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INTRODUCTION

The core ideas for this thesis arose while attempting to generalize the method referred to
as Cubature on Wiener space or as the Kusuoka-Lyons-Victoir (KLV) family of numerical
methods (Kusuoka [17], Kusuoka [18], Lyons & Victoir [28]) to boundary problems. This
generalization has not been completed yet, however we believe that some results have
been achieved, which are crucial for the extension of KLV. In particular, we constructed
numerical methods for approximating the solution to rough differential equations jointly
with the truncated signature of the solution.

Stochastic differential equations (SDEs) under the KLV consideration are driven by
Brownian motion and time. The paths of Brownian motion coupled with time and lifted to
the appropriate tensor algebra are almost surely path-wise rough paths of inhomogeneous
degree of smoothness. Another natural example of rough paths of inhomogeneous degree
of smoothness arises when the truncated signature of a rough path itself is regarded as a
rough path. When aiming to construct numerical approximations of SDEs and in general
of rough differential equations (RDEs), we considered the general case, i.e. RDEs driven
by rough paths of inhomogeneous degree of smoothness.

After sketching the core ideas of the Rough Paths Theory (ref. Lyons [26]) in Chapter I}
the versions of the core theorems corresponding to the inhomogeneous degree of smooth-
ness case are stated and proved in Chapter 2| (Theorems [2.1.1} 2.2.1} 2.3.1|and [2.5.1) along
with some auxiliary claims on the continuity of the solution in a certain sense, including
an RDE-version of Gronwall’s lemma (Proposition 2.6.3). It is clear, that rough paths of
inhomogeneous degree of smoothness can be extended and regarded as p-rough paths for

an appropriate p, and hence the integration theorem and the Universal Limit Theorem of
[26] hold for the extended rough paths. The importance of Chapter 2 lies in showing that
under the truly inhomogeneous treatment similar results hold under weaker conditions.
In Chapter 3] numerical schemes for approximating solutions to differential equations
driven by rough paths of inhomogeneous degree of smoothness are constructed. We start
with setting up some principles of approximations. Then a general class of local approx-
imations is introduced. This class is used to construct global approximations by pasting
together the local ones. A general sufficient condition on the local approximations imply-
ing global convergence is given and proved in Theorems and The next step is to
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construct particular local approximations in finite dimensions based on solutions to ordi-
nary differential equations derived locally and satisfying the sufficient condition for global
convergence. The core ingredients are the Log-signature Theorems and which
can be regarded as generalizations of the results of Strichartz [35] as well as the rough
paths versions of Castell [4] or Hu [13]. These local approximations require strong condi-
tions on the one-form defining the rough differential equation. Finally, we show (mainly
in Proposition that when the local ODE-based schemes are applied in combination
with rough polynomial approximations (justified in Proposition [3.5.1), the conditions on
the one-form can be weakened. We note that the core ideas of polynomial approximations
appeared in the paper by Davie [8] and were generalized by Caruana [3]].

In Chapter {4} the results of Gyurké & Lyons [12] on path-wise approximation of solu-
tions to stochastic differential equations are recalled and extended to the truncated signa-
ture level of the solution. Furthermore, some practical considerations related to the imple-
mentation of high order schemes are described. The effectiveness of the derived schemes
is demonstrated on numerical examples.

In Chapter |5, the background theory of the Kusuoka-Lyons-Victoir (KLV) family of
weak approximations is recalled and linked to the results of Chapter {4l We highlight how
the different versions of the KLV family are related. Moreover, some practical considera-
tions are described, including the right choice of numerical ODE solvers. Finally, a numeri-
cal evaluation of the autonomous ODE-based versions of the family is carried out, focusing
on SDEs in dimensions from 1 up to 4, using degree 3/2,5/2 and 7/2 cubature formula
and high order Runge-Kutta numerical solvers. We demonstrate the effectiveness and the
occasional non-effectiveness of the numerical approximations in cases when the KLV fam-
ily is used in its original version and also when used in combination with partial sampling
methods (Monte-Carlo, TBBA) and Romberg extrapolation. Furthermore, we demonstrate
the role of high order numerical ODE solvers within the KLV family.

'In [28], these cubature formulas are referred to as degree 3, degree 5 and degree 7 respectively.



CHAPTER 1

ROUGH DIFFERENTIAL EQUATIONS

In this section, an introduction to rough paths and rough differential equations is pre-
sented. We mainly follow Lyons [25], Lyons & Qian [26] and in some cases Lyons et al.
[27].

1.1 INTRODUCTION TO ROUGH PATHS

In this chapter, V is a Banach space with norm || - || together with a sequence of tensor

norms || - ||x satisfying the following compatibility condition
la @ bllir < llalikllblli, Va € VE, Wb € vEL.

We use the convention V®0 = R.

Definition 1.1.1. The space of formal series of tensors of V is defined to be the following space of
sequences:

T((V)) =ReVe Ve . .={a=(a,a,...)Vn>0a, € V"}
Given A € R,a,b € T((V)) asa = (agp,a1,...) and b = (by, by, ... ), we define the operations
RxT((V)) = T{V))byA-a=(Aag,Aay,...)

+:T((V))xT((V)) = T((V))bya+b = (ag+by,a1+by,...)

and
®@:T((V))xT(V)) = T(V))bya®b = (co,c1,...)

where forn > 0

ar @b,

n
Cp =

k=0

T((V)) equipped with these operations is a real non-commutative algebra with unit

1=(1,0,0,...).
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Definition 1.1.2. Forn > 1, set B, = {a = (ag,a1,...)|ap = a1 = - -+ = a, = 0} is an ideal
in T((V)). The truncated tensor algebra of V of order n is defined as the quotient algebra

T(V) = T((V))/By. (1.1)
The canonical homomorphism T((V)) — T (V) is denoted by 7.

T(" (V) is canonically isomorphic to R @ V & VE2 & - - - @ V" equipped with the prod-
uct @y, : TW (V) x TM(V) = T (V)

(ﬂo,al,. . -1a1’l) ® (bOIbll' . '/bi’l) = (CO/le- ~'/CI1)
with

a; @b_; for0 < k < n.

k
Cr =

i=0

Definition 1.1.3 (Multiplicative functional). Let At denote the set {(s,t) € [0, T| x [0, T]|s <
t} and let n > 1 be an integer. The continuous map X : Ay — T (V) is multiplicative if

X}, = 1V(s,t) € Ar
Xst = Xeu®XytVs,u,t €[0,T],s<u<t

where Xs := X(s,t) for (s,t) € Ap and
Xsr = (X0, Xep ..., X8) ERBVB VG- VO,
Note that given a multiplicative functional X : A — T(")(V) and a x € T (V), then
Xi=x®Xo; = XOXE, ..., XY eROVOVEZ@... @ V" (1.2)
defines a continuous [0, T] — T(") (V) path and X} defines a continuous [0, T] — V path.

Example 1.1.1. Given a continuous path X : [0, T] — V of bounded variation, then for any
n > 1 integer the following formula

Xsr = (L,XL,.... X))
s<uy <---<u;<t

defines a X : A; — T(")(V) multiplicative functional (ref.: Theorem 2.1.2 by Lyons [25]).

Note that in general the continuous path X : [0, T] — V does not uniquely determine
X : Ar — TW(V).

Definition 1.1.4 (Control function). A control function, or control, on [0, T] is a uniformly
continuous non-negative function w : Ay — [0, +-00) which is super-additive, i.e.

w(s,u)+w(u,t) <w(st)Vs,ut€0,T],s<u<t

and for which w(t,t) = 0 forall t € [0, T].
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Example 1.1.2. Let C be a positive real number. The function w(s, t) := C|t — s| satisfy all
the conditions of Definition hence giving us a particular example for control func-
tions.

Definition 1.1.5 (Finite p-variation). Let p > 1 be a real number and n > 1 be an integer. Let
w :[0,T] — [0, +00) be a control. Let X : Ay — T (V) be a multiplicative functional.
We say that X has finite p-variation on At controlled by w if
w(s, t)é

M=

where B is some real constant depending only on p and x! :=T'(x +1).

i
xs,t

‘g Vi=1,...,n, Y(s,t) € Ar

We say that X has a finite p-variation if there exists a control w such that the conditions above
are satisfied.

Theorem 1.1.1 (Extension theorem). Let p > 1 be a real number and n > 1 be an integer. Let
X : At — TU(V) be a multiplicative functional with finite p-variation controlled by a control w.
Assume that n > |p|.
Then for every m > | p| + 1, there exists a unique continuous function X" : A — V™ such
that
(5,8) = Xor = (L,XL,,..., XL xm, )y e T((V))

st 7

is a multiplicative functional with finite p-variation controlled by w in the following sense:

|

w(s, t)é

20!
LpJ+1

(o] 2 I
> 2p? =
B=>2p 1+rZ;,<7’—2>

See Theorem and Remark for proof.

The above theorem tells us, that a T((V))-valued multiplicative functional of finite p-

i
Xs,t

‘ < Vi>1, V(s t) € Ar,

where

variation is determined by the first | p| terms. This fact motivated the following definition.

Definition 1.1.6 (p-rough path). Let p > 1 be a real number. A p-rough path in V is a mul-
tiplicative functional of degree |p| in V with finite p-variation. The space of p-rough paths is
denoted by O, (V).

Definition 1.1.7 (p-variation metric). Let Co (AT, T(lrD) (V)) denote the space of all contin-

uous functions from the simplex At into the truncated tensor algebra T'LP)) (V) with finite p-

)

variation. The p-variation metric on this linear space if defined as follows:

dp(X,Y):= max  sup (;‘

1<i<[p] pep((o,1])

i i
th—lztl Ytl—lrtl
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where P([a, b]) denotes the set of all finite partitions of the [a, b] interval.

The space ), equipped with the p-variation metric is a complete metric space (ref.:
Lemma 3.3.3 of Lyons [26]]).

Definition 1.1.8 (Geometric p-rough path). A geometric p-rough path is a p-rough path
which can be expressed as a limit of 1-rough paths in the p-variation distance. The space of geometric
p-rough paths in V is denoted by GQ, (V).

In the rest of the paper, we will restrict our focus to differential equations driven by
geometric p-rough paths.
1.2 INTEGRATION ALONG ROUGH PATHS
The following functional in the truncated tensor algebra is required for the introduction
of integrals along rough paths.

Definition 1.2.1 (Almost p-rough path). Let p > 1 be a real number and w a control. A function
Y : Ar — TUPD (V) as an almost p-rough path if

(i) 'Y has finite p-variation controlled by w, i.e.
< w(s, t)%

G

(ii) Y is almost multiplicative in the sense

i
s,t

Vi=1,...,|p], V(s t) € Ar

H(Ys,u DY) =Y | <wls, ) Vi=1,...,[pl, Vs,u,t € [0,T], s <u <t

and for some 6 > 1.
Each almost rough path determines a rough path in the following sense.

Theorem 1.2.1. Let p > 1 be a real number and w be a control. Let Y : A — TP (V) be an

almost p-rough path with p-variation controlled by w as in Definition Then there exists a
unique p-rough path X : A — TUPD (V) such that

X =Y

—t— < +o00.
ogsslilt)gT w(s,t)? ®
i=0,...,|p]

Moreover, there exists a constant K depending only on p,0 and w(0, T), such that the supremum is
smaller than K, and the p-variation of X is controlled by Kw.

The reader is referred to [25] and [26] for proof.
We now recall the definition of Lip(y) functions.
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Definition 1.2.2. Let V and W be two Banach spaces, and let k > 1 be an integer. Let v €
(k,k + 1] be a real number and suppose that F is a closed subset of V. Let f : F — W be a
function and for each integer j = 1,...,k, let fI : F — L(V®I, W) be functions taking values in
the space of symmetric j-linear mappings from V to W. The collection (f = f°,f1,..., f*) is an
element of Lip(vy, F), if the following condition holds: there exists a constant M such that for each
j=01,...k

sup | f/(x)| < M

xeF
and there exist functions R; : VXV — L(V®i,W),j=0,1,...,k, such that for each x,y € F
and each v € VI

k—

Fy)(v) =

—.

: L@ (-0 + Ri(xy)(0)

—

and
IR;(x,y)| < M|x —y[".

The smallest constant M for which the inequalities hold for all j, is called the Lip(vy, F)-norm of f
and is denoted by || f1|ip()-

Example 1.2.1. Let k be a positive integer and let the function f : [0,1] — R be defined as
f(x) := x**1/2, Deriving the Taylor expansion of f up to k + 1 terms, it’s easy to see that f
is Lip(y) for0 < v < k+3/2.

Definition 1.2.3. Let K > 1 be an integer and let g denote the symmetric group on VK. For
all elements o € Tk the image of x1 ® - - - ® xg under 7t is denoted by x,1) ® - - - @ Xy(x). Given
integers kq, ..., kn such that ky + - - - + k, = K, the set consisting of elements o € Lk for which

c(1) <o)< - <olky), olk1+1) <o(k1+2) <--- <o(ky +ka),...,
c(K—ky+1)<o(K—k,+2)<---<0o(K),ando(ky) < o(ky) < --- < o(ky)
is denoted by OS(ky, ..., ky) and referred to as ordered shulffles.
The definition of the integral along rough paths is based on the following theorem.

Theorem 1.2.2. Let Z : Ay — TP (V) be a geometric p-rough path and let v > p be a real
number. Furthermore, let a : V — L(V, W) be a Lip(y — 1) function. Then Y : At — TLP)(W)
defined for all (s,t) € Arandn > 1by

YL, = Y Nz e-edhlZh) Y alzbreth

is an almost p-rough path.

The reader is referred to [25] and [26] for proof.
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Definition 1.2.4 (Integral of a one-form). Let Z : Ay — T(P))(V) be a geometric p-rough
path and let v > p be a real number. Let &« : V — L(V,W) be a Lip(-y — 1) function. Let
Y : Ay — TUPD (W) be the almost p-rough path introduced in Theorem The unique p-
rough path associated to Y by Theorem is called the integral of « along Z; and it is denoted by
[ w(Zy,)dZo,, : Ar — TUPD(W). The notation [ «(Z)dZ is also used.

We use the notation [! a(Z)dZ" to denote the nth term of [ w(Z)dZ.

Theorem 1.2.3. Let Z : Ay — TP (V) be a geometric p-rough path and let v > p be a real
number. Let & : V. — L(V,W) be a Lip(y — 1) function. The mapping Z — [a(Z)dZ is
continuous from GQp(V) to GQ,(W).

Moreover, if the p-variation of Z is controlled by w, then there exists a constant K depending
only on 7y, p, w(0, T) and ||| jp(,—1), Such that

t )
[ a(zsaz,

The reader is referred to [25] and [26] for proof.

< Kw(s,t)%.

1.3 DIFFERENTIAL EQUATIONS DRIVEN BY p-ROUGH PATHS

Definition 1.3.1 (Rough differential equations). Let V and W denote Banach spaces. Let v >
p > 1 be real numbers and let f : W — L(V,W) be a Lip(y — 1) function. Finally, let X €
GOp(V)and g € W.

Then we will say that Z € GQ,(V & W) is a solution of the differential equation

dY: = f(Y)dX:, Yo =¢
if ty(Z) = X and
Z- /h(Z)dZ
whereh : V& W — End(V & W) defined by

(kv 0
M’”‘(f@+® o)

Theorem 1.3.1 (Universal Limit Theorem). Let V and W denote Banach spaces. Let y > p > 1
be real numbers and let f : W — L(V, W) bea Lip(~y) function. Forall X € GQ,(V)and € W,
the equation

dY: = f(Yy)dXs, Yo=¢

admits a unique solution Z = (X,Y) € GQ,(V & W) in the sense of Definition Further-
more, this solution depends continuously on X and ¢ in the p-variation topology.

The reader is referred to [25] or [26] for proof.



CHAPTER 2

DIFFERENTIAL EQUATIONS DRIVEN BY
II-ROUGH PATHS

In this chapter, we recall from Lyons [25] the definition of rough paths of inhomogeneous
degrees of smoothness (referred to as II-rough paths in this paper). We prove the extension
theorem sketched in [25]. Then we present a slightly generalized form of the integration
and differential equation theory of [25]. We show that each I'l-rough path is also a p-rough
path for some p, however the integral along II-rough paths and solutions to differential
equations driven by I'l-rough paths exist under weaker conditions (less regularities) com-
pared to the homogeneous smoothness case.

2.1 II-ROUGH PATHS

When solving differential equations driven by rough paths, we will consider driving
paths of inhomogeneous degrees of smoothness. A simple example is a stochastic dif-
ferential equation (almost surely) regarded path-wise driven by a Brownian motion and
time.

Definition 2.1.1. Let k be a positive integer and let IT = (py, ..., px) be a real k-tuple, such that
pi > 1is a real number foralli € {1,...,k}. We say that R = (r,...,r;) is a k-multi-index if
1 <r; < kisaninteger forall j € {1,...,1}. The empty multi-index is denoted by € and the set
of all k-multi-indexes of finite length is denoted by AX. Since the k-tuple T1 determines the integer
k, in some cases we will use the notation A instead of AF,

We define the k-multi-indexes —R and R— by

—R = —(7’1,7’2,...,7’1_1,1’1)2(1’2,...,1’1_1,1’l>

R—- = (7’1,7’2,...,7’171,7"[)_ = (7’1,7’2,...,7’171).

The concatenation of the multi-indices R = (rq,...,7;) and Q = (q1,...,qm) is denoted by

RxQ=(r,...,7)*(q1,--,qm) = ("1, -, 7,91, -, Gm)-
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Definition 2.1.2. Let k be a positive integer and let the Banach space V be of the form V =
Vi@ .. @ VK for some Banach spaces V1, ..., VX, In this case, the space of formal series of tensors
of V is equivalently represented by

T((V)):évmz P Vi -V 2.1)
n=0

(r1,-11) EAR

For a k-multi-index R = (r1,...,1;), we introduce the notation
VER =y ... V", (2.2)

In general, for a vector space U = A @ B, w4 and 7tp denote the canonical projection onto A
and B respectively, i.e. foru =a+b € U, suchthata € Aandb € B, mqu = aand ipu = b.
We extensively use the projection 1ty onto the V component of T((V)).

Let 7R = Ttyn ..oy and Toryiy) for i € {1,...,k} denote the canonical projections

TR = 7TV71®...®VV[ . T((V)) — V®R

vy < T((V)) — T((VY)).

We also use the notation
al = alm) = o oun(a).
forae T((V)),ie.

a= Z ak. (2.3)

Re Ak
Given an element v € V and a multi-index R = (ry,...,r;), we introduce the element vy as
follows:
UR 1= (7‘((,,1)0) Q- (7'[(,,,)2)) € V®R.

In this chapter we will assume the existence of tensor norms || - ||g for all R € A*
satisfying
la® bllreg < [lallz[bllg, Va € VER, Vb € VEC.

Definition 2.1.3. Let k be a positive integer and I1 = (p1, ..., px) a real k-tuple as in Definition
Let V be a Banach space as in Definition For the k-multi-index R = (r1,...,7;) we
denote the length by || R|| = 1. Furthermore, we define the function n; for j € {1,...,k} by

ni(R) := card{i|r; = j,r; € R}.
We introduce the 11-degree of R as

k .
deg () = ”f;f).

(2.4)
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Note that degp;(€) = 0. We also introduce the function I'ry : A — [0, 00) by

I'q(R) = <”1P(1R)>! coo (”"é?)!, for R € AF.

Let s > 0 be real. We introduce the set of k-multi-indices
All .= {R = (1’1,...,1’1)’ 1 >1, deg;(R) < s}.

The set B defined by
Bl .= {a € T((V))| VR € A1, ak = o}

is an ideal in T((V)). The truncated tensor algebra of order (k,s) is defined as the quotient
algebra
T)(V) == T((V))/Bi".

Remark 2.1.1. Note that T1%) (V) is isomorphic to @g 4 VK equipped with the product
®H,s : T(H'S)(V) X T(H/S)(V) — T(H,S)(V)

a®qsb= Z a® | ®r1, ZbR = Z a? @ bR
QeAll ReAll Q#*Re All

where
(g1, -oooqn) *x (i, oo tm) == (91, -+, G, 71, - -, Tm)-
Given this isomorphism of TIs) (V), for each a € T((V)), we will identify

ReAll ReAll

al'® .= mpp¢(a) = ( ) NR) (a)= ) a* (2.5)
with a corresponding element in T(''*) (V') and furthermore the multiplication
s : T (V) x T (V) — TUS) ()
will also be denoted by ®.
Remark 2.1.2. Let S denote the set
S = {s = deg,(R) | R € Ak} . (2.6)

Note that S is closed for addition.
Also note that since for any R € A,

IR]]

de¢gri(R) > ———M———
¢r(R) maxi<icx p;
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the set {R € A¥|deg;;(R) < s} is finite for all s > 0. This implies, that the elements of S
can be listed in ascending order. We denote this list by S!! and the ith element of the list is
denoted by s or s;:

SH:{Ozso<sl<sz<---}.

Furthermore, we introduce the notation
vettm — { (s, — ms,,)ala € T((V))}
form=1,2....

Definition 2.1.4 (Finite [T-variation). Let the Banach space V be of the form V = V& -+ & vk
for some Banach spaces V',..., V¥, Let I1 = (py,..., px) denote a k-tuple as in Definition
and let w be a control. For a positive real q, the map X : A — T s multiplicative if for all
0<s<t<T meXst =1andforall0 <s<t<u<T,

Xs,u = Xs,t ® Xt,u-

Furthermore, X is of finite IT variation controlled by w if
‘ < a)(sl t)dEgJI(R)

‘ —  BTn(R)

forall (s,t) € Ar and for all k-multi-index R € AL

R
Xs,t

The following lemma is used in the proof of Theorem [2.1.1]

Lemma 2.1.1 (Neo-classical Inequality). Forany p [1,00),n € Nands,t,> 0,

n—i

1 sPEP (s+1t)
mEG) ) G

The reader is referred to [26] for proof.

ME
N

The following multinomial version of the Neo-classical Inequality can be proved by
induction on the number of terms r of the product on the left-hand-side under the summa-

tion:
) ke .
1 3 o _(ate )
p¥—2 b TeN (’Ll)l (’L»)l - (ﬂ)l
Tyeeer r I P . P

K+ +ky=n

forany p € [0,00),7,n € N*and xy,...,x, > 0.

Theorem 2.1.1 (Extension theorem of multiplicative functionals of finite [1-variation). Let k
be a positive integer and let the Banach space V be of the form V = V1 @ - - - @ V* for some Banach
spaces V1,..., VK. Let T1 = (py,..., px) be a real k-tuple as in Definition and w be a control.
Let X : A — TWY(V) be a multiplicative functional of finite IT-variation controlled by w. Then
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for every k-multi-index R € AX/ AL, there exists a unique continuous function X® : Ay — V&R
such that

(s,8) = Xse = Y XE, e T((V))
Re Ak

is a multiplicative functional of finite I1-variation controlled by w in the following sense:

1 (R) 1 (R)
& < w(s,t) 1p1 4ot kpk (U(S,t)deg“(R)
P Ry ey

forall R € AX, where

B> (p2.p2 (1 °°( 2 o\ \
>\ pi- vk +§ — (2.7)

and sy and sy« 11 are the unique pair of adjacent elements of the list S'! for which sy < 1 <
Sm+1. (This pair exists by Remark|(2.1.2})

Proof. Note that X(s,,+) := X is also a Ay — TUs) (V) multiplicative functional of finite
II-variation controlled by w.

Now, we adjust the proof of Theorem[I.1.1] presented in [25]. The proof is an induction
on m as follows. Let m > m* be an integer. Let us assume that X(s,,) € T, X(s,,) is

multiplicative and
w (s, t)d"’glI(R)
B Tr(R)

forall R € Agﬂ. Then we show the existence and uniqueness of a X(s;;11) @ A7 —

[ 7TRX s, (5m) || < (2.8)

T(Lswt1) (V) multiplicative functional with the same properties.
Let the map X.. : Ay — T@sn41) (V) be defined by

Sm

Or if R € AR\ Al

Sm

- X if R I
nRxs,t:{ 7rXss(sm) ifR € A

We claim that the multiplicative functional we want to construct is given by:

Xet(omar) = lim X2, (2.9)
D=0

where for a partition D = {s =ty < t; < --- < t, =t} € P([s, t]) we define

~

p o .
Xot =Xy @+ @ X,y t

with respect to the T(*»+1)(V)-multiplication.
Step 1
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Firstly, we estimate the magnitude of nR)A(gt forR € ASFL .

(i.e by the multiplicative property of X(s,,) in T(n)) (V) and by the inequality 2.8)), for
allR € Al we have:

By the induction hypothesis

D w(s/ t)deg“(R)
X ‘ S A (2.10)
=5l = = pirnm
By the super-additivity of the control w there exists a t; € D such that
2
w(tioq, tip1) < —=w(s,t).
r—1
Let D’ be the partition D\ {t;}. Then
RL,-XE = Ry @X R,y i 0 Ko, — X
st st st & ® tio,tj1 ® ti_1,tj ® tjtip1 ti_1,tj1
®§th+l/tj+2 @---® s\(frflft (211)
By the multiplicative property of X (s, ),
T Lsy, (5\(971,1‘]‘ ® f(fj/fjﬂ - y(tj—lfthrl) =0
hence
Xt 1t @ Xty — Xej 0y = ) (ﬂRth,l,tj> ® (ﬂQth,th)
R*Q€A£3n+1 \Ag"
This representation implies, that
X X X _ XD _ 3D
(TIH,SmH - nH,Sm) (th—lrtj ® th,fj+1 - th—lrtj+1) - Xs,t - Xs,t* (2.12)

Since (2.11)) is understood in the T(Vsn+1) (V)-multiplication, the equality (2.12) implies

vD D' % Y%
Xs,t - XS,t = E (T[RXt]._l,t].) & <7TQij,tj+1>/
RxQeAll A\ Al

Sm+1 sm

and in particular

]

H TTR <Xf]‘_1,fj ® Xt]',t]'+1 - Xf‘_l,tj+1> H =

> <7tp§(tf—1'tf> ® <”Q)A(ff/fj+1> H

PxQ=R

)3 H”Pif/‘—bfj

P+Q=R

IN

e

At

By the induction hypothesis,
w(tj 1, )P (t, tq) %@

P*éR an)A(tj—l,tj HﬂQf(t,‘,tm < P*QZ:R ,Bk (nlp(lp))! o Enkp(kp))!ﬁk <nlr§1Q))! o (nkrng))!

Note that

o (o) (e (42 Gy



CHAPTER 2. DIFFERENTIAL EQUATIONS DRIVEN BY IT-ROUGH PATHS 15

i m(R)—i)
. ﬁnz(R) w(tiy, t)Pw(tj tivn) 7
- i n;(R)—i
5 e (o (o)
Hence by Lemma [2.1.7]
k 2 ( )M
_ _ wW(ti_q, tisg) 7
Z Hﬂpxt"‘l’tf HﬂQXtPtM = H . 2] "z(lj;)rl |
P+Q=R 1=1 B (T)
< p% e p% 2 degH(R) CL)(S, t)degll(R)
B (7 - 1> PTu(R)
(2.13)
By successively dropping points from D until D = {s,t}, we get
o335 = (52 (55 ]
2...p2 00 S 41 degr;(R)
pic Pk ( 2 ) 1\ w(s, t)*8u
< —=(1+ — —_—. (2.14)
7 ( L= FTn(®)

Hence if  satisfies

pppp(14% (2 )smm , (2.15)
- = \r-2

then the inequality (2.10) holds for all partitions D of [s, t] and for all R € ASH i
Step 2
We now prove the existence of the limit limp )A(gt, by showing that )A(gt satisfies
the Cauchy property. Let us suppose that D and D’ are two partitions of [s, t] such that
|D|,|D’| < ¢ for some positive mesh size é. Let [t;,t;.1] be an interval in D. The common
refinement D of D and D’ breaks up [tj tj4+1] in a partition of [t;,t;1] , which we denote by
23]'. Note that X?, = X; ;. up to multi-indices in A!! .
jtj+1 jrhj+1 Sm

Since R R
~D: ~ ~D.
th’]thrl — Xt]'/tj-%—l = 7'[1‘[/5m+1 th,th+1, (216)
then by the inequality (2.14) we have
<D - 1
—X;. . < C(J(t t: )sm+1 —
tit; tit = s Hi+1
jiti+1 jrti+1 171 RGAEHE\ASI ﬁer(R)
On the interval [s, t]
~B o ~P Py -
XZ,)t - Xs,t = Xs,t?l Q- ® Xtr,l,lt - Xs,h Q- Xtr—lft
r—=1 = S
<D < D1 <D S v .
= Z XS,El K ® Xt,’iz,tl;l ® (th//tj+l - th/tj+1) ® th+1/tj+2 Q@ Xtr—lrt
=0

r—1 S
~D:
_ ]
- Z rcnrsm-H th,t]'+1
j=0
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where the last equality is implied by (2.16)). Thus

~F = 1
Ko-%] < Setore T sl
o D reat~\an PT(R)
1
< max w(u,v)s"l“_1> w(s,t) —_—.
(|u—v|<<5 RG'APm%\Agn ﬁer(R)

This upper bound is independent of the refinement D and since s,,.1 > 1 and w is uni-
formly continuous, the upper bound can be made arbitrarily small, uniformly over all par-
titions with mesh size smaller than é. By the triangle inequality, we get a uniform bound
on X? —X?', and hence limp|_g )/th exists.

Step 3

Finally, we prove the multiplicative property of the limit X; ¢(sy11) = limp|_g )A(gt. Let
u € (s, t) and {Dy, } >0 be a sequence of partitions such that |D,| — 0 as n tends to infinity.
Define D,, = D,, U {u}. Note that |D,| — 0 as 1 tends to infinity. Then we have

R . oD . SDunJs, SDuNfut
X&) = lim XD, = lim X2 = lim X2 g XPanld]
st \D\HO s,t 00 s,t 00 st s,t

- (hm S\(gty,ﬁ[s,u]) ® (hm )?f;ﬂ[bl,i]) — XS]TJA) ® XS?HA)-

n—oo n—oo

The proof of uniqueness is based on the fact that if Y and Z are two multiplicative
functionals in TUsn+1) (V) such that

mris, (Yst —Zsy) =0, Vs, tsuchthat0 <s <t <T

then the Ay — T(Isn1)(V) functional ¥.. := Y.. — Z. . is additive. If the above Y and Z
were two choices for X(S'"H), then

[Fsll < Ceols, £)7

for some constant C. Therefore ¥. . is a path in T(Lsm+1) (V)\ TULs%) (V) with finite 5,1 > 1
variation starting at zero, implying that ¥.. is identically equal to zero. The assertion
follows. H

Remark 2.1.3. Note that in the case when IT = (p), T (V) coincides with T''"/P) and so
Theorem is a special case of Theorem[2.1.1]

Definition 2.1.5 (IT-rough paths). Let the Banach space V be of the form V. = V1@ ... @ VK
for some Banach spaces V', ..., VK. Let TT = (p1, ..., px) be a k-tuple as in Definition 2.1.1]and
w be a control. A IT-rough path in V is a continuous Ay — TV (V) multiplicative functional
X with finite I1-variation controlled by w.

The space of I1-rough paths is denoted by Qi (V).
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Remark 2.1.4. The extension theorem guarantees that a Il-rough path with II-variation
controlled by a control w can be uniquely extended from a Ay — T (V) multiplicative
functional to a A — T(U"maxJ)(V) multiplicative functional where pmax = maxj<j< pi.
Note that the extended functional is also a pmax-rough path with pmax-variation controlled
by Cw where the constant C only depends on IT and w(0, T). This implies that a IT-rough
path also can be regarded as a pmax-rough path. This fact also highlights why Theorem
2.1.1]is a stronger version of Theorem Le. in the inhomogeneous degree of smooth-
ness case, fewer components determine uniquely the higher order components. For exam-
ple, for2 < p; < 3and 3 < py < 4,leta (p;)-rough path and a (p,)-rough path be given
with (p1) and (p,) variation controlled by a control w on Ar. In this case, Theorem [1.1.1]
requires all cross terms corresponding to multi-indices up to length 3 for the existence of
the coupled rough path. However, Theorem requires only the terms corresponding
to the following indices (1,2), (2,1), (1,2,2), (2,1,2) and (2,2,1).

Remark 2.1.5. In the later chapters, we will work with rough paths extended to T (V)
for some a > 1. Note that although the condition on B might not hold in some of
the practical cases, the Extension Theorem restricted to T (V) is still valid with some
modification, i.e. the extended rough-path exists and is unique, moreover its I1-variation
is controlled by Cw, where the constant C depends on «, § and I1.

Definition 2.1.6 (II-variation metric). Let Cyrp (AT, T(H'l)(V)> denote the space of all con-

tinuous functions from the simplex At into the truncated tensor algebra TV (V) with finite
IT-variation. The 11-variation metric on this linear space if defined as follows

1/degH(R)> degri(R)

dri(X,Y) := max sup ZHXi L= YR
ReA! pep([0,1)) o

Let « > 0. With analogy, we define the space Co 1 (AT, T(Hf"‘)(V)) and the metric on this
space

1/deg,(R) degr(R)
d5(X,Y) := max su HX "
i ( ) REA e [IST] (Z ol T tz L

The proof of Lemma 3.3.3 in [26] can be adapted using the notation and terminology of
this section to show that the space Q1 equipped with the IT-variation metric is a complete
metric space.

With analogy to [26], we introduce the I1-variational topology.

Definition 2.1.7 (IT-variational topology). A sequence {X(n)} in Co (AT, T(IL1) (V)> con-

verges to X € Co 1 <AT, T (V)) in the I1-variational topology, if there is a control w such
that for alln € IN

s,t(n) ’ Xst

‘ < w(s, )®n®) YR e AL V(s t) € Ar (2.17)
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and there exists a function a : N — R depending on the control w, X and the sequence {X(n)},
such that lim, . a(n) = 0 and

|

Remark 2.1.6. The convergence with respect to the metric df; for « > 1 implies the con-

Xf,t(”) - Xé{,t

‘ < a(n)w(s, t)*n® YR ¢ AL (s, t) € Ar. (2.18)

vergence in the Il-variational topology. The converse statement is that any sequence con-
vergent in the Il-variational topology has a subsequence convergent with respect to the
metric di;. The proof of the latter statement is analogous to the proof Proposition 3.3.3 in
[26].

By the extension theorem, a TIL1)

-valued rough path determines all the higher or-
der terms. However, slight extension of the arguments gives extra information on the

I1I-variational topology.

Lemma 2.1.2. Let X and Y be two I1-rough paths and let B satisfy the inequality (2.7). If w is a
control, such that

w(s,t degri(R)
‘ th ’ Ygt ‘ < (ﬁkf)n(R)’ VR € AH,V(S, t) € Ar,
and ‘ xR YR ‘ < C()(S, t)degn(R) VR .AH V( t) A (2.19)
- e € ,V(s, t) € Ar, .
st stl| = ﬁer(R) T

then the inequality 2.19) holds for all R € A, i.e. for all the extended coordinates of X and Y.

The proof of the lemma is analogous to the proof of Theorem 3.1.3 in [26]. Note that in
the case when B does not satisfy the inequality (2.7), the IT-rough path still can be extended
from T to T4 with w replaced by Cw where C depends on 8 and I using the same

arguments as in the Extension Theorem.

Remark 2.1.7. Lemma implies that in the case of a suitable B, if we replace Al! with
any subset of A* including A!! in the inequalities and (2.18), then we get an equiv-
alent definition of the Il-variational topology. Furthermore, considering Remark a
sequence of IT-rough paths {X(n)} controlled by a control w converging to X with respect
to the metric diy also converges to X in the Il-variational topology. The first part of this
remark implies that there exists a sub-sequence of X (n) converging to X with respect to the

metric df; for any « > 1 and also with respect to the metric d

Pmax

where pmax = maxp,er1 pi-
The following subset of the space of II-rough paths is crucial for our further analysis.

Definition 2.1.8 (Geometric IT-rough path). A geometric II-rough path is a I1-rough path
which can be expressed as a limit of (1)-rough paths (or smooth rough paths) in the IT-variation
distance. The space of geometric I1-rough paths in V is denoted by GQp(V).
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Remark 2.1.8. In the remaining chapters, we will work with geometric IT-rough paths. A
useful feature of this class of rough paths is that any property of smooth paths preserved
by the I'l-variation metric continuity is also a property of geometric rough paths.

One such important property of smooth rough paths is that

xR, = X8 @ ax!) (2.20)

s, t

forall R = (1’1,...,rHRH) c A¥and (s,t) € Ar. The signature of a smooth path, i.e. the
multiplicative map constructed from the iterated integrals of the path (recall Example[1.1.T)
clearly satisfy the ODE (2.20). The integration theory introduced in the next sections is
constructed in a way which preserves this property for I1-rough paths.

2.2 ALMOST II-ROUGH PATHS

Definition 2.2.1 (Almost I1-rough path). Let the Banach space V be of the form V. = V& - - - @
vk for some Banach spaces Vi ..., VK LetTl = (p1, ..., px) denote a k-tuple as in Deﬁnition
and let w be a control. The functional X : Ay — TUD (V) is called an almost TT-rough path if

(i) it has a finite I1-variation controlled by cw:
degri (R)
‘ < w(s, t)*sn

‘ —  Bn(R)

forall (s,t) € At and for all multi-index R € AL

R
Xs,t

(ii) it is almost-multiplicative, i.e. there exists 8 > 1 such that

17TR Ko @ Xut — Xo)|| < w(s, 1) Vs <u < tel0,T], VR € AL

We will also say that X is a 6-almost I1-rough path controlled by w.

Theorem 2.2.1. Let the Banach space V be of the form V = V' @ - - - @ V for some Banach spaces
Vi, ..., Vk LetTI = (p1, ..., px) denote a k-tuple as in Definition and let w be a control.
Let the functional X : Ay — T (V) be a 0-almost T1-rough path controlled by w.

Then there exists a unique T1-rough path X : Ar — TV (V) such that

]

0<s<t<T w(s,t)?
Re Al

< +oo. (2.21)

Moreover, there exists a constant K which depends only on I1, 6 and w(0, T) such that the supre-
mum @27 is smaller than K and the IT-variation of X is controlled by Kew.
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Sketch of the proof. The proof is analogous to the proof of Theorem|[I.2.1]as it is presented
in [27]. The only difference to the referred proof is the replacement of the m*" level truncation
by the truncation mtrys,. In [27], induction arguments are used as follows. If Y : Ar —
T (V) is a f-almost TI-rough path controlled by w such that 75, Y is multiplicative
in Tsn) (V) for s,, < 1, where {s,,} is the sequence introduced in the proof of Theorem
then there exists a f-almost IT-rough path Z : Ay — T (V) such that

(i) Z controlled in II-variation by K, 11w
(i) |7mr(Yss — Zss)|| < Kpy1w(s, t) forall (s, t) € Ay and forall R € Agl

(ili) and furthermore 7y, , Z is multiplicative in T(sn+1) (V).

The constants K, for m =0,1,... depend only on m, 6, ITand w(0, T).
Since the lowest layer 710X satisfies the above conditions in T(%)(V), successive

application of the induction step will result in a II-rough path with the required properties.
2.3 INTEGRATION ALONG II-ROUGH PATHS

We introduce some new notation.

Definition 2.3.1. Let a be an element of T((V')). Then the canonical projection of a onto the tensor
of level s is denoted by a'*), i.e.

at = Z ak,
deg;(R)=s
aV = T7ya.

Definition 2.3.2. Let sy, , ..., 5n, be elements in SH. The projection

. ®Rp*-xR
TSy revesSn) T((V)) — @ 14 "
Rl/---/RneAk
degr (Ri—)=sm, i=1,...n

1

is defined as follows:

T(on o) () = > MRyeeoryd, @ € T((V)).

Definition 2.3.3. We will say that an element a = ) o0 (R) aR € vellsm) jsan Sm-symmet-

=Sm

ric element (s, € S') if each term of the form

Y mga (2.22)
degy; (R)=s
IR|=i
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is a projection of a symmetric element in V.

Let W be a Banach space. A map f € L(V®(H/Sm), W) is an s,-symmetric linear map, if
there exists V'-symmetric L(V®', W) maps f;, such that

fay= )} fiomyul(a)
deg‘l‘-[lgl‘li):?sm

forall a € V®ILsn),

Definition 2.3.4 ((I1, I')-Lipschitz function). Let U, V and W be Banach spaces, such that U =
U'e--- @ U for some Banach spaces U',..., UN and V. = V1@ --- @ V* for some Banach
spaces Vi ... VK Let Ty = (q1,---,qn) and T = (v1,...,Yk) denote a real N-tuple and
k-tuple as in Definition Let gmax = maxj<j<n q;. Let F be a closed subset in U.

The function « : F — L(V,W) is a (IIy,T')-Lipschitz one-form on F, if for all s,, < i,
€ SHu there exist functions uc?”’ : F — L(V/, W) fori=1,...,ksuch that

(i) a(u) = Y5, a(u) o 7ty forall u € F.

(ii) txf’" :F - L (u®(nursm),L(Vi,W)) fori = 1,...,k, taking values in the space of sy-
symmetric linear maps, satisfies

= ¥ @ (ue ¥ UTIR) L e w)

Sm<5n<7i degy,, (R)=sn—sm [R]!
forall x,y € Fand u € U*Musn) where Ri":FxF—L (U®(Hufsm),L(Vi,W)) and
RS (x,y)|| < M ||x — y| 7 om)imax.

The least non-negative constant M satisfying the above properties is denoted by ||| 11,y and
is referred to as the (I1y, T')-Lipschitz norm of « on F.

In addition to the above definition and for practical reasons we introduce the function
asm : F — L (U®(Hu'5m),L(V,W)) for s, < maxj<j<kYi = Ymax defined by

an()(u) = Y al"(v)(u)omy, Yo € F,Yu € U®Musn), (2.23)
i‘5m<'}’i
Note that a°" takes s;,-symmetric linear maps as values. Furthermore we introduce the

functions R, : F X F — L (U®(HU'SW), L(V, W)) defined by

R, (x,y)(w) = Y R¥(x,y)(u)omy, Vx,y € F,Yu € U®Musn), (2.24)

l‘5m<')’1
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Example 2.3.1. Let U = V = W = R, furthermore let n be positive integer and g a positive
real. Let us define & : [0,1] — L(V,W) by a(x) = x"T1/2. Recalling Example o
is a Lip(n + 3/2) function and by Definition also a Lip(IL,T) function for IT = (g)
and I' = (), where vq = n 4 3/2. In general, for positive 7y and ¢, a Lip(yq) function in
the sense of Definition is also a Lip(I1,T) function in the sense of Definition for
= (g)andT = (7).

Example 2.3.2. Now, let U = W = Rand V = R @ R. Let n; and n; be positive integers.
Define « : [0,1] — L(V, W) as a(x) = (a1(x), a2(x)) where a;(x) := x" V2 fori = 1,2.
Then a is a Lip(IL,T) for IT = (g) and I = ("1273/2, %3/2) In the case when V = V! @
- VK11 = (g)and T = (71,...,7%), a Lip(T1,T) funtion a is in general of the form:

N

Il
—

a(x) = (a1(x),..., a(x)) =

a;(x) o 7Ty
1

where each «; is a Lip(7;q) function from F to L(V?, W) in the sense of Definition m

()
=sn TR -

Remark 2.3.1. Note that the s,,-symmetric part of } g (r)=s,, XR, is Ldegr, (R)
14 4 14

Theorem 2.3.1 (Integration of a One-form). Let V and W be Banach spaces, such that V =
V@ .- @ V* for some Banach spaces V',..., V¥, Let I1 = (py,...,px) denote a k-tuple as in
Definition With Pmax = maxq<j<k p; and let w be a control. Let Z : Ay — TID(V)
be a geometric 11-rough path controlled by w. Let T = (7y1,...,7x) be a real k-tuple such that
vi >1—=1/pifori=1,...,k And finallylet « : V — L(V,W) be a Lip(I1,T') function as in
Definition [2.3.4

Then'Y : A — T((Pma) V) (W) defined for all (s,t) € At by

Y!, = mrpen Yo =

s 14 s 14 —1gRyx+Ry
Sm1+"'+5mn<7max Rl """ RV‘EAk

c€OS(||R1,--IRull)
(2.25)

is an almost (Pmax )-rough path.

Remark 2.3.2. Note that the second sum in (2.25) is in fact finite due to the 7
projection.

Smy /~~-/Smn)

Remark 2.3.3. By Example in the case when k = 1, Theorem defines the same
almost rough path as Theorem Also note that in the general k > 1 case, the con-
ditions of the above theorem are weaker than the conditions we would get by regarding

the driving rough path as a homogeneous (pmax)-rough path and defining the integral by
Theorem



CHAPTER 2. DIFFERENTIAL EQUATIONS DRIVEN BY IT-ROUGH PATHS 23

We prove Theorem using the following lemmas.

Lemma 2.3.1. If Z € Qyy is a smooth rough-path, then for any s < u < tin [0, T|,
e (2) () (022) -
y (zxs"’ (zgu> ~R,, (zgs,zgu)) (zﬁﬁg”) (dzgt) (2.26)

S <Y

The proof of the lemma is analogous to the proof of Lemma 5.5.2 in [26].

Lemma 2.3.2. Let Z € Qy be a smooth rough-path and let the function Y' : A — W be defined
forall (s,t) € Ar by

Y, = ; o (z@ Zk zZR. (2.27)
Sm <"Ymax Re A’
deg“(lg—):sm

vn . vl vl
Ys,t = / dYS,u1 - ® dYs,un
s<uy<---<uy <t

-/ Y oan(zy) ¥ 28,4zl

<up<---<uy <t Sm1<')/max RE.Ak
degr(R—)=sm,

s v R %4

e Y am (zo,s) Yy zR dzl, (2.28)
Sy <Ymax RE.Ak
degr (R—)=5sm,

_ s 1% s 14 —1Ry%---*R
= Z aSm (ZO,5> Q- ®amn <ZO,5> T[(Sml ..... S Z (o Zs,t "

Smq s Smy <Ymax Ryq,...,Ry G.Ak

o€OS([| R l,--..|| Rall)
(2.29)

forn=2,...,|Pmax]
The proof of the lemma is analogous to what is described in Section 4.2. of [27].

Remark 2.3.4. The right-hand side of is regarded as the term in the integral approxi-
mating sum of fOT b3 (Z(‘)/, s) dZ corresponding to the subinterval [s, t]. When Z is a smooth
path, the integral defined using the first term of the right-hand side of is equal to the
integral defined by the entire right-hand side. Hence for smooth rough paths, the rough
path integral is consistent with the Riemann integral.

Lemma 2.3.3. Let Y : Ay — T((Pma) 1) (W) be defined as in @:29). Then forall s < u < t in
[0, 7],
Ys,u ® ?u,t - Ys,t - Ys,u & Ns,u,t (230)
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where

i
NS,M,t - nw&iNsut -

—1Ry%---%R;
Z ﬁsml (ZB//S’ZE]//M) o iiﬂ (Z(‘)/’S, Zé)/rll) ﬂ(smlrmzsml‘) Z 4 125/% I
Sy s+-Sm; <7Ymax Rl,...,Rl‘GAk
e1,..£€{0,1} TEOS(|[Rql,--..[IRil)
81“'81‘:0
(2.31)

with

e 174 174 o R (ng' Z(‘)/u ifS = O/
ﬁsm ZO s’/ ZOu -
, h aSm (ZV ng =1.

The proof is based on Lemmas and and is analogous to the proof of Lemma
5.5.3 in [26].

Remark 2.3.5. The Lemmas and are stated for a smooth rough path Z.
However for each of the equalities (2.26), (2.29) and (2.30), both the right-hand side and
the left-hand side are continuous in the I'T-variation norm. This fact extends the lemmas

for geometric IT-rough paths and this is the key to the next proof.
We now prove Theorem[2.3.1]

Proof. (Theorem [2.3.1) First we prove that Y : Ay — T((Pma) 1 (W), defined by
Woor e () s e (2L)

Smy s Sy <'Ymax
—1 Rl*' . '*Rn
Z N Zs,t

Ri,...,R e AF
o€OS(|[R1l,--/IRxl)

X n(sml 7o+/Smp )

is an almost (pPmax)-rough path. Each term in the above sum is of the form
wn (ZY) @ @ (24,) 28R (2.32)

where deg;(R;—) = s,. Since such a term is bounded by Cy HD‘Hﬁp @ (s, t)"/Pmax where
Cp only depends on T, IT and w(0, T), this implies that condition 7) of Definition is
satisfied.

We prove condition ii) by giving a bound on the norm of

(Ysu®Yut - st_ZY Ngult

In the (2.31) (Lemma i representation of N” there is at least one factor of the form

s,u,t’
R, (Z(‘)/, A u). Considering the representation (2.24) of R;,,, the following bound is im-
plied:

Yi Sm pmax

S t Yi— sm

M»

k
my [z
i=1
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Moreover considering that Ri"(x,y)(u) only acts on elements of V/, there exists a constant
C; depending only on ||&||i;p(r1,ry, I, ITand w(0, T) such that
R R R k
H(Ys,u ® Yu,t)n - Yg,t” <G Za](s’t)’YHr(l/Pf).
i=1
By the choice of T, 8 := minj<;<x(v; + (1/p;)) > 1, which implies that there exists a
constant C depending only on |||| jp(r1,r), I, IT and w(0, T) such that

H (?S,u & ?u,t)n - Y)si,tH < Cw(s, t)9

and hence Y is a -almost (pmax)-rough path.

Arguments analogous to Proposition 4.10 in [27] prove that Y is also a 8-almost (Pmax)-
rough path and furthermore that the (pmax)-rough associated to Y by Theorem coin-
cides with the (pmax)-rough path associated to Y. O

Definition 2.3.5 (Integration of a one-form). Let V and W be Banach spaces, such that V =
V@ .- @ V* for some Banach spaces V1,..., V¥, Let T1 = (py,...,pi) denote a k-tuple as in
Definition With Pmax = maxq<j<x p; and let w be a control. Let Z : Ay — T (V)
be a geometric T1-rough path controlled by w. Let T = (7y1,...,7x) be a real k-tuple such that
vi>1—=1/pifori=1,..., k. And finallylet « : V — L(V,W) be a Lip(IL,T) function.

Let Y : Ay — T(Pma) D) (W) be the almost (pmax)-rough path defined by Theorem The
unique (Pmax)-rough path associated to'Y by Theorem is called the integral of a along Z and
it is denoted by

/' 2(Z)dZ : Ay — T(Fa) D (W),

Theorem 2.3.2. Under the conditions of Definition there exists a constant K depending only
on T, ITand w(0, T), such that

! j i
Hﬂw@z‘/s (X(Z)dZH < KHDCHiip(H,r)w(S,t)Pmax.

The proof is analogous to the proof of Theorem 4.12. of [27].
2.4 INTEGRAL OF INHOMOGENEOUS DEGREE OF SMOOTHNESS

Without loss of generality, we can assume, that p; < - - - < pj are ordered in the k-tuple
I'L. In this setting, the integral of a II-rough path introduced in the previous section resulted
in a (py)-rough path. The reason is that in the general case the roughest component had
effect on the full W. In this section we present an example in which the integral itself is of
inhomogeneous degree of smoothness.
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Proposition 2.4.1. Let V and W be Banach spaces, such that V = Vie...eVhand W =
WL @ ... @ WN for some Banach spaces VL. . VEand WL, ..., WN. Let Iy = (p1,---,Px)
denote a k-tuple and Iy = (qu,...,qn) denote an N-tuple both as in Definition [2.1.1|such that
pr < - < prand q; = pj,ji €{1,...,k},i =1,...,N. Let w be a control. Let Z : At —
TV (V) be a geometric TTy-rough path controlled by w.

LetT = (y1,...,7k) be a real k-tuple such that oy; > 1—1/p; fori =1,...,k. And finally let
a:V — L(V,W) bea Lip(I1,T') function of the form

z;i;lfl,j<x><nwy>

a(x)(y) = Z;l 1f11( )(7Tyiy)

AN fN,j(x)(Tfoy)

forallx,y €V, wherefi]-'V—>L(Vj Wi for1<j<k1<i<N.
Then the integral [ a(Z)dZ is a ITy-rough path controlled by Kw, where K depends on
]| Lip(r1y,r), T, Ty and w(O, T).

Proof. Firstly, we prove that the 7y, 1 projection of the almost (pmax)-rough path Y ¢ given
by is in fact an almost IT-rough path. Theorem [2.3.1] implies that condition ii) of
Definition is satisfied. For condition i), we derive which terms in contribute to
the YX, forall R € Af'.

A general (non-zero) term in the sum on the right-hand side of is of the form

i (28) @@ frm (28,) zgy 00 Rt (2.33)

where degpy (R1# - # Ry) = Sm, + -+ + 5p,. This term contributes to Ygfg"“’i“). Note that
since Z is a [Ty-rough path and g;, > p;, for! =1,...,n implying

degnw(ill T /Zn) S degnv(jll T /jl’l)/
Yg}"“’i") is bounded by

w(s, t)dEgHw (i1, in)
5krn((z’1, N .,in))

where the constant C only depends on I, ITy and w(0, T). This implies condition (7).

7

n
Cmax { |l (), 1

Since 717,,1Y is an almost IIy-rough path, by Theorem there exists a unique I'Tyy-
rough path X associated to Y. The proof of this theorem implies that X coincides with
the 7y, 1-truncated [ a(Z)dZ. The Extension Theorem [2.1.1] - guarantees that the unique

extension of X coincides with the extension of f Z)dZ.
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Considering the norm of the terms (2.33) and using Theorem one can derive the
control on the integral. The technical steps are analogous to the steps of the proof of Theo-
rem 4.12. of [27]. O

Corollary 2.4.1. Under the conditions of Proposition there exists a constant K depending on
T, 11y and w(0, T), such that the I1y-variation of the integral [ «(Z)dZ is controlled by

Pmax
Kmax{uauup(nm),1} w.
2.5 DIFFERENTIAL EQUATIONS DRIVEN BY II-ROUGH PATHS

We start the section by defining differential equations driven by I'l-rough paths (RDEs).

Definition 2.5.1 (Differential equations driven by Il-rough paths). Let V and W be Banach
spaces, such that V.= V1 @ - - - ® V* for some Banach spaces V1,...,Vkand W = W' @ - .- @
WN for some Banach spaces W', ..., WN. Let Iy = (p1,...,px) denote a k-tuple and Tlyy =
(q1,.-.,9N) denote a N-tuple both as in Definition We also introduce the (k + N)-tuple
1 = ITy * [Ty. Let f : W — L(V, W) be a function. Finally let X € GOy, (V) be a geometric
IT-rough path and & an element in W.

We will say that Z € GQpy(V @ W) is a solution of the differential equation

dy; = f(Yt>dXt/ Yo=¢
ifﬂT(Hv,l)(V) (Z) = Xand
Z-— / n(z)dz (2.34)

where h : V& W — End(V @& W) is defined by

14y 0
h<x’y)_<f(y+é> 0)

provided the integral (2.34)) is well defined.

In the following theorem we give sufficient conditions for the existence and uniqueness
of solutions to RDEs driven by IT-rough paths.

Theorem 2.5.1 (Universal Limit Theorem, inhomogeneous case). Let V and W be Banach
spaces, such that V.= V'@ --. @ V* for some Banach spaces V',..., VK and W = W' @
.- @ WN for some Banach spaces W',...,WN. Let Iy = (p1,...,px) denote a k-tuple and
Ilw = (q1,...,qN) denote a N-tuple both as in Definition 2.1.1|and satisfying the conditions of
Proposition We also introduce the (k 4 N)-tuple TT = TTy * ITy.

Let the function f : W — L(V, W) possess the following properties:
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i) there exist real k-tuplesT = (71,..., ) and T = (91,...,49x) such that v; > 4; > 1—1/p;
fori=1,...,k

ii) fisa (Ilw, T')-Lipschitz function,
iii) there exists a (I * Iy, T)-Lipschitz function ¢ : W x W — L(W, L(V, W)) such that
f(x) = fy) = g(xy)(x —y).
Then for all X € GO, (V) and § € W, the equation
dY; = f(Yy)dX:, Yo=¢ (2.35)

admits a unique solution Z = (X,Y) € GQp(V © W) in the sense of Definition Further-
more, this solution depends continuously on X and & in the T1 — IT-variation topology.

Example 2.5.1. Recall the general statement of Example Let V = R&R, X =
(X(1),X(2)) be a I-rough path in T for IT = (py,p2) and let f = (f1, f») be an
R — L(V,R) function. Then by the inhomogeneous smoothness version of the Universal
Limit Theorem, the RDE

dY: = f1(Yr)dXe(1) + fo(Y)dXe(2), Yo = ¢

has a unique solution if for i = 1,2, the function f; is Lip(7y;pPmax) for some y; > 1 —1/p;

_ filx) ~ fi(y)
gi(x,y) = Ty

is Lip(§ipmax) for §; > 1 —1/p;. Le. if p; < py, then the component f; (and g;) of the

and the function

one form f corresponding to the less rough component X(1) of the driving noise X can be
less regular then the component f, (and g2) corresponding to the rougher term X(2). This
demonstrates in what sense Theorem is stronger than Theorem [1.3.1]

2.5.1 PROOF OF THE UNIVERSAL LIMIT THEOREM

We prove the theorem in several steps. We follow the proof of the Universal Limit
Theorem in [27]. Technically each step is analogous to the corresponding original step,
however the integral is defined according to Definition[2.3.5

We start with stating and adapting some lemmas of the original proof.

Lemma 2.5.1. Let the Banach space V be of the form V = V1 & - .- @ V* for some Banach spaces
VL .. VK Let I = (p1, ..., px) denote a k-tuple as in Definition e >0, and let w be a
control.
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Consider Z = (X,Y) € GOrn(VO V) and W = (X, Y_X> € GO (Ve V). Assume

e
that the I1 % IT-variation of W is controlled by w : At — [0,00). Then there exists a constant C
depending only on I1, w(0, T) and B, such that

Proof. The claim is equivalent to Lemma 5.6 of [27] adapted to the inhomogeneous smooth-

R R
Xs,t - Ys,t

‘ < Cle + elRNao(s, ) IR P (s 1) € Ar, VR € AL

ness case and the proof is analogous to the proof of the referred lemma.
Let R = (ry,...,7) € Alland (s,t) € Ar. First, assuming that W has bounded varia-

YV 7Xv
, we get

tion and writing YW =X"+¢ .

R _ R ki+--+k (1’1+k1*l,...,7’[+kl*l)
Y5 =X+ ), € W, :

S,
k1,...k€{0,1}
ki+-+k;>0

The assertion is implied by the continuity in the IT * II-variation topology and by the
control on W. ]

Lemma 2.5.2 (Scaling Lemma, inhomogeneous version). Let the Banach space V be of the form
V =V'®--- @ V* for some Banach spaces V1,..., V¥, Let T1 = (py, ..., px) denote a k-tuple as
in Deﬁnition let w be a control and let M > 1 be a real number. Let E=V' & --- & V! and
F = V"' @ ... @ VK be Banach spaces. Let Ty = (p1,...,p;) and Ty = (pj41, ..., px) denote
the corresponding I and (k — I)-tuples.

Let Z = (X,Y) : Ar — TWY(V) be a geometric TT-rough path such that

(i) the Il-variation of Z is controlled by Mw,
(i1) the Ily-variation of X = 7t 5)Z is controlled by w,
(lll) Y = 7TT(H2,1)(F)Z.
Then, for all 0 < e < M~*n*, the IT-variation of (X, €Y) is controlled by w, where

Sy = g:?l( {sm € SH} = 115;?4)%(1 deg(R).
Proof. This lemma is analogous to Lemma 5.8 of [27], adapted to the inhomogeneous
smoothness case.

Let W denote the IT-rough path (X,eY). For a multi-index R = (r1,- -+, 7y), |R|r de-
notes the cardinality of the set {r| r € R,r > I}. Then if Z has bounded variation, by
simple rescaling arguments we get

R _ _|R|F7R
ws,t _8| | Zs,t‘
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By continuity, the last equality holds for general geometric I1-rough path Z. This following

inequality is now implied and completes the proof:

(R) a](s/ t)degH(R)

R RlF p4d
[wis]| < etemasn =2

O

We define the one-forms h; : VW — End(V@W)and hy : VEW S WS W —

End(VeW e W e W) by
hl(XIy) - < Idv 0 >
fly+¢) 0

Idy 0O 0 O

0 0 Idw O

i) = Fly2 +8) 0 0 o
g +¢y2+¢)(d) 0 0 0

for a fixed p > 1.

We denote the k; = (k + N)-tuple IT = ITy * ITyy by I1; and we introduce the k, =
(k + 3N)-tuple IT, = IT* ITyy * I * ITyy. Applying Proposition[2.4.1) we define Z;(n) €
GO, (Ve W)and Zy(n) € GO, (VW& W e W) by

Z,(0) = (X,0), and Zy(1n + 1) = / 1(Z1(n))dZy (n)

Z5(0) = (X,0,Y(1), Y(1)), and Zo(n+1) = [ ha(Za(n))dZo(n)
where Y (n) = twZ1(n).
Lemma 2.5.3. Foralln > 0,

Zi(n) = (X,Y(n))
Zo(n) = (X,Y(n),Y(n+1),0"(Y(n+1) = Y(n))).

Furthermore, if the I1y-variation of X is controlled by w, then the I1;-variation of Z;(0) is con-
trolled by Mw for i = 1,2 respectively on [0, T,], where M and T, are defined below.

By Corollary there exists a constant M; depending only on IT;, T, [ and polyno-
mially on the Lip-norm of h;, such that if Z; is a rough path in the appropriate space with
IT;-variation controlled by some control w such that w(0, T) < 1, then the Il;-variation of
f hi(Z;)dZ; is controlled by w for i = 1,2 respectively. We define M = max(M;, M), and
without loss of generality we assume that M > 1. We chose ¢ = M™°»* Let wy be a control
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of the IT-variation of X. Let T, > 0 be chosen to satisfy wy(0,T,) = &’™~. Note that for
R e Al,
k k ni(R R
1>deg(R) =) ZZ]():M.

i—1 pi i=1 Pmax Pmax

This implies that by setting w = ¢ Pmxwy, e X is controlled by w and w(0, T,) < 1.
Lemma 2.5.4. For all n > 0, the I1; and Il-variation of the following rough paths respectively

(e71X, Y (n))
and  (e7'X,Y(n),Y(n+1),0"(Y(n+1) —Y(n)))
are controlled by w on [0, Tp).

The proof is based on the Scaling lemma and analogous to the proof of Proposition 5.9
in [27].

Now we prove the main theorem. We follow the proof of the Universal Limit Theorem
corresponding to the homogeneous case presented in [27].

Proof. By Lemma the ITp-variation of Z(n) for all n > 0 is controlled by w on [0, T,].
We define the linearmap A: VEWSWEW — (Ve W)@ (Ve W) by

A(x,y1,y2,d) = ((x,y1), (0,d)).
This linear map has norm 1. Note that
(X, ¥(n)),0"(0,Y(n+1) =Y(n))) = ((X,Y(n)),p"[(X,¥(n+1)) = (X, ¥(n))])

is controlled by w on [0, Ty]. Then Lemma implies the existence of a constant C de-
pending only on I, w(0, T) and B, such that for all (s, t) € At

|06 Y )8 = 6 Y (n+1)),

] < c(p*"+p*"”RH)w(s,t)HRll/Pmax, VR € All
(2.36)

The inequality implies that (X, Y(n)) converges in the I1-variational topology on the inter-
val [0, Ty] to a rough path (X,Y) € GQp, which is also a solution to the RDE (2.35).

Note that once p is chosen, T}, is bounded from below where the bound only depends
on the Lip-norm of f, g, T1, T and " and the modulus of continuity of w on [0, T]. This
implies that one can paste together local solutions in order to get a solution on the whole
interval [0, T].

In order to prove uniqueness, we assume that Z = (X,\A{) is also a solution to the
RDE (2.35). We compare Y(n) and Y by defining the function 3 : VA W& W W —
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End(VOW o W @ W) by
Idy 0 0 O
- Y& 0 0 0
v,y g.d) = | F¥HY
0 0 Idw O
pg(y,y)(d) 0 0 0
and defining Z3(n) by

Z5(0) = (X,0,Y,Y),and Z(n +1) = [ hs(Za(n)).
Arguments analogous to the proof of Lemma imply that
Z5(n) = (X,Y(n),Y,p" (Y = X(n))).

Now analogously to Lemma the I'T-variation of Z3(n) is controlled by w on a small
enough interval. Then by Lemma Y = Y on the same interval. The uniqueness of Y
is implied by the uniform continuity of w.

Define I¢(X,&) = (X,Y). Analogous arguments to the proof of the Universal Limit
Theorem in [27] imply that If is continuous from GO (V) x W — GQp(V & W) in the
I1-TT-variation topology.

O

2.6 RESULTS ON CONTINUITY AND GLOBAL CONTROL

In this section we collect some results related to the previous sections and useful for the

later sections.
2.6.1 CONTROL OF THE SOLUTION

Remark 2.6.1. The Universal Limit Theorem and the uniform continuity of the control w
imply that there exist constants M and T depending only on the Lipschitz norm of f, I1, T
and ', such that on any interval [s,t] C [0, T] satisfying w(s,t) < T the IT := Iy * [Tyy-
variation of the solution Z to the RDE and the Ily-variation of Y are controlled by
Muw.

The next result provides a global control of the solution.

Proposition 2.6.1. Let Z be a At — TV (V) continuous multiplicative functional and let w be
a control function. Let us assume that there exists a positive constant T, such that w(s,t) < T and
(s,t) € At imply that
‘ ‘ < w(skl t)dESH(R)
B Tr(R)

R
Zs,t
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for each R € AlL
Then there exists a constant C depending only on T, IT and T such that

forall (s,t) € Ay and each R € AL

< Cw(s/ t)degII(R)

ZR ‘
“ = BTn(R)

Proof. Let [s, t] be a subinterval of [0, T]. Due to the super-additivity of the control w, there
exists a partition of D = {s =ty < --- < t, = t} of [s,t] such that w(t;, t;11) < T for
i=01,...,n—1landn <14 w(s,t)/T.

By the multiplicative property,

R R )
Z,, = E A RRRCY A
R]*"'*Rn:R
Hence
’ ZR ’ < UJ(to, tl)deg“(Rl) o (U(tn_l, tn>d6gn(Rl)
YT TRk TR BFT11(R,)

i]-,1

w(tO/ tl) i w(tn—lz tn)

(L);
pi)*

fim
Pj

A
L=
]

o (17 s

B gt ) BTu(R)
where the third inequality is due to the multinomial version of the Neo-classical inequality
and the super-additivity of the control w. The assertion is implied by the last inequality.

O
2.6.2 CONTINUITY OF THE SOLUTION
Let us regard the following rough differential equations
dY:(1) = f1(Y:(1))dXs, Ys(1) =¢ (2.37)
dYi(2) = FH(Y(2)dX, Ys(2) = ¢ (238)

where the I1y-rough path X satisfies the condition of Definition with a control w and
the one-forms fi, f, : W — L(V, W) satisfy the conditions of Theorem The existence
and uniqueness of solutions to the RDEs (2.37) and (2.38) are implied by the assumed
conditions.



CHAPTER 2. DIFFERENTIAL EQUATIONS DRIVEN BY IT-ROUGH PATHS 34

Lemma 2.6.1. Let X € GQy1(V) be a geometric ITy-rough path with I1y-variation controlled by
w. Let Z(1) = (X,Y(1)) and Z(2) = (X, Y(2)) be the ITy-rough path solutions on [0, T| to the
RDEs (2.37) and ([2.38) respectively. Then there exist constants Cr (R € A{I) and T > 0 such
that for any T € [0, T) satisfying w(0, T) < T and for all (s,t) € Ay,

> (U(S, t)d"’gl‘[(R)

‘ BFT11(R)

where Cr and T depend only on pmax and polynomially on || fill 1., ry 474 | f2llLip(rne r)-

R
z5,(1) - 252)|| < Cx (1A = Fllupiangr + 1 = Ll

Proof. The lemma is a version of Proposition 3.3.5 of [3] and the proof is an adaptation of
that proposition’s proof to the case of inhomogeneous degree of smoothness. The propo-
sition in [3] is restricted to the [|f1 — f2||1,,r) < 1 case. Here we do not make this
restriction.

The proof is based on the following Picard iterations:
Uﬂﬁ)::(Km,mdUﬂm):/ﬁﬂUﬂmD&KLm
UQ,0 = (XAH,andLKZn):i/hﬂIKZJQ)dU(Zn)
U(3,0) = (X,0,0), and U(3,n) :/hg(U(3,n))dU(3,n)
U4,0) = (X,0,0,0), andU(4,n):/h4(U(4,n))dU(4,n)

where the one-forms h;,i =1, ...,4 are defined as

{1y 0
) = (fl(y+é) o)

Idy 0
ho(x,y) =
2(y) (fz(y+€> 0)
Idy 00
hs(x,y1,v2) = | AAlyr+&) 0 0O
foly2+¢) 0 0
Idy 0 00
B filyr +9) 000
h4(x,y1,yz,d)— f2(y2+§) 0 0O
¢(fi(y2+¢) — (2 +¢)) + g1y + ¢ y2+8)d 0 0 0

and g1(x,y)(x —y) = f1(x) — fi(y) is specified in Theorem 2.5.1]
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Weset ¢ = ||f1 — szL};(HW,F). Then we can bound the appropriate Lipschitz norm of
h;fori =1,...,4and Il = IT, = I1y x Iy, I13 = I, * Iy, I1y = T3 * [Ty in terms of

11l ip(ra,ry @nd [ 2l ip(rr,,, ) @s follows:

ImllLipan,ry < 1Al

[halLip(r,ry < 2l Lip(rry, )

1sllLipsry < Il + 120,

sl piprn, ey < 14C (HleLip(Hw,r) + ||f2HLip(HW,F))

Note, that
U4,n)=(XY(1,n+1),Y2n+1),p(Y2,n+1)—-Y(2,n+1)))

where Y(1,1n) = mwU(1,n) and Y(2,n) = mywU (2, n).

Let M be the constant depending only on a polynomial of ||| i, r), i = 1,2,3 and
174 Lip (11, 7y, Such that whenever Z is a geometric II-rough path controlled by wy such that
wo(0,T) <1, then [ h;j(Z)dZ is controlled by Mwy. Let € > 0 be fixed and let T be defined
as T := max(g, M)~ [Pma]. Furthermore, let T satisfy w(0,T) = min(w(0, T), T) and let
wr = (1/7)w.

Then by the Scaling Lemma and a similar technique to that used in the proof of Theo-
rem one can show that the I'l-variation of

((X/ Y(l, 1’1)), ¢ [(X/ Y(l, n)) - (X/Y(Zr n))])
is controlled by w; on [0, T]. Finally, by Lemma there exists a constant Cr uniform in

n such that

wq (S, t)degll(R)

oY@ m)E - Y2 m), B ()

SC(¢4+¢4WQ

forallR € Afl and (s, t) € As. This implies the assertion. O

The ideas in the proof of Lemma can be used to give a bound on the difference
between the solutions to RDEs driven by the same noise and the same one-form but by
different initial conditions. I.e. let us regard the following RDEs

dYi(1) = f(Y:(1))dXs, Ys(1) =¢ (2.39)
dY:(2) = f(Y:(2))dX:, Ys(2) =7 (2.40)

where the IT-rough path X satisfies the condition of Definition with a control w and
the one-forms f : W — L(V, W) satisfy the conditions of Theorem[2.5.1]
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Lemma 2.6.2. Let X € GQy(V) be a geometric I1-rough path with I1-variation controlled by w.
Let Z(1) = (X,Y(1)) and Z(2) = (X, Y(2)) be the solutions on [0, T] to the RDEs and
respetively. Then for each R € A? there exist constants Cg and T > 0 such that for any
T € [0, T] satisfying w(0, T) < T and for all (s, t) € Ay

where Cg depends only on pmax and polynomially on || f|| Lip(TLT)-

(U(S, t)d"’gl‘[(R)
BTri(R)

z5,01) - 252 < Cr (1=l + llg —nll!*T)

Proof. Firstly, note that the solutions to the RDEs

dY:(1) = f(¢+Y:(1))dX;, Ys(1) =1
di(2) = f(7+Yi(2)dX, Ye(2) = 1
coincide with the solutions to (2.39) and (2.40) respectively.

Let the functions fi, f» : W — L(V, W) be defined by fi(x) := f(x + ¢) and fr(x) :=
f(x+1). Note that

fi(x) = fox) = g(x + & x+ 1) (1 = §).
Then the proof is implied by Lemma[2.6.1}
O

The above lemmas are restricted to a subinterval of [0, T]. Now we give an extension
of Lemma to the entire [0, T1.

Proposition 2.6.2. Under the conditions of Lemma foreach R € A? there exists a constant
Qr depending on pmax and polynomially on || f |, v, 1), Such that
w (5, t)degn(R)

’ BTri(R)
forall (s,t) € [0,T], where Z(1) = (X,Y(1)) and Z(2) = (X, Y(2)) are solutions to the RDEs
(2.39) and (2.40) respectively.

Proof. Step 1
By Lemma [2.6.2) there exist constants C and 7 depending only on pmax and polynomi-

z2%,(1) - Z8,2)|| < Qx (llg = il + g 1%

ally on || f||j(rir), such that

w(0, ) max

B (o)

whenever w(0, T) < 7. Following the proof of Lemma T can be chosen to satisfy

1
T Pmax

|28 - Z52) | < 2¢g

<1

B ()
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Let us define the sequence {s, } recursively by sp = 0 and
Si+1 = sup {t S (Si, T] | C(J(Si, i’) < T/Z} .

Due to the super-additivity of the control w, the sequence s, takes finitely many values.
More precisely, there exists a positive integer 7, such thats; =s, = T forall | > n.
On [s1, T] the solutions to the RDEs

dY:(1) = f(E+2Z, (1) +Yi(1))dX,, Y5, (1) =1
dY:(2) = f(n+2Zg,(2) +Yi(2))dX;, Y, (2) =1

coincide with the solutions to (2.39) and (2.40) respectively. Therefore by Lemma we
have for all (s, t) € [sq, 57]

|

implying

w(sl t)degII(R)
B Tn(R) ’

z3(1) - Zf,t(Z)H < Cr (zcug— 7l + C)IRlE — ;7HHRII>

zl, (1) -z, )] < 20?1l

51,52 51,52

and
|z -z, < ec+ee?) -1l
Recursively, we derive for s; < T and g < n that
|z, -z @ < clg-ul

and for all (s, t) € [s4,5411]

where C; = 2C + - - - + (2C)1.
Step 2
In the case when [s, t] is a subinterval of [0, T] such that

w(s/ t)dEgn(R)
P Tn(R)

23,1 - 25(2)| < Ce (Golle =l + e - ™)

Sp§t0:S<t1:SP+1<--~<tq,1:SP+q71<tq:t§Sp+q,
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we write
z5(1) - z50)| =
R R R R
- Y, Z),(1)®---® z,',1)-2,,2) --0Z' k (2) H
Rl*---*Rq_R
R; R;
= Z Z Zto t *® (th{tm (1) - Zt,-ftm (2)> Q- ® Z ti—1.tq (2)
ISERRIVES R]
R.
< L Z [z5 @] [z 0 - 25, @) 2@
1* %k q= ]
deg; (R deg;; (R
S QR <HC_ 7]“ + ||€_ 77H”RH) Z CU(tO,tl) Egl‘l( .. -(,(_)(tqfl, tq) Egl‘[( ﬂ)
Ry*--*Rg=R ,BkFH(RO) e ﬁer(Rq)
k w( )iTl ( )%
to, t ceew(tyg_q,ts) 1
R 0,01 1, bg
< Qe (llg—nll+lz—nI"™) ] N
J=Lija-+ijg=n;(R) e (,7])' ce (;T])'
nj(R)
k P
R 2—2w(to, tg) 7
< Qr(lg=nll+1g—n"™")TTp" :

; 1;(R)
()
k pquz (s, t)%een(R)

< Qe (llEg =l + g —nl"") (H ﬁql) ~

j=1

where the next-to-last inequality is due to the multinomial version of the Neo-classical In-
equality and Qg is a polynomial function of C and the Cg,’s R; € Alﬁ with coefficients
depending on w(0, T)/(t/2). The polynomial Qg has a degree at most ||R||w (0, T)/(t/2)
when regarded as a polynomial of C, and degree at most || R|| when regarded as a polyno-
mial of Cg,. O

Finally we extend Lemma to the interval [0, T]. This proposition is an RDE version
of Gronwall’s Lemma.

Proposition 2.6.3. Under the conditions of Lemma there exist polynomials Qg of

1f1 = fell iy,
with coefficients depending on pmax, w(0, T) and polynomially on || f1|| Lip(Tty, 1) W14 || 2| ip 1,1y
such that
w(s, t)dggn(R)
P Tu(R)

8 - 28@)| < Q& (1A = Folupur) + 1A = £lltor)

forall (s,t) € [0,T] and R € A}l
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Proof. Step 1
Let x be an element in W and i € {1,2}. Let Z(x,u,i) = (X(x,u,i),Y(x,u,i)) denote
the solution to the RDE

dYs(x,u,i) = fi(Ys(x,u,1))dXs, Yu(x,u,i) =&+ x.

For (1,0) € Arandi € {1,2}, we introduce the map D/, : THwl(v g w) —
TWvw D) (v @ W) defined by

Di,v (Z) =zQ Zu,v (HWZ/ u, i), S T(HV*HW’l) (V b W)

LetD = {s = tp < --- < t, = t} be a partition of [s,t], such that w(t; t;;1) < T for
i=0,...,n—landn <14 w(s,t)/T <1+ w(0,T)/T, where T is the constant introduced
in Then Z; (1) — Z5;(2) can be represented as follows:

Z;(1) —Zs4(2) = (Zos(1)) — DZ(Zos(2))
= Dg;(Zos(1)) — Di(Zos(2)) + (2.41)
n—1

+ Z <D11+1 tn Dtl Aiv1 © th(),fi (ZO,S (2))
i=0
sz+1 tn Dizi,ti+1 © D%o,fi(zors (2))) (2‘42)

Step 2
Let us consider a term of the sum (2.42). Using the identity

abc — ade = ab(c —e) +a(b—d)e

and the multiplicative property of rough paths, for Q € Al we have

|7aD} s, 0 Dl s, 0 D (Z05(2)) = QDL © D, 0 DR (Z0(2))|
_ ¥ A [Zthlt (zgfs(z),to,z)} ® [z?zt 1(Hwy,ti,1)]
01,Q2,Q3€ Al
Q1xQ2xQ3=0Q

|: tiv1.tn (wal/ i+1s ) - Zg_il,t” (wa2/ tiJrl/ 1)]
+ [Zglt (ZOS s to, )]

|:Z?2t1+1 (HW% ti/ 1) Ztht " (Hwy/ ti/ 2>:|

{ £t (wa2, i+1/ )} ‘
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CE ()] [ ()
Q1,Q2, Q36A1
Q1%Q2*xQ3=Q

Zgjl,tn (walr tit1, 1) Ztle tn (waz, tit1, 1) H
+ Hztot (th/s(z),tol) H
Z%m (Hwy’ i, 1) Zgzt i+1 (HW% ti,2> H

7% (waz, t, 1) H (2.43)

ti+1rt7’l

where

xj = DL, oD}, (Zs(2)), forj=1,2

titit

y = tholti(ZO,S (2))'

Applying Proposition there exist constants C; and C, depending on IT and T
and polynomially on || f1|1ir1,,r) and || f2|lzip(,,r) respectively, such that the following
inequalities are satisfied:

(CQ(,(J(to,ti»dEgﬁ(Ql)
< .
Hztot (Zwo,s(z),to,z) < P, (2.44)
(Crao(t;, tiyq))esn(Q2)
HZ%M (Hwyl, ti, 1) < ﬁkT;(Q | (2.45)
2
t degr(Qs3)
o _ (Cwlttin)
HZtH—l tn (waz, z+111) < ﬁker3) . (2.46)

Applying there exists a constant C3 depending on pmax and polynomially on

||f1||Lip(HW,F) and Hf2||Lip(HW,F) satisfying

[x1 — 22 = HZt i <Hwy, ti,1> z% - (Hwy, fi,2> H
211(Q2)

1021 w(ti, tig)™
< G <||f1 = Palleipay,ry + 1A = f2 ||Llp2nwr)> BT (02)

Propositionimplies the existence of a constant C4 depending on pmax and polyno-

. (2.47)

mially on || f1 |,y r), such that

|22, (w0, 1) = 22 (T, b, 1))|

w(tiy1, tn)degH(Q3)
B TT1(Qs)

< Cy (1T (1 = x2) | + [T (31 — x2) |12 . (248)

Step 3
One can bound the expression (2.43) using the inequalities (2.44 ). Then the multi-
nomial version of the Neo-classical Inequahty implies the assertion for all (0,t) € Ar.



CHAPTER 2. DIFFERENTIAL EQUATIONS DRIVEN BY IT-ROUGH PATHS 41

Step 4
To prove the claim for all (s,t) € Ar, an appropriate bound on the term (2.41) is re-
quired. This can be achieved by again applying Proposition ie forany Q € A{I

28(Z8(1),5,1) — 28(Z8(2),5,1) |

degr(Q)
< W) _ ZzW W (1) _ ZW oy pliel) @ O o
< Ca (1281 - ZE @)+ 128 - ZE @) = o @49
The general case is implied by the special case of Step 3 and the inequality (2.49).
O

2.6.3 A REMARK ON SIMPLE FUNCTIONALS OF ROUGH PATHS

Let IT = (p1,...,px) be a k-tuple and let X € GQp(V). Let us consider the space
W = @rean VR for some a > 1 as well as the RDE

dY; = Y, ®dX,, Yo =1, (2.50)

This RDE is the same as (2.20) in the sense of Definition Equivalently, indexing the
components of W and Y" by multi-indices (putting the index into {-} in order to distin-
guish from projection)

dY® =y " @dX, 1e N,R = (ry,...,7) € ALYy =1.

By the Universal Limit Theorem, the RDE has a unique solution and by the spe-
cial form of the RDE, Yé}f} = X(Iit (R € All) represents the W-level of Y and Y;{f} =
X5, — X§, forall t € [0, T]. Furthermore, Y is in GO
form of the one-form defining the RDE, Y is also a Il,-rough path corresponding to the

(W). However, due to the special

Pmax
decomposition W = @< ,,<c, W", where C, = card{s, € S'l,s,, < a},

I = (q1,---9c,)

with g; = max { 1 1} and

57/

wi= @ v~k

deg;(R)=s;
By Proposition there exists a constant C, depending only on IT and &, such that Y
is controlled by Cw.



CHAPTER 3

NUMERICAL SOLUTION OF ROUGH
DIFFERENTIAL EQUATIONS

The main aim of this chapter is to construct numerical methods to approximate solutions to
rough differential equations (RDEs). Firstly, some principles of approximations are set up.
Then a general class of local approximations is introduced. This class is used to construct
global approximations by pasting together the local ones. A general sufficient condition
on the local approximations implying global convergence is given and proved. The next
step is to construct particular local approximations in finite dimensions based on solutions
to ordinary differential equations derived locally and satisfying the sufficient condition
for global convergence. These local approximations require strong conditions on the one-
form defining the rough differential equation. Finally, we show that when the local ODE
based schemes are applied in combination with rough polynomial approximations, the
conditions on the one-form can be weakened.

Throughout the chapter, we assume that V = V1@ .- @ Viand W = Wl @ ... @ WN
are direct sums of Banach spaces. In some of the sections we assume finite dimensionality
of Vand W.

Our primary focus is the rough differential equation

dY: = f(Y:)dX;, Yo =¢ 3.1)

driven by a geometric ITx-rough path X controlled by a control w, where ITx = (p1, ..., pk)
is a real k-tuple and the one-form f : W — L(V, W) is of the form

fW =M .. W) (62)

where V;,i = 1,...,kare W — W functions. The jth coordinate function of V; is denoted
by V.

In general, we assume that the one-form f satisfies (i.e. the functions V;,i =1, ...,k sat-
isfy) the conditions of the Universal Limit Theorem implying that the RDE possesses
a unique solution.

Without loss of generality, we can assume that the solution Y is a geometric ITy-rough
path in W such that ITy = (g4, ...,qn) and each g; is one of the p;’s in Ix.

42
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We will consider the extensions of the rough paths X and Y to
TIxx) (V) and TTv) (W)

respectively for some ax, ay > 1.
3.1 APPROXIMATIONS OF ROUGH PATHS

In this section, a concept of approximations of II-rough paths is introduced. We aim
to construct an approximation of the solution based on some information on the driving
noise. There are some issues which we must decide on. Firstly, the input information must
be determined. Secondly, the object we approximate the solution with must be defined.
Finally, we must decide in which sense we wish to approximate the solution; i.e. how to
measure the error.

In this chapter we assume that we are provided with the local signature of the driving
noise corresponding to a certain partition of [0, T] in the following sense.

Definition 3.1.1. Let D = {0 =ty < --- < t, = T} be a partition of [0, T]. We define the

discrete simplex corresponding to the partition D by
AR = {(s,t)|s,t €D, s < t}.

Definition 3.1.2. Let ax > 1 be a real number. Let X : Ar — TWx2x) (V) be a continuous
multiplicative functional. The tensor algebra element X will be referred to as the signature cor-
responding to the interval s, t].

A (ax, D)-multiplicative functional is a X : AR — TWxax) (V) function such that

Xsu = Xst @ Xew, V(s,t) € AtD.

We define the local signature of the X : Ay — TUx2x) (V) multiplicative functional corre-
sponding to the partition D as a restriction to a X : AR — TWxax)(V) function. This function
is trivially (ax, D)-multiplicative.

We will consider numerical schemes where the input is the local signature of the driv-
ing noise corresponding to a partition D of [0, T] and the outputis an (ay, 13) -multiplicative
and T(Hvay) (W)-valued functional for a real number ay > 1 and a partition D C D;ie. an
approximation of the solution’s local signature corresponding to the partition D.

Definition 3.1.3. Let the real number ay > 1 and the partition D of [0, T) be fixed. Then we
define an approximation of Y as a function F assigning an (ay, ﬁ)-multiplicative functional to
each partition D D D of the interval [0, T).
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Definition 3.1.4. Let F be an approximation of Y. Let D be a partition of [0, T] and Y = F(D).
For a positive real a and a partition D C D of [0, T], we define the distance between Y and Y by

1/degyy,, (R) ) degry (R)

D
70081 = oy (T30

Remark 3.1.1. The distance function d?‘]’?(-, -) is a restriction of (induced by) the dr, (-, -)
distance to D-multiplicative functions where D C D.

The dp, (-, -) distance will play a crucial role in the construction of approximations.
The error of these approximations can be measured by any distance function which is
continuous with respect to dﬁ?(-, ).

Definition 3.1.5. We say that an approximation F is of order oy > 0 if there exist a positive
constant C depending only on o, D and the one-form defining the RDE and areal 5 > 0, such
that

d‘l"T’?(Y,P(D)) < Cmgx w(t;_1,t)7

for each partition D of the interval [0, T| with mesh size at most 6.
3.2 GLOBAL CONVERGENCE THEOREMS

The purpose of this section is to give a sufficient condition on local approximations
which implies the convergence of the global approximation constructed by pasting to-
gether the local ones. In the later sections, we construct particular local schemes and prove
that those schemes satisfy the sufficient condition for a global convergence of certain order.

Let us fix ax > 1 and &y > 0 and introduce the notation U = T(Mvv) (W). We assume
that sy is chosen such that each AN-multi-index of length 1 is contained in A,Y.

In this section, we will use sets of multi-indices satisfying the tree-like conditions.

Definition 3.2.1. We will say that a set of multi-indices B C .A,,IZIYY satisfies the tree-like condi-
tions, or in other words B is a tree-like set, if

(i) Qe ALY and ||Q|| = 1imply Q € B
(i) Q € Bimplies Q— € B

Example 3.2.1. Since the multi-indices of length 1 are contained in A,,(Y , the following set
for any integer i > 1 satisfies the tree-like condition

B={ReAY||R| <i}.

Tree-like sets of this type are extensively used in this paper.
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For a tree-like set 13, we use the notation

B _ ®R
u %%w :

In this paper, the global approximations are constructed by pasting together local ap-
proximations. When locally approximating the solution or the solution’s truncated signa-
ture corresponding to the pair (s,t) € Ar, we consider local approximations taking the
truncated signature of the driving noise corresponding to (s, t) as input. The solution cor-
responding to (s, t) also depends on the initial condition of the equivalent RDE started at
s. In the following definition a notation is created for local approximations of this kind.

Definition 3.2.2. Functions from At x W x GQyy, (V) to UB will be referred to as local approx-
imating functions or local approximations on UP. In this study, unless otherwise stated, the
geometric I1x-rough path argument is the driving noise X.,.. In this case we will omit the argument
in the notation.

Let (By)n>o0, be an increasing sequence of tree-like sets in Aanyy, and let (ﬁn)n>0 be a sequence
of local approximations corresponding to (B,)y>o, i.e. the D; is defined on U fori = 1,2,....
We say, that the local approximation sequence is consistent if for all 0 < i < j

~ ~

Dj[(s,t),z] = musDj[(s, 1), z].
Finally, we introduce the notation
Dii(y) =y ® D[(s, 1),z + My].

Given a tree-like set B C .A,,EIYY, and a local-approximation D we introduce a corre-
sponding global approximation of the solution to the RDE (3.1) as follows.

Definition 3.2.3 (Global approximation). Let D = {0 =ty < --- < t, = T} be a partition of
[0,T], B C A,,EIYY a tree-like set and D a local approximation on UB. The global approximation
generated by D is defined to be the function Y = Y (D, B) : AP — UPB given by the following

recursion:

Y. = 1

Y, = D[(to,t1),¢]
Yti/tiﬂ = D [(ti/ tiv1),6+ Y}/X,ti]

Yfz‘rf]‘ = Yy, ® - ® Yfi—lfff =D i:YttV]g “o.-oD ftﬂgt (1)

for0<i<j<nm.

Remark 3.2.1. A local approximation D can be defined by D|(s,t),z] = YSLIItB (z,5), where
Y..(z,s) is the solution to the RDE

dY:(z,s) = f(Yi(z,5))dXs, Ys(z,8) = z.
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Note that, given any partition D of [0, T], if z = ¢, then the global approximation corre-
sponding to D coincides with the solution to the RDE (3.1) restricted to AP and UP.

Let us fix a partition D = {0 = typ < --- < t, = T} together with a tree-like set
B C A,Y and consider the global approximation Y = Y (D, B) corresponding to D and B.
Note that Ygz - ?ti/t]’ can be represented as follows:

by~ Yty = Dy 000Dy, (1) =Dy yo-oDpy (1)
— i 1 g z
= Dt];1,t]- O:--0 Dtirtiﬂ (1) — Dtj—lftj O.--0 Dti;ti+] <1) (33)
j—1
" kz: <th—1'tf oo Dtkrtk+1 © Dtk—lftk -0 Dti,fH—l(l)
=i
_Dt]-,l,t]- oo Dtk/tk+1 © Dtk—lztk ©rrr0 Dti,ti+l (1)>
j-1
- Z (Dtj—lffj oo Dtk'tkﬂ © Dtk—lftk ©rr0 Dtiftiﬂ (1) (3.4)

k=i

Y Y 3V 7
—D} ,or-oDl, oD ,o-oD (1))

+D?_1t-o"'°DZ,t,-+1(1)_Dtg 0. 0Df (1)

-1t i—1.tj titive

where 7 = Yg\;i +¢and { = ?(IJ/Yt,- +¢.

The sums and represent two different breakdowns of the global error. In both
cases, local errors in some sense corresponding to the subintervals of the partition D are
propagated. In (3.3), the local errors propagated through solutions to RDEs started with
different initial conditions. In (3.4), the local errors are propagated through the pasted local
ODE:s. See Figure 31| for an illustration.

In either representation of the global error on [¢;, t]-], it is obvious that the W-level of the
solution has a special role, since this component of the approximative solution determines
the initial error at t;. Therefore, we firstly focus on approximations of the solution projected
on W, i.e. the increment-level of the solution.

In the next sections, we derive the global convergence theorems under the following

condition.

Condition 3.2.1. Let D be a local approximation on U (i.e. corresponding to B = Aanyy ). Further-
more let T > 0 and v > 1 be real numbers. We will say that D satisfies the (T, y)-condition, if for
each R € AEYY there exists a positive constant Cg not depending on (s, t) or z such that

HNRD[(s,t),z] — nRﬁ[(s,t),z} H < Crw(s, t)7

forall (s,t) € [0, T], and such that w(s,t) < tand z € W. In case T > w(0, T), we omit T from
the notation.
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RDE
ODE
+ <+———0—— Initial error
e > Local error
€ e e e * Global error '
¥
¥

@ Y ty t3 ty
RDE
ODE
4 +——————————————— |pjtial error
) > Local error
R T * Global error

Figure 3.1: Propagation of the local errors through the RDEs and the ODEs respectively
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Definition 3.2.4. We define the sequence of tree-like sets (B )n>0 by
Bi={Re AY||R| <i}.

Assuming that D is a local approximation on U satisfying Condition or a suitable pair (T,7y),
we define the approximation D' (and D) by restricting D (and D) to UP:,

Note that there exists a positive integer n(Ily, ay), such that B,y 4,) = Ay
3.2.1 APPROXIMATING TERMS CORRESPONDING TO MULTI-INDICES IN 1

The ||R|| = 1 case In this section, we consider a local approximation D := D' on UP! =
W (or equivalently on R @ W) and the corresponding global approximations Y..(D,By)
for admissible partitions of [0, T|. We derive a bound on the global error HYtLlI_Zl — Yt,»,t,» ‘ for

all (ti, t]) S A%«)

Theorem 3.2.1 (Global convergence theorem, the case of B;). Let D be an approximation on
UB1 satisfying Condition or some T > 0and -y > 1. Then there exists a constant C depending
only on w(0, T), the constants C(;), i = 1,..., N defined in Condition and polynomially on
| flip(r1y,r), such that for any partition D = {0 = to < --- < t, = T} of [0, T] satisfying
maxp w(t, tir1) < T, the following inequality holds

X, - %)

(2491

j—1
S C Z w(tk, tk+1)7 (35)
k=0

forr=1,...,N.

Proof. The proof is based on the representation (3.3)), i.e. when the local errors are propa-
gated using solutions to RDEs with different initial conditions. Note that at the W-level,
the multiplicative property is equivalent to the additivity.

Step 1

Firstly, consider the representation (3.3) with i = 0. In this case 7 = { = ¢, making the
tirst term zero. Then we consider the differences under the summation.

The kth term is of the form

D¢ ..oDf

NG 3¢
bty © ot © Dby 00 Dy py (tw1)

~

_Dg—lltj R Diikﬂ © Dtiq/tk R Di)rtl (7TW1)
- ?O,tk + 7TWD |:(tkl tk—‘—l)/’é + YO,tk]
+7mtwD {(thrl/tj)/C + Yo, + TwD [(tk/ tiy1), G+ \A(o,tkH

- [?O,tk + ?tkrtk+l + T[WD |:(tk+1/ t])/ g + ?O,tk + ?tk,tk+1i|:|
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= ntwD [(tkl tk+1>/ ¢+ ?O/tki| - ?tkztk+1 (3.6)

+7wD [(tk+1/ ti), ¢+ \A{o,tk + twD [(tk/ ter1), ¢+ ?O,tk”

Wi | (3.7)
—nwD [(tk—O—l/ t), ¢+ You + Ytkrtk-%—l}

The term (3.6) is referred to as the local error over [ty, tg41] and can be bounded using
Condition[3.2.T]as follows:

|7ewD [t tirn), € 4 You | = Yoo | < Kreolti i) (38)

where K; depends only on N and max;<;<y C(;) determined by Condition
We can give a bound on (3.7) using (3.8) and Proposition in the case of terms
corresponding to multi-indices in B:

HﬂwD [(fkﬂrfj)rf: + Yoy, + TwD [(fk, tis1), G+ ?O,tkH

—nwD [(tk+1r ) €+Y0fk+Ytk tk+1} H

1
w(tegr b))
Gl

forr =1,...,N, where C; depends only on K;, w(0, T), and polynomially on HfHLip(Hy,r)~

<G HﬂwD [(tk; tr1), €+ ?O,tk} Y., (3.9)

Summing the terms fork=0,...,j—1, we have

-1 W(tes, )
Y0 -0 < K Xttt o, Wl )™
'] k=0 BN (%)!

7]

Step 2

In the case when i > 0, one can work out a bound on the initial error || — (|| using Step
1. Then one can derive a bound on the first line of using Proposition Finally,
we derive a bound on the terms under the summation in (3.3) using the techniques in
Step 1. This is the way we have derived the error bound in Section However, in the
case of terms corresponding to multi-indices in B, the resulted error bound is essentially

equivalent to the following one.

vy -0 =

()
< |6 - v,
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i—1 =
w(tryq, ti)or
< Kq Zw(tk/tk+1)(y C1M

+1
k=0 BN (%)'
= W(tes1, )"
+K3 2 w(tk, tk_,_l)ly C1+7’1] +1
k=0 pN (E)!
i W(tsa, b))
< 2Ky ) w(t tir)” Clillj +1
k=0 BN (E)!
forr=1,...,N. O

3.2.2 APPROXIMATING TERMS CORRESPONDING TO MULTI-INDICES IN B5,;, FOR
m>1

In this section we consider local approximations on U. Using the results of the previous
section, we extend the global error estimate.

Recall Definition for the sequence of tree-like sets (B, ),~0 and the corresponding
sequences of local approximations (ﬁn)n>0 and (Dy),>0. Note that both the sequences
(ﬁn)n>0 and (Dy, )0 are trivially consistent in the sense of Deﬁnition

Note that applying Theorem on D, we immediately have a global error estimate
on the W-level terms.

Let us define the following hypothesis.

Hypothesis 3.2.1. Let m be a positive integer. Let D be a local approximation on U satisfy-
ing Condition for some T > 0 and v > 1. Given any partition D of [0, T satisfying
maxp w(t;, tiy1) < T, then for each R € By, and {t;,- -, t]-} € D, the global error

. j-1
HYE,t]- - Yzlfj,tj < Kr Y w(te tisn)”
k=0

where \A{R = \A{R (D, By) denotes the global approximation corresponding to D,,, and Kg depends
only on Cg introduced in Condition on R, 7, T, w(0, T) and polynomially on || f | ip(r1,,r)-

Note that for m = 1, Hypothesis is true by Theorem The following theorem
verifies the hypothesis for integers greater than 1.

Theorem 3.2.2 (Global convergence theorem, the case of B, for m > 1). Suppose that for a
local approximation D on U, Hypothesis is true for an m > 1 and for some v > 1 and T > 0.
Then the hypothesis is also true for m 4 1 and for the same 7y and T.

Proof. The proof is again based on the representation (3.3).
Step 1



CHAPTER 3. NUMERICAL SOLUTION OF ROUGH DIFFERENTIAL EQUATIONS 51

Firstly, we derive a bound on HY(%] — \A{&_ H for Q € By, 1. In this case,

D) Y
Q (D;:ffl/tj oo Dgcrtk+1 © Dték—lftk -0 DtOrtl (ﬂwl)
) D) oy
_Dg_l,t,- 6---0 ka,tkﬂ o Dgﬂltk 0---0 Dtg,tl(TCWl)>
= ) Y(()Q,tlk ® 1, D [(tk, tie1), &+ Y(I;\,/tk:|

Q1#Q2+Q3=0Q
®7TQ3D |:(tk+11 t])l é + ?(‘]/Ytk + twD |:(tk/ thrl)/ é’ + ?(I;Ytki|j|

_Yg;k &® ?QZ X 7TQ3D [(tk—H/ t]‘),C + ?gt]tk + ?W ] )

fetkr1 fetk1

Furthermore, for Q1, Q>, Q3 € .A,EIYY, such that Q1 x Q2 * Q3 = Q € B, .1, we have
?oQ,;k ® 1, D [(fk, ti1), G+ Ygﬂk}

®70, D [(tkﬂ, £),& + Y% + mwD [(tk, tera), &+ Yg,vtkH

_?8;1( X YQZ X 7'L'Q3D [(tk—l—l/ t]‘),g + ?gﬂk + ?W ]

fetk+1 tetita
- Y(()g,;k ® {T[QZD [(tk/ tk+1)r g + Y(g\,/tk] - Ygftkﬂ } (3.10)
®m,D [(tk+1, ti), ¢+ ?(%Ytk + twD [(tk; teit), &+ Y(V)Ytkﬂ

tk/tk+l

Y8 02 {nQSD [t ), €+ Y, + 7owD [ (i i), €+ Y05 ]|

—7TQ3D [(tk+1/ tj)/ ‘: + Y(I;Ytk + Yylztk+l:| }

Note that if Q; = Q, then Q> = Q3 = ¢, implying that the expression (3.10) equals zero. If
Q3 = Q, then Q1 = Q2 = ¢, implying that the first triple tensor product in (3.10) is zero.
Finally, if Q1 * Q> = Q, then Q3 = ¢, making the second triple tensor product equal to

Zero.
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Consider the first triple tensor product of (3.10):

Y8 ® {chzD [(tk, tear), €+ Y&Vtk} - YS;M}

®rg, D [(tk+1/ t]-),C + Y(I)/Ytk + twD [(tkz tk+1>/§ + ?g\/]tk:|:|

vQ
< |%8,

’ HT[QZD [(tk/ tk+1)/€+YION,tk:| - Ygftkﬂ
: ’ o, D [(tk-i-l/tj)/‘:"‘ ?&Itk + twD [(tk/ tk1),C + Y%H
degyy, (Q1) k-1
w(0,t Y
< {Cl (0, 1) + Ko, Zw(tlftl—i-l)’y}{Csz(tk/ fk+1)7}

BNI'1, (Q1) =
AdC w(tk+1, t]-)deglly(Qa)
1 ‘BNFHY(Q3)

(3.11)

where
(i) C; exists by Proposition[2.6.1}

(ii) Kg, exists by Hypothesis (we can assume that Q1 # Q, i.e. Q1 € By, otherwise
the triple product equals zero),

(iii) Cgp, exists by Condition

C; and Kg, both depend only on Q1, w(0, T) and polynomially on || || i r1,,r), and Cq,
depends only on Q,, w(0, T) and polynomially on || f | pip(r1y,r)-
Now, consider the second triple tensor product:

\A{%k Y2 © {NQ3D [(fkﬂztj),é + ?S‘ffk + twD [(fk, tye1), &+ ?gﬂkﬂ

fetk+1
D [(hn ), 0, 0] }H

?QI*QZ ® {T[QsD |:(tk+1/ t])/ (: + Ythk + twD |:(tk/ thrl)/ C + ?g\,]tk:|:|

0tks1

-7, D [<tk+1’t]')’€+Y(‘ﬁk +Yg(vrtk+1] }H
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yQ1+Q
S HYOr;kJrlz

7TQ3D |:(tk+1, t]),f + Y(I;\,]tk + twD |:(tk/ tk-i-l)lg + ?(‘)/Ytk:|j|

—m,D [(tk+1: i), §+Y0 )t +Ytk tkﬂ] H

degyy, (Q1%Q2) k
w(0, tepr) "M
<<{C + Ko « w(ty, tjq)”
{ 1 ,BNFHY(Ql *Qz) Q1%Q2 Z (l l+1)

1=0
de 3
Wit )™
:BNFHY(QC%) ‘

'{LQscww(fk, tr1)”

where C; is the same as above, Cyy and K, .o, exist with analogy to the (3.11) case (we can
assume that Q1 * Q2 # Q otherwise the triple tensor product would be zero), and further-
more Lg, exists by Theorem [3.2.1|(the case of B;) and Proposition[2.6.2} and depends only
on Q3, w(0, T) and polynomially on || f1|1;(r1,,r)-

Step 2

Summing the terms and (3.12) for all multi-index triplets Q1, Q2, Q3 such that
Q1*xQxQ3 = Qandthenforallk €{0,1,...,j— 1}, we get

j—1
Q Y
HYO,t/‘ B YU,tj H < CQ kz Cd(tk, tk+1)7
=0

where Cq depends only on Q, v, w(0, T) and polynomially on || f{[rpr1,,r)

Step 3

Finally, we consider HYg T \A{%j H in the case when 0 < i < j. Considering the repre-
sentation of the global error, the terms under the summation can be bounded inde-
pendently from { and with analogy to the previous steps. The only difference arises due
to the first two terms in (outside the summation). The difference of these two terms
can be bounded by using a bound on 1 — ¢ provided by the previous steps and using
Proposition to propagate the initial error up to ¢;. O

Corollary 3.2.1. Assume that D is a local approximation on U satisfying Condition or some
T > 0and v > 1. Let us fix a partition D of [0, T]. Let (Dy)us0 be a sequence of partitions of
[0, T] for each n > 0 satisfying maxp, (t;,ti11) < Tand D C D, for all n > 0. Moreover the
mesh size of Dy, tends to zero as n tends to infinity. Let Y..(Dy, A},}YY) denote the corresponding
sequence of global approximation of Y., generated by D.

Recall the definition of the following distance function:

ay,D (v 11 Ty ||/ 48y (R) i ()

dHY; (Y'Y(DH'A Y = Rr?j‘x EHYU vh t1 1t1(D”"’41ny)H .
DCD

(3.13)
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Then the distance (3.13) tends to zero as n tends to infinity. In particular, the order of convergence
is v — 1, i.e. there exists a constant C, not depending on the partitions Dy, or on n, such that

d?{y/ﬁ (Yr?(Dn; AEYY)) < Cr%axw(tl,l, tl)'\/fl. (314)

n

Proof. By the Global Convergence Theorem (3.2.2), there exists a constant K not depending
on n or D, such that

aiy? (Y, Y(Dy, A)) < KL (b, )7,
Dy

By the super-additive property of w, we have the following inequality

Y w1, )7 < (Zw(tz—1,t1)> f%axw(tl—l,fz)7_l <w(0,T) r%axw(tl—lztl)’y_l~
D, D, n n

Furthermore, the fact that w is continuous and tends to zero on the diagonal completes the
proof. O

Remark 3.2.2. The global error bound (3.14) is derived without considering the mutual
cancellation of the local errors propagated through the RDE solutions. In Chapter @), we
will show some examples, in which the (7, v)-condition on the local approximation implies

a global convergence order higher than v — 1.
3.3 LOCAL BEHAVIOR

In this section we set the preliminaries for the Log-signature Theorems and
by investigating the behavior of the solution to a rough differential equation on short time
intervals. This analysis is valid in finite dimensions, and therefore we assume that the
Banach spaces V and W are in fact RF and RN respectively.

3.3.1 ALGEBRAIC SETTING

In this section the concept of Lyons [25] and Lyons & Victoir [28] is followed and
adapted to the Tx#x) (V)-valued geometric rough paths.

Definition 3.3.1. Let U be a Banach space and T((U)) be the space of formal series of tensors of
U. Recall that T((U)) is a non-commutative algebra with respect to 4+, @ and unit element 1. We
define the power function recursively by

a® = 1
a®! = a

a% = a%l®a
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fora e T((U)).
We define the exponential function exp : T((U)) — T((U)) by the power series

fora e T((U)).
In the case when a. # 0 in the representation a = ac(1+ b), we define the multiplicative
inverse by the power series
a®(71) — Zizo(_l)ib®i’
e
and in the case when a. > 0, we define the log function by

b®i )
log(a) := log(ac)+ Y —(-1)"".

i>1 !

Definition 3.3.2. Let U be a Banach space and T((U)) be the space of formal series of tensors of
U. The Lie bracket [-,-] : T((U)) x T((U)) — T((U)) is defined by

[a,b]:=a®b-b®a

fora,b e T((U)).
Let the set L;(U) be defined by the recursion

ﬁl(U) = U
L>(U) := [U,U]:=Span{[a,b]|abec U}
Li(U) = [L£i(U),U]:=Span{[a,b]lac L£;(U),beU}.

The Lie algebra L£(U) is defined by
L(U) =Span{L;(U)]i € N}.

The elements of L(U) are referred to as Lie polynomials. The closure of L(U), i.e. the space of
formal Lie series, is denoted by L((U)).

Definition 3.3.3. Let U be a Banach space such that U = U' @ - - - ® U* for some Banach spaces
Ul,...,Uur Let Tl = (p1,--., pk) be a positive real k-tuple and « > 1 a real number. We recall
that the algebra T (W) is identified with @ an VR and the multiplication in T () is
denoted by ®. The power, exponential, multiplicative inverse and logarithm functions in
TI) (U) are defined analogously to Definition To distinguish between the functions on the
different domains, we will use the notation

exp) - TS () — T ()
log™® . W () — T ().
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The Lie bracket [-, -] : TUM)(U) x TM*)(U) — T (U) and the Lie algebra £ (L)
are defined with respect to the multiplication ® : T (U) x T (U) — T (U) by analogy
to Definition[3.3.2]

Definition 3.3.4. Let ¢4, ..., ¢, denote a normalized basis of V = R, Letting R = (r1,...,11) €
AUx we introduce the notation
ER =€&rn Q- &y

Note that for any positive real ax, T (V) is spanned by the set {8 R, R € AL }
Example 3.3.1. Let X : A — TUx2%) (V) be a (1)-rough path, and let
Xe=(X},...,.xHT =Xy,

Then the signature of X corresponding to the interval [s, ] is

Xoo= 1 (/Kum@ <thf,11~~dX:,’,)€r1®--~®€r, = Y XRer. (3.15)
(Pt €AV e RE Ay
lelN

where the integral is in the Riemann sense. The multiplicative property of X is due to Chen
[5] (see also Theorem 4.4 of Lyons & Victoir [25]]).

In the rest of the chapter, we will distinguish between the tensor element )A(ft e VR C
T((V)) and its real coefficient XX, € R as it is defined in equation (3.15).

Definition 3.3.5. Let X : At — TWx2x) (V) be a Ix-rough path (or more precisely, the extension
of a Tx-rough path). The log-signature of X corresponding to the interval [s,t] C [0, T] is defined
by

~

L(HX,DCX) (X) = log(l_[x,txx) (f(s,t ) .

st

The local log-signature of X corresponding to the partition D of [0, T| is defined accordingly.

The following theorem and in particular (3.16) is crucial for the derivation of the nu-
merical methods.
Theorem 3.3.1 (Chen’s Theorem). Let X : Ay — TUxX)(V) be a geometric Tx-rough path

)
(Tx,ax
t

N )(X) corresponding to the interval

controlled by a control function w. The log-signature L
[s, t] lies in LI (V).
Furthermore, the log-signature satisfies

expTes) {1 (%)) =y X (3.16)

Finally, if L € L) (U) is a Lie polynomial, then there exists a path X : [0,T] — V of
bounded variation, such that
log @) (X, ) = L

where Xs 1 is defined as in Exumplem
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Proof. If X is a (1)-rough path as in Example and ax = oo, the assertion is proved in
[17], [25], although the original proof can be traced back to [5]. Since T(4) (U) is identified
with @re gn VR, the ax < oo case is implied by

L(Hx,ﬂtx) (5\()

s,t

Ty ax) (V) Ls,t (5\()

In the case when X is a ITx-rough path, it can be approximated by (1)-rough paths in

(Ixax)

the d?—fx—distance. In the same topology, the log function is continuous and £ (1)

is closed. For & > ay,
Ml Lay <1og(l_[x,a)(5\(s’t) _ log(nx""X)()A(s,t)) -0

This completes the proof of the first statement. The reader is referred to Theorem 4.4 of
[28] for the proof of the last statement. O

We also define an algebra homomorphism as follows.

Definition 3.3.6. Let W = {Wy,..., W} be a set of vectors fields on a Banach space U. The
algebra homomorphism Py from T((V')) into the space of differential operators is generated by
Dy (e) =1d, Ow(e;) =W, i=1,...,k

For the multi-index R = (rq,...,r;) € AYX, we will use the notation

@W(ER) = Wr] ©---0 Wr, =: WR.

Remark 3.3.1. Note that @)y assigns first order differential operators to the elements of
L(V).

Definition 3.3.7. Let I1 be a k-tuple and « a positive real number. A set VW of vector fields
{W, ..., W} is called nilpotent of IT-degree w if any (possibly multiple nested) non-trivial com-
position of Lie brackets is zero when applied on the vector fields W,,, ..., W,,, where

degi{(r1,...,m)} > «a.

The set YV is called nilpotent, if there exist a k-tuple 11 and a positive real w, such that W is
nilpotent of I1-degree .

3.3.2 MOTIVATION

Let us recall that by Theorem the It6 map is continuous with respect to the dr, —
dr, topology. Remark implies, that for any ¢ > 0 there exists a positive ¢/ and a
I1x-rough path X such that dy, (X,X) < & and the solution Y of the RDE

dY; = f(Y)dX:, Yo =¢ (3.17)
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satisfies the inequality
dr, (Y, Y) < e. (3.18)

In particular, the inequality (3.18) holds if X is a (1)-rough path. In this case, the RDE (3.17)
is in fact an ordinary differential equation (ODE) in W, equivalent to

k ; o~
ayy, = Y Vi + ¢)axd), Y =0 (3.19)
i=1
or L
ay) = Y vi(Yax{), Y =¢ (3.20)

i=1

in the sense that the rough path Y with values in U is determined by & and the W-level

component t — \A{g"t € W = RN since it is itself a (1)-rough path, and furthermore Y is

also determined by t — ?}’V =+ ?gvt

For the following example, let us assume that this is the case; i.e. X and Y are (1)-

rough paths. Furthermore, let us assume that the set W of the vector fields Wl, e, Wk on
RN defined by

) = L Vi)

Wi(y) ]; Vily y

(3.21)

is nilpotent of I1x-degree <y, for some positive y. This implies that
55 (Iog™7) (Xo1) ) = Dy, (10g™ D (X)), (s,8) € A, ¥ = 7.
Finally, let us assume, that the ODE

dgs = ®y; (1og<“x'7)(§<o,t)) (9s)ds, 7o = ¢ (3.22)

possesses a unique solution on the interval [0, 1].
The following result is well known, and for example is implied by the results of Stri-
chartz [35].

Lemma 3.3.1. The solution to the non-autonomous ODE (3.20) Y; at t coincides with the solution
to the autonomous ODE (3.22) §; at 1.

As X tends to X in the dy-topology, vy <log(nx’7) ()A(O,t)> tends to @y (log(n’”) (Xg,t))
uniformly in a compact set including YKYS forall s € [0,t] and y, for all u € [0,1], where y
is the solution to the ODE

dys = O (log(n’”) (Xo,t)) (ys)ds, yo = ¢. (3.23)

Hence ¢ + Y‘O/V,t at t coincides with y; at 1.
In this particular case, the y-truncated log-signature of the driving noise corresponding
to the interval [0, t] determines Y(I)/Yt. This is an important fact providing us a representation

of the solution on which one can base a numerical scheme (i.e. by approximating the
solution to the ODE (3.23)).
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Example 3.3.2. Let us regard the following Stratonovich SDE
dé = (r — 02/2)&dt + 0& o dW,.
The solution is known as
& = Ceexp {(r— 0?/2)(t —s) + o (W; — Ws) }.

The time and Brownian increment determine the solution. For almost all Brownian path,
the above SDE can be regarded as RDE (ref.: [26]). For a fixed Brownian path w, regard the
ODE

dy, = {(r = 02/2)(t = 5) + 0 (Wi(w) — Ws(@)) }yadt, yo = &.

Note that i1 = &;(w), i.e. by solving the ODE, we find the exact value of &;(w). However
for intermediate time u € (0,1), y, and §,~ for u* = u(t —s) + s can be any far depending
on the actual RDE solution path. Similarly, the local signature of the path y. can differ
significantly from the local log signature of the RDE solution path ¢..

This example highlights the following general facts:
(i) yu for u € (0,1) provides little information on Y¢Y, for s € (0, t).
(ii) The iterated integrals of y provide little information on the higher level terms of Yo .

The first problem is not going to be relaxed, however it is somewhat natural. Le. there
could be many driving signals with the same truncated log-signature corresponding to the
interval [0, t] determining different solutions to the RDE, so no different behavior from the
above first point is expected.

We address the second problem by replacing the ODE with an extended system
in the next section. However, in the extended case, the set of vector fields in general are
not nilpotent.

3.3.3 THE ROUGH-TAYLOR EXPANSION

In the following Lemma, we replace the ODE (3.19) of the previous section by an ex-
tended system of ODEs. In the rest of the chapter unless otherwise indicated, we restrict
the letter U to denote the space T ) (W),

Lemma 3.3.2. Let X be of bounded variation, i.e. X is a (1)-rough path. Then the RDE B.17) is
equivalent to the following ODE in U:

k N
dYor = Y V(Yo )dX{), Yoo =1 (3.24)
i=1
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where Yo, is a [0, T| — U function, and the functions
- S{Why L@, T ,
v = (VIO @ u s, (=14

are defined coordinate-wise by

(R), VW + if R = (j),|IR|| = 1
VIV +y) ifR=(r1,...,1) € Ay, 1> 1
for x € Uand y € W, where the coordinates are indexed by the multi-indices of A,IEYY.
Proof. The system of ODEs:
k .
dYor = ) Vi(Yos+ g)dX(()fZ/ Yoo =0
i=1
dY§, = Y& dY{, Y§o=0,R=(r,...,n) € ALY, 1 €N (3.26)

where Yy; = (Y&t,...,Y&’t)T € RN, Y(e),t =1, {(gvt =Yy fort € [0.T]andi = 1,...,N is
equivalent to the RDE (3.17). This equivalence implies the Lemma. O

Remark 3.3.2. Note that for y € W the one-form f¥ : U — L(V, U) defined by

P = (W), ..., @), x e u

is no longer global Lip(I1, T), however it is still Lip(IL,T') on any bounded closed set for an
appropriate I'l. Note that Y is controlled by Mw for an M depending on the Lipschitz norm
of the one-form f on W and w(0, T) but not depending on the initial condition. Therefore,
the U-extended solution to the RDEs considered in this chapter, do not leave the ball in
U centered at 1 with radius Mw(0, T). We restrict the one-form fy to this ball where it is
Lip(I1,T'). This remark is a crucial ingredient for the local approximations introduced in
this section.

Remark 3.3.3. Let R = (ry,...,7;) be a multi-index. In some applications, one might
be interested in only finding the component \A{g’t of Y solving the ODE (3.24). In this
case, it is sufficient to solve the ODE for multi-indices Q € {S| ||S|| = 1} U{S =
(r1,...,rm)|m <1}, i.e. on the minimal tree-like set including the multi-index R.

Definition 3.3.8. Let y be an element in W. We define the first order differential operators (vector
fieldson U) WY, i =1,...k by

W/ (x)= Y. W”%@fl (3.27)

i 0 R
Re ALY g
or x € U, where VR is defined b (3.25) and 9/9xR denotes the partial differentiation with respect
i Y P P

to the coordinate of index R. Let YWY denote the set {Wy S, W,f }. In the rest of the chapter, we
use the notation ®Y = ®yyy for the algebra homomorphism of Definition 3.3.6}
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In some of the cases, we need to restrict Wiy to a subspace of U. Therefore we introduce

the following notation.

Definition 3.3.9. Let y be an element in W and let I3 be a tree-like subset of .A,,I}YY. We define the
vector fields le’B, ey Wg’B on UP = Y reg WR by

d

B R},
W/ (x) = ¥ v () %
ox

ReB

(3.28)

The set of vector fields { W} ’B, ceey ka ’B} is denoted by WYB. The corresponding algebra
homomorphism of Definition is denoted by VB = Py, 5.

Let us recall some basic facts about ordinary differential equations driven by paths of
bounded variation.

Lemma 3.3.3. Let Z = (X, Y) be the solution to the RDE (3.17) where X is of bounded variation,
and let g : U — R be a differentiable function. Then for t > s > 0,

-~ ~ t k N ,
g(YE) = s(¥) + [ ) Wig(¥s)ax{). (629)
i=1
Let m be the maximum length of the multi-indicies of AaHXX , and let g be differentiable (m + 1)-
times. Then
g(Yby) = Y Wie(YE)XE
R:(rl ,TI)GAE)?
+ Y /s o Wig(YH,)axX() - ax(n. (330
Rf(rl,...,i’l)éAg[;( ! !
—ReAif

The last term in (3.30) is referred to as the remainder term.

Proof. Equation (3.29) is equivalent to

N N t N
g(Yl(ft) = g(Y%){s) + /s dg(Yé){u)dYO,u'

Applying (3.29) recursively on the inner most term of each integral results in (3.30).
O

Remark 3.3.4. Let B be a tree-like subset of AE(Y. Assume that ¢ depends only on the
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components of Y corresponding to B. Then Lemma implies:

1B
g(Yt) = Y, Wha(YEOXE
R:(Vl,.. )E.A
+ T Wig (Y )dx(7) - axy)
Re ( Q_A s<up<---<uy<t ! ! !
1)
—RGA“X

= 2 Wg Bg(YO s )X
R= (11w y) EARS

B
D | WE gV X7 - dxy)
s<uy<---<up<t
R=(r1,...71) eéA
—RGAX

Now, we give a bound on the remainder term. Recall Section and let
Y € GOy, (U)

denote the geometric I1, -rough path such that \A{'(ft = Yo, for all t € [0,T], i.e. the
(ITy, ey )-truncated signature regarded as a Il,,-rough path. The Universal Limit Theo-
rem and Proposition imply that the T, -variation of Y is controlled by Mjw, where
M; depends onIlx, I', w(0, T) and polynomially on || f||1(r1,,r)- By analogy, one can prove

that Z = (X\A{) is a IIx * I'l,, -rough path, with ITx * I, -variation controlled by Mjw.

Lemma 3.3.4. Set & > 0and R € ALY, such that |R|| < m. Let g : U — R be an m-times
differentiable function, such that the one-form h% Vel — L(Ve U,V &R) defined by

: [ 1y 0
hy(u,0) = ( ng(v) 0 ) (3.31)

is (ITx * I, T)-Lipschitz for a T making hS, integrable; i.e. 7; >1—1/p; fori =1,...,|[TIx *
I, ||, where p; and %; denote the i elements of T1x * I, and T respectively.

Then there is a constant C, depending on Ilx x 1, w(0, T) and polynomially on max{1, M, }
and the Lipschitz norm of WS, such that

ngg(Y(l){ul)dX(()lr,ﬂ st dX(()r) < C“w(sl t)degnx(R)

1
R

s<ug <---<uy<t

forall [s,t] C [0, T].

Proof. Let U denote the integral [ h% (2) dZ. Then, by Propositions[2.4.1and 2.6.1} there
exists a constant M, depending on Ilx * I'l,,, w(0, T) and polynomially on the Lipschitz

norm of hi, such that U is controlled by max{1, M} Mpw. In particular for each R =
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(r,...,m) € A“HXX , there exists a constant Cg depending on ITx * I1,,, w(0, T) and polyno-
mially on the Lipschitz norm of 1S, such that

< Craw(s, t)dean(R),

[ whsu,axg) - -axg)
s<up<---<up<t

which implies the Lemma.
O

In Lemma 3.3.4] it is shown, that the remainder term is the sum of certain cross-terms
of [ h% (2) dZ. These particular cross-terms will be denoted by

X {a(W)} = / g(¥Y§,)dx?) - -dx!) e R,
Js<uy<---<uy<t

XBdg(YS)t = erXR{g(YY)} e VR

st 18\ Yo, : RAs 8\ X,

where R = (ry,...,11) € AF and g : U — Ris a suitable integrable function. For functions
g=(g%...,¢")T : U — R" we define

X8 {g ()}
X5 {8(?(%[)} = :
X& {3}

The following corollary of Lemmas and is due to the continuity in the Iy *
ITy-variational topology.

Corollary 3.3.1 (Taylor expansion along rough paths). Let Z = (X,Y) be the solution to
the RDE (B.1). Let g : U — R be a function such that for all multi-indices R satisfying R =
(r1,...,m) ¢ An¥and —R € Aanxx, the function h% Vel — L(Ve U,V ®R) defined in
(3.31) is integrable along Z; i.e. the one-form h% is Lip(ILx * Iy, T) for an appropriate T. Then

s(Y§) = Y Wig(Y§)x&

RGA‘IJYY

+ ¥ xE{wie(d)} (3.32)
REALY
fReA,EI;(

Furthermore, there exists a constant C depending on 11 = Ilx * I1,,, w(0, T) and polynomially
on My and the Lipschitz norm of hli for R ¢ A,XHXX and —R € A,XHXX , such that

|

forall R € AV satisfying —R € ARX.

X8 {Wig(M) }| < ca(s, pysm
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Let Idy; denote the identity function on U. Let the differential operator W;, i € {1,...,k}
act on Idy; coordinate-wise. For u € U we use the notation
W (1d}y (1))
W () 1= Wi (Tdu) () = s
Wi(ay™ ™ w))
The following expansion of the solution the RDE is a special case of Corollary[3.3.1}
Note that when ¢ = Id;; and R € A!%, the (ITy * I1,,, T)-Lipschitz norm of the one-
form h% Vel — L(Vae U,V &R) defined in depends only on the (I—Iay,fl)-
Lipschitz norm of ng (Idy), where T’ is the ||T1,, ||-tuple resulted from dropping the first k
elements of T, assuming that h% is integrable.

Corollary 3.3.2. Let Z = (X,Y) be the solution to the RDE (3.1)). Let us assume that for I1x and
ax the function ¢ = Idy satisfies the conditions of Corollary Then

Y5, = Yo+ )3 Wi (Y) X8,
R=(r1,....11)€Any \{e}
+ o xB{wiodh} (3.33)
R=(r1,..., TJ)%AF%
—ReAX

Furthermore, there exists a constant C depending only on IT = ITx *I1,,, w(0, T) and polynomi-

ally on My and ||W£(Idu) ||Ll.p(H f/)for —R € AL, such that
ayl

[XEAWR ]| < Caols, o™

forall [s,t] C [0, T) and for —R € ALX.

The expansion (3.33) will be referred to as the rough-Taylor expansion of Y.

Remark 3.3.5. In the case when the function g of Lemma Corollary depends
only on the components of YY corresponding to a tree-like subset of ANHYY, the lemma and
the corollary are valid if ng is replaced by WE’B. Analogously, Corollary implies the
expansion

B B B B

Yor = Yo + )y Wi® (Y X,
R=(r1,ee.m) € AnY \ e}
B
+ T xE{wE o} (3.34)
R:(rlr---/rl)éAang
—ReAiﬂf

furthermore with the constant C of Corollary
] <ot

forall [s,t] C [0, T] and for —R € A},
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3.3.4 PROPERTIES OF THE EXTENDED VECTOR FIELDS

Recall that X was a ITx-rough path in V = RF and Y was a Iy rough path in W = RN
where ITx = (p1,..., px) and Iy = (q1,...,qn) such that each g; is one of the p;-s. This is
only possible, if the one-form f = (Vy,..., V) satisfies V/ = 0 for each pair of (i, j) where

pi > qj-
Settingz € Wand R € .A,I,}YY, we introduce the notation

W (y) =

iRk 0 — V(W +z) if|R|=1andR =7, L (63
Wk YRV (y"W +z) if|[R| >1and R = (R—)*r | %

To prove the Log-signature theorems, we will use the special structure of
P* (log(ny"”) (X)) :
Therefore we firstly prove the following lemmas.

Lemma3.3.5. Letz € Wand R = (r1,...,1;) € ApX. The coordinate of W5 o Id(y) correspond-
ing to a multi-index Q = (i1, ..., in) € ApY is a sum of terms of the form

y{(illwlimfn)}ui;n (yw _|_ Z) e uﬁ?:;’;tl (yw + Z)U# ., (yw + Z) e u;llfn (yw —|— Z) (336)

where ji,...,j1—n € {1,...,k}, and the function UY is either the uth coordinate function V! of V,,
or one of its (multiple) partial derivatives, and yi¢} = 1.
Furthermore if any of the following inequalities hold

prl > qim’ Tty p71711+1 > qim—n+1
Priow = Qs =0 Pre > Gy

then the above product is 0.

Proof Let R € A} such that ||R|| = 1. Then the assertion on Wy is true by definition (see
B39)). If R € ApX and ||R| = 2,i.e. R = (i,]), then

WioWrold(y) = ) Wl.{P}’Z o W].{Q}’Z oId(y)

P,QEAEQ’
_ (P3P W 0 (10 Q)Y (W 0
- Pany (]/ Vz (]/ +Z)) ay{p} (]/ V] )(]/ +Z)ay{Q} Id(y)
N 0
= L LrOeY v (5 Qe+ 2)
QGA“ y =1 Y

+ ¥ O v QY 42
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where [ : .AEYY — AEYY is determined by (R—) *I(R) = R and we used the convention
yle} = 1 and yt¢~} = 0. Recall that Vij = 0 for each pair of (i,j) where p; > g;, and
hence the coefficients of {2~} and y12~~} are products of terms of the type V or partial
derivatives of V! satisfying u € {i,j} and p, < gy.

By induction on the length of R = (r4,...,7]) € A“HXX , one can complete the proof. [

Remark 3.3.6. Note that if B C AEIYY satisfies the tree-like conditions of Definition m
then for each Q € B the coordinate of W5 o Id corresponding to Q coincides with the
coordinate of Wf{’B o Id corresponding to Q, where W% € W38 is defined in Definition
3.3.9

Remark 3.3.7. Lemma implies, that if ng o Id is Lipschitz on a closed set contained
in a ball centered at 1 with radius 7, then the Lipschitz norm of ng o Id depends only on
the Lipschitz norm of W&51 o Id and r. Note that the Lipschitz norm of W¢51 o Id does not
depend on ¢.

Lemma 3.3.6. Let Q = {iy,..., i} be a multi-index in A,I,;IYY and [s, t] € [0, T]. Consider the
coordinate function of the vector field ®* (log(ny’”‘Y) (Xs’[)> corresponding to Q. The multiplying
coefficient of the term including yt(vin-n} is bounded by Cw (s, t)° where

o> degHY ((imfnﬂr T /lm))
and C depends on the Lip(Ily,T')-norm of the vector functions Vi, ..., Vi, and w (0, T).

Proof. The log-signature of X corresponding to the interval [s, t] is of the form

of {0} =} Y agy g X5 XD | WEoTd, (3.37)
ReAly \ Rieieki=r

where each ag, ... r, is a real coefficient depending only on R. Let us introduce the notation

R _ Ry R;
Agy = Z aR1,~~~,Rsz,t .- ‘Xs,t (3.38)
Ry*---xR;=R
leIN

for R € A
Since X is controlled by w, there exists a constant Cr depending only on R, such that

)Agft < Cra(s, 1) ®), (3.39)

By Lemma and (3.37), the multiplying coefficient of y(in—r+1in) is a sum of terms
of the type

ARU (WY 4 z) w0V AUl (Y z) Ul (Y )

Tl—n41
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for R = (ry,..., 1) or zero if any of the following inequalities hold

p?’] > qim’ Tty prlfn+l > qim—nJrl
pl’[,n > qjl’ Tty prl > qjl—n

In the non-zero case, pr, < qi,., ***, Pri_i1 < Gin_n.1, and hence
)Ast < CRw(s,t)dEg“X(R) = Crw(s,t)Mw(s, )7
where
y 1 L n 1
;] = — 4
qim qimfnJrl
1 1 1 1 1 1
Yo = — 4+ +— 4+ - >0
Prl prl—n prl qim prlfnJrl qimfnJrl
The inequality
1 . .
— + -+ Sdegny((lm—n-‘rl/"' /Zm))
qim qim—n+1
implies the assertion. ]

3.4 LOCAL APPROXIMATION BASED ON LOCALLY DERIVED ODESs

In this section, we show that solutions to certain ordinary differential equations along
vector fields depending on the local log-signature of the driving noise lead to a local ap-
proximation satisfying Condition for some pair (7,7). The proof is based on the
Log-signature theorems. These theorems are based in a finite dimensional setting, therefore
we assume that the Banach spaces V and W are in fact RF and RN respectively.

3.4.1 APPROXIMATING TERMS CORRESPONDING TO MULTI-INDICES IN B;

In this section we prove the first version of the Log-signature Theorem, which provides
us with a bound on the one-step error, when the W-level solution to the rough differential
equation is locally approximated by a certain autonomous ordinary differential equation.

In this subsection, B; denotes the set {R € AWHYY, IR|| = 1}, and «ax is a positive real
number. We will use W»5 and ®*5 as defined in Definition for z €¢ W. Finally
we introduce new notation. Let F be a vector field. Then Exp(tF)(¢) denotes the time ¢

solution y; (if exists) to the ODE

dys = F(ys)ds, yo = ¢.

Theorem 3.4.1 (Log-signature, the case of B1). Let ¢ be an element in W and s € [0, T|. Assume
that VWV satisfies the following conditions
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(i) the RDE
dY; = f(Yy)dX;, Ys=¢

possess a unique solution Z = (X, Y({)) forall s € [0, T]

(ii) foreach R € AMx\ ALX such that R = Px Qwith P,Q € AyX the function hé Veld —
L(Ve U,V @R) defined in (3.31) for g = Idy is integrable.

Let ys € R @ W be defined by

vss = Bxp (@82 {LIM 00 1) ().

and let R := Y;’,‘; — Yst
Then there exists a constant C such that

IRstll < C Yo w(s, t) e QR (3.40)
Q,REAIXH)?
d‘fgux (Q*R)>ax

where C depends polynomially on My and

B
max ||W5*1% ° IdUHLip(Hy,F)'
QReAX
degy, (Q+R)>ax

Proof. Letus fixans € [0, T].

Step 1

The proof of the theorem is based on the comparison of the Taylor expansion of y;
and the rough-Taylor expansion of Y. Firstly, we derive a particular form of the Taylor
expansion. Similarly to the proof of Lemma restricted to B; (also using Remark 3.3.6)

B LI (X)) = Y ARWES (3.41)
REAE)?

Let vy, u € [0,1] denote Exp <uCI>‘§'Bl {Lg?x’“)(X)}> (1). By Lemma [3.3.5/and the
representation (3.37), the solution v, exists.

By the simple differentiation rule, for a sufficiently many times differentiable function
f:UP - R,
2 ARWEP £ (v,)du (3.42)
ReAX ay

Applying this rule coordinate-wise on the functions Wx o Idy;, we have

1
B
n=v+ Y, AR WS (0g) + Y AgtAgt/O WgBl(WI%rBl<vu>)du-
ReAX\{e} QReAX
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We say that the degree of a term fol Wg’lBl 0---0 WI%’IBI (yy)du for Ry,...,R; € AFis
degyy, (Rq * - - - * R;). Repeatedly applying the differentiation rule (3.42) to the functions in-
side the remainder integrals of degree at most ax, one can derive the following expansion:

1
U1 = 0o+ E ( Ai;) ng’lgl 0--+0 WI%Bl (Uo) / dup--- dI/ll
=1

I O<up<---<u;<1
Ry, Ri€AX !

O<degHX(R1*-~-*R,)§aX

i
+ AR / WeB o o WEB (v, )duy - - - du
Z (g S’t> 0<uy<--<u;<1 Ry R ( ul) ! l

Ry RIEAL
degHX(R2*---*R,)§ucx
degnx (Rl *R2*-“*R1)>IXX

(3.43)
We will refer to the last term on the right-hand-side of (3.43) as the By-level Taylor remainder
term RST;y’Bl.
Step 2

Next, we give a bound on the Taylor remainder term. By the conditions of the theorem,
the function ng’lB 'o--o0 Wl%,B ' o Id under the integral term corresponding to the set of
multi-indices {R;, ..., R;} in (3.43) is bounded by

B
C, = max HWg*ﬁ o Idul|Lipr)-
QReAY
degHX (Q*R)>D¢X

Hence the integral itself is bounded by C‘l| RoxRil %. Furthermore, the multiplying coeffi-
cient of the integral can be bounded using (3.39).
Therefore, the remainder term is bounded by

R 2| < Y w(s 9
Q,ReAﬂ?
degry,, (QR)>ax
where C, depends on Cg, R € AEXX, Cy1, IIx and ax.

Step 3
Next, we compare the above Taylor expansion to the rough-Taylor expansion. Let Y be
the solution to the RDE
dY: = f(Yy)dX:, Ys =¢.
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Rewriting (3.33) and restricting to By, we get

Y = )3 X5 @1 (er) (o)
R=(r1, V])eAaY\{e}
B
e e ey =
R:(V],...,V[)éAang
—ReAX

We will refer to the last term on the right-hand-side of (3.44) as the Bj-level rough-Taylor
remainder term Re:".

By Theorem“ 3.3.1} the exponential of the log-signature is the signature, and therefore

OB [y 0 Xey] = DB {exp(l‘[x,ocx) (L(Hx,wx)(X))}

s,t

(o) 1 ®l
— CI)C:& [T[HX/D‘X [Z 17 (LS;[X/“X) (X))

= Y (HA )@531  ®---Qeg] (3.45)

Rl,...,R,eAang
deSHX(Rl*"'*RI)SzxX
1e{0,1,2,... }
The equality (3.45) connects (3.43) and (3.44) as follows:
— Yo = 7?,rTay By Rzaty,Blf (3'46)
hence
) YZX‘ — Yst ‘ <GCs Z w(s,t)d"gnx(Q*R)
Q, ReA“X

degry, (Q*R)>zxx

where C3 depends on polynomially on M;, C; and

B
max HW(E)*ﬁ o IdUHLip(H,F)'
Q, RE.A
degrr, (Q*R)>ocx

This implies the existence of the required constant C. ]

Corollary 3.4.1. Assume the conditions of Theorem and consider the constant C determined
in the theorem. Then the local error R satisfies the inequality

| Rs,t]] < CKw(s, t)”

where iy = min,_ Aol degyy, (R) and K depends only on w(0, T) as follows:

K= 2 w(0, T)dfgnx (Q*R)—y
Q,REAE)?
degHX(Q*R)>1xX
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Remark 3.4.1. Let [s, t] be a subinterval of [0, T]. Consider
vu = Exp <uCI>§'81 {LS}X’”)(X)}) (1), for u € [0,1].

Lemma implies the existence of a constant C depending on w(0, T) and polynomially
on the Lip(ITy, T')-norm of the functions V4, ..., V4, such that

1
< uCw(s,t)bi.

fros

Assuming that the exact solutions to the locally derived ordinary differential equations
are known, we paste them together and construct a global approximation for the W-level
solution of the rough differential equation. In order to give a precise construction, we
introduce two operators.

Definition 3.4.1. Let ax,ay > 1 be fixed. Let f be the one-form defining the RDE (3.1) and let
the driving noise X be given. Let the set B € AEYY be tree-like (i.e. satisfying the conditions of
Definition . Let UPB denote the subspace of U defined as

ub =y wek
ReB
For (s,t) € A, we define Dﬁ', . : UB — UP to be the function assigning the 7t s projection of
zZQ® YSUtB (z,5) toz € UB, where Y(z,s) is the solution (if it exists) to

dY:(z,s) = f(Ye(z,s) + y + twz)dXs, Ys(z,5) = 1.

Furthermore, for (s,t) € A, let ﬁsy - UB — UB be a shorthand notation for

DY,(z) = nug{z @ {Bxp (@™ 8 {119 (x) 1) (1) | }

When the mesh size of D tends to zero, the following simplified global bound proves
itself to be useful.

Corollary 3.4.2. Assume the conditions of Theorem hold. Then there exist constants Ky,
r=1,...,N such that

j—1

< CKiy Y @t teg)” (3.47)

v, -5

(2]

where v = minReAk\AE;{ degyy, (R) and K,y depend only on w(0, T) Iy and ax as follows:

—_

Kp=—7~ L w01 Sn@0u
N (1) I
ﬁ qar )" QIREAa)?
degnx (Q*R)>ax
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3.4.2 APPROXIMATING TERMS CORRESPONDING TO MULTI-INDICES IN B5,;, FOR
m>1

When extending the numerical schemes based on locally derived ordinary differential
equations to provide an approximation of the higher level terms of the solution’s signa-
ture, we find that the terms corresponding to multi-indices with length greater than 1 are
iterated integrals in some sense of the W-level approximation. More precisely the ||R|| = i
level solution does not depend on the j > i level components but on the (i — 1)-level
and 1st level components. Furthermore, to extend the Log-signature theorem to the multi-
indices of length greater than 1, we need to prove that the each local ODE possess a unique
solution, and the error term is bounded in some way, which takes us closer to satisfying
Condition In this section, we achieve these steps by induction on the length of the
multi-indices using techniques similar to those in the previous section.

Recall the definition of the tree-like sets B;:

Bi={Re A |R|| <i},i=1,2,....

Hypothesis 3.4.1. We make the following assumption: If R € By, [s,t] € [0, T] and u € [0,1],
then ‘ vl{,R} H < uCrw(s, t)dEg“v(R) where vy, is the solution to the following ODE on UPn:

do, = ®E+7mwz)Bn {L(HX’“X)(X)} (vu)du, vo =1

st
for z € UBnwhere Cg only depends on R, w(0, T), and polynomially on My and

6B
max, WG,k © TdullLip(y,r)-
QReAX
degyy, (Q*R)>ax

Note that in the case when m = 1, Hypothesis is verified by Remark By the
following theorem we extend the validity of the hypothesis to larger integers.

Theorem 3.4.2 (Log-signature, the case of B,,, m > 1). Let { be an element in W and s € [0, T].
Assume that VV satisfies the following conditions:

(i) the RDE
dY; = f(Yy)dX;, Ys=¢

possesses a unique solution Z = (X,Y(&)) forall s € [0, T],

(ii) foreach R € A"x\ ALX such that R = P+ Quith P, Q € ALY, the function hléz Veold —
L(V& U,V @&R) defined in (3.31) for ¢ = Idy is integrable.

Let ys; € UPBn+1 be defined by

yst = Exp (q)C,BmH {Lg{xﬂx)(X)}) (1)
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and let Ry 1= Ygf " —yg . Let m > 1 be an integer, and assume that Hypothesis hold for
Bm.
Then for each R € By, 1 \ By there exist constants Cr and Kg such that

ImRResl <Cr Y w(s, t)®em(QR), (3.48)
QReAX
deg“X(Q*R)>ocX

where Cg depends on R and polynomially on M, and

B
max IW5 © Idu | ip(rir)-
QReA X
degry, (Q*R)>ax

Proof. Theorem covers the special Bj-level case. The B;,-case is proved by induc-
tion on m. The proof is analogous to the proof of Theorem with the exception that

some additional considerations are required on the bound on the Taylor remainder term
RTay/Bn1+1

st

Note that by the special structure (Lemma and Remark of the vector fields
in W¢, nRR;r,iy’B’” = nRRSij’B"’“ for all R € B, hence the components corresponding to
multi-indices of length m + 1 are to be considered.

Recall Remark [3.3.7/and the following facts

(i) By the Taylor expansion (3.43) derived on UPBn+1, the remainder term RTay’B'”“ equals

st

l
Ri g/Berl .. gr3m+1 .
;- (I—! As{t) /0<u1<---<u1<1 Wy, oo W (0w, )duy - - duy.
1=

Ri RIEAY
dean(R2*~'-*Rl)§aX
degHX (Ry#Rp*-+-*R;)>ax

(ii) By Lemma [3.3.5| the coordinate of ng’lB'”“ 0-+-0 ng’lB"’“ (y) corresponding to the
")

multi-index Q € B,,;1 is a sum of terms of the form yé UQ(y , where Q is a multi-
index of length at most m for which there exists a multi-index Q, such that Q = Q *Q,
and U is a product built of coordinate functions of the Vi’s and their partial deriva-

tives.

(iii) By Lemma 3.3.6, the multiplying coefficient (ngl Ag ;) is bounded by

Cla)(s, t)degny (Q),

where C; dependsonly on Q, R = Rj *---* Ry and [.



CHAPTER 3. NUMERICAL SOLUTION OF ROUGH DIFFERENTIAL EQUATIONS 74

(iv) Finally, by Hypothesis [3.4.1} for all Q € By, ‘v;,{,Q}H < uCzw(s,t)dEg“Y(Q) where C,
only depends on R, w(0, T) and polynomially on M; and

iB
max HWQ*ﬁ o ldy ||Lip(Hy,F)'
Q/REA(X)?
degHX (Q*R)>ax

These facts imply the existence of a constant C3 such that for Q € B,,41 \ By and
Ry,...,R; € AE(X satisfying degHX(Rz %% R)) < ax and degHX(R1 * Ry * -+ % Ry) > ay,
the following inequality holds:

1
R; ger 1 §/Bm 1
T ||A' / Wa=mtl o oo o W2 (v, Yduq - - - du
Q { (i:1 s,t> 0<ity << <1 Ry R, ( 111) 1 1}

d R
<G Z w(s,t) iy (R) < Cyw(s, )7
R=Ry,...Ri€ A%
degHX(Rz*m*R,)SocX
degry, (RyxRox---xRp)>ax

where C3 and C4 depend only on Q, Zle |Ri]|, I and polynomially on C.
By definition, for Q € By,41 \ B

u
ol — T[Q./o B {LS}X""X)(X)} (v;)dz.

Then by Lemmas and and by Hypothesis there exists a constant C de-
pending only on Q, w(0, T) and polynomially on Cy4, such that

I qou < uCuw(s, /™,
implying that Hypothesis holds for m + 1. O

The following corollary links the locally derived ODEs to global numerical schemes.

Corollary 3.4.3. Let ax be chosen to satisfy min, _ A AT degyy, (R) > 1. Let the local approxi-
ax
mation DOPE be defined by

DOPE([(s,1),z] = Exp (q>2 {Lgﬁle"@(X)}) (1).

Then DOPE satisfies Condition [3.2.1|with T = w(0, T) and y = ming g it deg, (R):
“x

HnRD[(S,t),z] — an)ODE[(s,t),z} H < Crw (s, t)7
forall (s, t) € [0, T] and z € W where Cg depends only on R, w(0, T), and polynomially

max ”Wé*R ° IduHLip(Hy,r)-
QReA X
degIIX (Q*R)>ax
zeW
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The following corollary opens the door to practical numerical schemes.

Corollary 3.4.4. Let ax be chosen to satisfy min, Al degry, (R) > 1. Let the local approxi-

mation DNOPE be defined by a (numerical) approximation of the solutions to the ODE determined
by DOPE, such that for each R € A,,(HYY there exists a constant Cr not depending on (s, t) or z, such
that

HnRﬁODE[(S’t),Z] _ g DN-ODE [(s,1),2] H < Craw(s, t)7

forall (s,t) € [0, T] and z € W.
Then DOPE also satisfies Condition|3.2.1|with T = w (0, T) and y = minReAk\Af)f degyy, (R).

Remark 3.4.2. Note that 7gDOPF (s, t),z] and mgrDNOPE[(s,t),z] do not depend on the
b ().

geometric ITx-rough path driving noise but only on the local log-signature Ls,t

Hence we can construct numerical schemes using the local log-signature as an input.

Remark 3.4.3. One advantage of approximating the solution of the RDEs in terms of so-
lutions to ODEs driven by vector fields derived through the algebra homomorphism ®, is
that the approximation will not leave the reachability manifold determined by the one-
form f. We will refer to this property as geometric stability. When replacing the solu-
tions of the ODEs with numerical approximations, one might lose this property unless
the ODE-numerical scheme has some built-in guarantees. However, in some of the cases,
it is not known if the reachability manifold is a proper subset of RN. Then the higher
the order convergence the ODE-approximating numerical scheme has, the closer the RDE-
approximating scheme stays to the reachability manifold as well as to geometric stability.
In the next section we abandon the need for strict geometric stability in order to weaken the
conditions on the one-form f while constructing a convergent numerical approximation to
the RDE.

3.4.3 NOTES ON THE LOG-SIGNATURE THEOREMS

Approximation of solutions to differential equations in terms of exponential series can
be traced back to Magnus [29] or even earlier. We have already referred to Strichartz [35]
where asymptotic results on the approximation of non-autonomous ODEs in terms of au-
tonomous ODEs are derived. In the papers by Ben Arous [1]], Castell [4], Hu [13] etc., there
are analogous results for local ODE-based approximations of stochastic differential equa-
tions, some cases articulated as stochastic generalizations of [35]. Global approximations
based on a local stochastic Taylor expansion are standard methods in numerical SDEs, and
we refer the reader to Gard [11] and Kloeden & Platen [15] for further details, examples
and references. Numerical solutions of SDEs based on explicit ODEs can be traced back
to Newton [30] and probably even earlier. We refer the reader to Gaines & Lyons [10] for

further references.
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3.4.4 NOTES ON A SPECIAL CASE

In the previous sections, we showed that a sufficient condition for the global conver-
gence, when applying the local approximation based on solutions to ODEs derived from
the log-signature LS}X’“X) (X) using the algebra homomorphism P, is

Y= min_degy (R)>1.
ReA"\Agf

Recall that the log-signature is in general of the form
k
log(XS,t) = Z XSBSZ =+ E Z (Xg;]) _ X§{£Z)> [Si/ 8]] + ...
=1

1<i<j<k

~

Assuming that the terms X&, corresponding to shorter multi-indices R are easier (cheaper)
to generate, we might be interested in finding the smallest ax for which the global scheme
is still convergent. The increments are part of the scheme by definition. For a particular
special case, the terms corresponding to multi-indices of length at least two can be omitted

from the scheme. This case occurs when for each pair (i,j) € {1,...,k} i # j, the inequality

1 1
de Lj)=—+—>1
SHX( 7) ni P

holds. It is a slight generalization of the (p,q) rough paths introduced by Lejay & Victoir
[21].

3.5 LOCAL APPROXIMATION UNDER WEAKER CONDITIONS

One crucial ingredient to the proof of the Log-signature Theorems was the bound on the
rough-Taylor remainder term. Unfortunately, this bound requires rather strong conditions
on the one-form f. By the Universal Limit Theorem, solutions to RDEs exist under much
weaker conditions, and one might be interested in determining if a tractable numerical
approximation can be constructed under these conditions.

In this section we apply some results of Caruana [3] which are generalizations of the
results of Davie [8]]. In [3], the one-form f is locally approximated by polynomial functions
and a sequence of rough polynomial approximations is constructed. His main reason for us-
ing polynomials is that the polynomial one-forms satisfy more regularities, implying the
existence and uniqueness of solutions (locally).

In this section, we only assume that the one-form f satisfies the conditions of the Uni-
versal Limit Theorem implying the existence and uniqueness of the solution to the
RDE (3.1). In the first step, we show how to construct local approximations using local
polynomial approximations of f, then we apply the Log-signature Theorems to the rough

polynomial approximations in order to construct tractable schemes.
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3.5.1 ROUGH POLYNOMIAL APPROXIMATION OF RDES

Consider the Banach spaces V and W, such that V = V! & - - - @ V¥ for some Banach
spaces V1,..., vk, Let Iy = (p1,...,px) and T = (71,...,7,) denote real k-tuples as in

Definition Let pmax = maxj<j<k pi-
Recall that a one-form f : W — L(V, W) isa (Ilx, I')-Lipschitz one form, if for all s,,, < 7y,
it implies the existence of the functions f;" such that

() f= Y5, f° where f° : W — L(V,W) defined by f(v) = f*(v) o 7ty forallv € W,

() fi": W — L <W®(H'sm), L(V7, W)) fori = 1,...,k taking values in the space of s,-

symmetric linear maps, satisfies
Sm _ Sn - X Sm
Fow= L 7 (u@ o U ?R> R (5 9)0)
Sm<sn<7i degr(R)=sp—sm :

forall x,y € W and u € W®(Ilsn) where R : W x W — L (W®(Hfsm),L(Vi,W)) and

IR G ) || < Mgy llx = || (Vi sm)Pmax

The definition of approximating polynomial one-form is adapted to the case of inho-
mogeneous smoothness from [3].

Definition 3.5.1. Let f : W — L(V,W) be a (Ilx,T)-Lipschitz one-form, Y an element in W
and p a positive real. We define the polynomial one-form approximating f in the ball B,(Y') of
radius p centered at'Y by

py(y) = i Y. £ ( ) (yY)R)
i=1sp=s0+5<7i degy; (R)=sy
forally € B,(Y). Let the function gy : W x W — L(W, L(V,W)) be defined by
pr(x) = pr(y) = av(x,y)(x —y).
Definition 3.5.2. Let z € W and (s, t) € Ar. Consider the RDE
dYi(z,s) = p2(Yi(z,5))dXs, Ys(z,8) = z. (3.49)
Let DP (s, t),z] denote the map assigning Ys(z,s) to [(s,t),z].

Proposition 3.5.1. The operator D? [(s,t),z] is a local approximation (as defined in Definition
satisfying Condition i.e. there exist 4 > 1 and T > 0 and Cg, such that

HnRD[(s,t),z] — rDP [(s,t),z] H < Craw(s, )7

forall R € Agy,for all (s, t) € [0,T], w(s,t) < Tand z € W, where Cg does not depend on (s, t)
or z but depends on R, y and || f || Lip (11, 1)-
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Proof. The proof is a version of some results of Caruana [3]] adapted to the case of inhomo-
geneous degree of smoothness.

Since p, is not globally Lipschitz, the Universal Limit Theorem does not guarantee
the existence and uniqueness of the solution to the RDE on the whole interval [0, T].
However, our aim is to use the solutions on short enough intervals. Let us choose a positive
real p.

Step 1 Let us restrict p, to By(z). Then

1Pelliiprer) < I lpneny (140 + -+ o)

where
I = max{HRH IR € A¥,deg;;(R) < max fy,-} .

1<i<k
Let M be the constant depending on ||p: || i1, r) (and thus on || f|| i1, r), 0 and ),
such that whenever Z is a IT-rough path in B,(z) controlled by @, @(0,T) < 1, then the
II-variation of [h;(Z)dZ, i = 1,2 is controlled by M@, where h; and h; are the one-
forms defined in the proof of the Scaling Lemma corresponding to p, and q,. Define 11 =
min {1, M~ [Pmax] } and let 7, be a positive real, such that

1

N M’l’;i
<p
=1

k(1) —
40|
whenever w(s, t) < 1.
Then the solution Y. .(z,s) exists on [s, T(s)] for w(s, T(s)) < min{t, 1n}; i.e. Y(z,5)

—_

1

does not leave B, (z) in the sense

|

1

w(s,t)d

S,
k(L1
’B qi )

™=z

Yii(zs)| < <p

I
—

whenever t € [s, T(s)].
Step 2
The definition of p, implies that for any positive p,

If - PzHLip(nX,r) < max £ | ip(riy, P me

on B;(z).
By Step 1, if t € [s, T(s)], then Y ,(z, s) is in the ball Bs(z) for

A i Mw(s,t)“%i
o= i1 B~ (%)! .
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Then Proposition implies

HNRD [(s,t),2] — mrDP[(s,t), 2] H

< Cr max { <max Hf||Lip(HX,r){3Wmax)
ReAEYY t

. 5 Pmax —
+ <mlde £l ip(r )0 > } BT, (R)

< CRKRCO(S, t)'?
whenever t € [s, T(s)], where 4 = min;(7; + 1/ pmax) > 1 and Kg depends on R, w(0, T),
||fHLip(l—IX,r) and I'. ]

Remark 3.5.1. In the above theorem we only assumed that V and W were direct sums of
Banach spaces, and we made no assumption of finite dimensionality. This implies that the

rough polynomial approximations lead to local approximations in general.

3.5.2 ODE-BASED APPROXIMATION OF RDES DETERMINED BY POLYNOMIAL
VECTOR FIELDS

In the previous section, we showed that one can construct local approximations using
local rough polynomial approximations on short time intervals. In this section, we show
how one can construct numerical approximations of the solution to the local rough poly-
nomial approximations such that the resulting scheme is a local approximation satisfying
Condition implying that the corresponding global scheme is convergent.

Our aim is to show that the Log-signature Theorems hold for the polynomial one-forms
locally in the following sense.

Proposition 3.5.2 (Log-signature, rough-polynomial case). Let Y be an element in W and
s € [0,T]. Assume that the function f satisfies the conditions of the Universal Limit Theorem

implying that the RDE
dYt(é‘,S) = f(Yl‘(é/S))dXt/ YS(@/S) = é

possesses a unique solution for all ¢ € W and s € [0, T].

Let Vi,..., Vi be the W — W functions satisfying py(y) = (Vi(y),..., Vi(y)) fory € W.
Note that the coordinate functions of each V;(y) are polynomial functions of the coordinates of
(y —Y). For any tree-like set I3, let VAVZ.Z’B denote the vector field on UB generated by Vi, let WeB
denote the set {Wf’B PR W,f’B and let B denote the algebra homomorphism Dyes-

There exists a positive T such that for all (s, t) € At satisfying w(s, t) < T the element ys; € U
defined by

e = Bxp (@4 {1000} ) (). (350
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exists. Moreover each R € AEYY there exist constants Cr such that

Yst (Y/ S) — TTRYs,t

‘ <Cx Y w(s )tsm (@R (3.51)
Q,REAEQ{
dean (Q*R)>ax

where Cg depends on R and || 1| iy (11, ay)-

Proof. Let us choose a positive real p and let T denote the corresponding positive real num-
ber determined in the proof of Proposition 3.5.1}

The proof of the Log-signature Theorem is based on the comparison of the Taylor
remainder term and the rough-Taylor remainder term. Considering intervals of length at
most T, we get the required bounds on the rough-Taylor remainder term just as in the
original case.

A non-trivial difference arises when bounding the Taylor remainder term, as we have
to be sure that the solution to the ODE exists and does not get to far. Thus one can bound
the coordinate functions of the vector fields. Let us consider the case ||R|| = 1, i.e. when
B = B;.

We show that the function

e {Lg}}wm} (3.52)

is bounded in B, (Y) for any positive p. For this purpose, recall the representation (3.3.5)
of the coordinate functions of Wﬁ’B 'oId, R € A"x proved in Lemma and recall the

representation (3.37)-(3.38) of (3.52).

In the previous section, we have seen that the coordinate functions of the V;’s are poly-

nomials of degree at most /, where

l= max{HRH IR € A¥,deg;;(R) < max ’yi}.

1<i<k
Then by Lemmam the coordinate functions of WY/51 o Id are polynomials of degree at

most L := lmaxReAB}? IIR||. Hence

max [ W78 01| <y o1

where C; depends only on || f|| iy, r)-

By equations (3.37)-(3.38), we have

max &8 {LINI 00} @) < a+pG | X wls ™ (3.53)
XEBP(Y) ReAHX
rx

where C; depends only on Ilx and ax.
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Let 9. be the solution to the following ODE in B, (Y):
do, = ®'B {LS}X’“X)(X)} (vy)du, vy = 0.

The inequality (3.53) implies the existence of a solution to the above ODE, however the
solution might leave B, (Y) for 0 < u < 1.
Let us choose T3 to satisfy

degyr, (R) 1Y
<
L G =1+ ph)G

ReAaH)?
Such T3 trivially exists.

Then for (s, t) € A, w(s,t) < 13, we can determine a bound on v, u € [0,1] to be
[oul| < up

implying that the solution path on the interval [0, 1] does not leave B,(Y).

Define © = min{7, 13}. Then using the above estimates, and the exact same arguments
as in the proofs of the Log-signature Theorems (i.e. induction on the parameter m of UP")
on subintervals [s, t] of [0, T] satisfying w(s, t) < %, the assertion is proved. O

Corollary 3.5.1. Assume that the one-form f satisfies the conditions of the Universal Limit Theo-

rem Let a satisfy
y= min_deg (R) >1.
ReA"\Agf X

Let DPODE denote the local approximation determined by (B3.50), i.e. the one based on the solu-
tion to the ODE driven by the vector field derived from the log-signature Lg?x’“X)(X) using the
algebra homomorphism ® corresponding to the local polynomial approximations of the vector fields
Vi, ..., Vi

Then DPOPE satisfies Conditionwith min{vy,§} > land t > 0, where 4 is determined
in Proposition [3.5.1)and 1 is determined in Proposition[3.5.2}

Finally, Corollary and Theorem imply the global convergence of the global

scheme based on the local approximation DPOPE,

Remark 3.5.2. One might prefer to use polynomial vector fields in practice because
(i) polynomial vector fields are easy to implement,
(ii) itis easy to implement the Lie-bracket operation for polynomial vector fields,

(iif) and specialized numerical solvers exists for ODEs driven by polynomial vector fields.



CHAPTER 4

NUMERICAL SOLUTIONS OF STOCHASTIC
DIFFERENTIAL EQUATIONS

In this chapter we consider Stratonovich stochastic differential equations on RN of the type
p q Yp

dg = Vo(&)dt+ Tk, Vi(&) o dBj } a1

o = X0
where B; = (B}, s, Bi‘ )T denotes a k-dimensional Brownian motion and the coefficient
functions Vi, i = 0,...,d are smooth and bounded RY — RN functions with bounded

derivatives up to a certain order (to be specified later).

We consider (a.s.) path-wise approximations of the solution to the above SDE on an
interval [0, T] (assigning an element X7(D) € RN to each partition D of [0, T]). An approx-
imation is said to have strong order y if

1/q
| <cpp

E||er - Ze(0)|
for some norm || - || on R" and integer g where |D| denotes the mesh size of the partition
D.

The aim of this chapter is to develop high order numerical schemes path-wise approx-
imating the solution’s signature on [0, T]. The construction of the schemes is based on
techniques somewhat similar to the ones used in Chapter 3}

4.1 PRELIMINARIES

In this chapter, we will use the notation V = R¥*! and W = RY. The objects considered
in this chapter are indexed with multi-indices from the set A = ;> {0,1,...,k}. IfR € A,
then the length of R is denoted by ||R||. We define the degree of R = (ry,...,1;) € Aby

Rl +card{r, =011 <i<]
deg(R) ::deg(rl,._-,rl) = || || {12 | <1< }

We work with objects similar to those introduced in Chapter 3} formally corresponding to
the (k4 1)-tuple Ilx = (po,...,p1) = (1,1/2,...,1/2) and N-tuple ITy = (q1,...,9n) =
(1/2,...,1/2). We will also use the notation A''x = 4 and A,

82
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We fix the positive reals ax and ay, and recall the definition of the truncated tensor
algebras T(Mx2x) (V) and Tv2v) (W),

Let B; denote the set {R € ALY | |R|| = i}. Let B € ALY be a tree-like set (ref. Defini-
tion[3.2.1). Let us recall Definition[3.3.9|of the set of vector fields W#F := {WS’B e, W]f’B }

where z € W. Let ®># denote the corresponding algebra homomorphism.

4.2 ESTIMATES OF STRATONOVICH INTEGRALS

In this section we recall some properties of the Stratonovich and the It0 integrals. Let
¢. be the solution to the SDE (4.1)).
Now recall, that given two continuous semi-martingales X; and Y;, the Stratonovich

integral satisfies

/'xodyz/'XdYJr;(X,w., 4.2)

where [* XdY denotes the Itd integral and (X, Y). is the cross-variation process.

To simplify the notation, we introduce BY := t; i.e. the Oth coordinate of the Brownian
motion is the time. One collection of basic objects in the paper is given by the Stratonovich
iterated integrals.

Definition 4.2.1. Given a multi-index R = (ry,...,1¢) € AE; we define the Stratonovich

iterated integrals as
BR, .= / odB oo dBl* 4.3)
’ S<h < <tp<t ! k

BR.(Y) ::/ Y 0dB] o---odB]} (4.4)
s<h <<t <t

for an integrable process Y;.

The analogous 1t0 iterated integrals are denoted by Dfs and Dfs (Y.) respectively.

We will mainly work with Stratonovich iterated integrals, but for some cases we will
need the It6 forms. To derive a general Stratonovich-It6 transformation we need the fol-

lowing relation between multi-indices.

Definition 4.2.2. Let us regard a partition (Ry,...,R;)) € ALY of a multi-index R, ie. R =
Ry - % Ry for some | such that deg(R;) < 1fori =1,...,1. and suppose there exists a multi-
index Q which can be partitioned into sub-indices Q1, ..., Qy such that Q = Qq * - -+ x Q; and
foreachi = 1,...,1 either R; = Q; with both length 1 or R; = (j,j) and Q; = (0) for some
j€{1,...,k}. Then we will say that Q is related to R through the partitions (Q;, ..., Q;) and
(Ry,...,R;) and denote this relationship by

R~ Q.
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Note that if R ~ Q, it is only possible through one particular pair of partitions (Q1,..., Q)
and (Rl, . .,Rl).
We define the function v :€ Ax x Ax — N by

V(R Q) = card{i |1 <i <1, R; # Q;} if R~ Qthrough (Q1,...,Qy)and (Ry,...,R))
Sace 0 otherwise
Example 4.2.1. Let R = (0,0, 1,2,2,2), the following multi-indices are related to R:
(0,0,1,2,0),(0,0,1,0,2), (0,0,1,2,2,2).

Applying the definition of the Stratonovich integral, we can derive

t s i . t s . . 1 t
/ / odBl o dBl — / / dB.dB] + 6~ / 4B
0o Jo 0 Jo 2 Jo

where §;; = 1if i = jand 0 otherwise. Using this assertion repeatedly, we get the following
general formula:

Lemma 4.2.1. For any multi-index R € A

1
R } : Q
Pt = fh 2V (RQ) D (4.5)

Following Kloeden & Platen [15], we introduce the classes of functions Hg for R €
Allx,

Definition 4.2.3. Let H, denote the set of adapted RCLL almost surely bounded functions f. For
ie{0,1,...,k}, et H(i) denote the set of adapted RCLL functions f almost surely satisfying

t
/ |f(s,w)|*>~%ds < oo, for t € [0, T].
0

For R = (r1,...,1;) and ||R|| > 1, H is defined recursively as the set of adapted RCLL functions
satisfying
Doy {f( w)} € H.

Again, by ([@.2), for the integrable process ¢; and smooth function f : RN — R such
that f(¢.) € H;) fori € {0,1,...,k} and WE’Blf(C.) € Hp), we get

[ f@)oas, = [ FE)an)+ (- a0y [ WER (@B,

This implies
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Lemma 4.2.2. Let {.(z) denote the solution to the SDE started at z € W. For any multi-
index R € AYx and a function f : W — R such that f(&.(z)) € Hg foreach Q : R ~ Q and
W%’Blf(é.) € Hgx(0) for each Q : —R ~ Q, we have

BY(f(E()) = RZQZV(lmDSt(f(C.(z)))

+(1-G0); z o DS (DL WERFE (). @)

The set of function satisfying the above conditions for all z € W is denoted by Hg(E.).
Remark 4.2.1. Note that the Itd6 form of a Stratonovich iterated integral of the type

corresponding to a multi-index R has a term corresponding to an all-zero multi-index of
degree deg(R) if and only if R = Ry * - - - * R; such that either R; = (0) or R; = (j, ) for all
i=1,...,land for some 1 < j < k. Note that in this case, deg(R) is an integer.

We will base our estimates on the following lemma.

Lemma 4.2.3. Let g > 1 be an integer. There exists constants C depending only on q and T such
that fori € {0,..., k}and f(Z.) € H;

L t
Bl [ f@)as ] "< cuog [ElifenE) Man

There exists a constant Cr depending only on the multi-index R, q and T such that

E || D,

E [|DE,(£(2))

}1/2‘7 CR(t _S)dEg(R)

Cr(t —s)™™®) sup E [|[f(&)|>]"
t€[0,T)

< Cr(t—s)™W]|f |l

i|1/2q

assuming that f(¢.) is a function in Hg.

We refer the reader to Lemma 5.7.5 of [15] for proof.
The error of the numerical schemes we consider in this paper can be represented in
terms of iterated integrals. The following lemma is the key step for determining an upper

bound on the global error.

Lemma 4.2.4. Let g > 1 be an integer. Let D = {0 = tp < t; < --- < t, < T} be a partition
of [0, T|. For each multi-index R € A where ax > 1, there exists a constant Cr depending only
on R, qand T such that for any f(C.) in Hg, the following inequality holds

2q 1/2q
{Sup (Z Dii i ( >
1<j<I

1/2
< Cr[D|" sup E [||f(&)|*] "
te[0,T)

< Cr[DI"|flleo (4.8)
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where
(i) m = deg(R) — 1 if deg(R) is an integer
(i) m = deg(R) — 1/2 otherwise.

One can derive the proof for the above Lemma by applying Lemma and Doob’s
inequality, exploiting the fact that in the case deg(R) is not an integer, the terms of the sum
on the left-hand-side of the expected value (4.8) are orthogonal. A detailed proof of the
g = 1 case can be found in Chapter 10 of [15]. The proof of the g4 > 1 case is analogous.

The Stratonovich version of Lemma is as follows.

Lemma 4.2.5. Let ¢ > 1 be an integer. Let D = {0 =ty < t; < --- < t, < T} be a partition
of [0, T]. For each multi-index R € A there exists a constant Cr depending only on R, q, k and T,
such that for all f in Hg(C.), the following inequality holds

1/2q
1/2q
su B < Cr|D|™ max sup E WgB1 2q
Lgl (Z ) ] RID| deg@gm{te[o% IWE™ £ 1]

< Cg|D WEP £]|oo 4.9
D" max {IWG" ]} *9)

where
(i) m = deg(R) — 1 if an all zero multi-index is related to R
(i) m = deg(R) — 1/2 otherwise.

Proof. By the triangle inequality and Lemma

l 2 1/2q
. qup szfl,txf@.))) ]
1<j<li=1

<ZE[sup(

j 1/2q
Y o <f<¢.>)) ]

. 1/2q
] 1
+(1_50,1’1) Z E |:Sllp (Z 21/(R,Q)Dg1,ti(Dg—h-(wrélﬁlf(g')))) :| .
i=1

—R~Q 1<j<

Then Lemma and Remark imply the assertion. O

The following lemma is a special case of Lemma
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Lemma 4.2.6. Let ¢ > 1be an integer. Let D = {0 =ty < t; < --- < t, < T} be a partition
of [0, T]. For each multi-index R € A there exists a constant Cr depending only on R, q, k and T,
such that for all f in Hg(C.), the following inequality holds

i 2g 1/2q
] 1/2q
E || su &) BE L < Cr|D|™ max sup E ||[WEBF(&) )%
<1§jI§)lizzlf( £ 1) t,1,t,> | | deg(Q)<1/2 tg[og”] [H Q f( t)” }
< Cgr|D|™ Wb o
< GlP deg%g?gl/z{u ¢ fll }
where

(i) m = deg(R) — 1 if an all zero multi-index is related to R
(i) m = deg(R) — 1/2 otherwise.

Lemma 4.2.7. Let ¢ > 1 be an integer. Given the multi-indices Ry, ..., R; € A, there exists a
constant C depending only on Ry * - - - x Ry, T, I, k and q, such that

1/2q
< C(t — 5)25:1 deg(R;)

2q
E

Lo
[ 1B
i=1

The lemma is a corollary of Lemma Lemma and the fact that for the multi-
indices Q = (q1,.-.,9m) and R = (r1,...,14)

BOBR, = / odBI! - o dB” / odB!! -+ o dB
s<U < <uUpy <t s< < <o <t

- T

oeShuffles(m,n

-1 —1
o 1(1) o~ (n+m)

/ odBwl 00 dBwn+n1
) S<W < <Wiy <t

where Shuffles(m, n) is the subset of all permutations of {1,2,...,m + n} such that ¢ €
Shuffles(m, n) if and only if

c(l) <o)< ---<o(m)ando(m+1) <o(m+2)<---<o(m+n).
4.3 APPROXIMATING TERMS CORRESPONDING TO MULTI-INDICES IN 61

In this section, we connect the asymptotic estimates of Ben Arous [1], Castell [4] and Hu
[13] with the Rough Paths perspective. The integration theory used is the one by It6 (ref.
e.g. Ikeda & Watanabe [14]) and the existence of the solution for the SDE is implied
by the well known results. The results are somewhat standard, and we refer the reader to
Gard [11] and Kloeden & Platen [15] for further details and references.

Firstly, we construct approximation of the terms of the signature indexed by multi-
indices of length 1. Then, in the next section we extend the approximations to the higher

order terms of the signature by induction.
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4.3.1 GLOBAL CONVERGENCE THEOREM

We consider numerical schemes on [0, T] based on local approximations derived from
the ax-truncated log-signature of the driving noise. Let us denote T('*r) (W) by U and
recall the definition of U? for a tree-like set 3.

Definition 4.3.1. Let B € .Aanyy be a tree-like set.

(i) The functions from At x W x U® to a UB-valued probability space are referred to as local
approximations on U”.

(ii) For a positive integer i, let D; denote the local approximation assigning X(L,{f f— X(l)l: " to
s, 1), 2, XU, where XY™ is the solution to
t Xé)l s 0

. k B: . .
axy = Y Wi o 1d(X{,') o dBj, X5 = x.

j=0
(iii) For a positive integer i, let D; denote the local approximation, assigning

) Iy,
Exp (05 { LI (B) } ) (x)
to ((s,t),z,x) € Ar x W x UBi
(iv) Given a local approximation D on UP and a partition D = {0 =ty < --- < t, = T}, the
corresponding global approximation scheme )A((%f? = f(g;(D) is defined recursively by
SiB
(@) XL, =0
(b) f(gil = D|(to, 1),y 0]
SiB SiB = SiB
(c) Xg]tiﬂ = X%,ti +D [(ti, ti+1),é, X%,ti]
(v) The local error corresponding to the ith step of the scheme f(g{?(D) generated by the local
approximation D is defined by
=178 — =178
Ei b = D[(ti tis1), & XL ] — D[ (ti, tis1), & XJL ).

(vi) The auxiliary process Y = Y(D) : [0, T] — UP associated with )A((%I?(D) is introduced as
follows:

Y, = Xl + T [y VB (Yy) 0 dB] ift € [t ti1)
t - X j .

i.e. Y; satisfies an SDE on each sub-interval [t;, ti1).

We recall a version of Gronwall’s inequality.
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Lemma 4.3.1. Let s, t € R, s < t and suppose that b,c and r are R — R functions such that b is
continuous, ¢ is continuously differentiable and r is piece-wise continuous on [s, t], and furthermore

r(u) <c(u)+ ' b(v)r(v)do.

S

Then

r(u) <c(u)+ ! b(v)e(v)ells tldo.

S
This version of the inequality is proved in the textbook [34].
Now we give a bound on the global error provided by a numerical scheme generated
by pasting together local approximations.

Theorem 4.3.1 (Global convergence of strong approximations, the case of 31). Let ¢ > 1 be
an integer and m > 1 be a real number. Let D be a local approximation on UP' such that there
exists a constant C(q), not depending on the partition D = {0 = tp < --- < t, = T} orn,

satisfying
2g 1/29

< c(q)|D|". (4.10)

i
E | sup

0<j<n—-1

Et; b
i=0
Then there exists a constant Cy depending only on k, q and linearly on HVWE’B1 o Idw|| and
||VI/VE]’.B1 oldwlle fori=0,...kand j =1,...,k such that the global error is bounded by

e[y -z @] < coee o

for each partition D of [0, T].

Proof. Note that the conditions on the vector fields imply that the SDE possesses a
unique strong solution. Consider the auxiliary process Y. = Y.(D) introduced in Defini-
tion and corresponding to the partition D, the tree-like set B; and the local approxi-
mation D. Note that Xg? — 5\(8{? (D)=¢r—¢—Yr.

By definition, we have

. 2q 1/2q
1/2q b eB B '
Efle—¢ =Yl < B ||Y [ Vi®E - - Vi) odBl
=0
j 2g 1/29
+E sup Z Eti/ti+1 (411)
0<j<n—1||i=0
Let us introduce the notation
1/2q

r(t) = E [||& — & — Y4 ||*]
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By Lemma Lemma and the boundedness assumption on the coefficient func-
tions and their derivatives, there exists a constant C; depending only on k, g and linearly
on [|[VWF o Idy||e and [[ VWS o Tdyy||es fori = 0,...kand j = 1,..., k such that

1/2q

2q ;
< Cl/ r(u)du.
0

E

kot ‘
Y [ VES e - ) - Vi (L) o dBl
j=0

Then applying Gronwall’s lemma on the functions r, b = K and

2g 1/2q

j
Z EtiltHl

i=0

c(t):=E sup

OS]‘Sl’Zfl, tjgt

we get
E [Igr — & = YrlP] < c(T)eT®.

The assertion is thus proved.
O

Corollary 4.3.1. Let g > 1 be an integer and m > 1 a real number. Let D1 be a local approximation
on UP1 such that there exists a constant C not depending on (s, t) or z, such that

D1[(s,t),z,x] = D1[(s,t),2,x] = Mss(z,x) + Ny (2, x)
and

IE [Msrt(z, X) ‘fs] - 0
E [|Mys(z,x) 2] < c(t—s)mt1/2
E [[|[Ne(z,2)2]% < C(t—s)mt!

IN

IN

forall (s,t) € A,z € Wand x € UB, where (F)s>o is the completed filtration generated by the
Brownian motion B.

Then there exists a constant K depending only on C, k, g and || VW?’B1 o Idw||e and || VWEJCB Lo
Idwl||e fori=0,...kand j =1,...,k, such that the global error is bounded by

B SUB 1/2q
E [IIXg7 = X7 (D)) < K[D|",
for each partition D of [0, T].

Proof. Note that

2q
<G

2q 2q

+C, (4.12)

!
Z NtirfiJrl

i=0

1
2 Mtirti+1

i=0

1
Z Eti/tHl
j=0
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for a constant C; depending only on g. Given the assumptions on M, the first term on
the right hand side of is a discrete time sub-martingale indexed by I. Then using the
conditions of the Corollary and applying Doob’s inequality and the orthogonality of the
terms in the first sum on the right-hand-side of (4.12), the condition of Theorem
is satisfied, and hence global convergence of order m is implied. O

4.3.2 THE STOCHASTIC LOG-SIGNATURE THEOREM

Recall the stochastic Taylor expansion (ref. [15]).

Lemma 4.3.2 (Stochastic-Taylor expansion). Let g > 1 be an integer and m > 1 be a real
number such that 2m is an integer. Let BB be a tree-like set, let &. be the solution to the SDE (4.1)
and let X; = & — &. Assume that f is an RN — R function, twice continuously differentiable.
Then

fX)=fx)+ ¥ BEWEEF(x)+ L BR{WEEFx)}. @1y
deg(R)<m deg(—R)<m
deg(R)>m

In particular, applying (4.13) coordinate-wise on the identity function,

X=X+ Y BEWEx)+ Y Bﬁt{wg’g(x.)} (4.14)
deg(R)<m deg(—R)<m
deg(R)>m

where the last term is referred to as the remainder and denoted by Riffd’(m)

Moreover, there exists a constant C depending only on k, m, q, and T, such that

1/2q
1/2
E[IRp )] < ¢ ¥ (69" E | sup [WEF o 1a(X,)]
deg(—R)<m s<u<t
deg(R)=m+1/2
1/2q
+C Y (t—s)"E | sup [|[WEF o Id(X,)[?] (4.15)
deg(—R)<m s<u<t
deg(R)=m+1
< C Y (s wWEE o d|le
deg(—R)<m
deg(R)=m+1/2
+C Y ()" WL o Id]e (4.16)
deg(—R)<m
deg(R)=m+1

The proof is based on the repeated application of It6’s lemma:

d
df(Yy) = ;wlg'g(f<yt>> odB,
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for any RN — R function f twice continuously differentiable on [s, t].

The numerical schemes introduced later in this chapter are based on ordinary differen-
tial equations driven by a vector field derived from the log-signature of the driving path.
For this purpose, we introduce the following notation.

Definition 4.3.2. Let n be a positive integer, a a positive real number, I1 an n-tuple (either I1x
with n = k or Iy withn = N), and let X : [0, T] — R" be an integrable semi-martingale. Let
{e;,i € I} denote the canonical basis of R". Let TV (IR") denote the truncated tensor algebra:

TUA)(R") = Span {er =/, ® - ® ¢y, | R= (r1,...,71), deg(R) < a, | € N}

We define the (random) Stratonovich signature of X corresponding to the interval [s,t] C
[0, T] by

X, =y SR/ 0dX7! - 0 dX]). i
% R=(r1,...,7) S<Up<---<up<t
deg(R)<w
1eN

Moreover, let the (random) Stratonovich log-signature corresponding to the interval [s, t] C
[0, T] be defined by
I 0 o«
L™ (%) = Tog™ ) (xs,)

st

where log ™) denotes the logarithm function on T (R™).

Remark 4.3.1. The Stratonovich log-signature is almost surely an element of the free Lie
algebra generated by {¢;,i € I} (ref.: Remark 4.6. of Lyons & Victoir [28]).

Theorem 4.3.2 (Stochastic log-signature theorem, the case of By). Let g > 1 be an integer.
Let z be an element of RN and let m be a positive real number such that 2m is integer. Assume that
WE’B "o Id are in Hg(¢.) for each multi-index R of degree at most 2m. Let X. be the solution to the

SDE
k

dX, =Y Vi(X,+¢)odB], X; =z (4.18)
i=0

Let s+ be defined by
IIx,
ysr = Exp (@5 { LG (B)}) (2),
and let the local error be defined by R (m) = X; — ys . Then there exists a constant C depending

onlyonk, m, q, T and linearly on
max H Wg’Bl

deg(R)<2m 0
such that
1/2
E [||Rse(m)]|?] "7 < C(t —s)™+1/2, (4.19)
Moreover, if m is integer, then
E Y. MR Rs+(m)| Fs| = 0.

deg(R)=m+1/2
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where (Fs)s>o denotes the completed filtration generated by the Brownian motion B.

Proof. Step 1
The first step is analogous to the proof of Theorem Note that the conditions on

the vector fields imply that the SDE (4.18) possesses a unique strong solution.

(Ix,m)
s,t

Recall, that the log-signature L can be represented in the form

(Ix,m) _ Ry R
Ls,t (B) - Z Z aRy,..., RzBs,t T Bs,t
deg(R)<m \ Ry*---*Rj=R
leN

where each constant ag, . g, depends only on Ry, ..., R; and k.
We introduce the notation

R R
Ast = Z aRllelBs,tl e Bs,é'
Rl* *Rl:R
leN
Then we get
&b {Lg?er)(B) = Z Agthl o Idy.
deg(R)<m

Let v, denote Exp (uCI)g'Bl {Lglx’m)(B) }) (z), which exists and is unique due to the
conditions of the theorem. With analogy to the proof of Theorem we expand v;
around vp up to remainder terms of degree at least m + 1/2 and at most 2m. The ODE-

Tay,Bl (m) .

Taylor remainder term of the expansion is denoted by Rs,t

stoch,3; ( m)
7

Recalling the definition of the stochastic Taylor expansion’s remainder term R,

we get
Xi =y = RO (m) = R (m).

Then Lemmas and imply the L? bound (#.19) on the local error.

Step 2

The last part is implied by the representation

MR(Xi—ys) = ), S {mr(Lss(B))} o Id(X;)
deg(R)=m+1/2 deg(R)=m+1/2

i.e. the degree m + 1/2 level of the local error is the sum of Stratonovich iterated integrals
and the fact that no all-zero multi-index is related to R if deg(R) is not integer (ref. Remark

4.2.T) and by Lemma O

Now we link the stochastic log-signature theorem to Corollary

Corollary 4.3.2. Let q > 1 be an integer. Assume that ax > 1. Let D be a partition of [0, T| and
let )A(HB1 (D) denote the numerical scheme generated by the local approximation Dy on UB, such

that there exists a constant C not depending on (s, t), z or x, satisfying

b N

E [Hﬁl [(s,t),z,x] = D1[(s,t),2, x| < C(t —s) L+, (4.20)
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Furthermore, assume that Wg’Bl o Id arein Hg({.) for each multi-index R of degree at most 2| ax |.
Then there exists a constant Cy depending only on k, q, T and linearly on
WEP' o Idw|| o,
s B |V © 10
and | VWEP' o Tdw || and [|[VWEP o Tdy || for i = 0,...kand j = 1,...,k, such that the
global error is bounded by

B ~11B 1/2q
E [[IX{7 - X7 (D)2 < K[|,
Proof. Theorem implies that the conditions of Corollary are satisfied. O

Remark 4.3.2. When the scheme based on the local approximation D is implemented using
an ODE numerical solver, the inequality (4.20) determines a sufficient condition on the
accuracy of the ODE scheme to preserve the global rate of convergence |ax |.

4.4 APPROXIMATING TERMS CORRESPONDING TO MULTI-INDICES IN [3;, FOR
h>1

In this section, we construct approximations of the solution’s signature by extending

both the log-signature theorem and the global convergence theorem to the tree-like sets ;
(i=1,...).

Theorem 4.4.1 (Global convergence of strong approximations, the case of Bj, h > 1). Let
q > 1 be an integer. Let m > 1 be a real number and h be a positive integer. Let Dy, be a
local approximation on UPr such that there exist a constant C(q) not depending on the partition
D={0=ty<--- <t, =T} orn,satisfying

i 4q 1/4q
ZEtirti+1 < C(q)’D’m (4-21)

i=0

E | sup
0<j<n—1

Then there exists a constant L(q) depending only on C, k, q and on HW};’Bl o Idw||e for ||R|| <
h+1and HVWE’B] o Idw||e and ||VI/\7E]’.B1 oldw|le fori =0,...kand j =1,...,k, such that
the global error is bounded by
By 1B 2] 120
[ [xi5 -5z o' < il 42)

for each partition D of [0, T].

Remark 4.4.1. Note that the on the left-hand-side of inequality .21) the norm is the L%
norm, whereas on the left-hand-side of (#-22) the norm is the L?7 norm. The extra regularity
in (4.21) required due to technical reasons (see the proof of the theorem).
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Proof. Step 1

Let p > 1 be an integer. Lemma implies the existence of a constant K; (p) depend-
ing only on k, p, T and linearly on HW?’B1 o Idw||e and HW(%.’?; o Idylle fori =0,...kand
j=1,...,ksuch that

E [HXKVS mmp =E {
/wmom(xw) dBi + - Z/ WEB o 1a (XY, ) du

gzk:{cs%/ [Hwé&old (xgvu)] ]W u}m
i=0

+), {Cs IE wibo Id(XOu)

k

Z/OSW(XXYﬁg)odB;

i=0

=E

2}7] 1/2p

0

o}

< Ki(p)s'/?

for all s € [0, T|], where C is the constant introduced in Lemma
Using Lemma recursively, one can prove the existence of a constant Kj(p) de-
pending only on k, p, T, and HWI‘:{’B1 o Idw||e for ||R|| < h + 1, such that

1/2
Zp]l/zp [ Zp] /2p

/ X v (X, +¢) dB;
i=0
1 s Q** dh—1 w qn w
+(1 - 501%71)5 /0 XO,s Vz (XO,M + g) Vz (XO,u + g) du

E[Hx&

/ X$ v (XY, +¢) o dB]

- . 2p 1/2p
. ; /0 X% W (vir (e, +€) ) ]
1/2
< g{c&o | MX&V? (Xt +¢) Hz'g] Updu}
S B 27 1/ 1/2
+(1—dog, ) {Cs/o E [ngs Vit (X(I;\,/u —1—5) Vi (ng/u +C> H } du}

iy {CS /Os E [nggw}m) (v (4, +¢)) HZP] " du}l/z
i=1

< Ky(p)s"’?
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for all s € [0, T] and multi-index Q = (q1,...,q,) € An of length I (formally defining
X5, =0if [Qll <2).
Step 2
Let us fix a partition D of [0, T]. Let Y be the auxiliary process corresponding to the
tree-like set B, and the partition D. Then the following inequality is implied for any multi-
index R = (rq,...,r;) with length I at least 2:
21 1/2q

k t .
’ { 5 [ ¥ 8+ €)Y 4+ )
j=0
< IE |: Z/ ng r; XOS+(:) rl(YOs+€)> Ong

26/] 1/2q

] (4.23)

The first term on the right-hand side of (4.23)) is bounded above as follows:

o[

t .
+E (X8 = Y87) V' (Yt + &) o dB]

5 (V)X +2) = V] (X +0)) o dB]

20]] 1/2q

5 (VO +2) = v (YEh +¢)) dBl

el

HO =05 )y [ XV O+ ) (VO 0) = VIO + ) s

q] 1/2q

+3 Z/x WER (XL +8) (VO +8) = V(Y +) ) s

<C {/ [Hx ] 1/24 [ng"s —Yg\,/s 4q]1/2‘7d5}1/2
e { [ ] e v ﬂ””ds}m

where C; depends only on g, k, T and on ||W1-C’Bl o Idw||co, HVWE’Bl o Idw| e and HVW]%B1 o
Idy]||e fori=0,...kandj=1,...,k.

(4.24)
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Similarly, a bound on the second term can be derived as follows:

koot 2q] 1/
L (Y v+ 2 ca ]
=0

t 2q 1/9 172
<G /0 E [Hx&; — Y& } ds
1/2

e { [E [HX&J B ‘qu]w ds} (4.25)

where C; depends only on g, k, T and on HWF’B1 o Idw||e and HWE}BI oldw|le fori=0,...k
andj=1,...,k

Step 3

Now we prove the assertion by induction. The & = 1 case is equivalent to Theorem
Assume that i > 2 and for each I € {1,...,h — 1} there exists a constant L; de-
pending only on C, k and on ||W1é;’81 o Idw||e for ||R]| < 1+ 1 and ||VWZ.C’B1 o Idw||e and
IVWEB o Tdy || for i = 0,...kand j = 1,...,k, such that

E

E | |xt7 —Xii7 (D) < L|D|

for each partition D of [0, T]. Then Step 1 and Step 2 imply

e[ v

< {C1K(2q) (Ky—1(29) + Ky—2(29)) + Co(Ly—1 + Ly—2) + C(q)} VT|D|",
where Ly := Kp := 0 and K(2g) is the constant introduced in Theorem ]

Theorem 4.4.2 (Stochastic log-signature theorem, the case of Bj, h > 1). Let q,h > 1 be
integers. Let z be a UPr-valued Fs-measurable random variable such that E [||z|*1] < oo and
ntez = 1. Let m be a positive real number such that 2m is integer. Assume that ng’B Yoldarein
Hr(E.) for each multi-index R of degree at most 2m. Let X. be the solution to the SDE

k .
dx, = Z ‘/igflgh (Xu) o dBL, X = z. (426)
i=0

Let s+ be defined by

yr = Bxp (@5 {LI (B)}) (2),
and let the local error be defined by R (m) = X¢ — ys . Then there exists a constant C depending
onlyon g, k, m, h, T and HWI%B1 o Idw||eo, deg(R) < 2ax, such that

1/2q

E [|[Ras(m)|21)* < C(t —s)m 4172 [E[Hnus“zuz"} +1] (427)
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Moreover, if m is integer, then

E ) TR Rt (m)|Fs| =0, (4.28)
deg(R)<m-+1/2

where (Fs)s>0 denotes the completed filtration generated by the Brownian motion B.
Proof. The proof is again based on comparing the remainder term of the stochastic-Taylor
expansion to the remainder term of the ODE-Taylor expansion.
Step 1
Recall that
% B {Lglx m } Z ARWEBi o 1d.
ReAm

Let v, € UP" denote Exp (uCDQBh {LS(I;IX"Z)(B)}> (z) ie.
v, =2+ [ &5 (LI (B)} (0:)dz
0 :

vy, exists almost surely since W%Bl o Id are are in Hg(¢.) for each multi-index R of
degree at most m and since z is square integrable. Moreover, there exists a constant C;
depending only on k, T, g and H Wg’Bl old H for deg(R) < m such that

1/2q 1/2q
E [llef1] ™ < E [lawzl] " + G
By induction on [ using Lemmas and one can prove that for any multi-index
R e B
ofl =Ry Yy AP / (P, R, Q,07)dz

IQII<IIRIl pe a}ix

where U(P, R, Q, ) is a product of the coordinate functions of Vi‘: fori € {0,...,k} and
their (multiple) partial derivatives. This implies the inequality for each R € B,

2971/ 1/2
EUU q} gcl[lg[unug,zm ‘7+4

where C; is a constant depending only on k, ¢, T, I and H Wg’B Yold H for each deg(P) < m.
Step 2
Recall from the proof of Theorem that the remainder term of the ODE-Taylor ex-

pansion is of the form

Tay,B),
Rs,t (m) =
!
Z HAE; / ng’]Bh 0---0 WI%B;Z o Id(vy, )duy - - - duy.
Ru...R EA“X i=1 ! O<uy<---<uy<1
SPRIN|

deg(Rz* *R1)<m
d@g(R]*Rz*---*R[)>m
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The combinations of Step 1 and Lemmas and imply that for any Q € By,

; o 1/2q
E AR 7 / Wb old(vy,, )duy---du
! (E s,t> Q O<iy <<y <1 Rix--xR; ( ul) 1 )

1/2
< Co(t —s)tsRie=R) §= {IE [Hnugh,lzuzﬂ gt 1]
1<l
where C depends only onk, g, T, Q and HWI‘%’Bl o Id” for deg(R) < 2m.
Step 3
Similar arguments as in the previous step and the combination of Lemmas and

4.2.7|and Step 1 of the proof of Theorem 4.4.1|imply that
P p ply

2q 1/2q

[l on ] < e || r s o)
deg(—R)<m
deg(R)>m

< Kh(t _ S)(m+1/2) []E [HﬂuthZHZq} 1/2q I 1:|

where K, only depends on k, g, T, and HWI%Bl o IdHOO for deg(R) < m + 1.
The inequality is implied by Steps 2 and 3.
Step 4
The equality is implied by the representation

(Xt —yse) = ), PE{mr(Les(B))} o Id(Xs)

deg(R)=m+1/2 deg(R)=m+1/2

i.e. by the fact that the degree m + 1/2 level of the local error is the sum of Stratonovich
iterated integrals and the fact that no all-zero multi-index is related to R if deg(R) is not
integer (ref. Remark[4.2.1) and by Lemma

Ul

Now we connect Theorems and

Corollary 4.4.1. Let g > 1 be an integer. Assume that ax > 1. Let D be a partition of [0, T| and
let )A(U (D) denote the numerical scheme generated by the local approximation Do, on U, such that

there exists a constant Cp not depending on (s, t), z or x, satisfying
E |:HD00[(S/ t),Z,X] - DOO[(S/ t),Z,X] H :| < CD(t_S)LaXJ—i_l (429)

Furthermore, assume that WE’B Yo Id are in Hg(G.) for each multi-index R of degree at most 2ux.
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Then there exists a constant K depending only on Cp, k, q, T and on HW%B1 o Idw||eo,
deg(R) < 2ux and on ||VW§’B1 o Idw||eo and ||VI/\7E]’.B1 oldwl||lefori=0,...kandj=1,...,k,
such that the global error is bounded by

~ 1/2
E |IIXfr - X§r(D)I?] " < KD|lexl.

Proof. We only need to prove that the local approximation Dy, satisfies the inequality (#.21)

for an appropriate constant C. Theorem[4.4.2]implies (i.e. a combination of (4.27) and (4.28)
imply) the inequality (4.21) if we can give a bound on the initial values of each step, i.e. on

‘ 41 h

be an integer. Assume that (4.21) is satisfied by the local approximation [AA)h on UBr. Then

(4.29) and Theorems and [4.4.2imply the existence of a constant Kj,(27) not depending
on the partition D or n but only on Cp, k, q, T and ||WI§’Bl o Idw||e, deg(R) < 2ax and

on HW};’B1 o Idw||e, deg(R) < 2ax and on HVW?’Bl o Idw||e and HVWE]CB1 o Idw||e for
i=0,...kandj=1,...,k, such that

The h = 1 case is verified by Theorem
Moving to U1, the required bound on the initial condition at each step results from

Step 1 of the proof of Theorem and (4.30).

1B
u}171

E 111 Xo,,

foreachi € {0,...,n—1}. This can be done by inductionon . Leth > 1

1/4q
4q

B ~1718
uh uh

E 0t Xo,t,v

X < Ky(29)[D". (430)

the combination of the inequality
4 q] 1/4q 1/4q

+E

5|4

Uh
Xo t,

Au]B
E || Xo} <E Xo i, = Xo,

7

4.5 EXAMPLES

In this section, some numerical schemes are collected. Some of the schemes based on
particular numerical solutions of locally derived ODEs are standard ones, appearing in
monographs [11] and [15]. However, a wide range of schemes can be derived by choosing
different ODE solvers.

Example 4.5.1. Consider the numerical schemes based on the following local approxima-

k
Exp (@Z {ZeiBé,t}> (x) (4.31)
i=0

tions:

(i) Dj: assigning
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to ((s,t),z,x) € Ar x W x U. This scheme is referred to as the lowest order ODE-
approach based scheme.

(ii) ﬁfc' assigning the predictor-corrector scheme based numerical solution of the ODE
@31 to ((s,t),z,x) € Ar x W x U, in particular:

k .
Pred = 4 ) ngt)Wf o Id(x)
i=0
k .
new z+ Z ngt) Wig o Id(xpred) + xpred

2 i=0

(iii) 5?}]1(”' assigning the two-step Taylor expansion based numerical solution of the ODE
@31 to ((s,t),z,x) € Ar x W x U, in particular

- i IWE o Id(x (2xstw¢) <2x§12w1>01d)

Scheme (ii) is also referred to as the Heun scheme (ref. [11]). Scheme (iii) is equivalent to
the 1-dimensional strong Milstein scheme when k = 1.

These schemes have global order 1 if k = 1 and global order 1/2 if k > 1. This case is
somewhat special because

(a) the terms (B! t)ZW(gi,i) old(z) = Bs(f;i)Wfi’i) o Id(z) are not part of the remainder term
of the stochastic Taylor expansion since these are also included in the truncated Taylor
expansion based representation of the ODE solution (these terms appear explicitly in

scheme (iii)),

(b) moreover the rest of the degree 1 remainder terms (which correspond to the Lévy area)

have conditional expectation equal to zero.

implying the inequality (4.21).

Remark 4.5.1. Recall from [6], that the maximum order of global convergence of the sche-
mes depending only on the increment in the general case is 1 when k = 1 and 1/2 when
k > 1. However, if the vector fields commute, the global convergence rate is 1/2 in the
k > 1 case too.

Example 4.5.2. The general dimensional strong Milstein scheme corresponds to the ax =
1 case, when the ODE appearing in the local approximation [A)oo is approximated by a
truncated 1-step Taylor expansion based ODE numerical solver.
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4.6 IMPLEMENTING HIGH ORDER SCHEMES

In practice, path-wise approximation of solution paths is often used in combination
with weak approximations. For example, in case of path-dependent terminal condition,
a standard approach is to randomly generate the Brownian input information, then ap-
proximate the solution paths along the simulated driving noise. Repeating this step for
different input information, Monte-Carlo type methods can be constructed. To implement
high order schemes in this case, the simulation of high degree Brownian iterated integrals
is required. However, the exact simulation is complicated and numerically expensive. In
this section, we investigate how to generate objects close enough to the truncated Brown-
ian log-signature, such that the numerical schemes based on the ODEs derived from the
replacement objects result in high order global convergence.

Since the simulation of Brownian increments is relatively cheap, the construction of the
replacement object is based on the following definition.

Definition 4.6.1. Let D = {s =ty < --- < t; = t} be a partition of the interval [s,t] C [0, T].
The discretized Brownian log-signature corresponding to the partition D is defined by

k. kKo
Ls+(D,B) = log [exp <Z B{O,hs]) ® - ®exp (Z Bimif}’)] :
=0 =0

Note that the discretized log-signature is almost surely the signature of the random

piece-wise linear path w; = («?, ..., wk)T of the form

0 ift=0
Wl (D, t;) + ti’—t"tB] if t € [ti, tig1)

W/ (D, t) = { t
11—ttt
forj=0,1,...,k.
Let z be an element in U such that 7tz = 1, let ¢ be an element in W and let D be a

partition of s, t] C [0, T|. Consider the random ODE
k .
dXou(D) = Y W 0 1d(Xou(D))dw! (D, 1), Xos(D) = z. (4.32)
i=0

and the SDE

k
dXou = Y W? o 1d(Xo,) o dBi, Xos = 2. (4.33)
i=0
Section 4.4|and in particular Example imply that Xo (D) is the lowest order ODE-
based approximation of Xo; i.e. for each positive integer g, there exists a constant C; not

depending on D such that
1/2q
E [[Xor = Xou(D)[] " < CyID|" (434

where v = 1 if k = 1 and otherwise v = 1/2.

We will construct high order methods based on the following lemma.
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Lemma 4.6.1. Let [s,t] be a subinterval of [0, T) and ax > 1 real. Let DL denote the local

approximation on U depending on the partition D of [s, t] assigning
Bxp (@* {L{*)(D,B)}) ()

to ((s,t),x,z) € Ar x W x U. Assume that Wl’é’Bl o Id are in Hg(G.) for each multi-index
R of degree at most 2|ax|. Let z be a UBr-valued F,-measurable random variable such that
E [||z]|*"] < coand ez = 1.

Then for each positive integer q, there exist a constant C depending on g, k, T, || WI%’B Yo Idw]|

Q7

deg(R) < 2uax and a positive real ¢ depending on t — s, such that
D[(s,t),x,z] — D(D)[(s,t),x,2] = Mss(x,2) + Nss(x,2)
and
E [M:(x,z)|Fs] = 0

E [ My (x,2)|2) "% < C(t —s)mt1/2
E [||N(x,2)]|%] C(t—s)m+

IN

1/2q

IN

forall z € W and x € U whenever |D| < 6.

Proof. Let DE denote the local approximation on U depending on the partition D of [s, |
assigning the Xo; —z to ((s,t), x,z) € Ar x W x U. Considering the equality

De — D2 = (DOO—DODO) +(D§3—f)£),
we prove the assertion term-wise.
Step 1
Firstly, we derive a bound on (DODO — ﬁg)

With analogy to the arguments leading to the stochastic Taylor expansion (4.14), one
can prove that

Xot(D) =

= X(),S (D) + {/ dw" (D, Ml) <o dewIRI (D,u|R)} WI% (X(),s(D))
deg(R)Sm s<u1<---<uHRH<t

+ X / Wi (Xo,)dw"™ (D, uy) - - - dew"IRI (D, uy )
deg(fR)gm s<u1<---<uHRH<t
deg(R)>m

We refer to last term as the D-discretized stochastic-Taylor expansion remainder, and use
the notation RSN (D, m).
Note that for R = (ry,...,77),

/ W& (Xo,u, )deo™ (D, 1) - - - deo (D, )
s<up<---<uy<t
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is a lowest order ODE-based approximation of BE, {ng(X) } ; i.e. there exists a constant
C1(gq, m) not depending on D, such that

2q 1/2q
E || Rephm) - e, m) 7] < catgmyipp

and similarly for any R such that deg(R) < 2|ax|

|

where v = 1 if k = 1 otherwise y = 1/2.

Step 2

Adapting the arguments of Steps 1 and 2 of the proof of Theorem one can prove
that the remainder term of the Taylor expansion of Exp <CI>5 {L(HX’MXD (D, B) }) (z) satis-

st

24 1/2q
] < Gi(q,m)|D|"

B — / dw" (D, u1) - - - dw' I (D, u k)
s<uq <~-~<uHRH <t

fies

st

s 1/2
E [HRTay(m)qu] q <G ((t _s)m+l/2 + |D|7> []E |:H7Tu5h71ZH2q:| q + 1:|

where C, depends on g, k, ax, h, T and HW};B1 o Idw||c, deg(R) < 2ux.
Step 3
¢ J 7 (x,lax])
Let v,(D) € U denote Exp (u®* | L, (D,B) ¢ ) (z). Then the degree m + 1/2
level of the local error is represented by

Y R(X¢(D) —z — v1(D)) = Y. @ {nr(Ls(D,B))} o Id(z).
deg(R)=m+1/2 deg(R)=m+1/2

There exists a constant C3 depending only on k, g, T and || W%Bl o ldwl|eo, lax] +1/2 <
deg(R) < |ax] + 1, such that

2 1/2q

E Y ®° {7 (Lss(B) — Ls (D, B))} o Id(z)

deg(R)=m+1/2

S C3’D|'Y’

implying

E|| ¥ 9 {L(D,B)}old(z)

<Gy (|D|'y + (t . S)thxj-&-l/Z) ,
deg(R)=m+1/2

where C; depends onk, g, T and ||WI§’B1 oldw|leo, lax| +1/2 < deg(R) < |ax] + 1.
Step 4
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Since DX is the lowest order ODE-approach based approximation of Do, there exists a
constant Cs on k, g, T and ||WI§’B] o Idw||eo, x| +1/2 < deg(R) < 2, such that
2q 1/2q
E[Hnm«&ty%zy—pgq&ty%zﬂ)] < Cs|D|”

forall (s,t) € Ar,x € Wand z € U.
Step 5
By defining
M;i(x,z) = ) ®¢ {7tr(Lst(B))} o Id(z)
deg(R)=m+1/2

MM@::@WDQ+@&ﬁ@—%M@

and by choosing the partition D to satisfy

lax]+1

< (t—s) v, (4.35)

Steps 1-4 imply the assertion.

4.6.1 PRACTICAL CONSIDERATIONS

The implementation of the high order schemes based on the piece-wise linear approx-
imation of the Brownian paths on a fine sub-scale requires the repeated computation of
ol {LS}X’“X ) (D, B) } To work out Lg,rtlx’“x ) (D, B), one can use the Campbell-Baker-Haus-
dorff formula at each discretization step, however this is not efficient.

Furthermore, the principle given by implies that shorter time intervals require a
relatively finer sub-scale to ensure the high order convergence of our scheme. However,
for a finer sub-scale the computation of the CBH formula increases rapidly and one loses
the linear growth of computational expense with the linear growth of the number of steps.

Lemma 4.6.2. Let D = {s =ty < --- < t; = t} be a partition of [s,t] C [0, T]. The truncated
discretized log-signature o) (D, B) written in a Lie basis {{;, i € IN} is of the form

st

L(HX,IXX) (D, B) — Zpigi (4.36)

st
where each p; is a polynomial in the variables
(B, ,1j=0...ki=1,..,L}

Note that the structure of (4.36) does not change if k is increased but the polynomials p;
have more variables. Hence to preserve efficiency, one can pre-compute either this formula
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or the polynomial coefficients therein for a number of independent Brownian paths. The
pre-computation might take some time, however it only has to be done once. Ultimately,
the reuse of the pre-computed (pseudo) random Lie elements results in a fast and high
order numerical algorithm.

Since the formula does not depend on the SDE but on the dimension and the
choice of the sub-scale, one could create a universal database of pre-computed Lie elements
usable for many SDEs.

4.6.2 A NOTE ON THE COMPUTATIONAL EXPENSE

The implementation of the high order scheme presented in this section is after all a
high order approximation of a lowest order scheme corresponding to a discretization on
a finer sub-scale. One might ask if one can ever benefit from working out the high order
scheme instead of just solving the lowest order scheme on the sub-scale. Let us do a brief
cost-analysis to answer the question.

Let us assume that the computational cost of evaluating one step corresponding to the
lowest order scheme is E; and the cost of evaluating one step of an m-truncated ODE based
scheme is E; assuming that the truncated discretized log-signature is pre-computed, i.e. its
computational cost is not part of E;. In general E; is much smaller than E;. If we apply
the lowest order scheme on an interval with an [-substep fine scale, then the costis [E;. As
long as IE; is smaller than E;, the lowest order scheme is recommended. However, if one
needs a more accurate approximation and wants to choose a finer sub-scale, then [ will
increase according to and eventually the implementation of the higher order scheme

will become more efficient than the corresponding low order scheme; i.e. [E; > E.
4.7 NUMERICAL EXAMPLES

In this section, some numerical examples for the ODE approach are presented. We
demonstrate the efficiency of different ODE solvers and the high order methods. The pri-
mary aim is to estimate and compare the order of the strong convergence, however we also

present some weak approximation results.
4.7.1 ESTIMATING THE ORDER OF CONVERGENCE

Let us recall some standard results.

Definition 4.7.1. Let us regard a discretization method assigning an approximation of Xo,r to
each partition of [0, T]. If the discretization scheme is based on the partition D of [0, T|, then the
resulting approximation is denoted by Xr(At).
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Lemma4.7.1. Let q > 1be an integer. Let Dy denote the partition {0 < L < 2L < ... < T}. Let
us suppose that a discretization scheme Xo,r(Dy) corresponding to the partition D, approximates
XQ,T.‘

‘ ] —0asn— oo

E [HXO,T —Xor(D»)

Furthermore, let us assume the existence of constants C, and -y not depending on |D,,| such that
for |Dy| < 1,

R R 2q 1/2q
E [wa(Dzﬂ) ~ o (D) } < G[D,[? @37)
is satisfied. Then for |D,| < 1
— < —_— .
E |:HX0,T Xo,7(Dn) ’ ] < G|Pu|" 1= (1/2)7 (4.38)

The proof of the lemma is based on the triangle inequality.

We apply Lemma to estimate the order of convergence y and an upper bound on
the strong approximation error as follows. Estimating the expected value on the left hand
side of for a sequence of step lengths T/2" forn = I,1+1,... where T/2! < 1 and
titting a log-regression, one can estimate C; and +. If C; is estimated, then by we get
an estimate for an upper bound of the error at step size |D,|. When 7 is known, we only
estimate C,.

One can observe the expected value on the left hand side of very accurately, if
the schemes corresponding to the different step sizes |D,| and | D, | are run on the same
Brownian paths. In that case, the random variables )A(O,T( D,) and )A(O,T(DM) are correlated
and a simple Monte Carlo method results in a low variance and unbiased estimation of the
expected value of their distance. Running schemes corresponding to different step lengths
on the same paths can be achieved by using Lévy’s construction of the Brownian paths
(see e.g. [10] for details).

The idea of running schemes on the same Brownian paths is also useful when compar-
ing two different discretization methods generating Xo,r(D,) and Xo,r(D,) respectively as
approximations of Xo,r. The high correlation between Xo r(D,) and Xo,r(D,) results in a
low variance for the Monte Carlo estimate of

2q 1/2q
‘ } (4.39)

E [H)/ZO,T(DH) — Xo,7(Dn)

This comparison can be further applied as the triangle inequality implies.

Lemma 4.7.2. Let two discretization methods producing Xo1(D,) and Xo (D) respectively as
approximations of Xo,1 be given. Let us suppose that there exists a constant C such that

_ 1/2
E [|[Xor - Xor(D) ] < €
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Then

" "

E [HXO,T — Xo,7(Dn)

>E [HSZO,T(Dn) — Xo,7(Dy)

—C. (4.40)

Lemma implies that if one can estimate a small enough upper bound C on the
global error of Xo (D), then gives an accurate estimate for the lower bound on the
error of y(o,T(Dn)- On the other hand, if no small enough bound C can be derived, the
lower estimate is meaningless.

In the following sections, for different SDEs and discretization methods we run simple
Monte Carlo simulation based estimations of the following quantities:

(i) the estimated upper bound of the global error, i.e. (4.38)

(ii) the L? distance of different schemes, i.e.
(iif) in some cases the estimated lower bound on the global error, i.e. (4.40)
(iv) and E [)A(o,T(Dn)}

for different step sizes. Each method was run on 10° paths.

Since each Monte Carlo simulation is based on sampling, the resulting estimate is a
random variable with positive variance. Using this variance, when estimating (iv), we fit
a 99% confidence interval centered at the resulting realization of the random variable. The
length of these confidence intervals is proportional to the square root of the number of
runs. In case of (i), (ii) and (iii), the calculated confidence intervals were very small.

The algorithm was implemented in C++. For the Lie algebra-level computations we
used the libraries of the CoRoPcﬂ project developed by D. Chafai, T.]J. Lyons et. al. For
random number generation, we used the Boosﬁ implementation of the Mersenne Twister
generator, in particular the mt19937 generator. We used our own code for transforming
Lie algebra elements to vector fields, for manipulating vector fields and for solving ODEs.

The fourth order Runge-Kutta scheme were taken from [2].
4.7.2 FIRST ORDER APPROXIMATION OF THE CIR PROCESS

Firstly, we regarded simple SDEs, driven by one dimensional Brownian motion and
tested the first order ODE approach with different ODE solvers as well as comparing it
to the Euler-Maruyama scheme. The test results, presented in Figures 4.1{and are the
weak and strong approximation results respectively for the CIR process, i.e. in the Itd form

dr; = a(b—r)dt + o+/rdB (4.41)

IComputational Rough Paths, website: http://coropa.sourceforge.net/
2Website: http://www.boost.org/
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where 4, b and ¢ are positive constants satisfying ab/2 > ¢2, which ensures that r; is a.s.
positive (ref. [24]).

We implemented the ODE approach with three different ODE solvers, namely the
predictor-corrector, Runge Kutta order 4 and splitting. By splitting we mean the ODE

solver in which W is written as W := W; + W, where

Wi(x) = B°[a(b—x)—c?/4]
Wo(x) := Bloyx
and at each step (starting at )A(t,.), three ODEs are solved as follows:
SRR
X1 = EXp EWl (th.)
xp = Exp[W2] (x1)

Xi

i+1

1
Exp Ewl (x2)

In case of the CIR SDE, the exact solution for the ODEs appearing in the splitting is known,
and the computation is very fast. The splitting method is recommended for example in [33]]
and some nice weak approximation properties of it are presented as well.

The first order ODE approach implemented with the predictor-corrector ODE solver is
referred to as the Heun scheme.

Remark 4.7.1. Note, that despite the guaranteed positivity of r;, all of the tested schemes
except the Splitting version can result in negative interest rates. In the case of the ODE-
based method, the exact solution to the derived random ODEs preserves the positivity,
but their numerical approximations might not. One possible way to overcome this diffi-
culty is to adaptively reduce the ODE numerical solver’s step size when the solver results
in negative interest rates. In the case of splitting, the chosen combination of parameters
guarantees positive solutions and no extra care is required. The Euler-Maruyama method
is fixed by taking a positive value of the resulting interest rate at each step. We refer the
reader to [24] for a review of simulation schemes approximating the CIR process.

Observation 4.7.1. In Figure the weak approximation results, i.e. the confidence in-
tervals corresponding to Monte Carlo estimations for [E [)A(T} , are presented for different
schemes implemented with different numbers of steps. The horizontal dashed line is the
exact value of E [r7]. Given the number of runs (10°), the variance of the evaluated estimate
is relatively large, and at the weak level one cannot make a difference between the Runge
Kutta 4 and the splitting versions. The weak error of the Euler method at 64 steps seems
smaller than the weak error of the Runge Kutta 4, but the calculated values are samples
from random variables with positive variance. Note that the Euler-Maruyama method re-
sults in a first order weak approximation; i.e. at the weak level there is no difference in the

convergence order of the tested methods.
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Observation 4.7.2. In Figure the accuracy of the path-wise approximations is pre-
sented. The graph on the left-hand side presents the estimated upper bound on the error
based on (#.38). In the case of the Euler method, we can apply and a lower bound
on the error is estimated. This estimated lower bound demonstrates, that despite the nice
weak approximation properties, the Euler-Maruyama scheme is less accurate in the path-
wise approximations when compared to the other schemes. The estimated orders of con-
vergence (i.e. the slopes of the curves) are as expected. In the case of the Euler-Maruyama

scheme it’s close to 1/2 and in the case of the ODE-based methods, it is close to 1.

Observation 4.7.3. The graph on the right-hand side of Figure 4.2l compares each method
with the Runge Kutta 4 version, estimating the L2-distance based on [#39). Note that the
L? distance of the splitting version from the Runge Kutta 4 based method has an order of
magnitude 1076-10~7, whereas the estimated global error of both methods has order 10~.
So the two versions are equivalent numerically. However the splitting is a bit faster than
the Heun scheme and more than twice as faster than Runge Kutta 4, so in this particular
case the Splitting version is recommended.

Each ODE solver tested here can be easily extended to handle the term fot rydu. The
simulation of this term is required when pricing or hedging bonds and derivatives on
bonds. In the case of Splitting, the exact solution to the new ODEs appearing in this exten-

sion are known.
4.7.3 SECOND ORDER APPROXIMATION IMPLEMENTED

In this section we present some numerical results of some tests run with the second
order ODE-based method. The SDE chosen here has no natural financial interpretation.
However due to its nice properties, it has proved to be a useful test case.

The SDE is given by

dx} = sin(x})odB}
'

dx? = sin(x})dt

The left-hand side of Figure 4.3 presents the weak approximation results in the form of
confidence intervals. According to the rule (4.35), for the 1-step second order version we
used a linear interpolation of the Brownian motion on a two step sub-scale, i.e. k = 2. In
the case of the 2-step version, k = 4 was chosen, whereas the 4-step version was run with
k=8.

Observation 4.7.4. The estimated upper bound on the strong global error is presented on
the right-hand side of Figure The second order method, implemented as described in
section4.6 has an estimated order close to 2.
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We analyzed the computational expense for this particular SDE as described in Sec-
tion In this case E;/E; ~ 3/2, so the second order scheme is computationally more
efficient than the lowest order at every step. For higher order schemes and in higher di-

mensions, the lower step high order versions might be relatively less efficient.



CHAPTER 5

NUMERICAL EVALUATION OF THE
KUSUOKA-LYONS-VICTOIR METHOD

The first variant of the family of high order weak approximations we refer to as the Kusuo-
ka-Lyons-Victoir (KLV) family appeared in [17] by Kusuoka. The second and third variants
were presented in [18] by Kusuoka and [28] by Lyons & Victoir. The latter two papers had
mutual influences on each other and can be regarded as interpretations of a wide class of
weak approximations based on different approaches. In this section, we give a general
description of this wide class of approximations and present a numerical evaluation of the
different variants highlighting and demonstrating the crucial differences of the variants,
the effectiveness of the KLV family as well as some of the drawbacks.

5.1 DESCRIPTION OF THE KLV FAMILY

Consider the SDE on RN
k

6i(8) = L Vil&r) 0By, o) = ¢
i=0
The KLV family provides high order approximations of E [f({7(¢))] when Vj, ..., Vi are
smooth functions with bounded derivatives up to a certain degree and f is a smooth or
Lipschitz RN — R function.

5.1.1 CUBATURE ON WIENER SPACE

Consider the space Q = CJ([0, T], R¥) of RF-valued continuous functions defined on
the closed interval [0, T] starting at zero. Let F denote the Borel o-field of CJ([0, T], R?)
and P the Wiener measure. That is, (), F,IP) is the Wiener space of k-dimensions. By
convention, for all paths w(-) € Q, we set w’(t) = t. We define the coordinate mapping
process Bj(w) = w'(t) for t € [0,T] and w € Q. Under P, the process (B}, ..., Bf)ic[o ) is
a k-dimensional Brownian motion. By definition, B (w) = t for all w € Q. We continue
using the notation B; = (BY, B}, ..., Bf) € R*1. Let Wy, ..., W, be the vector fields on RN

113
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derived from the RN — RY functions Vj, ..., Vi (in the sense of (3:21)). Let ® denote the
corresponding algebra homomorphism (ref. Definition 3.3.6). Throughout the chapter, we
assume that ax is a positive real such that 2ax € Z.

The approach of Lyons & Victoir [28] is based on constructing cubature formulas on
the infinite dimensional Wiener space. A cubature formula on the Wiener space is a set of
pairs (wj(-), A;) of paths on R and positive real weights fori = 1,...,n, i.e. a discrete
measure Q on (). A cubature formula of degree m on a finite dimensional space accurately
integrates polynomials up to degree m. Analogously, a cubature formula of degree m on
the Wiener space (), ,P) and on [0, 1] accurately integrates the iterated integrals up to
degree m, i.e.

n
Er [B] = Ba 8] = L | deof! (ur) -+ d!! (un)

<up<---<up<l1

foreach R = (ry,...,r;) of degree at most m, or equivalently (recall for the path-wise
definition B';)
n
IE]P [Bgfl] = ZAlS(wl)(’)’fl (51)
i=1
where S(w;)!; denotes the signature of the path w; truncated at degree m and correspond-
ing to the interval [s, t].
Given that Bgt and t%8 (R)Bé{/l are equal in law, any cubature on [0, 1] can be rescaled to
the interval [0, {] using

‘ if j =0
W () = u ] 5.2

1i() { Viol(u/t) ifje{1,... k} 6-2)
where the rescaled paths of the cubature support are denoted by w;;(-),i = 1,...,n. The

measure described by the pairs (w;;(-),A;) fori =1, ..., n is denoted by Q;.
Recalling the stochastic Taylor expansion (4.13) for smooth U — R functions, we have

(Er — Eq,) [f(&())] < (Ep + Eq,) [Rai™(m)|

1/2q
< C(g,m, Q)"+ Sup (Ep + Eq,) [HWRf(Ct(C))HZﬂ (5.3)
<u<t
m+1/2<deg(R)<m+1

where C(g,m, Q1) depends on g, m, Qq, k and T.
Let D = {0 = typ < --- < t; = T} be a partition of [0,T]. Let I = (i1,...,i) €
{1,...,n}. Let Qp denote the discrete measure on ), defined by

I
Qp [wp1] =M
j=1
where wp | is the concatenation of the paths e —" forj=0,...,L
A simple case, when f : W — R is a smooth function with bounded derivatives, is

given by the following theorem.
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Theorem 5.1.1. There exists a function C(k, m) not depending on D or &, such that for any smooth
function f : W — IR the following holds:

-1
(Er —Eq,) [f(& ()] < Clm) Yt =)™ V/2  sup |
j=0 m+1/2<deg(R)<m+1
(5 4)
where { P; } 1> denotes the semi-group of linear operators defined by
(Pef)(x) = E[f(8(x))]- (5.5)

The proof is based on the combination of and the following lemma:

Lemma 5.1.1. Let {Q;|t > 0} be a set of linear operators on Lipschitz W — R functions. Assume
that for each Lipschitz f there exist constants C(f) and «y(f) not depending on t such that

Pf(x) - Quf ()] < c(pyrrth. 56)

sup
x€RN

Let D={0=ty < --- <t, =T} bea partition of [0, T|.
Then

(Prf)(x) — (Q(t1—to) “Qtu—t, 1) ) H ZC (ta—tn f) (Hi — tiq) " Pon-tpf),

sup
x€RN

The lemma is implied by the following representation:

sup ||Prf(x) = Q) Q1 S0
xeR”
= SURF;] ZQtl to) Q(ti_lfti_z) (P(t,-ft,-_l) _Q(titi—l))P(Tti)fH (5.7)
xe i=
<ZSUP H( h—ta) ~ QU tifl))P(Tfti)f(@H
i=1xeRN

The case, in which f : RY — R is only Lipschitz, the results of Kusuoka, & Stroock
[16] and Kusuoka [19] and some ideas of Kusuoka [17] (sketched in the next sections in
Lemma and Theorem imply that the error formula (equivalent to the formula
of Corollary can be expressed in terms of |V f|lc under the UFG condition (ref.
Definition .

In [28], cubature formulas on the Wiener space are constructed (i.e. is solved) in
two steps. Firsta set of Lie elements L = {L1,...,L,} ¢ L") (IR*+1) and a set of positive
weights A = {A4,...,A,} are found satisfying

Ep [Bfy] = Y AjexpTm) (L) (5.8)
i=1
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Any set of pairs {(L;, A;) | i =1,...,n} satisfying for m will be referred to as a degree
m cubature formula. Note that in the literature ([22], [23], [28] etc.), the degree m cubature
formula is referred to as degree 2m. This difference is due to our slightly different definition
of degrees of multi-indices. We use our version to be consistent with Chapters[2and

The existence of L and A with size at most n = card (AEX is guaranteed by Tcha-
kaloff’s Theorem (ref. [28]). Note that L and A also determine a discrete measure on
£ (ITym) (]Rk+1 ) )

In the second step, piece-wise linear [0,1] — Rk+1 paths wy, ..., wy of finite and mini-
mal length are constructed satisfying S (wi)gfl = exp!l+")(L;). The existence of such paths
is guaranteed by Chen’s theorem

Degree 3/2 and 5/2 solutions for (5.8) are given by the following lemmas (proved in
[28]).

Lemma 5.1.2. Let (x;,A;) fori = 1,...,n be a cubature formula of degree 3 with respect to the
k-dimensional Gaussian measure. Then (L;, A;) fori =1, ..., n where

k
— ic.
L; —eo—i—Z;x]-s]
]:

solve when m = 3/2.

Lemma 5.1.3. Let (x;,A;) for | = 1,...,n be a cubature formula of degree 5 with respect to the
k-dimensional Gaussian measure. Then (L;, Ay /2) for | = *1,...,4n and any real constant y
where

k k
1 : , 1,
L, = eo+zﬁ(xh|)2[[go,si],ei]+in”ei+szgn(l) ) Exhxf”[ei,ej]
i=1 i=1 1<i<j<k

+ Z (yxm \1|)2H5ir€j]r€j]"’(1_y)x;(x;)z[[ejrsi]rsiD

1<z<]<k
solve (5.8) when m = 5/2.

Lemma 5.1.4. Let (x;,A;) fori = 1,...,n be a cubature formula of degree 7 with respect to the
1-dimensional Gaussian measure. Then (Li,)\m /2) fori = +£1,...,£n where

X
V12

for m = 7/2 on the one-dimensional Wiener space.

o 1
Li = eo + xje1 +sign(i) —=leo, e1] + 5 [[eo, €1 &1 €, €1)e1]er]eq]

|+ 55l

Degree 7/2 cubature formulas on the 2-dimensional Wiener space are introduced by
Litterer [22]. Degree 3,5 and 7 cubature formulas with respect to the Gaussian measure are
collected by Stroud [36].
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5.1.2 KUSUOKA’S APPROACH

Kusuoka’s interpretation is related to the approximations based on autonomous ran-
dom ODEs locally derived from the log-signature of the driving noise. Recall from Chapter
the strong global approximation Xt (&, D) of & (¢) on RN corresponding to the partition
D of [0, T] determined by the local approximation D, where

D|(s,t),x] := Exp (dD {LS}’““”(B)}) (x). (5.9)

Let f : RVY — RN be a Lipschitz function. For any positive integer g, Corollary

implies

IE [f(¢r(¢)) — fF(Xr (&, D))l
< |VFlE [167(2) = Xr(& D)2 * < Cl|V || DI1),  (5.10)

where C is a constant not depending on D or . However, there are at least two difficulties
in directly exploiting the above inequality in practice. Firstly, to make E [f (X7 (&, D))] into
a high order approximation of E [f({7())], one needs to simulate high degree Brownian
iterated integrals. This difficulty has been addressed in Section[4.6] The other difficulty lies
in the actual computation of the expectation. A standard approach is to use Monte-Carlo
simulation which introduces another source of error due to the variance of sampling.

One of the key ingredients in Kusuoka’s approach is the fact that the truncated log-
signature LS;[X’“X)(B) in can be replaced with certain £{x#x)(RF)-valued random
variables preserving the weak approximation property. To make this precise, we introduce
two definitions.

Definition 5.1.1. Let a € T xax) (]Rk ). We introduce the rescaling operator
Y. ]RJr X T(HX,“X)(]R’C) _ T(Hx,ax)(]Rk)

defined by
Y(Aa)=Yr(a)= ), Adeg(R) R
deg(R)<ox

for A € R+. Note that £LTx%x) (RK) is invariant under ¥, for any A € R.

Definition 5.1.2. Two £xx)(IRX)-valued random variables ny and 1, under the measures Py

and Py respectively are called m-moment equivalent for m < ax if 1 and 1o have finite moments

up to 2m, 17%0) = qéo) = land

Ep, [exp(nx""X) (171)} = Ep, [exp(nx""X) (172)] . (5.11)
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Lemma 5.1.5. Let A be a positive real number in (0,1). Let 1, 12 be two ax-moment equivalent
Lxx) (IRX)-valued random variables and let f be a smooth RN — R function with bounded

derivatives up to order 2m.

Then
sup [[E [ (Exp(@ {¥(m)}) ()] = E L (Bxp(@ {¥1(72) D)) |
D N
ax—+1/2<deg(R)<2xx

where C depends on the moments of 11 and 1, up to 2ux.

The proof is based on comparing the remainder terms of the stochastic Taylor expan-
sion, i.e. on techniques analogous to the proof of Theorem [4.3.2]

Remark 5.1.1. Let 7 be a £LIx4x) (RF)-valued random variable ax-moment equivalent to
log(HXID(X) (B0’1 ) .
Let {Q;|t > 0} be the set of linear operators defined by

(Qsf)(x) = E [f (Exp(@{¥s(1) }) (x))] - (5.12)

Then inequality (5.10), Lemmas and determine a class of weak approximations
based on the set {Q;|t > 0} for smooth terminal conditions with bounded derivatives up
to a certain order. However, the case when the terminal condition is only Lipschitz requires
some further considerations.

Definition 5.1.3. We introduce the vector fields W), R € AYX recursively using

W[(z)] = W, i € {0,. ,k}
Wiry = [er,w[_m]

For R € AYX and the set of vector fields W = {Wy, ..., Wy}, we introduce the norm || f||w &
on smooth functions with bounded derivatives as follows:

IR|

LCTED VD VR [Wiryo- Wiyo £ _

i=1 Ry,...,R;e AX\ {¢,(0
Rqyx---%R;=R

We present a stronger version of Lemma

Lemma 5.1.6. Let A be a positive real number in (0,1). Let 11, 12 be two ax-moment equivalent
LTx4x) (RF)-valued random variables and let f be a smooth RN — R function with bounded

derivatives up to order 2m.
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Then
sup [/ (Exp(@ {¥(n)}))(0)] ~ E[f (Exp(@ {£a1) () |
<c X A flwr+VF])
ax+1/2<deg(R)<2uax

where C depends on the moments of 11 and 1, up to 2ux.

Proof. We adapt the results of Kusuoka ([17] and also in [18]).

Step 1

The fact that fori = 1,2, L) ; := log(exp(¥,(77:)) ® exp(—Agg)) is an element of £(IRF)
is implied by Proposition 9 of [17]. Moreover, Proposition 18 of [17] implies the existence
of a constant C; depending on ax, ¢ and the moments of 7; up to 2ax such that

sup E [HExp(q) {¥a(mi)})Exp(P {—Aeo})(x) — Exp(P {7tayLa;i})(x) HZq}

x€RN

1/2q

<Gy A Wrold|,.
ax <degR<2wx
In the proof of Proposition 18 of [17], terms of degree up to a% are included. As opposed
to that proof, the above inequality is derived using a partial Taylor expansion (i.e. in each
step, we expanded only the terms of degree at most wx) as we did in the proof of Theorem

B.41l
The inequality implies

sup |[E[ (Exp(® (¥ (1) DExp(® {~Ae0})(x)) — f (Exp(® { L)) () |
<ClVfle Y A% Wy o I
ax<degR<2ax
Step 2

The fact that 77g)L); = 0 implies the inequality

sup |[E | (Exp(® {70, Lyi}) (x)) — @ {7, exp(Lni)} ()|
xeR
<G Y Ay
ax+1/2<deg(R)<2uxx

where C; depends only on ax, 4 and the moments of #; up to 2ax. The proof of the in-
equality is based on Proposition 11 of [17] simplified using a partial Taylor expansion.
Step 3

Noting that
sup [ [£ (Bxp(@ (4200 ())] - E [£ (Bxp(@ (21 ()]
= sup [ [ (Bxp(® (530D (Bxp(@ (~220))(x) )|

7

“E [ (Exp(@ (¥,(12)}) (Exp(@ {~1e0)) (1) )
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Steps 1 and 2 and the ax-moment similarity of 77; and 77, imply the assertion.

We will link Lemma and using the following results.

Definition 5.1.4 (UFG condition). Let W = {Wy, ..., W} be a set of vector fields on RN. We
say that W satisfies the UFG condition, if there exists an integer | such that for each R, Q € Ax \
{€,(0)} where ||Q|| < I, there exist smooth RN — R functions ¢ o with bounded derivatives of
any order satisfying

Wiy = ). ¢roWigr-
1QT<!

The following Theorem is a special case of the main result of Kusuoka [19].

Theorem 5.1.2. Let n be a positive integer, let Ry, . .., R, be multi-indices in A"'x \ {¢, (0)} and
let W satisfy the UFG condition. Then there exists a constant C not depending on t > 0 or n such

that
Ctl/z

HWRl]O OW[R]OPtfH < ik 1V oo

for any smooth function f with bounded derivatives of all order.

Corollary 5.1.1. Let 17 be a LTx4%) (RF)-valued random variable and ax-moment equivalent to
logMx#x) (By 1), {Q|t > 0} the set of linear operators defined by

(Qsf)(x) = E [f (Exp(@{¥s(1)})(x))], (5.13)

and D = {0 =ty < --- < t, = T} a partition of [0, T|. Then there exists a constant C not
depending on D or f such that

(PL)(x) = Qe+ Qiytaf ) ()]

sup
x€RN

< OVl << ST z;_ﬁ;xwz).

Proof. Fori =1,...,n —1, the constants C(P;, _,f) and (P(;,—,f) of Lemma are
determined by Theorem applied to Lemma and implied by the fact that even if
f is not smooth but Lipschitz, P; f is smooth.

The i=n case is given by

sup P(tnftn,l)f(x) - Q(tnftn,l)f(x)H
x€RN
< sup || Py, i, () = f()]| + sup [£(x) = Qo f )]
ERN x€RN

< ClIV oot = tn-1)'/?
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5.2 PRACTICAL CONSIDERATIONS

In this section, we review some practical considerations arising when implementing
any version of the KLV family.

5.2.1 SOLVING THE ODEs

When implementing the version of KLV described in Section[5.1.2} the exact solution to
the random ODEs which arise is rarely known. One can apply ODE numerical schemes D
assigning a numerical solution of Exp(® {¥:()})(x) to (¢, x) and the realization of 7. If
we assume that in addition to the condition (5.6), D satisfies the inequality

= 2q11/24
sup E | [Bt,0) - Bxp(e (17| < et (514

x€RN

then the following condition is implied

sup
x€RN

EIf (&(x)] —E [ (Dtx)] | <€) +c@lVfl=)r) 515)

and arguments analogous to the proof of Lemma imply global convergence.
A special choice for D(t, x) is given by factorizing 7 in the form :

k k
n= log(nx""’() (exp (Z ai,1£i> ® - Q@exp ( az‘,]&‘)) (5.16)
i=0 i=0

i.e. when 7 is written as the truncated log-signature of a piece-wise linear (random)
0,1] — R¥ path w(-) and D(t,x) is defined as X;(t,x) where X.(t,x) denotes the solu-
tion to the non-autonomous ODE

k
4%, (t,x) = Y2 Vi(Ra(t %)) deor (1)
i=0

and w;(u) denotes the rescaled path as defined in (5.2). Note that the factorization prob-
lem (5.16) is equivalent to the second step in the construction of cubature formulas on
the Wiener space as described in Section The fact that this particular choice of D
satisfies the condition is implied by repeated application of Proposition 13 in [17].
This fact also highlights the equivalence between Kusuoka’s version and the Cubature on
Wiener space approach. In [28], the high order Runge-Kutta method is suggested for ap-
proximating the solution to the above non-autonomous ODE. Ninomiya & Ninomiya [32]
investigated in detail the use of particular Runge-Kutta schemes and a condition similar
to (5.14).
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5.2.2 UNEVEN PARTITIONS

It’s obvious from Corollary that when f is only Lipschitz, the local error of the last
step is of order 1/2. Hence for a better global order of convergence one should consider

uneven partitions. Kusuoka [17] constructed the following example.

Example 5.2.1. Let D = {0 =ty < --- < f, = T} be defined by

i\ 7
- (-5)
n
where 7 is a positive real number. Then
(i) for0 <y <2ax—1

(Prf)() = (Quu -t~ Quyty ) ()| S KIVfllon ™2

sup
x€RN

(ii) fory =2ax —1

(Prf) (%) = (Quyt0)** Qe 1y 0f ) ()| £ KIVFllan™ 71/ Tog(m)

sup
x€RN

(iii) fory > 2ax —1

(Prf)(x) = Q-+ Qta-ty ) ()] < KIIV flloon™ (w172

sup
x€RN

5.2.3 THE CASE WHEN THE SUPPORT OF THE GLOBAL CUBATURE MEASURE
EXPLODES

In our interpretation, the weak approximations of the KLV family involve solving ran-
dom ODEs derived locally as in Chapter §] However, in the weak case, the Brownian log-
signature can be replaced with ax-moment equivalent random variables; i.e. the schemes
leading to strong approximations are taken under alternative measures referred to as global
cubature measures.

In the case when the locally chosen random Lie elements are finitely supported, the
corresponding global cubature measure is finitely supported, i.e. the computation of the
corresponding expectation is practically feasible assuming sufficient computational capac-
ity. However, as the partition D splits [0, T] into more subintervals, the support of the
global cubature measure growths exponentially resulting in a tractability problem. This
problem has been addressed by Litterer & Lyons [23] and Litterer [22], where an algorithm
to reduce the measure’s support is described.

Note that many of the standard weak approximation schemes (ref. [15]) in which the

Brownian iterated integrals are replaced with simpler random variables satisfying certain
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moment conditions present particular cases of the moment equivalent random variables,
although Lie algebra valued random variables are not mentioned explicitly. I.e. many of
the standard schemes fall into the KLV perspective (e.g. the weak Euler scheme, the weak
Milstein scheme etc.). The moment equivalent random variables of the standard schemes
however have infinite support. The standard approach is to use Monte-Carlo simulations
or other partial sampling methods resulting in an extra source of approximation error due
to the variance. More precisely, let X(n) denote the random variable corresponding to a
partial sampling method based on n particles, i.e. when a sample of size n is taken from
the global cubature measure. Then the L? error is given by

E [(E[f(&r)] - X(n))] = (BLfEn)] - E[X(m)) + VarlX(n)],  (17)

where the first term is referred to as squared discretization error (same as in Corollary
if the sampling is unbiased) and the second term is referred to as squared sampling error
due to the variance. In the case of the pure Monte-Carlo sampling, the sampling error is of
order 1/n.

Ninomiya [31] and Kusuoka & Ninomiya [20] restrict their analysis to the case of
finitely supported moment equivalent random variables and in the case of huge support
they considered alternative partial sampling methods, namely the tree-based branching
algorithm or TBBA (see Appendix |A|for a brief description) of Crisan and Lyons [7]. The
TBBA is used to construct a random and finitely supported probability measure with the
minimal entropy relative to the distribution of the moment equivalent random variable.

The TBBA results in lower variance compared to the standard Monet-Carlo based sam-
pling.

5.3 NUMERICAL RESULTS

In this section numerical results are presented demonstrating some properties of the
KLV family.

We implemented the KLV version based on autonomous ODEs; i.e. we worked at the
Lie algebra and the vector field level. The code was implemented in C++. For the Lie
algebra-level computations we used the libraries of the CoRoPcﬂ project developed by D.
Chafai, T.]. Lyons et. al. For random number generation, we used the BoostEI implementa-
tion of the Mersenne Twister generator, in particular the mt19937 generator. We used our
own code for transforming Lie algebra elements to vector fields, for manipulating vector
fields and for solving ODEs. The high order Runge-Kutta schemes (of order 2,3,...,7)
were taken from [2]. We used our own implementation of the tree-based branching algo-
rithm.

IComputational Rough Paths, website: http://coropa.sourceforge.net/
2Website: http://www.boost.org/
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When implementing the different modules, our aim was to create a general and flexi-
ble environment in which SDEs can be set up easily. In this way, we could test many SDEs
conveniently, however our implementation was not optimized for the individual SDEs
and the run time of the different tests provided us only partial information on the algo-
rithm’s efficiency. In each case we recorded the number of ODEs solved during the run
in order to get some further information on the computational cost. Note that solving the
ODEs derived from cubature formulas of different degree corresponds to different level of
computational complexity.

When testing the version in which we sampled from the global or local cubature mea-
sure, we repeated the sampling while starting the random number generator at different
seeds and constructed confidence intervals on the results. These confidence intervals con-
tribute to the description of the accuracy as well as to the computational needs.

We tested the pure cubature methods (i.e. evaluating the exact global cubature mea-
sure) on a linear and a non-linear problem in 1 dimension, on the Heston volatility model
in 2 dimensions and finally on a basket option of three shares modeled with joint Hes-
ton stochastic volatility. In each case we tested different (both smooth and non-smooth
but Lipschitz) terminal conditions. Furthermore we tested the efficiency of the TBBA and
Monte-Carlo sampling, the Romberg extrapolation, the effect of using different numerical
ODE solvers and the effect of using an uneven partition on some of these pricing prob-
lems. In 1 and 2 dimensions we tested cubature formulas of degree 3/2,5/2 and 7/2. The
degree 7/2 cubature formulas are due to Litterer [22]. In 4 dimensions, we focused on the
degree 5/2 case.

The results of some numerical tests of other versions of the KLV family run on SDEs
set in 1 and 2 dimensions has been published by Kusuoka & Ninomiya [20], Ninomiya
[31], Ninomiya & Ninomiya [32], Ninomiya & Victoir [33] and Litterer [22]. Each of these
but one was restricted to degree 3/2 and degree 5/2 cubature formulas. Litterer tested the
degree 7/2 formulas, however his analysis focused on the SABR model.

The purpose of this section is to demonstrate the efficiency of the KLV family through
several examples considering and comparing more KLV versions than the ones tested in
the above sources. We also spot some cases with certain irregularities.

5.3.1 LINEAR SDE IN ONE DIMENSION

The first test case is based on the SDE

dSt = aStdt+bedBt (518)
dA; = Sidt
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run with a = 0.08, b = 0.08, Sp = 100 and A9 = O on [0, T] for T = 1.5. The following

terminal conditions were implemented:

filx,y) =x, fa(x,y) =y, f3(x,y) = max(x —75,0),
fa(x,y) = max(x — 125,0), f5(x,y) = max(x —y/T,0)

where f3 corresponds to an ITM European call option, f4 to an OTM European call option
and f5 to an Asian option.

The degree 3/2, 5/2 and 7/2 cubature formulas we implemented had 2, 3 and 4 ele-
ments in their support respectively. Due to the small support, we ran the degree 3/2,5/2
and 7/2 cubature formulas up to 24, 16 and 8 steps respectively. We ran the algorithm
using Taylor expansion based numerical solvers as well as different Runge-Kutta schemes
of order 2,3,...,7.

Definition 5.3.1. Let us fix an SDE and a terminal condition and let ey and ey denote the weak
approximation error corresponding to two ODE solvers. We say that the algorithms corresponding
to the two ODE solvers are essentially equivalent on the given SDE and terminal condition, if
le1 — ez| < max(|e1], |ez2]) /100; i.e. if the relative difference between the errors is at most 1/100.
We will say that the algorithm with error ey is essentially more accurate than the one with error
ey if |e1| < |ex| and the algorithms are not essentially equivalent.

For each cubature formula we plotted the error corresponding to the lowest order ODE
solver among the essentially most accurate ones.

In the case of non-smooth but Lipschitz terminal conditions, we considered the use of
the uneven partitions of Example We ran the degree 5/2 and 7/2 cubature formulas
on uneven partitions determined by the parameter v = 1,1.5,2,2.5 and the most accurate
results were plotted.

Observation 5.3.1. When estimating E [St] (figure J5.1)), the essentially most accurate al-
gorithms correspond to the Runge-Kutta order 4, Runge-Kutta order 6 and Runge-Kutta
order 7 ODE solvers with the degree 3/2, degree 5/2 and degree 7/2 cubature formu-
las respectively. The convergence orders corresponding to the different degree cubature
formulas are no worse than the theoretical order (smooth terminal condition case) and in
particular for the degree 7/2 case the convergence order is even better. The degree 7/2
formula results in a very accurate approximation (8-12 digit accuracy), and at 2 steps is
already more accurate than the other two cubature formulas at any of the observed steps.

Observation 5.3.2. In the case of the approximation of E [A7] (figure5.2), the essentially
most accurate algorithms correspond to the Runge-Kutta order 4, Runge-Kutta order 5
and Runge-Kutta order 5 solvers with the degree 3/2, degree 5/2 and degree 7/2 cuba-
ture formulas respectively. The convergence orders corresponding to the different degree

cubature formulas match the theoretical order (smooth terminal condition case).
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Figure 5.1: Error of approximating E [St]

—— Degree 3/2

—o— Degree 5/2

—&— Degree 7/2
/n)

L

1 2 4 8
Number of steps

16 32

10°

10

1072

107

10°
10°

10° 10* 10° 10° 107 10°

Number of ODEs

10! 10?

Figure 5.2: Error of approximating [E [Ar]
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Error
Error
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10°° 10°
1 2 4 8 16 32 10° 10t 102 10® 10* 10° 10° 107 10°
Number of steps Number of ODEs

Figure 5.3: Error of valuing the ITM option

Observation 5.3.3. In the case of the approximation of the ITM option (figure [5.3), the
essentially most accurate algorithms correspond to the Runge-Kutta order 4, Runge-Kutta
order 6 and Runge-Kutta order 6 solvers respectively. The ITM payoff is not smooth, which
might explain why the global order of convergence of the degree 3/2 cubature formula
is slower than 1. In the case of the degree 5/2 and 7/2 cubature formulas, the uneven
partition corresponding to the y = 2 parameter proved to be the most accurate among the
observed ones. The theoretical order of convergence is reached after a few steps.

Error
Error

10° + + + + + 10°% + + + + + + + +
1 2 4 8 16 32 10° 10t 102 10® 10" 10° 10° 107 10°
Number of steps Number of ODEs

Figure 5.4: Error of valuing the OTM option

Observation 5.3.4. The OTM option (figure again corresponds to a non-smooth ter-
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minal condition and an uneven partition is required to find the (near) optimal order of
convergence. In the case of the degree 5/2 and 7/2 cubature formulas, we could observe
the theoretical order of convergence after a couple of steps. Interestingly, if we consider
the accuracy expressed in terms of the number of ODEs solved, we find that the degree

5/2 cubature formula is more efficient than the degree 7/2 one.

101

103

10* + + + + + + + +
10° 10t 102 10®° 10* 10° 10° 107 10°
Number of steps Number of ODEs

Figure 5.5: Estimated error of valuing the Asian option

Observation 5.3.5. The case of the Asian option (figure is very similar to the case of
the OTM option. The degree 5/2 and 7/2 formulas behave better when run on uneven
partitions. Expressing the accuracy in terms of number of ODEs solved, in the observed
cases the degree 5/2 cubature formula outperforms the degree 7/2 cubature formula.

5.3.2 NON-LINEAR SDE IN ONE DIMENSION

The second test case set in 1 dimension is based on the CIR SDE

dry = a(b—r;)dt+o\/rdB; (5.19)
dl]t = Ttdt

run with a = 0.08, b = 0.06, ¢ = 0.08, o = 0.075 and qo = O on [0, T| for T = 1.5. Under
these parameters, r; > 0 with probability one. To ensure that the numerical solutions
have the same property, we truncated the numerical approximations from below at a small

e>0.
The following terminal conditions were implemented:

a1(x,y) =x g(x,y) =y, g3(x,y) = max(x,0.09), ga(x,y) = max(x,0.045)
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At the Lie algebra level, we used the same degree 3/2,5/2 and 7/2 cubature formulas
as in the case of the linear SDE.

104+ —x— Degree 3/2 10*

—o— Degree 5/2
107
10°®

—B— Degree 7/2
10°

1 2 4 8 16 32 10° 10t 102 10® 10* 10° 10° 107 10°
Number of steps Number of ODEs

Error
Error

Figure 5.6: Error of approximating [E [rr]

Observation 5.3.6. When approximating E [r7] (figure [5.6), the global orders of conver-
gence of the degree 3/2,5/2 and 7/2 formulas match the theoretical orders. However, in
terms of the number of ODEs solved, the degree 7/2 formula is less efficient compared to

the degree 5/2 cubature formula.
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fin] in]
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Figure 5.7: Error of approximating E [g7]

Observation 5.3.7. When approximating E [g7] (figure [5.7), the global orders of conver-
gence of the degree 3/2,5/2 and 7/2 formulas match the theoretical orders. Moreover the
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degree 7/2 cubature formula outperforms the degree 5/2 one.
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Figure 5.8: Estimated error of EE [g3(rT)]

Observation 5.3.8. In the cases of the terminal conditions g3 and ¢4 (figures [5.8 and
respectively) uneven partitions were required to find a near optimal performance. As the
performance of the cubature formulas of different degrees were diverse, it is not clear

whether the asymptotic behavior has been reached in the observed cases.

102 10° 10* 10° 10° 107 10°
Number of steps Number of ODEs

Figure 5.9: Estimated error of E [g4(rT)]
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5.3.3 STOCK WITH HESTON VOLATILITY

The 2-dimensional test problem is based on the stock price process with stochastic He-

ston volatility:
dv; = a(f —ov;)dt + By/v;dB}
dSt = aSt + pst\/ZTtdB} + \/ 1-— pZSt\/deBtz
dAt == Stdt
th = Utdt
run witha = 0.05,4 = 1,60 = 0.3, 8 =03 and p = 0.8 on [0, T| for T = 0.5. We tested the
following terminal conditions:
hi(v,x,y,z) =0, ha(v,x,y,2z) = x,
h3(v,x,y,z) = max(x —1.1y/T,0), ha(v,x,y,z) = max(y/T — 51,0)
where the payoff functions /3 and hy correspond to two types of Asian options.
The implemented degree 3/2, 5/2 and 7/2 cubature formulas have 4, 14 and 48 ele-

ments in their support respectively. The referred cubature formulas were run up to 12, 6

and 4 steps respectively.
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Figure 5.10: Error of approximating [E [v7]

Observation 5.3.9. Since the volatility process is of the form of the CIR process, the ap-
proximation of [E [v] (figure shows similar performance to the CIR approximation
although the degree 7/2 formula seems to have a convergence order smaller than the ex-
pected 3. This might be because the asymptotic region has not been reached yet. The
approximation of E [St] (figure performs as expected.
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Figure 5.11: Error of approximating E [St]
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Figure 5.12: Estimated error of the Asian option 1
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Observation 5.3.10. The approximation of the Asian options (figures and re-
sulted in smooth error curves and in some cases convergence order higher than the the-
oretical ones. However the asymptotic regions might have not been reached due to the
huge support of the global cubature measures of degree 7/2 at higher steps. In the ob-
served cases, the degree 7/2 cubature formula proved to be the most efficient, especially

when the accuracy was considered in terms of number of ODEs solved.

Error

10°
1 2 4 8 16 10° 10t 102 10°  10*  10° 10° 107
Number of steps Number of ODEs

Figure 5.13: Estimated error of the Asian option 2

5.3.4 TREE BASED BRANCHING ALGORITHM APPLIED IN 4 DIMENSIONS

The four dimensional test problem is defined by the following SDE:
dv; = a(f —ov;)dt + By/v;dB}
dS! = a1S} + c1pSt\/v:dB} + /1 — p201S}\/v;dB?
dS? = 8 + 02pS2\/0rdB} + /1 — 020252\ /0;d B}
dS? = 35} + 03057 \/vidB} + /1 — p2035}\/v;dB}

runwitha =1,0 =03,8=03,0=025a, =01,01 =2,a0 = 05,00 =1, a3 = 0.15,
03 =3,v9=0.1,5} =S} =S} =100 on [0, T] for T = 0.5.
The results corresponding to the following terminal conditions are presented below:

j1(v,x,y,z) = max(x,y,z)

j2(v,x,,z) = min(max(max(x,y,z) — 1.25K,0),0.75K)
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where k = 102. The payoff j; corresponds to a basket option, and the payoff j, corresponds
to a spread option on the maximum of the three stock prices.

We tested a degree 5/2 cubature formula with 50 elements in the support. We had
the computational capacity to work out the exact global cubature measure up to 4 steps.
Since we aimed to observe the asymptotic behavior, i.e. the behavior at more steps, we
combined the KLV method with the tree-based branching algorithm (TBBA). The global
cubature measure can be regarded and constructed from a tree whose nodes hold the local
cubature measures. The TBBA was applied at each node; i.e. we sampled at each node from
the local cubature measures. We ran the TBBA on a 1,2,4 and 8 step cubature trees with
1000, 10000, 100000 and 1250000 particles starting at the root of the tree.

Figures and demonstrate the approximation results of the pure cubature ver-
sion and the TBBA run with 100000 and 1250000 particles. In the case of the partial sam-
pling versions, confidence intervals are plotted and should be considered when evaluating
the efficiency of those versions. In Figure the estimated variance of the partial sam-
pling based version is plotted as a function of number of particles.

163.50T Pure Cubature TBBA 100K TBBA 1250K

20 confidence interval 20 confidence interval
163.251
163.001
162.75¢ T + +

162,501 — — - _ _ I R - SR RN I SR 4-___}___1_

162.25+

Approximation

162.001

161.7571

161.50+1

161.25¢

161.00

1 2 3 4 1 2 4 8 1 2 4 8
Number of steps

Figure 5.14: Estimating the max

Observation 5.3.11. Figure provides important information on the efficiency of the
TBBA and Monte-Carlo based partial sampling versions. The variance of the Monte-Carlo
based partial sampling is expected to be of order 1/+/n where n denotes the number of
particles. Our estimates do not contradict this expectation. The variance of the TBBA based
partial sampling is expected to decay at a faster rate. This faster rate is clearly verified
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Figure 5.15: Estimating the value of a basket spread option

when the sampling is done from the 1 and 2 step cubature tree. However when sampling
from the 4 and 8 step tree, the region of faster decay is shifted towards higher numbers of
particles.

We can also observe that the variance of both of the TBBA and the MC run with fixed
number of particles increases with the number of steps in the cubature tree. Even when
the KLV algorithm approximates the actual variance of the payoff, the convergence might
be slow (although the curves corresponding to the 4-step and 8-step versions are fairly
close to each other, there is a huge gap between the 1-step and 2-step curves as well as the
2-step and 4-step curves). Therefore the small variance of the estimates at a lower number
of steps does not imply similarly low variance of the estimates at a higher number of steps.
This is especially critical if the computational capacity only allows runs at steps where the
variance is sharply increasing. This observation can be regarded as a addendum to Remark
4 of [33]].

5.3.5 SOME SPECIAL ISSUES

In this section we discuss some tricks which significantly improve the accuracy of the
approximations in certain cases and do not improve or even weaken the accuracy of the
approximations in some other cases.

One such trick is referred to as Romberg extrapolation. Heuristically, the Romberg extrap-
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Figure 5.16: Variance of TBBA and Monte-Carlo estimates corresponding to the basket
option (left-hand-side graph) and the spread option (left-hand-side graph)

olation is aimed at exploiting the case in which the global error e(D) of an approximation
X1 (D) corresponding to the partition D of [0, T] (asymptotically) satisfies

e(D) ~ C1|D|? + G| D|P* (5.20)

for some p, e > 0 and real numbers C;, C; not depending on D. Then due to the cancella-
tion of the order p terms, the formula

~Romb 20 1 -
Xr"" (D) = 5y Xr(D) - Xr(D) (5.21)

results in an approximation of order p + ¢, where D denotes the partition constructed from
D by halving each subinterval in D. If the approximation oscillates around the exact value,
the formula (5.21)) can be replaced with

~Romb 20 1 =
XRombes () 5 115 (D) + 5 Xr(D). (5.22)

We highlight two potential difficulties when attempting to apply the Romberg extrapo-
lation. Firstly, the constant C; in might be bounded but not stable enough, implying
that the required cancellation does not happen in general. Secondly, the formula re-
quires the knowledge of the constant p, which is hard to estimate in some cases (e.g. when
the KLV is run on an uneven partition).

We applied the Romberg extrapolation to some of the approximations presented above.
We found that the extrapolation in general did not improve the convergence order or the
efficiency of the KLV algorithm. We demonstrate this observation for the following three

examples (figures[5.17] 5.18|and 5.19).
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Figure 5.17: Romberg extrapolation applied to the 1D linear problem (E [A7])

Observation 5.3.12. We applied the Romberg extrapolation to the linear SDE-based 1-

dimensional problem (in Figure the results corresponding to the extrapolation are
labeled with Deg 3/2+R, Deg 5/2+R and Deg 7/2+R). The case of E [A7] reflects the ideal
case. In particular the convergence orders of the degree 5/2 and 7/2 cubature formulas are

improved to 3 and 4 respectively. Considering the accuracy expressed in terms of number
of ODEs solved (right-hand-side graph of figure[5.17), the Romberg extrapolation shows a
huge improvement since both the Deg 5/2+R and Deg 7/2+R curves are below the Degree

5/2 and Degree 7/2 curves.

—x— Degree 3/2
—o— Degree 5/2 3
—&— Degree 7/2 10
—— Deg 5/2+R
— De/g 7/2+R

n

Number of steps

; 107
32 10°

10t 102 10° 10* 10° 10° 107 10°
Number of ODEs

Figure 5.18: Romberg extrapolation applied to the 1D linear problem (ITM option)
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Observation 5.3.13. In the case of the ITM option (Figure 5.18), the theoretical order of
convergence of the pure KLV method is reached after a couple of steps, implying that the
Romberg extrapolation reflects the expected property at even higher steps. Considering
the accuracy expressed in terms of number of ODEs solved, the Romberg extrapolation
provides a moderate improvement.

—— Degree 3/2
5 —o— Degree 5/2 o
1077 —&— Degree 7/2 10
—— Deg 5/24+R
—a&— Deg 7/2+R

Error

10°
32 10° 10 10> 10® 10* 10° 10° 107 10°
Number of steps Number of ODEs

Figure 5.19: Romberg extrapolation applied on the 1D linear problem (Asian option)

Observation 5.3.14. The case of the Asian option (figure presents a situation in which
the Romberg extrapolation does not provide an obvious improvement. This is probably
implied by the unknown rate of global convergence (an uneven partition is used due to
the non-smooth terminal condition). On the other hand, the instability of the constant C
might also be an issue.

We have already considered the use of uneven partitions, and for each case presented
the approximation corresponding to an uneven partition resulting in a near optimal ac-

curacy. We demonstrate the diverse effect of the uneven partitions in the following two

examples (figure 5.20).

Observation 5.3.15. In general we observed that the KLV run on uneven partitions cor-
responding to higher o parameters resulted in smoother error curves (as a function of
number of steps). Too high - parameters decrease the order of convergence. In the case
of the ATM option (left graph of Figure [5.20), among the observed partition the one cor-
responding to y = 2.5 resulted in the most accurate approximation at a higher number of
steps. In the case of the ITM option (right graph of the figure) v = 1.5 performed well. This
might be explained by the fact that the pay-off of a deep in the money option technically
can be regarded as smooth payoff.
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Figure 5.20: Testing uneven partitions on the 1D linear problem (ATM option on the left
hand side and ITM option on the right hand side)

Finally we tested how sensitive the KLV approximation could be to the choice of nu-

merical ODE solver. We know that when using ODE solvers of low order we might lose
the global order of convergence of the KLV method (ref. Section [5.2.1). However higher
order and geometrically stable (in the sense of Remark [3.4.3) solvers do not just ensure

the theoretical rate of convergence but might improve the accuracy. Technically, we tested
the effect of conditions (5.14) and (5.15). We demonstrate the observed properties on the
1-dimensional degree 3/2 and degree 7/2 cubature formulas (Figure [5.21).
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Figure 5.21: KLV with different ODE solvers applied to the 1D linear problem (E [St])
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Observation 5.3.16. The degree 3/2 cubature formula (left-hand-side graph of Figure
combined with second order ODE solvers resulted in global convergence order 1. Higher
order ODE solvers improved the accuracy but not the rate of convergence. The fourth
order Runge-Kutta solver resulted in an approximation essentially equivalent to the fifth
order Runge-Kutta solver based approximation.

In the case of the degree 7/2 cubature formula (right graph of figure [5.21), the ODE
solvers of order at least 5 resulted in a third order global convergence. The approximations
based on lower order ODE solvers had lower global order (first and second).

In both of the above two examples as well as all the other examples, which we tested
with several ODE solvers, we found that typically the high order Taylor expansion based
ODE solver resulted in approximations matching the theoretical global order, just like the
Runge-Kutta solvers of the same order, however the latter ones had better accuracy, in
some cases even 5 digit better accuracy. This observation motivates the use of more stable
ODE solver than the high order Taylor expansion based ones (the only ODE solvers which

were considered in the first versions of Kusuoka’s approach).



APPENDIX A

TREE-BASED BRANCHING ALGORITHM

In the present section, we give a brief overview of the Tree-based Branching Algorithm (TBBA)
(following Crisan & Lyons [7]).
Let I be a countable set and P(I) the set of probability measures on I:

P(I) = {(xl)lel € R ‘Zx, —1,x>0Vie 1} (A1)
i€l

The Borel o-field B(P(I)) is generated by the cylinder sets. We introduce a probability
space (Q), F,IP) where F is a o-field with no atoms. Let a4 € P be a probability measure
with finite entropy H(a) = Y ;c;a(i)loga(i) < coand letd : Q — P(I) bea B(P(I))/F
measurable map, i.e. a random probability measure. We define the set S; as

Sﬁz{a Q—P(I

1 n
E Z 7.0 Zk : Q0 — I, measurable, E [d] = a} ,

where J, denotes the Dirac distribution concentrated on x.

Example 1. If we define Zy k = 1,...,n to be independent random variables having the

same distribution as a, then we obtain the naive Monte Carlo sampling measure 4.

Our aim is to find an @ € S;; which has only a small discrepancy with respect to a. As a
measure of such discrepancy, [7] defines the relative entropy H(d|a) of 4 with respect to a

as

E |) a(i log )]
iel )

To describe the optimal random measures, [7] introduces the minimal variance prop-

erty as follows.

Definition A.1. 4 € S has the property MV (n), if

a(i) = { W with probability 1 — {na(i)}

' viel
@I with probability {na(i)}

where for a real x, | x| denotes the largest integer less than or equal to x and {x} = x — | x].

141
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Theorem A.1. i) Letd € Si. Then H(i|a) is minimal if and only if d has the property MV (n).

ii) Random measures d € S} with property MV (n) exist and can be constructed using a tree-
based branching algorithm.

See [7] for proof and details of the construction. The random measure obtained by the
TBBA is denoted by al®. [31] also gives an error estimate as follows.

Theorem A.2. Let f be a function defined on I and ¥;c;(f(i))? < co. Then
i€l i€l

2
H%{(Zf@(ﬂﬁﬂ%doi‘<;bilﬂm?

A similar estimate for %€ is given as

2
EBK;ﬂo@w#%W)]<i@2wmﬂ(zmmﬂ.

iel
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