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Abstract

A high order Discontinuous Galerkin - Fourier incompressible 3D Navier-Stokes solver

with rotating sliding meshes for simulating cross-flow turbines

by Esteban Ferrer - Brasenose College, Oxford

A thesis submitted for the degree of Doctor of Philosophy

Trinity Term 2012

This thesis details the development, verification and validation of an unsteady unstruc-

tured high order (≥ 3) h/p Discontinuous Galerkin - Fourier solver for the incompressible

Navier-Stokes equations on static and rotating meshes in two and three dimensions. This

general purpose solver is used to provide insight into cross-flow (wind or tidal) turbine

physical phenomena.

Simulation of this type of turbine for renewable energy generation needs to account for

the rotational motion of the blades with respect to the fixed environment. This rotational

motion implies azimuthal changes in blade aero/hydro-dynamics that result in complex

flow phenomena such as stalled flows, vortex shedding and blade-vortex interactions.

Simulation of these flow features necessitates the use of a high order code exhibiting low

numerical errors. This thesis presents the development of such a high order solver, which

has been conceived and implemented from scratch by the author during his doctoral work.

To account for the relative mesh motion, the incompressible Navier-Stokes equations

are written in arbitrary Lagrangian-Eulerian form and a non-conformal Discontinuous

Galerkin (DG) formulation (i.e. Symmetric Interior Penalty Galerkin) is used for spatial

discretisation. The DG method, together with a novel sliding mesh technique, allows

direct linking of rotating and static meshes through the numerical fluxes. This technique

shows spectral accuracy and no degradation of temporal convergence rates if rotational

motion is applied to a region of the mesh. In addition, analytical mappings are introduced

to account for curved external boundaries representing circular shapes and NACA foils.

To simulate 3D flows, the 2D DG solver is parallelised and extended using Fourier

series. This extension allows for laminar and turbulent regimes to be simulated through

Direct Numerical Simulation and Large Eddy Simulation (LES) type approaches. Two

LES methodologies are proposed.

Various 2D and 3D cases are presented for laminar and turbulent regimes. Among

others, solutions for: Stokes flows, the Taylor vortex problem, flows around square and

circular cylinders, flows around static and rotating NACA foils and flows through rotating

cross-flow turbines, are presented.
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Chapter 1

Introduction

1.1 Motivation and scope

Problems where the forces on rotating or oscillating bodies in a fluid are to be pre-

dicted are common in engineering applications and result in fluid-structure interaction

situations. Examples are flows around isolated rotating bodies and foils, turbomachinery

applications, insect flight aerodynamics, unmanned air vehicles and, more recently, flows

through renewable energy devices, e.g. wind and tidal turbines.

These flows are characterised by long wake structures, vortex shedding and stalled

regimes associated with flow unsteadiness. To simulate accurately wakes and vortex struc-

tures and their evolution, high order (order ≥ 3) numerical methods (i.e. h/p conformal

Spectral and h/p non-conformal Discontinuous Galerkin methods) are preferred, since

dissipation and dispersion errors are reduced [101] when compared to low order methods

(typically ≤ 3). Furthermore, for smooth problems, the exponential decay of the error

with polynomial enrichment (p-refinement) in high order methods as opposed to the fixed

decay rate characteristic of low order methods (i.e. h-refinement only) make high or-

der methods particularly attractive to obtain accurate solutions for flows where viscosity

limits discontinuities (i.e. elliptic type equations) as in the incompressible Navier-Stokes

(NS) equations.
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A particularly challenging problem is presented by cross-flow wind and tidal turbines

for power generation (also known as vertical-axis, H-rotors or Darrieus turbines). These

types of turbine consist of foil shaped blades that generate lift forces so as to rotate a shaft

to which the blades are connected. Therefore azimuthal changes in blade aerodynamics

(or hydrodynamics)1 are common, resulting in complex flow phenomena such as stalled

flows, vortex shedding and blade-vortex interactions. Such flow features, together with

the requirement to preserve wake structures, necessitate the use of a high order code

exhibiting low numerical errors.

The aim of this thesis is to present the development, verification and validation of

a novel, highly accurate, numerical tool to simulate flows around rotating geometries.

Particularly, the technique described can be applied to simulate wind and tidal cross-flow

turbines and provide an understanding of their flow physics.

1.2 Thesis overview

This thesis presents the development of a general purpose high order 3D Discontinuous

Galerkin- Fourier (DG-Fourier) solver for the incompressible Navier-Stokes equations with

the following capabilities:

• Flow is described using primitive variables (velocity and pressure),

• A second order time discretisation,

• High order (≥ 3) spatial solutions are obtained on triangular and quadrilateral

elements,

• 2D high order curved boundary conditions,

• A sliding mesh capability that enables high order solutions of rotating geometries,

• 2D and 3D versions, the latter being an extension of the 2D-DG using Fourier series,

1Airfoil aerodynamics and hydrofoil hydrodynamics are equivalent nomenclatures for foils operating
in air or water environments. Since this thesis encompasses both wind and tidal turbine applications,
from this point onwards, “foils” will denote either “airfoils” or “hydrofoils”. In addition, the term
“aerodynamic” can always be replaced by “hydrodynamic” in this thesis.
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• Laminar and turbulent regimes can be simulated by means of Direct Numerical

Simulation (DNS) or Large Eddy Simulation (LES) techniques,

• Two LES type techniques to account for turbulent flows,

• Parallelised for distributed memory clusters using a Message Passing Interface (MPI)

paradigm.

Verification and validation cases with particular emphasis on bluff body flows, foil aerody-

namics and cross-flow turbine physics are included under static and rotating conditions.

The structure of this thesis follows the developments of the various features with

increasing complexity.

The present introductory chapter details preliminary work undertaken, in order to

select the most appropriate method to simulate cross-flow turbines. In particular the

main physical flow phenomena occurring in cross-flow turbines are introduced, followed

by a brief review on the available numerical methods to solve partial differential equations.

By comparing requirements and method capabilities, it was possible to select the most

appropriate numerical technique: the Discontinuous Galerkin method.

Chapter 2 presents the solver essentials; temporal and spatial discretisations are intro-

duced for straight edged triangular elements and non-moving meshes. Various verification

cases allow the exploration of convergence rates and stability bounds of the method. The

chapter finishes with the validation study of the flow around a square cylinder.

In chapter 3, curved edge elements and a novel sliding mesh technique are introduced

to account for rotating geometries. In addition, a novel implementation of the no-slip

boundary condition is included for curved edges; circular arcs and NACA 4-digit airfoils.

Verification and error estimates are given for problems with exact solutions. Additionally,

verification cases include a rotating square cylinders and static and rotating NACA foils.

Chapter 4 introduces the Fourier extension of the DG solver described in chapters 2

and 3. This extension allows the resolution of three dimensional flows when homogeneous

geometries are considered in the Fourier dimension. To alleviate the increased computa-
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tional cost associated with computing three dimensional solutions of the incompressible

Navier-Stokes equations, a parallelisation strategy based on the Message Passing Inter-

face (MPI) paradigm is described and implemented. In addition, 3D simulations of square

and circular cylinders are included for validation purposes. The chapter concludes with

the 3D simulation of the flow over a circular cylinder, which is shadowed by a pitching

NACA0012, to illustrate the capability for simulating 3D flows where static and rotating

geometries coexist in one single domain.

Chapter 5 describes two Large Eddy Simulation strategies (i.e. a Smagorinsky-DG

and an Implicit Large Eddy Simulation - DG / Spectral Vanishing Viscosity - Fourier:

ILES-DG SVV-Fourier) to account for turbulent flows at a reduced computational cost.

Validation cases and comparisons with other numerical solvers are included for a circular

cylinder at Re = 3900 and NACA foils at Re = 10000.

In chapter 6, the developed solver is used to simulate 2D and 3D cross-flow turbine

flows under laminar flow regimes and analysis of various physical phenomena are provided.

Namely, blade-wake interaction, flow blockage (i.e. ducted devices), Reynolds number and

tip speed ratio effects are explored.

Finally, in chapter 7, conclusions and future research lines are outlined.

1.3 Novelty

The Discontinuous Galerkin Finite Element Method (DG-FEM) can be seen as an exten-

sion of h/p Spectral methods where the continuity requirement across element boundaries

is relaxed or alternatively as a high order Finite Volume method with compact stencil.

Contrary to conformal finite elements or h/p Spectral methods, DG methods are locally

conservative by construction. As in spectral methods, high-order polynomials can be

used within each element enabling exponential convergence, whilst discontinuities in the

solution are permitted at element interfaces. It is this last property that allows for the

implementation of the sliding mesh technique developed by the author, which is described
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and detailed in chapter 3.

To the author’s knowledge, this solver is the first high order (order ≥ 3) DG solver

with sliding meshes for the solution of the incompressible Navier-Stokes equations which

does not require mortar type techniques [101]. The developed solver provides high order

solutions, no degradation of temporal convergence rates and spectral convergence when

solving the incompressible Navier-Stokes equations on meshes where fixed and rotating

elements coexist.

This general purpose unstructured solver has been extended using Fourier series to en-

compass three dimensional flow features. Laminar and turbulent regimes can be simulated

by means of Direct Numerical Simulation (DNS) or Large Eddy Simulation (LES) clo-

sure models. Two novel approaches to obtain numerical solutions at moderate Reynolds

numbers are proposed.

Overall and to the authors knowledge, this thesis presents the first three dimensional

high order DG-Fourier solver that is able to compute laminar and turbulent flows around

rotating geometries using sliding meshes, and in particular around cross-flow turbines.

1.4 List of publications

The following publications have been issued during the three years and seven months for

the completion of this thesis:

1.4.1 Journal publications

• E Ferrer and RHJ Willden, “A high order Discontinuous Galerkin - Fourier in-
compressible 3D Navier-Stokes solver with rotating sliding meshes”, Accepted for
publication in the Journal of Computational Physics, submitted July 2011.

• E Ferrer and RHJ Willden, “A high order Discontinuous Galerkin Finite Element
solver for the incompressible Navier-Stokes Equations”, Computers & Fluids, Vol
46 Issue 1, p224-230, 2010.
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1.4.2 Conference publications

• E Ferrer and RHJ Willden, “Development and validation of a high order numerical
solver for cross-flow turbine hydrodynamics”, In Proceedings 9th European Wave
and Tidal Energy Conference (EWTEC), September 2011, Southampton, UK.

• E Ferrer and RHJ Willden, “Development of a high order Discontinuous Galerkin
Finite Element Solver”, In Proceedings 5th European Conference on Computational
Fluid Dynamics (ECCOMAS), June 2010, Lisbon, Portugal.

• CA Consul, RHJ Willden, E Ferrer and MD McCulloch, “Influence of Solidity on
the Performance of a cross-flow turbine”, In Proceedings 8th European Wave and
Tidal Energy Conference (EWTEC), September 2009, Uppsala, Sweden.

1.5 Chapter outline

This chapter presents the motivation and driving forces for the numerical developments

detailed in this thesis. In particular sections 1.6 and 1.7, introduce the necessity for re-

newable energy and the potential of cross-flow turbines (CFT) for wind and tidal power

generation. Section 1.8 details and characterises CFT flows in terms of time, length

and velocity scales for the different phenomena encountered when simulating this type

of device. Section 1.9 addresses the necessity of accuracy when computing CFT flows.

Different techniques are reviewed in section 1.10, ranging from analytical models to full

Navier-Stokes calculations, that have historically been used to predict CFT performance.

This section is followed by a brief description of the different techniques to solve numeri-

cally Partial Differential Equations (PDE’s) in section 1.11. Comparing the requirements

to compute CFT flows to the capabilities of the numerical techniques, the Discontinuous

Galerkin method is identified as the most appropriate to simulate these type of flows in

section 1.12. The chapter finishes with an historical review of Discontinuous Galerkin

methods in section 1.13, and with a detailed overview of Interior Penalty formulations.

In addition, a brief summary of previous published work on the computation of turbulent

flows using DG methods is included.
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1.6 Renewable Energy

The effect of human industrialisation on climate change has been accepted as a reality

in the last decade. The International Energy Agency (IEA) concludes in The World En-

ergy Outlook 2008 [92] that the current energy consumption and production is “patently

unsustainable environmentally, economically, and socially”. Consequently, social concern

is driving major changes in local policies which aim to act on a global scale. The Kyoto

Protocol, agreed in December 1997, is the first global agreement to limit greenhouse gas

concentration in the atmosphere [140] and was ratified in January 2009 by 183 parties

[133]. The Kyoto agreement expires in 2012 and, although there has not been yet com-

mitment for a new protocol, recent negotiations (Copenhagen 2009 and Durban 2011)

seem to have brought hope that a new compromise can be reached.

To achieve the agreed objectives in Kyoto, different policies have been put in place by

different countries. The reduction of energy demand is one of the primary aims (e.g. house

insulation). However, it is also necessary to produce cleaner energy. Worldwide economic

inequalities and different levels of industrialisation and development are major factors

in determining the different approaches that local governments are taking, to fulfill the

requirements of the Kyoto protocol. However, most governments are relying on renewable

energies, to a greater or lesser extent, to progressively replace old and polluting sources

of energy such as petrol or coal.

The UK has committed to a 60% reduction in greenhouse gases by 2060 and to 15%

renewable energy production by 2020 [46]. This 2020 target can only be reached by the

expanded use and combination of different renewable technologies, since it is imperative

for the UK to maintain reliability of energy supply [46]. It is thus expected that both

wind and tidal turbines play an important role in the near future.
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1.7 Cross-flow turbines

One of the main objective of this thesis is to develop the most appropriate numerical

technique for the simulation of cross-flow turbine (CFT) flows. This section presents an

introduction of cross-flow turbines and their characterisation in terms of fluid and flow

regimes for wind and tidal applications. Cross-flow turbines are sometimes referred to as

vertical-axis, H-rotors or Darrieus type turbines, however the term cross-flow turbine is

preferred since the absolute turbine position is omitted and the relative flow-axis geometry

is emphasised through this terminology.

Fig. 1.1 introduces typical cross-flow turbines. A vertical axis wind turbine [188] is

shown in Fig. 1.1.a and the prototype of a cross-flow turbine for tidal application being

developed at the University of Oxford [119] is shown in Fig. 1.1.b. To date, this type

ba

Figure 1.1: Cross-flow turbines (a) wind turbine [188] and (b) tidal turbine with permis-
sion of Kepler Energy [183], [119].

of turbine configuration has had limited use within the wind energy sector, where the

three bladed axial flow turbine has been widely adopted. However, it is thought that

CFT configurations can be advantageous for new emergent markets as offshore wind and

tidal energy production and also for installation in urban environments. A brief review of

some of the arguments in favour and against this type of configuration follows. A more
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complete discussion can be found in [49].

On the one hand, the main drawback is that cross flow turbines are generally less efficient

than axial flow turbines since the downstream half of the turbine produces less torque due

to the shadowing from the upstream blades. Furthermore, since for part of the cycle the

blade moves parallel to the flow, the lift force powering the blades, being proportional to

the incident flow speed squared, is reduced.

On the other hand, this type of device has the advantage of not requiring a specific

orientation relative to the flow, since it can work independently of the stream direction

and hence some researchers argue that this technology is more suitable for the offshore

environment (offshore wind and tidal) as it would minimise maintenance costs through

reduced control systems (e.g. yaw mechanism) [65], [66]. Furthermore, due to its geo-

metrical simplicity, the generator can be located far from the rotating blades, reducing

installation complexity and maintenance cost.

Both technologies share geometrical similarities and flow properties as introduced in

the next section.

1.8 Physical characterisation of cross-flow turbine flows

Both wind and tidal CFT technologies operate at relatively low flow speed, when com-

pared to the speed of sound in their respective media, minimising the effects of fluid

compressibility. Typical CFT flows can be characterised using the incompressible Navier-

Stokes (NS) equations. This system of non-linear Partial Differential Equations (PDE’s)

can be written in its convective form as the set:

Continuity : ∇.u = 0, (1.8.1)

Momentum :
∂u

∂t
+ (u.∇)u = −1

̺
∇p+ ν∇2u, (1.8.2)
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where u = (u, v, w)T is the vector of the velocity components in three dimensions, p

represents the static pressure, ̺ is the density and ν = µ
̺
is the kinematic viscosity, with

µ the dynamic viscosity.

The previously defined NS equations can be written in non-dimensional form using

the following non-dimensional variables:

u∗ =
u

U
, p∗ =

p

̺U2
, t∗ = t

U

L
, ∇∗ = L∇, (1.8.3)

where, in addition to the defined variables, the following scalars are introduced : U as

the characteristic flow velocity (e.g. the freestream speed) and L as the characteristic

flow length. Substitution of the non-dimensional quantities into Eq. 1.8.2, leads to a

non-dimensional momentum equation:

∂u∗

∂t∗
+ (u∗.∇∗)u∗ = −∇∗p∗ +

1

Re
∇∗2u∗, (1.8.4)

where Re = LU/ν is the Reynolds number.

The Reynolds number represents the ratio of inertial forces to viscous forces. For

high Reynolds numbers, inertial forces dominate over viscous forces and the flow is called

convection dominated. However, some caution is needed in this particular case since, even

for high Reynolds numbers flows, viscous forces become important near walls due to the

presence of a boundary layer (large normal gradients of streamwise velocity). For high

Reynolds numbers, viscous damping is unable to suppress non-linear instabilities, leading

to a turbulent regime (see section 1.8.2.2).

The main purpose of this section is to estimate the Reynolds numbers to characterise

the flows for wind and tidal turbines. Table 1.1 shows characteristic fluid properties for

air (at 15 degrees Celsius) and sea water (at zero degrees Celsius and moderate salinity).

The table also includes typical flow speeds at wind and tidal sites. As can be seen, both

fluids are similar in terms of kinematic viscosity. To estimate the Reynolds numbers, let
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Units Air Sea Water
Fluid property
Density (̺) kg/m3 ∼ 1.225 ∼ 1027
Dynamic viscosity (µ) Pa.s ∼ 1.78× 10−5 ∼ 1.88× 10−3

Kinematic viscosity (ν) m2/s ∼ 1.45× 10−5 ∼ 1.83× 10−6

Flow property
Flow speed m/s ∼ 12 ∼ 1.5

Table 1.1: Air and sea water fluid and flow properties

us consider a small cross-flow turbine of radius R = 5 m (e.g. a wind turbine for urban

environment and a typical tidal turbine), then the Reynolds number ReD based on the

turbine diameter D results in ReD
air ≈ ReD

water ≈ 4 × 106, showing that from a flow

dynamic point of view both technologies operate in similar regimes.

Remark: When tidal turbine flows are considered, the Froude number Fr = U/
√
gL

may be of importance. However for mildly blocked configurations (i.e. low ratio of turbine

diameter to shallow water depth) this parameter can be shown to have a relatively low

importance [45], [119] and will not be considered in this thesis.

1.8.1 Disparity of flow scales and their simulation

This section describes the range of flow scales expected when simulating cross-flow turbine

flows in relation to the resolution accuracy required for its simulation. Fig. 1.3 presents a

schematic illustration of the three physical spatial scales expected on CFT flows. Namely,

the foil scaling includes near wall scales and boundary layers, the vortex scaling considers

vortex shedding and blade vortex interaction effects and finally the wake scaling includes

shadowing effects due to the turbine blockage and the wake structure related to the

rotating blades. In this section, estimates for the length, time and velocity scales for the

different phenomena, are introduced.
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Wake scale
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Vortex scale

R

Flow speed

c

ω

Figure 1.2: Flow scales in cross-flow turbine flows.

1.8.1.1 The foil scaling

In the presence of a non-slip condition at the wall surface, the flow is forced to slow down

to have zero velocity at the wall. This creates the so called boundary layer (defined by

Prandtl in 1904) that will develop on turbine blades. The logarithmic profile of tangential

velocities developed at the wall (if attached flow is considered) has to be properly modelled

in a numerical simulation, since it directly influences the aerodynamic forces on the blades.

Typically, the foil boundary layer has a laminar portion which will undergo transition to

turbulence some distance downstream (assuming a high enough Reynolds number); this

distance being influenced by, among other factors, the pressure gradient on the surface,

the wall surface roughness and the free stream turbulence outside the boundary layer.

Turbulent boundary layers are thicker and carry more momentum and thus separate later

than laminar boundary layers. Boundary layers are a vast topic of research and only the

principal characteristics have been outlined here. For a detailed explanation the reader is

referred to the monograph by Schlichting [151].
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It is possible to estimate CFT’s length scales for the boundary layer using the Blasius

approximation [151] for the flow over a flat plate with zero pressure gradient. First,

let us consider the rotational speed of the blades Urot = ωR and the tip speed ratio

λ = Urot/U , where U represents the free stream velocity. For simplicity, the velocity that

the foil experiences can be estimated as Ufoil =
√

U2
rot + U2 ≈ Urot = λU , which is a

valid assumption for λ >> 1 (i.e. ignoring the free stream velocity U , a more precise

definition and analysis is given in chapter 7). Then, Blasius’ approximation provides a

boundary layer of thickness: δ ≈ x/(
xUfoil

ν
)γ = x/(xλU

ν
)γ, where x is the the distance

from the leading edge and the exponent γ relates to the boundary layer regime: γ = 1/2

for a laminar regime and γ = 1/5 for a turbulent boundary layer. By setting x = c,

it is possible to obtain a characteristic length scale for the foil ℓfoil = c
(Refoil)

γ , where

Refoil =
cUfoil

ν
is the Reynolds number based on the foil chord. An estimate for the time

scale can be readily found: τfoil =
ℓfoil
Ufoil

= c
Uλ(Refoil)

γ . A summary of these scales is given

in Table 1.2.

Length scale Time scale Velocity scale Reynolds number

ℓfoil τfoil Ufoil Refoil
c

(Refoil)
γ

c
Uλ(Refoil)

γ λU cλU
ν

Table 1.2: Foil scales

1.8.1.2 The vortex scaling and blade-vortex interaction

For cross-flow turbines, a vortex created by the upstream half of the turbine may be con-

vected downstream, interacting with the rear half of the turbine. Hence, vortex shedding

and vortex impingement may play an important role in turbine performance. Numerical

accuracy can significantly influence this phenomenon since, vortices may diffuse and lose

their structure, changing the forces seen by the rear passing blade. In numerical simu-

lation, high order (e.g. low numerical dispersion and dissipation) codes are preferred to

capture accurately vortex evolution and blade vortex interaction phenomena.
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An estimate for the scales corresponding to the vortex convection and the blade-vortex

interaction phenomenon is provided. Firstly, let us assume a two dimensional vortex

with area A ≈ π
4
c2 (the circular area covered by the two dimensional vortex), where

c is the characteristic length (the foil chord and the diameter of the vortex) and with

characteristic turn over time τvortex ≈ 2π
ωz
, where ωz represents the vorticity magnitude.

By approximating the vorticity as a function of the foil circulation and thus of the lift

generated by the foil (Kutta-Joukowski theorem [4]), it is possible to write ωz ≈ Γ
A
, with

Γ = L
̺Ufoil

representing the circulation and L the foil lift force. Since L = 1
2
̺U2

foilcCL, with

CL the foil lift coefficient, the characteristic vortex time can be expressed as: τvortex ≈
π2c

(λUCL)
. Finally the characteristic velocity of the vortex can be estimated as Uvortex =

ℓvortex
τvortex

≈ λUCL

π2 .

To estimate the lengths and times of the blade-vortex (BV) interaction phenomenon,

let us assume a vortex of diameter c that convects through the turbine at a velocity

Uaxial = βU , where β < 1 represents the velocity deficit through the turbine2 and Uaxial

is the mean streamwise velocity component within the turbine. The time for a vortex

to convect from the front half to the rear half (i.e. to travel the distance D = 2R) can

be estimated as τBV = ℓBV

Uaxial
= D

βU
. Table 1.3 summarises these scales. A more detailed

study of this phenomenon can be found in chapter 6.

Length scale Time scale Velocity scale Reynolds number

ℓvortex τvortex Uvortex Revortex

c π2c
(λUCL)

λUCL

π2

cλUCL

π2ν

ℓBV τBV UBV ReBV

D D
βU

βU DβU
ν

Table 1.3: Vortex scales

2β < 1 for unblocked cases but may exceed 1 if blockage leads to accelerated flow through the turbine.
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1.8.1.3 The wake scaling

Cross-flow turbine wake development and dissipation are of major importance since the

performance of downstream turbines may be influenced by the structure and strength of

upstream generated structures. Furthermore, the wake development modifies the incom-

ing flow speed and angle of attack, varying the performance and efficiency of the turbine

and thus its correct prediction is important. Unconfined wakes have been studied for a

long time in the context of wind turbines. For example the paper by Vermeer et al. [171]

is an extensive review of experimental and numerical results for axial wind turbine wakes.

Although various empirical models exist to predict the extension of the wake behind an

operating wind turbine, and many numerical codes have been used to describe the wake

structure, the study concludes that more experimental data is needed and that wake char-

acteristics are still not well understood. However, it seems clear that the wake can be

subdivided into a near wake where coherent structures develop, and a far wake, where

mixing generates an almost uniform velocity deficit.

Let us estimate the length and time scales for the near wake assuming a wake of

diameter D = 2R, and a velocity in the wake region as Uwake = ββ ′U , where in addition

to the induction factor β introduced in the previous section, β ′ < 1 is defined as the

velocity deficit due to the rear half blade passage. The characteristic scales are detailed

in Table 1.4.

Length scale Time scale Velocity scale Reynolds number

ℓwake τwake Uwake Rewake

D D
ββ′U

ββ ′U Dββ′U
ν

Table 1.4: Wake scales

1.8.1.4 Scale comparison and numerical resolution

It is possible to compare the different length and time scales obtained for the different

phenomena (tables 1.2, 1.3 and 1.4) to estimate the zones that require more spatial and
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temporal resolution for a numerical simulation. The most stringent length and time scales

are clearly the foil scale since both decrease as the Reynolds number Refoil increases. The

vortex time scale is the smallest after the foil time scale but of the same order of magnitude

as the blade-vortex interaction scale.

When comparing the time scales for the blade-vortex interaction and the near wake

resolution, one can see that ℓwake ≈ ℓBV and τwake ≈ τBV

β′ , which implies that for β ′ < 1

the blade-vortex interaction phenomenon requires smaller temporal resolution than the

wake resolution.

In addition, one may examine the factors influencing the separation of scales using

the ratios of the smallest to largest scales. Let us define the ratio of length scales as

rℓ =
ℓfoil
ℓwake

. Substitution of the appropriate length scales (from tables 1.2 and 1.4) lead

to rℓ = c
D(Refoil)

γ . This expression can be further simplified by using the definition of

the turbine solidity σ/N = 2c/D, where N is the number of turbine blades (see chapter

6 for further details). The final expression for the ratio of length scales reads: rℓ =

σ
2N(Refoil)

γ . Examination of the last expression shows that the separation of these length

scales becomes larger (i.e. smaller ratio) if the number of blades (N) and the Reynolds

number (Refoil) increase or the solidity (σ) decreases.

Similarly, a ratio for the time scales can be derived leading to rτ =
τfoil
τwake

= σββ′

2Nλ(Refoil)
γ .

In this case, the time scale separation becomes larger if the number of blades (N), the

Reynolds number (Refoil) and the tip speed ratio (λ) increase, or the solidity (σ) and

induction factors (ββ ′) decrease. It may be noted, from the derived expressions, that the

time scale separation is more restrictive than the length scale separation since: rτ = ββ′

λ
rℓ

with ββ ′ < 1 and λ >> 1.

To conclude this section, a quantitative estimation of the various scales (tables 1.2, 1.3

and 1.4) is provided in table 1.5 for a typical CFT using the air and water environmental

conditions introduced in section 1.8. Namely, let us consider a cross-flow turbine of radius

R = 5 m consisting of airfoils of chord c = 1 m (i.e. solidity σ/N = 0.2). To evaluate the
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length, time and velocity scales, it is necessary to approximate the following parameters:

γ = 1/5 for a turbulent boundary layer, the tip speed ratio λ ≈ 3, the lift coefficient

CL ≈ 1 (e.g. maximum CL for a NACA0015 at Re = 1 × 106 [1]) and the induction

factors β ≈ β ′ ≈ 0.5. In addition, calculations are performed for two flow speeds U = 12

and 1.5 m/s corresponding to air and water environments respectively (i.e. wind and tidal

turbines). Note that the two media require different values for the kinematic viscosity:

ν = 1.45 × 10−5 and 1.83 × 10−6 m2/s for air and salted water, respectively. Inspection

of table 1.5 reveals that smaller time scales are present when considering wind turbines

over tidal turbines. However, it can be noted that the ratios of time scales (i.e. rτ ) are

similar for both types of turbines.

Length scale Time scale Velocity scale Reynolds number

ℓ [m] τ [s] U [m/s] Re

Wind turbine

Foil 0.053 0.001 36.000 2.5× 106

Vortex 1.000 0.274 3.648 2.5× 105

BV 10.000 1.667 6.000 4.1× 106

Wake 10.000 3.333 3.000 2.1× 106

Tidal turbine

Foil 0.053 0.012 4.500 2.5× 106

Vortex 1.000 2.193 0.456 2.5× 105

BV 10.000 13.333 0.750 4.1× 106

Wake 10.000 26.667 0.375 2.0× 106

Table 1.5: Evaluation of CFT scales.

The results from this simplified analysis confirm the intuitive reasoning on scale sepa-

ration. However, it appears useful as it outlines the wide range of length and time scales

that need to be accurately simulated to capture correctly the complex flow physics in-

volved in cross-flow turbine simulations. In addition, the analysis allows for quantification

of the relative importance of the various flow phenomena.
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1.8.2 Additional scales

1.8.2.1 Three dimensional scales

Truly two dimensional flows are rare in nature. Very low Reynolds number flows or flows

where geometric confinement limits three dimensionality (e.g. shallow water flows) are

examples of two dimensional flows. However, when no geometric confinement is considered

and the Reynolds number increases such as to trigger three dimensional modes (see chapter

4 for details), flows show generally a three dimensional character, even for laminar regimes.

The three dimensional mode character is influenced, among other factors, by the Reynolds

number and the geometry of the body. It is, however, difficult to predict a priori these

three dimensional flow patterns, which may influence the forces on the geometry and the

wake dynamics. It is, therefore, suggested that three dimensional computations should

be undertaken whenever possible. For even larger Reynolds numbers, the flow becomes

turbulent and three dimensional computations become essential.

1.8.2.2 Turbulence

When inertia forces become significantly greater than viscous forces (i.e. high Reynolds

numbers) viscosity is unable to suppress flow instabilities and turbulence develops. Turbu-

lence is difficult to define but certain characteristics can be established. Turbulent flows

are three dimensional, unsteady, have high vorticity, behave chaotically and are hence

unpredictable (although statistical properties may be comparable). Moreover, turbulent

flows are characterised by a broad spectrum where a wide range of length and time scales

coexist [53]. Richardson in 1922 and Kolmogorov in 1941, introduced the idea of energy

cascade in turbulent flows, where energy from larger structures (i.e. eddies) is handed

down to smaller structures, which are eventually dissipated by laminar viscosity. It is this

broad spectrum character and the energy cascade that renders turbulent flows very dif-

ficult to measure and simulate. However, the increase of computational power has made

the simulation of basic flows possible (at low Reynolds numbers) using Direct Numerical

18



Simulation (DNS) where all of the flow scales are simulated without the necessity of any

turbulence modelling. DNS of turbulence is computationally prohibitive for high Reynolds

numbers, since the number of degrees of freedom necessary to capture the flow complexity

scales as Re9/4 (based on the magnitude of the velocity fluctuation and the integral scale

in three dimensional flows [54]). Hence, when simulating high Reynolds number flows, it

is necessary to use a turbulence model that mimics the effects of the turbulent scales. This

thesis considers the Large Eddy Simulation (LES) approach. Within this technique, large

energy-containing vortices are resolved whilst small quasi-isotropic eddies are modelled,

reducing modelling requirements when compared to more traditional turbulent models as

in the Reynolds Averaged Navier-Stokes (RANS) approach (see [179] for a review). A

deeper explanation of turbulence and its modelling can be found in chapter 5.

1.8.2.3 Dynamic stall

The phenomenon of “dynamic stall” occurs when the foil sees a “rapid” variation in

the angle of attack. This leads to a hysteresis cycle in the lift and drag forces [112].

This dynamic phenomenon is apparent in both wind and tidal cross-flow turbines and

particularly for low to medium tip speed ratios (λ = ωR/U). Dynamic stall requires

accurate spatial and temporal flow predictions since the rapid variation of the (increased)

forces may cause structural damage and reduce fatigue life. Cross-flow turbines are likely

to encounter dynamic stall since the angle of attack is continuously changing during the

blade cycle [134].

1.9 Engineering accuracy vs high accuracy

Before introducing the different techniques to solve the NS equations in order to find the

most appropriate method to compute CFT flows, let us address the issue of accuracy.

It is often argued that high accuracy is not compulsory for most engineering applica-

tions since an error of 5 to 10% may be acceptable. To exemplify why high accuracy may
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be of interest, the example depicted in Fig. 1.3 is considered. The figure depicts an array

of two turbines where the second operates in the wake of the first.

Let us assume that the flow field around the first turbine is accurately resolved up

R

Flow speed

ω
R

ω

Separation length = L

Figure 1.3: Array of turbines schematic.

to an error of 5%: U = Uexact(1 ± 0.05). Assuming also a 5% error when calculating

Uaxial, the error in the induction factor Uaxial

U
= β (see section 1.8.1) can be bounded

as β ≈ βexact(1 ± 0.07). If the induction factor for the rear half β ′ = Uwake

Uaxial
has the

same errors associated than β (which is clearly a conservative estimate), one obtains

β ′ ≈ β ′exact(1 ± 0.07). The wake velocity can now be estimated following: Uwake = ββ ′U

and has bounds Uwake = βexactβ ′exactUexact(1±0.07)(1±0.07)(1±0.05) ≈ Uexact
wake (1±0.11).

This corresponds to a 11% error in the incoming velocity for the second turbine. The

examples shows how an initially “engineering acceptable” error of 5% may result in un-

acceptable levels after only one row of turbines. If a similar analysis is performed for the

second row, it can be shown that the error increases to 15% for the wake (assuming the

same errors in the induction factors).

Error bounds can also be estimated for blade forces and power output for the turbines.

Let us consider an error when calculating the lift force of 7%: L = Lexact(1± 0.07), which

relates quadratically to the 5% error in the velocity U . The power generated by the device

is Power = ωT , where T is the torque (i.e. the foil force in the tangential direction to

the circular path) and ω is assumed to be an error free rotational speed. For simplicity,
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let us state that T = f(L), where f is a linear function depending mainly on the angle of

attack. One can thus express the power as Power = ωf(Lexact(1 ± 0.07)). It is common

practice, in the turbine community, to calculate the non-dimensional coefficient of power

Cp = Power
1/2̺AU3 , where A = D = 2R represents the frontal area for a CFT, which results in

Cp = Cpexact (1±0.07)
(1±0.05)3

≈ Cpexact(1 ± 0.11). Once more a 5% error evolves into 11% error

in the variable of interest. As for the downstream turbine that sees, as its incoming flow,

the wake velocity of the first turbine, the error in the power coefficient increases to 25%

(i.e. Cp = Cpexact (1±0.15)
(1±0.11)3

).

These two simple examples illustrate why high accuracy may be of interest. Because

the physical phenomena and interactions (e.g. stalled flows, blade-vortex interaction) are

much more involved than presented by this simplified approach, unacceptable error levels

can be expected if low accuracy is used to compute complex physics related to cross-flow

turbines.

1.10 Predicting cross-flow turbine physics: state of

the art

Experimental tests (wind tunnel, flume, cavitation tanks or towing tanks) are expensive

and difficult to undertake. The necessity of building a realistic physical model and the

requirement of accurate instrumentation to obtain detailed data can render experimental

tests expensive. Furthermore, when carrying out experimental tests some issues need to

be considered that might lead to inaccuracies in the data; a few to consider are: similitude

effects (non-dimensional numbers (e.g. Reynolds, Froude) need to be conserved between

full and model scales), free stream turbulence, wind tunnel or flume blockage effects and

discrepancies between the idealised model and tested model (e.g. manufacturing toler-

ance levels or wall roughness). The alternative, analytical or numerical approaches, can

in general complement experimental data. In particular solving the NS equations may
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prove useful since information about primitive variables (i.e. velocity and pressure) and

derived variables (e.g. vorticity) can be accessed at any required spatial coordinate at

any time, providing in depth information about the flow behaviour. Numerical simula-

tions are becoming more cost effective than experiments due to the proliferation of cheap

computational resources. Furthermore, simulations can be performed for full scale cases

avoiding scaling errors.

A brief literature review on the available techniques for predicting CFT flows is given

herein. These include analytical models, Blade Element Momentum techniques, vortex

based methods and full NS calculations.

1.10.1 Analytical approaches

Analytical models are based on the pioneering work by Rankine [143] in 1865 and Froude

[58] 1889, who developed the Linear Momentum Actuator Disc Theory (LMADT) in the

context of ship propellers. Lanchester [110] in 1915 and Betz [18] in 1920 adopted the

same approach to model a horizontal axis wind turbine in uniform flow. This theory

reduces the turbine to an actuator disc (rigid plate with defined porosity) and is based

on inviscid flow and the control volume technique. This model has proven very useful to

predict upper limits on the extractable energy by axial flow turbines.

This method was extended by Newman [123] in 1983, to compute cross-flow turbines

by considering two parallel actuators where the first represent the effect of the front part

of the blade circumference and the second the rear half (as considered in the simplified

analysis presented in previous sections).

Within tidal turbine research, most efforts have been focussed on extending LMADT

models to account for blockage effects due to turbine confinement (between free surface

and sea ground). Recent advances in theoretical models have allowed for the estimation

of tidal turbine performance with mean free surfaces effects [178]. It was shown that the

tidal turbine performance increases significantly due to the free surface deformation. This
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analytical model has been recently extended to account for mixing in the far wake [83],

[45].

These models have proven to be very useful to acquire physical understanding on

the relative importance of the parameters at play and also to provide bounds on the

extractable energy by devices. However, these models remain simple, and cannot take

the entire complexity of cross-flow turbine flows into account. Furthermore, it has been

stated in [94], that they may become invalid for large tip speed ratios (λ = ωR/U) and

also for high rotor solidities (σ = Nc/R, with N the number of blades).

1.10.2 Blade Element Momentum approaches

In 1947, Glauert [61] extended the LMADT model in the propeller context (also applied

to axial flow turbines) by applying a series of stream tubes on an actuator disc discretised

along the radial direction. This method relies on pre-existing aerodynamic data, that

may be obtained from experiments or other numerical calculations, to account for the

local resistance to the flow. Glauert’s technique was extended to cross-flow turbines by

Templin [165] in 1974 (see Fig. 1.4.a) using a unique streamtube that encompasses the

cross-flow turbine, with the method achieving limited success for high flow velocities.

Multiple streamtube techniques (see example in Fig. 1.4.b) have been proposed (Wilson

and Lissaman [181] in 1974 or Strickland [159] in 1975). In this model the actuator disc is

separated into a series of adjacent streamtubes and thus allows for more accurate power

predictions.

Variations of the presented models and other analytical techniques have been devel-

oped and reviews can be found in [94] or [134], but all share the limitation of considering

a steady wake and relying on pre-existing foil data (typically lift, drag and moment coef-

ficients). They are widely used within the wind turbine community as they provide fast

and reliable calculations for problems where stall, dynamic effects, flow curvature or blade

vortex interactions can be ignored.
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a b

Figure 1.4: Streamtube models (a) single streamtube by Templin [165] and (b) multiple
streamtube by Wilson and Lissaman [181]. Figures taken from [94].

1.10.3 Lifting line and vortex models

To capture wake structures and their evolution, lifting line methods were developed.

Instead of using LMADT type approximations (based on Bernoulli’s principles), they

assume a continuous shedding of vortices from the blades. These methods also rely on

pre-existing lift and drag curves to model the blade aerodynamics, but allow for free

development of wake structures and their evolution. The Biot-Savart law can be used

to calculate the induced velocities by the shed vortices allowing for back-effects from the

wake development on the aerodynamic forces and induced angles of attack. These models

are potential flow models and thus viscous effects are generally disregarded in the wake.

They rely on pre-determined lift and drag curves and hence share most of the limitations

as Blade Element Momentum models (e.g. neglecting dynamic effects, flow curvature

and blade vortex interactions). A review of the historical developments of two and three

dimensional vortex models for cross-flow turbines can be found in [94].
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1.10.4 Full Navier-Stokes solvers

Two techniques are typically considered in the context of “full NS solvers”. The first

involves applying the lifting line modelling principle, which relies on pre-existing foil data,

to model blade forces, which are in turn embedded into a full NS solver. This approach is

similar to the vortex model technique, but allows viscous effects to be taken into account

when predicting the wake structure and its development. Models of this type includes

the work by Brahimi et al. [20] in 1995 and Antheaume et al. [5] in 2008. Although

increased accuracy is obtained with respect to vortex models, the underlying limitations

persist and are mainly related to the necessity of pre-existing foil data.

Full NS simulations have also been considered, but to the author’s knowledge only with

low order numerical techniques and mainly with finite volume (FV) commercial packages.

Table 1.6 summarises, in chronological order, some of these simulations, giving details of

the numerical techniques used, the geometries considered, and the flow conditions when

the information was available. It is possible to conclude from the table that, to date and

to the author’s knowledge, all CFT turbine simulations have been performed using low

order numerical techniques (mainly commercial Finite Volume codes) in two dimensions

and with RANS turbulence models.

This section can be summarised by noting that a recent study [95] compared four

different methods (none of them high order): a BEM model, a free vortex method code, a

boundary element/finite volume vortex model and a commercial FV NS solver, to predict

cross-flow turbine performance. This study showed disparity in the results for the various

methods which were mainly attributed to the treatment of blade stall by the different

techniques. It thus appears that analytical and numerical techniques are not mature

enough to provide consistent predictions for cross-flow turbines and more sophisticated

solvers are required.

25



Reference Num. Solver Use Blades Turbine Foil Reynolds tip speed Turbulence

(a) (b) diameter profile number(c) ratio model

McLaren et al. (2011) [120] FV CFX W 3 2.5 NACA 0015 3.6× 104 various SST − k − ω

Howell et al. (2010) [84] FV(d) FLUENT W 3 ? NACA 0022 3× 104 2 RNG− k − ε

Dai-Lam (2009) [39] FV CFX T 3 0.45,5 NACA 0018, 0025 ? various SST − k − ω

Gretton et al. (2009) (∗) [67] FV CFX T 3 2.5 NACA 0024 1× 106 2-3.6 SST − k − ω

Consul et al. (2009) (∗) [37] FV FLUENT T 2-3 2.5 NACA 0015 1× 106 1-7 SST − k − ω

Klaptocz et al. (2007) [109] FV FLUENT T 3 0.91 NACA 634021 0.3× 106 1.75-3.5 S-A (e)

Ferreira et al. (2007) [51] FV FLUENT W 1 0.4 NACA 0015 5× 104 2 (f)

Hwang et al. (2006) [90] FV STAR-CD W 4 2 (g) 0.45× 106 2 ?

Horiuchi et al. (2005) [82] FV STAR-CD W 3 2.5 TWT11251 0.24× 106 1.8-4.8 2D-DES

Vassberg et al. (2005) [170] (h) in-house W 1 ? NACA 0015 1× 106 5 B-L (i)

WARP0015-RC8

QinetiQ (2004) [141] FV FLUENT T 3 and 6 10 NACA 0012 2× 106 2 k − ε

Ishimatsu et al. (2002) [93] FV ? ? 3 1 NACA 0018, 0030 1× 106 ? laminar

Paraschivoiu (2002)[134] FE(j) in-house W 1 1.22 NACA 0015 6.7× 104 2.5 laminar, C-S, J-K (k)

Hansen-Sorensen (2001) [73] FV STAR-CD W 1 1.22 NACA 0015 6.7× 104 2.5 k − ε, non-linear k − ε

Table 1.6: Full NS simulations of cross-flow turbines for wind and tidal applications

(∗) More details and other conditions can be found in the first author PhD thesis Refs. [36] and [64].
(a) Numerical technique for spatial discretisation (see section 1.11 for descriptions).
(b) Cross-flow turbine application: Wind (W) or Tidal (T).
(c) This is the Reynolds number based of the foil chord Re=Uairc

ν
.

(d) FV: Low order Finite Volume method.
(e) S-A: Spallart and Allmaras.
(f) S-A, k − ε, 2D-Detached Eddy Simulation (DES), 2D-Large Eddy Simulation (LES).
(g) NACA 0018, 2418, 4418, 6418, 633018, 633218, 633418, 633618.
(h) Time spectral method combined with a FV formulation for spatial discretisation.
(i) B-L: Baldwin-Lomax.
(j) FE: Low order Finite Element method.
(k) C-S: Cebeci-Smith and J-K: Johnson-King.
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1.11 Numerical techniques for the solution of PDE’s

Computational Fluid Dynamics (CFD) methods have more than half a century of history.

The first reported numerical results for the flow past a circular cylinder were performed in

1933 by Thom [166] and repeated by Kawaguti [102] in 1953 using a mechanical desktop

calculator. Since then, major developments in numerical methods and computer science

have allowed the field to grow to reach its current maturity. There has been an impressive

development of numerical techniques for the solution of partial differential equations in

the last thirty years mainly because of the increase of computer capabilities to handle

big matrices efficiently and solve large systems of equations. Furthermore, the continuous

increase in computational power [184] and the prospect of further increase, following

Moore’s law and through new hardware developments, such as multiprocessor chips or

Graphical Processor Units (GPUs), is allowing more complex flow physics to be simulated,

rendering CFD a promising tool for fluid flow studies.

The Navier-Stokes equations define the dynamic behaviour of fluids and are a system

of partial differential equations that, generally and in the absence of simplifications, can

only be solved using numerical techniques. To solve these equations, a mesh is used to

discretise the flow field, enabling the numerical method to approximate the flow variables

and their derivatives to a system of algebraic equations. Various numerical methods exist

to solve systems of partial differential equations and the some of the most popular are

reviewed here.

Generally these methods adopt the method of lines approach, which decouples the time

integration and spatial discretisation (although other alternatives have been considered:

see for example [108] for a space-time DG formulation for the compressible NS equations).

Temporal discretisation is often performed using the finite difference technique whilst

various approaches exist for the spatial approximation. In the following, the characteristics

of the various spatial discretisations are described.
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1.11.1 Low order and high order methods

Let us distinguish between traditional low order (k ≤ 3), where k is the formal order of

the scheme) methods: Finite Differences, Finite Volumes and Finite Elements, and high

order (k ≥ 3) techniques: spectral methods (e.g. purely spectral using Fourier series or

h/p Spectral) and Discontinuous Galerkin (DG).

On the one hand, low order methods can only rely on mesh refinement (i.e. h-refinement)

to obtain more accurate solutions. This strategy involves increasing the number of mesh

elements for a fixed polynomial order k 3. On the other hand, high order methods allow for

mesh and polynomial refinement (i.e. p-refinement) strategies. This last path to obtain

better accuracy considers a mesh with a fixed number of elements where the polynomial

order within each element is increased, leading to a better approximation of the exact

solution for smooth problems.

To illustrate the advantage of high order methods over low order methods, Fig. 1.5

introduces the reduction of the error (relative error in the L2 norm) against the total

number of Degrees of Freedom (DOF, see chapter 2 for definitions) for a two dimensional

Poisson equation (i.e. −△u = 2π2cos(πx)cos(πy), see chapter 2 section 2.5.1 and ap-

pendix C for details) using the Discontinuous Galerkin solver developed by the author.

The figure shows the errors for four meshes with 32, 50, 98 and 128 triangular elements

and polynomial orders k ranging from 2 to 7 (shown in boxes). It can be seen that for

an equal number of DOF, the p-refinement strategy on a coarse mesh leads to a more

accurate solution than the h-refinement strategy. Alternatively, it can also be seen that

to achieve a fixed level of accuracy, fewer number of DOF are required when a high order

polynomial in a coarse mesh is set than when h-refinement is performed using a fixed

polynomial order.

To illustrate this further, Fig. 1.6 shows solution snapshots of the 2D laminar vortex

shedding (chord Reynolds number Re=800) aft a NACA0012 using the developed DG

3Note that throughout this thesis the order of the polynomial is denoted k but the action of enriching
the polynomial space is called p-refinement
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Figure 1.5: h-refinement vs p-refinement for a Poisson problem using the developed DG
solver.

solver and the low order finite volume code Fluent [56]. The DG solution has been

obtained using a mesh constituted of 798 tri-quad elements and polynomial order k = 5

leading to a total number of degrees of freedom of 17448. The finite volume solution

required second order discretisation in space and time and a mesh constituted of 29516

DOF (1.7 times more DOF than the DG solution). It is noticeable the low numerical

diffusivity on the shed vortices (vortex structures are preserved) for the high order DG

code, when compared to the low order solution. It is this feature of high order h/p spectral

and DG methods that has led to their increased popularity in the flow community.

As it has been introduced in previous sections, a numerical method to simulate CFT

flows should be able to cope with the relative motion of an inner rotating mesh with respect

to an outer static mesh zone. The sliding mesh technique couples two mesh regions and

allows for relative mesh motion. This relative motion creates “hanging nodes” at the

interface between static and rotating elements as shown in Fig. 1.7. In Fig. 1.7.a.1

and 1.7.a.2 no special treatment is considered at the sliding interface, showing overlaps
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Figure 1.6: Snapshots of z-vorticity for the vortex shedding aft a NACA0012 at Re=800:
(a) Finite volume code (b) DG solver.

between elements which renders the approach not acceptable, and remeshing should be

considered. This problem can be overcome by considering curved edges as shown in Fig.

1.7.b.1 and 1.7.b.2, where the interface between static and rotating meshes is matched.

This latter option is the essential idea for the development of the sliding mesh technique

detailed in chapter 3.

The first feature, the ability to perform h and p refinement, is highly desirable feature

of any numerical method where high accuracy is required. The second, the sliding mesh

capability, is essential to simulate cross-flow turbine flows and other turbomachinery-

like applications involving rotational motion. Both features should be considered when

selecting a numerical technique to simulate complex flows with rotating geometries.
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b.2

a.1 a.2

b.1

Figure 1.7: Hanging nodes and curved edges. Sliding mesh interface defined through: (a)
straight edges and (b) circular curved edges.

1.11.2 Low order techniques

In this section Finite Differences (FD), Finite Volumes (FV) and Finite Elements (FE) are

briefly introduced and the key advantages and disadvantages with regards to simulating

CFT are outlined. It is interesting to note that the distinction between techniques is often

historical and that it is possible, in some cases, to express one technique using another

one. For example, the FV method can be shown to be a simplified version of the FE

method [91].

The following references have been used: for the Finite Difference method [80], [81],

[137]; for the Finite Volume method [54], [172], [137]; for the Continuous Finite Element

method [190], [191], [192], [137].
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1.11.2.1 Finite Differences (FD)

This method was first introduced by Euler in the 18th century for the solution of partial

differential equations and requires the differential form of the NS equations. The space is

discretised by a set of grid points at which the variable values are unknown. Taylor series

expansions are used to approximate the derivatives of the unknowns using neighbouring

grid points. This method has been widely used and validated and is very efficient for

simple geometries. Moreover, its implementation is the simplest of all, but has limitations.

The method can be extended to high order by increasing the number of grid points (i.e.

stencil size) used to compute the required variables. However, this increase renders the

imposition of boundary conditions difficult for arbitrary geometries and is thus generally

applied to relatively simple grids (e.g. regular structured grids) and simple geometries.

1.11.2.2 Finite Volumes (FV)

The FV method uses the integral form of the NS equations and Green’s theorem to re-

formulate the convective and diffusive terms from volume to surface integrals (i.e. flux

contributions). In this case, the spatial discretisation does not consist of grid points,

but of small volumes (areas in 2D) and the integral form of the equation can be directly

calculated in the discretised physical space without further transformation. The method

ensures conservation of mass and momentum locally and should not provide unphysical

results (e.g. negative densities for compressible flows), which is regarded as an important

advantage by its developers and users. This feature cannot be ensured by either FD or

continuous FE methods (as explained in the next section). This method is widely used

by the fluid dynamics community, probably due to its simplicity and intuitive implemen-

tation. The flow variables are normally approximated in a piecewise constant, volume

by volume, fashion and the surface integrals (or fluxes) are calculated using values from

neighbouring cells. In order to render the method high order, a larger stencil of cells

needs to be considered, which becomes difficult for complex geometries. Generally, this
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method is limited (in commercial and academic packages) to a formal order of conver-

gence of k ≤ 3 and mesh refinement (h-refinement either globally or locally) is the choice

to achieve more accurate solutions. Due to its construction based on element to element

formulation, this method can incorporate meshes with hanging nodes and sliding mesh

interfaces to account for relative motion of mesh zones. Boundary conditions are easy to

handle for the low order version of the method since they can be imposed through the

fluxes. However, for high order spatial approximations a larger stencil is required and the

implementation of boundary conditions becomes more difficult.

1.11.2.3 Finite Elements (FE)

Historically, the Finite Element method was developed for applications in structural and

solid mechanics and it was not until the 1970’s that the method was extended to fluid

dynamics [81]. As in the FV method, the FE method uses a mesh constituted of 3D vol-

umes (or 2D areas in two dimensions). After multiplying the PDE set by a test function,

the equations are integrated by parts (which relaxes the smoothness required) leading

to the so called weak formulation. Formally, the residual of the equation (difference be-

tween the exact solution and the approximated solution) is required to be orthogonal

to all test functions in the polynomial space spanned by the test function, hence min-

imising the residual. The solution approximation is constructed using basis functions

(or ansatz functions), which are typically piecewise linear functions. Both test and basis

functions are required to be continuous across elements and this is the reason for these

type of methods to be named conformal discretisations. The choice of the test and basis

functions defines various submethods. The most common, in both structural and fluid

dynamics, is the Galerkin method where the test functions are chosen to be the same

as the basis functions. An alternative formulation for convection dominated problems is

called Streamline Upwind Petrov-Galerkin (SUPG). If standard linear shape functions are

used to describe basis and test functions (i.e. Galerkin method), it can be shown that
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the resulting scheme gives oscillatory results for convection dominated flows (as in FD or

FV if central differences are used without upwinding). To avoid this problem, the SUPG

method, that uses different basis and test functions, was developed. In this method, the

test functions are upwinded in the streamwise direction. Since upwinding is performed

only in the streamwise direction, a discontinuity is introduced in the normal flow direction.

Since discontinuities are not allowed in continuous Galerkin methods, some oscillations

may develop. To damp these oscillations a smoothing diffusion term may be added in

the direction normal to the streamline [191], which complicates the implementation of the

method for general complex meshes.

Boundary conditions are generally implemented “strongly” by setting the appropriate

functions to fulfil the boundary condition. Due to its global setting, only global conserva-

tion is ensured (and not locally at an element level), which has led to criticism. However,

the robust mathematical theory behind this method (e.g. a-priori and a-posteriori error

estimates) has established a robust framework which does not exist in other low order

techniques. Instead of using piecewise linear polynomials, higher order polynomials can

be used. These family of methods are often referred to as h/p Spectral methods (see

following section).

1.11.3 High order techniques

Two high order methods are introduced in this section. The following references have

been used to summarise the essential of the method’s capabilities and their limitations:

for the h/p Spectral method [101] and for the Discontinuous Galerkin Finite Element

methods [113], [77], [101], [137].

1.11.3.1 h/p Spectral

Numerical implementation in computational fluid dynamics of purely spectral methods

(no mesh is required) were first developed by Gottlieb and Orzag in the 1970’s [63]. In
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most classical spectral methods, Fourier expansions are used to approximate the solution

and Fast Fourier Transformation (FFT) to transform from the computational space (or

Fourier modal space) to the physical space, which renders the method very efficient (see

chapter 4 for details). However, spectral methods with Fourier series are limited to peri-

odic boundary conditions and hence expansions based on polynomials (e.g. Chebyshev,

Jacobi polynomials) have been used to handle more general boundary conditions.

In the h/p Spectral method, a mesh constructed of volumes or areas is required as in FV

and FE methods. This method, introduced to fluid flows in 1984 by Patera [136] (see

also the monograph of Szabó and Babus̆ka [161] for the introduction of the method in

the context of structural mechanics), is a modification of the classical FE method where

the basis functions (typically piecewise linear in FE) are replaced by polynomials of arbi-

trary degree that maintain continuity across elements. The capability to use high order

polynomials allows for high order spatial calculations on a coarse meshes (p-refinement).

The overwhelming advantage of spectral type methods over low order methods is that

exponential or spectral convergence can be achieved. This means that, when the number

of degrees of freedom is doubled, the error in the solution decreases by at least a fac-

tor of two and not with a fixed factor as in low-order methods (as shown previously in

Fig. 1.5). High order methods provide fast convergence and low diffusion and disper-

sion errors (see [101] and references herein) and are very suitable for applications where

numerical errors have to be minimised. h/p Spectral methods are suitable for problems

where high accuracy is required, but their flexibility is limited by the requirement of

continuity between elements. If different polynomial orders are used in neighbouring el-

ements, continuity is no longer easily ensured and functional incompatibility arises. On

the other hand if hanging nodes (nodes that are not shared by two edges of neighbouring

elements) are used, a geometric incompatibility is created. Various methods have been

developed to handle these incompatibilities in continuous h/p Spectral methods: iterative

patching, constrained approximation or mortar patching are the most popular [101], but
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these methods increase the computational cost and do not always maintain the accuracy

of the scheme. A natural alternative is to relax the continuity condition across elements,

which leads to the Discontinuous Galerkin approach.

1.11.3.2 Discontinuous Galerkin (DG)

This method can be defined as an extension of h/p Spectral methods, where the continu-

ity requirement across element boundaries is relaxed or as a high order FV method with

compact stencil. As in spectral methods, high-order polynomials can be used within each

element allowing for exponential convergence. However, in DG methods, continuity is not

required and therefore different polynomial orders can be easily used in different elements.

Moreover, if hanging nodes are present in the mesh, as required when the sliding mesh

technique is used to model CFT turbines, the DG method provides a natural advantage

as the discontinuities can be naturally handled. Another advantage of DG methods, over

continuous techniques (e.g. conformal discretisations using FE or h/p Spectral), is that,

as for the FV method, the conservation of flow properties (i.e. mass and momentum) are

explicitly ensured in an element fashion by the numerical fluxes. This property is directly

inherited by the local element nature of the method.

The DG method offers high flexibility, since unstructured meshes, formed of triangular

and/or quadrilateral elements, can be used without compromising the order of the scheme.

Furthermore, boundary conditions can be easily implemented and do not require special

treatment to maintain high order convergence as is required by FD and FV methods. As

in spectral methods, highly accurate solutions can be obtained by performing h/p refine-

ment. The main drawback of the method is that it requires more degrees of freedom than

its continuous counterpart. The additional degrees of freedom arise from the disconti-

nuities between elements since different edge functions coexist in neighbouring elements.

The resulting equation system is consequently larger than when considering continuous

elements and requires more computational effort than classical continuous methods. This
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statement is true if low order polynomials are used. However, the relative cost of the

additional boundary degrees of freedoms to the internal degrees of freedom, decreases

rapidly for high polynomials. To exemplify this, let us consider a two dimensional prob-

lem and a mesh with N el triangular elements with polynomial spaces k. On the one hand,

if a conformal h/p Spectral discretisation is considered, the number of global number of

degrees of freedom (DOF) required is DOFSpectral ≈ Nel

2
k2 (see [173]). On the other

hand, a non-conformal DG discretisation leads to a global number of degrees of freedom

of DOFDG ≈ Nel

2
(k + 1)(k + 2) = Nel

2
k2(1 + 3

k
+ 2

k2
) (see chapter 2 for details). From this

last expression, it can be seen that for high polynomial orders k, the number of degrees of

freedom for the DG discretisation tends to DOFDG ≈ Nel

2
k2. This simple analysis shows

that for high polynomial orders DOFDG ≈ DOFSpectral and the additional cost of DG

methods is far from overwhelming.

Furthermore, to some extent this additional cost may be alleviated through parallelisa-

tion (i.e. distribution of the problem over various computational nodes) since most DG

methods, and in particular the Interior Penalty formulation used throughout this thesis,

have compact stencils [156].

Recently, researchers have focussed on minimising the additional cost associated with DG

methods by reducing the degrees of freedom arising from the DG discretisation, which is

giving rise to new methods (e.g. Hybridizable methods [124]).

A more detailed description of the particularities of the incompressible NS equations

and the use of the DG method for elliptic problems is introduced in section 1.13.

1.12 Cross-flow turbine physics and numerical meth-

ods

One of the aims of this project is to create an accurate CFD tool to simulate the major

physical phenomena present in cross-flow turbine flows. From the previous discussion, it
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is possible to determine the numerical requirements of each of the physical phenomena

outlined. These are summarised in table 1.7, where the flow physics are matched to the

numerical requirements. Bearing in mind the physical phenomena, the main strengths

Physical phenomenon Numerical requirement

Geometry 2D or 3D

Complex geometry Unstructured mesh

Incompressible flows Incompressible solver

Moving geometries Allow mesh discontinuities

and sliding meshes

Boundary layer resolution High order method

and high order boundary conditions

Blade vortex interaction High order method

and low numerical dissipation

Turbine wake High order method

and conservation of wake shape structure and low numerical dissipation

High Reynolds number Turbulence modelling

Flow complexity and calculation speed Parallelisation

Table 1.7: Numerical requirements for cross-flow turbine flows

and weaknesses of each method are summarised in table 1.8. The table shows three levels

(difficult, fair and good) describing the difficulty in implementing the required capability.

When the word difficult is used it does not mean that the capability is not feasible in

the method, but that it requires additional effort since the method does not allow for

a natural implementation of the technique (e.g. handling discontinuities if continuous

Finite Element or h/p Spectral methods are used). At the other extreme, good means

that the implementation is direct.

Inspection of tables 1.7 and 1.8, reveal the DG method as the most appropriate for

the computation of cross-flow turbine physics, since this technique matches all of the

requirements imposed by the flow physics. In particular, the flexibility of the scheme to

perform h/p refinement should prove to be an advantage when simulating CFT turbine

flows that have very different characteristic sizes throughout the domain (e.g. foil versus

wake scales). In addition, the capability to handle meshes with discontinuities (e.g. with
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FD FV FE h/p Spectral DG

Numerical requirement

2D good good good good good

3D good good good good good

Unstructured mesh difficult good good good good

Incompressible solver good good good good fair(a)

High order (low dissipation) good difficult difficult good good

Discontinuities between good good difficult difficult good

elements and hanging nodes

Parallelisation good good good fair fair(b)

Local conservation good good difficult difficult good

h-refinement good good good good good

p-refinement difficult difficult difficult good good

Turbulence modelling good good good fair(a) fair(a)

Efficiency requirements

CPU/memory requirement good good good difficult difficult

Compactness of the scheme difficult difficult fair good good

when high order (stencil size)

Programming complexity good good good fair fair

Table 1.8: Comparison of numerical techniques

(a) This relates to the method being relatively new and hence less literature is available.
(b) It is often argued that DG methods are easy to parallelise due to the local (element
based) nature of the method. This is generally true for compressible solvers (i.e. hy-
perbolic type equations) where the flux contributions are treated explicitly. However, in
incompressible formulations (i.e. elliptic type equations) parallelisation is not trivial due
to the coupling enforced by the implicit treatment of the numerical fluxes.

hanging nodes) is a desirable characteristic to simulate rotating blades. A drawback

of this method is that it is relatively new and thus less literature exist. Furthermore,

many submethods exist and are still under development, which renders the selection and

implementation of the method complicated.
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1.13 High order Discontinuous Galerkin methods: state

of the art

Discontinuous Galerkin methods were developed by the pioneering work of Reed and Hill

[144] in 1973 in the framework of hyperbolic partial differential equations for the neutron

transport equation, but it was only in the late 1990’s that the method was generalised

to elliptic and convection-diffusion problems: Bassi and Rebay in 1997 [15], Baumann in

1997 [16] or Cockburn and Shu in 1998 [32]. Since, DG methods have proven useful in

solving the compressible (e.g. [15], [111] or [125]) and the incompressible NS equations:

[13], [146], [30], [156], [122], [124], including the author’s [52].

Various DG type submethods for elliptic type problems exist (see [9], [60], [146] for

reviews), which differ in their treatment of the numerical fluxes used to communicate the

information through discontinuous element interfaces. A general framework for derivation

and analysis of DG methods for elliptic equations (e.g. Interior Penalty, Local Discontin-

uous Galerkin, Bassi-Rebay) was derived by Arnold et al. [9] where it was shown that all

known methods can be compared through the so called primal formulation. In this work,

only the Interior Penalty (IP) method is considered. This technique is a subfamily of the

DG method that uses a penalisation technique to enforce a certain degree of smoothness

in the numerical solution. A detailed derivation of the Interior Penalty method following

this approach can be found in appendix B and the following references [9], [22] and [74].

Conceptually, IP methods were first introduced in the late 1960s and 1970s as a mech-

anism to impose weakly Dirichlet boundary conditions under conformal discretisations

([114], [127] or [11]). In 1978, Wheeler [176] generalised the concept for inter-element

continuity for second order elliptic problems. The analysis of the method was later pro-

vided by Arnold in 1979 [7]. During the 1980s and 1990s, and mainly due to the compu-

tational cost associated with DG methods for solving elliptic problems, interest declined

and focussed on using DG for hyperbolic type problems (see [31] for a review). During
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this time computational power has risen spectacularly and in 1997, Baumann [16] reacti-

vated interest in using IP methods to solve elliptic and parabolic problems. At the same

time, other DG methods for elliptic type problems were developed (e.g. the Bassi-Rebay

method in 1997 [15] or the local discontinuous Galerkin method of Cockburn and Shu in

1998) showing the potential of these new techniques. Subsequently DG methods and IP

variants have become a rich area of research.

The DG method is particularly new when applied to general high Reynolds number

turbulent flows related to airfoil aerodynamics and a brief overview is given here. Bassi

et al. [15] presented in 2005, the first results applying a RANS modelling approach in

conjunction with the DG method for the compressible NS equations. The k−ω model was

modified to ensure stability in which log(ω) instead of ω is used as the unknown variable.

In the 2007 AIAA conference, various papers (see [125], [132]) presented DG formulations

in conjunction with RANS modelling to compute airfoil aerodynamics. In particular some

modifications of the Spalart-Allmaras turbulence model under the DG framework were

presented in [125]. Landmann et al. [111] developed, in 2008, a compressible parallel DG

code using two turbulence models (Bassi modification of the k − ω model and standard

Spallart-Allmaras). They showed results for flows around cylinders, flat plates and a

NACA-0012 airfoil. Landmann’s code can cope with curved boundaries and is limited to

2D flows in the context of helicopter aerodynamics. Since then, other RANS models for

DG methods for compressible flows have been developed (e.g. [75]) but to the author’s

knowledge none for the incompressible NS equations.

Regarding the Large Eddy Simulation (LES) approach to compute turbulent flows

using DG methods, limited published work exists and has been mainly restricted to simple

geometries: fully developed channel flows [34], [142], two-dimensional channel flows [152]

or the flow over a back-facing step [185]. More recently and in the context of compressible

flows, Uranga et al. [168] presented the first DG method for three-dimensional flows and

aerodynamic applications (flow over airfoils) using an implicit LES (ILES) model.
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To the author’s knowledge, there have not been calculations of incompressible Navier-

Stokes using LES models in conjunction with DG method for aerodynamic applications

until this thesis (see chapter 5).
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Chapter 2

A high order Discontinuous Galerkin

solver for incompressible flows

This chapter reports the verification and validation of a high order Discontinuous Galerkin

(DG) method for solving the incompressible Navier-Stokes (NS) equations in two dimen-

sions on triangular meshes with straight edges. Verification is performed with simplified

problems where the exact solution is known and hence the error between the exact solution

and the numerical solution can be quantified. The validation of the solver demonstrates

its ability to provide accurate results for complex fluid flow problems.

The numerical solution of the incompressible NS equations requires discretisation in space

(spatial derivatives) and time (temporal derivatives). Spatial and temporal derivatives can

generally be decoupled leading to the method of lines. In this work, finite differences are

selected to discretise the equations in time (here a fractional-step method) whilst a high

order DG method is retained for spatial discretisation.

To perform the temporal discretisation of the incompressible NS equations, a fractional-

step method (i.e. dual splitting technique) is chosen. Reviews of temporal discretisations

to solve the incompressible NS equations can be found in [43], [68] or [101]. In particular,

the code developed here uses the splitting projection scheme detailed in Karniadakis et al.

[100]. Although this temporal scheme has been previously used in conjunction with high
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order continuous modal h/p Spectral [100] and discontinuous high order nodal [77] spatial

discretisations, it has not, to the author’s knowledge, been used with the DG Interior

Penalty (DG-IP) formulation in combination with modal basis functions. The selected

combination of spatial and temporal discretisation schemes presents a novel approach

for the solution of the incompressible NS equations. As in the present implementation,

the temporal discretisation scheme, when implemented with the continuous modal and

discontinuous nodal formulations, yields stable solutions when the polynomial order for

the velocity and pressure approximations are equal, provided stability conditions are ful-

filled. In this chapter, stability conditions are analysed for the combination of the splitting

scheme selected and the DG spatial discretisation and equal order pressure-velocity pairs.

Various test cases are presented for verification and validation purposes.

2.1 Chapter outline

Firstly, section 2.2 describes the methodology used which requires temporal (section 2.2.1)

and spatial discretisation (section 2.2.2). The temporal discretisation leads to a decoupled

system (i.e. minor coupling through boundary conditions) for the velocity and pressure,

and requires the solution of elliptic problems that encompass the Poisson and Helmholtz

equations. The solution of these equations using the DG formulation is described in

section 2.2.2.3. This section also includes other aspects such as numerical evaluation of

volume and surface integrals (i.e. quadrature). Relevant implementation details are given

in section 2.3. A brief outline of the norms and functionals (e.g. lift and drag forces) used

throughout the thesis, to quantify results, can be found in section 2.4.

Section 2.5 is devoted to the verification of the method. Verification of the method is

performed for elliptic problems, followed by an unsteady Stokes problem (without non-

linear terms) where an analysis of the stability of the scheme is presented together with

stability conditions for equal order pressure and velocity spaces. Section 2.6, explores the

solver’s properties for the full NS equations (i.e. including non-linear terms) using the
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Taylor Vortex problem with known analytical solution. Finally, the method is validated

with a square cylinder problem for two laminar flow cases: Reynolds number (Re) of

10, that leads to a steady wake and Re = 100 that results in unsteady periodic vortex

shedding. Comparison to the continuous h/p Spectral code Nektar [101] are also included.

2.2 Methodology

Let Ω be a domain in R2 with boundaries ∂Ω of Dirichlet (∂ΩD) or Neumann (∂ΩN )

type, where ∂Ω = ∂ΩD ∪ ∂ΩN has associated the outward unit normal vector n and

∂ΩD ∩ ∂ΩN = ∅. The unsteady non-dimensional incompressible NS equations can be

written using the convective formulation for the non-linear terms as:

∂u
∂t

+ (u.∇)u = −∇p + 1
Re
∇2u in Ω× [0, T ],

∇.u = 0 in Ω× [0, T ],

u(t = 0) = u0 in Ω,

u = LD on ∂ΩD,

1
Re

∂u
∂n

+ pn = 0 on ∂ΩN ,

where t represents the the dimensionless time, u = (u, v)T and p are the non-dimensionalised

velocity vector and static pressure (normalised using upstream dynamic pressure q = ̺U2,

where ̺ is the fluid density) respectively and Re is the Reynolds number (i.e. Re = UL/ν

where U and L are the characteristic velocity and length scale and ν is the kinematic

viscosity). In addition, u0 represents an initial condition for the velocity field and LD

defines the Dirichlet boundary condition for the velocity.
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2.2.1 Temporal discretisation of the incompressible NS equa-

tions

There is vast literature on temporal procedures for the solution of the incompressible

NS equations. Reviews can be found in [101] or [43]. Among these options, a second

order dual stiffly stable method, developed by Karniadakis et al. [100], is selected to

discretise the equations in time. This choice in mainly driven by the success that this

splitting scheme has shown when combined with high order conformal discretisations (h/p

Spectral type).

Within this scheme the non-linear terms are treated explicitly whilst viscous and

pressure terms are handled implicitly. The resulting temporally discretised momentum

equation is given by:

γ0u
n+1 − α0u

n − α1u
n−1

∆t
= − ∇pn+1 − β0N(un)− β1N(un−1)

+
1

Re
∇2un+1, (2.2.1)

where γ0, α0, α1, β0 and β1 are constants chosen to achieve the required level of temporal

accuracy (see details below) and the indices n−1, n and n+1 refer to time steps separated

in time by an increment ∆t. In [100], first, second and third order schemes were derived.

However within this thesis only the second order version is considered.

In addition, N(u) represents the non-linear contributions which can be, for instance,

expressed in their convective form N(u) = (u.∇)u (further details are given in section

2.2.2.2).

The present method allows, by the use of intermediate variables, the incompressible

NS equations to be split into three distinct equations that can be solved successively at

each time-step; an explicit non-linear convection equation (step 1), a Poisson equation for

the pressure (step 2) and a Helmholtz equation to account for viscous diffusion (step 3).

STEP 1 - Non-linear term:
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The first step accounts for the explicit computation of the non-linear convective term

using the Adams-Bashforth second order scheme. Introducing the intermediate velocity

ũ, the first step can be written as:

γ0ũ− α0u
n − α1u

n−1

∆t
= −β0N(un)− β1N(un−1). (2.2.2)

By choosing γ0 = 3/2, α0 = 2, α1 = −1/2, β0 = 2 and β1 = −1, the method is second

order accurate in time for velocity. However, this second order method is not self-starting.

To start the scheme one can use: γ0 = α0 = β0 = 1 and α1 = β1 = 0 which reduces to the

first order explicit forward Euler method.

STEP 2 - Pressure term:

The second step treats the pressure term implicitly whilst imposing the divergence-free

constraint on the intermediate velocity ˜̃u, resulting in a Poisson equation for the pressure.

Introducing a second intermediate solenoidal velocity ˜̃u, one can write:

−∇pn+1 = γ0
˜̃u− ũ

∆t
. (2.2.3)

Taking the divergence of Eq. 2.2.3, and imposing ∇.˜̃u = 0 the following equation is

obtained:

−∇2pn+1 = − γ0
∆t
∇.ũ. (2.2.4)

This is a Poisson problem that can be closed using a Neumann boundary condition at

inflow and wall boundaries that may be named “Neumann-Vorticity” which is derived

from taking the dot product of the outward normal vector at the boundaries n with the
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momentum equation:

∂p

∂n

n+1

= n.
∂u

∂t

n+1

− β0n.
(
N(un) + 1

Re
∇× ωn

)

− β1n.
(
N(un−1) + 1

Re
∇× ωn−1

)
, (2.2.5)

where the vorticity definition (ω = ∇ × u) and the identity for an incompressible flow:

∇2u = −∇ × ∇ × u = −∇ × ω, have been used. This expression indirectly enforces

the incompressibility constraint and gives a consistent method [101]. Furthermore, it was

shown in [100] that the boundary divergence flux is controlled by the time step if this

vorticity formulation is used.

Remark: As noted in [68], this definition, for the boundary condition, requires the

velocity to have computable second derivatives. For this reason, all computations are

performed using polynomial orders k ≥ 2.

Remark: The term ∂u
∂t

n+1
may be set to zero for static walls. However, an appropriate

expression is derived in the chapter 3 for rotating walls.

Following the solution of the Poisson equation, pn+1 can be used to update the inter-

mediate velocity field ˜̃u by rearranging Eq. 2.2.3.

STEP 3 - Viscous term :

The final step accounts for the implicit treatment of the viscous term:

γ0

(
un+1 − ˜̃u

∆t

)
=

1

Re
∇2un+1, (2.2.6)

which can be written as a Helmholtz equation:

−∇2un+1 +
Reγ0
∆t

un+1 =
Reγ0
∆t

˜̃u. (2.2.7)

Eq. 2.2.7 is solved subject to the non-slip condition at wall boundaries to develop the

velocity field at the end of the time step un+1. Using Eq. 2.2.3, ˜̃u can be eliminated from

48



Eq. 2.2.7 leading to:

−∇2un+1 +
Reγ0
∆t

un+1 = Re(
γ0
∆t

ũ−∇pn+1). (2.2.8)

It can be seen that adding Eq. 2.2.2, Eq. 2.2.3 and Eq. 2.2.7 (or Eq. 2.2.2 and Eq. 2.2.8)

one recovers the original momentum equation discretised in time, Eq. 2.2.1.

Remark: By taking the divergence of Eq. 2.2.7, it can be seen that the conditions

∇.˜̃u = 0 and ∇.un+1 = 0 are equivalent.

2.2.1.1 Boundary conditions

Throughout this thesis, external aerodynamic problems are considered and hence three

types of boundary condition need to be defined: inflow, outflow and non-slip walls. The

associated boundary conditions for the pressure (STEP 2: Poisson equation) and velocity

(STEP 3: Helmholtz equation) steps when using the defined scheme are summarised in

table 2.1.

Boundary condition Pressure Velocity

Inflow Neumann-Vorticity Dirichlet
Outflow Dirichlet Neumann
Walls Neumann-Vorticity Dirichlet

Table 2.1: Boundary condition for the splitting scheme.

2.2.2 High order DG spatial discretisation

The previous temporal scheme requires the spatial solution of non-linear terms (step 1)

and of elliptic equations (steps 2 and 3) at each time step. This section summarises

the DG spatial discretisation of these terms, including the notation and discontinuous

polynomial spaces required to define the Discontinous Galerkin method (omitted details

can be found in appendix B). This chapter concentrates on the basic properties of the

solver and hence only triangular elements with straight edges are considered. In chapter 3,
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other element types: quadrilateral elements with straight and curved edges, are introduced

to resolve curved external boundary conditions. In addition, curved elements are necessary

to develop the sliding mesh capability presented in the following chapter.

2.2.2.1 Preliminaries: Spaces and traces

Let Ω be a domain in R2. Let us introduce a triangular tessellation of N el elements:

Ωh = {eltri} of Ω with interior boundaries Γh (i.e. edge shared two elements) and exter-

nal boundaries ∂Ωh composed of Dirichlet (ΓD) and Neumann (ΓN) type, which do not

overlap: ΓD ∩ ΓN = ∅ Each element el ∈ Ωh with boundaries ∂el, has Γ as the positively

oriented, i.e. anticlockwise, single edge of the element boundaries ∂el and the normal

vector nΓ as its unit outward pointing normal.

Let us introduce the discontinuous finite element space Dk(Ωh) as:

Dk(Ωh) = {υh ∈ L2(Ω) : ∀eltri ∈ Ωh, υh|eltri ∈ Pk(el
tri)}, (2.2.9)

and its vector version [Dk(Ωh)]
2 where Pk(el

tri) denotes the space of polynomials of order

less than or equal to k.

Remark: Only equal order element pairs for velocity and pressure [Dk(Ωh)]
2
vel −

[Dk(Ωh)]press are considered in this thesis.

Discontinuous discretisations require definitions for the jump [[•]] and the average

{{•}} across the interface between neighbouring elements el1 and el2 (see further details

in appendix B):

[[•]] = (•|el1)− (•|el2), {{•}} =
1

2
(•|el1) +

1

2
(•|el2), ∀Γ = ∂el1 ∩ ∂el2, (2.2.10)

and at boundary edges as: [[•]] = {{•}} = (•|el1), ∀Γ = ∂el1 ∩ ∂Ωh.
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2.2.2.2 Spatial discretisation of the non-linear terms

The non-linear terms in the Navier-Stokes equations (i.e. momentum equation Eq. 2.2)

may be expressed in various equivalent forms, by imposing the divergence free condition

on the velocity ∇.u = 0 and using the equality:

∇.(u⊗ u) = (u.∇)u+ u(∇.u) = (u.∇)u, (2.2.11)

where u ⊗ v := uivj , i, j = 1, .., d and d indicates the spatial dimension. The most

common formulations are summarised here:

• Convective form: N(u) = (u.∇)u

• Conservative or divergence form: N(u) = ∇.(u⊗ u)

• Classic skew symmetric form: N(u) = 1/2[(u.∇)u+∇.(u⊗ u)]

An alternative skew symmetric form is proposed and can be derived by combining the

classic skew symmetric with Eq. 2.2.11:

• Proposed skew symmetric form: N(u) = (u.∇)u+ 1/2 (∇.u)u

This last form was first introduced by Temam [164] and has the advantage over the

classical skew symmetric form is that fewer derivatives need to be evaluated.

In the continuous case, all forms are equivalent, however in the discrete case this is not

necessarily true (see [101] for details). The classical skew-symmetric form has shown the

advantage of minimising aliasing errors [100], [101]. It is expected that the proposed skew

symmetric form also minimises aliasing errors to some extent. However, it was shown in

[106] and [105] for conformal h/p Spectral discretisations that over-integration minimises

aliasing errors. Since over-integration is the approach retained in this work (see section

2.2.4), the particular formulation selected to express the non-linear terms is expected to

have a minimal effect. In addition, let us note that the proposed skew symmetric form

[164] does not influence the energy balance when non divergence free velocities (but only
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weakly divergence free solutions) are considered. Further details can also be found in the

recent monograph on DG methods by Di Pietro and Ern [139].

The following formulation (under its weak setting) is hence proposed: find uh ∈

[Dk(Ωh)]
2 such that:

∫

Ωh

(N(uh)) .υhdx =
∑

el∈Ωh

∫

el

((uh.∇)uh) .υhdx (2.2.12)

+1/2
∑

el∈Ωh

∫

el

((∇.uh)uh) .υhdx, ∀υh ∈ [Dk(Ωh)]
2.

Previous developments of DG methods to solve the incompressible NS equations have

required the use of numerical fluxes for the discretisation of non-linear terms . Examples

can be found in [156] and [77] where Lax-Friederich DG variants were used or in [146]

where a DG modification of the Lesaint-Raviart approximation was incorporated.

The Lesaint-Raviart formulation modified for DG methods [60], [146], where upwind-

ing is performed to account for convection dominated flows reads: find uh ∈ D2
k(Ωh) such

that:

∫

Ωh

(N(uh)) .υhdx =
∑

el∈Ωh

∫

el

(uh.∇uh).υhdx+ 1/2
∑

el∈Ωh

∫

el

((∇.uh)uh) .υhdx

+
∑

el∈Ωh

∫

∂el−

(
|{{uh}}.nΓ|(uint

h − uext
h )
)
.υint

h ds (2.2.13)

−1/2
∑

Γ∈Γh∪ΓD

∫

Γ

[[uh]].nΓ{{uh.υh}}ds, ∀υh ∈ [Dk(Ωh)]
2.

The third term on the right hand side is the upwinding term, required for convection

dominated flows. The quantity uint
h −uext

h represents the jump in the direction of the flow

and υint
h is the test function on the side of el coming from the interior [146]. ∂el− defines

the portion of the boundary where the flow enters the element (i.e. {{uh}}.nΓ < 0). It

can be seen that for vanishing jumps, i.e. continuous approximation, Eq. 2.2.13 reduces

to the proposed skew-symmetric form Eq. 2.2.12.
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This DG Lesaint-Raviart formulation has been implemented and tested by the author

and results were reported in [52]. However, further examination and testing showed that

almost identical results could be obtained without the use of flux enforcement and with

the formulation detailed in Eq. 2.2.12, when high order polynomials were used.

Both formulations differ in the flux enforcement terms (surface integral in Eq. 2.2.13).

In the formulation defined by Eq. 2.2.12, no upwinding or flux enforcement is present and

only volume terms are retained, which reduces the computational cost of the evaluation

of the non-linear terms. The selection of the simpler expression is closely related to the

selected time advancement procedure and has a threefold justification:

1. Only continuous solutions, where viscosity dominates and there is lack of hyperbol-

icity (e.g. convection dominated flows, shocks), are of interest in this work.

2. Within the splitting scheme used, the non-linear terms act as forcing terms in the

Poisson and Helmholtz equations (Eq. 2.2.4 and 2.2.8). If surface integrals (e.g.

upwinding) with jumps and averages are added to the non-linear terms (as in Eq.

2.2.13), these should have a small contribution when compared to the volume terms.

Furthermore, as the polynomial order increases the numerical solution tends to

be continuous (for a viscosity dominant flow) hence reducing the contribution of

the jumps (assuming a consistent and conservative formulation for the numerical

flux, see appendix B for definitions). Overall, the forcing terms will effectively be

unchanged and so will the solution.

3. From the stability point of view of the temporal scheme, positivity is not required

since the non-linear terms are treated explicitly.

Remark: As a result of the previous discussion, the non-linear terms are computed

using Eq. 2.2.12 for all laminar cases included in this thesis. However, it has proven

useful to replace this expression by the DG Lesaint-Raviart formulation (Eq. 2.2.13) to

enhance stability when computing turbulent flows. This formulation leads to the ILES-DG

formulation detailed in chapter 5 section 5.2.2.
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Finally, let us note that the explicit treatment of the non-linear terms introduces a

Courant-Friedrichs-Lewy (CFL) type restriction on the time step. The CFL estimate for

high order spatial methods leads to △t < △tCFL = O(h/Umaxk
2) as shown in [101] for an

advection model problem, where h is the mesh element size, Umax the maximum velocity

and k represents the polynomial order.

2.2.2.3 The DG-SIPG spatial discretisation for elliptic equations

The described temporal splitting method requires the solution of purely elliptic equations

(Poisson and Helmholtz). Among the various existing IP methods (see appendix B and

C), the Symmetric Interior Penalty Galerkin (SIPG) method is retained to discretise these

equations spatially. The details of the derivation are omitted here, but can be found in

appendix B. Comparison of various IP methods to solve elliptic equations are included in

appendix C.

The general formulation for the continuous elliptic problem (Laplace, Poisson and Helmholtz)

reads:

−△u+ αu = g in Ω,

u = LD on ΓD, (2.2.14)

∇u.n = LN on ΓN ,

where u ∈ H1(Ω) is a scalar solution (but extension to the vector formulation is direct),

√
α is real and represents the wave number for the Helmholtz equation, n is the outward

pointing unit normal vector on ∂Ω, g ∈ L2(Ω) is the forcing term, and LD ∈ H1/2(ΓD)

and LN ∈ L2(ΓN) represent Dirichlet and Neumann boundary conditions respectively.

Eq. 2.2.14 defines the Laplace, Poisson and Helmholtz equations as follows:

• Laplace: forcing term g = 0 and convective term α = 0,

• Poisson: forcing term g 6= 0 and convective term α = 0,
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• Helmholtz: forcing term g 6= 0 and convective term α 6= 0.

To find the discrete weak solution associated with the continuous problem represented

by Eq. 2.2.14 using the DG-SIPG method, the bilinear a(•, •) and linear ℓ(•) forms,

associated with the finite element discrete variational formulation arising from the weak

form of the continuous problem, are introduced (see appendix B for derivation). The

bilinear form is defined as:

a(α,σ)(uh, υh) =
∑

el∈Ωh

∫

el

(∇uh.∇υh)dx+
∑

el∈Ωh

∫

el

(αuhυh)dx

−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇uh}}.nΓ[[υh]]ds−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇υh}}.nΓ[[uh]]ds

+
∑

Γ∈Γh∪ΓD

σ

|trace|β
∫

Γ

[[uh]][[υh]]ds, ∀υh ∈ Dk(Ωh), (2.2.15)

with the corresponding linear form:

ℓ(g,σ)(υh) =
∑

el∈Ωh

∫

el

gυhdx−
∑

Γ∈ΓD

∫

Γ

(∇υh.nΓ −
σ

|trace|β υh)LDds

+
∑

Γ∈ΓN

∫

Γ

υhLNds, ∀υh ∈ Dk(Ωh), (2.2.16)

where σ and β are positive real parameters and |trace| is defined as the length of the

element edge in 2D. Then, the DG-SIPG approximate solution reduces to finding uh ∈

Dk(Ωh) provided by:

a(α,σ)(uh, υh) = ℓ(g,σ)(υh), ∀υh ∈ Dk(Ωh). (2.2.17)

The bilinear form associated with the DG-SIPG method is symmetric leading to a positive

definite matrix, which presents advantages in the choice of the iterative solver that may

be used. The combination of σ and β in Eq. 2.2.15 and Eq. 2.2.16, defines the penalty

parameter and has to be chosen to be large enough to enforce coercivity of the bilinear
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form [146]. The DG-SIPG method provides optimal convergence in the L2 norm, i.e.

O(hk+1), for h-refinement independently of the penalisation used as long as this is large

enough. A detailed comparison of the effect of the penalisation parameter on the L2 norm

of the error for elliptic problems using the DG-SIPG and other IP variants can be found

in appendix C.

The determination of the analytical expression for the lower bound (LB) of the penalty

parameter for the DG-SIPG method to be stable and convergent was obtained in [48] for

triangular elements and is revisited here. Let us consider el1 and el2, two triangular

elements sharing the edge Γ, then the lower bound for the penalisation for triangular

elements reads:

σLB =
3

2
|trace|β−1

(
kel1(kel1 + 1) cot θel1 + kel2(kel2 + 1) cot θel2

)
, (2.2.18)

where for the element el, kel represents the polynomial order and θel is the smallest angle

in the element. If one assumes equal polynomial orders in all elements kel1 = kel2 = k and

regularity in the mesh (i.e. non-distorted elements) cot θel1 ≈ cot θel2 ≈ 1 (e.g. cot 45◦ for

right angle triangles), the previous expression reduces to:

σLB = 3k (k + 1) |trace|β−1. (2.2.19)

Replacing σ = σLB one obtains the following expression for the penalty term: σ
|trace|β

=

σLB

|trace|β
= 3k(k+1)

|trace|
, which reduces to setting σ = 3k(k+1) and β = 1 in the original scheme.

It can also be shown that at Dirichlet boundaries σLB
ΓD

= 2σLB. These approximations for

the penalty parameter will be used hereafter.

Remark: In chapter 3, quadrilateral elements are introduced. The penalty parameter

for this type of element is also defined as σ = 3k(k+ 1), which is a conservative estimate

for quadrilaterals since generally the expression σ ≈ k2 is used.
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To conclude this section and to underline some characteristics of the presented DG-

SIPG method (when compared to continuous conformal discretisations); let us examine

the effect of the penalisation σ on the numerical solution and the effect of the weak

imposition of boundary conditions for a Poisson problem (see definition in appendix C

section C.2.1). Fig. 2.1 shows a discontinuous DG-SIPG approximation and the effect

of increasing the penalty parameter on the solution continuity. It can be seen that a

low penalty enables discontinuities in the solution. An increase in the penalty parameter

tends to enforce, to some extent, continuity in the numerical solution. It is interesting

to note that this effect does not relate to the accuracy of the solution (in the L2 norm).

In particular, the DG-SIPG method shows some degradation in the L2 accuracy as the

penalty parameter increases (see appendix C). This shows that a discontinuous solution

may approximate a continuous problem more accurately than a continuous solution.

Figure 2.1: Effect of the penalty parameter on the discontinuous solution for a Poisson
problem solved with a polynomial order k = 1 and penalty parameters (a) σ = 6 and (b)
σ = 500.

With the penalty fixed, exploration of the weak imposition of boundary conditions

is performed on a mesh consisting of two triangular elements and various polynomial

orders. Fig. 2.2 shows that weak imposition does not satisfy the boundary condition
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in a pointwise manner but only in a weak or integral sense. It can be seen that as the

polynomial order k is increased, the weak imposition resembles the strong imposition,

satisfying the boundary condition pointwise.

Figure 2.2: DG solution and weak imposition of boundary conditions for a Poisson problem
solved using two elements and polynomial order (a) k = 4, (b) k = 6 and (c) k = 8.

2.2.2.4 Mapping from computational to physical space: triangular elements

Three types of elements are considered in this thesis: triangular and quadrilateral elements

with straight edges and quadrilateral elements with one curved edge; the first being treated

in this section and last two in chapter 3. However, a brief discussion is provided here

concerning the rationale behind the use of different types of elements.

On the one hand, and as will be subsequently detailed, the use of triangular elements has

the major advantage of having a constant determinant of the Jacobian, which reduces

notably the computational cost of evaluating volume integrals. Furthermore, through

the appropriate selection of orthonormal basis functions, the mass matrix reduces to the

identity matrix, which significantly reduces the cost of all operations involving this matrix.

However, if curved edges are considered, then this appealing property of the determinant

of the Jacobian is lost.

On the other hand, quadrilateral elements do not generally have a constant determinant

of the Jacobian (see appendix A for a special case) and hence curving an edge does not
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increase the costs of evaluating volume integrals (e.g. the mass matrix). Curving an edge

of a quadrilateral element is preferred, over curving an edge of a triangular element, since

its Jacobian is less likely to become ill conditioned (i.e. degenerated element) as a result

of the larger angles between consecutive edges. In addition, quadrilateral elements may be

stretched near boundaries (i.e. high aspect ratio elements), which proves useful to reduce

the overall cell count in the computational mesh. For these reasons, chapter 3 introduces

quadrilateral elements with straight and curved edges to account for curved boundary

conditions and sliding mesh interfaces. In this section, only straight sided triangular

elements are considered.

This section introduces the necessary mapping to relate computational to physical

space for triangular elements. Mappings for straight and curved sided quadrilateral ele-

ments can be found in chapter 3 section 3.2.2.3 and further details in appendix A.

The non-linear terms (Eq. 2.2.12) and the DG-SIPG weak form (Eq. 2.2.15 and

Eq. 2.2.16) require computation of volume and surface integrals. To perform these in-

tegrations, it is advantageous to consider mappings Ψ from the reference element Iel in

computational space ξ = (ξ1, ξ2) to the element el in physical space x = (x, y) ∈ el as

Iel := Ψ−1(el) with the associated determinant of the Jacobian |JΨ| for the transforma-

tion. In addition, it is necessary to introduce the transformation of the edges Γ of element

el in physical space to the mapped edge in the computational space: Γ = C([−1, 1]) with

the norm of the differential parametrisation (i.e. differential length) of C(t) defined as

|JC(t)|. Using these definitions, one can equate the volume and surface integrals for a

general polynomial function f(x) defined in physical space to their equivalent form in

computational space:

∫

el

f(x)dx =

∫

Iel

f(ξ)|JΨ|dξ, (2.2.20)

∫

Γ

f(x)ds =

∫ 1

−1

f(C(t))|JC(t)|dt. (2.2.21)
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Fig. 2.3 defines the mapping Ψ for straight edged triangular elements (further details

of this mapping can be found in appendix A and in [101]) as a combination of two

transformations:

• 1a and 1b - Triangular map: (1a) standard square (ξ1, ξ2) to standard triangle

(η1, η2) and (1b) standard triangle to arbitrary triangle (x, y).

(x ,y )C C

(x ,y )A A

(x ,y )B B

(-1,1)

(-1,-1) (1,-1)

(-1,1)

x

y

ξ2

ξ1

1a 1b

(0,0)
(0,0)

(1+ξ )(1−1 ξ )2

2
-1=η1

ξ2
=η2

(η +1 η )2
=x - xA+

2
xB+

2
xC

(1+η )1 (1+η )2

2

η1

η2

( , ) =D Dξ ξ1 2

(-1,-1)( , ) =ξ ξ1 2A A

(1,1)

(1,-1)( , ) =ξ ξ1 2B B

( , ) =ξ ξ1 2C C

Figure 2.3: Mapping from computational space to physical space for straight sided trian-
gular elements.

In addition to the determinant of the Jacobian |JΨ| and the norm of the differential

length |JC(t)| required to evaluate volume and surface integrals (Eq. 2.2.20 and Eq.

2.2.21), partial derivatives from physical to computational space (i.e. gradients) and edge

normals are also required to compute the non-linear terms Eq. 2.2.13 and the DG-SIPG

weak form Eq. 2.2.15 and Eq. 2.2.16. The mapping defined in Fig. 2.3 allows for the

computation of these metrics (see appendix A for details). In particular, it can be seen

that this mapping leads to a constant determinant of the Jacobian |JΨ|.

The differential length for triangular elements with straight edges can be conveniently

computed using the chain rule for differentiation as:

|JC(t)| =
√(

dx

dt

)2

+

(
dy

dt

)2

dt =
|trace|

2
, (2.2.22)

where |trace| represents the length of the element edge.
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2.2.2.5 Modal basis functions for triangular elements

Within each element el, the approximate solution uh is expanded using modal basis func-

tions φi(x) as:

uh(x) =

LDOF∑

i=1

ûiφi(x), (2.2.23)

where x = (x, y) ∈ el, LDOF is the Local number of Degrees Of Freedom and ûi represent

the modal amplitudes associated to the basis functions φi(x). Hierarchical tensorial and

orthonormal (with respect to the L2-inner product) expansion bases (see [101] for details)

are selected. Following the notation introduced in Fig. 2.3, these bases can be defined in

both physical and computational space as:

φtri
i (x) = φtri

pq (x) = φtri
pq (η1, η2) = ϕtri

p
A
(ξ1)ϕ

tri
pq

B
(ξ2), (2.2.24)

where p, q denote the different components of the tensorial expansion. Let us note that

the basis functions φ(x) defined in physical space can be expressed in terms of principal

basis functions ϕ(ξ1) and ϕ(ξ2) defined in the unit square:

ϕtri
p

A
(ξ1) =

√
2p+ 1

2
P (0,0)
p (ξ1), (2.2.25)

ϕtri
pq

B
(ξ2) =

√
p+ q + 1

(
1− ξ2

2

)p

P (2p+1,0)
q (ξ2),

where P
(α,β)
p (z) is the pth order Jacobi polynomial (and α = β = 0 corresponds to the

Legendre polynomials). For triangular elements 0 ≤ p, q and p + q ≤ k and LDOFtri =

(k+1)(k+2)/2. These hierarchical expansion bases are depicted on the standard triangle

in Fig. 2.4.

Details on the derivation of well conditioned triangular basis functions can be found in

[101], where it is detailed that the term (1−ξ2
2

)p is necessary to maintain the expansion

as polynomials in terms of cartesian coordinates and that the use of α = 2p + 1 helps
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Figure 2.4: Hierarchical modal basis functions for various polynomial k = 0 to 6 for
triangular elements.

to decluster zeros away from z = +1 (i.e. the collapsed vertex). Declustering helps

in maintaining the linear independence of the expansion leading to a well conditioned

numerical system [101].

The reader may have noted that these bases have been normalised providing a mass

matrix equal to the identity matrix (i.e. M = |JΨ|Id, see section 2.2.3 for definitions) since

these elements have a constant determinant of the Jacobian. There is a clear advantage

in obtaining a diagonal mass matrix, when the determinant of the Jacobian is constant,

since all matrix operations involving this matrix become trivial (e.g. Mx = |JΨ|xId).

The derivatives of the bases can be calculated using the generalised expression for the

derivatives of the Jacobi polynomials: dPα,β
n

dz
(z) = 1

2
(n+α+β+1)P α+1,β+1

n−1 (z). Using this

relationship, the derivatives of the principal basis functions can be obtained:

dϕtri
p

A

dξ1
(ξ1) =

1

2
(p+ 1)P

(1,1)
p−1 (ξ1), (2.2.26)

dϕtri
pq

B

dξ2
(ξ2) =

[
1− ξ2

2

](p−1) [
−1
2
pP (2p+1,0)

q (ξ2) +

(
1

4
(q + 2p+ 2)(1− ξ2)P

(2p+2,1)
q−1 (ξ2)

)]
.
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2.2.3 Summary of the method and matrix formulation

This section details the time advancement algorithm introduced in section 2.2.1 in matrix

form, since this should prove useful for further analysis (see section 2.5.3.2). To define the

algebraic time advancement, let us define the necessary local (element based) and global

matrices.

Firstly, the local or element based matrices (i.e. corresponding to element el) of size

LDOF ×LDOF are introduced. Setting i, j = 1, ..., LDOF as the indexes corresponding

to the test function vh and the basis function index of uh respectively, the local Mass,

Derivative and Laplacian matrices can be defined.

• Local Mass matrix: Mel := {Mel
ij =

∫
el
φi(x)φj(x)dx},

• Local Derivative matrix: Kel
r := {Kel

r ij =
∫
el
φi(x)∂rφj(x)dx}, where r = x or

y,

• Local partial Laplacian or partial Stiffness matrix:

Lel
r := {Lel

r ij =
∫
el
∂rφi(x)∂rφj(x)dx}. To obtain the Local Laplacian it suffices

to perform summation over r = x, y: Lel = Lel
x + Lel

y .

Secondly, global matrices of size N elLDOF ×N elLDOF , where N el is the number of

elements in Ωh, are defined as the direct sum of the local matrices previously defined:

• Global Mass matrix: M =
∑

el∈Ωh
Mel,

• Global Derivative matrix: Kr =
∑

el∈Ωh
Kel

r , where r = x or y,

• Global partial Laplacian or partial Stiffness matrix: Lr =
∑

el∈Ωh
Lel

r , and

performing summation over r = x, y, one obtains the Global Laplacian L =

Lx + Ly =
∑

el∈Ωh
(Lel

x + Lel
y ).

In addition, the Global Flux matrix is defined as:

T := {∑Γ∈Γh∪ΓD

∫
Γ
tΓijds =

∑
Γ∈Γh∪ΓD

∫
Γ
t
elℓelχ
ij ds}, where ℓ, χ denote the elements sharing

the edge Γ, resulting from the last three terms in the bilinear form Eq. 2.2.15 that

involve surface integrals, which are obtained by expanding the average and jump terms
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(i.e. {{•}}, [[•]]) and replacing the approximate solution by its expansion Eq. 2.2.23.

These contributions can be recasted as:

∫

Γ

t
elℓelχ
ij ds = γ

1

2

∫

Γ

∇φelχ
j .nΓφ

elℓ
i ds+ δ

1

2

∫

Γ

φ
elχ
j ∇φelℓ

i .nΓds+ ρ
σ

|trace|

∫

Γ

φ
elχ
j φelℓ

i ds,

(2.2.27)

where γ, δ and ρ are defined as follows:

γ =





1; ℓ 6= 1

−1; ℓ = 1

, δ =





1; χ 6= 1

−1; χ = 1

, ρ =





1; ℓ = χ

−1; ℓ 6= χ

. (2.2.28)

If only two unique elements el1 and el2 share the face Γ, then ℓ, χ = 1, 2 and four flux

contributions are retrieved:
∫
Γ
tΓijds =

∫
Γ
(t11ij + t22ij + t12ij + t21ij )ds.

Remark: Note that in chapter 3, this definition is revisited to account for three ele-

ments sharing the face Γ (i.e. one hanging node) which is required for the implementation

of the sliding mesh technique.

The bilinear and linear forms for general elliptic problems Eq. 2.2.15 and Eq. 2.2.16

produce the global matrix A(α,σ) and the right hand side vector RHS(g,σ) respectively:

• Global DG Bilinear matrix: A(α,σ) := a(α,σ)(φj , φi),

• Global DG Linear Right Hand Side vector: RHS(g,σ) := ℓ(φi), where the

explicit dependency of the bilinear form on α and g, the square of the wave number

and the the forcing term respectively, for a general Helmholtz equation and on σ,

the penalty parameter, have been outlined.

In addition, the DG bilinear matrix can be defined in terms of global Mass, Laplacian

and Flux matrices as:

A(α,σ) = L + αM+T. (2.2.29)

The algebraic system: A(α,σ)X = RHS(g,σ), where X represents the vector of global
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unknowns (i.e. N elLDOF × 1) is the algebraic equivalent of Eq. 2.2.17.

Remark: The Global Mass (M), Derivative (K) and Laplacian (L) matrices are block

diagonal matrices. The Global Flux matrix (T) is responsible for coupling the degrees

of freedom from neighbour elements. Weak imposition of Dirichlet boundary conditions

translates into a block diagonal contribution from the element on ΓD through the Global

Flux matrix and a contribution to the right hand side.

Finally, the explicitly treatedNon-linear terms give rise to: Nr(U) :=
∑

el∈Ωh

∫
el
Nr

el(uh)φidx,

where r = x or y.

Using these definitions for the global matrices, it is possible to rewrite the temporal

discretisation scheme in matrix form with Ũr, Ur and P vectors of size N elLDOF × 1

with r = x, y (no-summation in Eq. 2.2.30 and Eq. 2.2.32, but summation over r in Eq.

2.2.31):

M
γ0Ũr − α0Ur

n − α1Ur
n−1

∆t
= −β0Nr(U

n)− β1Nr(U
n−1), (2.2.30)

APois
(α=0,σ)P

n+1 = − γ0
∆t

KrŨr +RHSPois
(g=0,σ), (2.2.31)

AHelm

(α=
Reγ0
∆t

,σ)
Ur

n+1 = Re
( γ0
∆t

MŨr −Kr
TP n+1

)
+RHSHelm

(g=0,σ).(2.2.32)

It is easy to see that:

AHelm

(α=
Reγ0
∆t

,σ)
= AHelm

(α=0,σ) +
Reγ0
∆t

M. (2.2.33)

To conclude this section, let us show that to recover the weak form of the momentum

equation in matrix form, it suffices to combine Eq. 2.2.30, Eq. 2.2.32 and Eq. 2.2.33:

M
(γ0Ur

n+1 − α0Ur
n − α1Ur

n−1)

∆t
= − Kr

TP n+1 − β0Nr(U
n)− β1Nr(U

n−1)

− AHelm
(α=0,σ) +RHSHelm

(g=0,σ). (2.2.34)
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2.2.4 Numerical quadrature

To numerically evaluate the volume and surface integrals in computational space (i.e. Eq.

2.2.20 and Eq. 2.2.21) and hence the matrices defined in section 2.2.3, it is necessary to

use quadrature.

One-dimensional quadrature is needed to compute surface integrals of a generic poly-

nomial function f(ξ1): ∫ 1

−1

f(ξ1)dξ1 ≈
Q1−1∑

s=0

wsf(ξ1s), (2.2.35)

where Q1 is the number of quadrature points in the ξ1 direction and ξ1s, ws represent the

quadrature points and weights respectively.

Two-dimensional quadrature is used to compute volume integrals of a generic polyno-

mial function f(ξ1, ξ2) in the reference element Iel (i.e. the unit square, see Fig. 2.3):

∫ 1

−1

∫ 1

−1

f(ξ1, ξ2)dξ1dξ2 ≈
Q1−1∑

s=0

ws

{
Q2−1∑

ss=0

wssf(ξ1s, ξ2ss)

}
, (2.2.36)

where Q1 and Q2 are the number of quadrature points in the ξ1 and ξ2 directions and

ξ1s,ws and ξ2ss,wss the respective quadrature points and weights.

If the generic polynomial function f(ξ1, ξ2) can be written as a product of tensorial

functions f(ξ1, ξ2) = g(ξ1)h(ξ2) (e.g. principal basis functions), then Eq. 2.2.36 simplifies

to: ∫ 1

−1

∫ 1

−1

f(ξ1, ξ2)dξ1dξ2 ≈
{

Q1∑

s=1

wsg(ξ1s)

}{
Q2∑

ss=1

wssh(ξ2ss)

}
. (2.2.37)

This technique is known as the sum-factorisation technique [101] and has proven to be

very efficient for the evaluation of volume integrals.

Remark: This technique can only be applied for elements with constant determinant

of the Jacobian as defined for the straight sided triangular elements.

Gauss-Legendre (GL) quadrature (i.e. interval ends are not included) is preferred and

retained throughout this thesis since fewer quadrature points are required when compared
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to other quadrature rules (e.g. Gauss-Radau which includes a point at -1, Gauss-Lobatto

includes both end points). However, a combination of Gauss-Legendre-Gauss-Lobatto

quadrature is used for post processing.

Remark: To compute the flux terms (surface integrals) it is required to evaluate the

basis functions at the intervals ends (ξ1, ξ2 = −1 or 1), which are not directly accessible

when using GL quadrature. However, it is possible to evaluate these functions at the

pre-processing stage to use them when necessary with minimum extra computational cost.

A Q-point GL quadrature integrates exactly (i.e. up to machine precision) a polyno-

mial f of order O(f) = F = 2Q − 1. Therefore, the minimum number of quadrature

points to integrate exactly the polynomial f of order O(f) = F is Qmin = (F + 1)/2.

Remark: It may be noted that if the function to be evaluated is not a polynomial

(e.g. trigonometric functions), the required points may need to be increased to obtain

an approximate solution, which may not be exact. However, a recent study [153] showed

that Gauss quadrature is more efficient and accurate than other quadrature rules (e.g.

trapezoidal, Romberg’s rule) when dealing with non-polynomial functions.

Table 2.2 summarises the maximum polynomial order and the required number of

quadrature points necessary to integrate exactly the various terms defining the bilinear

form Eq. 2.2.15 when triangular elements with straight edges are used for discretisation.

The various terms include volume integrals (e.g. Local Mass matrix Mel, Local Gradient

matrix Kel
r and Local Laplacian matrix Lel

r ) and surface integrals (e.g. Penalty terms

and flux terms that contribute to the Flux matrix T). The table shows the maximum

polynomial order F and associated minimum number of quadrature points Qmin required

per direction for the considered matrices. For example, the Local Mass matrix entries can

be expanded as:

Mel
ij =

∫

el

φi(x)φj(x)dx =

∫

el

φpq(x)φrs(x)dx (2.2.38)

=
A
2

∫ 1

−1

ϕtri
p

A
(ξ1)ϕ

tri
r

A
(ξ1)dξ1

∫ 1

−1

ϕtri
pq

B
(ξ2)ϕ

tri
rs

B
(ξ2)

1− ξ2
2

dξ2,
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where A represents the triangle area of the element in physical space and relates to the

determinant of the Jacobian from an arbitrary triangle to the unit triangle. In addition,

the last term results from the determinant of the Jacobian from the unit triangle to the

unit square (see details in appendix A section A.1). Inspection of Eq. 2.2.38 shows that

the polynomial order to be integrated in the ξ2 direction has order F = 2k+1 and there-

fore requires Qmin = k + 1 quadrature points.

To calculate the required number of quadrature points to compute the non-linear terms,

the argument introduced in [105] and [106] is considered. Namely, since the non-linear

terms are computed in physical space and subsequently projected into modal space (through

the L2 inner product), it can be seen that it is necessary to perform the integration of

polynomials: O(f) = F = O(
∫
el
Nel(uh)φk(x)dx) ≈ O(

∫
el
φi(x)φj(x)φk(x)dx) = 3k + 1.

Finally, table 2.2 shows that integration of the non-linear terms requires more quadrature

points, followed by the Flux matrix and the Mass matrix.

F Qmin

Mass matrix 2k + 1 k + 1
Gradient matrix 2k k + 1/2
Laplacian matrix 2k − 1 k
Flux matrix 2k + 1 k + 1
Non linear terms 3k + 1 3/2k + 1

Table 2.2: Required number of Gauss-Legendre quadrature points (Qmin) to evaluate
volume and surface integrals consisting of polynomials of degree F for triangular elements;
k denotes the order of the basis and test functions.

2.3 Implementation and solution of the linear system

The method described has been implemented using the object oriented language C++

with the sole use of external libraries to perform matrix-vector (BLAS-2), matrix-matrix

(BLAS-3) multiplications and to solve the linear system resulting from the DG-SIPG

discretisation. For most verification cases (small in size), direct solvers (e.g. Cholesky

factorisation for positive definite systems or LU decomposition for non positive definite
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systems (as needed for the IIPG and NIPG methods in appendix C) have been used to

avoid inaccuracies introduced in the solution through the use of iterative solvers. For

larger problems and the DG-SIPG system, the intel MKL-Pardiso solver [118] and its

sparse version of the direct-iterative solver (i.e. Cholesky preconditioned conjugate gra-

dient iterative solver with a stoping criterion of 10−9) has been selected. The Intel MKL

compressed sparse row (CSR) format has been used in its 3-array variation form [118].

For non-moving meshes, all matrices can be pre-computed and stored in memory. In

particular, it is not necessary to recompute the Global Laplacian or the Flux matrix at

each time step and only the right hand side vector needs to be computed on the fly. This

results in a relatively low computational cost, which is dominated by the system solve

(i.e. Poisson and Helmhotz steps). As it will be seen in the next chapter, this is more

involved when rotating meshes are considered.

The grid generator used to construct the computational meshes is Gambit [55] using

the Neutral format, and post-processing is performed using Tecplot [163]. A manual of

the code describing functions and classes has been created using the Doxygen tool [182].

2.4 Post-processing: Norms and Forces

To quantify the error in the DG solution, when the exact solution is known, the following

Lp(Ω) error norms are introduced. In addition, more evolved problems require definitions

for the forces over wall bounded geometries.

2.4.1 Norms

When the exact solution uexact(x, t) is known (i.e. verification cases), the L2(Ω) (i.e.

p = 2) norm and occasionally the Linf(Ω) (i.e. p = ∞) norm in their absolute and

relative versions have been considered:

• Absolute Error: ||uexact − uDG||p,
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• Relative Error:
||uexact

i −uDG
i ||p

||uexact
i ||p

, with i=1,2 (i.e. (u1, u2) = (u, v)).

The L2(Ω) and Linf(Ω) norms, are defined by considering the broken space Ωh:

||uexact − uDG||Ωh

2 =

√∑

el∈Ωh

||uexact − uDG||el2 =

√∑

el∈Ωh

∫

el

(uexact − uDG)2dx, (2.4.1)

||uexact − uDG||Ωh
∞ = MAXel∈Ωh

||uexact − uDG||el∞ = MAXel∈Ωh
{MAXx∈el(u

exact − uDG)}.

(2.4.2)

2.4.2 Forces

Throughout this thesis, the following definitions to compute the forces that the fluid

exerts on the geometry, are defined. Pressure and viscous forces in terms of Cartesian

coordinates [101], [77] are computed using the following expression F = Fp + Fv =

(F x, F y)T = (F x
p + F x

v , F
y
p + F y

v )
T :

Fp =

∮
pnds, (2.4.3)

Fv = −
∮

ν[∇u+ (∇u)T ].nds,

where n is the outward pointing normal at walls.

2.5 Verification and numerical properties

This section details verification problems used to investigate the method’s convergence

properties and accuracy. First, a purely elliptic problem is considered, followed by an un-

steady Stokes problem. Other verifications cases can be found in appendix C where various

Interior Penalty Galerkin methods are compared. This section presents the more relevant

cases for verification which are used to provide insight into the numerical properties of

the scheme (i.e. error behaviour in the L2 norm for spatial and temporal refinement)
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2.5.1 Elliptic equation: Poisson-Helmholtz problem

The inhomogeneous Helmholtz equation, i.e. −△u + αu = g, is solved in Ω = [0, 1]2.

The wave number
√
α can be chosen arbitrarily (e.g. α = 0 corresponds to the Poisson

equation) provided that the forcing term is of the form g(x, y) = (α+2π2) cos(πx) cos(πy).

The problem is closed using Dirichlet boundary conditions derived from the exact solution

uexact(x, y) = cos(πx) cos(πy). The penalty parameters are fixed to β = 1 and σ =

3k(k+1) (as derived in section 2.2.2.3) and the L2 relative error norm is used to quantify

the solver accuracy.

Fig. 2.5.a shows log(L2)−k results for two semi-structured triangular meshes with N el =

50 and 200 elements (similar to the mesh depicted in Fig. C.2, appendix C) and two

distinct wave numbers
√
α. Exponential convergence is observed for all cases, when α = 0

(i.e. Poisson equation) and α = 1 × 105. It is interesting to analyse the behaviour of
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Figure 2.5: L2 relative error norm for the Poisson-Helmholtz equation for (a) p-refinement
(polynomial enrichment) and (b) h-refinement.

the method for large wave numbers because when considering the Helmholtz step in the

splitting scheme, the wave number corresponds to α = Reγ0/(△t), which can become

large for high Reynolds number flows or when a small time step is selected. As shown in
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Fig. 2.5.a, the L2 error decreases for higher wave numbers.

Fig. 2.5.b depicts the convergence rates for h-refinement using four meshes with

N el = 50, 98, 128 and 200 semi-structured triangular elements, again for two distinct

wave numbers and polynomial orders ranging from k = 2 to 8. The DG-SIPG method

provides optimal convergence rates (i.e. O(hk+1)) as predicted by theoretical analysis

[146]. Further details are provided in appendix C.

2.5.2 Unsteady Stokes equations

The time discretisation scheme defined in section 2.2.1 may be used without considering

the non-linear terms to solve the unsteady Stokes equations. In this section, the following

solution for the Stokes problem [156] is considered:

(u, v) = (sin(x)(a sin(ay)− cos(a) sinh(y)), cos(x)(cos(ay)− cos(a) cosh(y))) e−λt,

p = λ cos(a) cos(x) sinh(y)e−λt, (2.5.1)

with a = 2.883356 and λ = 9.313739. This unsteady problem can be solved in Ω = [−1, 1]2

with Dirichlet boundary conditions and initial condition provided by the exact solution.

Tests are conducted using two meshes constituted of 72 and 128 semi-structured triangular

elements and the penalties β = 1 and σ = 3k(k + 1). Let us note that only equal order

polynomial spaces [Dk(Ωh)]
2
vel − [Dk(Ωh)]press for velocity and pressure are considered.

Fig. 2.6 shows the L2 relative error norm convergence for pressure and velocity obtained

for time step refinement. For spatially well resolved simulations (k ≥ 7), convergence rates

for the L2 norm for pressure of 1.82 and 2.21 for velocity are obtained. These slopes are

in very good agreement with the theoretical temporal convergence rates in the L2 norm

obtained in [71] for conformal discretisations and the splitting scheme employed, which

are O(△t3/2) for pressure and O(△t2) for velocity. The figures also show that the overall

L2 errors for pressure and velocity behave as O(△t2 + hk+1/△t) with h representing the
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element size.
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Figure 2.6: Time step refinement study for the unsteady Stokes equations at final time
T = 0.1, for two meshes and various polynomial orders. L2 relative error norm for (a)
pressure and (b) velocity.

Remark: A similar behaviour has been observed using the same splitting technique

for a strong Semi-Lagrangian spectral element technique [101] (and references herein) and

has been attributed to the Lagrangian treatment of the advective equation and the splitting

error.

It can be seen that for all polynomial orders the error decreases with △t provided

that the time step remains larger that a certain △tmin(h, k), which itself reduces as the

spatial discretisation increases (using either h or p-refinement). To provide an estimate

for △tmin(h, k), it suffices to equate to zero the derivative of the expression L2(△t) =

C1△t2 + C2h
k+1/△t to yield △tmin(h, k) = ( C2

2C1
hk+1)1/3, where C1 and C2 are problem

dependent constants (e.g. dependent on the Reynolds number) but independent of h and

k. The next section provides a possible explanation of this behaviour, which is related to

the inf-sup condition of the discretised scheme.

Remark: In practice, the lower limit for the time step does not represent a restric-
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tion, when the full Navier-Stokes equations are considered (i.e. CFL condition taken into

account), since △tmin = O(h(k+1)/3) decreases faster than △tCFL = O(h/Uk2) as the spa-

tial discretisation is increased (using either h or p-refinement), which allows for flexibility

in the selection of the time step. This can be seen by expressing the usability condition

△tCFL > △tmin as △tCFL−△tmin ≈ O(h/Uk2−h(k+1)/3) > 0. Factoring h and assuming

Uk2 6= 0 leads to the condition O(Uk2h(k/3−2/3)) < O(1). This condition shows that for

low polynomials it is likely that the stability condition is violated. For example if k = 2,

one obtains O(4U) < O(1). However for k = 3, the condition becomes O(9Uh1/3) < O(1),

which is likely to be fulfilled for high mesh resolutions (h << 1). This condition shows

that as k increases the stability condition becomes less restrictive.

Since for low order methods (e.g. k = 2), it is not clear that △tCFL > △tmin, the method

is not useful with the present setting (i.e. equal order velocity/pressure pairs, see follow-

ing sections). This could explain the popularity of this scheme in conjunction with high

order spatial discretisation but the limited success when using low order Finite Element

techniques.

2.5.3 Temporal stability and the inf-sup condition

As showed in the previous section, instabilities (or unbounded L2 errors) may arise if a

small time step △t < △tmin is selected for computation. It has also been shown that this

limit decreases faster (when increasing the spatial resolution) than the time step issued

from the CFL condition (i.e. △tCFL > △tmin), showing the usability of the described

scheme. In this section, the author would like to explore the causes of this behaviour

seeking inspiration in the work performed in [68]. In this paper, Guermond et al. provide

a summary of the stability conditions for projection schemes (i.e. pressure-correction

methods, velocity-correction methods and consistent splitting methods). They review

different temporal schemes including the one considered in this thesis and address the

issue: Do projection schemes require an inf-sup condition to be satisfied?
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For many years, it had been thought that this type of schemes do not require an inf-sup

condition to be fulfilled since velocity and pressure are essentially “decoupled”. However

in recent years, it has been shown that these schemes correspond to stabilised like schemes

(see also [33] or [12]).

In [68], the authors consider the Chorin-Temam [27], [164] algorithm and detail that

the stability of projection schemes can be reduced to the analysis of the equivalent steady

Stokes problem. A similar approach is used in the next section, to analyse the stability

of the selected splitting scheme.

2.5.3.1 Continuous system

Using the continuous form of the NS equations (Eq. 2.2 and Eq. 2.2), and considering

the equivalent steady state problem without non-linear terms, the following matrix form

for the continuous steady Stokes problem (i.e. the saddle point system) can be derived:

S =



− 1

Re
∇2 ∇

∇. 0







u

p


 =




0

0


 . (2.5.2)

The discretised form Sh of this Stokes system S must satisfy the inf-sup (Ladyzhenskaya-

Babushka-Brezzi or LBB) condition [21], [47] or [68]. Typically the inf-sup condition

states that an equal order pressure and velocity pair do not lead a stable system. To

solve this problem one can augment the velocity space with respect to the pressure space

or add some stabilisation whilst maintaining the same space dimensions for pressure and

velocity.

Let us consider the semi-discrete (i.e. continuous in space and discretised in time)

system resulting from the splitting scheme defined in section 2.2.1 without non-linear

terms, and derive its steady state form (un+1 = un = u and pn+1 = p). Under the steady
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Stokes assumptions, the three required steps defined in section 2.2.1 reduce to:

ũ = u, (2.5.3)

γ0
˜̃u− ũ

∆t∗
= −∇p, (2.5.4)

γ0
u− ˜̃u

∆t∗
=

1

Re
∇2u, (2.5.5)

where ∆t∗ does not represent a physical time step, but is a factor that accounts for the

difference between ˜̃u and ũ. It is possible to eliminate the intermediate velocities (˜̃u and

ũ): firstly, let us substitute Eq. 2.5.3 in Eq. 2.5.4, take the divergence of the resulting

equation and make use of ∇.˜̃u = 0; secondly, one may add Eq. 2.5.4 and Eq. 2.5.5.

Finally, let us multiply the first equation by Re and divide the second by the same term,

to obtain the following matrix form:

Ssplit =



−∇2 Re∇
1
Re
∇. − △t∗

Reγ0
∇2







u

p


 =




0

0


 . (2.5.6)

By comparison of Eq. 2.5.6 to Eq. 2.5.2, it becomes clear that the new system Ssplit cor-

responds to a pseudo-compressible scheme, where △t∗

Reγ0
may be interpreted as the pseudo-

compressibility coefficient [157] or △t∗

Reγ0
∇2 as a “pressure stabilisation terms”, which re-

laxes the incompressibility constraint. As noted in [68] and [69] for the original splitting

scheme of Chorin and Temam, if the spatial discretisation Ssplith of the continuous sys-

tem Ssplit uses inf-sup unstable pressure-velocity pairs, then if △t∗ becomes “too small”,

spurious modes manifest themselves, which may lead to instabilities. In [69], the authors

proposed the use of △t∗ = △t+ hk+1
max, where hmax, is the maximum size of the elements,

to avoid too small times steps and stabilise the system. This correction has not been

tested in this thesis.
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2.5.3.2 Algebraic system

The same approach can be used to obtain a system corresponding to the discretised alge-

braic scheme defined in section 2.2.3. Once more, the steady Stokes problem is considered

with equal order polynomial spaces for pressure and velocity. The system reads:

Salg

splith
=




AHelm
(α=0,σ) ReKT

1
Re
K △t∗

Reγ0
APois

(α=0,σ)







U

P


 =




RHSHelm
(g=0,σ)

1
Re
RHSPois

(g=0,σ)


 . (2.5.7)

This matrix form shows that if △t∗

Re
becomes small, the discrete version of the saddle

point Stokes system S (i.e. without stabilisation) is recovered, which would require an

inf-sup stable pressure-velocity pair (e.g. smaller polynomial order for pressure than for

velocity). It may be concluded that when equal order velocity/pressure pairs are used,

the term △t∗

Reγ0
APois

(α=0,σ) dictates the temporal stability of the scheme. In particular, it may

be intuitively argued that “enough” stabilisation is provided by the combination of:

• a large enough time step △t∗,

• a low enough Reynolds number (Re) or equivalently high enough viscosity (ν),

• a large enough spectral radius for the matrix APois
(α=0,σ) when compared to the ratio

△t∗

Re
.

More precisely, one can eliminate the velocity from the system described by Eq. 2.5.7

to explore the solvability condition for the pressure. Assuming that AHelm
(α=0,σ) is invertible

(i.e. the DG-SIPG method provides a positive definite matrix), one obtains:

( △t∗

Reγ0
APois

(α=0,σ) −K[AHelm
(α=0,σ)]

−1KT

)
P =

1

Re

(
RHSPois

(g=0,σ) −K[AHelm
(α=0,σ)]

−1RHSHelm
(g=0,σ)

)
.

(2.5.8)
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It can be seen that the solvability of Eq. 2.5.8 is determined by the invertibility of the

pressure Schur complement:

Schur(Salg

splith
) =

△t∗

Reγ0
APois

(α=0,σ) −K[AHelm
(α=0,σ)]

−1KT , (2.5.9)

where the dependency of the discrete stabilisation term △t∗

Reγ0
APois

(α=0,σ) is explicit.

It is possible to provide a necessary condition for solvability by considering the L2

norm of the Schur complement defined by Eq. 2.5.9:

||Schur(Salg

splith
)||2 = || △t∗

Reγ0
APois

(α=0,σ) −K[AHelm
(α=0,σ)]

−1KT ||2

≥ Cte

∣∣∣∣
△t∗

Reγ0
||APois

(α=0,σ)||2 − ||K[AHelm
(α=0,σ)]

−1KT ||2
∣∣∣∣ , (2.5.10)

which follows from the reverse triangle inequality, where || • ||2 denotes the L2 norm

and Cte is a constant independent of the discretisation. The L2 norm of a matrix A

corresponds to computing its maximum singular value (i.e. spectral radius or maximum

eigenvalue for a positive definite matrix): ||A||2 = σmax(A). Eq. 2.5.10 can hence be

bounded as:

||Schur(Salg

splith
)||2 ≥ Cte

∣∣∣∣
△t∗

Reγ0
σmax(A

Pois
(α=0,σ))− σmin(K[AHelm

(α=0,σ)]
−1KT )

∣∣∣∣ . (2.5.11)

To simplify the notation, let us set σmin
a = σmin(K[AHelm

(α=0,σ)]
−1KT ) and σmax

b = σmax(A
Pois
(α=0,σ)).

The Stokes problem, studied in section 2.5.2, can be solved in two triangular meshes (with

18 and 72 elements) and polynomial orders ranging from k = 2 to 10, to estimate the

spectral radius of these matrices.

On the one hand, the minimum singular value for K[AHelm
(α=0,σ)]

−1KT is zero: σmin
a = 0,

independently of h and k (i.e. showing that inf-sup unstable pairs have been used). On

the other hand, the slope of σmax
b for p-refinement is depicted in Fig. 2.7 and behaves as

O(k3.2), which agrees very well with the theoretical estimate O(k3) derived in [85]. Using
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Figure 2.7: Singular values for DG-SIPG matrix (Stokes problem): two meshes and poly-
nomial orders ranging from k = 2 to 10. N el denotes the number of triangular elements.

these empirical correlations, the limit for solvability (resp. stability) Eq. 2.5.11 becomes:

lim
△t∗

Re
→0

△t∗

Reγ0
σmax

b − σmin
a −→ 0,

lim
△t∗

Re
→0

△t∗

Reγ0
O(k3.2) −→ 0. (2.5.12)

From Eq. 2.5.12, it can be seen that if the term △t∗

Re
decreases faster than O(k−3.2),

then it is likely that the system becomes ill conditioned (or equivalently requires inf-sup

stable pressure-velocity pairs). Let us note that Guermond et al. [68] provide an estimate

for the time step critic for stability (based on observations), for a similar time splitting

scheme and conformal discretisations: △t ∼ O(k−3), which is consistent with the present

analysis.

Remark: This new limit for stability is different from the previously obtained in

section 2.5.2 from observations of the L2 error for time refinement using a Stokes problem.

However, in the former the effect of the viscosity was not taken into account and hence

the new limit is believed to be more general. Nonetheless, both analysis show that if high

order polynomial spaces are selected, the method provides usable solutions.

It may be concluded that equal pressure/velocity spaces can be used in conjunction

with the selected splitting scheme as long as the ratio of time step to Reynolds number
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does not becomes smaller than O(k3.2). Once more, it can be seen that a high order

spatial discretisation in conjunction with the selected splitting scheme constitutes a useful

method. Low order methods however, may require further stabilisation.

2.5.3.3 Stabilisation for low order spatial discretisations

Although it appears that high order spatial discretisations do not require of further sta-

bilisation, a possible stabilisation strategy is presented here and may be found useful if

low order polynomials are used.

The continuous Laplacian operator ∇2 is unique in Eq. 2.5.6. However, in the discrete

case, the bilinear form used for the velocity step (Helmholtz equation) and pressure step

(Poisson equation) can be different as outlined in previous sections by setting two dis-

tinct matrices APois
(α=0,σ) and AHelm

(α=0,σ). The particularity of the DG-SIPG method is that

in the discrete bilinear form, the penalty parameters (i.e. σ) for the pressure and the

velocity are not required to be equal, leading to APois
(α=0,σ=σPoisson)

and AHelm
(α=0,σ=σHelmholtz)

with σPoisson 6= σHelmholtz.

This particularity can be used to stabilise the method by defining a large penalty param-

eter for the Poisson equation (the pressure step). For example one may set:

σPoisson =
3k(k + 1)

|trace|
Re

△t∗
, (2.5.13)

where 3k(k+1)
|trace|

is the previously derived necessary penalty parameter (see section 2.2.2.3).

Recalling the definition of the DG-SIPG bilinear matrix in terms of the global Mass,

Laplacian and Flux matrices (as introduced in section 2.2.3), one can expand the Poisson

bilinear matrix as:

APois
(α,σ=σPoisson)

= L + αM+T1+ σPoissonT2, (2.5.14)
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where T = T1+ σPoissonT2, T is the Flux matrix and:

σPoissonT2 :=

{
Re

△t∗

∑

Γ∈Γh∪ΓD

3k(k + 1)

|trace|

∫

Γ

[[uh]][[υh]]ds

}
. (2.5.15)

Substituting Eq. 2.5.14 and Eq. 2.5.13, into the matrix form Eq. 2.5.7 leads:

Salg

splith
=




AHelm
(α=0,σ) ReKT

1
Re
K △t∗

Reγ0
(L + αM+T1) + 3k(k+1)

γ0|trace|
T2







U

P


 =




RHSHelm
(g=0,σ)

1
Re
RHSPois

(g=0,σ)


 .

(2.5.16)

Inspection of this matrix system shows that for small time steps and high Reynolds

numbers, the term △t∗

Reγ0
(L + αM + T1) tends to zero, but leaves the term 3k(k+1)

γ0|trace|
T2 to

provide stabilisation.

To illustrate this discussion, let us reconsider the Stokes problem and the time refinement

study performed in section 2.5.2. Fig. 2.8 compares the L2 relative errors for the original

scheme (gray lines shown previously in Fig. 2.6) and the new stabilised scheme (colored

lines) for various polynomial orders. As predicted, the stabilising effect for small time steps

becomes noticeable and is particularly important for low order spatial discretisations.

Effectively, this technique increases the spectral radius of the Poisson operator:

APois
(α,σ=σPoisson)

, which scales linearly with the penalty parameter: O(σPoisson) for the Stokes

problem (these results are not shown), rendering the scheme stable for smaller values of

△t∗

Re
. In fact, this modification provides a scheme that is very similar to the stabilised

technique described by Cockburn et al. in [30]. As noted in this reference, this technique

requires post-processing to obtain truly divergence free velocities since the stabilisation

term (i.e. the penalty term integral) alters the divergence free condition. Furthermore,

this technique increases the condition number of the pressure solve, which may pollute

the solution if iterative solvers are used.

In the remaining of this thesis, this stabilisation strategy is not considered and high

81



∆t

L2
re

la
tiv

e
pr

es
su

re
er

ro
r

10-4 10-3 10-2 10-
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

k=2, 72el
k=3, 72el
k=4, 72el
k=5, 72el
k=7, 72el
k=2, 72el
k=3, 72el
k=4, 72el
k=5, 72el

a

∆t

L2
re

la
tiv

e
ve

lo
ci

ty
er

ro
r

10-4 10-3 10-2 10-
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

k=2, 72el
k=3, 72el
k=4, 72el
k=5, 72el
k=7, 72el
k=2, 72el
k=3, 72el
k=4, 72el
k=5, 72el

b

Figure 2.8: Time step refinement study for the unsteady Stokes equations at final time
T = 0.1, for various polynomial orders. L2 relative error norm for (a) pressure and (b)
velocity. Gray lines show the original scheme and colored lines the stabilised scheme.

order polynomials are used to avoid instabilities if small time steps or small viscosities

are considered.

2.6 Navier-Stokes equations

This section considers the full NS equations including the non-linear terms. Firstly, the

Taylor vortex problem is used for further verification and evaluation of numerical proper-

ties. Secondly, the flow around a square cylinder is used for the validation of the solver.

2.6.1 Taylor Vortex problem

The selected problem to test the full incompressible NS equations is the so called Taylor

vortex [101], [156]. The time dependent solution that is used to impose Dirichlet boundary
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conditions and the initial condition is given by:

(u, v) = (− cos(πx) sin(πy), sin(πx) cos(πy)) e(−2/Re)π2t,

p = −1
4
(cos(2πx) + cos(2πy)) e(−4/Re)π2t. (2.6.1)

The problem, which represents standing vortices decaying in time, is solved in Ω = [−1, 1]2

discretised with 72 triangular elements and the following parameters: Re = 50, β = 1,

σ = 3k(k+ 1) and equal order elements for velocity and pressure. Fig. 2.9 shows the DG

solution for k =4.

Figure 2.9: DG solution for Taylor vortex problem for a mesh with 72 triangular elements
and polynomial order k = 4.

Firstly, Fig. 2.10.a shows results for p-refinement. The semi-log of the L2 relative

error norm and maximum pointwise error (i.e. Linf norm) show exponential convergence

for pressure and velocity.

Secondly, h-refinement results are depicted in Fig. 2.10.b, for various meshes ranging

from N el =98 to 338 triangular elements and polynomial orders k = 2 to 5. The figure

shows convergence rates with their associated slopes. It can be seen that the method

provides, at least, optimal convergence rates O(hk+1) for all cases.
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Figure 2.10: Relative error norms for the Taylor Vortex problem, △t = 0.001 and final
time T = 0.1 (a) p-refinement and (b) h-refinement

2.6.2 Square cylinder problem

The flow around a square cylinder has been selected as a test case to validate the solver

in a complex flow. The selected Reynolds numbers are Re = 10 and 100, which are low

enough for the flow to remain two dimensional and laminar. For low Reynolds numbers

(Re < Recrit ≈ 54) [103], there is no vortex shedding and thus the solution is steady in

time, enabling validation of the code in steady flow conditions. For Reynolds numbers

larger than Recrit, vortex shedding develops forming a Von Kármán vortex street with

a characteristic vortex shedding frequency; the Strouhal number St = fb/U , where f ,

b = 1 and U = 1 are the non-dimensional vortex shedding frequency, body dimension and

free stream velocity. Both regimes are illustrated in Fig. 2.11 by means of DG solution

snapshots (2.11.a Re = 10 and 2.11.b Re = 100).

The square cylinder case has been previously studied experimentally by Okajima [131],

and numerically by Darekar and Sherwin [40] using the continuous h/p Spectral code

Nektar [101]. The same domain boundaries and effective blockage ratio (B = 2.3%) used

in [40], are retained for the present simulations. This section presents, in addition, of

published data ([131] and [40]), simulation results for the DG solver and Nektar using

identical meshes and polynomial orders. The mesh consists of 836 triangular elements.
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Figure 2.11: DG solution: Vorticity contours −1 ≤ ωz ≤ 1 for the square cylinder with
the unstructured triangular mesh overlaid in the figure for (a) Re = 10 and k = 5 and (b)
Re = 100 and k = 7.

First, DG and Nektar results, for the steady wake case at Re = 10, are compared

for the pressure drag and viscous drag components in table 2.3. All cases are simulated

using a non-dimensional time step △t = 0.01. Results and discrepancies (i.e. %error =

100FNektar−FDG

FNektar
) are summarised in the table, where it can be seen that both solvers provide

very similar results. Fig. 2.11.a depicts the DG solution for k=5 at Re = 10.

Secondly, an increase in the Reynolds number to 100 enables comparison of vortex

shedding frequencies. This case requires a non-dimensional time step of △t = 0.002.

A DG snapshot of the temporally evolving vorticity field is shown in Fig. 2.11.b, for

Re = 100.

In order to present meaningful comparisons between the different formulations (i.e.

non-conformal DG and conformal h/p Spectral Nektar), one may estimate the total num-
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k F x
p Nektar F x

p DG % errorp F x
v Nektar F x

v DG % errorv

2 1.0523 1.0516 5.9E-02 0.5384 0.5385 -1.9E-02

3 1.0673 1.0671 1.8E-02 0.5206 0.5203 5.9E-02

5 1.0785 1.0784 5.9E-03 0.5245 0.5243 4.4E-02

Table 2.3: Results for DG and Nektar solvers for the pressure and viscous components of
the drag force over a square cylinder at Re = 10.

ber of degrees of freedom (DOF) for each method ignoring the domain boundaries, which

moderately reduce the number of DOF. Taking N el as the number of triangular ele-

ments in the mesh, let us approximate the total number of DOF for the DG method as:

DOFDG ≈ Nel

2
(k + 1)(k + 2). For the h/p Spectral method, since continuity is enforced

across elements, the required number of DOF is reduced: DOFSpectral ≈ Nel

2
k2 (this esti-

mate is taken from [173]). Fig. 2.12 depicts the computed St number as a function of the

number of DOF, for the two solvers using the same mesh together with published results

from Darekar and Sherwin [40].

In addition, table 2.4 compares the Strouhal number obtained with the present DG

implementation together with data from physical experiments [131], showing an excellent

level of agreement.

It is concluded that both solvers provide good agreement with the experimental data

and that both display similar convergence trends.

Experimental data Blockage (B) St

Okajima [131] 0% 0.141-0.145

DG (k=5, DOF=17556) 2.3% 0.144

Table 2.4: Strouhal number St for the square section cylinder at Re = 100; experimental
data and numerical results from the present DG implementation (for polynomial order
k = 5).
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Chapter 3

High order sliding meshes and

curved elements

The previous chapter presented the formulation for a high order DG solver for non moving

geometries and meshes where discretisation was performed using straight edged triangular

elements. The numerical properties of the solver were examined through various test cases,

concluding with the analysis of vortex shedding aft a square cylinder at various Reynolds

numbers. Within this chapter, the previous formulation is extended to account for ro-

tationally moving geometries through a sliding mesh technique without the requirement

to use mortar type techniques. To this end, the previous implementation is extended to

enable high order solutions on mixed triangular-quadrilateral meshes and elements with

curved edges. In addition, an exact implementation for no-slip boundary conditions is in-

cluded for curved edges; circular arcs and NACA 4-digit foils, where analytic expressions

for the geometry are used to compute the required metrics. To the author’s knowledge,

the methodologies presented in this chapter conform a novel approach for the simulation

of fluid-structure interaction problems involving rotation.

The solver capabilities are tested for a number of problems governed by the incompress-

ible Navier-Stokes equations on static and rotating meshes: the Taylor vortex problem,

the Wannier flow problem for a circular cylinder, a rotating square cylinder and a static
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and rotating symmetric NACA0015 foil.

The sliding mesh technique allows for mesh motion where an inner mesh section rotates

with respect to an outer static mesh. This relative motion creates hanging nodes at the

interface between static and rotating elements and necessitates the use of elements with

internal curved edges (see chapter 1 section 1.11). In addition, to achieve high order

solutions near external boundaries (i.e. walls), curved boundary elements are essential.

To clarify these concepts before continuing, Fig. 3.1 depicts an example of a mesh, where

the static and rotating subdomains, the curved edges for a symmetric foil and the curved

sliding mesh with the associated hanging nodes have been highlighted.

Figure 3.1: Mixed triangular-quadrilateral mesh for a symmetric foil with curved bound-
aries and a circular sliding mesh. Static and rotating subdomains are distinguished.

The present work shows that in the DG context, the geometric incompatibility (see

chapter 1 section 1.11.3.1 for definitions) arising from the hanging nodes due to mesh

rotation does not cause loss of exponential convergence properties. Further, it is shown

that the functional incompatibility originating from the use of triangular and quadrilateral

element types in combination with orthogonal modal basis functions, does not present a

problem. Finally, the sliding mesh implementation shows high order spatial accuracy
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and no degradation in temporal convergence rates when solving the incompressible NS

equations.

To account for the relative mesh movement of the inner mesh with respect to the static

outer mesh, it is advantageous to write the equations for fluid motion in their Arbitrary

Lagrangian-Eulerian (ALE) form [44]. The ALE description was first introduced for finite

difference methods and unstructured meshes for fluid simulation [78] and subsequently

extended to finite elements [87]. A wide explanation of this method can be found in [44].

The ALE approach is generally used for dynamically deforming mesh elements (i.e.

arbitrary node movement) and has been widely explored in combination with DG meth-

ods to solve hyperbolic type equations including the compressible NS equations (see for

example [115], [138], [169] or [126]). As for the incompressible ALE form of the NS equa-

tions with arbitrary mesh movement, work was limited for a long time to conformal h/p

Spectral discretisations [17]. However, very recent work combines this technique with a

DG approach [145].

Deforming element techniques (e.g. ALE for deforming elements) require either gen-

erally small body motions or remeshing for large motions that would have otherwise lead

to unacceptably element distortions. To avoid these limitations, an appealing approach is

provided by combining the ALE approach with the sliding mesh technique. This method

is particularly suitable to problems where the mesh movement is known a priori; e.g.

rigid body rotation without mesh deformation. We chose to follow this approach, the

ALE formulation with sliding meshes for non deforming elements, and summarise some

of its advantages below:

1. Inertially fixed and rotating objects can be present in the same simulation (see

examples in chapter 6).

2. No remeshing is required (with its associated computational cost) as mesh elements

do not distort enabling unlimited rotation as opposed to non-sliding methods in

which large distortions and subsequent remeshing need to be handled.
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3. No projection of the solution into a new mesh is required to advance the solution

in time, which is generally a non-conservative process.

4. No interpolation through the sliding interface is required (as in low order methods)

which would introduce high numerical errors, destroying the high order properties

of the method.

The ALE approach with sliding mesh interfaces, has been previously studied in the con-

text of h/p conformal Spectral methods that require mortar techniques for subdomain

linking [3]. Recently, a sliding mesh capability has been described for the incompressible

NS equations [38], where the authors used isogeometric analysis and a low order confor-

mal discretisation (using NURBS) coupled with a special treatment for the sliding curved

interface exploiting ideas from DG methods. Purely DG discretisations in conjunction

with the sliding mesh approach, have been used for the solution of electromagnetic prob-

lems (i.e. Maxwell equations) [2], [23]. In [23], it was shown that to solve the Maxwell

eigensystem with sliding mesh interfaces, mortar techniques are beneficial.

To the author’s knowledge, the work presented herein details the first high order

(order ≥ 3) DG solver with sliding meshes for the solution of the incompressible NS

equations. The method presents a novel approach, where a non-conformal DG discretisa-

tion is used in all elements and the curved sliding mesh interface is approximated through

an analytical mapping for the description of the circular interface. It is shown that the

developed approach and implementation does not require of mortar type techniques to

accurately resolve the incompressible NS equations. In addition, an analytical mapping

to account for curved external boundary conditions (i.e. walls) is introduced, to represent

NACA 4-digit foils as required by high order techniques to obtain smooth solutions.
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3.1 Chapter outline

This chapter is organised as follows. Firstly, section 3.2 introduces the ALE methodology

used to discretise the equations in time (section 3.2.1) and space (section 3.2.2). Emphasis

is placed on the required mappings to account for the curved edges (section 3.2.2.3) and

the discretisation and implementation of surface integrals for curved sliding interfaces

(section 3.2.2.4). Section 3.4 includes various test cases to assess the accuracy, convergence

properties and usability of the solver. Namely, the Taylor vortex problem and the Wannier

flow problem, are used to examine spatial and temporal convergence rates. In addition,

results are reported for a rotating square cylinder and a NACA0015 foil under static and

rotating conditions. The foil cases enable the exploration of the numerical properties

associated to the analytical NACA boundary conditions.

3.2 Methodology

The formulation, introduced in the previous chapter, is extended to account for relative

movement between mesh regions in the computational domain. To solve the incom-

pressible NS equations in primitive variable formulation in a unique domain composed

of non overlapping static and moving regions, two distinct subdomains may be defined:

Ω(t) = Ωsta∪Ωrot(t) where Ωsta∩Ωrot(t) = Γsta−rot and Γsta−rot defines the circular sliding

mesh interface. The non-dimensional incompressible NS equations in ALE form [44] can

be written (in the absence of body forces):

∂u

∂t
+ ((u−w).∇)u = −∇p+ 1

Re
∇2u , ∇.u = 0 in Ω(t), (3.2.1)

with appropriate boundary conditions and initial condition (see chapter 2), where u =

(u, v)T and w are non-dimensionalised using the characteristic free stream flow velocity

magnitude U and represent the flow and mesh velocities and Re is the Reynolds number.

Remark: Let us note that the ALE form of the NS equations only requires modifica-
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tion of the non-linear terms, which are written in convective form N(u) = ((u−w).∇)u

(further details can be found in [44] and section 3.2.2.2).

Let us distinguish between the static and rotating subdomain meshes (see Fig. 3.1)

by setting:

w =





0 ∀el ∈ Ωsta

̟ × x ∀el ∈ Ωrot(t)

, (3.2.2)

where el are the mesh elements in Ω(t), ̟ = (0, 0, Lω/U) is the non-dimensional mesh

rotational velocity and ω represents the dimensional mesh rotational speed. As seen in

chapter 2, to solve the described system, the author has chosen to discretise temporally

using a splitting method and a high order DG-SIPG method for spatial discretisation.

The following section 3.2.1 details the modifications required by the splitting scheme to

account for rotating mesh elements using the ALE formulation. In addition, in section

3.2.2, the DG-SIPG formulation is extended to accommodate for curved elements and

sliding mesh interfaces.

3.2.1 Arbitrary Lagrangian-Eulerian temporal discretisation

The ALE version of the algorithm described in chapter 2 has been previously used in

the context of h/p Spectral discretisations for arbitrary mesh deformation in [17], and

for rotating geometries in [3] using a mortar technique. The resulting ALE temporally

discretised momentum equation is given by:

γ0u
n+1 − α0u

n − α1u
n−1

∆t
= − ∇pn+1 +

1

Re
∇2un+1 (3.2.3)

− β0[((u
n −wn).∇)un]− β1

[(
(un−1 −wn−1).∇

)
un−1

]
.

Again, second order Adams-Bashforth values for the coefficients are used: γ0 = 3/2,

α0 = 2, α1 = −1/2, β0 = 2 and β1 = −1. The algorithm for the incompressible NS
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equations in ALE form, that accounts for rotating mesh motion, follows through sequential

solution of equations 3.2.4 to 3.2.7, where Eq. 3.2.6 and 3.2.7 are computed using the

DG-SIPG variational framework (as described in chapter 2 section 2.2.2). For rigid mesh

motion, the mesh movement is known a priori and thus the position of the new nodes can

be analytically computed as shown by Eq. 3.2.5. The sequence of steps reads:

ũ = (α0/γ0)u
n + (α1/γ0)u

n−1 − (β0∆t/γ0)[((u
n −wn).∇)un]

− (β1∆t/γ0)
[(
(un−1 −wn−1).∇

)
un−1

]
, (3.2.4)

xn+1 = R(∆θ)(xn − x0) + x0, (3.2.5)

−∇2pn+1 = − γ0
∆t
∇.ũ, (3.2.6)

−∇2un+1 +
Reγ0
∆t

un+1 = Re(
γ0
∆t

ũ−∇pn+1), (3.2.7)

where ∆θ = ∆tLω/U is the non-dimensional discrete differential rotation angle, corre-

sponding to the difference between angle at time n (i.e. θn) and n + 1 (i.e. θn+1). The

rotation center for the associated circle is represented by x0. Furthermore, the rotation

matrix R(∆θ) is defined as:

R(∆θ) =




cos ∆θ − sin ∆θ

sin ∆θ cos ∆θ


 . (3.2.8)

Eq. 3.2.6 defines a Poisson equation for the pressure which is closed using the following

boundary condition at walls and inflow:

∂p

∂n

n+1

= n.
∂u

∂t

n+1

− β0n.

(
((un −wn).∇)un +

1

Re
∇× ωn

)

−β1n.

((
(un−1 −wn−1).∇

)
un−1 +

1

Re
∇× ωn−1

)
, (3.2.9)

where ω = ∇×u is the vorticity. Chapter 2 introduced the required boundary conditions

to close the Poisson and Helmholtz equations resulting from the splitting scheme consid-
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ered. This section particularises these boundaries for the no-slip boundary condition (i.e.

walls) when present in the rotating subdomain Ωrot(t).

At rotating walls, a Dirichlet boundary condition for the velocity (Helmholtz equation

Eq. 3.2.7) and a Neumann condition for the pressure (Poisson equations Eq. 3.2.6) are

required. To define the Dirichlet condition for the velocity, let us introduce the velocity

relative to the moving zone: urel = u − w and note that for rotating no-slip boundary

conditions, the relative velocity vanishes (urel = 0) leading to u = w.

The Poisson boundary condition defined in chapter 2 Eq. 3.2.9 can be improved by

expanding the time derivative of the velocity and considering urel = 0 at no-slip moving

boundaries:

∂u

∂t

n+1

=
∂(urel +w)

∂t

n+1

=
∂w

∂t

n+1

=
∂[̟ × x]

∂t

n+1

= ̟ × ∂x

∂t

n+1

= ̟ ×w = ̟ ×̟ × xn+1, (3.2.10)

where the following equalities have been used: w = ̟ × x, ∂x
∂t

n+1
= wn+1. In addition,

the rotational speed has been considered constant: ̟n+1 = ̟n = ̟ (i.e. zero angular

acceleration ∂̟
∂t

).

3.2.2 High order DG-SIPG spatial discretisation

Chapter 2 section 2.2.2 introduced the DG-SIPG spatial discretisation necessary to solve

the NS equations using the temporal splitting scheme selected. This section expands the

previous polynomial spaces to include meshes where quadrilateral elements with either

straight or curved edges. These new curved elements can be used to define external

curved boundaries or internal curved interfaces as necessary to account for the sliding

mesh technique.
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3.2.2.1 Preliminaries: extended spaces

Let Ω = Ωsta ∪ Ωrot be a domain in R2 fixed at an instant in time, with boundaries ∂Ω

(straight or curved) of Dirichlet (ΓD) or Neumann (ΓN ) type, where ΓD ∩ ΓN = ∅. Let

us introduce a triangular-quadrilateral tessellation of N el elements: Ωh = {eltri, elquad}

of Ω with external boundaries ∂Ωh and interior boundaries Γh (straight or curved). In

addition, let us define nΓ−local as the local pointwise unit outward pointing normal (i.e.

nΓ−local = nΓ for straight edges), which is required when considering curved edges.

The extended discontinuous finite element space Dk(Ωh) = Dtri
k (Ωh) ∪ Dquad

k (Ωh) is

composed by:

Dtri
k (Ωh) = {υh ∈ L2(Ω) : ∀eltri ∈ Ωh, υh|eltri ∈ Pk(el

tri)},

Dquad
k (Ωh) = {υh ∈ L2(Ω) : ∀elquad ∈ Ωh, υh|elquad ∈ Qk(el

quad)},

and their vector version [Dtri
k (Ωh)]

2, [Dquad
k (Ωh)]

2 and [Dk(Ωh)]
2 = [Dtri

k (Ωh)]
2∪[Dquad

k (Ωh)]
2

where Pk(el
tri) and Qk(el

quad) denote the space of polynomials of order less than or equal

to k for triangular and quadrilateral elements respectively. Note that equal polynomial

orders are considered for triangles and quadrilaterals and equal order elements for velocity

and pressure.

3.2.2.2 Non-linear terms under rotational motion

The formulation for the non-linear terms introduced in chapter 2 section 2.2.2.2 is re-

considered in this section to account for the ALE form of the NS equations. A similar
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formulation (under its weak setting) is proposed: find uh ∈ [Dk(Ωh)]
2 such that:

∫

Ωh

(N(uh)) .υhdx =

∫

Ωh

(((uh −w).∇)uh) .υhdx

=
∑

el∈Ωh

∫

el

(((uh −w).∇)uh) .υhdx (3.2.11)

+1/2
∑

el∈Ωh

∫

el

((∇.(uh −w))uh) .υhdx, ∀υh ∈ [Dk(Ωh)]
2.

Let us note that this formulation makes use of the property ∇.w = 0, which is valid for

rigid body motion.

As introduce in the previous chapter, the explicit treatment of the non-linear terms

introduces a Courant-Friedrichs-Lewy (CFL) type restriction on the time step. The CFL

estimate for high order spatial methods leads to △t < △tCFL = O(h/Umaxk
2), where h is

the mesh element size, Umax the maximum velocity and k represents the polynomial order

(see chapter 2 section 2.2.2.2). When considering the ALE formulation, this estimate

becomes: △t < △tCFL = O(h/|u−w|maxk
2), where u and w are the flow and mesh

velocities. Let us consider the limiting case |w|max = Rω (i.e. the sliding interface),

where R defines the radius of the circle associated to the sliding interface and ω the

rotational speed. It is possible to identify the most stringent case, which occurs when w

and u (with magnitude |u| = U) have opposite directions and leads to a modified estimate

for the limiting time step: △t < △tCFL = O(h/(U +Rω)k2).

3.2.2.3 Quadrilateral elements with straight and curved edges

This section introduces the necessary mappings to relate computational to physical space

for quadrilateral elements with straight or one curved edge. Some advantages for the

selection of quadrilateral elements with curved edges, over triangular elements, have been

outlined previously in section 2.2.2.4 chapter 2. A brief reminder, of the notation intro-

duced in section 2.2.2.4, where the mapping for triangular elements with straight edges

was defined, is presented first.
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The mapping Ψ defines the transformation from the reference element Iel in compu-

tational space ξ = (ξ1, ξ2) to the element el in physical space x = (x, y) as Iel := Ψ−1(el),

with |JΨ| the determinant of the Jacobian associated with the mapping . The trans-

formation of the edges Γ of element el in physical space to the mapped edge in the

computational space is defined through Γ = C([−1, 1]), with the associated norm of the

differential parametrisation (i.e. differential length): |JC(t)|. The volume and line inte-

grals of a general polynomial function f(x) can then be equated from physical space to

their equivalent form in computational space:

∫

el

f(x)dx =

∫

Iel

f(ξ)|JΨ|dξ, (3.2.12)

∫

Γ

f(x)ds =

∫ 1

−1

f(C(t))|JC(t)|dt. (3.2.13)

In addition to the triangular element mapping (1a and 1b - Triangular map) defined

previously, this section defines the following mappings Ψ, which are depicted in Fig. 3.2:

• 2 - Quadrilateral map: standard square (ξ1, ξ2) to arbitrary quadrilateral (x, y)

(see [62] for details).

• 3 - Curved-quadrilateral map: standard square (ξ1, ξ2) to arbitrary quadrilateral

with one curved edge (x, y) (see [62] or [101] for details).

The mappings defined in Fig. 3.2 lead to a constant determinant of the Jacobian |JΨ|

for straight sided quadrilateral elements with parallel edges only but not for general

quadrilaterals (see appendix A for details).

It is important to remember at his point, that in addition to the determinant of the

Jacobian |JΨ| and the norm of the differential length |JC(t)| required to evaluate volume

and surface integrals (Eq. 3.2.12 and Eq. 3.2.13), partial derivatives from physical to

computational space (i.e. gradients) and edge normals are also required. These metrics

can be analytically obtained through the defined maps. A detailed description of these

metrics can be found in in appendix A.
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The Curved-quadrilateral map-3, depicted in Fig. 3.2, was introduced in [62] and has

previously been used in the context of conformal discretisations (i.e. h/p Spectral [101]).

This map is necessary to account for external curved boundaries and the interior curved

sliding interface.
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Figure 3.2: Mapping from computational space to physical space for quadrilateral ele-
ments with straight edges (map 2) or one curved edge (map 3).

The general approach used in high order methods, to account for curved elements,

is to use iso-parametric mapping. This technique approximates the curved edge using

polynomial functions (splines or NURBS) which have the same degree that the polyno-

mials used within the element to approximate the flow solution [101]. Subsequently, the

approximated curve (i.e. fitted polynomial) is used to compute the required metrics (i.e.

|JΨ|, |JC(t)|, gradients and normals).

The present approach is somewhat different in the sense that it does not require to fit

a polynomial to the non-polynomial curve, defining the curved edge, to compute the re-

quired metrics from the fitted polynomial. Instead, the analytical expression that defines

the curved edges is used to computed the required metrics (at quadrature points). Con-

ceptually, the selected approach is similar to the NURBS-Enhanced FEM [154] approach

since both allow for decoupling of the geometry (and associated metrics) with respect to

the polynomial space required to approximate the solution. The approach considered in

this thesis can be seen as less general, but it may be argued that an analytical expression
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of the geometry can always be obtained (e.g. fitting a polynomial of arbitrary order).

Returning to the Curved-quadrilateral map-3 that accounts for one curved edge; only

the edge B-C is considered curved which corresponds to the edge ξ = (ξ1 = 1, ξ2) in the

computational space as shown in Fig. 3.2. This can be ensured by the appropriate node

numbering when generating the mesh (but generalisation to other edges is direct). The

function KB−C(ξ2) = (KxB−C
(ξ2), KyB−C

(ξ2)) in Fig. 3.2 defines the shape of the curved

edge. To calculate surface integrals on external curved edges, using the defined mappings,

it suffices to replace C(t = ξ2) = KB−C(ξ2) in Eq. 3.2.13. The flux treatment for curved

edges lying on the sliding mesh interface (with a hanging node) is presented in section

3.2.2.4.

Finally, the differential length for quadrilateral elements with straight edges can be

computed as: |JC(t)| =
√
[
(
dx
dt

)2
+
(
dy
dt

)2
]dt = |trace|

2
, where |trace| is the length of the

element edge in 2D. However, when curved edges are considered, these metrics require

the evaluation of the expression:

|JC(t)| =
√(

dKxB−C
(ξ2)

dξ2

)2

+

(
dKyB−C

(ξ2)

dξ2

)2

dξ2. (3.2.14)

Further details can be found in appendix A.

This work considers three types of curved edges: circular arcs, symmetric NACA

4-digit edges and cambered NACA 4-digit edges.

Circular arced elements: The circular parametrisation, which was previously intro-

duced in [101], is defined as:

KCIRC
xB−C

(ξ2) = R cos

(
1− ξ2

2
θB +

1 + ξ2
2

θC

)
, (3.2.15)

KCIRC
yB−C

(ξ2) = R sin

(
1− ξ2

2
θB +

1 + ξ2
2

θC

)
,
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where R = RB = RC and θB, θC are the polar-coordinates of nodes B and C with

respect to an origin at the centre of curvature. This parametrisation is used hereafter

to account for the circular sliding interface (see details in section 3.2.2.4) and can be

utilised to define circular external boundaries (see example in section 3.4.2 for the Wannier

flow problem). It can be shown that the circular parametrisation KCIRC
B−C (ξ2) provides

a constant determinant of the Jacobian |JΨ| provided θA = θB, θC = θD and RB =

RC , RA = RD. In the present implementation, however, the general case, where the

determinant of the Jacobian is not constant, is retained and enhances the flexibility in

the mesh generation process.

Symmetric NACA 4-digit elements: For the NACA 4-digit (see for example Abbott

and Von-Doenhoff [1] for definitions), the analytical expression for the NACA foil can be

used to define the mapping required to approximate curved external boundaries:

KNACA
xB−C

(ξ2) =
1− ξ2

2
xB +

1 + ξ2
2

xC , (3.2.16)

KNACA
yB−C

(ξ2) = ± ζ

0.2
(τ0

√
KNACA

xB−C
(ξ2)− τ1[K

NACA
xB−C

(ξ2)]− τ2[K
NACA
xB−C

(ξ2)]
2

−τ3[KNACA
xB−C

(ξ2)]
3 − τ4[K

NACA
xB−C

(ξ2)]
4),

where ζ is the foil maximum thickness (with respect to unit chord c = 1) and τ0 = 0.29690,

τ1 = 0.12600, τ2 = 0.35160, τ3 = 0.28430 and τ4 = 0.20250 are the NACA constants

required to define the profile geometry for symmetric NACA foils. The foil nose definition

requires a circular mapping with radius rnose = 1.1019ζ2 and Eq. 3.2.15 is used. The

transition from the analytic nose and foil body formulations is not particularly smooth if

the value suggested in [1] (x/c = 0.005) is used. By selecting this transition to occur at

x/c = 0.002, a smooth enough geometric transition, is obtained for the foils tested in this

thesis (i.e. ζ = 12% and 15%). In all cases, the NACA blunt trailing edge is extended,

with straight edges, to obtain a sharp trailing edge, which extends the chord to c ≃ 1.01.

This mapping is defined for 0 < x < 1 but can be generalised to arbitrary values when
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combined with translation and rotation.

Cambered NACA 4-digit elements: The previous definition for the symmetric NACA

can be extended to account for camber (see Abbott and Von-Doenhoff [1]). To this

end, let us introduce the coordinates for the mean camber line ycamb and the coor-

dinates for the upper and lower foil surfaces (KCAMB−UPP
xB−C

(ξ2), K
CAMB−UPP
yB−C

(ξ2)) and

(KCAMB−LOW
xB−C

(ξ2), K
CAMB−LOW
yB−C

(ξ2)) respectively. The previous definition for the sym-

metric NACA (KNACA
xB−C

(ξ2), K
NACA
yB−C

(ξ2)) can be used to define the coordinates for the

cambered profile:

KCAMB−UPP
xB−C

(ξ2) = KNACA
xB−C

(ξ2)−
(
KNACA

yB−C
(ξ2) sin δ(ξ2)

)
, (3.2.17)

KCAMB−UPP
yB−C

(ξ2) = ycamb(ξ2) +
(
KNACA

yB−C
(ξ2) cos δ(ξ2)

)
,

KCAMB−LOW
xB−C

(ξ2) = KNACA
xB−C

(ξ2) +
(
KNACA

yB−C
(ξ2) sin δ(ξ2)

)
,

KCAMB−LOW
yB−C

(ξ2) = ycamb(ξ2)−
(
KNACA

yB−C
(ξ2) cos δ(ξ2)

)
,

where ycamb(ξ2) and δ(ξ2) are defined as:

ycamb(ξ2) =





(
m
p2

)
KNACA

xB−C
(ξ2)

(
2p− KNACA

xB−C
(ξ2)

c

)
; 0 ≤ KNACA

xB−C
(ξ2) ≤ pc,

(
m

(1−p)2

)(
c−KNACA

xB−C
(ξ2)

)(
1 +

KNACA
xB−C

(ξ2)

c
− 2p

)
; pc ≤ KNACA

xB−C
(ξ2) ≤ c,

(3.2.18)

and

δ(ξ2) = atan

(
dycamb(ξ2)

dKNACA
xB−C

(ξ2)

dKNACA
xB−C

(ξ2)

dξ2

)
. (3.2.19)

To define the cambered NACA, the maximum camber (m) and the location of maximum

camber (p), have been introduced. In this case, the expressions have been generalised to

foil chords different than unity. Finally, it can seen that for m = 0 this definition reduces

to the symmetric NACA map (Eq. 3.2.16).
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3.2.2.4 High order sliding meshes

Due to the inner domain rotation relative to the outer static mesh, there is, for arbitrary

rotation, the creation of hanging nodes and an associated geometric incompatibility. This

section shows that this incompatibility does not represent a problem in the DG context.

When implementing the sliding mesh technique, it becomes necessary to revisit the

bilinear form defined in section 2.2.2.3, and in particular the last three terms in Eq. 2.2.15,

involving surface integrals. A general expression for this term was derived in chapter 2

section 2.2.3 and is repeated here for clarity.

Let ℓ, χ denote the elements sharing the edge Γ, then the contributions of the numerical

DG-SIPG flux in Eq. 2.2.15 are
∫
Γ
tΓijds =

∫
Γ
t
elℓelχ
ij ds, where i = 1 to LDOF is the test

function index of vh and j = 1 to LDOF is the basis function index of uh. These flux

contributions are defined as:

∫

Γ

t
elℓelχ
ij ds = γ

1

2

∫

Γ

∇φelχ
j .nΓ−localφ

elℓ
i ds+ δ

1

2

∫

Γ

φ
elχ
j ∇φelℓ

i .nΓ−localds+ ρ
σ

|trace|

∫

Γ

φ
elχ
j φelℓ

i ds,

(3.2.20)

where nΓ−local defines the local normal vector (i.e. nΓ−local = nΓ for straight edges) and

γ, δ and ρ are defined as:

γ =





1; ℓ 6= 1

−1; ℓ = 1

, δ =





1; χ 6= 1

−1; χ = 1

, ρ =





1; ℓ = χ

−1; ℓ 6= χ

. (3.2.21)

The present implementation considers that the elements sharing the sliding mesh interface

have one curved edge and a unique hanging node per element interface. Furthermore, the

hanging node lies on the edge ξ = (ξ1 = 1, ξ2) in the computational space (i.e. edge B-C in

physical space). A schematic of three elements with curved edges sharing the sliding mesh

interface and the resulting hanging node is depicted in Fig. 3.3, where the connectivity

between elements in both physical and computational space is detailed. The circular
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edge mapping previously defined in Eq. 3.2.15 is used to describe the curved edges of

the elements sharing the circular sliding interface. The flux contributions defined in Eq.
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Figure 3.3: Sliding mesh connectivity scheme showing three elements and the shared
interfaces with a hanging node in (a) the physical space and (b) the computational space.

3.2.20 over the curved interface (i.e. Γ ∈ Γsta−rot) have to take into account the presence

of a hanging node and that the edge is split in two segments: Γ12 that connects element el1

and el2 and Γ13 connecting el1 to el3. It is thus necessary to extend these surface integrals,

defined for a single edge (i.e. only shared by two elements), to account for the interface

including a hanging node Γ = Γ12∪Γ13. Before proceeding, it proves useful to redefine the

norm of the differential parametrisation (or differential length) |JC(t)| introduced in Eq.

3.2.13 that defines the surface integral in computational space. Recalling the definition

of the circular mapping introduced in Eq. 3.2.15 and setting C(t) = KCIRC
B−C (ξ2 = h(t)),

where h(t) represents a linear function to be subsequently detailed; one can define:

|J
K

CIRC
B−C

(t)| =

√(
∂KCIRC

xB−C
(ξ2)

∂ξ2

∂ξ2
∂t

)2

+

(
∂KCIRC

yB−C
(ξ2)

∂ξ2

∂ξ2
∂t

)2

dt. (3.2.22)

For edges where no hanging nodes are present, the linear function h(t) reduces to h(t) = t

(i.e. ξ2 = t). Let us consider the internal element el1 as the reference element and follow

the notation introduced in Fig. 3.3. Combining Eq. 3.2.13, Eq. 3.2.20 and Eq. 3.2.22,
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one obtains:

∫

Γ∈Γsta−rot

t
elℓelχ
ij (x)ds =

∫

Γ12

t
elℓelχ
ij (x)ds12 +

∫

Γ13

t
elℓelχ
ij (x)ds13

=

∫ x1
hang

,y1
hang

x1
B,y1B

t
elℓelχ
ij (x)ds12 +

∫ x1
C ,y1C

x1
hang,y

1
hang

t
elℓelχ
ij (x)ds13

=

∫ 1

−1

t
elℓelχ
ij (KCIRC

B−C (t1))|JK
CIRC
B−C

(t1)|dt1

+

∫ 1

−1

t
elℓelχ
ij (KCIRC

B−C (t2))|JK
CIRC
B−C

(t2)|dt2, (3.2.23)

where −1 ≤ t1, t2 ≤ 1 are the parametrisations for Γ12 and Γ13 respectively and ℓ, χ =

1, 2, 3, but ℓ, χ 6= 3 in Γ12 and ℓ, χ 6= 2 in Γ13. This parametrisation can be related to the

computational space by introducing the following intermediate linear mappings ξ2 = h(t):

ξ2 = h12(t1) =
1− t1
2

(−1) + 1 + t1
2

ξ2
1
0 on Γ12,

ξ2 = h13(t2) =
1− t2
2

ξ2
1
0 +

1 + t2
2

(1) on Γ13, (3.2.24)

where the hanging node on the computational space is defined to map to the hanging

node in physical space (see Fig. 3.3): (ξ1
1
0, ξ2

1
0) ←→ (x1

hang, y
1
hang). It can also be seen

that ξ1
1
0 = 1 (since ξ1 = 1) and that ξ2

1
0 = 2

(θ1hang−θ1B)

(θ1C−θ1B)
− 1, with θ1hang, θ

1
B and θ1C , the

corresponding polar angles for the reference element in physical space. The map for the

circular edge Eq. 3.2.15 and the intermediate mapping Eq. 3.2.24 can be differentiated to

obtain the required definition of the norm of the differential parametrisation |J
K

CIRC
B−C

(t)|,

defined in Eq. 3.2.22. Substituting this expression into Eq. 3.2.23, one can derive the

necessary definition for the fluxes across the curved interfaces with a hanging node:

∫

Γ∈Γsta−rot

t
elℓelχ
ij (x)ds = (3.2.25)

θC − θB
4

R

[
(ξ2

1
0 + 1)

∫ 1

−1

t
elℓelχ
ij (KCIRC

B−C (t1))dt1 + (1− ξ2
1
0)

∫ 1

−1

t
elℓelχ
ij (KCIRC

B−C (t2))dt2

]
,
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with i, j = 1 : LDOF , ℓ, χ = 1, 2, 3, but ℓ, χ 6= 3 in the first integral and ℓ, χ 6= 2

in the second. These integrals can now be evaluated using any quadrature rule (e.g.

Gauss-Legendre).

The penalty term in Eq. 3.2.20 requires a definition for the |trace|, which is chosen to

be: |trace|12 = |trace|13 = |θC − θB|R.

3.2.2.5 Modal basis functions for quadrilateral elements

Modal basis functions for triangular elements were introduced in chapter 2 section 2.2.2.5.

The present section introduces the necessary modal bases for quadrilateral elements. In

this case, also hierarchical tensorial and orthonormal (with respect to the L2-inner prod-

uct) expansion bases (see [101] for details) are defined in both physical and computational

space following the notation introduced in Fig. 3.2:

φquad
i (x) = φquad

pq (x) = ϕquad
p

A
(ξ1)ϕ

quad
q

B
(ξ2), (3.2.26)

where p, q denote the different components of the tensorial expansion. Here again, the

basis functions φ(x) for quadrilateral can be expressed in terms of principal basis functions

ϕ(ξ1, ξ2), which are defined in the standard square:

ϕquad
p

A
(ξ1) =

√
2p+ 1

2
P (0,0)
p (ξ1) , ϕquad

q

B
(ξ2) =

√
2q + 1

2
P (0,0)
q (ξ2), (3.2.27)

where P
(α,β)
p (z) is the pth order Jacobi polynomial. The tensorial indices are defined by

0 ≤ p, q ≤ k and the Local number of Degrees of Freedom (LDOF) for quadrilateral

elements as: LDOFquad = (k + 1)2, given a polynomial order k. The principal basis

functions on the standard square are depicted in Fig. 3.4.

As for triangular elements, the bases have been normalised to provide a mass matrix

that is the identity matrix (i.e. M = |JΨ|Id) for quadrilaterals with parallel edges (i.e.

constant determinant of the Jacobians).
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Figure 3.4: Hierarchical modal basis functions for various polynomial k = 0 to 6 for
quadrilateral elements.

Remark: When considering a non-constant determinant of the Jacobian together

with the defined basis functions for quadrilateral elements, a symmetric mass matrix (i.e.

M = M
T) is obtained, which substantially reduces the cost of computing the mass matrix

and subsequent operations involving this matrix, relative to the cost for a full matrix.

It can be seen that since LDOFquad 6= LDOFtri and no special treatment is performed

at element edges, functional incompatibilities arise for adjacent triangular and quadrilat-

eral elements, however, the results section 3.4.1.1 shows that these discontinuities do not

present a problem in the DG context.

Finally, the derivatives of the principal basis functions can be obtained similarly as

for triangular elements:

dϕquad
p

A

dξ1
(ξ1) =

1

2
(p+ 1)P

(1,1)
p−1 (ξ1),

dϕquad
q

B

dξ2
(ξ2) =

1

2
(q + 1)P

(1,1)
q−1 (ξ2). (3.2.28)

3.2.2.6 Numerical quadrature revisited

In this section, the table presented in chapter 2 section 2.2.4, for straight sided triangular

elements, is extended to incorporate the minimum number of quadrature points (using
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Gauss-Legendre quadrature) required to evaluate volume and surface integrals for quadri-

lateral elements with non-constant determinant of the Jacobian |JΨ| and with curved

edges. Before proceeding, let us recall (see chapter 2 section 2.2.4) that the minimum

number of quadrature points to integrate exactly a polynomial f of order O(f) = F is

Qmin = (F + 1)/2.

Table 3.1 summarises the polynomial orders and the required number of quadrature

points corresponding to the terms defining the bilinear form Eq. 2.2.15, which includes

volume integrals (e.g. Local Mass matrix Mel, Local Gradient matrix Kel
r and Local

Laplacian matrix Lel
r ) and surface integrals (e.g. Penalty terms and flux terms contribut-

ing to the Flux matrix T) for quadrilateral elements. Since only quadrilateral elements

with a non-constant determinant of the Jacobian (i.e. quadrilateral elements with non

parallel edges or with one curved edge) are considered, the general formulation to eval-

uate volume integrals Eq. 2.2.36, introduced in chapter 2 section 2.2.4, is retained. To

calculate the number of quadrature points for this type of elements, it is advantageous

to define the order of the determinant of the Jacobian O(|JΨ|) = J (e.g. J = 0 if |JΨ|

is constant over the element). In addition, let us introduce the order of the differential

length O(|JC(t)|) = D and the order of the non-constant normal (i.e. curved edges)

O(nΓ) = N . As seen for triangular elements, the non-linear terms require the integration

of polynomials of order: O(f) = F = O(
∫
φi(x)φj(x)φk(x)dx) ≈ 3k + J . Integration of

the non-linear terms require more quadrature points that all the other integrals.

Remark: In practice, one can set Qquad
min = 3k as a conservative estimate. In-

spection of the required number of quadrature points to integrate the Flux matrix terms,

shows that exact integration is provided when D + N < 4k − 1. In addition, inspection

of the non-linear terms, leads to J < 3k − 1. Both requirements are largely fulfilled if

polynomials of the order k are used to define the geometry and leave margin for accurate

integration of non-polynomial functions (see demonstration below).

To verify the last remark, let us analyse the necessary number of quadrature points to
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F quad Qquad
min

Mass matrix 2k + J k + (J + 1)/2
Gradient matrix 2k − 1 + J k + J /2
Laplacian matrix 2k − 2 + J k + (J − 1)/2
Flux matrix 2k +D +N k + (D +N + 1)/2
Non linear terms 3k + J 3/2k + (J + 1)/2

Table 3.1: Required number of Gauss-Legendre quadrature points (Qquad
min) to evaluate

volume and surface integrals consisting of polynomials of degree F quad for quadrilateral el-
ements; k denotes the order of the basis and test functions. J = O(|JΨ|), D = O(|JC(t)|)
and N = O(nΓ) define the orders of the non-constant determinant of the Jacobian, the
edge differential length and edge normal, respectively.

accurately solve a linear Poisson problem (detailed in appendix C section C.2.1) using a

mesh constituted of triangular and quadrilateral elements with one curved edge. Fig. 3.5

shows the mesh and the corresponding L2 relative error for various numbers of quadrature

points (Q) and polynomial orders (k). It can be seen, in Fig. 3.5.b and Fig. 3.5.c, that
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Figure 3.5: Necessary number of quadrature points to integrate circular curved edges for
a linear Poisson problem: (a) tri-quad mesh with internal curved edges, (b) L2 relative
error for p-refinement using various number of quadrature points (Q) and (c) L2 relative
error for polynomial order k = 2 (i.e. the most stringent case) using increasing ratios of
number of quadrature points to polynomial order (Q/k).
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for this linear problem (i.e. without non-linear terms), Q = 3k is sufficient to accurately

integrate the curved elements with the current implementation that includes an analytical

description of the curved edges.

3.3 Implementation

To account for the sliding mesh connectivity, C++ list classes are used. This list includes

edge connectivity and hanging node coordinates to facilitate the track of the relative mesh

rotation and changes in element connectivity.

In the case of static meshes, matrices could be pre-computed and kept in memory

since connectivity and metrics were unchanged throughout the simulation. In the case of

moving meshes, metrics are changing after each iteration (in the rotating mesh zone) and

thus pre-computation is not direct. In the current implementation, the matrices associated

to the static zone are pre-compute, but the matrices required for the rotating mesh are

recomputed after each iteration, once the mesh geometry has been rotated. To alleviate

the computational cost of these computations, a quadrature-free formulation for triangular

elements is used. However, this approach is not optimal and further improvements should

help alleviate the cost associated with these calculations but are outside the scope of this

thesis.

3.4 Verification and examples

This section is devoted to the verification and determination of the convergence proper-

ties of the described method. Firstly, the previously described Taylor Vortex problem

is selected. The analytical solution being known, one can explore the numerical charac-

teristics of the triangular-quadrilateral element mixing, internal curved edges and sliding

mesh interfaces. Secondly, solutions are computed for a rotating square cylinder showing

reasonable flow physics when using the sliding mesh capability. Thirdly, a static (non-
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rotating) NACA0015 at zero angle of attack is simulated to explore the solver convergence

properties with relation to the NACA 4-digit boundary mapping. The final section ex-

plores the solver’s ability to compute a pitching NACA0015 foil.

3.4.1 Taylor Vortex problem

The Taylor vortex problem has been described in chapter 2 section 2.6.1, where the

time-dependent exact solution was introduced. The problem is solved in Ω = [−1, 1]2

using various meshes. The selected Reynolds number is Re = 50 and all simulations are

computed up to a non-dimensional time t = 0.1.

3.4.1.1 Non-rotating cases

The first verification case involves only non-rotating meshes (i.e. Eulerian approach) to

assess the solver accuracy on mixed triangular-quadrilateral element meshes with internal

curved edges and hanging nodes. The time step is fixed to △t = 0.001.

Fig. 3.6 depicts six different static meshes (i.e. (a) to (f)) and the corresponding L2

relative error norm for p-refinement. The various computational domains consist of:

• (a): a semi-structured triangular element mesh with 72 elements,

• (b): a structured quadrilateral element mesh with 36 elements,

• (c): an unstructured triangular element mesh with 86 elements,

• (d): an unstructured triangular-quadrilateral element mesh with 100 elements,

• (e): an unstructured triangular-quadrilateral element mesh with internal curved

edges and 100 elements,

• (f): an unstructured triangular-quadrilateral element mesh with internal curved

edges and hanging nodes with 100 elements.

All cases show exponential convergence for pressure and velocity.

Fig. 3.6.d shows that the functional incompatibility arising from the use of triangular-

quadrilateral elements does not damage the exponential convergence. Similarly in Fig.
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Figure 3.6: L2 relative error norm of pressure and velocity for the Taylor-vortex problem
for p-refinement (polynomial enrichment) in various meshes. k represents the polynomial
order.

3.6.e, the methodology used for the imposition of an internal curved edge maintains

the high order properties of the method. Finally, Fig. 3.6.f shows that the geometric

incompatibility arising from the existence of hanging nodes can be handled by the solver
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without damaging the exponential decay of the error.

Remark: In appendix C section C.2.3, the L2 relative error accuracy for other Inte-

rior Penalty methods (i.e. SIPG, IIPG and NIPG) is analysed, for a Poisson problem, on

meshes composed of triangular-quadrilateral elements and internal curved edges, showing

no degradation on the solution accuracy for p-refinement.

3.4.1.2 Rotating cases

The mesh depicted in Fig. 3.6.e and 3.6.f is now used together with the ALE formulation

and the sliding mesh capability.

First, the behaviour of L2 relative error is explored for p-refinement for a range of

rotational speeds Lω/U = 0, 1, 5, 10 and 15. The time step is fixed to △t = 0.0005 for all

simulations. Fig. 3.7 shows the results for polynomial enrichment, where it can be seen

that exponential convergence in the L2 norm is obtained for pressure and velocity and for

all cases if k ≤ 5. However, it appears that as the rotational speed is increased, the error

for high polynomial orders increases. This is found to be related to the temporal error as

explained below.

Let us now fix the polynomial order to k = 7 and perform a time step refinement

study. Results for the L2 relative error norm for pressure and velocity and for various

rotational speeds are plotted in Fig. 3.8. The slopes in the figure are calculated using the

four points corresponding to higher time steps and show second order O(△t2) temporal

accuracy for pressure and velocity for all rotational speeds.

Theoretical temporal convergence rates, for this splitting scheme, in the L2 norm for

a Stokes problem were obtained in [71]: O(△t3/2) for pressure and O(△t2) for velocity,

which are in very good agreement for a Stokes problem studied by the author in chap-

ter 2 section 2.5.2. However, in this test case for the full Navier-Stokes equations, an

improvement on the convergence rate for the pressure is observed; O(△t2) are obtained

for pressure and velocity for all rotational speeds. More precisely, the L2 norm seems to
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Figure 3.7: L2 relative error norm for p-refinement, Taylor vortex problem with sliding
meshes and various rotational speeds for (a) pressure and (b) velocity. k represents the
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Figure 3.8: L2 relative error norm for time step refinement, Taylor-vortex problem with
sliding meshes and various rotational speeds for (a) pressure and (b) velocity.

behave as: L2(△t) = O((1+ω2)△t2), showing that to reach a certain level of accuracy it

is necessary to reduce the time step, if a high rotational speed is to be computed.
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Returning to the exponential convergence for p-refinement shown in Fig. 3.7, it appears

clear from consulting Fig. 3.8 that the limit in exponential convergence for polynomial

enrichment for ω > 0 corresponds to the temporal error when this dominates over the

spatial error. In addition, let us note that for very small time steps the error increases as

the time step decreases, as previously observed and characterised in chapter 2.

To close this section and for completeness, the L2 error norm for pressure and velocity

is plotted against the mesh angle: △tLω/U in Fig. 3.9, which demonstrates the second

order accuracy of the scheme, consistently with the observations of Fig. 3.8 and confirms

the L2 error estimate: L2(△t) = O((1 + ω2)△t2).
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Figure 3.9: L2 relative error norm of pressure and velocity for non-dimensional mesh angle
(△tLω/U) refinement, Taylor-vortex problem with sliding meshes and various rotational
speeds.
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3.4.2 Wannier flow using sliding meshes and curved boundary

conditions

This section considers the Wannier flow problem [101], [175]. This problem with analytical

solution corresponds to creeping flow (Stokes equations without non-linear terms) over

a rotating circular cylinder near to a moving wall, as depicted in Figs. 3.10.a, 3.10.b

and 3.10.d. In this test problem, a triangular-quadrilateral mesh, with external circular

boundary conditions (to fit the geometry of the circular cylinder) and a sliding mesh

interface, are used. The exact solution is given by:

u(x, y) = U − 2(a1 + a0Y1)

[
s+ Y1

K1
+

s− Y1

K2

]
− a0 ln(

K1

K2
) (3.4.1)

− a2
K1

[
s+ Y2 −

(s+ Y1)
2Y2

K1

]
− a3

K2

[
s− Y2 +

(s− Y1)
2Y2

K2

]
,

v(x, y) =
2x

K1K2
(a1 + a0Y1)(K2 −K1)−

xa2(s+ Y1)Y2

K2
1

− xa3(s− Y1)Y2

K2
2

,

with the following functions:

Y1(y) = y + d , Y2(y) = 2Y1(y), (3.4.2)

K1(x, y) = x2 + (s+ Y1(y))
2 , K1(x, y) = x2 + (s− Y1(y))

2,

and the constants:

a0 =
U

ln Γ
, a1 = −d

(
a0 +

r2ω0

2s

)
, (3.4.3)

a2 = 2(d+ s)

(
a0 +

r2ω0

2s

)
, a3 = 2(d− s)

(
a0 +

r2ω0

2s

)
,

where r represents the cylinder radius, ω0 the rotational speed of the cylinder, d is the

distance from the cylinder centre (located at (x, y) = (0, 0)) to the moving wall and

U represents the velocity of the wall. In addition, the following definitions are used

s2 = d2 − r2 and Γ = (d + s)/(d − s). This test case utilises the same parameters as
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Figure 3.10: Wannier flow results: (a) DG mesh with a sliding mesh interface and a circu-
lar curved boundary, (b) DG Streamlines, (c) L2 relative error norm, for the velocity, for
the DG solver using two non-dimensional rotational speeds (Lω/U = 0 and 2) and results
for the conformal h/p Spectral code [175] and (d) DG velocity contour and streamlines.

used by Warburton in [175]; namely, r = 0.25, d = 0.5, U = 1 and ω0 = 2. Fig. 3.10.c

compares the exponential decay of the L2 error for p-refinement for the conformal h/p

Spectral code Nektar and the DG solver. Nektar results have been extracted from [175]

and were obtained with a different mesh. However, it can be seen that close agreement is

obtained between the solvers. Using the DG solver, it is possible to perform an additional

simulation, where the inner mesh is rotated using the sliding mesh capability. Fig. 3.10.c

shows no degradation in L2 error when a rotational speed of Lω/U = 2 is selected.

This section has shown that external circular boundary conditions using the developed

technique provide exponential convergence and comparable results to a conformal h/p

Spectral method. In addition, this test case shows that the sliding mesh technique does

not damage the accuracy of the solver if rotation is applied to a mesh region.
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3.4.3 Rotating square cylinder

In this section, the sliding mesh capability is used to simulate the development of vortex

shedding aft of a rotating cylinder for various rotational speeds and Reynolds numbers.

A very coarse mesh (i.e. 142 tri-quad elements) is used for all cases with high polynomial

orders k = 8. The results reported in this section are preliminary since spatial and

temporal convergence have not been addressed. However, analysis of the results show,

qualitatively sensible physical phenomena and provide guidelines for further studies. In

addition, this section shows an example of the usability of the sliding mesh technique to

compute flows around rotating geometries.

The square cylinder section under static conditions (i.e. no rotation) has been studied

in chapter 2 section 2.6.2 (and published in [52]) showing very good agreement with ex-

perimental data and the conformal h/p Spectral solver Nektar [101]. Although this static

case has been explored before (see for example [186]), to the authors knowledge this is the

first time that the spectral character of the vortex formation due to rotation is analysed.

For static cylinders (i.e. no rotation) there is a limiting Reynolds numbers Recrit ≈ 54

[103] below which the cylinder wake remains steady and no vortex shedding is instigated.

However, for Re > Recrit, an unsteady Von Kármán vortex street develops.

Three Reynolds numbers are selected: Re = 10, 50 and 100, to explore the effect of rota-

tion in these different regimes. In addition, the rotational speed is varied: Lω/U = 0.1,

0.5 and 1.0, where L is the square section edge length.

The aim of this study is to analyse the interaction (if any) of the vortices that develop

purely due to the rotational motion and those that would naturally develop due to un-

steady shedding in the absence of rotation (i.e. Von Kármán vortex street) for Re > Recrit.

Fig. 3.11 shows two snapshots of the solution streamlines for Re = 10 and 100, showing

very different flow patterns aft the rotating cylinder for Lω/U = 0.1. The spectral content

of the time varying cylinder’s lift coefficient, resulting from the simulations, is depicted

in Fig. 3.12. For Re = 10 (Fig. 3.12.a1, 3.12.b1 and 3.12.c1), the figures show a unique
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Figure 3.11: Streamlines around a rotating square cylinder with sliding meshes (poly-
nomial order k = 8) for a rotational speed Lω/U = 0.1 and two Reynolds numbers (a)
Re = 10 and (b) Re = 100.

main frequency driven by the geometric rotation frotL/U = 4Lω/U
2π

, which is associated

with the flow separation at the front corner of the cylinder (4 times per revolution). Let

us note that for Re = 10, the Föppl vortices in the cylinder wake are non-symmetric

due to the rotational motion. However, vortex shedding remains suppressed for this low

Reynolds number.

As the Reynolds number is increased to Re = 50 and 100, a second frequency peak is

observed and appears to be associated with the Von Kármán vortex shedding. The vor-

tex shedding frequency for the non-rotating cylinder at Re = 100, computed using the

non-rotating version the present DG method (see chapter 2) is fV KL/U=0.144, which is

similar to the frequency developing in the presence of rotation for Re = 100. In addition,

it can be seen that the vortex shedding frequency is independent of the rotational speed

as shown in Fig. 3.12.a3, 3.12.b3 and 3.12.c3. It may be concluded that two weakly

interacting mechanisms are driving the frequency spectra: on the one hand, a rotation-

ally driven flow separation at frequency frot proportional to the rotational speed and,
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Figure 3.12: Frequency spectra for the lift coefficient (CL = Fp
y+Fv

y) of a rotating square
cylinder with sliding meshes (polynomial order k = 8) for various rotational speeds and
Reynolds numbers; boxes identify peak frequencies.

on the other hand, the unsteady natural Von Kármán vortex shedding mechanism with

frequency fV K . The interaction between mechanism appears weaker the closer frot and

fV K , and may be related to a lock-in phenomenon for frot ≈ fVK . Finally, let us note

that for the case Re = 50 < Recrit (Fig. 3.12.a2, 3.12.b2 and 3.12.c2), rotation triggers

vortex shedding, which would not have been present for the non-rotating case at the same

Reynolds number.
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3.4.4 NACA0015 foil

The symmetric NACA0015 foil section is selected for verification. Firstly, static cases are

considered to assess the correct implementation and accuracy of the NACA 4-digit bound-

ary condition (see section 3.2.2.3). Secondly, a NACA0015 under rotation is considered,

where the sliding mesh capability together with the NACA 4-digit boundary condition,

are used.

3.4.4.1 Non-rotating cases

This section verifies the implementation of the NACA 4-digit boundary conditions (Eq.

3.2.16) and investigates the solver convergence properties using a NACA0015 at zero

Angle Of Attack (AOA) and two Reynolds numbers (i.e. Re = 100 and 500). For all

cases, it is ensured that the inflow boundary is at 6 chords upstream of the foil and the

outflow boundary is at 13 chords aft the foil. On the upper and lower surfaces, Dirichlet

boundaries for velocity are used, and are located at 8 chords from the foil.

Firstly, results are compared for two simulations using the DG solver for a mesh

constituted only of straight edge triangles and a triangular-quadrilateral mesh that uses

analytical NACA boundaries to describe the foil geometry. The triangular mesh has a

total of 988 elements of which 64 are fitted to the foil surface to define the geometry.

The triangular-quadrilateral mesh with curved NACA boundaries requires a total of 825

elements and 48 curved quadrilateral elements to define the foil geometry. This last mesh

is shown in Fig. 3.14.

Both cases are simulated with a polynomial order k = 5 and results for the pressure

coefficient (Cp = 2p) and the skin friction coefficient (Cf = 2τw/Re, with τw the shear

stress at the wall) at Re = 500 and zero angle of attack (AOA = 0◦), are depicted in

Fig. 3.13. Fig. 3.13.b shows a smooth distribution along the chord for both variables

when the curved parametrisation is used as opposed to the jagged curve obtained with

straight edges Fig. 3.13.a, verifying the necessity of the NACA curved boundaries and its
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Figure 3.13: Pressure (Cp) and skin friction (Cf) coefficients for the NACA0015 foil at
Re = 500, AOA = 0◦ and polynomial order k = 5 for (a) Triangular elements with
straight edges and (b) Quadrilateral elements with NACA 4-digit curved boundaries.

correct implementation. It is interesting to note that the implementation of the NACA

boundaries enables the use of fewer elements to define the foil geometry whilst increasing

the resolution of aerodynamic quantities.

To investigate the solver convergence properties, a non-symmetric (with respect to

the horizontal axis) triangular-quadrilateral mesh with curved NACA boundaries (i.e.

the 825 elements mesh described previously), is selected. Simulations are performed for

two Reynolds numbers: Re =100 and 500, and one angle of attack AOA = 0◦. Fig. 3.14

depicts the mesh and pressure contours for polynomial orders k =3 and 6 at Re =500.

The figure shows that qualitatively good agreement is obtained between the simulations

using different polynomial orders and that a smoother solution is obtained when using a

higher polynomial.

Since the lift force for a symmetric foil at AOA = 0◦ is identically zero, a p-refinement

study can be performed to assess the solver convergence properties in a realistic case.

Fig. 3.15 shows that exponential convergence is obtained for the absolute values of the
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Figure 3.14: NACA0015 foil at Re = 500 and AOA = 0◦ with 35 pressure contours
[-0.15:0.5] (dashed lines show negative values) for polynomial orders (a) k = 3 and (b)
k = 6.
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Figure 3.15: Exponential convergence for the absolute value of the pressure and viscous
components of the lift force (F y

p and F y
v ) for the NACA0015 foil at Re =100 and 500, and

AOA = 0◦. k represents the polynomial order.

123



pressure (F y
p ) and viscous (F y

v ) component of the lift force for the two tested Reynolds

numbers.

3.4.4.2 Rotating cases

This section considers cases where the NACA 4-digit boundary is used conjointly with

the sliding mesh technique (mesh depicted in Fig. 3.1 and solution snapshots in Fig.

3.16). A NACA0015 foil under impulsive start conditions is pitched around its quarter

Figure 3.16: Snapshots of the rotating NACA0015 foil with 21 velocity magnitude contours
[0:1.3] for polynomial order k = 5 and rotational speed Lω/U = 0.05 for (a) geometric
AOA = 17.2◦ and (b) geometric AOA = 28.6◦.

chord point for a range of geometric angles of attack (i.e. the angle between the free

stream velocity and the foil chord line) 0◦ ≤ AOA ≤ 35◦ and four rotational speeds

Lω/U = 0.005, 0.01, 0.05 and 0.1, where L = c and c represents the foil chord. The

Reynolds number is fixed to Re = 100 and a triangular-quadrilateral mesh constituted by

1462 elements is used together with a polynomial order k = 5. Fig. 3.16 shows snapshots

of the unsteady dynamically rotating simulation for Lω/U = 0.05 at two geometric angles

of attack (AOA = 17.2◦ and 28.6◦). It can be seen that the contours are smooth across
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the interfaces between triangular and quadrilateral elements and also across the sliding

mesh interface.

Finally, Fig. 3.17 depicts the variation of the vertical F y and horizontal F x forces

(including pressure and viscous components Eq. 2.4.3) against the geometric AOA for

the four rotational speeds considered. In addition, the time averaged forces for static cases

at AOA = 0◦, 10◦, 20◦ and 30◦ are included. Comparison between static and dynamic

simulation results at low rotational speeds shows very good agreement, demonstrating the

low error level introduced by the rotating mesh interface. In addition, it can be seen that

dynamic effects cause an increase in the vertical and horizontal components of the forces

with increasing rotational speed.
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Figure 3.17: Vertical and horizontal forces (F y and F x) against the geometric AOA = 0◦

to 35◦, for the NACA0015 foil at various rotational speeds Lω/U = 0.005, 0.01, 0.05 and
0.1.
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Chapter 4

Three dimensional flows and

parallelisation

Truly two dimensional flows are rare in nature. Very low Reynolds number flows (e.g.

Re . 150 for a circular cylinder, where Re is based on the free stream velocity and the

cylinder diameter) or flows where a geometric confinement limits three dimensionality

(e.g. shallow water flows) are examples of two dimensional flows. However, when no

geometric confinement is considered and the Reynolds number increases such as to trig-

ger three dimensional modes (see section 4.5), flows show generally a three dimensional

character. If the Reynolds number is increased further, then a turbulence regime (i.e.

regime including an inertial subrange of energy cascade) develops, which is by definition

also three dimensional (see chapter 5 for details on turbulent flows). In summary, three

dimensional structures are likely to exist in bluff body flows, aerodynamic applications

and rotating machinery such as cross-flow turbines.

In this chapter, the two dimensional Discontinuous Galerkin capabilities presented in the

previous chapters are extended to account for three dimensional flow features. Let us

note that the defined tensorial representation of the mappings from physical to computa-

tional space (sections 2.2.2.4 and 3.2.2.3), in combination with tensorial basis functions

(sections 2.2.2.5 and 3.2.2.5), allow for 3D extensions of the previously defined method
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without further modifications (e.g. 3D DG spatial discretisations). However, a more ef-

ficient 3D extension is provided when combining the previous 2D DG formulation with

Fourier series to account for three dimensional flow features. This technique enables the

use of the Fast Fourier Transform (FFT) algorithm and provides an efficient 3D solver

for problems involving spanwise geometric homogeneity. The resulting methodology is

named DG-Fourier and is described in this chapter.

To alleviate the increased computational cost, associated with computing three di-

mensional solutions of the 3D incompressible Navier-Stokes equations, a parallelisation

strategy based on the Message Passing Interface (MPI) paradigm is implemented. The

chapter provides verification and validation cases for three dimensional flows where the

accurate prediction of the flow three dimensionality is essential.

4.1 Chapter outline

Section 4.2 introduces the methodology necessary to extend the two dimensional DG

code with sliding meshes and curved external boundary conditions, presented in previous

chapters, to a three dimensional DG-Fourier solver. The solver parallelisation using the

MPI paradigm is detailed in section 4.3. Section 4.4 provides verification of the method

through problems where the exact solution is known: an elliptic problem and a 3D NS

problem with exact solution. Finally, section 4.5 presents three dimensional flows for

square and circular cylinders. The chapter concludes with a computation of a circular

cylinder in the wake of a rotating NACA0012 blade at moderate Reynolds number to

illustrate the possibility of coexisting static and rotating 3D geometries in one single

mesh domain.

127



4.2 Methodology

4.2.1 Preliminaries: discrete Fourier transform on periodic do-

mains

In this section, the one dimensional discrete Fourier transformations (FFT ) and its inverse

invFFT are considered on a periodic domain [0, Lz[. These transformations map the

physical space z to the computational Fourier space ξ as shown in Fig. 4.1 (further

details can be found in [167] or [24]). The uniform discretisation implies h = Lz/M ,

h

zj=0
zj=M

ξ
m=-M/2

ξ
m=M/2

1

FFT

invFFT

ξ
m=0

L
z

Figure 4.1: Discrete Fourier Transform for periodic domains.

where h is the grid spacing in physical space and Lz defines the periodic length of the

domain in the z-direction. M represents the number of planes in physical space and the

number of modes in the Fourier space.

The transformations depicted in Fig. 4.1 are defined as:

û(ξm) = FFTm{u(z)} =
1

M

M−1∑

j=0

u(zj)e
−iβmzj , −M/2 ≤ m ≤M/2− 1,

u(zj) = invFFTj{û(ξ)} =
M/2−1∑

m=−M/2

û(ξm)e
iβmzj , j = 0, 1...,M − 1, (4.2.1)

where i =
√
−1 and β = 2π/Lz is the characteristic wavenumber and βm represents the

wavenumber corresponding to the mth mode.

128



4.2.2 DG-Fourier solver

The use of Fourier series, to efficiently extend two dimensional codes and account for three

dimensional flows, has been reported for h/p conformal Spectral methods (e.g. [99], [101]

or [19]). This technique leads to a series of 2D DG linear solves that are coupled through

the non-linear terms (see details below).

Let us rewrite for clarity the Arbitrary Lagrangian-Eulerian (ALE) form of the incom-

pressible Navier-Stokes equations introduced in chapter 3:

NS1(u, p) = ∂u
∂t

+ ((u−w).∇)u+∇p− 1
Re
∇2u = 0 in Ω(t),

NS2(u) = ∇.u = 0 in Ω(t),

u = LD on ∂ΩD ,

1
Re

∂u
∂n

+ pn = 0 on ∂ΩN .

The main advantage of this approach is that the Fast Fourier Transform, which has a cost

O(Mlog2M), can be used rendering the scheme much more efficient when compared to us-

ing other discretisation strategies in the third direction (e.g. a DG spatial discretisation).

The main disadvantage is that only periodic spanwise boundary conditions and homoge-

neous geometries (or geometries that can be described through a Fourier transformation)

can be simulated.

Using the Discrete Fourier Transform (Eq. 4.2.1), the three dimensional velocity and

pressure become:

u(x, y, z) =

M/2−1∑

m=−M/2

um(x, y)e
iβmz, (4.2.2)

p(x, y, z) =

M/2−1∑

m=−M/2

pm(x, y)e
iβmz, (4.2.3)

where the notation introduced in 4.2.1 has been simplified by setting: û(ξm) = um, and

u(zj) = u(z). Let us note that um(x, y) and pm(x, y) have already been defined in previous
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chapters (Eq. 2.2.23) and represent the x-y plane DG solution for the mth Fourier mode.

Applying the inverse of the Fourier transform (i.e. invFFT (•̂), see Eq. 4.2.1) to the

momentum and continuity equations in ALE form (Eq. 4.2.2 and 4.2.2) and using its

linearity property, one obtains:

NS1(u, p) = invFFT{ ̂NS1(u, p)}

=

M/2−1∑

m=−M/2

{NSm(u, p)}eiβmz

=

M/2−1∑

m=M/2

{
∂um

∂t
+ ∇̂mpm −

1

Re
∇̂2

mum

}
eiβmz (4.2.4)

+

M/2−1∑

m=M/2

{FFTm {((u−w).∇)u}} eiβmz = 0 in Ω(t),

NS2(u) = invFFT{N̂S2(u)}

=

M/2−1∑

m=−M/2

{∇̂m.um}eiβmz = 0 in Ω(t). (4.2.5)

where FFTm{•} represent the mth mode of the Fourier transform of the argument and

the Fourier operators •̂ are defined as:

∇̂m =
(

∂
∂x
, ∂
∂y
, iβm

)T
= (∇2D, iβm)T ,

∇̂2
m =

(
∂2

∂x2
+ ∂2

∂y2
− β2m2

)
= ∇2

2D − β2m2,

where ∇2D and ∇2
2D are the two dimensional gradient (nabla) and Laplacian operators,

respectively.

The system described by Eq. 4.2.4 and Eq. 4.2.5 is equivalent to solving an indepen-
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dent equation for each mode m:

∂um

∂t
+ FFTm {((u−w).∇)u} = −∇̂mpm + 1

Re
∇̂2

mum in Ωm(t),

∇̂m.um = 0 in Ωm(t),

um=0 = LD , um6=0 = 0 on ∂ΩDm,
(

1
Re

∂u
∂n

+ pn
)
m=0

= 0 ,
(

1
Re

∂u
∂n

+ pn
)
m6=0

= 0 on ∂ΩNm.

It is important to note that the mode coupling is ensured through the non-linear terms,

which are computed in physical space and then transformed into Fourier and DG space

through the Fourier transform and L2 projection respectively.

4.2.3 DG-Fourier temporal discretisation

This section extends the numerical splitting scheme introduced in chapter 3 section 3.2.1

to account for the Fourier dimension:

ũm = (α0/γ0)u
n
m + (α1/γ0)u

n−1
m − (β0∆t/γ0)FFTm {((un −wn).∇)un} (4.2.6)

− (β1∆t/γ0)FFTm

{(
(un−1 −wn−1).∇

)
un−1

}
,

xn+1 = R(∆θ)(xn − x0) + x0, (4.2.7)

(
−∇2

2D + β2m2
)
pn+1
m = − γ0

∆t
∇̂m.ũm, (4.2.8)

(
−∇2

2D + β2m2 +
Reγ0
∆t

)
un+1
m = Re

( γ0
∆t

ũm − ∇̂mp
n+1
m

)
. (4.2.9)

Let us note that the non-linear terms (Eq. 4.2.6) and the mesh rotation step (Eq. 4.2.7)

are computed in physical space. The Neumann-Vorticity boundary condition for the

Poisson equation becomes:

(
∂p

∂n

n+1)

m

= n.

(
∂u

∂t

n+1)

m

− β0n.

(
FFTm {((un −wn).∇)un}+ 1

Re
∇× ωm

n

)

−β1n.

(
FFTm

{(
(un−1 −wn−1).∇

)
un−1

}
+

1

Re
∇× ωm

n−1

)
.(4.2.10)
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Throughout this work, only homogeneous geometries in the Fourier direction (i.e. the

z-direction) have been considered and thus n = (nx, ny, 0)
T . Let us note that the normals

only contribute to the first mode and thus for m 6= 0: nm6=0 = 0. The formulation for the

curl of the vorticity follows:

∇× ωm =

(
∂ωz

∂y
− iβmωy, iβmωx −

∂ωz

∂x
,
∂ωy

∂x
− ∂ωx

∂y

)
, (4.2.11)

with the vorticity: ωm =
(

∂w
∂y
− iβmv, iβmu− ∂w

∂x
, ∂v
∂x
− ∂u

∂y

)
, and u = (u, v, w)T .

4.2.4 Non-linear terms, aliasing error and the 3/2 dealiasing

rule

Aliasing may occur when computing the non-linear terms since they represent the product

of trigonometric functions, when using a Fourier representation. In particular, this form of

numerical error is associated with the use of discrete Fourier transforms (i.e. a truncated

series) as opposed to continuous transforms (i.e. with infinite terms). In this section,

the author follows [24] to introduce the aliasing phenomenon and the well known 3/2

dealiasing rule.

Let us consider two one-dimensional truncated Fourier expansions:

uj =

M/2−1∑

m=−M/2

ume
iβmzj , vj =

M/2−1∑

m=−M/2

vme
iβmzj , j = 0, 1...,M − 1, (4.2.12)

and define the product in physical space as: wj = ujvj, j = 0, 1...,M − 1. One can use

the Fourier relation:

1

M

M−1∑

j=0

e−ipzj =





1 if p = Ml, l = 0,±1,±2, ...

0 otherwise,
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to obtain the expression for the Fourier coefficients for the product:

wq =
∑

m+n=q

umvn +
∑

m+n=q±M

umvn. (4.2.13)

The first term on the right hand side corresponds to the convolution sum and the second

term is the aliasing error.

To remove the described aliasing error, various techniques are available and the reader

is referred to the monograph by Canuto et al. [24] for further details. Among them, the

most popular is, probably, the 3/2 de-aliasing rule, also known as removal by padding or

truncation, which is the approach considered in this work.

Let us consider a larger stencil of points A ≥ 3M/2 to represent uj ,vj and wj, where

zeros are padded to the extra coefficients m ≥ M/2. With the extended stencils, Eq.

4.2.13 becomes:

wq = =
∑

m+n=q

umvn +
∑

m+n=q±A

umvn. (4.2.14)

Since only the values of wq for |q| ≤ M/2 are of interest and um and vm are zero for

|m| > M/2, the worst case for the aliasing term to vanish can be found form = n = −M/2

and q = M/2 − 1, which leads to: −M/2 −M/2 ≤ M/2 − 1 − A (i.e. m + n ≤ q − A).

Therefore an aliasing free solution is provided for A ≥ 3M/2−1. This analysis shows that

3M/2 points are necessary to avoid aliasing which gives the name to the 3/2 dealiasing

rule.

To compute the non linear terms using the described 3/2 dealiasing rule it suffices to:

• Pad zeros to the Fourier coefficient vectors from -3M/2 to -M/2 and from M/2-1 to

3M/2-1 .

• Calculate the invFFT of these coefficients to obtain the expanded physical values

of uj and vj .

• Perform the multiplication wj = ujvj in physical space
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• Calculate the FFT of the product to obtain the coefficient wq, −3M/2 < q <

3M/2− 1

• Chop off the coefficient from -3M/2 to -M/2 and from M/2-1 to 3M/2-1.

This simple algorithm produces an aliasing error free product.

4.2.5 Implementation details

4.2.5.1 Real to complex transform

As suggested by the mapping introduced in Fig. 4.1, the use of the Fourier transform

that concerns this thesis involves only real numbers in physical space, which implies a

symmetric transform in Fourier space. For real to complex transforms, it is only necessary

to compute M/2 + 1 modes (as opposed to the M-1 modes necessary for a complex

to complex transform). This is a direct consequence of the symmetry of the Fourier

transform and implies f(ξm) = f ∗(ξ−m), where f ∗ denotes the complex conjugate of f

and m = 0, ..,M/2. One can use this property to reduce the computational cost for the

evaluation of the Fourier transform (e.g. using the real-to-complex fast Fourier transform

and functions c2r, r2c from the fftw-package [57]). As a consequence of this symmetry

and for an even number of Fourier modes M , the modes corresponding to m = −M/2 and

m = 0 should be purely real (i.e. zero imaginary part). This factor needs to be considered

when computing first order derivatives. An appropriate formulation for these is given by:

∂u(x, y, z)

∂z
=

M/2−1∑

m=−M/2+1

iβmum(x, y)e
iβmz, (4.2.15)

∂p(x, y, z)

∂z
=

M/2−1∑

m=−M/2+1

iβmpm(x, y)e
iβmz, (4.2.16)

where the explicit treatment for the first mode can be seen (the sum starts at m =

−M/2 + 1), implying that the first term is multiplied by zero to maintain symmetry.
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4.2.5.2 Complex arithmetic

The described Fourier extension introduces complex-number arithmetics. To handle

complex-number operations, the developed solver uses the complex-number arithmetic

capabilities provided by the C++ language. In addition, the intel-MKL pardiso solver

[118] in its complex version of the sparse direct solver (i.e. Cholesky factorization) has

been used to solve the required linear systems.

4.3 Parallelisation

Parallelisation is performed through the Message Passing Interface (MPI) paradigm (i.e.

OpenMPI libraries [59]). To parallelise the present solver, the author follows the paral-

lelisation strategy proposed in [50] for a conformal h/p Spectral-Fourier solver.

The solution of the incompressible 3D NS equations requires computation of M/2 + 1

independent solves Eq. (4.2.8)-(4.2.9) and of non-linear terms Eq. (4.2.6). A natural

parallelisation strategy takes advantage of this decoupling and assigns an equal number

of linear solves to each computational node. This strategy ensures that the only nec-

essary communication is performed at the beginning and end of each step and before

computation of the non-linear terms. In addition, one can obtain further performance im-

provements if the computation of the non-linear terms is parallelised. This is achieved, in

the present implementation, through a domain decomposition strategy, where each com-

putational node computes the non-linear terms in physical space over an equal number of

mesh elements. The described parallelisation strategy is illustrated in Fig. 4.2.

4.4 Verification

Two problems are introduced in this section for verification: an elliptic problem and a 3D

NS problem with an exact solution.
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Initial 2D mesh

Fourier direction
z-direction

Computation of non-linear terms
through domain decomposition
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Computational Node Xi
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Computational Node Xi+2

Physical Space
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DG space
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x

y

Figure 4.2: Schematic for the parallelisation of the DG-Fourier solver.

4.4.1 Elliptic equation

Fig. 4.3 depicts the DG-Fourier solution for a Poisson equation (i.e. −△u = g(x, y)f(z))

extended in the third direction using various functions f(z). This Poisson problem has

been previously introduced in chapter 2 section 2.5.1 and is defined through g(x, y) =

2π2 cos(πx) cos(πy) in Ω = [0, 1]2. The figure shows that three dimensionality is only

subject to finding the appropriate function to describe the variability in the third direction.
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In previous sections of this chapter, the author has introduced the term “homogeneity

in the third direction” to characterise the Fourier extension. However, this example

shows that this term can be relaxed to “transformable via FFT”. For simplicity and

due to time limitations, in this work only homogeneous geometries in the third direction

are considered. However, this section shows that more complicated geometries can be

considered using the presented method.

Figure 4.3: DG-Fourier solution for a 3D Poisson problem for various forcing functions
f(z). In the z-direction, 16 Fourier planes are used.

4.4.2 Navier-Stokes problem with exact solution

The selected problem to test the full incompressible NS equations in three dimensions is

the steady, periodic in the z-direction, problem defined in [28]. This test problem, with

limited physical meaning, is obtained by ensuring that the pressure field satisfies the y-

momentum equation with zero forcing (i.e. fy(x, y, z) = 0). The exact solution is given

by:

(u, v, w) = eλx
(
cosµy cosmz, sin µy cosmz,−

[
λ+ µ

m

]
cosµy sinmz

)
,

p =
µ

Re
eλx cosµy cosmz

[
1 +

m2

µ2
− λ2

µ2

]
+ e2λx

cos2 µy

2

[
1 +

λ

µ

]
, (4.4.1)
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provided that the forcing terms have the following form:

fx(x, y, z) =
1

Re
eλx cosµy cosmzA1 + e2λx cos2 µyA2

+µe2λx
[
cos2 µy sin2mz − cos2mz sin2 µy

]
,

fy(x, y, z) = 0, (4.4.2)

fz(x, y, z) =
1

Re
eλx cosµy cosmzB1 + e2λx sin 2mzB2,

with the constants:

A1 = −λ2 +m2 − λ3

µ
+

λm2

µ
+ λµ+ µ2 , A2 = 2λ+

λ2

µ
,

B1 =
λ3

m
− λm+

λ2m

µ
− m3

µ
+

λ2µ

m
− 2mµ− λµ2

m
− µ3

m
, B2 =

λµ+ µ2

2m
.

This problem is solved in the rectangular domain Ω = [−1, 1]× [0, 1]× [0, 1], where the

Figure 4.4: DG-Fourier solution for a Navier-Stokes problem with an exact solution (a)
Pressure contours and (b) Ribbons and contours colored by velocity magnitude.

periodic z−direction is represented through the Fourier expansion and the x− y plane is

resolved using the DG approach. The following parameters are set: Re = 1.0, µ = 4π,
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λ = 0.15 and m = 2π and all simulations are run for 10 time steps with a fixed size of

△t = 1× 10−4. The DG solution for polynomial order k = 5 in the x− y DG plane and

16 Fourier z-planes is depicted in Fig. 4.4.
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Figure 4.5: DG-Fourier solution for a Navier-Stokes problem with an exact solution: L2

relative error for p-refinement and three different Fourier resolutions: number of Fourier
planes: z−plane= 4, 8 and 16.

In addition, Fig. 4.5 shows the exponential convergence obtained for the L2 relative

error norm and p-refinement, at the plane z = 0 for three resolutions in the Fourier

direction: number of z−planes=4, 8 and 16. Exponential decay of the error is observed

for pressure and velocity when enough resolution in the Fourier direction is considered,

here z−planes ≥ 8 are required.

4.5 Three dimensional flows

In this section, various three dimensional flows are presented. Qualitative comparisons

with published simulations for 3D flows (i.e. square and circular cylinders) provide veri-

fication and validation for the DG-Fourier solver. In addition, the section illustrates how
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at moderately low Reynolds number Re > 150 (where Re is based on the free stream

velocity and characteristic geometric length scale) flows can develop three dimensional

flow features that cannot be ignored.

4.5.1 Square and circular cylinders

In [148], Robichaux et al. summarised the three dimensional spanwise modes for square

and circular cylinders, together with their characteristic Reynolds number and spanwise

wave lengths. These are natural modes found by Floquet analysis (i.e. Floquet modes).

Blackburn et al. [19], provided a corrected version of the mechanisms driving some three

dimensional flow features and showed that additional modes exist (i.e. SW-TW). Table 4.1

summarises the different 3D modes with their associated Reynolds number (i.e. minimum

Reynolds number to trigger the three dimensional mode) and associated wavelengths.

The reader is referred to [180] and [19] for a wider explanation and illustrations of the 3D

structures for the various spanwise modes.

Mode
Square cylinder Circular cylinder

Re λ Re λ

A 162± 12 5.22 188 3.96
B 190± 14 1.2 259 0.82
C - - 170 1.8
S 200± 5 2.8 - -

SW-TW 216 2.65 377 3.5

Table 4.1: Three dimensional modes for square and circular cylinders.

To provide validation for the DG-Fourier solver, three dimensional flows around a

square and a circular cylinder are simulated. The square cylinder has sides of length

L = 1 and a mesh consisting of 1064 triangular elements. The circular cylinder requires

curved quadrilateral elements to account for the circular geometry and a mesh consisting

of 1066 tri-quad elements. The diameter of the circular cylinder is L = 1. The time

step is set to △t = 0.0075 with a polynomial order k = 3 in the x − y DG plane for
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all simulations. To discretise the spanwise direction, 32 Fourier planes are used in the

z-direction. The geometric spanwise length (Lz) is different between the simulations to

accommodate for the expected wavelengths as shown in table 4.1.

Fig. 4.6 shows streamwise vorticity (ωx) iso-surfaces for Reynolds numbers corresponding

Figure 4.6: DG-Fourier solution for the flow aft square and circular cylinders for (a) mode
A and (b) mode B. (a.1) Square cylinder at Re=167, (b.1) Square cylinder at Re=195,
(a.2) Circular cylinder at Re=188 and (b.2) Circular cylinder at Re=270. The figures
show iso-surfaces of streamwise vorticity (ωx), gray shows positive and black negative
iso-values.

to modes A and B for square and circular cylinders. It can be seen that the two geometries

require different Reynolds numbers to excite the same three dimensional modes. The

spanwise patterns are comparable, hence showing the same mode behaviour. Let us note

that mode A and mode B show different streamwise vorticity patterns. On the one hand,

mode A (Fig. 4.6.a.1 and Fig. 4.6.a.2) shows streamwise vortices of one sign that are in a

staggered arrangement from neighbouring braid regions [180]. On the other hand, mode

B shows finer scales and streamwise vortical structures of same sign along the streamwise

direction (i.e. there is no change of sign). It can also be seen in Fig. 4.6 that higher
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values of streamwise vorticity are obtained for the square cylinder, when compared to the

circular geometry, suggesting a more energetic three dimensional flow, which is likely to

relate to the geometric sharpness of the bluff body.

In addition, the development of the spanwise SW-TW mode (i.e. Re=400) for a circular

Figure 4.7: DG-Fourier solution for the flow aft a circular cylinder at Re=400 showing
the SW-TW spanwise mode. The figure shows iso-surfaces of streamwise vorticity (ωx),
gray shows positive and black negative iso-values.

cylinder is shown in Fig. 4.7. The reader is referred to [19] for comparison of flow

structures with published results. This simulation required a polynomial order k = 4 in

the DG plane.

This validation exercise shows that even with a coarse DG discretisation (i.e. x-y

plane), three dimensional effects can be properly captured through the developed DG-

Fourier solver. Furthermore, these snapshots provide a flow pattern catalog that may

be used to identify spanwise modes in geometries where these are a priori unknown (see

following section).
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4.5.2 Circular cylinder in the wake of a pitching NACA0012

blade

This chapter concludes with the computation of the 3D flow over a circular cylinder,

which is shadowed by a pitching NACA0012. This test case is presented to illustrate the

possibility of locating static and rotating 3D geometries together in a single mesh domain.

In addition, various features presented in this thesis are included in a single simulation:

high order sliding meshes and external curved boundary surfaces for NACA airfoils and

circular cylinders.

Figure 4.8: DG-Fourier solution snapshot of the flow around a 3D circular cylinder in
the wake of a 3D pitching NACA0012 blade: (a) 11 pressure contours [-0.6:0.6] and (b)
Iso-surfaces of z-velocity w = ±1.5 × 10−6.

The NACA foil is pitching with a rotational speed of Lω/U = 0.5 and the Reynolds

number based on the foil chord (which is equal to the cylinder diameter) is Re = 200

(i.e. large enough to trigger three dimensionalities in the flow). The spatial discretisation

consists of polynomial orders k=4 in the DG plane (i.e. the x-y plane) and 16 Fourier

planes in the z-direction. The time step is set to △t = 0.001. Fig. 4.8 shows the pressure

contours and iso-surfaces of z-velocity. It can be seen that the sliding mesh technique does

not damage the numerical solution and captures the pressure interactions between static

143



and rotating geometries. In addition, Fig. 4.8.b shows that three dimensionalities are

present in the wake of both geometries. Comparing Fig. 4.8 with the three dimensional

modes for square and circular cylinders depicted in Fig. 4.6 and Fig. 4.7, it appears

that the spanwise modal behaviour of the rotating blade and the circular cylinder present

similarities to mode A. This qualitative comparison shows the importance of considering

three dimensional flows even at low Reynolds numbers.
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Chapter 5

Computing turbulent flows

Turbulent flows may be characterised as unsteady, three dimensional, with high vorticity

and with chaotic behaviour. However, the main characteristic of turbulent flows is the

presence of a broad spectrum, where a wide range of length and time scales coexist [53].

A turbulent flow spectrum may be recognised by the presence of an inertial range (i.e.

E(k) = f(k−5/3)). Within this spectral range, the energy from larger structures (i.e.

eddies) is handed down to smaller structures in an inviscid cascade fashion. Eventually,

small enough eddies are dissipated by laminar viscosity within the dissipation range.

The concept of energy cascade, which in turbulent flows defines the inertial range, was

first introduced by Richardson in 1922 and then by Kolmogorov in 1941 (see [149] and

references therein for details). A typical turbulent spectrum showing the various ranges

of energy spectra is sketched in Fig. 5.1. The horizontal extent of the turbulent spectrum

(i.e. the universal equilibrium range) can be shown (following dimensional arguments) to

depend on Re
3/4
ℓ , where Reℓ = uℓℓ/ν is the Reynolds number based on a typical large eddy

with characteristic velocity uℓ and length ℓ. It is the multiscale character of turbulent

flows, which scales with the Reynolds number, that renders the numerical treatment of

turbulence a difficult task.

Different approaches exist to derive suitable equations for the numerical treatment of

turbulence and its effects, depending on the degree of computational resolution and mod-
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Figure 5.1: Schematic of a typical log-log turbulent spectrum showing the turbulent energy
E(k) against wave number k.

elling introduced. The Direct Numerical Simulation (DNS) approach solves the Navier-

Stokes (NS) equations (henceforth referred to as DNS-NS) without additional modelling

and hence resolves all flow scales. Consequently, this method requires a very high spatial

and temporal resolution and is thus restricted to moderate Reynolds numbers and gen-

erally to simple geometries (see the review by Moin and Mahesh [121] for details). Since

the number of degrees of freedom to compute a fully resolved flow simulation scales as

Re9/4 (based on the magnitude of the velocity fluctuation and the integral scale in three

dimensional flows [54]), it is necessary to introduce a certain degree of modelling when

computing turbulent flows. Hence, to obtain a “usable method” (i.e. computable with

the available computational resources), it is necessary to develop modelling strategies to

account for the effects of turbulence (e.g. on the skin friction), without explicitly resolving

its complexity. Two main stream approaches exist: The Reynolds Averaged NS (RANS)

approach and Large Eddy Simulation (LES) technique. The first considers time aver-
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aging of the NS equations where the instantaneous velocities are decomposed into their

temporal mean and fluctuating components (see [179] for a detailed description). The

second approach considers spatial filtering (or projection) where the large structures are

resolved, reducing modelling to the small turbulent structures (i.e. small eddies), which

are considered to behave in a homogeneous isotropic fashion. In this thesis only the LES

approach is considered.

The original approach to derive the appropriate equations for the LES formulation

consists of applying spatial filtering to the NS equations (a detailed description can be

found in the monograph by Sagaut [149]). Filtering allows for scale separation: large scales

(i.e. large eddies) to be resolved and small scales (i.e. subgrid scale) to be modelled. It

may be noted that scale separation may be considered also in spectral space (i.e. frequency

domain), which leads to the so called spectral models [149].

In recent years, different frameworks for derivation and analysis of LES type methods

have emerged such as, for example, the variational multiscale method. This encompasses

projection/variational type numerical techniques (e.g. Finite Element, h/p Spectral, Dis-

continuous Galerkin) and was originally described by Hughes et al. [86] for general vari-

ational formulations in the context of computational mechanics. Since then, it has been

extended and adapted to fluid dynamic problems by various authors (see [88] or [150] for

reviews). This approach does not consider filtering but projection of scales (e.g. resolved

large scales, resolved small scales and unresolved scales) on the space spanned by the

finite element polynomials as the starting point for derivation of the LES equations. The

original method considered the weak formulation of the NS equations but has been also

extended to the strong form [150].

The filtered equation concept, led in 1963 to the first LES model, which was presented

by Smagorinsky [158]. This model characterises the small eddies (e.g. unresolved scales

smaller than the spatial resolution) through a turbulent viscosity (spatially and temporally

flow varying viscosity), which relates to the resolved velocity strain in a mixing length

147



fashion. This approach has limitations, for example, it provides turbulent viscosity values

that are non-zero near wall boundaries. This is, typically, a drawback of most basic LES

closure models, which may require further modelling (e.g. wall damping functions) to

provide physically realistic predictions. More evolved LES subgrid models account, to a

certain extent, for these deficiencies (e.g. Wall Adapting Large Eddy (WALE) model,

Germano dynamic approach or Germano-Lilly technique are some examples and detailed

descriptions can be found in [149]).

To conclude this overview, the Implicit Large Eddy Simulation (ILES) is introduced

since it is explored in the current work (see section 5.2.2). This approach, increasingly

popular when combined with high order numerical methods, uses the numerical dissipation

inherited from the numerical scheme (e.g. from upwinding the non-linear terms or Finite

Element stabilisation terms) to account for turbulent effects. The underlying idea of

this technique is that it is not necessary to derive new equations to compute turbulence

(e.g. filtered NS equations), but that the DNS-NS equations can handle high Reynolds

number flows provided that some numerical dissipation (i.e. providing stabilisation) is

present when the DNS-NS equations are discretised (e.g. through upwinding of the non-

linear terms). Indeed, this technique does not require explicit modelling of the turbulent

viscosity and provides valuable results even for challenging problems such as the prediction

of transitional flows [168].

A similar concept has been proposed in the context of high order methods (e.g. h/p

Spectral) through the Spectral Vanishing Viscosity (SVV) method (e.g. [97] or [107]).

This technique introduces an additional dissipative term (only to the highest modes) that

enhances stability, vanishes in the laminar limit and provides spectrally accurate solutions

(i.e. maintains exponential convergence). This technique is also explored in this thesis

and further details of the SSV technique can be found in section 5.2.2.

This chapter examines two different techniques to compute turbulent flows. First,

a LES-Smagorinsky (called Smagorinsky-DG) type model is derived for Discontinuous
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Galerkin formulations and the considered temporal advancement splitting scheme. This

model is restricted to two dimensional simulations in the present implementation since the

Fourier extension renders the extension to 3D difficult to solve. However, the method could

be suitable for a full DG discretisation and hence it is included in this chapter. Comparison

of 2D simulations with experimental data show the potential of this methodology. Second,

an ILES-DG SVV-Fourier method is proposed to compute three dimensional turbulent

flows. This scheme combines two approaches: the Implicit Large Eddy Simulation (ILES)

approach on the DG plane combined with the Spectral Vanishing Viscosity (SVV) method

in the Fourier direction. Results for the ILES-DG SVV-Fourier approach show that it

provides stable computations and good agreement with experimental data.

5.1 Chapter outline

Section 5.2 introduces two methodologies to compute turbulent flows: a Smagorinsky-

DG model and an ILES-DG SVV-Fourier approach. In particular, section 5.2.1 details

the derivation of the Smagorinsky-DG technique, including the definition of the filtered

LES-NS equations and a description of the subgrid term (i.e. Smagorinsky subgrid term).

In section 5.2.1.2, the modifications required to the splitting scheme to incorporate the

Smagorinsky model are detailed. Section 5.2.1.3 studies the stability of the scheme to

show the stabilising effect of incorporating a turbulent viscosity term. In section 5.2.2,

the ILES-DG SVV-Fourier method is introduced to model 3D turbulent flows. Finally,

validation cases for a circular cylinder and NACA foils, using the two turbulence models,

are presented in section 5.3 together with results from other solvers and experimental

data.
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5.2 Two methodologies

5.2.1 Smagorinsky-DG model

Let us first consider a Smagorinsky-LES approach where the Boussinesq hypothesis is used

to define the subgrid model (see section 5.2.1.1 for details). The classic LES approach

requires derivation of new equations. To this end, this section follows the multiscale sep-

aration description detailed in [150], where the following decomposition for the primitive

variables (velocity u and pressure p) is considered: f(x, t) = f(x, t) + f ′(x, t), where

x = (x, y, z)T and t denotes time. Let us define f(x, t) = P(f(x, t)) as the resolved part

of f(x, t) and f ′(x, t) = (Id−P)(f(x, t)), as the unresolved part, where Id is the identity

operator. The operator P is a general scale separation operator (e.g. filtering, projection)

which is responsible for decreasing the computational cost of the simulation.

Applying the separator operator P(•) to the dimensional incompressible NS equations

(i.e. P(NS)) in conservative form, one obtains the following set of equations in terms of

resolved and unresolved fields:

∇.u = −A1 ,
∂u

∂t
+∇. (u⊗ u) = −∇p + ν∇2u− (A2 + A3 + A4), (5.2.1)

with A1 to A4 defined as:

A1 = P(∇.)u , A2 = ∇.P(Υ(u,u)) , A4 = P

(
∂

∂t

)
u,

A3 = P(∇.)Υ(u,u) +P(∇)p+ νP(∇2)u, (5.2.2)

where the non-linear term operator for the conservative form is defined as: Υ(u,v) =

u ⊗ v. The terms A1, A3 and A4 relate to possible commutation errors (see [149] for

definitions) between the scale separation operator and the spatial and temporal deriva-

tives. The term A2 is directly related to the non-linearity of the convective term and thus

never vanishes. It can be seen that a non zero commutation error would lead to A1 6= 0
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rendering the flow not divergence free.

Remark: Under this general formulation, the Reynolds Averaged NS (RANS) equa-

tions can also be defined. By considering f(x, t) as the mean (ensemble averaged), f ′(x, t)

as the fluctuating part of f(x, t) and P(f(x, t)) a statistical average operator, the RANS

equations can be obtained for A1 = A3 = A4 = 0 (which follows from the commutation

property of the statistical average operator) and A2 = ∇.τRANS, with τRANS = u′ ⊗ u′

referred to as the Reynolds stress tensor.

The technique considered in this thesis is the Large Eddy Simulation approach. Under

this modelling strategy, the operator P(f(x, t)) is classically defined as a low-pass filter.

Assuming that this filter operator commutes with spatial and temporal operators (see

[149] for examples), one obtains A1 = A3 = A4 = 0. In addition, A2 = ∇.τLES is called

the subgrid stress tensor, defined through the turbulent stress: τLES = u⊗ u − u ⊗ u.

This stress tensor accounts for the interactions between resolved and unresolved scales

and thus requires modelling to provide mathematical closure.

5.2.1.1 Boussinesq assumption and Smagorinsky subgrid scale model

In 1887, Boussinesq hypothesised that the energy transfer mechanism in turbulent flows

(from the resolved to the subgrid scales) is analogous to the molecular diffusion (i.e. Brow-

nian motion) represented by the fluid kinematic viscosity ν. Following this hypothesis,

it is possible to represent the subgrid turbulent sink of energy analogously to the drawn

of energy that molecular viscosity causes on laminar flows. In mathematical terms, this

hypothesis translates into: −∇.τdLES = ∇.(νt(∇u +∇Tu)), where νt represent the tur-

bulent viscosity (to be subsequently defined). In the last equation, the deviatoric stress

tensor is defined as: τdij = τij− 1
3
τkkδij , where δij is the Kronecker delta defined as: δij = 1

if i = j and δij = 0 if i 6= j. Since the term (∇u+∇Tu) has zero trace for incompressible

flows, one needs to define a zero trace stress tensor to model. This requirement leads to

the previous definition for τdij . In practice, this term does not require modelling since it
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is added to the resolved (i.e. filtered) static pressure [149]. The modified pressure is for

simplicity denoted p in what follows.

To simplify the notation, let us drop henceforth the overbars to represent the resolved

scales and set: u = u and p = p.

The turbulent viscosity νt may be defined through the zero equation model known as

Smagorinsky closure and modified for high order h/p methods in [96]:

νt = (cs△)2|S|, |S| = (2SijSij)
1/2, (5.2.3)

△ =

(
A
(π
k

)2
∆z

)1/3

, (5.2.4)

where A defines the element area in 2D (i.e. the DG-dimension), k is the polynomial

order of the element and cs = 0.1 a fixed constant. It can be shown that ls = cs△ is the

Smagorinsky length scale. In addition, let us note that the ratio π
k
represents the resolved

half wavenumber for a given polynomial of order k (see [96] and references therein). It is

interesting to note that the Smagorinsky turbulent viscosity is invariant under rotation

and hence can be used within the moving mesh without modifications.

As it was mentioned in the introduction, 2D turbulence cannot be really representative

of 3D turbulence. Therefore 2D LES models cannot be representative of turbulent flows.

However, the Smagorinsky closure model in 2D (setting for example ∆z = 1) can be

interpreted as a mixing length model, where the mixing length is defined in terms of

the spatial resolution taking into account the element area and polynomial order. The

nature of the solution is not of LES type but may be interpreted from an unsteady RANS

perspective.

If a 3D formulation is to be used (not in this thesis as explained in the next section)

then the Fourier filter length becomes: ∆z = Lz/M , where Lz is the Fourier dimension

and M is the number of planes in physical space (see Fig. 4.1 in chapter 4).
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5.2.1.2 Modified splitting scheme for turbulent flows

The starting point to treat the NS equations with the additional turbulent terms is similar

to the approach suggested by Karamanos and Sherwin [98] and Karamanos et al. [96]

but the overall scheme proposed here is different and takes advantage of the present DG

framework (i.e. discontinuous functions between elements). As presented in previous

chapters, the pressure and laminar viscous terms are treated implicitly and non-linear

terms explicitly. As for the turbulent terms, they are split algebraically and treated

partially explicitly and partially implicitly. In this chapter, it is advantageous to present

the equations in dimensional form, and not in their non-dimensional form as in previous

chapters. The discretised momentum equation reads:

γ0u
n+1 − α0u

n − α1u
n−1

∆t
= − ∇pn+1 − β0̥

n(νt,u,w)− β1̥
n−1(νt,u,w)

+ (ν + νn+1
t )∇2un+1, (5.2.5)

where ̥(νt,u,w) account for the non-linear terms and the explicitly treated turbulent

terms: ̥(νt,u,w) = ((u − w).∇)u − (∇νt).(∇u + ∇Tu). To split the turbulent terms,

the following equality has been used:

∇.[νt(∇u+∇Tu)] = (∇νt).(∇u+∇Tu) + νt∇2u. (5.2.6)

In the present implementation, the first term in 5.2.6 is treated explicitly and the second

implicitly, as shown in Eq. 5.2.5.

By introducing an intermediate velocity ũ, one can define the following splitting al-

gorithm, where as seen previously Eq. 5.2.9 and Eq. 5.2.10 are computed in the DG
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variational framework:

ũ = α0/γ0u
n + α1/γ0u

n−1 − (β0∆t/γ0)̥
n(νt,u,w)

− (β1∆t/γ0)̥
n−1(νt,u,w), (5.2.7)

xn+1 = R(∆θ)(xn − xc) + xc, (5.2.8)

−∇2pn+1 = −γ0
1

∆t
∇.ũ, (5.2.9)

−∇2un+1 +
γ0

(ν + νn+1
t )∆t

un+1 =
1

(ν + νn+1
t )

(
γ0
∆t

ũ−∇pn+1). (5.2.10)

As in previous chapters, second order Adams-Bashforth values for the coefficients γ0,

α0, α1, β0 and β1 are selected. Let us also define a second order approximation for the

turbulent viscosity as: νn+1
t = β0ν

n
t + β1ν

n−1
t .Eq. 5.2.9 defines a Poisson equation for the

pressure, which is closed using the following boundary condition at walls and inflows:

∂p

∂n

n+1

= ̟ ×̟ × xn+1 − β0n. (̥(νn
t ,u

n,wn) + ν∇× ωn) (5.2.11)

−β1n.
(
̥(νn−1

t ,un−1,wn−1) + ν∇× ωn−1
)
,

where the first term was derived in chapter 3 and is necessary to account for rotating

boundary walls and ω = ∇×u. It can be seen that zero turbulent viscosity at inflow and

walls (i.e. νt = 0) has been imposed. This condition is required by the temporal scheme’s

compatibility condition for the pressure (derived in [100]):
∫
Ω
∇2p =

∫
∂Ω

∂p
∂n
. At outflow

boundaries, Dirichlet boundary conditions for pressure are used.

Remark: The modified turbulent scheme should provide a consistent method to com-

pute turbulent flows when a full 3D DG discretisation (i.e. DG in three directions) is con-

sidered. However, this modified scheme is not suitable for the DG-Fourier methodology in-

troduced in the previous chapter. Inspection of the Helmholtz equation (Eq. 5.2.10) shows

that when a Fourier discretisation is introduced in the z-direction, the term u
n+1

(ν+νn+1
t )∆t

results in a convolution in modal space. This convolution couples all modes rendering the
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scheme practically not solvable (i.e. it would require solving a coupled system). For this

reason, this scheme is only used for 2D simulations in the present work in order to show

its potential. To compute 3D turbulent flows, a different approach is introduced in section

5.2.2.

5.2.1.3 Algebraic system and enhanced stability

This section extends the algebraic system detailed in chapter 2 section 2.5.3.2. In this

case, let us consider the complete set of the discretised NS equations Eq. 5.2.7 to 5.2.10

and make use of the matrix definitions of chapter 2 section 2.2.3. Before proceeding, let

us define a modified symmetric turbulent mass matrix:

• Local Turbulent Mass matrix: Mel
turb := {Mel

turbij =
∫
el

1
ν+νt

φi(x)φj(x)dx},

and the modified non-linear terms:

• ̥r(νt,uh,w) =
∑

el∈Ωh
̥el

r (νt,uh,w) := {̥el
r j(νt,uh,w) =

∑
el∈Ωh

∫
el
̥r(νt,uh,w)φjdx},

with r = x, y or z (no-summation).

Remark: The definition of the Local Turbulent Mass matrix is only possible because

the DG framework allows for discontinuous function to be defined in each element and

continuity is not required. In a conformal setting, this scheme would not be appropriate.

The algebraic splitting scheme is summarised as:

M
γ0Ũr − α0Ur

n − α1Ur
n−1

∆t
= −β0̥

n
r (νt, U,w)− β1̥

n−1
r (νt, U,w), (5.2.12)

APois
(α=0,σ)P

n+1 = − γ0
∆t

KrŨr +RHSPois
(g=0,σ), (5.2.13)

(
AHelm

(α=0,σ) +
γ0
∆t

Mturb

)
Ur

n+1 =
γ0
∆t

Mturb

(
Ũr −

∆t

γ0
M−1Kr

TP n+1

)
+RHSHelm

(g=0,σ),

(5.2.14)

where r = x, y, z (no-summation in Eq. 5.2.12 and Eq. 5.2.14, but summation over

r in Eq. 5.2.13). To obtain the last Helmholtz equation Eq. 5.2.14, one can use the

155



original scheme defined in chapter 2 section 2.2.1 to express the intermediary divergence

free velocity ˜̃U as a function of the intermediate velocity Ũ and the pressure P :

˜̃Ur = −
∆t

γ0
M−1Kr

TP n+1 + Ũr. (5.2.15)

As presented in chapter 2 section 2.5.3.2, one can recast the splitting scheme in matrix

form when the steady case without non-linear terms is considered. The resulting system

reads:

SalgTurb

split h
=




Mturb
−1MAHelm

(α=0,σ) KT

K △t∗

γ0
APois

(α=0,σ)







U

P


 =




Mturb
−1MRHSHelm

(g=0,σ)

RHSPois
(g=0,σ)


 .

(5.2.16)

As in chapter 2, the solvability of this system is explored though the pressure Schur

complement of the system defined by Eq. 5.2.16:

Schur(SalgTurb
split h

) =
△t∗

γ0
APois

(α=0,σ) −K[Mturb
−1MAHelm

(α=0,σ)]
−1KT , (5.2.17)

following heuristic arguments, let us simplify the problem to analyse its numerical prop-

erties by setting: Mturb ≈ 1
ν+νt

M, which is only true if νt is constant in space. Under

this assumption, one can rewrite the equivalent Schur(SalgTurb

split h
) complement as:

Schur(SalgTurb

split h
) =

△t∗(ν + νt)

γ0
APois

(α=0,σ) −K[AHelm
(α=0,σ)]

−1KT . (5.2.18)

Following the same reasoning detailed in chapter 2 section 2.5.3.2, one obtains a limit

for stability by bounding the Schur complement through its L2 norm. The new limit for
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stability becomes:

lim
ν△t∗→0

(ν + νt)△t∗

γ0
O(k3.2) −→ 0,

lim
ν△t∗→0

νt△t∗

γ0
O(k3.2) −→ 0. (5.2.19)

When comparing this result to the limit obtained in chapter 2, it appears that the tur-

bulent viscosity νt may provide stabilisation for problems where small time steps or low

laminar viscosities are used.

It is interesting to note that turbulent stabilisation arises from the semi-implicit treat-

ment of the turbulent terms and that this would not have been the case if a fully explicit

treatment of the turbulent terms had been considered. In addition, one may note that this

turbulent stabilisation is provided through the modification of the Helmholtz equation.

It is interesting to note that the Spectral Vanishing Viscosity (SVV) technique, which is

detailed in section 5.2.2, also modifies the Helmholtz equation (when combined with the

present splitting scheme as in [107]) in a similar manner to the proposed Smagorinsky-DG

scheme. It is thus likely that SVV methods provide enhanced stability properties.

5.2.2 ILES-DG SVV-Fourier solver to compute 3D turbulent

flows

This section presents the necessary modifications to extend the DG-Fourier solver detailed

in the previous chapter to compute three dimensional turbulent flows. The proposed

scheme combines two approaches: an Implicit Large Eddy Simulation (ILES) approach

on the DG plane combined with a Spectral Vanishing Viscosity (SVV) method in the

Fourier direction. To the author’s knowledge this combination has not been attempted

previously.

As it was mentioned in the introduction of this chapter, the ILES approach relies on

the numerical dissipation introduced by the spatial discretisation to stabilise the DNS-NS

157



equations. Since high order techniques, like the DG method considered in this thesis,

present low numerical errors (e.g. numerical dissipation), any attempt to solve the DNS-

NS equations presented in previous chapters, at moderate Reynolds numbers on coarse

meshes, would result in unstable calculations. To stabilise the equations, numerical dissi-

pation needs to be introduced through, for example, upwinding of the non-linear terms.

The proposed approach considers the Lesaint-Raviart non-linear form introduced in chap-

ter 2 section 2.2.2.2 (Eq. 2.2.13). The additional numerical viscosity required to stabilise

the DNS-NS equations should be provided by the fluxes (i.e. surface integrals in Eq.

2.2.13). It is interesting to note some properties of these fluxes:

• As the polynomial order increases, the fluxes vanish for a smooth solution.

• Inversely, the coarser the spatial resolution, the more important the effect of the

fluxes becomes.

• The fluxes become active if discontinuities arise in the numerical solutions.

• Since hierarchical modal basis functions have been selected in this thesis, higher

modes should require more upwinding than lower modes if a coarse mesh is selected.

Therefore the fluxes should be more active at higher modes for poorly spatially

resolved regions, which implicitly states that numerical dissipation may be applied

mainly to the highest modes. Let us note that this characteristic is the main driving

force of the SVV approach (see following section).

It may be argued that these properties are suitable for LES type modelling. Firstly, fluxes

with these characteristics provide numerical dissipation for coarse discretisations and par-

ticularly in regions where discontinuities arise. Secondly, the influence of the fluxes should

not affect well resolved regions of the simulation. In particular, near no-slip boundaries,

where the mesh is finer, the implementation should provide the correct laminar viscosity

solution (note that is is not true for the previously introduced Smagorinsky model). For

well enough resolved simulations, this characteristic allows for the computation of flows

where laminar and turbulent regions coexist and may be able capture laminar-turbulent
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transition.

To provide further stabilisation, the SVV technique is incorporated in the Fourier

direction. The following section details the implementation of this model.

5.2.2.1 Spectral Vanishing Viscosity technique for Fourier discretisations

The main idea behind the SVV technique is to add controlled artificial viscosity only to

the highest modes in order to provide stabilisation in high order numerical methods. This

technique does not modify the lowest modes and hence preserves the spectral accuracy of

the method (see [135] or [107] for a detailed explanation).

The SVV technique was originally conceived by Tadmor [162] to regularise the solution

(i.e. avoid oscillatory phenomena) in the inviscid Burgers equation:

∂

∂t
u(x, t) +

∂

∂x

[
u2(x, t)

2

]
= 0, (5.2.20)

subject to appropriate initial and boundary conditions.

Tadmor introduced in Eq. 5.2.20 a convolution term that only acts on the high wavenum-

bers, leaving low wavenumbers unchanged. The discrete form of the previous Burgers

equation with the regularisation term reads:

∂

∂t
uN(x, t) +

∂

∂x

[
PN

(
u2(x, t)

2

)]
= ǫ

∂

∂x

[
QN ∗

∂uN (x, t)

∂x

]
, (5.2.21)

where uN(x, t) is the Nth order modal approximation of u(x, t), PN is a projection oper-

ator and ∗ represents the convolution. In addition, QN is a damping function (also called

viscosity kernel) that becomes active for high wavenumbers only.

In the particular case of a Fourier discretisation (i.e. the z-direction in the DG-Fourier

implementation), the SVV regularisation term becomes:

ǫ
∂

∂x

[
QN ∗

∂uN (x, t)

∂x

]
= −ǫ

∑

Pcut≤|k|≤N

k2Q̂kûke
ikx, (5.2.22)
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where k is the wave number, N is the number of Fourier modes and Pcut is the wavenumber

for the damping function to become active.

Different definitions for Q̂k have been previously proposed (e.g. Tadmor [162]) but in this

work, the expression by Maday [117] is retained:

Q̂k = exp

[
− (k −N)2

(k − Pcut)2

]
, k > Pcut. (5.2.23)

Finally, it is necessary to define the cut-off wavenumber Pcut and the spectral viscosity

ǫ. As in [117] or [107], the present implementation uses: Pcut = CSV V

√
N and ǫ = νSV V

N
,

where CSV V is a constant that controls the wavenumber cut off level for the damping and

νSV V controls the amount of SVV viscosity. Fig. 5.2 shows the effect of the parameter

CSV V on the SVV damping function (i.e. viscosity kernel). Let us note that Pasquetti

[135] compared various definitions for the cutting wavenumber level Pcut (e.g. Pcut =
√
N ,

Pcut = N/2) and the spectral viscosity ǫ (e.g. ǫ = 1
N
, ǫ = 4

N
) and showed that these lead to

different flow solutions. Namely, the solution captured finer flow structures with a smaller

ǫ and a larger cut-off wavenumber Pcut. In addition, it was shown that if these values are

too restrictive (i.e. ǫ too small and/or Pcut too large), the method became unstable.
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Figure 5.2: SVV damping function (Q̂k) against wavenumber (k) for two values of the
SVV constant (CSV V ) controlling the cut-off wavenumber.
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To incorporate the SVV term in the DG-Fourier solver, it suffices to consider the

Helmholtz equation corresponding to the Fourier direction (i.e. z−direction associated

to the z−velocity component w). The original Helmhotlz equation, that was derived in

chapter 4 section 4.2.3, is regularised through the SVV convolution term, which is added

to the right hand side:

ν
(
−∇2

2D + β2m2 +
γ0
ν∆t

)
wn+1

m =
( γ0
∆t

w̃m − ∇̂mp
n+1
m

)
− ǫβ2m2Q̂mŵ

n+1
m ,

(5.2.24)

where the wavenumber has been defined as k = mβ (following the notation introduced

in chapter 4). Rearranging Eq. 5.2.24, one obtains a SVV-Helmholtz equation for the

Fourier direction:

(
−∇2

2D + β2m2

[
1 +

ǫQ̂m

ν

]
+

γ0
ν∆t

)
wn+1

m =
1

ν

( γ0
∆t

w̃m − ∇̂mp
n+1
m

)
. (5.2.25)

In most SVV implementations, including the author’s, the added SVV-viscosity de-

pends only on the wavenumber (i.e. ǫ ≈ 1
N
, where N is the number of Fourier modes).

Ideally, this parameter should relate to the numerical solution and adapt depending on

the local spatial damping required. This idea was introduced in [97] and explored in the

context of compressible NS formulations in [104]. However, in the present work and due

to time constraints, this variable SVV-viscosity extension has not been explored.

Let us finally note that the computational cost of including the additional SVV terms

is almost negligible. This method only requires modification of the diagonal terms in the

matrix relating to the Helmholtz step.
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5.3 Validations and comparisons

This section presents examples of the usability of the described methods: the Smagorinsky-

DG and the ILES-DG SVV-Fourier. In addition, it provides quantification of the accuracy

of the two techniques. The objective of this section is twofold:

• Demonstrate that these methods are stable on relatively coarse meshes at moderate

Reynolds number flows (i.e. Re = 3900 and 10000).

• Compare the results to experimental data and other numerical techniques (i.e. DNS,

unsteady RANS) to provide verification and validation for the described methods.

Note that this section is not devoted to providing an analysis of turbulence physics.

Instead, it attempts to show that the two turbulent techniques are stable and provide

reasonable results with the coarse resolutions selected. In addition, this chapter sets the

bases for further developments.

5.3.1 Circular cylinder

This section presents preliminary results for a circular cylinder at Re=3900. Turbulent

simulations for circular cylinders at this particular Reynolds number can be found in

[116], where an extensive analysis was performed using a conformal h/p Spectral solver

(i.e. Nektar). Reported results are for DNS and LES simulations. In addition, let us

note that a very complete review of experimental and numerical data for circular cylinder

flows has been compiled by Norberg in [129].

The results included in this section have been obtained using the ILES-DG SVV-

Fourier technique on a mesh consisting of 1066 mixed tri-quad elements (with 24 curved

quad elements to capture the circular geometry) and a polynomial order k = 5 in the

x − y DG plane. In the Fourier direction (i.e. z−direction) 16 planes are used, which

extend a spanwise length of Lz/D = 1, where D is the cylinder diameter. The time step

is set to △t = 0.0005 and the SVV constants to CSV V = 1 and νSV V = 1. Fig. 5.3 shows
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Figure 5.3: ILES-DG SVV-Fourier solution for a circular cylinder at Re =3900 showing
iso-surfaces of velocity magnitude (grey |u| = 0.3 m/s, red |u| = 0.8 m/s and blue |u| = 1.2
m/s). Overlaid in the main figure are streamlines showing the flow trajectory. Inset
figure shows details of the flow structures near the circular cylinder (velocity magnitude
iso-surface |u| = 0.3 m/s).

a snapshot of velocity magnitude iso-surfaces after four vortex cycles. It can be seen that

a turbulent flow develops in the wake of the cylinder together with vortex shedding. In

addition, a transitional shear layer (see monograph by Zdravkovic [187] for definitions)

can be observed in the inset figure.

To quantify the obtained results, the time averaged pressure coefficient distribution

on the cylinder surface is depicted in Fig. 5.4. Included in the figure are experimental

data [128] and simulation results from a conformal h/p Spectral code using DNS and

LES techniques [116]. Let us note that previous numerical [116] and experimental [129]

studies have shown an important dependency of the pressure distribution with the cylinder

spanwise length. The presented simulation has a shorter spanwise length (Lz/D = 1) than
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the simulated published data [116], where the spanwise lengths vary as: π ≤ Lz/D ≤ 2π.

The aim of this section reduces to show the potential of the ILES-DG SVV-Fourier model

to capture the general flow features and the presented results should only be considered

as preliminary. Fig. 5.4 shows reasonable agreement between the ILES-DG SVV-Fourier
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Figure 5.4: Time averaged pressure coefficient (Cp) distribution on the circular cylinder at
Re=3900. ILES-DG SVV-Fourier results, experimental data [128] and published numeri-
cal results [116] using a conformal h/p Spectral code (i.e. DNS and LES computations).

computations and published results. The discrepancies may be explained by the coarse

spatial resolution, the shorter spanwise length and the short integration time (i.e. one

vortex cycle) used to compute the time averaged values in the present simulation. Further

computations may be required to assess in depth the accuracy of the ILES-DG SVV-

Fourier technique, however, the present computation demonstrates the potential of this

novel technique.
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5.3.2 NACA foils

This section considers symmetric NACA 4-digit foils and compares results from the two

developed turbulence techniques to experimental data and other numerical techniques.

Figure 5.5: Flow field snapshot of the pressure field at Re =10000 ; (a) NACA0015 3D
ILES-DG SVV-Fourier k = 5 and 4 Fourier planes, (b) NACA0012 DNS finite volume
[79], (c) NACA0015 2D Smagorinsky-DG k = 5 and (d) NACA0012 2D low order finite
volume Fluent [56] (k − ω SST).

Firstly, Fig. 5.5 provides a qualitative comparison of the pressure fields for NACA
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foils at Re = 10000 and a fixed Angle Of Attack (AOA) AOA = 20 ◦. The figure includes

results from four different numerical techniques:

• 3D ILES-DG SVV-Fourier: Fig. 5.5.a shows the pressure field for a NACA0015

using the 3D ILES-DG SVV-Fourier solver with polynomials of order k = 5 in the

x − y DG plane and 4 Fourier planes in the z−direction. The snapshot has been

taken before flow three dimensionality develops.

• Published DNS: Fig. 5.5.b shows a snapshot of the pressure field using a finite

volume code and the Direct Numerical Simulation approach [79]. This published

result is for a NACA0012.

• 2D Smagorinsky-DG: Fig. 5.5.c shows the pressure field for a NACA0015 using

the developed 2D Smagorinsky-DG model. The DG discretisation uses polynomials

of order k = 5.

• Unsteady RANS: Fig. 5.5.d shows the pressure field for a NACA0012 obtained

with the low order finite volume code Fluent [56] using the k − ω SST turbulence

model. Second order time and space discretisation have been used for this unsteady

calculation.

Let us note that the figure presents two different foils: a NACA0015 for the ILES-DG

SVV-Fourier and the Smagorinsky-DG simulations and the NACA0012 for the published

data and unsteady RANS results. However, it may be hypothesised that at this high AOA

with mainly separated flow on the upper surface, the foil thickness should have minimal

impact on the flow field, thus allowing for qualitative comparisons of these foils.

As described in [79] and shown in Fig. 5.5.b, at this AOA the flow is characterised by

Kelvin-Helmholtz shear layer vortices that lead eventually to a turbulent regime. It can be

seen that the flow field solutions show similar flow patterns and all show separated flow on

the upper surface. Fig. 5.5.a shows that the ILES-DG SVV-Fourier technique captures,

to some extent, the Kelvin-Helmholtz shear layer vortices and most of the vortical struc-

tures developing within the separated region. The 2D Smagorinsky-DG simulation (Fig.
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5.5.c) captured the general flow pattern but fails to capture the Kelvin-Helmholtz shear

layer vortices. Note that the 2D Smagorinsky-DG and the 3D ILES-DG SVV-Fourier

simulations used the same spatial resolution in the x− y plane (i.e. identical meshes and

polynomial order k = 5). Finally, Fig. 5.5.d shows that the unsteady RANS simulation

using the low order finite volume code Fluent cannot capture either the Kelvin-Helmholtz

shear layer vortices or the vortical structures developing within the separated flow region.

The discrepancies seen for the Smagorinsky-DG method and the unsteady RANS sim-

ulations may be explained by the overly dissipative character of the turbulent viscosity

approach present in both models.

The second part of this section considers only the NACA0012 foil at Re=10000 for a

range of angles of attack 0 ◦ ≤ AOA ≤ 20 ◦. Solution snapshots using the 3D ILES-DG

Figure 5.6: 3D ILES-DG SVV-Fourier flow field snapshot for the NACA0012 at Re =10000
with 4 Fourier planes and Lz/c = 0.2 for: (a) AOA = 5 ◦, k = 3, (b) AOA = 20 ◦,
k = 5. Pressure field is shown at the plane z = 0. Overlaid are streamlines showing flow
trajectory and an iso-surface of velocity magnitude with iso-values: (a) |u| = 0.15 m/s
and (b) |u| = 0.3 m/s.

SVV-Fourier technique for this foil at AOA = 5 ◦ and 20 ◦ are depicted in Fig. 5.6. The

DG discretisation consist of polynomial orders k = 3 for AOA = 5 ◦ and k = 5 for the

20 ◦ case. The figure shows that the ILES-DG SVV-Fourier method provides details of 3D

flow features. It can be seen that three dimensionality is more important for the highest

angle of attack. In addition, let us note that the expected flow features are captured by
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the solver. Namely, the solver predicts separated flow on the foil’s suction side and a

larger separated region for the higher AOA case.

This section concludes with comparisons of computed aerodynamic coefficients, using

the 2D Smagorinsky-DG and the 3D ILES-DG SVV-Fourier methods, to experimental

data [189] and [160] for a range of angles of attacks: AOA = 0 ◦ to 20 ◦. In addition, 2D

results from the low order finite volume code Fluent [56] with the k − ω SST turbulence

model are reported, referred to as: unsteady RANS. Computed results include lift and

drag coefficients (mean and standard deviations) for the NACA0012, which is compared

to two sets of published experimental data for the same foil [189] and [160]. Table 5.1

summarises the flow conditions and available data from computations and experiments.

Experimental and simulated aerodynamic coefficients are depicted in Fig. 5.7. Mean val-

NACA foil Re/104 AOA [ ◦] Coefficients

2D Smagorinsky-DG 0012 1.00 0, 5, 10, 20
ClMean, CdMean

ClSD, CdSD

3D ILES-DG SVV-Fourier 0012 1.00 0, 5, 10, 20
ClMean, CdMean

ClSD, CdSD

Unsteady RANS k − ω SST 0012 1.00 0, 5, 10, 20
ClMean, CdMean

ClSD, CdSD

Exp. Zhou et al. (2011) [189] 0012 0.53, 1.05, 5.10 0, 10, 20
ClMean, CdMean

ClSD, CdSD

Exp. Sunada et al. (1997) [160] 0012 0.40 0 to 21 ClMean

Table 5.1: Summary of simulated and experimental aerodynamic coefficients for the
NACA0012 foil at moderate Reynolds numbers.

ues for the lift and drag coefficients are reported in Fig. 5.7.a and Fig. 5.7.b respectively.

The associated standard deviations (SD) are shown in Fig. 5.7.c and Fig. 5.7.d. Fig.

5.7 shows a general good agreement between the numerical results and experimental data

presented for all numerical techniques. A detailed discussion follows:

• Experimental data: The selected experimental data for the NACA0012 (i.e. [189]

and [160]) show generally low scatter, particularly for low AOAs for the mean com-

ponents. However let us note that for AOA = 10 ◦, the mean lift seems to be very
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Figure 5.7: NACA0012 validation: 2D Smagorinsky-DG (k = 3 static and pitching), 3D
ILES-DG SVV-Fourier (k = 3 in the DG plane for AOA = 0 ◦ and 5 ◦ and k = 5 for
AOA = 10 ◦ and 20 ◦, all with 4 Fourier planes and Lz/c = 0.2), 2D second order Finite
Volume Fluent [56] (unsteady RANS: k − ω SST) and Experimental data [189] [160]; (a)
Mean lift coefficient, ClMean (b) Mean drag coefficient, CdMean and (c), (d) Standard
deviation for the lift and drag coefficients respectively: ClSD and CdSD.
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sensitive to the Reynolds number (Exp. Zhou et all. [189]).

It is interesting to note that at this moderate Reynolds number the slope of the

mean lift curve is far from the theoretical slope of d Cl
d AOA

= 2π derived from inviscid

thin airfoil theory [4]. In addition, the standard deviations (Fig. 5.7.c and Fig.

5.7.d) increase with the AOA and show a not negligible inverse dependency of the

fluctuating components with the Reynolds number. The reader is referred to the

original paper [189] for possible explanations and discussion of these phenomena.

• Unsteady RANS: unsteady RANS results have been obtained using second order

discretisations in space and time and the k − ω SST turbulence model (unsteady

RANS) with a mesh constituted of 8000 mixed tri-quad elements (similar to the

mesh depicted in Fig. 5.5.d).

Fig. 5.7.a and Fig. 5.7.b (green gradient symbols) show that the unsteady RANS

simulations provide reasonable predictions for low AOAs (AOA = 0 ◦, 5 ◦ and 10 ◦ )

for the mean lift and drag forces but over-predict these forces at the highest angle

AOA = 20 ◦. In addition, Fig. 5.7.c and Fig. 5.7.d show negligible fluctuations

for AOA = 0 ◦, 5 ◦ and 10 ◦, compared to the experimental data. These under-

predictions may be related to the over-dissipative character of these unsteady RANS

solutions, which would tend to suppress unsteady flow features. It is interesting to

note that although the mean lift and drag components are over-predicted for the

highest AOA, very good agreement is obtained for the fluctuating components.

• 2D Smagorinsky-DG: Two dimensional static results (grey diamonds) are com-

pared to a pitching simulation using the sliding mesh capability (blue line) for the

NACA0012, both simulated using a polynomial order k = 3. The static results

correspond to averaged values over time, whilst instantaneous values are depicted

for the pitching case (rotating around the quarter chord with a rotational velocity

ω = 0.01 rad/s). Mean values for the static and the pitching simulations are in very

good agreement with each other providing further verification of the sliding mesh
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technique.

Predicted values for the mean lift, shown in 5.7.a, are in very good agreement

with experimental data for static and pitching cases. However, the simulated mean

lift appears higher for AOA = 20 ◦ than experimental results and similar to the

unsteady RANS predictions. Fig. 5.7.b shows that the Smagorinsky-DG method

provides results that are in very good agreement for the mean drag for higher AOAs

(AOA = 10 ◦ and 20 ◦) but over-predicts the mean drag for at AOA = 0 ◦. This

discrepancy can be explained by the lack of turbulent viscosity damping near the

wall (e.g. Van Driest damping [96]) and also because these simulations consider only

turbulent flow (no laminar-turbulent transition has been considered), providing an

increased drag coefficient through increased wall shear stress and a thicker boundary

layer. In addition, Fig. 5.7.c and 5.7.d show small values for the fluctuating lift and

drag forces when compared to the experimental data but larger than predicted by

the unsteady RANS simulations (at AOA = 0 ◦, 5 ◦ and 10 ◦). These damped fluc-

tuations may be explained by the low spatial resolution of the simulation, the overly

dissipative character of the Smagorinsky model (using this spatial resolution) and

the lack of turbulent viscous damping near walls (e.g. Van Driest damping) in the

present implementation. Finally, let us note that the influence of the Smagorinsky

constant cs (defined in section 5.2.1.1) on the aerodynamics coefficient has not been

explored and is likely to have influence on the presented results.

• 3D ILES-DG SVV-Fourier: All the simulations computed with the ILES-DG

SVV-Fourier technique consider a periodic length in the Fourier direction Lz/c = 0.2

and use 4 Fourier planes with the SVV parameters set to CSV V = 2 and νSV V = 1.

The DG discretisation consists of polynomial orders k = 3 for AOA = 0 ◦, 5 ◦ whilst

k = 5 was used for AOA = 10 ◦ and 20 ◦. The plotted results have been obtained by

spatially averaging spanwise sectional forces, which are subsequently time averaged.

These time averaged values have been computed after the development of three di-
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mensional flow.

Simulated mean values show generally good agreement with experimental data for

all AOAs. Although as shown in Fig. 5.7.a, this model over-predicts the mean lift

at AOA = 10 ◦ and 20 ◦. Let us note that for AOA = 10 ◦, the experimental data

presents large scatter, which may suggest a limiting flow case that is very sensitive to

testing conditions (e.g. Reynolds number, trailing edge sharpness) and may explain

the discrepancies between, both simulated and experimental results. In addition, it

can be seen that the mean lift at AOA = 20 ◦ is similar to the results provided by

the other numerical techniques but larger than the experimental data. Preliminary

calculations (not shown) suggest that this over-prediction relates to the coarse spa-

tial resolution used in the DG plane. The effect of spanwise resolution has not been

assessed but may influence these results and requires further investigation.

Fig. 5.7.b shows that the simulated mean drag coefficients are in very good agree-

ment with experimental data for all AOAs, but is over-predicted (and similar to the

Smagorinsky-DG) for the lowest angle AOA = 0 ◦. A spatial refinement study and

a parametric study on the SVV constants may provide insight into the causes of

this mismatch.

Fluctuating values for the lift coefficient, Fig. 5.7.c, show good agreement with

experimental data and appear to be larger than predicted by the other numerical

techniques. Let us note that this is consistent with the observation drawn from

the snapshots of the pressure fields at AOA = 20 ◦ (Fig. 5.5). It can also be ob-

served that the rate of increase of fluctuating quantities with the angle of attack is

larger than seen for the experimental data. Preliminary comparisons for two spatial

resolutions in the DG plane (not shown), suggest that the over-prediction of fluctu-

ating forces may be related to a low spatial resolution. The dependency of spatial

resolution and the influence of the SVV constant in the aerodynamic quantities

require further exploration. However, it may be concluded that the 3D ILES-DG
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SVV-Fourier technique provides generally accurate aerodynamic functionals for the

present cases.

Overall, it has been shown that both methods, the 2D Smagorinsky-DG and the 3D

ILES-DG SVV-Fourier, provide reasonable predictions of aerodynamic functionals for the

cases tested despite the coarse resolutions used. It is concluded that these results provide

verification and validation of the developed techniques showing the correct implementation

and usability of the two novel approaches presented in this chapter to stabilise the high

order code and compute turbulent flows at moderate Reynolds numbers.
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Chapter 6

Simulations of cross-flow turbines

The previous chapters detailed the numerical formulation, implementation, verification

and validation of an appropriate solver to simulate cross-flow turbine flows. In the in-

troductory chapter 1, several aspects of cross-flow turbine flow physics were introduced

and some of them are explored in this chapter using the developed solver. The chap-

ter details 2D and 3D simulations for one and three bladed turbines under laminar flow

regimes. Cross-flow turbine computations under turbulent flow conditions with the capa-

bilities detailed in chapter 5 have not been explored due to time constraints. Although

the Reynolds number considered in this chapter are low, when compared to operational

cross-flow turbines, the results and analysis presented herein provide useful insight to

turbine flow phenomena at higher Reynolds numbers. In addition, these cases explore

the capabilities of the developed solver and show possible further uses for the numerical

techniques formulated in this thesis.

6.1 Chapter outline

Section 6.2 introduces the necessary definitions used to characterise cross-flow turbines.

Two dimensional simulations, at low Reynolds numbers, where three dimensional effect

may be disregarded, are presented in section 6.3. This section includes computations for
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one and three bladed turbines. In addition, a ducted three bladed turbine is simulated.

Particular emphasis is placed on the analysis of blade-vortex (also referred to as blade-

wake) interactions. In addition, analytical estimates to bound these interactions are

provided and compared to the simulated results. Finally, in section 6.4, three dimensional

simulations are presented for one and three bladed turbines, showing three dimensional

wake structures. In addition, analysis of Reynolds number effects and turbine taking off

conditions are reported.

6.2 Cross-flow turbine definitions

Fig. 6.1 shows a sketch of a typical straight bladed cross-flow turbine, where the essential

parameters to characterise its geometry and operational regimes are included. The figure

introduces the azimuthal angle θ, the free stream velocity U with magnitude |U| = U ,

the rotational velocity Urot with magnitude |Urot| = ωR, where R is the turbine radius

and ω the rotational speed, the effective velocity Ueff = U + Urot and the resulting

geometric angle of attack (AOA). In addition, Fig. 6.1 defines the Lift (L) and Drag

(D) force components and their associated polar projections: Tangential (T ) and Normal

(N) forces. One may characterise the turbine by the tip speed ratio λ = ωR/U , and

the solidity σ = Nc/R, with N the number of blades, and c represents the foil chord.

Lastly, the blade geometric velocity and the geometric angle of attack may be defined as:

Ueff = U
√
1 + 2λ cos θ + λ2 and AOA = tan−1( sin θ

λ+cos θ
).

Remark: The velocity Ueff and the AOA are defined as “geometric” since they do

not account for induction factors (e.g. related to blockage or wake effects) and only depend

on geometric considerations.

The geometries of the turbines studied in this chapter are characterised by their radius

R = 2c and their solidities σ = Nc/R = 1/2 with N = 1 for the one bladed turbine,

and σ = 3/2 with N = 3 for the three bladed turbine. The blade forces are non-

dimensionalised using the free stream velocity magnitude: Ci =
2Fi

ρcU2 , where i = N, T and
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Figure 6.1: Schematic of the three bladed cross-flow turbine.

ρ represents the fluid density.

6.3 Two dimensional simulations

This section considers 2D cross-flow turbines since the Reynolds number selected is low

enough to ignore three dimensional effects. The Reynolds number, based on the blade

chord and the free stream velocity U (i.e. without accounting for the rotational velocity),

is Re ≈ 100 and it is bounded through the rotational cycle, when considering the effective

Ueff and all the tip speed ratios, as: 0 < Reeff = cUeff/ν < 200.

Three distinct but complementary problems are studied:

1. One bladed turbine: analysis of the influence of the wake generated through the

upstream on the downstream blade passage: blade-wake or blade-vortex interac-

tions.

2. One bladed versus three bladed turbine: analysis of the aerodynamic differ-

176



Figure 6.2: DG flow field snapshots of velocity magnitude for λ = 2; (a) one bladed
turbine, (b) three bladed turbine and (c) ducted three bladed turbine (tidal fence).

ences between configurations and blade-wake interactions.

3. Ducted case for a three bladed turbine: analysis of the influence of blockage

(elliptical cross-sectional support columns) on the aerodynamic performance of the

three bladed turbine. The ducted case may be representative of the tidal fence

concept, which is under consideration to enhance the energy extraction resulting

from the tides.

Fig. 6.2 shows DG results (using a polynomial order k = 3) for the three configurations

considered. It can be seen that the code preserves the wake structures even for the

coarse mesh and the low polynomial order used. All meshes are constituted of triangular-

quadrilateral elements: 1794 elements for the one bladed turbine mesh depicted partially

in Fig. 6.2.a, 3320 for the unconstrained three bladed turbine in Fig. 6.2.b and 3614 for

the ducted three bladed turbine in Fig. 6.2.c. The three cases show substantially different

flow fields which will be analysed in the following sections.

Table 6.1 summarises the flow conditions and turbine characteristics considered in this

section. Namely, three tip speed ratios (λ) are studied by varying the free stream speed

(U), while maintaining constant the rotational speed (ω). This parameter space can be

related to variations in free stream velocities for a set operational rotational speed.
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Free stream velocity Rotational speed Tip speed ratio
U [m/s] ω [rad/s] λ

0.2 0.5 5
0.5 0.5 2
1.0 0.5 1

Table 6.1: Flow conditions and turbine characteristics for 2D simulations: varying the
free stream velocity.

6.3.1 One bladed turbine

Before proceeding to the physical investigations, the necessary spatial resolution is inves-

tigated. Namely, the required polynomial order k for the given mesh to obtain accurate

results (unchanged under increased spatial resolution). To this end, Fig. 6.3 compares the

tangential and normal force traces against azimuth for a one bladed turbine (with solidity

σ = 1/2) for two polynomial orders k = 2 and 3, for two values of the free stream velocity

U leading to two distinct tip speed ratios λ = 1 and 2. It can be seen that the results are
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Figure 6.3: Tangential and normal force coefficients against azimuth, one bladed turbine
for tip speed ratios: λ = 1 and 2 and polynomial orders: k = 2 and 3.

unchanged by the use of a higher resolution, showing that even for the low polynomial

order k = 2, the DG solver provides accurate solutions for these cases, where dettached
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flow over the blades and blade-wake interactions are present (as discussed below).

Let us now extend the results for k = 2 and the normal force (CN) to 11 revolutions

for λ = 1, 2 and 5 and focus attention on the influence of the upstream blade passage

(0 ◦ < θ < 180 ◦) on the downstream blade passage (180 ◦ < θ < 360 ◦). Results are

shown in Fig. 6.4. First, it can be observed that for all tip speed ratios the forces on the
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Figure 6.4: Normal force coefficient against azimuth, one bladed turbine for λ = 1, 2 and
5. 11 revolutions are shown.

downstream passage are not the same as that on the upstream passage, as might naively

be expected for a one bladed turbine. Furthermore, the differences between the upstream

and downstream passage increase with tip speed ratio λ.

To analyse these observations, one needs to consider and compare two phenomena:

firstly, the vortex or wake generation at the upstream blade passage and its convection;

secondly, the blade rotation speed. It is the relative times of wake convection to blade

rotation that gives rise to different types of interactions. Fig. 6.5 shows the three types of

interactions expected, when varying the blade rotational speed with respect to the wake

convection speed, in terms of the tip speed ratio λ and various limiting cases, which are

subsequently defined.

A blade traveling through the upstream passage generates a wake (Fig. 6.5.a) that is

convected downstream with the speed Uaxial = βU , where Uaxial is the mean streamwise

velocity component within the turbine and β is the axial induction factor related to the
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Figure 6.5: Schematic of the three limiting conditions for blade-wake or blade-vortex
interactions: (a) initial wake or vortex shedding, (b.1) no blade-wake interactions, (b.2)
one wake interacts with the blade at the rear passage and (b.2) two wakes interact with
the blade at the rear passage.

front half of the turbine (i.e. β ≈ 1 for the one bladed turbine). Considering the speed

of convection and the turbine geometrical diameter, the time for the wake to reach the

downstream section can be estimated as twake ≈ 2R/βU . Regarding the blade rotation,

the time for the blade to transition from θ = 90 ◦ to θ = 270 ◦ is tfoil = Rπ/(Rω).

When comparing these times it becomes clear that for twake < tfoil, the blade wake

shed on the upstream passage is convected aft of the turbine before the blade completes

its downstream pass and there is no blade-wake interaction (Fig. 6.5.b.1). However, if

twake > tfoil the blade on the downstream section sees a disturbed upstream flow that

leads to a change in its aerodynamic performance (e.g. Fig. 6.5.b.2). One can note that

the first limiting case (Fig. 6.5.b.2) occurs when the ratio twake/tfoil = 2λ/βπ ≈ 1, leading

to interactions for values of λlim1 & π/2 ≈ 1.6 (assuming β ≈ 1).

However, for values of λ < λlim1 ≈ βπ/2 one can expect interactions for 180 ◦ < θ < 270 ◦

as seen in Fig. 6.4 for λ = 1 (black arrow) due to the proximity of the blade to the

previously shed wake in the bottom half of the circular path.
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This last case can be analytically analysed by considering a chord of the circle (and not the

diameter) chr = 2R sin(ϕ/2) with associated arc length arc = ϕR for an arbitrary angle

ϕ < 180 ◦. A new generalised limiting case for interactions for azimuthal angles within

180 ◦ < θ < 270 ◦ can then be estimated using the relationship twake/tfoil =
2R sin(ϕ/2)

ϕR
Rω
βU

=

2λ sin(ϕ/2)/(βϕ) ≈ 1. For small enough angles ϕ, a Taylor series approximation of

sin(ϕ/2) ≈ ϕ/2 leads to λlim1−chord−based = β. Finally, it can be concluded that for values

of λ < λlim1−chord−based = β no interactions at all are present. For values of the tip speed

ratio: λlim1−chord−based < λ < λlim1, interactions should only occur at the bottom half of

the circular path, (i.e. azimuthal angle: 180 ◦ < θ < 270 ◦). Inspection of the results

depicted in Fig. 6.4 shows limited interactions for λ = 1 (black arrow), which suggests

that for the one bladed turbine the induction factor β is smaller than unity (i.e. β < 1).

Following the same reasoning as for the derivation of λlim1 (i.e. considering θ = 90 ◦

and θ = 270 ◦), a second limiting case can be found: λlim2 > 3π/2 ≈ 4.7 (i.e. assuming

β ≈ 1 and twake ≈ 2R/βU and tfoil = 3Rπ/(Rω)). This corresponds to the blade

travelling 1.5 revolutions (from θ = 90 ◦ to θ = 630 ◦) and the first wake (shed at θ = 90 ◦)

not having been convected aft of the turbine as shown in Fig. 6.5.b.3. For this last case, a

cumulative wake effect (i.e. two wakes have been shed) is to be expected, since the wakes

being shed by the foil at θ = 90 ◦ and θ = 450 ◦ have an impact on the blade performance

once it reaches θ = 630 ◦.

The force traces depicted in Fig. 6.4 illustrate the previous discussed limiting cases:

for λ = 1 < λlim1, interactions are limited to 180 ◦ < θ < 270 ◦ (black arrow). For

λlim1 < λ = 2 < λlim2, interactions are limited to 180 ◦ < θ < 360 ◦ (red arrow) (as

sketched in Fig. 6.5.b.2). For λlim2 < λ = 5, interactions are of non-linear type (i.e.

cumulative wake effect) showing no clear periodic character (blue arrow) (see sketch Fig.

6.5.b.3).
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6.3.2 One bladed vs three bladed turbine

This section compares one and three bladed turbines for the tip speed ratios λ = 1 and 2.

The resulting solidities are σ = 1/2 and 3/2 respectively. Fig. 6.6 depicts the force traces

for a unique blade and 4 revolutions (starting on the second). The figure shows that for the
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Figure 6.6: Tangential and normal force coefficients against azimuth, one and three bladed
turbines (a) λ = 1 and (b) λ = 2. Forces shown are for a single blade.

upstream passage (360 ◦ < θ < 540 ◦), the three bladed turbine presents lower forces than

observed for the one bladed turbine. These lower forces can be explained by considering

the greater streamline deflection (increased axial induction factor) for the three bladed

turbine due to its higher solidity (effectively higher flow resistance). Deflection of the flow

leads to a lower induced AOA which leads to reduced loads. However, this difference is
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larger for the higher tip speed ratio, showing that the effective blockage (resistance to the

flow) relates to both the solidity σ and the tip speed ratio λ (i.e. β = f(σ, λ)). On the

downstream passage, the blade of the three bladed turbine sees a more perturbed and

slower flow than the one bladed turbine, resulting in lower forces.

One can also obtain estimates for the blade-wake interaction limits for the three bladed

turbine, as in the previous section considering the three bladed geometry:

• λlim1 > βπ/6 ≈ 0.5β: blade interacts with one wake. In this case, the wake shed by

a front passing blade at θ ≈ 90 ◦ can be intercepted by another blade after rotating

an angle △θ = 60 ◦ (i.e. twake ≈ 2R/βU and tfoil = Rπ/(3Rω)).

• λlim2 > βπ/2 ≈ 1.6β: blade interacting with two wakes. In this case, the blade that

has shed the wake during the front passage interacts with its wake when reaching

θ ≈ 90 ◦.

• λlim3 > β5π/6 ≈ 2.6β: blade interacting with three wakes. For this case: twake ≈

2R/βU and tfoil = 5Rπ/(3Rω).

Remark: It is interesting to note that for the three bladed turbines, the induction factor

β is smaller than unity due to increased solidity and that the limiting tip speed ratios are

lower than for the one bladed turbine.

Fig. 6.6.a shows, for λlim1 < λ = 1 < λlim2, blade-wake interactions are limited to

180 ◦ < θ < 360 ◦. For the higher tip speed ratio λlim2 < λ = 2 < λlim3, depicted in

Fig. 6.6.b, a similar non-linear effect as observed for the one bladed turbine at λ = 5 in

Fig. 6.4 is shown.

Let us finally note that, to the author’s knowledge, the effect of blade-wake interactions

on three bladed turbines has not been fully assessed in the past. A possible explanation is

that, generally, integrated or averaged forces for the three blades are studied. The integra-

tion or averaging process can, indeed, mask blade-wake interaction effects on individual

blades. In the present work, the force traces have been studied for a single blade even

when considering three bladed turbine configurations, which has allowed the exploration
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of these interactions.

6.3.3 Ducted case or tidal fence for a three bladed turbine

This section analyses the modified physics of blocking the flow (or ducting as shown

in Fig. 6.2.c, i.e. tidal fence concept) of the previously studied unconstrained three

bladed turbine. The concept of ducting is under consideration as an alternative to tidal

barrages, with the potential for reducing impact of energy extraction on the environment.

Fig. 6.7 depicts the tangential and normal force traces for both unconstrained and ducted

configurations. It can be seen that a general increase in both tangential and normal
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Figure 6.7: Tangential and normal force coefficients against azimuth, three bladed turbine
λ = 2, unconstrained and ducted cases. Forces shown are for a single blade.

forces occurs for all azimuth angles, showing that ducting might result advantageously in

increasing the power generated. The increased velocity also increases wake convection (i.e.

induction factor β > 1), limiting the blade-wake interaction to the downstream passage,

180 ◦ < θ < 360 ◦ for the given tip speed ratio λ = 2 (the non-linear character has been

suppressed).
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6.4 Three dimensional simulations

In this section, three dimensional flows for one and three bladed turbines are presented.

The same turbine geometries defined in the previous section 6.3 are used and extended

using the Fourier extension with a periodic length of Lz/c = 2 (see chapter 4 for details)

to account for 3D flow features.

6.4.1 One bladed turbine

This section explores two physical phenomena. First, various tip speed ratios (λ) are

studied by varying the rotational speed (ω), whilst maintaining a constant free stream

velocity (U). This parameter space can be related to taking off conditions (i.e. starting

conditions) of the turbine. Let us note that this parameter space is different from the

space defined in section 6.3, where the free stream velocity was varied whilst maintaining

constant the rotational speed. Second, the effect of increasing the Reynolds number (based

on the free stream velocity and the foil chord): Re=100, 200 and 500, is analysed for a

fixed tip speed ratio (λ = 1), showing distinct flow behaviours and force traces.

For the first set of simulations, the Reynolds number based on the free stream velocity

is fixed to 200 for the three simulations presented and the rotational speed is varied to

ω = 0.1, 0.3 and 0.5 rad/s. Provided the free stream velocity is fixed to U = 1 m/s, these

rotational speeds lead to tip speed ratios of λ = 0.2, 0.6 and 1 respectively. Table 6.2

summarises the flow conditions and turbine characteristics considered here.

The one bladed turbine required a spatial discretisation composed of 1794 DG tri-quad

Free stream velocity Rotational speed Tip speed ratio
U [m/s] ω [rad/s] λ

1 0.1 0.2
1 0.3 0.6
1 0.5 1

Table 6.2: Flow conditions and turbine characteristics for 3D simulations: varying the
rotational speed.
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elements with polynomial order k = 3 in the x−y-plane and 16 Fourier planes to discretise

the z-direction. The non-dimensional time step is set to △t = 0.001.

Fig. 6.8 shows snapshots after one revolution (i.e. θ ≈ 360 ◦) and the three tip speed

ratios considered. It can be seen that three dimensionalities develop in all simulations

but that different flow patterns arise in the wakes, which are dependent on the rotational

speed. In addition, it can be seen that the variation of the tip speed ratio provides a

different path for the wake. In particular, it is noticeable the tilting towards the negative

y-direction for the highest tip speed ratio λ = 1.0, which may be related to the effect

of flow blockage by the rotating blade (i.e. rotating blade shadowing the wake) and the

blade-wake interaction for this particular tip speed ratio (as discussed below).

At these low Reynolds numbers, the three dimensional velocities depicted in Fig. 6.8

are found to be weak. Inspection of the force traces revealed that these 3D effects do not

alter the forces along the span significantly (not shown). Hence, the normal and tangential

forces on the rotating blades are only shown for one single spanwise section in Fig. 6.9.

In Fig. 6.9.a, the Reynolds number is fixed to Re=200 and the tip speed ratios are varied

as λ =0.2, 0.6 and 1.0, which correspond to the snapshots previously depicted in Fig.

6.8. It can be seen that the blade experiences different regimes: at λ =0.2, the blade

shows vortex shedding that translates into oscillating forces near θ = 90 ◦ and θ = 180 ◦

due to the high angle of attack experienced. For higher tip speed ratios (i.e. λ =0.6

and 1.0) these oscillations disappear, showing a more benign regime of partially attached

flow. These flow conditions correspond to the turbine ”take off condition” (i.e. ramping

rotational speed) and show that these transient states may produce undesirable transient

loads (e.g. reducing fatigue live).

Returning to the blade-wake interaction analysis for one bladed turbines developed in

section 6.3.1, it was derived that the tip speed ratio limit for interactions to disappear is:

λ < λlim1−chord−based = β. Inspection of the force traces shown in Fig. 6.9.a, suggests that

the induction factor, for this one bladed turbine, can be approximated as β ≈ 0.6, since
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Figure 6.8: DG-Fourier solution snapshots for a rotating blade after one revolution (i.e.
θ ≈ 360 ◦) and three tip speed ratios. The figures show (a) 11 pressure contour [-0.8:1]
in Pascals and (b) iso-surface of z-velocity w (black negative and gray positive) for: (1)
λ = 0.2, (2) λ = 0.6 and (3) λ = 1.0.

for λ = 0.6 the red curve is almost antisymmetric with respect to the azimuthal angle

θ = 180 ◦, showing very weak blade-wake interactions.

The second set of simulations explores the effect of increasing the Reynolds number

with a constant tip sped ratio. Fig. 6.9.b shows this effect for Re=100, 200 and 500

(i.e. Reynolds number based on the free stream velocity U) and a fixed tip speed ratio

λ = 1.0. The figure shows that as the Reynolds number increases, both tangential and

normal forces increase. It can also be seen that an increase in the Reynolds number

results in a more abrupt stall behaviour and reattachment (elbow like shape near θ = 90 ◦
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Figure 6.9: Tangential and normal force coefficients against azimuth, one bladed turbine:
(a) Fixed Reynolds number Re=200 and tip speed ratios λ =0.2, 0.6 and 1.0 and (b)
Fixed tip speed ratio λ =1.0 and Reynolds numbers Re=100, 200 and 500.

and θ = 200 ◦). In addition, the oscillations presented by the force traces corresponding

to Re=500 (red curve) for the rear passage, suggests that the wake interacting with the

blade has finer flow structures as expected for a higher Reynolds number flow.

6.4.2 Three bladed turbine

This section presents a 3D simulation for a rotating three bladed turbine and shows

the complex 3D character of the resulting flow. This 3D simulation requires a spatial
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discretisation of 3320 DG tri-quad elements with polynomial order k = 4 for x − y-

plane and 16 Fourier planes to discretise the z-direction to discretise a spanwise length

of Lz/c = 2, where c is the blade chord. The Reynolds number, based on the free

stream velocity, is Re=250 and the rotational speed is fixed to ω = 0.1 rad/s leading

to a tip speed ratio of λ = 0.2 (i.e. U = 1 m/s). The non-dimensional time step is

set to △t = 0.00025. Fig. 6.10.a shows the pressure contours and Fig. 6.10.b depicts

iso-surfaces of z-velocity showing the three dimensional character of the flow simulation.

This simulation intends to demonstrate the potential of the developed DG-Fourier solver

to compute three dimensional flows with relation to three bladed cross-flows turbines.

Figure 6.10: DG-Fourier solution snapshot for a 3D simulation of a three bladed turbine at
a tip speed ratio λ = 0.2: (a) 11 pressure contours [-1.6:0.8] in Pascals and (b) Iso-surfaces
of z-velocity w = ±1 × 10−6 m/s.
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Chapter 7

Conclusions

This thesis details the formulation, implementation, verification and validation of a novel

approach, which has been implemented from scratch, to solve the three dimensional in-

compressible Navier-Stokes (NS) equations using a high order (order ≥ 3) Discontinuous

Galerkin - Fourier (DG-Fourier) formulation with rotating sliding meshes and curved

boundary conditions. Laminar and turbulent flows can be simulated by means of Direct

Numerical Simulation (DNS) or Large Eddy Simulation (LES) closure models.

The solver has been verified and validated for a range of flows including flows where

the analytical solution is known, bluff body flows, foil aerodynamics and cross-flow tur-

bine flows. It is concluded that this novel approach provides a promising framework for

studying fluid-structure interaction problems involving relative body motion. The fol-

lowing section details the main conclusions and results obtained in each of the chapters

included in this thesis. In addition, section 7.2 details future directions to enhance the

solver capabilities and presents some research lines that the author has not been able to

fully explore within the scope of this work.
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7.1 Conclusions by chapter

7.1.1 Chapter 1: Introduction

The introductory chapter presents the driving forces for the numerical developments de-

tailed in this thesis: the simulation of cross-flow turbine (CFT) flows for renewable energy

generation. In particular, the chapter details and characterises CFT flows in terms of time,

length and velocity scales for the different phenomena encountered when simulating this

type of devices. CFTs show complex flow phenomena such as stalled flows, vortex shed-

ding and blade-vortex interactions. In addition, the necessity of accuracy when computing

CFT flows is addressed. Finally, an analysis of the numerical requirements to compute

CFT flows identifies the Discontinuous Galerkin method as the most appropriate.

7.1.2 Chapter 2: A high order Discontinuous Galerkin solver

for incompressible flows

An unstructured two-dimensional incompressible Navier-Stokes (NS) code that uses a

dual splitting scheme for time discretisation and a modal Discontinuous Galerkin Sym-

metric Interior Penalty (DG-SIPG) method for spatial discretisation on triangular element

meshes is implemented, verified and validated. The DG-SIPG spatial discretisation has

been verified and the accuracy assessed for the Helmholtz equations with varying wave

numbers. It has been shown that p-refinement provides exponential decay of the error

while providing optimal convergence rates (i.e. O(hk+1)) for h-refinement.

For the unsteady Stokes problem, it has been observed that the error in the L2 norm is of

the form O(△t2 + hk+1/△t) such that both spatial and temporal refinement are required

to reduce the overall error. △tmin; the time step below which no further reduction in error

can be achieved for a given spatial discretisation, has been estimated. In addition, it has

been shown that there is no conflict for the selection of the time step, when this condition

is considered together with the Courant-Friedrichs-Lewy (CFL) condition, providing a
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useful incompressible NS solver. Stability estimates (for equal order approximation for

velocity and pressure spaces) related to the inf-sup condition of the equivalent matrix

system for the splitting temporal scheme, have shown that high polynomial orders are

required to avoid stability problems when small time steps or high Reynolds numbers

need to be simulated. In addition, a stablilised algorithm for low spatial resolution cases,

that relies on an increased penalty parameter for the pressure step, has been proposed.

The full NS test case (Taylor Vortex) showed that the method provides exponential

convergence and optimal convergence rates (i.e. O(hk+1)) for h-refinement. The solver

has been validated for the flow past a square section cylinder, showing excellent agreement

with experimental data and very similar results and convergence trends to the continuous

h/p Spectral code Nektar. Comparisons include a steady wake case (Re = 10) and a

vortex shedding case (Re = 100).

7.1.3 Chapter 3: High order sliding meshes and curved elements

The formulation, implementation and verification of a novel approach to solve the two-

dimensional incompressible NS equations using a high order DG formulation with rotating

sliding meshes has been presented. The solver allows accurate solutions with curved

elements that conform to either arced surfaces (internal or external) and the profile of

NACA 4-digit foils. Hybrid unstructured meshes (i.e. with triangular and quadrilateral

elements) can be handled without damaging the solver’s high order numerical properties.

To account for relative motion, the NS equations are written in Arbitrary Lagrangian-

Eulerian form and the sliding interface is given special treatment that maintains the

temporal convergence rates and spectral properties of the code when rotational motion is

applied to a region of the mesh. High order properties are shown to be maintained when

using body fitted NACA 4-digit boundaries.

It is demonstrated that geometric and functional incompatibilities do not represent

a problem in the DG context and that sliding mesh interfaces can be handled naturally
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without the necessity to use mortar type techniques.

The solver accuracy has been verified with various test cases: the Taylor vortex prob-

lem, the Wannier problem, a rotating square cylinder and a static and rotating NACA0015

foil. These test cases have enabled verification of the code as well as demonstrating its

capabilities to simulate flow problems in which accuracy is mandatory.

To the author’s knowledge, this chapter presents a novel framework for studying fluid-

structure interaction problem involving rotation.

7.1.4 Chapter 4: Three dimensional flows and parallelisation

The 2D DG solver has been extended using Fourier series to account for 3D flow features.

This extension provides an efficient way to handle three dimensional flows at a tractable

computational cost, through the use of the fast Fourier transform. This Fourier extension

allows high order 3D solutions for rotating geometries that present a spanwise geometric

homogeneity. In addition, it is shown not to damage the capabilities presented for the 2D

DG solver in previous chapters. A parallelisation strategy based on the Message Passing

Interface (MPI) paradigm is introduced to alleviate the computational cost associated

with solving the 3D NS equations.

Various 3D verification and validation cases are presented: an elliptic problems, a

full NS problem with exact solution and three dimensional flows aft square and circular

cylinders. In addition, the 3D flow over a circular cylinder which is shadowed by a pitching

NACA0012 blade is also reported to illustrate the capability for simulating 3D flows where

static and rotating geometries coexist in one single domain.

7.1.5 Chapter 5: Computing turbulent flows

Two Large Eddy Simulation (LES) approaches are presented to compute flows at mod-

erate Reynolds numbers. The first method is derived through the filtered LES equations

and incorporates a Smagorinsky term (modified for high order methods) to account for
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turbulent effects of unresolved flow scales. The incorporation of this closure model in

the temporal advancement splitting scheme is detailed and takes advantage of the DG

framework (i.e. piecewise discontinuous functions). This model is named Smagorinsky-

DG. In addition, analysis shows that this model may provide enhanced inf-sup stability

capabilities. Although its formulation generalises to three dimensional flows, the present

implementation is restricted to 2D solutions. This restriction relates to the coupling in-

troduced by the Fourier extension, which does not allow for an easy implementation of

this closure model in 3D using the DG-Fourier approach.

The second technique, referred to as ILES-DG SVV-Fourier, combines an Implicit LES

(ILES) approach in the DG plane with a Spectral Vanishing Viscosity (SVV) technique

in the Fourier direction. In the present implementation, the ILES-DG approach relies

on upwinding of the non-linear terms (i.e. Lesaint-Raviart formulation) to stabilise the

solution at moderate Reynolds numbers. In the Fourier plane, the SVV method provides

enhanced stabilisation for moderate Reynolds numbers by introducing additional artificial

viscosity to the highest modes.

Both techniques have been tested and shown to provide stable solutions at moderate

Reynolds numbers (i.e. Re = O(104)) on coarse meshes. Qualitative and quantitative

results are reported for a circular cylinder at Re = 3900 and symmetric NACA foils at

Re = 10000. The simulations are compared to other numerical techniques (i.e. DNS, un-

steady RANS) and experimental data, showing generally good agreement. It is concluded

that these techniques show promise and may be explored further in future work.

7.1.6 Chapter 6: Simulations of cross-flow turbines

The developed solver has been used to simulate cross-flow turbines (CFT) under lami-

nar flow conditions. The high order solver has shown to provide accurate solutions for

the complex flows encountered when simulating CFT. In particular, the sliding mesh ca-

pability does not perturb the flow solution and can handle difficult flow phenomena as
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encountered in CFT flows.

The laminar simulations presented provide understanding to physical phenomena that

are to be expected under real operational conditions (higher Reynolds number flows).

Two-dimensional simulations helped to analyse various physical phenomena. Firstly, the

occurrence of blade-wake (or blade-vortex) interactions on the downstream passage of one

and three bladed turbines, secondly, the increased effective flow resistance of three bladed

turbines, which relates to the solidity and the tip speed ratio, and finally the increased

forces experienced under ducted conditions.

Three dimensional simulations of rotating blades have shown that the DG-Fourier

solver provides accurate 3D flow features. In addition, it is shown that at low Reynolds

numbers, weak three dimensionalities are present in rotating one and three bladed tur-

bines but that these are not large enough to significantly modify the forces along the

span. In addition, the rotational speed of the blade (i.e. tip speed ratio) is shown to in-

fluence the wake development and structure of the three dimensional wake. The effect of

increasing the rotational speed for a given free stream velocity and the effect of increasing

the Reynolds number whilst fixing the rotational speed are also reported for one bladed

turbines. The chapter concludes with the computation of the 3D flow through a rotating

three bladed turbine.

It may be concluded that the developed solver provides unique capabilities for the

study of complex flow phenomena and is a valuable tool for the study of wind and tidal

cross-flow turbine flow physics.

7.2 Future Directions

The developed solver provides a new framework for further developments in the topics

of numerical solution of the NS equations, bluff body flows, turbulence modelling and

rotating machinery such as wind and tidal turbines. Due to the time constraint imposed

by the doctoral studies, the author has not been able to fully explore some of the topics
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summarised in this section, which aims to provide research guidelines for further devel-

opments.

7.2.1 Solver efficiency and faster iterations

The presented work has dealt with new numerical strategies to compute flows aft dynami-

cally rotating geometries. Although the author has tried to program a “fast enough” code,

computational efficiency has not been the main focuss of this thesis, and therefore there is

scope for improvement in this area (i.e. reduce the computational cost). Two particular

improvements are outlined here and could significantly improve the computational speed

of the solver.

On the one hand, it has been noted in section 3.3, that when computing rotating meshes,

volume and flux contributions to the bilinear matrices are computed on the fly for the

rotating mesh zone. This is clearly a bottleneck that can be improved by pre-computing

various un-rotated matrices and updated at each iteration through the rotation matrix

(i.e. matrix-matrix multiplication). It is important to note that the metrics (e.g. deter-

minant of the Jacobian, gradients and normals) require updating after rotation, which

renders this enhancement non trivial to implement. For this reason, this has not yet been

incorporated in the current version of the solver.

On the other hand, to compute the linear solves, associated with the Poisson and Helmholtz

steps, the intel MKL-Pardiso direct-iterative solver [118] has been used. This choice was

mainly driven by the availability of these libraries and its capability to compute linear

solves using matrices in sparse format. Furthermore, these libraries allow for symmet-

ric and non-symmetric matrix systems to be solved with minor modifications, which has

proven to be useful when comparing various Interior Penalty formulations (i.e. SIPG,

IIPG and NIPG results reported in appendix C) in the first stages of this thesis. The

iterative variant of the solver allows for LU preconditioning, which has shown to pro-

vide accurate results, however its performance has not been fully assessed. Further speed
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improvements can be obtained by comparing, benchmarking and analysing different pre-

conditioning strategies and other linear solvers to compute the required linear systems.

Furthermore, it has been shown that multigrid strategies (either h or p multigrid) can

decrease the computational cost considerably (e.g. [6] or [14]), but these have not been

considered here. These topics are currently under development by various groups and

could improve the solver efficiency dramatically.

Further computational speed up could be achieved by considering new hardware ar-

chitectures such as Graphical Processing Units (GPUs). For example, the CULA Package

[89] provides a sparse Conjugate Gradient solver with incomplete LU preconditioning that

runs on GPU’s, whilst other parts of the code may run on the CPU system. The limita-

tion of this approach is that hybrid CPU-GPU hardware systems are required, which have

not been available to the author throughout this thesis (only classic CPU based Beowulf

clusters have been used) .

7.2.2 Self adjusting time step and faster simulations

An attractive approach to decrease the computational time per simulation (not per time

step), is provided by a variable time stepping discretisation algorithm. For problems where

the geometry changes with time and the flow evolves substantially with the geometrical

changes (as in cross-flow turbine simulations), a variable time step solver can prove to be

very advantageous. In [174], Wang and Ruuth extended various implicit-explicit (IMEX)

linear multistep methods to account for varying time steps. In particular, they propose

a time varying scheme referred to as variable step-size second-order semi-implicit BDF

(VSSBDF2), which represents the variable time step extension of the scheme adopted in

this thesis. The original scheme for fixed time steps (Eq. 7.2.1) and the modified time
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step varying scheme (Eq. 7.2.2) follow:

Fixed ∆t :
1

∆t

[
3

2
Un+1 − 2Un +

1

2
Un−1

]
= 2f(Un)− f(Un−1) + g(Un+1),

(7.2.1)

V arying ∆t :
1

∆tn

[
1 + 2wn

1 + wn

Un+1 − (1 + wn)U
n +

w2
n

1 + wn

Un−1

]
=

(1 + wn)f(U
n)− wnf(U

n−1) + g(Un+1), (7.2.2)

where wi = ∆ti/∆ti−1 accounts for the time step variation.

This scheme has been implemented in the 2D DG version of the solver with sliding meshes

and preliminary results are reported herein. The strategy adopted, to adjust the time

step, requires computation of the new time step (∆ti) based on the maximum time step

allowable by the CFL condition (i.e. maximum allowed time step for a stable simulation),

following the consideration presented in section 3.2.2.2. Fig. 7.1 depicts preliminary

results for a one bladed turbine with a tip speed ratio λ = 2 and polynomial order k = 2

(detailed results for fixed time step can be found in chapter 6 and are included in the figure

for comparison). For varying time steps, the CFL number has been limited to 2, since

this has shown to provide a stable time advancement procedure (see Fig. 7.1.c). It can be

seen in Fig. 7.1.b that the varying time step procedure allows for larger time steps to be

used, hence decreasing considerably the overall time for a complete calculation. However,

inspection of Fig. 7.1.a, shows that the sudden time step change introduces noise when

computing the forces, which is clearly an undesired property. For this reason, the current

time varying implementation is only recommended when the simulation is to be advanced

until a steady state (if this exists) and should be avoided for unsteady flow phenomena

calculations. To date, the author cannot provide an explanation of this undesired effect

associated with the change in the time step size. This requires further investigation. It

can be concluded, nonetheless, that the varying time step approach is very promising in

reducing the computational time for problems where the flow evolves considerably as time
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Figure 7.1: One bladed turbine computed using fixed and varying time step algorithms:
(a) Tangential and normal force coefficients against azimuth, (b) varying time step (black)
and fixed time step (red) and (c) CFL estimate for the varying time step simulation.

advances.

7.2.3 Exploration and improvement of time marching methods

The existing code uses a fractional-step method (i.e. dual splitting technique) that has

been shown to provide stable solution under particular conditions, when equal order

spaces for pressure and velocity are used (see chapter 2). This stability condition requires

high order spatial discretisations (e.g. high polynomial orders), which is not always easy

to impose for large problems since the computational effort may become overwhelming.
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A future research line could include further examination of this inf-sup condition and

exploration of other fractional-step methods. A starting point may be provided by the

method developed in [70], which is claimed to be unconditionally inf-sup stable.

7.2.4 Local p-refinement

Since DG methods do not require continuity across elements, and can handle functional

incompatibilities naturally, local p-refinement (i.e. neighbouring elements have different

numbers of local degrees of freedom) can be implemented without compromising the

numerical properties of the scheme. Future work could explore p-refinement strategies,

based on posteriori error estimates, with particular emphasis to aerodynamic functionals

as proposed for compressible DG codes in [76]. The use of variable polynomial orders

in the same mesh should provide a faster solver. Furthermore, flows where a wide range

of scales are present (see introductory chapter 1), as in cross-flow turbine flows, should

benefit from a p-adaption strategy to provide accurate cost effective solutions.

7.2.5 Full 3D extension

To date, the DG-Fourier solver allows for 3D solutions with a homogeneous direction (i.e.

the Fourier direction). It could prove useful to expand this code to a full 3D DG version

(i.e. no homogeneity required). A full 3D DG solver would allow for computations of

other turbine geometries as horizontal axis type turbines. The most time consuming part

of this task is predicted to be the definition of high order curved surfaces since most

mesh generators do not account for high order surface boundary conditions. However, let

us note that the analytical approach introduced in this thesis, to decouple flow solution

spaces and geometry definition, can be extended to general 3D geometries. Finally, if

an analytical expression for the external curved boundary is not known a-priori, then an

analytical expression can be obtained through approximation (e.g. polynomial, NURBS).
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7.2.6 Turbulence modelling

Two LES strategies have been studied in this thesis. However, time constraints have

not allowed for a deep investigation of these approaches. In particular, these turbulent

techniques have not been studied in the context of cross-flow turbine simulations. Future

research in this area could include coupling an appropriate p-refinement strategy with the

ILES-DG SVV-Fourier technique presented in this thesis, which should provide an accu-

rate and efficient strategy to compute turbulent flows. More specifically, the ILES-DG

SVV-Fourier method can be extended using Variational Multiscale techniques to accom-

modate the local spatial resolution required, as suggested by the work of Ramakrishnan

and Collis [35].

In addition, if a full 3D extension becomes available, the proposed Smagorinsky-DG

scheme proposed in chapter 5 should provide an interesting starting point for further

developments and study of 3D turbulence.

7.2.7 Free surface simulation for tidal turbines

When dealing with tidal turbine applications, flow confinement between the free surface

(i.e. water-air interface) and the ground may be of importance (see [45] or [119]). To

account for blockage effects, a free surface model may be incorporated into the DG-

Fourier solver to account for the interaction of the varying static pressure field in the

vicinity of the turbine and the free surface deformation. A possible numerical approach

is to define the free surface as an external boundary condition (e.g. slip wall) and use

the ALE framework (in the context of deforming mesh elements) to move the boundary

as time evolves. To do so, one can, for example, relate the boundary deformation to the

variations on the hydrodynamic pressure extrapolated from previous time steps.
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Appendix A

Metrics and Jacobians for triangular

and quadrilateral elements

This appendix details the derivation of metrics and determinant of Jacobians |JΨ| required

to map volume and surface integrals from physical to computational space for the different

types of elements considered:

• Triangular elements with straight edges

• Quadrilateral elements with straight edges

• Quadrilateral elements with curved edges, including circular arced edges and NACA

4-digit edges.

Figure A.1 depicts the three mappings.

A.1 Triangular elements with straight edges

The transformation for triangular elements is constituted by two changes. The map 1b

transforms the general straight sided triangle (x,y) to a unit triangle (η1, η2) followed by

the map 1a which defines the mapping from the unit triangle (η1, η2) to the unit square

(ξ1, ξ2). Since the mapping requires two transformations, the chain rule for differentiation
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Figure A.1: Mapping from computational space to physical space for straight sided tri-
angular, straight sided quadrilateral and quadrilateral elements with one curved edge.

is required, details can be found in [101], but the basic concepts are detailed here. The

determinant of the Jacobians for the transformations |J1| = |J1a||J1b| can be obtained by

differentiation of the mapping provided in Fig. A.1:

|J1b| = |J (η1, η2)| =
∣∣∣∣
∂ (x, y)

∂ (η1, η2)

∣∣∣∣ =
∣∣∣∣
(

∂x

∂η1

∂y

∂η2
− ∂y

∂η1

∂x

∂η2

)∣∣∣∣

=
1

4
[(xB − xA)(yC − yA)− (yB − yA)(xC − xA)] =

1

2
A, (A.1.1)

where A represents the triangle area and

|J1a| = |J (ξ1, ξ2)| =
∣∣∣∣
∂ (η1, η2)

∂ (ξ1, ξ2)

∣∣∣∣ =
∣∣∣∣
(
∂η1
∂ξ1

∂η2
∂ξ2
− ∂η2

∂ξ1

∂η1
∂ξ2

)∣∣∣∣ =
1

2
(1− ξ2). (A.1.2)

When considering the last mapping (from the unit triangle to the unit square), it is

important to note that |J1a| becomes zero for ξ2 = 1. It is thus necessary to select an

appropriate quadrature rule to avoid this singularity. In the present implementation,

Gauss-Legendre quadrature is used, which does not include the interval ends and hence

avoids the problematic point.
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Let us now introduce the necessary metrics (i.e. gradients). Using the chain rule for

differentiation one can obtain:

∂•
∂x

=
[

∂•
∂ξ1

∂ξ1
∂η1

+ ∂•
∂ξ2

∂ξ2
∂η1

]
∂η1
∂x

+
[

∂•
∂ξ1

∂ξ1
∂η2

+ ∂•
∂ξ2

∂ξ2
∂η2

]
∂η2
∂x

, (A.1.3)

∂•
∂y

=
[

∂•
∂ξ1

∂ξ1
∂η1

+ ∂•
∂ξ2

∂ξ2
∂η1

]
∂η1
∂y

+
[

∂•
∂ξ1

∂ξ1
∂η2

+ ∂•
∂ξ2

∂ξ2
∂η2

]
∂η2
∂y

. (A.1.4)

This differentiation has provided a map involving ∂ηi
∂x

and ∂ηi
∂y

, however a more useful map

would involve the inverse transformations ∂x
∂ηi

and ∂y
∂ηi

. To obtain the required metrics, let

us evaluate the total change as:




dx

dy


 =




∂x
∂η1

∂x
∂η2

∂y
∂η1

∂y
∂η2







dη1

dη2


 .

This matrix may be inverted provided |J(η1, η2)| 6= 0, ∀η1, η2 (i.e. bijective transforma-

tion): 


dη1

dη2


 =

1

|J1b|




∂y
∂η2

− ∂x
∂η2

− ∂y
∂η1

∂x
∂η1







dx

dy


 . (A.1.5)

Alternatively, it is possible to apply the chain rule directly to η1 and η2:




dη1

dη2


 =




∂η1
∂x

∂η1
∂y

∂η2
∂x

∂η2
∂y







dx

dy


 . (A.1.6)

Equating Eq. A.1.5 and Eq. A.1.6, one obtains:

∂η1
∂x

=
1

|J1a|
∂y

∂η2
,

∂η1
∂y

= − 1

|J1a|
∂x

∂η2
,

∂η2
∂x

= − 1

|J1a|
∂y

∂η1
,

∂η2
∂y

=
1

|J1a|
∂x

∂η1
, (A.1.7)

and similarly, for the transformation from the unit triangle to the unit square (step 1a):

∂ξ1
∂η1

=
1

|J1b|
∂η2
∂ξ2

,
∂ξ1
∂η2

= − 1

|J1b|
∂η2
∂ξ1

,
∂ξ2
∂η1

= − 1

|J1b|
∂η1
∂ξ2

,
∂ξ2
∂η2

=
1

|J1b|
∂η1
∂ξ1

. (A.1.8)
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Summarising, Eq. A.1.3 and Eq. A.1.4 can be evaluated using the following expressions

for the metrics:

∂•
∂x

=
1

|J1a||J1b|

{[
∂•
∂ξ1

∂η2
∂ξ2
− ∂•

∂ξ2

∂η1
∂ξ2

]
∂y

∂η2
+

[
∂•
∂ξ1

∂η2
∂ξ1
− ∂•

∂ξ2

∂η1
∂ξ1

]
∂y

∂η1

}
(A.1.9)

=
2

A(1− ξ2)

{[
∂•
∂ξ1

+
∂•
∂ξ2

1− ξ1
2

]
(yC − yA) +

[
∂•
∂ξ2

−1 + ξ2
2

]
(yB − yA)

}
,

∂•
∂y

=
−1

|J1a||J1b|

{[
∂•
∂ξ1

∂η2
∂ξ2
− ∂•

∂ξ2

∂η1
∂ξ2

]
∂x

∂η2
+

[
∂•
∂ξ1

∂η2
∂ξ1
− ∂•

∂ξ2

∂η1
∂ξ1

]
∂x

∂η1

}
(A.1.10)

=
2

A(1− ξ2)

{[
∂•
∂ξ1

+
∂•
∂ξ2

1− ξ1
2

]
(xA − xC) +

[
∂•
∂ξ2

−1 + ξ2
2

]
(xA − xB)

}
.

A.2 Quadrilateral elements with straight edges

In the case of quadrilateral elements, the previous transformation simplifies since only

one step is required. The map transforms the general straight sided quadrilateral (x,y) to

the unit square (ξ1, ξ2). The Jacobian is defined as follows:

|J2| = |J (ξ1, ξ2)| =
∣∣∣∣
∂ (x, y)

∂ (ξ1, ξ2)

∣∣∣∣ =
∣∣∣∣
(
∂x

∂ξ1

∂y

∂ξ2
− ∂y

∂ξ1

∂x

∂ξ2

)∣∣∣∣ (A.2.1)

=
1

4
[(1− ξ2)(xB − xA) + (1 + ξ2)(xC − xD)] [(1− ξ1)(yD − yA) + (1 + ξ1)(yC − yB)]

−1
4
[(1− ξ2)(yB − yA) + (1 + ξ2)(yC − yD)] [(1− ξ1)(xD − xA) + (1 + ξ1)(xC − xB)] .

In the general case, the determinant of the Jacobian is non constant. For quadrilaterals

elements with two parallel edges, it can be shown that the Jacobian becomes constant (e.g.

if
−−→
BC =

−−→
AD, then |J2| = (xB−xA)(yD−yA)−(yB−yA)(xD−xA)). However, in the present

implementation, quadrilateral elements are used mainly when curved edges are present,

and hence the general definition for the non-constant determinant of the Jacobians is

retained. Following a similar reasoning as for triangular elements, a definition for the
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metrics for quadrilateral elements with straight edges can be obtained:

∂•
∂x

=
1

|J2|

[
∂•
∂ξ1

∂y

∂ξ2
− ∂•

∂ξ2

∂y

∂ξ1

]
,

∂•
∂y

=
−1
|J2|

[
∂•
∂ξ1

∂x

∂ξ2
− ∂•

∂ξ2

∂x

∂ξ1

]
. (A.2.2)

A.3 Quadrilateral elements with a curved edge

The previous definitions can be generalised to account for quadrilateral elements with

one curved edge. In this case, let us only consider the edge B-C being curved which

corresponds to the edge ξ = (ξ1 = 1, ξ2) in the computational space as shown in Fig.

A.1. This can be ensured by the appropriate node numbering when generating the mesh

(but generalisation to other edges is direct). Using the definition of an arbitrarily shaped

curved edge: KB−C(ξ2) = (KxB−C
(ξ2), KyB−C

(ξ2)), the determinant of the Jacobian reads:

|J3| = |J (ξ1, ξ2)| =
∣∣∣∣
∂ (x, y)

∂ (ξ1, ξ2)

∣∣∣∣ =
∣∣∣∣
(
∂x

∂ξ1

∂y

∂ξ2
− ∂y

∂ξ1

∂x

∂ξ2

)∣∣∣∣ (A.3.1)

=

{
1

4
[(1− ξ2)(−xA) + (1 + ξ2)(−xD)] +

1

2
KxB−C

(ξ2)

}

{
1

4
[(1− ξ1)(yD − yA)] +

(1 + ξ1)

2

dKyB−C
(ξ2)

dξ2

}

−
{
1

4
[(1− ξ2)(−yA) + (1 + ξ2)(−yD)] +

1

2
KyB−C

(ξ2)

}

{
1

4
[(1− ξ1)(xD − xA)] +

(1 + ξ1)

2

dKxB−C
(ξ2)

dξ2

}
.

The required metrics can be calculated using Eq. A.2.2. In addition, the local normals

corresponding to the curved edge can be calculated using these metrics:

Nx(ξ2) =

(
dKyB−C

(ξ2)

dξ2

)
/τ(ξ2), (A.3.2)

Ny(ξ2) = −
(
dKxB−C

(ξ2)

dξ2

)
/τ(ξ2),
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where τ(ξ2) = |JC(ξ2)|, the differential length defined as:

τ(ξ2) =

√(
dKxB−C

(ξ2)

dξ2

)2

+

(
dKyB−C

(ξ2)

dξ2

)2

dξ2. (A.3.3)

In the next sections, the function KB−C(ξ2) and its gradient is particularised for circular

arcs and NACA 4-digit edges (as defined in chapter 3).

A.3.1 Circular arced edge

The circular parametrisation is defined as:

KCIRC
xB−C

(ξ2) = R cos

(
1− ξ2

2
θB +

1 + ξ2
2

θC

)
,

KCIRC
yB−C

(ξ2) = R sin

(
1− ξ2

2
θB +

1 + ξ2
2

θC

)
, (A.3.4)

where R = RB = RC and θB, θC are the polar-coordinates of nodes B and C with respect

to an origin at the centre of curvature. The gradients of this parametrisation read:

dKCIRC
xB−C

(ξ2)

dξ2
=

R

2
(θB − θC) sin

(
1− ξ2

2
θB +

1 + ξ2
2

θC

)
,

dKCIRC
yB−C

(ξ2)

dξ2
=

R

2
(θC − θB) cos

(
1− ξ2

2
θB +

1 + ξ2
2

θC

)
. (A.3.5)

The Jacobian can be evaluated using Eq. A.3.1, Eq. A.3.4 and Eq. A.3.5.

A.3.2 Symmetric NACA 4-digit edge

For the NACA 4-digits, the mapping is defined as:

KNACA
xB−C

(ξ2) =
1− ξ2

2
xB +

1 + ξ2
2

xC , (A.3.6)

KNACA
yB−C

(ξ2) = ± ζ

0.2
(τ0

√
KNACA

xB−C
(ξ2)− τ1[K

NACA
xB−C

(ξ2)]

−τ2[KNACA
xB−C

(ξ2)]
2 − τ3[K

NACA
xB−C

(ξ2)]
3 − τ4[K

NACA
xB−C

(ξ2)]
4),
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where ζ is the foil maximum thickness (with respect to unit chord c = 1) and τ0 = 0.29690,

τ1 = 0.12600, τ2 = 0.35160, τ3 = 0.28430 and τ4 = 0.20250 are the NACA constants

required to define the profile geometry for symmetric NACA foils. To define the foil nose,

the circular mapping Eq. A.3.4 with radius rnose = 1.1019ζ2 is used . The gradients of

this parametrisation read:

dKNACA
xB−C

(ξ2)

dξ2
=

xC − xB

2
, (A.3.7)

dKNACA
yB−C

(ξ2)

dξ2
= ± ζ

0.2

xC − xB

2
(

τ0

2KNACA
xB−C

(ξ2)
1/2
− τ1

−2τ2[KNACA
xB−C

(ξ2)]− 3τ3[K
NACA
xB−C

(ξ2)]
2 − 4τ4[K

NACA
xB−C

(ξ2)]
3).

A.3.3 Cambered NACA 4-digits edge

The previous definition for the symmetric NACA can be extended to account for cam-

ber [1]. To this end, the coordinates for the mean camber line ycamb and the coor-

dinates for the upper and lower foil surfaces (KCAMB−UPP
xB−C

(ξ2), K
CAMB−UPP
yB−C

(ξ2)) and

(KCAMB−LOW
xB−C

(ξ2), K
CAMB−LOW
yB−C

(ξ2)), are introduced. The previous definition for the

symmetric NACA (KNACA
xB−C

(ξ2), K
NACA
yB−C

(ξ2)) can be used to define the coordinates for

the cambered profile:

KCAMB−UPP
xB−C

(ξ2) = KNACA
xB−C

(ξ2)−
(
KNACA

yB−C
(ξ2) sin δ(ξ2)

)
, (A.3.8)

KCAMB−UPP
yB−C

(ξ2) = ycamb(ξ2) +
(
KNACA

yB−C
(ξ2) cos δ(ξ2)

)
,

KCAMB−LOW
xB−C

(ξ2) = KNACA
xB−C

(ξ2) +
(
KNACA

yB−C
(ξ2) sin δ(ξ2)

)
,

KCAMB−LOW
yB−C

(ξ2) = ycamb(ξ2)−
(
KNACA

yB−C
(ξ2) cos δ(ξ2)

)
,
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where ycamb(ξ2) and δ(ξ2) are defined as:

ycamb(ξ2) =





(
m
p2

)
KNACA

xB−C
(ξ2)

(
2p− KNACA

xB−C
(ξ2)

c

)
, 0 ≤ KNACA

xB−C
(ξ2) ≤ pc

(
m

(1−p)2

)(
c−KNACA

xB−C
(ξ2)

)(
1 +

KNACA
xB−C

(ξ2)

c
− 2p

)
, pc ≤ KNACA

xB−C
(ξ2) ≤ c

,

(A.3.9)

and

δ(ξ2) = atan

(
dycamb(ξ2)

dKNACA
xB−C

(ξ2)

dKNACA
xB−C

(ξ2)

dξ2

)
. (A.3.10)

To define the cambered NACA, the maximum camber (m) and the location of maximum

camber (p), have been introduced. In this case, the foil chord may be different than

unity. Finally, it can seen that for m = 0 this definition reduces to the symmetric NACA

formulation. The gradients can be calculated as functions of the gradient of the symmetric

parametrisation defined in Eq. A.3.7:

dKCAMB−UPP
xB−C

(ξ2)

dξ2
=

dKNACA
xB−C

(ξ2)

dξ2
−
(
dKNACA

yB−C
(ξ2)

dξ2
sin δ(ξ2)−

∂δ(ξ2)

∂ξ2
KNACA

yB−C
(ξ2) cos δ(ξ2)

)
,

dKCAMB−UPP
yB−C

(ξ2)

dξ2
=

∂ycamb(ξ2)

∂ξ2
+

(
dKNACA

yB−C
(ξ2)

dξ2
cos δ(ξ2)−

∂δ(ξ2)

∂ξ2
KNACA

yB−C
(ξ2) sin δ(ξ2)

)
,

dKCAMB−LOW
xB−C

(ξ2)

dξ2
=

dKNACA
xB−C

(ξ2)

dξ2
+

(
dKNACA

yB−C
(ξ2)

dξ2
sin δ(ξ2) +

∂δ(ξ2)

∂ξ2
KNACA

yB−C
(ξ2) cos δ(ξ2)

)
,

dKCAMB−LOW
yB−C

(ξ2)

dξ2
=

∂ycamb(ξ2)

∂ξ2
−
(
dKNACA

yB−C
(ξ2)

dξ2
cos δ(ξ2) +

∂δ(ξ2)

∂ξ2
KNACA

yB−C
(ξ2) sin δ(ξ2)

)
.

(A.3.11)

A usable definition for these metrics may be obtained using symbolic differentiation soft-

ware (e.g. Matlab).
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Appendix B

Derivation of Interior Penalty

Discontinuous Galerkin methods

A general framework for derivation and analysis of Discontinuous Galerkin methods for

elliptic equations (e.g. Interior Penalty, Local Discontinuous Galerkin, Bassi-Rebay) was

derived in [9], where it was shown that all known methods can be compared through

the so called primal formulation. A detailed derivation of the Interior Penalty method

following this approach can be found in [9], or [74]. Alternatively, in [22] a different view

on the derivation of DG methods is proposed.

This appendix however, shows the derivation of various Interior Penalty Discontinuous

Galerkin methods following the original approach used for their creation since the author

believes that this approach provides insight into the main features of the method (further

details can be found in [146] or [60]).
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B.1 Continuous Problem

Let us consider the general elliptic problem:

−△u+ αu = g in Ω,

u = LD on ΓD, (B.1.1)

∇u.n = LN on ΓN ,

where u ∈ H1(Ω) is a scalar solution (but extension to the vector formulation is direct),

√
α is real and represents the wave number for the Helmholtz equation, n is the outward

pointing unit normal vector on ∂Ω, g ∈ L2(Ω) is the forcing term, and LD ∈ H1/2(ΓD)

and LN ∈ L2(ΓN) represent the boundary conditions. This form defines the Laplace,

Poisson and Helmholtz equation as follows:

• Laplace: forcing term g = 0 and convective term α = 0,

• Poisson: forcing term g 6= 0 and convective term α = 0,

• Helmholtz: forcing term g 6= 0 and convective term α 6= 0.

B.2 Local formulation and weak form

Let Ω = Ωsta∪Ωrot be a domain in R2, with boundaries ∂Ω of Dirichlet (ΓD) or Neumann

(ΓN) type, where ΓD ∩ΓN = ∅. Let us introduce a triangular-quadrilateral tessellation of

N el elements: Ωh = {eltri, elquad} of Ω with external boundaries ∂Ωh and interior edges

Γh.

To obtain the weak formulation of the general elliptic problem, one considers a broken

Sobolev space (i.e. elementwise continuous) Hm(Ωh) consisting of functions υ ∈ L2(Ω)

whose restriction to each element el ∈ Ωh belongs to the Sobolev space Hm(el), and

analogously the vector form defined by [Hm(Ωh)]
d, where d denotes the d-vector valued

broken Sobolev space. Formally, the broken spaceHm(Ωh) (i.e. m > 1 for two dimensional
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formulations and m > 3/2 in three dimensions [146]) is defined as:

Hm(Ωh) = {υ ∈ L2(Ω) : ∀el ∈ Ωh, υ|el ∈ Hm(el)}. (B.2.1)

Remark: It is important to note that the starting point for the development of DG

methods is substantially different from the derivation of a weak form for the Continuous

Galerkin method. Since DG methods consider broken spaces, the equations are discretised

at a local or elemental level, in contrast to the Continuous Galerkin methods that consid-

ers continuous spaces and therefore the weak formulation is directly derived for the entire

domain. This starting point, shows one of the main advantages of DG against CG meth-

ods, which is that the equations satisfy conservation locally for each element (i.e. if the

numerical fluxes are chosen appropriately). It also shows the main disadvantage: discon-

tinuous elements imply double valued degrees of freedom at element boundaries increasing

the computational cost of the method.

Multiplying Eq. B.1.1 by the test function υ ∈ H1(Ωh) and integrating by parts, the

weak form (or variational formulation) of the problem for the element el reduces to finding

u ∈ H1(Ωh) such that:

∫

el

(∇u.∇υ + αuυ)dx−
∮

∂el

(∇u.nelυ)ds =

∫

el

gυdx ∀υ ∈ H1(Ωh), (B.2.2)

where nel is the unit outward normal to ∂el. Considering all elements el ∈ Ωh and

excluding the external domain boundaries ∂Ωh, one obtains:

∑

el∈Ωh

∫

el

(∇u.∇υ + αuυ)dx−
∑

Γ∈Γh

∫

Γ

[[∇u.nΓυ]]ds =
∑

el∈Ωh

∫

el

gυdx, (B.2.3)

where Γ represents a positively oriented (i.e. anticlockwise orientation) single surface of

the element boundaries ∂el, and Γh represents all the interior boundaries of Ωh, excluding

∂Ωh. The normal vector nΓ is defined as the outward pointing unit normal vector to the

212



direction of Γ. The term in square brackets is the jump (e.g. [[•]] = (•|el1)− (•|el2), where

el1 and el2 are neighbouring elements) and is responsible for the transfer of information

between elements. This numerical flux arises from the discontinuity between elements

(i.e. the variable is not single valued at each element boundaries) and highlights the

difference between continuous and discontinuous finite element methods.

To obtain a valid method, the numerical flux is required to fulfill the following prop-

erties (these definitions are taken from [29]):

• Consistency : A numerical flux is said to be consistent if it coincides with the variable

it approximates when all the functions are continuous.

• Conservativeness : The numerical flux is conservative when it can be defined inde-

pendent of the order of the basis functions used within either side of the interface.

• Coercivity : The numerical flux provides a unique solution.

Methods that use this type of numerical flux are referred to as locally conservative and it

becomes critical to ensure that any DG method fulfills these properties since as noted by

Cockburn in [29]: the fluxes couple the degrees of freedom between elements and must be

carefully defined since they dramatically influence the stability and accuracy of the method.

B.2.1 Interior penalty method

In this section, the formulation of the Interior Penalty DG numerical flux, which under the

appropriate conditions can be shown to be consistent, conservative and coercive, is derived.

In order to compute the numerical fluxes, it is necessary to introduce the definitions of

the jump and averages across discontinuous elements.

Although various definitions for the jump in the DG context exist, the definition

retained here is: [[•]] = (•|el1)− (•|el2). This definition has the advantage to yield a vector

if the considered variable is a vector and a scalar if the parameter is a scalar [146].

The most general definition for the averages [72], [122] is: {{•}} = κi(•|eli) + κj(•|elj)

with κi + κj = 1. However, in the current work, only the particular case κi = κj = 1/2 is
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retained, leading to: {{•}} = 1
2
(•|el1) + 1

2
(•|el2) (i.e. κi = κj = 1/2).

Let us now consider the boundary term of Eq. B.2.3 and note that the normal vector

can be taken outside the jump: [[∇u.nΓυ]] = [[∇u υ]].nΓ. It may also be shown that:

[[∇u υ]] = {{∇u}}[[υ]] + [[∇u]]{{υ}}. (B.2.4)

Since a consistent scheme is required, the exact solution should satisfy: [[∇uexact]] = 0

and hence the second term in Eq. B.2.4 vanishes. Furthermore, the exact solution should

also satisfy [[uexact]] = 0. It is thus justified to rewrite the above expression with the

additional term {{∇υ}}[[u]] which vanishes as the approximate solution approaches the

exact solution (i.e. [[uexact]] = [[∇uexact]] = 0).

∑

el∈Ωh

∫

el

(∇u.∇υ + αυu)dx −
∑

Γ∈Γh

∫

Γ

{{∇u}}.nΓ[[υ]]ds+ ε
∑

Γ∈Γh

∫

Γ

{{∇υ}}.nΓ[[u]]ds

=
∑

el∈Ωh

∫

el

gυdx. (B.2.5)

Eq. B.2.5 is the general expression of the Interior Penalty formulation for the DG method.

From the definition of ε various submethods can be identified. Before identifying the

different submethods, it should be noted that some of them require penalisation for the

scheme to be coercive [146]. Two types of penalisation have been conceived and are

introduced here: Jσ0,β0

0 (u, υ) and Jσ1,β1

1 (u, υ). The first penalty term penalises the jump

in the function across elements:

Jσ0,β0

0 (u, υ) =
∑

Γ∈Γh

σ0
el

|trace|β0

∫

Γ

[[u]][[υ]]ds. (B.2.6)

The second penalty term may be used to penalise the jump in the normal derivatives.

Jσ1,β1

1 (u, υ) =
∑

Γ∈Γh

σ1
el

|trace|β1

∫

Γ

[[∇u.nΓ]][[∇υ.nΓ]]ds, (B.2.7)
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where σ0, σ1, β0 and β1 are positive real parameters and |trace| is defined as the length

of the element edge. Rewriting all the defined terms, one can retrieve the bilinear form,

which will be used hereafter:

aε(u, υ) =
∑

el∈Ωh

∫

el

(∇u.∇υ + αυu)dx−
∑

Γ∈Γh

∫

Γ

{{∇u}}.nΓ[[υ]]ds

+ε
∑

Γ∈Γh

∫

Γ

{{∇υ}}.nΓ[[u]]ds

+Jσ0,β0

0 (u, υ) + Jσ1,β1

1 (u, υ). (B.2.8)

The choice of ε in Eq. B.2.8 defines the method and has consequences on the choice of

the penalty parameters, as detailed in [146]:

• ε = −1: The method is called the Symmetric Interior Penalty Galerkin (SIPG) and

was introduced by Wheeler [177] in the late 1970s and Arnold [8] in the early 1980s.

It can be shown that the method converges for a large enough value of σ0
el. The

combination ǫ = −1 and σ0
el = σ1

el = 0 was introduced by Delves et al. [42] in 1979,

but provides a method that is unstable.

• ε = +1: The method is called Nonsymmetric Interior Penalty (NIPG) and was

introduced by Riviere et al. [147] in 1999 and converges for any non negative values

of σ0
el. In the particular case of σ0

el = σ1
el = 0 (introduced by Oden et al. [130] in

1998), the method is called OBB or NIPG 0.

• ε = 0: The method is called Incomplete Interior Penalty Galerkin (IIPG). It was

introduced by Dawson et al. [41] in 2004. As the SIPG, the method converges for

large enough values of σ0
el.

The stability of all the methods is independent of the penalty parameter on normal

derivatives Jσ1,β1

1 (u, υ) and hence this will not be considered hereafter.

It is important to note that some combinations of ε, σ0
el, σ

1
el do not provide stable solutions.

For instance, the simplest method would use ǫ = 0 and σ0
el = 0, σ1

el = 0, however it can be
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proved that this method is unstable, does not converge and solution uniqueness cannot

be proved [146].

Table B.1 provides the conditions for each method to yield a unique stable solution for

the elliptic problem defined in Eq. B.1.1. Let us note that α 6= 0 identifies the equation

as a Helmholtz problem and k defined the polynomial order. For the SIPG and IIPG

method ε k α σ0

SIPG -1 ≥ 1 ∀α and large

IIPG 0 ≥ 1 ∀α and large

NIPG 1 ≥ 1 α > 0 or > 0

NIPG 0 1 ≥ 2 = 0 and = 0

Table B.1: Interior Penalty methods and conditions for stability

methods a large value for the penalty is required. The theory provides a lower bound for

this parameter that depends on the mesh topology [48] and has been used in chapter 2

section 2.2.2.3 to derive an appropriate expression for the penalty parameter (i.e. σ =

3k(k + 1), where k is the polynomial order). A different explicit formulation for the

penalty parameter exists for unstructured triangular elements and the SIPG method and

was derived by Shahbazi in [155] and used to solve the incompressible NS equations in

[156]. This form for the penalty parameter Eq. B.2.9 is compared to other formulations

in appendix C and called is SIPG-Shahbazi.

Jσ0,β0

0 (u, υ) =
∑

Γ∈Γh

(k + 1)(k + d)

d

[
MAX

(
Sel1

Vel1

,
Sel2

Vel2

)]∫

Γ

[[u]][[υ]]ds, (B.2.9)

where k is the polynomial order, d = 2 corresponds to the dimension of the problem,

Sel and Vel are the perimeter and area (in two dimensions) of each of the elements el1

and el2 sharing the edge Γ. This expression does not require any arbitrary penalisation

term (σ, β combination), but automatically adjusts the penalisation term according to

the underlying mesh geometry.

Castillo [25] performed a comparison of various DG methods including the NIPG and
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the SIPG methods and showed that the condition number of the system scales with the

penalty parameter. A large penalty parameter thus can considerably degrade the perfor-

mance of the iterative method used to solve the system and even provide less accurate

results. He also showed that for large values of the penalty parameter, all IP sub-methods

have the same accuracy. Similar conclusions are found by the author for all the considered

IP methods (see appendix C).

It can be seen, by inspecting Eq. B.2.8, that only the SIPG method provides a

symmetric bilinear form. The symmetry of the bilinear form implies that the resulting

matrix is symmetric positive definite. This has advantages when solving the resulting

matrix system since it allows for the use of fast iterative solvers (e.g. Conjugate Gradient,

Cholesky factorisation preconditioning). The IIPG and NIPG methods require solvers for

non-symmetric matrices (e.g. GMRES) which are generally slower.

B.2.2 Boundary conditions

B.2.2.1 Dirichlet boundary

The general approach within the DG community is to treat Dirichlet boundary conditions

weakly (i.e. the boundary condition is satisfied in the weak sense and not point-wise).

Strong imposition of boundary condition is possible [146] but uncommon and are not

considered in this work.

To define the treatment of this type of boundary condition, one needs to consider

the jump and averages at external boundaries (i.e. Γ = ∂el1 ∩ ∂Ωh). To do so, let us

distinguish between the jump and the average of the variable u and of the test function

υ. The latter function is only defined within the element and hence the jump and average

will be defined as [[υ]] = {{υ}} = (υ|el1) where el1 is the element on ∂Ωh.

On the other hand, the jump and average of u, have to satisfy boundary conditions

and are therefore written as [[u]] = u|el1 − LD and {{u}} = 1
2
u|el1 + 1

2
LD. At Dirichlet

boundaries one can also set: {{∇u}} = ∇u|el1. Using these definitions, the previously
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introduced bilinear form of Eq. B.2.8 can be extended to account for Dirichlet boundaries:

aε(u, υ) =
∑

el∈Ωh

∫

el

(∇u.∇υ + αυu)dx−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇u}}.nΓ[[υ]]ds

+ε
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇υ}}.nΓ[[u]]ds+ Jσ0,β0

0 (u, υ) + Jσ1,β1

1 (u, υ).

(B.2.10)

The penalty term Jσ0,β0

0 is also modified:

Jσ0,β0

0 (u, υ) =
∑

Γ∈Γh∪ΓD

σ0
el

|trace|β0

∫

Γ

[[u]][[υ]]ds. (B.2.11)

Using these definitions and expanding the jumps and averages at external boundaries,

there is a contribution to the element matrix due to u|el1υ|el1, and two terms involving

LD that can be moved from the bilinear form to the right hand side ℓ(υ):

∑

Γ∈ΓD

∫

Γ

(ε∇υ.nΓ +
σ0
el

|trace|β0
υ)LDds. (B.2.12)

B.2.2.2 Neumann boundary

The Neumann boundary condition is defined as ∇u.n = LN , which directly satisfies the

surface integral term:
∑

Γ∈ΓN

∫

Γ

∇u.nΓυds =
∑

Γ∈ΓN

∫

Γ

LNυds. (B.2.13)

Hence this term can be moved to the right hand side and makes no contribution to the

bilinear form.
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B.3 Summary of the Interior Penalty DG method for

elliptic problems

The DG scheme is now complete and will provide a weak solution to the elliptic problem:

find u ∈ H1(Ωh) such as: aε(u, υ) = ℓ(υ) , ∀υ ∈ H1(Ωh), with the bilinear form:

aε(u, υ) =
∑

el∈Ωh

∫

el

(∇u.∇υ)dx+
∑

el∈Ωh

∫

el

(αuυ)dx

−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇u}}.nΓ[[υ]]ds−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇υ}}.nΓ[[u]]ds

+Jσ0,β0

0 (u, υ) + Jσ1,β1

1 (u, υ), (B.3.1)

and the following right hand side that completes the scheme:

ℓ(υ) =
∑

el∈Ωh

∫

el

gυdx−
∑

Γ∈ΓD

∫

Γ

(∇υ.nΓ −
σ

|trace|β υ)LDds

+
∑

Γ∈ΓN

∫

Γ

υLNds. (B.3.2)

B.4 Finite element spaces and discretised IP-DG method

Finally, the finite element form can be derived by considering the finite dimensional sub-

spaces Dk(Ωh) = Dtri
k (Ωh) ∪Dquad

k (Ωh) of the broken Sobolev space H1(Ωh) as:

Dtri
k (Ωh) = {υh ∈ L2(Ω) : ∀eltri ∈ Ωh, υh|eltri ∈ Pk(el

tri)},

Dquad
k (Ωh) = {υh ∈ L2(Ω) : ∀elquad ∈ Ωh, υh|elquad ∈ Qk(el

quad)},

where Pk(el
tri) and Qk(el

quad) denote the space of polynomials of order less than or equal

to k for triangular and quadrilateral elements respectively.

The IP-DG scheme provides an approximate solution by finding uh ∈ Dk(Ωh) ⊂
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H1(Ωh) provided by: aε(uh, υh) = ℓ(υh) ∀υh ∈ Dk(Ωh) with:

aε(uh, υh) =
∑

el∈Ωh

∫

el

(∇uh.∇υh)dx+
∑

el∈Ωh

∫

el

(αuhυh)dx

−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇uh}}.nΓ[[υh]]ds−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇υh}}.nΓ[[uh]]ds

+
∑

Γ∈Γh∪ΓD

σ

|trace|β
∫

Γ

[[uh]][[υh]]ds, (B.4.1)

and the following right hand side that completes the scheme:

ℓ(υh) =
∑

el∈Ωh

∫

el

gυhdx−
∑

Γ∈ΓD

∫

Γ

(∇υh.nΓ −
σ

|trace|β υh)LDds

+
∑

Γ∈ΓN

∫

Γ

υhLNds. (B.4.2)
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Appendix C

Comparison of Interior Penalty

methods for elliptic problems

The derivation of various Interior Penalty (IP) methods has been detailed in appendix B.

This appendix is concerned with the verification of the implementation of the different

IP methods and the characterisation of their numerical properties when solving elliptic

equations. In particular, as detailed in appendix B, IP methods are characterised by

the necessity of tuning a penalty parameter. The solution accuracy has been found to be

influenced by this parameter [25] and therefore it becomes necessary to study its influence.

The final expression for the bilinear and linear forms issued from the IP-DG discretisation

of general elliptic equations (see appendix B for details) is repeated here for clarity.

The IP-DG scheme provides and approximate solution by finding uh ∈ Dk(Ωh) pro-

vided by: aε(uh, υh) = ℓ(υh) ∀υ ∈ Dk(Ωh) with:

aε(uh, υh) =
∑

el∈Ωh

∫

el

(∇uh.∇υh)dx+
∑

el∈Ωh

∫

el

(αuhυh)dx

−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇uh}}.nΓ[[υh]]ds−
∑

Γ∈Γh∪ΓD

∫

Γ

{{∇υh}}.nΓ[[uh]]ds

+
∑

Γ∈Γh∪ΓD

σ

|trace|β
∫

Γ

[[uh]][[υh]]ds, (C.0.1)
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and the following right hand side that completes the scheme:

ℓ(υh) =
∑

el∈Ωh

∫

el

gυhdx−
∑

Γ∈ΓD

∫

Γ

(∇υh.nΓ −
σ

|trace|β υh)LDds

+
∑

Γ∈ΓN

∫

Γ

υhLNds. (C.0.2)

C.1 Summary of a-priori error estimates for IP-DG

methods

A-priori error estimates, in the L2 norm, for the IP methods derived in the appendix B

are summarised in table C.1. Error estimates for all IP methods in the Energy norm can

be derived and details of the analysis can be found in [146] or [74].

Optimal error estimates in the L2 norm for the SIPG method can be derived using Aubin-

Nitsche technique as shown in [146]. However, for a long time, optimality for odd polyno-

mials in the L2 norm could not be theoretically proved for non-symmetric methods (i.e.

NIPG and IIPG) and has remained an open question for a many years. Recently, Ayuso

et al. [10] proved optimal estimates in the L2 norm for the IIPG method in multiple

dimensions. To the author’s knowledge, optimal error estimates for the NIPG method in

the L2 norm have been proved for strongly imposed boundary conditions [26] but not in

the general case. Therefore the L2 estimates for the NIPG method shown in table C.1

are based on observations. The table shows that the SIPG method provides optimal con-

vergence, i.e. O(hk+1), in the L2 norm independently of the penalisation used as long as

this is large enough. The IIPG and NIPG methods provide optimal convergence only for

odd polynomials if no super-penalisation is used, i.e. β = 1, but optimality is recovered

for all polynomials when using super-penalisation, i.e. β = 3.
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IP Method ε σ L2 Convergence L2 Convergence

β = 1 β = 3

SIPG -1 large O(hk+1) O(hk+1)

SIPG shahbazi -1 - O(hk+1) O(hk+1)

IIPG 0 large O(hk+1), k odd O(hk+1)

O(hk) , k even

NIPG 0 +1 = 0 O(hk+1), k odd –

O(hk) , k even

NIPG 1 +1 = 1 O(hk+1), k odd O(hk+1)

O(hk) , k even

Table C.1: Penalty parameter requirements and theoretical convergence rates for various
IP methods.

C.2 Verification and comparison of IP-DG methods

This section presents convergence rates for various IP methods and studies the influence

of the penalty parameter in the accuracy of the different techniques. Generally, super-

penalisation (i.e. β = 3) is not used and the penalty parameter β is set to one for all IP

formulation. If not stated otherwise, the IIPG and the SIPG methods use σ = 3k(k+1) as

derived in chapter 2 section 2.2.2.3. The SIPG-Shahbazi method determines the penalty

parameter through Eq. B.2.9 detailed in appendix B.

C.2.1 Poisson equation on triangular elements

The Poisson problem, i.e. −△u = g, is solved in Ω = [−1, 1]2. The problem is defined with

the forcing term g(x, y) = 2π2sin(πx)sin(πy) and with Dirichlet boundary conditions

LD = 0. The analytical solution is uexact(x, y) = sin(πx)sin(πy). Fig. C.1.a shows

the exponential convergence obtained using p-refinement on a grid with 200 triangular

elements which is similar to the mesh depicted in Fig. C.2.a. The convergence rates (i.e.

slope of the curve L2−
√
N el, where N el is the number of elements) for h-refinement using

four meshes constituted of 50, 200 and 800 triangular elements, can be found in table

C.2. The slopes agree well with the previously observed error estimates (see table C.1).
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However, it can be seen that the convergence rates for the IIPG method are better than

predicted by the theory for even k.

In addition, let us explore the influence of the penalty parameter, σ, on the solution

IP Method k
mesh elements Nel Slope

50 200 800

IIPG

2 3.338E-02 5.364E-03 1.049E-03 2.505
3 4.158E-03 2.521E-04 1.540E-05 4.038
4 4.626E-04 1.584E-05 5.955E-07 4.807
5 4.619E-05 7.505E-07 1.183E-08 5.966
6 3.809E-06 3.146E-08 2.691E-10 6.898

NIPG 0

2 6.982E-02 2.007E-02 5.332E-03 1.853
3 1.084E-02 7.964E-04 5.217E-05 3.847
4 6.619E-04 3.660E-05 2.512E-06 4.021
5 8.529E-05 1.468E-06 2.346E-08 5.914
6 5.296E-06 6.073E-08 8.902E-10 6.276

NIPG 1

2 6.412E-02 1.804E-02 4.718E-03 1.880
3 9.474E-03 6.622E-04 4.246E-05 3.899
4 6.282E-04 3.528E-05 2.391E-06 4.019
5 8.208E-05 1.401E-06 2.230E-08 5.923
6 5.202E-06 5.935E-08 8.655E-10 6.283

SIPG

2 2.707E-02 3.215E-03 3.931E-04 3.054
3 3.807E-03 2.360E-04 1.455E-05 4.016
4 4.399E-04 1.438E-05 4.554E-07 4.957
5 4.183E-05 6.833E-07 1.082E-08 5.958
6 3.627E-06 2.935E-08 2.317E-10 6.966

SIPG Shahbazi

2 3.079E-02 3.774E-03 4.676E-04 2.993
3 4.078E-03 2.479E-04 1.513E-05 4.043
4 4.585E-04 1.506E-05 4.780E-07 4.942
5 4.510E-05 7.261E-07 6.401E-08 5.976
6 3.736E-06 3.028E-08 2.392E-10 6.960

Table C.2: Convergence rates for a Poisson problem when performing h-refinement

accuracy for this problem and all IP formulations. Fixing the polynomial order to k = 2,

since the effect of the penalty parameter is more apparent for low polynomial orders,

one can increase the penalty parameter and explore the behaviour of the error in the L2

norm. Results are depicted in in Fig. C.1.b. It can be seen that, for this particular test

case, the IIPG and NIPG methods show decay of the error as σ is increased, but for

the SIPG method the error increases. It is also observed that, as the penalty increases,

all the methods converge to the same result. This fact was noted by Castillo [25] when
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Figure C.1: (a) L2 relative error norm for a Poisson problem and p-refinement; (b) Penalty
parameter (σ) influence on the L2 error norm for a Poisson problem and polynomial order
k = 2.

comparing the NIPG and the SIPG methods. Finally, it can be seen in Fig. C.1.b

that Shahbazi’s expression (i.e. intersection of black line with SIPG curve) provides

enough penalisation when compared to the SIPG method, but more than provided by the

expression σ = 3k(k + 1), which corresponds to the first point defining the SIPG curve.

C.2.2 Helmholtz equation on triangular elements

The inhomogeneous Helmholtz equation, i.e. −△u + αu = g, is solved in Ω = [0, 1]2.

The wave number
√
α can be chosen arbitrarily provided that the forcing term is of the

form g(x, y) = (α+ 2π2)cos(πx)cos(πy). The problem is closed using Dirichlet boundary

conditions derived from the exact solution uexact(x, y) = cos(πx)cos(πy). Let us fix the

square of the wave number to α = 10, the penalty parameter β = 1 for all IP formulation

and σ = 3k(k + 1) for the IIPG and SIPG. As previously, the convergence rates for h-

refinement using three meshes with 50, 200 and 338 elements are tabulated in C.3. As

noted in the previous section, the IIPG method provides better convergence rates than
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IP Method k
mesh elements Nel Slope

50 200 338

IIPG

2 1.635E-03 2.225E-04 1.074E-04 2.858
3 1.243E-04 7.566E-06 2.631E-06 4.035
4 7.573E-06 2.458E-07 6.795E-08 4.937
5 3.697E-07 5.827E-09 1.208E-09 5.989
6 1.545E-08 1.243E-10 2.017E-11 6.953

NIPG 0

2 3.201E-03 5.564E-04 3.165E-04 2.452
3 2.530E-04 1.675E-05 5.930E-06 3.925
4 1.060E-05 5.267E-07 1.824E-07 4.275
5 5.989E-07 9.413E-09 1.949E-09 5.994
6 2.300E-08 2.508E-10 4.851E-11 6.469

NIPG 1

2 2.375E-03 4.959E-04 2.930E-04 2.211
3 2.146E-04 1.384E-05 4.867E-06 3.960
4 1.022E-05 5.096E-07 1.757E-07 4.274
5 5.787E-07 9.081E-09 1.879E-09 5.996
6 2.259E-08 2.454E-10 4.737E-11 6.475

SIPG

2 1.560E-03 1.951E-04 8.876E-05 3.000
3 1.189E-04 7.330E-06 2.556E-06 4.019
4 7.177E-06 2.276E-07 6.143E-08 4.981
5 3.394E-07 5.393E-09 1.121E-09 5.978
6 1.463E-08 1.156E-10 1.847E-11 6.984

SIPG Shahbazi

2 1.808E-03 2.303E-04 1.052E-04 2.957
3 1.257E-04 7.656E-06 2.662E-06 4.038
4 7.538E-06 2.391E-07 6.454E-08 4.975
5 3.631E-07 5.708E-09 1.183E-09 5.993
6 1.512E-08 1.195E-10 1.908E-11 6.982

Table C.3: Convergence rates for a Helmholtz problem with α = 10 when performing
h-refinement

predicted by the theory, showing optimal convergence for all polynomial orders. The

meshes used, which are similar to those used to solve the previous Poisson problem, are

of the type shown in Fig. C.2.a.

In addition, let us investigate the effect of the penalty parameter on the L2 error accuracy

for the SIPG method and a fixed polynomial order k = 2 and β = 1. This time, the square

of the wave number is varied as 0 ≤ α ≤ 105 and the penalty bounded by: 18 ≤ σ ≤ 104.

Results are depicted in Fig. C.2.b. As for the Poisson problem, an increase of the L2 error

norm as σ increases can be observed. It can also be seen that for large wave numbers,

increasing the penalty parameter has greater effect.
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Figure C.2: (a) 200 element mesh used to study the influence of the penalty parameter
σ on the solution of a Helmholtz problem; (b) Penalty parameter (σ) influence on the L2

error norm for a Helmholtz problem using the SIPG method for various wave numbers
(α) and a fixed polynomial order k = 2.

C.2.3 Poisson equation on mixed triangular-quadrilateral and

interior curved edges with hanging nodes

In this section, the accuracy of the solver to handle curved edges and hanging nodes

is studied for the Poisson problem presented in section C.2.1. Fig C.3 shows solution

contours and the L2 relative error for p-refinement for the IIPG, NIPG 0, NIPG 10

and SIPG methods. It can be seen that there is no degradation of the solver accuracy

(i.e. overlapping curves), when dealing with mixed triangular-quadrilateral elements and

interior curved edges with hanging nodes, for any of the Interior Penalty formulation.
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Figure C.3: Comparison of IP formulations for a Poisson problem on meshes with curved
elements and hanging nodes: (a) Solution contours for NIPG 0 method an polynomial
order k = 3 (b) L2 relative error norm for p-refinement and IIPG, NIPG 0, NIPG 10 and
SIPG methods .
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