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An exquisite control over the dynamics of a quantum system is essential for realizing any
quantum technology. This thesis presents some practical and efficient strategies for coher-
ent quantum control: a paradigm for controlling quantum dynamics using electromagnetic
fields. Coherent control is a common framework for describing the physical implementa-
tion of quantum logic gates in several quantum information processing platforms including
superconducting qubits and trapped ions. For the purpose of demonstration, however, liquid-
state Nuclear Magnetic Resonance (NMR) is used in this thesis as it is an ideal test-bed for
developing, testing and benchmarking coherent control tools and techniques.

Coherent control was revitalised in 2005 by the development of Gradient Ascent Pulse En-
gineering (GRAPE), a powerful optimal control technique that is widely used for designing
shaped pulses for a variety of tasks. GRAPE, like any other closed-loop optimal control
algorithm, requires multiple evaluations of the computationally expensive matrix exponen-
tial and the full time-evolution propagator. To this end, I present strategies to sidestep
the explicit evaluation of matrix exponentials, thereby offering substantial speed-ups over
conventional implementations of the GRAPE algorithm. The results are demonstrated ex-
perimentally in NMR, but also in simulations of ultracold molecules and superconducting
qubits.

Beyond GRAPE, this thesis also considers methods for designing spin-echo sequences for
implementing any arbitrary network of controlled-Z gates in a system of qubits with zz-
couplings. First, a method based on linear-programming provides near time-optimal se-
quences in fully-coupled systems having up to a few hundred qubits. Further, an ana-
lytic method based on graph colouring finds near time-optimal spin echo sequences in engi-
neered systems with any number of qubits having only nearest and next-nearest neighbour-
couplings.
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Chapter 1

Introduction

The second quantum revolution [1] we are currently undergoing promises quantum tech-
nologies [2] that have unprecedented capabilities in a wide range of areas like information
processing [3-5], communication [6, 7], cryptography [8-12], simulation [13-15], imaging
[16-18], sensing [19, 20] and metrology [21-23]. Much of the success of these quantum tech-
nologies is reliant on our ability to actively control and manipulate the dynamics of individual
quantum systems. In other words, quantum control is a critical enabler of these emerging
quantum technologies [1, 24-27]. My thesis is primarily concerned with developing quantum
control methods for near-term quantum computers [28]. To begin, I provide an abstract
description of a quantum computer and describe the role of quantum control that forms the

core of this thesis.

1.1 Quantum computers and quantum control

A quantum computer is a physical device whose operational principles are based on the laws
of quantum mechanics [3, 29, 30]. A quantum computer processes quantum information,
i.e. it makes explicit use of quantum mechanical properties like interference, superposition
and entanglement for encoding and manipulating information [4]. In a quantum computer,

information is encoded in the quantum states of a two-level quantum system referred to as
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a qubit [31]. Unlike a classical bit which is confined to only binary states, a qubit can exist
in a superposition of the binary states, which provide an orthonormal basis. The state of a

qubit can be represented by a state vector

W) = a|0) + B]1) where, |a]*+|8>=1 and {a,B}eC. (1.1)

Similarly, a system of n coupled qubits can exist in a superposition of 2" states at the same
time, and can be represented by a state vector with 2" normalized complex amplitudes.
By transforming these quantum states in a controlled and reversible manner, a quantum
computer can manipulate the information encoded in the qubits [32]. Most commonly,
such a transformation of quantum states is achieved through a sequence of discrete unitary
operators UpUy_1 ...UsUsU;, each operating on a few selected qubits at a time. These

unitary operators U; are referred to as quantum logic gates or quantum gates [33].

The ultimate purpose of a quantum computer is to realize any arbitrary quantum computa-
tion, which, at the fundamental level is nothing but a manipulation of quantum information
using quantum gates [33]. Quantum gates therefore serve as the building blocks of a quantum
computation. Further, a finite number of quantum gates that form a universal set [34-36]
suffices to efficiently realize any quantum computation [37, 38]. Thus, an ability to imple-
ment a universal set of quantum gates is undoubtedly one of the necessary requirements for

building a quantum computer [39)].

The framework of coherent quantum control [40-42] is a common paradigm for describing
the physical implementation of quantum gates. The idea here is to use coherent light or
other electromagnetic fields to control and steer the unitary evolution of the qubits towards
the desired quantum gate [43, 44]. To elaborate, consider a system of qubits defined by
an internal Hamiltonian H, interacting with coherent control fields described by a time-
dependent control Hamiltonian H.(t) for ¢ € [0,7]. Assuming a closed quantum system, the

time-evolution of these qubits takes place in accordance with the Schrodinger equation, and
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can be formally represented by a unitary propagator

U(T) = T - exp <—% /OT Ho + Ho(0)] dt) , (12)

where, 7 is the Dyson time-ordering operator. The problem of implementing a desired
quantum gate Up within the framework of coherent quantum control can be described as
finding appropriate control fields H.(¢) that causes the propagator U(T') to resemble Up as
accurately as possible—in the minimum possible time, using minimal resources, and in the
presence of experimental imperfections. The main goal of my thesis is to develop practical
and efficient quantum control methods for solving this problem of implementing quantum

gates.

1.2 Liquid-state NMR: A testbed for quantum control

Several candidate platforms for the physical implementation of a quantum computer have
been proposed and developed in the last 25 years [45, 46], the prominent ones being trapped
ions [47-51], liquid-state NMR [52-56], superconducting circuits [57—64], linear optics [65—
67] and spins in solid state systems [68-79]. Out of these, trapped ions (1995) and liquid-
state NMR (1997) were amongst the earliest proposals. While the first ever experimental
realization of a two-qubit quantum gate (CNOT) with cold trapped ions was accomplished in
1995 [80], it was not until 2003 that a complete implementation of the Deutsch’s algorithm
[81] was achieved [82]. On the other hand, by 2001 NMR already had the first demonstrations
of several quantum algorithms (Deutsch [83, 84], Deutsch—Josza [85, 86], Grover [87-89], Shor
[90]), quantum error-correction [91, 92] and a wide variety of quantum information processing
(QIP) tasks [93-102] to its name. What could be the reason behind this rapid initial progress

of NMR compared to the other proposals?

The answer lies in the ease with which arbitrary unitary transformations or quantum gates

can be implemented in NMR. Established originally as a spectroscopic tool for analytic
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chemistry, NMR has a long and illustrious history of controlling nuclear spins using radio-
frequency (RF) pulses [103, 104]. Even before quantum information matured as an indepen-
dent field, chemical and biochemical NMR experiments routinely used precisely sequenced
and tailored RF pulses to manipulate hundreds of nuclear spins in organic molecules [105—
108]. Some of the control techniques involved shaped pulses [109-112], composite pulses
[113-115], refocussing sequences [116-118], average Hamiltonians [119] etc., which when
used in these ‘conventional’ NMR experiments were in essence strategies to realize arbitrary
unitary transformations [120, 121]. For example, the NMR experiments involving selective
population transfer [122-125] performed in the 1970s in fact correspond to implementing
a specific instance of the CNOT gate [126], while other conventional NMR experiments like
COSY [105] and INEPT [127] can be seen in retrospect as QIP tasks. Such prior knowledge
and experience in control techniques was instrumental in providing a head start to NMR-QIP.
The other contributing factor to this success was the ready availability of molecules with cou-
pled spin-1/2 nuclei as ‘natural’ qubits, along with the sophisticated control hardware that
was developed over the decades because of the highly demanding use of NMR in chemical and
biochemical fields. As a result, it was possible to focus exclusively on algorithmic-level ideas
of coherent control rather than worrying too much about the hardware, thus establishing

NMR as a simple ‘plug and play’ device for implementing ideas from QIP.

NMR, however, is a non-scalable platform for building a quantum computer—a fact which
researchers knew ever since it was first proposed in 1997—rendering it unviable for doing
any useful QIP. So then, why did the researchers even bother doing QIP with NMR? The
primary reason for those early proof-of-principle NMR-QIP demonstrations was to establish
the viability of building quantum computers using other scalable platforms. Meaning, if it
were not possible to implement such ‘toy problems’ on a plug and play device like NMR,
then the chances with other platforms are definitely bleak. In this manner, NMR gave a
head start on realizing and solving the coherent control problems that one could possibly
face with other platforms. In fact, many ideas of coherent control that are used in several of
the today’s leading quantum computer platforms have their origins in NMR. See Ref. [128]

for some examples of how control techniques developed in NMR have been extended to
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trapped-ions and superconducting circuits.

These aforementioned characteristics of NMR make a compelling case for using it as testbed
for developing and benchmarking new quantum control methods for QIP [129]. Consequently,
the quantum control methods and their experimental demonstrations in the subsequent
chapters of my thesis are presented in the context of NMR-QIP. The basic principles of
NMR can be found in several standard textbooks [130—-135] while its application to QIP has
been extensively reviewed [136-148]. For a review focused on quantum control for NMR-QIP

see Ref. [121].

1.3 Thesis outline

Methods for quantum control are described in Chapters 2 to 5, while their applications in
various quantum architectures are presented in Chapters 6 and 7. Here, I provide a brief

outline of each chapter.

e Chapter 2: Gradient Ascent Pulse Engineering (GRAPE) is an efficient gradient-based
optimal control method that is widely used to derive near time-optimal control fields
for implementing quantum gates. This chapter provides an overview of the GRAPE

algorithm.

e Chapter 3: Numerical evaluation of matrix exponentials, usually performed using Padé
approximants or eigendecomposition, is one of the computational bottle-necks of the
GRAPE algorithm. This chapter proposes strategies to avoid the explicit evaluation
of matrix exponentials, thereby providing a pragmatic approach for implementing the
GRAPE algorithm by reducing the computational time required to derive the optimal

control fields. Part of this chapter is published in Ref. [149].

e Chapter 4: Spin-qubits in liquid-state NMR and certain implementations of super-

conducting qubits have an ‘always-on’ o, ® o, type coupling between the qubits. In
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such systems, spin-echoes are a powerful control tool for realizing a controlled-Z (cz)
gate. In this chapter, a method based on linear programming is proposed to obtain
spin-echo sequences for an efficient implementation of any network of ¢z gates. This
method provides time-optimal sequences in fully coupled systems with tens of qubits
and near-time-optimal sequences in fully coupled systems with up to a few hundred

qubits. This chapter is closely based on work published in Ref. [150].

e Chapter 5: Linear programming based methods from the previous chapter are compu-
tationally infeasible for fully coupled systems beyond a few hundred qubits. Moreover,
engineered systems like superconducting qubits rarely have a fully coupled array of
qubits—the couplings are often restricted to the nearest or next-nearest neighbours.
For such systems, this chapter proposes an analytic method based on graph colouring
to design spin-echo sequences that can efficiently implement any network of Cz gates.
The proposed method provides near-time-optimal sequences in such locally connected

systems with practically any number of qubits. This chapter is closely based on work

published in Ref. [151].

e Chapter 6: This chapter presents two different quantum simulations performed on a
liquid-state NMR quantum computer. ‘Practical’ GRAPE methods are used to de-
rive the control fields for implementing quantum gates required for the simulation.
To ensure a high-fidelity implementation, the quantum gates are made robust to the
unwanted couplings of qubits with the environment as well as uncertainties due to mis-
calibration of control fields. One simulation which involves the study of entanglement
swapping is published in Ref. [152], while the simulation of a quantum homogenizer is

published as Ref. [153].

e Chapter 7: Qubits in engineered platforms like polar molecules and superconducting
quantum circuits are often embedded in a multi-level system. To ensure a high fidelity
implementation of the quantum gates in such systems, it becomes necessary to restrict
the effect of control fields to only certain energy levels, while making them robust

to several experimental errors at the same time. To this end, use of the GRAPE
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algorithm is demonstrated for implementing high fidelity quantum gates. Part of the

chapter that concerns polar molecules is published in Ref. [154].



Chapter 2

GRAPE

Gradient Ascent Pulse Engineering (GRAPE) [155] is a powerful numerical method for de-
riving solutions to the coherent quantum control problem described in the previous chapter.
Originally devised for applications in NMR spectroscopy, GRAPE soon became a popular
method for implementing robust quantum gates in NMR [156-179] as well as in other plat-
forms like superconducting qubits [180-183], trapped ions [184-186] and nitrogen-vacancy
centers in diamond [187-191]. In this chapter, the description of GRAPE will be confined
to implementing quantum gates in NMR and so to provide a background and develop the

necessary terminology, I first present the coherent control problem in the context of NMR.

2.1 NMR Hamiltonians

2.1.1 Internal Hamiltonian

The qubits in an NMR quantum computer are given by the energy eigenstates of spin-1/2
nuclei (usually 'H, *C, N, F, 3'P) placed in a static magnetic field [140]. Consider
an isolated atomic nucleus with spin quantum number I = 1/2 and an intrinsic angular
momentum I of magnitude hy/I(I +1). Associated with this spin is an intrinsic magnetic

moment [ = 7]_: which depends on the gyromagnetic ratio v, a characteristic constant for
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each nuclear species. When placed in a static magnetic field of strength B (usually taken
along the z-axis), the magnetic moment interacts with this magnetic field to produce a
Zeeman splitting of energy AE = hyB between the two otherwise degenerate spin states
(aligned or anti-aligned with the field). These two energy eigenstates define a qubit, which

can be described by an internal Hamiltonian,

Ho = hyBI, = hwl,, (2.1)

where,

e [, = 0./2 is the spin angular momentum operator along the z-axis (as per the NMR

product operator formalism [192]),

e w/27 is the Larmor frequency in Hertz.

Typically, B lies in the range of 2.3 to 21.1 Tesla, which corresponds to a Larmor frequency
of about 100 MHz to 900 MHz for *H nuclei [137]. By applying oscillating magnetic fields at
this frequency, which lies in the RF region of the spectrum, transitions (Rabi oscillations)
between the Zeeman levels can be induced [193, 194]. Spin-1/2 nuclei are natural qubits,

i.e. their Hilbert space exactly corresponds to that of a qubit, and hence form ideal qubits.

The spin-1/2 nuclei do not exist in isolation: they reside in a molecule along with other
nuclei having arbitrary spin numbers. Thus a molecule having n distinct spin-1/2 nuclei
can constitute an n-qubit quantum computer. Further, there are about 107 to 10 such
identical molecules present in a typical NMR sample, as the emission from a single nucleus
in the RF region has an extremely low energy (few peV) and hence is impractical to detect
directly. Thus, NMR is an ensemble quantum computer, in which all molecules are identical

quantum computers working in unison.

The qubits in NMR can be identified in frequency space. Molecules in which each spin-1/2
nucleus belongs to a different species will have a distinct v, and hence a distinct Larmor

frequency. Such spin systems are referred to as heteronuclear. Molecules in which all spin-
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1/2 nuclei belong to the same nuclear species, known as homonuclear spin systems, can also
have distinct Larmor frequencies due to an effect known as the chemical shift [195]. In such
molecules, the strength of the magnetic field experienced by every nucleus is different from
the applied magnetic field due to a distinct chemical environment (in the absence of symmetry
in the molecule), leading to distinct Larmor frequencies for every nucleus therein. From now
on, I will specialize to the case of homonuclear spin systems. The internal Hamiltonian for

a homonuclear spin system with n-uncoupled nuclei can be expressed as,

i=1 =1
where,

d; is the shielding experienced by the i*" spin,

I;, indicates o /2 on the i*® spin,

w; /27 is the effective Larmor frequency of the i*" spin,

e h =1 as we will be working in natural units from now on.

For 'H, the shielding constant is typically of the order of 10 ppm (parts per million). At
By = 14 Tesla, this corresponds to an effective Larmor frequency in the range 600 MHz +
6 kHz. In general, ¢ is a tensor as it depends on the spatial orientation of the molecule with
respect to the applied magnetic field. However, in liquid state NMR the rapid molecular
tumbling results in a single average (isotropic) value for §, and it can thus be treated as a

scalar.

Nuclear spins interact with each other by two mechanisms. The dominant source of inter-
action between spins in liquid-state NMR is known as the J-coupling [196, 197], which is
mediated by electrons in chemical bonds between atoms [198]. In general, the J-coupling is a
tensor and depends on the orientation of the molecule with respect to the applied magnetic

field. However, due to rapid molecular tumbling in isotropic liquids, the J-coupling reduces
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to a scalar and is hence also known as scalar coupling in liquid-state NMR.. As the J-coupling
is mediated through local interactions, it only occurs between nuclei within a molecule and
not between nuclei in different molecules. The other type of interaction, known as the dipo-
lar coupling, is due to the dipole-dipole coupling between nuclei. Like the J-coupling, the
dipolar coupling also depends on the molecular orientation, but unlike J-coupling it is purely
anisotropic, and so it is largely averaged away in liquids due to the rapid molecular tumbling,

and its effects are usually only observable as a decoherence mechanism.

The scalar J-coupling has the form of a Heisenberg interaction [198], which allows us to write

the internal Hamiltonian for a homonuclear spin system with n-coupled nuclei as,

i=1

1<j
- sz[zz + Z 27Tt]ij ([lejx + [injy + ]ZZI]Z) 3 (24)
=1 1<j

where J;; is the strength of the J-coupling between spins ¢ and j, and I;;, I;,, are similar to
I;, defined earlier. Typically the strength of the J-coupling varies from a few Hz to a few
hundred Hz. If the difference between the Larmor frequencies of the coupled nuclei is much
greater than the coupling strength (|w; — w;| > 27|.J;;|), then the off-diagonal terms I, 1,
and I;,1;, in the Hamiltonian can be ignored using first-order perturbation theory. This

truncates the Heisenberg interaction to an Ising form,

Ho = i wili, + Z 2w il 1, (2.5)
i=1

1<j

which makes the internal Hamiltonian purely diagonal. This approximation, known as the
weak coupling approximation, is satisfied by all heteronuclear systems and a majority of the

homonuclear systems chosen for QIP.

Unlike many platforms, the internal Hamiltonian of NMR is very well understood and the
parameters (shielding values and J-couplings) can be accurately characterized. Moreover,

the Larmor frequencies are virtually constant, thanks to the ability of modern NMR spec-
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trometers to produce a highly stable and homogenous magnetic field. Also, the J-coupling
is constant as the interaction between nuclei is determined by inherent molecular properties.
A quantum system with such a robust and constant internal Hamiltonian is extremely useful
for developing quantum controls, as one can accurately characterize the time-evolution and
focus exclusively on the control part without worrying about any deviations in the internal
Hamiltonian. Furthermore, NMR spin systems are an excellent manifestation of a closed
quantum system as the spin-1/2 nuclei are embedded deep inside a molecule, effectively

isolating them from the environment.

2.1.2 Control Hamiltonian

The state of a spin-1/2 nucleus can be manipulated by applying a linearly oscillating RF
magnetic field in the transverse plane close to its Larmor frequency. In heteronuclear spin
systems where the Larmor frequencies of various nuclei are separated by tens or hundreds
of MHz, each nucleus can be addressed using a separate RF field that is resonant with its
Larmor frequency. However, in homonuclear spin systems it is possible to use only a single RF
field to address all the nuclei as they are separated by only a few kHz. This makes it difficult
to selectively address individual nuclei in a homonuclear system, and hence, manipulating a
homonuclear system is much harder than a heteronuclear system. The RF fields applied to a

homonuclear spin system with n-coupled nuclei can be described by a control Hamiltonian,

H(t) = 2A cos (wist + @) Fy, (2.6)

where,

e A ¢, and wys are the amplitude, phase and frequency of the RF field respectively,

o [, =>"" I, is the total angular momentum operator along the z-axis, through which

the RF fields couple with the nuclei, and similar for F}, and F, (used later).
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Note that A and ¢, known as ‘controls’, are in general time dependent and can be tuned by
the experimenter. However, the notation showing their explicit time dependence i.e. A(t)
and ¢(t), is dropped for brevity. The amplitude range can typically go up to a few tens of
kHz, while the phase usually varies between 0 and 27. Under the influence of such RF fields,

the dynamics of the spin system can be described by a net time-dependent Hamiltonian,
H(t) = Ho + He(t), (2.7)

where Hq is the internal Hamiltonian as defined in Eqn.2.5. Evaluating the dynamics in
the lab frame along with such amplitude and phase modulated RF fields is very difficult.
The dynamics can be much simplified by going into a frame which rotates at a frequency w;¢

about the z-axis. Such a rotating frame transformation when applied to Hg gives,

7’_20 _ eierthfHOefiwrfth — Z 0,1, + Z 27T=]ij[iz]jz, (28)

i=1 i<j
where, €); = w; — w,s is defined as the resonance-offset of spin 7. Note that the J-coupling
strengths remain unchanged after the rotating frame transformation and this result holds
true even for Heisenberg type couplings because of the axial symmetry of the Hamiltonian.

Similarly, the rotating frame transformation when applied to H.(t) gives,

Hc(t> — eiwrfthHc<t)efiUJrfth

= Alcos (¢) F;y + sin(¢) F)] + A [cos 2wyt + ¢) Fyy — sin (2wt + @) F,]. (2.9)

The RF field in the rotating frame Hamiltonian ﬁc(t) consist of two components: a static
field applied at an angle ¢ from the z-axis in the zy-plane, and a fast oscillating field in
the zy-plane at a frequency 2w, The later component can be neglected as the average
contribution of the rapidly oscillating terms is approximately zero. This is known as the
rotating wave approximation. Although the fast oscillating terms produce a small shift in
the Larmor frequencies of the spins, known as the Bloch—Siegert shift [199], as long as the

first order correction A?/4w; is small compared to w;, the rotating wave approximation holds
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well. With this, the control Hamiltonian in the rotating frame can now be approximated as,

H.(t) = Alcos (¢) Fy + sin (@) Fy ] . (2.10)

Note that this control Hamiltonian can also be written in the Cartesian form where w, =
Acos (¢) and w, = Asin (¢) describe the time-dependent amplitudes of the RF field in the
x and y quadratures respectively. The dynamics of the system in the rotating frame can be

described by a time-dependent Hamiltonian,

H(t) = Ho + He(t). (2.11)

Note that the explicit tilde signs on H, and ﬁc(t) will be omitted from now on as we shall

be exclusively working in the rotating frame of reference.

2.2 Framework of GRAPE

The time evolution of an NMR spin system under the influence of amplitude and phase

modulated RF fields can be formally represented by a propagator

UT) =T -exp (—i/o [Ho + A (cos (¢) Fy, + sin (¢) F))] dt) : (2.12)

GRAPE aims to find appropriate controls A and ¢ that drive the propagator U(T") close to
the desired quantum gate Up in the minimum possible time while obeying certain optimality
criteria and experimental constraints. In this section, I describe the framework used by

GRAPE to find these ‘optimal’ controls.
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2.2.1 Optimal control theory

GRAPE uses optimal control [200-204] — a popular strategy for deriving solutions to the
coherent control problem. Optimal control theory (OCT) can be viewed as an extension of
calculus of variations [205] to systems involving dynamical constraints [206] (Schrodinger’s
equation in our case). The aim of OCT is to find a control law for the dynamical system that
achieves a certain optimality criterion. In the framework of OCT, this task is formulated as
an optimization problem that requires finding the extremum of a given performance index.
In our case, this performance index can be defined as a scalar, real-valued cost functional
[207]
T
J = FU(T)) —i—/o LU(t), A, o, t) dt, (2.13)

where F is the terminal cost that determines how close the system evolution is to the
target unitary and L is the running cost which defines the constraints on the system and
controls. The terminal cost, as its name suggests, depends only on the final state of the
system and is independent of the control amplitude and phases, while the running cost on
the other hand depends on the actual path taken by the system in the time interval [0, 7.
The optimization problem can be described as finding appropriate controls A and ¢ that
maximize (or minimize) the cost functional J while obeying the dynamical constraints and
pre-defined optimality criterion. As quantum systems are sensitive to noise and decoherence,
it is often necessary to seek time-optimal solutions, i.e., controls which optimize [J for a

minimum value of 7.

The necessary conditions for finding the optimal controls are described by a set of equations
given by Pontryagin’s principle [201]. In low-dimensional systems and special cases, geomet-
ric or analytical methods [208-210] can be employed for solving these equations to obtain
global optimal controls; see [211-218] for some examples. However, in most cases one needs
to resort to numerical optimization algorithms [219] due to the complexity of the control
landscape and high-dimensionality of the system. GRAPE is one such numerical method

that performs a gradient-driven optimization in an elegant manner. For examples of other
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numerical methods for optimal control see [44, 220-236]. In all these numerical methods,

including GRAPE, it is usually possible to obtain only locally optimal solutions.

2.2.2 Controllability

The first relevant question in OCT is about the existence of solutions. This question has to do
with the controllability of the system [42]: what set of unitary operations can be realized with
the given internal Hamiltonian H, and control Hamiltonian H.(¢). Formally, this question is
answered by the Lie algebra generated by Ho, H.(t) and their commutators [208, 237-240].
For a system to be fully controllable, i.e., to be able to realize any unitary operation, it is
necessary that Hoy, H.(t) and their commutators generate the entire Lie algebra [241]. Thus,
the controllability of a system is linked to its ability to implement a universal set of quantum
gates [242]. Note that controllability has nothing to do with the optimality of solutions or
the total time and resources needed for realizing a particular unitary; it is merely concerned
with the existence of solutions. Informally speaking, any system is fully controllable if every
qubit is coupled with every other qubit (directly or indirectly) and there is a provision to
realize single-qubit rotations for every qubit about two non-parallel axes (say o, and o)

[243]. The NMR systems discussed earlier satisfy these criteria and are fully controllable.

2.2.3 Piecewise constant controls

In the majority of optimal control methods, including GRAPE, the control law needs to
be evaluated in an open-loop setting without any experimental feedback. This requires
an explicit computation of the time-evolution of the quantum system, formally given by
the propagator in Eqn.2.12. As this propagator arises from a continuously varying control
Hamiltonian which does not commute at different times, its computation is particularly hard.
To simplify this computation, the control Hamiltonian is usually replaced by a piecewise

constant Hamiltonian in sufficiently small time intervals. Considering a total of N intervals
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or segments of duration At each, the propagator in Eqn. 2.12 can thus be approximated as,

U(T):UNUN_l...Uj...UgUQUl, (214)

where for the j* segment,

o U; =exp|—i(Ho+ H;)At] is the sub-propagator,
o M, = Ajcos(¢;) F, + sin(¢;) F,] is the control Hamiltonian, and

o Aj and ¢; is the amplitude and phase respectively.

With this, the computation of the time-evolution of the quantum system reduces to evaluat-
ing a product of matrix exponentials. The piecewise constant approximation used here is not
an issue as most physical implementations commonly use discretized controls rather than
generalized continuous forms. Typically in NMR, the total number of segments N would
vary from a few hundred to a few thousand depending on the exact type of quantum gate

to be implemented and accordingly, At is of the order of a few us.

2.2.4 Fidelity

The terminal cost F assesses the quality of controls by comparing the time-evolution U(T)
with the desired unitary Up and summarizing the differences between them using a single
real number. To this end, a fidelity [244, 245] measure between the two unitary operators

U(T) and Up is chosen and usually defined as the Euclidean distance,

F = Up = UD)|*= IUp|*+||U(T)|I*~2Re (Up|U(T)) , (2.15)

where ||A||= \/Tr{AfA} is the Frobenius norm and (A|B) = Tr{A'B} is the Hilbert—
Schmidt inner product [5]. For closed quantum systems, ||[U(T)|| is always constant since

the purity remains the same. Therefore, in closed systems it suffices to consider only the third
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term in Eqn. 2.15 for defining the fidelity, which is the overlap between the two unitaries':

F = [{UplUT). (2.16)

The square modulus in the above expression ensures that the fidelity metric is independent
of any global phase difference between the two unitaries. The fidelity JF is also normalized,
usually by the dimension of the underlying Hilbert space. Such a normalized fidelity metric
F can take real values between 0 and 1, where the null and unity correspond to U(T") and

Up being orthogonal and identical respectively.

Of course, it is ideal to seek controls that implement a quantum gate with unity fidelity.
However, finding such good controls is an extremely difficult task and even if they are found,
errors in their implementation and other unaccounted uncertainties would often result in
experimental fidelities that are lower than expected. Fortunately, implementing a quantum
algorithm does not require an arbitrarily good control: it is sufficient that the error rate 1—F
of the quantum gates is below a so-called fault-tolerant threshold (around 1073) [247-251],
as quantum error correction protocols [252-260] can then take over to suppress the errors
to arbitrarily low values with only a polynomial resource overhead. However, this does
not mean that no efforts need to be taken to improve the controls once the fault-tolerant
threshold is reached. The overhead costs near the fault-tolerant threshold are extremely
high for doing practically useful quantum computing applications and meeting them is well
outside the reach of our present abilities. For example, a recent estimate shows that for
running the Shor algorithm for factoring a 2048-bit number using gates with an error rate
of 1073 with currently known methods would require about 20 million physical qubits [261].
In order to bring down such large overhead costs to a more practicable level, it is therefore

necessary to aim for controls that promise a significantly higher gate fidelity.

tFor a non-unitary map, considering only the overlap between two operators as the fidelity definition
will give an incorrect fidelity; it is necessary to use the full fidelity definition ||xp — %(T)||?, where & is the
map and kp, x(T') is the desired and obtained operator respectively. Similarly, in open quantum systems
with a non-unitary map, it is necessary to use density matrices (as there can be mixed states and purity can
change), and in this case the correct fidelity definition is given by ||pp — p(T)||?, where pp is the density
matrix for the desired state and p(T') is the final state of the system [246].
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2.2.5 Robustness to systematic errors

To ensure high experimental fidelities for quantum gates, the least that one can do is make the
control fields robust to systematic errors. This involves accounting for known uncertainties
and variations in the Hamiltonian parameters while designing the controls. Consider for
example a very common error that occurs when the strength of the generated control field is
systematically different to that requested. In such situations, it is desirable to seek a control
field that is tolerant to a range of amplitudes around the nominal value. To this end, the
control field can be optimized for an average fidelity function that encompasses fidelities from
propagators simulated for a range of discrete values of amplitudes around the nominal value
[155]. In a similar fashion, the control fields can be made robust to any other parameter or

combination of parameters in the internal and control Hamiltonian.

In NMR, the two dominant sources of systematic error are due to inhomogeneities in the RF
control field and the static magnetic field across the sample [262, 263]. Usually, a variation
of about £20% around the nominal value of RF amplitudes is observed across the NMR
sample tube. Oftentimes, it is also possible to map out the exact distribution of these RF
inhomogeneities for an NMR probe [264], in which case the control field can be optimized
for an average fidelity function that is appropriately weighted according to the observed
distribution instead of a simple average fidelity function as described earlier. It is important
to ensure that the control field performs well not only for the specified range of amplitudes
for which it is optimized but also for the amplitudes in between. By choosing non-periodic
discrete values of amplitudes for optimization, the risk of behaviour where the control field

performs poorly for intermediate amplitudes can be reduced [263].

The second source of error due to variations in the static magnetic field can give rise to a
range of Larmor frequencies for the nuclei across the sample causing an uncertainty in the
resonance offsets. Although this error can be handled in a similar way as above, there is
no practical need to do so. In liquid-state NMR, a well shimmed magnet is able to limit

the variation in the static field well within a Hz. The magnitude of this error is almost
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comparable to the line-widths found in typical NMR samples chosen for QIP, and hence can

be ignored.

2.2.6 Penalties

Quite often, the optimized control fields turn out to be experimentally unimplementable
because they violate either some physical limits or hardware constraints. Such situations
can be avoided by using an appropriate penalty function in the form of a running cost £
during the optimization. The penalty function essentially attempts to restrict the search
space, so that the optimization process can search for control parameters only within the
pre-defined limits. Consider for example a common scenario where the control amplitudes
need to be restricted on account of the maximum amount of power that the hardware can
offer. In such a case, the amplitudes exceeding a threshold amplitude A,,.x can be penalised

using a penalty function,

Z ’Amax - Ak’25 ’Ak‘ > Amax
=" (2.17)

07 |Ak‘ S Amax

It is also possible to modify this penalty function to include a Gaussian or any suitably shaped
filter function that enforces control fields to have zero amplitude at the start and end of the
sequence [265]. Note that during the optimization of the cost functional 7, it is important to
balance the contribution of F and L by assigning appropriate weights to them. The penalty
function needs to be strong enough that the unacceptable amplitudes are discouraged, but
at the same time it should not be so severe that it drives away the high fidelity candidate
solutions which are near the threshold. In addition to such physical constraints, penalty
functions can also be used to produce hardware friendly control fields with a view to improve
the experimental fidelity. For example, a smoothing regularisation penalty as described in
[266] can be used to reduce sudden amplitude jumps between successive segments of the

control sequence and thus mitigate any transient effects [263].
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2.3 The GRAPE algorithm

Numerical optimization is an integral part of OCT. Most of the numerical techniques start
with an initial randomized guess of controls which then need to be iteratively improved to
maximize or minimize the cost function. The cost function needs to be evaluated at least
once during every iteration and is a very time intensive computation, especially in the case
of quantum systems. It is therefore important to choose a good numerical method that helps
reach the maxima or minima using a small number of cost function evaluations. The choice
of the numerical method is strongly dependent on various factors like the dimensionality of
the problem, nature of the control landscape (convex, non-convex, smooth, noisy), type of

controls (analytic, piecewise-constant), constraints, availability of gradients etc.

Gradient driven numerical optimization methods are known to have among the best con-
vergence rates, particularly when applied to quantum control problems that involve high-
dimensional parameter spaces [236]. However, in many scenarios it is very likely that the
gradient information is either computationally expensive or unavailable, compelling one to
resort to gradient-free approaches like Nelder-Mead simplex [267] or genetic algorithms [268—
270]. This was also the case prior to GRAPE, when gradient based methods for gate design
problems were largely ruled out due to the high cost of evaluating gradients [225]. For ex-
ample, the conventional method of calculating approximate gradients using finite-differences
method requires at least O(INV) evaluations of the computationally expensive propagator for
calculating every gradient [263]. In contrast, the GRAPE algorithm requires only two prop-
agator evaluations for obtaining each gradient, thereby offering an efficient way to perform
a gradient based optimization. This allows a larger number of control parameters to be

efficiently optimized, thereby offering a high flexibility in designing the control fields.

The key realization in GRAPE is that the gradient of F with respect to any j* control

parameter changes only the j* sub-propagator. For example, the calculation of the gradient
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of F (as in Eqn. 2.16) with respect to the control amplitude A; proceeds as,

OF 0

0A; DA, (UplU(T))|
0
= 5 WelU(@) WD)
0
= 94 (Up|lUNUn—1 ... UUy) (UnUn—1 ... UU,|Up)
j

oU;
= (Up|UnUn_y ... Uy =2

j+1ﬁUj_1 Ce U2U1> <U(T)’UD> + c.c
J

oU;
= 2R€{<UD|UNUN_1...U

gl LUNUDID ) (219

where the derivative OU;/0A; can be evaluated using standard techniques [155, 265] that
are described later. The gradient 0F/d¢; can also be calculated in a similar way. For
efficient calculation of these gradients, GRAPE utilizes a well known technique of trading-
off computational time with memory. During the calculation of the propagator U(T') for
evaluating the fidelity, each of the intermediate results Uy, UsUy, UsUsU; ete. are stored
and used for the gradient calculation. A backward evolution in time to store the combined
propagators Uy, UvUn_1, UNUny_1Un_o etc. is also done. In this way, GRAPE requires

only two full time-evolutions, one forwards and one backwards, for calculating the gradients.

Below, I summarize the basic GRAPE algorithm based on [155] and then discuss some of its

extensions along with practicalities associated with the implementation of the algorithm.

1. Start with an initial randomized guess of control amplitudes {A4;, Ay, ..., Ay} and

phases {¢1,¢a,...,dn}-

2. For each segment j =1,2,... N, evaluate the sub-propagators using:

U;j =exp[—i(Ho + A, [cos (¢;) Fy +sin (¢;) F)|) At]. (2.19)
3. Calculate and store each forward propagator

Fj:UjUj_l...UzUl, for ij,l,...N, with F():I[ (220)
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Similarly, calculate and store each backward propagator

Bj:UNUN—l"'Uj+17 for j:1,2,...N, with BN:]I (221)

4. Using U(T') = Fy, compute the fidelity function

F = [{UplU@)P. (222)

5. For j =1,2,... N, compute the gradients

oOF oU;

94 2Re {(UD|Bja—Aij—1> <U(T)|UD>} : (2.23)
OF ou;

36 = 2Re {(UDIBJ'%E—Q <U(T)|UD>} : (2.24)

where, the forms for OU;/0A; and 0U,;/0¢; are described in the next section.

6. Update the controls using a method like steepest ascent, conjugate gradients or BFGS

as described in the next section.

7. Iterate steps 2 through 6 until the fidelity reaches a desired threshold.

Note that the desired penalty functions £ can be added as required in Step 4 and accordingly,

their corresponding gradients in Step 5 in a fairly straightforward manner.

There are a number of implementations of the GRAPE algorithm available as software
packages written in MATLAB (Dynamo [271], Spinach [272]), Python (QuTiP [273, 274])
and C [275]. However, a self-written code developed in MATLAB was used for this thesis.
In the following sections, I describe some of the implementation details for various steps of

the GRAPE algorithm.
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2.3.1 Gradient-based update schemes

In this section, I describe some of the methods that can be used for updating the control
parameters in GRAPE (Step 6). For convenience and brevity, I introduce two shorthand

notations for the controls and their gradients as follows:

c = [AlAJAN ¢1...¢j...¢N]T (225)

_[oF oF OF oF OF OF (226
g = aAl...aAj...aAN 8¢1'”8¢j”'3¢1\7 . .

Steepest ascent

The simplest way to update the controls is by moving them in small steps in the direction

of the gradient, which is the direction of steepest ascent. The update rule can be written as

Cri1 = Cp + €8, (2.27)

where r is the iteration index and € is the step size or the search length. Provided the
step size is sufficiently small, it can be a constant for every iteration. However, in many
scenarios much better performance can be achieved if the step size is continually adjusted
and optimized. The idea here is to move the controls to a point (along the gradient direction)
where the fidelity improvement is maximum, before calculating the next gradient direction.
Of course, evaluating the fidelity at every point along the gradient is simply infeasible due
the complexity of fidelity calculation. Nevertheless, it suffices to determine a step size that
can produce even a local maximum fidelity. One simple and effective approach here is to
find the fidelity of two more points along the gradient direction, fit a quadratic polynomial
through the three points, and locate the maximum of the quadratic to obtain the optimum
step size [271, 276]. This approach, however, will allow a fast convergence only when near a
local extrema where the fidelity curve, expanded as a Taylor series, can be approximated by

a quadratic. In case the quadratic interpolation approach fails for a particular iteration, it is
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possible to fall back to other simpler line search approaches like backtracking or bracketing

and sectioning as described in [266].

Conjugate gradients

The method of steepest ascent produces a slow convergence in many practical cases, es-
pecially when the fidelity landscape has valleys and ridges. If the gradient direction is not
pointing along the crest of a ridge, the steepest ascent method will lead to a zig-zag back and
forth pattern across the crest of the ridge, until it slowly reaches the crest. This behaviour
indicates that the direction of the steepest ascent is not always the best direction to proceed
in, especially in the long run. To this end, the method of conjugate gradients (CG) [277, 278]
can be used to rectify such behaviour and provide an accelerated convergence near a maxi-
mum. The CG method tries to estimate the curvature of the fidelity landscape by including
the previous search directions along with the current gradient to come up with a new better
search direction. Thus, by keeping a ‘memory’ of previous directions, the CG method can

quickly determine that the best direction is simply along the ridge and not across the ridge.

The CG method is elaborately described in Ref. [279]. Hence, I present only the relevant
implementation details here. Assuming the initial search direction Ag is the same as in
gradient ascent, the subsequent search directions A, in the CG method can be computed
using:

o gl<g7‘ — gr—l)

A= g + BrAv—1, Br= T : (2'28)
gr—18r-1

where the above form of § corresponds to the Polak-Ribiere formula [279]. Some other
popular forms include that of Fletcher-Reeves [280], Hestenes-Stiefel [277] and Dai-Yuan

[281]. With this, the update rule can be written as
Cri1 = Cp + €A (2.29)

Note that for § = 0, the CG method is essentially the same as the steepest ascent method.



Chapter 2: GRAPE 26

For CG to perform correctly and to obtain the best convergence, it is essential to first move
the controls to the highest point of fidelity along the gradient direction. This can be done
using the line search methods described previously. An appropriate implementation of the
CG method can significantly reduce the overall calculation time of GRAPE by reducing the

number of iterations required to achieve a given fidelity by at least an order of magnitude.

BFGS

The first-order derivatives or gradients provide only local information (slope) about the
fidelity landscape and have no knowledge about the non-local features like the curvature.
This makes it is difficult to distinguish between stationary points during the search as the
slope for any stationary point is zero. To avoid the search getting trapped in such stationary
points, information from second-order derivatives (Hessian) can be used. The Hessian matrix
has knowledge about the local curvature of the landscape and can thus easily distinguish
between, say a maximum and a saddle point. It is worth noting that close to a maximum,
the CG method also behaves like a second-order method but without requiring an explicit

Hessian. However, far from maxima it has the same behaviour as that of a first-order method.

The standard second-order derivative update, also known as the Newton update, can be
written as

c,41=c, +eh'g,, (2.30)

where h™! denotes the inverse Hessian. Evaluation of the exact Hessian is usually very ex-
pensive and hence a quasi-Newton approach namely the Broyden—Fletcher—Goldfarb—Shanno
(BFGS) algorithm [219, 282-285] is often used to obtain an approximate Hessian. The BFGS
approach only needs first-order derivative information to approximate the inverse Hessian.
Starting from hy = I (i.e. standard gradient ascent), the Hessian matrix after the r* iteration

in the BFGS algorithm can be approximated by [271, 286]

Ac,Agl]’ Ac,.Ag! Ac,AcT

C AglAc,] 7 | AglAc,] | AglAc,
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where, Ac, = c¢,41 —c, and Ag, =g, — g,.

The standard MATLAB library function fminunc which implements the BFGS algorithm
was used in this thesis for updating controls in GRAPE. Oftentimes, due to the large number
of control parameters in optimal control, it becomes difficult to store the Hessian matrix. In
that case, the limited memory variant of the BFGS algorithm known as [-BFGS [287, 288]
may be used. [-BFGS is also found as a standard MATLAB routine named fmincon. The
fmincon module permits explicit constraints on control variables to be included, but that

option was not used for this thesis.

2.3.2 Evaluating gradients

In this section, I present the forms of the gradients 0U;/0A; and 0U;/0¢; required in Step

5 of the GRAPE algorithm.

Approximate gradients

Evaluating the derivative of a matrix exponential is a non-trivial task, particularly in the
case where the Hamiltonian contains non-commuting terms. Here, I describe how to obtain
the approximate value of OU;/0A; (similar calculations for OU;/0¢; hold). To begin, we use

the standard formula for computing the derivative of a matrix exponential [289]:

0 LoD
O ey = /0 esf(m)a_ie(l—s)f(x)ds. (2.32)

where f(x) is a general matrix function. Accordingly, we get

. At
2—2 = —i ( /O U;(7) [cos (¢;) F 4 sin (¢;) F,] Uj(_T)dT) U (2.33)
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where, U;(7) = exp[—i(Ho + H;)7]. In the limit where At < ||Ho+H,||~*, the unitary U(r)

can be expanded to first order in 7, giving us,

aU At
a—A] ~ —i (/ (I—i(Ho + H;)7) [cos (¢;) Fy +sin (¢;) Fy] (14 i(Ho + H;)T) d7'> Uj.
J 0
(2.34)
On integrating the above expression and dropping terms in At?, we get,
ou; .
oA~ —iAt [cos (¢;) Fy + sin (¢;) F,] U;. (2.35)
j

This is a first-order approximation of the gradient. The gradient with respect to phase ¢,

can be obtained in a similar way:

% ~ —iAtA; [—sin (¢;) Fy + cos (¢;) F,] U;. (2.36)

Note that this approximation puts a constraint on the segment duration At and the corre-
sponding amplitude during that segment. The first order gradients are only effective when
every segment in the GRAPE sequence produces a sufficiently small rotation angle. An-
other way to put this is that the approximation is valid only when the time evolution U;

approximately commutes with the control operators F, or F),.

Exact gradients

To ensure proper functioning and convergence of the update methods, especially the BFGS
algorithm, it is necessary to use accurate gradients. Here, I present the method described
in Refs. [271, 290] which can be used to obtain the exact value of gradients. Following the
theorem in [290, 291], the exact derivative of the exponential of a sum of two non-commuting
operators A and xB with respect to = at x = 0 is given by,

(c

(€|Bl&m) e, if § = &
§m> - (2.37)

(&|Bl&m) %, otherwise,

0 A+aB
—¢€
ox
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where |§) and ¢ are the eigenvectors and eigenvalues, respectively, of the operator A :
Al&) = & |&). For a proof of this result refer the appendix of [271]. According to this result

we need to calculate:

oU,; 0

8_/{ = 5, &P {=1(Ho + (Aj + ) [cos (¢;) F +sin (¢5) F,] A}, ), (2.38)
j

% - % exp {—i(Ho + Aj[cos (¢; + x) F, +sin (¢; +x) ] At)},_,-  (2.39)
j

First, we need to mould the exponents in the above equations into the form A+ xzB. To this

end, we can use A = —i(Ho + H,;)At and

B = —iAt [cos (¢;) Fy + sin (¢;) F] (2.40)

for calculating 0U;/0A;, and

for calculating OU;/0¢;. Note that the result sin(x) ~ x and cos(z) ~ 1 for small = has been

used to arrive at the above expression for B. By plugging in appropriate forms of A and B

in Eqn. 2.37, the exact derivatives of OU;/0A; and 0U,;/0¢; can be calculated.

The exact derivatives need the expensive routine of matrix diagonalization to be carried out
for obtaining the eigenvalues and eigenvectors of A. However, there is an advantage to this
method of calculating exact gradients: the matrix exponential required in calculating U; es-
sentially comes for free as we already have the eigenvectors and eigenvalues of A. Evaluation
of U; now just needs the diagonal matrix of eigenvalues to be exponentiated, which can be
done efficiently. Although matrix diagonalization comes at a slightly higher computational
overhead compared with a direct calculation of a matrix exponential, the additional cost is
outweighed by the benefits of a faster convergence rate due to exact gradients. Therefore, it

is advantageous to use exact gradients.
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2.3.3 Propagators, complexity and scaling up

The calculation of the propagator U(T') requires two fundamental operations: matrix expo-
nentiation for calculating the sub-propagators U; and matrix multiplication for concatenating
the U; to form U(T"). Matrix exponentiation is a non-trivial task. In general, it is not possi-
ble to evaluate the matrix exponential analytically, except for 2 x 2 matrices and some very
special matrices. Finding efficient numerical strategies for matrix exponentiation has been
a subject of extensive research in the past years [292, 293]. Some of the popular numeri-
cal methods include those based on Taylor-series approximation, Padé-series approximation,
Chebychev polynomials and eigendecomposition. The standard library function expm in
MATLAB uses Padé-series approximation combined with a scaling and squaring technique

[294, 295].

Both operations, matrix exponentiation (using any method) and matrix multiplication for
reasonable matrix sizes require about O(D?) basic arithmetic operations, where D is the
dimension of the Hilbert space. The mandatory calculation of the propagator U(T') in every
iteration severely slows down the GRAPE algorithm, thus causing a computational bottle-
neck. Further, the dimension of the Hilbert space grows exponentially with the number of
qubits, preventing the GRAPE algorithm from scaling up to a large number of qubits. The
combination of these two factors is responsible for restricting the viability of GRAPE to
only a handful of qubits on standard desktop computers. The use of cluster computers along
with efficient parallel processing can push this limit up to a few tens of qubits [296-299],

but, that does not address the fundamental issue of scalability.

One possible solution towards a scalable GRAPE algorithm is described in Ref. [129]. The
idea is as follows. In a large-scale practical quantum computer, it is very unlikely that every
qubit is coupled to every other qubit; the coupling is often restricted to nearest or next-
nearest neighbours. As a result, it is possible to divide the entire system of qubits into smaller
(possibly overlapping) sub-systems and optimize the controls for a net fidelity function that

is a sum of fidelities restricted to the sub-systems. Accordingly, the desired unitary operation
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can also be defined as a tensor product of individual target unitaries across each sub-system.
In this manner, the size of the quantum systems to be simulated can be extensively reduced.
To ensure that the dominant dynamics of the system are properly captured in this sub-system
approximation, it is important to have stronger couplings internal to at least one sub-system.
In spite of that, there will be errors due to the evolution of the couplings between subsystems
which are not accounted for during the simulation. These errors can be efficiently estimated
[129] at a modest computational cost and corrected using phase tracking [300], refocussing
sequences [117, 118] (details in Chapter 4) and incoherent averaging techniques [301] (details

in Chapter 6).

2.3.4 Initialization

Along with efficient methods and strategies for implementing the GRAPE algorithm, it is
equally important to have the proper initial values set for the various input parameters.
Here, I describe some useful guidelines on setting up the GRAPE algorithm to help achieve

proper implementation and convergence.

Firstly, the total evolution time 7" must be chosen in accordance with the fundamental
quantum speed limits [302, 303] and the minimum time required to implement the particular
quantum gate [304]. Along with these, factors like the desired fidelity, threshold amplitude
and the range of RF inhomogeneities to be tolerated also need to be accounted for. This
issue is more important when designing non-trivial two-qubit gates. For example, the cz
gate in NMR requires the qubits to evolve for a minimum duration 1/2J, where J is the
coupling strength between the two qubits involved. Thus, the 7" needs to be set slightly
higher (a few ms) than the minimum duration. If the gate needs to be made robust to RF
inhomogeneities (say +10% around the nominal RF), then roughly speaking, T should be at

least 10% to 20% higher than the minimum time in order to obtaining reasonable fidelities.

The number of discrete RF inhomogeneity values for optimization should also be chosen

carefully. Having too many values will simply slow down the computation and is often
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unnecessary. The chosen values also need to be properly spaced so that the fidelity is
optimizing for intermediate values. As described earlier, it is useful to have a few non-
periodic values to avoid a behaviour where GRAPE does not optimize well enough for the

intermediate values as compared to the chosen values.

Although there is no systematic approach on how to choose initial guess controls, it is useful
to start from smoothly varying amplitudes. For a proper functioning of BFGS update, it
is important that the control amplitudes and phases are of the same order of magnitude.
To this end, the amplitudes can be normalized between 0 and 1 so that they are of similar

magnitude as that of the phases.



Chapter 3

Practical GRAPE

In the previous chapter, we identified that the GRAPE algorithm has two computational
bottle-necks: matrix exponentiation for evaluating the sub-propagators U; and matrix mul-
tiplication for computing the full propagator U(T). While there is no way to side-step
the latter, in this chapter, I describe some strategies to evaluate the sub-propagators while
avoiding explicit matrix exponentials. Along with this, methods for finding exact gradients
at no additional computational overhead are also described. These strategies improve the
computational speed and convergence of GRAPE at the same time and when combined with
the sub-system approach, allow larger sized sub-systems to be considered, thus paving the

way towards better scalable control.

3.1 Single-spin GRAPE

The dynamics of an isolated single spin can be evaluated analytically. Therefore, the GRAPE
algorithm for a single spin deserves a separate treatment from the regular multi spin case.
In this section, I present analytical forms of the sub-propagators and gradients in single

spin GRAPE, followed by a discussion on how to efficiently implement and use single spin

GRAPE.
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3.1.1 Evaluating sub-propagators and gradients

Consider an isolated single spin with internal Hamiltonian Hy, = wl, and control Hamiltonian
H; = Ajlcos(¢;) I, + sin(¢;)1,] for the j™ segment. The analytical form of the propagator

for the j*" segment is
U; = exp (—i[Ho + H;] At) = : (3.1)

where

a=cos(k), b=iwAsin(k), c=e¥A;Asin(k),

A 1
n:—tw/Aﬁ—Hu?, and \= ——.
2 \/AZ +w?

Note that only the off-diagonal elements in U; depend on the phase ¢;. As a result, the

analytic gradient of U; with respect to ¢; takes a particularly simple form

oy _ [0 e (3.2)
09, c 0

where the definition of ¢ is the same as that in Eqn.3.1. On the other hand, since A, is
present in all four elements of U;, the analytic gradient of U; with respect to A; has a more

complicated form

%_ d+e —if (3.3)
04; |\ Zip d—ef

where

A

d=—iA;w\sin (k), e= —iTtAj)\ [wAcos (k) +1isin ()],
=e %)\ AtA2)\ AZN? si i

f=e - 4 cos (k) — AjA"sin (k) +sin (k) | ,

and the definition of k and A is the same as that in Eqn. 3.1.
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3.1.2 Discussion

Implementation

All matrices in single-spin GRAPE are 2 x 2 unitary matrices. When implementing single-
spin GRAPE it is useful to treat the four elements of any matrix as four separate complex
numbers and not use any matrix structures. Avoiding the matrix structure and treating its
elements as individual entities when doing any mathematical operation can provide a speed-
up of nearly three orders of magnitude over conventional implementations when MATLAB
is used. Further speed-up is possible by fixing the amplitude to a constant value and modu-
lating only the phase across the segments [305]. In such purely phase-modulated pulses, the
diagonal elements for all sub-propagators are constant and hence, need to be evaluated only
once. It is also straightforward to calculate the second derivatives of the sub-propagator
with respect to the phases to obtain an analytic Hessian for accelerated convergence. One
might wonder if a speed-up in single-spin GRAPE is really necessary, and if so, then what

are its applications?

Good initial guess pulse

Consider the case of designing a GRAPE pulse for performing single-qubit gates on a sys-
tem of n-coupled spins. In such a scenario, single-spin GRAPE can be used to design an
approximate pulse by treating the coupled spins as n-isolated spins and optimizing for the
target unitary for each of the individual spins. This approximate pulse can be further used
to provide a very good initial guess for GRAPE to perform an optimization on the actual
system with n-coupled spins. Such a two-stage optimization can greatly reduces the overall

computational time for GRAPE.
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Bandwidth selective pulses

In chemical and biochemical NMR, it is often necessary to implement pulses that affect spins
only within a defined frequency bandwidth in a particular manner. In such cases, the pulse
can be designed using single-spin GRAPE by envisaging the defined frequency range as a
system of uncoupled spins placed at various discrete frequencies therein, and optimizing for
the desired unitary operation for each spin. This approach has been used for protein NMR
applications in collaboration with the Baldwin group at Oxford, but is not described in detail

here. See Refs. [306, 307] for examples of some complementary approaches.

3.2 Multi-spin GRAPE

Based on the published work in Ref. [149], in this section, I describe an approach to obtain a
high-accuracy approximation of the sub-propagator using only a single matrix multiplication.
Although matrix multiplication has the same O(D?) scaling as that of matrix exponentiation,
it is significantly cheaper to multiply two matrices than to calculate a matrix exponential
using any of the numerical methods. As a result, this approach can provide a constant but
substantial speed gain over conventional approaches, irrespective of the number of qubits in

the system.

3.2.1 Evaluating sub-propagators and gradients

Consider a coupled n-spin system with internal Hamiltonian Hy and control Hamiltonian
H; = Aj[cos(¢;) Fy +sin(¢;) F,] for the j™ segment. The propagator for the j™ segment can

be written as

U; = exp (—i[Ho + H;] At) = exp (—i[Ho + A, cos(¢;) Fy + A;sin(¢;) F,] At). (3.4)
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Here, the control Hamiltonian H; lies in the zy-plane making an angle ¢; with the z-axis. By
performing an appropriate phase transformation, H; can be made to align with the z-axis,
thus allowing an equivalent representation of the sub-propagator:

U; = Z;X,Z] (3.5)

27

where,

Z; =exp|—i¢;F,] and X, =-exp[—i(Ho+ A,;F,)At].

The matrix Z; is diagonal in the computational basis and can be efficiently computed as it
does not require a full matrix exponential. However, X still requires a full matrix exponential
to be calculated as it contains a sum of two non-commuting terms. Nevertheless, it is possible

to approximate X using the Trotter-Suzuki formula as
X, =~ exp|—iHoAt/2] exp[—iQ),; F, At] exp|—iHoAt/2], (3.6)

given that At is sufficiently small. Note that the outer two terms in Eqn. 3.6 are constant
and need to be evaluated only once for the entire GRAPE calculation. Furthermore, the
central term is a simple scalar multiple of F, and so will always be diagonal in the Hadamard

basis. This basis transformation can be combined with the fixed outer terms, giving
U; ~ Z; (Wi exp|—i4; F.AW,) Z], (3.7)

with all matrix exponentials now diagonal in the computational basis. The basis transfor-
mations

Wy = exp[—iHoAt/2]H®" and W, = H®" exp[—iHAt/2], (3.8)

where H®" is the n-qubit Hadamard gate, are the same for every propagator, and so are
evaluated only once for the entire GRAPE calculation. Further, the multiplication by diag-
onal matrices can be performed rapidly as there is no need for a full matrix multiplication.

Thus, the evaluation of propagator U; now requires only a single, full matrix multiplication.
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Next, I describe how to evaluate exact gradients. In the previous chapter, we have seen
that the BFGS algorithm requires exact gradients for proper functioning and to ensure good
convergence. Although we have an approximate sub-propagator here, it is important that
the gradients calculated with respect to the approximate propagator are exact [308]. Finding
exact gradients with respect to A; and phase ¢; in this case is particularly straightforward
as they are both present in distinct terms in Eqn. 3.7. The gradient of U; with respect to A,
can be written as

% = —iALZ; (W1 F, exp[—id,; F.AW,) Z, (3:9)
J

since only the middle term in Eqn. 3.7 depends on A;. Similarly, only the Z; terms in Eqn. 3.7

depend on the phase ¢;, allowing us to write the gradient of U; with respect to ¢; as

Y _ v, 7, —iRU; = iU, F. (3.10)
0¢;

3.2.2 Discussion

Errors

Since the sub-propagator calculations shown above involve certain approximations, they are
bound to have some error. The Trotter—Suzuki approximation made in Eqn. 3.6 is accurate
to third order in 0t. As the full propagator fidelity depends quadratically on the size of the
error, this approximation will be accurate to sixth order in At when calculating fidelities
and their associated gradients. In practice, these errors are essentially negligible for pulse

engineering calculations.

The errors in this approach can be considered most simply for a one-spin system with
Ho = wl, and H; = A;I,, which permits analytical calculations. The fidelity (as per
Eqn. 2.16) between the exact analytic value of U;, and its approximation, Eqn. 3.7, is

w? A3 (w? + 443)

_ _ J 6 8
F=1 AL+ 0(A). (3.11)
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For realistic frequencies and time steps in NMR systems, the infidelity of the approximate
approach will be very small. Offset frequencies rarely exceed 15kHz, and for the low RF
powers used during long control pulses the nutation rate is usually below 5kHz. Even for
these extreme values, the error for a 10 us time step is below 5 x 1075, and for the lower
frequencies and smaller time steps normally used the error will be far smaller. A detailed
guideline which compares the size of time steps and the corresponding fidelity obtained using

this method is given in a recent study in Ref.[309].

Evaluating the error for pulse engineering in a real system is more complicated, reflecting the
larger matrices involved, the large number of relevant frequencies, and the need to evaluate
the error in the entire combined propagator, and not just the sub-propagators. The worst
case occurs when each sub-propagator is identical: in this case the errors grow linearly with
the number of steps, and so the infidelity, which depends on the square of the error, grows
quadratically with the number of steps. However such a case is quite unrealistic in practice,
as variations in the amplitude and phase of control fields mean that errors will partly cancel.
Simulations indicate that the infidelities remain small in realistic cases, typically around

10~ for the full propagator.

Reducing errors

The infidelity in Eqn. 3.7 arises from the fact that A;F, does not commute with H,, and can
be minimised by making A;F, as small as possible. This can be achieved by moving part of

A, F, into H, writing

My = Ho+ AtFy, M= AV, = (A — Ag) F, (3.12)

where the offset frequency A, is chosen to make the values A; as close to zero as possible,
for example by setting it to half the maximum amplitude expected. While this will increase
the infidelity of some sub-propagators, on average the infidelity will be decreased, and the

fidelity of the full propagator will improve. The basis transformation operators, Eqn. 3.8,
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have to be calculated for the new value of Hj, but as this only needs to be done once for the

entire calculation this gain in fidelity comes at no cost in time.

A more accurate approach is to choose A as the mean amplitude for the particular propaga-
tor being calculated: in this case the basis transformation operators have to be recalculated
each time, but this still only requires one full matrix exponential for each propagator. If even
higher accuracy is required then it is possible to use two different offset values, one for small
values of A; and one for large values, choosing the appropriate basis transformation in each
case. Our simulations suggest that using a single value of Ay can improve the infidelity of
the propagator by a factor around 15, while using two values can give an improvement of

about 200, leading to propagator infidelities around 1076.

This could be improved still further by using a larger number of offsets, effectively trading
memory for time [310], but these later gains are smaller than the early ones. When the
numbers of offsets is large then all values of A’ are small in comparison with all other
frequencies, and in this limit the infidelity falls quadratically with the number of offsets, as
expected from Eqn. 3.11. If very precise pulse engineering is required then it is simpler to use
approximate techniques in the early stages of optimization, and switch to exact calculations

using full matrix exponentials once the pulse fidelity is high enough to justify this.

Speed gains

The speed gains achieved by this approximate approach arise from avoiding full matrix expo-
nentials by performing all calculations in an appropriate eigenbasis where the operators are
diagonal. Since both matrix multiplication and numerical matrix exponentiation have a com-
putational complexity of O(D?), these gains are approximately constant, and independent

of the dimension of the Hamiltonian.

As three of the matrices in Eqn. 3.6 are diagonal most steps can be carried out using efficient
partial matrix multiplication, and only one full matrix product is required. The exact speed

up achieved can be quite complex, due to implicit parallel computation on larger matri-
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ces. While this reduces the wall clock time, the CPU time will be increased to handle the
overheads of parallelisation. This will affect the observed speed-up in a way that depends
upon matrix size [298] as matrix exponentiation is more easily parallelised than our efficient
algorithm. The speed gain achievable will depend on both the spin system chosen and the
precise code used, but MATLAB simulations for the 3-spin homonuclear system correspond-
ing to the three '3C nuclei in alanine [91] indicate that the calculation of sub-propagators
can be sped up by a factor of around 18, while full propagators (which require an additional
full matrix multiplication for each sub-propagator) are sped up by a factor of around 13.
This speed gain means that a four-spin system can be simulated more rapidly with our

approximate approach than an exact simulation of a three-spin system.

Efficient matrix multiplications

As matrix multiplication is now the computational bottleneck, it is vital that this is carried
out as efficiently as possible. Full matrix multiplication, with computational complexity of
O(D?)T, should only be used when actually necessary: when multiplying a full matrix by a

diagonal matrix only O(D?) steps are required.

If the algorithm is coded in a low level language then it is easy to ensure this, but in higher
level languages, such as MATLARB, it is necessary to code carefully. Diagonal matrices should
be stored not as matrices but as vectors, to avoid unnecessary operations. In particular the
exponentials of diagonal matrices must be calculated using direct exponentiation of the

individual elements. To combine the individual matrices, Eqn. 3.7 can be written as

{}Wi{AW{o7} (3.13)

where braces indicate diagonal matrices stored as vectors. The multiplications by the two

fNote that it is possible to perform matrix multiplication with a lower computation complexity than
O(D?). For example, Strassen’s algorithm [311, 312] has complexity O(D?#°7), while the Coppersmith-
Winograd algorithm [313] is O(D?-37%), and this has subsequently been refined to O(D?-37%) [314]. However
these fast methods are only useful for large matrices, and so are not used here. Strassen’s algorithm can
be faster than conventional multiplication for D ~ 100, and is used in some matrix libraries, but the more
recent methods are only faster than Strassen’s algorithm for extremely large matrices.
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outer diagonal matrices can be combined, and the overall process written as

Ok (W% (Q.xWy)), with & =¢.x ¢l (3.14)

where * is the MATLAB operator for a full matrix multiplication, .x is the operator for an
element-by-element multiplication, and ¢ indicates the adjoint of the vector ¢. Note that

only a single full matrix multiplication is required.

Combining the phase multiplications into a single matrix ® is particularly useful when devel-
oping pulses which are robust to variations in the RF coupling strength. These are simulated
by evaluating propagators with the control amplitude set to a range of values [315] (e.g.,
95%, 100% and 105% of the nominal value). In such cases the matrix ® is the same for all

the different coupling strengths, and need only be calculated once.

When programming in MATLAB it is also important to think carefully about memory
handling. In particular it is quicker to evaluate Eqn. 3.14 one multiplication at a time,
storing intermediate results in explicit variables. If the multiplications are carried out in
one line then temporary variables are created to hold intermediate results, and subsequently
destroyed. If equivalent calculations are carried out many times, as happens when evaluating
propagators, it is quicker to reuse previously allocated variables. These minor issues are
almost irrelevant in conventional GRAPE calculations, where the time needed for matrix
exponentiation dominates over everything else, but become important once all these slow

stages have been removed.

It might appear possible to speed up calculations further, for example by using the structure
in F, to avoid repeatedly calculating the same exponential terms. This would certainly be
sensible when programming in a low level language, but in practice such tricks actually slow
MATLAB down. It can be difficult to predict precisely what will give the fastest MATLAB

code, and experimentation is the best approach.
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3.3 Phase-only GRAPE

A typical GRAPE pulse usually has both amplitudes and phases varying across its segments.
However, in this section I consider pulses in which only the phase is permitted to vary while
having a fixed constant amplitude across all segments. In such purely phase modulated
pulses, it is possible to obtain the exact propagator without evaluating any matrix expo-
nentials or even a single full matrix multiplication. Moreover, using a single predetermined
amplitude for each pulse sidesteps the need for amplitude penalties and can also reduce the

effects of transients [263].

3.3.1 Evaluating sub-propagators and gradients

Consider a coupled n-spin system with internal Hamiltonian H, and control Hamiltonian
H; = Aolcos(¢;) F,+sin(¢;) F,] for the j™ segment. Note that the amplitude Ay is a constant
for all the segments. Analogous to Eqn. 3.5, the propagator for the j*" segment can be written
as,

U; = Z;XoZ], (3.15)

where,

Z; = exp[—ip;F,] and Xo=exp|[—i(Ho+ AoF;) At].

Here, X is constant for all the segments and can thus be evaluated only once and then stored
for reuse. As discussed before, the diagonal matrix Z; can be treated as a column vector to
perform element-wise multiplication with Xj. As a result, the only computation required for
evaluating Uj; is the element-wise multiplication of a column vector with a constant matrix.
Further, the exact gradient of U; with respect to the phase can be calculated in a similar
way as in Eqn. 3.10:

oU;

—L —iU,F, —iF,U; =i[U,, F.]. 3.16
a¢] J J [ J ] ( )
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Note that the exact second order derivatives with respect to the phase are easy to obtain in
this case and can be used to construct an accurate Hessian matrix for accelerated conver-

gence.

3.3.2 Discussion

Speed gains

Here, the only matrix operation required for evaluating the sub-propagator is the multipli-
cation of a full matrix by a diagonal matrix, which has a complexity of O(D?). As a result,
this approach provides a substantial speed-up over the method discussed in the previous
section wherein the sub-propagator evaluation has a cost of O(D?) because of a full matrix
multiplication. Moreover, an exact sub-propagator can be obtained with this approach. The
most expensive computation which now remains is that of evaluating the full propagator,

which is unavoidable.

Bang-bang control

Using a bang-bang type ansatz [316, 317] can be helpful in reducing the number of matrix
multiplications required for evaluating the full propagator. Just like phase-only GRAPE,
a bang-bang pulse sequence consist of segments having a fixed constant amplitude (with
variable phase) known as bangs, but unlike phase-only GRAPE, each bang is surrounded by
delays on either sides during which the spins evolve under the internal Hamiltonian [234]. A

typical bang-bang sequence can thus be represented as
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where

= exp (—i[Ho + Ao cos(¢;) Fy + Agsin(¢,) F,| At), (3.18)

<.

Dj = exp(—i’HgTj). (319)

Since the total number of bangs is small in a bang-bang sequence, the full propagator U(T)
requires very few matrix multiplications. The optimization of the phases ¢; and the de-
lays 7; is also fairly straightforward and inexpensive. The sub-propagator U; and gradient
0U,;/0¢; can be evaluated efficiently in the exact same way as in phase-only GRAPE. The
calculation of the delay propagator D; is also simple in the case where H is diagonal, since
no explicit matrix exponential is required. Even if H; is not a diagonal matrix, it needs to
be diagonalized only once, and the eigenvalues and eigenvectors can be stored and reused
for an efficient calculation of the delay propagator for any 7; as required. Irrespective of

whether H, is diagonal or not, the calculation of the delay gradient proceeds as follows:

oD; 0 0 —1Tﬂ—[0 e —17']7-[0 (k= 1) )
_ _ —iHoD
87'] 6’73 exp (—iHo7;) = ar, ; —iHo) ; iHo

(3.20)
In order to restrict GRAPE from producing negative values of times, the time 7; in the delay

propagator can be squared so that it has a lower bound of zero. This rescaling of 7; causes

the delay propagator and delay gradients to take the form

oD,

D; = exp (—iHoTjQ) -
j

= —2iTjHUDj (321)

respectively.
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Hamiltonian Engineering

Implementation of any non-trivial two-qubit gate requires the presence of an interaction or
coupling between the qubits. In most platforms, including trapped ions and superconduct-
ing qubits, these couplings are generated as and when required through the application of
external control fields [318, 319]. In other cases, exemplified by NMR, the couplings are
inherently present and thus form a part of the internal Hamiltonian as we saw earlier [146].
Many other proposed implementations fit into one of these two paradigms or a mixture [320]:
for example NV centers are NMR-like when controlling the spins around a single center [321]

but generate long-range couplings ‘on-demand’ [322].

With ‘always-on’ couplings (non-switchable couplings in the internal Hamiltonian), free evo-
lution provides a universal set of quantum gates when combined with single-qubit rotations.
However, the two-qubit gate obtained from a mere free-evolution is not a convenient one
as it corresponds to a complex pattern of evolutions with contributions from all interac-
tions that are present in the internal Hamiltonian. As a result, it is useful to replace the
internal Hamiltonian with a more convenient average Hamiltonian in which only the desired

interactions are retained while the undesirable interactions are suppressed.

One brute-force approach here is to employ the GRAPE algorithm to engineer a target av-
erage Hamiltonian [323] or to directly design the required two-qubit gate itself as described

in the previous chapters. An optimal control technique like GRAPE has the ability to im-

46
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plicitly handle all the unwanted interactions when designing pulse sequences and is therefore
a very popular tool in NMR-QIP. However, a more elegant and historic approach for gener-
ating average Hamiltonians in NMR is using a Hahn spin-echo [116] (described in the next
section). Sequences based on spin-echoes have been studied in the past [117, 118, 133] for
refocussing all interactions, or for isolating a single interaction while refocussing everything
else. Although these sequences provide a time-optimal way to implement a single two-qubit
gate, they do not scale well—with the total time as well as the number of echo pulses

required—when implementing a network of two-qubit gates.

A more general problem is therefore to simultaneously rescale the strength of interactions
in the internal Hamiltonian so as to implement multiple two-qubit gates in parallel. In
this chapter, I describe a method for finding a spin-echo based rescaling sequence with the
shortest possible total time and with a fairly small number of echo pulses. In its simplest
form, this method is practical for systems of up to about 20 qubits, but for larger systems
I describe a pragmatic method for finding short, although not perfectly optimal, rescaling
sequences, which works with more than 100 qubits. Related ideas have been explored in

systems with other similar Hamiltonians [324, 325].

A natural question arises here: why bother developing schemes for utilizing always-on inter-
actions in a non-scalable platform like NMR? This is especially relevant when promising plat-
forms like trapped ions and superconducting qubits generate couplings on-demand, which is
also much more convenient. Firstly, the dynamic generation of couplings requires additional
hardware to generate the control fields along with additional calibrations. Such overhead
requirements become particularly significant as the number of qubits scale up. Secondly, it
is also possible to tune superconducting qubits—a scalable platform—to generate always-on
NMR-like zz-Ising couplings [326-328]. Although unpopular, Dr Peter Leek’s group in Ox-
ford plans to operate superconducting qubits in such a configuration. In fact, the rescaling
problem described in this chapter was motivated by Takahiro Tsunoda from the Leek group

which was then jointly addressed by Prof. Jonathan Jones and me.

This chapter is based on the publication in Ref. [150] and the following sections are largely
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reproduced from the published work. In the initial sections below, I introduce the terminol-
ogy of spin echoes and reprise previous results for refocussing sequences. This is followed
by a description of our rescaling method with some sample applications in systems with a
small number of qubits. Finally, the extension of our rescaling method to larger systems is

presented.

4.1 Spin echoes

As described earlier in Chapter 2, the internal Hamiltonian of an NMR spin system consists
of one spin interactions (resonance offsets) and two spin interactions (J-couplings). Here we
consider a system of ¢ spins where the i*" spin has a resonance offset €2; and the pair of spins
¢ and j have a J-coupling frequency w;;. Note that the coupling frequency here is denoted
by w;; unlike the notation J;; used earlier in Eqn. 2.8. The Hamiltonian for this system in

the weak coupling limit is,

i<j

where, following NMR notation [192], factors of & have been dropped, and I;, is the Pauli
spin-1/2 operator o, acting on the i*® spin. In practice some of these interactions could
either be zero or set to zero, allowing them to be dropped. For example, working in a
suitable rotating frame allows some of the resonance offsets to be set to zero, while many
J-couplings can be negligible in partially coupled spin systems. However, for generality and
completeness, we shall initially consider fully coupled systems with ¢ non-zero resonance-

offsets and p = ¢(q — 1)/2 non-zero J-couplings between the p pairs of spins.

During a period 7 of free evolution each spin evolves under all the ¢+ p interactions, given by
the propagator U = exp{(—iH7)}. Since this Hamiltonian is diagonal in the chosen z-basis,

all terms in the Hamiltonian commute, and the one-spin and two-spin evolutions can be
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summarised by the acquired phases

o, = O, Cbij = Wy;T. (4-2)

Note that the acquired phase ®; corresponds to a single-qubit z-rotation of spin ¢ while ¢;; is
a controlled-phase-shift between spins ¢ and j. To sculpt the effective Hamiltonian into the
desired form it is necessary to isolate the spin interactions which we want while suppressing
the unwanted interactions. This essentially requires controlling the evolution of the spins
such that the unwanted interactions finally acquire a phase of zero while letting the required

interactions evolve to reach the desired values.

A spin echo is a period of free evolution interrupted by 7 rotations in the middle of the
evolution period. The notation 7% is used to denote a pulse which causes a 180 degree
rotation on spin ¢, about the z-axis unless otherwise stated. Note that a single-qubit 7
rotation is the same as a NOT (X) gate up to a global phase. The effect of a pair of 7
rotations is to negate the effective frequency €2; of the spin for the time period between the
two pulses. Thus, the sequence 777 7%, where time periods indicate free evolution under
the internal Hamiltonian, will refocus the offset €2; as the phase ®; acquired during the first

period of evolution gets nullified by the phase —®; acquired in the second half.

Clearly, the one-spin interaction of any given spin ¢ is only affected by 7 rotations applied to
spin ¢, and so individual interactions can be controlled independently. However, for two-spin
interactions, a 7 rotation applied to either spin ¢ or j reverses the frequency w;; while a
simultaneous 7 rotation applied on both spins ¢ and j leaves w;; unchanged. A sequence
7' 7w will thus refocus €2; and wij, whereas a sequence 7 7 7 59 will refocus both €; and
2; but not w;;. In this manner, the two-spin interactions can be controlled, but this control

cannot be achieved independently from one-spin interactions.

A general spin echo sequence comprises a series of free evolution time periods 7,,,, sometimes
called delays, separated by 7 pulses applied to one or more spins. As long as the total number

of m pulses applied to a given spin is even the overall evolution can still be summarised by
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a set of phases, but now

P; = Z anTm, Gij = Wi Z SfﬁsgnTm» (4.3)

where S is a sign matrix, containing only the elements +1, with a sign change whenever a
7 pulse is applied to spin 7. For convenience we will also refer to the two-qubit sign matrix
S = §i S

m~m?

although this is obviously not independent from the one-qubit matrix. The

complete sign matrix can be obtained by combining the one- and two-spin matrices.

4.2 Refocusing

Methods for removing all the interactions (sometimes called decoupling), or for isolating
one single interaction while refocusing everything else, have been widely studied. The most
effective methods to achieve this rely on choosing sign matrices whose rows are taken from
Walsh-Hadamard matrices [117, 118, 329], so that each row is a Walsh function [330]. These
matrices differ from other Hadamard matrices in that they are only defined for dimensions

equal to a power of 2, the rows are not normalised, and the ordering of the rows is different.

A Walsh function W, is defined by a vector with length equal to a power of 2 and with all the
entries equal to +1. For W, all the entries are +1, while for every other W,, half the entries
are +1 and half are —1, with the entries arranged such that there are n regularly spaced
sign changes along the vector. For example the 4 by 4 Walsh-Hadamard matrix contains

the four rows

W, +1 +1 +1 +1
W, +1 +1 -1 -1
- (4.4)
W, 11 -1 -1 +1
W, +1 -1 +1 -1

Strictly the name of the Walsh function must specify the number of columns as well as the

number of sign changes, but this is left implicit here: the number of columns is equal to the
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smallest power of 2 larger than the highest Walsh number considered.

In a system of three spins it is possible to remove all three one-spin and all three two-
spin interactions by using four equal time periods 7 and a sign matrix obtained by choosing
St = W;, avoiding Wy. This relies on two key properties of Walsh functions. Firstly all Walsh
functions except W, contain an equal number of 1 values, and so all one-qubit interactions
will be refocused when equal length time periods are used. Secondly the product of two

Walsh functions is itself a Walsh function [330], defined by

Wy o Wy = Wieq (4.5)

where o indicates element wise multiplication, sometimes called the Schur product [331],
and & indicates bitwise addition modulo two. Thus all two-qubit interactions will also be

refocused.

A decoupling network is easily modified [117, 118] to retain a single interaction: to retain a
one-spin interaction €2; use S; = W, for this spin, while to retain a coupling w;; set S; = .5,
so that S;; = Wy. To take a concrete example the coupling w2 can be isolated in a three
spin system by choosing S = Sy = W and S5 = W5, The 7 pulses required can be deduced
by applying a pulse to a spin whenever the corresponding row of S changes sign, including

a final 7 pulse if the S row ends in —1, giving the sequence

raed et b2, (4.6)

Note that wis evolves with sign +1 at every stage, and so is retained at full strength. The
total evolution time required is given by 47 = ¢15/wie. If this expression gives a negative
time then this can be resolved by applying additional 7 pulses to one spin at the beginning

and end of the sequence to negate the evolution frequency.

Now consider how this approach scales to a system of ¢ spins. Retaining a single interaction

can be done efficiently: the number of time periods required is given by the smallest power
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of 2 larger than ¢, which is upper bounded by 2¢, while the number of individual 7 pulses
required is clearly less than 2¢?, which corresponds to applying a pulse to every spin after
every time period. Next, consider a more careful analysis of the total number of pulses
required. Retaining a single two-qubit interaction while refocusing all one-qubit interactions
can be most efficiently achieved by assigning the two coupled qubits to the Walsh function
Wi, with the remaining qubits assigned from W5 up to W,_; in sequence. As W, contains n
sign changes it requires n 7 pulses when n is even, and n + 1 pulses when n is odd, with the
additional pulse needed to restore the Hamiltonian to its original sign. The overall number
of pulses required is then obtained by summing these pulse counts from n = 1 to ¢ — 1,

remembering to include W; twice, giving a total of

qlg—1) [q—-1 ¢
2< L 49
5 +[ | T2 S+

Thus the total number of pulses required to retain a single two-qubit interaction is approx-
imately ¢*/2, which is still O(¢?) but with a smaller pre-factor. As the single interaction is

retained at full strength this is also a minimum time solution.

4.3 Rescaling

So far, we have only considered retaining a single one-spin or two-spin interaction while
refocusing the remainder. However, a more general problem is to rescale the size of inter-
actions in the Hamiltonian. In other words, we desire to achieve a certain set of non-zero
target phases for all the spin interactions. The obvious approach is just to place spin echo
sequences which isolate the individual interactions back to back. As there are a total of
r=q+p = q(q+ 1)/2 single-spin and two-spin interactions to be considered it is clear

that the number of time periods is O(¢*), and the number of pulses is O(q*). The total time
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required is given by the sum of the times required to evolve under each individual interaction,

by

;
Qi wz-j

2

i<j

. (4.7)

e

This naive approach is expensive, both in time and the number of 7 pulses. We thus want
to find a more efficient sequence, by carrying out as many evolutions as possible in parallel.
Although this might sound challenging, we propose here a straightforward way to achieve
this using linear programming. This approach also greatly reduces the number of pulses and

time periods required.

4.3.1 Setting up the problem

We consider a system of ¢ coupled spins described by r = ¢(¢ + 1)/2 one- and two-spin
interactions. Our aim is to rescale all r interactions simultaneously such that they reach
the desired target phases, which for generality we assume to be all different. We begin by
constructing an overcomplete Walsh basis by building a one-spin sign matrix with the rows
given by Walsh functions numbered 2/, where j = 0,1, ... (¢—1). Next, we use this matrix to
construct the two-spin sign matrix by taking products of corresponding rows in the one-spin

matrix.

Combining these by stacking the two matrices together gives the complete sign matrix S
of r rows and s = 29 columns. The single-spin functions correspond to binary numbers
with precisely one bit set, while the two-spin functions correspond to binary numbers with
precisely two bits set. As these numbers are all distinct it is guaranteed that the complete
sign matrix has enough flexibility to permit every interaction to be controlled separately.

This is quite different from refocusing sequences, where many functions are repeated.
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4.3.2 Linear Programming

This overcomplete Walsh basis guarantees that solutions to Eqn. 4.3 can be found for any
target values of {®;} and {¢;;} by choosing 2? appropriate values of {r,,}, but it is not
obvious how these can be found. As the basis is overcomplete, multiple solutions will exist
but these can be distinguished by requiring that all the times {7,,} must be non-negative
and by preferring the solutions with the shortest value of total time 7" = > 7,,. These

criteria for desirable solutions suggest a powerful method, namely linear programming [332].

The general linear programming problem varies some inputs (here the times {7,,}) seeking
to minimize some linear function of these inputs (here the total time 7") subject to a number
of equality constraints (here Eqn. 4.3) and inequality constraints (here, that each 7, > 0).

We adopted a simple approach, using the inbuilt Matlab function linprog.

It is important to consider the computational complexity of linear programming, as this
determines how the time required to find a solution scales with the number of qubits q.
The precise computational complexity of linear programming is known to be poorly defined,
depending on both the algorithm used and the details of the problem, and with the worst case
behaviour being very different from the typical case [332]. The Matlab function linprog has
a choice of two algorithms: the original simplex algorithm developed by Dantzig [333], and a
more modern interior point algorithm [334]. Both algorithms typically have computational
complexity between O(n?) and O(n?), where n, the dimension of the problem, can be taken
as the sum of the number of rows and columns in the constraint matrix, so that here n =
r+ s~ 27. We investigated this question experimentally by simply timing the program. All

results are for the simplex algorithm unless otherwise stated.

4.3.3 Extracting solutions

As the linear programming algorithm is fundamentally trying to minimise 7", subject to the

positivity constraint and the target phases, the algorithm prefers solutions where many of
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the {7,,} are zero. (This is not specific to this problem, but is a general feature of linear
programming solutions [335].) The linear programming solution has at most only as many
non-zero times as the number of constraints r in the problem. If the problem involves
extensive refocusing rather than rescaling then solutions with an even smaller number of

non-zero times can be found.

It is obviously not necessary to explicitly implement the time periods of length 0, and so the
overcomplete sign matrix, S, can be replaced by a reduced matrix, R, by selecting only 7 or

fewer columns from S which correspond to non-zero evolution times.

4.3.4 Optimizing the solutions

One subtlety is that the order of columns in the R matrix does not affect the phases produced,
but different orderings of these columns can lead to pulse sequences with different numbers
of pulses. As minimising the number of pulses is desirable it is useful to explore different
permutations of the R matrix, seeking for the arrangement which gives the smallest number

of sign changes.

If the matrix is not too large then exhaustive permutation can be practical, but in larger
cases it is more sensible to select a number of random permutations and keep the best one
found. Experience so far suggests that different permutations can require numbers of pulses
that differ by a factor of around two. We also find that the pulse pattern corresponding to

the original R matrix is typically relatively good, although rarely the absolute best.

4.3.5 Building the pulse sequence

From this optimal reduced matrix R, a pattern of pulses can be generated by applying a 7
pulse to every spin whose sign changes. It is important to remember that all interactions
start at +1 and must end at 41, which can be modelled by adding initial and final columns

to R containing entirely +1. These additional columns have evolution times set to zero, and
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so are not actually implemented, but the resulting sign changes make it necessary to apply
pulses to some spins at the start and end of the sequence. This also ensures that the number

of 7 pulses applied to each spin is even, which is required to create true spin echoes.

As the reduced matrix has r ~ ¢?/2 times the final pulse sequence will have O(¢?) time
periods and O(¢?) individual 7 pulses, which is a very significant improvement on naive

methods.

4.4 Example calculations

We illustrate our method of rescaling with the help of two specific examples before returning
to the general case, when we will consider the computational time required to find these

optimal solutions.

4.4.1 Homonuclear 3-spin fully coupled system

First consider the example of iodotrifluoroethene [336], CoF3l, with the three F nuclei
forming our spin system, in a magnetic field such that the Larmor frequency of 'H nuclei
is 600 MHz, with the excitation frequency set in the middle of the spectral range. The

molecular structure and the Hamiltonian of the system is shown in Fig. 4.1 (A).

This system has r = 6 interactions altogether. Our aim here is to rescale all three of
the two-spin interactions such that they have equal effective strength, while refocusing the
three one-spin interactions. This is equivalent to achieving the target phases {®q, o, P53} =
{0,0,0} and {¢12, a3, P13} = {m, m,7}. The quantum circuit shown in Fig. 4.1 (A) uses
the coupling gate [99, 300], which is equivalent to a Cz gate, with the notation indicating
the complete symmetry of a controlled gate implemented through zz couplings, with no
distinction between control and target spins. Actual €z gates would require additional

single-spin z-rotations, so that {®, @y, P53} = {m, 7, 7}. These can be either be implemented
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Figure 4.1: Implementation of our algorithm using the three °F nuclei in iodotrifluoroethene,
forming a three-spin full coupled homonuclear NMR system. All interactions are written in
Hz and times in ms. The stages of the implementation are described in the main text.
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directly in the pulse sequence [317, 337, 338], or tracked and corrected at the end [99, 300].
Both approaches have been used in the literature, with tracking being particularly popular
for fixed phases which are integer multiples of 7/2, as seen here, as this is relatively simple

in many experimental implementations.

Here we will consider both cases, beginning with tracking, so that the single-qubit target
phases are all 0. Note that even though the target phases are all 0 or 7, the corresponding
evolution times will be different as the one- and two-spin interactions have different values.

Thus, we expect to require up to six time periods, consistent with » = 6 interactions.

We begin by constructing an overcomplete basis from a one-spin sign matrix with three rows
and eight columns, corresponding to the Walsh functions {W;, Wy, Wy}, with the explicit
form shown in Fig. 4.1 (A). The two-spin interaction matrix can be constructed by taking
the three unique products of rows in the one-spin interaction matrix. The resulting set of
equations is shown schematically in Fig. 4.1 (B). Here o indicates an element wise (Schur)

product as before, while x indicates a conventional matrix product.

As the sign matrix has more columns than rows there is no unique solution, but linear
programming can be used to find a solution which minimises the total time while keeping all
time periods positive. The program finds an optimal solution which uses only six columns as
expected, by assigning zero time periods to two of the columns, as shown in Fig. 4.1 (C). The
total time T of the evolution is 21.6 ms, which in this case is identical to the time required
for a naive implementation with sequential gates. This is a general rule for rescaling multiple
couplings in three-spin systems, as it is impossible to control any coupling without affecting

all the others.

However, even in this case, the resulting pulse sequence, requiring eight pulses, is much
simpler than naive sequential designs, which require 18 pulses. We can further improve this
by permuting the columns of the reduced sign matrix R, as shown in Fig. 4.1 (D), to find a
solution with a smaller number of sign changes. From the reduced sign matrix, we can now

calculate the pattern of 7 pulses, Fig. 4.1 (E), with a 7 pulse applied wherever we encounter
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a sign change. Since there is one sign change in row Ry it might seem that we need only
one m pulse. However, since the row ends in —1 we must apply another 7 pulse at the end,
leading to a total of six 7 pulses. Similarly, reduced sign matrix rows might in some cases

begin with —1, and in this case it is necessary to apply a 7 pulse before the first time period.

Next we consider the case where tracking is not used, so that the single-qubit target phases of
7 need to be implemented directly. In this case a naive sequential approach would require a
small additional evolution time divided up by 12 additional pulses. By contrast our efficient
method can achieve this with no additional evolution time or pulses by slightly unbalancing
the identical pairs of times seen in the case above. It is always possible to do this as long
as all the single-qubit offset frequencies are large in comparison with the two-qubit coupling
strengths, which is usually the case and can always be achieved by changing the central

excitation frequency.

We have assumed here that the 7 pulses are implemented perfectly, that is there is no
evolution under the drift Hamiltonian while the 7 pulse is applied. This will be approximately
true in a heteronuclear spin system, while in a homonuclear system equivalent pulses can be
designed using techniques such as Gradient Ascent Pulse Engineering (GRAPE) [155] which

are discussed in the previous chapters.

4.4.2 Homonuclear 4-spin linear chain

Next consider an NMR system provided by four ¥*C nuclei in labelled crotonic acid [339].
The four spins form a rough linear chain, with large one-spin interactions, moderate nearest
neighbour couplings and significantly smaller long range couplings as shown in Fig 4.2. Our
typical target for this system is to refocus all the one-spin interactions and the three small
couplings, but to retain the three nearest neighbour couplings. We also want to rescale
the retained couplings such that they have the same target phases. We have a total of 10

interactions from which we need to refocus 7 while rescaling 3. This can also be represented,
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Figure 4.2: Molecular structure of fully labelled crotonic acid and the corresponding Hamil-
tonian for four *C nuclei forming a four-spin chain like homonuclear NMR system.

up to single-spin phases, by the quantum circuit shown below.

(4.8)
In other words we want the target phases to be
{q)17q)27q)37q)4} = {07070a0} (49)
and
{#12, P13, P14, P23, P24, P34} = {7, 0,0, 7,0, 7}. (4.10)

We begin by constructing the overcomplete basis by building a sign matrix S with 10 rows
and 16 columns which correspond to the Walsh functions {W;, Wy, Wy, Wy} and their six
distinct products, which are {Ws5, W5, Wy, Wy, Wig, Wia}.  Running linear prediction and

following the procedure as in the previous example, we now find a solution with 9 time

periods
R 41 +1 -1 -1 -1 —1 +1 +1 +1
R, 1 +1 41 =1 —1 —1 =1 +1 +1
Ry|=1]+1 +1 +1 +1 -1 -1 -1 -1 -1 (4.11)
Ry +1 —1 =1 +1 +1 -1 -1 -1 +1

T 35 1.3 1.8 30 1.8 3.0 1.8 1.7 1.3
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which can be implemented with 10 pulses. Note that since our target consists mostly of
zeros the number of time periods required here is less than r. In this case the total time

required is only 19.2 ms, significantly shorter than the naive sequential time of 26.1 ms.

As a second example, we now consider the case where we only seek to implement the first

and third ¢z gates, so that the coupling phase are now

{0512, $13, P14, P23, P24, ¢34} = {77, 0,0,0,0, 7T}- (4-12)

In this case only 6 time periods are required, although once again 10 pulses are needed
to implement the desired sign changes. The total time required is now 12.0ms, which is
identical to the time required to implement just the first gate by naive methods. Thus in
this case our algorithm has found a solution which implements two gates in parallel, at no
additional cost in total time. Clearly it is not possible to implement the gates any quicker
than this, as the time required to implement the slowest gate on its own provides a firm
lower bound. An upper bound is provided by the time required to implement each of the r

evolutions in sequence, Eq. 4.7, which is simply the sum of the times required for each gate.

4.4.3 General solutions

We have repeated calculations of this kind in a large variety of fictitious spin systems with
increasing numbers of spins, up to ¢ = 18, and solutions have always been found. For larger
values of ¢ these solutions are always more time-efficient than the sequential approach, and
are usually far quicker. The greatest savings are found in cases where a moderate number of
gates need to be implemented in parallel, and particularly when unused long-range couplings

are significantly weaker than the couplings being controlled.

Until now we have described the problem as if there was a unique optimal solution which
the linear programming locates. In fact there are multiple equivalent solutions, from among

which the linear programming chooses one. These alternative solutions can be easily gener-
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ated by permuting the columns of the S matrix before running the algorithm, but as they
all have the same number of individual time periods and take the same total time there is

no good reason to do this.

We note in passing that these optimal solutions are only optimal for implementations con-
taining only delays and 7 pulses. If it is desired to implement an evolution corresponding to
a weak long-range coupling then it may be quicker to use SWAP gates and related methods
to implement long-range interactions through a chain of stronger short-range interactions
[340, 341]. Even in such cases, however, the ideas described here can be used to assist in the

design of such indirect gates.

4.4.4 Computation time complexity

The principal downside of this approach is that the computational time needed to run linear
programming increases with the size of the basis set, and this grows as s = 29 for the current
method. As discussed above a computation time scaling proportional to (s +1)? or (s +7)3,
where r is the number of equality constraints, is likely, which for large ¢ is dominated by the
exponential growth in s. This is confirmed by a plot of time required on a desktop computer
(Intel Core i7-9700, 3.0-4.7 GHz, with 12 MB cache and 40 GB RAM), shown in Fig. 4.3.
The linear behaviour at large ¢ on this semi-log plot indicates exponential computational

time complexity, and the gradient is consistent with the time required scaling as about 49.

Although attempts have been made to parallelize linear programming algorithms, progress
so far has been limited [342]. Thus, this method seems to be practical only up to a small
number of spins, perhaps ¢ = 20. Indeed much above 20 qubits it becomes difficult even to
hold the S matrix in memory on a desktop computer, although this could be sidestepped
with a customised algorithm, in which the elements of S are calculated as they are used,
rather than being calculated once and then stored in memory. While it is true that 20
is quite a large number of spins in the context of conventional NMR or even NMR QIP,

we do not want to restrict ourselves to NMR spin systems but to extend to more general
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Figure 4.3: The computation (wall-clock) time required to find a linear programming solution
on a desktop computer as a function of ¢. For small values of ¢ this time is almost constant,
but rises exponentially for larger ¢, rendering this method impractical beyond around 20
qubits. Timings are shown for the interior point algorithm, but results were very similar for
the simplex algorithm. Error bars (estimated by repetition) are comparable to the size of the
symbols, and the line simply joins the individual points. Note that the curve is almost flat
for ¢ < 7 because the timings there are dominated by fixed-time overheads linked to data-
handling in Matlab, causing them to be nearly independent of ¢ and hence approximately
constant.
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quantum systems which have the potential for a scalable quantum computing architecture.
Fortunately, a more sophisticated approach is available which takes time only polynomial in

q, albeit with a high power.

4.5 Stabilizing solutions

Having located an optimal solution it is important to consider whether it can be implemented
reliably. This will obviously require the ability to implement large numbers of 7 pulses
(single-qubit NOT gates) reliably, but we do not consider that problem here. Instead we
consider the more fundamental question of the precision which is necessary for the free

evolution times which lie between the pulses.

So far we have assumed that these times can be implemented with effectively perfect pre-
cision, but any real implementation will be built around a clock, so that any delay period
must be rounded to the nearest multiple of some underlying cycle time. We show in Fig. 4.4
the effects of such rounding on the two three-qubit circuits considered in the previous sec-
tion. This figure shows the infidelity Z = 1 — F, where F, the fidelity between the desired

propagator, U, and the propagator actually implemented, V', is the propagator fidelity [343]

2

tr(UTV) | (4.13)

F = w@w

as seen in Chapter 2. Many other fidelity definitions are in use [244, 245, 344-347], some of
which are more suitable for the experimental measurement of fidelities, but for comparing

two unitary operations these are all closely related.

The lower line, plotted in blue, shows the infidelity for the first three-qubit circuit imple-
mented on iodotrifluoroethene, in which the single-qubit target phases are all zero. Clearly
this circuit works well, achieving an acceptable fidelity with a time resolution of 1 us which
is easily achievable in NMR experiments. The upper line, plotted in red, corresponds to

the second three-qubit circuit, where the single-qubit target phases are all w. This circuit
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Figure 4.4: The infidelity of three-qubit circuits as a function of the precision of the under-
lying clock. Both the infidelity Z = 1 — F and the time resolution are plotted on logarithmic
scales, with the time resolution running from 1ms to 1ns. The lower line, plotted in blue,
shows the infidelity for the first three-qubit circuit, in which the single-qubit target phases
are all zero. The upper line, plotted in red, corresponds to the second three-qubit circuit,
where the single-qubit target phases are all .

is unacceptably sensitive, requiring an unrealistic time resolution of about 1ns to reach an

acceptable fidelity.

The sensitivity of the second circuit arises because it uses evolution at the one-spin frequen-
cies to achieve one-qubit phases. In NMR one-spin frequencies (typically several kHz) are
much larger than the coupling frequencies that generate two-qubit phases (typically tens of
Hz), and so very small errors in evolution time will give large phase errors. (This will be
less of a problem in other technologies where the qubits are individually addressed, as the
offset frequency can in principle be chosen at will, and so be set near zero.) The first circuit
overcomes this by using pairs of identical time periods to cancel the single-spin evolution
entirely, and when these identical time periods are rounded they remain identical, and so
perfectly generate the desired single-qubit phase equal to 0. If a non-zero single-qubit phase
is required it can be generated in other ways, most simply by altering the relative phase of

two 7 pulses [317, 338].

However, this restriction is not sufficient to guarantee a stable solution. The four-qubit

network described in Eq. 4.11 has all single-qubit phases equal to zero, and yet contains
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Figure 4.5: The infidelity of a four-qubit circuit (upper curve in red) and its stabilized
equivalent (lower curve in blue) as a function of the precision of the underlying clock.

time periods without corresponding balancing pairs. The resulting infidelity is shown as
the upper red curve in Fig. 4.5, and shows a very erratic dependence on time resolution.
Fortunately there is an easy method to stabilize such networks. If a reduced sign matrix
R is replaced by its negative —R with the evolution times unchanged then this negated
network will clearly generate identical two-spin phases to the original network (since the
two-spin signs are negated twice, and so left unchanged) but the opposite one-spin phases.
Thus if a matrix R is combined with — R and all the evolution times are halved the combined
network will generate the original two-spin phases, but will have all one-spin phases equal to
zero, even in the presence of rounding errors in time periods. The infidelity of the stablized
four-qubit network is shown as the lower blue curve in Fig. 4.5, and shows a greatly improved

dependence on time resolution.

By its construction the stabilized network will require the same total evolution time as the
original network, and the same computational time to find it, and so the cost of stabiliza-
tion is confined to a doubling in the number of time periods and 7 pulses required for the
implementation. This doubling can be reduced by subsequent optimization, locating equiv-
alent evolutions in R and —R. Of the nine sign combinations found in Eq. 4.11, six can
also be found in —R, and so the corresponding evolution times can be combined. Thus

the symmetrized circuit can be reduced from 18 periods down to only 12 distinct evolution
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periods.

As symmetrization is effectively essential to generate a stable network in the presence of
large single-qubit interactions it is simpler just to generate symmetric networks by design.
Since such networks are guaranteed to remove single-qubit phases, there are only p = g(q —
1)/2 two-qubit phases that can be controlled. These phases can be controlled using only
p underlying times, each of which must occur twice, once in R and once in —R. Thus it
is unsurprising that a symmetrised four-qubit network contains twelve time periods. Such
networks can be found by setting no constraints on the single-qubit phases, since these will
be cancelled by the second half of the network. It is sufficient to use only columns from
the first half of S in the linear programming search, as columns from the second half will
be used in —R. Thus the search for symmetrized networks is actually faster than for direct

networks.

4.6 Rescaling in larger spin systems

The fundamental problem which slows down the rescaling algorithm is the exponentially
large size of the overcomplete basis. This basis contains s = 29 columns, from which the
linear programming selects at most r = g(q¢+ 1)/2, equal to the number of interactions, and
in many cases fewer. For moderate values of ¢, these numbers r» and s are quite similar,
but the difference grows rapidly with ¢, leading one to wonder whether there is some way
to cut down the size of S before starting the linear programming step. Is it really necessary
to include a very large number of columns, the great majority of which will eventually be
discarded? In this regard we note that once one has identified the appropriate reduced sign
matrix then the times required can be found by direct inversion of this r by r square matrix.
However it is clear that most of the hard work is done in locating the appropriate columns

used to construct the reduced sign matrix.

Starting from the other extreme, one could just select r random columns from the full sign
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matrix and try to invert this. However, this process can fail in a number of ways. Firstly,
the reduced matrix might not be of full rank (although this is unlikely when s > r) and
so may not have an inverse. Even for a reduced matrix with full rank, the set of times
obtained from the inversion process is very likely to include some negative times which are
not physically implementable. Lastly, even if all the times are non-negative, the total time

will not normally be the desired minimum, and so the sequence will not be time-optimal.

Between these extremes there is a middle way: using linear programming on a reduced,
but still overcomplete, basis set. The current linear programming approach starts from
the largest conceivable basis set, containing all of the s = 29 possible sign patterns, which
guarantees finding an optimal solution but also makes the process slow. One might imagine
choosing some subset of columns at random, and attempting linear programming on this
subset. For large values of ¢ the gap between the full size s = 2¢ and the minimum size r
becomes very significant. It is thus worth exploring how many columns need to be picked so
that linear programming generally finds a solution. There is no guarantee that such solutions
will be time optimal, but as long as the random choice contains all the components of at least
one optimal solution, then linear programming will find this. Given the very large number
of equivalent solutions identified for moderate values of ¢ it seems plausible that this could

be achieved with quite a small subset.

4.6.1 The RROS method

In the random reduced overcomplete set (RROS) method, instead of using all s columns of
the sign matrix S as in the exhaustive approach, we choose just kr columns from S, for some
k > 1, and run linear programming. Of course, one does not have to explicitly construct
the entire S matrix and then choose the kr columns as these kr columns correspond to the
binary representations of kr distinct decimal numbers chosen randomly from 0 to s — 1.
Our experience so far suggests that the probability of finding a possible solution, which

achieves the desired phases using only positive evolution times, increases as k increases, with
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Figure 4.6: The effectiveness of the RROS method selecting kr columns at random, showing
how the probability p of the algorithm finding a solution depends on ¢ and k. Calculations
were performed for ¢ ranging from 10 to 22 but only four selected values are shown. Error
bars on the ¢ = 12 points were estimated using Bayesian credible intervals; error bars for
other curves are very similar. Fitted sigmoidal curves were used to estimate the value of k£ at
which this success probability reached 50%. The inset shows the location of this transition
point as a function of ¢q. Error bars are estimated using error propagation from the sigmoidal
fit results; the smooth curve has no significance and is plotted simply to guide the eye.

a transition point around k£ = 2, at which the probability of a random set giving a solution

reaches 50%.

This observation is substantiated by the empirical evidence in Fig. 4.6. RROS was run 500
times for values of ¢ ranging from 10 to 22 with k varied between 1 and 3, and the fraction of
occasions f when linear programming found a suitable solution was calculated. Error bars
on these estimates were calculated using Bayesian credible intervals [348], corresponding to
the region of the probability density function within +34% of the median, equivalent to
1 standard deviation for a Normal distribution. It is clear that the probability of success
rises sharply as k passes some critical value, with this transition becoming sharper as q is

increased. To help locate this transition point a sigmoidal logistic function [348]

B 1
L+ exp[—b(z —c)]

f(k) (4.14)

was fitted for each value of ¢, with ¢ being the transition point at which the success probability
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passes 50%, and b indicating the sharpness of the transition. Although this function was
chosen for convenience it clearly fits fairly well. A plot of the value of ¢ as a function of ¢
shown as an inset to Fig. 4.6 suggests that the transition lies just above £ = 2. For large
values of ¢ this transition becomes sharp, so that for £ > 2.5 it is almost certain that a

solution will be found.

If a solution is found then this solution will be time-optimal for the subset of columns chosen,
but there is no guarantee that this will be the overall optimum, taking the shortest possible
time. Unsurprisingly the probability of finding a solution reaching the shortest possible
time increases as k increases, but investigating this question in detail is challenging, as for
large values of ¢ the overall time-optimal solution cannot be located in a reasonable time.
Nevertheless our preliminary studies suggest that for large ¢ the quality of solutions plateaus
around k = 4, and so there is little point going beyond this in practice. For small values of
q it seems to be necessary to use a slightly larger value of k, but in these cases it is more

sensible just to use direct solution of the full S matrix anyway.

4.6.2 Results for large numbers of qubits

The use of a smaller basis set permits RROS to be extended to much larger values of q. This
was investigated by running the algorithm for ¢ between 10 and 60, as shown in Fig. 4.7. For
RROS the time required to perform linear programming depends not only on the randomly
chosen Hamiltonian and target phases but also on the precise choice of columns, and so
timings were repeated 10 times using different choices. As expected for £ = 4 a solution was

located in every case.

The simplex algorithm was found to be slightly faster than the interior point algorithm for
g < 31, but the interior point algorithm was faster for ¢ > 32, and became much faster at
high ¢. The discontinuity in the interior point timings between ¢ = 31 and ¢ = 32 may

indicate a change in the precise algorithm used by Matlab.
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Figure 4.7: The computation time required to perform linear prediction using RROS with
k = 4. The simplex method was found to be fastest for ¢ < 31, with the interior point method
faster for ¢ > 32. Error bars for ¢ < 60 indicated the mean and SD over 10 repetitions. The
smooth curve with the form Ar? is fitted to interior point timings in the range 32 < ¢ < 60.
Data points for ¢ > 60 are single repetitions and were not included in the fit. The fact that
these points lie very close to the extrapolated fit suggests that our fitted curve is a good
model. The red points on the left show timings for exhaustive calculations, demonstrating
the huge time gains possible with RROS.

For RROS the dimension of the problem is n = r + kr and so we expect a computational
complexity between O(r?) and O(r3). The smooth curve in the figure was fitted to the timings
from the interior point algorithm for the range 32 < ¢ < 60 using a power function, and takes
the form Ar3, consistent with our expectations (including the power as an additional fitting

parameter gave a value indistinguishable from 3). The timings for the simplex algorithm

appear to lie between O(r*) and O(r%), which is much slower than the interior point.

With the simplex algorithm the number of time periods required was always approximately
equal to r (in some cases a small number of time periods were negligibly short and so could
be dropped). The number of pulses required was determined for the R matrix as originally
found, without further optimisation, and was typically around ¢r/2 ~ ¢3/4, confirming our
previous expectations. With the interior point algorithm the solutions always use all £r time
periods, with a large number of very short times rather than a clear division into zero and

non-zero times. These initial solutions can then be simplified by choosing a smaller subset
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of k'r columns, with &’ ~ 1.2, corresponding to the columns with the largest time values in
the original solution. Surprisingly the computational time for these recalculations appears

to be linear in k, while a quadratic or cubic dependence might have been expected.

The calculation was then extended to higher values of ¢, using only a single repetition, and
these data points were found to lie very close to the extrapolated curve. As r ~ ¢*/2 this
gives a pragmatic computational time scaling of O(¢®), which is polynomial in the number of
qubits. Extrapolating this curve still further suggests that calculations with up to about 150
qubits could be practical, but the Matlab implementation 1linprog runs out of memory above

q = 125. This limit should be solvable by a custom implementation of linear programming.

4.6.3 Stability of solutions

With large numbers of qubits it is not easy to directly evaluate the fidelity of a solution as
even writing down the diagonal elements of the underlying propagator requires 27 terms. It

is, however, possible to estimate the infidelity directly using

I~ % (4.15)

i<j

where 0¢;; is the error in the coupling angle for the pair of qubits ¢ and j, and the approx-
imation is only valid when the infidelity is small. This assumes that the solution has been
symmetrised so that the errors in the single-spin angles are all zero. Networks with large
numbers of qubits have higher infidelities than those shown in section 4.5, reflecting the
larger number of phases which need to be controlled. This is not a specific limitation of our

methods, but is inherent in any attempt to control a large number of qubits simultaneously.
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4.7 Conclusions

We have presented a practical algorithm which is guaranteed to find the minimum time
solution to rescaling z and zz terms in the internal Hamiltonian of a quantum computer
with up to about 20 qubits. Above 20 qubits the direct approach becomes intractable, but
random sampling will extend this (although the solution might not be quite time optimal)
to more than 100 qubits. Beyond about 150 qubits the ¢° scaling of the computational time
for a fully coupled system renders any known approach impractical. It is, however, very
unlikely that any system of that size would still be fully coupled, as couplings are usually
only substantial between nearby spins. In partially coupled systems r is linear in ¢ rather
than quadratic, and allowing for this should permit the process to be extended to hundreds

or even thousands of qubits.

Although described in the language of NMR the techniques used are applicable to any equiv-
alent system, where an always-on two-qubit interaction commutes with the single-qubit back-
ground terms. It may be of particular value in solid state platforms, such as superconducting
circuits, in which 2D lattices of qubits are developed with a sparse coupling network (gener-
ally nearest-neighbour). In such very large systems it is likely that the underlying structure
in the pattern of interactions will allow symmetries to be exploited, potentially simplifying

the problem greatly. One approach for doing this is discussed in the following chapter.



Chapter 5

Practical Hamiltonian Engineering

In the previous chapter, linear-programming based methods for finding time-optimal rescal-
ing sequences in fully-coupled systems of up to around 20 qubits, and near-optimal sequences
for around 100 qubits were described. These methods, however, do not scale to larger sys-
tems, as the computational time required to find these sequences grows rapidly with the
dimension of the linear programming problem. The minimum dimension of the problem is
of the order of total number of interactions in the system, which in turn grows quadratically
with the number of qubits in the case of a fully-coupled system. Thus, for about 100 qubits,
the linear programming problem is at least 5000 dimensional, making it computationally

infeasible to go much beyond this.

In practical quantum systems however, it is rarely the case that every qubit is coupled to
every other qubit in the system: the couplings are generally only significant between nearby
qubits. For example, superconducting qubits are often engineered in a square-lattice [349]
and can have couplings limited to only nearest or next-nearest neighbour qubits if circuits are
well microwave engineered [350]. To this end, here I describe an analytical method based on
graph colouring for rapidly finding near-optimal rescaling sequences in these highly practical
locally coupled systems. Remarkably in this partially-coupled scenario, which is very realistic
for large-scale superconducting circuits, the refocusing and rescaling of always-on couplings

can be efficiently programmed, requiring only linear time to design control sequences with

74
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a linear number of control pulses.

In the following sections, the refocusing scheme will first be applied to the smallest possible
case of a nearest-neighbour square lattice, and then generalised to arbitrary lattice sizes. The
square lattice is initially assumed to be engineered with identical couplings between nearest
neighbours and no long range couplings at all, but both of these restrictions will subsequently
be partly relaxed. Throughout the chapter, again, it will be assumed that ideal single qubit
NOT gates can be applied to any combination of qubits, despite the presence of the internal
Hamiltonian. Experimental implementations will need to use either general approaches such

as GRAPE pulses [155], or specific methods tailored to this precise situation [351-353].

This chapter is based on the publication in Ref. [151] and the following sections are largely
taken from the published work. My main contribution here was convincing the other authors
about the existence and complexity of analytical graph colouring solutions by performing
linear programming based rescaling simulations for the partially coupled systems. These

simulations indicate that the solutions described below are close to being time optimal.

5.1 Square lattices

We begin with the smallest possible square lattice, containing four qubits with identical
nearest neighbour couplings wj j+1 and w4 only. Non nearest-neighbour pairs have no cou-
pling, so wy3 = waq = 0. We can refocus all the couplings in the system, as well as any offsets
present, using the circuit of spin-echoes shown in Fig. 5.1(a). Here, the unitary U describes
the evolution of the system under the background Hamiltonian H given by the propagator
U = exp{(—iHt/h)}, while the NOT gates are represented by X. As there is no coupling to
be refocused between qubits 1 and 3 it is possible to apply the same pattern of NOT gates
to them both, and similarly for qubits 2 and 4, so only two distinct patterns of NOT gates

are required.

This network can also be extended to retain a single coupling, as shown in Fig. 5.1(b). In this
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Figure 5.1: Networks to (a) refocus all offsets and couplings in a square of four qubits with
only nearest-neighbour couplings, and (b) keep only the coupling between qubits 3 and 4.
Here X indicates a NOT gate while U indicates evolution under the background Hamiltonian.
Labels on the left indicate which qubits the NOT gates are applied to.

network the same pattern of NOT gates is applied to qubits 3 and 4, and the corresponding

coupling is retained, while the remaining couplings are refocused [117]. These networks can

be extended to retain any pattern of couplings in a square lattice system.

This extension works by colouring the square lattice, as described in [117]. The system
can be described as a noncomplete graph, with vertices corresponding to qubits and edges
to couplings, with only some of the possible edges present. The graph can be coloured by
assigning a colour to each vertex, and is said to be properly coloured, corresponding to
complete refocusing, if no two connected vertices are the same colour. Thus in the fully-
decoupled square of four qubits we can colour qubits 1 and 3 black and qubits 2 and 4 white,
while to retain a single coupling the pair of qubits involved must be assigned the same third
colour, say red, as shown in Fig. 5.2(a). To implement a colouring, we use patterns of NOT

gates corresponding to distinct Walsh functions [117, 150] for each colour.

This colouring pattern can be tessellated across a lattice, as shown in Fig. 5.2(b), by colouring
surrounding qubits alternately black and white. Here we show a four-by-four patch contain-
ing sixteen qubits, which can be embedded in a larger lattice, retaining a single coupling
while refocusing all the other interactions. The required pulse sequence can be obtained by

assigning black qubits B to the first Walsh pattern, white qubits W to the second, and the



Chapter 5: Practical Hamiltonian Engineering 7

(a) QI (b) O‘O‘
o

® O @ O
O‘ O
‘QQQ

Figure 5.2: (a) Retaining a nearest neighbour coupling in a square requires three colours:
decoupled qubits are coloured black and white, while the coupled qubits are coloured red.
Grey dashed lines show couplings which have been refocused. (b) The same result can be
achieved in a larger array by colouring surrounding qubits alternately black and white.

two red qubits R to the third, to obtain the sequence

where Xwpgr indicates that NOT gates are applied to the white and red qubits, and so on.
Just like the sequence for the four-qubit system, this sequence requires only 4 time periods,
but now requires 2q+4 pulses for a system of ¢ qubits. The total time required to implement
the network for a 7 evolution, corresponding to a CNOT gate [150], is "= 1/2.J, where the
nearest-neighbour couplings are of size w = 2xJ. This is the same time as is needed for an

isolated coupling, as the retained coupling evolves at full strength.

The approach above will refocus all single-qubit interactions, but it is simple to modify the X
gates in the network to implement single-qubit rotations directly. This relies on the identity
[317]

Mo Ty = 2(¢2 - ¢1)Z> (52)

so that applying two 7 rotations around axes in the zy-plane separated by an angle ¢ is
equivalent to performing a z-rotation through an angle 2. These rotations can be performed
by modifying any pair of X gates in any refocusing network, and as each qubit is controlled
separately different rotations can be applied to different qubits at no cost in time or pulse

count.
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Figure 5.3: Retaining a more complex pattern of couplings in a square lattice: this pattern
requires four colours.

5.2 Parallel gates

If it is desired to retain several different coupling interactions then this can be achieved most
simply by applying such patterns back to back, changing the colouring at each stage, but it
is more efficient to as far as possible perform evolutions in parallel. For simple cases this can
be achieved as shown in Fig. 5.3. Qubits which are part of the same coupling island, that
is qubits which are connected either directly or indirectly by retained couplings, have been

coloured the same colour. (Note that the single yellow qubit forms an island on its own.)

This simple approach will only be successful when, as here, all the couplings which could
appear in an island are retained. In such cases this simple colouring strategy will retain
all the desired couplings while refocusing all the couplings between islands, reproducing the
desired pattern in one go. As before, the total time required is just 7' = 1/2.J, the same as

for an isolated coupling.

It might appear that this approach would require the number of colours to equal the number
of islands, but in fact it is never necessary to use more than four, since islands which are
completely disconnected (that is, islands which are not connected by couplings in the under-
lying Hamiltonian) can be safely coloured the same. By the four-colour-map theorem this

will never require more than four colours [354]. These four colours can be assigned to four
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Figure 5.4: A target pattern of couplings which cannot be implemented with a single colour-
ing pattern. Although the grey qubits are easily decoupled from each other and from the
black island, it is impossible to retain all the desired black couplings without also retaining
the undesired couplings shown as dashed red lines.

Walsh functions [150], requiring 7" to be divided up into eight equal time periods. Assigning
the most common colours to W; and W5, which both require two pulses, and the two rarer

colours to W3 and W,, which require four pulses, means that the total number of pulses

required in a system of ¢ qubits lies between 2¢ and 3q.

Although this method will work for some simple target patterns, it will not work in general,
since many target patterns have one or more missing couplings. Consider, for example,
the pattern shown in Fig. 5.4, where the black couplings must be retained, and the dashed
red couplings must not be retained although they connect qubits within the main island.
Any colouring which implements all the black couplings that must be retained will also
implement the unwanted red couplings, and so this target pattern cannot be implemented

with any single colouring pattern.

5.3 Multiple colourings

There is, however, a simple method for achieving any target pattern with two sequential
colourings, each using four colours. As an example a pair of colourings which implements
the target couplings in Fig. 5.4 is shown in Fig. 5.5. Pattern (a) assigns two colours to

the odd-numbered rows and two more to the even numbered rows, thus ensuring horizontal
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Figure 5.5: A solution implementing the target couplings in Fig. 5.4 using two sequential
colouring patterns, (a) and (b).

couplings can be controlled while all vertical couplings will be refocused. Along a row, the
colour of the first qubit is arbitrary, but the following qubit must be the same colour if the
corresponding coupling is to be retained, and the other colour if it is to be refocused. Pattern
(b) assigns colours to columns instead of rows to control vertical couplings in an analogous

way.

As any subset of horizontal couplings can be selected by the first colouring, and any subset of
vertical couplings can be selected by the second, any target pattern at all can be implemented
in this way, in a total time 27". This total time will be divided into 16 equal time periods,

separated by no more than 6¢ individual pulses.

It is useful to compare this result with timings found by our previous algorithm [150] based on
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linear programming with an exhaustive basis set, which is guaranteed to find a true minimum-
time solution. The computational complexity of this algorithm renders it impractical for large
arrays, but for four-by-four arrays with nearest-neighbour couplings it is perfectly practical.
We have analysed a very large number of randomly chosen targets in four-by-four arrays, and
in every case the optimal solution required a total time of either 7" (in cases with no missing
couplings, so a single colouring is possible) or 1.57 (in cases where this is not possible). Since
there are more than 16 million possible targets with a four-by-four array, it is not feasible
to study all of these by exhaustive linear programming, which takes around 10 seconds to
find the optimal time. It is, however, possible to use the reduced-random-overcomplete-set
(RROS) approach described in the previous chapter to find an upper bound on the time
required for every target. We find that around 90% of targets require time 1.57, with the

remaining 10% requiring a range of times between 7" and 1.57.

The implementation time required for our colouring based networks, 27", is slightly longer
than the absolute minimum required, but these colourings are far easier to design, with a
computation time scaling only linearly with the total number of qubits, and so can be applied
to systems any number of qubits. The number of NOT gates required is also greatly reduced,

from O(q?) for linear programming based solutions to O(q).

5.4 Next-nearest neighbours

Until now we have assumed that only nearest-neighbour interactions are important, with all
others being too small to matter. In practice, real physical systems are likely to also have
non-zero couplings at longer range. It is reasonable to expect such couplings to drop with
distance in well-engineered devices, making the next-nearest neighbour interactions, across
the diagonals of the square array, the most significant. In the original two-colour refocusing
scheme qubits connected by next-nearest neighbour interactions will be the same colour,
both black or both white, and so these interactions will be retained rather than refocused,

leading to a significant error in the final gate implementation.
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This is not a problem with the general four-colour scheme, as the use of different colours for
alternate rows and columns guarantees that diagonally connected qubits will be of different
colours. Thus these networks automatically suppress any unwanted diagonal couplings,
which can therefore simply be ignored. Suppressing even longer range couplings is more
complicated, but can be achieved using larger numbers of colouring patterns with more

colours used in each pattern, as described in the next section.

5.5 Longer range couplings

While longer range couplings are likely to be significantly weaker than nearest neighbour
couplings, they will not in general be zero, and so could lead to significant errors. We
begin by considering the case of error couplings between qubits separated by two edges
horizontally or vertically (qubits separated by one horizontal and one vertical edge give rise
to the diagonal error couplings considered previously). As before we will first colour the
horizontal edges and then the vertical edges. When colouring horizontal edges we now have
to divide the qubits into three groups of rows, rather than two, so that members of each
group are at least three rows apart. Within each row a further problem arises, as we cannot
directly retain couplings along two sequential horizontal edges without also retaining the
error coupling between the two end qubits. Instead we have to use two separate colourings,
retaining the two edges separately. This is most simply achieved by retaining odd and even
numbered edges in separate steps. Within each row it is necessary to use three colours so

that a colour is never repeated two qubits apart.

Putting this together we use two colouring patterns for the horizontal edges, and two for the
vertical edges, making four patterns overall. Each pattern requires three separate colours for
each of three sets of rows or columns, making nine colours in total. As before all diagonal
error couplings will be automatically refocussed if the corresponding horizontal and vertical

errors are refocussed.
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This approach can be generalised to error couplings over any distance: to correctly handle
all couplings between qubits n horizontal or vertical edges apart it is sufficient to use 2n
colouring patterns, each of which has (n + 1)? different colours. For the simplest case of
nearest-neighbour couplings we have n = 1 and so two different four-colourings suffice, as

described earlier.

5.6 Different evolution times

The parallel gates approach, however, hides a further important assumption: it is not suf-
ficient to retain two different couplings if they are required to evolve for different times,
either because different couplings must evolve through different angles, or because appar-
ently equivalent couplings will have different strengths, and so will need different evolution

times to achieve the same angle.

It might seem necessary to apply such gates using different echo sequences, but in fact they
can be partly combined. Consider two couplings in the same group, where one requires
evolution for a total time T4 and the second for a time Tg, with T > T4. The naive
approach is to use two different colouring patterns, one implementing the first coupling for
time T4, and another implementing the second coupling for Tg. In fact these periods can be
carried out partly in parallel: during the first period, which lasts for time T4, both couplings
are retained, while for the second period, which lasts for time Tg — T4, only the second
coupling is retained. Thus both couplings can be carried out in a total time Tz, and the

method generalises for any number of distinct couplings strengths.

It follows that any pattern of couplings can be achieved in an evolution time equal to the
sum of the longest evolution times required for horizontal and vertical couplings, which itself
is no more than 27},.y, where Tpax = 1/2J, is the evolution time required for the slowest
gate. However the resulting sequences will contain O(q) evolution times and O(g?) pulses,

while designing such sequences requires sorting the evolution times into ascending order,
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with computational time complexity O(glogq). They will also be impractical to implement
experimentally, as the differences between very similar times may be smaller than the clock

resolution.

Rather than implementing a very large number of distinct evolution times precisely, it makes
more sense to use a much smaller number of evolutions to approximate all the desired times.
This is most easily achieved by dividing the range of evolution times by successive powers of
two, in effect encoding each evolution time as a binary number. Using £ different evolution
times results in k-bit precision, with an exponential increase in precision with a linear increase
in the number of evolution times used. By accepting a degree of approximation one can
reduce the time complexity from O(qlogq) to O(kq), and reduce the pulse count from O(g?)
to O(kq), where the constant k& depends on the accuracy required. For example, using 20

distinct delays will allow angles to be approximated to a precision better than 1076.

5.7 Conclusions

The colouring techniques described here allow the efficient control of interactions in qubit
arrays of arbitrary size, provided the couplings are constrained to be local. While the
resulting pulse sequences take slightly longer to implement than the absolute minimum
time required, the computational time is vastly reduced, from O(4%) for exhaustive linear
programming, or O(q°) for RROS [150], right down to O(q), rendering them practical in
systems with thousands or even millions of qubits. The number of control pulses is also
greatly reduced, from O(¢?) to O(q), thus reducing implementation errors. The method can
handle unwanted next-nearest neighbour couplings, and is easily extended in a scalable way

to systems with variable coupling strengths or evolution angles.

Although it is not yet common to use always-on couplings as a computational resource in
superconducting qubits, such implementations might fit well into the context of Near-term

Intermediate Scale Quantum (NISQ) applications [28]. For example, the native interaction
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can be used for hardware-efficient implementations of the variational quantum eigensolver
(VQE) [355] and quantum approximate optimisation algorithms (QAOA) [356]. Since en-
tangling gates are realized without external fields, there is less need to calibrate the control
hardware, as the calibration problem can be focused only on local control. Furthermore,
quantum error mitigation methods might allow slow native interactions to output useful
results by extended time evolution [357-359]. Efficient refocusing and rescaling methods,
such as those described here, will be essential to extend experiments to the next generation

of devices.



Chapter 6

NMR Quantum Simulations

Liquid-state NMR has been extensively used to provide proof-of-principle demonstrations of
various quantum algorithms, quantum simulations and other quantum information related
phenomena [145]. Several of these demonstrations employ the GRAPE algorithm for con-
trolling the unitary dynamics of the nuclear spins [156-179]. In this chapter, I illustrate the
advantages and utility of the practical GRAPE methods developed in Chapter 3 through two
different quantum simulations, published as references [152] and [153]. To begin, I provide
some relevant details of the four-qubit NMR quantum processor that was used in both these

quantum simulations.

6.1 A four-qubit NMR quantum computer

6.1.1 Qubits

The experimental qubits were provided by the four *C nuclei in a sample of fully labelled
crotonic acid (Fig. 6.1) dissolved in deuterated acetone [339]. The Hamiltonian parameters
(resonance offsets and J-couplings) as obtained on a 600 MHz ('H frequency) Varian Unity
Inova spectrometer at 300 K are given in Fig. 6.1. The spin system can be approximated

by a linear chain, with strong nearest-neighbour couplings and much weaker next-nearest-
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Figure 6.1: The molecular structure of *C labelled crotonic acid and Hamiltonian param-
eters: the diagonal elements denote the offset frequencies with respect to a base frequency
of ~ 150 MHz while the off-diagonal elements give the J-couplings. The multiplet labelled S
in the spectrum comes from the solvent, deuterated acetone. Measured T, relaxation times
were around 1.3s for each spin, while T; varied between 10s for spin A and 22 for spin D.
neighbour couplings. The ¥C NMR spectrum of the thermal equilibrium state with *H

decoupling (Fig. 6.1) shows that the four multiplets (one from each spin as indicated) are

well separated and so can be individually addressed.

6.1.2 Quantum gates

In addition to four 3C nuclei (the system qubits) crotonic acid also contains five 'H nuclei
(environment qubits) which have strong interactions with the system qubits. (The remaining
three nuclei comprise two '°O nuclei, which are spin-0 and so can be safely ignored, and a
sixth 'H nucleus in the hydroxyl group which undergoes rapid chemical exchange, averaging
out its interactions with the main spins [131]). Thus, in order to design GRAPE pulses for
the 4-spin system, it is necessary to effectively ‘decouple’ the environment qubits from the

system qubits.

The traditional approach is to apply 'H decoupling to the environment qubits throughout
the experiment, usually with a composite pulse based broadband decoupling sequence such

as WALTZ-16 [360]. In principle such decoupling can completely trace out the environ-
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ment qubits, leaving a simple four-spin system. In practice, however, it is not possible to
achieve completely effective decoupling without using high RF powers which are ruled out
by hardware limits and the effects of sample heating. To support these observations, a high
fidelity GRAPE pulse designed for an ideal 4-spin system was taken and its fidelity on a
9-spin system with WALTZ-16 decoupling was simulated for various decoupling strengths.
Simulations suggested that for a near-perfect decoupling of protons, and therefore a high
fidelity on the 9-spin system, it is necessary to perform WALTZ-16 decoupling at nearly five
times the maximum advised decoupling power for our NMR equipment. As a result, this

approach was ruled out.

The ideal approach is to design GRAPE pulses for the 9-spin system wherein the protons
are overall left alone, i.e., the target operator for the protons is an identity. Although this
entirely avoids the need for actual 'H decoupling, designing GRAPE pulse sequences for
a 2° = 512 dimension system is computationally infeasible, at least on a standard desktop
computer. (Note that the three proton spins that constitute the methyl group are chemically
equivalent, and can be treated as a single spin-1/2 entity under special circumstances [99].

However, for generality crotonic acid is treated as a 9-spin system.)

Here, I describe an approach that totally avoids actual proton decoupling yet has a compu-
tational complexity similar to that of a four-qubit system. The idea is to leave the *H nuclei
completely untouched throughout the GRAPE pulse which implements the quantum gate,
so that they can be treated as remaining in fixed energy eigenstates. In this case the 'H
nuclei are entirely passive, and can be thought of as providing a fixed frequency shift, which
is different in each molecule, depending on the proton spin states in that particular molecule.
As there are five proton spins there are 2° = 32 possible spin states {00000,00001 ...11111},
although these give rise to only 16 genuinely distinct eigenstates as the three 'H nuclei in
the methyl group are completely equivalent. By considering each of these 16 eigenstates one
at a time, 16 separate ‘internal’ Hamiltonians, each of dimension 2* = 16 are obtained. The
GRAPE pulses are then designed by optimising for all 16 internal Hamiltonians simultane-

ously, defining the overall fidelity as the average of the individual fidelities [155]. Therefore,
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at modest computational overhead, the GRAPE pulses can be made robust to the environ-
ment qubits. Although this approach was independently worked out, it was later discovered

that a very similar technique has already been used before [301].

6.1.3 Initialization

Thermal states

As mentioned earlier in Chapter 2, NMR is an ensemble quantum computing technique.
NMR samples for QIP generally utilize a macroscopic ensemble of nearly 10! to 10 identi-
cal non-interacting molecules, wherein each molecule is an independent quantum computer
comprising of one or more spin-1/2 nuclei as qubits. The state of qubits in NMR is deter-
mined by the collective state of all spins present in the ensemble and therefore best described
using the density matrix formalism. The most natural and readily accessible state of the
spin ensemble is where the spins are in thermal equilibrium with the environment. For a

single qubit, this thermal equilibrium state can be expressed using the density matrix [132]:

- , (6.1)

1 ( HO > 1 eJrhw/QkBT 0
0 e—hw/ZkZBT

where H, is the internal Hamiltonian, kg is the Boltzmann’s constant, 7" is the temperature

thw/2ksT 4 o—hw/2ksT g the partition function that normalizes

of the environment and Z = e
the state. The off-diagonal elements (coherences) of pe, at thermal equilibrium are all zero
[132], while the diagonal elements represent the Boltzmann distribution of populations in the
ground (F = —hw/2) and excited state (E = +hw/2) respectively. At room temperature,
where most liquid-state NMR experiments are performed, the thermal energy kg7 ~ 25 meV

is much larger than the Zeeman splitting energy, which is of the order of only a few ueV

for typical Larmor frequencies (below 1GHz). Therefore, in the high temperature limit
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(kgT > hw), the exponentials in pe, can be approximated using a Taylor series to give

1|1+ hw/2ksT 0 i

5 =_-+el, (6.2)

Peq 9

0 1 — hw/2kgT
where € = hw/2kgT ~ 107° is the spin polarization. Such a low spin polarization value
indicates that both energy levels are almost equally populated, with only a slightly higher
probability of occupancy of the ground state (about 1 part in 10°). Thus, NMR states at
room temperature thermal equilibrium are highly mixed. The thermal equilibrium state of

a homonuclear n-spin system can be similarly written as

I, -
Pea = 5 + e;@z, (6.3)

where I, is the n-spin identity matrix, € = hw/2"kgT and the following additional approxi-
mations are made: (1) the J-couplings (few hundred Hz) are ignored as they are very small
compared to the Larmor frequency (hundreds of MHz); (2) the Larmor frequency for all
spins is considered to be identical as they all belong to the same nuclear species and also the

chemical shift differences are small (few tens of kHz) compared to the Larmor frequency.

In order to implement a quantum algorithm or quantum simulation, it is usually necessary
to initialize the qubits to a known pure state like the ground state [000...). Initialization
requires the quantum system to be placed in the desired pure state independent of its state
prior to the initialization process. As a result, initialization is a non-unitary process, and
cannot be achieved using only quantum logic gates. There are two obvious ways to prepare
the ground state in any quantum system. One approach is to make a strong measurement
on the qubits and use the result of that to transform the qubit’s state into the ground
state. However, as we will see in the next section, strong projective measurements cannot
be performed in NMR, and only a weak ensemble measurement is possible in which the spin
state is implicitly measured by the environment without actually changing it. The other

approach is to cool the spins to a low enough temperature T" such that the energy difference
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AFE between the ground and first excited state of the qubits satisfies AE > kgT. To achieve
this, either T" < 0.05 K is necessary, in which case the sample would no longer be in the
liquid state, or if the sample is held at room temperature then a magnet with a field strength
B =~ 150000 T will be required, which is far beyond the largest NMR magnet currently
available (~28 T). (Note that there is also a third way, which involves the preparation of non-
equilibrium states wherein the spin temperature is very different from the bulk temperature.
Techniques for lowering spin temperature by enhancing spin polarization have been used to
make pure states in one-qubit and two-qubit systems [361-363] whereas in larger systems
they have been used to get very large polarisation enhancements [157, 364], but not to get

near pure states [365, 366].)

Pseudo-pure states

Even though the creation of a pure state sounds impractical in NMR, it is still possible
to perform arbitrary quantum computations on a mixed state, provided the mixed state is
made to be ‘effectively pure’ [54, 367] or ‘pseudo pure’ [52, 55]. Such a pseudo-pure state
(PPS) can be represented by a density matrix

o = (1= @)+ v ), (6.4

where I, /2™ corresponds to the maximally mixed state (equal probability of system being
found in any particular state) and the factor « is the excess probability of finding the system
in the desired pure state, also referred to as the purity of the state [145]. Under unitary
transformations, the pure component of the PPS evolves in the exact same way as a pure state
would while the maximally mixed state remains unaffected and does not contribute towards
the evolution. Thus, the PPS essentially mimics a pure state in terms of its dynamical

behaviour.

In NMR descriptions, it is common to drop the maximally mixed state from the density

matrix and describe the state using just the remaining component, referred to as the devia-
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tion density matrix. This is because the maximally mixed state does not contribute to any
observable signal in NMR as signals from different components of the identity matrix cancel
out. In other words, all observables in NMR are traceless (described in the next section) and
so the measurements are not sensitive to the maximally mixed state. Therefore, in a PPS,
only the pure component will contribute to the observable signal. The size of this signal
depends on the purity of the state. It was shown in Ref. [53] that the maximum possible
signal that can be obtained from a PPS in conventional NMR falls exponentially (a o< n/2")
with the number of qubits. The poor scaling of this signal intensity means that conventional
NMR cannot be used to perform QIP with large numbers of qubits [53]. More fundamentally,
the absence of entanglement in thermal pseudo-pure states has led some authors to question
whether NMR devices are really quantum at all [368], implying that NMR experiments may
be only simulations of simulations. It has, however, proved impossible to develop a fully
classical model of NMR QIP [369], and NMR quantum computations run using entangled
states produce identical results to those with pseudo-pure states with the exception of the

increased signal size [362].

For a single spin, the thermal state I, is already a PPS because of the excess population in

the ground state compared to the excited state:

|
o
™

: 10 10
Peq ~ €1, = =-3 +e ~ ¢0) (0] (6.5)
01 0 0

o
|

However, this is not true in larger spin systems. For example, in a homonuclear two-spin
system, the state corresponding to |00)00| PPS is I1, + I, + 211,15, and not the thermal
state I1, + I,. The relative thermal state populations are {1,0,0, —1}, whereas the desired
pattern for a PPSis {1,—1/3,—1/3,—1/3}. In order to generate a PPS from a thermal state
in larger spin systems, it is therefore necessary to average the populations in all other energy
levels while leaving the ground state untouched. Clearly, this task cannot be accomplished
using only quantum gates as the eigenvalues of the two states (the diagonal elements, in this

case) are different, and any unitary transformation preserves the eigenvalues. There are two
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widely used non-unitary procedures for preparing a PPS, namely, temporal averaging [367]
and spatial averaging [52, 55]. Here, I provide a brief overview of these methods and state

the protocol used for initializing the 4-qubit quantum processor.

Temporal averaging

Although best known in NMR, temporal averaging can in principle be applied in any QIP
technology. Temporal averaging is achieved by performing several different experiments and
incoherently averaging their outcomes (to trace out the temporal information). If done
correctly this can be interpreted as equivalent to averaging the states of the system before
the measurement to give the desired density matrix. This approach works because of the
linearity of quantum mechanics: the averaged output of a computation on individual input

states >, UppUT is equivalent to the output of the computation on a single averaged state

Uk pi)UT.

Consider for instance the preparation of the ground state PPS {1,—1/3,—1/3,—1/3} in
a two-spin system. Here, the PPS can be achieved by averaging the thermal state p; =
{1,0,0,—1} and two other states p, = {1,0,—1,0} and ps = {1, —1,0,0} which can be gen-
erated by applying a network of CNOT gates to the thermal state. In general, a ground state
PPS in an n-spin system can be obtained by averaging out the differences between the 2" —1
smaller populations in the thermal state, while leaving the ground state alone. This would
involve averaging the 2" — 1 cyclic permutations of these populations. In such exhaustive
temporal averaging, clearly the number of initial states required and correspondingly the
number of separate experiments that need to be performed increases exponentially with the
number of qubits in the system. However, it is possible to substantially reduce the number
of experiments in temporal averaging through a careful choice of selected initial states with
appropriate weighting [86, 370]. For very large spin systems, it is even possible to choose a

randomized permutation to prepare an approximate PPS [367].
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Spatial averaging

Spatial averaging is similar to temporal averaging, except that the averaging takes places
over spatial dimensions of spin ensembles instead of time. Spatial averaging methods in NMR
commonly make use of magnetic field gradients. There are special coils in the NMR spec-
trometer to provide pulsed magnetic fields with strengths that vary approximately linearly
in some spatial dimension of the NMR sample. The corresponding variation temporarily
destroys the homogeneity of the static magnetic field, causing each spin in the ensemble to
attain a position-dependent Larmor frequency and hence, a position-dependent phase. In
other words, the effect of a gradient is to apply a z-rotation to each spin, where the angle of
the z-rotation varies linearly over the spin ensemble. Subsequent measurements observe the
average over the entire ensemble, and so an average over the phases. If the the gradient is

strong enough then the effect is similar to dephasing each qubit.

There are, however, two differences between this process and dephasing. Firstly the dephas-
ing is a collective process, and so systems in decoherence-free subspaces will not be affected
(e.g., zero-quantum coherences [145]). Secondly this dephasing is not genuinely non-unitary:
the phase experienced by a member of the ensemble is dependent on its position in space,
which is approximately constant, and so the phase evolution can be reversed by spin echoes.
Non-unitary behaviour only arises when the spatial information is destroyed, either by the
final observation process (which traces out position) or by diffusion or macroscopic motion
within the sample (which is negligible when gradients are applied close together, but can
become significant on longer time scales). In these cases, the dephasing due to gradients

becomes irreversible and thus indistinguishable from true decoherence [91].

Magnetic field gradients in NMR-QIP are commonly used as ‘crush’ pulses to introduce
non-unitary behaviour in the form of artificially induced decoherence. The effect of an
ideal crush gradient can be described as crushing or destroying the coherences (off-diagonal
elements, except zero-quantum coherences) from the density matrix while retaining only the

populations (diagonal elements). The original spatial averaging sequence [52] which makes
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use of crush gradients for creating a ground state PPS in a homonuclear two-spin system is

as follows [145]:

I, + I, m ]1z+%IQZ_\/7§I2y
_ G, I + %hz
M) %]IZ— %Ily—l—%bz
b2, % I, + %2[13:[22 + ;Igz
P, % L. — %IM n %21130122 + %Igz + %QIMIQZ
—C Tl bt g2k (6.6)

where R:(6) is a rotation about z-axis by an angle 6 for the i** spin, G, denotes a crush gra-
dient and 1/2J indicates evolution under the zz-coupling Hamiltonian for a time 1/2J.
Note that the spatial averaging methods generally produce a PPS with reduced purity
as compared to exhaustive temporal averaging approaches. For instance, the populations
{3/4,—1/4,—1/4,—1/4} for the PPS obtained from the above spatial averaging example
correspond to a lesser purity than the exhaustive temporal averaging methods in which the
obtained PPS populations {1,—1/3,—1/3,—1/3} give the highest possible purity. This is
because spatial averaging methods frequently sacrifice some of the available purity in order
to simplify the PPS preparation sequence (the method of controlled transfer gates [371] is
an exception). Nonetheless, spatial averaging requires only a single experiment as opposed

to multiple experiments in temporal averaging.

The ground state PPS for the 4-qubit quantum processor was prepared by spatial averaging
following the methods in Ref. [372]. For convenience, the pulse sequence is shown in Fig. 6.2.
The relative populations of the 16 energy levels from an ideal implementation of this PPS
pulse sequence are {15/16,—1/16,--- — 1/16}. All quantum gates in the PPS sequence
were implemented using robust GRAPE pulses as described in the previous section. It
was observed that the use of regular GRAPE pulses (that require 'H decoupling) in the

PPS sequence resulted in nearly 50% signal loss as compared to the expected PPS signal
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Figure 6.2: Pulse sequence for preparing a |0000) PPS.

intensity. In fact, mitigating this signal loss was the main motivation behind developing
robust GRAPE pulses. To further improve the observed signal intensity of the PPS, the
nuclear Overhauser effect (nOe) [373] from 'H nuclei was used to generate a non-thermal
initial state with enhanced polarization [137]. This was achieved through the application
of a pair of composite 7 pulses on the protons separated by a delay of 6 seconds and a
delay of 3 seconds between the second 7 pulse and the PPS sequence. Note that the PPS
sequence assumes equal polarization on all spins to begin with, while the nOe enhancement
for different 3C spins within crotonic acid will in general be different (for example, the
polarization enhancement for the methyl carbon is much greater than the carbonyl carbon).
Suitable polarization on all spins can be achieved through an appropriate choice of initial

flip angles (shown in green rectangles in Fig. 6.2).

6.1.4 Readout

A quantum computation is useful only if there is a provision to measure specific qubits and

characterize the final state of the quantum system [39]. Ideally, it is desirable have the
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ability to make measurements that project the state of the qubits onto the computational
basis or any orthogonal basis. In such projective measurements, the measuring apparatus
is usually made to interact strongly with the quantum system to cause the qubit’s state to
decohere instantaneously (compared to the duration of computational steps) into one of its

eigenstates. Such ‘strong’ projective measurements, however, are not possible in conventional

NMR.

As discussed previously, it is impractical to measure the magnetic moment of a single nuclear
spin and hence, a large ensemble of nuclear spins is used in NMR. The process of measuring
qubits in NMR is essentially the same as acquiring an NMR spectrum: the RF coil mounted
next to the NMR sample tube records the oscillating magnetic field produced by the collective
magnetic moment of the precessing spin ensemble to give a time-domain signal, which is then
Fourier-transformed to give the familiar NMR spectrum. Usually, this measuring coil is the
same as that used for producing RF pulses for controlling the spins. Since the measuring
apparatus in NMR is permanently present and cannot be isolated from the spins at any point
of time, it remains only weakly coupled to the spins and causes little or no decoherence. As
a result, the spins decohere gradually (as opposed to instantaneously during a projective
measurement) during which the RF coil merely monitors the state of the system without

actually disturbing it, thereby performing a weak ensemble measurement.

The signal measured by the RF coil, also known as the free induction decay (FID), actually
corresponds to the transverse component of the magnetic field produced by the precessing
spins (the longitudinal component does not contribute to the signal as it does not precess).
Formally speaking, the FID is a measure of the expectation values of the two traceless ob-
servables o, and o,. Due to the weak ensemble nature of measurements where information
about individual spin states is unavailable but only their ‘average behaviour’ can be ac-
cessed, it is possible to simultaneously measure the expectation value of two non-commuting

observables. The basic NMR measurement process (for a homonuclear n-spin system) can
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be expressed as acquiring an FID f(t) where
f(t) o< Tr [DYp(t)] D= Z (Lo — i),  p(t) = e Mlp(0)eor. (6.7)
i=1

The FID, which depends on p(t), is a sum of components oscillating at frequencies corre-
sponding to differences between frequencies in the internal Hamiltonian H,, which decay
with a time constant T% largely determined by Tj relaxation and by the extent of the re-
maining inhomogeneities in the static magnetic field. These components can be separated
by Fourier transformation, to give a spectrum comprising a series of lines with frequencies
determined by H, but with complex intensities that depend on p(0) (the final state of the

spins after the computation).

The form of the detection operator D means that only certain components of p(0) are de-
tectable. In NMR terminology these are called single quantum coherences, and can be
thought of as states where one spin is in a superposition state and the rest are in eigenstates.
Such states generate a signal line in the multiplet (group of lines) at a frequency correspond-
ing to transitions of the spin in a superposition state, while the exact position of the line
indicates the state of the other spins and the complex amplitude of the line depends on the

amplitude and phase of that component in the overall state.

Consider the simplest case of a single spin for which the states |0) and |1) correspond to the
NMR states I, and —I, respectively. Applying a R,(7/2) pulse, also known as a read-out or
detection pulse in NMR, converts these states to +1, which appear as absorption or emission
lines in the NMR spectrum. For a two-spin system in a |ab)Xab| = (=1)%I;, + (—1)°I5, +
(—1)+*%21,.I,. PPS, applying a read-out pulse on both the spins will convert the population
terms to observable single quantum coherences (—1)%Iy, + (—1)°I,, while the remaining
term becomes unobservable double and zero quantum coherence. The phases of the NMR
signal (absorption or emission) can be used to extract the two-qubit state information. The
exact details about the measurement and characterization procedure followed for each of the

4-qubit quantum simulations will be explained in their respective sections.
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Figure 6.3: A quantum network for transferring the entanglement between a neighbouring
pair of qubits to a distant pair of qubits.

6.2 Entanglement swapping

Based on the published work [152], in this section, I describe an NMR experiment for the
quantum simulation of an entanglement swapping protocol. This protocol has connections
with Marletto and Vedral’s recently proposed scheme for witnessing quantum effects in
gravity [374]. Since the theoretical connection between these protocols is well elaborated
in the published work and also outside the scope of this thesis, here I focus only on the
experimental aspects, essentially treating the quantum simulation as a task of quantum
control. Consequently, my objective is to implement the quantum network shown in Fig. 6.3.
The underlying theory for this work was developed by Prof. Vlatko Vedral and Dr Chiara

Marletto, whereas I was involved in designing and performing the NMR experiments.

6.2.1 Description of the quantum simulation

We consider a system of four qubits in a linear chain labelled A, B, C and D along the chain.
To begin with, qubits A and B are prepared in a maximally entangled state, for example,
any Bell state. As shown in Fig. 6.3, the entangled state can be moved down the chain using
SWAP gates acting locally on qubits B and C and qubits C and D. Qubits B and D are
assumed to be ‘quantum’ whereas C can be either ‘semi-classical’ or ‘quantum’. Depending

on the nature of the mediator qubit C, the movement of entanglement is affected. The goal
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Figure 6.4: The quantum network for the simulation. The Z gates shown in grey are applied
probabilistically to simulate decoherence, as described in the main text. The gates in each
dashed box are repeated n times. Note that this circuit used for the simulation is slightly
different from the original proposal, but easier to implement in NMR [152].

here is to show that if qubit C is quantum, then at the end of the network, qubits A and
D are entangled; whereas if C is semi-classical then the transfer of entanglement does not
happen, thus leaving qubits A and B fully entangled. In the context of Marletto and Vedral’s
proposal [374], qubit C manifests a gravitational field which can mediate local interactions.
The proposal aims to indirectly test the non-classicality of a physical system that need not
obey quantum theory (here, the gravitational field) by detecting whether or not the system
is capable of entangling two quantum systems (in our case, the transfer of entanglement

down the chain of qubits). Thus, a successful entanglement transfer through the mediator

qubit C serves as an indirect witness of the non-classical nature of the gravitational field.

6.2.2 NMR experiments

Initialization

The circuit implemented in our experiment in shown in Fig.6.4. To begin, a PPS was
prepared using spatial averaging methods as described in Fig. 6.2. All gates used in the PPS
preparation sequence as well as the quantum circuit were implemented using robust GRAPE
pulses as discussed earlier. The initial state was chosen to be [1100) as this leads to a singlet
entangled state, which is the most robust of the four Bell states to naturally occurring

decoherence processes. The initial state |[1100) can be obtained by applying selective NOT
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gates to qubits A and B after implementing the PPS sequence.

SWAP gates and dephasing

The basic experiment looks at the effects of dephasing on the use of SWAP gates to move an
entangled state down a chain. The idea is to break up the SWAPz- and SWAP-p gates into

n steps using

UBC = +/SWAPpc, UCD = +/SWAPcp, (68)

so that the SWAP process can be implemented by applying n Upc gates and then n Ugp
gates, and the effects of dephasing can be investigated by dephasing qubit C after every gate
(in the case where qubit C is classical). For theoretical investigations it is useful to consider
the limit n — oo, while for experiments n will inevitably be fairly small. The experiments
were implemented using n = 8 which seems to be a sweet spot where the theoretical er-
rors arising from n being too small and the experimental errors arising from n being too
large are roughly balanced. Poor experimental results are obtained if the same GRAPE
pulse is applied repeatedly, as the small errors which inevitably occur in any experimental
implementation build up linearly on repeated application [375]. Instead multiple GRAPE
pulses were designed for each gate, by using different random starting points in the GRAPE
search. As each pulse has different implementation errors the total error will only grow with

the square-root of the number of gates, leading to visibly better results.

Dephasing—a non-unitary process—can be realized in NMR using either spatial averaging
or temporal averaging as discussed earlier. Here, we use the method of temporal averaging
in which spectra are recorded both with and without the application of Z gates at any given
point and the results combined. Temporal averaging is feasible if just a single dephasing
step needs to be performed, but for the interrupted SWAP gate we need to dephase the
qubit n times (or 2n for both SWAPs), and so we need to perform 2" separate experiments,
corresponding to the 2" different combinations of Z gates or not. This exhaustive temporal

averaging process swiftly becomes impractical as it requires 256 combinations for n = 8, or
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65536 combinations for both SwWAPs.

Instead we adopted the method of randomized temporal averaging [367], in which exhaustive
averaging is replaced by averaging over a sample of possible sequences. In this randomized
approach, dephasing can be thought of as applying or not applying a Z gate with probability
50%, so any given pattern of Z gates can be thought of as a random sample from the dephased
possibilities. Ensemble-averaged dephasing is just the average over all these possibilities, and
if the fidelity of the ensemble average to some theoretical model is high then the fidelity of
almost all members of the ensemble must individually be fairly high. Thus averaging is not
really necessary to see the desired overall behaviour, but is simply helpful to ‘average out’
the (relatively small) error terms. The limiting case, just observing a singly random chosen
pattern, will work unless the randomly chosen pattern happens to be one of the small number
which work really badly, such as the case where no Z gates are applied at all. However in
the case that n is large enough the probability of choosing a really bad pattern is essentially
negligible. With small n a bad pattern is more likely, but this can be avoided by making
‘quasi random’ choices, for example by insisting that a Z gate is applied exactly half the

time.

To this end, we specifically designed two further gates, Vge = ZcUpe and Veop = ZoUep,
and used a randomly chosen sequence of U and V gates, containing four of each. When the
number of stages is small, as used here, the final result depends on the precise pattern of

gates used, and so results were averaged over 16 different dephasing patterns.

Readout

Entangled states are not directly detectable in NMR: the observed signal depends on the
expectation values of single-spin off-diagonal operators [376], and these are all zero for en-

tangled states. Here, however, we use an indirect entanglement witness [377].

Consider the initial entangled state of qubits A and B, and the effect of performing a

Hadamard operation on qubit A before observing the NMR spectrum. This will gener-
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ate a pair of lines in the multiplet of transitions of spin A, one with positive intensity and
another with negative intensity, called an antiphase doublet. However it also generates an-
other antiphase doublet in the multiplet of spin B, even though spin B was not directly
excited. There are no signals in the multiplets corresponding to spins C or D. In general, if
we have an entangled singlet state between two qubits then applying a Hadamard gate to
one of them generates antiphase doublets in both multiplets, so we can very easily follow
the progress of the entangled state from AB to AD by applying a Hadamard to qubit A and

observing the signal on spins B, C and D.

As the lines are antiphase doublets there is a potential worry that the two lines, which
have equal and opposite intensity, will partly cancel, and this will certainly occur if they
are too close to one another. The separation is given by the size of the relevant J-coupling
constant. For crotonic acid the relevant coupling sizes are Ji, = 41.6 Hz, J13 = 1.5 Hz, and
Ji4 = 7.1 Hz, while the linewidth is around 1 Hz. This means that cancellation will be a
concern for the middle state (qubits A and C entangled), but the initial and final states

which we want to observe should be clearly resolved.

Experimental results

The experimental results are shown in Fig. 6.5. Each spectrum is obtained after applying
a Hadamard gate to spin A with a two step phase cycle to reduce errors [145]; the 'H
environment nuclei were decoupled throughout signal acquisition. Individual multiplets were
then cut out of spectra like that shown in Fig. 6.1, permitting an expanded horizontal
scale, and then rearranged into spin order. Antiphase signal on both spins r and s with a
coupling J,s indicates that spins r and s were entangled; smaller peaks are due to remaining

experimental errors.

An AB singlet state was initially prepared, as shown by the antiphase doublets split by Jag
on both spins A and B in spectrum (a). The transfer of entanglement from spins A and B

to spins A and D is clearly seen in (b), while dephasing suppresses this transfer as shown in
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Figure 6.5: Experimental spectra of the *C spins (A, B, C, D): a) in the initial singlet
state; b) after the SWAP gates; c¢) after the SWAP gates interrupted by dephasing on spin
C. All spectra are plotted on the same vertical scale, and the horizontal frequency scale is
as indicated. The higher signal-to-noise ratio in c) reflects the averaging over 16 different
dephasing patterns.
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(c). This suppression can be seen as a generalisation of the quantum Zeno effect in NMR
[378] where rapid dephasing suppresses coherent evolution. The phase shift on spin B in
spectrum (c) arises from the zz component of the SwAP Hamiltonian which commutes with

the dephasing process and so is not suppressed by the Zeno effect.

The small additional peaks are due to experimental errors, and simulations suggest that
these can be largely modelled by weak uniform depolarisation during the SWAP process. This
apparent depolarisation arises from the accumulation of small errors in the U and V' gates,
which can be treated as random because of the way in which particular implementations of

these gates are selected from a larger set.

Conclusions

We have implemented an entanglement swapping protocol on an NMR quantum processor
comprising of four qubits arranged in an approximate linear chain configuration. The ex-
periment demonstrates the local transfer of entanglement created at one end of the chain to
the other through a mediator qubit which may be non-classical. The experimental results
are consistent with the theoretical predictions: when the mediator behaves classically, the
transfer of entanglement does not take place whereas in the case of a ‘quantum’ mediator,
entanglement is established across the chain. This proof-of-principle demonstration of en-
tanglement swapping serves as an indirect witness for illustrating the quantum nature of the

gravitational field [374].

6.3 Quantum homogeniser

The quantum homogeniser can transform a qubit initialised in any state to any other state.
It was originally proposed as a theoretical model for analysing many-body entanglement
within unitary thermalisation, with an additional possible application as a quantum safe

[379, 380]. More generally, it can be used to implement processes such as quantum informa-
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tion scrambling and pure state preparation using only unitary interactions. In this section,
I describe a 4-qubit NMR implementation of the quantum homogeniser along with a com-
parison of the limiting cases of transforming a qubit from a mixed to a pure state and the
reverse process. This work is published as Ref. [153] and as in the previous simulation, my

role here was designing and performing the NMR experiments.

6.3.1 Description of the quantum simulation

The quantum homogeniser is a machine consisting of N identical reservoir qubits. These
each interact, one by one, with the system qubit (the qubit whose state is to be transformed)
via a unitary partial swap:

U =cosnl+isinnS. (6.9)

The partial swap is a combination of the identity, I (which does nothing to the two input
qubits), and the SWAP operation, S (which swaps the states of the two input qubits), weighted
by the coupling strength parameter n. The quantum circuit used in our simulation is shown
in Fig. 6.6. This circuit simulates the homogenisation between two system qubits, initially
in the pure state |0), and two reservoir qubits initially in the maximally mixed state pywm,
and has been designed for implementation on a linear chain where two-qubit gates are only
available between adjacent qubits. Partial swap gates are implemented between qubits B
and C, while full SWAPs are used to rotate the system and reservoir registers, permitting

indirect contact between any pair of qubits.

The four qubit state before the final readout stage depends on the coupling strength 7,
but in general is an entangled state. However the final readout stage involves an implicit
partial trace leaving four separate single-qubit states, all of which lie along the z-axes of the
respective Bloch spheres, permitting the state to be fully characterised by measurements in

the computational basis. We can write for each qubit X

px =5+ [x(n) X b) (6.10)
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Figure 6.6: A quantum homogeniser with two system qubits and two reservoir qubits de-
signed to operate on a linear chain system where two qubit gates are possible only between
adjacent qubits. Homogenisation is achieved using the partial swap gates, labelled as 7,
which connect the two middle qubits, while full SWAP gates are used to rotate the system
and reservoir registers to bring other qubit pairs into contact. The dashed lines divide the
simulation into its initialisation, homogenisation and readout phases. Qubit labels on the
right hand side correspond to spins in the NMR spin system in Fig. 6.1.

where fx lies between 0 and 1 and corresponds to the difference between the probabilities

of finding |0) or |1) when measuring qubit X in the computational basis. In particular we

find the forms

f = cos'(n) (6.11)

and fo =1 — fp, so that fp falls smoothly from 1 to 0, while fo rises in the opposite way.
Similarly

fa = 4cos?*(n) — 9cos*(n) + 8cos’(n) — 2cos®(n) (6.12)

also falls from 1 to 0, but following a more complex pattern, with fp = 1 — f4 once again

rising in the opposite way.

As the coupling strength 7 is increased the homogenisation becomes more effective, and
for circuits with the same number of system and reservoir qubits the states are completely
interchanged in the limiting case n = /2. This symmetry permits the roles of the system
and reservoir qubits to be interchanged, and so this homogenisation circuit can equally well

be viewed as a process that randomises the pure qubits or polarises the mixed qubits.
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6.3.2 NMR experiments

Initialisation

The thermal equilibrium state for the four-spin system is given by the deviation density
matrix peq ~ (A, + B, + C, + D,), where A, = (0,/2) ® I®I®]I, and similarly for the other
three terms. In this simulation, spins A and B need to be initialized in the state |00) and
spins C and D in the maximally mixed state, which corresponds to the deviation density
matrix A, + B, + 2A.B,. In principle, this two-spin ground state PPS can be prepared
using any of the state preparation techniques discussed earlier. However, in this particular
simulation, it suffices to use the simpler state A, + B, as the initial state because there is no
visible signal from the 2A, B, term. In the final readout stage here, we are only interested in
measuring the single-qubit populations (integral of each of the four multiplets), unlike the
previous simulation which involved the readout of multi-qubit entangled states (where the
line structure within each multiplet is important). As a result, it was necessary to prepare a
PPS in the previous simulation, whereas, here it suffices to use A, + B, as the initial state
which can be trivially prepared from the thermal state by applying 90° excitation pulses to

spins C and D followed by a crush gradient [145].

Homogenisation

The homogeniser circuit was implemented using robust phase-only GRAPE pulses as dis-
cussed earlier. The GRAPE pulses were designed to implement each logic gate in Fig, 6.6,
except that when two SWAP gates are written vertically above one another a single GRAPE
pulse was used to implement both gates together. Separate pulses were prepared for ten
different partial swap gates, varying n in 10° steps between 0 (an identity gate, for which
the simplest implementation is just to omit the gate entirely) and 90°, corresponding to a

full swaP.
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Readout

The circuit in Fig. 6.6 assumes conventional projective measurements in the computa-
tional basis, so that it is necessary to repeat the experiment many times to estimate the
z-component of the Bloch vector describing each qubit. Here the ensemble nature of NMR

comes into its own, as NMR spectra directly reveal the desired expectation value.

Direct observation of the NMR signal (FID) [131] reveals the expectation value of the z
and y components of the Bloch vector. To observe the z-component we first apply a crush
gradient, dephasing any pre-existing zy components, and then apply a 90° pulse to excite all
four spins. The integrated signal intensity of each of the four multiplets seen in Fig. 6.1 is
then proportional to the desired z-component. Note that integrating to find the total signal

in each multiplet is equivalent to performing a partial trace [381].

Because we are integrating each multiplet it is not necessary to apply 'H decoupling even
during readout. However it is desirable to do so, as this reduces the width of each multiplet
and so reduces the effects of noise in the integrated signal. To obtain accurate integrals it
is important to process the data carefully, paying attention to phasing and baseline correc-
tion [382]. As NMR signal intensities are only proportional to the desired z-component it is
essential to obtain a suitable reference intensity against which all other intensities can be nor-
malised. In the results below we use two different choices of normalisation, which emphasise
different features of the experimental results. The use of normalised intensities means that
experimental errors can take measured values of fx slightly outside the theoretical limits of

+1, and such apparently unphysical values should not cause concern.

Results

The experimental results are shown in Fig. 6.7, with the two sub-figures corresponding to the
two different normalisation choices. In each case the lines show the expected polarisations

for each of the four qubits calculated as described in the previous section, while data-points



Chapter 6: NMR Quantum Simulations 110

show the measured polarisations on the corresponding spins. Each experiment was repeated

ten times, with the error bars showing the standard deviation around the mean.

The upper panel shows the results of normalising each intensity with respect to the average
intensity of the A and B multiplets in the initial state. The experimental signal intensity is
systematically lower than expected, with almost all data-points lying below the theoretical
lines. The agreement for spins A and B is generally better than for spins C and D, although

in all cases agreement is best close to fx = 0.

This general pattern of signal loss is easily explained as arising from the inevitable errors in
any experimental implementation. Decoherence will normally lead to signal loss, and so will
coherent errors which become effectively incoherent when averaged over the experimental
ensemble, for example over different RF powers in different parts of the sample. Finally
the readout process, including the initial crush gradient and the implicit partial trace, itself
removes all terms in the density matrix other than single spin z-magnetisation. Thus errors
of any kind can only appear as a change in the measured values of f, usually reducing these

towards zero.

The experimental asymmetry observed between the erasure of pure spins A and B and the
polarisation of initially mixed spins C and D, in comparison with the symmetry of the
theoretical predictions, is also easily understood. For spins A and B the signal loss acts
in the same direction as the quantum homogeniser process, but for spins C and D it acts

against the desired process, making the effects easier to see.

The lower panel shows the results when each spin was individually normalised against its
intensity in the n = 0 spectrum (for spins A and B) or n = 90° spectrum (for spins C and D).
This removes the effects of signal loss during the SWAP gates, and for C and D also removes
losses due to partial swap gates. The experimental data-points now lie much closer to the

theoretical predictions and the expected symmetry is largely restored.
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Figure 6.7: Experimental results and theoretical predictions for the quantum homogeniser.
Data-points show the results from ten repetitions of the experiment. For the upper panel
signal strengths were normalised against the initial state, while in the lower panel the signal
from each spin is normalised against its own behaviour.
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Interpretations

The experimental data show the convergence of the system qubit to the state of the reservoir
qubits. This has been tested for the limiting cases of transforming a qubit from a mixed state
to a pure state and from a pure to a mixed state, demonstrating that the homogenisation is
effective regardless of the initial states of the system or reservoir qubits. After accounting for
the bias towards mixed states caused by decoherence, the experimental results are consistent
with the theoretical symmetry in the evolution of how the states evolve, where the states
for the pure-to-mixed homogenisation vary inversely compared to the states for the mixed-

to-pure homogenisation.

Pure state preparation—Figure 6.8 plots the von Neumann entropy

s (e () (5 (55) e

of the theoretical and experimental qubit states against coupling strength. Theoretical curves

were calculated using equation 6.11 for fz and fo = 1 — fg. The qubit B is the system qubit
for the pure-to-mixed homogenisation, while C is the system qubit for the mixed-to-pure
homogenisation. As expected, the qubit being transformed from a mixed to a pure state
decreases in entropy, with the effect being strongest for strong coupling, while the qubit being
transformed from a pure to a mixed state increases in entropy. Since all the interactions
are unitary, the total von Neumann entropy of the combined homogeniser and system must
remain constant. Hence it can be deduced that the entropy decrease of the mixed-to-pure
system qubit C must be accompanied by an increase in the entropy of the homogeniser
(qubits A and B), which is the irreducible entropic cost associated with preparing a pure

state.

Scrambling—The initial pure or mixed state of a system qubit becomes indistinguishable
from the original state of the homogeniser qubits, which is a special case of information

scrambling. As explained in [379], the information about the system’s initial state becomes
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Figure 6.8: Von Neumann entropies of qubits B and C against coupling strength, calculated
from the experimental results and plotted against the theoretical predictions.

hidden in mutual correlations between the homogeniser qubits. If there were no mutual
correlations, one would expect the sum of the von Neumann entropies of the four qubits
to equal two for all coupling strengths. The actual sum of the von Neumann entropies is
in Figure 6.9. While this is two for the cases of an identity or a SWAP operation, for
intermediate coupling strengths it is larger. This indicates that the negative contribution to
von Neumann entropy from mutual correlations has been unaccounted for, which is due to

considering only reduced density operators to describe the qubit states.

Reusability— The same homogeniser could be reused for a second time (or more) to suc-
cessfully homogenise more system qubits. Qubit A can be interpreted as interacting with
a homogeniser that has already been ‘used’ once, to homogenise B. Similarly, qubit D can
be interpreted as being homogenised by a homogeniser that has already been used to ho-
mogenise C. These second system qubit states are closely aligned with the first system qubit
counterparts for weak coupling, and diverge for strong coupling, in figure 6.7. This indi-
cates that the homogeniser is minimally changed from its original state in the weak coupling
regime, allowing it to perform just as effective a homogenisation on the second system qubit

as it did on the first. Hence, the homogeniser can be reused to some extent to give the same
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Figure 6.9: Total von Neumann entropies of the four individual qubits, calculated from the
experimental results and plotted against the theoretical predictions.

incremental changes in system qubit state, in the weak coupling regime.

Conclusions

We have performed an NMR demonstration of the quantum homogeniser, using the partial
swap on a system of four qubits. This demonstrates the principle behind a machine that
can perform processes such as information erasure and the preparation of pure states using
entirely unitary interactions. The experiments show the homogenisation of a pure state and
of a mixed state. The asymmetry in the evolution of the states with coupling strength can be
explained by the decoherence within the experiment. After accounting for this, the results

are consistent with the theoretical symmetric evolution of the pure and mixed qubit states.
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Other Quantum Systems

In this chapter, I illustrate the utility of the GRAPE algorithm in implementing robust
quantum gates in two different quantum technology platforms, namely, polar molecules [383—
386] and superconducting qubits [326, 387, 388]. Unlike NMR spins which are natural qubits,
a qubit in both these systems is defined as part of a larger multi-level system and hence,
from a quantum control perspective, there is a common challenge associated with these two
systems, which is to restrict the action of a designed quantum gate to the qubit space only,
without affecting other energy levels. Based on the published work in Ref. [154], T first
describe the implementation of an entangling gate using BFGS-GRAPE in a system of polar
molecules. This collaborative project was about a new theoretical proposal for controlling
polar molecules using magnetic and microwave fields, and my primary contribution was
towards developing the code for GRAPE optimization. Next, I provide a brief overview of
the ongoing work with Takahiro Tsunoda and Dr Peter Leek on GRAPE pulse design for

implementing robust gates in superconducting qubits.

7.1 Polar molecules

Polar molecules are an emerging platform for quantum technologies based on their long-range

electric dipole—dipole interactions, which open new possibilities for quantum information

115
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processing [383, 384, 389, 390], simulation [391-395] and sensing [396, 397]. The discussion
in this section is concerned with molecular species like CaF or RbCs which have been laser
cooled to temperatures below 10 K [398-401] and trapped in a two-dimensional array using
an optical lattice [402, 403] or an array of optical tweezers [401, 404, 405]. The aim here is to
design a high-fidelity fast entangling gate that is robust with respect to fluctuations in the
trapping and control fields and to small thermal motional excitations. Without going into
the details of the experimental proposal explained in Ref. [154], here I simply describe the
problem from a quantum control perspective. I begin with a description of the Hamiltonian

for a polar molecule influenced by magnetic and microwave (MW) fields.

Single-molecule Hamiltonian

Consider a polar molecule influenced by a homogenous magnetic field of strength By. This
applied magnetic field separates the Zeeman components of the hyperfine levels within the
rotational manifold of the molecule. The qubit space {|1),|0)} is defined by selecting a
particular pair of Zeeman states within a rotational manifold (as shown in Fig. 7.1) that
can be coupled using microwave (MW) fields with negligible off-resonant excitation to other
states. The Hamiltonian for this system in the {|1),]0)} basis using natural units (A = 1)
can be written as:

E
H = 5]12 + %0’2 + Q2 cos (Wmwt) Oz, (7.1)

where,

e E = E|(B)+ Ey(B), with E;(B) the energy of state |j) as a function of B,

I, is the n X n identity matrix,
e w= FEi(B)— Ey(B) is the splitting energy,

® Wy ~ w and (2 are the frequency and amplitude respectively of the MW field,

o, = |1X1] — |0X0| and o, = [1)0| 4+ |0)X1]| are the Pauli operators.
[1)(L] = [0)0] [1)0] + [0)(1| p
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Figure 7.1: Energy levels of the N = 0 and N = 1 rotational manifolds of the vibrational
ground state of “°Cal’F as a function of magnetic field B, where N is the rotational quan-
tum number. The arrow indicates the transition addressed by the MW field to dress the
states |0) = [N =0,F =1, Mp=1) and |1) = [N =1, F =2, Mr = 2), where F' is the to-
tal angular momentum quantum number of the molecule, and My its projection on the z
axis, defined by the magnetic field. At By = 50 G, the resonant transition frequency, w, is
20.778 GHz.



Chapter 7: Other Quantum Systems 118

In order to simplify the dynamics of the system, it is useful to express the above Hamiltonian
in a rotating frame. Moving into a frame that rotates at a frequency wy,, and invoking the
rotating wave approximation (assuming |A|, Q < Wy, where A = w — wy,y, is the detuning),

we obtain the rotating frame Hamiltonian

E A 0 1 [ E+A 9)

H="Ty+ —0.+ 0, = - (7.2)

2 2 2 2 0 A
whose eigenenergies are
E 1
Bry =5 £ VAT (2 (7.3)

This Hamiltonian is analogous to single-qubit Hamiltonians encountered in other quantum-
information platforms such as trapped ions or superconducting circuits. Single-qubit opera-
tions can be implemented by changing €2 which can be controlled in the MW regime. Note
that although written here as a real number, 2 in general represents a complex parame-
ter, which corresponds to amplitude control in two independent quadratures or equivalently

amplitude and phase control of the MW field.

Two-molecule Hamiltonian

Now consider a system of two molecules subject to the same magnetic and MW fields de-

scribed by the Hamiltonian

H=H "R, + 1, @ H® + Haas, (7.4)

where H* and HP are the single-molecule Hamiltonians as in Eqn. 7.1 for molecules A and

B respectively, and

Hoai = Vol @0 =V (7.5)
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is the dipole—dipole interaction (DDI) and V' is the coupling strength. Writing this Hamilto-
nian in the rotating frame and making the rotating wave approximation as before (assuming
AL €], and |V] < W), we get

~ A Q
%:Eﬂ4+5(a§®ﬂ2+ﬂ2®a§)+5(0§®H2+]12®a§)+V(a$®a§+aé@aE) (7.6)

where ¢/, = |1}0] and o’ = (07.)! are the raising and lowering operators respectively in

the qubit space of molecule j. The terms involving A and €2 arise from the single-molecule
coupling to the MW field, while the last term describes the dipole-dipole interaction in the
rotating frame. This comprises exchange processes of the form |01) <> |10). Double-flip pro-
cesses (i.e., transitions |00) <> |11)) involve the absorption or emission of two MW photons
and are neglected in the rotating wave approximation. In the basis {|11),[10),]01),]00)},

this Hamiltonian can be written in matrix form as

A Q2 Q72 0

o Q2 0 Vo Q2
H =El + . (7.7)
Q2 Vo0 Q)2

0 Q2 Q2 —A

It is useful to express H in the triplet-singlet basis {|11),|W*) |00}, &™)}, where |U*) =

(]01) £10))/v/2, to see explicitly how the symmetric and antisymmetric subspaces decouple:

H=FL + A(]11)11]— [00)00|)

+ % [(J00X |+ |11X¥*|) + H.c.]

+ VX -V [T (7.8)
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Figure 7.2: Energies of the two-molecule states. Dash-dotted lines represent the eigenenergies
of H — Fl, for V = —1850Hz and €2 = 0, while solid lines indicate the eigenenergies with

the same V and Q = 27 x 731rad/s.

The matrix form for the above Hamiltonian in the {|11),|¥*) |00),|¥~)} basis is

H = El, +

A
Q/V2
0
0

Q/V3
Vv
Q/V3
0

0
Q/V2
—A
0

-V

which makes it clear that the symmetric subspace spanned by {|11), |¥*) |00)} (top 3 x 3

block matrix) does not mix with the antisymmetric subspace spanned by |¥~). In the absence

of DDI and MW coupling, the three symmetric states have equal energy when A = 0. The

presence of DDI shifts the energy of |¥U*) by V', which separates the three-level crossing

into three distinct two level crossings (see Fig. 7.2). These become avoided crossings when

Q2 # 0. The avoided crossing between |00) and |11) remains at A = 0, while |¥*) has avoided

crossings at A = £V with |00) and |11) respectively.
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A simple entangling gate

A non-zero DDI allows separate addressing of the transitions |11) «» |¥*) and |00) > |P™T).
The simplest way to implement an entangling gate is to consider a coherent transfer, e.g.,
from |11) to |¥*). In the triplet-singlet basis, this transfer corresponds to inverting the

states |11) and |¥1), which can be described by a unitary transformation such as

0 10 0
~100 0

Up = : (7.10)
0 01 0
0 00 &

where (3 is the phase acquired by the |¥~) component, which is set by the value of V' and
the duration of the gate. A straightforward way to achieve a unitary transformation like
this is by applying a Gaussian pulse at a constant detuning A. The total duration of this
pulse Tzate must be greater than 27/|V| to be able to resolve the two transitions [11) < [¥*)
and |00) <> |¥T), and the length should be chosen so that the accumulated phase on the
unexcited transition is a multiple of 2r. A Gaussian pulse under these conditions provides
high fidelity in the absence of any errors in detuning A, but performs poorly when there are
uncertainties in A; see Fig. 7.3(a). The fidelity defined as F = Tr[U},U (Tyate)], where U (Tyate)
is the unitary time-evolution operator on the whole two-qubit space for the pulse, is observed
to drop to &~ 0.95 for detuning errors ~ 100 Hz. It is worth noting the similarity between
this protocol of inverting a particular transition to implement the entangling gate and the
selective line inversion experiments in NMR that resemble a ¢NOT like operation [85, 121—
125]. Although a Gaussian pulse performs well on resonant transitions, it usually gives an
overall lower gate fidelity because of the induced Bloch—Siegert shifts [199] on transitions
that are off-resonance. To this end, we use a generalized driving scheme like GRAPE to
design a high-fidelity gate that is robust to various experimental uncertainties as described

below.
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Figure 7.3: (a) Fidelity of the protocol with a Gaussian pulse (solid line) as a function of
a constant error in detuning whose nominal value is taken as A = —27 x 1970rad/s. The
horizontal dashed line marks 0.95 fidelity while vertical dotted lines mark errors of £100 Hz.
The Gaussian pulse has maximum amplitude 27 x 50 x 10°rad/s, duration 7z = 0.5ms
and root-mean-squared width 7,5 = 0.118 ms. (b) Fidelity of the protocol with the GRAPE
pulse as a function of detuning and relative Rabi frequency fq; see text for details. The
red dotted lines indicate F = 0.9999 while the black solid lines indicate F = 0.999. The
GRAPE pulse is of duration 7ge = 0.5 ms and has maximum amplitude 27 x 50 x 103 rad/s.
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Robust entangling gate

In order to design the entangling gate in Eqn. 7.10 using GRAPE, it is not necessary to
consider the full two-qubit Hilbert space for optimization. Since the symmetric and an-
tisymmetric subspaces of the system do not mix with each other and the action of Up is
limited to the symmetric subspace only, it is sufficient to perform the optimization solely on
the 3 x 3 symmetric subspace. If a GRAPE pulse is designed to have high fidelity in the
3 x 3 subspace, then its fidelity in the full two-qubit space is necessarily high, at least up to
an irrelevant phase difference between the two subspaces. Thus, the target unitary operator
for GRAPE optimization in the symmetric subspace is the top 3 x 3 block matrix of Up in

Eqn. 7.10, while the internal and control Hamiltonian respectively take the form:

A0 0
Ho=[0 V 0 | Het) =)+ Q) (7.11)
0 0 —-A

where ,(t) and €Q,(¢) are MW control fields along the X and Y quadratures respectively

and I, and I, are the Pauli spin-1 operators that have the matrix form:

010 0 -1 0

1 1
I, = — S il 7.12
7% 101 V=5 1 0 —i (7.12)

010 0 1 0

The results for BFGS-GRAPE optimization are shown in Fig. 7.3(b). The MW control fields
were made robust to fluctuations within £10% of the nominal value of control field (¢),
where Q(t) = /Q2(t) + Q2(t). This was achieved by maximizing the average fidelity for
three values of Rabi frequency, fq x Q(t), with fo = {0.9,1.0,1.1}. Similarly, the pulse was
also made robust to a range of detunings < 1kHz. The fidelity reaches very high values,
F > 0.9999, for wide regions of the parameter space, and remains above the quantum-error-
correction threshold, F > 0.999, for errors < 1kHz in detuning and < 10% in the Rabi

frequency (see Fig. 7.3). Note that the fidelities reported in the figure have been calculated
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by evolving the two-molecule state within the whole 4 x 4 space, as described below, while

the GRAPE pulse is optimized taking into account the 3 x 3 symmetric space.

In addition to robustness against errors in A and €(¢), the pulse was also made robust to
thermal fluctuations. Thermal fluctuations lead to the occupation of the excited motional
states of the trap causing the internal state of the molecule to couple with the motional
degrees of freedom as elaborated in Ref. [154]. The effect of motional excitation can be
summarized as an energy shift in the internal Hamiltonian that depends on the particular
motional state (|gg), |ge),|eg) , |ee) where g and e denote ground and excited state respec-
tively). Robustness in this case can be achieved by simply optimizing the pulse over an
incoherent mixture of various internal Hamiltonians that represent the corresponding mo-
tional state. Recall that a similar type of averaging was performed in the previous chapter
for designing GRAPE pulses that are robust to unwanted couplings with the environment

qubits.

When both molecules are in the motional ground states of the trap (as assumed in the pre-
vious GRAPE optimization), it was possible to design the two-qubit gate by solely utilizing
the 3 x 3 symmetric subspace. This was because of the symmetry of the internal Hamiltonian
in Eqn. 7.7 which permitted the triplet-singlet separation. However, when the molecules are
not in the ground state, the symmetry of the Hamiltonian is no longer maintained. Due to
the coupling of qubit states with the motional degrees of freedom, energy shifts appear as
diagonal terms in the internal Hamiltonian, thereby breaking its symmetry. As a result, the
antisymmetric state can no longer completely uncouple from the symmetric subspace and
therefore the system requires a treatment in the whole 4 x 4 Hilbert space when designing

a pulse that is robust against thermal motional excitations.

The matrix forms of the four internal Hamiltonians for averaging (in {|11),]10),]01),|00)}



where V,

—1862Hz, V,, = —1877Hz, V,,
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basis) are as follows:
A 0 0
0 V. 0
Hyy = “ , (7.13)
0 Vg O 0
0 0 0 -A
A+0fiap O 0 0
0 0 Vi 0
Hge = (7.14)
O ‘/ge (Sftrap 0
0 0 0 -A
A+0fpap O 0 O
0 Ofrap Veg 0
M, = Juap Vg (7.15)
0 Vego 0 0
0 0 0 —-A
A+20fiap O 0 0
0 5 ra ‘/ee 0
Heo = Juso (7.16)
0 ‘/ee 6ftrap O
0 0 0 -A

—1877Hz, V,. = —1892 Hz were the values

taken for the energy shifts in the DDI corresponding to the motional excitations while ¢ fiyap =
500 Hz was chosen as the difference in trap frequency for |0) and |1) states for both the traps.
Calculations for GRAPE pulse optimization were performed in the two-qubit computational
basis whereas the fidelity at the end of every GRAPE iteration was evaluated by transforming

the net pulse propagator into the triplet-singlet basis. The matrix for transforming a unitary
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in {|11),10),|01),]00)} basis to {|11),[¥*),]|00),|T ™)} basis is

1 0 0 0

H= 0 vz V2o (7.17)
0 1/vV2 —1/v2 0
0 0 0 1

Note that the ordering {|11),|¥™),|¥~),|00)} of basis states in the above transformation
matrix is different from the order {|11),|¥™) [00),|¥~)} we have considered so far. Ac-
cordingly, the target unitary in this modified basis ordering can be obtained by reshuffling

the rows of matrix Up in Eqn. 7.10:

0 1 0 O
, -1 0 0 O
0 0 &% 0
0 0 0 1

For the GRAPE optimization, however, the (3,3) entry of U ID was ignored and a modified

target operator was defined as

0O 1 00
-1 0 0 O
Op = (7.19)
0O 0 0 O
0 0 01

Optimizing for this modified operator corresponds to ignoring the antisymmetric subspace
spanned by |¥7). Essentially, the pulse was optimized only for the symmetric subspace be-
cause, as mentioned previously, if the pulse has a high-fidelity with respect to the symmetric
subspace then we can be certain that the fidelity in the whole two-qubit space is necessarily
high and there is no ‘leakage’ onto the antisymmetric subspace. In this manner, the GRAPE

pulse was made robust against thermal motional excitations.
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7.2 Superconducting qubits

In this section, I outline the ongoing work on the use of GRAPE pulses for implementing
quantum gates in superconducting qubits. The quantum system discussed here can be
described as an assembly of macroscopic superconducting electrical circuit elements that
produce the energy spectrum of a quantized weakly-anharmonic oscillator [388]. Typically,
the lowest two energy levels of this oscillator are used to define a qubit, which has a resonance
frequency in the MW regime. One of the main challenges when implementing any gate in
such a system is preventing leakage out of the qubit subspace. To this end, it is beneficial
to design control pulses that are optimized to avoid leakage [406]. Usually, a third energy
level is considered in the pulse optimization to account for the leakage, provided that its
population is minimized during the entire duration of the pulse. Along with this, it is also
necessary to implement the gate in the shortest possible duration as the coherence times of
superconducting qubits are extremely short owing to their macroscopic character. Below, I
illustrate how GRAPE can be used for designing time-optimal pulses that aim to prevent

leakage. I begin by describing the system Hamiltonian.

Single-qubit Hamiltonian

Consider a slightly anharmonic three-level energy spectrum with only nearest level coupling.
The internal Hamiltonian for such a system in the lab frame and in natural units (A = 1)

can be written as:

Ho = ij 7)1 = wo [0)(0] + w1 [L)(1] + w2 [2)(2| (7.20)

J
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where |5)(j| is the projection operator for the j™ energy level with w; being the corresponding

energy and
1 0 0
0)=1lo|: [L=|1]: [2)=1]0 (7.21)
0 0 1

The ground state energy wy is usually set to zero. The anharmonicity of the system is
0 = wy — 2w;. The resonance frequency of the qubit is typically around 5 GHz while the
anharmonicity is of the order of a few hundred MHz. Under the influence of a near resonant

MW driving field, the Hamiltonian of the system is

H= Z%’ 7)1+ Q(t)(a + ah), (7.22)

J

where Q(t) = Q,(t) cos (wqt) + Q,(¢) sin (wgt) with wy being the MW drive frequency and a,
a' are the annihilation and creation operators respectively. These ladder operators for the

three-level system can be expressed as:

010 00 0
a=[0)1|+A[1)2l= o 0 x|; a =10+ X2{1=]1 0 0], (7.23)
00 0 0 A 0

where \ is the relative strength of |0) <+ |1) transition to the |1) <> |2). For a transmon
qubit [407-411] considered in this work, which is only a weakly-anharmonic system, A = v/2,
as in a regular quantum harmonic oscillator. The operator (a + a) can be interpreted as a

o, operator on the {|0),|1)} and {|1),|2)} subspaces as

a+a = (J0)1] + [10]) + V2 (|1)2] + [2X1]) = 09! + V2012 =0, (T.24)
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Transforming the lab frame Hamiltonian in Eqn. 7.22 into the rotating frame (at drive

frequency wy) and making the rotating wave approximation, we get

O, (t Q, ()

=3 Al + 2, ¢ B0, (7.25)
J

where Ay = w1 —wg and Ay = wy —wg = d+24 are the detunings and o, = (' + \/50?1;2 =
i(a' — a) analogous to Eqn. 7.24. When wy = wy, i.e., the drive frequency is resonant with
the qubit frequency, A; = 0 and Ay = § is the anharmonicity. The matrix form for the

rotating frame Hamiltonian with a resonant drive is

000 0 1 0 0 —i 0

~ O, (¢ Q,(t

H=10 0 0|+ 2() 1 0 V2 +% i 0 —iv2|- (7.26)
00 ¢ 0 v2 0 0 iv2 0

Single-qubit gates can be implemented by controlling €2,(¢) and €,(¢). An important con-
sideration here when designing a GRAPE pulse is the definition of the fidelity function and
the form of the target unitary operator used for optimization. The GRAPE fidelity function

was defined as [181]
F = — {Up|PU(T)P)|* = % [! (OIULU(T)|0) + (LULU(T)[1) [P | (7.27)

where Up is the target unitary, d = 2 is the dimension of the qubit subspace, U(T) is the
GRAPE propagator and P = [0)X0| + |1)1| is a projector onto the qubit subspace. The
target unitary for any single qubit rotation is given by exp [—i#c%! /2]. The formulation of
fidelity function in Eqn. 7.27 ignores the subspace spanned by the |2) energy level and by the
same argument in the previous section on polar molecules, the fidelity in the qubit subspace
spanned by {|0),[1)} can be maximized to achieve an overall high fidelity for the GRAPE
pulse in the three level system. Although maximizing for such a fidelity function ensures that
the entire population remains in the qubit subspace at the end of the GRAPE pulse, it is

highly likely that the level |2) becomes populated during intermediate times as the GRAPE
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pulse progresses. At any point in time, it is undesirable to have a significant population
in level |2) because once level |2) is occupied then there is a chance of leakage onto higher
energy levels (|3),[4),...) of the oscillator. As a result, the fidelity function in Eqn. 7.27

alone is insufficient to guarantee that there is no leakage outside the qubit subspace.

One way to avoid leakage is by including more energy levels in the pulse optimization and
restricting the occupancy of higher energy levels. However, this approach is computationally
infeasible, especially when multiple qubits are involved, as the dimension of Hilbert space
increases rapidly. Alternatively, a penalty function can be defined which tracks the popu-
lation in level |2) at every time and imposes a penalty when level |2) becomes populated.
Thus, by modifying the above fidelity function to include such a penalty, the population
in level |2) can be minimized not only at the end of the pulse but also during the entire
duration of the pulse. In addition, we found that using a smoothing penalty (mentioned
in Chapter 2) to obtain smoothly varying control fields is useful to prevent the populations
in level |2) at any point in time; as smooth controls do not contribute to high frequency
components. The resulting GRAPE pulse is very similar to DRAG (Derivative Removal by
Adiabatic Gate) pulses [406] which are popular in superconducting qubit implementations

for preventing leakage.

Two-qubit Hamiltonian

Superconducting qubits are like macroscopic artificial atoms that can be coupled through
MW resonators using techniques of circuit quantum electrodynamics (cQED) [62]. Coupling
between two superconducting qubits is usually generated dynamically, unlike the J-couplings
in NMR spins which are inherently present. However, the particular device used by the Leek
lab for this work was tuned to generate always-on NMR-like couplings, as mentioned earlier
in Chapter 4. The internal Hamiltonian for such a two-qubit system in a doubly rotating

frame with a resonant drive for each qubit is given by (note that each qubit can be addressed
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using a separate drive, like in heteronuclear NMR spin systems):

00 0 00 0 00 0 00 0
Ho=|00 o|®I+Io|o o0 of|+J|o 1 0ofl®|0o 1 0 (7.28)
0 0 64 0 0 oy 00 2 00 2

where d/p is the anharmonicity for qubit A/B and J is the coupling strength (~ few
MHz) between the two (transmon) qubits. Usually the coupling between two transmons is
transverse (e.g., 0, ® 0, + 0, ® 0,) [412-414], but the system can also be engineered to
generate a longitudinal coupling of the form o, ® o, as in the above Hamiltonian [328, 415].
The qubits can be controlled through two independent MW drives, which can be expressed
by the rotating frame control Hamiltonian

Holt) = |50, @1+ =4

QB(t Q(t
ﬁ]l ® o+ ﬁﬂ ® oyl - (7.29)

* 2 2

oy 1

For GRAPE optimization, the fidelity calculation can be performed in the same way as
described for the single-qubit case, except that the operator P for projecting onto the qubit
subspace now becomes P = [00)(00] + [01)(01] + [10)(10| + [11){11].

The first preliminary goal of this project was to experimentally test GRAPE pulses for single-
qubit gates on a two-qubit device. Although we managed to design high-fidelity single-qubit
gates using GRAPE, the pulses did not, at the time this thesis was written, perform as

expected in experiments, and this remains a matter of ongoing investigation.



Chapter 8

Conclusions

This thesis presented some practical strategies for coherent quantum control and correspond-
ing example demonstrations for implementing quantum logic gates in experimental platforms

such as NMR, polar molecules and superconducting qubits.

First, in Chapter 2, I described Gradient Ascent Pulse Engineering (GRAPE), a powerful
optimal control algorithm for designing shaped EM pulses to achieve a wide variety of con-
trol related tasks. The popularity of GRAPE stems from the ease with which it can be
adapted in many experimental platforms as well as the convenience and flexibility it offers
in designing highly robust pulses by simultaneously handling several errors. The downside
of GRAPE, however, is that it is computationally expensive and its complexity grows ex-
ponentially with the number of qubits in the system. Like any other open-loop optimal
control algorithm, GRAPE requires several full-fledged quantum simulations of the system,
for which it is necessary to perform the computationally intensive operations of matrix ex-
ponentiation and matrix multiplication. Chapter 3 described strategies to avoid the explicit
evaluation of matrix exponentials, thereby speeding up the GRAPE algorithm by over an
order of magnitude and giving constant gains, independent of the size of the system. These
modest speed gains offer a more pragmatic approach to pulse engineering, even though they

fail to address the fundamental issue of scalability of the GRAPE algorithm.

Beyond GRAPE, this thesis also presented methods for designing spin-echo sequences that

132
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utilize inherent, non-switchable zz-couplings between qubits (as found in NMR and certain
realizations of superconducting qubits) for implementing any arbitrary network of Cz gates.
The method described in Chapter 4, based on linear programming, finds time-optimal pulse
sequences for fully-coupled systems having up to few tens of qubits and near time-optimal
sequences in systems with a few hundred qubits. Further, the analytic method based on
graph colouring, described in Chapter 5, gave near time-optimal sequences for engineered

systems with any number of qubits having only nearest and next-nearest neighbour couplings.

Some natural questions one might ask here concern how the above methods compare and
when to use which method. To answer these questions it is first necessary to understand
exactly at what level of the quantum computing stack these methods apply. Roughly speak-
ing, the realization of any quantum computation—from defining the computational task
to its actual implementation on the physical hardware—can be described in terms of four
levels of abstraction or ‘stack’ The topmost layer of the stack comprises a very high level
description of the problem and its corresponding quantum algorithm in terms of a quantum
circuit that maps the qubits and gates. In the next layer, the quantum circuit is expressed
in terms of native one- and two-qubit gates, taking into account the experimental platform,
available hardware and qubit connectivity. At this stage the expressed gate network is often
compressed and compiled and error correction schemes are also introduced. The third layer
involves control engineering, wherein the native gates are translated into EM field pulses
that implement the corresponding gates on respective qubits, while the final stage is related

to the interfacing and implementation of these control fields on the actual physical platform.

Quite evidently, the GRAPE algorithm accomplishes the task at the third level of the stack.
On the other hand, it is less obvious on what exact level of the stack the spin-echo based
methods fit in. These methods describe how to implement a given compiled network of
native two-qubit gates (here, ¢z gates) using spin-echoes in an efficient manner; however,
they do not provide any information on how to implement the echo pulses (NOT gates). As a
result, the spin-echo based method can be thought of as being at the interface of the second

and third level of the stack.
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Since the two approaches do not belong to the same level of the stack, it is not possible to
perform a one-to-one comparison between them. Moreover, GRAPE is applicable for design-
ing any given quantum gate, whereas the spin-echo methods are relevant only for producing
two-qubit gates, and only in specific systems that have zz-couplings between qubits. In
fact, when using GRAPE, one can directly implement any quantum circuit with arbitrary
gates without the need for decomposing the circuit into native gates; essentially omitting
the operations on the second level of the stack. However, the computational complexity of
the GRAPE algorithm restricts its utility to only a handful of qubits. Beyond a few tens
of qubits, the linear-programming based method is convenient for implementing native two-
qubit gates, which when combined with single-qubit rotations gives a universal set. Such
NISQ type systems usually have limited qubit connectivity, in which case, the sub-system
GRAPE methods described in Chapter 2 are useful for designing the echo pulses as well
as other single-qubit rotations. In systems which are engineered to have only local qubit
connectivity, the obvious choice is to use the graph colouring approach for implementing
two-qubit gates. Also in such engineered systems, each qubit can be addressed individually
which makes it easier to implement single-qubit gates. In summary, the methods described
in this thesis have specific regimes of operation and thus need to be used accordingly, and

in conjunction with each other.
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