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Abstract

We analyze the non-semisimple category of line operators in Chern-Simons gauge
theories based off the Lie superalgebra gl(1|1). Our proposal is that the category
of line operators C can be identified with the derived category of modules for
a boundary vertex operator algebra V realized as a certain infinite-order simple
current extension of the affine current algebra V (gl(1|1)) by boundary monopole
operators. By translating this simple current extension of V (gl(1|1)) to the

unrolled, restricted quantum group U
E
(gl(1|1)), we show that our category of

line operators admits a second description in terms of a quasi-quantum group A
realized by uprolling. We also compare our results across an expected physical
duality with the cyclic orbifold of a free, B-twisted hypermultiplet and find a
slight discrepancy at the level of braiding and associator. We end with a detailed
analysis of coupling to background flat GL(1,C) connections and the resulting
category of non-genuine line operators.

Keywords: Non-semisimple TQFT, logarithmic VOA, quantum supergroups, braided
tensor categories
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1 Introduction

Since the pioneering work of Witten [1], Chern-Simons quantum field theories (QFTs)
have proven to be at a remarkably fertile intersection of quantum topology and
quantum algebra. On the one hand, correlation functions of observables in the Chern-
Simons theory yield topological invariants of the spacetime 3-manifold; for the case
studied by Witten, these generalize the Jones polynomial [2] for links in S3 or R3. On
the other hand, these correlation functions are readily computed algebraically by refor-
mulating observables in the 3d bulk QFT categorically by way of a vertex operator
algebra (VOA) V of local operators on a holomorphic boundary condition. For Chern-
Simons theories based on compact, simply connected1 Lie group G at positive integer
level k, one choice of boundary VOA V is given by the simple quotient of a g current
algebra Vk(g). This VOA is usually denoted by Lk(g). As shown by Reshetikhin and
Turaev in [3], there is a second categorical realization/extension of the Jones invari-
ants in terms of the representation theory of a quantum group A, a far less technically
complex but still equally rich object; in the case of interest one uses A = Uq(g) for
q = eiπ/k a 2kth root of unity.

The first mathematical equivalence between categories of this type was formulated
by Kazhdan and Lusztig [4], where an equivalence between a category of modules
for the affine Lie algebra ĝk and for the quantum group Uq(g) was established and
is now known as the celebrated Kazhdan-Lusztig correspondence. Unfortunately, this
correspondence does not apply to the positive integer levels relevant to Chern-Simons
theory. A variant of the Kazhdan-Lusztig correspondence for positive integer levels,
i.e. an equivalence between the Kazhdan-Lusztig tensor category for ĝk at positive
integer k and the category used by Reshetikhin-Turaev, was established by Finkelberg
in [5, 6], absent a handful of exceptional cases that can be handled separately.

The boundary VOA V = Lk(g) is rational for k > 0: its category of modules is
semisimple2 with a finite number of simple objects. Correspondingly, in the construc-
tion of [3], only a small portion of the category of representations of A = Uq(g) is
used: one must remove any module with vanishing quantum dimension, resulting in a
semisimple category. This process is also called “semi-simplification.” Semisimplicity
of the underlying category is imposed by the Chern-Simons theory. A natural question
to ask is whether there is yet another, necessarily logarithmic, i.e. non-rational, VOA
V that realizes the entire category of modules for A at positive levels and whether
there is a QFT T tying these two together.

A logarithmic analog of the Kazhdan-Lusztig correspondence was conjectured by
Feigin, Gainutdinov, Semikhatov, and Tipunin [8, 9], whereby the category of modules
for the quantum group Uq(g) is related to Kausch’s triplet algebra Wk [10] for g =
sl(2) and the so-called Feigin-Tipunin algebras [11] for more general g. Proving this
conjectural logarithmic Kazhdan-Lusztig correspondence has been quite difficult, and
full proofs only exist for the case of sl(2) [12, 13], although we note that S. Lentner

1Other global forms of the gauge group G can be realized by a simple current extension of the VOA for
the simply connected group.

2A semisimple (abelian) category is one where any object can be written as a direct sum of subobjects.
More generally, there can be objects that have non-trivial subobjects (they are reducible) but nonetheless
cannot be written as a direct sum of subobjects (they are indecomposible). See, e.g., Section 1.3 [7] for
more details on aspects of non-semisimple categories in the context of QFTs.
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has recently provided a proof [14] of this conjecture for all simply-laced Lie algebra,
conditioned on the existence of a suitable tensor category on the VOA side.3 The main
barrier in general g is that the representation theory of the higher-rank Feigin-Tipunin
algebras is quite complicated.

Extensions of the Reshetikhin-Turaev construction to the full, non-semisimple cat-
egory of modules for the quantum group Uq(g) at q an even root of unity have existed
in various pieces for nearly as long as the Reshetikhin-Turaev construction itself,
including the 3-manifold invariants of Hennings and Lyubashenko [20, 21] and the
link invariants of Akutsu, Deguchi, and Ohtsuki [22]. Work of Costantino, Geer, and
Patureau-Mirand (CGP) [23] organized these various pieces into an axiomatic TQFT
[24] that now bears their names.4

The search for the physical QFT that realizes the axiomatic CGP TQFT and that
admits the Feigin-Tipunin algebra as a boundary VOA began with work of Gukov,
Hsin, Nakajima, Park, Pei, and Sopenko [27] which lead to the realization that certain
BPS q-series reproduced characters of the Feigin-Tipunin algebras [28]. A general
proposal for the physical QFT, at least when g = sl(n), recently was given in work
of Creutzig, Dimofte, Geer and the first author [7]; see also [29] for related work by
Feigin, Gukov, and Reshetikhin.

In this paper, we consider a collection of TQFTs that share many of the same
features as those described above, in particular possessing rigid braided tensor cate-
gories of line operators that can be described from both vertex-algebraic and quantum
group perspectives, but are notably simpler and where all of the above connections
can be made quite concrete: Chern-Simons theories with the simplest compact super-
group, U(1|1), and variants thereof. In stark contrast to the case of Chern-Simons
theories with compact bosonic gauge group, the category of line operators in U(1|1)
Chern-Simons theory is non-semisimple: while there are a finite number of simple line
operators, a general line operator can not be written as a direct sum of such simple
line operators, i.e. there are reducible but indecomposible lines.

1.1 Line operators in Chern-Simons theories based on U(1|1)
Chern-Simons theories based on U(1|1) have been objects of interest for nearly three
decades, starting with the work of Rozansky and Saleur [30–32] in trying to find
a QFT for the Alexander-Conway polynomial. More recent developments include a
detailed treatment of its relation to analytic torsion [33]; a combinatorial approach
to understanding the space of states on a torus [34]; and a definition of an axiomatic
TQFT using the quantum group Uq(gl(1|1)) [35] in the style of CGP.

3These meager citations do not do justice to the works that lead up to these results. Of particular note
is the equivalence of abelian categories of modules for Wk and Uq(sl(2)) established in [15, 16] as well as
the realization that Uq(sl(2))-mod the naive R-matrix does not induce a braiding [17] but can be modified
to match VOA computations [18, 19]. See e.g. Section 1.5 of [7] for a more detailed account.

4As with the logarithmic Kazhdan-Lusztig correspondence, these citations do not reflect the great body
of work that lead to the CGP TQFT. The two main ingredients in the CGP TQFT are the notion of a
modified trace (and corresponding renormalized quantum dimension) introduced in [25], which allows one
to deal with the vanishing quantum dimensions of modules in Uq(g), as well as the notion of a relative
modular category due to De Renzi [26], which serves as the categorical backbone behind the CGP TQFT
as given in [24]. See Section 1.4 of [7] for more details.
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In this paper, we extend and compliment these analyses in two ways. First,
we develop the vertex-algebraic perspective on these Chern-Simons theories, study-
ing in detail the representation theory of the boundary vertex algebra using recent
developments [36–40] on representation theory of V (gl(1|1)). Secondly, we con-
nect the boundary VOA approach to the quantum group analyses of [30, 34, 35]
via a conjectural equivalence between the representation theory of V (gl(1|1)) and

U
E

q (gl(1|1)).
Before delving into a detailed synopsis of the paper, we wish to highlight our main

results and some of the interesting features of our analysis.
One of the fundamental ingredients in our approach is a detailed understanding of

the affine VOA V (gl(1|1)). However, in order to obtain the full boundary VOA, we
must deal with the topology of the gauge group of interest, not just its Lie algebra.
As we are interested in cases where the underlying bosonic group is a compact U(1)2,
our ansatz is that the boundary VOA is a simple current extension of V (gl(1|1)) by
a rank two lattice. This is directly analogous to the extension of the Heisenberg VOA
to a lattice VOA in the case of abelian Chern-Simons theories. Moreover, as in that
case, there are a countable infinity of choices of this rank two lattice to extend by,
essentially corresponding to the level of the Chern-Simons theory. The space of all
such rank-two extensions is given by triples (κ, ν, ξ), where κ, ν ∈ Z>0 are positive
integers, and ξ ∈ 1

2Z/κZ is a half-integer defined mod κ; this triple corresponds to a
choice of global form of U(1|1) cf. [33]; see also Appendix A. We denote the boundary
VOA by V(κ,ν,ξ) and its category of modules by C(κ,ν,ξ). The VOAs V(κ,ν,ξ) are not
all that different from one another as we can pass from one to any other by a series
of finite-order orbifolds and simple current extensions; this corresponds physically to
gauging certain finite 0-form and 1-form symmetries of the underlying TQFT. For
simplicity, we pay most of our attention to the particular example Vk = V(k,1, k2 )

and

simply state the results for the other cases.
In Section 3 we turn to the representation theory of Vk. We provide a detailed

account thereof by exploiting the fact that it is a simple current extension of the
well-studied VOA V (gl(1|1)): the work of Creutzig-Kanade-McRae [41] and Creutzig-
McRae-Yang [42] establishes that the category of modules of Vk can be identified with
the de-equivariantization (see e.g. [43, Section 8.23]) of the subcategory of modules
that are local with respect to the simple currents we extend by. The category Ck
that results from this procedure will be our model for line operators in U(1|1) Chern-
Simons theory.5 Using the technology of simple current extensions, we can completely
determine the braided tensor category Ck, including all indecomposable objects, fusion
rules, and braiding. We find that it is a non-semisimple rigid braided tensor category
with finitely many simple objects. We compute the derived endomorphism of the
identity object, and show that it is isomorphic to functions on the orbifold space
C2/Zk. We further explore the relation between U(1|1) Chern-Simons theory and 3d
B-model on C2/Zk in Section 3.4. In particular, we show that the derived category of
Ck is equivalent to a category of matrix factorizations.

5More precisely, the category of line operators in the bulk TQFT should instead be the derived category
of this abelian category. We will work in the underlying abelian but perform computations relevant for the
derived category.

4



On the quantum group side, we perform a completely analogous simple current

extension procedure to U
E

q (gl(1|1)). More precisely, we perform de-equivariantization

with respect to the corresponding rank-2 lattice of simple U
E

q (gl(1|1)) modules and
show that this category can be represented by a quasi-triangular quasi-Hopf algebraAk

(which we will call a quasi-quantum group). Thus, we find the quantum group analog
of Vk. This quasi-quantum group is related to the category of matrix factorizations
through quadratic Koszul duality.

We end with an analysis of a category Cext
k of nonlocal modules for Vk in Section

4.2. The category Cext
k models line operators that source a background flat connection

for a U(1) flavor symmetry acting by rotations of C2/Zk, cf. [7, 44]. In VOA terms,
these are twisted modules corresponding to the U(1) action on Vk.

In contrast to finite-order symmetries, twisted modules for infinite-order symme-
tries are far from well-understood. In the current set-up, we offer several alternative
avenues into the category Cext

k , all of which provide us with extremely explicit knowl-
edge to twisted sectors in Cext

k . The first route into Cext
k is by considering C×-twisted

modules for Vk; the twist parameter is identified with the holonomy of the background
flat connection. These modules can be realized by induction of V (gl(1|1)) modules that
are not local with respect to the simple currents we extend by. Our second approach
to Cext

k is by viewing it as a category of modules for a vertex algebra Vext
k that differs

from Vk by a large center; the generator of the center captures the background flat
connection [45]. We access this category by realizing Vext

k as a large-level limit of a
VOA Vδk . The third and final route we take is by realizing that we can arrive at Vext

k

by another route, by appending an auxiliary commutative boson to V (gl(1|1)) and
then extending in the same way we got Vk from V (gl(1|1)). Thus, Vk provides a nice
playground for studying the gauging of infinite-order symmetries on vertex operator
algebras.

In the remainder of this Introduction, we expand on the above points and briefly
summarize the central aspects of our analysis.

1.2 Boundary VOAs

One way to reformulate Chern-Simons theory categorically is to associate to it a VOA
V whose (derived) category of modules is identified with the category of line operators
in the bulk TQFT. The VOA V is realized as the algebra of local operators on a suitable
holomorphic boundary condition. Given such a holomorphic boundary condition, the
space of local operators at the endpoint of a given bulk line operator L intersecting
the boundary has the structure of a module ML for V via collision of boundary
local operators; colliding a local operator O joining two line operators L,L′ with the
boundary commutes with collision with boundary local operators and hence defines
a morphism of V modules; colliding and braiding of line operators is identified with
fusion and half-monodromy of the corresponding V modules. In this way, the boundary
VOA encodes the 3d bulk theory, at least as far as line operators are concerned.6 We

6Strictly speaking, it is possible that some aspects of bulk line operators are not encoded faithfully by the
boundary VOA V. For example, there could line operators that cannot end on the boundary condition; any
such line operator would be represented by the trivial, 0-dimensional V module. The process just outlined,
whereby bulk line operators are identified with modules for V, defines a functor C → V-mod. We will
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note it is the derived category of modules that is of physical relevance. For example,
local operators are realized by derived morphisms between the corresponding modules,
rather than simply morphisms. Throughout this paper we focus on the underlying
abelian category of modules, except in Section 3.2.1 where we compute the algebra of
bulk local operators realized by derived endomorphisms of the vacuum module.

The boundary VOA can be derived in a fashion analogous to Chern-Simons theories
with compact, abelian gauge group. We start with the perturbative subalgebra of
affine currents V (gl(1|1)) and extend by certain modules corresponding to boundary
monopole operators. The modules one extends by encode the non-perturbative aspects
of the theory of interest: there are many Chern-Simons theories based on the same
Lie algebra. For example, the Heisenberg algebra shows up in all U(1) Chern-Simons
theory and the non-perturbative information is encoded in the choice of a lattice of
simple currents to extend by. This lattice is identified with the image of the cocharacter
lattice with respect to the (map induced by) the metric underlying the Chern-Simons
theory.7 Similarly, for U(1|1) Chern-Simons theories we must choose a rank 2 lattice
of simple currents to extend V (gl(1|1)) by. As we will see, the choice of such a lattice
is parameterized by a triple (κ, ν, ξ), where κ, ν are positive integers and ξ is a half-
integer defined modulo κ. This choice is in one-to-one correspondence with a choice of
the additional non-perturbative data need to define is meant by U(1|1) Chern-Simons
theory, i.e. there is a distinct TQFT T(κ,ν,ξ) that gives rise to each of the VOAs V(κ,ν,ξ).

Explicitly,

V(κ,ν,ξ) =
⊕
m∈Z

(
Âmκ

ν ,0 ⊕
⊕

n∈Z>0

Π2nξ

(
ΠÂmκ

ν +n
(

ξ
ν − ν

2

)
+ 1

2 ,nν
⊕ Âmκ

ν −n
(

ξ
ν − ν

2

)
− 1

2 ,−nν

))
,

(1)

where Ân,e are atypical modules of V (gl(1|1)) obtained by spectral flow of the vac-
uum and Π denotes a shift in parity. Note that each VOA V(κ,ν,ξ) can be related
to the reference VOA V(1,1,0) by a sequence of finite-order simple current extensions
and orbifolds. The second author considered an analogous simple current extension
of V (gl(1|1)), albeit only extending by a rank-1 lattice, as a boundary VOA for the
topological B-twist of 3d N = 4 QED [40] and compared the resulting category of
modules to that of the boundary VOA for its 3d mirror theory, a free hypermultiplet;
general abelian gauge theories are discussed by the authors of loc. cit. together with T.
Dimofte and T. Creutzig in the more recent [46]. The simple current extension studied
in [40] belongs to a 2-parameter family of VOAs Wn+ 1

2 ,l
introduced by Creutzig and

Ridout in [37]. The VOA Wn+ 1
2 ,l

is realized by extending the perturbative current

algebra V (gl(1|1)) by the rank-1 lattice generated by Ân+ 1
2 ,l

, from which we immedi-
ately see that V(κ,ν,ξ) can also be interpreted as a rank-1 simple current extension of

assume that this functor is fully faithful, i.e. the map from the space of local operators HomC(L,L′) joining
two lines L,L′ and the corresponding space of (derived) V-module morphisms HomV-mod(ML,ML′ ) is an
isomorphism, and conservative, i.e. no non-zero line operator is sent to the 0-dimensional module.

7In general, one expects the boundary VOA to be realized as the cohomology of a certain VOA bundle
VGrG

over the affine Grassmannian GrG, cf. [7, Section 7]. Our boundary VOA admits the relatively simple
description as a simple current extension due entirely to the fact that the (closed points of the) affine

Grassmannian for abelian G = (C×)r is simply a copy of Zr ≃ Hom(C×, G). For non-abelian G, one is
forced to contend with the non-trivial geometry and topology of GrG.
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W ξ
ν + 1−ν

2 ,ν .
8 The work [40] considers W0,1 ≃ Vβγ ⊗Vbc, which is identified with a pair

of symplectic bosons Vβγ and a pair of complex fermions Vbc.
We describe the category of line operators in T(κ,ν,ξ), i.e. the category of modules

for V(κ,ν,ξ) in Section 3. Using the realization of V(κ,ν,ξ) as an infinite-order simple
current extension, we apply techniques developed by Creutzig-Kanade-McRae [41]
and Creutzig-McRae-Yang [42] to understand the category in terms of the category
of modules for the underlying affine current algebra V (gl(1|1)). Explicitly, we con-
sider the Kazhdan-Lusztig category KL of finite-length, grading-restricted generalized
V (gl(1|1)) modules; importantly, this category contains modules where the zeromode
of the stress tensor acts non-semisimply but where generalized conformal weights are
bounded from below. The simple current extension V(κ,ν,ξ) is a VOA object in the
category KL9, i.e. it is a V (gl(1|1))-module that itself possesses the structure of a
VOA. Our proposal for the category of line operators is simply the (derived category
of the) category C(κ,ν,ξ) of V(κ,ν,ξ)-modules in KL. This can be expressed in terms of
the Kazhdan-Lusztig category KL as

C(κ,ν,ξ) = KL0/Λ(κ,ν,ξ) (2)

where KL0 denotes the subcategory of modules that are local with respect to V(κ,ν,ξ),
i.e. genuine V(κ,ν,ξ) modules and not twisted modules, and KL0/Λ(κ,ν,ξ) is the de-
equivariantization thereof by the rank-2 lattice Λ(κ,ν,ξ) of simple currents we extend
by. Roughly speaking, the de-equivariantization identifies modules that differ by fusion
with the simple currents and can be thought of as the mathematical avatar of screening
of Wilson lines. Although modules in C(κ,ν,ξ) generally have unbounded (generalized)
conformal weights, the fact that we restrict to modules that also belong to KL means
Theorem 1.4 of [42] can be applied to show that C(κ,ν,ξ) naturally has the structure of
a braided tensor category defined by the P (z)-intertwiners of Huang-Lepowsky-Zhang
[47–54].

We comment finally that although the definition of KL0 is highly non-trivial, we
will show that it is in fact something rather concrete. It will turn out that KL0 is
precisely the subcategory where the action of the zero-modes of V (gl(1|1)) integrates
to an action of the group U(1|1). This ultimately leads to a complete understanding
of the category C(κ,ν,ξ).

1.3 Quantum groups

A second categorical realization of line operators in Chern-Simons theories is via the
(derived) category of modules for a suitable quasi-quantum group. For each of the
triple (κ, ν, ξ) there is a corresponding quasi-quantum group A(κ,ν,ξ) that we describe
in Section 3.3. We determine this quasi-quantum group in two ways. First, we can

8In fact, it can actually be realized as a rank-1 simple current extension of infinitely many different

W
n+1

2
,l
. For example, if we identify l = ν, we can identify n with µκ

ν + ξ
ν − ν

2 for any integer µ; this

corresponds to the subalgebra with m = µn.
9Strictly speaking, the VOAs we consider don’t belong to KL because they are infinite-order simple

current extensions. We must instead pass to a direct-limit completion of Ind(KL) that allows for such simple
current extensions. We will mostly suppress the distinction between KL and its completion Ind(KL); see
[42] for more details.
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follow the analysis in Section 5 of [40] to relate the category C(κ,ν,ξ) to a category
of modules for some finite-dimensional algebra, namely A(κ,ν,ξ). Alternatively, the
same algebra can be derived by realizing that simple current extensions have a direct
analog in the world of quantum groups, namely, the process of uprolling, cf. [55]. As
described in [56], it is possible to use this procedure to explicitly describe quantum
groups realizing the category of lines for an arbitrary (A- or B-twisted) 3d N = 4
abelian gauge theory of (N = 4) vector multiplets and hypermultiplets.10

Explicitly, we start with the unrolled, restricted quantum group U
E
(gl(1|1))

(the quantum group analog of V (gl(1|1))). This algebra has three bosonic genera-
tors N,E,K, the latter being invertible, and two fermionic generators Ψ± with the
following non-vanishing commutation relations:

[N,Ψ±] = ±Ψ± {Ψ+,Ψ−} = K − 1 (3)

cf. Section 2.2 of [35], and we restrict to modules where K = e2πiE .11 It has been con-
jectured, and recently proven in [56, 57], that the braided tensor category associated

to U
E
(gl(1|1)) and V (gl(1|1)) are equivalent.

We then consider the following module

M(κ,ν,ξ) =
⊕
m,n

Amκ
ν +n( ξ

ν − ν
2 )+ϵ(n),nν

(4)

where An,e is the 1-dimensional representations of the quantum group corresponding

to Ân,e; see Section 3.3.2 for more details. We think of this as an extension of the
unrolled quantum group by currents realizing the cocharacter lattice Λ(κ,ν,ξ); this
rank-2 lattice is generated by the simple currents Aκ

ν ,0
and A ξ

ν + 1−ν
2 ,ν , cf. Eq. (1). The

moduleM(κ,ν,ξ) and corresponding quasi-quantum groupA(κ,ν,ξ) don’t explicitly show
up in the CGP-style TQFT described in [35]. Instead, the data of this module goes into
a free realization of the cocharacter lattice Λ(κ,ν,ξ) in the category of modules for the

unrolled quantum group U
E
(gl(1|1)), an essential ingredient in the CGP construction.

The authors of loc. cit. consider several cases of interest, e.g. where the quantum
parameter q ∈ C× is generic and when it is a root of unity; the ones most directly
related to the present analysis corresponds to those where the quantum parameter q
is a even root of unity, cf. Section 2.7.2 of [35], corresponding to the theories with
(κ, ν, ξ) = (k, 1, 0).

M(κ,ν,ξ) itself has the structure of a commutative (super)algebra object in the cat-
egory of modules for the unrolled, restricted quantum group, in the same way simple

10The Chern-Simons gauge theories considered in this paper are not quite in the class of theories studied
in [46], although they are not too far from them either. As we saw above, the theory for (κ, ξ, ν) = (k, 0, 1)
is very nearly the Zk orbifold of a B-twisted hypermultiplet. This orbifold is 3d mirror to the A-twist of
an N = 4 U(1) gauge theory with a hypermultiplet of charge k. The abelian category of lines in this A-
twisted theory should agree with the category C(k,1,0) described above, but they will have different braiding
morphisms.

11In comparing to loc. cit., one should identify the fermionic generators Ψ± with X,Y and the bosonic

generator N by G. We have also rescaled one of the fermionic generators (e.g. theirX) by the unit (q−q−1)K

and redefined K → K1/2. Because q ̸= 0,±1 and we retain the logarithm E, these redefinitions are
inconsequential.
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current extensions define commutative algebra objects. By analyzing local modules of

M(κ,ν,ξ), we identify A(κ,ν,ξ) as a subquotient of U
E
(gl(1|1)). Explicitly, because the

generating currents Aκ
ν ,0

and A ξ
ν − ν

2+
1
2 ,ν

change the eigenvalues of the bosonic gener-

ators N,E, they no longer have a well-defined action after extending. Nonetheless, we
get a well-defined action of the subalgebra generated by the fermionic generators ψ±
as well as the exponentials (and their inverses)

K1 = exp

(
2πi

κ

(
νN − ( ξν +

ν
2 )E

))
= q2ν

(
N− 1

2E
)
− 2ξ

ν E K2 = exp

(
2πi

ν
E

)
= q

2κ
ν E

(5)
where q = eiπ/κ. These generators satisfy the relations

K1ψ± = q±2νψ±K1 {ψ+, ψ−} = (K2)
ν − 1 (6)

inside the unrolled, restricted quantum group.
Modules for A(κ,ν,ξ) can be induced from modules of the unrolled quantum group

by tensoring with the module M(κ,ν,ξ) in direct analogy with how we obtain modules
for V(κ,ν,ξ) from KL. Not all modules for the unrolled quantum group will be honest
modules for A(κ,ν,ξ): we must restrict to modules that have trivial monodromy with
the simple currents that generate the extension. Restricting to local modules further
imposes the relations

(K1)
κ = (K2)

2ξ (K2)
κ = 1 (7)

whence A(κ,ν,ξ) is a quotient of a subalgebra of the unrolled, restricted quantum group.
As with VOAs V(κ,ν,ξ), the quasi-quantum groups A(κ,ν,ξ) can all be related to one
another via a sequence of finite-order orbifolds and simple current extensions. We note
that A(1,1,0) is simply an exterior algebra with generators ψ± – each of the bosonic
generators K1,K2 is required to act as 1 on local modules. Indeed, the boundary VOA
V(1,1,0) is simply a pair of symplectic fermions Vχ+,χ− times a decoupled lattice VOA
Vρ ⊗ Vθ. In fact, for the choice (k, 1, 0), one can always trivialize the associator and
obtain a genuine quantum group A(k,1,0); see Section 3.4.2.

1.4 Deforming by background flavor connections

Each of the QFTs T(κ,ν,ξ) has a U(1)(0) 0-form flavor symmetry that can be coupled to
background flat, complexified connections.12 As detailed in [33], the partition function
of these QFTs on a 3-dimensional manifold equipped with such a flat connection yields
a version of analytic torsion of the background, cf. Eq. (4.12) of loc. cit. Theories
that admit deformations by background flat, complexified connections for a (0-form,
complexified) flavor symmetry G are particularly special; for example, they naturally
give boundary conditions for, or interfaces between, the B-twist (a.k.a. the geometric
Langlands twist of [58] with canonical parameter ψ = ∞) of 4d N = 4 super Yang-
Mills with gauge group G. As emphasized in [7], but dating back as far as the work of

12At the level of the field theory, this flavor symmetry simply rescales the hypermultiplets. This is not a
gauge transformation due to the non-zero Chern-Simons terms – both the scalars and monopoles transform
under gauge transformations. Indeed, this flavor symmetry is gauge-equivalent to the topological flavor
symmetry.
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Kasheav and Reshetikhin [59], these background flat connections have a natural place
in the categorical reformulation of the Chern-Simons theory in terms of a boundary
VOA or a quantum group: line operators L that source a flat connection with holonomy
g ∈ G correspond to non-local modules where the monodromy of L and the trivial
line 1 is exactly this holonomy g. This relaxed notion of a line operator, sometimes
called a non-genuine line operator, can be use to define an extended category Cext

of line operators sourcing flat connections: the objects are line operators sourcing a
(possibly nontrivial) flat G background on its complement and the morphisms are
local operators that join two such line operators. Note that two lines with different
holonomies cannot be connected by any local operator, hence this extended category
decomposes into blocks

Cext =
⊕
g∈G

Cext
g (8)

where Cext
g is the subcategory of lines sourcing a flat connection with holonomy g. The

subcategory Cext
1 coincides with the usual category of line operators C.

At the level of the quasi-quantum group A(κ,ν,ξ), line operators with non-trivial
background flat, complexified connections with holonomy g ∈ G = C× can be identi-
fied with (non-local) modules on which (K2)

κ acts by multiplication by the scalar g.
The unrolled versions of these additional modules are at the heart of the construction
of axiomatic TQFTs appearing in [23, 35]. Accessing the extended category Cext

(κ,ν,ξ)

from the perspective of the boundary VOA V(κ,ν,ξ) is a bit more subtle and we address
this problem in Section 4. In Section 4.1, we describe how to couple V(κ,ν,ξ) to a
background flat connection realized as a (commutative) bosonic field A(z) identified
with the background connection; this coupled VOA can also be realized from a cer-
tain large-level limit δ → ∞ of an auxiliary VOA Vδ(κ,ν,ξ), cf. Section 6.2 of [7]. The

recent paper [60] describes some general aspects of these large-level limits, focusing on
the Feigin-Tipunin algebras Wp(g) that are expected to correspond to the quantum
groups uqg for q = eiπ/p a 2pth root of unity.

With the deformation of the boundary VOA V(κ,ν,ξ) by a background flat, complex-
ified connection, we turn to the extended category Cext

(κ,ν,ξ) in Section 4.2. We present
three complementary perspectives on this extended categories, with varying degrees
of generality, and highlight the aspects that each perspective makes manifest. The
first perspective (Section 4.2.1) is via simply including certain non-local modules for
V(κ,ν,ξ): instead of requiring local modules, we simply allow modules where the mon-
odromy with V(κ,ν,ξ) is given by the action of g ∈ C×. This perspective has the benefit
of being entirely categorical, but does not offer much utility for performing explicit
computations. The second perspective (Section 4.2.2) uses the above large-level limit:
it realizes the extended category of modules as the large-level limit of the category of
(local!) modules for the auxiliary VOA Vδ(κ,ν,ξ). The third perspective (Section 4.2.3) is
conceptually the most simple, but also the least general: we use the fact that deform-
ing by a flat connection A can be realized by shifting the central current E → E −A.
Passing this shift though our free-field computations yields a third realization of the
extended category Cext

(κ,ν,ξ). In Section 4.2.4, we show the relation between the first and

second approaches to the category Cext
(κ,ν,ξ).
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1.5 Outlook

We end the Introduction with a collection of future directions that to build on the
present work.

1) Cohomological extension of [34] by way of Hochschield (co)homology of C(κ,ν,ξ)
2) Study vertex algebras appearing in other abelian Gaiotto-Witten theories, connect
to the work [61] 3) Studying coupling to flat connections for general groups other than
U(1), anomaly, etc.
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2 Boundary VOA for U(1|1) Chern-Simons Theory

In this section we determine a boundary VOA for the Chern-Simons theories based
on the compact supergroup U(1|1). As described in Section A.2, and emphasized in
Section 4.2 of [33], there are a countably infinite number of Chern-Simons theories
T(κ,ν,ξ) based on the Lie superalgebra gl(1|1) even when we require the bosonic gauge
group is the compact torus U(1)2. All of the corresponding VOAs are built upon affine
VOA V (gl(1|1)), generated by bosonic fields N(z), E(z) and fermionic fields ψ±(z)
with the following OPEs.

N(z)N(w) ∼ 1

(z − w)2
N(z)E(w) ∼ 1

(z − w)2

N(z)ψ±(w) ∼
±ψ±(w)

z − w
(9)

ψ+(z)ψ−(w) ∼
1

(z − w)2
+
E(w)

z − w

We note that this is not the standard bilinear form on V (gl(1|1)), but is related to

the usual one by a field redefinition from N to Ñ = N − 1
2E, cf. [38, Remark 2.1.1].

This change of basis doesn’t alter the commutation relations of gl(1|1) because E is
central. It is worth noting that the Sugawara stress tensor takes a particularly simple
form in our original basis:

TSug = 1
2

(
:NE + EN − ψ+ψ− + ψ−ψ+ :

)
(10)
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To avoid undue clutter, we will focus on the specific theories Tk := T(k,1, k2 ). The
analysis of the general case is essentially equivalent and we remark on the differences
along the way. In the following, we take the ansatz that the full non-perturbative
algebra Vk := V(k,1, k2 )

takes the form of a simple current extension of the perturbative

current algebra V (gl(1|1)). This is entirely analogous to the case of U(1) Chern-Simons
theories where the perturbative algebra is a Heisenberg VOA, a.k.a. V (gl(1)), and non-
perturbative corrections extend it to a suitable lattice VOA. Detailed analyses of some
simple current extensions of V (gl(1|1)) appear in work of Creutzig and Ridout [36, 37],
with a more recent flurry of works by Allen and Wood [39]; Creutzig, McRae, and
Yang [38]; and Ballin and the second author [40]. These references study simple current
extensions Wn+ 1

2 ,l
that correspond to introducing boundary monopole operators, i.e.

vertex operators/Fock modules, for a single cocharacter Xn+ 1
2 ,l

, corresponding to a

rank 1 bulk gauge group.13 The main difference we will encounter arises from the fact
that we will extend by a full-rank lattice of simple currents.

In Section 2.1, we review the spectral flow automorphisms of V (gl(1|1)) and identify
the modules associated to each cocharacter of the bosonic gauge group. In Section
2.1.1 we compare the graded character of our proposal for Vk to the half-index, cf.
[62], enumerating the local operators present on the holomorphic Dirichlet boundary
condition described in Appendix A, finding agreement modulo some parity subtleties
we describe below.

In Section 2.2 we provide a free-field realization of the boundary VOA Vk and in
Section 2.2.1 use an analogous free-field realization for the theory T(k,1,0) to show that
the corresponding boundary VOA V(k,1,0) is an orbifold. From the perspective of the
free-field realization, the aforementioned parity issues are identical to those appearing
in Section 4.4 of [37]. Namely, when k is odd it is not possible to consistently make
parity assignments for the vertex operators in the free-field realization of Vk.14 The
resolution described in Section 4.5 of loc. cit. is to dress the vertex operators with
additional operator-valued functions that rectify the parity issues.

2.1 Vk from spectral flow

As first noted in [63], the affine VOA V (gl(1|1)) admits a family of spectral flow auto-
morphisms. From the perspective of the bulk Chern-Simons theory, these spectral flow
automorphisms arise from performing large gauge transformations in the neighbor-
hood of a point on the boundary, i.e. inserting a vortex line ending at that point on

13Explicitly, the generator takes the form

X
n+1

2
,l

=
(
n+ l

2

)
E + lN

for fixed ℓ ∈ Z and n ∈ 1
2lZ. The VOA for n+ l

2 = 0, i.e. W 1−l
2

,l
, should arise at the boundary of B-twisted

N = 4 theory U(1) gauge theory with a hypermultiplet of charge l. For example, the current extension W0,1

is identified with the βγ VOA (times a pair of complex fermions) [37, Section 4.5] and can be interpreted as
the boundary VOA for the B twist of 3d N = 4 SQED with a single flavor, cf. [40]. The theory for general
n should arise from adding a Chern-Simons term with level l(2n+ l).

14The boundary VOA V(k,1,0) does not suffer from these parity subtleties. More generally, we find that
it is impossible to make consistent parity assignments in the free-field realization of V(κ,ν,ξ) when 2ξ is an

odd integer, i.e. if ξ ∈ 1
2 + Z.
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the boundary. Explicitly, the spectral flow automorphism σl,λ is given by

σl,λ(N) = N − λ

z
σl,λ(E) = E − l

z
σl,λ(ψ±) = z∓lψ± (11)

where l ∈ Z and λ ∈ C. In terms of the mode algebra, this automorphism takes the
form

σl,λ(Nr) = Nr − λδr,0 σl,λ(Er) = Er − lδr,0 σl,λ(ψ±,r) = ψ±,r∓l (12)

Note that σl,λ ◦σl′,λ′ = σl+l′,λ+λ′ . This automorphism transforms the Sugawara stress
tensor TSug as

σ(TSug) = TSug + z−1
(
(l − λ)E − lN

)
+ z−2

(
1
2 l(2λ− l)

)
(13)

The original spectral flow automorphism of [63] arises as the special case when λ = l
2 .

The boundary VOA Vk is given by extending the perturbative current algebra
by spectral flows of the vacuum, although only certain spectral flow modules should
be included. The analysis of Appendix A leads us to the lattice of spectral flows
corresponding to

N → N −
(mk + n(k2 + 1))

z
E → E − n

z
. (14)

The basic spectral flows (m, n) = (1, 0) and (0, 1) correspond to the spectral flow
automorphisms with (l, λ) = (0, k) and (1, k2 + 1), respectively. We denote the cor-

responding spectral flows σ1, σ2. In the traditional generators Ñ , E, ψ± these basic
spectral flows act as

σ1(Ñ) = Ñ − k

z
σ1(E) = E σ1(ψ±) = ψ±

σ2(Ñ) = Ñ − (k + 1)/2

z
σ2(E) = E − 1

z
σ2(ψ±) = z∓1ψ±

(15)

It is a straightforward task to identify the modules obtained via spectral flow of
the vacuum. See Appendix B for a review of relevant aspects of the representation
theory of gl(1|1) and V (gl(1|1)), or, e.g., [40, Section 3] for a more thorough discussion.
Consider first the spectral flow automorphism σ1. Let |0⟩ denote the vacuum vector;
the state σ1(|0⟩) is a highest weight vector of V (gl(1|1)), with weights n = k and e = 0.

Since spectral flow respects submodules, we conclude that σ1(V (gl(1|1))) = Âk,0.
Now consider the spectral flow σ2(V (gl(1|1))). Once again σ2(|0⟩) is a highest

weight vector but now with n = k+1
2 and e = 1. We conclude that σ2(V (gl(1|1))) =
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Â k
2 ,1

. More generally, forgetting about parity for the moment, we find:

σm
1 σ

n
2 (V (gl(1|1))) =


Â

mk+n
(

k−1
2

)
+ 1

2 ,n
n > 0

Âmk,0 n = 0

Â
mk+n

(
k−1
2

)
− 1

2 ,n
n < 0

(16)

The more precise treatment of parity we describe below gives us the extension by (the

lattice generated by) the modules Âk,0 and Πk+1Â k
2 ,1

15

Vk =
⊕
m∈Z

(
Âmk,0 ⊕

⊕
n∈Z>0

Πnk

(
ΠÂ

mk+n
(

k−1
2

)
+ 1

2 ,n
⊕ Â

mk−n
(

k−1
2

)
− 1

2 ,−n

))
(17)

where Π denotes a parity shift. Proposition 2.2.4 of [38] implies that the dual, i.e.

contragredient, module of Ân,e is ΠÂ−n,−e when e is nonzero and Â−n,0 otherwise.
Thus the VOA Vk is a self-dual extension of V (gl(1|1)).

This strange parity assignment cannot be seen solely from the perspective of these
monopoles as modules for the perturbative algebra V (gl(1|1)). This should not be
particularly surprising: if one considers pure U(1) Chern-Simons theory at level k,
corresponding to a lattice VOA Vφ with pairing (φ,φ) = k, the boundary monopole
with magnetic charge 1 :eφ : has parity (−1)F = (−1)k. The parity assignments in
Eq. (17) will become apparent when we describe their free-field realization in terms
of vertex operators below.

2.1.1 The half-index

We can check that the above extension to the perturbative algebra agrees with physical
expectations by comparing its supercharacter with a half-index computation. Some-
what more precisely, if we view our Chern-Simons theory as a twist of a certain16

N = 2 theory, the work [62] provides a concrete expression for the character of the
vacuum module for the boundary VOA, viewed as a half-index of the corresponding
N = (0, 2) boundary condition. We find:

II(q; s, t) = Tr(−1)RqJsN0tE0

=
∑

m,n∈Z
qnmk+n2

(
k+1
2

)
s

(
mk+n( k

2+1)
)
tn
(sq1+n; q)∞(s−1q1−n; q)∞

(q; q)2∞

(18)

In this expression, R measures the R-charge/cohomological grading; q is a fugacity
for twisted spin J , which is the same conformal dimension with respect to TSug; s

15More generally, we find that the VOA V(κ,ν,ξ) is realized as an extension by the lattice of simple

currents generated by Âκ
ν

,0 and Π2ξ+1Â ξ
ν

+1−ν
2

,ν
and their contragredients.

16Explicitly, our theory can be identified with twisted 3d N = 2 theory of two N = 2 abelian vector-
multiplets with gauge fields AN , AE having Chern-Simons kinetic terms coupled to two chiral multiplets
Z+, Z−.
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(resp. t) is a fugacity for the boundary U(1) flavor symmetry generated by N0 (resp.
E0); the integers m, n denote the magnetic charge of the corresponding boundary local
operator; and (x; q)∞ is the q-Pochhammer symbol, defined as

(x; q)∞ =
∏
n≥0

(1− xqn) . (19)

In order to connect to the character formulae of [36, 37], we perform the change of
variables

σ = s , τ = ts1/2 , (20)

so that σ is a fugacity for the generator Ñ0, to express the half-index as

II(q;σ, τ) =
∑

m,n∈Z
qnmk+n2

(
k+1
2

)
σmk+n

(
k+1
2

)
τn

(σq1+n; q)∞(σ−1q1−n; q)∞
(q; q)2∞

. (21)

In order to compare this half-index to the graded supercharacter, we need to replace
the (−1)R in the definition of the half-index with the fermionc parity operator (−1)F ;
as noted in Footnote 12 of [62], this can be accomplished by sending q

1
2 with −q 1

2

yielding

∑
m,n∈Z

(−1)n
2(k+1)qnmk+n2

(
k+1
2

)
σmk+n

(
k+1
2

)
τn

(σq1+n; q)∞(σ−1q1−n; q)∞
(q; q)2∞

. (22)

Alternatively, we could choose R-charge assignments so that fermionic parity agrees
with R-charge mod 2, cf. Section 5.2.3 of [64]; this would involve shifting the standard
R-charge assignments in the B-twist by the topological flavor symmetry to correctly
account for the parity of boundary monopole operators.17

We want to compare Eq. (22) to the supercharacter of the VOA Vk identified in
the previous subsection. The supercharacter of the atypical modules for the current
algebra V (gl(1|1)) can be obtained from the supercharacter of the Verma modules

V̂n,e and splicing the exact sequences presented in Section 1.2, cf. Section 3.2 of [36];
the resulting supercharacters are given by

χ
[
Ân,e

]
(q;σ, τ) = Tr(−1)F qL0σÑ0τE0

=

{
(−1)e−1qe(n+e−ϵ(e))σn+e−ϵ(e)τe (σq

1+e;q)∞(σ−1q1−e;q)∞
(q;q)2∞

e > 0

(−1)eqe(n+e−ϵ(e))σn+e−ϵ(e)τe (σq
1+e;q)∞(σ−1q1−e;q)∞

(q;q)2∞
e ≤ 0

(23)

17Explicitly, the natural cohomological grading in the B-twist is given by the weight with respect to the
diagonal torus in the Higgs branch R-symmetry SU(2)H . This grading isn’t compatible with the fermionic

parity of local operators, e.g. the hypermultiplet scalars Z± are given degree 1, so one typically uses the
U(1) symmetry that acts on Z± with weight ±1 to make Z+ degree 0 and Z− degree 2, cf. Eq. (2.26) of
[65]. The R appearing in Eq. (18) corresponds to this choice. Unfortunately, this degree assignment doesn’t
match the parity of the boundary local operators and we need to consider R′ = R + (k + 1)E0 to remedy

this. This shift precisely accounts for the (−1)n
2(k+1) = (−1)n(k+1) in Eq. (22).
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where ϵ(e) = 1
2 sign(e). Inserting the formula for the supercharacters into Eq. (22), we

see that the half-index II counting local operators at the boundary is in full agreement
with the vacuum character χ[Vk] of the boundary VOA identified in the previous
section.

2.2 Free field realization of Vk

Having determined the boundary VOA Vk as a module for the perturbative algebra
V (gl(1|1)), we can understand it more explicitly with a free field realization. This
free field realization, once we make the suitable change in extension, will allow us
to describe any of the V(κ,ν,ξ) and will give us direct access to the category of line
operators, to be studied in Section 3.

Let us first recall the free field realization of V (gl(1|1)) described in [66, Section
2]. Consider a VOA of three free bosons X,Y, Z with pairings (X,Y ) = 1 = (Z,Z).
The currents ∂X, ∂Y , and ∂Z, with OPEs

∂X∂Y ∼ 1

(z − w)2
, ∂Z∂Z ∼ 1

(z − w)2
, (24)

generate a Heisenberg VOA that we denote H. For each linear combination µ =
aX+ bY + cZ, there is a simple Fock module Fµ of H generated by a single vector |µ⟩.
Explicitly, |µ⟩ is annihilated by the positive modes of the abelian currents ∂X, ∂Y, ∂Z;
the negative modes act freely; and the zero modes act via their paring with µ

X0 |µ⟩ = b |µ⟩ , Y0 |µ⟩ = a |µ⟩ , Z0 |µ⟩ = c |µ⟩ . (25)

Here, and in the following, X0 denotes the zero mode of a Heisenberg generator ∂X,
and similarly the other Heisenbergs. The vacuum module H is identified with F0. We
then consider the following module:

VZ :=
⊕
n∈Z

FnZ (26)

VZ has the structure of a vertex operator superalgebra and is realized by extending
H by the fermionic vertex operators :e±Z : with OPE

:eZ ::e−Z : ∼ 1

z − w
. (27)

The assignments

N(z) 7→ ∂X(z) + ∂Z(z) E(z) 7→ ∂Y (z)

ψ+(z) 7→ :eZ(z) : ψ−(z) 7→ ∂:e−Z(z) : + ∂Y :e−Z(z) :
(28)

16



define an embedding V (gl(1|1)) ↪→ VZ . Define the screening operator:

S :=

∮
:eZ−Y : : VZ,ν −→ VZ,ν−Y . (29)

One can show that:
V (gl(1|1)) = Ker

(
S
∣∣
VZ,0

)
. (30)

We now use this free-field realization to understand the extended VOA Vk, which
is the extension of V (gl(1|1)) by the lattice of simple currents generated the spectral
flows σ1(V (gl(1|1))), σ2(V (gl(1|1))), where the action of σ1, σ2 was given in Eq. (201).
For each linear combination ν = aX + bY , the Fock module Hν can be lifted to a
module of VZ , which we call VZ,ν . Explicitly, this is given by:

VZ,ν =
⊕
n∈Z

FaX+bY+nZ . (31)

Consider the linear combinations λ1 = kY and λ2 = X + k
2Y .18 As described in [37,

Section 4.3], we have the following identifications:

σ1(V (gl(1|1))) = Ker
(
S
∣∣
VZ,λ1

)
, σ2(V (gl(1|1))) = Ker

(
S
∣∣
VZ,λ2

)
. (32)

Under this equivalence, the images of the vacuum vector are given by:

σ1(|0⟩) = |kY ⟩ , σ2(|0⟩) = |X + k
2Y + Z⟩ . (33)

One can see that these vectors are in the kernel of S and have the correct weights
under N0 and E0. Let VZ,k be the extension of VZ by the lattice of simple modules
spanned by VZ,λ1

and VZ,λ2
. In other words:

VZ,k =
⊕

m,n∈Z
VZ,mλ1+nλ2

. (34)

Then the above considerations imply that there is an embedding Vk ↪→ VZ,k such that

Vk = Ker
(
S
∣∣
VZ,k

)
. (35)

As mentioned above, we can identify the proper parity assignments mentioned in
Eq. (17) using this free field realization. Namely, the fermionic parities of the states
|kY ⟩ and |X + k

2Y + Z⟩ are determined by the lengths of the corresponding lattice
vectors: the length of the former is 0 and the latter is length k + 1, whence |kY ⟩ is
always a boson and |X + k

2Y + Z⟩ is a boson when k is odd and a fermion when k is
even. Since both of these states are highest weight vectors for V (gl(1|1)), their parity
determines the whether we have Â or ΠÂ: the state |kY ⟩ generates Âk,0 and the state

18For general (κ, ν, ξ) we take the linear combinations λ1 = κ
ν Y and λ2 = νX + ξ

ν Y .

17



|X + k
2Y + Z⟩ generates Πk+1Â k

2 ,1
. A similar analysis can be applied to the remaining

modules arising in Vk, yielding the result quoted in Eq. (17).
Note that, just as in [37, Section 4.4], when k is odd one needs to be careful

when defining the VOA structure. The problem can be seen from the above free field
realization: the vertex operators eX− k

2 Y+Z and ekY are bosonic with themselves but
are mutually fermionic. The solution, as in loc. cit., is to include operator-valued
functions to the vertex operators. In our case, we would define the vertex operator
Y (|nX − nk

2 Y + nZ⟩ , z) corresponding to a state |nX − nk
2 Y + nZ⟩ by the following:

Y (|nX − nk
2 Y + nZ⟩ , z) = eπin

(
X0− k

2 Y0+Z0

)
:enX−nk

2 Y+nZ : . (36)

This does not change the commutation relations of Y (|X − k
2Y + Z⟩ , z) with itself,

but the commutation relations of Y (|±(X − k
2Y + Z)⟩ , z) with e±Y become anti-

commutation relations. This modification makes VZ,k, and consequently Vk, a vertex
operator superalgebra.

2.2.1 A closer look at V(k,1,0)

We now take a brief detour into different example that will be relevant to us later:
the theory T(k,1,0) and its boundary VOA V(k,1,0). Using (a slight modification of) the
above free-field realization, we can provide a more concrete description of the V(k,1,0).
The category of modules for this VOA realizes the category of lines in the theory
T(k,1,0), which was predicted by [33] to be equivalent to the Zk orbifold of a B-twisted
hypermultiplet. Line operators in a B-twisted hypermultiplet, prior to the Zk orbifold,
are described by the symplectic fermion VOA Vχ+,χ− . Correspondingly, line operators
in the orbifold theory are reproduced by the orbifold VOA V Zk

χ+,χ−
. In the following,

we will see that V(k,1,0) is quite close to this orbifold, but they are actually distinct.
As we will see in Section 3.4, module categories for these VOAs are only equivalent
up to a change in the braiding morphisms.

We start with the following field redefinition, which was used in [40, Section 4.2.2]:

ϕ1 = Z − Y , ϕ2 = X + Z , ϕ3 = X − Y + Z. (37)

These have OPEs

∂ϕ1∂ϕ1 ∼ ∂ϕ2∂ϕ2 ∼ −∂ϕ3∂ϕ3 ∼ 1

(z − w)2
. (38)

The VOA V(k,1,0) arises by extending the Heisenberg VOA H by the lattice spanned
by X, kY , and Z and we can express these in the new variables as:

ϕ3 − ϕ1 , k(ϕ2 − ϕ3) , ϕ1 + ϕ2 − ϕ3 . (39)

For convenience, we will denote by Fnϕ1
the Fock module corresponding of nϕ1, and

similarly for ϕ2, ϕ3. The screening operator S =
∮
:eZ−Y : =

∮
:eϕ1 : only acts on the
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Fock modules of ϕ1 and we will denote by Mnϕ1 the kernel of the screening operator
restricted to Fnϕ1 . It follows that V(k,1,0) takes the following form:

V(k,1,0) =
⊕

l,m,n∈Z
Mlϕ1 ⊗ F(l+mk+n)ϕ2

⊗ F(−l−mk)ϕ3
. (40)

Let us denote by a, b, c the following integers:

a = l b = l+mk + n c = −l−mk. (41)

We do not sum over all values of the integers (a, b, c) since the change of summation
variables from (l,m, n) is not onto: because a+ c = mk, the sum a+ c is divisible by
k. In other words,

V(k,1,0) =
⊕

a,b,c∈Z
a+c∈kZ

Maϕ1
⊗ Fbϕ2

⊗ Fcϕ3
. (42)

Note that there is free field realization of a pair of symplectic fermions χ± given by

Vχ+,χ− =
⊕
a∈Z

Maϕ1 . (43)

Let us denote by Vϕ2 (resp. Vϕ3) the lattice VOA associated to ϕ2 (resp. ϕ3). The
VOA Vχ+χ− ⊗ Vϕ2 ⊗ Vϕ3 has an action of Zk given by

exp

(
2πi

k
(ϕ1,0 − ϕ3,0)

)
, (44)

and Eq. (42) implies that V(k,1,0) is then identified with the Zk orbifold of this product:

V(k,1,0) =
(
Vχ+,χ− ⊗ Vϕ2 ⊗ Vϕ3

)Zk = (Vχ+,χ− ⊗ Vϕ3)
Zk ⊗ Vϕ2 . (45)

In terms of the original Heisenberg VOA H, the action of Zk is generated by:

exp
(
− 2πi

k X0

)
. (46)

3 The Category of Line Operators

If we view the boundary VOA Vk as an object in (a suitable completion of) the
Kazhdan-Lusztig category KL of V (gl(1|1)), the category Ck := Rep0KLVk of general-
ized modules for our boundary VOA Vk that belong to KL, i.e. our candidate19 for
the category of line operators in the bulk Chern-Simons theory, can be identified as
a braided tensor category with a de-equivariantization, cf. [43, Section 8.23], of the
subcategory KL0 of modules in KL that are local for Vk [41, 42]. Namely, there is a

19As noted in the Introduction, the physical category of line operators should be identified with the
derived category DbCk. We will mostly focus on the abelian category Ck, except when we consider bulk
local operators in Section 3.2.1.
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functor F : KL0 → Ck taking a Vk-local module M to a generalized Vk module via
fusion with Vk:

F(M) = Vk ×M (47)

This functor is not faithful as we can fuse M with the simple currents used to extend
the perturbative current algebra and obtain the same result. Instead, the image of F
can be described by identifying V (gl(1|1)) modules that differ by fusion with these
simple currents, i.e. by de-equivariantizing the action of Z2 generated by fusion with
the simple currents Âk,0 and Πk+1Â k

2 ,1
or their contragredients. Thus, our candidate

for the category Ck is this de-equivariantization:

Ck ≃ KL0/Λk (48)

where we denote the lattice generated by these simple currents by Λk, which can in
turn be identified with the cocharacter lattice as described in Appendix A.

Any module M in the Kazhdan-Lusztig category KL admits a decomposition into
generalized eigenspaces for the central generator E0, leading to a decomposition of the
category itself into blocks

KL =
⊕
e∈C

KLe (49)

whereKLe denotes the subcategory of modules on which E0 has generalized eigenvalue
e. The category of Vk-local modules KL0 inherits an identical decomposition. When
e ∈ Z, the subcategory KLe is generated by the atypicals Ân,e and it is generated by

the typicals V̂n,e otherwise; these modules exhaust the simple objects of KL [36]. In
other words, any module inKLe can be realized as an iterated extension of these simple
modules or, equivalently, any such module has a composition series consisting of these
modules. Since fusion with the simple current Ân,e is an equivalence Ân,e×− : KLe′ →
KLe′+e, with inverse given by fusion with the contragredient module ΠÂ−n,−e (or, if

e = 0, Â−n,0), we automatically see that Ck inherits a decomposition into blocks

Ck =
⊕

[e]∈C/Z

Ck,[e] (50)

where Ck,[e] denotes the subcategory of modules of Vk where the generalized eigenvalues
of the central generator E0 are contained in [e] = e+Z. In fact, we will find that Ck,[e]
is nonempty only when [e] ∈ 1

kZ/Z ⊂ C/Z.
In Section 3.1, we use the realization of Ck as a de-equivariantization of KL0 to

provide an concrete description of the categories Ck,[e]. To do so, we use the free-field
realization of Section 2.2 to analyze the locality constraint going into the definition of
KL0; the result is quite simple, KL0 only contains modules where the zeromodes kE0

and N0 +
k
2E0 act semisimply with integer eigenvalues, but has a somewhat technical

derivation that we relegate to Appendix B. We note in Section 3.1.1 the presence of a

Z(1)
k 1-form global symmetry and describe its action on the category Ck. For example,

the category Ck,[e] corresponds to line operators with 1-form charge [e].
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Section 3.2 applies results of [40] to provide a simplified description of Ck,[e] as an
abelian category and uses this to derive the algebra of local operators in Tk, finding
the algebra of holomorphic functions on the “Higgs branch” C2/Zk.

In Section 3.3 we relate Ck to the category of modules for a (quasi-)quantum
group Ak. We arrive at Ak in two ways: first, we consider a mild modification of the
argument in [40, Section 5] to establish an equivalence of categories between Ck and
a category of modules for an, a priori unknown, algebra Ak. Our second route to Ak

is by mimicking the simple current extension described in the previous section: we

realize Ak by uprolling the unrolled, restricted quantum group U
E
(gl(1|1)), cf. [55].

Finally, in Section 3.4 we return to the theory T(k,1,0) and more closely compare the
category C(k,1,0) of line operators therein to that of the 3d B-model (a.k.a Rozansky-
Witten theory) with orbifold target C2/Zk. We verify that these theories indeed have
the same abelian categories of line operators from various perspectives, but we find
that this equivalence does not preserve the braiding morphisms, so that line operators
in T(k,1,0) and this 3d B-model are not equivalent. It is presently unclear how to
reconcile this with the results of [33].

Although we won’t use it here, we note that Vk can also be viewed as a simple
current extension of the VOAs appearing in [37]. For example, the subVOA with
n = −2m is the simple current extension W− 1

2 ,2
introduced in loc. cit., where it was

identified with (the simple quotient of) an sl(2|1) current algebra at level − 1
2

W− 1
2 ,2

≃ V− 1
2
(sl(2|1)) (51)

Our boundary VOA Vk is an extension of V− 1
2
(sl(2|1)) in (a completion of) the

category Rep0KLV− 1
2
(sl(2|1)) of generalized V− 1

2
(sl(2|1)) modules that belong to in

KL. If G denotes the induction functor from V− 1
2
(sl(2|1))-local modules in KL to

Rep0KLV− 1
2
(sl(2|1)), we see that Vk is given by extending by the infinite-order simple

currents G(Πk+1Â− k
2 ,1

) and G(Πk+1Â k
2 ,1

):

Vk = V− 1
2
(sl(2|1))

⊕
m>0

G(Πk+1Â k
2 ,1

)⊠m ⊕ G(Πk+1Â− k
2 ,1

)⊠m (52)

Of course, as mentioned in Section 1.2, the subalgebra of Vk with rm = sn (r >
0) can also be identified with one of the simple current extensions of [37], namely
W(s+ r

2 )k+
r−1
2 ,r, and thus Vk a simple current extension thereof.

3.1 Wilson lines and local modules

A dramatic simplification to the determination of what modules in KL are local with
respect to the simple current extension Vk follows from the fact that any module in
KL is a sub-quotient, i.e. a quotient of a submodule, of a module realizable via the
free-field realization described in Section 2.2; see Appendix B for a proof of this fact.20

20Strictly speaking, the free-field realization is able to realize specific parities of V (gl(1|1)) modules. For

example, the module Âλ,0 can be realized via the vertex operator :eλY :; ΠÂλ,0 is a perfectly good module
but cannot be realized in terms of free fields. It is unclear whether restricting attention to those modules
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In particular, we can perform a computation with free fields to determine the desired
monodromies. We note that it suffices to determine the monodromy of the simple
modules in KL with the simple currents Âk,0 and Πk+1Â k

2 ,1
; as shown in Section B.2,

the monodromy of these simple currents and a given module M is given by

M(Âk,0,M) = 1Âk,0
× exp

(
2πi(

v1︷︸︸︷
kE0)

)
M(Πk+1Â k

2 ,1
,M) = 1Πk+1Â k

2
,1

× exp
(
2πi(

v2︷ ︸︸ ︷
N0 +

k
2E0)

) (53)

viewed as maps on the tensor product. From this expression for the monodromy, we
immediately see that for M to be Vk-local the generators v1, v2 must act semisimply
with integer eigenvalues. Explicitly, we find that the category KL0 can be identified as

KL0 =
⊕
e∈ 1

kZ

KL
N+ k

2E,E
e (54)

where KL
N+ k

2E,E
e denotes the subcategory of KL where N0 +

k
2E0 acts semisimply

with integer eigenvalues and E0 acts semisimply with eigenvalue e. Thus, the category
of line operators Ck can be realized as the following de-equivariantization:

Ck =

( ⊕
e∈ 1

kZ

KL
N+ k

2E,E
e

)
/Λk . (55)

It will be useful to make the category KL0 of Vk-local modules a bit more explicit.
Due to the fact that the trivial-monodromy constraint implies both N and E act
semisimply, it suffices to consider the atypical simples Ân,e and typical simples V̂n,e.
All of the remaining modules are given by extensions of these simples on which the
modes N,E act semisimply, such as the indecomposible modules P̂n,e, which for e = 0
are induced from the four-dimensional projective indecomposible gl(1|1) module Pn.

First consider the atypicals Ân,e. Because fusion with Πk+1Â k
2 ,1

and its contragredient

can always be used to shift e→ 0, it suffices to consider this case.21 The monodromy
of the generators and the simple current Ân,0 are given by

M(Âk,0, Ân,0) = 1Âk,0
× 1Ân,0

M(Πk+1Â k
2 ,1
, Ân,0) = exp

(
2πin

)
1Πk+1Â k

2
,1

× 1Ân,0

(56)

of V (gl(1|1)) that can be realized in terms of free fields is physically meaningful, i.e. whether the free-
field realization is merely a calculational tool or has physical meaning in and of itself. We note that this
restriction could be related to the additional Z2 appearing in the translation groups used in [35] and to the
fact that the underlying supersymmetric Chern-Simons-matter theory has k2 Bethe vacua, cf. Section 5 of
[7], in contrast to the 2k2 simples we find by including both parities.

21In the general case it suffices to consider atypicals with e = 0, ..., ν − 1.
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from which it follows that Ân,0 and Vk are mutually local if and only if n is an integer.

The modules F
(
Âℓ,0

)
for ℓ ∈ Z arise naturally from bulk Wilson lines associated to

the 1-dimensional gl(1|1) module Aℓ. In particular, we find that

F
(
Âℓ,0

)
=
⊕
m∈Z

(
Âℓ+mk,0⊕

⊕
n∈Z>0

Πnk

(
ΠÂ

ℓ+mk+n
(

k−1
2

)
+ 1

2 ,n
⊕ Â

ℓ+mk−n
(

k−1
2

)
− 1

2 ,−n

))
(57)

whose graded supercharacter is given by

χ[F
(
Âℓ,0

)
] =

∑
m,n∈Z

(−1)n
2(k+1)(qns)ℓqnmk+n2

(
k+1
2

)
smk+n( k

2+1)tn
(sq1+n; q)∞(s−1q1−n; q)∞

(q; q)2∞

(58)
exactly matching the half-index in the presence of the Wilson line WAℓ

. Note that the

module F(Âℓ,0) only depends on the value of ℓ up to a shift by integer multiples of
k; this is the source of the need to de-equivariantize and reflects the fact that Wilson
lines can be screened by gauge vortex lines in the presence of non-zero Chern-Simons
terms.

The analysis for the typical modules V̂n,e is nearly identical and we find that the

monodromy is trivial if and only if the eigenvalues of kE0 and N0+
k
2E0 = Ñ0+

k+1
2 E0

are integral. Correspondingly, we must require e ∈ 1
kZ\Z and n+ 1

2 +
(k+1)e

2 ∈ Z. Just
as above, we can identify the induced modules F

(
V̂n,e

)
with Wilson lines associated

to Vn,e, and screening by gauge vortex lines implies many of these Wilson lines should

be identified; for example, it suffices to consider V̂n,e with 0 < e < 1.
Putting these results together, we see that the category Ck only has support in the

subcategories KLe for e ∈ 1
kZ ⊂ C. At the level of the block decomposition mentioned

above, we find

Ck =
⊕

[e]∈ 1
kZ/Z

Ck,[e] Ck,[e] =
(⊕
ℓ∈Z

KL
N+ k

2E,E

ℓ+e

)
/Λk (59)

The category Ck,[0] contains the vacuum module Vk and is generated by the (mod-

ules induced by) atypicals V (gl(1|1)) modules F(Â0,0), ...,F(Âk−1,0), identified with
Wilson lines for the atypical gl(1|1) modules A0, ..., Ak−1 up to screening. When
e = l

k ̸= 0 for l ∈ Z, the category is generated by the (modules induced by

the) typicals F(V̂ 1
2+

l(k+1)
2k , lk

), ...,F(V̂
k− 1

2+
l(k+1)

2k , lk
), identified with Wilson lines for the

corresponding typical gl(1|1) modules.

3.1.1 1-form global symmetry

Before moving on, we note that the Wilson lines WAℓ
generate a Z(1)

k 1-form global
symmetry. In particular, using the fusion rules (see e.g. Theorems 3.2.2 and 3.2.3 of
[38])

Ân,e × Ân′,e′ = Ân+n′−ϵ(e,e′),e+e′ Ân,e × V̂n,e′ = V̂n+n′−ϵe,e+e′ (60)
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where ϵ(e, e′) = ϵ(e) + ϵ(e′) − ϵ(e + e′) for ϵ(e) = 1
2 sign(e), we see that fusing the

simple currents Ân,0 and Ân′,0 results in the simple current Ân+n′,0. Moreover, since
the functor F identifies the simple currents An,e with n values differing by integer

multiples of k, we see that the fusion rules for the modules F(Ân,0) (n = 0, ..., k − 1)
exactly match the group law of Zk. This 1-form symmetry is generated by, e.g., the
single Wilson line W := WA1

.22

W L

⇝

W ×L L

W ⇝

L

• SW,L

Fig. 1: The two actions of a 1-form symmetry generator W on the line operator L.
Left: Action of the 1-form symmetry by fusion with the generator W. This sends the
line operator L to the line operator W × L. Right: Action of the 1-form symmetry
generator by wrapping the generator W. This results in a specific local operator SW,L
on the line operator L.

Such a 1-form global symmetry has two natural actions on the category of line
operators; see Figure 1 for an illustration. The first action comes directly from fusion:
given another line operator L, this action produces the line operator W × L. (Left
side of Figure 1.) Using the above fusion rules, we find that this action on the simple
Wilson lines is given by

W ×WAn
= WAn+1

, W ×WVn,e
= WVn+1,e

. (61)

Note that this not quite the tensor product of the corresponding gl(1|1) modules due
to the mod k identification of n. More generally, we find that fusion with W is an
auto-equivalence of the fiber categories Ck,[e] with inverse given by fusing with Wk−1.

The second action of the 1-form global symmetry comes from wrapping the gen-
erating line operator W around a given line. (Right side of Figure 1.) Given a second
line operator L, this action produces a local operator SW,L on L, i.e. an element of
the endomorphism algebra End(L) of L. This local operator is particularly special
because it is central in End(L) due to the fact that we can slide the wrapped W along
L. More generally, the “open Hopf link” map SW,− commutes with every morphism

22More generally, we find 1-form symmetry group with two generators x, y satisfying

x
κ
= 1 y

d
x
2ξ

= 1

where, as above, d = gcd(κ, ν). The generator x is identified with the module F(Â 1
ν

,0
) and y is identified

with F(Â 1
2
−(

ξ
ν

+ ν
2
) 1
d
, ν
d

). As in Tk, the generator x corresponds to a Wilson line associated to the atypical

representations A 1
ν
. The line operator y is not quite a Wilson line, but can be viewed as a subobject of the

Wilson line associated to the typical representation V 1
2
− ξ

dν
, ν
d

.
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in the following sense: if L1,L2 are two line operators and O ∈ Hom(L1,L2) a local
operator joining them, then

SW,L2O = OSW,L1 (62)

is an identity in Hom(L1,L2). See Figure 2 for an illustration. In addition, the maps
SW,L furnish a representation of the group algebra C[Zk] in End(L).23

L2

•OSW,L1

L1

⇝

L2

W
•O

L1

↭

L2

W •O

L1

⇝

L2

•SW,L2O

L1

Fig. 2: An illustration showing that SW,− is central.

We can determine this action by using the monodromy map one again; monodromy
with Â1,0 simply measures the eigenvalue of E0 mod Z:

M(Â1,0, Ân,0) = 1Â1,0
× 1Ân,0

, M(Â1,0, V̂n,e) = exp(2πie) 1Â1,0
× 1V̂n,e

. (63)

This implies that the open Hopf link maps are simply scalar multiples of the identity
operator

SW,WAn
= 1WAn

SW,WVn,e
= exp(2πie)1WVn,e

. (64)

In particular, W has a trivial action on itself: the Z(1)
k 1-form symmetry is non-

anomalous.24 More generally, if L ∈ Ck,[e] we find that SW,L is simply multiplication by
the kth root of unity exp(2πie). Note that the centrality of SW,− immediately implies
there can be no morphisms between modules with different values of this phase factor.
In particular, there can be no morphisms between Ck,[e] and Ck,[e′] unless [e] = [e′].

3.2 The category Ck,[e]

In this subsection we provide a concise description for the subcategory of line operators
Ck,[e], at least at the level of abelian categories, in terms of the Lie superalgebra gl(1|1).

We start with the identification of Ck,[e] with the de-equivariantization of⊕
n∈ZKL

0
n+e by fusion with the simple currents Πk+1Âk/2,1, Âk,0, and their duals.

We can simplify this de-equivariance by performing it in two steps. First, we de-
equivariantize with respect to fusion with the currents Πk+1Âk/2,1 and ΠkÂ−k/2,−1;

23In general, the maps S−,L2
: L1 → SL1,L2

yield a representation of the full fusion ring on the
endomorphism algebra End(L2).

24The 1-form symmetry of T(κ,ν,ξ) is generically anomalous. We find that the generator F(Â 1
ν

,0
)

has trivial monodromy with itself but monodromy e
2πi
d with F(Â 1

2
−(

ξ
ν

+ ν
2
) 1
d
, ν
d

). The monodromy of

F(Â 1
2
−(

ξ
ν

+ ν
2
) 1
d
, ν
d

) and itself is e
− 4πiξ

d2 . It follows that the 1-form flavor symmetry is non-anomalous if

and only if d = 1, i.e. when κ and ν are coprime.
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we can use this de-equivariantization to restrict our attention to KL0
e with 0 ≤ e < 1.

The second step will then be de-equivariantization with respect to fusion with the
currents Â±k,0.

Note that when e /∈ Z or e = 0, there is an equivalence between KLe and the
category of modules for gl(1|1) on which E = {ψ+, ψ−} acts with generalized eigen-
value e, cf. [40, Proposition 3.2]. Restricting to local modules KL0

e, we are forced to
require N0 and E0 act semisimply, whence E0 acts as scalar multiplication by e. More-
over, the generator N0 +

k
2E0 is required to have integer eigenvalues.25 As described

in [40, Section 5.1], we can alternatively think of such a representation of gl(1|1) as
a Z-graded module for the Z-graded superalgebra generated by the two odd genera-
tors ψ± (degrees ±1) with anti-commutator {ψ+, ψ−} = e. We denote this Z-graded
superalgebra Cle; the algebra Cl0 is an exterior algebra on two generators for whereas
Cle for e ̸= 0 is a Clifford algebra.

If we were to stop here, morphisms would be required to have degree 0 to mirror
the fact that morphisms of gl(1|1) modules respect the grading. Instead, we must

contend with the de-equivariantization arising from fusion with Â±k,0. Since fusion
with these modules simply shifts the grading by ±k, leaving e fixed, we see that this
de-equivariantization amounts to reducing the Z grading on Cle and its modules to a
grading by Zk. If we think of the grading on modules and morphisms as arising from
an action of C× and restricting to degree 0 morphisms as taking C× equivariance, we
conclude that the effect of the de-equivariantization is to instead take Zk-equivariant
morphisms, i.e. restricting morphisms to have degree 0 mod k. Putting this together,
we find that the subcategory of line operators Ck,[e] is identified as an abelian category
with the Zk-equivariant category of Cle modules:

Ck,[e] ≃ Cle-modZk (65)

3.2.1 Bulk local operators

From the above identification of the category of line operators, we can determine
the algebra of bulk local operators as the derived endomorphisms of the trivial line
operator 1, which belongs to the subcategory Ck,[0] ≃ Cl0-modZk . Viewing our Chern-
Simons theory Tk as the B-twist of an N = 4 Gaiotto-Witten theory, these local
operators should be interpreted as the algebra of functions on the Higgs branch MH

of this N = 4 theory.
From the perspective of the boundary VOA Vk, the trivial line operator 1 is iden-

tified with the vacuum module. Passing to the category Cl0-modZk , we identify the
trivial line 1 with the trivial 1-dimensional module A0 where both ψ+, ψ− act as zero.
Prior to taking Zk-equivariance, it is a classical result that the derived endomorphisms
of A0 is a polynomial algebra in two even variables:

ExtCl0-mod(A0, A0) = C[x±] (66)

where x± has degree ±1. This is the standard Koszul duality between
∧• C2 and

Sym•(C2)∗. Once we take into account the Zk-equivariance, we must restrict ourselves

25For more details, see Appendix B.
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to morphisms that have degree 0 mod k. We conclude that the algebra of local oper-
ators is merely the Zk-invariants of C[x±], exactly matching the algebra of functions
on the Kleinian singularity C2/Zk

ExtCk,[0]
(1,1) = ExtCl0-modZk (A0, A0) = C[MH ] MH = C2/Zk (67)

in agreement with the index computations and geometric quantization analysis in
Section A.4.

It is worth noting that our result slightly differs from that of Kapustin and Saulina
in [67, Section 3.2]. The main difference in the two analyses comes from how one
imposes gauge invariance in a derived setting. The authors of loc. cit. regard gauge
invariant local operators as classes in C⊕C = Lie(U(1)×U(1)) Lie algebra cohomology
with values in the algebra of monopoles Mm+,m− and the bosonic fields Z± (denoted
A,B in [67]); this corresponds to taking derived invariants for infinitesimal gauge
transformations, i.e. derived Lie algebra invariants. The issue is that they should
instead have taken invariants with respect to finite gauge transformations. Since the
complexified gauge group C× × C× is reductive, taking group invariants is actually
an exact functor and, in particular, should not be taken using ghosts, cf. [68, Section
6.2.1]. Taking this modification into account, the analysis of Kapustin-Saulina exactly
reproduces our algebra of local operators.

3.3 The quasi-quantum group Ak

In this section we relate the category Ck to the category of modules for a quasi-
quantum group Ak in two ways. The first way, which is conceptually quite simple, is
to follow the argument in Section 5.2 of [40] to use the above description of Ck,[e] in
terms of Zk-equivariant modules for the algebra Cle. The drawback to this approach
is that it only accesses aspects of line operators at the level of an abelian category, i.e.
it only utilizes the fact that Ak is an algebra, and so we will be fairly brief. Our second
route to the quasi-quantum group Ak is via uprolling the unrolled quantum group

U
E
(gl(1|1)), cf. [55], and is contained in Section 3.3.2. This approach is technically

more difficult than the above but is, by design, a direct analog of the realization of
Vk as a simple current extension of V (gl(1|1)) and gives us access to the entirety of
Ak. This second approach also more readily generalizes to the quasi-quantum group
A(κ,ν,ξ) for the theory T(κ,ν,ξ).

3.3.1 Ck,[e] and Ak

Recall that Ck,[e] can be described, at least as an abelian category, as the Zk-equivariant
category of modules for the exterior/Clifford algebra Cle generated by the fermions
ψ±. Choose a module M in Cle-modZk ; this is simply a Zk-graded vector space M =⊕

[n]∈Zk
M[n] with an action of the algebra Cle compatible with the grading. We define

an action of (invertible) bosonic generators K±1
1 ,K±1

2 and fermionic generators Ψ±
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via the formulae

K±1
1

∣∣
M[n]

= q±2n1M[n]
K2 = q2ke1M

Ψ+ = ψ+ Ψ− = 1
e (q

2ke − 1)ψ−
(68)

where q = exp(iπ/k) is a 2kth root of unity. In these expressions, the 1
e (q

2ke−1) should
be interpreted as its limit 2πi for e = 0. The relations satisfied by these generators
are that K2 is central and

Kk
1 = 1 Kk

2 = 1 K1Ψ± = q±2Ψ±K1 {Ψ+,Ψ−} = K2 − 1 (69)

We call this algebra Ak.
With the above action of Ak, any Zk-equivariant morphism of Cle modules natu-

rally defines a morphism of modules for Ak and hence we get a functor from Cle-modZk

to the category of modules for Ak where K2 acts as q2ke. As with [40], this is an equiv-
alence of categories with inverse being the obvious one that identifies the generators
as ψ+ = Ψ+ and ψ− = e

1−q2keΨ− and the Zk-gradings with the eigenvalues of K1.
Together with the previous section, this implies that the category Ck of line operators
in our Chern-Simons theory Tk is equivalent to the category of Ak modules

Ck ≃
⊕
e

Cle-modZk ≃ Ak-mod (70)

as abelian categories.

3.3.2 Ak from uprolling

We now present a second route to Ak via uprolling. This is a similar extension pro-
cedure as we saw with the boundary VOA Vk, but now for quantum groups; see [55]
for more general properties of uprolling. In particular, we will find that this procedure

selects a subquotient of the unrolled quantum group U
E
(gl(1|1)). The idea was first

described in [69, Section 4] and was applied in [46, Section 8.3] for a similar situation.
To set the stage, let us recall yet another well-known conjectural equivalence

between a quantum group and a VOA. Let M(2) denote the singlet VOA, which can

be quickly defined as the C× orbifold of a pair of symplectic fermions M(2) = V C×

χ+χ−
,

where C× acts on χ± with weight ±1. The corresponding quantum group is the

unrolled restricted quantum group U = U
H

i (sl(2)) and is generated by five bosonic
generators E,F,H and K± satisfying

KK−1 = K−1K = 1, [H,E] = 2E, [H,F ] = −2F, [E,F ] =
K −K−1

2i
(71)

together with the relations E2 = F 2 = 0 and iH = K. Here i = exp(πi/2) is a fourth
root of unity. This is a quasi-triangular Hopf algebra with universal R matrix

R = iH⊗H/2(1 + 2iE ⊗ F ). (72)
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A convenient way to understand this quasi-triangular Hopf algebra is via the relative
double construction. If we consider the Hopf subalgebra generated by C[H,K,E],
then U is its relative double over C[H,K]. One can also treat C[E] as a Hopf algebra
object in modules of C[H,K], and reconstruct U from the category of Yetter-Drinfeld
modules:

U -Mod ≃ C[E]
C[E]YD(C[H,K]-Mod). (73)

See [57] for some details. It is conjectured [70–72], and proven for the weighted
subcategory in [57], that there is equivalence of braided tensor categories:

M(2)-mod ≃ U -mod. (74)

The symplectic fermion VOA Vχ+,χ− is a simple current extension of the singlet
VOA M(2): we extend by the subspaces of Vχ+,χ− with non-zero C× weight, which
are naturally modules for the invariant subalgebra. The corresponding extension in
U -mod is as follows. For each l ∈ Z, there is a one-dimensional representation Sl of U
where E and F act trivially and H acts with weight 2l. The direct sum of modules

X =
⊕
l∈Z

Sl (75)

is the quantum group analogue of Vχ+χ− , viewed as a M(2) module, and is a commu-
tative superalgebra object in U -mod. Just as the case of simple current extensions of
VOAs, local modules of the simple current extension X can be realized as lifts of U
modules that satisfy a certain locality condition. Namely, a module M of U can be
lifted a module for X if and only if the monodromy

Sl ⊗M M ⊗ Sl Sl ⊗Mτ◦R τ◦R (76)

is trivial for all l. Here R is as above and τ is the natural flipping map τ(a⊗b) = b⊗a.
From the definition of Sl and the above expression for R, this monodromy can be
computed easily to be 1⊗i2lH . Locality means that i2lH = 1 for all l and, in particular,
i2H = 1. This is equivalent to requiring that H acts semisimply with eigenvalues in 2Z.

The lifting functor M → X ⊗M identifies M with Sl ⊗M . In other words, the
action of H is no longer well-defined if we restrict our attention to M . The actions of
E and F survive the extension; the operator iH isn’t preserved by tensoring, but we
view it as the operator measuring fermionic parity (so that Sl is fermionic when l is
odd). If we define ψ+ = iHE and ψ− = F , we find the following anticommutator:

{ψ+, ψ−} = i2H − 1 = 0. (77)

Namely, the superalgebra generated by ψ± and the parity operator iH is simply an
exterior algebra on two variables. This confirms that the quantum group associated
to the symplectic fermion VOA Vχ+,χ− is simply this exterior algebra.

Simple current extension could potentially produce a quasi-Hopf algebra structure
on this exterior algebra. This can be checked at the level of C[H] modules since U -Mod
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is a category of Yetter-Drinfeld modules over C[H] and Yetter-Drinfeld modules behave
well under de-equivariantization [57, Theorem 10.2]. However, since we extend by a
self-dual lattice of C[H] modules, no associator appears.

Let us go a bit further and see how to obtain the quantum group associated to
V (gl(1|1)). We first recall the free field realization of V (gl(1|1)) using the symplectic
fermion VOA Vχ+,χ− together with a Heisenberg VOA generated by bosons A and B
with pairing (A,B) = 1 by the assignment

N = ∂A+ 1
2∂B, E = ∂B, ψ+ = eBχ+, ψ− = e−Bχ−. (78)

This is equivalent to the free field realization we used in Section 2.2.26 Importantly, we
can view V (gl(1|1)) as an extension of the singlet algebra M(2) times the Heisenberg
VOA generated by A,B [12].

To find the quantum group analogue of V (gl(1|1)), we need the quantum group
analogue of the Heisenberg VOA. This quantum group is the algebra U ′ generated
by two commuting variables that we denote, by an abuse of notation, A and B with
universal R matrix

R′ = exp

(
iπ
(
A⊗B +B ⊗A

))
(79)

encoding the pairing (A,B) = 1 on the Heisenberg algebra. We will denote by Ca,b
the module of U ′ where the weight of A and B are a and b, respectively. The affine
VOA V (gl(1|1)) corresponds to the following superalgebra extension of U ⊗ U ′:

X =
⊕

Sl ⊗ Cl,0. (80)

The quantum group corresponding to V (gl(1|1)) follows from by repeating the above
analysis. First, for a module M of U ⊗ U ′ to be mutually local with X imposes

(iHeiπB)2 = eiπ(H+2B) = 1. (81)

Namely, H/2+B must act semisimply with integer eigenvalues onM . Moreover, since
we are free to tensor with (Sl ⊗Cl,0), the actions of H and A are not well-defined on

M after the extension. However, the actions of Ñ = H/2 − A and E = −B survive
the extension. Define Ψ± = ψ± as above, we find the following anticommutator:

{Ψ+,Ψ−} = i2H − 1 = e−2πiB − 1 = e2πiE − 1. (82)

We identify iHe−iπE as the parity operator, and so we arrive at the superalgebra gen-
erated by Ñ , E,Ψ±. This is readily identified with the unrolled restricted quantum

26Explicitly, we introduce a third bosonic field C with pairing (C,C) = 1 and identify the symplectic

fermions as χ+ = eC , χ− = ∂e−C . We can then identify the bosons X,Y, Z as

X = A− 1
2B − C Y = B Z = C + B.
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group U
E
(gl(1|1)). We note that the braiding of U ⊗U ′ modules induces one for mod-

ules of U
E
(gl(1|1)). Checking the corresponding extension at the level of C[H,A,B]

modules, one easily finds that no associator appears.

In principle, one can compute an R matrix for U
E
(gl(1|1)) that matches the braid-

ing coming U ⊗ U ′, but it is very complicated and will not be particularly useful
for our discussion here. Instead, we simply compute monodromy between modules of

U
E
(gl(1|1)) by choosing pre-images from modules of U ⊗ U ′.
We now extend once more to obtain the quantum group analog of Vk. To do so,

we would like to identify the module of the quantum group U
E
(gl(1|1)) corresponding

to Ân,e, for each n ∈ C and e ∈ C; the free-field realization in Section 2.2 will be our

guide. In [40], the module Ân−e/2+ϵ(e),e is shown to be the unique submodule of the
free-field module generated by |eX + nY ⟩. The vector |eX + nY + eZ⟩ belongs to the

kernel of the screening operator and is a generator of Ân−e/2+ϵ(e),e; it is identified with
the spectral flow of the vacuum vector. The corresponding module of U ⊗U ′ is simply

Cn+e/2,e. Upon lifting, this module corresponds to the module of U
E
(gl(1|1)) where

N acts with weight −n− e/2 and E with weight −e, and Ψ± act trivially. We denote
this module by An−e/2+ϵ(e),e for e ̸= 0. In other words, An,e is the one-dimensional

module of U
E
(gl(1|1)) where the action of E is −e and the action of N is −n−e+ϵ(e).

The action of Ψ± is trivial. Note that trivially acting Ψ± is consistent with the above
anticommutator only when e ∈ Z. One can show that under this definition, the fusion
rule of An,e is given by:

An,e ⊗An′,e′
∼= An+n′−ϵ(e,e′),e+e′ (83)

just as for the simple currents of the VOA module.
The lattice of simple currents corresponding to the extension Vk is generated by

Ak,0 and A k
2 ,1

. Therefore, we consider an extension of the following form:

Mk :=
⊕
m,n

A
mk+n

(
k−1
2

)
+ϵ(n),n

(84)

Note that although we did not write out the parity shifts here, the parity of these
modules should match the one used for Vk, namely Πk+1A k

2 ,1
and Ak,0. From the

above discussions, Mk can be written as a module of U ⊗ U ′ as

Mk =
⊕
l,m,n

Sl−n ⊗ C
l+mk+n

(
k−1
2

)
,n
, (85)
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cf. the free-field realization in Section 2.2.27 Lifting modules from U
E
(gl(1|1)) to Mk

imposes the following trivial-monodromy conditions:

exp

(
2πi
(
kE
))

= 1 exp

(
2πi
(
(Ñ − E

2 ) +
k
2E
))

= 1 (86)

This can be computed from the R matrix of U⊗U ′ as above. Moreover, the freedom to
tensor with Ak,0 and A k

2 ,1
means that neither the action of Ñ nor of E is well-defined.

However, the exponentials

K1 = exp

(
2πi

k

(
(Ñ − E

2 ) +
k
2E
))
, K2 = exp

(
2πiE

)
(87)

survive the extension. The above locality constraint implies Kk
1 = Kk

2 = 1. The
algebra generated by K1,K2 and Ψ± is exactly the superalgebra Ak we are after,
whose algebra relations are given in Eq. (69), if we identify the quantum parameter
as q = eiπ/k. This confirms that Ak is the quantum group analog of Vk.

A different feature from the V (gl(1|1)) case is that Ak acquires an associator. This
can be seen from the extension procedure at the level of C[H,A,B] modules. The
lattice Λk we extend by is spanned by vectors

Λk = SpanZ

{
(1, 1, 0), (0, k, 0), (0,

k + 1

2
, 1)

}
, (88)

and it is not difficult to check that its dual lattice Λ′
k is spanned by

Λ′
k = SpanZ

{
(1, 1, 0), (0, 1, 0), (−1

k
,−k + 1

2k
,
1

k
)

}
. (89)

The quotient Λ′
k/Λk = Zk × Zk and corresponds to representations of K1,K2. The

quadratic form induced on the quotient is given by28

Q(a, b) = exp(πi/k(a2 − 2ab)), (a, b) ∈ Zk × Zk. (90)

Due to the term exp(πi/ka2), there is no choice of braiding σ that is multiplicative.
Therefore, Ak acquires an associator. This associator can be chosen to be non-trivial
only on the first copy of Zk.

3.4 Comparison between T(k,1,0) and 3d B-model to C2/Zk

In this section we briefly turn our attention to a slightly different theory, namely
T(k,1,0). Work of Mikhaylov identifies T(k,1,0) with a Zk orbifold of the B twist of a

27Explicitly, we identify the weights of X,Y , and Z with those of A− B
2 − H

2 , B, and B+ H
2 , respectively.

The module Sl−n ⊗ C
l+mk+n

(
k−1
2

)
,n

can then be seen to have weight (mk + n k
2 , n, l), in agreement with

weight the vector |n(X + k
2 Y ) + m(kY ) + lZ⟩.

28The expression exp(πi/ka2) is only defined up to ±1 when k is odd, which is related to the fact that
the extension is a super-algebra extension.
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free hypermultiplet [33], i.e. Rozansky-Witten theory (alias 3d B-model) with target
C2/Zk. It is relatively straightforward to derive the category of line operators from this
3d B-model perspective, and we can compare the resulting category to the category
C(k,1,0) of modules for V(k,1,0).

Line operators in the B twist of a free hypermultiplet can be described as follows,
see e.g. [7, Section 2.3] for more details. Consider the 3d B-model on a spacetime
R×C×, the complement of a line in R3 ≃ R×C. If we compactify the theory around
the circle in C× ≃ R>0 × S1, we can identify line operators of the 3d B-model with
boundary conditions of a 2d B-model whose target is the loop space LC2 of the 3d
target. The kinetic terms around S1 are viewed as a superpotential for the 2d B-
model, whence the category of line operators in 3d can be identified with a (derived)
category of matrix factorizations, cf. [7, Equation (2.38)]:

MF(LC2,W0) W0 =

∮
dθ

2π
Z−∂θZ

+ . (91)

The same analysis goes through once we consider the Zk orbifold, from which we
find the category C̃k of line operators in this orbifold is given by

C̃k ≃ MF(L(C2/Zk),W0) (92)

In addition to restricting to Zk-equivariant morphisms of matrix factorizations, there
are additional line operators that source a non-trivial flat background for the C× flavor
symmetry of the underlying hypermultiplet that couples trivially to Zk-invariants.
Such a flat connection takes the form Ae = ae dθ = ie dθ for e ∈ 1

kZ; the holonomy of
Ae is then g = exp(2πie). The category of line operators with this background is then

C̃k,[e] ≃ MF(LC2,We)
Zk (93)

where We is obtained by replacing ∂θ in W0 by the covariant derivative ∂θ + ae. It
is useful to expand the fields into Fourier modes Z± =

∑
n Z

±
n e

inθ so this category
of matrix factorizations is re-expressed as (removing an overall factor of i from the
superpotential)

C̃k,[e] ≃ MF

(∏
n∈Z

C2
n,We =

∑
n

(
n+ e

)
Z−
−nZ

+
n

)Zk

(94)

cf. Equations (2.41)–(2.43) of loc. cit. From this presentation of C̃k,[e], we see that it
only depends on e up to shifts by Z via redefining the modes, in accordance with our
notation.

Another route to C̃k,[e] is by viewing these as twisted sectors as where the fun-

damental fields Z± have non-integral mode expansions Z± =
∑

n Z
±
n e

i(n±e)θ. This
perspective is related to turning on the above flat background connection via a fac-
tional large flavor transformation Z±(θ) → e±ieθZ±(θ); under such a transformation,
the superpotential transforms as W0 →We.
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As with a free hypermultiplet, the categories C̃k,[e] admit a simple finite-dimensional
model by integrating out (most of) the massive modes, i.e. via (an equivariant version
of) Knörrer periodicity. Without loss, assume that 0 ≤ e < 1; we then see that the
modes Z+

n , Z
−
−n for n ̸= 0 all have a quadratic potential of the form (n + e)Z−

−nZ
+
n .

Since n ̸= 0 implies n+ e ̸= 0, these modes are massive after compactifying and hence
many be safely integrated out. The resulting finite-dimensional model is

C̃k,[e] ≃ MF
(
C2,W = eZ−Z+

)Zk (95)

where we have replaced Z±
0 → Z± to simplify the notation.

Finally, we note that the symmetric algebra C[Z±] with curving W = eZ−Z+

is Koszul dual to the Clifford/exterior algebra Cle, but this is exactly the algebra
describing the categories Ck,[e] and C(k,1,0),[e]! This quadratic-constant Koszul duality
then implies that there is a (derived) equivalence

Ck,[e] ≃ C(k,1,0),[e] ≃ Cle-modZk ≃ MF
(
C2,W = eZ−Z+

)Zk ≃ C̃k,[e]. (96)

Thus, the categories Ck, C(k,1,0) of line operators in Tk, T(k,1,0) are indeed equivalent

to the category C̃k of line operators in a 3d B-model with target C2/Zk, at least as
abelian categories.

3.4.1 Comparing boundary VOAs

Rozansky-Witten theory with target C2/Zk has a natural boundary VOA: the Zk-
orbifold of the symplectic fermion VOA V Zk

χ,χ−
. Using the relation between V(k,1,0) and

V Zk
χ,χ−

derived in Section 2.2.1, we can compare C(k,1,0) and category of modules of
this orbifold. The category of modules for this orbifold is expected to be equivalent
to the above category of matrix factorizations C̃k, where the braiding on the latter
uses the E2 structure on the category (Koszul dual to the one) studied in [73, 74].

Correspondingly, we also denote the category of modules for the orbifold by C̃k.
Recall that we can relate the boundary VOA V(k,1,0) to V

Zk
χ+,χ−

as

V(k,1,0)
∼= (Vχ+,χ− ⊗W )Zk (97)

for the lattice VOA W = Vϕ2
⊗Vϕ3

associated to the self-dual lattice Z1,1. To see how

C(k,1,0) can be related to C̃k, consider the following product of orbifolds:

V = V Zk
χ+,χ−

⊗WZk . (98)

It follows that V(k,1,0) is a simple current extension of V and that objects in C(k,1,0) can
be realized as lifts of objects from V -mod, via the usual induction functor V(k,1,0)×−,
that have trivial monodromy with V(k,1,0). The fact that V is a product of VOAs
implies the category V -mod can be expressed as

V -mod ≃ C̃k ⊠WZk -mod. (99)
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The action of Zk on W = Vϕ2 ⊗ Vϕ3 only acts on vertex operators built from ϕ3,
and the operators surviving are those of weight k with respect to ϕ3,0. It follows that

WZk ≃ Vϕ2 ⊗ Vkϕ3 , (100)

where Vkϕ3
is the extension by the lattice generated by ekϕ3 . As abelian categories,

there is an equivalence WZk -mod ∼= VectZk2 between modules for WZk and the cat-

egory of vector spaces graded by 1
kZ/kZ ≃ Zk2 . As a monoidal category, there is an

interesting braided tensor structure coming from the bilinear pairing on Zk2 induced
from the original lattice. The extension to V(k,1,0) can be identified as a diagonal
embedding

VectZk
−→ C̃k ⊠VectZk2 , (101)

i.e. we consider an extension of V by the diagonal Zk simple currents. Here, the
embedding VectZk

→ VectZk2 corresponds to the group homomorphism

Zk ≃ Z/kZ → Zk2 ≃ 1
kZ/kZ : 1 + kZ 7→ 1 + kZ. (102)

The embedding into C̃k corresponds to the Zk simple currents extending V Zk
χ+,χ−

to
Vχ+,χ− . Putting this together, we can describe the category C(k,1,0) of line operators

in T(k,1,0) in terms of the category C̃k of modules for the orbifold V Zk
χ+,χ−

as the de-
equivariantization by this Zk:

C(k,1,0) ≃
(
C̃k ⊠VectZk2

)
/Zk. (103)

This is in fact an equivalence of braided tensor categories.
The category of modules for V admits a decomposition

C̃k ⊠VectZk2 =
⊕
[e],[e′]

C̃k,[e] ⊠VectZk2 ,[e′] (104)

where the subscript [e] ∈ 1
kZ/Z denotes the subcategory of C̃k where monodromy

with V(k,1,0) is e
2πie, and similarly for the subscript [e′]. Computation in the free field

algebra W shows that
VectZk2 ,[e′] = Vectke′+kZ, (105)

where Vectke′+kZ is the subcategory of VectZk2 whose objects are supported on the

coset ke′ + kZ ⊂ 1
kZ/kZ. For each [e] and [e′], the subcategory

C̃k,[e] ⊠VectZk2 ,[e′] (106)
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has monodromy exp
(
2πi(e + e′)

)
with V(k,1,0). To ensure trivial monodromy with

V(k,1,0), we therefore need that [e] + [e′] = 0. This leads to the following:

C(k,1,0) ≃

⊕
[e]

C̃k,[e] ⊠VectZk2 ,[−e]

 /Zk. (107)

The category VectZk2 ,[−e] is equivalent, as an abelian category, to VectZk
, and therefore

we find the following equivalence of abelian categories:

C(k,1,0) ≃
⊕
[e]

(
C̃k,[e] ⊠VectZk

)
/Zk ≃

⊕
[e]

C̃k,[e] ≃ C̃k. (108)

The second equivalence is because a vector space supported at any other point on
Zk can be transferred to one supported at the identity via the action of Zk. This
equivalence preserves the decomposition into sectors with given 1-form charge [e]. In

conclusion: the categories of line operators Ck, C(k,1,0), and C̃k are all equivalent as
abelian categories, even as tensor categories fibered over the Pontryagin dual group

Hom(Z(1)
k ,C×) of 1-form charges, but will have different braided tensor structures.

3.4.2 The quantum group A(k,1,0)

We can obtain the quantum group analog of V(k,1,0) as in Section 3.3. The algebra
object corresponding to this extension of V (gl(1|1)) is given by

M(k,1,0) =
⊕
m,n

Amk− 1
2n+ϵ(n),n

(109)

The condition of trivial monodromy imposes the constraints

exp

(
2πi
(
kE
))

= 1 exp

(
2πi
(
Ñ − E

2

))
= 1. (110)

Moreover, the action of the exponential generators K̃1 = q2Ñ−E and K̃2 = q2kE are
well defined. We obtain the superalgebra A(k,1,0) generated by K̃1, K̃2 and Ψ±. It turns
out that the commutation relations exactly coincide with the commutation relation
of Eq. (69). Thus, as algebra, A(k,1,0) is isomorphic to Ak. The difference here, as
indicated in the Introduction, is a difference of the quasi-Hopf algebra structure.

To see this, we can simply study the extension at the level of C[H,A,B] modules.
In this case, the lattice Λ(k,1,0) is spanned by vectors

Λ(k,1,0) = SpanZ

{
(1, 1, 0), (0, k, 0), (0,

1

2
, 1)

}
, (111)
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and its dual lattice is given by

Λ′
(k,1,0) = SpanZ

{
(1, 1, 0), (0, 1, 0), (−1

k
,− 1

2k
,
1

k
)

}
. (112)

The quotient Λ′
(k,1,0)/Λ(k,1,0) = Zk × Zk and the blinear form one obtains on the

quotient is given by

Q(a, b) = exp(
2πi

k
ab), (a, b) ∈ Zk × Zk. (113)

We can therefore choose the braiding σ((a, b), (a′, b′)) = exp( 2πik ab
′), corresponding

to the non-symmetric R-matrix exp(2πi(Ñ ⊗E)), which illiminates the associator. In
conclusion, A(k,1,0) can be given a genuine quasi-triangular Hopf algebra structure. It

is not difficult to see that it is the double of the Hopf subalgebra C[K̃1,Ψ+].
From the perspective of the algebra objects, we can decompose Mk as a direct

sum:
Mk =

⊕
n

Mk,n (114)

where Mk,n :=
⊕
m
A

mk+n
(

k−1
2

)
+ϵ(n),n

. Similarly, there is a decomposition of M(k,1,0),

conveniently expressed as

M(k,1,0) =
⊕
n

Mk,n ⊗A−n k
2 ,0
, (115)

which uses A
mk+n

(
k−1
2

)
+ϵ(n),n

⊗A−n k
2 ,0

= Amk−n
2 +ϵ(n),n

. This shows how to transform

one lattice into another with the modules A−n k
2 ,0

. Unfortunately, this relation between

extensions cannot be applied to local modules thereof in a canonical way, and it
remains mysterious to us to see how the local modules of these two superalgebra
objects are related.

As a final comment about quantum groups, we mention that the quantum groupAk

can be seen to be immediately Koszul dual to the 3d B-model. For this, we will treat
K1 as a generator of Zk and view its role as imposing Zk equivariance. Let us Koszul
dualize the variable Ψ+, and call the dualized variable Z+. The anticommutation
relation is dualized into a differential Q:

{Ψ+,Ψ−} = K2 − 1⇝ QΨ− = (K2 − 1)Z+. (116)

If we view Z+ as a linear function on C, then this is imposing (in a derived way) the
constraint ζv = v for (ζ, v) ∈ Zk×C. This can be expressed by the following Cartesian
diagram:

Z C

Zk × C C× C

∆

ρ

(117)
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where ∆ is the diagonal embedding and ρ is given by:

ρ(ζ, v) = (v, ζv). (118)

The Koszul duality implies an equivalence of derived categories:

DbCk ≃ Coh(Ẑ/Zk), (119)

where the right hand side Ẑ/Zk is a formal completion of Z/Zk along Zk×{0}, 0 being
the origin of C. The space Z/Zk is nothing but L(C/Zk), the derived (topological) loop
space of the stack C/Zk, in other words the derived mapping space Hom(S1

dR,C/Zk)
[75]. Indeed, the topological loop space is defined by the following derived intersection:

L(C/Zk) ∼= C/Zk ×C/Zk×C/Zk
C/Zk. (120)

Note that if there is a map X/G → Y/H, then the derived intersection (X/G)×Y/H
(X/G) can be alternatively defined by the pull-back diagram:

(X/G)×Y/H (X/G) G \X

G \H ×G X G \ Y

(121)

Applying this to X = C, Y = C×C, G = Zk and H = Z2
k, we find the space Z/Zk as

above.
The derived loop space as a B model has been investigated by [73] and recently

by [74]. If we additionally Koszul dualize the fermion Ψ−, we arrive at precisely the
category of matrix factorizations considered above, if we replace eZ+Z− by (e2πie −
1)Z+Z−, which does not change the category. In conclusion, we have the following
diagram of categories:

Vk-mod Ak-mod

Coh (L(C/Zk))

MF
(
C2 × Zk,W = (ζ − 1)Z+Z−)Zk

(122)

The categories in the first row are braided tensor categories and, as we have shown,
might have more than one braided tensor structure. The category on the second row is
known to have an E2 structure, and is the Drinfeld center of the category Coh(C/Zk).
This E2 structure is most directly comparable to the one from A(k,1,0), since this is
the double of C · Zk ⋉ C[Ψ+]. However, due to the abelian equivalence Ak-mod ≃
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A(k,1,0)-mod, we came to the puzzle that the category on the second row has more
than one braided monoidal structure.

From a physical perspective, the identification between boundary VOAs

V(k,1,0) ≃ (V Zk
χ+,χ−

× Vkϕ3)/Zk × Vϕ2 (123)

corresponds to the following identification of theories:29

T(k,1,0) ≃ (HB/Z(0)
k × U(1)−k2)/Z

(1)
k × U(1)1 (124)

where HB denotes the B-twist of a free hypermultiplet, with HB/Z(0)
k its Zk orbifold.

The factor of U(1)1 is essentially trivial: it has only no non-trivial local operators or
line operators. The theory U(1)−k2 is equivalent to U(1)k2 with inverted braiding:

the Wilson lines Wℓ1 ,Wℓ2 , with ℓ1, ℓ2 = 0, ..., k2 − 1, braid with a factor e−
2πi
k2 ℓ1ℓ2 .

These Wilson lines generate the Z(1)
k2 1-form symmetry of U(1)−k2 . Importantly, the

subgroup with ℓ divisible by k braids trivially with itself (the symmetry corresponding
to that subgroup is non-anomalous) and we gauge the (non-anomalous) subgroup

of the Z(1)
k × Z(1)

k2 1-form symmetry of HB/Z(0)
k × U(1)−k2 generated by (1, k); this

Z(1)
k symmetry is precisely the diagonally embedded VectZk

above. The effect of this

gauging this 1-form is to dress the line operators in HB/Z(0)
k by the Wilson line with

complementary 1-form charge. For example, a line in C̃k,[e] would get dressed by the
Wilson line Wke and, correspondingly, will alter the braiding morphisms by a factor
exp(−2πiee′).

It is an interesting question where these different E2 structures come from math-
ematically, e.g. from the geometry of the symplectic orbifold C2/Zk, as the usual
braiding of lines in Rozansky-Witten theory is determined by the Poisson bivector on
the holomorphic-symplectic target [76].

4 Coupling to Flat Connections

As described in detail in [7, Section 2.2], when a theory can be deformed by background
flat, complexified connections for a flavor symmetry G, the category of line operators C
can be extended to include line operators compatible with flat connections possessing
a given holonomy g ∈ G around the line operator

Cext =
⊕
g∈G

Cext
g . (125)

The category Cext
1 is identified with the category of line operators in the usual sense,

i.e. it is the category analyzed in Section 3.
Relatedly, we saw in the analysis of Section 3.1 that there are many modules in

KL that do not induce local modules of the boundary VOA Vk. Indeed, we saw that

29There is a slightly less trivial relation between Tk and HB/Z(0)
k , e.g. by first relating Tk and T(k,1,0)

as in Section 1.3, but we will not describe it here.
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no module in KLe induced a local module for Vk unless e ∈ 1
kZ ⊂ C. Modules with

ke /∈ Z should not be ignored because of this; they simply induce non-local modules
for Vk, i.e. they are monodromy defects (a.k.a. twisted modules) for Vk.

In the same fashion, the quasi-quantum group Ak is a central quotient of a larger
algebra Aext

k . The main difference between the two is that we do not impose the second
relation in Eq. (69). Instead, Aext

k has a large central subalgebra generated by K±1
2 .

Via an analog of Schur’s Lemma, the category of finite-dimensional representations
will decompose into subcategories where K2 = ζ1 for ζ ∈ C×:

Aext
k -mod =

⊕
ζ∈C×

Aext
k -modζ (126)

The monodromy of a module in Aext
k -modζ with Mk is precisely ζk. We note that

the category of modules for Aext
k isn’t naturally braided, but we expect that it has a

natural C×-crossed braiding.
These extra modules are avatars of the above phenomenon: our Chern-Simons

theory Tk can be coupled to a background complexified, flat connection for a U(1)
flavor symmetry, implying an extended category of line operators of the form

Cext
k =

⊕
g∈C×

Cext
k,g (127)

There are natural deformations of the constructions in Section 3 to include this
extended category of line operators:

Cext
k,g ≃

⊕
[e]∈ 1

kZ/Z

KL
N+ k

2E,E

[e−λ] /Λk ≃
⊕
ζk=g

Aext
k -modζ (128)

where g = e2πikλ. In this identification, the category KL
N+ k

2E,E

[e−λ] is the subcategory

of KL on which N0 + k
2E0 acts semisimply with integer eigenvalues and E0 acts

semisimply with eigenvalues in [e − λ] = (e − λ) + Z; KLN+ k
2E,E

[e−λ] /Λk is the de-

equivariantization with respect to fusion with the simple currents Âk,0,Π
k+1Â k

2 ,1
and

their duals.
The equivalence

KL
N+ k

2E,E

[e−λ] /Λk ≃ Aext
k -modζ (129)

where ζ = exp(2πi(e − λ)) can be established in the same way as in Section 3.3. In
Sections 4.1 and 4.2 we pursue the VOA portion of the equivalence in Eq. (128). Section
4.1 describes a procedure for coupling a general VOA V to a background connection for
a C× flavor symmetry, and shows how this procedure works for the simple example of
the symplectic fermion VOA Vχ+,χ− as well as our boundary VOA Vk. We also describe
a second perspective on this coupling as a certain large-level limit in analogy with the
examples in Section 6.2 of [7]. The recent paper [60] describes general aspects of these
large level limits, focusing on the so-called Feigin-Tipunin algebra FTp(g) associated

40



to a reductive Lie algebra g and p > 0 an integer; the authors of this paper denote the
Feigin-Tipunin algebra Wp(g) due to the fact that it realizes to the well-known triplet
algebras Wp for g = sl(2). In Section 4.2, we turn to the category Cext

k and provide
three complementary approaches that each highlight different aspects of Cext

k .
Before moving on, we note that if we identify the flavor symmetry group C× as

C/ 1
kZ, with coordinate λ modulo shifts by 1

kZ, the category Cext
k naturally fibers over

the k-fold cover C/Z:

Cext
k =

⊕
[ν]∈C/Z

Cext
k,[ν] , Cext

k,[ν] = KL
N+ k

2E,E

[ν] /Λk (130)

The category Cext
k,g combines k of these subcategories: those [ν] that project to g under

C/Z↠ C/ 1
kZ. Collision of line operators is compatible with this refined fibration:

Cext
k,[ν1]

× Cext
k,[ν2]

−→ Cext
k,[ν1+ν2]

(131)

From the quantum group perspective, this fibration over C/Z corresponds to the
fibration over the eigenvalue ζ of the central element K2. Restricting to line operators
sourcing connections with trivial holonomy, we see that [ν] precisely corresponds to the
charge for the 1

kZ/Z 1-form global symmetry. If we denote the kernel of the projection
C/Z → C/ 1

kZ by Z, we thus have a homomorphism Hom( 1kZ/Z,C
×) → Z; this is dual

to the homomorphism Hom(Z,C×) → 1
kZ/Z characterizing the mixed 0-form–1-form

anomaly of Tk.30

4.1 Coupling Vk to flat C× connections

We will start our analysis of the extended category of line operators by describing
what it means to deform a VOA V by a flat flavor symmetry background. We will
focus on flat abelian connections for simplicity; see e.g. [44, Section 3.6] or [7, Section
2.4] for related examples.

Given a vertex operator algebra V with an action of C×, coupling to a background
connection can be done by coupling the VOA to the lattice vertex algebra Vφ of a
degenerate boson φ, where the background connection is identified as A = ∂φ, and
taking an orbifold:

Vext := (V ⊗ Vφ)
C×

, (132)

where the C× action on Vφ gives the vertex operator :enφ : weight −n. This orbifold
simply dresses operators in V of C× weight n by :enφ :. Local modules of Vext where φ0

acts with eigenvalue λ are understood as modules of the VOA sourcing the background

30We can determine this mixed anomaly as by following, e.g., Section 5.2 [77]. To match notation therein,
we identify F = C/Z, F = C/ 1

kZ, Z = 1
kZ/Z; the group F is identified with the group scaling the fermions

ψ±, with F the quotient by the subgroup Z that act trivially on local operators Hom(1, 1). The mixed

0-form–1-form anomaly is characterized by the homomorphism γ : Z(1)
k → Ẑ = Hom(Z,C×) that measures

the weights of local operators at the end of the 1-form symmetry generators under Z. We start by considering
local operators at the end of the 1-form symmetry generators; for the generating Wilson line W, we find
Hom(W, 1) is generated over Hom(1, 1) = C[Z±]Zk by Z+ and (Z−)k−1, which have weight 1, whence γ
is the identity map.
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connection A = λ
z . Assuming V is a simple current extension of VC×

V =
⊕
n∈Z

Vn , V0 = VC×
, Vn × Vm ≃ Vn+m , (133)

where Vn is the subspace of weight n, the category Cext
[λ] can then be defined as a de-

equivariantization of the category D of VC×
modules whose monodromy with V1 is

e2πiλ.
We can formulate this procedure in terms of the category of modules in the fol-

lowing way. Coupling to a flat connection is equivalent to de-equivariantization along
the diagonally embedded copy of Z

Z ↪→ D ⊠VectC (134)

where VectC is the category of C graded vector spaces, and the embedding above is
given by:

n 7→ Vn ⊠ Cn, (135)

where Cn denotes the 1-dimensional vector space with nonzero support only at the
grading n ∈ C. Lifts of objects from Vectλ are understood as modules sourcing the
background connection λ

z .
This extended category of modules will not have a natural braided tensor category

structure, again due to nontrivial monodromy. Nonetheless, one can obtain a braided
tensor category structure by changing the braiding of VectC to cancel the monodromy
coming from D. For example, we could take the boson φ to have a non-zero pairing
(φ,φ) = 1. It is not difficult to show that the category of Hφ modules where φ0 acts
semi-simply is equivalent to the category of C-graded vector spaces; Cλ can be iden-
tified with the module of Hφ generated by |λφ⟩. The category VectC then acquires an
interesting braiding given by the quadratic form (λ, µ) = e2πiλµ, allowing us to stay in
the realm of vertex operator algebras and braided tensor categories. The procedure of
turning on a non-trivial braiding is essentially the method used in the third descrip-
tion of the extended category, and turning off braiding can be thought of as taking
the limit under which the non-degenerate boson becomes degenerate.

4.1.1 Example: symplectic fermions

Let us apply the above construction to the simple example of the symplectic fermion
VOA Vχ+,χ− . This VOA has an outer action of C× that scales χ± with weight ±1.
Following the above, we introduce a degenerate boson φ and consider the extension by
the vertex operators :e±φ : to obtain the lattice VOA Vφ. We then take a C× orbifold
of the product Vχ+,χ− ⊗ Vφ; in addition to the boson A = ∂φ, the generators of this
orbifold are the symplectic fermions dressed by vertex operators

χ̂± = :e±φ :χ±. (136)
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The only singular OPE of these generators is

χ̂+(z)χ̂−(w) =
1

(z − w)2

(
1 + (z − w)∂φ(w) + . . .

)
∼ 1

(z − w)2
+
A(w)

z − w
(137)

exactly reproducing the vertex algebra V ext
χ+,χ−

corresponding to symplectic fermions

deformed by a background C× connection A, cf. [44, Section 3.6.1].
Inspired by the construction in Sections 6.2.3 and 6.2.4 of [7] and by [60], we now

rederive this deformation of Vχ+,χ− from a suitable large-level limit. We start with a
VOA with two Heisenberg fields Hφ ⊗ Hφ̃ and pairings (φ,φ) = −(φ̃, φ̃) = δ−1. We
then couple the symplectic fermion χ± to the diagonal vertex operator of Hφ ⊗Hφ̃:

χδ+ := χ+:e
φ−φ̃ :, χδ− := χ−:e

−φ+φ̃ : (138)

This gives the desired OPE

χδ+χ
δ
− ∼ 1

(z − w)2
+
∂φ− ∂φ̃

z − w
(139)

together with

∂φχδ± ∼ ∂φ̃χδ± ∼ ±δ−1

z − w
χδ±. (140)

We denote A = ∂φ−∂φ̃ and Ã = 1
2 (∂φ+∂φ̃). The OPEs for finite δ can be identified

with those of the affine Lie algebra of V (gl(1|1)). In terms of 4d N = 4 gauge theory,
this VOA is realized at the intersection of a Dirichlet boundary condition and an
interface between U(1)δ SYM theory and U(1)−δ SYM supporting hypermultiplets
valued in T ∗C.31

In order to consistently take the δ → ∞ limit, we need to choose the set of gener-
ators we keep finite in the limit. We choose to keep the bosons A, Ã and the fermions
χδ±. The above OPEs correspond to

AÃ ∼ δ−1

(z − w)2
Ãχδ± ∼ ±δ−1

z − w
χδ± χδ+χ

δ
− ∼ 1

(z − w)2
+

A

z − w
(141)

Importantly, the OPE coefficients are all polynomial in δ−1, and not δ, so the δ → ∞
limit makes sense. As δ → ∞, we see that A and Ã become degenerate bosons and
the only non-trivial OPE is precisely Eq. (137).

One nice feature of this construction is to realize that the subalgebra generated by
the degenerate bosons A, Ã inherits a Poisson structure from the large-level limit, cf.

31We note that it is not possible to couple the hypermultiplet to a single U(1) gauge theory in a way
compatible with all δ. As shown by Gaiotto-Witten in [78], to realize a consistent coupling between 4d N = 4
G gauge theory and a boundary 3d N = 4 theory with G flavor symmetry requires the flavor symmetry to
satisfy a “fundamental identity,” cf. Eq. (3.23) of loc. cit. Although the SU(2) flavor symmetry of a free
hypermultiplet satisfies this identity, leading to osp(1|2) living on a corner of SU(2) gauge theory, the U(1)
subgroup does not.
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Section 6.2.4 of [7]. Explicitly, we see that the modes of these fields have commutators

[Ãn, Am] = nδ−1δn+m (142)

which vanish in the “classical limit” δ → ∞. The Poisson bracket inherited by this
classical limit then takes the form

{Ãn, Am} := lim
δ→∞

δ[Ãn, Am] = nδn+m (143)

More generally, the full vertex algebra inherits the structure of a Poisson module: in
addition to the (non-singular) OPE of the fields A, Ã, the finite-level OPEs above
induce an additional action via Poisson bracket. For example, we find

{Ãn, χ̂±,m} := lim
δ→∞

δ[Ãn, χ
δ
±,m] = ±χ̂±,n+m, (144)

In particular, the Poisson bracket with Ã encodes the action of the C× symmetry
action on both χ± and the connection A. Note that there is no well-defined bracket
between two general elements of the large-level limit VOA – the above Poisson bracket
is finite only when one of the elements belongs to the commutative subalgebra.

4.1.2 Vext
k from a large-level limit

We can apply the above symplectic fermion computation to the cases we are interested
in: the VOAs V (gl(1|1)) and Vk. We consider coupling the fermions ψ± of V (gl(1|1))
with the diagonal vertex operator of Hφ ⊗Hφ̃:

ψδ+ := ψ+:e
−φ+φ̃ :, ψδ− := ψ−:e

φ−φ̃ :. (145)

We will denote the resulting VOA by V (gl(1|1))δ; aside from the usual OPEs in
V (gl(1|1)), the non-trivial OPEs are

ψδ+ψ
δ
− ∼ 1

(z − w)2
+
E −A

z − w
, Ãψδ± ∼ ±δ−1

z − w
ψδ±, ÃA ∼ δ−1

(z − w)2
. (146)

The VOA V (gl(1|1))δ inherits simple modules corresponding to spectral flow

of V (gl(1|1)), and we will denote by Vδk the extension corresponding to Âk,0 and

Πk+1Â k
2 ,1

, which we describe in more detail below. Similar to the above example, the

δ → ∞ limit of Vδk is the VOA Vext
k tensored with a degenerate Heisenberg Ã, as can

be seen from the OPEs in Eq. (146). The commutative subalgebra generated by A, Ã
inherits a vertex Poisson structure and Vext

k becomes a module thereof, where Poisson

bracket with Ã generates the action of the C× symmetry on Vext
k .
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4.2 Three ways to the category Cext
k

With the above deformation to Vk by a background flat connection A, we give three
alternative ways of describing the extended category of line operators Cext

k (in the
case of regular singular connection) using local modules of some other vertex alge-
bras. These will lead to the fusion structure on Cext

k and an identification with a
de-equivariantization of KL.

4.2.1 Via non-local modules

Our first avenue to the category Cext
k is to follow the general procedure described in

Section 4.1. Although this approach is generally applicable, it does not provide much
by the way of a concrete description of the category.

Recall the Heisenberg VOA H used in Section 2.2. To obtain Vk, we extended this
Heisenberg by the lattice generated by the states

|X + k
2Y + Z⟩ , |kY ⟩ , |Z⟩ . (147)

We want to consider non-local actions the fermionic operators ψ±, which were essen-
tially identified with :e±Z : in the free-field realization. For this, let us first extend H
by the sublattice spanned by |X + k

2Y + Z⟩ and |kY ⟩, and denote by Wk the kernel of
the screening operator in this extended VOA. Clearly this is a subVOA of Vk, and Vk
is a simple current extension of Wk. In fact, Wk = VC×

k for the action of C× induced
by Z0 − Y0. We denote the category of modules of Wk by Dk. For each λ ∈ C, denote
by Dk,[λ] the subcategory of modules where the monodromy with V1

k is equal to e2πiλ.
The lifting functor

M 7→ Vk ×M (148)

lifts objects in Dk,[λ] to non-local modules of Vk where ψ± is ±λ+Z moded. We thus
have the following identification:

Cext
k,[λ] = Dk,[λ]/Z (149)

Technically speaking, because Z does not have trivial monodromy with elements in
Dk,[λ], this is not a de-equivariantization in the sense of [43, Section 8.23]. However,
we can still understand it as identifying objects in Dk,[λ] via left multiplication with
direct summands of Vk. The fact that this construction only depends on the image
of λ in C/Z can be understood as identifying connections that differ by large gauge
transformations.

The equivalence in Eq. (149) immediately implies the following fusion structure on
Cext
k :

Cext
k,[λ] × Cext

k,[µ] −→ Cext
k,[λ+µ], (150)

coming from the fusion rules in Dk/Z. This endows the category Cext
k with the struc-

ture of a monoidal category such that Cext
k,[0] is the center (and thus a braided tensor

category). Cext
k is itself not a braided tensor category since the composition:

Vk × Cext
k,[λ] Cext

k,[λ] × Vk Vk × Cext
k,[λ]

R R (151)
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is given by the action of e2πiλ. Instead, we expect that it is a C/Z-crossed tensor
category in the sense of [43, Section 8.24].

4.2.2 Via large-level limits

In this second approach, we analyze the category of Cext
k from the perspective of Vext

k as

the large-level limit of Vext,δ
k described in the previous section. This route is particular

useful because it affords a very concrete description of the extended category and
makes manifest some subtleties in the tensor structure.

Recall that Vδk is an extension of the VOA V (gl(1|1))δ generated by the bosons

N,E,A, Ã and the fermions ψδ± with OPE given by the usual V (gl(1|1)) OPE together
with the deformation given in Eq. (146). Consider the following redefinition inside
V (gl(1|1))δ:

N ′ = N + k
2A, E′ = E −A, Ã′ = Ã− 2δ−1N + (2− k)δ−1E (152)

It is not hard to verify that the OPEs of N ′, E′ and ψδ± realize a copy of the VOA

V (gl(1|1)), and it is decoupled from the fields A and Ã′. In other words:

V (gl(1|1))δ ∼= V (gl(1|1))⊗HA,Ã′ . (153)

Under this identification, the VOA Vδk can be viewed as an extension in KL⊠VectC2 ,

where VectC2 is the category of vector spaces graded by the weight of A0 and Ã′
0. We

are only interested in modules of Vδk where both A0 and Ã′
0 act semisimply, and so

this category suffices for our needs. As was the case in the absence of a background
flat connection, we extend by a Z2 lattice of simple currents. The first copy of Z is
purely in KL, and corresponds to the combination N ′ + k

2E
′ = N + k

2E, and so the

trivial-monodromy condition requires that the combination N ′
0+

k
2E

′
0 = N0+

k
2E0 acts

semisimply with integer eigenvalues. The second copy of Z corresponds to the element
kE′+kA = kE, and the trivial-monodromy condition requires that kE′

0+kA0 = kE0

acts semisimply with integer eigenvalues. In conclusion, if we denote by KL
N ′+ k

2E
′,E′

e′

the subcategory of KL where N ′
0 +

k
2E

′
0 acts semisimply with integer eigenvalues and

E′
0 acts semisimply with eigenvalue e′, then the category

KL
N ′+ k

2E
′,E′

e−λ ⊠Vect(λ)×C (154)

has trivial monodromy with Vδk for any e ∈ 1
kZ and λ ∈ C. That said, tensoring with

the generator of the first copy of Z changes the weight of E′
0 by 1, so this category

is not closed under fusing with the simple currents extending V (gl(1|1))δ; fusion with

the generator of the second copy of Z shifts the weight of N ′ by k and Ã′ by kδ−1.
Denote the category of modules of Vδk by Cδk; this category can then be described as
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the following de-equivariantization:

Cδk =
⊕
λ∈C

Cδk,λ, Cδk,λ ≃
( ⊕
e∈ 1

kZ

KL
N ′+ k

2E
′,E′

e−λ ⊠Vect(λ)×C

)
/Z2 . (155)

We are now faced with the task of taking the δ → ∞ limit of the category Cδk,λ.
De-equivariantization with respect to the first copy of Z is essentially the same as in
Section 3.2, so we will not describe it in detail. Fusion with the generator of the second
copy will identify an object in

KL
N ′+ k

2E
′,E′

e−λ ⊠Vect(λ,µ) (156)

with an object in

KL
N ′+ k

2E
′,E′

e−λ ⊠Vect(λ,µ+kδ−1). (157)

Thus, fusion with the generators of Z2 do not change the eigenvalues of either A0 or
Ã0 in the limit δ → ∞:

C∞
k,λ ≃

⊕
µ∈C

( ⊕
e∈ 1

kZ

KL
N ′+ k

2E
′,E′

e−λ ⊠Vect(λ,µ)

)
/Z2 (158)

As noted above, the large-level limit V∞
k decomposes as Vext

k ⊗HÃ. In order to isolate

Vext
k , we need to set to zero the boson Ã and hence we restrict to those modules such

that Ã′ acts as zero in the limit. We can rescale µ 7→ µ/δ to achieve this. Taking the
limit, we are led to an equivalence of categories

Cext
k,λ ≃

( ⊕
e∈ 1

kZ

KL
N ′+ k

2E
′,E′

e−λ ⊠Vect(λ,0)

)
/Z2 (159)

This is precisely the category of modules sourcing the flat connection A = λ
z .

If we choose to remember only the holonomy g of the connection, rather than the
connection itself, we simply remove the factor of Vect(λ,0); this gives us the desired
equivalence of abelian categories:

Cext
k,g ≃

( ⊕
e∈ 1

kZ

KL
N ′+ k

2E
′,E′

e−λ

)
/Z2 =

⊕
[e]∈ 1

kZ/Z

KL
N ′+ k

2E
′,E′

[e−λ] /Z2 (160)

where g = e2πikλ. Note that when λ = 0 we arrive at the category of line operators
Ck derived in Section 3.1, as desired.

We argued above that we don’t care about Ã in the δ → ∞ limit. In practice, the
advantage of having the degenerate boson Ã is that the limit vertex algebra

V∞
k

∼= Vext
k ⊠HÃ (161)
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inherits a Poisson structure on HÃ. Moreover, modules in Cext
k,λ have the structure of

a Poisson module where the bracket

{Ãn,−} := lim
δ→∞

δ[Ãn,−], (162)

can be identified with the action of meromorphic gauge transformations.

4.2.3 Via shifting the current

Our third description of Cext
k is conceptually the most simple, but doesn’t have the

general applicability of the previous approaches. Here, we realize the deformation by
a background connection A by shifting the current E associated to a central element
of the (finite) Lie algebra. Abelian flavor symmetries of this type arise naturally from
topological flavor symmetries of the bulk TQFT.

In the definition of Vext
k , we coupled the VOA to a degenerate boson A, and

obtained the OPE

ψ+ψ− ∼ 1

(z − w)2
+
E −A

z − w
. (163)

Alternatively, if we view E − A and N + k
2A as new currents E′ and N ′, while keep-

ing the other variables fixed, we arrive back at V (gl(1|1)). In terms of the free field
realization of V (gl(1|1)) from Section 2.2, this amounts to the field redefinition:

Z = Z ′ + φ, Y = Y ′ + φ, X = X ′ − k+2
2 φ (164)

where A = ∂φ.
If we perform this change of variables, we can view the VOA Vext

k as an extension
of V (gl(1|1))⊗HA by modules corresponding to:

X ′ + k
2Y

′ + Z ′, kY ′ + kφ. (165)

Assume that φ0 acts with eigenvalue λ. The trivial-monodromy condition then requires
that both N ′

0 +
k
2E

′
0 = N0 +

k
2E0 and kE′

0 = k(E0 −A) = k(E0 − φ0) act semisimply
with integer eigenvalues, whence E0 acts semisimply with eigenvalues in −λ + 1

kZ,
cf. the trivial-monodromy constraint encountered above. The category Cext

k is then
obtained by de-equivariantization with respect to fusion with the lattice of simple
currents generated by Âk,0,Π

k+1Â k
2 ,1

:

Cext
k =

⊕
g∈C×

Cext
k,g , Cext

k,g =

( ⊕
e∈ 1

kZ

KL
N ′+ k

2E
′,E′

e−λ

)
/Z2 (166)

where g = e2πikλ, which is precisely the result obtained in the previous subsection.
This observation can be rather easily tied back to non-local modules by observing that
the above shift of the current can be viewed as shifting the momenta of the vertex
operators appearing in modules, which are naturally non-local modules for general
choices of the shift.
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4.2.4 Large-level limit vs. non-local modules

In Section 4.2.1, we used the VOA Wk = VC×

k and its modules that are not local
for Vk to understand the extended category Cext

k . In this final subsection, we examine
carefully the relation between this approach and the large-level limit approach. We
note that a systematic study of twisted modules and large centers, albeit in a slightly
different setup, recently appeared in work of Feigin-Lentner [45].

The idea is as follows. We defined the VOA Vδk by coupling the fields ψ± with
e±(φ−φ̃) (where A = ∂φ−∂φ̃). Let VA be the extension of HA,Ã by the fields e±(φ−φ̃),

then Vδk is the orbifold:

Vδk ∼= (Vk ⊗ VA)
C×
, (167)

where the action of C× on VA is generated by δÃ0. As such, Vδk is a simple current
extension of the VOA

VC×

k ⊗ V C×

A
∼= Wk ⊗HA,Ã. (168)

Therefore, we see that modules of Vδk can be obtained from de-equivariantization of
the category

Dk ⊠VectC2 . (169)

A similar argument as in Section 3.4.1 tells us that, in the limit δ → ∞ where A and
Ã degenerate, we have an equivalence of abelian categories:

Cext
k,[λ] ≃ Dk,[λ]/Z. (170)
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A Aspects of U(1|1) Chern-Simons theories

In this Appendix, we review aspects of Chern-Simons theories based on U(1|1). In
Section A.2 we review the analysis of [33] that determines the data that encodes such
a theory and then in Section A.3 we extract the boundary VOAs V(κ,ν,ξ) from a field
theory analysis. Finally, in Section A.4 we apply the analysis of [79] to derive the
vector space of local operators from geometric quantization.

Recall that the Lie superalgebra gl(1|1) is generated by two bosonic elements N,E
and two fermionic elements ψ± with non-vanishing brackets

[N,ψ±] = ±ψ± , {ψ+, ψ−} = E . (171)

We can represent these generators as the following supermatrices:

N ↔
(

1
2 0
0 − 1

2

)
E ↔

(
1 0
0 1

)
ψ+ ↔

(
0 1
0 0

)
ψ− ↔

(
0 0
1 0

)
(172)

There is a natural (graded) symmetric bilinear form on this Lie superalgebra given by
the supertrace in the above representation, which we denote by (−,−)

(N,E) = (E,N) = 1 , (ψ±, ψ∓) = ±1 . (173)

A.1 Formulation as a BV field theory

We now formulate gl(1|1) Chern-Simons theory in the BV formalism. Let M denote
spacetime, a smooth (framed) 3-manifold. Working for the moment around the trivial
gauge bundle, the fields of the theory can be organized into a superconnection 1-form
A = Aµ dx

µ. We decompose this superconnection in terms of the above basis as follows:

A = ANN +AEE +Ψ+ψ+ +Ψ−ψ− . (174)

If we restrict to bosonic gauge transformations, we can identify the bosonic fields A±
µ

with separate abelian connections and the fermionic fields Ψ±
µ with 1-forms valued in

an associated ΠC(±1,0) bundle, where C(qN ,qE) denotes the 1-dimensional representa-
tion of charge (qN , qE) and Π denotes a reversal of fermionic parity. We will use the
convention that the coordinate 1-forms dxµ are fermionic, whence A± are naturally
fermionic while Ψ± are naturally bosonic. We denote the de Rham differential by d
and the covariant exterior derivative by dA, so that

dAΨ
± = dΨ± ±ANΨ± . (175)

The action for this supergroup Chern-Simons theory is given by

S = 1
4π

∫
Tr

(
A,dA+ 1

3 [A,A]

)
= 1

2π

∫
AE dAN +Ψ− dAΨ

+

(176)
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from which we find that the equations of motion say that the fermionic fields Ψ± are
covariantly constant (with respect to dA), A

N is flat, and that the curvature dAE is
constrained by the fermionic fields

dAN = 0 , dAE +Ψ−Ψ+ = 0 , dAΨ
± = 0 . (177)

Note the equations of motion do not localize to a flat bosonic connection. Rather, they
localize to flat superconnections: dA+ 1

2 [A,A] = 0.
In the BV formalism, we are instructed to extend the above space of fields so

that we may implement the above equations of motion and their redundancies in a
cohomological fashion. The above equations of motion are subject to the usual gauge
redundancy

δAN = daN , δAE = daE +Ψ−α+ +Ψ+α− , δΨ± = dAα
± , (178)

where a± are gauge parameters for the bosonic part of the gauge algebra and α± are
gauge parameters for the fermionic part. We introduce (fermionic) ghosts c± associated
to bosonic gauge transformations and (bosonic) ghosts Z± associated to fermionic
gauge transformations. The BV/BRST variation of these ghost fields and the physical
fields encodes the brackets discussed above as well as the above gauge transformation:

QcN = 0 QcE = Z−Z+ QZ± = ±cNZ±

QAN = dcN QAE = dcE +Ψ−Z+ +Ψ+Z− QΨ± = ±cNΨ± + dAZ
±

(179)
We now introduce anti-fields for each of the above fields and ghosts; the latter

are often called anti-ghosts. Roughly, the BV/BRST variation of an anti-field encodes
the equations of motion of its corresponding field as well as its gauge variation (with
parameters c±, Z±). For example, the anti-fields to the fermionic field Ψ+

µ is a bosonic
2-form field Ψ+,∗

µν whose BV/BRST variation is given by

QΨ+,∗ = cNΨ+,∗ + dAΨ
+ +AN,∗Z+ , (180)

where the first term encodes the fact that Ψ+,∗ has charge (qN , qE) = (1, 0) and the
second term is the equation of motion for Ψ+. We can concisely encode these fields,
ghosts, anti-fields, and anti-ghosts by combining them into fields with inhomogeneous
form degree:

AN = cN +AN +AN,∗ + cN,∗ AE = cE +AE +AE,∗ + cE,∗

Z± = Z± +Ψ± +Ψ±,∗ + Z±,∗ (181)

In this notation, the BV/BRST variation then takes the following simple form:

QAN = dAN , QAE = dAE + Z−Z+ , QZ± = dAZ± , (182)
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where dAZ± = dZ± ± ANZ±. In terms of the components of homogeneous form
degree, the covariant derivative dAZ± reads

dAZ± =

( 0-form

±cNZ±
)
+

( 1-form

±cNΨ± + dAZ
±
)
+

( 2-form

±cNΨ±,∗ + dAΨ
± ±AN,∗Z±

)
+

( 3-form

±cNZ±,∗ + dAΨ
±,∗ ±AN,∗Ψ± ± cN,∗Z±

)
.

(183)
This notation also makes the action functional of our theory particularly simple

S = 1
4π

∫
Tr(A,dA+ 1

3 [A,A]) = 1
2π

∫
AE dAN + Z− dAZ+ , (184)

where, by definition, the integral can only be non-vanishing on the 3-form component
of its integrand.

The extended space of fields used in the above BV formulation has several Z
gradings in addition to differential form degree. First, there is the BV ghost number:
physical fields A±

µ ,Ψ
±
µ have vanishing ghost number gh = 0; the ghosts c±, Z± sit in

ghost number gh = 1; the anti-fields A±,∗
µ ,Ψ±,∗

µ in gh = −1; and the anti-ghosts in
gh = −2. It follows that S has vanishing ghost number and Q increases ghost number
by 1.

We also note that the extended space of fields is naturally (−1)-shifted symplectic.
The symplectic form is given by

Ω = 1
2π

∫
δAEδAN + δZ−δZ+ , (185)

and has ghost number gh = −1. A straightforward computation implies that the
BV/BRST supercharge Q is identified with the Hamiltonian vector field associated to
the action functional

ιQΩ = δS . (186)

Together with the fact that Q is then nilpotent, this implies S solves the (classical)
master equation

{S, S} = 0 , (187)

where {−,−} denotes the (odd) Poisson bracket induced by the symplectic form Ω.

A.2 Choices of global form

As emphasized in [33], there are infinitely many choices of global form of the gauge
group for a Chern-Simons theory based on the Lie superalgebra gl(1|1), even if we
require the bosonic gauge group is the compact torus U(1)2. Although all of these
theories are perturabtively equivalent, their differences become apparent once non-
perturbative considerations (e.g. monopoles) are taken into account.

The Lie superalgebra gl(1|1) has several natural bases that we will frequently go
between. In addition to the one mentioned above, we will also make use of a different
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basis that replaces the bosonic generators N,E with the combinations T± = 1
2E ±N .

With a fixed gauge-invariant pairing on gl(1|1), which we take to be

(N,E) = (E,N) = 1 (ψ+, ψ−) = −(ψ−, ψ+) = 1, (188)

the gauge theory is determined uniquely by a choice of cocharacter lattice Λ for the
bosonic subgroup. Not any lattice will do: as described in Section 4.2 of [33], we need
to ensure that this is an integer lattice in R1,1 whose dual lattice contains the weight of
the fermionic generators ψ±. Any such lattice is uniquely specified by positive integers
κ, ν ∈ Z>0 and a half-integer ξ defined mod κ, ξ ∈ 1

2Z/κZ; the lattice is generated by
the vectors

v1 = κ
νE v2 = ξ

νE + νN (189)

cf. Section 4.3 of [33]. We will denote this cocharacter lattice Λ(κ,ν,ξ). In other words,
we declare that

A1 = ν
κA

E − ξ
νκA

N A2 = 1
νA

N (190)

are connections on U(1) principal bundles P1, P2 → M and Ψ± are sections of suitable
associated bundles. The action takes the following form when expressed in terms of
these properly-quantized fields:

S =
1

2π

∫
κA1 dA2 + ξA2 dA2 + Z−

(
dZ+ + νA2Z+

)
. (191)

There are two distinguished choices forms mentioned in [33]. The most natural
choice corresponds to taking ν = 1 together with κ = 2ξ =: k. We find (after rescaling
the Z±) a theory of U(1)k × U(1)−k Chern-Simons gauge fields A+ = −A1 and
A− = −(A1 + A2) coupled to a (B-twisted) hypermultiplets Z+ andZ− of weights
(1,−1) and (−1, 1):

T(k,1, k2 ) ⇝ S =

∫
k
4π

(
A+ dA+ −A− dA−)+ Z− dAZ+ (192)

where dAZ± = dZ±±(A+−A−)Z±. Another natural choice comes from taking ν = 1,
ξ = 0 (we again set κ = k). Correspondingly, there is a pair of U(1) Chern-Simons
gauge fields coupled to a (B-twisted) hypermultiplet Z+,Z− of weight (1, 0)⊕(−1, 0):

T(k,1,0) ⇝ S =

∫
k
2πA

1 dA2 + Z− dAZ+ (193)

where dAZ± = dZ± ±A2Z±.
Although there are an infinite number of choices, each of the global forms can be

connected to one another via gauging 0-form and 1-form global symmetries. The main
point is that we can extend the cocharacter lattice by gauging a 1-form electric sym-
metry and we can restrict to a sublattice by gauging a 0-form topological symmetry.
See Fig. 3 for an illustration of how to relate the theory T(κ,ν,ξ) to the reference the-
ory T(1,1,0); note that each of the steps is invertible despite the fact we use directed
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arrows – extending the cocharacter lattice (gauging a 1-form electric symmetry) and
restricting to a sublattice (gauging a 0-form topological symmetry) are inverse opera-
tions. At the level of cocharacter lattices, the upper path (where 2ξ is an even integer)
is as follows. First extend Λ(κ,ν,ξ) by

1
νE. The resulting lattice is generated by 1

νE and
ξ
νE + νN or equivalently 1

νE and νN , yielding the lattice Λ(1,ν,0).
32 We then restrict

to the sublattice generated by E and νN , i.e., we restrict to Λ(ν,ν,0), and then, finally,
extend by the vector N to arrive at the cocharacter lattice Λ(1,1,0).

T(κ,ν,ξ)

T(1,ν,0)

T(1,ν, 12 )

T(ν,ν,0)

T(2,2ν,0)

T(1,1,0)

T(2ν,2ν,0) T(1,1,0)

Z(1)
κ

Z(1)
κ

Z(0)
ν

Z(0)
2

Z(1)
ν

Z(0)
ν Z(1)

2ν

Fig. 3: Schematic relation between the global forms T(κ,ν,ξ) and T(1,1,0). The upper
(resp. lower) path corresponds to 2ξ is even (resp. odd). The solid arrows correspond
to gauging a 1-form symmetry and the dashed arrows correspond to gauging a 0-form
topological symmetry.

As will be shown below, we will use a uniform method to study this infinite family
of theories, that of simple current extensions. Therefore, although we will state our
results below in terms of the infinite family, we do not feel the need of presenting
the calculation for a generic theory. On the contrary, we will focus on the theory
Tk := T(k,1, k2 ) since it captures the subtleties of a general theory in the family, with the

exception that we will also look at the theory T(k,1,0) with the purpose of comparing
to results of [33] on the 3d B-model with orbifold target C2/Zk.

A.3 Deriving the boundary VOA from field theory

In order to introduce a holomorphic boundary condition, we split the gauge fields A,Z
as

AN = AN + 2πBE AE = AE + 2πBN Z± = Z± ∓ 2πΨ∓ (194)

as in [80], where B,Ψ contain the dz parts of the connection 1-forms. We similarly
split the exterior differential d = d′ + ∂, where d′ = ∂z dz + ∂t dt. Such a splitting is
compatible with spacetime 3-manifold possessing a transverse holomorphic foliation.

32When 2ξ is odd, the result of extending Λ(κ,ν,ξ) by 1
νE is instead equivalent to the lattice generated

by 1
νE and 1

2νE + νN , i.e. Λ
(1,ν, 1

2
)
. This is the reason why we need to consider two different cases.
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With this splitting, the above action takes the form

S =

∫
BN d′AN +BE d′AE +Ψ+ d′AZ+ +Ψ− d′AZ−

+

∫
1
4π

(
AN∂AE +AE∂AN + Z−∂Z+ + Z+∂Z−) +BEZ

+Z−
(195)

With this splitting, there is a natural holomorphic Dirichlet boundary condition
where we require the boundary values of the gauge fields A± and Z± to vanish. We
denote the boundary values of the remaining bosonic fields by N,E, respectively, and
the fermionic fields ψ±; the equations of motion of these fields imply that correlation
functions involving these operators only depend holomophically on their insertion
points. The quantum-corrected identification between the affine currents Ja and the
gauge fields Ba

z is Ba = Keff
abA

b
z. Here we have

Keff
ab =

(
1 1
1 0

)
⇒ N := BN = ANz +AEz , E := BE = ANz . (196)

The perturbative analyses of, e.g., Section 7.1 of [68] or Section 3.2.2 of [81], can
then be applied to determine the OPEs of these perturbative local operators. Perhaps
unsurprisingly, the result is a gl(1|1) current algebra V (gl(1|1)):

N(z)N(w) ∼ 1

(z − w)2
N(z)E(w) ∼ 1

(z − w)2

N(z)ψ±(w) ∼
±ψ±(w)

z − w
(197)

ψ+(z)ψ−(w) ∼
1

(z − w)2
+
E(w)

z − w

We now move to the full non-perturbative algebra of boundary local operators.
As sketched in [68, Section 7.2], this VOA should arise as Dolbeault homology of the
affine Grassmannian GrG with values in a certain associated VOA bundle. Thankfully,
when G is abelian the (closed points of the) affine Grassmannian is (are) simply a
collection of isolated points, themselves identified with cocharacters of G, and one
does not need to contend with the difficult geometry of these VOA bundles over GrG.
Indeed, having fixed the bilinear form appearing in the above action, and hence the
above perturbative algebra, the remaining data needed to determine the U(1|1) Chern-
Simons gauge theory is a choice of cocharacter lattice Λ. The pairing on the bosonic
Lie algebra can be used to identify Λ with a lattice in R1,1; ensuring the action S is
invariant under large gauge transformations requires Λ to be integral. Moreover, the
dual lattice to Λ, i.e. the character lattice, must contain the weights of the fermionic
generators ψ±. As shown in Section 4.3 of [33], any such lattice can be described by a
triple of numbers (κ, ν, ξ), where κ and ν are positive integers and ξ is a half-integer
defined mod κ. We denote the corresponding lattice Λ(κ,ν,ξ), it is generated by the two
vectors

v1 = κ
νE v2 = ξ

νE + νN . (198)
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Under the identification of spectral flow and large gauge transformations, it’s clear
that the included spectral flow modules must be compatible with the global structure
of the gauge group. For the case at hand, we are thus interested in the spectral flow
modules for corresponding to

ANz → ANz − nν

z
AEz → AEz −

mκ
ν + n ξν
z

(199)

for m, n ∈ Z. Translating this to the currents N,E, we find

N → N −
(mκ

ν + n( ξν + ν))

z
E → E − nν

z
. (200)

In the traditional generators Ñ = N− 1
2E,E, ψ± the basic spectral flows with (m, n) =

(1, 0) and (0, 1) are given by

σ1(Ñ) = Ñ −
κ
ν

z
σ1(E) = E σ1(ψ±) = ψ±

σ2(Ñ) = Ñ −
ξ
ν + ν

2

z
σ2(E) = E − ν

z
σ2(ψ±) = z∓νψ±

(201)

The full, non-perturbative algebra of local operators is then given by a sum over the
lattice of spectral flows of the vacuum module.

It is worth verifying that the above space of triples (κ, ν, ξ) indeed captures the
space of all extensions of V (gl(1|1)) by a rank-2 lattice of spectral flows of the vacuum.
We first note that that the fusion is additive in e, so it suffices to consider the case
where we look at the lattice generated by, say, Ân,e and Ân′,0 with e nonzero, cf.

Section 4.3 of [33]. Fusing Ân,e with Ân′,0 shifts n → n + n′ and so we will get the
same lattice of spectral flow modules for n and n+ n′.

The constraint that the lattice of modules generated by these (and their contra-
gredients) has the structure of a VOA is that this forms a commutative (super)algebra
object and in particular they have trivial monodromy with themselves and one
another.The monodromy of Ân,e and Ân′,e′ is given by (see Section B.2)

exp
(
2π
(
e(n′ + e′+1

2 ) + e′(n+ e+1
2 )
))

. (202)

This constraint implies that both e(2n + e − 1) and n′e are integers. As e is itself

integral, we see that so too is 2ne; when 2ne is odd we find that Ân,e is mutually

fermionic with itself and, accordingly, should be replaced by ΠÂn,e. The space of
rank-two extensions of V (gl(1|1)) is then parametrized by the integers e and n′e as
well as the half-integer ne, defined modulo n′e. This is precisely the data needed to
define the parent U(1|1) Chern-Simons theory [33]; tracing through the identification
of parameters given above, we find

κ = n′e ν = e ξ = e
(
n+ e−1

2

)
. (203)
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A.4 Bulk local operators in Tk from geometric quantization

Unlike Chern-Simons theories based on a purely bosonic gauge group, supergroup
Chern-Simons theories can admit non-trivial local operators. We will describe the
vector space of local operators by way of a state-operator correspondence relating the
vector space of state on a sphere S2. There are several ways to derive this state space.
In this section we determine it by geometric quantization of the phase space on a
spacetime of the form M = R3−{0} in radial quantization. In Section 2 we approach
this same problem by way of a boundary vertex operator algebra (VOA).

If we identify R3 ≃ C×R then we can use the above description of Tk and analysis of
[79] to explicitly write down the vector space of local operators. The space of solutions
to the equations of motion thus admits a decomposition into components labeled a
given magnetic charge (m, n) ∈ Z2, identified with the cocharacter mE + n(N + 1

2E).
In the perturbative sector m = n = 0, we find that local operators can be described

by functions of the lowest components cN , bN , c
E , bE , Z

±, ψ± subject to the following
differential

QcN = 0 QbN = −µ+
k

2π
∂cE

QcE = Z−Z+ QbE = k
2π∂c

N

QZ± = ±cNZ± Qψ± = ∓cNψ± ∓ k
2π∂Z

∓ + bEZ
∓

(204)

It will be convenient to introduce the bosonic covariant derivative D = ∂+ 2π
k bE , from

which it follows that

QDncN = 0 QDnbN = −Dnµ± + k
2πD

n+1cE

QDncE = Dn(Z−Z+) QDnbE = k
2πD

n+1cN

QDnZ± = ±cNDnZ± QDnψ± = ∓cNDnψ± ∓ k
2πD

n+1Z∓

(205)

The perturbative part of the algebra of local operators is then generated by C× ×
C×-invariant functions of the algebra generated by the bosonic fields DnZ±, DnbN
and DnbE as well as the fermionic fields Dnψ±, Dn+1cN and Dn+1cE subject to the
above differential. As described in [68, Section 6.2], one should not include the zero-
mode of the fermionic ghosts cN , cE due to the fact that the group G = C× × C× of
global gauge transformations is a reductive group and therefore taking G invariants is
an exact functor and should not be done with ghosts. More physically, the derivative
∂c of the ghost is cohomologous to a physical gaugino; only the modes of this gaugino
contribute to the algebra of local operators.

A straightforward computation shows that all C× × C×-invariant and Q-closed
functions involvingD areQ-exact, and the only remaining local operator is the moment
map operator ν = Z−Z+:

Ops(0,0) = H•
(
C[DnZ±,DnbN ,DnbE ,Dnψ±,Dn+1cN ,Dn+1cE ]C

××C×
, Q

)
≃ C[ν] .

(206)
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Note that it is crucial that we ignore the zeromodes cN , cE to obtain this result.
A similar phenomenon happens in the A-twist of a standard N = 4 gauge theory,
where the complex scalar ϕ of the N = 4 vector multiplet appears in the BV/BRST
variation of the c-ghost. The perturbative algebra in that case is exactly G-invariant
polynomials in the complex scalar. We will see that this analogy can be made quite
sharp. Indeed, we will find that the moment map operator ν serves as the (a complex
scalar component of the) current (supermultiplet) for the topological flavor symmetry
measuring monopole charge m.

Now consider monopole sectors with general magnetic charge (m, n). We can again
apply the analysis of [79] to write down the vector space of such local operators. If
n ≥ 0, the vector space of local operators is then given by the Q cohomology of the
C× × C× subspace of

C[Dn+nZ+,DnZ−,DnbN ,DnbE ,Dnψ+,Dn+nψ−,Dn+1cN ,Dn+1cE ]v(m,n) (207)

When n < 0, we simply exchange Z+ ↔ Z− and ψ+ ↔ ψ− in this expression.
The Chern-Simons terms induce an electric charge (k(m+ 1

2n), kn) on bare monopole
operators. It immediately follows that there are no C××C× invariant elements unless
n = 0, and therefore we only need to consider these cohomology groups, cf. [67, Section
3.2]. Up to multiplication by perturbative local operators, the C× × C× invariant
operators of magnetic charge (m, 0) are generated by the bare monopole v(m,0) dressed
by a degree km polynomial in DnZ− and Dnψ+ (if km > 0) or DnZ+ and Dnψ− (if
km < 0). Just as in the perturbative sector, none of the operators involving the fields
DnbN , DnbE , Dn+1, cN , Dn+1cN , Dn+1Z±, or Dnψ± survive cohomology and we find

Ops(m,n) =


C[ν](Z+)−mkv(m,0) n = 0, km ≤ 0

C[ν](Z−)mkv(m,0) n = 0, km ≥ 0

0 else

(208)

It is important to note that the above description does not account for the alge-
braic relations satisfied by these operators. Indeed, an explicit calculation of the Euler
character of this state space, e.g. as an appropriate twisted index, yields

χ(Ops) =
k

(1− (−1)ky2)(1− (−1)k/y2)
, (209)

where y is the fugacity for the topological flavor symmetry. Note that this exactly
matches the t→ −1 limit of the Hilbert series for the ring of functions on the orbifold
C2/Zk:

HS(C[C2/Zk]) =
1− t2k

(1− tky2)(1− t2)(1− tky−2)
, χ(Ops) = HS(C[C2/Zk])

∣∣
t→−1

.

(210)
In Section 3.2.1 we will show that this ring of functions arises as the algebra of local
operators in two ways: exactly matches the algebra of self-extensions of the vacuum
module of the boundary VOA introduced in Section 2.

58



B Representation theory of gl(1|1) and V (gl(1|1))
In this Appendix we review some general aspects of the representation theory of gl(1|1)
and V (gl(1|1)). In the case of V (gl(1|1)), we pay particular attention to how to realize
these modules from the free-field realization presented in Section 2.2. In Section B.2 we
use these free-field modules to compute their monodromies with the simple currents
Ân,e of V (gl(1|1)).

B.1 Representations and Verma modules

Let us recall some facts about representations of gl(1|1) and V (gl(1|1)), following [38,
Section 2.2]. Let us first consider gl(1|1). Denote by G the category of finite-dimensional
modules of gl(1|1). Since E is central and any object V in G is finite dimensional, V
decomposes into generalized eigenspaces of E. We thus have a decomposition:

G =
⊕
e∈C

Ge (211)

where Ge denotes the subcategory consisting of objects on which E−e is nilpotent. For
each e, we will denote by Vn,e the two-dimensional Verma module of gl(1|1) generated
by a bosonic vector v such that ψ+v = 0, Nv = (n+ 1

2 )v and Ev = ev. The number n
denotes the average of the N eigenvalues on Vn,e. We note that there are also Verma
modules ΠVn,e where the highest-weight vector v is fermionic.

When e ̸= 0, the two-dimensional module Vn+1/2,e is irreducible; when e = 0, they
fit into short exact sequences:

0 ΠAn− 1
2 ,0

Vn,0 An+ 1
2 ,0

0 (212)

where Π denotes a parity shift. The modules An,0 are one-dimensional (hence simple)
and characterized by an eigenvector of N of weight n. The modules Vn,e (e ̸= 0)
and An,0 are the only simples and generate the category G. These simple modules
have interesting self extensions and extensions with each other, and it is not easy to
characterize all the indecomposable objects in G.

We now introduce generalized Verma modules that have “as few relations as pos-
sible,” such that any element in G is a sub-quotient of a finite direct sum of such
modules. For each n, e ∈ C and each p, q ∈ N, we will define V p,qn,e essentially by requir-
ing that N acts on the generator with generalized weight n+ 1/2 and Jordan blocks
of size p, E acts on the generator with generalized weight e and Jordan block of size
q, as well as that the generator is a highest-weight vector.

Let v be a vector. The vector space V p,qn,e is spanned by the following vectors:

(N − n− 1

2
)s(E − e)tv, ψ−(N − n− 1

2
)s(E − e)tv, (213)
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where 0 ≤ s ≤ p − 1 and 0 ≤ t ≤ q − 1. The action of ψ+ is defined by ψ+v = 0
and commutation relations. Clearly there is an embedding Vn,e → V p,qn,e whose image

is generated by the vector (N − n− 1
2 )
p−1(E − e)q−1v.

We claim that any objectM ∈ G is a sub-quotient (namely a quotient of a submod-
ule) of a finite direct sum of V p,qn,e for various n, e, p and q. This will allow us to compute
monodromy in the next section. To prove this statement, we may assume WLOG that
M is generated by a single element m ∈M that is a generalized eigenvector of N with
weight n+1/2 and E with weight e. Assume that (N −n− 1/2)pm = (E− e)qm = 0.
Using the commutation relation, it is clear that M is spanned by vectors of the
following form:

(N − n− 1

2
)s(E − e)tm, ψ−(N − n− 1

2
)s(E − e)tm,

ψ+(N − n− 1

2
)s(E − e)tm, ψ−ψ+(N − n− 1

2
)s(E − e)tm, (s < p, t < q)

(214)

Let us consider the direct sum V p,qn,e ⊕V
p,q+1
n+1,e . Denote by v and w the generators of the

two copies of the Verma modules. Note that the element v and w both satisfies ψ+v =
ψ+w = 0. Consider the element u = v + ψ−w. This satisfies that (N − n− 1/2)pu =
(E − e)q+1u = 0, and moreover, ψ−u = ψ−v and ψ+u = Ew = (E − e)w+ ew. Let U
be the submodule of V p,qn,e ⊕ V p,q+1

n+1,e generated by u, then clearly it is also spanned by
a similar set of vectors:

(N − n− 1

2
)s(E − e)tu, ψ−(N − n− 1

2
)s(E − e)tu,

ψ+(N − n− 1

2
)s(E − e)tu, ψ−ψ+(N − n− 1

2
)s(E − e)tu, (s < p, t < q)

(N − n− 1

2
)s(E − e)qu, (s < p)

(215)

But the difference here is that these vectors are linearly independent, since they are
inside V p,qn,e ⊕ V p,q+1

n+1,e . Therefore, one can produce a map U → M by sending u → m,
sending the corresponding vectors in U in equation (215) to those in M in equation
(214) for s < p and t < q, and sending those vectors in the last line of equation (215)
to zero. It is well-defined thanks to linear-independence, and is clearly a gl(1|1) homo-
morphism because the action of gl(1|1) on both U and M are given by commutation
relations on these two sets of vectors. We thus produced a surjection from a submod-
ule of V p,qn,e ⊕ V p,q+1

n+1,e to M , making M a sub-quotient of two copies of the generalized
Verma modules.

Let us now turn to V (gl(1|1)) and its Kazhdan-Lusztig category KL. Since E0 is
still central, we have a decomposition:

KL =
⊕
e∈C

KLe. (216)

60



For each M ∈ G, one can build a highest-weight module M̂ of V (gl(1|1)), which is
called the induction of M . Induction is clearly a functor:

Ind : Ge −→ KLe. (217)

It was proved in [40] that when e = 0 or e /∈ Z\{0}, the functor Ind in the above
equation is an equivalence of categories. This means that generically, one can study
the category KL simply by studying the category G. For e ∈ Z, one can study KLe
via fusion with a simple current Â0,−e, to be described below; Â0,−e × − gives an
equivalence between KLe and KL0.

As a consequence of these equivalences, the induction of a Verma module V̂n,e is
still simple for e /∈ Z. When e = 0, we still have a short exact sequence:

0 ΠÂn− 1
2 ,0

V̂n,0 Ân+ 1
2 ,0

0 (218)

When e ∈ Z, the module V̂n,e is no longer irreducible, and fits into one of the following
short exact sequences:

0 ΠÂn+1,e V̂n,e Ân,e 0 if e > 0

0 ΠÂn−1,e V̂n,e Ân,e 0 if e < 0

(219)

The modules Ân,e can be obtained as spectral flows of the vacuum module Â0,0 and
they realize simple currents for Z × C, where n ∈ C can be an arbitrary complex
number. The lattice of simple currents we used to extend from V (gl(1|1)) to Vk is gen-

erated by Πk+1Â k
2 ,1

and Âk,0, as well as their contragredients, and can be embedded

into the Verma modules ΠkV̂ k
2−1,1 and V̂k− 1

2 ,0
, respectively.

It turns out that V̂ p,qn,e can be seen from free field realizations.33 Consider the free
field realization of V (gl(1|1)) in terms of chiral bosons X,Y , and Z as in Section 2.2.
For each µ = aX + bY , consider the module of the VOA VZ generated by:

v = Y p−1Xq−1|aX + bY ⟩. (220)

We denote this by Vp,qZ,µ. Define a grading ∆ on Vp,qZ,µ by:

∆(v) = ∆(c−1v) = 0, ∆(b−1v) = ∆(X−1v) = ∆(Y−1v) = 1. (221)

Here b(z) = :eZ : and c(z) = :e−Z :. Moreover, ∆(AnB) = ∆(A) +∆(B)− n− 1. The
module Vp,qZ,µ under this grading is positively graded, and the minimal degree part of

33Strictly speaking, we can realize a fixed parity of this module with free fields. From a physical perspec-
tive, it is not clear whether one should restrict to the parities that arise in the free field realization, so we
will consider both parities in our analysis.
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Vp,qZ,µ under this is spanned by vectors of the form:

Y tXs|aX + bY ⟩, c−1Y
tXs|aX + bY ⟩, s ≤ p− 1, t ≤ q − 1. (222)

Consider the vector c−1v. We claim that ψ−
0 c−1v = 0. Indeed, by definition, since

∆(ψ−
0 c−1v) = 0 the vector ψ−

0 c−1v is a linear combination of the vectors in the
above equation. However, vectors in the above equation have generalized eigenvalue
b−a/2−1 or b−a/2 under the action of Ñ0, while ψ

−
0 c−1v is of generalized eigenvalue

b − a/2 − 2. Therefore it has to be zero. Consequently, the gl(1|1) module generated
by c−1v is a copy of V p,q

b− a+1
2 ,a

. From the universal property of induction functor, we

obtain a morphism:
V̂ p,q
b− a+1

2 ,a
−→ Vp,qZ,µ. (223)

When a /∈ Z or a = 0, one can show, following a similar method as in [66, Proposition
2.4], that this is an isomorphism of modules.

Using this, we claim that any module of V (gl(1|1)) is a quotient of a finite direct
sum of Vp,qZ,µ. Let M be a module such that E0 acts with generalized weight e. If e = 0
or e /∈ Z then the statement is true since we have the equivalence of Eq. (217). When
e is a non-zero integer, then we can consider the module σ0,−e(M), on which E0 has
generalized eigenvalue 0. Using the above arguments, we can show that σ0,−e(M) is
a quotient of a finite direct sum of Vp,qZ,µ, for µ = bY . We simply need to show that

σ0,e(Vp,qZ,µ) is also of this form. This is clear since the spectral flow σ0,e(Vp,qZ,µ) can be

alternatively defined as the module of VZ generated byXp−1Y q−1|e(X− 1
2Y +Z)+bY ⟩,

which is isomorphic to the module Vp,qZ,µ′ where µ′ := |e(X − 1
2Y ) + bY ⟩.

B.2 Computing monodromy

We now use the isomorphism of Eq. (223) to compute monodromy with the simple

currents Ân,e. We will focus on the example of Πk+1Â k
2 ,1

. We have claimed that having

trivial monodromy with Πk+1Â k
2 ,1

is equivalent to that N0 + kE0/2 acts semi-simply

with integer eigenvalues. Let V be any object in KL. We will in fact show that the
morphism:

Πk+1Â k
2 ,1

× V V ×Πk+1Â k
2 ,1

Πk+1Â k
2 ,1

× VR R (224)

is equal to Id× exp(2πi(N0 +
k
2E0)).

Let us comment that to show this, it is enough to show this for V = Vp,qZ,µ since any
other object is a subquotient, and monodromy is functorial with respect to morphisms.
The module Πk+1Â k

2 ,1
is the unique submodule of ΠkVZ,X+ k

2 Y
, and for any Vp,qZ,µ,

fusion over free field algebra gives an equivalence:

Πk+1Â k
2 ,1

× Vp,qZ,µ ∼= ΠkVZ,X+ k
2 Y

× Vp,qZ,µ. (225)

We can then compute monodromy using the explicit free field intertwining operator.
Let us denote by |λ+⟩ the vector corresponding to X + k

2Y + Z and |µ⟩ the vector
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corresponding to aX + bY . Recall that the module Vp,qZ,µ is generated by the vector

Y p−1Xq−1 |µ⟩. Applying the free field intertwining operator on this vector gives:

Y(|λ+⟩ , z)Y p−1Xq−1 |µ⟩ = eX+
k
2 Y+ZzX0+

k
2 Y0 exp(· · · ) · Y p−1Xq−1 |µ⟩ . (226)

Here exp(· · · ) are the normal-ordered products of other modes. They do not contribute
to logarithmic terms and so we omit them from the expression. The logarithmic part
of this comes from:

exp
(
log(z)(X0 +

k
2Y0 + Z0)

)
Y p−1Xq−1 |µ⟩ . (227)

Since [X0, Y ] = [Y0, X] = 1, we find, after commuting the exponential with Y p−1Xq−1,
the following expression:

(Y + log(z))p−1(X + k
2 log(z))

q−1 exp
(
log(z)(X0 +

k
2Y0 + Z0)

)
|µ⟩ . (228)

Now since µ = aX + bY , the above is simply:

(Y + log(z))p−1(X + k
2 log(z))

q−1 exp
(
log(z)(b+ k

2a)
)
|µ⟩ . (229)

Double braiding is expressed in logarithmic intertwining operators as mapping z 7→
e2πiz. It has the effect of turning log(z) 7→ log(z) + 2πi, which turns the above into:

(Y +log(z)+2πi)p−1(X+ k
2 log(z)+kπi)

q−1 exp
(
log(z)(b+ k

2a)
)
exp(2πi(b+ k

2a)) |µ⟩ .
(230)

The effect of this can be accounted for by the application of exp(2πi(N0 +
k
2E0)):

exp(2πi(N0 +
k
2E0))Y

p−1Xq−1 |µ⟩ = (Y + 2πi)p−1(X + kπi)q−1 exp(2πi(b+ k
2a)) |µ⟩ .

(231)
This implies the following identity:

Y(|λ⟩ , e2πiz)Y p−1Xq−1 |µ⟩ = Y(|λ⟩ , z) exp(2πi(N0 +
k
2E0))Y

p−1Xq−1 |µ⟩ , (232)

which is the statement that monodromy is given by Id× exp(2πi(N0 +
k
2E0)).
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