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Abstract
While Clifford operations are relatively easy to implement in fault-tolerant quantum computers,
continuous rotation gates remain a significant bottleneck in typical quantum algorithms. In this
work, we ask the question: ‘What is the most efficient approach for implementing continuous rota-
tions in a surface code architecture?’ Several techniques have been developed to reduce the T-count
or T-depth of rotations, such as Hamming weight phasing and catalyst towers. However, these
methods often require additional a number of ancilla qubits, and thus the ultimate cost function
one needs to optimise against should rather be the total runtime or the total space required for
performing a rotation. We explicitly construct surface code layouts for catalyst towers in two prac-
tical application examples in the context of option pricing: (a) implementing a phase oracle circuit,
which is a ubiquitous subroutine in many quantum algorithms, and (b) state preparation using a
variational quantum circuit. Our analysis shows that, at small and medium code distances, catalyst
towers not only reduce the runtime but can also decrease the total spacetime volume of rotations.
However, at large code distances, conventional Clifford+T synthesis may prove more efficient.
Additionally, we note that our conclusions are sensitive to specific application scenarios and the
choices of various parameters. Nevertheless, catalyst towers may be particularly advantageous for
early fault-tolerant quantum applications, where low and medium code distances are assumed and
a spacetime tradeoff is needed to reduce the runtime of individual circuit runs, such as in scenarios
involving high circuit repetition counts.

1. Introduction

Quantum algorithms promise to solve a range of practically important problems significantly faster than
classical computers. However, most typical quantum algorithms, from quantum signal processing (QSP)
type techniques to product formulas in quantum simulation, require a very large number of continuous-
angle rotations. Implementing these rotations usually represents a bottleneck as they need to be imple-
mented as potentially deep sequences of Clifford and T gates in fault tolerance [1]. A broad range of
solutions have been developed in the literature to improve their efficiency from optimised gate synthesis
protocols [2–4] to minimising the cost of the simultaneous application of many rotations [5, 6], while
quasi-probability decompositions can be exploited when the aim is to estimate expected values [7, 8].

A particularly efficient method for achieving early quantum advantage leverages Hamming-weight
phasing combined with phase gradients to implement continuous rotations at a relatively low T-gate
cost [9]. However, this approach has two main limitations: it is restricted to parallel rotations with
identical angles, and it enforces a ‘serial execution’ of these rotations, which can lead to increased
algorithmic runtime when the number of parallel rotations is large.

Therefore, in this work, we focus on an alternative approach that enables a spacetime tradeoff: if
more logical qubits are available, continuous rotations can be executed in parallel, leading to reduced
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runtime. Specifically, we consider catalyst circuits [10], which can prepare resource states with con-
tinuous rotation angles while effectively consuming only four T gates. In addition, the approach
requires access to identical, continuously rotated resource states, which are recovered at the end of the
procedure—hence the term ‘catalyst’. This technique was generalised in [5, 11] by connecting multiple
catalysts into a so-called catalyst tower, enabling the synthesis of a family of resource states. These states
can be buffered and teleported using a repeat-until-success strategy.

The efficacy of the catalyst tower approach was demonstrated in (a) oracle circuits whereby the aim
is to perform the action on a computational state as |x〉 7→ exp(if(x)) |x〉) [5] and (b) time evolution cir-
cuits whereby we perform the action exp(−iHt)|ψ〉 on an arbitrary input state [12]. Indeed, catalysts
in these applications have achieved significantly reduced T-gate counts and total circuit depths com-
pared to conventional rotation-gate synthesis techniques. However, they also require additional ancillary
qubits, and it remains an open question whether their advantages persist once all overheads associated
with error correction and hardware constraints are taken into account. Furthermore, the cost of magic
state distillation has been significantly reduced following recent breakthroughs [13–15], which lowers the
cost of T gates to a level comparable to that of fault-tolerant CNOT gates in certain regimes. For this
reason, in the present work, we carry out a detailed resource analysis by constructing an explicit cost
model that incorporates physical parameters such as the physical error rate and the number of physical
qubits required per logical qubit.

Specifically, we assume a surface code architecture, which is the leading approach for building error-
corrected quantum computers due to its practicality and compatibility with nearest-neighbour qubit
connectivity—typical in most solid-state platforms. We explicitly lay out catalyst towers within a sur-
face code architecture and compare their resource requirements to those of conventional gate synthesis
methods in terms of physical qubit count and spacetime volume. We consider two practical applica-
tion examples in the context of derivative pricing [5, 16, 17]. First, we examine phase oracle circuits
(POC), which are ubiquitous in many quantum algorithms, and specifically focus on a piecewise lin-
ear approximation that is amenable to parallelisation. Second, we consider a variational quantum circuit
used to prepare multiple copies of Gaussian states, which is representative of a broader class of practic-
ally relevant variational circuits. While we find that catalyst towers can indeed reduce the total space-
time cost of rotations at low and intermediate code distances, we emphasise that the primary focus of
the present application examples is the minimisation of circuit depth, achieved through parallelisation
and by exploiting spacetime tradeoffs.

The remainder of this manuscript is organised as follows. In section 2, we review the necessary back-
ground on fault-tolerant architectures. Our layout and cost analysis of a phase oracle circuit are presen-
ted in section 3. In section 4, we describe the use of catalyst towers for applying rotations in variational
circuits. We discuss our observations in section 5 and conclude in section 6.

2. Background

2.1. Surface code
Surface codes [18, 19] are the most promising candidate for error correction in solid-state platforms
given their robustness, practicality and logical operations that can be performed using local operations,
such as in case of lattice surgery [20]. Here we summarise some basic properties of surface codes while a
detailed overview can be found in, e.g. [21].

Consider a two-dimensional square lattice of physical qubits with nearest-neighbour connectivity.
Encoding a single logical qubit in a rotated surface code patch of square shape requires approximately
2d2 physical qubits, where d denotes the code distance. The code distance is defined as the minimum
weight of an undetectable error; a distance-d code can correct up to (d− 1)/2 qubit errors.

A natural unit for clock time is the code cycle time, i.e. the time it takes to perform a full round of
stabiliser checks while d code cycles is often referred to as 1 time step. The logical error rate per logical
qubit per code cycle can be approximated [22] in terms of the physical error rate p as

pL (d) = 0.1(100p)(d+1)/2
. (1)

for the remainder of this work, we assume a physical error rate of p∼ 10−4, unless otherwise stated.
We assume a Clifford+T gate set, adopt Litinski’s lattice surgery scheme in [23], and assume T-

state distillation protocols as in [13]. In particular, these assumptions enable the efficient movement
of logical qubit patches in d code cycles. However, as our primary aim in this work is to minimise the
depth of the computation by simultaneously applying multiple operations onto the logical qubits, we do
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Figure 1. Illustration of a commonly used ‘data block surrounded by distillation block’ layout scheme. See e.g. figure 23 in
[23] for a more realistic illustration.

Figure 2. An example of a 2-layer in-circuit tower with ‘CT block’ representation on the left and corresponding full circuit on the
right.

not use the Pauli-based computation approach in [23], which requires a sequential application of magic
resources to the logical qubits. We also use the method in [24] to perform long-range CNOT operations,
which is widely adopted in contemporary surface code architectures (see e.g. [25]) and use the AutoCCZ
factories from [14]. For the layout on large scales, we use the common ‘data block surrounded by dis-
tillation block’ scheme, which is illustrated in figure 1. In this setup, all logical qubits in the data block
share the same code distance d and are encoded in square surface code patches. We refer to this as the
code distance of the logical data qubits (or simply code distance when the context is clear). In contrast,
the logical patches in the distillation block, more precisely, the patches used in the magic state factories
of [13], may have rectangular shapes and code distances that differ from that of the data qubits.

2.2. Catalyst towers
Reference [5] introduced a catalyst circuit gadget that can very efficiently prepare rotational resource
states Rz(θ) |+〉 ≡ |Rz(θ)〉. As input, the circuit takes a so-called catalyst state |Rz(θ)〉 as well as a ‘seed
rotation’ |Rz(2θ)〉, and outputs Rz(θ) rotations applied to two arbitrary quantum states while also recov-
ering the catalyst state. Therefore, the catalyst state needs to be synthesised only once and can be reused
repeatedly—the potentially high startup cost can thus averaged out over a large number of subroutine
repetitions. More specifically, [5] introduced the following two types of catalyst towers.

First, the in-circuit towers act directly on the computational qubits. In the multiple repetition limit
(where the startup cost is averaged out), an n-layer in-circuit tower can apply the rotations {Rz(2i θ)}n−1

i=0

at a cost of RT + 4n T states, where RT is the T-count required to synthesise a rotation gate. In contrast,
the T-count for canonical gate synthesis is n ·RT. The in-circuit towers achieve this T-count reduction
by increasing the measurement depth by 2n compared to canonical gate synthesis. The in-circuit catalyst
tower is composed of the ‘generalised phase catalysis circuit’ introduced in [10]. An example of a 2-layer
in-circuit tower is shown in figure 2. In this case, the tower is catalysed by

∣∣Rz(2kθ)
〉
and

∣∣Rz(2k+1θ)
〉
.

We call the
∣∣Rz(2k+2θ)

〉
gate the seed rotation and it is applied using gate synthesis. The ‘corners’ in the

circuit are logical-AND gates defined in [26], which are reproduced in appendix A.
Second, the independent towers achieve reductions in both T-count and depth compared to conven-

tional rotation gate synthesis. In this scheme, the independent towers act like higher-level magic state
factories that consume T-states and produce resource states {

∣∣Rz(2i θ)
〉
}i. The rotation gates in the cir-

cuit are then implemented by gate teleportation. Since the rotation angle is arbitrary, there is no efficient
way to correct the ‘wrong’ measurement outcome in the teleportation. Therefore, the success probabil-
ity of this teleportation is only 0.5. The teleportation is thus repeated until success (RUS) [27], but the
rotation angle of the teleported state is doubled in each repetition. This scheme is probabilistic but the
expected depth of the circuit is independent of RT and scales only logarithmically in n. An example of a
3-layer independent catalyst tower is shown in figure 3. An L-layer (L⩾ 2) independent tower requires
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Figure 3. An example of a 3-layer independent catalyst tower. The catalyst states are omitted for simplicity. To produce the
resource states to be used in gate teleportation, all the |ψi⟩ states should be initialised to |+⟩.

6L− 5 qubits, while a 1-layer tower requires 4 qubits, in both cases excluding routing space. The inde-
pendent towers are designed such that their yield closely caps the expected number of rotations required
by the POC. In fact, as we will see in section 4, the independent towers can be flexibly modified by
adding or removing the CT blocks to match their output with the distribution generated by the RUS
scheme.

3. First use case: phase oracle using catalyst towers

As an important practical example, we estimate the cost of implementing POC that perform the oracle
mapping |x〉 7→ exp(if(x)) |x〉 following the low-depth construction of [5]. To explicitly estimate costs,
we focus on the specific application of an option pricing algorithm that we summarise in appendix B
where space-time tradeoff is highly desired, however, we note that POCs have broad applications beyond
option pricing, e.g. in grid-based quantum chemistry [28] and materials science [29] simulations [5].

3.1. Details of the surface code layout
The layout scheme of the POC is shown in figure 4, where the implementation uses the in-circuit towers
(two towers are shown explicitly). The black boxes labelled |ψi〉 (and Offset) are the computational
qubits in POC, where solid line black boxes and the dashed line black boxes separately form two ‘copies’
of the input quantum state to the POC by fan-out. The green boxes are ancillary qubits for constructing
the towers, where ‘Cata’ stands for the catalyst states

∣∣Rz(2i θ)
〉
, while ‘AND’ indicates that the qubit is

used for performing the Logical-AND gate which starts in the magic state |T〉. Every orange box is one
of the three AutoCCZ magic state qubits. The green dashed line rectangles indicate the region for ancil-
lae used by multi-controlled Toffoli gates.

As we highlighted earlier, we assume a phase oracle is a subroutine that needs to be repeated many
times as part of a potentially deep algorithm (e.g. an amplitude estimation algorithm) and we assume
there is sufficient time to synthesise and deliver resource states before the phase oracle is called. The blue
rectangles are examples of ancillae for consuming the magic states via lattice surgery. All magic states are
auto-corrected using the techniques in [14, 23]. The X and Z operators of the qubit patches are indic-
ated in the boxes. Roughly, the POC can be decomposed into five steps symmetrically: fan-out, flag com-
putation, rotations, flag uncomputation and fan-in. We now elaborate on the implementation of POC
on this layout step by step.

Firstly, we make an improvement over the original POC here, which is also suggested in the
appendix of [5]. For fanning out an n qubit state |x0 . . .xn−1〉 over k registers, instead of using n multi-
target CNOT gates, we create n k-qubit GHZ states locally. We can then distribute k− 1 of them to
locations where we wish to construct the towers (the black boxes in figure 4), and all these operations
can be completed before the computation. When the state |x0 . . .xn−1〉 is input during real-time com-
putation, for every |xi〉 where xi ∈ {0,1}, we can apply a CNOT controlled on |xi〉 and targeted at
the undistributed qubit of the GHZ state to obtain the state |xi〉 1√

2
(|xi〉

∣∣0k−1
〉
+ |x̄i〉

∣∣1k−1
〉
). Then a

Z measurement on the undistributed qubit (followed by a X⊗k−1 correction if the outcome is 1) will
give the required k copies. As for fan-in, k− 1 X measurement with a Z correction can achieve the map
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Figure 4. The layout scheme of the POC with in-circuit towers in surface code. The figure shows two towers and others are placed
horizontally to the right-hand side. The black boxes are computational qubits that appear in POC, where solid line black boxes
and the dashed line black boxes form two ‘copies’ of the input quantum state to the POC separately. The green boxes are ancil-
lary qubits for constructing the towers, where ‘Cata’ stands for the catalyst states, while ‘AND’ indicates that the qubit is used for
performing the Logical-AND gate which starts in the T-state. Each orange square is one of three AutoCCZ magic state qubits. The
green dashed line rectangles indicate the region for multi-controlled Toffoli ancillae. The X and Z operators of the qubit patches
are indicated in the boxes. The magic state factories are at the top and bottom of the towers and the magic states are consumed via
the blue rectangular ancillae.

|xi〉
∣∣∣xk−1

i

〉
7→ |xi〉

∣∣0k−1
〉
and one can perform all the n maps in parallel. Therefore, we can perform fan-

in and fan-out without using the long-range multi-target CNOT gates in the original POC.
The ‘flag gates’ are multiple-controlled Toffoli gates. An l-controlled Toffoli can be constructed

using l− 1 conventional Toffoli gates and at most l− 1 ancillae [30]. We use AutoCCZ magic states to
implement the Toffoli gates and keep all the ancillae in the green dashed line rectangles. The ancillae
are used to store intermediate results of computing the l-controlled Toffoli, which can also be used to
uncompute it later (the second layer of flag gates in the POC) using X-basis measurements. In other
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words, by storing l− 1 ancillae, we save l− 1 CCZ magic states which require at least 3l− 3 logical
patches to store, let alone the effort to produce them.

The multi-target CNOT can be performed using the method in [24], as long as a Z edge of the con-
trol and an X edge of each target can be accessed.

We now turn to the in-circuit catalyst towers. In figure 4, each row of the tower roughly corresponds
to one CT block. As can be seen from figure 2, there are more operations within each CT block than
operations between the blocks. Therefore, the towers operate from top to bottom and then go back to
the top in a layer-by-layer fashion. The space between the patches is enough to perform the logical oper-
ations without slowing down due to routing problems, e.g. the 3 T-states in the logical-AND gate can
be teleported in parallel from the T-factories above and below the towers. The S+1 in-circuit towers
required by the POC are placed horizontally, the structures are almost all identical except the tower
holding the input state does not need the CCZ states for the flag computation.

The layout of independent towers for POC requires a few modifications. We first note that the inde-
pendent towers are magic state factories, so they are located in a designated area that surrounds the data
qubits (recall figure 1). Therefore, the independent towers do not need to be placed orderly like the in-
circuit towers. They can be separated and fitted into any unfilled regions, as long as the output resource
states can be delivered to the data qubits. Moreover, no CCZ states are required in the towers and thus
the Toffoli ancillae region can also be removed. All the black boxes should start in |+〉 state and the ‘off-
set’ patches can be removed. One key feature of the independent towers is that most of the time, two
layers instead of one are operating in parallel. This can be seen from figure 3, where the two CT blocks
producing Rz(2k+1θ) |ψi〉 run in parallel. The space in the towers is sufficient to perform all logical oper-
ations without the need for additional routing of the qubits. However, it is important that the T-states
are available at both the top and bottom of the towers, as in the present construction two layers are con-
suming T states simultaneously (the longer blue rectangles in figure 4 now sprout from both top and
bottom at the same time).

Now the logical data qubits are in a separate region with its own layout. Since we are teleporting a
large number of resource states in parallel, it is important that the layout supports this parallelisation. A
possible layout is shown in figure 5, which ensures every data qubit is equally exposed to the distillation
factories and/or independent towers. Note that since the gate synthesis method requires the same level of
parallelisation to deliver T-states, it can use the same layout. As before, the black boxes are data qubits,
orange squares are CCZ magic states (one out of three) and the green dashed regions are for Toffoli
ancillary qubits.

3.2. Cost analysis
We now calculate the space overhead to implement the POC using the in-circuit towers with paramet-
ers S (number of pieces of the piecewise function) and n (number of qubits in the input register) on
the surface code. The POC requires S+ 1 towers, one of which does not require any CCZ states. As
shown in figure 4, each tower that uses CCZ states requires n+ 2 rows for data qubits, l− 1 rows for
CCZ magic states (where l= dlog2 Se), and an additional n+ 1 rows for routing space, while each tower
occupies 7 columns. Consequently, the number of logical qubits required for the S+ 1 towers in the data
block is given by the sum of the areas of these S+ 1 rectangular regions, which evaluates to

7S(2n+ l+ 2)+ 7(2n+ 3) . (2)

For the independent tower method, the number of logical qubits is

5 [(S+ 1)(2n+ 2)]+ 4(6n+ 1)(S+ 1)+ 4× 4S, (3)

where the first term accounts for the contribution from data qubits and ancillae (5 rows by 2n+ 2
columns, including routing space). The second term arises from the independent towers: we require
S+ 1 n+ 1-layer towers, each of which requires 6n+ 1 qubits (recall section 2.2). The third term cor-
responds to the S single-layer towers used to implement offset rotations. The factor of 4 in the second
and third terms accounts for the routing qubits.

In order to estimate the space cost of distillation factories, we need to fix certain parameters expli-
citly. As such, we adopt the problem setting and parameter choices for a derivative pricing algorithm
from [5], in which the number of magic state factories is sufficient to support the circuit without incur-
ring delays due to magic state production, with S= 36,n= 15and l= 6. Furthermore, we assume that
the algorithm requires a total of ∼108 T-states (accounting for all amplitude estimation iterations) and
we target a distillation error of 1%. We therefore require a magic state factory with output error rate
below 10−10, which leads us to choose the (15-to-1)11,5,5 protocol from [13], assuming a physical error
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Figure 5. Layout of data qubits for gate synthesis and for the independent tower method, which supports massive parallel gate
teleportation. The S+ 1 registers can be placed in a relatively dispersive way as a result of limited inter-register operations. The
black boxes are data qubits and every orange square is one of the three AutoCCZ magic state qubits. The green dashed line rect-
angles indicate the region for multi-controlled Toffoli ancillae. The towers and/or magic state factories are placed in the orange
rectangles.

rate p∼ 10−4. As discussed in section 2.1, a key feature of this protocol is that its code distance is inde-
pendent of that of the logical data qubits; therefore, its overhead should be accounted for separately. Its
spacetime volume is 2070 physical qubits × 30 cycles, and accounting for a 20% routing overhead gives
2484 physical qubits per factory. In figure 6 we compare the physical qubit count and spacetime volume
of POCs using the different continuous rotation synthesis algorithms for an increasing code distance d
(with the corresponding logical error rate from equation (1)).

We deal with the code distance in the following way. Usually, an algorithm has a fixed logical qubit
count and circuit depth; therefore, we can define a circuit-level probability of failure P, i.e. the probabil-
ity of a single logical error happening in a circuit, which will require the code distance to satisfy

#logical qubit× circuit depth× pL (d)< P, (4)

such that d is the smallest odd integer that satisfies this inequality. In the present example, however,
the phase oracle is a subroutine within a deeper amplitude estimation algorithm. Although the total T-
count of the algorithm is fixed, the overall circuit depth depends on both the T-depth and the Clifford
depth (if the Clifford gates are explicitly executed). Similarly, while the phase oracle is resource-intensive
in terms of qubit count due to a width–depth trade-off, the algorithm may require even more qubits
elsewhere—as is the case in the option pricing algorithm. All of these factors influence the choice of
code distance. On the other hand, the logical error rate is exponentially suppressed as the code distance
increases, so the impact of variation in code distance is expected to be small.

We now derive the total physical qubit count of POC. For a quantum subroutine that consumes NT

T-states in ts · d code cycles (d is the code distance), if the distillation cost is N fac physical qubits and
tfac code cycles for every factory, then assuming a constant rate of T-states consumption, the number of
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Figure 6. The (a) physical qubit count and (b) spacetime volume of the gate synthesis method, in-circuit tower method and
independent tower method for the parallel piecewise phase oracle circuit applied to an option pricing algorithm as functions
of the code distance. The logical error rate corresponding to each code distance is shown on a logarithmic scale on the sec-
ondary horizontal axis. Circuits are implemented using the surface code with lattice surgery. A physical error rate of 10−4 is
assumed, and magic state distillation is performed using the (15-to-1)11,5,5 protocol from [13]. The curves in panel (a) follow
the functional form a/d+ bd2, while those in panel (b) follow α+βd3, where a,b,αand β are parameters; both expressions are
derived in section 3.2. Implementation details and code used to generate the plots are provided in the supplementary material.
See appendix B for additional details of the option-pricing algorithm.

physical qubits required to run distillation factories is

NTNfactfac
ts

d−1. (5)

Denoting the number of logical qubits as NL, which is discussed in section 3.2 for POC, the total
physical qubit count is then given by

NTNfactfac
ts

d−1 +NL · 2d2 (6)

where we used that each logical qubit requires ∼2d2 physical qubits.
Figure 6(a) indeed confirms that the in-circuit method has the lowest space cost—but this is because

all the rotations are applied in place. For the other two methods, direct gate synthesis and independent
towers, a large number of states are teleported simultaneously and we do not want them to be slowed
down by the routing traffic, therefore they require extra routing space. In exchange, they are more effi-
cient in time. The measurement depth of gate synthesis method, the in-circuit tower method and the
independent tower method are ts = 32,62 and 17 time steps, respectively, assuming that a sufficient
number of magic factories are running in parallel to support the circuit, as reported in table I of [5].
These values, together with the corresponding values of NT, are summarised in table 1 for completeness
(see sections. V and VI.A of [5] for detailed derivations and calculations). Indeed, the independent tower
approach is the shallowest (lowest time cost) since its depth scales logarithmic in S and n.

Further multiplying equation (5) by the runtime ts · d yields an estimate of the spacetime volume,
measured in units of qubitcycles, as

NTNfactfac + 2NLtsd
3. (7)

Note that we have ignored some minor space costs in our estimate, e.g. the space for AutoCCZ factories
is small compared to the T-factories.

The form of equation (7) suggests that the vertical intercept is related to the spacetime volume of
the distillation block, while the growth rate of the overall spacetime volume with respect to the code dis-
tance d is determined by the spacetime volume of the data block. Therefore, from figure 6(b), which
shows the total spacetime volume curves for each method, one can observe that the in-circuit tower
method has the largest spacetime overhead for the data block, while the gate-synthesis method has the
lowest, as expected. Moreover, the gate-synthesis method exhibits the largest spacetime overhead for the
distillation block, again in line with expectation. However, we note that the assumption that the space-
time volume of the magic state factory is independent of d can break down as the code distance is fur-
ther increased; see the discussion in section 5.
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The overall spacetime tradeoff can also be inferred from figure 6(b). Up to code distances ∼13, inde-
pendent towers require lower spacetime volume than conventional gate synthesis. This confirms that
independent towers can be superior: not only do they provide a spacetime tradeoff—i.e. reducing the
total depth of the computation by using more qubits—but at the same time they can even reduce the
total spacetime volume. This is in contrast to common techniques that exploit spacetime tradeoffs while
preserving total volume, or ones that may even incur an additional spacetime overhead [23, 31]. The
towers can still be valuable when one goes beyond the threshold code distance (13 in this case), as the
independent towers allow speeding up the computation by a factor of ∼2 with a modest increase in
spacetime volume. However, for code distances above 16, direct gate synthesis appears to outperform the
more advanced techniques in the present application example, as it requires the least space time volume
and the least space.

To give a rough sense of the problem scales accessible at code distance d= 13, [32] reports that sim-
ulating FeMoco-76, a problem with substantial commercial relevance, can be completed in 8.6 hours
using 4.5million physical qubits with error rates of ∼10−3, protected by a surface code of distance
d= 27. An equivalent logical error rate can be achieved using qubits with a physical error rate of 10−4

and a surface code of distance d= 13, reducing the physical qubit count to approximately 1.1million.
Similarly, [33] estimates that factoring a 2048-bit RSA integer in 8 hours requires about 20million phys-
ical qubits with error rates of ∼10−3, again using a surface code with distance d= 27. The same logical
error rate can instead be obtained with roughly 5million physical qubits at a physical error rate of 10−4

and code distance d= 13.
Finally, let us highlight that, while our analysis concludes superior performance of catalyst towers

for low-to-medium code distances, our analysis is specific to the present example of a derivative pricing
algorithm.

4. Second use case: catalyst towers for repeated rotations

In the previous section, we considered an application requiring parallel rotations of the form⊗n−1
i=0 Rz(2i a), for which in-circuit towers are advantageous in terms of T-count. More generally, rota-

tions of this form are useful for encoding information in binary, for example in constructing a block-
encoding of the sine function [11].

Moreover, the independent tower has an even broader scope: it can be used in any repeatedly quer-
ied circuit that implements multiple rotations of the same angle, leading to reductions in both T-count
and T-depth. This has been demonstrated in [12], where towers are employed as a subroutine for imple-
menting Clifford hierarchy rotations via RUS in Hamiltonian simulation. Another example, which
we elaborate on in this section, arises as a subroutine in the derivative pricing algorithm described in
appendix B. This algorithm begins by initialising multiple copies of an identical quantum register with
amplitudes following a Gaussian distribution.

4.1. Details of implementation
The option pricing algorithm detailed in appendix B is initialised by loading a standard normal distri-
bution onto a quantum register, i.e. a classically trained Ry-CNOT ansatz [34] is used (see figure 7) to
prepare a quantum state whose amplitudes follow a normal distribution. Each variational circuit uses
5-qubits and has 7 layers with 35 parametrised Ry rotations – the algorithm then prepares 60 quantum
registers in parallel by executing coherent copies of this circuit, which in total requires 2100 rotations.
The independent towers can be used to prepare the rotation resource states which are then teleported
via RUS. The independent towers are also modified (compared to figure 3) to match the geometric dis-
tribution of RUS and a family of towers of various layers is needed for each different variational angle
θi,j. For example, a 3-layer tower, in this case, has an extra CT block attached to the |ψ4〉 qubit line in
figure 3, producing 4

∣∣Rz(2kθ)
〉
and 2

∣∣Rz(2k+1θ)
〉
states. In general, this construction is suitable for

most circuits that implement multiple identical rotations.
We fix the accuracy of single rotation to be ϵ= 2× 10−6 and require r= 200 repetitions of the state

preparation oracle as part of amplitude estimation. We estimate that canonical gate synthesis requires
53 024 T-states per repetition and has a measurement depth of 177. We then construct two variants
of independent towers, namely the control and the excess approaches. The control approach produces
minimal excess resource states but requires several towers of different heights. In contrast, the excess
approach minimises the number of required towers at the cost of increased T-state consumption and
the production of redundant resource states. These two variants of independent tower constructions then
require an average of 28 709 (control scheme) and 45 750 (excess scheme) T-states per repetition and
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Figure 7. A variational Ry-CNOT circuit is trained classically in [34] to prepare a quantum state whose amplitudes follow a nor-
mal distribution. 60 copies of this circuit are used in the derivative pricing algorithms (detailed in appendix B) to initialise 60
registers in a multivariate normal distribution. We use the identity Ry(θ) = SHRz(θ)HS† and estimate the cost of preparing the
continuous rotations.

Figure 8. Physical qubit count of conventional gate synthesis, independent towers with the control scheme and independ-
ent towers with the excess scheme for Gaussian state preparation for an increasing code distance. The logical error rate of the
corresponding code distance is also shown in the log scale as a secondary horizontal axis. Circuits are implemented using the
surface code with lattice surgery. A physical error rate of 10−4 is assumed, and magic state distillation is performed using the
(15-to-1)11,5,5 protocol from [13]. The curves follow the functional form p/d+ qd2 (p and q are parameters), which is derived in
section 3.2; implementation details and code used to generate the plots are provided in the supplementary material.

both have an expected measurement depth of 39 (see appendix C for details). As in our previous applic-
ation example, we are again in a situation that requires a number of parallel state teleportations, and
therefore a layout similar to figure 5 can be used.

4.2. Cost analysis
We first note that while the rotations for Gaussian state preparation using independent towers can be
performed in 39 measurement steps using RUS, the resource-state preparation stage, i.e. running the
catalyst tower circuits, requires more measurement steps (the measurement depth of an L-layer inde-
pendent tower is RT + 2L, recall RT is the T-count required to synthesise a rotation gate). For this reason
we need to assume a produce-and-store strategy for the rotational resource states whereby the towers are
running throughout the course of the algorithm and the resulting resource states are stored to be used
later by high resource consuming subroutines.

We assume every iteration of amplitude estimation takes ∼103d code cycles and we use the
(15-to-1)11,5,5 magic state factory as in the previous section. For a total of 300 abstract algorithmic
qubits (60 copies of 5-qubit circuits) we require 1200 logical data qubits to account for routing space
between the algorithmic qubits, i.e. we assume a ratio of 1:3 of algorithmic to routing qubits. Similarly,
while an L-layer catalyst tower requires 6L− 2 abstract algorithmic qubits, when we include routing
space, these towers have a total footprint of approximately 4(6L− 2) logical qubits. Furthermore, in the
present example, the tower approach requires an additional 4200 logical qubits for temporarily storing
resource states, i.e. 2100 rotations multiplied by a factor of 2 to account for the success rate (0.5) of the
RUS approach. The physical qubit count as a function of code distance is shown in figure 8.

For code distances below 10, the excess scheme uses fewer physical qubits while being ∼4.5 times
faster. Consistent with our findings in the previous section, we conclude that both the control and
excess tower schemes offer greater efficiency than conventional gate synthesis at small code distances.
Given that the code distance of distillation factories is independent of that of the logical data qubits, this
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implies that direct T-state production may be more cost-effective than catalytic approaches at large code
distances.

5. Discussion

In this section, we discuss several factors that may influence our conclusions, as well as the potential for
generalising the present approach.

Sensitivity to parameter settings— Let us first emphasise that, in the present study, we made several
parameter choices motivated by a specific practical application. For example, we fixed the total T-count
of the algorithm, which in turn allowed us to select a particular T-factory. Additionally, we employed a
fallback protocol for gate synthesis—whose T-count is one-third that of the optimal, deterministic, and
ancilla-free protocol [4]—and we assumed a routing factor of 4 to support a high degree of parallelism.
We evaluated the space and time complexity of the algorithm under different rotation gate implementa-
tion strategies; however, we expect that our conclusions may vary under a different set of hyperparamet-
ers or in an alternative problem setting.

Distillation cost vs Data qubit cost— A range of algorithmic primitives and protocols have been
developed that formally reduce the T-gate count of continuous rotations, such as Hamming weight
phasing [6] and catalyst towers [5], where the latter was the focus of the present study. However, as
we demonstrate in the present work, even though these techniques formally reduce T counts at a high-
level circuit description, as soon as overheads due to hardware constraints and quantum error correc-
tion are taken into account, the superiority of these techniques may diminish. Let us illustrate this with
the application example considered in this work, where magic state production is not the time-limiting
factor. In this case, any reduction in the number of required magic states is equivalent to a decrease the
number of distillation factories, which in turn directly reduces the overall physical qubit requirements.
However, the implementation of T-state-saving gadgets, such as Hamming weight phasing or catalytic
circuits, requires additional logical ancilla qubits. If the distillation factories operate at a fixed code dis-
tance that does not scale with the overall system size—as assumed in this study—then, at large code dis-
tances, the savings in physical qubits from reducing the number of distillation factories may be offset
by the O(d2) physical qubits required to implement the ancilla logical qubits, as observed in our ‘con-
trol vs excess’ schemes discussed in section 4.2. On the other hand, additional factors may significantly
impact the space complexity of magic state preparation. For instance, deeper circuits typically require
larger code distances, and assuming a constant density of continuous rotations, an increase in code dis-
tance implies a higher number of required T gates—thereby necessitating a more costly distillation fact-
ory. Consequently, the code distance of the distillation factory can be expected to implicitly depend on
that of the data qubits, which may result in a regime at higher code distances in which the tower meth-
ods remain advantageous.

Parallelisation and routing space— This work is focused on an application example whereby the
primary aim is to reduce the time complexity by introducing a minimal space overhead. Such space-
time tradeoff is expected to be desired for a broad range of applications where the time to answer is
required to be minimal, e.g. in applications where only polynomial speedups over classical algorithms
is possible. However, we observe that our catalyst towers in figure 6(b) not only reduce the time com-
plexity, but also reduce the overall spacetime volume of the computation, suggesting that for low to
medium code distances this is a worthwhile approach. Achieving this superior speed also requires us to
dedicate generous routing space in order for the algorithm not to be slowed down by routing traffic.
Therefore, we used a 1:3 computational to routing qubit ratio that ensures every edge of the data qubit
patch is exposed, which is sufficient for implementing logical operations within the catalyst circuits.
When designing the layout of the data qubits in figure 5, we rely on the fact that the data qubits (black
squares) in POC exhibit limited interaction between registers. A similar property holds for Gaussian state
preparation, where the 60 circuit copies shown in figure 7 operate independently with no interaction.
Without this characteristic, our layout would be inefficient for long-range inter-register operations.

Generalisations and early fault tolerance— In section 4, we designed a layout that implements mul-
tiple copies of a variational circuit for preparing Gaussian quantum states, as shown in figure 7. This
approach can be readily extended to a broad class of VQE ansatz circuits, i.e. variational circuits com-
posed of gate blocks with identical rotation angles, such as the variational Hamiltonian ansatz or
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QAOA [35, 36]. Furthermore, our approach can be straightforwardly generalised to broader classes of
ansaetze featuring redundant rotation angle settings. In the limiting case, our results are directly applic-
able to quantum dynamics simulations based on randomised product formulas, such as qDRIFT [37] or
TE-PAI [12], where the same rotation angle is applied across all quantum gates in the circuit. Notably,
[12] constructed optimised catalyst circuits in this setting and demonstrated their practical advant-
ages. As such, our approach may serve as an enabling technique for several of the most prominent early
fault-tolerant applications, including quantum dynamics simulation, robust phase estimation or spec-
troscopy [38, 39], variational quantum algorithms [35, 36], and beyond. In fact, early fault tolerance
represents a particularly promising domain for our methods, for two key reasons. First, early fault-
tolerant devices are typically constrained to low or intermediate code distances, where our techniques
demonstrate a clear advantage. Second, these applications often benefit from spacetime trade-offs aimed
at reducing the runtime of individual circuit executions, since early fault-tolerant algorithms generally
require many repeated executions.

6. Conclusion

In this work, we address the question: ‘What is the most efficient approach for implementing rotations
in fault-tolerant settings?’ While several gadgets, such as Hamming weight phasing [10] and catalyst
towers [5, 11, 12], have been developed to reduce the total T-count of rotations, we argue that the ulti-
mate cost function one needs to optimise against should be either the total runtime of the algorithm
(time complexity) or the number of physical qubits required (space complexity). When all overheads
associated with hardware constraints and fault tolerance are taken into account, gadgets optimised solely
for minimal T-count may not, in fact, yield the most efficient implementation.

We develop explicit implementations of catalyst towers that minimise the space and time complexity
of rotations in a surface code architecture. We carefully arrange logical qubits in our layout and dedicate
sufficient routing space to enable a high degree of parallelisation. We then compare the cost of differ-
ent rotation gadgets in two specific application examples, both of which are subroutines in usual option
pricing applications [16, 17, 40]. First, we consider a phase oracle, which is a ubiquitous algorithmic
primitive in a broad range of applications, and focus on a low-depth, parallel piecewise oracle as in [5].
Second, we consider the implementation of a variational quantum circuit that is used to prepare a num-
ber of copies of a Gaussian state.

In the specific application examples considered in this work, we find that catalyst towers are not only
faster but can also reduce the total spacetime volume required for implementing rotations at low and
intermediate surface code distances. In contrast, conventional Clifford+T gate synthesis appears to be the
most efficient approach at large code distances. However, we emphasise that these conclusions are sens-
itive to both the specific application and the hyperparameter choices made. Nevertheless, as discussed
above, our catalyst tower constructions are broadly applicable to a wide range of use cases, including
quantum dynamics simulation [12, 37], spectral estimation via robust phase estimation or spectro-
scopy [38, 39], variational quantum algorithms [35, 36], and beyond. As such, our techniques may serve
as enabling tools for many early fault-tolerant applications, where low to intermediate code distances are
typically assumed and spacetime tradeoffs are often desirable.

While optimising a quantum circuit using lattice surgery is known to be NP-hard [41], the layouts
presented in this work were developed manually and may therefore sacrifice some efficiency in favour
of clarity or readability. As an illustration, in figure 4 the patches are arranged in a tower-like struc-
ture, which can introduce redundant routing patches. This suggests that further optimisation through
software automation could enable our approach to be advantageous over a broader parameter regime.
Furthermore, adopting the magic state cultivation approach of [15] would likely reduce the spacial and
temporal cost of magic state production. On one hand this would limit the effectiveness of towers to
even lower code distances, however, on the other hand, the logic of laying out circuits on surface code
might change significantly, as the usual ‘data block surrounded by distillation block’ approach may be
replaced by e.g. in-place magic state production.

We also highlight that future research should focus on the development of quantum compilers cap-
able of incorporating different resource optimisation priorities—such as spacetime tradeoffs—and of effi-
ciently mapping abstract quantum circuits onto surface code architectures. Additionally, evaluating the
performance of catalyst towers in the context of alternative quantum error-correcting codes beyond the
surface code represents another promising direction for further investigation.
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Appendix A. The logical-AND gate

We now recall the corner notation used to represent the computation of the Logical-AND gate, as intro-
duced in [26], as

Uncomputation is then via the following equation

Appendix B. Option pricing algorithm using low-depth phase oracles

In this section, we introduce some details of the option pricing algorithm, which is the main focus of
this work.

The approach we consider builds upon the work of Chakrabarti et al [16], who proposed a quantum
algorithm for option pricing based on amplitude estimation. The algorithm begins by preparing a set
of quantum registers in states whose amplitudes approximate a standard normal distribution, achieved
through variationally trained state preparation circuits. An affine transformation is then applied to these
distributions via quantum arithmetic circuits to represent possible future ‘paths’ of assets. This circuit
is subsequently repeated as part of Iterative Quantum Amplitude Estimation protocol [40] to estim-
ate the expected payoff. The primary bottleneck of this approach lies in the oracle proposed in [16],
which computes the payoff function arithmetically and is computationally expensive. To address this,
Stamatopoulos et al [17]. introduced an improved oracle constructed using QSP. However, conventional
QSP is a strictly serialised algorithm, leading to quantum runtimes that are not expected to be competit-
ive with those of classical simulators.

To reduce the runtime of the oracle circuits, Sun et al [5] recently introduced a low-depth imple-
mentation of general phase oracles using a parallel piecewise circuit. This speedup is achieved by fan-
ning out a small register into multiple ‘copies’ and applying parts of the oracle in parallel to these cop-
ies. This approach represents a spacetime tradeoff, which, in the limiting case, enables a fully parallelised
oracle with a rotation depth of just 1.

Furthermore, Sun et al [5] introduced two types of catalyst towers that can outperform conven-
tional rotation synthesis in terms of both T-count and T-depth, particularly when the oracle circuits are
repeatedly applied, such as in subroutines for amplitude estimation or in first-quantised Hamiltonian
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Table 1. The T-count (NT) and measurement
depth (ts) of the gate-synthesis, in-circuit
tower, and independent tower methods for the
option pricing algorithm. Adapted from [5],
licensed under CC BY 4.0.

NT ts

Gate synthesis 16 536 32

In-circuit towers 5618 62

Independent towers 8061 17

simulation algorithms. The cost metrics for representative examples of these applications, together with
those for the option pricing algorithm, are summarised in table I of that paper. For our purposes, the
part of that table related to the option pricing algorithm is adapted in table 1.

Appendix C. Expected T-count and depth of Gaussian state preparation

To implement N identical Rz(θ) rotations via RUS, it is expected that we need N |Rz(θ)〉 states, dN/2e
|Rz(2θ)〉 states, dN/4e |Rz(4θ)〉 states, all the way up to 1

∣∣Rz(2⌈log2N⌉θ)
〉
state (we truncate the ‘higher

order’ rotations). In our case, we need to implement 60 copies of 35 different rotations. An independent
tower of L layers in this case (as described in section 4), can produce 4 |Rz(θ)〉 states, and 2 |Rz(2θ)〉
states, 2 |Rz(4θ)〉 states,..., and 2

∣∣Rz(2L−2θ)
〉
states. Therefore for N = 60, the required number of

rotations can be provided by 7 3-layer independent towers (either construct 7 towers or run 1 tower 7
times), 4 4-layer towers, 2 5-layer towers, 1 6-layer tower and 1 8-layer tower. Since the towers can only
produce an even number of states, there will be 2 excess states. The excess states can either be discarded
or in practice, one might want some excess states to account for the statistical fluctuations. In our case,
the T-count of an L-layer tower is

2LRT + 4(2L− 1)+ (r− 1) [RT + 4(2L− 1)] (C1)

where r is the rounds of repetition.
Using the fallback protocol in [4], the T-count for gate synthesis is

RT ≈ 1.03 log2 (1/ϵ)+ 5.75 (C2)

where we set ϵ= 2× 10−6. Therefore, the expected T-count per repetition is 28 709. The above is a ‘con-
trol’ scheme which has minimum excess resource states so the T-count is also minimised. Alternatively,
an ‘excess’ scheme can run an 8-layer tower 15 times, spending 45 750 T-states per repetition but saving
the logical qubits for constructing the towers.

The problem of finding the expected depth can be described as this: 5 coins are tossed at the same
time, the heads are kept and the tails are re-tossed till they all become heads. Let the random variable X
be the depth of this RUS procedure (its pdf is explicitly derived in [5]), a single copy of the Ry-CNOT
circuit repeats this procedure 7 times. Define the random variable Y= X1 + . . .+X7 where all Xi are
identical, we are interested in the expectation value of Z=max{Y1, . . .,Y60}, where all Yi are identical.
The max function is due to the fact that the algorithm cannot proceed until all 60 copies of Ry-CNOT
circuits complete all 7 layers of rotations. We use numerical simulation with 10 000 samples and find
E[Z] is approximately 39 (this code is available from the authors on request).
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