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Abstract 11 

The determination of the mechanical response of engineering materials subjected to high 12 

loading rates plays an important role in determining their performance and application. The 13 

high strain rate tensile response of metals is usually investigated by means of the Split 14 

Hokinson Tension Bar (SHTB) apparatus. The interpretation of the obtained results is, 15 

however, subjected to analogous stress and strain uniformity challenges present during quasi 16 

static tensile experiments. Beyond the onset of necking, strains cease to be uniform along the 17 

gauge length and localise around the necking zone. Consequently, the nominal strain rate 18 

underestimates the effective strain rate experienced by the material. The analysis of the 19 

effective strain rate and stress state beyond the onset of necking has received considerable 20 

attention in literature. Several research efforts have focused on the optimization of the geometry 21 

of specimens to be employed for the characterization of the dynamic tensile response using the 22 

SHTB. The present work investigates, systematically, the effects of strain history and adiabatic 23 

heating on the stress state during dynamic loading. A series of monotonic and various strain 24 

history experiments were conducted and analysed. The diameter evolution, effective strain rate 25 

and temperature histories were measured for all conducted experiments. Numerical simulations 26 

were carried out to examine the stress state during strain localisation and to accurately 27 

reproduce engineering and local thermos-mechanical variables. The effectiveness of existing 28 

post-necking corrections for high-rate experiments is assessed. A modified post-necking 29 
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correlation taking into account the effects of adiabatically induced thermal softening is 30 

proposed. 31 

 32 

Keywords: Hopkinson bar, Specimen geometry, Titanium alloys, Dynamic necking, stress 33 

triaxiality 34 

 35 

Table 1: List of symbols 36 

𝑎 Current minimum cross section radius 

𝐴  Cross section areas of bars 

𝐴0 Cross section area of specimen 

𝑙0 Original specimen gauge length 

𝐷0 Original diameter 

𝐷 (t) Current diameter 

𝑅  Radius of curvature or necking curvature 

𝜀(𝑡)  Strain 

𝜀̇(𝑡) Strain rate 

𝜀𝐼(𝑡) Incident strain history 

𝜀𝑅(𝑡) Reflected strain history 

𝜀𝑇(𝑡) Transmitted strain history 

𝜀0̇ Reference strain rate 

𝜀𝑝 Equivalent plastic strain 

𝜀̇ Current plastic strain rate 

𝜀∗ 𝜀

𝜀0̇

̇
 

𝜀𝑝 Engineering plastic strain 

𝜀𝑁 True strain at the initiation of necking 

𝜀𝑒𝑞 True current equivalent strain 

𝜀𝑃𝑚𝑎𝑥 Ultimate engineering plastic strain 

𝜀𝑓 Failure engineering strain 

𝜀𝑡𝑟𝑢𝑒 True strain 

𝜀𝑡̇𝑟𝑢𝑒 True strain rate 

𝜀𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑝𝑙 Effective plastic strain 

𝑇 Current temperature 

𝑇𝑟𝑜𝑜𝑚 Room temperature 

𝑇𝑚𝑒𝑙𝑡 Melting temperature 

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Applied Mechanics. Received August 11, 2022;
Accepted manuscript posted October 26, 2022. doi:10.1115/1.4056136
Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/doi/10.1115/1.4056136/6938013/jam
-22-1260.pdf by U

niversity of O
xford, Antonio Pellegrino on 02 N

ovem
ber 2022



3 

 

  

𝜎(𝑡) Dynamic stress 

𝜎𝑡𝑟𝑢𝑒 True stress 

𝜎𝑓𝑙𝑜𝑤 ,𝜎𝑒𝑞 Equivalent or von Mises stress or Flow stress 

𝜎𝑒𝑛𝑔 Engineering stress 

𝜎𝑒𝑞_𝑎𝑣𝑔 True equivalent stress averaged  over the minimum cross section 

(𝜎𝑥) Axial stresses 

(𝜎𝑟) Radial stress 

(𝜎ℎ) Hoop stress 

(
𝑟

𝑎
) Radial coordinates (neck center to necking outer radius) 

 37 

1. Introduction 38 

Titanium alloys have been a popular choice in various engineering applications, namely 39 

defense, aerospace, and automotive, credit to their excellent strength to density ratio coupled 40 

with superior corrosion resistance and durability. The well-balanced strength and ductility have 41 

made Ti6Al4V one of the most versatile titanium alloys, a composition that finds application 42 

in various engineering sectors. Generally, this class of materials is strain rate dependent and 43 

requires a careful assessment of their processing history, surface texture and grain size [1, 2]. 44 

The recent research in material science and metallurgy pushed towards the development of 45 

novel ductile titanium alloys such as Ti0.7Al4V and Ti1Al4V [3-5] for impact containment 46 

applications, among the others. It is thus envisaged that reduced strength and increased ductility 47 

will provide improved performance in such applications, whilst significantly reducing 48 

manufacturing costs. Recent studies showed that a new titanium alloy, Ti0.7Al4V, benefits 49 

from significantly reduced flow stress during forming [6].These ductile alloys are capable of 50 

dissipating considerable energy during deformation and failure and their applications include, 51 

but are not exclusive to, blade containment in jet engines, impact of foreign objects, ice 52 

injection,  crashworthiness, etc. The accurate prediction of the mechanical response of the 53 

material under large deformation requires the rigorous evaluation of its true equivalent stress 54 

and equivalent strain characteristic.  55 

Typically, the equivalent stress and equivalent strains are estimated by means of standard 56 

uniaxial tensile experimentation using either cylindrical smooth round or flat specimens. 57 

Before the onset of necking in when the deformation is uniform, the logarithmic form provides 58 

a reasonably good description of true stress and true strain in the material. However, beyond 59 
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the onset of necking the deformation ceases to be uniform along the gauge length of specimen. 60 

In fact, after necking initiates, strain localizes around the minimum cross section and cannot 61 

be related anymore to the gauge length. Moreover, the stresses in the specimen are no longer 62 

uniform and a triaxial stress state develops in the necked region. As a result, the computation 63 

of the stresses and strains using their nominal or logarithmic form poorly approximates the true 64 

stress and true strain in the necked region of the specimen  [7, 8]. Therefore, the identification 65 

of accurate equivalent stress-strain characteristics in the post-necking regime is crucial for the 66 

accuracy of the measured mechanical properties. 67 

The Split Hopkinson pressure bar is commonly used to acquire the high strain rate mechanical 68 

response in the range of 102 s-1 to 104 s-1. The displacements and forces on the specimen can 69 

be determined from the recorded strain gauge signals using one-dimensional wave analysis and 70 

used to calculate nominal stresses and strains within the specimen. A detailed description about 71 

the theory and basic formulation of this apparatus can be found in [9]. The calculation of the 72 

true stress and true strain in the post-necking phase is possible only if the diameter evolution 73 

of the cross section is accurately measured, for example using high-speed imaging or 74 

alternative equivalent methods such as laser profiling. [10]. 75 

During dynamic tensile testing, homogeneous strains are limited to the early stage of 76 

deformation and are usually followed by the onset of necking (strain localization). In the 77 

necked region, the rapid increase of plastic strains generally causes the temperature to rise. 78 

Therefore, it is expected to observe large thermal gradients in the necked region relative to the 79 

rest of the gauge length. Moreover, the estimation of the overall temperature rise is an important 80 

aspect to model for impact events, where adiabatic heating can significantly soften the material 81 

response. In addition, particularly when strong and ductile materials undergo large deformation 82 

at high rate, a large amount of plastic work is dissipated in a short time, resulting in heat 83 

generation and non-isothermal conditions. Experiments conducted using an infra-red detector 84 

on commercially pure titanium reported that almost the total amount  of plastic work done 85 

during the dynamic deformation is converted into heat [11]. Macdougall and Harding [12, 13] 86 

utilized infrared radiometry to quantify the fraction of plastic work converted into heat and 87 

evaluate the Taylor-Quinney coefficient. They conducted high-rate testing on tensile and 88 

torsion specimens made of Ti6Al4V and concluded that the conversion factor increases with 89 

increasing plastic strain. They reported that the value of β ranges from 0.5 to 0.9 and from 0.5 90 

to 1.0 for tension and torsion testing, respectively. Noble et. [14] used a thermal imaging 91 
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camera and found that the peak temperature rise due to adiabatic heating can reach 92 

approximately 300C for iron tensile specimens, which is sufficient to influence considerably 93 

the mechanical response of metals. Ranc et al. [15] showed that the temperature increase 94 

comprises of two stages; a quasi linear increase occurring when the flow stress is almost 95 

constant, and a rapid increase of temperature when the flow stress begins to drop associated 96 

with the formation of adiabatic shear bands. Several researchers have measured the real-time 97 

surface temperature of steel, aluminium, Inconel, and titanium alloys [16-22] using high-speed 98 

IRT or similar techniques. The dependence of the Taylor-Quinney coefficient on the dynamic 99 

loading mode and on the investigated material was examined in [21] using a high-speed 100 

infrared radiation detector to measure the temperature evolution on the tested specimens. The 101 

concurrent effects of dynamic strain localization and adiabatic heating were recently assessed 102 

in [23].  103 

The use of conventional manufacturing processes such as sheet forming, ring rolling, or cross 104 

rolling induces a certain amount of strain history on the materials. It is therefore interesting to 105 

investigate the effect of pre-strain on dynamic strain localisation and stress state.   Wu et al [24] 106 

investigated the effect of pre-strain on microstructure and tensile properties of Ti-6Al-4V at 107 

elevated temperature. It was found that the level of pre-strain affects the hot forming 108 

performance of Ti6Al4V. Various investigations examined the microstructural evolution and 109 

deformation mechanism with pre-strain history at low rate loading [24-26]. A number of studies 110 

assessed the effect of plastic pre-strain on high cycle fatigue and fatigue crack growth 111 

behaviour [27, 28]. The results suggest that plastic pre-strain enhances fatigue life and delays 112 

the crack growth rate.  113 

To the authors’ knowledge, there is no previous investigation on the influence of pre-strain on 114 

necking evolution and stress triaxiality during high rate tensile deformation. Additionally, it is 115 

important to assess the effect of adiabatic heating on the stress state within the necking area. 116 

An extensive series of quasi-static pre-strain experiments followed by high strain rate tensile 117 

deformation constitutes the experimental baseline to determine the temperature history in the 118 

necked area of the specimen.  119 

The present research work investigates, systematically, the effects of strain history on the 120 

effective strain rate, thermal softening and stress state during dynamic tensile loading in 121 

Ti6Al4V. A series of monotonic and quasi-static pre-strain experiments followed by high strain 122 

rate loading are conducted and analysed. Many researchers have investigated the effect of 123 
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triaxiality in post-necking and corrected true curves into equivalent stress-strain curves [29-124 

37]. However, no systematic investigation to understand the application and reliability of these 125 

corrections for high-rate and strain rate history experiments has been found. With this work we 126 

present a systematic study assessing the validity of post necking corrections for high rate 127 

experiments. The high strain rate, pre-strain history experiments and their corresponding 128 

simulations demonstrate that the temperature rise consequent to adiabatic heating affects the 129 

stress distribution in the necking area. Finally, a modified post-necking correction, taking into 130 

account the parameters related to adiabatic heating is proposed and verified. 131 

 132 

2. Experimental setup and material specification 133 

This section presents the key details of specimen design, manufacturing and of the 134 

experimental set-ups used for quasi-static, pre-straining and high strain rate loading 135 

experiments.  136 

2.1 Specimen geometry and preparation 137 

The tensile specimen geometry was selected based on the previous research conducted at 138 

Impact engineering lab at University of Oxford. A smooth cylindrical specimen with 8 mm 139 

gauge length and 3 mm diameter was used in quasi-static, high strain rate and strain history 140 

experimentation as illustrated in Figure 1.  141 

    142 

Figure 1:(a) geometrical description of the tensile specimen and (b) example of speckle pattern for DIC analysis. 143 

Speckle patterns with a white background and black dots were applied on every specimen using 144 

an appropriate airbrush, thus enabling the full field strain analysis on the specimen by means 145 

of the digital image correlation (DIC) technique. In the present study, the commercially 146 

available GOM-Aramis® was used to investigate the strain field at low and high rates of 147 

deformation. The quality of the speckle pattern was assessed using the mean intensity gradient 148 

(MIG) for the region of interest as a metric [38]. The MIG has been set as a standard value to 149 

(b) (a) 
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assess the quality of the speckle pattern and has been reported as an important parameter for 150 

DIC analysis. Pan et al. [39] created various speckle patterns with MIG varying from 09 to 35 151 

and presented an extensive comparison of mean bias and standard deviation error. The 152 

conclusion reports that a MIG value of 20 or higher is a good indicator for good DIC analysis. 153 

The quality of the speckle patterns was investigated on various samples. The average value of 154 

the MIG was found to be around 30, higher than the minimum recommended value.   155 

2.2 Specimen Material  156 

The tensile specimens were manufactured from a commercial cross-rolled plate to keep any 157 

directionality in the mechanical response negligible. The details of chemical composition and 158 

quasi-static mechanical properties are tabulated in Table 2.  159 

 160 

Table 2: Chemical composition and basic mechanical properties of the Ti-6Al-4V used in this study. 161 

Weight (%) N C H Fe O Al V 

Max 0.05 0.08 0.015 0.40 0.20 6.75 4.5 

Density  

(g/cm3) 

Young’s modulus 

(GPa) 

UTS 

(GPa) 

Failure 𝜀𝑒𝑛𝑔  

% 

4.419 110 895 17-19 

2.3 Quasi-static experimental setup 162 

A screw-driven mechanical test machine Zwick-050 with 20kN load cell was used to determine 163 

the quasi-static response and to introduce pre-strain in the pristine samples. The pre-straining 164 

set-up included a non-contact video extensometer (IMT-CONTR-VG5-ADV®2) controlling 165 

strains in real time with high accuracy equipped with a 1936×1216 resolution camera (IM-166 

CAM-0372) and a magnification lens (MT018) with a focal length of 186 mm. Once the desired 167 

strain was achieved, the load was removed to neutralize the reaction forces. In addition a 168 

2456×2054 pixel iDS1 UEye USB 3.0 camera, equipped with a low distortion lens was used  169 

for image acquisition and subsequent full-field DIC strain analysis, see Figure 2 (a). Different 170 

quasi-static pre-strain levels, namely 6%, 10%, and 14% engineering total strain (𝜀𝑒𝑛𝑔), as 171 

 
2 Imetrum Limited, The Courtyard, Wraxall Hill, Wraxall, Bristol, BS48 1NA, United Kingdom 
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illustrated in Figure 2(b), were prescribed for the subsequent high-rate of deformation 172 

experiments.  173 

 174 

 175 

Figure 2: (a) quasi-static loading, strain control and imaging setup (b) example of pre-straining of a Ti6Al4V specimen. 176 

It is noted that, although the applied pre-strains have been labelled as 6%, 10% and 14%, the 177 

amount of plastic strain within the gauge length of the samples after unloading is less for each 178 

of the pre-strain levels. This is because the material unloads elastically at the end of the pre-179 

straining stage. Therefore, the deformation in the material is reduced by the elastic strain 180 
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corresponding to the stress exerted prior to unloading. 181 

2.4 High-rate experimental setup 182 

The dynamic experiments on pristine and pre-strained specimens were carried out using an in-183 

house developed Split Tensile Hopkinson Bar (SHTB) apparatus, represented schematically in 184 

Figure 3.  Detailed information on the apparatus can be found in [40]. The input and output 185 

bars were made of titanium grade 5 with a solid cross section of 10 mm in diameter and a length 186 

of 2700 mm. Various striker lengths from 500 mm to 2500 mm can be used to achieve strain 187 

rate ranging from 300 s-1 to 3000 s-1. The longer strikers enables a longer duration of the stress 188 

pulse, which is useful to deform and fail samples even when the strain-rate is relatively low. 189 

The high-rate experiments were recorded using a Specialised Imaging Kirana high speed 190 

camera operating at 0.5 million frames per second. The acquired images were processed using 191 

the commercial DIC software GOM Aramis®3 for the accurate measurements of elongation and 192 

diametrical contraction in the sample, analogously to what was done for the quasi-static 193 

experiments.  194 

 195 

Figure 3: schematic of the Split Hopkinson Tension Bar apparatus 196 

When using the short projectile the incident and reflected stress pulses do not superimpose 197 

during the experiments. Hence, stress and strain histories can be calculated using the classic 198 

SHB analysis, reported in Gray et al. [9]. Dynamic stress (𝑡) , strain 𝜀(𝑡) and strain rate 𝜀̇(𝑡) 199 

can be evaluated at any time during the transient experiment using the following formulation: 200 

 201 

  𝜎(𝑡) =  
𝐸𝐴

𝐴0
 𝜀𝑇(𝑡) (1) 

 
3 GOM UK, Siskin Parkway East, 14, The Cobalt Centre, Coventry, UK 
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𝜀(𝑡) =  
−2𝑐

𝑙0
 ∫ 𝜀𝑅(𝑡)

𝑡

0

𝑑𝜏 
(2) 

𝜀̇(𝑡) =  
−2𝐶

𝑙0
 𝜀𝑅(𝑡) 

(3) 

𝜀𝐼(𝑡) + 𝜀𝑅(𝑡) =  𝜀𝑇(𝑡) (4) 

  

Where 𝐸 is the young’s modulus of the bars, 𝐴 and 𝐴0 are the cross-section areas of the bars 202 

and specimen, respectively; 𝑐 represents the longitudinal elastic wave propagation velocity of 203 

the input/output bars, 𝑙0 is the original specimen gauge length. 𝜀𝐼(𝑡), 𝜀𝑅(𝑡), 𝜀𝑇(𝑡) represent 204 

incident, reflected and transmitted strain histories recorded in incident and transmitted bars. In 205 

addition to the high-speed camera, a Telops FAST-IR-M3K infra-red camera was employed to 206 

observe the temperature history during quasi-static and high-rate mechanical tests. It features 207 

a spatial resolution of 320×256 pixels with a spectral range of 1.5 µm to 5.4 µm. An integration 208 

time of approximately 5µs and a frame rate of 100000 𝑓𝑝𝑠  were used during high rate 209 

experiments. However, these settings resulted in a resolution trade-off and images were 210 

acquired in sub-window mode of 64 x 4 pixels. For the quasi-static tests, the frame rate used 211 

was 1 Hz, the integration time was 50µs and the resolution was 64 × 64 pixels. The triggering 212 

of the infrared camera and of the high speed camera was achieved using the rising edge of the 213 

incident pulse to ensure the temporal synchronization of load, strain and temperature 214 

measurements. Table 3 summarizes the experiments conducted in this study. 215 

 216 

Table 3: summary of the experiments conducted in the current study. 217 

Material : Ti-6Al-4V Strain rate Repetition 

   

Pristine - Monotonic 1800 s-1 – 2100 s-1 7 

   

Quasi-static 10-3 s-1 4 

   

Pre-strain   

   

06 1800 s-1 – 2100 s-1 7 
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10 1800 s-1 – 2100 s-1 8 

   

14 1800 s-1 – 2100 s-1 7 

3. Results and discussion 218 

This section summarizes the experimental results obtained from, quasi-static, high rate 219 

monotonic and strain rate jump experiments with different pre-strain levels. Firstly, the 220 

achievement of dynamic equilibrium conditions during high-rate experiments is assessed. 221 

Following, the mechanical responses of pristine and pre-strained Ti-6Al-4V samples, as well 222 

as the time histories of the necking diameter are presented. Finally, the temperature increase 223 

during high-rate testing for each loading case is presented.  224 

 225 

3.1 Dynamic response and effect of strain history on dynamic strain localisation of 226 

Ti-6Al-4V 227 

Dynamic equilibrium conditions [9] have been verified for all experiments to assess the validity 228 

of the experimental results presented in this section. Figure 4 illustrates the comparison of the 229 

force histories measured on the sample at the interfaces with incident and transmitted bars, 230 

during a representative experiment. It is evident that dynamic equilibrium conditions were 231 

achieved and that the strain rate is substantially stable during loading. This conditions were 232 

attained for each of the reported experiments.  233 

 234 
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 235 

Figure 4: dynamic equilibrium during a representative Split-Hopkinson Tension Bar experiment. 236 

During plastic deformation, beyond necking, the deformation ceases to be uniform along the 237 

gauge length and the computation of the true stresses and strains obtained using their 238 

logarithmic form constitutes an inaccurate approximation of the real material behaviour, 239 

especially in the localized region of the specimen. Moreover, beyond the onset of necking, 240 

strain becomes localized around the minimum cross section and cannot be related anymore to 241 

the gauge length. A complete evaluation of true stress-strain characteristic can only be obtained 242 

if the diameter of the necking cross section radius is monitored accurately during loading and 243 

the following equations are used: 244 

 245 

𝜀𝑡𝑟𝑢𝑒(𝑡) = 2 𝑙𝑛  (
𝐷0

𝐷(𝑡)
)  

(5) 

𝜎𝑡𝑟𝑢𝑒(𝑡) =
4𝐹(𝑡)

𝜋𝐷(𝑡)2
 

(6) 

𝜀𝑡̇𝑟𝑢𝑒(𝑡) =
𝑑

𝑑𝑡
[2 𝑙𝑛 (

𝐷0

𝐷(𝑡)
) ] 

(7) 

  

Where 𝜀𝑡𝑟𝑢𝑒(𝑡) and 𝜀𝑡̇𝑟𝑢𝑒(𝑡) represent the true strain and true strain rate histories, 𝜎𝑡𝑟𝑢𝑒(𝑡) is 246 

the evolution of the true stress over time, 𝐷0 is the initial diameter of the specimen and 𝐷(t) is 247 
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the current diameter of the necking cross section. 248 

The nominal strain rate underestimates the effective strain rate experienced by the materials 249 

after the strain localization. This is particularly evident for ductile metal alloys. The effective 250 

strain rate can be evaluated by differentiating the true strain with respect to the time interval. 251 

Generally, the effective strain rate can be much higher in magnitude than the nominal strain 252 

rate [7] . With the aid of high-speed imaging techniques, it is possible to measure accurately 253 

the diameter evolution during dynamic experiments. By knowing the time associated with the 254 

captured images, it is possible to infer an accurate true strain rate history.  255 

The high strain rate engineering and true stress-strain characteristics measured during dynamic 256 

experiments on pristine samples and on samples pre-strained quasi statically at 6%, 10% and 257 

14% of their initial gauge length are illustrated in Figure 5. The alloy shows an evident rate 258 

dependent yield stress, increasing from 910 MPa at a strain rate equal to 0.0008 s-1 to 1250 259 

MPa at strain rates of approximately 2000 s-1. Compared to the pristine material, the specimens 260 

pre-strained at 6% and 10% present a slightly lower failure engineering strain (𝜀𝑓) with average 261 

values of 𝜀𝑓 equal to 18% and 19% respectively, compared to an average 𝜀𝑓 equal to 20% 262 

measured on pristine samples. The effect of the strain history on the strain to failure of Ti6Al4V 263 

is even more noticeable when analysing the true stress-true strain curves reported in Figure 5 264 

(b), with an average true strain to failure equal to 0.67 for monotonic high rate experiments, 265 

compared to values equal to 0.55, 0.44, and 0.47 measured on samples pre-strained at 6%, 10% 266 

and 14% of their initial gauge length.  267 

 268 
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 269 

Figure 5: a) engineering stress-strain characteristics of monotonic and pre-strained Ti-6Al-4V specimens; quasi static pre-270 

strain and dynamic loading b) dynamic true stress–strain response of monotonic and pre-strained Ti-6Al-4V specimens. 271 

It is also apparent that there is a difference in the thermal softening behavior for the pre-strain 272 

Ti6Al4V alloys. When the samples are pre-strained at 10% and 14% and later tested using the 273 

SHTB, they showed a larger yield point and a higher flow stress compared to the pristine 274 

specimen response. This is explained by considering the effects of high-rate plastic 275 

deformations on the temperature of the material and, consequently, on its flow stress. High-rate 276 

experiments, as plastic deformation occur in very short time, do not allow for any significant 277 
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heat to be exchanged with the surrounding environment [11, 41]. This results in an increase of 278 

temperature within the sample, proportional to the plastic work per unit of volume dissipated 279 

in the material (the area under the true stress-strain curve), commonly referred as adiabatic 280 

heating. On the contrary, the heating at low strain rates is very small [42]. During dynamic 281 

experiments on pristine samples the total amount of plastic work is dissipated in adiabatic 282 

conditions, while on pre-strained samples part of the plastic work is dissipated at quasi-static 283 

rates of strain. The temperature increase in the material is therefore expected to be higher during 284 

dynamic experiments on pristine samples. Consequently, as the mechanical response of 285 

materials is generally affected by the temperature, the softening on monotonic experiments is 286 

higher than on pre-strained samples.  287 

Figure 6 illustrates the diameter contraction as a function of the engineering strain and its 288 

derivative with respect to the same variable. It is clear that the diameter contraction is affected 289 

by the amount of pre-strain imposed on the samples, as its final value prior to failure appears 290 

to be more significant on pristine samples and to gradually decrease for increasing levels of 291 

pre-strains (Figure 6 (a)). Additionally, the diameter of the pre-deformed samples appears to 292 

reduce more gradually during the initial phases of high-rate loading, a feature missing in the 293 

diameter evolution of pristine samples.  The diameter contraction of 14% pre-strained samples 294 

during the early stages of dynamic loading is illustrated in detail in the zoom plot in Figure 6a. 295 

It is observable that the necking diameter reduces moderately until engineering strains between 296 

0.145 and 0.15 and then more rapidly beyond these strains. A similar behavior is observed on 297 

6% and 10% pre-strained samples.   298 

This is also confirmed by Figure 6 (b), which illustrates the envelopes of the rate of contraction 299 

of the diameter with respect to the engineering strain, together with the corresponding average 300 

values for all levels of pre-strain. The rate of reduction of the necking diameter appears to be 301 

higher for monotonic experiments on pristine samples and it is reduced for higher levels of pre-302 

strain. The above effects are ascribed to the larger amount of plastic work dissipated into heat 303 

during high-rate experiments on samples characterised by lower pre-strain. The amount of 304 

adiabatic heating generated during plastic deformation is expected to affect the strain 305 

localisation in the necking area and, in turn, the stress state around the minimum diameter of 306 

the sample.  307 

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Applied Mechanics. Received August 11, 2022;
Accepted manuscript posted October 26, 2022. doi:10.1115/1.4056136
Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/doi/10.1115/1.4056136/6938013/jam
-22-1260.pdf by U

niversity of O
xford, Antonio Pellegrino on 02 N

ovem
ber 2022



16 

 

  

 308 
Figure 6: a) diameter contraction of monotonic and pre-strained Ti6Al4V samples, b) rate of diameter contraction, envelopes 309 

and average values for all levels of initial pre-strain. 310 

3.2 Measurement of Temperature rise 311 

A high-speed infrared camera (Telops FAST-IR-3K) was used to monitor the temperature 312 

change during the mechanical testing at quasi-static and high loading rates, as shown in Figure 313 

7 (a). The IR camera considers the target as a black body with emissivity of one while 314 

monitoring the temperature change. Therefore, it is necessary to examine the emissivity to 315 

account for the influence of the speckle pattern on the specimen. A conversion factor between 316 
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radiometric and surface temperature was estimated via the following procedure: (a) the sample 317 

was heated slowly in a controlled environmental chamber until reaching a stabilized 318 

temperature, (b) a K-type thermocouple, connected to a temperature logger, was spot welded 319 

onto the surface of the sample, and (c) the temperature change was monitored during the 320 

cooling of the specimen. A linear fit was used to convert the radiometric temperature to surface 321 

temperature and the surface emissivity was found to be between 0.91 and 0.96 for the matt 322 

paint applied on the surface of the titanium samples. The calibration was repeated three times 323 

in similar testing conditions and the average full field radiometric temperature of the specimen 324 

was compared with the surface temperature measured by the thermocouple.  325 

Ti6Al4V is characterised by low thermal conductivity, which restrains the dissipation of the 326 

heat generated during the plastic deformation rapidly into the environment [43]. It is, therefore, 327 

reasonable to believe that the temperature increment caused by adiabatic heating in the material 328 

increases its ductility, exacerbating the rate of reduction of the diameter in the necking area, 329 

particularly at relatively large nominal strains. The Taylor-Quinney coefficient could therefore 330 

be determined by means of reverse engineering procedures, using material models able to 331 

accurately represent strain localization in ductile alloys [4]. 332 

 333 

Figure 7: detail of the experimental setup; (a) Split-Hopkinson Tensile Bar equipped with infrared thermal camera and high-334 

speed camera, (b) example of the temperature distribution during dynamic strain localisation. 335 

Prior to every mechanical test, it was ensured that the centre of the specimen remains in the 336 

field of view of the infrared camera to avoid any influences on the measurements. The full field 337 

measurement of the thermal camera avoids the limitation of using thermocouple for measuring 338 

the adiabatic heating temperature. Despite the reduced resolution necessitated by the high speed 339 

acquisition, the setup pictures show that the entire length of the tensile specimen is captured in 340 

the 64 pixels of the thermal camera. The width of 4 pixels also covers the entire diameter of 341 

the specimen and this allows the measurement of the temperature at the necking zone without 342 
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a priori knowledge of its location. Initial experiments of the high strain rate tests of Ti64 343 

samples showed that the temperature in this zone exceeded the 176 °C limit of the calibration 344 

range of the Telops camera. A calibration file with temperature ranging from 110 °C to 378 °C 345 

was used instead for all the tests. Since the current study focuses on the identification of the 346 

effect of pre-straining on the stress state in the necked section, it was essential to find out the 347 

overall peak temperature rise during high-rate testing for various pre-strain levels. This 348 

calibration range meant that it was not possible to measure the temperature evolution from 349 

room temperature and the measurement focused on the necking phase.  350 

Figure 8 illustrates the experimental results for two representative experiments where the 351 

temperature evolution is observed for pristine and pre-deformed tensile specimens with pre-352 

strain level equal to 10% engineering strain. It can be seen that the temperature reaches 353 

approximately 220 °C for the pristine case, while for the pre-strained sample the peak 354 

temperature is in the region of 195 °C.  355 

 356 

Figure 8: temperature evolution during high rate experiments: (a) Pristine Ti-6Al4V specimen and (b) 10% Pre-strained Ti-357 

6Al4V specimen. 358 

The effect of the pre-strain on the necked region of the sample can be further analysed 359 

synchronising the infrared thermal images with the images captured by the high speed camera 360 

(Figure 9). It is evident that the overall temperature rise appears to be less significant on the 361 

10% pre-strained sample compared to the pristine specimen. Correspondingly, the strain 362 

localisation around the necking region also appears to be more pronounced on the pristine 363 

sample.  364 
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 367 

 368 

      369 

Figure 9: full field radiometric temperature profile and deformation of Ti6Al4V tensile samples: (a) high rate 370 

experiment on pristine sample and (b) high rate experiment on pre-strained sample, 10% engineering pre-strain. 371 

Figure 10 presents the peak temperature as a function of the level of pre-strain for all 372 

experiments presented in this study. By observing the trend, it is possible to conclude that the 373 

overall temperature rise during high rate experiments is inversely proportional to the imposed 374 

level of pre-strain. This is because the short duration of high-rate experiments does not allow 375 

for any significant heat to be transferred to the surrounding environment, resulting in an 376 

increase of temperature proportional to the work dissipated during plastic deformation. 377 

Conversely, this temperature increment results negligible during quasi-static experiments [42]. 378 

On pre-strained samples a portion of the plastic work, proportional to the level of pre-strain, is 379 

done quasi statically, hence the lower measured peak temperature. The above considerations 380 

rationalise the trend illustrated in Figure 10. 381 
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 382 

Figure 10: peak temperature during high-rate tensile experiments for various levels of pre-strain: average values and scatter. 383 

4. Numerical modelling 384 

The axial stresses and necking diameter evolution under different levels of pre-strain were 385 

measured experimentally by means of stress wave analysis and high speed photography. 386 

However it is not possible to measure experimentally the entire stress state around the necking 387 

area and its temporal evolution during the dynamic straining, as these also require the 388 

components of hoop and radial stress. Hence, numerical modelling techniques are essential to 389 

investigate further the influence of strain history on the dynamic strain location. The relevant 390 

details are outlined in the following sections.   391 

4.1 Model development 392 

The numerical analysis was carried out using the commercially available explicit solver LS-393 

DYNA®. To reduce the computational cost, the experimental set-up was simplified into a 394 

simple tensile specimen geometry using appropriate boundary conditions. The specimen was 395 

meshed using single point integration 8-node hexahedral solid elements. These elements are a 396 

popular choice in modelling impact and large deformation problems [44].One end of the 397 

specimen was constrained using fully fixed boundary conditions whilst the boundary 398 

conditions at the other end correspond to the particle velocities and displacement histories 399 

measured during the experiments by means of image analysis of the recorded pictures.  400 

Following a mesh sensitivity analysis, a discretization with elements of size varying from 401 
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approximately 0.29 mm to approximately 0.2 mm from the ends to the centre of the specimen 402 

was selected. Figure 11 illustrates the details of mesh and boundary conditions for both the 403 

quasi-static pre-strain and the subsequent high-rate loading. It is noted that displacement 404 

boundary conditions were used to simulate the quasi-static preliminary deformation while 405 

velocity boundary conditions were used to simulate the dynamic loading.  406 

 407 

Figure 11: schematic illustration of the tensile numerical model with corresponding displacement and velocity boundary 408 

conditions. 409 

An appropriate amount of mass scaling was used to obtain a reasonable computation time while 410 

ensuring negligible kinetic energy to avoid any inertial effects on the results. The numerical 411 

model of pre-deformation and dynamic loading experiments comprises of the following 412 

steps:(a) the specimens are loaded using displacement boundary conditions  to obtain the 413 

desired amount of preliminary strain (b) Once the desired pre-strain level is achieved, the 414 

specimens are unloaded until the resultant forces reduce to zero, (c) the pre-strained specimens, 415 

retaining information on plastic strains, stress states and internal state variables are loaded 416 

dynamically using the particle velocities boundary conditions measured during high rate 417 

experiments. Thermal boundary conditions are applied to both ends of the specimen. The 418 

numerical problem was set-up using a fully coupled thermal-stress analysis in LSDYNA 419 

explicit solver. The thermal time increment for QS and HR were set to 1 s and 1µs, respectively.   420 
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4.2 Material modelling of Ti-6Al-4V 421 

The mechanical response of the sample was modelled using the empirical formulation proposed 422 

by Gordon R Johnson and William H Cook. [45]. The Johnson-Cook (J-C) model is based on  423 

von Mises plasticity and describes the dependency of the plastic flow stress on equivalent 424 

plastic strain, strain rate and temperature. The classic form of the -JC model is multiplicative 425 

and isolates the aforementioned effects on the flow stress 𝜎 as it follows:  426 

 427 

 𝜎 =  [𝐴 + 𝐵(𝜀𝑝)𝑛] [1 + 𝐶𝑙𝑛 (𝜀∗)̇  ] [1 − (
𝑇 − 𝑇𝑟𝑜𝑜𝑚

𝑇𝑚𝑒𝑙𝑡 − 𝑇𝑟𝑜𝑜𝑚

∗

)𝑚 ] (8) 

 428 

Where 𝐴, 𝐵, 𝐶, 𝑛 and 𝑚 are constants, 𝜀𝑝 is the equivalent plastic strain,  𝜀̇ is the current plastic 429 

strain rate, 𝜀0̇ is the reference strain rate. 𝑇𝑚𝑒𝑙𝑡 is the melting temperature of the material and 430 

𝑇𝑟𝑜𝑜𝑚 is the ambient room temperature. It is well known that, the energy dissipated during 431 

plastic deformation of metallic materials is predominantly converted into heat. This can lead 432 

to a substantial rise in temperature if there is no sufficient time for the heat to dissipate, as it 433 

occurs under dynamic strain rates. The consequent non-isothermal conditions result in 434 

softening of the flow stress and can, for some materials, lead to phase transformation [46]. The 435 

fraction of plastic work converted into heat is usually quantified using the Taylor-Quinney 436 

coefficient [47, 48]. The relationship between the plastic work dissipated per unit of volume 437 

and the corresponding amount of generated heat is therefore given by:  438 

𝛽𝑖𝑛𝑡∫ 𝜎
𝛼

0

𝑑𝜀𝑃 =  𝜌𝑐𝑝∆𝑇 
(9) 

Where 𝜌 is the material density, 𝑐𝑝 is the specific heat capacity, ∆𝑇 is the temperature rise and 439 

α is the current plastic strain. 𝛽𝑖𝑛𝑡 is the integral Taylor-Quinney factor [49], which expresses 440 

the fraction of the plastic strain energy density converted into heat. 441 

4.3 Calibration of the Material constitutive strength parameters 442 

The material plasticity parameters were estimated using the experimental dataset and were then 443 

optimized using the LS-OPT tool to reproduce accurately the dynamic response and strain 444 

localisation observed during the experiments. The optimisation process followed the following 445 

steps:  446 

(a) the parameters 𝐴, 𝐵 and 𝑛 were determined from the quasi-static dataset. 447 
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(b)  the parameter 𝐶 was determined from the measured high strain rate data. 448 

(c)  𝑚 was selected from the available literature concerning the material under 449 

investigation    450 

(d) LS-OPT was used to optimize 𝐶 and 𝑚 for different loading cases such as quasi-static, 451 

pre-strained high rate, and high-rate monotonic experiments.  452 

It is paramount to identify the set of material parameters able to reproduce the mechanical 453 

response obtained in all loading cases to carry out a detailed investigation on the stress state 454 

during strain localisation.  An optimization approach known as sequential response surface 455 

method (SRSM) was used together with LS-OPT®, an analysis package easy to interface 456 

with the LS-DYNA pre and post processing tools. This has become a popular approach for 457 

the identification of the material parameters in nonlinear dynamic simulations [50, 51]. The 458 

employed method minimises the distance between the experimental data and the material 459 

model, and generates a new response surface at each iteration.  460 

 461 

 462 

Figure 12: schematic layout of the LS-OPT optimisation interface used for various pre-straining loading cases. 463 

Figure 12 presents the layout of the LS-OPT interface. The numerical models associated to 464 

each pre-strain loading case (monotonic, 6 %, 10% and 14% pre-strain, labelled in Figure 12 465 

as HR_00, HR_06, HR_10 and HR_14.) were converted into meta-models for optimisation and 466 

sensitivity analysis. An appropriate function is used to define objectives and constraints to 467 

iteratively optimise the material parameters with respect to all experimental measurements.   468 

The engineering stress-strain characteristics determined from experiments for each loading 469 

cases were used as the optimisation goals. The final set of material parameters from LSOPT is 470 

tabulated in Table 4. 471 
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 472 

Table 4: Calibrated JC material model constants for Ti6Al-4V. 473 

Material 
Ti-6Al-

4V 
Source 

Density 𝜌0  (
𝑘𝑔

𝑚3) 4419 
[52] 

Young’s modulus (𝐺𝑃𝑎) 110 

Specific heat, 𝐶𝑝 (
𝐽

𝐾𝑔∙𝐾
) 526 [52] 

J-C strength model 

Shear modulus 𝐺 (𝐺𝑃𝑎) 44 [52] 

Yield strength 𝐴 (𝐺𝑃𝑎) 0.908 

Obtained from QS 

LSOPT 

Hardening constant 

𝐵 (𝐺𝑃𝑎) 
0.735 

Hardening exponent 𝑛 0.567 

Strain rate constant 𝐶 0.0274 Obtained from 

Dynamic tests Thermal exponent 𝑚 0.599 

Reference strain rate, 𝜀0̇ 

(s-1) 
0.0008 

Experimental 

conditions Reference temperature 

𝑡0(𝐾) 
293 

Melting temperature tm 

(𝐾) 
1875 

[53] 

Taylor-Quinney 0.85 
Optimized using 

simulation 

 474 

The first assessment of the fidelity of the numerical simulations is performed against the high-475 

rate and quasi static experiments on pristine samples. The outcome is presented in Figure 13 476 

(a). It is evident that the numerical analyses are able to predict the engineering stress-strain 477 

behaviour quite well for both loading rates. Figure 13 (b) illustrates the numerical outcome 478 

obtained after the optimisation carried out in LS-OPT and presents a comparison between 479 

experimental and numerical results for the various pre-strain levels. The optimization process 480 
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resulted in very good predictions for all cases, i.e. monotonic and pre-strain levels equal to 6%, 481 

10% and 14%. When pre-strained specimens were tested at high rate, the data indicated a rise 482 

in the yield stress in the region of 100 - 150 MPa compared to the pristine response. A similar 483 

outcome from the simulations confirms the validity of the numerical set-up.  484 

 485 
Figure 13: comparison of numerical predictions and experimental results on Ti6Al4V samples: (a) monotonic response and 486 

(b) predictions of monotonic and pre-strain experiments after LS-OPT optimization. 487 

Additionally, to investigate the influence of the strain history on the stress state around the 488 

necked region, it is important to examine the local behaviour of the numerically produced 489 

datasets. Figure 14 presents a detailed comparison between the numerical and experimental 490 

diameter contractions. The predicted diameter evolutions show a very good agreement with the 491 

experimental dataset, confirming the validity of the numerical framework. It is therefore 492 

possible to use these simulations as a reliable way to study and compare the stress state 493 

evolution in each loading case.  494 

0.00 0.05 0.10 0.15 0.20 0.25
0

200

400

600

800

1000

1200

1400

E
n

g
in

ee
ri

n
g

 s
tr

es
s 

[M
P

a]

Engineering strain [-]

 HR_Tests

 Numerical_HR

 QS_Tests

 Numerical_QS

0.00 0.05 0.10 0.15 0.20 0.25
0

200

400

600

800

1000

1200

1400

E
n

g
in

ee
ri

n
g

 s
tr

es
s 

[M
P

a]
Engineering strain [-]

 Monotonic

  Numerical

 Prestrain 06%

  Numerical

 Prestrain 10%

 Numerical

 Prestrain 14%

 Numerical

a) b)

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Applied Mechanics. Received August 11, 2022;
Accepted manuscript posted October 26, 2022. doi:10.1115/1.4056136
Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/doi/10.1115/1.4056136/6938013/jam
-22-1260.pdf by U

niversity of O
xford, Antonio Pellegrino on 02 N

ovem
ber 2022



26 

 

  

 495 

Figure 14: comparison of experimental data and numerical predictions of the diameter evolution for monotonic and pre-496 

strained loading cases.  497 

As both the diameter evolution in the necking area and engineering curves are in very good 498 

agreement with experimental data, the numerical simulations are believed to be accurate and 499 

suitable to investigate the stress triaxiality within the specimen, as detailed in the following 500 

section.  501 

5. Stress state in the necked regions and consideration on stress triaxiality 502 

Before the onset of necking, the deformation of the specimen is uniform and the mechanical 503 

characteristic of the sample can be estimated easily. After the inception of necking, 504 

deformations are no longer uniform, and strain localisation exacerbate while the force acting 505 

on the sample decreases, until failure. In this phase deformations localise around the minimum 506 

cross section and cannot be related anymore to the gauge length. A complete stress strain curve 507 

can only be obtained if the neck area is monitored during the test. Additionally, the regions of 508 

the sample near the neck constrain the reduction of the minimum cross section, and a triaxial 509 
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stress state develops in this region. As a result the equations used for the determination of  true 510 

stress and true strain cannot be used to compute the equivalent stress-strain response. In this 511 

work  the effect of the pre-strain on the evolution of stress triaxiality during dynamic tensile 512 

loading is investigated and compared for various levels of strain history. Moreover, correction 513 

methods such as Bridgman, Gromada and MLR are employed to assess their capability for the 514 

studied loading cases. The validated numerical results are used to examine the stress state 515 

within the necked zone and the influence of the pre-straining on the stress distributions.  516 

5.1 Analysis and comparison of the stress states within the necking area. 517 

The estimation of the average axial stresses (𝜎𝑥) from experimental measurements is not 518 

sufficient to detail the overall stress state during dynamic strain localization. After the onset of 519 

necking, the deformation does not remain uniform, resulting in a non-uniform distribution of 520 

stresses around the necked zone. In this area, non-uniform radial (𝜎𝑟) and hoop stresses (𝜎ℎ) 521 

become significant and even the axial stresses (𝜎𝑥) depart from uniformity. This is shown 522 

clearly in Figure 15 (a), where the distribution of the axial stresses (𝜎𝑥) along the normalised 523 

radial coordinate (
𝑟

𝑎
) is presented for a state of deformation corresponding to 𝜀𝑒𝑛𝑔 equal to 524 

15%. It can be inferred, from Figure 15 (a), that, 𝜎𝑥 varies from 1615 MPa to 1280 MPa in the 525 

monotonic case, whereas it ranges from 1650 MPa to 1541 MPa for the 14% pre-strained 526 

experiment. The distributions of 𝜎𝑥 become flatter as the pre-strain level is increased. A similar 527 

trend is observed in the distribution of radial stresses 𝜎𝑟, which is approximately analogous to 528 

the distribution of the hoop stresses 𝜎ℎ. Figure 15 (b) shows that the variation of radial strains 529 

across the specimen cross section is more pronounced in the monotonic case and it gradually 530 

decreases for increasing levels of pre-strain. This clearly indicates the complexities posed by 531 

strain localisation in the experimental measurements of the equivalent stress 𝜎𝑒𝑞. 532 
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 533 

Figure 15: axial and radial stress distribution in the necking region for various pre-strain cases. The displayed distributions 534 

were obtained for a total engineering strain equal to 15%. 535 

The different stress states in the necked section are further investigated comparing the 536 

distributions of axial, von Mises  (𝜎𝑒𝑞) and true stress (𝜎𝑡𝑟𝑢𝑒) when the engineering strain 𝜀𝑒𝑛𝑔 537 

in the sample is equal to 15%. The comparison is presented in Figure 16. It is noted that the 538 

true stress 𝜎𝑡𝑟𝑢𝑒 is the stress obtained using Eq. (6) and, therefore, is constant across the necked 539 

section. Conversely, axial and equivalent Mises stresses vary across the minimum cross section.  540 

The difference between von Mises stress and true stress is higher in the case of monotonic 541 

loading on pristine samples, and becomes smaller as the level of pre-strain increases. More in 542 

detail, this gap is approximately 71 MPa for high-rate monotonic loading and decreases to 24 543 

MPa for a pre-strain of 14%. This trend is explained by the different amount of plastic work 544 

converted into adiabatic heating, gradually lower for increasing levels of pre-strain. The 545 

increase in temperature caused by adiabatic heating induces the neck to be more pronounced 546 

and, consequently, the triaxiality of the stress state to become more noticeable.  547 

In essence, strain localisation causes the stress state to depart from uniaxial conditions, 548 

introducing non-uniform stress distributions and, in turn, a noticeable difference between the 549 

true stress 𝜎𝑡𝑟𝑢𝑒 (Eq.6) and the equivalent von Mises stress 𝜎𝑒𝑞. This difference becomes larger 550 

when the necking is very pronounced, as in the case of ductile metal alloys or significant 551 

adiabatic heating. 552 

 553 
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 556 

 557 

Figure 16:axial, true, and von Mises stress in the necked region during high-rate tensile loading on: a) pristine samples b) 6% 558 

pre-strained samples, c) 10% pre-strained samples and d) 14% pre-strained samples. 559 

The characterisation of the mechanical behaviour of ductile alloys requires the conversion of 560 

𝜎𝑡𝑟𝑢𝑒 to 𝜎𝑒𝑞. The literature reports various corrections to determine 𝜎𝑒𝑞 from the experimentally 561 

measurable 𝜎𝑡𝑟𝑢𝑒, such as the ones proposed by Bridgman, Gromada, and the recently 562 

developed MLR. The applicability of these solutions to high-rate experiments is assessed in 563 

the following section, where the numerical simulations detailed in section 4 are used to analyse 564 

each of the investigated loading cases.  565 

5.2 Stress correction in post-necking tension of cylindrical specimen 566 

This section details the different analytical corrections to convert true stress to equivalent stress.  567 

5.2.1 Bridgman correction 568 
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Bridgman [29] proposed an analytical solution to correct the true stress to the equivalent stress 569 

in the post‐necking regime. The method is applicable for axisymmetric specimens and isotropic 570 

materials and requires the continuous measurement of the minimum cross section radius and 571 

of the necking curvature radius. The Bridgman correction factor 𝜉𝐵𝑟𝑖𝑑𝑔𝑚𝑎𝑛 can be expressed 572 

as below:  573 

𝜉𝐵𝑟𝑖𝑑𝑔𝑚𝑎𝑛 =
𝜎𝑡𝑟𝑢𝑒
𝜎𝑒𝑞

= (1 + 
2𝑅

𝑎
) 𝐿𝑛 (1 + 

𝑎

2𝑅
) 

(10) 

Where 𝑎 is the current minimum cross section radius and 𝑅 is the radius of curvature of the 574 

necking profile. The method is based on the hypothesis of volume conservation in the plastic 575 

regime and on the assumptions that strains are constant in the minimum cross section. Its error 576 

is reported to range between 5% and 15%, although it requires considerable effort to determine 577 

the radius of curvature of the necking profile [33]. In another study [32, 35] Gromada et al. 578 

conducted a numerical analysis and reported an inaccuracy of 10% for cases of ideal plasticity. 579 

Similar findings were reported by Needleman [54], who reported that the formula is accurate 580 

only at the early stages of necking. Experiments and modelling on SAE steel [55] indicated 581 

that the Bridgman correction may be inaccurate at large plastic strains. Muratha et al. [37] 582 

showed, by means of numerical analysis, that the flow stresses obtained using the Bridgman 583 

correction are higher than those obtained by inverse modelling. Gromada et al. [36] conducted 584 

a detailed investigation on each of the assumptions adopted by Brigdman and proposed two 585 

alternative formulations of the correction factor. 586 

 587 

5.2.2 Gromada correction  588 

Gromada et al. [36] adopted a semi-analytical approach to study the stress state in the necking 589 

region and correct for stress triaxiality in uniaxial tensile experiments. The detailed discussion 590 

about the formulation of this complex analytical solution, the adopted assumptions, boundary 591 

conditions and additional information can be found in [36]. Their study resulted in the 592 

correction formula below:  593 
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𝜂𝐺𝑟𝑜𝑚𝑎𝑑𝑎 = 
𝜎𝑒𝑞

𝜎𝑡𝑟𝑢𝑒

= 1 − 
5𝛬

7(1 + 5𝛬)
− 

2(1 − 6𝛬)

7(1 + 5𝛬)
+ 

2

7
 + 

30𝛬(8𝛬 −  𝛿 −  5𝛿𝛬)

49𝛿(1 + 5𝛬)2

+ 
3(8𝛬 − 𝛿 − 5𝛿𝛬)

7𝛿(1 + 5𝛬)
 (
2(1 − 6𝛬)

7(1 + 5𝛬)
−
2

7
− 

30𝛬(8𝛬 −  𝛿 −  5𝛿𝛬)

49𝛿(1 + 5𝛬)2
)

𝑙𝑛 |1 + 
7𝛿(1 + 5𝛬)

3(8𝛬 − 𝛿 − 5𝛿𝛬)
| 

(11) 

Where 𝛿 =
𝑎

𝑅
  is ratio of the current radius of minimum cross-section to the radius of curvature 594 

of the necking profile  𝑅 , while 𝛬 is determined as  𝛬 = 1 − 
𝑎0

𝑎
, where 𝑎0 is the initial radius. 595 

Similarly to the Bridgman correction, the above formulation requires the determination of the 596 

curvature radius of the necked section. Therefore, two distinct analytical equations were 597 

employed for the calculation of  
𝑎

𝑅
 as a function of the difference between the engineering 598 

plastic strain 𝜀𝑝, and the ultimate engineering plastic strain 𝜀𝑃𝑚𝑎𝑥 corresponding to the onset 599 

of necking. The first equation was developed by Le Roy in [55] and it is as follows:  600 

𝑎

𝑅
= 1.1(𝜀𝑝 − 𝜀𝑃𝑚𝑎𝑥) (13) 

This ratio follows the linear trend observed experimentally at large strains but present some 601 

limitations. Therefore, it has been further improved by Lu et al. [56] to take into account of the 602 

nonlinear transition detected between the onset of necking and pronounced strain localisation. 603 

The equation proposed by Lu et al. [56] includes an exponential term and it is as follows: 604 

𝑎

𝑅
= 𝑘1(𝜀𝑝 − 𝜀𝑃𝑚𝑎𝑥) − 𝑘2 (1 −𝑒𝑥𝑝 (−

𝑘1
𝑘2

 (𝜀𝑝 − 𝜀𝑃𝑚𝑎𝑥)) ) 
(14) 

5.2.3 MLR correction  605 

Recently, Mirone, La Rosa et al. [31, 33] developed a convenient material independent 606 

correction to convert the true stress to equivalent stress. This third order polynomial equation 607 

was successfully tested for various materials and proved to predict accurately the equivalent 608 

stress of metallic ductile alloys. The MLR polynomial is expressed as follows: 609 

 610 

𝜎𝑒𝑞_𝑎𝑣𝑔

𝜎𝑡𝑟𝑢𝑒
=  𝑀𝐿𝑅(𝜀𝑒𝑞 − 𝜀𝑁) (15) 
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𝑀𝐿𝑅(𝜀𝑒𝑞 − 𝜀𝑁)

= 1 − 0.6058 ∙ (𝜀𝑒𝑞 − 𝜀𝑁)
2
+  0.6317 ∙ (𝜀𝑒𝑞 − 𝜀𝑁)

3
−  0.2107

∙ (𝜀𝑒𝑞 − 𝜀𝑁)
4
 

(16) 

Here, 𝜀𝑁 is the true strain at the initiation of necking, 𝜀𝑒𝑞 is the true current equivalent strain 611 

and 𝜎𝑒𝑞_𝑎𝑣𝑔 is the true equivalent stress averaged over the minimum cross section.  612 

6. Results and Discussion 613 

The effectiveness of the above-detailed analytical corrections was evaluated comparing their 614 

predictions against the results extracted from the numerical simulations detailed in section 4. 615 

Both the Bridgman and the Gromada formulations require the determination of the ratio (
𝑎

𝑅
). 616 

This was determined extracting the necking radius and necking profile from the numerical 617 

simulations when using the classic Bridgman formulation (Brigman_C in Figure 17 and Figure 618 

18). Differently, the Le Roy (13) and Feng Lu (14) equations were used for the Gromada and 619 

the additional Bridgman corrections (Gromada_LE, Gromada_FENG, Bridgman_LE and 620 

Bridgman_FENG in Figure 17 and Figure 18). Figure 17 (a) presents an overall comparison of 621 

the predictions obtained using the various analytical corrections for quasi-static loading. The 622 

classic Bridgman and polynomial MLR follow the numerical trend of  
𝜎𝑒𝑞

𝜎𝑡𝑟𝑢𝑒
 (Ratio_NUM_QS 623 

in Figure 17 (a)) quite closely at low strains but start to diverge once the necking becomes 624 

pronounced. The predictions obtained using the Bridgman and Gromada corrections in 625 

conjunction with the Le Roy [57] equation present a linear trend, which is incongruous with 626 

the material response. The Bridgman and Gromada correction in conjunction with the Lu et al. 627 

[56] equation, indicate non-linear transitions which are close to the actual material behaviour, 628 

but certain discrepancies still exist. During dynamic loading conditions, necking initiates at an 629 

early stage compared to quasi-static loading. Figure 17 (b) presents the comparison of the 630 

predictions obtained using the various analytical corrections for high-rate monotonic loading. 631 

The classic Bridgman correction is unable to follow the numerically predicted material 632 

behaviour (Ratio_NUM_HR in Figure 17 (b)), with errors up to 8.3% as the strain localises, 633 

while the MLR displays a maximum error equal to 6.5%. Similar performances were obtained 634 

by the Gromada and Bridgman corrections associated with the Feng Lu equation. The 635 

determination of the Gromada and Bridgman corrections obtained using the Le Roy equation 636 
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yield predictions that are closer to the modelled material behaviour but display a trend that 637 

appears dissimilar from the trend shown by the numerical results. 638 

 639 

Figure 17: 
𝝈 𝒒

𝝈    
  ratio :comparison of various analytical solutions for (a) quasi-static and (b) high-rate loading conditions. 640 

Same analytical formulations and comparisons were used to assess the corrections for dynamic 641 

tensile loading on samples characterised by different levels of pre-strain (Figure 18 a, b and c). 642 

For a pre-strain equal to 6%, the discrepancy between the classic Bridgman correction and the 643 

numerically predicted material behaviour reaches 8.6% as strain localises. The other 644 

corrections attain slightly better results, however the analytical corrections still present 645 

significant discrepancies with respect to the modelled material behaviour.  It is also noted that 646 

the estimation of the ratio (a/R) using Eq. 14 makes the trend of the predicted 
𝜎𝑒𝑞

𝜎𝑡𝑟𝑢𝑒
 ratio non-647 

linear, which is closer to the real material response. For higher pre-strains, such as 14%, the 648 

ratio between the von Mises and the true stress becomes less significant and the predictions 649 

provided by the Bridgman and Gromada corrections using the Le Roy equation produce decent 650 

results. However, divergences, both in terms of numerical values and trends are still present.  651 

 652 
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 654 

Figure 18: 
𝝈 𝒒

𝝈    
  ratio: comparison of various analytical solutions for dynamic tensile loading on samples characterised by 655 

different levels of pre-strain: (a) 06%, (b) 10% and (c) 14%. 656 

The classical Bridgman and MLR formulations predict the ratio between equivalent and true 657 

stress quite well in quasi-static loading conditions. However, the different analytical corrections 658 

analysed in this study present limitations when applied to dynamic tensile loading on pristine 659 

and pre-strained samples, as necking becomes more pronounced and affected by adiabatic 660 

heating. None of the reviewed analytical formulations account for the heat generated during 661 

dynamic strain localization and this appears to be one of the contributing factors to the 662 

reduction of the ratio between von Mises and true stress.  As the analytical correction formulas 663 

examined in this study appear to introduce some inaccuracies in the prediction of the equivalent 664 

stress for dynamic loading cases, the polynomial MLR equation was extended to account for 665 

adiabatic heating and improve its accuracy for dynamic loading conditions. The MLR 666 

correction was chosen as the baseline because of its accuracy and relatively easy 667 
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implementation when compared to the Bridgman and Gromada equations. The original MLR 668 

formulation was amended adding an exponential term accounting for the heat generated during 669 

high-rate deformation, including details of the Taylor Quinney coefficient and the specific heat 670 

of the material under investigation. An additional term considering the strain history in the 671 

sample is also included in the formulation. The extended formulation is as follows: 672 

 673 

Quasi-static loading:                            
𝜎𝐸𝑞_𝑎𝑣𝑔

𝜎𝑇𝑟𝑢𝑒
=  𝑀𝐿𝑅(𝜀𝑒𝑞 − 𝜀𝑁) 

High-rate loading:                                 
𝜎𝐸𝑞_𝑎𝑣𝑔

𝜎𝑇𝑟𝑢𝑒
=  𝐷𝑌𝑁_𝑀𝐿𝑅(𝜀𝑒𝑞 − 𝜀𝑁)          

  

(19) 

𝑀𝐿𝑅 = 1 − 0.6058 ∙ (𝜀𝑒𝑞 − 𝜀𝑁)
2
+  0.6317 ∙ (𝜀𝑒𝑞 − 𝜀𝑁)

3
−  0.2107 ∙ (𝜀𝑒𝑞 − 𝜀𝑁)

4
 

𝐷𝑌𝑁_𝑀𝐿𝑅 =  (1 + 𝑏 ∙ 𝑝𝑟𝑒𝑠𝑡𝑟𝑎𝑖𝑛 𝑙𝑒𝑣𝑒𝑙) ∙ 𝑒𝑥𝑝
(−

𝜂
𝐶𝑃∙𝜌

)∙𝑎·(𝜀𝑒𝑞− 𝜀𝑁) ∙ 𝑀𝐿𝑅 
(20) 

 

Where 𝜂 is the Taylor-Quinney coefficient of the material, 𝐶𝑝 its specific heat, 𝜌 its density, 674 

prestrain is the level of pre-strain in the material prior to dynamic deformation and a and b are 675 

constant to be determined via least square optimization. The values of the above physical 676 

properties for Ti6Al4V are reported in Table 4. The corresponding constants a and b, are 677 

4.092×105 and 0.1669, respectively. Figure 19 illustrates the prediction of the ratio between the 678 

equivalent stress and true stress obtained using the extended MLR equation and the constants 679 

reported in Table 4. It is evident that the extended MLR correction is in excellent agreement 680 

with the results obtained using the optimised numerical simulations, for all levels of pre-strain.  681 

It is worth emphasising that the extended MLR formulation requires the use of different thermal 682 

properties and the determination of the corresponding constants a and b for different metals 683 

and metal alloys. However, it is reasonable to believe that the extended MLR formulation, in 684 

conjunction with the constants detailed in Table 4: Calibrated JC material model constants for 685 

Ti6Al-4V.Table 4, provides an accurate prediction of the ratio 
𝜎𝑒𝑞

𝜎𝑡𝑟𝑢𝑒
 for titanium and titanium 686 

alloys as these are characterised by similar thermal properties as Ti6Al4V.  687 

The veracity of the above consideration was verified by comparing the ratio 
𝜎𝑒𝑞

𝜎𝑡𝑟𝑢𝑒
 provided by 688 

the proposed formulation with the results obtained from monotonic experiments on Ti3Al2.5V 689 

conducted at strain rates included between 12 s-1 and 2700 s-1, and their corresponding 690 

numerical simulations [58]. The outcome of this comparison is displayed in Figure 20.  It is 691 

evident that, although the ratio 
𝜎𝑒𝑞

𝜎𝑡𝑟𝑢𝑒
 appears to follow for this material a different trend, 692 
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characterised by a substantially linear dependence on the post-necking plastic strain, the 693 

extended MLR formulation (Equation (20)) yields a more than satisfactory prediction of the 694 

ratio between von Mises and true stress.  695 

The accuracy of the proposed modified MLR correction is assessed quantitatively for various 696 

values of post-necking strain in Table 5. The relative error of the proposed correction is below 697 

3% for all examined cases, with a maximum error equal to 2.51%.  698 

 699 

Table 5: relative error of the dynamic MLR correction at different values of post-necking strain. 700 

εeq - εN 0.05 0.1 0.15 0.2 0.25 0.3 0.35 

ERRDYNMLR-Ti6Al4V SR2000 0.43% 0.42% 0.23% 0.00% 0.19% 0.29% 0.28% 

ERRDYNMLR-Ti3AL2.5V SR12 0.75% 1.37% 1.77% 1.95% 1.96% 1.87% 1.39% 

ERRDYNMLR-Ti3AL2.5V SR1200 0.49% 1.10% 1.66% 2.02% 2.28% 2.51% 1.92% 

ERRDYNMLR-Ti3AL2.5V SR2700 0.41% 1.04% 1.53% 2.04% 2.30% 2.42% 2.40% 

 701 

The above results support the validity of the proposed correction for different titanium alloys 702 

and its applicability to the wide range of strain rates whereby nearly adiabatic heating 703 

conditions can be assumed.  704 

 705 
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 706 

Figure 19: 
𝝈 𝒒

𝝈    
ratio:  Predictions obtained using the extended MLR correction for high-rate tensile loading on: a) pristine 707 

samples b) 6% pre-strained samples, c) 10% pre-strained samples and d) 14% pre-strained samples. 708 

 709 
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 712 
Figure 20: accuracy of the predictions obtained using the extended MLR correction with respect to experiments conducted 713 

on Ti6Al4V and Ti3Al2.5V at different strain rates. 714 

7. Summary and conclusions 715 

The present investigation assesses the effect of strain history on dynamic strain localisation and 716 

stress state during dynamic tensile loading experiments on Ti6Al4V. The outcome of the 717 

research herein presented can be summarised as follows:  718 

- A series of dynamic tensile experiments on Ti6Al4V samples characterised by different 719 

levels of pre-strain were conducted. The evolution of the necking diameter and local 720 

strain rate was analysed and compared via image analysis of high speed camera footage.  721 

- The temperature increase caused by adiabatic heating during dynamic loading was 722 

measured by means of high speed thermal imaging equipment.  723 

- Numerical simulations able to reproduce accurately global and local thermo-724 

mechanical variables were calibrated to analyse the stress state within the necking 725 

section of the samples. The stress state of samples of different pre-strain levels was 726 

analysed. The ratio between the Equivalent Mises stress and the average axial true stress 727 
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during deformation was determined for all examined experiments. The effectiveness of 728 

analytical corrections such as Bridgman, Gromada and MLR polynomial were assessed 729 

and compared.   The results highlighted that the stress state in the necking area of the 730 

samples is affected by adiabatic heating and that none of the existing formulations was 731 

able to account for its influence. 732 

- The MLR polynomial correction was amended to take into account for the temperature 733 

rise during dynamic loading. The proposed correction includes two additional constants 734 

(a and b) that depend on the thermal properties of considered material. It is worth 735 

emphasising that these are not material independent but need to be determined for 736 

different classes of alloys. 737 

- The validity of the extended MLR correction herein proposed and of the constants 738 

reported in Table 4 was further assessed considering a series of monotonic experiments 739 

conducted on 3Al2.5V. The obtained results support the validity of the formulation for 740 

different titanium alloys and its applicability to a wide range of dynamic strain rates.  741 

 742 

Further studies will focus on the application of the proposed analytical expression to high 743 

rate tensile experiments on different metal alloys.  744 
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