, T ) → ∞ as τ → ∞. The boundary conditions (2.14e) with ε = 0 imply

that n vanishes on the boundary ∂RM
+ . Since the components of f are positive on the

boundary and negative as |u| → ∞ (by our earlier assumptions at the end of Section

2.1 to ensure bounded, non-negative concentrations), the characteristics u(x, τ, T )

sweep inwards into RM
+ . As such we have that that n(x,u, τ, T ) → 0 as τ → ∞ for

u ̸= u∗. The same reasoning applies to p in (2.21c). There may be multiple solutions

of (2.22) in general, but assumption 4 implies that (2.22a) determines u∗ uniquely in

terms of c∗. This implies that n(x,u, τ, T ) diverges at only a single point as τ → ∞.

Overall for n and p, we formally have

n(x,u, τ, T ) = ρ(x, T )δ(u− u∗(x, T )), as τ → ∞, (2.23a)

p(x,u, τ, T ) = P(x, T )δ(u− u∗(x, T )), as τ → ∞, (2.23b)

where δ is the Dirac-delta function, while ρ and P are the unknown cell density and

orientation field that vary on the diffusive timescale. We note that (2.23) is a steady

solution of (2.20) in the weak sense. That is, if we require
∫∞
0

∇u·[f(u, c∗)n] Ψ(u) du =

0 for all smooth test functions Ψ, then after integration by parts we see that (2.23a)

is a solution by the sifting property of the Dirac-delta function. Again by the sifting

property, Eq. (2.22b) now becomes

βc∗ = α(u∗(x, T ))ρ(x, T ). (2.24)
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Eqs. (2.22a) and (2.24) constitute an algebraic system that can in principle be solved

for u∗(x, T ) and c∗(x, T ) as a function of ρ(x, T ). We therefore make use of the

shorthand u∗(ρ) := u∗(ρ(x, T )).

Next we determine the unknown cell density and orientation field ρ and P in

(2.23). We integrate (2.17b) over u and make use of assumption 3 (χ ≫ 1). This

yields

P ∼ − 1

2 (Dr(ρ) + γ(ρ))
∇x

(
ρ

∫
RM
+

v(u)δ(u− u∗(ρ)) du

)
= −1

2
∇x (v(ρ)ρ) , (2.25)

where we have assumed that the higher order moment is o(χ). Integrating (2.17a)

over u and substituting (2.25) yields

∂ρ

∂T
= ∇x ·

[(
v2 + vv′

2(Dr + γ)

)
∇xρ

]
, (2.26)

where the motility parameters v, γ, and Dr are now functions of ρ, and v′ = dv/dρ.

Eq. (2.26) is equivalent to a continuum description of classical active matter in which

the particles interact through physical forces. Eq. (2.26) has a linear instability when

v′/v < −ρ−1, consistent with classical active matter in the large lengthscale and

timescale regime considered in [19, 20]; also cf. Eq. (1.6). This large lengthscale and

timescale regime in our notation is given by (2.10d) and χ≫ 1 (note that there is no

kinetic timescale and hence no parameter Γ in classical systems).

We remark that assumption 2 can be relaxed to simply β ∼ |α| ≫ Dc, in which the

AI concentration still equilibrates on a timescale faster than diffusion, but possibly

on a different timescale than the internal kinetics. We would find that n is still highly

localised in u and the system reduces to classical active matter.

Finally, we give an example where our system is equivalent to a collection of

interacting active Brownian particles, which is characterised by a linear self-propulsion

v(ρ). In the very-fast-chemical-timescale limit (Γ ≫ χ ≫ 1), our self-propulsion

v(u∗(ρ∗)) will in general be nonlinear in the density. A linear motility arises as a

special case when

1. the secretion rate is constant (α(u) = α0),

2. there is one internal species and the kinetics are linear in both the internal

concentration u = u and the AI concentration c (cf. [40]), e.g. f(u, c) = a +

Lc− λu, for some constants a, L, and λ,

3. v(u) is linear in the internal chemical u.
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The first two of these assumptions imply that (2.22a) and (2.24) reduce to

a+ Lc− λu∗ = 0, βc = α0ρ(x, t). (2.27)

Then assumption 3 gives a linear v(ρ):

v(u∗(ρ)) = v0 − ζu∗(ρ) = v̄0 − ζ̄ρ(x, t), (2.28)

where we absorb the intermediate coefficients.

2.3 The Internal Mean-Field Approximation

In this section, we return to our chemically structured system (2.14) and introduce

an approximation for the cells’ internal state, which reduces our model to a reaction-

diffusion system. We hereafter refer to this model as the internal mean-field (IMF)

model. The purpose of introducing an IMF model is to clarify situations in which

the full chemical structure is important. We present the model in this chapter, but

defer the analysis thereof to Chapter 5. We remark that a natural starting point for

modelling of our system could have been to simply write down a phenomenological

reaction-diffusion model. The derivation in this section formalises the relationship

between the two modelling approaches. The IMF model also benefits from being

much simpler to treat both analytically and numerically.

The main idea in the IMF approximation is to replace the full distribution of inter-

nal states with a finite set of effective states. Here we demonstrate the approximation

for two internal states, but we emphasize that our analysis is generally applicable

to any finite number of states. In the case of only one internal state, our approach

effectively replaces the distribution with the mean. We again defer discussion of how

to fix the number of internal states to Chapter 5 at which point our analysis of the

structured model will provide a natural choice.

We begin by looking for solutions in which the cells are effectively in one of two

states u− or u+. We therefore impose an exponentially localised (in u) distribution

of internal chemical as

n(x,u, t) = (πδ)−M/2
∑
j=±

ρj(x, t) exp

(
−|u− uj(x, t)|2

δ

)
, (2.29)

and seek functions u± and ρ± such that (2.29) satisfies the governing equations (2.14)

in an average sense (to be clarified below). Here ρ± are the cell densities for the

respective internal states u±. The free parameter δ is chosen small (i.e. 0 < δ ≪ 1)
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so that it makes sense to classify the cells into two effective states. Importantly, we

assume that the two states are well-separated in the sense |u+ −u−| = O(1) for all x

and t. We remark that n has been normalised such that∫
RM
+

n(x,u, t) du = ρ+(x, t) + ρ−(x, t) + E.S.T., (2.30)

where here E.S.T. denotes exponentially small terms with respect to δ. The goal of

the following analysis is to derive approximate governing equations for ρ± and u±.

The natural next step of substituting (2.29) into the governing equations (2.14a)

fails because exact solutions do not have a u-dependence in the form (2.29). Instead,

we integrate the governing equations in neighbourhoods B+ of u+ and B− of u−. For

concreteness, we let these neighbourhoods be balls of radius R, where δ ≪ R2 ≪ 1.

This choice guarantees that u∓ /∈ B± as u± are well-separated and crucially allows us

to employ Laplace’s method to eventually evaluate the integrals. Next, we integrate

(2.14a) over B+ and apply the divergence theorem to obtain∫
B+

∂tn du =

∫
B+

D∇2
xn du+

∫
∂B+

(ε∇un− fn) · dS, (2.31a)

where dS is the surface element on ∂B+. Similarly, multiplying (2.14a) by u and

integrating leads to∫
B+

u∂tn du =

∫
B+

uD∇2
xn du−

∫
B+

(ε∇un− fn) du+

∫
∂B+

u (ε∇un− fn) · dS.

(2.31b)

Next we want to use (2.29) and apply Laplace’s method to simplify the integrals.

It is convenient to use Reynold’s Transport Theorem to interchange the order of

integration over u and differentiation with respect to x and t. For example, the

volume integrals in (2.31a) can be rewritten as∫
B+

∂tn du = ∂t

∫
B+

n du−
∫
∂B+

n∂tu+ · dS, (2.32)

and∫
B+

D∇2
xn du = ∇2

x

∫
B+

Dn du− 2

∫
∂B+

D(∇xn)
T∇xu+ dS−∇x ·

∫
∂B+

Dn∇xu+ dS.

(2.33)

We rewrite the volume integrals in (2.31b) in a similar fashion so that (2.31) becomes

∂t

∫
B+

n du−∇2
x

∫
B+

Dn du =

∫
∂B+

(
n∂tu+ − 2D(∇xn)

T∇xu+

)
dS

−∇x ·
∫
∂B+

Dn∇xu+ dS, (2.34a)
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∂t

∫
B+

un du−∇2
x

∫
B+

uDn du+

∫
B+

(ε∇un− fn) du =∫
∂B+

u
(
n∂tu+ − 2D(∇xn)

T∇xu+

)
dS−∇x ·

∫
∂B+

uDn∇xu+ dS.

(2.34b)

By repeating the above procedure for B−, we derive a similar set of equations for ρ−

and u−. From (2.29), and assuming that spatial and temporal gradients of ρ+ and

u+ are O(1), the integrands in each of the boundary integrals above are proportional

to RM−1δ−M/2 exp(−R2/δ) = E.S.T. In principle this holds independently of M .

As such, the leading order contribution comes from the volume integrals, which we

evaluate using Laplace’s method (see (A.21) in Appendix A). We obtain

∂tρ± −∇2
x [D(u±)ρ±] = O(δ), (2.35a)

∂t(ρ±u±)−∇2
x [D(u±)u±ρ±]− f(u±, c)ρ± = O(δ), (2.35b)

where the O(δ) terms arise from Laplace’s method. Note also that the O(ε) term in

(2.34b) integrates to zero due to symmetry. As δ is a free parameter, we take the

limit δ → 0 in (2.35) so that we are left with

∂tρ± = ∇2
x [D(u±)ρ±] , (2.36a)

∂t(ρ±u±) = ∇2
x [D(u±)u±ρ±] + f(u±, c)ρ±. (2.36b)

Eqs. (2.36) are the approximate governing equations for ρ± and u±, which constitute a

system of reaction-diffusion equations. It remains to determine boundary conditions,

as well as an effective equation for the AI concentration c.

We deduce boundary conditions for ρ± and u± by integrating (2.14d) separately

over B+ and B−. Using Laplace’s method, we obtain the no-flux conditions

∇xρ± ·Nx = 0, x ∈ ∂Ω, (2.37a)

∇x(u±)Nx = 0, x ∈ ∂Ω, (2.37b)

where recall that Nx is the unit normal to the boundary of the spatial domain Ω, not

the ball B+ in u-space.

Finally, we eliminate the structured density n from the governing equation (2.14b)

for c. We substitute (2.29) into (2.14b) and use Laplace’s method again to obtain

∂tc = Dc∇2
xc− βc+

∑
j=±

α(uj)ρj. (2.38)
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We have again used the assumption that u± are well-separated in order to divide the

domain of integration into local contributions around u±. The boundary conditions

on c remain unchanged, specifically

∇xc ·Nx = 0, x ∈ ∂Ω. (2.39)

Our IMF model consists of the governing equations (2.36) and (2.38), together

with the no-flux boundary conditions (2.37) and (2.39). A schematic illustration of

the IMF model is given in Figure 2.1. We emphasize again that although we have

assumed two internal states u±, the above derivation straightforwardly generalises to

any finite number of states, provided that they satisfy the well-separated condition.

In the following two chapters, we investigate motility-induced patterning in the

structured model. This will provide insight on the connection between the states u±

and the reaction kinetics f . We then return to the IMF model in Chapter 5 where

we explore this connection and compare the predictions of two models qualitatively

and quantitatively.
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Chapter 3

Analysis of a Canonical Quorum
Sensing Circuit

In this chapter, we use our structured modelling framework that we developed in

Chapter 2 to study a canonical quorum sensing circuit in a population of motile bac-

teria. We have published the steady-state and linear stability analyses from Sections

3.1 and 3.2, as well as some of the numerical results from Section 3.4 in [77]. The

weakly nonlinear analysis in Section 3.3 has not been published nor submitted for

publication.

3.1 Model Setup

Throughout this chapter, we consider a simple representation of the canonical LuxIR

quorum sensing (QS) circuit [70]. A key feature of this system, and many other

QS gene-regulatory networks (GRNs) in other bacterial species, is positive feedback

[25,70]. We pose the following specific functional form for the (scalar) kinetics f = f

in the governing equations (2.14), which incorporate positive feedback

f(u, c) = a+
Lc

K + c
− λu, (3.1)

where u = u is the single internal chemical species and c is the local autoinducer (AI)

concentration. Here a represents a constant base production rate of the intracellular

chemical u, and λ is a natural decay rate. The second term on the RHS of (3.1)

represents the production of internal chemical induced by the local AI concentration,

which constitutes one half of the positive feedback. This term saturates at a maximal

production rate of L and has a ‘threshold’ concentration at c = K at which the

production rate is half-maximal. Here we can interpret u as the concentration of the

LuxR-AI dimer in the canonical system [25]. All parameters are positive.
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The second half of the positive feedback enters through the secretion of AI in

the final term on the RHS of (2.14b). For simplicity, we pose a secretion rate which

increases linearly with the internal concentration:

α(u) = α0u, (3.2)

where α0 > 0 is a constant. The positive feedback can be intuitively understood by

considering the relationship between the AI concentration c and internal chemical u.

From (3.1), larger values of c increase the production of internal chemical u, which in

turn increases the local AI concentration c as seen from the governing equation (3.3b)

below. We note that a gene-regulated (u-dependent) secretion rate is required to

model positive feedback. If α constant, then the secretion would only be proportional

to the cell density, so the internal GRN would not directly affect the AI concentration.

Our governing equations for the remainder of the chapter are, from (2.14),

∂n

∂t
= D(u)∇2

xn+ ε
∂2n

∂u2
− ∂

∂u

(
f(u, c)n

)
, (3.3a)

∂c

∂t
= Dc∇2

xc− βc+ α0

∫ ∞

0

un(x, u, t) du. (3.3b)

We recall that Dc and β are the diffusion coefficient and natural decay rate of AI,

D is the effective gene-regulated diffusion coefficient of the cells, and ε measures the

strength of the noise in the GRN kinetics; all are positive. The boundary conditions

read

ε
∂n

∂u
− f(u, c)n→ 0, u→ 0,∞, (3.4a)

∇xn ·Nx = ∇xc ·Nx = 0, x ∈ ∂Ω, (3.4b)

where we take Ω to be a rectangle with side lengths Lx and Ly.

3.2 Steady-State and Linear Stability Analysis

3.2.1 Spatially Uniform Steady-State

To study the emergence of motility-induced patterning, we look for instabilities in

the spatially uniform steady-state. We emphasize that this steady-state is not inde-

pendent of the internal concentration u. We denote this steady-state by n∗(u) and

c∗, which together satisfy

ε
d2n∗

du2
− d

du
[f(u, c∗)n∗] = 0, (3.5a)

βc∗ − α0

∫ ∞

0

un∗(u) du = 0. (3.5b)
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As c∗ is constant, we can solve (3.5a) immediately to obtain

n∗(u) = A exp

[
− λ

2ε
(u− u∗)2

]
, (3.6)

where A is an integration constant and the mean internal concentration u∗ satisfies

f(u∗, c∗) = a+
Lc∗

K + c∗
− λu∗ = 0. (3.7)

In (3.6) we have utilized the boundary condition (3.4a) to fix one of the integration

constants. We calculate the constant A from (2.16) and find

A = ρ∗
√

λ

2πε
+ E.S.T., (3.8)

where here and henceforth E.S.T. denotes exponentially small terms in ε. Next, we

substitute (3.6) into (3.5b), and utilize Laplace’s method (see (A.9) in Appendix A)

to deduce that

βc∗ = α0ρ
∗u∗ + E.S.T. (3.9)

The leading order terms in Eq. (3.9), together with Eq. (3.7), constitute an algebraic

system that we can solve for the steady concentrations c∗ and u∗. Although not

explicitly required in the analysis that follows, we provide the (positive) solution for

completeness:

c∗ =
1

2

[
α0ρ

∗

βλ
(a+ L)−K

]
+

1

2

√[
K − α0ρ∗

βλ
(a+ L)

]2
+

4α0ρ∗aK

βλ
+ E.S.T.,

(3.10a)

u∗ =
βc∗

α0ρ∗
+ E.S.T. (3.10b)

The leading order spatially uniform steady-state of the system (3.1)–(3.4) is given by

Eqs. (3.6) and (3.10).

3.2.2 Linear Stability Analysis

We now perform a linear stability analysis to detect the onset of patterning. First, we

introduce small perturbations around the spatially uniform steady-state in the form

n(x, u, t) = n∗(u) + η(u)eik·x+σt, c(x, t) = c∗ + Ceik·x+σt, (3.11)

where k is the spatial wavenumber of the perturbation and σ the growth rate. The

quantities η(u) and C are unknowns to be determined in combination with σ. The
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spatially uniform steady solution given in (3.6) and (3.10) is linearly stable whenever

Re(σ) < 0 and linearly unstable whenever Re(σ) > 0. The goal of the following

analysis is to determine σ in terms of the model parameters. Setting Re(σ) = 0

will therefore define a boundary in parameter space between stable (patterning) and

unstable (no patterning) regimes.

To start the analysis, we substitute the perturbations (3.11) into the governing

equation (3.3) and assume that the perturbations are small, i.e. |η|, |C| ≪ 1, so that

we can retain only the terms linear in η and C. This yields the following eigenvalue

problem for the eigenfunctions η, C and eigenvalue σ:

ε
d2η

du2
+

d

du
[λ(u− u∗)η]− (σ +D(u)k2)η − f ∗

c

dn∗

du
C = 0, (3.12a)

(σ + β +Dck
2)C − α0

∫ ∞

0

uη(u) du = 0, (3.12b)

where we define k2 := |k|2 and f ∗
c as

f ∗
c :=

∂f

∂c
(u, c∗). (3.13)

Using (3.4a), we deduce that the perturbation η satisfies the no-flux (in u) boundary

condition

ε
dη

du
− f(u, c∗)η → 0, u→ 0,∞. (3.14)

The no-flux (in x) boundary conditions (3.4b) imply that k can only take on certain

values

k =

(
πℓ

Lx
,
πm

Ly

)T
, (3.15)

where ℓ and m are non-negative integers. Since we focus on studying spatial pattern-

ing, we do not allow ℓ = m = 0.

The unperturbed solution n∗(u) is exponentially localised near u = u∗ for small ε;

in order for the perturbation to remain small compared to the steady-state, the same

must be true for η. We therefore look for a WKBJ (Liouville-Green) approximation

to η in the form

η(u) = ε−
3
2 q(u) exp

[
−λ(u− u∗)2

2ε

]
, (3.16)

for an amplitude q(u) to be determined. The ε−3/2 prefactor is included for con-

venience so that q = O(C), as seen in (3.17) below. Inserting the WKBJ solution

(3.16) and steady-state (3.6) into the governing equation for η in (3.12a), we obtain

the amplitude equation for q, which reads

ε
d2q

du2
− λ(u− u∗)

dq

du
−
(
σ +Dk2

)
q = −

√
λ3

2π
ρ∗f ∗

cC(u− u∗). (3.17)
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Since η is exponentially small as u → 0,∞, the amplitude q must be polynomially

bounded as u→ 0,∞.

We proceed by expanding the amplitude in a regular asymptotic series as

q(u) ∼
∞∑
j=0

qj(u)ε
j, (3.18)

where each qj must also be polynomially bounded as u → 0,∞. The goal now is to

calculate q0 and q1 in order to obtain a leading order evaluation of the integral in

(3.12b). We cannot ignore q1 because we will find that q0(u
∗) = 0, which means that

the contributions from the q0 and q1 terms to the integral will be comparable. Substi-

tuting the asymptotic series (3.18) into the amplitude equation (3.17) and equating

coefficients of powers of ε gives

λ(u− u∗)q′0 +
[
σ +D(u)k2

]
q0 =

√
λ3

2π
ρ∗f ∗

cC(u− u∗), (3.19a)

λ(u− u∗)q′j +
[
σ +D(u)k2

]
qj = q′′j−1, j = 1, . . . , (3.19b)

where we note from the definition of f in (3.1) that f ∗
c is independent of u.

In general, solutions of (3.19) are non-smooth at u∗, even though solutions of the

full amplitude equation (3.17) are smooth. This is because u∗ is a singular point

for the ODEs in (3.19), but not for (3.17). However, we show in Section 3.2.3 that

any non-smooth solution of (3.19) cannot satisfy the boundary condition that q is

polynomially bounded as u → 0,∞. We therefore proceed under the assumption

that q0 and q1 must be smooth at u = u∗ without loss of generality, justifying this

assumption later in Section 3.2.3.

Under the assumption that q0 and q1 are smooth at u∗, we look for solutions of

(3.19) in the form of a regular power series centred at u = u∗. We therefore expand

q0 and q1 as

qj(u) =
∞∑
ℓ=0

q
(ℓ)
j (u− u∗)ℓ, (3.20)

and additionally Taylor expand D as

D(u) =
∞∑
ℓ=0

D(ℓ)
∗

ℓ!
(u− u∗)ℓ, D(ℓ)

∗ :=
dℓ

duℓ

∣∣∣∣
u=u∗

D(u). (3.21)

We emphasize that the power series solution (3.20) does not introduce additional

error in our calculation of the eigenvalue σ. This is because the form of the integrand

in (3.12b) with the WKBJ solution (3.16) is such that the local behaviour of q0
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and q1 is sufficient to evaluate the leading order contribution via Laplace’s method.

To calculate the coefficients q
(ℓ)
j , we substitute (3.20)–(3.21) into (3.19) and equate

powers of u− u∗ to obtain the following recursion relations

q
(0)
0 = 0, (3.22a)

q
(ℓ)
0 =

1

σ +D∗k2 + ℓλ

[
δℓ1

√
λ3

2π
ρ∗f ∗

cC − k2
ℓ∑

m=1

D(m)
∗

m!
q
(ℓ−m)
0

]
, ℓ = 1, . . . , (3.22b)

q
(0)
1 =

2q
(2)
0

σ +D∗k2
, (3.22c)

q
(ℓ)
1 =

1

σ +D∗k2 + ℓλ

[
(ℓ+ 1)(ℓ+ 2)q

(ℓ+2)
0 − k2

ℓ∑
m=1

q
(ℓ−m)
1

D(m)
∗

m!

]
, ℓ = 1 . . . ,

(3.22d)

where δij is the Kronecker delta. We note that q0(u
∗) = 0 as anticipated. The first

few terms in the power series solutions for q0 and q1 read

q0(u) =

√
λ3

2π

Cρ∗f ∗
c

σ +D∗k2 + λ
(u− u∗)

[
1− D′

∗k
2

σ +D∗k2 + 2λ
(u− u∗) + . . .

]
, (3.23a)

q1(u) = −
√
λ3

2π

2Cρ∗f ∗
cD′

∗k
2

(σ +D∗k2) (σ +D∗k2 + λ) (σ +D∗k2 + 2λ)
+ . . . , (3.23b)

where we show only the terms required for a leading order evaluation of (3.12b).

We can now evaluate the integral in (3.12b) using Laplace’s method. We are able

to use this method because η is exponentially localised around u∗, as seen from (3.16)

and (3.18). Using the version of Laplace’s method in Eq. (A.9) of Appendix A gives∫ ∞

0

uη(u) du =

√
π

2λ3
d2

du2

∣∣∣∣
u=u∗

(
uq0(u)

)
+

√
2π

λ
u∗q1(u

∗) +O(ε)

= ρ∗f ∗
cC

σ + (D∗ − u∗D′
∗) k

2

(σ +D∗k2) (σ +D∗k2 + λ)
+O(ε). (3.24)

Finally, we put (3.24) into (3.12b) and rearrange, imposing that C ̸= 0, to obtain the

algebraic equation

σ +Dck
2 + β − α0f

∗
c ρ

∗ σ + (D∗ − u∗D′
∗) k

2

(σ +D∗k2) (σ +D∗k2 + λ)
= 0. (3.25)

Eq. (3.25) represents the key result of our linear stability analysis; it is a cubic equa-

tion for the eigenvalue σ in terms of a given wavenumber k. The solutions of Eq. (3.25)

therefore define a discrete family of eigenvalues σ = σ(k); the eigenvalue with the

largest real part determines the linear stability of the spatially uniform steady-state
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(3.6)–(3.10). In Section 3.2.4 we will derive criteria for the onset of patterning, signi-

fied by solutions of (3.25) with Re(σ) > 0. Before deriving these criteria, we provide

formal justification for our earlier assumption that q0 and q1 in (3.19) are smooth.

3.2.3 Stokes Phenomenon Implies no Inner Region around
u∗

We now justify our earlier assumption that solutions of (3.17) have no inner region

around u∗. In other words, we show that the terms in the näıve outer expansion (3.18)

must be smooth. Our analysis in this section requires the calculation of exponentially

small terms in the asymptotic expansion of the solutions of (3.19). These techniques

were developed in [22, 68] to investigate Stokes phenomenon in linear and non-linear

ODEs. Our contribution here is to apply these techniques to (3.19) in order to rule out

non-smooth solutions. If such solutions were possible, they could lead to instabilities

in the eigenvalue problem (3.12) that would otherwise result in pattern formation.

To give a brief overview of our approach before getting into the details, we demon-

strate that qj must be regular at u∗ as follows. First, we show that the näıve asymp-

totic expansion (3.18) is divergent when any one of the qj’s are non-smooth at u∗.

Then we optimally truncate the expansion and show that the remainder exhibits

Stokes phenomenon (see, e.g., [50], p.26) whereby different asymptotic expansions

for q are needed in the regions u < u∗ and u > u∗. We will find that a term pro-

portional to exp(λ(u− u∗)2/2ε) in the remainder is switched on across a Stokes line

characterised by purely imaginary values of u − u∗, on which the contribution is

exponentially small. However, for real-valued u the contribution from this Stokes

switching is exponentially large. We show that the exponentially large term cannot

be simultaneously eliminated from the expansion in both u > u∗ and u < u∗. If it

were present in the expansion, q could not be polynomially bounded as required by

the boundary conditions. Hence we conclude that qj must be smooth.

As a final remark before we start, Stokes lines generally lie in the complex plane

so it will be necessary to consider complex-valued u. Therefore, in this subsection we

interpret the ODEs (3.19) as complex-valued, even though we ultimately restrict the

solutions to the real axis.

We start by showing that if q0 is non-smooth at u∗, then the expansion (3.18) is

divergent in the form factorial/power. In order to do this, we must determine the

behaviour of qj for large j. Let us suppose that qj−1 has a singularity of strength p at

u∗. Then qj will be singular with strength p + 2. Roughly speaking, this is because

in (3.19b) we obtain qj by differentiating qj−1 twice, dividing by u − u∗ once, and
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integrating once. Thus if q0 ∼ a0(u − u∗)−p as u → u∗ for some constant a0, then

qj ∼ aj(u − u∗)−(p+2j) as u → u∗ for all j for some other constant aj. Motivated by

this observation, as well as similar calculations in [22, 68], we look for a solution as

j → ∞ in the form

qj(u) ∼ Q
Γ(j + γ(u) + 1)

λj
(
v(u)

)j+κ(u) , (3.26)

where λ is the same as in the equations for qj in (3.19), Γ is the Gamma function,

while v(u), γ(u), and κ(u) are functions independent of j. The constant Q, known

as the connection coefficient [68], will not be relevant for our analysis. The goal now

is to determine v, γ, and κ by substituting (3.26) into (3.19b). As there are three

unknowns in (3.26), we must retain three orders of dominant terms in (3.19b). To

make progress we use a generalised form of Stirling’s approximation of the Gamma

function (see, e.g., [50], p. 34):

Γ(z) =

√
2π

z

(z
e

)z (
1 +

1

12z
+O(z−2)

)
, Re(z) > 0. (3.27)

Even though three orders of dominant terms are required in (3.19b) to determine

the three unknowns v, γ, and κ, the two-term expansion of Γ is sufficient as the

derivatives of Γ introduce successively larger terms, e.g. Γ′(z) ∼ O(Γ(z) log z), so the

O(z−2) terms in (3.27) can be safely neglected for our purposes.

We substitute the ansatz (3.26) into the equations for qj (3.19b), and use the

approximation (3.27) to simplify the Gamma function. After some algebra, we obtain

−(sv′ + (v′)2)j3 + (sv + 2vv′) γ′j2 log j −
[
(sv + 2vv′) log vκ′ +

(
sv′ + 2(v′)2

)
κ

− hv + sv′
(
2γ +

25

12

)
+ (v′)2

(
γ +

11

12

)
− vv′′

]
j2 = o(j2), (3.28)

where we introduce s := u− u∗ and

h(u) :=
σ +D(u)k2

λ
, (3.29)

to ease notation. Collecting the leading order O(j3) terms yields either v′ = 0 or

v′ = −s. Since we seek non-smooth q0 at u∗, the same must be true of qj for all j.

We therefore require v(u∗) = 0 and v not identically zero, leading to

v(u) = −(u− u∗)2

2
. (3.30)
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From the O(j2 log j) terms in (3.28) we deduce γ′ = 0, so γ is a constant which we

determine below. Then the O(j2) terms at next order lead to the following ODE for

κ

sκ′ log v + 2κ+ h− 2γ − 3 = 0, (3.31)

which we solve by standard methods to deduce that

κ(u) = γ +
3

2
+

log qh(u) + C̃

log
(
− (u−u∗)2

2

) . (3.32)

Here C̃ is a constant of integration and qh solves the homogeneous version of (3.19),

and is given by

qh(u) := exp

[
−
∫ u

1

h(ū)

ū− u∗
dū

]
, (3.33)

where the arbitrary lower bound of integration is fixed for concreteness. Any non-zero

value of C̃ can be absorbed into Q in (3.26) since(
−s

2

2

)C̃/ log(−s2/2)
= eC̃ = const. (3.34)

We therefore set C̃ = 0 without loss of generality.

It remains to determine the constant value of γ. Although the expansion (3.26) is

valid only for j ≫ 1, the singularity structure of qj is known for all j. As discussed

above, if q0 ∼ (u − u∗)−p as u → u∗, then qj ∼ (u − u∗)−(p+2j). Demanding that

the singularity structure in (3.26) is consistent with this fact will determine γ. To do

this, we must determine the exponent p. In general, q0 is a sum of a homogeneous

solution qh and a particular solution qp of (3.19a). From (3.19a), we can see that the

local behaviour of qp is given by

qp(u) =

√
λ3

2π

ρ∗f ∗
cC(u− u∗)

σ +D(u∗)k2 + λ
+O

(
(u− u∗)2

)
, as u→ u∗, (3.35)

which is smooth at u∗. As such, the homogeneous solution qh must determine the

singularity structure of q0. From (3.33) we have

qh(u) ∼ a(u− u∗)−h0 , h0 := h(u∗), as u→ u∗, (3.36)

for some constant a. Thus (3.36) allows us to deduce from (3.26) and (3.32) that

γ = h0 −
3

2
. (3.37)
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Putting together the solutions for v, κ, and γ in Eqs. (3.30), (3.32), and (3.37), as well

as the ansatz for qj in (3.26), we find that overall qj has the asymptotic behaviour

qj(u) ∼ Q
(−1)jΓ

(
j + h0 − 1

2

)
(u− u∗)2j+2h0qh(u)

(
2

λ

)j
, as j → ∞. (3.38)

By inserting (3.38) into the asymptotic expansion (3.18), we observe that (3.18)

exhibits the expected factorial/power divergence. Since our goal is to show that it

is impossible to have non-smooth qj, we assume that h0 in (3.36) is not a negative

integer1. We expect that all non-smooth solutions of (3.19) have the large j behaviour

in (3.38) (up to a finite shift in j as we argue below) since any contribution to qj from

the homogeneous solution qh is subdominant as j → ∞. Additionally, the smooth

particular solution for q0 in (3.35) should generate terms in qj that grow more slowly

than factorial/power, and would therefore also be subdominant in (3.26) as j → ∞.

So far we have shown that if q0 is non-smooth, then the expansion (3.18) ex-

hibits factorial/power divergence. Since the particular solution of (3.19) is smooth

(see (3.35)), it is the non-smooth homogeneous solution qh that ‘sets off’ the factori-

al/power divergence. If q0 were smooth (with no contribution from qh), and instead

the first non-smooth term in the series (3.18) occurred at j = j′ > 0, then the only

change to our analysis would be in the calculation of γ. Instead of demanding that

q0 has a singularity of strength h0, we would impose that qj′ has a singularity of

strength h0. This would shift γ by j′, effectively delaying the index j in (3.26) since

the divergent behaviour is set off by qh deeper in the series. We therefore conclude

that if any of the qj’s are non-smooth, then the näıve expansion (3.18) is divergent in

the form factorial/power. Since the analysis that follows does not crucially depend

on γ, we assume for simplicity that q0 is non-smooth.

The next step is to truncate the divergent series (3.18), (3.38) so that we can

detect Stokes switching in the exponentially small terms. Thus we introduce the

remainder RN through

q(u) =
N−1∑
j=0

qj(u)ε
j +RN(u). (3.39)

Substituting (3.39) into (3.17), we deduce that RN exactly satisfies

εR′′
N − λ(u− u∗)R′

N − (σ +D(u)k2)RN = −εNq′′N−1. (3.40)

1If h0 is a negative integer, then necessarily Re(σ) < 0 and there would be no linearly unstable
solutions.
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Following [22], we expect a multiple of a homogeneous solution of (3.40) to be switched

on across a Stokes line. It is therefore helpful to determine the leading order (in ε)

behaviour of the homogeneous solutions.

One family of homogeneous solutions of (3.40) has RN ∼ qh(u) as ε→ 0. This is

a consequence of the fact that Eq. (3.17) for q is linear; every term in the expansion

can potentially contain a term proportional to qh. We may therefore assume without

loss of generality that only q0 has this term, and simply reject this as a solution to

RN . The second family of linearly independent homogeneous solutions varies rapidly

around u∗, so we seek a WKBJ solution of the form

RN(u) = R̃N(u) exp

(
ψ(u)

ε

)
. (3.41)

Inserting the ansatz (3.41) into (3.40) and equating the leading order power of ε leads

to

ψ′ = λ(u− u∗). (3.42)

So 2ψ = λ(u− u∗)2 and the terms at next order in ε yield

λ(u− u∗)R̃′
N −

(
σ +Dk2 − λ

)
R̃N = 0. (3.43)

Solving (3.43), we find that the homogeneous solutions of (3.40) have the leading

order behaviour

RN =
1

(u− u∗)qh(u)
(1 +O(ε)) exp

(
λ(u− u∗)2

2ε

)
, (3.44)

as ε → 0. We will show that a contribution proportional to (3.44) is switched on

across a Stokes line. We expect the Stokes line to be located in the region of the

complex plane in which this term is subdominant in the expansion (3.39).

Before determining the location of the Stokes line, it is helpful to first deduce the

optimal truncation N in (3.39). To this end we introduce complex polar coordinates

as

u− u∗ = reiθ. (3.45)

Successive terms in the expansion become disordered (asymptotically larger) after N

terms when εN |qN | ∼ εN+1|qN+1|. Using (3.38), this gives N ∼ λr2/2ε. Thus we set

N =
λr2

2ε
+N0(ε), (3.46)

where N0 is O(1) as ε→ 0. We emphasize that the optimal truncation depends on ε

and the distance from u∗, but not the angle θ.
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To detect the Stokes switching, we seek a particular solution of (3.40) of the form

RN(u) =
S(u)

(u− u∗)qh(u)
exp

(
λ(u− u∗)2

2ε

)
, (3.47)

where S is the new dependent variable. We expect S to be approximately constant,

except across the Stokes line. Thus, we effectively search for solutions proportional to

the homogeneous solution in (3.44). Using (3.47) and (3.46) in (3.40), and expanding

in the regime ε≪ 1, we find that at leading order S satisfies

dS

du
:=− ie−iθ

r

dS

dθ

=
Q

εh0
exp

[
−λr

2

2ε
(1 + e2iθ)− i

(
λr2

2ε
+N0

)
(2θ − π)− 2ih0θ

]
[1 +O(ε)] ,

(3.48)

where we have expressed the derivative in (complex) polar coordinates. For conve-

nience, we have also absorbed the constant prefactors that do not depend on N0 or

ε into Q. We observe from the RHS of (3.48) that S ′ is exponentially small in ε

everywhere except when 1 + e2iθ = 0. Hence there is a Stokes line along the imagi-

nary axis, across which S changes algebraically in ε. Away from the imaginary axis,

S is approximately constant. On θ = 3π/2, the sign of the RHS oscillates rapidly

as ε → 0. Although this rapid oscillation with ε can be a complication in similar

calculations (see, e.g., [68]), here it is sufficient to consider only the behaviour of S

across θ = π/2. This analysis is simpler because the sign of the RHS is independent

of the truncation in this region.

In order to examine the behaviour across the Stokes line θ = π/2, we consider a

local inner region. To this end, we rescale S and θ as

θ =
π

2
+
√
εθ̃, S =

S̃

εh0−
1
2

, (3.49)

where θ̃ and S̃ are the inner variables and the scalings are chosen to balance appro-

priate terms in (3.48). At leading order we find from (3.48)

∂S̃

∂θ
∼ − Qr

eiπ(h0−
1
2
)
e−λr

2θ̃2 , (3.50)

justifying our scalings in (3.49). Solving (3.50) and absorbing constants into Q, we

obtain

S̃(θ̃) ∼ Q
[
S − erf

(√
λrθ̃
)]
, (3.51)

where erf(·) is the error function and S is an integration constant.
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Lastly, we must select the constant S such that q satisfies the boundary conditions.

Overall, for RN we have the leading order behaviour

RN ∼ Qε
1
2
−h0

(u− u∗)qh(u)
exp

[
λ(u− u∗)2

2ε

] [
S − erf

(√
λ

ε
r
(π
2
− θ
))]

, (3.52)

with u − u∗ := reiθ. This expansion is valid in the outer region |u − u∗| = O(1).

In order for q to satisfy the boundary conditions, we require the remainder to be

polynomially bounded as u → 0,∞. This requires the bracketed term containing

the error function to be exponentially small in order to counteract the exponentially

large factor. Since we only have one free constant S, we can eliminate the exponential

growth in either u < u∗ or u > u∗ (i.e. by taking S = ±1), but not both. The only

way to satisfy the boundary conditions is therefore to take Q = 0, which is equivalent

to demanding that no terms in (3.39) contain qh, as otherwise this would set off the

divergent expansion (3.18), (3.26), leading again to Stokes phenomenon. This in turn

implies that we must demand a smooth particular solution q0 = qp of (3.19a), where

qp locally is given by (3.35) (also cf. Eq. (3.23a)).

In summary, we have effectively linked the behaviour of q at infinity with the

local behaviour at u∗, which allows for exchanging the boundary conditions on q for

a regularity condition at u∗. Specifically, we have shown that if a solution of (3.19)

is non-smooth at u∗, then it is not polynomially bounded as u→ 0,∞. We therefore

conclude that any solution of (3.19) that is polynomially bounded as u→ 0,∞ must

be smooth at u∗. This rules out the possibility of an inner region near u∗. In other

words, the ‘outer’ solution qj must have the local representation (3.20), as assumed in

the analysis of the previous section. Overall, our analysis in this section implies that

the only solution of (3.17) satisfying the boundary conditions that q is polynomially

bounded as u→ 0,∞ is given locally by (3.20), (3.23) to leading order in ε.

3.2.4 Criteria for Motility-Induced Patterning

We now return to our algebraic equation for the eigenvalue σ, which is given in (3.25).

To determine criteria for motility-induced patterning, we now translate the instability

condition Re(σ) > 0 into one involving only the original parameters in the system

(3.1)–(3.4). We will find that there are two possibilities depending on the sign of the

derivative D′
∗. Throughout the rest of this chapter we will use D′

∗ as a bifurcation

parameter.

At the onset of instability we have the bifurcation condition Re(σ) = 0 so that

one of two cases occurs: either σ = 0 is a root, or there is a complex conjugate
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pair of purely imaginary roots (i.e. a Hopf bifurcation). We consider these two cases

separately below, starting with the former.

If σ = 0 is a solution of (3.25), then

D′
∗

D∗
= − 1

u∗

[
(Dck

2 + β) (D∗k
2 + λ)

α0ρ∗f ∗
c

− 1

]
. (3.53)

Thus the eigenvalue has exactly one zero-crossing as D′
∗ is varied from ∞ to −∞, with

all other quantities fixed. Because the RHS of (3.53) is a decreasing function of k2,

the first mode to satisfy (3.53) as D′
∗ is decreased corresponds to the smallest allowed

value of k2, as determined from (3.15). We therefore set k = π/Lm, where Lm =

max(Lx,Ly) is the largest side length of the domain. The condition for instability is

therefore

D′
∗

D∗
< −A

u∗
, A :=

1

α0ρ∗f ∗
c

(
Dcπ

2

L2
m

+ β

)(
D∗π

2

L2
m

+ λ

)
− 1, (3.54)

where we deduce the direction of the inequality from the observation that real solu-

tions of (3.25) have σ > 0 as D′
∗ → −∞ with all other parameters fixed.

Next we determine the condition for a Hopf bifurcation from (3.25). In this case,

there is a purely imaginary pair of eigenvalues σ = ±iω, where ω is real. Substituting

this into (3.25), the real and imaginary components satisfy

ω2 − [ν0νλ + ν(ν0 + νλ)− α0ρ
∗f ∗
c ] = 0, (3.55a)

(ν0 + νλ + ν)ω2 + ν0νλν − α0ρ
∗f ∗
c (ν0 − u∗D′

∗k
2) = 0, (3.55b)

where we define

νj := D∗k
2 + j, ν := Dck

2 + β. (3.56)

The two equations for ω in (3.55) are consistent if, and only if,

ν0νλ + ν(ν0 + νλ)− α0ρ
∗f ∗
c = −ν0νλνβ − α0f

∗
c ρ

∗(ν0 − u∗D′
∗k

2)

ν0 + νλ + ν
. (3.57)

After rearranging (3.57), we obtain

D′
∗

D∗
>
B

u∗
, B :=

νλ + ν

ν0

[
(ν0 + νλ)(ν0 + ν)

α0ρ∗f ∗
c

− 1

]
, (3.58)

where we again deduce the direction of the inequality from the observation that the

pair of complex conjugate solutions of (3.25) have Re(σ) > 0 as D′
∗ → ∞. Note

that in contrast to the previous case, the RHS of (3.58) tends to ∞ as k → 0 and

as k → ∞ and is therefore non-monotonic in k2 (this requires knowing that B > 0,
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which we show shortly). Thus, in general, the first mode to lose stability as D′
∗ is

increased corresponds to an intermediate wavenumber.

Next, we demonstrate that the two classes of instability characterised by (3.54)

and (3.58) can only occur when D′
∗ < 0 and D′

∗ > 0, respectively. This requires

showing that the constants A and B are strictly positive. Noting that νj > j and

ν > β, we see from (3.54) and (3.58)

A >
λβ

α0ρ∗f ∗
c

− 1, B >
νλ + ν

ν0

(
λβ

α0ρ∗f ∗
c

− 1

)
. (3.59)

Since νλ, ν, and ν0 are positive, we only need to show that the RHS of the first

inequality in (3.59) is positive. Using the definition of f in (3.1), we calculate

f ∗
c =

LK

(K + c∗)2
. (3.60)

Then since (K + c∗)2 > K2 + 2Kc∗, we have

λβ

α0ρ∗f ∗
c

− 1 >
λβ(2c∗ +K)

α0ρ∗L
− 1. (3.61)

Upon substituting the steady AI concentration c∗ from (3.10a) into the above, we

find
λβ(2c∗ +K)

α0ρ∗L
− 1 > 0. (3.62)

Thus A and B in (3.54) and (3.58) are positive.

In summary, we have derived the criteria in (3.54) and (3.58) for the onset of

pattern formation in the spatially uniform steady-state (3.6)–(3.10). The first of these

criteria can only occur when D′
∗ < 0, while the second can only occur when D′

∗ > 0.

Neither instability is possible when D′
∗ = 0, which implies that genetic regulation

of motility is crucial for this type of pattern formation. In Section 3.4, we compare

our theory with full numerical solutions of the governing equations (3.3)–(3.4) and

investigate emergent patterning arising from the two instabilities. Although we have

performed our analysis for the specific functional form (3.1) for the gene-regulatory

kinetics, in subsequent chapters we consider more generic classes.

3.3 Characterisation of the Bifurcation when QS

Represses Motility

In this section, we characterise the type of bifurcation that occurs when D′
∗ :=

D′(u∗) < 0, as well as determine the local bifurcating branches of the steady-states.
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We additionally determine a condition for the switch between a supercritical and sub-

critical bifurcation. We accomplish this through a weakly nonlinear analysis near the

bifurcation point. We recall that the criterion for the bifurcation is given in (3.54),

and the corresponding eigenvalue that becomes unstable is real-valued. We continue

to use D′
∗ as the bifurcation parameter. We also work in one spatial dimension for

mathematical convenience (i.e. x = x), although our analysis straightforwardly gen-

eralises.

The general approach in this analysis is to consider the behaviour of small pertur-

bations about the spatially uniform steady-state near the bifurcation point. This is

similar to the linear stability analysis in the previous section in which we considered

perturbations of the form (3.11). The key idea here is that near the bifurcation point,

the bifurcating branch of steady-states is ‘close’ to the spatially uniform branch. By

expanding the solution near the bifurcation point and retaining terms beyond only

the linear terms in (3.11), we are able to detect this branch and characterise its local

properties.

In order to study the local behaviour near the bifurcation point, we introduce a

perturbation to the bifurcation parameter D′
∗ as follows

D(u) = D0(u) + δrd(u), (3.63)

where d(u) is a perturbing function and 0 < δ ≪ 1 is a small parameter measuring

the distance from the bifurcation point. The scaling r > 0 will be determined in the

course of our analysis and the unperturbed diffusion coefficient D0(u) is such that

there is a bifurcation when δ = 0, as clarified in detail below. Since we take D′
∗ as the

bifurcation parameter, it is convenient to have D∗ independent of the perturbation

d(u). We therefore require

d(u∗) = 0. (3.64)

Explicitly, the perturbation to the bifurcation parameter D′
∗ is

D′
∗ = D′

0∗ + δrd′∗, (3.65)

where d′∗ := d′(u∗). We remark that d(u) also perturbs the higher-order derivatives

of D, but this will not affect our final result.

Since we work in the regime ε≪ 1, there is a choice as to exactly how we defineD′
0∗

in relation to the bifurcation point. We can either take D′
0∗ such that the bifurcation

point occurs exactly at δ = 0, i.e. without approximation in ε, or we can take D′
0∗ to

coincide with the leading order result (3.53), in which case the bifurcation occurs at
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some δ = O(ε). Both choices are possible to analyse, but we opt for the former as this

avoids technical complications with an O(ε) eigenvalue that would otherwise appear

in our analysis at linear order in δ. As such we have the leading order behaviour

D′
0∗

D0∗
∼ − 1

u∗

[
(Dck

2 + β) (D0∗k
2 + λ)

α0ρ∗f ∗
c

− 1

]
, (3.66)

as ε → 0, where we emphasize that equality does not hold for finite ε. We further

emphasize that the wavenumber k that appears in (3.66), and the remainder of this

section, corresponds to the critical wavenumber of the instability, i.e. k = π/Lx. Our

analysis straightforwardly generalises to instabilities in any of the other spatial modes.

In general, small perturbations around the uniform steady-state will vary over an

O(1) timescale. However, near a bifurcation the timescales involved are much longer.

This can be intuitively understood from the fact that the timescales scale with the

reciprocal of the eigenvalue, and this eigenvalue is close to zero near the bifurcation.

With this in mind, we rescale time as

t = δ−pτ, (3.67)

where τ is slow time and p > 0 is an unknown scaling to be determined.

We then look for solutions of the governing equations (3.1)–(3.4) in the form

n(x, u, τ) = n∗(u) + δη1(x, u, τ) + δ2η2(x, u, τ) + δ3η3(x, u, τ) +O(δ4), (3.68a)

c(x, τ) = c∗ + δc1(x, τ) + δ2c2(x, τ) + δ3c3(x, τ) +O(δ4), (3.68b)

up to and including the powers of δ required to characterise the bifurcation. Here n∗

and c∗ are the spatially uniform steady-states given in (3.6)–(3.9). Next we substitute

the scalings (3.63) and (3.67), and expansions (3.68) into the governing equations

(3.3)–(3.4) and expand in powers of δ to obtain governing equations for the unknown

functions ηj and cj, j = 1 . . . , 3. In order to be clear about our small ε and δ

approximations, we first perform this expansion without approximation in ε. We

then analyse the governing equations for the unknowns in (3.68) in the limit ε ≪ 1.

The next subsection is concerned with the leading order O(1) and linear O(δ) terms,

similar to the analysis in Section 3.2, while the following subsection is devoted to the

weakly nonlinear analysis proper at orders O(δ2) and O(δ3).

3.3.1 Leading Order and Linear Analysis

We insert the scalings (3.63), (3.67) and expansions (3.68) into the governing equa-

tions (3.1)–(3.4) and collect terms at powers of δ. At O(1) we recover the steady-state
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system in (3.5). At O(δ), we obtain

D0(u)
∂2η1
∂x2

+ ε
∂2η1
∂u2

− ∂

∂u
[f(u, c∗)η1]− c1f

∗
c

dn∗

du
= 0, (3.69a)

Dc
∂2c1
∂x2

− βc1 + α0

∫ ∞

0

uη1(x, u, t) du = 0, (3.69b)

with the no-flux boundary conditions

ε
∂η1
∂u

− f(u, c∗)η1 → 0, u→ 0,∞, (3.69c)

∂η1
∂x

=
∂c1
∂x

= 0, x = 0,Lx. (3.69d)

The system (3.69) is linear and separable. We therefore look for non-trivial solutions

in the form

η1(x, u, τ) = C(τ)η(u) cos(kx), c1(x) = C(τ) cos(kx), (3.70)

where η and C are functions that we seek to determine. The function C will turn

out to be the quantity controlling the bifurcation. We remark that since the system

is linear, homogeneous, and independent of τ , both η1 and c1 must have the same

functional dependence on τ , as implicitly assumed in (3.70). Substituting (3.70) into

(3.69) leads to the following system for η

ε
d2η

du2
+

d

du
[λ(u− u∗)η]−D0(u)k

2η = f ∗
c

dn∗

du
, (3.71a)

Dck
2 + β − α0

∫ ∞

0

uη(u) du = 0, (3.71b)

ε
dη

du
− f(u, c∗)η → 0, u→ 0,∞, (3.71c)

where we recall that f ∗
c := ∂f

∂c
(u, c∗). Since η is the only unknown and there are two

equations in (3.71), one might assume that there is no solution in general. However, we

recall that we are seeking solutions near a bifurcation, and so Eq. (3.71) is equivalent

to the condition for zero to be an eigenvalue of the linear problem (3.12). That is,

since we have defined D0 such there is a bifurcation at δ = 0, zero is an eigenvalue

for (3.71) and we conclude that (3.71) has a solution. As such, our analysis at linear

order in O(δ) is similar to that considered previously; subsequently our exposition

here is slightly more brief. We recall that (3.66) is the leading order (in ε) condition

on D′
0∗ for zero to be an eigenvalue. Therefore, in the regime ε ≪ 1, we look for the

solution η using a WKBJ ansatz

η(u) = ε−3/2q(u) exp

(
−λ(u− u∗)2

2ε

)
. (3.72)
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Then following the analysis from the previous section, we expand q in a regular asymp-

totic series and seek formal power series solutions at each order in ε (see Eqs. (3.18)–

(3.22), but with σ = 0 and C = 1). Explicitly,

q
(0)
0 = 0, (3.73a)

q
(ℓ)
0 =

1

D∗k2 + ℓλ

[
δℓ1

√
λ3

2π
ρ∗f ∗

c − k2
ℓ∑

m=1

D(m)
∗

m!
q
(ℓ−m)
0

]
, ℓ = 1, . . . , (3.73b)

q
(0)
j =

2q
(ℓ+2)
j−1

D∗k2
, j = 1, . . . , (3.73c)

q
(ℓ)
j =

1

D∗k2 + ℓλ

[
(ℓ+ 1)(ℓ+ 2)q

(ℓ+2)
j−1 − k2

ℓ∑
m=1

q
(ℓ−m)
j

D(m)
∗

m!

]
, j, ℓ = 1 . . . , (3.73d)

where we have included all the higher-order coefficients for completeness. The se-

quence of coefficients in the recursion is in ascending order of the upper index, nested

in ascending order of the lower index, i.e. q
(0)
0 , q

(1)
0 , q

(2)
0 , . . . , q

(0)
1 , q

(1)
1 , q

(2)
1 , . . .. In prin-

ciple, the recursion relations determine η up to all algebraic orders of ε. For the

purpose of this analysis, we will find that the first few terms are sufficient.

The goal for the remainder of this section is to determine a governing equation

for the time-dependent factor C(τ) in (3.70). This equation will determine the type

of bifurcation as well as the stability of the bifurcating branch of steady-states.

3.3.2 Weakly Nonlinear Analysis

Next, we obtain governing equations for the O(δ2) terms in (3.68). In principle, the

goal is to derive a solvability condition for these governing equations, which will yield

a relationship between C(τ) and d′∗. However, we will find this condition yields no

additional information beyond the linear analysis at O(δ). Consequently, we will have

to consider terms at O(δ3). The solutions at O(δ2) feed into the solvability condition

at next order. In order to explicitly show that the analysis at order O(δ2) yields no

additional information, we take the scalings in (3.63) and (3.67) as r = p = 1 so that

both the time derivative and the perturbation to D appear at O(δ2).

After substituting (3.63), (3.67), and (3.68), into the governing equations (3.1)–

(3.4) and collecting terms at O(δ2), we obtain

D0
∂2η2
∂x2

+ ε
∂2η2
∂u2

− ∂

∂u
[f(u, c∗)η2]− c2f

∗
c

dn∗

du
=c21

f ∗
cc

2

dn∗

du
+ c1f

∗
c

∂η1
∂u

+
∂η1
∂τ

− d(u)
∂2η1
∂x2

, (3.74a)

Dc
∂2c2
∂x2

− βc2 + α0

∫ ∞

0

uη2 du =
∂c1
∂τ

, (3.74b)
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and the boundary conditions

ε
∂η2
∂u

− f(u, c∗)η2 → 0, u→ 0,∞, (3.74c)

∂η2
∂x

=
∂c2
∂x

= 0, x = 0,Lx, (3.74d)

where we have ignored exponentially small terms in the boundary conditions. We

define the quantity f ∗
cc as

f ∗
cc :=

∂2f

∂c2
(u, c∗). (3.75)

We observe that the differential operator on the LHS of (3.74) is the same as the

linear problem in (3.69). Since Eq. (3.74) is inhomogeneous, the Fredholm Alternative

implies that there is no solution unless the inhomogeneous terms satisfy a solvability

condition. More specifically, the RHS must be orthogonal to the nullspace of the

adjoint operator (details below). Therefore, our next task is to determine the adjoint

operator and calculate its nullspace.

3.3.2.1 Analysis of the Adjoint Problem

In this subsection we derive the adjoint of the operator on the LHS of (3.69) and

(3.74). We further obtain leading order in ε expressions for the nullspace.

Let us denote the LHS operator in (3.69) and (3.74) by L. For a vector function

v = (v1(x, u), v2(x))
T , we have

L(v) =
(
L1 L2

L3 L4

)(
v1
v2

)
, (3.76a)

where the components Lj, j = 1, ...4 satisfy

L1(v1) := D0
∂2v1
∂x2

+ ε
∂2v1
∂u2

− ∂

∂u
[f(u, c∗)v1] , (3.76b)

L2(v2) := −f ∗
c

dn∗

du
v2, (3.76c)

L3(v1) := α0

∫ ∞

0

uv1 du, (3.76d)

L4(v2) := Dc
∂2v2
∂x2

− βv2. (3.76e)

We emphasize that the domains and ranges of each Lj are different. For example,

L2 takes a function of x only and produces a function of both x and u. In contrast,

L3 takes a function of x and u and produces a function of x. With this notation, the
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governing equations at O(δ) in (3.69) and at O(δ2) in (3.74) can be rewritten as

L

η1
c1

 =

0

0

 , (3.77a)

L

η2
c2

 =

c21 f∗cc2 dn∗

du
+ c1f

∗
c
∂η1
∂u

+ ∂η1
∂τ

− d(u)∂
2η1
∂x2

∂c1
∂τ

 . (3.77b)

In order to determine the adjoint operator, we must define an inner product. To

this end, we observe that L is a linear operator that acts on the product vector space

of functions of (x, u) and functions of x. A natural inner product is therefore a sum

of inner products on these spaces, i.e

(v,w) :=

∫
Ω×R+

v1(x, u)w1(x, u) dudx+

∫
Ω

v2(x)w2(x) dx, (3.78)

where the subscripts denote components of v and w. This definition meets the

requirements of an inner product (see, e.g., chapters 6–7 in the book by Axler [8]).

Now suppose that v satisfies the no-flux boundary conditions (cf. (3.69))

ε
∂v1
∂u

− f(u, c∗)v1 → 0, u→ 0,∞, (3.79a)

∂v1
∂x

=
∂v2
∂x

= 0, x = 0,Lx. (3.79b)

Then the adjoint operator L∗ is defined uniquely through

(L(v),w) = (v,L∗(w)) , (3.80)

along with the adjoint boundary conditions

exp

(
−λ(u− u∗)2

2ε

)
∂w1

∂u
→ 0, u→ 0,∞, (3.81a)

∂w1

∂x
=
∂w2

∂x
= 0, x = 0,Lx. (3.81b)

In (3.81a) it is sufficient to require w1 to be polynomially bounded. Inserting the

definition of L in (3.76) into the inner product (3.80), we integrate by parts and use

the adjoint boundary conditions (3.81) to find that L∗ is given by

L∗ =

(
L∗

1 L∗
3

L∗
2 L∗

4

)
, (3.82a)
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with the components L∗
j , j = 1, . . . , 4 given by

L∗
1(w1) = D0

∂2w1

∂x2
+ ε

∂2w1

∂u2
+ f(u, c∗)

∂w1

∂u
, (3.82b)

L∗
2(w1) = −f ∗

c

∫ ∞

0

dn∗

du
w1(x, u) du, (3.82c)

L∗
3(w2) = α0uw2(x), (3.82d)

L∗
4(w2) = Dc

∂2w2

∂x2
− βw2. (3.82e)

Next, we obtain solvability conditions for the inhomogeneous problem. Suppose

that we want to solve L(v) = g, with the boundary conditions (3.79) for some g =

(g1, g2)
T not identically zero. We note that Eq. (3.74) is one such example. The

Fredholm Alternative states that there is a solution of this problem if, and only if, g

satisfies the solvability condition

(g,w) =

∫
Ω×R+

g1(x, u)w1(x, u) dudx+

∫
Ω

g2(x)w2(x) dx = 0, (3.83)

for all solutions w of the homogeneous adjoint problem L∗(w) = 0, with w satisfying

the adjoint boundary conditions (3.81). This condition is a consequence of (3.80),

with L(v) = g and L∗(w) = 0. Our next goal therefore is to calculate all solutions of

the homogeneous adjoint problem L∗(w) = 0, which is analytically tractable in the

limit ε≪ 1. Explicitly, our homogeneous adjoint problem reads

D0
∂2w1

∂x2
+ ε

∂2w1

∂u2
+ f(u, c∗)

∂w1

∂u
+ α0uw2 = 0, (3.84a)

Dc
∂2w2

∂x2
− βw2 −

∫ ∞

0

f ∗
c

dn∗

du
w1(x, u) du = 0, (3.84b)

with the adjoint boundary conditions in (3.81). If there are multiple linearly inde-

pendent solutions of L∗(w) = 0, then each linearly independent solution provides a

unique solvability condition.

By inspection, we see that that w1 = 1 and w2 = 0 satisfies (3.84a) exactly and

(3.84b) up to all algebraic orders of ε since the integral is exponentially small:∫ ∞

0

f ∗
c

dn∗

du
dx = −ρ∗f ∗

c

√
λ

2πε
exp

(
−λ(u

∗)2

2ε

)
. (3.85)

Using (3.83), the corresponding solvability condition on g reads∫ ∞

0

∫
Ω

g1(x, u) dxdu = E.S.T. (3.86)
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We argue that this solvability condition is unrelated to the bifurcation, but is rather

a consequence of the fact that the original governing equation for n(x, u, t) in (3.3a)

is a conservation equation. As such, every constituent term in g1 must be either a

pure divergence or a pure time-derivative, both of which trivially integrate to zero.

The divergence terms individually integrate to zero due to the no-flux boundary

conditions, whereas the time derivatives integrate to zero because the perturbation

in (3.68a) must contain zero mass in order for the total mass (i.e. number of cells) to

be conserved over time.

The above discussion motivates the existence of a second solvability condition,

one that is a consequence of the underlying bifurcation and not conservation of cells.

We therefore seek a solution of the homogeneous adjoint problem (3.81) and (3.84)

in the form

w1(x, u) = W (u) cos(kx), w2(x) = cos(kx), (3.87)

where, because (3.84) is homogeneous, we fix the scaling of w2 without loss of gen-

erality. As before, we take k to be the (non-zero) wavenumber corresponding to the

bifurcation in the linear problem (3.71). Substituting (3.87) into (3.84) leads to

ε
d2W

du2
− λ(u− u∗)

dW

du
−D0(u)k

2W = −α0u, (3.88a)

Dck
2 + β +

∫ ∞

0

f ∗
c

dn∗

du
W (u) du = 0. (3.88b)

The adjoint boundary conditions (3.81) become

exp

(
−λ(u− u∗)2

2ε

)
dW

du
→ 0, u→ 0,∞. (3.88c)

In general, the system (3.88) is overdetermined as W is the only unknown. How-

ever, we now show that whenever W satisfies (3.88a), then (3.88b) is automatically

satisfied. We accomplish this by showing that (3.88b) is exactly equivalent to (3.71b).

To show this, we multiply (3.88a) by η(u), which satisfies the linear problem (3.71),

and integrate over u. After integrating by parts and using the boundary conditions

for η and W (without approximation in ε). We obtain

α0

∫ ∞

0

uη(u) du =

∫ ∞

0

[
ε
d2η

du2
+

d

du
[λ(u− u∗)η]−D0k

2η

]
W du

= −
∫ ∞

0

f ∗
c

dn∗

du
W (u) du, (3.89)
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which states that the integral terms (3.88b) and (3.71b) are exactly equal and the

two equations are equivalent. The equivalence implies that (3.88) has a solution only

at the bifurcation point, and hence the second solvability condition that we seek can

only be present at the bifurcation, as expected.

We now obtain a solution of (3.88a) in the regime ε ≪ 1. The only difference

between (3.88a) and the equation for q(u) in (3.17) is the inhomogeneous term. We

therefore proceed in the same fashion and expand W in a regular asymptotic series

as

W (u) ∼
∞∑
j=0

Wj(u)ε
j. (3.90)

Substituting into (3.88a) and collecting terms at powers of ε, we obtain

λ(u− u∗)W ′
0 +D0(u)k

2W0 = α0u, (3.91a)

λ(u− u∗)W ′
j +D0(u)k

2Wj = W ′′
j−1, j = 1, . . . . (3.91b)

We deduce thatW must be smooth at u∗ by the same argument that we used to show

that q must be smooth at u∗. We therefore seek formal power series solutions in the

form

Wj(u) =
∞∑
ℓ=0

W
(ℓ)
j (u− u∗)ℓ. (3.92)

By substituting (3.92) into (3.91), we obtain the following recurrence relations for the

coefficients:

W
(0)
0 =

α0u
∗

D0∗k2
, (3.93a)

W
(1)
0 =

α0 −W
(0)
0 D′

0∗k
2

D0∗k2 + λ
, (3.93b)

W
(ℓ)
0 = − k2

D0∗k2 + ℓλ

ℓ∑
m=1

W
(ℓ−m)
0

D(m)
0∗
m!

, ℓ = 2, . . . , (3.93c)

W
(ℓ)
j =

(ℓ+ 2)(ℓ+ 1)W
(ℓ+2)
j−1 − k2

∑ℓ
m=1W

(ℓ−m)
j

D(m)
0∗
m!

D0∗k2 + ℓλ
, j = 1, . . . , ℓ = 0, . . . .

(3.93d)

In principle, the recurrence relations above allow us to determine w1(x, u) in (3.87)

locally to all algebraic orders of ε. Only the first several coefficients will be needed in

the final result.

We are now in a position to state the second solvability condition, which we obtain

by substituting (3.87) into (3.83). This gives∫
Ω×R+

g1(x, u)W (u) cos(kx) dudx+

∫
Ω

g2(x) cos(kx) dx = 0. (3.94)
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Our task now is to impose the solvability conditions (3.86) and (3.94) on (3.74), which

is the subject of the following subsection. We will find that both solvability conditions

yield no additional information, which implies that the required information must be

obtained from an analysis of terms at order O(δ3) in the perturbation (3.68).

3.3.2.2 Analysis at O(δ2)

We now return to our analysis of the O(δ2) problem (3.74). First, we impose the

solvability condition (3.86), where we recall that g1(x, u) is the RHS of (3.74a). After

substituting η1 in (3.70) into (3.86), we find

C2(τ)

(
f ∗
cc

2
n∗(u) + f ∗

c η(u)

) ∣∣∣∣
u=0

∫
Ω

cos2(kx) dx = E.S.T. (3.95)

Since n∗(0) and η(0) are exponentially small in ε, as seen from (3.6) and (3.72), this

condition is trivially satisfied. The second solvability condition (3.94) gives

dC

dτ
= −

k2
∫∞
0
d(u)η(u)W (u) du

1 +
∫∞
0
η(u)W (u) du

C, (3.96)

where we have used the forms (3.70) and (3.87) for η1, w1, and w2. The contributions

to the above solvability condition only involve the last two terms on the RHS of

(3.74a). This is because the other terms, when multiplied by w1(x, u), are proportional

to cos3(kx) and hence their integrals (over x) are exactly zero. We evaluate the

leading order in ε contribution to the integrals using the WKBJ solution for η (3.72)

in combination with Laplace’s method. Then using the expansions (3.18) and (3.20)

for q, and the expansions in (3.90) and (3.92) for W , we find∫∞
0
d(u)η(u)W (u) du

1 +
∫∞
0
η(u)W (u) du

=
d′(u∗)q

(2)
0 W

(0)
0

1 +
(
λq

(0)
1 + q

(0)
2

)
W

(0)
0 + q

(1)
0 W

(1)
0

+O(ε). (3.97)

We further simplify the above using the recursion relations (3.73) and (3.93) for the

coefficients, which yields

dC

dτ
∼ − α0ρ

∗f ∗
c u

∗ (D0∗k
2 + λ) d′∗k

2

D0∗k2 (D0∗k2 + λ)2 + α0ρ∗f ∗
c

[
D0∗k2 − (2D0∗k2 + λ)u∗

D′
0∗

D0∗

]C, (3.98)

where we have dropped the O(ε) terms. Since D′
0∗ < 0, the sign of the RHS coefficient

is the opposite of the sign of d′∗, where we recall that d′∗ is the local bifurcation

parameter as defined in (3.63) and (3.65). We therefore deduce that as τ → ∞,

either C → 0 when d′∗ > 0 or C → ∞ when d′∗ < 0. This implies that the uniform
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steady-state n∗(u) is unstable when D′
∗ < D′

0∗, and stable when D′
∗ > D′

0∗, which is

consistent with the leading order linear instability criterion (3.54).

Since (3.96) is linear, it yields no information beyond that of the linear stability

analysis. This implies that the choice of scalings r = p = 1 in (3.63) and (3.67) is not

appropriate, as expected. We should therefore choose r and p such that perturbation

to D0 and the time-derivative term appear at next order in δ, i.e. r = p = 2. This also

ensures that the solvability conditions at O(δ2) are trivially satisfied. We remark that

our analysis at O(δ2) effectively rules out the possibility of a transcritical bifurcation.

This is because the terms proportional to C2 in (3.74a), i.e. the first two terms on

the RHS, do not contribute to (3.98). The analysis at next order in δ will yield

an equation for C that contains a term proportional to C3; hence we anticipate a

pitchfork bifurcation at d′∗ = 0.

Before proceeding with our analysis of the O(δ3) terms, we require solutions of

(3.74). This is a necessary step as the solvability conditions at next order in δ will

depend on η2 and c2. To this end, we rewrite the RHS (3.74a)–(3.74b) using (3.70)

to obtain

L
(
η2(x, u, τ)
c2(x, τ)

)
=

(
C2
(
f∗cc
2
dn∗

du
+ f ∗

c
dη
du

)
cos2(kx)

0

)
, (3.99)

where L is defined in (3.76) and the final two terms on the RHS of (3.74a) do not

appear in the above due to our new choice of scalings r = p = 2 in (3.63) and (3.67).

As the RHS is proportional to C2 cos2(kx) we seek solutions in the form

η2(x, u, τ) = C2(τ)
(
η20(u) + η22(u) cos(2kx)

)
, c2(x, τ) = C2(τ)

(
c20 + c22 cos(2kx)

)
,

(3.100)

where η20, η22, c20 and c22 are unknowns to be determined. We note that since

v = (η1, c1)
T is a non-trivial solution to L(v) = 0, any combination of η1 and c1 can

be added to η2 and c2 above. However, these terms can be absorbed into the O(δ)

terms in the expansion (3.68). Moreover, we show below that any such contribution

will not affect the final result.

We obtain governing equations for the unknowns η20, η22, c20 and c22 by substi-

tuting (3.100) into (3.99) and using the linear independence of the Fourier modes 1

and cos(2kx) to equate coefficients. This results in a system for η20 and c20, given by

ε
d2η20
du2

− d

du
[f(u, c∗)η20]− c20f

∗
c

dn∗

du
=

1

2

[
f ∗
cc

2

dn∗

du
+ f ∗

c

dη

du

]
, (3.101a)

βc20 − α0

∫ ∞

0

uη20(u) du = 0, (3.101b)

56



and a similar system for η22 and c22:

ε
d2η22
du2

− d

du
[f(u, c∗)η22]− c22f

∗
c

dn∗

du
− 4D0k

2η22 =
1

2

[
f ∗
cc

2

dn∗

du
+ f ∗

c

dη

du

]
, (3.102a)(

4Dck
2 + β

)
c22 − α0

∫ ∞

0

uη22(u) du = 0. (3.102b)

Here η20 and η22 are subject to the same no-flux boundary conditions as η2, cf. (3.74c)–

(3.74d).

We now obtain solutions of (3.101) and (3.102), beginning with the former. Since

the RHS of (3.101a) is proportional to exp (−λ(u− u∗)2/2ε), we again seek a WKBJ

solution in the form

η20(u) = r(u) exp

(
−λ(u− u∗)2

2ε

)
. (3.103)

However, here we are able to obtain an exact solution owing to the fact that (3.101a)

can be directly integrated. Integrating and substituting (3.103), we obtain the first-

order equation

εr′ =

(
c20f

∗
c +

f ∗
cc

4

)
ρ∗
√

λ

2πε
+ ε−3/2f

∗
c

2
q(u), (3.104)

where we recall that q is the amplitude in the WKBJ solution for η(u), as given in

(3.72). Integrating a second time, we obtain

r(u) =

(
c20f

∗
c +

f ∗
cc

4

)
ρ∗
√

λ

2πε3
(u− u∗) + ε−5/2f

∗
c

2

∫ u

u∗
q(u)du+ r̄

√
λ

2πε
, (3.105)

where r̄ is a constant to be determined. To deduce its value, we observe that if

the mass
∫
Ω

∫∞
0
η20 dudx is non-zero, then the expansion (3.68) effectively adds a

perturbation of order O(δ2) to the global cell density ρ∗. To avoid this, we must

select r̄ using (3.103) such that the perturbation to the mass vanishes. Hence

r̄ = −ε−5/2f
∗
c

2

∫ ∞

0

Q(u) exp

(
−λ(u− u∗)2

2ε

)
+ E.S.T., Q(u) :=

∫ u

u∗
q(u) du.

(3.106)

We approximate the integral asymptotically using Laplace’s method (Eq. (A.10) in

Appendix A) in combination with a power series representation for Q(u), which is

obtained via term-by-term integration of the power series for q(u). The resulting ex-

pression is shown below in (3.108a). We remark that the above procedure of explicitly

enforcing zero-mass perturbations is only necessary for η20 because its integral over x

does not trivially integrate to zero; it is not necessary for the linear term η1 nor the

quadratic term η22 as their integrals over x vanish.
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Before considering (3.102), we calculate c20 from (3.101b). We again use Laplace’s

method to calculate c20 to leading order in ε. This leads to

βc20 = α0

√
2πε

λ

[
ur(u) +

ε

2λ
(ur(u))′′ +

ε2

8λ2
(ur(u))′′′′ +O(ε3)

] ∣∣∣∣
u=u∗

. (3.107)

We now simplify the RHS using (3.105) and (3.106) for r, as well as (3.18) and (3.20)

for q. The required derivatives read

r(u∗) = r̄

√
λ

2πε
∼ −ε−3/2f

∗
c

2

[
1

2λ
(q

(1)
0 + εq

(1)
1 ) +

3ε

8λ2
q
(3)
0 +O(ε2)

]
, (3.108a)

r′(u∗) =

(
c20f

∗
c +

f ∗
cc

4

)
ρ∗
√

λ

2πε3
+ ε−3/2f

∗
c

2

(
q
(0)
1 + εq

(0)
2 +O(ε2)

)
, (3.108b)

r′′(u∗) = ε−5/2f
∗
c

2

(
q
(1)
0 + εq

(1)
1 +O(ε2)

)
, (3.108c)

r′′′(u∗) = ε−5/2f ∗
c

(
q
(2)
0 +O(ε)

)
, (3.108d)

r′′′′(u∗) = 3ε−5/2f ∗
c

(
q
(3)
0 +O(ε)

)
, (3.108e)

where we have shown only the terms required for a leading order calculation of c20.

Substituting into (3.107), we obtain

c20 =
α0

(
ρ∗f ∗

cc +
√

8π
λ3
f ∗
c

(
λq

(0)
1 + q

(2)
0

))
4 (λβ − α0ρ∗f ∗

c )
+O(ε). (3.109)

In principle, we can use (3.73) to eliminate the coefficients q
(2)
0 and q

(0)
1 . We remark

that there is no O(ε−1) term in (3.109) as might be expected from the fact that the

terms u∗r(u∗) and εu∗r′′(u∗)/2λ in (3.107) are individually O(ε−1). Their contribu-

tions exactly cancel as can be seen from (3.108a) and (3.108c).

Next, we work out η22 and c22 from (3.102). We again seek a solution in the form

η22(u) = ε−5/2s(u) exp

(
−λ(u− u∗)2

2ε

)
, (3.110)

where the ε−5/2 scaling is introduced for convenience so that s = O(1), as seen from

(3.111) below. With (3.110), the governing equation (3.102a) becomes

εs′′−λ(u−u∗)s′−4D0k
2s =

f ∗
c

2
(εq′ − λ(u− u∗)q)−ερ∗

√
λ3

2π

(
f ∗
c c22 +

f ∗
cc

4

)
. (3.111)

Since the largest term on the RHS is O(1), we expand s in a regular asymptotic series

as

s(u) ∼
∞∑
j=0

sj(u)ε
j, (3.112)
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and substitute into (3.111). Collecting powers of ε leads to the hierarchy of equations

for each sj given by

λ(u− u∗)s′0 + 4D0k
2s0 =

f ∗
c

2
λ(u− u∗)q0(u), (3.113a)

λ(u− u∗)s′j + 4D0k
2sj =s

′′
j−1 −

f ∗
c

2

(
q′j−1 − λ(u− u∗)qj

)
+ δj1ρ

∗

√
λ3

2π

(
f ∗
c c22 +

f ∗
cc

4

)
(u− u∗), j = 1, . . . (3.113b)

In general, solutions of (3.113) will not be regular at u∗. However, the form of the

LHS is the same as in (3.19), only with k replaced with 2k. As such, we deduce that

each sj is regular at u
∗ by the same argument that we used to show that qj is regular

at u∗. We note that our argument applies despite the fact that the RHS contains

contributions from qj for arbitrarily large j. Specifically, if any of the terms in the

expansion for s are singular at u∗, then this switches on a divergent expansion of the

form factorial/power. As a result, the inhomogeneous terms at large j are dominated

by the s′′j−1 term, rather than the terms involving qj, which necessarily grow slower

than factorial/power because qj is smooth at u∗ for all j.

We now use standard power series methods to obtain solutions of (3.113) in the

form

sj(u) =
∞∑
ℓ=0

s
(ℓ)
j (u− u∗)ℓ, j = 0, . . . . (3.114)

After some algebra, we find

s
(0)
0 =s

(1)
0 = 0, (3.115a)

s
(ℓ)
0 =

1
2
f ∗
c q

(ℓ−1)
0 − 4k2

∑ℓ
m=1

D(m)
0∗
m!

s
(ℓ−m)
0

4D0∗k2 + ℓλ
, ℓ = 2, . . . , (3.115b)

s
(0)
j =

2s
(2)
j−1

4D0∗k2
, j = 1, . . . , (3.115c)

s
(ℓ)
j =

[
(ℓ+ 1)(ℓ+ 2)s

(ℓ)
j−1 − 4k2

ℓ∑
m=1

D0∗

m!
s
(ℓ−m)
j − f ∗

c

2

[
(ℓ+ 1)q

(ℓ+1)
j−1 − λq

(ℓ−1)
j

]
+ δℓ1δj1ρ

∗

√
λ3

2π

(
f ∗
c c22 +

f ∗
cc

4

)] (
4D0∗k

2 + ℓλ
)−1

, ℓ, j = 1, . . . , (3.115d)

where we have used the expansions for qj in (3.20) in order to write the coefficients

in terms of those for qj. Although the above recursion relations allow us to compute

arbitrarily many coefficients, in practice we will only need to compute a few to obtain

a leading order final result.

59



The next step is to compute c22. In principle, we can substitute (3.110) into

(3.102b) and evaluate the integral using Laplace’s method. However, since s
(1)
1 ex-

plicitly depends on c22, all coefficients that recursively depend on s
(1)
1 also depend on

c22. In order to simplify the calculation, we can completely eliminate η22 from the

integrand. In particular, we observe that the adjoint of (3.102a) is given by (3.88a),

but with k replaced by 2k. As such, we multiply (3.88a) by η22, set k 7→ 2k, and

integrate by parts to transfer all derivatives to η22. This results in

α0

∫ ∞

0

uη22 du = −
∫ ∞

0

(
εη′′22 − [f(u, c∗)η22]

′ − 4D0∗k
2
)
W̃ du

=

∫ ∞

0

[(
c22f

∗
c +

f ∗
cc

4

)
n∗ +

f ∗
c

2
η

]
W̃ ′ du, (3.116)

where W̃ denotes W , but with the replacement k 7→ 2k. This replacement allows for

a straightforward calculation of W̃ from (3.92)–(3.93). The boundary terms arising

from integration by parts in (3.116) vanish due to the no-flux boundary conditions

on η22 and W . We have also used (3.102a) to eliminate terms containing η22. Since

η and W̃ do not depend on c22, we rearrange (3.116) and use Laplace’s method (see

(A.10) in Appendix A) to evaluate the integrals. We find

c22 =
ρ∗f ∗

ccW̃
(1)
0 + 2f ∗

c

√
2π
λ3

[(
λq

(0)
1 + q

(2)
0

)
W̃

(1)
0 ++2q

(1)
0 W̃

(2)
0

]
4
(
4Dck2 + β − ρ∗f ∗

c W̃
(1)
0

) +O(ε). (3.117)

We have now determined c20 and c22 in Eqs. (3.109) and (3.117) as well as η20 and η22

in Eqs. (3.103) and (3.110). The amplitude r for η20 is given in (3.105)–(3.106) while

the amplitude s for η22 is given in (3.112) and (3.114). In principle, the coefficients

q
(ℓ)
j , W

(ℓ)
j , and s

(ℓ)
j that appear in these formulas can be eliminated using (3.73),

(3.93), and (3.115). This completes our analysis at O(δ2) and we proceed to next

(and final) order in δ. We recall that the solvability conditions at O(δ2) yielded no

additional information beyond that of the linear stability analysis (see (3.98)).

3.3.2.3 Analysis at O(δ3)

To obtain governing equations for η3 and c3 in the expansion (3.68), we substitute

(3.68), as well as the scalings (3.63) and (3.67), into the governing equations (3.1)–
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(3.4) and equate terms at O(δ3). This leads to

D0
∂2η3
∂x2

+ ε
∂2η3
∂u2

− ∂

∂u
[f(u, c∗)η3]− c3f

∗
c

dn∗

du
=

(
c1c2f

∗
cc + c31

f ∗
ccc

6

)
dn∗

du

+

(
c2f

∗
c + c21

f ∗
cc

2

)
∂η1
∂u

+ c1f
∗
c

∂η2
∂u

+
∂η1
∂τ

− d
∂2η1
∂x2

, (3.118a)

Dc
∂2c3
∂x2

− βc3 + α0

∫ ∞

0

η3 du =
∂c1
∂τ

, (3.118b)

with the no-flux boundary conditions

∂c3
∂x

=
∂η3
∂x

= 0, x = 0,Lx, (3.118c)

ε
∂η3
∂u

− f(u, c∗)η3 → 0, as u→ 0,∞. (3.118d)

In line with our notation, we define f ∗
ccc as

f ∗
ccc :=

∂3f

∂c3
(u, c∗). (3.119)

We now impose the two solvability conditions (3.86) and (3.94), where we recall

that g1 and g2 are the RHS of (3.118a) and (3.118b), respectively. The first states

that the RHS of (3.118a) must integrate to zero up to exponentially small terms.

Hence∫ ∞

0

∫
Ω

(
c1c2f

∗
cc + c31

f ∗
ccc

6

)
dn∗

du
+

(
c2f

∗
c + c21

f ∗
cc

2

)
∂η1
∂u

+ c1f
∗
c

∂η2
∂u

+
∂η1
∂τ

− d
∂2η1
∂x2

dxdu = E.S.T. (3.120)

To evaluate the integral, we observe from (3.70) and (3.100) that c1 and η1 are pro-

portional to cos(kx), while c2 and η2 are a linear combination of terms that are either

independent of x or proportional to cos(2kx). As a result, every term in the inte-

grand is proportional to either cos(kx), cos(kx) · cos(2kx), or cos3(kx). Since these

terms integrate to zero, the solvability condition (3.120) is satisfied automatically.

We note that had we included terms in η2 and c2 proportional to cos(kx) in (3.100),

then (3.120) would contain terms proportional to cos2(kx), which do not integrate to

zero. However, these terms are exponentially small when integrated over u, so the

solvability condition is still satisfied.

We now consider the second solvability condition (3.94). Using the forms (3.70)

for η1 and c1, (3.87) for w1 and w2, and (3.100) for η2 and c2, we explicitly evaluate
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the integral over x in (3.94) to obtain the weakly nonlinear form for the bifurcation

dC

dτ
= − I1

I0 + 1
k2C − µ

I0 + 1
C3, (3.121a)

µ :=

[(
c20 +

c22
2

)
f ∗
cc +

f ∗
ccc

8

]
I2 +

[(
c20 +

c22
2

)
f ∗
c +

3

8
f ∗
cc

]
I3 + f ∗

c

(
I4 +

I5
2

)
,

(3.121b)

where the integrals I0, . . . , I5 are given by

I0 :=

∫ ∞

0

η(u)W (u) du, (3.121c)

I1 :=

∫ ∞

0

d(u)η(u)W (u) du, (3.121d)

I2 :=

∫ ∞

0

dn∗

du
W du, (3.121e)

I3 :=

∫ ∞

0

dη

du
W du, (3.121f)

I4 :=

∫ ∞

0

dη20
du

W du, (3.121g)

I5 :=

∫ ∞

0

dη22
du

W du. (3.121h)

As expected the bifurcation ODE (3.121a) has terms proportional to C3, and essen-

tially describes a pitchfork bifurcation at I1 = 0.

In order to write (3.121a) in terms of the local bifurcation parameter d′∗, we

evaluate the leading order contribution to the integrals via Laplace’s method owing to

the fact that n∗, η, η20, and η22 are exponentially localised at u∗. We use the version

of Laplace’s method in Eq. (A.10) in Appendix A. A lengthy but straightforward
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calculation results in

I0 ∼
α0ρ

∗f ∗
c

[
D0∗k

2 − (2D0∗k
2 + λ)u∗

D′
0∗

D0∗

]
(D0∗k2 + λ)2D0∗k2

, (3.122a)

I1 ∼
α0ρ

∗u∗f ∗
c

D0∗k2 (D0∗k2 + λ)
d′∗, (3.122b)

I2 ∼
α0ρ

∗
(
u∗

D′
0∗

D0∗
− 1
)

D0∗k2 + λ
, (3.122c)

I3 ∼−
√

2π

λ

[(
q
(0)
1 +

q
(2)
0

λ

)
W

(1)
0 +

2

λ
q
(1)
0 W

(2)
0

]
, (3.122d)

I4 ∼−
√

2π

λ5
f ∗
c

[(
q
(2)
0 + λq

(0)
1

)
W

(2)
0 +

3

2
q
(1)
0 W

(3)
0

]
− ρ∗

λ

(
2c20f

∗
c +

f ∗
cc

2

)
W

(2)
0 ,

(3.122e)

I5 ∼−
√

2π

λ

[(
s
(0)
2 +

s
(2)
1

λ
+

3s
(4)
0

λ2

)
W

(1)
0 +

2

λ

(
s
(1)
1 +

3s
(3)
0

λ

)
W

(2)
0

+
3

λ

(
s
(0)
1 +

3s
(2)
0

λ

)
W

(3)
0

]
, (3.122f)

where we have neglected O(ε) terms and used Eq. (3.6) for n∗, Eqs. (3.16), (3.18),

and (3.20) for η, Eqs. (3.90), and (3.92) for W , Eqs. (3.103), (3.105), and (3.108)

for η20, and finally (3.110), (3.112), and (3.114) for η22. For the sake of brevity, we

have written the results in terms of the power series coefficients of W , η, η20, and

η22, except in cases where the resulting formulas are short enough to write explicitly

in terms of the basic parameters of the model. In these cases, we used (3.73) and

(3.93) to eliminate the coefficients. In principle, the recursion relations (3.73), (3.93),

and (3.115), together with the results (3.109) and (3.117) for c20 and c22 can be used

to eliminate the remaining coefficients, thereby expressing I0, . . . , I5 in terms of the

original model parameters. Then Eq. (3.121a) fully determines C(τ) in terms of the

model parameters. Putting this together with a final simplification of the linear term

using (3.122a) and (3.122b), we may rewrite (3.121a) as

dC

dτ
∼ − α0ρ

∗f ∗
c u

∗ (D0∗k
2 + λ) d′∗k

2

D0∗k2 (D0∗k2 + λ)2 + α0ρ∗f ∗
c

[
D0∗k2 − (2D0∗k2 + λ)u∗

D′
0∗

D0∗

]C − µ

I0 + 1
C3.

(3.123)

The local solution structure near the bifurcation point is determined by the steady-

states of (3.123) and their stability. We recall that d′∗ is our local bifurcation param-

eter in the neighbourhood of the bifurcation point at D′
∗ = D′

0∗, cf. (3.65). The
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linear term is identical to what we obtained in (3.98) (since it must be consistent

with the linear stability analysis), and by the same reasoning we conclude that the

trivial steady-state is stable when d′∗ > 0 and unstable when d′∗ < 0, consistent with

our linear stability analysis. A key upside of our weakly nonlinear analysis is in un-

derstanding the role of the local nonlinearity. Since I0 > 0, whenever d′∗ and µ have

opposite signs, the system has non-trivial steady-states near the bifurcation given by

C ∼ ±

√
−d′∗

α0ρ∗f ∗
c u

∗

µD0∗ (D0∗k2 + λ)
. (3.124)

The stability of these steady-states is determined by the sign of µ. Specifically, they

are stable (supercritical) if µ > 0 and unstable (subcritical) if µ < 0. These two

possibilities are illustrated in Figure 3.1 for specific parameters. The condition µ = 0

can be expressed in terms of the integrals Ij using (3.121b) as[(
c20 +

c22
2

)
f ∗
cc +

f ∗
ccc

8

]
I2+

[(
c20 +

c22
2

)
f ∗
c +

3

8
f ∗
cc

]
I3+f

∗
c

(
I4 +

I5
2

)
= 0. (3.125)

As explained above, the Ij’s, as well as c20 and c22, can be expressed in terms of

the original model parameters. Eq. (3.125) is the first key result of this section; it

quantifies the condition for a switch between a subcritical and supercritical pitchfork

bifurcation when QS represses motility.

In the following section, it will be more convenient to construct bifurcation dia-

grams for the density ρ(x), rather than the AI concentration c(x). It will be helpful

therefore to rewrite the non-trivial states (3.124) as a relationship between ρ and d′∗.

Since ρ(x) :=
∫∞
0
n du, using (3.68a) and (3.70) we have

ρ(x) = ρ∗ + δC cos(kx)

∫ ∞

0

η(u) du+O(δ2). (3.126)

Then utilizing our WKBJ ansatz (3.72), we apply Laplace’s method to evaluate the

leading order (in ε) contribution to the integral. Subsequently eliminating d′∗ and δ

in favour of the original variable D′
∗ in (3.65) leads to

ρ(x) = ρ∗ ±D′
0∗

√
−α0u∗(ρ∗f ∗

c )
3 (D′

∗ −D′
0∗)

µD3
0∗ (D0∗k2 + λ)3

cos(kx) +O (ε,D′
∗ −D′

0∗) , (3.127)

as D′
∗ → D′

0∗. Eq. (3.127) is the second and final key result of this section. It

constitutes an explicit representation for the spatially non-uniform steady cell density

ρ(x), in the neighbourhood of the bifurcation point D′
0∗. Similar expressions can also

be derived for c(x) and n(x, u).
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Figure 3.1: Local bifurcation diagrams for C in (3.123) showing a pitchfork bifur-
cation. The subcritical case has µ < 0 (left) and the supercritical case (right) has
µ > 0. Red dashed lines denote unstable equilibria, while blue solid lines denote
stable. Here we used a domain length of Lx = 10, diffusion coefficient D∗ = 0.03, as
well as K = 0.9 for the subcritical case and K = 0.1 for the supercritical case. All
other parameters are set to one for convenience. A comparison with full numerical
solutions of the governing equations is performed in Section 3.4.

Before continuing with numerical results and discussion in the next section, we

make a few remarks about our analysis. First, we have taken D′
∗ and D∗ to be

parameters that can be varied independently, which is explicitly assumed in (3.64).

Importantly, our analysis does not crucially depend on this assumption and, in fact,

the only part of our analysis affected by relaxing this assumption is the evaluation of

the integral I1 in (3.122b), which in turn only affects the behaviour of the non-uniform

steady-states near the bifurcation in (3.127). The linear stability criteria (3.54) and

(3.58) can generically incorporate any choice of D(u). Notably, the type of bifurcation

(either a subcritical or supercritical pitchfork) does not depend on the specific form

of D(u), only its local behaviour near the bifurcation point.

We also remark that our theoretical results are generalisable in several ways. First,

it is straightforward to make α(u) in (3.2) a generic function of u and f(u, c) in (3.1)

a generic function of c provided that f is still linear in u. A caveat here is that the

steady-state may not be unique. However, as long as n∗ is exponentially localised

at a single point u∗, the analysis is nearly identical. We will explore this in more

detail in the next chapter. In principle, it is also possible to choose kinetics that are

nonlinear in u. In this case, the prolific amount of terms that arise from Laplace’s

method renders the algebra significantly more complicated, especially the evaluation

of integrals I4 and I5 in (3.122) above and the underlying recursion relations for
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the coefficients. Finally, we remark that it may be interesting to perform a similar

weakly nonlinear analysis for the Hopf bifurcation, characterised by (3.58), in order

to classify it as either subcritical or supercritical. We anticipate that the method of

multiple timescales would be needed to capture the O(1) oscillation timescale and the

asymptotically longer growth or decay timescales (likely O(δ−2)). In the following

section, we verify the predictions of our theory via full numerical solutions of the

governing equations (3.1)–(3.4).

3.4 Comparison with Numerical Results and Dis-

cussion

In this section, we compare the predictions of our asymptotic theory with full numeri-

cal solutions of the governing equations (3.1)–(3.4). We also characterise the emergent

patterning that arises from the linear instabilities. The remainder of this chapter is

organised into two sections. First, we consider the case where the QS circuit represses

motility (D′
∗ < 0). We then consider the case where QS promotes motility (D′

∗ > 0).

The numerical solution of the governing equations (3.1)–(3.4) in this section, and

for the remainder of this thesis, are performed with oomph-lib, an open-source finite-

element software library for C++ [49]. This package facilitates computationally in-

tensive numerics as well as the implementation of the non-local coupling and non-

linear boundary condition (3.4a). Broadly, we use a Galerkin finite element method

with quadratic Lagrange elements on a rectangular grid and the BDF2 scheme for

time-stepping. We emphasize that several custom codes were needed to handle the

non-local secretion term in (3.3b) as well as the fact that the domains for (3.3a)

and (3.3b) have different dimension. The methodology is described in more detail

in Appendix C. We also emphasize that the governing equations for our model are

computational intensive due to the high dimension and the strongly localised solution

structure arising from its singular nature, i.e. ε≪ 1. The finite-element calculations in

this section and the remainder of this thesis were therefore performed on several high-

performance machines including the Oxford Advanced Research Computing (ARC)

high-performance cluster, the High Performance Cluster (HPC) machines at UCL,

and the Mathematics Department cluster also at UCL.
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Figure 3.2: Bifurcation diagrams when QS represses motility showing the predicted
subcritical (left) and supercritical (right) pitchfork bifurcations. Theoretical bifurca-
tion points given by (3.66) are denoted by yellow circles. The trivial branches, given
by (3.6), (3.8), and (3.10), are spatially uniform and therefore have ρ = const., while
the non-trivial branches are spatially non-uniform and are computed numerically from
the governing equations (3.1)–(3.4) and (3.128)–(3.129). Near the bifurcation (insets),
the local behaviour of the non-trivial branches agree well with the theoretical local
behaviour in (3.127). Numerical results in 2D are shown for the subcritical case as
green stars and red squares, where the steady-state profiles correspond to spot and
stripe patterns, respectively. The solid blue line in both panels corresponds to stripe
patterns. To facilitate computationally intensive numerics in 2D, we choose ε = 0.04
on the left, whereas on the right we use a smaller value of ε = 0.001. All other param-
eter values here and for the rest of this Chapter are given in Table D.1 of Appendix
D.

3.4.1 Quorum Sensing Represses Motility: D′
∗ < 0

First we consider the case where QS represses motility. To perform numerical calcu-

lations, we fix a convenient form for the diffusion coefficient D as

D(u) =

{
D′

∗(u− u∗) +D∗, 0 ≤ u ≤ u0,

D∞, u > u0,
(3.128)

where D∞ is a parameter and u0 is chosen such that D is continuous. In the above,

D(u∗) = D∗ and D′(u∗) = D′
∗ < 0, in line with our previous definitions of D∗ and D′

∗.

As before, we take D′
∗ to be our bifurcation parameter. We recall from (2.15) that

the cell density is computed from

ρ(x, t) =

∫ ∞

0

n(x, u, t) du. (3.129)

We begin by comparing our theory with numerically computed bifurcation dia-

grams. We show results for both the subcritical case and supercritical case in Figure
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Figure 3.3: Left: theoretically predicted dispersion relations for the dominant eigen-
value σ, computed from (3.25), close to the onset of instability (D′

∗ = −0.2) and well
within the unstable regime (D′

∗ = −2). The longest wavelength mode is the first to
lose stability as D′

∗ is varied through the bifurcation point, but inside the linearly
unstable regime the most unstable mode in general has an intermediate wavelength.
Right: snapshots of a 1D solution of the governing equations (3.1)–(3.4) and (3.128)–
(3.129) for D′

∗ = −2.0. The lengthscale of the instability at early times is in agreement
with the most unstable mode of k ≈ π/2.

3.2. In both cases, the linear stability of the uniform state predicted from theory

in Eq. (3.54) agrees well with numerical results. The behaviour of the non-trivial

branch of equilibria near the bifurcation, as predicted by our weakly nonlinear anal-

ysis, is also in good agreement with numerics. In the subcritical case, we also show

2D steady-states, which we find can either be spots or stripes. Since stripe patterns

are effectively 1D, they lie on the same solution branch as the 1D results.

Next, we consider the time evolution following the linear instability. Figure 3.3

shows typical dispersion relations near the bifurcation point and well into the unsta-

ble regime. As predicted by (3.54), the first mode to lose stability has the longest

wavelength (i.e. closest to k = 0), but the most unstable mode inside the unstable

regime has an intermediate wavelength (i.e. away from k = 0) in general. Snapshots

of the solution in Figure 3.3 show the formation of clusters of high density at early

times. The wavelength of the most unstable mode gives an approximation of the typ-

ical cluster size. As time progresses, the clusters coarsen into a single cluster, which

then migrates to one of the boundaries. We observe that n(x, u, t) is localised at

larger values of u inside the cluster, implying that clusters consist primarily of lower

motility cells. In contrast, cells outside the clusters have lower values of u, or higher

motility. Snapshots of the cell density for a 2D simulation are shown in Figure 3.4
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Figure 3.4: Snapshots of a 2D numerical solution of (3.1)–(3.4) and (3.128)–(3.129)
showing phase separation behaviour for the cell density. Here the system eventually
reaches a stripe pattern, but a spot pattern is also possible (intermediate states are
similar). The AI concentration profiles are qualitatively similar to the cell density
and therefore omitted.

where we observe similar clustering behaviour.

We illustrate the physical mechanism underlying the instability schematically in

Figure 3.5a. A small localised increase to the cell density induces a local increase

in the AI concentration through the secretion term in (3.3b). This in turn leads to

a ‘chemical flux’ in the u-coordinate due to the GRN kinetics, which is denoted by

the blue arrows in Figure 3.5. This flux acts to achieve an internal concentration for

which f(u, c) = 0, so locally higher values of c result in higher internal concentrations.

In effect, the chemical fluxes convert high motility cells to low motility cells inside the

cluster, and vice versa outside the cluster. The higher internal concentrations inside

the cluster reduce the motility through the gene-regulated diffusion coefficient D(u),

which affects the diffusive fluxes into and out of the cluster (purple arrows in Figure

3.5). Perturbations grow if the inward flux overcomes the outward flux. This can

happen if the motility is sufficiently reduced inside the cluster, which is quantified by

the bifurcation parameter D′
∗.

The above-described mechanism is different in principle, but similar in outcome,

to the mechanism behind the well-known motility induced phase separation (MIPS) in

classical active matter. We recall our definition of classical active matter as an active

system with physical interactions and no QS nor gene-regulated motility. Broadly,

the classical mechanism operates as follows [20]. Physical interaction between par-

ticles acts to effectively reduce motility at high density. Since particles naturally
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Figure 3.5: Simplified illustrations of the instability mechanisms. a) Small density/AI
perturbation from the unstable uniform equilibrium when QS represses motility. Per-
turbations grow when the diffusive flux of high motility (low u) cells into the cluster
is greater than the diffusive flux of low motility (high u) cells out of the cluster. b)
Periodic spatio-temporal oscillations when QS promotes motility (right).

accumulate in regions where they slow down, they accumulate in regions of high

density. This further reduces motility, leading to MIPS. The outcome is a dense clus-

ter of immotile particles surrounded by a dilute phase of motile particles. This is

exactly the outcome that we observe in Figure 3.3. Some qualitative features such

as the transient behaviour and the possibility of either continuous (supercritical) or

discontinuous (subcritical) phase transitions are similar to their counterparts in clas-

sical active systems [81]. The cluster behaviour that we observe when QS represses

motility can therefore be thought of as a chemical analogue of MIPS.

Another key difference between classical MIPS and our chemical analogue is that

our results predict a new route to MIPS. Here MIPS can be triggered by genetic

regulation of any one of the motility functions that make up the effective diffusion

coefficient. We recall that the effective diffusion coefficient D(u) is given in terms of

cell-level quantities by (2.14c), which reads

D(u) = Dt +
v2(u)

2(Dr(u) + γ(u))
, (3.130)

where v is the self-propulsion speed, Dr the rotational diffusion coefficient, and γ the

tumbling frequency. In classical active systems in the large lengthscale and timescale

regime (2.10d) with χ ≫ 1, only variations in the self-propulsion speed v (due to

physical interaction) can trigger MIPS (see (1.6) and [19,20]).
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Figure 3.6: Left: bifurcation diagram when QS promotes motility showing a Hopf
bifurcation and the numerically computed branch of stable limit cycles. The linear
stability of the uniform branch as predicted from asymptotic theory is indicated.
Right: spacetime diagram of the cell density ρ for D′

∗ = 16, computed from (3.1)–
(3.4), (3.129), and (3.131).

3.4.2 Quorum Sensing Promotes Motility: D′
∗ > 0

Next, we consider the case where QS promotes motility. In this case, we fix the

effective diffusion coefficient D as

D(u) =

{
D0, 0 ≤ u < u0,

D′
∗(u− u∗) +D∗, u0 ≤ u <∞,

(3.131)

where now D0 is a parameter and u0 is again fixed such that D is continuous. The

parameter D′
∗ is now positive.

We begin by comparing our theoretical predictions with numerical results. We

show a bifurcation diagram in Figure 3.6 where the spatially non-uniform solutions

are computed numerically. We observe that the Hopf bifurcation predicted from the

linear stability analysis is supercritical; a branch of stable limit cycles bifurcates from

the uniform state. To illustrate the transient dynamics and convergence to periodic

behaviour, we provide a typical spacetime diagram in Figure 3.6. As we illustrate in

Figure 3.7, the qualitative behaviour of unstable solutions at early times agrees well

with our theoretically predicted behaviour for the dominant eigenvalue σ(k) in (3.25).

To help understand the limit cycle behaviour physically, we plot snapshots of the

full numerical solution for n, c, and ρ in Figure 3.8. We observe that the oscillations

of n correspond to oscillations in both the cell density and internal concentrations.

These oscillations are out of phase with each other and out of phase with the AI con-

centration. The phase differences correspond to effective time delays between changes

in cell density, changes in AI concentration, and changes in internal concentrations

(motility).
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Figure 3.7: Left: theoretically predicted dispersion relations for the dominant eigen-
value σ, computed from (3.25), close to the onset of instability (D′

∗ = 4) and well
within the unstable regime (D′

∗ = 10). In general, an intermediate wavelength mode
is the first to lose stability as D′

∗ is varied through the bifurcation point. Inside
the unstable region, there is a band of unstable modes since the system is stable for
k → 0 and k → ∞. The most unstable wavenumber for D′

∗ = 10 is approximately
π/2. Right: snapshot of the cell density and AI concentration for D′

∗ = 10 at an
early time showing that the most unstable wavenumber is approximately π/2. The
snapshot is calculated from a numerical solution of (3.1)–(3.4), (3.129), and (3.131).

Figure 3.8: Snapshots of the limit cycle behaviour for n(x, u, t) (left) as well as pro-
files of the AI concentration c(x, t) and cell density ρ(x, t) (right). The snapshots are
computed from a numerical solution of (3.1)–(3.4), (3.129), and (3.131). The oscil-
lations in density, AI concentration, and internal chemical are out of phase due to
an effective time delay caused by finite chemical timescales. The temporal ordering
of the snapshots is consistent with Figure 3.5b, i.e. top-left, top-right, bottom-right,
bottom-left.
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We give a simplified schematic of the limit cycle in Figure 3.5b. To illustrate the

main idea behind the physical mechanism, we neglect the effective time delay between

the AI concentration and internal concentration. First, let us consider a region of

locally higher cell density. As the density fluctuation begins to relax due to diffusion,

the AI concentration field increases locally in response to the higher density. This in

turn leads to locally higher internal concentrations due to the reaction kinetics, which

leads to locally increased cellular motility (as quantified by the effective diffusion

coefficient D(u)). As the local density returns to the equilibrium value, the locally

higher motility persists and the region begins to deplete of cells, thereby forming a

region of lower density. This forms the first half of the periodic cycle, with the second

half having equivalent reasoning. This description ignores the effective time delay

between the AI concentration and internal concentration. A more accurate description

includes additional steps during which the internal concentrations respond to changes

in the AI concentration. However, the principle of operation remains unchanged; finite

chemical timescales induce effective time delays between changes in cell density and

changes in motility, which leads to spatio-temporal oscillations.

The effective time delay is a critical aspect of the mechanism because the insta-

bility disappears as the effective time delay tends to zero. This can be seen math-

ematically by considering the location of the Hopf bifurcation in the limit of fast

chemical timescales, given by the parameter regime a ∼ L ∼ λ ∼ α0 ∼ β ≫ 1. We

recall that the condition for instability is given in Eq. (3.58), which we repeat here

for convenience:

D′
∗

D∗
>
B

u∗
, B :=

νλ + ν

ν0

[
(ν0 + νλ)(ν0 + ν)

α0ρ∗f ∗
c

− 1

]
, νj := D∗k

2 + j, ν := Dck
2 + β.

(3.132)

In the limit of fast chemical timescales, we find that B ≫ 1, and hence the criterion

cannot be satisfied unless D′
∗ is large. This favours a stable uniform population.

In this chapter, we have characterised motility-induced patterning for simple re-

action kinetics f that model the canonical LuxIR system. In the following chapter,

we extend our theory and results to a few general classes of reaction kinetics.
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Chapter 4

Motility-Induced Patterning for
General Reaction Kinetics

In this chapter, we aim to characterise motility-induced patterning for more general

reaction kinetics using our structured modelling framework. We divide this work into

four sections, the first of which considers reaction kinetics that have multiple stable

equilibria. The second deals with multiple internal chemicals. The third deals with

kinetics that have a stable limit cycle, but no stable equilibrium. Finally, we compare

the results of our theory with full numerical calculations.

4.1 General One-Component Kinetics

In this section, we consider scalar reaction kinetics with multiple equilibria. Examples

of GRN kinetics with multiple equilibria can be found in detailed models of the

canonical LuxIR quorum sensing circuit [25,65,89], the las/rhl circuit in Pseudomonas

aeruginosa [33], as well as Fitzhugh–Nagumo kinetics in some parameter regimes (see,

e.g., [46]).

Our governing equations for the remainder of this section are

∂n

∂t
= D(u)∇2n+ ε

∂2n

∂u2
− ∂

∂u
[f(u, c)n] , x ∈ Ω, u ∈ R+, (4.1a)

∂c

∂t
= Dc∇2c− βc−

∫ ∞

0

α(u)n du, x ∈ Ω, (4.1b)

where we take Ω to be a rectangle with side lengths Lx and Ly. We impose no-flux

boundary conditions in x and u, which read

ε
∂n

∂u
− f(u, c)n→ 0, u→ 0,∞, (4.2a)

∇xn ·Nx = ∇xc ·Nx = 0, x ∈ ∂Ω, (4.2b)
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where Nx is the unit normal on Ω.

In order for the reaction kinetics to represent physically and biologically realistic

systems, we impose some restrictions on f . First, we disallow infinite and negative

internal concentrations by requiring

f(u, c) < 0 as u→ ∞, (4.3a)

f(0, c) > 0, (4.3b)

for all positive values of c (we also disallow c < 0). We also assume that f has

multiple equilibria, as clarified below. By continuity of f , Eq. (4.3) guarantees that

there is at least one value of u such that f(u, c) = 0.

Our general approach is similar to that of the previous chapter: we determine

the spatially uniform steady-state and perform a stability analysis in order to detect

patterning. A key difference here is that when f has multiple equilibria, then there

are spatially uniform, quasi-steady solutions of (4.1) as we show below. We extend

our linear stability analysis from the previous chapter to account for perturbations

around a slowly varying base state.

4.1.1 Spatially Uniform Quasi-Steady States

In order to motivate our analysis of quasi-steady states, we begin by calculating true

steady-states. Let us denote one of the (possibly many) spatially uniform steady-

states of (4.1)–(4.2) by n∗(u) and c∗. They satisfy

ε
d2n∗

du2
− d

du
[f(u, c∗)n∗] = 0, (4.4a)

βc∗ −
∫ ∞

0

α(u)n∗(u) du = 0. (4.4b)

Since c∗ is constant, we directly integrate (4.4a) and use the no-flux condition (4.2a)

to fix the integration constant. Integrating again then yields

n∗(u) = A exp

[
−F (u, c

∗)

ε

]
, (4.5)

where the constantA is determined from the normalisation condition ρ∗ =
∫∞
0
n∗(u) du

and we recall that ρ∗ is the global cell density. The quantity F (u, c) in (4.5) is defined

by

F (u, c) := −
∫ u

u∗
f(ū, c) dū. (4.6)

The lower bound of integration is arbitrary as it can always be absorbed into the

constant A. For convenience, we choose u∗ to be the point at which F (u, c∗) has a
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global minimum, so that the global minimum is F = 0. The point u∗ is also a linearly

stable equilibrium of f in the sense

0 =
∂F

∂u
(u∗, c∗) = −f(u∗, c∗), (4.7a)

0 >
∂2F

∂u2
(u∗, c∗) = −∂f

∂u
(u∗, c∗). (4.7b)

We remark that a global minimum is guaranteed to exist since F is increasing as

u → ∞, decreasing at u = 0 by virtue of (4.3), and continuous. We assume for

now that u∗ is unique; however, we will later drop this assumption when considering

quasi-steady states. We note that (4.5) is exact; no approximations have been made.

In the limit ε → 0, the steady-state (4.5) is exponentially localised around each

local minimum of F . However, the dominant contribution to n∗ is from the global

minimum since
n∗(u0)

n∗(u∗)
= exp

[
−F (u0, c

∗)

ε

]
= E.S.T., (4.8)

where u0 is any other local minimiser of F (u, c∗) and E.S.T. denotes exponentially

small terms. We therefore ignore the exponentially small contribution from the local

minima and calculate A from ρ∗ =
∫∞
0
n∗(u) du using Laplace’s method. Using

Eq. (A.9) from Appendix A, we find

n∗(u) = ρ∗
√
−fu(u

∗, c∗)

2πε

[
1 +O(ε)

]
exp

[
−F (u, c

∗)

ε

]
, (4.9)

where fu :=
∂f
∂u
. The O(ε) terms in the above are due to the fact that F (u, c∗) is not a

quadratic in u as was the case for the kinetics in the previous chapter, cf. (3.6)–(3.8).

Our next task is to determine u∗ and c∗. To this end, we substitute (4.9) into

(4.4b) and apply Laplace’s method to the integral term, which yields

c∗ =
α(u∗)ρ∗

β
+O(ε), (4.10)

where again the O(ε) terms are due to non-quadratic F and nonlinear α. Eqs. (4.7a)

and (4.10) constitute an algebraic system that can in principle be solved for u∗ and

c∗. We restrict our attention to reaction kinetics for which there are M > 1 distinct

solutions of Eqs. (4.7a) and (4.10). For a steady-state, we emphasize that solutions

u∗ that do not correspond to the global minimum of F (u, c∗) must be discarded since

(4.10) was derived under this assumption.

Even though the system (4.7a) and (4.10) has multiple solutions, the steady-

state density n∗ is exponentially localised around a single point1. Physically this

1This is due to our earlier assumption below Eq. (4.7) that u∗ is unique.
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corresponds to all cells effectively having the same internal state. In principle, each

steady-state can be analysed separately through a linear stability analysis, which

is qualitatively similar to the analysis from the previous chapter. We therefore ask

whether it is possible to have a quasi-steady (slowly varying in time) solution in which

n∗ is localised around multiple points.

With this in mind, we observe that ε effectively fixes the relative number of cells

in each local minimum of F (u, c∗), as seen from (4.8). However, when ε = 0 there is

a solution of (4.4a) of the form

n∗(u) =
M∑
ℓ=1

ρℓδ(u− uℓ), (4.11a)

where the constants ρ1, . . . , ρM satisfy
∑

ℓ ρℓ = ρ∗ but are otherwise arbitrary and can

be considered additional model parameters. We note that Eq. (4.11a) is a solution

of (4.4a) in the weak sense2. The concentrations u1, . . . , uM , in combination with c∗,

satisfy the algebraic system

f(uℓ, c
∗) = 0, ℓ = 1, . . . ,M, (4.11b)

βc∗ =
M∑
ℓ=1

α(uℓ)ρℓ, (4.11c)

where the uℓ’s are taken to be distinct. The steady-state (4.11) has M parameters

(ρ1, . . . , ρM) that control the number of cells in each state. We seek to construct

an analog of (4.11) for finite ε so that our analytical techniques from the previous

chapter are available. Such a construction cannot be a steady-state since it is not of

the form (4.5), which is exact.

Motivated by the above discussion, we now seek quasi-steady solutions of (4.4).

We construct the state nq(u) and cq as follows

nq(u) = Aℓ exp

[
−Fℓ(u, cq)

ε

]
+ E.S.T., Uℓ ≤ u < Uℓ+1, ℓ = 0, . . . ,M − 1,

(4.12a)

cq =
1

β

∫ ∞

0

α(u)nq(u, t) du+ E.S.T, (4.12b)

where Fℓ is defined analogously to F as

Fℓ(u, c) := −
∫ u

uℓ

f(ū, c) dū, (4.13)

2That is, if we require
∫∞
0

d
du [f(u, c∗)n∗] Ψ(u) du = 0 for all smooth test functions Ψ, then after

integration by parts we see that (4.11a) is a solution by the sifting property of the Dirac-delta
function.
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and U1, . . . , UM−1 are theM −1 local maxima3 of Fℓ, while U0 = 0 and UM = ∞. We

assume that the Uℓ’s and uℓ’s are well-separated in the sense |Uℓ+1−Uℓ| ∼ |uℓ−Uℓ| ≫
O(

√
ε) so that the discontinuities in the leading-order term of nq are exponentially

small. Consequently, we include exponentially small terms in (4.12) so that overall

nq is continuous. The constants Aℓ determine the fraction of the population in each

of the piecewise states, and are defined through

ρℓ :=

∫ Uℓ+1

Uℓ

nq(u) du, (4.14)

which can be evaluated using Laplace’s method to give

Aℓ = ρℓ

√
−fu(cq, uℓ)

2πε

[
1 +O(ε)

]
. (4.15)

A further application of Laplace’s method to the integral in (4.12b) leads to

βcq =
M∑
ℓ=1

α(uℓ)ρℓ +O(ε). (4.16)

As flagged above, we no longer require that the global minimum of Fℓ(u, cq) is unique

since we include the O(1) contributions to (4.16) from all local minima; the global

minimum now has no special significance. Next, the fact that uℓ are local minima of

F (u, cq) requires

f(uℓ, cq) = 0, ℓ = 1, . . . ,M, (4.17)

so that in principle (4.16) and (4.17) can be solved for uℓ and c. Eqs. (4.12a) and

(4.16)–(4.17) are consistent with (4.11) in the formal limit ε→ 0, as desired.

We now observe that on each of the intervals (Uℓ, Uℓ+1), Eq. (4.12) satisfies the

steady-state problem (4.4) up to all algebraic orders of ε. However, there is clearly

a large disagreement with the exact steady-state (4.5) because n∗(u) is exponentially

small near uℓ, but nq(u) is O(ε−1/2). We therefore conclude that (4.12) is a quasi-

steady state in which Aℓ’s are slowly varying functions of time. We expect that

the Aℓ’s vary over an exponentially long timescale since (4.12) fails to satisfy the

steady-state problem (4.4) by an exponentially small amount.

Before continuing, we remark that M in (4.11) is not necessarily the same as

our previous definition as the number of solutions of the algebraic system (4.7a) and

3Since the Fℓ’s differ by a constant, they share critical points. Moreover, there are exactly M −1
local maxima of Fℓ(u, cq) since theM local minima must be separated by exactly one local maximum.
Additionally F is decreasing at u = 0 and increasing as u → ∞.
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(4.10). In fact, depending on the specific functional form of f , it may be fairly non-

trivial to work out since it can in principle depend on the choice of ρℓ (which in turn

depend on M). We will assume M = 2 for the linear stability analysis, however our

asymptotic theory does not crucially depend onM and can in principle be generalised.

We illustrate how to work out M by way of a simple example in the final section of

this chapter.

4.1.2 Stability Analysis

In the previous section, we constructed spatially uniform, quasi-steady solutions of

(4.1). In order to detect the onset of motility-induced patterning, we seek to un-

derstand how these states respond to small spatially-dependent perturbations. Since

the quasi-steady solutions vary over an exponentially long timescale, we restrict our

attention to instabilities that arise on a much faster O(1) timescale.

As mentioned above, we consider the case M = 2 for which nq is exponentially

localised around two distinct states, which we denote by u− and u+. In this case, the

quasi-steady solution (4.12a) and (4.15)–(4.17) can be written as

nq(u) =


ρ−

√
f−
u

2πε

[
1 +O(ε)

]
exp

[
−F−(u, cq)

ε

]
+ E.S.T., 0 ≤ u < U,

ρ+

√
f+
u

2πε

[
1 +O(ε)

]
exp

[
−F+(u, cq)

ε

]
+ E.S.T., U ≤ u <∞,

(4.18a)

cq =
1

β
(α−ρ− + α+ρ+) +O(ε), (4.18b)

f(u±, cq) = 0, (4.18c)

where α± := α(u±), f
±
u := fu(u±, cq), and F± is defined by

F±(u, c) := −
∫ u

u±

f(ū, c) dū. (4.19)

Here U ∈ (u−, u+) is the unique local maximum of F± and we recall that u− < u+

are the local minima. The quantities ρ± are defined by

ρ− :=

∫ U

0

nq(u) du, ρ+ :=

∫ ∞

U

nq(u) du, (4.20)

and satisfy ρ− + ρ+ = ρ∗. They vary exponentially slowly in time, but we suppress

the time-dependence for convenience.
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We now introduce perturbations to the quasi-steady state (4.18) in the form

n(x, u, t) = nq(u) + δη(u)eik·x+σt, c(x, t) = cq + δCeik·x+σt. (4.21)

Here, k is the wavenumber of the perturbation and σ the growth rate. Here 0 < δ ≪ 1

measures the size of the perturbation. Similar to our analysis from the previous

chapter, k has only the allowed values

k =

(
πℓ

Lx
,
πm

Ly

)T
, (4.22)

where ℓ and m are non-negatives integers not both equal to zero. Next, we substitute

(4.21) into (4.1) and neglect O(δ2) terms. Since nq and cq satisfy (4.4) only up to

exponentially small terms (in ε), the coefficient of δ0 is not exactly zero as it would

be for a perturbation around a true steady-state. There is a contribution from the

exponentially small terms in (4.18) as well as from the time-derivatives of nq and cq,

all of which are exponentially small. We therefore choose δ much larger than these

exponentially small terms (but still δ ≪ 1) so that the O(δ) terms are dominant. At

leading-order we therefore obtain

ε
d2η

du2
− d

du
[f(u, cq)η]− (σ +D(u)k2)η − d

du
[fc(u, cq)n

∗(u)]C = 0, (4.23a)

(σ + β +Dck
2)C −

∫ ∞

0

α(u)η(u) du = 0, (4.23b)

where fc := ∂f
∂c
(u, cq). We note that in contrast to the kinetics from the previous

chapter, both partial derivatives ∂f
∂u

and ∂f
∂c

in general depend on u.

The unperturbed state is exponentially localised near u = u± for small ε; we

expect the same to be true for the perturbation η. We therefore use a WKBJ-

(Liouville-Green) type method in which we seek solutions of the form

η(u) ∼


ε−3/2q−(u) exp

[
−F−(u, cq)

ε

]
, 0 ≤ u < U,

ε−3/2q+(u) exp

[
−F+(u, cq)

ε

]
, U ≤ u <∞,

(4.24)

where we neglect exponentially small terms and the ε−3/2 prefactor is introduced for

convenience so that q± = O(C) as seen in (4.25) below. By substituting (4.24) into

(4.23a), we obtain the following two equations for q±

εq′′±+q
′
±f(u, cq)−

(
σ +D(u)k2

)
q± = C

√
−f±

u

2π

[
ρ±f(u, cq)fc(u, cq) + ερ±

∂2f

∂u∂c
(u, cq)

]
,

(4.25)
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where the domain for the ‘−’ equation is u ∈ (0, U), and u ∈ (U,∞) for the ‘+’

equation. We remark that the bracketed O(ε) terms in (4.18a) are constant and

hence effectively perturb ρ± by O(ε). For simplicity, we have incorporated these

terms into ρ± in (4.25) above. The boundary conditions that η must be exponentially

small as u → 0,∞ imply that q− is polynomially bounded as u → 0 and that q+ is

polynomially bounded as u → ∞. An additional boundary condition is needed for

q± at u = U , which comes from imposing smoothness of η. We therefore require that

both q± are polynomially bounded as u→ U , so that (4.24) is smooth at all algebraic

orders of ε.

Following our methodology from the previous chapter, we seek solutions for the

amplitudes q± in the form of a regular asymptotic series as follows

q±(u) ∼
∞∑
j=0

qj±(u)ε
j, (4.26)

where again the boundary conditions are that each qj± is polynomially bounded. To

obtain governing equations for qj±, we substitute (4.26) into (4.25) and equate terms

at O(1) and O(ε), which gives

f(u, cq)q
′
0± −

(
σ +D(u)k2

)
q0± = Cρ±

√
−f±

u

2π
f(u, cq)fc(u, cq), (4.27a)

f(u, cq)q
′
1± −

(
σ +D(u)k2

)
q1± = −q′′0± + Cρ±

√
−f±

u

2π

∂2f

∂u∂c
(u, cq). (4.27b)

The counterpart of (4.27) for the canonical kinetics in the previous chapter is given

in (3.19). Since f(u±, cq) = 0, solutions of (4.27) are non-smooth at u± in general.

However, we argue that qj± are smooth due to the boundary conditions that q± are

polynomially bounded. We base this argument on the Stokes’ line calculation of the

previous chapter for which it was found that solutions of (3.19) must be smooth in

order for q to be polynomially bounded as u→ 0,∞. We expect a similar calculation

to yield an analogous result here. Namely, that each term in the expansion of q− must

be smooth in order for q− to be polynomially bounded as u→ 0, U , and similarly for

q+. We expect that such an analysis would be slightly more complicated as the two

Stokes’ lines originating from u± would be curved in general (cf. [22]).

Motivated by the above discussion, we look for smooth solutions for q0± and q1±

in the form of regular power series centred at u = u±. We therefore expand q0± and

q1± as

qj± =
∞∑
ℓ=0

q
(ℓ)
j±(u− u±)

ℓ, (4.28)
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and additionally Taylor expand f(u, cq) as well as D as

D(u) =
∞∑
ℓ=0

D(ℓ)
±

ℓ!
(u− u±)

ℓ, D(ℓ)
± :=

dℓ

duℓ

∣∣∣∣
u=u±

D(u). (4.29)

To calculate the coefficients q
(ℓ)
j±, we substitute (4.28)–(4.29) into (4.27) and use stan-

dard power series methods to obtain the following recursion relations

q
(0)
0± = 0, (4.30a)

q
(1)
0± = ρ±

√
−(f±

u )
3

2π

Cf±
c

σ +D±k2 − f±
u

, (4.30b)

q
(2)
0± =

−ρ±
√

−f±u
2π

(
f±
u f

±
cu +

f±uuf
±
c

2

)
C −

(
D′

±k
2 − f±uu

2

)
q
(1)
0±

σ +D±k2 − 2f±
u

, (4.30c)

q
(0)
1± =

2q
(2)
0± − ρ±

√
−f±u
2π
f±
cuC

σ +D±k2
, (4.30d)

where f±
c , f

±
uu, and f

±
cu denote derivatives of f evaluated at (u±, cq). We have shown

only the coefficients required for a leading-order evaluation of the integral in (4.23b),

but in principle we can straightforwardly calculate higher-order terms in both (4.26)

and (4.28).

We now evaluate the integral in (4.23b) to leading-order in ε using Laplace’s

method. Using (A.9) from Appendix A, we obtain after some algebra∫ ∞

0

α(u)η(u) du =
∑
j=±

√
2π

−fu

[
αqj −

1

2fu

d2

du2
(αqj)−

fuu
(fu)2

d

du
(αqj) +O(ε)

] ∣∣∣∣
u=uj

=
∑
j=±

[
ρjfcC

α′ (σ +Dk2)− αD′k2

(σ +Dk2) (σ +Dk2 − fu)
+O(ε)

] ∣∣∣∣∣
u=uj

. (4.31)

Finally, we put (4.31) into (4.23b) and collect terms at O(1), imposing that C ̸= 0,

to obtain the following algebraic equation for σ

σ +Dck
2 + β =

∑
j=±

[
ρjfc

α′ (σ +Dk2)− αD′k2

(σ +Dk2) (σ +Dk2 − fu)

] ∣∣∣∣∣
u=uj

. (4.32)

Eq. (4.32) has five solutions in general since it can be rearranged into a fifth-order

polynomial equation. If there are any solutions with Re(σ) > 0, then the quasi-

steady solution (4.18) is unstable to spatial perturbations on an O(1) timescale. We

emphasize that the quasi-steady solution is always ‘unstable’ on an exponentially long

timescale by virtue of it not being a true steady-state.
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We emphasize that our analysis is valid for perturbations that are not expo-

nentially small. This has the important implication that if the quasi-steady solution

crosses through an instability threshold exponentially slowly, then the instability may

not immediately manifest. This is due to the well-known phenomenon of slow passage

through a bifurcation, or ‘delayed’ bifurcations [62]. The key idea is that if the system

is initially perturbed at t = 0 in a stable parameter regime, where Re(σ) < 0, then

perturbations will decay exponentially in time. As n and c continuously transition

between quasi-steady states with different ρ+ and ρ−, the system may move through a

state in which Re(σ) = 0 at some large time t. At this point, the initial perturbation

has become exponentially small and our assumption on δ in (4.21) is no longer valid.

The system however is still unstable and the perturbation will grow, provided that

we remain in an unstable parameter regime. In the final section of this chapter, we

illustrate this point by way of example.

We remark here that the second derivatives of f appeared at many intermediate

stages of our analysis, but dropped out of the leading-order result for the eigenvalue

(4.32). This is typical of linear stability analyses for ODEs and PDEs in general.

We therefore could have initially assumed vanishing second derivatives of f and still

obtained the correct eigenvalues; we will use this observation to simplify our analysis

in the next section. It is noteworthy that the same is not true for the eigenfunction

η, whose amplitude q depends on second derivatives of f at leading-order in ε, as can

be seen from the quadratic coefficients for q0 in (4.30c).

4.2 Two-Component Kinetics with Stable Equilib-

ria

In this section, we consider another generalisation of our system to the case where the

reaction kinetics involve multiple internal chemicals. Similar to kinetics with multiple

equilibria, this is also a common feature of quorum sensing GRNs [25, 65, 89]. For

simplicity, we will restrict our attention to the case of two internal species, i.e. u :=

(u1, u2)
T , and reaction kinetics f(u, c) := (f1(u, c), f2(u, c))

T .

The governing equations for n(x,u, t) and c(x, t) are

∂n

∂t
= D(u)∇2

xn+ ε∇2
un−∇u · [f(u, c)n] , (4.33a)

∂c

∂t
= Dc∇2

xc− βc−
∫
R2
+

α(u)n(x,u, t) du, (4.33b)
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where the domain of integration R2
+ in (4.33b) is the positive quadrant. We again

impose no-flux boundary conditions, which read

[ε∇un− f(u, c)n] ·Nu → 0, u ∈ ∂R2
+, |u| → ∞, (4.34a)

∇xn ·Nx = ∇xc ·Nx = 0, x ∈ ∂Ω, (4.34b)

where ∂R2
+ denotes the boundary segments of R2

+ on u1 = 0 and u2 = 0, while Nu

and Nx are respective unit normals on ∂R2
+ and ∂Ω.

As before, the general approach is to determine spatially uniform steady-states

and perform a linear stability analysis to detect the onset of patterning. We begin

with the steady-state analysis. In general, there are quasi-steady solutions of (4.33);

however, we restrict our analysis to the true steady-state for simplicity.

4.2.1 Spatially Uniform Steady-States

Let us denote the spatially uniform steady-states of (4.33) by n∗(u) and c∗. Together,

they satisfy

ε∇2
un

∗ −∇u · [f(u, c∗)n∗] = 0, (4.35a)

βc∗ −
∫
R2
+

α(u)n∗(u) du = 0. (4.35b)

In contrast to our previous analysis, we cannot find an exact solution of (4.35a) for

n∗(u). However, we still expect solutions to be exponentially localised near the point

u∗ where f(u∗, c∗) = 0. This is motivated from the observation that when ε = 0,

Eq. (4.35a) has a solution (in a distributional sense) of the form n∗(u) = ρ∗δ(u−u∗).

As such, we seek a WKBJ solution in the regime ε≪ 1 of the form

n∗(u) = S(u) exp

(
ϕ(u)

ε

)
, (4.36)

where the amplitude S and phase ϕ are functions to be determined.

Next, we obtain governing equations for S and ϕ. We substitute (4.36) into (4.35a)

and obtain

S

ε
[∇uϕ · (∇uϕ− f)] +∇uS · (2∇uϕ− f) + S

(
∇2

uϕ−∇u · f
)
+ ε∇2

uS = 0. (4.37)

The leading order O(ε−1) terms yield an equation for the phase given by

∇uϕ · (∇uϕ− f) = 0, (4.38)
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and the remaining terms constitute the amplitude equation:

∇uS · (2∇uϕ− f) + S
(
∇2

uϕ−∇u · f
)
+ ε∇2

uS = 0. (4.39)

In contrast to the case with one internal chemical where f and u were scalars, in gen-

eral there is no solution for ϕ that satisfies ∇uϕ = f . However, since n∗ is exponen-

tially localised around the local maximizers of ϕ, we only need a local representation

of ϕ. Since the zeros of f are critical points of ϕ, as seen from (4.38), we have

∇uϕ(u
∗) = f(u∗, c∗) = 0. (4.40)

Moreover, we can take the global maximum of ϕ to be zero without loss of generality

since any non-zero value can be absorbed into S. We therefore seek a local quadratic

form for ϕ as

ϕ(u) = ũTΦũ+O(|ũ|3), Φ :=

(
ϕ1 ϕ2

ϕ2 ϕ3

)
, (4.41)

where we have introduced the shifted variable ũ := u − u∗. Our next task is to

determine the entries in the matrix Φ. To this end, we Taylor expand f as

f(u, c∗) = Jũ+O(|ũ|2), J :=

(
µ11 µ12

µ21 µ22

)
, (4.42)

where the Jacobian matrix J has entries µij = ∂fi/∂uj(u
∗, c∗). Substituting (4.41)

and (4.42) into (4.38) and equating powers of u yields the following system of coupled

quadratic equations

2ϕ2
1 + 2ϕ2

2 − µ11ϕ1 − µ21ϕ2 = 0, (4.43a)

4ϕ2(ϕ1 + ϕ3)− µ12ϕ1 − (µ11 + µ22)ϕ2 − µ21ϕ3 = 0, (4.43b)

2ϕ2
2 + 2ϕ2

3 − µ12ϕ2 − µ22ϕ3 = 0. (4.43c)

For a system of coupled polynomial equations, Bézout’s theorem states that the num-

ber of (complex-valued) solutions is equal to the product of the degrees of the poly-

nomials, which for (4.43) is eight. Here we discard non-real solutions for ϕ since they

correspond to rapid sign changes of n∗, and we demand physically realistic solutions

where n∗(u) > 0. As we argue in Appendix B, seven of the solutions (including the

trivial solution), are either complex-valued or have detΦ = 0 and require that S(u)

is non-smooth at u∗ as we later show.

Fortunately, the relevant solution of (4.43) can be obtain analytically. We intu-

itively expect that that the local properties of n∗ are related to the coefficients of

the Jacobian J. In the case where µ12 = µ21, we would have a solution of (4.43) for
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which ϕ1 = µ11/2 and ϕ3 = µ22/2. It turns out that if we guess a solution in the form

2(ϕ1 + ϕ3) = TrJ for the general case µ12 ̸= µ21, we can find one solution:

ϕ1 =
µ11 + µ22

2

[
µ11 (µ11 + µ22) + µ21(µ21 − µ12)

(µ11 + µ22)
2 + (µ21 − µ12)

2

]
, (4.44a)

ϕ2 =
µ11 + µ22

2

[
(µ11µ12 + µ21µ22)

(µ11 + µ22)
2 + (µ21 − µ12)

2

]
, (4.44b)

ϕ3 =
µ11 + µ22

2

[
µ22 (µ11 + µ22) + µ12(µ12 − µ21)

(µ11 + µ22)
2 + (µ21 − µ12)

2

]
. (4.44c)

For this solution, the trace and determinant of Φ are related to the Jacobian as

TrΦ := ϕ1 + ϕ3 =
TrJ

2
, (4.45a)

detΦ := ϕ1ϕ3 − ϕ2
2 =

(TrJ)2 detJ

4 [(TrJ)2 +∆2]
, ∆ := µ21 − µ12. (4.45b)

This implies that the trace and determinant of Φ have the same respective signs as

the trace and determinant of J. Thus for u∗ to be a local maximizer of ϕ(u), we must

have

TrJ < 0, detJ > 0, (4.46)

which is just the condition for u∗ to be a stable steady-state of the ODE u̇ = f(u, c∗).

In contrast, unstable steady-states do not maximise ϕ since they have one or both

inequalities in (4.46) reversed.

Next, we determine the amplitude S in (4.36). We begin by expanding S in a

regular asymptotic series as

S(u) = S0(u) +O(ε). (4.47)

Now we substitute (4.47) into (4.39) and collect the leading-order terms, which yields

∇uS0 · (2∇uϕ− f) +
(
∇2

uϕ−∇u · f
)
S0 = 0. (4.48)

Since n∗ is exponentially small except near u∗ where it is algebraic in ε, it is sufficient

to also seek a local approximation for S0. Thus we seek power series solutions of the

form

S0(ũ) = S
(0)
0 + ũTS

(1)
0 +O(|ũ|2), (4.49)

where the coefficients S
(0)
0 and S

(1)
0 are unknowns to be determined. We then sub-

stitute the local approximations (4.41) and (4.42) for ϕ and f into (4.48) and use

standard methods to obtain equations for the coefficients. We find

(2TrΦ− TrJ)S
(0)
0 = 0, (4.50a)

(4Φ− J)S
(1)
0 = S

(0)
0 χ, (4.50b)
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where the terms proportional to the third derivatives of ϕ and second derivatives of f

have been denoted by χ whose precise form will not be important for our subsequent

analysis. Since 2TrΦ = TrJ, the first equation above is trivially satisfied, so S
(0)
0 is

arbitrary. This is expected since (4.35a) only determines n∗ (and hence S) up to a

multiplicative constant; this constant is determined by the normalisation condition

ρ∗ =
∫
R2
+
n∗(u) du. Eq. (4.50b) has a unique solution provided that the matrix 4Φ−J

is non-singular. Using (4.44) we calculate that

det(4Φ− J) = detJ > 0, (4.51)

so in principle S
(1)
0 is uniquely determined once S

(0)
0 is fixed. We remark that 2TrΦ−

TrJ vanishes only for the solution in (4.44); for all other solutions (4.50) implies that

S0 ≡ 0 and consequently S ≡ 0. In order to obtain a non-trivial solution for S, we

would then need to incorporate singular terms into (4.49).

We now determine S
(0)
0 using the normalisation condition

ρ∗ =

∫
R2
+

n∗(u) du =

∫
R2
+

S(u) exp

(
ϕ(u)

ε

)
du. (4.52)

The form of the integrand again suggests an application of Laplace’s method. Since

ϕ is locally quadratic near its global maximum, we apply the version of Laplace’s

method given in Eq. (A.21) of Appendix A to evaluate the leading-order contribution

to the integral. The dominant contribution to the integral is due to the local behaviour

of n∗ near the local maximum of ϕ, which we have taken to be zero in (4.41) without

loss of generality. As such, the contributions from the the other local maxima are

exponentially small. Laplace’s method therefore yields

S
(0)
0 =

ρ∗
√
detΦ

πε
+O(1), (4.53)

and hence

n∗(u) =
ρ∗
√
detΦ

πε

(
1 + ũT (4Φ− J)−1χ+O(|ũ|2, ε)

)
exp

(
−ϕ(u)

ε

)
, (4.54)

where ϕ is given in (4.41) and (4.44). We remark that (4.54) is valid for ũ in an inner

region of O(ε1/2) thickness near the origin; everywhere else n∗ is exponentially small.

Our next task is to determine u∗ and c∗. To this end, we apply Laplace’s method

to the integral in (4.35b) to obtain

βc∗ = ρ∗α(u∗) +O(ε). (4.55)

Eqs. (4.40) and (4.55) constitute an algebraic system that in principle can be solved

for u∗ and c∗. We note that there may be multiple solutions of this system, but they

all correspond to true steady-states (rather than quasi-steady solutions).
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4.2.2 Linear Stability Analysis

Next, we perform a linear stability analysis for the steady-states given in (4.40) and

(4.54)–(4.55). Since there may be multiple solutions of the algebraic system (4.40)

and (4.55), in principle our system admits quasi-steady solutions. Here we focus on

the linear stability of the true steady-states.

As mentioned in the previous section, we expect that the second derivatives of

f do not contribute to the linear stability. We therefore assume that the reaction

kinetics f(u, c) are linear in u, which significantly simplifies the algebra throughout,

as we shall see. We still allow f to be nonlinear in c. This assumption implies that

all second derivatives of f , except the mixed partial derivatives involving c are equal

to zero.

When the reaction kinetics are linear in u, our local approximation for the phase ϕ

in our steady-state analysis is actually valid globally. In particular, the leading-order

term in (4.41), with (4.44), is an exact solution of (4.38). This in turn implies that

S(u) = const. is a exact solution of the amplitude equation (4.39) since by (4.45a),

∇2
uϕ−∇u · f = 2TrΦ− TrJ = 0. (4.56)

Overall, the steady-states are given by

n∗(u) =
ρ∗
√
detΦ

πε
exp

(
−ϕ(u)

ε

)
+ E.S.T., (4.57a)

c∗ =
ρ∗α(u∗)

β
+O(ε), (4.57b)

f(u∗, c∗) = 0, (4.57c)

where ϕ is given by

ϕ(u) = ũTΦũ, Φ :=

(
ϕ1 ϕ2

ϕ2 ϕ3

)
, (4.57d)

with the entries ϕ1, ϕ2, and ϕ3 given in (4.44). Note that the neglected terms in

(4.57a), which come from the normalisation condition (4.52), are now exponentially

small since ϕ is exactly quadratic. We remark that there still may be multiple solu-

tions of the algebraic system (4.57b)–(4.57c) since f can be nonlinear in c. For the

remainder of this section, we take c∗ and u∗ to be any one of these solutions.

We introduce perturbations to the steady-state (4.57) in the form

n(x,u, t) = n∗(u) + η(u)eik·x+σt, c(x, t) = c∗ + Ceik·x+σt. (4.58)
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Next, we substitute (4.58) into the governing equations (4.33) and retain up to linear

terms in η and C. This yields

ε∇2
uη −∇u · (f(u, c∗)η)−

(
σ +Dk2

)
η = C∇u ·

(
n∗∂f

∂c

∣∣∣∣
c=c∗

)
, (4.59a)

(
σ +Dck

2 + β
)
C −

∫
R2
+

α(u)η(u) du = 0. (4.59b)

Since the unperturbed solution is exponentially localised near u∗, we expect the same

to be true of the perturbation η, so we seek WKBJ solutions of the form

η(u) = ε−2q(u) exp

(
ϕ(u)

ε

)
, (4.60)

where the phase ϕ is the same as for the steady-state. Substituting (4.60) into (4.59a)

leads to

ε∇2
uq +∇uq · (2∇uϕ− f)−

(
σ +Dk2

)
q =

Cρ∗
√
detΦ

π

(
∇uϕ · ∂f

∂c
+ ε∇u · ∂f

∂c

)
,

(4.61a)(
σ +Dck

2 + β
)
C = ε−2

∫
R2
+

α(u)q(u) exp

(
ϕ(u)

ε

)
du.

(4.61b)

The boundary condition (4.34a) implies that q must be polynomially bounded for

u ∈ ∂R2
+ and |u| → ∞.

The goal now is to determine q(u) so that we can evaluate the integral in (4.61b),

and obtain an algebraic equation for the eigenvalue σ. To this end, we expand q in a

regular asymptotic expansion in the form

q(u) = q0(u) + εq1(u) +O(ε2). (4.62)

We obtain governing equations for q0 and q1 by inserting (4.62) into (4.61a) and

collecting the O(1) and O(ε) terms; they read

∇uq0 · (2∇uϕ− f)−
(
σ +Dk2

)
q0 =εCS0∇uϕ · ∂f

∂c
, (4.63a)

∇uq1 · (2∇uϕ− f)−
(
σ +Dk2

)
q1 =−∇2

uq0 +
Cρ∗

√
detΦ

π
∇u · ∂f

∂c
. (4.63b)

In our previous analysis with a single internal chemical, we obtained analogous equa-

tions for q0 and q1, cf. Eq. (4.25). In those cases, we argued that q0 and q1 must be
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smooth so that q was polynomially bounded, thereby satisfying the boundary condi-

tions. We expect that the current situation is similar and therefore demand smooth

solutions of (4.63) at u∗. We therefore seek formal power series solutions of the form

q0(u) = c
(0)
0 + ũTc

(1)
0 + ũc

(2)
0 ũ+O(|ũ|3), (4.64a)

q1(u) = c
(0)
1 +O(|ũ|), (4.64b)

where

c
(1)
0 :=

(
c
(10)
0

c
(01)
0

)
, c

(2)
0 :=

(
c
(20)
0

1
2
c
(11)
0

1
2
c
(11)
0 c

(02)
0

)
, (4.64c)

and we show only the terms required for a leading order evaluation of the integral in

(4.61b). We now substitute (4.64) into (4.63) and collect powers of the components

of ũ. This yields the following recursion relations for the coefficients

c
(0)
0 = 0, (4.65a)[(

σ +D∗k
2
)
I2 + J− 4Φ

]
c
(1)
0 = −2ρ∗C

√
detΦ

π
Φf∗c , (4.65b)[(

σ +D∗k
2
)
I3 + J

]
c̃
(2)
0 = −2ρ∗C

√
detΦ

π
Φ̃µc −Bc

(1)
0 , (4.65c)

where Ik is the k × k identity matrix, the matrices J , Φ̃, and B are given by

J :=

2µ11 − 8ϕ1 µ21 − 4ϕ2 0
2µ12 − 8ϕ2 −µ11 − µ22 2µ21 − 8ϕ2

0 µ12 − 4ϕ2 2µ22 − 8ϕ3

 , (4.65d)

Φ̃ :=

ϕ1 ϕ2 0 0
ϕ2 ϕ1 ϕ3 ϕ2

0 0 ϕ2 ϕ3

 , (4.65e)

B :=

D∗
u1
k2 0

D∗
u2
k2 D∗

u1
k2

0 D∗
u2
k2

 , (4.65f)

where D∗
uj

:= ∂D
∂uj

(u∗), and finally the vectors c̃
(2)
0 and µc are defined by

c̃
(2)
0 :=

(
c
(20)
0 c

(11)
0 c

(02)
0

)T
, µc :=

∂

∂c

(
∂f1
∂u1

∂f1
∂u2

∂f2
∂u1

∂f2
∂u2

)T ∣∣∣∣
(u∗,c∗)

. (4.65g)

The linear systems (4.65b)–(4.65c) have a unique solution provided that the coefficient

matrices on the LHS are non-singular. In the case of (4.65b), the determinant of the

coefficient matrix vanishes if, and only if, σ+D∗k
2 is an eigenvalue of 4Φ− J. Using

(4.44), we find

Tr(4Φ− J) = TrJ, det(4Φ− J) = detJ. (4.66)
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This implies that 4Φ − J has the same eigenvalues as J, which we denote as λ±J . It

follows that the determinant of the coefficient matrix on the LHS of (4.65b) vanishes if,

and only if, σ = λ±J −D∗k
2, which has a negative real part. A similar argument applies

for (4.65c) where we find that the three eigenvalues of J are TrJ±
√

(TrJ)2 − 4 detJ

and TrJ, all of which have a negative real part. In all cases, singular coefficient

matrices require Re(σ) < 0. In order to detect linear instabilities, we proceed under

the assumption that the coefficient matrices in (4.65b)–(4.65c) are non-singular. The

linear systems in (4.65) therefore uniquely determine c
(1)
0 and c

(2)
0 , but we omit explicit

formulas for brevity.

Next, we evaluate the leading-order contribution to the integral in (4.61b) using

Laplace’s method. We use the variant (A.17) from Appendix A since the phase ϕ is

exactly quadratic. We obtain∫
R2
+

α(u)η(u) du =ε−2

∫
R2
+

α(u)q(u) exp

(
ϕ(u)

ε

)
du

=
π√
detΦ

[
α(u∗)q1(u

∗) +
1

4

(
∂2

∂ξ1
2 +

∂2

∂ξ2
2

)(
α(u(ξ))q0(u(ξ))

)] ∣∣∣∣
ξ=0

+O(ε), (4.67)

where ξ = (ξ1, ξ2)
T is defined through the linear transformation

u(ξ) = u∗ + V diag

(
− 1

λ1
,− 1

λ2

)
ξ, (4.68)

with λ1,2 being the eigenvalues of Φ and the corresponding columns of the matrix

V being the orthonormal eigenvectors of Φ (which must be ordered so they form a

right-handed basis). We can rewrite the RHS of (4.67) in terms of the coefficients

of q0 and q1 using (4.64a)–(4.64b). We additionally eliminate ξ with (4.68) and the

quantities related to Φ using (4.44). After some algebra, we find that the O(1) term

in (4.67) simplifies to

π√
(detJ)3TrJ

[
α∗
(
TrJ detJc

(0)
1 − (µ22TrJ+ µ12∆) c

(11)
0 + (µ11µ12 + µ21µ22) c

(12)
0

− (µ11TrJ− µ21∆) c
(22)
0

)
+ α∗

u1

(
(µ11µ12 + µ21µ22) c

(2)
0

− (µ22TrJ+ µ12∆) c
(1)
0

)
+ α∗

u2

(
(µ11µ12 + µ21µ22) c

(1)
0

− (µ11TrJ− µ21∆) c
(1)
0

)]
, (4.69)

91



where we recall that ∆ := µ21 − µ12, while α
∗
u1

and α∗
u2

are given by

α∗
uj

:=
∂α

∂uj
(u∗, c∗), j = 1, 2. (4.70)

We now solve the linear system (4.65b)–(4.65c) for the coefficients c
(ℓ)
j and substitute

the result into (4.69). A straightforward, but lengthy calculation leads to∫
R2
+

α(u)η(u) du =
ρ∗
(
Rπ/2f

∗
c

)T
[(σ +D∗k

2)I2 − J]Rπ/2

(σ +D∗k2)(σ +D∗k2 − λ−J )(σ +D∗k2 − λ+J )

×
[
(σ +D∗k

2)∇uα
∗ − α∗∇uD∗k2

]
+O(ε), (4.71)

where the matrix Rπ/2 is an anti-clockwise rotation by π/2 in the plane.

Finally, we impose that C ̸= 0 and substitute (4.71) into (4.61b). After rearrang-

ing, we obtain at leading order in ε

σ+Dck
2 + β =

ρ∗
(
Rπ/2f

∗
c

)T
[(σ +D∗k

2)I2 − J]Rπ/2 [(σ +D∗k
2)∇uα

∗ − α∗∇uD∗k2]

(σ +D∗k2)(σ +D∗k2 − λ−J )(σ +D∗k2 − λ+J )
,

(4.72)

which constitutes a fourth-order polynomial equation for the eigenvalue σ in terms

of the basic model parameters. If there is any solution with Re(σ) > 0, then the

steady-state (4.57) is unstable to spatial perturbations.

We remark that even though the eigenvalues λ±J of J are complex-valued in general,

solutions of (4.72) come in complex-conjugate pairs. Moreover, the denominator does

not vanish since σ+D∗k
2 is not an eigenvalue of J as we showed earlier, and we ignore

the uninteresting case where σ = −D∗k
2 < 0.

As expected, the non-zero second derivatives of f do not appear in the leading-

order equation for the eigenvalue (4.72). Thus for the purpose of linear stability, we

could have initially assumed without loss of generality that the mixed partials of f

involving c are zero. We expect this to extend to all second derivatives of f , which

we did assume to be zero. Note that as expected, the eigenfunction η does depend

on second derivatives, as seen from Eq. (4.65) for the quadratic coefficients of q0.

4.3 Oscillatory Kinetics

In this section, we consider GRN reaction kinetics with oscillatory solutions (limit

cycles). Examples include Fitzhugh-Nagumo and Sel’Kov kinetics [79], as well as

populations of Dictyostelium where collective oscillations of chemical signal can oc-

cur [41] . As mentioned in the Introduction, this work is also related to the problem
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of oscillator synchronisation in QS systems. For simplicity, we will restrict our atten-

tion to a well-mixed system, although it would be interesting to investigate spatial

structure in the future. We comment on the modifications that would be necessary

for such an analysis at the end of Chapter 6.

As we will see, our analysis for this class of kinetics is complicated by several fac-

tors. First, the spatially uniform steady-states have more structure than in previous

sections. In particular, they are not exponentially localised at a single point. This in

turn changes the form of the perturbations in the linear stability analysis. Secondly,

we find that the spatially uniform state can be unstable to uniform perturbations,

even when the underlying limit cycle is stable. Through numerical solution of the

governing equations, we will show that this leads to partial oscillator synchronisation.

The setup for this section is similar to that of the previous section. We assume two

internal species u = (u, v)T and reaction kinetics f(u, c). The governing equations for

the structured density n(u, t) and AI concentration c(t) are

∂n

∂t
= ε∇2

un−∇u · [f(u, c)n] , (4.73a)

dc

dt
= −βc+

∫
R2
+

α(u)n(u, t) du, (4.73b)

where we hereafter suppress the subscript u on the nabla operators. We also have

no-flux boundary conditions in state space given by

[ε∇un− f(u, c)n] ·Nu → 0, u ∈ ∂R2
+, |u| → ∞. (4.74)

For the reaction kinetics, we assume that there is a stable limit cycle, denoted u∗(t; c)

of the ODE u̇ = f(u, c) for all fixed values of c. The properties of the limit cycle (pe-

riod, shape in phase space, etc.) are allowed to depend on c. We further assume that

all steady-states of f are unstable so that solutions of the form (4.57) are impossible.

In order to develop some intuition about the solution structure, we briefly consider a

simple example before proceeding to the general case.

4.3.1 Toy Example: Normal Form Kinetics without Quorum
Sensing

As a first example, we consider the simplest possible choice of reaction kinetics that

admits a unique, stable limit cycle. This is the normal form ODE for a Hopf bifurca-

tion, which reads

f(u) =

(
(µ− ũ2 − ṽ2)ũ− ωṽ
(µ− ũ2 − ṽ2)ṽ + ωũ

)
, (4.75)
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where µ and ω are positive constants, and ũ := u − u0 for some shift u0 such that

the internal concentrations u are positive on the limit cycle. We hereafter drop the

tilde notation for convenience. The limit cycle of the corresponding ODE u̇ = f(u)

lies on the circle u2+ v2 = µ and the period of oscillation is 2π/ω. For now we do not

allow f to depend on c, so there is effectively no QS. Thus Eq. (4.73a) is decoupled

from Eq. (4.73b), allowing us to focus on the solution structure for n as this will be

crucial for the general case. We also impose the initial condition

n(u, 0) = N0(u), (4.76)

where we assume for simplicity that N0 is smooth, which will be relevant shortly. We

also require n0 → 0 sufficiently fast as |u| → ∞ so that n is normalisable.

It is convenient to change variables into polar coordinates as u = r cos θ and

v = r sin θ, as well as transform into a rotating frame

ψ = θ − ωt. (4.77)

We also make use of the shorthand n(r, ψ, t) = n(u, t) and N0(r, θ) = N0(u). Chang-

ing variables to r and ψ in the governing equation (4.73a) yields

∂n

∂t
+ (µ− r2)r

∂n

∂r
= (4r2 − 2µ)n+ ε∇2

un, (4.78)

where the Laplacian in the rotating frame is given by

∇2
un =

∂2n

∂r2
+

1

r

∂n

∂r
+

1

r2
∂2n

∂ψ2
. (4.79)

For boundary conditions, we have from (4.74)

ε
∂n

∂r
− (µ− r2)rn→ 0, r → ∞, (4.80)

as well as 2π-periodic boundary conditions in ψ. Eq. (4.78) has an (exact) axisym-

metric steady-state n∗(r) given by

n∗(r) = A exp

(
ϕ(r)

ε

)
, ϕ(r) := −(r2 − µ)2

4
, (4.81)

where the constant A is determined from normalisation. We see therefore that n∗ is

exponentially localised to r =
√
µ, exactly the region in phase space occupied by the

limit cycle.

The existence of a steady-state localised at r =
√
µ is somewhat surprising given

that (4.75) has only the unstable steady-state at r = 0. The steady-state (4.81) rep-

resents a state in which the cells are individually oscillating such that the distribution
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of internal states is constant, i.e. the cell-level oscillations are desynchronised. We

refer to this state as asynchronous. In order to better understand the mechanism of

desynchronisation, we now consider the general time-dependent solution of (4.78) in

the limit of small noise ε≪ 1.

We begin by considering the unperturbed problem with ε = 0. It reads

∂n0

∂t
+ (µ− r2)r

∂n0

∂r
= (4r2 − 2µ)n0. (4.82)

Eq (4.78) is a linear PDE for n0 which can be solved with the method of character-

istics. The general solution is

n0(r, ψ, t) =

N0(r0(r, t), ψ)
(

µeµt

r2+(µ−r2)e2µt

)2
, r < r∞(t),

0, r ≥ r∞(t),
(4.83)

where r0(r, t) and r∞(t) are given by

r0(r, t) =

√
µr√

(µ− r2)e2µt + r2
, (4.84a)

r∞(t) =

√
µ

1− e−2µt
. (4.84b)

Eq. (4.84a) defines a one-parameter family of characteristic curves r = r(t) that sweep

out the region of spacetime r ≤ r∞(t), and have r(0) = r0. The curve r∞(t) is the

specific curve in this family satisfying r → ∞ as t → 0+. Another one-parameter

family of characteristic curves given by r(t) = r∞(t − t0), where t ≥ t0 > 0, sweep

out the region r > r∞(t). We plot the characteristic curves in Figure 4.1.

The solution (4.83) is smooth for all finite t since N0 is smooth. However, we

observe that n0 grows exponentially in time on r =
√
µ, and decays exponentially

everywhere else. This causes large localised gradients to appear at long times. We

therefore expect the perturbed problem (with finite ε) to develop an internal boundary

layer in which the gradients are smoothed out via diffusion. This is consistent with

the exponentially localised steady-state (4.81) where the width of the internal layer

is O(ε1/2).

When ε is non-zero, (4.83) is the leading-order solution of the perturbed problem

(4.78) in the outer region where |r−√
µ|2 ≫ O(ε). At large times n0 is exponentially

small in the outer region. We now show that the same is true for the correction terms.

Let us expand the outer solution n in a regular asymptotic series as

n(r, ψ, t) = n0(r, ψ, t) +
√
εn1(r, ψ, t) +O(ε). (4.85)
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Figure 4.1: Characteristic curves for (4.82) with µ = 1. The leading order outer
solution n0 is given by (4.83) in the unshaded region, and vanishes in the shaded.
region. The dashed curve separating the two regions is r∞(t), which satisfies r∞ → ∞
as t→ 0+. The thick solid line is r =

√
µ = 1.

Using the above in (4.78) leads to

∂n1

∂t
+ (µ− r2)r

∂n1

∂r
− (4r2 − 2µ)n1 = ∇2n0. (4.86)

The general solution for n1 is a linear combination of a particular solution and a

homogeneous solution n0. Since n0 is exponentially small away from r =
√
µ at long

times, the same is true of both the homogeneous solution and the RHS of (4.86). Thus

overall n1 is exponentially small away from r =
√
µ. Since the governing equation

(4.78) is linear, the same will be true for higher order terms in the expansion (4.85).

We now consider an inner region near r =
√
µ at long times. From the steady-

state solution (4.81), we know that the ‘lengthscale’ of the inner region is O(ε1/2).

To deduce the long timescale, we note that the profile in r of the leading-order outer

solution n0 evolves on O(1) times, but the profile in ψ is constant. Since the length-

scale of ψ in the inner region is O(1), and the ‘diffusion coefficient’ in (4.78) is ε, we

expect a timescale of O(ε−1) in order to balance the time-derivative and the diffusion

term ε ∂
2n
∂ψ2 from the Laplacian. We therefore define inner variables z and T through

the scalings

t = ε−1T, z =
r −√

µ
√
ε

, (4.87)

and write the inner solution as

n(r, θ, t) := ñ(z, ψ, T ). (4.88)
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To obtain the inner problem, we insert the inner region quantities (4.87) and (4.88)

into the governing equation (4.78). We obtain

ε
∂ñ

∂T
+

(√
µ

ε
+ z

)(
εz2 − 2

√
µεz
) ∂ñ
∂z

=
(
2µ+ 8

√
µεz + εz2

)
ñ+

∂2ñ

∂z2
+

√
ε

µ

∂ñ

∂z

+
ε

µ

(
∂2ñ

∂ψ2
− ∂ñ

∂z

)
+O(ε3/2), (4.89)

which is valid for z ∈ R, ψ ∈ [0, 2π), and T > 0. Since the outer solution is

exponentially small at long times, matching requires that the same is true of the

inner solution as |z| → ∞. The boundary conditions are therefore that ñ → 0 as

|z| → ∞ for T = O(1) and that ñ is 2π-periodic in ψ for all T > 0. Next, we expand

the inner solution as

ñ(z, ψ, T ) ∼ ñ0(z, ψ, T ) +
√
εñ1(z, ψ, T ) + εñ2(z, ψ, T ) +O(ε3/2), (4.90)

and substitute into (4.89). Collecting the leading order terms at O(1) results in

∂2ñ0

∂z2
+ 2µ

∂

∂z
(zñ0) = 0, (4.91)

which has the solution

ñ0(z, ψ, T ) = N(ψ, T )e−µz
2

, (4.92)

where we have used the matching condition that ñ0 → 0 as |z| → ∞. The amplitude

N(ψ, T ) is an unknown to be determined through consideration of higher order terms

in (4.90).

Next we substitute (4.90) into (4.89) and collect terms at O(ε1/2). This leads to

∂2ñ1

∂z2
+ 2µ

∂

∂z
(zñ1) = −

(
3z2

√
µ+

1
√
µ

)
∂ñ0

∂z
− 8

√
µzñ0. (4.93)

Because the LHS operator has a non-trivial nullspace given by ñ0, there is no solution

for ñ1 unless the RHS satisfies a solvability condition (by the Fredholm Alternative).

In particular, the RHS must be orthogonal to the nullspace of the adjoint of the LHS

operator. It is relatively straightforward to show that this nullspace is spanned by a

constant; thus we must have∫ ∞

−∞

[
−
(
3z2

√
µ+

1
√
µ

)
∂ñ0

∂z
− 8

√
µzñ0

]
dz = 0, (4.94)

for a solution ñ1 to exist. Note that we have again used the matching condition

that the inner solution be exponentially small as |z| → ∞. For ñ0 given in (4.92),
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the integrand in (4.94) is odd so the solvability condition is trivially satisfied. We

therefore proceed to next order to determine N(ψ, T ). To analyse this problem, we

will need ñ1 explicitly. Solving (4.93) yields

ñ1(z, ψ, T ) =
[
N̂(ψ, T )−√

µN(ψ, T )z3
]
e−µz

2

, (4.95)

where N̂(ψ, T ) is an arbitrary function that will not be relevant in our analysis.

Now we collect terms at O(ε) in (4.89) after inserting the expansion (4.90) and

obtain

∂2ñ2

∂z2
+ 2µ

∂

∂z
(zñ2) =− 1

µ

∂2ñ0

∂ψ2
+
∂ñ0

∂T
− 4z2ñ0 +

(
z

µ
− z3

)
∂ñ0

∂z

−
(
3
√
µz2 +

1
√
µ

)
∂ñ1

∂z
− 8

√
µzñ1. (4.96)

Invoking the solvability condition that the RHS integrates to zero results in

µ
∂N

∂T
=
∂2N

∂ψ2
, (4.97)

which determines N(ψ, T ) once N(ψ, 0) is known (with periodic boundary condi-

tions). In principle, N(ψ, 0) can be obtained by matching with the solution at earlier

times. Here, we are only concerned with the evolution of N over the long O(ε−1)

timescale. We therefore omit the calculation of N(ψ, 0). Overall, we have that N

smooths out over an O(ε−1) timescale so that at steady-state ñ0 in (4.92) is indepen-

dent of ψ. We note that the exact steady-state in (4.81) can be expressed in terms

of the inner variable z as

n∗(
√
µ+

√
εz) = Ae−µz

2

+O(
√
ε), (4.98)

consistent with the leading-order inner solution (4.92) as T → ∞. This also justifies

our earlier scalings in (4.87) for the inner variables.

The leading order outer and inner solutions in (4.83), (4.92), (4.97) can be used

to understand desynchronisation in our toy system. Suppose initially that the system

is partially synchronised with a (smooth) initial condition where the distribution of

internal states is localised (with O(1) gradients) in state space (see Figure 4.2). Over

a short O(1) time interval, the system evolves without desynchronising according to

the outer solution in (4.83) and shown in Figure 4.2. Over long O(ε−1) times, the

distribution n spreads out over the length of the limit cycle, representing desynchro-

nisation. At steady-state the cells are uniformly distributed along the limit cycle,

but still exponentially localised. Thus in the absence of QS, the system tends to
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Figure 4.2: Evolution of the n for the normal form kinetics (4.75). Left: initial con-
dition. Middle: outer solution in (4.83) after half of a period (t = π/ω). Right:
asynchronous steady-state (4.81). Initially, the distribution of internal states is cho-
sen to be normally distributed in state space. Over short O(1) time intervals the
distribution follows the state-space trajectories, eventually becoming localised to the
limit cycle r =

√
µ (white dashed line). On long O(ε−1) timescales, state-space dif-

fusion causes desynchronisation, represented by n spreading out in the θ-coordinate.
Parameter values are µ = 1, ω = 10, and ε = 10−3.

desynchronise due to the small noise in the GRN kinetics, represented by diffusion

in state space (with diffusion coefficient ε). We note that the axial symmetry of the

steady-state does not signify an asynchronous state, but is rather a consequence of

axial symmetry in the reaction kinetics.

4.3.2 General Theory

In the previous section, we considered a toy example where the reaction kinetics

are decoupled from QS. We saw that this leads to desynchronisation over a long

timescale due to noise in the GRN. The goal now is to investigate whether QS can

induce synchronisation for more general reaction kinetics with a limit cycle. We

tackle this by investigating the linear stability of the desynchronised state, rather

than considering the full time-dependent system as we did for our toy problem. If

the steady-state is linearly unstable, we expect the system to synchronise, which we

later verify through numerical simulation.

Before proceeding, we recall the assumptions about our general reaction kinetics

f . We assume u∗(t; c) to be a stable limit cycle of the ODE system u̇ = f(u, c)

for fixed c. For simplicity we assume that the limit cycle exists for all c, but with

properties (period, shape, etc.) that are c-dependent. Moreover, we take u∗ to be

a known quantity; determined either analytically or numerically from the cell-level

ODE system. Finally, we assume that f has no stable steady-states.
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In our toy example, we saw that the spatially uniform solution is exponentially

localised to the limit cycle r = const. It is natural therefore to seek a coordinate system

(ζ, s) for which the limit cycle lies on (say) ζ = const. To this end, we parametrise the

limit cycle f in terms of arc-length s. For convenience, we orient the curve such that it

is consistent with the intracellular dynamics, i.e. increasing arc-length s corresponds

to increasing time t in the trajectory u∗(t; c). We therefore introduce the shorthand

u∗(t; c) = u∗(s; c). Since the limit cycle forms a closed curve, u∗ must be periodic in

the arc-length coordinate. So u∗(s+ S; c) = u∗(s; c) where S = S(c) is the perimeter

of u∗. The unit tangent vector to u∗ is given by

T̂(s; c) =
∂u∗

∂s
, (4.99)

and we take the unit normal N̂(s; c) such that (T̂, N̂) form a right-handed basis. The

Serret-Frenet formulas for a plane curve relate T̂ and N̂ to their derivatives as

∂T̂

∂s
= κN̂,

∂N̂

∂s
= −κT̂, (4.100)

where κ = κ(s; c) is the (signed) curvature of u∗. We assume that the limit cycle does

not have sharp corners or kinks in the sense κ = O(1). We additionally assume that

the limit cycle does not pass near to itself in the sense that |u∗(s, c)−u∗(s′, c)| = O(1)

when |s− s′| = O(1).

4.3.2.1 Asynchronous States

We begin our analysis by finding asynchronous states, which correspond to steady-

state solutions of (4.73). We denote these states by n∗(u) and c∗. Next we make the

change of variables

u = u∗(s; c∗) + ζN̂(s; c∗), (4.101)

where the arc-length coordinates (ζ, s) are the new independent variables. The co-

ordinate ζ measures the signed distance from the limit cycle u∗(s; c∗), which lies on

ζ = 0. The change of variables (4.101) is only defined sufficiently close to the limit

cycle, i.e. for |ζ| < 1/|κ(s; c∗)|. Since we assume that κ = O(1), we expect n∗ to

be exponentially small outside of the domain where arc-length coordinates are valid.

We remark that since u∗ in general depends on c, we define the changes of variables

(4.101) at steady-state only. Otherwise the transformation would be time-dependent,

thereby posing problems for the linear stability analysis.

Next, we transform the steady version of (4.73a) using (4.101), which yields

ε∇2n∗ −∇ · [f(ζ, s, c∗)n∗] = 0, (4.102a)
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where we calculate that the Laplacian ∇2 and divergence ∇· in arc-length coordinates

are given by

∇2n∗ =
∂2n∗

∂ζ2
+

1

(1− ζκ)2
∂2n∗

∂s2
− κ

1− ζκ

∂n∗

∂ζ
+

ζκ′

(1− ζκ)3
∂n∗

∂s
, (4.102b)

∇ · f = N̂ · ∂f
∂ζ

+
T̂

1− ζκ

∂f

∂s
. (4.102c)

Here we again use the shorthand f(u, c∗) = f(ζ, s, c∗) and κ′ = ∂κ
∂s
. For boundary

conditions, we require n∗ to be S-periodic in s. The boundary conditions (4.74)

cannot be imposed in arc-length coordinates since the boundaries lie in |ζ| > 1/|κ|
in general. However, our analysis of the toy problem suggests that it is sufficient to

impose that n∗ is exponentially small away from the limit cycle, i.e. for |ζ| ≫ O(ε1/2).

Before proceeding, we derive some useful relations that are implied by u∗ being a

stable limit cycle. First, we rewrite the ODE system u̇ = f(u, c∗), which defines the

limit cycle, in arc-length coordinates. That is, if u, s and ζ depend on t in (4.101),

then we differentiate with respect to t and obtain

f = u̇ =

(
∂u∗

∂s
+ ζ

∂N̂

∂s

)
ṡ+ N̂ζ̇ . (4.103)

As long as ζ ̸= 1/κ, we can invert this relation using the Serret-Frenet formulas

(4.100) to obtain

ṡ =
T̂(s; c∗) · f(ζ, s, c∗)

1− ζκ(s; c∗)
, (4.104a)

ζ̇ = N̂(s; c∗) · f(ζ, s, c∗). (4.104b)

Now from (4.101), we see that in order for u∗(t; c∗) to be a periodic solution of

u̇ = f(u, c∗), we must have that ζ̇ = 0 on ζ = 0. That is, if we set the initial

condition to be some point on the limit cycle u∗, then the trajectory must remain on

the limit cycle for all future times. Furthermore, there can be no point on u∗ that is

a steady-state. Thus we require ṡ ̸= 0 on ζ = 0. These two conditions can be stated

as

N̂(s; c∗) · f(0, s, c∗) = 0, ω̃(s; c∗) := T̂(s; c∗) · f(0, s, c∗) ̸= 0, ∀s. (4.105)

We note that ω̃ is positive for all s since it cannot change sign and the arc-length

coordinate increases with time on the limit cycle (i.e. ṡ > 0 on ζ = 0). Additionally,

for sufficiently small ζ, we can Taylor expand the RHS of (4.104b) to obtain

N̂(s; c∗) · f(ζ, s, c∗) = ζ
∂

∂ζ

∣∣∣∣
ζ=0

(
N̂ · f(ζ, s, c∗)

)
+O(ζ2) = N̂ · fζ

∣∣∣∣
ζ=0

ζ+O(ζ2), (4.106)
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where we use subscripts to denote derivatives. Since the limit cycle is assumed stable,

it follows that

N̂ · fζ(0, s, c∗) < 0. (4.107)

The identities (4.105), (4.107) will be useful in the following analysis.

Solutions of (4.102) cannot be computed analytically for general reaction kinetics.

As such, we seek a WKBJ-type solution in the limit ε≪ 1. We therefore insert

n∗(ζ, s) = Q(ζ, s) exp

(
ϕ(ζ, s)

ε

)
, (4.108)

into (4.102) and collect the leading-order O(ε−1) terms. This yields the following

equation for the phase ϕ

ϕ2
ζ +

ϕ2
s

(1− ζκ)2
−
(
N̂ · f

)
ϕζ −

T̂ · fϕs
1− ζκ

= 0, (4.109)

whereas the remaining terms give an equation for the amplitude Q

ε∇2Q+ 2

(
Qζϕζ +

Qsϕs
1− ζκ

)
+Q∇2ϕ− N̂ · (fQ)ζ −

T̂

1− ζκ
· (fQ)s = 0. (4.110)

Similar to the two-species kinetics from Section 4.2, we are not able to find an exact

representation of the phase (cf. Eq. (4.38)). However, since we anticipate that n∗ is

exponentially localised around the curve ζ = 0 (for all s), the phase ϕ must have a

local maximum with respect to ζ. We therefore seek a local representation in the

form

ϕ(ζ, s) = ϕ0(s)ζ
2 + ϕ1(s)ζ

3 + . . . , (4.111)

where we absorb the constant term into the amplitude Q. The coefficients in (4.111)

in general depend on s and cannot be expanded in Taylor series if we wish to find

solutions which are uniformly valid along the limit cycle. We therefore insert the

expansion (4.111) into (4.109) and Taylor expand the kinetics f in ζ only. After

equating terms at powers of ζ, we obtain a Riccati ODE for ϕ0

ω̃ϕ′
0 − 4ϕ2

0 + 2N̂ · fζ
∣∣
ζ=0

ϕ0 = 0, (4.112)

and a linear ODE for ϕ1

ϕ′
1 −

12ϕ0 − 3N̂ · fζ
∣∣
ζ=0

ω̃
ϕ1 −

T̂ · fζ
∣∣
ζ=0

+ κT̂ · f
∣∣
ζ=0

ω̃
ϕ′
0 −

N̂ · fζζ
∣∣
ζ=0

ω̃
ϕ0 = 0, (4.113)

where the identities in (4.105) have been used. To ease notation, we hereafter omit

the evaluation bar at ζ = 0. Because n∗, and hence ϕ, must be periodic in s, the
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linear independence of terms in (4.111) implies that ϕ0 and ϕ1 must also be periodic.

Moreover, we must have ϕ0 < 0 for all s in order for ϕ to have a local maximum at

ζ = 0.

Eq. (4.112) can be solved explicitly using the change of variables

v′(s) = − 4v(s)

ω̃(s; c∗)
ϕ0(s). (4.114)

This transforms (4.112) into the following second-order linear ODE for v

v′′ = −2N̂ · fζ + ω̃s
ω̃

v′. (4.115)

We solve (4.115) using standard methods and impose periodicity of ϕ0(s) to fix one

of the integration constants. Since ϕ0 ∝ v′/v, the other constant of integration that

controls the scaling of v does not affect ϕ0. After solving for v, we use (4.114) to find

ϕ0. The result is

ϕ0(s) = − h(s)

4
[∫ s

0
h
ω̃
dt+ ⟨h/ω̃⟩

h(S)−1

] , h(s) := exp

(
−
∫ s

0

2N̂ · fζ
ω̃

)
, (4.116)

where we define the angle-bracket notation by

⟨·⟩ :=
∫ S

0

(·) ds. (4.117)

We note that ϕ0 < 0 as required. This follows from the fact that ω̃ > 0 and N̂ · fζ < 0.

Next, we return to the amplitude equation in (4.110). We will only need the

leading-order behaviour of Q for the linear stability analysis in the following section,

so we expand Q in a regular asymptotic series as

Q(ζ, s) ∼ Q0(ζ, s) + εQ1(ζ, s) + . . . . (4.118)

Collecting powers of ε in (4.110), we obtain the following governing equation for Q0

2

(
Q0ζϕζ +

Q0sϕs
1− ζκ

)
+Q0∇2ϕ− N̂ · (fQ0)ζ −

T̂

1− ζκ
· (fQ0)s = 0. (4.119)

Since n∗ is exponentially localised, we only need the local behaviour of Q0 near ζ = 0

for a leading-order solution. As such, we look for a solution in the form of a regular

power series as

Q0(ζ, s) = a0(s) + a1(s)ζ + . . . , (4.120)
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where we will need only the first two terms. Standard power series methods yield the

following ODEs for a0 and a1:

−T̂ · fa′0 +
(
2ϕ0 − N̂ · fζ − T̂ · fs

)
a0 = 0, (4.121a)

−T̂ · fa′1 +
(
6ϕ0 − 2N̂ · fζ − T̂ · fs

)
a1 =

(
− 6ϕ1 + 2κϕ0 + T̂ · fsζ + κT̂ · fs

+ N̂ · fζζ
)
a0 +

(
T̂ · fζ + κT̂ · f

)
a′0.

(4.121b)

Both equations are linear and first order and can in principle be solved. The solution

for a0 is

a0(s) =
A

ε1/2
exp

[
−
∫ s

0

N̂ · fζ − ω̃′ − 2ϕ0

ω̃
dt

]
, (4.122)

where the O(ε−1/2) scaling is introduced for convenience so that the normalisation

constant A is O(1) as seen in (4.127) below. We omit the formula for a1 for brevity.

The integral in (4.122) can be evaluated indirectly by rearranging the Riccati ODE

(4.112) and integrating to obtain

1

2
log

∣∣∣∣ϕ0(s)

ϕ0(0)

∣∣∣∣ = ∫ s

0

2ϕ0 − N̂(t; c∗) · fζ(t, 0, c∗)
ω̃(t; c∗)

dt. (4.123)

Hence (4.122) simplifies to

a0(s) =
A

ω̃(s; c∗)

√
|ϕ0(s)|
ε

. (4.124)

Since ϕ0 is known in principle, a0 is now also known.

Overall, we have the leading order steady-state solution given by

n∗(ζ, s) =
A

ε1/2

(
|ϕ0(s)|1/2

ω̃(s; c∗)
+O(ε)

)
exp

(
ϕ0(s)ζ

2

ε

)
, (4.125)

with ϕ0 given in (4.116). The normalisation constant A is determined from

ρ∗ =

∫
R2
+

n∗(u) du =

∫ S

0

∫ ζ0

−ζ0
n∗(ζ, s)(1− ζκ) dζds+ E.S.T., (4.126)

where ζ0 is an O(1) constant such that ζ0 < 1/|κ(s; c∗)| for all s. The domain of

integration has been truncated in order to express the integral in arc-length coordi-

nates. The error in doing so is exponentially small as n∗ is exponentially localised to
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ζ = 0. Next, we use the version of Laplace’s method in Eq. (A.9) of Appendix A to

approximate the integral over ζ, leading to

A =
ρ∗√
π

〈
1

ω̃(s; c∗)

〉−1

+O(ε). (4.127)

Evaluating the integral over s requires explicitly knowing the functional dependence

of ω̃(s; c∗) and ϕ0(s) on s.

The last step in our steady-state analysis is to determine c∗ from the steady version

of (4.73b). Changing to arc-length coordinates, we have

c∗ =
1

β

∫
R2
+

α(u)n∗(u) du =

∫ S

0

∫ ζ0

−ζ0
α(ζ, s)n∗(ζ, s)(1− ζκ) dζds+ E.S.T. (4.128)

We again approximate the integral over ζ using Laplace’s method and obtain

c∗ =
ρ∗

β

⟨α(0, s)/ω̃(s; c∗)⟩
⟨1/ω̃(s; c∗)⟩

+O(ε). (4.129)

Since ω̃ depends on c∗ in general, the leading order terms in the above constitute

a nonlinear algebraic equation for c∗. In principle it can be solved, so we hereafter

take c∗ as a known quantity. The leading order steady-state is given by (4.125) and

(4.129).

4.3.2.2 Onset of Synchronous Oscillations

The steady-state given in (4.125) and (4.129) represents an asynchronous system. To

understand this intuitively, we observe that the distribution of internal states at the

continuum level is constant in time and localised to the limit cycle. However, the

internal states at the cell level are non-steady because the reaction kinetics f have no

linearly stable steady-states. This implies that the oscillating internal states of the

population are spread out over the limit cycle in such a way that the full distribution

is steady. We now seek to determine whether the internal states can synchronise by

performing a linear stability analysis around the asynchronous state.

The change of variables to arc-length coordinates in (4.101) was crucial in our

analysis of the steady system. The same change of coordinates is not as helpful in

the time-dependent system because c depends on time and we have defined the limit

cycle of u̇ = f(u, c) for constant c. However, we can still make use of the same

transformation if used at the correct point in the analysis.
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We begin by introducing perturbations to the asynchronous steady-state (4.125)

and (4.129), but crucially in the original Cartesian coordinate system. Hence, we seek

solutions in the form

n(u, t) = n∗(u) + η(u)eσt, (4.130a)

c(t) = c∗ + Ceσt, (4.130b)

where η and C are the perturbations and σ is the growth rate. Substituting (4.130)

into the governing equations (4.73) and retaining up to linear terms in η and C yields

ση = ε∇2η −∇ · [f(u, c∗)η]− C∇ · [fc(u, c∗)n∗(u)] , (4.131a)

σC = −βC +

∫
R2
+

α(u)η(u) du, (4.131b)

with the boundary conditions

[ε∇uη − f(u, c∗)η] ·Nu → 0,u ∈ ∂R2
+, |u| → ∞. (4.131c)

After linearising to obtain (4.131), we observe that the kinetic terms depend on

c∗, rather than c. It is therefore now appropriate to introduce arc-length coordinates.

We use (4.101) in (4.131a) and obtain

ση =ε

(
∂2η

∂ζ2
+

1

(1− ζκ)2
∂2η

∂s2
− κ

1− ζκ

∂η

∂ζ
+

ζκ′

(1− ζκ)3
∂η

∂s

)
− N̂ · ∂

∂ζ
[f(ζ, s, c∗)η]− 1

1− ζκ
T̂ · ∂

∂s
[f(ζ, s, c∗)η]

− C

[
N̂ · ∂

∂ζ
(fc(ζ, s, c

∗)n∗) +
1

1− ζκ
T̂ · ∂

∂s
(fc(ζ, s, c

∗)n∗)

]
. (4.132)

Similar to the steady-state, we impose that the perturbation η is exponentially small

for ζ = O(1) and periodic in s. Since n∗ is exponentially localised, we expect the

same to be true of η. We therefore seek a WKBJ solution of the form

η(ζ, s) = ε−3/2q(ζ, s) exp

(
ϕ(ζ, s)

ε

)
, (4.133)

where the phase ϕ is the same as the steady-state in (4.125). Next, we substitute

(4.133) and our WKBJ solution for the steady-state (4.108) into (4.132). The terms

at O(ε−1) determine the phase ϕ; they read

ϕ2
ζ +

ϕ2
s

(1− ζκ)2
−
(
N̂ · f

)
ϕζ −

T̂ · fϕs
1− ζκ

= 0, (4.134)
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which, as expected, is identical to the phase equation (4.109) for the steady state.

The remaining terms constitute a governing equation for the amplitude q:

ε∇2q +
(
2ϕζ − N̂ · f

)
qζ +

(
2ϕs

1− ζκ
− T̂ · f

)
qs

1− ζκ
+

(
∇2ϕ− N̂ · fζ −

T̂ · fs
1− ζκ

− σ

)
q

= C

[
ε∇ · (fcQ) +Qfc ·

(
N̂ϕζ +

T̂ϕs
1− ζκ

)]
. (4.135)

Our goal now is to determine q from (4.135) to a sufficient level of accuracy for

a leading order evaluation of the integral in (4.131b). To this end, we expand q in a

regular asymptotic series of the form

q(ζ, s) = q0(ζ, s) + εq1(ζ, s) +O(ε2). (4.136)

Now we insert (4.136) into (4.135), and obtain at O(1)

(
2ϕζ − N̂ · f

)
q0ζ +

(
2ϕs

1− ζκ
− T̂ · f

)
q0s

1− ζκ
+

(
∇2ϕ− N̂ · fζ −

T̂ · fs
1− ζκ

− σ

)
q0

= CQ0fc ·

(
N̂ϕζ +

T̂ϕs
1− ζκ

)
, (4.137a)

and at O(ε)

(
2ϕζ − N̂ · f

)
q1ζ +

(
2ϕs

1− ζκ
− T̂ · f

)
q1s

1− ζκ
+

(
∇2ϕ− N̂ · fζ −

T̂ · fs
1− ζκ

− σ

)
q1

= −∇2q0 + C

[
∇ · (fcQ0) +Q1fc ·

(
N̂ϕζ +

T̂ϕs
1− ζκ

)]
. (4.137b)

We remark that the term Q1 from the steady-state expansion (4.118) appears in the

RHS of (4.137b) above, but will not contribute to the final result as we later flag.

Since η is exponentially localised, we expand q0 and q1 in regular power series centred

at ζ = 0 as

q0(ζ, s) =
1

ω̃

[
c
(0)
0 (s) + c

(1)
0 (s)ζ + c

(2)
0 (s)ζ2 +O(ζ3)

]
, (4.138a)

q1(ζ, s) =
1

ω̃

[
c
(0)
1 (s) +O(ζ)

]
, (4.138b)

where the factors of ω̃−1 are introduced to simplify (4.139) below. In (4.138) we show

only the terms required for a leading-order evaluation of the integral in (4.131b).

As with the steady-state solution, we cannot expand the amplitudes in (4.138) with
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respect to the arc-length coordinate s without introducing an O(1) error. We must

therefore determine the full s-dependence in the coefficients c
(ℓ)
j . To this end, we

substitute (4.138) into (4.137) and Taylor expand the kinetic terms with respect to ζ

only. This results in the following recursive system of ODEs for the coefficients c
(ℓ)
j

ω̃
dc

(0)
0

ds
+
(
σ + N̂ · fζ − 2ϕ0

)
c
(0)
0 = CP

(0)
0 (s) +R

(0)
0 (s), (4.139a)

ω̃
dc

(1)
0

ds
+
(
σ + 2N̂ · fζ − 6ϕ0

)
c
(1)
0 = CP

(1)
0 (s) +R

(1)
0 (s), (4.139b)

ω̃
dc

(2)
0

ds
+
(
σ + 3N̂ · fζ − 10ϕ0

)
c
(2)
0 = CP

(2)
0 (s) +R

(2)
0 (s), (4.139c)

ω̃
dc

(0)
1

ds
+
(
σ + N̂ · fζ − 2ϕ0

)
c
(0)
1 = CP

(0)
1 (s) +R

(0)
1 (s), (4.139d)

where P
(ℓ)
j and R

(ℓ)
j are inhomogeneous contributions from steady-state quantities

and recursion terms, respectively. They are given explicitly by

P
(0)
0 = 0, (4.140a)

P
(1)
0 = 2A|ϕ0|3/2N̂ · fc, (4.140b)

P
(2)
0 = −ω̃

[
a0

(
3N̂ · fcϕ1 + 2N̂ · fcζϕ0 + T̂ · fcϕ′

0

)
+ 2a1N̂ · fcϕ0

]
, (4.140c)

P
(0)
1 = −ω̃

[
a1N̂ · fc + a′0T̂ · fc + a0

(
N̂ · fζc + T̂ · fsc

)]
, (4.140d)

R
(0)
0 = R

(1)
0 = 0, (4.140e)

R
(2)
0 =

(
12ϕ1 −

3

2
N̂ · fζζ − 2κϕ0 − T̂ · fsζ

)
c
(1)
0 − T̂ · fζ

dc
(1)
0

ds
, (4.140f)

R
(0)
1 =

(
2c

(2)
0 − κc

(1)
0

)
, (4.140g)

where we have simplified the above using the fact that c
(0)
0 will turn out to be zero.

We note that the contribution from Q1 in (4.137b) does not appear in (4.139)–(4.140)

above, as expected. Since the perturbation η must be periodic in s, the same must

be true for the coefficients in c
(ℓ)
j .

Our next task is to solve the ODEs in (4.139)–(4.140). We consider c
(0)
0 first. The

general solution of (4.139a) is

c
(0)
0 (s) = const.× |ϕ0|1/2 exp

[
−
∫ s

0

N̂ · fζ − 2ϕ0 + σ

ω̃
dt

]
, (4.141)

where the integration constant is determined from imposing periodicity. Using the

identity (4.123), we find

c
(0)
0 (s) = B

(0)
0 |ϕ0(s)|1/2 exp

[
−
∫ s

0

σ

ω̃
dt

]
, (4.142)

108



where B
(0)
0 is a new integration constant. Since ω̃ > 0, periodicity of c

(0)
0 requires

that either σ = 0 or B
(0)
0 = 0. In order to detect linear instabilities, we focus on

the case case B
(0)
0 = 0; hence c

(0)
0 = 0 as expected. We solve the remaining ODEs in

(4.139)–(4.140) with a similar procedure to obtain

c
(ℓ)
j (s) =

|ϕ0(s)|
ℓ+1
2

νℓ(s)

[∫ s

0

νℓ(t)

ω̃(t)|ϕ0(t)|
ℓ+1
2

(
CP

(ℓ)
j (t) +R

(ℓ)
j (t)

)
dt+B

(ℓ)
j

]
, (4.143a)

where the integrating factors νℓ are given by

νℓ(s) := exp

[∫ s

0

σ − 2ℓϕ0(t)

ω̃(t)
dt

]
, (4.143b)

while the constants B
(ℓ)
j , determined by enforcing periodicity, are given by

B
(ℓ)
j :=

〈
νℓ
ω̃
|ϕ0|

−ℓ+1
2

(
CP

(ℓ)
j +R

(ℓ)
j

)〉
νℓ(S)− 1

. (4.143c)

Since R
(ℓ)
j depends on the lower order coefficient c

(ℓ−1)
j or c

(ℓ)
j−1, Eq. (4.143) recursively

determines the coefficients c
(ℓ)
j , with the first coefficient being c

(0)
0 = 0.

We can now partially evaluate the integral in (4.131b). Rewriting in arc-length

coordinates, it reads∫
R2
+

α(u)η(u) du =

∫ S

0

∫ ζ0

−ζ0
α(ζ, s)η(ζ, s)(1− ζκ) dζds+ E.S.T., (4.144)

where ζ0 < 1/|κ| and we use the shorthand α(ζ, s) = α(u(ζ, s)). As before, the

exponentially small errors are due to truncating the domain of integration. Another

application of Laplace’s method yields

σ+β =

√
π

C

∫ S

0

1

|ϕ0|1/2

[(
3ϕ1 − 2κ|ϕ0|

2ϕ2
0

c
(1)
0 +

c
(2)
0

|ϕ0|
+ 2c

(0)
1

)
α∗

ω̃
+

α∗
ζ

ω̃|ϕ0|
c
(1)
0

]
ds+O(ε),

(4.145)

where α∗ := α(0, s) and α∗
ζ := ∂α/∂ζ|ζ=0. The integral over s cannot be evalu-

ated without fixing the kinetics. We note from (4.139) that all coefficients c
(ℓ)
j are

proportional to C. Therefore, C drops out from (4.145).

Eq. (4.145) is a transcendental equation for the eigenvalue σ. This is because the

coefficients c
(ℓ)
j depend transcendentally on σ through νℓ in (4.143b). In principle,

our linear stability analysis is finished in the general case since (4.145) is an algebraic

equation for σ in terms of the original model parameters. In order to illustrate the

theory, we consider a simple, but non-trivial example where (4.145) simplifies.
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4.3.3 Example: Modified Normal Form Kinetics

We illustrate the theory with the following modified normal form for the reaction

kinetics:

f(u, c) =

(
(µ(c)− ũ2 − ṽ2)ũ− ω(ũ, c)ṽ
(µ(c)− ũ2 − ṽ2)ṽ + ω(ũ, c)ũ

)
, (4.146)

where we allow the (positive) kinetic parameters µ and ω to depend on c to simulate

QS. The shifted variables (ũ, ṽ) := (u − u0, v − v0) are used so that the internal

concentrations are positive on and near the limit cycle. We additionally allow ω to

depend on u in order to break axial symmetry in state space4. The limit cycles that

appear in many biologically relevant reaction kinetics do not admit axial symmetry,

e.g. Fitzhugh-Nagumo and Sel’kov [46].

For simplicity we impose the additional restriction on ω that when expressed in

arc-length coordinates, it is a function of s only. This is equivalent to ω = ω(θ; c)

in polar coordinates. Non-uniqueness of ω at the origin is not problematic since n is

exponentially small there. This assumption significantly simplifies the analysis, but

is not strictly necessary.

We begin by simplifying the steady-state. To this end, we rewrite the components

of f and fc in arc-length coordinates

f(ζ, s, c∗) =

ζ (√µ∗ − ζ) (
√
µ∗ − ζ) cos

(
s√
µ∗

)
− ω∗ (

√
µ∗ − ζ) sin

(
s√
µ∗

)
ζ (

√
µ∗ − ζ) (

√
µ∗ − ζ) sin

(
s√
µ∗

)
− ω∗ (

√
µ∗ + ζ) cos

(
s√
µ∗

) ,

(4.147a)

fc(ζ, s, c
∗) =

(µ∗
c cos

(
s√
µ∗

)
− ω∗

c sin
(

s√
µ∗

))
(
√
µ∗ − ζ)(

µ∗
c sin

(
s√
µ∗

)
+ ω∗

c cos
(

s√
µ∗

))
(
√
µ∗ − ζ)

 , (4.147b)

where ‘∗’ denotes evaluation at the steady-state c = c∗. We additionally compute the

following quantities

T̂(s, c∗) =

(
− sin

(
s√
µ∗

)
, cos

(
s√
µ∗

))T
, (4.148a)

N̂(s, c∗) = −
(
cos

(
s√
µ∗

)
, sin

(
s√
µ∗

))T
, (4.148b)

ω̃(s, c∗) := T̂ · f
∣∣
ζ=0

=
√
µ∗ω∗, (4.148c)

κ(s; c∗) = (µ∗)−1/2 . (4.148d)

4The limit cycle itself is circular, but the instantaneous ‘speed’ at which the orbit is traversed is
non-constant.
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We obtain the coefficients of the phase ϕ from (4.116) and (4.113), which turn out

to be constants:

ϕ0 = −µ∗, ϕ1 =
√
µ∗. (4.149)

We note that the exact phase can be obtained directly from the full phase equation

(4.109), with ϕ independent of s. It is the same as for our toy example in (4.81), but

with r =
√
µ∗ − ζ. The coefficients of the leading-order (in ε) steady-state amplitude

Q0 can be obtained from (4.124) and (4.121b). The first coefficient a0 turns out to

be an exact solution for Q0 in (4.119), so we have

Q0(s) =
ρ∗√
πε

1/ω∗

⟨1/ω∗⟩
, (4.150)

where (4.127) has been used to fix the normalisation constant. The steady-state n∗

is therefore, from (4.125),

n∗(ζ, s) =
A

ε1/2ω∗ exp

[
−ζ

2

4

(
ζ − 2

√
µ∗
)2]

, A =
ρ∗√

π ⟨1/ω∗⟩
+O(ε), (4.151a)

where c∗ is determined from the algebraic equation

βc∗ =
ρ∗

β

⟨α(0, s)/ω∗⟩
⟨1/ω∗⟩

+O(ε). (4.151b)

Next, we simplify the algebraic equation for the eigenvalue σ in (4.145). We

calculate the coefficients from (4.143) and find

c
(0)
0 = 0, (4.152a)

c
(1)
0 = −2AC(µ∗)2µ∗

c

σ + 2µ∗ , (4.152b)

c
(2)
0 =

5AC(µ∗)3/2µ∗
c + 3

√
µ∗c

(1)
0

σ + 4µ∗ , (4.152c)

c
(0)
1 =

1

σ

[
c
(2)
0 − c

(1)
0√
µ∗ − 2Aµ∗

c

√
µ∗

]
− 2Aµ∗

ν0(s)

[
⟨ν0 (ω∗

c/ω
∗)s⟩

(ν0(S)− 1)
+

∫ s

0

ν0

(
ω∗
c

ω∗

)
t

dt

]
,

(4.152d)

where

ν0(s) = exp

[
(µ∗)−1/2

∫ s

0

σ

ω(t)
dt

]
. (4.152e)

We see that the only non-constant coefficient is c
(0)
1 , and it involves only two layers

of integration. Finally, substituting the coefficients and steady-state quantities into

111



the integral term in (4.145), and writing arc-length in terms of the polar angle θ as

s =
√
µ∗θ, leads to

σ + β =
ρ∗

⟨1/ω∗⟩

[ √
µ∗µ∗

c

σ + 2µ∗

〈αr
ω∗

〉
+ g(σ)

]
, (4.153a)

g(σ) :=

〈
ν0(θ;σ)ω

∗
c (θ)

(ω∗)2(θ)

∫ θ

0

αθ(
√
µ∗, t)

ν0(t;σ)
dt

〉
− ν0(2π;σ)

ν0(2π;σ)− 1

〈
ν0ω

∗
c

(ω∗)2

〉〈
αθ
ν0

〉
,

(4.153b)

where αr := ∂α
∂r

and αθ := ∂α
∂θ
. Here, we have written ν0(θ) = ν0(θ;σ) to explicitly

show the dependence on σ. Eq. (4.153) is a transcendental equation that has three

layers of nested integrals (the innermost layer is in ν0, as seen from (4.152e)). We

obtain numerical solutions in Section 4.4.2 and apply a winding number argument to

detect solutions lying in the right half-plane Re(σ) > 0, signifying a linear instability.

4.4 Numerical Results and Discussion

We now investigate the emergent patterning that arises from the linear instabili-

ties predicted from our asymptotic theory in Sections 4.1 and 4.3. We accomplish

this by obtaining full numerical solutions of the governing equations (4.1)–(4.2) and

(4.73)–(4.74). The numerics for the two-component kinetics with spatial dependence

in Section 4.2 are significantly more computationally intensive due to the extra di-

mension in u-space and exponentially localised solution structure. We therefore omit

numerical calculations for (4.33)–(4.34), but emphasize that the predictions of our

analytical theory can still be compared to the predictions of the IMF model, which

we postpone until Chapter 5. This section is divided into two parts: first we consider

the one-component kinetics from Section 4.1 and then the oscillatory kinetics from

Section 4.3.

4.4.1 One-Component Kinetics

To facilitate the numerical calculations, we begin by fixing the reaction kinetics f(u, c)

and secretion rate α(u). We consider an illustrative example for convenience, but we

expect the emergent behaviour to be qualitatively similar for other one-component

kinetics with multiple equilibria.

We fix the reaction kinetics as

f(u, c) = −γ(u− g−(c))(u− u0)(u− g+(c)), (4.154a)
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where we define the functions g± by

g±(c) = a± +
L±c

K± + c
, (4.154b)

and also impose the following form for α

α(u) = α0u, (4.154c)

where α0 > 0 is a parameter. The quantities γ, u0, a±, L±, and K± are positive

parameters which we choose such that g−(c) < u0 < g+(c) at the uniform steady-state.

The form (4.154) is convenient for several reasons. First, it is clear that f(u, c) = 0 has

only three solutions for a given c, one of which can be discarded since it corresponds

to a local maximum of F in (4.6). There are then only two possible steady-state

concentrations u∗ and since F is easily calculated analytically, it is straightforward to

determine which of the two possibilities is a global minimum of F . Secondly, the form

(4.154) ensures that the algebraic equation (4.32) for the eigenvalue σ does not reduce

to a version of its counterpart from Chapter 3 in Eq. (3.25). This would happen if, for

example, g− was chosen as a constant since this would lead to f−
c = 0 in Eq. (4.32).

Next, we determine the quasi-steady concentrations u± and cq. From (4.18b)–

(4.18c), we have

u± = g±(cq), (4.155a)

βcq = α0 (g−(cq)ρ− + g+(cq)ρ+) . (4.155b)

Since Eq. (4.155b) can be rearranged into a cubic equation for cq, there are three

possible values of cq. We obtain these values numerically, but in principle they can be

determined exactly by invoking the cubic formula. Since u± are uniquely determined

from (4.155a) once cq is fixed, the distinct positive solutions for cq correspond to three

distinct quasi-steady states. For simplicity, we restrict our attention to parameter

regimes where there is a unique positive solution. Once cq and u± are known, we can

calculate nq from (4.18b), which we plot in Figure 4.3.

For a true steady-state, all of the cells are in either the ‘+’ state or the ‘−’ state.

This is because n∗(u) in (4.9) is exponentially localised around a single point u∗. Thus

either u∗ = g−(c
∗) or u∗ = g+(c

∗), whichever is consistent with u∗ being the global

minimum of F . With the benefit of hindsight, we try the latter which gives

βc∗ = α0ρ
∗g+(c

∗). (4.156)

This is a quadratic equation for c∗ with one positive solution. We verify that u∗ is a

global minimum by computing F (u, c∗) from (4.6). We plot the result in Figure 4.3
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Figure 4.3: Steady-state n∗ and quasi-steady state nq as given in Eqs. (4.9) and (4.18)–
(4.19), along with F (u, c∗) from (4.6) and (4.154a). For the quasi-steady state, we
calculate u− ≈ 4.2, u+ ≈ 7.5, and cq ≈ 4.9 from (4.155) with ρ− = 8 and ρ+ = 2. For
the steady-state, we find from u∗ = g+(c

∗) and Eq. (4.156) that u∗ = c∗ ≈ 8.1. The
plot of F (u, c∗) shows that u∗ is indeed a global minimum of F . We use ε = 0.005
while all other parameters values here and the rest of this subsection are given in
Table D.2 of Appendix D. Note that the exponentially small discontinuity in nq(u)
at u = u0 = 5 is indistinguishable from zero.

along with n∗(u). If we had instead guessed u∗ = g−(c
∗), then we would find that u∗

is not a global minimum, implying that our guess was incorrect.

It will be convenient in this section to identify slow variations in the fraction of

the population in the ‘±’ states. To this end, we extend our definition of the cell

Figure 4.4: Numerical solution of the governing equations (4.1)–(4.2) and (4.154)
showing the time evolution of the quasi-steady uniform state towards the uniform
steady-state. The variations in ρ± and cq occur over longer timescales as ε is decreased
(note the logarithmic t-axis). The initial condition for n is the quasi-steady state nq
shown in Figure 4.3.

114



densities ρ± in (4.20) to the non-uniform case as

ρ−(x, t) :=

∫ U

0

n(x, u, t) du, (4.157a)

ρ+(x, t) :=

∫ ∞

U

n(x, u, t) du. (4.157b)

We also define the average cell density in both states as

ρ̄±(t) :=
1

Lx

∫ Lx

0

ρ±(x, t), (4.158)

where Lx is the length of the domain. Clearly ρ̄± = ρ± when n is spatially uniform.

We expect that the quasi-steady states vary slowly towards the true steady-state

when the system is stable to spatial perturbations. In particular, the quantities ρ±

should be slow functions of time (and independent of x). To verify this, we obtain

numerical solutions of the governing equations (4.1)–(4.2) with D = const. We then

calculate ρ± from our numerical solution using (4.157) and Simpson’s rule. We plot

the results in Figure 4.4 where we see that the timescale over which ρ± vary increases

rapidly as ε is decreased.

We now consider the effect of gene-regulated motility on the population, repre-

sented mathematically by non-constant diffusion coefficient D(u). For simplicity, we

select a piecewise linear function. Since we must have D > 0, our formula depends

on the signs of D′
±, but when both are negative we use

D(u) =


D′

−(u− u−) +D−, 0 ≤ u < uc1,

D′
m(u− uc2) +Dm, uc1 ≤ u < uc2,

D′
+(u− u+) +D+, uc2 ≤ u < uc3,

D∞, uc3 ≤ u,

(4.159)

where the quantities ucj, Dm andD∞ are parameters chosen such thatD is continuous.

We emphasize that the important parameters in (4.159) are D′
± and D± since they

affect the stability of the spatially uniform state. The signs of D′
± indicate whether

motility is repressed or promoted in each state.

When QS sufficiently represses motility in both states, we expect that instabilities

in the spatially uniform state lead to motility-induced phase separation. The onset

of instability on an O(1) timescale is signified by Re(σ) = 0 in (4.32), with the other

four roots satisfying Re(σ) < 0. By calculating the roots numerically, we find that

simply setting σ = 0 in (4.32) gives the correct instability condition (but only when

D′
± are both negative). In particular, we find

Dck
2 + β = α0

∑
j=±

[
ρjfc

D − uD′

D (Dk2 − fu)

] ∣∣∣∣∣
u=uj

, (4.160)
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Figure 4.5: Instability region in parameter space, as computed from (4.160), with
numerical results marked (left). A snapshot of the numerical solution of (4.1)–(4.2)
and (4.154) is shown for three points in parameter space (right panels). When D′

− = 0
cells in u− do not phase separate, and similarly when D′

+ = 0. Even in the constant
density states, the distribution of internal chemical can be spatially heterogeneous
due to non-uniform AI concentrations (not shown). Note that in the quasi-stable
region, the timescale of variation is on the order of 104.

Figure 4.6: Numerical solution of (4.1)–(4.2) and (4.154) showing transient phase
separation in the cell density ρ+(x, t). The final steady-state is spatially uniform with
all cells in the ‘+’ state (note that different parameters are used in Figure 4.4). The
values of ρ̄± are roughly unchanged from their initial values during phase separation.
The profile of ρ− (not shown) is nearly spatially uniform over the entire calculation
while the profile for c(x, t) is omitted since it is qualitatively similar to ρ+(x, t). A
magnified view of the phase separation is shown in the region delineated by black
dashed lines. The calculation is performed for the point in parameter space denoted
by the green square in Figure 4.5. The phase separated state is also transient for the
green circle, but the green triangle has a phase separated steady-state.
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which defines a straight line in (D′
−,D′

+) parameter space, as shown in Figure 4.5.

We perform numerical simulations within the unstable region and observe phase sep-

aration on timescales over which ρ̄± are nearly constant. Snapshots of the phase

separation are also shown in Figure 4.5. A complete simulation for one of these

snapshots is shown in Figure 4.6, along with the temporal evolution of ρ̄±.

The mechanism for MIPS in the canonical LuxIR system is similar to the mecha-

nism here, except that it applies separately to cells in the ‘±’ states. This implies that

if QS repression of motility is weak in one of the two states, then phase separation

will only occur in the other state. We illustrate this situation in Figure 4.5 with two

calculations corresponding to D′
+ = 0 and D′

− = 0 (green triangle and green square,

respectively) . If D′
− = 0, then cells in the ‘−’ state effectively experience constant

diffusion, and therefore remain spatially uniform. However, cells in the ‘+’ state can

still phase separate if motility is sufficiently repressed. Even though the density ρ− is

spatially uniform, the internal state of cells in the ‘−’ population can vary in space.

This occurs because the entire population responds to the spatially dependent AI

concentration c through the GRN reaction kinetics. A similar argument applies when

instead D′
+ = 0. In contrast, when both D′

− and D′
+ are negative and not near zero,

then cells in both states form clusters, as seen in Figure 4.5 (green circle).

Our numerical simulations show that the phase separated states exhibit variations

on timescales much longer than the initial instability. This leads to situations where

the phase separated state is transient. In order to detect these variations, we track

ρ̄± over time. For the example in Figure 4.6, phase separation occurs in the ‘+’ state

at a relatively early time where ρ̄± are nearly unchanged from their initial values.

The phase separated state gradually looses cells to the spatially uniform ‘−’ state

over a long timescale. This represents transitions in state space between the ‘−’ and

‘+’ states due to noise in the GRN kinetics (represented by finite ε). Eventually the

‘+’ state loses enough cells for the cluster to disperse and the system returns to a

spatially uniform quasi-steady state. The system then evolves towards the spatially

uniform steady-state where the entire population is in the ‘−’ state.

The slow variations in ρ± can lead to delayed phase separation due to slow passage

through a bifurcation [62]. This occurs because the stable and unstable regions in

parameter space change as ρ± vary in time. As we show in Figure 4.7, there are regions

in parameter space that are initially stable on O(1) timescales, but become unstable

after an exponentially long time. We obtain a numerical solution for the marked point

in parameter space in order to observe the delay. Snapshots of the solution, as well as

variations in ρ̄+ are shown in Figure 4.8 (we recall that ρ̄± = ρ± for uniform solutions).
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Figure 4.7: Instability regions in parameter space, as calculated from (4.160), for
ρ+ = ρ− = 5 (left panel) and ρ+ = 10, ρ− = 0 (right panel). The boundary of
the unstable region changes exponentially slowly in time due to variations in ρ±.
An initially quasi-stable uniform state (green circle) can become unstable to spatial
perturbations on an O(1) timescale. A numerical calculation for the green circle is
shown in Figure 4.8.

The quasi-steady uniform state becomes unstable after an exponentially long time,

but the instability is significantly delayed as expected. Our asymptotic theory can

therefore predict whether MIPS occurs over short O(1) timescales or exponentially

long timescales.

We remark that the calculation of the stability boundaries as ρ± vary is somewhat

non-intuitive. This is because changes in ρ± induce change in u± and cq, which in

turn affect several quantities in the eigenvalue equation (4.32), including D±, fc and

fu. The amount that D± change depends on their derivatives D′
±. Hence the shift

in the stability boundary becomes a function of D′
±, and the boundaries therefore

become curved. At steady-state however, either ρ− = 0 or ρ+ = 0, so the boundary

eventually returns to being a straight line.

We now consider situations where QS can promote motility in either of the two

states, represented mathematically by one or both of D′
± positive. Stability bound-

aries in parameter space are shown in Figure 4.9 where we distinguish between real-

valued and complex-valued dominant eigenvalues. The boundaries between the blue

and green regions correspond to Hopf bifurcations, and we expect a limit cycle near

these boundaries (on O(1) timescales). Such a limit cycle is shown in Figure 4.9 for a

very small value of ε so that ρ̄± are effectively constant. We observe standing wave-

like patterns in ρ+, and smaller amplitude oscillations in ρ−. The full cell density

ρ− + ρ+ is therefore qualitatively similar to the spatio-temporal oscillations observed

for the canonical LuxIR circuit.
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Figure 4.8: Numerical solution of (4.1)–(4.2) and (4.154) with a quasi-stable uniform
initial condition that eventually becomes unstable to spatial perturbations. Left: slow
evolution of ρ̄+. The dashed line denotes the value of ρ̄+ where the spatially uniform
state becomes unstable according to (4.32). Right: snapshots of ρ+(x, t) for the points
marked with the corresponding symbol and colour on the left. The solution exhibits
the expected delayed instability, as seen from the final snapshot. We calculate the
numerical solution up to t ≈ 105 to clearly identify the delayed instability.

Figure 4.9: Left: Instability regions in parameter space on O(1) timescales, as cal-
culated from (4.32). Blue regions (B) are quasi-stable while green (C) and red (A)
are unstable. The dominant eigenvalue is real-valued in the red region and complex-
valued in the green region. Blue-green boundaries correspond to Hopf bifurcations.
Right: Example patterning for the point in parameter space denoted by a yellow
circle, showing quasi-periodic behaviour. Snapshots are obtained from a numerical
solution of (4.1)–(4.2) and (4.154).
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Figure 4.10: Numerical solution of (4.1)–(4.2) and (4.154) showing emergent pattern-
ing following the instability when QS promotes motility in the ‘−’ state and represses
motility in the ‘+’ state. Initially, the cells in the repressing state cluster on the right,
while the cells in the promoting state deplete. Overall, more cells accumulate on the
right, leading to locally higher AI concentrations, which favours clustering. Over time
ρ̄+(t) slowly decreases, and eventually the cluster disperses and gives way to decaying
oscillations. The steady-state is spatially uniform.

We remark that the numerical calculations when both D′
± > 0 are significantly

more challenging than when both are negative. This is because oscillating solutions

inherently require a short timestep throughout the calculation, whereas clustering

behaviour only requires short timesteps during cluster formation. We therefore do

not investigate the effect of exponentially long variations in ρ̄± when D′
± can be

positive. We expect that the system will evolve towards a state where either ρ̄+ = 0

or ρ̄− = 0. The oscillations may persist throughout the process, or they may be

transient. Similarly, we also expect that delayed Hopf bifurcations are possible.

When QS promotes motility in one state and represses it in the other, the in-

stabilities give rise to a combination of oscillation and clustering. Figure 4.10 shows

an example where initially the population clusters, but oscillates at later times. To

understand this qualitatively, let us suppose that there is a region of locally higher
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AI concentration c. This causes larger internal concentrations u for cells in both

states. By the mechanism described in Chapter 3 for the LuxIR circuit, cells in the

repressing state tend to cluster in this region, but cells in the promoting state tend

to disperse. This affects the secretion rate of AI. The net effect depends on whether

overall cells locally accumulate or deplete. If cells accumulate in the repressing state

faster than they deplete in the promoting state, then overall the cell density ρ− + ρ+

increases. This leads to a local increase in the AI concentration, which further rein-

forces clustering. In contrast, if cells in the promoting state deplete faster than cells

in the repressing state accumulate, then the AI concentration will decrease, which

favours oscillations. For the case in Figure 4.10, clustering in the ‘+’ state dominates

depletion in the ‘−’ state. Therefore, the overall cell density and AI concentration

increase locally, leading to clustering. The fraction of the population in the ‘+’ state

decreases over long timescales. This eventually causes the cluster to disperse and give

way to small amplitude (decaying) oscillations.

4.4.2 Oscillatory Kinetics

We now investigate synchronisation in spatially uniform populations with oscillatory

kinetics. We obtain numerical solutions of the governing equations in (4.73) with the

GRN kinetics in (4.146), which we repeat here for convenience

f(u, c) =

(
(µ(c)− ũ2 − ṽ2)ũ− ω(ũ, c)ṽ
(µ(c)− ũ2 − ṽ2)ṽ + ω(ũ, c)ũ

)
. (4.161)

We recall that the shift ũ := u − u0 ensures that the internal concentrations are

positive. Our goal is to determine whether the linear instabilities in the asynchronous

state lead to QS-induced synchronous oscillations.

For concreteness, we fix convenient forms for ω and µ in the GRN kinetics, and

secretion rate α. Specifically, we choose

ω(θ, c) =
1

2 + cos(θ − c)
, (4.162a)

µ(c) =
1

4
+

c

1 + c
, (4.162b)

α(u) = α0u
2, (4.162c)

where θ is the polar angle in the shifted coordinates ũ. We note that u is not shifted

in the definition of α. The fact that ω is not defined at the origin is not problematic

since n is exponentially small there for all of our calculations. Although we consider

the specific system (4.162), we expect that our results hold more generally.
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We recall that linear instabilities occur when there are solutions of (4.153) in the

right half-plane Re(σ) > 0. In order to detect instabilities, we rewrite (4.153) as

G(σ) = 0, where

G(σ) := σ + β − ρ∗

⟨1/ω∗⟩

[ √
µ∗µ∗

c

σ + 2µ∗

〈αr
ω∗

〉
+ g(σ)

]
, (4.163a)

g(σ) :=

〈
ν0(θ;σ)ω

∗
c (θ)

(ω∗)2(θ)

∫ θ

0

αθ(
√
µ∗, t)

ν0(t;σ)
dt

〉
− ν0(2π;σ)

ν0(2π;σ)− 1

〈
ν0ω

∗
c

(ω∗)2

〉〈
αθ
ν0

〉
,

(4.163b)

ν0(s) := exp

[
(µ∗)−1/2

∫ s

0

σ

ω(t)
dt

]
. (4.163c)

Since G is a meromorphic function on C (as shown below), the number of zeros N

of G lying inside a closed contour Γ in the complex plane is given by

N = w(G(Γ)) + P. (4.164)

Here, P is the number of poles of G inside Γ while G(Γ) is the image of Γ under

G and w(G(Γ)) its winding number. The closed contour Γ must not pass through

any zeros or poles of G, but is otherwise arbitrary. As we show below, all of the

(infinitely many) poles of G lie on the imaginary axis, except one at σ = −2µ∗ < 0.

We therefore detect roots of G in the right half-plane using (4.164) with a shifted

semicircular contour Γ, given by

Γ :=

{
δ + iξ

∣∣−R < ξ < R

}
∪
{
δ +Reiξ

∣∣− π

2
≤ ξ ≤ π

2

}
, (4.165)

where δ and R are fixed positive numbers. Thus P = 0 in (4.164) and N is equal to

the winding number of G(Γ). If there is at least one root in the right half-plane, then

it can be detected by taking sufficiently small δ and sufficiently large R. An example

contour Γ and its image G(Γ) are shown in Figure 4.11. We automate the winding

number calculation using the algorithm in [4]. We also remark that similar winding

number methods have been used previously (see, e.g., [46]).

Near a bifurcation, the roots of G are close to the imaginary axis, so the winding

number method can be inaccurate unless δ is very small. We therefore supplement

the winding number method with a direct numerical solution of G(σ) = 0 using

Newton iteration. We take the global density ρ∗ as a bifurcation parameter and

perform pseudo arc-length continuation using the Matcont package [32] for Matlab to

detect bifurcations. Pseudo arc-length continuation is a numerical method for solving

systems of algebraic equations that depend on a parameter [55]. Broadly, the method
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Figure 4.11: Semicircular contour Γ (top panel) and its image G(Γ) computed from
(4.163) (bottom panels). The solid blue and dashed red segments in G(Γ) are images
of the corresponding segments of Γ. The number of zeros of G inside Γ is equal to the
winding number of G(Γ), which in this case is 2. The spatially uniform steady-state
is therefore linearly unstable. We use a relatively small semicircle and large δ for the
purpose of illustration. There are at least 26 additional unstable eigenvalues that lie
outside Γ as shown in Figure 4.12. We use ρ∗ = 360 with the remaining parameter
values henceforth given by µ0 = 0.25, α0 = 0.1, and β = 1.0.
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works by parametrising the solution curve in terms of arc-length and using Newton

iteration to compute points that are approximately evenly spaced in arc-length.

We now show that G is meromorphic and that all but one of its infinitely many

poles lie on the imaginary axis. From (4.163a), we see that G has one pole at σ =

−2µ∗, and all other poles of G must also be poles of g. The only quantity in the

definition of g in (4.163b) that depends on σ is ν0. From the definition of ν0(s;σ)

in (4.163c), we see that it is holomorphic on C with respect to σ for all fixed s. As

long as α and ω are continuously differentiable, the integrals involving ν0 are also

holomorphic functions with respect to σ. We note that the integral over s is always

non-singular since ω cannot vanish (as otherwise the limit cycle would pass through

a steady-state). Since ν0 is holomorphic and does not vanish, g can only have poles

where the denominator ν0(2π;σ)− 1 vanishes. This occurs when

σ =
2πi

√
µ∗

⟨1/ω∗⟩
j, (4.166)

where j is an integer. Thus G is meromorphic on C with infinitely many poles of

order one along the imaginary axis. We note that G(σ) = Ḡ(σ̄), where ·̄ denotes
complex conjugation, so the eigenvalues appear in complex-conjugate pairs.

Using a combination of the techniques above, we determine the linear stability

of the steady-state in terms of the global density ρ∗. We find that there can be a

large number of eigenvalues in the right half-plane, many of which are very close

to the imaginary axis. To show this, we plot the first 14 eigenvalues nearest the

origin (excluding conjugate pairs) for two different values of ρ∗ in Figure 4.12. Using

pseudo arc-length continuation, we track the eigenvalues as ρ∗ is varied and plot three

of the resulting curves in Figure 4.12. Each eigenvalue exhibits instability ‘bands’

in parameter space. Since these bands do not completely overlap across different

eigenvalues, we observe that there is an eigenvalue with positive real part for nearly

all values of ρ∗ in Figure 4.12. There is an extremely narrow parameter regime

near ρ∗ = 30 where there appears to be no unstable eigenvalues. We remark that

the eigenvalue structure for larger values of ρ∗ and further from the origin is quite

complicated since solutions of G(σ) = 0 tend to undergo bifurcations, so the number

of eigenvalues is non-constant as ρ∗ varies.

We expect that a synchronised population should oscillate periodically with a

highly localised distribution of internal states. To determine if the population syn-

chronises, we obtain full numerical solutions of the governing equations in (4.73) in

the unstable regime. A typical example is shown in Figure 4.13. The instability leads

to a distribution of internal states that is more localised than for the steady-state,
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Figure 4.12: Eigenvalue structure for oscillatory kinetics computed from numerical
solutions of (4.163). Top: Three solutions of G(σ) = 0 in terms of the global density
ρ∗ showing that the system is unstable for nearly all ρ∗, except for a small band at
ρ∗ = 30. Bottom left: First 14 eigenvalues nearest the origin when ρ∗ = 30 (excluding
conjugate pairs in Im(σ) < 0). Right: First 14 unstable eigenvalues nearest the origin
when ρ∗ = 360.
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Figure 4.13: Numerical solution of the governing equations (4.73)–(4.74) with GRN
kinetics given in (4.161)–(4.162) showing partially synchronised oscillations. Top left:
steady-state initial condition (asynchronous state). Top right: snapshot showing a
more localised distribution of internal states. Bottom: temporal evolution showing
no apparent periodic structure. Here u(t) := (u(t), v(t))T are the mean internal
concentrations, calculated from u(t) = (1/ρ∗)

∫
R2
+
un(u, t) du.
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but is clearly not localised to a single point. This somewhat localised distribution of

internal states indicates an incomplete or partial synchronisation. Additionally, there

is no apparent periodic structure over long times; we expect a completely synchro-

nised population to have periodic dynamics (as we show at the end of Chapter 5).

We have run several simulations over long time intervals and different parameter sets

and observe qualitatively similar behaviour to that show in Figure 4.13. We have

also verified numerically that the steady-states are stable in the narrow parameter

regime near ρ∗ = 30 in Figure 4.12, and unstable just outside this regime. Overall,

we conclude that QS can trigger emergent partial synchronisation from an initially

asynchronous population. Even though synchronisation occurs over a wide parameter

regime, the population does not synchronise completely.
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Chapter 5

Motility-Induced Pattering in the
IMF Model

So far in this thesis we have analysed motility-induced patterning for various classes

of reaction kinetics using our structured modelling framework. In this chapter, we

compare the predictions of our structured model with those for the internal mean-field

(IMF) model that we derived in Chapter 2. From a mathematical modelling perspec-

tive, the IMF model is an attractive choice since it takes the form of a reaction-

diffusion system and is therefore simpler to analyse (both numerically and analyti-

cally) compared to structured model. However, the IMF model is an approximation

of the structured model since it assumes that locally (in space) all cells have iden-

tical internal concentrations. The IMF model additionally assumes that there is no

noise term in the reaction kinetics (i.e. ε = 0). We seek to understand the impli-

cations of these assumptions on motility-induced patterning as well as for oscillator

synchronisation.

To tackle this challenge, we determine criteria for motility-induced patterning for

the IMF model, analogous to our analytical results for the structured model. We then

compare full numerical solutions for both models to identify quantitative and quali-

tative differences in emergent patterning. Broadly, we find that on O(1) timescales,

the IMF model has almost the same steady-states and linear stability properties as

the structured model (in the limit ε→ 0) whenever the reaction kinetics have stable

steady-states. The models predict quantitative, but not qualitative, differences in

the spatially non-uniform states. We find more significant differences between the

two models in the long time behaviour of the quasi-steady solutions of the structured

model, which we analysed in Section 4.1. However, if the reaction kinetics have a

stable limit cycle, then the predictions differ both quantitatively and qualitatively.
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We additionally perform a detailed comparison of the two models for the canonical

LuxIR circuit.

The rest of this Chapter is divided into three sections. First, we characterise linear

instabilities in the spatially uniform state of the IMF model for two broad classes of

reaction kinetics. Next, we perform an in-depth analysis of the canonical LuxIR

circuit for the IMF model. Finally, we compare theoretical and numerical predictions

of both models, with focus on the canonical LuxIR circuit.

5.1 Model Setup for One and Two Sub-populations

Our general IMF model is given in (2.36) and (2.38), which we restate here for con-

venience

∂ρ±
∂t

= ∇2
x [D(u±)ρ±] , (5.1a)

∂

∂t

(
ρ±u±

)
= ∇2

x [D(u±)u±ρ±] + f(u±, c)ρ±, (5.1b)

∂c

∂t
= Dc∇2

xc− βc+
∑
j=±

α(uj)ρj. (5.1c)

We recall that the ‘+’ and ‘−’ subscripts denote sub-populations of cells that have

internal concentrations or states u− and u+ and cell densities ρ− and ρ+. Eqs. (5.1a)–

(5.1c) constitute a system of 2M + 3 equations, where M is the number of internal

chemicals (i.e. the number of components of u±). For the analysis that follows, it will

be useful to eliminate the time-derivative of ρ± from (5.1b) using (5.1a). This leads

to

ρ±
∂u±

∂t
= ρ±D(u±)∇2

xu± + 2∇x (D(u±)ρ±) · ∇xu± + ρ±f(u±, c). (5.1d)

The no-flux boundary conditions in (2.37) and (2.39) read

∇xρ± ·Nx = ∇xc ·Nx = 0, x ∈ ∂Ω, (5.1e)

∇x (u±)Nx = 0, x ∈ ∂Ω. (5.1f)

Eqs. (5.1a), (5.1c), and (5.1d), together with the no-flux conditions in (5.1e)–(5.1f)

constitute our mathematical model for a colony consisting of two sub-populations or

states.

There are two situations where we can reduce the two-state model to a one-state

model. The first situation occurs when u−(x, t) = u+(x, t) := u(x, t). We can see this

by summing the two equations for ρ± in (5.1a), as well as the two equations for u±
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in (5.1b). Then after defining ρ = ρ− + ρ+ and simplifying, we obtain the following

system

∂ρ

∂t
= ∇2

x [D(u)ρ] , (5.2a)

ρ
∂u

∂t
= ρD(u)∇2

xu+ 2∇x (D(u)ρ) · ∇xu+ ρf(u, c), (5.2b)

∂c

∂t
= Dc∇2

xc− βc+ α(u)ρ. (5.2c)

In other words, if the sub-populations have the same internal state, then it is redun-

dant to keep track of the ‘−’ and ‘+’ quantities separately. The second situation

occurs when either ρ+ = 0 or ρ− = 0 at t = 0 (but not both). If ρ+ = 0 initially, then

since (5.1a) are conservation equations for ρ− and ρ+, we have that∫
Ω

ρ±(x, t) dx = const., (5.3)

for all times t. This implies that ρ+ = 0 for all future times and Eq. (5.1d) for u+ is

trivially satisfied, so u+ is arbitrary. In other words, if one of the two sub-populations

has no cells, then effectively there is only one sub-population. The one-state model

(5.2a)–(5.2c) has only M + 2 governing equations. As we will see in our steady-state

analysis below, the one-state model (5.2) is appropriate when the reaction kinetics f

admit only one equilibrium, while the two-state model (5.1) is appropriate when the

kinetics admit two equilibria.

We seek to compare the predictions of the IMF model with the structured model.

Since we have found spatially uniform solutions of the structured model and analysed

their linear stability properties, our next task is to do the same for the IMF model.

5.1.1 Steady-States

We begin by finding spatially uniform solutions, which we denote with superscript

‘∗.’ For the two-state model, these satisfy

ρ∗± = const., (5.4a)

f(u∗
±, c

∗) = 0, (5.4b)

βc∗ =
∑
j=±

αjρ
∗
j , (5.4c)

where α± := α(u∗
±). We take ρ∗± as additional model parameters since (5.3) implies

that they are determined by the initial condition. If the only solutions of (5.4) have
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u∗
− = u∗

+ := u∗, then (5.4) effectively reduces to the steady-state system of the

one-state model in (5.2) since, after summing (5.2a), we obtain

ρ∗ := ρ∗− + ρ∗+ = const., (5.5a)

f(u∗, c∗) = 0, (5.5b)

βc∗ = ρ∗α∗. (5.5c)

Here α∗ := α(u∗) and we recall that ρ∗ is the global cell density.

Next, we perform linear stability analyses around the spatially uniform steady-

states in (5.4) and (5.5) as two separate cases. Although it is possible in principle

to unify these analyses while retaining general M , our purpose here is to compare

the results with their counterparts for the structured model. We therefore divide our

analysis into two cases: 1) two internal chemicals (M = 2) and one internal state

(u+ = u−) and 2) one internal chemical (M = 1) with two internal states. The two

cases respectively correspond to our analysis in Sections 4.2 and 4.1. In the following

section, we also consider a subcase of 2) for which we use the canonical LuxIR reaction

kinetics in Chapter 3. For this subcase, we also perform a weakly nonlinear analysis

in order to characterise the type of bifurcation, just as we did for the structured model

in Section 3.3.

5.1.2 Linear Stability Case 1: Two Chemicals, One State

In our first case we have u− = u+ := u := (u1, u2)
T and f := (f1, f2)

T . Here it is

sufficient to only keep track of the sum ρ− + ρ+, rather than the individual values of

ρ±. The steady-states ρ∗, u∗, and c∗ satisfy (5.5).

We begin by introducing small perturbations of the form

ρ(x, t) = ρ∗ + Peik·x+σt, u(x, t) = u∗ +Ueik·x+σt, c(x, t) = c∗ + Ceik·x+σt, (5.6)

where U := (U1, U2)
T and |P |, |U|, |C| ≪ 1. The quantities σ and k are the usual

growth rate and wavenumber of the perturbation. Next, we substitute (5.6) into the

governing equations for the one-state model (5.2) and retain up to linear terms in the

perturbations. This leads to the following linear system
−D∗k

2 − σ −ρ∗D∗
u1
k2 −ρ∗D∗

u2
k2 0

0 −D∗k
2 + µ11 − σ µ12

∂f∗1
∂c

0 µ21 −D∗k
2 + µ22 − σ

∂f∗2
∂c

α∗ α∗
u1
ρ∗ α∗

u2
ρ∗ −Dck

2 − β − σ



P
U1

U2

C

 = 0,

(5.7)
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where we define

D∗
uj

:=
∂D
∂uj

(u∗), αuj :=
∂α

∂uj
(u∗), µij :=

∂fi
∂uj

(u∗, c∗), i, j = 1, 2. (5.8)

Eq. (5.7) constitutes a matrix eigenvalue problem for the eigenvalue σ and eigenvector

(P,U1, U2, C)
T . A non-trivial solution for the perturbations therefore requires the

determinant of the LHS matrix to vanish. After rearranging, this requirement yields

σ+Dck
2 + β =

ρ∗
(
Rπ/2f

∗
c

)T
[(σ +D∗k

2)I2 − J]Rπ/2 [(σ +D∗k
2)∇uα∗ − α∗∇uD∗k2]

(σ +D∗k2)(σ +D∗k2 − λ−J )(σ +D∗k2 − λ+J )
,

(5.9)

where the Jacobian matrix J has entries µij and eigenvalues λ±J , the matrix Rπ/2 is

an anti-clockwise rotation by π/2 in the plane, while I2 is the 2× 2 identity matrix,

and finally f∗c := ∂f/∂c(u∗, c∗). Crucially, Eq. (5.9) is identical to its counterpart for

the structured model (to leading order in ε) in (4.72). We therefore deduce that the

uniform steady–states in (5.5) have the same linear stability properties as the uniform

steady-states in the structured model, up to O(ε) corrections.

5.1.3 Linear Stability Case 2: One Chemical, Two States

For this case, we have M = 1, so we denote u± := u±. As before, we perturb the

steady-state as

ρ±(x, t) = ρ∗± + P±e
ik·x+σt, u±(x, t) = u∗± + U±e

ik·x+σt, c(x, t) = c∗ + Ceik·x+σt,

(5.10)

where the perturbations |P±|, |U±|, |C| ≪ 1. Substituting (5.10) into the governing

equations (5.1a), (5.1c), and (5.1d), and linearising yields the eigenvalue problem

MV = σV, (5.11a)

where M and V are given by

M :=


−D−k

2 0 −ρ−D′
−k

2 0 0
0 −D+k

2 0 −ρ+D′
+k

2 0
0 0 −D−k

2 + f−
u 0 f−

c

0 0 0 −D+k
2 + f+

u f+
c

α− α+ α′
−ρ

∗
− α′

+ρ
∗
+ −(Dck

2 + β)

 , V :=


P−
P+

U−
U+

C

 .

(5.11b)

Here we define

f±
u :=

∂f

∂u
(u±, c

∗), f±
c :=

∂f

∂c
(u±, c

∗), α± := α(u±), D± := D(u±), (5.12)
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and similarly for the derivatives α′
± and D′

±.

Eq. (5.11) has a non-trivial solution if, and only if, σ is an eigenvalue of M. We

therefore require

det(M− σI) = 0. (5.13)

After some algebra, we find that this can be rewritten as

σ +Dck
2 + β =

∑
j=±

[
ρjfc

α′ (σ +Dk2)− αD′k2

(σ +Dk2) (σ +Dk2 − fu)

] ∣∣∣∣∣
u=uj

. (5.14)

Similar to Case I above, this is precisely the leading order result from the linear

stability analysis of the structured model in Eq. (4.32). We therefore conclude that

the spatially uniform states in the two models have exactly the same linear stability

properties, up to an O(ε) correction. We emphasize here that the equivalence between

the two models applies only on an O(1) timescale. This is because the uniform states

for the structured model are only quasi-steady, as shown in Section 4.1.

5.2 Detailed Analysis for Canonical LuxIR Kinet-

ics

We now perform a detailed analysis for the canonical LuxIR circuit in order to com-

pare with our linear and weakly nonlinear results for the structured model in Chapter

3. The reaction kinetics and secretion rate from Chapter 3 are given by

f(u, c) = a+
Lc

K + c
− λu, α(u) = α0u. (5.15)

This system can be viewed as a special case of either Case 1 or Case 2 above, but

it is more convenient to use Case 2 since Eq. (5.14) for the eigenvalue σ is simpler

than Eq. (5.9). We therefore set u− = u+ = u with ρ := ρ− + ρ+ in the two-state

model (5.1a), (5.1c), and (5.1d). We additionally work in one spatial dimension for

simplicity. For concreteness, we state the governing equations for this special case

here

∂ρ

∂t
=

∂2

∂x2
(
D(u)ρ

)
, (5.16a)

ρ
∂u

∂t
= ρD(u)

∂2u

∂x2
+ 2

∂u

∂x

∂

∂x

(
D(u)ρ

)
+ ρf(u, c), (5.16b)

∂c

∂t
= Dc

∂2c

∂x2
− βc+ α0uρ. (5.16c)
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The no-flux boundary conditions (5.1e)–(5.1f) for one internal chemical in 1D reduce

to
∂ρ

∂x
=
∂c

∂x
=
∂u

∂x
= 0, x = 0,Lx, (5.17)

where Lx is the length of the domain. The steady-states satisfy

f(u∗, c∗) = 0, βc∗ = α0ρ
∗u∗, ρ∗ = const., (5.18)

and (5.14) reduces to

σ +Dck
2 + β − α0f

∗
c ρ

∗ σ + (D∗ − u∗D′
∗) k

2

(σ +D∗k2) (σ +D∗k2 + λ)
= 0. (5.19)

Eq. (5.19) is exactly the algebraic equation for the eigenvalue σ that we found for the

structured model in Eq. (3.25)1.

So far we have found that the IMF model reproduces the leading order linear

stability theory from the structured model. We now determine if the type of bi-

furcation and the local branch of non-uniform steady states is also the same. To

accomplish this, we perform a weakly nonlinear analysis near the ‘MIPS’ bifurcation

corresponding to σ = 0 in (5.19).

As in Chapter 3, we take D′
∗ as a bifurcation parameter. We therefore introduce

a perturbation to D′
∗ in the form

D(u) = D0 + δ2d(u), (5.20)

where d(u) is a perturbing function and 0 < δ ≪ 1 measures the distance from the

bifurcation point. The unperturbed diffusion coefficient D0 is such that it exactly

satisfies (5.19) with σ = 0, in particular

D′
0∗

D0∗
= − 1

u∗

[
(Dck

2 + β) (D∗k
2 + λ)

α0ρ∗f ∗
c

− 1

]
< 0. (5.21)

Here we take k to be the critical wavenumber k = π/|Ω|, where |Ω| = Lx is now the

length of the domain Ω. As we showed in Section 3.2, this mode is the first to lose

stability as D′
0∗ is decreased from zero. We also impose

d(u∗) = 0, (5.22)

so that (5.20) perturbs D′
∗, but not D∗. Thus

D′
∗ = D′

0∗ + δ2d′∗. (5.23)

1Eq. (5.19) can also can be obtained from (5.11). This is because the ‘−’ and ‘+’ quantities in
M are equal, so the eigenvectors are of the form (P, P, U, U,C)T . Hence the first equation is a copy
of the second, and the third equation is a copy of the fourth.
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From our analysis of the structured model, we anticipate that the instability will

correspond to a pitchfork bifurcation. For convenience, we have therefore fixed the

O(δ2) scaling in the perturbation (5.21) and additionally rescale time as

t = δ−2τ, (5.24)

where τ is slow time. These scalings are the same as for the structured model in

Section 3.3 (cf. Eqs.(3.65) and (3.67) where we later deduced r = p = 2).

Next, we seek solutions of the governing equations (5.16) in the form

ρ(x, τ) = ρ∗ +
3∑
j=1

ρj(x, τ)δ
j +O(δ4), (5.25a)

u(x, τ) = u∗ +
3∑
j=1

uj(x, τ)δ
j +O(δ4), (5.25b)

c(x, τ) = c∗ +
3∑
j=1

cj(x, τ)δ
j +O(δ4), (5.25c)

where we show only the terms that will be required in our analysis. Since the governing

equation for ρ in (5.2a) conserves mass, we require that the perturbations ρj satisfy∫
Ω

ρj(x, τ) dx = 0, (5.26)

for all τ . This ensures that the expansion (5.25a) does not introduce small perturba-

tions to the parameter ρ∗.

We now obtain governing equations for ρj, uj, cj by substituting the expansions

(5.25), (5.20), and (5.24) into the governing equations and equating coefficients of

powers of δ.

The O(1) terms yield the steady-state problem in (5.18) for ρ∗, u∗, and c∗. At

O(δ), we obtain

L


ρ1

u1

c1

 :=


D0∗

∂2ρ1
∂x2

+ ρ∗D′
0∗
∂2u1
∂x2

D0∗
∂2u1
∂x2

− λu1 + f ∗
c c1

Dc
∂2c1
∂x2

− βc1 + α0 (u
∗ρ1 + ρ∗u1)

 = 0. (5.27)

Next, we seek separated solutions of the form

ρ1(x, τ) = P (τ) cos(kx), u1(x, τ) = U(τ) cos(kx), c1(x, τ) = C(τ) cos(kx),

(5.28)
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where k is the critical wavenumber of the instability. Substituting (5.28) into (5.27)

leads to the linear system

M(k)

PU
C

 = 0, M(k) :=

−D0∗k
2 −ρ∗D′

0∗k
2 0

0 −D0∗k
2 − λ f ∗

c

α0u
∗ α0ρ

∗ −Dck
2 − β

 , (5.29)

where we explicitly show the dependence of M on the wavenumber k for later con-

venience. A non-trivial solution requires detM(k) = 0, which is simply a restate-

ment of the bifurcation condition σ = 0 in (5.13). Hence any non-trivial solution

for (P,U,C)T is proportional to the eigenvector of M(k) corresponding to the zero

eigenvalue, namely 
P

U

C

 = C(τ)


−ρ∗ D′

0∗f
∗
c

D0∗(D0∗k2+λ)

f∗c
D0∗k2+λ

1

 , (5.30)

where C(τ) is still to be determined.

Eq. (5.27) also admits constant solutions. This is because the first row of M(0) is

all zeros and hence M(0) has a non-trivial nullspace. Such solutions are proportional

to ρ1u1
c1

 =

λβ − α0ρ
∗f ∗
c

α0u
∗f ∗
c

α0u
∗λ

 . (5.31)

The general solution of (5.27) is a linear combination of (5.28), with coefficients

in (5.30), and the constant solution (5.31). However, we must reject the constant

solution since it fails to satisfy the mass constraint in (5.26).

Our task now is to determine C(τ) in (5.30). To accomplish this, we will need to

obtain governing equations for the unknowns at O(δ2) and O(δ3) in (5.25). Since L
has a non-trivial nullspace (spanned by Eqs. (5.28) and (5.31)), we will find that the

governing equations at higher order must satisfy certain solvability conditions. We

now derive these conditions through consideration of the adjoint operator L∗.

5.2.1 The Adjoint Problem

In order to determine the adjoint operator L∗, we must first define an appropriate

inner product. Suppose v(x), w(x) ∈ R3, then we define

(v,w) :=

∫
Ω

v ·w dx. (5.32)
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This meets the requirements of an inner product (see, e.g., chapters 6–7 in the book

by Axler [8]). Thus the adjoint of L is uniquely defined through

(L(v),w) = (v,L∗(w)). (5.33)

If the components of v satisfy no-flux boundary conditions on Ω, then using integra-

tion by parts, we deduce from (5.33) and the definition of L in (5.27) that L∗ is given

by

L∗(w) :=


D0∗

∂2w1

∂x2
+ α0u

∗w3

ρ∗D′
0∗
∂2w1

∂x2
+D0∗

∂2w2

∂x2
− λw2 + ρ∗α0w3

∂2w3

∂x2
− βw3 + f ∗

cw2

 , (5.34)

where wj, j = 1, 2, 3 denote the components of w. In the above calculation, we

deduced that w must also satisfy no-flux boundary conditions so that the boundary

terms arising from the integration vanish.

Now suppose that we wish to solve L(v) = g for some function g not identically

zero. The Fredholm alternative states that a solution exists if, and only if, g satisfies

the solvability condition

(g,w) = 0, (5.35)

where w is a solution of the homogeneous adjoint problem L∗(w) = 0. In order to

write (5.35) in terms of known quantities, we will need to obtain explicit solutions of

the homogeneous adjoint problem.

Solutions of L∗(w) = 0 have the form

w(x) = w̃ cos(kx), (5.36)

where w̃ is a solution of

M∗(k)w̃ = 0. (5.37)

Here M∗(k) is the adjoint of the matrix M(k) defined in (5.29). Since the nullspace

of M∗ is orthogonal to the range of M, the rank-nullity theorem guarantees that the

nullspaces of M(k) and M∗(k) have the same dimension. Thus the only non-trivial

solutions are obtained for the critical wavenumber of the instability and for k = 0.

In both cases, M(k) has a one-dimensional nullspace. It follows that w̃ must be

the eigenvector corresponding to the zero eigenvalue of M∗. We therefore have two

linearly independent solutions

w = (1, 0, 0)T , (5.38a)

w = w̃ cos(kx), w̃ =

(
α0u

∗

D0∗k2
,
Dck

2 + β

f ∗
c

, 1

)T
, (5.38b)
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where the (irrelevant) normalisation has been fixed for both solutions. Using (5.35),

we find that the corresponding solvability conditions read∫
Ω

g1(x) dx = 0, (5.39a)

w̃ ·
(∫

Ω

g(x) cos(kx) dx

)
= 0, (5.39b)

where g1 is the first component of g.

5.2.2 Weakly Nonlinear Analysis

Our next step is to obtain governing equations for the unknowns at O(δ2) in (5.25).

Substituting the scalings (5.20) and (5.24), as well as the expansions for ρ, u, and c

(5.25) into the governing equations (5.16) and collecting terms at O(δ2) gives

L


ρ2

u2

c2

 =


(ρ∗D′′

0∗k
2U + 2D0∗k

2P )U cos(2kx)

U
(
D′

0∗k
2U + D0∗k2

ρ∗
P
)
(3 cos2(kx)− 2) +

(
λ
ρ∗
PU − f∗c

ρ∗
PC − f∗cc

2
C2
)
cos2(kx)

−α0PU cos2(kx)

 ,

(5.40)

where we have used (5.28) to write the above in terms of P , U , and C.

Since (5.40) is of the form L(v) = g, the RHS vector must satisfy the solvability

conditions in (5.39) for a solution to exist. By writing the RHS as a linear combination

of constant terms and terms proportional to cos(2kx), we find that both solvability

conditions are trivially satisfied. Since no secular terms appear on the RHS of (5.40),

the assumed O(δ2) scalings in Eqs. (5.20) and (5.24) are appropriate.

Since our analysis at O(δ2) does not yield any useful information about C(τ),

we must proceed to higher order. Before doing so, we must calculate the solutions

of (5.40) as they will influence the analysis at next order in δ. To do this, we seek

solutions in the formρ2(x, τ)u2(x, τ)
c2(x, τ)

 = C2(τ)

P20

U20

C20

+ C2(τ) cos(2kx)

P22

U22

C22

 , (5.41)

where the coefficient vectors are unknowns to be determined. Note that a term from

the nullspace of L proportional to cos(kx) may also be included in the above; such

a term does not influence the final result (since it will be orthogonal to the forcing)

and is therefore omitted.
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Substituting (5.41) into (5.40) leads to the following linear system for P20, U20,

and C20

M(0)


P20

U20

C20

 =


0

f∗cc
4
− 1

2
D′

0∗k
2µ2

−α0ρ∗D′
0∗µ

2

2D0∗

 , (5.42a)

and a similar system for P22, U22, and C22

M(2k)


P22

U22

C22

 =


ρ∗µ2k2

(
D′′

0∗ − 2
(D′

0∗)
2

D0∗

)
−f∗cc

4
+ 1

2
D′

0∗k
2µ2

α0ρ∗µ2D′
0∗

2D0∗

 , (5.42b)

where we recall that M(k) is given in (5.29) and we define the constant µ by

µ :=
f ∗
c

D0∗k2 + λ
. (5.42c)

We have also used (5.30) to eliminate P and U in favour of C. It follows from (5.42a)

and (5.26) that P20 = 0. Eq. (5.42a) then reduces to a system of two equations (the

top row of M(0) is all zeros), which in principle uniquely determine U20 and C20. We

omit the lengthy explicit formulas for brevity. Since k is the critical wavenumber, it

follows that detM(2k) ̸= 0 in general. Hence (5.42b) uniquely determines P22, U22,

and C22 (explicit formulas also omitted for brevity). As ρ2, u2, and c2 are now known

in terms of C, this concludes our analysis at O(δ2) and we proceed to next (and final)

order.

Finally, we substitute the scalings (5.20) and (5.24), as well as the expansions for

ρ, u, and c (5.25) into the governing equations (5.16) and collect terms at O(δ3). This

yields the following governing equations for ρ3, u3, and c3

L

ρ3u3
c3

 = g0 cos(kx)
dC

dτ
+g1 cos(kx)C(τ)+

[
g2 cos(kx) + g3 cos

3(kx)
]
C3(τ). (5.43)

The quantities g0 and g1 are given by

g0 :=

−ρ∗D′
0∗µ

D0∗
µ
1

 , g1 := d′∗k
2ρ∗µ

1
0
0

 , (5.44a)
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while g2 := (A1, A2, A3)
T , g3 := (B1, B2, B3)

T are constant vectors whose components
are given by

A1:=−µk2
[
13D′

0∗P22 + ρ∗(U20 − 13U22)

(
(D′

0∗)
2

D0∗
−D′′

0∗

)]
−ρ∗µ3k2

(
D′′′

0∗ − 3
D′

0∗D′′
0∗

D0∗

)
, (5.44b)

A2:=−f ∗
cc(C20 − C22)− 8D0∗k

2µ
P22

ρ∗
+

D′
0∗

D0∗
µ
[
(D0∗k

2 − λ)U20 + (9D0∗k
2 − λ)U22

]
+f ∗

c µ(C20 − C22)
D′

0∗
D0∗

+ 2µ3k2
(
2
(D′

0∗)
2

D0∗
−D′′

0∗

)
, (5.44c)

A3:=α0µ

[
P22 + ρ∗

D′
0∗

D0∗
(U20 − U22)

]
, (5.44d)

B1:=18k2µ

[
P22D′

0∗ + U22ρ
∗
(
D′′

0∗ −
(D′

0∗)
2

D0∗

)]
+

3

2
µ3k2

(
D′′′

0∗ − 3
D′

0∗D′′
0∗

D0∗

)
, (5.44e)

B2:=−
(
2C22f

∗
cc +

f ∗
ccc

6

)
+ 8D0∗k

2µ
P22

ρ∗
+ 2µ

D′
0∗

D0∗
U22

(
5D0∗k

2 − λ
)

+

(
2f ∗

cC22 +
f ∗
cc

4

)
µ
D′

0∗
D0∗

+
5

2
µ3k2

(
D′′

0∗ − 2
(D′

0∗)
2

D0∗

)
, (5.44f)

B3:=−2α0µ

(
P22 − ρ∗U22

D′
0∗

D0∗

)
. (5.44g)

In deriving the above, we have used the solution of the O(δ) problem in (5.28) and

(5.30), as well as the solution of the O(δ2) problem in (5.41). Since U20, C20, P22,

U22, and C22 are known in terms of the original model parameters, the same is true

of the RHS of (5.43).

We require that a solution of (5.43) exists and hence impose the solvability condi-

tions (5.39). Since each term on the RHS is proportional to either cos(kx) or cos3(kx),

the first solvability condition (5.39a) is automatically satisfied. The second solvability

condition (5.39b) yields[
g0
dC

dτ
+ g1C +

(
g2 +

3

2
g3

)
C3

]
· w̃ = 0. (5.45)

Rearranging and inserting g0 and g1 into the linear terms using (5.44a), we find

dC

dτ
=− α0ρ

∗f ∗
c u

∗ (D0∗k
2 + λ) d′∗k

2

D0∗k2 (D0∗k2 + λ)2 + α0ρ∗f ∗
c

[
D0∗k2 − (2D0∗k2 + λ)u∗

D′
0∗

D0∗

]C
−
(
g2 +

3
2
g3

)
· w̃

w̃ · g0

C3. (5.46)

The above ODE for C(τ) is the counterpart of (3.123) for the structured model.

The linear terms are identical, as expected from the linear stability analysis. When
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expressed in terms of the original model parameters, the expressions for the cubic

coefficients are very lengthy. We therefore postpone a detailed comparison to the

next section where we evaluate the expressions numerically and show that they differ

quantitatively. The steady-states of (5.46) determine the local solution structure near

the bifurcation point at d′∗ = 0. We see that the instability occurs through a pitchfork

bifurcation. Whenever the coefficients of the linear and nonlinear terms on the RHS

have opposite sign, there are non-trivial steady-states given by

C = ±
√

−d′∗
α0ρ∗f ∗

c u
∗

D0∗ (D0∗k2 + λ) w̃ ·
(
g2 +

3
2
g3

) . (5.47)

The above can be expressed in terms of the original bifurcation parameter D′
∗ using

(5.23). We also eliminate C in favour of ρ(x) using the expansion in (5.25a), as well

as the solution for the O(δ) term in (5.28) and (5.30). This leads to

ρ(x) = ρ∗ ±D′
0∗

√
−α0u∗(D′

∗ −D′
0∗)

w̃ ·
(
g2 +

3
2
g3

) ( ρ∗f ∗
c

D0∗ (D0∗k2 + λ)

)3

cos(kx) +O(D′
∗ −D′

0∗).

(5.48)

Eq. (5.48) describes the spatially non-uniform branch of steady-states that bifurcate

from the uniform branch, near the bifurcation point. The counterpart from the struc-

tured model is given in (3.127). Eqs. (5.46) and (5.48) are the main results of this

section. We compare these results with full numerical solutions of the governing

equations in the following section, and find good agreement.

5.3 Comparisons with the Structured Model

In this section, we quantitatively and qualitatively compare the IMF and structured

models. First, we provide detailed comparisons for the canonical LuxIR circuit from

Chapter 3. We then briefly compare the models when the kinetics have multiple

equilibria, as in Section 4.1, or a limit cycle as in Section 4.3.

5.3.1 Canonical LuxIR Kinetics

We consider the reaction kinetics f(u, c) and secretion rate α(u) in (5.15). In order

to facilitate numerical calculations, we choose a convenient form for the diffusion

coefficient. In particular, we set

D(u) = D∗ − (D∗ −D∞) tanh

(
−D′

∗
D∗ −D∞

(u− u∗)

)
. (5.49)
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This definition ensures that D∗ := D(u∗) and D′
∗ := D′(u∗) are independent parame-

ters. It also ensures that the steady-states for ρ(x) and u(x) are smooth for the IMF

model since there are non-uniform solutions of the form

ρ(x) ∝ 1

D(u(x))
, (5.50)

as can be seen from the governing equation (5.16a). If we were to use our piecewise

definitions from previous chapters, then either ρ or u (or potentially both) would be

non-smooth.

The spatially uniform steady-states for the IMF model in (5.18) are the same as

those for the structured model in (3.6)–(3.9), up to an exponentially small correction.

In particular, the spatially uniform cell density ρ∗ from the structured model is∫ ∞

0

n∗(u) du = ρ∗ = const. (5.51)

The mean internal concentration ū in the structured model is defined by

ū(x, t) :=
1

ρ(x, t)

∫ ∞

0

un(x, u, t) du, (5.52)

which reduces to

ū =
1

ρ∗

∫ ∞

0

un∗(u) du = u∗ + E.S.T., (5.53)

for the uniform steady state, where E.S.T. denotes exponentially small terms. Since

u∗ and c∗ for the structured model satisfy (3.7) and (3.9), which read

f(u∗, c∗) = 0, (5.54a)

βc∗ = α0ρ
∗u∗ + E.S.T., (5.54b)

the leading order terms are exactly the steady-state system for the IMF model in

(5.18). As we showed in the previous section, the linear stability properties of the

uniform state are also identical at leading order in ε.

In order to identify significant O(1) differences between the models, we consider

spatially non-uniform solutions. We first discuss the case where QS represses motility,

signified by D′
∗ < 0. We demonstrate that the spatially non-uniform states near the

bifurcation, as predicted by our weakly nonlinear analyses, are different for each

model. To this end, we write the steady-state system for the locally-defined ODEs in

(5.46) and (3.121a) as

0 = b0CI + bIC
3
I , (5.55a)

0 = b0CS + bSC
3
S, (5.55b)
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Figure 5.1: Left: Regions in parameter space showing bifurcation types (supercriti-
cal or subcritical pitchfork) for both models. The bifurcations are both supercritical
(subcritical) in the blue (red) shaded regions. In the purple shaded region the bifur-
cation in the IMF model is subcritical but is supercritical in the structured model.
There are no regions where the reverse occurs (IMF is supercritical and structured is
subcritical). Bifurcation diagrams for the points marked with a circle are shown in
Figure 5.2. Right: values of the cubic coefficients bI and bS in (5.55c) and (5.55d)
along the slice ρ∗ = 50 (dashed line left). The two models agree as the domain length
is increased. Parameter values for this chapter are given in Table D.3.

where subscripts I and S denote IMF and structured models, respectively. The

coefficients are given by

bI := −
(
g2 +

3

2
g3

)
· w̃, (5.55c)

bS := −
[(
c20 +

c22
2

)
f ∗
cc +

f ∗
ccc

8

]
I2 +

[(
c20 +

c22
2

)
f ∗
c +

3

8
f ∗
cc

]
I3 + f ∗

c

(
I4 +

I5
2

)
,

(5.55d)

b0 := − α0ρ
∗f ∗
c u

∗d′∗
D0∗(D0∗k2 + λ)

, (5.55e)

where w̃ and gj are given in (5.38b) and (5.44), while c20, c22, and Ij are given

in (3.109), (3.117), and (3.121). When expressed in terms of the original model

parameters, Eqs. (5.55c)–(5.55d) are quite lengthy, making direct comparison cum-

bersome. Instead, we compute the boundaries in parameter space defined by bI = 0

and bS = 0, each signifying a transition between supercritical and subcritical pitch-

fork bifurcations in their respective models. This is accomplished numerically using

pseudo arc-length continuation with the software package Matcont for Matlab [32].

The regions in (Lx, ρ∗) parameter space where the bifurcation is supercritical and

subcritical are shown in Figure 5.1 along with values of bI and bS. We recall that Lx
is the domain length.
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Figure 5.2: Bifurcation diagrams for the structured and IMF models when QS re-
presses motility. Numerical results for the IMF and structured models are obtained
from (5.15)–(5.17) and (5.49), and (3.1)–(3.4) and (5.49), respectively. The bifurca-
tion point is given by (3.66) while theoretical solution branches near the bifurcation
are given in (3.127) and (5.48). The spatially uniform branches display nearly iden-
tical linear stability properties, however the non-uniform branch differs both globally
and locally near the bifurcation point. Left: Bifurcation is supercritical for the struc-
tured model and subcritical for the IMF model, corresponding to the point (Lx,
ρ∗) = (2, 20) in the left panel of Figure 5.1. Right: Bifurcation is supercritical for
both models (ρ∗,Lx) = (2, 30). Insets show the local behaviour near the bifurcation
and agree well with theoretical results from our weakly nonlinear analysis. Red circles
denote points where steady-state profiles are shown in Figure 5.3.

As seen in Figure 5.1, there are regions in parameter space where the type of

bifurcation differs. We additionally observe that the values of the coefficients bI and

bS differ in general, but they appear to agree for large domains. This agreement

is linked to the fact that the two models agree for spatially uniform systems; the

critical wavenumber k = π/Lx tends to zero in the limit of large domain length Lx,
which signifies small spatial gradients on solution branches near the bifurcation. Our

observation that the two models agree in this limit can be verified analytically by

comparing bI and bS in the limit of small critical wavenumber k. A straightforward

but somewhat lengthy calculation yields

lim
k→0

bI
bS

= 1, (5.56)

where we note that this holds independently of our particular choice of D(u) in

(5.49). In Figure 5.2, we provide example bifurcation diagrams for the points in

parameter space marked by circles in Figure 5.1. There are clear differences both

near the bifurcation and globally. Theoretical predictions from our linear and weakly

nonlinear analysis are also shown to agree well with numerical results.
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Figure 5.3: Typical steady-state profiles for the IMF and structured models. Results
are shown for the points marked with red circles on the bifurcation diagram in Figure
5.2. Profiles for the IMF model are obtained from numerical solutions of (5.15)–(5.17)
and (5.49), while profiles for the structured model are obtained from (3.1)–(3.4) and
(5.49). Parameter values are given in Table D.3.

Figure 5.4: Spacetime diagrams of the limit cycles in both models with identical
parameter values (as given in Table D.3). Numerical solutions for the IMF model are
obtained from (5.15)–(5.17) and (5.49), while numerical solutions for the structured
model are obtained from (3.1)–(3.4) and (5.49).

We show typical steady-state profiles for both models in Figure 5.3, showing quan-

titative, but not qualitative differences. Here we use the shorthand u(x) to denote

the mean internal concentration for both models. For the structured model, this is

computed from (5.52). The transition layer between the high and low cell density

regions is sharper for the IMF model. For the particular parameter set used in Fig-

ure 5.3, the IMF model overestimates all quantities in the high density region and

underestimates them in the low density region; however, this is not always the case

as the left bifurcation diagram in Figure 5.2 shows (e.g. for D′
∗ ∈ (−3,−2)).

Finally, we briefly compare the spatio-temporal oscillations in Figure 5.4 when

QS promotes motility. The models exhibit qualitatively similar behaviour, but there

are clear quantitative differences. The wave patterns for the IMF model are more

localised in space with larger amplitude than the structured model. The left- and

right- travelling waves are clearly visible for the IMF model. The period of oscillation

is similar for both models.
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5.3.2 One-Component Kinetics

We now briefly compare the structured and IMF models for the GRN kinetics with

two stable equilibria. We use the kinetics f and secretion rate α in (4.154), which we

restate here for convenience:

f(u, c) = −γ(u− g−(c))(u− u0)(u− g+(c)), (5.57a)

g±(c) = a± +
L±c

K± + c
, (5.57b)

α(u) = α0u, (5.57c)

where the values of the parameters γ, u0, a±, L±, K±, and α0 are given in Table

D.2. On O(1) time scales, we expect the differences between the IMF and structured

models to be similar to those for the LuxIR circuit in the previous section. The

differences over long timescales are more significant as we show below.

First, we show that the steady-states of the IMF model correspond to quasi-steady

states of the structured model. To see this, we recall that the quasi-steady states of

the structured model are given in (4.18)–(4.19), which we repeat here for convenience

nq(u) =


ρ∗−

√
f−
u

2πε

[
1 +O(ε)

]
exp

[
−F−(u, cq)

ε

]
+ E.S.T., 0 ≤ u < U,

ρ∗+

√
f+
u

2πε

[
1 +O(ε)

]
exp

[
−F+(u, cq)

ε

]
+ E.S.T., U ≤ u <∞,

(5.58a)

cq =
1

β

(
α(u−)ρ

∗
− + α(u+)ρ

∗
+

)
+O(ε), (5.58b)

f(u±, cq) = 0, (5.58c)

where

F±(u, c) := −
∫ u

u±

f(u, c) du, (5.59)

and we have renamed ρ± to ρ∗± to unify notation with the IMF model. We note that

the quasi-steady states of the structured model with either ρ∗− = 0 or ρ∗+ = 0 are true

steady-states. The steady-states of the IMF model are, from (5.4),

ρ∗± = const., (5.60a)

f(u∗±, c
∗) = 0, (5.60b)

βc∗ =
∑
j=±

αjρ
∗
j . (5.60c)
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Figure 5.5: Qualitative comparison of MIPS in the structured and IMF models when
the GRN kinetics have two equilibria. The IMF model fails to predict that MIPS
can be transient. Results are obtained from a numerical solution of (5.1a)–(5.1c) and
(5.1e)–(5.1f) for the IMF model (with scalar u± = u± and one spatial dimension),
and (4.1)–(4.2) for the structured model. We use the kinetics f , diffusion coefficient
D, and secretion rate α in (4.159) and (5.57) for both models. Parameter values are
the same as in Figure 4.6 (see also Table D.2).

Thus the leading order terms in (5.58b)–(5.58c) are the same as (5.60b)–(5.60c).

Since ρ∗± in the quasi-steady states (5.58a) vary over exponentially long time scales

(see Figure 4.4), we conclude that the uniform states of the two models agree over

short O(1) times.

In terms of spatio-temporal dynamics, we expect that the instabilities in both

models lead to qualitatively similar behaviour on O(1) time scales. We recall that the

stability analyses for both models gave the same instability criterion. We also expect

the differences in the non-uniform solutions to be qualitatively similar to the differ-

ences identified for the canonical LuxIR circuit in the previous section. We therefore

focus on a comparison of the MIPS instability over exponentially long timescales.

The IMF model fails to predict delayed MIPS and transient MIPS. Delayed MIPS

occurs in the structured model when slow variations in ρ∗± in the uniform state cause

the system to transit through a bifurcation from a stable regime to an unstable

regime. This situation is not possible in the IMF model since the corresponding

uniform states are stable steady-states. Similarly, MIPS transients are not possible

in the IMF model. A comparison of the two models for the same parameter set (but

with a smooth version of D) is shown in Figure 5.5. The MIPS state is transient in

the structured model, but stable in the IMF model. In order for a MIPS transient

to occur in the IMF model, the system would need to begin near a spatially uniform

state, phase separate, and subsequently return to the same uniform state. Since the
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uniform state must be linearly unstable for MIPS to occur, in general the system will

not return to the same uniform state after MIPS.

5.3.3 Oscillatory Kinetics

Finally, we briefly compare the (spatially uniform) structured and IMF models when

the GRN kinetics have a stable limit cycle. The IMF model here is simply an ODE

system given by

du

dt
= f(u, c), (5.61a)

dc

dt
= −βc+ α(u)ρ∗. (5.61b)

As a simple but non-trivial example, we use the GRN kinetics and secretion rate

given in (4.146) and (4.162), which we restate here as

f(u, c) =

(
(µ(c)− ũ2 − ṽ2)ũ− ω(ũ, c)ṽ
(µ(c)− ũ2 − ṽ2)ṽ + ω(ũ, c)ũ

)
, (5.61c)

ω(θ, c) =
1

2 + cos(θ − c)
, (5.61d)

µ(c) =
1

4
+

c

1 + c
, (5.61e)

α(u) = α0u
2, (5.61f)

where we recall that ũ = u − u0 = (ũ, ṽ)T so that the internal concentrations u

are positive near the limit cycle. We choose parameter values such that the trivial

steady-state u = u0 is unstable.

Since the IMF model (5.61) assumes that all cells have the same internal state,

it cannot represent asynchronous oscillations. More specifically, our derivation in

Chapter 2 assumes that the structured density n(x,u, t) is exponentially localised at

a single point in state space (but may vary in physical space in a non-uniform system).

The limit cycle solution of the IMF model shown in Figure 5.6 therefore represents

population-wide synchronous oscillations. The population cannot desynchronise ac-

cording to the IMF model.

In contrast, the structured model retains the full distribution of internal states.

Our analysis in Section 4.3 shows that the population has a tendency to slowly desyn-

chronise in the absence of QS. This leads to asynchronous oscillations represented

mathematically by a steady-state distribution n∗(u). Accordingly, we defined the

limit cycle as a periodic solution of (5.61a) with constant c, which is different than a

periodic solution of the full ODE system (5.61) in general.
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Figure 5.6: Comparison of partially synchronous oscillations in the structured model
with synchronous oscillations in the IMF model. Numerical solutions for the IMF
model are obtained from (5.61), while numerical solutions for the structured model
are obtained from (4.73)–(4.74) and (5.61c)–(5.61f).

The instability in the steady-state of the structured model leads to partial syn-

chronisation as we saw in Section 4.4.2. We compare this behaviour with the limit

cycle of the IMF model in Figure 5.6, which shows clear differences. We conclude that

the IMF model fails to approximate the structured model qualitatively and quanti-

tatively when the GRN kinetics have a stable limit cycle. We expect even greater

differences in spatially non-uniform systems.
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Chapter 6

Conclusions and Future Work

6.1 Conclusion

In this thesis, we consider a population of motile bacteria where quorum sensing (QS)

regulates motility. We characterise the effect of the gene-regulatory network (GRN)

on emergent population-level patterning. We accomplish this through analysis and

simulation of two continuum models, referred to as the structured model and the

internal mean-field (IMF) model, which we formally upscale from a cell-level model.

Our formal derivation of the continuum models in Chapter 2 sheds light on the

hidden assumptions of placing motile QS bacteria within the framework of active

matter. Previously, QS interactions in active systems have been modelled by effective

inter-particle forces [2,45,54]. Here, we show that this carries the assumption of fast

chemical timescales compared to the timescale of tumbling or rotation. This scaling

assumption is typically not satisfied in real biological systems, implying that living

systems are not accurately represented in the framework of classical active matter.

We recall our definition of classical active matter as an active system that interacts

through physical forces with no QS nor gene-regulated motility. We address this issue

in Chapter 2 by incorporating biologically realistic scaling regimes into the derivation

of our continuum models.

On large lengthscales and timescales, motility-induced phase separation (MIPS) in

classical active matter can only be triggered by variations in self-propulsion speed [20].

Here, we uncover a new route to MIPS on large lengthscales and timescales via ge-

netic regulation of tumbling frequency or rotational diffusion. Additionally, when

QS promotes motility, our models predict a new physical mechanism underlying the

emergence of spatio-temporal oscillations in the cell density. This mechanism is an

effective time-delay between variations in cell density and variations in motility. We

expect that it has no counterpart in classical active systems since repulsive pairwise
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forces act instantaneously and effectively reduce motility at the continuum level. We

remark that similar spatio-temporal oscillations have been observed previously (see,

e.g., [34,64,95]), but the mechanism is based on non-reciprocal interactions instead of

an effective time-delay. We discuss possible future work on this front in the next sec-

tion. We conclude that the new route to MIPS and the time-delay instability cannot

be captured within the framework of classical active matter without incorporating

the effect of QS and the GRN.

The effect of the GRN on emergent behaviour in active systems is not well-

understood in general. Our work throughout this thesis addresses this issue by char-

acterising emergent behaviour in an active system for various classes of GRN reaction

kinetics. In general, the onset of emergent behaviour depends on the details of the

GRN, which we have quantified through our instability criteria in Chapters 3–4. For

relatively simple reaction kinetics with one steady-state, the population either phase

separates or oscillates depending on whether QS represses or promotes motility. For

more complicated GRNs with multiple steady-states, the transitions between steady-

states due to noise in the GRN can lead to transient or delayed phase separation over

long timescales. Additionally, QS can promote motility in some states and repress

motility in others. This can lead to combinations of clustering and spatio-temporal

oscillations. Overall, our work in this thesis links emergent population level behaviour

with specific classes of cell-level GRNs.

Reaction-diffusion systems provide an attractive framework for modelling motile

signalling bacteria. Such models have been used in previous studies [99]. However,

the assumptions underlying these phenomenological models are not well-understood.

Our work in this thesis characterises situations when a reaction-diffusion (IMF) model

is appropriate, and when it fails. Broadly, if the GRN kinetics admit stable steady-

states, then the IMF model can be qualitatively accurate; but if the GRN kinetics

admit stable limit cycles, then the IMF model is qualitatively and quantitatively

inaccurate. We discuss these two cases in more detail below.

When the GRN kinetics admit stable steady-states (e.g. the LuxIR circuit), then

the IMF model is qualitatively accurate on O(1) timescales near a spatially uniform

steady-state. It correctly predicts the uniform steady-states and the onset of emer-

gent patterning. However, our weakly nonlinear analysis of the structured and IMF

models demonstrates that the IMF model can mischaracterise bifurcations for small

and intermediate-sized spatial domains. On longer timescales the structured model

predicts delayed instabilities and transient phase separation, which the IMF model

fails to capture.
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When the GRN kinetics admit stable limit cycles (e.g. Fitzhugh-Nagumo kinetics),

then the IMF model is inaccurate even for spatially uniform systems. The fundamen-

tal reason for this is that the IMF model effectively replaces the distribution of internal

chemical states in the structured model with an ‘average’ state. Consequently, the

population in the IMF model is inherently synchronised; it is unable to desynchro-

nise. It therefore cannot reproduce the QS-induced partial synchronisation that we

observe for the structured model. We expect that the differences between the two

models will be even greater for spatially non-uniform systems. One possible remedy

for the IMF model is to use more internal states so that asynchronous oscillations can

be represented.

6.2 Future Work

A clear generalisation of the work in Section 4.3 is to consider spatially non-uniform

populations. As a first step, it would be interesting to consider constant diffusion

coefficients, representing the case where motility is not gene-regulated. It may be that

this diffusion further destabilizes the uniform state, similar to a Turing instability [86].

From a theoretical perspective, this analysis is a straightforward generalisation of the

current work. Next, we could consider gene-regulated motility in order to characterise

motility-induced patterning. The key difference in this analysis would be in the

solution of the recursive ODE system (4.139) in the linear stability analysis. Each

equation would contain an additional term of the form D(s)k2c
(ℓ)
j (s), where D(s) is

the gene-regulated diffusion coefficient evaluated on the limit cycle and k is a constant

wavenumber. Although the equations are still exactly solvable with this extra term,

it complicates the determination of the eigenvalues. It may be prudent to consider

a truncated Fourier series representation of D and/or the coefficients c
(ℓ)
j in order to

simplify the eigenvalue calculations.

It may also be interesting to investigate whether the orientational dynamics have a

significant affect on motility-induced patterning, or if new types of patterning emerge.

To accomplish this, we could modify the upscaling in Chapter 2 to retain the orienta-

tion field p(x,u, t) from (2.11) in the governing equations. The resulting structured

model would include an additional equation for p, and it is straightforward to gener-

alise the IMF model. If we restrict our analysis to GRN kinetics with stable equilibria

and consider only O(1) timescales, then the (much simpler) IMF model would be ap-

propriate. Our analytical techniques should remain valid for both models (see the

Supplemental Material of [77]).
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The main challenge with the above generalisations is that numerical solution of

the structured governing equations would be computationally intensive. Because

solutions are typically exponentially localised, it may be possible to speed up the cal-

culations using adaptive mesh refinement (AMR). This would require a new method

for handling the non-local (in u) secretion term (see Appendix C). The oomph-lib

library contains several built-in routines for AMR that may be applicable to our sys-

tem [1, 49]. It may therefore be possible to modify our current implementation with

oomph-lib to incorporate AMR.

In terms of biological extensions, our model could be generalised to include mul-

tiple types of AI signalling molecules or multiple bacterial species. This extension

is motivated by the experimental setup in [23], which shows patterning in a popu-

lation consisting of two different strains of engineered E. coli with mutual motility

regulation. This system is an example of active matter with non-reciprocal interac-

tions since each strain responds differently to chemical signals. Non-reciprocal active

systems have been shown to exhibit a range of novel dynamical behaviour when the

interactions consist of steric repulsion or volume exclusion [34,64,95]. It may be worth-

while to investigate whether there are significant differences when the interactions are

mediated by QS. It is also well-known that bacteria use multiple ‘channels’ of com-

munication via secretion of multiple types of AI, even within the same species [6,70].

Some studies have investigated the effect of this on QS behaviour [71,72]. It would be

interesting to study the effect of multiple AI signals on motility-induced patterning.

Real populations of bacteria reproduce through cell division and die. A simple

way of including these effects in our model is to include an ad hoc logistic growth

term to the density equation (2.14a). The model would still admit a spatially uniform

state and our analysis techniques would remain applicable. In principle, such a model

should be capable of reproducing the experimentally observed concentric ring patterns

in [58].

In this work we ignore the effect of steric interactions between cells, but it would

be interesting to investigate its role in emergent patterning. We expect this effect

to be significant at large volume fractions of cells. One way to tackle this challenge

would be to adapt the upscaling approaches from [13,16]. Intuitively, it is reasonable

to assume that steric interaction does not directly depend on QS (and vice versa).

We therefore expect the strategies for handling pairwise interactions to remain valid

when QS interactions are present.
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Appendix A

Laplace’s Method

Laplace’s method is a technique for approximating integrals. In its simplest form, it

applies to integrals of the form (see e.g. [50], Ch. 3)

I :=

∫ t+

t−

g(t) exp

(
ϕ(t)

ε

)
dt, (A.1)

where ε ≪ 1 and the quantities g(t), ϕ(t), t−, and t+ do not depend on ε. This

technique is essential in our steady-state, linear, and weakly nonlinear analyses in

Chapters 3–4. In this appendix, we derive and list several variants and generalisations

of the method that are used in the main text.

A.1 Single-Variable Versions

We begin with the standard Laplace’s method for a single variable. For the cases

required in the main text, ϕ(t) and g(t) are smooth functions on (t−, t+), where t±

may be infinite. We additionally assume that ϕ(t) has a global maximum at some

t∗ ∈ (t−, t+) and we assume that ϕ(t∗) = 0 without loss of generality since any non-

zero value can be absorbed into g. We additionally assume that t∗ is not near the

boundary, i.e. |t− t±| ≫ ε1/2. Thus ϕ(t) is locally quadratic near t∗ and the integrand

is exponentially small for |t− t∗| ≫ O(ε1/2). We therefore write (A.1) as

I =

(∫ t∗−δ

t−

+

∫ t∗+δ

t∗−δ
+

∫ t+

t∗+δ

)
g(t) exp

(
ϕ(t)

ε

)
dt, (A.2)

where ε1/2 ≪ δ ≪ 1. The integrands for the first and last terms are exponentially

small. Their contribution to I is also exponentially small even if t− = −∞ and/or

t+ = ∞ (we assume that I is finite).
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The dominant contribution to I is the middle term in (A.2) since the integrand is

O(1) when t− t∗ = O(ε1/2). Since δ ≪ 1, we can Taylor expand g and ϕ as

g(t) = g∗ + (t− t∗)g
′
∗ +

1

2!
(t− t∗)g

′′
∗ +O((t− t∗)

3), (A.3a)

ϕ(t) =
1

2!
(t− t∗)

2ϕ′′
∗ +

1

3!
(t− t∗)

3ϕ′′′
∗ +

1

4!
(t− t∗)

4ϕ′′′′
∗ +O((t− t∗)

5), (A.3b)

where subscript ‘∗’ denotes evaluation at t∗. Enough terms are retained in the Taylor

series for a two-term asymptotic expansion of I. Inserting (A.3) into (A.2) and using

the change of variables

y = (t− t∗)

√
|ϕ′′

∗|
2ε

, (A.4)

leads to

I =

√
2ε

|ϕ′′
∗|

∫ y+

y−

[
g∗ + g′∗

√
2ε

|ϕ′′
∗|
y +

g′′∗y
2

|ϕ′′
∗|
ε+O(ε3/2y3)

]
e−y

2

× exp

[
ϕ′′′
∗
3!

(
2

|ϕ′′
∗|

)3/2

y3ε1/2 +
ϕ′′′′
∗
4!

(
2

|ϕ′′
∗|

)2

y4ε+O(ε3/2y5)

]
dy, (A.5)

where

y± := ±δ
√

|ϕ′′
∗|

2ε
, (A.6)

and we have used the fact that ϕ′′
∗ < 0 for a local maximum at t∗.

So far we have assumed that δ satisfies ε1/2 ≪ δ ≪ 1. The next step is to restrict

this range so that the terms in the second exponential in (A.5) are small. Since the

maximum absolute value of y is |y±| = O(δ/
√
ε), we impose ε1/2 ≪ δ ≪ ε1/3. Taylor

expanding this exponential, we obtain

I =

√
2ε

|ϕ′′
∗|

∫ y+

y−

[
g∗ + g′∗

√
2ε

|ϕ′′
∗|
y +

g′′∗y
2

|ϕ′′
∗|
ε+O(ε3/2y3)

]
e−y

2

×

[
1 +

ϕ′′′
∗
3!

(
2

|ϕ′′
∗|

)3/2

ε1/2y3 +
ϕ′′′′
∗

3!|ϕ′′
∗|2
εy4 +

4(ϕ′′′
∗ )

2

(3!)2|ϕ′′
∗|3
εy6 +O(ε3/2y5)

]
dy.

(A.7)

Since |y±| ≫ 1, the integrand is exponentially small for |y| ≥ y±. We can therefore re-

place the limits of integration y± with ±∞ at the cost of introducing an exponentially

small error. The integral can then be evaluated explicitly using the identity∫ ∞

−∞
y2ne−y

2

dy =
√
π
(2n− 1)!!

2n
, (A.8)
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where n is a positive integer. After some algebra, we obtain a two-term asymptotic

expansion for I:

I =

√
2πε

|ϕ′′
∗|

[
g∗ +

ε

2|ϕ′′
∗|

(
g′′∗ +

g′∗ϕ
′′′
∗

|ϕ′′
∗|

+
g∗ϕ

′′′′
∗

4|ϕ′′
∗|

+
5!!g∗(ϕ

′′′
∗ )

2

(3!)2|ϕ′′
∗|2

)
+O(ε2)

]
. (A.9)

Eq. (A.9) is the first main result of this Appendix. We note that the leading order

term in (A.9) can be found in standard texts on asymptotic analysis (see e.g. [50],

Ch. 3).

Next, we derive a three-term asymptotic expansion for I in the case where ϕ(t) is

a quadratic. This result is needed for our weakly nonlinear analysis in Chapter 3. To

derive this result, we must retain terms in the Taylor series of g(t) in (A.3a) up to

quartic order. This leads to a version of (A.5) where the second exponential is equal

to one (because ϕ is exactly quadratic), so there is no need to further restrict δ. The

terms inside the first set of brackets now contain terms up to y4. Replacing the limits

with ±∞ and integrating term-by-term yields

I =

√
2πε

|ϕ′′
∗|

[
g∗ +

g′′∗
2|ϕ′′

∗|
ε+

g′′′′∗
8(ϕ′′

∗)
2
ε2 +O(ε3)

]
, (A.10)

which is the second main result of this Appendix.

A.2 Two-Variable Versions

Next, we consider a two-dimensional generalisation of (A.1) of the form

I =

∫
Ω

g(t) exp

(
ϕ(t)

ε

)
dt, (A.11)

where Ω ⊂ R2 and ϕ is a quadratic. This integral is needed in the analysis of the

two-component kinetics in Section 4.2. We assume that ϕ has a global maximum at

t = 0 and that ϕ(0) = 0 without loss of generality.

We begin by rewriting I as

I =

(∫
Ω/D

+

∫
D

)
g(t) exp

(
ϕ(t)

ε

)
dt, (A.12)

where

D := [−δ, δ]2 ⊂ Ω, (A.13)

and ε1/2 ≪ δ ≪ 1. This is possible as long as t = 0 is an O(1) distance from

the boundary, which is true for the cases considered in the main text. The dominant
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contribution to I is from the second term in (A.12). Since ϕ is quadratic and vanishes

at the origin, we write

ϕ(t) = (t1, t2)
TΦ(t1, t2), Φ :=

(
ϕ1 ϕ2

ϕ2 ϕ3

)
, (A.14)

where t = (t1, t2)
T . Next, we make the change of variables

t =
v−√
−λ−

x+
v+√
−λ+

y, (A.15)

where (λj,vj) are eigenpairs of Φ. The matrix Φ must be negative definite for a local

maximum at the origin (and for I to be finite), so both eigenvalues are negative. Note

that Φ is real symmetric so the eigenvectors v± can be chosen orthonormal. Thus

(A.12) becomes

I =
1√
detΦ

∫
D̃
g(x) exp

(
−|x|2

ε

)
dx, (A.16)

where x = (x, y)T and D̃ is the image of D under the transformation (A.15). For

convenience, we use the shorthand g(x) = g(t(x, y)). Next, we Taylor expand g up

to quadratic terms and replace D̃ with R2 at the cost of introducing an exponentially

small error. Then integrating (A.16) term-by-term, we obtain

I =
πε√
detΦ

(
g +

ε

4
∇2

xg +O(ε2)
) ∣∣∣∣

t=0

. (A.17a)

The Laplacian term is taken with respect to the transformed variables x and y, so

changing back to the original t variable, we have

∇2
xg =−

[
(v1−)

2

λ−
+

(v1+)
2

λ+

]
∂2

∂t1
2
− 2

(
v1−v2−
λ−

+
v1+v2+
λ+

)
∂2

∂t1∂t2

−
[
(v2−)

2

λ−
+

(v2+)
2

λ+

]
∂2

∂t2
2
, (A.17b)

where vj± are the components of v±. Eq. (A.17) is the third result of this Appendix.

Even though we have assumed that ϕ is globally quadratic in deriving (A.17), the

leading order term is valid even if ϕ is only locally quadratic. To see this, we Taylor

expand ϕ in (A.12) and make the change of variables

t = ε1/2

(
v−√
−λ−

x+
v+√
−λ+

y

)
. (A.18)

This yields

I =
ε√
detΦ

∫
D̃

[
g(0) +O(|xε1/2|)

]
exp

[
− |x|2 +O(|x|3ε3/2)

]
dxdy, (A.19)
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where now D̃ is the image of D under (A.18). From (A.13) and (A.18), the maximum

value of |x| on D̃ is of order O(δε−1/2), so we can Taylor expand the exponential

provided that δ ≪ ε1/3 (in addition to the original restriction ε1/2 ≪ δ). Retaining

only the leading order term gives

I =
ε√
detΦ

g(0)

∫
D̃

(
1 +O(ε|x|2)

)
e−|x|2 dxdy. (A.20)

Finally, replacing D̃ with R2, we obtain the fourth (and final) key result of this

appendix:

I =
πε√
detΦ

g(0) +O(ε2), (A.21)

where we note that the leading order term agrees with the case where ϕ is globally

quadratic (A.17).
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Appendix B

Analysis of the Phase Equation for
Two Internal Chemicals

In Section 4.2, we obtained a nonlinear PDE for the phase ϕ in our WKBJ approx-

imation. By performing a local expansion, we found that the quadratic coefficients

ϕ1, ϕ2, and ϕ3 satisfy a coupled system of quadratic equations. They read

2ϕ2
1 + 2ϕ2

2 − µ11ϕ1 − µ21ϕ2 = 0, (B.1a)

4ϕ2(ϕ1 + ϕ3)− µ12ϕ1 − (µ11 + µ22)ϕ2 − µ21ϕ3 = 0, (B.1b)

2ϕ2
2 + 2ϕ2

3 − µ12ϕ2 − µ22ϕ3 = 0, (B.1c)

where µij are constants that satisfy

TrJ < 0, detJ > 0, J :=

(
µ11 µ12

µ21 µ22

)
. (B.2)

The purpose of this Appendix is to argue that there is only one real-valued solution

of (B.1) with detΦ ̸= 0, where

Φ :=

(
ϕ1 ϕ2

ϕ2 ϕ3

)
. (B.3)

Bézout’s theorem implies that there are eight solutions of (B.1), some of which

may be complex. One non-trivial solution can be obtained by seeking a solution in

the form 2Trϕ = TrJ. This leads to the solution in Eq. (4.44) considered in the

main text. The other solutions are found by solving (B.1a) and (B.1c) for ϕ1 and ϕ3

in terms of ϕ2, which yields

ϕ1 =
µ11

4
± 1

2

√
µ2
11

4
− 4ϕ2

2 + µ21ϕ2, (B.4a)

ϕ3 =
µ22

4
± 1

2

√
µ2
22

4
− 4ϕ2

2 + µ12ϕ2. (B.4b)
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Figure B.1: Plots of the LHS of (B.5a) for two different parameter sets. The four
combinations of ± are shown as different linestyles. Real solutions are denoted by
stars, with the small red star corresponding to the solution in (4.44) of the main text.
The solutions denoted by black stars have | detΦ| < 10−16, which we take as evidence
that detΦ vanishes for the exact solutions. We use µ11 = −5, µ12 = 1, µ21 = −5, and
µ22 = −1.7 for left panel and µ11 = −5, µ12 = 1, µ21 = 1.5, and µ22 = −1.7 for the
right panel. Both parameter sets satisfy (B.2).

Substituting into (B.1b), we obtain

±
(
2ϕ2 −

µ12

2

)
a(ϕ2)±

(
2ϕ2 −

µ21

2

)
b(ϕ2)−

µ12µ11 + µ21µ22

4
= 0, (B.5a)

a(ϕ2) :=

√
µ2
11

4
− 4ϕ2

2 + 2µ21ϕ2, (B.5b)

b(ϕ2) :=

√
µ2
22

4
− 4ϕ2

2 + 2µ12ϕ2, (B.5c)

where any of the (four) combinations of ± signs can be taken. Thus (B.5) constitutes

four independent equations for ϕ2. We solve each numerically with a combination of

binary searches and Newton iteration. We note for real-valued solutions, the terms

inside the square roots in (B.4) must be positive. This restricts the range of ϕ2 to a

finite interval, so it is straightforward to exactly determine the number of real-valued

solutions for a given parameter set. This is illustrated in Figure B.1 showing a plot

of the LHS of (B.5a).

We solve (B.5) for a number of parameter sets satisfying (B.2). In some cases, we

find only the trivial solution and the solution with 2TrΦ = TrJ. For some parameter

sets, we find two additional solutions, but we observe numerically that they always

satisfy detΦ = 0 with a high degree of accuracy. We therefore argue that the only

real-valued solution having detΦ ̸= 0 is the one considered in the main text.
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Appendix C

Description of Numerical Methods

In this appendix we describe the general implementation of the numerical solution of

the governing equations for the structured and IMF models. For all calculations, we

use the open-source finite-element library oomph-lib for C++ [49]. The oomph-lib

package has built-in implementations for many standard PDEs. Our model equations

do not fit exactly into any of these implementations, so we develop custom codes

that still use the oomph-lib framework. This involves reformulating the governing

equations in weak form and explicitly discretising the problem. Broadly, we use a

Galerkin finite element method with quadratic Lagrange elements and a BDF2 time-

stepping scheme. We describe the details below.

To illustrate the process, we describe the method for the structured model with

one internal chemical and one spatial dimension. The governing equations in this

case are

∂n

∂t
= D(u)

∂2n

∂x2
+ ε

∂2n

∂u2
− ∂

∂u
[f(u, c)n] , x ∈ Ω, u ∈ R+, (C.1a)

∂c

∂t
= Dc

∂2c

∂x2
− βc−

∫ ∞

0

α(u)n du, x ∈ Ω, (C.1b)

where Ω := (0,L). The boundary conditions are

ε
∂n

∂u
− f(u, c)n→ 0, u→ 0,∞, (C.2a)

∂n

∂x
=
∂c

∂x
= 0, x = 0,L. (C.2b)

We discretise in time first, and space second (Rothe’s method). In the following

we use the notation ∆(·)/∆t to denote the discretised time derivative. The temporal

discretising is done using the (implicit) BDF2 method, so

∂n

∂t
≈ ∆nj

∆t
=

3

2∆t

(
nj −

4

3
nj−1 +

1

3
nj−2

)
, (C.3)
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where the subscript j denotes evaluation at t = tj. Since this scheme requires two

history values, we must provide an initial condition at t0 = 0 and a solution at the

first time-step t = t1. Here we simply choose a small value of t1 and provide the same

initial condition for the first two time levels, each polluted with different realisations

of small amplitude noise. All of our simulations in this thesis begin from a spatially

uniform state, so the noise is added to excite as many modes as possible.

In all simulations, we use an adaptive time-step with a specified level of accuracy.

For most of our simulations, we impose a relative error of no more than 10−5 per

time-step. Our rule of thumb in choosing the relative error is to make it small enough

that the numerically computed bifurcation points do not change significantly as the

time-step is decreased. We also ensure that the total mass in the solution remains

constant in time up to the precision with which the solution is recorded (recall that

(C.1a) conserves the integral of n over the composite domain Ω̄ := Ω× R+).

The temporal error estimate is computed with built-in oomph-lib functions. Ac-

cording to the documentation (see [1]), a predictor-corrector method is used in which

a lower-order explicit time-stepping scheme is used to calculate a prediction on each

node in the spatial mesh (see below for the spatial discretisation). Then the error is

estimated using the difference between this prediction and the actual value computed

using the implicit BDF2 scheme. The global error, defined as the RMS of the errors

at each node, is used to control the size of the time-step.

In order to derive a weak form of (C.1), we multiply (C.1a) by a test function

ψ and integrate over the composite domain Ω̄. We then use integration by parts to

rewrite the second derivatives, as well as the boundary conditions (C.2) to eliminate

the boundary terms. Inserting the BDF2 discretisation (C.3), we obtain the weak

form: find nj(x, u) ∈ H1(Ω̄) such that nj satisfies∫
Ω̄

ψ
∆nj
∆t

dξ + ε

∫
Ω̄

∂ψ

∂u

∂nj
∂u

dξ +

∫
Ω̄

D(u)
∂ψ

∂x

∂nj
∂x

dξ −
∫
Ω̄

∂ψ

∂u
f(u, cj)njdξ = 0, (C.4a)

for all test functions ψ ∈ H1(Ω̄) with compact support. Here H1(Ω̄) is the (Sobolev)

space of functions such that the function and its weak first derivatives have finite L2

norm on Ω̄. Similarly, for (C.1b) we have the weak formulation: find cj ∈ H1(Ω̄) such

that it satisfies∫
Ω̄

ψ
∆cj
∆t

dξ +Dc

∫
Ω̄

∂ψ

∂x

∂cj
∂x

dξ + β

∫
Ω̄

ψcjdξ −
∫
Ω̄

ψᾱjdξ = 0, (C.4b)

for all test functions ψ ∈ H1(Ω̄) with compact support. Here we define ᾱj as

ᾱj(x) :=

∫
R+

α(u)nj(x, u)du. (C.4c)

162



Figure C.1: Left: Mesh of rectangular elements on Ω̄. For nj, we use Mu elements in
the u direction and Mx in the x direction. For cj, we use only 1 element in u and Mx

in x. The red dashed line denotes an example integration path for computing ᾱj(xk)
in (C.6d); it passes through the (equally spaced) nodes at xk. Right: Individual rect-
angular element. We use Lagrange elements with piecewise quadratic basis functions
(9 nodes per element).

We have extended the domain of (C.1b) to include both u and x. Given our math-

ematical system, we are only interested in solutions where cj = cj(x) is independent

of u. As long as we ensure that the initial conditions c0 and c1 are independent of u,

the solution cj will remain independent of u for all j. We also verify a posteriori for

all calculations that this is the case.

Next, we discretise the weak form (C.4). Since Ω̄ is semi-infinite, we truncate

the domain in the u-coordinate at a sufficiently large value of u. The error in doing

so is very small since n decays rapidly at large u. To ease notation, we hereafter

use Ω̄ to denote the truncated domain. We discretise space by replacing the infinite

dimensional space H1(Ω̄) with a finite dimensional subspace. Since we seek solutions

for which cj is independent of u, it is efficient from a computational perspective to

use different finite dimensional solution spaces for nj and cj. This approach is called

a multi-domain method. Let us denote these finite dimensional subspaces as Vn and

Vc. Thus we now seek a solution nj ∈ Vn that satisfies (C.4a) for all test functions

ψ ∈ Vn, and a solution cj ∈ Vc satisfying (C.4b) for all test functions ψ ∈ Vc.

A multi-domain approach enables us to use different meshes for nj and cj. For

reasons that will become apparent below, we select meshes consisting of rectangular

Lagrange elements (see Figure C.1). For nj, we use a mesh with Mx ×Mu elements,

where Mx and Mu are the number of elements in the x and u directions. For cj, we

instead use Mx × 1 elements since cj must be independent of u. We fix Vn and Vc as
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spaces of continuous piecewise quadratics on the meshes. The solutions nj and cj can

be expressed as

nj(x, u) =
Kn∑
i=1

N j
i ψ

n
i (u, x), (C.5a)

cj(x, u) =
Kc∑
i=1

Cj
i ψ

c
i (u, x), (C.5b)

where ψni and ψci form a basis of Vn and Vc, respectively, which have dimension

Kn = (2Mu+1)(2Mx+1) and Kc = 2Mx+1 (each element has 3× 3 nodes, so both

meshes have 2Mx + 1 nodes in the x-direction). Each basis function is a piecewise

quadratic with compact support such that it is equal to unity at exactly one node in

the mesh, and zero at all others.

Lastly, we determine the coefficients N j
i and Cj

i in (C.5). When discretised as

described above, Eq. (C.4) must hold for all test functions ψ in the discretised spaces.

Thus we have

Rk(n
1
j , . . . , n

Kn
j , c1j , . . . , c

Kc
j ) = 0, k = 1, . . . , Nn +Nc, (C.6a)

where

Rk =

∫
Ω̄

ψnk
∆nj
∆t

+ ε
∂nj
∂u

∂ψnk
∂u

+D(u)
∂ψnk
∂x

∂nj
∂x

− ∂ψnk
∂u

f(u, cj)nj dξ, (C.6b)

for k = 1, . . . , Kn,

RKn+k =

∫
Ω̄

ψck
∆cj
∆t

+Dc
∂ψck
∂x

∂cj
∂x

+ βψckcj − ψckᾱj dξ, (C.6c)

for k = 1, . . . , Kc, and

RKn+Kc+k = ᾱj(xk)−
∫ U

0

α(u)nj(xk, u)du, (C.6d)

for k = 1, . . . , Kc, where [0,U ] is our truncation of R+. Inserting (C.5) into (C.6)

yields a system of Kn+2Kc nonlinear algebraic equations for the coefficients N j
i , C

j
i ,

and ᾱj(xk).

The reason we use rectangular meshes with quadratic basis functions is to simplify

the calculation of ᾱj in (C.6d). The integral in (C.6d) is along a line in (x, u)-space

that exactly passes through the nodes at constant x in the mesh for nj (see Figure

C.1). We evaluate the integral using Simpson’s composite rule where the evaluation

points coincide with nodes of the rectangular elements (where nj is simply equal to
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one of the coefficients N i
j). If we had chosen (say) triangular elements, then the

domain of integration in (C.6d) in general would not pass through any nodes, so an

additional interpolation step would be needed. We would also need to divide the

domain of integration into segments on which nj is smooth (nj is continuous but

non-smooth across element boundaries).

We solve the system (C.6) with Newton iteration using oomph-lib’s built-in rou-

tines. In order to do this, we must calculate the Jacobian of the residuals Rk with

respect to the unknown coefficients. Typically we compute the entries numerically.

When we perform calculations near a bifurcation, then an analytical Jacobian is used

as it gives better convergence rates in the Newton iteration. To speed up the calcu-

lation, we parallelise the implementation using OpenMPI. We typically use between

32 and 200 threads depending on the number of elements needed.

When computing bifurcation diagrams, it is much faster to solve the steady-state

problem directly. In addition to setting the time-derivatives to zero, one additional

modification is needed. This is because the steady-state problem itself is not fully

determined without a normalisation condition. Mathematically, this manifests as N j
i

in (C.5)–(C.6) being determined only up to a multiplicative constant. Thus (C.6) has

one redundant equation. To resolve this issue, we replace one of the equations (say

the k = 1 equation) with another equation that imposes the constraint

ρ∗|Ω| =
∫
Ω×R+

n(x, u) dxdu, (C.7)

where ρ∗ is given and |Ω| is the length (area in 2D) of Ω. To calculate roughly

evenly spaced points when computing bifurcation diagrams, we use pseudo arc-length

continuation with respect to the bifurcation parameter. The oomph-lib package

provides a routine to automate this calculation, so we only need to calculate the

residuals for the steady-state problem and specify the bifurcation parameter.
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Appendix D

Parameter Values

In this Appendix, we provide lists of parameter values for the numerical simulations

used throughout this thesis. Parameter values are listed here unless given in the

relevant figure caption.
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Symbol Description Value (QS re-
presses motil-
ity)

Value (QS
promotes
motility)

D∗ Effective diffusion coefficient in the
uniform state (bifurcation parame-
ter)

0.5 0.5

D′
∗ Motility response in the uniform

state
Variable
(−5,−0.19),
see Figure 3.2

Variable
(3, 16), see
Figure 3.6

D0 Effective diffusion coefficient at zero
internal concentration

– 0.1

D∞ Effective diffusion coefficient at large
internal concentrations

0.1 –

ε Strength of stochasticity in the gene-
regulatory network (GRN) reaction
kintetics

0.001–0.04 0.001

a Base production rate of internal
chemical in GRN kinetics

0.3 0.3

L Saturation production rate of posi-
tive feedback in GRN kinetics

10 15

K Threshold activation concentration
of positive feedback in GRN kinet-
ics

10 (subcriti-
cal), 5 (super-
critical)

15

λ Decay rate of transcription factor 2 1
Dc Diffusion coefficient of autoinducer

(AI)
0.4 0.4

β Decay rate of AI 4 5
α0 Secretion rate of AI 12.5 6.25
ρ∗ Global cell density 1 1

Table D.1: List of parameters and their values used in Chapter 3.
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Symbol Value
(Figs. 4.3
– 4.4)

Value
(Figs. 4.5
– 4.6)

Value
(Figs. 4.7
– 4.8)

Value
(Fig. 4.9)

Value
(Fig. 4.10)

D− 0.5 0.5 0.5 0.1 0.1
D+ 0.5 0.2 0.1 0.5 0.5
D′

− 0 variable variable 0.1 1
D′

+ 0 variable variable 6 −1
ε 0.0025–

0.01
0.02 0.02 5× 10−5 0.0025

a− 3.5 1 0.1 0.1 0.1
a+ 5 5 0.1 0.1 0.1
L− 1 2 10 10 10
L+ 5 3 20 20 20
K− 2 2 10 10 10
K+ 5 3 15 20 20
u0 5 5 8 7.5 7.5
γ 0.1 0.1 0.1 0.1 0.04
ρ− (t = 0) 8 8 5 5 5
ρ+ (t = 0) 2 2 5 5 5
Dc 0.4 0.1 0.1 0.1 0.1
β 5 5 2 2 2
α0 0.5 0.5 0.4 0.4 0.4

Table D.2: List of parameters and their values used for the general one-component
kinetics in Chapters 4 and 5.
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Symbol Value (Fig. 5.1) Value (Fig. 5.2) Value (Fig. 5.3) Value
(Fig. 5.4)

D∗ 0.5 0.5 0.5 0.5
D′

∗ bifurcation con-
dition (D0∗ in
Eq. (5.21))

variable −2 10

D∞ - 0.1 0.1 0.1
ε - 0.001 0.001 0.001
a 0.3 0.3 0.3 0.3
L 10 10 10 15
K 5 5 5 15
λ 2 2 2 1
Dc 0.4 0.4 0.4 0.4
β 4 4 4 5
α0 0.5 0.5 0.5 0.25
ρ∗ variable variable (20–30) 30 25

Table D.3: List of parameters and their values used in Chapter 5. Both IMF and
structured models use the same parameters, except ε which only appears in the
structured model.
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[7] S. Auschra, V. Holubec, N. A. Söker, F. Cichos, and K. Kroy. Polarization-

density patterns of active particles in motility gradients. Physical Review E,

103:062601, 2021.

[8] S. Axler. Linear Algebra Done Right. Springer, 2015.

[9] N. J. Bainton, B. W. Bycroft, S. R. Chhabra, P. Stead, L. Gledhill, P. J. Hill,

C. E. Rees, M. K. Winson, G. P. Salmond, G. S. Stewart, and P. Williams.

A general role for the lux autoinducer in bacterial cell signalling: control of

antibiotic biosynthesis in Erwinia. Gene, 116(1):87–91, 1992.

170
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