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ABSTRACT.

1. INTRODUCTION

Many remarkably difficult conjectures in prime number theory take the form that
there are infinitely many primes in some set of natural numbers S. In many interesting
examples, we even have conjectured asymptotic formulas for the number of primes in S.
Thus, we think that there are infinitely many primes of the form p + 2, a® + 1, a® + b,
and so on.!

The generality of our belief is in stark contrast with the paucity of examples for which
we can prove our conjectures. In this paper, we are interested in the problem of finding
primes in sequences which occur as the special values of a polynomial in two variables.
For polynomials in one variable, only the linear case is understood, from the work of
Dirichlet.

A classical result is that there are infinitely many primes of the form a? + 0%. Indeed,
by a result of Fermat, primes of that form are essentially the same as primes of the
form 4a + 1, so that this reduces to a special case of Dirichlet’s theorem on primes in
arithmetic progressions. Let us define the exponential density of the sequence of values
of the polynomial P(a,b) to be

(1) inf #{P(a,b) < 7} < .

Then the density of the sequence defined by a? + 0? is 1, the same as the set of all
natural numbers.

It is much more challenging to prove a similar result when the sequence given by
P(a,b) has density less than 1. The first result in this direction was the breakthrough
of Friedlander and Iwaniec [4] on the prime values of a? + b*, which was followed by the
result of Heath-Brown [8] on primes values of a® + 2b%. Tt is worth mentioning that the
density of the sequence is not the only measure of difficulty, as no results are available
for prime values of a® 4 b® due to its lack of structure.

Aside from generalizations of Heath-Brown’s result to more general cubic polynomials
by Heath-Brown and Moroz [9], the theorems of Friedlander and Iwaniec [4] and Heath-
Brown [8] remain the only results of this type. In this paper, we add the following example
on prime values of a? + p*.

Theorem 1.

(2) #{a*+p* <x:a>0and a®+ p*is prime} = w4j$3/4 (1 +0 (4))
p — N p p log2 T € (10g ,Z‘)lie ’
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IEverywhere in the paper, p shall always denote a prime.
1



(3) J= /0 Nis

& I3

for x4 the non-principal character modulo 4.

Remark 1. The reader may check that the number of elements a®> + p* < x is well

. 3/4
approximated by %.

A little extra book-keeping would allow us to exchange (log313)1*€ for loig’ir. Our method
also applies to more general sequences a® + y* where y is restricted to a set Y which is

reqularly distributed and is not too sparse.

As in the works [4] and [8], the proof rests on establishing a level of distribution for the
sequence, and the estimation of special bilinear sums. The first appears in classical sieve
theory, and simply asks for good estimates for the remainder term in counting numbers of
the form a?+p* divisible by a given integer d, averaged over d. The bilinear sums estimate
is the ingredient which allows us to overcome the parity barrier, and as in previous works
is the most significant part of the proof.

One ingredient used in Friedlander and Iwaniec’s work on prime values of a® + b* is
the regularity of the distribution of the squares of integers, which allows them to use a
delicate harmonic analysis argument to extract certain main terms in their bilinear sum,
and prove that the error terms are small on average (see Sections 4-9 in [4]). This is the
portion of their work which overcomes the sparsity of their sequence.

This regularity does not exist in the case of squares of primes, and we need to develop a
method which applies for more general sequences. In particular, we prove a result about
the distribution of sequences in arithmetic progressions, which is similar in spirit to a
general form of the Barban-Davenport-Heilbronn theorem. In our case, for a? + p* < z,
we have p < z!/4, while the modulus appearing in our bilinear sum can be as large as
2127 We thus need an equidistribution result which holds when the modulus goes up
to nearly the square of the length of the sum, in contrast to the Barban-Davenport-
Heilbronn theorem. Since this result is of independent interest, we first illustrate our
result in the case of primes below.

Corollary 1. For (a,q) =1, let

5 Sag= 3 Am)An),

m,n<x
n=am mod q

Then for any A > 0, there exists B = B(A) such that

©) >y :

4
T T
S(.Z’,G,(]) TN
¢<Q amod g

<< P
log?

¢(q)
for Q < z*(logx)~B.

For our application, we will require a more general result which applies for sequences
satisfying the Siegel-Walfisz condition, which is essentially saying that the sequence is

equidistributed for small moduli (see Remark 5 for the precise definition). This is known
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in the case ¢(n) = A(n) by the Siegel-Walfisz Theorem so Corollary 1 follows immediately
from Corollary 2 below.

Corollary 2. Let ¢(n) be an arithmetic function supported on n < x satisfying the Siegel-
Walfisz condition. For (a,q) =1, let

(7) S(zia,q)= Y clm)e(n),

and let
2

0 S =Y o | i)

dlq n<x
(n,q/d)=1

Then for any A > 0, there exists B = B(A) such that for Q < z*(logz)™?

2

* X
9) > > IS(xa.q) — S(z;q)) < logAxHCTH”‘,

g<@ amodq

[e(n)[*r(n)*.

where ||c.||? =3

n

Corollary 2 follows from the more technical Theorem 2 stated in Section 8 which applies
to general sequences not necessarily satisfying the Siegel-Walfisz condition.

After using Corollary 2 to extract main terms in our bilinear sum, we still need to
estimate the sum of these main terms. In Friedlander and Iwaniec’s treatment, this is
estimated directly, and actually forms the bulk of their work (see Sections 10-26 in [4]).
The estimation requires a tour de force treatment of sums of the Mobius function twisted
by a quadratic symbol to modulus in several ranges, which leads to results of independent
interest (see Theorem 2 in [4] on average of spins).

However, we show that if the main goal is to produce an asymptotic for primes, this
difficult direct estimation can be avoided entirely by comparison with a simpler sequence.
In our case, we compare our a’ + p* with the sequence given by a? + p?, previously
studied by Fouvry and Iwaniec [2]. Essentially, once we have extracted the main terms in
our bilinear sums, understanding the bilinear sums for the sequence a® + p? is sufficient
for understanding the analogous bilinear sums attached to the much sparser sequence
a’? + p*. Analogously, the sequence a? + b* can be compared to the classical sequence
given by a? + b?.

For our result, we may also use the sequence a? +b? where b has no small prime factors
below (log x)#, but using the result of Fouvry and Iwaniec is convenient and elegant. We
now move to more precise definitions.

Since the number of n = a® + p* < x with p < 2'/*/log® x is bounded by

1 Sy e
p<z!/*/log® x q<\ [r—ph

we may assume that p > 2'/*/log” z. Fix an interval I = (X, X (1+7)] where 2'/2/log* z <
X < 2'? and = (logz)™'. In our treatment of the bilinear sum, we need the two se-

quences to behave alike even when restricted to small sets, so that it becomes necessary
3
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to introduce proper weights. Define the sequences A = {a(n)} and B = {b(n)} by

Y on=a2ipt 2plogp  if /x <n <z and (a,p) =1
(11) a(n) = p2el
0 otherwise,

and

S nmazp2logp if Vo <n <z and (a,p) =1
(12) b(n) = pel
0 otherwise.

Further, define

(13) T(A) = alp),

and
(14) T(B) = b(p).
p
We claim that it suffices to show
Proposition 1. With notation as abowve,
nx
15 A) —n(B —_—
(15) w(A) = 7(B) < gt

We verify that our main Theorem follows from Proposition 1 in the next section. Most
of this paper will be devoted to proving the Proposition.

2. SETTING UP THE SIEVE

Let us first verify that Theorem 1 follows from Proposition 1. Note that the condition
(a,p) = 1 in the definition of b(n) may be removed since

(16) Zlogp Z 1< /e
pel a<y/z—p?

pla

Then, by the work of Fouvry and Iwaniec [2] and summation by parts, we have that

(17) () = 2L+ Ollog™ /\/ — Pt

log x

where

(18) o=]] (1 - ;4_@1)) ,

p

for x4 the non-principal character mod 4. Thus Proposition 1 gives us that

1ogx/mdt(1+0( og' x))

Our main result then follows by partial summation, possible since the length of I is short.
To be precise, let I; = (X;, X;(1 + n)] be disjoint intervals for 1 < j < m such that

(20) Uil = (Y, 27,
4

(19) m(A)




where Y > =5~ Further, let A; be defined as in (11) with I = I;. Recall that = log.t’
and note that the number of elements a® + p* < x where p|a with p € I is bounded by

Z @ < /e

p2el p
Hence,
(21) #{a® +p* <2 :a*+ p* is prime and a > 0}
1 1
= —71(A) [1+0 [ —) ) +O(z"/?**
Z\/X»logX-W( J)< (logfv)> )
_ U+O<10g K Z/ Ve Y O(z 1/2+e)
N log \/—logt
20+0 (10g1 ¢ / m Oz 1/2+e>
B log x \/_
_ dor¥ / \/1—t4dt(1+0< >)
" log?x og' ‘x
(22)

Thus Theorem 1 follows from Proposition 4.
We now fix some basic notation. For C = {¢(n)} any sequence supported on /2 < n <
x, let

(23) (€)= _clp),

(24) Cqg= Z c(n),
din
and
(25) Rq(C) = [Ca — Ma(C))|,

for some My(C) depending on d and C.

We shall prove Proposition 1 by applying the same sieving procedure to both sequences.
As mentioned in the Introduction, this requires a level of distribution result and an
understanding of certain bilinear forms. We refer the reader to Friedlander and Iwaniec’s
asymptotic sieve for primes [6], Harman’s alternative sieve [7] and Heath-Brown’s proof
of primes of the form 3 + 2y [8] for several perspectives on this. Here, we develop what
we need from scratch along the lines of [8]. For our application, this eases some technical

details involving the bilinear sum. We begin by stating a level of distribution result for
A and B.

Proposition 2. Let

d
(26) o) = A0,
where p(d) denotes the number of solutions to
(27) a? 41 =0 mod d.
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Now define
(28) My(C) = g(d) / Vo= 2dt.

Then for any constants A > 0 and k > 0, there exists a constant B = B(A, k) such that

3/4
for D = (lgg—x)B’ we have

(29) Y T @dR(C) <

d<D

_r
(log z)A’

for both C = A and C = B.

For C = B, the Proposition holds in the larger range D < ( but we do not require

logz)B
this. Proposition 2 is a technical modification of a result of Fri)edlander and Iwaniec [5]
to allow for the weights we need and to include the 7(d)* factor. The derivation of
Proposition 2 is given in Section 3.

Fix for the rest of the paper § = (oglog2)” )42y — 71/3+1/48 The following Lemma

logx
begins our sieving procedure.

Lemma 1. For any 2° <Y < 2?79 and C = A and C = B, we have that

(30 (€)= S1€) = 5(C) - $u(€) + 0 (on ).
where
(31) $i(C) = S(C, ")
(32) S(C)= Y S(Cp)
(33) Ss(C) = Y S(Cyp)
Y <p<zl/2-9

Proof. By Buchstab’s identity, we have

(34) m(C) = S(C,a"*) =51(C) = H(C) = %(C) = >, S(Cp),
21/2=8 <p<p1/2

Using Selberg’s upper bound sieve, we have that

Z S(Cp,p) < Z S(Cpaxl/lo)

x1/2-8 <p<z1/2 x1/2-8 <p<zl/2

< Y Es 33 m@RL©

11/2_5<p§11/2 plogx x1/2—6<pgxl/2 d§x1/5
ox x
(35) <
logz  log”x
for any A > 0 by Proposition 2. O

While S;(C) may be handled via the Fundamental Lemma, and S3(C) can be readily
written in terms of a bilinear form in the right range, S5(C) requires more attention.

2The 1/48 in the following definition can be replaced with any positive number less than 1/24.
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Lemma 2. With notation as in Lemma 1 and ng = ;‘ffg}; + 1, we have
(36) S(C)= > (=N T () -Uu(C),
1<n<ng
where
(37) ™ (€) = Z S(Cpy..pns ),
2 <pp<..<p1<Y
p1...pn<Y
and
(38) U™ (€)= Z S(CplmanrinH-l)‘

w‘sgpmq <..<p1<Y
P1--Pn <Y <p1..pn+1

Proof. Let
(39) V(n) (C) - Z S(Cpl...pmpn)'
xégpn<...<p1<Y
P1.-.pn<Y

The proof of (36) follows immediately upon observing that Sy(C) = V()(C) and from the
identity

(40) V(e =1™e) -um™e) - verhe).
O

By Lemmas 1 and 2, in order to prove Proposition 1, it suffices to prove the following
two propositions.

Proposition 3. Let Q be a set of squarefree numbers not exceeding Y. Then for any
A>0,
x

(41) \ZS(Aq,x(S)—ZS(Bq,x‘Sﬂ«AI —

q€eqQ q€qQ 0g ¥

Note that Proposition 3 immediately implies that
x
(42) 151(A) = S1(B)| <4 —
log”™ x

Since ng < 1/§ < log z, Proposition 3 also implies that
43 TO(A) — TO(B)] <4 —
(43) > A - TOE) <

1<n<ng

The rest of the pieces from the decompositions in Lemmas 1 and 2 are handled below.

Proposition 4. For any A >0 and n > 3,

(44) S5(A) — S5(B)| < ———, and

log” x
(45) U™ (A) = U (B)] < ——.

log”™ x
Forn <2,

onx
(n) _ym

(46) [U™(A) - U (B)!<<10gx-
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Propositions 2 and 3 are proven in Sections 3 and 4 respectively. We reduce the proof
of Proposition 4 to a related statement about bilinear sums in Section 5, which is in turn
proven in Sections 6 and 7.

3. LEVEL OF DISTRIBUTION

Here, we prove Proposition 2. Let

(47) I (X, X(1+ ﬁ)]

with X € I satisfying X > g;f’ and 77 = log™z is a parameter to be determined.
Define the sequences A and B by

> nea? it 1 if \/r <n <z and n is squarefree
(48) d(n) = p2€f
0 otherwise,
and
~ Yon=azi2 1 if /o <n < x and n is squarefree
(49) b(n) = pel
0 otherwise.

Friedlander and Iwaniec’s main result in [5] gives that for

(50) Zp_l Vo —pt,

P 2e]
and
—1
(51) Z VI 7
pEI

and any A > 0, there exists B = B(A) such that

34
(52) > Ry(A) <4
d<D log”
and
(53) Z Ry(B) <4
d<D log z
for D = 7% Let us choose B = B(A) so that A > 2A.

For Clarlty, we first record the following trivial bounds.

Lemma 3. For A > 24, we have

N o 3 LB/

(54) S A< Y (Ratd) + M) < o
d<D d<D

(55) > Bi< Y (RalB)+ Ma(B)) < = ngx



Proof. We have

S A Y ) VY Y gl

d<D d<D p2efd<D

logA T
where we have used that g(d) < % where 7 is the usual divisor function. The proof for
B, is similar. O

Now, by construction,

=" VX log Xa(n) (1 +O(i)

IeU
and

=Y _log Xb(n) (1+0(1)).

IeU

where U is a disjoint cover for I consisting of intervals I. We ask that each I € U
satisfies (47) and that #U < 1/#. This is possible simply by setting all of the I to be
of the form (X, X (1 + 7)] except for the last interval which can be shorter if necessary.

Of course, the point of restricting our attention to shorter intervals I was to facilitate a
crude summation by parts, an example of which is below.

Lemma 4. We have that

(56) > VX log XMa(A) — Ma(A) < g(d)ije
IeUu

and

(57) Z log X My(B) — My(B) < g(d)jz.

Proof. We have that

Z\/_logXMd )=g(d Z\/_logXZ \/at—i—Md

Ievu Ievu p2el
Z\/_logX/ \/—x—t4_—Md(A)+0(g(d)l . )
og” w
IeU

for any A’ > 0, by the Prime Number Theorem. For ¢2 € I, we have that Vv X log X =
2tlogt (14 O(n)), so that the sum above is

g(d)Z/t2EI2t\/mdt(1+O( ) — (A)+O( (d)—~ )

A
log” x
Ieu &

o) [V o) - Vi) + 0 (s )

log™ x
< g(d)ilIVz,
by taking A’ large enough. This suffices since |I| < y/z. The proof of (57) is similar. O

We now prove an intermediate result.



Lemma 5. With notation as above,
58 Ry(C) €« ————
(53) > Ril) < -

for both C = A and C = B.

Proof. We write the proof for C = A, the case C = B being similar.

Z Rq4(A) < Z |Ag — Z 2X log X Ag| + Z 2X log X| Ay — My(A)|

d<D d<D ieU ieU

+ |22X log X Ma(A) — My(A)|
Ieu

<X log X > Y A+ X1og X > > Ra(A) + 7z Y g(d),

fey d<D fey d<D d<D

by 4. Since A > 2A’, we apply Lemma 3 to the first term and see that the above is
bounded by

logX = logX =z .
N & & T + fzlog’ r <

59 — —_—.
(59) 7 loghz 0 loghx (log )42

g

We want to prove a version of the above lemma which includes a 7(d)* term. In order
to develop this, we first state an elementary Lemma.

Lemma 6. For any n > 1, there exists a diwisor d|n such that d < \/n such that
(60) 7(n) < 27(d)%

Proof. Assume n > 1. Let djn with d < \/n be such that 7(d) is maximal. Write
n = dd’, and note that d’ > 1. By maximality, any prime divisor p|d’ satisfies pd > \/n
so that d'/p < y/n. Again, by maximality, 7(d’/p) < 7(d). Thus we have that 7(n) <
7(d)7(d'/p)7(p) < 27(d)*. m

Now we prove the following trivial bound.

Lemma 7. Recall that D = x?ﬁx. For C = A and C = B, we have

log
(61) Z 7(d)*Cy < x(log x)QQHB
d<D

Proof. We prove the result for C = A, the proof for C = B being essentially the same. By
Lemma 6,

> (@A <> () a(n)

d<D
< Z T(d)2k+2Ad,
d<\/xz
10



by Lemma 6. For d < \/x,

Ad<D plogp > 1

p2el a<~/T
a?=—p* mod d
(a,p)=1
< g(d)vzy _ plogp
p2el
< g(d)x.
Using the bound g(d) < %d), we have
d)2k+3
Z T(d)* Ay < x Z i 21 < x(logx)z%H.
A<z A<\
O
Now, we are ready to prove our version of the result.
Lemma 8. With notation as above,
x
(62) Y (@) Ra(C) < YIS
= (log )A/2-1-2
forC=A and C = B.
Proof. By Cauchy-Schwarz, we have
1/2 1/2
>t < (T rorn) ()
d<D d<D d<D
1/2 1/2
< (Z T(d)**(Cy + Md(C))> (Z Rd(C)>
d<D d<D
12 . 1/2
< (:E log x 24k+3> (— ) )
(log 7) (log x)4—2
by Lemma 7, which concludes the proof. l
Since A was arbitrary, this suffices for Proposition 2.
4. APPLICATION OF THE FUNDAMENTAL LEMMA
We now prove Proposition 3. Recall that we are interested in studying
(63) > 5(Cy 2%,
q€Q
forC=AorC =08, 0= (loglogx)Q, and ) a set of square-free numbers not exceeding

log z
Y. The level of distribution provided by Proposition 2 is sufficient to derive the correct

asymptotic for this quantity, with a small error term. To be precise, we apply an upper
and lower bound sieve of level of distribution z1 so that the sifting variable s = 4—15. For
z > 1, we use the usual notation

(64) V(z) =TT~ 9).

p<z
11



By the Fundamental Lemma (see e.g. Corollary 6.10 in [4]) and Proposition 2, we have

D 8(C ") =V(®)> glg /\/x—tht (140 (exp (—(4)™)) +0 | D D RulC

qe@ qe@ 9€Q d<gl/4
)Y glq /\/x—t2dt (1+0( >) +0 | > 7(d)R4(C)
q€Q Og X d<x3/4—1/8
Zg /\/x—t%lt (1—1—0( )) + O(zlog™* 2)
o log™ «

for any A > 0. Note that the last line is independent of whether C = A or C = B. Thus

ZS(Aq,x ZS (B, 1) < /\/x—thtZg + zlog™*

qeQ q€eQ q€Q

og T
< zlog™4F
upon noting that ¢g(q) < ?.

5. REDUCTION OF PROPOSITION 4 TO A BILINEAR FORM BOUND

We first rewrite UM and U® into a more convenient form.

Lemma 9. For C = A and C = B, and UY) as defined in Lemma 2,
onx
U0 = Y SGur)t S SCanr) 0 ()

s log
20 <po<p1 <Y 20 <po<p1 <Y
Y <p1pa<al/?79 p1pa>zt/2+o
onx
65 = vy +uPe)+o
(65) o)+ o) +o (),
and
(2) (57’]1’
U(C) = Z S(Cpipaps P3) + Z S(Cpipapss p3) + O log =
20 <py<..<p1<Y 2 <p3<..<p1<Y
p1p2<Y <p1pops<z!/27° p1p2<Y <p1p2p3
p1paps>xt/2H?
onx
66 = UPeC)+UP1C)+0 .
(66) o)+ U)o (o
Proof. To prove (65), it suffices to show that
onx
(67) Z S(Cpipsy p2) < logz’

2’ <pa<p1<Y
@L/2=0 < po < /240

In the sum above, py > 2'/279 /p; > 21279 /Y > 21/10 50 that by Selberg’s upper bound
sieve, and Proposition 2, the left hand side of (67) is bounded by

Y SCme <y L

log x Pip2
0 <pa<p1<Y & 2/ 0<py<p1 <Y
21/276 < po <l /248 21/270 < po < 1/2H0
onx
(68) )
log

12



Similarly, to prove (66), it suffices to show that

onx
(69) E S(Cp1p2p37p3) < ] .
s ogxT
z° <pz<p2<p1<Y
p1p2<Y

x1/270 <pypopg<al/2H?

In the sum above, ps > z'/272/Y > /19 50 by Selberg’s upper bound sieve, and
Proposition 2, the quantity on the left hand side of (69) is bounded by

3 S (Cpypapnr /1) < o 3 .

log x
x§§P3<p2<};D1<Y S 35/1/10<p3<p2<p17Y P1p2ps3
< 1/2—6 1/246
11/2_55;1:[);2173 <gl/2+8 z <p1p2p3<z
onx
(70) e
log x
O
For n > 3, in the sum in U™ (C), we have
ntl _
(71) Y <proppsr < (pro-pn) = < Y43 < 21/279,

Similarly, we have the same range Y < py...p,41 < /27 for S5(C), Ul(l)(C), and Ul(z) (C).
Indeed, for notational convenience, let [(n) denote the least prime divisor of n. Then
S3(C), Ul(l)(C), Ul(z)(C) and U™ (C) for n > 3 are all of the form

(72) S 5(C 1a)).

q€Q

where () is a subset of
(73) Q ={Y < q < 2?70 ¢ is squarefree}.

Moreover, the sum S5(C) + U"(C) + U (C) + > 3cnen, UM(C) is also of the form (72).
The exception to this are Ug(l)(C) and US” (C) which can still be written in the form
(72) but where for U2(1)

(74) Q={pip2 > &"*"° 12’ <py < p <Y},
and for US?(C)

(75) Q= {pipaps > 2" 2 <py <py <p1 <Y and pipy <Y < pipops}.

We would like to ease the dependence of these sums on I(g), for which we prove the
following Lemma.

Lemma 10. Let J = [V,VU+%) . Then with Q any set of squarefree numbers,

(76) S [S(Corllg)) — S(C V)| < K2+
qeQ log”™ x
lg)et

for any A > 0.
13



Proof. We have that

> 18 U@) =SC V< Y, DG

q€Q p1,p2€J qEQ
l(q)eJ P1#£p2 p1p2q

Z Z c(p1pan)

p1,p2€J n

< Z My, (C) + Rpipy (C))

p1,p2€J

s
< )
Z ]91]?2 (logA x)

p1,p2€J

for any A > 0 by Proposition 2. Noting that

(77) Z <k

P P1p2

completes the proof. O
Now, let
(78) J(m) — [x(n+1)m5’x(n+1)m+16>’
and let M < (k6)~! be such that z°+D™ > Y. Recalling § = bgli% by Lemma 10
we have
(79) ZS Cy, U(q) Z Z S(Cpy x" ™) < Kz log .
qeEQ m<M qeEQ
l(q)eJ (m)

Picking x = (log x)~*~! makes this error bounded by z(logx)~.

Thus, it suffices to show that for fixed m and @ of the form given in (73), (74) or (75)
that

(80) Do IS (At — S8, 20| € o
gy og” x
lg)eJ(m)
for any A > 0.

Now, we may write

(81) Z S(C,, x" D™y Z nyq)\tc qt),
9cq 9c@ 't
Z(Q)GJ(m)

where 7, is the indicator function of ¢ € @ with [(¢) € J(m) while ), is the indicator
function of numbers ¢ without any prime factors below z(++1™9.

Recall that Y = 2!/3+1/48 5o that 2/Y? = 2'/4¥1/24 In the case where @ is of the form
(73), q € @ satisfies

(82) gV <y < g < 2t/
When @ is of the form given in (74) and (75), A is supported on
(83) gV < x/2v? <t < 2?0

Hence, (80) and therefore Proposition 4 follows from the Proposition below.
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Proposition 5. Suppose x'/*t¢ < N < 2279 Then, for any coefficients a,, and By,
satisfying o] < 1 and |G| < 1,

x
(84) Z Z BrCtm (a(mn) — b(mn)) < "
N<n<2N m<z/N 0g T

(m,n)=1

for any A > 0.

6. THE BILINEAR FORM OVER (GAUSSIAN INTEGERS

Our purpose is to prove Proposition 5. The form a? + p* is a special value of the norm
form of the Gaussian integers, and we now take advantage of that structure.
For w, z € Zli], let N(w) denote the usual Gaussian norm and

(85) Si(z,w) = Y 2plogp,
p?el
Rwz=p?
and
(86) So(z,w) = Z log p.
pel
Rwz=p

Note that both sums are either empty or contain only one term. We would now like to
convert the sum over m and n present in Proposition 5 to a sum over Gaussian integers.
We shall call v € Z[i] primitive if v is not divisible by any integer prime.

Lemma 11. Let v € Z[i] be primitive, and m be a positive integer such that m|N (7).
Then there exists exactly four choices for X € Z[i] such that |y and N(\) =m.

Proof. Write the prime factorization of m as

(87) m=q..q,

for integer primes ¢ and where repetition is allowed.

By primitivity of « any prime divisors ¢ of m cannot be inert in Z[i] and so satisfy
q = 77 for some prime 7 in the Gaussian integers. Suppose without loss of generality
that for each g = w7 that m¢|y. Then

(88) A= f[ﬂ'k

satisfies A\|y and N(\) = m.

Suppose that X' € Z[i] also satisfy \'|y and N(X') = m = N(X). To check that there
are exactly 4 choices for A, we want to show that A and A" are associates or A and )\ are
associates. Since
(89) A =NV,
we see that for any Gaussian integer prime |\, either 7|\’ or 7|\. Let us assume without
loss of generality that m|\. It suffices to show that m;|\ for all k. But

Tk T N = 7Tk’5\l = ﬁkp\/.

Thus if the above holds, we have 77|, a contradiction to the primitivity of . O
15



By Lemma 11,
(90) a(mn) = 411 Z Z S1(z,w),

and

(91) b(mn):i S Y S(uw).

N(w)=m N(z)=n
We let . = Bn(z) and ay, = an(w). It now suffices to show that

X

(92) ZZBZO‘W (S1<z>w) - SZ(Z’w)) <4 A

log” x

for any A > 0, and for coefficients (3, and «, satisfying |3,| < 1 and |a,,| < 1. Further, g,
is supported on primitive z satisfying N < N(z) < 2N and «,, is supported on primitive
w such that N(w) < M := x/N. For the rest of this section, fix A > 0.

Let 0(z) = arg z € [0,27) and

(93) R=R(A)={z€Z[i]: N < N(2) < 2N,|0(z) — kr/2| < (logz)~* for k € Z}.

We first note that we may discard the part of the sum (92) with z € R. For this, write

z=x+ 1y
w=u+ 1.
Lemma 12. Suppose that both z and
(94) q = Re wz = ux + vy

are fized. Then the number of possible w is

(95) < @

VN
Proof. We have either z > v/N or y > v/N. We deal with the case z > v/N, the other

case being similar. Since z is primitive, (z,y) = 1 so we may write

(96) v=79q (mod x).

Thus, there are < \/% choices for v. Once v is fixed, u is uniquely determined by
(94). O

Lemma 13.
(97) Z Z B.a,,S;(z,w) < z(logz)™*
ZER w

for 3 =1,2.
16



Proof. We apply Lemma 12 to get

ZZﬁzawSl zZ,w) K ZZplogp Z

zER w zER p2el
P Rewz =p?

< \/%Zplongl

pQEI 2ER

M
<4/ NN(logx)_A Zplogp
p2el
< z(logz)™ .

In Sy(z,w), the sum is simpler and we get

Z ZﬁzawSQ,zw <<\/7Zlogp21

ZER w pel ZER
>V N

< z(logz)~ .

We also restrict the sum over z to satisfy either

(98) 6(z) € [0, )
(99) 0(z) € [r,27).

b
The treatment of both regions is exactly the same. In the sequel, let Z denote a sum

over primitive z supported on N < N(z) < 2N and z ¢ R and z satisfies either (98) or
(99).

Then Cauchy-Scharwz gives that
(100)

Zaw Zb B.(S1(z,w) — Sa(z,w)

w

2

(S1(z,w) — Sa(z,w))| ,

where we now extend the sum over w over all Gaussian integers w satisfying N(w) < z/N,
possible by positivity.
By Lemma 13, it suffices to show that

(101) Zb BBy Y (S1(z1,w) = Sa(z1,w)) (S (22, w) = Sa(22,w))

21,22 w

Lemma 14. The contribution of the diagonal term z; = 2z in (101) is
(102) STIBY  (Si(zw)? = 281 (2,w)Sa(z, w) + Sa(z,w)?) < ' N

17



Proof. Since it is impossible for Rwz to be both a prime and the square of a prime,
S1(z,w)Sa(z,w) = 0. Let us record the trivial bounds

(103) DY Sizw) <Y | D 2plogp | TH(n) < 2t

nlz \ a24pi=n
p*el

and similarly

(104) D) Sz w) <zt

z

Now

ZZSl(z,w)Q + Sy(z,w)? < \/YlogXZZSl(z,w) +10gXZZSl(z,w)

(105) <z
by (103) and (104). This suffices since N > x/4+e, d

Thus, in considering (101), we will assume that z; # z5. For any pair zj, 25, let
0 = 0(z1,22) = arg zp — arg z; denote the angle between z; and z,. Moreover, let A =
A(z1, 20) = Im Z129 = |2129] sin 0(z1, 22). Note that z; and z; being primitive and z; # 29
implies that 6 # 0. Further, the restriction of either (98) or (99) implies that 6 # .

Hence A # 0.
If we write
(106) Re wz; = ¢;
for i = 1,2, then
(107) w = —iA (21, 20) (120 — @221).
Of course, we must have
(108) G172 = @2z1 (mod A).

Let C(q1,qo, 21, 22) be the statement that ¢1,ge, 21 and zy satisfy (108). From (107) and
since N(w) < x/N, we have the additional condition

[ x
(109) 122 — go21| < [A(z1, 2)) N

We would much rather the condition in (109) does not exist. To ease this condition,
we dissect our sum in (101) into smaller pieces.
To be precise, for some parameter L to be determined, let

(110) w = (logz)™*,

and let I = (X, X(1 + n)] be a disjoint union of intervals J of length < Xw. We need
< 1/w such intervals to cover I.

Further, split the sum over z; and 2z, into regions of the form U, where each U is
contained in a square of side at most v/ Nw. The number of regions needed is 1 Jw?. Now,
write € (Uy,Us, J1, J2) as the condition that all (21, 22, q1,q2) € Uy X Uy X Jy X Jo satisfy
(109). Also, let (U, Us, J1, J2) be the condition that there exists some (z1, 22,1, q2) €
Uy xUs x Jy X Jo which satisfies (109), and there exists some (21, 25, ¢}, ¢) € Uy XUa X Jy X Jy
which does not satisfy (109).

18



For brevity, let

(111) fla) = {Eplogp ftflejwie,
and
(112) 9(q) = {logp h L

0 otherwise.
Set
(113) ha) = fa) — 9(@).

For any J C I, we have by the Prime Number Theorem that

(114) St =0 (e ).

c
ey log™ x

for any C' > 0. This is a result of our choice of weights.

Remark 2. To ease notation later, we restrict our attention to those zi,zy such that
A(z1,29) > 0, the case Az, z2) < 0 being ezactly the same. Henceforth, this condition

b
shall be included in Z )
For ul,UQ, Jl, J2 S&tiSfyil’lg Ql (Z/[l, Z/{Q, Jl, JQ), set

b
(115) T, Uy, Ji, o) =D | D h@)h(g)
z1E€EUL q1€J1

22 E€U2 q€J2
C(q1,92,21,22)

and otherwise, set T'(U;,Us, J1, Jo) = 0.
Further, let

(116) T’(L{l,UQ,Jl,JQ)=Zb > Ih(a)h(a)].

z1 €U Q€1
29€U> q2€J2
C(q1,92,21,22)

Then (101) reduces to proving that for any constant C' > 0,

N
(117) > T U, i )+ Y (T, U, 1, )| <o e
Uy Uz, J1,J2 Uy Uz, J1,J2 og ¥

C1 (U Ua,J1,J2) Cao (U Uz, J1,J2)

Since L may be freely chosen, it suffices to prove the following Proposition.

Proposition 6. With notation as above, for any constant C' > 0,

N
(118) T(Uy, Uy, Iy, Jo) ¢ ——
log™ x
Further,
xN
119 T (U, Us, Jh, Jo) K ——5—.
(119) > (U, U, Ty, J2) logr 21

U Uz, J1,J2
Co (U U2,J1,J2)
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7. PROOF OF PROPOSITION 6

To prove the Proposition, we want to study sums of the form

(120) S = St T, ) = S hala)ha(ge).

z1E€EUL qEJ1
22€U2 q2€J2
C(q1,92,21,22)

We may assume that  is large enough for 2° > 2(log 2)? to hold as otherwise Proposition
6 is trivial.

We begin by recording the following useful counting Lemma.
Lemma 15. Fiz D > 0 and let x1,29 > 1 with d, = (x1,29) = (x1,D) = (29, D). We

b
call a pair (y1,y2) admissible if z; = x; + 1y, satisfies all the conditions present in Z ,
A(z1,29) = D, and such that d, == (y1,y2) = (v1, D) = (y2, D) > d,. Let H(xy,x2) be
the number of admissible pairs (y1,ys2). Then
(121) H(xy,25) < (logz)*4.

Proof. Let D, = D/d,, u; = x;/d, for i = 1,2 and (y1,y2) be an admissible pair. Then
A(z1, 22) = D gives

(122) U1Yo — Uy = Dy,
Thus,
(123) Yo = u_lDa: (mOd u2)7

so that the number of choices for y, is

VN VNd,

124 < ——+1< +1<log’z,

(124) dyus d,v/'N(log z)~4 &

where we have used that z; ¢ R implies that 2; > +v/N/(logz)?. The same holds for
Ya. ]

Remark 3. Lemma 15 holds with vy; in place of x;. That is, for fixed y1,y2, we may prove
the same bound for the number of admissible pairs (x1,x2).

Now we note that we may essentially assume that ¢¢ is coprime with A(zq, z2) in the
sum S in (120).

Lemma 16. In the sum S in (120), if either h; = g or hoy = g, then we have (q1q2, A) = 1.

Proof. Indeed, in those sums, either ¢y = p € I or ¢o = p € I. On the other hand, p €
implies that p > X > 2N > |A(z1,22)|, so p f A. On the other hand, since N(z;) is
squarefree, (108) implies that (¢, A) = (g2, A). O

Lemma 17. We have that
b
(125) Z Z 4dp1po log pr log py <K .

21,22 p?.piel
C(p? p2,21,22)
(P1p2,A)>1
Proof. Suppose (p1, A) > 1so p;|A. But the condition C(p?, p3, 21, z2) and the primitivity
of z; implies that p;|ps so p; = py. Since p? > X > 2N > |A|, we have from (108) that

(126) 29 = 21 (mod A/pl)
20



Write

(127) .

and let d, = (21, 22) and d, = (y1,92). Without loss of generality, assume that d, < d,,.
Then there are < v N /d, choices for x; and once x; is fixed, the congruence

(128) r1 =x9 (mod A/p)

gives pv/N/A choices for z,. If we further fix A(z, 2,), we see by Lemma 15 that the

number of choices for (z1, 23) is bounded by g—si(log 7)?4 choices.
Thus, the contribution of terms where p;|A is bounded by

> pPlog’p > Zb L < (loga)* ) pPlog?p ) ) g]c\l[

pel D<2N 21,22 pel dp>1 D<2N
plD  A(z1,22)=D dzp|D
z1=z2 mod A/p

N
< (logz)*4 Zp2 log? p Z = log N

pel de>1 %
< (log z) 2Nz 1/?
(129) <z,
since N < /279, O
We begin by noting that we may essentially assume that (g1, A(21,22) = 1 in the
sum S in (120).

If (¢;,A) =1, (108) is equivalent to there existing a (mod A) with (a,A) = 1 such
that

¢ =agy (mod A)
(130) azg =2z (mod A).
By Lemmas 16 and 17, we may rewrite S from (120) as

(131) s=3" 3 Y(a,D)Z(a D) +O)

D<N amod D

where
b

(132) Z(CL;D) = Z 6215227

A(Z?PZSZD

azo=z1( mod D)

21 €U ,220EUs
and
(133) Y(a,D)= > hi(q)ha(g).

Q1€J1,q2€ )2
q1=aq2 mod D

(q192,D)=1
In the above, we have (¢1q2, D) = 1 whenever either of hy or hy is ¢ by Lemma 16. If
hy = hy = f, we may eliminate terms for which (¢1g2, D) > 1 with an error of O(z) by
Lemma 17.
The rewriting of S in (131) separates the sum Z(a, D) containing arbitrary coefficients
3., from the congruence sum Y (a, D). This key procedure has transformed the sum into

the right form for us to extract the main terms from S using Corollary 2. Of course,
21



we also need some understanding of the size of Z(a, D) for which the following second
moment bounds suffices.

Lemma 18. Let

(134) Z(b, D) = Zb 1.

21,22
A(z1,22)=D
aze=z1( mod D)

We have

P N2
(135) > ]Z(b,D)]2<<(logx)4A+33.
b mod D

Proof. For a given pair (21, z) which appear in the sum for Z(b, D), we once again write
z; = x; +iy; for j = 1,2, d, = (21, 22) and dy, = (y1,y2). Let Z.(b, D) denote the same
sum as Z(b, D) with the additional condition that d, < d,, and let Z,(b, D) denote the
rest. Clearly |Z(b, D)|? < 2(|Z.(b, D)*> + |Z,(b, D)|?). By symmetry, it suffices to prove
the bound (135) with Z,(b, D) in place of Z(b, D).

Note that the congruence
(136) azy = z mod D

along with the condition that A(zq,2;) = D implies that d, = (z;, D) and d, = (y;, D)
for j = 1,2. Then for H(z1,22) as defined in Lemma 15,
2

STZeD)P< Y Y H(aa)

b mod D bmod D |z1=bxs mod D

< (log )™ Z* Z 1

bmod D 1,220},
x1=bx2 mod D
x| =bx}, mod D

= (lOg x>4A Z doc

x1,%2,L] )
z1xh=r]x2 mod D
In the above, d, = (x1,22) = (2}, 2}) is simply the number of b mod D such that z; =
bxro mod D. Given xixf, the number of choices for the product xex)] subject to the

condition z12% = zo2} mod D is bounded by ¥. From this, we see that

Z d, < Z d, Z %T(xlx;)

x1,22,] T de<V2N  z1<V2N
z1zh=x2x] mod D xég\/ﬁ
dy|(21,25)

N2
< i(log N)3.

Thus,
‘- N2
> 12,06, D < (loga)* -
b mod D
U

Remark 4. Note that trivially | Z(b, D)| < Z(b, D) so that Lemma 18 applies with Z(b, D)
replaced by Z(b, D).
22



We also record the following convenient lemma.

Lemma 19.

(137) > Zb 1= Zb 1 < DN loglog .

D<D<2D 21,22 21,22
- A(z1,22)=D D<A(z1,22)<2D

Proof. Again, write

(138) 2y = T + iy

for k € {1,2}. We may assume without loss of generality that z; > 0. Since z; € R, we
VN

logd z*

must have x; >

For fixed x1, x5, the number of y;, yo with A(zy,22) = D is < wﬂlv(xl, xg9). Thus,

VY Y Y L« wologloss
1

<2 @Sd[|)D<2© 10§z <§21<<\/N
d=(z1,x2)
O
Now let
Y(Jl) = Z hl(q)>
qeJ1
(139) Y(h) = ha(g),
qeJ2
and
1
Yi 0o (D) =Y (D) = MY(Jl)Y(Jz)-
(140)

If hy or hy is g, Y (d) is the expected value of Y (a, D).
If hy = hy = f, note that p? = ap3 mod D implies that a = b* mod D for some b, and
s0 p; = obpy mod D for 02 = 1 mod D. Here, Y (a, D) = 0 if a is a nonresidue mod D so

(141) 3" Y(a,D)Z(a, D) = ﬁzr N Yi(ob, D)Z(1?, D),

a mod D o  bmod D
where
(142) Yi(ob, D)= > f(p})f(p3)
pie
pies

p1=cbpz mod D

When hy = hy = f, Y(D) is the expected value of Y;(cb, D) while R(D)Y (D) is the
expected value of Y (a, D) when a is a quadratic residue modulo D.
The following proposition makes the above discussion precise.

Proposition 7. For hy = g or ho = g, let

(143) eN)=>" Y (Y(a.D) - Y(D)) Z(a, D).

D<N a mod D
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Then for any constant C' > 0,
N

(144) EN) <¢ ——-
log™ x

For hy = hy = f, let
1 r *
5) &)=Y o > D (kD) - ¥ (D)IZ0%, D))
D<N o bmodD
Then for any constant C' > 0,
N
log® =’
Proof. We first prove the bound (144) for £. We prove the result for hy = g and hy = f.
The case hy = hy = g is easier and the case h; = f and hy = ¢ is the same. We write

e=Y" 3% ) (Y(a,D) - Y(D)) Z(a, D)

D<N a mod D peJy

=Y > fp Z* > glg) - 1;(((1]72)) Z(ap®, D).

D<N peJy a mod D q€J2

(146) £/(N) <c

oy 1/2
* Y (J2) 4A+2 "
D<N peJy a mod D q:gfn{)gd b D<N
oy 1/2

<YNog ™ [ S0 5 | Y gl - 22

D<N a mod D q€J2
g=a mod D

Now it suffices to show that

* Y (Js) x
(147) Z Z Z Q(Q)—¢(D) <c log—cx’

D<N a mod D qE€J2
g=a mod D

for any C' > 0. This follows by the Barban-Davenport-Heilbronn theorem (see, e.g.
Theorem 9.14 in [4]), and noting that /z > X > \/z/log* x while N < x1/279.

It is necessary to use Corollary 2 in the bound for £;. Here, similar to before, it suffices
to show

(148) 3 ﬁ SN Yo, D) - Y(D)P <

D<N o  bmod D

2

logC x

for any constant C'. But the left hand side above is simply

(149) S ST Y6, D) — V(D)

D<N bmod D
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and since the primes satisfy the Siegel Walfisz condition, we may apply Corollary 2 to
complete the proof. O

By Proposition 7,

(150) s=Y ST vz D)+OC< ”“"]CV )

D<N a mod D lOg x

for any C' > 0. On the other hand, by the Prime Number Theorem

(151) Y(Jz-)zlJilJrO( @ )

log™ x
so that
1 x
152 Yie(D) =Y y(D) =Y, (D) + Y, (D) € ——F+—
for any constant C' > 0. Thus for any C' > 0,
xN
TU,Us, Ji, Jo) < Z S 1Z(a,D)| +
D<N (b )amodD log X
N
> o e
log :L'D<N§Z5 ~ log® z
A(zl z2)=D

d loglog ®
2 Vi I VDM

DID2D  ?1,%2
A(zl,ZQ)—D

log x

< N
log“ 2z

d
for any C' > 0 by Lemma 19, and where Z denotes a dyadic sum over ® powers of 2

D
satisfying ® < 2N. This suffices for the proof of the first assertion of Proposition 6.
For the second assertion, note that it suffices to show that

N
(153) N Sl ) <
Uy Uo, J1 log
1,U42,J1,J2
& (Uh Uz, J1,J2)
for S as defined in (120) where 3., = 5., = 1. Again by (150), it suffices to show that

xN

(154) E= ) |J1HJ2]Z¢ >Z (D)Z(a,D)<<IT

U Uz, J1,J2 D<N a mod D 08 x
o (Ur Uz, J1,J2)

We have

(155) E<wX Y Y Y ﬁ Zb 1.
Us Uo DN N (ujzié{?} - A(zi;g:[)
z1€U1,22€EU>
Lemma 20. For fizedU,,Us and D, the number of choices for Jy, Jo subject to Co(Uy,Us, J1, Jo)
is < 1/w.
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Proof. Let X; = inf J;, and fix Z; € U;. Then Co(Us,Us, J1, Jo) implies that there exists
q; € JZ and Z; € Z/[Z such that

T
(156) D,/ N > |qpze — @] = | X125 — XoZi| + O(wWXVN),

and that there exists ¢} € J; and 2] € U; such that
(157) Dy <ldi# = 1] = [X12, = XaZ| + O(@XVN).

Recall that there are < % choices for J;. Now, suppose that J; is fixed so that X, is
fixed. Then the above implies that

(158) X125 — XoZy| = D, /% +OWXVN),

so that

Zg D x
159 Xo=X1—+ /= +O0wX
( ) 2 = 1 Zl + Zl N + ((.U )7
so that X5 is fixed in an interval of length < wX. But each J, is an interval of length
=< wX so there can only be O(1) choices for Js. O

By Lemma 20 and (155),

5<<wXZZ—) Z 1

U1 ,Us DN 21,22
A(z1, zg) D

21€U1,20€U>

<<sz Z

D<N 21,22
A(z1 z2)

< wX Zd log IOg 2 Z Z

D<D<2® 21,22
A(z1, 22) D

(160) < wX N log® r,

d
by Lemma 19, and where Z o denotes a dyadic sum over ® powers of 2 satisfying

® < 2N. This suffices for the second assertion of Proposition 6 and hence for the proof
of our main theorem.

8. DISTRIBUTION OF SEQUENCES IN ARITHMETIC PROGRESSIONS

The purpose of this section is to prove Corollary 2 and the more general Theorem 2
below. Theorem 2 is motivated by the possibility that an interesting arithmetic function
can be biased for certain small moduli - that is, the sequences does not satisfy the Siegel-
Walfisz condition. In this case, we can still prove a result about the distribution of such
a sequence in arithmetic progressions by adjusting the main term.

First, let make precise what we mean by the Siegel-Walfisz condition.
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Remark 5. We say that an arithmetic function c(n) satisfies a Siegel-Walfisz condition
if for any constant k, we have that for any q¢ < (logz)”, (a,q) =1, and d,e > 1,

1
(161) > eldn)=—= > cldn) (14O, ((logz)™)).
n<x ¢(q) n<lx
n=a mod ¢ (n,e)=1
(e;n)=1
We now fix some notation for the rest of the section: for any arithmetic function a(n)
with finite support, we let

(162) larll* = la(n)[Pr(n)®.

1/2

Roughly speaking ||a.||* is an upper bound for ||a * a||'/?. The main result of this section

is below.

Theorem 2. Let y(n) and §(n) be arithmetic functions supported onn < Ny and n < N
respectively and let Qo > 1. For a character x, let xp be the unique primitive character
which induces x, and let Q(x) be the conductor of xp. For (a,q) =1, let

(163) E(a,q) =) Ela,q,d),

dlq
where
(164)
1
Ea,qd)= > A(dn)d(dns) — eV > Aldny)s(dns) Y x(m)x(ans).
_ n1,n2d ; q ni,ne x mod ¢q/d
n1=anz mod q/ Q(x)<Qo

(n1n2,q/d)=1
Further, let
(165) E=Y > |Eaq
QSQ a mod ¢

Then,

(166) £ < (@ N %ﬁ N \/@leva) (10g Ol 12111

8.1. Proof of Corollary 2. We first prove a convenient Lemma which will be used here
and also in the proof of Theorem 2.

Lemma 21. Let v(n) and §(n) be arithmetic functions with finite support, and for any
d>1, let

(167) ba(n) = > ~(dni)d(dns).

n=ninz

Then
(168) > 7(d)> 1ba(n) < 71181,

with ||v-||||0-]] as defined in Theorem 2.
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Proof. Let
fn) = > m)dma)y(w)d(us) > 7(d)

=nina=uius d|(n1,n2,u1,u2)

S () P (e))]) ()

N=n1n2=uiu2

5 S (m)ama)Prlm)r(ns) + by )5(0) o) ()

nN=ning n=uju

(169) = Y (m)d(no) Pr(nm)(na)7(n).

n=ning

IN

IA

Then
(170) > 7 d)Y bam)? =D f(n) < 1l 6-7,

as desired. 0

2A+6

We now deduce Corollary 2 from Theorem 2. We set Qy = (log z) , and assume by

(161) that for any g < Qo

(171) > eldn) = @ > e(dn) (1+ Ok ((logz) ™)),
nzgrgnggd q (nileg)il

(e;n)=1

for k to be determined. For (a,q) = 1, the condition n; = any (mod ¢) implies that
(nb q) = (n27 Q) ertlng d= (nh Q) = <n27 q) we have

(172) S(z;a,q) Zqﬁq/d Z Z (n1)x cm2

x mod I n1,n2

Then
2
> > IStrag) - => > Z¢ 2, 2 XX
¢<@Q a mod ¢ q<Q amod q | d|q n1,n2
b% nonprmmpal
=3 Y E(aq) + Ela, 4, Qo)
¢<Q a mod ¢
<D D7 (€@ q) + |Ela,q. Qo))
¢<Q a mod ¢
where
(173)  B(a,q,Qo) = Z > cldm)e(dny) Y x(m)x(any)
QS /d) ni,ne x mod ¢q/d

1<Q(x)<Qo
and &(a, q) is as defined in Theorem 2 with v = 0 = ¢. Letting B(A) = 2A+ 6 and apply

Theorem 2 to see that
(174) > ) IS(za.q) = S(xsq) <3 !CTH4+Z Z |E(a,q,Q0)|*,

q<Q a mod ¢ q<Q a mod ¢
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so it suffices to bound the last term. By Cauchy-Schwarz,

1
(175) Ig(a,q,Qo)IQST(Q)Q?)%W 2;M IC(x, d)[*,
~ 120(0)<Q0

where for y induced by ¥ mod My, M = MM,
Clx.d) = e(dn)x(n)

n

= > wb) D> cdn)

b mod M, n=b mod M
(n,M2)=1
1
= b dn)(1+ Ok ((logz) ™"
¢(M1)bm%:le()(n%lc< n)(1+ Ox((logz)™)
(176) < (logz) ™ " |e(dn)|.
Thus
2
(177) > 1B Qo < Qilloga) ™ 3 dra) S5 Z|c<dn>\) ,
a mod g q=dM n
SO

> D 1B g, Qo) < Qillogx) ™3 dr(d) (Z\cum!) >

¢<Q amod ¢ d<Q M<Q/d
(178) < Qy(logx) ™+ Y " dr(d) <Z bd(n)>
d<Q n
where
(179) ba(n) = > le(dny)e(dns)|.

n=ninz

Now by Cauchy-Schwarz and Lemma 21,

> dr(d) (Z bd(n)) <2?) # > [ba(n))?

d n
(180) < ?e,"

Putting this into (178) we see that the Corollary follows upon choosing 4k = 1+ 4(2A +
6) + A.

8.2. Proof of Theorem 2. For clarity, we first isolate the simple Lemma below.

Lemma 22. Let a(n) be an arithmetic function supported onn < N, and ¢ > 1. Then

(181) S Ja(m)a(m)| < (% n 1) lal”

m,n
m=n mod q
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Proof. The Lemma follows directly from two applications of Cauchy-Schwarz. To be
precise

1/2
> la(na(m)] < §+1Z|a<m>|( > Ia(n)!2>

m,n n=m mod q

m=n mod q
N 1/2
<t %41 (X o)
q m n=m mod q
N
< (— + 1) l|al?.
q

We now prove a consequence of the large sieve which lies at the heart of these types of
results.

4

Proposition 8. Let a(n) be any arithmetic function supported on n < N, and for any
character x, let

(182) A(x) =) aln)x(n).

n

Further, let Q(x) denote the conductor of the unique primitive character that induces x.
Then

(183)
M - NlogM . . N
8= Z;EMi > |A(X)|2<<(M+%+\/MN10gM> (log N1Y? [al|>
M<M x mod M
- Q(x)>Mo

Proof. We have that

(184) S < /515,

where
1

St = —_— A(Y)?

(185) =2 ¢(M)XH§;M| COP,
- Q(x)>Mo

and

S, = T(M)2 A 2
(186) A %Z¢(M) XH%;MI ()]

Let us first bound S;. We have
(187) S< Y r(M)? Y a(n)a(m)]

M< m,n

(15%) <lolP 3 7002 (7 +1).

M<M
by Lemma 22. Thus

(189) Sy < (Nlog M + M)||al|*(log M)*.
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Now, we bound S;. For each non-principal character y mod M, let ¢» mod M; be the
unique primitive character which induces y, where we may write M = M; M, for M; > 1.
Then for any n, x(n) = (n) if (n, My) = 1. Let us write

(190) An@) =3 aln)e(n).

We have

(191) < Y ¢ > AP,
M1M2 modMl
M1>M0

where Z denotes a sum over all primitive characters modulo M;. Applying
’l,[) mod My

the multiplicative large sieve, we see that

M N
e ot (2

Mo <N
- NlogM
(192) < <M+ 2 >|| I
The Proposition follows from (189) and (192). O

We now proceed to the proof of Theorem 2.

Proof. We have

1 -

Eaq)=) ——= Y  G.dD(x dx(a),
mod q/d

)EQ(X);IQO

where

(193) G(x,d) = y(dn)x(n)
and

(194) D(x,d) =Y d(dn)x(n)

By Cauchy-Schwarz,

(195) ol <70 3 ams| X GoedDiGHE
q=dM x mod M
Q(X)>Qo
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We extend the sum over reduced residue classes a mod ¢ to all @ mod g. Thus

<SS [ q)

QSQ a mod q

Sy o S| Y GedDidx@

2
q<0 q=dM QS(M) a mod q |x mod ¢/d
Q(Xx)>Qo
(M) 2
<) 3 S5 X GedD(d)
d<@ M<Q x mod M
—d Q(X)>Qo

Q log QNN QNMN, - -
(196) <(§?d @5+ Og\;/mclp 2 —5— log Q| (log Q) bal?
where
(197) ba(n) = Z y(dnq)d(dns),

and where we have used Proposition 8 with a(n) = by(n) supported on n < Ny Ny /d?.
Now by Lemma 21, >, 7(d)||ba|* < ||7-1?116-]?, so

(198)

£ < (@ P \/@leva) (1og O[]0, 12

as desired.

[1]
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