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ITERATED PRIMITIVES OF MEROMORPHIC QUASIMODULAR
FORMS FOR SL,(Z)

NILS MATTHES

ABSTRACT. We introduce and study iterated primitives of meromorphic quasimodular forms
for SLa(Z), generalizing work of Manin and Brown for holomorphic modular forms. We
prove that the algebra of iterated primitives of meromorphic quasimodular forms is naturally
isomorphic to a certain explicit shuffle algebra. We deduce from this an Ax—Lindemann—
Weierstrass type algebraic independence criterion for primitives of meromorphic quasimod-
ular forms which includes a recent result of Pagol-Zudilin as a special case. We also study
spaces of meromorphic modular forms with restricted poles, generalizing results of Guerzhoy
in the weakly holomorphic case.

1. INTRODUCTION

It is a well known result in the theory of modular forms that the Eisenstein series

>~ ng" °q" g
n=1 n=1 =t
2miT

where ¢ := e*™7 are algebraically independent over the field C(g, 7), [10]. In other words,
the rational function field C(Es, Ey, Eg,q, T) has transcendence degree 5. More recently,
Pagol and Zudilin studied an extension of C(Es, Ey, Eg, q, T) defined by adjoining primitives
of the meromorphic modular forms

A(7) Ey(m)A(7) Eg(T)A(7)
Eqy(7)? Eg(r)? - Ey(7)?

where A(1) = (Ey(7)® — Eg(7)?)/1728, and prove that these primitives are algebraically
independent over C(Es, Ey, Eg,q,7), [14]. Similar results for primitives of Eisenstein series
were obtained previously by Kozlov, [9].

The purpose of this paper is to provide a general algebraic framework for such indepen-
dence results in the case of general meromorphic quasimodular forms for the full modular
group SLy(Z). The main idea is that every algebraic relation among primitives of meromor-
phic quasimodular forms can be rewritten as a linear relation among iterated primitives. In
the holomorphic case, these were introduced by Manin, [12], for cusp forms and by Brown,
[2], in general; see also [13] for the quasimodular case. In this paper, we extend the defini-
tion of iterated primitives to the meromorphic case. Our approach is purely formal and only
involves the Laurent expansion at the cusp ¢ = 0. Due to the possibility of higher order
poles, the construction of iterated primitives is more involved than in the holomorphic case
and requires a suitable renormalization scheme; see Section [ for the details.
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Having defined iterated primitives of meromorphic quasimodular forms, we next turn
to the problem of describing the K-algebra Z9M of iterated primitives of meromorphic
modular forms, where K := C(EQ,E4,E6,q)E| Let QM denote the graded C-algebra of
meromorphic quasimodular forms, and let K(QM) denote the corresponding shuffle K-
algebra. Its elements are K-linear combinations of words [fi|...|f.] € QM®", and mapping
such a word to the corresponding iterated primitive defines a surjection of K-algebras

(1.1) I: K{(QM) — TM, (il fu] = I o)

Note that this map is far from being injective. In fact, for every f € QM, the element
0(f)] — f € K(QM), where § = qd%, lies in the kernel of I. However, it turns out that the
existence of derivatives in QM is the only obstacle for I to be injective. More precisely, let
C be a C-linear complement of the subspace §(QM) C QM of derivatives. The following
theorem is our first main result.

Theorem 1.1 (see Theorem below). The morphism (Il restricts to an isomorphism
of K-algebras:
K({C) = TM,

This theorem is a generalization of the main result of [I3] to the meromorphic case.
As there, the hard step in the proof is injectivity for which we employ a general linear
independence criterion for solutions of first order differential equations, [6, Theorem 2.1]. In
our situation, this criterion amounts to verifying that, if a meromorphic quasimodular form
has a primitive in K, then this primitive is contained in QM; see Lemma [5.4] below.

Theorem [T can be viewed as a quite general independence result for iterated primitives of
meromorphic quasimodular forms. In fact, the Cartier—Milnor—-Moore theorem implies that
K(C) is a polynomial algebra on infinitely many generators, and Radford has given explicit
generators in terms of Lyndon words, [I5]. Combining his result with Theorem [[T] leads to
the following Ax—Lindemann—Weierstrass type criterion for algebraic independence.

Theorem 1.2 (see Theorem below for a more general result). Given f1,..., f, € OQM,
its primitives I(f1), ..., 1(fn) are algebraically independent over K if and only if the classes
of fi,..., fn in the quotient QM /§(QM) are C-linearly independent.

At this point, both Theorems [L.1] and are of somewhat limited use since we do not
yet know the structure of C =2 QM /J(QM). To address this, let M) C QM denote the

subspace of meromorphic modular forms of weight k. Also, for k& > 2, let M, C M,
denote the subspace of those meromorphic modular forms whose pole order at the cusp oo
is bounded (from above) by dim Sy, and whose pole order at any other point is bounded by
k — 1. A similar space was studied by Guerzhoy in the more restrictive context of weakly
holomorphic modular forms, i.e., only poles at co are allowed, [7].

Theorem 1.3 (see Theorem [6.4] below).

5(QMI€—2) ¥ Mk> ka S 1a

M, = =
§(QMy—s) ® Moy - ES ' My, ifk>2
IThe reason for not adding 7 to K is that 7 naturally occurs as a primitive, namely of the constant
function (2mi)~! € QM. In particular, 7 € ZM.
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The analogous statement for holomorphic quasimodular forms can be deduced from [17,
Theorem 4.2]. Also, note that the conjunction of Theorems and implies the indepen-
dence result of Pagol-Zudilin mentioned above; see Corollary below. Similarly, applying
Theorem (or rather its generalization, Theorem [6.4]) to the family of holomorphic Eisen-
stein series Fy, including Ey := —1, gives a new proof of Kozlov’s result, [9, Theorem
1].

For the proof of Theorem [[.3] the key step is to establish that the subspace .K/lvk C My
provides a splitting of the Bol space, [1],

Bk = Mk/(sk_l(./\/lg_k).

That is, the natural map ¢, : My — B, is an isomorphism, thus generalizing a result of
Guerzhoy, [7], in the weakly holomorphic case; see Theorem below. As a consequence,
we also obtain dimension formulas for the restricted Bol space By (xS) C By, where possible
poles are confined to a finite subset S of the level one modular curve X, which contains the
cusp co. The precise result is as follows.

Theorem 1.4 (see Theorem [6.5] below). Let S C X be a finite subset with oo € S, and let
k > 2 be an even integer. Then

dim By, (xS) = dim My, + dim Sy + Y wp(k)

Pes’

where S" := S\ {oc} and

2|52+ 1, if P =i,
wp(k) = 2|52 +1, if P=[e*/3],
k—1, else.

The case S = {oo} is essentially [7, Theorem 1]. We would like to point out that the space
By (#{o0}) admits an interpretation in terms of algebraic de Rham cohomology (with certain
nontrivial coefficients) of the moduli stack of elliptic curves, [3]. It would be interesting to
find a similar interpretation of the spaces By (*S), but this is beyond the scope of this paper.

Contents. Sections 2] and [3] contain reminders on meromorphic modular and quasimodular
forms respectively. In Section (], we construct iterated primitives of meromorphic quasimod-
ular forms. We then prove Theorems [I.I] and in Section [B], and finally prove Theorems

and [[.4] in Section

2. REMINDER ON MEROMORPHIC MODULAR FORMS

Let § = {r € C : Im(7) > 0} be the upper half-plane. Recall that a meromorphic
function f on $ is said to be weakly modular of weight k € Z, if f[y|x = f for all v € SLo(Z),

where
fDlk = (er + d)7*f (“”b) . fory= (3 2) .

et +d

Each weakly modular function has a Fourier expansion f(7) = " _ a,q", where ¢ = €*™".
We say that f is meromorphic at oo, if there exists N € Z such that a,, = 0 for all n < N.

The smallest such N is denoted by v, (f) with the convention that v (f) = oo if no such
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N exists. This happens, of course, if and only if f is the zero function. If vy (f) > 0, then
we say that f is holomorphic at oo.

Definition 2.1. A meromorphic modular form of weight k € Z is a meromorphic function
f on $ which is both weakly modular of weight k and meromorphic at oc.

We let My, denote the C-vector space of meromorphic modular forms of weight k, and let
M = @, ., My, denote the corresponding graded C-algebra.

Now let $* := HUP(Q) be the extended upper half-plane. The group SLy(Z) acts on $*
in the usual way via Mébius transformations and the quotient X := SLy(Z)\$* is known as
the modular curve of level one. It has a natural structure of compact Riemann surface and
exactly one cusp oo € X.

Given a meromorphic modular form f and a point p € §), the vanishing order v,(f) of f
at p depends only on the class [p] € X, and we shall write vy, (f) instead of v,(f). Therefore,
if f # 0, we can associate to f its divisor

. v ] )
le(f) = E I;lp . (P), where h,p = 3’ if P = [627”/3],
pex 1, else.

Note that the valence formula implies that deg div(f) = k/12. Conversely, let D = > 32
(P) be a divisor on X.

Proposition 2.2. There exists a meromorphic modular form gp € Misqeep such that
le(gD) =D.

Proof. The function

Ey(7), if P = [e2m/3],
un(r) = o), if P = [1
F A(7), if P = o0,

(1) = J(P)A(T), else,
where j(7) = E4(7)>/A(7), is a holomorphic modular form of weight 12/hp such that
div(up) = ﬁ - (P). Therefore, gp = [[pey up~ € Mi2deg p has the requisite property. [
Remark 2.3. Proposition has the following consequences. First of all, let

Mk(D) = {f S Mk : ’Up(f) 2 —np}.

If D =0, then My(D) = Mj, the space of holomorphic modular forms of weight k. Then
Proposition implies that M (D) = gBl - Mi1124eg ps SO that in particular

(21) dlka(D) = dika_HgngD.

Secondly, it follows from Proposition that every f € M, can be written as a quotient
f = g/h, where g, h are holomorphic modular forms, with h # 0, of weights k, and kj,,
respectively, such that k = k, — kj,. Since every holomorphic modular form can be written
as a polynomial in F; and Eg, it follows that M C C(Ej, Eg) is the subspace spanned by
homogeneous rational functions in E4 and Fj.

The following lemma gives a construction of meromorphic modular forms with certain

prescribed poles that will be needed later.
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Lemma 2.4. Let k > 2 be an even integer, f € My be a meromorphic modular form, and
P e X\ {oo}.

(i) If vp(f) < —k, then there exists g € Ma_y such that vp(g) = vp(f) + k — 1 and
vol(g) >0, for all Q € X \ {P, c0}.

(ii) If vo(f) < —dim Sy — 1, then there exists g € Ma_y such that ve(g) = Voo (f) and
vp(g) >0, for all P € X \ {o0}.

Proof. (i) Case 1: P ¢ {[i], [e*™/3]}. There exist a,b,no € Z with a,b > 0 such that
12n0 +4a+6b=2—k—12(vp(f) + k — 1),

and g = uvpp(f)Jrk_lAnooEZEg satisfies the conditions in (i).

Case 2: P = [i]. We claim that there exist a,n., € Z with a > 0 such that
(2.2) 2ne +4a=2—k—6(vp(f) +k—1).

Indeed, the right hand side of (Z2]) is divisible by 4, as a consequence of the va-

lence formula. Hence a,n. as above exist and g = A" E{E" (D=1 atisfies the
conditions in (i).

Case 3: P = [¢*™/3]. Similarly to before, one shows that there exist b, n,, € Z with
b > 0 such that

1210 + 60 =2 —k — 4(vp(f) + k —1).

Then g = Am=E}" 7 Hk_lEg satisfies the conditions in (i).
(i) Similarly to the proof of (i), we claim that there exist a,b > 0 such that

(2.3) da +6b =2 — k — 12v(f).

Indeed, using our assumption on v..(f) and the well known dimension formula for
dim Sk, one verifies that the right hand side of (2.3) is a non-negative integer # 2,
hence a, b as above exist. Then g = Av(/) E¢ E? satisfies the conditions of (ii).

O

3. MEROMORPHIC QUASIMODULAR FORMS

The notion of holomorphic quasimodular form was introduced in [8]; an expository account
is [I7]. The generalization to the meromorphic case is straightforward.

Let k,p be integers with p > 0. We say that a meromorphic function f on £ is weakly
quasimodulaE of weight k and depth p if there exist meromorphic functions fo,..., f, on 9
such that

B 12 c
C 2micer+d’

(3.1) Fle=>_fr-XI,  where X,(7)
r=0

2This terminology is not standard.



for all v € SLy(Z). The functions fo,..., f, are then uniquely determined by f and are
referred to as the coefficient functions of f. Each f, is itself weakly quasimodular, of weight
k — 2r and depth p — r. More precisely,

frh/]k—% = Z (i) fs . X»j_rv

for all v € SLy(Z). In particular, f.(7+ 1) = f.(7), so that each f, has a Fourier expansion.

Definition 3.1. A meromorphic quasimodular form of weight £ € Z and depth p > 0 is a
meromorphic function f on $ which satisfies the following two conditions:

(i) f is weakly quasimodular of weight k and depth p;
(ii) The functions fo, ..., f, are meromorphic at oo

We let Qpr denote the C-vector space of meromorphic quasimodular forms of weight k
and depth p. We also define

OM; = U Q./\/l,fp, respectively OM = @ OM,,

p>0 keZ

to be the C-vector space of meromorphic quasimodular forms of weight k, and the graded
C-algebra of all meromorphic quasimodular forms, respectively.

Now let f € Q./\/l,fp with coefficient functions fy,..., f,, and let § = qd% = ﬁd% denote
the g-derivative. Applying ¢ to both sides of (81I), we deduce that

32 Ohhea=3 (o +

r=0

fr—l) X»Ty,a f—l = fp-i-l = Oa

for all v € SLy(Z). In particular, there is a well-defined map
5 OMP — QMPH,
for all k,p € Z with p > 0.

Example 3.2. The holomorphic Eisenstein series Ey(7) is a holomorphic quasimodular form
of weight 2 and depth 1. It satisfies

(3.3) Es[y)e = By + X,

for all v € SLy(Z). Every meromorphic quasimodular form can be written uniquely as a
polynomial in E5 whose coefficients are meromorphic modular forms. More precisely, we
have

(3.4) QM = € Mysr - E5,  and QM = M[E].

0<r<p

In particular, the depth of f equals its degree in Fj.
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4. ITERATED PRIMITIVES OF FORMAL LAURENT SERIES

The goal of this section is to define iterated primitives of meromorphic quasimodular
forms. In fact, we shall define more generally iterated primitives of formal Laurent series in
one variable g. This definition specializes to meromorphic quasimodular forms using their
Fourier expansion. The case of formal power series is technically simpler and will be dealt
with first. The general case requires renormalization techniques which originated in quantum
field theory, [5]; see also [11] for an expository account.

4.1. The case of formal power series. Let QM> C OM denote the C-subalgebra of
meromorphic quasimodular forms which are holomorphic at co. Mapping a meromorphic
quasimodular form to its Fourier expansion induces an embedding of C-algebras:

QM™ — C[4]],

Moreover, the g-derivative 6 = qd% extends to C[[¢g]] in the natural way and every f =
> om0 g™ € Cl[[q]] with ag = 0 has a d-primitive in C[[g]], namely 3 . n " anq".

In order to deal with the case where ay # 0, introduce a new variable ¢ such that 6(t) = 1,
and define a C-algebra by A := CJ[t][[¢]]. One can show that every element f € A has a
primitive F' € A*, which is unique up to adding an element of ker(§) = C.

Definition 4.1. Define a formal integration map
I:A* — A%, fr—=F —evy(F),

where =% ., F.(t)q" is any primitive of f, and evy : A — C is defined by evo(F) =
Fo(0). -

Equivalently, I(f) is the unique primitive of f whose constant term (as a series in ¢ and
q) vanishes.

Definition 4.2. Given fi,..., f, € A, define their iterated primitive recursively by

The length of I(f1,..., fn) is defined to be the integer n.

The next proposition states some standard properties of iterated primitives (cf. [4]). Since
our formal setup is slightly different, we give a proof for the reader’s convenience.

Proposition 4.3. The following statements are true.
(i) For all f1,..., fn € A, we have
O(I(fr-- s fu)) = fr- I(fay s f)-

(ii) For all integers m,n > 0 with m +n = 1, and all fi,..., frin € A, the shuffle
product formula holds:

(41) [(.fla SR fm)I(fm-‘rb SRR fm—i—n) = Z [(.fa’l(l)a SR .fafl(m—i-n))a
0EYXm,n
where 3, , denotes the set of all permutations o : {1,...,m+n} —{1,....,m+n}

such that o(1) < ... <o(m) and o(m+1) < ... <o(m+n).
7



Proof. Statement (i) is immediate. To prove (ii), we use induction on m+n. For m+n =1,
the statement is trivial. In general, applying § to the left hand side of (A1) gives

(42) fl ' I(f27 cee fm)‘[(fm-l-lu SR fm-l-n) + fm-l—l ’ I(fh SRE) fm>[(fm+27 ceey fm+n)7
whereas applying ¢ to the right hand side yields

(4.3) Z forq) - I(fo12)s - s fo1(man))-

O'EEm,n

Identifying ¥,,_1, with the permutations in 3,,, which satisfy (1) = 1, and likewise
Ymn—1 with the ones which satisfy o(m + 1) = 1, we deduce that %,,,, is the disjoint union
of X1, and X, ,,—1. Together with the induction hypothesis, it follows that (£2)) and (4.3])
are equal, hence that (€1]) holds up to a constant. Moreover, as evy : A>® — C is an algebra
homomorphism, one verifies that both sides of (41l vanish upon applying ev,. Hence, the
constant in question is zero, and we conclude. 0

Remark 4.4. In the case where the fi,..., f, € A are Fourier expansions of holomorphic
modular forms, Definition specializes to iterated Eichler—Shimura integral as introduced
by Manin, [12], and by Brown, [2]. More precisely, with notation and conventions as in [2],
we have
1 Te
I(fi e fa) = W/ f(r)dr .. fo(r)dre.

This follows from [2, Proposition 4.7.i)] and the fact that the expansion in ¢ and 7 of the
right hand side has no constant term, by construction.

4.2. The general case via renormalization. Now let A = C[t]((¢)) be the C-algebra of
finite-tailed, formal Laurent series. Similarly to before, mapping a meromorphic quasimod-
ular form to its Fourier expansion induces an embedding QM < A. Also, the integration
map I extends to A by defining I(f) = F — Fy(0), where ' =" F,(t)q" is any prim-
itive of f. However, the extension of Definition to fi,..., fn € A does in general not
satisfy the shuffle product formula, the problem being that the extended map evy: A — C
sending F' — Fy(0) is not an algebra homomorphism.

In order to resolve this, the first step is to introduce suitably perturbed iterated primitives
I.(f1,..., fn). Let t., € be free variables, and define A. := CJt, t.]((¢,€)) to be the C-algebra
of formal Laurent series

(4.4) f= fanltt)gme",  with  fo.(tt.) € C[t L],
m,n>>—00

The g-derivative extends trivially to A, by §(¢.) = d(¢) = 0 and every f € A. has a primitive,
unique up to adding a series of the form > f,(t-)e". Therefore, similarly to Definition
[4.1], we can define a formal integration map by

I.: A — A, f— F —ev.(F),
where F'is any primitive of f and ev. : A. — CJt.]((€)) is defined by substituting (¢,q) —
(te,€). Now, given elements fi,..., f, € A, we define I.(f1,..., f.) € A. recursively by

[e(fl'la(f2a~~~>fn))a 1fn2 1,

]E(fh”wfn):{l’ ifn=0.



Using that ev. is an algebra homomorphism, it is straightforward to verify that the analogue
of Proposition holds for the I.(f1,..., fa).

We next modify the I.(fi,..., f.) by adding suitable counterterms to cancel the diver-
gences as € — 0. Let A, C A, (respectively, A_ C A.) denote the subset of those elements
(4.4)) which satisfy f,,,(t,t.) =0, for all n < 0 (respectively, n > 0). There is the direct sum
decomposition

A= AL @ A_,

and we let 7, : A. - A, and 7_ : A. — A_ denote the canonical projections.

Definition 4.5. Given fi,..., f, € A, define I.(f1,...,fn) € Ay and I_(f1,..., fn) € A_
recursively by

[+(f1a'-'>fn):7r+< fla'--a +Z[Efl>"'a (fz+1a'-'>fn))>

]—(fla-">.fn): < f1>"'a +ZI .fla"'>.fz (.fi-i—la--'afn))‘

The next proposition, analogous to Proposition [£.3] is crucial.

Proposition 4.6. The following statements are true.

(i) Forall f1,..., fn € A, we have 6(1_(f1,..., fn)) =0 and
5(]+(f177fn)) :fl 'I+(f27---7fn)

(ii) For all integers m,n >0 with m+n > 1, and all fi,..., fmin € A, we have
I:I:(.fla SR fm)I:I:(.fm—i-la SRR fm-i-n) = Z Ii(f0*1(1)7 SRR fafl(m-i-n))'

0EYXm,n

Proof. For statement (i), it is enough to prove that 6(/_(fi,..., fn,)) = 0; the other part
follows from this using Proposition [.3](i) and the Leibniz rule. If n = 1, then

6(I-(f) = =fr-m-(1) =0,

since m_ is A-linear and commutes with 0. Similarly, by induction on n, we have

5(1—(f17---7fn)):—f1'7T—< (fos s fn +ZI (fos-- oo fi (fz+17---7f)>

= fi-U-(f2r-- fa) = 7( —(fz, - fn)))
=0

since 7_ is the identity on A_. This proves (i). Statement (ii) is a special case of a general
result in renormalization; see [L1], Theorem II1.5.1.(3)]. O

We are now in the position to define iterated primitives of general Laurent series.
Definition 4.7. Given fi,..., f, € A, define their iterated primitive as
I(f17 e 7fn) = W(I-i-(.fla . '7.fn))a

where m: Ay — A is the canonical projection onto the constant term in € and t..
9



Remark 4.8. Since I_(f1,...,fn) =0,if f1,..., fn € A%, Definition L7 is compatible with
Definition .21

Proposition generalizes as follows.

Proposition 4.9. The following statements are true.
(i) For all f1,..., fn € A, it holds that

O (frs- s fu)) = fr- I(fos- -, f)-

(ii) For all integers m,n > 0 with m+n > 1, and all f1, ..., fmin € A, we have

I(fr, o o) I (Fnsts oo fin) = > I(fom1ys- - fot(mem)-

O'sz,n

Proof. Since 7 is an algebra homomorphism which commutes with ¢, this follows directly
from Proposition O

For later use, we record the following ’integration by parts’ formula which follows imme-
diately from Proposition .91(i) by induction on n.

Corollary 4.10. For all fi, ..., f, € A, there exist constants ci, . .., c,—1 € ker(d) = C such

that
IO(f1) fos s fu) = fr - L(for oo o) = L(f1 - fo, - fn) + o,
(i fas 8U0)) = LUt foa s Ja) £ D i (a0 ),

and for every 1 <1 < n, we have

[(fla---a(s(fi>7---7fn):[(fla---afi—l'fia---ufn)_I(fla---afi'fi—l—lu---afn)
i—1
+ > I(fr, o fio1):
j=1

Remark 4.11. The constants ¢; in the preceding corollary are not necessarily equal to zero,
see the example below.

4.3. A worked example. We end this section by computing I(fi,..., f,) in a simple ex-
ample. Let f; = ¢! and f, = ¢. Since 6(¢") = ng", we have

Ia(.fl) - _q_l + 5_1a and Ia(f2) =4q—g,
so that

L(fi)=—q"", I(fi)=—c"", and Li(f) =q—c¢, I_(f2) =0.
It follows that
I(fi)=1(fi)=—¢", and  I(fs)=q.
On the other hand, since §(t) = 1, we have I.(1) =t — t.. Using this, we compute
L(fi,f) =t —te+q e —1, L(fo i) = =t —to) + gt — 1,

as well as

L(fi,f) =t—te+q'e =1,  L(fo, i) = —t+t.
10



Finally, applying the projection 7 : A, — A gives

](f17f2):t_17 I(f27f1>:_t
One directly verifies that the shuffle product formula I(f,)I(f2) = I(f1, f2) + L(fa, f1) holds.
Similarly, one shows that
I1(6(f2), fr) = fa - I(fr) = I(f1- f2) + 1,
so that Corollary holds with ¢; = 1.

5. THE ALGEBRAIC STRUCTURE OF ITERATED PRIMITIVES OF MEROMORPHIC
QUASIMODULAR FORMS

Consider the subfield K := C(Es, Ey, Eg,q) C A. It is closed under §.
Definition 5.1. Define
TM = Spang {I(f1,.... fa) + fi,-- s fu € QM, n >0} C A.
Remark 5.2. It follows from Proposition that Z9M is a differential K-subalgebra of A.

On the other hand, let K(QM) denote the K-shuffle algebra on the C-vector space QM
(see for example [10, Section 1.4] for generalities on shuffle algebras). Elements of K(QM)
are K-linear combinations of words [f1]...|f,], with fi,..., f, € OM, and its product is
given by the shuffle product, defined on words by

[f1| s |fm] L [.fm+1| s |fm+n] = Z [f071(1)| s |f0*1(m+n)]>

O'sz,n
with 3, ., as in Proposition &3l (ii). By definition of Z9M there is a surjective K-linear map

(5.1) I:K(QM) — 19, (il fu] = I o),

which is an algebra homomorphism, by Proposition 9L (ii).
Now let C € QM be a C-linear complement of 6(QM) C QM, that is, C is chosen so as
to satisfy C & §(QM) = QM. It gives rise to a K-subalgebra K(C) C K(QM).

Theorem 5.3. The restriction of (5.1)) to K{(C) induces an isomorphism K{(C) = TM.

Proof. We first prove surjectivity. Let I(fi,..., f.) € Z9". We employ induction on n to
show that I(fi,..., f,) € I(K(C)). By definition of C, for every 1 < i < n, there exist g; € C
and h; € QM such that f; = g; + d(h;). Using multilinearity of I, we deduce that

_ ; ifieT
I o f) =1 G E: I(fT T h T._ Gis 1 )
(fh 7f) (glu y g ) i (f17 7fn)7 where fz {5(hz), lf'L %T

Corollary .10 now implies that each term in the sum on the right hand side can be rewrit-
ten as a K-linear combination of iterated primitives of length < n — 1, hence we obtain
I(f1,..., fn) € I(K(C)), as desired.

For injectivity, it suffices to verify the following statement: Given linearly independent
elements fi,..., f, € C, the subset

UL fi) £ Gy i) € {1, ™} € T9M

m>0
11



is K-linearly independent. To prove this, by [0, Theorem 2.1}, more precisely by the equiva-
lence 7 (i) < (iv)” in loc. cit., it suffices to prove that 6(K)NC = {0}, which in turn follows
from the next lemma.

Lemma 5.4. We have 6(K) N QM = §(QM).

Proof. Let K' := Frac(QM) = C(E», Ey, Es) C K which is a differential subfield of K. We
begin by showing that d(K) N K’ = §(K’), the inclusion ”2” being trivial. Conversely, let
f,g9 € K|q] be such that 6(f/g) € K'. We may assume without loss of generality that f and
g have no common factors and that g = ¢" + Z;:OI g;¢° is monic. We claim that g = ¢".
Indeed, computing d(f/g) by the quotient rule and using that f and g have no common
factor, it must be the case that g divides §(g). Since §(g) and g have the same degree n and
since ¢ is monic, this implies that §(g) = n - g, hence g = ¢". In particular, f/g € K'[q, ¢7"]
and since 0(¢") = nq™, the fact that 0(f/g) € K’ readily implies f/g € K', as desired.

We next show that 6(K’) N OM = §(QM), the inclusion ” D" again being trivial. For the
converse inclusion, let f, g € C[Es, Ey, Eg] be polynomials such that 6(f/g) € QM, that is,
we have 0(f/g) = hi/hy for some hy € C[Ey, E4, Fg| and some hy € C[E}y, Eg], where hy is
homogeneous for the weight. It is enough to prove that g € M, for some k € 7Z, and it is no
loss of generality to assume that f and g have no common factors. Applying the quotient
rule to compute §(f/g), multiplying through by hy and reorganizing terms, we deduce that

)
f- % - hy € C|Es, Ey, Eg),

hence that g divides 6(g)hs, as f and g have no common factor. We shall prove that this
implies that g € M, for some k. Indeed, by the Leibniz rule each irreducible factor ¢’ of
g divides 6(g')hg, so it is enough to prove the claim for g irreducible. If g divides hs, then
we are done, since hy € C[Ey, Eg] is homogeneous by assumption, hence so is each of its
factors. If g does not divide hgy, then ¢ must divide §(g) in C[Es, Ey, Eg] in which case it
is well known that g € C- A™ for some integer m > 0 (see for example [13, Lemma 2.5]).

Hence we obtain that f/g € QM, as desired. O
This ends the proof of Theorem 5.3 O

We next give a basis of Z9" in terms of an ordered basis B = (bi)ier of C. Consider the
free monoid B*, that is, the set of all words in B including the empty word (). A Lyndon word
is a nonempty word w € B* such that for all factorizations w = wv into nonempty words
u, v, it holds that w < v, where ”<” denotes the lexicographic order on B* induced from the
order on B. We let L(B) C B* denote the subset of all Lyndon words. The following result
is a special case of Radford’s theorem, [15, Theorem 3.1.1].

Theorem 5.5 (Radford). The set
(5.2) {bi] .. |bi)] cw=10b;...b;, € L(B)}

is a polynomial basis of K(C): every element of K(C) can be written uniquely as a K -linear
combination of shuffle products of elements of (5.2).

Combined with Theorem [5.3] this gives an explicit algebra basis of Z9M. As a consequence,

we obtain the following algebraic independence criterion. We first need some more notation.
12



For f=5 . ang" € QM and r > 1, we let
I'(f)y=1(1,...,1,f)
N——

r—1

denote the r-fold primitive of f. Note that

Theorem 5.6. Given fy, f1,..., fn € QM with fo =1, the subset
U (f) s ied{L,....n}} c M

r>1

1s algebraically independent over K, if and only if the equivalence classes of the fo, ..., fn in
QM /5(QM) are C-linearly independent.

Proof. If the classes of the fo,..., f, in QM /6(QM) are C-linearly independent, then there
exist a,...,a, € C, not all equal to zero, and g € QM such that > . o fi = d(g).
Applying I to both sides then gives a nontrivial relation. Conversely, if fy, ..., f, are C-
linearly independent modulo §(QM), there exists a complement C of §(QM) such that
fos- -+, fn € C. By Theorem [B.3] it is then enough to show that the subset

Uy O ULl Lol £ = i € {1, n}} C K(C)

is K-linearly independent. Since this set consists of Lyndon words (for the order f; < f; if
and only if i < j), the K-linear independence follows from Theorem O

6. AN EXPLICIT COMPLEMENT

The remainder of this paper is devoted to constructing an explicit complement of §(QM).

6.1. Quotient by derivatives. We begin by computing the quotient QM := QM /§(QM).
Since 0 is homogeneous of weight 2, the weight grading OM = @, ., QM descends to a
grading OM = @ OM,, where QM. .= QM /5(QM;_5). Let 7, : My — QM,, be the
composition of the natural inclusion M; C QM with the canonical projection onto QMj,.
Note that ker(m) = 6(QMj_2) N M.

Theorem 6.1. The following statements hold.
(i) We have
ker (1) = { L {fk <1,
0" (Ma—g), ifk>2.
(ii) We have
0, if k<1,

Mo_p, - E¥Y if k> 2
13
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In particular, we have

My, k<1,

QM = { Br Moy B | >2,

where By := My /8 1 (Ma_y).

Proof. For (i), the inclusion ”2” is a direct consequence of Bol’s identity, [1], so that it
remains to prove the converse inclusion. Let f € §(QMj_o) N Mj, and g € QM5 be such
that f = 6(g), and let go,. .., g, denote the coefficient functions of ¢g. Using equation (3.2),
we compute that

p+1 9
(6.1) f= Z( %gr_l) X7

The leading coefficient, must vanish by uniqueness of the coefficient functions, hence
p=k—-—2o0rg,=0. If k< 1, the first case cannot happen and we have g, = 0 for all r,

hence g = 0. If £ > 2, we may assume without loss of generality that g, # 0, hence p = k—2

by uniqueness. By recursion on r, we deduce from (G.1]) that d(g,) = _k ——=g,_1, for all

1 <r < p. The statement follows from this since g = gy and g, € Mo_y.

We next prove (ii). Let f € QM:? with coefficient functions fo, ..., f,. By (B4), we can
write f = >F_  f, - E} for uniquely determined f, € Mj_o,., and we have fp = fp. Now
define h = §(f fo-E5” 1) € Q./\/l and denote its coefficient functions by hy, ..., h,. Using
equations ([32]) and (3.3), we compute that h, = = = L'r f,, hence if p # k — 1, we see that
?p - EY — — — 1h € Q/\/l<p . By recursion on the depth we deduce that the natural map
oOM:=1 = QM| is surjective for ¢ > k — 1, and that the images of Q./\/l<k 2 and M, inside
of OQM,, are both equal. It remains to compute the image of Q./\/lk in QM in the case
p= k—1. Let h € 6(QM_,) be such that [ E5 = he OMF2 This necessarily implies
h =0, for all ¢ > k — 1, and using equation (3.2]) in additions, we deduce that hk 1 =0.
Hence h € 5(Q/\/l<k %) and f = 0, ending the proof.

U

6.2. A splitting. We next compute a splitting of the projection M, — B; where B was
introduced in Theorem

Definition 6.2. For an integer k > 2, define ka C My, to be the subspace of those mero-
morphic modular forms f € My, which satisfy ve(f) > —dim Sy, and vp(f) > 1 —k for all
Pe X\ {oo}.

Theorem 6.3. The natural projection py, : ka — By, is an isomorphism.

Proof. We first prove that ¢y, is injective. Let f € ker(pp) = My N6~ (My_y) and write
f = 6*Yg) for some g € My_;. Since vp(f) > 1 — k, an elementary argument shows
that vp(g) > 0, for every P € X \ {oo}. We next show that v, (g) > 0. Assume for a
contradiction that v, (g) < 0. Then v4(g) = v (6*71(g)) and the valence formula yields
that

vp(g) 2k 2—k
(6.2) Z e T 12 Uoo(g) < BTE + dim S.
Pex\{oo}
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On the other hand, using the well known formula for Sy, equation (6.2) leads to a contra-
diction. Therefore v, (g) > 0, hence g is a holomorphic modular form of weight 2 — &k < 0,
which must be constant. Therefore, f = 0 and ¢y is injective.

For surjectivity, assume we are given f € My. If there exists P € X \ {oco} such that
vp(f) < —k, then by Lemma [2Z4L(i), there exists g € My_, with vp(g) = vp(f)+k — 1 and
vg(g) >0 for all Q € X \ {P, 00}. Since vp(6"71(g)) = vp(f), there exists a € C* such that
vp(f—ad®(g)) > vp(f) +1 and vo(f —ad®1(g)) > min{0,vo(f)}, for all Q € X\ {P, 0o}.
Hence, by iterating this procedure, we find f' € M, such that f — f' € §*"1(My_;) and
such that vp(f') > 1 —k for all P € X \ {o0}.

Similarly, if v (f') < —dim Sy — 1, then by Lemma 2.4].(ii) there exists ¢’ € My_; such
that v5(g") = veo(f’) and vp(g') > 0, for all P € X \ {oo}. Since v (671(g")) = vl f'),
there exists o’ € C* such that vy, (f' — /8" 1(¢")) = veo(f') + 1 and vp(f — /07 1(g)) >
min{0, vp(f’)}, for all P € X \ {oo}. Iterating this procedure, we find f” € M, such that
f'— f" €61 (My_yp). In particular, f — f” € §¥~1(My_y), from which it follows that ¢y, is
surjective. [

Combining Theorems and [6.3] we can finally give an explicit complement of the sub-
space of derivatives.

Theorem 6.4.

6(QMy—2) & My, if k<1,

M, = _
QM {5(QMk_2) B Mo_y, - E§_1 b My, ifk>2.

6.3. Dimension formulas. Using Theorem [6.3], we can also compute dimension formulas
for the space B, after restricting the location of poles. Given a finite subset S C X, we
define

My (xS) ={f € My = vp(f) 20, VP € X'\ 5},

My(xS) = M, (xS) N M.
Theorem 6.5. Let S C X be a finite subset with oo € S, and let k > 2 be an even integer.
Then
dim My (xS) = dim M,, + dim Sy + Z wp(k),
Pes'
where S" := S\ {00} and

2|52 +1, if P=1i,
wp(k) = 2|52 +1, if P= [/,
k—1, else.

Proof. Consider the divisor Dg = dim S, - (00) + 3 peg kh—;l - (P). Then Mj(Dg) = M, (xS),

by definition, and dim Mk(*S) = dim Mj+124eg g by equation (2.I). We now distinguish
four cases.

Case 1: [i], [e*™/3] ¢ S. In this case, deg Dg = dim Sy, +|.5’| - (k — 1) and dim My 124eg Ds =
dim Mj, 4+ deg Dg = dim M}, + dim Sy, + ) . wp(k), whence the result.
15



Case 2: [i] € S, [e2™/3] ¢ S. In this case, similarly to before, we deduce

PeS\{[i]}
It remains to prove that dim Mz;_¢ = dim M}, + wp;)(k), for all even k > 2. In fact, a direct

computation shows that dim Mz,_¢ —dim M}, —wy; (k) is invariant under k — k + 12, so that
it is enough to prove the statement for 2 < k < 12, where it can be verified directly.

Case 3: [i] ¢ S, [€*™/3] € S. This is analogous to the previous case, except that we now have
to verify that dim Ms;_, = dim M, + w[ezm‘/S](k‘), which can be proved similarly to before.

Case 4: [i],[e*™/3] € S. Similarly, it now suffices to verify that dim M;,_10 = dim M, +
wy (k) + wyeariss (k). This is proved similarly to before.
]

Remark 6.6. For a finite subset S C X with oo € S, let Bi(xS) C By be the image of the
natural injection

The isomorphism @y, : M r — By, of Theorem [6.3] then restricts to an isomorphism Mk(*S ) =
By (*S), hence Theorem [6.5] implies a dimension formula for By (*S). In the case S = {oo}
(the ”weakly holomorphic case”), this is due to Guerzhoy, [7].

6.4. Algebraic independence — revisited. As a final corollary, we prove a generalization
of [I4, Theorem 5]. With notation as in loc. cit., consider the meromorphic modular forms

e L _BMAD . B(IAG)
= Er(r)? Fu(T) = Fo(r)? Fs(7) Ea(7)?

Corollary 6.7. The set

F4a(7')

{t}u U{Ir(f) : f € {Fua, Fa, F6}}

r>1

18 algebraically independent over K

Proof. By Theorem [£.6] it is sufficient to prove that the classes of 1, Fj,, Fy, and Fg
in OM/§(QM) are C-linearly independent. Indeed, it is straightforward to verify that

Fyo, Fyy € My and that Fg € Mg, and Theorem allows us to conclude. O

ACKNOWLEDGEMENTS

The author thanks Tiago J. Fonseca, Erik Panzer, Vicentiu Pagol, and Wadim Zudilin for
helpful discussions. Moreover, he thanks Claudia Alfes-Neumann, Tiago J. Fonseca, Jan-
Willem van Ittersum, Masanobu Kaneko, Martin Raum, and Wadim Zudilin for valuable
comments and suggestions on a first draft of the manuscript. Discussions with Johannes
Broedel and Claude Duhr led to a significant simplification in the proof of Theorem 6.3,
for which the author thanks both of them. Finally, special thanks go to Henrik Bachmann
for organizing the Japan-Europe Number Theory Exchange seminar where the author first
learned about the work of Pagol-Zudilin, which served as inspiration for the present paper.

This project has received funding from the European Research Council (ERC) under the
16



European Union’s Horizon 2020 research and innovation programme (grant agreement No.
724638).

[1]

[10]
[11]
[12]
[13]

[14]
[15]

[16]

[17]

REFERENCES

G. BoL: Invarianten linearer Differentialgleichungen. Abh. Math. Sem. Univ. Hamburg 16 (1949), nos.
3-4, 1-28.

F. BrownN: Multiple Modular Values and the relative completion of the fundamental group of M; ;.
arXiv:1407.5167v3, 2017.

F. BrRowN, R. HAIN: Algebraic de Rham theory for weakly holomorphic modular forms of level one.
Algebra Number Theory 12 (2018), no. 3, 723-750.

K.T. CHEN: Iterated path integrals. Bull. Amer. Math. Soc. 83 (1977), no. 5, 831-879.

A. ConnEs, D. KREIMER: Renormalization in quantum field theory and the Riemann-Hilbert problem.
I. The Hopf algebra structure of graphs and the main theorem. Comm. Math. Phys. 210 (2000), no. 1,
249-273.

M. DENEUFCHATEL, G.H.E. DucaaMmP, V.H.N. MiNH, A.I. SoLoMON: Independence of hyperloga-
rithms over function fields via algebraic combinatorics. Algebraic informatics, 127-139, Lecture Notes
in Comput. Sci., 6742, Springer, Heidelberg, 2011.

P. GUERzHOY: Hecke operators for weakly holomorphic modular forms and supersingular congruences.
Proc. Amer. Math. Soc. 136 (2008), no. 9, 3051-3059.

M. KANEKO, D. ZAGIER: A generalized Jacobi theta function and quasimodular forms. The moduli
space of curves (Texel Island, 1994), 165-172, Progr. Math., 129, Birkhduser Boston, Boston, MA,
1995.

P.Yu. Kozrov: On the algebraic independence of functions of a certain class. (Russian) Izv. Ross.
Akad. Nauk Ser. Mat. 77 (2013), no. 1, 23-32; translation in lzv. Math. 77 (2013), no. 1, 2029

K. MAHLER: On algebraic differential equations satisfied by automorphic functions. J. Austral. Math.
Soc. 10 (1969), 445-450.

D. MaANcHON: Hopf algebras in renormalisation. Handbook of algebra. Vol. 5, 365-427, Handb. Algebr.,
5, Elsevier/North-Holland, Amsterdam, 2008.

Yu.l. MANIN: Iterated integrals of modular forms and noncommutative modular symbols. Algebraic
geometry and number theory, 565-597, Progr. Math., 253, Birkhiiser Boston, Boston, MA, 2006.

N. MATTHES: On the algebraic structure of iterated integrals of quasimodular forms. Algebra Number
Theory 11 (2017), no. 9, 2113-2130.

V. PasoL, W. ZUDILIN: Magnetic (quasi-)modular forms. larXiv:2009.14609, 2020.

D.E. RADFORD: A natural ring basis for the shuffle algebra and an application to group schemes. J.
Algebra 58 (1979), no. 2, 432—454.

C. REUTENAUER: Free Lie algebras. London Mathematical Society Monographs. New Series, 7. Oxford
Science Publications. The Clarendon Press, Oxford University Press, New York, 1993. xviii+269 pp.
E. ROYER: Quasimodular forms: an introduction. Ann. Math. Blaise Pascal 19 (2012), no. 2, 297-306.

MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD, ANDREW WILES BUILDING, RADCLIFFE OB-
SERVATORY QUARTER, WOODSTOCK R0OAD, OXFORD OX2 6GG, UNITED KINGDOM
Email address: nils.matthes@maths.ox.ac.uk

17


http://arxiv.org/abs/1407.5167
http://arxiv.org/abs/2009.14609

	1. Introduction
	Contents

	2. Reminder on meromorphic modular forms
	3. Meromorphic quasimodular forms
	4. Iterated primitives of formal Laurent series
	4.1. The case of formal power series
	4.2. The general case via renormalization
	4.3. A worked example

	5. The algebraic structure of iterated primitives of meromorphic quasimodular forms
	6. An explicit complement
	6.1. Quotient by derivatives
	6.2. A splitting
	6.3. Dimension formulas
	6.4. Algebraic independence – revisited

	Acknowledgements
	References

