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I 

 

Abstract 

 

The currently operating Generation II Advanced Gas-Cooled Reactors (AGR) in the 

nuclear power stations in the UK, mainly built in the 1960s and 1970s, are approaching their 

designed life. Besides the development of the new generation of reactors, the government is 

also seeking to extend the life of some AGRs. Creep and failure properties of Type 316H 

austenitic stainless steels used in some components of AGR at elevated temperature are under 

investigation in EDF Energy Ltd. However, the current empirical creep models used and 

examined in EDF Energy have deficiency and demonstrate poor agreement with the 

experimental data in the operational complex thermal/mechanical conditions. The overall 

objective of the present research is to improve our general understanding of the creep 

behaviour of Type 316H stainless steels under various conditions by undertaking theoretical 

studies and developing a physically based multiscale state variable model taking into account 

the evolution of different microstructural elements and a range of different internal 

mechanisms in order to make realistic life prediction. 

A detailed review shows that different microstructural elements are responsible for the 

internal deformation mechanisms for engineering alloys such as 316H stainless steels. These 

include the strengthening effects, associated with forest dislocation junctions, solute atoms 

and precipitates, and softening effects, associated with recovery of dislocation structure and 

coarsening of precipitates. All the mechanisms involve interactions between dislocations and 

different types of obstacles. Thus change in the microstructural state will lead to the change 

in materials’ internal state and influence the mechanical/creep property.  

Based on these understandings, a multiscale self-consistent model for a polycrystalline 

material is established, consisting of continuum, crystal plasticity framework and dislocation 
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link length model that allows the detailed dislocation distribution structure and its evolution 

during deformation to be incorporated. The model captures the interaction between individual 

slip planes (self- and latent hardening) and between individual grains and the surrounding 

matrix (plastic mismatch, leading to the residual stress). The state variables associated with 

all the microstructure elements are identified as the mean spacing between each type of 

obstacles. The evolution of these state variables are described in a number of physical 

processes, including the dislocation multiplication and climb-controlled network coarsening 

and the phase transformation (nucleation, growth and coarsening of different phases). The 

enhancements to the deformation kinetics at elevated temperature are also presented.  

Further, several simulations are carried out to validate the established model and further 

evaluate and interpret various available data measured for 316H stainless steels. Specimens 

are divided into two groups, respectively ex-service plus laboratory aged (EXLA) with a 

considerable population of precipitates and solution treated (ST) where precipitates are not 

present. For the EXLA specimens, the model is used to evaluate the microscopic lattice 

response, either parallel or perpendicular to the loading direction, subjected to uniaxial tensile 

and/or compressive loading at ambient temperature, and macroscopic Bauschinger effect, 

taking into account the effect of pre-loading and pre-crept history. For the ST specimens, the 

model is used to evaluate the phase transformation in the specimen head volume subjected to 

pure thermal ageing, and multiple secondary stages observed during uniaxial tensile creep in 

the specimen gauge volume at various temperatures and stresses. The results and analysis in 

this thesis improve the fundamental understanding of the relationship between the evolution 

of microstructure and the creep behaviour of the material. They are also beneficial to the 

assessment of materials’ internal state and further investigation of deformation mechanism 

for a broader range of temperature and stress. These results were reported (or to be reported) 

in several publications in peer-reviewed journals and conference proceedings. 
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Chapter 1 

Introduction 

 

1.1. Motivation and practical problem 

A nuclear power plant is a thermal power station with one or more nuclear reactors as the 

heat source (Figure 1.1a), where the heat is used to generate steam in driving a steam turbine 

connected to a generator in order to convert kinetic energy supplied by the turbine into 

electrical energy. The UK, once the world leader in the development of nuclear technology, 

has developed Generation I technology systems of Magnox reactors in the 1950s and 

Generation II gas-cooled systems in the 1960s and 70s including the current operating 

reactors mainly of Advanced Gas-Cooled Reactors (AGR) (Figure 1.1b).  

 

 

Fig. 1.1 (a) A nuclear power plant station; (b) The Advanced Gas-Cooled Reactors (AGR) in the 

Generation II gas-cooled systems [1]  

 

At present, the AGR reactors of Generation II systems are approaching their designed life. 

Besides the development of new Generation III systems of mainly Pressurised Water 
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Reactors (PWR) with advanced safety systems, the government and the operating company 

EDF Energy / British Energy Ltd are also seeking to extend the life of AGR due to 

economical purposes. The operation mode of the AGR often generates complex 

thermal/mechanical loading conditions either globally or locally within the components. One 

of the life limiting issues of the components at elevated temperatures is the creep deformation 

(a time-dependent inelastic deformation under long-term exposure of stresses and elevated 

temperatures) and failure caused by excessive inelastic strain. Unexpected failure of the 

components could cause closure of the whole nuclear power plant.  

At the current time, EDF Energy has reduced the operating temperature of some of its 

AGRs in order to extend the life of the reactors. At the same time, creep and failure 

properties of the austenitic engineering alloy Type 316H stainless steels, used extensively in 

structural AGR components are under investigation in EDF Energy / British Energy Ltd [2]. 

Tests are being carried out on components at different temperatures and/or stresses to provide 

a more detailed understanding of the creep response. Simple models provided by the R66 

AGR Materials Data Handbook have been used by EDF Energy to interpret and fit the 

experimental data. However, the models are empirical and have been derived from uniaxial 

constant load data, and fits are generally across a range of different batches, with different 

compositions within the wide bands allowed by the specification for 316H, and different pre-

loading histories, which can give rise to different creep properties and large error bars for the 

fitted equations. The model prediction demonstrates poor agreement in some complex cyclic 

stress or temperature conditions, producing significant differences to experimentally observed 

behaviour or plant experience. Moreover, due to the huge cost and time-consuming 

characteristic of long-term creep tests, structural integrity assessments require that the 

available short timescale experimental data are used for the constitutive models to fit and 

further to predict long timescale behaviour. Therefore, a comprehensive understanding of 
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creep deformation and failure mechanisms of Type 316H stainless steels is essential. Simple 

and applicable constitutive models mechanistically motivated with foundations in physics 

that could successfully deal with different thermal/mechanical loading and material 

conditions are required for realistic life prediction. 

 

1.2. Aims and scope of the current research 

The overall aim of the present research is to improve our general understanding of the 

creep behaviour of Type 316H stainless steels by undertaking theoretical studies that link 

events and processes at the microscale (the scale of dislocations and precipitates within 

individual grains) with behaviour at the macroscale. The detailed objectives are 

 To review the creep deformation mechanisms, including strengthening and softening 

effects by different constituents in the material and find the most appropriate state 

variables to describe the material internal state and determine how the state variables 

influence the material’s creep behaviour.  

 To establish a simple theoretical and physically based constitutive framework to 

illustrate the detailed kinetics and evolution of the material state variables across a 

range of practically important stresses and temperatures.  

 To validate the model and assess its ability and applicability by evaluating available 

data for 316H stainless steel provided by EDF Energy and collaborators and then to 

predict long-term creep response of the material. 

In this research, deformation is the focus rather than failure. Emphasis is put on the creep 

deformation driven by dislocation motion rather than pure atom diffusion. EDF has provided 

the typical temperature and stress range of the component in service, which is approximately 

470
o
C-550

o
C at stresses 100-300MPa or 650

o
C at stresses 10~100MPa. However, since the 

life prediction requires long-term data, which is not available at the current stage, some short-
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term tests on specimens even beyond the operating temperature (up to 750
o
C) are also being 

carried out and considered as accelerated simulations of the evolution of the material internal 

state (typically microstructure) for long-term exposure at relatively low temperatures. Care 

needs to be taken in the interpretation of data in such accelerated tests, since there are a range 

of kinetic processes which can change as the temperature is changed. In another word, the 

mechanisms at higher temperatures may not be completely representative of those at lower 

temperatures, i.e. different mechanisms may operate. 

 

1.3. Thesis structure 

Chapter 2 starts with general background information on creep deformation and 

mechanisms, with the focus on creep resulting from dislocation motion; the range of 

dominance of each mechanism is represented on suitable deformation-mechanism maps. 

Then the current empirical models used by EDF Energy and the critical problems or 

deficiencies are briefly described. This is followed by a detailed literature review on the basis 

of strengthening and softening mechanisms associated with different microstructural 

elements, typically forest dislocations, solid solution elements and precipitates. The influence 

of these microstructural elements on dislocation motion at elevated temperatures is also 

presented. Following on from this discussion, the mechanistic concepts of internal resistance 

and internal stress are introduced. Finally, a detailed account is given of several 

representative analytical models of creep deformation that have been proposed in literature.   

Chapter 3 establishes the detailed athermal physical plasticity model for a single crystal, 

based on the original dislocation link length framework proposed by Lagneborg and his co-

workers [3, 4]. Specific emphasis is put on the detailed evolution of the dislocation structure 

on each individual slip plane consisting of a random distribution of dislocation links. 

Hardening on each slip plane is characterised by the increase of the number of dislocation 
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links during plastic deformation. The remaining part focuses on the additional contribution of 

precipitation and solid solution on the athermal strengthening of each slip plane, where the 

distributions of the two elements are also random, but fixed, at ambient temperature.  

Chapter 4 extends Chapters 3 by establishing a crystal based plasticity framework 

embedded in a multi-scale self-consistent model for a polycrystalline material. Plastic strain 

of each individual grain or crystal is determined by collecting the plastic responses on all the 

elementary slip systems. The self-consistent model is employed to simulate the behaviour of 

the polycrystalline aggregate from the collection of responses of all individual grains. The 

self-consistent scheme captures the interaction between slip planes and between individual 

grains and the surrounding matrix.  

Chapter 5 presents an application of the athermal multi-scale self-consistent model 

established in Chapters 3 and 4 on the evaluation of micro-scale in situ lattice deformation of 

different subsets of grains and the macro-scale Bauschinger effect of a F.C.C. Type 316H 

polycrystalline austenitic stainless steel subjected to uniaxial loading at ambient temperatures. 

Relevant experimental data is shown, measured by the advanced non-destructive neutron 

diffraction technique, and is compared with the model predictions. The detailed mechanism 

of athermal deformation of the material is illustrated.  

Chapter 6 enhances the athermal model established in Chapters 3 and 4 by incorporating 

mechanisms active at elevated temperatures. The change of kinetics of dislocation motion is 

modelled at the first place, which includes thermally activated dislocation glide, dislocation 

climb-controlled bypassing over precipitates and thermal solute drag process. Particular effort 

is then put mainly on modelling the evolution of different microstructural elements at 

elevated temperatures and the associated influence on further dislocation motion. Such 

evolution includes recovery of dislocation structure, nucleation, growth and coarsening of 

precipitates (phase transformation) and depletion of solute elements as a result of the 
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precipitation process. All these evolution processes lead to a variation in the strengthening 

and softening effect of the material at elevated temperatures. All these enhancements together 

with the athermal plasticity model established in Chapters 3 and 4 make a comprehensive 

material model that is able to simulate the detailed creep deformation at elevated 

temperatures.  

Chapter 7 focuses on some applications of the comprehensive model, with enhancements 

incorporated in Chapter 6, on the evaluation of high temperature behaviour of Type 316H 

austenitic stainless steels. Three applications are presented respectively, including: influence 

of creep deformation on the macroscopic Bauschinger effect; phase transformation during 

pure thermal ageing; and simulation of the complex phenomenon of multiple secondary 

stages observed in some creep rate vs. time curves at different stresses and/or temperatures. 

The model predictions are compared with relevant experimental data obtained elsewhere. 

Mechanisms of creep deformation at various conditions are identified and illustrated. 

Chapter 8 summarizes the conclusions obtained from the research so far, and presents an 

outlook of the direction for future work.  
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Chapter 2 

Scientific background and literature review 

 

2.1. Brief overview on creep deformation 

Creep deformation is a time and temperature-dependent inelastic strain accumulation 

under long-time exposure at constant load or stress for both single and polycrystalline solids. 

Unlike conventional plastic deformation, creep can occur even when the load or stress is 

below the yield strength. The total strain 
tot  is the sum of the elastic strain 

e  and inelastic 

strain 
ine [5]. 

                                                             
tot e ine                                                        (2.1) 

The elastic component conforms to Hooke’s Law, /e E   (E: Young’s modulus) in 

uniaxial loading, or more generally, e

ij ijkl klF   (
ijklF : fourth order compliance tensor) under 

either uniaxial or multiaxial loading. The inelastic component during creep deformation may 

consist of time-independent and time-dependent plastic strain, with the latter usually called 

creep strain [6]. Since creep is also a form of plastic deformation, in this research we do not 

distinguish between creep strain and plastic strain. The general relationship between the 

strain rate and the stress can be given by 

                                                             
3

2

ij

ij ef

ef

s
 


                                                    (2.2) 

for an isotropic material, where 
ef  is the effective strain rate as a function of the effective 

stress
ef , and 

ijs  is the deviatoric components of stress ( / 3ij ij kk ijs     ). The 

accumulated effective strain is then given by the integration 
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0

t

ef ef dt                                                          (2.3)                                          

At any instant, the strain rate and the corresponding yield strength, which is defined as the 

critical stress needed to produce further plastic flow, depend on the material state, exposure 

time and temperature [7].  

 

2.1.1. Stages of creep and state variable 

2.1.1.1. Standard creep curve 

 Under a constant load and temperature, a typical creep curve may consist of three stages 

[8]: I) Primary or transient stage; II) Steady state, stationary or secondary stage; III) Tertiary 

stage. An idealized creep curve from the standard creep test is shown in Figure 2.1, where 

Figure 2.1(a) plots the creep strain vs time curves while Figure 2.1(b) plots the equivalent 

creep strain rate vs time curves. The primary stage is the early stage of creep when the creep 

rate gradually decreases with time. The secondary almost linear stage is reached afterwards, 

during which the creep rate remains constant. This is followed by the tertiary stage with 

accelerating strain rate resulting from mechanical (i.e. external or internal necking) or 

microstructural instability and leading to failure. 

 

Fig. 2.1. Standard creep curves during constant loading and temperature conditions: (a) creep strain vs 

time; (b) creep strain rate vs time. The initial strain in (a) represents the pre-strain history. Red dashed 

lines refer to the curves at higher temperatures or stresses. 
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Figure 2.1 also illustrates that different temperatures or stresses may result in different 

creep strain rates in different stages thus different creep curves, where higher creep strain 

rates are always understood to be associated with higher temperatures or stresses.  

 

2.1.1.2 State variable 

Different mechanisms may operate during different creep stages. The effective way to 

identify and capture the dominant mechanism is to use state variables, which can be 

represented as a point in the state space, and the change in the system’s state can be 

visualized as tracing a path over time in state space. This path is called the state trajectory [9]. 

The plastic deformation can be described using state variables that determine the mechanical 

state of the material, together with their rate equations as their evolution [10]. The inelastic 

response can be determined by integrating along the state trajectory of the material.  

 

2.1.2. Mechanisms of creep deformation 

There are three different basic mechanisms that may contribute to creep deformation at 

different stages, namely diffusional flow, dislocation glide/climb motion and grain boundary 

sliding [11]. The first two may dominate in the primary and stationary stage, while the last 

one may dominate in the tertiary stage. 

 

2.1.2.1. Stationary stage creep 

Investigation of stationary stage creep has drawn more attention than the other two stages 

due to its stable characteristics. The model is simple since the state variables in this stage are 

understood to be unchanged. In the steady state, the material state is a function of the applied 
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stress and temperature and thus the creep strain rate can be expressed as independent of the 

state variables. The general form of the rate equation is then: 

                                                                   
( , )ss

ij ijf T                                                                 (2.4) 

where
 

ss

ij  is the multiaxial strain rate in the stationary stage and T is the absolute 

temperature. In practice, this stage can often dominate the creep behaviour, i.e. the period of 

which is usually much greater than those for primary or tertiary stage creep. Frost and Ashby 

[11] have drawn various deformation-mechanism maps for different materials in the 

stationary stage, where a typical map for 316 stainless steels is shown in Figure 2.2. 

     

Fig. 2.2. Deformation-mechanism map for Type 316 stainless steels of grain size 50μm in the 

stationary stage [11] 

 

All the data below the time-independent plasticity line in Figure 2.2 are derived from 

short-term creep tests at constant uniaxial loads. In general, two mechanisms can be observed 

clearly in the map, respectively diffusional flow (associated with low stresses) and power-law 

creep (associated with higher stresses than diffusional flow). The map distinguishes the 
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dominant region of each mechanism, but the boundary of each mechanism can be different 

with different grain sizes. 

 

a) Diffusion-controlled creep 

At low stresses (<10
-4

G, G: shear modulus), diffusion-controlled creep dominates, which 

occurs by transport of material via diffusion of atoms within a grain or along grain 

boundaries. The plastic strain rate is linearly proportional to the stress and demonstrates an 

Arrhenius relationship [11] 

                                         expss Q
A

RT
 

 
  

 
    (uniaxial)                                          (2.5a)

                                  

3
exp

2

ijss

ij ef

ef

sQ
A

RT
 



 
  

 
      

(multiaxial)                            (2.5b) 

where A is a material constant, Q is the activation energy and R is the universal gas constant. 

There are generally two types of diffusion creep, depending on the activation energy, i.e. 

whether the diffusion paths are predominantly through the grain boundaries (grain boundary 

diffusion), termed Coble creep, or through the grains themselves (bulk diffusion or lattice 

diffusion), termed Nabarro-Herring creep [7]. Since Coble creep involves relatively low 

activation energy, it dominates at low stresses and temperatures (<0.6
mT , 

mT  is the melting 

point). Besides the activation energy, diffusion-controlled creep also depends on the grain 

size d, which is a characteristic length scale independent of stress in this process. Coble creep 

strain rate is inversely proportional to d
3
, while Nabarro-Herring creep strain rate is inversely 

proportional to d
2
, thus Coble creep dominates in fine grained materials [11]. When the grain 

size is very large (~500μm), another lattice diffusion mechanism may dominate, termed 

Harper-Dorn creep, whose strain rate is independent of d [11].  
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b) Dislocation-controlled creep 

At high stresses (~10
-3

G), the enhanced driving force enables frequent dislocation motion, 

and thus the creep is dominated by dislocation motion. One possible feature of dislocation-

controlled creep is that dislocations can rearrange themselves into cell-like structures by 

climb, a time-dependent diffusion process requiring thermal activation. The average cell size 

is reported to be inversely proportional to the stress [11]. Deformation can occur as a result of 

diffusional flow across the cells, similar to Nabarro-Herring creep but with the characteristic 

length scale changed to the stress dependent cell size. Besides this self-diffusion, atoms can 

also diffuse down the cores of dislocations, termed dislocation core diffusion, which involves 

the volume fraction associated with dislocation density (defined as the total dislocation length 

in a crystal divided by the crystal volume, which is proportional to 2 ). The above 

mechanism leads to a power-law relationship (only the simplest empirical one is shown here): 

                                                     expss m Q
A

RT
 

 
  

 
         (uniaxial)                         (2.6a)

                                         

3
exp

2

ijss m

ij ef

ef

sQ
A

RT
 



 
  

 
    (multiaxial)                      (2.6b) 

where m is power-law parameter (3 for self-diffusion, 5 for dislocation core diffusion, but 

actually may possibly have a value up to 10). Dislocation core diffusion may dominate at 

relatively low temperatures and high stresses due to the larger exponent.  

When the stress is very high (>10
-3

G), some researchers have occasionally observed a 

power-law breakdown phenomenon, which may be due to the transition from dislocation 

climb-controlled to dislocation glide-controlled creep [11]. In order to consider both power-

law and power-law breakdown, an exponential form with hyperbolic sine function has been 

used in some analytical models, which will be presented later in section 2.2.4. 
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As the diffusion-controlled creep tests with relatively low stresses are time-consuming, 

most of the current available data from EDF Energy for the Type 316H stainless steels are 

from the power-law regime. Therefore, only the dislocation-controlled creep mechanism will 

be considered in the following sections. 

 

2.1.2.2. Primary stage creep 

The kinetics of primary creep is governed by the same processes as that of stationary or 

steady state creep, and with the same temperature and stress dependence. However, during 

the primary stage the strain rate is often observed to gradually decrease towards the steady 

state value (Figure 2.1), indicating that the primary strain rate is not a unique function of 

stress and temperature but is also dependent on the state of the material, which can be 

described in terms of a set of state variables Sk. These variables characterize the current 

material state and require associated considerations for their evolution, as the solid strains or 

as the time passes. The constitutive response can be written in the following form: 

                                                         
( , , )ij ij kf T S 

                                                    
(2.7)                                                          

( , , )k k ij kS f T S                                                     (2.8) 

The evolution of each state variable is given by the second equation as a function of stress, 

temperature and the state itself.  

 

a) Time hardening and strain hardening 

Most early studies of primary creep have taken the basic equation (Eq. (2.6)) for steady 

state creep and have associated it with a time-hardening function (time t  as the state variable) 

or strain-hardening function (strain  as the state variable). Alternatively, other similar laws 

are also available, such as Andrade and Garofalo [8]. For simplicity, only the time hardening 



- 14 - 

 

and strain hardening theories are described here. With the addition of two different state 

variables, the two theories can be respectively given by 

                          1( , , ) expmm Q
f T t A t

RT
  

 
   

 
               (uniaxial)                  (2.9a) 
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 
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 
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    (multiaxial)           (2.10b) 

where m1, m2 are constants. The strain rate depends only on the current state while the strain 

depends on its entire history. The deformation-mechanism map for primary stage creep is 

similar to that of the stationary stage but the boundaries separating different regimes may 

change as the creep strain accumulates with time [11].  

 

b) Competition between hardening and recovery 

In the dislocation-controlled creep regime, the creep strain rate is known to be determined 

by a competition between hardening and recovery of dislocation structures, with hardening 

associated with the storage or accumulation of dislocations generated during deformation, 

and with recovery, the opposite process, associated with the removal or rearrangement of 

dislocations by thermal-controlled climb and/or dynamic annihilation [12]. McLean and co-

workers [13-16] proposed a widely accepted concept of creep with regard to the competition. 

The concept considered the dislocation density as the material state variable and assumed that 

dislocations formed during plastic deformation exist in a three-dimensional network, which 

was later confirmed by detailed microscopy studies [4]. During primary creep, initially the 
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rate of recovery cannot catch up with the rate of hardening, so the dislocation density 

gradually increases, which causes the creep rate to decrease. As the average dislocation 

network mesh size decreases with increasing dislocation density, the hardening gradually 

slows down while recovery due to thermally-controlled climb and annihilation of dislocations 

accelerates. Eventually a dynamic balance is achieved between the effect of hardening and 

recovery [17], which is then the stationary stage. As a result, the creep strain rate becomes 

constant and the state variable representing the dislocation density becomes unchanged.  

 

2.1.2.3. Tertiary stage creep  

The onset of the tertiary stage is a sign that dramatic microstructural change or localized 

damage has occurred in the material, which is the reason for the progressively increasing 

creep strain rate (Figure 2.1). Generally, many researchers [18-23] have identified two 

principle categories of damage leading to final failure: 

(a) Intrinsic softening due to changes in the material microstructure, in particular the vast 

accumulation of dislocation density. 

(b) Reduction of internal load-bearing section due to the initiation and development of 

cavities and cracks.  

Rounded and wedge shaped voids are seen mainly at grain boundaries and can coalesce to 

form large cavities. The mechanism of void formation (or cavitation) involves grain boundary 

sliding which occurs under the action of shear stresses acting on the boundaries. The 

contribution increases with increasing temperature, stress and decreasing grain size. In order 

to fully understand the material behaviour in the tertiary stage, a comprehensive investigation 

of creep deformation of the first two stages are prerequisite. However, the present research 

will not consider damage and failure mechanisms in the tertiary stage.  
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2.1.3. Current model and critical problem in EDF Energy 

The above theory is based on the condition of constant stress. However, the real AGR 

components are currently experiencing non-steady conditions and changes to the operating 

envelope may lead to long-term changes in stress and temperature. During some complex 

thermal/mechanical cyclic loading, the AGR components may even experience a combined 

plasticity and creep deformation. 

From limited data collected from some simple tests (e.g. uniaxial with step changes in load 

[24]), it has been found that the strain hardening theory lies closer to the data than time 

hardening, thus EDF Energy has been using, developing and applying the strain hardening 

model for Type 316H stainless steel and other power plant materials. With the strain as the 

state variable, the model is simple to use in real engineering applications and is able to deal 

with stress change condition, with the rule of transitions between different creep curves at 

different stresses simply based on the state trajectory or strain history [8]. However, EDF 

Energy has found that the model is not universally applicable but sometimes underestimates 

or overestimates the creep strain rate after a change of stress. Further, it should be noted that 

materials do not always exhibit the standard creep curves as schematically shown in Figure 

2.1. Depending on the thermal/mechanical loading history, phenomena that are more 

complicated may be observed, e.g. no secondary stage, inverse primary stage (creep rate 

increases with time), etc. Most importantly, in the creep curves shown in Figure 2.3 of 

solution-treated Type 316H stainless steels at the typical operation temperature (550
o
C), 

phenomenon of multiple minima (red dashed arrows) or multiple stationary stages at some 

relatively low stresses has been observed. Such phenomenon cannot be reproduced by the 

simple model. Other issues that are not considered by the empirical strain hardening model 

include thermal aging, or the effect of pre-strain and cyclic straining [2]. Therefore, all these 

deficiencies and other problems may require a prerequisite and clear understanding of the 
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dominant plasticity/creep deformation mechanisms under various conditions and how the 

plasticity and creep influences each other. This necessitates the identification of different 

state variables as well as their evolution laws. 

 

Fig. 2.3. Creep rate vs time curves of solution-treated Type 316H stainless steel at different stresses at 

550
o
C. Red dashed arrows show some multiple minima at different stresses. AAL is a designation of 

the tested specimen. Figure comes from [25] 

 

2.2. Literature review 

Understanding dominant deformation mechanisms with different material states is crucial 

for the establishment of physical based constitutive models applicable to various conditions. 

In many cases, multiple mechanisms may simultaneously operate and contribute to the 

overall strength of the material. This section gives an overview of different strengthening and 

softening mechanisms of engineering alloys like 316 stainless steels, associated with the 

dislocation-controlled creep regime (Figure 2.2). Different dislocation motion modes at 

elevated temperatures are then introduced, followed by the concepts and distinguishing 

features of the internal stress and internal resistance to dislocation motion. Finally, emphasis 

is put on several previously used typical models related to plasticity/creep deformation, 

ranging from empirical to physical.  
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2.2.1. Strengthening and softening effect 

2.2.1.1. Strengthening mechanisms 

The strengthening effect refers to the resistance of materials to plastic deformation. There 

are various mechanisms of enhancing the strength of materials, from single crystals to 

polycrystals, from pure metals to engineering alloys. Incorporation of second constituents 

into a pure metal offers a very flexible means of strengthening. Impurity atoms can aggregate 

in a variety of forms and sizes, from randomly dispersed individual solute atoms to large 

second-phase precipitate particles. These different forms of dispersion, as different 

strengtheners, result in different interactions with dislocations. The consequent strength is a 

combination of these mechanisms. 

 

a) Lattice resistance 

The most fundamental resistance to dislocation motion through a crystal lattice is from the 

lattice itself, often called the Peierls-Nabarro strength [26]. Its magnitude varies on the basis 

of crystal structure and can be different for different slip systems, with a potentially large 

contribution for B.C.C. materials and a small contribution for F.C.C. materials (~10
-6

G) [27]. 

Although addition of alloying elements will increase the Peierls-Nabarro strength [28], it is 

beyond the concern of this thesis, since other contributions are more significant in F.C.C. 316 

stainless steels.  

 

a) Forest dislocation strengthening  

Dislocations can be generated before or during deformation at all temperatures [28]. All 

the dislocations form a three-dimensional network or forest. Usually the dislocations can be 

divided into mobile and immobile dislocations, depending on the likelihood of glide on any 
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slip plane. The most frequently encountered obstacles for a moving dislocation on its slip 

plane are forest dislocation junctions which are intersections with dislocations on other slip 

planes (Figure 2.4). The stress needed to move a mobile dislocation may depend on both 

short-range interactions, such as dislocation intersections, and long-range interactions with 

both near and distant dislocations [29, 30]. As the dislocation density increases with 

multiplication, the mobility of mobile dislocations decreases, i.e. further dislocation 

movement is retarded, which is the most commonly seen hardening effect. To characterise 

the hardening process, the principal problem is the need for a mechanistic understanding of 

the evolution of the dislocation microstructures.  

 

Fig. 2.4. A schematic illustration of an active dislocation moving on its slip plane; The junctions of 

other forest dislocations intersecting this slip plane serve as the obstacles to the moving dislocation. 

 

Thermal exposure facilitates the diffusion of atoms and vibration of dislocations, which 

enhances the climb and thermally activated glide motion of dislocations thus obstacles can be 

bypassed more easily than that at ambient temperature. At very high temperatures, this can 

even lead to frequent multiplication and thus fast formation of cell-like substructures, 

consisting of dislocation walls and channels between walls [11]. The trapped dislocations in 

the walls become immobile that result in a reduction of mobile dislocation density and thus 
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the creep rate. Moreover, some internal stress may also arise and retard further movement of 

mobile dislocations since the immobile dislocations in the walls are impenetrable obstacles.  

 

c) Solid solution strengthening 

For engineering alloys, another strengthening is achieved by the process of solution heat 

treatment and quenching. Solution heat treatment involves heating the material to a suitable 

temperature, holding for sufficient time to induce all constituents to enter into solution. The 

quenching is to preserve the constituents in solution by rapidly cooling to usually near room 

temperature. As a consequence, solute atoms are trapped in the lattice, either substitutional or 

interstitial depending on their size [31]. Substitutional is when large atoms replace solvent 

atoms in their lattice positions (like Cr and Ni), while interstitial is when small atoms occupy 

interstitial sites between solvent atoms (like C and N) (Figure 2.5).  

                            

Interstitial

Substitutional

 

Fig. 2.5. A schematic diagram of the substitutional and interstitial solute atoms trapped in the solute 

lattice in an engineering solid solution 

 

When solute and solvent atoms differ in size, local stress fields are created (compressive 

when the solute atom is larger than the solvent atom and tensile when the solute atom is 

smaller). Depending on their relative locations, solute atoms will either attract or repel 

dislocations in their vicinity. This allows the solute atoms to relieve either tensile or 

compressive strain in the lattice, which in turn puts the dislocations in a lower energy state. 
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Such attraction or repulsion of dislocations by solute atoms contributes to the strength of the 

material [27, 32, 33]. 

At elevated temperatures, although such a strengthening effect may be reduced due to 

increased diffusion mobility of solutes or precipitation process (to be introduced below), it 

may also facilitate the formation of solute clusters or clouds at energetically favourable sites, 

in particular, defects like dislocations, and can be dragged along with gliding dislocations, 

resulting in an additional strengthening in a form of a drag force on gliding dislocations [33].  

 

d) Precipitation strengthening 

Precipitation processes are significantly influenced by temperature, chemical composition 

and thermo-mechanical treatment history. The initially solution-treated state of austenitic 

stainless steels is thermodynamically unstable and changes in their microstructure can be 

made to occur by thermo-mechanical treatment [34]. Discrete particles of different phases in 

solid state can form in the supersaturated matrix. For Type 316 stainless steel, thermal ageing 

promotes precipitation of carbides (mainly M23C6, M refers to metallic elements) and other 

more stable intermetallic phases like Laves (Fe2Mo), sigma (FeCr) and Chi (Fe36Cr12Mo10) 

phases [34, 35]. These precipitates grow heterogeneously in defect-rich regions where the 

preferable nucleation sites are grain boundaries and matrix on intragranular dislocations [34-

37], but unlike solute atoms, are relatively immobile [38].  

Intragranular precipitates have been observed to retard dislocation glide and climb motion 

and also cell formation [39, 40]. Dislocations moving through the matrix can either cut 

through the intragranular particles (small or coherent particles) or bypass them (large or 

incoherent particles). The latter process is more commonly observed by transmission electron 

microscopy [41, 42] and is generally called Orowan bowing [43]. The degree of 

strengthening of Orowan bowing depends on the particle distribution or dispersion in the 
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matrix, which is inversely proportional to the mean inter-particle spacing [44, 45]. Thus a 

closely-spaced dispersion of precipitates has a larger strengthening effect than a widely 

spaced dispersion, which is similar to the operation of a Frank-Reed source [46]. The role of 

intergranular precipitates regarding the interaction with dislocations is less significant within 

the dislocation creep regime. However, depletion of solute elements in the matrix by the 

precipitation process, both intragranular and intergranular, may reduce the solute 

strengthening effect.  

At elevated temperatures, besides the continuous nucleation and growth of different 

phases described above, particles may even coarsen (to be introduced later in the softening 

mechanism, section 2.2.1.2) so that large particles absorb small ones and grow. All these may 

change the particle distribution and the degree of Orowan bowing. In addition, the bypassing 

mechanism for intragranular precipitates may change due to the increased climb mobility of 

dislocations [47]. This is described in detail in section 2.2.2.  

 

e) Strengthening-mechanism map 

A strengthening-mechanism map for 316 stainless steel has been proposed by Aplin and 

D’Angelo [48], shown in Figure 2.6. This map is a more detailed form of the Frost and Ashby 

deformation-mechanism map (Figure 2.2) in the dislocation-controlled creep (power-law) 

regime. This map focuses on the variation of the dominant strengthening mechanisms within 

different temperature and stress ranges. Although the data used in the construction of Figure 

2.6 are limited to short-term data, this map provides an insight into the selection of 

appropriate material state variables, which are associated with different microstructural 

elements and deformation mechanisms. 
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Fig. 2.6. Strengthening-mechanism map proposed by Aplin and D’Angelo [48]. The solid line is the 

limit of the considered experimental data and the dashed line represents the rough boundary of 

different mechanisms 

 

The map covers the temperature range (470-650
o
C) and most of the stress range (100-

300MPa), where it is observed that solid solution and precipitation may dominate the creep 

response depending on the microstructural state. A different terminology, solute locking, is 

used in the map to describe the solute strengthening by thermal solute drag. Note that some 

forms of the solute hardening (or effect of thermal solute drag) may dominate the creep 

response at higher temperatures (580-700
o
C) and low stresses, which is termed viscous glide. 

This is presumably because the majority of solute atoms still remain in solution at this stage, 

but at higher stresses, the precipitation process will accelerate at the expense of solute atoms 

in the matrix or more precipitates nucleate at the early stages of a test [48]. 

At very high temperatures (>700
o
C), the most important structural changes that take place 

during creep deformation are likely to be the dislocation substructure formation (cell-like 

structures or subgrain formation), partly due to the enhanced dislocation climb motion or 

mobility of the dislocations. Precipitates can coarsen rapidly at these temperatures and solute 

atoms that remain in the matrix are very mobile. As a result, solute atoms and precipitates 

may not contribute significantly to the strengthening [48]. For the temperature range of 

interest in this thesis, dislocation substructure formation is not considered to be an important 
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mechanism. However, it is worthwhile investigating its strengthening effect in the future 

since the boundaries separating different mechanisms in Figure 2.6 may vary with different 

material states.  

 

2.2.1.2. Softening mechanisms 

Softening mechanisms, or the attenuation of the strengthening effect, is most commonly 

observed as a reduction of the strength during inelastic deformation. The softening 

mechanisms can be generally divided into two categories: dislocation-based softening 

(recovery) and precipitate-based softening (particle coarsening). 

 

a) Dynamic and static recovery of dislocation structure 

Recovery is a process by which deformed grains can reduce their stored energy by the 

removal or rearrangement of defects (primarily dislocations) in their crystal structure to a 

lower energy configuration [49]. The rearrangement refers to the alignment of dislocations 

into ordered arrays where their individual contribution to the stored energy is reduced by the 

overlapping of their strain fields, like dipoles and low angle tilt boundaries [12]. Recovery 

processes can be divided into dynamic recovery and static recovery. Both types will result in 

the reduction of dislocation density in the network. 

Dynamic recovery is generally the annihilation of dislocations, i.e. dislocations with 

opposite signs can cancel out each other by slip or cross-slip motion on the same slip plane. 

According to this feature, dynamic recovery is understood to be mostly influential during 

frequent cyclic loading, where the possibility for the annihilation increases due to the 

generation of many dislocations with opposite signs [10]. The model of dynamic recovery 

introduced by Kocks, Mecking and Estrin (KME-model) [10, 50, 51] has been extensively 

applied, which gives the evolution of dislocation density (  ) with plastic shear strain ( p ) as: 
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where k1, k2 are parameters defined as length-ratio [50]. The production term 1/2

1k   is 

associated with storage of moving dislocations which become immobilized after having 

travelled a distance proportional to the average spacing between dislocations. The dynamic 

recovery term, 
2k   is based on an assumption that the stored dislocations can break past 

their pinning points and be recovered everywhere in the structure [51].  

Static recovery, also known as a time-dependent network coarsening process [4], is a 

relatively slow rearrangement process of dislocation structure associated with thermally-

controlled climb. Dislocation climb occurs by the diffusion of atoms and vacancies to or 

away from the site of the dislocation line thus provides the dislocation additional mobility to 

move out of its slip plane. Therefore, climb motion largely facilitates the dislocations to 

bypass obstacles, like forest dislocation junctions. As a consequence, the mesh grows in the 

dislocation network, where long dislocation segments grow while small ones shrink and the 

line tension of the dislocations provides the driving force for climb [52]. At the current stage, 

models of network coarsening process driven by this dislocation-core-diffusion-controlled 

climb are not available in the literature. However, Lagneborg has proposed an approximate 

expression of the growth rate of the average mesh size ( ) in the dislocation network driven 

by lattice diffusion [4, 16, 52, 53], analogous to grain growth theory [54] 

   
d M

dt






                                                           (2.12)                                          

where M is the climb mobility and Г is the dislocation line tension, or the line energy of the 

dislocation. Since it is understood that  is inversely proportional to 1/2 [4, 52, 55-57], as the 

mesh size increases by static recovery, the dislocation density decreases, leading to softening 

of the material. Although this theory captures the basic physics of network coarsening, it does 
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not capture the rate-controlling process, which is diffusional transport from a site to another, 

rather than the vacancy emission and absorption considered in grain growth theory. The 

deficiencies of the theory are to be discussed in detail in Chapter 6. 

 

b) Particle coarsening 

When equilibrium is approached for the precipitation of a certain phase, it is commonly 

found that the precipitate microstructure continues to change with the passage of time, where 

the precipitates coarsen by the larger particles growing at the expense of the smaller particles, 

thus increasing the number of larger-sized particles. This observed phenomenon, similar to 

the dislocation network coarsening, is called particle coarsening or Ostwald Ripening [58, 59], 

which is shown in Figure 2.7. The kinetics of particle coarsening is temperature and time 

dependent. 

          
Fig. 2.7. A schematic diagram of particle coarsening, or Ostwald-Ripening process with the passage 

of time. (a) Precipitation in the supersaturated solid solution. (b) and (c) The large particles grow 

while the small ones shrink 

 

This thermodynamically-driven spontaneous process occurs because of the interfacial free 

energy and the strain energy contained in the structure [60]. Large particles are more 

energetically favoured than small ones due to the greater volume to surface area ratio [61]. 

Thus large particles represent a lower energy state with lower interfacial energy. Atoms on 

the surface of small particles will tend to detach and diffuse through solution and then attach 

to the surface of larger particles. As a result, the number of smaller particles continues to 
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shrink, while that of larger particles continues to grow. During the coarsening process, the 

volume fraction of the particles is always assumed to be constant [58], thus as the small 

particles vanish with time, the mean inter-particle spacing will gradually increase, which thus 

attenuates the precipitation strengthening, or softens the material.   

It should be noted that the precipitation of new stable phases may combine with gradual 

dissolution of old metastable phases due to the competition for solute atoms [62]. It has been 

found that the average sizes of the stable phases are much larger than the metastable phases, 

thus such phase transformations may have a similar softening effect to particle coarsening, 

with respect to the gradual increase of the mean inter-particle spacing [36]. However, 

coarsening can occur even when a single precipitate phase is present in the material [63]. 

Both phenomena may overlap and occur simultaneously [64]. 

 

2.2.2. Dislocation motion at elevated temperatures 

Dislocations can either glide or climb at elevated temperatures. Thermally activated glide 

and climb facilitates the obstacle bypassing and further glide motion of dislocations, which 

then generates plastic strain. A gliding dislocation on its slip plane can meet multiple types of 

obstacles as described above, i.e. forest dislocation junctions, solute atoms and precipitates. 

Understanding the detailed mechanism of how dislocations interact with different 

microstructural elements is essential to the investigation of material creep behaviour. Three 

interaction modes are described in this section, respectively unzipping movement, particle 

bypassing and solute drag. 

 

2.2.2.1. Obstacle strength and critical shear stress 

Before we introduce different interaction modes between dislocations and obstacles on its 

slip plane, a prerequisite is to mechanistically quantify the resistance to dislocation motion of 
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each type of obstacles, which often refers to its strength. Friedel [53] gives an illustration of 

the obstacle strength associated with the shear stress required for a dislocation segment to 

bow and break away from one pair of obstacles, which is written as inversely proportional to 

the spacing between obstacles: 

     
1

cos
2

c

Gb
 



 
  

 
                                               (2.13) 

where G is the shear modulus, b is the length of the Burgers vector,   is the spacing or length 

of the dislocation segment separated by two obstacles and 
c  is a critical angle for breakaway 

between the arms of the dislocation segments at an obstacle. The breakaway criterion requires 

that the angle between the arms of dislocation segments is equal to
c . In terms of Eq. (2.13), 

the obstacle strength lies in the range from 0 to 1 and ~ 0c  is for strong obstacles, such as 

precipitates, while ~c   is for very weak obstacles, such as solute atoms. Dislocation 

junctions are also weak obstacles but have a medium strength [32].  

Further, as mentioned in section 2.2.1, thermal exposure may reduce the energy barrier of 

obstacles to dislocation glide motion and enhance vibration and diffusion mobility of 

dislocations, leading to the thermally activated glide and climb motion of dislocations [11]. 

Both processes indicate that, at elevated temperatures, even when the applied stress is lower 

than the critical shear stress, it is still possible for dislocations to bypass obstacles, glide and 

penetrate the whole slip plane. The effect of these will be modelled in detail in Chapter 6.  

 

2.2.2.2. Unzipping movement 

Eq. (2.13) is only an idealized expression of strength or critical shear stress for one pair of 

obstacles, or for regular array of obstacles along the dislocation line, in which case, the 

critical shear stress can be defined as the shear stress required for a dislocation to penetrate 
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the whole slip plane. In reality, given a single slip plane with a random distribution of 

obstacles with uniform strength, the influence from neighbouring segment bowing between 

the next pair of obstacles along the line cannot be ignored. As a result, the critical shear stress 

in Eq. (2.13) should be related to the mean spacing of all obstacles on the slip plane and the 

breakaway criterion for individual pairs of obstacles reduces to only the magnitude of the 

angle between the arms of dislocation segments
c  . 

For weak and intermediate obstacles like solid solution and dislocation junctions, Foreman 

and Makin [44] have found that as the gliding dislocation propagates through a random array 

of these obstacles, a series of adjacent obstacles along the line satisfying the breakaway 

criterion are able to be bypassed in turn or simultaneously, which is regarded as consecutive 

breakaway or unzipping movement (Figure 2.8) [44]. Their obtained expression of critical 

shear stress is consistent with the modification of Eq. (2.13) by Friedel for weak and 

intermediate obstacles, who considers that as the dislocation segment breaks away from a 

weak or intermediate obstacle it does not bow out appreciably and consequently does not 

make contact with any new obstacles. 

3/2
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c

Gb
 



  
   

  
                                            (2.14) 

 

 

Fig. 2.8. A mobile dislocation and its breakaway from weak or intermediate obstacles on its slip plane; 

the blocked dislocations can break away from the obstacles once the included angles between the 

arms are equal to the critical angle c . 
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This unzipping movement continues until the gliding dislocation finds a configuration 

where it is unable to move. Once the stress increases further, the dislocation can bow out and 

break away from the obstacles and propagate again. The effect of unzipping is to reduce the 

critical shear stress required for an obstacle to be bypassed, or to increase the area swept out 

by each released dislocation (Figure 2.9) and thus increase the strain increment that is 

obtained by a certain stress increment [44]. Note that although the unzipping movement is 

intrinsically an athermal process, it can be enhanced at elevated temperatures due to 

thermally activated glide and climb as mentioned above. For obstacles like forest dislocation 

junctions, the climb-controlled recovery leads to the coarsening of dislocation network, as 

described in section 2.2.1, which may reduce the number of obstacles and thus increase the 

mean spacing between all the obstacles.  

 

 

Fig. 2.9. Unzipping movement of dislocations in a random array gliding in the direction indicated by 

the black arrow, which is modified from [44]; the dashed curves are some intermediate positions of 

dislocation segments 
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2.2.2.3. Particle bypassing 

a) Orowan bowing 

Of all types of obstacles, precipitate particles sampled by the dislocation lines in the slip 

planes often can be divided into two groups. The first group consists of small and/or coherent 

precipitates that can be easily cut by the dislocations thus the breakaway angle 
c is large and 

the strength or resistance is small. The second group consists of large and/or incoherent 

precipitates that are oftern regarded as strong non-deformable obstacles which can be 

overcome only when ~ 0c in Eq. (2.13), of which the process is often called Orowan bowing 

[53]. Here we focus on the latter case associated with Orowan bowing. As a consequence, the 

dislocation bypassing process is characterized by encircling movements (with the dislocation 

bent into a semi-circular arc between precipitates) and closed dislocation loop formation 

before breakaway (Figure 2.10) [65]. In the 316 stainless steels considered in this thesis, the 

particles are simply idealized as with spherical shape. It should be noted that the effect of the 

precipitate morphology on dislocation motion is significant only for materials with a very 

high volume fraction of precipitates, such as nickel based superalloys [66].  

 

 
Fig. 2.10. The Orowan bowing bypassing mechanism, leaving loops encircling each particle [65] 
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Following Orowan [43] and also Forman and Makin [44], the critical shear stress or 

Orowan stress 
p  required for a dislocation to bow out and bypass strong obstacles, such as 

precipitates, can be expressed simply by setting 0c  in Eq. (2.13). Then  

  
p

p

Gb

L
                                                              (2.15) 

where Lp is the inter-particle spacing, identical to the length of the dislocation segment 

blocked between two particles (Eq. (2.13)). The Orowan stress is roughly equal to the stress 

required to bend a dislocation segment to a semicircle with the diameter Lp. For a random 

distribution of precipitates, the simulations of Foreman and Makin [44] have shown that the 

corresponding Orowan stress is associated with the average inter-particle spacing (still use Lp 

here) multiplied by a statistical randomness factor 0.84, which is consistent with the 

expressions derived by other researchers, such as Kocks [67] and Ashby [68], using a variety 

of analytical approximations.  

0.84p

p

Gb

L
                                                                  (2.16)     

b) Secondary slip 

The dislocation loops on a slip plane around the precipitates after a dislocation line has 

bypassed them (shown in Figure 2.10) are often called Orowan or primary loops, and the 

corresponding plane is called the primary plane. These loops together produce large stresses 

in the neighbourhood of the particles. Ashby [46] demonstrated that this Orowan mechanism 

of accommodation only occurs for the first 2 or 3 dislocations that bypass a precipitate. It 

then becomes more energetically favourable for plastic flow to be accommodated by 

prismatic loops punched out from the particles on secondary slip planes [46, 69]. Some 

experimental evidence can be found in support of this mechanism [70]. A discussion of 

different types of prismatic loop formation is given by Brown and Stobbs [71], who support 
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Ashby’s proposal [46] that the secondary slip process is more energetically favourable [46]. 

A schematic of the origin of Ashby-type secondary slip around a single spherical particle in a 

plastically deformed matrix is shown in Figure 2.11 and is described below. 

 

 

Fig. 2.11. Origin of Ashby-type secondary slip around a single spherical precipitate [62]; (a) A 

precipitate in a matrix with the shear stress ; (b) The matrix undergoes a uniform shear displacement 

u1 when the precipitate is removed from its hole, leading to the distorted hole; (c) To replace the 

particle in the hole, a secondary shear displacement u2 at the particle-matrix interface is needed if the 

precipitate is to be elastically distorted only; (d) Alternatively, the matrix can be displaced by 

prismatic punching to give displacements u1’ and u2’ parallel to new axes x1’ and x2’ 

 

When a rigid spherical particle (Figure 2.11a) is removed from its original hole, the hole is 

free to deform and distorts into an ellipsoidal shape shown in Figure 2.11(b) due to the 

uniform primary plastic shear displacement u1 caused by the shear stress along the x1–axis in 

the matrix. If the initially separated rigid sphere is to be reinserted in the hole, this requires 

the elimination of the displacement incompatibilities, which can be achieved in two distinct 

ways. A secondary shear displacement u2 at the particle-matrix interface along the x2–axis 

normal to x1–axis is needed if the particle is to be maintained only elastically distorted 

(Figure 2.11c), i.e. to restore the ellipsoid to the original shape of a sphere. As an alternative, 

a different slip pattern along two new directions x1’ and x2’ (may simply make angles of 45
o
 

with the old axes in Figure 2.11d) can occur to restore the spherical shape. The latter slip 

pattern seems to be favoured by the experimental results [46]. As a result, geometrically 

necessary dislocations, i.e. prismatic loops, which also represent the amount of secondary slip, 
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are punched out around the particles on the secondary slip systems, consisting of two types, 

respectively “interstitial” loops (like those produced by condensation of interstitial atoms) 

and “vacancy” loops (like those produced by condensation of vacancies, Figure 2.12). These 

loops serve as additional obstacles retarding further dislocation motion on all slip planes. 

 

                                  (a)                                                   (b) 

Fig. 2.12. A schematic illustration of the generation of secondary loops (interstitial and vacancy 

loops). At (a) shear in the primary slip system has left primary Orowan loops round the particle. At (b) 

secondary slip has occurred by the nucleation and glide of secondary prismatic loops which will 

contribute to the hardening. The primary slip plane is horizontal and perpendicular to the page 

 

c) Climb-controlled bypassing 

Orowan bowing is a fast and time-independent process and can occur at any temperature 

provided the breakaway criterion is satisfied. At elevated temperature, when the Orowan 

process is inhibited (e.g. the applied shear stress is much lower than the Orowan stress in Eq. 

(2.16)), while particle bypassing can also occur with the aid of thermally activated glide 

motion of dislocations, as mentioned before, it can also be achieved gradually through 

dislocation diffusion-controlled climb [47]. McLean [47] has discussed three modes of 

dislocation climb around particles, respectively local climb, general climb and cooperative 

climb, each of which gives rise to a threshold stress [47, 72], a stress below which the 

particular climb mechanism cannot operate. Above the threshold stress, the work done by the 

dislocation as it glides and bypasses the particle is greater than the increase in line energy of 
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the dislocation as it climbs around the particle [73]. Unlike the Orowan bowing process, all 

these climb-controlled bypassing processes do not involve dislocation loop formation.  

Figure 2.13(a) shows the mode of local climb, which assumes that climb only occurs local 

to the particle-matrix interface, i.e. the dislocation segment between particles remains in the 

slip plane [47]. This mode may operate when the volume fraction of particles is low so that 

the climb force on the dislocation segment at the particle due to the shear stress is amplified 

[47]. The threshold stress 
LC has been reported by McLean, 

0.7LC OB                                                           (2.17) 

where 
OB is the Orowan stress associated with Orowan bowing, given by Eq. (2.16). Another 

expression, which has been reported by Shewfelt and Brown [74] using a computer 

simulation for dislocations bypassing a random distribution of particles, similar to that 

described by Foreman and Makin [44], shows that  

0.32 0.4LC OB
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L
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(2.18) 

Eq. (2.18) has been verified by Arzt [73, 75], who used a simple analytical model taking into 

account a random intersection height of dislocations on the particles.  

Lagneborg [76] has opposed the local climb theory. He argued that the sharp dislocation 

bends at the point of particle contact implied by local climb are unstable high-energy 

configurations, which are therefore unlikely to occur. Based on this, he proposed a different 

climb mode, general climb (Figure 2.13b), which involves only a small increase in 

dislocation line length when portions of the dislocation away from the particle are allowed to 

relax or unravel by diffusion and leave the slip plane, smoothly connecting the portion which 

is forced to climb over the particle for geometrical reasons [47, 72, 75, 76]. As a consequence, 

the threshold stress for general climb would be smaller than that for local climb, but the rate 



- 36 - 

 

is much slower since it requires a longer length of dislocation to climb. McLean [47] has 

reported the threshold stress of general climb 
GC as follows  

1/2 1/42GC OB f            for high stresses                   (2.19a) 

3/2 5/42GC OB f             for low stresses                (2.19b) 

where f is the volume fraction of particles. Arzt and Ashby [75] have reported a different 

expression for general climb 

0.04 0.05GC OB

p

Gb

L
                                                         (2.20) 

Both Eq. (2.19) and Eq. (2.20) show a lower threshold stress than that for local climb (Eq. 

(2.18)), provided that, for the case of Eq. (2.19), the particle volume fraction is small (<20%). 

Note that at this volume fraction, 20%, Eq. (2.20) is close to Eq. (2.19b) and Eq. (2.19a) is 

close to Eq. (2.18). This may indicate that, at a given applied stress, which climb mode 

dominates largely depends on the volume fraction of particles. At some transition volume 

fractions, the climb velocities of dislocations for these modes will be generally equal [47, 73]. 

 
(a)                                                          (b) 

Fig. 2.13. Schematic illustrations of dislocation configurations for (a) local climb and (b) general 

climb around spherical particles in a single slip plane 

 

   Local climb and general climb are just two extreme cases. Evans and Knowles [72] have 

considered an intermediate geometry, i.e. cooperative climb, where the ends of the 
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dislocation segment are attached to network nodal points or fixed in space while the other 

segments between particles are allowed to climb (Figure 2.14). Such a configuration involves 

the minimum increase of dislocation line length but involves the maximum climb distance 

compared with the other two modes. No simple expressions of the threshold stress associated 

with cooperative climb have ever been reported.  

 

Fig. 2.14. Schematic illustration of the cooperative climb of dislocation segment AA’ over a group of 

particles. (a) before climb, dislocation entirely stays in its slip plane. (b) after climb to top of particles 

only segments AC and C’A’ have changed in length. 

 

2.2.2.4. Solute drag 

At ambient temperatures, dislocation motion around a random distribution of solute atoms 

in the matrix can be described by the unzipping process described earlier. Since solute atoms 

are weak obstacles, dislocation lines remain relatively straight as they propagate through the 

random array. At elevated temperatures, the solute atoms are partially mobile and can easily 

diffuse to the dislocation cores and form a solute cloud or atmosphere which pins the 

dislocations, which can then be dragged along with the gliding dislocations (Figure 2.15) [33]. 

As a consequence, the dislocation velocity or mobility is reduced since the rate-controlling 

factor is the average or effective diffusion rate of the solute atoms in the cloud [33]. This may 

enhance the rate of multiplication or reduce the rate of recovery of the dislocation structure 
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[77]. In fact, the effect of solute drag is more pronounced when the temperature is 

intermediately high (around 500
o
C for 316 stainless steels shown in Figure 2.6) [48, 78, 79]. 

This is because at much lower temperatures, the solute atoms remain fixed in the lattice, 

while at much higher temperatures, the solute atoms can either be depleted by precipitation, 

or become extremely mobile and can readily keep up with the mobile dislocations with 

minimal driving force.  

 

(a)                                        (b)                                      (c)                  

Fig. 2.15. Solute drag movement: (a) a gliding dislocation meets some mobile solute atoms; (b) 

mobile atoms diffuse to the dislocation core and pin the dislocation; (c) mobile solute atoms are 

dragged along with the gliding dislocation 

 

2.2.3. Internal resistance and internal stress 

According to sections 2.2.1 and 2.2.2, the material internal state can be described by the 

microstructural state, the change of which can be characterized by the evolution of 

microstructure during deformation, especially at elevated temperatures. In the literature, two 

terms have been used frequently, respectively the internal resistance or internal stress, to 

mechanistically describe the material internal state. However, it is evident that the distinction 

between the two terms in literature is often confusing and unclear [80]. This section seeks to 

clarify these two terms according to their physical origin, which benefits the selection of 

appropriate state variables and the understanding of how the change in the internal state may 

influence the subsequent dislocation motion, as described in the last section. 
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2.2.3.1. Internal resistance 

The material internal resistance is essentially a material property, referring to the intrinsic 

resistance to dislocation motion and thereby the inelastic deformation. It is not a “stress” but 

“strength”. Macroscopically, the yield strength can be used to provide a measure of the 

internal resistance in a bulk material, but care needs to be taken since the yield strength is 

often a combined result of the internal resistance and internal stress (to be illustrated later) 

[81]. To physically understand the origin of the internal resistance, it is more appropriate to 

view this term on each crystallographic plane. Based on the theory of crystal plasticity theory 

applied at the length-scale of a single slip plane, the internal resistance is the critical resolved 

shear strength (CRSS), or critical shear stress described above, illustrating the impediment of 

dislocation glide motion [82]. According to sections 2.2.1 and 2.2.2, the CRSS is 

characterised essentially by the distribution of different types of obstacles in the slip plane, i.e. 

the three-dimensional forest dislocation junctions, the solid solution elements and the 

secondary phase precipitates. Generally, a dislocation encounters an identical distribution of 

obstacles no matter what the direction of motion is, thus the internal resistance has an 

isotropic feature. Different strengthening and softening processes within the material 

associated with the evolution of microstructure may change both the type and magnitude of 

the internal resistance [83-87], thereby leading to the change in the micro- and macroscopic 

yield strength. 

 

2.2.3.2. Internal stress 

The term of “internal stress” has been used frequently in the literature. Other similar 

terminologies include back stress [88], friction stress [89, 90], threshold stress [91] and 

residual stress [92]. However, many of these terms according to their meanings in the 

literature should be somehow classified into the internal resistance terms considering the 
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definition described above. For example, the term of “threshold stress” has been used which 

must be overcome in order for dislocations to bypass dispersed precipitates [47, 88, 93]. 

Similarly, the term “friction stress”, which has been used to interpret the dislocation 

interaction with particles [94] or solute atoms [32], is an internal resistance.  

The appropriate definition of the internal stress in this work, different from the material 

property of internal resistance, is the real stress which basically helps maintain the internal 

self-equilibrium of a material when there is no external stress [80]. Thus the internal stress is 

similar to the definition of residual stress and is understood to occur and accumulate during 

plastic deformation. Hereby the internal stress has a kinematic or directional feature. Within a 

polycrystalline material, based on the length-scale over which they vary and self-equilibrate, 

the classification of the residual stresses is Type I (macro-), Type II (meso-) and Type III 

(micro-) [95, 96]. Type I residual stresses self-equilibrate over a length-scale comparable to 

the macroscopic dimension of the component. Type II residual stresses self-equilibrate over a 

length-scale comparable to a few grains and are discontinuous from grain to grain. This type 

of meso-scale residual stress is a result of strain incompatibility or misfit between grains, 

created by the orientation dependent elastic and plastic anisotropy [96-98]. Type III residual 

stress is associated with the misfit stresses between matrix and microstructure elements at the 

micro-scale. This stress reduces quickly with distance but still satisfies the self-equilibrium 

condition. Accordingly, the term of “back stress” used in some works to describe the 

impediments to dislocation motion from the heterogeneous distribution of dislocations, such 

as the cell walls, grain boundaries and small-scale heterogeneities like dislocation loops and 

tangles [99, 100], should be all revealed as genuine measures of Type III residual stresses 

following the definition in this work.  
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2.2.3.3. The Bauschinger effect 

The Bauschinger effect is one of the most important manifestations of the kinematic or 

directional feature, or the internal stress defined above [80]. It is normally observed that after 

forward deformation, either in tension or compression, it is easier to deform in reverse 

deformation than it is to deform in continued forward deformation. An example is depicted in 

Figure 2.16, where the tensile yield strength along the curve O’B is higher than the 

compressive yield strength along the dotted curve O’D (equivalent to the curve O’C but is 

inverted, i.e. the magnitudes of the changes in stress and strain with respect to O’ are plotted, 

to provide an easier comparison with the tensile curve O’B) for materials with pre-tensile 

strain history (loaded along the curve OA and unloaded along the line AO’). In the literature, 

the Bauschinger effect is often characterised by two distinct quantities: transient softening 

and permanent softening stresses, which relate to the magnitudes of 
ts  and 

ps  as shown in 

Figure 2.16. The transient softening stress 
ts refers to the immediate difference in the flow 

stress between tensile and compressive curves, while the permanent softening stress 
ps refers 

to the observed long-term difference between the two curves. Both stresses can be measured 

respectively at a small and large strain offset from the starting point O’. However, care needs 

to be taken on the definition of permanent softening stress since “long term” only refers to a 

relative time scale. The mechanism of the Bauschinger effect has been naturally considered to 

be the assistance on the movement of dislocations by different types of internal stresses when 

the load is reversed [101]. Therefore, distinguishing between internal resistance and internal 

stress, and understanding how the internal stress evolves with deformation are vital to 

assessing the material plastic and creep behaviour.   
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Fig. 2.16. Schematic diagram of Bauschinger effect, showing the prior tensile deformation history 

(loaded along the curve OA and unloaded along the line AO’) and the continued (tensile, curve O’B) 

and reversed (compressive, curve O’C re-plotted as O’D) straining of the material.  

 

2.2.4. Analytical constitutive models 

A wide range of constitutive laws exist in the literature describing the inelastic response of 

materials. These laws can be divided into three broad groups, which we refer to as empirical, 

phenomenological and physical models. Empirical models are largely obtained by fitting 

arbitrary functions to the experimental data. The models are simple but the choice is limited 

by certain thermodynamic constraints [78]. A typical example of this is the Chaboche model 

and its extensions [6, 102]. Phenomenological models tend to adopt a similar structure to the 

empirical ones, but the choice of state variables, evolution laws and also fitting procedures 

are aided by an understanding of the perceived underlying mechanisms of deformation. Two 

such models will be briefly introduced in this section, mainly developed by Miller [99, 103, 

104] and Dyson [105, 106] respectively. Physical models, or mechanistic models, are mainly 

based on state variables to characterize the hardening and recovery behaviour by capturing 

the evolution of mechanical state based on the understanding of deformation mechanisms. 

Examples of such models in terms of the multiplication of dislocations and evolution of the 
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dislocation density have been reviewed by Kocks and Mecking [107]. Some specific models 

established by Gibbs [108], Lagneborg and his co-workers [3, 4, 16, 52] from different 

aspects of dislocation structures are introduced. 

 

2.2.4.1. Chaboche’s model 

In metal physics, a yield surface is defined in stress space as the separator convex surface 

between elastic and plastic regions. The size and location of the surface is commonly 

described in terms of two types of variables: isotropic and kinematic hardening variables. The 

isotropic variable accounts for the growth in size or expansion of the yield surface (the 

increase of internal resistance), while the kinematic variable accounts for its translation, often 

involving the internal stress and allowing for a description of the Bauschinger effect [6]. The 

yield surface and the two hardening types in multiaxial stress space are shown in Figure 2.17. 

 

Fig. 2.17. Schematic representations of hardening in multiaxial condition: (a) kinematic (b) isotropic 

[102]. The black circle is the original yield surface while the blue circle is the updated yield surface. 

 

The yield criterion is given by ( 0f   represents the inelastic domain) 

3
( )( )

2
ij ij ij ijf s s L k                                         (2.21)                                                             
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where k is the initial size of the yield surface, and L+k represents the current size. 
ij

represents the current location of the centre of the yield surface in stress space. The unified 

cyclic plasticity and viscoplasticity model proposed by Chaboche [6] is based on a 

decomposition of the non-linear kinematic hardening rule proposed by Armstrong and 

Frederick [109], who simulated the multiaxial Bauschinger effect by using a non-linear 

internal stress evolution equation with dynamic recovery 

     1 2

2

3
ij ij ijC C p                                                (2.22) 

where C1 and C2 are both constants determined from uniaxial tests, p is the rate of effective 

plastic strain accumulation ef . Chaboche also gives the evolution law of L in Eq. (2.21) with 

hardening and recovery and 0ijL   during steady state creep. The general constitutive 

law is a power function  

                                

3
( )( )

2

n

n
ij ij ij ijs s L k

f
p

D D

 
 

    
 

   
   

 
 

                          (2.23) 

where D is an isotropic drag stress proportional to L and n is a material constant. Chaboche’s 

model can be expanded to include a series of kinematic variables and more recovery terms to 

optimize the fitting of experimental data. For example, Chaboche proposes 

k

ij ij         
1 2 2

2

3

k k k

ij k ij k ij k ijC C p G                        (2.24) 

where the summation is over all specified kinematic variables k

ij and the constants 
2kG  

depend on the material and temperature. However, random addition of more state variables 

and recovery terms is also the main defect of Chaboche’s model, with insufficient support 

from detailed physical processes. 
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2.2.4.2. Miller’s model 

The MODel of MATerial (MATMOD) family, established by Miller and co-workers [99, 

103, 104], is based on the concept of dislocation-controlled visco-plasticity with inclusion of 

the solute drag mechanism. In the MATMOD, besides isotropic (D) and kinematic hardening 

( ij ) terms, an additional state variable
solF  related to the solute drag effect is included [103]. 

                                                      ( , , , , )ij ij ij solf T D F                                               (2.25) 

where 
solF  represents the thermally interactive solute strengthening with isotropic terms. 

Different from Chaboche’s model, there is no initial yield strength in MATMOD and the rate 

function is written in the form of a hyperbolic sine 
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where ( )T  is a temperature dependent function. The main specificity of Miller’s model is 

the development of the drag stress and internal stress. The isotropic drag stress D is divided 

into D  and D to represent strengthening of forest dislocations and cell/subgrains 

respectively [100]. The internal stress term χij is divided into A

ij and B

ij to represent long 

range and short range internal stresses arising from stable entities and metastable dislocation 

configurations respectively [99]. Meanwhile, the interactions between D  and B

ij , D and

A

ij are also considered. All these factors obey a hardening/dynamic recovery/static recovery 

format similar to Chaboche’s model. The unified MATMOD model has a broad range of 

application due to the comprehensive consideration of various phenomena. However, despite 

some simplicities made in an improved “physical-phenomenological” model [104], the broad 
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scope may come at the expense of practicability with too complex equations and too many 

material constants. 

 

2.2.4.3. Dyson’s model 

The model proposed by Dyson [105, 106], focusing on precipitation hardened alloys, 

combines an Arrhenius law with the simplest hyperbolic sine function in Miller’s model.  
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By understanding the precipitate-bypassing mechanism and the effect of dislocation 

substructure as additional barriers, Dyson utilized a new state variable of mobile dislocation 

density to illustrate dislocation-precipitate interactions. The isotropic hardening term D 

measures the strength of obstacles impeding dislocation motion. It consists of two aspects, 

dislocations (
d ) and particles (

p ) 

  
2 2

p dD                                                              (2.28) 

where 
d depends on the current dislocation density. The root mean square represents the 

interaction between the dislocation network and precipitates. Meanwhile, Dyson also used 

two kinematic hardening terms as internal stresses, respectively arising from Orowan loops 

around precipitates and the polarity of the dislocation substructure, i.e. the long range internal 

stress in Miller’s model due to the incompatibility between dislocation walls (hard regions) 

and channels (soft regions). Dyson’s model is simpler than Miller’s and has been successfully 

used in modelling nickel-based superalloys [18, 19], but poorly in 316 stainless steels [106]. 

Part of the reason for poor agreement in 316 stainless steels may be the overemphasis of the 

strengthening effect from precipitates. Dyson assumed that all dislocations were initially 
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trapped at precipitates and very few could escape, which is not reasonable for 316 stainless 

steels due to much lower volume fraction of precipitates than that in nickel-based superalloys. 

 

2.2.4.4. Gibbs’ model 

In contrast to the empirical and phenomenological models described above, Gibbs’ theory 

of creep takes the well-known Orowan expression to determine the strain rate: 

bv                                                             (2.29) 

where   is the dislocation density, b is the length of the Burgers vector and v is the average 

velocity of dislocations. Gibbs’ model also takes the dislocation density as the state variable, 

which evolves in a similar way to that described by Kocks and Mecking (Eq. (2.11)). The 

model combines the features of both thermally activated glide and climb-controlled recovery 

and it assumes that the velocity of mobile dislocations and hence the strain rate are 

determined entirely by the rate of thermal activation at local obstacles [108]. The most 

popular choice of local obstacles to glide has been alternate vacancy-emitting and vacancy-

absorbing jogs in the screw components of glide dislocations [108]. As a result, v is given by 
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                                           (2.30) 

where 
lD is the lattice diffusivity, l is the spacing of defect-emitting jogs, k is the Boltzmann 

constant and 
 is the long-range internal stress assumed to arise from a density of 

immobilized dislocations
 , written by the Taylor-type expression 

0.4Gb                                                     (2.31) 

Gibbs’ model has focused only on simple and limited dislocation mechanisms and has only 

been used to describe the behaviour of pure metals due to incomplete consideration of other 

microstructural elements. 
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2.2.4.5. Lagneborg’s model 

The physical model proposed by Lagneborg and his co-workers [3, 4] focuses on a 

distribution of dislocation link lengths, i.e. a dislocation network structure. Here a dislocation 

link is defined as the segment between two obstacles or pinning points on its slip plane. Each 

link is associated with a critical shear stress regarded as the corresponding internal resistance. 

Most parameters in the model are related to the microstructural state variables such as the 

dislocation density, the change of which can be determined by pure geometric or physical 

expressions. In this work, we aim at understanding the underlying physics of deformation 

thus physical models are to be chosen and developed. Compared with other physical models, 

the proposed distribution of dislocation link lengths in Lagneborg’s model is an elaborated 

framework and is the physical basis of this thesis. The framework is described and developed 

in detail in Chapter 3. 

Further, note that physical models can be developed for the whole macroscopic 

polycrystalline material (continuum framework) or for each individual crystal (crystal based 

framework). Despite the greater complexities involved in the model formulation for the latter 

approach compared with the former, a crystal based framework is employed here and allows 

complicated boundary conditions for each crystal to be dealt with efficiently and flexibly and 

inclusion of physically based evolution laws for the microstructure at the levels of elementary 

shear slip systems, such as the degree of dislocation multiplication on different slip systems 

(self- and latent hardening behaviour). In the following chapters, we start from construction 

and validation of an athermal plasticity model for a single crystal and the whole polycrystal 

and then incorporate enhancements at elevated temperatures into the athermal model to 

constitute a comprehensive model for creep deformation. 
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Chapter 3 

An athermal plasticity model for a single crystal 

 

3.1. Introduction 

Physical dislocation models, e.g. dislocation network models, have been proposed [110, 

111] to characterize the hardening and/or recovery behaviour, by capturing the evolution of 

the dislocation structure during plastic or creep deformation. These models consider the 

dislocation structure of a deformed crystalline solid as a complex three-dimensional array of 

dislocation links arranged in a network, where a dislocation link is defined as the dislocation 

segment between two pinning points. A given grain will contain a distribution of link lengths. 

Lagneborg and Forsen [3] and Ostrom and Lagneborg [4] investigated for the first time the 

detailed evolution of the distribution of link lengths from a physical description of the glide 

motion of mobile dislocation links. Such a distribution is frequently described by an 

instantaneous distribution function [3, 4, 56, 57, 112, 113]. A typical distribution was derived 

by Wang et al [114], assuming that different slip systems uniformly orient in three-

dimensional space and all configurations are equally probable, which also minimizes the total 

entropy. However, such a distribution function only considers a static structure without any 

external stress. The rate process is based on the athermal Orowan bowing [43] and Friedel’s 

thermally activated network coarsening kinetics [53]. This model has been further extended 

to illustrate primary and steady-state creep processes, e.g. Ajaja [57]; Shi and Northwood 

[17]. Among these extensions, Ardell and Przystupa [115] provided a elaborated statistical 

analysis of the dislocation interaction and the evolution of the distribution. However, all these 

above models have allowed the existence of links with infinite length in the network, which is 
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physically unrealistic. In addition, none of these models have systematically accounted for 

the contributions of different types of obstacles to dislocation motion in engineering alloys, as 

described in section 2.2.2. Most importantly, previous evolution laws of the distribution 

function have not distinguished between different dislocation structures on different 

crystallographic planes, thus the hardening or recovery behaviour described by these models 

was simplified to be isotropic, i.e. the same for all slip planes.  

This chapter establishes an athermal plasticity model for a single crystal, with the principal 

concern of the kinetics of slip and the evolution of microstructure on different 

crystallographic planes within a single crystal. The model extends the previous dislocation 

link length models by considering: (1) a two-dimensional dislocation link length distribution 

structure on each elementary slip plane; (2) the distinction between self- and latent hardening 

behaviour in terms of different evolution processes of the dislocation distribution on different 

crystallographic planes of individual grains; (3) athermal contribution to strengthening from 

precipitation and solid solution as well as their effects on the plastic response. The aggregate 

behaviour for the whole polycrystal is considered in Chapter 4. Some validations of the 

athermal model are shown and discussed in Chapter 5.  

 

3.2. Athermal dislocation link length model 

3.2.1 Structure of dislocation link length distribution 

This section first establishes a two-dimensional distribution function to describe the 

distribution of dislocation link lengths on each elementary slip plane within a single crystal. 

This is done using a statistical approach (details can be found in Appendix A), based on the 

fact that the distribution of links is related to the distribution of pinning points on the slip 

plane since, initially, all the links are pinned by two points, with each point also connected to 
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two links. The pinning points in the model only refer to the forest dislocation junctions, 

which are the intersections of links from other slip planes. Given a slip plane with Nd 

randomly distributed pinning points per unit area, assume that a link connects each point to 

its nearest neighbour. The two-dimensional distribution function ( )  can be written as  

2

4 2

2
( ) exp

d dL L

 
 

 
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 
                                               (3.1) 

where ( )    equals the number of pinning points per unit area with spacing in the range 

 and   , or the number of potential links per unit area with lengths in the same range. 

1/2

d dL N  is the mean spacing of the pinning points on the slip plane. A schematic 

illustration of ( )  is shown in Figure 3.1. The curve is truncated at the link length close to 

the mean spacing, which is to be explained in the next section. The form of Eq. (3.1) is 

similar to the distribution function obtained by Wang et al, [114] for a 3-D distribution of 

links. The analysis of Appendix A is more straightforward than that presented by Wang et al 

[114] and it relates to a 2-D plane, rather than a 3-D body. Note, in the current context, 

different planes can have different distributions of link lengths.  

The pinning points exert an athermal shear resistance to the connected link, which is 

understood to be inversely proportional to the link length [3]. In the athermal problem, the 

link can be released from the pinning points and glide without the help of recovery only when 

the resolved shear stress   (RSS) seen by the link approaches the shear resistance. 

dGb



                                                               (3.2) 

where 
d  is a dimensionless constant determining the average strength of the pinning points 

blocking the links, depending on the breakaway angle of a single obstacle from the two 

connected links (Eq. (2.13)) [44]; G is the effective shear modulus parallel to the slip plane 

and b is the length of the Burgers vector. According to Friedel [53], for a general obstacle,
d  
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lies in the range from 0 to 1. In F.C.C crystals, theoretical and experimental estimates suggest 

that 0.35 0.15d    for forest dislocation junctions [116].  

In terms of Eq. (3.2), the initiation of plastic flow on a single slip plane indicates the 

presence of a limited or threshold link length
th . Accordingly, at any instance, the overall 

range of the link lengths on the slip plane should be limited from 0 to 
th , not to infinity [56, 

117]. Therefore, within the distribution of pinning points described by Eq. (3.1), only the 

pinning points with spacing less than 
th are connected with links, sessile or active shown in 

Figure 3.1, while links longer than
th cannot occur and are designated virtual or inactive links 

in Figure 3.1. Thus the actual distribution of dislocation link length is a truncation of the 

distribution shown in Figure 3.1.  

 

Fig. 3.1. The distribution of pinning points on a single slip plane and the associated truncated 

distribution of dislocation link length;  is the distance between two pinning points and is also the 

link length between them. ( )   is the number of pinning points per unit area with distance (or 

number of links with length) between  and    . Ld is the mean spacing and
th is the current 

maximum or threshold link length separating sessile and virtual links 

                                       

This figure also shows that the mean spacing 
dL is similar, but not identical, to the mean 

free path of dislocation glide (equivalent to the average link length  ) described in the 
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literature [3, 4, 16, 52, 56, 57, 112, 113, 115]. It is reasonable to assume that all the slip 

planes within the single crystal have an initially identical distribution of pinning points and 

link lengths described by Eq. (3.1). However, further plastic deformation of the crystal may 

lead to a variation of the distributions on different slip planes.  

 

3.2.2. Kinetics of dislocation slip 

Theories of hardening of crystalline solids consider dislocation movement against the 

resistance provided by obstacles. Lagneborg and Forsen [3] described dislocation motion in 

terms of long waiting times at obstacles and occasional spurt-like movements of dislocation 

links between obstacles. Thus at any instant, all the dislocation links in the network can be 

considered as immobile and held up at obstacles, i.e. no links are long enough to glide freely. 

Once the resolved shear stress (RSS) increases and activates the threshold links, free glide 

motion occurs on the slip plane. The number of mobilized threshold links 
mN per unit area 

can be expressed as 

m th thN                                                         (3.3) 

where  th th   is the threshold value of the 2-D distribution function. These activated 

links overcome the pinning points and then continue to glide and sweep out an area before 

being blocked and partitioned into shorter links by some other pinning points (either pre-

existing or newly created) and become immobile again. A schematic showing the motion of a 

single released threshold link is shown in Figure 3.2. Further glide only occurs when the RSS 

increases and mobilizes more links.  
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Fig. 3.2. A schematic diagram of the kinetic motion with dislocation links (a) before release and (b) 

after release and blocking on a single active slip plane, where the solid points are pinning points on 

this plane and the shaded area is the area swept out by the released threshold dislocation link. 

 

If the area swept out by each mobile link is s, the generated shear strain increment  on 

the corresponding slip plane by all the mobilized links can be written as  

m th ths N s                                                                   (3.4)   

where the sign of  depends on the sweeping direction. For the sweeping area s of each 

mobile link, Lagneborg and Forsen [3] have assumed that each released link always expands 

to a circular loop with radius proportional to the average link length  . This suggests that the 

sweeping area decreases as  decreases during dislocation multiplication. However, 

according to the simulation of Foreman and Makin [44] of dislocations bypassing a random 

distribution of obstacles on a slip plane, the opposite has been found. In their framework, a 

critical resolved shear strength
d  (CRSS) is defined as the shear stress required for a 

dislocation to penetrate the whole slip plane (i.e. the sweeping area s tends to infinity) and is 

inversely proportional to the mean spacing defined previously 

d
d

d

Gb

L


                                                              (3.5) 

This suggests that the sweeping area s should be a function of /d thL  as shown in Figure 3.3. 

Simulations in which we have followed Lagneborg’s suggestion and assumed that the 



- 55 - 

 

sweeping area is proportional to 2  produce a stress-strain curve that exhibits substantially 

more hardening than observed experimentally. Similarly, expressions for the sweeping area 

based on Freidel’s “unzipping” model also result in too high a rate of hardening. Rather than 

attempting to devise a model in which the sweeping area is a function of /d thL  , we adopt a 

pragmatic approach in which we assume that the sweeping area is zero if 
d thL  and is 

greater than zero if 
d thL  , i.e. the response is equivalent to a classical athermal plasticity 

model. The evolution of the distribution of link lengths is then used to provide relationships 

for the rates of evolution of self- and latent hardening as described below. 

 

Fig. 3.3. A schematic feature of the magnitude of the sweeping area (comparison between 

Lagneborg’s assumption and Foreman and Makin’s simulation) 

 

3.2.3. Hardening with dislocation multiplication 

Dislocations interact with each other and multiply as they glide along a slip plane. 

Hardening of each slip plane is associated with the evolution of the distribution of pinning 

points and is characterised by the addition of new junctions or dislocation links, which 

decreases the mean spacing and increases 
d in Eq. (3.5). In general, the multiplication 

processes consist of the multiple release of links, expansion and mutual partitioning or 
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network refinement [115]. Hardening on a slip plane by the increase of the number of pinning 

points on the same plane is called self-hardening while that by multiplication on other 

intersecting planes is called latent hardening. Note that self-hardening involves all three 

processes, while latent hardening only involves mutual partitioning or network refinement. 

In previous dislocation link length models it is generally assumed that the hardening is 

isotropic and plastic flow is not considered at the scale of individual slip systems (see for 

example [3, 4]). Here we establish a crystal plasticity framework and consider plastic 

deformation on all slip systems in a body. We employ a simple statistical framework 

following Ardell and Przystupa [115] to distinguish between self- and latent hardening. In the 

following sub-sections, only one active slip plane is considered, while cases with multiple 

active slip planes can be simply analysed by superposition. 

 

3.2.3.1. Dislocation network refinement 

Network refinement describes the stage when the mobilized or threshold links on a single 

active slip plane cut some pinning points and are partitioned into shorter segments and 

become new members of the network. In the model, network refinement refers to interactions 

(or cuts) between the gliding and network links, not between gliding links themselves since 

they only occupy a relatively small population of the total number of interactions. If each 

threshold link cuts j intersecting links on average at each step, the total number of cuts per 

unit area is
mj N . Thus the increase in the total number of links in the network is simply 

2 mj N  since each cut results in the destruction of two links with the formation of four new 

links. Note that only half of these 2 mj N links belong to the self-hardened plane while the 

other half lie in the latent hardened planes. Since all the slip planes are equally oriented, it is 

statistically assumed that each of the latent hardened planes obtains / ( 1)mj N m  new links 
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on average, where m is the number of slip planes in the single crystal. In other words, 

/ ( 1)mj N m  links on each latent hardened plane are cut on average. Thus considering Eq. 

(3.4), the relationship between the plastic shear strain increment  and the increase of 

number of pinning points on the self-hardened plane (
selfN ) and latent hardened planes 

(
latentN ) can be written as 

self m

j
N j N

s
                                                      (3.6a) 

/

1 1

m
latent

j N j s
N

m m



   

 
                                            (3.6b) 

For F.C.C. crystals, m=4. 

 

3.2.3.2. Multiple release and expansion 

Foreman and Makin [44] found that the dislocation lines blocked at weak obstacles like 

forest dislocation junctions may remain relatively straight as they frequently move through 

the array. Each activated threshold link has the possibility to grow longer by coalescing with 

adjacent consecutively released links with various lengths, even ones that are shorter than the 

threshold length. Such multiple releases of links may generate new gliding links, which may 

bypass multiple pinning points simultaneously in an unzipping motion until a new 

equilibrium condition is satisfied by the network refinement process. An intermediate process 

is shown in Figure 3.4, where the long link 
f is grown from multiple releases of shorter 

links. 
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Fig. 3.4. Dislocation multiplication process; th is the original length of the gliding link and f is the 

length of the new gliding link before cut, grown from consecutively released multiple adjacent links 

 

The multiple release of links leads to an additional loss in the distribution of links only on 

the planes with self-hardening, but it is expected that the number of newly generated links by 

network refinement is larger than those lost by this unzipping process. This can be 

incorporated into Eq. (3.6a) simply by introducing a scale factor   ( 1  ) 

 1self m s mN j N j N                or               s
self

j
N

s
                         (3.7)                                                                                      

Here  / 1 /sj s j s  is regarded as a combined coefficient for self-hardening, while /j s in 

Eq. (3.6b) is regarded as a combined coefficient for latent hardening. Note that on average the 

number of cuts for each mobile link is proportional to the area it sweeps. Thus both the 

proportionalities are fitting constants in the model.  

 

3.2.3.3. Evolution of the distribution function 

The distribution function established in Eq. (3.1) is based on the similarity between the 

number of links and the number of pinning points. We employ the same similarity argument 

here, and equate the increase of the number of links on a slip plane to the increase of the 

number of pinning points on the same plane. Considering that the pinning points on a single 

slip plane can originate from pre-existing junctions or newly formed junctions from cross-slip 

or the bowing of dislocations on other intersecting slip planes, such a simplification avoids 

consideration of the detailed origins of the pinning points but retains the basic physics of the 
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evolution process. Since the distribution function in Eq. (3.1) is a unique function of the mean 

spacing, or the number of pinning points
dN , updating 

dN with Eqs. (3.6b) and (3.7) also 

updates the distribution of pinning points or link lengths, as shown in Figure 3.5, with 

different truncations at different threshold link lengths during work hardening. Eqs (3.6b) and 

(3.7) provide the fundamental relationships for the determination of the rates of self- and 

latent hardening associated with slip on a given slip plane. These are treated as independent 

relationships and they allow different distributions of link lengths to evolve on different slip 

planes. 

 

Fig. 3.5. Evolution of the distribution of link length, equivalent to the distribution of pinning points 

with the truncation by the threshold link length; the evolution of the distribution on self-hardened 

planes and latent hardened planes may vary. 

 

3.2.4. Issues not covered in the present model 

Compared with previous dislocation link length models, a volume constancy condition 

used to constrain the evolution of the shape of the three-dimensional distribution function 

during deformation [3, 118] is not considered in the present model. Since all the derivations 

described above are based on an understanding of the underlying physics, it is not necessary 

to specify a relationship of this type. 
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Moreover, the dynamic recovery effect, which is understood to be the spontaneous 

annihilation process taking place between mobile and sessile links with opposite signs, is not 

considered in any of the dislocation link length models. In the current model, since dynamic 

recovery mainly occurs on the active or self-hardened slip planes and reduces the number of 

mobile links on the corresponding planes [107], it is regarded as implicitly contained when 

tuning the self-hardening and latent hardening coefficients in Eqs. (3.6) and (3.7). In addition, 

dynamic recovery is more significant during cyclic loading than monotonic loading [106], 

thus detailed consideration of dynamic recovery is not necessary at this stage, where we are 

primarily interested in the material response under monotonic loading. 

 

3.3. Athermal precipitation strengthening 

3.3.1. Structure of precipitates distribution 

The presence of precipitates in the material provides extra obstacles to dislocation glide 

motion apart from forest dislocation junctions and solute atoms (to be described in section 

3.4). To understand athermal precipitation strengthening, we first describe the state variables 

associated with precipitates. Here some idealisations of the precipitate structure are used in 

the model: (1) the precipitates are considered to be hard and unfractured particles, i.e. they 

are much stronger than the matrix and cannot be plastically deformed when the matrix is 

deformed; (2) the shape of the precipitates is simplified as spherical thus no orientation effect 

needs to be considered. This is because the effect of different morphologies on the internal 

stress at the surface of the particle may die out at a distance of about the particle diameter due 

to St Venant’s principle. Therefore, if the mean size or radius for all the particles is rp and the 

number of particles per unit volume is
pN , the volume fraction 

vf   can be calculated by 
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34

3
v p pf r N                                                       (3.8)  

On a two-dimensional slip plane, Argon [27] has derived the mean radius and area fraction of 

multiple spherical particles, considering random intersections of these particles on the slip 

plane (Figure 3.6a).  
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Further, the mean inter-particle spacing 
pL can be expressed as 

32 2

3 3
p p

A A A

A
L r r

f f f




                                       (3.10) 

where 
Af is the area fraction of particles on the slip plane. Eq. (3.10) is equivalent to 

Friedel’s formulism [53] given that 
A vf f . In fact, this equivalency is reasonable if we 

consider a thin slab of material of thickness dx and area 2

pL which contains a single particle 

of area <A> (Figure 3.6b)  

2 2A v

p p

A A dx
f f

L L dx


  


                                             (3.11) 

Note that the mean spacing on a slip plane 
pL is also related to the number of particles per 

unit area NA ( 1/2

p AL N  ), NA can be determined by considering Eq. (3.8) and Eq. (3.10) 

2A p pN r N                                                        (3.12)  
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All the derivations above show a relationship between a three-dimensional distribution of 

precipitates within each individual grain and a two-dimensional distribution regarding each 

single slip plane within the grain.  

        

                           (a)                                                                              (b) 

Fig. 3.6. (a) A spherical particle intersecting a slip plane at a random position; rp is the mean radius of 

the particle and z is the distance between the slip plane and the centre of the particle; (b) A random 

intersection on two particles with an averaged intersection area <A> for each particle 

       

3.3.2. Contribution to internal resistance 

As described in section 2.2.2, the precipitation strengthening depends on the nature of the 

dislocation-precipitate interaction on the active slip planes. At ambient temperature, the 

undeformable precipitates can only be bypassed by dislocations via the Orowan bowing 

process. The critical bypassing shear strength, or Orowan strength, taking into account a 

random distribution of precipitates on a slip plane has been shown in Eq. (2.15), which 

represents the internal resistance associated with precipitates.  

In addition, as straining proceeds, the secondary slip process relieves the stress 

concentration at particles through the formation and storage of geometrically necessary 

dislocations in the form of prismatic loops around the particles, as described in section 2.2.2 

(see Figures 2.11 and 2.12) [119]. The amount of secondary slip is considered to be the 

number of secondary loops punched out per unit volume. A qualitative analysis is presented 

here related to the secondary loop formation and the associated influence on each slip plane. 
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As is shown in Figure 3.7, a plastic shear strain , moving plane A relative to B is achieved 

by the passage of n dislocations. From the geometry of this process 

2 pnb r                                                             (3.13) 

In secondary slip, this displacement is achieved by punching out n* prismatic loops in each of 

the four secondary slip directions (Figure 2.12). Therefore,  

*
4 2

prn
n

b


                                                          (3.14) 

Note that prismatic loops generated from plastic shear strains on different slip planes do not 

cancel each other out, but interact with each other. Thus if all the active slip planes are 

considered, in practice, * 2pn r b  . Therefore, the total number of additional prismatic 

loops in the network can be calculated as 

3 2

2 33
4 *

4 2

p vv
p

p p

r ff
n N

b r br

 

 
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                                       (3.15) 

Further, if each prismatic loop is simplified as one link, the number of additional links n’ on 

each slip plane is just the two-dimensional projection of Eq. (3.15), which is the same for all 

the slip planes. 
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 (3.16) 

According to section 3.2.3.3, n’ is also considered simply as the number of additional pinning 

points or forest dislocation junctions on the slip plane. Therefore, precipitates contribute to 

the internal resistance on each slip plane in two ways, the Orowan bypassing strength and the 

number of additional pinning points generated by the prismatic loops. Since the distribution 

of precipitates is considered to be identical on all the slip planes, the associated contribution 

to the internal resistance will also be identical on all the slip planes. 
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Fig. 3.7. A shear strain  on a pack of slip planes deposits n primary dislocation loops around the 

particle of radius rp 

 

3.3.3. Contribution to internal stress 

During plastic deformation, since the particles/precipitates are plastically stronger than the 

soft matrix, more and more stress is carried by the particles. This stress in the particles will 

remain even in the unloaded state. For a slip plane containing an area fraction Af of 

intersecting precipitates, the stress balance on the slip plane in the unloaded state is 

(1 ) 0r r

m A p Af f                                                 (3.17) 

where r

p and 
r

m are residual stresses in the precipitates (or at the particle-matrix interface) 

and matrix respectively, where r

p  is manifested as the attraction or repulsion from the 

particles to the surrounding loops and vice versa. According to section 2.2.3, r

p and 
r

m are 

Type III internal stresses. To determine 
r

m in the matrix, as part of the driving force for 

further dislocation glide motion during loading, r

p needs to be calculated. Note that the stress 

carried by the particles r

p is independent on whether there are loops surrounding the particles. 

However, in practice, we can determine the stress r

p  in a simple way of determining the 

stress exerted on them by the prismatic loops. Since the stress close to a loop resembles that 

from a straight dislocation and falls off rapidly with distance [46, 120], we can reasonably 

assume that r

p is exerted from each single particle to the nearest loop. This internal stress r

p
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is analysed here based on Kroupa’s work [120], who took into account the average force 

exerted by one prismatic loop opposing the glide of a straight dislocation in its slip plane.  

Ashby [46] states that the secondary slip extends outward from one particle to a distance 

comparable to the inter-particle spacing. Each new loop punched out forces the existing loops 

closer to each other. Consider a stack of n
*
 loops, shown in Figure 3.8, the outermost of 

which is fixed because it has reached the mid-point between particles or because of an earlier 

intersection with a glide dislocation. The mean spacing between loops, Ll, scales with the 

distance between particles (consider Eqs. (3.10) and (3.14)) 

 22 2
2

2 * 3

p pp p

l

p A

L r bL r b
L

n r f



 

  
    

 
                            (3.18) 

 

 

Fig. 3.8. A stack of prismatic loops exerts a stress in the particle-matrix interface which opposes the 

creation of another loop. This stress is roughly equal to that exerted by the nearest loop.  

 

The opposing stress exerted by the nearest prismatic loop is expressed by Kroupa as 

 3

2 2 3

l A
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G fGb

L f

 



 


                                           (3.19) 

where 
l  is a strength constant (assumed here as equal to the average strength for forest 

dislocation junctions in Eq. (3.2)). According to Ashby [46] and Kroupa [120], each stack of 
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loops behaves like a spring, in tension along the x1’ direction in Figure 2.11(d) (i.e., attracts 

vacancy loops) and in compression along the x2’ direction in Figure 2.11(d) (i.e. opposes 

interstitial loops). Therefore, if all the four directions with punched-out loops are considered, 

the stress state at particle-matrix interface described by Eq. (3.19) is illustrated in Figure 

3.9(a), which is equivalent to a pure shear stress state (Figure 3.9b).  

 

Fig. 3.9. The stress state of a single particle; (a) Attractive and repulsive stresses associated with 

different types of dislocation loops; (b) The equivalent pure shear stress state of the particle 

 

Therefore, 
r

m can be determined by substituting Eq. (3.19) into Eq. (3.18).  
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Considering that 1A vf f  in stainless steel, r

m can be simplified as 

3/20.7r

m l AG f                                                      (3.21) 

Eq. (3.21) indicates that r

m  on a single slip plane is linearly proportional to the plastic shear 

strain   on the same plane. Finally, note that the accumulated Type III internal stress 

influences not only on the active slip planes, but has components acting on other slip planes, 

which will be presented in Chapter 4.  
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3.4. Athermal solid solution strengthening 

3.4.1. Structure of solute atoms distribution 

Another type of obstacle that can exist in a material, in addition to dislocation junctions 

and precipitates, is solute elements. The athermal strengthening effect of solute elements 

refers to the interaction forces or energy barriers on the dislocation line due to the presence of 

immobile solute atoms of different sizes. These obstacles can be weaker, but more plentiful 

compared with the other two microstructural elements, and partly overlap [44]. The 

distinguishing feature of the strengthening by solute atoms is the combination of repulsive 

and attractive interaction forces experienced by dislocations [27]. As a result, the dislocation 

line here is not pinned by these impurity atoms but instead becomes wiggly, adjusting its 

configuration to conform to the interaction forces produced by the immobile atoms (see 

Figure 3.10).  

 

Fig. 3.10. Wiggly configuration of a dislocation line around impurity solute atoms 

 

3.4.2. Solute bypassing strength 

Similar to the simulation by Foreman and Makin [44], the athermal resistance (or CRSS) 

on a single slip plane with a random distribution of solute atoms is considered to be inversely 

proportional to the mean spacing Ls of the solute atoms on the plane: 

s
s

s

Gb

L


                                                       (3.22) 
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where 
s  is the average strength related to the critical breakaway angle

 
for solute atoms. The 

mean spacing Ls can be calculated from the solute concentration, or number density c of all 

the impurity atoms, in the material: 

1
sL

cb
                                                        (3.23) 

Substituting Eq. (3.23) into Eq. (3.22), the CRSS for athermal solute strengthening is 

 
1/2

s sGb cb                                                (3.24) 

The variation of the distribution of solute atoms on different slip planes is ignored, thus 

athermal solute strengthening is simplified as isotropic on all the slip planes.   

 

3.5. Combination of strengths from the three mechanisms  

Sections 3.2~3.4 have separately illustrated the distribution and the strengthening effects 

associated with three microstructure elements, respectively forest dislocation junctions, 

precipitates and impurity solute atoms. The athermal critical resolved shear strength (CRSS) 

for each type of element on a single slip plane is determined. In practice, a gliding dislocation 

on a slip plane encounters a combination of all three types of obstacles, as shown in Figure 

3.11. Therefore, it is the combined strength that retards the moving dislocation. 

 

Fig. 3.11. A schematic diagram of the network with three predominant types of obstacles, respectively 

forest dislocation junctions (blue points), impurity solute atoms (green points) and precipitates (red 

circles); the blue line represents several dislocation links retarded by these obstacles 
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The overall CRSS 
cr on a given slip plane is determined by a combination of Eqs. (3.5), 

(2.15) and (3.24). A general widely rationalized theory of the combination of any two kinds 

of strengths (
1 and

2 ) is given in the literature as [32, 121, 122] 

1 2

q q q

t                                                          (3.25) 

where 
t is the combined strength, q is an exponent whose value varies between 1 and 2 

depending on details of the mechanisms involved. In athermal problems, Dong et al [32] has 

examined the strength of different combinations of obstacles with various breakaway angles 

as defined in Foreman and Makin’s analysis [44] and various number densities. The results 

show that the linear superposition rule or additive strengthening (q=1) is valid when the 

number densities of the two obstacles differs by more than a factor of 3, otherwise a 

transition from additive (q=1) to geometric mean or quadratic rule (q=2) prevails [32, 106].  

For Type 316 stainless steels, based on some experimental findings not shown here, the 

combined CRSS on a single slip plane is formulated simply using the quadratic rule  

2 2

cr d p s                                                    (3.26)   

where 
d is the athermal strength of forest dislocation junctions (Eq. (3.5)), 

s is the athermal 

strength of impurity solute atoms (Eq. (3.24)), 
p is the precipitates bypassing strength 

(Orowan strength, Eq. (2.15)). Such combination can also be found in [123]. Since the 

distribution of solute atoms and precipitates does not evolve at ambient temperature, both 
s

and 
p in Eq. (3.26) are constants thus the continuous hardening or the increase of 

cr  on the 

slip plane is only characterised by the increase of 
d  due to the continuous multiplication of 

dislocations. 
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3.6. Summary 

In this chapter, an athermal plasticity model for a single crystal is established, with 

specific emphasis on the detailed dislocation hardening mechanism on each slip plane 

associated with three types of obstacles, forest dislocation junctions, precipitates and impurity 

solute atoms.  

For forest dislocations, a two-dimensional distribution function of dislocation link lengths 

or pinning points on a single slip plane is derived. The critical shear strength of the slip plane 

with randomly distributed pinning points is shown to be inversely proportional to the mean 

spacing of all the pinning points. Plastic shear strain is generated by the motion of mobile or 

threshold links. Hardening behaviour is described by the detailed dislocation multiplication 

processes, consisting of three stages: multiple release of links, expansion and network 

refinement. The details of these stages may vary on different slip planes and the 

corresponding evolution of the distribution functions as well as the critical shear strengths are 

used to distinguish the extent of self- and latent hardening on the different slip planes. 

For precipitates, a simple linear periodic array of spherical particles is incorporated on 

each slip plane. The contribution to the athermal resistance by precipitation has been 

quantified, consisting of three aspects: (1) the modified Orowan strength in terms of the 

actual random distribution of particles [67]; (2) the distribution of secondary dislocation 

loops punched out between particles adding to the total number of forest dislocation junctions; 

and (3) the stress carried by the particles as the Type III internal stress.  

For atoms in solid solution, their contribution to the athermal resistance is analysed using a 

similar formulation to that for the precipitates and forest dislocation junctions. Finally, an 

appropriate form of the overall combined critical resolved shear strength (CRSS) of a single 

slip plane is determined, taking into account the potential variation in the number density of 

all the three types of obstacles in Type 316 stainless steels. 
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Finally, all the key equations within this chapter are summarized below: 

(1) Critical resolved shear strength of each individual type of obstacle 
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(2) Combined critical shear strength of the three types of obstacles 
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(3) Self- and latent hardening with dislocation multiplication 
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(4) Contribution to number density of forest dislocation junctions from precipitates 
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(5) Contribution to Type III micro-scale internal stress on individual slip planes from 

precipitates 
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Chapter 4 

A three-dimensional multi-scale self-consistent 

model for the polycrystalline aggregate 

 

4.1. Introduction 

For metallic polycrystalline materials like austenitic stainless steels, the macroscopic 

deformation is dependent on the microscopic behaviour of each individual grain. Given an 

applied load history, the local elastic and plastic anisotropy of differently oriented grains 

within the polycrystal leads to a variation in the micro-mechanical lattice response, whose 

evolution will depend on the detailed anisotropic flow, hardening and recovery laws for 

different slip systems in the body. The development of the local mismatch between grains 

during plastic deformation will lead to the accumulation of intragranular residual stresses 

(Type II as described in section 2.2.3), which has a considerable effect on damage 

development within the material [97, 98]. Therefore, understanding the local micro-scale 

variation between different grains or lattices plays an important role in assessing and 

improving the performance of such materials. This requires knowledge of the link between 

the behaviour of individual grains and the polycrystalline aggregate.  

Various models linking the individual grain and aggregate polycrystalline responses have 

been proposed or developed to predict quantitative and qualitative features of elasticoplastic 

behaviour of polycrystalline materials, such as the Taylor model [124], which assumes that 

all grains experience identical strain, but elastic anisotropy plays no role in the model. Self-

consistent models have been used extensively, which employ solutions of the classical 

Eshelby inclusion problem [125, 126], where each individual grain is regarded as an 
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ellipsoidal inclusion embedded in a macroscopically homogeneous medium. Typical 

examples of such models can be traced back to Hill [127-129] and K.B.W. model presented 

by Kroner [130], Budiansky and Wu [131]. They proposed the relationship between the 

misfit strain and the plastic behaviour of the inclusion. Difference between Hill’s model and 

K.B.W. model has been discussed by Hutchinson [132], where K.B.W. model has assumed 

constant elastic moduli for individual grains, i.e. the interaction with the continuum matrix is 

purely elastic, while Hill’s model has taken into account the change of instantaneous or 

tangent moduli for the polycrystal during plastic deformation to model the elastic-plastic 

interaction. However, the tangent moduli at each instant time may vary during different types 

of loading due to the real anisotropy of the material, thus the appropriate choice of the moduli 

is of great importance in Hill’s model. Further, Hill [127-129] and Hutchinson [132] have 

combined the self-consistent approach with a crystal plasticity model and a simplified 

dislocation slip mechanism to elaborate the hardening behaviour of each grain. Examples of 

the use of these self-consistent models on evaluating neutron diffraction measurements can 

refer to [97, 133]. However, all these models lack consideration of detailed evolution of 

dislocation structure associated with slip processes in individual grains, thus the work 

hardening behaviour is only reflected in an empirical way. 

In this chapter, an athermal three-dimensional multi-scale self-consistent approach for 

polycrystalline aggregates is established by incorporating the athermal part of the dislocation 

link length model established in Chapter 3 into a crystal based plasticity and self-consistent 

framework. For the interaction between individual grains and the continuum matrix, we 

simply assume purely elastic interaction, following K.B.W. model, to avoid the issue of the 

choice of tangent moduli. The model consists of three sub-models, which describe the 

response from the macro- to the micro-scale, namely: continuum, crystal plasticity and 

dislocation link length models. This chapter introduces the crystal plasticity and continuum 
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framework. This self-consistent model is able to capture the detailed interaction not only 

between each individual grain and the surrounding matrix (mismatch), but also between slip 

planes (self- and latent hardening), which has been discussed in Chapter 3.  

 

4.2. Crystal based plasticity framework 

A crystal based plasticity framework is used to determine the plastic strain increment of 

each individual grain within the polycrystal [107]. For a F.C.C crystal, each grain contains 

four slip planes and each slip plane has three slip directions, giving a total of twelve slip 

systems. If 
1 2 3( , , )n n n n    is the normal to a slip plane and 

1 2 3( , , )s s s s     is one of the slip 

directions associated with the slip system   ( 1~12  ), the total plastic strain increment 

p can be obtained by adding all the shear strain increments  on all the active slip 

systems within the grain [107, 134] 

12

( )p sym n s  



                                                (4.1) 

where  sym n s  is the Schmid factor of slip system  and   represents the dyadic 

product. According to the conventional rate-independent models, five slip systems (five 

equations plus the plastic incompressibility condition) are needed to determine a three-

dimensional plastic strain in each crystal (totally six components), selection of which may 

require certain detailed rules. For numerical simplicity, following Asaro and Needleman [134] 

and Hutchinson [82], a power-law relationship is employed between the shear strain 

increment  on the slip system  and the RSS 
 , within a prescribed time step t   

 
  0 sgn

p
r

m r

m

cr





 



 
   




                                    (4.2) 
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where 
cr

 is the CRSS of the slip system  , expressed in the form of Eq. (3.26). p is a rate 

sensitivity exponent and 
0 0 t    is a reference shear strain increment.  r

m



 is the 

overall Type III internal stress on the slip system  caused by the prismatic punching 

associated with precipitates, which has been described in Chapter 3. A large value of p 

( p ) is chosen in the simulation presented in this thesis (p=600), indicating that the 

dislocation slip only occurs on slip system   when  r

m


  approaches

cr

 . Use of such 

rate-dependent model with the large exponent facilitates the automatic selection of the active 

slip systems at each time step. In addition, note that if the overall stress in the single crystal is 

denoted as a , the current RSS   on the slip system  is also linked with a  through the 

corresponding Schmid factor 

 
T

asym n s     
 

                                             (4.3) 

The determination of  r

m



 takes into account the internal stress on all the slip systems since 

the Type III internal stress on the active slip systems (Eq. (3.21)) also influences other slip 

systems by its resolved components. Note that the normal stress r

m caused by the Type III 

internal stress on all the slip systems can be expressed as  

   
12

1

r r

m m sym n s


 



 


                                            (4.4) 

where   3/20.7r

m l AG f


    for slip system  . Therefore,  r

m



 can be calculated in a way 

similar to Eq. (4.3) [135] 

       
12

1

T
r r

m msym n s sym n s
 

   



 


    
                      (4.5) 

Furthermore, for F.C.C. crystals, it is understood that the coplanar slip systems {1,2,3}, 

{4,5,6}, {7,8,9} or {10,11,12} belonging to the same slip plane have identical CRSS and 
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experience the same hardening (the increase of CRSS) [136]. The activation of any coplanar 

system leads to plastic flow on the whole slip plane. Therefore, the above crystal plasticity 

model is consistent with the construction of the dislocation distribution and the rates of self- 

and latent hardening derived in Chapter 3 for different slip planes. In reality, the plastic shear 

strain increment  on a single slip plane described in Eq. (3.4) is simply the sum of the shear 

strain increments on all the active coplanar slip systems on the corresponding planes. 

 

4.3. Continuum model for polycrystalline aggregate 

For a polycrystalline material, the orientations of individual grains tend to be random if the 

material has not been subjected to any significant prior deformation history. Thus, even if 

each individual grain is anisotropic, the property differences tend to average out and, overall, 

the material is isotropic. In other words, the polycrystal formed by grains with random 

orientations can be regarded as isotropic at length scales sufficiently larger than the size of 

the crystallites, i.e. no preferred texture. This approximation of isotropic polycrystalline 

aggregate is reasonable based on the weak texture observed in materials similar to that 

employed in this study [137, 138]. 

With the above established constitutive response of each individual grain, the collective 

response of the polycrystalline aggregate can be obtained by the continuum self-consistent 

scheme [125, 139], which establishes the relationship between the response of each 

individual inhomogeneous grain and the bulk response of the polycrystalline aggregate when 

the grain contains a stress-free misfit strain. Each individual grain of a polycrystal is regarded 

as a spherical inclusion surrounded by an infinite homogeneous matrix that has the same 

isotropic properties as the macroscopic random array of polycrystals, i.e. the probability that 

a grain has a given orientation is the same for all possible orientations. Only small 

deformation is considered in this work, thus no lattice rotation is incorporated. 
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4.3.1. Model of elasticity 

4.3.1.1. Original homogeneous inclusion  

Eshelby obtained the solution for the elastic field of an ellipsoidal inclusion with a stress-

free misfit strain t embedded in an infinite isotropic or homogeneous matrix (Figure 4.1). In 

the current context, the misfit strain is an inelastic strain (plastic strain or thermal strain, etc).  

 

 

Fig. 4.1. Schematic of an ellipsoidal inclusion embedded in a homogeneous matrix. The inclusion has 

a mismatch with the surrounding matrix 

 

If the inclusion is homogeneous (with the same elastic constants as the matrix), the total 

strain in the inclusion is obtained as  

i i tS                                                             (4.6) 

where 
11 22 33 23 13 12[ ]i T       is the total inclusion strain composed of the elastic 

strain and the misfit strain. iS is the Eshelby tensor, which depends only on the geometry of 

the inclusion and Poisson’s ratio ( iv ) of the matrix [125, 139]. The Eshelby shape tensor for 

a spherical inclusion is given by 
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(4.7) 

Thus the elastic strain in the inclusion can be written as 

 e i t i tS I                                                           (4.8) 

where I is the unity matrix. The stress field of the inclusion i can be then calculated based 

on Hooke’s law 

   i i i t i i tL L S I                                            (4.9) 

where
iL is the elastic stiffness matrix of the homogeneous inclusion or the macroscopically 

isotropic polycrystalline matrix. Given a macroscopically applied stress  , the total strain in 

the inclusion becomes 

i i i tC T S                                                      (4.10) 

where iC is the compliance matrix  
1

i iC L


  and T is the orientation matrix of the grain 

described by the angles that the outward normal to the faces of the cubic unit cell of the local 

F.C.C. grain make with the axes of the global co-ordinate system. Finally, considering Eq. 

(4.9), the total stress in the inclusion subject to the external stress  can be written as 

 i i i tL S I T                                                 (4.11) 
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4.3.1.2. Real inhomogeneous inclusion 

For a real inhomogeneous inclusion or an inhomogeneity or an anisotropic grain with a 

different elastic stiffness matrix
aL  (  

1
a aC L



 is the compliance matrix) from the matrix, if 

the inhomogeneity has a real misfit strain t a , its elastic field ( ,a a  ) can be written as 

 a a a ta

a a a ta

L

C

  

  

 

 
                                                 (4.12) 

Since the Eshelby tensor cannot be used for anisotropic inclusion, its elastic field can be 

simulated by an equivalent inclusion method, where an equivalent homogeneous inclusion 

with a properly chosen misfit strain *t is used to satisfy the equivalence relationship [139] 

,a i a i                                                          (4.13a) 

    
     * *a a a ta i i t i i tL L L S I          

                
(4.13b) 

Further, given the applied stress , similar to Eq. (4.11), the stress of the inhomogeneous 

inclusion is obtained as 

  *a i i i tL S I T                                              (4.14) 

Considering Eq. (4.12), the total strain of the inhomogeneity can be further expressed as 

  *

*

a a i i t a t a

i i i t

C L S I C T

C T S

   

  

   

  
                                 (4.15) 

Thus, the relationship between the real misfit strain t a in the anisotropic grain and the 

chosen misfit strain *t in the equivalent inclusion can be derived as 

    *t a a i a i i i tC C T C L I S S       
 

                             (4.16) 

Note that the misfit strain 
t a  is physically caused by the plastic deformation of the grain, 

thus 0t a   during elastic deformation and *t is then solved as a function of  , allowing the 
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elastic field in each grain to be derived, with respect to a local co-ordinate system co-incident 

with the outward normal to the faces of the unit cell: 

   
1

1
1

a i i a a i aI S C C C C I T H T  




                

                  (4.17a) 

    
1

1 1
a i a i a i i i aC C C C L S L T K T  


  

     
 

                    (4.17b) 

where aH and aK are the quantities in the braces. Note that if the individual grains are 

isotropic elastically, aH reduces to the unity matrix I and Eq. (4.17a) simply rotates the stress 

from the global to the local co-ordinate system. Similarly, aK reduces to the compliance 

matrix a iC C and Eq. (4.17b) gives the homogeneous elastic strain with respect to the local 

co-ordinate system. The initially unknown isotropic stiffness tensor 
iL can be obtained from 

the elastic strain in all the grains of the polycrystal (Eq. (4.17b)) by using the virtual work 

principle (to be presented in section 4.3.3). 

 

4.3.1.3 Orientation matrix 

The orientation matrix T in the above derivations, also known as the transformation or 

rotation matrix, is described by the Euler angles in this work. All the rotations are on right-

handed Cartesian coordinates and anticlockwise, so correspondingly, there are three rotation 

matrices
1 2 3( , , )T T T . A general orientation can be written as 

3 2 1T T T T . An example of the 

stress/strain transformation with a rotation around the z-axis in the Cartesian coordinates can 

be written as 



- 81 - 

 

11

22

33

23

13

12

xx

yy

zz

z

yz

xz

xy

T













  
  
  
    

   
   
   
   

    

    and    

11

22

33

23

13

12

1/ 21 / 2

1 / 21 / 2

1 / 21 / 2

xx

yy

zz

z

yz

xz

xy

T













  
  
  
    

   
   
   
   

    

                     (4.18) 
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where  is the rotation angle around the z-axis. Note that for strain transformation, all the 

components are mathematical strains. To be consistent with the constitutive law where all the 

components are engineering strains, the corresponding rotation matrices for engineering 

strain need to be determined. Suppose an engineering-tensor interchange matrix R is defined: 
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(4.19) 

The rotation matrix T for the engineering strain can be determined in the following way 
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 (4.20) 
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Therefore for an anticlockwise transformation, the stress is transformed by T but the strain 

needs to be transformed by TT  . 

 

4.3.2. Model of plasticity 

During macroscopic plastic deformation, incompatible plastic mismatch strains 

accumulate between grains, i.e. 0t a   in Eq. (4.16). Kroner [130], Budiansky and Wu [131] 

have expressed the mismatch between each grain and the surrounding matrix as (in 

incremental form) 

ta p T pT E                                                          (4.21) 

where p is the plastic strain increment in an individual grain determined by Eq. (4.1) with 

respect to the local co-ordinate system and pE is the macroscopic plastic strain increment of 

the bulk polycrystal with respect to the global co-ordinate system, which can be determined 

from the plastic strain increments in all the grains of the polycrystal with the virtual work 

principle (see section 4.3.3). As a result, *t in Eq. (4.16) cannot be solved as an explicit 

function of  . Instead, it can be solved as a function of 
t a during macroscopic unloading 

( 0  ), where 

  *t a a i i i tC L I S S      
 

                                         (4.22) 

Further, this is then used to derive the change of the intragranular residual stress and the 

elastic strain field ( ,a e

rX   ), defined with respect to the local co-ordinate system.  

   
1

a i i a i i i t aX L S I C L I S S 


      
 

                         (4.23a) 

e a a

r C X                                                          (4.23b) 

The intragranular residual stress
aX , according to the definition in section 2.2.3, is a Type II 

internal stress. Finally, the total stress in each grain during plastic deformation is updated by 
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the combined contribution from the applied stress increment (by Eq. (4.17a)) and from the 

accumulation of residual stress (by Eq. (4.23a)) at each step. 

a a aH T X                                                      (4.24) 

Eqs. (4.3) and (4.24) then update the RSS at each step. 

 

4.3.3. Aggregate behaviour 

The aggregate behaviour here consists of two parts, respectively the determination of the 

initially unknown isotropic stiffness tensor 
iL and the macroscopic plastic strain increment in 

Eq. (4.21) by the volume average method [140].  

Consider a polycrystal which is subjected to a small macroscopic total strain increment 

E  (with elastic part 
eE and plastic part

pE ). The principle of virtual work states that the 

work done by any virtual external stress 
* on the polycrystal is equal to the volume average 

of the work done by all the individual grains 

* *1

V
E dV

V
                                                   (4.25) 

where V is the volume of the polycrystal, * is the virtual grain stress in equilibrium with *

and  is the grain strain increment, which is compatible with E . During elastic 

deformation, consider a uniform virtual stress field * *  . Combined with Eq. (4.17b), Eq. 

(4.25) can be expressed as  

1 1 a

V V
E dV K TdV

V V
                                        (4.26) 

Since 
iE C    and the isotropic elastic compliance matrix 

iC for the polycrystal is 

contained in
aK , 

iC  can be determined by iteration. During plastic deformation, consider the 

case where there is no external stress, thus only the macroscopic plastic strain part exists for 
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the polycrystal. However, we will expect a microscopic distribution of residual elastic strain 

e and residual stress aX . Therefore, Eq. (4.25) becomes 

* * * *1 1 1
( )p e p a a p

V V V
E dV C X dV dV

V V V
                     (4.27)                    

Due to the symmetry of the compliance matrix aC for a F.C.C. single grain, the first integral 

in Eq. (4.27) can be rearranged into 

* *1 1a a a

V V
C X dV X dV

V V
                                        (4.28) 

where
* *aC  is the grain strain caused by the virtual stress

* . If 
* is obtained from the 

elastic problem by Eq. (4.17a), 
* *aH T   , 

* is compatible. Therefore, the residual stress 

aX in Eq. (4.28) can be regarded as in equilibrium with zero external stress, i.e. Eq. (4.28) 

is equal to zero. As a result, only the second integral in Eq. (4.27) needs to be considered  

* *1p p

V
E dV

V
                                                 (4.29) 

The explicit expression of pE can be obtained by choosing a simple form of * . For 

example, for the component of 11

pE , we can choose a unit virtual stress along the “11” 

direction, * [1,0,0,0,0,0]T  . Therefore  

*
*

11 *

11

1 1a
p p a p

V V

H T
E dV H T dV

V V
 


     

                      (4.30)                                                        

All the other components can be determined using a similar method. 

 

4.4. Summary 

This chapter extends the established athermal physical dislocation link length model 

described in Chapter 3 into a crystal based plasticity framework for each individual grain 
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within the polycrystalline aggregate. The plastic strain increment of individual grains is 

obtained by adding all the shear strain increments on all the active slip systems.  

Further, the self-consistent scheme captures the interaction between slip planes (self- and 

latent hardening) and that between each individual grain and the surrounding isotropic matrix 

(mismatch). Intragranular residual stress accumulates in each grain as the mismatch develops 

during plastic deformation. The behaviour of the bulk polycrystalline aggregate is determined 

from the volume average of all the randomly distributed grains of the polycrystal by the 

virtual work principle. 

The combination of Chapter 3 and Chapter 4 constitutes a complete athermal deformation 

model for polycrystalline materials. A summary of all the key equations in this chapter is 

given below, followed by a flowchart (Figure 4.2) of the calculation procedure of the 

comprehensive athermal model. 

(1) Overall Type III micro-scale internal stress on individual slip systems taking into account 

the influence from the Type III internal stress on all the other slip systems 
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(2) Plastic shear strain increment of individual slip systems 
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(3) Relationship between the resolved shear stress (RSS) on individual slip systems and the 

total stress within the same grain  
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(4) Plastic strain increment of individual grains 
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(5) Total elastic response of individual grains during elastic deformation 
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(6) Type II meso-scale internal stress increment and its contribution to the total grain stress 

during plasticity 
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(7) Aggregate behaviour of the whole polycrystal 
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Fig. 4.2. Flowchart of the implementation procedure of the athermal model 
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Chapter 5 

Application I: Self-consistent modelling for the 

evaluation of lattice response of austenitic stainless 

steel during time-independent plastic deformation  

 

5.1. Introduction 

In recent years, the advanced non-destructive, time-of-flight neutron diffraction (ND) 

technique has been extensively used to measure the in situ evolution of micro-scale lattice 

strains for different subsets of grains within a range of polycrystalline materials during 

macroscopic deformation [97, 98, 133, 138, 141, 142]. It captures the change of spacing of 

lattice planes, thus measuring the elastic response, whose evolution depends on the micro-

plastic response of each grain. At the same time, many constitutive models and/or finite 

element analysis have been used [97, 98, 141] to simulate the relationship between the 

behaviour of individual grains and that of the polycrystalline aggregate to predict and 

understand the micro-scale behaviour of such materials. However, to date, no previous 

studies have systematically compared the model prediction with micro-scale ND 

measurements to identify the dominant lattice deformation mechanisms. In addition, none of 

these models have considered the detailed hardening mechanism associated with different 

microstructure elements.  

This chapter applies the athermal multi-scale self-consistent model established in Chapters 

3 and 4 to evaluate the macroscopic behaviour and microscopic lattice deformation of Type 

316H F.C.C. polycrystalline austenitic stainless steel under uniaxial loading at ambient 

temperature. Principal focus is on how the change in Type II and/or Type III internal/residual 
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stress fields influences the microscopic lattice response and/or the macroscopic behaviour. 

Availability of the data measured by in situ neutron diffraction offers the opportunity to 

identify the most appropriate form of the constitutive relationship for the individual grains. 

The application of the model towards the athermal deformation behaviour is the foundation 

and pre-requisite of the further application on creep deformation behaviour of the material, 

which is to be presented in detail in Chapter 7.  

 

5.2. Neutron diffraction experiment 

The neutron diffraction experiments on Type 316H stainless steels were conducted with Dr 

Bo Chen as part of the collaboration with University of Bristol.  

 

5.2.1. Sample description 

The material of interest is an ex-service Type 316H F.C.C. austenitic stainless steel 

supplied by EDF Energy with a typical chemical composition or solute concentration given in 

Table 5.1. The thermal-mechanical history of this material includes in-service operation of 

65,015 h exposed at temperatures between 490 °C and 530 °C and an additional thermal 

ageing at 550 °C for 22,100 h. The grain size for this material was measured to be 87±9 μm. 

Both inter- and intra-granular M23C6 carbide precipitates were present in this thermally aged 

material but their size and volume fraction were unknown. Based on some relevant 

simulation and experimental work [36, 143, 144], the mean size (radius of equivalent 

spherical particles) and volume fraction of intragranular particles are estimated to be 60 nm 

and 0.009, while those of intergranular particles (mainly carbides) are ignored since they do 

not disturb dislocation motion within the matrix. The very small volume fraction of 

precipitates indicates that the material is essentially a single phase F.C.C. polycrystalline 
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stainless steel. The three anisotropic elastic constants 11 12,C C and 44C of a single F.C.C. crystal 

of Type 316H stainless steel are listed in Table 5.2 (the alternative parameters E , v and G  

represent Young’s modulus, Poisson’s ratio and shear modulus), with respect to the local co-

ordinate system. The texture of similar specimens has been measured to be weak (a near 

random distribution of grain orientations [137, 138].  

A symbol “EXLA” is used to describe the “Ex-service plus Laboratory Aged” material. 

The experiment consisted of two parts, involving two different groups of specimens. The first 

group was the original as-received specimens, designated EXLA1. This group was simply 

subjected to uniaxial tensile loading at ambient temperature in the first part of the experiment 

to measure and evaluate different lattice responses both parallel (axial) and perpendicular 

(radial) to the loading direction. Further, the second group referred to the same as-received 

specimens, designated EXLA2, but with some prescribed residual stress field by initially pre-

straining the specimens at 550
o
C up to a true stress of 250 MPa and then cooled and unloaded. 

This group was subjected to either uniaxial tensile loading (corresponding specimens 

designated EXLA2-1) or uniaxial compressive loading (corresponding specimens designated 

EXLA2-2) at ambient temperature in the second part of the experiment to assess the effect of 

deformation history on the subsequent macroscopic behaviour and microscopic lattice 

response parallel (axial) to the loading direction. A particular interest of the second part of the 

experiment is the macroscopic Bauschinger effect and the associated micro-plasticity. 

 

Tab. 5.1. Chemical composition (wt.%) of Type 316H stainless steel 

C  Si  Mn  P S Cr Mo Ni Cu N Fe 

0.07 0.61 1.65 0.025 0.007 16.6 2.33 13.6 0.26 0.025 Bal. 
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5.2.2. In situ measurement 

The macroscopic deformation data employed in this chapter was generated using a strain 

gauge and the load cell on the loading rig, while the microscopic data was generated using 

the neutron diffraction (ND) technique, with measurements of the lattice response of this 

material subjected to uniaxial tensile loading obtained from experiments conducted on either 

the ENGIN-X instrument at ISIS, UK [98, 141, 145] or at Los Alamos National Laboratory, 

USA [97, 133, 138], while measurements of the material subjected to uniaxial compressive 

loading were obtained from experiments conducted on POLDI at SLS, Switzerland [146]. 

The experiment is introduced briefly below. For the detailed description of the experimental 

procedure, one can refer to [97, 98, 133, 138, 141, 145, 146].  

Figure 5.1 illustrates and compares schematically the experimental setup of the in situ 

uniaxial tension and compression tests at ambient temperature [146]. Each group of 

specimens was loaded at a constant strain rate. The neutron diffraction technique measures 

the changes in the lattice spacing compared with the stress-free lattice spacing of different 

crystallographic planes with Miller indices {hkl}, which can be transformed into the changes 

of elastic lattice strain.  

     

0

0

hkl hkl
hkl

hkl

d d

d



                                                           (5.1) 

where ɛhkl is the elastic lattice strain for the {hkl} planes, dhkl is the current lattice spacing 

under a stressed condition and 0

hkld  is the stress-free lattice spacing. Each ND measurement 

represents the average value within each oriented grain family such that the members in the 

family have planes with the same Miller indices {hkl} diffracting to the detector (Figure 5.2a). 

The gauge volume used in the experiment ensured enough intensity for each collection. Since 

the neutron diffractometer is based on the concept of time-of-flight, many diffraction peaks 

can be measured simultaneously [147]. A typical measurement of different diffraction peaks 
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of each specimen is shown in Figure 5.2(b). Based on this, in the present work, we focus on 

the evaluation of data on three typical grain families, respectively {220}, {111} and {200}. 

 

 

 

Fig. 5.1. Arrangement of the stainless steel specimens in the neutron diffraction instruments to 

measure the lattice strains of different subsets of grains within the gauge volume, between the incident 

and the diffracted beams: (a) in-situ compressive tests; (b) in-situ tensile tests. Two detectors in (b) 

allow the measurement of both axial (parallel, y-axis of the sample coordinate system) and radial 

(perpendicular, x-axis of the sample coordinate system) response with respect to the loading direction, 

while (a) only measures the axial (parallel) response. The figure is obtained from [146] 

 

 



- 93 - 

 

       

                                  (a)                                                                            (b) 

Fig. 5.2. (a) Arrangement of individual grains (1, 2 and 3) which exhibit the same crystallographic 

orientation in a locally heterogeneous polycrystal where an external stress, σa, was applied to the 

material. (b) A typical measurement of different diffraction peaks of each specimen [145]. 

 

Note that the applied loading direction in Figure 5.1 differs from the incident beam by 45
o
, 

which allows a simultaneous collection of elastic lattice strains both parallel (axial) and 

perpendicular (radial) to the loading direction by the two detectors (detector 1 for axial and 2 

for radial, Figure 5.1a) in the uniaxial tension test. However, in the uniaxial compression test, 

due to the limitation of the instrument, only one detector was applicable, measuring only the 

axial response (Figure 5.1b). An extensometer was attached to each specimen to measure the 

macroscopic strain of the whole polycrystalline material.  

An incremental loading history was used in the experiments with alternative loading and 

unloading steps [97, 98, 138, 145, 146]. Use of these loading histories ensured the 

measurement of both the elastic lattice strain during loading and residual elastic lattice strain 

after unloading. Figure 5.3 shows a typical incremental tensile loading history.  
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Fig. 5.3. An incremental tensile loading history at ambient temperature, consisting of alternative 

loading and unloading steps. Change from stress control to strain control in the experiment is because 

of the onset of macroscopic plastic deformation 

 

5.3. Simulation procedure of as-received specimen 

In the simulation in this chapter, we first present the procedure and corresponding results 

and evaluation of as-received specimens (EXLA1), while those of pre-strained specimens 

(EXLA2) are to be presented later. In the first part of the simulation for as-received 

specimens EXLA1, the external stress was increased from zero in small increments, with 

different increments employed during elastic and elastoplastic deformation. A sensitivity 

study has been conducted (not shown here) on the effect of different numbers of randomly 

oriented grains as representative for the whole polycrystalline material, with each orientation 

matrix (function of Euler angles) generated by Matlab. The results show that a selection of 

100 randomly oriented grains can be reasonably efficient in calculation without losing too 

much accuracy in the matrix homogenization. Further, note that individual subset of grains 

with specific orientation (e.g. {220}, {111} or {200}) was implemented and simulated 

separately from the 100 representative grains, but the interaction with neighbouring matrix 

(composed by the 100 grains) remains the same for each individual grain. For each subset of 
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grains contributing to the axial (radial) response, all the members have a given common 

orientation parallel (perpendicular) to the loading axis but are randomly oriented with respect 

to other directions, thus each subset possesses almost a transversely isotropic elastic property. 

12 symmetrically oriented grains were selected to represent each subset of grains. 

Initially, all slip planes for all representative grains within the polycrystalline material (as 

well as the specific subset of grains of interest) were assumed to have identical distribution of 

dislocation links and other microstructure elements, thus with identical critical resolved shear 

strength (CRSS) on all the slip systems. At each step, the stress in each individual grain was 

updated using Eq. (4.17a) and the plastic strain increment calculated using Eqs. (4.1) and 

(4.2). The macroscopic plastic strain increment for the polycrystal was then obtained using 

the virtual work procedure described in section 4.3.3. The development of this incompatible 

plastic strain field results in a change in the intragranular residual stress or Type II internal 

stress field. This was calculated using Eq. (4.23a), allowing the further update of the total 

intragranular stress with Eq. (4.24). During plastic deformation, the dislocation link length 

distributions on the slip planes of each grain were updated using Eqs. (3.1), (3.6) and (3.7) 

and the CRSS was updated using Eqs. (3.6), (3.7) and (3.26). The accumulation of plastic 

shear strain on active slip systems results in the development of the Type III internal stress 

originated from the prismatic dislocation loops surrounding precipitates, which was 

calculated by Eqs. (3.21) and (4.5). This process was repeated until the maximum stress level 

achieved in the experiments was reached. 

The values of the physical parameters used in the simulations are shown in Table 5.2. 

Three parameters (the initial number of pinning points on each slip plane N0, the self-

hardening coefficient js/s and the latent hardening coefficient j/s) were selected to provide the 

correct macroscopic stress-strain curve shown in Figure 5.4. Measurements from different 

researchers are shown in the figure. All other parameters were determined from geometric or 
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physical requirements. For the athermal precipitation strengthening described in Eq. (2.15), 

the mean inter-particle spacing Lp was calculated by the estimated volume fraction (0.009, 

equal to the area fraction as illustrated in Eq. (3.11)) and mean size (60 nm, radius of 

equivalent spherical particles) using Eq. (3.10). 21p  MPa was then obtained. For the 

athermal solute strengthening described in Eq. (3.24), 
s has been estimated to be 0.000457

 

for austenitic stainless steels by taking into account the size misfit between impurity atoms 

and matrix atoms and the associated maximum force a single solute atom exerts on the 

dislocation [33]. 37s  MPa was then obtained by taking all the solute elements in Table 5.1 

as obstacles to dislocation motion. Depletion of solute atoms and the associated reduction of 

athermal solute strengthening by the limited precipitation in the material have been found to 

be negligible. The resulting model was then used to predict the evolution of the microscopic 

lattice strain and residual lattice strain during uniaxial tensile loading at ambient temperature.  

Note that in Figure 5.4, the macroscopic stress-strain curves measured by different groups 

are similar, except for the curve from [98], which is lower than other curves. Such difference 

from other groups has also been reflected in the measurement of lattice strain, which will be 

shown and discussed later. Here we have calibrated our model (tuned the three fitting 

parameters) on the majority of macroscopic stress-strain data (Figure 5.4). 

 
Tab. 5.2 Material parameters of 316H austenitic stainless steels used in the simulation 

Parameter Value Parameter Value 

11C a 
198 GPa 0  1 

12C a 
125 GPa p  600 

44C a 
122 GPa d  0.35 

E  101.3 GPa js / s 4.010
14 

v  0.39 j / s 2.010
15

 

G  122 GPa N0 2.410
13 

b
 

2.510
-10

 m s  
37 MPa 

  p  21 MPa 

            a 
Data are taken from Kamaya [148] 



- 97 - 

 

 

Fig. 5.4. Measured and simulated macroscopic polycrystal stress-strain response of Type 316H 

austenitic stainless steel subjected to uniaxial tension at room temperature (RT) for EXLA1 specimens. 

 

5.4. Measurement and prediction of as-received specimen 

 5.4.1. Lattice response along axial direction 

Figure 5.5 compares the measured and predicted results of the total lattice strain and the 

corresponding residual lattice strain evolution for the three grain families, {220}, {111} and 

{200}, parallel to the loading direction (axial response, corresponding to the y-axis of the 

sample co-ordinate system in Figure 5.1b). The residual lattice strain is plotted against the 

macroscopic plastic strain. Measurements from different researchers are also shown in the 

figure. The model prediction in Figure 5.5 is for the response averaged across all members of 

a given grain family, i.e. those grains with the corresponding crystallographic plane normal to 

the loading axis. However, the measured response is averaged over a wider range of grains, 

which will be examined and discussed later. The general trends for all the grain families 

observed in the experiment are predicted by the model. Simulation in which we ignore the 

contribution from the precipitates predict almost the same results [149], indicating an 

insignificant contribution from the small volume fraction of precipitates for this specimen. 
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Different subsets of grains show a linearly increasing lattice strain followed by a nonlinear 

response, especially in the {220} and {200} grain families (lattice response of {111} grain 

family is observed to be essentially linear). Note that the lattice response of {200} grain 

family measured by Daymond and Bouchard [98] exhibits an earlier occurrence of 

nonlinearity (lattice response of {220} grain family is not available in their paper). Since 

transitions or deviation from linearity indicate the occurrence of micro-yielding, which can be 

correlated with the evolution of the residual lattice strain, this will be discussed in the next 

section. Despite the general trend, however, the model predicts that all members of each grain 

family demonstrate an identical lattice response, especially the same plastic strain along the 

loading direction, indicating no variation about the average. This is due to the symmetry of 

the members of each grain family with respect to the loading direction. As a result, the 

measurements are, to some extent, independent of which grains within the family are sampled 

in the experiments. There is, however, some variations in ND measurements along the axial 

(loading) direction obtained by different groups. 

 

 

 

 

 

 

 



- 99 - 

 

     

(a)                                                                                  (d) 

   

(b)                                                                                  (e) 

     

                                         (c)                                                                                  (f) 

Fig. 5.5. Measured and predicted averaged results of lattice strain and residual lattice strain evolution 

along the axial direction (y-axis of the sample co-ordinate system in Fig. 5.1b): (a) and (d) {220} 

grain family lattice strain and residual lattice strain; (b) and (e) {111} grain family lattice strain and 

residual lattice strain; (c) and (f) {200} grain family lattice strain and residual lattice strain. Data was 

measured by different investigators for the same grain family within the same polycrystalline 

materials. The residual lattice strain is plotted against the macroscopic true plastic strain measured by 

the strain gauge at each unloading step. 
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Compared with the model prediction, the experimental data for all the grain families 

shown in Figure 5.5 demonstrates smoother transitions in the slope. This may be explained in 

three aspects. Firstly, the model does not take into account the effect of the orientation of 

neighbouring grains, which has been discussed by Clausen [97]; it takes the average response 

of all possible neighbours. Secondly, the model has assumed an initial zero residual stress 

state for each individual grain. In practice, non-identical and asymmetric residual stress state 

can exist in individual grains, introduced during processing or by some preloading and 

unloading histories before the specimen is tested. Thirdly, to provide a sufficient presentation 

or neutron density of each reflection plane within the gauge volume used in the experiment, 

in reality, the detector (Figure 5.1b) measures a range of grains across a slight spread of the 

orientation, i.e. those grains with the plane normal slightly deviated from the measured plane 

normal are also counted as members of the measured grain family. Such spread of orientation 

may be up to ~8
o
 from the perfect alignment. In reality, the last aspect of these has been taken 

into account in all the previous simulations [97, 98, 133, 138, 141], which may explain why 

the predictions of axial lattice responses of individual grain families from these groups seem 

to be more successful using different constitutive models. Altogether, the above three aspects 

demonstrate that, in practice, members of a given grain family may not always experience the 

same lattice response. 

We have refined the model to take into account the last two aspects described above. Note 

that the original predicted axial response of the {200} grain family deviates most from the 

experimental results (Figure 5.5), which is also reflected in the relatively larger scatter of the 

data. We therefore focus on this particular grain family when evaluating the effects of an 

initial residual stress and the spread of orientation about specified outward normal in the 

measurement of lattice strains. It should be emphasized that the consideration of the spread of 

orientation is not for simply reproducing the results shown by different groups, but we want 
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to highlight the effect of this factor comparing with the results shown in Fig. 9. 

 

5.4.2. Refinement of the axial lattice response 

5.4.2.1. The spread in orientation 

We first consider the spread of the orientation of the {200} grain family, where the spread 

angle is chosen to be 8
o
, which is typical of that employed experimentally. The result 

averaged over grains with this spread of orientations, together with the original result with 

perfect alignment, is shown in Figure 5.6(a) and (d), respectively for the evolution of lattice 

strain and residual lattice strain. The effect of considering a spread of angles is to 

significantly smooth any transition, with different members of the grain family yielding at 

different instants during the loading history. The updated results shown in Figure 5.6 (a) and 

(d) now have become very similar to the predictions by other researchers [97, 98, 133, 138, 

141]. 

 

5.4.2.2. The initial residual stress state 

We now examine the effect of an initial non-zero residual stress states on the response of 

the {200} grain family, which are introduced by tensile or compressive preloading along 

different directions. Here we ignore the effect of the spread in orientations considered above; 

the combined effect of the two will be examined in section 5.4.2.3. Three preloading axes 

(PA) are chosen, 0
o
, 30

o
 and 90

o
 around the z-axis of the sample coordinates shown in Figure 

5.1(b), where 0
o
 preloading is the same as the original uniaxial loading while a 90

o
 preloading 

makes the axial grain family resemble a radial grain family. For each case, the polycrystal is 

pre-strained, either in tension or compression, to a prescribed stress within the plastic region 

and then unloaded. Then it is reloaded in tension along the original uniaxial direction (y-axis 
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in Figure 5.1b) with the original identical CRSS on all slip systems for all grains, i.e. we use 

the prior loading to only introduce a residual stress state and keep all other aspects of the 

model the same. An equivalent uniaxial stress of 280MPa (absolute value) is chosen for each 

preloading direction. The reason for selecting this value is to set up a significant residual 

stress in each individual grain while at the same time avoiding micro-yielding of some grains 

at the beginning of reloading. In order to more fully evaluate the effect of residual stress, we 

examine the effect of scaling the residual stress determined in this way (using a scaling factor 

S in the range -1 to 1). The results are shown in Figure 5.6(b) and (e), where PA refers to 

preloading axis. The model predicts that the variation of the initial residual stress state can 

shift the axial lattice response of the grain family. Note that less sharp transitions are 

observed for 30
o
 and 90

o
 preloading compared with 0

o
 preloading. This is because members 

in the axial grain family are not symmetric with respect to the 30
o
 and 90

o
 preloading axes, 

thus a non-uniform residual stress state develops during preloading, leading to non-identical 

responses of each member during reloading. 

 

 

 

 

 

 

 

 



- 103 - 

 

  
                                             (a)                                                                             (d) 

    
                                            (b)                                                                            (e) 

   
                                           (c)                                                                               (f) 

Fig. 5.6. Effect of spread in orientation and initial residual stress on the lattice response of {200} grain 

family along the axial direction of EXLA1 specimen. (a) and (d): effect of spread in orientation of 

outward normal to the lattice planes on the evolution of lattice strain and residual lattice strain; the 

spread of angle is chosen to be 8
o
. The original result without spread in orientation is also shown. (b) 

and (e): effect of initial residual stress introduced by preloading along different directions on the 

evolution of lattice strain and residual lattice strain. Within the labels, PA refers to preloading axis 

and S refers to scale. The maximum value of preloading is equivalent to uniaxial 280MPa. For 

simplicity, only one source of data is shown. (c) and (f): combined effect of initial residual stress and 

spread in orientation on the evolution of lattice strain and residual lattice strain. The setting of spread 

angle and initial residual stress remains the same. 
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5.4.2.3. The combined effect of initial residual stress and spread in 

orientation 

Here we examine the combined effects of initial residual stress and spread of orientation 

of outward normal to the lattice planes. The predicted results are shown in Figure 5.6(c) and 

(f), where the spread and initial residual stress conditions remain the same as above. Features 

of both shifting and smoothing of the axial response are observed and the results cover the 

full spread of experimental data with the experimental results of different investigators 

explained in terms of different initial internal residual stress fields. Taking the data of the 

{200} axial grain family of EXLA1 specimen as an example, it is found that a spread angle 

of 8
o
 plus 30

o
 compressive preloading gives the closest match to the data. Here we have 

evaluated the effect of a residual stress on the lattice strain, but it can also influence the 

detailed form of the global stress-strain curve. Since parameters within the model were 

determined by fitting the uniaxial response, we need to examine whether the presence of 

residual stresses changes the quality of the fit. Figure 5.7 shows the refined global stress-

strain curve taking into account the effect of the residual stress. The quality of the fit is 

similar to that with no residual stresses.  
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Fig. 5.7. Refined global stress-strain curve with initial residual stress field (30
o
 compressive 

preloading, scale=-1) and a spread angle of 8
o
. The original fitted stress-strain curve is also shown. 

 

5.4.3. Lattice response along radial direction 

The measured and predicted evolution of lattice strain and residual lattice strain of the 

three grain families along the radial direction (x-axis of the sample co-ordinate system in 

Figure 5.1b) of EXLA1 specimen are plotted in Figure 5.8. In order to highlight an additional 

contribution to the spread in data, we do not consider a spread in orientation of lattice plane 

normal or the effect of an initial residual stress. Therefore, members of a given grain family 

considered here only refer to the grains with perfect alignment. Again, the model prediction 

was compared with the measurements obtained by different groups.  

Compared with the axial lattice response shown in Figure 5.5, while the axial lattice 

response in the elastic regime is consistent between investigators (see Figure 5.5 or 5.6), large 

scatter or weak consistency is observed in the data along the radial direction. Such weak 

consistency of radial grain families has also been reflected in the poorer agreement of the 

predictions by different groups [97, 98, 133, 138, 141] compared with their predictions of 

axial grain families, although each of their analysis has considered the spread in orientations. 



- 106 - 

 

In reality, different from axial grain families, the model has predicted variations in the 

response of individual members in each radial grain family, which are presented in Figure 5.6 

(a)-(c). This is because some grains which are members of a given grain family that diffract 

to the radial detector are not within the grain family with the same Miller indices {hkl} that 

diffract to the axial detector, i.e. the two detectors in Figure 5.1 are sampling the responses of 

different groups of grains. Therefore, members of each radial grain family are not symmetric 

with respect to the loading direction. As a result, measurement on a “family of planes” is 

perhaps a more appropriate term than that associated with a “family of grains”. With this 

additional contribution, although the averaged response is smooth (members do not yield at 

the same time) and reasonably captures the general trend, Figure 5.8 demonstrates that: (a) 

there is more significant scatter in the experimental results in the elastic-plastic regime 

because experiments conducted by different investigators could have sampled the response of 

different members of a given radial grain family; and (b) the variation of the predicted 

response for different members of a radial grain family spans the full range of experimental 

data. More effort could be taken to refine the radial lattice response by considering the spread 

of lattice plane normal and initial residual stress to probe the appropriate initial state of each 

radial subset of grains, but there may be many combinations of these factors that reproduce 

the experimental results. However, together with the refinement in the axial family described 

earlier, the important messages in this work are that: care needs to be taken when explaining 

measurements of lattice responses on similar materials, since the two detectors are sampling 

different grains; and the initial state can be influential.  
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      (a)                                                                         (d) 

 

                                   (b)                                                                        (e) 

    

                                            (c)                                                                          (f) 

Fig. 5.8. Measured and predicted averaged results of lattice strain and residual lattice strain evolution 

along the radial direction (x-axis of the sample co-ordinate system in Fig. 5.1b) of EXLA1 specimen: 

(a) and (d) {220} grain family lattice strain and residual lattice strain; (b) and (e) {111} grain family 

lattice strain and residual lattice strain; (c) and (f) {200} grain family lattice strain and residual lattice 

strain. Data was measured by different investigators for the same grain family within the same 

polycrystalline materials. The residual lattice strain is plotted against the macroscopic true plastic 

strain measured by the strain gauge at each unloading step. 



- 108 - 

 

 

Further, from the experimental perspective, the responses of different grain families (both 

axial and radial) are described in terms of diffraction elastic constants (DEC), where the 

diffraction Young’s modulus is defined and measured as the slope of the applied stress over 

the elastic lattice strain of each axial family of grains while the diffraction Poisson’s ratio is 

defined and measured as the ratio of the radial elastic lattice strain over the axial elastic 

lattice strain at the same applied stress level [97, 98, 145]. However, although the diffraction 

Young’s modulus of each family of grains measured from the axial lattice response in elastic 

regime shown in Figure 5.6 exhibits consistency among different researchers, it is not a 

physical Young’s modulus of the family since the intragranular stress is not identical to the 

macroscopically applied stress. In addition, as mentioned above, a given axial family of 

grains is not identical to the corresponding radial family of grains with same Miller indices, 

thus diffraction Poisson’s ratio is also not a physical measurement. 

 

5.5. Simulation procedure of pre-strained specimen 

We now consider the response of the pre-strained specimens EXLA2. The particular 

interest for this group is on the effect of prior deformation history on the macroscopic 

Bauschinger effect and associated microscopic lattice response. Although the specimens 

EXLA2 and EXLA1 have identical chemical composition (Table 5.1), they may be cut from 

different positions in the structural components or may have experienced different service 

histories. Thus their initial states, in particular, residual stress states, can be different. 

However, the initial residual stress state of individual grains, as discussed above for 

refinement in the EXLA1 specimen, is ignored in this part of simulation because the pre-

straining tends to wipe out any pre-existing residual stress and set up a new residual stress 

state that the subsequent response will be insensitive, or weakly sensitive, to the original state.  
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Here the initial condition of the EXLA2 specimens before high temperature pre-straining 

(550
o
C up to 250 MPa) remained the same as that of the EXLA1 specimen before the 

refinement, i.e. the distributions of all microstructure elements were assumed to be identical 

on all slip planes for all grains within the polycrystalline materials, leading to an identical 

CRSS on all slip systems. Meanwhile, the update procedure of each stress/strain term as well 

as the values of the parameters (Table 5.2) also remained the same as that for specimen 

EXLA1. The change of the population of precipitates during high temperature pre-straining 

was ignored due to the short duration of the test, which would not provide sufficient time for 

further nucleation and growth of particles to occur. Thus both 
s and 

p  were assumed to be 

constant throughout the simulation. However, it should be noted that the modulus is 

temperature-dependent [3, 11]. According to Frost and Ashby [11],  
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where T is the current temperature (not to be confused with the orientation matrix used in 

Chapter 4), G0 is the shear modulus at 0K, TM is the melting temperature and Y is a 

temperature-dependence factor. For 316 stainless steels, TM=1810K and Y= -0.81 [11]. 

Young’s modulus was also found to follow similar temperature dependence. Therefore, since 

all contributions to the CRSS in the model are proportional to the shear modulus, the CRSS 

needs to be scaled with the temperature-dependent modulus when the temperature changes. 

In addition, while the plastic mismatch strain for each individual grain developed during high 

temperature pre-straining remained the same, the Type II and Type III internal/residual 

stresses also need to be scaled with the shear modulus (Eqs. (4.23a) and (3.21)). 

The resulting model was then used to predict the evolution of the microscopic lattice strain 

and residual lattice strain for this group during subsequent uniaxial tensile or compressive 

loading at ambient temperature. The macroscopic Bauschinger effect was also evaluated.  
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5.6. Measurement and prediction of pre-strained specimen 

5.6.1. Macroscopic response 

Figure 5.9 compares the measured and predicted results of the macroscopic response of 

the specimens subjected to room temperature (RT) uniaxial reloading in tension (EXLA2-1) 

and compression (EXLA2-2), following high temperature (HT) tensile pre-straining at 550
o
C. 

All the data in this section can be found in [146]. For comparison, the compression data 

(EXLA2-2) is shown using absolute values. The sharp increase of the initial yield stress 

observed in the RT tensile stress-strain curve (red line in Figure 5.9), compared with the HT 

pre-straining stress-strain curve (black line in Figure 5.9), is due to the scale of the CRSS 

through the temperature-dependent shear modulus. Again, the results (also the predicted 

microscopic lattice responses shown later) are almost the same when we ignore the 

contribution of the precipitates to the constitutive response, showing a weak contribution 

from precipitates due to the small population. The difference between the tensile (red line) 

and compressive (blue line) stress-strain curves is due to different roles of the developed 

Type II residual stresses from high temperature tensile pre-straining in these two specimens, 

which will be discussed in detail in the next section.  

Further, while the trend regarding the transient softening (defined in Figure 2.16) is 

observed and predicted by the model, the permanent softening is unclear in the experiment 

due to the limited data. However, from the extended macroscopic stress-strain curves shown 

in Figure 5.10 beyond the scope of measurements, it is observed that the compressive stress-

strain curve asymptotes towards the tensile stress-strain curve, indicating the absence of 

permanent softening of the EXLA2 specimens.  
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Fig. 5.9. Comparison of experimental data and model prediction in terms of macroscopic stress-strain 

relationship for EXLA2 specimens; the figure shows the high temperature (HT, 550
o
C) tensile pre-

straining and the subsequent reloading in tension (EXLA2-1) and compression (EXLA2-2) at room 

temperature (RT). Data and prediction for EXLA2-2 is shown in absolute value. 

 

 

Fig. 5.10. Model predicted extended macroscopic stress-strain curves subjected to tensile or 

compressive reloading at ambient temperature. Result of the EXLA2-2 (compressive) specimen (blue 

line) is shown in the absolute value. 

 

5.6.2. Lattice response along axial direction 

Figure 5.11 compares the measured and predicted results of the total lattice strain and the 

corresponding residual lattice strain evolution for the three families {220}, {111} and {200} 
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of the EXLA2 specimens parallel to the loading direction (axial response, corresponding to 

the y-axis of the sample co-ordinate system in Figure 5.1a), subjected to room temperature 

(RT) tension (EXLA2-1) or compression (EXLA2-2). The residual lattice strain is plotted 

against the macroscopic plastic strain. Data and predicted results for EXLA2-2 specimens 

(compression) are again shown using absolute values to compare with those for EXLA2-1 

specimens (tension). Both the data and predictions are for the response averaged over all 

members of a given family. The general trends for all the three families within both EXLA2-

1 and EXLA2-2 specimens observed in the experiment are predicted by the model. Similar to 

the axial response of the EXLA1 specimens shown in Figure 5.5(a)-(c), the model predicts an 

identical axial lattice response for all members of each family, and discontinuous changes in 

the slopes of the lattice response of each family illustrated in Figure 5.11(a)-(c), as before, 

indicate the occurrence of micro-yielding. Note that the predicted sharp transitions in the 

slope are likely to be smoothed by taking into account a combined effect of the spread in 

orientation and an initial residual stress state (before the high temperature pre-straining), 

according to the refinement analysed for the EXLA1 specimen along axial direction (section 

5.4.2). However, as mentioned above, in order to highlight the internal processes that are 

responsible for the Bauschinger effect, we do not consider further refinement on the response 

in this section as discussed before. 

 

 

 



- 113 - 

 

  
(a)                                                                                  (d) 

 
(b)                                                                                  (e) 

 
(c)                                                                                  (f) 

Fig. 5.11. Measured and predicted averaged results of lattice strain and residual lattice strain along the 

axial direction (y-axis of the sample co-ordinate system in Fig. 5.1a) of EXLA2-1 (tensile) and 

EXLA2-2 (compressive) specimens: (a) and (d) {220} grain family lattice strain and residual lattice 

strain; (b) and (e) {111} grain family lattice strain and residual lattice strain; (c) and (f) {200} grain 

family lattice strain and residual lattice strain. Data and predictions for EXLA2-2 (compressive) 

specimen (blue) are shown in the absolute value. The micro- residual lattice strain is plotted against 

the macroscopic true plastic strain measured by the strain gauge at each unloading step. 
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Following the extended macroscopic stress-strain curves shown in Figure 5.10 beyond the 

scope of measurements, the corresponding extended microscopic lattice response are shown 

in Figure 5.12. Compared with Figure 5.11(a)-(c), it is observed that the slope of lattice 

response of each of the three families of the EXLA2-1 (tensile) specimen always remain 

linear and parallel to the original elastic lines, while that for each family of the EXLA2-2 

(compressive) specimen is observed to experience discontinuous changes but eventually 

become parallel to the original elastic lines. All these phenomena shown in Figures 5.11 and 

5.12 are attributed to the development of Type II residual stress state in different specimens 

during deformation, which will be discussed in detail in the next section.  

 

  
(a)                                                                                  (b) 

 
(c) 

Fig. 5.12. Model predicted extended microscopic response subjected to uniaxial tensile or 

compressive reloading; (a) {220} grain family; (b) {111} grain family; (c) {200} grain family. 

Predictions of the EXLA2-2 (compressive) specimen (blue lines) are shown in the absolute value. 
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5.7. Discussion 

5.7.1. The latent hardening of polycrystals 

The effect of strain hardening, in particular latent hardening, on the development of 

nonlinear lattice strain observed in Figure 5.5 and Figure 5.11 has been emphasized by Li and 

O’Dowd [141]. Unlike the crystal plasticity model described here, empirical approaches have 

often been used in previous studies [97, 129, 132, 141] to describe the hardening effect 

(increase of CRSS) on each slip system. The incremental plastic response can be written in 

the form 

cr h
 



                                                    (5.2) 

where h q h   is the strain hardening matrix (no sum on  ) and h is a hardening 

coefficient varying during deformation. q is a matrix capturing the latent hardening 

behaviour. q for F.C.C crystals is expressed as  
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                                         (5.3) 

where K is a 33 matrix fully populated by ones [136]. The diagonal terms represent self-

hardening on coplanar systems and off-diagonal terms define the level of latent hardening on 

non-coplanar systems. The quantity q in Eq. (5.3) is the latent hardening ratio (LHR), with a 

single constant value frequently used [82, 97, 141]. However, other researchers have reported 

that the LHR changes during deformation [150]. The present dislocation link length model 

incorporated within the crystal plasticity framework models the evolution of LHR during 

plastic deformation, which can be calculated by loading a single grain along any single slip 

system. For the current model and using the values of the parameters as shown in Table 5.2, 
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the result is shown in Figure 5.13, whereby the LHR gradually decreases and eventually 

saturates with the accumulation of plastic shear strain. The transition occurs at a small value 

of plastic shear strain and is when all three slip systems on the slip plane are activated. The 

lattice response simulated with constant or variable LHR may not differ too much in the 

problems considered here given a small total strain, but may be significantly different during 

extensive plastic or cyclic loading. 

 

Fig. 5.13. Change of the latent hardening ratio (LHR) during single slip of a single crystal 

 

5.7.2. The role of development of Type II intragranular residual 

stress in determining the nonlinearity 

The Type II intragranular residual stress associated with the development of incompatible 

plastic strains plays an important role in explaining the multiple forward and backward 

inflections in the lattice response observed in Figures 5.5, 5.6, 5.8, 5.11 and 5.12. Here we 

mainly discuss the axial response in the two groups of specimens (Figures 5.5, 5.6, 5.11 and 

5.12) and for simplicity ignore the effects of initial residual stress and any spread in lattice 

planes considered in the experiments.  
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For each of the three axial families of planes within the EXLA1 specimen, the small 

decrease in slope beyond the applied stress of approximately 200 MPa compared to the initial 

elastic portion of the curve suggests the onset of micro-yielding somewhere in the 

surrounding homogeneous matrix, prior to plastic deformation in the grain family under 

consideration. Load is transferred from the surrounding regions to the grain family, which 

deforms only elastically. This results in an increase in the slope of the lattice strain/stress 

curves of Figure 5.5(a)-(c) (see also Eqs. (4.23a) and (4.24)). This is also reflected in both the 

observed and predicted initial increase in the residual lattice strain in Figure 5.5(d)-(f). 

According to this, note that the macroscopic stress-strain curve measured by [98] (Figure 5.4) 

is lower than other curves, indicating an earlier micro-yielding in the matrix due to difference 

in the tested sample (e.g. a different initial residual stress state), this can also explain their 

measurement of {200} family of grains, which shows earlier deviation from linearity 

compared with other data (Figure 5.5c). The subsequent sharp increase in applied stress with 

minimal increase in lattice strain observed in Figure 5.5(a)-(c) indicates micro-yielding and 

plastic straining within the grain family of interest, with the load transferred to other grains 

within the body which are yet to yield. This leads to a sharp reduction of the Type II residual 

stress and related lattice strain as macroscopic plastic strain is accumulated (Figure 5.5d-f). 

The mismatch reaches a steady state once each family of planes deforms plastically almost at 

the same rate as the polycrystal itself. Consequently, the plastic strain increments generated 

in the individual members during each increment of loading are now compatible, i.e. ta

defined in Eq. (4.21) is zero, i.e. the slope of the curve of Figure 5.5(a)-(c) for all families of 

planes then asymptotes towards the initial elastic slope. 

For EXLA2 specimens, the results further support the above discussion on the Type II 

residual stress. For EXLA2-1 (tensile) specimen, in Figure 5.11(a)-(c), when the applied 

tensile stress is small, both the measurement and prediction show that the lattice strain 
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responses of the three families are elastic. Beyond yield, the model still predicts a slope 

similar to the elastic response for all the families. This indicates that a suitable Type II 

residual stress field has been achieved after the high temperature (HT) pre-straining that 

allows grains to deform compatibly plastically during room temperature (RT) tensile loading, 

giving rise to a sharp change in slope of the stress-strain curve at yield for EXLA2-1 as 

shown in Figure 5.9 (red line). This is also reflected by an almost zero value of the residual 

elastic lattice strain observed in Figure 5.11(d)-(f) (red lines) for all the three families. 

However, experimentally there is a more distinct increase in the slope for the {200} family in 

Figure 5.11(c), before it decreases again to become parallel to the elastic response line. The 

trend for the {220} family in Figure 5.11(a) is less clear, but there is evidently a sharper 

decrease in slope in the experimental result. According to the refinement carried out for the 

EXLA1 specimen in the last section, this discrepancy between the model and experiment 

could result from that, some grains within a given family, taking into account the spread in 

orientation, are still yet to yield. However, there could also be a number of other related 

physical processes: (i) the Type II residual stress between grains could have relaxed either 

during or after HT pre-straining; (ii) creep could have contributed to the inelastic deformation 

during the HT pre-straining; or (iii) the mechanism of plastic flow at HT is different to that at 

RT. In either case, the Type II residual stress generated by the pre-straining is different from 

that required to ensure compatibility of plastic deformation of the grains during loading at RT. 

The stresses therefore redistribute during the initial stages of plastic deformation until a 

suitable Type II residual stress state that gives rise to compatible plastic straining is 

established. As a result, the experimental stress-strain curve in Figure 5.9 shows a more 

gradual yielding process (i.e. there is a less sharp definition of yield) than predicted by the 

model. 

In contrast, for the EXLA2-2 (compressive) specimen, the Type II residual stress state 
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established during HT pre-straining is significantly different to that which is required to give 

compatibility of plastic straining (the distribution and magnitude of the residual stresses in 

the grains are correct, but they have the wrong sign). Plastic flow therefore occurs much 

earlier in some grains than in others and the change in slope of the stress-strain curve (blue 

line in Figure 5.9) is less sharp, while the Type II residual stress state redistributes as the 

number of grains that deform plastically gradually increases. Therefore, the EXLA2-2 

specimen exhibits similar trends in the macro- and microscopic behaviour (Figures 5.9 and 

5.11, blue lines) as those for EXLA1 with no pre-strain history (Figures 5.4 and 5.5). At the 

strain level shown in Figure 5.9, a full steady state Type II residual stress state has not been 

achieved, which is consistent with the observation that the compressive stress-strain curve is 

asymptoting towards, but has not yet met, that for tensile loading. This also explains that the 

development of Type II intragranular residual stress during HT pre-straining leads to the 

transient softening, regarding Bauschinger effect, of the material. At high strains we would 

expect a Type II residual stress state to have been established that promotes compatible 

plastic deformation of the grains. The slopes of Figure 5.11(a)-(c) (blue lines) would then 

change back towards the initial elastic slope. This condition has been clearly seen for all the 

three families, shown in the extended macro- and microscopic curves in Figure 5.12.  

 

5.7.3. The role of development of Type III residual stress in 

influencing the Bauschinger effect 

The Bauschinger effect of the EXLA2 specimen (with initial high temperature (HT) pre-

strain history) is predicted by the model. Note that only transient but not permanent softening 

is observed in the macroscopic behaviour of the material (Figures 5.9 and 5.10). In other 

words, the degree of the kinematic or directional feature predicted by the model is weak. 

Section 5.7.2 has discussed the relationship between the Type II intragranular residual stress 
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and the transient softening regarding the Bauschinger effect. This section evaluates the role of 

the Type III residual stress associated with precipitates and prismatic loops described in 

Chapter 3. According to Eqs. (3.21) and (4.5), the Type III residual stress is a function of the 

volume fraction of intragranular precipitates and the plastic shear strain on all the active slip 

systems. Therefore, we examine if the change of these two factors could lead to a change in 

the Bauschinger effect of the material. Here we only focus on the macroscopic behaviour. 

 

5.7.3.1. The Type III residual stress with different volume 

fractions of intragranular precipitates 

The Type 316H stainless steel specimens used in the experiment have been estimated to 

contain only 0.009 volume fraction of intragranular carbides with an average size of 60 nm. 

In practice, long-term creep deformation or thermal ageing of solution-treated 316H stainless 

steels at elevated temperatures could result in precipitation of other intragranular intermetallic 

phases, such as Laves and Chi phase [36], with the latter growing preferentially at very high 

temperatures (>700
o
C). The ultimate or maximum volume fraction of these two phases, 

together with that of carbides, was calculated using the software Thermo-Calc, a 

thermodynamic calculation program, with the input of alloying elements shown in Table 5.1 

and the phase diagram for stainless steels (detail is not shown here). Accordingly, two values 

of volume fraction were chosen in this section, respectively 0.05, referring to the total 

potential volume fraction of intra-carbide and intra-Laves, and 0.1, referring to a heavily aged 

material with complete precipitation of carbide and Laves plus some Chi phase. All these 

particles were treated equally as spherical and the mean radius for all particles was chosen to 

ensure the same mean inter-particle spacing calculated by Eq. (3.10) as that of the original 

specimen with estimated volume fraction of 0.009. The contribution to the internal resistance 

by the precipitates (Orowan bowing, Eq. (2.15) and number of prismatic loops, Eq. (3.16) at 
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same level of plastic strain) is therefore identical for all cases. Depletion of solute atoms was 

also calculated according to the Thermo-Calc results and the associated reduction of athermal 

solute strengthening by the enhanced precipitation in these two cases was found to be less 

than 2 MPa and was thus ignored. 

In both cases, following the original experimental procedure, the materials were initially 

pre-strained at 550
o
C up to the same strain level as the experiment (~2%). Only one 

parameter, the initial number of pinning points on each slip plane N0, was changed to provide 

a similar macroscopic stress-strain curve during high temperature pre-straining as the original 

EXLA2 specimen (Figure 5.9). All other parameters remained the same. The resulting model 

was then used to predict the Bauschinger effect subjected to uniaxial tensile and compressive 

reloading at room temperature and the result is shown in Figure 5.14, compared with the 

results of the original EXLA2 specimen. It was found that the slope of both tensile and 

compressive stress-strain curves in the plastic region increases as the volume fraction of 

intragranular precipitates increases, indicating an increasing resistance to plastic flow by the 

increase of Type III residual stress (opposite to the applied shear stress, Eq. (4.2)). This is 

because a given load tends to be carried more and more by precipitates, i.e. less and less by 

the matrix, as the population of precipitates increases. Thus materials with larger populations 

of precipitates require more load to activate the dislocation glide motion to achieve a certain 

strain level. Meanwhile, the positions of the sharp change in slope of the stress-strain curve at 

yield during tensile loading remain almost the same in all cases, which is as expected since 

all cases are with the same pre-strain level and same mean inter-particle spacing, thus 

providing the same contribution to the internal resistance from precipitates. However, the 

Bauschinger effect, including both transient and permanent softening, becomes more 

pronounced as the volume fraction of precipitates increases. Compared with the original 

result for the EXLA2 specimen (solid blue and red curves in Figure 5.14), a larger population 
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of precipitates has resulted in a larger value of Type III residual stress during pre-straining, 

which will lead to even more grains deforming plastically at an early stage during reverse 

compressive loading. In other words, the enhanced Type III residual stress further drives the 

overall residual stress field away from a steady state. In addition, it should be noted that even 

for a very large volume fraction of precipitates, 0.1, the model still predicts the compressive 

curve asymptoting to the tensile curve, although delayed by the increase of Type III residual 

stress. 

 

Fig. 5.14. Model predicted macroscopic stress-strain curves of materials with different initial volume 

fractions of intragranular precipitates, subjected to reloading in tension and compression at room 

temperature after high temperature (550
o
C) tensile pre-straining; Predictions of the original specimen 

are also shown. The inter-particle spacings are the same for all the cases. Predictions for the 

compressive curves are shown in the absolute value. 

 

5.7.3.2. The Type III residual stress with different high 

temperature pre-strain levels 

In this case, we fixed the volume fraction of intragranular precipitates at 0.05 and the 

material was pre-strained at 550
o
C up to different levels, 2%, 4% and 6%. The predicted 

macroscopic behaviour during subsequent reloading in uniaxial tension and compression at 

room temperature is shown in Figure 5.15. It is observed that the slope of both tensile and 
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compressive curves in the plastic region remains almost the same, independent of the HT pre-

strain level. This is because at a fixed population of precipitates, the ratio of load carried by 

the precipitates and that carried by the matrix would remain the same during subsequent 

reloading. Meanwhile, note the difference between the tensile and compressive stress-strain 

curves after yielding is enhanced as the pre-strain level increases, showing a strong kinematic 

feature. This can be explained similarly as before that the larger the Type III residual stress 

accumulates during HT pre-straining, the more that it favours the plastic straining during 

reverse compressive loading and delays the achievement of a steady state in the residual 

stress state in the material that allows grains to deform compatibly plastically, or delays the 

asymptote between the compressive and tensile curves. This, combined with the results 

shown in Figure 5.14, however, may also indicate that there is actually no “permanent” 

softening in the material, given a very long term, according to the definition of permanent 

softening stress in the Bauschinger effect introduced in section 2.2.3. 

 

Fig. 5.15. Model predicted macroscopic stress-strain curves of materials with different high 

temperature pre-strain levels, subjected to reloading in tension and compression at room temperature 

after high temperature pre-straining (550
o
C). The volume fraction of the intragranular precipitates is 

fixed at 0.05. Predictions for the compressive curves are shown in the absolute value. 
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Lastly, to understand whether the enhanced “permanent” softening observed in Figures 

5.14 and 5.15 is related to the Type II residual stress, here we examine a material with a very 

large volume fraction (0.1) of intragranular precipitates. In this case, the Type III residual 

stress is ignored or deactivated throughout the simulation. The material was initially pre-

strained at 550
o
C up to a high level of 6%, followed by unloading and reloading in tension 

and compression at room temperature, as before. The result is shown in Figure 5.16. 

Compared with Figures 5.14 and 5.15 at the same strain lavel (e.g. ~10%), no “permanent” 

softening is observed. We then conclude that the Type II residual stress field is related only to 

the transient softening while the Type III residual stress field contributes to both transient and 

“permanent” softening. 

 

Fig. 5.16. Model predicted macroscopic stress-strain curves of a material with 0.1 volume fraction of 

intragranular precipitates and a high temperature (550
o
C) pre-strain level of 6%, during subsequent 

room temperature reloading in tension and compression. The Type III residual stress is ignored in the 

simulation. Predictions for the compressive curves are shown in the absolute value. 

 

5.8. Summary 

This chapter applies the athermal multi-scale self-consistent model for individual grains 

and a polycrystalline aggregate established in Chapters 3 and 4 to the evaluation and 

explanation of the micro-scale lattice responses (measured by neutron diffraction (ND) 
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technique) and the macroscopic Bauschinger effect of a Type 316H polycrystalline austenitic 

stainless steel subjected to uniaxial tensile and/or compressive loading. Two groups of 

specimens are examined. The first group, EXLA1, are as-received ex-service specimens and 

the lattice responses of three different subsets of grains ({220}, {111} and {200}), both along 

axial and radial directions with respect to the uniaxial tensile loading direction, are evaluated. 

The consistency and scatter of data measured by different groups is also explained. The 

second group EXLA2 has the same service history as the EXLA1 specimen but has a further 

pre-strain history at 550
o
C. Measurements of the axial lattice responses of the same three 

subsets of grains as well as the macroscopic Bauschinger effect during subsequent reloading 

in compression and tension at room temperature are evaluated. Most importantly, the role of 

Type II and Type III residual stress field in determining these macro- and microscopic 

behaviour is investigated. The main results and findings of the model are summarised as 

follows: 

 

1. In general: The as-defined latent hardening ratio (LHR) evolves during plastic 

deformation. Use of a pure constant may generate similar results in this study but may 

induce problems during complex conditions, such as cyclic loading. 

2. In general: For perfectly aligned members of each axial family of planes considered in 

this work, a trend of increase and then decrease can be observed in both the lattice strain 

and residual lattice strain evolution, which can be explained by the yielding sequence, i.e. 

the homogeneous matrix and then the family of planes itself. This also indicates the load 

transfer between different local regions during micro-yielding. 

3. For EXLA1: Larger scatter is observed in radial response than in axial response. This is 

because the data generated at the radial detector is sensitive to the orientations of the 

grains that make up the family of planes sampled by the detector. The axial and radial 
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detectors in the experiment measure non-identical families of planes thus the diffraction 

elastic constants (DEC) are not physical measurements. 

4. For EXLA1: The sharp transitions observed in the lattice response of each family of plane 

can be smoothed by taking into account the effect of the spread of orientations of lattice 

planes included in the experimental measurements and the initial residual stress state. 

Refinement by the combined effect of spread of normal to the grain families and initial 

residual stress can be used to probe the appropriate initial state of each family of planes.  

5. For EXLA2: The development of the Type II intragranular residual stress during high 

temperature uniaxial tensile pre-straining leads to the transient softening phenomenon of 

the material, which is reflected from different macroscopic responses during subsequent 

uniaxial tensile and compressive reloading.  

6. For EXLA2: The change in the volume fraction of intragranular precipitates and/or the 

pre-strain level in the material influence the accumulation of the Type III internal stress 

and also the macroscopic Bauschinger effect. However, in practice, there is no 

“permanent” softening provided a very long term, since the enhancement of the Type III 

residual stress is only able to delay but not eliminate the asymptote feature between the 

macroscopic tensile and compressive curves during reloading at room temperature after 

high temperature pre-straining. 

7. For EXLA2: The Type II residual stress field is related only to the transient softening 

while the Type III residual stress field contributes to both the transient and relatively 

“permanent” softening. 
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Chapter 6 

High temperature model enhancement 

 

6.1. Introduction 

As the temperature is increased, the kinetics of inelastic deformation of metallic materials 

may change. Mechanisms of thermally activated glide and/or climb may facilitate 

dislocations to bypass obstacles and slip to occur even when the applied shear stress is not 

able to activate the athermal bypassing mechanism as described in Chapter 3. Depending on 

the population of precipitates, the particle bypassing mechanism at elevated temperatures 

may change from glide-controlled Orowan bowing to climb-controlled bypassing as reviewed 

in Chapter 2, where compared with Orowan bowing, climb-controlled bypassing mechanisms 

can occur at lower stresses (Eqs. (2.16)~(2.20)) and do not involve the formation of 

dislocation loops, but may be much slower since the rate-controlling process involves the 

diffusional rearrangement of material. For solute atoms in the matrix, their enhanced mobility 

at elevated temperatures may allow the formation of solute clusters or clouds in or around the 

dislocation core, which then can be dragged along by mobile dislocations and control the 

kinetics of both glide and climb motion. The moving dislocations exert a drag force on the 

solute clusters; the same drag force is exerted by the clusters on the moving dislocations.  

Also, the creep behaviour of metallic materials is understood to be a competition between 

hardening and recovery, both of which will change when the microstructural state evolves at 

elevated temperatures. Mechanistically, a complete understanding of creep deformation and 

mechanisms requires knowledge of how the evolution of microstructure influences the 

material’s internal resistance and internal stress, as reviewed in Chapter 2. For forest 
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dislocations, climb-controlled recovery leads to dislocation network coarsening and 

redistribution of link lengths, where long links grow at the expense of short links. As a result, 

the total number of dislocation links as well as dislocation junctions or pinning points on each 

slip plane gradually decreases, leading to a gradual increase of the mean spacing between 

junctions, and gradual recovery of the dislocation strengthening effect (Eq. (3.6)). For 

precipitates, thermal ageing or high temperature creep deformation promotes the 

transformation of different precipitate phases, consisting of nucleation, growth and 

coarsening processes, during which the mean particle size, volume fraction and mean inter-

particle spacing evolve, leading to a change in the Orowan strength and associated Type III 

internal stress, as well as other climb-bypassing strengths (Eqs. (2.16)~(2.18)). In addition, 

the precipitation process may also attenuate the effect of solute drag by depletion of solute 

atoms in the matrix.  

This chapter is an enhancement of the athermal plasticity model constructed in Chapters 3 

& 4, incorporating a number of mechanisms active at elevated temperatures. Basic physics of 

the processes responsible for the evolution of microstructure are considered, respectively 

dislocation network coarsening and phase transformation, which will allow detailed 

modelling of the evolution of the associated internal resistance and internal stress. This 

enhancement, combined with the athermal model established before, constitutes a complete 

constitutive model to investigate material behaviour at various temperatures. Application of 

this enhanced model to Type 316H stainless steels at elevated temperatures is to be presented 

in Chapter 7.  
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6.2. Kinetics of dislocation motion at elevated temperature 

6.2.1. Thermally-activated dislocation glide 

The first mechanism we consider that is active at elevated temperature is thermally 

activated glide, which states that the thermal exposure may reduce the energy barrier of 

obstacles to dislocation glide motion or enhance vibration of dislocations [11]. As mentioned 

in Chapter 2, this indicates that, at elevated temperatures, even when the resolved shear stress 

(RSS) is lower than the internal resistance (CRSS) on individual slip systems, dislocations 

may still be able to bypass some obstacles and sweep across a slip plane rapidly to generate 

some plastic shear strain until they encounter and are held at some other obstacles. This, 

however, cannot be simply described by the idealized power-law relationship of Eq. (4.2), 

where the exponent p has been assigned to be very large to simulate a rate-independent flow 

rule. Instead, some rate dependency needs to be considered, which can be simulated by 

reducing the exponent in the power-law relationship, but a more physical Arrhenius law is 

used here [11, 26, 151] 
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where r

m  is the sum of RSS and Type III internal stress, as used in the crystal plasticity 

framework (Eq. (4.2)); 
0 is a reference shear strain rate, which is understood to be physically 

related to the dislocation vibration frequency and mobile dislocation density [11]; k is 

Boltzmann’s constant; T is temperature; 
0F  is the total activation energy required to 

overcome obstacles without aid from external stress; the CRSS cr is the flow strength which 
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forces the dislocation through the obstacle with no help from thermal energy [11]; note that 

cr  scales with temperature through the temperature-dependent shear modulus [141, 152]. g 

( 0 1g  ) and h (1 2h  ) in Eq. (6.1b) are two empirical quantities describing a random 

distribution of shape of obstacle energy barrier, rather than a regular box-shaped one 

described by Eq. (6.1a). Different values of g and h have been discussed in the literature [11, 

151] and here we simply adopt those optimized by Frost and Ashby [11] across the full range 

of obstacle types, where g=3/4 and h=4/3. In addition, in Eq. (6.1), Frost and Ashby [11] 

argued that the stress dependence of the exponential is much larger than that of the pre-

exponential, thus
0 can be treated as a constant and has been estimated to be 10

6
/s for this 

thermally activated glide mechanism. However, their estimation is based on the use of total 

dislocation density within the material and atomic vibration frequency or Debye frequency 

(~10
12 

-10
13

) [11, 153], as well as the use of an empirical flow strength that is much larger 

than the CRSS used in our framework at a given temperature. In reality, 
0 is physically more 

appropriately associated with the effective dislocation vibration frequency (much smaller 

than Debye frequency [26, 153, 154]) and mobile dislocation density (smaller than the total 

dislocation density). As a consequence, 
0 is here estimated to be ~1-10 /s. Given the value of 

CRSS used in our work, we expect our relationship (Eq. (6.1)) to predict a similar inelastic 

strain rate as that of Frost and Ashby [11].  

For the total activation energy
0F , an expression has been given by Frost and Ashby [11], 

3

0 0 0F G b  , where 
0G is the shear modulus at 0 K and for strong obstacles, such as large 

incoherent precipitates, 
0 2  , for medium strength obstacles, such as forest dislocations, 

0 0.2 ~1.0  , and for weak obstacles, such as solute atoms, 
0 0.2  . Ideally, three separate 

equations are needed as below for all three types of obstacles considered in this study, each of 

which has a separate value of
0 .  
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where 
1 2 3, ,   are sub-resolved shear stresses used to bypass the corresponding obstacle (

d : 

forest dislocations; 
p : precipitates; 

s : solute atoms), which combine to provide the total 

resolved shear stress (RSS). The dislocations must bypass these obstacles simultaneously to 

generate any considerable shear strain, this suggests that 

1 2 3                                                               (6.3) 

First consider the situation where 
01 02 03 0      . Then Eq. (6.3) requires that 

1 2 3

d p s cr

   

   
                                                      (6.4) 

where in the last term of this expression we have assumed that the combined response can be 

expressed by Eq. (6.1b). The question now is how the three RSS
1 , 

2 and 
3 combine to give

 . We can simply assume that these RSS combine in the same way as for the athermal 

deformation described in Chapter 3, i.e. 

2 2

1 2 3                                                            (6.5) 

Then, making use of Eq. (6.4), we find that 

 2 2

d p s

cr
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i.e.   
2 2

cr d p s                                                      (6.6b) 

Eq. (6.6b) is consistent with the way that the CRSS combine, as shown in Eq. (3.26), which 

can be substituted into Eq. (6.1b) to give the thermally activated glide response for the slip 

plane. When the three
0i  are not equal to each other, use of a similar procedure results in a 

cumbersome set of equations that are difficult to fit to and calibrate against experimental data. 

Here we adopt a pragmatic approach that retains the essential physics of the deformation 

process, and assume that for this more general case  is given by Eq. (6.1b) with 
cr given by 

Eq. (6.6b) (or Eq. (3.26)), but with 
0 treated as a fitting parameter (noting that 

00.2 2  ). 

Further, in Chapter 4 we employed a power-law rate relationship (Eq. (4.2)) to 

approximate the athermal glide process by using a large value of the exponent p. An 

alternative use of this type of model is to use it to approximate the thermally activated glide 

process described by Eq. (6.1b). Then, in order to capture the behaviour over a stress range of 

practical interest, the exponent p must be a function of temperature and physical parameters 

contained in Eq. (6.1b). Kocks et al [151] found that a good approximation is obtained when 

0 /p F kT  for values of the RSS is close to the CRSS (
cr  ).  

 

6.2.2. Climb-controlled bypassing of particles 

The second mechanism we consider here that is active at elevated temperature is the 

extended bypassing modes for impenetrable precipitates, including local climb, general climb 

and cooperative climb as described in section 2.2.3, when Orowan bowing is inhibited. These 

bypassing modes involve dislocation climb but do not result in the formation of dislocation 

loops. A threshold stress (Eqs. (2.16)–(2.20)) is required for each climb-controlled bypassing 

mode, which is related to the increase in dislocation line length or line energy as a section of 

dislocation climbs over a precipitate. The mode with the minimum increase in dislocation line 
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length (cooperative climb) gives rise to the smallest threshold stress, but it also involves more 

material to redistribute by diffusion than the other two climb-bypassing modes.  

A simple thermodynamic analysis is used to derive the plastic shear strain rate associated 

with these climb bypassing processes, as presented in Appendix B, based on the derivation 

for climb-controlled dislocation network coarsening (see section 6.3). Only the local climb 

(LC) and general climb (GC) processes are considered since the rate of cooperative climb is 

expected to be very low for the material considered in this study. This approach assumes that 

the rate-controlling process for each climb bypassing mode is the dislocation-core-diffusion-

controlled climb and once a dislocation climbs and bypasses the precipitates, it glides rapidly 

on the slip plane until it encounters and gets held at some new precipitates. Given a constant 

distribution of precipitates, the thermodynamic analysis approximately derives a linear 

relationship between the plastic shear strain rate and the applied shear stress. 
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where    ,p pLC GC
  are the plastic shear strain rate for the local climb (LC) and general 

climb (GC); accordingly, ,LC GC  are the threshold stress for the two processes, which scale 

with the Orowan stress (Eqs. (2.17) ~ (2.20)); Y can be treated here as a fitting parameter; 

,p pr L are the mean particle size and mean inter-particle spacing; Dc is the dislocation core 

diffusivity (or pipe diffusivity) and 
m is the mobile dislocation density. Therefore, at any 

instant time at elevated temperature, also taking into account the thermally activated glide 

motion described in the last sub-section, the dominant or rate-controlling process is the one 

which gives rise to the highest shear strain rate. The transition stress between different 
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processes can be simply determined by equating the corresponding rate relationships (Eqs. 

(6.1b), (6.7a) and (6.7b)). This feature is schematically illustrated in Figure 6.1, where the 

solid curve determines the dominant process across a range of applied shear stresses and the 

hollow points represent the position of transition stress.  

 

Fig. 6.1. Schematic illustration of the deformation kinetics across a range of shear stresses, taking into 

account the general climb (green), local climb (blue) and thermally activated glide (red) processes. 

,LC GC  are the threshold stress for local climb and general climb. The actual dominant process is the 

one which gives rise to the highest shear strain rate (solid curve) 

 

Further, it should be noted that the rate-controlling process may vary over time due to 

successive nucleation and growth of precipitates (see section 6.4), where both the mean size 

and mean inter-particle spacing would evolve, leading to a change in both the Orowan stress 

and threshold stress for climb bypassing processes. However, as can be seen in Figure 6.1, 

the climb bypassing process may only dominate when the applied shear stress is very low. 

Finally, note that, in the derivation of Eq. (6.7), we have assumed that dislocations can 

glide rapidly between precipitates on the slip plane once they climb over and escape from the 

precipitates. In other words, the applied shear stress has been assumed to be greater than the 

combined strength of forest dislocation junctions and solute atoms thus the rate to bypass 

these two types of obstacles can be neglected. However, if this is not the case, use of a similar 
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procedure on combining the different kinetic processes (thermally activated glide and climb 

bypassing) is required to give the total response for the slip plane, as described in section 

6.2.1. Such complexity is not considered in this work due to the different rate relationships 

established for different kinetic processes that would lead to a cumbersome set of equations. 

 

6.2.3. Thermal solute drag—interactive solute strengthening 

The third elevated temperature mechanism of interest relates to thermal solute drag 

process, or interactive solute strengthening [155, 156]. Different from precipitates, solute 

atoms have more mobility in the network at elevated temperatures and may either diffuse into 

and collect in a line along the core of continuously gliding (climbing) dislocations, or form 

atmospheres or clusters around dislocations. In either case, the mobile solutes can usually be 

dragged along by moving dislocations, impeding their motion. A detailed review of the 

process can be found in [156]. The effect of solute drag has been discussed extensively in a 

series of papers by Miller and his co-worker’s and incorporated in their phenomenological 

model [104, 155, 156], which has been used to investigate the influence of solute drag on the 

plateaus and peaks in the shape of the flow stress/temperature curves of different materials 

[156, 157], and also the peaks in the creep rate vs stress curves of 316 stainless steels [157]. 

The physical basis of their models of solute drag is the theory of Cottrell and Jaswon [158], 

who proposed that this interactive solute strengthening is greatest at strain rates and 

temperatures where the velocity of the moving dislocations is close to that of the diffusing 

solute atoms. At low temperatures or high strain rates, the solutes cannot diffuse fast enough 

to keep up with the dislocations thus the solutes do not diffuse into the core or form a moving 

atmosphere around the dislocations. Conversely, at high temperatures or low strain rates, the 

solutes diffuse so rapidly that they do not impede the dislocation motion. Meanwhile, the 
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magnitude of the solute drag force is understood to be independent of the deformation history 

and thus only depends on the current temperature and strain rate [104, 155, 156]. 

In this sub-section, we incorporate the phenomenological model of solute drag developed 

by Miller and his co-worker’s [155, 156] into our crystal plasticity framework. However, as 

mentioned in section 2.2.4, there are many parameters in their model, which make it complex 

and difficult to fit to experimental data. In addition, the detailed form of their model was 

chosen to simply reflect the features described above and was not derived from any particular 

mechanisitic theory of solute drag. Therefore, we do not employ the full version of their 

model, but present a reduced version which retains the essential physics of the process.  

Following the work of Schmidt and Miller [77, 155], the solutes that are dragged along 

with moving dislocations enhance the strain hardening by increasing the effectiveness of all 

types of obstacles, concomitantly encountered by the dislocations, as barriers to deformation. 

Therefore, the thermally activated glide process (Eq. (6.1b)) is modified into 
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 where the term 
solF is a variable defining the influence of solute atoms on the strengths of the 

obstacles. The term  1 solF is introduced when solute atmospheres are present. The internal 

resistance of all obstacles is then enhanced. But when there is no solute cloud or the solute 

atoms are extremely mobile, Eq. (6.8) reduces to Eq. (6.1b) for thermally activated glide. 

Following Schmidt and Miller [155], the equation defining solF  can be written as 

2
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log log
expsol solF F

B
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                                (6.9) 

where 
,max max, ,solF B are material constants. 

,maxsolF controls the height of the peak, which has 

been considered to be linearly proportional to the current concentration of solute atoms in the 
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matrix c [104, 156], i.e. 
,maxsolF Ac where A is the proportionality. 

max is the magnitude of 

the shear strain rate at which the solute drag force reaches its maximum. Note that the 

nominal uniaxial strain rates
max,  were used in the original model proposed by Schmidt. For 

the crystal plasticity framework employed here, we transform the relations in terms of
max, 

using the Schmidt factor as shown in Eq. (4.1).  

While the solute contents controlling the interactive solute strengthening vary for different 

materials [77, 156], for 316 stainless steels, solute complexes or pairs (Cr-C [40] or Mo-C 

and Mo-N [159]) have been considered as being most responsible for the strengthening. In 

either case, it demonstrates that the solute drag in 316 stainless steels occurs largely due to 

the presence of interstitial elements, not substitutional, which has also been confirmed by 

Schmidt in general for iron alloys [77], but the force or rate would depend on the slowest 

substitutional elements. Therefore, the effect of solute drag in 316 stainless steels would 

attenuate by depletion of these solute elements arising from precipitation (see section 6.4).  

 

6.3. Dislocation network coarsening 

The following sections progressively discuss several evolution processes of the 

microstructure at elevated temperatures, which directly lead to a change of the associated 

internal resistance and/or internal stress. The first and most important evolution process is the 

dislocation-climb-controlled recovery or network coarsening process.  

 

6.3.1. Deficiency of previous theory 

Lagneborg has proposed a dislocation network coarsening model [4], where the three-

dimensional network coarsening process is represented as the growth of the mesh-like 

structure consisting of links from different slip planes interconnecting each other [4, 55]. The 



- 138 - 

 

average mesh size in the network is often assumed to be identical to the average link length 

 [55, 57, 115]. This model is analogous to grain growth [51] and has been used by many 

other researchers [55, 57, 115]. He assumes that the thermal recovery by growth of meshes is 

identical to Friedel’s equation for the dislocation network speed of climb of the lines of the 

network [16, 52, 53] and the average link length grows in the following way 

1
M


                                                          (6.10) 

where M is the climb mobility and  is dislocation line tension. However, Lagneborg’s 

model has been criticized for not fully describing the network coarsening process [17]. In fact, 

during thermal-assisted dislocation climb or mesh growth, the work done can be dissipated by 

two processes: (1) vacancy emission and absorption and (2) diffusional transport from one 

site to another. The slowest process is the rate-controlling process. Kocks and Mecking [4] 

have argued that Friedel’s grain growth law (Eq. (6.10)) only holds for dislocation network 

coarsening when (1) is the rate-controlling process, i.e. the speed of climb of the lines of the 

network is controlled by the rate of emission and absorption. However, since some 

constrained glide may contribute to the coarsening process, (2) may be the rate-controlling 

process. In addition, Ardell and Lee [112] have found that the linear relationship between 

and 1/   is not consistent with experimental data and should be replaced by a power-law 

relationship. Therefore, in this section, we derive a more reasonable recovery law for mesh 

growth or network coarsening, using a simple thermodynamic kinetic analysis. Emphasis is 

put on the recovery of the state variable, i.e. the mean spacing dL  of all pinning points on 

individual slip planes.  
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6.3.2. Thermodynamic evolution of the dislocation distribution 

In this and subsequent sections where we develop models for the evolution of 

microstructure we employ a variational principle described by Cocks et al [160, 161]. This 

provides a natural framework for modelling the range of situation examined in this thesis. It 

also provides a systematic approach for the development of simple models which capture the 

major physical processes. Consider a variational functional  

                                                         (6.11) 

where  is the rate potential related to the kinetic processes (here it refers to dislocation 

climb motion) and  is the rate of change of Gibbs free energy (here it refers to the rate of 

change of total dislocation line energy). Cocks et al [160, 161] demonstrate that the best 

approximation for the rate of evolution of the microstructure (the mean dislocation link 

length in the context) within the range of idealized geometries considered is that which 

minimises the functional   (i.e. 0  ). 

 

6.3.2.1. The Gibbs free energy 

First, we identify a thin slab of material with thickness dz (Figure 6.2). Consider Nd as the 

number of pinning points per unit area on a slip plane (x-y plane in Figure 6.2). Assume that 

these pinning points are associated with dislocation segments of uniform length dz within the 

slab. Thus Nd×dz is the total length of dislocation associated with the slab of volume dz1. 

Therefore, the dislocation density (  ) associated with the pinning points can be defined as  

1

d
d

N dz
N

dz
  


                                                    (6.12) 

Eq. (6.12) shows that the number of pinning points per unit area is associated with the 

dislocation density (length per unit volume). Note that, in F.C.C crystals, there are four slip 
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planes with four different Nd (Nd1, Nd2, Nd3, Nd4). Thus if we assume that dislocations within 

all slabs of the type considered above are only associated one slip plane, the total dislocation 

density can be simply expressed as the arithmetic mean of the four quantities. 

 1 2 3 4

1

4
d d d dN N N N                                                   (6.13) 

According to Chapter 3, 1/2

d dL N  . Thus 

2 2 2 2

1 2 3 4

1 1 1 1 1

4 d d d dL L L L


 
    

 
                                           (6.14) 

 Therefore, the total Gibbs free energy or potential energy and its rate  is calculated as 

2 2 2 2

1 2 3 4

1 2 3 43 3 3 3

1 2 3 4

1 1 1 1 1

4

1 1 1 1 1

2

d d d d

d d d d

d d d d

L L L L

L L L L
L L L L


 

        
 

 
       

 

             (6.15)                               

where 
21

2
Gb   is the dislocation line energy. 

 

Fig. 6.2. A thin slab with thickness dz, containing Nd pinning points and Nd×dz total length of 

dislocation segments 

 

6.3.2.2. The kinetic process 

The kinetic process of network coarsening indicates that the pinning points can move as a 

result of glide, cross-slip or climb of dislocation segments. We assume that dislocations glide 
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freely and energy is only dissipated as a result of climb. It is simply assumed that half the 

links climb while the other half glide or cross-slip. Now consider two segments crossing a 

single slip plane (Figure 6.3a) with an average length
a  and separated by the mean spacing

dL . Assume that atoms predominantly diffuse through the dislocation core, i.e. climb is 

controlled by dislocation pipe diffusion. Consider a small length dx on a segment, as shown 

in Figure 6.3(b). The magnitude of the rate of volume of atoms flowing into or out of the 

elemental length is 

c

dV dJ
dx a

dt dx
                                                     (6.16) 

where 
ca is the area of dislocation core and J is the volumetric flux, defined as the volume of 

atoms flowing through unit area per unit time. Assume that the dislocation segment climbs at 

a constant rate v, thus 

dV
v dx b

dt
                                                        (6.17) 

     

                                    (a)                                                                                   (b) 

Fig. 6.3. (a) Schematic of climbing (at a constant rate v) of two dislocation segments crossing a single 

slip plane with an average length
a  and separated by

dL ; (b) Diffusional flux across a small length 

dx on a segment by atoms diffusing dominantly through the dislocation core 
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Note that v is also associated with the rate of change of 
dL on the slip plane ( / 2dv L in 

terms of Figure 6.3a). Combination of Eqs. (6.16) and (6.17) determines the flux J  

2

d

c c

L bv b
J x W x W

a a
                                           (6.18) 

where W is an integration constant. Eq. (6.18) indicates that the flux varies along the 

dislocation segment. Now consider a representative dislocation segment of length 
a , the 

average link length. Further, assume that the flux J=0 at the centre of the link, x=0. Thus W=0. 

Therefore, the average flux on the dislocation segment can be simply calculated as 

/2

0

2

8

a d a

a c

L b
J J dx

a

 


                                          (6.19) 

We can adopt alternative assumptions and approximations, but most reasonable 

approximations only change the constant in Eq. (6.19). According to Fick’s law, the 

volumetric flux J can be expressed as 

J Mf                                                        (6.20)  

where 
cM D kT   is the climb mobility (

cD : core diffusivity; 3b  : atomic volume; k: 

Boltzmann constant and T: temperature) and f is the thermodynamic driving force for 

diffusion—the negative of the gradient in the chemical potential. Note that the total length of 

the climbing segments per unit volume crossing the slip plane is of the order of 

3 21/ 1/a a a     (it is not necessary to determine the detailed proportionality here; this will 

be addressed later). Therefore, the total volume V of the climbing dislocation segments per 

unit volume can be written as (taking into account that only half of the segments climb) 

22

c

a

a
V


                                                      (6.21) 
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Therefore, the rate potential 
a for the climbing dislocation segments on this single slip 

plane can be determined by 

2 2

2

1 1 1

2 2 2 2

c
a

V V
a

a
f JdV J dV J

M M 
                         (6.22) 

Taking into account all the four slip planes, the overall rate potential can be obtained, 

considering Eq. (6.19), as 

2 2 2 2
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L L L L
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   

 
           

 

 
    

 


     (6.23) 

Eq. (6.23) shows that the rate potential  is independent of the precise definition of 
a . 

Finally, substituting Eqs. (6.15) and (6.23) into Eq. (6.11), the functional  is (taking

22ca b [11]) 

 2 2 2 2

1 2 3 4

1 2 3 43 3 3 3

1 2 3 4

1

512

1 1 1 1 1

2

d d d d

d d d d

d d d d

L L L L
M

L L L L
L L L L

      

 
     

 

                     (6.24)          

Using the principle 0  , i.e.  

1 2 3 4

0
d d d dL L L L

   
   

   
                                           (6.25) 

and substituting M and  into Eq. (6.25), the change of the mean spacing on individual slip 

planes can be obtained, which is independent of the mean spacing on other slip planes: 

5

3

64 1c
di

di

D Gb
L

kT L
             (i=1~4)                         (6.26) 

Note that the fact that there is no interaction between the coarsening processes on the 

different slip systems is a direct consequence of our assumption that the total dislocation 
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density is simply an arithmetic mean of the contributions from the four families of slip planes. 

Other choices of relationship will, most likely, result in relationships where there is some 

coupling/interaction between the changes of link length on the different slip planes. We do 

not explore this further here, but Eq. (6.26) provides the simplest possible form of 

relationship for the recovery process. We can examine its suitability by examing its ability to 

model the influence of recovery on the creep process. 

The recovery law of Eq. (6.26) gives a power-law relationship between 
diL and 1/ diL . 

Note that in addition to the no interaction of the climbing process on the different slip planes 

described above, many other simplifying assumptions have been used in the derivations of Eq. 

(6.26), such as the simplified calculation of the average flux on each climbing dislocation 

segment (Eq. (6.19)) and assuming that half the segment rearrange by climb. However, in 

reality, variation of these additional assumptions is understood to only change the constant in 

Eq. (6.26). Therefore, for general problems, we can take the following alternative expression 

5

3

1c c
di

di

W D Gb
L

kT L
             (i=1~4)                      (6.27) 

where 
cW serves as a fitting parameter. Further, the reduction of the number of pinning points 

on individual slip planes can be directly obtained, considering that 1/2

d dL N    

5 5
3

3 6

2 2 1 2c c c c
di di di

di di

W D Gb W D Gb
N L N

L kT L kT
            (i=1~4)   (6.28)                                           

Eq. (6.28) can also be substituted into Eq. (6.13) to determine the reduction of the dislocation 

density.  

 

6.3.3. Combination of hardening and recovery law 

The hardening law in the athermal model developed in Chapter 3 shows that the mean 

spacing on individual slip planes decreases with increasing plastic strain as more pinning 
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points are introduced. It has been demonstrated that the rate of change of mean spacing on a 

given slip plane i depends on the mean spacing only on the same slip plane but also depends 

on the plastic shear strain rate on all the slip planes due to self- and latent hardening, i.e. a full 

relationship of the rate of change of the mean spacing can be written as 

3/2 31 1

2 2 3

s
di di di di i k

k i

j j
L N N L

s s
 



 
       

 
   (i=1~4)         (6.29) 

where 
i refers to the sum of all the plastic shear strain rates on the three slip systems on the 

slip plane i. Considering that the recovery law (Eq. (6.27)) describes an increase of Ldi during 

the network coarsening process, the overall change of Ldi on the slip plane i with combined 

hardening and recovery processes can be expressed as 

5
3

3

1 1

2 3

s c c
di di i k

k i di

j j W D Gb
L L

s s kT L
 



 
      

 
     (i=1~4)        (6.30) 

Eq. (6.30) gives the overall evolution law of the state variable (Ldi), which can then be used to 

determine the evolution of the corresponding internal resistance, or critical resolved shear 

strength (CRSS), contributed from forest dislocation junctions (Eq. (3.6)). During steady state 

creep, it is expected that the state variable becomes almost constant ( 0diL  ), i.e. a balance is 

reached between hardening and recovery. 

Further, note that the rate of reduction of the number of pinning points described by Eq. 

(6.28) does not distinguish between general dislocation links or secondary loops surrounding 

the particles. In fact, given a total 
diN dislocation links on the slip plane i, consisting of 

liN

loops, the rate of reduction of 
liN can be simply expressed using a statistical approach 

li
li di

di

N
N N

N
         (i=1~4)                                     (6.31) 

The overall rate of change of 
liN with combined hardening and recovery can be obtained, 

considering Eq. (3.16),  
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2

3

2

v li
li i di

p di

f N
N N

r N



                                           (6.32) 

It is expected that during steady state of creep, 0liN  . In addition, since the Type III 

internal stress in the particles has been characterised as the stress exerted on the particles by 

the surrounding loops, as depicted in Chapter 3, this stress can be relieved by the recovery of 

dislocation loops, which, in reality, can be determined in terms of Eqs. (3.16) and (3.21) 

 
2

3/2 3/2
2

0.7 0.7
3

pr

m l i v l li vi
v

r
G f G N f

f


   

 
      

 
       (i=1~4)       (6.33) 

Finally, as noted earlier, similar to the physics of self- and latent hardening on different slip 

planes (see Chapter 3), self- and latent recovery may also occur, especially if we consider the 

overlap of dislocation links between four slip planes, which may result in non-linear 

approximations of the dislocation density as shown in Eq. (6.13) and lead to a change in the 

final relationship in Eqs. (6.27) and (6.28). However, these complexities are not taken into 

account in this study to avoid introducing more complexity into the model. 

 

6.4. Phase transformation at elevated temperatures 

Besides the change of the state variables associated with dislocation structure, i.e. the 

mean spacing between forest dislocation junctions on the different slip planes, as considered 

in section 6.3, long-term thermal exposure and/or creep deformation leads to more complex 

evolution of microstructure, in particular, change of population of precipitates. This section 

describes a separate phase transformation model that captures the change of other state 

variables, such as the mean inter-particle spacing and mean radius of precipitates. 

Generally, the relevant physical parameters describing the precipitates include (1) their 

crystallography; (2) their morphology; (3) their chemical composition; (4) their size 
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distribution (or simply mean size); (5) their volume fraction (the mean spacing can be directly 

obtained by (4) and (5) as shown in Eq. (3.11)); and (6) their number density [162]. However, 

for mechanical purposes, according to the athermal precipitation strengthening modelled in 

Chapter 3, we concentrate on how the last three aspects evolve during phase transformation at 

elevated temperature, which consists of three sub-processes, respectively nucleation, growth 

and coarsening, as described in Chapter 2. All other aspects are simplified in this study. 

Various approaches have been proposed or developed to predict the evolution of different 

phases in metallic alloys during thermal treatments. Among them, the most well-known 

fundamental framework is the classical phase transformation model proposed by Avrami [60, 

163] or more generally called the Johnson-Mehl-Avrami-Kolmogorov (JMAK) model, which 

simply assumes constant nucleation and growth rates to calculate the volume fraction of 

different phases that have transformed [60]. The model has been extended by different groups 

[62, 63, 123, 162], taking into account non-constant nucleation and growth rates of particles 

and the interaction between different phases. All these works are applicable only for 

evolution of precipitates during pure thermal ageing, while enhanced precipitation by creep 

has been discussed and modelled elsewhere in different ways [123, 164, 165]. 

In this section, we take the basic physics of the classical JMAK model for transformation 

of one or multiple phases and incorporate extensions, including non-constant nucleation and 

growth rates and the effect of creep loading. Following the geometric assumptions used in 

Chapter 3, all precipitates are considered to be spherical, i.e. they grow isotropically. 

 

6.4.1. Precipitate nucleation and growth 

6.4.1.1. JMAK phase transformation model 

The JMAK theory describes how solids transform from one phase to another at constant 

temperature, incorporating an extended volume method to calculate the increment in the 
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volume fraction to be transformed, and to relate it to the current value of the transformed 

fraction. Here the extended volume means the volume of the new phase that would nucleate if 

the entire sample is still untransformed. Initially, particles are allowed to grow into each other, 

i.e. nucleation may occur even in the regions which have already transformed. During a time 

interval t , the new number of nuclei 
pN that appear in a volume V is  

p pN VN t                                                                   (6.34) 

where 
pN is the nucleation rate of precipitates per unit volume. The extended volume e

pV of 

the new phase in the time interval is 

 
34

3

e

p p pV VN t r t


                                                (6.35) 

where “e” refers to “extended” and 
pr is the growth rate of the mean radius 

pr of spherical 

particles. In fact, only a fraction of this volume is real, because some of the nuclei lie within 

previously transformed material, which is called impingement. If nucleation occurs randomly 

and homogeneously in the parent material, then the probability that any change in extended 

volume lies in the untransformed parent phase is proportional to the fraction of 

untransformed material at that instant. Thus the real change of volume in the time interval is  

1
p e

p p

V
V V

V

 
    

 
                                                        (6.36) 

where 
pV is the current volume of particles before the time interval t . Eq. (6.36) indicates a 

cease of particle growth at points of impingement and continuation unabated elsewhere. The 

simplifications of constant nucleation and growth rate in the original JMAK model [166] 

allows an easy integration of Eq. (6.35) over the entire time period and the final rearranged 

equation, considering Eq. (6.36), gives rise to the evolution of the volume fraction 
vf  

 41 exp
p

v

V
f Kt

V
                                                       (6.37) 



- 149 - 

 

where 3 / 3p pK N r  is a constant. Eq. (6.37) depicts the basic characteristics of phase 

transformation, where the rate is slow at the beginning and the end of the process but rapid in 

between. In the JMAK theory, the theoretical maximum volume fraction that can be 

transformed by a single phase is 1, which can be attained when t  in Eq. (6.37).  

In some complex cases, simultaneous reactions can occur where multiple phases may 

transform from the parent phase. For each phase, only that formed in the untransformed 

parent phase will contribute to the real volume of the same phase. Thus on average, a fraction 

1

1
n

k

k

V V


 
 

 
  of the extended volume will be in previously untransformed material, where 

the sum is over all n phases that have transformed. It follows that the extended volume of i 

(Eq. (6.36)) can be written as 

1

1
n

e

i k i

k

V V V V


 
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 
         (i=1~n)                         (6.38) 

However, in such cases, the evolution of the volume fraction of each phase can only be 

determined numerically and the maximum volume fraction of each phase that can be 

transformed is less than 1. 

 

6.4.1.2. Classical nucleation theory 

One of the most significant extensions of the traditional JMAK model is the incorporation 

of classical nucleation theory (non-constant nucleation rate) based on the change in Gibbs 

free energy
*G or the activation energy associated with the formation of a precipitate in a 

supersaturated solid solution, which has been reviewed by Christian [60]. Given precipitates 

with spherical shape, 
*G is simply given by 

* 3 24
4

3
c v cG r G r                                              (6.39) 
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where 
cr is the critical radius of stable nuclei,  is the interfacial energy of the precipitate and 

vG is the chemical driving force for precipitation. Thermodynamics tells us that the critical 

radius of the stable nuclei can be determined such that the Gibbs free energy is minimized 

* 2
0 c

c v

G
r

r G


   


                                          (6.40a) 

3
*

2

16

3 v

G
G


                                                   (6.40b) 

Expressions for the chemical driving force 
vG have been given elsewhere [27, 123, 164] 

lnv

m eq

kT c
G

v c

 
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 

                                              (6.41) 

where 
mv is the molecular volume of the concerned phase, c and 

eqc are respectively current 

and equilibrium solute concentration in the matrix, referring to the component of the phase. 

Note that for compound phases, ic c (and i

eq eqc c ) refers to the product of current 

(equilibrium) solute concentration of all components of the phase (e.g., for the carbide M23C6, 

M cc c c  and M c

eq eq eqc c c  ) [164]. Our formulation of the nucleation rate is based on this 

theory. For a detailed explanation, one can refer to [60, 123, 162, 164]. These studies give 

*
* exp exp

in

p site

G t
N N Z

kT t


   
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   
                                    (6.42) 

where 
siteN is the number density of potential nucleation sites per unit volume, Z is called the 

Zeldovich factor, representing the probability that a nucleus with a size corresponding to the 

top of the nucleation barrier will continue to grow to form the new phase, i.e. not dissolve; 

* is the condensation rate of atoms in a particle with critical radius, or the rate at which 

molecules attach to the nucleus causing it to grow; 
int is an incubation time and  exp /int t
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relates to the achievement of a steady state nucleation. Expressions of Z, * and int have been 

given in the literature [60, 123, 162, 164]. 

22
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* 2

2int
Z

                                                  (6.43c) 

where am is the lattice parameter of the parent phase and D
i
 and c

i
 are respectively the bulk 

diffusivity and concentration of the rate-controlling solute elements in the matrix, in relation 

to the components of the precipitate phase.  

 

6.4.1.3. Parabolic growth theory  

The assumption of constant growth rate used in the traditional JMAK model has been 

understood to be valid only when the growth is very fast so that the interface of a particle 

almost moves at a constant speed [60]. Another important extension is the non-constant 

growth rate, following Zener’s growth law [167], which physically describes that the growth 

rate of particles is dependent on the gradient of solute concentration (present only in the 

immediate vicinity of the precipitate interface [62]); thus the growth rate is controlled by 

solute diffusion. In fact, the constant growth rate can be explained using Zener growth theory 

when there is always an oversupply of solute elements in the matrix (extensive 

supersaturation), then the gradient of solute concentration can be approximated to be constant.  

For this approach, we simply focus on the mean radius 
pr of the spherical precipitates and 

ignore the particle size distribution. According to Zener’s theory [167], 
pr can be written as 
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i

pr D t                                                                (6.44) 

where “i” here indicates the rate-controlling component and  is a dimensionless growth 

coefficient depending on the gradient of solute concentration. An approximate approach has 

been widely used to determine  , assuming that the solute concentration c
i
 changes at a 

constant rate from i

eqc at the particle-matrix interface to 
ic in the matrix far away from the 

precipitate phase, as shown in Figure 6.4.  

 

Fig. 6.4. The constant solute concentration approximation profile 

 

Zener’s analysis gives 
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                                                  (6.45) 

where i

pc is the solute concentration in the precipitate phase. Eqs. (6.44) and (6.45) can be 

rearranged to determine the growth rate of the mean radius 
pr , which shows a parabolic 

feature [123, 162, 164] 

i ii
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                                                   (6.46)  
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Further, during simultaneous nucleation and growth, Eq. (6.46) is modified, taking into 

account the formation of 
p pN N t   new nuclei with size 

cr in the existing population of 

precipitates with mean radius 
pr [123, 162, 164] to give 

 
i ii

eq p

p c pi i

p p eq p

c c ND
r r r

r c c N


   


                                        (6.47) 

As the volume fraction and mean radius evolve during precipitation, as shown in Eqs. (6.38) 

and (6.47), the change of mean inter-particle spacing can be directly calculated by Friedel’s 

model, i.e. Eq. (3.10). 

 

6.4.1.4. Evolution of solute concentration 

The precipitation process results in depletion of solutes from the matrix, thus the 

concentration decreases. If 
0

ic is the initial concentration of element i in the matrix, the 

current concentration 
ic can be calculated in the following way [62] 

0

1

i i

v pi

v

c f c
c

f





                                                 (6.48) 

The change of matrix composition during precipitation can affect subsequent nucleation and 

growth processes. In fact, a decrease of 
ic leads to an increase of Gibbs free energy *G in the 

system in terms of Eqs. (6.40b) and (6.41), and thus reduces the nucleation rate in Eq. (6.42). 

In addition, since i

pc and i

eqc are approximately constants for a given stable phase, a decrease 

of 
ic  also reduces the concentration gradient and thus the growth rate of 

pr  (Eq. (6.46)). 

 

6.4.2. Particle coarsening 

In the late stage of transformation of a given phase, the nucleation rate in the desaturated 

solid solution progressively decreases until the gradient of solute concentration becomes 
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almost zero. Afterwards the material experiences coarsening or Ostwald Ripening, during 

which large particles grow while small ones shrink and vanish, but the volume fraction of 

precipitates remains unchanged [58]. As a result, both the mean radius and mean inter-

particle spacing increases. Given a dilute binary system where the maximum volume fraction 

that can be transformed is small, e.g. <30% [60], the most widely accepted theory to model 

the kinetics of diffusion-controlled coarsening of a given phase is the Lifshitz-Slyozov-

Wagner (LSW) theory, which gives the mean radius of spherical particles after a time t [58] 
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where 
0r  is the original radius before coarsening and 28 / 9i i

mC V D c RT  is a coarsening 

parameter (with same definitions of R, , iD and 
ic as before and 

mV  is the molar volume of a 

given phase). Many attempts to improve the LSW theory have not fundamentally changed the 

cubic coarsening kinetics described in Eq. (6.49) [60, 168, 169]. Further, note that the volume 

fraction of precipitates is always constant during coarsening 
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Thus a change of number density of precipitates during coarsening can be directly obtained as 
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Note that the internal resistance for a wider dispersion of precipitates is lower than that of a 

narrower one, as illustrated in Chapter 2. Thus the precipitation nucleation and growth 

processes strengthen the material while the particle coarsening process softens the material. 

However, care needs to be taken when multiple phases transform consecutively (e.g. carbide 

and Laves phase in 316 stainless steels as described in Chapter 2). Unsynchronized 
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nucleation, growth and coarsening of different phases may lead to a very complex evolution 

process of the mean size and/or mean inter-particle spacing. 

 

6.4.3. Effect of creep loading 

One complexity, which can arise when modelling phase transformation, is the concomitant 

creep deformation which promotes or accelerates the phase transitions [36, 37, 123, 164, 165]. 

Note that creep deformation introduces more crystalline defects (notably dislocations) in the 

material than pure thermal ageing, thus terminologies in the literature describing the 

precipitation process with such complexity include stress-assisted or strain-induced 

precipitation, or heterogeneous precipitation on dislocations [123, 164, 165, 170]. Extensions 

of the phase transformation model described in sections 6.4.1 and 6.4.2 incorporating such 

superimposed plasticity/creep effect can be found in [123, 164]. Some qualitative overview 

about the effect of creep loading on phase transformation can be found in [165]. It is found, 

however, that regardless of the complexity in the developments of the phase transformation 

model, enhancement of the kinetics of precipitation due to creep may be regarded as a 

consequence of the following two aspects [37]:  

(1) Dislocations provide more extensive heterogeneous and energetically favourable 

nucleation sites (reduced nucleation barrier, or Gibbs free energy, compared to 

homogeneous transformation), thus enhancing the nucleation rate; 

(2) Dislocations act as short-circuit diffusion paths, where the exchange of solute between the 

precipitates can occur either by bulk diffusion, or by pipe diffusion through dislocation 

cores. This may lead to faster kinetics of precipitation during both growth and coarsening.  

For simplicity, we do not incorporate the full complicated extensions in [123, 164] but 

retain the very simple elements that capture the basic physics. For aspect (1), the 

enhancement of nucleation rate by dislocations is accommodated by simply modifying the 
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Gibbs free energy
*G by introducing an adjustable parameter w (w<1), assuming that the 

heterogeneous nucleation barrier is proportional to the homogeneous barrier [164] 
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We do not take into account the influence on the potential nucleation site since the rate 

dependence of the exponential is much larger than the pre-exponential in Eq. (6.42). 

Meanwhile, complexity of splitting w into two parameters to accommodate different changes 

in the surface and body of the nucleus due to heterogeneous nucleation is ignored. In relation 

to (2), diffusion can occur by dislocation pipe diffusion thus the effective diffusivity for both 

growth and coarsening processes can be expressed as a combination of bulk diffusivity i

LD

and pipe diffusivity i

pD  of the solute element “i” [11, 171] 

i i i

L c pD D a D                                                    (6.53) 

Here 22ca b is the area of the dislocation core,  is total dislocation density. Based on the 

above physics, it is understood that the effect of creep loading is more significant for 

intragranular than for intergranular precipitates, due to the change in dislocation population 

within the matrix. Therefore, in the simulations associated with phase transformation, which 

are to be presented in Chapter 7, we only focus on detailed intragranular precipitation but 

simplify intergranular precipitation to be independent of creep deformation. However, care 

needs to be taken with this simplification since solute atoms in the matrix can also be 

depleted during intergranular precipitation. Such depletion of solute atoms will result in a 

decrease of solute concentration, thus may reduce the effect of solute drag and change the 

kinetics of creep/plastic deformation, as described in section 6.2.3. 
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6.5. Summary 

In this chapter, based on the athermal model for a single crystal established in Chapter 3, 

some enhancements at elevated temperature are incorporated and discussed, including the 

change in the deformation kinetics and extended evolution processes of the microstructure.  

For the deformation kinetics, thermal exposure facilitates thermally activated dislocation 

glide motion and climb-controlled bypassing over particles (without formation of dislocation 

loops, compared with the Orowan bowing process), both of which demonstrate that the 

plastic shear strain can be generated even when the athermal deformation mechanisms are 

inhibited. The thermal solute drag process enhances the effectiveness of all kinds of obstacles 

as the solute atoms in the matrix diffuse down the dislocation core and are dragged along 

with mobile dislocations. This process is understood to be history independent and is a 

function of only the current strain rate and the current solute concentration of interstitial 

elements (in particular, carbon) for 316 stainless steels.  

For the evolution of microstructure, the first part illustrates the climb-controlled recovery 

of the dislocation network, or recovery of the state variables associated with dislocation 

structure, i.e. the mean spacing between forest dislocation junctions on individual slip planes. 

A thermodynamic analysis is used to determine different recovery rates of the mean spacing 

on different slip planes. Combination of hardening and recovery laws determines the overall 

evolution of the state variables during creep. The second part refers to the transformation of 

multiple phases, consisting of nucleation, growth and coarsening processes, during which the 

state variables, in particular, mean inter-particle spacing and mean size of the different types 

of particles, may evolve. An extended JMAK phase transformation model is used to illustrate 

these processes, taking into account classical nucleation theory, a diffusion-controlled 

parabolic growth law and the traditional Oswald Ripening coarsening model. All these 

kinetics may be enhanced by external creep loading, compared with pure thermal ageing. 
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Finally, depletion of solute atoms in the matrix by precipitation process leads to a reduction 

in the solute concentration in the matrix and may reduce the extent of the solute drag process. 

All the key equations within this chapter are summarized below: 

(1) Thermally activated glide enhanced by solute drag 
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(2) Plastic shear strain rate determined by dislocation climb bypassing over particles 
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(3) Evolution of the mean spacing on individual slip planes between all the pinning points 

combining hardening and recovery of the dislocation network 
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(4) Precipitation nucleation, growth and coarsening 
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The updated flowchart of the implementation of a general comprehensive creep model 

described in this chapter (combined with Chapters 3 &4) is shown in Figure 6.5, where the 

detailed equations are ignored in the figure.  

 

Fig. 6.5. Flowchart of the implementation procedure of the creep model. The block “elastoplastic 

behaviour of individual grains and the whole polycrystal” represents the same procedure described in 

Fig. 4.2 
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Chapter 7 

Application II: High temperature behaviour of 

austenitic stainless steels under various stresses 

and/or temperatures 

 

7.1. Introduction 

In the literature, various experimental data related to the behaviour of Type 316H stainless 

steels at elevated temperatures are available. These data were collected during experiments at 

various temperatures and/or stresses, including monotonic plastic loading [157], creep 

deformation [25, 146, 172, 173], and microstructure characterisation [35, 36], where the last 

of these captured the evolution of populations of different precipitate phases during thermal 

ageing and/or creep. The specimens in these studies did not have identical initial conditions, 

some of which were ex-service or contained considerable populations of precipitates [146, 

173], and others were initially solution treated to dissolve any precipitates [25, 36, 157, 172]. 

At the same time, extensive effort has been made to fit the data with different types of 

constitutive model and understand the underlying physical deformation mechanisms. 

Examples of these include use of Schmidt and Miller’s unified phenomenological model 

[155], which has been applied extensively on different materials to a wide range of 

experiments like monotonic plastic loading and creep deformation. However, as mentioned in 

Chapter 2, the large number of fitting parameters may weaken the understanding of the 

underlying physics. Dyson’s phenomenological model [105, 106] has been used to 

understand creep and relaxation of different materials, but was found to be more suitable to 



- 161 - 

 

materials with a very large volume fraction of precipitates, such as nickel-base superalloy. 

EDF Energy has examined a series of empirical models to evaluate creep and relaxation data 

of 316 stainless steels but none of the models is able to fit and explain all the observed results. 

Further, to date, none of the present constitutive models has systematically examined the 

influence of evolution of microstructure, in particular, precipitates, on the mechanical 

behaviour of materials at elevated temperatures.  

This chapter attempts to evaluate the macroscopic behaviour of Type 316H polycrystalline 

austenitic stainless steels under various temperatures and/or stresses, using the combined 

multi-scale self-consistent model established in Chapters 3 & 4 and the high temperature 

enhancement of the model presented in Chapter 6. Emphasis is put on how the evolution of 

microstructure (forest dislocations, precipitates and solid solution) at elevated temperature 

influences the mechanical/creep properties of the material. Of all the available creep data, the 

applied stresses and temperatures were chosen such that creep deformation is in the 

dislocation creep regime for the material according to the Frost & Ashby deformation-

mechanism maps [11]. The data measured at very high temperatures (>650
o
C), which is out 

of the interested service range as described in Chapter 1, is not considered here. 

 

7.2. Simulation I: Influence of creep deformation on 

materials Bauschinger effect 

7.2.1. Brief introduction 

Recall that in Chapter 5 we have evaluated the macroscopic Bauschinger effect of ex-

service plus laboratory aged (EXLA) Type 316H polycrystalline austenitic stainless steel 

samples (EXLA2) with some high temperature (550
o
C) tensile pre-strain history (loaded up 

to 250MPa, unloaded and cooled), using the athermal multi-scale self-consistent model 
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established in Chapters 3 & 4. The model predicts that the Type II and III residual stress 

fields play an important role in determining the observed Bauschinger effect. A suitable 

residual stress field established by high temperature tensile pre-straining leads to all 

individual grains deforming compatibly plastically in the specimen subjected to continued 

uniaxial tensile loading at ambient temperature (EXLA2-1), thus the stress-strain curve 

exhibits a sharp change in slope after yielding. However, in contrast, the residual stress field 

is significantly different to that which is required to give compatibility of plastic straining in 

the specimen subjected to reverse compressive loading (EXLA2-2). Plastic flow therefore 

occurs much earlier in some grains than in others while the residual stress field redistributes, 

and the stress-strain curve demonstrates a more gradual yielding process. Besides the 

transient softening phenomenon described above, the phenomenon of permanent softening is 

also explained as a relative definition dependent on the strain level that it is measured. It can 

only be delayed by the development of Type III residual stress associated with the particles 

and/or the surrounding dislocation loops (see Chapter 5).  

In the neutron diffraction experiment conducted on ENGIN-X at ISIS, UK and on POLDI 

at SLS, Switzerland, the Bauschinger effect of some other specimens have also been tested, 

where these specimens have experienced an extended tensile pre-strain history, compared 

with the EXLA2 specimens in Chapter 5, consisting of high temperature (550
o
C) creep 

deformation (250MPa) up to either the primary stage (~160h, designated EXLA3) or 

secondary stage (~1000h, designated EXLA4). These specimens were then subjected to either 

uniaxial tensile loading (EXLA3-1 and EXLA4-1) or compressive loading (EXLA3-2 and 

EXLA4-2) at ambient temperature, similar to the experimental procedure on the EXLA2 

specimens with no pre-crept history. The entire loading history of these samples is 

schematically shown in Figure 7.1. 
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Fig. 7.1. A schematic diagram of the loading history of EXLA3 and 4 specimens; the black curve is 

the high temperature pre-straining, same as used in Chapter 5, and EXLA3 specimen further follows 

the blue lines and EXLA4 specimen further follows the red lines 

 

This section consists of two parts. The first part examines the macroscopic Bauschinger 

effect of these EXLA3 and EXLA4 specimens. The key difference from the simulation on the 

EXLA2 specimens in Chapter 5 is the incorporation of the enhanced recovery model derived 

in Chapter 6 into the self-consistent model to simulate the creep deformation of the material. 

Here we focus only on the bulk response rather than the microscopic elastic lattice response 

since the change of elastic strain during creep deformation is understood (and is reflected in 

the neutron diffraction measurements) to be negligible. The second part extends the 

simulation in the first part by considering other creep tests conducted at different stresses on 

the same ex-service material. 

 

7.2.2. Simulation procedure and material parameters 

The material used in this simulation is the ex-service plus laboratory aged (EXLA) Type 

316H polycrystalline austenitic stainless steel samples considered in Chapter 5, i.e. the initial 
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distribution of precipitates for each sample remains the same as that estimated in Chapter 5. 

Similarly, all slip systems for all grains within the polycrystalline materials were assumed to 

have identical critical resolved shear strength (CRSS) before commencement of any loading. 

The initial residual stress state is not considered here. For the first simulation on the EXLA3 

and EXLA4 specimens, each group started from uniaxial pre-straining at 550
o
C up to a 

macroscopic true stress of 250 MPa, followed by uniaxial tensile creep up to primary (~160h, 

EXLA3) or stationary (~1000h, EXLA4) stage at the same temperature and stress. Then each 

group was cooled and unloaded elastically with the developed CRSS and residual stress field 

remaining in the unloaded individual grains (which scale with the temperature-dependent 

modulus). Finally, the specimens were reloaded at ambient temperature, either in tension 

(EXLA3) or in compression (EXLA4), using the same procedure as that described in Chapter 

5. During the simulation of creep, the applied stress remained the same but the CRSS on each 

slip system of each individual grain was updated using the combined hardening (Eqs. (3.6) 

and (3.7)) and recovery model (Eqs. (6.28) and (6.32)). The plastic shear strain rate was 

calculated by the rate-dependent flow rule (thermally activated glide, Eq. (6.1b)). While the 

update of the Type II residual stress of each grain remained the same as that in Chapter 5 

using Eq. (4.23a), the Type III residual stress was updated using Eq. (6.33) as it recovers with 

the recovery of the dislocation structure. Phase transformation during these short-term creep 

deformations was ignored, as was the effect of solute drag due to the extensive depletion of 

carbon in the matrix by the precipitates. In these short-term tests, Orowan bowing dominates 

the contribution from the precipitates and the possibility of climb-controlled bypassing over 

particles does not need to be considered. Further, the recovery of dislocation structure was 

considered only during creep, and was ignored during the pre-straining at 550
o
C before creep 

and reloading at ambient temperature in tension or compression. All strains were updated 

using the same approaches as described in Chapter 5. However, to be consistent throughout 
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the simulation in this section, the plastic shear strain rate during high temperature pre-

straining and subsequent reloading was also calculated by the thermally-activated glide rule 

(Eq. (6.1b)) rather than the power-law relationship used in Chapter 5. The procedure adopted 

in the second set of simulations on the same ex-service materials at other stress levels 

remains the same, except the change in the preloading stress level at 550
o
C. 

The model was first used to fit the high-temperature pre-straining and creep curves and 

then to predict the macroscopic response of each specimen during subsequent uniaxial 

tension and compression at ambient temperature. Values of the physical parameters used in 

the simulations remain the same as shown in Table 5.2 and are summarized together with the 

new parameters required by the extended model in Table 7.1 (all values of stress or modulus 

are at room temperature and need to be scaled at 550
o
C according to Eq. (5.1)). In the rate-

dependent thermally activated glide rule of Eq. (6.1b), the reference shear strain rate
0 is 

simply set to be 1/s as mentioned in section 6.2. The shape factors of energy barriers g and h 

were chosen to be g=3/4 and h=4/3, following Frost and Ashby [11]. For the activation 

energy
0F , 

0G is obtained in terms of the shear modulus reported in the literature at room 

temperature. 
0 is fitted to be 1 for a combination of all types of obstacles. In the recovery 

model established in Chapter 6, the dislocation core diffusivity Dc for austenitic stainless 

steels at 550
o
C was given by Frost and Ashby [11], 6.47×10

-15
 m

2
/s, taking into account the 

dislocation core area 22ca b . While Wc in the model (Eq. (6.28) or Eq. (6.30)) was chosen 

to fit the creep curve.  
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Tab. 7.1 Material parameters of 316H austenitic stainless steels used in the simulation of creep 

deformation and its influence on materials Bauschinger effect 

Parameter Value Parameter Value 

11C a 
198 GPa p  21 MPa 

12C a 
125 GPa s  37 MPa 

44C a 
122 GPa js / s 4.0×10

14
 

E  101.3 GPa j / s 2.0×10
15

 

v  0.39 Wc 40 

G  122 GPa Dc 6.47×10
-15

 m
2
/s 

G0 139 GPa a0 1 

b
 

2.5×10
-10

 m g 3/4 

d  0.35 h
 

4/3 

N0 2.4×10
13

 0  1/s 

         
a 
Data are taken from Kamaya [148].  

 

7.2.3. Evaluation of materials Bauschinger effect 

7.2.3.1. Creep at 250MPa stress 

Similar to Figure 5.9 in Chapter 5, the simulated macroscopic responses of EXLA3 and 

EXLA4 during room temperature (RT) reloading in uniaxial tension (EXLA3-1 and EXLA4-

1) and compression (EXLA3-2 and EXLA4-2) following high temperature (HT) uniaxial 

tensile pre-straining and tensile creep (primary or secondary) at 550
o
C are shown in Figure 

7.2, together with the experimental measurements. The corresponding measured and 

predicted creep curves are shown in Figure 7.3 separately. All these data can be found in 

[146], and all the compression data are shown using absolute values. The initial strain value 

of each specimen during RT reloading represents the total inelastic strain accumulated from 

HT pre-straining and creep. Note that some variability occurs in the experimental creep 

curves of these specimens (Figure 7.3), which has been attributed to variability in the service 

history of each tested specimen [146]. However, such variability in the creep curves is 

considered to be acceptable since all specimens show similar steady state creep rates. 

Therefore, to best compare our model predictions and the measurements during subsequent 
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RT reloading, the measured initial inelastic strain values accumulated from pre- HT creep for 

both EXLA3 and EXLA4 specimens have been modified to be consistent with the model 

predicted creep curve shown in Figure 7.4 at the correponding periods. 

 

Fig. 7.2. Comparison between experimental data and model prediction in terms of macroscopic stress-

strain relationship for pre-crept specimens (EXLA3 for primary stage and EXLA4 for secondary 

stage); the figure shows high temperature (HT, 550
o
C) tensile pre-straining and subsequent reloading 

in tension (EXLA3-1 and EXLA4-1) and compression (EXLA3-2 and EXLA4-2) at room temperature 

(RT). The initial strain value for RT reloading accounts for the total inelastic strain accumulated 

during HT preloading and creep. Data and prediction for compression is shown in absolute value. 

 

Fig. 7.3. Measured and predicted tensile creep curves for EXLA3 (160h) and EXLA4 (1000h) 

specimens. All these specimens were initially given the same HT pre-straining up to 250MPa external 

stress. Each group consists of two specimens subjected to the same creep test. 
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In Figure 7.2, compared with specimens without any pre-crept history (EXLA2 as used in 

Chapter 5), the transient softening is still observed and predicted in the specimens tested here, 

indicating a non-steady-state residual stress field for specimens subjected to compression 

(EXLA4). The mechanism in terms of the role of Type II residual stress field has been 

discussed in detail in Chapter 5. In addition, both predictions and experimental measurements 

of RT tensile curves demonstrate an increasing initial yield stress from EXLA2 (loading-up) 

to pre-crept specimens EXLA3 and EXLA4, but the increase of yield stress from EXLA3 

(primary) to EXLA4 (secondary) is not significant. This feature is reproduced by the model, 

and is due to the continuous accumulation of dislocations and the development of the residual 

stress field during primary, and their gradual saturation towards the secondary stage. Further, 

a smooth transition following initial yielding is predicted by the model for both the pre-crept 

EXLA3 and EXLA4 specimens, rather than a sharp transition as observed for the EXLA2 

specimen, which was not pre-crept, as shown in Figure 5.9. This indicates that the residual 

stress state redistributes or recovers within individual grains during creep deformation, and is 

different from that developed during HT plastic tensile pre-straining. A steady-state residual 

stress state is yet to be achieved again in the specimens during subsequent reloading.  

 

7.2.3.2. Separation of isotropic and kinematic stress terms 

In the literature, three empirical variables have been used to describe the evolution of 

inelastic deformation and evaluate the Bauschinger effect [146]: (i) an initial yield stress,
0 , 

describing an isotropic resistance to create inelastic flow of material; (ii) a stress 
iso

describing the contributions to isotropic hardening; and (iii) a stress 
kin describing the 

contributions to kinematic hardening. According to the definition, the flow stress at forward 

tensile loading 
f and reverse compressive loading r can be expressed as 
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As a result, the isotropic and kinematic stress terms are given by 
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For the Type 316H stainless steels employed in this study, the initial yield stress 
0 was 

determined from the average value of the elastic limit obtained from the tested non-pre-

strained specimens (e.g. EXLA1 in Chapter 5) [146]. For the EXLA2 (loading up), EXLA3 

(primary) and EXLA4 (secondary) specimens, a small strain offset, 410off  , was used to 

determine point A on each tensile curve (corresponding flow stress 
0f ) and point B on each 

compressive curve (corresponding flow stress 
0r ), as schematically shown in Figure 7.4. 

These values were then used to calculate the isotropic and kinematic stresses in terms of Eq. 

(7.2) to evaluate the transient softening behaviour of each tested specimen [146].  

 

Fig. 7.4. Schematic diagram of the Bauschinger effect test, showing prior tensile creep deformation 

and continued (tensile) and reversed (compressive) straining at room temperature; A small strain 

offset 
off is used to determine the isotropic and kinematic stress terms 
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The experimentally calculated evolution of isotropic and kinematic stress terms from the 

non-pre-strained condition through to the secondary pre-crept condition are shown in Figure 

7.5(a). The horizontal axis refers to the total inelastic strain induced by high temperature pre-

straining, including loading up and/or creep. Also shown in the figure are values predicted by 

the model, using the same approach described above (using Figure 5.9 for EXLA2, Figure 7.2 

for EXLA3 and EXLA4). Note that a small difference of 2MPa, calculated from the 

experimental data for the reference non-pre-strained condition, is due to minor differences in 

0f  and 
0r of several tested reference specimens [146]. It is found that the high-temperature 

pre-straining has resulted in an increase in both the isotropic and kinematic stresses. 

Subsequent primary creep pre-straining further enhances the isotropic stress but slightly 

reduces the kinematic stress. However, further creep pre-straining towards secondary stage 

does not change the values of these stresses significantly. This trend is well captured by the 

model. Compared with the result shown in Figure 7.2, this is understood to be consistent, in 

an empirical way, whereby the isotropic internal resistance (or CRSS) has developed during 

pre-straining and primary creep but has remained almost unchanged as secondary creep is 

approached, while the kinematic internal stress or residual stress state developed during pre-

straining recovers during creep deformation, but then achieves a constant value.  

  A similar simulation with extended creep deformation has been carried out, where the 

material is allowed to creep for extended periods of 2000h and 4000h. The elongated creep 

curves are not shown here but we only focus on the evolution of the empirical isotropic and 

kinematic stresses due to this extended creep, which is shown in Figure 7.5(b). In the figure, 

the almost flat curves of both isotropic and kinematic stresses indicate nearly no change of 

the two stresses during the extended secondary stage, which is as expected since all state 

variables would have achieved a steady state at the beginning of this stage.  
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(a) 

 

(b) 

Fig. 7.5. Experimentally determined and model predicted evolution of the empirical isotropic and 

kinematic stresses. (a) The results are based on the macroscopic stress-strain curves illustrated in 

Figure 5.7 (EXLA2) and Figure 7.2 (EXLA3 and EXLA4); (b) Based on (a), some simulated results 

in materials with extended creep deformation are also shown.  
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7.2.3.3. Creep at other stresses 

The above results and analyses are all based on creep deformation at 250 MPa, 550
o
C. In 

this section, some additional creep curves of the same EXLA material tested at 550
o
C but at 

other stresses (280 MPa and 320 MPa) are simulated. The only difference in this part is the 

different levels of plastic pre-straining experienced as the specimens are loaded up to the 

prescribed stress level. The measured and predicted creep curves are shown in Figure 7.6. 

Also shown in the figure are the results of the test conducted at 250 MPa discussed in the 

previous subsection, for comparison. It is found that the model successfully captures the 

increase of creep rate as the creep stress level increases.  

 

Fig. 7.6. Experimental and model predicted creep curves at different stresses. 

 

Based on these simulated creep curves, the corresponding influence on the evolution of the 

empirical isotropic and kinematic stresses is also examined and is shown and compared in 

Figure 7.7. Extended creep deformation beyond the time shown in Figure 7.6 is also 

considered. It is found that the model predicts an enhancement of both isotropic and 

kinematic stresses as the creep stress increases, indicating a strong dependence on the level of 
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pre-straining. Both terms remain almost constant during secondary creep over an extended 

period, regardless of the creep stress level, which reflects the achievement of a steady state. 

Meanwhile, according to the study of the factors in determining materials Bauschinger effect, 

in particular, the Type III residual stress, as discussed in Chapter 5, the increase in the level 

of HT pre-straining would lead to an enhanced transient and relative “permanent” softening. 

This is successfully reflected in the predicted results, and is responsible for the difference 

between the isotropic and kinematic stresses being enhanced as the applied stress in increased 

(taking into account Eq. (7.2)). 

 

Fig. 7.7. Model predicted evolution of the empirical isotropic and kinematic stresses resulted from 

different levels of creep stresses, 250 MPa, 280 MPa and 320 MPa.  

 

7.2.4. Summary 

The influence of creep deformation on the Bauschinger effect of the EXLA Type 316H 

austenitic stainless steels is evaluated by using the multi-scale self-consistent model 

established in Chapters 3 and 4 combined with the recovery model of dislocation structure 

presented in Chapter 6. Phase transformation has been ignored in the short-term creep tests 
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and the effect of solute drag has not been taken into account in these EXLA specimens due to 

the extensive depletion of carbon in the matrix by the existing carbide precipitates. Key 

findings from these simulations consist of the following aspects: 

 The critical resolved shear strength (CRSS) for individual slip systems of individual 

grains develops during high temperature pre-straining and subsequent primary creep, 

compared with the non-pre-strained condition, but it remains almost unchanged during 

secondary creep. This is consistent with the evolution process of the state variable 

towards a steady state, i.e. the number of forest dislocation junctions. Also during these 

stages, the population of precipitates and solute atoms does not change. 

 The residual stress state of the individual grains also develops during high temperature 

pre-straining but may recover or redistribute during subsequent primary creep and 

remains almost unchanged during secondary creep. Once the residual stress recovers, it is 

different from that developed during high temperature pre-straining that ensures 

compatibility of plastic deformation for all grains during tensile reloading at ambient 

temperature. Therefore, the tensile reloading curves for pre-crept specimens exhibit a 

smooth initial yielding process rather than a sharp one and the full steady state residual 

stress field is yet to be achieved again during reloading.  

 The evolution of physical CRSS and residual stress state can be correlated with the 

evolution of empirical isotropic and kinematic stress terms, calculated from the tensile 

and compressive reloading curves. At a given temperature, an increase of the stress level 

or level of high temperature pre-straining enhances the creep rate and the values of both 

isotropic and kinematic stresses, as well as the associated Bauschinger effect, and in 

particular, the transient softening behaviour. Both the isotropic and kinematic stresses 

saturate during secondary creep, regardless of the stress or high temperature pre-strain 

level.  
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 Understanding how the CRSS and residual stress state evolve during high temperature 

creep deformation is vital to assessing material behaviour during cyclic creep-fatigue 

loading. 

 

7.3. Simulation II: Precipitation and phase transformation 

7.3.1. Review of experimental measurement 

So far in this study, the materials that have been evaluated are all in the ex-service 

condition (used in the AGR nuclear reactors at 490
 o

C - 530
o
C for ~65,000 h) plus some 

laboratory ageing treatment (550
o
C, ~22,000 h), in which a considerable population of 

precipitates has formed in the material both inter- and intragranularly. The presence of these 

precipitates changes the creep properties of the material compared with that of the initially 

solution annealed materials. In reality, substantial research has been carried out directly on 

solution annealed austenitic stainless steels, where the precipitates are yet to form during 

subsequent thermal ageing or creep loading. Since a number of deformation mechanisms are 

associated with the precipitates, i.e. Orowan bowing, dislocation climb-controlled bypassing, 

dislocation loop formation and associated Type III internal stress, etc, it is essential to 

understand how precipitates evolve or how different phases transform at elevated 

temperatures, and how this influences the creep behaviour of the material. 

The National Institute for Materials Science (NIMS) from Japan has carried out a 

systematic experimental observation and investigation on the microstructural characteristics 

of long-term (up to 17 years) crept specimens of Type 316H austenitic stainless steels, 

regarding the evolution of precipitates and creep rupture at different temperatures (550
o
C - 

750
o
C) [36]. All the tested specimens were initially given a solution treatment to dissolve any 

precipitates that are present into solution. During the long-term creep tests, both the specimen 
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head volume (with pure thermal ageing) and gauge volume (thermal ageing + creep) were 

examined; information that has been reported includes: evolution of chemical composition; 

Vickers hardness; mean size of different precipitate phases (available data of mean size is 

only in the head volume and over a limited range of temperatures); and most importantly, 

creep strain rate vs time curves at different stresses and/or temperatures, etc. Some relevant 

results are firstly reviewed in this section. Based on these results, some simplifications in the 

simulation are introduced. 

 

7.3.1.1. Sequence of precipitation 

The NIMS report provides a time-temperature-precipitation (TTP) diagram (Figure 7.8) 

for Type 316H stainless steels during pure thermal ageing, i.e. for the specimen head volume, 

which is similar to that reported elsewhere [37], where the multiple “C-shape” curves indicate 

the “beginning of nucleation” of a certain precipitate phase. However, care needs to be taken 

in interpreting this as the “beginning of nucleation”, since it roughly refers to the time when 

the precipitate phase becomes experimentally observable and measurable, thus is dependent 

on the experimental technique employed.  
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Fig. 7.8. Time-temperature-precipitation (TTP) diagram for specimen head volume (subjected to pure 

thermal ageing) of Type 316H stainless steels (map provided by NIMS report [36]).  refers to sigma 

phase and  refers to Chi phase. 

 

According to this TTP diagram, thermal ageing promotes precipitation of carbides (M23C6) 

and intermetallic phases, such as Laves phase, sigma phase and Chi phase [34, 35]. More 

detailed studies of the morphology of these phases within similar materials have been 

conducted elsewhere [35, 37, 174, 175] and the results show that carbides appear to be the 

first major stable phase to form in this material, which can form both along grain boundaries 

(intergranular) and inside the matrix (intragranular). In addition, precipitation of Laves phase, 

mainly observed inside the matrix, then form at the expense of some carbides, because the 

intermetallic phase transformation can lower the Cr and Mo content in the matrix, thus 

increasing the carbon solubility [174, 175]. This is also reflected in the evolution of mean 

particle size (to be shown later), where the coarsening rate of carbides is observed to decrease, 
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but that of Laves phase is observed to increase as the temperature increases [36]. As the 

ageing time increases, precipitation of sigma phase occurs after the precipitation of Laves 

phase is complete [174], but is mainly observed on grain boundaries or triple junctions [35]. 

Very little information is available for the Chi phase. Overall, the precipitation sequence at 

service temperatures (below 700
o
C) is found to be carbides  Laves  sigma  Chi, and 

such a sequence indicates a trend of increased stability. Note that in the TTP diagram in [37], 

it is found that the creep in the specimen gauge volume does not alter this sequence, but may 

lead to slightly earlier observation of each phase at each temperature. To simplify the 

problem, since the sigma phase is an intergranular phase that does not significantly interact 

with dislocations and both sigma and Chi phases either form at very high temperatures out of 

the concerned temperature range, or occur at low temperatures but only after an extensive 

period of ageing that almost exceeds the life expectation of the component, we only 

concentrate on carbide and Laves phase in the following. 

 

7.3.1.2. Chemical composition 

Figure 7.9 shows the evolution of chemical composition of carbide and Laves phase with 

ageing time in both specimen head and gauge volumes, provided by the NIMS report [36]. 

The variation of chemical composition with temperature is found to be negligible thus is not 

distinguished in Figure 7.9.  
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(a)                                                                          (b)  

Fig. 7.9. Change in chemical composition of (a) M in M23C6 carbides and (b) Laves phase within 

grains in specimen head and gauge volume as a function of ageing time at different temperatures. The 

variation with temperature is found to be negligible and is not distinguished in the figure. It is 

assumed for each phase that Fe+Cr+Mo+Ni=100%. All data can be found in [36] 

 

It is observed that both phases contain metallic elements of Fe, Cr, Mo and Ni, indicating a 

non unique chemical expression of each phase and some potential competition of these 

elements between the two phases. However, it should be noted that the dominant elements in 

each phase vary, where Cr is the major metallic element for carbides and Fe-Mo dominates in 

Laves phase. Therefore, the major chemical expression for carbides is Cr23C6 while that for 

Laves phase is Fe2Mo, which has also been identified in the work carried out at 

Loughborough University [35]. In addition, it is seen that the chemical composition for both 

phases remains almost constant even over a long period of ageing or creep and no difference 

can be observed between the specimen head and gauge volume. Therefore, we simply regard 

both phases in this material as having stable compositions, while the competition of other 

minor metallic elements is only considered empirically (to be shown later).  

 

7.3.1.3. Vickers hardness 

Figure 7.10 illustrates the evolution of Vickers hardness, both in the specimen head and 

gauge volume, of initially solution-treated 316 austenitic stainless steels during thermal 
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ageing or creep, with data measured by NIMS at different temperatures and/or stresses [36]. 

Some additional data for the specimen head volume measured by Loughborough University 

[35] is also shown in the figure. It is found that the hardness of the head volume starts at a 

low value and gradually increases with ageing time. On the contrary, although the hardness of 

the gauge volume starts at the same level as that of the head volume, it increases more rapidly, 

up to a maximum value and then gradually decreases.  

 

   
                                    (a)                                                                             (b) 

Fig. 7.10. Comparison of Vickers hardness versus time for specimens tested at various temperatures, 

(a) specimen head and (b) gauge volumes of Type 316H stainless steel. Some additional data for 

hardness of head volume measured by Loughborough University is also shown in (a). All data can be 

found in [36] 

 

Hardness has been understood to be an indicator of the material’s athermal yield strength 

[176]. For the material employed in this study, the athermal yield strength is contributed from 

combined forest dislocation junctions, precipitates and solute atoms as already shown in 

previous chapters. A separate study has been carried out (not shown here), which 

demonstrates that the reduction of athermal solute strengthening due to the depletion of solute 

atoms by precipitation in this material is negligible. Therefore, the increase of hardness or 

yield strength of the specimen head volume, subjected to pure thermal ageing, is likely to be 

associated with the decrease of mean inter-particle spacing caused by nucleation and growth 
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of precipitates, since the evolution of solid solution can be ignored and dislocation structure 

can recover thus the contribution to the yield strength from forest dislocation reduces. 

However, the high value of hardness for the gauge volume is likely to be attributed to 

additional forest dislocation junctions generated during high temperature pre-straining and 

creep and enhanced precipitation, while the subsequent decrease of hardness may be 

attributed to recovery of the dislocation structure and/or coarsening of precipitates.  

 

7.3.2. Simulation procedure of phase transformation 

This section simulates and evaluates the phase transformation process in solution-treated 

Type 316H austenitic stainless steel with the same chemical composition as given in Table 

5.1, using the improved JMAK phase transformation model introduced in Chapter 6. In this 

simulation we only focus on evolution of precipitates during thermal ageing in the absence of 

creep, i.e. we only examine the microstructural data measured for the specimen head volume. 

For the specimen gauge volume subjected to thermal ageing plus creep deformation, relevant 

simulations are provided in section 7.4.  

According to the temperature range of interest and life expectation of the material, we only 

examine the evolution of microstructure below 700
o
C (500

 o
C ~650

 o
C) up to 510

5
 h (~60 

years). As mentioned earlier, we limit our study to two intragranular phases, carbides (Cr23C6) 

and Laves phase (Fe2Mo). For intergranular carbides, according to Faulkner’s report to EDF 

Energy [144], they form and saturate rapidly even at relatively low temperatures (500
o
C) with 

a maximum volume fraction around 0.8%. Therefore, in our simulation, we simply consider 

the initial state of the material as containing 0.8% volume fraction of intergranular Cr23C6 

carbides. The depletion of corresponding solute elements can then be obtained regardless of 

the size of these intergranular carbides. Such depletion may influence the subsequent 

transformation of each intragranular phase.  
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At the beginning of the simulation, no precipitates were present inside the matrix. Both 

intragranular carbides and Laves phase were allowed to transform simultaneously. All the 

particles were idealized as spherical. At each time step t , the number of newly formed 

particles of each phase
pN  per unit volume was calculated using the classical nucleation 

theory (Eq. (6.42)) and the mean size of all the existing particles of each phase was updated 

using Zener’s parabolic growth law (Eq. (6.47)). Then the increase of volume fraction of each 

phase was calculated using the traditional JMAK model (Eq. (6.38)), taking into account the 

potential impingement from both phases. Following these, the number density of each phase 

resolved on each slip plane (per unit area) and mean inter-particle spacing of all particles on 

the slip plane can be determined directly by Eqs. (3.12) and (3.10). Further, the current solute 

concentration ( ic ) in the matrix for the major elements of each phase (Cr and C in carbides, 

Mo in Laves) was updated using Eq. (6.48). This allowed further update of the nucleation rate 

(Eq. (6.42)) from the change of chemical driving force (Eq. (6.41)) and critical radius of 

stable nuclei (Eq. (6.40)), etc. For each phase, this process was repeated until the current 

solute concentration ic of corresponding elements in the matrix reached the equilibrium value 

( i

eqc ), when the nucleation ceased and coarsening started. Afterwards, the volume fraction of 

each phase remained unchanged and the number of dissolved particles and the mean particle 

size were updated by the Ostwald Ripening or coarsening rate (Eqs. (6.51) and (6.49b)). 

Meanwhile, to avoid time-consuming calculations with short time steps and numerical 

instabilities with long time steps, the time step was optimized during the simulation by 

performing a logarithmic increment of the time step. t was chosen such that the critical 

radius 
cr  in Eq. (6.40) did not vary by more than 1% between each time step [162].  

Values of the parameters used in this simulation are shown in Table 7.2. Seven parameters 

(nucleation site density, surface energy and molecular or molar volume of carbide and Laves 

phase, and a coarsening reduction factor for carbide) were selected to provide the best fit to 
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the data, where the surface energy and molecular volume were adjusted based on the values 

estimated in the literature [177-179]. The coarsening reduction factor was used to reduce the 

coarsening rate of carbides. This is based on the fact that the consequence of the formation of 

intermetallic Laves phase is the depletion of Mo and/or Cr in the adjacent matrix, which in 

turn leads to the increase in the solubility of carbon in the matrix and partial dissolution of the 

prior formed carbides. Other parameters were obtained for the literature, including bulk 

diffusivity and activation energy of Cr (rate-controlling element for carbide, diffusing much 

slower than C) [177, 180] and Mo (rate-controlling element for Laves, diffusing slower than 

Fe) [11, 181, 182] as well as the lattice parameter of the matrix phase of F.C.C stainless steel 

[183]. The initial solute concentration of all elements in the matrix is given in Table 5.1, 

while that in each phase and the equilibrium value in the matrix were obtained using 

ThermoCalc, a thermodynamic calculation program (details of which is not shown here).  

The resultant model is then used to examine the direct outputs from the phase 

transformation process, i.e. mean particle size, number density, volume fraction and mean 

inter-particle spacing of both phases at various temperatures. 
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Tab. 7.2 Material parameters of 316H austenitic stainless steels used in the simulation of phase 

transformation 

Parameter Description Unit 
Phase or 

element 
Value 

ma  
Lattice parameter for 

austenitic stainless 

steel 

m  3.610
-10

 

siteN  
Nucleation site m

-3 Carbide 110
13

 

Laves 510
14

 

mV  
Molar volume m

3
 mol

-1 Carbide 610
-6

 

Laves 210
-6

 

c  Surface energy J m
-2 Carbide 0.3 

Laves 0.25 

0VD
 

Bulk diffusion  

pre-exponential term 
m

2
 s

-1 Cr 1.510
-4

 

Mo 7.410
-4

 

0VQ  
Bulk diffusion  

activation energy 
KJ mol

-1 Cr 240 

Mo 283 

0c  
Initial solute 

concentration in the 

matrix 

wt. % 

Cr 0.166 

C 0.0007 

Mo 0.0233 

    500
o
C 550

o
C 600

o
C 650

o
C 

pc  Solute concentration 

in the particles 
wt. % 

Cr in carbide 0.68 

C in carbide 0.051 

Mo in Laves 0.5 

eqc  
Equilibrium solute 

concentration in the 

matrix 

wt. % 

Cr 0.0159 

C 7.2510
-8

 2.9210
-7

 9.4810
-7

 2.9710
-6

 

Mo 0.0025 0.0046 0.0076 0.0116 

fC  Coarsening 

reduction factor 
 Carbide 1 1 0.3 0.03 

 

7.3.3. Evaluation of phase transformation during thermal ageing 

Figure 7.11(a) and (b) shows the evolution of the mean particle size of the carbides and 

Laves phase, as well as the overall results for both phases from 500
o
C-650

o
C. Available data 

at some temperatures is also shown in the figure. Corresponding results for the volume 

fraction and number density (per unit area) are presented respectively in Figure 7.11(c) and (d) 

and Figure 7.11(e) and (f). No data is available for these two outputs. In general, the results 

coincide with the time-temperature-precipitation (TTP) diagram shown in Figure 7.8.  
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(a)                                                                                (b) 

  

(c)                                                                                (d) 

  

(e)                                                                               (f) 

Fig. 7.11. Evolution of the mean particle size ((a) and (b)), volume fraction ((c) and (d)) and number 

density per unit area ((e) and (f) for carbide (corresponding results in (a), (c) and (e)) and Laves phase 

(corresponding results in (b), (d) and (f)), at various temperatures from 500
o
C to 650

o
C. The overall 

results for all particles are also shown in each figure. 
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In the figure, carbide is observed to transform and saturate much faster than Laves phase 

at each temperature. The maximum volume fraction that carbide can transform is much 

smaller than that of Laves phase, but it may give rise to more particles than Laves phase. 

Some decrease of the mean size can be seen for the carbides at low temperatures (550
o
C and 

500
o
C) near saturation, which is due to a very slow rate of growth, while the nucleation of 

new nuclei is still incomplete (see Eq. (6.47)). The overall result for both phases resembles 

the result for the carbides at short times and gradually resembles that of Laves phase at long 

times, indicating that carbides dominate during the early stage of thermal ageing, but after 

they saturate, i.e. nucleation is complete, Laves phase becomes dominant. A further 

examination of the saturation values demonstrates a trend, whereby as the temperature is 

increased, we tend to observe fewer particles with a larger mean size after a given time.  

The model captures the general trend observed experimentally. It is evident that after 

saturation different distributions of precipitates are obtained at different temperatures, which 

indicates that accelerated tests on a material at temperatures higher than that employed in 

service may not be able to reproduce an identical microstructural state to that obtained at the 

service temperature.  

Figure 7.12 gives the evolution of concentration (mass percent) of C, Cr and Mo in the 

matrix during thermal ageing at various temperatures. Note that the initial concentrations of 

carbon and chromium in Figure 7.12(a) and (b) are smaller than those given in Table 5.1. 

This reduction is due to the consideration of 0.8% intergranular carbide at the beginning of 

the simulation. Concentration of all elements in the matrix decreases towards the equilibrium 

value (saturation), due to depletion by phase transformation. It should be noted that the 

equilibrium value of Mo differs significantly at different temperatures, as given in Table 7.2, 

calculated using ThermoCalc. This can be attributed to the large variation in the solubility of 

Mo in the matrix at different temperatures. 
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(a)                                                                                (b) 

 
(c) 

Fig. 7.12. Evolution of concentration of (a) C, (b) Cr and (c) Mo in the matrix phase during thermal 

ageing at various temperatures from 500
o
C to 650

o
C 

 

Another important output from the phase transformation process is the mean inter-particle 

spacing, calculated from the number density per unit area (the overall result in Figure 7.11e 

and f) or from the mean size and volume fraction (the overall result in Figure 7.11a-d) as 

predicted by using Friedel’s model Eq. (3.10) and shown in Figure 7.13(a). The 

corresponding Orowan bowing and climb bypassing strength, calculated by Eqs. (2.16), (2.18) 

and (2.20) are shown in Figure 7.13(b), taking into account the temperature-dependent shear 

modulus given by Eq. (5.1). Starting from solution treatment without any precipitate, it is 

expected that the mean spacing would start from infinity (the corresponding Orowan bowing 

and climb bypassing strength would start from zero). The results for the early stage at each 

temperature are not shown in the figure. For each phase, the number density decreases after 



- 188 - 

 

saturation. However, since carbide and Laves phase do not saturate at the same time, the 

evolution of mean spacing exhibits a complex feature, showing multiple minima in the 

intermediate period of ageing but eventually increasing after both phases have saturated. 

 According to previous chapters, all the results shown in Figures 7.11 – 7.13 demonstrate 

that the evolution of precipitates can influence the creep behaviour in the specimen gauge 

volume in several aspects, including the change in Orowan bowing and climb bypassing 

strengths as well as the Type III internal stress associated with the Orowan bowing process, 

and attenuation of the effect of solute drag due to depletion of solute atoms. However, care 

must be taken when applying these results to the specimen gauge volume since all precipitate 

phases have been considered so far as strong hard particles. Note that small particles may not 

be experimentally observable and may be easily cut by dislocations [48, 184]. Therefore, the 

real contribution of precipitates to creep may be much weaker. 

 

  
                                       (a)                                                                            (b) 

Fig. 7.13. Evolution of (a) mean inter-particle spacing and (b) associated Orowan bowing and climb 

bypssing strengths at various temperatures from 500
o
C to 650

o
C 

 

 



- 189 - 

 

7.3.4. Summary 

The phase transformation of solution-treated Type 316H austenitic stainless steels 

subjected to pure thermal ageing is evaluated in this simulation by using the improved JMAK 

phase transformation model introduced in Chapter 6. The effect of creep deformation is not 

considered. The findings are briefly summarized below: 

 Carbides and Laves phase are major phases at typical service temperatures even over an 

extensive period of ageing. Both phases show stable chemical compositions (Cr23C6 for 

carbide and Fe2Mo for Laves phase). 

 The predicted occurrence of each phase at each temperature is consistent with that shown 

in the time-temperature-precipitation (TTP) diagram of Figure 7.8. Carbides transform 

faster than Laves phase, thus the dominant phase may switch from carbides during the 

early stage of ageing to Laves at a late stage. Due to different kinetics of transformation 

between carbides and Laves phase, the mean inter-particle spacing and the associated 

Orowan bowing and climb bypassing strengths evolve in a complex way. All these 

results demonstrate that accelerated tests on a material at temperatures higher than that in 

service may not be able to reproduce an identical microstructural state as that at the 

service temperatures. 

 Understanding how different phases transform in the material at elevated temperatures is 

essential to assessing creep behaviour. Evolution of precipitates may change the Orowan 

bowing and climb bypassing strengths as well as the Type III residual stress associated 

with Orowan bowing. Depletion of solute atoms by precipitation may also attenuate the 

effect of solute drag. However, the practical contribution to creep strength by precipitates 

may be much weaker, particularly when taking into account that small particles can be 

easily cut by dislocations.  
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7.4. Simulation III: Creep curves with multiple secondary 

stages or minimum creep rates 

7.4.1. Brief introduction 

An interesting and important finding from the experiment conducted at NIMS on initially 

solution-treated (designated ST) Type 316H stainless steel specimens is that the material may 

not exhibit simple creep curves at some intermediate temperatures and stresses [25, 172], 

where multiple minima in the creep rate or multiple secondary stages can be observed in the 

creep rate vs time curves (e.g. Figure 2.3). Such a phenomenon is widely seen across a range 

of experiments on solution-treated specimens with similar chemical compositions and 

thermal histories. Figure 7.14 compares some creep rate vs time curves for two tested 

specimens with designation AAL and AAB, which were obtained at the same stresses and 

temperatures (550
o
C-650

o
C) [25, 172]. The chemical composition of the two specimens is 

shown in Table 7.3. It is found that, before the drastic increase of creep rate late in life, which 

indicates the tertiary stage, the phenomenon of multiple minima or secondary stages is 

observed in both specimens, but may not occur at all temperatures and stresses.  

This section attempts to evaluate the creep rate vs time curves, in particular, the 

phenomenon of multiple secondary stages, by the combined model of creep and phase 

transformation that have been established so far in this thesis (Chapters 3, 4 and 6). 

According to section 7.3, different phases transform in the solution-treated (ST) specimens 

during the early stages of thermal ageing. This process can even be promoted by creep 

deformation. In this section, we intend to understand how, and to what extent, the evolution 

of the microstructural state can be correlated to the change in creep behaviour of the material. 

However, due to the variability or scatter in these creep curves (Figure 7.14), which may be 

due to different chemical compositions, we do not attempt to refine and fit each particular 



- 191 - 

 

curve, but only focus on the trends and explanation of the mechanism for the multiple 

secondary stages. In this section, we only take the specimen AAL as an example. 

Temperatures are limited to 550
o
C-650

o
C and only three curves with three different stresses 

are selected at each temperature. 

 

Tab. 7.3. Chemical composition (wt.%) of two similar specimens of Type 316H stainless steel 

Ref. 

code 
C Si Mn P S Cr Mo Ni Cu N Fe 

AAL 0.07 0.61 1.65 0.025 0.007 16.60 2.33 13.60 0.26 0.025 Bal. 

AAB 0.05 0.52 1.51 0.021 0.001 16.42 2.34 13.21 0.14 0.034 Bal. 

 

 

                                       (a)                                                                        (b) 

 

(c) 

Fig. 7.14. Comparison of creep rate vs time curves of two Type 316H stainless steel specimens at (a) 

550
o
C; (b) 600

o
C and (c) 650

o
C tested at the same stresses. AAL and AAB are the designation for the 

tested specimens. Data were extracted from [25, 172] 
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7.4.2. Identification of dominant mechanism(s) for multiple 

minimum creep rates 

In order to identify the dominant mechanism(s) for the observed multiple minimum creep 

rates or secondary stages in the solution-treated (ST) specimens, it is critical to understand 

the reason for the increase of creep rate after each secondary stage, in particular, before the 

last secondary stage, because the very last increase in creep rate may be largely attributed to 

damage accumulation induced softening of the material. Based on all parts of the model that 

have been established, discussed and/or validated so far in this thesis, we propose that the 

candidate mechanism(s) for the multiple secondary stages may lie in the following aspects: 

(1) Alternative competition or domination between hardening and recovery regarding the 

evolution of the dislocation structure;  

(2) Complex evolution of the precipitate population, where the mean inter-particle spacing 

during phase transformation may evolve and exhibit multiple minima (see Figure 7.13);  

(3) Reduced effect of thermal solute drag due to depletion of atoms in the solute clusters 

during phase transformation. 

Here we examine these factors by undertaking a series of sensitivity studies. 

 

7.4.2.1. Creep without phase transformation and solute drag 

We start from creep without consideration of the effect of solute drag and phase 

transformation, thus we only examine factor (1) as described above. The material is solution-

treated (ST), with the chemical composition shown in Table 7.3 (AAL). In this simulation, all 

slip systems for all grains within the ST polycrystal were assumed to have identical critical 

resolved shear strength (CRSS) before commencement of any loading. No initial residual 

stress was considered and no precipitates were present in the material. Similar to the 
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simulation procedure for the EXLA specimens described in section 7.2, the material was first 

subjected to uniaxial tensile pre-straining at each interested temperature up to the required 

stress, and then followed by uniaxial tensile creep. During the short-term monotonic pre-

straining, the recovery of dislocation structure was ignored and the temperature effect 

considered is only the scale of the modulus, while the effect of thermal solute drag is to be 

incorporated later. All the stresses and strains were updated using the same approaches as 

described in section 7.2 except that we do not consider the Type III residual stress associated 

with particles. Finally, the obtained results of creep strain were transferred to creep strain rate. 

Values of most parameters used in this simulation remain the same as shown in Table 7.1. 

Changes were made to three parameters: (1) the Orowan strength was not considered; (2) the 

initial number of pinning points per unit area (or initial dislocation density, Eq. (6.13)) was 

reduced to 110
13

 for solution-treated conditions, as measured by Morris and Harris [40]; (3) 

0a in the activation energy 
0F in the thermally activated glide rule (Eq. (6.1b)) was set as 0.5, 

as used by Frost and Ashby [11], to simulate a weaker combination of obstacles (forest 

dislocations + solute atoms) than that in the EXLA specimens with considerable precipitates, 

where a value of 1 has been fitted and used. 

The measured and simulated creep rate vs time curves for the ST specimens between 

550
o
C-650

o
C at three different stresses are shown in Figure 7.15(a)-(c). It is found that the 

predicted curves deviate significantly from the data at 550
o
C, but gradually approaches the 

data at higher temperatures. Predictions even fit reasonably well with the data at 650
o
C. 

However, all these results show standard creep curves such that the rate of recovery gradually 

catches up with the rate of hardening from early stage of creep (primary) to later stage 

(secondary), leading to the eventual achievement of a dynamic balance. No complex 

competition between hardening and recovery occurs that can give rise to the multiple 

secondary stages, i.e. there must be some contribution from phase transformation and/or 
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thermal solute drag. Meanwhile, predictions and relevant data found in the literature [157] of 

an extended monotonic loading across a range of temperatures and strain levels are shown in 

Figure 7.15(d), plotted between the modulus-compensated flow stress and temperature. 

Monotonic loading at very high temperatures (>650
o
C) are not considered. Note that, in the 

data shown in Figure 7.15(d), a gradually pronounced peak can be observed in the 

temperature range 400
 o

C to 600
o
C as more and more plastic strain accumulates. Since 

precipitates formed during short-term monotonic loading can be ignored, this peak was 

attributed to the effect of thermal solute drag [157]. In fact, such an effect was found to be 

even more significant as the strain rate decreases to a very low level at these temperatures 

[157]. Therefore, all these results in Figure 7.15 indicate that, between 500
o
C and 600

o
C, we 

might expect thermal solute drag to make a significant contribution to the material creep 

response.  
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                                             (a)                                                                              (b) 

 
                                             (c)                                                                              (d) 

Fig. 7.15. Predictions and measurements of creep rate vs time curves at (a) 550
o
C; (b) 600

o
C and (c) 

650
o
C, without considering thermal solute drag and phase transformation. Some extended monotonic 

pre-straining across a range of temperatures and strain levels is shown in (d), plotted between 

modulus-compensated flow stress and temperature 

 

7.4.2.2. Creep with phase transformation but without solute 

drag 

In the second part, we take into account the interaction between phase transformation and 

creep. This is to examine factor (2) as described earlier. The effect of solute drag is 

considered in the next section. The simulation procedure in this part is similar to section 

7.4.2.1, except that at each time step during creep, both the carbide and Laves phases were 

allowed to transform, with increments of volume fraction, mean size, mean inter-particle 

spacing determined by the improved JMAK phase transformation model. All phases were 
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assumed to be strong particles that can only be bypassed. The Orowan bowing strength was 

updated using Eq. (2.16). This then modified the internal resistance on individual slip planes 

and led to the development of the Type III residual stress. At each time step, the shear strain 

rate on each active slip system was calculated by Eq. (6.1b). The climb-controlled bypassing 

mechanism is not considered in this simulation because for the applied stresses employed 

here at each temperature, the CRSS on each active slip system has developed during 

monotonic pre-straining before creep and it did not change significantly during creep, i.e. the 

contribution to the CRSS by phase transformation was limited. However, we may expect the 

climb bypassing mechanism to dominate if the applied stress decreases during creep, or if the 

applied stress is very low such that the phase transformation may lead to a considerable 

contribution to the CRSS. 

Parameters used in the simulations of section 7.4.2.1 are also used here. Values of 

additional parameters are needed to describe the effect of creep loading on phase 

transformation, as illustrated in section 6.4.3. Diffusivity of Cr and Mo changes with 

accumulation of dislocations (see Eq. (6.53)), where the bulk diffusivity has been shown in 

Table 7.2 and the dislocation core (pipe) diffusivity of the two elements in 316 stainless steels 

was found or estimated based on [11, 185] and is not shown here. The dislocation density in 

individual grains was updated at each step using Eq. (6.13) by averaging the numbers of 

forest dislocation junctions on all the slip planes. The parameter w in Eq. (6.52) was kept the 

same for both carbide and Laves phases, where two values were chosen for comparison, 0.5 

and 0.1. Further, to avoid any numerical instability, an additional issue is addressed here, 

such that 
0a was kept to be constant 0.5 throughout the simulation, although it is understood 

that the microstructural state (population of precipitates) may gradually evolve to a similar 

state as that in the EXLA specimens, in which 
0a has been fitted to be 1 (section 7.2). Note 

that even after the saturation of all the carbides and Laves phase in the material, there should 
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be at least some enhancements of the creep strength by the solute drag (to be simulated in the 

next section) from the remaining solute elements in the matrix, which has not been 

considered in previous simulations for the EXLA specimens. Therefore, the use of constant 

0.5 for 
0a here could be reasonable. 

Figure 7.16(a)-(c) presents the simulated creep rate vs time curves for the ST specimens 

between 550
o
C-650

o
C at three different stresses. For comparison, the curves with phase 

transformation that is not affected by creep (constant diffusivity and w=1) is also shown in 

the figure (designated w=1). However, in the simulated period at 550
o
C (Figure 7.16a), the 

effect of creep on phase transformation was found to be negligible thus is not shown in the 

figure. In fact, predictions at 550
o
C resemble the results shown in Figure 7.15(a) without 

consideration of phase transformation, indicating negligible contribution from precipitates at 

this temperature at this early period of creep. As the temperature increases, significant 

influence from phase transformation can be observed. At 600
o
C in Figure 7.16(b), compared 

with Figure 7.15(b), precipitation gradually enhanced the creep strength (reduced creep rate) 

of the material, which varies with different accelerated phase transformations. Some minima 

can be seen in the curves and the increase in creep rate is due to extensive particle coarsening 

(reduced Orowan bowing strength). However, since the mean inter-particle spacing evolved 

in a complex way as shown in Figure 7.13, the minimum creep rate may even occur earlier 

with less accelerated phase transformation (e.g. at 108MPa). Further, at 650
o
C in Figure 

7.16(c), it was found that the phase transformation has caused a significant drop of the creep 

rate, i.e. a significant increase in the creep strength, which was even worse during accelerated 

phase transformations. Here we may expect the large drop to be eliminated by two aspects: (1) 

small precipitates do not contribute to Orowan bowing strength since they can be easily cut; 

in other words, the number of strong particles is small; (2) solute atoms diffuse very fast at 

this temperature, so that some amount of the solute bypassing strength described by Eq. (3.24) 
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may be negligible. However, as shown in section 7.3, a low number density of large particles 

tends to form at high temperatures. In addition, as can be seen in the strengthening-

mechanism map proposed by Aplin and D’Angelo (Figure 2.6) [48], the mechanism of creep 

at 650
o
C at the stresses considered in this simulation was found to be “viscous glide”, 

indicating either not many observable precipitates, or a large inter-particle spacing for the 

precipitates, so that they do not directly influence the creep behaviour, at least during the 

short-term creep tests used to construct the map. However, such a feature of the precipitate 

population cannot be reflected in the simple phase transformation model employed here. As 

an alternative, in the following simulations in which we include the effect of solute drag, we 

simply do not consider the Orowan bowing strength at this temperature.   
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                                      (a)                                                                          (b) 

 

                                                                          (c) 
Fig. 7.16. Predictions and measurements of creep rate vs time curves at (a) 550

o
C; (b) 600

o
C and (c) 

650
o
C, taking into account the interaction between creep and phase transformation. The curves with 

phase transformation that does not affected by creep are also shown in the figure (600
o
C and 650

o
C) 

as a comparison 

 

7.4.2.3. Creep with phase transformation and solute drag 

In this last part, we take into account the effect of thermal solute drag combined with 

phase transformation. Different from previous simulations, solute drag influences the material 

behaviour both during monotonic pre-straining and creep at elevated temperature, as can be 

seen in Figure 7.15(d). Following Schmidt and Miller [157], we assume that solute drag plays 

a role only at intermediate temperatures in a range 400
o
C to 650

o
C. We employ the same 

procedure and parameters as used in the last sub-section except that the shear strain rate at 

each time step was updated using Eq. (6.8), taking into account the enhancement of the CRSS 
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by the effect of solute drag (Fsol). For additional parameters associated with the solute drag 

(Fsol, expressed in Eq. (6.9)), 
max was given by Schmidt and Miller [157], where for 316 

stainless steels, the maximum effect of solute drag has been found to be at 9

max 1 10   /s. 

max was then transformed from 
max using the Schmid factor in Eq. (4.1). 

,maxsolF has been 

shown to be a function of the current solute concentration 
,maxsolF Ac . Different solute 

complexes or pairs have been considered as responsible for the thermal solute drag effect, 

which include Cr-C [40] and Mo-C or Mo-N [159] complexes, thus c may most likely be 

related to the concentration of Cr and/or Mo. Note that the change of the concentration of Cr 

during phase transformation is found to be small (Figure 7.11b), here we simply assume c to 

be the concentration of Mo. A and B in Eq. (6.9) were chosen to fit the monotonic pre-

straining data. It should be noted that the mass percent is used here as the concentration. For 

the enhanced phase transformation as affected by creep loading, we simply select w=0.5 as an 

example. Values of these additional parameters are summarized in Table 7.4. 

 

Tab. 7.4 Additional parameters of 316H austenitic stainless steels used in the simulation of creep with 

phase transformation and solute drag 

Parameter Value Parameter Value 

max  
2.510

-9
  s

-1 A 10 

( )c Mo  
0.0233 B 8 

w
 

0.5   

 

Figure 7.17 presents the updated results of extensive monotonic pre-straining across the 

same range of temperatures and strain levels as that shown in Figure 7.15(d). It is found that 

the updated fit considering the solute drag is much better than Figure 7.15(d) without 

consideration of solute drag (predictions are also shown in Figure 7.17) and the peak at these 

intermediate temperatures is captured by the model. It should be noted that the strain rate at 

monotonic pre-straining is relatively fast for the solute drag to make considerable change to 
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the monotonic loading curves, especially at low stress-strain levels, which cover the 

interested stress range employed in creep. However, the mechanism of solute drag indicates 

that a subtle change in monotonic pre-straining may lead to significant change in the creep 

response when the strain rate decreases extensively during creep. In fact, solute drag plays an 

important role such that it either enhances the creep strength (reduces the creep rate) as the 

creep rate decreases (see Eq. (6.9)), or enhances the creep rate as its effect attenuates as the 

concentration of Mo gradually decreases. 

 

Fig. 7.17. Updated results of extended monotonic pre-straining across a range of temperatures and 

strain levels, considering the effect of solute drag; the results without consideration of solute drag are 

also shown. 

 

Figure 7.18(a)-(c) presents the updated predictions of creep rate vs time curves for the ST 

specimens tested at 550
o
C-650

o
C at three different stresses. It should be noted again that the 

model does not predict the sharp increase of creep rate at very late stage of creep, which may 

refer to tertiary creep, because the model has not considered any damage accumulation. Here 

we start to interpret the results from higher temperatures. At 650
o
C in Figure 7.18(c), a bulge 

at each curve can be observed, and the model successfully predicts the occurrence of two 

minimum creep rates or secondary stages at almost the same time as the data. At this 

temperature, since we have ignored the Orowan bowing strength, the increase of creep rate is 
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purely caused by the reduced effect of solute drag, which almost coincides with the decrease 

of the concentration of Mo, and the subsequent decrease of creep rate is due to extensive 

dislocation multiplication (hardening) when solute drag has become weak. A new dynamic 

balance between hardening and recovery is yet to be achieved towards the second steady state. 

Further, the difference between the prediction and data originated from early stage of creep 

may be compensated by reducing the solute bypassing strength (Eq. (3.24)) since solute 

atoms may become mobile and diffuse fast at this temperature that they may not contribute to 

the strength significantly. However, we do not consider any further refinement here.  

At 600
o
C in Figure 7.18(b), the model predicts the occurrence of a bulge at relatively low 

stresses (108MPa and 157MPa), which does not occur in the data since damage may have 

started to accumulate after the first secondary stage. It is observed that the predicted 

secondary stage occurs earlier than the data at these two stresses, and the subsequent increase 

of creep rate is due to a combined effect of particle coarsening and depletion of Mo. Note that 

from the strengthening-mechanism map shown in Figure 2.6, at these two stresses at 600
o
C, 

mechanism could still be “viscous glide”. Therefore, if we follow the simulation carried out 

at 650
o
C, where the Orowan strength contributed from phase transformation is ignored, the 

refined predictions are obtained and shown in Figure 7.18(d). It is then found that predictions 

at 108MPa and 157MPa approach the data and the increase of creep rate almost coincides 

with the data. However, the match between the prediction and data at higher stress (216MPa) 

in Figure 7.18(d) is found to be worse than that shown in Figure 7.18(b) at the same stress, 

indicating a contribution to creep strength by Orowan bowing strength, which is consistent 

with the strengthening-mechanism map shown in Figure 2.6, where the mechanism at this 

stress and temperature is found to be precipitation. Compared with the other two stresses, this 

may also indicate some significant influence of high stresses on the phase transformation. 
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At 550
o
C in Figure 7.18(a), the prediction shows poor agreement with the data. A large 

difference is observed at the early stage of creep and the model does not predict the 

occurrence of two secondary stages. In fact, the secondary stage is still yet to be achieved.  

 

 

                                         (a)                                                                              (b) 

 

                                         (c)                                                                               (d) 

Fig. 7.18. Updated predictions of creep rate vs time curves at (a) 550
o
C; (b) 600

o
C and (c) 650

o
C. A 

refinement of the result at 600
o
C is presented in (d), by ignoring the Orowan bowing strength. 

 

Here we try to explain this poor agreement at 550
o
C in the following aspects: 

(1) The nucleation of precipitates can be largely dependent on the magnitude of strain-on-

loading [40, 48], which has not been covered in the present phase transformation model. 

Since the stresses tested at 550
o
C are much larger than those at the other two higher 
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temperatures, more dislocations introduced by the extensive plastic monotonic pre-

straining may significantly change the subsequent kinetics of the microstructure evolution 

and many precipitates may have already formed at the beginning of each creep test that 

contribute to the creep strength. 

(2) The fitting parameter A in the solute drag model (Eq. (6.9)) may change with temperature 

[157]. Such change may be associated with the change in the size of the solute clusters 

surrounding moving dislocations, depending on the mobility of solutes at different 

temperatures. This may change the solute drag force or enhancement of the CRSS (Eq. 

(6.8)), leading to the change in the creep response at different temperatures. 

(3) The chemical composition of carbides and Laves phase has been simplified, using their 

dominant elements. In practice, the majority of carbides formed at the very beginning of 

phase transformation could be Fe23C6 and such high amount of Fe is gradually replaced 

by Cr and/or Mo during subsequent ageing [186], which may not be manifested at higher 

temperatures due to fast kinetics of phase transformation at the beginning of the test. In 

addition, the dominant solute complexes or pairs for thermal solute drag may change at 

different temperatures between Mo-C and Cr-C as both have been reported [40, 159]. 

These subtle interactions are not covered in this phase transformation model. 

In a sum, a more detailed microstructure study is further needed in order to calibrate and 

investigate in depth of the correlation between phase transformation and creep behaviour on 

this material. 

 

7.4.3. Summary 

The creep behaviour of initially solution-treated 316H stainless steels at various stresses 

and temperatures was evaluated in this section, using the combined model that has been 

established so far in this thesis. In particular, we have combined the creep model with the 
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enhancements of thermal solute drag and phase transformation and attempted to correlate the 

change in creep response and the evolution of microstructural state. The general trend of the 

multiple minimum creep rates or multiple secondary stages observed in creep rate vs time 

curves at some intermediate temperatures and stresses was captured by the model. The key 

findings out of this simulation are summarized below: 

 The significant evolution of the microstructural state during thermal ageing and/or creep 

affects the mechanical properties of the material in many ways, including changes in the 

creep behaviour, temperature sensitivity and strain rate sensitivity. 

 Mechanism of the complex phenomenon of multiple minimum creep rates or steady 

states is identified as being the combined effect of thermal solute drag and phase 

transformation. Evolution of microstructural state may change the deformation kinetics 

and break the dynamic balance between hardening and recovery that a new balance is 

yet to be achieved towards the second steady state.  

 Care should be taken when combining the creep model with the phase transformation 

model since other mechanisms associated with more complex interactions between 

precipitation and creep may occur such as cutting of small precipitates, which does not 

contribute to the Orowan bowing strength and Type III internal stress. A more detailed 

study on microstructural evolution is further needed to investigate in depth of the 

correlation between phase transformation and creep behaviour of the solution-treated 

materials. 

 Understanding the effect of thermal solute drag and phase transformation on the creep 

behaviour of the solution-treated material at elevated temperature is beneficial to the 

assessment of the evolution of materials’ internal state and enables physical deformation 

modelling for a broader range of stress and temperature in the future. 
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Chapter 8  

Conclusions and Future work 

 

8.1. Conclusions 

The creep deformation mechanisms of Type 316H austenitic stainless steels at various 

conditions (mechanical loading, temperature and microstructural state) are explored and 

investigated theoretically by developing a physically based multiscale state variable self-

consistent model for polycrystalline materials, taking into account the evolution of different 

microstructural elements and a range of different internal strengthening and softening 

mechanisms. The model consists of continuum, crystal plasticity framework and dislocation 

link length model that allows the detailed distribution of dislocation structure, its evolution 

during plastic/creep deformation and the influence from other microstructural elements, such 

as precipitates and solute atoms, to be incorporated. The state variables are appropriately 

identified as the mean spacing between different types of obstacles. Evolutions of these 

different state variables are captured by the model through various processes, such as the 

dislocation multiplication (hardening) and network coarsening (recovery), the precipitation 

nucleation and growth and coarsening (Ostwald Ripening). The established model has been 

applied and validated on the evaluation of various available experimental data measured for 

Type 316H austenitic stainless steel specimens with initial conditions of either ex-service 

plus laboratory aged (EXLA) or solution treated (ST). The data covers a range of uniaxial 

tensile and compressive loading at ambient temperature, as well as phase transformation 

and/or creep at elevated temperatures. Different phenomena have been reasonably captured 

and interpreted by the model.  
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In conclusion, the multiscale self-consistent model captures the detailed interactions 

between different slip planes within individual grains, and between different grains within the 

polycrystal, and has been shown to be powerful in determining the deformation mechanisms 

associated with different mechanical behaviour of the material. While the model has been 

shown to be able to probe the appropriate initial conditions of the material before any 

commencement of loading (e.g. distribution of initial residual stress state within individual 

grains), it is clearly demonstrated that the nonlinear microscopic lattice response and 

macroscopic Bauschinger effect observed upon reloading at ambient temperature are 

attributed to the development of the Type II and/or Type III residual stresses. It is also shown 

that the material does not exhibit permanent softening, which should be a relative definition 

depending on the strain level that it is measured. Further, for the EXLA specimens, the state 

variables associated with forest dislocations (precipitates and solute atoms do not evolve) 

evolve during high temperature pre-straining and subsequent primary creep and saturate 

towards secondary creep. However, for the ST specimens, all the state variables may evolve, 

which is manifested in the phenomenon of multiple minima or multiple secondary stages 

observed in creep rate vs time curves over an extensive period of creep. The effect of thermal 

solute drag combined with the precipitate phase transformation has been considered as 

responsible for interpreting such complex phenomenon in the ST specimens. The results and 

analysis of this work are beneficial to the appropriate assessment of materials’ internal state 

and further investigations of deformation mechanisms for a broader range of stress and 

temperature, which are critical for the life prediction and assessment of the structural 

components of AGRs nuclear reactors currently in service. Finally, this research can also be 

extended to other engineering alloys.  
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8.2. Future work 

The future work is aimed at applying and/or improving the model developed in this thesis 

to extend the scope of the current research. In particular, further researches could be directed 

at several specific areas as follows. 

 

8.2.1. Simulation of cyclic and creep-fatigue behaviour 

The present research only considered simple loading conditions, such as monotonic tensile 

or compressive loading (Chapter 5) and uniaxial tensile creep (Chapter 7). During some 

complex conditions, such as cyclic loading, the dynamic recovery process associated with the 

annihilation of dislocations may become significant due to the production of a large number 

of dislocations with opposite signs. Thus it is more appropriate to model the dynamic 

recovery in detail separately rather than to couple the mechanism in the hardening as used in 

the present work (see Chapter 3). Further, the exposure at elevated temperature enhances the 

dislocation climb mobility thus may also enhance the dynamic recovery. This section 

attempts to understand and examine the creep-fatigue behaviour of Type 316H stainless steels 

subjected to cyclic loading at elevated temperature. To achieve this, the detailed investigation 

of the role of dynamic recovery as well as its influence on the evolution of internal resistance 

and internal stress during cyclic loading at elevated temperature is required.  

 

8.2.2. Internal stress associated with the cell structure 

The Type III internal stress has been discussed in Chapter 2 to be associated with the 

heterogeneous dislocation structures such as the secondary dislocation loops around the 

precipitates. Another dislocation structure that can contribute to the Type III internal stress, 

which is not considered in the current framework, is the dislocation cell structure, which is 
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formed when mobile dislocations frequently interact with each other and gradually get 

trapped to form dislocation walls, serving as impenetrable obstacles and resulting in the 

plastic deformation incompatibility between the walls and channels. The mechanisms of cell 

structure formation in impeding further dislocation motion include (1) the reduction of 

mobile dislocation density as being trapped in the walls; and (2) a Type III internal stress 

resulting from the incompatibility between the walls and channels. The cell structure is seen 

more frequently in pure metallic materials rather than engineering alloys since the 

precipitates existing in alloys are understood to be able to retard the formation of such 

dislocation substructure. However, as has been shown in the strengthening-mechanism map 

(Figure 2.6) in Chapter 2, the cell structure may also occur and dominate in 316H stainless 

steels at very high temperatures (>700
o
C). Reasons for this can be (1) the extensive particle 

coarsening that reduces the strengthening effect associated with the precipitates; and (2) the 

increased diffusion mobility of solute atoms in the matrix that they do not form atmospheres 

or clusters to retard dislocation motion. Both of these factors may enhance the dislocation 

climb mobility and multiplication during creep, making the stainless steels behave like pure 

metallic materials. In addition, note that the particle coarsening can occur at any temperature 

given a certain time, thus the cell structure may also form at relatively low temperatures after 

long-term creep. Further, the formation of cell structure may be promoted by cyclic loading 

since it increases the chance for dislocations to interact with each other. Understanding the 

internal stress associated with the cell structure will broaden the model application to much 

higher temperatures and much longer term of creep.  

A composite-type model [187, 188] has been proposed to describe the strain mismatch 

between a hard component representing the cell walls and a soft component representing the 

channels. The geometric illustration of such composite structure is simply shown in Figure 

8.1. The model takes into account the loss of mobile dislocation density in the cell walls and 
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the large internal stress associated with the cell structure. This part of work will develop and 

implement such composite model into the current multiscale self-consistent model and 

evaluate the creep behaviour of the material at very high temperatures.  

 

Fig. 8.1 Geometry of a cell structure cross-section with the interface layers [187] 

 

8.2.3. Evaluation of stress relaxation 

Apart from the creep data tested at constant load or constant strain rate, some stress 

relaxation data of the ex-service 316 stainless steels is also available in EDF Energy Ltd. The 

stress relaxation is defined as a gradual nonlinear decrease in the applied macroscopic stress 

with time under a fixed constant strain at elevated temperature (Figure 8.2). Understanding 

and explaining the stress relaxation data of the material is vital to the life assessment and 

prediction of the AGR nuclear reactors since the current non-steady changes in the operation 

mode of AGRs may involve such stress relaxation phenomenon.  

 

Fig. 8.2 A schematic diagram of stress relaxation 
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It has been understood that the creep strain may still accumulate at exposure of elevated 

temperature, thus the relaxation of stress is due to the transformation from the elastic strain to 

creep strain during the dwell of the total strain. However, the empirical creep models used by 

EDF Energy that can fit some creep data of the material have shown poor agreement in the 

stress relaxation data, indicating some changes in the deformation mechanisms. Having 

previously reviewed and studied the strengthening and softening mechanisms as well as 

deformation kinetics at various conditions in this thesis, this section applies the established 

multiscale self-consistent model to evaluate and interpret the available stress relaxation data 

of 316H stainless steels. The dominant mechanism(s) for stress relaxation will be identified.  

 

8.2.4. Consideration of damage accumulation 

The tertiary stage during creep deformation has been considered to be a process of rapid 

damage accumulation. There are many specific microstructural features that evolve during 

service, which can be reasons for the acceleration of creep rate in tertiary stage that leads to 

final failure. Strain softening process can be a type of damage related to dislocation activities. 

With continuous thermal recovery, climb-controlled dislocation motion will be more and 

more frequent thus more dislocation links will be released and glide, leading to the 

acceleration of creep rate. The cavitation or void growth seems to be another type. The 

cavities can grow by diffusion mechanisms such as grain-boundary diffusion and surface 

diffusion, or the combination of the two. The coalescence of cavities by diffusion can form 

micro-cracks and propagate further, which will result in final failure. After the detailed 

fundamental understanding of creep deformation, the study of damage mechanisms will be a 

significant extension of the current research.  
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Appendix A. Derivation of the two-dimensional 

distribution of pinning points on a single slip plane 

 

Consider a single slip plane that contains Nd randomly distributed pinning points per unit 

area. The total number of pinning points on a slip plane of area A (much greater than the 

square of the separation of the pinning points) is NdA. Now consider any pinning point. The 

probability that it lies outside of a prescribed area, x, of the slip plane is 

1
A x x

A A


                                                        (A.1) 

Now consider a second pinning point. The probability that it lies outside of the area is also 

given by Eq. (A.1). The probability that both pinning points are outside of the area x is 

 
2

1 x A . Therefore, if we consider all the NdA points on the plane, the probability for all of 

them to be outside the area x is  1 dN A
x A . Expanding this result as a Taylor series and 

letting Agives 

 

2 3

2 3

2 3

1 1 ( 1) ( 1)( 2) ...
2! 3!

1 ...
2! 3!

exp

A
x x x x

A A A A A A
A A A A

x x
x

x

 
            

 

    

 

       (A.2) 

Therefore, the probability of NdA pinning points lying outside of the area x is expressed as 

2
1 exp

dN A

d

x x

A L

  
    

   
                                                          (A.3) 

where 1/2

d dL N  is the mean spacing between all the pinning points on the slip plane. Finally, 

the probability of finding a point inside the area x is given by 
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2
1 1 1 exp

dN A

d

x x

A L

  
      
   

                                                 (A.4) 

Further, regarding the definition of dislocation links, each link has two pinning points while 

each pinning point connects two links, thus the number of links is equal to the associated 

pinning points. Assume that a link connects each pinning point to its nearest neighbour. The 

number fraction of links with the length in the range  to d  is the probability that a 

pinning point lies within the circular ring of area 2 d  and no points exist in the inner area 

2  (Figure A.1).  

 

Fig. A.1 Probability description of a link with length in the range  to d   

According to the derivation above, since d is vanishingly small, such number fraction 

can be written as 

    
2

2

2 2

2

2 2

2
exp 1 exp 2 exp 1 exp

2
exp

d d

d d

d d

d
N d N

L L

d

L L

  
  

  

     
            

     

 
  

 

  (A.5)             

Repeating this calculation for all the pinning points results in a distribution function    , 

where 



- 221 - 

 

 
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2 2
exp expd
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   
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and  d   is the number of links per unit area with lengths in the range  to d  . It 

proves convenient to interpret this distribution as a distribution of actual (sessile) and virtual 

links, or as a distribution of the distances of any link to its nearest neighbour. 

The total number of pinning points or dislocation links (all the sessile and virtual links 

shown in Figure 3.1 are potential links) is defined as ( 2 2

dx L ) 

   
2

2 20 0 0

2
exp expd d d

d d

d N d N x dx N
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The total length of potential links is defined as 
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i.e. the distribution satisfies the requirement that the total length of links is equal to the 

number of links times the mean link length 
dL . 
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Appendix B. Estimation of the reference shear strain 

rate regarding climb-controlled bypassing processes 

 

For dislocation climb-controlled bypassing of precipitates, the rate-controlling process is 

the dislocation climb motion. Thus here we first attempt to approximate the dislocation climb 

velocity over particles associated with different climb bypassing modes. Taking the local 

climb process as an example, similar to the derivation in section 6.3, here we consider the 

variational functional  

                                                         (B.1) 

where  is the rate potential related to dislocation climb motion and  is the rate of change 

of the total Gibbs free energy. The best appximation for the dislocation climb velocity is that 

which minimises the functional   (i.e. 0  ). 

Consider a symmetric problem with two particles, as shown in Figure B.1. Assume that 

energy is only dissipated as a result of climb locally around the particles. Also assume that 

dislocation climbs up at a constant rate vc, and atoms predominantly diffuse through the 

dislocation core.  

 

Fig. B.1 Schematic of LOCAL climb (at a constant rate vc) process bypassing particles (with mean 

radius
pr ) separated by the mean spacing

pL .  
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Given a small length dx on the climbing segment, the magnitude of the rate of volume of 

atoms flowing into or out of the elemental length is 

c c

dV dJ
dx a v dx b

dt dx
                                          (B.2) 

where 
ca is the area of dislocation core and J is the volumetric flux or the volume of atoms 

flowing through unit area per unit time. Given the distance (the mean inter-particle spacing

pL ) between the two particles, the average flux on the dislocation segment can be calculated 

similar to Eq. (6.19) (consider the boundary condition where J=0 at the centre of the climbing 

segment, x=0) 

/2

0

2

4

pL
c p

p c

v bL
J J dx

L a
                                         (B.3) 

The volumetric flux J can also be expressed as J Mf , where 
cM D kT   is the climb 

mobility (
cD : dislocation core diffusivity; 3b  : atomic volume; k: Boltzmann constant 

and T: temperature) and f is the thermodynamic driving force for diffusion. Note that only the 

segments around the particles climb (Figure B.1), thus consider a symmetric problem in 

Figure B.1 between the two dashed lines, the total volume V of the climbing segments can be 

written as 

2 p cV r a                                                      (B.4) 

Therefore, the rate potential  for local climb process is determined by 

2 21 1 1
2

2 2 2
p c

V V
f JdV J dV J r a

M M
                          (B.5) 

For the rate of change of Gibbs free energy during local climb process, the first contribution 

is from the rate of increase in dislocation line energy, which is   21/ 2 2 cGb v . Secondly, as 

the segments climb around particles, a concomitant glide motion occurs since the segments 
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always attach to the particles but are not separated from them before climbing over and 

bypassing. Thus there is some relaxation of the Gibbs free energy from the work done by the 

force on dislocations, which can be expressed as  LC p gbL v  , where  is the applied 

shear stress, 
LC is the threshold stress for local climb and 

gv is the glide velocity. If we 

simply assume this glide velocity is proportional to and is much larger than the climb velocity 

cv  (
g c cv Yv v  , Y is the proportionality), the rate of change of total Gibbs free energy   

is expressed as 

   
2

2
2

c LC p g LC p c

Gb
v bL v bL Yv                             (B.6)                               

Finally, substituting Eqs. (B.3) - (B.6) into Eq. (B.1), the functional  is (taking 22ca b ) 

 
2 2

32

c p p

LC p c

v L r
bL Yv

M
                                  (B.7) 

Using the principle 0  , i.e.  

0
cv





                                                                    (B.8) 

The climb rate vc is obtained as  

   
416 16 c

c LC LC

p p p p

Mb D b
v Y Y

r L r L kT
                                 (B.9) 

Further, note the frequency of dislocation segments climbing over particles can be simply 

approximated as vc / rp (consider that a dislocation always intersects the centre plane of 

particles before it starts to climb). In addition, according to Rosler and Arzt [189], if we 

consider all the mobile dislocations climbing over particles at the same rates and assume that 

the time it takes to move a dislocation between particles is negligible, the generated shear 

strain after the climb bypassing can be estimated as
m pbL , (

m is the mobile dislocation 
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density). Therefore, we can now write the expression for the plastic shear strain rate for local 

climb  p LC
 . 

   
5

2

16
p

c c m
mLC p LC

p p

v D b
bL Y

r r kT


                                (B.10) 

Now similar approach can be adopted on the general climb process, with the schematic of 

which shown in Figure B.2.  

 

Fig. B.2 Schematic of GENERAL climb (at a constant rate vc) process bypassing particles (with mean 

radius
pr ) separated by the mean spacing

pL .  

 

Corresponding changes made to the above derivations include a different threshold stress
GC , 

an average climb rate vc/2 for the overall climbing segment and the total volume of the 

climbing segment
p cL a . The final expression of the plastic shear strain rate for general climb 

 p GC
  is then determined as 

   
532

2

c c m
m p GC

p

p C
p

G
p

v D b
bL Y

r r L kT


                            (B.11) 

Eqs. (B.10) and (B.11) demonstrate a linear relationship between the plastic shear strain rate 

and the applied shear stress. Note that for 316 stainless steels employed in this study, the 

mean inter-particle spacing 
pL is always larger than the mean particle size

pr , thus the general 

climb process is always much slower than local climb process in this material.  


