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Abstract
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A fibrewise coHopf space X over a base B is a sectioned space for which the
diagonal map X — X x g X may be compressed into X Vg X up to fibrewise pointed
homotopy. Such spaces have been investigated by I. M. James in the case where X
is a sphere bundle over a sphere. The purpose of this thesis is to demonstrate some
of the properties of fibrewise coHopf spaces over more general bases. Particular
attention is given to sphere bundles and fibrations with spherical fibre.

The fibrewise reduced suspension of a sectioned fibrewise space with closed sec-
tion is fibrewise coHopf with associative comultiplication (up to fibrewise pointed
homotopy) and a fibrewise inversion. Examples of fibrewise coHopf spaces not of
this form are exhibited, and sufficient conditions are given to ensure that a fibrewise
coHopf space has the primitive fibrewise pointed homotopy type of a fibrewise re-
duced suspension, in terms of the dimension and connectivity of the space, its base
and the fibres. It is shown that these conditions may be relaxed if the fibrewise
coHopf structure on the space is assumed to be homotopy-associative. An example
of a non-associative fibrewise coHopf sphere bundle is given.

It is shown that, if ¢ > 1 is odd, a sectioned orientable g-sphere bundle over a
finite connected complex is fibrewise coHopf if and only if its fibrewise localisation
at the prime 2 is fibrewise coHopf. Moreover, the fibrewise rationalisation of an
odd-dimensional sphere bundle over a finite polyhedron whose fibrewise unreduced
suspension is fibrewise coHopf is shown to be a trivial fibration. As an application,
it is shown that new fibrewise coHopf spherical fibrations may be constructed by
mixing,.

The Thom space is used to determine the cohomology ring of the total space
of a fibrewise coHopf sphere bundle in terms of that of its base, and a generalised

Hopf invariant is constructed which vanishes on fibrewise coHopf sphere bundles.
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Chapter 1

Introduction

1.1 CoHopf Spaces

We open with a resumé of the main results concerning coHopf spaces in ordinary
homotopy theory. Recall that a coHopf space is a space X equipped with a map
p: X — XV X such that ¢; o p ~ idx, where ¢;: X VX — X is the projection
map, for ¢« = 1,2. Equivalently, if j: X VX — X x X is the inclusion, then
Jopux~A: X — X x X. Examples of coHopf spaces include spheres S? (¢ > 1) and

other reduced suspensions LY, where Y is any pointed Hausdorff space.

The elementary properties of such spaces are well-known, and are explained,
for example, in ppl121-127 of [34]. Most work has concentrated on three problems:
(1) Which spaces are coHopf?
(ii) When is a coHopf space associative up to homotopy?
(iii) When does a coHopf space (X, 1) have the primitive homotopy type

of a suspension?

Included in the first of these problems is the Ganea Conjecture: that every con-
nected coHopf space has the homotopy type of ZV B, where Z is simply connected,
and B is a bouquet of circles. This conjecture has been proved for homotopy-
associative coHopf CW-complexes by Berstein and Dror [2] and for coloops which
are CW-complexes by Hilton, Mislin and Roitherg [13] (a coloop is a coHopf space

(X,p) for which (idx V V) o (1 Vidx) and (V Vidyx) o (idx V 1) are homotopy

1



1.1 CoHopf Spaces 2

equivalences X VX — X V X). It is shown in [12] that the fundamental group of

a coHopf space X is free, by consideration of the commutative diagram

m(X)——>m(X VX) = m(X) x m(X)

Ry i

m(X x X)—=>m(X) x m(X),

where p is the projection homomorphism which sends all commutators to the iden-
tity.

More frequently, two- and three-cell complexes have been studied in the search
for coHopf structures. The two-cell case was settled by Berstein and Hilton, who
proved [4] that if m —1 > ¢ > 2 and f is a map S™! — 59, then §7 Use™ is
coHopf if and only if f commutes up to homotopy with the coHopf structure maps
on S™ 1 and 7 (ie. f is primitive). In addition they produced a generalised Hopf
invariant which vanishes if and only if f is primitive. Using this, they exhibited
in [5] a space X3 = S®Ugye’, where o is an element of order 3 in 7¢(S%). This space
is coHopf but does not have the homotopy type of a suspension.

The related question of whether or not coHopf spaces of this form are homo-
topy associative has been studied in some detail. Berstein [1] has proved that,
for any odd prime p, and any a € 74,(S5?) of order p, that no coHopf structure
on X, = §% Uy €?P*! is homotopy associative, by investigating properties of the
Pontrjagin algebra H.(QX;Z,). The associativity question has been settled for
two-cell complexes by Chan (7, 8], who produced an invariant, the vanishing of
which is both necessary and sufficient to prove the existence of a homotopy asso-
ciative coHopf structure. Examples of homotopy-associative coHopf spaces which
are not suspensions have been found by Berstein and Harper [3]. These spaces are
of the form S° U, €*® (where ¢ is a generator of the 3-primary part of 734(5%)) and

complexes with cells in dimensions 5, 6p — 2 and 2p + 3, where p is an odd prime.
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Problem (iii) has been studied mainly by restricting the connectivity and di-
mensions of the spaces considered. As pointed out by Ganea [11], a (¢—1)-connected
CW-complex of dimension € 2¢ — 1 has the homotopy type of a suspension. Ganea

offers no proof. There follows a simple proof in the spirit of [11}:

Theorem 1.1.1. Suppose that ¢ > 1, and that X is a (¢ — 1)-connected
CW-complex of dimension € 2q — 1. Then X ~ XY for some CW-

complex Y.

PROOF. Assume first that ¢ > 1. Ganea shows that the retraction p: ¥QX — X
is (2¢ — 1)-connected. Since Haq—1(X) is free, we apply Theorem 2.1 of [5] to find

a CW-complex K and a map v: K — QX such that

vyt Hi(K) = Hi(QX) 2 Hipy(SOX) & Hipy(X) fori < 2q—2;
Haqoo(K) 22 Hago2(QX) = Hyy 1 (2QX) 25 Hpp—i(X) is an isomorphism;

Hi(K)=0 fori>2¢-2.

Then ¥K ~ X, since p o Xv is a homology equivalence of simply-connected CW-
complexes.
The case where ¢ = 1 is easily proved, since a 0-connected 1-dimensional com-

plex has the homotopy type of a bouquet of circles. O

More can be proved if the space is required to be coHopf. For example, Theo-

rem A of [5] states:

Theorem 1.1.2. If X is a (g — 1)-connected space of the based homotopy

type of a CW-complex, q¢ > 1, with locally finitely generated homology,
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and if dim X < 3¢ — 3, then any coHopf structure (X, p) is equivalent to

a suspension structure.

Thus, not only does X have the homotopy type of a suspension, but the homo-
topy equivalence may be chosen to be primitive, with respect to the suspension
coHopf structure and the given map p. In particular, (X, #) is homotopy associa-
tive and admits a homotopy inversion. The example X; demonstrates, at least for
g = 3, that the above bound is the best possible. Under the assumption that the

coHopf space (X, ) is homotopy associative, we can strengthen the result, as in

Corollary 3.5 of [11]:

Theorem 1.1.3. Suppose that the CW-complex X is a (¢ — 1)-connected
coHopf space and that dim X < 4¢ — 5, where ¢ 2 2. Then X has the
primitive homotopy type of a suspension if and only if it is homotopy

associative.

Given the subject matter of this thesis, some mention should be made of the
paper of Woo and Kim [35], in which the definition of a coHopf space is extended
to encompass ex-spaces (fibrewise pointed spaces). This is perhaps the earliest
published paper referring to fibrewise coHopf spaces. Unfortunately the main results

of this paper were anticipated and proved in greater generality in [20].

1.2 Fibrewise CoHopf Spaces

We now introduce the fibrewise analogue of the coHopf space:

Definition 1.2.1. Let X be a fibrewise pointed space over B. A fibrewise

comultiplication on X is a fibrewise pointed map o: X — X Vg X. A
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fibrewise coHopf structure on X is a fibrewise comultiplication o such
that the triangle
X—Z>XvpX

N

XXBX

commutes up to fibrewise pointed homotopy, where A: X — X xp X is
the fibrewise diagonal map and j: X Vp X — X xp X is the inclusion.
If X admits a fibrewise coHopf structure, we say that X is fibrewise coHopf

over B.

These definitions differ from those of Ganea [11]; what Ganea calls a “comul-

tiplication” is what we call a “coHopf structure”.

If the base space B is a point, then these definitions reduce to the standard
(non-fibrewise) definitions. A trivial bundle B x F' — B admits a fibrewise coHopf
structure (with respect to the section s defined by s(b) = (b,%)) if and only if the
fibre F is a coHopf space. In particular the bundle B x S? is fibrewise coHopf
with respect to such a section. Much of the remainder of this section is devoted to
proving various elementary results in the theory of fibrewise coHopf spaces, most

of which reduce to well-known results when the base space is a point.

Initially we prove that our definition is equivalent to that of James (see p131

of [21]).

Lemma 1.2.2. Let o be a comultiplication on the fibrewise pointed space
X over B. Then o is a fibrewise coHopf structure if and only if ¢; 0 ¢
is fibrewise pointed homotopic to the identity on X for 1 = 1,2, where

q1,q2° X VB X — X are the fibrewise projections.
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PROOF. Necessity is easily seen from the diagram

which commutes up to fibrewise pointed homotopy. To prove sufficiency, choose
fibrewise pointed homotopies H¥: X x I — X from ¢; o o to idx (for i = 1,2).
Then, by the universal property of the fibrewise product (see [21], p2), there is
a fibrewise pointed homotopy H: X x I — X xp X from j o o to the diagonal
map A: X - X xp X. O

Lemma 1.2.3. Let X be a fibrewise coHopf space over B with structure
map ¢ and closed section. Suppose that f: B' — B is a continuous map.

Then the pullback space f*(X) over B' is a fibrewise coHopf space.

Proor. First recall that, as on p92 of [21], there is a natural fibrewise pointed

topological equivalence f*(X) Vg f*(X) — f*(X Vg X). The commutative square

X)XV X

L,

B'——B

defines a fibrewise pointed map 8: f*(X) — f*(X vp X), where ¢: f*(X) - X is

the canonical projection. This is a fibrewise coHopf structure on f*(X), as may be
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seen from the diagram

f(X) . X
8 o
f*(X ve X ) XvpX
\

g . (X)) ve f*(X) g

(X) . X

B ! B

which commutes up to fibrewise pointed homotopy. a

Lemma 1.2.4. Let X be a fibrewise coHopf space over B with structure
map o, and let Y be a fibrewise pointed space over B. Suppose that the
sections of X and Y are closed. Then the fibrewise smash product X AgY

admits a fibrewise coHopf structure over B.

ProOF. The fibrewise pointed maps ¢ and idy induce a fibrewise pointed map

H:X/\BY—>(XVBX)/\BY.

The range of this map is equivalent, by Proposition (6.1) of [21], to the fibrewise

space (X ApY)Vp (X ApY). Postcomposition by the fibrewise projection maps

gi: (X NgY)Ve(XAgY)— (XABY) (fori=1,2)

gives maps which are fibrewise pointed homotopic to the identity on (X Ag Y) by

naturality. 0
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In particular, the fibrewise reduced suspension of any fibrewise pointed space

with closed section is fibrewise coHopf.

Lemma 1.2.5. Let X be a fibrewise coHopf space over B with structure
map o, and suppose that the fibrewise pointed space Y over B is fibrewise
pointed dominated by X. ThenY admits a fibrewise pointed coHopf struc-
ture. In particular, if X and Y are fibrewise pointed homotopy equivalent,

then Y is fibrewise coHopf if and only if X is.

PROOF. Let f: X — Y, ¢: Y — X be fibrewise pointed maps such that fog is
fibrewise pointed homotopic to idy. Define § = (f Vg f)oogog: Y - Y VgY.
Then, for : = 1,2,

gio=qgo(fVvpf)oogog
= fogioogog
~P fog

zg idy,

and so @ is a fibrewise coHopf structure on Y.

The most conspicuous application of (non-fibrewise) coHopf structures is in
the construction of the multiplication on the homotopy groups of a space using the

suspension comultiplication on a sphere. This generalises to the fibrewise category:

Lemma 1.2.6. Let 0: X — X Vg X be a fibrewise coHopf structure on
the fibrewise pointed space X over B. Suppose that the section of X is
closed, and that X is fibrewise compact and fibrewise regular. Then, if Y

is a fibrewise pointed space over B, o induces a fibrewise Hopf structure
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on the fibrewise pointed mapping space M = Mapsg(X ,Y), and hence a
multiplication on the set [X,Y]8 of fibrewise pointed homotopy classes of
fibrewise maps X — Y. These constructions are natural with respect to
fibrewise pointed maps defined on Y. Conversely, if there is a multiplica-
tion on [X,Y]8 for all fibrewise pointed Y over B, natural with respect
to fibrewise pointed maps defined on Y, which has a two-sided unit given

by the fibrewise pointed homotopy class [c] of the fibrewise constant map

c: X =Y, then X is fibrewise coHopf.

PROOF. We first define a fibrewise multiplication u: M x g M — M by the formula

wf,9)=Vo(fvpg)oo.

Continuity of p follows from the continuity of the fibrewise map  from M x g M to
the space of fibrewise pointed maps X Vg X — X Vg X defined by n(f,9) = fVgyg.
(The map 7 is continuous by Proposition (9.19) of [21].) Naturality of u follows
immediately from the naturality of the folding map V;if ¥: ¥ — Z is a fibrewise
pointed map over B, then u( o f,4p 0 g) =9 o p(f,9).

It remains to show that y defines a fibrewise Hopf structure on M. Suppose
that H: X x I = X xp X is a fibrewise pointed homotopy from j o o to A. We

define a fibrewise selfhomotopy H of M by the formula

I_{(f»t)=f°(]10Hz',

Then H is a continuous fibrewise pointed map such that

H(f,0)=foqojoo=fogoo=u(f,c) and

E(f,1)=f°CI10A=f-
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Thus if éy: M — M xp M is the fibrewise inclusion into the first cobrdinate, then
(Ot 'zg idps. The proof that p o 'zg idps is similar.
Since X is fibrewise compact and fibrewise regular, we may apply Proposi-

tion (3.99) of [20] to identify [X,Y]5 with the set of vertical homotopy classes of

sections of M, thus obtaining a multiplication on [X,Y]2.

Now suppose that for all fibrewise pointed spaces Y, [X,Y]2 admits a multi-
plication with two-sided identity [c], natural with respect to fibrewise pointed maps
defined on Y. Then there is a fibrewise pointed map 8: X — X Vg X, which is
the product of the maps ¢1,i2: X — X Vg X. The compositions g; 0 § are fibrewise
pointed homotopic to the identity on X, by naturality. Thus X is fibrewise coHopf
over B. a

In fact, it is not necessary to assume fibrewise compactness and fibrewise reg-

ularity, merely to obtain a multiplication on [X,Y]§. The formula

te([f1,[9]) = [Vo(f VB g)o 0]

defines a multiplication on fibrewise pointed homotopy classes for all fibrewise
coHopf spaces (X, 7).
Dually, a fibrewise Hopf structure on a space Y over B induces a multiplication

on [X, Y8 for any fibrewise pointed space X over B. In the case where X is fibrewise

coHopf and Y is fibrewise Hopf, the following result holds:

Lemma 1.2.7. Suppose that X, Y are fibrewise pointed spaces over B,
such that X is fibrewise coHopf and Y is fibrewise Hopf, with structure

mapso: X - XVpX and pu: Y xgY — Y respectively. Then the two
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induced multiplications on G = [X,Y]8 agree and are commutative and

associative,
PROOF. Let f,g: X — Y be fibrewise pointed maps. Then the diagram

X—2>Xxvp XL yvpy

NN

XXBX%YXBY——#—%’Y

commutes up to fibrewise pointed homotopy. Hence the two multiplications on G
agree.
Now consider the postcomposition function p.: [X,Y x5 Y]5 — [X,Y]5. By

naturality, this is a homomorphism. Let ¢ be the natural isomorphism
[XaY]g x [XaY]g - [X,Y XB Y]g

(see p127 of [21]). Then p.« o ¢ defines a homomorphism from G x G to G. But
g0 p([f),[9])) = [po(f xBg)oA], and so y 0 ¢ is the multiplication on G induced
by 4 and . The condition that this is a homomorphism is precisely that, for all
classes a, 3,7, 6 in [X,Y]8, (aB)(v6) = (ay)(B6). Putting & = § = [c], the class of
the fibrewise constant map, we see that the multiplication is commutative. Putting

v = [c], we see that it is associative. a

Definition 1.2.8. Let X, Y be fibrewise pointed spaces over B, admitting
fibrewise coHopf structures o, T respectively. Let f: X — Y be a fibrewise
pointed map. We say that f is primitive (with respect to o and 7) if the

diagram
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commutes up to fibrewise pointed homotopy.

We will also refer to a primitive fibrewise map f as a homomorphism, or a

co-H-map.

Definition 1.2.9. Let X be a fibrewise pointed space over B admitting
a fibrewise coHopf structure 0. We say that (X,c) is fibrewise homotopy

commutative if the diagram

PN

XVvp X = Xvp X

commutes up to fibrewise pointed homotopy, where T is the fibrewise
switching map. We say that (X,0) is fibrewise homotopy associative if

the square

X

SN

XvpX XvpX

,N %

XvpXvpX
commutes up to fibrewise pointed homotopy. We say that (X,c) admits a
fibrewise homotopy inversion if there is a fibrewise pointed mapn: X — X

such that the diagram

Xvp XN xvp X
/ \
\ /

nVid

XVpX——=XvgX

X
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commutes up to fibrewise pointed homotopy, where c: X — X is the
fibrewise constant map. A fibrewise cogroup (or fibrewise cogroup-like
space) is a fibrewise homotopy associative fibrewise coHopf space with a

fibrewise homotopy inversion.

If a fibrewise coHopf space over B with closed section admits a fibrewise homo-
topy commutative coHopf structure, then the induced coHopf structure on X Ag Y
is also fibrewise homotopy commutative for any fibrewise pointed space Y over B
with closed section. Analogous results hold for fibrewise associativity and for the
existence of a fibrewise inversion. In particular, the fibrewise reduced suspension of

a fibrewise space with closed section is a fibrewise cogroup.

Lemma 1.2.10. Suppose that (X,o) is a fibrewise coHopf space over
B, and that Y is a fibrewise pointed space over B. Then the induced
multiplication on [X,Y)3 is associative if (X,0) is fibrewise homotopy
associative, commutative if (X, o) is fibrewise homotopy commutative, and

admits inverses if (X, o) admits a fibrewise homotopy inversion.

In particular, if (X, o) is a fibrewise cogroup, then [ X, Y]g is a group. In this
case we write it as 75(X,Y). We will call such a group a generalised fibrewise

homotopy group.

Lemma 1.2.11. Let X and Y be fibrewise compact and fibrewise regular
fibrewise coHopf spaces over B with closed sections. Then there are two
fibrewise coHopf structures on X Ag Y, that obtained from X and that
obtained from Y. These two structures are fibrewise pointed homotopic,

and are fibrewise associative and commutative.
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PROOF. Let Z = (X ApY)Vp (X AgY), and consider the set of fibrewise pointed

homotopy classes of maps from X Ag Y to Z. There is a homomorphism
(X ABY, Z]5 — [X,MapsB(Y, 2))3,

which is an isomorphism by Corollary (9.26) of [21] and Proposition (3.99) of [20].
However, the multiplication on [X, Maps3(Y, Z)]2 is both associative and commu-
tative, by (1.2.7), and the multiplications induced by the fibrewise coHopf structure
of X and the fibrewise Hopf structure of Maps5 (Y, Z) coincide. The latter multipli-
cation is equivalent under the above isomorphism to that induced on [X Ap Y, Z]8
by the coHopf structure on Y.

Each comultiplication is fibrewise pointed homotopic to the product of the
injections i1,i2: X ApY — Z, and they are therefore fibrewise pointed homotopic
to each other. Fibrewise homotopy commutativity and associativity follow from the

commutativity and associativity of the product on [X Ap Y, Z]3. O

Well-sectioned spaces. Before proceeding further, we should note that many of
the spaces that we shall work with are fibrewise well-pointed with closed sections.
We need to prove that the class of such spaces is closed under some standard

constructions:

Lemma 1.2.12. Let X be a fibrewise well-pointed space over B with
closed section. Then X Vg X, X xp X, Z‘gX, QgX are all fibrewise

well-pointed with closed section.

Proor. The square
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is a fibrewise pushout. Apply Proposition (20.2) of [21] to show that X Vg X is
fibrewise well-pointed. Closure of the section follows from the definition of the
quotient topology.

Since (X, B) is a closed fibrewise cofibred pair, by Corollary (20.20) of [21] the
pair (2pX,ZpB) is closed and fibrewise cofibred, and we may collapse £gB to
deduce that 8 X is fibrewise well-pointed with closed section.

We will construct fibrewise Strgm structures for (R8 X, B) and (X xp X, B)
from one on X. Embed B in X via the section. Recall that a fibrewise Strgm
structure on (X, B) isamap a: X — [ which is zero on B, and a fibrewise homotopy
H:IxX — X rel B such that Hy = idx and H(t,z) € B whenever t > a(z).

A Strgm structure on (X x g X, B) may be given by the formulee

o'(z,y) = max(a(z), aly))

Htl(zvy) = (Ht(I),Ht(y))'

Define a: Q58X — I by a'(w) = sup{a(w(t)) : t € I}. Then the fibrewise
homotopy H": I x Q58X — QBX defined by HJ(w)(s) = Hi(w(s)) is a fibrewise
homotopy of idgs x rel B. Moreover, if t > o(X) then t > a(w(s)) for all 5 € I.
Hence H"(t,w(s)) € B for all s € I, and so H"(t,w) is the basepoint in the fibre
of w. Thus (25, B) admits a fibrewise Strgm structure, and so Q5 X is fibrewise

well-pointed with closed section. O

We will wish to use SO(n) sphere bundles as examples. Indeed, in the later
sections they will be the prime objects of study. From Proposition 111.4.8 of [26],
we know that any such bundle admits a section if and only if it is an unreduced
fibrewise suspension of a SO(n — 1) sphere bundle. Therefore, all such bundles are

fibrewise well-pointed.
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The main reason for using the fibrewise well-pointedness of our spaces is the

following lemma, which is a special case of Proposition (20.12) of [21]:

Lemma 1.2.13. Letp: X — Y be a fibrewise pointed map, where X and
Y are fibrewise well-pointed spaces over B. If ¢ is a fibrewise homotopy

equivalence then ¢ is a fibrewise pointed homotopy equivalence.

We are now able to prove that, for X in a certain class of fibrewise coHopf

spaces, the condition that X admit an inversion is automatically satisfied.

Lemma 1.2.14. Suppose (X,0) is a fibrant fibrewise coHopf space
over B, and suppose further that X is fibrewise well-pointed, has sim-
ply connected fibres of the pointed homotopy type of a CW-complex, and
that B admits a numerable categorical covering. Then X admits a left
and a right fibrewise inversion. Moreover, if the coHopf structure on X
is homotopy associative, then the two fibrewise inversions are fibrewise

pointed homotopic.

PROOF. As usual, we embed B in X via the section. We prove that X admits a

right fibrewise inversion. Define the fibrewise pointed map k to be the composition

XV X Y% xvp X v X 29 x v X,

We wish to show that k is a fibrewise homotopy equivalence. Let V be a member of
the numerable covering of B. Then Xy is a trivial fibration over V, and so therefore

is (X Vg X)v. Then the induced homomorphism

ket Ho(Xv Vy Xv)— H(Xv Vv Xy)
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is an isomorphism, and so, since the fibres have the homotopy type of simply-
connected CW-complexes, k is a fibrewise homotopy equivalence over each such V.
By Satz 9.1 of [31] we see that k is a fibrewise homotopy equivalence. Since X Vg X
is fibrewise well-pointed, we may apply (1.2.13) to show that k is a fibrewise pointed
homotopy equivalence. Let ¢ be a fibrewise pointed hemotopy inverse for k. Let
J=qopoiy

X2 xvp xS xvex &

We claim that j is a right inversion for the coHopf structure o.

The diagrams
XsXvpX
id
\kl \
XVpX—2>XvpX-Lsx
and
XLX v X
Sy e
XvpX—¥2sXvpX

commute up to fibrewise pointed homotopy, and the composition X — X of the first
is fibrewise pointed homotopic to the identity. We wish to show that Vo(idx Vgj)oo
is fibrewise pointed nulhomotopic. The following diagram commutes up to fibrewise

pointed homotopy:

MA [(ql e)Ve{ae) Iqw’

(XVeX)Va(XVvpX)X>XvpX
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and therefore Vo (idx Vp j) o o is fibrewise pointed homotopic to ¢, 0 p 0 g, and so
to g1 013, which is fibrewise pointed nulhomotopic, as required. The left fibrewise
inversion follows by symmetry.

Suppose j1, g are fibrewise left and right inversions for an associative fibrewise

coHopf space X over B. Then, writing * for the (unique) fibrewise pointed constant

map X — X, we have

jr >3 V(L Ve %)
'zg V(iL Ve (V(dx VB jr)0))o
~8 V(V(jL VB idx)o VB jr)o
(since o is fibrewise homotopy associative)
~B V(*xVp jr)o

B A
B JR.

The fibrewise pointed map k: X Vp X — X Vp X defined above is called the

fibrewise coshear map.

It is known (see [4]) that there exist coHopf spaces which do not have the
homotopy type of a suspension. These may certainly be viewed as fibrewise coHopf
spaces over a point which are not fibrewise pointed homotopy equivalent to fibrewise
reduced suspensions of any fibrewise pointed space. However, from the point of view
of fibrewise homotopy theory, this is not in itself of great interest. What we will seek
in later chapters are fibrewise coHopf spaces whose fibres are suspensions, but which
do not have the fibrewise pointed homotopy type of fibrewise reduced suspensions,

In particular, we will investigate the case where the fibre is a sphere.
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The first examples of such fibrewise coHopf spaces may be constructed using the
main result of [14], which characterises the fibrewise coHopf sectioned $9-1-bundles

over a sphere S™ as follows:

Proposition 1.2.15. (James) Let E be the sectioned S?-bundle over ™
which has classifying map o € 7,-1(SO(q)). Then E is fibrewise coHopf

if and only if £lp.a = 0, where p: SO(g) — S97! is the evaluation map.

Corollary 1.2.16. (James) If E is a fibrewise coHopf S?-bundle over S™
and q is even then E has the fibrewise pointed homotopy type of a reduced

suspension.

Corollary 1.2.17. (James) If E is a fibrewise coHopf $?-bundle over S™
and n < 2q — 2 then E has the fibrewise pointed homotopy type of a

reduced suspension.

In fact, the argument given in [14] shows, in conjunction with Corollary 1.7

of [16], that the conclusions of (1.2.17) apply when n < 2¢, provided that n # 2¢—2.

The following results will be used when we wish to work with sphere bundles:

Lemma 1.2.18. Let E be an n-sphere bundle over the complex B. Then

E is fibrewise closed, fibrewise compact and fibrewise regular over B.

PRrOOF. Fibrewise closure follows from local triviality and Proposition (1.8) of [21].
Fibrewise compactness follows from Proposition (3.2), while fibrewise regularity

follows from local triviality and the regularity of the fibre $™. g
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Lemma 1.2.19. The unstable J-homomorphism
J: m3(S0(3)) — 76(S*%)

is an epimorphism.

PROOF. Identify $® with the group of quaternions of absolute value 1. As shown
on p115 of [28], the homotopy class [p] of the homomorphism p: §% — SO(3) defined
by p(g)(r) = grq™" generates the infinite cyclic group 73(SO(3)). It is shown in [33]

that J{p] is a generator for m(S3) & Z5. a

We may therefore exhibit our first sphere bundle which is fibrewise coHopf but

does not have the fibrewise pointed homotopy type of a fibrewise reduced suspension:

Example. Let a be a generator of 73(SO(3)), and let Ej; be a sectioned S3-bundle
over $* formed by the clutching construction on 4a. Embed B in E3 via the section.
Then HJa = 0, and so Ej3 is a fibrewise coHopf space. However, if E3 were to have
the fibrewise pointed homotopy type of a fibrewise reduced suspension, the space
E3/B would have the homotopy type of a suspended space. But this space is just
the non-suspended coHopf space X3 that we met earlier. Hence E3 does not have
the fibrewise pointed homotopy type of a fibrewise reduced suspension.

The theory of fibrewise coHopf spaces has strong links with the theory of fibre-
wise pointed Lusternik-Schnirelmann category. The following results are due to

James and Morris (Propositions 6.1 and 6.2 of [22]):

Proposition 1.2.20. (James/Morris) Let X be a fibrewise pointed space
over B. Suppose that X admits a fibrewise pointed categorical neighbour-

hood of B. If, for some n > 1, the diagonal

A: X - TBX
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can be compressed into II% (X, B) by a fibrewise pointed homotopy, then

catd X < n.

Proposition 1.2.21. (James/Morris) Let X be a fibrewise space over B
with closed section such that X, as a space, is fully normal. If catg X < n,

for some n > 1, then the diagonal

A X - X

can be compressed into Il (X, B) by a fibrewise pointed homotopy.

In particular, putting n = 2, then A can be compressed into II4(X, B) by a
fibrewise pointed homotopy if and only if X is fibrewise coHopf. We may therefore
use the following result from §7 of [22] to deduce that certain sectioned fibre bundles

are fibrewise coHopf for dimensional reasons.

Lemma 1.2.22. (James/Morris) Let X be a sectioned fibre bundle over
the base B with fibre F'. Suppose that F is (r —1)-connected, wherer > 1,

and that (X, B) is a CW-pair. Then if dim X < nr then cat3 X < n.

We conclude this section with a result showing that, for spaces lying in a certain
class, the question of the existence of a fibrewise coHopf structure may be posed

as an extension problem. The proof is essentially that of James (Proposition (2.2)

of [14]).

Lemma 1.2.23. Suppose that B is a connected space admitting a nu-
merable categorical cover (for example a paracompact locally contractible
space). Let X be a fibrewise non-degenerate fibrewise pointed space over B

such that the projection p: X — B is a fibration. Suppose that there is a
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coHopf structure on a fibre X, which can be extended to a fibrewise pointed

map 0: X — X Vg X. Then X admits a fibrewise coHopf structure.

PROOF. Let g1, g2 be the fibrewise projections X Vg X — X. By Theorem (6.3)
of [10] the compositions g; 0 §: X — X are fibrewise homotopy equivalences for
¢ = 1,2, and are thus fibrewise pointed homotopy equivalences. Choose fibrewise
pointed homotopy inverses a1, as. Then (a3 Vpag)of: X — X Vp X is a fibrewise

coHopf structure on X. O

1.3 A Universal Fibrewise CoHopf Sphere Bundle

We now attempt to construct a universal fibrewise coHopf n-sphere bundle. Let
m: E(n) — BO(n) be the universal sectioned n-sphere bundle. Without loss of
generality, we may assume that BO(n) is a CW-complex. Define, for a sectioned

fibrewise space X over B, the space

coHp(X)={f¢€ Maps3(X,X Vp X): f is a coHopf structure map }.

Now consider the fibrewise projection map

m2: E(n) XBo(n) cOHpo(n)(E(n)) — coHpo(n)(E(n))

onto the second codrdinate. This is induced by the pullback

coHBo(n)(E(n)) —> BO(n)
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and is therefore a sectioned n-sphere bundle. Since coHpo(ny(E(n)) is a bundle
over BO(n) with fibre a path-component of Q7(S™ v §"), it is paracompact and

locally contractible and has the homotopy type of a CW-complex. We claim that

E(n) = E(n) X po(n) coHpo(n)(E(n))

is fibrewise coHopf over B,(n) = coHpo(n)(E(n)) with respect to the projection
and the section induced by the section of E(n) over BO(n).

There is a map ©: Ec(n) — E.(n) Vp,(n) Ec(n) induced by the square

E(n) X go(n) c©0Hpo(n)(E(n)) 22> E(n) Vpo(n) E(n)

! |

coHpom)(E(n)) BO(n)

which is a coHopf structure on each fibre. Recall that sectioned sphere bundles are
fibrewise well-pointed and hence fibrewise non-degenerate. It follows from (1.2.23)
that there is a fibrewise coHopf structure © on E.(n) over B.(n) of the form
(@1 VB, (n) @2) 0 O, for a suitable pair of fibrewise pointed homotopy equivalences
ay,az: E/(n) — E.(n) over B(n).

Now let X be a sectioned n-sphere bundle over the connected complex B with
fibrewise coHopf structure map 6: X — X Vp X. From (1.2.18), X is fibrewise
compact and fibrewise regular over B. Recall that X is bundle equivalent to a
pullback ¢*(E(n)), for some map ¢: B — BO(n). By Proposition (3.99) of [20],

the map 6 induces a map
B - coll(X) 8 collp(* (E(n))) 2 ¢ (coB poruy(E(n)),

and hence a map B — coHpo(s)(E(n)) such that © pulls back to give 6. In

particular, putting B = B.(n), there is a homotopy equivalence €: B.(n) — B.(n)
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such that (a; Vg ap) 0 @ is the pullback of © via e. By Theorem 6.21 of [31]
and (1.2.13), this map ¢ is a fibrewise pointed homotopy equivalence over BO(n),
since sectioned sphere bundles are fibrant and fibrewise well-pointed. Thus ¢ lifts

to a map :
Be(n)

v, 7 l
/
-
B—— BO(n)
such that (¥*(E.(n)),%*®) is primitively fibrewise pointed homotopy equivalent
to (X, 86).

We have therefore proved

Proposition 1.3.1. There is a universal fibrewise coHopf n-sphere bundle

8§* —— E.(n)

l

Be(n)

such that any fibrewise coHopf n-sphere bundle over a connected com-
plex B is primitively induced by a map %: B — B.(n). We may view
the classifying map B.(n) — BO(n) for this bundle as a fibrewise struc-
ture on B.(n) over BO(n) such that homotopies of 2 map X — B¢(n)
correspond to primitive bundle self-equivalences of the pullback bundle,
while fibrewise pointed vertical homotopies over BO(n) induce fibrewise

homotopies of the fibrewise coHopf structure on the pullback over X.

We may use this result to demonstrate the existence of bundles with more than
one fibrewise pointed homotopy class of fibrewise coHopf structure. For example,

let E be the fibrewise suspension of a trivial S*-bundle over S?, and give E the polar
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section. Then fibrewise pointed homotopy classes of fibrewise coHopf structures on

E are in bijective correspondence with fibrewise pointed vertical homotopy classes
of liftings
B.(1)
i
s
7/
,

51 —==BO(1),
where c is the constant map to the basepoint of BO(1), and are therefore classified
by elements of 71(coH(S?)) & m;(Q2(S?V S§?)) & 73(S? v §?). By the Hilton-Milnor
theorem this is a non-trivial group, and so there exist distinct classes of fibrewise
coHopf structure on E.

Indeed, if we examine the homotopy sequence of the fibration B,(1) — BO(1):

++ o == m(BO(1)) ——m (col(§?)) ———m(Bc(1)) —>m1(BO(1))
0 Z @ Z @ (extra terms)
it is apparent that we may choose classifying elements in m; (coH(S?)) which have
different images in m(B¢(1)). Any two such elements induce fibrewise pointed
homotopy classes 8;, 63 of fibrewise coHopf structure on E such that there is no
primitive fibrewise pointed bundle equivalence (E,8;) — (E, 8,).
We may also consider the case where B is a cogroup-like space (for example, a

suspension).

Corollary 1.3.2. Let (E,8) be a fibrewise coHopf n-sphere bundle over a
cogroup-like CW-complex B. Then the set of fibrewise pointed homotopy
classes of fibrewise coHopf structures on E is in bijective correspondence

with the image of the homomorphism

ix: [B,coH(S™)] — [B, B:(n)]
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induced by the inclusion of a fibre.

PROOF. The bundle E is induced by a map ¢: B — BO(n), and the fibrewise
pointed homotopy class of 6 by a fibrewise pointed vertical homotopy class [¢]
of liftings B — Bc(n). Since B is a cogroup-like space, we may form the class
[¥] + ix[a] € [B, B.(n))] for any a € [B,coH(S™)]. This class is sent by m, to the
class [p] € [B, BO(n)], and therefore contains a lifting of ¢ and all liftings which are
fibrewise pointed vertically homotopic to it, since 7: B.(n) — BO(n) is a fibration.

Conversely, if [tho] € [B, Bc(n)] is such that m.[th] = [¢], we may construct
the class {1po] — [¢] € [B, Bc(n)]. The image of this under m, is the zero element
of [B,BO(n)]. Since = is a fibration, we may lift a corresponding nulhomotopy
B x I — BO(n) to demonstrate that [1)o] — [¢)] contains a map whose image lies

entirely within a fibre. Thus [tg] — [¢] lies in the image of i,. O



Chapter 2

Fibrewise CoHopf Spaces and Dimension

As we stated in Chapter 1, the reduced fibrewise suspension £3 X of any fibre-
wise pointed space X over B with closed section admits a fibrewise coHopf struc-
ture. We will be seeking, inter alia, constraints on a fibrewise coHopf space E
which ensure that it has the fibrewise pointed homotopy type of a fibrewise reduced
suspension. Our aim in this chapter is to present such constraints in the form of

conditions on the dimension of E.
2.1 Fibrewise Coretractions

Recall (see [15]) that a pointed CW-complex X is a Hopf space if and only if it is a
retract of QXX with respect to the canonical inclusion X — QX X. The dual of this
result appears in Theorem 1.1 of Ganea’s paper [11], which states that the set of
coHopf structures on a pointed CW-complex X is in bijective correspondence with
the set of right homotopy inverses of the canonical projection XQX — X. As Ganea
points out, the correspondence between homotopy classes of Hopf structures and
homotopy classes of retractions QXX — X is not necessarily bijective; S admits
12 Hopf structures up to homotopy, but there are infinitely many homotopy classes
of retractions 25* — 5°. We will prove a fibrewise version of Ganea’s result in this

section.

27
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Definition 2.1.1. Let X be a fibrewise pointed space over B. There is
a natural fibrewise pointed map p: 2308 X — X, which is the adjoint of
the identity map on Q8X. A fibrewise coretraction is a fibrewise pointed

map v: X — £8Q8X such that poy ~p idx.

The fibrewise map p is continuous by Corollary (9.24) of [21]. If X is a fibrewise
reduced suspension £8 D, then the fibrewise suspension of the canonical inclusion

D- QngD is a fibrewise coretraction.

The purpose of this section is therefore to show the connection between fibre-
wise coHopf structures on a space X and fibrewise coretractions X — EgQgX .
Before we can do this, however, we must prove some technical results.

Let X be a fibrewise well-pointed space over B with projection px and closed
section, and embed B in X via the section. We identify Mapsg(I x B, X) with the
subspace of Maps(I, X) which consists of paths w such that px ow is a constant

map.

Lemma 2.1.2. The inclusion

u: QBX — PEX = {w e Mapsg(I x B,X):w(0) € B}

is a closed fibrewise cofibration, and hence a fibrewise pointed cofibration.

PRrOOF. We prove that u is a closed fibrewise cofibration by exhibiting a fibrewise
Strgm structure on the pair (PFX,028X). Since X is fibrewise well-pointed with
closed section, there is a fibrewise Strgm structure on (X, B), i.e. amapa: X — [
such that a(B) = 0, and a fibrewise homotopy H: X x I — X rel B of idx such

that Hy(z) € B whenever t > a(z). As on p138 of [21], we assume that Hy(z) € B
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whenever t > a(z). Let p: PEX — X be the map which evaluates a path at 1. The

following diagram commutes:

PEx—4 . pBx

idxol tp
PBX x ] 20 ¢

Since p is a fibrewise fibration, there is a lifting H': P5X x I — PEX over B. We

now define a'(w) = a(pw), and

Hy(w) for ¢ < o(pw),
Fy(w) =
:x(pu)(w) for ¢ 2 Ct(p(.d)

For all w € QBX | we see that o/(w) = 0. Also, F is a fibrewise homotopy of the

identity rel Q3X. If t > o'(w), then

PFi(w) = pH (o) (w)
= H o (p x id)(w, a(pw))
= Hap(w)(p(w))

€ B,

and so Fy(w) lies in Q8 X. Thus (o, F') defines a fibrewise Strgm structure on the

pair (PEX,Q8X), and u is a closed fibrewise cofibration. O

The following result is proved in the non-fibrewise case in Proposition (6.7)

of [20]:
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Lemma 2.1.3. Suppose Z = C,UC, is a fibrewise pointed space over B,
where the inclusion Y = C; N Cy — C; is a fibrewise pointed cofibration.
Then Z has the fibrewise pointed homotopy type of the reduced fibrewise

double mapping cylinder X = C} Uy x{o) (Y'XI) Uy x 1} Co.

PROOF. Let A\: X — Z be the canonical map, and let M be the reduced fibrewise

mapping cylinder of the inclusion u: Y < C). As in §21 of [21], the diagram

Y

7N

~

IXY Cl

o A

IXCy

induces a fibrewise pointed map k: M — IXCj, which by Proposition (21.3) of [21]
admits a left inverse [: IXCy — M. Define u: Z — X by setting u = lp on C; and
p =id on Cy. Then Ay = id, while uX ~8 id, using the fibrewise pointed homotopy
defined by . O

Corollary 2.1.4. Let X be a fibrewise well-pointed space over B with
closed section, and let V be the subspace of Mapsg(I x B, X) consisting
of paths w such that w(1) or w(0) (or both) lie in the image of the section.

Then V has the fibrewise pointed homotopy type of EgQgX.

ProoF. Embed B in X via the section, and write @ = Q5X. By (2.1.2) the
inclusion u: @ — PEX = {w € Mapsg({ x B,X) : w(0) € B} is a fibrewise

pointed cofibration. Now define

C;=PEX and Cy = {w € Mapsg(I x B,X):w(l) € B}.
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It follows from (2.1.3) that V = C; Uqg Cs has the fibrewise pointed homotopy type

of U=0C, Un'i{o} (Qx1I) Un?<'{1} Cs. It remains only to show that (U,C; Vg () is a

closed fibrewise pointed cofibred pair, for then U has the fibrewise pointed homotopy

type of SEQBX by Proposition (21.6) of [21], since C; and C; are fibrewise pointed
contractible.

By the definitions of the product and quotient topologies, C; Vg Cs is closed

in U. We prove that (U, C Vg Cs) is a fibrewise cofibred pair (and hence a fibrewise

pointed cofibred pair) by exhibiting a fibrewise Strgm structure on it. By (1.2.12)

there is a fibrewise Strgm structure (8, H) on (Q, B). Define

0 foru e Cy

a(u) ={ min(2 - |4s ~ 2|, f(w)) for u = (w,s) € QI

0 foruec C,
and
(U forue Cy v C;
(Hy(w),max(0,s — 11)) for u = (w,s) € 2x[0,3]
Hy(u) = _
(H(w),(1—t)s +1(2s — 3)) foru=(w,s) € Ox[f,3
\ (Hy(w),min(1,s + 3t)) for u = (w,s) € 2x[3,1].
Then the pair (a, H') is a fibrewise Strgm structure, and the result follows. 0O

Armed with this model for ZBQE X we are able to prove the following propo-
sition, which appears in a non-fibrewise form in [11]. If X is fibrewise Hausdorff,
recall from p75 of [21] that QE X is also fibrewise Hausdorff, and therefore has closed

section by Proposition (2.9) of [21]. Hence, by (1.2.4), EQB X is fibrewise coHopf.
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Proposition 2.1.5. Suppose X is a fibrewise Hausdorff space over B

which is fibrewise well-pointed, and let
S:32B0Bx —» vBaBx vp nialx
be the fibrewise suspension comultiplication. Then the fibrewise map
(pVep)oS: EBOEX - Xvp X

induces monomorphisms of generalised fibrewise homotopy groups and a
bijection between fibrewise pointed homotopy classes of fibrewise coretrac-
tions X — LBOBX and fibrewise pointed homotopy classes of fibrewise

coHopf structures X — X Vg X.

PROOF. Let W be the fibrewise homotopy pullback of the diagram

X

A

XVgX—>XxpX.

More explicitly, define W C X xp Mapsg(l x B,X xp X) xp (X Vg X) by
W = {(z, A y) : A(z) = M0), M(1) = j(y)}-

We wish to show that the fibrewise projections f: W - X and g: W - X Vg X
are fibrewise fibrations.

Since (I x B,I x B) is a closed fibrewise cofibred pair and I x B is fibrewise
locally compact and fibrewise regular, we may apply Proposition 23.3 of [21] to

deduce that the restriction map

Mapsg(I x B,X xp X) — Mapsg(I x B,X xp X)=(X xp X) x5 (X x5 X)



2.1 Fibrewise Coretractions 33

is a fibrewise fibration. Hence its pullback over Im A x 5(X Vg X) (by the inclusion)
is a fibrewise fibration, whence f and g are fibrewise fibrations, being compositions

of fibrewise fibrations.

Define a map ¢: V —» W, where

V = {{ € Mapsp(I x B,X) :£(0) = «} U {£ € Mapsp(I x B, X) : (1) = +},

by

o) = (DM Em ), where 0= (¢(152) ¢ (15))

Then ¢ is a fibrewise pointed topological equivalence, and so foy and gog are fibre-
wise fibrations. Clearly (g 0 ¢)~1(*) = QBX C V, and the inclusion map QBx v
is fibrewise pointed nulhomotopic.

Let A be a fibrewise pointed space over B. Suppose that a: A — V is
such that the composition g 0 ¢ o « is fibrewise pointed nulhomotopic, and suppose

that H: A x I — X Vp X is a fibrewise pointed nulhomotopy of gop 0 a.

A—a*-—>V

l lm

AxI—EXvpX

Then H lifts to a homotopy H': A x I — V, such that Hj = o and Im(H]) lies
in QBX C V. Hence « is fibrewise pointed nulhomotopic, and so g o ¢ induces
monomorphisms of generalised fibrewise homotopy groups.
Now consider the map £: Z83QEX — V given by
Wy, 2s for0 €25 €1

e(s,w) =
Wes—1,1 for 1 S 2s S 2,
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where wa(t) = w(a(l —t) + bt). We may regard ZEQEX as the union of two
fibrewise pointed contractible subsets £ QBx+, B2 X~ with intersection NBX,

such that

¢ (SEQEXY) C {€ € Mapsg(I x B,X) : ((0)=+} = V4

e(ZBQEX™) C{€eMapsg(IxB,X): é()=+} =V,

and such that e restricts to the inclusion Q8 X « V. Since the inclusions of Q38X
into ZEQEX+ £BAB X~ Vp, 1 are fibrewise pointed cofibrations by (2.1.2) and
Proposition (21.3) of [21], and ¢ restricts to fibrewise pointed homotopy equivalences
TBABX+ - W, 2BOBX- - V4, by Proposition 21.10 of [21] ¢ is a fibrewise
pointed homotopy equivalence. In addition, goyoe = (pVpp)oSand fopoe =p.
Hence (pVpp)oS induces monomorphisms of generalised fibrewise homotopy groups.

For any fibrewise coretraction v, the diagram

X—L1>5BaBx — 5 >35BOBx vy rBaBx 2P, xyp X

SN T !

X xpX 25808 X «p 0EQBX 27, X xp X

commutes up to fibrewise pointed homotopy, and so (p Vp p) o S oy is a fibrewise
coHopf structure on X. Conversely, let o be a fibrewise coHopf structure on X.
Then, because W is a fibrewise homotopy pullback, ¢ induces a fibrewise section s,
of fo, and hence (via ¢) a fibrewise coretraction  such that (pVpp)oSoy ~5 0.
Finally, if 71,7, are coretractions such that (p Vg p)o S0y ~B (p Vg p)o S o,

then by the first part of the lemma y; 0 p~3 7 0 p, and so

B
N ’ig T1epom ?—‘372 opo =B V2.
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Indeed, this result may be used to characterise the fibrewise primitive maps

between two suitable fibrewise spaces:

Lemma 2.1.6. Let f: X — Y be a fibrewise pointed map between two
fibrewise Hausdorff, fibrewise well-pointed fibrewise coHopf spaces. Then

f is fibrewise primitive with respect to fibrewise coHopf structures o, 7 if

and only if the diagram

commutes up to fibrewise pointed homotopy, where @, ¢ are the corre-

sponding fibrewise coretractions.

PROOF. Assume that the diagram above commutes up to fibrewise pointed homo-
topy. Since fop = poTBOAEf and (TEQEf v TEQEf)0S = SoTBOBf, we

deduce that

(fVefloa~E(pvpp)oSorBaBfoy
~B(pvpp)oSoyof

:groﬁ

and so f is fibrewise primitive. Conversely, if f is fibrewise primitive, then

(pVep)oSorBnBfop~E (pvep)o(BE08fvp 2E0E ) 0Say

~8 (fVB f)o(pVBp)oSop

~5 (pVep)oSopof.
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But X is fibrewise pointed dominated by the fibrewise cogroup-like space T3QEX,
and so the diagram above commutes up to fibrewise pointed homotopy, by (2.1.5).

a

2.2 Fibrewise Coalgebras

Suppose that X is a fibrewise coHopf, fibrewise well-pointed, fibrewise Hausdorff
space over B. We will find it convenient to express properties of the fibrewise
coHopf structure of X in terms of the homotopy properties of the corresponding
fibrewise coretraction. In particular, we will be interested in fibrewise cogroups;
that is, spaces carrying a fibrewise homotopy associative fibrewise coHopf structure

with a fibrewise inversion. These correspond to the following definition:

Definition 2.2.1. Let X be a fibrewise space over B with a fibrewise
coretraction v. We say that (X,v) is a fibrewise homotopy coalgebra if

the diagram

X—1—=358aEx

[

£BoBx 21, nBOBRBoBX

commutes up to fibrewise pointed homotopy, where e: X — QBTEX is

the fibrewise adjoint of the identity on BB X.

The aim of this section is to explain the nature of this correspondence between
fibrewise cogroups (X, o) and fibrewise coalgebras (X, 7).
Let £ > 2 and let {X;:i=1,...,k} be a set of k copies of X. The fibrewise

path-space fibration over X pulls back via the folding map X; Vp---Vp X3 —» X
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to a fibrewise fibration 7: W — X; Vg --- Vg Xi. We define a fibrewise map

&, EgQgXI Vg-:--Vp EgQng_l - XiVg---Vp Xi

(*,...,wi(28),...,%) for0< 251
@k(*,...,(s,w,’),...,*)=
(%, %, wk(2—25)) forl<25<2,

where w; is w; composed with the equivalence X; — X}.

Lemma 2.2.2, There is a fibrewise pointed homotopy equivalence
6:2508x, vp.- - vp2BQBX_ - W

such that mod = ®;. Moreover, 9} induces monomorphisms of generalised

fibrewise homotopy groups.

Proor. Embed B in X via the section, and let
PEX = {¢ € Mapsp(I x B,X):£(0) € B}.
Write W = (J{W; :1 <1<k}, where
Wi={((*¥.. s %ir...,#),6) € (X1 VB VB Xi) xp PEX 12 € Xiyzi = €(1) } .

Each W; is fibrewise topologically equivalent to PEX for all i, and is therefore
fibrewise contractible. In addition, if ¢ # j then W; N W; = B xp ng . For a

fibrewise pointed space A over B, let C5 A be the reduced fibrewise cone on A4;

CEA=(AxI)/p(Ax {0}UB xI),
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(regarding B as a subspace of 4 via the section) and define
V= (CEOBX, T TCFRRX,) / ~

where (w;, 1) ~ (w;,1) for all ¢, j. For any path w in X and any scalar s € I, define
the path w(®) by w(*)(t) = w(st). Then the fibrewise map

e V-W given by e(s,w;) = ((*,...,wi(s), v ,*),wz('S))

restricts to fibrewise pointed homotopy equivalences W; — CEQBX; which fix
the points of QgX. Since the inclusions QgX «—s W; and QgX — C’gQgX,' are
fibrewise pointed cofibrations, we may apply Proposition 21.10 of [21] to show that ¢

restricts to fibrewise pointed homotopy equivalences
CEQBX; ~f Wi rel [|CEOQBX:.
i

Hence ¢ is a fibrewise pointed homotopy equivalence V ~8 W.
Notice that the fibrewise quotient map V — V/p(CEQEX}) is a fibrewise

pointed homotopy equivalence, with fibrewise homotopy inverse
: 2BaBxX, vp . vpEBOBX . -V

defined by

(2s,w;) € CEQEX; 0<2s<1
Y(*,. 0 (Swi), ... %) =
(2(1 - s),w) € CgQng 1<2s<2,
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where wy is as before. Define § = ¢ o . Then, since

the fibrewise pointed homotopy equivalence § behaves as required.

To prove that ®; induces monomorphisms of generalised fibrewise homotopy
groups, it is sufficient to show that 7 has the same property. Suppose that A is
a fibrewise cogroup-like space over B, and suppose that f: A — W is a fibrewise
pointed map such that 7 o f is fibrewise pointed nulhomotopic via the fibrewise
pointed homotopy H: A x I — X Vg ---Vp X. Since 7 is a fibrewise fibration,

there is a lifting

A ! W PEX

Ed
-~
. ~
ip - w
-
-

AxI—s> X, v Vg Xy ——X,
and so f is fibrewise pointed homotopic to a fibrewise pointed map whose image
lies entirely in 7~!(B). The existence of a cross-section of the fibrewise folding map
implies that this inverse 1mage is fibrewise pointed contractible in W, and so f is

fibrewise pointed nulhomotopic. O

We are now able to use this result, as in [11}, to prove the following proposition.

The proof is a modification of Ganea’s.

Proposition 2.2.3. Suppose that X is a fibrewise Hausdorff space over
B which is fibrewise well-pointed. Let y: X — L8QBX be a fibrewise co-
retraction, and let 0: X — X Vg X be the corresponding fibrewise coHopf

structure. Then the following are equivalent:
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(i) o is fibrewise homotopy associative and admits a fibrewise
inversion n;
(ii) ¥ is primitive with respect to ¢ and S;

(iii) (X,) is a fibrewise coalgebra.

PROOF. (i)=(ii):

In the diagram
X

T

DEQEX —>X Vg X V> X (*)
A
P idven

|
X—2—>XvgX
the composition Vo (idx Vg 1) 0 o is fibrewise pointed nulhomotopic by definition.

A fibrewise pointed nulhomotopy of this map induces a fibrewise pointed lifting

X — PBX in the diagram

W ———s>PBX

(idvpa)a [ l

X—>XVX X.

Hence, by (2.2.2), there is a fibrewise pointed map ¢ such that the square in (*)
commutes up to fibrewise pointed homotopy. Since m; o (idx Vg 7)o o ~8 idx, the

map ¢ is a fibrewise coretraction. In the diagram

TBOBX S~3BOBX vy TEQBX XVpXVpX

| Jree 2 /

X—2—>XVgX £BQBX vp £BOEX
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let J be the fibrewise suspension inversion on EgQgX , and let
E:XVvpX -XvVvgXVpX, T:XVpX —-XVvpX
be inclusion into the end terms and the switching map respectively. Since
®3 = (idx Vpidx Vp V) o (idx Vg T Vgidx)o(®; Vp &;) and &0 J = T o &,
we see that

P50 (idx Ve J) = (idx Vgidx Vg V) o) (idX VT Vg idX)o(‘I>2 Vg (TO (1’2))

= (idx Vg T) O(id)( vgV Vg idx) O((I)g Vg (I)z).
Let ¢ = (idx Vg n)oo. Then ¢ ~5 &, 09, and so

®30(idVpJ)oSoy~5 (idx Vg T)o(idx Vs VVpidx) o (B Vp B2) 0 So
~B (idx Ve T)o Eo &y 09
(since S is fibrewise homotopy associative)
~8 (idx v T)o Eoyp
~8 (idx vp T)o(idx Vg VVpidx)o(p Vpp)oa

(since o is fibrewise homotopy associative)

~B ®;30(idvp J)o (¥ VB Y)oo.

Since X is fibrewise pointed dominated by a fibrewise reduced suspension and

idx Vp J is a fibrewise pointed self homotopy equivalence of X Vp X, we may
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apply (2.2.2) and deduce that S ot ~5 (¢ Vg ) o o, and so the square in (1)

commutes up to fibrewise pointed homotopy. Hence

(pVBp)oSoy B o since o is the fibrewise comultiplication corresponding to

~8 (pvpp)o(¥VeY)oo since ¥ is a fibrewise coretraction

~B (pVBp)oSo

and so by (2.1.5), we have v ~2 . It follows that the square

X z AXvpX
Y lﬁNB‘Y

$BOBx 2> nBaBX vy nBaBX

commutes up to fibrewise pointed homotopy.

(i1)=():

Fibrewise homotopy associativity follows from the fibrewise primitivity of y. A
fibrewise inversion is given by po Jov.

(i) (iii):

Recall that $: £BQBX — $EQEX vpEEQEX is the comultiplication correspond-
ing to XBe: TBQEX — £BQETEOSX, and apply (2.1.6) to deduce that each of

the diagrams

X—2—>nBaBx X T sBaBx
7t lzge UL ls
nBBxX 2> nB0BEQB Y Xvp X TELwBoBx vy nBaBX

commutes (up to fibrewise pointed homotopy) if and only if the other does. O
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Corollary 2.2.4. The map T8e: £BX — £BOBTEX is a fibrewise
coalgebra structure on $8X for any fibrewise Hausdorff, fibrewise well-

pointed space X over B.
Moreover, we have the following corollary:

Corollary 2.2.5. Let X be a fibrewise cogroup over the base B, and
let f: X —»Y be a fibrewise pointed map. Suppose that X is fibrewise
Hausdorff and fibrewise well-pointed. Then there is a primitive Sbrewise

pointed map f': X — ZgQgY, unique up to fibrewise pointed homotopy,
such that po f' ~8 f.

PROOF. Let v be a primitive coretraction for X, and define f' = ZgngO’y. Then
pof! ’:g f. Further, if h: X — SEQZY is a primitive fibrewise pointed map such

that po h ~5 f, then by (2.1.6) the diagram

X h TEQBY

b lEge
BOB A BOBvB(OB
nEQEX nEQEREQBY

commutes up to fibrewise pointed homotopy, and so

heE2BaBporBeoh
~p SEQEf oy

~B f,
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2.3 Weakly Fibrant Fibrewise Spaces

In general, the fibres of a fibrewise space may have different homotopy types and
connectivities. In order to obtain the dimensional results that we seek, it will be
convenient to consider fibrant fibrewise spaces; that is, those whose projection map
is a fibration. This enables us meaningfully to discuss the relationships between
the dimension of the base, the connectivity of the fibres, and the global behaviour
of the fibrewise space. We recall from (1.7.13) of [34] that a fibre bundle over a
paracompact base is fibrant. However, the class of fibrant spaces is too restrictive

for our purposes, and I propose to use the following definition:

Definition 2.3.1. A fibrewise space X over B is said to be weakly fibrant
if there is a fibrant space X over B and a fibrewise homotopy equivalence

tpx:XEB X

Weakly fibrant spaces share many of the homotopy-theoretic properties of fi-
brant spaces; for example, the fibres of a weakly fibrant space over a path-connected
base are of the same homotopy type. Accordingly, we prove results concerning fi-

brant spaces first, and then generalise to weakly fibrant spaces.

Lemma 2.3.2. Let X, Y be fibrant fibrewise spaces with simply con-
nected fibres over the simply connected space B. Let f: X =Y be a
fibrewise map. Then the connectivity of f, considered as a non-fibrewise

map, is greater than or equal to the connectivity of f restricted to any

fibre.

PROOF. Let n be the connectivity of f restricted to a fibre Fx. The long exact
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sequence of a fibration is functorial, so there is a commutative diagram

Ti+1(X) —> 7i41(B) — 7y Fx ) — mi(X ) —> mi(B)

I Ju oo Ir Js

Tit1(Y) ——>7i41(B) — mi(Fy) —> m(Y) —> m;(B)

v

where (f|Fy )« is an isomorphism mi(Fx) — mi(Fy) for ¢ € n. Since B, Fx, Fy are
simply connected, all the fundamental groups in the diagram are trivial. Applying
the five lemma, we deduce that £, is an isomorphism 7;(X) — m;(¥) for i < n, and

so f is an n-connected map. O

Corollary 2.3.3. Let X, Y be weakly fibrant fibrewise spaces with
simply connected fibres over the simply connected space B. Let f: X - Y
be a fibrewise map. Then the connectivity of f, considered as a non-
fibrewise map, is greater than or equal to the connectivity of f restricted

to any fibre.

PROOF. Let ox: X ~p X, py:Y ~p ¥ be fibrewise homotopy equivalences of
X and Y to fibrant spaces over B. Then there is a fibrewise map f: X — ¥ such

that the square

commutes up to fibrewise homotopy. The connectivity of f is equal to that of f,
since y x, ¢y are homotopy equivalences, considered as maps of spaces. Restricting

to a single fibre, we obtain a homotopy-commutative square

FX‘MFY
‘L fIFX l

Fy —= Fy,
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and so the connectivity of f|p, is equal to that of f|p,. a

Lemma 2.3.4. Let A, C, D be fibrant fibrewise spaces over B. Then for

fibrewise maps f: A — D, g: C — D, the fibrewise homotopy pullback

- %

>

S

-~
'ﬁh

it
14
Y
C

—g—-—>

o

is fibrant.

PROOF. Let w: K — X be a map, with H: K x I — B a homotopy of px ow.

. X/\\

v

KxI

There are liftings a: K x I — A, v: K x I — C of the homotopy H, so that

Qoiyg=pow paca=H

Yoig=t¢ow pcoy=H.

Recall (see p194 of [20]) that the unbased fibrewise mapping space Mapsg(B x I, D)

is fibrant. Since

(K x Ix I,(KE x {0) x DU(K x T x {0})U(K x I x {1}))
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is homeomorphic to (K x I x I, K x {0} x I), the problem of lifting a homotopy

K —— Mapsg(B x I, D)
7

|

Kx]————B

with specified endpoints is equivalent to the standard homotopy lifting problem for

fibrations. Choose a solution A, with endpoints ag; and g ;.

Write
X ={(z,\y):z € Ay e C\eMapsp(B xI,D),X0) = f(z), \(1) = g(y)},
and define H': K x I — X by the formula
H'(k,t) = (a(k,t), Ak, v(k,1)).

By construction,

pA(Ol(k,t)) = H(kat) = pC(7(k>t))'

Hence px is a fibration. a

Corollary 2.3.5. Let A, C, D be weakly fibrant fibrewise spaces over B.

Then for fibrewise maps f: A — D, g: C — D, the fibrewise homotopy

pullback
3'{ -->A
. lf
¥
C——D
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is weakly fibrant.

PROOF. Let p4: A ~p 4, pc: C ~p C, pp: D ~p D be fibrewise homotopy
equivalences of A, C' and D to fibrant spaces over B. Suppose that, for some K

over B, the diagram
K—1—"%4

I
¢—>p f

~p Yﬁ

C_g———->D

commutes up to fibrewise homotopy, and so there is a fibrewise map X — X making

the diagram
K

N

—_—

P
-y

C—>D
commute up to fibrewise homotopy. The result now follows from the uniqueness of

fibrewise homotopy pullbacks up to fibrewise homotopy equivalence. O

Corollary 2.3.6. Suppose that X is a sectioned weakly fibrant space
over B. Then the based loop space Q5(X) is weakly fibrant. Moreover, if

X is fibrant, then QB X is fibrant.

PROOF. The fibrewise homotopy pullback of the diagram

B

|

B—X

is 0BX. 0
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Lemma 2.3.7. Let X be a fibrant, fibrewise compact and fibrewise

Hausdorff space over B. Then £pX is weakly fibrant.

PROOF. 1t is shown on p186 of [20] that £5X is fibrant with the coarse topology.
But Theorem 1 of [27] shows that the fibrewise homotopy type of £pX is indepen-

dent of whether the coarse or fine topology is chosen. O

Corollary 2.3.8. If X is as above, but is also sectioned and fibrewise

non-degenerate, then ©8X is weakly fibrant over B.

PROOF. Let Xp be the fibrewise mapping cylinder of the section. Then by
definition, the projection p: Xp — X is a fibrewise pointed homotopy equivalence,
and is well-pointed. Thus ¥gXp ~p Eg);’ B, as explained on pl48 of [21]. But
then SpXp ~p TpX and £8Xp ~p TBX, whence SBX ~p SpX. Hence LBX

is weakly fibrant. O

2.4 Cogroups and Suspensions

We are now able to obtain a partial answer to the problem of determining when
a fibrewise coHopf structure on a given space is induced by a fibrewise suspension
structure, We write dim X < r to indicate that X has the homotopy type of an r-

dimensional CW-complex.

Proposition 2.4.1. Let X be a fibrant, fibrewise well-pointed, fibre-
wise compact and fibrewise Hausdorff space over a simply connected CW-
complex B, such that the fibres of X are(n—1)-connected. Suppose further
that (X,v) is a fibrewise coalgebra, that dim X < 4n — 5, where n > 2,

and that dimB < 4n — 7. Then there is a fibrewise pointed homotopy
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equivalence between X and a fibrewise suspension which is primitive with

respect to the suspension comultiplication.

PROOF. Set D; = QBX, v, = . Consider inductively

Dipy — > 08X

y.'l * lgg%

D, —> BB,

$8Dip —2>W, —% > 3BoBx 2 .y

w.'t * [23 QB tw

B, .
SED; —2% 7BQBTED, P 28D,

where e; = e, p; = p, the starred squares are fibrewise homotopy pullbacks,
and ®; is induced by the maps ©5h; and $Bg;. There exists a fibrewise pointed
map €: X — W) such that ¢, oe =y, =6, 0. On each fibre, the argument of
Ganea in [11] shows that ®; is a (4n — 5)-connected map. Notice that since D,
is fibrewise well-pointed, we may use ¥pD; as our fibrant model for 8 D,, and
obtain a fibrewise pointed homotopy equivalence between the two, rather than the
usual fibrewise homotopy equivalence. Using this fact, with Theorem 6.3 of [17],
and by (2.3.5), we deduce that ¢ lifts to a fibrewise pointed map v;: X — £ED,
with ®; 095 ~8 ¢. Ganea’s argument now shows that p o 8y o ®; restricts to a
(4n — 5)-connected map on the fibres, and hence (by (2.3.3)) is (4n — 5)-connected
on Eng.

A (non-fibrewise) reduced suspension may be thought of as the union of two
contractible subspaces. In the same way, we may consider 28X as the union of
two subspaces, each with the fibrewise homotopy type of B. Applying the Mayer-

Vietoris sequence for singular homology, we obtain:

.- = Hy(B) & Hi(B) = Hi(Z3X) - H;_y(X) - Hi_y(B) ® Hi_y(B) = ---
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For i > 4n — 6, we have H;_1(B) = 0, so H;(Z8X) = H;_1(X). In addition, since

dimX < 4n — 5, we see that Hy,—5(X) is free, and the composition
H D o H B (poba0®2)s
4n—6( 3) — 4n—5(EBD3) _ H4n—5(X)

is surjective, by the Whitehead Theorem. Hence, by Theorem 2.1 of [5], there is a

connected CW-complex Y and a map f: ¥ — D3 such that

fer Hy(Y') = Hy(Ds) (g <4n—6)
(po80®30L8f): Hinos(ZBY) & Hin—s(X)

Hy(¥)=0 (g3 4n—5).

We equip Y with the projection to B that makes f into a fibrewise map. (The
section of Y is obtained by compressing the section of Dj into the (4n — 7)-skeleton
to give a map s': B — Y such that f o' is homotopic to the section of D3. We

may then replace Y by the mapping path space of f and solve the lifting problem

!
>

B——>Y
7
: s

v
BxI—=D;

to obtain a section for Y such that f is a fibrewise pointed map.) Applying the five

lemma to the commutative diagram

cor > Hyy1(B) @ Hy31(B) = Hy1 (TRY ) — Hy(Y) — H(B)® H,(B)— -

ST

oo Hyy1(B) © Hyt1(B) = Hyy (S Ds) — Hy(Dy) = Hy(B) & Hy(B) >+
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we deduce that £ f induces isomorphisms H,(Z8Y) — H,(2BD3) for g < 4n -6,

and also for ¢ = 4n — 6 by the dimension of B. Hence
pobrod,0%Bf: vBy  x

is a homology equivalence. Let M be the mapping path space of the composition
pp, © f. Then M has the homotopy type of Y, and is a fibrant fibrewise pointed
space. The unreduced fibrewise suspension of M has the fibrewise homotopy type
of X, by Theorem 6.21 of [31]. Since ZgM is simply connected (by the long exact
sequence for a fibration) and fibrewise well-pointed, by (1.2.13) there is a fibrewise
pointed homotopy equivalence LgM — X.

Now let Mg be the fibrewise mapping cylinder of the section B — M. Then
the map EpMp — X is a fibrewise pointed homotopy equivalence, as is the pro-
jection 2pMp — EgM B (recall that Mpg is fibrewise non-degenerate). Hence
there is a fibrewise pointed homotopy equivalence F': EgM B — X, such that
F zg pobyo0®Py0 qu for some map q: Mp — Ds.

It remains only to show that F' is primitive. Notice that 8; o ; = Eghl and

that ¢ 0 &5 = Eggg. Hence

vyopob, o@goquzgalo@;oygopoﬂgo%oﬁgq
:g Eghl OpQOdegoQ/noCI)goqu
':g Eghl opgoEgegoEggzoqu

~B Zg(hl 0g20¢),

and is thus a primitive map. Thus o F and Y80BF o ©8e are primitive maps
BMp — £505X such that poyo F ~8 po D8O F o Be. Recall that S5 Mjp is
fibrewise Hausdorff, and is fibrewise well-pointed. Applying (2.2.5) we deduce that

F is primitive with respect to the given fibrewise comultiplications. a
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This result enables us to investigate, for example, some associativity properties

of comultiplications on sectioned orthogonal sphere bundles over spheres.

Corollary 2.4.2. The bundle E3 which we encountered in Chapter 1

admits no coHopf structure which is fibrewise homotopy associative.

PROOF. Suppose that o were a fibrewise homotopy associative fibrewise coHopf
structure on E3. Then by (1.2.14), E would admit a fibrewise inversion 5: E — E.
By (2.2.3) there would be a coalgebra structure on E, and so E would have the
fibrewise pointed homotopy type of a fibrewise reduced suspension. We know this
cannot happen, and so conclude that there are no associative fibrewise coHopf

structures on Fj. a

There is also an analogous result, related to that of Berstein and Hilton [5]
which may be obtained in the same way as that above, and which does not require

that the fibrewise coHopf structure induce a fibrewise coalgebra structure.

Proposition 2.4.3. Let X be a fibrant, fibrewise well-pointed, fibrewise
compact and fibrewise Hausdorff sectioned space over a simply connected
CW-complex B, such that the fibres of X are (n — 1)-connected. Suppose
further that (X,+) is a fibrewise coHopf space, that dimX < 3n — 3,
where n > 2, and that dim B < 3n — 5. Then there is a fibrewise pointed
homotopy equivalence between X and a fibrewise suspension, which is

primitive with respect to the suspension comultiplication.

PROOF. As before, ®; is (4n — 5)-connected, and so p o 6; o ®; is (3n — 3)-

connected. We use the homology section result from [5] to obtain a CW-complex
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Y andamap f: Y — X such that

fo: Hy(Y) 2 Ho(D2) (g<3n—4)
(Pobio®10SFf): Hynos(BEY) = Hyp_s(X)

H/(Y)=0 (¢ > 3n—4).

We may assume as before, without affecting the homotopy type of Y, that Y is
a fibrewise well-pointed, fibrewise non-degenerate weakly fibrant space over B and
that f is a fibrewise map. Then po 6, 0 ®; o LB is a fibrewise pointed homotopy

equivalence. The proof of primitivity is as before. a

This enables us to characterise those simply connected smooth manifolds whose
tangent sphere bundles admit fibrewise coHopf structure, with the exception of those
manifolds of dimension smaller than 5. The tangent sphere bundle of any manifold
admitting two linearly independent vector fields is a fibrewise reduced suspension,

and is thus fibrewise coHopf.

Corollary 2.4.4. A simply connected smooth manifold M of dimension
greater than 4 has a fibrewise coHopf tangent sphere bundle if and only if

it admits two linearly independent vector fields.

PRroOF. Let X be the tangent sphere bundle to M, and let n = dim M —1. Suppose
that X is fibrewise coHopf. Then X is a fibrant, fibrewise well-pointed, fibrewise
compact and fibrewise Hausdorff space over M with (n — 1)-connected fibres. Since
dimX =2n+1<3n—-3 and dimM =n +1 < 3n — 5, we may apply (2.4.3) to

deduce that X is fibrewise pointed homotopy equivalent to the fibrewise reduced



2.4 Cogroups and Suspensions 39

suspension of a sectioned spherical fibration. Applying Lemma (3.2) of [30] to the
square
BSO(n — 2) —— BF(n - 2)

BSO(n - 1) —> BF(n — 1)

(adopting Sutherland’s notation) we see that X admits two linearly independent

sections. a

Necessary and sufficient conditions for X to admit two linearly independent
sections are given in [32], in the case where M is compact. Notice that the above
theorem is true for compact manifolds M such that dim M < 4, since all compact
orientable smooth manifolds of dimension 3 admit two linearly independent vector

fields, as do those of dimension 2 with vanishing Euler characteristic.



Chapter 3

Localisation and Mixing

3.1 Localisation

Let X be a fibrant space over a path-connected complex B with simply connected
fibre F. Suppose that T is a set of primes. We may construct, as in the proof of
Theorem 4.2 of [29], a fibrant space X % over B and a fibrewise map £: X — X%
such that £ restricts to the localisation map F' — Fr on each fibre.

It is a trivial consequence of the functoriality of localisation that if ¥ is a
simply connected (non-fibrewise) coHopf space and T is a set of primes, then the
localisation Y7 of Y at T is also a coHopf space. Similarly, fibrewise localisations
of fibrant fibrewise coHopf spaces with simply connected fibre are fibrewise coHopf.
We might reasonably ask whether we may deduce that a fibrant space X over B
is fibrewise coHopf, given that X(fp | is fibrewise coHopf for some set of primes p.
The dual question has been partially answered by Cook in his thesis [9] with the

following result:

Theorem 3.1.1. (Cook) Let E be a sectioned orientable g-sphere bundle
over a connected finite complex B, where q is odd. Then E is fibrewise

Hopf if and only if the fibrewise localisation of E at the prime 2 is fibrewise

Hopf.

We aim in this section to prove a statement dual to Cook’s theorem. We begin
with a definition.

56
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Definition 3.1.2. A fibrewise pointed map 6: E — E of sectioned
fibrant spaces over a base B with fibre S is said to be of degree n if the
restriction of 8 to each fibre is a map S — S9 of degree n. A fibrewise
pointed map ¢': E — E Vg E is said to be of bidegree (m,n) if the
compositions p; 0 §': E — E for i = 1,2 are of degree m, n respectively,

where p;: EVp E — E are the fibrewise projections onto the coérdinates.
The non-fibrewise analogue of the following lemma is trivial:

Lemma 3.1.3. Let E be a well-sectioned fibrant space over B with fibre
S9, such that B admits a numerable categorical covering % . Suppose that
there is a fibrewise pointed map ¢: E — EVp E of bidegree (1,1). Then

E is fibrewise coHopf.

PROOF. Let 8, =pjop: E— E, for i =1,2. Then the 6; are fibrewise pointed.
Over each element of the covering %, E is trivial, and so the 6; are fibrewise
homotopy equivalences, by Theorem 3.3 of [10]. Since E is well-sectioned, the 6;
are fibrewise pointed homotopy equivalences, by (1.2.13). Choose fibrewise pointed

homotopy inverses 71, 2. The diagram

E—f>EVgE—2Y2 S EVgE

NN

E L N

commutes up to fibrewise pointed homotopy for ¢ = 1,2, and so (1 Vg m2)opis a

fibrewise coHopf structure on E.

Our main tool in this section will be the following proposition, which relates

coHopf structures on localisations of bundles to fibrewise maps defined on the bundle

itself.
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Proposition 3.1.4. Let E be a sectioned orientable g-sphere bundle over
a finite connected complex B, where q is odd and greater than 1. Let T
be a set of primes. Then the fibrewise T-localisation of E is a fibrewise
coHopf space over B if and only if there exists a fibrewise pointed map

E — EVp E of bidegree (a,b), where a and b are units in Zr.

PROOF. Suppose E; admits a fibrewise coHopf structure o. We proceed by
induction on the number of cells in B.

Base step: Consider Ey, the pullback of E to the O-skeleton B of B. This
is a fibrewise space over a discrete collection of points. Hence Ey is a disjoint
union of copies of S?, and E Vp E is a disjoint union of copies of S? Vv S§9. By
Theorem V.3.6 of [34] it is sufficient to consider the case where B(®) is a single
point. By Theorem 1.1 of [11] coHopf structures on a space X are in bijective
correspondence with coretractions X — XQX (with respect to the canonical pro-
jection p: ZQX — X). In the case X = S?, we know that p induces an isomorphism
P T(EQST) = 7,(S7). Hence coretractions on S? induce an inverse for p,. Sim-
ilarly, the coretraction r corresponding to a coHopf structure oo on S induces
an isomorphism 7,(S%) = 7, (XQS%). The map r o £ induces an element v of
m4(EQST) & Z7 which projects via the isomorphism p, to [€] € 74(ST), and is thus
a unit, considered as an element of the ring Z7. Let N be the smallest positive
integer such that Ny is an integer. Then N is a unit in Z7, and there is a map

r': §7 — XQS? such that the diagram

§¢—"5 %081

I

§8. -, $059,
commutes up to homotopy, where Nr is defined using the coHopf structure on Squ

which is the localisation of the standard coHopf structure on S9. Hence rfy 0 £ is
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homotopic to £ o r', and hence to Nr o £. But
£ [ST,2Q57] — [59,2057]

is an isomorphism by the definition of ¢, and so r4 is homotopic to Nr. The
element p,r (1) of m¢(S?) & Z induced by p o r' localises to N, and is therefore a
unit in Z7. It follows, writing the suspension comultiplication on £€257 as S, that

the composition
s1 5 2051 5 55t v nest 22, 59y 59

has the required bidegree. Denoting this map by 7, we see that the diagram

§9—T—>G1y 50

] e

se T 55ty s
commutes up to homotopy. Note that Nog extends to a fibrewise pointed map
E%: - Ejf. VB E%, since E admits a fibrewise pointed map of degree N, by Corol-
lary 1.9 of [25]. This completes the base step.
Inductive step: Suppose now that 4 is a subcomplex of B, such that B is
obtained by adding a single cell to A. Suppose further that there is a diagram,

commutative up to fibrewise pointed homotopy:

Ej——2 —>EsV4Eq

] o

Efla——E|aVa Ef|4,
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where ¢ extends to a fibrewise pointed map over the whole of B, and o4 is a
fibrewise pointed map with bidegree (a,b), where a, b are units in Z7. (We do

not assume that o' is a fibrewise coHopf structure.) The map o4 induces a partial

section s of the pullback bundle

™ (EVpE)——=FEVBE

L

E——>——B

defined over E4. Since o4 is a fibrewise pointed map, we may regard s as being
defined on the complex Z = (E4 II B)/ ~, where A C B is attached to E4 by
the section. Then E is obtained from Z by attaching a (g + n)-cell e¥*". The
obstruction z to extending s over e?*" lies in my4n-1(5? V 5Y).
The diagram
z ! E

8 lg‘

1*(EVp E)—E>x*(EL vp EL)

commutes up to fibrewise pointed homotopy, where j is the inclusion map, s is the
section of r*(E% Vg E7f1) corresponding to the extension of ¢/, and £ is fibrewise
localisation over E. It follows from the naturality of the obstruction that £,z =0,
and so there is a positive integral unit d € Zg such that dz = 0. By Corollary 1.9
of [25], or by the remarks following this proof, there is a fibrewise pointed map
f: E — E of degree d, since ¢ is odd. By the corollary to Theorem 2.1 of [29]
there is a positive integer M such that (fy)iw = 0 on the d-torsion of m;(S?) for all
i < ¢+n —1 (adopting the notation on p61 of [9]). By the Hilton-Milnor theorem,

we may write Tg—nt+1(S? V S9) as a direct sum

Tg—nt1(S7V S) E wgent1(SP) B Tgont1(S7?) B+ B Tg-n+1(SPV)
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for some sequence of integers (pi). The inclusions 7g_n41(SP) = Tp—p42(STV S9)

are given by composition with iterated Whitehead products w;(e1,¢3). Since
((FV )M owi(ua,00) 2 wile o (FM, 130 (HHM)

by naturality, we may apply the biadditivity of the Whitehead product to deduce
that ((my)M owi(ty,t2) & dMNi 4,11, 1), where the addition operation is that
of the homotopy group ,,(S7V S%), and N; is some integer. It follows that the
diagram

Topn-1(SP) —202 s 1(STV §9)

(dM"-').l L«?\?f’),)f‘

et (SP) —H oy (STV 5Y)
commutes, where the vertical homomorphism on the left is induced by a pointed
map SP¢ — SPi of degree d™i. For sufficiently large M, this is zero on the d-torsion
of Tg4n—1(S?) for all i, and so the obstruction to an extension of (f V f)M o s
vanishes. Thus there exists a section of 7*(E Vp E) over E, and hence a fibrewise
map E — EVpg E. The bidegree of this map is a pair of integers, both of which are
units in Z7.

To prove the converse, let §: E — E Vp E be the given map. The base B is a
finite complex, and therefore admits a numerable categorical covering %, by Propo-
sition 6.7 of [10]. Observe that selfmaps of 57 whose degrees are units in Zr localise
to selfmaps of S% which induce isomorphisms in homology, and hence are homotopy
equivalences. The fibrewise pointed maps E% - E% Vg qu1 LI qun, (t =1,2) thus
restrict to fibrewise homotopy equivalences over each element of %, and are there-
fore fibrewise homotopy equivalences by Theorem 3.3 of [10]. By (1.2.13), they ad-
mit fibrewise pointed homotopy inverses a;: E{, — E’,{w, and so the map (a;Vpay)ob

is a fibrewise coHopf structure on Ef. U
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Definition 3.1.5. We say that a sectioned fibrant space E over B is a
fibrewise coHopf space mod p if the fibrewise localisation E(';) is fibrewise

coHopf, with the section given by the composition of the section of E with

the fibrewise localisation map {: E — E(fp).

Let ZpE be a sectioned S9-bundle over B with projection 7 and section s given
by the suspension structure, and suppose that f is a fibrewise map E — E (note
that we do not require that f or E be fibrewise pointed). We define a fibrewise
pointed map P(f): XgFE — EgE Vg LgE as follows:

((z,4t) %) 0gtg!
P(f){z,t) =< ({(-z,2—-4t),%) 1<t<3
(% (f(2),2t - 1)) <<,

where * denotes the basepoint in the appropriate fibre of LgE. Note that the
bidegree of P(f) is (1 +(—1)9*,deg f). In particular, if ¢ is odd then P(id) is
of bidegree (2,1), and P(g; o P(id)) is of bidegree (2,2). This construction af-
fords us a particularly simple inductive demonstration that ¥pE admits fibrewise
pointed selfmaps of arbitrary non-negative degree when ¢ is odd, since then so =
and the identity on X gF are fibrewise pointed maps of degree 0 and 1 respectively,
while V o P(f) is a fibrewise pointed map of degree deg f + 2, for any fibrewise
map f: E— E.

Corollary 3.1.6. Let E be a sectioned orientable g-sphere bundle over
a finite connected complex, where g is odd and greater than 1. Then E is

a fibrewise coHopf space mod p for each odd prime p.

PROOF. As we have seen in the above discussion, there is a map of bidegree (2,2).

Apply (3.1.4). O
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Proposition 3.1.7. Let E be a sectioned orientable g-sphere bundle
over a finite connected complex B, where g is odd and greater than 1. If

E is a mod 2 fibrewise coHopf space over B then E is a fibrewise coHopf

space over B.

PROOF. Write E = IpFE', where E' is a S7"!-bundle over B, and where the
section on FE is that induced by the suspension structure. Recall that by Proposi-
tion 6.7 of [10], B admits a numerable categorical covering. By (3.1.4) there is a

map 7: E — E Vp E of bidegree (a, 8), where a, 8 are odd. The composition
ELEVgE S (EVp E)Ve(EVRE) 2S5 EVp E

has bidegree (af, af). We may therefore assume that @ = § = 2k + 1 without loss
of generality. Let m3: E — E be a fibrewise map of degree 3 (For example, let

ms = V o P(id)). Consider the composition
ELEVsE S (EVpE)Vp (EVp E) 28 Evg E 22Y™, BV E,

which has bidegree (3(4k% + 4k + 1), 3(4k* + 4k + 1)). Call it ¢.

We have seen that there is a map E — E Vg E of bidegree (2,2). By iter-
ating this map and folding we may construct a map #: E — E Vp E of bidegree
(2(3k% + 3k +1),2(3k% + 3k + 1)). Let (—1): E' — E' denote the fibrewise map

which sends each point to its antipodal point. Then the composition
EZY Evp E XY (Evg E)Vg (EVEE) L EVBE

is of bidegree (1,1). Hence E admits a fibrewise coHopf structure by (3.1.3). 0O
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Corollary 3.1.8. Let E be a sectioned orientable S9-bundle over a
simply connected finite complex B, where ¢ is odd and greater than 1.
Write Z3) = {a/b € Q: b is odd}. Suppose further that ﬁ,(B) ® Zy) is
trivial for all * > 0. Then E is fibrewise coHopf.

PROOF. By Theorem 4.1 of [24], sectioned orientable ng)-ﬁbrations over B are
classified by [B, BG(q)(3)], where G(q) is the topological monoid of based homo-
topy equivalences of S9. By the definition of localisation, this is in bijective corre-
spondence with [B(), BG(q)(2)]. But B(y) is contractible. Hence E(fz) is a trivial

fibration, and so E is fibrewise coHopf. O

Examples of such bases include spaces of the form S™ U, e®*!, where p is an
odd prime and n > 2. Sectioned S?-bundles over such spaces are also fibrewise
Hopf, if ¢ € {1,3,7}.

We may ask whether (3.1.7) may be extended to sectioned sphere bundles with

even-dimensional fibre. That it may not is shown using the following result:

Lemma 3.1.9. Let E be a sectioned bundle over a sphere B = S™ with
fibre $%4. Suppose that « is the element of 7,-1(SO(2q)) classifying E.
Let p: SO(2q) — §297! be the evaluation map. If £3%p.a is of odd order

then E(f2) is fibrewise coHopf.

PROOF. Recall (see [14]) that £2%p,a = HJa vanishes if and only if E is fibrewise
coHopf. Let d be the order of £2p,a. Then HJ(da) = 0, and so HJ(a) lies in the
kernel of the mod 2 localisation map ¢: mpi29-1(S%97) = Tpp2g-1(S?77)(2)- But
$2%p,(a) is the obstruction to a fibrewise coHopf structure on E(fz), by naturality

of localisation. O
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Now consider the case where ¢ = 3 and n = 9. The long exact sequence of the

fibration SO(5) — SO(6) % S° contains the sequence

+++ ——>m(50(5)) —> 75(50(6)) —2> 75(8%) — 17(SO(5)) —- - -

o & o o

L4 Zay Z

and so p, is an isomorphism. Let E be the sectioned S8-bundle over §? correspond-
ing to an element o of order 3 in 75(SO(6)). Since p.(a) is in the stable range, the
element £2p,a is of odd order. Hence, by the above lemma, E(’;) is a fibrewise

coHopf space. But E is not a fibrewise coHopf space, since £2¢p,a is non-zero.
3.2 Mixing of Types

So far, the only examples of fibrewise coHopf spherical fibrations that we have seen
have lain in a few comparatively restrictive classes. Clearly, it is desirable to develop
techniques which enable us to construct more examples. Fibrewise Zabrodsky mix-
ing is one such technique. Using it, we attempt to construct a sectioned spherical
fibration E — B with odd-dimensional fibre, such that the fibrewise localisation
of E at the prime 2 is fibrewise coHopf, while the fibrewise localisation away from 2
is not a fibrewise reduced suspension.

Suppose that g is odd and greater than 2. Let E be an orthogonal S9~!-bundle
over a finite complex B. Partition the set & of primes into disjoint subsets S, T
Then there are fibrewise localisations £ g, E;, E(fo), which are fibrations over B with

fibres Sg—l, SLt, S(qo_)l respectively. Consider the fibrewise homotopy pullback

X ——>E}

]

E{—> Ef,),
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where the maps to E(fo) are the fibrewise rationalisation maps. The composition

X - E(fo) — B expresses X as a space over B. By Lemma (2.3.4), X is fibrant
over B with fibre 591,

Lemma 3.2.1. In the above situation, LgE ~B L5 X.

PROOF. Notice that EgF and £ X are fibrewise well-pointed, and that B admits
a numerable categorical covering %. The fibrewise pointed homotopy commutative
square

TpE —>3pEL

_—

SpEf—> TE[,

induces a fibrewise pointed map XgE — X pX which is a homotopy equivalence
over each element of %. This map is a fibrewise pointed homotopy equivalence, by

Theorem 3.3 of [10] and (1.2.13). a

This result enables us prove the following proposition, which offers hope of
finding new examples of fibrewise coHopf fibrations with spherical fibre which are

not suspensions. Let T be the set of all odd primes.

Proposition 3.2.2. Suppose B is a finite complex, that ¢ is odd, and
that E and F are orientable (g — 1)-sphere bundles over B satisfying the
following conditions:
(i) ZpE is a fibrewise coHopf space;
(i) Fr_,t admits no section;
(iii) The classifying maps ¢, pr: B — BSO(q) are homotopic when

composed with the rationalisation map BSO(g) — BSO(q)(0)-
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Then E(fo) ~pg F(’;), and the fibrewise homotopy pullback £pX of the
diagram

SpF}

|

f

is a sectioned spherical fibration which is fibrewise coHopf but is not the

fibrewise suspension of a sectioned spherical fibration.

PROOF. Let F(g) be the monoid of based homotopy equivalences of $9. The

homotopy-commutative diagram

B —LPE> BSO((])(Q)  —— BF(Q)(Q)

BSO(q)r — BSO(q)0)

o~

BF(q)r > BF(q)(0)

induces a map B — BSO(gq) such that the induced sectioned S?-bundle over B is
fibrewise pointed homotopic to ZpX.
By uniqueness of fibrewise localisation, g X (fz) is fibrewise pointed homotopy

equivalent to & BE(’;),

and ¥pX. :{1 is fibrewise pointed homotopy equivalent to & BFq{-
Hence XX is fibrewise coHopf, since its fibrewise 2-localisation is. However, it

admits only one desuspension, since a double desuspension would induce a section

of Ff. O



Chapter 4

Some Calculations

4.1 The Thom Space

Let X be a sectioned space over B. Embed B in X via the section. We may define
the pointed space F(X) to be the quotient space X/B. This construction defines
a functor F from the category of sectioned spaces over B and fibrewise pointed
maps to the category of pointed topological spaces and pointed maps. This func-
tor sends fibrewise pointed homotopy classes to pointed homotopy classes. More-
over, for sectioned spaces X and Y over B, F(X Vg Y) is naturally homeomor-
phic to F(X) V F(Y'), and F respects the fibrewise folding map V: X Vg X — X,
the fibrewise switching map 7: X Vg X — X Vp X, and the fibrewise projections
gi: XVpX - X, fori1=1,2.

Lemma 4.1.1. Suppose that X is a fibrewise coHopf space over B, with
fibrewise comultiplication x: X — X Vg X. Then F(X) is a coHopf

space, with comultiplication F(fx).
PRrOOF. Apply F to the diagram

XLXVBX

N

X,

which commutes up to fibrewise pointed homotopy, for ¢ = 1, 2. O

68
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We may prove in a similar fashion that if (X,0) is fibrewise homotopy com-
mutative then (F(X), F(6)) is homotopy commutative, that if (X,0) is fibrewise
homotopy associative then (F(X), F(6)) is homotopy associative, and that if (X, §)
admits a fibrewise inversion then (F(X), F(6)) admits an inversion.

Now let E be a sectioned S9~-bundle over the CW-complex B. We may write
E as the fibrewise unreduced suspension of a (not necessarily sectioned) S7~2-bundle
7. E' - B:

E~(E' x I By I Byy/ ~,

where (f,0) ~ 7(f)o) and (f,1) ~ 7(f)(1), and where the section is induced by the

homeomorphism B — By).

We construct the Thom space Tgr of E':

Tg =(E' x NI B {x}/ =,

where (f,0) ~ n(f) and (f,1) =~ *. Thus Tg = F(E).
Corollary 4.1.2. If E is fibrewise coHopf, then Tg is a coHopf space.

If we restrict our attention to the case where B is a simply-connected sphere,
we may use the Thom space to characterise the fibrewise coHopf sphere bundles in

certain dimensions.

Lemma 4.1.3. Suppose further that B = S™, and that 2¢—4 >n > 1.
Then E = EgFE' is fibrewise coHopf if and only if Tk is homotopy equiv-

alent to a suspension X, for some space X.

PROOF. Suppose that F is classified by the element a of 7,-1(SO(q - 1)). It is
shown in [14] that E is fibrewise coHopf if and only if HJ(a) is zero. But the Thom
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space of E' is the mapping cone of Ja (see p37 of [18]) and is thus a two-cell complex
§971 Uy, e"t971, This is homotopy equivalent to a suspension if and only if HJa
vanishes, by Lemma 3.6 of [4] and the EHP-sequence, since Ja € Tntg—2(ST71).

a

Thus, Thom spaces of fibrewise coHopf sphere bundles over spheres in these di-
mensions have the homotopy type of doubly suspended spaces. Indeed, the following

is true:

Proposition 4.1.4. Suppose that n > 2 and ¢ > 3. Let E' be the ori-
entable $9~2-bundle over B = S™ classified by the element o of the group
Ta-1(SO(q — 1)). Then the following are equivalent:
(i) SpE' is fibrewise coHopf;
(i) Tg is coHopf;
(iii) Ja is primitive with respect to the comultiplications on S™+9~2
and S9!,

(iv) Hla = 0.

PROOF. The main theorem of [14] states the equivalence of (i) and (iv); since
n+4g¢—32g—122, Theorem 3.20 of [4] states the equivalence of (ii) and (iii). We
have already proved that (i) implies (ii). But since the Hopf invariant H is merely

the suspension of the Hopf-Hilton invariant, which vanishes if Ja is primitive, we
have proved that (iii) implies (iv). O

4.2 Stiefel-Whitney Classes

We will, for much of the remainder of this chapter, be studying some consequences
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of (4.1.2). Although we do not assert that the existence of a coHopf structure on the
Thom space is a sufficient condition for the existence of a fibrewise coHopf structure
on a sphere bundle, it is useful in the calculation of some cohomological invariants.
Recall, for example, that the Stiefel-Whitney class wq(¢) € H "(B;Z,) of an or-
thogonal n-sphere bundle ¢: X — B vanishes if X admits a section. Similarly, if X
admits two linearly independent sections, then wn—1() is also zero. We strengthen

this result in the following proposition:

Proposition 4.2.1. Let R be either Z or Z,, and let £: X — B be
an R-orientable (n — 2)-sphere bundle over a connected complex B, such
that £pX is fibrewise coHopf (with the section given by the suspension

structure). Then the Euler class e(€) € H**(B; R) vanishes.

PROOF. Recall that the Thom space T' of X is homeomorphic to F(EX). There

is a Thom class Us € H* }(T; R) and a Thom isomorphism
¢: H*"Y(B; R) —» H™ *(T;R)

such that e(¢) = ¢~}(Us?). We therefore wish to show that Us? vanishes. To do
this it is sufficient to show that cup squares vanish on the homology of T with

coefficients in R. But T' is coHopf, and so this follows from the inequality (1.3)
of [19]. O

Corollary 4.2.2. Let{: E — B be a fibrewise coHopf sectioned (n — 1)-
sphere bundle over the connected complex B. Then the Stiefel-Whitney

classes wa(€) and w,—1(€) vanish.

PROOF. Write E = ZpE', where E' is a (possibly non-sectioned) (n — 2)-sphere
bundle. Any sphere bundle with orthogonal structure group is Z,-orientable, and

the mod 2 Euler class of E' is wy—1(§). O
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Corollary 4.2.3. Suppose that £: E — B is an orientable S"~2-bundle,
such that Lg E is fibrewise coHopf with respect to the section given by the
suspension structure. Then there is a partial section of ¢, defined over the

(n—1)-skeleton of B. In particular, if dim B < n, then ¢ admits a section.

Of course, the given coHopf structure on £ E need not be the reduced fibrewise

suspension coHopf structure induced by the second section.
4.3 Category and Fibrewise Cohomology

Let B be a compact Hausdorff space, let k > 1, and let 7: E — B be a fibrewise
coHopf (k — 1)-sphere bundle with structure group SO(k) and section s: B — E.
Embed B in E via s. (In this section we will refer to Massey’s paper [23], which
uses Cech-Alexander-Spanier cohomology with compact supports. Since B and E
are compact Hausdorff, this is isomorphic to the singular cohomology which we are
using.)

Recall that E is a fibrewise pointed retract of SEQ2E. Since the fibrewise
pointed category of ZEQBE does not exceed 2, we deduce that cat3 E < 2. We

recall also from [22] that we may define the fibrewise cohomology ring
Hy(E) = H*(E, B),

where B is regarded as embedded in E via the section s. In our case, since
cat3 E < 2, all cup products in H3(E) vanish.

The long exact sequence of the pair (E,B) may be dismembered into short

exact sequernces

0 — HY(E) — H9(E) < HY(B) — 0
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which are split by n*: HY(B) — HI(E). We deduce that all cup products in ker s*

vanish.

Now consider the Gysin sequence associated with E. Again this falls apart into

short exact sequences of groups

0 — HY(B) = FYE) 2 HI*1(B) - 0. *)

which are split by s*: H 1(E) — He (B). It follows that there is a unique group

homomorphism
@: HI"*1(B) ﬁq(E)
such that ¢ is the identity on H9~%+1(B) and such that s*¢ = 0.

Now let @ = ¢(1) € H*~1(E). Then (a) = 1 € H(B). Let w be any element
of H1~*+1(B).

Following [23], we write

P(a.r*(w)) = (1) ((a))w  (by Lemma 1 of [23])

and so the map 8: H*+1(B) — I;"’(E) given by 6(z) = (—=1)"a.7*(z) splits the
short exact sequence (*). Thus we see that any element z € HY(E) satisfies the
identity

T =7*s"z + a.ntP(z).

Notice that s*z = s*1*s*z + s*(a.1b(z)), and so s*(a.9p(z)) = 0. Write

a = 7*(a) + a.7*(B)



4.3 Category and Fibrewise Cohomology 74

where a = s*(a?) € H%*~2(B) and § = (a?) € H*=1(B). (The splitting in-
duced by s* expresses HY(E) as a direct sum H?(B) & Hi~*+1(B) for all ¢, so
o and B are the unique cohomology classes satisfying this equality.) Then The-
orem III of [23] shows that the reduction of 8 modulo 2 is the Stiefel-Whitney

class w1 € H k'l(B; Z,), which we know to be zero. Notice also that

We now examine cup products of elements in ker s*. It is apparent that
kers* = {a.7*Y(z) : z € H*(E)},
for if s*(z) = 0, then z = a.7*(z), while conversely,

s*(a.7*Y(z)) = s*(z — 7*s*x)

=s*z—s*z

for all 2 € H*(E). Let u,v be elements of H?~**1(B). Then

a.w*(u).an*(v) =0 < a’r*(uv) =0
= a7 (fuv)=0

<& fuv =0.
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We conclude that all such products Buv in H*(B) vanish. In particular, taking
u=v=1¢€ H%B), we see that § = 0, This enables us to calculate the structure

of the reduced cohomology ring of E explicitly, for

(7*u1 + a.7*v1) (7" ug + a.7%vy) = T (urtp) 4 a1 (viug + (=1)1ltly vy)+
+ (=1)llMla.r* (v v,)

= W*(U1U2) + (1.7!'*('01’”2 + (—1)(k_1)|“"u1v2).

We have therefore proved the following result:

Proposition 4.3.1. Let E be an orientable $*~!-bundle over a compact
Hausdorff space B, with section s. Suppose that E is fibrewise coHopf.

Then the cohomology ring H*(E) is isomorphic to the ring

H*(B)[a]/(a® = 0),

where a is a cohomology class in H*~Y(E). The projection homomorphism
w*: H*(B) — H*(E) is given by the inclusion, and the homomorphism s*

is given by s*(z + ay) = .

If k is odd, we may also deduce that the Pontrjagin class in dimension 2k — 2
vanishes, since it is the square of the Euler class of the fibrewise desuspension of E.
Two sections of E which induce differing homomorphisms in cohomology may
give differing fibrewise cohomology rings. It is possible that a bundle might be
fibrewise coHopf with respect to one section but fail to satisfy our cohomology
conditions with respect to another. Indeed, as is shown in §3 of [22], this situation

may arise even if the bundle E is trivial. We may therefore wish to relate the
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element J to splittings of the cohomology ring H*(E) arising from other sections
of E. Suppose that i is a preimage of 1 € H°(B) under 4. Then a = i ~ 7*s*;, and

SO

B =(a®)
$(i2) + Prs*(i2) — 2p(i.7*s*)  (k odd)
i { P(i2) + gt s(i2) ( even)
$(i?) - 25°(3) (k odd)
) { (2) (k even).

This clarifies the connection between the section and the structure of the fibrewise

cohomology ring.

4.4 The Action of the Steenrod Algebra

The splitting

H*(E)= H*(B) @ a.H* *(B)

works just as well if we take coeflicients in Z;. We may therefore consider the action

of the Steenrod algebra % on H*(E; Z,).

Lemma 4.4.1. Let z be an element of HY(E;Z,), and suppose that

z = m*u + a.7*v. Then the action of the Steenrod algebra is given by

13
Sqz =" Sq'u + Za.ﬂ'*(wj Sq' 7 v),

j=0
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where the w; are the Stiefel-Whitney classes of the bundle E.

PROOF. Consider the diagram

0—— HY(B; Zy) > H*(E; Zy) — 2> H*\(Tg; Zy) —>0

R,

H*—k+] (B; ZZ),

where Tg is the Thom space associated to E, and 7 is the mod 2 Thom iso-
morphism. The horizontal sequence is exact. Let w € H*(T; Z3) be the preimage
of 1 € H%(B;Z,) under , so that w; = 7(Sq’ w). If e € H¥=Y(E;Z,) is a preimage

of w under 0, then we may write a = e — 7*s*c. We deduce that

¥Sq'a=70Sq' a
=7 (Sq' Be — n*s* Sq'e)
=75q’ e
=75q'w

= w;.

On the other hand, we know that s*Sq’a = Sq's*a = 0. We conclude that

Sq' @ = a.m*w;. The formula required now follows from the Cartan formula. O
4.5 Rational Spherical Fibrations

Suppose that E is an orientable $7~!-bundle over a finite connected complex B. We
may rationalise E fibrewise, to obtain an oriented fibration with fibre S(qu';l. These
are classified up to fibrewise homotopy type (see [29] or [24]) by a single rational

cohomology class a in H(B;Q) (for ¢ even) or H**7(B; Q) (for ¢ odd).
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Proposition 4.5.1. In the above situation, if ¢ is even and LgE is fibre-
wise coHopf over B (using the section induced by the suspension structure),

then E(fo) 18 a trivial fibration.

PROOF. Asin [24], write SG(g), SF(q) respectively for the monoid of homotopy
equivalences of §9-! homotopic to the identity and the monoid of pointed homotopy
equivalences of $7 homotopic to the identity, and recall that

Q(zy) for ¢ even

H*(BSG(g); Q) =

Q(z24-2) for q odd.
The bundle E is induced by a map ¢: B — BSO(g), and the Euler class associated
with E is the image of a generator of HI(BSO(q); Z) = Z under the map ¢*. This
generator is not killed by rationalisation, and we deduce from the naturality of «
that a is a fixed non-zero multiple of the rationalised Euler class of E. However,
the Euler class of E vanishes by (4.2.1), and so therefore does a. Hence E(fo) is a

trivial fibration. O

We may ask whether the above result holds when ¢ is odd. The following

counterexample shows that it does not:

EXAMPLE. Let o be a generator of m3(SO(3)) & Z, and let nn € Z be even and non-
zero. Then the sectioned $%-bundle L3 E over B = §* classified by na is fibrewise
coHopf by James’ result [14], since 75(S%) is isomorphic to Z.

It remains only to show that E(fo) 1s not trivial up to fibrewise homotopy. This
may be seen if we recall that S?-bundles over S* are classified up to fibrewise homo-
topy equivalence by w3(SG(2)). Consideration of the exact sequences associated to
the evaluation fibrations SO(3) — $% and SG(2) — 52 demonstrate that the natu-

ral map m3(50(3)) (o) — 73(SG(2))(g) is an isomorphism.
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4.6 Generalised Cohomology and the Euler Class

Let h be a generalised reduced cohomology theory, and suppose that E is an h-
orientable (g — 1)-sphere bundle over a complex B such that the fibrewise sus-
pension LpE is fibrewise coHopf. There is a Thom class U € h¢(T) and an iso-
morphism ¢: h*(B) — h**t9(T), where T is the Thom space of E, and the h-Euler
class e is defined to be ¢~1(U?) € h9(B). We may use the same argument as we

used for singular cohomology to prove the following proposition:

Proposition 4.6.1. Suppose that h, E, e are as above and that Y¥gF is

fibrewise coHopf. Then e = 0.

PROOF. It is clearly sufficient to prove that all products in h*(T") vanish. This
follows from inequality (1.3) of [19] and the existence of a coHopf structure on T

induced by the fibrewise coHopf structure on LpE. O

4.7 The Hopf Construction

Consider a sectioned orthogonal (n — 1)-sphere bundle E over a pointed connected
CW complex B. As is well known, such bundles are classified by the homo-
topy classes of pointed maps B — BO(n - 1). We may therefore consider the
homotopy classes of the induced map f: (B — O(n — 1) and the associated ac-
tion Ay : 2B x §*~% — ™72, We will also use Ay to denote the pointed action
(OB x §*~! — §** induced by unreduced suspension.

Let P be the space of based paths in B, with the compact-open topology. Then
P is contractible via the homotopy h: P x I — P, where hi(p)(s) = p(ts) for all

p € P and all s,¢ € [0, 1]. It is a simple corollary of Theorem 23.3 of [21] (putting
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(X,A) = (B x §""!, B x {*})) that Maps3(B x §"~1,E Vp E) is a fibrant space

over B, and there is therefore a lifting

P—*— MapsE(B x §*!,EVp E)
7

-
20 // n
-
-

PxIZ ¢ B,

where e(p, s) = p(s) and ¢(p) is the pinching map 6, considered as a map defined on
the fibre of B x §™~! over the basepoint of B, for all p € P. Any two such liftings
restrict to vertically homotopic maps P x {1} — Maps5(B x §*~1, E Vg E), by an
application of Theorem (1.7.18) of [34] (taking Y to be the basepoint in P). This

lifting induces a lifting in the diagram

PxS*1—2sEVpE

_ L4
ioL /H/ lw
-~

Px §+1x]—-B,

where &(p, f,s) = p(s) and @(p, f) = 8(f), considered as an element of the fibre
of EV g E over the basepoint of B. Again, any two such liftings restrict to vertically

homotopic maps P x S*~! x {1} =+ EVp E.

Lemma 4.7.1. Suppose that E is a fibrewise coHopf sectioned orthogo-
nal S*~1-bundle over the CW-complex B, with fibrewise comultiplication
0g: E— EVpg E. Then the diagram

OB x Sn—l _———L——)Sn—l

idx&[ le (%)
QB x (771 V §771)) 2L gty gn-1
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commutes up to homotopy, where

Afo(w’(slaSZ)) = (Af(wasl)aAf(wvsz))

for allw € OB, (s1,82) € S*~1v §*!

PROOF. Note that the map Ay is well-defined since the action of O(n — 1) on
5™~ is pointed.

In the same manner as in the earlier discussion, we may find a lifting

Px§1——>F

P 7
iql/ /G/ lr
-

P xS+l yx——>B,

and thus, postcomposing with g, a homotopy P x §*~! x I — EVp E which lifts €.
The maps H and 850G restrict to homotopic maps 2B xS~ x {1} — §*~1v§ L.

1t remains to identify H; with 6 0 4¢ and g o Gy with Agvro (id x 8), up
to homotopy. The first identification follows from the properties of the universal

sphere bundle EO(n — 1) Xo(n-1) S$n=1 — BO(n — 1); namely, that the lifting

PBO(n—1)x §""' ——=EO(n - 1) Xo(n-1) sl

-7
P
0 // T
-
-

PBO(n—1) x §" x [—————>BO(n - 1)

may be taken to give the action of O(n — 1) on §™~! when it is restricted to
QBO(n—1)x 5™ X {1}. i f: B— BO(n —1) is the classifying map for E, then

any lifting P x §7~1y J — §7~1v §™ ! is induced up to vertical homotopy by this
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lifting and the map Pf: P — PBO(n — 1), The second identification follows from

the observation that we may construct a lifting of g o € by lifting

Px§r1—2t s pPy(§nly§n1)— EVRE

7
. B -
to 10 P g
-

Px 5§ x1—2>Px(§"1v Sl x [——> B,

and the uniqueness of such liftings up to vertical homotopy. g

NOTE. Inspecting the above proof, we see that the homotopy between § 0 A¢ and
Ayvgo(id x 8) may be taken through maps which send QB x {*} to the basepoint *

in Sn—1y g1,

We define the Hopf construction associated to the action in the usual way. The
reduced suspension $(2B x S*~2) has the homotopy type of the wedge product
OBV ISV E(QB A S§"~?), and the Hopf construction Hg is defined to be the

composition
(B A S"7%)  EOBV TS 2V T(QB A S"7%) 5 2B x §772) 2L sn2,

If E is a fibrewise reduced suspension £2D, where D is a sectioned orthogonal
$™~2.bundle, then H is the suspension of the Hopf construction associated to D.
In fact we will extract more information from the Hopf construction. We first prove

a preliminary lemma.

Lemma 4.7.2. Let A, B, C be pointed CW-complexes. Define

W=(AxBx{)UAx{x}xC)U({x} xBxC)CAxBxC.
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Then there is a splitting

Y(AxBxC)~ZL(AABAC)VEIW.
PROOF. For any pointed CW-complex X, there is a cofibration sequence
co = [SPW, X] = [S(AABAC), X] = [Z(A x B x C),X] 25 [ZW, X] — - -

We first note that if 74p is the projection Ax BxC = Ax B — W, m4 is the

projection A x B x C - A< W, and 7gc, mac, 7B, ¢ are defined analogously,

then

Si*o (Erhg + Tmye + Erpe — L1y — g — I7g)
is the identity on [ZW, X]. Hence the above exact sequence becomes a sequence of
split short exact sequences. The sequence

0= [S(AABAC),X]~[S(AxBxC),X] —[EW,X] =0

induces maps (A x B x C) = LW, (A x B x C) — L(AA BAC) which express

$(A x B x C) in the required manner, as in Proposition (6.27) of [20]. Q
We now proceed to the main result:

Proposition 4.7.3. Let E be a sectioned orthogonal S™1bundle over
the CW-complex B. Suppose that E is fibrewise coHopf. Then Hg is

primitive; that is, the diagram

Hg

S(QB A S™) £gn-1

g ;

S(QB A S™ 1) v S(QB A 57 FEYEE, g on-1y pgn-t
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commutes up to homotopy, where the vertical arrows are the canonical

comultiplications on the suspensions.

PROOF. Use the group structure on [Z(QB x §7~2),8"~1 v §71] to define the

difference D = (EAf V EAf) 0§ — (6 0 LAy) between the compositions
S(QB x §"%) S, $(QB x 5772 v £(QB x §7-2) ZAYEA, gn-1y gn-1

and

T(QB x §7%) 242, gn-1 8, gn-1y gn-1

The restriction of D to £(QB V $"?%) is nulhomotopic, since the diagrams

OB —> 0BV SOB
EA,(—,*)l lEAf(—,*)VEAf(—,*)

Sn—l __9__>5n-—1 Vv Sn-l

and
£§n-2 —>pgn-2y pgn-?

al J

n§n-? —L>5gn-2 v 5§
commute up to homotopy. Since the inclusion Z(Q2B V § n=2) & S(QB x §"7?) is

a cofibration, for any X there is an exact sequence
[S3QBV S™%), X] 5 [S(RB A S™7%), X] — [Z(QB x S* ), X] — -

Hence D may be pulled back to a unique map L(QBAS"?) - §771v §5™=1 which

is the Hopf construction applied to D. This map is nulhomotopic if and only if Hg

is a co-H-map.
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Now define a new “difference map” D': OB x §"~! — §"~1v "1 as follows:

let w € OB, ™t € §1, s € S~2, Regard S! as the unit circle in C. Then

D’(w, it g = { Agyf(w, 9(62"“ A 8)) 0t
8((=1)Af(w, e?™t=1 A 5)) 112,

where (—1): $"~! — §"~1 is a pointed map of degree —1. This map D’ is well-

defined since the action of QB fixes the basepoint of $"~1. Moreover, since the

diagram (*) in (4.7.1) commutes up to homotopy, and the homotopy may be taken

to be through maps sending QB x {*} to {*}, the map D' is nulhomotopic.

To relate D and D', notice that the diagram

OB x S x §»2 —>F(QB A S 1)

lidxq ln

QB x Sn—l ..__!d___>5n—l vV Sn—l

commutes up to homotopy, where ¢: @B x §* x 72 — R(QB A S™71), ¢: §? x

S§7=2 _, §"1 are the quotient maps. This implies that ¢*D is the trivial homotopy
class in [QB x §! x §"72,8"~1 v §7~1]. Now let

W= (5! x OB x {}) U (8" x {} x S %) U ({*} x 0B x §"7%)

and consider the cofibration W «— S' x 2B x S*~2. There is an associated long

exact sequence

e [S(@B x §' x §77), X] Z (5w, X] - [@B A S, X] L

— [QB x 8! x §"2, X] 5 (W, X] — -

Notice that Ti* is a surjection, by (4.7.2). By exactness, we deduce that ¢* is

injective, and so D is nulhomotopic. It follows that Hp is a co-H-map. ]
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In the above work we have not used the fact that there is a fibrewise coHopf
structure £ — E Vp E; the existence of a fibrewise pointed map extending the
comultiplication on the fibre over the basepoint of B is sufficient. However, this
does not strengthen the result as one might have thought, as these conditions are

equivalent (see (1.2.23)).

4.8 A Generalised Hopf Invariant

In this section we find an invariant of our bundle which vanishes when the bundle

is fibrewise coHopf. We adopt the notation of Berstein and Hilton (see [4]).

Let X be a homotopy-commutative cogroup (for example, a double suspension),
and let Y be a coHopf space with comultiplication 8y: Y — Y VY. There is an

exact sequence of homotopy groups
S XY XYY VY S XY VY] XY Y] =

This sequence splits; that is, there is a homomorphism #: [X,Y x Y] — [X,Y VY]
such that j.& = 1. If m,7m: Y xY — Y are the canonical projections, and
i1,i2: Y — Y xY are the axial injections, then we define & = (2171 )u+{(2272)«. This
is a homomorphism because X is a commutative cogroup. We deduce that there is
a unique homomorphism w: [X,Y V Y] - [X, Y xY,Y VY)] such that wd =1

and xw = 0.

Definition 4.8.1. The Hopf 8y -invariant of a homotopy class a € [X,Y]

is the class 5¢(a) = w(fy ).a. The Hopf 6-invariant J(E) of a sectioned
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orthogonal $®~*-bundle E — B is defined to be the element ¢ (Hg) of
[EQB A §7=1, (5™ x §", 57 v §n)].

The Hopf 8y-invariant of a map measures the extent to which it fails to be a

co-H-map. More precisely, we have the following result:

Lemma 4.8.2. Let X, Y, 8y, a be as before. Then 5#(a) =0 in the
group [X, QY x Y,Y VY)| if and only if a is a class of co-H-maps.

PROOF. Let f be a representative of the homotopy class a. Suppose that
#(a) =0. Then w(fy).a = 0, and so (fy ).« lies in the image of x. Hence

(fy }ea = K(j«(6y)+0a). The following diagram commutes up to homotopy:

! YVY

S

XxX—f—inY,

and so, applying the naturality of «, we see that

(y)eo = £(js(fy)u0)
= w((f x flex)
= (f V f)xs(Bx)
= (fV £bx,

where 6x is the comultiplication on X. We deduce that f is a co-H-map, and
therefore so is every element of .

Conversely, suppose that (fy )xee = (f V f)«(fx). Observe that 8y lies in the
class £(Ay). Hence (fy)sc = (f V f)es(Ax) = &((f x f)x(Ax)). It follows that
kju(By v = (By).a, and so 8#(a) = dw(by)sa = 0. Since J is injective, we
deduce that 2 (a) = 0. O
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Corollary 4.8.3. Let E be a fibrewise coHopf sectioned orthogonal
S™=1.bundle over the CW-complex B. Then J#(E) = 0 as an element of
the group [ZQB A S™1,Q(5™ x §™, 87 v §")).

As an illustration, we produce an alternative proof of the following result, which

is a special case of the main result of [14]:

Corollary 4.8.4. Let E be a fibrewise coHopf sectioned orthogonal
$™~1-bundle with base space S9. Suppose that ¢ £ 4n — 5. Then if

a € mg—1(S0(n — 1)) is the classifying element for E, then HJa = 0.

Proor. Recall that for a CW-complex X, QXX is homotopy equivalent to
ZXVI(XAX)V...,and the suspension coHopf structure comes from the injection

into the first term. Now let X = §9°1,

Since E is fibrewise coHopf, the Hopf invariant J#(E) is zero. By naturality of
the Hopf invariant, the Hopf invariant of the restriction g of Hg to £X C QXX

is zero in [EZ"X, Q(S™ x 87, 5™ V §7)]. Postcomposing with the identification map
Q8™ x 8™, 8"V S™) - Q(S"AS")

we obtain the crude Hopf invariant associated with E, which lies in the group
[B7 X, (05%"] 2 m,4.4(S?"), and in this case is also zero. By the results of [6] this is
the suspension of the James-Hopf invariant of g. Applying the Freudenthal Suspen-
sion Theorem, we see that the James-Hopf invariant of ¢ must be zero. It remains
to show that ¢ = Ja. The following diagram commutes up to homotopy, where

the vertical arrows are induced by the canonical inclusions Ye: L.§ i 5 TOYS for
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various i:

: -1 n—1
DS s B G § gt — (ST x 57

T~

Tsn-1,

SORSI-1y B5m-ly o —

2OESI — S e A grm1y —= DS x §271)

(The homotopy-commutativity of the triangle follows from the construction of the
clutching function.) But the top row of this diagram is Ja and the bottom row

18 g. O
A similar technique allows us to prove the following result:

Corollary 4.8.5. Let X be a sectioned orthogonal §™~-bundle over the
space HP(o0), where n > 1. Suppose that X is fibrewise coHopf. Let
f: HP(oc0) — BO(n) be the classifying map for X. Then HJ(Qf) = 0,

where we consider Qf as an element of 73(0(n)).

PROOF. Suppose X is fibrewise coHopf. Then by (4.8.3) the Hopf invariant J£(X)
of X is zero, and therefore so is the crude Hopf invariant. This crude Hopf invariant
lies in 7Tn+4(S2n).

By the Freudenthal Suspension Theorem, the suspension homomorphism
B Tuga(S77Y) = nga(S7)

is an isomorphism for all n > 1. We conclude that the James-Hopf invariant van-
ishes, and therefore that Hy is a suspension. But by definition Hx is J(2f). Hence

HJ(Qf) vanishes. O
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Of course, this result is trivial for n > 4. This line of argument does not give
us any information for bundles over RP(00). To obtain more results over infinite
projective spaces in this way, it is necessary to use the more sensitive Hopf invariants
giving values in the homotopy groups of Q(S™ x §%*, 5™ v §™).

I am grateful to Michael Crabb for pointing out that the above corollary is
of limited utility, since direct calculations may be made. In the case n = 3 the
maps HP(co) — BS? are classified by the degree on H*, which is either 0 or the
square of an odd integer. Restricting to S*, it follows that a fibrewise coHopf S3-
bundle over HP(0o0) must be trivial. The n = 4 case reduces to consideration of
maps HP(00) — BS® x BS®. Restricting again to 5*, we see that a fibrewise coHopf
bundle must restrict to a fibrewise reduced suspension over $*, and must therefore

be a fibrewise reduced suspension over the whole of HP (co).



Chapter 5

Conclusion

We have investigated some of the properties of fibrewise coHopf spaces, and .
given some necessary conditions for particular classes of space to be fibrewise
coHopf. It should be made clear at this stage what we have left undone, and
what remains to be done in the future.

Perhaps the most obvious shortcoming here is the cavalier fashion in which we
have treated Lemma (4.1.2). More information is implied by a coHopf structure on
a space than simply the vanishing of all cohomology cup products. For example,
it is remarked in [19] that coHopf structure also implies the vanishing of Massey
products. It seems probable that more sensitive tests for fibrewise coHopf structure
could be devised using such data on the Thom spaces of sphere bundles. The
question of whether (4.1.2) admits a converse remains unanswered.

Questions also remain concerning the behaviour of localised sectioned sphere
bundles with even-dimensional fibre. We have seen that there are such bundles
which are not fibrewise coHopf, though their fibrewise localisations at the prime 2
are. This offers little enlightenment on the question of which such bundles are
fibrewise coHopf. Even in the case where the fibre is odd-dimensional, problems
remain. In particular, do there exist fibrewise coHopf bundles whose fibrewise
2-localisation does not have the fibrewise pointed homotopy type of a fibrewise
reduced suspension?

We have not discussed the classification of fibrewise coHopf structures. Knowl-

edge of the cohomology of the base space of the universal fibrewise coHopf sphere

91
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bundle constructed in Chapter 1 would, one hopes, enable characteristic classes to
be defined, thus allowing differing fibrewise coHopf structures to be distinguished.

Another question arises concerning the restrictions on the dimensions of the
spaces in (2.4.1) and (2.4.3). We may ask whether our dimensional restrictions on
the spaces given are the best possible. This is a difficult problem even for the case
where the base is a point, particularly for (2.4.1). However, it seems likely to the
author that the restriction we have chosen on the dimension of the base space is
over-cautious, and that a fibrewise version of Theorem 2.1 of [5] would allow it to

be relaxed.
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