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1 Introduction and Notation

In recent years there has been considerable interest in the development and mathematical
analysis of discontinuous Galerkin finite element methods for the numerical approxima-
tion of second—order elliptic partial differential equations. Unlike classical, conforming,
finite element methods which seek a continuous piecewise polynomial approximation to
a weak solution u in the Sobolev space H'(f2), in discontinuous Galerkin finite element
methods the numerical solution is sought as a discontinuous piecewise polynomial ap-
proximation to u on a suitable finite subdivision 7 = {k}, into open disjoint Lipschitz
subdomains x, of the computational domain Q, Q = U,c7®, where Q is a bounded
domain in R” with Lipschitz continuous boundary.

A useful technical tool in the error analysis of classical conforming finite element
methods is the Poincaré inequality which, given that ¥ is a bounded linear functional
on H'(Q) with W(1) = 1, asserts the existence of a positive constant C' = C(d), where
d = diam(), such that

€02y < C {IVElsey + 1B} forall €€ H'(%).
By writing £ — ¥ () in place of £ in this inequality, we deduce that
1€ — ‘I’(f)Hw(Q) <C ||V§||L2(Q) for all &€ H'(9),

and therefore
ggﬂgllf =z S IVEllL2q) forall e H'(Q).

In the context of discontinuous Galerkin finite element methods it is natural to enquire
what the analogue of these inequalities are when the function £ only belongs to the
broken Sobolev space H' (2, T), consisting of functions & such that £|, € H'(k) for each
kin T.

We shall present two versions of a Poincaré—type inequality for broken Sobolev spaces.
A variant of a Poincaré—type inequality for functions in broken Sobolev spaces in the
case of  C R? was derived in Arnold [2], Lemmas 2.1 and 2.2, where the proof relies on
elliptic regularity in non-smooth domains. More general results of this kind for 2 C R”
involving various seminorms were obtained by Brenner in [4]. The proofs in [4] heavily
rely on the compactness of the embedding H'(Q) C_, L?(Q).

Here we generalise both approaches, providing bounds on the L?(Q)-norm, in terms
of a broken H'-norm, for 1 < ¢ < 2n/(n —2), n > 3, and for 1 < ¢ < oo, n = 2,
Q2 C R*. The first version of a Poincaré-type inequality for functions in broken Sobolev
spaces is proved by using the Sobolev embedding theorem and elliptic regularity results,
and thus relies on the regularity of the domain. For the second version, we chose to
extend the approach used by Brenner in [4]. Both versions include the critical value
of ¢ = 2n/(n — 2) for which the embedding H'(Q) C, L(Q) is continuous but not
compact.

Let us introduce the notation we shall be using throughout. Let 7 be a subdivision
of the domain Q C R", n > 2, into disjoint open elements x such that Q = U.c7E.



We assume that the family of subdivisions 7 is shape-regular (see [3]), and that each
k € T is an affine image of a fixed master (reference) element &, i.e., k = F,(k), where
k is either the open unit simplex or the open unit hypercube in R". For a nonnegative
integer k we denote by Pi(k) the set of polynomials of total degree k on &. To each
k € T we assign a local polynomial degree p, > 0 and a local Sobolev index s, > 0.
With this, we designate to the subdivision 7 the broken Sobolev space of composite
order s = {s, : k € T},

H(Q,T)={ueLl*(Q) :ul, € H*() VeeT},

with the broken Sobolev norm and seminorm, respectively,

1 1
Hs(Q,7) (ZHMHSN ) v ulges (Q,7) (Z|“ Hew (k ) .
KET KET

By £ we denote the set of all open (n — 1)—dimensional faces of the subdivision
T, containing the smallest common (n — 1)-dimensional interfaces e of neighbouring

elements. We define
Eint 1= U e and &y:= U e.
e€£\O0 eCENON

=

[l

Numbering the elements of the subdivision 7, and choosing any internal interface e €
Eint, there exist positive integers i, j such that ¢ > j and elements x = k; and k' = &,
which share this interface e. We define the jump of a function u € H3(Q2,T) across the
face e and the mean value of u on e by

[U]e = u|3nﬁe - u|8n’ﬁe; <U>e = (u|8nﬁe + u|3n’ﬁe)

2

respectively, Ok denoting the union of all open faces of element k.

2 Sobolev—Poincaré Inequality for Broken Sobolev
Spaces: I

In this section we derive broken Sobolev-Poincaré inequalities stated in Theorem 2.1
and Corollary 2.2. In the next section we shall then improve these results in various
ways by using a completely different technique.

Suppose that &£ C R" is a bounded open set with Lipschitz continuous boundary,
and diam, (%) =1, n > 2.
By the trace inequality (see [1]), for 1 < ¢<oocand 1/¢+1/¢ =1,

Wy (&) Cy W™/ (0R) = W,/"(9R).

Applying this with ¢’ = 2n/(n + 2), it follows that

WL(R) = Wh, (R) C W2 (9R), n>2. (2.1)

n+2 n+2



We note that by the Sobolev embedding theorem (see [1])

s ' n n 0<t<s< o

S )
with © C R™ an open set in R". Applying this result on Q = Ok (splitting 0k into
finitely many open subdomains, if necessary) with n replaced by n — 1 in (2.2) and

-2 2 1
S:n y P = na t:()a q:2 1—=— ) TLZQ,
2n n+ 2 n
we see that
n—1 n-2 (n—-1)(n+2) n
S — = — = ——
P 2n 2n 2’
while
;- I nn-1)  =n
¢  2(n—-1) 2
The condition on the Sobolev indices, required for the embedding, holds, and hence
WE(0R) T Wy, 1) (08) = 22070 (9). (2.3)
n+2 n

From (2.1) and (2.3) we deduce that

Wha (k) cy L2070 0k), n>2.

n+2

By the continuity of the embedding operator, there exists C' = C'(%) such that

Il sy, < Cllil, @, 722

for all & € Wi, (&), i.e.,

n—+2

I (T

*) (k)

Applying (2.2) with 2 = & and

s=1, p=

we deduce that

hence 4 € W1, (%) has @l 2y < 0o
n+2

Therefore, noting that 1 < 2n/(n + 2) < 2, Holder’s inequality gives

2 ) n>2. (2.4)

L7472 ()

ol sty ,,, < € (il + 70

n



Let  be defined as h- &, by simply scaling #. Hence h = diam(x), and we shall write
h, = h. By rescaling (2.4), we see that

_n I*W
o < C <h;§ > ||u||L2(n) + hg ||VU||L%(N)) ’

Il 21 1) gy < € (llzzge) + 192 25, ) (2.5)

for each u € W, (k), n > 2.
n+2

Let £ € H'(,T). Then € € LY(Q,T) = LYQ), (1 < q < 2n/(n—2) for n > 3 and
2

1< ¢ < oo forn=2). Now, for n > 3, with ¢ =2n/(n —2), ¢ =2n/(n + 2),
_Ex)
1€1] a0 =S (2.6)
o X!l e

Let ¢ € H}(2) denote the weak solution to the following elliptic boundary value problem,
with x € L7 (Q),

(2.7)

—Ap=x in
=0 on 00 [

Since Hj(Q2) C_y L9(Q) by the embedding theorem, it follows by the duality theorem
that

X € L7(Q) = (L(Q)) <y (Hy(Q)' = H 1(Q),

and therefore the existence and uniqueness of a weak solution to (2.7) in Hj () is
guaranteed (for example, by the Lax—Milgram theorem, see [5]).

We shall suppose from now on that Q is a W7-regular domain in R" (see [8]). By
elliptic regularity theory it then follows that

11w ) < ClIxl e ) - (2.8)

Furthermore,

V9 1720y = (V, Vi) = (=A%, ) = (X, ¥) < Xl (@) 1]l 2oy < Clxll ey IVl 120 »

and therefore

IVl 120y < Clixlpe oy - (2.9)
Now, returning to (2.6) with ¢ = ¢,
, —A VE V), n)ds
161l o () = sup (& —A9) _ sup 2l =2 J.[¢ : (2.10)

X7#0 HX”Lq’(Q) X#0 x| o Q)



Here we used the notational convention that, for e C 09, [{]|, = &. Clearly,
1

(VEVE) <D IVE o IV 20 < (vaa&m) (annim)

||X||L4'(Q)7 (2.11)

N =

2.

K

- (Z ||vs||i2(ﬁ)) 19620y < € (Z ||vg||i2(n)>

where in the transition to the last inequality we used (2.9).

On the other hand,
-2 . y
7 (e) || Vi nHLQ(I_%)(e)

2n

=Y [ mas <Y (191190l ds < S,
- e e (2.12)

(2n —2)/(n —2) > 2 and § =

where we used Holder’s inequality on e with s
21— 1/n) <2, 1/s+ 1/ = 1.
However,

. < <
L A PIER IS P 213
<C <||V1/)||L2(n) + Yl (n))

n+2

for each element x that contains the face e, and in the transition to the last inequality

we used (2.5).
From (2.12) and (2.13), for n > 3,

M=

+|

(Z (||vw||i2(n) 1ol (@))

K

N =

-2 / €]V -m)ds <C (Z 3]/ (e))

1 Lo
2 2
2 2
IVYllz2@) + (E Nl (n)) (2.14)
K n+2

<C (Z ||[f]||i?:§(e))

Next, with a, = |¢|W227n(n), ¢ =2n/(n+2) <2,
n+2

1 1 1
p 2 ; , 2
(Z) < (Z .’ W‘Q) < (max|a. ™) (ZI%IQ)
1 1—%, 1
17%’ 12 ! ! ?
(i) (St} < [(Sa) | (Sl

=

!

%
2
<Z |,(7Z}|W22_$2(H))

M



where we used that

Therefore,

1 1 _L.g 1 L L
3 7Tt a
2 ' '
(Z |1/)|W22n('€)> < (Z |aK|Q> (ZMIQ) — <Z|T/)|€V22n(n)>
n n+2 K K n+2

(Z |w|"” (k) ) = |1/)|W227n(9) . (2.15)

Substituting (2.15) into (2.14), we have that, for n > 3,
-2 / € (VY n)ds <C (Z N, 2= (e)> (Hwnim) + 1y, (Q))
¢ ¢ (2.16)
(Z 11€] | 2n_2 e)> ||X||LII’(Q)’

where in the transition to the last inequality we used (2.9) and (2.8).
Substituting (2.11) and (2.16) into (2.10) gives

€0y < € (levﬁﬂizm) +(Z“[f”'i2#:5(e>)

Thus we have proved the following theorem.

Q\

M=

1
2

N

(S

Theorem 2.1 Let n > 3, ¢ = 2n/(n — 2), and suppose that Q@ C R" is a Wq%fregular
domain, ¢ = 2n/(n + 2). There exists C = C(2) such that

1€l oy < € (vasuizm) +(Z||[§1||§zg_-;(e)) (2.17)

for all& € HY(Q,T).

In particular, if £ is a (discontinuous) piecewise polynomial function on 7 with

= deg&|, > 1, then [£] is a polynomial on e whose degree is p, = max(p,, P ), where
e C OkNOkK'.

Let us scale e to é so that diam,_;(é) = 1. By Bernstein’s inequality,

l6llee < Cpi 7 ||@||L2(é) Vo € PP (é).



BS/ r()SC&llng ‘O 6,
2 n—1
2

_n—1 1—
he ™ ||U| L7 (e) < Cpe " he

||v||L2(e)’
and thus

1-2 (n-1)(+-3) Pe
Lr(e) S Cpe " he [0ll L2y Vo € PP (e).

lv
In particular, with

2n — 2 2(n—1 2 1 1 1 1
r=2" = (n—1) we have 1 — — = and (n—1)[-—=)=—=.
n—2 n—2 r n-—1 r 2 2

Hence, with n > 3,
1
loll 2t ) < O b olly Yo € (o),
Taking v = [£] yields
2
el sep < CoF D R

where Pe = max(pmpn’)a Prs Pt 2 1.
Now, let us suppose that the polynomial degree p = {p, : k € T} has locally bounded
variation in the sense that there exists p > 0 such that

max max |p, — pw| < p.

K K
meas,_1(kN&E')>0

Then if p, > p.r, we have p, = p,, whereas if p, < p,/, we have

K

p
De = D' = P +Prt — P = DPi T+ |pn’ _pn| <pe+p=Ds <1+ _> < (1+p)pm
and hence for any face e and any element x that contains the face e, we have
Pe < (1 + p)ps-
Thus we have proved the following Sobolev-Poincaré inequality.

Corollary 2.2 Let n > 3, ¢ = 2n/(n — 2), and suppose that Q C R" is a Wq%fregular
domain, ¢" = 2n/(n + 2). There exists C' = C(QQ) such that

1€l oy <€ (ZHV{EIIiz(R)) +<Zp$jh;1 ||[§]||iz(e)>

for all £ € SP(Q, T, F), where p, = max(px, pw), € C Ok N OK'.
Further, if the polynomial degree vector has bounded local variation, then

1
2

1€l] o) < € (ZIIVSIIZ(HJ + (Zpé‘zl hy! II[S]IIia(an)) - (2.18)
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Remark 2.3 For n = 2 an identical result holds for any 1 < g < co. For n > 3 the
results of Theorem 2.1 and Corollary 2.2 hold for all ¢ with 1 < ¢ < 2n/(n — 2). This
follows from

2n
, 1<¢< :
) n—2 0

||§||Lq(9) <C ||§||L%(Q

3 Sobolev—Poincaré Inequality for Broken Sobolev
Spaces: 11

In the previous section we obtained a broken Sobolev—Poincaré inequality for functions
in the broken Sobolev space H'(€,7) under certain restrictive conditions, i.e., Wz -
regularity of the domain €2 and Corollary 2.2 being shown only for functions in the
finite-dimensional subspace SP(Q, T, F) of H'(Q,T).

In this section we shall obtain a more general and more precise bound on the L9—norm
of functions in H'(Q, T), removing the restrictions mentioned above. We shall closely
follow the argument presented by Brenner in [4], extending it from L?-based norms to
Libased norms, 1 < ¢ < 2n/(n—2), n > 3.

3.1 Seminorm on H'(Q)

Let ® be a seminorm on H'(), such that
() <C ||§||H1(Q) for all &€ H'Y(Q), C >0,
and such that
®(1) = 1.
The latter implies that ®(c) = 0 for a constant function c¢ if, and only if, ¢ = 0. With

such ® the following generalised Poincaré-Friedrichs inequality holds: there exists a
positive constant C' = C(Q2) such that

€012y < C{ Il +@©)} foran € e H(Q);

this follows from the compactness of the embedding H'(Q) C_, L*(Q) (see [9]).

Let n > 3 and 1 < ¢ < 2n/(n —2). Then L7(Q) is continuously embedded into
H'(Q) (note that for ¢ = 2n/(n — 2) the embedding is not compact, — but this will not
affect our argument).

In the following argument we shall show that the general Poincaré-Friedrichs in-
equality holds for the L?norm, with ¢ defined above.

1. Let ¥ be a bounded linear functional on H'(Q), with the property ¥(1) =1 and
let ®(&) = |¥(£)|. Then

€ = T2 < C 1€ = T Oy + 26— B(©) }
=C {|§|H1(Q) + | P(€ - \I’(f))l} =C |£|H1(Q)a
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as [W(§ = W(E))| = [¥(€) — ¥(§)¥(1)] = 0 by the property U(1) = 1.

2. From now on, we suppose that

B 2n
q_n—2.

Then, by the continuity of the embedding H'(Q2) C_, L((), we have

1€l ooy < ClIEN 1) = CUIENL20) + €l

and thus by the results obtained in the previous step, we have

€ = Tl u@) < C {16 = T liaga + €l |
< C ity + @ } = C iy (31)

Thus we conclude that

1€l zagay < 1€ = Tl gaay + 1¥(E)llpagey < C1Elmray + 1O,

and hence by the properties of ¥ we have

€0 2egey < € { 1€l ) + 121} = C {Ielin ) + @)}

Thus, when n > 3, this inequality also holds for all ¢ with 1 < ¢ < 2n/(n — 2). This is
a simple consequence of Holder’s inequality.
When n = 2, the same result is true for all ¢ with 1 < ¢ < oo.

3.2 Nonconforming and Conforming Finite Element Interpolants

Let us concentrate on the case when the finite element partition is a simplical subdivision
T of Q, consisting of triangles in the case of n = 2 and simplices in the case of n > 3.

Let us introduce some notation we shall be using throughout. We denote the min-
imum angle of the triangles or simplices in 7 by 67. To represent the statement
A < ¢(07)B, where the generic function ¢ : R, — R, is continuous and indepen-
dent of T, we shall use the notation A < B; the statement “A < B and B < A” will be
denoted as A ~ B.

The nonconforming P, finite element space (see [7]) associated with the triangulation

T is
V= {v e L*(Q) : v, =v|s € Pi(r) for any k € T and v is continuous at the centre

of the common side (face) of any two neighbouring triangles (simplices)} .

A function in V7 is completely determined by its nodal values at the centres of the sides
(faces) of the triangles (simplices) in 7.
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Next, we introduce the interpolation operators we shall be using throughout our

argument.
We define the interpolation operator Z : H(Q2, T) — V7 by

(T€)(c) = é / ©) ds, forall ecEmUE), tcH'(QT),  (32)

where e C Ok is an open face of the element x € T, and ¢, is the centre of this face. For
e € &y, we take (€) to be &.
We define the local interpolation operator I1, : H' (k) — Pi(k) by

(T.8)(ce) == 1| /fds, forall ecC Ok, &€ HYQ,T). (3.3)

el

Thus the difference of the two interpolants Z and II,, on an element x € T is

1 :
m/e[f] ds if eC 0k \ 09Q,

(Z& —T1.8)(ce) = (3.4)
0 if e C Ok N oKL
From (3.4), by standard finite element estimates (see [5,6]) we have
€ = et iy S Il ™™ D (T = T8 (c0) P
eCOk
2 ) 2
S S e (fiaas) 5 X e ([igas) L @)
eCOk\OQ € eCOk\OQ e

and for n >3, ¢ =2n/(n — 2),

176 = TLe& gy < 1637 1T = &) ()P S D Jel ™70 |(Z€ = 1,8 (co)?

eCOk eCOk

=S T - P S S el e ( [ ds>2

eCOk eCOk\OQ

where || is an n—dimensional volume of , and for e C dx we have
|k| = |e]|»-T . (3.7)
Moreover, we have the following estimate for the local interpolation operator:

1€ = Tel oy + Tl 31y S 1Ty - (3.8)
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To prove this, first note that by standard finite element estimates we have

|Hn5|H1(n) 5 |£|H1(n)'

Applying (3.1) with U(€) := [:€ = |#]7" [, £ di yields

Jé-né

S fé

La(R) H(R)

Scaling back, we obtain
||§ - Hng”/;q(,i) 5 |§|H1(n) )

and hence (3.8).
On writing Z¢ = (Z€ — I1,£) + I1,£, combining the estimates (3.5) and (3.8), and
summing over x € T, we obtain

2
Tl S € + 3 107 ( [10ds) - 39

e€€int

By noting that ¢ = 2n/(n — 2) > 2, and thus

1/q i
<Z|an|q) < (ZI%IQ) : (3.10)

KET KET

we have, with a, = [|£ = Z&|| 4 ().

2/q
1€ = T€|[ 00y = (Z 1€ —I&H%q(n)) <Y =Tl Tag S DN = Tl 7

KET KET KET
2
+ 12~ gy S Wiy + 3 kel ([l€1as) L 30
kET e€€ing €

where in the transition to the last inequality we used (3.8) and (3.6).

Now, let Wy C H(Q) be the Lagrange finite element space associated with T,
consisting of continuous piecewise polynomials on 7 of degree n, such that the shape
functions of Vi are the shape functions of Wy, and the nodal variables of V7 are the
nodal variables of Wr.

We denote the set of the centres of the sides of K € T by C(k), the set of other nodes
by N (x), and define C(T) := U, C(k) and N(T) := U, N (k).

We define on the finite element spaces V- and W the operators E and F' by

(Ev)(6) = =

—
—
—e

Z vg(€), forall ee N(T)UC(T), veVr (3.12)

KEZe

and
(Fw)(e) = w(e), forall eeC(T), we Wr, (3.13)
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Figure 1: Sequence of ¢;’s

where v, = vl,, Zc = {k € T : € € Ok} is the set of elements sharing € as a vertex, and
|=¢| is the cardinal number of =, i.e., the number of elements in Z.. For e € C(T) we
have (Ev)(e) = v(e) since v is continuous at the centres of the sides.

Let us state the following estimate for the operators E and F'.

Lemma 3.1 For the operators E and F defined by (3.12) and (3.13), the following
estimates hold:

|Ev — v||%q(9) < Z |v|ip(n) forall v e Vg, (3.14)
KET
||Fw — w||iq(ﬂ) < Z |w|ip(ﬁ) for all w € Wr. (3.15)
KET
Proof. Assume that e € N(7) and ', x" € Z.. Then we can find a sequence cy, ..., cp

in C(T) so that ¢; € 9K/, ¢, € Ok", and ¢j,cj11 € Okj, k; € 2, (see Figure 1 for an
example with triangular elements in R? and m = 6). Note that |=.| and thus m is
bounded by a constant depending only on the shape-regularity of 7. Thus from the
Cauchy—Schwarz inequality and the Mean Value Theorem we have, for any € € N (T)
and any v € V7, that

[ (€) = v () S [vw (€) — v (e))” + Z [0, (¢5) = vy (€501)]” + [V (€n) = ver(€)]

2 -1 2
< ST R ol -

K/,” EEe

Using this estimate together with (3.12) and the Cauchy—Schwarz inequality, for any
k € Z¢ and any € € N (k), we have

[(Bv =)@ D0 16" ol oy forall we V. (3.16)

~Y

K" €E,
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From this estimate, for x € 7T it follows that

1Bo —vllay = 6l Y [(Bo =)@ = |x] Z (v —ve)(e)]’
eEN (k)UC(k) eeEN
ZIEZWW”Hmm

EEN (k) K" EEe
for all v € V7, where we used the fact that
k| ~ |&"| for K" €Z. and €€ N(k). (3.17)

As [|Ev = vl age < |67 2| Ev = v]| 1, and 1/ — 1/2 = —1/n, from the last
estimate we obtain

1B = 0l S 1672 D0 ST P ol oy

EEN ) Ille,_.
and using (3.17) again, we obtain
2 2
1B =0l fay S D D Tolingen- (3.18)
€EN (k) k' EEe
After summation over x € T and using (3.10) with ¢ = 2n/(n — 2) > 2, we get (3.14).

On each k € T, Fw is a linear nodal interpolant of w with the nodes placed at the
centres of the sides of k. From standard interpolation and inverse estimates (see [5, 6])
it follows that

2 4 2 2 2
1Fw = w3y S 161" 0l S 18P 0l forall we v,
and thus by an inverse estimate we have
2 -2 2 2
1Fw = w|[ 7oy < |67 1Fw = w][7a S Twl7g

Summation over £ € T and (3.10) with a,; = [[Fw — w|| 4, give (3.15).

(I
Corollary 3.2 We have that
1E|| ooy = 0l pogoy  for all v e Vr, (3.19)
and
|Ev| o = Vlgin  forall veVr (3.20)

Proof. To prove (3.19), we note that from (3.18) using Hélder’s inequality for finite
sums, we have

1/q
1E] Loy < 1BV = vl paqy + [0l ooy = (Z | Ev — vll%q(n)) + vl oo

KET

1/q 1/q
,S(Zlv?ql(n)) +||v||Lq(Q)§(levlliq(ﬁ)> + vl oy S IVllpay» (3-21)

KET KET
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where we used (3.10) and an inverse inequality with ¢ = 2n/(n — 2).
Similarly, by a completely identical argument with F replaced by F' and v € V by
w € Wy, we obtain

[1Fw = wll oy S lwllpe)y forall we Wr,

and hence, as above,

[Fwll ey S lwllpeqy forall we Wr. (3.22)
From the definitions (3.12) and (3.13)
F(Ev)=v forall veVp, (3.23)

and thus by (3.22) and (3.21)
[Vll o) = I1E(EV) Loy S 1BV o) S 0llpagy  forall v e Vr, (3.24)

hence (3.19).
From a standard inverse estimate and (3.14), for all v € Vi we have

1

2
|Ev|i10) < 1BV = 0] g1 + [0l) S <Z |Ev — v”i‘l(n)) S vl - (3:25)
KET

Similarly, from (3.15),
|Fwlgion S Wl forall we Wr. (3.26)
The estimate (3.20) follows from (3.23), (3.26) and (3.25). -

3.3 Sobolev—Poincaré Inequalities for Nonconforming P; Finite
Element

We proved in Section 3.1 that, for 1 < ¢ < 2n/(n — 2), n > 3, there exists a positive
constant C' such that

€00y < € {IElinq) + W)} foral ¢ e H'(), (3.27)

where ¥ is a bounded linear functional on H'(Q) with the property that ¥(1) = 1.
Let us now prove the Sobolev—Poincaré inequality for functions in a nonconforming
P, finite element space.

Theorem 3.3 Let U be a bounded linear functional on H*(Q2), ¥(1) = 1, such that
(U(Ev — )| S vl forall veVr, (3.28)

where E : Vi — Wy is defined by (3.12). Then, there exists a continuous function
¢: R, — R, independent of T, such that

10llzagey < 5O07) {0l o) + @)} Jorall veVr, (3.29)

where ¢ = 2n/(n — 2) and O is the minimum angle in T .
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Proof. Combining (3.19), (3.27) and (3.20) yields, for all v € V7,
1] L) = 1BV Loy S 1BVl o) + W (E)]
< [olgiqm + ¥ (Ev —0)| + [¥ ()] S [v] giqn + ¥ ()],

where in the transition to the last inequality we used the hypothesis (3.28). -

Let us now construct some examples of seminorms which satisfy the conditions of
Theorem 3.3.

Example 3.4 By the trace inequality and the Sobolev embedding theorem, we have
H'(Q) c_y H?(0Q) C_y L"(09),

for 1 1 1
n— n—

5 g VT

i.e., with
2 _
r:M and r':2<1—l>; l+l:1.
n—2 n roor
Let ¢ € LZ(I__)(GQ) such that [, 1 ds # 0 and define
-1
U, () = (/ ¢ds> veds, €€ L7(09), (3.30)
90 90

Thus ¥, : Ry — R, is a bounded linear functional on H'(2) and ¥(1) = 1.
Let us check (3.28). With r =2(n—1)/(n—2) > 2 and ' = 2(1 — 1/n), for all v € Vi
we have

1/r
(DB =) S W o) g, 1BV =0l 2ecp =00 (Z 1Bv = vl ) :

ec&y

By subsequently using (3.10) and the inverse inequality to switch from the L"™-norm to
the L?-norm in (n — 1) dimensions, we obtain

1/r
(Z |[Ev — U||rLr(e)> < (Z |Ev — U||ir(e)>

ecés e€s

M=

<C }:|um)—zmi%@{(dmnm_ﬂe»”f—&$}2>

ec&s

1
— (S IBv— vl le z>)
e€€y
2 2 9 :
= C [ ST IBv - vl2 leff

ec&s




18

Let M (e) denote the set of the nodes on € excluding the centre of e, and let k. denote
the member of 7 whose boundary contains e. Then, as
2 n—2 1

2 1= —l=—
r n—1 n—1

we have (by the previous estimates)

1/r
Zr(a) =¢ (Z 1Bv = vll72(e) le Tl)
e€€y

<0 S e Z| Use) ()]

e€€y eeEN (e

N =

(Z |Bv )

e€€y
1
2y 2

By noting that A (e) is a finite set whose cardinality is uniformly bounded (which follows
by the assumed shape-regularity of mesh), by the Cauchy—Schwarz inequality applied
to the finite sum >° ;) ... and (3.16) we have

M=

2

IN

1/r
r 1—-L
(znm—mm) ISt [ S (B o)
e€&y e€€p eeN(e)

Sl D DN IR Gl
e€&y eEN(e)
1
2
-1 mZ-1, 12
<C Z|€| nt Z Z &1 ol oy
e€ép €eN (e) k'€=
Finally, we note that |e|' ™7 T = |e|n__1 k"%, and that |/<e’”|__1 |/<;”’|2_Tn 2 |/€|2_Tn,

thus, from the previous estimate, we obtain

1/r 3
TLr<e>> X D1 il D D il U s

e€éy eeN(e) k' E€E,

(Z |Ev— o)

ec&s

M

AN

Z |U|§{1(n) )

KET
|9KNOQY >0

which completes the proof that ¥, satisfies (3.28).
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Example 3.5 Let ¢ € L7 (), ¢ = 2n/(n + 2), such that [, dz # 0. Define

</¢dx> /wfdx (3.31)

Clearly, ¥, : R, — R, is a bounded linear functional on H'(Q2) and Wy(1) = 1.
Moreover, by (3.14) we have, for all v € Vr,

1
5
2
[Wa(v — Ev)| S {lv — EUHLq(Q) ||w||Lq’(Q) . (Z |U|H1(n)> = |U|H1(Q,T) J
KET
and thus ®, satisfies the conditions of Theorem 3.3. .

Example 3.6 Let us split the boundary 0L into the finite number of parts I'y, ..., ',
such that |J,_, , T'i=0Q.

.....

Let ¢ € L2(1__)(8Q) such that fm 1 ds # 0, and such that for some index set J with
|3| < m, we have ¢y =0 on I[';, i € 3. We define

Wy(€) = ( /a des)l [ e (3.32)

Clearly, this example is a special case of Example 3.4 and therefore it also satisfies the

conditions of Theorem 3.3. .

3.4 Sobolev—Poincaré Inequalities for Broken Sobolev Spaces
Suppose that
2
B~ OF £ el + 3 177 ( [I0s) 3:3)
e€€int €

This condition is satisfied by ¥; (and thus ¥3) and Uy above, if ¢ € L2(1_%)(8Q) and
b€ Lute (), respectively, with [, 1 ds # 0 and [, 1 ds # 0, respectively.
Let us start with the proof of (3.33) for ¥;. With » = 2(n — 1)/(n — 2), we have

1/r
|U1(Z6 = &) < C|IZ€ = Ell ooy = C | D ITE - fll’ir(e))
eCON

<08 > (AT €l + IV(EE = Ollgy)

KET
[ 19xna2]>0

(

<08 S (e 1TE — €y +IV(TE = E) g

KET
[ 10500Q|>0

1/r

M

~
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where we used the trace inequality

lollriey < C (Bt lwlagey + IVl ) forall we H'(x),

with w = Z& — £, and (3.10).

Now,
1Z€ = &l 12y < NTE — Tkl 1oy + [TLe€ — &l 2y -
Asin (3.5),
2
2 2 —2
176~ Ll < ol ST - L S 1ol S el ( [ ds)
eCOk eCOK\ON €
2 2 2 n 2
R Y (/ € ds) <Y Je (/ €] ds) |
eCAK\IN e eCOK\IN e
and thus

M

-1 — < = i
P ITE - o S 4 S0 e / ] ds

eCIor\0Q

Identically to the proof of (3.8), we conclude that

||HH€ - €||L2(K,) 5 hﬁ? |§|H1(n) )
and therefore, by combining these estimates, we have

1
2

2
1 176 = €y ol + 4 3 1l ([ 05)

eCOk\OQ

Analogously, writing Z¢ — £ = (Z€ — TI€) + I + (—¢) and using (3.5), (3.8) we deduce
that |Z¢ — §|H1(n) is also bounded by the same expression.
Hence,

2
W@E- P S Y (B ITE — Ellya + 1VEl 2 )

kET
|0KkNAQ|>0
S X Lyt X e ([10as)
KET eCOk\OQ €
|0KkNOQ|>0
2
Sl + D lel™ (/ €] ds) :

eegint

as required.
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Next, we prove that U,, defined above, also satisfies the condition (3.33). With
r=2n/(n — 2) we have

[Ws(Z€ - &) < CNTE - ¢

L (Q) 5 ||I§ - an

ey HIHeE =€

L ()
1/r 1/r
~ (ZHZﬁ—HKszm) + (Znnng—fnzm)
KET KET
< (ZHIS—MII?(K)) N (z nmg-am))
KET KET

1
3 1

> 5 k([ ds)2 +<Z|s|ip(ﬁ)>2,

KET eCOr\ON KET

AN

where we used (3.10), (3.6), and (3.8). Hence,
2
2 - 2
wa(ze - O 5 Yl ([€]a5) + o,
eegint €

Theorem 3.7 Let ¥ be a bounded linear functional on H'(Q,T), ¥(1) = 1, which
satisfies conditions (3.28) and (3.33). Then, there exists a continuous function < :

R, — R, independent of T, such that

||§||iq(m§<(9fr){|§|§pm,fr)+ > lel ([ as) +|\I'(£)|2}, (330

e€Eint
forall ¢ € HY(Q,T), ¢=2n/(n—2), n > 3.
Proof. By (3.27), (3.11), (3.9), and (3.33)

€10y S 11E = TEN oy + 1€ acey S 1€ = Tl ey + (1T o) + 10(TOP)
SNE = Zel gy + |1 ZEl T oy + 12(ZE = O + ¥ (9
2
<l + 3 Jelr ( [ ds) LR,
e€Eint €

as required.

Remark 3.8 We make some remarks about this theorem.

1. For1 < ¢ <2n/(n—2),n > 3, the inequality follows from the one for ¢ = 2n/(n—2)
via Holder’s inequality.

2. For n = 2, the argument is identical and (3.34) holds for all ¢ € [1, 00).
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3. We have proved the inequality in the case of T being a simplical triangulation of
). The extension to the case of a general partition of €2 is discussed in Sections
6 and 7 of [4]. Proceeding in exactly the same fashion as in [4], we conclude that
the inequality (3.34) holds for general partitions.

4. Let us use the Cauchy—Schwarz inequality on the term of (3.34) containing the
integral of jumps of £ over the face e. We obtain

Z|e|lfn(/dds) > lers [le as

eegint 668 nt

(ﬂ 1)

By noting that |e| ™" , where h, = diame, we obtain

1€ 11700y < <(67) {|§|§mm + Y bt / €] ds + |\1;(§)|2} .

eegint €
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