STRONG POSITIVITY FOR THE SKEIN ALGEBRAS OF THE
4-PUNCTURED SPHERE AND OF THE 1-PUNCTURED TORUS

PIERRICK BOUSSEAU

ABSTRACT. The Kauffman bracket skein algebra is a quantization of the algebra of
regular functions on the SLo character variety of a topological surface. We realize the
skein algebra of the 4-punctured sphere as the output of a mirror symmetry construction
based on higher genus Gromov-Witten theory and applied to a complex cubic surface.
Using this result, we prove the positivity of the structure constants of the bracelets
basis for the skein algebras of the 4-punctured sphere and of the 1-punctured torus.
This connection between topology of the 4-punctured sphere and enumerative geometry
of curves in cubic surfaces is a mathematical manifestation of the existence of dual
descriptions in string/M-theory for the N =2 Ny =4 SU(2) gauge theory.
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1. INTRODUCTION

In this paper, we address questions in low-dimensional topology using algebraic and
geometric methods inspired by mirror symmetry. More precisely, we prove results on the
topology of simple closed curves on the 4-punctured sphere and the 1-punctured torus
by studying the a priori unrelated problem of counting holomorphic maps from Riemann
surfaces to complex cubic surfaces. We present our results on positive bases for the skein
algebras of the 4-punctured sphere and 1-punctured torus in Section We give a survey
of the proof, based on enumerative algebraic geometry, in Section [I.2] Motivations from
theoretical physics are briefly discussed in Section [1.3]

1.1. Results on positive bases for Ska(Sp4) and Sk4(S;11).

1.1.1. Skein modules and algebras. Recall that a knot in a manifold is a connected com-
pact embedded 1-dimensional submanifold, and that a link is the disjoint union of finitely
many (possibly zero) knots. A framing of a link is a choice of nowhere vanishing section
of its normal bundle.

The Kauffman bracket skein module of an oriented 3-manifold M is the Z[ A*]-module
generated by isotopy classes of framed links in M satisfying the skein relations

(1) X =a+ayCand Lu()=-(A2+ A7) L.

The diagrams in each relation indicate framed links that can be isotoped to identical
embeddings except within the neighborhood shown, where the framing is vertical, i.e.
pointing out to the reader. The Kauffman bracket skein module was introduced indepen-
dently by Przytycki [Prz91] and Turaev [Tur88| as an extension to general 3-manifolds of
the variant of the Jones polynomial [Jon85|] given by the Kauffman bracket polynomial
for framed links in the 3-sphere [Kau87]. In the general context of skein modules attached
to arbitrary ribbon categories [GJS19], the Kauffman bracket skein module is associated
to the ribbon category of finite-dimensional representations of the S L, quantum group.

Given an oriented 2-manifold S, one can define a natural algebra structure on the
Kauffmann bracket skein module of the 3-manifold M = S x (-1,1): given two framed
links L; and Ls in S x (-1,1), and viewing the interval (-1,1) as a vertical direction,
the product LjLy is defined by placing L; on top of Ly. We denote by Sk4(S) the
resulting associative Z[A*]-algebra with unit. The skein algebra Sk4(S) is in general
non-commutative.

We consider the case where S is the complement Sy ¢ of a finite number ¢ of points in a
compact oriented 2-manifold of genus g. A multicurve on S, is the union of finitely many
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disjoint compact connected embedded 1-dimensional submanifolds of S, ¢, such that none
of them bounds a disc in S, . Identifying S,, with S, ,x {0} ¢S, ,x (-1,1), a multicurve
on S, endowed with the vertical framing naturally defined a framed link in S, ,x (-1,1).
By a result of Przytycki [Prz06, Theorem IX.7.1], isotopy classes of multicurves form a
basis of Ska(Sy,) as Z[A*]-module.

1.1.2. Positivity of the bracelets basis of Ska(Sp4) and Ska(S;1). Dylan Thurston intro-
duced in [Thuld] a different basis By of Ska(S, ), called the bracelets basis and defined
as follows. Let T,,(z) be the Chebyshev polynomials defined by

(2) To(x) =1,Ty(x) =2, To(z) = 2*-2, and for every n > 2, T,.1(z) = 2T, (2)-T,_1 ().

Writing z = A+ A~!, we have T,,(x) = \» + A™" for every n > 1. Given an isotopy class v of
multicurve on S, 4, one can uniquely write v in Ska(S,,) as v ="y where v, -, 7,
are all distinct isotopy classes of connected multicurves and n; € Z,, and we define

(3) T(7) =T, (1) T, () -

As the leading term of T},(x) is 2™, the set By of all T'(«y), for 7 isotopy class of multicurve,
is a Z[A*]-linear basis of Ska(S,,). If v is a connected multicurve, 4" is the class of n
disjoint isotopic copies of 7, whereas T},(+y) is the class of a connected bracelet made of n
isotopic copies of v (see [Thuld, Proposition 4.4]), hence the name of bracelets basis for
Br.

In [Thul4l Conjecture 4.20], Dylan Thurston made the remarkable positivity conjecture
that the structure constants of the bracelets basis, which are a priori in Z[A*], in fact
belong to Zso[A*]. He proved in [Thul4, Theorem 1] that the conjecture holds after
setting A = 1. In the present paper, we prove [Thuld, Conjecture 4.20] in the case of the
4-punctured sphere Sy 4, that is, g = 0 and ¢ = 4, and the 1-punctured torus S, ;, that is,
g=1land /=1.

Theorem 1.1. The structure constants for the bracelets basis of the skein algebras Ska(So.4)
and Ska(Sy1) of the 4-punctured sphere So4 and of the 1-punctured torus Sy, belong to
Zso[A*]. In other words, for every x and y in By, the product xy in the skein algebra is
a linear combination with coefficients in Zso[ A*] of elements of Br.

[Thul4l, Conjecture 4.20] was previously known in the following cases:

(1) For g =0 and ¢ < 3, the skein algebra is a commutative polynomial algebra, more
precisely, we have Sk4(Sopo) = Z[A*], Ska(So1) = Z[A*], Ska(So2) = Z[A*][z],
and Ska(Sp3) = Z[A*][x,y, 2], and so [Thuld, Conjecture 4.20] follows directly
from the identity T, ()T, (2) = Tinen (x) + T ().

(2) For g =1 and ¢ = 0. For every p = (a,b) € Z?, write ~, for the isotopy class of
ged(a, b) disjoint copies of connected multicurves with homology class gcd(l—ab) (a,b) €

Z? = H1(S1,Z). Frohman and Gelca proved in [FGO00| the identity

T(’Y(a,b) )T(’y(c,d)) = Aad_bcT(’y(avLc,ber)) + A_ad+bcT(7(afc,b7d)) .

[Thuldl Conjecture 4.20] follows because the bracelets basis of Sk4(S; ) is made
of monomials in the variables T(~,).
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The cases (g,¢) = (0,4) and (g,¢) = (1,1) treated by Theorem[L.1]are the first examples
of a proof of [Thul4l Conjecture 4.20] in a situation where no simple closed formula for
the structure constants of the bracelets basis seems to exist.

A conceptual approach to the general case of [Thuld, Conjecture 4.20] would be to
construct a monoidal categorification of the skein algebras Sk(S, ) and a categorification
of the bracelets basis. First steps towards this goal are described by Queffelec and Wedrich
in [QW18]. We do not follow this path to prove Theorem Rather, one should view
Theorem as providing further non-trivial evidence that such monoidal categorification
should exist.

For ¢ > 0, there is a more refined positivity conjecture, [Thuld, Conjecture 4.21],
involving the so-called bands basis. We do not adress this conjecture in the present
paper. General constraints on possible positive bases of skein algebras are discussed by
Lé [L18a| and Lé, Thurston, and Yu [LTY19)].

1.1.3. A stronger positivity result for Ska(Sp4). We will in fact prove a positivity result
for Ska(Sp4) stronger than Theorem and conjectured by Bakshi, Mukherjee, Przy-
tycki, Silvero and Wang in [BMP*18, Conjecture 4.10 (1)]. For 1 < j <4, let p; be the
punctures of Sy 4, and a; the isotopy class of connected peripheral curves around p;, that
is, bounding a l-punctured disc with puncture p;. The peripheral curves a; are in the
center of the skein algebra Sk (Sp4), and so Ska(Sp4) is naturally a Z[A*][ay, as, a3, a4]-
module.

We fix a decomposition of Sy 4 into two pairs of pants, glued along a connected multic-
urve 0 of Sy 4 separating the four punctures into the pairs p;, po and ps, ps. Isotopy classes
of multicurves on Sy 4 without peripheral components can then be classified by their Dehn-
Thurston coordinates with respect to § [MR579, [PH92]. For every p = (m,n) € Z x Zx
such that m > 0 if n = 0, there exists a unique isotopy class 7, of multicurves without
peripheral components, such that, the minimal number of intersection points of a multi-
curve of class 7, with 0 is 2n, and such that the twisting number of +, around ¢ is m. As
a special case of a theorem of Dehn, the map p ~ 7, defines a bijection between

(4) B(Z)={(m,n) € Z xZsy |m>0 if n =0}

and the set of isotopy classes of multicurves on Sy 4 without peripheral components, see
[PH92, Theorem 1.2.1]. For example, 7(o ) is the isotopy class of the empty multicurve,
Y(1,0) is the isotopy class of §, and a multicurve of class ~, with p = (m,n) has ged(m,n)
connected components. Equivalently, if p = (m,n) with m and n coprime, and if we realize
So. as the quotient of the four-punctured torus (R?\(3Z @ $Z))/Z? by the involution
x ~ —x , then 7, is the class of the image in Sp4 of a straight line of slope n/m in
R\(1Z @ 1Z) (e.g. see [EMI2, Proposition 2.6]). As isotopy classes of multicurves form
a basis of the skein algebra as Z[A*]-module, the set {7, }pep(z) is a basis of Sk4(So4) as
Z[A*][a1, az, a3, as]-module.

For every pi,ps,p € B(Z), we define structure constants C5%57 € Z[A*][a1, as, as, as]
by

(5) T(’Ym)T(sz): Z OE?J?)QPT(VP)-
peB(Z)
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Following [BMP*1§], we introduce the notation
(6) Rip=aias +asay, Ro;=aias+axas, Ryij=aias+asas,

(7) Y= a1apa3a4 + a3 + a3 +ai + ai + (A% - A%,

The following Theorem [1.2]is our main result and proves Conjecture 4.10(1) of [BMP*1§].
Theorem 1.2. For every py,pa,p € B(Z), we have
(8) Covd € Lo A*][ R, Ros, Ruyy).

As we will see at the end of Section [3.1] it is elementary to check that Theorem
implies Theorem [1.1] for Sk4(Sp4).

1.1.4. A stronger positivity result for Ska(Sy1). Let n be the isotopy class of connected
peripheral curves around the puncture of S;;. As 7 is in the center of Ska(S;;), the
skein algebra Sk4(S;1) is naturally a Z[A*][n]-module. Isotopy classes multicurves on
Si1,1 without peripheral components are classified by their homology classes, which are
well-defined up to sign. Fixing a basis of homology, we get a bijection p + ~, between
B(Z) and the set of isotopy classes of multicurves on S; ; without peripheral components.
For example, multicurve of class 7, with p = (m,n) has gcd(m,n) components. As isotopy
classes of multicurves form a basis of the skein algebra as Z[ A*]-module, the set {7y }pen(z)
is a basis of Sk (S;1) as Z[ A*][n]-module. For every py,ps,p € B(Z), we define structure

constants C’Ef;;;p € Z[A*][n] by

S1,1,
(9) T(Vpl)T('sz) = Z Opf;;szT(Vp)-
peB(Z)
We write
(10) zi= A2+ A2 4.

Note that z is the deformation parameter from Ska(S;o) to Ska(S;11): indeed, closing
the puncture means setting n = —A? — A2, that is z = 0.

Theorem 1.3. For every py,ps,p € B(Z), we have
(11) Coli € Zoo[ A*][2].

As we will see at the end of Section [3.2] it is elementary to check that Theorem [1.3
implies Theorem [1.1] for Sk4(So4).

1.1.5. Strong positivity for the quantum cluster algebras XgGL%SOA and X]gGL%SLl. We can
appply our positivity result on the skein algebras Sk4(So4) and Sk(S;,1), Theorem ,
to prove a similar positivity result for the quantum cluster algebras X Lo So and XJ LoSia-

For every punctured surface S, , with ¢ > 0, Fock and Goncharov introduced in [FGOG]
the cluster varieties ASLz,Sg,e and Xpgr,s, ,: ASL%SQ’E is a moduli space of decorated S Ls-
local system on S, and XpGLys,, 18 moduli space of framed PG Ls-local systems on
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Sg,¢ and both admit a cluster structure. Fock and Goncharov constructed a “duality

2

map

(12) I: ASLz,Sg,e (Zt) - O(XPGLz,Sg,e)

from the set Agr, s, ,(Z") of integral tropical points of Asz, s, , to the algebra O(Xrar, s, ,)
of regular functions on Xpgr,s,,. They proved that {I(I)}eas,,s ,(z¢) is a basis of
’ =g,

O(XpcL,s,,) ([FGO6, Theorem 12.3]) with positive structure constants ([FG06, Theorem
12.2]).

The cluster variety Xpgr,s,, admits a natural Poisson structure, which can be canoni-
cally quantized using the cluster structure to produce a quantum cluster algebra X7, LoS,.

[FG09]. Fock and Goncharov conjectured in [FG0OG, Conjecture 12.4] the existence of a
quantization

(13) I Asras, (Z) — Xiors,,

of I with structure constants in Zzo[qi%], where ¢ is the quantum parameter. Note that

to be consistent with the rest of the paper, we denote by q% the parameter denoted by
¢ in [FGO6] and [AKI7]. The skein algebra Sk4(S,) and the quantum cluster variety
Xl LoS,, € closely related, and in fact [FG06, Conjecture 12.4] was a strong motivation
[Thuld, Conjecture 4.20]. A precise relation between Sk4(S, ) and X gGLQVSg’e was estab-
lished by Bonahon and Wong [BW11] and then used by Allegretti and Kim [AK17] to
construct a quantum duality map [ with the expected properties, excepted the positivity
of the structure constants left as a conjecture. A different construction of I based on
spectral networks was given by Gabella [Gabl7] and shown to be equivalent to the one
of Allegretti and Kim by Kim and Son [KS18]. We first remark that the positivity of
the stucture constants of the bracelets basis of the skein algebra Sk4(S,,) implies the

positivity of the structure constants defined by I.

Theorem 1.4. Assume that the structure constants of the bracelets basis of the skein
algebra Ska(Sye) belong to Zso[A*]. Then the structure constants c(1,1',1") € Z[q*z] for
XgGL%SM, defined by the quantum duality map 1 of [AK1T] via

(14) I()I(I") = D (1,1, NI,

"eAsrLy s 4 (Z)

belong to Zso[q*2].

The proof of Theorem [I.4]is given in Section Combining Theorem [T.4] with Theo-
rems [[.2] and [1.3] we obtain the following corollary.

Corollary 1.5. The structure constants defined by the quantum duality map i of [AK1T]
1
for XgGLz,SoA and XI?,GL%SM belong to Zso[q*2].
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1.2. Structure of the proof: quantum scattering diagrams and curve counting.
We will prove Theorems and by giving an algorithm which computes the structure
constants for the bracelets basis of Ska(Sp4) and Ska(S; 1), and makes manifest their
positivity properties. This algorithm is based on the notion of quantum broken lines
defined by a quantum scattering diagram.

1.2.1. Quantum scattering diagrams, quantum broken lines and quantum theta functions.
Scattering diagrams and broken lines are algebraic and combinatorial objects playing a
key role in the Gross-Siebert approach to mirror symmetry. Scattering diagrams were
introduced by Gross and Siebert [GS11], following early insights of Kontsevich and Soibel-
man [KS06]. Broken lines were introduced by Gross |Grol0], studied by Carl, Pumperla
and Siebert |[CPS10], and discussed in a quite general context by Gross, Hacking, and
Siebert [GHSI16]. Given an integral affine manifold with singularities B, a scattering
diagram D¢ is a collection of codimension 1 integral affine subspaces of B called walls
and which are decorated by power series. A broken line is a continuous picewise integral
affine line in B which bends when crossing walls of Dl. When the scattering diagram D¢
is so called consistent, one can construct a commutative associative algebra Age, coming
with a basis {¥¢'},ep(z) of so-called theta functions indexed by integral points B(Z) of
B, and whose structure constants are determined explicitly in terms of the broken lines.

Scattering diagrams and broken lines have g¢-deformed versions, that we refer to as
quantum scattering diagrams and quantum broken lines. Quantum scattering diagrams
were considered by Kontsevich and Soibelman [KS06, [S0i09, [KS13|, and Filippini and
Stoppa [ES15]. Quantum broken lines were studied by Mandel [Man15] and the author
[Bou20]. Given a consistent quantum scattering diagram @, one can construct an associa-
tive non-necessarily commutative algebra Ag, coming with a basis {¥, }pep(z) of so-called
quantum theta functions, and whose structure constants are determined explicitly in
terms of the quantum broken lines.

Scattering diagrams and broken lines have been used by Gross, Hacking, Keel and
Kontsevich [GHKKIS] to construct canonical bases with positive structure constants for
cluster algebras. Their quantum versions have been used more recently by Davison and
Mandel [DaMI9] to construct canonical bases with structures constants in Zso[q2] for
quantum cluster algebras. It is expected that the canonical basis of [GHKKIS] coin-
cides with the canonical basis constructed by Fock and Goncharov [FGO06], and that the
canonical basis of [DaM19] for X IZGL%SM agrees with the canonical basis constructed by

Allegretti and Kim [AK17]. Proving these conjectural expectations would lead to a gen-
eral proof of the quantum positivity conjecture [FG06, Conjecture 12.4]. In the present
paper, we use quantum scattering diagrams which are slightly different from the ones
in [DaM19], but related to them by “moving worms”. The positivity properties of our
quantum scattering diagrams will follow from their explicit descriptions, and we will not
have to use the general quantum positivity result of [DaM19].

In order to prove Theorem and [1.3], we will first define explicit quantum scattering
diagrams ®g 4 and D1 ; over the integral affine manifold with singularities B = R?/(-id)
and prove that they are consistent. We will then show that the algebras Ag,, and Agp, ,
are respectively isomorphic to the skein algebras Ska(Sp4) and Ska(S; 1), and that the
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bases of quantum theta functions agree with the bracelets bases. The positivity of the
structure constants will follow from the description in terms of quantum broken lines and
from the explicit definitions of D4 and ®; ;. As the results for the 1-punctured torus
S1,1 will follow from those for Sy 4 by specialization and change of variables, we focus on
the case of the 4-punctured sphere Sy 4. There are two results to show: the consistency
of Do (Theorem [3.7)), and the identification of Ag,, with Sk4(Se4) matching the basis
of quantum theta functions with the bracelets basis (Theorem [3.8]).

1.2.2. Consistent quantum scattering diagrams from curve counting. We will prove the
consistency of Dy 4 by showing that © 4 arises from the enumerative geometry of holomor-
phic curves in complex cubic surfaces. It is a general expectation from mirror symmetry
that one should obtain consistent scattering diagrams by counting genus 0 holomorphic
curves in log Calabi-Yau varieties, see the work of Gross, Pandharipande and Siebert
[GPS10] and Gross, Hacking and Keel [GHK15| in dimension 2, and Gross and Siebert
|[GS18], Keel and Yu [KY19], and Argiiz and Gross [AG20] in higher dimensions. Given a
maximal log Calabi-Yau variety (Y, D), that is, the pair of a smooth projective variety Y
over C and of an anticanonical normal crossing divisor D with a 0-dimensional stratum,
one can construct a consistent canonical scattering diagram D¢ by counting holomor-
phic maps from genus 0 holomorphic curves to Y whose images intersect D at a single
point [GHK15, [GS18]. More precisely, these counts of holomorphic curves are defined us-
ing logarithmic Gromov-Witten theory [GS13, [AC14]. The corresponding algebra Age
is then the algebra of functions on the family of varieties mirror to (Y, D). Heuristically,
the integral affine manifold with singularities B containing D¢ = should be the basis of a
special Lagrangian torus fibration on the complement of D in Y [SYZ96, [Aur07].

For (Y, D) a maximal log Calabi-Yau surface, we explained in [Bou20] how to construct
a consistent canonical quantum scattering diagram ®.,, in terms of log Gromov-Witten
counts of holomorphic maps from higher genus holomorphic curves to Y whose images
intersect D at a single point. The corresponding non-commutative algebra Ap_, is a
deformation quantization of the mirror family of holomorphic symplectic surfaces con-
structed in [GHKI5]. The main idea of the present paper is to apply the framework
of [Bou20] for Y a smooth cubic surface and D a triangle of lines on Y. Before giving
more details, we need to review the general relation between skein algebras and character
varieties.

1.2.3. Skein algebras and character varieties. Let Chgr,(Sy¢) be the SLs-character va-
riety of the (-punctured genus g surface S, ,. This is an affine variety of finite type over
Z obtained as affine GIT quotient by the SL, conjugation action of the affine variety of
representations of the fundamental group m(S,,) into SL,. The character variety Chgy,
admits a natural Poisson structure.

Setting A = —e1, the skein algebra Sk4(Sy¢) defines a deformation quantization of
the Poisson variety Chgr,(Sy¢). If v is a multicurve on S, , with connected components
Y1,V then, the map sending a representation p:m1(Sy ) = SLy to [Tj (= tr(p(7;)))
defines a regular function f, on Chgr,(S,,). The map v ~ f, defines a ring isomorphism
between the specialization Sk_;(S,,) of the skein algebra at A = -1 and the ring of
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regular functions of Chgy,(S,,). If v is a connected multicurve on S 4, then the building
blocks T,,(7y) of the bracelets basis are quantizations of the functions p — —tr(p(y)") on
ChSL2 (SQ,@)'

The general idea of a connection between skein algebras and quantization goes back to
Turaev [Tur91]. Bullock [Bul97] and Przytycki and Sikora with a different proof [PS00]
showed that v+~ f, defines a ring isomorphism between the quotient of Sk_;(S,,) by its
nilradical and the ring of regular functions of Chgy,(S,¢). The fact that the nilradical
of Sk_; (S, ) is trivial was shown by Charles and Marché for ¢ =0 |[CM12, Theorem 1.2],
and by Przytycki and Sikora [PS19] in general.

1.2.4. Curve counting in cubic surfaces. It is classically known that the SLs-character
variety Chgr,(Sp4) of the 4-punctured sphere Sp4 can be described explicitly as a 4-
parameters family of affine cubic surfaces: original 19" century sources are [Vog89) [Fri96],
[FK65, 1T, Eq.(9), p298] and more recent references include [Mag80), [Jim82, [BG99, [Gol(09,
GT10]. Recently, Gross, Hacking, Keel and Siebert [GHKS19] proved that this family of
cubic surfaces is the result of the general mirror construction of [GHK15|] for maximal log
Calabi-Yau surfaces applied to a pair (Y, D), where Y is a smooth projective cubic surface
in P2 and D is a triangle of lines on Y. In other words, they showed that the algebra
obtained from the consistent canonical scattering diagram defined by counting genus 0
holomorphic curves in (Y, D) is exactly the algebra of regular functions on Chgr,(Sp.4).

Thus, we now have two ways to produce a deformation quantization of Chgr, (Sp4) and
it is natural to compare them: either consider the skein algebra Sk4(Sp4), or consider the
algebra Ap_, obtained from the consistent canonical quantum scattering diagram ®.,,
defined in [Bou2()] by counting higher genus holomorphic curves in (Y, D).

First of all, we will compute explicitly the quantum scattering diagram ®.,,. It involves
computing higher genus log Gromov-Witten invariants of (Y, D). The corresponding
calculation in genus 0 was done in [GHKSI9]: exploiting a large PSLs(Z) group of
birational automorphisms of (Y, D), Gross, Hacking, Keel and Siebert showed that the
genus 0 calculation can be reduced to genus 0 multiple covers of 8 lines and 2 conics
in (Y, D). Following the same strategy, we will prove that the higher genus calculation
reduces to higher genus multiple covers of the same 8 lines and 2 conics. The contribution
of multiple covers of lines is fairly standard but the contribution of multiple covers of the
conics is more intricate and we will use our previous work [Boul8| on higher genus log
Gromov-Witten invariants of log Calabi-Yau surfaces to evaluate it. At the end of the day,
we can phrase the result as stating that ®.,, is equal (after an appropriate specialization
of variables) to the explicit quantum scattering diagram ®¢ 4. As Dcay is consistent by
[Bou20)], this proves the consistency of Dy 4.

1.2.5. Comparison of Agp,, and Ska(Sp4). Once we know that the quantum scatter-
ing diagram D4 is consistent, we have the corresponding algebra Ag, ,, with its basis
of quantum theta functions {¥p},cpz) and structure constants expressed in terms of
quantum broken lines. It remains to construct an isomorphism of algebras ¢: Ag,, —
Ska(So,4) matching the bracelets basis {7y },ep(z) and the basis of quantum theta func-
tions {U} }pen(z), i-e. such that p(v,) = T(vy,) for every p e B(Z).
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By explicit computations with quantum broken lines in D 4, we will obtain an explicit
presentation of Ag,, by generators and relations as a family of non-commutative cubic
surfaces (Theorem . On the other hand, it was known since Bullock and Przytycki
[BPOO] that the description of Chgr,(Sp4) as a family of cubic surfaces deforms into a
presentation of the skein algebra Ska(Sp4) as a family of non-commutative cubic surfaces
(Theorem [6.12)). Comparing these two families of non-commutative cubic surfaces, we
will define an isomorphism of algebras ¢: Ag,, = Ska(Sp4).

Finally, we will have to prove that ¢(9,) = T(~,) for every p € B(Z). We will first prove
it for p = (k,0) by some explicit computation of quantum broken lines. In particular,
we will see how the recursion relation defining the Chebyshev polynomials T),(x)
naturally arises from drawing quantum broken lines. To prove the general result, we
will check explicitly that ¢ intertwines the natural action of PSLs(Z) on Ska(Sp4) via
the mapping class group of Sy4, with an action of PSLy(Z) of Ap,, coming from a
PSLy(Z)-symmetry of the quantum scattering diagram g 4. This ends our summary of
the proof.

We remark that by taking the classical limit of the statement that ¢(9,) = T(~,) for
every p € B(Z), we obtain that the classical theta functions ¥¢' constructed in [GHK15),
GHKS19] agree with the trace functions p = —tr(p(vp,,..)") on the character variety
Chsr,(So.4), where p = kpypim with k € Zy; and pyim € B(Z) primitive (Corollary .

1.2.6. More on non-commutative cubic surfaces. We briefly comment about works related
to an essential ingredient of the proof of our main result: the presentation of Sk4(Sy4) as
a family of non-commutative cubic surfaces. This non-commutative cubic equation has
appeared in quite a number of contexts. The present paper provides one more: the non-
commutative cubic surface appears for us as a quantum mirror in the sense of [Bou20)]
and as the result of calculations in higher genus log Gromov-Witten theory.

The quantization of the family of affine cubic surfaces Chgyr,(Sp4) from the point of
view of quantum Teichmiiller theory has been studied by Chekhov and Mazzocco [CM10,
Eq. (3.20)-(3.24)], and by Hiatt [Hial0]. Quantization from the cluster point of view has
been discussed by Hikami [Hik19b, Eq. (7.2)-(7.3)]. The general relation between skein
algebras and the quantum Teichmiiller/cluster points of view follows from the existence
of the quantum trace map of Bonahon and Wong [BW1I] (see also [L18h]).

The skein algebra Sk (S 4) is isomorphic to the spherical double affine Hecke algebra
(DAHA) of type (CY,Cy) defined in [Sah99, INS04, [Sto03]. The explicit connection be-
tween the spherical DAHA of type (CY,C1) and the quantization of cubic surfaces was
established by Oblomkov [ObI04]. Terwilliger [Terl3, Proposition 16.4] wrote down an
explicit presentation of the spherical DAHA of type (CY, Cy) from which the isomorphism
with Sk4(Sp4) is clear. A much earlier appearance of the non-commutative cubic surface
is the Askey-Wilson algebra AW (3) of Zhedanov [Zhe91]. A comparison between AW (3)
and the spherical DAHA of type (CY,C}) was done by Koornwinder [Koo08]. More de-
tails on the relation between the skein and DAHA points of view can be found in [BSI16,
Section 2|, [BS18| Section 2|, [Hik19a].
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Skein algebras can also be considered in the framework of S Lo-factorization homology.
Explicit presentations of Sk4(Sp4) and Sk(S;1) as non-commutative cubic surfaces are
recovered using this point of view by Cooke [Cool§].

1.3. Line operators and BPS spectrum of the V' =2 Ny =4 SU(2) gauge theory.
In this section, which can be ignored by a purely mathematically minded reader, we briefly
discuss the string/M-theoretic motivation for a connection between the skein algebra
Sk4(Sp.4) and the enumerative geometry of curves in cubic surfaces.

Let T be a four-dimensional quantum field theory with N = 2 supersymmetry. Such
theory has in general an interesting dynamics connecting its short-distance behaviour
(UV) with its long-distance behaviour (IR). The IR behaviour of 7 is largely determined
by its Seiberg-Witten geometry v: M — B [SW94al, SW94b]|, described as follows. The
special Kahler manifold with singularities B is the Coulomb branch of the moduli space
of vacua of T on RY3. The hyperkihler manifold M is the Coulomb branch of the moduli
space of vacua of 7 on RY2 x S1. The map v is a complex integrable system, that is, v
is holomorphic with respect to a specific complex structure I on M, and the fibers of v
are holomorphic Lagrangian with respect to the I-holomorphic symplectic form. General
fibers of ¥ endowed with the complex structure I are abelian varieties.

Due to supersymmetry, particular sectors of 7 have remarkable protections against
arbitrary quantum corrections and so can be often computed exactly. Examples of such
protected sectors are the algebra A+ of %BPS line operators and the spectrum of BPS
1-particle states. The algebra A+ depends only on the UV behaviour of 7. By wrapping
around S, a line operator on R13 becomes a local operator on R'2, and so its expectation
value can be viewed as a function on M. In fact, Ar is an algebra of functions on M
which are holomorphic for a complex structure J on M with respect to which v is a
special Lagrangian fibration. By contrast, the BPS spectrum depends on a choice of
vacuum u € B and changes discontinuously along real codimension-one walls in B.

Gaiotto, Moore and Neitzke [GMN13] described how to construct a non-commutative
deformation A% of A7 by twisting correlation functions by rotations in the plane trans-
verse to the line operators. They also explained that, given a choice of vacuum v € B, line
operators have expansions in terms of IR line operators with coefficients given by counts
of framed BPS states. These expansions depend discontinuously on u: they jump when
the spectrum of framed BPS states jumps by forming bound states with (unframed) BPS
states.

The same N = 2 theory can often be engineered in several ways in string/M-theory.
Given a punctured Riemann surface S, ¢, one obtains a A" = 2 theory 7, , by compactifying
on S, the six-dimensional N = (2,0) superconformal field theory of type A4; living, at low
energy and after decoupling of gravity, on two coincident M5-branes in M-theory [Gail2].
The corresponding Seiberg-Witten geometry v: M — B is the Hitchin fibration on the
moduli space M of semistable SL,(C)-Higgs bundles on S, (with regular singularities
and given residues at the punctures). By non-abelian Hodge theory, M with its complex
structure J is isomorphic to the SLy(C)-character variety of Sy, (with given conjugacy
classes around the punctures). The algebra Az of line operators is identified with the
algebra of regular functions on the SLy(C)-character variety, and the non-commutative
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algebra A% is identified with the skein algebra Sk, (S, ), which is physically realized as
the algebra of loop operators in quantum Liouville theory on S,, [DGOTI0]. Explicit
discussions of the families of non-commutative cubic surfaces describing Ska(Sp4) and
Sk4(S11) can be found in [DGI13l Eq. (3.32)-(3.33)], [GMN13|, Eq. (5.29)] [TV15 Eq.
(6.3)-(6.4)], [CGTI5, Eq. (3.55)-(3.57)].

The theory Ty4 has a Lagrangian description: it is the V' =2 SU(2) gauge theory with
Ny =4 matter hypermultiplets in the fundamental representation. It is one of the earliest
example of A/ = 2 theory for which the low-energy effective action and the BPS spectrum
have been determined by Seiberg and Witten [SW94b|. In particular, 7p4 admits a
PSLy(Z) S-duality group and a Spin(8) flavour symmetry group, which are mixed by
the triality action of PSLs(Z) via its quotient PSLy(Z/27) ~ S3. The Coulomb branch
B of Ty4 is of complex dimension one. In the complex structure I, the map M - B
is an elliptic fibration. In the complex structure J, the space M is a SLy(C)-character
variety for Sy 4, and so an affine cubic surface obtained as complement of a triangle D of
lines in a smooth projective cubic surface Y.

The key point is that there is a different realization of 7 4 from M-theory. Consider M-
theory on the 11-dimensional background R!3x MxR3 with an M5-brane on R'3xv~1(u),
where u € B. Then, the theory living on the R!3 part of the M 5-brane is 7y 4 in its vacuum
u [Sen96l,[BDS96]. Furthermore, BPS states are geometrically realized by open M 2-branes
in M with boundary on v~!(u) [DHIZ9§|. Via the Ooguri-Vafa correspondence between
counts of open M2-branes and open topological string theory [OV00Q], these counts can
be translated into all-genus open Gromov-Witten invariants of M. In the limit where u is
large, one can close open curves in M into closed curves in Y meeting D in a single point,
and we recover the invariants entering the definition of the canonical quantum scattering
diagram D,, of (Y, D). Our explicit description of ®,, will agree with the expected
PSLy(Z)-symmetric BPS spectrum of 7y 4 at large u [SW94b|, [Fer97] and can be viewed
as a new derivation of it.

We can now obtained the desired connection. When the N' =2 N; =4 SU(2) gauge
theory is realized as a compactification on Sp4 of the N' = (2,0) A; theory, the skein
algebra Sk 4(Sp4) naturally appears as the algebra of line operators. On the other hand,
when the N' =2 Ny = 4 SU(2) gauge theory is realized on a Mb5-brane wrapped on a
torus fiber of v: M — B, the enumerative geometry of holomorphic curves in the cubic
surface (Y, D) naturally appears as describing the BPS spectrum. By Gaiotto, Moore
and Neitzke [GMNT13], line operators and BPS spectrum are related via the wall-crossing
phenomenon for the IR expansions of the line operators in terms of counts of framed BPS
states. It is exactly what will happen in our proof: quantum scattering diagrams encode
BPS states, quantum broken lines describe framed BPS states, and the skein algebra will
be reconstructed from quantum broken lines.

1.4. Plan of the paper. In Section [2| we introduce the notions of quantum scattering
diagram and quantum broken line in the restricted setting that will be used in all the
paper. In Section , we introduce the quantum scattering diagram ® 4, we state Theorem
on the consistency of ¢4 and Theorem 3.8 comparing A, , and Ska(Sp4), and we
explain how Theorems follow from Theorem and Theorem [3.8 In Section
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[ we define the canonical quantum scattering D.., encoding higher genus log Gromov-
Witten invariants of the cubic surface (Y, D), and we compute D, explicitly. In Section
[, we compute a presentation by generators and relations of the algebra Asp_, defined by
Dcan- Finally, in Section 6 we compare Ag,,, with Ska(S4), and we end the proofs of
Theorems 3.7 and 3.8

Acknowledgment. I acknowledge the support of Dr. Max Rossler, the Walter Haefner
Foundation and the ETH Ziirich Foundation.

2. QUANTUM SCATTERING DIAGRAMS AND QUANTUM THETA FUNCTIONS

In Section [2.1], we introduce the integral affine manifold with singularity B. In Section
2.2 we define the notions of quantum scattering diagram and quantum broken lines on
B. In Section [2.3] we define the algebra Ag attached to a consistent quantum scattering
diagram 9.

2.1. The integral affine manifold with singularity B. Let B be the quotient of R?
by the linear transformation (z,y) — (-z,-y). We denote 0 € B the image of 0 € R2,
As (z,y) » (-z,-y) acts freely on R?\{0}, the standard integral linear structure of R2
induces an integral linear structure on By := B\{0}. The integral linear structure on
By has the non-trivial order two monodromy —id around 0, and so does not extend to
the whole of B. We view B as an integral linear manifold with singularity, with unique
singularity 0. We denote by By(Z) the set of integral points of the integral linear manifold
By and B(Z) = By(Z) v {0}.

Concretely, we identify B with the upper half-plane {(z,y) € R?|y > 0} the positive
z-axis and the negative z-axis being identified by (x,0) ~ (-z,0), and we describe
B(Z) as in Equation . Let vy, vy, v3 be the three integral points of B given by
vy =(1,0) = (-1,0), v = (0,1), and v3 = (-1,1). We denote by p1, p2, p3 the rays Rgvy,
Rsov2, Rygus, see Figure [ We will generally consider the index j of a point v; or of a
ray p; as taking values modulo 3, so that it makes sense to talk about the point v;,; or
the ray pj,1. For every j € {1,2,3}, we denote by o, ;.1 the closed two-dimensional cone
of B generated by the rays p; and p;.;. In particular, every element v € 0,1 can be
uniquely written as v = av;+bv;,; with a,b € Ry. The three cones 0 ;.1 define an integral
polyhedral decomposition ¥ of B.

We write A the rank two local system on By of integral tangent vectors to By, and we
fix a trivialization of A on each two-dimensional cone ¢ ;,1. In particular, for every point
Qe€ojj and pe B(Z)Nnoj .1, we can view p as an integral tangent vector at the point

Q.

2.2. Quantum scattering diagrams and quantum broken lines. In Sections
and , we fix a Z[A*][tP1, P2, ¢Ps]-algebra R of coefficients, and an half-integer 4 € 1Z.
We will use the skew-symmetric bilinear form (-, -) = pdet(—,—) on A.

Definition 2.1. A quantum ray p with coefficients in R is a pair (p,, f,) where:
(1) p, € Bo(Z) primitive.
(2) f, is an element of R[[z7P¢]] such that f,=1 mod zPr.
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Definition 2.2. A quantum scattering diagram over R is a collection © = {p = (p,, f,)}
of quantum rays with coefficients in R such that pi = pa if Ryopp, = Rsopp, .-

Definition 2.3. Let ® be a quantum scattering diagram over R. A quantum broken line
v for ® with charge p € Bo(Z) and endpoint QQ € By is a proper continuous piecewise
integral affine map

7:(_00’0] - By
with only finitely many domains of linearity, together with, for each L c (—=o0,0] a mazimal

connected domain of linearity of v, a choice of monomial my = cp 2Pt with cp € R non-zero

and pr, a section of the local system v1(A)|L on L, such that the following statements
hold.

(1) For each mazimal connected domain of linearity L, we have —pp(t) = v'(t) for
every t e L.

(2) 4(0) = Q € By,

(8) For the unique unbounded domain of linearity L, v|r goes off to infinity parallel
to Ryop and my = 2P fort - —oo.

(4) Let t € (-=00,0) be a point at which ~y is not linear, passing from the domain
of linearity L to the domain of linearity L'. Then, there exists a quantum ray
p = (pp, fo) of © such that v(t) € Ryop,. Write my, = cpzPt, mp = cp2Pr/,
N :=|det(p,,pL)|, and

fo= Z cpz ke
k>0

If p # p; for every 1 < j <3, then we set a=1. If p = p;, v goes from o;_1; to
0j+1, and pr, = avj_y + bv;, then we set a = tPi. If v goes from 0.1 and 04 j,
and pr, = avj + bv;.1, then we set o = tPDi . Then there exists a monomial dyz=tPe
in the series

N-1
(15) ngz_epp = H (Z CkA4'uk(j_N2_1)z_ka) ’

>0 7=0 \k>0

such that

(16) Crr = OédgCL and PL =pL — fpp .
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In other words, when the quantum broken line v bends from L to L', the attached
monomial changes according to Equation .

Note that in some cases, we will consider a Z[A*][tP1,tP2,tP3]-module R where tPi
acts as the identity on R for all 1 < 7 < 3. In such case, we can forget the discussion of
the factor a in Definition 2.3

We recall symmetrized (invariant under A — A-1) versions of standard g-objects. For
every nonnegative integer n, define the A-integer

A2n _ A—Qn (1) n-1 i .
(17) [12]a :=WZA ZAJEZZ()[A ],
§=0
and the A-factorial
(18) [n]a! = H[j]A € Zso[ A*].
i=1

For every nonnegative integers k and n, define the A-binomial coefficient (e.g. see Section
1.7 of [Stal2])

n n]la N
(19) (1) - m ¢ Zo[A*].

Lemma 2.4. Let f, = Y150 ckz " such that f, =1 mod z7P°. Writing
fo=]]01+ apz ")
k>1
we have

(20) ]ﬁl (Z CkA4“k(j_N21)z‘kpﬂ) =] (]XV: (N)Aukaiz—kjpp) ,

3=0 \k>0 k>1 \j=0 \ J

Proof. The result follows from the ¢g-binomial theorem (see e.g. Equation (1.87) of [Stal2]).
U

Definition 2.5. Using the notation of Definition[2.3, the positive integer Y .o nik is the
amount of bending of the quantum broken line v between the domain of linearity L and
the domain of linearity L'.

Definition 2.6. Let © be a quantum scattering diagram over R and v a broken line for
®. The final monomial of v is the monomial my attached to the domain of linearity L
of v containing 0. We write the final monomial of v as c(v)z*("), where c¢(y) € R and

S("}/) € A’Y(O) .

Following [GHKS19], we now introduce a function F: B — R, which will be used to
constrain the possible broken lines. In order to minimize the number of minus signs,
we take for our F' the function —F in the notation of [GHKS19]. Let F:B — R be the
continuous function on B, which is linear on each cone of ¥ and such that F'(v;) =1 for
every 1 < j < 3. Explicitly, we have F((z,y)) = x +y for (z,y) € 012, F((x,y)) =y for
(z,y) € 023, and F((x,y)) =z + 2y for (z,y) € 031. Note that, for every p e B(Z), F(p)
is a nonnegative integer.
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Proposition 2.7. Let ® be a quantum scattering diagram, p1,ps € Bo(Z), p € B(Z), and
Q@ a point in the interior of a two-dimensional cone of ¥ containing p. Let (71,72) be a
pair of quantum broken lines for ® with charges py,ps and common endpoint (), such that
writing c(v1)z°0) and c(v2)2°(2) the final monomials, we have s(v1) + s(v2) = p. Then,
the following holds.

(1) F(p) < F(p1) + F(p2)-
(2) If either v or 7o crosses one of the rays p; or bends at a wall, then

F(p) < F(p1) - F(p2)-1.

(8) The sum over all the walls p at which either v or o bends, of the product of
F(p,) by the amount of bending, is bounded above by F'(p1) + F'(p2) — F(p).

Proof. 1f 7 is a broken line, we can consider the piecewise constant function dF'(y'(.)):t —
dF(~'(t)) defined on the interior of the domains of linearity of ~.

Let v, and 9 be broken lines like in the statement of Proposition . As Q¢ U?=1 Pj
F is linear in a neighborhood of (), and so for t << 0, we have

F(py) + F(p2) = F(p) = =dF (1 (1)) - dF (75(t)) + dF(=71(0) = 75(0))

= (dF(11(0)) = dF(11(1))) + (dF (72(0) - dF (75(t))) -

Therefore, using the notations of Definition [2.3] it is enough to show that each time ~y
crosses a ray p;, dF'(7'(.)) increases at least by 1, and that each time v bends along a
quantum ray p of ®, dF'(7'(.)) increases at least by F(p,) Y iso nik.

We consider first the case where vy crosses a ray p; without bending at some t € (—o0, 0].
Let t_ <t and t, >t be very close to t. Assume for example that 7 = 2 and that + goes from
012 to o13. Then, ~/(t-) = (a,b) with a <0, and so dF (7'(t-)) = a+b and dF (v'(t,) = b,
that is dF'(7/(.)) increases by —a € Z;. If v goes from 013 to 012, then 7/(¢_) = (a,b) with
a >0, and so dF(y/(t-)) =b and dF (7' (ty) = a+b, and so dF'(7'(.)) increases by a € Z;.
Cases with j =1 and j = 3 follow similarly.

We then consider the case where v bends along a quantum ray p of ©. Let ¢_ be in the
domain of linearity L just before the bending and ¢, the domain of linearity L’ just after
the bending. If p, # v; for every j, then F is linear on a neighborhood of the bending
and so

dF(y'(t:)) = dF(y'(t-)) = dF (pr) - dF (pr) = F(p,) Y nik.
k=1
If p, = v; for some j, then, following the analysis done in the case v crosses p; without
bending, we have the even stronger bound
AF(y'(ts)) = dF(y'(t-)) = dF (pr) - dF (prr) > F(pp) Y k.

k>1

i

Definition 2.8. Let © be a quantum scattering diagram, pi,ps € Bo(Z), and p € B(Z).
We define D5, p, ={p = (P /o) €D [ |F(pp)l < F(p) = F(p1) - F(p2)}-

Lemma 2.9. Let © be a quantum scattering diagram, pi,p2 € Bo(Z), and p € B(Z).
Then Dy, p, is finite.
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Proof. The function F: B — R is proper. O

Proposition 2.10. Let © be a quantum scattering diagram, py,ps € Bo(Z), p € B(Z),
and @) a point in the interior of a two-dimensional cone of ¥ containing p. Then there
are finitely many pairs (y1,72) of quantum broken lines for ® with charges py,ps and
common endpoint Q, such that writing c(71)z*") and c(v2)2°02) the final monomials,
we have s(v1) + s(72) = p. Furthermore, if p is a bending quantum ray for either v, or
V25 then pe 951,102-

Proof. By Proposition 2.7 and Lemma[2.9] there are finitely many possible bending quan-
tum rays for y; and s, and the amount of each bending is uniformly bounded. O

2.3. Quantum theta functions.

Definition 2.11. Let © be a quantum scattering diagram over R, pi,ps € Bo(Z), p €
B(Z), and Q € By a point in a connected component of

Bo\(OPjU U Rzopp)

T

whose closure contains Ryop, and such that the half-line RyoQ) has irrational slope. We
define the structure constants

(21) Corha(Q) = ( 2. )C(%)0(72)142(5(71)’5(72)) R,
Y1,72

where the sum is over pairs (71,72) of quantum broken lines for © with charges p1,ps and
common endpoint Q, such that writing c(71)z*0") and c(v2)z°02) the final monomials,
we have s(y1) + s(y2) = p.

We extend the definition of C’,ﬁ’;z(Q) to all py,pe,p € B(Z) by setting
9, . D, .
(22) CO,pZ;(Q) = 0p,p and Cpl,%(Q) = 0py p -
By Proposition [2.10, the sum in Equation (21)) is indeed finite.

Definition 2.12. A quantum scattering diagram © over R is consistent if the following
conditions hold:

(1) For every p1,ps,p € B(Z), the structure constant Co® (Q) does not depend on

the choice of the point Q. In such case, we write Cab, for Co® (Q).
(2) The product on the free R-module

.A@ = EB Rﬁp
peB(Z)
defined by
(23) 19;0119102: Z 01%5021910
peB(Z)

18 associative.
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In other words, given a consistent quantum scattering diagram 2 over R, one can
construct an associative R-algebra Agp, coming with a R-linear basis {0, }pep(z), called
basis of quantum theta functions, and whose structure constants can be computed in
terms of quantum broken lines by Equation .

Note that the sum in Equation is indeed finite: if Cn%, # 0, then F(p) < F(p1) +
F(p2) by Proposition and there are finitely many such p € B(Z) by properness of F.

Lemma 2.13. Let py,ps € B(Z). If there is no two-dimensional cone of ¥ containing
both p1 and ps, then
(24) Up, Uy, = Z 01?175)2 U -
peB(Z)
F(p)<F(p1)+F(p2)-1

If there is a two-dimensional cone of ¥ containing both py and ps, then
(25) Vp,Vp, = A2<p1’p2)79p1+p2 + Z ot Uy .

P1,p2
peB(Z)
F(p)<F(p1)+F(p2)-1

Proof. By Proposition [2.7] all the non-zero terms in the sum have F(p) > F(p1) +
F(p2), and the only possibility for F(p) = F(p1) + F(p2) is that all the broken lines

contributing to C’;Dl’fn do not cross U?zl p; and do not bend. If there is no two-dimensional

cone of ¥ containing both p; and p,, then a broken line contributing to C’pgl’fgz, necessarily

CTOSSeS U?:l p;, so F(p) < F(p1) + F(p2) - 1, and we obtain Equation (24)). If there is a
two-dimensional cone of ¥ containing both p; and p,, then the only possibly non-zero
term with F(p) = F(p1) + F(p2) is obtained for p = p; + ps, for which the broken lines are

straight, and we obtain Equation (25)). O
For every n € Zq, define
(26) 5. = @ RY,.
peB(Z)
F(p)<n

By Lemma 2.13} the increasing filtration (A% )nez,, defines a structure of filtered algebra
on Ap, .. . For every p € B(Z), we define m[p] € Ao, as the following monomials in ¥,,,
oy, Vuy: if p = avj + bvjyy with @ >0 and b > 0, then m[p] = 9¢ 9?

Vi T Vj+1”

Lemma 2.14. The monomials m[p] for p € B(Z) form a R-linear basis of Ao, . In
particular, the quantum theta functions ¥,,, 9,, and 9,, generate As_,, as R-algebra.

Proof. By Lemma [2.13, we have m[p] € Aggfj, and the images of m[p] and v, in the

quotient Agf: 3 /Agcf 3_1 only differ by a power of A. Therefore, the fact that {9, }pepz) is
a R-linear basis of Ag_,, implies that {m[p]},ep(z) is also a R-linear basis of Ap_,. O

3. ALGORITHMS FROM THE QUANTUM SCATTERING DIAGRAMS D4 AND D14

In Section , we first introduce the quantum scattering diagram ©g4, and then we
state Theorem on the consistency of ®y4 and Theorem comparing Ag,, and

Sk4(Sp4). We also explain how to deduce Theorem for Sk4(So4) and Theorem
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from Theorem and Theorem [3.8 In Section [3.2], we introduce the quantum scattering
diagram ©;; and we explain how Theorem for Sk4(S;11) and Theorem follow
from Theorem and Theorem . In Section (3.3, we use our description of Sk4(S; 1)
to recover the results of Frohman and Gelca [FG00] on the skein algebra Sk4(S;) of the
closed torus S; . Finally, in Section , we prove Theorem relating positivity for the
bracelets basis of the skein algebras and positivity for the quantum cluster X'-varieties.

3.1. The quantum scattering diagram 9, 4. We take R = Z[A*|[R1, Ro1, R11,v],
and p=1. We view R as a Z[A*][tP1,tP2 tP3]-module R where tP5 acts as the identity
on R for all 1 < j < 3. This means that we can ignore the discussion of the factors a in
the Definition of quantum broken lines.

Definition 3.1. We define
ra(l+x?) . yx?
(1-A"422)(1-A%?) (1-A"422)(1- A%ax?)
. sr3(1+ sz + x?)
(1-A422)(1-22)2(1 - A%x?)

Lemma 3.2. Ezpanding F(r,s,y,z) as a power series in x, we have

F(r,s,y,x) € Zoo[A*][r, s, y][[]] -
Proof. Immediate from Equation defining F(r,s,y,x) and from the power series
expansion

1
X

I-u k>0

(27) F(r,s,y,2) =1+

The first few terms of F' as a power series in = are
(28) F(r,s,y,v)=1+ro+yz’+(s+r(A™+1+ A))2® + (s> + A+ A2t + ..

Definition 3.3. For every (m,n) € By(Z) with m and n coprime, we define a quantum
10y P = (Dppons Fomn) With coefficients in Z[A*][ R0, R, Ri1,y] by py,.. = (myn),
and

(1) if (m,n) = (1,0) mod 2, £, . = F(Rig, RoiRi1,y,2 ™M),

(2) if (m,n) =(0,1) mod 2, f,,. . =F(Ro1,RiogRi1,y,z"(mm),

(3) Zf (m,n) = (1, 1) mod 2, fﬂm,n = F(Rl,la RI,ORO,lyy,Z_(m’n)).

Lemma 3.4. For every (m,n) € Byo(Z) with m and n coprime, we have
Jomm € L[ A*][ Ry, Ro1, i1, Z/][[Zﬁ(m’n)]] :
Proof. Immediate from Lemma [3.2] and Definition [3.3] O

Definition 3.5. We define a quantum scattering diagram D 4 over Z[A*][R1,0, Ro1, R11, Y]
by
D04 = {pmn|(m,n) e Bo(Z), gcd(m,n) =1}.
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Physics remark 3.6. In the physics language used in Section [1.3] we claim that the quan-
tum scattering diagram g4 encodes the BPS spectrum of the N = 2 theory 7 4, that is,
of the N'=2 Ny =4 SU(2) gauge theory, at large values of u on the Coulomb branch.
The fact that f,, , only depends on (m,n) mod 2 via permutations of { R, Ro 1, Ri,1}
reflects the PSLy(Z) S-duality symmetry, mixed with the Spin(8) flavour symmetry by
the triality action of PSLy(Z/27) ~ S3 [SW94h]. However, it is not so clear from Equa-
tion that the precise form of f, . agrees with the expected BPS spectrum of 7 4.
This will become manifest after some rewriting: see Remark [6.7]

The following Theorem and Theorem are our main technical results and their
proof will take the remainder of the paper. The proof of Theorem ends in Section
[6.2] whereas the proof of Theorem [3.§]is concluded in Section [6.3]

Theorem 3.7. The quantum scattering diagram P 4 s consistent.

By Theorem , it makes sense to consider the Z[A*][ R, Ro 1, R11,y]-algebra Ay, ,

given by Definition [2.12 with its basis {U,}pep(z) of quantum theta functions, and struc-

D0,4,p
ture constants Cp, ;" .

Theorem 3.8. There is a unique morphism
¢: An,, —> Ska(Soa)
of Z[A*][R1,0, Ro1, R11,y]-algebras such that

p(Up) = T(7)

for every p e B(Z). Moreover, after extension of scalars for As, , from Z[A*][ Ry, Ro1, R1,1,9]
to Z[A*][a1, a2, as,a4], @ becomes an isomorphism of Z[ A*][a1, as, as, as]-algebras.

In particular, structure constants of the skein algebra Ska(So4) defined by Equation
coincide with the structure constants of the scattering diagram ®¢ 4 defined by Equation

[1): for every pi,pa,p € B(Z), we have
(29) Covii = Coii”
Corollary 3.9. The classical theta functions U5 constructed in [GHKIS, [GHKS19] co-

incide with the trace functions p = —tr(p(Vp,....)¥) on the character variety Chgr,(So4),
where p = kpyrim with k € Zyy and pprim € B(Z) primitive.

Proof. 1t is an immediate corollary of Theorem[3.8] In the classical limit A = -1, our quan-
tum theta functions 9, reduce to the classical theta functions 9¢ of [GHK15, [GHKS19],
and the element T(v,) of Ska(Sp4) reduces to the function p = —tr(p(7p,....)*) on
Chgr,(So4) by the general relation between skein algebras and character varieties re-

viewed in Section [1.2.3] O

Theorem implies Theorem [I.2] Indeed, by Lemma [3.4] the functions attached to
the quantum rays of D4 have coefficients in Zo[ A*|[R1,0, Ro1, R1.1,y], and so it follows

from the definition of the structure constants Cip s in Equation (21) in terms of broken
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lines, and from the formulas — recursively computing the contribution of a broken
line, that

(30) Cplis? € Zso[A*][Ru0, Ro.t, Ru, vl
for every pi,ps,p € B(Z). By Theorem we have Oﬁf;;;f = Cﬁ?;;’p , and so
(31) Cota? € Zoo[ A*][ Ry, Ros, Riq1,y],

that is, Theorem [1.2] holds.
Finally, we explain how Theorem implies Theorem for Ska(Sp4). A general
element of the bracelets basis By of Sk4(Sp4) is of the form

(32) T, (a1) T, (a2) Ty (as) T, (as) T ()

for some n; € Z,o for 1 < j <4 and some p € B(Z). As the T,,(a;) are in the center of
Sk4(Sp4) and

(33) Tnj (aj)Tn}(aj) = Tnj+n}(aj) + T\nrngvl(aj) )

it is enough to show that the structure constants C'p@l%’p are polynomials in the variables
T,.(a;) with coefficients in Zso[A*]. By Theorem [1.2] we have

Cz?f,’;ép € Zso[A*][R1,0, Roq, Ri1,y] -

Using Equation again, it is enough to show that Ry o, Ro 1, R1 1 and y are polynomials
in the variables 7},(a;) with coefficients in Z,o[A*]. Using that T1(z) = x and T3(x) =
2% - 2, we have from Equations (6)-(7)

(34) Ry o=Ti(a1)Ti(az) + Ti(a3)Ti(as),
(35) Ro1 =Ti(a1)Ti(a3) + Ti(az2)Ti(aq),
(36) Ri1 =Ti(a1)Ti(aq) + T1(az)Ti(as)

(37) y =Ti(a1)Ti(as) Ty (a3)Ti(ag) + To(ar)? + To(az)? + To(az)? + To(as)* + A* +6+ A7,
and so the result holds.

3.2. The quantum scattering diagram D, ;. We take R = Z[A*][z] and p = 1. We
view R as a Z[ A*][tP1,tP2 tP3]-module where tP5 acts as the identity on R for all 1 < j < 3.
This means that we can ignore the discussion of the factors « in the Definition [2.3| of
quantum broken lines.

Definition 3.10. We define

. 2a?
(1-A=222)(1 - A%22)
Lemma 3.11. Ezpanding G(z,z) as a power series in x, we have

G(z,7) € Zoo[A*][2][[2]]-

(38) G(z,x)=1
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Proof. Immediate from Equation defining G(z,x) and from the power series expan-

sion
1

SR S

I-u %

The first few terms of G as a power series in = are
(39) G(z,z)=1+z2?+ (A 2+ Az + ...
Note that writing 2 = A2+ A2+ and =X+ A~!, we have
1+na?+a4 (T At (1 + X a?)
(1-A222)(1-A%222) (1-A222)(1- A%222)
Definition 3.12. For every (m,n) € Bo(Z) with m and n coprime, we define a quan-

tum 10y Top = (Drmns frn) with coefficients in Z[A*][z] by ps,,,. = (m,n), and f,, ., =
G(z,z~(mn)),

Lemma 3.13. For every (m,n) € Bo(Z) with m and n coprime, we have

Frmn € Zso[A*][2]["™]).
Proof. Immediate from Lemma and Definition [3.12] O

(40) G(z,z) =

Definition 3.14. We define a quantum scattering diagram 1, over Z[A*][z] by
91,1 = {Tm,n | (m7n) € BO(Z) ) gcd(m,n) = ]'} :

Physics remark 3.15. In the physics language used in Section[I.3] the quantum scattering
diagram ©;; encodes the BPS spectrum of the A = 2 theory 71, at large values of u
on the Coulomb branch. The theory 777 has a Lagrangian description: it is the N = 2
SU(2) gauge theory coupled with a matter hypermultiplet in the adjoint representation,
also known as the NV = 2* theory. The BPS spectrum at large values of u reduces to
the BPS spectrum on the Coulomb branch of the theory with zero mass for the matter
hypermultiplet, that is of the N’ = 4 SU(2) gauge theory. Our definition of ©;; agrees
with the expected BPS spectrum on the Coulomb branch of the N' = 4 SU(2) gauge
theory: for every (m,n) € Z? with m and n coprime, we have one vector multiplet of charge
(2m, 2n), which corresponds to to the denominator of Equation , two hypermultiplets
of charge (2m,2n), which correspond to the numerator of Equation and no other
states of charge a multiple of (m,n) [SW94h]. Note that the N' = 2 vector multiplet
and the two A = 2 hypermultiplets combine into one A =4 vector multiplet. The states
of charge (2,0) can be seen classically (as W-bosons and elementary quarks), and the
general states of charge (2m,2n) are obtained from them by SLs(Z) S-duality.

Lemma 3.16. D, is obtained from Do 4 by replacing A* by A2, setting R1o = Ry =
Riy=0andy-=z.

Proof. Immediate from comparing the Equations and defining F(r,s,y,z) and
G(z, ). O

Theorem 3.17. The quantum scattering diagram ® is consistent.
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Proof. By Lemma [3.16] ©; is a specialization of ® 4, and so the consistency of D
follows from the consistency of D4 given by Theorem [3.7] d

By Theorem [3.1 /, it makes sense to consider the Z[ A*][z]-algebra Agp, , given by Defi-

nition m, with its basis {9, }pep(z) of quantum theta functions, and structure constants

D1,1,p
CP17P2 .

Theorem 3.18. There is a unique morphism
90: 'A®1,1 — SkA(Sl,l)

of Z| A*][z]-algebras such that
p(Up) = T(7)
for every p e B(Z). Moreover, ¢ is an isomorphism of Z[ A*][z]-algebras.
In particular, structure constants of the skein algebra Ska(S1,1) defined by Equation @D
coincide with the structure constants of the scattering diagram ®;, defined by Equation

: for every p1,p2,p € B(Z), we have

S1,1, D11,
(41) Cpll:;ll?zp = Cpll,l?lzp .
Proof. Theorem follows from the similar result, Theorem [3.8] for So4. Indeed, by
Lemma [3.16} the algebra Ag, , is obtained from Ag,, by setting Ry = Ro; = Ry =0,
y = z, and by matching the quantum theta functions {¥,},ep(z). On the other hand,
Bullock and Przytycki gave in [BP0OQ] explicit presentations by generators and relations

of Ska(Sp4) and Ska(S;1), and observed that Sk4(S;;) is obtained from Sk4(Sp4) by
setting Ry = Ro1 = R11 =0, y = 2, and by matching the multicurves {7, }pcpz)- O

Theorem implies Theorem [I.3] Indeed, by Lemma [3.13] the functions attached
to the quantum rays of ©;; have coefficients in Z,o[A*][z], and so it follows from the

definition of the structure constants Cfl{bg’p in Equation in terms of broken lines, and
from the formulas — recursively computing the contribution of a broken line that

(42) Co” € Zg[A*][2]
for every pi, ps,p € B(Z). By Theorem [3.18] we have Chb = CablP and so
(43) Coind € Zao[ A%][2],

that is, Theorem [I.3] holds.
Finally, we explain how Theorem implies Theorem for Ska(S11). A general
element of the bracelets basis By of Sk4(S;,1) is of the form

(44) Tu(m)T (7p)

for some n € Z., and some p € B(Z). As the T,,(n) are in the center of Sk4(S; 1), it follows
from the identity that it is enough to show that the structure constants Ch;L” are
polynomials in the variables T,(n) with coefficients in Zso[A*]. By Theorem we
have CplP € Zyo[A*][2]. Using Equation (33) again, it is enough to show that z is a
polynomial in the variables T,,(n) with coefficients in Z,o[A*]. As z =Ti(n) + A2+ A2
this indeed holds.
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3.3. Recovering the skein algebra of the closed torus. Asreviewed in Section|[I.1.2]
Frohman and Gelca [FG00] described explicitly the skein algebra Sk4(S; ) of the (closed)
torus Sy 9. We explain below how this result appears as a limit of our description of the
skein algebra Sk4(S;1) of the 1-punctured torus Sy ;.

The closed torus Sy o is obtained from the 1-punctured torus S; ; by closing the punc-
ture, that is by making topologically trivial the peripheral curve 7. Thus, the skein
algebra Sk(S1) is obtained from Sk4(S;;) by setting n = —A? — A=2, that is z = 0.
Theorem gives a description of Sk4(S; ;) in terms of the scattering diagrams 1 .
Setting z = 0 in the Definition of ®can, we obtain a trivial scattering diagrams whose
all quantum rays p = (p,, f,) have f, = 1. In particular, no broken line can bend in such
scattering diagram, and the structure constants become extremely simple.

Let p1,p2 € Bo(Z). Using the PSLy(Z) action on B(Z), we can assume that p; is
horizontal, that is, p; = (a,0). Then, there are only two configurations of broken lines
contributing to the product ¥,,9,,: the one with -, straight going to infinity parallel to
R,op1 and 7, straight going to infinity parallel to R,ops, and the one with ~; straight
going to infinity parallel to —R,op; and 7, straight going to infinity parallel to Ryop;.
Therefore, applying Equation, we obtain

(45) Up Oy, = AHPLRG, ) g AdetPredy,

that is, we recover the product-to-sum formula of Frohman and Gelca [FG00] (see also
[QR15] for a different proof).

Note that in the limit where the scattering diagram on B becomes trivial, and consid-
ering the classical limit A = 1, the mirror cubic surface constructed in [GHKS19] becomes

Dy Dy Oy = 02, + 1932 + 1912)3 -4,

which is isomorphic to (G,,)?/(Z/27Z), where Z acts on the torus (G,,)? by (z,y) —
(z7%,y7') (an isomorphism is given by 9, = x+27% ¥, =y+y~ !, ¥, = zy+2x-ty~1). This
is the classical version of the description given by Frohman and Gelca [FGO00] of Sk4(S1 )
as a Z[2Z-quotient of the quantum torus.

3.4. Application to quantum cluster algebras. In this section, we prove Theorem
[[.4] that is, that the positivity of the structure constants of the bracelets basis of the
skein algebra Sk4(S,,) implies the positivity of the structure constants defined by the
quantum duality map I of [AKT7]. We use the notations introduced in Section .

The quantum duality map [ is defined in [AK17] using the quantum trace map of Bona-
hon and Wong [BW11]. Given an ideal triangulation T" of S, 4, there is a corresponding
quantum trace map, which is an injective algebra morphism

Try:Ska(Sye) — Zr,

where Z is the square root Chekhov-Fock algebra.

The set of tropical points Agy,s, ,(Z") is the set of even integral laminations on S,
[EFGO6). For every [ € ASL%SM(ZI‘),' we can write uniquely [ = 3, k;l; where the [; are
connected multicurves with distinct homotopy classes, k; € Zs; if [; is not peripheral,
and k; € Z if I; is peripheral. By Definition 3.11 of [AKI7], we have I(l) = I1; I(k;l;).
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Therefore, to prove Theorem [1.4] it is enough to prove the positivity of the structure
constants appearing in the products of the form I(kl)I(k'l’) where [ and I’ are connected
multicurves, k € Zsq (resp. k' € Zy1) if [ (resp. I') is not peripheral, k € Z (resp. k' € Z) if |
(resp. I’) is peripheral.

By Lemma 3.25 of [AK17], for [ a peripheral connected multicurve, k € Z, and I’ a
lamination, we have I(kl)I(I") = I(kl +1’). Tt follows that it is enough to prove the
positivity of the structure constants appearing in the products of the form ﬁ(/{:l)ﬂ(k’l’)
where [ and [’ are non-peripheral connected multicurves and k, k' € Zs;.

So, let us consider [ and I’ non-peripheral connected multicurves and k, k' € Z,,. By
Definitions 3.4 and 3.8 of [AKI7],we have I(kl) = Trp(T}(1)) and I(k'l") = Trp(Ti (I)).
Therefore, assuming the positivity of the structure constants of the bracelets basis of
Sk4(Sy,), we have

(46)  ARDT(KT) = Trr (Te(1) Ter (T (1) = Trr (T T (1)) = Gy Trr(T())

where the sum is over finitely many multicurves vy and C}, ,,, € Zyo[ A*]. Write y = 4],
with 71, ---, 7, all distinct isotopy classes of connected multicurves, 71, -+, 75 non-peripheral
and 7s.1,--, Y- peripheral, and n; € Z,,. We have

r

(47) e (T(3)) = [T Ter (T, (3) = H]Inm [T (Ter(3)™

j=1 k=s+1

For s+ 1<k <r, ~ is peripheral, and so by Lemma 3.24 of [AK17|, we have

(48) I(y) + L(=) = Tre () -
Therefore, using again Lemma 3.25 of [AK17], we have

I(kDI(ET) ZC,ZZ WHH(”NJ) H (I(yw) + T (=)™

(19) - Xl [TE) TT (35 )ftc2a-neroo)
- ;ng,k'z' :?:O'”ago (Z:i) ( r) (Znﬂ] kzz;-l Qak—nk)%) )

and so, under our assumption that C,Zl’kl, € Zso[ A*], the structure constants of I belong
to Zso[A*]. On the other hand, by Theorem 1.2 of [AKI7|, these structure constants
belong to Z[A*?] = Z[¢*2]. Thus, the structure constants of I belong to Zso[¢*2] and
this proves Theorem

4. THE CANONICAL QUANTUM SCATTERING DIAGRAM

We fix k an algebraically closed field of characteristic zero, ¥ a smooth projective
cubic surface in P¥, and D the union of three projective lines Dy, Do, D3 in P} contained
in Y and forming a triangle configuration. In Section .1 we review following [Bou20]
the construction of the canonical quantum scattering diagram ®.,, associated to (Y, D).
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After some preliminaries on curve classes in Y presented in Section we give some
explicit description of D,y in Sections [4.3] and [4.4]

4.1. The canonical quantum scattering diagram 9.,,. Following [Bou20, Section
3], we review the definition of the canonical quantum scattering diagram attached to
(Y, D). The canonical quantum scattering diagram is defined in terms of the enumerative
geometry of curves in (Y, D). More precisely, the canonical quantum scattering diagram
encodes the data of logarithmic Gromov-Witten invariants of (Y, D).

The pair (B,X) defined in Section is the tropicalization of (Y, D). It plays for
(Y, D) the role of a fan for a toric surface. In particular, the three two-dimensional cones
0+ of X are in natural correspondence with the three points D; n D;,;, the three one-
dimensional rays p; of X are in natural correspondence with the three divisors D;, and
the point 0 € B is in natural correspondence with the complement U of D in Y. The
integral linear structure on By encodes the self-intersection numbers of the divisors D;:
for every j € {1,2,3}, the fact that DJ2. = —1 translates into the fact that v;_; +v; +v;.1 = 0.
We refer to [GHKS19, §1] and |[GHKIS, §1.2] for further details on the construction of
the tropicalization.

Let NE(Y) be the Mori cone of Y, i.e. the cone generated by effective curve classes
in the group A;(Y) generated by numerical equivalence classes of curves on Y. The
group A;(Y) is a free abelian group of rank 7. The Mori cone NE(Y) is a strictly
convex rational polyhedral cone in A;(Y"), generated by the classes of the 27 lines on
Y. We write Q[[A]][NE(Y)] for the corresponding monoid ring with coefficients in
the power series algebra Q[[A]], and ¢% for the monomial in Q[[A]][NE(Y)] defined by
e NE(Y). We will apply the formalism of Section [2| with R = Q[[A]][NE(Y)], viewed
as a Z[A*][tPr,tP2 tPs]-algebra, where A acts by multiplication by e%, and tPi acts
by multiplication by the corresponding element in Z[NE(Y)]. We will often use the
notation ¢ = e = A%,

Let 8 e NE(Y) and v € By(Z). We can write v = av; + bv,,; with a,b € Z, for some
je{1,2,3}. We are considering genus g one-pointed stable maps f:(C,p) = (Y, D) with
f~Y(D) = {p}, such that g has contact order a with D; at p and contact order b with D,
at p. Logarithmic Gromov-Witten theory [ACT14l [GS13] provides a nice compactification

HE,U(Y/D) of the space of such stable maps. The moduli space Hiv(Y/D) is a proper
Deligne-Mumford stack, coming with a virtual fundamental cycle [H?v(}//D)]Virt of
degree g.

Let m:C — Miv(Y/ D) be the universal source curve, w, the relative dualizing sheaf of
m, and m,w, the rank g Hodge bundle on M, ,(Y/D,3). The top Chern class A, of the
Hodge bundle is a (complex) degree g cohomology class on Mf,v(Y/D). We define log

Gromov-Witten invariants N, of (¥, D) by integration of the cohomology class (=1)9,
on the virtual fundamental cycle:

50 NP, = fi 1)),
(50) g [Mffw(Y/D)]virt( A
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We have in general Nﬁ » € Q. For g = 0, we recover the genus 0 log Gromov-Witten
invariants N considered in [GHKIS, [GHKSTI].

Lemma 4.1. Given v € By(Z), there ezists finitely many 3 € NE(Y) such that N}y, # 0
for some g.

Proof. Write v = av; + bv;yy with a,b € Zyg for some j € {1,2,3}. The moduli space
M?v(Y/D) is possibly non-empty, and so the invariant NJ, possibly non-zero, only if
B-Dj=aand 3-Dj,; =b, and so in particular - D =a+0b. As D is an ample divisor on
Y, the set of such curve classes [ is finite. O

Definition 4.2. For every (m,n) € Bo(Z) with m and n coprime, we define a quantum
10Y Vg = (Do s Jomn) With coefficients in Q[A]I[NE(Y)] by ps,..,. = (m,n), and

1 kh - —k(m,n
6 heen(S 2 San() et

k=1 BeNE(Y') 920

Note that by Lemma we have indeed fo ., € QAI[NE(Y)][[z~(™™]], as required
by Definition

Definition 4.3. We define a quantum scattering diagram D .., over Q[[A]][NE(Y)] by
Qcan = {am,n | (m>n) € BO(Z) ) ng(m7n) = 1} :
We refer to Dcan as the canonical quantum scattering diagram defined by (Y, D).

The following Theorem is the specialization to the case of the cubic surface (Y, D)
of one of the main results of [Bou20] on the consistency of canonical quantum scattering
diagrams attached to log Calabi-Yau surfaces.

Theorem 4.4 ([Bou20|). The quantum scattering diagram ® ., s consistent.

In the following sections, we give an explicit description of the canonical quantum
scattering diagram 2 ,,.

4.2. Curves on the cubic surface. Recall that lines in P} contained in Y are exactly
the (-1)-curves on Y. A smooth projective cubic surface Y c P¥ contains 27 lines, a
classical result going back to Cayley |[Cay49] and Salmon [Sal49] (see e.g. [Har77, V.4]).
Three of these lines are Dy, Do, D3, whose union is the triangle D. It remains 24 lines on
Y not contained in D. By the adjunction formula, each of them intersect D in a single
point. One can easily check that for every j € {1,2,3}, there are 8 lines not containing in
D and intersecting D;, that we write L, for 1 <k <8.

For convenience in describing curves classes of Y, we also fix for every j € {1,2,3} a
pair of disjoint lines {Ej1, Eja} € {Ljm}1<mss. Contracting the 6 (—1)-curves Eiq, Ejo,
Es1, E9, E31, Ess, gives a presentation of Y as a blow-up of P2 in 6 points. We denote
by H € NE(Y') the pullback of the class of a line in P2. Note that for every j € {1,2,3},
we have

(52) Dj = H - Ejl - Ejg
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From the explicit description of the 27 lines on P? blown-up in 6 points as the 6
exceptional divisors, the strict transforms of the 15 lines passing through pairs of blown-
up points, and the 6 strict transforms of the conics passing though 5-tuples of blown-up
points, we obtain the list of the classes of the 8 lines L, intersecting D; and distinct
from Dy and D3. We have 2 exceptional divisors, 4 strict transforms of a line, and 2 strict
transforms of a conic:

(53)
{Lim}1emes = { B, Bro, H = Eoy — B3y, H — Eyy — Esy , H — Eyy — E31 , H — o — E3s,
2H — Ey — Ey — By — E3y — E3y , 2H — Eyg — Ey — Eyy — E31 — Esp )
Similarly, we have
(54)
{Lom}1emes = {Eo1, Eao, H — Eyy — B3y, H — By~ Esy ,H — By~ B3, H — E1p — Esy,
2H ~ Ey — By~ Erg— B3y — B3y, 2H — Eyy — By — Eig — E31 — B3,
and
(55)

{Lam}1<mss = {E31, B30, H = By = By, H = By — Eoy , H = Eyp = By, H - Eg — B,

2H - E31 — Ehy — Erg— Eoy — By , 2H — Esy — By — Eip — Egy — Eny}

For every j € {1,2,3}, writing {1,2,3} = {j, k, £}, there are exactly two conics in Y
tangent to D; and not intersecting Dy U Dy, that we write Cj; for 1 <k < 2. This comes

from the fact that there are two conics passing through 4 points and tangent to a given
line in P2. The class in NE(Y) of the two conics Cj, for 1 <k <2 is

(56) 2H - Ekl — Ekg — Egl — EZQ = Dk + Dg .
4.3. Contribution of the rays 9;: calculations in log Gromov-Witten theory.

For every j € {1,2,3}, we write 0; for 9, ,, where v; = (m,n). In the following Proposition
(.5 we compute explicitly the quantum rays 9; of Dcay.

Proposition 4.5. For every j € {1,2,3}, writing {1,2,3} = {j, k, £} , the quantum ray
0 = (v), fo,) in Dean satisfies
_ [Ty (1 + tEimz70)
" (1 = g~ 1#DPr+De 5205\ (1 — $Dk+De 5=205)2( 1 — gt Dr+De 5205
(1-¢ )( )*(1-¢ )

(57) faj
where g = et

The proof of Proposition [4.5] takes the remainder of Section [£.3] We will show that the
numerator of f,, is the contribution of multicovers of the lines L;,, for 1 <m <8, that the
denominator of f; is the contribution of the multicovers of the conics Cjy, for 1 <k < 2, and
that no other curve classes contribute to f,,. Given the cyclic Z/3Z-symmetry permuting
{1,2,3}, we can assume j=1, k=2 ¢=3.

Lemma 4.6. For every 1 <j <8 and k € Zs1, we have

g (CDEL1
(58) N2t =

g.kv1 k 2sin(%) '
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Proof. For every 1 < j <8, the line L;; is a (-1)-curve, so rigid unique representative of its
curve class. Hence, every stable log map of class kL;; factors through L;;. Therefore, we

can compute Njiz as some integral over a moduli space of stable log maps to Ly; ~ PL.

More precisely, we have
(59) NFE [[M (R f*(Op ® Opi (-1)).

where M, is the moduli space of genus g degree k stable log maps to P! compactifying
the moduli space of stable maps fully ramified over a given point co € P1, m:C - M,
is the universal curve and f:C — P! is the universal stable log map. The insertion
R'7, f*Op1 comes by Serre duality from the insertion (-1)9), in Equation (50]), and
the insertion R'm, f*Op1(-1) comes from the comparison of the obstruction theories for
stable maps to Y with stable maps to L; ~ P!, using that the normal bundle of L; in
Y is Opi(-1). The integral in the right-hand side of Equation was computed by
Bryan and Pandharipande [BP05, Theorem 5.1] in relative Gromov-Witten theory of
(P!, 00), which is known to be equivalent to log Gromov-Witten theory of (P!, c0) by
[AMW12]. O

Lemma 4.7. For every k € Zs,, we have

2 cos (@)
60 Nk(D2+D3) 2g-1 _ 1 -T2 )
( ) QZ(:) g,2kvy kQSln(%)

Proof. The linear system of curves in Y of class
Do+ D3 =2H — F9 — Fay — F31 — E34

is one-dimensional, made of strict transforms of conics in P? passing through four given
points. The only curves of class Dy + D3 tangent with D; are the two conics C;; and

Cy2. Hence, every stable log map in the moduli space M S(QZWDB)(Y/ D) factors through
either Cy; or Ci5. However, the required multicover computation is more complicated
that the one used in Lemma and in fact has done been done previously directly in
Gromov-Witten theory. We will follow a slightly roundabout path and use a general cor-
respondence theorem between log Gromov-Witten invariants of log Calabi-Yau surfaces
and quiver Donaldson-Thomas invariants proved in [Boul§].

As no curve of class Dy + D3 intersect Fq; or Ea1, we can contract the two (—1)-curves
Ey; and Ey; and compute the invariants N kggi:DS) on the resulting surface Y’. Following
Section 8.5 of [Boul§|, we can attach to Y’ a quiver Qy: vertices of Qy+ in one-to-one
correspondence with the exceptional divisors Eay, oo, F31, F3s. As (v9,v3) = 1, we have
an edge from every vertex corresponding to Fsq, E9s to every vertex corresponding to Fsq,
E32.

As in Section 8.5 of [Boul§]|, let M (resp. M;*) be the moduli space of semistable
(resp. stable) representations of @y of dimension vector (k,k,k, k), where we consider
the maximally non-trivial stability condition. Write v: M}* < M;* for the natural inclusion
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S

Var Vi
J2
fs

Va2 I V32

FIGURE 2. The quiver Qy-

/\

FI1GUuRE 3. The Kronecker quiver

and define
) ) ‘ dimM,sS ) .
61 Q%Y (q2) = (—g2 )~ dim M dim B (Mp®, 11, Qugp )’
k F .
=0

where 1, is the intermediate extension functor. Applying Theorem 8.13 of [BoulS], we
obtain

Qyrys L
(62) Z Nk(D2+D3)hzg_1 _ _ 1 Qk,y (q2)

9,2kv1 Do (Lh)
>0 k=0k' g 2sin (?)
where ¢ = e,

We have M;t = M;st = P! and so

(63) QP (q2) =~ 2 -q2 .
On the other hand, M} is empty for £ > 1 and so
(64) " (7) =0

for £ > 1. To check that M is empty for k > 1, one can argue as follows. Given
a representation (Vay, Vao, Va1, Vaa, f1, f2, f3, f1) of Qy+, one constructs a representation
(Vo @ Vi, Va1 @ Vao, f1 @ fu, f2® f3) of the Kronecker quiver. One then uses the fact that,
by the classification of representations of the Kronecker quiver (see for example Section
1.8 of [GRI7]), every representation of dimension (n,n) of the Kronecker quiver contains
a subrepresentation of dimension (1,0).

Lemma follows by combination of Equations ——.
O

Lemma 4.8. Let k € Zs, and € NE(Y) such that there exists g € Zso and a stable log

map (f:C ->Y) e Mﬁ)kvl(Y/D) with C irreducible and f generically injective. Then, we
have either B = Ly; for some 1<j<8 and k=1, or =D+ D3 and k = 2.



STRONG POSITIVITY FOR SKEIN ALGEBRAS 31

Proof. We write f =alL— Zg?zl 2 1 bimEjr with a, b, € Z. As Mg ko, (Y'/D) is not empty,
we have 5D1 = ]{Z, ﬁDQ = O, ﬁDg = 0, that is a— bll 612 = 1{7 a— b21 b22 = O, a—b31—b32 =0.
As C' is irreducible and f is generically injective, the image f(C') is an integral curve of
class §. In particular, the arithmetic genus p,(f(C)) of f(C) is nonnegative, and so, by
the adjunction formula, we have

(65) —2<2,(f(C))=2=5-(B+Ky)=8-(8-Dy) =a® ii

The classes [ satisfying these constraints are classified in the ﬁrst part of the proof of
[GHKS19, Proposition 2.4] by an argument which does not use the assumption g = 0 done
in [GHKST9). O

Lemma 4.9. Let g € Z>0, ke€Zs, and B e NE(Y). Let f:C/W =Y be a stable log map
defining a point ofM (Y/D). Then f(C)nDy=@ and f(C)nD3 =2

Proof. The proof relies on the study of the tropicalization of f:C' — Y. We refer to
[ACGSIT, Section 2.5] for details on tropicalization of stable log maps.
Let

g,kv1

C%Y

lﬂ

w

be a stable log map defining a point of Mg o, (Y/D). Here W is a log point

(Spec k, My, @ k)

defined by some monoid Myy. Taking the tropicalization, we obtain a diagram of cone
complexes

»(C) =Y 2(f)

iE(ﬂ')

S(W)

As cone complexes, we have X(Y) ~ (B,X). On the other hand, ¥(7):X(C) - (W)
is a family of tropical curves parametrized by the cone X(W) = Hom (M, Rso). We pick
a point w in the interior of (W) and we denote by I' the fiber X(7)~!(w). The graph
underlying the tropical curve I' is the dual graph of C: I' has a single unbounded edge,
corresponding to the marked point on C vertices of I" are in one-to-one correspondence
with irreducible components of C', and bounded edges of I" are in one-to-one correspon-
dence with nodes of C. We denote by h:T" - B the restriction of X(f) to I' = ¥(7)~!(w).
The image h(E) of every edge E of I' is a line segment of rational slope in a cone of
Y. In addition, if h(F) is not a point, the line segment h(FE) is decorated by a weight
w(E) € Zso. For example, denoting by F,, the unique unbounded edge of I, h(E,,) is a
half-line of direction v; and weight k.

S(Y)
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For every j € {1,2,3}, the formal completion of D; in Y is isomorphic to the formal
completion of a toric divisor in a toric surface, and the formal completion of (D; N D;,1)
in Y is isomorphic to the formal completion of a 0-dimensional toric stratum in a toric
surface. Furthermore, the integral affine structure on By has been defined based on
these toric descriptions. Therefore, it follows from the general balancing condition for
stable log maps given in [GS13, Proposition 1.5] that the toric balancing condition holds
on By: for every vertex V of T" with h(V') € By, denoting F, the edges of T' adjacent
to V and not contracted to a point by I', and wuy g, the primitive integral direction of
h(Ey) pointing outwards h(V'), we have Y, w(E;)uy,g, =0. We do not have such simple
balancing condition at 0 € B: the integral affine structure is singular at 0 due to the fact
that the surface Y is not toric.

If f(C)n Dy # @, then either C' has a component dominating Dy and then I" has a
vertex V' with (V') € Int(ps), or C' has a component non-dominating but intersecting
Dy and then it follows from the general balancing condition of [GS13| Proposition 1.5]
that I has an edge E intersecting Int(c93 U ps Uy ). Similarly, if f(C) n D3 # @, then
either C' has a component dominating D3 and then I' has a vertex V' with h(V") € Int(p3),
or C' has a component non-dominating but intersecting D3 and then I' has an edge F
intersecting Int(o3; U p3 U 093). Therefore, in order to prove Lemma it is enough to
show that hA(V) belongs to the ray p; for every V vertex of I'. It will automatically imply
that h(E) c p; for every edge E of T

h(V) h(V)

F1GURE 4. Illustration of the proof of Lemma 4.9

We recall that we use the upper half-plane description of B given by Figure [ In
particular, we will refer to this description when using notions of horizontal, vertical, left
and right. We argue by contradiction by assuming that there exists a vertex V' of I with
h(V') ¢ p1. In particular, we have h(V') € By and so the toric balancing condition holds
at h(V).

We claim that there exists a vertex V of I such that h(V) € By and a edge E adjacent
to V such that uy j; has positive vertical component. Indeed, if it were not the case,
then A(I") would be entirely contained in an horizontal line in By. As I' has a unique
unbounded edge, the toric balancing condition cannot hold at both the most left and
most right vertices of h(I") and we obtain a contradiction.
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The unique unbounded edge of T' being horizontal, the edge E is bounded. Let V' be
the other vertex of E. As uy z has positive vertical component, the vertical coordinate

of h(V') is strictly bigger than the one of h(V). In particular, we have h(V’) € By, the
toric balancing condition holds at A(V'), and so there exists an edge E’ adjacent to V'
such that uy, 5 has positive vertical component. Therefore, we can iterate the argument

by replacing (V, E) by (V’, E"). Successive iterations produce infinitely many vertices of
I', in contradiction with the finiteness of the set of vertices of I. Il

Lemma 4.10. Let g € Zsg, k € Zs1, and € NE(Y). Let f:C/W =Y be a stable log

map defining a point of M?kvl(Y/D), and let p € C be the corresponding marked point.
Then, f(C) intersects Dy in a single point, i.e. f(C)n Dy ={f(p)}, and the set f~1(p)

of points of C mapping to f(p) is connected.

Proof. As in the proof of Lemma , we attach to f:C/W - Y a tropical curve h:T" - B.
By Lemma [4.9] we have h(T') c p;. Let C be the irreducible component of C' containing
the marked point p and let V,, be the corresponding vertex of I'. The unique unbounded
edge F. of I', corresponding to the marked point, is attached to V.. Let Cy be an
irreducible component of C' with f(Cy) n Dy # @, and let Vj be the corresponding vertex
of I'. We have to show that f(Cp) nD; = f(p). By Lemma 1.9 no component of C
dominates D;. In particular, either f(Cjy) is generically contained in Y\Dy, or f(Cp) is
a point on D;.

Let us first assume that f(Cp) is generically contained in Y\Dy, that is h(V4) = {0}.
Let x € f~1(Dy) n Cy. By the balancing condition of [GS13| Proposition 1.5], = defines
an edge E of I' with h(Int(E)) c Int(py). If E = E, then z = p. If E # E, then E is
bounded. In this case, let V] be the other vertex of E. We have h(V}) € Int(p1). As Fy is
the unique unbounded edge of T', it follows from the toric balancing condition that there
exists a path v in I, connecting V4 to V., and such that h(y) c Int(p;). Let C, c C be
the union of irreducible components of C' corresponding to the vertices of I' contained in
7. As no component of C' dominates D, the connected curve C. is entirely contracted
to a point by f. Therefore, we have f(z) = f(C,) = f(p).

If f(Cy) is a point on Dy, we make a similar argument. We have h(Vj) € Int(p;). As
E is the unique unbounded edge of I'; it follows from the toric balancing condition that
there exists a path v in I', connecting Vj to Vi, and such that h(y) c Int(p;). Let C, c C
be the union of irreducible components of C' corresponding to the vertices of I' contained
in 7. As no component of C' dominates Dy, the connected curve C is entirely contracted
to a point by f. Therefore, we have f(Cy) = f(C,) = f(p).

The two previous paragraphs also show that every point x € C' such that f(z) € D; is
connected to C. by a chain of irreducible components of C' all contracted to a point in
D;. In particular, the set f~1(D;) of points of C' mapped to D; is connected.

0
Lemma 4.11. Let g € Zso, k € Zsy and f € NE(Y') be such that, for every stable log map
(f:C > V) e My,
we have N;kvl =0.

(Y/D), the dual intersection graph of C has positive genus. Then,
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Proof. Recall that, by definition, we have

N [ (1),

M_q,kvl (Y/D)]virt

The class A\, vanishes for families of stable curves with dual graph of positive genus. This
classical fact is for example reviewed in [Boul9, Section 3]. U

Lemma 4.12. Let g € Zso, k € Zy1 and € NE(Y). Let (f:C = Y) be a stable log
map defining a point of Ms’kvl(Y/D) and such that the dual intersection graph of C has

genus 0. Then, for every irreducible component Cy of C' on which f is not constant,
f1(D1) nCy consists of a single point.
Proof. By Lemma [4.9, we have f(Cy)n Dy = f(Cy)nDs=@. As f is non-constant on Cj
and —Ky = Dy U Dy U D3 is ample, we deduce that f~1(D;) n Cj is non-empty.

On the other hand, by Lemma |4.10] the set f~!(p) of points of C' mapping to f(p) is

connected. As the dual graph of C' is of genus 0, we obtain that Cy intersects f~1(p) in
at most one point. O

Lemma 4.13. Let k€ Zsy and 5 € NE(Y') such that there exists g € Zso with Nﬁkvl 0.
Then, we have either 8 = kLy; for some 1< j <8, ork is even and 3 = %(Dg + Dy3).

Proof. As Nﬁkvl # 0, there exists by Lemmal4.11|a stable log map (f:C' - Y') € M?}kvl (Y/D)
such that the dual intersection graph of C' has genus 0. We denote by p € C' the marked
point.

Let C1,...,C, the irreducible components of f(C') equipped with the reduced scheme
structure. For every 1</ <n, C; is an integral curve in Y. Denoting 5 = [Cy], we have
B =371 me[Cr], where my € Zs; is the multiplicity of Cy in the cycle [ f(C)]. By Lemma
4.9 we have f(Cy)n Dy = f(Cy)n D3 = @. By Lemma [1.12] we have Cy n Dy = f(p)
and C is unibranch at the point f(p). Therefore the normalization Cy of Cy defines a
stable log map (fgiég ->Y)e Mge,km(Y/D), where ¢, is genus of Cy and k, = ;- Dy.
As Cy is irreducible and f; is generically injective, we can apply Lemma and so CY
is either of the 8 lines L;,, or one of the two conics Cy;. It is shown in the proof of
[GHKS19, Proposition 2.4] that for general Y, the 10 curves of Ly, for 1 <m <8 and Cyy
for 1 < k < 2 intersect D; in different points. By deformation invariance of log Gromov-
Witten invariants, we can assume that Y is general. Therefore, we have in fact n =1
and f:C - Y is a multiple cover of one of the 10 curves Ly, for 1 < m < 8 and Cy; for
1<k<2. 0

We can now end the proof of Proposition 4.5 From Equation and Lemma [4.13]

we have

- KR\ e
for = [Texp (Z > 2sin (7) N;i;al h2g—1tkL1jz_kvl)
j=1

k>1g>0

X exp (Z Z 2sin (k,h) Nk(DZJrDS)h?Q—ltk(D2+D3)Z—2kU1) )

g,2kv1
k>1 g>0
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By Lemma we have
kh ,
exp (Z > 2sin (7) N;iz h29- 1kl z"““”) = exp (
k>1g>0

thus producing the numerator of Equation . On the other hand, by Lemma and
setting ¢ = e, we have

exp (Z > 2sin (kh) Nk(D2+D3)h2g—1tk(D2+D3)Z—2kv1)

972kvl
k>1 g>0

_1)k-1
Z ( ]-k) tkLljZ—k’Ul) — 1 + tLlj Z—U1 ,

k k
- exp ( (¢" - q’“k)(qﬁ +k q_Q)tk(D2+D3)Z2kv1) - exp (Z " +2+q" tk(D2+D3)22kv1)
k>1 k(q§ —q‘ﬁ) k>1 k
1
- (1 — g 1¢D2+Ds 201 )(1 — {D2+Ds z-201)2(] — q¢Da+Daz-2v1) |
thus producing the denominator of Equation . This concludes the proof of Proposition
4.5l

4.4. Contribution of general rays: PSLy(Z) symmetry. Following Gross, Hacking,
Keel and Siebert [GHKS19] treating the classical case, we describe the general quantum
rays 0., of the canonical quantum scattering diagram ®,, in terms of the quantum rays
0; computed in Proposition 4.5{ and of a PSLy(Z) symmetry.

Lemma 4.14. Let g € Zsg, v € Bo(Z) and 5 € NE(Y). Let f:C/W =Y be a stable log
map defining a point in MS}U(Y/D), and let p € C be the corresponding marked point.
Then, f(C) intersects D in a single point, i.e. f(C)nD ={f(p)}.

Proof. We proved this result in Lemmas and by a tropical argument when v
is a multiple of v;. Exactly the same tropical argument can be applied in general: up
to rotating the chart that we are using to describe B, we can assume that R,gv is the
horizontal direction. U

First, the linear action of SLy(Z) on Z? induces an action of PSLy(Z) on B(Z) =
Z*/{-id). Then, we define an action of PSLs(Z) on the set

(66) I'={8eNE(Y)|N{,#0 for some g € Zso and v € By(Z)}

Note that Al(Y) ~ 77 has for basis H, Ella E127 E217 EQQ, E317 Egg, and that PSLQ(Z)
is generated by

0 -1 11
(67) S:(l 1) and T:(O 1).
We define an action S* of S on A;(Y") is defined by
(68) S*(H) = H and S*(Ejk) = Ej+1,k7

Lemma 4.15. The transformation S* of A1(Y") preserves I'. Moreover, for every g € Zso,
veB(Z) and B €T, we have

5B _
(69) Ngmﬁ = Nﬁv.
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Proof. The transformation S* is induced by the obvious Z/3Z-cyclic symmetry of (Y, D)
permuting the components Dy, Dy, D3 of D, and so the result is clear. U

Let T be the transformation of A;(Y") defined by
(70)  T*(H)=2H - E31— Esy, T*(Eyj) = By, T*(Eyj) =H - Es;, T*(Es;) = Ey; .
Note that 7™ does not define an action of 7" on A;(Y) because T* is not bijective.

Nevertheless, we have the following result.

Lemma 4.16. The transformation T* of A1(Y") preserves I' and the restriction of T* to
[ is bijective. Moreover, for every g € Zsy, v € B(Z) and 5 €', we have

T*B _
(71) NS,P=NJ,.

Proof. Tt is shown in [GHKS19] that the transformation T* of A;(Y") is induced by a log
birational modification of the pair (Y, D): given (Y, D), one can blow-up the point D;nDs
and contract D3 to obtain a new pair (Y’, D’). By Lemma , a class 3 € I' is represented
by a curve in Y whose all components are generically contained in the complement of D
in Y. The result then follows from the invariance of log Gromov-Witten invariants under
log birational modification proved by Abramovich and Wise [AW1§]. u

By Lemmas and [4.16], we have an action of S and T" on the set I', which generates
an action of PSLy(Z) on I'. Given a power series f with coefficients polynomial in ¢? for
Bel, and M € PSLy(Z), we define M*(f) by M*(t%) =t () for B €T, and extending
by linearity. For a quantum ray 9 = (ps, f5) and M € SLy(Z), we define

M(0) = (M(po), M*(f2)) ,
where M (p,) is the image of p, by the action of M on B(Z).
Proposition 4.17. For every (m,n) € B(Z) with m and n coprime, and M € SLy(Z), we
have the following relation between the quantum rays 0,,, and dar(mn)) of the canonical
quantum scattering diagram 2 ca,:
Ons((mmy) = M (Qm,n) -

Proof. 1t is shown in [GHKS19] that the action of PSLy(Z) on B(Z) is compatible with
the action of PSLy(Z) on curve classes. Thus, the result follows from Lemma and
4. 16l U

As PSLy(Z) acts transitively on the set of (m,n) € B(Z) with m and n coprime, one
can use Proposition to compute all the rays 9,,, in terms of the ray 0, = 9, given
by Proposition [4.5]

Corollary 4.18. For every (m,n) € B(Z) with m and n coprime, we have
foun € LI INE(Y)] [T,

where g = e,

Proof. Tt is a corollary of Proposition and of the fact that fo, € Z[¢*][NE(Y)][[z~("™]]
by Equation (57)). O
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By Corollary [4.18] we can view D.,, as a quantum scattering diagram over the ring
Z[q*][NE(Y)] rather than over the ring Q[[A]][NE(Y)].

Corollary 4.19. The ray 01, of the canonical quantum scattering diagram ®gan s given
by po,, = (1,1) = vy +v9 and
(72)
B an:l (1 + tD3+L3m val 7v2)
fal,l - (1 _ q—ltD1+D2+2D3 Z—2U1—2’U2 ) (1 _ tD1+D2+2D3 Z—2U1—2U2 )2(1 _ th1+D2+2D3 2—2’01—21]2) ’

where g = el

Proof. We have (1,1) =7(0,1), 50011 =T(00,1) = T'(92). Therefore, it is enough to check
that T*(Lay,) = D3 + Lg,, for 1 <m <8, which is clear from the birational description of
T*, and T*(D; + D3) = Dy + Do + 2D3, which can be checked using Equation ((70)):

T*(Dl + D3) = T*(2H — EH - E12 - E31 - E32)
:4H—2E31—2E32—E11—E12—E21—E22:D1+D2+2D3.

5. DERIVATION OF THE EQUATIONS OF THE QUANTUM MIRROR

In Section [ we defined the canonical quantum scattering diagram D.,,, that we
can view as a quantum scattering diagram over Z[¢*|[NE(Y)] by Corollary By
Theorem [4.4, D,y is consistent, and so by Section 2.2 we have a Z[¢*][NE(Y)]-algebra
Ap..., coming with a Z[¢*][NE(Y")]-linear basis of quantum theta functions {0, }pep(z),
whose structure constants Cha2” can be computed in terms of quantum broken lines by
Equation . In this section, we give an explicit presentation of Ag_, by generators
and relations. The non-commutative algebra Ag_,, is a deformation quantization of the
mirror family of (Y, D) considered in [GHKSI9] and our presentation of Ag_, will be a
non-commutative deformation of the presentation of the mirror family given in [GHKS19].

5.1. Statement of the presentation of Ap_, by generators and relations.

Theorem 5.1. The Z[¢*][NE(Y)]-algebra As.,, admits the following presentation by
generators and relation: Ag_,, is generated by ¥y, , Vy,, Uy, with the relations

8

(73) G 200,00, = 200,00, = (¢ = )ty = (¢2 —q2) [ D P |
j=1
1 1 1 1 8

(74) G 200,00y — 20y, = (¢ = P10, = (¢2 —q2) [ D tP i |
j=1
1 1 1 1 8

(75) G 2000, — q2 0000, = (7" = @)1V, — (q2 = q72) [ D P21 ]
j=1
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(76)
8 8
G200, 00y00, = 0+ qt D0, 4 TP g (Z tD“L”) Vo + 42 (Z tDQ*LQf) Jon
j=1 J=1
8
% (Z D3+L3]) Z tD1+L1j+L1j’ _ (q% _ q—%)2tD1+D2+D3 .
-1 1<j<j'<8

In the classical limit ¢2 — 1, Theorem reduces to the main result of [GHKSI9)
(Theorem 0.1) describing the result of the mirror construction of [GHKI15] applied to
(Y, D) as the family of cubic surfaces given in terms of the classical theta functions
{99} pe(z) by the equation

8 8
S T S U T A UL LY O i I
j=1

v1 U2 Y U3 .
J=1

8
+ Z tD3+L3j) ,19()1 + Z tD1+L1j+Llj/ .
(‘: s
The proof of Theorem [5.1] takes the remainder of Section [5} In Sections [5.2] and [5.3]
we check that the relations in Theorem [5.1] are indeed satisfied in Ap_,. We use the
description of the product of quantum theta functions in terms of broken lines given by
Equations and . Recalling that ¢ = A%, we have

(78) By = Y Op?dy,
peB(Z)
(79) Chrn = 3 c(m)e(y2)gzt"0m=02))
(v172)

where the sum is over pairs (71,72) of quantum broken lines for ®,, with charges p;,ps
and common endpoint @ close to p, such that writing c(;)2°0") and ¢(7;)25(2) the final
monomials, we have s(v1) + s(72) = p.

Gross, Hacking, Keel and Siebert [GHKSI9] have done these computations in the
classical limit, enumerating the possible configurations of broken lines and using the
function F reviewed in Section [2.2]to bound the possibilities. The arguments of [GHKS19]
leading to the enumeration of possible configurations of broken lines still hold in the
quantum case. Therefore, we will simply explain how to modify in the quantum case the

computations of [GHKS19]. Finally, we end the proof of Theorem in Section

5.2. Products and commutators of quantum theta functions.
Lemma 5.2. For every j, k,¢ such that {j, k,¢} ={1,2,3}, we have
(80) ﬁzj = Ugy, + 2tPitDe
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Y2

FIGURE 5. Coefficient of ¥, in 92

2 z il

FIGURE 6. Contribution to the coefficient of ¥ = 1 in 92,

71 z Y2

FIGURE 7. Contribution to the coefficient of ¥y = 1 in 92,

Proof. By the cyclic Z/3Z-symmetry permuting {1,2,3}, it is enough to treat the case
j =1. According to the proof of [GHKS19, Lemma 3.6|, the only configurations of broken
lines contributing to the product 92 are given by Figure , Figure |§|, and Figure (7] (see
[GHKS19, Figure 3.2]).

Figure |5| gives a term ¥, in 92 : we have

C(’Vl) =1, C(’V?) =1, 8(71) = (170)7 8(’72) = (170)7 (8(71)78(72» = ((170)7 (170)) =0,

and SO q%(s(ﬁﬂ)’s(ﬂf?)) = ]_
Figure[f] gives a term ¢P2+Ds in 92 : we have ¢(71) = 1, ¢(72) = tP2*Ps because v, crosses
R.gv3 and R,gvs without bending,

8(71) = (170)7 5(72) = (_170)7 (5(71)78(72)) = <(170)7 (_170)> = 07
and so ¢2{s0:=2)) = 1. Similarly, Figure [7] gives a term tP2*Ps in V2. O
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Y2

FIGURE 8. Coefficient of ¥, 1)y, in 0y Uy

Y2 z il

FIGURE 9. Coefficient of ¥(,,_1),, in 9y, Uy,

The following Lemma |5.3|is not part of the proof of Theorem [5.1} It will be used in the
proof of Theorem [6.14] showing that the bracelets basis and the quantum theta functions
basis agree.

Lemma 5.3. For every j,k, 0 such that {j,k,¢} = {1,2,3}, and for every integer n > 1,
we have

(8]—) 191)]-19711)]- = 79(71+1)vj + tDk+DM9(n—l)vj .

Proof. By the cyclic Z/37Z-symmetry permuting {1,2,3}, it is enough to treat the case
j =1. We claim that the only configurations of broken lines contributing to the product
Uy, Uny; are given by Figure 8/ and Figure . As this case is not treated in |[GHKSI9],
we give an argument. The contributing broken lines 7, and 7, are horizontal for ¢ << 0.
Assume that one of them bends somewhere and look at the first bending. The bending
occurs along a quantum ray contained in the strict upper half-plane, so the direction
of the broken after bending has a positive vertical component. Iterating this argument,
we see that the broken line always remains in the strict upper half-plane and its final
direction has a positive vertical direction. Therefore, if either v, or 5 bends somewhere,
then s(71) + s(72) has a negative vertical component, and so s(7y1) + s(72) cannot be
equal to an element p € B(Z) and so cannot contribute a term in the product Vo, Vo -
Therefore, 7, and v, never bend and so Figure |8/ and Figure |5.3| are the only possibilities.
Figure [§ gives a term 9,9, in 9y, Upe,: we have

c(n) =1, c(r2) =1, s(n) = (1,0) s(72) = (n,0), (s(n),5(72)) = ((1,0),(n,0)) =0

and SO q%(s(Wl)’s(“fQ» = 1
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Figure [§] gives a term tP2+D39,,_yy, in ¥y, 0,0 we have c(y1) = 1, ¢(yp) = tP2+Ds
because 7, crosses p3 and py without bending,

5(71) = (1’0)’ 5(72) = (—TL,O), <8(71)73(72)> = ((170)7 (_n70)> =0
and so ¢z(s01):s02) = 1, 0

Y2

F1cURE 10. Coefficient of ¥, 44, in ¥y, 9,

2

M 'z

FIGURE 11. Coefficient of 9,, in 9,,7,,

2

FicURE 12. Coefficient of ¥y =1 in 9,7,

Lemma 5.4. We have

8
(82) Dy Dy = qéﬁvﬁw + q—gthrlgUg + S iDsrlas
j=1
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and

8
(83) Doy By = G20y 0y + 230, + S 405705

j=1
Proof. According to the proof of [GHKS19, Lemma 3.6], the only configurations of broken
lines contributing to the product 9,9, are given by Figure [I0} Figure [IT} and Figure
(see [GHKSI9, Figures 3.3-3.4]).

Figure |10| gives a term qéﬁvﬁvz in 9,,9,,: we have

c(n)=1, clr2) =1, s(n) = (1,0), s(72) = (0,1), {s(71),5(12)) = {(1,0),(0,1)) =1,
and so q%<5(71)78(“/2)) _ qE.

Figure|l1| gives a term q‘%tD3193 in ¥,,9,,: we have c¢(v;) = tP3 because 7; crosses Rygvs
without bending, ¢(v2) =1,

( ) = (_1 0) ) 8(72) = (07 1)7 (8(71)78(72» = <(_170)7 (07 1)) =
and so q2<8(71) s(2)) = q—%
Figure [12 gives a term Y5 tP3*1s5 in 0,0, we have ¢(y1) = 1, c(72) = ¥iy tPs+ L
because o crosses Ryq(vy + vg) with bending and contribution of the term proportional
to z~1=*2 in Equation (72)),

8(71) = (170)7 8(72) = (_170)7 (3(71)75(72» = ((170)7 (_170)> =0

and so q2%50m)s(12)) = 1. We similarly compute 3,,9,,: as (-, —) is skew-symmetric, only

the powers of ¢ change of sign. O
Lemma 5.5. We have
8
(84) q_%ﬁvlﬁl& - q%ﬁvzﬁvl = (q_l - q)tD319U3 - (QE - q_E) ZtD3+L3j )
j=1
-1 1 -1 D 1 -1 2 Di+L;
(85) 200y Voy = @200y = (a7 = 700, = (a2 —q72) [ Pt ]
1 1 1 1 8
(86) 0200500, = 200,00y = (¢ = D20, = (g7 = q72) [ Y 172472
j=1

Proof. By the cyclic Z/3-symmetry permuting {1,2, 3}, it is enough to compute
q_%ﬁvlﬁvz - q%ﬁvgﬁm .
The result follows immediately from Lemma [5.4] O

Lemma 5.6. We have
8 8
(87) 7_9,[]1_'_1)2’(91)3 = q*ltDl,lgzvl + thQﬁZUQ + q7% (ZtDl+L1j) 191}1 + q% (Z D2+L2])
j=1 =1

1 1
+ Z tD1+L1j+L1jI + (q§ + q—§)2tD1+D2+D3 .
1<j<j'<8
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4!
z
2

FIGURE 13. Coefficient of ¥y, in Uy, 44,7V

72\/
z

FIGURE 14. Coefficient of 03, in ¥y, 4,0,

e

2
FIGURE 15. Coefficient of 9,, in 9,14,y

e

FIGURE 16. Coefficient of 9, in Uy, 44,V

U3

Proof. According to the proof of [GHKS19, Lemma 3.6], the only configurations of broken
lines contributing to the product ¥y, .,,%,, are given by Figure [13] Figure [I14] Figure [15]

Figure [16] and Figure [17) (see [GHKSI9, Figures 3.5-3.6]).
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§a!

e
F1GURE 17. Coeflicient of ¥y =1 in ¥y, 44,V

3

Figure [13| gives a term ¢ 'tP1dy,, in 9y, 40,0, we have c(y1) = 1, ¢(72) = tP1 because
o crosses Rygv; without bending,
S(’Yl) = (17 1) 75(72) = (_17 1) ) (8(71)73(72)> = <(17 1)7 (17 _1)> = _27
and SO q%<5(71)15(72)> = q*l‘

Figure gives a term qtP2vy,, in ¥y, 44,0y we have (1) = 1, ¢(72) = tP2 as ¥, crosses
R,gvy without bending,

S('}/l) = (17 1) ) 3(72) = (_17 1) ) (S(’Yl), S(’yz)) = ((1’ 1)’ (_1’ 1)) _ 2’
and so q%<s(71),s(vz)) = q. 1
Figure [15 gives a term ¢ 2 (T3 tP1*115) 0, in Yy, Uy, we have ¢(11) = 1, ¢(12) =

Zle tP1+Ll because ¥, crosses Rygv; with bending and contribution of the term propor-
tional to 271 in Equation (57)),

5(71) = (17 1)7 5(72) = (07 1)7 <5(71)7 5('72)> = ((17 1)7 (07 _1)> =-1,
and so q%(8(71)78(“/2)) — q—%.

Figure [16] gives a term ¢2 (25 P2+ 123 ) 0,y in Uy 10,00yt We have c(v1) = 1, ¢(y2) =
Z?zl tP2+L2; because 7y crosses Rygvy with bending and contribution of the term propor-
tional to z7*2 in Equation ,

5(71) = (L 1)? 5(72) = (_170)7 (3(71)a5(72)) = ((17 1)7 (_170)) =1,
and so q%<3(71),5(“/2)) = q%'
Figure [17] gives terms

tD1+L1j %)QtD1+D2+D3

B (g
1<j<5'<8
in ¥y, 14,0,. Indeed, we have
() =1, c(n) = 3 bt (qr 4 qna) Pl
1<5<j'<8
because v, crosses Ryqv; with bending and contribution of the term proportional to z=21
in Equation ,
s() = (1,1), () = (=1,-1), (s(11),5(12)) = {(1,1), (<1, -1)) = 0,

and so q%<s(%),8(“/2)) -1 .



STRONG POSITIVITY FOR SKEIN ALGEBRAS 45

5.3. Triple product of quantum theta functions.

Lemma 5.7. We have
(88)

8 8
G300, Dy, = ¢ W02, + D202, + PR 4 (Z tD“L”) o, + 2 (Z tDM”) v
Jj=1 j=

1 1 1
-3 (Z ZD3+L3])19 + Z tD1+L1j+L1j/ _ (q§ _ q_a)QtD1+D2+D3 .

j=1 1<7<5'<8

Proof. By Lemma we have

8 8
197)1 1911219’03 - (q%ﬁvlﬂ’? + q_%tDsﬁv’a + Z tD3+L3j) 19”3 - q%ﬁvﬁvzﬁw +q_%tD3 191213+(Z tD3+L3j) 19”3 ’

J=1 J=1

and so
8
_1 _ 1 .
G 20,00, 00s = Dy 10y 0us + ¢ ltD31933 +q 2 (ZtD3+L3J)19v3 .
=1

Using Lemma [5.6|, we obtain

8 8
L P e O (Z zD“LM') Doy + 47 (Z tDQ*L%) 9
j=1

j=1

1
+ -5 (ZtD3+L3])19 + Z tD1+L13+L1] + (q2 +q 2)2tD1+D2+D3
=1 1<j<j’<8

By Lemma we have
q_ltDI’ﬁqul — q_ltDl’lqu)I _ 2q_ltDl+D2+D3

and
P 0y, = qtP292, - 2gtP1+D2+Ds
Using that
(g7 +q72)* -2¢0-207" =—(q7 - q2)?,
we finally obtain Lemma [5.7]
U

5.4. End of the proof of the presentation of Ay, . In this section, we end the proof
of Theorem [B.11

Recall that we defined in Section [2.2] the monomials m[p] € Ag,,, as follows: if p =
av; + bujey with a > 0 and b > 0, then m[p] =9 9} . We proved in Lemma m that
{m[p]}penz) is a Z[¢*][NE(Y')]-linear basis of Ag_,, .

Let B be the Z[¢*][NE(Y)]-algebra with generators 9, 92, 93 and relations

(89) q_%ﬁlﬁz - q%ﬁgﬁl = (q )tD3193 _ q2 _ 2) (ZtD3+L3J) 7
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8

(90) q‘%192193 - q%193192 - (q‘l _ q)tDlﬁl q2 _ (ZtD1+LU)
7=1
8

(91) q_éﬁgﬁl — q%191193 = (q—l _ q)tDQﬁQ _ (q% _ (ZtD2+L23)
7=1

8 8

J=1 J=1

% (ZtD3+L3J)rL9 + Z tD1+L1]+L1] _ (q2 _ %)2tD1+D2+D3 )

j=1 1<5<5'<8

For every p € B(Z), we define n[p] € B as the following monomials in ¢;, ¥, ¥3: if

p = av; +bvj;y with a >0 and b> 0, then n[p] = 930, ,.

Lemma 5.8. The monomials n[p] for pe B(Z) form a Z[q*][NE(Y)]-linear generating
set of B.

Proof. By definition, ¥, ¥s and ¥ generate B as a Z[¢*|[NE(Y)]-algebra. From the
commutation relations --, we deduce that the monomials 9$9595 for a,b, ¢ > 0
are linear generators of B. We can use to eliminate from 949595 the theta function
with the smallest power. It follows that the monomials n[p] are Z[¢* ][N E(Y')]-linear
generators of A4, O

By Lemma and Lemma [5.7] there exists a unique algebra morphism
(93) Q- B - ‘Agcan Y

such that a(v;) = ¥, for every j € {1,2,3}. In order to prove Theorem , it remains to
show that « is an isomorphism.

By Lemma [2.14] the quantum theta functions 9,,, ¥,, and ¥,, generate Ap_, as
Z|¢*][NE(Y)]-algebra, and so « is surjective. It remains to show that « is injec-
tive. Let b € B with a(b) = 0. By Lemma [5.8] we can write b as a Z[¢*][NE(Y)]-
linear combination b = Y., b,n[p]. As a(n[p]) = m[p], we have a(b) = ¥, bym[p]. By
Lemma [2.14) {m[p }pEB(Z) is a Z[¢*][NE(Y)]-linear basis of Ap_,,, and so we deduce
from ), b,m[p] = 0 that b, = 0 for all p. This concludes the proof of Theorem [5.1] .

6. COMPARISON OF Ag .. AND Sk4(Sp4)

In this section, we end the proof of Theorems 3.7 and [3.8] In Section [6.1) we collect
a number of change of variables and algebraic identities, which are then used in Section
to compare the quantum scattering diagrams ®¢,, and D4, and to end the proof
of Theorem . In Section e compare the algebras Ap,, and Ska(Sp4), and we
conclude the proof of Theorem [3.8|
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6.1. Change of variables and identities. Let L be the quotient of A;(Y") by the
subgroup generated by Dy, Dy, D3, and let v: NE(Y') — L be the quotient map.
Following [GHKS19], write

Fy=H-FE - FEy - E3p,
Fy=H - Ey1 — Ey — E3,
F3:=H - E13 - F3 — E3,
Fy=H - Ey3 - Fy — E3;.

(94)

If we take for Y the (non-general) cubic surface obtained by blowing up the 6 intersection
points of a general configurations of four lines Ly, Ly, L3, Ly in P2, then Fj is the class
of the (-2)-curve given by the strict transform of L;. Note that the (-2)-curves Fi, Fb,
F3 and Fj are all disjoint. For 1 < j <4, write

(95) G;=v(F;)elL.

Lemma 6.1. The image in L by v of the classes of the lines Lj;, are given as follows:

(96) {v(L1im)}1<mss = {%(ElGl +€G) | €1, €6 € {il}} u {%(EgGg +e,Gy) €3, €4 € {il}},
(97) {v(Lam) }1<mss = {%(€1G1 +e3G3) | €1, €3 € {il}} U {%(EQGQ +€,Gy)|€,€q € {il}},

(98) {v(Lsm)}1<mes = {%(elGl +e4Gy) | €1, €0 € {il}} U {%(GQGQ +e3G3) | €2, €3 € {il}}.

PTOOf. Recalling that D1 =H- E11 - Elg, D2 =H- E21 - E22 and D3 =2H - E31 - E32, we
check that

W(En) = —%(G1 +Gy), v(Ep) = —%(G3 +Gy).
(99) V(Ey) = -%(G1 +Gy) ) (B = -%(G2 +Gy).
V(Egl) = —%(Gl + G4) R V(Egg) = _%(GQ + Gg) .

Similarly, as H = Dy + Dy + D3 — %(Fl + Fy+ F5+ Fy), we have

(100) I/(H)Z—%(G1+G2+G3+G4).

It remains to apply v to all the classes L;,, expressed in terms of the classes H and Ejy

by Equations ——. U
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Define
1
e = §(G1 + GQ) s

1
€9 = §(G1 + Gg) s
(101) -
e3 = §(G1 + G4) s

€4 = %(G1+G2+G3+G4).

Lemma 6.2. The four elements ey, e, €3 and ey form a Z-linear basis of L.

Proof. One checks that the subgroup generated by D;, Dy and D3 in the free abelian
group A1(Y') of rank 7 is saturated of rank 3, and so the quotient L is free of rank 4.
Note that by Equation , we have e; = v(=F11), ea = v(-FEa1), e3 = v(-E31), and by
Equation , eq = v(—H), so we have indeed ey, es,e3,e4 € L. On the other hand, H
and Ez’j generate Al(Y), and as EQl = H—EH —Dl, E22 = H—Egl—DQ, E32 = H—Egl—Dg,
we deduce that ey, eg, e3,e4 generate L. As L is free of rank 4, we obtain that eq, es, e3, ey
indeed form a basis of L. Il

Physics remark 6.3. Let (—,—) be the unique symmetric bilinear form on L such that
(G;,G;)=2for 1 <j<4, and (G;,Gy) =0 for every j # k. Then (L, (-, -)) is isomorphic
to the D, weight lattice in such a way that {v(Lim)}1<m<s (resp. {v(Lom)}1<m<s and
{v(L3m) 1<m<s) is the set of weights of the irreducible fundamental (resp. left chiral
spinor and right chiral spinor) representation of Spin(8). Physically, (L, (-,-)) is the
lattice of flavour charges for the Spin(8) flavour symmetry group of the N' =2 N; = 4
SU(2) gauge theory.

We view L as a subgroup of the group 1L, and the group algebra Z[A*][L] as a subal-
gebra of the group algebra Z[A*|[$L]. We also view Z[A*][a1, as, a3, a4] as a subalgebra
of Z[A*][5L] via the following identifications:

G _G

a1 =t2 +t 2,

G2 _Ga

as=t2 +1 2,

(102) ¢ G
ag=t2 +1 2,

Ga _Ga

a4:t2 +1 2

Finally, recall that we introduced the elements
RLO ) Ro,l ) Rl,l Y € Z[Ai] [a'17 ag, as, CL4:|

in Equations @ and @ The elements R o, Ro 1, [11,1 and y are algebraically independent
over Z[A*], and so we have the inclusion

(103) Z[A*][Ri1p, Roa, Ri1,y]) € Z[A*][a1, ag, a3, a4] .
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The algebraic independence of R, Ry 1, [21,1 follows from the more precise fact, proved
in Appendix B of [CL09], that the morphism
(104)
A4 - A4,
(a1, az,as,a4) = (a1az + a3a4, a103 + AzQy, G104 + A203, 01020304 + a5 + a3 + a3 + a3 —4) .
is a ramified cover of degree 24.

Proposition 6.4. Using the identifications (102)), the following identity holds between
degree 8 polynomials in the variable x and with coefficients in Z[A*][5L]:

8
[T+t Emz)y =142+ Ry g(z+27) + (y - A* =2 - A™)(2? +2%)
(105)
+(R071R171 — RL())(ZB + I‘5) + (R(%,IR%,I - 2y + 2A4 +2+ 2A_4).%‘4 .
Similarly, T15,_,(1+tv@L2m)z) and [T5,_, (1 +tEsm)z) are given by the same expression up

to cyclic permutation of R, Ro1 and Ry ;.

Proof. Using the definitions @ and of R, Ro1, Ri1 and y, we expand the left-hand
side of (105)) in terms of a1, as, az and ay. We obtain

1+2%+ (a1as + asay) (z + 27) + (ayaza3a4 + a? + a3 + a2 + a3 — 4) (2 + 2°)
(106) + (a3asay + azazay + a1a2a3 + a1a203 — ayag — azay) (2 + 2°)
+ (2a1a0a3a4 + a2a3 + a2ai + a3a3 + ada? - 2(a? + a3 + a3 +a3) +6)zt,
which rather amazingly factors as
(107) (1+ayasx + (a3 +a3 - 2)x* + ajasz® + 2*) (1 + azagx + (a3 + ai — 2)2* + azasz® + 2*) .
Using the identifications , we check that

(108) 1+ ajasx + (a +a3 - 2)2* + arag® +2* = [ (1+ t%(elGHeng)x)
616{:&1}
exe{£1}
and
(109) 1+ azagz + (a3 +a2 - 2)2? +azaua® + ot = [ (1+ {3(eaGrveaGa) )
E3E{:l:1}
64€{j:1}
The result then follows from Lemma [6.1] O
Corollary 6.5. Using the identifications ([102)), the following identities hold in Z[A*][5L]:
8 8 8
(110) RLO — Ztl/(Llj) , RO,I — Ztl/(sz) 7 Rl,l — Ztl/(ng) 7
j=1 j=1 j=1
(111) Z tL1j+L1j’ — Z tL2]-+L2j/ _ Z tL3]'+L3j/ =y - A4 _9_ A—4 )
1<5<5'<8 1<5<j'<8 1<5<j’<8

Proof. Equation (110]) (resp. (111])) follows from comparing the coefficients of x (resp.
x2) in the identity ((105]) of Proposition O
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Corollary 6.6. The following identity holds:
(112)
I8, (1 + thmz) 14 Ry gx(1 +2?) . yx?
(1-A"422)(1-22)2(1 - A%a?) (1-A"22)(1- A%2?)  (1-A"42?)(1- A%a?)
N R0,1R171ZE3(1 + R071R171(E + :L‘2)
(1-A422)(1-22)2(1 - A%a2)”

Proof. The identity (105]) of Proposition expresses the numerator of the right-hand
side of (112). We expand this expression in powers of Ry, Ro1, Ri11, y, and we simplify
the resulting coefficients with the denominator. O

Physics remark 6.7. The left-hand side of Equation has exactly the form expected
from the BPS spectrum of the N'=2 N; =4 SU(2) gauge theory at large values of u on
the Coulomb branch: for every (m,n) € Z? with m and n coprime, we have one vector
multiplet of charge (2m,2n), which corresponds to to the denominator of the left-hand of
Equation , 8 hypermultiplets of charge (m,n), which correspond to the numerator
of the left-hand of Equation (112)), and no other states of charge a multiple of (m,n)
[SW94b]. The states of charge (2,0) and (1,0) can be seen classically (as W-bosons and
elementary quarks respectively), and the general states of charge (2m,2n) and (m,n) are
obtained from them by SLy(Z) S-duality. The states of charge (2m,2n) are in the trivial
representation of the Spin(8) flavour symmetry group, whereas the states of charge (m,n)
are in the 8-dimensional fundamental (resp. left chiral spinor and right chiral spinor) of the
Spin(8) flavour symmetry group if (m,n) = (1,0) mod 2 (resp. (0,1) mod 2 and (1,1)
mod 2). The SLy(Z) S-duality group acts on the flavour representations via the triality
action of PSLy(Z[2Z) ~ S3 permuting the three irreducible 8-dimensional representations
of Spin(8) (fundamental, left chiral spinor and right chiral spinor).

6.2. The quantum scattering diagram v(®.,,). In Section , we introduced and
studied the quantum scattering diagram ®.,, over Z[¢*][NE(Y)]. Recall that we use
the notation ¢ = A%, and from now on we view D, as a quantum scattering diagram over
Z[A*][NE(Y)]. In Section [6.1] we considered the quotient L of 4;(Y) by the subgroup
generated by Dy, Dy, D3, and the quotient map v: NE(Y') - L. Given f a power series
with coefficients in Z[A*][NE(Y)], we define the power series v(f) with coefficients in
Z[ A*][L] by applying v to each coefficient.

Definition 6.8. We denote by v(Dean) the quantum scattering diagram over Z[A*][ L]
obtained from ® .., by applying v to the quantum rays:

(113) V(Dean) = {v(Qmn)| (m,n) € B(Z),ged(m,n) =1},
where, for every quantum ray dp,, = ((m,n), fo,...),
(114) V(forn) = ((myn),v(fo,...)) -

As in Section we view Z[A*][a1, as, a3, as] as a subalgebra of Z[A*][1L] via (102)),
and we use the the elements

Rig,Ro1,Ri1,y € Z[A*][a1, az, a3, a4)
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defined by () and . Recall that we introduced the rational function F(r,s,y,z) in
Equation (127))
The following Proposition [6.9 computes the quantum ray v(9;) = v(01,9) of v(Dcan)-

Proposition 6.9. The quantum ray v(01) = (v1,v(fy,)) satisfies
(115) v(fo,) = F(Rip, Roa R, y,27").

Proof. Equation ([57)) of Proposition gives a formula for f;,. The result of applying v
is given by the identity ([112)) in Corollary It remains to compare with the definition
of F(r,s,y,x) in Equation ZD to conclude. O

In the following Theorem [6.10, we compute all the quantum rays of v(Dcan).

Theorem 6.10. The quantum rays v(d.,,) of the quantum scattering diagram v(Dcan)
are given as follows. For every (m,n) € Bo(Z) with m and n coprime,

(1) if (m,n) =(1,0) mod 2, then v(fs,,,) = F(Ri0, Ro1Ri1,y, 2" (™),
(2) if (m,n) =(0,1) mod 2, then v(fs,,,.) = F(Ro1, RioR1,1,y, 2" (mm™),
(8) if (m,n) =(1,1) mod 2, then V(fam,n) = F(Rl,th,ORO,l,y,Z_(m’n)).

Proof. In Section , we expressed a general quantum ray 0,,, of D, in terms of the
quantum ray 01 o and a PSLy(Z)-symmetry acting on curve classes. We will show that
after applying the quotient map v, the PSLy(Z)-symmetry simplifies dramatically.

The transformation S* of 4;(Y’) is given by Equation (68). We have S*(D;) = S*(D,),
S*(Dq) = S*(D3) and S*(Ds3) = S*(Dy). Therefore, S* preserves the subgroup of A;(Y")
generated by Dy, Dy, D3, and so defines a transformation of the quotient L, that we
still denote by S*. Computing the action of S* on the basis ey, es, e3,e4 of L given by

Equation (101]) and Lemma [6.2] we find
(116) S*(el) = €9, S*(Gg) = 63,5*(63) =€ ,S*(€4) =é€y.
In particular, S*: L — L is a bijection.

The transformation 7* of A;(Y’) is given by Equation (70). We have T*(D;) = Dy +Ds,
T*(Ds) = 0 and T*(D3) = Dy + D3. Therefore, T* preserves the subgroup of A;(Y)
generated by Dy, Dy, D3, and so defines a transformation of the quotient L, that we
still denote by T*. Computing the action of T on the basis ej, e, e3,e4 of L given by

Equation (101]) and Lemma [6.2] we find
(117) T*(e1) =e1,T*(e3) =es—e3,T"(e3) =ea,T*(eq) = 4.
In particular, T*: L — L is a bijection.

Therefore, S* and T* on L defines an action of PSLy(Z) on L and so on Z[A*][L]
and Z[A*][3L]. Computing the action of S* on G, Ga, G3, G4, we find

(118) S*(G1) =G1,5(Gs) =G3,5"(G3) =Gy, S (Gy) = Gy,
and so
(119) S*(al) = al;S*(C@) = 0’375*(0’3) = a4,S*(a4) = ag,

(120) S*(R10) =Roq1,5* (Ro1)=Ri1,5"(Ri1)=Rip, 5" (y) =y.
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Computing the action of T* on Gy, Gs, G3, G4, we find
1
T*(Gl) = §(G1 + Gg + G3 - G4) s

1
T*(Gg) = §(G1 + G2 - Gg + G4),

(121) 1
T*(Gg) = 5(—G1 + Gg + Gg + G4) y
1
T*(G4) = §(G1 - Gg + G3 + G4) .
and then
(122) T*(Rip) =Rio,T"(Ro1) =Ri1,T"(R11) = Ro1, T"(y) =y.

From Equations and (122), we see that PSLy(Z) acts trivially on y, and acts on
Ry, Ro1 and Ry, through its finite quotient P.SLo(Z/27) acting on indices m,n of R, ,,
viewed as integers modulo 2. Recalling that P.SLy(Z/27Z) is isomorphic to the symmetric
group Sz of permutations of a set with three elements, S* acts on {Ry0, Ro1R11} as a
cyclic permutation, whereas T acts as a transposition.

We can now end the proof of Theorem [6.10] For every (m,n) € By(Z) with m and n,
coprime, there exists M € SLy(Z) such that M(m,n) = (1,0). By Proposition [4.17, we
have 9,,, = M(010) and so v(0,,,) = M(v(910)). The result then follows from Proposi-
tion computing v(91), and from the above description of the action of PSLy(Z) on
Ry, Ro1, Ri1 and y through the finite quotient PSLy(Z/27Z). O

In Section we defined the quantum scattering diagram D 4 over Z[ A*][ Ry, Ro 1, R1,

By Theorem the quantum scattering diagram v/(®.., ), which is a priori defined over
Z[A*][L], can be viewed as a quantum scattering diagram over Z[A*][R1, Ro1, R11,Y]-

Corollary 6.11. We have the equality D¢4 = V(Decan) of quantum scattering diagrams
over Z[A*][ Ry, Ro1, R1,1,y].

Proof. This follows from comparing the description of ¥(Dcan) given by Theorem [6.10]
with the Definition of Dy 4. dJ

We can now end the proof of Theorem [3.7 By Theorem [£.4] the quantum scatter-
ing diagram ®.,, is consistent, and so in particular, applying the quotient map v, the
quantum scattering diagram v(®..,) is also consistent. Therefore, D4 is consistent by

Corollary

6.3. End of the proof of positivity for Ska(Sp4). In the previous Section m, we
proved that Do 4 = /(Dcan) and so in particular that Dg4. Let Agp,, be the correspond-
ing Z[A*][Ru,0, Ro1, R11,y]-algebra given by Definition [2.12] with its basis {0, },ep) of
quantum theta functions. Recall from Section [1.1.3|that the isotopy classes {7, },ep(z) of
multicurves without peripheral components on Sy, form a basis of Ska(Sp4) as
Z[A*][a1, az, a3, as)-module, and that the bracelets basis is {T(7,) }pen(2)-

In the present section, we prove Theorem [3.8] that is, we will construct a morphism
0 Ay, = Ska(Soa) of Z[A*][Ri, Ro,1, Ri.1,y]-algebras such that ¢(4,) = T(v,) for
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every p € B(Z), and which becomes an isomorphism of Z[ A*|[a1, as, as, as]-algebras after
extension of scalars for Ay, , from Z[A*][ R, Ro1, R1,1,y] to Z[A*][a1,az, a3, a4].

Bullock and Przytycki gave in [BP00, Theorem 3.1] the following presentation of
Ska(So4).

Theorem 6.12. ([BP00, Theorem 3.1]) The Z[A*][a1,az, a3, as]-algebra Ska(Sp4) ad-
mits the following presentation by generators and relation: Ska(So4) is generated by 7,,,
Vogs Vv, With the relations

(123) A Yoy = A2y Yoy = (AT = Ay = (A2 = A7) Ry,

(124) A_Q’YUQ’Y% - A27037U2 = (A_4 - A4)7U1 - (A2 - A_Q)RLO )

(125) A72703701 - A27v17v3 = (A74 - A4)’}/v2 - (A2 - AiZ)RO,l )
126)

A2 Vo Yos = A’4’y31 +A4732 +A’4’y33 +A’2R1,0%1 +A2R071%2 +A’2R171%3 +y—-2(A* +A’4) )

Note that in Theorem [6.12] we use the generators 7,,, Ju,, Vv, Whereas the generators
Yors Yoss Yor+vs are used in [BP0OO, Theorem 3.1]. Using 7,, rather than 4, ., has for
unique effect on the equations to replace A by A1

On the other hand, applying the quotient map v to the presentation of ®.,, given by

Theorem [5.1], and using the identities (110) and (111)) given by Corollary [6.5 we obtain
the following presentation of Ag,,.

Theorem 6.13. The Z[A*][R1, Ro, Ri,1,y]-algebra As,, admits the following presen-
tation by generators and relation: Asp,,, is generated by U, , Uy,, Uy,, with the relations

(127) A729, 0, - A%, 0,, = (A= AN, — (A2 - A2)Ry,
(128) A29,0,, - A%, 0,, = (A= AN, — (A2 - A2)Ry,,
(129) A29,,0,, — A%, 0, = (A= AN, — (A2 - ARy,
(130)

A7219v1 19112191)3 = A741912)1 +A41932 +A741933+A72R1’019v1 +A2R17019v2+A72R17119v3 +y—2(A4+A74) .
Comparing Theorems and we obtain that there exists a unique morphism
(131) (2N ./4.@074 —> SkA(SO,AL)

of Z[A*][R1, Ro1, R11,y]-algebras such that o(v,,) = v, for j € {1,2,3}, and moreover
that ¢ becomes an isomorphism of Z[ A*][a1, as, a3, a4]-algebras after extension of scalars
for Ag,, from Z[A*][Ri, Ro1, Ri,1,y] to Z[A*][a1,a2,as,a4]. Therefore, to conclude
the proof of Theorem it remains to show the following result.
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Theorem 6.14. For every p € B(Z), we have

(132) () = T(7)-
Proof. We first prove that, for every k > 0, we have
(133) @(ﬁkvl) = T(’Ykm) .

The isotopy class vk, is the class of k disjoint curves isotopic to 71, and so T(vkp,) =
T3 (Vkp, )- Recall that the Chebyshev polynomials Ty (z) are defined by Ty(x) = 1, Ti(z) =
x, To(z) = 2% -2, and for every k > 2, Ti1(x) = 2Tk (x) — Tp-1(2).

We prove that ¢(94, ) = T(7kp, ) for every k > 0 by induction on k. The result holds
trivially for £ = 0 as ¥9 = 1 and T(7y) = 1). It holds for k£ = 1 by construction of ¢:
©(90,) = Yo = T1 (7). 1t also holds for k = 2: using Lemma [5.2] we have

(134) p(V20,) = (05, =2) = p(00,)* 2= 77, =2 =To () -
Let k£ > 2 and assume that the result holds for all k" < k. Then, using Lemma [5.3] we
have

(10(190“1)1)1) = 90(191211916111 - ﬁ(k—l)vl) = 90(79111 )(70(19]6111) - 90(19(:’43—1)111)
= ’leTk(’qul) - Tk—l(’Ym) = Tk+1(’7v1) )

and so the result holds for k + 1.

We now explain how to deduce the result for general p € B(Z) from the result for
p = kv using PSLy(Z)-symmetry. In order to simplify the notation, we write R for
Z[A*][R10,Ro1,R11,y]. Recall from the proof of Theorem that PSLy(Z) acts
through its finite quotient PSLy(Z/2Z) on R by Z[ A*]-algebra automorphisms permuting
Rip, Ro1, Ri1, and fixing y. We define below actions of PSLy(Z) on Ag,, and Sk4(Sp4)
lifting the action on R.

For every M € SLy(Z), we define a lift Wy, to Ag,, of the action of M on R by

(136) \PM(ﬁp) = 19Mp:

where p — Mp is the action of PSLy(Z) on B(Z). We claim that W), is an automorphism
of Ag,, as Z[A*]-algebra. Indeed, the Definition of D4 has the following manifest
PSLy(Z)-symmetry: for every M € PSLy(Z) and p = (m,n) € B(Z) with m and n
coprime, the function attached to the quantum ray pas, is obtained by applying the
action of M € PSLy(Z) on R to the coefficients of the function attached to the quantum
ray p,. The compatibility of ¥y, with the product structure of Ag, , then follows from the
Definition of the product of Ag,, in terms of quantum broken lines for ®g 4. Thus,
M ~ W) defines an action of PSLy(Z) on Ap,, by automorphisms of Z[ A*]-algebras
lifting the action on R.

On the other hand, given the geometric definition of the skein algebra, there is a natural
action of the mapping class group MCG(Sp4) of Sp4 on Sk4(Sp4) by automorphisms of
Z[ A*]-algebras. Recall that the mapping class group is the group of isotopy classes of
orientation-preserving diffeomorphisms. The mapping class group MCG(Sp4) contains
a natural subgroup isomorphic to PSLs(Z), which is coming from the description of
So.4 as a quotient of a 4-punctured torus by an involution, and from the fact that the
mapping class group of the torus is SLy(Z). In fact MCG(Sp4) is a semi-direct product

(135)
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of PSLy(Z) with Z[27 x Z]2Z (see e.g. Section 2.2.5 of [FM12]). The action of PSLy(Z)
on Sk4(Sp4) is reviewed at the beginning of Section 4 of [BMP*18§]: this action M — @,
lifts the action of PSLy(Z) on R and satisfies

(137) s (Vp) = Vvp

for every M € PSLo(Z) and p € B(Z).
We claim that ¢: Ag, , = Ska(Sp4) intertwines between the actions ¥ and ® of PSLy(Z)
on Agp,, and Sk4(Sp4), that is

(138) oWy =Dpro0p

for every M € PSLy(Z). It is enough to check it for the generators S and T" of PSLy(Z)
given in . The result is clear for S: we have Sv; = vy, Svy = v3, Svg = vy, and so
o Wg(,,) = Pg(,) for j € {1,2,3} follows by combining Equations and ([137).
Similarly, we have T'(vy) = v1, Ty, = v1+v2, T3 = 2, 50 Qo V(1) = Pr(7,,) for j e {1,3}
follows by combining Equations and . But we need an extra argument for j = 2:
one needs to show that (9, 44,) = Vo,10,- This follows from the fact that

(139) Ay, 4y = 0y Uy — A0y — Ry 1,
in Ag,, by Lemma [5.4 and
(140) A27v1+112 = 71117112 - A_Q’YU;; - Rl,l )

in Sk4(Sp4) by the formula above Equation (2.5) in [BMP*18§].
We can now end the proof of Theorem [6.14] Let p € B(Z). There exists M € PSLy(7Z)
and k € Zyg such that p = M (kvy). Then,

(141) ©(Up) = 0(Inr (ko)) = P(Var (Do, ) = s (0(Vhoy )

= 0 (T (Yot )) = T(Par(Yer)) = T(Yar(kon)) = T()
where we use successively ((136)), (138)), (133]), the fact that ®,; is an algebra automor-

phism, and ({137)). 0
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