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We identify an unusual mechanism for quantum oscillations in nodal semimetals, driven by a
single pair of Landau levels periodically closing their gap at the Fermi energy as a magnetic field
is varied. These ‘zero Landau level’ quantum oscillations (ZQOs) appear in the nodal limit where
the zero-field Fermi volume vanishes, and have distinctive periodicity and temperature dependence.
We link the Landau spectrum of a two-dimensional (2D) nodal semimetal to the Rabi model, and
show by exact solution that across the entire Landau fan, pairs of opposite-parity Landau levels are
intertwined in a ‘serpentine’ manner. We propose 2D surfaces of topological crystalline insulators
as natural settings for ZQOs. In certain 3D nodal semimetals, ZQOs lead to oscillations of anomaly
physics. We propose a transport measurement capable of observing such oscillations, which we
demonstrate numerically.

Introduction.— Quantum oscillations (QOs) — the pe-
riodic modulation of transport [1] and thermodynamic [2]
properties of materials as an external magnetic field B
is varied— are among the most striking manifestations
of quantum mechanics in the solid state. The oscillation
period depends on the shape of the Fermi surface (FS),
while information on FS parameters and scattering mech-
anisms can be extracted from the oscillation amplitude
and its temperature dependence [3]. The utility of QOs
as a probe of electronic structure rests on two theoretical
pillars. The first is Onsager’s result [4],

∆O
1/B = 2πS−1e , (1)

relating their periodicity in 1/B to an extremal cross-
sectional FS area Se in a plane normal to B (we set ~ =
e = 1). The second is the Lifshitz-Kosevich formula [5]

RLK(T ) =
2π2T

ωc sinh(2π2T/ωc)
(2)

with kB = 1, relating the temperature (T ) dependence
of the oscillation amplitude (shown here for the first har-
monic) to the cyclotron frequency ωc = B/m∗, allowing
the extraction of the effective mass m∗, averaged over Se.

Topological insulators and nodal semimetals [6] modify
this picture. The effective-mass approximation implicitly
assumed in (1) and (2) is violated by Weyl or Dirac dis-
persions, and the QO phase is altered by electronic Berry
phases of topologically nontrivial bands [7]. Although
many features may be captured by adapting the semi-
classical theory [8, 9], the latter assumes the existence of
a FS at B = 0. It does not readily apply if a FS is ab-
sent, as in an insulator, or when it shrinks to a point in
two dimensions (2D) or a point or line in 3D, situations
which cannot be generated solely by the intersection of
unhybridized bands. Such systems enter the quantum
limit for any B 6= 0, necessitating a full solution of the
Landau level (LL) spectrum.

In 2D, our focus in much of this work, a linear crossing
of a pair of energy bands at E = 0 is generically described
by the 2D Dirac equation. Viewed in isolation, such a dis-
persion gives rise to a fan of LLs whose energies evolve
∝
√
B, with the exception of a single B-independent LL

at E = 0. While 1/B-periodic QOs emerge at any finite
doping, at charge neutrality — corresponding to a point-
node FS for B → 0 — conventional QOs are absent since
no LLs cross the Fermi energy at EF = 0. However, in
bulk systems, such nodal points always appear in pairs
that are usually separated in the Brillouin zone (BZ) for
symmetry reasons. Consequently, in principle there is al-
ways mixing of LLs emerging from distinct nodes. The
intuitive expectation is that as B is increased, the zero-
energy LLs from distinct nodes will experience increas-
ingly strong mutual level repulsion, pushing them away
from EF without intersecting it [10–13].

Here, we show that a class of nodal-point semimet-
als violate this expectation: the zero-energy LLs oscil-
late about each other in energy as B is varied, leading
to robust QOs as they repeatedly intersect EF . The
simplest instance of this general phenomenon of zero-
LL QOs (ZQOs) occurs when a pair of 2D parabolic
bands with effective mass m undergo a band inversion
of strength ∆. This leads to a degenerate nodal ring at
|k| = k0 ≡

√
m∆ which, assuming inversion or mirror

symmetry, is generically gapped by hybridization except
at a pair of nodal points at ±k0 = ±k0x̂ with anisotropic
velocities vx = vc ≡

√
∆/m, vy = v. We relate the as-

sociated LL problem to the Rabi model of quantum op-
tics, and by exact solution identify a sequence of QOs at
charge neutrality. Although Se = 0, these zero-LL QOs
show 1/B-periodicity controlled by the FS area S0 = πk20
of the unhybridized bands at EF = 0, corrected by a fac-
tor:

∆ZLL
1/B = 2πγ2S−10 , γ = 1/

√
1− v2/v2c . (3)

The ZQOs only occur if v < vc, and disappear above
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B0 = S0/πγ2. They originate from the ‘serpentine’ mo-
tion of two LLs that straddle EF and periodically open
and close their gap while remaining bounded within an
envelope E(B) and separated from other LLs. At tem-
peratures where these two states dominate the spectrum,
ZQOs show non-Lifshitz-Kosevich (LK) behaviour

RZLL(T ) =
E(B)

2T
tanh2 E(B)

2T
. (4)

The explicit form of E(B), given below, cannot be mod-
eled by a cyclotron frequency with an effective mass, and
as B → 0 has the non-perturbative form E(B) ∼ e−B∗/B .

ZQOs differ from other proposed routes to QOs at
Se = 0. The purely orbital origin of ZQOs and the as-
sociated serpentine Landau fan distinguishes their mech-
anism from recent proposals of Zeeman-driven ‘LL in-
versions’ [14]. As they do not invoke surface states
stemming from a topologically nontrivial band struc-
ture, ZQOs differ from Fermi-arc QOs in Weyl/Dirac
semimetal slabs [15]. The e−B

∗/B dependence of the
ZQO envelope and their link to the unhybridized FS area
are reminiscent of QOs in narrow-gap insulators [16–27].
Both phenomena can be understood by extending the
semiclassical approach to include phase-coherent tunnel-
ing through classically forbidden regions in the BZ. How-
ever, the serpentine fan, the γ-dependent period, and the
gap-closings at EF are special to ZQOs. Unlike QOs in
insulators, whose effect on the conductivity is suppressed
by the activation gap, ZQOs remain observable in trans-
port even as T → 0. ZQOs thus represent a distinct class
of magnetic oscillation phenomenon.

Below, we substantiate these claims by introducing and
exactly solving a model that exhibits ZQOs, derive (3)
and (4), and explain their connection to the serpentine
structure across the Landau fan. We argue that key fea-
tures persist even upon relaxing simplifying assumptions
of the solvable limit. We close with a discussion of the
observability and interpretation of ZQOs.

Model and LL Spectrum.— As noted above, the sim-
plest model showing ZQOs begins with a k·p Hamiltonian
for a spinless band-inverted electron in 2D,

H(k) =

(
|k|2

2m
− ∆

2

)
τz + vkyτ

y, (5)

where ∆, v > 0, and τα are Pauli matrices acting in or-
bital space. At half filling and low energy, this yields
the advertised Dirac cones at ±k0, with anisotropic ve-
locities (vx, vy) = (vc, v); we present results in terms
of k0, v, vc. The Dirac points are protected by inver-
sion (parity) P : τz ⊗ (k → −k) and time reversal
T : K ⊗ (k→ −k), where K is complex conjugation.

We incorporate a magnetic field Bẑ = ∇ × A via
Peierls substitution k → π = k −A, so that [πx, πy] =
iB. We first obtain the LL spectrum numerically (Fig 1),
by truncating in the basis defined by a†a |n〉 = n |n〉,

FIG. 1. (a) Serpentine Landau level (LL) fan computed for
v = vc/6. Even and odd parity LLs (black/gray lines) repeat-
edly self-intersect within a widening envelope as B is var-
ied. ZQOs originate from a pair that repeatedly intersects
the Fermi energy (E=0) at magic fields BN (red lines), where
the LL problem simplifies. The oscillation magnitude is well
approximated by ±E(B) derived in the main text (dashed
lines). (b) Zero-field dispersion of H (5).

where a = (πx + iπy)/
√

2B and [a, a†] = 1 at large finite
n. At small B, the low-energy spectrum has the Dirac
LL form En ∼

√
Bn. As B is increased, pairs of LLs

oscillate about each other in a ‘serpentine’ manner, be-
coming degenerate at a series of crossing points absent
for v > vc. All crossings occur at a set of ‘magic fields’,

BN =
m(∆−mv2)

2N + 1
=

1

πγ2
S0

(2N + 1)
, N = 0, 1, . . . , (6)

whence we obtain (3). The final set of crossings occurs
at B0 = k20/γ

2, beyond which En ∼ Bn as for the un-
hybridized bands. The central pair of LLs that oscillate
about E = 0 are well-separated from other LLs.

In a rotated Pauli basis σα = e
iπτy

4 ταe−
iπτy

4 , we have

H =

(
|π|2

2m
− ∆

2

)
σx + vπyσ

y =

(
0 h†

h 0

)
, (7)

where h is the non-hermitian Hamitonian for a 1D har-
monic oscillator in a constant imaginary vector potential,

h = ω
[
a†a− δ + η(a− a†)

]
≡ ω(A†+A− − Γ), (8)

with ω = Bvc
k0

, δ =
k20
2B −

1
2 , η = v

vc
k0√
2B

, Γ =
k20

2γ2B −
1
2 .

The shifted ladder operators A± = a± η are related to a

via a similarity transformation by W = W † = eη(a+a
†),

A†+ = Wa†W−1, A− = WaW−1. (9)

h is diagonalized by right and left eigenvectors |wn〉 =
W |n〉 and 〈w̄n| = 〈n|W−1 with eigenvalues λn =
ω(n − Γ), that are biorthogonal: 〈w̄n|wn′〉 = δnn′ . We
observe that if h†h |φi〉 = E2

i |φi〉 with Ei 6= 0, then

the states |ψi,±〉 =
(
|φi〉 ,± h

Ei
|φi〉

)
are eigenstates of
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H with eigenvalues ±Ei. Since the parity operator

P = (−1)a
†aσx ≡ Paσ

x commutes with H, P |ψi,±〉 =(
±Pa h

Ei
|φi〉 , Pa |φi〉

)
is also an eigenvector of H with

eigenvalue ±Ei. For generic B 6= BN , P does not en-
force any degeneracies, and there are no E = 0 solutions.

At magic fields B = BN > 0, which exist only if v <
vc, additional structure emerges. First, Γ = N , so that
|ψ0〉 = (|φ0〉 , 0) and |ψ̄0〉 = (0, |φ̄0〉), where

|φ0〉 = N−
1
2

N |wN 〉 , |φ̄0〉 = N−
1
2

N |w̄N 〉 , (10)

with NN = 〈wN |wN 〉, are exact E = 0 eigenstates of
H. Furthermore, h†h only mixes |wn〉 with |wn±1〉 and
annihilates |wN 〉, and hence has a decoupled subspace
spanned by {wn≤N}. Apart from the zero-energy states,
this gives rise to 2N energy levels |ψi,±〉 , i = 1, 2, . . . N
with |Ei| 6= 0 expressible in terms of a finite sum of |wn〉,
via |φi〉 =

∑N
n=0 φi,n |wn〉. We now observe that Pah =

h†Pa, PaWPa = W−1, and hence Pa |wn〉 = (−1)n |w̄n〉;
therefore Pah |φi〉 = h†Pa |φi〉 ≡

∑N
n=0 φ̄i,n |w̄n〉 is a fi-

nite sum of |w̄n〉. This forces |φi〉 and Pah |φi〉 to be
linearly independent [28]: this follows since linear depen-
dence requires 〈w̄m|Pah |φi〉 ∝ 〈w̄m |φi〉 = 0 for m > N
(due to biorthogonality), but since 〈w̄m|w̄n〉 6= 0 generi-
cally, this overconstrains the φ̄i,n and forces them to van-
ish, leading to a contradiction. Since |φi〉 and Pah |φi〉 are
linearly independent, so are |ψi,±〉 and P |ψi,±〉. Thus,
each ±Ei level is twofold degenerate, with orthogonal
eigenstates obtained by projecting |ψi±〉 onto the even
and odd parity sectors; including the E = 0 states there
are thus 2N + 1 pairwise LL crossings at BN . As B
is increased above BN , the LLs split linearly with same-
parity LLs from adjacent energies approaching each other
and undergoing avoided crossings. The 2N − 1 LL pairs
closest to E = 0 again show crossings at BN−1. The
LLs thus oscillate about each other, forming serpentine
pairs whose final crossing occurs at successively lower B
for increasing |E| (Fig. 1). Since this structure relies on
repulsion between adjacent LL pairs, it cannot be ob-
tained by working perturbatively within each pair. The
crossings are all observed to occur within the band over-
lap window |E| < ∆/2, and are a manifestation of the
crossover between the distinct LL structures of the Dirac
points and the parabolic band inversions. For v > vc,
Γ < 0 for all B and so there are no magic fields, and the
serpentine structure is lost.

We can link the unusual structure of H to its mem-
bership in a class of quasi-exactly solvable models [29].
Specifically, it can be mapped to an ‘analytic continu-
ation’ of the Rabi model [28], which is known to have
deep analytical structure [30, 31]. Finally, we discuss the
effect of various perturbations on ZQOs in the supple-
mental material [28].

Energy envelope.— We estimate the ZQO envelope us-
ing perturbation theory near BN , yielding definite-parity

eigenstates 1√
2
(|ψ0〉 ± |ψ̄0〉) with approximate energies

E±(B) ≈ ±E(B) cos(πB0/2B) (11)

to O(|B − BN |2) near any BN , where E(BN ) =
BNvc/(πk0NN ) is analytically continued to all B, and

Nn = e−2η
2

1F1(1 + n; 1; 4η2) with 1F1 the hypergeomet-
ric function. Asymptotically, for B � B0 we have

E(B) ≈

{
Bvc/[πk0I0(B′/B)], B 6� (γ2 − 1)B0√

4Bvvc/πe
−B∗/B , B � (γ2 − 1)B0

(12)

where I0(x) is a Bessel function, B′ = 2B0

√
γ2 − 1, and

B∗ = B0{γ
√
γ2 − 1 − log(γ −

√
γ2 − 1)} [28]. ZQOs

depend exponentially on B for B � B′ and saturate
for B > B′. For v � vc, B

′ < B0 so there is a finite
window where ZQOs are especially amenable to detection
(though they are likely observable even in the exponential
regime, which describes the entirety of Fig. 1). As v
increases, this window shrinks, vanishing at v = vc/

√
5

when B′ = B0. For vc/
√

5 ≤ v < vc, ZQOs are always in
the exponential regime, and are absent for v ≥ vc. The
exponential onset in B is a signature of ZQOs.

Non-LK Temperature Dependence.— Since ZQOs arise
from the motion of just two states, we expect distinctive
thermodynamic signatures at charge neutrality and low
but finite temperature T = β−1, controlled by the low-
energy density of states per unit area [18]

Dβ(B) = −
∫
dEn′F (E)ρ(E) ≈ βB/(4π)

cosh(βE±(B)/2)2
, (13)

where n′F (E) = −βeβE/(1+eβE)2 is the derivative of the
Fermi function, ρ is the single particle density of states,
and we have taken into account the LL degeneracy per
unit area B/2π. The final form is valid at temperatures
where only the two central states E±(B) contribute, and
leads to the non-LK behaviour (4) in the oscillation mag-
nitude. In the metallic limit v = 0, or at very high tem-
peratures, the central two states can no longer be treated
as separate from the remaining spectrum and the conven-
tional LK form (2) is restored.

Topological crystalline insulators. — Having explained
the origin of ZQOs in a solvable model and argued that
they survive on relaxing its simplifying assumptions (and
in the tight-binding limit [28]), we now turn to identifying
experimental settings where they may be observable. Al-
though the models discussed thus far are quite fine-tuned
for quasi-exact solvability, the physics of ZQOs should be
relatively universal in Dirac systems with weakly-gapped
nodal rings. As a concrete example, consider the 2D sur-
face of a 3D topological crystalline insulator [32] (TCI)
with mirror symmetry (a description that encompasses
the SnTe material class), described by the k · p Hamilto-
nian [33]

HT = vT (kxs
y − kysx) +mT τ

x + δT s
xτy. (14)
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Although very different from H, the low-energy dis-
persion of HT also hosts two Dirac cones connected
via a weakly-gapped nodal ring [34]. The positions
of the two nodal points and their velocities are k0 =√
δ2T +m2

T /vT , vx = vT , vy = δT /k0. The zero-energy
eigenstates of HT can be determined exactly and appear
at fields BT,N = m2

T /(2v
2
TN) for positive integers N .

The oscillation magnitude ET (B) displays the same qual-
itative behavior as E(B) [28]. The parameters of HT have
been experimentally determined in a number of materi-
als [33, 35–38]. ZQOs occur forB < BT,1, and depend ex-
ponentially on inverse field when B � B′T = 2δTmT /v

2
T ,

from (12). As a typical example, parameters relevant to
SnTe [33, 35] give (B′T , BT,1) ≈ (54 T, 52 T) with the
envelope function ET (15 T) ≈ 1 K [28]. This places the
corresponding ZQOs in the exponential regime, and are
observable within the ranges of fields and temperatures
currently achievable in experiments using pulsed mag-
netic fields [39]. The parameters mT and δT are tunable
by strain [40]: even a small change can have a significant
effect on the ZQOs due to the exponential dependence.
ZQOs can therefore serve as a sensitive probe of TCI
surface states.

Three dimensions. — The physics of ZQOs also gener-
alize to 3D. A prototypical model for a Weyl semimetal
with broken T symmetry [6],

HWeyl(k) =

(
|k|2

2m
− ∆

2

)
σx + vkyσ

y + wkzσ
z, (15)

coincides with (5) (up to a mass term) at each kz, and
therefore exhibits ZQOs under a magnetic field Bẑ for
v < vc. The condition v < vc is naturally satisfied in
Weyl semimetals which are proximate to a nodal line
semimetal limit v = 0 where the two nodes form a nodal
ring, for example in scenarios where the protecting sym-
metries of the Weyl ring are weakly broken [41, 42]. The
presence of zero-modes at kz = 0 in a magnetic field cor-
responds to the existence of gapless bulk chiral LLs which
propagate along ±ẑ. Hence, ZQOs correspond to a pe-
riodic opening and vanishing of the gap between these
chiral LLs, as illustrated in Fig 2a. Since gaplessness of
these LLs is crucial to magnetotransport effects linked to
the chiral anomaly and Fermi arcs [15, 43–46], a striking
implication of ZQOs is that such phenomena will also
experience 1/B-periodic revivals. As a demonstration,
Fig 2b shows a transport measurement capable of prob-
ing ZQOs: four leads labeled by i = 1 . . . 4 are connected
to a bulk sample and the conductance matrix Cij , defined
in terms of the lead current and voltage via Ii = CijVj , is
measured. Fig 2c shows that C21, computed numerically
at T = 0 for a discretized model, is highly sensitive to
ZQOs and can be understood as follows. At zero and low
fields, electrons from lead 1 flow mainly into Fermi arc
surface states, which drives current 1 → 3 as indicated
by (i). At higher fields, electrons are transferred to the
bulk chiral modes before making it to lead 3 [15]. When

FIG. 2. (a) The LL dispersion of HWeyl at, and in between,
magic fields B3, B2, and B1 for v = vc/6, illustrating the 1/B-
periodic gap closings of the chiral LLs resulting from ZQOs.
(b) A proposed experimental set-up for observing ZQOs in 3D.
Four leads are attached to a bulk Weyl semimetal. (c) Nu-
merical results for the C21 element of the conductance matrix
shows clear peaks at the magic fields.

these chiral modes are perfect (i.e. gapless at B = BN ),
electrons fully traverse the bulk and drives current 1→ 2
(ii). Otherwise, electrons are only able to traverse a fi-
nite distance into the bulk before turning back resulting
in no current (iii). Indeed, C21 demonstrates clear peaks
at each magic field which become sharper with increas-
ing thickness Lz. Details and discussion of the numeri-
cal calculation, performed using the Kwant [47] code, is
available in the supplemental material [28].

Conclusions.— While we postpone a detailed analy-
sis [48], we observe in closing that in the B → 0 limit,
ZQOs may be understood by considering E = 0 semiclas-
sical tunnelling trajectories in the BZ between the Dirac
points at ±k0. These capture instanton events that gen-
erate repulsion between the zero-energy LLs of the Dirac
points; they have a complex action, leading to a tun-
neling matrix element whose phase (amplitude) depends
on πB0 (B∗). Summing over tunneling events [49] and
recalling that B plays the role of ~ in the semiclassical
expansion yields a result consistent with the B → 0 limit
of (11). Intuitively, ZQOs emerge when optimal tun-
neling trajectories linking distinct B = 0 Dirac points
in the BZ involve an excursion to ky 6= 0 acquiring an
Aharanov-Bohm phase and its associated interference ef-
fects, which vanish for v ≥ vc when these trajectories are
fixed at ky = 0. (Similar considerations yield QOs in
narrow-gap insulators, but since these lack zero-energy
LLs, it is more natural to view semiclassical effects as
modulating the LL gap at EF rather than generating
LL repulsion.) This places ZQOs on conceptually sim-
ilar footing with ‘tunneling interference’ effects [50–55]
and indicates that these ideas are broadly applicable.
Finally, as a quasi-exactly-solvable model amenable to
semiclassics, (5) is potentially noteworthy in the context
of ‘resurgent asymptotics’ in quantum mechanics [56–59].
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