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Abstract

First, we provide new classes of initial data, that grant short time unique-
ness of the associated weak Leray-Hopf solutions of the three dimensional
Navier-Stokes equations. The main novelty here is the establishment of
certain continuity properties near the initial time, for weak Leray-Hopf
solutions with initial data in supercritical Besov spaces. The techniques

used here build upon related ideas of Calderén presented in [18].

Secondly, we prove local regularity up to the flat part of the boundary, for
certain classes of solutions to the Navier-Stokes equations, provided that
the velocity field belongs to Lo (—1,0; L¥*(B(1) NR3)) with 3 < 8 < oo.
What enables us to build upon the work of Escauriaza, Seregin and Sverak
[27] and Seregin [100] is the establishment of new scale-invariant estimates,
new estimates for the pressure near the boundary and a convenient new

e-regularity criterion.

Third, we show that if a weak Leray-Hopf solution in R? x]0, co[ has a
finite blow-up time 7', then necessarily limgr [[v(-,¢)| 1352 ) = oo with
3 < B < oo. The proof hinges on a rescaling procedure from Seregin’s work
[106], a new stability result for singular points on the boundary, suitable
a priori estimates and a Liouville type theorem for parabolic operators

developed by Escauriaza, Seregin and Sverdk [27].

Finally, we investigate a notion of global-in-time solutions to the Navier-
Stokes equations in R3, with solenoidal initial data in the critical Besov
space B; i (R3), which has certain continuity properties with respect to
weak™® convergence of the initial data. Such properties are motivated by
the strategy used by Seregin [106] to show that if a weak Leray-Hopf so-
lution in R*x]0, oo[ has a finite blow-up time 7', then necessarily

limgyp [[v(-, 1) || yms) = 00. We prove new decomposition results for Besov
spaces, which are key in the conception and existence theory of such so-

lutions.
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Chapter 1

Introduction

This thesis is centred around the investigation of the three-dimensional initial bound-
ary value problem for the incompressible Navier-Stokes equations. The incompressible
Navier-Stokes equations were introduced in the 19th century as a model governing
the evolution of a viscous incompressible fluid in a domain  C R3. According to
this model, the velocity field of the fluid v :  — R? and the pressure field ¢ : 2 — R
satisfy the following system of nonlinear partial differential equations equations on

2x]0, co[ and the following initial and boundary conditions:

ow—vAv+Vg+v-Vu=Ff, dive =0, (1.0.1)
vlpa(+t) =0, (1.0.2)
v(+,0) = up. (1.0.3)

In the case of Q = R3, (1.0.2) is replaced by
v(z,t) = 0, as|z| — oo. (1.0.4)

In this thesis, we will consider the cases @ = R* and @ = R%. An important feature,
that we will make use of throughout this thesis, is that these equations are invariant

under the scaling (A > 0):

v(x,t) = va(x,t) = Az, A\*), (1.0.5)
q(z,t) — qa(x,t) = Nq(Az, \*t), (1.0.6)
flz,t) = fi(z,t) = N f(Ax, \*t), (1.0.7)

up(z) = uox(x) = Aug(Ax). (1.0.8)

Many fundamental mathematical questions regarding the three-dimensional Navier-

Stokes equations remain unsolved. One famous example is the sixth Millennium
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problem. Let us quote the sixth Millennium problem, as stated by Fefferman in [33].
This asks the proof of one of four statements (A)-(D).

(A) Existence and smoothness of Navier-Stokes solutions on R?

Take v > 0 and let uy(z) be any smooth divergence-free vector field satisfying
(V™ ug(2)| < Crre(1 4 |z|) ™5 (1.0.9)

on R? for any m = 0,1... and K > 0. Take f(z,t) to be identically zero. Then
there exist functions

(v,q) € C=(R? x [0, 00[) (1.0.10)
that satisfy

/|U(x,t)\2da: < C for all t > 0 (bounded energy), (1.0.11)
R3

and (1.0.1) and (1.0.3) on R? x [0, oo.

(C) Breakdown of Navier-Stokes solutions on R?
Take v > 0. Then there exists a smooth, divergence-free vector field ug(x) and

a smooth force f(z,t) on R? x [0, oo[, satisfying (1.0.9),
10V f(2,1)] < Crure(1 4 |2 +)7F (1.0.12)

(on R? x [0,00] for any I,m = 0,1,... and K > 0), for which there exist no
solutions (v, ¢) satisfying (1.0.1), (1.0.3), (1.0.10) and (1.0.11).

Let us remark that the other two statements (B) and (D) are analogous to (A) and
(C), in the setting of spatially periodic functions.

A breakdown of Navier-Stokes solutions (statement (C) above) would not be
consistent with physical observation and would suggest that the three-dimensional
Navier-Stokes equations are not a valid physical model.

There is not a general consensus amongst researchers as to whether or not the sixth
Millennium problem should be considered as the most important question regarding
the Navier-Stokes equations. Ladyzhenskaya’s opinion, stated in [73], was that the

following question should be prioritised.

‘Problem 1. Do the Navier-Stokes equations together with the initial and
boundary conditions actually give a deterministic description of the dynamics

of an incompressible fluid?’ [73]

As stated by Ladyzhenskaya in [73], providing an appropriate phase space and notion
of solution, that ensures global-in-time existence and uniqueness, does not necessarily

require additional smoothness properties of those solutions.
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1.0.1 Weak Leray-Hopf Solutions and Global Existence

The existence of certain global-in-time solutions to the Navier-Stokes equations (1.0.1)-
(1.0.4) has been known since the papers of Leray [75] and Hopf [52]. From this point
onwards, we refer to the solutions described below as ‘weak Leray-Hopf solutions’.
This will be the main notion of solution used throughout this thesis. From now on
we will always take the viscosity to be 1 and the forcing term to be zero.

Before proceeding further, let us introduce some necessary notation. For, Q C R3,
the space J(2) is defined to be the closure of

Coo(©Q) :={u € C5°(Q) : div u = 0}

with respect to the Ly(€2) norm.
Moreover, .J, () is defined as the completion of the space C5%(€2) with respect to the

(Q/ |W|2dx>§.

We also define the energy class:

Dirichlet integral

L(S) := Lso(0,8; J(2)) N Ly(0, S; J5(Q)).
We define the energy norm as:

HUHC(S) = ||U||L2,oo(Qs) + ||VU”L2(QS)'

Here, Qs := 2x]0, S[.
Let us now state the theorem regarding existence of global-in-time weak Leray-
Hopf solutions to the Navier-Stokes equations (1.0.1)-(1.0.4).

Theorem 1.1. Consider 0 < S < co. Let
up € J(9). (1.0.13)

There exists at least one ‘weak Leray-Hopf solution’ v to Navier-Stokes initial bound-

ary value problem in Q2x]0, S| that satisfies
v e L(S). (1.0.14)
Additionally, for any w € Ly(Q):

t— /w(x) ~v(z, t)dx (1.0.15)



is a continuous function on [0, S] (the semi-open interval should be taken if S = o).

The Navier-Stokes equations are satisfied by v in a weak sense:
S
//(U-atw—i—v@)v : Vw — Vv : Vw)dzdt =0 (1.0.16)
0 Q

for any divergence-free test function w € Cgo(©2x]0,S[). The initial condition is
satisfied strongly in the Lo()) sense:
lim HU(,t) — U0||L2(Q) =0. (1017)

t—0+
Finally, v satisfies the energy inequality:

t

oDl +2 [ [ Vol tPdudt < ol (109
0 Q

for allt € [0,S] (the semi-open interval should be taken if S = 00).
There are two big open problems concerning weak Leray-Hopf solutions.

e (Uniqueness) Given any initial data uy € J(€2), is there a unique global-in-time

weak Leray-Hopf solution associated to ug?

e (Regularity) Given any initial data ug € J(£2), is there an associated global-in-

time weak Leray-Hopf solution that is regular for all times'?

Non-uniqueness, for weak Leray-Hopf solutions, has been conjectured by Ladyzhen-
skaya in [72] and by Jia and Sverdk in [57]. For a related class of solutions to the
Navier-Stokes equation, defined on a ‘non-cylindrical’ space-time domain? and with
non-standard boundary conditions, a non-uniqueness result was established by La-
dyzhenskaya in [72]. For weak Leray-Hopf solutions defined on R3x]0, 00|, certain
unverified non-uniqueness scenarios have recently been suggested by Jia and Sverak
in [57]. After completion of the material of this thesis, additional numerical evidence
for non-uniqueness has been supplied by Guillod and Sverdk in [50].

Under certain additional assumptions on the initial data, it has been known since
Leray’s paper [75] that regularity implies uniqueness. This will be discussed in more

detail in the subsection of this Introduction ‘Regularity and Uniqueness Theory of

!By regular for all time, we mean C*(Qx]0,00[) with every space-time derivative in
Loo(6,T; Loo(€2)) for any 0 < e < T < 00.

2By a non-cylindrical space-time domain, we mean that it is not of the form Ox]0, T, with
O C R? fixed.



the Navier-Stokes Equations’. For generic initial data uy € J(€2), it is not known if
regularity implies uniqueness. Indeed in the scenario suggested by Jia and Sverdk in
[57], the non-unique solutions are regular. The results contained in this thesis relate

to the following motivating question.

What are sufficient conditions to grant uniqueness of weak Leray-

Hopf solutions of the three-dimensional Navier-Stokes equations?

1.1 Local Wellposedness of the Navier-Stokes Equa-
tions

In the previous subsection, we described a class of solutions of the three-dimensional
Navier-Stokes equations (weak Leray-Hopf solutions), where existence of at least one
global-in-time solution is guaranteed. In this subsection, we will briefly discuss classes
of solutions to the Navier-Stokes equations that are locally well posed. By this, we
mean that existence and uniqueness of such solutions is ensured for at least a short

time.

1.1.1 Mild solutions of the Three-Dimensional Navier-Stokes
Equations

Now we provide a brief digression into the framework of mild solutions to the three-
dimensional Navier-Stokes equations in R3. Before doing so, we describe some nec-
essary preliminaries regarding the linear Stokes system, with Fj; : Q@ — R and

up : R? — R? sufficiently smooth:
w — Aw + Vg = —divF, divw =0, (1.1.1)

with initial condition
w(-,0) =wuy and divuy = 0. (1.1.2)

We also make use of the operator P that projects onto divergence-free vector fields.

In the case of Q = R3, this may be written as
Pf = f+ V(=A)"!(div f). (1.1.3)

Using the divergence-free property of the velocity field and the initial condition, we
see that
Pw = w, and Puy = uy. (1.1.4)



(1.1.5)

Furthermore, it follows from the expression (1.1.3) that
PVq = 0.

Formally, we may then apply P to system (1.1.1)-(1.1.2) (note that in the case of R3,
(1.1.6)

P commutes with the Laplacian) to obtain:
Oyw — Aw + Pdiv (F) = 0,
w(-,0) = uo. (1.1.7)
(1.1.8)

We then formally see that w satisfies the Duhamel-type integral equation
t
w(t) = S(t)ug — / S(t — 7)Pdiv F' (-, 7)ds.
0

Here, S(t)uy denotes the convolution of ug with the three-dimensional heat kernel

L exp(—|f?/4t).

3
2

[(x,t) =
(=.1) (4rt)
Consider a potential ®(z,t) satisfying
(1.1.9)

AD(z,t) =T'(x,t).

1 [ T(y,t)
Oz, t) = — dy.
R3

Here, I'(z,t) is the heat potential and we specifically take

With this in hand, one may then define the Oseen tensor (we adopt the Einstein

summation convention throughout this thesis):
2P foai
O G VA B TP 1110
il 1) O0x;0x ;0 (z,1) : 0z j0x0xy, (z,1) ( )
From Solonnikov’s paper [119], this satisfies the estimate
: c
107"V K (z,t)| < —, for jym=0,1... (1.1.11)
t (J]2 + t)2+3+m
(1.1.12)

(y, T)dydr.

It is then known? that, for sufficiently smooth F, we have:
Fj

t t
—/ S(t—T)]P’divF(-,T)dSZ/ /Kiﬂ(x y,t—T)
0 0
R3

3See, for example, pp.234-235 of Solonnikov’s paper [119)].
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For the specific choice F' = u ® v := (u;v;); j=1,2.3, we define
t
B(u,v);(x,t) := / /Kz'jl(l' —y,t —71)u;(y, 7)vi(y, 7)dydr. (1.1.13)
0
RS

The definition (1.1.13) for B(u,v) will be used throughout this thesis. We mention

that elsewhere in the literature B(u,v) is sometimes defined as

(u,v) / / u - Vodxdt.

This formal construction allows us to define mild solutions to the Navier-Stokes

equations. The definition given here is essentially contained in Rusin’s thesis [92]*.

Definition 1.2. Consider X C S'(R*) and Xr = Xp(R*x]0,T[) C Lajoc(Qr) with
the following properties:

T >T= Xr C Xp, (1.1.14)
ug € X = S(t)up € Xr (1.1.15)
and there exists a universal constant C' > 0 such that for all vy € X and u,v € Xr
we have
1S @)uoll, < Clluollx (1.1.16)
and
1B(u, v)||2r < Cllullg [[0]| - (1.1.17)

Here, B is as in (1.1.13).
Let ug € X be divergence-free, in the sense of tempered distributions. We say that
v € X is a mild solution to the three-dimensional Navier-Stokes equations if it is a

fixed point in Xr of the following equation:
v(+,t) = S(t)ug + B(v,v)(+, t). (1.1.18)

Existence of mild solutions of the Navier-Stokes equations is proven by the method
of successive iterations. This was pioneered by Fujita and Kato in [60] and there are
a substantial number of papers that utilise this approach for different spaces X and
Xr. See for example papers of Cannone [19], Giga and Miyakawa [43], Kato [59],
Kozono and Yamazaki [64], Planchon [88] and Taylor [125].

In the cited papers above, the construction of mild solutions is obtained when
the solenoidal initial data belongs to critical spaces with respect to the Navier-Stokes

scaling, which are defined to satisfy the property

4Specifically, Definition 1 p.10 of [92].



e (critical spaces) u € X C §'(R?) and ugy(x) := Mug(Az) (A > 0) = upy € X

and [|uoxllx = [|uollx-

Koch and Tataru’s paper [63] provides the current widest critical spaces for the solen-
odial initial data, for which mild solutions to the Navier-Stokes equations can be
constructed. In particular, in [63] Koch and Tataru constructed local-in-time mild
solutions for solenoidal initial data in VM O~(R?) and global-in-time mild solutions
for solenoidal initial data with sufficiency small BMO~!(R?) norm. Let us mention
that it has been shown by Bourgain and Pavlovié¢ in [16] that for certain critical spaces
larger than BMO~!(R?), mild solutions to the Navier-Stokes equations are ill-posed.
In particular, Bourgain and Pavlovi¢ showed that ‘Initial data in the Schwartz class
S that are arbitrarily small in Bo’ofoo can produce solutions arbitrarily large in Bgofoo
after an arbitrarily short time.” (p.2235 of [16]). See also Yoneda’s paper [130].
Unfortunately, the notion of mild solutions (as in Definition 1.2) no longer makes
sense when the solenoidal initial data belongs to supercritical spaces with respect to

the Navier-Stokes scaling (such as Lo(R?)), which are defined to satisfy the property

e (supercritical spaces) u € W C §'(R?) and ugpy(z) := Aug(Az) (A > 0) =

upx € W and ||uga|lw = Ao ||w for some a > 0.

For supercritical spaces, the associated path spaces Wr are supercritical path spaces,

which are defined as follows

e (supercritical path spaces) f(z,t) € Wy C S'(R*x]0,T[) and f\(z,t) =
Az, 22 (A > 0) =

f)\ c WT/,\Z and ||f>‘||WT/>\2 = )‘_a‘|fHWT for some a > 0.

The reason why Definition 1.2 cannot be valid for supercritical initial data and path
spaces, is because the bilinear term B cannot be continuous from Wy x Wr to Wy
(i.e (1.1.17) is no longer valid). This situation is in stark contrast to the case of
weak Leray-Hopf solutions, which exist globally-in-time for any solenoidal data in the
supercritical space Lo(R3).

In the literature, mild solutions to the Navier-Stokes equations, constructed for
specific X and X', typically also belong to another path space )r with the following
properties. Namely, Vr satisfies (1.1.14)-(1.1.15) and is such that there can exist at
most one mild solution in the class X N Ypr. In this situation, for any ug € X we can

define the ‘maximal time of existence’ as follows
1%y, (uo) :=sup{T > 0: 3! mild solution v € X7 N Yr solving (1.1.18)}.

8



In such circumstances, the mild solutions to the Navier-Stokes equations are locally
well posed. From the papers of Fabes, Jones and Riviere [29]°, Kato [59]® and Cannone

[19]7, we see that an example of (X, Xr, Yr) with the above properties is
(X, Xr, Vr) = (L3(R?), X4(T), Ls(R>x]0, T[).
Here,
XuT) = {7 € 8 ®XI0TD < Wllxary = sp 45Dl < oo

Unfortunately, for arbitrary solenoidal data in X' it is not known if the max-
imal time of existence is infinite or not. Any attempt to prove that it is infinite,
for arbitrary data solenoidal data in X', must make use of finer properties of the
Navier-Stokes equations than those required for the construction of local-in-time mild
solutions. This follows from certain toy models of the Navier-Stokes, considered by
Montgomery-Smith in [84] and by Gallagher and Paicu in [38]. These toy models
have an analogous notion of mild solutions and local-in-time existence theory to the
Navier-Stokes equations, but have initial data with an associated finite maximal time

of existence.

1.1.2 Local Wellposedness of Weak Leray-Hopf solutions

The above situation for the mild solutions contrasts with weak Leray-Hopf solutions,
where (for any initial data uy € J(2)) global existence is known but even short
time uniqueness in their class is an open problem. The third chapter of this thesis
is motivated by a very natural question, arising from the investigation of sufficient

conditions for uniqueness of weak Leray-Hopf solutions. Here it is.

(Q) Which Z c §'(R?) are such that uy € J(R?)N Z implies uniqueness

of the associated weak Leray-Hopf solutions on some time interval?

If we consider the initial data uy € J(R3) N Z, for a suitable critical space Z, then
one can construct a mild solution that is a weak Leray-Hopf solution on Q7. For
certain cases, the properties of the mild solution are sufficient to grant uniqueness in
the weak Leray-Hopf class. This is known as ‘weak-strong uniqueness’. In the third
chapter, we provide positive answers to (Q) for new classes Z, by proving that weak-
strong uniqueness holds for these classes. Let us now state our main contributions to

question (Q), whose proofs will be presented in the third chapter.

®See Theorem (3.3) of [29].
6See p.476 of [59].
"See Lemma 1.4 of [19].



Theorem 3.1 Chapter 3. Fiz 2 < a < 3.
e For2 < a <3, take any p such that o < p < 3%-.
o For a =3, take any p such that 3 < p < co.

Consider a weak Leray-Hopf solution u to the Navier-Stokes system on Qs, with
matial data y

up € VMO YR} N B, ¥ (R*) N J(RY).
Then, there exists a T(ug) > 0 such that all weak Leray-Hopf solutions on Q, with

initial data uy, coincide with u on Q) := R*x]0, T'(ug)[.

Corollary 3.2 Chapter 3. Let 3 < p < oco. Consider a weak Leray-Hopf solution

u to the Navier-Stokes system on (Qn,, with initial data

3
142
o0

Uy € Bpoo F (R¥) N J(R?).
Then, there exists a T'(ug) > 0 such that all weak Leray-Hopf solutions on QQs, with
inatial data ug, coincide with u on Qreuy) = R*x]0, T (u)].

Let us mention that in Theorem 3.1 Chapter 3, B,. p% +%(R3) signifies a homoge-
neous Besov space. Furthermore, in Corollary 3.2 Chapter 3, IEB; ;r z (R3) denotes the
closure of smooth compactly supported functions in the homogeneous Besov space
B; ij %(RS). Further explanation of the relevant function spaces will be provided in
‘Chapter 2: Preliminary Material’. For a detailed discussion of previous works relat-
ing to (Q), as well as the novelty of our contribution and strategy, we refer the reader
to the introduction of the third chapter of this thesis.

In Chapter 3, we will also show that similar arguments used for the above theorem
and corollary can be used to prove new uniqueness criteria for weak Leray-Hopf

solutions in Q7. The relevant proposition is stated below.

Proposition 3.4 Chapter 3. Suppose u and v are weak Leray-Hopf solutions on
Qoo with the same initial data ug € J(R3). Then there exists an €, = e.(p,q) > 0
such that if either

3 2
u€ LY(0,T; LP*(R*) —+==1 (1.1.19)

p g
B<p<oo,2<qg<o0andl < s <o0) (1.1.20)

10



3 2
ue L0, T; IP2(RY) 4= =1 (1.1.21)
P q
B<p<oo, 2<g< ) (1.1.22)
with
][ Laroo (0,7 Lpo0 (3)) < €x, (1.1.23)

then u = v on Qr := R3x]0, T[.

Let us mention that LP° is a Lorentz space and LP*° denotes the ‘weak L, space’.

Furthermore, for p < s < oo and 1 < p < oo it is the case that
L,(R?) € LP5(R?) ¢ LP>(R?). (1.1.24)

We will define these spaces, as well as mentioning further relevant properties, in
‘Chapter 2: Preliminary Material’.

From (1.1.24), we see that Proposition 3.4 Chapter 3 extends the classical unique-
ness criteria of Prodi [89] and Serrin [114]. Namely, that if u is a weak Leray Hopf

solution on Q7 and satisfies

3 2
u€ Ly0,T;L,R*)) =+-=10B<p<ooand?2<q<o0), (1.1.25)
P g

then u coincides on Q) with other any weak Leray-Hopf solution with the same initial
data.

1.2 Regularity and Uniqueness Theory of the Navier-
Stokes Equations

In this part of the introduction, we mention relationships between regularity theory
and uniqueness statements for weak Leray-Hopf solutions of the Navier-Stokes equa-
tions. We discuss initially the setting of global-in-time weak Leray-Hopf solutions in
R3x]0, ool

In [75], Leray considered ‘turbulent solutions’, which are a subclass of weak Leray-
Hopf solutions. Moreover, he established a connection between uniqueness and reg-
ularity properties of turbulent solutions. In particular, he showed that the following
assumptions imply uniqueness of turbulent solutions, with initial data uy € J(R?),

on R3x]0, S[. We refer to this as ‘Leray’s sufficient condition’.

e 1) There exists a § > 0 such that all turbulent solutions, with initial data
ug € J(R3), coincide on |0, d[.

11



e 2) There exists a turbulent solution V| with initial data ug, such that for any
0<e< St
V € Lo(R*x]e, S)).

The same statement holds for weak Leray-Hopf solutions. In the setting of weak
Leray-Hopf solutions, we define uq € J(R?) to be ‘short time regular’ if there exists
a 0 > 0 such that 1) and 2) hold with S = §. Let us mention that it is unknown
if we can drop 1) and still get the same conclusion. Indeed, certain unverified non-
uniqueness scenarios, for weak Leray-Hopf solutions, have recently been suggested
by Jia and Sverdk in [57]. In the scenario suggested there, the nonunique solutions
satisfy 2) but not 1).

If there are two different weak Leray-Hopf solutions, with the same short time
regular initial data uy € J(R?), then Leray’s sufficient condition implies the following.

Namely, for any weak Leray-Hopf solution v, with initial data ug, we have
T(up) :=sup{7 : v € Loo(J€,7]; Loo(R?)) for all 0 < e < 7} < o0, (1.2.1)

Leray’s sufficient condition implies all weak Leray-Hopf solutions, with short time
regular initial data ug € J(R?), coincide on R*x]0, T'(ug)[. Hence, T'(ug) is indepen-
dent of v. Furthermore, it is known that this solution belongs to C>(R*x]0, T'(ug)]).
In the literature, T" is commonly referred to as a finite blow-up time.

The previous paragraph implies the following for global-in-time weak Leray-Hopf
solutions, with short time regular initial data vy € J(R?). Namely, if one can rule
out the existence a finite blow-up time 7'(u), then one has uniqueness and regularity

of the global-in-time weak Leray-Hopf solution associated with the initial data .

1.2.1 Local Interior Regularity Theory of the Navier-Stokes
Equations

In the previous subsection, we have just demonstrated the importance of investigat-
ing whether or not a finite blow-up time occurs, for weak Leray-Hopf solutions on
R*%]0, oo[ with short time regular initial data .

The investigation of finite blow-up times, for the Navier-Stokes equations, was
initiated by Leray in [75]. Furthermore, in [75] it is proven that if 7" is a finite
blow-up time and 3 < p < oo then necessarily

c(p)
(T — )20

Arguments from the paper of Escauriaza, Seregin and Sverdk [27]®, for example,

[o( )l L, ms) = , 0<t<T. (1.2.2)

8Specifically, p.226 of [27].
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imply the following for a weak Leray-Hopf solution v : R3x]0, co[— R3, with short
time regular initial data ug and finite blow-up time 7. Namely, there exists R :=
R(v,up,T) > 0 such that

v € Loo((R*\ B(R))x|T/2,T]).

This, along with (1.2.2), implies that if T'(ug) is a finite blow-up time then there exists
a R := R(v,up, T) > 0 such that

v ¢ Loo(B(R)X]T/2,T]). (1.2.3)

This motivates the local interior regularity theory for the Navier-Stokes equations,
which is centered around the investigation of sufficient conditions to give local bound-
edness of the velocity field v of the Navier-Stokes equations. The first sufficient con-
ditions were provided by Serrin in [114]. Serrin proved that if

v : B(1)x] — 1,0]— R? is a distributional solution to the Navier-Stokes equations
such that v € Loo(—1,0; Lo(B(1)) and Vv € Ly(—1,0; Lo(B(1)), then the conditions

HUHLS,L(Q(T)) < 00 (1.2.4)

and s
-—+-<1 1.2.5
ST <h (1.2.5)

imply that v is bounded on interior sub domains of @ := B(1)x] — 1,0[. Here,
Loy (Q(r)) :== Li(—72,0; Ly(B(r))).

A global-in-time weak Leray-Hopf solution v, with short time regular initial data
up and finite blow-up time T, satisfies additional properties on B(xq,7)x|T — r? T|
other than v € Lo(T — r?,T; Ly(B(xg,7))) and Vv € Lo(T — r? T Lo(B(zo,7)).
In particular, such a weak Leray-Hopf solution v satisfies a local energy inequality”
(whose notion was conceived by Scheffer in [94]) on B(xg, R)X]|T — 72, T| for any
x0€R3,R>0andO<r<T%.

The additional property of a local energy inequality forms an important part of
the notion of ‘suitable weak solutions’ to the Navier-Stokes equations, which were
introduced by Caffarelli, Kohn and Nirenberg in [17] and are the modern setting for
the local interior regularity theory of the Navier-Stokes equations. Let us now state
the definition of suitable weak solutions of the Navier-Stokes equations, which is taken
from Seregin’s book [111]*.

9We refer the reader to (1.2.10), for a definition of what is meant by ‘local energy inequality’.
19Specifically, Definition 6.1 p.133 of [111].
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Definition 1.3. Consider any domain O C R3. Let —0o < S; < Sy < oo. We say
that the pair v : Ox]S;, So[— R? and q : Ox]S;, So[— R are a suitable weak solution
to the Navier-Stokes equations in O xSy, S| if:

v E Loo<Sl,SQ,L2<O)), (126)
Vv e LQ(Sl, Sg; LQ(O)), (127)
qc L%(OX]Sl, SQD (128)
and
So
//(—v cOp—vRv:Vo+ Vu: Vo —qdive)dydr =0 (1.2.9)

e
for any ¢ € C(Ox]S1,Ss[). Additionally, it is required that the following local
energy inequality holds for all positive ¢ € C3(Ox]S1,00[) and almost every time

tE]Sl,SQ[J
t
/<p|v(x,t)\2dx+2//90|Vv[2dxdt’
0 0

@]
t

< // [0[2(0sp + Ag) + v - Vo(|v]* + 2¢)dzdt’. (1.2.10)
o

0

For a suitable weak solution (v, q), points of Ox|Si, Sa[ can be classified as either

singular points or regular points. In particular,
20 = (o, tg) € Ox]S7, S| is a singular point of v <=
v & Loo((B(wg, )Xty — 1%, to[) N Ox]Sy, Ss[) for all sufficiently small r > 0.

Moreover, zy € Ox]St, Sa| is defined to be a regular point of v if it is not a singular
point of v. Let us now state the main question of interest in the local interior regularity

theory for suitable weak solutions of the Navier-Stokes equations.

Consider a suitable weak solution to the Navier-Stokes equations
(v,q) on Ox]Sy, 5] and a space-time point 2z, € Ox]S;, Se[. What as-
sumptions, in a local parabolic neighbourhood of z; := (x¢, t), ensure

that 2, is a regular point?

14



Notice that if (v,q) is a suitable weak solution on Ox]S], Ss[, then under the
rescaling (A > 0)

v(a,t) = va(z, 1) = Ao(Az, \*t), (1.2.11)
q(z,t) = qr(x,t) = N2q(Az, \*t) (1.2.12)
(va, @) is a suitable weak solution on % x| fz, 33 [. The property of a space-time point

2o being a regular point for (v, q) is invariant under the above scaling. As argued by
Seregin and Sverak in [102], it is natural to consider criteria for regular points that are
invariant under the above scaling as well. This leads to the study of scale-invariant

quantities in the local regularity theory, which are defined to satisfy
F(v,q,29,7) = F(vx, qx, To/ A, to/ A, /). (1.2.13)

An example of a scale-invariant quantity is
0

E(v,7) ::%/ / |Vo|*dydr. (1.2.14)

—r2 B(r)

The investigation of regularity at space-time points and scale-invariant quantities can

be divided into two cases.

(1) Smallness assumptions for a scale-invariant quantity, in a local

neighbourhood of the space-time point.

(2) The assumption that some scale-invariant quantity is

bounded, in a local neighbourhood of the space-time point.

A celebrated result falling under (1), that gives sufficent conditions for space-time
points to be regular, was proven by Caffarelli, Kohn and Nirenberg in [17]. Namely,
it was shown that if (v,q) is a suitable weak solution to the Navier-Stokes system

near 2o, then there exists an €, > 0 such that

to

1
lim sup — / / |Vul|?dydr < e, = 2z = (10,1p) is a regular point of v.
r—0t T
7 tO_"”2 BT(‘T:O)

The famous consequence of this is that the set of interior singular points S C
O x]851, S| of a suitable weak solution (v, q) on Ox|Sy, S| satisfies P;(S) = 0. Here,

Qi(z = (x,1)) := B (x)x]t —r? t + 77, (1.2.15)
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o0

Pi15(S) := inf {Z ri oS CURZ, Q5. (%) and each r; < 5} (1.2.16)

i=1
and
Pi(S) := lim Py 4(S5). (1.2.17)
6—0+

We mention that Theorem B in Caffarelli, Kohn and Nirenberg’s paper [17] gives
that P;1(S) = 0, for a suitable weak solution (v,q) on Ox]Si, Sy with divergence-
free forcing term f € Ls 5(Ox]S1, S2[) (6 > 0). Subsequently, Ladyzhenskaya and
Seregin [74] and Kukavica [69]-[71] showed that P;(S) = 0 holds for more general
forcing terms than those considered in [17].

Let us now discuss (2), namely the case that scale-invariant quantities are bounded.
Let us mention that an example falling under (2), that is sufficient to prove (0,0) is

a regular point, is the Ladyzhenskaya-Prodi-Serrin condition:

0]z, @) < oo (1.2.18)

Here,

3 2
-+ 7= 1 and s > 3. (1.2.19)
S

Under the weaker assumption that v is a distributional solution to the Navier-Stokes
equations with v € Lo (—1,0; Lo(B)) and Vv € Ly(—1,0; Ly(B)), local regularity in
this case was proven by Struwe in [122]. Unfortunately, it is not known if any weak
Leray-Hopf solution on R3x]0, co[, with smooth solenoidal data, satisfies (1.2.18)-
(1.2.19). At the time of writing, it is only known that any weak Leray-Hopf solution

on R3x]0, oo| satisfies

2
v € Li(0,T; Ly(R?)) with §+ 7= g (1.2.20)

Classifying (1.2.18)-(1.2.19) as following under category (2) is misleading. As
stated on p.2110 of Seregin’s paper [103], the assumptions (1.2.18)-(1.2.19) imply
that

lim_|v]|z, @Ry = 0. (1.2.21)

R—0*
As mentioned on p.214 of Escauriaza, Seregin and Sverak’s paper [27], for the case
s = 3 no such shrinking occurs. Regularity in this case was proven in [27] by con-
tradiction, involving a rescaling procedure producing a nontrivial ancient solution
and a Liouville theorem based on backward uniqueness and unique continuation for
parabolic equations. Chapter 4 of the author’s thesis will contain further discussion

of endpoint cases of this type, as well as containing new results in this direction.
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At the time of writing, it is unknown whether or not suitable weak solutions
of the Navier-Stokes equations can possess a singular point, with a bounded scale-
invariant quantity in a neighbourhood of it. We refer to such singular points as ‘Type
[ singularities’!*. Let us mention that in the literature, a Type I singularity (o, to)

is sometimes defined to be a singular point of v with

sup (to — t)%|v(x,t)| < 00 (1.2.22)

(z,t)eB(zo,r)x]to—7r2 to|
for some r > 0. This is contained in the definition given at the beginning of this para-
graph. For the special case of axi-symmetric solutions to the Navier-Stokes equations,
it is known the assumption (1.2.22) implies that (zo,to) is a regular point. See Chen
et al. [22]-[23] and work of Seregin and Sverak [102], for example. Let us mention
that —L— is the blow-up rate for backward self similar solutions to the Navier-Stokes

(to—t)7
equations v : R3x] — oo, to[— R? and ¢ : R*x] — oo, to[— R, which are of the form

(v(,8), gl 1)) = (AOUAB)2), R (Da(A(E)2)) (1.2.23)

with .
A(t)i=———— and a>0. (1.2.24)

~ (2alty — 1))
The existence of backward self similar solutions has been ruled out by Necas, Ruzicka
and Sverédk in [85] and by Tsai in [126].

An example of a strategy for investigating (potential) singular points for the
Navier-Stokes equations, with a certain bounded scale-invariant quantity in a neigh-
bourhood of it, is the use of ‘blow-up procedures’ for the Navier-Stokes equations.
As discussed in Koch et al. [62] (pp.83-84 of [62]), blow-up procedures involve taking
a suitable rescaling of the equation (of the form (1.2.11)-(1.2.12)) and passing to the

t!2 to obtain an ‘ancient solution’. As stated by Seregin in [103]: ‘A particular se-

limi
lection of rescaling parameters depends upon a problem under consideration.” (p.2112
of [103]). Moreover different rescaling procedures, for the Navier-Stokes equations,
can produce ancient solutions with quite different properties. For example, compare
the papers of Escauriaza, Seregin and Sverak [27] and Koch et al. [62]. In the blow-up
procedure, the bounded scale-invariant quantities of the original solution (v, ¢) (in the
parabolic neighbourhood of the singular point) are transferred to the ancient solution.

This additional information for the ancient solution can sometimes be very useful in

1 Gingular points that are not ‘Type I’ are referred to as ‘Type II'.
12 As mentioned in Koch et al. [62] (p.83 of [62]), this can formally be thought of as ‘zooming in’
on the singular point in question.
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ruling out the singular point for the original velocity field. In relation to this, a gen-
eral framework for studying ‘Type I singularities’ of the Navier-Stokes equations was
established by Koch et al. in [62] and by Seregin and Sverdk in [108]. The framework
established in [62] and [108] shows that if a certain Liouville type conjecture can be

verified, then one can rule out Type I singularities.

1.2.2 Local Boundary Regularity Theory for the Navier-Stokes
Equations

In the previous subsection, we discussed the local interior regularity theory for the
Navier-Stokes equations. Chapter 4 of this thesis will mostly be concerned with the
case of local boundary regularity theory for the Navier-Stokes equations. We now
motivate the local boundary regularity theory for the Navier-Stokes equations, as
well as explaining some key differences of the local boundary regularity theory in
contrast to the case of local interior regularity theory.

For global-in-time weak Leray-Hopf solutions of the initial boundary value prob-
lem on R? x]0, 00[, a version of Leray’s sufficient condition also applies. Moreover,
definitions of short time regular initial data and blow-up times extend naturally to
this case as well. In analogy with whole-space case, proving local boundedness'? at all
space-time points zg = (z,t) € (R3 UIR?)x]0,00[ of a given global-in-time weak
Leray-Hopf solution v of the initial boundary value problem, with short time regular
initial data uo € J(R3), implies the uniqueness of v in the weak Leray-Hopf class'*.
Here we define,

OR? = {x = (2;)iz123 : = (z1,22,0)}.

In Seregin and Sverdk’s paper [105], it is stated that, unlike parabolic systems with
smooth coefficients, there is a distinction between local interior regularity properties
and local boundary regularity properties for both the linear Stokes equations and the
Navier-Stokes equations. For the linear Stokes system, this was first demonstrated
from constructions given by Kang in [58]. This construction was simplified by Seregin
and Sverdk in [105]. Furthermore, the construction in [105] gave a distributional
solution (v,q), with v € Lo (—1,0; La(B7(0,1)) and Vv € Ly(—1,0; La(B*(0,1))
(B*(0,1) := B(0,1) NRY}), to the Navier-Stokes equations in B¥(0,1)x] —1,0[:

ov—Av+Vqg+v-Vu=f dive =0, (1.2.25)

3By this we mean that there exists an r > 0 such that v € Loo(B(zo, ) NR3 x]to — r?,to]).
“For further explanation of this and relevant references, we refer the reader to Chapter 5 (specif-
ically, p.128 and p.156).

18



v(x1,29,0,t) = 0. (1.2.26)

The important feature of the constructed solution in [105] is that it is bounded in
B*(0,1)x] — 1,0[ but its spatial gradient is unbounded in any parabolic neighbour-
hood of the space-time origin.

Contrastingly, it has been known since the work of Serrin in [113] that for dis-
tributional solutions to the Navier-Stokes equations, with v in L. (—1,0; Le(B)) and
Vv € Ly(—1,0; Ly(B)), the following implication holds. Specifically, boundedness of
v on B(1)x] —1,0[ implies boundedness of its higher spatial derivatives.

In general, it is not at all clear if interior regularity criteria for the Navier-Stokes
equations, have analogous forms up to the flat part of the boundary. The main
difficulty in the local boundary regularity theory for the Navier-Stokes equations,
compared to its interior counterpart, is the treatment of the pressure near the flat
part of the boundary.

A general setting for the local boundary regularity theory for the Navier-Stokes
equations was suggested by Seregin in [98]. Before stating this, we introduce the

following notation. For xg = (2¢;)i=1,23:
BT (zo,R) = {x € B(xo, R) : x = (w1, 22, 73), T3 > %03},

B(#) = B(0,6), B = B(1), B*(#) =B*(0,6), BT = BT(1),
['(zo, R) = {z € B(xo, R) : 23 = 243}, '(8) =T(0,0), T =T(1),
Q" (20, R) = BT (w0, R) x|ty — R*, o],

QT(0) =Q7(0,0) and QT =Q"(1).

The definition we give below is essentially contained in Seregin’s paper (98], specifi-
cally Definition 2.1 there.

Definition 1.4. Let —oo < S < Sy < 0o. We say that the pairv : Bt (xg, R)%|S1, Sa|—
R3 and q : BT (xg, R)x]S1, So[— R are a suitable weak solution to the Navier-Stokes
equations in Bt (xg, R)Xx|S1, Sa| near T'(zo, R) X [S1, Sa] if:

RS Loo(Sl,Sz;LQ(B+(I0,R))), (1227)
VU € LQ(Sl,SQ;LQ(B+($O,R))), (1228)
O € Ls (151, Saf: Lo (B (w0, R))). (1.2.29)
V2 € L3 (151, Sf; Ly (B* (w0, R))), (1.2.30)
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Vq e Lg(]Sl,Sg[; L%(BJr(xo,R))), (1.2.31)

Sa
/ / (—v-Op—v®v:Vep+Vu:Vp—qdivy)dydr =0 (1.2.32)
)

S1 Bt (z0,R

for any ¢ € C5°(B™ (0, R) x] S, S2[) and
v(x,t) =0 for xs = xo3 and almost every S; <t < Ss. (1.2.33)

Additionally, it is required that the following local energy inequality holds for all pos-
itive ¢ € C§°(B(zo, R)x]S1,00]) and almost every time t €]S, Sa|:

¢
/ olv(z, t)|*dr + 2/ / ©|Vo|*dzdt’

B+(zo,R) 0 Bt(zo,R)
t

< / / [v[2(0p0 + Ap) + v - Vo(Jv|? + 2q)dzdt’. (1.2.34)
0 Bt (z0,R)

For a suitable weak solution (v, q) in B¥(xq, R)x]Si, Se[ near I'(zq, ) x]S1, Sa],
we have the following classification of points in (BT (xg, R) U T'(zo, R))%]S1, S2[. In

particular
(Yo, S0) € (BT (xg, R) UT' (g, R))%]S1, o] is a singular point of v <=

v & Loo((BT(yo,7) X80 — 1%, 80]) N (BT (w0, R)x]S1, Ss[) for all sufficiently small
r > 0.

Moreover, (yo, So) € (BT (xg, R) UT(z9, R))X]S1, S2[ is defined to be a regular point
of v if it is not a singular point of v. The local boundary regularity theory of the

Navier-Stokes equations is centred around the following motivating question.

Consider a suitable weak solution (v,q), to the Navier-Stokes equa-
tions, in Bt (xg, R)X|to — R?, to| near I'(zg, R) x [to — R?, t;]. What assump-

tions ensure that 2y = (z, 1) is a regular point?

The first contribution to this question is due to Seregin in [98]. There it was shown
that there exists a universal constant e, such that
to
lim sup / / |Vu(z,t)|*dedt < e, = 2z is a regular point of v.

r—0+
to—r2 Bt (xo,r)
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In particular, this extended the interior regularity criteria of Caffarelli, Kohn and
Nirenberg [17] to cases involving a flat part of the boundary. Moreover, this regularity
criterion implies that the set of singular points E C I'(zg, R) X [to — R?,to] of (v, q),
that also lie on the flat part of the boundary, satisfies P;(E) = 0.

As mentioned in the previous subsection, in Escauriaza, Seregin and Sverak’s

paper [27] it was shown that if (v,¢) is a suitable weak solution in Bx| — 1,0[ then
v € Loo(—1,0; L3(B)) = v is Holder continuous in Q(1/2).

Later in Seregin’s paper [100], it was shown that this regularity criterion also applied
up to the flat part of the boundary. In particular, in [100] it was proven that if (v, q)

is a suitable weak solution in B*x] — 1,0[ near I'(0,1) x [0, 1], then
v € Loo(—1,0; Ly(B*1)) = v is Holder continuous in Q1 (1/2).

Let us mention that throughout this thesis, we define a function f to be Holder
continuous on the closure of 2x]Sy, Ss[ if there exists an 0 < o < 1 and a constant
C' such that the following holds. Namely, for any zy = (¢, to) and zgo = (xgo, too) in
the closure of 2x]5S7, Ss],

| f(z0,t0) — f(2o0,t00)| < C(|xg — x00|® + [to — too’%)-

The main aim of Chapter 4 is to extend the L (—1,0; L3(B™)) regularity criterion,
for suitable weak solutions in BT (1)x] — 1,0[ near I'(0,1) x [—1,0]. This is achieved
by the following theorem.

Theorem 4.5 Chapter 4. Assume (v,q) is a suitable weak solution of the Navier-
Stokes equations in BT(1)x] — 1,0[ near T'(0,1) x [—1,0]. Assume, in addition, that
there exists 3 < B < oo such that

v € Loo(—1,0; L**(B™)). (1.2.35)
Then v is Hélder continuous in the closure of the set QT (1/2).

In the above theorem L>” represents a Lorentz space, which satisfies:
L13(Q) ¢ L*(Q),

for 3 < B < oo and Q C R3. We will provide a further description of Lorentz spaces
in ‘Chapter 2: Preliminary Material’.
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As previously mentioned, it was shown by Leray in [75] that if T is a finite blow-up

time and 3 < p < oo then necessarily

c(p)

[o(, D)z, @ = (T — 130D

L0<t<T. (1.2.36)

As will be discussed in Chapter 5, an analogous necessary condition to (1.2.36) is
not possible for the L3(R?), L3(R%), L*(R?) and L*’(R3) norms. Theorem 4.5
of Chapter 4 has the following implication. Specifically, if v : R3 x]0, co[— R? is
a global-in-time weak Leray-Hopf solution, with short time regular initial data and

finite blow-up time 7', then necessarily
limsup [[v(-, )| L35z ) = o0,
T

for any 3 < 8 < oco. The main result of Chapter 5 gives a more precise necessary

condition in the following way.

Theorem 5.4 Chapter 5. Let v : R? x]0, 0o[— R? be a global-in-time weak Leray-
Hopf solution of the Navier-Stokes equations. Furthermore, assume that its initial
datum is short time regqular. Suppose that v has a finite blow-up time T. Then it
necessarily holds that

lg%l ||U(‘77f)||L3ﬁ(R1) = 00,
for any 3 < B < 0.

For a detailed discussion of the previous literature related to the above theorems,
as well as the difficulties that we overcome in proving the above results, we refer the

reader to Chapters 4 and 5.

1.3 Potential Blow-up of Scale-Invariant Norms and
Global Solutions to the Navier-Stokes equa-
tions

The proof of Theorem 5.4 (Chapter 5) proceeds by contradiction. Namely, we assume
that exists £, 1T 1 with

M = s%p [o(-, ti)ll Loz ) < oo (1.3.1)

The aim of the proof of Theorem 5.4 (Chapter 5) is to show that (1.3.1) implies that

T is not a finite blow-up time. The next step of the proof is to perform the rescaling
U(k) (y7 S) - )\kU($, t)? q(k) (y7 S) - )‘zQ(xu t)? uék) (y) = )‘kv(/\kyv tk>7 (132)
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T—1
T = Ay, t=T+4 M\s and A = 5 a5 (1.3.3)

This gives that (v®), ¢*)) are solutions to the Navier-Stokes equations on R x]—2,0]
with

k
sup | 2wy = 10 ta) |z eyy = M. (1.3.4)

The final step of the proof is to obtain a nontrivial ancient solution to the Navier-
Stokes equations and to then attempt to apply a Liouville type theorem to it, based
on backward uniqueness and unique continuation for parabolic operators developed
by Escauriaza, Seregin and Sverdk in [27].

Suppose v : R3x]0,00[— R? is a global-in-time weak Leray-Hopf solution, with
short time regular initial datum and finite blow-up time 7. The same strategy and
rescaling procedure, as that used in proving Theorem 5.4 (Chapter 5), has been
previously used by Seregin in [104] and [106] to show

lim [[o(-, 2

HT akmsy — and 1;%? [v(+, )| Ly (rz) = o0

It can also be applied to other critical spaces!® X'(R?) in attempting to show

li ot = 00.

tlglﬂv(a ) x@s) = oo

As mentioned by Seregin and Sverdk in [112] for X = Ls(R?), in order to obtain a
nontrivial ancient solution from the sequence of rescaled solutions, it is advantageous
to have a notion of solution to the Navier-Stokes equations with initial data in X
(which we denote N (X)), that has the following properties.

e 1) Global existence For any uy € X’ there should exist a global-in-time solu-

tion in NV (X).

e 2) Weak™ stability

u(()k) Soyp in X =

v (., u(()k)) € N(X) converges up to subsequence (in sense of distributions) to

v(-,ug) € N(X).

We refer to such a notion of solution as a ‘global X solution’ of the Navier-Stokes

equations.

15Recall that X (R?) is a critical space, with respect to Navier-Stokes scaling, if ug € X' (R3) implies
the following. Namely, uox(z) := Aug(Az) € X(R?) and ||ug|| x®s) = ||uoallx sy for all A > 0.
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The main goal of Chapter 6 is to establish existence of global B X solutions, for
any divergence-free ug € B (]R3) that satisfies 1)-2). Here B4700( 3) denotes a
critical homogeneous Besov space, whose definition will be provided in ‘Chapter 2:
Preliminary Material’. Any global B; EO solution, with initial data ug has the following

structure. Namely,

v(x,t) =V(zr,t) +u(z,t), (1.3.5)
where
Vi) i= [ T~y Oualw)dy
R3
and .
['(x,t) = exp(—|z|*/4t).
(z,1) (in)3 (—|x[*/42)
Moreover,

u € L(T) := Loo(0,T; J(R) N Ly(0, T JE(R‘”’))

for any T' > 0 and satisfies the energy inequality

t
t
01, +2 [ [ 19ule, ) Pdar <2 / [ eusvev): Vi, 150

0 R3

The significance of the critical homogeneous Besov space B (R3) is as follows.

Namely, X = B (R3) is the widest critical space for which a global X solution,
having the structure (1.3.5)-(1.3.6), is p0551ble For further explanation of this and

full details of our definition of global B4 & solutions, We refer the reader to Chapter

6. The main results of Chapter 6, regarding global B I solutions, are as follows.

Theorem 6.3 Chapter 6. Let ué) 5 oug in B i

global weak B, Lo

initial data uék). Then there exists a subsequence, still denoted v'¥), that converges

and let v%) be a sequence of a

solutions to the Cauchy problem for the Navier—Stokes system with

to a global weak B solution v to the Cauchy problem for the Namer—Stokes system,

OO

with initial data ug, in the sense of distributions.

Corollary 6.4 Chapter 6. Given any divergence-free uy € B (]R?’) there exists at

least one global weak B X -solution to the Navier-Stokes system in R3x]0, ool.

In the remainder of Chapter 6, we prove a conditional uniqueness result for global

weak B —solutlons
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L1
Proposition 6.6 Chapter 6. Let ug € B, S, be divergence free in the sense of
tempered distributions. There exists an € > 0 such that if
sup t5]|S(t)uol|L, < ¢ (1.3.7)
o<t<T

then all global B4_§O solutions, with initial data ug € B;fo, coincide on Qp =
R3]0, T7.

Unfortunately, the condition (1.3.7) does not hold for arbitrary divergence-free
initial data in BZ i In particular, for large minus one homogeneous solenoidal initial
data. For this case, the conjectures by Jia and Sverdk in [56] and [57] suggest that
there may be non-uniqueness for global B; i solutions, even for a short time.

For a detailed discussion of the previous literature related to the above results, as

well as the difficulties that we overcome, we refer the reader to Chapter 6.

25



Chapter 2

Preliminary Material

2.1 Notation

In this section, we will introduce notation that will be repeatedly used throughout

the rest of this thesis. We adopt the usual summation convention throughout this

thesis.
We define:
la,b[:={t:a <t < b},
[a,b] :={t:a <t <b},
[a,b:={t:a <t <b}
and

Ja,b] :=={t:a <t <b}.
For arbitrary vectors a = (a;), b = (b;) in R™ and for arbitrary matrices F =
(Fij), G = (Gyj) in M™ we put
a-b=ab;, la| = Va-a,
a®b=(ab;) e M",
FG = (FyGyj) e MY, FT = (Fj;) € M",
F:G=F,;G; and |F|=VF:F.

For spatial domains and space-time domains, we will make use of the following
notation:

B(zo, R) = {z € R®: |z — x0| < R},
B(zo,R) = {x € R® : |z — xo| < R},
B(6) = B(0,6), B = B(1),
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B(9) = B(0,0), B = B(1),

Q(z20, R) = B(wo, R)x]to — R* to[, 20 = (w0,t0),
Q(20, R) = B(zo, R) x [to — R, ty], 20 = (w0, 1),
Q0) = Q(0,0), @ =Q(1),

Q(0) = Q(0,9), Q@ =Q(1) and
Qap = R3x]a, b].

Here —oo < a < b < oo. In the special cases where a = 0, we write Q) := Qo
Setting 2/ = (z1,72) € R? and zy = (wo1, o2, To3), We introduce the following

definitions:
ot = (w01, Toz, —To3), BT (0, R) = {& € B(xo, R) : & = (¢, x3), 3 > T3},
Bt(zo, R) = {z € B(zo,R) : v = (¢, x3), x5 > o3},
B*(#) = B*(0,0), Bt = B*(1), B¥(6) = BT(0,0), B* = B*(1),
T(zo, R) = {x € B(xo, R) : 135 = 13}, T'(8) =T(0,6), T =T(1),
Q" (20, R) = BT (20, R) x|ty — R?, o],
Q" (20, R) = BT (20, R) x [to — R*, 1o,
QT (0) =Q7(0,0), QT =Q*(1), QT(0) =Q"(0,0), Q" =Q"(1),
R? = {(2/,23) € R} 123 > 0}, R, :={(2/,23) € R®: 23 > 4}
and Q) :=R3 x]a,b[.

Here, —0o < a < b < oo. In the special cases where a = 0, we write @} := Qafb.
For Q C R?, we define the indicator function yq : R* — R as being equal to 1 on
Q and 0 on R3\ Q.

(z) = 1 if z e,
XQWE= 9 0 if zeR3\ Q.

For € C R?, mean values of integrable functions are denoted as follows

1
pla = @Q/p(x)dx

For, 2 C R, the space [C5%(Q2)]%( is defined to be the closure of
Coo() :={u € C5°(Q) : div u = 0}
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with respect to the Ls(€2) norm. With this notation, we define

J(Q) = [Ce(Q)] =@

Moreover, .J, () is defined as the completion of the space C%(€2) with respect to the

(/ |Vv|2dx>§.

Q
If X is a Banach space with norm ||+ || x, then Ly(a, b; X), with a < band s € [1, 0o,

Dirichlet integral

will denote the usual Banach space of strongly measurable X-valued functions f(t)
on |a, b[ such that

1
s

b
1l ey = / O dt | < +oo.

The usual modification is made if s = co. For @ C R?, —00 < a < b < o0 and

1 < 5,1 < o0, we define
L 1(Q2x]a, b)) := Li(a, b; Ls(2)).

For m = n, we define L,(Q2x]a,b]) := L, ,(2x]a,b]). Let C([a,b]; X) denote the
space of continuous X valued functions on [a,b] with usual norm. In addition, let
Cw([a, b]; X) denote the space of X valued functions, which are continuous from |[a, b]
to the weak topology of X.

We also define the energy class:
L(S) := Ly (0,8; J(2)) N Ly(0, S; J5(Q)).
We define the energy norm as:

[vllees) = V]| 2o o @x10.5p + VO] Lo(@2x70,57 -

For Q CR3 —0o <a<b<ooand1l < m,n < oo, we define the following

Sobolev spaces with mixed norms:
Wt (@x]a, ) = {v € Lynn(@x]a,]) : [0llwro @xjapy = 101 Lmn@xiasn+

V|, . @xjasp < 00}

and
Wi (2x]a,b]) = {v € Lnn(2x]a, b)) : [[0lly2t, oujapy = 19| omm(@xlasn+

28



HIVOll L, 0 @x1a6) + 1V2V L ai@xiasd + 1000112, @x1ab) < 00}
For m = n, we define W, (Qx]a, b[) := W, )(Qx]a, b[) and W' (Q2x]a, b]) := W2 (Qx]a, b]).

Throughout this thesis, we will also make use of the following fact. Namely if {2 is
a bounded domain with sufficiently smooth boundary, 1 <n < oo, 1 < m < oo and

—00 < a < b < oo, then we have the compact embedding:
Woin(@x]a, bl) = C([a, bl; Lan(%2)).

A proof of this can be inferred from Theorem 1 of Simon’s paper [115], for example.

For O C R?® and —co < S; < Sy < oo, we define a function f to be Holder
continuous on the closure of 2x]Sy, Ss[ if there exists an 0 < o < 1 and a constant
C' such that the following holds. Namely, for any zo = (z0, ) and zo0 = (g0, too) in
the closure of Q2x]S7, Ssl,

| f(z0,t0) — f(o0,t0o0)| < C(|xg — x00|® + [to — too’%)-

Throughout this thesis we will use the notation
S(tuo(a) = [ T = v hun(w)dy.
R3

where I is the three-dimensional heat kernel

mt)2

[(x,t) = a ! 3 exp(—|z|*/4t).

2.2 Lorentz Spaces

2.2.1 Definition and Properties of Lorentz Spaces

Given a measurable subset {2 C R", let us define the Lorentz spaces. For a measurable
function f : €2 — R define:

dra(a) = p({z € Q: [f(z)| > a}), (2.2.1)

where 11 denotes the Lebesgue measure. The Lorentz space LP9()), with p € [1, 00|,
q € [1,00], is the set of all measurable functions g on 2 such that the quasinorm
9| Lra(q) is finite. Here:

qd—o‘f’, (2.2.2)

lollnaiey = (b [ oyl
0

29



1
lgllzree(@) := sup adg.a(a)?. (2.2.3)
o>

It is known there exists a norm, which is equivalent to the quasinorm defined above,
for which LP4(Q) is a Banach space. For p € [1,00[ and 1 < ¢; < g2 < 00, we have

the following continuous embeddings
LP(Q) — LP%2(Q) (2.2.4)

and the inclusion is known to be strict.

Let X be a Banach space with norm ||-||x, a < b, p € [1,00[ and ¢ € [1,00]. Then
LP%(a, b; X) will denote the space of strongly measurable X-valued functions f(t) on
la, b such that

[ flleraqapx) = [LF @l x |zragap < oo (2.2.5)
In particular, if 1 < ¢; < ¢o < o0, we have the following continuous embeddings
LP(a,b; X) — LP%(a,b; X) (2.2.6)

and the inclusion is known to be strict.

Let us recall a known proposition known as ‘O’Neil’s convolution inequality’ (The-
orem 2.6 of O’Neil’s paper [86]), which will be used in proving Proposition 3.4 in
Chapter 3.

Proposition 2.1. Suppose 1 < p1,pa, q1,q2,7 < 00 are such that

4]l = =4+ = (2.2.7)
r P1 P2
and
1 1 1
—+—> - (2.2.8)
q1 q2 S
Suppose that
f e LPyi(R"™) and g € LP*92(R™). (2.2.9)
Then
fxge L"(R") with (2.2.10)
||f * g||Lr,s(Rn) S 3T||f||LP1,q1 (]Rn) ||g||LP2,QQ (]R") (2211)

In Chapters 4 and 5 of this thesis, we will use an inequality that we will refer to
as ‘Hunt’s inequality’. The statement below and proof can be found in Hunt’s paper

[53] (Theorem 4.5, p.271 of [53]).
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Proposition 2.2. Suppose that 0 < p,q,r < o0 and 0 < s1,s9 < 00. Furthermore,

suppose that p, q, v, s1 and sy satisfy the following relations:

11 1
p q r
and
1 1 1
_+_:_

S1 Sy S
Then the assumption that f € LP*(Q) and g € L®%(S2) implies that fg € L™*(),

with the estimate

1f9llLra@) < Cp, ¢ 51, 82) || fll o1 @ gl 202 (- (2.2.12)

In Chapter 4, we will make extensive use of the following known interpolative

inequality for Lorentz spaces.

Proposition 2.3. Suppose that 1 < p<r <qg<oo and 1 < s < oco. Furthermore,
let 0 < 6 <1 be such that

1 0 1-4

r p q
Then the assumption that f € LP>°(Q)NLP>(Q) implies f € L™'(Q) with the estimate

1 s < O, @) e 15 - (2.2.13)

We will also make use of a known theorem, which we will refer to as ‘the generalized
Marcinkiewicz theorem’. See [14] (Theorem 5.3.2 there).

Theorem 2.4. Let Q C R3. Suppose py # p1, qo # ¢ and 0 €]0, 1] satisfy the

following relations

1 1-6 6
N _|__’
p Po P1
I 1-60 0
q o @

Suppose that 11,79, 81,82 > 1 and that T is a bounded linear operator of the following
Lorentz spaces (i =0,1):
T : LP"i(Q) — L9(Q).

Under these assumptions, it holds true that, for any r €]0, 0o],
T:LP"(Q) — LT (Q)
18 a bounded linear operator.
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2.2.2 Decomposition of Lorentz Spaces

In this subsection, we state and prove a simple (but important) fact about decom-

positions of Lorentz spaces. This will be formulated as a lemma and will be used in

proving Theorem 5.4 (Chapter 5). An analogous statement is Lemma IL.I proven by

Calder6n in [18].

Lemma 2.5. Take 1 <t < r < s < 00, and suppose that g € L">(Q).

N >0, we let gy_ := gxjg<n and gn, =g — gn_. Then

S S S—r T
< —N P00
lgn_| L@ = 5 _ . gl zr Q)

if s <00, [lgn_|l L) < N and

r

lgnv 2oy < ——= N9l -
r—t

Suppose further that g € L’”’p(Ri) with 1 <p<oo, 1 <r<ooand

/g(x) V(z)dz =0 for all p € C3°(R2).

3
RJr

Then g = g1 + go where gy € | %(Ri)]Ls(Ri)7 g2 €| %(Ri)]Lt(Ri)7

91 Ls(R%) < C(s,r,p, ”gHLTvP(Ri))

and

HQ2HLt(R1) < C(rt,p, g Lw(Ri))-

For any

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

Proof. Proof of decomposition (2.2.14)-(2.2.15) can be found in the book of Grafakos

[48]".

Now consider g € L"P(R3) satisfying (2.2.16). We can use the Helmoltz-Weyl
decomposition? to deduce that g, = g, + Vg, where g; belongs to the required

space. Furthermore, we have that

g1l . @2 < cllgr_llo,eeys IVarllo,ee) < cllgi_|

and
/Vq1 -Vdr = /g1 -Vedr Vo € C°(R?).
R?)

3
Ry

1Specifically, p.22 of [48].
2See Theorem I11.1.2 p.152 of Galdi’s book [36], for example.
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We can treat the second counterpart g;, in a similar way. From the above and
(2.2.16), we deduce that

[V +a) Vot =0 voecr®),
5
Using properties of harmonic functions and the above global integrability of V¢; and

Vs, we conclude that V(¢1 + ¢2) = 0. The estimates (2.2.17) and (2.2.18) can now

be derived using ||g

o) < cllgi-lliyee ), loulloee) < cllgr-llz, @), the estimates
(2.2.14)-(2.2.15) and the continuous embedding L™P(R3 ) — LT"O(R3 ). O

2.3 Besov Spaces and BMO™!

2.3.1 Definition and Properties of Besov Spaces and BMO™!

The definitions we use are contained in the book of Bahouri, Chemin and Danchin
[3]. For a tempered distribution f, let

F()E) = /eXp(—ix-f)f(x)dx

RS

denote its Fourier transform. Let C' be the annulus
{¢eR*:3/4 < ¢ <8/3}.

Let x € C3°(B(4/3)) and ¢ € C3°(C) be such that

VEE R, 0< x(€),¢(8) <1, (2.3.19)
VEER?, x(§)+ ) w278 =1 (2.3.20)
>0
and
VEE R\ {0}, D p(27¢) = 1. (2.3.21)
JEZ

For a being a tempered distribution, let us define for j € Z:
Aja = F(p(279¢)F(a)) and Sja := F 1 (x(277€)F(a)). (2.3.22)

Now we are in a position to define the homogeneous Besov spaces on R3. Let s € R
and (p,q) € [1,00] x [1,00]. Then B;q(R3) is the subspace of tempered distributions
such that

jgf_ﬂoo 150l sy = O (2.3.23)

33



and

1
el sy = (22 2N A5l ) (2.3.24)
jez
Remark 2.6. This definition provides a Banach space if s < g. See Theorem 2.27

p.67 of Bahouri, Chemin and Danchin’s book [3], for example.

Remark 2.7. It is known that if 1 < ¢1 < qa < 00, 1 < p; < py <00 and s € R,
then
. 3 .s—S(L—L)
By g (R?) = Bpy g, ™

3
p1,91 (R )’
See Proposition 2.2 p.64 of Bahouri, Chemin and Danchin’s book [3], for example.

Remark 2.8. It is known® that for s = —2s; < 0 and p,q € [1,00], the norm can
be characterised by the heat flow. Namely there exists a C > 1 such that for all
ue B> (R%):
O lull gyzos gy < MNE SO ull @)l 20y < Clull 2o gy
Here,
St)u(x) :=T(-,t) xu

where T'(xz,t) is the kernel for the heat flow in R3.

We will also need the following proposition, whose statement and proof can be

found in Bahouri, Chemin and Danchin’s book [3] (Proposition 2.22 there). In the

proposition below we use the notation
S,, := { tempered distributions u such that lim ||S;ul|r_ s = 0}. (2.3.25)
j——o0
Proposition 2.9. A constant C' exists with the following properties. If sy and sy are

real numbers such that s; < sy and 6 €]0,1[, then we have, for any p € [1,00] and

any u € S,,,

1-6
g (2.3.26)

__C 1 1 ;
ol g -0y < 2 (5 1) Ml I

Finally, BMO~!(R?) is the space of all tempered distributions such that the fol-

lowing norm is finite:

R2
ol LG
U —1(R3) = SUp —————— S(t)u|~dydt. 2.3.27
ovonen = S anmomy | ) O (2320

Here, 1 denotes the Lebesgue measure. We define VMO™H(R?) to be the closure of
test functions C5°(R?) with respect to the norm (2.3.27).

3See Theorem 2.3.4 p.72 of Bahouri, Chemin and Danchin’s book [3], for example.
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2.3.2 Decomposition of Homogeneous Besov Spaces

In this subsection, we state and prove certain decompositions for homogeneous Besov
spaces, which will play a crucial role in the proofs of Lemma 3.3 (Chapter 3) and
Lemma 6.5 (Chapter 6). We first take note of a useful lemma presented in Bahouri,
Chemin and Danchin’s book [3] (specifically, Lemma 2.23 and Remark 2.24 in [3]).

Lemma 2.10. Let C' be an annulus and let (u));cz be a sequence of functions such
that
Supp F(uW) c 22¢ (2.3.28)

and

1
(szsruu(ﬁugp)”" < o0, (2.3.29)

JEZ

where s € R, 1 <p<oo and 1 <r < oo. Moreover, assume in addition that

3
s< 2. (2.3.30)
p

Then the following holds true. The series
Z u
JET

converges (in the sense of tempered distributions) to some u € B;T(RS), which satisfies

the following estimate:

1

lullg, < Co( D21l ) " (2:3.31)
JET

Now, we can state the first proposition regarding decomposition of homogeneous

Besov spaces. In the context of Lebesgue spaces, an analogous statement is Lemma

I1.I proven by Calderén in [18]. Note that decompositions of a similar type can be

obtained abstractly from real interpolation theory, applied to homogeneous Besov

spaces. See Chapter 6 of Bergh and Lofstrom’s book [14], for example.

Proposition 2.11. Fori = 1,2,3 let p; €]1,00[, s; € R and 6 €]0, 1] be such that

s1 < 8o < 89 and ps < pg < p1. In addition, assume the following relations hold:

51(1 — 9) + 952 = S, (2332)
11— 1
6,6 1 (2.3.33)
b1 P2 Po

35



and

3
5 < —. (2.3.34)
Pi
Suppose that uy € B;gypo(]R?’) 1s a divergence-free tempered distribution. Then for
all € > 0, there exist divergence-free tempered distributions u'c € B;i’pl (R3), uc €
. 3
B2 (R®) such that
ug = ub© + u*c, (2.3.35)
Le||p1 p1—P Po
lu el < gl (23.36)
and
[ |2, < C(s1, 82,00, prs D, 1F ol )2 ™ uoy (2.3.37)
BPQvPQ BPDvPO

Proof. Denote,
f9 = Ajum f@N = f(j)X|f(j)|§N and fE)N = f(j)(l — X|fD|<N)-
It is easily verified that the following holds:
172N, < NI O, and PPN < N O

Thus, we may write

2p181j||f£3')N||121pl < Np1—p02(p181—poso)j2posoj||f(j) ||120po (2.3.38)
and

210252]'HfJ(rJ')NHZFp2 < szfpo2(p2527p080)j2p080jHf(j) lec;o_ (2'3'39)
Define

(Posg—p151)J

N(j7€7807 317p07p1> = €2 P1PO

For the sake of brevity we will write N(j,€). From (2.3.38), we deduce that
p1517 (] £G)NG€)|p1 P1—po9poso] || £(4)||Po
PV fZENL,, < emP2Rd| O (2.3.40)
Using the relations of the Besov indices given by (2.3.32)-(2.3.33), we can infer that

N(j €)ool _ am,

The crucial point is that this is independent of j. Thus, we infer

o AN (e B o A
9P2 2]||fJ(r]) (4 )HIZQ < P2Pogpo OJHf(])H]zZO' (2.3.41)
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Next, it is known that for any uo € B2 (R®) we have that 3"

to ug in the sense of tempered distributions. Furthermore, we have that A;Ajug = 0

im—m Ajug converges

if |7 — j'| > 1. Combing these two facts allows us to observe that

A= 3 Apf@ = 3" A fION9 4 N A, fPN09, (2.3.42)

|m—j|<1 |m—j|<1 |m—j]<1

Recall from Chapter 1 that the Leray projector P, which projects onto divergence-free

vector fields, is defined as
Pf = f+ V(=A)"(div f).
This can also be written as (for j = 1,2, 3)
Pfi = (055 — RiRe) fi-
Here R; are Riesz transforms given by
Rig(x) :=cP.V. / f;—;;g(w —y)dy

and the summation convention is adopted. Since ug is a divergence-free tempered
distribution in ng,po (R?), we have that P(Ajug) = Ajug. From this and (2.3.42) we
deduce that

A=Y PALfIY0N) 1+ 37 PA,, [P, (2.3.43)
|m—j|<1 |m—7|<1
Define
up = Y PA, N0 (2.3.44)
m—jl<1
and
w = Y P(AfPV09), (2.3.45)
m—jl<1

It is clear that
Supp .F(ujl-’e), Supp }"(ui’e) c2C. (2.3.46)

Here, C” is the annulus defined by C" := {£ € R? : 3/8 < |¢| < 16/3}. Using (2.3.40)-
(2.3.41) and the continuity of the Riesz transforms on L,(R?) (1 < p < 00), we obtain

the following estimates:
S$17 1,e _ s$17 N ',E
2 [l |8 < Ny, | F |, ) 20 | £V OO B
< M, [ F ey e mmoaresod || fO|p (2.3.47)
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229 a3 (2 < dalpa, | F Tl )2 SO
< Xa(pa, [|F~ pl| e Po2resod|| f O (2.3.48)
Note that for i = 1 or i = 2, X\i(p;, | F 1llz,) denotes a constant depending on p;
and || F7 o],
It is then the case that (2.3.46)-(2.3.48) allow us to apply the results of Lemma

2.10. This gives us the desired decomposition with the choice
le l,e
utt =3 u
JEZ

and

2, 2,

JEL

O

As a consequence of the previous proposition, we obtain the following corollary,
which will play a central role in proving Lemma 3.3 (Chapter 3). Note that in the
corollary below and throughout this thesis, for py > 3 we define

3
Spo ::—1+p—0<0.

Moreover, for 2 < a < 3 and p; > a we define
3 3
Spra = T + p_1 < 0.
Corollary 2.12. Fiz 2 < o < 3.
e For2 < a <3, take p such that o < p < 3%-.
o For a =3, take p such that 3 < p < 0.
For p and o satisfying these conditions, suppose that

ug € Bire (R®) N Ly(R?) (2.3.49)

and div ug = 0 in the sense of distributions.

Then the above assumptions imply that there exists py with max (p,4) < py < 00
and & > 0 such that for any € > 0 there exist weakly divergence-free functions u' €
Byt (R3) N Ly(R3) and u® € Ly(R?) such that

ug = utc + u*c, (2.3.50)
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Le||p - p
|u ||;;§%6 < PP ||| B (2.3.51)
I3, < Ofap,po, 17l ) oy (2352)
and
lutllz, < CUIF el luollz.. (2.3.53)
Proof. First case: 2 <a <3 and a <p < 3%
Under this condition, we can find py with max (4, p) < py < oo such that
1_ 1 6
0.=1T—2>——2 (2.3.54)
27w @
Clearly, 0 < # < 1 and moreover
1-0 6 1
+—=-. (2.3.55)
Po 2 p
Define s g
1—=43
§i= —9o 2 2.3.56
T ( )

From (2.3.54), we see that § > 0. One can also see that we have the following relation:
(1 =0)(sp, +6) = Spa- (2.3.57)

The above relations allow us to apply Proposition 2.11 to obtain the following

decomposition: (we note that BY,(R?) coincides with L,(IR?) with equivalent norms)

ug = ub® + u*c, (2.3.58)
1, _
[l 6|§);§%6 < € pHuo\%;%a (2.3.59)

and
||U2’E||%2 < C(a,p,po, ||‘F_190||L1)62_p||u0|

(2.3.60)

p
B
Furthermore, u>¢ and u?€ are divergence-free tempered distributions. For j € Z and

m € Z, it can be seen that

1P (A ((Aju0)xia,ueno ) ) e < CUF el dsull. (2:361)

It is known that ug € Ly implies

luollZ, = D I1AzuollZ,

jez

Using this, (2.3.61) and the definition of ' from Proposition 2.11, we can infer that

lutr, < CUF el lluoll,-

Thus, we have established the decomposition of the corollary.
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Second case: =3 and 3 < p < c©

In the second case, we choose any pg such that max (4,p) < pg < oco. With this py we
choose 6 such that

=0, 0 _1
Po 2 p
If we define 9
0= m >0, (2.3.62)
we see that
(Spo +9)(1 —0) = s, (2.3.63)

These relations allow us to obtain the decomposition of the corollary, by means of
identical arguments to those presented in the the first case of this proof.
O

Next we state a proposition, which refines the decompositions of homogeneous
Besov spaces given by the previous corollary. The proposition below will play an

important role in proving Lemma 6.5 (Chapter 6).
Proposition 2.13. Suppose that 3 < p < o0,
g € Bir (R?) (2.3.64)

and div g = 0 in sense of tempered distributions. Then the above assumptions imply

that there exist pa, 0o, 1 and o with
P <p2 <00, 0<dy<—5p, 71:=7(p)>0 and v2 :=7(p) >0
such that for any N > 0 there exist divergence-free tempered distributions
gV € Byt (R N B (RY) and GV € Ly(R*) N B (R?) (2.3.65)

with the following properties. Namely,

g=g"+7"%, (2.3.66)
18l gapai2 < N C.llgllgze,) (2.3.67)

and
15V, < N72C(p, llgl g2 )- (2.3.68)

Furthermore,

1512, < C o, N9l ger,) (2.3.69)

and
15V 2, < O, 9l gze,)- (2.3.70)
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Unlike the decompositions in Proposition 2.11 and Corollary 2.12, it is not clear
if related decompositions are obtainable by the known real interpolation theory of
homogeneous Besov spaces.

In order to prove Proposition 2.13, we must first state and prove two lemmas.
Here is the first.

Lemma 2.14. Let 3 < p < oo and suppose that ug is a divergence-free tempered
distribution belonging to B;f’oo(]R?’). Then there exist p < py < 00 and 0 < 0 < —Sp,

such that for any N > 0 there exist divergence-free tempered distributions

u'V € Bint (R N By (R?) and u*" € BY (R®) N By (RY)

with
ug = ut +uP?, (2.3.71)
Hul’N\ ?spo-HS < Npo—p”uo‘ %;Poo7 (2'3'72)
PO 00 ’
[0y < O, b |17l ) N> gl (23.73)
lut M gon, < CUF " llzy, ) lluoll gon, (2.3.74)
and
[u* | gn < CUF " llzss ) luoll g - (2.3.75)
Proof. 1If p < py < 00, there exists a 6 €]0, 1] such that
1-0 6 1
+ = =-. 2.3.76
Po 2 p ( )
If we define 9
y=———->0 2.3.77
T ( )
we see that
(Sp, +0)(1 —0) = s,,. (2.3.78)
Denote,

fO = Agu, fOM = Fx porear and fPM = O =y 50)1200)-

Define
(psp—po(spg+9))i

M(j7Nap7p0;6) = N2 PO—P
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For the sake of brevity we will write M (j, N). Using the relations of the Besov indices
given by (2.3.76)-(2.3.78), one can use identical arguments as those utilised in proving

Proposition 2.11 to obtain

. MG I
ool po+§)JHf£J) G )Hi(;o < NPo—PP p]”f(])”?zp’ (2.3.79)
25pj||f£j)M(ij)“Lp < 28”j||f(j)||Lp, (2.3.80)
VMGN I
||ff) G )H%2 < N2-pop pJHf(J)lep (2.3.81)
and
299 fPMON |, < 2009 O, (2:3.82)

For any uy € By’ (R?) we have that Do m Ajug converges to ug in the sense of

tempered distributions. Using the same arguments as in Proposition 2.11, we see
that

A=Y PAL YY) 4 N7 PA,, £, (2.3.83)
|m—j]<1 |m—7j|<1
Define
uph = 37 P(A,, fOMUN) (2.3.84)
Im—j|<1
and
uN o= 3T PA, fOMU), (2.3.85)
|m—j|<1

It is clear that

Supp ]:(u]l-’N), Supp ]-"(u?’N) c2C. (2.3.86)
Here, C” is the annulus defined by C" := {£ € R3: 3/8 < |¢| < 16/3}. Using (2.3.79)-
(2.3.82) and the continuity of the Leray projector P on L,(R?) (1 < p < 00), we can

obtain the following estimates:

s y s — s y i) M ‘,N
P N e PN e P )

< Mo, | F gl ) NPop2wsed | fO |2 (2.3.87)
227 |u} N |11, < No(p, [1Fpl| )2 fOMOV
< 2o, |1 F 7 0112)2% | f 9 1, (2.3.89)
™12, < As(IF 2l FOM N2,

< NM(IF L) N2 | £ (2.3.80)

42



and
spill. 2,N _ Spi )M (5,N
299 [N, < Aa(p, [ F )25 | fOMON

<l (1F 7 0ll2) 27 1 £ - (2.3.90)

Note that A (po, | F'¢|lz,) denotes a constant depending on py and ||F~t¢||r,. For
i = 2 and 4, \(p, ||F'p|lz,) denotes a constant depending on p and [|F 1y,
Additionally, A3(|[F'¢||r,) denotes a constant depending on ||F ||z,

It is then the case that (2.3.86)-(2.3.90) allow us to apply the results of Lemma

2.10. This allows us to achieve the desired decomposition with the choice

I,N _ 1,N
U —E u;",

JET
2N
u?N = E u;.
J
jEZ.

]

Lemma 2.15. For 2 < a < 3, take p such that 3 < p < 3*-. Suppose that the

divergence-free tempered distribution ug is such that
up € Bine(R®) N Bir (RY). (2.3.91)

Then the above assumptions imply that there exist p < p; < oo and
0 < 01 < —sp, such that for any € > 0 there exist divergence-free tempered distribu-
tions U € B;f}pﬁl (R?) N By (R?) and U € Ly(R?) N By (R?) with

o = UV + U, (2.3.92)
||U1,e| I;sm+61 < Epl_pHUOH%SP’a’ (2393)
P1.P1 p,p
102N 5. < CUF @l p) ol e (2.3.94)
1022, < Clo, 1, o I1F ], )P uo e (2.3.95)
and
102N g3, < CUF "l ) ol (2:3.96)

Proof. As a result of the assumptions on p and «, we can find p < p; < oo such that

S T
B>=-2 (2.3.97)

o
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Clearly, 0 < # < 1 and moreover

1—-6 6 1

+ - = - 2.3.98

y4i 2 p ( )
Define s b
1—=4+2Z

oy = —9a 2 2.3.99

L= (23.99)

From (2.3.97), we see that d; > 0. Omne can also see that we have the following
relation:
(1—6)(sp, +01) = Spa. (2.3.100)

The above relations allow us to apply Proposition 2.11 to obtain the following

decomposition: (we note that BY,(R?) coincides with L,(IR®) with equivalent norms)

= U< 4+ U, (2.3.101)

1<

spy +61 < €p1pru0’

P1,P1

; ono (2.3.102)

and
1U%<)17, < Clp,p1, a, || F o]l n,)e P o]

Here, U and U% are divergence-free tempered distributions. For j € Z and m € Z,

p
Foma- (2.3.103)

it can be seen that

IP(Am ((Aju0) X4 uj<v o) s < CUF ol p)1Ajuo]lz, (2.3.104)
and
HP(AW«AJUO)XIAMEN(Je )>HLp = (‘|~F71(P|’L17p)HAJ‘UOHLP- (2-3-105)
We see that the definitions of U€ and U*€ used in Proposition 2.11 are of the following
form:
Z Z P(A A UO>X|A u0\<N(]e)))
Jj |m—jl<1
and
Z Z A UO)X\A uo|>N (3, e)))
Jm—jl<1

Using this, along with (2.3.104)-(2.3.105), we can infer that

I+

s, < CUF ¢l p)l

D,

and

1]

sr. < CUF el p)
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Proof of Proposition 2.13

Proof. Applying Lemma 2.14, we see that there exist p < pp < oo and 0 < § < —sp,

such that for any N > 0 there exist divergence-free tempered distributions

utN € Bot’ (R%) N B (R) and o>™ € B (R®) N Bir (RY)

with
g =u"N 4 uP, (2.3.106)
N5 < NP Pllg ey (2.3.107)

PO oo

I L S CUF el o) llgll g, (2.3.108)
HuQvNuggm < Clppond |7l (2:3.109)

and
[u* M ger, < CUF llze, 29l 20, - (2.3.110)

Since 3 < p < o0, it is clear that there exists an « := «a(p) such that 2 < a < 3 and

3<p< 3% (2.3.111)

With these p and «, we may apply Proposition 2.9 with s; = —3 + %, 59 = —1 + %
and 6 = 6<— — —) In particular this gives for any f € S,

/]

(a=3) ) ¢8G2
b < I 3Hf|!2 . (2.3.112)

—1+5

\ w

From Remark 2.7, we see that B);"(R?) — By (R%) and B (R?) — Bp(fo ?(R3).

Thus, we have the inclusion
Bir (R*) N By (R?) C Bir~(R*) N B (RY). (2.3.113)

Now (2.3.112)-(2.3.113), together with (2.3.109)-(2.3.110), imply that u>N € B (R?)
and there exists a 5(p) > 0 such that

2,N|

[6* N g < N=2PC(p, po, 8 IF el g llsze,)- (2.3.114)

Noting (2.3.111), along with (2.3.110) and (2.3.114), we may now apply Lemma 2.15.
In particular, there exist p < p; < co and 0 < 6; < —s,, such that for any A > 0

there exist divergence-free tempered distributions
U € Byt ™ (R%) N B (R?) and U € Ly(R*) N B, (R?)
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satisfying the following properties. Specifically,
wN = A 42

[0, e < AP

p
o
B P,

P1:P1 pp

< )\m—pN—B(p)pc(p,po, 0, ||.7:_190||L1a 9]

o )
Bp#)O ’

(e

s < CUF ol )]

< C(IF el 29l g

102212, < Clo.pr, 17l )N

5Sp
Bp,oo

S )\2*1’N*6(p)pc’(p’p0’p1’5, ||-F7190”L17 ||g|

Bir)
and
T2 M 5. < CUF 0l PN o0

< C(IF "¢l p)llgl

5Sp L
BP’OO

Taking A = N" gives that

up = ut + UMY + U with

WtV € Bnt’ (R N B (R?), UMY e Byt (R) N Bin (RY)

and
UN" € Ly(R*) N Bir (R?).

Furthermore,

- Sp0+5 -~
PO 00

[t ¥, s < NPl

p
5P )
By

]

. < CUF el gl

o S NP, 5| F ]l
1:P1

- sp
Bp,oo?

k
(Lol

. )
Bp,oo/?

”UI,NNHB;{)OO S C<||F_1Q0||L17p)||g|

- sp
Bp,oo?

||U27NH”%2 S NH(Q_p)_B(p)pC(papOapla 57 H‘F_1S0HL17 ||g|

)
and

[l

. < CUF el pllgl

SSp .
BP#)O
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(2.3.115)

(2.3.116)

(2.3.117)

(2.3.118)

(2.3.119)

(2.3.120)

(2.3.121)
(2.3.122)

(2.3.123)

(2.3.124)

(2.3.125)



Let py = 2max(pg,p1) and Jy = min(d,d;)/2. From Remark 2.7 and (2.3.120)-
(2.3.121), we have that ul™ € B2 (R3) N Bir2i’ (R?) with estimates

LN < Np%_p " 2.3.126
[ ] o +s < e(p2)N 70 |l gl| 20 (2.3.126)
p9,00 p,00
and
[Vl gorn_ < CUF0llzr. 2. p2) gl sz (2.3.127)

We may now apply Proposition 2.9 with s; = s,,, o =5, +dand 0 =1 — %2 €)0, 1].
In particular this gives, for any f € S,:

152 3
s < o) o . 2.3.12
1 f] gt < c(p2, 9, 52)||f||3p5?00||f| pm s (2.3.128)

From Remark 2.7, we see that B;;?1+62 (R%) — B2t (R3). This fact, together with
(2.3.126)-(2.3.128), implies that

F) —
1 2(Po—pP)

0¥ gopsa < N5 Clpa 9,8, 60, 17l ) (2.3.129)

B
Using identical reasoning, it can also be inferred that

3o (k(p1—p)—B(p)P)

k _
HULN ‘ 3252;252 S N °1P1 C<p7p07p27p1767 517527 ||F 180”[/17 ”g| B;f’oo)'
(2.3.130)
The choice . 51 )
1P1{Po — P
o= 1 (o + B0y
p1r—Pp Do
implies
& 92(po—p) -
||U17N + Ul’N | 315)12)2;;52 S N wo C(pap():vapla 57 517 527 ||F IQOHLN Hg“B;f)oo)
(2.3.131)
It is also the case that
[t + UMY g < CUF ol 29l g, (2.3.132)
Defining gV = u"" + UYY" and gV := U*"" gives the desired decomposition in
Proposition 2.13. ]

2.4 Regularity Results for the Stokes Equations

2.4.1 Local Regularity Theory for the Linear Stokes System

In Chapters 4 and 5, we will make use of local interior and local boundary regularity

theory results for the linear Stokes system. The first proposition below regards local
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interior regularity results and is taken from Seregin’s book [111]*. A proof is also

presented in [111].

Proposition 2.16. Let m,n and s be such that 1 < m,n < oo and m < s < Q.
Suppose u € W0(Q), p € Lmn(Q) and f € L (Q). In addition, suppose that

ou— Au+ Vp = f,

divu = 0,

in the sense of distributions in Q) := Bx] — 1,0[. Then, we conclude that
we Whi(Q(1/2)) and p € WS(Q(1/2)). Furthermore, the estimate

101l

Lon@(1y2) + IVl L. n@a/2) + 11VD Lo @0 /2))

< c(s,n,m)(|[f]

Lon(@ T Ul L@ + IVUllL,. . @) + 1Pl L0n@)

holds.

The next proposition concerns the local boundary regularity theory for the linear

Stokes system. The proposition below is from Seregin’s paper [95]°.

Proposition 2.17. Let m,n and s be such that 1 < m < oo, 1 < n < 2 and
m < s < oo. Supposeu € Wi (Q1), pe W5(QF) and f € Ly n(Q"). In addition,
suppose that

ou— Au+ Vp = f,

divu = 0,
in QT := B*x] — 1,0 and suppose u satisfies the boundary condition
u=0 on I'(1)x]—1,0[

Then, we conclude that w € W2, (Q*(1/2)) and p € W5N(Q*(1/2)). Furthermore,

the estimate

|1Bsu]

Lon@+y2) + IVl L, 0t ay2) + 1VPl L. (y2)

<c(s,n,m)(| fllengr) + 1wl .on) + IVUllL, @+ + 1Pl Lo ni@+))
holds.

4In particular, Proposition 6.7 p.85 in [111].
®See Proposition 2 p.2824 of [95].
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2.4.2 Maximal Regularity Estimates for the Linear Stokes
System

In this subsection, we consider the linear Stokes system for @ = R?® or R3:

Owu— Au+ Vp = f, divu=0 in Qx]0,T7, (2.4.133)
uloa(-t) =0 and (2.4.134)
u(-,0) = 0. (2.4.135)

In Chapters 5 and 6, we will utilise maximal regularity estimates for the linear Stokes
system, which were developed by Solonnikov in [120]° for equal space and time expo-
nents and subsequently by Giga and Sohr in [44] for unequal space-time exponents.
The proposition we will use in Chapters 5 and 6 is stated below and is taken from
Giga and Sohr’s paper [44] (specifically, Theorem 2.8 p.82 of [44]).

Proposition 2.18. Assume that @ =R* or RY. Let T, s and q be such that
0<T<o0o,1<g<ooandl <s<oo. Assume in addition that

f € Ly (0,T; [C5% ()] ) (2.4.136)
Then there ezists a unique solution (u,Vp) of (2.4.133)-(2.4.135) satisfying
(u, Vp) € W2 (2x]0, T[) x Lqs(2x]0,T7) (2.4.137)
and

10wz, coxjory + 1V2ullz,.coxjorn + VPl ys@xiorn < (g, s, DI f Nl 2,..@x10.1D-
(2.4.138)

Remark 2.19. For g € L,(2x]0,T]) (1 < ¢q,s < o0), we can apply the Helmoltz-
Weyl decomposition” to deduce the following. Namely,

g=G+VH, G € L, (0,T; [C5%(Q)]F«) (2.4.139)
and
VH e Lq,s(QX}O, TD with HVHHL(;,S(QX]O,T[) < C(Q, q)HgHLq,S(QX]OJ”D. (2.4.140)

Consequently, for f = g — VH the conclusions of Proposition 2.18 hold.

6Specifically, Theorem 3.1 p.169 of [120].
"See Theorem I11.1.2 p.152 of Galdi’s book [36], for example.
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Chapter 3

Uniqueness Results for Weak
Leray-Hopf Solutions of the
Navier-Stokes System with Initial
Values in Critical Spaces

3.1 Introduction

In ‘Chapter 1: Introduction’, the definition of weak Leray-Hopf solutions was stated
(see (1.0.13)-(1.0.18) in Chapter 1). Furthermore, it was mentioned that the main
goal of this thesis is to determine sufficient conditions to grant uniqueness of weak
Leray-Hopf solutions of the Navier-Stokes system. This chapter will be motivated by

the following closely related question.

(Q) Which Z ¢ §'(R?) are such that uy € J(R?)N Z implies uniqueness

of the associated weak Leray-Hopf solutions on some time interval?
The results and text base of this chapter are based on

Barker, T. Uniqueness Results for Weak Leray-Hopf Solutions of the Navier-
Stokes System with Initial Values in Critical Spaces. J. Math. Fluid Mech.
(2017). doi:10.1007/s00021-017-0315-8.

Unless mentioned otherwise, the notation and definitions used in this chapter are
contained in ‘Chapter 2: Preliminary Material’.

It was shown by Leray in [75] that if Z is the class of ‘semi-regular initial values’,
we have short time uniqueness in the slightly narrower class of ‘turbulent solutions’.

In [75], Leray defines uy € J(R?) to be a semi-regular initial value if there exists a
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global-in-time turbulent solution V'(ug) satisfying
T
/ HV(-,T)H%OO(R:;)CZT < oo for some T > 0. (3.1.1)
0

Let ug be a semi-regular initial value and V' (u) satisfy (3.1.1). Let us briefly outline
Leray’s proof for showing any other turbulent solution wu(ug), with the same initial
data, coincides with V(ug) on Q7 := R*x]0, T[. Leray then showed that w := u(ug) —
V (up) satisfies the following inequality for 0 < ¢ < T

t

t
||w('7t)”%2(R3)+2//|Vw|2dyd7§ 2//V®w : Vwdydr
R3 0 R3

0

t t
< [IVEDIE ol eondr + [ [ 190(.7)Pdyar
0 0 R3
Here, the Holder and Young inequalities have been used in the last line. This then

implies that for 0 <t < T we have

t
lw(, DI, @s) S/||V('7T)||%M(R3)||w('aT)H%g(]l@)dT' (3.1.2)
0

From (3.1.2), Leray concludes that w = 0 in R3x]0, T’ by using that w is zero at the
initial time, the fact that V(ug) satisfies (3.1.1) and Gronwall’s lemma.

Similar arguments to the above proof have been frequently applied in the literature
to show that (Q) is true for other classes Z. From now on, we will refer to such
arguments as ‘Leray’s approach’. The main aim of Leray’s approach is to show that
for certain Z and any uo € Z N J(R?), one can construct a weak Leray Hopf solution
V' (up) belonging to a path space X having certain features. Specifically, X1 has the
property that any weak Leray-Hopf solution (with arbitrary ug € J(R?) initial data)
in X7 is unique amongst all weak Leray-Hopf solutions with the same initial data.

In the literature, construction of such a V'(ug) is typically achieved by means
of Banach contraction arguments, where possible. When this is the case, showing
the mild solution V' (ug) coincides with all weak Leray-Hopf solutions on some time
interval is frequently referred to as ‘weak-strong uniqueness’.

As previously demonstrated for the case of the semi-regular initial values, a crucial

step in Leray’s approach is the establishment of appropriate estimates of the trilinear
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form F': L(T) x L(T) x Xrx]0,T[— R given by:

t
F(a,b,c,t) ::/ /(a@c) : Vbdydr. (3.1.3)
0
R3

As previously stated by Germain in [41], these estimates of this trilinear form typically
play two roles. The first is to provide a rigorous proof of the energy inequality for
w = V(ug) — u(ug), where u(up) is another weak Leray-Hopf solution with the same
initial data. The second is to allow the applicability of Gronwall’s lemma to infer
w =0 on Q.

There are a vast number of papers related to question (Q), many of which ap-
ply Leray’s approach. We now give some incomplete references, which are directly
concerned with this question and closely related to this Chapter. It was proven by
Leray in [75] that for Z =J 3(R3) and Z = L,(R?) (3 < p < 00), we have short time
uniqueness in the slightly narrower class of ‘turbulent solutions’. The same conclusion
was shown to hold by Fabes, Jones and Riviere in [29] for the weak Leray-Hopf class.
It was later shown by Kato in [59] that Z = L3(R®) was sufficient for short time
uniqueness of weak Leray-Hopf solutions. An alternative proof can also be found in
the paper of Robinson and Sadowski [91]. At the start of the 21st Century, Gallagher
and Planchon [37] provided a positive answer for question (Q) for the homogeneous
Besov spaces

R -
Z= Bp,q p(Rg)

with p, ¢ < oo and

3 2
-+ ->1
p g

An incomplete selection of further results in this direction can be found in the papers
of Chemin [20], Dong and Zhang [25], Dubois [26], Germain [41] and the book of
Lemarié-Rieusset [76], for example. A more complete history regarding question (Q)
can be found in Germain’s paper [41].

The estimates of the trilinear form (3.1.3) needed for Leray’s approach appear to
be restrictive, with regards to the spaces Z and X that can be considered. Conse-

quently, (Q) has remained open for the Besov spaces

. 71+§
zZ = Bp,q p(R3>

with 3 <p<oo, 1 <g<o0and

= w
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The obstacle of using Leray’s approach for this case, has been explicitly noted by
Gallagher and Planchon [37] and Germain [41].

‘It does not seem possible to improve on the continuity (of the trilinear term)
without using in a much deeper way that not only u and V' (ug) are in the Leray

class £ but also solutions of the equation.’[37]

For analogous Besov spaces on bounded domains, question (Q) has also been con-
sidered recently by various subsets of Farwig, Giga and Hsu in [30]-[32]. There, a
restricted version of (Q) is shown to hold. Namely, the authors prove uniqueness
within the subclass of ‘well-chosen weak solutions’, which describe weak Leray-Hopf
solutions constructed by concrete approximation procedures. Furthermore, in [30]-
[32] it is explicitly mentioned that a complete answer to (Q) for these cases is ‘out of
reach’.

In this chapter, we provide a positive answer to (Q) for Z = IB%;;F% (R3), with any
3 < p < co. Here, ]E; i: Z (R3) is the closure of smooth compactly supported functions
in By, . z (R?®) and is such that

BT (R%) By * (RY).

In fact this is a corollary of our main theorem, which provides a positive answer to
(Q) for other classes of Z. Recall from ‘Chapter 2: Preliminary Material’ that for
po > 3 we define

3
Spy = —1+—<0.

Po
Moreover, for 2 < a < 3 and p; > «, we define
3 3
Spra=—— 4+ — <0.
- @ D1

Now, we state the main theorem of this chapter.
Theorem 3.1. Fiz 2 < o < 3.

o For2 < a <3, take any p such that o < p < 3.

e For a =3, take any p such that 3 < p < 0.

Consider a weak Leray-Hopf solution u to the Navier-Stokes system on s, with

initial data
up € VMO (R?) N Bine (R%) N J(R?).
Then, there exists a T'(ug) > 0 such that all weak Leray-Hopf solutions on QQs, with

inatial data ug, coincide with u on Qreuy) = R*x]0, T (u)].
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Let us remark that previous results of this type are given by Chemin in [20]
and by Dong and Zhang in [25] respectively, with the additional assumption that ug
belongs to a nonhomogeneous Sobolev space H*(R?), with s > 0. By comparison
the assumptions of Theorem 3.1 are weaker. This follows because of the following

embeddings. Namely, for s > 0 there exists 2 < o < 3 such that for p > a:
H*(R?) = Lo (R®) < Bine (R?).

Corollary 3.2. Let 3 < p < oo. Consider a weak Leray-Hopf solution u to the

Navier-Stokes system on QQ,, with initial data
up € Bir (R*) N J(RY).

Then, there exists a T'(ug) > 0 such that all weak Leray-Hopf solutions on s, with

initial data ug, coincide with u on Q) := R*x]0, T'(ug)[.

Our main tool to prove Theorem 3.1 is the new observation that weak Leray-Hopf
solutions, with this class of initial data, have stronger continuity properties near ¢ = 0
than general members of the energy class £. In [21], Chemin and Planchon obtained
a similar property for mild solutions with initial data in B;j (R3). Recently, in case
of ‘global weak Lj solutions’ with L3(R?) initial data, properties of this type were
established by Seregin and Sverdk in [112]. See also [6] for the case of L3> initial

data, in the context of ‘global weak L*>(R?) solutions’. Here is our main lemma.
Lemma 3.3. Take o and p as in Theorem 3.1. Assume that
up € J(R®) N Bine (R?).

Then for any weak Leray-Hopf u solution on Qr = R*x]0, T, with initial data uy,

we infer the following. There exists

B(p,a) >0

and

Y([[uol Bk (R3) P a) >0

such that for t < min(1,~,T) :

lu(-t) = St)uoll7, < te(p, a, l[uoll o). lluoll gime sy )- (3.1.4)
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This then allows us to apply a less restrictive version of Leray’s approach. Namely,
we show that for any initial data in this specific class, there exists a weak Leray-Hopf
solution V' (ug) on Qr, which belongs to a path space X with the following property.
Namely, X grants uniqueness for weak Leray-Hopf solutions with the same initial
data in this specific class (rather than for arbitrary initial data in J(R?), as required
in Leray’s approach). This strategy has been previously used by Dong and Zhang in
[25]. However, in [25] an additional restriction is imposed, requiring that the initial

data has positive Sobolev regularity.
Remarks

1. In [107], Seregin discusses the following open question:

(Q.1) Suppose that u(()k)(e J(R?) — 0 in Ly(R3%). Let v® be a
global-in-time weak Leray-Hopf solution, associated with the ini-

tial value ugk). Does there exist a subsequence of v(*) that con-

verges to zero in the distributional sense?

In [107], it was shown that (Q.1) holds true under the following additional

restrictions. Namely
sup Huék)HLS(Rs) < oo for some 3 < s < oo (3.1.5)
k

(k

and that v(®) and its associated pressure ¢(® satisfy the local energy inequality:

t
/ o, )0 ® (2, )2 + 2 / / | Vo® Pdzds
0 R3

RS

t

< // W20 + Ap) + 0®) - Vio([o®™)? + 2¢W)dads (3.1.6)

0 R3

for all nonnegative functions ¢ € C§°(Q). Subsequently, Seregin and Sverak
showed in [112] that the same conclusion holds with (3.1.5) replaced by weaker
assumption that

sp 4l L) < 0. (3.1.7)

Lemma 3.3 has the consequence that (Q.1) still holds true, if (3.1.5) is re-

placed by the assumption that uék) is bounded in the supercritical Besov spaces
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B,r(R3)!. Consequently, as the following continuous embedding (recall o < p
and 2 < a < 3)
Lo(R?) < Bire(R?)

holds, we see that this improves the previous assumptions under which (Q.1)
holds true.

2. In the papers of Serrin [114] and Prodi [89], it was shown that if u is a weak

Leray-Hopf solution on Q)7 and satisfies

3 2
u€ L,0,T;L,R*)) -+-=10B<p<ocand2<g<oo), (3.1.8)
p q

then u coincides on () with other any weak Leray-Hopf solution with the same
initial data. The same conclusion for the endpoint case u € Lo (0, T; L3(R?))
appeared to be much more challenging and was settled by Kozono and Sohr in
[68]. As a consequence of Theorem 3.1, we are able to extend the uniqueness
criterion (3.1.8) for weak Leray-Hopf solutions. Let us state this as a proposi-

tion.

Proposition 3.4. Suppose u and v are weak Leray-Hopf solutions on Q) with
the same initial data ug € J(R3). Then there exists a €, = €.(p,q) > 0 such
that if either

([ ]

3 2
u€ LY5(0,T; LP5(R?) —-+==1 (3.1.9)

p g
B<p<oo,2<g<ooand]l <s<o0) (3.1.10)

® Or 3 9
u € L9°(0,T; LP>®(R%) =-+-=1 (3.1.11)

p q
B<p<oo, 2<q<o0) (3.1.12)

with

then v = v on Qr := R3x]0, T[.

lwith p and « as in Theorem 3.1
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It has previously been known that if either (3.1.9)-(3.1.10) or (3.1.11)-(3.1.13)
are satisfied for the velocity field u of the Navier-Stokes equations (with e,
sufficiently small), then regularity of u can be inferred. In [123], Takahashi
considered distributional solutions u of the Navier-Stokes equations, with u €
W, 2(Q(1)) N Lyoo(Q(1)). Theorem 3.2 of [123] showed that there exists a

universal constant €, > 0 such that if

S
||uHqu°°(—1,0;Lp(B(1))) S €,y with ];"’ 5 =1 and p > 3,

then u is bounded on Q(1/2). For sufficently small e,, it was shown by Sohr
in [117] (see also the paper of Bosia, Pata and Robinson [15]) that if u is a
weak Leray-Hopf solution on () satisfying either (3.1.9)-(3.1.10) or (3.1.11)-
(3.1.13), then u is regular? on Q7. To the best of the author’s knowledge, it
was not previously known whether these conditions on u were sufficient to grant
uniqueness on ()7, amongst all weak Leray-Hopf solutions with the same initial

value.

3.2 Some Estimates Near the Initial Time for Weak
Leray-Hopf Solutions

3.2.1 Construction of Mild Solutions with Subcritical Besov
Initial Data

Let 6 > 0 be such that s,, +J < 0 and define the space

X,05(T) = {f € S'(R*%]0,T[) : sup t—%-%nf(-,t)n%mg) < oo}

0<t<T

From Remarks 2.7 and 2.8 in ‘Chapter 2: Preliminary Material’, we observe that

uo € Btor” (R®) = ||S (t)uol|x

Poﬁ(T) S OHU()l B;g?;-é S O||U0| B;g?p-gé. (321)

In this subsection, we construct mild solutions with weakly divergence-free initial
data in By Y (R3) M J(R?).
As was done in ‘Chapter 1: Introduction’ (specifically, (1.1.13)), we define

B(u,v)i(x,t) == /0 /Kiﬂ(x —y,t —7)u;(y, 7)uly, 7)dydr. (3.2.2)

2By regular on Qr, we mean C*°(R3x]0, T'[) with every space-time derivative in L (€, T; Loo (R?))
forany 0 < e < T.
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Here, K;j is given by (1.1.10) in Chapter 1. It what follows, we will use the notation

Tugu = RiR;(uu;). Here R; are Riesz transforms given by

Rig(x _CPV/H49$— dy

and the summation convention is adopted.

In this subsection, we will make use of an e-regularity criteria developed by Catf-
farelli, Kohn and Nirenberg in [17] (Proposition 1 p.775 of [17]). The statement below
is taken from Seregin’s book [111] (Lemma 6.1 p.134 of [111]).

Lemma 3.5. Let (v,q) be a suitable weak solution of the Navier-Stokes equations in
B(xg, R) x|ty — R% ty[. Then there exist universal constants ecxy and cor, > 0 (with

k=0,1...) with the following property. Assume that (v,q) satisfy

/ / ([0 + |gl2)dwdt < ecxen (3.2.3)

—R2 B(zo,R)

Then for any k = 0,1..., VFv is Hélder continuous in the closure of

B(xg, R/2)x|to — (R/2)?,to[ and the following bound is valid:

sup IVFu(2,t)| <

3.9.4
(2.4)€B(w0,R/2) x]to—(R/2)2 o R’““ (3:24)

Let us mention that the proof of (3.2.4) for the cases k = 1,... can be found in
the paper of Necas, Ruzitka and Sverdk [85] (specifically, Proposition 2.1 in [85]).

Now we state and prove the theorem regarding construction of mild solutions with
weakly divergence-free initial data in B’ (R?) M J(R?).

Theorem 3.6. Consider py and ¢ such that 4 < py < oo, 6 > 0 and s,, + 6 < 0.
Suppose that ug € B;g?p?(Rig) N J(R3). There exists a constant ¢ = c(py) such that if

4T3[l opys < 1, (3.2.5)
P0-PO

then there exists a v € X,,s(T), which solves the Navier-Stokes equations in the
sense of distributions and satisfies the following properties. The first property is that

v solves the following integral equation:
v(x,t) == S(t)ug + B(v,v)(x,1) (3.2.6)
mn Qr, along with the estimate
1ol x,.50r) < 2015 ()0l x,, 507 = 2M©. (3.2.7)
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The second property is (recalling that by assumption ug € J(R?)):
ve Wy (Qr) N C([0,T]; J(R) N La(Qr)- (3238

Moreover, the following estimate is valid for 0 <t < T':

t
1B o) (01, + [ [ 1980 0Pdyar
0 R3

) o 1o 2(1—6p)
< Ctio=2% (910160 (Ctzeo_l(m_gﬂaeo) (2]\/[(0))#0_1 + HUOH%Q) . (3.2.9)

Here,
1 6y 1-—6q
== 3.2.10
and C' = C(py, 9, 6p).
The associated pressure m,g, satisfies (here, X €]0,T]):
Ty®uv € LQ(QT) N LPTO,OO(Q)MT))' (3211)
The final property is that for A €]0,T[ and k=0,1...,1=0,1...:
sup  |0IVR 0| + |0V FTes| < c(po, 6, A, |Juo] goro+os Ky ). (3.2.12)
(z,)€QAT P0-PO
Proof. Recall Young’s convolution inequality:
1 *gller < 1 Fllzellgll 2o (3.2.13)

Wherelgp,q<oo,lgrgooand%—i—é:%qu.
Applying this and the pointwise estimate (1.1.11) in Chapter 1 gives the following:

It =7) 5 @) (Dl < DGt =)l @7y,

2
B

—(1+2P0
<C(t—7) |7, <C(t—7) g

(3.2.14)

Here, - =1 — pio and we recall that s,, := —1 + p%. Using (3.2.14), together with

(po)
the definition of B(r,r) given by (3.2.2), one can show that

[
1B(r,1)llx, 51y < CT2 N7, s0r)- (3.2.15)

Let us briefly describe the method of successive approximations. For n =1,2,---
let v = S(t)uo,
p( ) — 0) 4 B(v("),v(")).
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Moreover for n = 0,1,... define:
M™ = ™||x, ). (3.2.16)
Then using (3.2.15), we have the following iterative relation:
MO+ < MO 4 oTa(M™)2, (3.2.17)

If
ACT: MO < 1, (3.2.18)

then one can show that for n =1,2... we have
M®™ < 20O, (3.2.19)
Step 2: Establishing Energy Bounds

Let 7 € X, 5(T) N Lo oo (Qr). Recalling (3.2.10), we note that by interpolation
0<7<T):

[
Il < G IE G IR < I, G r 3. (3.2.20)

From (3.2.10) it follows that

_0031)0 . 1-— 3/]?0 . 1 . 1 < 1
2 41-2/p)) 4 4pp—2) 4
From this, we conclude that for 0 <t <71
M_A'_ 1
Iz < CEEXmA % el % 0, (3.2.21)

Define R := B(r,r) and 7,g, := R;R;(rirj), where R; denotes a Riesz transform
and repeated indices are summed. One can readily show that on Qr, (R, 7,.g,.) are

solutions to

OR— AR+ divr @ r = =Vm,e, (3.2.22)
divR = 0, (3.2.23)
R(-,0) = 0. (3.2.24)

We can also infer that R € W,°(Qr) N C([0, T]; J(R?)), along with the estimate

t
1RGO, + / / VR(z,s)Pdzds < |[r © 1l 0

0 R3
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2006+ —— 0, 4(1-6
< clrllt, gy < CEPTTED IR | Irl 0, (3.2.25)

Using that the associated pressure is a composition of Riesz transforms acting on r®r,
together with the known fact that Calderén-Zygmund singular integral operators are

continuous on L, for 1 < p < oo, we deduce the estimates

|7Tror Lo (@r) < C||T||%4(QT) (3.2.26)

and
o < OO Topo, )l . (3.2.27)

ool

||7Tr®7"||Lpo
71

Substituting r = v(© € X, 5(T) N Ly (Q7) therefore gives that
ol € Wy (Qr) N C([0,T); J(R) N La(@r) N Xy 5(T).

Using that v € X, 5(T) for all n € N, we may argue by induction to conclude that
o € Wy (Qr) N C((0,T]; J(R*) N La(Qr) N Xy 5(T)

for all n € N.
Forn=0,1,... and ¢t € [0, 7] define:

EW () = 0™ |z o0622) + V0™ La@n)- (3.2.28)

Clearly, by the assumptions on the initial data E©(t) < |lug|/z, < co. Then applying

(3.2.25) with r = v(™ gives the following iterative relations:
B (1) < EO(#) 4 019 2021 (M))200 (B (1)) 20=00) (3.2.29)

From (3.2.10), it is clear that 2(1 — 6y) < 1. Hence by Young’s inequality:

B (1) < orm00h+am=) () mott 4 O 4 %E(”) (#). (3.2.30)

Observing (3.2.19) and (3.2.30), it is possible to show that for ¢ € [0, T]:

ErH(1) < QCtggg,l(906+2<,,;,2)>(2M<0>)% +2EO (1)

< 20110 2 =) (A1) 3651 1 2| Jug |1, (3.2.31)

Step 3: Convergence and Showing Energy Inequalities
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Using (3.2.17)-(3.2.19), one can argue along the same lines as in Kato’s paper [59] to
deduce that there exists a v € X, 5(1") such that

lim [0 = vl|x,, sy =0 (3.2.32)

Furthermore v satisfies the integral equation (3.2.6) as well as the Navier-Stokes
equations, in the sense of distributions. From uy € J(R?) N B;g?pﬁé(RL*), (3.2.31),
(3.2.32) and estimates analogous to (3.2.21) and (3.2.25), applied to v™ — 0™ we

have the following:

v™ — v in C([0,T]; J(R®) N Wy %(Qr), (3.2.33)
v(+,0) = uo, (3.2.34)

v™ = v in Ly(Qr), (3.2.35)

Tyt ot — Tugy I La(Qr) and Lao o (Qxr) (3.2.36)

where 0 < A < T'. Using this, along with (3.2.25) and (3.2.31), we infer the estimate
(3.2.9).

Step 4: Estimate of Higher Derivatives

First note that from the definition of X, 5(1"), we have the estimate:
L(s
19]] g ot@ar) < A2 0]lx, sm)- (3.2.37)

Since m,g, is a composition of Riesz transforms acting on v ® v, we deduce from
(3.2.37) that

1Tosoll Loy (@) < CAPT N0l o) (3.2.38)
2 Po

One can obtain the conclusion (3.2.12) by using (3.2.8), (3.2.11) and (3.2.37)-(3.2.38),
along with arguments contained in Seregin’s book [111]3. As the context here is
different, the author finds it instructive to provide details of certain parts of the
arguments used in [111]. Let us do this now.

Using (3.2.8), (3.2.11) and a mollification argument?®, one can infer that (v, T,g,)
satisfies the local energy equality. If (z,t) € Qr, then for 0 < r? < % we can apply
Holder’s inequality and (3.2.37)-(3.2.38) to infer that

t
1 _3

P0,P0
t—r2 B(z,r)

3In particular, pp.160-162 of [111].
4The required mollification argument can be found in Seregin’s book [111] (specifically Proposition
3.9 pp.160-161), for example.
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Clearly, there exists 73(\, ecxn, ||uo] ) < % such that

5Spg 19
BPOvPO

t
1
S [ [ o med st < <o
0
)

t—rg B(z,ro

From Lemma 3.5, there exist universal constants cg, > 0 such that (for (x,t) and rg
as above) we have that for k =0,1...
c
|Vkv<x7t)‘ < = C(k, A, |’u0HBspo+5)'
PO,>PO

k1
7o

Thus,
sup |Vkv| < C(kj7)‘7 ||U0|

(xvt)eQ)\,T

BZ§9P“;5)' (3.2.40)
Using (3.2.40) and the singular integral representation of m,g,, one can deduce

(3.2.12). The arguments showing this are identical to those presented in Seregin’s

book [111] (specifically, the proof of Proposition 3.9, pp.161-162).

O

3.2.2 Proof of Lemma 3.3

The proof of Lemma 3.3 is achieved by careful analysis of certain decompositions of
weak Leray-Hopf solutions, with initial data in the class given in Lemma 3.3. A key
part of this involves decompositions of the initial data (Corollary 2.12 in Chapter 2),
together with properties of mild solutions, whose initial data belong to a subcritical
homogeneous Besov space (Theorem 3.6). Our methods naturally build upon the
work of Calderén [18]. In [18], splitting arguments involving Lebesgue spaces are
used to show existence of global-in-time solutions of the Navier-Stokes equations,
with solenodial initial data belonging to L, (2 < p < 3). Related splitting arguments
have also previously been used by Jia and Sverdk in [54], in order to show estimates
near the initial time for Lemarié-Rieusset local energy solutions of the Navier-Stokes
equations with L3 initial data.

Before proceeding, we state a lemma that is a consequence of Holder’s inequality,
Lebesgue interpolation and the Sobolev embedding theorem. The lemma below has
been stated and used in the papers of Prodi [89] and Serrin [114].

Lemma 3.7. Let p €3, 00| and
Syion (3.2.41)
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Suppose that w € Ly, (Qr), v € Ly (Qr) and Vv € Ly(Qr). Then fort €]0,T:

t

t t
1
//]VvHva\d:cdt’ < C/Hw|]2p|]v||%2dt’+§//\Vv|2dxdt’. (3.2.42)
R3 0 0 R3

0

In proving Lemma 3.3 and Theorem 3.1, we will make use of the following lemma,

whose statement and proof can be found in in Lemarié-Rieusset’s book [76]°.

Lemma 3.8. Let T €]0, 00]. Suppose vV and v belong to
Cw([0,T]; J(R?)) N Ly(0,T; HY(R3)). In addition, suppose that there exists distribu-
tions ¢) € D' (R*x]0, T[) such that

9w® — Av® 1 Vg 1@ vy =, (3.2.43)

divo® = 0, (3.2.44)

in the sense of distributions on R3x]0,T[.

Assume also that
v® € L,(0,T; L,(R?)), (3.2.45)

with 5 9
- +-=1B<p<0and2 < q< o). (3.2.46)
p q

Then for any 6 and t with 0 < 6§ <t <T, we have the equality:

t
/v(l)(y,t) 0@ (y, t)dy = /U(l)(y,é) 0@ (y, 8)dy — 2//VU(1) : VoBdydr
5 RS

R3 R3

t
—//U(Q) @ (v —0®) . V(W — o@dydr. (3.2.47)
5 R3

Proof of Lemma 3.3. Throughout this subsection, uy € By (R?) N Ly(R?). Here,
p and « satisfy the assumptions of Theorem 3.1. We will write ug = u'" + u?".

Here the decomposition has been performed according to Corollary 2.12 in Chapter
2 (specifically, (2.3.50)-(2.3.53)), with e = N > 0. Thus,

]

s < N
P0->PO

p
" e (3.2.48)

[V 3, < C,po, o, I pll2,)N*7 ol (3:2.49)

®Specifically, Proposition 14.3 in [76]
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and
Ju' ML, < CUIF @ll)uoll L, (3.2.50)

Throughout this section we will let w” be the mild solution from Theorem 3.6

N

generated by the initial data u". Recall from Theorem 3.6 that w" is defined on

Qry, where

s
Ac(po) TR |Jub™ || yopg v < 1. (3.2.51)
PosPO
In accordance with this and (3.2.48), we will take
1
Ty = . (3.2.52)

(8e(po) N5 o 2

B
Spa
D,p

The two main estimates we will use are as follows. Using (3.2.1), (3.2.7) and (3.2.48),

we have

0™ | x, 570) <CN'w HuO! Bine: (3.2.53)

The second property, from Theorem 3.6, is (recalling that by assumption u'" €
LQ(R3))I

wh € Wy (Qry) N C([0, Tw]; J(R*)) N Ly(Qry ). (3.2.54)

Consequently, it can be shown that w" satisfies the energy equality:

lw®( ||L2+2//|Vw y,s")Pdyds’ = lw™ (-, 7)|7, (3.2.55)

T R3

for 0 < 7 < s < Tx. Moreover, using (3.2.9), (3.2.48) and (3.2.50), the following

estimate is valid for 0 < s < Tly:

lw™ (-, 5) — S(s) 1NHL2 //|Vw — VS(r)u"N *dydr
< Csro—2 2+2600(N P0 ||u |7 sm)wo
1 1 40 (1=6o)
« <S%1<m2+2590) (N pO ||u0‘ gI)Q)Q@ogl + ||u0||%2> . (3256)

Here,
1 40 1—4
2% 0

4 po 2

(3.2.57)

and C' = C(po, 5, 00) Let
SN = min(T, TN)
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Define on Qg,,, vV (z,t) := u(z,t) — w™ (x,t). Clearly we have :

oY € Loo(0, Sy Ly) N Cu([0, Sn]; J(R)) N W, %(Qs,) (3.2.58)
and
lim [|o™ (-, 7) — u®™N||, = 0. (3.2.59)
T—0

Moreover, vV satisfies the following equations
o + 0N Vol Vo oV v — AN = —Vpt, diveo =0 (3.2.60)
in (Qg,, with the initial condition
oV (-, 0) = N (). (3.2.61)
From (3.2.53) and the definition of X, s(T), we see that for 0 < s < Ty:

p

70 ). (3.2.62)

5P,
Bp,p

Po

[0
[0l dr < G s (V5
0

'
o [luol

Here, ry €]2, 00| is such that
3 2

AL}

Po To
Applying Lemma 3.8 with v = u and v® = w" implies that the following equality
holds for 0 < s < Sy

S

/wW%ﬁw@wﬂwi/ﬁwwwmw@—2//vwﬁVMWT

R3 R3 0

—//wN®vN : Vol dydr. (3.2.63)
0 R3

This, along with (3.2.55) and the fact that the energy inequality holds for the
weak Leray-Hopf solution wu, implies that the following energy inequality holds for
S € [O, SN]I

S

[N ()2, + 2 / / Vo (@, 7)Pdadr <[>V |2,
0 R3
—|—2//wN®UN : VolVdadr. (3.2.64)
0 R3
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We may then apply Lemma 3.7 to infer that for s € [0, Sy]:

V()2 + / / V¥ (@, 7)Pddr < [2V]2,

e / o™ ()2, ™ () dr (3.2.65)

By an application of Gronwall’s lemma, we see that for s € [0, Sy]:
0¥, < 2, exp (€ [ 0l dr). (3200

We may then use (3.2.49) and (3.2.62) to infer for s € [0, Sy]:

0¥ ()12, < Clon, . )N Pl exp (€0, p0)s F (N5

T0
5 ol e ) )

(3.2.67)
Clearly, for s € [0, Sy] we have

lu-; 5) = S(s)uollL, < CUI™ (- )IL, + I1S()u® V[, + [[w™ (- 5) = S(s)u]L,)

< C(w™C o)L, + lu® YL, + w™ (- s) = Ss)uNIL,).

Thus, using this together with (3.2.49), (3.2.56) and (3.2.67), we infer that for s €
[0, SN]Z
lu(-, 5) = S(s)uoll,

o1 Po—P T0
e (0 (6 (VF bt )") 1)

40
—I—<C’spo%2+260°<N o ||u0||pspa> ’

) , 16, 2(1—-6o)
X <82901 (pO 2+2690) <N P0 ||u0| Spa>290—1 + HUOH%Q) > (3268)
P,p

Take N =¢77, where 0 < t < min(1,7") and v > 0. Observing (3.2.52), we see that
in order to also satisfy ¢t €]0, Ty] (and hence t €]0, min(1, Sy)]) , we should take

< C(po, p, ) N*7P|ug]

dpo
0<y< —— 3.2.69
2(]00 - p) ( )
and we should consider the additional restriction
2p0
0 < ¢ < min (1,T, ( ol 2 ) ‘”’0‘2”(”0"”). (3.2.70)
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Assuming these restrictions, we see that according to (3.2.68), we then have:
lu(-,) = S()uoll,
+(p—2) érg ’Y(PO p) o
< Clpo,p, )0ty (5 (CO o)t E (75 ol e ) ) +1)

( ) 46
+<Ctm+2660<t ﬂ/po £ Hu0’ Spﬂ) 0

2(1—60)
2014( 2+2590) v(po P) P 29406%1 9 ’
x4 (G 200) (20 g 2 ) ™ 4 ) B2

Recalling (3.2.69)-(3.2.70), one can now recover the conclusions of Lemma 3.3. O

3.3 Short Time Uniqueness of Weak Leray-Hopf
Solutions for Initial Values in VMO™!

3.3.1 Construction of Strong Solutions

The approach we will take to prove Theorem 3.1 is as follows. We construct a weak
Leray-Hopf solution, with initial data u, € J(R?) N Byy*(R?) N VMO~Y(R?), by
perturbation methods. We refer to this constructed solution as the ‘strong solution’.
Then, Lemma 3.3 plays a crucial role in showing that the strong solution has good
enough properties to coincide with all weak Leray-Hopf solutions, with the same
initial data, on some time interval ]0,T'(ugp)[. With this in mind, we now state the
relevant theorem related to the construction of this ‘strong solution’.

Let us introduce the necessary preliminaries. The path space Pr for the mild

solutions constructed by Koch and Tataru in [63] is defined to be
Pr={ueS R xRy): |ulle, < oo} (3.3.1)

Here,

luller = SupT\/l_fIIU(-,tﬂle(Rs)

+ sup / / u dyds . 3.3.2
(2,t)€R3x] OT[ B(0, \/_ ul ( )

0 |y—z|<vi
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In (3.3.2) and throughout this thesis, ;1 denotes the Lebesgue measure. It can be
shown® that the following holds true for any tempered distribution f. Namely,

1 / N
sup \/¥||S(t)f||Loo(R3) <C sup [<m/ / |S(7) f] dydr) )

0<t<T (z,t)eR3x]0,T
0 Jy—a|<vi

(3.3.3)
with C being a universal constant independent of 7. From this and (2.3.27) in Chapter
2, we see that for 0 < T < o0

wp € BMO™(R®) = [[S(t)uole < Clluolmarot. (3.3.4)
For ¢ € Cg°(R?), it can be verified that
1S@®)¢ller < CVT ]l 1. s)- (3.3.5)

Since C§°(R?) is dense in VMO (R?), we can see from (3.3.4)-(3.3.5) that for uy €
VMO~ (R3)
li t =0. 3.
Jim 1Sl =0 (3:36)

Recalling the definition of B(f,g) given by (3.2.2), it was shown in [63] that there

exists a universal constant C' such that for all f, g € Er

I1B(f, 9)ller < Cllfllerllgller- (3.3.7)

Here is the theorem related to the construction of the ‘strong solution’. The proof
relies on ideas contained in the paper of Lemarié-Rieusset and Prioux [77]. Since the
proof is not explicitly contained in [77], we find it beneficial to provide a sketch of

certain parts of the proof.

Theorem 3.9. Suppose that ug € VMO (R3) N J(R3). There exists a universal
constant €y > 0 such that if
15 () uolle, < o, (3.3.8)

then there exists a v € Ep, which solves the Navier-Stokes equations in the sense of
distributions and satisfies the following properties. The first property is that v solves

the following integral equation:

v(x,t) == S(t)ug + B(v,v)(x, 1) (3.3.9)

6A proof can be found in Lemarié-Rieusset’s book [76], specifically Lemma 16.1 there.
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n Qr, along with the estimate
[vller < 2|1S(t)uolle(r)- (3.3.10)

The second property is that v is a weak Leray-Hopf solution on Q.
If myew is the associated pressure we have (here, X €]0,T] and p €]2,00[):

Ty € L%(QT) N Lg,OO(Q)\,T))' (3311)
The final property is that for A €]0,T[ and k=0,1...,1=0,1...:
sup 0"V 0| + |0V T < e(po, A, [[uoll Baro—1, [uoll ., &, ). (3.3.12)
(z,t)eQxT

Proof. Step 1: The Mollified Integral Equation
Let w € C§°(B(1)) be a non-negative function such that

/w(x)dw ~ 1.

R3

Moreover, denote
(@) = 50(%)
we(z) == =w(—).
e3 \e
Applying Young’s convolution inequality and the pointwise estimate (1.1.11) in

Chapter 1 gives the following:

Gt =) % (f @ (we k) ()|, S NEC =T @ (we % 9],

< C(t o T)*%Hf ® (we *g)HL2 < C(t N 7_)7% ||f||5T||g||foc(0,T;L2). (3313)

T2
One can then show that

IB(f, (Wex )| zociomia) < Cllfllenllgllzaomira)- (3.3.14)

From the paper of Lemarié-Rieusset and Prioux (specifically, p.289 of [77]), it is seen

that &r is preserved by the operation of mollification:
lwe % gller < C'llglle,- (3.3.15)
Here, C" is independent of T and e. Using this and (3.3.7), we obtain:

IB(f; (we % 9))ller < Clifllerllgller- (3.3.16)

We briefly describe successive approximations. For n =1,2,--- let v = § (t)uo,
(D) — 0 4 B(v(”), (we * U(n)))_
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Moreover for n = 0,1,... define:
M® = o™, (3.3.17)

and
K™ = |01 0.7:L0)- (3.3.18)

Then using (3.3.14) and (3.3.16), we have the following iterative relations:

and
KOt < O 4 o) ), (3.3.20)

If

4OM© <1, (3.3.21)
then one can show that for n =1,2--- we have

M®™ < 2770 (3.3.22)
and

K™ < 9K ) (3.3.23)

Using (3.3.19)-(3.3.23) and arguing as in Kato’s paper [59], we see that there exists
a v € Ly(0,T; Ly) N Er such that

lim ||o" —v¢|le, =0, (3.3.24)
n—oo
Jim [l =1 073,) = 0 (3.3.25)

and v solves the integral equation
v(z,t) = S(t)ug + B0, (we % v%))(z, t) (3.3.26)
in Q7. Define
7T/UE®(UJ€*UE) = Rsz (/UZE(WE * Ue)j),

where R; denotes the Riesz transform and repeated indices are summed. One can
readily show that on Q7, (v, Tyeg(w <)) are solutions to the mollified Navier-Stokes
system:

0 — Av® 4+ div (v° ® (we * V) = —VTyeg (wesve)s (3.3.27)

dives =0, (3.3.28)
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ve(+,0) = up(). (3.3.29)
We can also infer that v € W, *(Q7)NC([0,T); J(R?)), along with the energy equality
t
oGOl + [ [ 190G s)Pdods = fuo],. (3.3.30)
0 R3

Step 2: Passing to the Limit as ¢ — 0

Since ug € VMO™YR3) N J(R?), it is known from [77] (specifically, Theorem 3.5
there) that there exists a v € & such that

ll_r)% v —vlle, =0 (3.3.31)

with v satisfying the integral equation (3.3.9) in Qr. Using arguments from Leray’s
paper [75] and (3.3.27)-(3.3.30), we see that v° will converge to a weak Leray-Hopf
solution on ()7 with initial data ug. Thus, v € & is a weak Leray-Hopf solution.
Since v is a weak Leray-Hopf solution on )7, Lebesgue interpolation and the
Sobolev inequality imply that
v E Lg(QT) (3.3.32)

Using (3.3.10), v € Ly »(Qr) and Lebesgue interpolation also gives that
V€ L, (@Qrr) for 2<p<oo and 0 <A <T. (3.3.33)

We deduce (3.3.11) by using (3.3.32)-(3.3.33), along with the fact that m,g, is a
composition of Riesz transforms acting on v ® v.
Using (3.3.10) and the singular integral representation of m,g,, one can deduce

(3.3.12). The arguments showing this are identical to those presented in Seregin’s
book [111] (specifically, the proof of Proposition 3.9, pp.160-162). O

3.3.2 Proof of Theorem 3.1

Now we demonstrate that the decay estimate of Lemma 3.3, together with proper-
ties of the strong solution in Theorem 3.9, imply weak-strong uniqueness. Let us
mention that Dong and Zhang [25] have previously made the connection between
decay estimates of the same type as in Lemma 3.3 and weak-strong uniqueness for
the Navier-Stokes equations. However, in Dong and Zhang’s paper [25], an additional
restriction is imposed, requiring that the initial data has positive Sobolev regularity.
The arguments we present below are based upon those found in Dong and Zhang’s

paper [25].
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Proof. Let us now consider any other weak Leray-Hopf solution u, defined on )
and with initial data uy € J(R3) N B (R3) N VMO~ (R?). Let T(ug) be such that

1Sl | < e

where ¢ is from (3.3.8) of Theorem 3.9. Consider 0 < T' < T'(ug), where T is to be
determined. Let v : Q7 — R? be as in Theorem 3.9. From (3.3.10), we have

[oller < 2[1S(t)uoller < 2[S(B)uolles,, , < 2€0 (3.3.34)
We define
w=u—ve W, (Qr)N Cyu([0,T]; J(R?)). (3.3.35)
Moreover, w satisfies the following equations
ow+w-Vw+v-Vw+w-Vv—-Aw = —Vq, divw =0 (3.3.36)

in @7, with the initial condition satisfied in the strong L, sense:

lim ||w(-,0)||z, = 0. (3.3.37)

t—0t+

From the definition of &7, we have that v € Loo(Qsr) for 0 <6 < s <T.
Applying Lemma 3.8 with v = u and v®» = v implies that the following equality
holds for ¢ € [4,T]:

/u(y,t) vy, t)dy = /u(y,é) ~o(y, 6)dy — 2/t/Vu : Vudydr

R3 R3 0 R3

¢
—//v ® w : Vwdydr. (3.3.38)

Observing Lemma 3.7 and (3.3.10), we see that

//MMWM@M<C/M w7, dr
J R3
t
1 2
+5 |Vw|“dydr

RS
<mug/“ ”“d+!//wwdwf (3339)
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The main point” now is that Lemma 3.3, applied to both u and v, implies the following

for w = u — v. Namely, there exist

B(p,a) >0
and
V(HUOHB;?,;“(RS)W, a)>0

such that for 0 < ¢ < min(1,7,7):

lw(- O, < t7clp, @, luoll Lyes)s [[woll g gsy ) - (3.3.40)
Hence,
w(-, )|
sup w < 00. (3.3.41)
0<t<T th

This, together with (3.3.39), allows us to take 6 — 0 in (3.3.38). In doing so, one
obtains that for any ¢ € [0,7] we have

/u(y,t)m(y,t)dy- luoll7, — //Vu Voudydr — //U(X)w Vwdydr. (3.3.42)
R3 0 R3 R3

From this and the fact that u and v satisfy the energy inequality (1.0.18), one can
deduce that, for any t € [0, 77,

t ¢
Jw(-, 0)]17, + 2// |Vw|*dydr < 2//U ® w : Vwdydr. (3.3.43)
0 R3 0 R3

Observing (3.3.39) and (3.3.41), one concludes that for ¢ € [0, 7:

o ||2
W<whsmw&/ et Tz, 4,

C lw(- 7T
< oz, sup (), 3.3.44
“ool, s (T (3349
From the above and (3.3.34), it can be inferred that
lw(- 7)IIZ > ¢’ 2 lw(- 7z
su ——2) < —||S(t)u su (—2> 3.3.45
0<TI<)T ( T B 15l 0<’7’<pT 78 ( )

Using (3.3.6), we see that we can choose 0 < T = T(ug) < T(uo) such that

1S (t)uo||e, < min <2ﬁ0/>2.

With this choice of T'(up), it immediately follows that w = 0 on Qp(y,)- O

"This observation has been previously made on p.2420 of Dong and Zhang’s paper [25], in the
context of weak Leray-Hopf solutions with initial data in VMO~ (R?) N J(R?) N H#(R?) (8 > 0).
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3.3.3 Proof of Corollary 3.2

Proof. Since 3 < p < o0, it is clear that there exists an a := «(p) such that 2 < a < 3

and

a<p< 3L (3.3.46)
With this p and «, we may apply Proposition 2.9 (Chapter 2) with s; = —% + %,
=-1 +3 3 and 6 = 6(— — —> In particular this gives for any ug € S

Hu0| _1+3 )

a ) ( a
pre < c(p, o) uo|* 75 s [luoll 2
’ B

Here, S, is given by (2.3.25) in Chapter 2. From Remark 2.7 in ‘Chapter 2: Pre-
l1m1nary Material’, we see that B,%*(R%) < Bp%*(R?) and Ly(R®) — BS _(R%) —

B, 020 (R3) Thus, we have the inclusion
sp (T3 3 5pa (To3 3
B (R®) N J(RY) C Bone (RY) N J(RY). (3.3.47)
Using this, along with the inclusion By (R?) < VMO~1(R?3), it can be deduced that
s (o3 3 —1(T23Y A Rpa (T3 3
By (R N J(RY) € VMO (R®) N B (R®) N J(RY). (3.3.48)

From (3.3.46) and (3.3.48), we infer that the conclusions of Corollary 3.2 are an

immediate consequence of Theorem 3.1. O

Remark 3.10. From (3.3.47), we see that the conclusions of Lemma 3.3 apply if
uy € Byio(R?) N J(R®). Using this we claim that the assumptions of Corollary 3.2
can be weakened. Namely, there exists a small & = €y(p) such that for all uy €
Byro (R3) N J(R3) with

sup t 72 ||S(t)uollL, < , (3.3.49)

0<t<T
we have the following implication. Specifically, all weak Leray-Hopf solutions on QQw,
with initial data ug, coincide on Qr.

Indeed taking any fixed ug in this class and taking €y sufficiently small, we may ar-
gue® in an identical way as in the proof of Theorem 3.6 (setting § = 0). Consequently,
there exists a weak Leray-Hopf solution v on Qr such that

sup t%%||v(~,t)||Lp < 2€p. (3.3.50)

o<t<T

Using this and Lemma 3.3, we may argue in a similar way to the proof of Theorem

3.1 to obtain the desired conclusion.

8For this case, we also refer the reader to arguments presented in Cannone’s paper [19)].
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3.4 Uniqueness Criterion for Weak Leray-Hopf So-
lutions

Now let us state two known facts, which will be used in the proof of Proposition
3.4. The first fact is that if v is a weak Leray-Hopf solution on ()., with initial data
up € J(R3), then v satisfies the integral equation in Qu:

v(z,t) = S(t)up + B(v,v)(x,t). (3.4.1)

The second fact is as follows. Consider 3 < p < oo and 2 < ¢ < oo such that
3/p+2/q = 1. Then there exists a constant C = C(p,q) such that for all f,¢g €
L0, T; LM>(R?))

| B(f, )|l Laceo,r;roo@syy < Cl| fll oo (0,100 ®3) ||| Laroo (0,110 (R3)) - (3.4.2)

These statements and their corresponding proofs, can be found in Lemarié-Rieusset’s

book [76]° and the paper of Lemarié-Rieusset and Prioux [77]'%] for example.

3.4.1 Proof of Proposition 3.4

Let us first state and prove a simple lemma, which we will make use of in proving

Proposition 3.4.

Lemma 3.11. Let f :]0,T[—]0,00[ be a function satisfying the following property.
Suppose that there exists a C' > 1 such that for any 0 < ty < t; <T we have

f(t1) < Cf(to). (3.4.3)
In addition, assume that for some 1 < r < oco:
feL™™0,T). (3.4.4)

Then one can conclude that for all t €]0,T:

2C ro0
< 20 llom
tr

f(t) (3.4.5)

Proof. Tt suffices to prove that if f satisfies the hypothesis of Lemma 3.11, along with

the additional constraint .
[ fllzreo,m) = > (3.4.6)

9Specifically, Theorem 11.2 of [76].
198pecifically, Lemma 6.1 of [77].
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then we must necessarily have that for any 0 <t < T

| Q

f(t) <+ (3.4.7)

3=

t

The assumption (3.4.6), together with the the definition of the L™*(0,7) norm in
Chapter 2 (specifically (2.2.3) with p = r), implies that

sup " u({s €]0, T such that f(s) > a}) < 1. (3.4.8)
a>0
Fixing ¢t €]0, T and setting o = til, we see that
1({s €]0, T[ such that f(s) > 1/t-}) < t. (3.4.9)
For 0 < tg < 't, we have
f(t) < Cfl(ty). (3.4.10)
This, together with (3.4.9), implies (3.4.7). ]

Proof of Proposition 3.4
Case 1: u satisfies (3.1.11)-(3.1.13)
In this case, we see that the facts mentioned in the previous paragraph imply
1S (#)uo || pace (0.7:10.00) < €4 + Ce>. (3.4.11)

For 0 < ty < t;, we may apply O'Neil’s convolution inequality (Proposition 2.1 in
‘Chapter 2: Preliminary Material’), to infer that S(t1)ug = S(t1—1)(S(to)uo) satisfies

1S (t1)wo|| roe < 3p|S(to)uo|| Lrooe- (3.4.12)

This, in conjunction with (3.4.11), allows us to apply Lemma 3.11 to obtain that for

0<t<T
6p(e. + Ce?)
A

1S (t)uo||Lee < 3 (3.4.13)
A further application of O’Neil’s convolution inequality gives
1S (#)uol| 2o, < s (;/32)“0””’”. (3.4.14)
This and (3.4.13) implies that for 0 < ¢t < T we have
sup ¢ [ S(t)uol s, < C"(p, ) (s + €2). (3.4.15)

0<t<T
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Recalling that ug € J(R?) (C S, where S, is given by (2.3.25) in Chapter 2), we see

that by Young’s convolution inequality

—S8

S Ouoll, < S0l
2p — °

t

=

From this and (3.4.15), we deduce that

up € J(R®) N By, (R?). (3.4.16)

2p,00

Using (3.4.15)-(3.4.16) and Remark 3.10, once reaches the desired conclusion provided

€, 1is sufficiently small.
Case 2: u satisfies (3.1.9)-(3.1.10)
The assumptions (3.1.9)-(3.1.10) imply that u € L®>°(0,T; LP*>*(R?)) with
éiir[l) ||| aoe 0,5:Lp:00) = 0. (3.4.17)
From Sohr’s paper [117] (specifically, Theorem 1.1 of [117]), we have that
U € Loo(R*X]T", T[) for any 0 < T' < T. (3.4.18)

Now (3.4.17), allows us to reduce to case 1 on some time interval. This observation,
combined with (3.4.18), enables us to deduce that w is unique on Q1 amongst all

other weak Leray-Hopf solutions with the same initial value. ]
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Chapter 4

Local Regularity for the
Navier-Stokes Equations in Critical
Lorentz Spaces

4.1 Introduction

In ‘Chapter 1: Introduction’, we discussed that for weak Leray-Hopf solutions, with
certain classes of initial data, ruling out singular points! implies uniqueness. In this
chapter, we will state and prove new criteria that are sufficient to rule out interior
singular points and singular points on the flat part of the boundary. The results and

text base of this chapter are based on

Barker, T. Local boundary regularity for the Navier-Stokes equations in nonend-
point borderline Lorentz spaces. J Math Sci (2017). doi:10.1007/s10958-017-
3424-2

Unless otherwise mentioned, the notation and definitions used in this chapter are
contained in ‘Chapter 2: Preliminary Material’.

First let us recall from Chapter 1 the definition of suitable weak solutions to the
Navier-Stokes equations, which is the modern setting of the local interior regularity

theory. This definition can be found in Seregin’s book [111]?, for example.

Definition 4.1. Consider any domain O C R3. Let —oo < S; < Sy < co. We say
that the pair v : Ox]S1, Sa[— R? and q : Ox]S}, Sa[— R are a suitable weak solution
to the Navier-Stokes equations in O xSy, S| if:

v E Loo(Sl,SQ7L2(O)), (411)

1Recall we say that 2o = (2, to) is a singular point of v if v ¢ Lo, (B(xg,7)X]tg — r2,to[) for any
r > 0. Any point which is not singular is defined to be a regular point of v.
2Specifically, Definition 6.1 p.133 of [111].
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Vv e LQ(Sl,SQ;L2(0)>, (412)
S L%(OX]Sl,SQD (413)
and
Sa
//(—v-@tgo—v@w : Vo + Vv : Ve —qdive)dydr =0 (4.1.4)
e)

for any ¢ € CP(Ox]Sy,Ss[). Additionally, it is required that the following local
energy inequality holds for all positive ¢ € C§(Ox]S1,00[) and almost every time

t 6]51,82[.'
t
/gp|v(x,t)|2dx+2//30|VU|2d:vdt’
00

o
t
< // [0 (Orp + A) + v - Vp(|v|* + 2q)dzdt’. (4.1.5)
0 0

For a suitable weak solution (v, ¢) as in the above definition, points of Ox]S, Sa|

can be classified as either singular points or regular points. In particular,
20 = (o, tg) € Ox]S7, S| is a singular point of v <=
v & Loo((B(g,7)X|to — 1%, to]) N (O%]S1, Ss[)) for all sufficiently small r > 0.

Moreover, zy € Ox]St, Sa| is defined to be a regular point of v if it is not a singular
point of v.

In Chapter 1, we had mentioned that the work of Struwe in [122] implies that a
suitable weak solution v : Q(1) — R? is bounded on interior subdomains of B(1)x] —

1,0[ under the assumption that it satisfies the Ladyzhenskaya-Prodi-Serrin condition:

ve Lo (Q(1)) := Li(—1,0; Ly(B)) with

2
§4—7:1 and s > 3. (4.1.6)
s

On p.2110 of Seregin’s paper [103], it was mentioned that the assumption on the
space-time norm in (4.1.6) implies that for any point zq = (z,%p) € Q(1) and € > 0

there exists an r > 0 such that

||U||Lz(to—7"2,to;Ls(B(I0))) < €.

As mentioned on p.214 of Escauriaza, Seregin and Sverdk’s paper [27], such a shrinking

property does not hold for the case s = 3. It was first established by Kozono and
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Sohr in [68] that if a weak Leray-Hopf solution v belongs to L., (0, T; L3(R?)), then it
is unique on |0, 7] amongst all other weak Leray-Hopf solutions with the same initial
data. Regularity of a suitable weak solution v belonging to the endpoint case s = 3
of the Ladyzhenskaya-Prodi-Serrin criterion (v € Loo(—1,0; L3(B))) was proven by
Escauriaza, Seregin and Sverdk in [27] by reductio ad absurdum. There, a suitable
rescaling and limiting procedure was performed and gives a nontrivial ancient solution
to the Navier-Stokes equations in R®*x] — oo, 0[. The contradiction is then obtained in
[27], by proving a Liouville type theorem involving backward uniqueness and unique
continuation for a certain class of parabolic operators. As discussed by Seregin and
Sverdk in [102] (p.173 of [102]), the proof in [27] takes advantage of some implicit
smallness properties of Lo.(—1,0; L3(B)). Namely, that if v € Lo (—1,0; L3(B)) is
a suitable weak solution, then at each time ¢ € [—1,0] we have v(-,t) € L3(B) and
moreover, for every xy € B:

lim ||U(7t)||L3(B(J:o,T)ﬂB) = 0. (417)

r—0t

The shrinking property (4.1.7) is used in the proof by contradiction by Escauriaza,
Seregin and Sverdk in showing that the nontrivial ancient solution vanishes at the
last moment of time. This is crucial for the subsequent application of a Liouville type
theorem based on backward uniqueness of parabolic operators.

Consider a normed space (X(B),| - ||x(p)), consisting of measurable functions
u: B — R3 such that

u € X(B) = Uo)\<l’> = /\Ug(/\(lf) - X(B(l//\)) and “uO)\”X(B(l/)\)) = ||U0HX(B)

Such a space X (B) will be referred to as critical. For such a space X(B), it is not
difficult to show that v : B(1)x] — 1,0[— R* and vy(z,t) := M(Az, \%t) (A > 0)
satisfy
Hv/\”Loc(f)\Q,O;X(B(l/)\))) = ”UHLOO(—LO;X(B(D)-
Thus, F(v) := ||v||L.(-1,0.4(B)) is a scale-invariant quantity for the velocity field.
A natural question is whether Escauriaza, Seregin and Sverdk’s local interior reg-

ularity criterion can be extended. This motivates the following question:

What are the critical spaces X (B), with L3(B) C X(B) and

L3(B) — X(B), such that the following holds:

(v,q) is a suitable weak solution to the Navier-Stokes system on
Bx] —1,0[ with v € L(—1,0;X(B)) = (0,0) is a regular point of v?
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In Phuc’s paper [87], the following is proven. We will sometimes refer to this as

‘Phuc’s Theorem’.

Theorem 1.5 of [87]. Let (v,q) be a suitable weak solution to the Navier-Stokes
equations on Bx] — 1,0[. Then

v € Loo(—1,0; L*?(B)) (3< B <00) and q € Ly(—1,0; L1(B)) (4.1.8)
= v is Hélder continuous on the closure of Q(1/2).

As mentioned in ‘Chapter 2: Preliminary Material’, we have that L3 = L33 —
L3 — 3% for 3 < q; < ¢ < oo and these inclusions are known to be strict. It is
stated by Phuc in [87] (specifically p.743) that ‘Lorentz spaces can be used to capture
logarithmic singularities.”. In [87], Phuc then provides evidence for this observation

by means of the following example. Namely, for any 1 > ¢ > 0,8 > 3 we have
-1 =NE 3,8/m3Y - : 1
|| log(|z| )| "X |e<1(z) € LPP(R®) if and only if 5 > " (4.1.9)

The proof of Theorem 1.5 of [87] has the same structure as Escauriaza, Seregin
and Sverdk’s proof of the Lo, (—1,0; Ls(B)) interior regularity criterion. In particular
Phuc’s proof is by contradiction and a rescaling procedure produces a nontrivial
ancient solution. Furthermore, Phuc applies a Liouville type theorem to this ancient
solution, based on backward uniqueness and unique continuation of certain classes of
parabolic operators. The main features of Phuc’s proof that enable an extension of
Escauriaza, Seregin and Sverak’s interior regularity criterion are as follows.

Phuc’s first observation is that the rescaled solutions
(U(k) (y,s), q(k) (y,8)) := (Av( Mgz, )\zt), )xiq(kk:v, )\it)) (4.1.10)

used in the contradiction argument, satisfy the following estimates on Q := wx]|a, b]
(w CR3and —oo < a < b <0) for k > ko(2). Namely,

HU(k)HLN(a,b;LSﬁ(w)) < HUHLOO(%,O;L‘"”B(B)) (4.1.11)
and
0% 1 @) + VO | L@z + ||q(k)||L2(a,b;L%(w)) <
< C(Q, ||Q||L2(_1,0§L1(B))’ ||U||Lw(—170;L375(B)))- (4.1.12)
These estimates play a crucial role in providing sufficient compactness for the rescaled
solutions to converge to a nontrivial ancient solution to the Navier-Stokes equations.
The second key observation in Phuc’s paper [87], that enables the extension of Es-

cauriaza, Seregin and Sverdk’s interior regularity criterion, is the following e-regularity

criterion.
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Proposition 3.2 of [87]. There exist universal constants €, and Cy, k = 0,1,. ..
such that the following holds. Suppose that (v,q) is a suitable weak solution to the

Navier-Stokes equations on B(1)x] — 1,0[ and satisfies the smallness condition

0
J 1)+ a9 sy < (1113
-1

Then V*v is Holder continuous in the closure of Q(1/2) := B(1/2)x] — 1/4,0[ and
satisfies
sup \VEu(x, )| < Cy. (4.1.14)
(z,t)€Q(1/2)

The role of this e-regularity criterion, in the proof of Phuc’s theorem, is to obtain
sufficient decay of the nontrivial ancient solution (v, (ss) € Loo(0, 00; L33(R?)) x
L (0, 00; Lgvg(]R:”)) in order to apply backward uniqueness and unique continuation
theorems for parabolic operators, developed by Escauriaza, Seregin and Sverdk in
27].

Recall from the previous paragraphs that the additional assumption on the pres-

sure, namely
q € Lo(—1,0; Ly(B)), (4.1.15)

plays a key role in the proof of Phuc’s Theorem. In particular this assumption appears
in the estimate (4.1.12). This condition on the pressure appears restrictive with
regards to the range of situations for which Phuc’s Theorem applies. For example,
consider the case of a weak Leray-Hopf solution v : B(1)x]0,1[— R? to the Navier-
Stokes system. For that case, it is known?® that there is an associated pressure ¢ such
that for any 0 < d < 1, V¢ € L%((S, 1; L%(B(l))). However, to the best of the author’s
knowledge, it is unknown if conditions of the type (4.1.15) hold for the pressure q.
The first result of this chapter aims to prove that an analogous interior regular-
ity result to Phuc’s theorem holds for a suitable weak solution (v,q), without the

additional restriction (4.1.15) on the time integrability of the pressure.

Theorem 4.2. Assume (v, q) is a suitable weak solution of the Navier-Stokes system
in Q(1) :== B(1)x] — 1,0[. Assume, in addition, that there exists 3 < < oo such
that

v € Loo(—1,0; L**(B)). (4.1.16)

Then v is Hélder continuous in the closure of the set Q(1/2) := B(1/2)x] —1/4,0].

3See, for example, Theorem 1.1 of [74]
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The contradiction argument used in this chapter to prove Theorem 4.2 is in the
same spirit as that used in Escauriaza, Seregin and Sverdk’s paper [27] and subse-
quently in Phuc’s paper [87]. What enables us to extend these results is the develop-

ment of new estimates involving the following scale-invariant quantities:

Az, mv) = sup 71! / lv(x,t)2de, (4.1.17)
to—r2<t<tg
B(:E01T)

to
B(zy,7;0) IZT_I/ / |Vo(z,t)|*dxdt, (4.1.18)

to—r2 B(zo,r)

to
Coo(20,750) 1= 772 / 19]175.50 (w0, 4 (4.1.19)
to—r2
to
3
Doo(20,7;q) =172 / 2 dt. 4.1.20
(20,759) 1917 5 (4.1.20)

These new estimates are stated below as a lemma.

Lemma 4.3. Let (v,q) be a suitable weak solution in Q(zo,1). Then for 0 <r <1

the following holds (c is some universal constant):

A(z,7/2;0) + B(z0,7/2;0) < ¢(Coo(20,70)3 4 Coo(20,730)5 + Doo(20,7:¢) 7).
(4.1.21)

The role of the above lemma? is to provide convergence of the rescaled solutions
to a nontrivial ancient solution, under less restrictive assumptions on the pressure
than in Phuc’s theorem.

After completion of the proof of Theorem 4.2, the author of this thesis became
aware that Theorem 4.2 had been previously proven by Wang and Zhang in [129].
Their proof is completely different to the proof provided by the author. Moreover, the
main observation in our proof of Theorem 4.2 (Lemma 4.3) plays an important role
in the main result of this chapter concerning an analogous local boundary regularity
criterion up to the flat part of the boundary. Contrastingly, it is not obvious if the
method used by Wang and Zhang in [129] can be used to prove the analogous local

boundary regularity criterion.

4More than a year after the contents of this Chapter was uploaded onto arXiv as the preprint
[5], Guevara and Phuc uploaded a preprint onto arXiv [49] containing improvements in relation to
Lemma 4.3.
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At the time of writing it is not known if the assumption v € Lo (—1,0; L>*°(B))
guarantees regularity of a suitable weak solution (v,q). Here, L>*(B) is the critical
space ‘weak L3’ containing the function |z|™1. It is known that if the velocity field has
sufficiently small L., (L>°) norm, then it is regular. See, for example, the papers of
Kozono [67], Kim and Kozono [66] and Tsai and Luo [79]. Under certain additional
assumptions, regularity has been proven without smallness of the Lo, (—1,0; L>*(B))
norm of the velocity field. For suitable weak solutions on Bx]|—1,0[ that are axisym-

metric, it is known that

SUD(; epx]—1,00|7/[v(2, )| < 0o = v is Hélder continuous on the closure of

Q(1/2).

See the papers of Koch et al [62] and Seregin and Sverak [102]. Let us also mention
that a year after this work was uploaded to arXiv as the preprint [5], Choe, Wolf and
Yang proved in [24] that a weak Leray-Hopf solution v on R®*x]0, T'[, that satisfies v €
Loo(0,T; L3*°(R?)) and certain additional restrictions concerning v(-, T, is regular at
time 7.

The main contribution of this chapter is to show that an analogous condition to
Theorem 4.2 is sufficient to provide regularity of the Navier-Stokes equations up to
the flat part of the boundary. In Chapter 1, we described the general setting of local
boundary regularity theory for the Navier-Stokes equations, suggested by Seregin in
[98]. The definition below is essentially contained in Seregin’s paper [98], specifically
Definition 2.1 there.

Definition 4.4. Let —oo < S < Sy < 00. We say that the pairv : Bt (xg, R)%]Si, Sa|—
R3 and q : BT (xg, R)x]S1, So[— R are a suitable weak solution to the Navier-Stokes
equations in BT (xg, R) xS, Sa[ near I'(zg, R) X [S1, Sa] if:

NS Loo(Sl,Sz;LQ(B+($0,R))), (4122)
Vv € Ly(S1, Ss; L2(B+(J;0,R))),
O € L%(]Sl,SQ[; L%(B+(l’07R)))a
V?0 € Ls(]S1, Safs Ly (B* (0, R))),
Vq € L%(]SI; Sal; Lg(BJr(xm R))),

By regular at time 7', we mean that there exists an € > 0 such that v € Lo (T — €, T; Loo (R?)).
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/ / —v-Op—v®v:Vo+ Vou:Vy —qdive)dydr =0 (4.1.27)
S1 Bt (zo,R)

for any ¢ € C§° (B (xo, R)x]S1, S2[) and
v(x,t) =0 for xs = xo3 and almost every Sy <t < Ss. (4.1.28)

Additionally, it is required that the following local energy inequality holds for all pos-
itive v € C§°(B(xo, R)x]S1,0[) and almost every time t €]Sy, So:

t
/ olv(z, t)|*dx + 2/ / ©|Vo|*dzdt’

B+ (z0,R) 0 Bt (zo,R)
g/ / WP (Orp + A) + v - V(o] + 2g)ddt. (4.1.20)
0 B+ (z0,R)

Recall that in Chapter 1 we mentioned that there are differences in the local
interior and boundary smoothing effects for the Stokes and Navier-Stokes equations.
Furthermore, we had discussed in Chapter 1 that interior regularity criteria for the
Navier-Stokes equations are not automatically guaranteed to imply the analogous
regularity criteria up to the flat part of the boundary. Differences can also be seen
from a technical perspective as follows. In many interior regularity proofs in the
literature, involving a suitable weak solution (v,q) on Bx] — 1,0[, the pressure is

decomposed on B(r)x] — 1,0[ (0 < r < 1) in the following way:
q(z,t) = =A7(div (xpryv @) + (q(z,t) + A7 (xpydive @ v))

= ¢W(x,t) + ¢P(x,1). (4.1.30)

Here, xp() : R* = R is equal to 1 on B(r) and zero elsewhere. Note that
¢V (z,t) = =AY (div (XBmV ®v)) = RiR;(XB(r)viV;), (4.1.31)
where R; are Riesz transforms given by
Rig(x cPV/||4gx— dy.

In proofs of many interior regularity criteria, the first term of the pressure decom-
position (4.1.30) is estimated using (4.1.31) and continuity estimates for Calderdn-

Zygmund singular integral operators. A key point in many proofs of interior regularity
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statements is that the second term of the pressure decomposition (4.1.30) is a har-
monic function in B(r) and satisfies estimates of the following form (where k = 0, 1,. ..

and 0 <7 <7):

IV () |1 By < Oy, )16 ¢ )| 2y (B - (4.1.32)

In the case of proving boundary regularity criteria, for a suitable weak solution
(v,q) in BT(0,1)x] —1,0[ near I'(0,1) x [0, 1], the analogous pressure decomposition

has the form
q(z,t) = =A7(div (xp+ (v @ v)) + (¢(z,t) + A (Xp+rydive @ v))

= qW(2,t) + ¢V (x,1). (4.1.33)

Unfortunately, it appears difficult to estimate the harmonic term ¢'®)(z,t) near the
flat part of the boundary. This is because ¢ (z,t) may not have zero trace on the
flat part of the boundary, hence an estimate of the type (4.1.32) may no longer hold.

In Seregin’s paper [98], sufficient conditions for regularity of a suitable weak so-
lution (v, q) in B*(0,1)x] — 1,0[ near I'(0,1) x [—1,0] are proven by estimating the
pressure near the flat part of the boundary using a different decomposition to (4.1.33).
Related pressure estimates near the flat part of the boundary, together with certain
arguments from Escauriaza, Seregin and Sverdk’s paper [27], have been used by Sere-

gin in [100] in proving the following theorem.

Theorem 1.1 of [100]. Assume (v, q) is a suitable weak solution of the Navier-Stokes
system in Q1 near T'(0,1) x [—1,0]. Assume, in addition, that

v € Lo(—1,0; L3(BY)). (4.1.34)
Then v is Hélder continuous in the closure of the set QT (1/2).

We also mention that Mikhailov and Shilkin subsequently proved regularity up to
the curved boundary in [83], under analogous assumptions to Theorem 1.1 of [100].

The main aim of this chapter is to show that the same conditions to Theorem 4.2
imply regularity up to the flat part of the boundary. This is given by the following

theorem.

Theorem 4.5. Assume (v, q) is a suitable weak solution of the Navier-Stokes system
in QT near T'(0,1) x [—1,0]. Assume, in addition, that there exists 3 < < 0o such
that

v € Loo(—1,0; L*#(B™)). (4.1.35)

Then v is Holder continuous in the closure of the set QT (1/2).
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Recall from Chapter 2, we have the strict continuous embeddings L3(Q) = L33(Q) —
L3 (Q) — L3%2(Q) for 3 < q; < q2 < 0o. In this way Theorem 4.5 gives a strength-
ening of the previous result obtained in [100].

As in Escauriaza, Seregin and Sverdk’s work and Theorem 1.1 of [100], the proof
of Theorem 4.5 is also by reductio ab adsurdum. The contradiction assumption,
along with the interior regularity result of this chapter (Theorem 4.2), implies that
there exists a singular point lying on the flat part of the boundary. An appropriate
rescaling procedure then produces a nontrivial ancient solution, which is ruled out
by a Liouville type theorem based on backward uniqueness and unique continuation.
Our investigation is in the same spirit as that of Seregin’s paper [100] and utilises
certain arguments presented there. Let us now describe the two main difficulties
encountered, as well as our observations that enable us to overcome them.

In order to provide sufficient compactness of the rescaled solutions to obtain a
nontrivial ancient solution, certain bounds are needed for the pressure of the rescaled
solutions. In the proof of the corresponding interior result (Theorem 4.2), the required
estimates for the pressure are obtained by means of the aforementioned pressure
decomposition (4.1.30). This is also used in Phuc’s paper [87]. Unfortunately, such
a decomposition does not seem to work well for estimating the pressure near the flat
part of the boundary. In order to obtain the required estimates for the pressure of the
rescaled solutions near the flat part of the boundary, we use a boundary analogue of
the scale-invariant estimates in Lemma 4.3, together with arguments used by Seregin
in [100]. The pressure estimates obtained generalize those obtained by Seregin in
[100]°.

The second difficulty, associated with proving Theorem 4.5, is showing that the
nontrivial ancient solution obtained has sufficient decay to apply a Liouville theorem
based on backward uniqueness for parabolic operators. Recall that for the corre-
sponding interior cases (Theorem 1.5 of [87] and Theorem 4.2) sufficient decay of the
nontrivial ancient solution (ves, Goo) € Leo(—00,0; L3¥#(R3)) x Lo (—00, 0; L%’g(RS))
is achieved by using an e-regularity criterion developed by Phuc (see Proposition 3.2
of [87], as well as (4.1.13)). Unfortunately, for the nontrivial ancient solution (vse, Goo)
obtained in the contradiction proof Theorem 4.5, we do not know if ¢, belongs to
the space Lo (—00,0; L%é([@i)). We only know that g., has the same integrability,
on compact space time subsets of Rix] — 00, 0], as the original pressure. For = 3
this difficulty has been previously noted by Seregin in [100]. This creates major diffi-

culties with the e-regularity criterion of Phuc in [87], used in the proof of the interior

6Specifically, Propositions 2.5-2.6 of [100].
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regularity result for Lorentz spaces. The reason for this is that Phuc’s e-regularity cri-
terion requires the limiting pressure to have more local integrability in time than that
assumed for the original pressure in Theorem 4.5 (see (4.1.13)). In order to overcome
this difficulty, we develop a convenient e-regularity criterion for interior regularity of
suitable weak solutions. This will be applicable to the ancient solution obtained in
the contradiction argument of Theorem 4.5 and will provide sufficient decay of the

ancient solution to apply backward uniqueness arguments.

Theorem 4.6. Let (v,q) be a suitable weak solution in Q) := B(1)x]| —1,0[. Then
there exist universal constants €y and cop (with k = 1,2...) with the following prop-

erty. Assume
0
3
J I iy + a9y s < o (4.130
21

then for any natural number k, V¥~Yv is Hélder continuous in Q(1/8) and the fol-
lowing bound is valid:
sup |VE (2, )| < co. (4.1.37)
(z,t)€Q(1/8)

The proof of this e-regularity criterion makes use the scale-invariant estimates in
Lemma 4.3. This e-regularity criterion may be of independent interest, as it provides
a strengthening of the statements given by Ladyzhenskaya and Seregin in [74] and
by Lin in [78]. Let us mention that over a year after the contents of this chapter
was uploaded onto arXiv as the preprint [5], Guevara and Phuc uploaded a preprint
onto arXiv [49] that implies improvements of the above e-regularity criterion. In
particular, Proposition 3.2 p.9 of [49] implies the following. Namely, there exists a

universal constant ¢; such that if

j(B)ds < €,
13

0

3

J I g + a5V,
-1

then for any natural number &, V*~1v is Holder continuous in Q(1/8) and the estimate
(4.1.37) holds true for v.
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4.2 Local Interior Regularity in Critical Lorentz
spaces
4.2.1 Scale-Invariant Estimates of Suitable Weak Solutions

Recall the definitions of the relevant scale-invariant functionals: (0 <r < 1)

A(zg,riv) :=  sup 1t / lv(x,t)2de, (4.2.1)

to—r2<t<tg
B(zo,r)

B(zg,m;0) =7 / / |Vou(z,t)|*dxdt, (4.2.2)

to—r2 B(wo,r)

to
Cualen30) =172 [ ol (123)
to—’r‘2
and
2
Do (20,75 9) / ||q||L2w oyt (4.2.4)
to—r2

Now let us state a lemma, involving estimates for the above scale-invariant quantities,

which we will make use of in proving in Theorem 4.2 and Theorem 4.5.

Lemma 4.7. Let (v,q) be a suitable weak solution in Q(z9,1). Then for 0 <r <1

the following holds (c is some universal constant):

ol

A(ZO7T/2;U)+B(205T/2;U) S C(Coo<207r;U>%+Coo(2077n;v)%+Doo(anr; q) ) (425)

First, we begin with stating a well known algebraic lemma, whose proof can be

found in Giusti’s book [47].

Lemma 4.8. Let I(s) be a bounded nonnegative function for s € [Ry, Ry]. Assume

that for every s,p € [Ry, Ry] and s < p we have
I(5) < [A(p— 5) + B(p — ) + C] + 01(p)
where A, B,C" > 0 are constants, « > 3 > 0 and § € [0,1][. Then there holds
I(Ry) < c(a, )[A(Ry — R) ™+ B(Ry — R) ™" + C1.

Proof of Lemma 4.7
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Proof. Without loss of generally, consider zop = (0,0). Let 0 < § < s <p <r <1
Let 1 € C§°(B(p)) be such that 0 <n; < 1,7, =1 on B(s) and

“ml < — 4.2.6
‘V 771‘ = (p_ 8)|a| ( )
for |a] < 2. Let gy € C§°(—p?, p?) be such that 0 <y < 1,13 =1 on [—s?, s%] and
: C C C
M| < < < : 4.2.7
S S S S 0
Let o(z,t) :== m(t)n2(x). From (4.2.6)-(4.2.7), we infer that
C C C
Vol < ——, |V < . and |9,p| < : 4.2.8
’ 90’ p—S ’ ’ (p—8)2 ‘t ’ (p_s)z ( )

Our aim is to estimate scale-invariant quantities by substituting ¢ into the local
energy inequality and making us of Lemma 4.8. This strategy has also been used by
Phuc in [87].

From the local energy inequality, we have that for almost every ¢ €] — 1,0[:

¢
/go(:p,t)|v(x,t)|2dm+2//¢|VU|2dmdt'

B “1B
t
< // 0> (Ap + 0yp) + v - Vp(|v|* + 2q)dzdt’. (4.2.9)
S1 B

Let I1(s) := sA(0, s;v), Is(s) := sB(0,s;v) and I(s) = I1(s) + Iz(s). From (4.2.9),

we deduce that

3
I(s) < 5((1) +(2) + (3)). (4.2.10)
Here,
¢
(1) := sup //|v]2(Ag0+8tgo)da:dt/, (4.2.11)
—s2<t<0
1B
¢
(2) := sup //U-V¢|v|2d:pdt’ (4.2.12)
—52<t<0
1B
and
t
(3) := sup //ZU-qudxdt’. (4.2.13)
—52<t<0_1 %

"See Lemma 2.3 of [87].
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Let us treat (1) first. Using Hunt’s inequality in space (Proposition 2.2 in Chapter
2), we infer that

0
(1) <C / 10121, e gy 180 + Bl ot (4.2.14)
_p2

From the definition of the quasinorm, we see that there exists a universal constant C
such that

1215y < I
By using this and Hélder’s inequality in time, one can infer from (4.2.14) that

2
3

wlot

0 0

P 2 / P 3 /

W) <t [ olmmdt < 2 | [ Mot | - (@219
(p—s) 4, (p—s) kA

Next, let us estimate (3). By Hunt’s inequality, we deduce that

0
) <C [ o ol mlal g g - (4.2.16)
02

From Proposition 2.3 (Chapter 2) and the Sobolev embedding theorem, we infer that
1 1
lv - Veollpsame) < Cllv- V‘PHEQ(B(,)))HU : VSOHEG(B(p)) <

1 1

1 1
< Clvllzasey N O”U\|22<B<p>>HWHZQ(B@))'
BTEDE p—s
Thus, (4.2.16) implies that

0 1 i
(3) < O/ [HUHLQ(B( D 19012, o VI L, (500

. 8); S [l gt (42.17)

_p2

Applying Hélder’s inequality in the time variable to (4.2.17), one obtains that

ol
N}

c 0 0
3
3) < —— allf; dt' / 2, d'
@< g | [ o ol
7p2 7p2
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0

3

/ Joll?
7p2

W=

3
HLQ(B(p)) ”VU”ZQ(B(p))dt/

/ ol .,

From this, one deduces that

win

(3) < [CTgfl(pf

Similar reasoning gives

/ ol .,

0
/ 1017500 () A’
2

win

wIin

(4.2.18)

(4.2.19)

From (4.2.10), (4.2.15), (4.2.18), (4.2.19), together with Young’s inequality, we deduce

that
I(s) <
n Crs n Crs
(p—35)*  (p—s)?

w\o’t

1
/ ol oot |+ 5100

]x / ol oty / Jal ..

By Lemma 4.8, we obtain

—I—C'r_%

0
1(r/2) <17} / i F—
—r2

/ -

Wl

ol

/ a1

From here the conclusion is immediate.

/

(4.220)

]

Remark 4.9. After appropriate relabellings, an analogous estimate holds when (v, q)

is a suitable weak solution in Bt (xg,1)x]tg — 1,to[ near I'(xq, 1) X
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4.2.2 Proof of Theorem 4.2

Let us proceed with a lemma. The analogous lemma (Lemma 4.1) was stated and
proven by Phuc in [87]. As the proof of this statement is essentially unchanged we

omit it.

Lemma 4.10. Suppose that the pair of functions (v, q) satisfy the hypotheses of The-
orem 4.2. These hypotheses imply that the inequality

[v(s Ol Ls.8(B3/4) < NVl Lo (=(3/4)2,0:288(B(3/2)))5 (4.2.21)
holds for all t € [—(3/4)?,0] and that the function

t— / (@, t) - w(z)dz

B(3/4)
is continuous on [—(3/4)%,0] for any w € L%’%(B(B/Zl)).

In proving Theorem 4.2, we will use the following lemma which is stated and

proven in Seregin and Sverdk’s paper [97] (specifically Lemma 3.3 of [97]).

Lemma 4.11. Let (v,q) be a suitable weak solution of the Navier-Stokes equations
in B(1)x] — 1,0[. There exists a universal constant co with the following property.

Assume for some 0 < Ry < 1:

1
sup < sup  — / |v(:c,t)\2dx)<co. (4.2.22)
0<R<Ro \ —m2<t<o I

B(0,R)

Then, (0,0) is a reqular point of v. In particular, there exists an 0 < r < 1 such that

v € Loo(Q(r)).

Step 1: Rescaling Procedure

Next, we recap the rescaling prodecure for the proof of Theorem 4.2 used by Escau-
riaza, Seregin and Sverak in [27]. Suppose the conditions for (v,q) of Theorem 4.2

hold. Then by the previous Lemma, for ¢t € [—1,0] we have
v(-,t) € L**(B). (4.2.23)

As in [27], the rescaling procedure arises from assuming Theorem 4.2 is false. This

implies that v has no representative that is Holder continuous on Q(1/2). Serrin’s
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paper [113], together with the local interior regularity theory for the Stokes system®,
implies that essentially bounded suitable weak solutions of the Navier-Stokes equa-
tions are Holder continuous on interior subdomains. As in [27], we infer from the
contradiction assumption that there exists a singular point zp € Q(3/4) such that,

for any r > 0,
v ¢ Loo(Q(20,7) N Q). (4.2.24)

Without loss of generality, we can take zy = (0,0).
Now we repeat arguments used by Escauriaza, Seregin and Sverdk in [27] (specif-
ically, p.223 of [27]) to show the following. Namely, there exists a universal constant

co > 0 and a sequence of numbers Ry €]0, 1] such that R, — 0 as k — 400 and

1
sup  — / lv(x, s)[2dx > ¢ (4.2.25)

“Rr2<s<0 L

for any k = 1,2,.... Indeed, (4.2.24) and Lemma 4.11 imply that for all Ry €]0,1]

we have

1
sup ( sup  — / ]v(a:,t)]Qda:)zco. (4.2.26)
0<R<Ry \-R2<t<0 It

B(0,R)

This then implies that there exists Ry — 0 as k — +oo such that (4.2.25) holds true.
For each a > 0, there exists a ko(a) > 1 such that for all £ > k, we have

Q(Rra) C Q(1/4).

As done in Escauriaza, Seregin and Sverdk’s paper [27] and in Phuc’s paper [87], we

perform the following rescaling:
v® (z,t) = Ryu(Ryx, R3t) (4.2.27)

and
¢ (z,t) := Riq(Ryx, R3t). (4.2.28)

As done by Phuc in [87], we may decompose the pressure
qg=q+h, (4.2.29)

where h is harmonic in B and ¢ := R;R;[(v;v;)x5]. The fact that Calderén-Zygmund
singular integral operators are bounded linear operators on L, (1 < p < 00), together

with the ‘generalised Marcinkiewicz theorem’ (Theorem 2.4), implies the known fact

8See Proposition 6.7-6.8 of [111] (pp.85-87), for example.
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that Calderon-Zygmund singular integral operators are bounded linear operators on
LP9 (p € [1,00[ and ¢ € [1,00]). Using this, we infer that

||(j(, t>||L%’§(]R3) < ||U||im(,170;L3,ﬁ(3)). (4230)
It is also clear that for (z,t) € Q(2a) and k > ko(a) :
¢®) = G» + n®), (4.2.31)

Here,
G (x,t) == R:G(Ryx, R3t) and h¥)(x,t) := RIh(Ryx, R2t).

It is also the case that (v®), ¢(*)) are a suitable weak solution to the Navier-Stokes
equations in Q(2a). A detailed explanation of this can be found in Phuc’s paper [87]°,

for example.
Step 2: Estimates of Rescaled Solutions

Now, let us make more explicit the role that Lemma 4.7 plays by means of a propo-

sition.

Proposition 4.12. The rescaled velocity and pressure satisfy the following uniform
estimates for k > ko(a):

||q(k)||L (—(20)2.0:.3 8 (B(20))) < C(a)(HQHL%(Q) + ||U||%m(71,0;L3,5(B)))7 (4.2.32)
0

/ s (1, ) < ORulg] fy@ Il pmomy), (4239
—(2a)

||U(k)('at)||L3ﬁ(B(2a)) < |vllzw-1.0:L3.8(8)) for t € [~(2a)?,0] (4.2.34)

and

0™ 1 a2 0:20B@)) + VUV o (—a2.0:10 B0y < Cla, H(JHL%@% 11| Lo (—1,0:28.8(B)))-
(4.2.35)

Proof. Tt is clear that (4.2.34) follows from Lemma 4.10 along with the easily seen
property that ug € L**(B(a)) and ug(x) = Aug(Ax) implies |[ug| 1365/ =
|ol[£3.5(2)- Let us now demonstrate the role played by the new scale-invariant esti-

mates, provided by Lemma 4.7. Indeed, Lemma 4.7 implies that

”U(k)H%oo(—aQ,O;LQ(B(a))) + va(k)"%2(—02703/:2(3(“)))

9Specifically, p.754-755 of [87].
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< C(a)[HU(k)Hioo(—(Qa)270;L3v°°(B(2a)))
(k) ||2

L (7(20,)2,0;[/%*00(3(260))]' (4236)

+Hv(k)||%oo(—(Qa)2,0;L3v°°(B(2a))) +llq

If we assume for the moment that the estimate (4.2.32) is valid, then (4.2.32), (4.2.34)
and (4.2.36) immediately imply that (4.2.35) holds true.

Now let us prove that the estimates (4.2.32)-(4.2.33) hold. The arguments we
use here are essentially contained in Phuc’s paper [87]!. As there are some minor

differences, we provide full details for completeness. As argued by Phuc in [87],
Lemma 4.10 and (4.2.30) imply that for ¢ €] — (2a)?, 0[:

189 CON 3.2 oy < NGB 5.8 0y < Cliromonmy (42:37)

Since h(-,t) is a harmonic function in B for almost every t €] — 1,0[, it satisfies

the mean value property. Hence, for almost every ¢ €] — 1,0[ we have

S(lll}'é A O < NRC)2s)- (4.2.38)

Using this, along with Holder’s inequality, we infer

Il g (—1.0: 00 (B/2)) < ClRlLy (—100B)) < CUldlL, 5@ + lldllzy @) (4.2.39)
2 2 ’2 2

By Hunt’s inequality (Proposition 2.2 in Chapter 2), we have

I Ol < clixall 2, 1860155, < IOl 58,
The above and (4.2.30) imply that
e, 3@ Sl g8y S W Hncromsomy (4240
From (4.2.39)-(4.2.40), it can be deduced that
0 0
/ sup |h(k)(x,t)|%dt < Ry, / sup |h(ka,s)|%ds
B(2a) B(2a)
~(2a)? —1/4
3 3
< Rk||h||z§(f1,o;Loo(B(1/2))) < CRk(||Q||z§(Q) + ||U||?£oo(—1,0;L3,B(B)))- (4.2.41)
2 2
This establishes (4.2.33).
Note that
R (-t < sup |A®(z,t a <a? sup | (z,t)|.
0,5 0y < 50 D000l 3 ) S0 st (W00
(4.2.42)
This, (4.2.37) and (4.2.41) immediately give (4.2.32).
[

0Specifically, p.754 of [87].
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Step 3: Passing to the Limit

Using the estimates of the rescaled solutions provided by Proposition 4.12, we may
then apply identical arguments to those presented in Phuc’s paper [87]' to obtain
limit functions (Vs G0 ), arising from the rescaled solutions, with the following prop-

erties.
o 1) (Voos Gos) € Loo(—00,0; L3¥(R3)) x Loo(—00,0; L2 (R3)).

® 2) (U, ¢oo) form a suitable weak solution to the Navier-Stokes equations in
Q(a) := B(a)x]| — a?,0[ for any a > 0.

e 3) vy € C([a,b]; Ly(w)) for any s €]1,3[, any bounded set w C R? and any
—00 < a<b<oo.

e 4) For almost every = € R3 v (x,0) = 0.

e 5) The function v, is nontrivial. In particular, there exists a universal constant
¢o such that

sup /|voo(x,t)|2dx > .
]

te[-1,0
B
Step 4'%: Obtaining a Contradiction

The final part of the proof of Theorem 4.2 involves showing that properties 1)-4) of
(Uoo, @oo ) allow us to apply backward and uniqueness theorems for parabolic operators,
developed by Escauriaza, Seregin and Sverdk in [27], to the equation satisfied by the
vorticity we, = V A¥s. From this it can be shown that vs, = 0 in R?® X [—1, 0], which

contradicts property 5).
4.3 Local Regularity Near the Boundary for the
Navier-Stokes Equations in Critical Lorentz Spaces

4.3.1 Pressure Estimates

Before stating and proving a certain lemma, let us introduce some notation.

HSpecifically, arguments from Proposition 4.2 in [87].
12\We do not present full details of Step 4, since the required arguments are identical to those
found in pp.756-757 of Phuc’s paper [87].
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Take ( € [3,00] and define the following scale-invariant quantities

to
1
Calio,riv) = 5 [ 1o st (131)

to—r2

Njw

Dateoria)i= 5 [ a1t = i (0]

to—r2

: dt (4.3.2)

L32 (B(zo,r))

The following generalises Lemma 2.1 of Seregin’s paper [100], which established that

under the assumptions of the lemma below, (4.3.3) holds true for g = 3.

Lemma 4.13. Let v € L3(Q(20, R)) and q € L%(Q(ZO,R)) satisfy the Navier-Stokes

equations in the sense of distributions. Then, for 0 <r < p < R, we have

Dg(20,75q9) < ¢ [(%)ng?(ZOaP? q) + (5)205(207/); v)] : (4.3.3)

Let us remark that the proof below is essentially contained in Seregin’s paper
[96]'3. In the setting of Lorentz spaces there are some minor differences, hence we

provide full details for the convenience of the reader.
Proof. Without loss of generality take zy = 0.
Case 1: 0<r<f<p<R

We utilise the same pressure decomposition as used on p.223 of Seregin’s paper [100].
Namely, we write

¢=q"+q?,
where
gV (1) == RRj(XB(nvivi (-, 1)) (4.3.4)
Here R; is a Riesz operator and we adopt the summation convention. It is not difficult

to notice that in B(p):
AP (-, t) =0. (4.3.5)

For ¢V, we can use the well known fact that Calderén-Zygmund singular integral
operators are bounded linear operators on LP? (with p €]1,00[ and ¢ € [1,]), to
obtain that

[S]Ie]

3
2

My, . . 3
a0 g Selv@uC Ol <l Ol (430

~
~

(B(p))

13n particular, Lemma 3.1 in Seregin’s paper [96].
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Consider a measurable function f : B(r) — R. Using Hunt’s inequality (Proposition
2.2 in Chapter 2), we obtain that

cllfllzrsBepllxBe Lo s By

c
el < 5 [ 1#)ldy < . <
B(r)
_3
< el fllzes )
Here, 1 < s < o0, 1<p<oo,z%:1—%and —1—— From the above we infer,
3
1 A8 lzrs ey < er™ 2 [ fllzes ey IXBE) 1Lrs @)
< [ fllrsBey)- (4.3.7)
Substituting f = ¢V(-,t), p= 3 and s = £ into (4.3.7) then gives
(1) (M.
a1, 5.5, < NI DN 3200 (138)
One can then easily obtain
0
c
D 07T7 q 2 S ) / q(l) 2 dt
s )= 3 g (2l ER T,
r2
< / OGO, . ] (4.3.9)
L22(B(p))
Using (4.3.6) and (4.3.9), one can infer the following
2
Dg(0,7,9) < ¢ Rg) C5(0,p,v) + Dg(0,7,4) | . (4.3.10)

Identical arguments to those used by Seregin in [100] (specifically, p.224 of [100])

imply that the harmonic function ¢ satisfies

sup |¢2 (1) — [¢P] ()] < = / 12 (2, 1) — [¢P] () () |da. (4.3.11)

z€B(r)
B(p)

The proof of this estimate uses the fact that any harmonic function g in B(p) satisfies

the Caccioppoli estimate:

C
sup [Vg(a)| < 5 / 19(2)|dz. (4.3.12)
B(p)

z€B(p/2)
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Applying this to g = ¢® — [¢?)](,) then gives

sup  [VqP(z,t)| = sup [V(¢® —[¢P]p(,))(z,1)|
2€B(p/2) ©€B(p/2)

< / 142 (2, 8) — [¢®) 5 (). (4.3.13)
B(p
From this, one can then deduce (4.3.11).
From (4.3.11) and Hunt’s inequality, we obtain that

sup 1o, = 0] (0)] < / 142 (2, 1) — (4]0 (8)|de
z€B(r) 500)
12
cr
< S0 = 00Ol 3.5 X0l 5 2

cr
< EHq@’(-,t) — ¢ 4.2

. (4.3.14)
L32(B(p))

From (4.3.14) and Hunt’s inequality, we see that

s (4.3.15)

From this, it can be deduced that

5
T\ 2
Ds(0,7,¢?) < (;) D(0,p,¢?). (4.3.16)

This, together with (4.3.10), implies

5

Daf0.7:0) < ¢ | (£) o000+ (£) 00,94

<c|(2)" catop + (5) Dat0.0)+ () Dat0.p. ). s

The same arguments as the ones used in deriving (4.3.8) imply that

g5 ()] < cllg® (1)l (4.3.18)

L35 (B(p)) L35 (B()
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It then follows from this and (4.3.6) that
Dg(0, p, q(l)) < cC3(0,p,0). (4.3.19)

The conclusion then follows immediately from (4.3.17)-(4.3.19) and the fact that
r < p.

Case 2: £ <r<p
Under the assumptions of this case, one can verify that
Ds(0,7,q) < cDg(0, p,q) + cl. (4.3.20)

Here,

5t (4.3.21)

Using Hunt’s inequality, one obtains the following estimate:

4]y (t) = lalBem (B)] < r—cg / gz, 1) — [a] () (V)] dx
B(r)

c
< latt) = ldse Ol 5.4 4 X0 52
c
< S0 = s Ol 5350, (43.22)
Thus,
C / 3 3
1< 5 [t =ao®lly, el d
2
0
c 3
<5 [lat0 - Waw I}y, dt<cDa0pa).  (4323)
_T’Q
Using this, together with (4.3.20), the conclusion readily follows. O

Lemma 4.13 enables us to prove a certain generalisation to Proposition 2.5 in
[100]. Namely the following result holds.

Proposition 4.14. Assume that all the criteria of Lemma 4.13 are fulfilled. Assume,
in addition, that there exists a B € [3,00[ such that

HU‘|Loo(tofR2,to;L3v5(B(mO,R))) < L < 0. (4.3.24)

Then, for any v €]0,1[, there exists a constant c1(L,~) such that, for 0 <r < R, we

have

T 37
Dg(20,73q) < ¢4 [(E) * Dy(z0, Riq) + 1. (4.3.25)

102



Proof. The proof involves using Lemma 4.13 and identical iteration arguments to
those presented by Seregin in [100]'*. We provide the details for completeness.

Clearly from Lemma 4.13, we have

5(1—n) 5 cL?
Dg(20, " R; q) < er2 127Dy (29, T8 R; ¢) + — (4.3.26)
for any 0 < 7 < 1. It then follows from an induction argument that
k+1 5(1 508kt 1 cL3 b 5(1 5
Ds(20, 7" R; q) < (er2 2 D20, R; q) + — Z(cﬂ( M) (4.3.27)
=0

Fix 0 < 7 < 1 such that ¢73™ < 1. Then one can deduce from (4.3.27) that for
E=0,1...
cL? 1

D kR ) < (r3\FD R: .
5(Z07T >Q) = (T2 ) 5(20? ’q)+ 2 1_07_%(1—7)

(4.3.28)

For 0 < r < R, we see that there exists a k € NU {0} such that 7*"'R < r < 7*R.

Using similar arguments to case 2 of Proposition 4.13, we obtain
c
Dg(z0,75q) < 7_—2D5(20,7'kR; q).

From this and (4.3.28), we infer

cl? 1

T 1 —er3n)

c /o5
Dg(z9,7;q) < ﬁ(ﬁ) ’ Dg(z0, R;q) +

]

Before proceeding further, let us introduce some further notation. Namely, we

define the following scale-invariant quantities over half-balls:

At (zg,m;0) :=  sup 1! / |v(z,t)*dx, (4.3.29)
to—r2<t<tg
Bt (zo,r)
to

BT (z9,m;0) =171 / / (Vo(z,t)|*ddt, (4.3.30)

to—r2 Bt (zo,r)

to
Ct(2z0,7;0) =172 / ||U(-,t)||i3,oo(3+(x07r))dxdt (4.3.31)

to—r2

Specifically, the iteration arguments are taken from Proposition 2.5 of [100].
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and
to

4
Dy (z0,75q) = r2 / < / |Vq|%dx> °dt. (4.3.32)
to—r2 BTt (zo,r)

The following lemma was proven in [98]. We state it without proof.

Lemma 4.15. Consider a pair of functions (v, q) that are a suitable weak solution to
the Navier-Stokes equations in QT (29, R) near T'(zg, R) X [to — R?,to]. Then for any
0<r<p<R, we have

D (z0,73q) < C<£>2[Di’_(z0, piq) + (B (20, p30)) 1]

+c (£> : (AT (20, p;v))2 BT (20, p ). (4.3.33)

r
Next we state a new estimate. The statement and proof is very similar to Lemma
4.7, and is a key observation that allows us to work in the context of critical Lorentz

spaces.

Lemma 4.16. Let (v, q) be a suitable weak solution in Q% (zy, 1) near T'(zg,1) X [to —

1, to]. Then for 0 <r <1 the following holds (c is some universal constant):

winN

At (20,7/2;0) + Bt (20,7/2;0) < c[CL (20,7 v)% + CL (20,7;0)

+Di (20,7 9)3CE (20,73 0)3]. (4.3.34)

Proof. The set up is the same as in Lemma 4.7; we recall it here for the convenience

of the reader. Without loss of generality, consider 2o = (0,0). Let 0 < § <5 < p <
r < 1. Let n; € C§°(B(p)) be such that 0 <7, < 1,7 =1 on B(s) and

Ve[ < (4.3.35)

(p = s)ll
for |a| < 2. Let ny € C5°(—p?, p?) be such that 0 <7y < 1, 7 =1 on [—s?, s*] and

/ C C
< < < : 4.3.36
S G = T (1:3:30)
Let o(z,t) == n(t)n2(x). From (4.3.35)-(4.3.36), we infer that
C C
Vol <——,  [V?| < , and || < . 4.3.37
| S0| p—s | gOl (p_3>2 | t90| (p_ 5)2 ( )
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As was the case with Lemma 4.7, our aim is to estimate scale-invariant quantities by
substituting ¢ into the local energy inequality and making use of Lemma 4.8. Such
an approach has been previously utilised by Phuc in [87]°

From the local energy inequality, we have that for almost every ¢ €] —1,0[:

¢
/gp(x,t)|v(x,t)|2dx+2//¢|V1}|2dxdt'

B+ -1 B+
t
< / / w2 (Ap + Oyp) + v - Vo(|v]* + 2¢)dzdt’. (4.3.38)
—1 B+

Let I1(s) := sAT(0, s;v), I(s) := sB1(0, s;v) and I(s) = I1(s)+I>(s). From (4.3.38),
we deduce that

3
I(s) < 5((1) +(2) + (3)). (4.3.39)
Here,
= sup //|v (Ap + Opp)dxdt’, (4.3.40)
—52<t<0
1B+
= sup //v Volv|*dzdt’ (4.3.41)
—52<t<0
and
= sup //21} Vpqdxdt'. (4.3.42)
—s2<t<0

By identical reasoning to the proof of Lemma 4.7, we have

Wl

0 5

p 5

W < et [ Iolommeindt < s / ol | (43.43)
7[72

and

2 1 1 %

Crsli(p)2 Crs ;

) < (p_li)g S h(p) ] / oot | - (43.44)

The main difference compared to the proof of Lemma 4.7 is the estimation of

¢
(3) :== sup //2U~Vgpqudt'.

—52<t<0
-1 B+

15See Lemma 3.2 of [87].
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Using that v is divergence-free, with zero trace on I'(0, 1), we can write

//221 V(g — [q]p+ry)dzdt’.

‘= sup

—52<t<0
-1 B+

From Hunt’s inequality (Proposition 2.2 in Chapter 2), one can infer that
/
)=lals oy Oy on Xl 2.3 51 ) =

/ /
g 1) =1alB+ 3.1 g
2
<ertlq(-, t/) — [q]B+(T) (t,)HL_Zr(BJr(T)). (4.3.45)
Noting that
7 33 9
— < 5 = -,
4 3-3 5
the following Poincaré inequality holds:
HQ(‘, t) [Q]B+ 7")( )HL7 (B+(r)) S 21 HVQ( )HL%(BJ"(T))' (4.3.46)
Using (4.3.45), (4.3.46) and Hunt’s inequality, we deduce that
Crs
/ 1900, eg sl E)lne et (4.3.47)
Thus, by using Holder’s inequality in time we obtain
2 1
3 0 3
. (4.3.48)

w\H

J R
—p2

/ IVl

Using (4.3.43)-(4.3.44) and (4.3.48), together with by Young’s inequality, we infer

that
3
5
s 1
I(s) < /||U||L3°<>(B+ +§](p)
: %
O’I”% C’r% 3 ,
i (p—8)3+(p—s)2 . /”U‘|L3*°°<B+<r>>dt
2 1
1 3 0 i
T3
/qul Ly(B¥(r /Hv”%&oo(Bﬂr))dt/ . (4.3.49)
2
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By Lemma 4.8, we obtain

3

0 0
1028 | [ ol |+ ([ ol et
2 2

T

ol

3

wlno

0
_2 2
+Crs / ||VQ||ZQ(B+(T))dt'
5
2

r

0
/ [0 25,00 (5 (ry) At
772

From here the conclusion is immediate. O

The new scale-invariant estimates given by the previous lemma, together with
arguments presented by Seregin in [100]'%, enable us to prove a new decay estimate
for the pressure near the flat part of the boundary. These estimates will play a key

role in the proof of Theorem 4.5.

Proposition 4.17. Let 5 € [3,00[. Assume that (v,q) is a suitable weak solution in
Q" (20, R) near T'(zg, R) x [to — R?,to]. Suppose, in addition, that

VI £ (t0— B2 05288 (B+ (20, R))) < L < 00. (4.3.50)

Then, for any v €0, 1], there exists a constant cy depending on v and L only such
that, for 0 <r < R, we have

2y
Dy (20,73q) < ¢ {(%) Dy (20, R;q) +1] . (4.3.51)

Proof. Let p < R/2. Then by Lemma 4.16 and (4.3.50) we have

Wi

B* (20, p;v) < ¢[L* + L* + (Df (20, 2p; q))3 L]. (4.3.52)

Using Hunt’s inequality (Proposition 2.2 in Chapter 2), we deduce that the following
inequality holds for 0 < s < R:

/ |U(xv t)leSL’ < CHXB'*'(O»G) HL3’1(B+(075)) H |U’2<'7 t)HL%,OO(BJr(xO,S))

B+ (zo,s)
< Osllo(- )| Zs.00 B+ (w0,
Thus, the following estimate holds:
At (2, 530) < CLA. (4.3.53)

161n particular, p.225 of [100].
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With the estimates (4.3.52)-(4.3.53) in hand, we may complete the proof by using
arguments essentially due to Seregin [100]'”. We provide these arguments for the
sake of completeness.
From (4.3.52)-(4.3.53), along with Lemma 4.15, we see that for any 0 < r < p <
R/2:
,

2
Di(zo,ria) < () [DF (o) + (L4 22 4 (D} (20,20:9)

Wl

L)i| +

3
+(B) L et 12+ (Df (o 2000 L]

Then by Young’s inequality, one obtains that for 0 <r < p < R/2:

17
r =

DY (20,75 ) < (L) [(;)2(191*(2'0,2@ q)+1)+ (g) 2} :

Clearly this implies that the following estimate holds for 0 < r < p < R:

r 2

Di an.rsa) () | (£) 0f o) + 1+ (£) .

The conclusion now follows by identical reasoning as Proposition 4.14. O

4.3.2 e-Regularity Criterion in Weak Lebesgue Spaces

Before proceeding with the main part of the proof of Theorem 4.5, let us first state
and prove a new e-regularity criterion. This will play an important role in the proof
of Theorem 4.5. It is a generalisation of the basic e-regularity criterion found in the
paper of Lin [78] and the paper of Ladyzhenskaya and Seregin [74].

Let us recall some notation:

A(zg,m;v) :=  sup 1! / lv(x,t)2de, (4.3.54)
to—r2<t<tg B( )
zo,T

to
B(z,7;0) ::7’1/ / |Vo(x,t)*dzdt, (4.3.55)

to—r2 B(zo,r)

to
C(zo,7;0) ::7’2/ / lv*dxdt, (4.3.56)

to—r2 B(xzo,r)

1"Namely, p.225 in [100].
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D(zo,7;q) / / |q| 2dxdt, (4.3.57)

to—r2 B(zo,r)

to
Coo(20,750) := 772 / [y —rs (4.3.58)
to—r2
and
to
3
Do (20,7 ::rz/ 2 dt. 4.3.59
(20,759) 1917 5 e (4.3.59)
to—r2

Now we state our new e-regularity criterion, here it is.

Theorem 4.18. Let (v, q) be a suitable weak solution in Q). Then there exist universal

constants €y and co (with k = 1,2...) with the following property. Assume
Cso(0,1;v) + Dso(0,1;q) < €. (4.3.60)

Then for any natural number k, V*~Yv is Hélder continuous in Q(1/8) and the fol-
lowing bound is valid:

max |V* (2, )| < co. (4.3.61)
Q(1/8)

Proof. From Lemma 4.7 and (4.3.60) it follows that

win

A(0,1/2;0) + B(0,1/2;v) < ¢ (€0 + €7) (4.3.62)

Here ¢ will always denote some universal constant. By Proposition 2.3 and the Sobolev

embedding theorem, one can show that
3
Jv(-, )HL5 B(1/2)) = Hv('7t>H[2,6(B(1/2))HU( )HL2 B(1/2))

3 3
< ||VU(‘at)Hzg(Bu/z))HU(‘at)HzQ(B@/z)) + “U(‘at)H?ig(B(l/Q))-

This inequality, combined with an application of the Holder inequality in time vari-

ables, implies the following estimate
C(0,1/2,v) < c[A(0,1/2;v)1B(0,1/2;v)% + A(0,1/2; v)?].
Thus, by (4.3.62) we have

C(0,1/2,v) < c (e +€) - (4.3.63)
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For similar reasons one sees that

A(0,1/2:v)3B(0,1/2;v)3].

N

Idiv (v ® 0)lzy y@a/ < clA0,1/2:0)2 B(0,1/20)

Ly
8

Thus,
,2
ldiv (v @ )lly 4 @2 < (€0 +€5)° - (4.3.64)

By Holder’s inequality in space and time variables, it is obvious that

)

N
N|=

HUHW1 ©/2) = c(A(0,1/2;v) B(0,1/2;v)

OO\@
NJ\OJ

1
<cleo+¢€)® (4.3.65)
Using Hunt’s inequality (Proposition 2.2 in Chapter 2), we infer that

5

9 9
/ (@, ) de < clllgC DN e 0o IXBO2 21 B0 72) = cllaC DN

B(1/2)
Hence,

2
||Q||L%%(Q(1/2)) < ceg. (4.3.66)

Local interior regularity theory for the Stokes system (Proposition 2.16 in ‘Chapter
2: Preliminary Material’) gives
10|y 5 @a/ay + IV?0lLy 4 (@12

82 82

+||VQ|| %% (Q(1/4))
< c[[[div ((v @ v)]|1

Ly 5Q/2) T Ivllzy s@a2)
+||VU||L% g/t ||CI||L9 3 Q(1/2)]- (4.3.67)
Using this, together with (4.3.64)-(4.3.66), we obtain that
IValley y@asmy < eleo+€)* + (co+€g)°)- (4.3.68)
Noting that
3 3§ 9
J— < —_— -
2 °3-2 5
the following Poincaré inequality holds:
laC8) = ldlsasmy Ollzy sasm) < el Vet Olloy sasa. (4.3.69)

This, together with (4.3.68), implies

Wl

2
llg — [a)B /4 ”L3 /4 < cl|Vallr 3(Q1/4) <c(eo+eg)® + (eo+eg)?].  (4.3.70)

9
8’
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But by Hunt’s inequality

a(, O]yl < cllaC D, 3.0 5 IXBEM I L318) < cllaC D, 3. -
L2°°(B) L2*°(B)

Therefore, we can deduce that

=

lallzy@asay < elleo+€5)* + (€0 +€5) °)- (4.3.71)

This, along with (4.3.63), gives

[N

C(0,1/4;v) + D(0,1/4;v) < c[(e0 + €5)* + (e0 + €5)]-
Choosing ¢, sufficiently small, gives the conclusion by Lemma 3.5 (Chapter 3). [J

Remark 4.19. With certain adjustments to the proof, namely local boundary requ-
larity for the Stokes system and the boundary analogue of Lemma 3.5 (see [98] and
[101]), we have the following near the flat part of the boundary.

Let (v,q) be a suitable weak solution of the Navier-Stokes equations in Q% (1) near

['(0,1) x [—1,0]. Then there exist universal constants €y and cq such that if
Ce(0,1;0) + DL (0, 15.9) < o,
then v is Hélder continuous in the closure of QT (1/2) and the following is valid:

sup |v(z,t)| < co.
Q*(1/2)

4.3.3 Proof of Theorem 4.5

In proving Theorem 4.5, we will use the following lemma which is stated and proven

in Seregin’s paper [100] (specifically Lemma 3.3 of [100]).

Lemma 4.20. Let (v,q) be a suitable weak solution to the Navier-Stokes equations
in QT(1) near T'(0,1) x [—1,0]. There exists a universal constant €3 > 0 with the

following property. Assume that for some 0 < Ry < 1, v satisfies

1
SUD 5 / [v’dz < e3. (4.3.72)
0<R<Rqg
QT (R)

Then, (0,0) is a regular point of v. In particular, there exists r €]0,1[ with v €

Loo(Q7(r)).

We will also make use of the following proposition.
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Proposition 4.21. Suppose (v, q) satisfy the hypotheses of Theorem 4.5. Then the
mequality

[o( )l pse sty < [0l na(-1,0,2358+)) (4.3.73)
holds for all t € [—1,0], and the function

- /U(m,t) w(z)dz

8
is continuous on [—1,0] for any w € L%’W(BJF).

Proof. The proof of Proposition 4.21 is essentially contained in Phuc’s paper [87]'8.
We recall the details for completeness.

Let us recall the known fact!'® that C§°(B™) is dense in L¥(B™), for 1 < s, p < o0.
Also, recall®® that

(L*(BY)) = L*¥(BY), &= p=—

Furthermore, for any S € (L*?(B*)) there exists a f € L**(B*) such that the
following holds for all g € L*P(B™). Namely,

ﬂmz/mm.

Conversely, if € L*"?(B*) and g € L*>*(B*) then Tr € (L*?(B*)), where

r(9) = [ Fod.

Bt

The hypotheses of Theorem 4.5 imply that

v e Wy (QF) = C([~1,0]; Ly (BY)).
872
Hence, for any p(z) € C§°(B™) we have that
t— /v(m,t) ~p(x)dx € C([-1,0]). (4.3.74)
Bt

18Tn particular, Lemma 4.1 in [87].
19See Lemma 3.3 in [80], for example.
20See section 1.4.3 of Grafakos’ book [48], for example.
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The assumption of Theorem 4.5 (v € Lo (—1,0; L>#(B"))) implies by Hunt’s in-
equality?! that for almost every ¢t € [—1,0] the following estimate holds for any
p € C(BT):

(4.3.75)

| [ vty - p@)del < Pl rmmmomnliol g e,
B+

We now use the same arguments as in Phuc’s paper (specifically, p.752 of [87]) to
show that (4.3.74)-(4.3.75) imply the desired conclusion. Using (4.3.74), we see that
the above estimate in fact holds for every ¢ € [—1,0]. This implies, from the afore-

mentioned facts regarding Lorentz spaces, that for every ¢t € [—1,0],

[v(-t) HLW?(R?F) < HUHLOO(fl,O;L&B(Bﬂ)- (4.3.76)

The remaining conclusion of the proposition follows from (4.3.74)-(4.3.76), together

with the previously mentioned facts concerning Lorentz spaces. O]
Step 1: Rescaling Procedure
From the above proposition, we have that, for every ¢t € [—1,0],
|’U('7t)HL3v5(B+(1)) <L:= HUHLOO(fl,O;L&ﬁ(BJr(l))) < 0. (4.3.77)

Let us describe the rescaling procedure taken from Seregin’s paper [100]. As in [100],
the rescaling procedure arises from assuming Theorem 4.5 is false. This implies that v
has no representative that is Holder continuous on the closure of @ (1/2). From the
local boundary regularity theory for the linear Stokes system (Proposition 3 of [95]),
we see that boundedness of v on @Q*(3/4) would imply that v is Hélder continuous on
Q1 (1/2). As in [100], we infer from the contradiction assumption that there exists a
singular point zo in the closure of @*(3/4). From our previously established interior
regularity result (Theorem 4.2), it must be the case that 2y lies on the boundary
['(0,3/4). By using a suitable translation and rescaling, we may assume without loss
of generality that zg = 0.

We now repeat arguments used by Seregin in [100] (specifically, p.230 of [100]) to
show that there exists a decreasing sequence Ry < % tending to zero, together with a
universal constant ez, such that for, K =1,2.. .,

1 3
o7 / [v[°dz > es. (4.3.78)
Q* (Rk)

21For Hunt’s inequality, we refer the reader to Proposition 2.2 in Chapter 2.
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Lemma 4.20, together with the fact that (0,0) is a singular point of v, implies that
for all Ry €]0, 1] we have

1
sup — / (e, £)Pdz > €. (4.3.79)
0<R<Ro R
Q*(R)
This then implies that there exists Ry — 0 as k — +o00 such that (4.3.78) holds true.
Extending the functions (v,q) outside Q™ (1) to zero, for (y,s) € R3 x] — o0, 0],

we perform the same rescaling as in Seregin’s paper [100]:
v (y, s) = Rpv(Ryy, Ris), q"(y,s) = Riq(Rey, Rys).
Step 2: Passage to the Limit and Properties of the Limit Functions

Next, we establish convergence properties of the rescaled functions, along with prop-
erties of the limit velocity. The new scale-invariant estimates (Lemma 4.16) and the
new pressure estimates (Proposition 4.17), near the flat part of the boundary, play an
important role in the proof. With these new estimates in hand, the remaining parts of
the proof are essentially contained in Seregin’s paper [100]*? and Phuc’s paper [87]%.

We provide full details for completeness.

Proposition 4.22. There exists a subsequence, still denoted by, (v(k),q(k)), along

with a pair of functions (Veo, 4oo), Such that
v vy in Lag(—00,0; L*#(RY)) and div v, =0 in R3x] —o00,0[.  (4.3.80)

For any a > 0, we have that

v oy in Lyso(QF(a)), (4.3.81)
Vol Vo in Ly(Q*(a)) (4.3.82)
and
oW vy in Ly(QF(a)). (4.3.83)
Additionally,
v® g in W%Q’I(Q+(a)) and W%M%(QJ“((I)) (4.3.84)
Moreover,
¢" =g in W%I’O(QJF(Q)) and Wé%(éfr(a)) (4.3.85)

228pecifically, arguments found on pp.230-233 of [100].
ZSpecifically, arguments found on p.755 and p.757 of [87].
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One also has that
v® = vy in C([—a?,0]; Ly(BT(a))) (s €]1,3[) (4.3.86)

and
Voo(2,0) =0 (4.3.87)

for almost every x € R3.. Furthermore,

v® — vy in Ls(Q*(a)) (4.3.88)

and v, satisfies the lower bound

/ e fdz > e (4.3.80)
Q+

Finally, for any a > 0, (Voo, ¢oo) forms a suitable weak solution to the Navier-Stokes

equations i QT (a) near T'(a) x [—a?,0].
Proof. Fix a > 0 and let k(a) be such that
Rya < i for all k> k(a). (4.3.90)
From Proposition 4.21, we see that for all ¢ € [—(2a)?,0] and k > k(a), we have
v® (. 1) € L*P(RY) and (4.3.91)

1O C O pss@ey < 1001 ap omss@y < L. (4.3.92)

Using these two facts, we can deduce that (4.3.80) holds true for an appropriate

subsequence. Additionally, weak lower semicontinuity implies that

HvooHLoo(—oo,o;L&B(Ri)) < hfﬂn sup Hv(k)HLOO(—oo,o;LM(Ri)) = L < 0. (4.3.93)
— 00

Using Hunt’s inequality (Proposition 2.2 in Chapter 2), we deduce that the following
inequality holds for k& > k(a) and t € [—(2a)?,0]:

/ WO (@, )Pdr < Clixsr ol s+ eap IO PE AN g o e

B+(2a)

(2a))

< Callo®(., )| 7,00 5+ (20))-
This and (4.3.92) imply that the following estimate holds:

AT(0,2a;0%) < CL2. (4.3.94)

115



From Lemma 4.16, we infer that
B*(0,2a;v®) + DF (0, 2a,¢®) = B*(0, 2aRy; v) + D (0, 2aRy, q)
< co(L)[1 + D{ (0,4aRy, q)]. (4.3.95)
Using Proposition 4.17, with v = 1/2, one obtains
DY (0,4aRy, q) < er(L)[4aRx Dy (0,1,9) + 1] < er(L)[D{ (0,1, 9) + 1].

Thus,
B*(0,2a;0™) + D (0,2a,¢™) < e2(L)[DY(0,1,9) + 1]. (4.3.96)

From Proposition 2.3 in Chapter 2, we deduce that
() (k) 2 () 2
[® Dl an < CHODC sy 10 DI, 55 o

1 1
<CL> ||U(k)('7 t)||z6(3+(2a))-

From this, the Sobolev embedding theorem, (4.3.94) and (4.3.96), it follows that

=

[0 La@+ 201y < co(L,a)(DF (0,1, ) +1)7. (4.3.97)

Taking into account (4.3.94) and (4.3.96)-(4.3.97), we can deduce that (4.3.81)-
(4.3.83) hold true, for an appropriate subsequence.
Let us now focus on proving (4.3.84)-(4.3.85). Observe that

[0® - Bl @+ 2wy < 0P ls@+ an V0D | ag@+ 2o (4.3.98)
This and (4.3.96)-(4.3.97) implies that
[0% - VoW1, g+ 2y < (L, @) (DY (0, 1,9) + 1) (4.3.99)
3

Using interpolation of Lebesgue spaces, the Sobolev inequality and Holder’s inequal-

ity, one can show that

[o® - @[, §(Q+(2a) < Co(a)[1v™ | 2. @+ 2 | VO || Ly 0+ 20

9
]

2 4
+[[o™ Him(w(ga)) Vo ’|22(Q+(2a))]- (4.3.100)

From this, (4.3.94) and (4.3.96), it follows that

[v® 0@, | o+ 2y < Cala, L)(DY (0,1, q) + 1)5. (4.3.101)
82
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Now we use identical arguments to those used in Seregin’s paper [100] to show (4.3.84)-
(4.3.85). Let us recall those arguments now. The local boundary regularity theory
for the linear Stokes system (Proposition 2.17 in ‘Chapter 2: Preliminary Material’)
implies that

Hv(k)ng’l(Qﬂa)) +1IVaW Iz, @+ @) < C@)I0® - Vo P10+ ay + ”U(k)”wgo(Qﬂm))

g™ = 165+ o124 @+ ) (4.3.102)

and

19z, @ty + 19692y 4@+ @) < C@IV® - ToP ]Iz, 4 oremy
82

9
82

+Hv(k)|‘wé’0 (Q+(2a)) T Hq(k) - [q(k)]
8>

3 B+(20)||L%,%(Q+(2a))]- (43103)
2
Using (4.3.94), (4.3.96), (4.3.99) and (4.3.101), we then deduce that

0@ N2 @ ay) + 170 2 @+ @) < eala, L, DF(0,1,)) (4.3.104)
3
and

021 @@y + VAP Iy 4@+ @) < es(a, L, DY (0,1, 9)). (4.3.105)

s

. 93
g 82

[NV

Having obtained (4.3.104)-(4.3.105), (4.3.84)-(4.3.85) follow, for an appropriate sub-
sequence.

Let us now prove (4.3.86)-(4.3.87), by using arguments essentially contained in
Phuc’s paper [87] (specifically, p.755 and p.757 of [87]). From (4.3.104) and compact-

ness of the embedding?*
Wil (@ (a)) < C([~a®, 0); Ls(B*(a)),

we conclude the following. Namely, by taking further subsequences and using further

Cantor diagonalisation if necessary, we see that, for all a > 0,

v® = v in C([—a?,0]); La(B*(a))). (4.3.106)

ol

For s €]4/3, 3[ there exists § = 0(s) €]0, 1] such that

4+3

24Such compact embeddings were discussed in ‘Chapter 2: Preliminary Material’.

1 30 1-46
s
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Using Proposition 2.3 in Chapter 2 and (4.3.92), we can argue as in [87] to conclude
that for k,m > k(a) and t,t' € [—a?,0]:

||U(k)(7 t) - U(m)(u t/)|

Ls(B*(a))
< o™ (1) — o™, t/>|‘%%(B+(a))|’U(k)('7 t) = 0" () b+ (ay)
< CL)" oW () = 0" (T, 5+ (ay)- (4.3.107)
From this, along with (4.3.106), we infer that, for s ;]4/3, 3
v® = vy in C([—a?,0]; Ly(B*(a))).

Fix y € R? and let a be such that B*(y,1) C B*(a). Using the same reasoning as
used by Phuc in [87]?°, we see that

/ (2, 0)|dar < / e (2, 0) — v (2, 0)]dz + / ) (2, 0)|dx

Bt(y,1) Bt(y,1) Bt(y,1)
< veo — 0™l e(eazopzy B+ (@) + ||XB+(y’1)||L%*%(B(y 1))||v("7)(-, 0)|| 3.6 (B(y.1)
< veo — vl oqmazopza B+ @) + llv(, 0)ll 258 (B4 (Ryy, Ry (4.3.108)

Recalling Proposition 4.21, we have that v(-,7) € L*#(B*(1)) for all 7 € [-1,0].
This, in conjunction with the fact that continuous functions with compact support
in B¥(1) are dense®® in L3#(B*(1)) for 8 < oo, gives that

l?_{% ||U<'7 0)||L375(B+(Rky,Rk)) = 0.
This, together with (4.3.106)-(4.3.108), implies that

/ s (2, 0)|dz = 0. (4.3.100)
Bt (y,1)

Next we prove (4.3.88)-(4.3.89) by using arguments from Seregin’s paper [100]%".

Furthermore, we will prove that for all a > 0, (vs, ¢oo ) form a suitable weak solution to
the Navier-Stokes equations in Q% (a) near I'(a) x [—a?,0]. First, the proof of (4.3.88)
follows from (4.3.83), (4.3.86) and the interpolation of Lebesgue spaces. Second,
(4.3.78) implies by inverse scaling that

/ WP 3dz > . (4.3.110)
Q+

25Specifically, p.757 of [87].
26See Lemma 3.3 of [80], for example.
2TSpecifically, pp.231-232 of [100].
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The above and (4.3.88) immediately give (4.3.89). Finally, we note that for all k£ >
k(a), (v® ¢*)) are a suitable weak solution of the Navier-Stokes system in Q7 (a) near
['(a) x [—a?,0]. From this and the convergence properties (4.3.81)-(4.3.82), (4.3.84)-
(4.3.85) and (4.3.88), we deduce that (ve,(s) are a suitable weak solution of the
Navier-Stokes system in Q% (a) near I'(a) x [—a?,0]. O

It is necessary to introduce the following notation. For § € [3, 0], define:

DiCanria) =5 [ lat) = ldasun 0] dt. (43110)

Next, we establish properties of the limit pressure, which will later be used in proving
certain decay properties of the limit velocity. The new interior pressure estimates
(Proposition 4.14) and the new pressure estimates near the flat part of the boundary
(Proposition 4.17) play an important role in the proof of these properties. With these
estimates in hand, the remaining parts of the proof of these properties are essentially
contained in Seregin’s paper [100]?®. In the setting of Lorentz spaces there are some

minor differences, hence we provide full details for the convenience of the reader.

Lemma 4.23. There exists a positive constant cs(L, Dy (0,1,q)) with the following
property. Fix h > 0 and T > 0 arbitrarily, then

Dg(eo, 2h; goo) < 5 (4.3.112)
for any ey = (yo, o) € R34, x| —T,0[.

Proof. Let a be sufficiently large such that Q(eg, 2h) C QT (a). From Proposition 4.22
and the Poincaré inequality we have that there exists C,(t) € L s (—a?,0) such that

NIy

0 — [(®)pr@ (1) = g + Cult)  in Ly(~a20; L33 (B7 (). (43.113)

Since B(yo,2h) C BT (a), we deduce from the above that

B
2

(B™(a))).
(4.3.114)

. 3
[q(k) - [q(k)]BJr(a)]B(yo,Zh) - [qOO + Ca(t)]B(y0,2h) mn L%(—(LQ, 0; L=

It follows from (4.3.113)-(4.3.114) that

8
2

(B (a)))-

. 3
0" =[] Bo2n (t) = doo — [dsc]Bozny(t) I Lz(—a®,0; L%

Z8Namely, Lemma 4.1 in [100].
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Thus, by weak lower semicontinuity we have that:

Ds(eo, 2h; goo) < lim sup Dpg(eq, 2h; ¢™). (4.3.115)

k—o0

As observed by Seregin in [100]?° for the case 3 = 3, (4.3.115) implies that it is

sufficient to prove the following bound
Dg(eo, 2h;q™) < e5(L, Dy (0,1,q)) (4.3.116)
for all £ sufficiently large such that
2 = yoRy € BT (1/4), 1P = soR2 > —(1/4)%. (4.3.117)
By inverse scaling, we have
Dp(eq, 2h;¢™) = D(2f, 2h Ry q), =2 = (g 1), (4.3.118)

As observed by Seregin on p.233 of [100], we have that d, = 2 = dist(z\",T) >

3h Ry, along with the inclusions
Q=" 2hRy) C Q(=",d) € QF(1/2).

Thus, from Proposition 4.14 (with v = 1/2) we see that

Dy(2¥) 2hRy: q) < (L)

5
) Dﬁ(z(()k),dk;Q) +1

2hRy,
d

< ¢(L) [Dﬂ(z(()k), di; q) + 1] . (4.3.119)
Let fék) = (xgi), x((f;), 0) and also Z(()k) = (E[()k), ték)). As noticed by Seregin on p.233 of
[100], we have that

Q=Y. di) € Q* (2", 2dy).

Consequently,
Dy(28”, dy,q) < eDF (257, 2dy, q) + . (4.3.120)

Here,

Njw

: dt. (4.3.121)

(B(z§" dv))

0
1
Fom e | Wl ® By O

—d,?

29See p.233 of [100].
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Using Hunt’s inequality (Proposition 2.2 in Chapter 2), one obtains the following

estimate:

C
|[Q]B(x(()k),dk)(t) - [q]B+(a_j(()k)’2dk)(t)| < d_z / |Q($a t) - [Q]Bﬂg—;é’ﬁ,gdk)(tﬂdx

B dy)

C
< —lq(- t
>~ d% HQ( ) ) [Q]B+(x 2dk)< )‘|L%’§(B(Iék),dk))HXB(Z'S)]C)ydk)“L&%(B(xék),dk))

< 106.1) = [0 a0 1,38 (143122)
Thus,
0
= [ oIl T i
=] i e 200 O3 4 0 X280
k
0
¢ / OlE di (4.3.123)
di s+ o 200 D 3, 2B ) -
Using this, together with (4.3.120), it readily follows that
Dy (28", di; q) < eDF (257, 2dy; q). (4.3.124)
Note that we have the following Poincaré inequality:
Using this, (4.3.119) and (4.3.124), we infer that
D ( (k) 2h R < L + ( (k) .
5(2y K q) < c(L)[ Dy (Zy ', 2dg; q) + 1]. (4.3.125)
As observed by Seregin on p.233 of [100], we have the inclusions
+(5(k) +(5(k) +
Then one can utilise Proposition 4.17, with v = 1/2, to infer that
Df (%", 2di: ) < e(L)4di Dy (27, 1/2:) + 1]
c(L)[Dy(0,1;q) + 1]. (4.3.126)
Thus putting everything together gives
Ds(eo, 2h; ™) < e(L)[DF (0,1; ) + 1].
O
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Step 3: Decay Properties of the Limit Function

Fix h €]0, 1] arbitrarily. We will demonstrate that Proposition 4.22 and Lemma 4.23
imply the following. Namely, there exists an R, > 1 and a p(L, D{(0,1,q)) €]0,1]
such that

Coo(20, hp; Vo0) + Doo(20, hp; go) < €0, (4.3.127)

for all zy € (R%,,)x] — 100,0[ with |zo] > Ry. This allows us to apply the new
e-regularity criterion in weak Lebesgue spaces (Theorem 4.18). Thus, we obtain that
for any z € (R3,, \ B(R1))x] —100,0[ and k =0,1...

Cok

k

(4.3.128)

As we will see, the decay property (4.3.128) will play a crucial role in showing that
the limit function v, is zero.

Now, we explain why (4.3.127) can be deduced from Proposition 4.22 and Lemma
4.23. The reasoning here is essentially contained in Seregin’s paper®® [100]. In the
setting of Lorentz spaces there are some minor differences, hence we present the
arguments fully for the convenience of the reader.

Consider an arbitrary point zy = (o, ty) € R34, x]—100, 0[. In the ball B(xzy, 2h) C
Rih, we decompose the pressure in the same way as done by Seregin on p.234 of [100].
Specifically,

Goe = 458 + 42
with
65 = RiR;((vo0)i (Vo) ;X Blxo 2m) ) (4.3.129)

One then has that for almost every ¢:
A¢@(-,t) =0 in B(x,2h).
Thus, for the same reasons as previously stated we have

¢ 0l < ellvoo (s )17 5.5 (300,20 (4.3.130)

38
2°2

L (B(z0,2h))

The reasoning used by Seregin on p.224 of [100] implies that the harmonic part qg) (+,1)
satisfies
c
sup (Va2 < 55 [ 10200 ~ 6@ )aan Olds

x€B(zo,h) Blon2h)
Zo,

308pecficially, pp.234-235 of [100].
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By Hunt’s inequality (Proposition 2.2 in Chapter 2), we obtain

(2) 6@ 1) — (g
xezl(lml()),h) |vqoo (:Ea t)' < 73 ||qoo ( 7t) [qOO ]B(IO,Qh) (t) ||L%’§(B($0,2h))‘ (4313]‘)
For any 0 < p < 1 we have
sup 42 (2, 1) = (02 Bo,om| < c(ph)  sup [Vl (x,1)]. (4.3.132)
z€B(z0,ph) z€B(zo,h)

For any 0 < p < 1, we can use (4.3.130)-(4.3.132) to infer

Dﬁ(z()? hp7 qoo) < C[Dﬁ(ZO, hp> qu?) + Dﬂ(’zm hp? qé?)]

to

C 3
< (1) . t 2 dt
- (hp)2 / quo ( ) )HL%’g(B(xO,Qh))
to—4h?
to
+c(hp)? / sup  |Vq@(x,t)|2dt
3363(1‘0,}1)
to—(hp)?2
to
1 5
S ¢ (hp)Q / HUOO('vt)||i3,ﬂ(3(1072h))dt+p2D6(2072h’q00)
to—4h?

From this, Lemma 4.23 (c¢5 = c5(L, D; (0,1,q))) and the well known embeddings for

Lorentz spaces we obtain:
Coo(20, hp; Vo) + Doo(20, hp; Goo)

< Cs(20, hp; Vo) + Ds(20, hp; ¢oo)

to

1 5
<c W / HUOO(-,t)H?ig,B(B(mh))dt+p205 (4.3.133)

to—4h?
for any z, € (R3,,)x] — 100,0[. As done by Seregin in p.235 of [100] (for the case
B =3), we next fix p(L, D] (0,1;q)) €]0, 1] such that
€
cpres < 50.
Since Voo € Loo(—00,0; L¥*(R3)) and S €]3, oo[ we have that, for almost every ¢,

A (oo (- 8) | oo g3 \B(ry) = 0-
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This follows from the known fact®' that continuous functions, with compact support
in R?, are dense in L*#(R%) for 1 < 8 < co. By the dominated convergence theorem,
we can find R; > 100 such that

0

3 €0

(hp)Z / ||UOO("t)”Lg”g(Ri\B(Rl/Q))dt < 5
—200

Using this and (4.3.133), we can infer (4.3.127).
Step 4: Showing that the Limit Function is Zero

Now we show that the limit function v, must in fact be zero. From (4.3.89), we see
that showing this proves Theorem 4.5 by contradiction.
Recall that for any zy € (R3,, \ B(R1))x] —100,0[ and &k =0,1...

Cok

k

(4.3.134)

Since v € Loo(—00,0; L*(R%)), we can also apply the interior regularity result of
Theorem 4.2 to obtain boundedness of Vv, on the set (R%,, N B(Ry))x] — 100, 0].

Hence, we have that
VF0o € Loo(R3 4, x] — 100,0]) for any h €]0,1[ and k=0,1....  (4.3.135)

Define the vorticity we, = V Avs. Using (4.3.135), we may apply identical arguments
to those used by Seregin in [100]** in order to show that ws, = 0 on R? x] — 100, 0[.
Let us recall those arguments now.

On the set (R3,)x] — 100, 0], we have that there exists M > 0 such that

lweo| < M

and

|0twoo — Awoo| < M (|weo| + [Vweo!)-

Furthermore, from (4.3.109) we see that
Weo(+,0) =0 in R3.

By applying a backward uniqueness theorem (Theorem 5.1 in Escauriaza, Seregin and

Sverék’s paper [27]), one deduces that

weo =0 in (R%,,)x] —100,0].

31See Lemma 3.3 of [80], for example.
328pecifically, arguments on p.235 of [100].
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Since h €]0, 1] is arbitrary, we infer that
we =0 in R x]—100,0].

Hence, for almost every ¢t €] — 100, 0[, v, is a harmonic function satisfying the bound-
ary condition va, (21, 79,0,t) = 0. Moreover, for almost every ¢ €] — 100, 0[ the L3”

norm of v, over Ri’_ is finite. Define

N L Voo (21, T2, T3, 1) if 0< s,
Voo (X1, T2, T3, 1) = {_UOO(J:th’ —x3,t) if z3 <0.

The above facts about vy, imply that for almost every ¢ €] — 100, 0], v is a harmonic
function® in R? with finite L>#(R3) norm. Thus, for the same ¢ €] — 100,0], v,
satisfies the mean value property. This, together with Hunt’s inequality (Proposition
2.2 in Chapter 2), implies that for almost every ¢ €] — 100, 0[, the following estimate
holds for arbitrary xy € R* and R > 0. Specifically,

_ c N

|U00(x07t)| < ﬁ |U00(y7t)’dy <

B(zo,R)

cllxp@omll 3 2 _
TN LT AT (R — cl|vee (-, )| 3.5 (m3)
< 7 105 (-, )| 225 (B (o, ) < e (4.3.136)

By taking R — oo in the above estimate, one deduces (for the same t) that v (-, 1) = 0
in R?. This contradicts (4.3.89). O

33See Lemma 9.12 of Gilbarg and Trudinger’s book [46], for example.
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Chapter 5

A Necessary Condition of Potential
Blow-up for the Navier-Stokes
System in Half-Space

5.1 Introduction

In subsection 1.2 of ‘Chapter 1: Introduction’, we explained that for certain classes
of initial data (specifically, ‘short time regular’ initial data), non-uniqueness of the
associated weak Leray-Hopf solutions implies the existence of a finite blow-up time
T.

In this chapter, we will consider weak Leray-Hopf solutions in the half-space
(namely, v : R3 x]0, co[— R?), with short time regular initial data. The focus of this
chapter will be to prove new necessary conditions for the existence of a finite blow-up

time T'. The results of this chapter are mostly based on

Barker, T.; Seregin, G. A necessary condition of potential blowup for the Navier-
Stokes system in half-space. Math. Ann. (2016).
d0i:10.1007/s00208-016-1488-9.

Received: 4 December 2015. Published online: 31 October 2016.

Unless otherwise mentioned, the notation and definitions used in this chapter are
contained in ‘Chapter 2: Preliminary Material’.

Before further discussion, we find it appropriate to recall from ‘Chapter 1: Intro-
duction’ the definitions of ‘weak Leray-Hopf solution’; ‘short time regular initial data’
and ‘finite blow-up time’.

Now let us recall the definition of weak Leray-Hopf solutions. Throughout this

chapter, we only consider the cases = R? or Q = R3.
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Definition 5.1. Consider 0 < S < oo. Let
ug € J(Q). (5.1.1)

A ‘weak Leray-Hopf solution’ v to Navier-Stokes initial boundary value problem in

0x]0, S|, with initial data g, is defined to satisfy the following properties.
o The function v belongs to L(S).

o For any w € Lo(Q2):
t— /w(a:) ~v(z, t)dx (5.1.2)

Q
is a continuous function on [0,S] (the semi-open interval should be taken if
S =00).

o The Nawier-Stokes equations are satisfied by v in a weak sense:
s
//(v-@tw—l—v@)vzVw—Vv:Vw)da:dt:O (5.1.3)
0 Q

for any divergence-free test function w € Cg5(£2x]0, S[).

o The initial condition is satisfied strongly in the Ly()) sense:

lim HU(,t) — UOHLZ(Q) = 0. (514)

t—0t

e Finally, v satisfies the energy inequality:

t

ol +2 [ [ Vol t)Pdudt < Juoltyey  (515)
0 Q

for allt € [0,S] (the semi-open interval should be taken if S = 00).

In this chapter, we will always consider short time regular initial data for weak

Leray-Hopf solutions. Now, we recall the definition of short time regular initial data.

Definition 5.2. We define ug € J(2) to be a ‘short time regular’ initial data if the
following properties hold.

o There exists a 0 > 0 such that all global in time weak Leray-Hopf solutions, with

initial data ug, coincide on 2x]0,4].
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o This unique Leray-Hopf solution satisfies
v € Loo(Je, 6]; Lo (92))
for any 0 < e < 4.

Finally, let us define the notion of a ‘finite blow-up time’.

Definition 5.3. Let v be a weak Leray-Hopf solution, with short time regular initial
data ug. Suppose that there exists an S > 0 and an € such that 0 < e < S and

v & Loo(J€, S]; Loo(£2)). (5.1.6)
Then we define the finite blow-up time T' < oo as
T :=sup{7:v € Lo(l6,7]; Loo(2)) ¥V 0 < e < T}. (5.1.7)
Furthermore, we define the ‘interval of reqularity’ as ]0,T].

We recall the important fact that all global-in-time weak Leray-Hopf solutions,
with short time regular initial data uy and finite blow-up time T'(ug), coincide! on
0x]0, T(up)[ and belong to? C>°(Qx]0, T (ug)]).

The first necessary conditions for a finite blow-up time T" were provided by Leray
in [75], for the slightly narrower class of ‘turbulent solutions’ defined on R*x]0, col.
Leray’s paper [75] implies that if v : R3x]0, co[— R?® is a turbulent solution, with

finite blow-up time T', then v necessarily satisfies

C

Vo, )| p,ms) > ——
Vo Olle 2 o

(5.1.8)
and

Ls(R3) Z ﬁ, O§t<T, 3<S§OO (519)

Leray’s proof is centred around showing that initial data H'(R*)N.J(R?) or Ly(R?)N

J(R?) (3 < s < 00) is short time regular, with the corresponding intervals of regularity
bounded below by:

|‘U('>t)

o C/IVugllt, o

. C/HUOH%OO(RB) and

LA proof can be found in Sohr’s book [118]. Specifically, Theorems 1.4.1 (p.272) and 1.5.1 (p.276).
2A proof can be found in Galdi’s monograph [35]. Specifically, Theorem 5.2 (p.53).
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2s

o C(s)/[luoll; (gsy (3 <s < o0).

For 3 < s < oo, the condition (5.1.9) was later extended by Giga [42] to the case of
bounded domains with smooth boundary. Ukai [127] showed that for 3 < s < oo,
(5.1.9) is valid also for @ = R3. See also Robinson and Sadowski’s paper [91] for
a proof of (5.1.9) when Q is the three-dimensional torus. In the literature there are
many other results providing necessary conditions for the existence of a positive finite
blow-up time T of the Navier-Stokes equations. See work by Bae et al. [2], Benameur
and Lofti [13], McCormick et al. [82] and Robinson et al. [90], for example.

For the interesting marginal case of (5.1.9) (s = 3), one might conjecture that there
is a necessary condition for the L3(2) norm that takes the same form as (5.1.8)-(5.1.9).
In particular, one may hope that there exists a universal function f : (0,00) — (0, 00)
such that the following holds.

o 1) limg o+ f(s) = 0.

e 2) If v : Ox]0, 00[— R? is a weak Leray-Hopf solution, with short time regular

initial data and finite blow-up time 7', then v necessarily satisfies®
[0(- )] L) = F(T —1) (5.1.10)
for all t € [0, T

We will now show that if there exists a function f : (0,00) — (0,00) such that
1) and 2) hold true, then any weak Leray-Hopf solution v : x]0, co[— R?, with
short time regular initial data in L3(€2), must be regular for all times. The argument
demonstrating this below is similar to that presented in a talk by Seregin [109],
concerning his paper [106].
The hypotheses 1) and 2) imply that if ug is any short time regular initial data
with
Juollzaey < £(T). (5.1.11)

then the following conclusions hold true.

e All global-in-time weak Leray-Hopf solutions, with initial data wug, coincide on
Qx]0, T

*In (5.1.10), v(-,0) ¢ L3(f) is interpreted as meaning [|v(-,0)]|,(0) = .
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e Any global-in-time weak Leray-Hopf solution v, with initial data wug, satisfies
v € Loo(le, T Lou(9) (5.1.12)

forall0 <e<T.

Consider a global-in-time weak Leray-Hopf solution v : Qx]0, 00[— R3, with initial

data ug. Now we perform the rescaling (A > 0):
(v, @) (2, 1) == (M, Aq)(Az, \*t) and uy(x) := Mug(A\x).

It is obvious that vy is a weak Leray-Hopf solution on 2x]0, oo with initial data wuy.

Since
lupllzs = lluollL, < f(T),

our original hypotheses 1) and 2) give that
V) € Loo(J6, T]; Loo(2)) for all 0 <e< T

= v € Loo(J6, TA?]; Loo(Q)) for any A >0and 0 < e < TA%

Hence, hypotheses 1) and 2) imply that for any short time regular initial data in
L3(2), the associated Leray-Hopf solutions do not possess a finite blow-up time. Let
us also mention that the above arguments also apply with L3(€2) replaced by any
other critical space (X (), || - [|x))*. Hence, for any critical space X’ and sufficiently
regular initial data, if a finite blow-up time T exists then there cannot be a necessary
condition of the form (5.1.10).

For any uy € L3(R?*) N J(R?), it was shown by Kato in [59] that ug is short time
regular. Kato also showed the length of the interval of regularity is bounded below
by L(ug), where

1
sup  t5][S(t)uol|Lyrsy = €. (5.1.13)
0<t<L(’u0)

Here, € is some universal constant and

&wwuw:/f;%gwm—m—mvumaw@.

Unfortunately, this lower bound does not depend solely on ||ug||,®3). Moreover, for
initial data ug € J(R?)N L3(R?), it is not currently known if the length of the interval

“Recall that we say that (X(Q),]| - ||x(q)) is a critical space if the following holds for any A > 0.
Namely, ug(z) € X(2) = ugx := Auog(Az) € X(Q) and |[uox | x(0) = |[uollx)-
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of regularity has a lower bound dependent only on ||ug|| 1, ®s). Consider a weak Leray-
Hopf solution v with finite blow-up time 7. At first sight, it seems viable that the
following scenario may occur for a weak Leray-Hopf solution v : R3x]0, oo[— R3, with
short time regular initial data and a finite blow-up time 7. Namely, that ||v(-, )| 1, s
remains bounded as we approach T, with the intervals of regularity associated with
|v(-, %) || £, (r3) shrinking to zero in length as ¢ approaches T'.

The first necessary condition, ruling out this type of phenomenon, was given for
the critical norm L3(R?) in the paper of Escauriaza, Seregin and Sverék in [27]. Their
paper implied that if v : R®x]0, co[— R? has short time regular initial data and a

finite blow-up time 7', then necessarily

limsup ||v(-, )| £y rs)y = 0. (5.1.14)
‘T

Recent progress has been made at establishing the validity of the necessary condition

limsup [[v(-, )| xrs) = 0o, (5.1.15)
“T

for other critical norms || - || x(rs)-.

In [87], Phuc showed that condition (5.1.15) remains to be true when X = L3#(R3)
with /8 finite. Recently, Gallagher, Koch and Planchon proved in [40] that (5.1.15)
holds for X = B, ;Jr%(R?’) (3 < p,q < o0) in the framework of “strong” solutions.
Their proof is based upon a strategy first developed for dispersive equations, namely
the method of critical elements. Other necessary conditions of the type (5.1.15) have
been obtained very recently in papers by Wang and Zhang [129] and Choe, Yang and
Wolf [24].

For the case of a weak Leray-Hopf solution in the half-space (v : R? x]0, co[— R?),
with short time regular initial data and a finite blow-up time T, Seregin’s work [100]
implies that

limsup [[v(-, ?)]| L,z ) = oo (5.1.16)
T

Mikhailov and Shilkin showed in [83] that this necessary condition also holds for a
sufficiently smooth bounded spatial domain. Let us also mention that the results of
Chapter 4 of this thesis imply that the following refinement of the necessary condition
(5.1.16) holds true. Specifically,

limsup [|v(-, ?)[ a5 (s ) = o0 (5.1.17)
aT
Here, 3 < 3 < o0.
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Notice that the necessary condition (5.1.14) implies that if v : R¥x]0, co[— R? is
a weak Leray-Hopf solution, with short time regular initial data and a finite blow-up

time 7', then there exists a sequence t; T 1" such that
lim ||v(-, &) || s (r3) = 00 (5.1.18)
k—o00

It is therefore very natural to ask whether or not limyp [[v(-, )| 1, ®s) = oo. For the
critical space Hz(R3) (Hz(R?) < L3(RR3)), it was shown by Seregin in [104] that

lim [[o(-, 2)]]

i by = (5.1.19)

This was extended to the case of the L3(R?) norm by Seregin in [106], by means of

the following theorem?®.

Theorem 1.1 of [106]. Consider a weak Leray-Hopf solution v : R*x]0, oo[— R3,
with short time reqular initial data and a finite blow-up time T. Then necessarily

ltlTr%l |v(-, )| s (r3) = 0. (5.1.20)

Seregin’s proof of the above theorem proceeds by contradiction. A suitable rescal-
ing procedure, arising from the contradiction assumption, produces a sequence of

solutions (v® ¢®)) to the Navier-Stokes equations on R3x] — S, 0[ such that
o sup,, [V (-, =9)|| yms) = M < oo,
o for k=1,2... v® has a singular point® at (z,t) = (0,0),

e v coincides with a Lemarié-Rieusset local energy solution of the Navier-Stokes

equations on R3x| — S, 0[.

We mention that Lemarié-Rieusset local energy solutions of the Navier-Stokes equa-
tions were conceived by Lemarié-Rieusset in [76] and provide a global-in-time solution
for the Navier-Stokes equations with certain classes of non-energy divergence free ini-
tial data’. Specifically, ug € La,.(R?) such that

lim sup / lug(7)|*dz = 0.
R—00 30 €R3:|zo|>R
B(zo,1)

SStrictly speaking, Theorem 1.1 of [106] considers smooth compactly supported initial data.
Identical arguments apply for the case of short time regular initial data.

Recall that this means that v(*) ¢ L., (B(r)x] —r2,0]) for all sufficiently small r > 0.

"By non-energy initial data, we mean ug ¢ Lo(R?).
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The next part of Seregin’s proof involves showing that v*) tends to a nontrivial
ancient solution (v., ¢so) to the Navier-Stokes equations with the following property.
Namely, (vs, ¢so) coincide with a Lemarié-Rieusset local energy solution with L3(R?)
initial data, on R3x] — S,0[. Seregin’s proof then crucially exploits known decay
properties of Lemarié-Rieusset local energy solutions to infer that there exists an
R > 0 such that for k=1,2...

sup IVF | < C(k, S). (5.1.21)
(R3\B(R)) x]—5/2,0[
This decay property plays the very important role of allowing applicability of a Liou-
ville type theorem to v, based on backward uniqueness and unique continuation of
parabolic operators developed by Escauriaza, Seregin and Sverdk in [27]. This then
shows that v, = 0, which contradicts the nontriviality of v.
Let us now state the main result of this chapter, which represents a refinement of

the necessary condition (5.1.17) implied by the results of Chapter 4.

Theorem 5.4. Let v : R3 x]0, 00[— R? be a global-in-time weak Leray-Hopf solution
of the Navier-Stokes equations, with short time reqular initial data and a finite blow-up
time T'. Then it necessarily holds that

ltlgl ||U('at)||L3ﬁ(Ri) = 00,

for any 3 < B < o0.

As will be discussed in the subsection of this chapter called ‘Rescaling. Scenario
', a weak Leray-Hopf solution v : R3 x]0, co[— R?, with short time regular initial
data and a finite blow-up time 7', will possess a singular point (1,9, z3,T) at time
T. In proving Theorem 5.4, we will focus on the case that this singular point lies on
the boundary (i.e 3 = 0). We will explain later in this chapter that the case z3 > 0
can be treated using similar arguments, along with certain simplifications.

As in the proof of Theorem 1.1 in Seregin’s paper [106], the proof of Theorem
5.4 proceeds by contradiction. Similarly, the contradiction argument and a rescaling
procedure produces a sequence of solutions (v, q(k)) with the following properties.

Namely,
O™ — Av) 4 y®) . To® 1 v¢®) =0 on R3 x] — 2,0],
v®) (21, 29,0,t) = 0, divo® =0,
supy [0 (-, =2)[| psrs) = M < oo,
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for all k =1,2... v has a singular point at (z,t) = (0,0).

The main difficulty, compared to the case of = R3 of Theorem 1.1 in [106], is
that there is currently no such analogue of Lemarié-Rieusset solutions in the case of
the half-space. In fact, this is an interesting open problem.

The key observation of this chapter, which allows us to overcome this difficulty, is

showing that (v*®), ¢®)) satisfy the following a priori estimates. Namely,

Loo® =322 w®i g =53 g for (z,t) € R3 x| — 3/2,0],
2. Qi — Ayl - gkt = k)t on RS x] — 2, 0],
3. vz, 19,0,1) = 0, 00 (2, —2) = 0, divo®)? =0,

4. Hatv(k)’lHL2(7270;L2(R‘1))+HVQU(]C)JHL2(72,0;L2(R1))+\|Vq(k)’1|

La(-2,0;La(%3)) < C(M),

5. ||atv(k)’2HL%(—zo;L%(Ri)) + [ V22
< (M),

k)2
Ly(-20:Lg (BY)) + Vg™ ||L%(_2,0;L%(Ri))

6. ||8tv(k)’3“L10(*Z,O;L%Q(Ri)) + HVQU(k)’SHL%?(fQ,O;L%Q(Ri)) + qu(k):)||L%g(f2,0;L%9(Ri))

< C(M).

The a priori estimates 1.-6. are useful in showing that (v, ¢®)) converges to an
ancient solution (vw, ¢so) of the Navier-Stokes equations. In order to show the non-
triviality of this ancient solution, we prove a new lemma concerning stability proper-
ties of singular points of the Navier-Stokes equations, that lie on the flat part of the
boundary.

The key point in proving Theorem 5.4 is that the limit function (v, ¢e) have
a similar decomposition and associated estimates to those for (v, ¢®) described
above. This, in conjunction with the e-regularity theory, implies that v, has sufficient
decay to apply a Liouville type theorem based on backward uniqueness and unique
continuation of certain classes of parabolic operators. This then allows us to achieve

that v, must be trivial, giving a contradiction.

5.2 Preliminaries

5.2.1 Suitable Weak Solutions and Scale-Invariant Quantities

In this chapter, we will use the definition of a suitable weak solution to the Navier-
Stokes equations in BT (xq, R)x]S1, So[ near I'(xzg, R) x [S1,Ss] that was given in
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‘Chapter 1: Introduction’ (specifically, Definition 1.4). Definition 1.4 in Chapter 1 is
essentially contained in Seregin’s paper [98], specifically Definition 2.1 there. We will
also use the definition of regular and singular points that was presented in Chapter
18.

For a suitable weak solution (v, ¢) to the Navier-Stokes equations in Q™ (zp, R) near

['(zo, R) X [to — R?, to], we define the following scale-invariant quantities (0 < r < R):

At (z0,m50) = sup 71! / |v(x,t)]*dw, (5.2.1)
to—r2<t<tg
Bt (zo,r)
B (20,7;v) / / (Vo(z,t)|*dwdt, (5.2.2)

to—r2 Bt (xo,r)

C*(z9,m50) =1 / / (z,t)|*dxdt, (5.2.3)

to—r2 Bt (zo,r)

to

/( / \Vq]def ‘. (5.2.4)

to—r2  Bt(zo,r)

(NI

Dy (z,75q) =1~

5.2.2 Green’s Function for the Stokes System in the Half-
Space

Before further discussion, we introduce the following notation. Recall that for y =

(yb Yo, ?JB)7 we define y* - (yh Y2, _93)
Let wy : Ri — R3 be divergence free and such that wg(zy, x9,0) = 0. Consider the

following Stokes problem for w : R% x]0, oo[— R? and ¢ : R? x]0, oo[— R. Specifically,
ow — Aw + Vq =0, divw =0
in R3 x]0, ool
w(wy,x2,0,t) =0
for (z1,22,t) € R? x [0, 00] and
w(-,0) = wy
in R?. Under certain restrictions on wy, Solonnikov showed in [121] that w(z,t) can

be expressed as

w;(z,t) = /Gij(x,y,t)woj(y)dy for i € {1,2,3}.

3
R+

8See p.14 and p.20.
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Moreover, Solonnikov showed that the Green function G for the Stokes system in the
half-space has the form
G:=G"+G? (5.2.5)
with
1 o *
G, y,1) = b5 (T(w =y, ) = T(w = ", 1)), (5.2.6)

z3

FE
G?B(m,y,t) = 4i// 0 (x —2)'(z —y*, t)dz, G?3($,y,t) =0, (5.2.7)

0 R2
Lz, ?) : (—|z*/4t) and E(z) ! (5.2.8)
x,t) == exp(—|x an P N
Additionally in [121], Solonnikov showed that G? satisfies the estimate
93l x2 o e
W(I,y,t) < cla, )t F(t+22) 5
/ ! 2
(o =y P+~ e (- 28), (5.2.9)

Here, a = (a1, a9,a3), o' = (a1, a2), v = (71,7, 73) and 7' = (71,72). We will
frequently refer to the estimate (5.2.9) as the ‘Solonnikov estimate’.

5.3 Stability Properties of Singular Points on the
Flat Part of the Boundary

Let us now state and prove some new stability properties of singular points on the flat
part of the boundary, for sequences of suitable weak solutions to the Navier-Stokes
equations. Such properties will be useful in the proof of Theorem 5.4. Specifically,
these properties will be used to show that the ancient solution, obtained from the
contradiction assumption and a rescaling procedure, is nonzero.

Previously such stability properties have been established for interior singular
points by Rusin and Sverak in [93]. In the paper of Rusin and Sverdk [93] and the
paper of Jia and Sverdk [54], this plays an important role in the proof of existence of
minimal blow-up Hz(R?) and Ls(R?) initial data for the three-dimensional Navier-
Stokes equations. It is probable that our proposition could be useful for proving the
existence of minimal blow-up initial data for the Navier-Stokes equations in the half
space. This topic will not be pursued further in this thesis.

Let us now state the relevant proposition.
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Proposition 5.5. Suppose (v%), ¢¥)) are suitable weak solutions to the Navier-Stokes
equations in QT (1) near T'(0,1) x [—1,0]. Suppose that there exists a finite M > 0
such that

slip (H'U(k)HLQQO(Q-F(l)) + va(k)”LQ(Q+(1)) + ”q(k)HL%(Q+(1))> =M < 0. (5.3.1)

Furthermore assume that

[ ]
lim [v® — 0|l Ly 0y = 0 (5.3.2)

[ J
¢W = qin L3(Q*(1)) (5.3.3)

e (0,0) is a singular point of v'®) for all k =1,2,. ...

Then the above assumptions imply that, for any A with 0 < A < 1, (v, q) is a suitable
weak solution to the Navier-Stokes equations in QT (N\) near T'(0,\) x [—A2, 0] with
(0,0) being a singular point of v.

We will use the following lemma, stated and proven by Seregin in [98] (specifically
Lemma 7.2 in [98]).

Lemma 5.6. Consider a pair of functions (v,q) that are a suitable weak solution to
the Navier-Stokes equations in QT (zq, R) near T'(zg, R) X [to — R?,to]. Then for any
0<r<p<R, we have

D Gavria) < e(5) 107 G pia) + (B o i)

+c (B)g (A" (20, p; U))%BJr(zO, p; V). (5.3.4)

r

Proof of Proposition 5.5

Proof. Showing that the assumptions (5.3.1)-(5.3.3) imply that (v,q) is a suitable
weak solution to the Navier-Stokes equations in QT (\) near I'(0, A) x [—=A?, 0], for any
0 < A < 1, can be verified using the same arguments as in Proposition 4.22 of the
previous chapter.

We will focus on showing that (0, 0) is a singular point of (v, q). As done by Rusin

and Sverdk in [93]° for the case of interior singular points, we assume for contradiction

9In particular, pp.882-883 of [93].
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that (0,0) is a regular point of (v,q). We now use the same arguments as in Rusin
and Sverdk’s paper [93] (p.883 of [93]) to show that the contradiction assumption and

(5.3.2) implies that
0

1
— / [0 ®)3dadt
’
—r2 B+(r)
is small for sufficiently small » and sufficiently large k.

If (0,0) is a regular point of (v, ¢) then there exists an ¢y > 0 such that

v € Loo(QF(€0)). (5.3.5)
Thus for any r < ¢y we have
. 0
- / oPdadt < ol o+ . (5.3.6)
—r2 B+(r)

Let 0 < € < 1/2 be arbitrary. Define

3
Ry := mln{ } (5.3.7)
27 2|1l paci@t (o) + 1)

Clearly, Ry < 275, Moreover, (5.3.6) implies that

/ / \v|3dxdt<— (5.3.8)

fRQ B*(R)

for any 0 < R < Ry. The assumption (5.3.2) implies that for all 0 < R < R, there
exists K. :]0, Ry] = NU {0} such that

2

lw® — 3dadt < % for all k> K.(R). (5.3.9)
Q+()

So from (5.3.8) and (5.3.9), we see that for 0 < R < Ry we have

/ / M3dadt < ¢ for all k> K.(R). (5.3.10)

7132 BT (R)

Our aim now is to show that (5.3.10) implies that for all €1, there exists an " with
0 < 1" < Ry such that

CH0,7; 00 + DF (0,75 ¢W) < &, (5.3.11)
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for all k£ sufficiently large

The arguments we use to show this are contained in
Seregin’s paper [100] (specifically, Lemma 3.3 there). However as the context is
different, the author finds it instructive to provide all the details.
The local boundary regularity theory for the linear Stokes system (Proposition
2.17 in Chapter 2), along with (5.3.1), implies
1001

QQ
82

@+ + IV ® .

Ly s@ /2 + I1IVa™ |y 4 @+a1/2)

82 82
< C{Hv(k) Vo k)||L9 5@+ + |V )||L9 sty T+ vy 5@+

+q ru%g@mn} < (1) (5:3.12)
Thus,

_3

D (0, Ro; ™) < C(M)R, *.
From the fact that (

for R €]0, Ry:

(5.3.13)
), q®)) satisfies a local energy inequality, one can infer'® that

< c[(C*(0, R;v))$

A0, R/2;v™) + B*(0, R/2; o™
+

(C*(0, R v™)3 (DY (0, B ™))
Using this, together with (5.3.10), we obtain

)
+ CH (0, R;v™)]. (5.3.14)
(0, R/2;v®) + B0, R/2;vW) < c[e5 + &3 (D (0, R; ¢*))5 + ¢

(5.3.15)
for R €]0, Ro] and k > K.(R). Using Lemma 5.6, we have that the following holds
for 0 < 7 <1 and R €]0, Ry]. Namely,

DY (0,7R/2;q™) < e{7*[D (0, R/2;:¢™) + (B*(0, R/2:0™))

JR/2;00))3]
772 (A0, R/2;0W))2 BY(0, R/2;v™)]}. (5.3.16)
From this and (5.3.15), one can deduce the following estimate for R €]0, Ry] and
k > K.(R). Specifically,

D (0,7R/2;¢W) < C{T2Df(0, R/2; ¢
o (53+€3(D+(0 Riq ))3+€>Z+T’%(8§+g%(Df(0 R;q ))§+8> } (5.3.17)

3
< (k)3 2
The above, combined with Young’s inequality and the fact that 0 < ¢ < 1 and
0 < 7 < 1, implies that

Df(0,7R/2;q

1
(k))

{(T + >D+(O R; ¢™®) +

10See Lemma 3.3 (specifically, (3.15)) of Seregin’s paper [100]

N|=

=y

\]
njw

(5.3.18)
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for R €]0, Ro] and k > K.(R). Let us now fix 7 such that

O<T<min{1,i}. (5.3.19)

With this constraint on 7, we now choose ¢ such that

™ e 7
— = — < - 5.3.20
EE TR B (5.3.20)
With the choices (5.3.19)-(5.3.20), we obtain for R €]0, Ry| that
T ce?
D (0,7R/2;¢") < §D1+(O,R; ") + = for k> K.(R). (5.3.21)
T2

Using this and (5.3.10), we see that the following iterative relations hold for i =

cees,

o (07 (g)HIRD;M’f)) <c (5.3.22)
and . A .\
Dy (o, (%)”130;(1(’6)) < %Df (0, (%)ZRo;q(k)) + 0:3 (5.3.23)

Iterating (5.3.23), it can be inferred that for i =1,...,j

i+1 i+1 3 9
DT<0, <Z> Ro;f]“”)ﬁ(%) DY (0, Ro; ¢®) + <

2 7'%2—7'

(5.3.24)

weey,
ceoy,

o (0.(5)" Raro®) + 01 (0, (3) " ua)

et (Z>J'+1C’(M) n ez 2

. 5.3.25
2) hi T (5.3.25)

Fix €, and consider the following additional constraints on €. Namely, ¢ < ¢; and

1
cez 2 €1

< .
7‘%2—7' 2

Since 7 < 1, we may fix a sufficiently large j such that

<Z>J’+1C(M) _a

2 Ry2 2
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These choices, together with (5.3.25), imply that

o (0, (g)jHRo;v(k)) + D} (0, (%)jHRO; q(k)> < 2, (5.3.26)

s,

For e; sufficently small, (5.3.26), together with the e-regularity theory for the

Navier-Stokes equation up to the boundary!!, implies that for all

ceey,

IR
o® e L <Q+ (0, 7%20)). (5.3.27)
This contradicts the fact that (0,0) is a singular point of v for all k=1,2.... O

5.4 A Priori Estimates

Let us consider a sufficiently smooth solution (v, q) to the Navier-Stokes system in the

space-time strip @7, = R} x] —2,0[ to the following initial boundary value problem:
ow+v-Vuv—Av+Vqg=0, dive =0 (5.4.1)

in QJ_FQ’O,

v(xy,29,0,t) =0 (5.4.2)

for (z1,22,t) € R? x [—2,0] and
v(,—2) = uol-) € L*(RL) N J(R?)
for 3 < B < 0o. Suppose that
[uol| 35 sy = M < . (5.4.3)

Lemma 2.5 from Chapter 2, along with the continuous embedding L*#(R3) <

LS’OO(R?;), implies that we have the following decomposition for uy. Namely,

1 2
Ug 1= Ugy + Ug,

where
ud € [C D)2 w2 e (059 (RE)| 2D (5.4.4)
and
bl gty + Dl sy < (M), (5,45

See Lemma 3.1-3.2 in Seregin’s paper [100], for example.
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Next we make use of ideas related to those in Calderén’s paper [18], though with
slightly different decompositions. Specifically, we then decompose v into two parts

such that v = u! + u?, where u!' and p! solve the following linear problem. Namely,
ot — Au' + Vp' =0, divu' =0 (5.4.6)
ut (1, 22,0,t) =0 (5.4.7)
for (z1,xq,t) € R? x [-2,0] and
0o : Lo
ul(-,—2) = up € [Co(RY)] . (5.4.8)

Below we give some relevant estimates for the linear problem. From Ukai’s paper
[127] (Theorem 3.1 there), we obtain

c(M)
(t+2)2Go—1)

c(M)
(t+2)2+

(5.4.9)

I ()l ey < and [[Vu' ()] ,@) <

Nl

(H-1)

for 10/3 <1 < oo. In the subsection of this chapter called ‘Preliminaries’, we discussed
Solonnikov estimates for the Green function in the half-space. These estimates imply
that

m (M)
10} Vkul(wt)“Loo(Ri) < n 2)m+§+2%. (5.4.10)
From (5.4.9), we have that
1 (M) ! (M)
u (-, < , u (-t <
I Olley < 7 Dy < 5
It is then seen that:
[ut o 0t, o + el pyor, )+ sup ' (5 8)lp,, @) < c(M). (5.4.11)
2,0 2,0 ¢ ] 20[ 3 +
: : -2,

The second piece in the decomposition of v is u?. This satisfies the nonlinear

system
ou? +v-Vo—Au?>+Vp*=0, divu’=0 (5.4.12)

in Qt2,07 the boundary conditions
u?(z1,22,0,t) =0 (5.4.13)
for (z1,19,t) € R? x [—=2,0] and the initial condition
(-, —2) = uf € J(R3) (5.4.14)
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. 3
in R+.

The standard energy approach to the second system gives
AUl (1) e + 2D

:2/v®v - Vuldrds = I + I,
B
where
I —2/u1®u1 cVulde, I —2/u1®u2 : Vulde.
RY RY
Next, let us consequently evaluate terms on the right-hand side of the energy

identity. For the first term, we have by Holder’s inequality that
L] < ellut (011, @) VU (5 O g )-
For the second term, Holder’s inequality implies that
|]2’ < C||U1<-7 t) ® uz('u t) ||L2(Ri) ||VU2(, t) ”Lz(Ri)

< et ) gy 1 )l ) IV ) o (5.4.15)

Utilising interpolation of Lebesgue spaces and the Sobolev inequality, we find that
2 3
0] P 1 O} PO R

2 3
S C”u2('7 t) HEQ(Ri) ||Vu2<7 t)HEQ(Ri)' (5~4~16)

Using this and (5.4.15), we find

2 8
|Bof < ellul () gy 1 (o D1y g IV G DI

Letting
y() = (02,00,

and using the Young inequality, we deduce that

V(1) + IV s < el (O s u(®) + el (Ol sy (5417)

Next, elementary arguments lead to the inequality

(s e —c/uu My )
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< cexp /||u ||L5 RS ds>||u ( )Hil(]Ri)‘
So,

(1) < /mplﬂm I, s s ) () 2

wmwmpﬂw s ds).
Using this, together with (5.4.5), (5.4.11) and (5.4.17), it is easily seen that

sup y(t) < C(M), HVUQHLz(QfQ,O) < C(M). (5.4.18)

—2<t<0

Using these estimates, together with interpolation of Lebesgue spaces, the Sobolev

inequality and Holder’s inequality, one can deduce that

for any s € [2,10/3]. Moreover,

Lot, ) < Cls, M) (5.4.19)

102,01, ) < CD). (5.4.20)

Then f = v - Vv can be decomposed as f = f! + f2 + f3. Here,

fri=u? Vi, (5.4.21)
=l Vu' +u? - V! (5.4.22)

and
2=l Vi (5.4.23)

Using (5.4.18), together with interpolation of Lebesgue spaces, the Sobolev inequality

and Holder’s inequality, one can verify that

£,

Using (5.4.9)-(5.4.10) and (5.4.19), we deduce that

Ly 3(@F,, < C(M). (5.4.24)
82 ’
2
If ||L1730(Qir7/4‘0) <C(M). (5.4.25)
Finally, using (5.4.10) and (5.4.18), one can infer that

1 oty < C(M), (5.4.26)

7/4
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Putting everything together we have

3
170y 3@ 0120 1t o Hloll i,y S OO (5:427)
Let us fix a smooth cut-off function y(¢) such that
1 if —3/2<t<1,
x(®) '_{ 0 it —2<t<-T7/4

Proposition 2.18 and Remark 2.19 in ‘Chapter 2: Preliminary Material’, together
with uniqueness results for the linear Stokes system'? imply that we may split yv
and yq in the following way. Namely, yv = v! +v? + v and yvq¢ = ¢* + ¢* + ¢* for
(z,t) € Q75 Here,

' (z,1) — Av'(z,t) + V' (x,t) = g'(z,t) for (z,t) € QF,,

G0, 1) = —x(0)f (1) + S (Dol ),

div ! = 0,

v (21, 29,0,t) = 0 for all (z1,x9,t) € R? x [-2,0],

v'(z,—2) = 0.

(v',Vg') € W2 (Q+2 0) % L 0,(Q%5),

(s1,q1) = (9/8,3/2), (s2,q2) = (10/3,10/3) and (s3,13) = (2,2).

Using (5.4.20) and (5.4.24)-(5.4.26), it follows from the maximal regularity esti-

mates in Proposition 2.18 that

10w Ly 4 ot,, + 1V

Lo 3(
82

0 HIVAlL, L@t

9 3( Ly 3
82 82

< ellg'llzy 4@ty < Ca(M), (5.4.28)
[ ||LTO Qo) T V2 2||L?O Qo) T IVg? ||LT0 (QF40)

< CHgQHLm(cﬁ < Cy(M) (5.4.29)
3

2,0) =
and
3
HatUSHLQ(QfM) + HVZU?)HLQ(QQO) + Vg HLQ(QtQ’O) <
< C||93||L2(Qj270) < C3(M). (5.4.30)
12See, for example, Lemma 2.4.2 pp.234-235 in Sohr’s book [117].
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5.5 Passage to the Limit

Suppose that we have a sequence of sufficiently smooth functions v* and ¢*), which
are defined in the domain Q%,, = R3 x] — 2,0[ and are solutions to the following

initial boundary value problem. Specifically,

O™ 4+ p®) gy — AR 4 Vq(k’) =0 (5.5.1)
in QJ—FQ,Oa
divo® =0
in QJ:Q,()»
v®) (21, 25,0,1) = 0 (5.5.2)

for (z1,19,t) € R? x [-2,0] and
v (. =2) = ul () e LPP(RY). (5.5.3)

Let

k
M = sgp s )HLS,/?(Ri) < 0.

We decompose u[()k) according to Lemma 2.5 in Chapter 2. Namely,

u(()k) = ué(k) + ug(k), (5.5.4)
where
1(k) O (R3 Lio(RY) | 2(k) > (R3 Lo(R3)
uy € [Cop(RY)] s , Uy € [Cop(RY)] (5.5.5)
and

1(k 2(k
lao™ l2g ) + 11 llaqasy) < (M), (5.5.6)

In order to show compactness properties of (v(’“), q(’“)), as well as decay properties of
the limit function (ve, ¢oo), we will utilise the estimates (5.4.28)-(5.4.30).

Proposition 5.7. There exists a subsequence of v'¥), which we still denote as v*),

with the following properties. Namely,

k)

v® (5.5.7)

in L% (Qi2,0)7
v® Iy (5.5.8)

in Loo(] =2+ 0,0[; Lo(BT(R))) for any R >0 and any 0 < § < 2,
Volk) ~ Vo (5.5.9)
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in Lay(BT(R)X] — 24 0,0]) for any R >0 and any 0 < ¢ < 2,

v® = vy (5.5.10)
in L3(BT(R)x] —3/2,0[) for any R > 0 and

¢® = g (5.5.11)

in Lg(B*(R)X] —3/2,0[) for any R > 0.
The functions (Veo, (o) Satisfy (5.4.1) in QJ_F?)/Q’O and (5.4.2) for (x1,xq,1) €
R2x] — 3/2,0[. For v.,, we have that, for any ¢ € C°(R3),

- /voo(x,t)  G(x)dz € C(|—3/2,0)). (5.5.12)

For the pressure o, we have that

3
Uoo = Y _ qh, in RY x| —3/2,0],
i=1
with the estimates

1 2 3
”V(JOOHL%,%(Q+ 20) + ||V(JOOHL%(Qj3/27O) + ||quo||L2(Q+ ,) <00 (5.5.13)

-3/ —3/2,

For any R > 0, the limit pair (Vo, §so) Satisfy the local energy inequality

t
/ o(2,1)|voo (z, 1) |*dx + 2 / / 0| Vs P dzds

B(ZQ,R)ﬁRi —3/2 B(:EQ,R)QR%'_

¢
< / / Voo |2 (00 + Ap) + Vo - Vo(JUso]* + 2¢s0 )dxds (5.5.14)
—3/2 B(zo,R)NR3,
for all =3/2 <t <0, for all oy € R® and for all positive p € C3°(B(xg, R)x] —
3/2,00]).
Proof. Obviously, (5.5.7) follows from (5.4.20). Moreover, the limit function obeys
the estimate

|’UOOHLm(Qt2 ,) <00 (5.5.15)
3 :

Obviously, (5.4.10) and (5.4.18) imply (5.5.8)-(5.5.9). From (5.4.28)—(5.4.30), we may
split o) = p*)1 (k)2 1 4(K):3 guch that for (z,t) € Q“_Lg/m we have the following

uniform bounds:

sip(|]v(k),1|‘wglg(@+ )—|—Hv(k),2“W%61(Q+ )+Hv(k)’?’”WzQ’I(Qfs/z,o)) < C(M). (5.5.16)

23/2,0 ~3/2,0 -
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As discussed in ‘Chapter 2: Preliminary Material’, one has the compact embedding
Wii(B¥(a)x] = 3/2,0]) = C([~3/2,0); L (B™(a))

for 1 <n <ooand 1 <m < oo. From this and (5.5.16), we infer that there exists
a subsequence (denoted here by the original sequence) such that the following holds

for any a > 0:

vt = 0l in C([-3/2,0]; Le (B (a))), (5.5.17)

w2 = 02 in O([=3/2,0]; L (B*(a))) (5.5.18)
and

v®3 5 03 in C([—3/2,0]; Ly(BT(a))). (5.5.19)

The above facts clearly imply that (5.5.12) holds true. Using (5.5.17)-(5.5.19), along
with the fact v*) is bounded in L%(Qf270), we can deduce (5.5.10).

We now treat the pressure ¢\¥), using the decomposition of the previous section

3
=1

Using (5.4.28)-(5.4.30) and the Poincaré inequality, we can show (5.5.11) and (5.5.13).
The functions (v*), ¢*)) satisfy the local energy inequality. Specifically,

¢

/ oz, t) o™ (z, 1) 2dx + 2 / / o| Vo) 2dzds

B(xo,R)NR3. —3/2 B(xo,R)NR3.
t
< / / [0 200 + Ap) + 0v®) - Vio([o®? + 2¢W)dads
—3/2 B(xo,R)NRY.

for all —3/2 <t < 0, for all 7y € R? and for all positive p € C5°(B(zg, R)x]—3/2, 00]).
Using this, together with (5.5.8)-(5.5.11) and (5.5.17)-(5.5.19), we can obtain (5.5.14)
by passing to the limit. O

The next proposition regards decay properties of the limit functions (v, ¢oo) from
the previous proposition. Similar arguments to those used in the proof of the next
proposition are contained in Seregin’s paper [100]'3, where decay properties are shown
for certain classes of weak Leray-Hopf solutions v : R x]0, oo[— R?.

The proof of this proposition will make use of the e-regularity criteria stated in
Chapter 3 (Lemma 3.5 Chapter 3), as well as the following lemma due to Seregin in
[99] (Theorem 1.2 in [99]).

13In particular p.237 of [100].
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Lemma 5.8. Let (v,q) be a suitable weak solution in BT (xg, R)X|ty — R?, to[ near
[(zo, R) x|ty — R?,to[. Then there exist universal constants € and co > 0 with the

following property. Assume that (v, q) satisfy

t
1
= [ [ b < (55.20)

to—R2 B+(z0,R)

Then v is Holder continuous in the closure of BT (xq, R/2)x]to — (R/2)?,to[ and the

following bound is valid:

sup lv(x,t)] < (5.5.21)

Co
(.)€ B+ (20,R/2) X |to—(R/2)2 to R
Now we state the proposition regarding decay properties of the limit functions

(UOO7QOO)~

Proposition 5.9. Let (v, @) be the limit functions from Proposition 5.7. There

exists a number Ry > 0 such that

sup Voo (2, 1) < (5.5.22)
(z,t) €(RI\BT(R1))x]—4/3,0[

for some universal constant c. Moreover, given § >0 and k =1,2,...,

sup VAo (2, )] < c1(k, 8, Ry). (5.5.23)
(z,t)€(R3 5\B¥(2R1))x]—=5/4,0[

Here, R% 5 := R3 N {z3 > 0}.

Proof. From (5.5.7) and (5.5.13), we infer that

/0< / |voo|1??d:c>190dt+ /0< / |tio]gdx>§dt

-3/2 R3I\BH(R) —-3/2 R3\B*(R)
0 0
2 £y 32 i
+/( / V2| Fdw)  dt + /( / Vg [Pdw) dt = 0
—3/2 R3\B*(R) —3/2 R3I\B*(R)

as R — oo.
Using this, together with the Poincaré inequality, we infer the following. Namely,

given any € > 0, there exists a positive number R; > 0 such that

(NI

1
T [ ol s = lal o | dade

Q(z0,7)
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3
1 c i i 3
Q(z0,7) =L0(z0,m)

0 0
< cormm /< / |voo|13odzzc>lgodt—kcr_g /( / |tio|gdx>§dt
-3/2  B(zo,r) ~3/2  B(ao.r)
0 0 0 3
T /( / Vg2 Vo) dt + er't /( / Vgl [2de ) dt < e
—-3/2  B(=zo,r) —-3/2  B(wo,r)
with 7 = 1/100 and Q(zo,7) C (R% \ BT(R1/2))x] — 3/2,0].

The same can be done for boundary points:

1 3 1
7z / (Ivoo|3+|qoo—[qm]3+(x0,p)|2)dxdt§E / |voo|Pdadt+
QT (20,p) Q (20,p)
c o s
w53 [ ke = e ot
=L@t (z0.0)
0 o 0 .
SCP%/( / |voo!1??dx>mdt—|—cpg/< / ]Vqéo|%dx>3dt
—-3/2 Bt (zo,p) —3/2 Bt (zo,p)
0 0 0 5
23 2 (10 20 1 312 4
+ep /( / \quo!?’dx) dt 4 cps /( / s dx) dt < e
—-3/2 Bt (zo,p) —3/2  Bt(zo,p)

with o = 1/100, Q" (20, 0) := B* (w0, 0)xJto — 0% to[C (R} \ B¥(R1/2))x] — 3/2,0]
and xp3 = 0. Using Lemma 3.5 in Chapter 3 and Lemma 5.8, we can show the validity
of (5.5.22) in (R% \ BT (Ry))x] —4/3,0].

The second statement of the proposition can be deduced from the local regular-
ity theory for the heat equation and bootstrap arguments applied to the vorticity
equation and is described in detail in the paper of Serrin [114]. ]

Next, we show additional smoothness properties of the limit function, away from
a set of times of measure zero. Related observations have been made by Leray in [75].
In the proposition below and throughout this chapter, u(3) denotes the Lebesgue

measure of 2.

Proposition 5.10. Let (v, o) be the limit functions from Proposition 5.7. There
exists a set 3 C| — 3/2,0[ with the following properties.
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e u(X)=0.

e For all ty €] — 3/2,0[\X there exists a A(ty) > 0 such that the following holds
true for any 6 >0, R >0, 0<e < Aty) and k =0,1.... Specifically,

VF0s € Lo (R33N BT(R))x[to + €, to + Alto))- (5.5.24)

Proof. Step 1: Treatment of u"*)
Let ué(k) and ug(k) be as in (5.5.4)-(5.5.6). We use the same decomposition of v(¥)
as was used in the section ‘A Priori Estimates’, in particular v® = ¢b®) 4 42(%)

Here, u®) satisfies (5.4.6)-(5.4.8), with u»® in place of u! and up® in place of u?.
Moreover, u>® satisfies (5.4.12)-(5.4.14), with «>® in place of u? and u_"* in place
of u3.

The Solonnikov estimates imply the following inequalities for m,l =0,1...

1,(k) cM
It (||LT0 3 < ————— (5.5.25)

OV W (-t <
105" ) < e

(t + 2>20+2+m

Recall also that for [ = 0,1

cM
(t+2)its

C

J(k
IV ()| gy < et ™l g a2y < (5.5.26)

(t+2)its "

From (5.5.25), we infer the following convergence properties for m,l =0,1,2,... and
an appropriate subsequence of u>®*) (which we will also label as u"(*®). In particular,

we have

v 5 gnvlyl in C([=7/4,0]; Ly(BT(a)), (5.5.27)
along with the estimate

107V ul oo,y < e(M,m, ). (5.5.28)

7/4,0)

Step 2: Convergence of u>®*)
Recall that u>®*) satisfies
DB 120 720 _ A2 = g2 ) 4 200 iy QF,
divu?®) =0,
u?®) (21, 24,0,t) = 0 for (z1,z9,t) € R? x [~2,0] and

ut (-, =2) = g™ € [Cg (R
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Here,
f2’(k) = div (ul’(k) @ ut® 4 y2F) @ LK) 4Lk uQ’(k)). (5.5.29)
Recall from (5.4.18)-(5.4.19) that we have

||U27(k)||L2,oo(Qf2,O) < (M), ||VU2’(k)||L2(Qf2,o) < CO(M) (5.5.30)

and
4Pl gt < Cls M) (5531)

with any s € [2,10/3]. These facts, along with (5.5.25)-(5.5.26), imply that

2,(k)
If ||L2(Qt7/4’0) < C(M). (5.5.32)
Repeating arguments from Proposition 5.7, we claim (up to subsequence):
w2 (5.5.33)
in Looo(@2),
Vu*®) ~ Vo2 (5.5.34)
n L2(Qi2,0)7
ut ) — (5.5.35)
in L%’(szo)» N
p** = Qu (5.5.36)

in L%(B(R)x] —3/2,0]) for any R > 0,

b — 2 (5.5.37)
in Ly(B(R)x]| —3/2,0]) for any R > 0,

A 2 (5.5.38)

in LQ(QZ/ZLO). Upon passage to the limit, we also obtain that for any w € C§°(R?)

the function

t:— /ugo(x, t) - w(x)d (5.5.39)

is in C([—3/2,0]). This and (5.5.33) imply that for all t € [-3/2,0] we have that
u? (-, t) € J(R®). Moreover for any w € Lo(R?), the function

t:— /uio(x,t) ~w(x)dx (5.5.40)
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is in C([—3/2,0]). The functions (u2,, Q) satisfy the non linear system
O, +ul - Vi, — A +VQu = 2, dived, =0 (5.5.41)
in Qfg /2.0 and the boundary condition
u? (z1,29,0,t) =0 (5.5.42)
for (z1,19,t) € R? x [=3/2,0]. For the pressure Qoo, We have that

@oo = Q}x)—l—nga

with the estimates

1 2
IVQLIlL ) TIVQliner,,,) < oo (5.5.43)

93
812 /2,

Finally, for any R > 0 the limit pair (u2, @w) satisfy the local energy inequality

/ o(x,t)|[u (z,1)] 2dx+2/ / ©|Vu2 [*dzds

R% NB(zo,R) —3/2R3NB(z0,R)

t

< [ ] WAP@e A0 b Vel 4 20) + £ ipduds (55.44)
~3/2 R NB(w0,R)

for all —=3/2 < ¢ < 0, for all zy € R3 and for all positive ¢ € C5°(B(zg, R)x]—3/2, 00|).
Step 3: Properties of u?,

Let us mention that for every R > 0, Q. and Q2 satisfies the Poincaré inequalities

0

0
/ / QL — [QL) B+ (ro,my | dedt < cR? /( / |VQ}>O|3dx>§dt (5.5.45)

—3/2 B+(z0,R) ~3/2  B+(zo,R)
and
0 0
/ Q2 — [O%) pon.y |2t < cR? / / VQLPdedt.  (5.5.46)
~3/2 B+(z0,R) ~3/2 B+(z0,R)

Let o(x,t) = p1(t)pr(x). Here, p; € C°(—3/2,00) and ¢ € C§°(B(R)) are positive
functions. Moreover, or =1 on B(R/2), 0 < pr <1,

Vr| < c¢/R and |Vpgr| < c¢/R%.
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Clearly, we may substitute ¢1(t)pr(z) into the local energy inequality (5.5.44). Then
(5.5.33)-(5.5.43) and (5.5.45)-(5.5.46) imply that we can take R — oo in the local
energy inequality with the test function ¢ (t)@r(x). In doing this we obtain:

t
/gpl(t)|uio(x,t)|2dx+2 / /@1|Vuio\2d:cds

3 — 3
R% 3/2R3

t
< / /\ugﬁaﬁpl + f2 - u prdads (5.5.47)

_ 3
3/2R3

for all —3/2 < ¢t < 0 and all positive ¢1 € C§°(] — 3/2,00[). By the Lebesgue
differentiation theorem, there exists a set ¥ C] —3/2,0[, with x(X) = 0, such that for
all ¢ €] —3/2,0[\%:

1
i = [ ) e 5 = ot (5.5.48)
and

IV (5 t0) | ors ) < 00 (5.5.49)

For tg €] —3/2,0[\X and € > 0 let

0 if s < t()7
Peto(8) = (s —to)/e if tp <s<e+to,
1 if e+ tyg < s.

By taking suitable approximations of ¢.4,, it can be shown that ¢; = ¢4, is ad-
missible in (5.5.47). With the choice ¢ = ¢4, in (5.5.47), we may use (5.5.48) to
obtain the following limit as ¢ tends to zero. Namely, for any ¢, €] — 3/2,0[\> and
to <t <0:

2 )1 t//Wuawnmw<mL<mmﬂ3 //F 2 duds.

to R} to R3

(5.5.50)
This and (5.5.40) imply

lim [Jus, (1) = uZe (- to) | Loms) = 0. (5.5.51)

t—td
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Taking into account (5.5.40)-(5.5.42) and (5.5.50)-(5.5.51), together with short time
unique solvability results'# for weak Leray-Hopf solutions to the Navier-Stokes sys-
tem in unbounded domains with smooth boundary, we can conclude the following.

Namely, we can find a number A = (g, u2,, f2) > 0 such that
V2, and ul € Leo(Jto, to + A[; La(RY)) = w2, € Loo(Jto, to + A[; Le(R2)). (5.5.52)
Step 4: Spatial Smoothing for v,

Using (5.5.28) and (5.5.52), we conclude that for all ty €] — 3/2,0[\X there exists a
A = Ao, u%,, f2) > 0 such that

Voo € Loo(]to, to + A[; Le (BT (R))) (5.5.53)

for all R > 0. The conclusion (5.5.24) then follows from the local regularity theory
for the heat equation and bootstrap arguments applied to the vorticity equation and

is described in detail in the paper of Serrin [114].

O
5.6 Rescaling. Scenario I
Let us go back to our original problem
ow+v-Vv—Av+Vqg=0, dive =0 (5.6.1)
in R3 x]0, oo, the boundary conditions
v(xy,19,0,1) =0 (5.6.2)
for (z1,19,t) € R? x [0, 00[, and the initial conditions
v(+,0) = v(+) (5.6.3)

in R?. Recall that we assume uy € J(R?%) is a short time regular initial data in
the sense of Definition 5.2. We also assume that 0 < T'(ug) < oo is a blow-up time.
Recall from the introduction of this chapter that all global weak Leray-Hopf solutions,
with short time regular initial data ug and finite blow-up time 7'(ug), coincide on
R? x]0, T'(up)[ and belong to C*>°(R% x]0,T(ug)[). Throughout, we will refer to the

unique solution on R3 x]0, T'(ug)[ as v.

14Gee Theorem 2 p.672 of Heywood’s paper [51] and Theorem 1.5.1 p.276 of Sohr’s book [118],
for example.

155



We will prove Theorem 5.4 by reductio ad absurdum. In particular, we will

suppose that there exists a sequence t, 1T such that
M = s%p [o(-, t) || L3.s ey < o0 (5.6.4)

The aim is to show that (5.6.4) implies that 7" is NOT a blow-up time.
From pp.236-237 of Seregin’s paper [100], we deduce that for every ¢ > 0 there
exists an Ry (e) > 0 such that

sup lv(z,t)| < 0. (5.6.5)
z€R3 \Bt(Ry),e<t<T
As previously mentioned, the papers of Giga [42] and Ukai [127] imply that for
O0<t<Tand3<s<o0

CclS
LoD > _ds) (5.6.6)

o, ) T

The fact that v € Lo(0,T; J(RY)), together with (5.6.6), implies that
v & Loo(M\,T; Loo(RY)) for any 0 < A < T. (5.6.7)

From (5.6.5), (5.6.7) and the definition of blow-up time 7', one can infer that there

exists a singular point xg = (zo1, To2, To3) € R3 at t = T. In particular,
v & Loo(B(xo,7) NRL)X]T — 1%, TY) (5.6.8)

for any positive r. Without loss of generality, we may assume that (xg;, zo2) = (0,0).

One should then consider the two cases,
zo3 =0

and
Toz > 0.

Now let us focus on the first case, which will be referred to as ‘Scenario I'. The
case xg3 > 0 will be referred to as ‘Scenario II".
In this scenario, our rescaling will be similar to that used by Seregin in [106].
Namely
v (y,5) = Mev(a,t) and ¢™(y,s) = Ag(x, ).

Here,

T — ty

T = MYy, t:T—i-)\Zs and A\p = 5
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So, sufficiently smooth solutions v(¥) and ¢*) satisfy (5.5.1)-(5.5.3) with

U(()k)(y) = MV ( Ay, ).

Hence,

k
sup g | ey = M.

So, all assumptions and statements of Propositions 5.7-5.10 hold for v*) and ¢ and
for their limits v, and @uo.

Now, we shall show that

Voo (,0) = 0. (5.6.9)

The arguments used to show this are essentially contained in Phuc’s paper [87] (p.752
and p.757 of [87]), see also Proposition 4.21 and Proposition 4.22 in Chapter 4.

First examine the profile. We mention that our assumption that v : R x]0, co[—
R3 is a weak Leray-Hopf solution implies that v can be adjusted on some set of time of
Lebesgue measure zero such that v(-,t) € J(R3 ). Moreover, for any ¢(z) € C3°(R3)

the following functional is continuous in time on [0, col:

t— /v(m,t) ~(x)dx

Our assumption that |[v(-, )| 352 ) < M implies by Hunt’s inequality (see Propo-
sition 2.2 of Chapter 2) that for ¢ € C5°(R?):

|/ (2, t0) - @la)dal < M@l g9

Hence, the weak continuity implies

y/ 0@, T) - p(w)dal < Mgl g gy (5.6.10)

Using the same arguments as on p.752 of Phuc’s paper [87] (see also Proposition 4.21
in Chapter 4), we see that (5.6.10) implies that

[, T) || zsp@ey < M. (5.6.11)

Now we use arguments on p.757 of Phuc’s paper [87] (see also Proposition 4.22 in
Chapter 4) to show that (5.5.17)-(5.5.19) and (5.6.11) imply that v, (z,0) = 0. It
follows from (5.5.17)-(5.5.19) that

/|v(k)(x,0)|dx—> / e (2, 0)da

B+(a) B+(a)
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Using Hunt’s inequality (see Proposition 2.2 of Chapter 2) and scaling properties of

Lorentz spaces, we see that

1

&
5 [ 10 < G160 sl g e e

Bt(a)

< cfv® ¢, 0)[| 2.8 (B+(a)) = cllv(; T) L3588+ (Apa))-

Now,
do(. 1), B+ () (@) < (BT (Mga)) — 0 as k — oo
and .
B ngé %
(-, T) | oo gz = (3 e dv(.,T),Ri(Oé)SE)

0
We may therefore apply the dominated convergence theorem to deduce that

o0

sday s
o Dllzos s+ vay) = (B/Qde(‘,T),B+(/\ka)(a)3E)ﬁ — 0.
0

The above facts imply that for any a > 0

[Veo (2, 0)|dz = 0.

Bt (a)

Now, we need to show that the limit function v, is not identically zero. Recall
that all assumptions and statements of Propositions 5.7-5.10 hold for (v*), ¢®)) and
for their limits (vog, ¢so). Also recall that (0,0) is a singular point for the each v,
From these facts one infers that the assumptions of Proposition 5.5 are satisfied.

Thus, for any r > 0 we have
Voo & Loo(QF(r)). (5.6.12)

Next, we follow arguments of Escauriaza, Seregin and Sverdk’s paper [27] con-
cerned with backward uniqueness and unique continuation for the heat operator with

lower order terms. By Proposition 5.9, we have
|Orwoe — Aweso| < c(lweo| + [Vwe|), |weo| < ¢

in {r € R®: z3 > 2R, }x] —5/4,0[, where ws, = V A vs. Next recall (5.6.9), which
implies
Woo(x,0) =0
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for x € {R3: z3 > 2R;}. Thus, we can apply arguments from Escauriaza, Seregin
and Sverdk’s paper! [27] that are related with backward uniqueness for the heat

operator with lower order terms to obtain
Woo(x,t) =0 (5.6.13)

for all (z,t) € {r € R®: z3 > 2R} x] — 5/4,0[. From Proposition 5.10, there exists
aset X' C] — 5/4,0[ with the following properties!®.

o (X)) =0.

e For all t; €] — 5/4,0[\X there exists a A(ty) > 0 such that the following holds
true for any >0, R > 0,0 < e < A(tp) and k = 0,1.... Specifically,

VF0s € Loo (R33N BT (R)) xJto + €, to + Alto)[)- (5.6.14)

This allows one to apply unique continuation through spatial boundaries (Theorem
4.1 of Escauriaza, Seregin and Sverdk’s paper [27]) to conclude that (5.6.13) is valid
in R3 x]tg, to + A(fo)[. Using this, along with properties of v, from Proposition 5.7,
we infer that for almost every t €]to, to + A(to)]

Avy(z,t) =0,
Voo (71, T, 0,1) = 0 if (z1,79) € R? and
Voo(z, 1) € L%(Ri”r).
The above three facts imply that
Voo(x,t) =0 for almost every t €]tg,to+ A(to)]. (5.6.15)

Recall, from (5.5.12) that we have continuity on [—5/4, 0] for the following functional
in time (here p € C5°(R?)):

t— /cp(a:) Voo (, t)d. (5.6.16)

The above and (5.6.15), gives that vo = 0 in R3 x| —5/4,0].
The latter contradicts with (5.6.12), thus 7" is not a blow-up time. O

15Specifically, Theorem 5.1 of [27].
16Note that u(X') denotes the Lebesgue measure of ¥
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5.7 Rescaling. Scenario II

Recall that ‘Scenario II” refers to the case xg3 > 0 for the singular point at blow-up
time T'. Here, the scaling is x = xo + A\zy. So, we replace Ri with
R3, ={y = (y1,92,y3) € R: y3 > h} with h = hy, = —xo3/\s.

In this case, sufficiently smooth functions (v, ¢*)) satisfy the following initial

boundary value problem. Namely
™ 4 v . Ty®) — Ay®) L g™ =, divo®™ =0

U(k)(l'l,l'g,hk,t) =0

for (z1,xq,t) € R? x [—2,0],
k
v®(-,=2) = ul’() € LM(RY,,)

and

k
up g | e, ) < M.

We can use estimates of Section 5.4 ‘A Priori Estimates’ in the domains Rihk,

with constants independent of k.

Proposition 5.11. There exist subsequences, still denoted in the same way, with the

following properties:
v® oy (5.7.1)

in Lo (R%,,x]=2,0]) for any h > —00 with v € L10(Q-20) and Q2,0 1= R*x]—2,0],
v® Iy (5.7.2)
in Loo(] =2+ 0,0[; L2(B(R))) for any R >0 and any 0 < 6 < 2,
Volk) ~ Vo (5.7.3)
in Ly(B(R)x] —2+6,0]) for any R >0 and any 0 < 6 < 2,
v® = vy (5.7.4)
in L3(B(R)x]| —3/2,0[) for any R > 0 and

¢* = g (5.7.5)
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in L%(B(R)X] —3/2,0]) for any R > 0.
Functions ve and qs satisfy the Navier-Stokes system in Q_z20 = R*x]—3/2,0].
For vy, we have that, for any ¢ € C5°(R?),

t— /voo(x,t) -p(x)dx € C([—3/2,0]). (5.7.6)

For the pressure qs, the following decomposition is valid:

3
(oo = Zqéo in R*x] —3/2,0].

i=1
The pieces of the above decomposition satisfy the estimates

||VQéo||L (Q—3/2,0) + qugoHL%(Qfg/zo) + ||VQ20||L2(Q73/2,0) < 0. (577)

93
82

Moreover, for any R > 0, the limit pair (Veo, ¢oo) Satisfy the local energy inequality

t

/ go(x,t)|voo(x,t)|2dx+2/ / 0| Vs |Pdzds

B(z0,R) ~3/2 B(x0,R)
t
< / / Voo |2 (040 + Ap) + Voo - V(U] + 2¢o0)dadss (5.7.8)
~3/2 B(zo,R)

for all =3/2 <t <0, for all xg € R® and for all positive p € C§°(B(xg, R)X] —
3/2,00]).

Proposition 5.12. Let (voo, Go) be the limit functions from Proposition 5.11. There

exists a number Ry > 0 such that

sup Voo (2, 1) < (5.7.9)
(z,t)E(R3\B(R1))x]—4/3,0]

for some universal constant c. Moreover, for k=1,2,...:

sup |VEUs (7, 1) < c1(k, Ry). (5.7.10)
(x,t)e(R3\B(2R1))%x]—5/4,0

Proposition 5.13. Lel (s, Gso) be the limit functions from Proposition 5.11. There
exists a set 3 C| — 3/2,0[ with the following properties.

e u(X)=0.
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o For all ty €] — 3/2,0[\X there exists a A(ty) > 0 such that the following holds
true for any R >0, 0 <e < A(tp) and k =0,1.... Specifically,

Vs € Loo(B(R) Xty + &, 0 + Ato)]). (5.7.11)

The proof of Propositions 5.11- 5.13 goes along the same lines as the proof of
Propositions 5.7-5.10. Scenario II can then be ruled out by using similar reasoning

as was used in Scenario 1.
O
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Chapter 6

Existence and Weak* Stability for
the Navier-Stokes System with
Initial Values in Critical Besov
Spaces

6.1 Introduction

In this chapter, we consider the Cauchy problem for the Navier-Stokes system in the
space-time domain @, = R*x]0, oo| for vector-valued function v = (vy,vq,v3) = (v;)

and scalar function ¢. In particular, we consider (v, ¢), which satisfy the equations
Ov+v-Vv—Av+Vqg=0, dive =0 (6.1.1)

in ), the decay condition
v(x,t) = 0 (6.1.2)

as |x| — oo for all ¢ € [0, 00[, and the initial condition
v(+,0) = ug(-). (6.1.3)

In this chapter, we will be interested in developing notions of global-in-time solutions
to the Navier-Stokes equations, with solenoidal initial data uy belonging to B4_ i(R3),
that satisfy certain special properties. We will refer to such a notion of solution as
‘global B;éo solutions’ of the Navier-Stokes equations. The results and text base of

this chapter closely follow

Barker, T.; Seregin, G. On global solutions to the Navier-Stokes system with
large L initial data. March, 2016. arXiv:1603.03211v1.
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Barker, T. Existence and Weak* Stability for the Navier-Stokes System with
Initial Values in Critical Besov Spaces. March. 2017.
arXiv:1703.06841.

Unless otherwise mentioned, the notation and definitions used in this chapter are
contained in ‘Chapter 2: Preliminary Material’.

In a recent paper by Seregin and Sverak [112], a notion of global-in-time solution
to the Navier-Stokes equation was developed with Lj solenoidal initial data. In [112],
this notion of solution is referred to as a ‘global Lz solution’. A key feature of
global L3 solutions is as follows. Suppose v(k)(~,u(()k)) are global L3 solutions and
u(()k) — ug in L3(R3). Then v(k)(-,u(()k)) converges, up to subsequence, to a global Ls
solution v(-, up). Throughout this chapter, we will often write V' (x,t) := S(t)uo(z).
In [112], any global weak L3 solution of the Navier-Stokes equation, with initial data
ug € L3(R?), has the following structure. Specifically,

v(z,t) =V(z,t) + u(x,t), (6.1.4)

where u is globally in the energy class in R*x]0,T'[ for any finite 7' > 0 and satisfies
the global energy inequality

t

t
lu(-, 81, +2//!Vu(w,t’)!2dxdt’ < 2/0 A3(V®u+V®V) . Vudzdt'. (6.1.5)
0 R3

A natural question concerns whether an analogous notion of of global-in-time
solutions (which we will refer to as ‘global X solutions’ or sometimes A(X')) with

initial data wug in other critical spaces X , that satisfy the properties

e 1) Global existence for any uy € X there exists a global-in-time solution in

N(X);

e 2) Weak* stability

ugk) Doy in X =

v® (- ul?) € N(X) converges up to subsequence (in sense of distributions) to

v(+,ug) € N(X).

As mentioned by Seregin and Sverdk in [112] for the case X = Ls(R?), such
properties are useful if one wants to show that critical norms of the Navier-Stokes

equations tend to infinity at a potential blow-up time. Let us now describe this in
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more detail. Suppose one wanted to prove that if v is a weak Leray-Hopf solution
on R3x]0, oo[, with sufficiently regular initial data as well as a finite blow-up time T,
then necessarily

lim [[o(-, )| = oo. (6.1.6)

Here, X is a critical space. One such strategy for showing this, given in Seregin’s
paper [104] and subsequently used in Seregin’s paper [106], the previous chapter and

in Albritton’s paper [1], is to assume for contradiction that there exists t; 17 with
M :=sup||v(-, tg)]|x < 0. (6.1.7)
k
The next step is to perform the rescaling

U(k) (y7 S) = )\kU(ZL‘, t)7 q(k) (y7 S) = )‘zCI(% t)) uék) (y) = )‘kv(/\ky7 tk)7 (618)

T —t

5
This gives that (v®) ¢*)) are solutions to the Navier-Stokes equations on R3x] -2, 0]
with

m:Aky, t:T—l—/\ZS, and \; =

(6.1.9)

k
sup([[ug” 1 = llo(-, ) 1) = M. (6.1.10)

The final part of the strategy is to obtain a nontrivial ancient solutions to the Navier-
Stokes equations and to then attempt to apply a Liouville type theorem to it, based
on backward uniqueness and unique continuation for parabolic operators developed
by Escauriaza, Seregin and Sverdk in [27].

The main motivation for considering ‘global X solutions’, with properties 1)
Global existence- 2) Weak* stability, is that if such solutions exist then they are
particularly useful in obtaining a nontrivial ancient solution in the above strategy.
Indeed the property 1) Global existence of global X solutions, together with the
assumption that it coincides with v®) on ] —2, 0], implies that the global X solution is
unbounded in a parabolic neighbourhood Q(r) of the space-time origin. This, along
with property 2) Weak* stability and the stability of singular points', allows one
to obtain a nontrivial ancient solution?.

In Seregin and Sverdk’s paper [112], the crucial estimate

t
a3, +2 [ [ 19ute ) Pdsdt < O uolsa0) (6:1.1)

0 RS

1See Lemma 2.1 in [93] for the stability of interior singular points statement. See Proposition 2.4
of the previous Chapter for the stability of boundary singular points.

2The convergence properties sufficient to use stability of singular points arguments are more
restrictive than those formally stated in 2) Weak* stability.

165



is proven for u, with w and V" as in (6.1.4)-(6.1.5). This estimate plays a central role
in [112] in the proof of continuity of global weak L3 solutions, with respect to the
weak convergence of the initial data. Let us briefly outline how (6.1.11) is established.

It is well known that for ug € Ls

1V || 25 3 x10,000) < €l|to]| £q(r2) (6.1.12)
" ool
Cl|UQ || [« (R3
IV () paes) < t—fd(R) (6.1.13)
8
In [112], (6.1.5) and (6.1.12)-(6.1.13) are used to show that for ¢ €]0, co:
t
0l + [ [ Futa.t)Pasar
0 R3
t
1
< C/HV(-,t’)\|i5(Rs)\IU(-,t’)!liz(RS)dt’+Ct2HuoH4L3(R3). (6.1.14)
0

This, along with (6.1.12), implies (6.1.11) by means of Gronwall’s Lemma.

Suppose one attempts constructs a global X solution to the Navier-Stokes equa-
tion, with X being a critical space, having the structure (6.1.4)-(6.1.5). To ensure
the finiteness of the right-hand side of the energy inequality (6.1.5), one should have
that for any ug € X that

S(t)uo S L4,loc(07 Q05 L4(R3))

Hence, it is natural to consider X such that for any 0 < T'< oo and 0 <e < T"

(/Hsoc)uougdt)i < (T, ) luo| x. (6.1.15)

This implies that
1S(Duollz, < elluoll- (6.1.16)

For A > 0 and ugy(z) := Aug(Az), it is clear that S(1)ugx(x) = AS(A?)ug(Az). Hence,
(6.1.16) implies that for any A > 0

ATISO2)uollz, = I1S(V)uoallz, < Clluorllx = Cllugl|x- (6.1.17)
One can now deduce that,

sugs%||5(s)uo||L4 < Clluo| x- (6.1.18)
s>
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From (6.1.18) and the heat flow characterisation of homogeneous Besov spaces with
negative upper index (Remark 2.8 in Chapter 2), we infer that X — B (]R3) Thus,
if one seeks a global X" solution, satisfying the requirements 1) Global existence-
2) Weak™ Stability and having the structure (6.1.4)-(6.1.5), X = B (R?’) is the
widest critical space for such a possibility.

1

The aim of this chapter is to show that, for any divergence-free initial data in B4 o

there exists ‘global B i 2 solution’ to the Navier-Stokes equations (6.1.1)-(6.1.3), which
satisfies the requlrements 1) Global existence- 2) Weak™ Stability. The differ-
ence compared to Ls initial data is that if ug belongs to the larger scale-invariant space
B4 040, then V' does not necessarily belong to Ls(R?x]0, 7). Indeed, as demonstrated

by Cannone in [19], for the solenoidal initial data

i xT L1
wo(z) = (o, ﬁ —’#) € B 1(R%)\ Ly(R?), (6.1.19)
e e ISl
1S ()uoll s @2y = ZO Ls®) (6.1.20)
5

These properties of V' create a serious obstacle when one attempts to apply the
arguments of Seregln and Sverdk in [112] (outlined on the previous page) to the case
of solenoidal B o initial data.

To the best of the author’s knowledge, the literature did not prev1ously contain

a notion of solutions to the Navier-Stokes equations with arbitrary B, Oo solenodial

initial data. Note that under certain smallness conditions on the B4§o data, solu-
tions were constructed by Planchon [88] and Cannone [19], by means of the Banach
contraction principle. Let us mention that the recent preprint of Bradshaw and Tsai
[12] implies that if uy € B 2 is discretely self similar®, then there exists a discretely
self similar solution to the Nav1er—Stokes equation. These solutions will also belong

to our class of global B 5% solutions.

Let us now give the deﬁnltlon of ‘global B solutlons

Definition 6.1. Let ug € B % be solenoidal, m the sense of tempered distributions,

and let V- = S(t)uy. We say that v is a weak B, 4o
value problem in Qp := R3x]0,T[ (with 0 < T < 00) if

1 solution to the Navier-Stokes initial

v="V+u, (6.1.21)

3The discretely self similar solutlons in Bradshaw and Tsai’s paper [12] are shown to exist for

any discretely self similar data in Bp . (R3) with 3 < p < 6.
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with u € Loo(0,T; J(R3)) N Ly(0,T; J3 (R3)) and there exists an o > 0 such that

u(-, t)|?
sup w < 00. (6.1.22)
0<t<T 2

Additionally, it is required that there exists a q € L% 1oc(@1) such that (u,q) satisfy
the perturbed Navier-Stokes system:

Ou+v-Vv—Au=—-Vgq, divu=20 (6.1.23)

in the sense of distributions in Q. Furthermore, it is required that for any w € Ly:

t— /w(a:) ~u(x, t)dx (6.1.24)

is a continuous function on [0,T]. Moreover, u satisfies the energy inequality:

t

a2, + 2 / / V(e ) 2dzdt

0 R3

t
< 2/ / Veu+V®V): Vudedt (6.1.25)
0 Jrs

for all t € [0,T].
Finally, it is required that (v,q) satisfy the local energy inequality. Namely, for

almost every t €]0,T[ the following inequality holds for all nonnegative functions

¢ € C5°(Qoo):

t
/cp(x,t)]v(x,t)\zdm+2//90]V'U\2dxdt/
0 g3

R3

t
< // [0]2(0sp + Ap) 4+ v - Voo(|v|* + 2¢)dxdt . (6.1.26)

0 RS

We define v to be a global B;;(RS) solution if it is a weak B, L solution in Qr

4,00

forany 0 <T < 0.

Remark 6.2. The role of the requirement (6.1.22) is to ensure that the right-hand
side of the energy inequality (6.1.25) is finite. See Lemma 6.8 for more details. This
therefore ensures that the function u satisfies the initial condition in the strong Ls-

sense. Namely, u(-,t) — 0 in Lo.

Next us state the main results of this chapter.
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Theorem 6.3. Let uék) Xy in B_% and let v'®) be a sequence of a global B_i
solutions to the Cauchy problem for the Navier-Stokes system with initial data u(k).
Then there exists a subsequence (still denoted v'*)) that converges, in the sense of
distributions, to a global B4 & solution v of the Cauchy problem for the Navier-Stokes

system, with initial data ug.

Corollary 6.4. There exists at least one global B —solutwn to the Cauchy problem
(6.1.1)-(6.1.3).

Let us state two observations that enable us to show the existence of global B; i
solutions and that the property 2) Weak™* stability holds true for them.

The first observation regards a new decomposition result for homogeneous Besov
spaces ( Proposition 2.13, Chapter 2). The novelty of Proposition 2.13 is that it is not
clear if related decompositions are obtainable by the known real interpolation theory
of homogeneous Besov spaces.

The second main observation of this chapter makes use of Proposition 2.13, to-
gether with arguments related to those contained in Chapter 3, to obtain improved
decay properties of u(x,t) := v(z,t) — V(z,t) near the initial time. We state this ob-
servation as a lemma below. Analogous properties have also been exploited by Dong
and Zhang in [25] and subsequently in Chapter 3, to establish weak-strong uniqueness
results for the Navier-Stokes equations. Related properties have also been utilised by

Jia and Sverdk in [54], in showing existence of minimal blow-up data in Ls.

Lemma 6.5. Let u, v and ug be as in Definition 6.1. Let vy, 72, 02 and py be as
in Proposition 2.13 in Chapter 2. Then there exists a 5(v1,72,02) > 0 such that the
following estimate is valid for any 0 <t <T':

lu(- 82, + //|Vu|2dxdt’SC’(T,HuOHB_%(,cSQ)tB. (6.1.27)
4,00

We W111 also prove some conditional uniqueness and regularity statements for

global B 5% solutions.

L1
Proposition 6.6. Let ug € B, 5, be divergence-free in the sense of tempered distri-

butions. There exists an € > 0 such that if

sup t5]|S(t)uol|L, < ¢ (6.1.28)
o<t<T

.1
then all global B Solutions, with initial data ug € B, 5, coincide on Qr.

OO
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In order to prove Proposition 6.6, we show that under assumption (6.1.28) we can
find T'(uy) such that there exists a mild solution on R*x]0, T'(ug)[ and that this is also
a weak B (;‘O solution on R*x]0, T'(ug)[. We then show that certain properties of the

mild solution are enough to guarantee that it coincides with all global B;i solutions
on R*x]0, T'(up)[, with the same initial data. This strategy was also used in Chapter
3.

Unfortunately, the assumptlons of Proposition 6.6 do not hold for arbitrary divergence-
free initial data in B 4 and in particular, for large minus one homogeneous solenoidal
initial data. For thls case, the conjectures by Jla and Sverak in [56] and [57] suggest
that there may be non-uniqueness for global B I solutions, even for a short time.

This contrasts drastically with the global L3 solutlons to the Navier-Stokes equa-
tions, which were constructed by Seregin and Sverak in [112] for any Ls solenoidal
initial data. In [112], short time uniqueness and regularity results are shown to hold
for arbitrary Ls solenoidal initial data. A key feature in showing this is that for any Ls
solenoidal initial data, there exists a local-in-time mild solution to the Navier-Stokes
equations. This was proven by Kato in [59], whose proof crucially makes use of the

fact that
lim sup 5| S(t)uo| 1,5 = 0, (6.1.29)

T=00<t<T
for any ug € Lz. Such a property follows from the density of test functions in Ls.
Although local-in-time mild solutions to the Navier-Stokes equations have been
constructed for Wide classes of initial data?, it is not known if they can be constructed
for arbitrary B 1,00 Solenoidal initial data. The main obstacle is that, unlike L3, test

L1
functions are not dense in B, 3.

6.2 Weak™ Stability of Global B (R3) Solutions

6.2.1 A Priori Estimates

Through this chapter we will make use of the following estimates for any tempered
distribution in B I(R3).

Proposition 6.7. Let uy € By, (R3). Then we have

sup t5|S(t)uolr, < Cluoll 3. (6.2.1)

0<t<oo 4,00

4See, for example, the papers of Cannone [19], Fujita and Kato [34], Giga and Miyakawa [43],
Koch and Tataru [63], Kozono and Yamazaki [64], Planchon [88] and Taylor [125].
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Moreover for 4 <r < oo, m,k € N:

Cm, k.ol
167"V S ()uo ||z, < teo (6.2.2)

= st

Proof. Remark 2.8 in Chapter 2 immediately implies (6.2.1). Once (6.2.1) is estab-
lished, (6.2.2) follows from applying Young’s inequality for convolutions. O

The estimates from the above proposition will be useful in proving the following

lemma, which we state and prove below.

Lemma 6.8. Assume that u € Lo(0,T;J(R?)) N Ly(0,T; J3 (R?)) and that there

exists an o > 0 such that )
JuC O, _

= Loo(0, 7). (6.2.3)

Let ug € BZOZO be divergence free and let V(x,t) := S(t)ug. Then

VeV e L(Qr), (6.2.4)
Veut+u®V e L (Qr), (6.2.5)
u®@u € Ls(Qr), (6.2.6)
V.YV € Ly (Qr), (6.2.7)
V. Vu+u-VV € Ls s (Qr), (6.2.8)
and
V®u: Vue L(Qr). (6.2.9)

Proof. Let us first focus on showing (6.2.4)-(6.2.6). By Holder’s inequality and Propo-
sition 6.7:

C
Ve Vi, <IVIL, < llul -
ta B

4,00
From here, (6.2.4) is easily established. Holder’s inequality and Proposition 6.7 also
imply that
CHuHLz,oo(QT)
ti
From this, it is immediate that u @ V +V @ u € L%(QT). We can show (6.2.6) by

lu @V, < |[[VILsllullz, < [uoll .1
2 B47oo

using that u € Lo (0,T; J(R?)) N Ly (0, T; Jy (R?)), together with Holder’s inequality
and Sobolev embeddings.
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Now, we prove (6.2.7)-(6.2.9). By Hélder’s inequality and Proposition 6.7:

IV 9Vl < VIOV, < Sluol?

400

From here, (6.2.7) is easily established. Hoélder’s inequality and Proposition 6.7 also
imply that

cllull £y (@)
Ju-VV]L, <|VV]ellullz, < ol -1
b t4 By,

From this, it is immediate that u - VV € L% o (Qr). Using Holder’s inequality once

more, one can verify that

T T % T
6
Jivevaiae< { [ivug,a) | fiviga
0 0 0

The desired conclusion is reached by noting that Proposition 6.7 gives:

1[N

3 3
IVlzs < 5 HuOIIB

400

The proof of the last estimate demonstrates why it is nontrivial to prove energy
estimate for u. From Proposition 6.7, (6.2.3) and the Hélder inequality, it is possible
to deduce that

T T T
//|V®U:Vu|dxd7'§ //|Vu|2dxd7' //|V®u|2dxd7

0 R3 0 R3 0 R3

T
< HUOHB—i //|Vu\2dxd7 // ——ess sup (H uls, 8 )||L2)dmd7'
T s s¢
4,00 0 pa 0<s<T

2

[NIES

]

The next statement is a consequence of Lemma 6.8, Proposition 2.18 in Chapter

2, Remark 2.19 in Chapter 2 and uniqueness results for the linear Stokes system?.

Lemma 6.9. Let v be a weak B —solutzon in Qr, with functions u and q as in

Definition 6.1. Then
2

(u,Vg) =Y (u',Vp') in Qr (6.2.10)

=1

5See, for example, Lemma 2.4.2 pp.234-235 in Sohr’s book [117].
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such that:
(u', Vp') € W21 (Qr) X L, 1,(Qr) (6.2.11)

and
(s1,01) = (9/8,3/2), (s2,1l2) = (2,5/4), (s3,13) = (3/2,6/5). (6.2.12)

In addition (u',p') satisfy the following:

o' — Au' + Vp' = —u - Vau, (6.2.13)
o — Au* +Vp* = -V -VV (6.2.14)
o — Au? +Vp? = -V -Vu—u-VV (6.2.15)
in Qr,
divu' =0 in Qp for i=1,2,3 and (6.2.16)
u'(-,0) =0, for i =1,2,3. (6.2.17)

Remark 6.10. Let v be a weak B i 2.-solution in Qrp, with functions v and q as in

Definition 6.1. Consider the Riesz tmnsforms R, which are given by

Rig(x —cPV/| |4g

Let
q=q+ ¢+ g, (6.2.18)
¢ = RiR;(usu;), (6.2.19)
g = RiR;(ViVj) (6.2.20)
and

Using Lemma 6.8, together with the known continuity of the Riesz transforms on

Lebesque spaces, we infer that

S L%(QT): 7 € Lo(Qr), g3 € Lg(QT) (6.2.22)
and
Vg € Ly, 1,(Qr). (6.2.23)
Here,
(s1,01) = (9/8,3/2), (s2,12) = (2,5/4), (s3,13) = (3/2,6/5). (6.2.24)
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One can show that V(q — q)(-,t) is a harmonic function for almost every t €]0,T7.

Moreover, from Lemma 6.9 we infer that
3
V(=3 €Y Lot (Qr) for i=123.
i=1

These two facts, together with (6.2.22) and properties of q from Definition 6.1, imply
that there exists a C € L%JOC(QT) such that
q=q+C(t) in Qr. (6.2.25)
L1
Thus, without loss of generality, we can take the pressure of a weak B, 5, solution in
Q7 to be equal to q. This representative of the pressure will be chosen throughout the

rest of this chapter.

Before the next lemma let us introduce some notation. Recall from ‘Chapter 2:

Preliminary Material’ that for py > 3, we define

3
Spo ::—1—|—p—0<0.

Let u, v and ug be as in Definition 6.1. Let ug = @) + @)’ denote the splitting from
Proposition 2.13 in Chapter 2. In particular, 4 < p; < 00, 0 < d < —5p,, 71 > 0 and

vo > 0 are such that for any N > 0 there exists weakly divergence-free functions
s L1 _ L1
) € By (R®) N B, L(R%) and @) € L,(R*) N B, 1 (R?)

satisfying the following properties. Namely,

uy = ) +up, (6.2.26)
’la(])V"B:g?p‘;52 < NVIC(HUOHB;i)’ (6.2.27)
[ [, < N"*C(Jluoll ). (6.2.28)
4,00
_N
i Hs;i < C(I!UoHB;i) (6.2.29)
and
@1, 4 < Cllull, ) (6.2.30)
Let us define the following:
VNG = Sty (-, t) (6.2.31)



and
V(1) = S(t)ad (-, t). (6.2.32)

Inspired by decompositions of the Navier-Stokes equations performed by Calderén in
[18], we define
wN (z,t) = u(z, t) + VN (z,1). (6.2.33)

Lemma 6.11. In the above notation, we have the following global energy inequality

[|w™ ( ||L2+2//|Vw z, V) Pdxdt’

0 R3
t
< |la]3, + 2/ /(VN @uw™ + VN @ VN v drdt (6.2.34)
0
3

that is valid for positive N and t € [0,T7].

Proof. The first stage is showing that w' satisfies the local energy inequality. Let
us briefly sketch how this can be done. Let ¢ € C§°(Q) be a positive function.
Observe that the assumptions in Definition 6.1 imply that the following function

t— /wN($, t) - VN (x, t)p(x, t)dx (6.2.35)

is continuous for all ¢ € [0,7]. It is not so difficult to show that this term has the

following expression:

/ Nz, t) - VN(z, t)o(z, t)de = // VY (A + Oyp)dxdt’

t t
-2 / / v VVNpdzdt’ + / / VN . Vqdzdt
0 R3

0 B3
L
+5 / /(|U]2 — [w™?)v - Vodrdt
R3
// (VN 2w + VN @ VN . Vw pdrdt!
// VYN VYN + V¥ @ w™) : (w" @ V)dzdt'. (6.2.36)
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It is also readily shown that

t

[P oo nde = [ 1700 0) + dpta.t))dud -

0 R3

t

—2 // IVVY Podadt. (6.2.37)
0 R3
Using the local energy inequality (6.1.26), together with (6.2.36)-(6.2.37), we obtain
that for almost every t €]0, 7| and for all nonnegative functions ¢ € C5°(Qwo):

¢
/g&(m,t)\wN(x,t)Fdx + 2//¢]VwN|2d:L’dtl

R3 0 R3

t
< // w200 + Ap) 4 2quw - Vo + [w |*v - Voddt!

0 R3

t
+2//(VN VY + V¥ @ w™) . (VuNp + w™ @ V)dzdt (6.2.38)
0 R3

In the next part of the proof, let p(z,t) = v1(t)er(x). Here, 1 € C§°(0,00) and
vr € C§°(B(2R)) are nonnegative functions. Moreover, or = 1on B(R), 0 < pr <1,

IVor| < c¢/R and |V3pg| < c¢/R?.

Since u) € J(R?), it is obvious that VN(-,t) := S(t)u) (-,t) satisfies the following

properties. In particular, for any 7" > 0
VN € 0([0,T]; J(R®)) N La(0, T; T L(R?)), (6.2.39)

VN satisfies the energy equality

VoI, +2 [ [ 197 dsar = @ 1, (6.2.40)
0 R3
for any ¢t > 0 and
lim [[VV(-, ) = @ ||, = 0. (6.2.41)
t—0+
Hence, we have
wh € Cy([0,T]; J(R?)) N Ly (0, T; J 5(R?)). (6.2.42)
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Using Hélder’s inequality and Sobolev embeddings, this implies that

w' € L,(Qr) for 2<p<10/3

(6.2.43)
Using Proposition 6.7 and Young’s inequality for convolutions, we deduce that for
2<p<o0,4<g< o

~ Cp) |~
VY ), < 7y | u)' || L,
t2'\2 p
and

(6.2.44)

- C(q)
VYl < a1
true:

(6.2.45)
4,00
Using (6.2.42)-(6.2.43) and (6.2.45), it is obvious that the following limits hold

hm /(pR Y (t )|w (x,t)] dx+2//<pch1|Vw | dadt

R3
/cpl( ) w (2, t)| da:+2// |V Pdzdt
R3

hm // |w |at901 R+2(VN®UJ +VN®VN) V¥ p1pp)dxdt’

0 R3

and

// w2001 +2(VN @ w + VN @ V) 1 VwN oy )dedt
0 R

lim

R_mo//(’wN‘zSOlASOR"‘ e1|w™ |*v - Vop+

+201(VY @ w + VN @ V) 1 (w" @ Vpg))drdt’ = 0.

Let us focus on the term containing the pressure, namely

[ ]

N Vorpidzdt .
0 B(2R)\B(R
From Remark 6.10, we see that

q=q + g2+ gs,

(6.2.46)
q € Lg(QT)> g2 € Ly(Qr) and g3 € L3 (Qr)

(6.2.47)
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From this and (6.2.43), we infer that

lim / /
R—o0

N Verpidzdt = 0.
0 B(2R)\B(R

Thus, putting everything together, we get that for almost every ¢ €]0, 7| and any
positive function ¢; € C§°(0, o)

t
/ o () (@, ) 2dz + 2 / / o (#) |V Pddt
R3

0 R3

0 R3

// 1w 20,01 + 2(VYN @ wh + VN @ V) - Vo dadt

(6.2.48)
From Remark 6.2 and (6.2.41), we see that

lim [|w™ (-, ) = i1 ()2, = 0.
For V'V, we have

(6.2.49)

VA, < pry )

1
1 < - 1 L.
ph S C(HUOHBj) (6.2.50)
Using that B2 (R?) — B2 7% (R?) (Remark 2.7 in Chapter 2), together with the

heat flow characterisation of homogeneous Besov spaces with negative upper index
(Remark 2.8 in Chapter 2), we infer that
— N 1
VA Dl < = 'l gapasa2 <
t2— Brap

T Olll )
Thus, we have the following estimates

(6.2.51)
2 4,00
t
//H_/N@)wN
0 R3

: V| dxdt!

< N C(JJuoll

1
2 t
wN (-, 7)|?
. //|VwN|2dxdt /—“ ( )”LZdT
it 7l
R3 0

=

(6.2.52)
and
3
//|VN®VN VN |dzdt' < CtiC (||u0|| //|VwN|2dxdt . (6.2.53)
0 R3 0 R3
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0 if 0<s<e/2,
©e(s) == 2(s —(g/2)) /e if €/2<s<¢,
1 if ¢ <s.
Using (6.2.52)-(6.2.53) and by taking suitable approximations of ., it can be shown
that ¢1 = ¢. is admissible in (6.2.48). From this we obtain that the following in-
equality is valid for almost every ¢ €]0,7[ and any € > 0:

t
/ o (2, ) 2de + 2 / / oo () |V Pt
R3 0 R3

t
< // 1w 20,0 +2(VY @ w™ + VYN @ VYY) . VN g dadt’. (6.2.54)
0 R3
Using (6.2.42), (6.2.49) and (6.2.52)-(6.2.53), we can let € tend to zero in (6.2.54) to
obtain that (6.2.34) holds for almost every ¢ €]0,T[. By taking into account (6.2.42)
and (6.2.52)-(6.2.53), we conclude further that (6.2.34) holds for every ¢ € [0,T].

[l

Proof of Lemma 6.5

Our aim is to prove the decay estimates of Lemma 6.5 by utilising the splittings
(6.2.26)-(6.2.33), together with the previous lemma. Such ideas have also been ex-
ploited in Chapter 3 of this thesis. Related splitting arguments have also previously
been used by Jia and Sverédk in [54], in order to show estimates near the initial time
for Lemarié-Rieusset local energy solutions of the Navier-Stokes equations with Ls

initial data.

Proof. For t € [0,T], we denote

yn(t) = W™ ()],

First observe that u = w™ — V™. Thus using (6.2.40) we deduce that

t
lu(- B2, + / / Vuldedt
0 R3

t

< 2HaéVH%2+2yN<t>+z//vaN|2dmf
0 R3
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(6.2.55)

for t € [0,7]. By (6.2.28):
g 112, < N72C(|luoll -y )-
4,00

Using (6.2.34), estimates (6.2.52)-(6.2.53), (6.2.55) and Young’s inequality, we

obtain the estimate

/ (1)
2'y yN T
_i)N ! /71_62 dr

t

yn(t) —I—// |VwN|2dxdt/ < C’(HUOHB

0 R3

(6.2.56)

+C(|luoll 4 ) (N2 +82)

4,00

is valid for ¢ € [0, T]. Using Gronwall’s Lemma, it is possible to infer that for ¢ € [0, T:

J(N"22 4 ¢3) exp (NQWC(HUOHB_%I ,52)1552). (6.2.57)
4,00

o (6) < O(lluol_y
4,00

Hence,
t
a0, + [ [ 19uPdzdt < Olluol g E) >+ £h)
0 Rms 4,00
X (ﬁw?w exp (N?wc(uuoumi ,52)#52) n 1) (6.2.58)
The conclusion is then easily reached by taking N = ¢t~ with
0< k< —.
2m
]

6.2.2 Proof of Weak™ Stability and Existence of Global B;EO (IR3)

Solutions

Proof of Theorem 6.3

1
(k) * B4
—wup in By

Proof. We have
Ug
and
M :=sup ||u(()k)|| 1 < o0.
k B4,§o
Let us define
W 4) and V(- 1) = S(t)uo(-,1).

V() = St)u
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It is clear that that V(®) converges to V on Q. in the sense of tempered distributions.

From Proposition 6.7, we see that

M
VO < S (6.2.59)
C(m,l,r)M

107V V()2 <

107 for 4 <. (6.2.60)

For T < oo, s €]1,00[ and any n € N, we have the compact embedding®
WH(B(n)x]0,T[) < C([0,T]; Ls(B(n))).

From the above compact embedding and (6.2.60), one immediately infers that there

exists a subsequence of V*) (which we will still denote as V®)) such that
IV - gmvV in C([1/n,n); Ly(B(n))) (6.2.61)

for every (I,m,s,n) € N4

Lemma 6.5 implies that, for any 0 < T' < oo:

T
sup ||u(k)(-,t)||%2+//|Vu(k)|2d:pdt’ < fo(M, T, 5,0,). (6.2.62)

0<t<T
0 R3

By Holder’s inequality and the Sobolev inequality, this implies that
||U(k)||Lp(QT) < fi(lM,T,B,09) forany 2<p<10/3. (6.2.63)

By means of a Cantor diagonalisation argument, we can find a subsequence (which
will still be labelled as u®)) such that, for any finite 7' > 0:

u®) 5y in Ly oo (Qr) (6.2.64)

and
Vu¥ =~ Vu in Ly(Qr). (6.2.65)

Using (6.2.64), together with Lemma 6.5 (specifically, (6.1.27)), we also get that, for
0<t<1:

@

HuHL2,oo(Qt) S C(M7 62)t . (6266)

From (6.2.62), it is easily inferred that

[ ’Vu(k)HL%%(QT) < fo(M, T, j3,65). (6.2.67)

SEmbeddings of this type were discussed in ‘Chapter 2: Preliminary Material’.
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By the same reasoning as in Lemma 6.8, we obtain:

VP @ u® 4 o® @y ) ||L%(QT) < f4(M,T,3,8,), (6.2.69)
Hu(k) ® U(k)HL%(QT) < fs(M,T,3,02), (6.2.70)
[V VV(’“)IILQ @) < fo(M,T) (6.2.71)
1
and
Split
3 3
u® =3 u®4 and ¢® =" g
i=1 =1

according to Lemma 6.9 and Remark 6.10 (namely (6.2.10) and (6.2.18)). Taking into
account (6.2.68)-(6.2.70) and using the continuity of Riesz transforms on Lebesgue
spaces, we deduce that, for any finite 7" > 0,

167112y @r) < CH(M,T,8,82), 1105 lzaiar) < CFa(M, T) (6.2.73)

and
05”112y () < CL(M.T. 8,62). (6.2.74)

In order to establish certain compactness properties of u¥), we now utilise the maximal
regularity estimates for the linear Stokes system stated in ‘Chapter 2: Preliminary
Material’. Related ideas have been previously exploited in Chapter 4 and in Seregin
and Sverdk’s paper [112] regarding ‘global Ls solutions’. By the maximal regularity
estimates for the Stokes system’, along with (6.2.67) and (6.2.71)-(6.2.72), we obtain:

k
[u® M w2t ) + 1V 12y 4 @n) < CLAMT, B,62). (6.2.75)
82
k
1@ 2ly21 @) + 19657 12, g @) < CFo(M.T), (6.2.76)
4
k
Hu(k),?)”W?16 om + 1V )||L%,%(QT) < Cf:(M,T, j3,6). (6.2.77)
2°5

From (6.2.73)-(6.2.74), one can deduce that there exists a subsequence of ¢*) (which
we will still label as ¢®)) such that

¢M—q in Ly(B(R)x]0,T|) for any R>0 and 0 < T < oc. (6.2.78)

"See Proposition 2.18 and Remark 2.19 in Chapter 2.
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Recall that in ‘Chapter 2: Preliminary Material’ we mentioned the compact em-
bedding®
Wi (@xa, b)) = C([a, b); Lin(9)).
Using this, together with (6.2.75)-(6.2.77), we infer that that we have the following

convergence for a certain subsequence (which will still be denoted as u(®):
u®) =y in C([O,n];L%(B(n)) for any n € N. (6.2.79)
Using this and (6.2.63), one can conclude that
u® = u in L,(B(n)x]0,n[) for any s €]1,10/3[ and n € N. (6.2.80)
Using (6.2.64) and (6.2.79), it is possible to show that, for any f € Lo:

/ )z, x)dx —)/ u(z,t) - f(z)de in C([0,n]) for any n € N.  (6.2.81)
R3

Using (6.2.81), along with (6.2.66), we establish that

lim ||u(-, )|, = 0. (6.2.82)

t—0

Taking into account (6.2.66), along with the fact that u € Lo (Qr) for any 0 < T' <
oo, we see that
o TGO,
0<t<T th
It can be deduced from (6.2.61), (6.2.64)-(6.2.65), (6.2.78) and (6.2.80) that

(v :=wu+V,q) is a distributional solution to the Navier-Stokes equations and (u, q)

< oo forany 0 < T < 0. (6.2.83)

satisfies (6.1.23) in the sense of distributions. All that remains to be shown is the
local energy inequality (6.1.26) for (v,q) and the energy inequality (6.1.25) for u.
Using the assumption that (v, ¢®)) satisfies the local energy inequality, together
with the properties (6.2.61), (6.2.64)-(6.2.65), (6.2.78) and (6.2.80)-(6.2.81), we can
verify that (v, q) satisfy the local energy inequality.

Let us focus on showing the global energy inequality (6.1.25) for . Using the fact
that (v, q) satisfy the local energy inequality, together with (6.2.64)-(6.2.65), we may

use identical reasoning to Lemma 6.11 to infer that for an arbitrary positive function

¢1(t) S CgO(O,OO>
/ on(O]ulz, £)2dz + 2 / / o (1) V2 dadt

R3

8Here, 1 <m < 00,1 <n < o0, —00 < a <b< oo and Q is a bounded domain with sufficiently
smooth boundary.
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t
< // [ul?0s01 +2(V @u+V @ V) : Vupdodt'. (6.2.84)
0 B3

Using (6.2.65) and (6.2.83), we may apply the results of Lemma 6.8 to deduce that

Veou+VeV): Vue Li(Qr)

for any positive finite T". Taking these facts and (6.2.82) into account, the conclusion

is reached in a similar way to the final steps of the proof of Lemma 6.11. O

Let us now state and prove a proposition, which will be useful in proving Corollary

6.4.

L1

Proposition 6.12. Let ug € B, be divergence-free, in the sense of tempered dis-
tributions. Then there exists a weakly divergence-free sequence ugk) € L3(R3) such
that

U(()k) A Uo

L1

in By 5
Proof. Let Aj and the homogeneous Besov spaces be as defined in ‘Chapter 2: Pre-

L1 .
liminary Material’. For any ug € B, (R?), we have that wug <y = Z;?:_k Ajug
converges to g in the sense of tempered distributions?. Furthermore, we have that
AjAjug = 0if | — j/| > 1. Thus,

4
4,00 4,00

luo.<pill -1 < CUIF L) luoll -y (6.2.85)

and
Anug <y =0 if |N|>k+ 1. (6.2.86)

It then follows from Bahouri, Chemin and Danchin’s book [3]'° that there exists a

Schwartz function ¢, whose Fourier transform is supported away from the origin,
such that
19% — wociplll s < . (6.2.87)
<Hllpra > g

We now make use of the operator P that projects onto divergence-free vector fields.

In the case of £ = R? this may be written as

Pf = f+ V(-A)"!(div f). (6.2.88)

9See Section 2 of Bahouri, Chemin and Danchin’s book [3], for example.
08pecifically, Remark 2.28 p.69 of [3].
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This can also be written as (for j = 1,2, 3)

Pfi = 0k — RiR) fr-
Here R; are Riesz transforms given by

Rig(x —cPV/’|4ga:— dy

and the summation convention is adopted

Define uék)

to be the Leray Projector P applied to ¢*). Then we can show, for
any j € Z, that

Ajul? = Aj(Rg™) = P(A;9®).

Using the continuity of Riesz transforms on L,(R?) (1 < p < o), we deduce further
that

1A u$? || sy < ClIA;g®

|| La(r3)- (6.2.89)
Here, C' is a universal constant. Using (6.2.85), (6.2.87) and (6.2.89), we see that

lug”ll 4 < Cllg®Il -

4
4,00

;<

CUIF el (X + fluoll -

L1

1) (6.2.90)

4,00

(k)

Obviously since g*) is a Schwartz function, we have that u; is a weakly divergence-
free function in L3(R?). Since ug is divergence-free in the sense of tempered distribu-

tions, we have that

PU0,<\k\ = Uo,<|k|-
Thus,
k) C
ug? — o <l -y = IP(g™ —uo <|k|)|| oy <o (6.2.91)
400
From Bahouri, Chemin and Danchin’s book [3]', we have
| < ug” = oy, > | < Jlug” — o<kl -3 Il
400 %11
for any Schwartz function ¢. Using this, along with (6.2.91), we deduce that
(k) < (k) _ — <
| <uy’ —ug,p> [ <[ <uy’ — o<, > |+ | < uo — oy > |
C
< _HSOHBi + | < ug — o<y p > |-
%,1
From this and (6.2.90), we deduce that u”
proposition.

satisfies the desired properties of the

]
HSpecifically, Proposition 2.29 p.70 of [3]
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Proof of Corollary 6.4

Proof. From Proposition 6.12 that there exists a solenoidal sequence u(()k) € L3(R3)
such that
u oy | B_i
0 0 11 4700.
The work of Seregin and Sverdk [112] implies that for any k there exists a global Ls

solution v which satisfies

(k) _ g(¢ (k)12

v Uu,

sup H g ) 0 HLQ <
0<t<oo t2

L1
It is also the case that v*) is a global B, 5 solution. Corollary 6.4 now follows from
Theorem 6.3. L

6.3 Uniqueness Results

6.3.1 Construction of Strong Solutions

As was done in ‘Chapter 1: Introduction’ (specifically, (1.1.13)), we define
t
B(u,v)i(x,t) == / /K,-ﬂ(x —y,t —1)u;(y, 7)v(y, 7)dydr. (6.3.1)
0
R3

Here, K;j is given by (1.1.10) in Chapter 1. In what follows, we will use the notation
Tugu = RiR;(uu;), where R is a Riesz transform and the summation convention is

adopted. We also define the path space:
) 1
Xo(T) == {f € S(R*X]0,T]) : | fllxs(x) := sup 5] (-, 1) L.ms) < o0}
0<t<T
L1 .

Proposition 6.13. Suppose that vy € B4’§O(R3) s divergence free, in the sense of
tempered distributions. There exists a universal constant 3 such that if

1S5 @) ol xar) < es, (6.3.2)

then there exists a v € X4(T), which solves the Navier-Stokes equations (6.1.1)-(6.1.3)

in the sense of distributions and satisfies the following properties.

1. The function v solves the following integral equation:
v(x,t) := S(t)up + B(v,0)(x,t) (6.3.3)
mn Qr, along with the estimate

[Pllxary < 21V lxac 2= 2. (6.3.4)
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2. The pressure associated to U (Tze5) satisfies :

Toev € LQ(QT) N LQ,m(Q)\,T)) for 0<A<T. (635)

L1
3. The function v is a weak B, 5, solution to the Navier-Stokes initial value problem
in Qr := R3x]0,T.

4. For A €]0,T[ and k=0,1...,1=0,1... the following estimate is valid:

sup  |O'VRD| + |0l VF migs] < c(N, luoll -y K. 1). (6.3.6)

(xvt)er,T 4,00

Proof. Properties 1.-2. can be established by using arguments presented in Cannone’s
paper [19], for example. Hence, let us focus on proving property 3. It is clear that

u = B(v,v) satisfies the system:
ot — Au + Vs = —divo @ v, divu =0 (6.3.7)
in Qr and
(-,0) = 0. (6.3.8)

It is not difficult to show that v ® v € La(Q7), together with properties of the Oseen
tensor K, imply that

u = B(v,0) € Ly(0,T; }21 (R*)) N C([0,T]; J(R?)) (6.3.9)

and for t € [0,T]:

t t
1 02, +2//|Vﬂ(x,t’)|2dasdt’:2//5@5: Vidzdt —
0 R3 0 R3

t
iy / / (Vei+VeV): Videdt. (6.3.10)

0 R3
Hence, wu satisfies the energy inequality (on ()7) present in the definition of a weak
B; i solution (in fact, in this case it is an equality). Using (6.3.10), together with

Holder’s and Young’s inequality, one can show that, for 0 <t < T,

t t

||’d(.,t)y|i2+//yv%z(x,t’)|2dxdt'g//\i@ﬁﬁdwdt’§32t%y|V|y§4(T). (6.3.11)
0 R3 0 R3
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Thus,
[a(- )z,
sup

1
o<t<T t2

(6.3.12)

The final part of showing that v is a weak B solutlon on Qr (property 3.) involves
verifying that (v, m5g5) satisfies the local energy inequality (6.1.26). This follows from
(6.3.4)-(6.3.5),

U € Ly oo (B(R)x]e, R]) for any 0 < ¢ < R < o0,

Vv € Ly(B(R)x]e, R[) for any 0 < e < R < o0

and a mollification argument'?.

The proof of the estimate (6.3.6) for higher derivatives uses that (v, msg5) satis-
fies the local energy inequality (6.1.26), the properties (6.3.4)-(6.3.5) and arguments
contained in Seregin’s book [111]'®. For further discussion, we refer the reader to
the proof of Theorem 3.6 in Chapter 3, in particular ‘Step 4: Estimate of Higher
Derivatives’.

]

6.3.2 Proof of Proposition 6.6

The proof of Proposition 6.6 is based on ideas used by Dong and Zhang in [25] and
subsequently in Chapter 3. Namely, we show the decay estimates provided by Lemma
6.5, together with properties of the strong solution in Proposition 6.13, imply weak-

strong uniqueness for weak B 4 solutions.

Proof. Suppose,

1
sup t5||S(t)uollr, = |Vlxur) <e.
o<t<T

Furthermore, suppose € < €3, where €3 is as in the statement of Proposition 6.13.
Then by Proposition 6.13 there exists a weak B I solution v := u+V on Qr, which
satisfies

HUHX4 <2|Vllxur) (6.3.13)

Let us now consider any global B solutlon uw:= v+ V, with the same initial data

Uy € B (]R3) We define the dlfference of these solutions as

w=v—0=u—1u€ Ly0,T; }21 (R?)) N C([0, T); J(R?)). (6.3.14)

12The required mollification argument can be found in Seregin’s book [111] (specifically Proposition
3.9 pp.160-161), for example.
13Tn particular, pp.160-162 of [111].
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Moreover, w satisfies the following equations
yw~+w-Vw+v-Vw—+w-Vo—Aw+ Vg =0, divw =0 (6.3.15)
in Q7. Moreover, w satisfies its initial condition in the strong L, sense:

lim ||w(-,0)|z, = 0. (6.3.16)

t—0t

Using minor adjustments to arguments presented in Lemarié-Rieusset’s book [76]
(specifically, Proposition 14.3 of [76]), one can deduce that, for ¢ € [d, T7:

/u(y,t) ~u(y, t)dy = /u(y, ) - u(y,0)dy — Q/t/Vu : Vudydt
5 R3

R3 R3

t t
+//V®V:V(u+ﬂ)dyd7—//57®w:deydT
d R3 5 R3

t t
+ / / V ®u: Vudydr + //V ® u : Vudydr. (6.3.17)
6 R3 5 R3

Using Lemma 3.7 in Chapter 3 and (6.3.13), one infers that

/ / 3] [Veoldydr < C / [5G, I, e 72, dr + 2 / / Ve dydr

1 0

< OIVI%,er /” ||L2d + = //Ww\ dydr, (6.3.18)

//|V||u||Vu|dydr<C’HV||X4 /“ Iz, 1 //|Vu| dydr  (6.3.19)

5 RS
and
//\VHuHVu]dydT<C\]V\\X4(T)/ud + = //’VU’QdydT (6.3.20)
6 R3 5 R3

We now apply Lemma 6.5 to both u and @, which implies that there exists 3(v1, 72, d2) >
0 a such that the following estimates are valid for 0 < ¢ < T". Specifically,

max {[[u(, )IIZ,, 1GC, O, w1} < 7e(T luoll -3, 02). (6.3.21)

4,00
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Hence,
Jw(-,)|2,

sup m

0<t<T
Then (6.3.18)-(6.3.21) allow us to take 6 — 0 in (6.3.17) to deduce the following
identity, for any t € [0, T]. Specifically,

< 0. (6.3.22)

t

/u(y,t) ~u(y, t)dy = —2//Vu : Vudydr

R3 0 R3

t t
+//V®V:V(u+ﬂ)dyd7'—//'ﬁ®w:deydT
0 R3 0 R3

t t
+ / / V ® u: Vudydr + //V ® u : Vudydr. (6.3.23)
0 R3 0 R3

Recall that v and u satisfy the following energy inequalities, for 0 < ¢ < T

t

lu(- D)2, +2 / / V(e ) Pdudt
RB

0

t
<9 / / (Veu+VeV): Vudedt (6.3.24)
0 R3

and
t

(- |2, +2 / / Vo, ) Pdudt’
R3

0
t
<9 / / (Vei+VeV): Viddt (6.3.25)
0 R3

From this and (6.3.23), we deduce that, for any ¢ € [0, 7]

t

t
lw( )2, +2//|Vw|2dyd7 < 2//5®w  Vwdydr (6.3.26)
0 R3 0 R3

Using (6.3.18) and (6.3.22), it can be shown that, for any ¢ € [0, T7:

t
()
oI, < OV Ik [ T s
0

(et 6327

< STt
< Et IV I%, ) sup 3

o<r<T
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Thus,
Jw(, 77\ _ C lw(-, I,
sup (—L> < EHVH%(T) sup (—L) (6.3.28)

0<7<T T8 0<7<T T8

If we assume further that

< ()" =),

Wi < (45)"

Observing (6.3.28), it then immediately follows that w = 0 on Q7.

then
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Chapter 7

Conclusions and Open Problems

As stated in ‘Chapter 1: Introduction’, the main contributions in this thesis are

motivated by the following question.

What are sufficient conditions to grant uniqueness of weak Leray-

Hopf solutions of the three-dimensional Navier-Stokes equations?

7.1 Short Time Uniqueness of Weak Leray-Hopf
Solutions

In Chapter 3, we contribute to the above question by showing that weak Leray-Hopf

solutions are unique for a short time interval, provided that the initial data u, satisfies
L343
u € VMO YR} N B, 2 " (R®) N J(R?) (7.1.1)

with

oz<p<3a and 2 <o < 3. (7.1.2)

The main observation, which enables us to obtain this results, is as follows. Namely
the establishment of improved estimates near the initial time, for weak Leray-Hopf
solutions with initial data in supercritical homogeneous Besov spaces. The techniques
used here build upon related ideas of Calderén presented in [18].

In Chapter 3, we observed that the conclusions in the paper of Koch and Tataru
[63], together with arguments of Lemarié-Rieusset and Prioux [77], can be used to
show the following. Specifically, if ug € J(R*) N VMO~ (R?) then for all € > 0 there
exists a T'(ug, €) and a weak Leray-Hopf solution v such that

v € C®(R*x]0, T(ug,€)[) and sup t%||v(-,t)||Loo(R3) <e. (7.1.3)

0<t<T (ug,e)

Consequently, we formulate the following plausible conjecture.
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Conjecture: For any ug € J(R*)NVMO™(R?), there exists a T'(uy) such

that all associated weak Leray-Hopf solutions coincide on R*x]0, T'(ug)].

One can establish the inclusion

3
,E+

JRHNVMO YR} c JRNVMO YR} N B, *(R?)

with p = 3% and 2 < a < 3. Unfortunately, the initial data belonging to J(R?) N
B, ,j% +%(R3) (with p = 3= and 2 < a < 3) represents a borderline case, where the
techniques used in proving Lemma 3.3 (Chapter 3) breakdown. Hence, it is no longer
clear if an improved decay property holds near the initial time for weak Leray-Hopf

solutions, with initial data ug € J(R3) N VMO~1(R?).

7.2 Local Boundary Regularity Criteria and Blow-
Up of Scale-Invariant Norms

In Chapter 4, we proved that if (v, q) is a suitable weak solution of the Navier-Stokes
equations in BY(1)x] —1,0[ near I'(0,1) x [0, 1], then

v € Loo(—1,0; L3#(B*(1))) = v is Holder continuous in B*(1/2) x [—1/2,0]
provided that 3 < 8 < oo.

What enables us to build upon the work of Escauriaza, Seregin and Sverak [27] and
Seregin [100] is the establishment of new scale-invariant estimates, new estimates for
the pressure near the boundary and a convenient new e-regularity criterion.

In Chapter 5 of this thesis, it was shown that a weak Leray-Hopf solution v in
R? x]0, oof, with short time regular initial data and a finite blow-up time 7', neces-
sarily satisfies

ltlTr%l [o(, )| Lso@s) = 00 with 3 < < oc. (7.2.1)

The proof hinges on a rescaling procedure from Seregin’s work [106], a new stability
result for singular points on the boundary, suitable a priori estimates and a Liouville
type theorem for parabolic operators developed by Escauriaza, Seregin and Sverdk
27].

The methods we present in Chapter 5 for proving (7.2.1) can be used to prove
that for a weak Leray-Hopf solution v in R*x]0, oo[, with short time regular initial
data and a finite blow-up time 7', other scale-invariant norms of v tend to infinity

as time approaches T from below. Indeed the methods of Chapter 5, together with
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techniques from Chapters 2 and 3, have been used by the author of this thesis [8] and
by Albritton [1] to prove that v necessarily satisfies

i . : = f . 2.2
i Ol e, =00 for 3<pg<oc (7.2.2)

In the recent preprint [11], the author of this thesis has obtained a further improve-

ment to the necessary condition (7.2.2). In particular, in [11] it is shown that

ltlTIYI} Hv(-,t)HB;i:%(RS) =00 for 3 <p< oo, (7.2.3)

provided v(-,T') € J(R?) satisfies the following additional assumption. Namely

lim % / o(y, T) - o(y/Ndy = 0 for all o € C2(RP). (7.2.4)
R3

In the proofs of the main results in Chapters 4 and 5, a suitable rescaling procedure
(arising from the contradiction assumption) produces a nontrivial ancient solution.
In both Chapters 4 and 5, we show that this nontrivial ancient solution vanishes
at the last moment of time. This is crucially used in the application of a Liouville
type theorem, based on backward uniqueness and unique continuation statements for
parabolic operators, developed by Escauriaza, Seregin and Sverdk in [27]. In Chapters
4 and 5, a key shrinking property of the L*#(Q2) norm is used to show that the ancient
solution vanishes at the last moment of time. Specifically, 3 < 8 < oo and f € L>#(Q)

implies that, for every z( € €2,
TIE%L ||f||L3ﬂ(QmB(xO,r)) = 0. (7.2.5)

Unfortunately, (7.2.5) no longer holds for 3 = oo, as can be easily seen for |z|~! €
L3*°(R?). Consequently, we cannot obtain an ancient solution vanishing at the last

moment of time and the following problem remains open.

Open Problem: Consider a weak Leray-Hopf solution v, with short-
time regular initial data. Does the assumption v € L, (0,S; L3> (R3))

imply that v is regular (and hence unique) on R3x]0, S[?

7.3 Global Weak Solutions of the Navier-Stokes
Equations with Initial Data in Scale-Invariant
Spaces

L1
In Chapter 6, we prove existence of ‘global weak B, ;, solutions’ to the Navier-Stokes

equations in R*x]0, oo, with solenodial initial data in the scale-invariant homoge-

.1
neous Besov space B4’§O(R3), which have certain continuity properties with respect
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to weak™ convergence of the initial data. Such properties are motivated by Seregin’s
strategy in [106] for proving that a weak Leray-Hopf solution v in R*x]0, co[, with
short time regular initial data and a finite blow-up time 7', necessarily satisfies

txn [0 £) 1.2 = o0

It is natural to ask if an analogous notion of global weak solution exists when the

L1
initial data belongs to larger scale-invariant spaces than B47§O(R3). Such a notion of

solution can be shown to exist for solenoidal initial data belonging to B,, i: z (R3), with
4 < p < oo. This will be proven in a forthcoming work with Albritton, by exploiting
techniques from Chapters 2 and 6 of this thesis. For the wider scale-invariant space
BMO™(R3?), our approach in Chapter 6 breaks down. The reason why our techniques
no longer apply here is that BMO~'(R?) is an L, based space. Hence, it cannot be
decomposed by the methods we developed for homogeneous Besov spaces in Chapter
2. Related difficulties have been noted by Tsai and Bradshaw [12], in the context of
existence theory of forward self similar solutions of the Navier-Stokes equations with

large data.
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