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A nbrewise coHopf space X over a base B is a sectioned space for which the 

diagonal map X —> X x B X may be compressed into X VB X up to fibrewise pointed 

homotopy. Such spaces have been investigated by I. M. James in the case where X 
is a sphere bundle over a sphere. The purpose of this thesis is to demonstrate some 

of the properties of nbrewise coHopf spaces over more general bases. Particular 

attention is given to sphere bundles and fibrations with spherical fibre.

The fibrewise reduced suspension of a sectioned fibrewise space with closed sec­ 

tion is fibrewise coHopf with associative comultiplication (up to fibrewise pointed 

homotopy) and a fibrewise inversion. Examples of fibrewise coHopf spaces not of 

this form are exhibited, and sufficient conditions are given to ensure that a fibrewise 

coHopf space has the primitive fibrewise pointed homotopy type of a fibrewise re­ 

duced suspension, in terms of the dimension and connectivity of the space, its base 

and the fibres. It is shown that these conditions may be relaxed if the fibrewise 

coHopf structure on the space is assumed to be homotopy-associative. An example 

of a non-associative fibrewise coHopf sphere bundle is given.

It is shown that, if q > 1 is odd, a sectioned orientable ^-sphere bundle over a 

finite connected complex is fibrewise coHopf if and only if its fibrewise localisation 

at the prime 2 is fibrewise coHopf. Moreover, the fibrewise rationalisation of an 

odd-dimensional sphere bundle over a finite polyhedron whose fibrewise unreduced 

suspension is fibrewise coHopf is shown to be a trivial fibration. As an application, 

it is shown that new fibrewise coHopf spherical fibrations may be constructed by 

mixing.

The Thorn space is used to determine the cohomology ring of the total space 

of a fibrewise coHopf sphere bundle in terms of that of its base, and a generalised 

Hopf invariant is constructed which vanishes on fibrewise coHopf sphere bundles.
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Chapter 1 

Introduction

1.1 CoHopf Spaces

We open with a resume of the main results concerning coHopf spaces in ordinary 

homotopy theory. Recall that a coHopf space is a space X equipped with a map 

\i : X —+ X V X such that g,- o \i ~ idx, where 5,-: X V X —» X is the projection 

map, for i — 1,2. Equivalently, if j: X V X —> X x A" is the inclusion, then 

j o // ~ A: X  » Jf x .X". Examples of coHopf spaces include spheres 5? (g ^ 1) and 

other reduced suspensions SF, where V is any pointed Hausdorff space.

The elementary properties of such spaces are well-known, and are explained, 

for example, in pp!21-127 of [34]. Most work has concentrated on three problems: 

(i) Which spaces are coHopf?

(ii) When is a coHopf space associative up to homotopy? 

(iii) When does a coHopf space (X, n) have the primitive homotopy type 

of a suspension?

Included in the first of these problems is the Ganea Conjecture: that every con­ 

nected coHopf space has the homotopy type of Z V 5, where Z is simply connected, 

and B is a bouquet of circles. This conjecture has been proved for homotopy- 

associative coHopf CW-complexes by Berstein and Dror [2] and for coloops which 

are CW-complexes by Hilton, Mislin and Roitberg [13] (a coloop is a coHopf space 

(X,p) for which (id* VV) o (/i V id*) and (V V idx) o (idx V fi] are homotopy

1
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equivalences X V X -+ X V X). It is shown in [12] that the fundamental group of 

a coHopf space X is free, by consideration of the commutative diagram

TTjpQ ————>7n(X V X) -?-+Kl(X) * ^(X)

where p is the projection homomorphism which sends all commutators to the iden­ 

tity.

More frequently, two- and three-cell complexes have been studied in the search 

for coHopf structures. The two-cell case was settled by Berstein and Hilton, who 

proved [4] that if m - 1 ^ q > 2 and / is a map Sm ~l -> S9 , then Sg U/ em is 

coHopf if and only if / commutes up to homotopy with the coHopf structure maps 

on 5m-1 and Sq (ie. / is primitive). In addition they produced a generalised Hopf 

invariant which vanishes if and only if / is primitive. Using this, they exhibited 

in [5] a space X$ = S3 U Q e 7 , where a is an element of order 3 in ir&(S3 ). This space 

is coHopf but does not have the homotopy type of a suspension.

The related question of whether or not coHopf spaces of this form are homo­ 

topy associative has been studied in some detail. Berstein [1] has proved that, 

for any odd prime p, and any a £ vr2/) (53 ) of order p, that no coHopf structure 

on Xp = S3 U a e2p+1 is homotopy associative, by investigating properties of the 

Pontrjagin algebra H*f(£lX;Zp). The associativity question has been settled for 

two-cell complexes by Chan [7, 8], who produced an invariant, the vanishing of 

which is both necessary and sufficient to prove the existence of a homotopy asso­ 

ciative coHopf structure. Examples of homotopy-associative coHopf spaces which 

are not suspensions have been found by Berstein and Harper [3]. These spaces are 

of the form S5 U e e35 (where e is a generator of the 3-primary part of 7r34 (55 )) and 

complexes with cells in dimensions 5, 6p - 2 and 1p + 3, where p is an odd prime.
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Problem (iii) has been studied mainly by restricting the connectivity and di­ 

mensions of the spaces considered. As pointed out by Ganea [11], a (q— l)-connected 

CW-complex of dimension ^ 2g - 1 has the homotopy type of a suspension. Ganea 

offers no proof. There follows a simple proof in the spirit of [11]:

Theorem 1.1.1. Suppose that q ^ 1, and that X is a(q— l}-connected 

CW-complex of dimension ^ 1q — 1. Then X ~ TY for some CW- 

complex Y.

PROOF. Assume first that q > 1. Ganea shows that the retraction p: Y,£IX   » X 

is (2q — l)-connected. Since Hi q-\(X] is free, we apply Theorem 2.1 of [5] to find 

a CW-complex K and a map v : K — » SIX such that

v, : Hi(K) •=* Hi(SlX) £ Hi+ i(EtoX) * Hi+l (X) for i<2q-2; 

H2q- 2 (K) -^ H2g-2 (tiX) 3 H2q -i(ESlX) -^ H2q-i(X) is an isomorphism;

Hi(K) = 0 for i > 2q - 2.

Then UK ~ X, since p o Si; is a homology equivalence of simply-connected CW- 

complexes.

The case where q = 1 is easily proved, since a 0-connected 1-dimensional com­ 

plex has the homotopy type of a bouquet of circles. D

More can be proved if the space is required to be coHopf. For example, Theo­ 

rem A of [5] states:

Theorem 1.1.2. If X is &(q — l)-connected space of the based homotopy 

type of a CW-complex, q ^ 1, with locally finitely generated homology,
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and if dim X ^ 3q — 3, then any coHopf structure (X,n) is equivalent to 

a suspension structure.

Thus, not only does X have the homotopy type of a suspension, but the homo- 

topy equivalence may be chosen to be primitive, with respect to the suspension 

coHopf structure and the given map /x. In particular, (X,IJL) is homotopy associa­ 

tive and admits a homotopy inversion. The example X$ demonstrates, at least for 

<? = 3, that the above bound is the best possible. Under the assumption that the 

coHopf space (X, /u) is homotopy associative, we can strengthen the result, as in 

Corollary 3.5 of [11]:

Theorem 1.1.3. Suppose that the CW-complex X is a(q — l)-connected 

coHopf space and that dimX ^ 4g   5, where q ^ 2. Then X has the 

primitive homotopy type of a suspension if and only if it is homotopy 

associative.

Given the subject matter of this thesis, some mention should be made of the 

paper of Woo and Kim [35], in which the definition of a coHopf space is extended 

to encompass ex-spaces (fibrewise pointed spaces). This is perhaps the earliest 

published paper referring to fibrewise coHopf spaces. Unfortunately the main results 

of this paper were anticipated and proved in greater generality in [20].

1.2 Fibrewise CoHopf Spaces

We now introduce the fibrewise analogue of the coHopf space:

Definition 1.2.1. Let X be a fibrewise pointed space over B. A fibrewise 

comultiplication on X is a fibrewise pointed map a: X —>  X VB X. A
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fibrewise coHopf structure on X is a fibrewise comultiplication a such 

that the triangle

commutes up to fibrewise pointed homotopy, where A: X  > X XB X is 

the fibrewise diagonal map and j: X VB X c-> X Xg X is the inclusion. 

IfX admits a fibrewise coHopf structure, we say that X is fibrewise coHopf 

over B.

These definitions differ from those of Ganea [11]; what Ganea calls a "comul­ 

tiplication" is what we call a "coHopf structure".

If the base space B is a point, then these definitions reduce to the standard 

(non-fibrewise) definitions. A trivial bundle B x F —> B admits a fibrewise coHopf 

structure (with respect to the section s defined by s(b) = (6,*)) if and only if the 

fibre F is a coHopf space. In particular the bundle B x S1 is fibrewise coHopf 

with respect to such a section. Much of the remainder of this section is devoted to 

proving various elementary results in the theory of fibrewise coHopf spaces, most 

of which reduce to well-known results when the base space is a point.

Initially we prove that our definition is equivalent to that of James (see p!31 

of [21]).

Lemma 1.2.2. Let u be a comultiplication on the fibrewise pointed space 

X over B. Then a is a fibrewise coHopf structure if and only if q± o a 

is fibrewise pointed homotopic to the identity on X for i = 1,2, where 

91,52 : X Vfl X —» X are the fibrewise projections.
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PROOF. Necessity is easily seen from the diagram

X x g X —-—> X,

which commutes up to fibrewise pointed homotopy. To prove sufficiency, choose 

fibrewise pointed homotopies H^: X x I  > X from qi o a to idx (for i = 1,2). 

Then, by the universal property of the fibrewise product (see [21], p2), there is 

a fibrewise pointed homotopy H: X x I —* X XB X from j o a to the diagonal 

map A: X -» X X B X. D

Lemma 1.2.3. Let X be a fibrewise coHopf space over B with structure 

map a and closed section. Suppose that /:£?' > B is a continuous map. 

Then the pullback space f*(X) over B' is a fibrewise coHopf space.

PROOF. First recall that, as on p92 of [21], there is a natural fibrewise pointed 

topological equivalence f*(X) VB' f*(X) -* f*(X V# X). The commutative square

B'

defines a fibrewise pointed map B: f*(X) -f f*(X V B X], where <p: f*(X) -> X is 

the canonical projection. This is a fibrewise coHopf structure on f*(X}, as may be
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seen from the diagram

f*(XVB X)-

f*(X)

B1

which commutes up to fibrewise pointed homotopy. D

Lemma 1.2.4. Let X be a fibrewise coHopf space over B with structure 

map <r, and let Y be a fibrewise pointed space over B. Suppose that the 

sections ofX and Y are closed. Then the fibrewise smash product X AB Y 

admits a fibrewise coHopf structure over B.

PROOF. The fibrewise pointed maps cr and idy induce a fibrewise pointed map

Q:Xt\B Y ->(X\fg X)/\B Y.

The range of this map is equivalent, by Proposition (6.1) of [21], to the fibrewise 

space (X f\B Y) VB (X f\B Y}- Postcomposition by the fibrewise projection maps

9i : (X AB Y) VB (X /\ B Y) -* (X AB Y) (for t = 1,2)

gives maps which are fibrewise pointed homotopic to the identity on (X AB Y) by 

naturality. D
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In particular, the fibrewise reduced suspension of any fibrewise pointed space 

with closed section is fibrewise coHopf.

Lemma 1.2.5. Let X be a fibrewise coHopf space over B with structure 

map a, and suppose that the fibrewise pointed space Y over B is fibrewise 

pointed dominated byX. Then Y admits a fibrewise pointed coHopf struc­ 

ture, In particular, ifX and Y are fibrewise pointed homotopy equivalent, 

then Y is fibrewise coHopf if and only if X is.

PROOF. Let f: X — > y, g: Y — > X be fibrewise pointed maps such that / o g is 

fibrewise pointed homotopic to idy. Define 9 = (/ VB /) ° o" ° 9- Y — »  Y VB Y. 

Then, for i = 1,2,

qi o 9 = qi o (/ VB /) o a o g

and so 6 is a fibrewise coHopf structure on Y .

The most conspicuous application of (non-fibrewise) coHopf structures is in 

the construction of the multiplication on the homotopy groups of a space using the 

suspension comultiplication on a sphere. This generalises to the fibrewise category:

Lemma 1.2.6. Let a: X   > X VB X be a fibrewise coHopf structure on 

the fibrewise pointed space X over B. Suppose that the section of X is 

closed, and that X is fibrewise compact and fibrewise regular. Then, ifY 

is a fibrewise pointed space over B, a induces a fibrewise Hopf structure
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on the fibrewise pointed mapping space M = M.a,psB (X,Y), and hence a 

multiplication on the set [X, F]f of fibrewise pointed homotopy classes of 

fibrewise maps X — > Y. These constructions are natural with respect to 

fibrewise pointed maps defined on Y. Conversely, if there is a multiplica­ 

tion on [X, F]jj for all fibrewise pointed Y over B, natural with respect 

to fibrewise pointed maps defined on Y, which has a two-sided unit given 

by the fibrewise pointed homotopy class [c] of the fibrewise constant map 

c: X — » Y, then X is fibrewise coHopf.

PROOF. We first define a fibrewise multiplication //: M XB M   »  M by the formula

Continuity of fj, follows from the continuity of the fibrewise map r] from M x# M to 

the space of fibrewise pointed maps XVpX — > XVsX defined by //(/, </) = / VB g. 

(The map rj is continuous by Proposition (9.19) of [21].) Naturality of n follows 

immediately from the naturality of the folding map V; if if? : Y — t Z is a fibrewise 

pointed map over B, then ^(0 o /, i/> o g) — $ o (j,(f, g}.

It remains to show that ^ defines a fibrewise Hopf structure on M. . Suppose 

that H: X x. I ̂  X XB X is a fibrewise pointed homotopy from j o cr to A. We 

define a fibrewise selfhomotopy H of M by the formula

Then H is a continuous fibrewise pointed map such that

) = /o ?1 ojo<r = /o5io<7 = n(f, c) and
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Thus if i'i: M  > M XB Af is the fibrewise inclusion into the first coordinate, then 

fj, o ii ~g idjv/. The proof that \i o %i ~jg id^ is similar.

Since X is fibrewise compact and fibrewise regular, we may apply Proposi­ 

tion (3.99) of [20] to identify [A",F]g with the set of vertical homotopy classes of 

sections of M, thus obtaining a multiplication on [X, Y]g.

Now suppose that for all fibrewise pointed spaces F, [X, Y]g admits a multi­ 

plication with two-sided identity [c], natural with respect to fibrewise pointed maps 

defined on Y. Then there is a fibrewise pointed map 9: X —» X Vg X, which is 

the product of the maps zi, i%: X  > X V# X. The compositions 5,- o 6 are fibrewise 

pointed homotopic to the identity on X, by naturality. Thus X is fibrewise coHopf 

over B. D

In fact, it is not necessary to assume fibrewise compactness and fibrewise reg­ 

ularity, merely to obtain a multiplication on [X, Y]Q. The formula

MI/1, [ri) = [vo(/v B 0) 0*]

defines a multiplication on fibrewise pointed homotopy classes for all fibrewise 

coHopf spaces (X, a}.

Dually, a fibrewise Hopf structure on a space Y over B induces a multiplication 

on [X, Y]g for any fibrewise pointed space X over B. In the case where X is fibrewise 

coHopf and Y is fibrewise Hopf, the following result holds:

Lemma 1.2.7. Suppose that X, Y are fibrewise pointed spaces over B, 

such that X is fibrewise coHopf and Y is fibrewise Hopf, with structure 

maps cr: X  > X VB X and [i:Y XgF -> Y respectively. Then the two
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induced multiplications on G = [X,Y]g agree and are commutative and 

associative,

PROOF. Let /, </: X —> Y be fibrewise pointed maps. Then the diagram

commutes up to fibrewise pointed homotopy. Hence the two multiplications on G 

agree.

Now consider the postcomposition function ^*: [X,Y Xg F]|   > [X,F]f . By 

naturality, this is a homomorphism. Let 9? be the natural isomorphism

(see p!27 of [21]). Then /i* o <p defines a homomorphism from G x G to G. But 

^* ° ¥>([/]> [9]} = [/ * ° (/ X B </) ° A], and so /^* o y> is the multiplication on G induced 

by ^/ and <7. The condition that this is a homomorphism is precisely that, for all 

classes a, /?, 7, * in [X, F]|, (a/3)(7<5) = (af)(l36). Putting a = * = [c], the class of 

the fibrewise constant map, we see that the multiplication is commutative. Putting 

7 = [c], we see that it is associative. D

Definition 1.2.8. LetX, Y be fibrewise pointed spaces over B , admitting 

fibrewise coHopf structures a, T respectively. Let f:X—>Ybea fibrewise 

pointed map. We say that f is primitive (with respect to cr and T) if the 

diagram
X ——— - —— *Y
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commutes up to fibrewise pointed Jiomotopy.

12

We will also refer to a primitive fibrewise map / as a homomorphism, or a 

co-H-map.

Definition 1.2.9. Let X be a fibrewise pointed space over B admitting 

a fibrewise coHopf structure u. We say that (X,a] is fibrewise homotopy 

commutative if the diagram

X

XVB X-

commutes up to fibrewise pointed homotopy, where T is the fibrewise 

switching map. We say that (X,a] is fibrewise homotopy associative if 

the square

X\IB X X\/B X
irVid

XVB X\fB X

commutes up to fibrewise pointed homotopy. We say that (X, a) admits a 

fibrewise homotopy inversion if there is a fibrewise pointed map 77: X —» X 

such that the diagram

X-
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commutes up to fibrewise pointed homotopy, where c: X —* X is the 

fibrewise constant map. A fibrewise cogroup (or fibrewise cogroup-like 

space) is a fibrewise .homotopy associative fibrewise coHbpf space with a 

fibrewise homotopy inversion.

If a fibrewise coHopf space over B with closed section admits a fibrewise homo­ 

topy commutative coHopf structure, then the induced coHopf structure on X AB Y 

is also fibrewise homotopy commutative for any fibrewise pointed space Y over B 

with closed section. Analogous results hold for fibrewise associativity and for the 

existence of a fibrewise inversion. In particular, the fibrewise reduced suspension of 

a fibrewise space with closed section is a fibrewise cogroup.

Lemma 1.2.10. Suppose that (X,cr) is a fibrewise coHopf space over 

B, and that Y is a fibrewise pointed space over B. Then the induced 

multiplication on [X, F]f is associative if (A", cr) is fibrewise homotopy 

associative, commutative if (X, a) is fibrewise homotopy commutative, and 

admits inverses if (X, a] admits a fibrewise homotopy inversion.

In particular, if (X,a) is a fibrewise cogroup, then [X, F]f is a group. In this 

case we write it as TTg(X,Y). We will call such a group a generalised fibrewise 

homotopy group.

Lemma 1.2.11. Let X and Y be fibrewise compact and fibrewise regular 

fibrewise coHopf spaces over B with closed sections. Then there are two 

fibrewise coHopf structures on X /\B Y, that obtained from X and that 

obtained from Y. These two structures are fibrewise pointed homotopic, 

and are fibrewise associative and commutative.
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PROOF. Let Z = (X AB Y] MB (X AB F), and consider the set of fibrewise pointed 

homotopy classes of maps from X A a Y to Z. There is a homomorphism

which is an isomorphism by Corollary (9.26) of [21] and Proposition (3.99) of [20]. 

However, the multiplication on [X, Mapsf(F, Z)]f is both associative and commu­ 

tative, by (1.2.7), and the multiplications induced by the fibrewise coHopf structure 

of X and the fibrewise Hopf structure of Mapsf (F, Z} coincide. The latter multipli­ 

cation is equivalent under the above isomorphism to that induced on [X AB F, Z]% 

by the coHopf structure on F.

Each comultiplication is fibrewise pointed homotopic to the product of the 

injections i\,ii\ X AB F   > Z, and they are therefore fibrewise pointed homotopic 

to each other. Fibrewise homotopy commutativity and associativity follow from the 

commutativity and associativity of the product on [X AB F, Z]g . D

Well-sectioned spaces. Before proceeding further, we should note that many of 

the spaces that we shall work with are fibrewise well-pointed with closed sections. 

We need to prove that the class of such spaces is closed under some standard 

constructions:

Lemma 1.2.12. Let X be a fibrewise well-pointed space over B with 

closed section. Then X V B X, X X B X, ZgX, flfX are all fibrewise 

well-pointed with closed section.

PROOF. The square

B    *—+X
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is a fibrewise pushout. Apply Proposition (20.2) of [21] to show that X VB X is 

fibrewise well-pointed. Closure of the section follows from the definition of the 

quotient topology.

Since (X, B) is a closed fibrewise cofibred pair, by Corollary (20.20) of [21] the 

pair (SB-^I^BB) is closed and fibrewise cofibred, and we may collapse SB# to 

deduce that EgX is fibrewise well-pointed with closed section.

We will construct fibrewise Str0m structures for (tigX, B) and (X XB X,B) 

from one on X. Embed B in X via the section. Recall that a fibrewise Str0m 

structure on (X, B) is a map a: X  > / which is zero on B, and a fibrewise homotopy 

H: I x X -> X rel B such that H0 = id* and H(t, x} e B whenever t > a(x).

A Str0m structure on (X XB X, B) may be given by the formulas

a'(x,y) = max(a(x),a(y))

Define a": OfX -> I by o"(w) = sup{a(w(i)) :< /}. Then the fibrewise 

homotopy H": I x ft^ -* flfX defined by H't '(u)(s) = Ht (u(s)) is a fibrewise 

homotopy of id^s x rel B. Moreover, if t > ot"(X) then t > a(u(s)) for all s G L
B

Hence H"(t,u(s)} G 5 for all 6   /, and so H"(t,u) is the basepoint in the fibre 

of u. Thus (fif, 5) admits a fibrewise Str0m structure, and so fl^X is fibrewise 

well-pointed with closed section. D

We will wish to use S0(n) sphere bundles as examples. Indeed, in the later 

sections they will be the prime objects of study. From Proposition III.4.8 of [26], 

we know that any such bundle admits a section if and only if it is an unreduced 

fibrewise suspension of a S0(n — 1) sphere bundle. Therefore, all such bundles are 

fibrewise well-pointed.
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The main reason for using the fibrewise well-pointedness of our spaces is the 

following lemma, which is a special case of Proposition (20.12) of [21]:

Lemma 1.2.13. Let if: X  > Y be a fibrewise pointed map, where X and 

Y are fibrewise well-pointed spaces over B. If </? is a fibrewise homotopy 

equivalence then <p is a fibrewise pointed homotopy equivalence.

We are now able to prove that, for X in a certain class of fibrewise coHopf 

spaces, the condition that X admit an inversion is automatically satisfied.

Lemma 1.2.14. Suppose (X,a) is a fibrant fibrewise coHopf space 

over B, and suppose further that X is fibrewise well-pointed, has sim­ 

ply connected fibres of the pointed homotopy type of a CW-complex, and 

that B admits a numerable categorical covering. Then X admits a left 

and a right fibrewise inversion. Moreover, if the coHopf structure on X 

is homotopy associative, then the two fibrewise inversions are fibrewise 

pointed homotopic.

PROOF. As usual, we embed B in X via the section. We prove that X admits a 

right fibrewise inversion. Define the fibrewise pointed map k to be the composition

We wish to show that k is a fibrewise homotopy equivalence. Let V be a member of 

the numerable covering of B. Then Xy is a trivial fibration over V, and so therefore 

is (X MB X}v- Then the induced homomorphism

: Ht(Xv Vv Xv )
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is an isomorphism, and so, since the fibres have the homotopy type of simply- 

connected CW-complexes, k is a fibrewise homotopy equivalence over each such V. 

By Satz 9.1 of [31] we see that k is a fibrewise homotopy equivalence. Since XVB X 

is fibrewise well-pointed, we may apply (1.2.13) to show that Hs a fibrewise pointed 

homotopy equivalence. Let <p be a fibrewise pointed hemotopy inverse for k. Let

We claim that j is a right inversion for the coHopf structure a. 

The diagrams

and

commute up to fibrewise pointed homotopy, and the composition X   * X of the first 

is fibrewise pointed homotopic to the identity. We wish to show that Vo(idx VBJ)OCT 

is fibrewise pointed nulhomotopic. The following diagram commutes up to fibrewise 

pointed homotopy:

(X V B X) V B (X VB X) -*-*  x V B X
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and therefore V o (idx VB j) o a is fibrewise pointed homotopic to q\ o <p o <r, and so 

to q\ o i2 , which is fibrewise pointed nulhomotopic, as required. The left fibrewise 

inversion follows by symmetry.

Suppose JL, JR are fibrewise left and right inversions for an associative fibrewise 

coHopf space X over B. Then, writing * for the (unique) fibrewise pointed constant 

map X — > X, we have

JL ~f V(; L V B *)<7

'L VB (V(idx V B JH)*))*

(since cr is fibrewise homotopy associative)

The fibrewise pointed map k: X VB X —t X VB X defined above is called the 

fibrewise coshear map.

It is known (see [4]) that there exist coHopf spaces which do not have the 

homotopy type of a suspension. These may certainly be viewed as fibrewise coHopf 

spaces over a point which are not fibrewise pointed homotopy equivalent to fibrewise 

reduced suspensions of any fibrewise pointed space. However, from the point of view 

of fibrewise homotopy theory, this is not in itself of great interest. What we will seek 

in later chapters are fibrewise coHopf spaces whose fibres are suspensions, but which 

do not have the fibrewise pointed homotopy type of fibrewise reduced suspensions. 

In particular, we will investigate the case where the fibre is a sphere.
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The first examples of such fibrewise coHopf spaces may be constructed using the 

main result of [14], which characterises the fibrewise coHopf sectioned 59~ 1 -bundles 

over a sphere Sn as follows:

Proposition 1.2.15. (James) Let E be the sectioned Sg -bundle over Sn 

which has classifying map a e Trn -i(SO(q)}. Then E is fibrewise coHopf 

if and only if S!/>*a = 0, where p: S0(q} -* S9 "1 is the evaluation map.

Corollary 1.2.16. (James) If E is a fibrewise coHopf Sg-bundle over Sn 

and q is even then E has the fibrewise pointed homotopy type of a reduced 

suspension.

Corollary 1.2.17. (James) HE is a fibrewise coHopf S9 -bundle over Sn 

and n < 2q — 2 then E has the fibrewise pointed homotopy type of a 

reduced suspension.

In fact, the argument given in [14] shows, in conjunction with Corollary 1.7 

of [16], that the conclusions of (1.2.17) apply when n ^ 2q, provided that n ^ 2q— 2.

The following results will be used when we wish to work with sphere bundles:

Lemma 1.2.18. Let E be an n-sphere bundle over the complex B. Then 

E is fibrewise closed, fibrewise compact and fibrewise regular over B.

PROOF. Fibrewise closure follows from local triviality and Proposition (1.8) of [21]. 

Fibrewise compactness follows from Proposition (3.2), while fibrewise regularity 

follows from local triviality and the regularity of the fibre 5". D
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Lemma 1.2.19. The unstable J -homomorphism

is an epimorphism.

PROOF. Identify S3 with the group of quaternions of absolute value 1. As shown 

on pl!5 of [28], the homotopy class [p] of the homomorphism/): S3 -+ S0(3) defined 

by p(q)(r) = qrq~l generates the infinite cyclic group 7r3 (SO(3)). It is shown in [33] 

that J[p] is a generator for ^(S3 ) = Zi2. D

We may therefore exhibit our first sphere bundle which is fibrewise coHopf but 

does not have the fibrewise pointed homotopy type of a fibrewise reduced suspension:

Example. Let a be a generator of 7^(50(3) ), and let £3 be a sectioned 53 -bundle 

over S4 formed by the clutching construction on 4a. Embed B in ES via the section. 

Then H Ja = 0, and so E$ is a fibrewise coHopf space. However, if E$ were to have 

the fibrewise pointed homotopy type of a fibrewise reduced suspension, the space 

Ez/B would have the homotopy type of a suspended space. But this space is just 

the non-suspended coHopf space X^ that we met earlier. Hence E$ does not have 

the fibrewise pointed homotopy type of a fibrewise reduced suspension.

The theory of fibrewise coHopf spaces has strong links with the theory of fibre- 

wise pointed Lusternik-Schnirelmann category. The following results are due to 

James and Morris (Propositions 6.1 and 6.2 of [22]):

Proposition 1.2.20. (James/Morris) Let X be a fibrewise pointed space 

over B. Suppose that X admits a fibrewise pointed categorical neighbour­ 

hood of B. If, for some n ^ 1, the diagonal
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can be compressed into HQ(X, B) by a fibrewise pointed homotopy, then 

tjjcat X ^ n.

Proposition 1.2.21. (James/Morris) Let X be a fibrewise space over B 

with closed section such that X, as a space, is fully normal. Ifcatf X < n, 

for some n ^ 1, then the diagonal

can be compressed into W^(X , B} by a fibrewise pointed homotopy.

In particular, putting n = 2, then A can be compressed into l£*B (X, B) by a 

fibrewise pointed homotopy if and only if X is fibrewise coHopf. We may therefore 

use the following result from §7 of [22] to deduce that certain sectioned fibre bundles 

are fibrewise coHopf for dimensional reasons.

Lemma 1.2.22. (James/Morris) Let X be a sectioned fibre bundle over 

the base B with fibre F. Suppose that F is (r   1) -connected, where r > 1, 

and that (X, B} is a CW-pair. Then if dim X < nr then catf X ^ n.

We conclude this section with a result showing that, for spaces lying in a certain 

class, the question of the existence of a fibrewise coHopf structure may be posed 

as an extension problem. The proof is essentially that of James (Proposition (2.2) 

of [14]).

Lemma 1.2.23. Suppose that B is a connected space admitting a nu­ 

merable categorical cover (for example a paracompact locally contractible 

space). Let X be a fibrewise non-degenerate fibrewise pointed space over B 

such that the projection p: X   > B is a fibration. Suppose that there is a
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coHopf structure on a fibre Xb which can be extended to a fibrewise pointed 

map 6: X —» X V B X. Then X admits a fibrewise coHopf structure.

PROOF. Let 31, g2 be the fibrewise projections X VB X  > X. By Theorem (6.3) 

of [10] the compositions qi o 6: X  > X are fibrewise homotopy equivalences for 

i = 1,2, and are thus fibrewise pointed homotopy equivalences. Choose fibrewise 

pointed homotopy inverses a\ , a 2 . Then (a\M 3 02) o 0: X -* XVsX is a fibrewise 

coHopf structure on X. D

1.3 A Universal Fibrewise CoHopf Sphere Bundle

We now attempt to construct a universal fibrewise coHopf n-sphere bundle. Let 

TT: E(n)  » B0(n) be the universal sectioned n-sphere bundle. Without loss of 

generality, we may assume that B0(n) is a CW-complex. Define, for a sectioned 

fibrewise space X over B, the space

coHat-X") = { /   Mapsf (X,X VB X) : f is a coHopf structure map } . 

Now consider the fibrewise projection map

7r2 : E(n) x BO(n) coHBO(n) (E(n)) -> coHBO(n) (£(n))

onto the second coordinate. This is induced by the pullback

E(n)
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and is therefore a sectioned n-sphere bundle. Since coH B0( n)(.E(n)) is a bundle 

over B0(n) with fibre a path-component of ft n (Sn V 5"), it is paracompact and 

locally contractible and has the homotopy type of a CW-complex. We claim that

Ee (n] = E(n) x BO(n} coE BO(n) (E(n))

is fibrewise coHopf over Bc (n) = coH B o(n)(E(n)) with respect to the projection T^ 

and the section induced by the section of E(n) over B0(n).

There is a map 0: Ec(n) —> Ec (n) V Bc ( n ) Ec (n) induced by the square

E(n) x BO (n) coH BO(n) (£(n)) -£™U.E(n ) V BO(n) E(n)

7T2

coH BO(n)(£(n)) —————————

which is a coHopf structure on each fibre. Recall that sectioned sphere bundles are 

fibrewise well-pointed and hence fibrewise non-degenerate. It follows from (1.2.23) 

that there is a fibrewise coHopf structure 0 on Ec (n) over Bc (n) of the form 

(ai V Bc ( n ) 0:2) o 0, for a suitable pair of fibrewise pointed homotopy equivalences 

0:1,0:2: Ec(n) — *• Ec (n) over Bc (n).

Now let X be a sectioned n-sphere bundle over the connected complex B with 

fibrewise coHopf structure map 9: X — > X Vg X. From (1.2.18), X is fibrewise 

compact and fibrewise regular over B. Recall that X is bundle equivalent to a 

pullback <p*(E(n)), for some map <?: B ^> B0(n). By Proposition (3.99) of [20], 

the map B induces a map

B -> coE B (X) ~

and hence a map B — »• coH Bo( n )( JE(n)) such that 0 pulls back to give B. In 

particular, putting B = Bc (n), there is a homotopy equivalence e; Bc (n] — » Bc (n)
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such that (ai VB a2 ) o 0 is the pullback of 0 via e. By Theorem 6.21 of [31] 

and (1.2.13), this map e is a fibrewise pointed homotopy equivalence over B0(n), 

since sectioned sphere bundles are fibrant and fibrewise well-pointed. Thus y> lifts

to a map t/>:

Bc (n)
, * */

such that (y>*(.Ec (n)),^*0) is primitively fibrewise pointed homotopy equivalent 

to(X,0).

We have therefore proved

Proposition 1.3.1. There is a universal fibrewise coHopfn-sphere bundle

Sn —— >Ec (n)

such that any fibrewise coHopf n-sphere bundle over a connected com­ 

plex B is primitively induced by a map t/>: B — > Bc (n). We may view 

the classifying map Bc (n) — > B0(n) for this bundle as a fibrewise struc­ 

ture on Bc (n) over B0(n) such that homotopies of a map X — > Bc (n) 

correspond to primitive bundle self-equivalences of the pullback bundle, 

while fibrewise pointed vertical homotopies over B0(n] induce fibrewise 

homotopies of the fibrewise coHopf structure on the pullback over X.

We may use this result to demonstrate the existence of bundles with more than 

one fibrewise pointed homotopy class of fibrewise coHopf structure. For example, 

let E be the fibrewise suspension of a trivial S1 -bundle over 51 , and give E the polar
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section. Then fibrewise pointed homotopy classes of fibrewise coHopf structures on 

E are in bijective correspondence with fibrewise pointed vertical homotopy classes 

of liftings

5i_£-BO(l), 

where c is the constant map to the basepoint of B0(l), and are therefore classified

by elements of 7n(coH(52 )) * ^(fl^S2 VS2 )) * 7r3 (52 V52 ). By the Hilton-Milnor 

theorem this is a non-trivial group, and so there exist distinct classes of fibrewise 

coHopf structure on E.

Indeed, if we examine the homotopy sequence of the fibration Bc(l) — » B0(l):

0 Z © Z ® (extra terms)

it is apparent that we may choose classifying elements in 7Ti(coH(52 )) which have 

different images in 7ri(Bc(l)). Any two such elements induce fibrewise pointed 

homotopy classes 0j, #2 of fibrewise coHopf structure on E such that there is no 

primitive fibrewise pointed bundle equivalence (J5, $1) —+ (£,62).

We may also consider the case where B is a cogroup-like space (for example, a 

suspension).

Corollary 1.3.2. Let (E, 9} be a, fibrewise coHopf n-sphere bundle over a 

cogroup-L'Jce CW-complex B. Then the set of fibrewise pointed homotopy 

classes of fibrewise coHopf structures on E is in bijective correspondence 

with the image of the homomorphism
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induced by the inclusion of a fibre.

PROOF. The bundle E is induced by a map y>: B -> B0(n), and the fibrewise 

pointed homotopy class of 8 by a fibrewise pointed vertical homotopy class [^>] 

of liftings B —> Bc (n). Since B is a cogroup-like space, we may form the class 

[V>] + i*[a] € [B,Bc (n)] for any a e [B,coH(5n )]. This class is sent by TT* to the 

class [if] € [B, BO(ra)], and therefore contains a lifting of </? and all liftings which are 

fibrewise pointed vertically homotopic to it, since TT: Bc (n) -> B0(n) is a fibration. 

Conversely, if [IJJQ] £ \B,Bc (n)] is such that 7r*[^o] = M) we may construct 

the class [^Q] — ty] € [B,Bc (n)]. The image of this under TT* is the zero element 

of [B, B0(n)]. Since TT is a fibration, we may lift a corresponding nulhomotopy 

B x I —» B0(n) to demonstrate that [i/>o] — [0] contains a map whose image lies 

entirely within a fibre. Thus [i/>o] — [0] h'es in the image of z«. D



Chapter 2 

Fibrewise CoHopf Spaces and Dimension

As we stated in Chapter 1, the reduced fibrewise suspension £§X of any fibre- 

wise pointed space X over B with closed section admits a fibrewise coHopf struc­ 

ture. We will be seeking, inter alia, constraints on a fibrewise coHopf space E 

which ensure that it has the fibrewise pointed homotopy type of a fibrewise reduced 

suspension. Our aim in this chapter is to present such constraints in the form of 

conditions on the dimension of E.

2.1 Fibrewise Coretractions

Recall (see [15]) that a pointed CW-complex X is a Hopf space if and only if it is a 

retract of fiEX with respect to the canonical inclusion X —> $IY,X. The dual of this 

result appears in Theorem 1.1 of Ganea's paper [11], which states that the set of 

coHopf structures on a pointed CW-complex X is in bijective correspondence with 

the set of right homotopy inverses of the canonical projection SfiX —» X. As Ganea 

points out, the correspondence between homotopy classes of Hopf structures and 

homotopy classes of retractions J7S.X" —> X is not necessarily bijective; S3 admits 

12 Hopf structures up to homotopy, but there are infinitely many homotopy classes 

of retractions fiS4 —> S3 . We will prove a fibrewise version of Ganea's result in this 

section.

27
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Definition 2.1.1. Let X be a fibrewise pointed space over B. There is 

a natural fibrewise pointed map p: E^ftgX — * X, which is the adjoint of 

the identity map on tigX. A fibrewise coretraction is a fibrewise pointed 

map 7: X -» Efftjjpf such that po-y ~§ idx .

The fibrewise map p is continuous by Corollary (9.24) of [21]. If X is afibrewise 

reduced suspension Hf-D, then the fibrewise suspension of the canonical inclusion 

D — » figSfD is a fibrewise coretraction.

The purpose of this section is therefore to show the connection between fibre- 

wise coHopf structures on a space X and fibrewise coretractions X — v S|j tlgX. 

Before we can do this, however, we must prove some technical results.

Let X be a fibrewise well-pointed space over B with projection px and closed 

section, and embed B in X via the section. We identify MapsB (J x B,X) with the 

subspace of Maps( I, X) which consists of paths u such that px o a; is a constant 

map.

Lemma 2.1.2. The inclusion

u : ftf A ^ PJX = { w € MapsB ( I x B,X) : w(0) <E B }

is a closed fibrewise cofibration, and hence a fibrewise pointed cofibration.

PROOF. We prove that u is a closed fibrewise cofibration by exhibiting a fibrewise 

Str0m structure on the pair (PjjX, ftgX). Since X is fibrewise well-pointed with 

closed section, there is a fibrewise Str0m structure on (X, B), i.e. a map a: X — » / 

such that ot(B~) = 0, and a fibrewise homotopy H : X x / — * X rel B of idx such 

that Ht(x] € B whenever t > a(x). As on p!38 of [21], we assume that Ht(x) £ B
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whenever t ^ a(x). Let p: PJX -> X be the map which evaluates a path at 1. The 

following diagram commutes:

PiX———'*——*PiXB

idxO p
PJXxI " oU)X 'd) >X.

Since p is a fibrewise fibration, there is a lifting H': PJX x I -+ PJX over 5. We 

now define ot'(ui) = a(po;), and

H't (u) for i ^ a(pw),

For all w € fif X, we see that a'(w) = 0. Also, F is a fibrewise homotopy of the 

identity rel fifX. If i > a'(w), then

= H o (p x id)(w,a

and so F( (u>) lies in fi^A''. Thus (a',F) defines a fibrewise Str0m structure on the 

pair (PpX^gX), and u is a closed fibrewise cofibration. D

The following result is proved in the non-fibrewise case in Proposition (6.7) 

of [20]:
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Lemma 2.1.3. Suppose Z = C\ DCi is a fibrewise pointed space over B, 

where the inclusion Y = d n C2 <-» C\ is a fibrewise pointed cofibration. 

Then Z has the fibrewise pointed homotopy type of the reduced fibrewise 

double mapping cylinder X = Ci Uy x { 0 } (Yxl) (Jvx{i} C2 .

PROOF. Let A : X — > Z be the canonical map, and let M be the reduced fibrewise 

mapping cylinder of the inclusion u : Y <-» C\. As in §21 of [21], the diagram

Y

IxY

induces a fibrewise pointed map k: M — > IxCi, which by Proposition (21.3) of [21] 

admits a left inverse Z: 7xCi — » M. Define ju : Z — » X by setting /i = /o on C*i and 

/t = id on Ci. Then Ayu = id, while ^/A ~| id, using the fibrewise pointed homotopy 

defined by /. O

Corollary 2.1.4. Let X be a fibrewise well-pointed space over B with 

closed section, and let V be the subsp&ce of MapsB (I x B,X) consisting 

of paths uj such that w(l) or cu(0) (or both) lie in the image of the section. 

Then V has the fibrewise pointed homotopy type of Efftf X.

PROOF. Embed B in X via the section, and write 0 = tigX. By (2.1.2) the 

inclusion u: ft <-> PJX = {w e MapsB (/ x B,X) : w(0) € B} is a fibrewise 

pointed cofibration. Now define

)B and Ci = {w € MapsB (J x
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It follows from (2.1.3) that V = Ci Un C2 has the fibrewise pointed homotopy type 

of U = Ci Ufi~ {0} (fix/) Un~ {1 j C2 . It remains only to show that (17, C\ VB C2 ) is a 

closed fibrewise pointed cofibred pair, for then U has the fibrewise pointed homotopy 

type of Sffil-X by Proposition (21.6) of [21], since C\ and (72 are fibrewise pointed 

contractible.

By the definitions of the product and quotient topologies, C\ VB C*2 is closed 

in U. We prove that ([/, C\ VB C2 ) is a fibrewise cofibred pair (and hence a fibrewise 

pointed cofibred pair) by exhibiting a fibrewise Str0m structure on it. By (1.2.12) 

there is a fibrewise Str0m structure (fl,H) on (fi,B). Define

a(u) =

f 0 for u 6 Ci

mm(2-|4s-2|,/3(w)) for w = (w,s) 6 fix/

10 for u £ C2

and

H't (u) =

for u e C*i VB

for u = M € 

for u = u;,* 6

Then the pair (a,H') is a fibrewise Str0m structure, and the result follows. D

Armed with this model for Sffi^X, we are able to prove the following propo­ 

sition, which appears in a non-fibrewise form in [11]. If X is fibrewise Hausdorff, 

recall from p75 of [21] that ftgX is also fibrewise HausdorfF, and therefore has closed 

section by Proposition (2.9) of [21]. Hence, by (1.2.4), Sfftf Jf is fibrewise coHopf.
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Proposition 2.1.5. Suppose X is a fibrewise Hausdorff space over B 

which is fibrewise well-pointed, and let

S-. sinix -> Efnf A V B s|n|x

be the fibrevrise suspension comuJtiplication. Then the fibrewise map

: EffigX -» X VB -X"

induces monomorphisms of generalised fibrewise homotopy groups and a 

bijection between fibrewise pointed homotopy classes of fibrewise coretrac- 

tions X — » S^DgX and fibrewise pointed homotopy classes of fibrewise 

coHopf structures X — *• X VB X.

PROOF. Let W be the fibrewise homotopy pullback of the diagram

X

A

XVB X^-+X X B X. 

More explicitly, define W C X X B Mapss (I x B,X X B X) X B (X V B X] by

We wish to show that the fibrewise projections /: W — > X and g: W — » X VB X 

are fibrewise fibrations.

Since (7 X 5, 1 x 5) is a closed fibrewise cofibred pair and / X B is fibrewise 

locally compact and fibrewise regular, we may apply Proposition 23.3 of [21] to 

deduce that the restriction map

MapsB (7 x B,X X B X) -> Mapss (7 x B,X X B X) = (X X B X) X B (X X B X]
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is a fibrewise fibration. Hence its pullback over Im A x 3 (X VB X) (by the inclusion) 

is a fibrewise fibration, whence / and g are fibrewise fibrations, being compositions 

of fibrewise fibrations.

Define a map <p : V — > W, where

V = U € MapsB(J x B,X) : £(0) = *} U {£ £ MapsB(/ x B,X) : f(l) = *}, 

by

= («J),M«1),«0))) , where A(i) =

Then <p is a fibrewise pointed topological equivalence, and so foy> and g oy> are fibre- 

wise fibrations. Clearly (g o <p)~ l (*} = SlgX C V, and the inclusion map £lgX — » V 

is fibrewise pointed nulhomotopic.

Let A be a fibrewise pointed space over B. Suppose that a: A — > V is 

such that the composition g o <f o a is fibrewise pointed nulhomotopic, and suppose 

that H: Ax I — > X VB X is a fibrewise pointed nulhomotopy of g o tp o a.

V

Then if lifts to a homotopy H1 : A x J -» V, such that #£ = a and Im(if{) lies 

in Sl^X C y. Hence a is fibrewise pointed nulhomotopic, and so g o 9? induces 

monomorphisms of generalised fibrewise homotopy groups. 

Now consider the map e: Sfftf.X" -> F given by

for 0 < Is 
£(5,0;) -

,_i,i for 1< 2s ^2,
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where w«XO = w(a(l - t) + bt). We may regard EffifX as the union of two 

fibrewise pointed contractible subsets Ef fif JC + , S^fif X~ with intersection 

such that

C {£ € MapsB (J x B,X) : £(0) = *} = 

C { e € Mapsfl (7 x B, X)

and such that e restricts to the inclusion SlgX <-* V. Since the inclusions of 

into E§ R| .Y+, Effljpf-, V0 , Vi are fibrewise pointed cofibrations by (2.1.2) and 

Proposition (21.3) of [21], and e restricts to fibrewise pointed homotopy equivalences 

SfftfX+ -» Vb, Efnf X~ -» Vi, by Proposition 21.10 of [21] £ is a fibrewise 

pointed homotopy equivalence. In addition, gotpoe = (p\/gp)oS and f expos = p. 

Hence (pVflp)o5 induces monomorphisms of generalised fibrewise homotopy groups. 

For any fibrewise coretraction 7, the diagram

>X\JB X

x B AT

commutes up to fibrewise pointed homotopy, and so (p VB p) ° S o 7 is a fibrewise 

coHopf structure on X. Conversely, let a be a fibrewise coHopf structure on X. 

Then, because W is a fibrewise homotopy pullback, a induces a fibrewise section s# 

of /o v, and hence (via e) a fibrewise coretraction 7 such that (pVsp) o £07 ~^ a. 

Finally, if 71,72 are coretractions such that (p VB p) ° S o 71 ~g (p VB p) o 5" o 72, 

then by the first part of the lemma 71 o p ~B 72 o p, and so

7l -I Ti ° P o 71 ~f 72 o p o 7! ~f 72.

D
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Indeed, this result may be used to characterise the fibrewise primitive maps 

between two suitable fibrewise spaces:

Lemma 2.1.6. Let /: X —> Y be a fibrewise pointed map between two 

fibrewise Hausdorff, fibrewise well-pointed fibrewise coHopf spaces. Then 

f is fibrewise primitive with respect to fibrewise coHopf structures a, r if 

and only if the diagram

X

commutes up to fibrewise pointed homotopy, where (f>, ij> are the corre­ 

sponding fibrewise coretractions.

PROOF. Assume that the diagram above commutes up to fibrewise pointed homo­ 

topy. Since fop = po Ef flf / and (Ef flf / V B Ef ftf/) o S = S o Ef flf/, we 

deduce that

-B

and so / is fibrewise primitive. Conversely, if / is fibrewise primitive, then 

(P VB p) o S o Egfijj/ o v? *f (p V B p) o (Efnf / V B E|fl J/) o S o

-f
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But X is fibrewise pointed dominated by the fibrewise cogroup-like space Sf fif X , 

and so the diagram above commutes up to fibrewise pointed homotopy, by (2.1.5).

D

2.2 Fibrewise Coalgebras

Suppose that X is a fibrewise coHopf, fibrewise well-pointed, fibrewise Hausdorff 

space over B. We will find it convenient to express properties of the fibrewise 

coHopf structure of X in terms of the homotopy properties of the corresponding 

fibrewise coretraction. In particular, we will be interested in fibrewise cogroups; 

that is, spaces carrying a fibrewise homotopy associative fibrewise coHopf structure 

with a fibrewise inversion. These correspond to the following definition:

Definition 2.2.1. Let X be a fibrewise space over B with a fibrewise 

coretraction 7. We say that (X, 7) is a fibrewise homotopy coalgebra if 

the diagram

X —— ———— —— —

7 Sfe

R R"*^ £J D$L n 2-t r>\ti R^*"

commutes up to fibrewise pointed homotopy, where e: X -+ fi^SfX is 

the fibrewise adjoint of the identity on ^X.

The aim of this section is to explain the nature of this correspondence between 

fibrewise cogroups (X, a) and fibrewise coalgebras (X, 7).

Let k > 2 and let (X{ : i = 1, . . . , k} be a set of k copies of X. The fibrewise 

path-space fibration over X pulls back via the folding map X\ VB • • • VB Xk -»• X
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to a fibrewise fibration TT: W -> Xi VB • • • V B Xk . We define a fibrewise map

: Ef flfXi V B • • • V B

by

{ (*,..., Wj(2s),...,*) forO<2s<l 

(*,..., *,w fc (2-2a)) forl^2s<2, 

where wjt is w< composed with the equivalence Xi — »• Xfc.

Lemma 2.2.2. There is a fibrewise pointed homotopy equivalence 

6: EJjfliXi V B • • • V B S

such that TTO^ = $fc. Moreover, $^ induces monomorphisms of generalised 

fibrewise homotopy groups.

PROOF. Embed B in X via the section, and let

PJX = { £ € MapsB (J x B, *) : £(0) 65}. 

Write W = \J{ Wi : 1 < » < Jb }, where 

Wi = { ((*, . . . , xi, . . . , *), 0 € (Xi VB • • • VB Xk ) x B PJX : Xi e ^, x { =

Each VFi is fibrewise topologically equivalent to PJX for all z, and is therefore 

fibrewise contractible. In addition, if i ^ j then WiC\Wj — B XB figX. For a 

fibrewise pointed space A over B, let Cf ̂ 4 be the reduced fibrewise cone on A;

C| A = (A x I)/B(A x {0} U £ x /),
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(regarding B as a subspace of A via the section) and define

where (u>j, 1) ~ (u^-, 1) for all z, j. For any path w in X and any scalar s 6 /, define 

the path w(3) by w(a) (i) = u(st). Then the fibrewise map

e:V->W given by e(5>Wj ) =((*,. ..,<*(*), ... ,*),w}'

restricts to fibrewise pointed homotopy equivalences W,- — > Cg^Xi which fix 

the points of tlj,X . Since the inclusions fi§Ar <^-» Wi and Of X <-* Cgfi^Xj are 

fibrewise pointed cofibrations, we may apply Proposition 21.10 of [21] to show that e 

restricts to fibrewise pointed homotopy equivalences

pC,- ~| Wi rel

Hence £ is a fibrewise pointed homotopy equivalence V ^ W.

Notice that the fibrewise quotient map V — > V/ B(CgflgXk) is a fibrewise 

pointed homotopy equivalence, with fibrewise homotopy inverse

A"! V fl

defined by

2,
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where uk is as before. Define 0 = e o V>. Then, since

*((*,...,ii,...,*),£) = (*,...,ij,...,*),

the fibrewise pointed homotopy equivalence 9 behaves as required.

To prove that $jt induces monomorphisms of generalised fibrewise homotopy 

groups, it is sufficient to show that ?r has the same property. Suppose that A is 

a fibrewise cogroup-like space over 5, and suppose that /: A -> W is a fibrewise 

pointed map such that TT o / is fibrewise pointed nulhomotopic via the fibrewise 

pointed homotopy H: A x I -> X VB • • • VB X. Since TT is a fibrewise fibration, 

there is a lifting

A x I-Z+Xi V B • • • V B Xk —?-

and so / is fibrewise pointed homotopic to a fibrewise pointed map whose image 

lies entirely in ir~ 1 (B). The existence of a cross-section of the fibrewise folding map 

implies that this inverse image is fibrewise pointed contractible in W, and so / is 

fibrewise pointed nulhomotopic. D

We are now able to use this result, as in [11], to prove the following proposition. 

The proof is a modification of Ganea's.

Proposition 2.2.3. Suppose that X is a fibrewise Hausdorff space over 

B which is fibrewise well-pointed. Let 7: X —» S|figX be a fibrewise co- 

retraction, and let a: X -4 XV sX be the corresponding fibrewise coHopf 

structure. Then the following are equivalent:
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(i) a is fibrewise homotopy associative and admits a fibrewise

inversion 77;

(ii) 7 is primitive with respect to a and S; 

(Hi) (X, 7) is a fibrewise coalgebra.
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PROOF. (i)=Kii): 

In the diagram

X

S|ft|X-^XVB X-^JC
A

I X- + X\/ B X

(*)

the composition V o (id^ Vg 77) o a is fibrewise pointed nulhomotopic by definition. 

A fibrewise pointed nulhomotopy of this map induces a fibrewise pointed lifting 

X —> PJX in the diagram

W-

Hence, by (2.2.2), there is a fibrewise pointed map tj) such that the square in (*) 

commutes up to fibrewise pointed homotopy. Since TTI o (idx VB r)) o a ~f idx, the 

map t/> is a fibrewise coretraction. In the diagram

x (t)
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let J be the fibrewise suspension inversion on Sf Of .X", and let

E:XVB X-+XV B XV B X, T: X V B X -» X \IB X 

be inclusion into the end terms and the switching map respectively. Since

$3 = (idx Vfl idx V fl V) o (idx VB T V B idx) o (<$ 2 V B $2) and $2 ° J = T o $2 

we see that

$3 o (idx VB J) = (idx V B idx V B V) o (id* V B T V B idx) o ($2 VB (T o $2 )) 

= (idx V B T) o (idx V B V V B idx ] o ($3 V B *2 )-

Let y = (idx V B T]} o a. Then (p ~B $2 ° V': and s°

*3 o (id VB J) o S o V1 ^B (idx VB T) o (idx V B V V B idx) o ($2 V B *a) o 5 o ^ 

^1 (idx V B T) o £ o $2 o 0

(since S is fibrewise homotopy associative) 

^| (idx V B r) o E o y> 

^| (idx V B T) o (idx V B V V B idx) o (<p V fl <p) o cr

(since a is fibrewise homotopy associative) 

~f $3 o (id V B J) o (V> V B ^) o <r.

Since Jf is fibrewise pointed dominated by a fibrewise reduced suspension and 

idx V B J is a fibrewise pointed self homotopy equivalence of X VB X, we may
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apply (2.2.2) and deduce that S o 0 ~| (^ VB t/0 ° <*, and so the square in (f) 

commutes up to fibrewise pointed homotopy. Hence

(p VB p) o S o 7 ~5 a since <r is the fibrewise comultiplication corresponding to 7 

— B (pVsp)o(^'VB'i/') 00' since ^ is a fibrewise coretraction

and so by (2.1.5), we have 7 ~| t/>. It follows that the square

s jjnjpf -^ sfnfA" v s sfnf x

commutes up to fibrewise pointed homotopy.

(ii)=Xi):

Fibrewise homotopy associativity follows from the nbrewise primitivity of 7. A

nbrewise inversion is given by p o J o 7.

Recall that 5: Sf flfX -+ S| fif X VB SfflfA" is the comultiplication correspond­ 

ing to S|e: ^B^BX -> SfnfEfnfX, and apply (2.1.6) to deduce that each of 

the diagrams

•y- ____T ^ r*BoB v

vs

commutes (up to fibrewise pointed homotopy) if and only if the other does. D
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Corollary 2.2.4. The map Efe: Ef JT -» E|fl|S|Jf is a fibrewise 

coajgebra structure on Ef Jf for any fibrewise flausdorff, fibrewise weJI- 

pointed space X over B.

Moreover, we have the following corollary:

Corollary 2.2.5. Let X be a fibrewise cogroup over the base B, and 

let f: X — > Y be a fibrewise pointed map. Suppose that X is fibrewise 

Hausdorff and fibrewise well-pointed. Then there is a primitive fibrewise 

pointed map f':X-+ Effigy, unique up to fibrewise pointed homotopy, 

such that po f ~^ /.

PROOF. Let 7 be a primitive coretraction for X, and define /' = Ef 0^/07. Then 

p o /' ~| /. Further, if h : X — > Sf Q^Y is a primitive fibrewise pointed map such 

that p o h ~f /, then by (2.1.6) the diagram

x

commutes up to fibrewise pointed homotopy, and so

ft ~
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2.3 Weakly Fibrant Fibrewise Spaces

In general, the fibres of a fibrewise space may have different homotopy types and 

connectivities. In order to obtain the dimensional results that we seek, it will be 

convenient to consider fibrant fibrewise spaces; that is, those whose projection map 

is a fibration. This enables us meaningfully to discuss the relationships between 

the dimension of the base, the connectivity of the fibres, and the global behaviour 

of the fibrewise space. We recall from (1.7.13) of [34] that a fibre bundle over a 

paracompact base is fibrant. However, the class of fibrant spaces is too restrictive 

for our purposes, and I propose to use the following definition:

Definition 2.3.1. A fibrewise space X over B is said to be weakly fibrant 

if there is a fibrant space X over B and a fibrewise homotopy equivalence 

: X ~B X.

Weakly fibrant spaces share many of the homotopy-theoretic properties of fi­ 

brant spaces; for example, the fibres of a weakly fibrant space over a path-connected 

base are of the same homotopy type. Accordingly, we prove results concerning fi­ 

brant spaces first, and then generalise to weakly fibrant spaces.

Lemma 2.3.2. Let X, Y be fibrant fibrewise spaces with simply con­ 

nected fibres over the simply connected space B. Let f:X—>Y be a 

fibrewise map. Then the connectivity of /, considered as a non-fibrewise 

map, is greater than or equal to the connectivity of / restricted to any 

fibre.

PROOF. Let n be the connectivity of / restricted to a fibre FX- The long exact
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sequence of a fibration is functorial, so there is a commutative diagram
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f. id id(f\Fx ),

where (f\Fx )* is an isomorphism iti(Fx) -> TTj(Fy) for z ^ n. Since B, FX, Fy are 

simply connected, all the fundamental groups in the diagram are trivial. Applying 

the five lemma, we deduce that /* is an isomorphism ifi(X) -» Ki(Y) for i < n, and 

so / is an n-connected map. D

Corollary 2.3.3. Let X, Y be weakly fibrant fibrewise spaces with 

simply connected fibres over the simply connected space B. Let f:X—*Y 

be a fibrewise map. Then the connectivity of f, considered as a non- 

fibrewise map, is greater than or equal to the connectivity of f restricted 

to any fibre.

PROOF. Let <px'- X ~# Jf, </Jy : Y ~B Y be fibrewise homotopy equivalences of 

X and Y to fibrant spaces over B. Then there is a fibrewise map /: X — *• Y such 

that the square

X Y

X f
(fy

•Y

commutes up to fibrewise homotopy. The connectivity of / is equal to that of /, 

since <px, fY are homotopy equivalences, considered as maps of spaces. Restricting 

to a single fibre, we obtain a homotopy-commutative square
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and so the connectivity of f\px is equal to that of J\px .

Lemma 2.3.4. Let A, C, D be fibrant fibrewise spaces over B. Then for 

fibrewise maps f: A —> D, g: C -*• D, the fibrewise homotopy pullback

46

D

X- V->A 
I

V-l 
Y

is fibrant.

PROOF. Let u: K —> X be a map, with H: K x I —> B a homotopy of px

Kxl

There are liftings a : K x I — > .4, 7: K x / -» C of the homotopy H , so that

a o ZQ =

7 0 ZQ = 0

o a = H

= H.

Recall (see p!94 of [20]) that the unbased fibrewise mapping space Mapsfl (B x J, D} 

is fibrant. Since

(K x I x /, (A' x {0} x J) U (A x / x {0}) U (K x / x {!}))
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is homeomorphic to (K x I x I, K x {0} x I), the problem of lifting a homotopy

K———>MapsB(5x/,D)

Kxl

with specified endpoints is equivalent to the standard homotopy lifting problem for 

fibrations. Choose a solution A/t^ with endpoints ak,t and 7/t,t.

Write

X = {(z,A,y) : x £ A,y € C,A e Mapss (5 x J,D), A(0) = /(i),A(l) =

and define H' : K x I —* X \>y the formula

By construction,

Hence px is a fibration. D

Corollary 2.3.5. Let A, C, D be weakly fibrant fibrewise spaces over B. 

Then for fibrewise maps f : A —* D, g: C —> D, the fibrewise homotopy

pullback
X-->A

'
t 
C
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is weakly fibrant.

PROOF. Let <f> A : A ~ B A, tpc- C ~B C, y> 0 : D ~B D be fibrewise homotopy 

equivalences of A, C and D to fibrant spaces over B. Suppose that, for some K 

over B, the diagram

I/
•D

—B

commutes up to fibrewise homotopy, and so there is a fibrewise map K —» X making 

the diagram

commute up to fibrewise homotopy. The result now follows from the uniqueness of 

fibrewise homotopy pullbacks up to fibrewise homotopy equivalence. D

Corollary 2.3.6. Suppose that X is a sectioned weakly fibrant space 

over B. Then the based loop space fig(X) is weakly fibrant. Moreover, if 

X is fibrant, then tlgX is fibrant.

PROOF. The fibrewise homotopy pullback of the diagram

B

B- •X

s



2.4 Cogroups and Suspensions 49

Lemma 2.3.7. Let X be a fibrant, fibrewise compact and fibrewise 

Hausdorff space over B. Then ZBX is weakly fibrant.

PROOF. It is shown on p!86 of [20] that ZBX is fibrant with the coarse topology. 

But Theorem 1 of [27] shows that the fibrewise homotopy type of T,BX is indepen­ 

dent of whether the coarse or fine topology is chosen. D

Corollary 2.3.8. If X is as above, but is also sectioned and fibrewise 

non-degenerate, then £f X is weakly fibrant over B.

PROOF. Let XB be the fibrewise mapping cylinder of the section. Then by 

definition, the projection p: XB —> X is a fibrewise pointed homotopy equivalence, 

and is well-pointed. Thus SB^B ~B % B XB , as explained on p!48 of [21]. But 

then SB^B ~B ZsX and Z%XB ^B S|Z, whence Sf Jf ~B SB^. Hence Sf X 

is weakly fibrant. D

2.4 Cogroups and Suspensions

We are now able to obtain a partial answer to the problem of determining when 

a fibrewise coHopf structure on a given space is induced by a fibrewise suspension 

structure. We write dimX ^ r to indicate that X has the homotopy type of an r- 

dimensional CW-complex.

Proposition 2.4.1. Let X be a fibrant, fibrewise well-pointed, fibre- 

wise compact and fibrewise Hausdorff space over a simply connected CW- 

complexB, such that thefibresofX are(n—l)-connected. Suppose further 

that (X,f) is a fibrewise coalgebra, that dimX ^ 4n — 5, where n ^ 2, 

and that dim B < 4n - 7. Then there is a fibrewise pointed homotopy
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equivalence between X and a fibrewise suspension which is primitive with 

respect to the suspension comultiplication.

PROOF. Set DI = fifX, 7l = 7 . Consider inductively

n ft > M'+i

V-i 7t

where e^ = e, p; = p, the starred squares are fibrewise homotopy pullbacks, 

and $i is induced by the maps Sf/i,- and S^. There exists a fibrewise pointed 

map £: X —> Wj such that V>i ° £ = 7i = #1 ° £• On each fibre, the argument of 

Ganea in [11] shows that <J>! is a (4n — 5)-connected map. Notice that since DI 

is fibrewise well-pointed, we may use SB-^ as our fibrant model for Sf Da, and 

obtain a fibrewise pointed homotopy equivalence between the two, rather than the 

usual fibrewise homotopy equivalence. Using this fact, with Theorem 6.3 of [17], 

and by (2.3.5), we deduce that e lifts to a fibrewise pointed map 72: X —» S^Dj 

with $1 o 72 ~g e. Ganea's argument now shows that p o 62 o $2 restricts to a 

(4n — 5)-connected map on the fibres, and hence (by (2.3.3)) is (4n — 5)-connected 

on Sf D3 .

A (non-fibrewise) reduced suspension may be thought of as the union of two 

contractible subspaces. In the same way, we may consider S|X as the union of 

two subspaces, each with the fibrewise homotopy type of B. Applying the Mayer- 

Vietoris sequence for singular homology, we obtain;

)Hi(B)-*l
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For i ^ 4n - 6, we have #<_i(B) = 0, so J?,-(Sf X) S #i_i(X). In addition, since 

dimX" <; 4n - 5, we see that H^n-5 (X) is free, and the composition

is surjective, by the Whitehead Theorem. Hence, by Theorem 2.1 of [5], there is a 

connected CW-complex 7 and a map / : Y -> D3 such that

(p o 02 o $2 o

We equip Y with the projection to B that makes / into a fibrewise map. (The 

section of Y is obtained by compressing the section of Da into the (4n — 7)-skeleton 

to give a map s 1 : B — > Y" such that / o s' is homotopic to the section of ^3 . We 

may then replace Y by the mapping path space of / and solve the lifting problem

B-

20

5x7-

to obtain a section for Y such that / is a fibrewise pointed map.) Applying the five 

lemma to the commutative diagram

id (S/), id
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we deduce that S f/ induces isomorphisms Hg (S$Y) -> #9 (Sf £>3 ) for q < 4rc - 6, 

and also for g = 4n - 6 by the dimension of B. Hence

is a homology equivalence. Let M be the mapping path space of the composition 

PD3 o /. Then M has the homotopy type of Y, and is a fibrant fibrewise pointed 

space. The unreduced fibrewise suspension of M has the fibrewise homotopy type 

of X , by Theorem 6.21 of [31]. Since S#M is simply connected (by the long exact 

sequence for a fibration) and fibrewise well-pointed, by (1.2.13) there is a fibrewise 

pointed homotopy equivalence SgM — > X.

Now let MB be the fibrewise mapping cylinder of the section B — » M. Then 

the map SB MB — > X is a fibrewise pointed homotopy equivalence, as is the pro­ 

jection SgMg — * S^MS (recall that MB is fibrewise non-degenerate). Hence 

there is a fibrewise pointed homotopy equivalence F: SfMg — > X, such that 

.F ~|j p o #2 o $2 ° £g<? for some map q: MB — > -Da-

It remains only to show that F is primitive. Notice that B\ o $1 = Sg^i and 

that j/>2 o $2 = £f {ft- Hence

7 o p o 82 ° $2 ° 2f q ~g #1 o $1 o 72 o p o 62 o $ 2 °

and is thus a primitive map. Thus 7 o F and SffifF o Sfe are primitive maps 

Sf MB -» S|fifX such that po-foF^po Sf ftf F o Ef e. Recall that £f MB is 

fibrewise Hausdorff, and is fibrewise well-pointed. Applying (2.2.5) we deduce that 

F is primitive with respect to the given fibrewise comultiplications. D
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This result enables us to investigate, for example, some associativity properties 

of comultiplications on sectioned orthogonal sphere bundles over spheres.

Corollary 2.4.2. The bundle EZ which we encountered in Chapter 1 

admits no coHopf structure which is fibrewise homotopy associative.

PROOF. Suppose that a were a fibrewise homotopy associative fibrewise coHopf 

structure on E3 . Then by (1.2.14), E would admit a fibrewise inversion 77: E -» E. 

By (2.2.3) there would be a coalgebra structure on E, and so E would have the 

fibrewise pointed homotopy type of a fibrewise reduced suspension. We know this 

cannot happen, and so conclude that there are no associative fibrewise coHopf 

structures on Ej. D

There is also an analogous result, related to that of Berstein and Hilton [5] 

which may be obtained in the same way as that above, and which does not require 

that the fibrewise coHopf structure induce a fibrewise coalgebra structure.

Proposition 2.4.3. Let X be a fibrant, fibrewise well-pointed, fibrewise 

compact and fibrewise Hausdorff sectioned space over a simply connected 

CW-complex B, such that the fibres of X are (n — 1)-connected. Suppose 

further that (X,f) is a fibrewise coHopf space, that dim X ^ 3n - 3, 

where ra ^ 2, and that dim B < 3n - 5. Then there is a fibrewise pointed 

homotopy equivalence between X and a fibrewise suspension, which is 

primitive with respect to the suspension comultiplication.

PROOF. As before, $x is (4n - 5)-connected, and so p o Oi o $! is (3n - 3)- 

connected. We use the homology section result from [5] to obtain a CW-complex
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Y and a map /: Y -> X such that

(p o 0! o $j o E , : 3n

= 0 (q > 3n - 4).

We may assume as before, without affecting the homotopy type of F, that Y is 

a fibrewise well-pointed, fibrewise non- degenerate weakly fibrant space over B and 

that / is a fibrewise map. Then p o QI o $j o S^/ is a fibrewise pointed homotopy 

equivalence. The proof of primitivity is as before. D

This enables us to characterise those simply connected smooth manifolds whose 

tangent sphere bundles admit fibrewise coHopf structure, with the exception of those 

manifolds of dimension smaller than 5. The tangent sphere bundle of any manifold 

admitting two linearly independent vector fields is a fibrewise reduced suspension, 

and is thus fibrewise coHopf.

Corollary 2.4.4. A simply connected smooth manifold M of dimension 

greater than 4 has a fibrewise coHopf tangent sphere bundle if and only if 

it admits two linearly independent vector fields.

PROOF. Let X be the tangent sphere bundle to M, and let n = dim M — 1. Suppose 

that X is fibrewise coHopf. Then X is a fibrant, fibrewise well-pointed, fibrewise 

compact and fibrewise Hausdorff space over M with (n — l)-connected fibres. Since 

dim.X' = 2n + 1 ^ 3n — 3 and dimM = n + 1 < 3n - 5, we may apply (2.4.3) to 

deduce that X is fibrewise pointed homotopy equivalent to the fibrewise reduced
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suspension of a sectioned spherical fibration. Applying Lemma (3.2) of [30] to the 
square

BSO(n-2]——

BSO(n-l)——>BF(n-l)

(adopting Sutherland's notation) we see that X admits two linearly independent 

sections. D

Necessary and sufficient conditions for X to admit two linearly independent 

sections are given in [32], in the case where M is compact. Notice that the above 

theorem is true for compact manifolds M such that dimM < 4, since all compact 

orientable smooth manifolds of dimension 3 admit two linearly independent vector 

fields, as do those of dimension 2 with vanishing Euler characteristic.



Chapter 3 

Localisation and Mixing

3.1 Localisation

Let X be a fibrant space over a path-connected complex B with simply connected 

fibre F. Suppose that T is a set of primes. We may construct, as in the proof of 

Theorem 4.2 of [29], a fibrant space X^ over B and a fibrewise map t\ X -» Xj, 

such that i restricts to the localisation map F —> FT on each fibre.

It is a trivial consequence of the functoriality of localisation that if F is a 

simply connected (non-fibrewise) coHopf space and T is a set of primes, then the 

localisation YT of Y at T is also a coHopf space. Similarly, fibrewise localisations 

of fibrant fibrewise coHopf spaces with simply connected fibre are fibrewise coHopf. 

We might reasonably ask whether we may deduce that a fibrant space X over B 

is fibrewise coHopf, given that X, •. is fibrewise coHopf for some set of primes p. 

The dual question has been partially answered by Cook in his thesis [9] with the 

following result:

Theorem 3.1.1. (Cook) Let E be a sectioned orientable q-sphere bundle 

over a connected finite complex B, where q is odd. Then E is fibrewise 

Hopfifand only if the fibrewise localisation of E at the prime 2 is fibrewise 

Hopf.

We aim in this section to prove a statement dual to Cook's theorem. We begin 

with a definition.

56
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Definition 3.1.2. A fibrewise pointed map 6: E -* E of sectioned 

fibrant spaces over a base B with fibre S9 is said to be of degree n if the 

restriction of 6 to each fibre is a map S9 -> S9 of degree n. A fibrewise 

pointed map 9': E -» E VB E is said to be of bidegree (m,n) if the 

compositions pi o 6': E —> E for i = 1,2 are of degree m, n respectively, 

where p,-: E VB E —> E are the fibrewise projections onto the coordinates.

The non-fibrewise analogue of the following lemma is trivial:

Lemma 3.1.3. Let E be a well-sectioned fibrant space over B with fibre 

S9 , such that B admits a numerable categorical covering fy'. Suppose that 

there is a fibrewise pointed map <p: E -> EVs E of bidegree (1,1). Tien 

E is fibrewise coHopf.

PROOF. Let Oi = pi o <p : E —> E, for i = 1,2. Then the 0j are fibrewise pointed. 

Over each element of the covering &, E is trivial, and so the &i are fibrewise 

homotopy equivalences, by Theorem 3.3 of [10]. Since E is well-sectioned, the 0j 

are fibrewise pointed homotopy equivalences, by (1.2.13). Choose fibrewise pointed 

homotopy inverses TJ, T%. The diagram

- EVBE ^^ > E M B E
pi

E

commutes up to fibrewise pointed homotopy for i = 1,2, and so (TI VB TI) o if is a 

fibrewise coHopf structure on E.

Our main tool in this section will be the following proposition, which relates 

coHopf structures on localisations of bundles to fibrewise maps defined on the bundle 

itself.
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Proposition 3.1.4. Let E be a sectioned orientable q-sphere bundle over 

a finite connected complex B, where q is odd and greater than 1. Let T 

be a set of primes. Then the fibrewise T -localisation of E is a fibrewise 

coHopf space over B if and only if there exists a fibrewise pointed map 

E — > E VB E of bidegree (a, 6), where a and b are units in

PROOF. Suppose E*T admits a fibrewise coHopf structure a. We proceed by 

induction on the number of cells in B.

Base step: Consider E0 , the pullback of E to the 0-skeleton B(0) of B. This 

is a fibrewise space over a discrete collection of points. Hence EQ is a disjoint 

union of copies of S9 , and E VB E is a disjoint union of copies of S9 V S9 . By 

Theorem V.3.6 of [34] it is sufficient to consider the case where B^°' is a single 

point. By Theorem 1.1 of [11] coHopf structures on a space X are in bijective 

correspondence with coretractions X — > H£lX (with respect to the canonical pro­ 

jection p: 'EflX — > X}. In the case X = S 7 , we know that p induces an isomorphism 

p*: 7r? (SfiS} ) = 7r? (S9 ). Hence coretractions on S 9 induce an inverse for p*. Sim­ 

ilarly, the coretraction r corresponding to a coHopf structure CTQ on Sj* induces 

an isomorphism irq (S 9r ) = 7r g (SQ5^). The map r o I induces an element 7 of 

7rg (Sfi5^) = Zr which projects via the isomorphism p* to [1] € 7T 7 (Sf), and is thus 

a unit, considered as an element of the ring Zj-. Let N be the smallest positive 

integer such that Nj is an integer. Then N is a unit in Zy, and there is a map 

r1 : S9 -» SQS? such that the diagram

commutes up to homotopy, where Nr is defined using the coHopf structure on 5j 

which is the localisation of the standard coHopf structure on Sq . Hence r'T o t is
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homotopic to t o r', and hence to Nr o I. But

is an isomorphism by the definition of £, and so r'T is homotopic to Nr. The 

element p*r'^(l) of 7r,(S? ) = Z induced by p o r' localises to JV, and is therefore a 

unit in Zj. It follows, writing the suspension comultiplication on EQ59 as 5, that 

the composition

S" X SftS? -^ SQ5? V SftS« -^ S" V 5? 

has the required bidegree. Denoting this map by r, we see that the diagram

5? —— r- —— > s g V 

f
., C? w 09^" ijo-i V t-J'T'

commutes up to homotopy. Note that N<JQ extends to a fibrewise pointed map 

JEJj, — »• Ey VB Ey, since E admits a fibrewise pointed map of degree N, by Corol­ 

lary 1.9 of [25]. This completes the base step,

Inductive step: Suppose now that A is a subcomplex of B, such that B is 

obtained by adding a single cell to A. Suppose further that there is a diagram, 

commutative up to fibrewise pointed homotopy:

*• E

ET A
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where a' extends to a fibrewise pointed map over the whole of B, and a A is a 

fibrewise pointed map with bidegree (a, 6), where a, b are units in IT- (We do 

not assume that a' is a fibrewise coHopf structure.) The map a A induces a partial 

section 5 of the pullback bundle

E

defined over EA- Since a A is a fibrewise pointed map, we may regard s as being 

defined on the complex Z = (EA II B)/ ~, where A C B is attached to EA by 

the section. Then E is obtained from Z by attaching a (q + n)-cell e?+n . The 

obstruction z to extending s over eg+n lies in 7r?+n_i(5? V 5'). 

The diagram

Z ———— - ———— >E

7r*(F\f FX I£ -^ *(T?i \/

commutes up to fibrewise pointed homotopy, where j is the inclusion map, s' is the 

section of w*(E^ V B ET] corresponding to the extension of a', and IE is fibrewise 

localisation over E. It follows from the naturality of the obstruction that l*z = 0, 

and so there is a positive integral unit d € Zr such that Jz = 0. By Corollary 1.9 

of [25], or by the remarks following this proof, there is a fibrewise pointed map 

f:E-*Eot degree d, since q is odd. By the corollary to Theorem 2.1 of [29] 

there is a positive integer M such that (fy)* 1 = 0 on the d-torsion of 7r;(S9 ) for all 

i ^ q _). n - 1 (adopting the notation on p61 of [9]). By the Hilton-Milnor theorem, 

we may write 7rg_n+i(S? V Sg ) as a direct sum

7r?_n+ l(5? V S9 ) £ 7Tg _ n+1 (SPl ) © 7T ? _ n+1 (SP2 ) © • • • © 7Tg_ n+1 (SP")
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for some sequence of integers (pi). The inclusions Kq-n+1 (Spi ) -> 7r,_n+1 (55f V S9 ) 

are given by composition with iterated Whitehead products Wi(ii, i2 ). Since

by naturality, we may apply the biadditivity of the Whitehead product to deduce 

that ((/ V f)y ) M o wi(ii , *2 ) ^ dMA:' .Wi(ti , i2 ), where the addition operation is that 

of the homotopy group irpi (Sg V S«), and #,- is some integer. It follows that the 

diagram

_!(5f V

commutes, where the vertical homomorphism on the left is induced by a pointed 

map Spi —» 5" of degree dNi . For sufficiently large M, this is zero on the d-torsion 

of 7Tg+n_i(5?i ) for all t, and so the obstruction to an extension of (/ V f)M o s 

vanishes. Thus there exists a section of TT*(£ VB E) over £/, and hence a fibrewise 

map E —> E VB E. The bidegree of this map is a pair of integers, both of which are 

units in ZT\

To prove the converse, let 9; E —* E VB E be the given map. The base S is a 

finite complex, and therefore admits a numerable categorical covering ^ by Propo­ 

sition 6.7 of [10]. Observe that selfmaps of Sq whose degrees are units in ZT localise 

to selfmaps of 5j. which induce isomorphisms in homology, and hence are homotopy 

equivalences. The fibrewise pointed maps Ej- —> Ej, VB E^ —'-* E^ (i = 1,2) thus 

restrict to fibrewise homotopy equivalences over each element of ^, and are there­ 

fore fibrewise homotopy equivalences by Theorem 3.3 of [10]. By (1.2.13), they ad­ 

mit fibrewise pointed homotopy inverses a,: Ej, —> Ej,, and so the map (ai Vga^oO 

is a fibrewise coHopf structure on Et. D
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Definition 3.1.5. We say that a sectioned fibrant space E over B is a 

fibrewise coHopf space mod p if the fibrewise localisation E/ , is nbrewise 

coHopf, with the section given by the composition of the section ofE with 

the fibrewise localisation map i: E -> E/ y

Let Sfl.E be a sectioned 5?-bundle over B with projection IT and section s given 

by the suspension structure, and suppose that / is a fibrewise map E —» E (note 

that we do not require that / or E be fibrewise pointed). We define a fibrewise 

pointed map P(/): H B E -» ZB E V B Ss£ as follows:

P(/) (*,*} =

r({*,4<},*)
({-a, 2-4*},*)

where * denotes the basepoint in the appropriate fibre of UpE. Note that the 

bidegree of P(/) is (l + (-l)?+1 ,deg/). In particular, if q is odd then P(id) is 

of bidegree (2,1), and P(q\ o P(id)) is of bidegree (2,2). This construction af­ 

fords us a particularly simple inductive demonstration that S/j-E admits fibrewise 

pointed selfmaps of arbitrary non-negative degree when q is odd, since then s o TT 

and the identity on £s# are fibrewise pointed maps of degree 0 and 1 respectively, 

while V o P(f) is a fibrewise pointed map of degree deg / + 2, for any fibrewise 

map f:E-*E.

Corollary 3.1.6. Let E be a. sectioned orientable q-sphere bundle over 

a finite connected complex, where q is odd and greater than 1. Then E is 

a fibrewise coHopf space mod p for each odd prime p.

PROOF. As we have seen in the above discussion, there is a map of bidegree (2,2). 

Apply (3.1.4). D
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Proposition 3.1.7. Let E be a, sectioned orientable q-sphere bundle 

over a finite connected complex B, where q is odd and greater than 1. If 

E is a mod 2 fibrewise coHopf space over B then E is a fibrewise coHopf 

space over B.

PROOF. Write E = XBE', where E1 is a S^-bundle over B, and where the 

section on E is that induced by the suspension structure. Hecall that by Proposi­ 

tion 6.7 of [10], B admits a numerable categorical covering. By (3.1.4) there is a 

map T: E — > E VB E of bidegree (a, /?), where a, /? are odd. The composition

(E V B E) -» E MB

has bidegree (a/?, a/?). We may therefore assume that a = @ = 2k + 1 without loss 

of generality. Let m$: E —> E be a fibrewise map of degree 3 (For example, let 

m$ = V o P(id)). Consider the composition

which has bidegree (3(4* 2 + 4& + 1), 3(4fc 2 + 4k + 1)). Call it (p.

We have seen that there is a map E -» E VB E of bidegree (2,2). By iter­ 

ating this map and folding we may construct a map i/>: E —> EVB E of bidegree 

(2(3fc2 + 3fc + l),2(3fc2 + 3k + I)). Let (-1): E' -» E1 denote the fibrewise map 

which sends each point to its antipodal point. Then the composition

E -» E V B E ^» (E V B E} V B

is of bidegree (1,1). Hence E admits a fibrewise coHopf structure by (3.1.3). D
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Corollary 3.1.8. Let E be a sectioned orientable Sq -bundle over a 

simply connected finite complex B, where q is odd and greater than 1. 

Write Z(2) = { a/b € Q : b is odd}. Suppose further that Hr(B] ® Z (2 ) is 

trivial for allr^Q. Then E is fibrewise coHopf.

PROOF. By Theorem 4.1 of [24], sectioned orientable 5(92) -fibrations over B are 

classified by [B,BG(q\ 2 )\, where G(q) is the topological monoid of based homo- 

topy equivalences of Sq . By the definition of localisation, this is in bijective corre­ 

spondence with [5( 2),5G(g)(2)]. But B( 2 ) is contractible. Hence £jL is a trivial 

fibration, and so E is fibrewise coHopf. D

Examples of such bases include spaces of the form Sn (Jp en+1 , where p is an 

odd prime and n ^ 2. Sectioned S? -bundles over such spaces are also fibrewise 

Hopf,if«e{l,3,7}.

We may ask whether (3.1.7) may be extended to sectioned sphere bundles with 

even-dimensional fibre. That it may not is shown using the following result:

Lemma 3.1.9. Let E be a sectioned bundle over a sphere B = Sn with 

fibre S2q . Suppose that a is the element of 7Tn _i(SO(2<7)) classifying E. 

Let p: S0(2q) -»• S2 '"" 1 be the evaluation map. If T% 9 p*a *s of odd order 

then EL. is fibrewise coHopf.

PROOF. Recall (see [14]) that S* ? p* a - HJ® vanishes if and only if E is fibrewise 

coHopf. Let d be the order of £* Va. Tnen HJ(dot) = 0, and so HJ(a) lies in the 

kernel of the mod 2 localisation map £: 7rn+2 g-i(5'29 " 1 ) — *• ^n+2q-i(S2q ~ l )(2)- But 

S* 9 ^/>*(a) is the obstruction to a fibrewise coHopf structure on EL*., by naturality 

of localisation. D
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Now consider the case where q = 3 and n = 9. The long exact sequence of the 

fibration S0(5) -> 50(6) A S5 contains the sequence

0 Z 24 Z 24 Z

and so />* is an isomorphism. Let E be the sectioned S6-bundle over S9 correspond­ 

ing to an element a of order 3 in 7T8 (SO(6)). Since p*(a) is in the stable range, the 

element H*9 p*a is of odd order. Hence, by the above lemma, EL, is a fibrewise 

coHopf space. But E is not a fibrewise coHopf space, since S»V*a is non-zero.

3.2 Mixing of Types

So far, the only examples of fibrewise coHopf spherical fibrations that we have seen 

have lain in a few comparatively restrictive classes. Clearly, it is desirable to develop 

techniques which enable us to construct more examples. Fibrewise Zabrodsky mix­ 

ing is one such technique. Using it, we attempt to construct a sectioned spherical 

fibration E —» B with odd-dimensional fibre, such that the fibrewise localisation 

of E at the prime 2 is fibrewise coHopf, while the fibrewise localisation away from 2 

is not a fibrewise reduced suspension.

Suppose that q is odd and greater than 2. Let E be an orthogonal S9 ~ 1 -bundle 

over a finite complex B. Partition the set & of primes into disjoint subsets S, T. 

Then there are fibrewise localisations E$, E^, -E(0 \, which are fibrations over B with 

fibres S|-1 , SfT1 , SlT 1 respectively. Consider the fibrewise homotopy pullback



3.2 Mixing of Types 66

where the maps to E^ are the fibrewise rationalisation maps. The composition 

X ~* E(o) ~* B expresses X as a space over B. By Lemma (2.3.4), X is fibrant 

over B with fibre S9 ~l .

Lemma 3.2.1. In the above situation,

PROOF. Notice that ZB E and S B X are fibrewise well-pointed, and that B admits 

a numerable categorical covering % . The fibrewise pointed homotopy commutative 

square

induces a fibrewise pointed map Sfl£ —» EBX which is a homotopy equivalence 

over each element of ty'. This map is a fibrewise pointed homotopy equivalence, by 

Theorem 3.3 of [10] and (1.2.13). D

This result enables us prove the following proposition, which offers hope of 

finding new examples of fibrewise coHopf fibrations with spherical fibre which are 

not suspensions. Let T be the set of all odd primes.

Proposition 3.2.2. Suppose B is a finite complex, that q is odd, and 

that E and F are orientable (q - l)-sphere bundles over B satisfying the 

following conditions:

(i) SB£ is a fibrewise coHopf space; 

(ii) Fj, admits no section;

(iii) The classifying maps <pE,¥F'-B -> BSO(q) are homotopic when 

composed with the rationalisation map BSO(q) —> BSO(q)(o).
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Then E^ ~B F^, and the fibrewise homotopy pullback SB A" of the 

diagram

is a sectioned spherical fibration which is fibrewise coHopf but is not the 

fibrewise suspension of a sectioned spherical fibration.

PROOF. Let F(q) be the monoid of based homotopy equivalences of S9 . The 

homotopy-commutative diagram

B BSO(q)m

BSO(q)

BF(q)T + BF(q\0)

induces a map B — > BSO(q) such that the induced sectioned S'-bundle over B is 

fibrewise pointed homotopic to Sg.X'.

By uniqueness of fibrewise localisation, TisXL-, is fibrewise pointed homotopy 

equivalent to SB^)' an(^ ^B^T 'is fibrewise pointed homotopy equivalent to Eg-F^. 

Hence SflX is fibrewise coHopf, since its fibrewise 2-localisation is. However, it 

admits only one desuspension, since a double desuspension would induce a section 

of F{.. D



Chapter 4 

Some Calculations

4.1 The Thorn Space

Let A" be a sectioned space over B. Embed B in X via the section. We may define 

the pointed space F(X) to be the quotient space X/B. This construction defines 

a functor F from the category of sectioned spaces over B and nbrewise pointed 

maps to the category of pointed topological spaces and pointed maps. This func­ 

tor sends fibrewise pointed homotopy classes to pointed homotopy classes. More­ 

over, for sectioned spaces X and Y over B, F(X VB Y) is naturally homeomor- 

phic to F(X) V F(Y), and F respects the fibrewise folding map V: X V B X -* X, 

the fibrewise switching map T: X VB X —» X VB X, and the fibrewise projections 

qi\ X V B X -» X, for t = 1,2.

Lemma 4.1.1. Suppose that X is & fibrewise coHopf space over B, with 

fibrewise comultiplication Gx '• X -> X Vg X. Then F(X) is a coHopf 

space, with comultiplication F(@x}-

PROOF. Apply F to the diagram

., -id A-

which commutes up to fibrewise pointed homotopy, for i — 1,2. D

68
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We may prove in a similar fashion that if (X, 6] is fibrewise homotopy com­ 

mutative then (F(X),F(&)) is homotopy commutative, that if (X,ff) is fibrewise 

homotopy associative then (F(X), F(0)) is homotopy associative, and that if (X,8) 

admits a fibrewise inversion then (F(X},F(9)) admits an inversion.

Now let E be a sectioned S9' 1 -bundle over the CW-complex B. We may write 

E as the fibrewise unreduced suspension of a (not necessarily sectioned) S9 ~2-bundle 
TT-.E' -+B\

E~(E'xI)UB(0)UB(1) /~,

where (/,0) ~ T(/)(O) and (/, 1) ~ TT(/)(I), and where the section is induced by the 

homeomorphism B —> B(i).

We construct the Thorn space TE> of E':

TE> =(E'xI)EBU {*}/*,

where (/,0) w TT(/) and (/, 1) w *. Thus TE> = F(E).

Corollary 4.1.2. If E is fibrewise coHopf, then TE> is a coHopf space.

If we restrict our attention to the case where B is a simply-connected sphere, 

we may use the Thorn space to characterise the fibrewise coHopf sphere bundles in 

certain dimensions.

Lemma 4.1.3. Suppose further that B = 5", and that 2q - 4 > n > 1. 

Then E = S#.E' is fibrewise coHopf if and only ifTs1 is homotopy equiv­ 

alent to a suspension EX, for some space X.

PROOF. Suppose that E is classified by the element a of 7rn _i(SO(g - 1)). It is 

shown in [14] that E is fibrewise coHopf if and only if HJ(a) is zero. But the Thorn
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space of E' is the mapping cone of Ja (see p37 of [18]) and is thus a two-cell complex 

•S 9" 1 UJ-Q, en+«~ 1 . This is homotopy equivalent to a suspension if and only if HJa 

vanishes, by Lemma 3.6 of [4] and the EHP-sequence, since Ja £ 7rn+?_2(5?~1 ).

D

Thus, Thorn spaces of fibre wise coHopf sphere bundles over spheres in these di­ 

mensions have the homotopy type of doubly suspended spaces. Indeed, the following 

is true:

Proposition 4.1.4. Suppose that n > 2 and q ^ 3. Let E' be the ori- 

entable 5*~ 2 -bundle over B = Sn classified by the element a of the group 

7rn_i(SO(<ji — 1)). Then the following are equivalent: 

(i) S^JS' is fibre wise coHopf; 

(ii) TE> is coHopf; 

(iii) Ja is primitive with respect to the comultiplications on Sn~*~ q~2

and S^1 ; 

(iv) HJa = 0.

PROOF. The main theorem of [14] states the equivalence of (i) and (iv); since 

n -|_g_3^<j,_1^2, Theorem 3.20 of [4] states the equivalence of (ii) and (iii). We 

have already proved that (i) implies (ii). But since the Hopf invariant H is merely 

the suspension of the Hopf-Hilton invariant, which vanishes if Ja is primitive, we 

have proved that (iii) implies (iv). D

4.2 Stiefel-Whitney Classes

We will, for much of the remainder of this chapter, be studying some consequences



4.2 Stiefel-Whitney Classes 71

of (4.1.2). Although we do not assert that the existence of a coHopf structure on the 

Thorn space is a sufficient condition for the existence of a fibrewise coHopf structure 

on a sphere bundle, it is useful in the calculation of some cohomological invariants. 

Recall, for example, that the Stiefel-Whitney class u)n (£) £ #n (-B;Z 2) of an or­ 

thogonal n-sphere bundle f : X — > B vanishes if X admits a section. Similarly, if X 

admits two linearly independent sections, then wn-i(£) is also zero. We strengthen 

this result in the following proposition:

Proposition 4.2.1. Let R be either Z or Z 2 , and let £: X -> B be 

an R-orientable (n — 2)-sphere bundle over a connected complex B, such 

that Es-X" is fibrewise coHopf (with the section given by the suspension 

structure). Then the Euler class e(£) € Hn ~l (B; R) vanishes.

PROOF. Recall that the Thorn space T of X is homeomorphic to F^sX). There 

is a Thorn class U^ € Hn ~ 1 (T; R) and a Thorn isomorphism

such that e(£) = (f>~ l (U^}. We therefore wish to show that U$2 vanishes. To do 

this it is sufficient to show that cup squares vanish on the homology of T with 

coefficients in R. But T is coHopf, and so this follows from the inequality (1.3) 

of [19]. D

Corollary 4.2.2. Let £ : E — > B be a fibrewise coHopf sectioned (n — 1)- 

sphere bundle over the connected complex B. Then the Stiefel-Whitney 

classes wn(£) and u>n-i(0 vanish.

PROOF. Write E - £#£", where E' is a (possibly non-sectioned) (n - 2)-sphere 

bundle. Any sphere bundle with orthogonal structure group is Z 2-orientable, and 

the mod 2 Euler class of E1 is w n-i(0- D
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Corollary 4.2.3. Suppose that £ : E — > B is an orientable Sn~2 -bundle, 

such that SB.E is fibrewise coHopfwith respect to the section given by the 

suspension structure. Then there is a partial section of £, denned over the 

(n - l)-skeleton of B. In particular, if dim B < n, then £ admits a section.

Of course, the given coHopf structure on EB# need not be the reduced fibrewise 

suspension coHopf structure induced by the second section.

4.3 Category and Fibrewise Cohomology

Let B be a compact Hausdorff space, let k > 1, and let TT: E — » B be a fibrewise 

coHopf (k — l)-sphere bundle with structure group S0(k) and section s : B — *• E. 

Embed B in E via s. (In this section we will refer to Massey's paper [23], which 

uses Cech-Alexander-Spanier cohomology with compact supports. Since B and E 

are compact Hausdorff, this is isomorphic to the singular cohomology which we are 

using.)

Recall that E is a fibrewise pointed retract of £gfi|.E. Since the fibrewise 

pointed category of SgOfE does not exceed 2, we deduce that catf E ^ 2. We 

recall also from [22] that we may define the fibrewise cohomology ring

where B is regarded as embedded in E via the section s. In our case, since 

cat f E ^ 2, all cup products in HB (E) vanish.

The long exact sequence of the pair (E,B) may be dismembered into short 

exact sequences

0 -» H9B (E) -» Hi(E) -^ H"(B} -» 0
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which are split by TT* : H*(B) -> H*(E). We deduce that all cup products in kers* 

vanish.

Now consider the Gysin sequence associated with E. Again this falls apart into 

short exact sequences of groups

which are split by s*: H g (E} -> Hq (B). It follows that there is a unique group 

homomorphism

* H g (E]

such that ifxp is the identity on H <1 ~ k+l (B} and such that s*<f> = 0.

Now let a = <p(l) € Hk ~ 1 (E). Then V>(a) = 1 € H°(B). Let w be any element 

of H"-k+1 (B}.

Following [23], we write

(by Lemma 1 of [23])

and so the map 9: H^k+1 (B) -» #*(£) given by B(x) - (-l) fcj a.7r*(x) splits the 

short exact sequence (*). Thus we see that any element x e Hq (E) satisfies the 

identity

x =

Notice that s*x = S*K*S*X + 5*(a.^(i)), and so a*(o.^(x)) = 0. Write

a2 = 7r*(a) + a.7r*(/?)
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where a = s*(a2 ) € Hn~ 2 (B) and ft = V>(a2 ) € Hk ~l (B}. (The splitting in­ 

duced by s* expresses H*(E) as a direct sum Hq(B) ® H q~ k+1 (B) for all q, so 

a and /? are the unique cohomology classes satisfying this equality.) Then The­ 

orem III of [23] shows that the reduction of ft modulo 2 is the Stiefel-Whitney 

class Wk-i € Hk~ l (B\ Za), which we know to be zerb. Notice also that

= o.

We now examine cup products of elements in kers*. It is apparent that

for if s*(x) = 0, then x = a.it*il>(x}, while conversely,

= s*x — s*x

for all x € H*(E). Let u,v be elements of Hg ~ k+1 (B}. Then

= 0 *=4> a2 7T*(wu) = 0 

.x*(/3uv) = 0 

uu = 0.
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We conclude that all such products 0uv in H*(B) vanish. In particular, taking 

u = v = I 6 H°(B), we see that /? = 0. This enables us to calculate the structure 

of the reduced cohomology ring of E explicitly, for

(TT*UI + a.7r

We have therefore proved the following result:

Proposition 4.3.1. Let E be an orientable Sk ~ l -bundle over a compact 

Hausdorff space B, with section s. Suppose that E is fibrewise coHopf. 

Then the cohomology ring H*(E) is isomorphic to the ring

H*(B}[a\/(a* = 0),

where a is a cohomology class in Hk ~ 1 (E). The projection homomorphism 

TT* : H*(B) — > H*(E) is given by the inclusion, and the homomorphism s* 

is given by s*(x + ay) = x.

If k is odd, we may also deduce that the Pontrjagin class in dimension 2k — 2 

vanishes, since it is the square of the Euler class of the fibrewise desuspension of E.

Two sections of E which induce differing homomorphisms in cohomology may 

give differing fibrewise cohomology rings. It is possible that a bundle might be 

fibrewise coHopf with respect to one section but fail to satisfy our cohomology 

conditions with respect to another. Indeed, as is shown in §3 of [22], this situation 

may arise even if the bundle E is trivial. We may therefore wish to relate the
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element ft to splittings of the cohomology ring H*(E) arising from other sections 

of E. Suppose that i is a preimage of 1 6 H°(B) under tj>. Then a = i — 7T*s*z, and 

so

z.7T*s*z') (jfe odd)

V>(i 2 ) + V>7r***(z 2 ) (fc even) 

V>(z' 2 )-2s*(0 (fcodd)

?/>(« 2 ) (A; even).

This clarifies the connection between the section and the structure of the fibrewise 

cohomology ring.

4.4 The Action of the Steenrod Algebra

The splitting

H*(E) = H*(B] © a.H*-k+1 (B)

works just as well if we take coefficients in "Li. We may therefore consider the action 

of the Steenrod algebra £/2 on H*(E; Z 2 ).

Lemma 4.4.1. Let x be an element of Hq (E;Z2), and suppose that 

x = TT*U + o.TrV Then the action of the Steenrod algebra is given by

Sq!' x = TT* Sq! u + a.ir'(wj Sq'~J' w), 
;=o
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where the Wj are the Stiefel-Whitney classes of the bundle E.

PROOF. Consider the diagram

where T% is the Thorn space associated to E, and T is the mod 2 Thorn iso­ 

morphism. The horizontal sequence is exact. Let u 6 Hk (TE',%2) be the preimage 

of 1 € HQ (B; Z 2) under r, so that Wj = r(Sq> w). If & € Hk ~l (E\ Z 2) is a preimage 

of u under 5, then we may write a = e - n*s*e. We deduce that

= r

= r Sq! w

On the other hand, we know that s* Sq! a = Sq2 s*a = 0. We conclude that 

Sq1 a = a.ir*Wi. The formula required now follows from the Cartan formula. D

4.5 Rational Spherical Fibrations

Suppose that E is an orientable S 9' 1 -bundle over a finite connected complex B. We 

may rationalise E fibrewise, to obtain an oriented fibration with fibre SlT . These 

are classified up to fibrewise homotopy type (see [29] or [24]) by a single rational 

cohomology class a in Hq (B] Q) (for q even) or #2?~ 2 (5; Q) (for q odd).
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Proposition 4.5.1. In the above situation, ifq is even and EB J5 is fibre- 

wise coHopfover B (using the section induced by the suspension structure), 

then Efa is a trivial fibration.

PROOF. As in [24], write SG(q), SF(q] respectively for the monoid of homotopy 

equivalences of 59" 1 homotopic to the identity and the monoid of pointed homotopy 

equivalences of S* homotopic to the identity, and recall that

(:Cg) for q even 

for q odd.

The bundle E is induced by a map <p: B -* BSO(q), and the Euler class associated 

with E is the image of a generator of Hq (BSO(q); Z) = Z under the map </>*. This 

generator is not killed by rationalisation, and we deduce from the naturality of a 

that a is a fixed non-zero multiple of the rationalised Euler class of E. However, 

the Euler class of E vanishes by (4.2.1), and so therefore does a. Hence EL-, is a 

trivial fibration. D

We may ask whether the above result holds when q is odd. The following 

counterexample shows that it does not:

EXAMPLE. Let a be a generator of 7^(50(3)) = Z, and let n € Z be even and non­ 

zero. Then the sectioned 53 -bundle EgE over B = S4 classified by not is fibrewise 

coHopf by James' result [14], since 7r6 (55 ) is isomorphic to Z 2 .

It remains only to show that EL-, is not trivial up to fibrewise homotopy. This 

may be seen if we recall that 52 -bundles over S4 are classified up to fibrewise homo­ 

topy equivalence by 7r3 (5(?(2)). Consideration of the exact sequences associated to 

the evaluation fibrations S0(3) — > S2 and SG(2) — > S2 demonstrate that the natu­ 

ral map 7T3 (SO(3))(o) ~* 7r3(5'G(2))(o) is an isomorphism.
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4.6 Generalised Cohomology and the Euler Class

Let h be a generalised reduced cohomology theory, and suppose that E is an h- 

orientable (q — l)-sphere bundle over a complex B such that the fibrewise sus­ 

pension SB£ is fibrewise coHopf. There is a Thorn class U e hq(T] and an iso­ 

morphism ijj: h*(B] -» /i*+«(T), where T is the Thorn space of E, and the fc-Euler 

class e is defined to be ^)~ l (U2 } G hq (B). We may use the same argument as we 

used for singular cohomology to prove the following proposition:

Proposition 4.6.1. Suppose that h, E, e are as above and that Y^gE is 

fibrewise coHopf. Then e = 0.

PROOF. It is clearly sufficient to prove that all products in h*(T) vanish. This 

follows from inequality (1.3) of [19] and the existence of a coHopf structure on T 

induced by the fibrewise coHopf structure on S#.E. D

4.7 The Hopf Construction

Consider a sectioned orthogonal (n - l)-sphere bundle E over a pointed connected 

CW complex B. As is well known, such bundles are classified by the homo- 

topy classes of pointed maps B -> B0(n - 1). We may therefore consider the 

homotopy classes of the induced map /: SIB -* 0(n — 1) and the associated ac­ 

tion Af : fiB x Sn ~2 -> 5n~2 . We will also use Af to denote the pointed action 

SIB X Sn ~l -» Sn ~l induced by unreduced suspension.

Let P be the space of based paths in B, with the compact-open topology. Then 

P is contractible via the homotopy h: P x I -» P, where h t (p)(s) = p(ts) for all 

p € P and all s,t € [0,1]. It is a simple corollary of Theorem 23.3 of [21] (putting
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(X, A) = (B x Sn ~ l ,B x {*})) that Mapsf (B x Sn ~l ,EVB E) is a fibrant space 

over B, and there is therefore a lifting

P * > Mapsf (B x Sn~\ E V B E)
r

«0 ^ ^ T
^* 

" ^ If

Px/-———£————*B,

where e(p, s) = p(.s) and </>(p) is the pinching map 0, considered as a map defined on 

the fibre of B x 5""1 over the basepoint of B, for all p G P. A.ny two such liftings 

restrict to vertically homotopic maps P x {1} —> Mapsf(JE? x S""1 , E Vjg E), by an 

application of Theorem (1.7.18) of [34] (taking Y to be the basepoint in P). This 

lifting induces a lifting in the diagram

"I
P xS71 " 1 x/-

where e(p,f,s) = p(s) and <p(p,f) = 0(f\ considered as an element of the fibre 

of E VB E over the basepoint of B. Again, any two such liftings restrict to vertically 

homotopic maps P x Sn ~l x {1} -+ E V B E.

Lemma 4.7.1. Suppose that E is a fibrewise coHopf sectioned orthogo­ 

nal S"" 1 -bundle over the CW-complex B, with fibrewise comultiplication 

QE . E -> E VB E. Then the diagram

SIB x Sn ~ l ——-

idxfl (*)
05 x (S"- 1 V S"- 1 )) -^ s-n-i v 5"-
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commutes up to homotopy, where

for all u € JIB, (*i,

PROOF. Note that the map A/v/ is well-defined since the action of 0(n — 1) on 

S""1 is pointed.

In the same manner as in the earlier discussion, we may find a lifting

PxSn ~ l — -

'Ol

/

and thus, postcomposing with OE, a homotopy PxSn 1 xl -> EVpE which lifts e. 

The maps H and 0E oG restrict to homotopic maps flB x5""1 x{l) -> 5n ~ 1 V5'1- 1 . 

It remains to identify FI with B o A/ and ## o C?] with A/v/ o (id x 9\ up 

to homotopy. The first identification follows from the properties of the universal 

sphere bundle EO(n - 1) X0(n-i) Sn ~ l -> B0(n - 1); namely, that the lifting

PBO(n - 1) x 5"- 1 ——— *EO(n - 1) x o(n _ 1} S1-1

to ^ - "

{ 
PBO(n - 1) x 5"- 1 x I ——————

may be taken to give the action of 0(n - 1) on S" l when it is restricted to 

fiBOfrc - 1) x Sn ~l x {!}. If /: B -»• B0(n - 1) is the classifying map for E, then 

any lifting P x 5"1" 1 x I -> S"" 1 V S™" 1 is induced up to vertical homotopy by this
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lifting and the map Pf: P —> PBO(n - 1). The second identification follows from 

the observation that we may construct a lifting of QE o e by lifting

P x5n-1 ——-—*-P x(5n ~ 1 VS1"" 1 )———*EVB E
•\

»0 to _, -" 77" v -" 
P x S"" 1 x I—->P x (5"- 1 V S""1 ) x /———^B,

and the uniqueness of such liftings up to vertical homotopy. D

NOTE. Inspecting the above proof, we see that the homotopy between 9 o Af and 

3 (id x 0) may be taken through maps which send flB x {*} to the basepoint *

We define the Hopf construction associated to the action in the usual way. The 

reduced suspension £(ftl? x 5"~2 ) has the homotopy type of the wedge product 

SftB V SS"" 1 V S(fi5 A 5n~2 ), and the Hopf construction HE is denned to be the 

composition

V ESn'2 V Efi£ A 5n ~2 -=» SQ5 x

If E is a fibrewise reduced suspension Sf D, where D is a sectioned orthogonal 

S"~2-bundle, then HE is the suspension of the Hopf construction associated to D. 

In fact we will extract more information from the Hopf construction. We first prove 

a preliminary lemma.

Lemma 4.7.2. Let A, B, C be pointed CW-complexes. Define 

W = ((A x B x {*}) U (A x {*} x C) U ({*} x B x C)) C A x B x C.
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Then there is a splitting

£(A x B x C) ~ £(A A B A C) V 

PROOF. For any pointed CW-complex X, there is a cofibration sequence 

• • • -» [2 2 W,X] -4 [£(A A B A C),X] -» [E(A x B x C),X] -^

We first note that if TTAB is the projection A x B x C -> A x B <-> W, TT^ is the 

projection AxBxC-»A^W'r , and TTBC> KAC, TTB, ^c are defined analogously, 

then

Si* o

is the identity on [EV7, X]. Hence the above exact sequence becomes a sequence of 

split short exact sequences. The sequence

0 -* [S(A A B A C), X] -> [S(A x B x C), X] — » [SW, X] -» 0

induces maps S(A x B x C) -> SW, S(A x B x C) -> S(A ABAC) which express 

S(A x B X C) in the required manner, as in Proposition (6.27) of [20], D

We now proceed to the main result:

Proposition 4.7.3. Let E be a sectioned orthogonal Sn ~ l -bundle over 

the CW-complex B. Suppose that E is fibrewise coflopf. Tien HE is 

primitive; that is, the diagram

A Sn ~*) ——————

1VKSn- l }VZ(ttBhSn -
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commutes up to homotopy, where the vertical arrows are the canonical 

comultiplications on the suspensions.

PROOF. Use the group structure on [E(fi# x Sn ~~2 ),Sn~'1 V S""1 ] to define the 

difference D = (EA/ V EA/) oS -(do EA/) between the compositions

x S"- V EQB x Sn ~ 2 > S"'1 V S"

and

x

The restriction of D to E(fiB V Sn ~ 2 ) is nulhomotopic, since the diagrams

and
ES"~ 2 —'-+• E5n ~ 2 V ES"-2 

id I lid

commute up to homotopy. Since the inclusion S(ftB V 5"~ 2 ) ^-» E(fi5 x 5n ~2 ) is 

a cofibration, for any X there is an exact sequence

V

Hence I> may be pulled back to a unique map £(OB A 5"~2 ) -» 5""1 VS"" 1 , which 

is the Hopf construction applied to D. This map is nulhomotopic if and only if HE 

is a co-H-map.
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Now define a new "difference map" D1 : QB x S^1 -> Sn~ l V 5""1 as follows: 

let u € flfl, effit 6 51 , s 6 S»-2 . Regard S1 as the unit circle in C. Then

A/v/M(eaif"Aa)) (Kt^l

where (-1): 5n-1 -» 5n-1 is a pointed map of degree -1. This map £>' is well- 

defined since the action of ft£ fixes the basepoint of Sn ~l . Moreover, since the 

diagram (*) in (4.7.1) commutes up to homotopy, and the homotopy may be taken 

to be through maps sending fil? x {*} to {*}, the map D1 is nulhomotopic. 

To relate D and D', notice that the diagram

x S1 x S"-2 — *-»• S(ftB A S"- 1 )

idxg D
w I

x S"- 1 —— ̂ -*- 571" 1 V 5"-1

commutes up to homotopy, where q: £IB x S1 x S1 ™" 2 -» S(05 A S"" 1 ), q: Sl x 

S"""2 — » 5n-1 are the quotient maps. This implies that q*D is the trivial homotopy 

class in [SIB x S1 x 5"~2 , 5"' 1 V S"- 1 ]. Now let

W = (Sl x QB x {*}) U (S1 x {*} x SR'2) U ({*} x ftB x Sn~2}

and consider the cofibration W <-» S 1 x JIB x 5n~2 . There is an associated long 

exact sequence

x S- 1 x 5"' 1 , X - SW,X -» [fl5 A

Notice that Si* is a surjection, by (4.7.2). By exactness, we deduce that q* is 

injective, and so D is nulhomotopic. It follows that HE is a co-H-map. D
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In the above work we have not used the fact that there is a fibrewise coHopf 

structure E —> E VB E; the existence of a fibrewise pointed map extending the 

comultiplication on the fibre over the basepoint of B is sufficient. However, this 

does not strengthen the result as one might have thought, as these conditions are 

equivalent (see (1.2.23)).

4.8 A Generalised Hopf Invariant

In this section we find an invariant of our bundle which vanishes when the bundle 

is fibrewise coHopf. We adopt the notation of Berstein and Hilton (see [4]).

Let X be a homotopy-commutative cogroup (for example, a double suspension), 

and let Y be a coHopf space with comultiplication 0y : Y — > Y V Y. There is an 

exact sequence of homotopy groups

y,y v y)] 4 [X,Y v y] ± [X,Y x y]

This sequence splits; that is, there is a homomorphism K : [X, y x y] — »• [X, Y V y] 

such that J*K = 1. If TTi,^: y x y — + y are the canonical projections, and 

i lt i2 : Y — » y xy are the axial injections, then we define K = (ZITJ^+^T^)*. This 

is a homomorphism because X is a commutative cogroup. We deduce that there is 

a unique homomorphism w : [X,Y V y] -> [X,Sl(Y x Y,Y V y)] such that u;3 = 1 

and KIJJ = 0.

Definition 4.8.1. The Hopfdy -invariant of a, homotopy class a € [X, Y] 

is the class 3? (at) = w(0y)*a. The Hopf ̂ -invariant ^f(E] of a sectioned
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orthogonal Sn ~ l -bundk E -» B is defined to be the element 3f(HE ) of 

A Sn- J , fi(5n x S", Sn V 5")].

The Hopf fly-invariant of a map measures the extent to which it fails to be a 

co-H-map. More precisely, we have the following result:

Lemma 4.8.2. Let X, 7, 0y, a be as before. Then Jf(a) = 0 in the 

group [X, fi(r x 7, Y V 7 )] if and only if a is a class of co-H-maps.

PROOF. Let / be a representative of the homotopy class a. Suppose that 

J^(a) = 0. Then w(0y)*o; = 0, and so (0y)*a lies in the image of K. Hence 

(0y)*a = «(j*(0y)*a). The following diagram commutes up to homotopy:

X

A* I |Av ,

X xX 

and so, applying the naturality of K, we see that

where BX is the comultiplication on X. We deduce that / is a co-H-map, and 

therefore so is every element of a.

Conversely, suppose that (0y)*a = (/ V /)*(0x)• Observe that ^y lies in the 

class «(AY ). Hence (0y)*a = (/ V /)*«(AX ) = «((/ x /)*(AX )). It follows that 

Kj*(0y)*a = (0y)*a, and so c?Jf(a) = 3w(0y)*a = 0. Since d is injective, we 

deduce that 3?(a) = 0. D



4.8 A Generalised Hopf Invariant 88

Corollary 4.8.3. Let E be a fibrewise coHopf sectioned orthogonal 

Sn~1 -bundle over the CW-complex B. Then ^(E] = 0 as an element of 

the group [EttB A Sn ~l , Sl(Sn x Sn , Sn V Sn )].

As an illustration, we produce an alternative proof of the following result, which 

is a special case of the main result of [14]:

Corollary 4.8.4. Let E be a fibrewise coHopf sectioned orthogonal 

Sn~l -bundle with base space 5? . Suppose that q ^ 4n - 5. Then if 

« 6 Kq-i(SO(n - 1)) is the classifying element for E, then HJo. = 0.

PROOF. Recall that for a CW-complex X, SOSJ^ is homotopy equivalent to 

£ X V S(X A X) V . . . , and the suspension coHopf structure comes from the injection 

into the first term. Now let X = S9 ~ l .

Since E is fibrewise coHopf, the Hopf invariant J^(E} is zero. By naturality of 

the Hopf invariant, the Hopf invariant of the restriction g of HE to EX C SfiSJf 

is zero in [E nX,ti(Sn x 5n ,5n V 5n )|. Postcomposing with the identification map

n x 5n , Sn V 5") -> ft(S" A Sn )

we obtain the crude Hopf invariant associated with E, which lies in the group 

[S"X, fiS2n ] = 7T ra + ? (S2n ), and in this case is also zero. By the results of [6] this is 

the suspension of the James-Hopf invariant of p. Applying the Freudenthal Suspen­ 

sion Theorem, we see that the James-Hopf invariant of g must be zero. It remains 

to show that g = Ja. The following diagram commutes up to homotopy, where 

the vertical arrows are induced by the canonical inclusions Se : S5! -» SJ1S51 for
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various i:

(The homotopy-commutativity of the triangle follows from the construction of the 

clutching function.) But the top row of this diagram is Ja and the bottom row 

is g. U

A similar technique allows us to prove the following result:

Corollary 4.8.5. Let X be a sectioned orthogonal Sn ~ 1 -bundle over the 

space HP(oo), where n > 1. Suppose that X is fibrewise coHopf. Let 

f: HP(oo) -» B0(n) be the classifying map for X. Then HJ(flf) = 0, 

where we consider ft/ as an element

PROOF. Suppose X is fibrewise coHopf. Then by (4.8.3) the Hopf invariant

of X is zero, and therefore so is the crude Hopf invariant. This crude Hopf invariant

lies in 7rn+4 (S2n ).

By the Freudenthal Suspension Theorem, the suspension homomorphism

E: n ~ — "

is an isomorphism for all n > 1. We conclude that the James-Hopf invariant van­ 

ishes, and therefore that HX is a suspension. But by definition HX is J(&f}- Hence 

H J(fl/) vanishes. D
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Of course, this result is trivial for n > 4. This line of argument does not give 

us any information for bundles over RP(oo). To obtain more results over infinite 

projective spaces in this way, it is necessary to use the more sensitive Hopf invariants 

giving values in the homotopy groups of fi(5n x Sn , Sn V 5").

I am grateful to Michael Crabb for pointing out that the above corollary is 

of limited utility, since direct calculations may be made. In the case n — 3 the 

maps HP(oo) -» JBS3 are classified by the degree on H4 , which is either 0 or the 

square of an odd integer. Restricting to S4 , it follows that a fibrewise coHopf S3- 

bundle over HP(oo) must be trivial. The n = 4 case reduces to consideration of 

maps HP(oo) —> BS3 x BS3 . Restricting again to S4 , we see that a fibrewise coHopf 

bundle must restrict to a fibrewise reduced suspension over S4 , and must therefore 

be a fibrewise reduced suspension over the whole of MP(oo).



Chapter 5 
Conclusion

We have investigated some of the properties of fibrewise coHopf spaces, and 

given some necessary conditions for particular classes of space to be fibrewise 

coHopf. It should be made clear at this stage what we have left undone, and 
what remains to be done in the future.

Perhaps the most obvious shortcoming here is the cavalier fashion in which we 

have treated Lemma (4.1.2). More information is implied by a coHopf structure on 

a space than simply the vanishing of all cohomology cup products. For example, 

it is remarked in [19] that coHopf structure also implies the vanishing of Massey 

products. It seems probable that more sensitive tests for fibrewise coHopf structure 

could be devised using such data on the Thorn spaces of sphere bundles. The 

question of whether (4.1.2) admits a converse remains unanswered.

Questions also remain concerning the behaviour of localised sectioned sphere 

bundles with even-dimensional fibre. We have seen that there are such bundles 

which are not fibrewise coHopf, though their fibrewise localisations at the prime 2 

are. This offers little enlightenment on the question of which such bundles are 

fibrewise coHopf. Even in the case where the fibre is odd-dimensional, problems 

remain. In particular, do there exist fibrewise coHopf bundles whose fibrewise 

2-localisation does not have the fibrewise pointed homotopy type of a fibrewise 

reduced suspension?

We have not discussed the classification of fibrewise coHopf structures. Knowl­ 

edge of the cohomology of the base space of the universal fibrewise coHopf sphere

91
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bundle constructed in Chapter 1 would, one hopes, enable characteristic classes to 

be defined, thus allowing differing fibrewise coHopf structures to be distinguished. 

Another question arises concerning the restrictions on the dimensions of the 

spaces in (2.4.1) and (2.4.3). We may ask whether our dimensional restrictions on 

the spaces given are the best possible. This is a difficult problem even for the case 

where the base is a point, particularly for (2.4.1). However, it seems likely to the 

author that the restriction we have chosen on the dimension of the base space is 

over-cautious, and that a fibrewise version of Theorem 2.1 of [5] would allow it to 

be relaxed.



References

[I] I. Berstein, A note on spaces with non-associative co-multiplication, Proc. 
Camb. Phil. Soc. 60 (1964) 353-354.

[2] I. Berstein and E. Dror, On the homotopy type of non-simply-connected co- 
H-spaces, Illinois J. Math. 20 (1976) 528-534.

[3] I. Berstein and J. R. Harper, Cogroups which are not suspensions, in Proc. 
Conf. Algebraic Topology, Arcata, Lecture Notes in Mathematics, No. 1370, pp. 
63-86, Springer-Verlag, 1986.

[4] I. Berstein and P. J. Hilton, Category and generalized Hopf invariants, Illinois 
J. Math. 4 (1960) 437-451.

[5] _______, On suspensions and comultiplications, Topology 2 (1963) 73-82.

[6] J. M. Boardman and B. F. Steer, On Hopf invariants, Comment. Math. Helv. 
42 (1967) 180-221.

[7] P. H. Chan, On the existence of associative comultiplications of a 2-cell complex 
I, Chinese J. Math. 7(1) (1979) 61-76.

[8] _______, On the existence of associative comultiplications of a 2-cell com­ 
plex II, Chinese J. Math. 8(1) (1980) 19-25.

[9] A. L. Cook, Fibrewise Hopf Spaces, D.Phil, thesis, Oxford, 1991.

[10] A. Dold, Partitions of unity in the theory of fibrations, Ann. of Math. 78(2) 
(1963) 223-255.

[II] T. Ganea, Cogroups and suspensions, Invent. Math. 9 (1970) 185-197.

93



References 94

[12] P. Hiltbn, Duality in homotopy theory: a retrospective essay, J. Pure and 

Applied Algebra 19 (1980) 159-169.

[13] P. Hilton, G. Mislin, and J. Roitberg, On co-H-spaces, Comment. Math. Helv. 

53 (1978) 1-14.

[14] I. M. James, Fibrewise coHopf spaces, to appear.

[15] ——————, Reduced product spaces, Ann. of Math. 62(1) (1955) 170-197.

[16] ——————, The suspension triad of a sphere, Ann. of Math. 63(3) (1956) 

407-429.

[17] ______, Bundles with special structure: I, Ann. of Math. 89 (1969) 359-90.

[18] ——————, The Topology of Stiefel Manifolds, IMS Lecture Note Series, 

No. 24, Cambridge University Press, 1976.

[19] ______, On category, in the sense of Lusternik-Schnirelmann, Topology 

17 (1978) 331-348.

[20] ______, General Topology and Homotopy Theory, Springer-Verlag, 1984. 

[21] ______, Fibrewise Topology, Cambridge University Press, 1989.

[22] I. M. James and J. R. Morris, Fibrewise category, Proceedings of the Royal 

Society of Edinburgh 119A (1991) 177-190.

[23] W. S. Massey, On the cohoraology ring of a sphere bundle, Journal of Mathe­ 

matics and Mechanics 7(2) (1958) 265-289.

[24] J. P. May, Fibrewise localization and completion, Trans. Amer. Math. Soc. 

258(1) (1980) 127-146.

[25] J. L. Noakes, Maps of Degree m and Sphere Bundles, D.Phil, thesis, Oxford, 

1974.

[26] H. Osborn, Vector Bundles, volume 1, Academic Press, London, 1982.



References 95

[27] J. W. Rutter, Fibred joins of fibrations and maps I, Bull. London Math. Soc. 

4 (1972) 187-190.

[28] N. Steenrod, The Topology of Fibre Bundles, Princeton University Press, 1951.

[29] D. Sullivan, Genetics of homotopy theory and the Adams conjecture, Ann. of 

Math. 100 (1974) 1-79.

[30] W. A. Sutherland, Fibre homotopy equivalence and vector fields, Proc. London 

Math. Soc. (3) 15 (1965) 543-556.

[31] T. torn Dieck, K. H. Kamps, and D. Puppe, Homotopietheorie, Lecture Notes 

in Mathematics, No. 157, Springer-Verlag, Berlin, 1970.

[32] E. Thomas, Vector fields on manifolds, Bull. Amer. Math. Soc. 75 (1969) 

643-683.

[33] H. Toda, Generalized Whitehead products and homotopy groups of spheres, 

J. Institute of Polytechnics, Osaka City Univ. 3(1-2) (1952) 43-82.

[34] G. W. Whitehead, Elements of Homotopy Theory, Graduate Texts in Mathe­ 

matics, No. 61, Springer-Verlag, New York, 1978.

[35] M. H. Woo and J.-R. Kirn, Generalizations of H-groups and co-H-groups, J. 

Korean Math. Soc. 24(2) (1987) 121-132.


