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In magnetic confinement fusion devices, plasma-wall interaction sets the boundary condi-
tions for the plasma. As charged particles follow the field lines, they come in contact with
the wall and charge it. For many angles of interest, between the magnetic field and the
wall, the wall charges negatively due to electrons being lighter than ions. An absorbing
wall sets a boundary condition for the ion distribution function of no ions coming back
from the wall. This has a strong effect on the plasma dynamics in the scrape-off layer.
Here Braginskii fluid equations are often used to model the plasma. This assumes the dis-
tribution function to be approximately a Maxwellian, making it impossible to impose the
wall boundary condition of no ions coming back. In this thesis we analyse the collisional
layer. This is a layer that connects the Maxwellian plasma far away from the wall to the
magnetic presheath — a layer that develops near the wall due to the finite size of ion gyro
orbits. To analyse the ion dynamics in the collisional layer, we solve the steady state elec-
trostatic ion drift kinetic equation in one spatial dimension using the full Fokker-Planck
collision operator, together with quasineutrality and adiabatic electrons. Absorbing wall
boundary condition is used at one end of the spatial domain and, to match with Bragin-
skii’s equations, the distribution function for incoming velocities far away from the wall is
a Maxwellian. We prove that the kinetic Chodura condition is satisfied at the entrance of
the magnetic presheath and that the potential scales as a square root of the distance from
the wall near the presheath entrance. We also show that, at the entrance of the collisional
layer, the flow of ions has to be supersonic. We have written a semi-Lagrangian finite
element code to solve our system of equations numerically. We are able to provide the
distribution function at the magnetic presheath entrance and the potential drop across
the collisional layer. This can be used to find the distribution function at the wall, which

is needed to calculate sputtering yields.
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4.1 The particle trajectories (black dashed lines) in phase space for a negatively
charged wall for a simulation with Ay = 0.1 and 7, = 0.5. The spatial
point # = 0 (the MPE), and v|| is the velocity along the magnetic field line
(positive towards the wall). Only the lines for a small subset of v velocities
used in the simulations are drawn. Top: Trajectories for the entire position
space domain. Trajectories are followed back from the boundaries (z = 0,
v > 0, and x = xn,-1, vy < 0). The black dots are z(t),v(t) points
that we evolve to find x(t — At),v)(t — At). Here z(t — At) is the first
grid point the trajectory intersects when following it back in time. Only
trajectories that escape from the MPE and reach the boundary xy, _; are
the trajectories associated with the largest ‘UH‘ (v < 0). The rest of
the trajectories from the MPE turn around and travel back to the MPE.
Bottom: Zoomed in part of the position space domain. The red arrows
represent the trajectories of particles moving away from the wall that have
enough energy to overcome the electric field and reach the next grid point.
The larger magenta dots represent a trajectory of a slower particle. This
trajectory starts at the lower magenta point with v (t — At) < 0. t his
velocity is not large enough to overcome the potential barrier and reach
the next grid point, and as a result the trajectory turns back and ends at
the same location in space (z(t) = z(t — At)), and v (t) = —v(t — At).
The green arrows represent particles already moving towards the wall, being
accelerated by the electric field. Note that At is different for each trajectory. 74

4.2 Quadratic finite element basis functions for a uniform 1D grid. Each grid
point has an associated basis function v, where k indicates the grid point
such that v¢y(z;) = ;. Dashed lines indicate the boundaries between

adjacent elements. In the quadratic case each element has 3 basis functions. 79
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Chapter 1

Introduction

Fusion is achieved by colliding fast-moving ions of light elements together in such a way
that they fuse into heavier elements, releasing energy in the process. To ensure a high
energy yield from fusion collisions, the ions in the plasma have to be hot (high ion tem-
perature T;), the ion density has to be high (large n;), and they have to be contained
within the system for a long time (large confinement time 7). The product of these three
parameters is called the triple product and is a parameter that describes the effectiveness
of the fusion process [2, 3]. One of the leading methods of plasma confinement in modern
experiments is confinement via magnetic fields. Charged particles follow magnetic field
lines. Therefore, externally imposed fields can be used to guide the plasma.

The most common concepts used for magnetic confinement fusion are tokamaks [4],
stellarators [5], reversed field pinch devices [6] and magnetic mirrors [7]. Tokamaks, stel-
larators and reversed field pinches rely on having magnetic field lines inside the machines
close in on themselves, ensuring that the plasma stays inside the confined region. How-
ever, this perfect confinement breaks down due to collisions, non-uniform geometry of
the magnetic field and turbulence. As a result, the particles can move perpendicular to
the magnetic field and eventually collide with the container wall in which the plasma is
enclosed. Such losses of particles (and the energy they carry) can make the fusion process
unsustainable unless reduced to manageable levels. Choosing appropriate magnetic field
geometry and plasma parameters can greatly reduce these losses [8].

However, these losses cannot be eliminated completely because we need to extract the
energy and the by-products of the fusion reactions. To protect the walls from the flux
of hot plasma from the fusion core, we choose to either add protrusions from the wall

(limiters) that intersect the field lines, or shape the field lines to intersect the wall in

17



specific regions (divertors) far from the main plasma. In addition, these regions assist
with impurity and Helium ash removal from the device [9]. The locations where the
magnetic field intersects the wall experience very high fluxes of heat and particles (up to
20MW /m? for ITER [10]). This itself results in the creation of impurities via sputtering
[11], which erodes the material as well as contaminates the plasma.

Understanding plasma behaviour in the region near the wall is essential to predict the
heat fluxes on the plasma facing components of the device (such as the divertor) and the
sputtering yield. In fusion devices we want to minimise the heat flux onto the divertor in
order to increase the longevity of the components.

The region between the core, where the field lines are closed, and the wall, called
the scrape-off layer (SOL), consists of open magnetic field lines that intersect the wall
(Figure 1.1). The plasma density in the SOL (~ 10m™?) is ~ 10 times lower than in the
core, while the SOL temperature (~ 10 — 200eV) is more than ~ 100 times smaller [12].
The collisional mean free path in the SOL is often orders of magnitude shorter than the
characteristic length scale of the system, making a fluid approximation viable in many
machines of interest.

To understand plasma behaviour in the SOL, we need to know the boundary conditions
for the plasma and the electromagnetic fields at the wall. These are determined by the
magnetised plasma-wall interaction, which is what we study in this work. In the next
sections of this chapter, we describe the most common models used to model the SOL
plasma, and the boundary layers that develop when the plasma comes into contact with
the wall. We focus on the collisional layer and the equations that govern the plasma

behaviour in this region.

1.1 Edge modelling

The plasma in the SOL is quasineutral and magnetised. Drift kinetic [13] or gyrokinetic
[14-16] approximations can be used to describe the system — this approach is used for
numerical simulations by a variety of codes [17-21]. However, drift kinetic or gyrokinetic
simulations can be costly as they require resolving dynamics in a five dimensional phase
space (three position coordinates and two velocity coordinates, since the drift kinetic and

gyrokinetic equations are gyroaveraged). One way to reduce the computational cost is
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™~ Divertor Plates e

Figure 1.1: The poloidal plane of a fusion device, with black lines representing the flux
surfaces. The SOL is the layer of plasma outside the last closed flux surface (represented
by the thick line). Zoomed in, we show a simplified geometry of the the plasma-divertor
boundary as seen from the side. In the sketches, 6 is the poloidal direction, ( is the
toroidal direction and W is the radial direction. Very close to the wall, the magnetic field
B is approximately uniform and mostly toroidal. In our analysis we will use x, which is
the direction normal to the divertor plate (divertor plate is in grey in the right figure).
The magnetic field can be decomposed into x and horizontal direction z. It makes a small
angle a with the divertor. The y axis is perpendicular to x and z.

to use the fact that the SOL is relatively cold and dense, and hence use a Braginskii
fluid model [22] to describe the plasma behaviour. Codes based on Braginskii’s fluid
equations (or extensions of them) are used extensively in edge modelling [23-26] and
predate the gyrokinetic codes. For the fluid approximation to be valid, the plasma must
satisfy Aypp < Ly, where Ly ~ 50m [27] is the connection length, an average distance
between a point in the SOL and the wall along the field line, and Ay;pp ~ 5m [12] is the
ion-ion collisional mean free path. Note that the Braginskii model assumes that Coulomb
ion-ion collisions dominate over the ion-neutral collisions, even though these two types of
collisions are equally frequent in the edge [28]. We ignore this limitation in this thesis for
simplicity.

SOL fluid codes use drift-reduced Braginskii fluid equations [29] to simulate the
plasma. In these codes the perpendicular length scales are typically assumed to be
much shorter than the parallel length scales, but still larger than the ion Larmor ra-
dius 1/p; > |Vi| > |V)|, where V) = b-V and V, = V — bV|. The ion Larmor

radius is p; = m;vy;/(ZeB), where B is the magnetic field strength, m; is the ion mass,
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Ze is the ion charge, e is the proton charge and the ion thermal speed is v; = \/m
Here T is the ion temperature. The system of equations the fluid codes solve are evo-
lution equations for the ion density n (equal to electron density due to quasineutrality),
vorticity w, ion and electron mean flows along the magnetic field lines u;; and u,, and
ion and electron temperatures T; and T,. An example of such equations (the ones used
in GBS [30]), which are representative of equations used by most of the SOL fluid codes,
are given in Appendix A. The equations require boundary conditions for the plasma pa-
rameters across and along the field boundaries. This will be discussed in more detail in
Section 1.4.

The fluid assumption breaks down near the core, as the plasma in the core is hot and
collisionless, and near the wall, where a boundary layer of width proportional to A\y;pp
is established. The plasma-wall interaction determines the boundary conditions for the
fluid equations and thus affects their solutions. When compared against the experimental
data from the TCV tokamak [31], it was found that fluid codes with different numerical
implementations and different sets of boundary conditions [23, 24, 26] tend to match the
results far away from the target, but worse agreement was found near the divertor plates,
which could be a result of not setting the correct boundary conditions at the plasma-wall
boundary. This shows that the boundary condition problem is not solved and is worth
investigating.

In addition to setting boundary conditions, the boundary layers near the wall deter-
mine the ion distribution function at the wall, which is needed for sputtering and other

materials calculations. We describe these boundary layers in the next section.

1.2 Boundary layers

In order to minimise the flux onto the wall, the magnetic field lines intersect the wall at a
small angle o with the surface of the device. This increases the divertor area over which
the power is distributed. In most cases of interest, the electrons reach the wall faster than
the ions, charging the wall negatively. The negatively charged wall assumption is valid
as long as « is not too small. Electrons travel along the magnetic field lines much faster

than the ions since vy /vy ~ \/Tem;/Tym, > 1, where vy, = /21, /m, is the thermal

speed of species r = i,e. For T; ~ T, the ion Larmor radius is much larger than the
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Figure 1.2: In order for the wall to be negatively charged, the time taken for electrons
to reach the wall has to be much shorter than the time taken for ions, that is, d/v, <
p; cos a/vy;. Here d is the distance along the magnetic field line that the electron travels
to move a distance of order p;cosa in the z direction, tana ~ p;/d. The inequality

d/vee < pi/vy; implies that sina > /me/m,;.

electron Larmor radius pe, p;/pe = \/W > 1. If the angle « is sufficiently small,
the ions may reach the wall faster than the electrons because they can collide with the
wall while their orbit centre is at a distance ~ p; cos a from the wall. To have an electron
repelling wall, we require that the electrons hit the wall before the ions do. This implies
that the time for an ion at a distance p; from the wall to reach the wall should be shorter
than the ion gyrofrequency, giving sin o > \/W (Figure 1.2). The critical angle at
which the wall becomes positively charged is an area of active research. References [32]
and [1] showed that the condition for a negatively charged wall could be even weaker than
sina 2 y/me/m;, as the wall is negatively charged for angles as low as sina ~ m./m;
for pe/Ap < 1. Here A\p = \/m is the Debye length, n. is the electron number
density, e is the proton charge, and ¢ is the permittivity of free space. For p./Ap ~ 1,
the wall can only charge positively for sin a < \/W [1]. In this thesis we assume
that the angle « is large enough that the wall is negatively charged.

As a result of the wall charge, boundary layers develop near the wall. Each layer is
associated with approximations, which are valid in most of the SOL, breaking down. These
are the assumptions of high collisionality, circular gyro-orbits and quasineutrality. These
assumptions fail due to characteristic length scales changing as the wall is approached.

We proceed to describe each of these layers in more detail.
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Figure 1.3: The boundary layers of a collisional magnetised plasma near a solid wall (the
divertor) in the limit when all the layers can be clearly distinguished. The magnetic field
B makes an angle o with the wall. The electric field E points in the x direction. The
spiral indicates the ion trajectory in the collisional layer. As ions enter the magnetic
presheath, the electric field becomes large enough to strongly distort their circular orbits.

At the plasma-wall boundary, in the direction perpendicular to the wall (z direction
from here on), there are five length scales of interest (Figure 1.3). These are the Debye
length A\p ~ 0.02mm, the electron gyroradius p. ~ 0.02mm, the ion gyroradius p; ~
0.7mm, the ion-ion collisional mean free path projection in the direction normal to the wall
Ayvrpsina >~ adypp ~ 0.5m (where o ~ 0.1), and the device size in the poloidal direction
L ~ bm. The estimates of these length scales in a fusion device given above are obtained
from [12]. In this work, we do not consider any neutral effects for simplicity, even though in
fusion devices the mean free path for charge exchange collisions can often be smaller than
the A\yyrpp. We leave the inclusion of neutrals for future work. Assuming that the plasma
near the divertor satisfies the scale separation p, ~ A\p < p; < sinadypp < L (this is
a good approximation near many divertor targets [33, 34]), we can split the plasma-wall
boundary into three separate layers.

Firstly, as a result of the negatively charged wall, a small positively charged plasma
layer called the Debye sheath, with a thickness of a few \p, develops near the wall [35, 36].
The electric field in this layer is strong enough to partially shield the rest of the plasma
from the negatively charged wall. Due to the scale separation, the ion trajectories in the
Debye sheath are not affected by the magnetic field or collisions, and they are accelerated

to the wall by the strong electric field. Electron dynamics depend on the size of p./Ap.
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When p./Ap ~ 1 the electron gyro-orbit must be taken into account. Importantly, the
ions arriving into the sheath from the plasma bulk (or other layers that cover the Debye
sheath) must satisfy a collective condition for the sheath to exist: the Bohm condition
[36] requires that at the Debye sheath entrance (DSE) there be no ions moving away from

the wall (f; psg(v: > 0) = 0), and that the distribution function of incoming ions satisfy

fi DSE m;
v < . DSE> 1.1
/vz<0 A\ vg > ZQTen ,DSE ( )

where v, is the velocity perpendicular to the wall (see Figure 1.1), with v, < 0 corre-
sponding to particles moving towards the wall. At the entrance of the Debye sheath,
there cannot be many ions with slow velocities (|v,| < \/ZT./m;) towards the wall to
ensure that the integral in (1.1) is finite. The equation can be derived by considering
plasma dynamics in the sheath, specifically, by requiring the potential to be monotonic
in the sheath and the plasma to be quasineutral at the Debye sheath entrance. Another
intuitive way of arriving to the kinetic Bohm is to consider conservation of momentum
in the Debye sheath. The total electron and ion momentum flux towards the wall must
increase as the plasma approaches the wall since the wall is negatively charged and the
Debye sheath has a positive charge. As electrons approach the wall, their density and,
due to adiabatic response, their momentum flux towards the wall decrease. Therefore, the
ion momentum flux towards the wall must increase faster than the electron momentum
flux decreases, requiring very few slow ions to exist. In Appendix B we show that this
leads to the Bohm condition (1.1).

Before reaching the Debye sheath, the ions go through a magnetic presheath with a
width of a few p;. This layer develops whenever the angle @ # 90°. Here the plasma
is quasineutral and collisionless since \p < p; < Ay ppsina. The electric field in the
magnetic presheath is strong enough to distort the usually circular ion gyro-orbits, which
no longer follow the magnetic field lines. At the magnetic presheath entrance (MPE),
the ions have to satisfy the kinetic Chodura condition [33, 37-39], that is, no ions move
away from the wall and the distribution of ions moving towards the wall must satisfy the

integral condition

vH>0

Ne, MPE
Uﬁ 72T, ’
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where v is the component of velocity parallel to the magnetic field and we assume without
loss of generality that B points towards the wall. The Chodura condition differs from the
Bohm condition (1.1) by requiring that there be no ions moving away from the wall in
the direction parallel to the field, and that there be very few slow ions moving towards
the wall in the direction parallel to the field. The electric field in the magnetic presheath
accelerates ions towards the wall so that by the time they reach the Debye sheath the Bohm
condition (1.1) is satisfied. The kinetic Chodura condition can be derived by considering
plasma in the magnetic presheath and requiring the quasineutrality to be satisfied, and
for the potential to be monotonic. This is done in [33] for small a and assuming no
gradients parallel to the wall. It is shown in full generality in [37]. An argument similar
to the one proposed for the Bohm condition in Appendix B should be possible to derive
the kinetic Chodura condition using the formalism introduced in [33]. However, we have
not yet been able to prove it.

Fluid codes often assume that the fluid approximations break down at the MPE and
this is where the boundary conditions for the fluid equations need to be set. However,
one of the boundary conditions imposed by the magnetic presheath, the kinetic Chodura
condition (1.2), cannot be satisfied by a Maxwellian distribution function, which will
always have a finite value of f;(vj = 0). We argue that another layer, a collisional layer of
characteristic size \jy;pp sin «, connects the magnetic presheath and the rest of the SOL,
and should be included in the analysis. The collisional layer, which is the focus of this
thesis, and the equations valid in this region are described in the following section. We

will return to the discussion of its effect on the fluid codes in Section 1.4.

1.3 The collisional layer

The magnetic presheath and the Debye sheath have been analysed and the plasma dy-
namics in these regions are well understood [27, 33, 38, 40]. In this work, we focus on
the collisional layer. Collisional presheaths based on charge exchange collisions with cold
neutrals [41] or ionisation [42], loosely related to the collisional layer, have been studied
analytically. In the collisional presheaths, a source of ions produces an ion flow towards
the wall. The Braginskii fluid equations are derived in the limit where ion-ion collisions

dominate over the neutral collisions and thus we need to focus on this regime to determine
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Figure 1.4: Shape of the electric potential ¢ in the collisional layer as a function of
x/Arpsina for ZT, /Tise = 1.0 and jjeo/Vtie = 1.49, where ¢ is the electrostatic
potential at the boundary x/Ayppsina — 0o, and Tjs, Vgiso and Uj||oc are the ion tem-
perature, thermal speed and mean flow at the entrance to the collisional layer, respectively.

how the Braginskii fluid equations and the magnetic presheath connect. In this work we
obtain the ion flux towards the wall from a boundary condition at one of the ends of our
domain, representing a source of incoming plasma, and no source of ions within the region
itself and no neutral collisions. The collisionality cannot be assumed to be large (which
it is further away from the wall) or small (which it is in the magnetic presheath). As a
result, a full Fokker-Planck collision operator for ion-ion collisions must be included in
the analysis. To the best of our knowledge this problem has not been investigated before.

The collisional layer thickness is of order A\y;ppsina. Since A\p < p; < Ayppsina <
L, we use the separation of scales to set the entrance to the magnetic presheath at
x/Ayrpsina ~ 0 and the entrance to the collisional layer at /Ay ppsina — co. The
potential is determined by quasineutrality, which holds because A\p < Apppsina. The

quasineutrality equation is

Ne = Zn; = Z/dgvfi, (1.3)

where n, and n; are the electron and ion densities, respectively, f; is the ion distribution
function. The electric field is electrostatic, E = —V ¢, with ¢ the electrostatic potential.
We assume ¢ varies in the z direction mostly (Figure 1.4). This assumption will be

discussed in Section 1.3.1.
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As discussed in the introduction, in this work we analyse the case of an electron
repelling wall. For a negatively charged wall, the electrons are repelled by the wall and
therefore most of them are not absorbed. In this work, we neglect any absorbed electrons
and assume that they follow a Boltzmann response, namely

Ne(T) = Neoo exp( T

where ¢, and n.. are the electrostatic potential and electron density far away from the
wall (at the boundary x — o00). In a more realistic model, the most energetic electrons
would make it through the potential barrier and be absorbed by the wall, breaking the
adiabatic electron assumption. Taking this into account would require a kinetic treatment
of electrons in addition to solving the magnetic presheath and the Debye sheath dynamics

simultaneously [1].

1.3.1 Ion drift kinetic equation

We can use the drift kinetic approximation [13] to describe the ion motion. Using the
drift kinetic approximation is justified because the collisional layer length scale is much
larger than the ion gyroradius (p; < Ay ppsina). This implies that vy; /; < vy /v, sin
and thus v; < ;sina < Q;, where v; is the ion-ion collision frequency and €2; is the ion
gyrofrequency. We order the characteristic frequency of the system as d/dt ~ v; < ;.
We let the electrostatic potential be of order ¢ ~ T, /e. We do not need to consider the
gyrokinetic approximation because we do not expect any plasma dynamics to evolve on
a length scale p;.

In the drift kinetic approximation, to lowest order in p;/Ayppsina < 1, the distri-
bution function does not depend on the direction of the particle velocity perpendicular
to the magnetic field, characterised by an angle ¢ called the gyrophase. In magnetic field

aligned coordinates, the velocity vector is
V:U”E)—f—UL\A/L, (1.5)

where v = cosp €; +siny €. Here b is the unit vector in the magnetic field direction.
In our Cartesian space coordinates (Figure 1.3), it is b = cos az —sin ax. The magnitude
of velocity perpendicular to the field lineisv; = ,/v-v — vﬁ. The unit vectors €; and &,

span the plane in velocity space perpendicular to B, such that & X &, = b and &, -&, = 0.
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In our model, the only collisions that affect the ion distribution function f; are ion-ion
collisions, as the ion-electron collisions are of higher order in mass ratio than other terms
in the equation. We also do not take any neutral dynamics into account in this thesis, even
though, as mentioned earlier, we know that they can be important in this region. This is
done to match to the Braginskii equations, which do not treat neutrals, at x — oo. The
drift kinetic equation for the ion distribution function f;(r, vy, v, ) with a Fokker-Planck
collision operator Cy[f;, f;] for the ion-ion collisions is

Ofi
ot

Oh — Gulfi ) (16)
v

. 7 .
+(v”b+vE)-Vfi—§v¢-b

where vg = E X B/B? is the E x B drift and r is the position vector.
The length scales in the collisional layer determine the size of the derivatives in this

region, that is, V; ~ 1/L; with j = x,y, z. In the collisional layer the length scales are
Lx ~ )\MFP Sil’lCY7 Ly ~ LJ_ (17)

where L, and L, indicate the length scales in the x and y directions (shown in Figure
1.1), respectively. Here L, is the length scale perpendicular to the magnetic field line in
the SOL, outside the collisional layer. The L, length scale can be associated with the
SOL width Agor, which is of size Agor, ~ lem [27, 43].

To find the length scale L, associated with the z direction, we consider a field line
that intersects the wall at an angle o as shown in Figure 1.1. Then, the perpendicular

and parallel derivatives are

. 0 0
Vi=b-V= —sina%—i-cosoz&, (1.8)
V.= (% + zsina)(c a+_ 8)+Aa (1.9)
= (X cosa + zsina)(cos a— + sina— —. :
+ ox 0z y@y
We can also express the gradient along z as
0 . . .
5 =sina(xcosa + zsina) - V| + cosaVj. (1.10)
z
Thus the length scale L, depends on the size of the angle a.
L.~ L,/sina if tana>L,/Lj, (1.11)
LZNL”/COSOz if tana<<LL/L||. (1.12)
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Here L is the length scale along the magnetic field line in the SOL, given by connection
length and is of size L ~ 50m [27].
The electric field term in the drift kinetic equation (1.6) can be expanded as

Ofi 06 0, 06 Of,
Vo b@v” =5 Sma@v” + ER coS aaUH.

(1.13)

The gradients perpendicular to the wall dominate as long as L, < L,tana. Using
(1.7) and (1.11), we find that the condition L, < L, tan« requires gives sin a cosa <
L, /Ayrp for tana > L, /L. This condition is not always satisfied in fusion devices, but
it is the simplest case one can consider for large angle tana > L, /L. Fortana < L /Ly,
we use scalings (1.7) and (1.12) to find A\ypp/L) < 1/ cos . This condition must always
be satisfied for the fluid description to hold outside the collisional layer. From here on,
we neglect the derivative with respect to = in equation (1.13).

The drift term vg in the x direction can be neglected as long as

LB cos o ~ g—iv” Cos «, (1.14)

vy sin o >
where for the second scaling we used (1.7) and ¢ ~ T, /e. This is true as long as p;/Asor, <
tan«, if we take L, ~ Agor. For the data discussed earlier (p; ~ 0.7mm, a ~ 0.1,
Asor ~ lem) this condition is not clearly satisfied, and the electric field parallel to the
wall can have an effect on the ion motion in the layer. However, for the analysis done in

this thesis, we assume that

pi/Asor < tana (1.15)

holds and the study of the regime tana ~ p;/Asor is left for future work. We thus find

that
- LOfi Y|
b g2 g, 1.16
(b +vE) - X2 /\MFPf (1.16)
- LOfi pi Ll Y
v b +vVv Y << s 1.17
(v 2 dy  Asortana )\MFPf )\MFPf ( )
- LOfi Amrpp Y| Y|
Ub+V LV~ — ;Y P << I 1.18
( | 2 0z Ly L /\MFPf /\MFPf ( )

Keeping only the lowest order terms, the drift kinetic equation (1.6) simplifies to

of . Of Ze . 060f ... .
5~ Ulsinas + - sin oo - g Cilfi, fi]- (1.19)
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The Fokker-Planck collision operator Cy;[f;, f;] can be written in the form

Yii
my;
where v; = 2nZ%*In A;;/(47me)?, In Ay; is the Coulomb logarithm, €y is the vacuum
permittivity and
Ty — / BV (V) Fi(V )V V59 - [Voln fi(v) — Vo In £i(v)]. (1.21)

Here g is the velocity difference vector defined as g = v — v’. In cylindrical coordinates,

it can be written as g = v, — v/ + (v — v|’|)l§). The tensor V,V,g is

Ig* — gg
VoVyg = 0 (1.22)

where I is the unit matrix. Since the ion distribution function f; is gyrophase independent,

the required derivatives are

. In f:
_8lnflb+8nfl‘7

_Olnfi.  Olnfj_,
vvlnfi(v)_ 82}” aUJ_

1 Vv’ In fi(vl) - o' “b + o' Vi
Il L

(1.23)

Above and in the rest of the chapter, we denote f;(v') by f.

In Appendix C we show that, for the gyrophase-independent ion distribution function,

2 1
I‘M = d’U/ dU/U/ i !
/ L% Vil ((v” _ v|’|)2 + (v + Ul>2)l/2 v

Olnf;, Olnf! JOln f; Oln /] -
X HXHH( - )+ Xji—— + X }b

o 31)‘/‘ ov| o',
olf Omf omf . omfl
" {XL( v av"‘ )+ X1 ov | XL o', VL (1.24)

where the coefficients are
—(v) = v))?
(v = v))? + (V) —v1)?
(v) — v|’|)2 — v} + 0 P
(v —v)?2+ (V| —vp)? B ’
I I il 1

v — )2 +0? 02

vp = vp)? 4 (v —vy)?

X”:2’UJ_’Ul( E+K>,

X=X =0 (y - U')(

o (v —v)*
X ==((v)—v)?+ 0] +VE)NK - E)+2V (v — v\ | E,
1= (o = v+ v ) S, R CARTT

(v —v))?

(v —v))? + (v — )

X = (QULUi s+l + v’f)E — (v} + VK. (1.25)
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Here K and F are complete elliptic integrals of the first and second kind, defined as
w/2

1 w/2
K(m) = dry —, E(m) = / dyy/1 — msin? 7. (1.26)
v 1—msin®y 0

0

In equation (1.25), the arguments of the elliptic integrals are suppressed to make the

equations easier to read. In full, they are

4o, v )
K - K )
((U —v)? + (ve +v))?

B v, v
b= E((U — )2+ (ve + vl)2>' (127)

We will use equations (1.3), (1.4) and (1.19), with boundary conditions explained
below, to find steady state solutions for f; and ¢ in the collisional layer. To simplify
notation, in some places we will use the fact that the left hand side of the equation is a

full time derivative of the distribution function

= —y|sina + — s«

dt ot oxr  m; oz vy

(1.28)

1.3.2 Boundary conditions for the collisional layer

The boundaries of our system are at the MPE, x = 0, and at the collisional layer entrance
(CLE), x — oo. In the SOL, at distances much larger than \y;rp sin o away from the wall,
the plasma is highly collisional, and so, as mentioned before, fluid models are used. The
high collisionality assumption breaks down near the core-SOL boundary. In our model
the collisional layer is far away from this region and its boundary is the part of the SOL
where Braginskii fluid description is valid. In the fluid approximation, the distribution
function is, to lowest order, a Maxwellian. At the MPE ions exit the collisional layer and
enter the collisionless magnetic presheath, they can no longer escape from colliding with
the wall, and so no ions return. To sum up, for our system we have

3/2 2 2
m; m; (V) — Uijjoo)” + MV
) ) ) 7t = Mo - 3 1.2
filz = oo,v > 0,v,,t) @n (27TTioo) exp{ T (1.29)

filz = 0,9 < 0,v,,t) =0, (1.30)

where ;| and Tj are the ion parallel mean flow and the ion temperature at x — oo.
The parallel mean flow and the temperature at any point in space are given by w; =

[ vy fi/n; and T; = [ d®>vm((v) — uy)? + v1) fi/3n.
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The boundary condition at x = 0 determines the parallel flow at the boundary z — oo.

Indeed, in steady state, integrating equation (1.19) over velocity gives

0

g/d‘gvv”fi =0. (1.31)

Thus n;u,) is constant along x. Since there is a net flux of ions hitting the wall, equation
(1.31) above implies that whatever the distribution function at the CLE is, it must have a
mean velocity along the magnetic field lines towards the wall, that is, w;] = %;s0nico /n; >
0. It has to be noted that although many ions will reach the MPE and be absorbed by
the wall, some of them will not travel that far and be reflected back due to collisions.
This will affect the distribution function at the collisional layer entrance. Therefore, to
determine the v < 0 part of the ion distribution function at the CLE, we need to first
understand the plasma behaviour in the layer.

One of the main results of this thesis (Chapter 2) is a proof that ;. > ¢, at the
entrance to the collisional layer, where the speed of sound in the plasma is given by

4T, 4+ 5T /3
cs = \/+—/ (1.32)

m;

This condition has to be satisfied by the incoming plasma, and it, or conditions similar
to it, are already used in the fluid codes, where it is described as a Bohm or Chodura
condition. Even though this condition might seem the same as previous versions of the
Chodura or Bohm condition, the plasma behaviour in the collisional layer is very different
from the plasma behaviour in the magnetic presheath or the Debye sheath. To the best
of our knowledge, this is the first time the condition has been derived for the collisional
layer boundary. Note that in our model, z — oo and CLE are equivalent locations. We
will use CLE for the rest of this chapter to make the separations of various regions clear,
but will move to using subscript oo in all the other chapters, where we are only looking
at the collisional layer.

The only physical boundary condition at the MPE is (1.30). That is, the kinetic
Chodura condition (1.2) is not imposed, but must be a property of the solution in the
collisional layer. Chapter 3 contains the other main result of the thesis: we show that
the dynamics in the collisional layer, specifically the Fokker-Planck collisions, force the

kinetic Chodura condition to be satisfied at * = 0 (at the MPE). However, this turns
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out to be a challenging task numerically, requiring high resolutions in both position and
velocity space (see Section 5.4).

This thesis develops a framework for determining the ion distribution function at the
wall given an incoming Maxwellian distribution. We solve the collisional layer and find
the ion distribution function at the MPE. This is then used as a boundary condition for
a magnetic presheath solver GYRAZE [1], which can find the ion distribution at the wall

(see Section 5.3). This would allow one to calculate quantities such as sputtering yields.

1.4 Boundary conditions for a fluid model

We now discuss the region of the SOL where fluid approximation is appropriate and how
the collisional layer could be used to give boundary conditions for the fluid equations,
which are often used to model the plasma edge.

In the continuity equation, there are terms like Vn and V)u,, which require one
boundary condition along the magnetic field line, and terms like V3 n, the numerical
diffusion term, which need two boundary conditions perpendicular to the field line. In
principle, since the surfaces perpendicular to the magnetic field intersect the wall (see
Figure 1.5), the boundary conditions for V2 n need to be obtained from the boundary
layers on the wall. To avoid this and to simplify the description of boundary conditions,
we will use a trick developed in [17], which exploits the fact that L, < L; and allows us
not to consider the wall boundary conditions for the V| terms.

When magnetic field lines intersect the wall purely in the x direction, that is, intersect
the wall at & = 90°, the perpendicular derivative is given by V| = y0/0y + 20/0z, and
a boundary condition in x (the wall) is not required to invert the V2 operator. This
property can be extended to o # 90° as long as the angle « is not too small — this is
the approach used in [17]. To see why it works, consider a two dimensional example in
x — z plane given in Figure 1.5. From (1.9) and (1.8), it follows that the magnitude of

the perpendicular gradient is

1 0 1
sinadz tana

Vi = (xcosa+ zsina)( Vi) (1.33)

The length scale for the z direction is L. ~ min(Lj/cosca, L, /sina) (see Figure 1.5 or

equation (1.10)). For large angles, such that the condition (1.11) is satisfied, the parallel
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wall

- e wall

Z

Figure 1.5: A sketch of the magnetic field line intersecting the wall at angle a. If the angle
a is 90°, the perpendicular and horizontal planes overlap and the boundary conditions
from the walls are not needed for differential operators perpendicular to the magnetic field.
If the field line is not normal to the wall, the gradients in the perpendicular plane (dotted
line) can be approximated as a gradient in the horizontal plane (dashed line) as long as
tana > L, /Lj. The blue structure gives the characteristic size of plasma quantities in
the parallel and perpendicular directions. In the drift-reduced models L, < Lj. The
characteristic length scale in 2z direction depends on L, at small angles but cannot exceed
L/ cosa, that is, L. ~ min(Ly/cosa, L, /sina).

gradient can be neglected since 9/0z > V| cos a giving

1 0

sina 0z

V), = (xcosa + zsin«) (1.34)

Thus the boundary conditions at the wall are not required to invert V. However, for
tana < L, /L) < 1, both terms on the right side in (1.33) are of the same order and
parallel derivatives, which require boundary condition at the wall, must be kept. In
the following discussion, we assume that the angle is such that (1.11), and thus (1.34),
hold. Therefore, in the fluid equations used for edge modelling , we only need to provide
wall-boundary conditions for the terms that have the V| operator.

To obtain the wall-boundary condition, we have to solve the collisional layer. Since
the wall is electron repelling, and the electron mean flow towards the wall is e ~ ;) ~
cs < Vg, most of the electrons are confined in the SOL and only a small fraction of
the most energetic electrons reach the wall. As a result adiabatic electron response is a
valid approximation for the electron density. However, it misses the effect of the wall on
electron flow. Fully solving the collisional layer with kinetic electrons in conjunction with
the magnetic presheath and the sheath determines electron mean flow u.|crr at the CLE,

given the following quantities: ion temperature T; ¢1 g, electron temperature 7, ¢z, the
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ion mean flow u;jcrE, and the potential drop between the CLE and the wall A¢r,,. Here
A¢ry is the total potential drop across the collisional layer, magnetic presheath and the
Debye sheath. In normalised variables, by solving the collisional layer, we would find a

function F' that gives

Ue|cLE/Cs = F(eAbro/Tecrm, wijcLe/cs, Tecre/TicLr). (1.35)

The collisional layer with kinetic electrons, coupled with the magnetic presheath and the
Debye sheath solutions, would also allow us to find the exact electron distribution function
at CLE, which could be used to find an exact value of electron heat flux without the use
of transmission coefficients.

To see how the solution to collisional layer (1.35) could be used to close the system
of equations we consider a simpler fluid model than the one used by most of the edge
modelling codes (which are described by the drift-reduced Braginskii equations given in
Appendix A). We obtain the simplified model by keeping only the lowest order terms in
Avrp/ L)~ \/W < 1l and p;/L; < 1. The fluid equations are then

on 1 2
5 = ~plon+ 5 [C) —enC(@)] = V(nuey) + DuVin+ sy, (1.36)
St =~ plowal = wa Vi = oV (pe -+ po) + Duy Vi, (1.37)
T, 1 2 0.71V 7
— (6T — T+ =7, | ——
o 70 Tel = ug V) Te + 3 Te { - Ve
AT, 7 T.
+3°5 {iC(Te) +—C(n) - €C(¢)} + V(e Vi Te) + D ViTe
4m, 1
+ ST, — ggT—(Te - T), (1.38)
oT, 1 47T, T.
5% _E[¢’ T) — uy V| T; + 3.8 [C(Te) + ECW) - 60(@}
10 T; 2 Vin
- ge—BC(Ti) + 3T [(uiu - “eH)T - Vuueu]
4my, 1
+DTZV3_E+STZ + g%;(Te_ﬂ) (139)

The vorticity equation simplifies to the lowest order current conservation equation

BV, (B”(UH'%“H)) +V- <B X Vggi +p€>> ~0 (1.40)

and the electron parallel momentum equation gives

0= —V”pe + 6%V||¢ — O.71nV||Te. (1.41)
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Here p, = n,T, is pressure of species r, and r = i, e stands for ions and electrons,
Ji = en(u;| — ug) is the parallel current, Dqg, Dy, , Dr, and Dy, are numerical diffusion
terms, s, and st are source terms, 7, are the collisional times and x|, is the electron

thermal conductivity. The Poisson bracket is defined as

[6.f]=b- (Vo x Vf), (1.42)
and the curvature operator is
B b

The collisional layer model provides boundary conditions for the Vu., V7, and
Vi(xeVT:) terms. We proceed to explain how equations (1.36)—(1.41) could be coupled
to the collisional layer solver.

In a tokamak SOL, any given magnetic field line intersects the walls at two locations,
A and B. The CLE is located at a distance of a few \y;pp sin a away from the wall — we
label these points CLE4 and CLEg. The potential difference between the walls A¢p can
be fixed to any value and provides a boundary condition for the system. Given the values
of n, u;, ue, T;, Te and ¢ at a previous time step, we use equations (1.36)—(1.39) to find
the values of n,w;|,T; and T, at the new time step. Since the outgoing flow w;jcre > ¢,
is supersonic, sound waves cannot travel from the CLE into the domain and we do not
need n or 7; at the CLE. The parallel electron heat flux at the CLE is necessary for the
electron energy equation (1.38), and this is one quantity that can be calculated with a
kinetic electron treatment. This leaves u. and ¢ at the new time step as unknowns.
Equation (1.40) can then be used to find the gradient of . along the magnetic field line,
and equation (1.41) to find the same gradient for ¢. If we had the values of u. and ¢ at
CLE4, we could integrate along the field lines using the expressions of their gradients and
thus find the values of u.| and ¢ everywhere in the simulation region up to CLEg. Thus
we need two more equations to find the solution. This is found by using the relationship
(1.35) at CLE4 and CLEp to close the equations.

This work does not aim to give a solution to the problem of connecting the fluid layer
with the magnetic presheath as it does not include essential kinetic electron physics. In
addition, we neglect any gradients parallel to the wall (in z and y directions), as discussed

in Section 1.3.1. As a result we cannot provide boundary conditions for parallel viscosity
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G, the scalar vorticity €2 or vector vorticity w, which are needed to solve the full fluid
equations (such as those given in Appendix A). These boundary conditions require us to
keep terms that are higher order in A\ypp/ Ly and p; /L, and hence depend on gradients
parallel to the wall. The thesis describes the solution of the simpler problem, and can be

considered the first step towards the full solution.

1.5 Main results

In Chapter 2, we analyse the behaviour of the distribution function at the CLE, x — oo,
and find one of the main results of this thesis, a constraint on the mean flow wu;crgr of
the Maxwellian at the CLE, u;jcrr must be larger than the adiabatic sound speed in
the plasma. In Chapter 3, we focus on the region near the MPE and show that for an
ion-electron plasma with ion-ion Fokker-Planck collisions, the electric field diverges and
the distribution function near the MPE is exponentially small at small velocities. As a
result, we recover the kinetic Chodura condition, which we know must be satisfied for the
magnetic presheath to exist [33]. We also show that the potential near the MPE scales
as ~ 22 in the collisional layer. Chapter 4 introduces the numerical scheme used to
solve the system of equations that describes the plasma dynamics in the collisional layer.
These are quasineutrality (1.3) with adiabatic electron response (1.4) and the steady state
case of the drift kinetic equation (1.19). We use Galerkin’s method with quadratic finite
elements in velocity space, ensuring that the collision operator conserves particle number,
momentum and energy. To model the steady state flow of the plasma across the layer, we
use a semi-Lagrangian approach, following the characteristics of the particles. In Chapter
5, we present the numerical results of the simulations and find the potential drop across
the layer. We also show the results of coupling our code to the magnetic presheath and
Debye sheath solver [1] and provide the ion distribution function at the wall for different
T.cre/Ticre and ucre/cs. We also discuss the difficulties in capturing the Chodura
condition numerically. In Chapter 6, we summarise the results of the thesis and consider

how the model could be extended to include kinetic electron and neutral interactions.
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Chapter 2

Distribution function far away from
the wall

This chapter contains one of the main results of the thesis. We show that the mean flow
of the ion distribution function far away from the wall has to be larger than the collisional
adiabatic sound speed and directed towards the wall. In Section 2.1, we introduce the
linearised system of equations, which are valid in the region far away from the wall. In
Section 2.2, we perform a subsidiary expansion for solutions at large x with characteristic
decay length scales much longer than \;pp sin a. Solutions with long decay lengths scales
occur when the mean flow of the incoming Maxwellian, u|, is approximately equal to
¢s, the speed of sound in the plasma. We show that the mean flow has to be larger than
the sound speed and find a relationship between the length scale, the mean flow and
the electron-ion temperature ratio. In Section 2.3 we compare the derived scalings with
simulation results. We demonstrate the constraint u., > ¢ by showing that simulations
with lower mean flows give results that depend on the size of the simulation box and have
a large electric field far away from the wall. The analytically derived scaling of the length

scale with |, is not satisfied and requires further work.

2.1 Perturbation far away from the wall

We want to solve equations (1.3), (1.4) and (1.19) in steady state for the ion distribution

function f far away from the wall. The system of equations is

: Ze . 090
- smaa—i + 25 aa—j% —CIf 1], (2.1)
Neoo €xp(ed/T,) = Zn, (2.2)
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where we choose the potential at infinity to be zero. Above and from here on we drop
the ¢ subscript in f;, m;, n; for convenience; that is, all the quantities without a subscript
refer to the ions, while electron quantities will have a subscript e.

At x — oo the distribution function is a Maxwellian with some mean flow towards the
wall. Therefore, at large x, we can choose the distribution function and the potential to

be

f:fM(V>+K(x7V>7 ¢=@<£L‘), (23)
where

and Voo = /2T /m, where T, is the ion temperature at the boundary at x — oo. We

have also introduced
K(z,v) < fu(v) and O(x) < T,/e, (2.5)

small perturbations of the distribution function and the potential, respectively.

Substituting (2.3) into (2.1) and (2.2), we find

o 4+ o gina—22M" 0O 9.
Vg, T o, sinags o, CYIK], (2.6)
noo% = /d3vK, (2.7)

where CO[K] = C[K, fu] + C[fu, K] is the linearised collision operator. We choose to

look for a separable solution
K(z,v) = S(z)H(v), O(x) = ¢S(x). (2.8)

Plugging this expression into (2.6) and using (2.7), we get

s — o H 4+ —=20| = cO[H]S. 2.
5, Sme| — v + — C\Y[H]S (2.9)

With this ansatz we get eigenvalue equations

as 1
5 Sna = _XS’ (2.10)
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and the eigenvalue-like equations
UH Je (3fM d )
—H - ———=C
A m; aU” A

o
noo% - / dvH, (2.12)

H], (2.11)

where )\ is a constant. From this we see that

S(a:)-exp(— ’ > (2.13)

Asin o

where we choose to set S(0) = 1 and any amplitude is absorbed into H.

The eigenvalue-like equations (2.11) and (2.12) are not standard as the linearised
collision operator is singular. Therefore we cannot know if the simple ansatz (2.8), and
thus the exponentially decaying solutions, are the only solutions for x — oo. We will be
able to show that there is at least one solution of this type. We proceed to analyse the
exponentially decaying solutions, with characteristic wavelength A\. The eigenvalue-like
equations (2.11) and (2.12) could be solved numerically by expanding H in the Sonine-
Legendre basis. Instead, we consider an analytic limit by performing an expansion of
equations (2.11) and (2.12) that we explain in the next section. The expansion will allow
us to obtain an approximate relationship between A and u)o, which is valid when v is

close to the speed of sound.

2.2 Subsidiary expansion in ¢ and A,

We look for perturbations with decay lengths A >> Ay pp sin«, where Aypp = g0 /Ve 18
the mean free path of ions due to self collisions. The collision frequency v. is the one
defined by Braginskii [22]. In terms of v, it is given by

252300
v

S e 2.14
3v/Tm2ul (2.14)

We perform a subsidiary expansion in € = A\y;pp/A < 1. The expansion of the perturba-

tions H and ® in e <« 1 1is

H:H0+EH1+62H2+..., (215)

O = Oy + by + Dy + ... (2.16)

Here HO ~ H1 ~ H2 and (I)(] ~ cI)l ~ (I)Q.
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We will see that the expansion in € < 1 is only valid if |, is slightly supersonic.

Therefore, we introduce another small parameter Ay = (u”OO — ¢s)/cs < 1, where ¢, =

\/ 5Ts/3m + ZT,/m is the adiabatic speed of sound at infinity. We choose the small

parameters to be of similar order, A; ~ e¢. Then, our Maxwellian, to first order in Aj, is

far = fas + 20 fars (v — ¢5)es/vp,, where

Moo (v —es)? + Ui)

Jus = (ro2_y3 exp ( - N (2.17)

To first order in A and €, we get that the right hand side of equation (2.11) is

COIH] ~ CO[Hy + eH]

2w)jc, 2w ¢,

= COlHi] + «CIH] + A.C | Ho, "% | + 8.0 24

fMS7H01’ (2.18)

too
where we have defined the parallel component w) = w - b of the peculiar velocity w =
v—cband O = C [H, fas] + C[fus, H] is the collision operator linearised with respect
to fus- The left hand side of equation (2.11) is, to second order in A and e,

Gl fu wj| Ze Afus
O 2fe9IM H, Hy — P
A m)\ aU” )\MFP ot 6)\]\4}71) 0 6T??)\]WFP 0 8w||
Cs
+e&—LH, +e H
)\MFP )\MFP '
Z a S 2 S Z a S
L e g0 p 20 Ze g OUwsw) g g
m)\MFp 8w|| Vico m)\MFp (911)”
We now proceed to solve these equations order by order.
2.2.1 Zeroth order
Using expansions (2.18) and (2.19), to lowest order, the equation (2.11) is
CO[Hy) = 0. (2.20)
The solution to this equation is a perturbation to the Maxwellian fj;,
2 2
ng  Mmw Ty (W) +wi
H=|—+4+— — | ——— — = 55 2.21
0 noo+ T U0+Too< 7 Y (2.21)

where ng, ug and Tj are the lowest order perturbations in density, mean flow and temper-
ature respectively. Quasineutrality equation (2.12) then gives

T
By = 2210 (2.22)
€ Moo

We can find a relationship between ng, uy and T by going to next order.
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2.2.2 First order

To first order in A and ¢, equation (2.11) is

A
COIH,] + =C {Hm
€

2w||cs

A 2w s
{ w”c Hg

st} —SC st,Ho} ] Hy +
AMFP )\MFP

_ Ze & ans
m)\MFp 0 8w|| ’

too

(2.23)

We multiply this equation by 1,w; and w?® and integrate over velocity to get a linear

system of equations for ng, ug and Ty,

1+ 27T /Too 1 _
5/3+ 27T/ Too 5/3+27Tc/Too up/cs | ={0]. (2.24)
3/2 5/2 3/2 To /T 0

Here we used the fact that the 1,w||,w2 moments of the collision operators are zero. If
the mean flow speed v, were not equal to ¢, to lowest order, the matrix would not be
singular and the only solution would be Hy = 0. This is the reason why we had to choose
UJoo =~ Fc;. We have chosen the positive sign, u. ~ +c,, because, as argued earlier
in Section 1.3.2, the fact that the flux of ions is positive at the wall means that wu., is
positive.

Matrix equation (2.24) gives us a relationship between the lowest order perturbations

N Uo 3T0
== 2.25
Moo Cs 27T ( )
Using this with equation (2.21) we get
wi 4+ w?
Hy = ( Lt —3“’03)—f - (2.26)
Vtoo Utoo

We can now solve for H; using equation (2.23). Due to linearity of the linearised collision

operator, we can define Hy;, and H;p such that

Ze 8fM
oW 7 Hy — Py Ms 2.27
° [ lA] AMFP 0 /\MFP 0 MANMFP Oawu ( )
A, 2w Cs A, [2wcs
COHp] + ?C[Ho, e st} —C’[ o fMS,HO} = 0. (2.28)
too

Then Hy = Hi4+ Hyp. We choose Hy4 to be such that its 1, w), w? moments are zero, so

that all the first order perturbations in density, mean flow and temperature are in H;p.
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To solve for Hy4 we use the technique pioneered by Braginskii [22]. We change vari-
ables from the regular cylindrical coordinates (w ., wy, ) to (z,&, @), where z = w? /v
and £ = w)/w, and express Hy,4 in terms of Sonine-Legendre polynomials

Hya =Y agua®? LI (2) Pe(€) fase. (2.29)
k.q
The sum runs from k, ¢ = 0 to infinity for all integer values of k, g. To make the calculation
useful, we will truncate this sum at some finite number.

The Sonine polynomials satisfy the orthogonality relation

o , , , r |+ 3/2
/0 d.ﬁU{E]+1/2L}(7J+1/2)(JZ)L((]J+1/2)(.I'>€_$ - W%CN (2.30)
and the Legendre polynomials satisfy
! 2
dEP;(E)P(&) = ———0m;- 2.31
[ AER©PAO = 5 (231)

The integral limits for x are always 0 to oo, and for £ they are —1 to 1. From now on we
will stop writing out the limits explicitly to make the equations easier to read.
By construction, the perturbations to particle density, mean flow and temperature

associated with Hq4 are all zero. These constraints give
/ drdédp 2> M (w)Hy 4 = 0, (2.32)

where we have changed variables of integration to ¢ and z (d*w = dxdédp x/?v3_/2),
and M(w) = {1,wH,wﬁ + w?}. We express the components of M(w) in terms of the

Sonine-Legendre polynomials, that is,

1= Lg"? (@) Py(€) (2.33)
wy = &L (@) Py () (2.34)
w} + w? = (SLQ”) - Lgl/Q))PO(@, (2.35)

where we have used Py(§) = 1, Pi(§) = &, L(()j)(a:) = 1 and Lgl/z)(:c) = 3/2 — x. Then,
using identities (2.30) and (2.31), together with the expansion (2.29), equation (2.32)

gives

app = apyq = aio = 0. (2.36)
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We multiply both sides of equation (2.27) by 27/ QL;(,j /2 (z)P;(§) and integrate over

velocity space to get

th/foWHme@qu%“W<>@mm

Neo Cs TO
27'('3/2 )\MFP T

o0 S 3ZT5 o
(1 +§x1/“—> (m _ 3¢x12 8 ) g 20 e 1/2lio | (2.37)

/dxdfdgp x]/2+1/2L(]+1/2)( )p](@e—x

Cs Vtoo 2Yﬁoo Cs

where on the right hand side, we used equations (2.17), (2.22) and (2.25). Due to ro-
tational invariance, the linearised collision operator is diagonal in the basis of Legendre
polynomials. Therefore, from (2.31), integration over £ gives zero for all values of k in
Pr(&) except for k = j and so the sum over k in (2.29) picks out k = j elements only. In
the end the equations simplify to

() _ Neo Cs TO
Zaqj —Neole) Kl = YCl w—

_9 / dl’df l’j/2+3/2L1(7j+1/2)($)L(()5/2) (JT)P](S)Pz(f)G_x

—WW/m&wﬂm%$WWMWWmﬂ@a@ax, (2.38)

Cs
where we have defined

1

NeoVe

KU — _

p.q

/fwﬂ%ﬁ“mwﬂ@@%W%ﬁ”W@ﬂ@nm, (2:39)

and we have used Py(¢) = 3¢2/2 — 1/2, LY (z) = 1 and L¥?(z) = 5/2 — 2. These
integrals can be found analytically. This is a tedious, but standard, calculation following

that of Braginskii. Using the polynomial properties (2.31) and (2.30), we obtain

5 DTy |6 ¢
Z a(IJ pq :_O |: 6p0(5]2 + 5]16;)1 (240)

5too

To find the coefficients, we can solve the equation above by truncating the expansion

(2.29) to ¢ = 4. To this order, the matrices on the left hand side of (2.40) are

0 0 0 0 0.9000 0.6750 0.4218 0.2460
e _ [0 1000 0.7500 0.4687 @) _ | 06750 3.843 3438 2.522
0 0.7500 2.813 2414 |’ 04218 3438 1044 9.916
0 04687 2414 5.524 0.2460 2522 9.916 22.34
(2.41)
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For our purposes, the important coefficients turn out to be

To

Cg To
=1.931 . 2.43
ao ? Vico Too ( )

We now find a solution for H;p by solving equation (2.28). Note that the collision

operator linearised with respect to fj; is

HCS

CWM:@W]+AC[

st:| |:2w||cs

too

s, 1 (2.44)

too
The subscript s appears only on the first collision operator on the right side, indicating
that it is with respect to fuss. Result (2.44) implies that equation (2.28) is equivalent to

solving
CO[Hy + eH,5] = 0. (2.45)

The solution to this equation is

on m(v] — Ueo OT [ (v — upeo)® + 02 3
Hy+ el = [n—+—( HT I )6u+T—<( I U'Q) L —5)]12\4, (2.46)
00 0 [ee} too

where dn = ng+eny, du = up+euq, 07 = Ty+€1} are density, mean flow, and temperature

perturbations to first order in €, respectively. We use this expansion and the expansion

of far and uj in A,, as well as equality (2.21), to get

2cs Ag |3 ¢ w 3w Cs w) w? | T
Hip = —{————”—T|—+——} —Ost
Vtoo € (2o Vtoo Ui Voo Vtoo Vs | Too
1 2U)|| T1 3
— + — — — o 2.47
+Lm+%w1+ﬂ” 2 ) fu (2.47)
Quasineutrality then gives
T,
L (2.48)
€ Moo

We proceed to find the relationship between A, and € by taking the moments of the

second order equation.
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2.2.3 Second order

Keeping terms of second order in € and A; in equation (2.11), we get

2

Collisional terms =——2— | Hy4 + Hyp + ﬂHlA + ﬂHlB
MFP Cg Cs
. Ze<I>1 ans o %ZG@Q 208 8(stw”) (2 49)
mes  Ow) € mes vh,  Ow ' ‘

We multiply this equation by 1,w) and w?, integrate over velocity, and use (2.29) and

(2.47) to get a system of linear equations with a singular matrix,

1 1 0 nl/noo —3T0A /QT €

14 2T/ Too .

m 1 m ul/cs = ST()A /2T € — Uto%fjlo 2/20 . (250)
3/2  5/2  3/2 Ty /Tw BTA, e + 2a;,

The integrals required to arrive at this result are given in Appendix D. Since the matrix
in (2.50) is singular (see Section 2.2.2), it has a zero eigenvalue. The left eigenvector
corresponding to the zero eigenvalue is (—Z7T./Tw,5/3 + ZT./Tw, —2/3). Multiplying
both sides of (2.50) by this vector allows us to find

T()As . 5vtooa1,1/663 + Qo2

= 2.51
T€ 5+32T,/Ty (2.51)
Using values for the coefficients a;; and a2, given in equation (2.42), we get
Ay 1
—_— = (2.52)
€ ZT.
)
where, for convenience later, we have defined a function
2.75 + 3.302)%/?
h(z) = B0+ 3302)7 (2.53)

1.93z +2.93

Since € must be positive for a solution that does not diverge exponentially far away
from the wall, A; must also be positive, giving v > ¢,. This means that the flow along
the field lines of the Maxwellian at our boundary far away from the wall has to be at least
sonic. The decay length of the perturbation A diverges as we approach sonic velocity, that

is, as A goes to zero.
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2.3 Numerical results

We solve the drift kinetic equation (1.19) with quasineutrality (1.3) and adiabatic elec-
trons (1.4) using a code we developed, which is presented in Chapter 4. The code uses

normalised variables

3T, B v, B Wjoo
i- = 2\/_—.1-, UHyJ— = L’ u”oo = L7
25/29,. sin a Vgoo Vtoo
- fup — Ze¢ _ ZT.
= 0 = — T. = , 2.54
f noo ) d) 2 OO? 2Too ( )

where v, is the collision frequency, given in (2.14).

Integrating the distribution function, given by (2.3), and using quasineutrality (2.12)
and the orderings (2.5), we find no.e¢/T. = N exp(—z/Asin «), where we have introduced
N = [d*vH. In normalised variables, and using relationship (2.52) to substitute for A,
we find

Y 2
% = % exp (—%Ash(fe)x) (2.55)

In Figure 2.1 we plot ¢/T, against  for A, = —0.05,0.01,0.1 and T, = 0.5 for two
different sizes of the z space domain. The domain size is defined by Zx,_;. Here N, is
the number of grid points in the system, xy = 0 corresponds to the MPE and zx,_; to
the boundary at * — oo. As predicted by our analytical results, the simulation with a
mean flow A, < 0, does not converge as we increase the distance from the wall, and we
find a large electric field for large . For Ay > 0 the simulations are better converged,
but we note that a larger box is required for simulations with smaller A,. This is because
the perturbation length scale A is longer for smaller A, which, qualitatively, agrees with
equation (2.52).

To determine if relationship (2.52) holds quantitatively, we take the logarithm of (2.55)
(keeping in mind that N < 0 and ¢ < 0) to get

ln(—é) = —ﬁAsh(Te)g@ +In(—N/nwo). (2.56)
T, 3T

At large T we expect a linear plot of the potential on a log-linear scale.
We plot —¢/T. against z for runs with A, = 0.01,0.02,0.05,0.1,0.25,0.5,0.7,1.0 and
T, = 0.5 in the left plot in Figure 2.2. The linear fits (dashed lines in the plot) fit the

results well for most of the runs, agreeing with our prediction of an exponential decay of
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Figure 2.1: ¢/T, against z for A, = —0.05,0.01,0.1 and T, = 0.5 for two different box
sizes, in normalised units Zy,_1 = 220 and Zxn,—; = 440. For Ay < 0 we find a large
electric field near the boundary at infinity and the solution depends strongly on box size.
For A, = 0.01, the solutions have small electric field at large  and vary less with box
size, but an even larger box size than & = 440 is required to fully resolve the simulation.
For A, = 0.1 the perturbation is already negligible near z = 220 and the box size does
not make a big difference.

the perturbation. Due to numerical errors, the potential can overshoot zero at large &
and become slightly negative. We choose to cut off the plot at a chosen maximum value
of Z. We choose that value to be two grid points before the potential reaches zero (or
becomes negative), this way making the log-linear plots easier to read. For large A, the
potential decays to zero very quickly and the linear fit is performed over a few grid points
only, which introduces an error.

For Ay < 1 we expect the relationship (2.56) to be valid. Therefore, for a constant
T,, the ratio of the absolute value of the slope to A (we will denote this ratio as rp) is
constant and equal to

952

rr = h(Te> 3ﬁ

For T, = 0.5, this gives ¢ ~ 2.52. The values of 7y obtained using linear regression on

(2.57)

the exponential part of the curve are shown in the right plot in Figure 2.2. The r¢ values
for all the simulations are far from the expected value of 2.52. The rr value is relatively

constant in the region 0.05 < A, < 0.7 and is on average 0.24, which indicates that the
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Figure 2.2: Simulation results for A, = 0.01,0.02,0.05,0.1,0.25,0.5,0.7,1.0 and 7. = 0.5.
The legend is shown in the right plot. Left: ¢/T, against Z on a log-linear scale. The
dashed lines are the best linear fits of the curves. Right: The value of rp for different
values of A,. The relationship (2.56) predicts rp & 2.52 for all values of A;. The value is
approximately constant for 0.05 < A, < 0.7, however, it is about ten times smaller than
the expected result.

linear relationship (2.56) holds in this interval of Ay, although it is smaller than predicted
by a factor of ~ 10.

Large deviation from the expected linear relationship (2.56) between A; and e (and
thus a constant value of ry) for the smallest value of A; requires further investigation.
Here we offer potential explanations for this discrepancy. Note that the explanations
presented below can explain why r is different at small A, but they cannot explain why
the measured value of r7 is 10 times smaller than the expected value.

As argued earlier, when A, decreases, the perturbation length scale A\ increases, and
thus, the box size Zy, 1 has to be made larger (see Figure 2.1). Therefore, to get the
correct potential profile, simulations with Ay = 0.01 and A = 0.02 were run with Zy, 1 =
3000, whereas all the other simulations in Figure 2.2 had zy, 1 = 440. Using Zn,_1 = 440
for Ay = 0.01, gave rp = 0.7, far larger than the values for all the other runs. This
is because for the smaller zy,_; the gradients at large x were not resolved and were
overestimated. Increasing the box size even more for Ay = 0.01 should reduce the value

of rp and bring it closer to the values found from simulations with larger A, this is left for
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future work. We note that increasing zn,_; for the runs with Ag > 0.05 had a negligible
effect on the potential profile and the value of rr.

A more quantitative constraint could be estimated as follows. The model used assumes

1 A x 25/

€ )\MFP < )\MFpSiDOé 3\/7_Tx ( )
The value of 7 is limited by our simulation domain: the decay length scale A has to fit in
the domain, therefore €, and thus A; (see equation (2.52)), cannot be too small. Taking

T = Tn,_1, where Zx,_1 is the size of our simulation box, the condition becomes

1
€> — , (2.59)
TN,—1

where we took 3/7/2%? ~ 1. For simulation domains, which used Zy,_; = 400, the
constraint (2.59) gives Ag ~ € > 0.003. The simulations shown above seem to be well
above this lower limit, where the smallest value of A, used is 0.01. However, it shows
that we have to be careful with the box size at the smallest values of A;. Running more
simulations with larger Zy,_1 is an obvious next step in figuring out the discrepancies.

We now look at how well the dependence on T, is captured by the relationship (2.52).
In the left plot of Figure 2.3 we plot —¢/T. against z for runs with A, = 0.1 and
T, = 0.05,0.25,0.5,1.0,1.5,2.0,2.5,3.0. We see that the linear fit works well for all values
of T,. In the right plot of Figure 2.3 we plot 75 values for different h(T},), where

ra = A2 )(3y/T). (2.60)

For A, = 0.1 we expect ra = 0.10 for all 7. The values obtained from these simulations
are far from the expected value and seem to depend on h(T,). There is a region T, < 1.0,
where the value of rAo ~ 0.01 is constant, however our analytical calculation does not
assume any ordering of 7, and so the value of 7 should be constant everywhere, indicating
that the function h(T,) in equation (2.52) might not be correct.

Further work is needed to determine why the numerical solutions do not agree with the
analytical predictions. The calculation should be checked again to make sure that all the
normalisation factors have been used appropriately and that no arithmetic mistakes have
been made, which could explain the factor of 10 discrepancy between the obtained and

expected values of 7. A mistake in the function h(7,) could also explain the observed

behaviour of rp. Furthermore, the numerically implemented collision operator should be
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Figure 2.3: Simulation results for A, = 0.1 and 7, = 0.05,0.25,0.5,1.0,1.5,2.0, 2.5, 3.0.
The legend is shown in the right plot. Left: ¢/T. against Z on a log-linear scale. The
dashed lines are the best linear fits of the curves. Right: The value of ra for different
values of T,. The relationship (2.56) predicts ra ~ 0.10 for all values of T,. The value

is approximately constant for T, < 1.0, however, it is about ten times smaller than the
expected result.

used to compute integrals (2.39) and the results compared to the analytic results (2.41),
then the rest of the calculation could be followed step by step to find any errors. The
preliminary computations performed seem to show that the collision operator does not
recover the expected expressions (2.41), although the code for calculating these expressions
with the numerical collision operator needs to be investigated more carefully. This is left

for future work.
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Chapter 3

Electric potential near x = 0

In this chapter we show that the electric field at x = 0 diverges and the potential scales
as ¢ ~ /z, where ¢ = ¢(z) — ¢(z = 0). As a result, the distribution function at z = 0 is

exponentially small at small parallel velocities and satisfies the kinetic Chodura condition

72T, =
€ d3’l)f(x 0)

p- o = n.(z =0). (3.1)
By satisfying this condition, the distribution function at x = 0 can be used as the dis-
tribution function at the entrance of the magnetic presheath — see [33] for more details
on why the distribution function needs to satisfy (3.1) at the entrance of the magnetic
presheath.

In Section 3.1 we show that there does not exist a self consistent solution to our
equations for potential that is of size engS/T6 < (x/Ayrpsina)?? for x/Ayppsina <

1. In Section 3.2 we prove that the kinetic Chodura condition is satisfied and that for

r/Ayrpsina < 1, ¢ scales as /2.

3.1 Finding a lower bound for the electric potential

We use variables defined in (2.54) to introduce the normalised collision operator

— m*P

Clf.fl= —22CIf. f] ZVU-/d3VVngg-(f(G’)VUf(V)—f(‘_’)vaf(G’))- (3.2)

ViMoo

In these variables, quasineutrality (1.3) (with adiabatic electrons (1.4)) and the steady

state drift kinetic equation (1.19) are

Af [ 090f iz
—Un%Jr%a—@H—C[f,f], (3.3)
n E/d?’\_ff:exp(% , (3.4)



where . = n/ny is the ion density normalised to density at the boundary at z — oc.

The kinetic Chodura condition (3.1) becomes

= 3@f7(55:0):ﬁj:
T / ot =i =0 (3.5)

From here on we will drop bars in the normalised variables. We will make it explicit when
we go back to dimensional variables.

To study the distribution function near x = 0, it is convenient to use the potential
relative to the wall ¢ = ¢ — ¢(z = 0), and to change variables from (z,v)) to (z,U,0),
where U = @/vﬁ +2¢ and 0 = v)/|vy| = £1. Then the left hand side of equation (3.3)
simplifies to

of

_UII%

09 Of

- 2_9p-L| . .
+ 50wy U2 —29 (3.6)

v|[,VL T, v
Here we show explicitly which variables we are keeping constant in the partial derivatives.

Using variable U and expanding f around x = 0 and U = v > 0 we find

f(@,U) = f(0,v)) = (U—U)% (z=0,U=vyy)
) N -
—|—xa—£ val(x =0,U =v)) +O(U —v))", z%). (3.7)

Here we explicitly show that the partial derivatives are evaluated at U = v and z = 0.
Note that for v > 0 we have U(x = 0,v) = v, and thus 0f/0U at x = 0 and U = v is
df/0v), which we will use from here on. The use of these variables permits a non linear
dependence on z through the U — v term. For vﬁ > 2(;3, we approximate U — v ~

QZAS/UH + O(QBQ/Uﬁ). Then (3.7) can be written as

F@.0) = f0,0) = 2L T s fia = 0) + 0%, 07), (3.8)

v oy
where we have used (3.3) and (3.6) to introduce C|[f, f] in the equation. We see that
we have a divergence at v = 0, which we need to resolve by analysing the behaviour of
the function at the values of v where the corrections become as large as the function at
x=0.
Approximation (3.8) can fail for sufficiently small v due to v appearing in the denom-
inator. To determine for which values of v this happens, we assume that the potential can

be expanded in fractional powers of x, (;3 ~ Pz where P and /3 are positive constants.
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We also assume that 0" f/ 8%‘ ~ f/ o for vy < 1. Then, we can approximate the collision
operator by the diffusion term C[f, f] =~ Dyd*f/ 8vﬁ, where Dy is a function of v, but not
of v — proof of this is given in Appendix E.1 (note that here we have removed the bars
that we used to denote normalised quantities and Dy is the normalised Dy, called Dy in
Appendix E.1). With these approximations the terms on the right hand side of equation
(3.8) scale as

1001 yhym %Uﬁno[f, flle =0y~ - =Dy 7L ~ au?. (3.9)

We look for a relation between x and v for which one or both of the terms above
become O(1) and hence expression (3.8) is not valid. The value of § will determine the

dominant balance:

e For § > 2/3, the collisional term becomes O(1) at x ~ vﬁ. The potential term at

this spatial scale is O(Uﬁ"gﬂ) < L
e For 3 = 2/3, both terms are O(1) at x ~ v}’

e For § < 2/3, the potential term becomes O(1) at x ~ vﬁ/ﬁ. The collisional term at

this spatial scale is O(vﬁ/ﬁ_?’) < 1.

In the rest of this section, we prove that 5 must be smaller than 2/3 for the solutions to

be self consistent.

3.1.1 Looking for a self similar solution for 5 > 2/3

We first assume that § > 2/3, which we will show results in a contradiction. At the wall
(x = 0), for v ~ 1 the collision operator is finite because the distribution function is
smooth in vj. As argued earlier, at vy < 1, C[f, f] ~ D082f/8vﬁ, where Dy is a function
of v, only. Then the drift kinetic equation (1.19) in this region simplifies to

of agﬁﬁ_DaZf

A e R N 1
U||8x+8xav|| Oﬁvﬁ (3.10)

We are going to consider solutions f(z = 0) that, for v > 0, tend to zero at v = 0
algebraically, f(z =0,v,,v] < 1) = A(vy)v**, where A(v,) is a function of v, only. It
will become obvious soon why using 3() as the exponent is convenient. These solutions

cause the difference f(x) — f(z = 0) in equation (3.8) to diverge at vy = 0. We will show
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that formula (3.8) is not valid for v ~ z'/3, and we will find a different form of f(z, v, v))
near x = 0 and for v ~ 23, When we calculate f(z,v,, v) for small v, we will find out
that  is not a free parameter, and it must be chosen to be 1/6, that is, f(x = 0) tends
to zero as v /2.

For 8 > 2/3 we can neglect the potential terms in (3.10). This is because from the
expansion (3.8) and scalings (3.9), the second derivative of f with respect to v becomes
large at z'/% ~ vy, but the potential term at this scale is of size /3 < 1. The final

equation is then

of o0 f
—U”% = Do— (3.11)
We solve (3.11) for small v by noticing that the lack of characteristic spatial and
velocity scales scales suggests the existence of a self similar solution. To find it we in-

troduce a variable ) = vy /(Dyz)"/3

, which is implicitly also a function of v, via the D
dependence. We choose the form f(x, vy, v)) = (Doz)?F(n) for the solution, where > 0
is an unknown constant. From the properties of f, we require F' and its derivative to be
continuous and F' > 0 for all n. Positivity of 2 is required to make sure that the distri-
bution function does not diverge at the wall. As we announced earlier, we will show later
that equation (3.11) with the requirement of positivity can only be satisfied for 2 = 1/6.
We proceed to show that this implies that f ~ v‘ll/z at v = 0.

With the ansatz f(z,vi,v)) = (Doz)*F(n), equation (3.10) becomes an ordinary

differential equation

2
F”—Z%P”+§MF¥:OCﬁ‘”%, (3.12)

where the primes indicate derivatives, F’ = ‘(11—1;, and the right hand side is the error
associated with the neglected potential terms. We will only keep the lowest order terms,
so this term is ignored.

It is useful to find solutions to equation (3.12) in the limit of || > 1. The second order
equation (3.12) must have two independent solutions. We find the first one by assuming
the n'" derivative scales as F™ ~ F/n™. Equation (3.12) then simplifies to

2
—%quszo (3.13)
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The solution to this equation is
F(n — #00) ~ A(v, )n*?, (3.14)

where the function A(v,) is an integration constant. We will stop writing the explicit
dependence of A on v, from here on. Equation (3.14) implies that (Dox)"F(n) — Avj®
for x — 0. To find the second solution for large 7, we balance the first two terms of

equation (3.12) and assume that F' < F' < F"”. This gives

772
SF=0. (3.15)

F// o

The solution to this equation is F’ = N (v, )exp(n®/9), where the function N(v,) is an
integration constant, and the dependence of N on v; will not be explicitly shown again
in the rest of the chapter. We can find the behaviour of this solution at || > 1 by

integrating equation (3.15) from 79 to 1, where 1y < 7,

F(n)— F(n) = N / "ot exp (1 9)

3 9 3 9 n 13 9
n Mo 70 n
Here, to get the second equality, we integrated by parts. Since 79 < n the first term on
the right hand side dominates over the second one. The last term is much smaller than
the left hand side since everywhere in the integration region 7" > 1 and so
" exp(n”) ! 3
/ dn'T < / dn’ exp(n’ /9) (3.17)
70 70

Therefore, our second solution in the |n| > 1 limit is

exp(1°/9)

F(n — +o00) ~ 3N SR
n

(3.18)

We look for solutions that decay to zero as n — —oo and do not grow exponentially as
n — oo. The first constraint comes from the boundary condition f(vj — —o0) = 0. The
second one comes from our assumption f(z =0) = Av”m. In the next few paragraphs we
will show that only € = 1/6 satisfies the conditions and gives F' > 0. We will eventually
show (see Section 3.2.1) that § < 2/3 and that f(x = 0) goes to zero exponentially fast
when v goes to zero. The keen reader will then think whether we could have assumed

f(z = 0) to have this exponential dependence on velocity in this section about potentials
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with 8 > 2/3. This is indeed the case, but one needs to realize that f(z = 0) is not a
choice, but a result of our calculation. We could in principle tailor f(z = 0) by choosing
the right boundary conditions, but in this problem the boundary conditions are set.
We believe that most boundary conditions will lead to solutions f(z = 0) ~ Ay /2.
Technically, what we have just shown is that, with potentials with 5 > 2/3, f(z = 0) can
tend to zero slowly as v decreases (f(z = 0) ~ v!/?); that is, there can be a non-negligible
number of particles with slow parallel velocities at x = 0. In comparison, in Section 3.2
we will show that this is impossible for 5 < 2/3 due to the acceleration by the electric field
— particles get to the wall after having been accelerated significantly, and hence there is
a negligible number of particles with small v. We have been unable to prove that our
boundary conditions will lead to f(z = 0) ~ v/2 for 8 > 2/3, but physically, for 8 > 2/3
one can neglect the electrostatic potential, so we cannot see any reason why particles with
small v would have not reached the wall. We proceed to show that if particles with small
v) reach the wall, the distribution function needs to satisfy f(z = 0) ~ Av'/? for v, — 0.
We also show that 8 > 2/3 is incompatible with quasineutrality and a function f(x = 0)
that goes to zero like v/ for small v).

The boundary conditions at n — +oo determine which asymptotic solution, (3.14) or
(3.18), is correct at n — +o0 and n — —o0,

exp(n°/9)

Fr° = F(n = o0) =Ap*? and F(n— —o0) = 3N SR
n

(3.19)
and the distribution function is then

3
[T = f(n— o00) =Av}? and  f(n — —oc) = Z%]\T(DOJJU)$2/3 exp (;)_:1:) . (3.20)
I

where we have introduced F**° and f** to simplify notation, as these functions will be
used later.

Equation (3.12) can be solved analytically in terms of Kummer confluent hypergeo-
metric functions M (a; b; ), and can be shown to give Q = 1/6 if we want F' (and hence f)

to be positive. This is done in Appendix E.2, where we find the full solution to equation

(3.12) to be

_ 121/3ﬁ
) = R( T T[-1/6]

+ M(~1/6; 2/3;773/9))- (3.21)

nM(1/6;4/3;n°/9)
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Figure 3.1: The blue line is function F(n) for R = 1. The continuity of F and its first
derivative are imposed at n = 0. Plotted is the only function that solves the differential
equation (3.12), satisfies the boundary conditions and has F' > 0 everywhere. We know
that R > 0, but to determine the actual value of R, we would need a boundary condition
associated with the distribution function at large v and z, where our approximations
used to derive (3.12) break down.

Here, to ensure F' > 0, R is a positive constant, and I'[x] is the Gamma function. The
function for R = 1 is given in Figure 3.1. To determine the value of R , we would need
to solve the drift kinetic equation at large v and z, where the approximations used to
derive (3.12) break down. We do not do this in this thesis. In the next section we show

that solution (3.21) is inconsistent with the quasineutrality equation.

3.1.2 Proving 5 <2/3

We expand the quasineutrality equation with adiabatic electrons (3.4) to first order in qg,
using ¢ ~ 2# < 1. The density is n ~ n(z = 0)(1 + ¢/T, + O(¢?)), where n(z = 0) =
[ v f(xz =0). This gives

Zn(r=0)= fd*v +/ fd*v + / fd*v
Te v <0 0<v <K (Doz)'/3 v >K(Doz)'/3

- flz=0)dv. (3.22)

>0
The integral is split into regions where different approximations are valid. The constant K
is chosen such that 1 < K < 27'/3 so that eventually we can take the limits K — oo and
K(Dyz)Y3 — 0. For v > K(Doz)"? our solution (3.21) is not valid, but at large v > 1,

we can use expansion (3.8) to approximate the function. In the region v < K(Dyz)'/3,
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our solution (3.21) is valid, as here collisions are well approximated by diffusion in velocity
space. The final integral in (3.22), representing the ion density at the wall, is performed
only over positive v because at the wall the distribution function is zero for negative
velocities due to the wall boundary condition. Since n — oo at x = 0, the asymptotic
solution (3.19) is exact here; that is, f(z = 0,v.,v) < 1) = f™*°, where the latter was
defined in (3.20). The integral can be rewritten in terms of F'(n) as

0

7 K
%n(x:()) :xl/QQW/deDO(vl)l/QvL/ Fdn+x1/227r/deD0(vL)1/2vL/ Fdn

e —00 0
- [gaﬂxzm_wCUJﬂxzm]fv
o >K(Dox)/s LU OV v)
— / freddy, (3.23)
0<v <K (Doz)'/?

where we made Dy dependence on v, explicit for this one equation.

We want to find how these integrals scale with x when we take the limits K — oo and
K(Dox)'3 — 0. However, the integral of F' diverges as K — 0o because I ~ F+>® =
An'/? for large . Similarly, the integral of (9f(x = 0)/dv)) /v diverges as K (Doz)"3 — 0
because as v — K(Dyz)'/3, the integrand approaches (9f+/0v)/v| ~ vr)’/z. Near
v = (Dox)'/? the collision operator is approximately Dyd?f/ ﬁvﬁ and thus the integral of
C[f, f](x = 0)/v) also has a divergence. To avoid the divergence in [ Fdn, we add and
subtract the asymptotic behaviour of the solutions for large ) to get

~ 0 K
¢n(x—0)—x1/227T/deD0/ UL/ Fdn+x1/227r/deDé/2vL/ (F — F™°)dn

—00 0

10fa=0) , Clf Sz =0) ,
4 ¢/ d v />K(D0x)1/3 T d’v. (324)

=K (Dexyt/s V| O V|

We can now take K — 0o. As 1 — oo the difference F' — F+>® ~ 0.36 Rn~°/? and thus
the second integral on the right hand side of (3.24) converges. In addition, this integral
is always positive — this result is derived in Appendix E (equation (E.21)). We do not
know the exact value of the derivative df(x = 0)/dv| at v > 1, but we expect it to
converge at v — oo and diverge for small vj. The integral of (1/v))(0f(z = 0)/0v))
between K (Dyz)'/? and +oo will diverge as ~ 1/1/K(Dox)/3 for small x because f(x =
0) ~ fif>* o« U”/ at small v. Similarly, the integral of C[f, f](x = 0)/vy diverges as
1/[K (Do) 52
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With these estimates, we notice that in equation (3.24),

y  afUS g1
1’ .

) ) \/E ' K3/2

The terms ¢ [(0f/0vy)dvy /vy and z [ C[f, f](x = 0)dv;/v in (3.24) are the ones that

scale as #7716 /\/K and 21/2/K3/2. 1f one keeps O(¢) corrections to our solution for

LHS ~2°,  RHS ~ zV (3.25)

0<y < K (Dox)'/3, the term proportional to ¢ can be combined with others to obtain a

1/6 ~ 28=1/6 The term that contains

term that is independent of K but still scales as gE/ T
the collision operator can be shown to cancel with other terms. For our purposes, the
scaling of the terms is sufficient: they are smaller than /2. As & — 0, the terms with
smaller exponents are the largest and the potential on the left side of equation (3.24)
cannot balance the terms on the right side unless the terms scaling with x'/? are zero.
However the terms ffoo Fdnand [[°(F—F*°)dn = [~ 0.36Ry~°/2dn are always positive.

Therefore 5 > 2/3 is an inconsistent solution to our equations.

3.1.3 Proving § #2/3

Finally, we consider the case where 5 = 2/3. In this case, equation (3.12) no longer holds
as the potential term is of the same order as the streaming and diffusion terms. Using
¢ = Pxf in equation (3.10) and ansatz flz,vi,v) = (Do(vy)z) G (n) (the function
G(n) is equal to the function F'(n) given in (3.21) when P = 0) gives

2 2P _
@—(%+§JG+mﬂ:Q (3.26)

where P(v,) = P/Dy(vy)¥? is a function of v, . As explained next () must be a function
of v, as well.

Given P, a solution to this equation that leads to zero for n — —oo and diverges
algebraically, not exponentially, for n — oo can be found numerically by choosing an
appropriate Q. Note that this dependence of Q on P makes 2 a function of v,. The
pairs of values of ) and P that ensure good behaviour for G' do not necessarily satisfy
quasineutrality. We already used quasineutrality in Section 3.1.2 to show inconsistencies
for different values of 5 < 2/3, and we will use it again to show an inconsistency with
B = 2/3. Unlike in the case of Section 3.1.2, where P could be neglected, and we were
able to find an analytic solution and the exact value of €2 = 1/6, here we need a numerical

solution to the equation for any value of P > 0.

29



00 05 10 15 20
P

Figure 3.2: Values of (2 that solve equation (3.26) for a given P > 0.

Given a numerical domain 7, < 17 < Mmaz, We solve equation (3.26) numerically by
solving it in the regions 7, < 17 < 0 and 0 < 1 < e separately, and looking for
solutions where the function and its derivative are continuous at n = 0. We choose one
of the boundary conditions at 7 = 0 to be that dG/dn is 1, ensuring the derivative’s
continuity. We then seek for a value of Q) that makes G continuous at 7 = 0. This
determines G up to a constant. To get the actual value of the derivative at n = 0, we
would need to solve the full drift kinetic equation with full collision operator and the
boundary conditions at x = 0 and x — oo. The boundary conditions at 7,4, and 7,n
are that the derivatives dG/dn are equal to their asymptotic values (see below for the
discussion of the asymptotic limits). We find that for any value P > 0, Q > 1/6, and
Q) grows with increasing P. Since we expect a monotonically increasing potential, we
consider P > 0 and hence Q > 1/6. Figure 3.2 shows the values of Q that solve equation
(3.26) for a given P > 0.

Analytically we can find the asymptotic behaviour of the solutions at n — oo by
introducing an expansion Gt = G§™ + G7> 4+ G§*°... where G7*/Gi™ ~ 1/n* <« 1
and G3>°/G§> ~ 1/n®> < 1. To lowest order, we recover equation (3.13), except that
here we have Q instead of Q. Then, G§*> = A2, g> = (Dox) 2G> = Avﬁ’ﬁ. We have
introduced ¢ for the asymptotic behaviour of f to avoid confusion with the asymptotic

results in the previous section. To next order, equation (3.26) is

9 _
n oo/ 2P oo/ ® o0
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Solving this equation gives

G =3QAP 2, g™ = 3QAdv}" (3.28)
and so o
Foo — %852, . (3.29)
Going to second order, (3.26) equation gives
(Gg>)" — %Z(G;m)’ + QnG3> = 0. (3.30)
This gives a solution
Gi™ = =30(3Q — DA™, 7™ = —3Q(3Q — 1) ADgavi}" " (3.31)
and so ot
. o0
93> = _U_HDO 8gz?|2| : (3.32)

At n — —oo, the solution is exponentially small and equal to the asymptotic solution
~exp(n®/9)/n® (given in (3.19)). For n — —oo, P # 0 is not important.

We will demonstrate that the values of P and Q that solve the kinetic equation for
¢ = Px*3 are incompatible with quasineutrality, using similar methods to those used in
the previous section. Starting with (3.22), using definitions of G' above and expansion

(3.8) (the collision term is proportional to r < é and is neglected to this order) we get

1 oo B 0 K
e =0) =25 [ aosos (00| [ Gan+ [ (@ -G
e 0 —00 0

+ / 0@ =0) s, (3.33)
v >K(

Doa)/3 U OV

We will now consider different ranges of the minimum value of Q(v, ), Q,, = min,, €,

separately.

e 1/6 <, < 1/3. We follow a procedure similar to the one that led to equation
(3.24). In this case g (¢/v))df(x = 0)/dv diverges sufficiently fast for small v,
that it is not integrable. To avoid this divergence, we add and subtract integrals of

g1 to equation (3.33). The final result is

o} B 0 K
Tn(x =0) = 27T/ deUL(DOx)QH/S l/ Gdn + / (G —G5>)dn
0 —00 0
0 2 _ 00
. Gf“dn} -/ ¢ (a fle=0) 9% )d3v. (3.34)
K =K Do)/ U\ Y e
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In this equation we can take the limits K — oo and K (Dyz)'/3 — 0.

To find how the term in the square brackets in equation (3.40) scales with z
we need to approximate the integral in v;. To do this we rewrite (Dox)Q =
exp(—Q|ln (Doz)|), where we made the negative value of In(Dpz) explicit. We
then use the fact that |In(Dox)| > 1, which allows us to use the Laplace method,
because the integral is dominated by the region in v, space where € is minimum.

This occurs at some v; = v, and we label this minimum value €2,,, = Q(v, = v1,,).

In our simulations the minimum €2,,, is always a local minimum, that is, 9/9v, van-
ishes at v ,,. This can be confirmed by using (E.5), applying the relation Q o 1/Dj,
and evaluating Dy numerically at x = 0 and v = 0. Numerical calculations are
shown in Figure 3.3, where Dy, = max,, D, is always a local maximum. Expand-

ing () around its minimum it to second order in v; — v, ,,, we get

Q(UL) = Qm -+ (’UL — ULm)2Q;/n + O((Ul — ULm)3); (335)

N —

where we use notation Q= 9*Q/0v? (v = v ).

Therefore the integral in v, for any function L(v, ), which varies slowly near v,

such as in equation (3.40), simplifies to

/ dvy v, (Domz) V3 L(v,)
0

_ o0 1 _
~ (D0m$)9m+l/3UJ—mL(vJ‘m) / dv | exp (-5(1& — vlm)Qlen(DOmm)o
0

2 (DOmx)QmH/?’

Vimg | e
+ Q. /|In(Dgynz)|

where in the last equality we used ’\/ln(DOmx) ‘Q’,’nvim > 1. If Q,, were located at

~ L(v1m) (3.36)

v, = 0, then 9/0v, would not need to be zero at the location of the minimum,
and the final term in (3.36) would scale as 1/ In(Dy,,x). The overall argument given
in the rest of the section holds independent of the nature of the minimum.

For any value of 2,, < 1/3, in the limit # — 0, the terms in the square brackets

of (3.34) dominate the equation and cannot be balanced by the $ ~ g2/3

terms,
unless the term in the brackets vanishes. The only term in the brackets that may be

negative is fOK dn(G — G¢>°). We plot this term for different values of €, in Figure
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Figure 3.3: The value of Dy(x = 0, v = 0) for a sample of simulations.

3.4 to show that it is always positive. These results show that 1/6 < Q,, < 1/3 is

not a valid solution.

Q,, = 1/3. In this case, the integral of G diverges logarithmically at large 7.
To show the scaling of all the terms explicitly we split the integral of (1/v))0f /0y
in (3.33) into two intervals by introducing an intermediate point b ~ 1. We then

subtract and add the diverging integral in the region K (Dyz)/3 < v < b explicitly.

This gives
) o1 (Dopx)?/? l / / ]
— =0 Gdn + (G — GE™)d
=0 = Q1 /Tn(Doma)| ! o)
+/ ﬂ(@f(x:())_(?go >d3v—|— ¢af(x_0)d
K(Doz)1/3<uy<b V| A I s LT

b Og>e b Og>e
+/ © 9% d3v+/ 9 99 d*v, (3.37)
1<vy<b V) OV K(Dox)1/3<u <1 V] OV

where we used Laplace’s method to evaluate the v, integral in the first term (the
functions in the square brackets are evaluated at v,,,). For the last integral in
(3.37), with gf> = A(vl)vﬁﬁ, we use the substitution vy = e™*. This avoids the

1/(3Q2—1) prefactor that arises from the v integration, which diverges as  — 1/3,
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Figure 3.4: The value of fOK dn(G — G¢™) for 1/6 < Q < 1/3, here we take K = 100.

and allows the direct application of Laplace’s method.

n o 400 |ln (Dox o) _ _
/ ﬂ J0 dPv = 67 qzﬁ/ s/ dv v AQe 5681
K(Dox)!/3<vy<1 V| OV

o |1n (Dox) 1/3
~ 27T¢’UJ_m mA [ —— Q” / dST

)1/3

~ 2
= 4mdy/ (K (Do) 19)| s UinAn,  (338)
where A,, = A(vy,,) and for the second equality we used Laplace’s method to

approximate the v, integral, it is valid because the integral in s is dominated by
the region of s ~ ‘ln (K (Dox)l/?’)‘ > 1.

We can now take the limit K(Dyx)'® — 0 in the integral from K(Dyx)Y? to b
without encountering any divergences. The subtracted divergence is explicit in the

last term. All the terms in (3.37) are too small to balance the dominant term

d+/|In(K (Do) /3)] in (3.37) for small 2, making this solution invalid.

e 1/3<0Q,, <2/3.

In this case, the integral of (95/11||)(8f(:1: = 0)/0vy)) is integrable for small v|. How-
ever, integral of G now has divergence at large 1, which needs to be eliminated by

subtracting G{>°(n) before taking K — oo. The function G7*°(n) is added back as
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(¢/v))(Of (x = 0)/dvy). We rewrite quasineutrality as

in 0o B 0 K
ﬁn(a: =0) = 27r/ dvy v, (Dox) /3 [/ Gdn + / (G — GE> — G>)dn
0 —00 0

1e
R B oo
+ / $ONE=0) 4, / 0 0% py. (330)
v >K(Dox) /3 V| Oy 0<uy <K (Dox)1/3 V] DY)

We integrate the first term in v; and use f(zr = 0) ~ g§> to bring the last two
integrals together and get

21 (Do) t1/3 )@m+1/3 / /
R — — " d _ +oo —+o00 d
Ten(x 0)=vy ar nDor)] Gdn + (G -G, G7>%)dn
L [22E=0) 4, (3.40)
v 9y

Since €, > 1/3, the potential terms, which scale as #%/3, dominate and the equation

looks balanced, simplifying to

M~ | 7 _ 41
Te UH aU” <3 )

This is exactly the kinetic Chodura condition (3.5), which has to be satisfied at the
sheath boundary. To find if the z%? scaling of the potential is consistent, we need

to go to higher order in z and ¢ in the quasineutrality equation (3.39).

The left hand side of quasineutrality (3.4) gives terms of order ¢* from the density

expansion
n(z) ~n(z = 0)(1+ ¢/T, + ¢*/2T2 + O($* /T)). (3.42)

On the right side, we keep the higher order terms of the expansion (3.8) to get an

equation
n(z=0) %%D%JWW“B{/O /K
——0 =V | = —— Gdn + G—Gi>® -G ™®)d
TV T vz O A S A

iy / Leif e = 0)dv. (3.43)
v >K(Dox)/3 v

At small vy, C[f, fl(x = 0) = Dyd*f(z = O)/@vﬁ, it diverges because 8295”’0/8vﬁ ~

|?|’Q 2. We subtract the divergence and add it to the terms in the brackets to get

n(z =0) ,

ne=0)n 1 v Pa N
- ¢—-x[pmmwmv(ﬂﬁﬂ@—ﬂ>-0 i)

+ o Q_WW{/O Gd??+/K(G—G+OO—G+°°)d77—|—/ooG+°°d77:|
1m Q;,n ‘ln(DOml')’ . 0 0 1 K 2 .

(3.44)
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Figure 3.5: The value of fOK dn(G — G§® — Gf*) + ffoo dnG== for 1/3 < Q < 2/3, here
we take K = 100.

The limits K — oo and K(Dyx)'® — 0 can now be taken. Comparing the scal-
ings of the three terms we have z%/3, z and 2*/3/,/|In(Dgnx)|. The latter two
terms are dominant, and they cannot be balanced for all Dy,,x < 1. Therefore no

solutions exist if the term in square brackets is not zero. For K — oo the term

[ dn(G — Gg= — GF=) + [°_dnG~> is never zero in the range 1/3 < Q,, < 2/3

(see Figure 3.5), making 1/3 < ©,, < 2/3 an invalid solution.

e 0, =2/3.

In this case, the integral of G5 diverges logarithmically at large 7, therefore to
deal with the divergence of C'/v term we have to introduce an intermediate point
b ~ 1 and use the substitution vy = e~ like we did for the Q = 1/3 case. Equation
(3.43) then simplifies to

n(z=0) -, / 1 P90\
750 = s 2o \CU A1 = 0) = Dot )y
1 1 2 +oo
— x/ —CIf, fl(x = 0)d*v — 3:/ _D08 g02 d*v
v =b Y| 1<y <b Y| (%“
27
— SWDOmx\/|ln(K(ngx)1/3)| 30 VimAm

(Dom) [/0 Gdn+/0K(G—GO+°°—GT°°)dn , (3.45)

2
FVimy | &
N\ QT (Do) Lo
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We can now take the limit K(Dpz)'/® — 0 in the integral of C/vj. The term

z+/|In(K (Dg,nx)'/3)] at small z dominates other terms, making this solution invalid.

e 0, >2/3.

To lowest order the potential terms balance in the quasineutrality equation to give
(3.41) and we use (3.43). At large n there is a divergence in G(n) for n — oo since
Go(n) diverges and it has to be subtracted. Equation (3.43) then gives

n(r = )AQ*—:(: i - 3
= =0

1/3 U”

1 82 +o00
o f L L5 gy
vHSK(Do:r)l/?’ ) (91}

2 (DO x) m+1/3

Q IIn( Doy z)|

+UJ_m

U Gdn+/ (G — G™ — G — G)dn]|.
(3.46)

The first two terms on the right hand side add up to eliminate K (Dyz)"/? from the
expansion. K — oo can now be taken without divergences. In the limit x — 0
the right hand side is dominated by x [ C[f, f](x = 0)/v;. This term scales as
x> 9232 ~ z*/3 and cannot be balanced by any other terms. Any values of €, larger

than 2/3 will result in terms smaller than z.

Thus there are no valid solutions for 5 = 2/3, combined with the previous proof that

B > 2/3 is not allowed, we must have 8 < 2/3 for solutions to exist.

3.2 Deriving the ¢ ~ z!/2 scaling

We have argued that the electric field diverges at = = 0 since < 2/3 and 0Oz ~ P71,
In this section we show that the distribution function is exponentially small near the wall
at small velocities. We use this result to get the scaling ngS ~ 2'/2 and to prove that the
kinetic Chodura condition is satisfied at x = 0. Throughout this section, we continue

using normalised variables unless explicitly stated otherwise.

67



3.2.1 Exponentially small distribution function near the wall at
small v

The full drift kinetic equation is given in (3.3). At the MPE, at v ~ 1 the function is
smooth and the collision operator, which contains derivatives of f in v and no derivatives
in z, is finite. However, as mentioned in the previous section, we expect solutions that
have 5 < 2/3, which results in a diverging electric field as x — 0. Therefore, to balance
the diverging electric field at = 0 in (3.3), the parallel streaming term v0f/0x must
diverge as well. This balance must occur even for v < 1 since, from scalings (3.9),
near the MPE (2 < 1) the collision term will be negligible compared to the electric field
term for v > x'7?. We also see from (3.9) that for velocities v ~ ¢ ~ 22 the
potential term causes a large change in f. We are interested in the characteristics where
this change is large, but collisions can be neglected, that is, 2%/2 ~ v > ', Notice
that this inequality can only be satisfied for x < 1 if 5 < 2/3. We define the expansion

parameter 1 ~ z'77 /v; < 1 and write our distribution function near x = 0 and v = 0 as

f=fo+nfi+nfa+ .. (3.47)

Then using the fact that C[fo, fo] ~ nvdfo/0x ~ n(@gﬂ/@x)(@fo/@v”), to lowest order,
we have

O, 90k
I Or  Ox Oy

(3.48)
The solution to this equation is fy = fo(U). This says that the distribution function
remains constant along the trajectories defined by constant energy. Since the wall is fully
absorbing, we have the boundary condition f(x = 0,v; < 0) = 0. As a result, all the
particle trajectories that come from the MPE have f = 0. In Figure 3.6 we show the
trajectories of the particles calculated numerically using the numerical model described
in Chapter 4.

Figure 3.6 shows that all particle trajectories at x = 0 and small enough v > 0 come
from the MPE. For these trajectories, the time between leaving the wall and reaching it
again is short enough so that the collisions can be neglected to lowest order, as argued

above, and as a result, fo(z = 0,7)) = 0. Then f, and its derivatives are also zero

at small v and so C[fo, fl(x = 0,v)) = 0. Note that by writing the collision operator
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Figure 3.6: Particle trajectories near the MPE. The points at z = 0 and v > 0 are the
final locations of the trajectories. The code starts at these locations and traces the paths
back in time to the next grid point in x. Trajectories shown above do not reach the next
grid point in = (dotted vertical line), they originate from x = 0.

as C[fo, f] we are emphasising that it enters in the operator both differentiated (first
argument of C|[fo, f]) and inside velocity space integrals (second argument of C[fo, f]),
and that we are using the approximation only for the terms that are not in the integrals,
where approximation would not be valid as it requires the values of f at all vj. Going to

next order in 7, we have

Ofi | 000f1
—UH%—F%()—UH = C|fo, fl, (3.49)

but, as argued above, at small v, we have fo = 0 and hence C[fy, f| = 0. Then the
equation for f; looks the same as the equation for fy. The solution is fi(z = 0,v)) = 0. We
can repeat this process to an arbitrary order in 7 and thus show f,,(z = 0,v) = 0 for any n.
This means that f(x = 0,v)) is exponentially small in 7, that is, f(z = 0) ~ exp(—=A/nP),
where A and p > 0 are some constants that we have not determined. Note that our small
expansion parameter 7 only gives a relation between v) and z, and since v ~ 2P/? it can
be written as various combinations of z and v, and therefore this calculation does not

tell us the precise dependence of f on x and v in this region.
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3.2.2 Chodura Condition

We can now derive the kinetic Chodura condition. We start by differentiating the
quasineutrality equation (3.4), which gives

on  n 0
— === .50
oxr T,0x’ (3.50)
For the left hand side, we use n = [ d®vf and rearrange the drift kinetic equation (3.3)

to get
of _ 001 0f CIf.f]

8_ZE N 8[)3 U” 82}” U”

(3.51)

Substituting this result into (3.50) and rearranging gives us

1of n)\do CLf, /]
{][ dS’UU—”a—UH - i}% —][d?’v—v s (352)

where f indicates that these are principal value integrals. The principal value is needed to
make sure that the two principal value integrals add appropriately and do not introduce
any divergences that were not present in the original equation (3.51).

Since f is exponentially small for small v and small x, the right hand side of (3.52)
s finite at * = 0, whereas we have showed that the electric field diverges at =z = 0.
Therefore, at x = 0, the term in the brackets in the left hand side of (3.52) must be zero.
In addition, due to the function being exponentially small at small v at z = 0, we can
remove the principal value from the integral as we know it does not diverge at v = 0 and
x = 0. This gives

5 10f(xr=0) n(z=0)
/ T (3.53)

Integrating by parts and using f = 0 for v = 0 and z = 0, and for v — oo, we recover

the kinetic Chodura condition (3.5).

The derivation relies on the electric field diverging at = 0 and on the distribution
function at z = 0 decaying to zero quickly enough at small v > 0 for the integrals in
(3.52) to be finite. The fact that the kinetic Chodura condition is satisfied at = = 0 allows
us to label this point as the MPE, where we know from the magnetic presheath analysis
[37] that the kinetic Chodura condition must be satisfied for the potential in the magnetic
presheath to be monotonic. Note that the electric field diverges on the collisional layer

scale but it is finite on the magnetic presheath scale since \y;pp sina > p;.
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3.2.3 Scaling of ngS with z

We can find how qg depends on x by expanding equation (3.52) for (;3 < 1, which happens
for small 2. Due to exponential decay of f(x = 0) for small v, expression (3.8) is valid

for all v, giving

:éaﬂx:o)

72
o o +0(¢% ). (3.54)

f=flx=0)
where we have used that the terms of O(x) are higher order since the potential scales
as ¢ o 2°, with 8 < 2/3. Plugging equation (3.54) into equation (3.52), expanding
n(z) ~ n(z = 0)(1 + ¢) (recall the electron adiabatic response), and using the kinetic

Chodura condition (3.5) to cancel out the lowest order terms give

{/ﬁ%1jlcui@i9>—n}%§=/fUQﬂﬂ@:®+O@) (3.55)

vpdv \vp 0y v

Then integrating by parts in v,
{ oot d g2~ [ SLIEZ0 4 06), (aso)

Uﬁ ox V)

Once again, the integrals do not diverge because f(x = 0) is exponentially small for small

vj. The right hand side of (3.56) is a constant to lowest order. This gives us

0 B
$op = A (3.57)

where A is a constant. From (3.57) it follows that at = = 0, the MPE, ¢ ~ z/2. This
is consistent with § < 2/3. This means that we have found a self consistent solution.
This solution relies on a diverging potential and the distribution function decaying to
zero quickly enough as v — 0 so that all the integrals are well defined.

Reference [40] showed that the potential scales as ¢ ~ x/3 for a source of particles
that has a finite non-zero value at vj = 0. There it was assumed that the source and
the distribution function behave as a power of v for small v near x = 0, whereas we
have shown that both the distribution function and the source (in this case, the collision
operator) are exponentially small. There exists no source of particles due to collisions at
vy = 0 in our problem because the characteristics with small positive v near the MPE
are connected to a negative v at the MPE, where the boundary condition imposes that
f = 0. The collisions, which allow the particles to jump from one characteristic to another
and in this way give f(v > 0) > 0, are proportional to f itself, and as a result fill the

small v > 0 with an exponentially small distribution function.
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Chapter 4

Numerical methods

In this chapter we describe the numerical method we use to solve the steady state drift
kinetic equation together with quasineutrality assuming Boltzmann electrons. In nor-
malised variables these are equations (3.3) and (3.4). We use a finite element basis to
describe the distribution function in velocity space and Galerkin’s method to get a system
of equations for the weights of the basis functions, which can be solved numerically. We
follow the characteristics determined by the left hand side of the equation using a first or-
der Euler method and evaluate the collision operator implicitly. The nonlinear equations
obtained through these discretisations are solved using Newton’s method. Throughout
this chapter, we use normalised variables, introduced in (2.54).

In Section 4.1 we describe the semi-Lagrangian implementation of the left hand side of
the drift kinetic equation. In Section 4.2 we introduce Galerkin’s method and convert the
system of equations into a discrete set of nonlinear equations we can solve numerically,
and we introduce the velocity space grids. In Section 4.3 we describe the form that the
Fokker-Planck collision operator takes in the basis functions chosen, prove its conservation
properties and discuss entropy production. In Section 4.4 we introduce Newton’s method

and its implementation, and we discuss the position space grid.

4.1 Time evolution

We are solving for the steady state of the system. The left hand side of equation (3.3)
can be described as a derivative along characteristics. Using characteristics to discretise

the equation ensures stability of the numerical method. The derivative is approximated
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with the first order Euler method, and so the left hand side of (3.3) becomes

df _ 1
S R o [0 0001 0) = e = 80,y = A0 va(e - A (1)

We divide the xz-space into a grid, where each grid point is z;, with ¢ =0, ..., N, — 1. Here
N, is the number of grid points in the system, xy corresponds to the MPE and zx,_; to
the boundary at x — oo. We choose the MPE to be the origin of the coordinate system,
and xg = 0. The distance between two points in z is, in general, not uniform and labelled
Ax; = x;41 — x;. We interpolate the potential in x linearly in between the grid points,
except in the region between z (the MPE) and 2, where we fix the potential to vary as
v/x. This is justified by the analysis done in Section 3.2.3, where we obtained equation
(3.57). We have to force the potential to be v/z to correctly capture the behaviour of the
distribution function in that region. We discuss this choice further in Section 5.4.

At each time step, we take z(t) = x;. For velocity space, we choose v|(t) to be
the Gaussian quadrature points inside specific intervals because we will use Gaussian
quadrature for our velocity space integration (the Gaussian quadrature integration method
will be discussed in Section 4.2.1). We follow the characteristics of every x; and v (t) back
in time to t — At. The time interval At is the time it takes the particle to intersect a
grid point in z once again, so x(t — At) = x, where k can be i — 1,4 or i + 1. The
index k depends on vj(t) and the electric field in the region. Note that the time step
is different for every x(¢) and v(t). The collisionless trajectories of the particles are
presented in Figure 4.1, where the dots represent the values of x and v at every At along
the trajectory.

Given (), v(t) and ¢(x), we can solve for At, z(t —At) and v(t — At). From equation
(3.3) the equations for the characteristics are

dz ﬂ_% dv

A T P 42

Thus, v, is constant along the characteristic, as it should be for a particle in a uniform
magnetic field in the drift kinetic approximation.

To simplify notation, we introduce the functions

C=v)(t —At) and & =x(t— At). (4.3)
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Figure 4.1: The particle trajectories (black dashed lines) in phase space for a negatively
charged wall for a simulation with A; = 0.1 and 7, = 0.5. The spatial point x = 0 (the
MPE), and v is the velocity along the magnetic field line (positive towards the wall).
Only the lines for a small subset of v velocities used in the simulations are drawn. Top:
Trajectories for the entire position space domain. Trajectories are followed back from the
boundaries (z = 0, vy > 0, and = xn,_1, v < 0). The black dots are x(t), v (t) points
that we evolve to find x(t — At),v|(t — At). Here z(t — At) is the first grid point the
trajectory intersects when following it back in time. Only trajectories that escape from
the MPE and reach the boundary zy,_; are the trajectories associated with the largest
|v||| (vy < 0). The rest of the trajectories from the MPE turn around and travel back
to the MPE. Bottom: Zoomed in part of the position space domain. The red arrows
represent the trajectories of particles moving away from the wall that have enough energy
to overcome the electric field and reach the next grid point. The larger magenta dots
represent a trajectory of a slower particle. This trajectory starts at the lower magenta
point with v (t — At) < 0. t his velocity is not large enough to overcome the potential
barrier and reach the next grid point, and as a result the trajectory turns back and ends at
the same location in space (x(t) = x(t — At)), and v (t) = —v(t — At). The green arrows
represent particles already moving towards the wall, being accelerated by the electric field.
Note that At is different for each trajectory.
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From conservation of energy, we have

¢* +20(8) = vj(t) + 20(xy), (4.4)

where we are looking at a particle that is at an x grid point x; at time t. Depending on

the particle’s kinetic energy and the velocity direction o = sgn(v(t)), £ is either x;_1, x;

_ Jwie for vi(t)/2 > 3(Tito) — d(wi),
: {xl for v (t)/2 < ¢(wito) — Plx:). (4:5)
Then, we use energy conservation (4.4) to find
_ {0\/v||(t)2 +200(@) — G@ira) for  v}(1)/2 > b(i10) — d(xs), (46)
(0 for  v2(1)/2 > dlwi1) — B,

We also have the characteristic equation (4.2) for vy, from which we can find At,

A v) () dv|’| e

where we integrate along the particle’s trajectory. Note that since v (t) are always chosen

to be the Gaussian quadrature points (this will be discussed in Section 4.2.1), we will
never have v(t) = 0. We will approximate the potential to be linear in x in between
adjacent grid points in x. An exception for the region near the MPE will be discussed
later.

We introduce the electric field, which is constant between any two adjacent grid points,

= ¢ . ¢($z) - ¢(xi+o>
Ei,o = a_x == Agi’o .

(4.8)

Equation (4.7) then gives
_ oy =¢

At (;, (1)) =

(4.9)

Here we have introduced a variable A¢; , = x; — z;1,. The velocity point v”(t) is chosen
to be a point in velocity grid that corresponds to a Gaussian quadrature point. Then
variables ¢ and ¢ are found from (4.5) and (4.6), respectively.

From the analysis in Section 3.2.3, we expect the potential near x = 0 to scale as
quS ~ z'/2_ therefore in the region 0 < x < x; we will force the potential to have a
2'/? dependence. We will see later (see Section 5.1) that this choice does not affect the

potential profile much, but is essential if we want to recover the kinetic Chodura condition
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(see Section 4.4.1). A particle that came from the MPE (z; = 21, v < 0) or ended up at
the MPE (z; = %0, v > 0) moves through the region between zy and z;.To find At via

(4.7), we assume the potential near the wall to be of the form
¢($) = ¢0 + El’,lxiiﬁfﬂﬁ, (410)

where ¢y is the potential at the wall and we used (4.8) to define the constant in front of
the scaling. Keeping [ general is useful to test the code, but in most of our simulations
we will set § = 1/2. Equations (4.7) and (4.9) give
e s
At(x;, v (t)) :/c dvum. (4.11)
Then we can use (4.10) and energy conservation vy (t)* + 2¢(z;) = v"f + 2¢(z) to find

1
/1 EYA

vy ()
At(wi, vy(1)) /C dvij (v (£)* = v + 2($(:) — )P, (4.12)

where ¢ = 0 means trajectories are reflected back to the wall before reaching x; and have
¢ = —v)(t), and i = 1 refers to trajectories that reach x; and hence ¢ is found via (4.6).

For § = 1/2 the equation simplifies to

~E2 4, (3"
i,0v1
When the electric field is very small, numerical precision becomes an issue in the

evaluation of the above fractions. For values of Ew such that

‘Ei,crAfi,a‘
vy (t)?

we solve for trajectories by approximating F;, = 0. The value 10~7 was chosen by

<1077 (4.14)

evaluating the expression (4.13) for a range of values of the fraction (4.14) and finding
that machine precision introduces large errors at values lower than 10~7. This error comes
from the specific form of (4.13), throughout the simulations double precision is used. In
this zero field case, the time of travel for any trajectory is

A&i,a
v

At(ZL‘Z‘,U”) = (415)

Using the approximations described and equations (4.4), (4.5), (4.9), (4.13) and (4.15),

we can determine ¢, § and At in terms of x(¢) and v)(t) and express equation (4.1) in
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terms of these variables. This allows us to evaluate df /dt at every position and velocity
space point.

We evaluate the collision operator on the right hand side of (1.19) at the grid point
x(t) = x;, which is similar to using a fully implicit scheme in a time stepping algorithm.
The full kinetic numerical equation we solve is

1
At(z(t), v (1))

f@@), v (t),vL(t) = F(&CvL(t)| = Vo - TIf1(2(t), vy (t), vi(t)).
(4.16)

We use Galerkin’s method with a finite element basis in velocity space to turn this into
a set of nonlinear equations, and we iterate to a steady state solution using Newton’s
method.

At the boundaries * = 0,zy,_1, half of the domain in v is fixed by the boundary
conditions (1.29) and (1.30). Therefore, at those locations only the unfixed half of the

distribution function in vy space (v > 0 for x = 0 and v < 0 for = xy,_1) is evolved.

4.2 Galerkin’s method

We solve equation (4.16) numerically using Galerkin’s finite element method, which we
describe here. We look for an approximate solution § = Zf\il a;;(x) to the equation
L[g(x)] = 0, where L is an operator, x is an arbitrary variable and {¢;(x)}i=1, n are the
basis functions spanning some functional vector space . There are various ways to find
the best g. In Galerkin’s method, the idea is to find a set of coefficients {a;} such that
the residual of our equation R = L(§(x)) is orthogonal to the space W. Explicitly, this
says that for a function w in W, we require [ d"@R(x)w(x) = 0. Since we can expand w

in the basis {¢;(x)}i=1,. n, the condition is equivalent to requiring
/d”:cR(w)wl(a:) =0, fori=1,...,N. (4.17)

This gives us a system of N coupled equations for {a;} that we can solve. Equation (4.17)
is a statement of weak equality; that is, R(x) does not have to be zero for all x, it only
has to be zero when projected onto the basis functions.

For our basis, we use a finite element discretisation. We first discretise v; and v into
a grid and split the grid into elements, with every element boundary lying on a grid point.

The grid points are called nodes. Each element starts at some node and ends at another
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node (not necessarily an adjacent one), where the next element starts and so on. The
number of nodes inside the element determines the order of the polynomial that we use
to interpolate inside the element. In finite element methods, it is common to choose the
basis functions to be Lagrange polynomials. If there are n nodes in the element, then
the Lagrange polynomials are polynomials of order n — 1 that are zero at all grid points
except one, Yg(Zy,) = Ogm, where z,, is a grid point (a node) and ¥ (x) is the Lagrange
polynomial. The basis function is zero outside the elements that contain node x;. The
location and number of node points can be chosen arbitrarily. The precision of the scheme
will differ depending on the points chosen. The choice of Lagrange polynomials (rather
than Chebyshev, Legendre, etc.) is motivated by the fact that Lagrange polynomials
make it easy to set boundary conditions in a finite integration region. If the element
boundary is at node B (at a grid point value zp), changing the value of the function at
xp only affects the value of the weight ap, which takes the new value, the other weights
are unaffected because Yy (zp) = dxp. Since at the MPE, the distribution function is
zero for negative v and finite for positive v, the choice of Lagrange polynomials makes
enforcing the boundary condition very simple. In addition, only the basis functions at
the element edges overlap with basis functions in two elements, the other basis functions
only overlap with the basis functions inside the same element. This makes it easier to
compute the integrals (4.17) and assemble the matrix.

In this work, we use quadratic Lagrange polynomials as our basis functions since this
is the lowest order polynomial required to exactly conserve energy (this will be discussed
in Section 4.3.2). For quadratic basis functions, the element contains three nodes, two of
them are the boundaries of the element and the third one is in the middle of the element.
Quadratic basis functions are shown in Figure 4.2. Note that all the basis functions are
continuous, but they have discontinuous derivatives at the boundary elements. When
solving equation (4.17) and looking for solutions in space W, which is spanned by 1,
these discontinuities have to be treated carefully to avoid issues when R includes second
order derivatives of g.

To summarise, we look for a solution of the distribution function in the space of our
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Figure 4.2: Quadratic finite element basis functions for a uniform 1D grid. Each grid
point has an associated basis function v, where k indicates the grid point such that
Yr(x;) = dg;. Dashed lines indicate the boundaries between adjacent elements. In the
quadratic case each element has 3 basis functions.

basis functions,

K,L

flavio) = " au@)ulvr,v)). (4.18)

k=1,1=1

From here on we drop the hat and call our numerical solution f. The variables ay; are
the weights of the basis functions v, and they depend on x. Indices k and [ represent
the perpendicular and parallel velocity discretisation, respectively. The numbers K and
L are the number of points in our perpendicular and parallel velocity grids, respectively.
In this work we choose to use a rectangular grid in the (v,,v)) space. The velocity grid
discretisation will be discussed in Section 4.2.2. Our basis function ¢ (v, v)) is the
product of basis functions of one variable, that is, ¥ (vy,v)) = ¥r(vi)i(v)), and ¥y is a
quadratic finite element Lagrange polynomial. These are shown in Figure 4.2.

While solution (4.18) does not ensure positivity of the distribution function, this has
not caused any issues in the code. To ensure positivity of the distribution function,
we initially tried expanding In f instead of f in terms of the basis functions, that is,
f = exp(>_ artr). This proved to capture the Maxwellian behaviour very well and
prevented any numerical imprecisions from causing the function to be negative. However,
due to the boundary condition at the wall, which requires the distribution function to be

zero at v = 0, we had to modify the expression for the distribution function there. We
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could not find a satisfactory expansion near vy = 0 and x = 0. In addition, the exponential
expansion made the problem nonlinear, which prevented us from precomputing a collision
operator tensor (discussed below) in advance and therefore slowed down the computation
by orders of magnitude.

We multiply both sides of equation (4.16) by a basis function ¢y, (v, ,v)) and integrate

over the velocity space elements in which the basis function 1, is not zero to get

1
/];l d’UHdUJ_ULm f(iL‘,UJ_,UH) - f(f(mavl\)a C(zavﬂ)’vl-)]wkl

= —/ d?)”dULUL’;DklvU : F[f](:L‘,UL,U”). (419)
Kl

The integral subscript kIl means that our integration limits are only over the region where
i # 0. The last term in equation (4.19) contains second derivatives of f since it is a
divergence of T, which itself has first order derivatives of f in it, as defined in (1.21).
Second derivatives could be problematic due to the first derivative discontinuities in vy,
(see Figure 4.2). To avoid problems, we integrate the last term by parts, and then express

f in terms of 1, using (4.18). This gives

1
/kl dvndwwm fQ,vn,v) = FEG@, o), (2, 01),v1) | Yn

= —/ dU”dULULvU’(ﬁkZ . F[f] (JZ,UL,UH) + /dsvwle[f] (ZL’, vV, UH) ‘T, (420)
kl

where S, is the boundary surface of the computational domain in velocity space, d.S,
is the infinitesimal surface element on S, and m is the unit vector normal to dS,. The
only terms we need to consider about are the basis functions that are non zero at the
boundaries of the full velocity space. In the numerical implementation of the model, we
use a velocity grid with boundaries at some finite values of vy, v,, v’ and v|’|. Since
I' = f(v)[...] + Vo, f(v)[..] and our integration limits are at large v, ,v), the boundary
terms are close to zero as long as the distribution function f decays quickly enough at
large v (which will be true for any physical system). Thus we set the surface term to zero
at these points. This ensures that no particles, momentum or energy is lost or gained by
the system through the boundary at large v or v;. This argument does not hold at the

parallel velocity space boundaries at * = 0 and x = zy,_;. At these spatial locations,
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one of the velocity space boundaries is at v = 0. Here the boundary terms may not be
zero because at v = 0 we have, in general, that I' - 1 # 0. However, the integrand of the
boundary terms is multiplied by the basis function ;. The only basis function that is
non-zero at v = 0, which is the boundary, is v4;, where J is the grid point in parallel
velocity space at which its value is zero, v); = 0. The distribution function at z = 0 and
r = xy,-1 is fixed at v = 0 by the boundary conditions and so we do not solve equation
(4.20) for the vy, terms at these spatial locations (we only solve for [ > J at x = 0 and
for | < J at x = xn,-1). As a result, the boundary term is zero everywhere and can be

neglected.

4.2.1 Integration method: Gaussian quadrature

In our code, the integrals in each element are evaluated using the Gaussian quadrature

method which approximates the integral of a function F(y) as
p
[tvF@) =Y =) (1.21)
i=1

where w; are the weights associated with each point ¥, and p indicates the number of
points used to calculate the integral. Note that the choice of integration points y¢ is
independent of the earlier discussed grid points y; (for velocity space we had, vy;,v1;).
Grid points y; label the nodes of the finite element basis functions ;(y), the basis function
can be evaluated at any y point. We choose to use Gauss-Legendre weights w; and points
y“, for which the approximation is exact if F(y) is a polynomial of order 2p — 1 or
lower. Gaussian quadrature is used for integration in every element in vy, vy, v’ and v|/|.
Having a higher number of points (p) improves the accuracy of the integral, but it slows
down the code and requires more memory. We choose to use p = 4 quadrature points
as a larger number did not affect the results significantly. This means the scheme can
compute polynomials up to order seven in every element in any velocity direction exactly.

To evaluate the errors, we consider the following problem, which will be of interest
later: finding a function fyum = D, @m¥u(vy,v)) that best describes a Maxwellian
function fy; = # exp(—vﬁ — vi) in the space spanned by quadratic finite elements 1;;,

that is, we want to find a; such that

Z aleklij = Rij7 (422)
k,l
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where Ly;; = [ d*viyip; and Ry = [ dPvfyips;. For this test we choose the grids to
be from —3 to 3 in v and from 0 to 3 in v;. We divide the grids into 10 elements
in the parallel velocity grid and 6 elements in the perpendicular velocity grid, giving
N = 13 grid points in the parallel velocity, and N, = 21 grid points in the perpendicular
velocity. The distance between grid points is uniform in each direction. We remind
the reader that the grid points here are defined as the nodes of the finite element basis
functions, in each element the integrals are computed using (4.21) by evaluating the
basis functions (v, ,v) at the appropriate Gauss-Legendre points. The integrals in
equation (4.22) can be done analytically to get a$7“‘. We compare this analytical result
to the integrals done using numerical Gaussian quadrature method for different number of
Gaussian points. To find how good the numerical solution is, we compute the maximum
difference D = max|ay/asi* — 1| and plot D vs the number of Gaussian quadrature
points p in Figure 4.3. We also plot the errors of the integrals on the left hand side and
right hand sides of equation (4.22), labelling them Dpps = max’Lklz-j/LZfi‘;Ct - 1‘ and
Drps = max|Ry/Ri*! — 1|, respectively. The integrands in Ly;; are fourth order in
v and and fifth order in v, since the basis functions are quadratic and the integration
Jacobian contains an extra v, . Therefore, we expect the error to be zero for p > 3 due
to the properties of the Gauss-Legendre points. The integrand in R;; is a product of a
Maxwellian and a quadratic element. Thus it cannot be represented via a finite number

of polynomials and the quadrature method will always produce an error that will decrease

in a non-linear [44] way with increasing p. These properties are confirmed by Figure 4.3.

4.2.2 Velocity space grids

We now explain the choice of the velocity space grids. In this work we choose to use a
rectangular grid in the (v, ,v|) space. The velocity grids in perpendicular and parallel
directions are normalised in units of v (see equation (2.54)). The velocity grids are the
same at every x location. In these units, the Maxwellian distribution function at x — oo

boundary is given by

1
fu(z, vy, v)) = 3 exp(— (v — Yoo)® — v7). (4.23)

To ensure that the boundary condition for the collisional flux I at velocity space bound-

aries, I' =0, is valid (the collision operator will be discussed in more detail in Section
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Figure 4.3: The size of the errors due to numerical integration of integrals in equa-
tion (4.22). The error in ay is D, and the errors of the integrals on the left and right
sides of equation (4.22) are Dygs and Dgyg, respectively (see text for definitions of D,
Dpus and Dgrys). The errors are given by the blue, orange and green curves respectively.
Note that the error of the left hand side is zero to machine precision for p > 3 because
the integrands are polynomials of order v, vﬁ or lower.

4.3.2), and to ensure accuracy of integrals over velocity space, we choose the maximum
values of the velocity grid points to be 3 units away from the peak of the Maxwellian f,,
at  — oo. That is, Ujee —3 < v S Ujoo +3 and 0 < vy < 3. At these velocity space
boundary points the value of f); is a factor of 1074 of its maximum value. The error in
the Newton’s method used to find the solution is of similar order, making the choice of
grid sizes appropriate (our Newton’s method is described in detail in Section 4.4). The
spacing between two grid points in perpendicular velocity space is Av, = vy k41 — Vi,
and in parallel velocity space it is Avj; = v ;41 — v);. We label the index at which v =0
by J, that is, vy = 0.

The trajectories discussed in Section 4.1 have a constant v, (t). In addition, the wall
boundary condition does not explicitly affect the v, coordinate. The collision operator
prevents sharp gradients from developing in v, and v. As a result, the distribution
function does not develop any fine structure in v, (see Figure 4.4) and we use uniform
spacing in the v, coordinate. To reduce computational costs most of the simulations
performed have 6 quadratic elements (13 grid points) in v; space. The code can also be
run with a non-uniform grid.

The dynamics in the v coordinate are more interesting due to the left hand side of

the kinetic equation containing explicit vj terms and due to the wall boundary condition,
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Figure 4.4: The ion distribution function as a function of v, for a range of x at a point
v = 0.52 (left) and for a range of v at = 0 (right). The structure in v, does not require
high resolution and, up to a scale factor, is similar across all x and v;. The boundary
condition at x — oo is a Maxwellian with A; = 0.01 and 7, = 0.5.

enforcing f(z = 0,v; < 0) = 0. Due to this boundary condition, we choose our finite
element basis functions such that one of the boundaries between elements is at v = 0.
Having v = 0 inside the element, instead of at its boundary, would require the basis
polynomials to sum to zero on the v < 0 part of the element domain while having
a finite value in the rest of the domain. This is impossible to achieve exactly with a
finite polynomial basis. The polynomial approximations can lead to Gibbs ringing and
complicates the analysis.

Due to the wall boundary condition, large derivatives with respect to v of the in-
tegrand of the Chodura condition, f /vﬁ, develop at # = 0 and v < 1 requiring high
resolution (see discussion of the kinetic Chodura condition in Section 5.4). In addition,
to calculate the integral appearing in the kinetic Chodura condition (3.5), we need to
capture the behaviour of f at very small v accurately. Therefore, we ensure that the
parallel velocity resolution in this region is the highest. Satisfying the kinetic Chodura
condition relies on resolving the trajectories that come from the MPE with v (t — At) <0
and turn back, intersecting the MPE at v (t) = —v)(t — At). Numerically this means that
in the simulation we must have particles that do not have enough kinetic energy to reach
the next grid point. That is, from (4.5), vf}/2 < ¢(21) — ¢(x = 0). We know that the
potential scales as ¢(z) — ¢(0) ~ x/2. Hence, we want to make sure that there are many

/4

particles with v < ZE} , where x; is the second grid point in the position space (the first
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one is the MPE at zy = 0). We choose the first element in v > 0 space to have the highest
resolution equal to Av); = xi/ 4 /N,, where N, is an integer, which for most simulations
is set to IV, = 50 — 200 (the highest N, that we have used was N, = 50000 when trying
to resolve f/ vﬁ peaks for large A, or low T, see Section 5.4). We then gradually increase
the spacing as we move away from this element (both in negative and positive vj). The
lowest resolution used in some of the runs is Avj; = 0.2 for grid points with v 2 )« and
v < —1, since here the ion distribution function has lower gradients. Overall we have
~ 70 —100 grid points in v corresponding to ~ 35— 50 elements. For values of x; used in

the simulations (z; = 1077 —1072) the smallest velocity space resolution is ~ 1074 —1072.

4.3 Collision operator

In this Section we discuss the implementation of the collisional operator into our code
using the finite element formalism. A similar discretisation has been used in [45] to solve
a collisional relaxation problem Jf /ot = C[f, f].

Since we have argued that the boundary terms in equation (4.20) vanish, we focus on

the integrals

Ckl == —/dgpdvldv” Ulvvwkl -T. (424)

The gradients of the basis functions in velocity space are
Vo (v) = —2b + —25 . (4.25)

Therefore, using equation (1.24) the integral is

47
((vy = v))? + (vL +v/)?)1?

X||||<f o/ af/>+X||Lf f+X\uf f]awkl

Cy = — /dedvdvldvﬂ

f

aUH v, a“l\
of _ ,of f Of"] Ovu
{Xln (f o, I ”) + X5 T+ XS } B0, } (4.26)

where the coefficients X, X1, X/, X1, X1 and X, |/ are defined in equation (1.25).
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Due to the representation of f in our basis functions (given in equation (4.18)), we

can precompute a tensor Tjmyi;j, which is defined as

L 47
Trtmni; = — /dULdvdULdU (v — U|/|)2 + (v + v )12
OVrmn / Mmn Oy
X { X (déj D0, %m ouf ) + X)Ly 90, +X\\i’¢m" } )
87vblcl

+ {XLI (W‘awmn @Dmn ) + X119 Hmn +XJ_J_’wmna }

. (4.2
e gy S b

8/UJ_

Computing the tensor Ty, uses most of the memory required to run the code as for
each component we need to perform integrals in 4 velocity dimensions. However, it speeds
up the calculations significantly as it can be computed once initially for a given velocity
grid and then be used to find Cy; at every iteration,

NL,Ny

Ckl - Z Z az]amnTklmnw (428)
meel(k) 4
neel(l)
Some memory usage is saved by the fact that the k£ and m indices denote the basis function
in v, space and therefore the integrand is non zero only if the basis functions overlap.
The same applies to the [ and n indices for vj. This is what the summations over m and
n indicate. For a given k, el(k) denotes a set of nodes inside the element(s) that contain
k. Summation over other points will give zero. The derivative of C}; with respect to the

weights a,,,, which we will use in Section 4.4, is given by

N_,Nj

IC
aamn ; aZ]TklZ]mn+ Z az]Tklmmj (429)
]Eel(l)

4.3.1 Approximating a Maxwellian

We need to ensure that the collision operator evaluates to zero if f is a Maxwellian
distribution. High precision of this property is important when evaluating the Maxwellian
distribution at the boundary zy,_; of our x space. A non-zero value of the collision
operator incorrectly gives a non-zero gradient in particle density, and thus the potential,
at infinity.

To see that C[fy] = 0 analytically, we use the fact that for a Maxwellian distribution,
given in (4.23), we have V,In fy(v) — Vy 1n fy (v') = 2”;72:" = 2%, we plug this into
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equation (3.2) and use V,V g -g = 0, which gives I' = 0 and hence C[fy]| = 0. Due
to finite resolution of the numerical implementation, this property is not reproduced by
the numerical operator. We want to find what numerical distribution function fy., gives
Cy; ~ 0. This is the function that the collisions try to force the distribution function to
relax to and is the function we put in at our x space boundary at x = zy, ;1.

Our numerical distribution function must be in the space spanned by our basis func-
tions ¥y, that is, fyum = Ek,l apYr. The basis functions are Lagrange polynomials
and therefore fyu, will not be an exact Maxwellian. There are three options we could

reasonably consider as our numerical Maxwellians.

I. The first option is to take a,(fll) = fa(vik,vy) to ensure that the numerical distribu-

tion function is exactly equal to the Maxwellian at the velocity grid points.

II. The second option is to require that the numerical and analytic Maxwellian functions
satisfy weak equality, in the same way as we do in the example problem in Section

4.2.1 (equation (4.22)), that is, for all ¢, j, we require

> ay / Povy = / o fartdy;. (4.30)
k,l

III. The final option is to numerically solve equation Ckl[{ag-n)}] = 0, with the con-

straints that fy.,, has the desired density, mean flow and temperature. The details

of this calculation are given in Appendix F.

These should all converge as resolution in velocity space is increased. We use a

Maxwellian fi; = (1/7%%)exp ( — (vj — 1) — v}) to test the accuracy of these meth-

ods. The maximum difference between the distribution function weights al(jll) — a,gl)

agln) - a,(j,) as a function of the number of elements in v is shown in Figure 4.5 on the

and

left. On the right in Figure 4.5, we show the norm of Cy, [agl)], where n labels the three
possible choices I, IT and III, as a function of number of elements in v). Different colours
represent a different number of elements in v, . As resolution increases, the collision op-
erator approaches zero for all choices of the distribution function. However, a very high
resolution is needed if we want to use choices I or II. The third choice has a distribution
function that has collision operator zero to machine precision at low resolution and ap-

proaches a Maxwellian as resolution is increased. To avoid gradients in density developing
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Figure 4.5: Differences between a;; (left figure) and maximum value of Cy[{a;;}]| (right
figure) for different methods used to approximate a Maxwellian as a function of the number

of elements in v and v, . Dotted lines represent ag) , the values of the Maxwellian at the
velocity grid points. Dashed lines represent a!™ . found using equation (4.30). Solid lines

1] Y
(I11)

represent a;; °, which solves the numerical collision operator.

at the boundary far away from the wall, we choose to use the option III as the boundary
condition at * = xn, 1.

Figure 4.6 shows density as a function of z for two simulations (Ay = 0.1, T, = 1)
only differing by the choice of the distribution function at the boundary at xy, ;. To
see the effect of choosing option I as a boundary condition, the domain of the plot shown
is approximately 280 < x < 440. The largest difference between the two distribution
functions is ~ 107®. The maximum value of Cy;[{a;;}] is equal to ~ 1073, when a simple
interpolation of a Maxwellian (option I) is used, and it is ~ 107 for the distribution
function that solves the collision operator (option III) computed using the method in
Appendix F. These errors depend weakly on the parameters A, and T,. The error using
option I is small, but it results in the electric field changing sign near the boundary
x — oo. High precision of the potential profile at large x is needed when comparing the
results to analytical predictions, such as those in Section 2.3. The accuracy is improved

by using option III.
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Figure 4.6: Particle density as a function of z for different implementations of the
Maxwellian distribution at the boundary far away from the wall. The domain is restricted

to approximately 280 < z < 440. The blue line uses a,(:l) = fu(vig, ) as a boundary

condition at z = 440. The orange line uses a,(jln), found by minimising Cy[{a;;}] (see

Appendix F), as the boundary condition

4.3.2 Conservation laws and entropy production

The form of Cjy; given in (4.26) is useful because it ensures that our collision operator
satisfies the correct conservation laws. To remind the reader of the conservation properties
of the collision operator, we multiply it by x(v), which represents one of the three moments
x(v) = {1, v, vﬁ +v?}, and integrate over velocity space. After integration by parts, we

find

I, = _/d3V/d3V’Vyff’X(V) -V4Vyg- [VU Inf(v) -V lnf(v’)]7 (4.31)

where I, represents particle number, momentum or energy production. We can obtain a
new equation by swapping the integration variables v and v’ in (4.31). We use the fact

that V,V,g is symmetric under this swap and add this new equation to (4.31) to get

2, = — / d?’v/d?’v’ff’ [Vyx(v) — Vux(v)| - VoVeg- [Voln f(v) = VyIn f(v))] = 0.
(4.32)
For x = {1,9)} the term V,x(v) — Vyx(v') = 0 identically. For x = v*, this term is

2v — 2v' = 2g. Using (1.22), we see that g - V,V,g = 0. Therefore I, = 0 for all the
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three moments giving particle, parallel momentum and energy conservation equations,

[ #veun=o (433

/d3V UHC[f, f] = 0, (434)

/d3v (vif +01)C[f, f1 = 0. (4.35)

To show that these properties are satisfied by the discretisation, we note that

K,L

> =1, (4.36)
k=1,l=1

K,L

> v =, (4.37)
k=1,l=1

K,L

Z (vﬁl + 03 )b = Uﬁ + 07, (4.38)
k=1,1=1

The last equality only holds for quadratic (or higher order) basis functions. According
to equations (4.36), (4.37) and (4.38), to check that the conservation laws hold in our

numerical scheme, we need to show that

K,L
Y Cu=0, (4.39)

k=1,l=1
K,L

> vpCu =0, (4.40)
k=1,1=1
K,L

Z (vl + v14)Cr = 0. (4.41)

k=1,=1

The quantities give zero if equation (4.26) is integrated analytically. Even if approximate
integration (here we use Gaussian quadrature) is used to find integral (4.26), equations
(4.39)—(4.41) still give zero. This is because the conservation laws only depend on how
the integrand changes under the swapping of (v, v)) with (v/,v|). This property is not
affected by our integration scheme. Particle conservation equation (4.39) is satisfied triv-
ially because equation (4.36) gives > ., 0y /0v = 0 and ), v /0v, = 0. Momentum
conservation (4.39) relies on the fact that the integrand of Cj,; is anti-symmetric under

the swapping of the primed and unprimed variables, which remains true in the Gaussian
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quadrature scheme. Finally, for energy conservation the fact that the basis functions are
quadratic, combined with (4.38) implies that

K,L

My
> i+ Uik)a_,U” = 2v), (4.42)
k=1,=1
K,L
: awkl
> Wi+ Uik)% =2v,. (4.43)
k=1,=1

Therefore, when using Gaussian quadrature to evaluate the integral, the terms V,v? —
Vv’ = 2g exactly, which means g-V,V,g = 0 is exact at every quadrature point. Had
we chosen linear basis functions, equation (4.42), and thus the identity g - V,V,9 = 0,
would not be exact and energy conservation would not be ensured. It is worth noting that
it has been shown that it is possible to ensure energy conservation with linear elements
only [46] by approximating the velocity variables in the integrand. Figure 4.7 shows
the quantities given by the equations (4.39)—(4.41), for different points in our position
space, as a function of the iteration number in the Newton’s method — used to obtain the
solutions for A, = 0.01,0.1,1 and 7, = 0.5,1,2. The quantities are zero up to numerical
precision in our code.
To show that the model satisfies entropy production, we need to show that

—/d3vlnf0[f, ] = /d?’v/d?’v’ff’v}’f VY, (vaf _ V}’/f') >0 (4.44)

is greater than zero. Obtaining a new equation by relabelling variables v <+ v/ and then

adding that equation to equation (4.44) gives an integrand of the form ff'a-V,V g - a,
where a = VyInf — Vy/In f’ is the vector in the brackets in equation (4.44). This
integrand is positive for all values of v L,v”,vi,vﬁ. This is because the tensor in the
collision operator has the property a-V,Vyg-a > 0 for all a and f > 0 for all v.
The Gaussian quadrature method of integration has no effect on this property. However,
we could have issues ensuring the positivity of the entropy production if the distribution
function ever becomes negative. We only expect this to happen in small regions of velocity
space and thus not change the sign of the total integral. In addition, the function that
multiplies C[f] in the integrand (in this case the function is In f) can only be used in
our numerical method if it can be expanded in the basis functions ;. There is no easy

formula for the expansion of the logarithm of a function f = > ayty that itself is an
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expansion in these basis functions. We choose to use In f = > bt)y;, where by are found
using by, = In(|ag|). This means that the identity a-V,V,g-a > 0 can no longer be used
as we are just approximating the function and so have an integral
V,ho Vb Vof  Vuf
/d3vd3v’ff’<T - T) -V,Vyg- ( T > (4.45)

where h and f are not exactly equal, as Inh = >, b # In(> ., aror). However at

high enough resolution the functions are approximately equal and so we should expect

the inequality
Zbklckl >0 (4.46)
k.l

to hold in most cases. This quantity for different points in position space, as a function
of iteration number in the Newton’s method — used to obtain the solutions for Ay =
0.01,0.1,1 and T, = 0.5,1,2 — is shown in Figure 4.7. Most of the values are positive as
they should be. Although not visible in the graph, there are a few points where the value
is negative ~ —1078. The plot shows a clear convergence of the solutions as the entropy

production remains constant after a few iterations.

4.4 Newton’s Method

To solve the nonlinear set of equations (4.20), we use Newton’s method. We have chosen
At(x(t),v)(t)) such that z(t) and x(t — At) in the equations (4.20) are grid points in our
position space z. Therefore, we are solving the set of equations for every spatial grid
point, that is, z(t) = z, for ¢ = 0,.., N, — 1. It is then useful to write the distribution
functions for every ¢ as

NN,

f(xlﬁ v1, U||) = Z aqmnwmn(vla U||); (447)

m=1n=1
where now the weights ag,,, have an additional index ¢ labelling the position in space.
By moving all the collision terms of equation (4.20) to the left hand side, we get a set of

equations for every ¢ =0, ..., N, — 1, which can be written in the form

Maa({apmn}) =0, p=0,... Ny =1, km=1,.,N., Ln=1,N, (448
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Figure 4.7: Moments of the collision operator showing particle, parallel momentum and
energy conservation and entropy as a function of the iteration number of various simula-
tions, with different curves representing different points in x space.
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where

f(xq7UH7UJ_) - f(ga Ca UJ_)
At

qul({apmn}> = 27/dU||dUJ_UJ_ Ve — Chy. (4.49)

The notation {a,m,} means that, in general, the function M depends on all the weights
in the system. From the right side of (4.49), M,k can only depend on ¢ —1 <p <g+1
via £, ¢ and At (see equations (4.5), (4.6), (4.9) and (4.13) for the explicit dependence).
The collision operator term only depends on the distribution function at x,, which is the
point at which the the derivative df /dt is evaluated.

When solving the equation numerically, we will always have some error in the solution.
The value of M ({api;}) is proportional to the element size in which the basis function
Y is not zero. This means that if the resolution in velocity space is fine enough, and so
the element volume is small, My ({ay;}) may be small in absolute terms, but at the same
time be large compared to the two terms of equation (4.49) and therefore a,;; may not
actually be an accurate solution to the equation. We care about the accuracy in regions
where the element size is small because the element size is smallest at small v, where high
resolution in velocity space is required as discussed in Section 4.2.2. This is the region
where the difference between the distribution function at infinity and the distribution
function at the MPE is the largest and it also dominates the evaluation of the Chodura
integral in equation (3.5). To account for the volume of the finite elements, we normalise
M i({ayi;}) by the volume of the velocity space element where the basis function vy is

non zero. The volume element, for quadratic basis functions, is
Ny = UJ_k/Jrl(AvJ_k/ + AULk’+1)(AU||l’ + AUHZ'—&—I)y (450)

where the primed indices indicate the node at the lower edge of the element. In the cases
where the basis function lies on the boundary of two elements, we choose the volume to be
that of the element associated with the smaller values of vj and v, . We also normalise by
fo = f(z =xn,-1,v1 =0,y = 0), the value of the distribution function at the boundary
at infinity at v, = 0,v = 0, as this is a good estimate for the largest amount by which
the distribution function changes across the domain. To see this, we plot in Figure 4.8 the
distribution functions at * = 0 and x = xx, 1 as well as their difference, for a simulation

with A, = 0.1, T, = 0.5.
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Figure 4.8: The distribution function at the MPE fypp = f(x = 0,v1 = 0,7v)) (blue
curve), the distribution function at the boundary at infinity f(z = an,-1,v. = 0,v))
(orange curve) and their difference (black curve) against v, for A, = 0.1, T, = 0.5.

Taking these normalisations into account, the equation we solve is

Mppa({apmn}) =0, (4.51)

where

My (iapmn}) _

Mo ({@pmn}) = N,

(4.52)

Here we have introduced the normalisation matrix Ny = fyNi;. Note that the normali-
sation is independent of the distribution function itself and remains constant throughout

the iterations.
(0)

Given an initial guess to the solution a,;,

1) _ O

Newton’s method gives a better estimate of

the solution a where hm is found by inverting equation

pij pu pij>
0 (1) -
Z‘]zgw)qkl pij — qul({a;%n})7 (4.53)
pij
where J is the normalised Jacobian tensor defined as jpijqkl = 88 2! The superscript (n)

indicates that the Jacobian is evaluated at agﬁ%n.

We can then replace a,,;; with am] and find am], iterating this way we can keep going

until we reach a solution that satisfies

N.—1,N| N,
> ‘ qkl({am]})‘ (4.54)
q=0,k=1,l=1
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where y is the desired accuracy and s is the iteration number. In this work, we choose
dy = 1073, We also ensure that the solution has converged and is not changing much

with every iteration, that is,

Ng,N1,N) 2

(n)
(n)

Apij

< Sy (4.55)

¢=1,k=1,1=1

Due to low values of a,;;, condition (4.55) is sometimes difficult to satisfy to the desired
precision. The calculation that could be affected most by imprecise values of small ay;;
is the calculation of the Chodura integral, which is an integral over f/ vﬁ. Values of a,;;
smaller than Avf;, which in our simulations is 107° — 10~'°, will not contribute much to
the integral. We remind the reader that Aw); = v j41 is the distance between the first
positive velocity grid point and v = 0 point (see Section 4.2.2 for details). We choose to
include in the sum (4.55) only those values for which |a,;| > Avf;, that is, we allow a,;;
with |ap;| > Avﬁ ; to not be fully converged in the sense of (4.55), since the numerical
errors make it difficult to satisfy the condition for such small a,;;.
To calculate the Jacobian Jy;jen = jpijqklNkl (no summation implied), we differentiate
the terms in the definition of M, given in equation (4.49), with respect to a,;; to get
Ipijakt = / dvjdviv; ( - At(xi, v)? @Ag(;:; ) [f(:l?q, v)) = f(§,0)
1 [6f(xq,v||) RIS C)])wkl _ 90
At(xg) L Oayi; Oay;j Oy;j
The last term in equation (4.56) has already been defined in (4.29).

n (4.56)

We proceed to find 0At(z4,v))/0ap;. The travel time of particles At(x,) depends
on the weights a,;; because as the weights change, the distribution function, and so the
potential, also changes. We split the derivative into a product of two derivatives using

the chain rule,

OAL(xq,v)) _ 8At(f;q7 ) aEq,G (4.57)
Gapij aEq,cr aapij ’ '

where o is the sign of v and E,, was defined in (4.8). The first term on the right hand

side of equation (4.57) can be calculated from equations (4.6), (4.13) and (4.9). These

equations give

At o¢ 1 _ —
oA ) —2qucr ~ 255, Fus for¢q=0and o =1,
Lo V) At v =¢ _ _
—F - —2¢- +2 z7, forg=1and o = —1, (4.58)
G At 9 1

“Fye 0Py Fys otherwise,



where the arguments z, and v have been dropped on the right side of the equations to
simplify the expressions. To evaluate the derivative of At we used the fact that v is
independent of Ei,g since v)| here are the grid point values at which we choose to evaluate
the functions. The velocity ¢ of the particle at point £ at time At before the particle

reaches (x4,7)) is given in (4.6). Given these expressions, we get

¢ = {qu,g for ’Uﬁ + 2Eq,0A§qa" >0, (4 59)

_ ¢
OE, 0 otherwise.
The last derivative in equation (4.57) is found using quasineutrality and adiabatic elec-

trons (equation (3.4) together with the basis expansion of f given by (4.47)),

()
exp (Teq /dg'vf l’q m; laqmn/d 'vwmn Ul,U”) (460)
This gives
OF, , J vy
9 _6 ol + 5 )= - 461
Oay; (Houror qp)ﬂ(fcp)Aﬁq,a o

Equation (4.61), somewhat obviously, states that the potential difference in the region
between two grid points only depends on the weights of the distribution at those two
points. Equation (4.58) describes how a change in electric field affects the time taken for
a particle to travel from £ to z,. Just as in Section 4.1, for very low potential differences,
we have to implement a zero field solution to avoid inaccuracies due to machine precision.

In this case the equations are

2 forg=0and o =1,
Oy v) _ Bag J5 p ) and o — 1 (4.62)
OE,, v )2 :
’ 1 otherwise.

The next term in equation (4.56), 0f(x,)/0ay:; can be found from the basis expansion

(4.47),
0f (zq)

Oay;j

qu q,p (463)

The final term we need to find for equation (4.56) is 0f (&, ()/0ay:;. Recall that £ and ¢

are functions of x, v, and the potential. The basis expansion of f(¢, () is given by

()= Z armr(€), (4.64)
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where location r is the grid point such that x, = &, and the v, dependence has been

suppressed. Differentiating this expression gives

9f(&¢)

8apij

= et (C) + Y G 6?21(?) : (4.65)
ol pij

We use the chain rule to find the derivative in the last term,

() () ¢ OE,,
Oapij N 8( 8E‘qyg 8apij )

(4.66)

Here ¢ is the grid point from which we follow back the characteristic and where the
Jacobian (4.56) is evaluated. The position ¢ is affected by the change in the coefficients
a,;; because these coefficients change the electric field between z, and x,,, which is given by
E_’(M. The derivatives 9¢/ 8E_'q7a and aEq,U /0a,;; have already been evaluated in equations
(4.59) and (4.61), respectively. The derivatives of the basis functions with respect to ¢
depend on the basis functions chosen. In this work we use quadratic Lagrange polynomials.

With (4.57), (4.63), (4.65) and (4.29), we can find the Jacobian given in (4.56). Using
the Jacobian, the boundary conditions and an initial guess of a,;;, we can use Newton’s
method to converge to a solution that solves the drift kinetic equation coupled with

quasineutrality and adiabatic electrons.

4.4.1 Forcing the function to be quadratic at z =0 and v =0

We have to be careful at the v = 0 boundary at the MPE to avoid large errors. Since the
distribution function is f(z = 0,y = 0) = 0, the coefficient a;; = 0 is fixed. Inside the
first element, the distribution function is approximated by f(z = 0,0 < v < vjj42) =
Yol g41Um,g41 + Qg2 s42), Where the sum is over the v, indices m. We choose
the grid points inside the elements to be evenly spaced (v 12 = 2vs41). Then, we can

express the basis functions in this region in terms of v as

v (V) — V)r+2) v (V) — vs+41)

G () = —a 22 O2) gy = 2L )y )
Yjly+2 Yllr+2
As a result,
Fz=0,0 =3 (K Ay, (4.68)
=00 <y <j42) = ( m + m—), .
~ Ui 42 V)42



where
Km - 2am,J+2 - 4CLm,J-l—la Wm = —Um Jj+2 + 4am,J+1' (469)

As discussed in Section 4.2.2, the resolution in the element that has v = 0 is v ;42 < v,

where (still in normalised units) v? = 2A¢y and Agy = ¢(x1) — ¢(0). This means that

C

the characteristics in this element come from the MPE, that is, { = 0 and { = —v), where

the distribution function is zero. Then, from equation (4.13), we have

With this result in the first element, equation (4.20) simplifies to

VJi+2
/dvﬂu/ dvj
k 0

4

v,
16.1'1U|?|) f(.ilﬁ, v, U||)wkl

=— /devL /WJr2 doyVothe - T[f](z, v, v)). (4.71)
k 0

The k under the integral indicates that the integral is over the volume in which (v, )
is not zero. The integrals in equation (4.71) have to be computed for v ji1(v) and
U, s42(v)). Taking | = J + 1, writing the basis function as a product of the basis function
in v and a basis function in v, and substituting expansion (4.68), the left hand side of
equation (4.71) is proportional to

Z/kdevak(w)wm(m)/ovﬂz c2iU|| |:Km¢J+1(U||)+WmM]. (4.72)

2
Ylr+2 Y Y

The integrals in v can be done exactly by substituting (4.67), which gives

YlI+2
/ dv”M — 2, (4.73)
Gl
oz ) g (v))v) 42 V) J42
dyj—————"""=- =4 —1 In{ ——=) ). 4.74
/5 U” Uﬁ + U||]+2 + Il( 5 ) ( )

Taking 6 — 0, we see that integral (4.74) diverges. Since the right hand side of equa-
tion (4.71) is finite, this implies that W,,, = 0 for all m and thus a,, j12 = 4@, j+1. The dis-
tribution function in the first element is then f(z = 0,0 < v < Vjj42) =D, Kmvﬁ. This
also ensures that the distribution function is positive in this region as long as a,, j12 > 0.
The lack of linear terms in v in this element also allows the kinetic Chodura condition

(3.5) to be satisfied, as any linear behaviour would cause a divergence in the f/ vﬁ integral.
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Unfortunately, due to the Gaussian quadrature method that we are using for integra-
tion, the logarithmic divergence in the integral is not well captured. The value of the
integral (4.74) for 4 quadrature points is ~ 10 and increases slowly as more points are
added. This means that we expect W, ~ K,,/5, which is small, but not zero. We choose
to adjust the method by fixing the values of ay _j11 = ay _ji12/4 and thus W, = 0. We do

this by defining a new basis function

@Z)J—&-2(UH) _ {ilﬁJﬂ + Vy2, for v < vz (4.75)

Yo, for v > v)s42.

At z = 0, instead of solving the system of equations for all ¢; with j > J, we solve it for
W; for j > J +2 and for ¢;,5. This means that when solving (4.51), we have different
values that the indices ¢,¢ and j can take. In all cases ¢ = 1,..., N;. For the boundary
at infinity ¢ = N, — 1, we solve the equation for ¢ = 1,...J — 1, as we do not evolve
the distribution function at vy > 0. For ¢ = 1,.., N, — 2, we solve in the entire v space
Jj=1,...,Nj. At the MPE, ¢ = 0, we solve j = J +3,..., N, and for j = J + 2, we solve
a modified equation Mo; ;o = 0, where

~ 1 - _
Mo g0 = ZLMO,i,J—I—l + Mo g2 (4.76)

This also means that for ¢ = 0, the Jacobian (4.56) is solved for 5, > J + 3. But for
g=0and j =J+2and/or [ = J + 2, the Jacobian has to be modified to the following

values

1 1

Joi, 42,0042 = 1_6J0,i,J+1,0,i,J+1 + ZJO,Z’,J—I—I,O,Z',J—&-Q

1
+ ZJO,i,JJrZ,O,i,JJrl + J0,i,742,0,6,0425 (4.77)

A 1
J0,i, 7420, 55042 = ZJO,i,J+1,O,i,j>J+2 + Jo,i, 042,06, J+25 (4.78)

A 1
Joij>J+2,04,0+2 = Z_lJO,i,j>J+2,0,z',J+1 + Jo,i,j> 742,00, J+2- (4.79)

Note that the result W,, = 0 relies on using the ¢ ~ z'/% dependence. For a general

QAS ~ ¥ dependence, the travel time (4.70) scales as At ~ v”_ 1278, Therefore, the integral

given by (4.72) has the form

Yjg+2
Z/kdULUka(UL)wm(UL)/O H 2U|| |:Km¢J—gir(;;g) +Wm%+)2ﬂm . (480)

YUlr+2 Y| Y|
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Figure 4.9: The integrand of the Chodura condition f/’uﬁ at v, = 0 for Ay = 0.1 and

T, = 0.5, and potential dependences at the MPE ¢ o /2, ¢ o< 2%/3, ¢ oc . The ¢ oc /2
curve is the only one that does not blow up at vy = 0. The é oc x1/2 plot also has
Ky =~ 0.01, which agrees with our expectation that K, should approach 0 if the function
decays exponentially fast.

The part of the integrand multiplied by W,, diverges for § < 1/2. As discussed, this diver-
gence forces W,,, = 0 and thus ensures that the distribution function is purely quadratic
in this first element. This means that we can only expect the kinetic Chodura condition
to be recovered by the simulation if 8 < 1/2. This is the reason why we interpolated ¢

1/2 between the MPE at # = 0 and the next grid point ;.

using x

We argued in Section 3.2.1 that the distribution function is exponentially small at
low velocities. This means that the constant K, should approach zero for well resolved
simulations. Figure 4.9 shows plots of f/ vﬁ for Ay = 0.1 and T, = 0.5 for different choices

of potential in the region near the MPE, 0 < z < ;. We choose to compare the different

1/2 2/3

potential interpolations ngS x x/*, ngS o x*/° and g% o x. These different interpolations
result in different values of (4.49) and (4.56) since the trajectories (specifically ¢, £ and
At) of the particles in the region 0 < x < x; are affected. We see that the curves diverge
at v = 0 for the ¢ ~ 22/3 and ¢ ~ x dependencies. Note that if high enough resolution
in v is chosen, QAS ~ x'/2 also has a very small constant K, ~ 1072 as expected from the

fact that the distribution function should be exponentially small near v = 0.
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4.4.2 Position space grid

Since the Jacobian is an array whose size scales as NgNian, we can run into computer
memory issues when trying to compute it. For some of the velocity grid resolutions used
(for more than ~ 95 grid points in v|), we were not able to run the simulation with all
the x points coupled for N, = 50. For higher resolution runs, we split the x domain
into multiple regions of size n, < N,. The grid points at the edge of the regions overlap
over two points. We first apply Newton’s method to the region that includes the z = 0
boundary by inventing a boundary condition for v > 0 at the artificial boundary x = x,,, .
We then move on to the next region so that the boundary conditions are at z = z,,, 1
for v < 0 and 2 = z3,,_1 for v > 0. There is an overlap of two points between the two
regions. We continue doing so until we solve the equation for the region containing the final
boundary point at x = xn,_1, where we apply the real, Maxwellian, boundary condition.
A simple division of the grid for N, = 7 and n, = 4, with two points overlapping is
shown in Figure 4.10. After solving Newton’s method in each region, we go back to z =0
and repeat the process. We use the functions calculated in the first step as the initial
guesses and boundary conditions. We will call going through the entire collisional layer
once a single “step”. We continue this for multiple steps until the distribution function
stops changing; that is, equation (4.51) is solved. More steps are required to achieve
convergence for smaller n,. Figure 4.11 shows the differences of the distribution function
at the MPE and the densities for different values of n, for the case where N, = 48. For
n, = 10 and 20, we completed 20 steps through the entire domain, whereas for n, = 40
we completed only 4, as the solution converged quickly. Even though some accuracy is
lost by dividing the grid up in the described way, the differences are of size 1072 at most
and do not affect the potential profile much. The effects could become important when
considering the kinetic Chodura condition, since a small error at small v is increased by
the small denominator. This is also plotted in Figure 4.11. The errors in f /vﬁ at the
smallest v are ~ 107, while the absolute value of f /v there is ~ 10~!. Note that in the
simulation shown the distribution function is negative near v = 0. This is one of the very
few simulations with such behaviour, but, as we argue next, this slight negativity does not
seem to have a measurable effect. The actual value of f is only ~ —107% and is a result of

numerical errors and the finite precision of the Newton’s method solver. However, when
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Figure 4.10: A sketch of the phase space grids illustrating the division of = space into
smaller subsets. The thin horizontal dotted black lines indicate boundaries of v space.
In this example there are N, = 7 grid points in position space. The region is divided into
two subregions of n, = 4, The diagonal red and blue dashes indicate the two subregions.
The vertical dashed lines indicate the boundaries in x of each region. In each region we
solve equation (4.51). The boundary conditions are given by the values of the distribution
function at the velocities highlighted by the thick vertical lines. We first solve the region
that includes = 0 (the red region). After solving the red region and updating the grid
point values at all zp < z < x4, we solve the blue region. This is one “step” in the
simulation. Boundary conditions for one region are not boundary conditions for the other
region and thus change from step to step. The only fixed boundary conditions are at
r =0 and v < 0, and at x = xg and v > 0. Since the blue region updates values of
the distribution function at x = x3 and = = x4, after this update the red region might no
longer satisfy the equation (4.51) and thus we solve it again. We keep stepping through
the region in such a way until the distribution function stops changing and equation (4.51)
is satisfied in each region.
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divided by a small value of v, this becomes ~ 107!, This has no effect when taking
moments, though, since the region over which the distribution function is negative is
small in v space. The difference between the distribution function with n, = 10 and
n, = N, = 48 at different steps is shown in the top right plot of Figure 4.11.

The choice of total number of points N, depends on the highest resolution Azy and
the size of the z grid zn,_;. We expect the gradients in x to be largest near x = 0 and
so the resolution is highest near the MPE. We also expect the potential here to scale as
~ /2 (we show this in Section 3.2.3). Therefore, for the first few points near z = 0, we

set the resolution to be
Ax; = Axg((i + 1)% —4?). (4.81)

On a grid spaced like this, a function y = 2'/? would change by an equal amount as we
moved from grid point z; to x;,1, that is, y;11 — y; = constant. We keep this spacing for
five points and then instead of continuing to increase Ax; every grid point, we keep the
resolution at Ax; = 10Az, for a few points and then we increase the resolution in steps
until the resolution becomes Ax = 20. In Figure 4.12 the total potential drop across
the layer normalised to the converged value of the potential drop, (¢n,—1 — ¢0)/Ader, is
plotted against the resolution at the MPE Axy for A, = 0.01,0.1 and T, = 0.5. We see
that the effect of resolution is small. In Section 5.4, we show that for small A; (or high
T.), the resolutions used (1077 < Azy < 1073) give the kinetic Chodura condition at the
MPE with small errors (a few percentage points). However, for large Ay (or small T,),
the errors in the kinetic Chodura condition are large even at Azg = 10~7 and recovering
the condition to high accuracy might not be possible with this code.

The maximum value of z, zx,_;, determines how far the “infinity” region (the CLE)
is from the MPE (x = 0). We want it to be large enough that any effects from the wall
are negligible. We expect that simulations with a large mean flow at infinity will not
need a large xy, 1 as the effect of the wall boundary becomes negligible quickly as we
move away from the wall (see equation (2.52)). Plots of the potential as a function of x
for Ay = 0.01,0.1,1.0 and T, = 0.5 are shown in Figure 4.13. Figure 4.13 shows that if
a large enough xx,_; is chosen, the wall has a negligible effect on the region at infinity.
The total potential drop throughout the full simulation region is not affected much by
this parameter. Comparing the potential drop for z, _; = 880 to the potential drop for
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Figure 4.11: The y axes on the right of the subplots correspond to the black dashed line
and indicate the value of the variable when n, = N,, where N, = 48; that is, equation
(4.51) is solved for all the = points together. The left hand axis corresponds to the
differences between the plotted variables obtained using n, < N, and n, = N,. The
values at the final time step are compared. The number of time steps taken for each
simulation to converge depends on n,. Top left: Distribution function differences at
x=0,v, =0. Top right: The difference between f obtained with n, = 10 (labelled fio)
and n, = N, (labelled fy,). Each line represents a step in the evolution of the n, = 10
simulation (recall that for n, = N, the equations are solved in a single step). We see
that the n, = 10 curve approaches the fully coupled solution as we evolve it. Bottom
left: Integrand for the kinetic Chodura condition f/ vﬁ at t =0, v, =0. Bottom right:
Potential as a function of z.
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Figure 4.12: Drop in potential across the layer as a function of Az for A, = 0.01,0.1,
normalised to A¢,.r, which is the drop in potential for the simulation with the smallest
Axqy. The effect of Az on the potential drop is small, note the log scale on the x axis.

Figure 4.13: Potential ¢/T, for T, = 0.5 as a function of x. Different colours indicate
different A;. Solid lines have xy, 1 = 110 and dashed lines have xy, 1 = 880. The values
at x = 0 are marked by a dot, and show that the total potential drop is not affected much
by zn,_1. The perturbation extends further from the wall for small A; and the exact
profile at large = can be difficult to resolve for small values of A (see Section 2.3).

xn,_1 = 110, the difference is only ~ 0.5% for A, = 0.01 and ~ 0.005% for A, = 1. This
means that if z, 1 is chosen too small, the potential profile might not be accurate, but
the total potential drop will still be captured well.

Capturing the profile with very high accuracy is important when determining the
length scale of perturbations of the distribution function at large x, as discussed in Section
2.3. In that case, for small values of A, it becomes difficult to capture the appropriate
behaviour at large x without making xy, _; very large. For A, = 0.01, the largest box

size we used was xy, 1 = 3000, an even larger value would be needed for smaller A,.
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Chapter 5

Results

In this chapter we overview the results of our simulations. In Section 5.1 we see how
well the potential scaling qu ~ x'/2, derived in Section 3.2.3, is captured by the numerical
simulations. In Section 5.2 we describe how the total potential drop depends on A, and
T.. In Section 5.3 we show the distribution functions obtained at the MPE for different
boundary conditions at * — oo and use these results to find the distribution function at
the wall using a magnetic presheath and Debye sheath solver GYRAZE [1]. In Section 5.4,
we show how well the functions at the MPE satisfy the kinetic Chodura condition. We

continue using normalised quantities throughout this chapter.

5.1 Potential scaling near x = 0

In this section we use the code described in Chapter 4 to check how well the potential
scaling ¢ ~ z'/2, derived in Section 3.2.3, is captured by the simulations. In Figure 5.1
we plot <;3/Te against x on a log-log scale for Ay = 0.01,1.0 and 7, = 0.5. Here we use

1/2 to interpolate the potential between the MPE at z = 0 and = z;, the grid

¢ x x
point next to the MPE. The scaling ~ x'/2 fits both curves well for small . The scaling
is not true at large x where the field is weak, but holds up to x ~ 1. There is a slight
deviation at the smallest . We believe this is due to numerical imprecision at very small
x and quS

Figure 5.2 shows ¢ as a function of z for three different simulations, all with A, = 0.1
and T, = 0.5, but with different interpolation for ¢ between z = 0 and x;. We use

ngS o« z”. As a reminder, 5 = 1/2 has to be enforced in the code to capture the expected

behaviour of the ion distribution function at the MPE (see Section 4.4.1). The chosen
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Figure 5.1: Normalised potential difference ¢/T, between the MPE (z = 0) and z against
x on a log-log scale for A; = 0.01,1.0 and T, = 0.5. The black dashed lines are the
expected /2 scaling derived in Section 3.2.2. The predicted scaling fits both curves well
until very close to the wall, where the solution deviates from the predicted scaling slightly.
We believe that this is due to numerical errors.

potential scaling affects the characteristic equations via the £ and ¢ terms defined in (4.5)
and (4.6), respectively. In Figure 5.2 we choose to compare three different interpolations:
quS o /2, ngS oc 2%/ (this is the scaling for which all the terms in the drift kinetic equation
(3.3) are of the same order) and ¢ oc z. We find that the potential profile is not affected
much by the choice of 5. However, as discussed in Section 4.4.1 and shown in Figure 4.9,
for = 2/3 and § = 1 the kinetic Chodura condition is not satisfied and thus § = 1/2

2 scaling well in

is the appropriate choice. The curves seem to follow the expected z'/
the * < 0.1 region. At the boundary point next to the wall, z; = 107%, the curves
have slightly different values, which is to be expected due to different potential scalings

imposed in the region next to it.

5.2 Potential drop across the collisional layer

The numerical solution to the collisional layer allows us to find the relationship between
the potential drop across the layer and the parameters of the incoming distribution func-
tion at the x = xx,_; boundary — specifically, the mean flow v, and the temperature

ratio T,. The relationship between these quantities is discussed in this section.
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Figure 5.2: Normalised potential difference gg/ T. between the MPE (x = 0) and z against
x, for z;1 < x < 1, on a log-log scale for A; = 0.1 and T, = 0.5. The three different
curves represent the different interpolations for the potential in 0 < x < x;. The black
dashed line is (;Aﬁ o x'/? for all . We see that the potential scaling is independent of the
interpolation in the 0 < x < z; region.

The right plot in Figure 5.3 shows the total potential drop across the layer —¢(x = 0)
for a range of A, and T,. For a fixed temperature ratio T,, the potential drop decreases
with increasing A;. A larger A, means that the incoming Maxwellian has fewer particles
near v = 0. These are the particles that need to be accelerated through the collisional
layer to ensure that the kinetic Chodura condition is satisfied. As a result the potential
drop is smaller for larger A,.

The dependence on T, is less straightforward. From the left plot of Figure 5.3, we
see that the density drop, or —¢(z = 0)/T,, is largest and finite for T, — 0, indicating
—¢(x = 0) ~ T, in this limit. We also note that —¢(z = 0)/7. decreases monotonically
as T, increases. We will now argue that this is to be expected.

The distribution function at the boundary at = zx,_1 integrated over the v, coor-
dinate is a Maxwellian, given by 7~ /2 exp(— (v — |»)?), where we have integrated over
the v, coordinate. All the particles with v < 0 at # = xx,_; leave the system, as there

is no electric field here that could turn them around back towards the wall. This means
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Figure 5.3: The potential drop across the layer for a range of values of A, and T,. The
left plot shows the ratio of potential drop to electron temperature —¢(x = 0)/7T,. The
right one shows —¢(z = 0) (remember the variables are normalised to ion temperature
Tw).

that the largest number of particles that could reach the wall is

ny = / Jardvy = (1—i—erf(u”00)) (5.1)

This is a monotonically increasing function in u.. At all z, the collisions diffuse the
particles with v > 0 into the v < 0 region, this refills the distribution function at
negative velocities at * = zy,_1, thus reducing the particle density reaching the wall.
Therefore, n, gives the maximum number of particles that could reach the wall, and thus

the minimum potential drop. Using quasineutrality, we find

=0
0@ =0) ). (5.2)
T,
To see how good this estimate is we take the limit 7, — 0 and A, — 0. Then, u| = 5/6
and equation (5.2) gives
=0
—% ~ —1In(ny) ~0.1. (5.3)

The value found numerically is —¢(x = 0)/T. ~ 0.3. The result is of the expected order
of magnitude, but clearly, the collisions have an effect, which our estimate does not take

into account.
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Figure 5.4: The total potential drop across the layer —¢(z = 0) (normalised to ion
temperature T.,) as a function of T, for A, = 0.1,0.5,0.7. The total potential drop is
zero at T, = 0 and approaches zero as T, — oo. It has a maximum at 7, ~ 1. The
maximum occurs earlier for larger A;.

As T, — oo, the mean flow u)o must also be large because ujo, > \/5/6 + T,. Thus,

equation (5.1), to lowest order in 1/7, gives

1 exp(—(1+ A)*(5/6 + Te))'

n+:1—2\/7_T 11 AT (5.4)
Plugging the expansion (5.4) into (5.2) gives
~p(x = 0)/T. ~ exp(~(1+ A.(5/6 + 12)) VT, (5.5)

and thus —¢(z = 0) — 0. This is to be expected at large T,. Similarly to the case of large
Ay, there are very few particles near v = 0 that need to be accelerated to satisfy the
kinetic Chodura condition at x = 0 and thus only a small potential drop is required. Thus
there must be a maximum of potential drop somewhere between T, = 0 and 7T, — oo as
the potential drop at these values is zero. This agrees with numerical results. Figure 5.4

shows that the potential drop has a maximum at 7T, ~ 1, and decreases for larger T..

5.3 Distribution function at x =0

For numerical solutions that satisfy the kinetic Chodura condition at the MPE (see Sec-
tion 5.4 for why this is not always true) the model can be coupled to a magnetic presheath

and Debye sheath solver to determine the potential drop across the magnetic presheath
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and the Debye sheath, and the ion distribution function at the wall. This is useful for
calculating the sputtering yield, which depends on the kinetic energies of the ions hitting
the wall E and the angles # they make with the wall [47].

The ion distribution functions at the MPE as well as the integrand of the kinetic
Chodura integral, fMpE/vﬁ, for T, = 0.5 and a range of 0.01 < A, < 0.5, and for
A, = 0.1 and a range of 0.5 < T, < 2.0, are shown in Figure 5.5. The plots in Figure 5.5
show that fypr/ vﬁ develops a peak. The peak is highest at large values of A, and small
values of T.. We proceed to argue that these scalings can be expected from the kinetic
Chodura condition (3.5).

We can divide the integration region in the kinetic Chodura condition into two regions
by introducing the characteristic velocity scale v,, < w), which represents the width of

the peak in fMpE/vﬁ

" fupre < fupre ng
i Uﬁ d*v + Uﬁ d*v = T (5.6)

The density at the MPE, ng, ranges from ~ 0.8 —1 for all the values of T, and A, and does
not contribute significantly to the scaling. The scaling of the second integral in equation
(5.6) can be found by noticing that the maximum of fy;pp is approximately at u; > v,

giving

* fure 4 B 1
4o~ « (T 5/6)(1 + A (57)

1
ve Y] U
At small T¢, the bulk integral (5.7) is finite and independent of T,. Therefore, the first
integral in (5.6) (and so the height of the peak in fMpE/vﬁ) becomes large to balance the
right hand side of the kinetic Chodura condition, which is ~ 1/T..
For fixed T, the right hand side of (5.6) is a constant (up to a small variation in ny).
A large A corresponds to the distribution function fy;pr having a peak at large v, as
can be seen from the top left plot in Figure 5.5 and equation (5.7). Thus the bulk integral
contributes little to the total integral. To maintain the overall value of the full integral
constant, the size of the peak near v = 0 must increase with increasing A,.
From our simulations we obtain distribution functions at the MPE, which can then be

used as an input to a magnetic presheath and Debye sheath solver GYRAZE, described in [1],

to find the distribution functions at the wall as a function of particle’s energy and angle
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Figure 5.5: Top left: The ion distribution functions at the MPE at v; = 0 for a range

Y|

Y|

of A, and T, = 0.5. Bottom left: The same ion distribution function divided by vﬁ for
fixed T, = 0.25. At larger A, the peak is larger and occurs at smaller v. Top right: The

ion distribution functions at the MPE for a range of T, and A; = 0.1. Bottom right:

The same distribution function divided by vﬁ at fixed Ay = 0.1. At smaller T, the peak
is larger and occurs at smaller v
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Figure 5.6: The ion distribution function at the wall as a function of kinetic energy E and
the angle 6 between the ion velocity and the wall for a = 3°, A, = 0.01 and T, /T, = 2
on the left, T, /T, = 0.5 on the right. Figure provided courtesy of the author of the code

1].

of incidence. Example plots are given in Figure 5.6. However, the magnetic presheath
code does not converge if the kinetic Chodura condition is not satisfied to appropriate
accuracy. For this solver the condition needs to be satisfied to within ~ 10%. In the
next section we discuss the difficulties with satisfying the kinetic Chodura condition in

our simulations.

5.4 Numerical Chodura condition

As argued in Section 3.2.3, we expect the distribution function at x = 0 to satisfy the
kinetic Chodura condition, equation (3.5). The accuracy to which this condition will
be satisfied numerically will depend on the resolution in velocity space, on how well
the diverging electric field is captured near the MPE (which depends on the resolution
in = space), on how well the exponentially small distribution function at small v is
approximated by our discretisation, and on the size of our Newton’s method error.

We use the code described in Chapter 4 to compute the following results. Firstly, we
find how well the kinetic Chodura condition is satisfied for A, = 0,0.01, 0.05, 0.1, 0.5,
0.7, 1.0 and T, = 0,0.05,0.25,0.5,1.0,1.5. This is shown in Figure 5.7. The condition
is not satisfied well for flows with large A, and small T, when the potential drop across
the layer is small. This, we argue shortly, is a numerical issue, which comes from the

resolution in x not being large enough to capture large electric fields near z = 0.
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Figure 5.7: The value of 1 —(T../n(z = 0))( [ d?’vfMpE/vﬁ) as a function of A, for a range
of T,. The temperature ratio T, = 0 corresponds to there being no field in the system in
which case we cannot expect the kinetic Chodura condition to be satisfied. It, however,
shows that capturing the diverging fields at low 7, can be difficult.
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We can show why the kinetic Chodura condition is difficult to satisfy by assuming
that the resolution in velocity space is very high, especially at low velocities, where the
integrand in the kinetic Chodura integral is the largest. Then equation (4.20) is approxi-

mately

f(@p, viw,vp) — f(€,0)
At(zp, o)

— Clf (@p)](vir vp) = on fo + &, (5.8)

where we remind the reader of the fact that d is the error allowed by our Newton’s method
iteration and fy is the distribution function far away from the wall at vy = v, = 0. The
correction associated with the discretisation of velocity space, &,, becomes negligible for
small Av; and Ayj.

The derivation of the numerical Chodura condition starts with evaluating the quasineu-

trality numerically
n(x =x1) —n(xr =0) =n(0)(exp(A¢y/T.) — 1), (5.9)

where A¢y = ¢(z1) — ¢(0) > 0. To express the densities in terms of the distribution
functions, we use (5.8) and extract terms that appear in the analytic kinetic Chodura

condition. In Appendix G we show that (5.9) can be expressed as

Ay {1_ 1e / dgvfMPE] . L A%/ o MPE
OSUHSVmax OSUHSUC

T n(0) vi n(0) v

2

1. At(O,U” > Uc) 1 Ug 172
YUl

— vl )

n(()) /vc§v|§Vma$ [fMPE( ||)] T,
Te 1 Te 1 Te SA Te EB
—— d*v +——/ Pof(z,v) + —=— + ———,
n(0) / RO B A AT PR
(5.10)

where fy;pg is the distribution function at x = 0, v. = /2A¢y and V.., is the largest
value of v in the grid. The error £4 includes &, and any numerical error in the evaluation

of the integrals. The error £p is defined as

2

71/2
(%
Ep E/ d*v frrpe(v)) <1 - —3) - / d*v frpe(v))
vcgvngvmaz U” UCSUHSVmaz

2

v
UCSUH <Vimax QUH

This error is sue to the Taylor expansion of (1 — v./v;)~/? for small v./v| and is needed
to recover the terms that appear in the analytic form of the kinetic Chodura condition

(specifically the integral on the left hand side of (5.10)).
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In (5.10) we have dropped some small terms (such as second order correction to
quasineutrality and the error associated with Newton’s method). This equation is still
satisfied in our simulations to within 2% for most of the resolutions.

The kinetic Chodura condition (3.5) can be satisfied if A¢g/x; is much larger than the
terms on the right hand side, this way forcing the terms in the brackets on the left side to
cancel. This relies on the terms on the right hand side of equation (5.10) not increasing
faster than A¢g/z; as 1 — 0. This trend is observed in most of the simulations. In
theory, A¢y ~ /x1, thus giving a large electric field as z; is decreased. Even so, in most
of the simulations we have run, the resultant electric field is not large enough to make the
right side terms completely negligible. Also note that some of the error terms have a 1/x;
scaling and thus can only be small relative to the electric field if the integrals multiplying
them go to zero faster than Agy.

The errors on the right hand side of equation (5.10) divided by A¢g/x1, for a simulation
with Ay = 0.1 and T, = 0.5, are shown in the top left of Figure 5.8. The definitions of

the errors are

Error 1 = — Lo / d*v fM2PE, (5.12)
T \ UQ —-1/2
E 2=-——"_ f A 1—-= 1
or A(bon((]) /U‘CS'U|§Vma7) d vC[fMPE (UH)] t(o’ /U” > /UC) ( U2> 7 (5 3)
T, 1
Error 3 = —— —/ v , 5.14
n(o) A(bo 0<v <o fMPE ( )
Frror 4= ¢ 1 / v f( ) (5.15)
rror 4 = ———— 1,V .
n(0) Ado Jy <o b
T, &a
E = — 1
ITor 5 n(O)Agbo’ (5.16)
T. &g
E = —_— 1
rror 6 n(0) Ao (5.17)

Most of them are either small or decrease as resolution is improved, although the decrease
is slow. The bottom left plot shows A¢g/z; and the kinetic Chodura condition (term
in the brackets on the left hand side of equation (5.10)) for the Ay = 0.1 and T, = 0.5
simulation. The electric field becomes large as resolution is increased and the kinetic
Chodura condition is satisfied to a high accuracy. We see that, as we increase resolution,
the accuracy increases up until Azy ~ 107%. At an even higher resolution the error

increases again. However, here we are approaching the limits of the code capabilities and
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it is unclear if the numerical error is becoming larger here or if we have converged and are
oscillating around a converged value. The kinetic Chodura condition in these simulations
is satisfied sufficiently well to allow us to couple the code to a magnetic presheath solver
GYRAZE [48], which requires the input distribution function to satisfy the condition. The
left plot in Figure 5.9 shows fMpE/vﬁ for the Ay = 0.1 and 7, = 0.5 simulation, we see
that the peak is well resolved and is converging.

The right plots in Figure 5.8 show the errors (5.12)—(5.17), A¢y/x1 and how well the
kinetic Chodura condition is satisfied for a simulation with parameters Ay = 1.0 and
T. = 0.5, where the kinetic Chodura condition is far from being satisfied. The errors
are slightly increasing with higher resolution. This is due to the fact that the electric
field near the MPE is small even at the highest resolutions (see the bottom right plot in
Figure 5.8) — the divergence in electric field is not well captured. This is because at large
Ay the total potential drop in the layer is small (see Figure 5.3), necessitating a very small
x1 to give a large A¢y/x;.

The dominant error is error 4. It is proportional to an integral over v < 0 of f(z;), the
distribution function one grid point away from x = 0. We expect this to be exponentially
small as it is very close to the f(z = 0,v) < 0) = 0 region. The exponentially small be-
haviour is difficult to capture numerically. It is unclear, whether improving the resolution
in z would result in the error eventually decreasing because the numerical errors in the
code make the convergence of results at very high resolutions difficult.

From the right plot of Figure 5.9, we can see that the distribution function for Ay = 1.0
and T, = 0.5 at small velocities is not well resolved. The height of the peaks varies by
a factor of 10% and it does not seem to be converging, so higher resolution is needed
to capture the true size of the peak. The kinetic Chodura condition is far from being
satisfied since the integral of the numerically found fypg/ vﬁ is too small, indicating that
the real peak occurs at even higher values. Also note that, compared to the left side
plot of Figure 5.9 (A = 0.1 simulation), the peak for the Ay = 1.0 simulation occurs at
much smaller v, which means that a much higher resolution in velocity space is required,

adding to the computational cost.
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Figure 5.8: Plots for simulations with 7, = 0.5. Left: A, = 0.1 and right: A, = 1.0.
The quantity z; is the distance between the x = 0 (the MPE) and the first grid point
in position space. Top row: the errors defined in (5.12)—(5.17). The legend for both
plots is shown in the top-right plot. For the left plot total error decreases with increasing
resolution. The reduction of errors with decreasing x; is not observed in the plots on
the right. Bottom row: the kinetic Chodura condition (the term in the brackets on
the left hand side of equation (5.10), which is also approximately equal to the sum of
all the errors) and A¢g/z1. The kinetic Chodura condition is closer to being satisfied at
higher resolutions. This is explained by an increasing electric field reducing the errors.
The electric field A¢gy/x; is small for the right plots even at highest resolutions, and the
kinetic Chodura condition is far from being satisfied in this case.
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Figure 5.9: Plots of fMpE/vﬁ at v, = 0 for simulations with 7, = 0.5. Left: A, = 0.1
and right: A, = 1.0. Different curves have different x;, which is the distance between
z = 0 (the MPE) and the first grid point in position space. For the left plot, the peaks
are not far from each other in absolute terms, with the function converging at a peak of
~ 5. All the peaks are resolved and the value of fypg/ vﬁ at the first non-zero v point is
small (as expected from the discussion in Section 4.4.1). For the right plot, the peaks are
far from converged, with differences of ~ 103 as the resolution is changed. For the highest
resolution simulation with 2; = 107¢ in the right plot, the velocity resolution near v =0
is ~ 1076,
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Chapter 6

Discussion

In Section 6.1 we summarise the key results of the thesis and their significance. In Section
6.2 we discuss an extension of our model to include ion-neutral interactions. In Section 6.3
we describe future steps that should be taken to fully solve the collisional layer problem
and how it could then be used to provide boundary conditions for fluid codes, which
we also discussed in the introduction. We use dimensional variables in this chapter and

reintroduce a subscript ¢ for ion quantities.

6.1 Summary

The main result of this thesis is the ion distribution function and potential in the colli-
sional layer given an incoming ion Maxwellian. Crucially, we found that at the MPE the
ion distribution function satisfies the kinetic Chodura condition, as long as the simulation
is well resolved. We know that this condition is satisfied by the exact solution from the
theoretical analysis done in Chapter 3. This allows us to couple the magnetic presheath
and Debye sheath solver GYRAZE [1] to a fluid simulation, which provides an incoming
Maxwellian as a boundary condition for the collisional layer. Thus we can find the exact
ion distribution function at the wall, which can be used to calculate sputtering, without
having to solve a fully kinetic model in the wall region. In addition, the work has showed
that satisfying the kinetic Chodura condition exactly is very difficult as one needs to cap-
ture the effect of a diverging electric field and resolve the ion distribution function at very
small velocities. We showed in Section 3.2.1 that the distribution function is exponentially
small at small velocities. This result was recovered in some simulations as the values of

fupe/ vﬁ were indeed small at the smallest v, but for cases with less resolution it was not
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possible to resolve the region of velocity space where f; is exponentially small, and the
kinetic Chodura condition was not satisfied (see Section 5.4). In addition, we showed that
enforcing the potential between the MPE at z = 0 and the next position grid point x;
to be y/r was essential in capturing the kinetic Chodura condition numerically (Section
4.4.1). However, the electric potential values in the rest of the collisional layer were not
affected much by this choice of the potential next to x = 0 (Section 5.1).

Another takeaway from this work is that the collisional layer does not have a major
effect on the distribution function overall. It does have a large effect on the ion distribution
function at small v||, as it ensures that the kinetic Chodura condition is satisfied, but the
function changes little from the incoming Maxwellian at v ~ vy0. This suggests that it
might be more efficient to numerically solve the collisional layer by expanding f; — fis in
terms of the finite element basis functions. We attempted this, but we could not finish
the implementation due to various numerical difficulties. However, the code has evolved
since then and trying this approach again could be useful in speeding up the simulations.

Any drift kinetic code simulating the SOL up to the magnetic presheath should check
how well the ion distribution function at the MPE satisfies the kinetic Chodura condition.
In addition, it should be checked that a diverging electric field is recovered. The scaling
of the potential could also be a valid bench mark. In our model the field scaled as
¢ ~ +/z since we had ion-ion collisions only (the result also holds if the full Fokker-Planck
collision operator is replaced by a diffusive model operator). As discussed below, even
with neutrals, we expect diverging electric fields to be produced at the MPE and thus the

ion distribution to satisfy kinetic Chodura condition.

6.2 Effect of neutrals

Adding neutrals would be a natural extension to our numerical and analytical model. We
would solve it together with the kinetic equation for neutrals, where appropriate boundary
conditions would have to be imposed for the neutral distribution function. The charge
exchange collision operator for the ion (f;) and neutral (f,) distribution functions would

need to be added to the right hand side of the ion drift kinetic equation (1.19). It is given
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Cealfis fnl = —/d3v’0cm|’v —V[(fi(v) fu(v') = fi(v') fu(v)), (6.1)

where o, is the charge exchange cross section. A good approximation is to assume
o.|[v—v'| = K,, where K, is a constant [28, 49]. Thus the operator simplifies to
— Ky (n,f; — n;ifn), where n; is the ion density and n,, is the neutral density. This would
give us a system of equations that could be solved by our code, given appropriate boundary
conditions for neutrals. As we see, both of the terms in Ce;[f;, f,] are finite at v < Vyjoc.
Therefore, our analysis from Section 3.1 would not change as the ion-ion operator, which
is of the form ~ 9?f;/dvf, would dominate to lowest order for small vj and thus the
electric field at the wall would still diverge. The diverging electric field then implies that
the Chodura condition is satisfied as long as integrals in (3.52) are well defined. However,
proving this is not obvious. Our proof of an exponentially small distribution function in
Section 3.2.1 would not be applicable. This is because K, n;f,, would appear on the right
side of equation (3.49), even if f; was zero to lowest order, giving a non-zero fi.

Ion interactions with neutrals are very likely to affect the ion distribution function
at the MPE and thus the ion distribution function at the wall. With regards to bound-
ary conditions for fluid codes, adding neutrals to our model would only be useful if it
could then be coupled to a fluid model that takes the effect of neutrals on ion transport

coefficients into account [28, 50].

6.3 Importance of kinetic electrons

The numerical code developed in this thesis allows us to find the potential drop in the
collisional layer for a given ion mean flow A, and electron ion temperature ratio Z7T, /2T«
at the boundary at  — oo (CLE). We mentioned in the introduction that at this stage
this code cannot be used to obtain boundary conditions for fluid codes because it does
not take kinetic electron effects into account. To make the code useful for fluid models, it
must provide the electron mean flow at infinity .|« given the incoming ion and electron
temperatures (Tj and T, respectively), ion mean flow u;j, and the potential drop

Aodr, across the collisional layer, the magnetic presheath and Debye sheath; that is, we
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need to calculate a function F' that gives

ue||oo/cs = F(€A¢Tot/Tewa u’iHOO/CS7 Teoo/ﬂoo) (62)

For this we need to add the steady state drift kinetic equation for the electron distribution
function f. to the model, instead of assuming an adiabatic electron response. The drift
kinetic electron equation would have both electron self-collisions (Ce.[fe, fe]) and electron-

ion collisions (Cg;|fe, fi]) and explicitly be given by
e . 0¢df,

. e
-y sma—5— — — S«

oxr  me oz o

= Cei[feafi] +Cee[feafe]- (63)

This addition of electrons is not a trivial step. The adiabatic electron response allowed
us to relate the ion distribution function to the potential directly. Without it the ion and
electron equations would have to be solved together with quasineutrality until appropriate
values of the potential ¢(z;) were determined. This, together with the additional electron
distribution function and another collision operator for electron-ion collisions would make
it a computationally more expensive task. However, in principle, it could be done.

We would need boundary conditions for the electron distribution function f.(z,v.,v))
at CLE, just like we did for the ions. The condition f.(z = xn,—1,v1,v) > 0) would
be a Maxwellian with the electron temperature 7T, and the mean flow .. However,
unlike for the ions, the electron mean flow is an output of the model (see equation (6.3)).
Adding the electrons to our model requires solving the magnetic presheath and Debye
sheaths simultaneously with the collisional layer. We could do this as follows.

We would guess how much of the total potential drop (A¢ry is given) occurs in
the collisional layer Agzﬁ(CO)L and set the potential drop in the magnetic presheath and
Debye sheath to be A¢ry — Aqbg)z, where the superscript (0) indicates that this is our
initial step. This drop, together with an initial guess of the ion and electron distribution
functions at the MPE (denoted by x = 0 in this thesis) could be given to the magnetic
presheath and Debye sheath solver GYRAZE [1] and would provide the reflected electron
distribution function f.(z = 0,v,,v| < 0). This is a boundary condition for the electron
distribution function in our collisional layer solver. From the electron distribution function
fe(z = 0,v1,v)), we would also have the first guess of the electron particle flux ngo)(a: =

O)ugﬁ) (x = 0). Since electron particle flux is constant in the collisional layer, this allows us
(0)

][00 Then, the electron boundary condition

to determine the new mean flow at infinity u
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at infinity is a Maxwellian with this new mean flow. Now we can solve our collisional
layer model to obtain a new fe(l)(x = 0,v,v > 0) and Agb(cl)L Since A¢ry is unchanged,
the drop across the magnetic presheath also has to be changed to A¢ry — Aqﬁg)L. We
can solve the magnetic presheath and repeat to obtain fe@)(x =0,v1,v <0). We would
continue the iteration until the potential drops across each layer stop changing. This
procedure gives |« as well as fe crg, the electron distribution function at CLE. To find
the electron heat flux gc« We need to add the corrections to the Maxwellian that give
{e|j> in Braginskii’s model to the incoming distribution function f, cre(v) > 0). From our
collisional layer solution we would obtain the outgoing part f. cre(v) < 0) and hence gejjoc-
In addition, this method would provide us with the split of A¢r,; among the collisional
layer, the magnetic presheath and Debye sheath.

Theoretical analysis of the kinetic electron effects could be looked at in future work.
Specifically, predicting the constraints and properties of the electron distribution function
at the CLE or MPE for given boundary conditions (similar to what we did for ions in
chapters 2 and 3), would be useful. It could be used for checking the results of the code,
or making the numerical calculations more efficient by providing them the analytical

constraints.
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Appendix A

Fluid equations used in edge
modelling

We give an example of electrostatic drift-reduced Braginskii equations, which are often
used in the edge modelling. Here we show the equations used in GBS [30]. These are,
in the order listed, the continuity equation, vorticity equation (current conservation),
electron and ion parallel momentum equations, electron and ion energy equations, and

the Poisson equation:

on 1 2
o = o+ 5 [C) = enC(@)] = Vi (nue) + DaVin + sy, (A1)
o0 1 B 20
E — _Ev . [Qﬁ,w] —V- (quva) + TV”]” + ?C(pe +p1>
Q;
+5.C(G) + DoV2Q, (A.2)
Oie| 1 e (J 1 2
el _ = _ Sy - —0.71eV T, — —
P 7 [9s el = ueg Vyuey + - (U“ + Vo = —Vjpe = 0.71eV | T. — o=V G
+ Dueuviueﬂa (A3)
8uiH 1 1 2
5 —E[gb,ui”] — Ui VUil — mmvll(pe +pi) — BmmVHGi
ot 1 2, [0.71V
= ——[.T.] — Te+ -1, | ———— —
g 70 Te] = ug V) Te + 3T { - V|t
AT, [7 T,
505 30T+ —Cn) — eC(¢)} + V(e Vi) + Dr, VAT,
4m, 1
(T — T, A.
+ STE 3 m; 7_6( e z)a ( 5)
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oT; 1 4 T; T
T _§[¢’ T — vy V) Ti + 328 |:C(Te) + z(](n) - 60(@}
10 T 2 Vin
— 5 .g¢0) + 3T {(uz’n = Ue)) = V|Ue||}
9 4m, 1
+ VH(XHiVHTz‘) + D, ViT; + st, + gHT_(Te —T)), (A.6)
2p (3 e

V- (nV.¢)=Q— f (A7)

where Q =V -w =V (nV, ¢+ V, p;/e) is the scalar vorticity, n is the density of ions
(equal to density of electrons due to quasineutrality), m,,u|,, T, and p, = n,T, are the
mass, mean flow parallel to the field, temperature and pressure of species r, and r =1, ¢
stands for ions and electrons, ; = eB/m; and Q. = eB/m, are the gyrofrequencies
of ions and electrons, respectively, B is the magnetic field strength, ¢ is the electric

potential, j = en(u;) — ue|) is the parallel current, Dgq, D, Dy, , Dr, and Dp, are

ell?

numerical diffusion terms, s,, and sy are source terms, GG; and G, are the ion and electron

gyroviscous terms given by

_ C(¢) C(pr)
G, = —nor 2v||UHz+ B ZnB| (A8)

where Z; =1, Z, = —1, ng; = 0.96nT;7; and ng. = 0.73nT,.7.. The collisional times 7, are

the inverse of collisional frequencies v, and are given by

4
i:y€:4\/27r e*nln A, | (A.9)
Te 3 (471'60)27%;/27-'@3/2
1 221 e'nlnAy A0
"8 el T A0

where In A, is the Coulomb logarithm for species r. The coefficients x; and x|, are the ion
and electron thermal conductivities, and o is the Spitzer conductivity. For the definitions
of the latter terms as well as the normalisations used, see [30]. The Poisson bracket and

the curvature operators are defined in equations (1.42) and (1.43), respectively.
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Appendix B

Derivation of the kinetic Bohm
condition

In the Debye sheath the plasma can be described by the steady state collisionless kinetic

equation. For a species r, with a distribution function f,, it is given by

E+vxB) -2 o (B.1)

m, ov

Z€

v-Vf, +

Taking the first moment of this equation we get the momentum equation
V. /d3v frlz,v)m,vv = Z.en,(E 4+ u, x B), (B.2)

where
n, = /d3V frs u, = ni/d:gv frv (B.3)
are the density and average velocity.

The gradients in the x direction (perpendicular to the wall) dominate in this region
as L, ~ Ap < Asor, ~ L, S L., where Ago, ~ lcm is the width of the SOL. In the
Debye sheath the electric field is ordered as E, = —0¢/dx ~ T./eAp, and the mean flow
of ions and electrons is w; ; ~ Uey ~ vy <K vge. Therefore, us,B/E, ~ Ap/p; < 1 and
the magnetic field can be neglected to lowest order in Ap/p;. This gives lowest order

momentum equation

%/d?)v fymv? = Z.en, E,, (B.4)

where the integral on the left hand side is the momentum flux in the x direction of species
r. Adding the ion and electron momentum equations, using Gauss’s law

8%

d?

=e(Zn; —ne), (B.5)
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and integrating in z gives

2
60(%) :/d3vfi<x7v>mivi_/d3VfZ'(I'DSE7V)miU§
+/d3Vf€($aV>meU?c_/d?’er(ﬂUDSE,V)mevz, (B.6)

where we have set d¢/0x = 0 at the DSE to lowest order in Ap/p;.

The electrons are assumed to be adiabatic and thus

/d3V fel(z, V)mevz =nd, = nepsel.exp(ed/T,), (B.7)

where we have set ¢psg = 0. The potential decreases as we approach the negatively
charged wall and thus the electron pressure defined above will decrease. The left hand side
of (B.6) is always greater than or equal to zero. This means that as ions are accelerated
towards the wall their momentum flux towards the wall has to increase faster than the
electron energy is decreasing. This will lead to the Bohm condition, which says that there
are few slow ions at the DSE, as slow ions at the DSE cannot increase the ion momentum
flux fast enough.

To prove this, consider the region of space just inside the Debye sheath, where e¢/T, <

1. Then to second order in e¢/T, < 1 the electron pressure is

2 3
/d3v fo(x, v)mev? = Nepsele (1 + % + %(%) + O((%) )) (B.8)

Since the electric field dominates over the magnetic field, the ion kinetic equation in the

Debye sheath simplifies to

or  m; 0rdv,

0fi _Zedo0f _ (B9)

We see that the ion trajectories have a conserved quantity £, = v2/2+ Zep/m;, which is
the energy per unit mass. The solution to (B.9) is then f(z,&,) = f(&;). In the region
of interest, near the DSE, e¢/E, < 1. Changing the integration variables from v, to &,
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(the Jacobian is dv, = d€,/|v,|) and expanding in e¢/E, < 1 we get

/d3vf1(x V)mev? —/dvydvzdé’ fi(&wy vy, v)m Z\/ (5 —Zed)/ml)

= /dvydvzdé’x [i(Ewy vy, v)min/ 28,

_Zeqﬁ/dvydvz\/_ i(Ex, vy, 0,)
3
_ (_ZQGT?Q dvydvzj% fi(gg;:’vz) +0<(%) ) (B.10)

Since the distribution function written as a function of the &, variable is independent of

x, the expression simplifies to

Zeg)? (Tpsk,
/d3V fi(z,v)miv2 = pi pse — Zedn; psp — %/ds %

o((2)) )

where we changed back to velocity variable v,. Note that the distribution function is
evaluated at the DSFE.

Putting the expressions (B.8) and (B.11) into (B.6) and only keeping terms to second
order in e¢/T, gives

¢ (Z€¢)2 fz(xDSEa ) MiNe,DSE
(0$) T 2m ( /d3 v2 * 72T, ) (B.12)

where we used quasineutrality at the DSE, Zn; psg = n.psg. Noting that the left hand

side is always greater than or equal to zero gives the Bohm condition (1.1).
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Appendix C

Collision operator for the
gyroaveraged ion distribution
function f

In this section we find the explicit form of T, defined in equation (1.21), for the case of
a gyrophase independent distribution function f(v,,v)). The fact that f(v',, v"‘) is inde-
pendent of ¢ allows us to find an analytic expression for the integral over the gyrophase.
To simplify the notation we introduce f" = f(v',v)).

Firstly we write out the integrand explicitly in its components. We use the same
cylindrical coordinate system for velocity space as in the rest of the thesis. Using equations

(1.22) and (1.23) in equation (1.21) gives

r :/d?’vlff'g—l:g{gQ{(alnf _Olnf )54— 8lnf‘7L _OInf -

v 9| ovy o',
N f(O0Inf  Olnf’ Oln f ol f",
g[(vn U”)< v le’| > * vy Lt o', YL
.~ (OInf , Olnf

The dot product v VsV, -V = cos(p — ¢).
To simplify the calculations, it is convenient to change the integration variable from
¢ to 7y, where v = 74+ ¢ —¢'. Then v, - v/, = —cosy and g% = (v — v|/|)2 + 0?2 +

V2 + 20,0 cosy. Writing out g, g and d*v’ explicitly and using the change of variables
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¢ — 7, equation (C.1) becomes

1
(o) — )2 + 02 + O2PP(L+ kcos )"/

(v? +Uf)<8lnf B 81nf’> (o — U|,|)<0lnfvl N Oln f’ L)

r :/dvldv'dv v ff

A

v I vy o',

, (Olnf  Olnf’ ,fO0Inf ,  Olnf -
-I—cosv(?vﬂu( a0, 8v|'| ) (v v”)< 30, v+ a0, vy b
, o 0In f S fO0Inf  Olnf

! [((””nfﬂiﬂf)ﬁ_”(”_””)( T )
B Oln f +8lnf’ . olnf , _Glnf’ .
V1 8UJ_ V1 8/ V) COS7Y 81& U 81}3_ V| V|
, Ol ff o fO0lnf  Olnf

/ /
— (al_mfvL + le) —Ulcom(alnfvl _OInf m)]‘;’i}, (C.2)

ov| o', ovy o',
where we have defined

!

2u v
VAT 2 2
(v U”) + v + 0}

k= (C.3)

Using the elliptic integrals, defined in equation (1.26) and the trigonometric identity

_ 2k o
1+kcosv—(1+k)<1 T 5 Sin <2)>, (C.4)

we evaluate the following integrals

/%d 1 B 4 o 2 ©5)
0 7(14-/{?(3087)3/2 B (1+k)1/2(1—k) 1+k)’ '
T cos(m @ — ) 4 cos 2
d = - K C.6
/0 7(14-]{7(3087)3/2 k(1+k)1/2{ (1+/<7 (1—1— )} (C.6)
/2” cosycos(m+@—7)  4dcosp 2—k2E 2k (e
0 (1+kcosy)32  K2A+K)V21-k \1+k 1—|—k '
T osin(m 4+ o —7) 4 sin ¢ 2k
d = K C.8
/0 7(1+k0087)3/2 k(1+k)1/2{ (1+k) ( )} (C-8)
2™ cosysin(m + o — ) 4sin @ 2 — k? 2k 2k
d = E —2K|——] ;. (C9
/0 7 (1+ kcosy)3/? k2(1+k)1/2{ 1—k <1+k> <1+k)} (C9)

From here on we will write K and E instead of K(:22-) and E(-2£.) to make equations

1+k 1+k

easier to read. Substituting the integral expressions (C.5)—(C.9) into equation (C.2) gives
equation (1.24), where the coefficients X, X1, Xj1/, X1, X1 and X, |/ are defined in
equation (1.25).
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Appendix D

Moments for H;4 and Hip

Here we list useful integrals that we use to evaluate the moments of equation (2.49). The

integrals of Hypg involve the following moments of fj,

/d3WfM5 = Moo (D].)
3 2 3 2
/d ww” firs = 5”1'00%00, (D.2)
1
/d3ww2st = §nioovt200, (D.3)
5
/d3ww2|w2st = Znioovfoo, (D.4)
3. 4 15 4
d>ww”® fus = 1 TtiooVioo: (D.5)
3
/d3ww4st = Znioovfoo, (D.6)
3. 2 4 35 6
dwwjw” fars = g Moo Vteo: (D.7)
In addition we use
/cxl?’wu)ﬂ7 (w) fars = 0, (D.8)
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where p is an odd power and 7T (w) is an arbitrary function of w. Putting these together

we find
/d?’leB = nq, (D.9)
/df’»ww”HlB = MinoCs <%1?:o + %) (D.10)
/dsww2H13 = gnimvfm( — 2%520 v;i + ;;1 n nf;) (D.11)
/ dwwiH g = gniwvfw( - 2%520 vj; + 3;;0 + 32100) (D.12)
/d3ww|lw2HlB = gnioovfoocs (%gjo + Z—i) (D.13)

For integrals over H 4 it is convenient to change variables from wy,w, to w,§, which are

defined in 2. In terms of these variables

2

w 2 1 1
- =€’ = 2oL P& + (5L (@) = 3LV @)RE). (D14)
too
ww 5
i == PGLEY @)+ L @) Pi6). (D15)
too

Since we choose the first three moments of Hy4 to be zero, the only non zero moments of

Hi, are
2
NicoVing
/d?’WUJﬁHlA = Ttaovg, (D16)
5
/d3WU)2wH1A = —nioovfoozal,l. (Dl?)

134



Appendix E

Self-similar solutions for the
distribution function near r = 0

E.1 Form of the collision operator at v < vy

We can expand the Fokker-Planck collision operator given by (1.20) and (1.21) to get

Clf] = ;;Z {V [ /d3VIf<V/)Vv : [nggg} + /dSV/ngggf(Vl) VoV, f

AR {/d?’v/vgvgg : Vv/f(V/)} —V.,f- /dSV'Vngg : Vv/f(V/)}. (E.1)

We can integrate the last term by parts in v’ and then add it to the first term to get
Vof - /d3v’f(v') (Vo [VyVyg] + V- [V4V,g]) =0, (E.2)
where we used the fact that the term in the parenthesis is zero identically by definition of

g = v —V'. The third term in equation (E.1), after integration by parts, gives an integral

proportional to

2g 2g
Vo - (Vo VgVgg) = =V - 7= v, - 5 87(g). (E.3)
Therefore the collision operator simplifies to
’YZZ / ’YZZ
Clfl = 25 [ V9, 9,00(v) V.90 + 8225 (), (E4)

For v < vy ~ v, the dominant terms are those containing 0%f/ avﬁ. Therefore, to lowest

order, we have

’Yzz 3 /gJ_ 82f — an
C d’v = Dy(v)=—= E.5
[f] m g f( )aUHQ 0<v)a,0”27 ( )
where we have implicitly defined the effective diffusion coefficient Dy, and g% = ¢g*—(g-b)>.
In normalised variables, defined in (2.54), the collision operator is C[f, f] = Do%fj :

where DO D()m Utoo/nzoo’Yn
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E.2 Solution for g > 2/3

Rewriting equation (3.12) in terms of z = 73/9 gives

2
zF"+(§—z>F'+QF—O, (E.6)

where the derivatives are now with respect to z.
Solutions to equation (E.6) are known as confluent hypergeometric functions M (a, b, ¢),

giving the general solution to the equation
F(2) = Qz'3M(1/3 — Q;4/3;2) + RM(—9;2/3; 2). (E.7)

We determine the relationship between constants () and R, as well as the value of 2 using
the boundary conditions.
First we require F'(z — o0) to not diverge exponentially. To lowest order, expansion

of M(a,b,c) for large z > 0 is given in [51] to be

%ezza’_b. (E.8)

M(a,b,z) =~ T

This is an exponentially growing solution, which does not satisfy the boundary condition.
Plugging this expansion into our solution (E.7) and requiring for the exponential term e?

to be zero gives
° ~ L2/3|01/3 - Q] -
- T[-QIr[4/3]

Then we use the boundary condition at z — —oo, which requires the function to decay to

(E.9)

zero exponentially fast. Expansion in z — —oo for the function M to lowest order ([51])

18

M(a,b, z) = (E.10)

We want the function to decay to zero exponentially fast, therefore this term has to
disappear as z — —oo, which fixes the constant to be

T[2/3|0[1+ Q] -

Q= T12/3 + QT[4/3]

(E.11)
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Instead of being a set of equations to determine @ and R, equations (E.9) and (E.11)
allow us to determine §2. Comparing solutions (E.9) and (E.11), we find that they can

only be satisfied simultaneously if

D[~ QIT[L + Q]
T[2/3 + QT[1/3 - Q]

+1=0. (E.12)

We then choose Q2 = 1/6+ N, where N > —1/6 and N is, in principle, real. Using Euler’s
reflection formula T'[z]T'[1 — x] = 7/ sin(7x), the equation simplifies to

sin(mw/6 — wN)
sin(—m/6 — 7N)

= 1. (E.13)

From trigonometric relationships, it follows that this equation is only satisfied for an
integer N.

Putting the terms together and reintroducing n we now have
F) = R(KnM(1/6 — N;4/3;0/9)
+ M(~1/6— N; 2/3;773/9))7 (E.14)

_ _ or T'[-N+1/6 r2/3] _ 2v3x
where K=-3 1/6 T[1/3]? F{_N_1§6} and we used F{‘l??’} RNIVE

To prove that N = 0 is the only solution we use the condition F' > 0. First, F(n =
0) = R, thus R > 0. The solution (E.14) can be written as F' = RKF4 + RFp, where
Fy=nM(1/6 — N;2/3,1n%/3) and Fg = M(—1/6 — N;4/3,13/3). At small n > 0 they
are both positive since Fiy ~n+ O(n*) and Fz =~ 1+ O(n?).

We now prove that for N > 0 there exists a region where both Fy < 0 and Fg < 0
implying F' < 0, which does not satisfy the positivity constraint F' > 0. From [51], if
the root exists, the approximate values of the r** root of the confluent hypergeometric
function M (a;b; z) is

e A~ T (r +§b/ 2__43/ v O((2b — 4a)(b/2 — a)7?) (E.15)

This means that F4 and F'z have zeros at

 o(r—1/12)? 2
B 2(7’_5/12)2 -2

Since the functions F4 and Fz are both positive at small 7, they will be negative at n; <

n < 12, where 7, is the 7" root of the function. F4 has its first root at n{' ~ 0.42/(1+2N),
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the first two roots of Fp are at n ~ 0.17/(1 4+ 2N) < n{ and n¥ ~ 1.25/(1 + 2N) > ni*.
Therefore, there always exists a region at n > n{', where both functions are negative, if
these roots exist. The plots of the functions for N = 0,1,2,3 are shown in Figure E.1.
Note that the accuracy of the approximations (E.16) and (E.17) improve with larger N.
However, even for N = 1 the roots are separated enough for the argument to hold using
the approximate values.

The approximations in (E.16) and (E.17) are only true if the roots exists. For the case
of N =0, F4 has no roots (as we can see from the Figure E.1) and therefore we cannot
use the argument above to argue that F' < 0 at N = 0. In this case KFy > —Fp, as can
be seen from using expansion (E.8) for F4 and Fg (or from the Figure E.1). This ensures
positivity of the full function F'. Therefore we have shown that the only solution that
satisfies the boundary conditions has N = 0 and so = 1/6. The final solution is

1
T[—1/6]

Fly) = R(— 127 nM(1/6:4/3;0°/9) + M(=1/6:2/3:0°/9)).  (EA8)

Taking the limit 7 — oo, and using expansion from [51]

M(a,b,z)/T[b] ~ E[Tz;ia] <1 ta(l+a—b)(—2)" + 0(22)) (E.19)
we get, to lowest order,
F(n— o0) ~ =2 x 37/6%5{@ ~ 1.44R\/7. (E.20)

We can expand the function to next order to show that
F(n) — F(n — 00) ~ 0.36Rn > > 0. (E.21)

This result is used in Section 3.1.2 to prove that the integrand of F'(n) — F(n — o0) is

always positive.
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Figure E.1: Functions KF) (blue line) and Fp (orange line), with 1 on the horizontal
axis. For N > 1 there exists a region between the first root of F)4 and the second root of
Fp where both functions, and thus F', are negative. The points are the approximations
of the roots using (E.16) and (E.17). Crucially, F)4 does not have a root for N = 0.
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Appendix F

Finding the Maxwellian for the
numerical collisional operator

We are looking for fyum =), ; @;5;; such that the numerical collision operator defined
in (4.26) is zero and that the moments of fy,, evaluate to the boundary condition values
of particle density n.,, mean flow v, and thermal velocity v;o,. This gives Ny N| + 3
equations and only N, N unknowns. We introduce three additional variables A,, where

p = 1,2,3, and solve the system of equations given by

Fkl [fNum] Okl [fNum] - Zp Aprkl —0

= , F.1
N Ny (F-1)
M, = /d%fNum — Ngo = 0, (F.2)
M, = /d3vv||fNum — Nooljjoc = 0, (F.3)
3
M; = /d?’v((v — u||oo)2 +0%) fnum — 57%011,5200 = 0. (F.4)

The factor Ny is the normalisation defined in (4.50). The normalisation is included
because numerically, we will be solving equation (F.1) up to some finite precision € only.

In theory, we can choose the three tensors T, to be projections of any independent
functions of velocity on the 1);; basis. We choose to use such T, that the non-exact
particle, momentum and energy flux conservation is countered by the introduction of
these terms as sources in the equation. Galerkin’s finite element method with quadratic
basis ensures the conservation of these moments to numerical precision and therefore, for

this implementation of the operator, we expect A\, to be small (for perfect conservation
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they would be zero). The tensors T, are defined to be

Ty = /dgV%szum, (F.5)
afNum
Tow = /dngkl ; (F.6)
o

1 0

T3 = /dSV%z (8iv|| (UHfNum) + E%(Uif]vum)> (F.7)

We also introduce tensors D;imn, which are defined by replacing fyum by ¥mn in the
expressions (F.5)—(F.6). They will be useful later when deriving the Jacobian because
ajﬂikl/aamn = Dijklmn-

To define derivatives of equations M;, it is also useful to introduce the tensors
Aptmn = /dgV?/)kzwmm (F.8)
Ay = ZAklmn = /d3V¢kl- (F.9)

Then we can rewrite (F.2)—(F.4) as

M, = Z At Art — Moo, (F.10)
%l
M2 = ZaklUWAkl — noounoo, (F.ll)
¥
3
My =y au((vj = o)’ + 0% ) Ayt — 510 Vino: (F.12)

kl

and OM;/Da,, are equal to

oM,
= Aij, F.13
3&1-]- J ( )
M,
Dayy Ul (F.14)
OM.
F) = = (v — upe)® + 1) Ay (F.15)
Qg

To solve the equations numerically, we make an initial guess of ag]), fori=1,..., N,

and j = 1,..., Nj and )\,(,0), for p=1,2,3. We choose ag-)) = W31/2 exp(—(vHi — Uso)® — UL)
and A,(go) = 0. To simplify notation we turn 2 dimensional arrays into 1 dimensional
ones and denote the reshaped arrays with a tilde. We introduce a variable a, where

p=1,2,..., N N +3 and

ay, =

~ {% for p = Nyi+j < NLN, (F.16)

)‘u+1*NJ_N\|7 for nw > NJ_N”.
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We also combine equations (F.1) and (F.2)—(F.4) into £, = 0

- [Fy, for = Nyi+j < N N|,
FM:{ J SN (F.17)

M,u—i-l—NLN”? for > NLNH

The same way we change Cy; to éu, Ti to Tm and Djiimn tO Diuv- To use Newton’s

method, we find the Jacobian

_TV+1—NLNH oM

ac, -
da, Zz AiDilW

OF,

da,

(F.18)

8Z\;IM+1—NJ_NH 0
da,

The last block is zero because the moments M; are independent of ;.

)| we evaluate F), (a,&”)) and the

Given an iteration n in our Newton’s method (z,(f
derivative OF),/0a, (d&")) and then we use them to find a better approximation by solving

the equation

A(n)
T OFu Gorsn) _ gmy = frtm, (F.19)

where superscript n indicates that the functions are evaluated with dLn).

We iterate until we reach our desired precision e by satisfying

ST(EM) <« (F.20)

m

2
\/Z R (F.21)
I

where in the second condition we only include the terms of the summation that satisfy

(n)

a;”’| > 1071 to avoid lack of convergence due to machine precision errors. We choose

e = 1078, We recover values of \; to be zero almost to machine precision, \; ~ 1074,
This indicates that our collision operator is satisfying the conservation laws to machine

precision, as expected.
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Appendix G

Calculating the errors in the
numerical Chodura condition

We expand (5.9) to second order in Agqg/T,

n(x =x) —n(x =0) :n(O)Aj:Z:O (1_|_ gﬁj —i—) (G.1)

We write density in terms of the distribution function and introduce the velocity v, =

V2Ag¢q to split the integral into two regions

TL(ZL‘ = 0) = / dg’UfMPE —f-/ dS'l)fMpE, (GQ)
Ogvngvc

Ve<v|| <Vmaz
where V4, is the largest value of v in the grid. In equations (4.5) and (4.6), we defined
&, the position in x space associated with the characteristic at the previous time step, and
¢, the parallel velocity at the previous time step and location £. Using these variables, the
characteristics that reach the MPE with v < v, come from the MPE and have ¢ = —v,

where f = 0 due to the boundary condition, whereas the characteristics that reach the

MPE with v > v, come from { = z; and = vj,/1 — v?/vﬁ. Using equation (5.8) for

position z = g and v > v, gives
fMPE(UH > UC) — f(xl, C) = C[fMpE]At(O, v > Uc) + (5Nf0At(O,UH > UC). (GS)

The time step is given by (4.13) and for these trajectories is

3 2\ 3/2 2\ 1/2
ry v v, v,

The density at w; is split into regions of negative and positive v

n(r) = /v|<0 dPv f (1, vy) + /0§v|gvmm v f(xy, ). (G.5)
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From (5.8) we find that the distribution function at ; and v < 0 is given by
f(xl,v” < 0) = C’[f(xl)]At(xl, UH < O) + 5Nf0At<.I‘1, U” < 0), (GG)

where we have used the boundary condition fypr(v; < 0) = 0 again. From (4.13) the

3 2\ 3/2 2\ 1/2
xy vV v v
0 I

time step is

I
rafi- (14 ])/} _”) (@7

Focusing on the second integral in (G.5), we split the integration region into intervals
0<wv <V2,—v?and \/V2,, —v2 < v < Ve and change integration variable in

the interval 0 < v < \/V;2, — v2 to 9y, where v = 7, /1 — vg/@ﬁ We find

I e AN
/ d3'vf(:l,’1,v||) :/ f<x1,v|| 1-— U?/U2> <1 — ﬁ) doy
Ogvugvmaz LS/I’)HSVTHG‘T

v Il

+ / d*v f(x1,v)). (G.8)
V Vi ae—v2<0) <Vinaz

If Vinaz > v, the second integral is approximately f(z1, Vinaz)ve?/(2Vimaz) < 1. Since
the distribution function is small at large v, this contribution to the density at x; can
be neglected. These terms contribute only a ~ 0.01% discrepancy in the kinetic Chodura
condition. Equation (G.3) then allows us to express the first integral in terms of fypg.

We relabel the variables 9 — v to get

UQ —-1/2
n(zr) :/ d?’vf(:cl,v”) +/ dg’l)fMPE(UH)( - _g)
v <0 ve <V <Vimag Y|

2

o2\ ~1/2
— / d3’U(C[fMPE'(U||)] -+ 5Nf(]>At<0, U” > 'UC)( - —g) + (‘:A, (Gg)
<V <Vimaz

v
I

where €4 includes the error &, associated with the velocity space discretisation as well as
any errors due to numerical integration of velocity integrals in (G.9). The error £4 can
be calculated by finding the density of ions at x; by integrating the distribution function
as in (G.5) and subtracting from it all the numerically integrated right hand side terms

of (G.9).
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Putting equations (G.1), (G.2), (G.3) and (G.9) together gives

A A
n(0) ]fo (1 + 2;2;) = /U|<0 d3'uf(:1317v||) + /vcgylgvmaz dgfufMPE(U“) (1 — Z
2

—1/2
_ / d3’U(C[fMPE(UH)] + 5Nf0)At(0,?}” > Uc)( — _;>
vCSv”SVmaz

v
I

N

)1/2

[\

— / d3’UfMpE + 5A‘ (GlO)
OSUHSVMEI

The integral that contains dy fo has a logarithmic divergence for V., — 00. To see this,

we expand At(0,v) > Uc)(l — ;’—é)’” to lowest order in vj /v, > 1 to get that
I

2

2\ 7V g
At(O,v|>vc)< ——;> ~ L (G.11)

Y Yl
Integrating it gives a term that goes as ~ In(V},q./v.). The contribution from this error
is ~ 1% in our runs and we will neglect it for the rest of the analysis.

Since the distribution function at the MPE is close to zero at v ~ v. and v, is smaller

than V.., we can expand the first integral on the right hand side of (G.10) and get

Uz —1/2
/ d*v farpe(vy) (1 - —2) ~ / d*v frrpe(v))
UCSUHSVVVLG,;L' /U” 'UCS'UHSVnLuw

2 4

v 3v
—|—/ dg’UfMpE(U||)—c2 + / dsvfMPE<’U”)_Z + ceey (G12)
’UCS’U”SVMGI 2’U|| UCSUHSVMGZ 8/UH

where we have not written higher order terms explicitly. However, the higher order terms
decay very slowly. As a result, we keep all of them by computing the integral on the left
hand side of (G.12) numerically and introducing g, which is defined in (5.11).

Plugging (G.12) into (G.10), expressing v, in terms of A¢y and only keeping the largest

errors gives (5.10).
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