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31 Introdu
tion and NotationIn re
ent years there has been 
onsiderable interest in the development and mathemati
alanalysis of dis
ontinuous Galerkin �nite element methods for the numeri
al approxima-tion of se
ond{order ellipti
 partial di�erential equations. Unlike 
lassi
al, 
onforming,�nite element methods whi
h seek a 
ontinuous pie
ewise polynomial approximation toa weak solution u in the Sobolev spa
e H1(
), in dis
ontinuous Galerkin �nite elementmethods the numeri
al solution is sought as a dis
ontinuous pie
ewise polynomial ap-proximation to u on a suitable �nite subdivision T = f�g, into open disjoint Lips
hitzsubdomains �, of the 
omputational domain 
, 
 = [�2T �, where 
 is a boundeddomain in Rn with Lips
hitz 
ontinuous boundary.A useful te
hni
al tool in the error analysis of 
lassi
al 
onforming �nite elementmethods is the Poin
ar�e inequality whi
h, given that 	 is a bounded linear fun
tionalon H1(
) with 	(1) = 1, asserts the existen
e of a positive 
onstant C = C(d), whered = diam(
), su
h thatk�kL2(
) � C nkr�kL2(
) + j	(�)jo for all � 2 H1(
):By writing � �	(�) in pla
e of � in this inequality, we dedu
e thatk� � 	(�)kL2(
) � C kr�kL2(
) for all � 2 H1(
);and therefore inf
2R k� � 
kL2(
) � kr�kL2(
) for all � 2 H1(
):In the 
ontext of dis
ontinuous Galerkin �nite element methods it is natural to enquirewhat the analogue of these inequalities are when the fun
tion � only belongs to thebroken Sobolev spa
e H1(
; T ), 
onsisting of fun
tions � su
h that �j� 2 H1(�) for ea
h� in T .We shall present two versions of a Poin
ar�e{type inequality for broken Sobolev spa
es.A variant of a Poin
ar�e{type inequality for fun
tions in broken Sobolev spa
es in the
ase of 
 � R2 was derived in Arnold [2℄, Lemmas 2.1 and 2.2, where the proof relies onellipti
 regularity in non{smooth domains. More general results of this kind for 
 � Rninvolving various seminorms were obtained by Brenner in [4℄. The proofs in [4℄ heavilyrely on the 
ompa
tness of the embedding H1(
) �! L2(
).Here we generalise both approa
hes, providing bounds on the Lq(
){norm, in termsof a broken H1{norm, for 1 � q � 2n=(n � 2), n � 3, and for 1 � q < 1, n = 2,
 � Rn . The �rst version of a Poin
ar�e{type inequality for fun
tions in broken Sobolevspa
es is proved by using the Sobolev embedding theorem and ellipti
 regularity results,and thus relies on the regularity of the domain. For the se
ond version, we 
hose toextend the approa
h used by Brenner in [4℄. Both versions in
lude the 
riti
al valueof q = 2n=(n � 2) for whi
h the embedding H1(
) �! Lq(
) is 
ontinuous but not
ompa
t.Let us introdu
e the notation we shall be using throughout. Let T be a subdivisionof the domain 
 � Rn , n � 2, into disjoint open elements � su
h that 
 = [�2T �.



4We assume that the family of subdivisions T is shape{regular (see [3℄), and that ea
h� 2 T is an aÆne image of a �xed master (referen
e) element �̂, i.e., � = F�(�̂), where�̂ is either the open unit simplex or the open unit hyper
ube in Rn . For a nonnegativeinteger k we denote by Pk(�̂) the set of polynomials of total degree k on �̂. To ea
h� 2 T we assign a lo
al polynomial degree p� � 0 and a lo
al Sobolev index s� � 0.With this, we designate to the subdivision T the broken Sobolev spa
e of 
ompositeorder s = fs� : � 2 T g,Hs(
; T ) = �u 2 L2(
) : uj� 2 Hs�(�) 8� 2 T 	 ;with the broken Sobolev norm and seminorm, respe
tively,kukHs(
;T ) :=  X�2T kuk2Hs�(�)! 12 ; jujHs(
;T ) :=  X�2T juj2Hs� (�)!12 :By E we denote the set of all open (n � 1){dimensional fa
es of the subdivisionT , 
ontaining the smallest 
ommon (n � 1){dimensional interfa
es e of neighbouringelements. We de�ne Eint := [e2En�
 e and E� := [e2E\�
 e:Numbering the elements of the subdivision T , and 
hoosing any internal interfa
e e 2Eint, there exist positive integers i; j su
h that i > j and elements � � �i and �0 � �jwhi
h share this interfa
e e. We de�ne the jump of a fun
tion u 2 Hs(
; T ) a
ross thefa
e e and the mean value of u on e by[u℄e := uj��\e � uj��0\e; huie := 12 (uj��\e + uj��0\e)respe
tively, �� denoting the union of all open fa
es of element �.2 Sobolev{Poin
ar�e Inequality for Broken SobolevSpa
es: IIn this se
tion we derive broken Sobolev{Poin
ar�e inequalities stated in Theorem 2.1and Corollary 2.2. In the next se
tion we shall then improve these results in variousways by using a 
ompletely di�erent te
hnique.Suppose that �̂ � Rn is a bounded open set with Lips
hitz 
ontinuous boundary,and diamn(�̂) = 1, n � 2.By the tra
e inequality (see [1℄), for 1 � q � 1 and 1=q + 1=q0 = 1,W 1q0(�̂) �! W 1�1=q0q0 (��̂) =W 1=qq0 (��̂):Applying this with q0 = 2n=(n + 2), it follows thatW 1q0(�̂) = W 12nn+2 (�̂) �! W n�22n2nn+2 (��̂); n � 2: (2.1)



5We note that by the Sobolev embedding theorem (see [1℄)W sp (
) �! W tq(
); s� np � t� nq ; 0 � t � s <11 < p � q <1; (2.2)with 
 � Rn an open set in Rn . Applying this result on 
 = ��̂ (splitting ��̂ into�nitely many open subdomains, if ne
essary) with n repla
ed by n� 1 in (2.2) ands = n� 22n ; p = 2nn + 2 ; t = 0; q = 2�1� 1n� ; n � 2;we see that s� n� 1p = n� 22n � (n� 1)(n+ 2)2n = �n2 ;while t� n� 1q = �n(n� 1)2(n� 1) = �n2 :The 
ondition on the Sobolev indi
es, required for the embedding, holds, and hen
eW n�22n2nn+2 (��̂) �! W 02(1� 1n)(��̂) = L2(1� 1n)(��̂): (2.3)From (2.1) and (2.3) we dedu
e thatW 12nn+2 (�̂) �! L2(1� 1n)(��̂); n � 2:By the 
ontinuity of the embedding operator, there exists C = C(�̂) su
h thatkûkL2(1� 1n)(��̂) � C kûkW 12nn+2 (�̂) ; n � 2;for all û 2 W 12nn+2 (�̂), i.e.,kûkL2(1� 1n)(��̂) � C �kûkL 2nn+2 (�̂) + 


r̂û


L 2nn+2 (�̂)� ; n � 2:Applying (2.2) with 
 = �̂ ands = 1; p = 2nn+ 2 ; t = 0; q = 2; n � 2;we dedu
e that W 12nn+2 (�̂) �! L2(�̂); n � 2;hen
e û 2 W 12nn+2 (�̂) has kûkL2(�̂) <1.Therefore, noting that 1 � 2n=(n+ 2) < 2, H�older's inequality giveskûkL2(1� 1n)(��̂) � C �kûkL2(�̂) + 


r̂û


L 2nn+2 (�̂)� ; n � 2: (2.4)



6 Let � be de�ned as h � �̂, by simply s
aling �̂. Hen
e h = diam(�), and we shall writeh� = h. By res
aling (2.4), we see thath0� n�12(1�1=n)� kukL2(1� 1n)(��) � C �h�n2� kukL2(�) + h1� n2n=(n+2)� krukL 2nn+2 (�)� ;where u(x) = û(x̂); x̂ 2 �̂. Thus,kukL2(1� 1n)(��) � C �kukL2(�) + krukL 2nn+2 (�)� (2.5)for ea
h u 2 W 12nn+2 (�); n � 2.Let � 2 H1(
; T ). Then � 2 Lq(
; T ) = Lq(
), (1 � q � 2n=(n� 2) for n � 3 and1 � q <1 for n = 2). Now, for n � 3, with q = 2n=(n� 2), q0 = 2n=(n+ 2),k�kLq(
) = sup�6=0 (�; �)k�kLq0(
) : (2.6)Let  2 H10 (
) denote the weak solution to the following ellipti
 boundary value problem,with � 2 Lq0(
), �� = � in 
 = 0 on �
 ) : (2.7)Sin
e H10 (
) �! Lq(
) by the embedding theorem, it follows by the duality theoremthat � 2 Lq0(
) = (Lq(
))0 �! �H10 (
)�0 = H�1(
);and therefore the existen
e and uniqueness of a weak solution to (2.7) in H10 (
) isguaranteed (for example, by the Lax{Milgram theorem, see [5℄).We shall suppose from now on that 
 is a W 2q0{regular domain in Rn (see [8℄). Byellipti
 regularity theory it then follows thatk kW 2q0(
) � C k�kLq0 (
) : (2.8)Furthermore,kr k2L2(
) = (r ;r ) = (�� ;  ) = (�;  ) � k�kLq0 (
) k kLq(
) � C k�kLq0(
) kr kL2(
) ;and therefore kr kL2(
) � C k�kLq0 (
) : (2.9)Now, returning to (2.6) with  =  �,k�kLq(
) = sup�6=0 (�;�� )k�kLq0(
) = sup�6=0 P�(r�;r )� �Pe Re [�℄ (r � n) dsk�kLq0(
) : (2.10)



7Here we used the notational 
onvention that, for e � �
, [�℄je = �. Clearly,X� (r�;r )� �X� kr�kL2(�) kr kL2(�) �  X� kr�k2L2(�)! 12  X� kr k2L2(�)! 12=  X� kr�k2L2(�)! 12 kr kL2(
) � C  X� kr�k2L2(�)!12 k�kLq0 (
) ; (2.11)where in the transition to the last inequality we used (2.9).On the other hand,�Xe Ze [�℄ (r � n) ds �Xe Ze j[�℄j jr � nj ds �Xe k[�℄kL 2n�2n�2 (e) kr � nkL2(1� 1n)(e) ;(2.12)where we used H�older's inequality on e with s = (2n � 2)=(n � 2) > 2 and s0 =2(1� 1=n) < 2, 1=s+ 1=s0 = 1.However,kr � nkL2(1� 1n)(e) � kr kL2(1� 1n)(e) � kr kL2(1� 1n)(��)� C �kr kL2(�) + j jW 22nn+2 (�)� (2.13)for ea
h element � that 
ontains the fa
e e, and in the transition to the last inequalitywe used (2.5).From (2.12) and (2.13), for n � 3,�Xe Ze [�℄ (r � n) ds � C  Xe k[�℄k2L 2n�2n�2 (e)! 12  X� �kr k2L2(�) + j j2W 22nn+2 (�)�! 12
� C Xe k[�℄k2L 2n�2n�2 (e)! 12 0�kr k2L2(
) + X� j j2W 22nn+2 (�)! 12 �21A 12 : (2.14)Next, with a� � j jW 22nn+2 (�), q0 = 2n=(n+ 2) < 2, X� j j2W 22nn+2 (�)! 12 �  X� a2�! 12 �  X� ja�jq0 ja�j2�q0! 12 � �max� ja�j2�q0� 12  X� ja�jq0!12

= �max� ja�j�1� q02  X� ja�jq0! 12 � 24 X� ja�jq0! 1q0351� q02  X� ja�jq0!12 ;



8where we used that max� ja�j �  X� ja�jq0! 1q0 :Therefore, X� j j2W 22nn+2 (�)! 12 �  X� ja�jq0! 1q0� 1q0 � q02 + 12 =  X� ja�jq0! 1q0 =  X� j jq0W 22nn+2 (�)! 1q0=  X� j j 2nn+2W 22nn+2 (�)!n+22n = j jW 22nn+2 (
) : (2.15)Substituting (2.15) into (2.14), we have that, for n � 3,�Xe Ze [�℄ (r � n) ds � C  Xe k[�℄k2L 2n�2n�2 (e)!12 �kr k2L2(
) + j j2W 22nn+2 (
)� 12� C  Xe k[�℄k2L 2n�2n�2 (e)!12 k�kLq0 (
) ; (2.16)
where in the transition to the last inequality we used (2.9) and (2.8).Substituting (2.11) and (2.16) into (2.10) givesk�kLq(
) � C8<: X� kr�k2L2(�)!12 + Xe k[�℄k2L 2n�2n�2 (e)! 129=; :Thus we have proved the following theorem.Theorem 2.1 Let n � 3, q = 2n=(n � 2), and suppose that 
 � Rn is a W 2q0{regulardomain, q0 = 2n=(n+ 2). There exists C = C(
) su
h thatk�kLq(
) � C8<: X� kr�k2L2(�)! 12 + Xe k[�℄k2L 2n�2n�2 (e)! 129=; (2.17)for all � 2 H1(
; T ).In parti
ular, if � is a (dis
ontinuous) pie
ewise polynomial fun
tion on T withp� = deg �j� � 1, then [�℄ is a polynomial on e whose degree is pe = max(p�; p�0), wheree � �� \ ��0.Let us s
ale e to ê so that diamn�1(ê) = 1. By Bernstein's inequality,kv̂kLr(ê) � Cp1� 2rê kv̂kL2(ê) 8v̂ 2 Ppê(ê):



9By res
aling to e, h�n�1re kvkLr(e) � Cp1� 2re h�n�12e kvkL2(e) ;and thus kvkLr(e) � Cp1� 2re h(n�1)( 1r� 12)e kvkL2(e) 8v 2 Ppe(e):In parti
ular, withr = 2n� 2n� 2 = 2(n� 1)n� 2 we have 1� 2r = 1n� 1 and (n� 1)�1r � 12� = �12 :Hen
e, with n � 3, kvkL 2n�2n�2 (e) � Cp 1n�1e h� 12e kvkL2(e) 8v 2 Ppe(e):Taking v = [�℄ yields k[�℄k2L 2n�2n�2 (e) � Cp 2n�1e h�1e k[�℄k2L2(e) ;where pe = max(p�; p�0), p�; p�0 � 1.Now, let us suppose that the polynomial degree p = fp� : � 2 T g has lo
ally boundedvariation in the sense that there exists � � 0 su
h thatmax�measn�1 max�0(��\��0)>0 jp� � p�0 j � �:Then if p� � p�0, we have pe = p�, whereas if p� � p�0, we havepe = p�0 = p� + p�0 � p� = p� + jp�0 � p�j � p� + � = p��1 + �p�� � (1 + �)p�;and hen
e for any fa
e e and any element � that 
ontains the fa
e e, we havepe � (1 + �)p�:Thus we have proved the following Sobolev{Poin
ar�e inequality.Corollary 2.2 Let n � 3, q = 2n=(n � 2), and suppose that 
 � Rn is a W 2q0{regulardomain, q0 = 2n=(n+ 2). There exists C = C(
) su
h thatk�kLq(
) � C8<: X� kr�k2L2(�)! 12 + Xe p 2n�1e h�1e k[�℄k2L2(e)! 129=;for all � 2 Sp(
; T ;F), where pe = max(p�; p�0), e � �� \ ��0.Further, if the polynomial degree ve
tor has bounded lo
al variation, thenk�kLq(
) � C8<: X� kr�k2L2(�)! 12 + X� p 2n�1� h�1� k[�℄k2L2(��)! 129=; : (2.18)



10Remark 2.3 For n = 2 an identi
al result holds for any 1 � q < 1. For n � 3 theresults of Theorem 2.1 and Corollary 2.2 hold for all q with 1 � q � 2n=(n � 2). Thisfollows from k�kLq(
) � C k�kL 2nn�2 (
) ; 1 � q � 2nn� 2 : 23 Sobolev{Poin
ar�e Inequality for Broken SobolevSpa
es: IIIn the previous se
tion we obtained a broken Sobolev{Poin
ar�e inequality for fun
tionsin the broken Sobolev spa
e H1(
; T ) under 
ertain restri
tive 
onditions, i.e., W 2q0{regularity of the domain 
 and Corollary 2.2 being shown only for fun
tions in the�nite{dimensional subspa
e Sp(
; T ;F) of H1(
; T ).In this se
tion we shall obtain a more general and more pre
ise bound on the Lq{normof fun
tions in H1(
; T ), removing the restri
tions mentioned above. We shall 
loselyfollow the argument presented by Brenner in [4℄, extending it from L2{based norms toLq{based norms, 1 � q � 2n=(n� 2), n � 3.3.1 Seminorm on H1(
)Let � be a seminorm on H1(
), su
h that�(�) � C k�kH1(
) for all � 2 H1(
); C > 0;and su
h that �(1) = 1:The latter implies that �(
) = 0 for a 
onstant fun
tion 
 if, and only if, 
 = 0. Withsu
h � the following generalised Poin
ar�e{Friedri
hs inequality holds: there exists apositive 
onstant C = C(
) su
h thatk�kL2(
) � C nj�jH1(
) + �(�)o for all � 2 H1(
);this follows from the 
ompa
tness of the embedding H1(
) �! L2(
) (see [9℄).Let n � 3 and 1 � q � 2n=(n � 2). Then Lq(
) is 
ontinuously embedded intoH1(
) (note that for q = 2n=(n� 2) the embedding is not 
ompa
t, | but this will nota�e
t our argument).In the following argument we shall show that the general Poin
ar�e{Friedri
hs in-equality holds for the Lq{norm, with q de�ned above.1. Let 	 be a bounded linear fun
tional on H1(
), with the property 	(1) = 1 andlet �(�) = j	(�)j. Thenk� �	(�)kL2(
) � C nj� � 	(�)jH1(
) + �(� � 	(�))o= C nj�jH1(
) + j	(� � 	(�))jo = C j�jH1(
) ;



11as j	(� �	(�))j = j	(�)� 	(�)	(1)j = 0 by the property 	(1) = 1.2. From now on, we suppose that q = 2nn� 2 :Then, by the 
ontinuity of the embedding H1(
) �! Lq(
), we havek�kLq(
) � C k�kH1(
) = C(k�kL2(
) + j�jH1(
));and thus by the results obtained in the previous step, we havek� �	(�)kLq(
) � C nk� � 	(�)kL2(
) + j�jH1(
)o� C nj�jH1(
) + j�jH1(
)o = C j�jH1(
) : (3.1)Thus we 
on
lude thatk�kLq(
) � k� �	(�)kLq(
) + k	(�)kLq(
) � C j�jH1(
) + j	(�)j j
j1=q ;and hen
e by the properties of 	 we havek�kLq(
) � C nj�jH1(
) + j	(�)jo = C nj�jH1(
) + �(�)o :Thus, when n � 3, this inequality also holds for all q with 1 � q � 2n=(n� 2). This isa simple 
onsequen
e of H�older's inequality.When n = 2, the same result is true for all q with 1 � q <1.3.2 Non
onforming and Conforming Finite Element InterpolantsLet us 
on
entrate on the 
ase when the �nite element partition is a simpli
al subdivisionT of 
, 
onsisting of triangles in the 
ase of n = 2 and simpli
es in the 
ase of n � 3.Let us introdu
e some notation we shall be using throughout. We denote the min-imum angle of the triangles or simpli
es in T by �T . To represent the statementA � &(�T )B, where the generi
 fun
tion & : R+ ! R+ is 
ontinuous and indepen-dent of T , we shall use the notation A . B; the statement \A . B and B . A" will bedenoted as A � B.The non
onforming P1 �nite element spa
e (see [7℄) asso
iated with the triangulationT isVT := �v 2 L2(
) : v� = vj� 2 P1(�) for any � 2 T and v is 
ontinuous at the 
entreof the 
ommon side (fa
e) of any two neighbouring triangles (simpli
es)g :A fun
tion in VT is 
ompletely determined by its nodal values at the 
entres of the sides(fa
es) of the triangles (simpli
es) in T .



12 Next, we introdu
e the interpolation operators we shall be using throughout ourargument.We de�ne the interpolation operator I : H1(
; T )! VT by(I�)(
e) := 1jej Ze h�i ds; for all e 2 Eint [ E�; � 2 H1(
; T ); (3.2)where e � �� is an open fa
e of the element � 2 T , and 
e is the 
entre of this fa
e. Fore 2 E�, we take h�i to be �.We de�ne the lo
al interpolation operator �� : H1(�)! P1(�) by(���)(
e) := 1jej Ze � ds; for all e � ��; � 2 H1(
; T ): (3.3)Thus the di�eren
e of the two interpolants I and �� on an element � 2 T is(I� � ���)(
e) = 8<: 12 jej Ze [�℄ ds if e � �� n �
;0 if e � �� \ �
: (3.4)From (3.4), by standard �nite element estimates (see [5, 6℄) we havejI� � ���j2H1(�) . j�j1�(2=n) Xe��� j(I� � ���)(
e)j2. j�j1�(2=n) Xe���n�
 jej�2�Ze [�℄ ds�2 . Xe���n�
 jej n1�n �Ze [�℄ ds�2 ; (3.5)and for n � 3, q = 2n=(n� 2),kI� � ���k2Lq(�) . j�j2=q Xe��� j(I� � ���)(
e)j2 . Xe��� jej nn�1 � 2q j(I� � ���)(
e)j2= Xe��� jejn�2n�1 j(I� � ���)(
e)j2 . Xe���n�
 jejn�2n�1 jej�2�Ze [�℄ ds�2= Xe���n�
 jej n1�n �Ze [�℄ ds�2 ; (3.6)where j�j is an n{dimensional volume of �, and for e � �� we havej�j � jej nn�1 : (3.7)Moreover, we have the following estimate for the lo
al interpolation operator:k� � ���k2Lq(�) + j���j2H1(�) . j�j2H1(�) : (3.8)



13To prove this, �rst note that by standard �nite element estimates we havej���jH1(�) . j�jH1(�) :Applying (3.1) with 	(�̂) := �̂�̂�̂ = j�̂j�1 R�̂ �̂ dx̂ yields


�̂ � �̂�̂�̂


Lq(�̂) . ����̂���H1(�̂) :S
aling ba
k, we obtain k� � ���kLq(�) . j�jH1(�) ;and hen
e (3.8).On writing I� = (I� � ���) + ���, 
ombining the estimates (3.5) and (3.8), andsumming over � 2 T , we obtainjI�j2H1(
;T ) . j�j2H1(
;T ) + Xe2Eint jej n1�n �Ze [�℄ ds�2 : (3.9)By noting that q = 2n=(n� 2) > 2, and thus X�2T ja�jq!1=q �  X�2T ja�j2! 12 ; (3.10)we have, with a� = k� � I�kLq(�),k� � I�k2Lq(
) =  X�2T k� � I�kqLq(�)!2=q �X�2T k� � I�k2Lq(�) .X�2T k� � ���k2Lq(�)+X�2T kI� � ���k2Lq(�) . j�j2H1(
;T ) + Xe2Eint jej n1�n �Ze [�℄ ds�2 ; (3.11)where in the transition to the last inequality we used (3.8) and (3.6).Now, let WT � H1(
) be the Lagrange �nite element spa
e asso
iated with T ,
onsisting of 
ontinuous pie
ewise polynomials on T of degree n, su
h that the shapefun
tions of VT are the shape fun
tions of WT , and the nodal variables of VT are thenodal variables of WT .We denote the set of the 
entres of the sides of � 2 T by C(�), the set of other nodesby N (�), and de�ne C(T ) := S�2T C(�) and N (T ) := S�2T N (�).We de�ne on the �nite element spa
es VT and WT the operators E and F by(Ev)(�) = 1j��j X�2�� v�(�); for all � 2 N (T ) [ C(T ); v 2 VT (3.12)and (Fw)(�) = w(�); for all � 2 C(T ); w 2 WT ; (3.13)
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Figure 1: Sequen
e of 
j'swhere v� = vj�, �� = f� 2 T : � 2 ��g is the set of elements sharing � as a vertex, andj��j is the 
ardinal number of ��, i.e., the number of elements in ��. For � 2 C(T ) wehave (Ev)(�) = v(�) sin
e v is 
ontinuous at the 
entres of the sides.Let us state the following estimate for the operators E and F .Lemma 3.1 For the operators E and F de�ned by (3.12) and (3.13), the followingestimates hold: kEv � vk2Lq(
) .X�2T jvj2H1(�) for all v 2 VT ; (3.14)kFw � wk2Lq(
) .X�2T jwj2H1(�) for all w 2 WT : (3.15)Proof. Assume that � 2 N (T ) and �0; �00 2 ��. Then we 
an �nd a sequen
e 
1; : : : ; 
min C(T ) so that 
1 2 ��0, 
m 2 ��00, and 
j; 
j+1 2 ��j , �j 2 �� (see Figure 1 for anexample with triangular elements in R2 and m = 6). Note that j��j and thus m isbounded by a 
onstant depending only on the shape{regularity of T . Thus from theCau
hy{S
hwarz inequality and the Mean Value Theorem we have, for any � 2 N (T )and any v 2 VT , that[v�0(�)� v�00(�)℄2 . [v�0(�)� v�0(
1)℄2 + m�1Xj=1 �v�j(
j)� v�j(
j+1)�2 + [v�00(
m)� v�00(�)℄2. X�0002�� j�000j(2=n)�1 jvj2H1(�000) :Using this estimate together with (3.12) and the Cau
hy{S
hwarz inequality, for any� 2 �� and any � 2 N (�), we have[(Ev � v�)(�)℄2 . X�0002�� j�000j(2=n)�1 jvj2H1(�000) for all v 2 VT : (3.16)



15From this estimate, for � 2 T it follows thatkEv � vk2L2(�) � j�j X�2N (�)[C(�) [(Ev � v�)(�)℄2 = j�j X�2N (�) [(Ev � v�)(�)℄2. X�2N (�) X�0002�� j�000j2=n jvj2H1(�000)for all v 2 VT , where we used the fa
t thatj�j � j�000j for �000 2 �� and � 2 N (�): (3.17)As kEv � vkLq(�) � j�j1=q�1=2 kEv � vkL2(�) and 1=q � 1=2 = �1=n, from the lastestimate we obtainkEv � vk2Lq(�) . j�j�2=n X�2N (�) X�0002�� j�000j2=n jvj2H1(�000) ;and using (3.17) again, we obtainkEv � vk2Lq(�) . X�2N (�) X�0002�� jvj2H1(�000) : (3.18)After summation over � 2 T and using (3.10) with q = 2n=(n� 2) > 2, we get (3.14).On ea
h � 2 T , Fw is a linear nodal interpolant of w with the nodes pla
ed at the
entres of the sides of �. From standard interpolation and inverse estimates (see [5, 6℄)it follows thatkFw � wk2L2(�) . j�j4=n jwj2H2(�) . j�j2=n jwj2H1(�) for all w 2 WT ;and thus by an inverse estimate we havekFw � wk2Lq(�) � j�j�2=n kFw � wk2L2(�) . jwj2H1(�) :Summation over � 2 T and (3.10) with a� = kFw � wkLq(�) give (3.15). 2Corollary 3.2 We have thatkEvkLq(
) � kvkLq(
) for all v 2 VT ; (3.19)and jEvjH1(
;T ) � jvjH1(
;T ) for all v 2 VT : (3.20)Proof. To prove (3.19), we note that from (3.18) using H�older's inequality for �nitesums, we havekEvkLq(
) � kEv � vkLq(
) + kvkLq(
) =  X�2T kEv � vkqLq(�)!1=q + kvkLq(
).  X�2T jvjqH1(�)!1=q + kvkLq(
) .  X�2T kvkqLq(�)!1=q + kvkLq(
) . kvkLq(
) ; (3.21)



16where we used (3.10) and an inverse inequality with q = 2n=(n� 2).Similarly, by a 
ompletely identi
al argument with E repla
ed by F and v 2 VT byw 2 WT , we obtain kFw � wkLq(
) . kwkLq(
) for all w 2 WT ;and hen
e, as above, kFwkLq(
) . kwkLq(
) for all w 2 WT : (3.22)From the de�nitions (3.12) and (3.13)F (Ev) = v for all v 2 VT ; (3.23)and thus by (3.22) and (3.21)kvkLq(
) = kF (Ev)kLq(
) . kEvkLq(
) . kvkLq(
) for all v 2 VT ; (3.24)hen
e (3.19).From a standard inverse estimate and (3.14), for all v 2 VT we havejEvjH1(
) � jEv � vjH1(
) + jvjH1(
) .  X�2T kEv � vk2Lq(�)!12 . jvjH1(
;T ) : (3.25)Similarly, from (3.15), jFwjH1(
;T ) . jwjH1(
) for all w 2 WT : (3.26)The estimate (3.20) follows from (3.23), (3.26) and (3.25). 23.3 Sobolev{Poin
ar�e Inequalities for Non
onforming P1 FiniteElementWe proved in Se
tion 3.1 that, for 1 � q � 2n=(n � 2), n � 3, there exists a positive
onstant C su
h thatk�kLq(
) � C nj�jH1(
) + j	(�)jo for all � 2 H1(
); (3.27)where 	 is a bounded linear fun
tional on H1(
) with the property that 	(1) = 1.Let us now prove the Sobolev{Poin
ar�e inequality for fun
tions in a non
onformingP1 �nite element spa
e.Theorem 3.3 Let 	 be a bounded linear fun
tional on H1(
), 	(1) = 1, su
h thatj	(Ev � v)j . jvjH1(
;T ) for all v 2 VT ; (3.28)where E : VT ! WT is de�ned by (3.12). Then, there exists a 
ontinuous fun
tion& : R+ ! R+ , independent of T , su
h thatkvkLq(
) � &(�T )njvjH1(
;T ) + j	(v)jo for all v 2 VT ; (3.29)where q = 2n=(n� 2) and �T is the minimum angle in T .



17Proof. Combining (3.19), (3.27) and (3.20) yields, for all v 2 VT ,kvkLq(
) � kEvkLq(
) . jEvjH1(
) + j	(Ev)j� jvjH1(
;T ) + j	(Ev � v)j+ j	(v)j . jvjH1(
;T ) + j	(v)j ;where in the transition to the last inequality we used the hypothesis (3.28). 2Let us now 
onstru
t some examples of seminorms whi
h satisfy the 
onditions ofTheorem 3.3.Example 3.4 By the tra
e inequality and the Sobolev embedding theorem, we haveH1(
) �! H 12 (�
) �! Lr(�
);for 12 � n� 12 = 0� n� 1r ;i.e., with r = 2(n� 1)n� 2 and r0 = 2�1� 1n� ; 1r + 1r0 = 1:Let  2 L2(1� 1n)(�
), su
h that R�
  ds 6= 0 and de�ne	1(�) = �Z�
  ds��1 Z�
  � ds; � 2 Lr(�
): (3.30)Thus 	1 : R+ ! R+ is a bounded linear fun
tional on H1(
) and 	1(1) = 1.Let us 
he
k (3.28). With r = 2(n� 1)=(n� 2) > 2 and r0 = 2(1� 1=n), for all v 2 VTwe havej	1(Ev � v)j � k kL2(1� 1n)(�
) kEv � vkL 2(n�1)n�2 (�
) = k kL2(1� 1n)(�
) Xe2E� kEv � vkrLr(e)!1=r :By subsequently using (3.10) and the inverse inequality to swit
h from the Lr{norm tothe L2{norm in (n� 1) dimensions, we obtain Xe2E� kEv � vkrLr(e)!1=r �  Xe2E� kEv � vk2Lr(e)! 12
� C  Xe2E� kEv � vk2L2(e) n(diamn�1(e))n�1r �n�12 o2!12
= C Xe2E� kEv � vk2L2(e) jej( 1r� 12)�2! 12
= C Xe2E� kEv � vk2L2(e) jej 2r�1! 12 :



18Let N (e) denote the set of the nodes on e ex
luding the 
entre of e, and let �e denotethe member of T whose boundary 
ontains e. Then, as2r � 1 = n� 2n� 1 � 1 = � 1n� 1 ;we have (by the previous estimates) Xe2E� kEv � vkrLr(e)!1=r � C Xe2E� kEv � vk2L2(e) jej 2r�1! 12
� C8<:Xe2E� jej1� 1n�1 0� X�2N (e) j(Ev � v�e)(�)j1A29=; 12 :By noting that N (e) is a �nite set whose 
ardinality is uniformly bounded (whi
h followsby the assumed shape{regularity of mesh), by the Cau
hy{S
hwarz inequality appliedto the �nite sum P�2N (e) : : : and (3.16) we have Xe2E� kEv � vkrLr(e)!1=r � C8<:Xe2E� jej1� 1n�1 0� X�2N (e) j(Ev � v�e)(�)j1A29=;12
� C0�Xe2E� jej1� 1n�1 X�2N (e) j(Ev � v�e)(�)j21A 12
� C0�Xe2E� jej1� 1n�1 X�2N (e) X�0002�� j�000j 2n�1 jvj2H1(�000)1A 12 :Finally, we note that jej1� 1n�1 = jejn�2n�1 � j�jn�2n , and that j�000j 2n�1 = j�000j 2�nn � j�j 2�nn ;thus, from the previous estimate, we obtain Xe2E� kEv � vkrLr(e)!1=r � C0�Xe2E� jej1� 1n�1 X�2N (e) X�0002�� j�000j 2n�1 jvj2H1(�000)1A 12

. 0BB� X�2Tj��\�
j>0 jvj2H1(�)1CCA 12 ;whi
h 
ompletes the proof that 	1 satis�es (3.28). 2



19Example 3.5 Let  2 Lq0(
), q0 = 2n=(n+ 2), su
h that R
  dx 6= 0. De�ne	2(�) = �Z
  dx��1 Z
  � dx: (3.31)Clearly, 	2 : R+ ! R+ is a bounded linear fun
tional on H1(
) and 	2(1) = 1.Moreover, by (3.14) we have, for all v 2 VT ,j	2(v � Ev)j . kv � EvkLq(
) k kLq0 (
) .  X�2T jvj2H1(�)! 12 = jvjH1(
;T ) ;and thus �2 satis�es the 
onditions of Theorem 3.3. 2Example 3.6 Let us split the boundary �
 into the �nite number of parts �1; : : : ;�m,su
h that Si=1;:::;m �i = �
.Let  2 L2(1� 1n)(�
), su
h that R�
  ds 6= 0, and su
h that for some index set I withjIj < m, we have  � 0 on �i; i 2 I. We de�ne	3(�) = �Z�
  ds��1 Z�
  � ds: (3.32)Clearly, this example is a spe
ial 
ase of Example 3.4 and therefore it also satis�es the
onditions of Theorem 3.3. 23.4 Sobolev{Poin
ar�e Inequalities for Broken Sobolev Spa
esSuppose that j	(I� � �)j2 . j�j2H1(
;T ) + Xe2Eint jej n1�n �Ze [�℄ ds�2 : (3.33)This 
ondition is satis�ed by 	1 (and thus 	3) and 	2 above, if  2 L2(1� 1n)(�
) and 2 L 2nn+2 (
), respe
tively, with R�
  ds 6= 0 and R
  ds 6= 0, respe
tively.Let us start with the proof of (3.33) for 	1. With r = 2(n� 1)=(n� 2), we havej	1(I� � �)j � C kI� � �kLr(�
) = C Xe��
 kI� � �krLr(e)!1=r
� C8>><>>: X�2Tj��\�
j>0�h�1� kI� � �kL2(�) + kr(I� � �)kL2(�)�r9>>=>>;1=r
� C8>><>>: X�2Tj��\�
j>0�h�1� kI� � �kL2(�) + kr(I� � �)kL2(�)�29>>=>>; 12 ;



20where we used the tra
e inequalitykwkLr(e) � C �h�1� kwkL2(�) + krwkL2(�)� for all w 2 H1(�);with w = I� � �, and (3.10).Now, kI� � �kL2(�) � kI� � ���kL2(�) + k��� � �kL2(�) :As in (3.5),kI� � ���k2L2(�) . j�jXe��� j(I� � ���)(
e)j2 . j�j Xe���n�
 jej�2�Ze [�℄ ds�2= j�j 2n � j�j1� 2n Xe���n�
 jej�2�Ze [�℄ ds�2 . h2� Xe���n�
 jej n1�n �Ze [�℄ ds�2 ;and thus h�1� kI� � ���kL2(�) . 8<: Xe���n�
 jej n1�n �Ze [�℄ ds�29=;12 :Identi
ally to the proof of (3.8), we 
on
lude thatk��� � �kL2(�) . h� j�jH1(�) ;and therefore, by 
ombining these estimates, we haveh�1� kI� � �kL2(�) . j�jH1(�) +8<: Xe���n�
 jej n1�n �Ze [�℄ ds�29=;12 :Analogously, writing I� � � = (I� � ��) + �� + (��) and using (3.5), (3.8) we dedu
ethat jI� � �jH1(�) is also bounded by the same expression.Hen
e, j	1(I� � �)j2 . X�2Tj��\�
j>0�h�1� kI� � �kL2(�) + kr�kL2(�)�2. X�2Tj��\�
j>08<:j�j2H1(�) + Xe���n�
 jej n1�n �Ze [�℄ ds�9=;. j�j2H1(
;T ) + Xe2Eint jej n1�n �Ze [�℄ ds�2 ;as required.



21Next, we prove that 	2, de�ned above, also satis�es the 
ondition (3.33). Withr = 2n=(n� 2) we havej	2(I� � �)j � C kI� � �kLr(
) . kI� � ���kLr(
) + k��� � �kLr(
)�  X�2T kI� � ���krLr(�)!1=r + X�2T k��� � �krLr(�)!1=r
.  X�2T kI� � ���k2Lr(�)! 12 + X�2T k��� � �k2Lr(�)! 12
. 8<:X�2T Xe���n�
 jej n1�n �Ze [�℄ ds�29=; 12 + X�2T j�j2H1(�)!12 ;where we used (3.10), (3.6), and (3.8). Hen
e,j	2(I� � �)j2 . Xe2Eint jej n1�n �Ze [�℄ ds�2 + j�j2H1(
;T ) :Theorem 3.7 Let 	 be a bounded linear fun
tional on H1(
; T ), 	(1) = 1, whi
hsatis�es 
onditions (3.28) and (3.33). Then, there exists a 
ontinuous fun
tion & :R+ ! R+ , independent of T , su
h thatk�k2Lq(
) � &(�T )(j�j2H1(
;T ) + Xe2Eint jej n1�n �Ze [�℄ ds�2 + j	(�)j2) ; (3.34)for all � 2 H1(
; T ), q = 2n=(n� 2), n � 3.Proof. By (3.27), (3.11), (3.9), and (3.33)k�k2Lq(
) . k� � I�k2Lq(
) + kI�k2Lq(
) . k� � I�k2Lq(
) + �jI�j2H1(
) + j	(I�)j2�. k� � I�k2Lq(
) + jI�j2H1(
) + j	(I� � �)j2 + j	(�)j2. j�j2H1(
;T ) + Xe2Eint jej n1�n �Ze [�℄ ds�2 + j	(�)j2 ;as required. 2Remark 3.8 We make some remarks about this theorem.1. For 1 � q � 2n=(n�2), n � 3, the inequality follows from the one for q = 2n=(n�2)via H�older's inequality.2. For n = 2, the argument is identi
al and (3.34) holds for all q 2 [1;1).



22 3. We have proved the inequality in the 
ase of T being a simpli
al triangulation of
. The extension to the 
ase of a general partition of 
 is dis
ussed in Se
tions6 and 7 of [4℄. Pro
eeding in exa
tly the same fashion as in [4℄, we 
on
lude thatthe inequality (3.34) holds for general partitions.4. Let us use the Cau
hy{S
hwarz inequality on the term of (3.34) 
ontaining theintegral of jumps of � over the fa
e e. We obtainXe2Eint jej n1�n �Ze [�℄ ds�2 � Xe2Eint jej 11�n Ze [�℄2 ds:By noting that jej�1 = h�(n�1)e , where he � diam e, we obtaink�k2Lq(
) � &(�T )(j�j2H1(
;T ) + Xe2Eint h�1e Ze [�℄2 ds+ j	(�)j2) : 2A
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