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Abstract
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correlation between state prices and the future spot rate generates a risk-premium in the term
structure of interest rates, even in absence of aggregate uncertainty. These results do not obtain
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1 Introduction

We argue in this paper that the correlation between monetary costs and real asset payoffs in
monetary models creates risk-premia in asset prices. Monetary costs generate a wedge be-
tween selling and buying prices in models where money is needed for trade, and consequently
affect marginal utilities and equilibrium prices. Unlike in representative agent models, this
premium exists even in absence of aggregate uncertainty (i.e., when the aggregate endowment
is not state-dependent), and therefore causes the term structure to lie above levels predicted
by the pure expectation hypothesis.

The risk-premia generated exist in addition to the ones derived from the representative agent
Euler equation, and studied in Lucas (1978), Breeden (1979), Mehra and Prescott (1985),
Backus et al. (1989), or Grossman et al. (1987). This is because the risk-premia are due to
the funding transaction costs that affect individuals’ marginal utilities, though not the (ag-
gregated) representative agent’s utility.

We set out a monetary equilibrium with cash-in-advance constraints built along the lines
of Dubey and Geanakoplos (1992, 2003, 2006). We assume complete markets since our fo-
cus is on the consequences of the monetary structure. The model transcends representative
agent models in several ways. First, trade activity is endogenous - in fact, trade activity is
determined by liquidity. Recall that representative agent models can be thought of as “sell-
all” models, thereby determining trade a priori. These models have been extended by adding
money (as in Lucas, 1990, and Lucas and Stokey, 1983, 1987); however, in these papers money
plays a role only through income and expectations, and not through trade.

In our model trade is affected by liquidity and the monetary costs generate a strong cor-
relation between asset payoffs and spot interest rates. We are thus able to calculate explicitly
a “liquidity-risk premium” in the term structure. Bansal and Coleman II (1996) also pro-
duce a general equilibrium where transaction costs have an effect on bond prices, however,
in their representative agent model, trade is forced, since the representative agent sells all
of her endowments and subsequently buys it back. Furthermore, the transaction technology
is exogenously specified and transaction services are generated only from bond holdings and
not from asset holdings. Other papers such as Fan (2006) or Chabi-Yo et al. (2007) show
how uninsurable risk and agent heterogeneity add an additional factor in pricing models. In
our model, although asset markets are complete, monetary transaction costs add a further
uninsurable risk that matters for asset prices.

We also argue that liquidity, because it is a broad concept, can not be fully described by
the supply of money from the Central Bank. The word ‘liquidity’ corresponds to two dif-
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ferent concepts in this paper. First, there is the supply of cash by the Central Bank, or by
the banking system in general. Second, liquidity may also refer to the easiness with which
commodities and assets are traded. Extending Grandmont and Younes (1972), we assume in
the cash-in-advance constraints that a share Λ of the receipts of an agent’s sales can be used
simultaneously to purchase assets or commodities. The (exogenous) coefficients Λs capture
therefore the liquidity of these assets or commodities, or in a keynesian fashion, the relative
illiquidity of money. The share Λ can also be understood as a continuous version of the dis-
tinction between “cash goods” (when Λ = 0) and “credit goods” (when Λ = 1).

In our model the Central Bank policy has no effect on the liquidity of endowments, although it
does affect the spot interest rate and therefore the funding cost of liquidity constraints. This
assumption allows us to clearly separate the effects of liquidity that are channeled through
interest rates from the direct effects of liquidity on the way trade is conducted. Demand for
money becomes a function of two parameters: the spot interest rate and the liquidity of assets
and endowments. Consequently, the model is able to show how trade and asset prices depend
on the two concepts of liquidity. This result would hold in any monetary economy where
short-run liquidity effects exist, and monetary costs act as transaction costs.

Furthermore, the model suggests that monetary aggregates do provide additional informa-
tion (on economic activity, inflation and asset prices) that is not included in interest rates.
This is because inflation may result from increases in money supply but also from increases
in commodities and assets’ liquidity. Hence, our monetary economy has a distinct monetary
flavour which cannot be reproduced in representative agent models.

The paper proceeds as follows: section 2 presents the model. Section 3 derives some properties
of the monetary equilibrium, while the main results on trade and asset prices are discussed
in section 4. Section 5 presents a closed-form solution in the Constant Relative Risk-Aversion
case. Finally, section 6 concludes.

2 The Baseline Model

2.1 Cash-in-advance Constraints

Cash-in-advance models1 aim to capture the importance of liquidity for transactions. There
are many versions of cash-in-advance models in the monetary theory literature (e.g. Lucas
and Stokey, 1983 and 1987; Svensson, 1985; Bloise, Drèze and Polemarchakis, 2005). We
follow the model of Dubey and Geanakoplos (1992) in which, to ensure a positive nominal
interest rate, a sufficient requirement is that agents hold some exogenous monetary endow-

1The modern treatment of cash-in-advance models dates as far back as Clower (1967).
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ment. If the aggregate private monetary endowment is m, then in a one-period version of
the model the short-term nominal interest rate is r =

m

M
, where M is the supply of money

by the Central Bank. Hence a short-term liquidity effect is obtained in a very simple way
since r is decreasing in M . Although an exogenous endowment of money can be justified in a
one-period model2, this assumption is harder to explain in a multi-period setting. Dubey and
Geanakoplos (2006), following Gurley and Shaw’s (1960) initial statement of the difference
between inside and outside money, argue that outside money is indeed a reality: for instance,
when money is printed by the government to purchase real assets, commodities, or to pay for
labour, it gives money to the private sector free and clear of any liability, and independently
from Central Bank lending. One can also think of outside money as a compact simplification
for a more general nominal friction that pins down the price of money. Default on the money
market plays, for instance, the same role as outside money to ensure the existence of a positive
interest rate (Shubik and Wilson, 1977; Shubik and Tsomocos, 1992; Espinoza et al., 2008).
In any case, what matters for the main results is the existence of the liquidity effect rather
than its origins.

Positive interest rates generate both nominal determinacy and money non-neutrality. First,
any model with a monetary transaction technology (i.e., with an essential role for money)
removes nominal indeterminacy because scaling prices up or down necessarily requires some
monetary injections or withdrawals which will, in turn, alter interest rates.3 Hence, for a
given interest rate there can be only one price vector.4 Second, nominal determinacy implies
monetary non-neutrality because any non-symmetric change in either money supply, outside
money or default, alters the monetary transaction cost of borrowing money. This, in turn,
changes the ratio of marginal utilities of buying and selling commodities, resulting in different
equilibrium allocations.

This class of models generates inefficient allocation because transaction costs create a wedge
between selling and buying prices. In this setting, the optimal quantity of money that reestab-
lishes efficiency is infinite, so as to produce zero interest rates.5

A common criticism of the cash-in-advance models is that the constraints used are ad hoc
and do not adequately capture liquidity or collateral requirements. General specifications of
cash-in-advance constraints can, however, partly answer this critique. If q1 and q2 are con-

2Outside money may be inherited from previous periods and free from any debt requirement outstanding.
3The only exception is when interest rates are equal to zero. Then changing prices and money supply is

tantamount to changing units of account while maintaining zero interest rates.
4See Dubey and Geanakoplos (2006) and Tsomocos (2008) for a formal proof.
5For this to be true it is necessary for inflation to be costless. The Lucas Parable and Calvo-pricing are

two ways to generate costly distortion of relative prices because of inflation but this case is outside the scope
of this paper.
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Figure 1: Timing of commodity and money markets

sumption levels in commodities 1 and 2, p1 and p2 are commodity prices, a general form of
the cash-in-advance budget constraint is

p1q1 + p2q2 ≤ p1Λ1e1 + p2Λ2e2

where e1 and e2 are commodity endowments and Λ1 and Λ2 liquidity parameters. The stan-
dard use of cash-in-advance constraint has been to set Λ1 = 0 and Λ2 = 1 with q2 = 0. Hence,
good 1 is the illiquid consumption good, whereas good 2 is fiat money (i.e., a perfectly liquid
commodity that cannot be consumed). However it is more realistic to assume that the different
commodities are not all equally liquid. As long as commodities do not have the same liquid-
ity, (otherwise, the budget constraints collapse to the standard budget constraints), money -
or credit - demand is positive in order to bridge the gap between expenditures and receipts
(Grandmont and Younes, 1972). Furthermore, we will show that although the liquidity pa-
rameters do not affect the link between money supply and the short-term interest rates, they
do affect the way trade is conducted and therefore asset prices.

2.2 Structure of the Model

The model consists of two agents, α and β, living for two periods in a complete markets econ-
omy. The first period is indexed by the subscript 0, whereas in the second period, the different
states of nature are indexed by s ∈ F ≡ {1 . . . S}. We also define the set F̄ ≡ {0} ∪F .

The sequence of markets is shown in figure 1. The money market meets first, allowing agents
to borrow cash (intra-period loans) from the Central Bank. The securities market meets next
allowing agents to trade securities (inter-period loans). We assume that all the Arrow securi-
ties, paying in nominal terms, are available. The commodities market meets last and therefore
money received for sales cannot be used instantaneously to purchase commodities. Finally,
the money market closes forcing agents to repay the Central Bank.
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Figure 2: Time and Uncertainty Structure of the Model

Agents consume and trade L commodities indexed by l ∈ L ≡ {1 . . . L} in both periods
and in all states of nature. Preferences are additively separable in commodities, periods and
states of nature. The subjective probabilities of the state s occurring in the future will be
written as πi

s, i ∈ {α . . . β}. Without loss of generality, we assume that the future is not
discounted.6 The two agents are endowed with ei

s,l , s ∈ F̄ , i ∈ {α, β} and with monetary
endowments free of any liability (outside money) mi

s, s ∈ F̄ , i ∈ {α, β}. Without affecting
the results of the model we assume that these monetary endowments are non-stochastic, and
write, therefore, ∀i, ∀s 6= s′ ∈ F , mi

s = mi
s′ = mi

1. The endowment structure is described in
figure 2.

2.3 Maximisation Problem

We assume that agents live two periods and value the two periods and different states of nature
with a Von Neumann-Morgenstern utility function. For an agent i ∈ {α, β} and a commodity
l, let ul,i be utility derived from the consumption of good l, ei

l her commodity endowment,
and mi

s, s ∈ F̄ her endowment in fiat money free of any liability. We also assume that utility
is additively separable and strictly quasi-concave in the different consumption goods. We note
Li

s(+) the set of goods in state s that agent i will sell (so that consumption in that commodity
is ei

l − qi
l), and Li

s(−) is the set of goods that agent i will buy (so that consumption will be
ei
l + qi

l). The price of commodity l in state s is written ps,l. With positive transaction costs,
Dubey and Geanakoplos (2006) show that there are no wash sales (no-one would both buy
and sell the same commodity), i.e. ∀s ∈ F̄ , Li

s(+) and Li
s(−) form a partition of L. Further-

more, since we have only two agents the commodities sold by α are the ones bought by β and
vice-versa, i.e. Lα

s (+) = Lβ
s (−) and Lα

s (−) = Lβ
s (+).

6Subjective probabilities can be adjusted to take into account the subjective discount rate.
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Asset trade, represented by hi
s, may be positive or negative, but all Arrow securities are

in zero net supply. Markets are complete in the sense that there are S independent Arrow
securities, indexed by s ∈ {1 . . . S} paying one unit of account to the owner if state s occurs,
and 0 otherwise. The price of such an asset is θs.

In each state s ∈ F̄ , there is also a money market for intra-period loans. The money supply
from the Central Bank is Ms. The money demand from agent i is µi

s and the equilibrium

bond price is ηs =
1

1 + rs
where rs is the intra-period interest rate.

Let us write F i(+) the set of states of nature for which agent i ∈ {α, β} buys Arrow securities,
and define F i(−) the set of states of nature for which agent i sells Arrow securities.7 Since we
will study only interior equilibria where all markets are active, we have F i(+)∪F i(−) = F .
With our two-agent structure, Fα(+) = F β(−) and Fα(−) = F β(+). The maximisation
problem of agent i is (in brackets are the Lagrangian multipliers, which will also be used to
label the respective equations):

max
∑

l∈Li
0(+)

ui,l(ei
0,l − qi

0,l) +
∑

l∈Li
0(−)

ui,l(ei
0,l + qi

0,l)

+
∑
s∈F

πs

 ∑
l∈Li

s(+)

ui,l(ei
s,l − qi

s,l) +
∑

l∈Li
s(−)

u(ei
s,i + qi

s,i)


s.t. ∑

l∈Li
0(−)

p0,lq
i
0,l +

∑
s∈F i(−)

θsh
i
s ≤

∑
l∈Li

0(+)

Λ0,lp0,lq
i
0,l +

∑
s∈F i(+)

θsh
i
s + η0µ

i
0 + mi

0 (ϕi)

µi
0 ≤

∑
l∈Li

0(+)

(1− Λ0,l)p0,lq
i
0,l (ξi)

∀s ∈ F i(+),
∑

l∈Li
s(−)

ps,lq
i
s,l + hi

s ≤
∑

l∈Li
s(+)

Λs,lps,lq
i
s,l + ηsµ

i
s + mi

s (Ψi
s)

∀s ∈ F i(+), µi
s ≤

∑
l∈Li

s(+)

(1− Λs,l)ps,lq
i
s,l (χi

s)

∀s ∈ F i(−),
∑

l∈Li
s(−)

ps,lq
i
s,l ≤

∑
l∈Li

s(+)

Λs,lps,lq
i
s,l + λsh

i
s + ηsµ

i
s + mi

s (Ψi
s)

∀s ∈ F i(−), µi
s ≤

∑
l∈Li

s(+)

(1− Λs,l)ps,lq
i
s,l + (1− λs)hi

s (χi
s)

7Of course these two sets are only defined in equilibria - the same applies to the sets Li
s(±) - and it is,

therefore, a notation abuse to write the maximisation problem as if the sets were known ex ante.
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The originality in this otherwise standard maximisation problem comes from the inclusion
of cash-in-advance constraints with liquidity parameters λs and Λs. Agents cannot use the
receipts of their commodities sales to purchase commodities and securities because of illiquidity
in the goods market (represented by the fact that only a share Λs of the receipts of sales in
state s can be used for simultaneous trade). As a result they first borrow from the money
markets ηsµ

i
s and repay to the Central Bank µi

s at the end of the period after having received
the whole benefits from their sales. The situation is similar for the receipts of asset payoffs,
since only a share λs of the payoffs can be used at the time the commodity markets meet.8

Hence, in anticipation of late receipts agents borrow in the short-term money market (intra-
period market) and repay their debt when they finally get the asset payoffs, at the end of each
period.

2.4 Definition of a Monetary Equilibrium(
(ps,l)l∈{1...L}, (q

α
s,l)l∈{1...L}, (q

β
s )l∈{1...L}, ηs, µ

α
s , µβ

s , θs, h
α
s , hβ

s )
)

s∈F̄
∈ R(L×(S+1))3×(S+1)3×S3

is

a Monetary Equilibrium9 if and only if:

(i)
(
qα
s,l, µ

α
s , hα

s

)
s∈F̄

∈ Argmax {Uα : (ϕα), (ξα),∀s, (Ψα
s ), (χα

s ) hold }

(ii)
(
qβ
s,l, µ

β
s , hβ

s

)
s∈F̄

∈ Argmax {Uβ : (ϕβ), (ξβ),∀s, (Ψβ
s ), (χβ

s ) hold }

(iii) Commodity markets clear, i.e.10

qα
s,l(ps,l) = qβ

s,l(ps,l) ≡ qs,l ∀s ∈ F̄ , ∀l ∈ {1 . . . L}

(iv) Money and Arrow security markets clear, i.e.

µα
s + µβ

s = (1 + rs)Ms = Ms/ηs ∀s ∈ F̄

hα
s (θs) = hβ

s (θs) ∀s ∈ F ,

Importantly, we restrict the study to interior equilibria where all financial markets are active
and, as a result (see below), no money is carried over.

8For the sake of simplicity, we did not add a cash-in-advance constraint at the time of the purchase of assets
in equation (ϕi), but the constraint holds at the time when asset payoffs are received: in equation (Ψi

s) only
a share λs of asset payoffs can be used simultaneously to purchase commodities.

9The existence of a Monetary Equilibrium is ensured when the Gains-from-Trade Hypothesis (Dubey and
Geanakoplos, 1992, 2003) is satisfied.

10The demand and supply for commodities and assets depend on all the prices and the other exogenous
parameters. For the sake of exposition, we only write the dependence on the respective price of goods or
assets.
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3 Properties of a Monetary Equilibrium

In the discussion of the implications of cash-in-advance models, we explained that given the
existence of outside money (default can play the same role, see Shubik and Tsomocos, 1992,
or Espinoza et al., 2008), interest rates are positive and nominal determinacy obtains. This
section confirms these results and shows the consequences for trade and asset prices. Propo-
sition 1 shows that short-term interest rates are determined in a way that is independent
from real demand functions. A positive value of money ensures that the demand for money
is determined and this pins down the nominal value of trade (Proposition 2).

Proposition 1: Short-Term Interest Rates

If mα
s + mβ

s > 0, ∀s ∈ F̄

rs =
mα

s + mβ
s

Ms

Proof

For s = 0, we sum equations (ϕα), (ϕβ), (ξα), (ξβ) and, since all summations cancel out, we
find that

µα
0 + µβ

0 = η0(µα
0 + µβ

0 ) + mα
0 + mβ

0

From the money market equilibrium condition, µα
0 + µβ

0 = M0(1 + r0) = M0/η0, we deduce
M0(1 + r0) = M0 + mα

0 + mβ
0 .

The proof is similar for s ∈ Fα(+) = F β(−), i.e., we sum equations (Ψα
s ), (Ψβ

s ), (χα
s ),

(χβ
s ). The same is also true for s ∈ Fα(−) = F β(+).

�

Proposition 1 replicates an argument already presented by Gurley and Shaw (1960) and re-
formulated by Dubey and Geanakoplos (1992, 2003, 2006) according to which a positive value
for money is possible even in simple finite horizon models with cash-in-advance as long as
agents our endowed with some money free of liability (the outside money endowments mα

and mβ). Proposition 1 also shows that the model is able to replicate in a very simple way a
liquidity effect, i.e. the fact than an increase in money supply is accompanied by a fall in the
short-term interest rate.
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Proposition 2: Quantity Theory of Money and Liquidity

In an interior equilibrium,11

(i)
∑
l∈L

(1− Λ0,l)p0,lq0,l = M0 + mα
0 + mβ

0 (1)

(ii) ∀i ∈ {α, β} ∀s ∈ F i(+),
∑

l∈Li
s(+)

[(1− Λs,l) + (1− λs)(Λs,l + (1− Λs,l)ηs)]ps,lqs,l

+
∑

l∈Li
s(−)

(λs − Λs,l)ps,lqs,l = Ms + λsm
α
s + mβ

s (2)

Proof

In an interior equilibrium, all the budget constraints are binding.

(i) We sum equations (ϕα) and (ϕβ).∑
l∈Lα

0 (−)∪Lβ
0 (−)

p0,lq
α
0,l +

∑
s∈Fα(−)∪F β(−)

θsh
α
s =

∑
l∈Lα

0 (+)∪Lβ
0 (+)

Λ0,lp0,lq
α
0,l

+
∑

s∈Fα(+)∪Fβ(+)

θsh
α
s + η0(µα

0 + µβ
0 ) + mα

0 + mβ
0 (3)

Since ∀s ∈ F̄ , Lα
s (−) = Lβ

s (+) and Lβ
s (−) = Lα

s (+), and since Fα(+) = F β(−) and
Fα(−) = F β(+), the previous result can be simplified:∑

l∈Lα
0 (−)∪Lα

0 (+)

(1− Λ0,l)p0,lq
α
0,l = η0(µα

0 + µβ
0 ) + mα

0 + mβ
0 = M0 + mα

0 + mβ
0

where the last equality comes from the money market clearing condition.

(ii) Similarly, we sum equations (Ψα
s ) for a state s ∈ Fα(+) and equation (Ψβ

s ) for a state
s ∈ F β(−) = Fα(+) and prove the second part of the proposition for i = α (the proof is
symmetric for β): ∑

l∈Lα
s (−)

(1− Λs,l)ps,lq
α
s,l +

∑
l∈Lα

s (+)

(1− Λs,l)ps,lq
β
s,l + hα

s =

λsh
β
s + ηs(µα

s + µβ
s ) + mα

s + mβ
s (4)

11Interior solutions are guaranteed by the preference specification we have adopted.
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From the asset market equilibrium condition and from equation (Ψα
s ), we have

hα
s−λsh

β
s = (1−λs)hβ

s = (1−λs)
∑

l∈Lα
s (+)

Λs,lps,lq
α
s,l−(1−λs)

∑
s∈Lα

s (−)

ps,lq
α
s,l+(1−λs)(ηsµ

α
s +mα

s )

and since
µα

s =
∑

l∈Lα
s (+)

(1− Λs,l)ps,lq
α
s,l

we have ∑
l∈Lα

s (+)

[(1− Λs,l) + (1− λs)(Λs,l + (1− Λs,l)ηs)]ps,lqs,l

+
∑

l∈Lα
s (−)

(λs − Λs,l)ps,lqs,l = Ms + λsm
α
s + mβ

s

�

Proposition 2 mirrors the canonical Quantity Theory of Money MV = PQ, the modern formu-
lation of which is due to Irving Fisher (1911). This is clear for period 0, and can be seen more
easily in state s under two special, albeit reasonable, assumptions that will also be needed in
the rest of the paper.

(i) Assume that ∀s ∈ F , λs = 1, i.e., assets are totally liquid which means that their
payoffs can be used immediately for purchase. Then, Proposition 2 collapses to

∀s ∈ F̄
∑
l∈L

(1− Λs,l)ps,lqs,l = Ms + mα
s + mβ

s

(ii) Assume instead that ∀i ∈ {α, β}, ∀s ∈ F i(+), Li
s(−) = ∅, i.e. if an agent is borrowing

with repayment conditional on state s (selling Arrow securities), it is because she is relatively
rich in all commodities in state s and hence will never need to buy commodities in that state.
Then, Proposition 2 collapses to∑

l∈L

[(1− Λs,l) + (1− λs)(Λs,l + (1− Λs,l)ηs)]ps,lqs,l = M0 + λsm
α
s + mβ

s

In the original Quantity Theory of Money, which can be re-written
∑
l∈L

plql/V = M , the ve-

locity of money V denotes the number of times that money is used for transactions within
the period in consideration. In our model, V was implicitly set to one, as only one trade
in commodities or asset was allowed per period. Hence, the coefficients in Proposition 2 do
not parametrize velocity of money; rather, they capture the fact that money is used in an
economy where pure credit is unable to finance trade (if Λs,l < 1) or where assets payoffs
are not settled instantaneously (if λs < 1). There is also an indirect link with the keynesian
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concept of liquidity L where M/p = L(Y ). In our model the parameters 1 − Λs and 1 − λs
refer to the illiquidity of commodities and assets, which could also be interpreted as the rel-
ative liquidity of money. One interesting point to make is that higher asset (or commodity)
liquidity generates higher nominal income, part of which will be reflected in higher activity
(see Proposition 3), and part of it in higher inflation.

Our liquidity parameters also have consequences for the importance of financing costs, since
more liquid assets and commodities require less (costly) use of money. The following two
propositions, that generalise the results from Espinoza et al. (2008), illustrate that, when
liquidity is uncertain (whether this means the supply of liquidity or the easiness with which
assets and commodities are sold) trade becomes more volatile and this adds a risk-premium in
the term structure of interest rates, for a given distribution of aggregate endowments. Hence,
the model is able to generate an upward term structure in equilibrium lying above what would
be predicted by a representative agent model.

4 Trade and Asset Prices

In this section, we solve for the equilibrium state prices. Monetary costs matter for transactions
and hence allocations are affected by the short-term interest rate or by asset and endowment
liquidity (Proposition 3). As a result, marginal utilities, and therefore asset prices, are also
functions of liquidity (Proposition 4).

Proposition 3 : Non-Neutrality of Money

Assume there is no aggregate uncertainty.
Case (i)
Let ∀s ∈ F , λs = 1. Then, ∀s, s′ ∈ Fα(−),∀l0 ∈ Lα

s (+)
⋂

Lα
s′(+),

rs ≥ rs′ and Λs,l0 ≤ Λs′,l0 =⇒ qα
s,l0 ≤ qα

s′,l0 (5)

Case (ii)
Let ∀i ∈ {α, β}, ∀s ∈ F i(+), Li

s(−) = ∅. Then, ∀s, s′ ∈ Fα(−),∀l0 ∈ Lα
s (+)

⋂
Lα

s′(+):

rs ≥ rs′ and Λs,l0 ≤ Λs′,l0 and λs ≤ λs′ =⇒ qα
s,l0 ≤ qα

s′,l0 (6)

Note that by symmetry, the proposition also holds for β.
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Proof

Let L be the lagrangian associated with α’s maximisation problem set in section 2.3. For any
state s ∈ F̄ , let the index (s, 1) ∈ Lα(−) denote a good bought by agent α, and the index
(s, l0) ∈ Lα(+) a good sold by α. The first order conditions are, for agent α:

For s = 0,
∂L

∂qα
0,1

= u′α,1(e
α
0,1 + qα

0,1)− p0,1ϕ
α = 0

∂L

∂qα
0,l0

= −u′α,l0(e
α
0,l0 − qα

0,l0) + Λ0,l0p0,l0ϕ
α + (1− Λ0,l0)p0,l0ξ

α = 0

∀s ∈ F
∂L

∂qα
s,1

= πsu
′
α,1(e

α
s,1 + qα

s,1)− ps,1Ψα
s = 0

∂L

∂qα
s,l0

= −πsu
′
α,l0(e

α
s,l0 − qα

s,l0) + Λs,l0ps,l0Ψ
α
s + (1− Λs,l0)ps,l0χ

α
s = 0

∂L

∂µα
0

= η0ϕ
α − ξα = 0

∂L

∂µα
s

= ηsΨα
s − χα

s = 0

∀s ∈ Fα(+)
∂L

∂hα
s

= θsϕ
α −Ψα

s = 0

∀s ∈ Fα(−)
∂L

∂hα
s

= −θsϕ
α + λsΨα

s + (1− λs)χα
s = 0

The First Order Conditions are the same for agent β except that a good (s, 1) becomes a good
(s, l0) and vice-versa.

Step 1: Using the First-Order Conditions for a good (s, l0) sold by α, we have, since χα
s = ηsΨα

s ,

πsu
′
α,l0(e

α
s,l0 − qα

s,l0) = Λs,l0ps,l0Ψ
α
s + (1− Λs,l0)ps,l0χ

α
s (7)

= ps,l0Ψ
α
s (Λs,l0 + (1− Λs,l0)ηs) (8)

a) For a state of nature s ∈ Fα(+), since Ψα
s = θsϕ

α , we have

πsu
′
α,l0

(eα
s,l0

− qα
s,l0

)
ps,l0θs(Λs,l0 + (1− Λs,l0)ηs)

= ϕα (9)

b) For a state of nature s ∈ Fα(−), since λsΨα
s + (1− λs)ηsΨα

s = θsϕ
α, we have

πsu
′
α,l0

(eα
s,l0

− qα
s,l0

)(λs + (1− λs)ηs)
ps,l0θs(Λs,l0 + (1− Λs,l0)ηs)

= ϕα (10)

Step 2: Using the First-Order Conditions for β , who buys the commodity (s, l0), we have
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πsu
′
β,l0(e

β
s,l0

+ qβ
s,l0

) = ps,l0Ψ
β
s (11)

a) For a state of nature s ∈ F β(−) = Fα(+), since λsΨβ
s + (1− λs)ηsΨβ

s = θsϕ
β , we get

πsu
′
β,l0(e

β
s,l0

+ qβ
s,l0

) =
ps,l0θsϕ

β

λs + (1− λs)ηs
=⇒

πsu
′
β,l0

(eβ
s,l0

+ qβ
s,l0

)(λs + (1− λs)ηs)

ps,l0θs
= ϕβ (12)

b) For a state of nature s ∈ F β(+) = Fα(−), since Ψβ
s = θsϕ

β , we find

πsu
′
β,l0(e

β
s,l0

+ qβ
s,l0

) = ps,l0θsϕ
β =⇒

πsu
′
β,l0

(eβ
s,l0

+ qβ
s,l0

)

ps,l0θs
= ϕβ (13)

Step 3: Dividing α′s First-Order Conditions by β′s First-Order Conditions:
a) For a state of nature s ∈ F β(−) = Fα(+)

u′α,l0
(eα

s,l0
− qα

s,l0
)

u′β,l0
(eβ

s,l0
+ qβ

s,l0
)(λs + (1− λs)ηs)(Λs,l0 + (1− Λs,l0)ηs)

=
ϕα

ϕβ
(14)

b) For a state of nature s ∈ F β(+) = Fα(−)

u′α,l0
(eα

s,l0
− qα

s,l0
)(λs + (1− λs)ηs)

u′β,l0
(eβ

s,l0
+ qβ

s,l0
)(Λs,l0 + (1− Λs,l0)ηs)

=
ϕα

ϕβ
(15)

Case (i) Assume ∀s ∈ F̄ , λs = 1, then both equations (14) and (15) collapse to provide the
same result, i.e.

u′α,l0
(eα

s,l0
− qα

s,l0
)

u′β,l0
(eβ

s,l0
+ qβ

s,l0
)(Λs,l0 + (1− Λs,l0)ηs)

=
ϕα

ϕβ
(16)

Remember that the market clearing condition is qα
s,l0 = qβ

s,l0
. Also, note that for any utility

functions such that u′i,l > 0 and u′′i,l < 0, i ∈ {α, β}, l0 ∈ {1 . . . L}, the function

u′α,l0
(eα

l0
− qα

s,l0
)

u′β,l0
(qβ

s,l0
+ qα

s,l0
)

is increasing in qα
s,l0 . Finally, note that the right-hand side of equation (14), and therefore

of equation (16), is independent of s. Hence, since ηs =
1

1 + rs
, ∀s, s′ ∈ Fα(−),∀l0 ∈

Lα
s (+)

⋂
Lα

s′(+) (i.e. for a commodity l0 that is sold by α in two different states of nature
s, s′ in which α is relatively rich):

rs ≥ rs′ and Λs,l0 ≤ Λs′,l0 =⇒ qα
s,l0 ≤ qα

s′,l0 (17)
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Case (ii) Assume ∀i ∈ {α, β}, ∀s ∈ F i(+), Li
s(−) = ∅ (i.e. assume that if an agent i is

borrowing with repayment conditional on state s, it is because she is relatively rich in all
commodities in state s and therefore will never buy commodities in that state), then case b)
is never relevant since in a state s ∈ F β(+) = Fα(−), commodity (s, l0) (which was assumed
to lie in Lα(+) = Lβ(−)) does not exist. Hence only case a) applies, and we deduce that

rs ≥ rs′ and Λs,l0 ≤ Λs′,l0 and λs ≤ λs′ =⇒ qα
s,l0 ≤ qα

s′,l0 (18)

�

Proposition 3 suggests that liquidity in commodity and asset markets is important for trade
activity. Liquidity (broadly defined) increases trade activity. Furthermore, a policy maker
who would want to have more information on markets’ liquidity to assess future economic
developments would need to look at monetary aggregates. Indeed, knowing past real vari-
ables and prices is not enough to deduce the λs and Λs,l, and supplementary information on
nominal income

∑
l∈L

ps,lqs,l and money supply Ms is needed to determine the current liquidity

stance. Therefore, the model has a distinct monetary flavour in that monetary aggregates
provide information that is not captured by economic variables (interest rates, prices and real
activity).

Assume now that there exists one commodity l0 which is never endowed to agent β and
the price of which increases with liquidity.12 In that case, Proposition 4 shows that the Arrow
prices are an increasing function of spot interest rates.

Proposition 4: Asset Prices

Let s, s′ ∈ Fα(−) and l0 ∈ Lα
s (+)

⋂
Lα

s′(+) a commodity for which the price level is increasing
with liquidity.
Case (i)
If λs = λs′ = 1

rs ≥ rs′ and Λs,l0 ≤ Λs′,l0 =⇒ θs/πs ≥ θs′/πs′ (19)

Case (ii)
Assume ∀i ∈ {α, β}, ∀s ∈ F i(+), Li

s(−) = ∅, then

rs ≥ rs′ and Λs,l0 ≤ Λs′,l0 and λs ≤ λs′ =⇒ θs/πs ≥ θs′/πs′ (20)

Since the model is symmetric in α and β, the results in the two cases are also valid for all
s, s′ ∈ F β(−) = Fα(+).

12Equilibria such that prices increase with liquidity exist, as it is demonstrated in Espinoza et al. (2008),
section 4, Theorem 2.
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Proof

For a state of nature s ∈ F β(−) = Fα(+), from equation (12), applied for two states of
nature s 6= s′,

πsu
′
β,l0

(eβ
s,l0

+ qβ
s,l0

)

ps,l0θs
=

πs′u
′
β,l0

(eβ
s′,l0

+ qβ
s′,l0

)

ps′,l0θs′
(21)

Equivalently,
θs/πs

θs′πs′
=

u′β,l0
(eα

s,l0
+ qα

s,l0
)/ps,l0

u′β,l0
(eα

s′,l0
+ qα

s′,l0
)/ps′,l0

(22)

Let rs ≥ rs′ , i.e. Ms < Ms′ , and λs ≤ λs′ , and Λs,l0 ≤ Λs′,l0 . From Proposition 3, we know
that qi

s,l0 < qi
s′,l0 , which implies u′β,l0(q

α
s,l0) > u′β,l0(q

α
s′,l0).

Under the assumption that ps,l0 ≤ ps′,l0 , it follows that
θs

πs
>

θs′

πs′

�

The two conditions that are required for this proposition to hold may seem restrictive, but in
fact they are fairly realistic. First, it is expected that some commodities are endowed specif-
ically to one agent, in which case the set Lα

s (+)
⋂

Lα
s′(+) includes all commodities. Second,

if trade in l0 is not extremely sensitive to the financing costs, then the price of l0 is likely to
increase when M increases (otherwise it would mean that q increases more than proportionally
to M). A fully solved example is given in Espinoza et al. (2008) where it is shown that with

log-utility and a simple endowment configuration that ps,l =
2Ms + rsMs

es,l
.13

In a one-commodity world, or equivalently in a world where all commodities are traded in
the same direction, there is a simpler sufficient condition, that Relative Risk-Aversion (RRA)
be no less than 1. This is because the Euler equation can be written as

θs/πs

θs′πs′
=

u′β,l0
(qα

s,l0
)qα

s,l0
/(ps,l0q

α
s,l0

)
u′β,l0

(qα
s′,l0

)qα
s′,l0

/(ps′,l0q
α
s′,l0

)
(23)

and ps,l0q
α
s,l0 is increasing with Ms and decreasing with Λs,l0 and λs.14 Furthermore g(q) =

u′β(q)q is decreasing in q if and only if u′′β(q)q +u′β(q) ≤ 0 ⇔ RRA(q) =
−u′′β(q)q
u′β(q)

≥ 1. Hence,

with a RRA higher than 1,

Ms ≤ Ms′ and Λs,l0 ≤ Λs′,l0 and λs ≤ λs′ =⇒ qs,l0 < qs′,l0 =⇒ u′β,l0(q
α
s,l0)q

α
s,l0 > u′β,l0(q

α
s′,l0)q

α
s′,l0

13In Espinoza et al., the model is set with default instead of outside money, but this does not affect the main
result.

14The Quantity Theory of Money becomes (1−Λs,l0+(1+Λs,l0rs)(1−λs)/(1+rs))ps,l0qs,l0 = Ms+λsm
α
s +mβ

s

in a one commodity economy.
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and since ps,l0q
α
s,l0 < ps′,l0q

α
s′,l0 in a one commodity world, we find the same result (equation

(20)) for asset prices.

5 Examples

The previous propositions hold in absence of aggregate uncertainty and when the subjective
probability distributions of the borrower and the lender are equal. Applying a continuity
argument, we show that these general results hold locally, i.e., if the subjective probabilities
or the endowments differ by an infinitesimal quantity (Proposition 5). We can also extend
the results with non-infinitesimal differences, assuming that preferences are given by CRRA
utility functions with the same coefficient of risk-aversion for both agents (Proposition 6). We
provide the proofs of these propositions in the annex. Proposition 6 also helps us understand
the role of money. For the sake of simplicity, we assume that there is only one commodity l

and that λs = 1, Λs,l = 0, ∀s ∈ F̄ . However, similar results would hold in the general case.

Proposition 5: Local Properties in a one-commodity economy

In addition to the hypotheses needed for Proposition 4, let |L| = 1. Assume that the endow-
ments or the subjective probabilities of state s and s′ differ by an infinitesimal quantity and
λs = 1, Λs,l = 0,∀s ∈ F̄ . Then,

rs > rs′ =⇒ θs/πs > θs′/πs′

Note that this proposition would also hold in a multi-commodity provided that the assump-
tions of proposition 4 hold.

Proposition 6: CRRA Example in a one-commodity economy

In addition to the hypotheses needed for Proposition 4, let |L| = 1, eα
0 = 0, λs = 1, Λs,l =

0, eβ
s = 0, ∀s ∈ F̄ , and that agents’ preferences are given by a CRRA utility function with a

common constant coefficient of risk-aversion ρ. Then ∀s, s′ ∈ F

qα
s /eα

s

qα
s′/eα

s′
=

(
πα

s′

πβ

s′
(1 + rs′)(1 + r0))1/ρ + eβ

0

qβ
0

− 1

(πα
s

πβ
s
(1 + rs)(1 + r0))1/ρ + eβ

0

qβ
0

− 1
(24)

and

θs

θs′
=

πβ
s

πβ
s

(
eα
s′

eα
s

)ρ−1 Ms′ + mα
t+1 + mβ

t+1

Ms + mα
t+1 + mβ

t+1


(

πα
s

πβ
s
(1 + rs)(1 + r0)

) 1
ρ + eβ

0

qβ
0

− 1(
πα

s′

πβ

s′
(1 + rs)(1 + r0)

) 1
ρ

+ eβ
0

qβ
0

− 1


ρ−1

(25)

17



Proposition 6 allows us to summarize the core of the model in only two equations, however,
at the expense of forcing risk aversion to be the same for the two agents. The first result
tells us that the proportion of endowments traded is greater the lower the interest rate. This
result is therefore akin to Proposition 3 in the case of aggregate uncertainty. However, in this
general framework with different subjective probabilities, the relative importance of state s for
agents α and β also matters. For example, if β (who is buying securities) gives more weight
(relatively to α) to state s, there will be more trade in state s.

The second equation provides the intuition behind Proposition 4. The first two terms are
characteristic of any asset pricing equation embedded in a general equilibrium model. If sub-
jective probabilities (of the asset’s buyer) are higher for state s, this will increase the state
price. Furthermore, if aggregate endowment is lower in state s, this will also increase the state
price because lower aggregate endowment implies lower consumption and therefore higher
marginal utility. The last two terms are, however, special to our model. The ratio of money
supplies matters because the state prices are prices of assets whose payoffs are set in nominal
terms. Since a higher money supply implies a higher price level (Proposition 2), the value of
any asset today is a decreasing function of next period’s price level. Finally, the last term is
the key general equilibrium effect. A higher spot interest rate rs tends to lower trade activity
and therefore lowers consumption of the agent who buys in the future (i.e., agent β). But
agent β is also the one who is buying securities, and since she is willing to pay a higher price
for assets which pay off when her consumption is low, she is therefore ready to pay more for
securities that pay off when interest rates are high. Hence, states with higher interest rates
also have higher state prices.

This result is not an application of the risk-premium found in pure exchange general equi-
librium models with heterogeneous agents or in a representative agent model (Lucas, 1978;
Breeden, 1979 ; Cox, Ingersoll and Ross, 1985 ; Backus et al., 1989). Indeed, even when the
endowment risk-premium has been removed as in Proposition 3, state prices in Proposition 4
are still a function of money. In the CRRA closed-form extension, it is clear how the Lucas
model and our financing cost model are related. The additional risk-premium comes from the
effect of money on trade and therefore on marginal utilities.

Note that when rs is low, because qs is high, agent α’s marginal utility is low but agent
β’s marginal utility is high. Therefore, a close link cannot be established between representa-
tive agent marginal utilities and state prices in this heterogeneous model.

The upshot of our argument is that uncertainty in aggregate production or in aggregate con-
sumption is only one part of uncertainty in agents’ marginal utilities. Transaction costs also
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generate variability of marginal utilities (and thus of asset demands) in the future. Therefore,
any model of risk-premium that attempts to proxy welfare by production or consumption will
underestimate the risk-premium. This is especially important for the term-structure risk pre-
mium since the spot interest rate has an effect both on the asset price and on the transaction
cost. Hence, the correlation between the marginal utilities and asset prices is likely to be high.
The risk-premium would, in that case, be erroneously underestimated.

The model can be applied to show the existence of a ‘liquidity-risk premium’ for bonds with
long-term maturity. The liquidity premium is due to the additional costs incurred by investors
(and priced in the term structure) which an uncertain money supply generates when liquidity
is constrained. Note that the level of money supply is irrelevant in the long run - although
we do not analyse the long run in this model. If prices adjust to money supply, constraints
on liquidity do not have real effects. However, the variance (or risk) of liquidity still has ef-
fects. This is exactly what is captured in this model, where we show that larger liquidity risks
generate higher long-term interest rates. Stricto sensu, this is a model of the liquidity-risk
premium. This liquidity-risk premium is deduced from the Proposition 4, since risk-neutral
probabilities are high when the interest rates are high.

6 Concluding Remarks

In a state of nature with low liquidity trade has to be low and in order to induce consumers
to trade at a low level, the opportunity cost of transferring money to this state must be high.
This opportunity cost is the state price. Therefore, state prices and risk-neutral probabilities
are higher in states with higher interest rates (and in general with low liquidity). It is im-
portant to stress that this result is explained by the interaction of the monetary technology
with the exchange economy (through the Euler equations) and therefore cannot be found in
a purely financial model or in a general equilibrium without money. Ultimately, it is the risk
of variations in the supply of money or in markets’ liquidity that matters to determine the
risk in trade values. Liquidity shocks are crucial to understanding the upward sloping term
structure because two phenomena push in the same direction: first, the futures spot interest
rates are affected ; second, the risk-neutral probabilities are modified. The interaction of these
two effects pushes long-term rates above the historical average of future spot rates, even with
nonexistent aggregate real risk. That is, the more uncertainty in the future spot rates, the
higher the long-term rates. Stability of monetary policy is therefore, required to maintain flat
yield curves.

This connects to another subject of discussion in the current yield curve literature: the fact
that the term structure changes are not always linked to the fundamentals predicted by the

19



standard theory (inflation, inflation risk, macroeconomic volatility, risk-aversion, fiscal pol-
icy). Interpretations relating to the development of financial markets and liquidity risks are
also needed. We argued in this paper that risk in the functioning of credit markets and in the
liquidity of assets may generate term premia, and that these premia could explain changes
in the yield curve of a larger magnitude than has been explained by non-monetary models.
Our Proposition 3 also relates to a monetary view of the transmission mechanism. Short-term
interest rates do not convey enough information to determine activity and asset prices. Mon-
etary aggregates are also important to assess the markets’ need for liquidity and therefore the
prospects for inflation and asset prices.
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Annex

Proof of Proposition 5: Local Properties

We show here how the continuity argument works for different subjective probabilities, but

the proof follows mutatis mutandis for different endowments. Let 1 + ε =
πα

s

πα
s′

/
πβ

s

πβ
s′

. Since

monotonic transformations of the intertemporal utility functions do not affect the maximisa-

tion problems, one can normalise the subjective probabilities
πα

s

πα
s′

and
πβ

s

πβ
s′

. Therefore, without

loss of generality, ε can represent any difference between α’s and β’s subjective probabilities.
We then show the dependence of qα

s and qα
s′ on the subjective probabilities of states s and s′:

qα
s = qα

s (πα
s , πα

s′ , π
β
s , πβ

s′) and qα
s′ = qα

s′(π
α
s , πα

s′ , π
β
s , πβ

s′). Thus,

qα
s = qα

s

(
πα

s

πα
s′

,
πβ

s

πβ
s′

)
= qα

s

(
πβ

s

πβ
s′

(1 + ε),
πβ

s

πβ
s′

)

qα
s′ = qα

s′

(
πα

s

πα
s′

,
πβ

s

πβ
s′

)
= qα

s′

(
πβ

s

πβ
s′

(1 + ε),
πβ

s

πβ
s′

)
We first extend equation (16) to take into account the subjective probabilities πα

s and
πβ

s , ∀s and apply it to s and s′ with Λs,l0 = Λs′,l0 = 0:
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πα
s

πβ
s

u′α,l0
(eα

s,l0
− qα

s,l0
)

u′β,l0
(eβ

s,l0
+ qβ

s,l0
)ηs

=
πα

s′

πβ
s′

u′α,l0
(eα

s′,l0
− qα

s′,l0
)

u′β,l0
(eβ

s′,l0
+ qβ

s′,l0
)ηs′

Keeping the ratio
πβ

s

πβ
s′

constant, only ε is variable here. We also apply the market clearing

condition, qα
s = qα

s (ε) and qα
s′ = qα

s′(ε), and, since we assume endowments are constant across
states (i.e., ei

s,l0 = ei
s′,l0 ≡ ei

l0 , ∀i ∈ {α, β}, ∀s, s′), we find:

(1 + ε)
f(qα

s (ε))
f(qα

s′(ε))
=

1 + rs′

1 + rs
< 1.

where f(q) = u′(eα
l0 − q)/u′(eβ

l0
+ q) is increasing in q. Note first that

lim
ε→0

(1 + ε)
f(qα

s (ε))
f(qα

s′(ε))
= lim

ε→0

f(qα
s (ε))

f(qα
s′(ε))

+ lim
ε→0

ε
f(qα

s (ε))
f(qα

s′(ε))
=

1 + rs′

1 + rs
< 1

Furthermore,

lim
ε→0

ε
f(qα

s (ε))
f(qα

s′(ε))
= 0

because 0 <
f(qα

s (ε))
f(qα

s′(ε))
<

1
1 + ε

< 1 and hence
f(qα

s (ε))
f(qα

s′(ε))
is bounded. Hence, we have in the

limit that
f(qα

s (ε))
f(qα

s′(ε))
< 1, and, since f is continuous and increasing, qα

s (ε) < qα
s′(ε) as ε → 0.

The proof of the second part then follows the proof of Proposition 4, in particular equation
(21).

�

Proof of Proposition 6: CRRA example

The first-order conditions of agents α and β and the market clearing conditions lead to, ∀s ∈ F

(qβ
0 )−ρ

p0
=

(qα
0 )−ρ

p0
= ϕα =

Ψα
s

θs
=

χα
s (1 + rs)

θs
= πα

s

(eα
s − qα

s )−ρ

psθs
(1 + rs) (26)

(eβ
0 − qβ

0 )−ρ

p0
= ξβ =

ϕβ

1 + r0
=

Ψβ
s

θs(1 + r0)
= πβ

s

(qα
s )−ρ

psθs

1
1 + r0

(27)

Dividing (26) by (27) yields

(qβ
0 )−ρ

(eβ
0 − qβ

0 )−ρ
=

πα
s

πβ
s

(eα
s − qα

s )−ρ

(qα
s )−ρ

(1 + rs)(1 + r0)
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which leads to

∀s ∈ F
eα
s

qα
s

− 1 =

(
πα

s

πβ
s
(1 + rs)(1 + r0)

) 1
ρ

eβ
0

qβ
0

− 1
(28)

Dividing (28) applied to state of nature s by the corresponding (28) of s′, we show the first
result. The second result comes from the application of (24) to (22) using the quantity theory
of money.

�
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