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Abstract

In this thesis we focus on information-based models in both traditional

exchanges (limit order books) and decentralised ones.

We propose a dynamic model of the limit order book to derive condi-
tions to test if a trading algorithm learns to manipulate the order book.
Our results show that as a market maker becomes more tolerant to bear-
ing inventory risk, the learning algorithm will find optimal strategies that
manipulate the book more frequently. Manipulation helps to revert inven-
tory to an optimal level and to execute round-trip trades with limit orders
at a higher probability than was otherwise likely to occur. Spoofing is a
special case of quote-based manipulation where the market maker prefers
that the manipulative limit orders are not filled. We use high-frequency
data to check our conditions and show that algorithms will learn to manip-
ulate Nasdaq’s limit order book. Finally, we extend our model in several
directions and we see manipulation can still arise in all of them. In par-
ticular, when two market makers use learning algorithms to trade, their

algorithms can learn to coordinate their manipulation.

We study how the design of blockchains shapes the interaction between
traders in decentralised exchanges (DEXs) and participants in the blockchain
security protocol. On blockchains such as Ethereum, traders can route
their transactions through either a public memory pool, where transac-
tions are visible and subject to attacks, or private memory pools, where
transactions are hidden but can only be executed by specific builders.
These features create a fundamental trade-off between execution certainty
and protection from attacks. We develop two complementary models to
analyse this trade-off. The first model studies the effect of competition
among builders (MEV-Boost auction). We show that DEX liquidity depth



governs equilibrium fragmentation: when liquidity is high, traders con-
centrate in one private pool, whereas scarce liquidity leads to balanced
order flow across pools. The second model examines the role of builder
composition-specifically, the share of builders able to execute private or-
ders. Here, traders’ behaviour and equilibrium fragmentation depend on
this composition, with higher shares of public-only builders inducing a
shift toward public execution. Together, the models explain how liquidity

conditions and builder structure jointly order flow fragmentation.
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Chapter 1

Introduction

1.1 Motivation

This thesis analyzes some information-based models in financial settings involving
either traditional centralised exchanges or emerging decentralised ones. In particular,
our work focuses on limit order books and memory pools.

Concerns regarding the possibility that algorithms could manipulate financial mar-
kets have been manifested by regulators such as the Dutch Authority of Financial
Markets, who have the aim of guaranteeing financial markets properly work without
any sort of exploitation. One possible manipulation is spoofing, which deliberately
aims to provide misleading information to other market participants so as to increase
the probability of getting higher profits. This is done by submitting a large amount
of limit orders to one side of the limit order book with the intention to cancel them
before execution. We devote Chapters 2 and 3 to its study.

Manipulation does not just appear in traditional exchanges such as limit order books,
but also on the more modern decentralised ones. Decentralised exchanges (DEXs)
exist due to the desire to facilitate transactions avoiding intermediaries such as banks,
and have transparency as a relevant feature. However, this attribute enables some
market participants to extract rent from others using a variety of manipulative strate-
gies. To fight against this possibility, the appearance of private memory pools has
emerged as a potential solution, since it prevents some of these threats from hap-
pening. However, they also present some disadvantages fundamentally driven by its
lack of transparency, with could contradict to some extent the intrinsic nature and
reason of existence of DEXs. In Chapter 4 we study whether market participants can
prefer them over public memory pools, and how they behave in equilibrium if there

are private pools.



1.2 Contribution

The role of information is key in our spoofing model, where learning algorithms may
try to misguide other market participants by conveying misleading information. This
can be done by sending a large amount of limit orders and then canceling some
of them. In our project of public and private order flow, information also has a
prominent role since traders have their own random liquidity needs, which are private
information, and take their decisions based on them. Information-based models are
standard in the microstructure literature. We focus on models with agents that have
some sort of private information (personal inventory level, personal liquidity needs).
In particular, in Chapter 2 we propose a dynamic model of the limit order book to
derive conditions to test if a trading algorithm learns to manipulate the order book.
We see manipulation can appear under some conditions on both the fill probabilities of
execution of limit orders and the transition probabilities between different inventory
levels and book regimes.

In Chapter 3, we empirically test the conditions with order book data from Nasdaq.
We also study whether manipulation arises under some other scenarios, and we see
it can appear in all of them. We consider a finite-horizon setting, the existence of a
trend in the fundamental value of the asset, we allow for multiple prices, we allow for
multiple filled orders and we also allow for multiple market makers.

In Chapter 4 we study what conditions induce market participants to find optimal
to submit their orders to a private memory pool. We consider in particular a model
with M traders where each of them decides whether to submit transactions to the
public memory pool or to one of two available private memory pools. We see that
the split of orders submitted between the two private memory pools in equilibrium
ultimately depends on a parameter related to liquidity depth. We also consider a
scenario with two traders and one representative private memory pool, where there
are multiple builders who are randomly selected to create the next block, and only a
fraction 1 — a of them have access to the private pool. We see that the value of «

affects traders’ behavior.



Chapter 2

A Model of Spoofing and
Manipulating Order Books with
Learning Algorithms

2.1 Introduction

There is growing concern that unintended behavior may arise when decision making
is delegated to artificial intelligence algorithms. Recently, the OECD and the Dutch
Authority of Financial Markets (AFM) expressed concerns about algorithms learning
to manipulate financial markets (see [64],[2])[] In this chapter, we derive conditions
to test if an algorithm will learn to manipulate the market through manipulative
quote-based strategies such as spoofing.

A manipulative quote-based strategy consists of submitting limit orders to both
sides of the order book when the objective is either to buy or to sell an asset. If the
objective is to buy an asset, the strategy submits a large sell limit order that will
be cancelled, and posts a limit order on the bid which is the one intended to result
in a transaction. The large ask order is a manipulative order that tilts the order
book and creates misleading information about the sell pressure of the asset. Market
participants interpret the increase in sell pressure as an expected drop in the price of
an asset, so a sell-heavy tilt in the book is followed by an increase in the arrival rate
of sell orders that cross the spread in anticipation of a price drop. With the increase

in the number of liquidity taking orders, the probability of buying the asset with a

'More generally, regulatory bodies around the world are concerned about market manipulation
with trading algorithms, and they introduced legislation to address this concern. In the EU, RTS 6
and 7 require firms to test their trading algorithms so they do not behave in an unintended manner
or contribute to disorderly trading conditions. In the US, the SEC approved FINRA’s rule that
requires algorithmic trading developers to register as securities traders, and are therefore subject to
the SEC and FINRA rules that govern their trading activities.



limit order is higher than was otherwise likely to occur because market participants
will trade on the misleading signal. Similarly, if the objective is to sell an asset, then a
manipulative order on the bid creates buy pressure that market participants interpret
as an expected increase in the price of an asset, which allows one to sell an asset with
a limit order at a higher probability than was otherwise likely to occur.

Quote-based manipulation relies on the change in behavior elicited by a manip-
ulative order, and this change in behavior can be explained with the asymmetric
information model of [46] and a non-zero tick size in the order book. The step-
function theory of [44] explains that market participants interpret asymmetry in the
volumes posted on the best bid and the best ask as good or bad news about the
asset. Specifically, when a sell limit order for a large number of shares arrives at a
price equal to the existing best offer and there is no increase in the bids at the best
bid price, market participants tend to react as if bad news arrived about the asset.
Similarly, upon the arrival of a bid for a large number of shares at a price equal to
the best bid and there is no increase in the orders at the best offer price, market
participants react as if good news arrived about the asset. Therefore, when there is
an imbalance between the liquidity posted at the best bid and the best ask quotes,
market participants tend to interpret this as a signal to trade in a particular direction,
buy or sell, in anticipation of a change in the price of the asset.

We summarize the volume imbalance between limit orders resting on the bid and
on the ask sides of the book as buy-heavy, sell-heavy, and neutral. The rates with
which market orders, limit orders, and cancellations arrive at the market depend
on the tilt of the book; thus, the probability with which limit orders are executed
depends on the volume imbalance of the book. Specifically, our empirical results with
data from Nasdaq show that the fill probability of a sell limit order is highest (lowest)
when the book is buy-heavy (sell-heavy), and the fill probability of a buy limit is
highest (lowest) when the book is sell-heavy (buy-heavy). Quote-based manipulation
is profitable because traders can manipulate the tilt of the book to buy or to sell an
asset with a limit order at a higher probability than was otherwise likely to occur.

To analyze if algorithms can learn to manipulate the book, we develop a dynamic
model where the market maker interacts with the limit order book at discrete time
intervals for an infinite trading horizon] The market maker is non-myopic and is
averse to holding high levels of inventory. Specifically, her objective (i.e., optimality

criterion) is to maximize the present value of her expected wealth, while penalizing

2We focus on an infinite trading horizon because most learning algorithms are designed for this
setting.



exposure to inventory risk. The market maker provides liquidity at the best bid and
the best ask prices, and she delegates decision making to a learning algorithm to find
an optimal trading strategyﬁ As with most learning algorithms, the market maker’s
algorithm learns a stationary Markov strategyﬁ Here, the Markov strategy depends
on her level of inventory and the state of the limit order book, which is given by its
volume imbalance (i.e., tilt of the book). To understand unintended behavior that
may emerge, we do not focus on the behavior of a particular learning algorithm.
Instead, we analyze the decision framework of learning algorithms, so our results and
testable conditions apply to any learning algorithm that finds an optimal stationary
Markov strategy.

In our analysis, the market maker does not endow the algorithm with an action
that manipulates the order book. Instead, we focus on how an innocuous set of ac-
tions leads to manipulation when individual actions are sequenced in a particular
order. Unintentional manipulation emerges because the learning algorithm dynami-
cally maximizes the market maker’s optimality criterion. Indeed, manipulation in our
setting is unintentional, but it is the best course of action when the algorithm learns
the optimal strategy. This is different from unintended behavior that arises when an
algorithm fails to optimize the optimality criterion. In such cases, the unintended
behavior differs on a case-by-case basis and depends on the idiosyncratic assumptions
of the learning algorithm.

In our model, manipulation occurs when a large limit order is placed at time ¢ on
the side of the book that counters one’s objective to buy or to sell an asset, and the
following action at time ¢ + 1 is to place a limit order on the side of the book that
aligns with one’s objective to buy or to sell an asset. To derive conditions to test if
an algorithm will learn to manipulate the order book, we characterize the optimal
stationary Markov strategy as a function of the value of the market maker’s inventory
aversion parameter for each state of the Markov strategy, i.e., for each pair of inventory
level and volume imbalance regime.ﬂ The optimal strategy manipulates the book
when the optimal action in the current state (i.e., inventory and volume imbalance

[43

pair) is a manipulative order (i.e., a large limit order in the “wrong” direction that

will be cancelled), and the subsequent state prescribes an optimal action of placing

3There are several reasons why a market maker would delegate decision making to an algorithm.
For example, the rise of high-frequency trading means that delegating decision making to an algo-
rithm is necessary for a market maker to remain competitive.

4See [68], [73], and [72] for examples of generic learning algorithms. See also [16] [17], and [1] for
examples of learning algorithms that have been studied in the context of algorithmic collusion.

50ur characterization follows a similar spirit to the characterization of the optimal order choice
in [67].



a limit order on the side of the book that is intended to result in a transaction to
complete the manipulative sequence.

Our main result provides sufficient conditions on the limit order book to test
if an algorithm can learn to manipulate the order book. If these conditions hold
and a trader affects the probability of tilting the book with manipulative orders,
then the algorithm will learn to manipulate the book. In particular, we show that
as the market maker becomes more tolerant to bearing inventory risk, the learning
algorithm is more likely to learn manipulative strategies. The conditions depend only
on the parameters of the model, and are applicable to any limit order book, e.g.,
Euronext, LSE, Nasdaq, NYSE. Our results show that market conditions in Nasdaq
are conducive for algorithms to learn optimal strategies that manipulate the order
book. In all the stocks we consider, we find that an algorithm will always learn to
manipulate the order book for a range of values of the inventory aversion parameter.

One of the consequences associated with quote-based manipulation is that the ma-
nipulative order can get “caught out”, i.e., the manipulative order inadvertently leads
to a transaction. Our model and the learning algorithms account for this possibil-
ity. The market maker’s decision to manipulate the order book balances the tradeoff
between the probability of a fill of the manipulative order, the increase in inventory
risk, and profits from round-trip trades due to the manipulative order. Often, when
making markets, inventory levels deviate from the preferred inventory position | In
our model, the longer and further one deviates away from the preferred inventory
position, the more severe is the penalty arising from inventory risk aversion, so the
optimal strategy increases the pressure to ensure mean reversion to the preferred level
of inventory. Thus, the market maker’s strategy balances the trade-off between (i)
buying or selling an asset to revert to the preferred inventory position at standard
fill probabilities (i.e., without manipulating the book), or (ii) posting a manipulative
order to manipulate the fill probabilities through the tilt of the book, which exposes
the strategy to deviate further from the preferred inventory position (at least tem-
porarily), but it also exposes the strategy to a round-trip trade. With this trade-off
in mind, it is clear that a manipulative strategy becomes dynamically optimal and a
more frequent optimal strategy when the market maker is less averse to holding high
levels of inventory.

Counter-intuitive to the goal of quote-based manipulation, it is not always bad

for the market maker to receive a fill on her manipulative order. Indeed, there are

Tn our model, the preferred inventory position is zero when the fundamental value of the asset
is a martingale.



situations in which the preference is for the manipulative order to be filled with
the expectation to unwind the acquired position quicker than otherwise because the
strategy tilted the book. In particular, we analyze if the market maker prefers that her
manipulative order is filled and we find two driving forces behind the manipulation.
One, the manipulation is optimal because it can lead to a manipulative round-trip
trade that, in expectation, will be completed faster than otherwise. In these cases, the
manipulative order is submitted with the preference for it to be filled and to unwind
it immediately with an increased probability due to the tilt in the book caused by
the manipulative order. Two, the manipulation is optimal because it increases the
chances that the market maker’s inventory will revert to a preferred position. In these
cases, the preference is that the manipulative order is not inadvertently filled, which is
commonly understood as spoofing. That is, the quote-based manipulation we study
includes (i) spoofing as a refinement when the preference is that the manipulative
order is not inadvertently filled, and (ii) manipulation for a round-trip trade as a
refinement when the preference is that the manipulative order is filled. Our project
is the first to show that not all quote-based manipulative orders are spoof orders.

Additionally, our model shows that as the quoted spread narrows, learning algo-
rithms will be less likely to manipulate the order book. Specifically, as the quoted
spread decreases, the range of values of the inventory aversion parameter where ma-
nipulation is optimal decreases. In the limit, when the quoted spread is zero, an
algorithm will not learn to manipulate the book because manipulation is suboptimal.
Of course, theory shows that the quoted spread is positive even if the tick size is
zero[| Nonetheless, the insight is that (i) if the profits from using limit orders are
negligible and the costs from using market orders are negligible, then it is more effi-
cient to use market orders to revert to the preferred inventory position, and (ii) if the
expected profit from the opportunistic round-trip trade, where one leg is a manip-
ulative order, does not outweigh the penalty imposed to manage the inventory risk,
then quote-based manipulation is not optimal.

In the literature, traders can attempt to manipulate the market in several ways.
Studies focus on information-based manipulation and trade-based manipulation.
Information-based manipulation occurs when the manipulator releases misleading in-
formation (see for example [13], [74], [75]), whereas trade-based manipulation occurs
when the manipulator buys or sells an asset to effect changes in the price (see for
example [3], [4], [34], [35]).

"See for example [71], [54], [38], [47], [5], and [46].



Similar to the approach in [54], we propose a model of the market dynamics that is
consistent with empirical stylized facts, where the market dynamics do not necessarily
derive from principles of individual economic behavior. The purpose of our project
is not to explain the underlying economic reasoning of the market dynamics, but to
use the market dynamics to derive conditions to test if an algorithm will learn to to
manipulate the market.

We focus on the broader quote-based manipulation because existing legislation
does not explicitly outlaw spooﬁng.ﬁ Spoofing is illegal because the manipulative
order (also known as a spoof order) creates misleading information to buy or to sell an
asset with a higher probability than was otherwise likely to occur. The manipulative
order is what is considered illegal under existing legislation, and the reason why
spoofing is illegal. Thus, our results allow us to understand and test for quote-based
manipulation, which include spoofing as a particular case. Moreover, our model
allows us to make the key distinction between spoofing and other forms of quote-
based manipulation based on one’s preference of a fill of a manipulative order.

Our results have implications for how a rational market maker should behave
within the market dynamics of our model. Indeed, our work is a discrete-time ana-
logue to papers that use stochastic optimal control and continuous-time models to
derive algorithmic trading strategies. For example, [33] derive a manipulative quote-
based strategy to acquire or liquidate a large position. A key difference is that they
explicitly encode a manipulative action, whereas manipulation is optimal but un-
intentional in our model because the market maker does not endow the algorithm
with an action that manipulates the book. Also, their paper is not about learning
algorithms.

Most of the literature on spoofing focuses on empirical studies. One exception
is [78] who extend the setup of [47] to show that spoofing can occur and sustained
in equilibrium. Their model predicts that spoofing slows price discovery, increases
bid-ask spreads, and increases the volatility of prices. In our model, manipulative
orders hamper price discovery because they erode the information conveyed by volume
imbalance.

On the empirical side, [I5] study Canadian equity markets. They show that
spoofing slows price discovery, and that it increases both the volatility of prices and
adverse selection, as predicted in 78], and do not find strong indication that spoofing

leads to higher bid-ask spreads.

8The exception is the [39] Act, but the Act only applies to the US commodities market.



[58] use a proprietary dataset with trader identification from the Korea Exchange
to show that spoofing achieves substantial extra profits and spoofing tends to target
stocks with higher return volatility, lower market capitalization, lower price level, and
lower managerial transparency. [76] uses data from the Taiwan Futures Exchange
to show that market participants spoof the order book in stocks that exhibit high
volumes of trading, high volatility, and high prices. [76] also shows that spoofing
increases the volume of trading, increases the volatility of prices, and increases the
quoted spread. Our empirical results complement their findings because we find that
market conditions from Nasdaq are such that algorithms will learn to manipulate
the order book. [45] use machine learning to identify and predict market conditions
associated with spoofing events in the Moscow Stock Exchange.

Finally, our work is closer to the literature that studies the unintentional effects
of algorithms that learn to collude (see for example [16], [17])f] Our approach is
similar to that in [26] who prove that algorithms can learn to collude. They ana-
lyze the equilibria that can be learned and prove convergence to collusive equilibria;
whereas in this chapter, we analyze the decision framework where algorithms learn
optimal strategies and derive testable conditions to determine if algorithms will learn
to manipulate the order book.

The remainder of the chapter proceeds as follows. The next section shows the
relationship between volume imbalance and the behavior of market participants. Sec-
tion [2.3| presents our model and Section [2.4] derives the optimal strategy and testable
conditions to determine if a manipulative strategy can be learned. Section ana-
lyzes the mechanics of quote-based manipulation, its relation to spoofing, and how
the parameters of the model affect quote-based manipulation as the optimal strategy.
Section [2.6| discusses some regulatory implications. Section [2.7]includes all the proofs

required for our results.

2.2 Volume Imbalance and Order Book Activity

This section uses data from Nasdaq for April 2023 to illustrate the relationship be-
tween volume imbalance and the activity in the limit order book that is central to
quote-based manipulation. For each trading day, we remove the first and last 15
minutes to exclude behavior in the limit order book during the opening and closing

auctions.

9See also [24l 25], [36], and [40] for studies on algorithmic collusion in financial markets.



Volume imbalance at time ¢ is given by

VP -V

Wy = —————
Ve

€(-1,1), (2.1)
where V;? V¢ > 0 are the liquidity posted at the best bid and the best ask, respec-
tively, at time t. We follow the definition given in [33] for volume imbalance. Although
the choice of only considering volumes at the best bid and best ask is arbitrary, if we
considered other possibilities (for example, considering the sum of liquidities posted
at the best and second best bid and the sum of liquidities posted at the best and
second best ask), we would expect the order of the results in Tables to be the
same. For example, for Table [2.1] although we would expect the numbers to change,
their relation would still hold in the sense that Buy MO arrival rates (per second)
would be highest at the BH regime, and Sell MO arrival rates (per second) would be
highest at the SH regime. We would also expect the relations between different book
regimes in the rest of tables to still hold. Volume imbalance summarizes the tilt of the
limit order book, so when w; is close to 1 there is a strong buy pressure and when w;
is close to —1 there is a strong sell pressure. To simplify our subsequent analysis, we
discretise volume imbalance into three regimes: buy-heavy (BH) when w; € (1/3,1),
neutral (V) when w; € [—1/3,1/3], and sell-heavy (SH) when w; € (—1,—-1/3).

Table 2.1: Arrival rates of market orders (MOs) for April 2023.

Buy MO arrival rates Sell MO arrival rates

Ticker (per second) (per second)

SH N BH SH N BH
AAPL 0.060 0.176 0.525 0.606 0.179 0.058
AMZN 0.067 0.168 0.447 0.456 0.167 0.065
CSCO 0.008 0.025 0.101 0.104 0.033 0.012
INTC 0.014 0.042 0.138 0.139 0.036 0.013
MSFT 0.297 0.350 0.461 0.475 0.352 0.286
TSLA 0.532 0.677 0.773 0.750 0.635 0.529

Table presents the arrival rates (per second) of buy and sell market orders
in each volume imbalance regime for the several assets, and Table presents the
average volume of the market orders that arrive. The arrival rate of buy (sell) market
orders is highest when the book is buy-heavy (sell-heavy). However, the average
volume of buy (sell) market orders is lowest when the book is buy-heavy (sell-heavy).
Nevertheless, the net effect (i.e., arrival rate times average volume) is that there are

more buy (sell) transactions when the book is buy-heavy (sell-heavy).
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Table 2.2: Average volume of market orders (MOs) for April 2023.

Ticker

Buy MO average volume

Sell MO average volume

SH N BH SH N BH
AAPL 145.58 111.16 62.27 64.29 103.11 135.29
AMZN 205.95 108.59 61.68 60.92 107.78 181.50
CSCO 149.88 182.33 110.30 111.74 161.72 131.67
INTC 212.79 256.93 143.67 134.62 266.80 227.45
MSFT 72.17 46.41 20.66 21.25 45.57 70.14
TSLA 132.27 56.33 26.55 25.35 54.34 120.54

Table 2.3: Arrival rates of limit orders (LOs) for April 2023.
Buy LO arrival rates Sell LO arrival rates

Ticker (per second) (per second)

SH N BH SH N BH
AAPL 4.245 7.000 4.129 4.285 6.970 4.303
AMZN 4.367 7.346 4.381 4.637 7.600 4.213
CSCO 0.567 1.345 0.951 0.882 1.416 0.641
INTC 1.090 2.386 1.829 1.686 2.330 1.106
MSFT 3.631 4.126 4.452 4.830 4.268 3.582
TSLA 3.913 4.628 3.309 3.560 4.784 4.088

Table 2.4: Average volume of limit orders (LOs) for April 2023.

Buy LO average volume

Sell LO average volume

Ticker SH N BH SH N BH

AAPL 98.19 109.51 112.32 115.30 109.50 97.40
AMZN 87.95 96.32 101.95 101.53 95.44 87.83
CSCO 9298.77 9271.07 307.59 319.84 267.68 9234.34
INTC 298.83 372.36 415.56 415.82 364.61 292.29
MSFET 42.93 44.81 45.69 45.25 45.73 44.76
TSLA 49.64 55.64 60.97 66.90 61.38 57.94

Similarly for limit orders, Table presents the arrival rates (per second) of buy

and sell limit orders in each volume imbalance regime for the assets we consider, and

Table presents the average volume of the limit orders that arrive. The arrival

rates of buy limit orders are higher than those of sell limit orders when the book is

buy-heavy, and the arrival rates of sell limit orders are higher than those of buy limit

orders when the book is sell-heavy. On the other hand, the average volume of buy

(sell) limit orders is largest when the book is buy-heavy (sell-heavy). The net effect

(i.e., arrival rate times average volume) is that there are more buy (sell) limit orders

than sell (buy) limit orders when the book is buy-heavy (sell-heavy).
Similarly, Table presents the arrival rates (per second) of limit buy and limit

11



Table 2.5: Arrival rates of limit order cancellations for April 2023.

Arrival rates of limit buy Arrival rates of limit sell

Ticker cancellation (per second) cancellation (per second)
SH N BH SH N BH
AAPL 3.092 6.037 3.785 3.946 6.154 3.334
AMZN 3.594 6.464 3.631 3.885 6.734 3.529
CSCO 0.398 1.021 0.701 0.682 1.054 0.452
INTC 0.818 1.812 1.308 1.193 1.755 0.801
MSFT 3.673 3.561 3.082 3.316 3.756 3.719
TSLA 2.641 3.475 2.824 3.066 3.607 2.777

Table 2.6: Average volume of limit order cancellations for April 2023.

Average volume of Average volume of
Ticker limit buy cancellations limit sell cancellations
SH N BH SH N BH

AAPL 92.25 109.29 112.92 116.77 111.55 91.26
AMZN 78.53 95.69 106.34 103.48 94.28 79.87
CSCO 172.01 281.82 370.26 378.71 281.96 179.55
INTC 230.90 393.75 499.81 489.77 392.68 228.14
MSFT 23.17 41.34 63.64 63.67 41.85 23.55
TSLA 29.17 50.51 71.24 82.05 54.89 35.21

sell cancellations in each volume imbalance regime for the three assets we consider,
and Table [2.6] presents the average volume of limit order cancellations that arrive.

Volume imbalance clearly influences the behavior of market participants. This is
consistent with the work of [51], who find that market participants condition their
quotation behavior on volume imbalance. These empirical findings are further sup-
ported by a survey sent to Dutch algorithmic trading firms, where AFM found that
trading algorithms use between 100 and 1000 features, and volume imbalance is one
of the key features (see [2]).

Finally, Table reports the probability that a limit order on the best bid or
best ask is filled within the next five seconds, one second, and half of a second,
respectively. We could have considered other time horizons, in particular shorter
ones. For example, the roundtrip latency of the HFTs in these LOBs would be a
typical horizon to study. However, we are interested in the comparison between the fill
probabilities for the different book regimes w, so that we would expect to get the same
relative orders for other time horizons. These fill probabilities account for the effect
of time-priority. The details about the estimation procedure are given in the next
chapter, in Section [3.2] This link between the fill probability and volume imbalance

regimes makes quote-based manipulation viable and profitable. By manipulating the
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Table 2.7: Fill probabilities.

5 seconds 1 second 0.5 seconds
SH N BH SH N BH SH N BH
Ask | 0.4393 0.4782 0.5819| 0.1048 0.1286 0.1910| 0.0449 0.0579 0.0928
Bid | 0.6210 0.5207 0.4687 |0.2196 0.1499 0.1180 [0.1121 0.0697 0.0518
Ask | 0.4155 0.4651 0.5669 | 0.1008 0.1232 0.1903 | 0.0451 0.0566 0.0933
Bid | 0.5587 0.4570 0.4201 |0.1767 0.1228 0.1044 |0.0863 0.0566 0.0479
Ask | 0.0674 0.1005 0.1768| 0.0093 0.0151 0.0384 | 0.0040 0.0060 0.0198
Bid {0.1851 0.1034 0.0713 | 0.0400 0.0154 0.0109 |0.0201 0.0064 0.0048
Ask | 0.0970 0.1384 0.2353| 0.0158 0.0222 0.0561 | 0.0071 0.0095 0.0274
Bid {0.2124 0.1314 0.1116 | 0.0501 0.0211 0.0161 |0.0251 0.0089 0.0070
Ask | 0.5577 0.5838 0.6286 | 0.2033 0.2135 0.2529| 0.1037 0.1095 0.1333
Bid | 0.6101 0.5739 0.5605 | 0.2339 0.2081 0.2041 | 0.122 0.1064 0.1048
Ask | 0.6051 0.6280 0.6729| 0.2618 0.2751 0.3222| 0.1459 0.1517 0.1876
Bid | 0.668 0.6201 0.6047 |0.3137 0.2660 0.2661 |0.1820 0.1482 0.1480

Ticker Side

AAPL

AMZN

CSCO

INTC

MSFT

TLSA

volume imbalance and tilting the order book, the probability of buying or selling the

asset with a limit order is higher than it was otherwise likely to occur.

2.3 The Model

Here, we present our dynamic model of the limit order book where the market maker
provides liquidity at the best bid and best ask. The market maker is non-myopic
and interacts with the limit order book at discrete times ¢t = 0,1,2,--- ,+00. The
market maker delegates the decision making process to a learning algorithm that can

be trained online or offline.

2.3.1 Setup

Framework We model the decision process of the market maker as a Markov deci-
sion process M = (S, (As)ses, P, (Us)ses, d). Let s € S denote the state, where the set
S is finite, and let A, denote the finite set of actions for the market maker in state s.
The state evolves according to the transition function p : S x A; — A(S), where A(S)
is the set of probability measures on S. We denote by p(s’|s,a) the probability that
the subsequent state is s’ given that the current state is s and action a is played. At
every time step t, the payoff is given by a utility function v : S x A, x S — R, where
lu(s,a,s’)| < oo for all a € As and s, € S. The payoff from the utility function
u(s,a,s") depends on the transition from state s to state s’ under action a. Finally,
d €10,1) is the parameter with which the market maker discounts the future stream

of payoffs.
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Strategies The market maker uses an algorithm to learn a time-invariant strategy
that depends only on the state s, i.e., we consider stationary Markov strategies. A
stationary Markov strategy describes a mapping to a set of probability measures on
A, for each state s, i.e., 0 € B5M =[], s A(A,) such that o : S — A(Ay). Similarly,
a stationary pure Markov strategy describes a mapping to an action A, for each state
s, i.e., o € XM — [I,cs As such that o : § — A,. More generally, a strategy is
a mapping from the set of all possible histories to a set of probability measures on
A, ie., 0 € ¥ such that o : H — A(Ay), where H = U H, and H,; satisfies the
recursion Hy; = H;_1 X S X UgesAs with Hy = S. In general, a strategy need not be
time-invariant.

The restriction to stationary Markov strategies is essential for a learning algorithm
to find an optimal strategy because it significantly reduces the space of possible
strategies. Hence, an algorithm does not need to search for an optimal strategy
over the space of all possible (history-dependent) contingency plans. Our focus on
stationary Markov strategies is not restrictive because classical results (given below)
show that there exists a stationary pure Markov strategy that achieves the same
optimality criteria as an optimal strategy from X. Indeed, most learning algorithms

search for an optimal strategy in the space of stationary Markov strategies.

Optimality Criteria The value of a strategy o € X9, 5PM '3 that starts in state
s is the continuation value of the strategy from state s, i.e., the expected discounted

stream of payoffs from implementing strategy o is given by

o
Z 5t U(St7 Qy, St-l—l)

t=0

vs(0) = By

Sp = s] : (2.2)

where the expectation in ([2.2)) is with respect to the strategy o. That is, actions are
sampled from o and the expectation is taken over p(s;i1|ss, ar).

For a fixed value of the discount parameter § € [0, 1), the optimal continuation
value is given by v¥ = sup, 5, vs(0). Existence and uniqueness of v* = (v¥),eg is guar-
anteed by Theorem 6.2.5a in [68]. Therefore, an optimal strategy o* € 57 $5FM '3
exists if v¥ = wvs(0*) > v4(o) for all s € S and all ¢ € X. Crucially, Theorem
6.2.10 in [68] guarantees that there exists an optimal stationary pure Markov strat-
egy o* € XM such that vy(0*) > v,(o) for all s € S and all 0 € 3.

Therefore, with these theoretical guarantees, we ignore all strategies that are
history-dependent contingency plans, and for the remainder of the paper, a strategy
refers to a stationary Markov strategy, and a pure strategy refers to a stationary pure

Markov strategy.
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2.3.2 Trading Environment

We present our model of the limit order book. Many of our assumptions are for
tractability purposes and conform with the market dynamics described in Section [2.2]
We use the midpoint of the bid-ask spread as a proxy for the fundamental value of
the asset Z. At each time point, the value of the asset either goes to Z + ¢ with
probability 5 € (0,1), or goes down to Z — ¢ with probability 1 — 3, where ¢ > 0 is
the tick size. The fundamental value of the asset is a martingale when g = 0.5, and

it drifts up or down when § > 0.5 or § < 0.5, respectively.

States The set of states S is the Cartesian product of a set of environmental vari-
ables 2 and the inventory of the market maker Q, i.e.;, S = Q2 x Q. We restrict the
level of inventory to the set Q = {—¢,...,0,...,q}, where ¢ is some positive integer.
The set €2 contains a finite number of environmental variables which are relevant fea-
tures of the order book and that affect the payoffs the market maker receives. Here,
the elements of €2 are the three regimes of volume imbalance in the limit order book,
e, w € Q = {BH,N,SH}, because quote-based manipulation is the focus of our
analysis.

As discussed in Section 2.2 volume imbalance affects the behavior of market
participants, and therefore affects the probability with which a limit order is filled.
To capture this effect, let p° € (0,1) and p? € (0,1) denote the probability that a
limit buy and a limit sell order, respectively, are filled in [t,¢ + 1) for each regime
w € QE These fill probabilities account for the effect of time-priority in the limit
order book and need not sum to unity. Our empirical results in Section (see
Table show that the fill probabilities of bids and offers are similar when the book
is neutral (i.e., p% ~ p%), the fill probabilities of offers are higher when the book
is buy-heavy (i.e., ply < p%y), and the fill probabilities of bids are higher when

10Tn addition to affecting the fill probabilities, volume imbalance has substantial explanatory
power in predicting future price movements (see e.g.,[51,[19]). Therefore, submitting a manipulative
order may change the volume imbalance regime, which may affect future price movements; however,
it should not affect the fundamental value of the asset because manipulative orders contain no
real information about the fundamentals. In our model, we do not model how volume imbalance
affects future price movements because we use the midpoint of the bid-ask spread as a proxy for the
fundamental value of the asset. This prevents unnecessary complications that arise when computing
the change in wealth for the payoffs received as a consequence of submitting a manipulative order.
Our analysis focuses specifically on how manipulative orders affect the fill probabilities, and how the
fill probabilities affect the payoffs at the next period. If manipulative orders were to affect future
price movements (temporarily), then quote-based manipulation would become more prevalent in our
model because a manipulative order will increase the profits of round-trip trades. In Section [2.5] we
show that the profit from round-trip trades is a key factor to determine if quote-based manipulation
is optimal.
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the book is sell-heavy (i.e., p%y > p%y). One could relax the assumption of static
probabilities p¢ and p’. They may depend on time (p? = p&(¢) and p? = p? (¢)) and
may follow some dynamics. However, the key features we want to capture are the
comparisons between fill probabilities for different book regimes. In particular, the
empirical facts that sell limit orders have the highest probability to be executed in
the BH regime and the lowest probability to be executed in the SH regime, and
that buy limit orders have the highest probability to be executed in the SH regime
and the lowest probability to be executed in the BH regime. These key features are
already captured in the model by assuming some static probabilities that ultimately
satisfy some inequalities. Otherwise we would have to add some conditions for the
time-dependent fill probabilities. We could assume that p%,(t) and p&;(t) (the two
lowest fill probabilities) always lie in an interval (p1, p2), p (t) and p% (t) always lie in
an interval (p3,ps) and p%y(t) and p%(t) (the two highest fill probabilities) always
lie in an interval (ps, pg) with 0 < p; < py < ps < ps < ps < pe < 1.

Actions The market maker does not endow the algorithm with an action that ma-
nipulates the order book. Instead, we focus on how an innocuous set of actions leads
to manipulation when individual actions are sequenced in a particular order. That is,
quote-based manipulation occurs when the set of actions produces unintended ma-
nipulative behavior as a consequence of a learning algorithm dynamically optimizing
the market maker’s optimality criteria.

The set of actions at time ¢ consists of:

e Submit a buy limit order (LB) on the best bid or a sell limit order (LS) on the
best offer for one unit of the asset. If the limit order is not executed between
[t,t + 1), then the order is cancelled before the start of ¢ + 1.

e Submit a large buy limit order (LLB) on the best bid or a large sell limit order
(LLS) on the best offer and cancel the order before the start of ¢ + 1.

e Submit a market order to buy (M B) or to sell (M S) one unit of the asset.
e Do nothing (DN).

When a large limit order is submitted, the probability that the manipulative order
is filled is low. Recall that when the large limit buy (limit sell) tilts the book to buy-
heavy (sell-heavy), Table [2.1 shows that the arrival rate of sell (buy) market orders is

very low. Therefore, we assume that at most one unit of the large limit order can be
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executed. This assumption allows us to validate that a particular sequence of actions
has the intention to manipulate; see the analysis in Section [2.5

We do not model the strategic cancellation of limit orders for the sake of analyt-
ical tractabilityﬂ Rather, we focus on when algorithms learn to create misleading
information to buy or to sell an asset with a higher probability than was otherwise
likely to occur, which is the key feature that enables quote-based manipulation. Ex-
plicitly cancelling a limit order, i.e., sending an instruction to the exchange to cancel
an outstanding limit order, is not necessary in Nasdaq if the limit order is submitted
with a time-in-force between ¢ and ¢ + 1 because the limit order expires at time ¢+ 1.

The set of actions available to the market maker depends on the state s € S. The
market maker has access to the full set of actions A, = {LB, LS, LLB, LLS, M B, MS,
DN} when s = (w, q) for all w € Q and for all ¢ € @\ {G, —q}. At the boundaries of
the inventory constraint, the market maker does not buy or does not sell any addi-
tional assets. That is, the set of actions reduces to A, = {LS, LLS, M S, DN} when
s = (w,q) for all w € Q, and to A; = {LB,LLB, MB, DN} when s = (w, —q) for all
w e (.

In this setup, individual actions are not manipulative. Although a large limit order
can tilt the book, the action is not manipulative because there is no advantage to be
gained from the action alone; rather, a large limit order will only be manipulative
when the action following a large limit order aims to profit from the tilt created. For
this reason, we focus on a manipulative sequence of actions. We formalize and refine
this later in Definition [l

Transition Dynamics We present the transition dynamics over the set Q and €2
separately to simplify the presentation, and recall that the set of states is S = {2 x Q.

The transition dynamics of the inventory level is intuitive. If an action resulted in
a buy transaction, then the level of inventory increases by one unit, i.e., ¢;+1 = ¢+ 1;
if an action resulted in a sell transaction, then the level of inventory decreases by one
unit, i.e., g1 = ¢ — 1; and if an action resulted in no transaction, then the level of
inventory stays the same, i.e., ¢;+1 = ¢;. The transition probabilities depend on the
action taken and the fill probabilities (for limit order submissions).

The transition probabilities of the volume imbalance regime depend on two distinct
cases: when a small or no order is submitted, i.e., a € {LB, LS, M B, MS, DN}, and

HTncluding cancellation of an order as part of the action prevents us from including an additional
state variable that tracks if a market maker has an outstanding order in the book. Additionally, the
fill probability between time [t,t + 1) and [t 4+ 1,¢ + 2) for a limit order submitted at time ¢ is not
the same unless the fill probability is Markov.
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when a large order is submitted, i.e., a € {LLB, LLS}. When a small or no order is
submitted, volume imbalance evolves according to some baseline dynamics because
unit orders and no orders have little to no impact on the liquidity at the best bid-ask
quotes, and hence have little to no impact on the volume imbalance in ({2.1)).

On the other hand, when a large limit order is submitted, the volume of the buy
(sell) limit order is large enough to tilt the volume imbalance regime to the buy-heavy
(the sell-heavy) regime with high probability. If we ignore the change in behavior of
other market participants, then the volume imbalance regime changes at time ¢ and
reverts back before time ¢ + 1 because of the timing of submission and cancellation
of large limit orders posted by the market maker. However, in Section [2.2] we saw
that market participants adjust their own liquidity provision. Empirically, we have
the following observations: (i) the average volume of limit orders and limit order
cancellations is similar in size under each volume imbalance regime, but the arrival
rates of limit orders are higher than the arrival rates of limit order cancellations,
and (ii) there are more buy (sell) limit orders than sell (buy) limit orders when the
book is buy-heavy (sell-heavy). Therefore, the empirical results show that market
participants adjust their own liquidity provision to submit more limit orders to the
same side of the book as the market maker’s large limit order. However, market
participants can never react instantaneously and will have a delay when reacting to a
large limit order from the market maker. Such delay can occur for a number of reasons,
for example, other market participants do not have the monitoring capabilities (i.e.,
latency, see [9]), or do not have the infrastructure to react immediately.

The effect of the delay and change in liquidity provision is that the volume im-
balance regime at time ¢ + 1 corresponds to the change in regime caused by the
market maker’s large limit order at time ¢. When a large limit order is submit-
ted, the volume imbalance regime moves to the buy-heavy (the sell-heavy) regime
at the next step with a higher probability than was otherwise likely to occur, i.e.,
for all w € Q, p(BH |w, LLB) =1 — k > p(BH|w,a) for any a € A, \ {LLB}, and
p(SH|w,LLS) = 1— Kk > p(SH|w,a) for any a € A, \ {LLS}, where k € [0,1).
Moreover, the volume imbalance moves to one of the
ity x/2. That is, p(N |w, LLB) = k/2 and p(SH |w, LLB) = k/2 when a large buy
limit order is submitted, and p(N |w, LLS) = k/2 and p(BH |w, LLS) = k/2 when

a large sell limit order is submitted.

wrong” regimes with probabil-

These stylized facts are important for unintentional quote-based manipulation to
occur. They create the necessary temporal link between past actions and future

actions of the market maker so that quote-based manipulation becomes dynamically

18



optimal as a sequence of actions. Thus, quote-based manipulation emerges as an
optimal sequence of actions even if the market maker does not encode quote-based

manipulation as a possible action into the learning algorithm.

Utility The market maker is averse to holding inventory and maximizes the present
value of her wealth. The wealth W = X + Z g of the market maker is the sum of her
cash position X and the marked-to-market value of the inventory Z ¢, where Z is the
fundamental value of the asset that is proxied by the midpoint of the bid-ask spread.
To cast the market maker’s objective into the optimization problem of a learning

algorithm, we write the one-step utility as
u(s,a,s') =Y (s,a,8) —a(d)?, (2.3)

where ¢’ € Q is the inventory after action a and « > 0 is the inventory aversion
parameter.m The quadratic penalty ensures that the utility function is concave in the
level of inventory. Hence, the inventory aversion parameter « affects the willingness
of the market maker to take on larger levels, long or short, of inventory. For example,
as the value of «a increases, the market maker is more averse to inventory risk so she
is less willing to increase the level of inventory, long or short. On the other hand,
Y (s, a,s') is the change in wealth as a consequence of action a € A, in state s € S. For
a value of the tick size ¢ > 0, the expected change in wealth from state = (w,q) € S

and taking action a € A, is given by

(P2 9/2+ (28— 1) (pq+pl¢) fora={LB,LLB},
prO/2+ (28 —1)(pq—p%y) fora={LS,LLS},

EY(s,a,s)]=q-9/2+28—-1)(pq+¢p) fora = MB, (2.4)
=024+ 28 —-1)(pq— ) for a = MS,
(28 -1)¢pq fora = DN,

where the expectation is taken with respect to the fundamental value of the asset
Z and the fill probabilities p?,p¢ of limit orders, and ¥ > 0 is the expected quoted
spread.

With this one-step utility function, the optimal continuation value is given by

oo
t 2
sup E, Z d <Y<St7 g, Stp1) — Oéqzeﬂ)
oc€EY —0
12The units of a are such that (2.5) is in units of wealth. In our model, the value of « is allowed
to range between (0, 00), but in practice, as a rule-of-thumb, the value of o must be several orders
of magnitudes smaller than the expected quoted spread, i.e., @ < ¥, otherwise the market maker
will not be willing to make markets.

Sp = s] , (2.5)
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which corresponds to maximizing the present value of wealth subject to a running
inventory penalty.lﬂ The optimization problem in is similar to the optimization
problem posed in [65] where they assume a negative exponential for the one-step
utility function. Our choice of leads to a clear interpretation of the continuation
value, and it also simplifies our analysis in the next section.

The objective to maximize wealth subject to a running inventory penalty is closely
related to robustness and ambiguity aversion from [49]. Specifically, [27] show in a
related problem that the market maker’s objective of maximizing wealth subject to a
running inventory penalty is equivalent to a risk-neutral to inventory market maker
who is ambiguous to the drift of the fundamental value of the asset.

Finally, the optimality criterion in produces behavior consistent with inven-
tory models. The behavior of the optimal strategy depends on the level of inventory,
and there is a preferred inventory position (the preferred inventory position is zero
when the fundamental price is a martingale), which is consistent with the results of
[5]@ The optimal strategy also prefers to sell if inventory is long and prefers to buy
if inventory is short, which is consistent with the results of [71] and [54].

For simplicity, the remainder of the paper assumes that the fundamental value
of the asset is a martingale, i.e., 5 = 0.5, so that the expected one-step utility from

state s = (w, q) € S and taking action a € Ay is given by

(P8, 9/2—apl (¢+1)? —a (L—ph)¢* for a={LB,LLB},
pl0/2 —apt(¢g—1)?—a (1—p2)¢* fora={LS,LLS},

u(s,a) =< —9/2 —a(qg+1)? fora = MB, (2.6)
—9/2 —a(qg—1)? fora=MS,
—aq? for a = DN .

2.4 Theory

This section derives conditions to test if quote-based manipulation will occur when
decision making is delegated to a learning algorithm. Our analysis focuses on ¢ # 0,
where the overall intention is to buy or to sell the asset so that inventory reverts
to the preferred position ¢ = 0. We omit the case when ¢ = 0 because the overall

intention to buy or to sell is unclear.

1BIn 7 the payoffs received depends on the realization of the inventory level at the next time
step; however, the payoffs are discounted from the start of the period. The timing of the payoffs is
constructed to fit within the framework of learning algorithms, where the payoffs are assumed to be
immediate. This construction presents no issue in because of the expectation operator, and
the timing is also consistent with the model of [65].

1Gee also [60] and [53] who examine this preferred inventory position in more detail.

20



Throughout the project, we maintain the following assumptions on the parameters

of our model.

Assumption 1. The expected quoted spread and the inventory aversion parameter
are both greater than zero (i.e., 9 > 0 and a > 0), the fill probabilities p, € (0,1) and
p® € (0,1) for all w € Q, and the market maker is not myopic, i.e., 6 > 0.

2.4.1 Optimal Strategy

The optimal strategy satisfies Bellman’s optimality equations, so the optimal action

in each state s = (w,q) € S is given by

a* = arg max {u(s, a)+ o0 Z p(Ww, a) Z p(q'|q,a) Uz,7q,} : (2.7)
a€ds w'eN q'eQ

where v* is the optimal continuation value. The optimal action is non-myopic and
balances the immediate expected payoff @(s,a) with the expected future stream of
discounted payoffs. Hence, the optimal action takes into account how the current
action will affect the transition to subsequent states s, and therefore accounts for
how the current action will affect future actions.

To gain some insight into the optimal strategy, the following lemma shows that
the optimal continuation value v* decreases in value as the level of inventory deviates
further away from zero. Therefore, the optimal continuation value v* achieves its

maximum value at zero inventory.

*
w,q

increases, i.e., when 0 < ¢ < g, we have v, < v}, for all w € Q. Similarly, for

Lemma 1. For ¢ > 0, the optimal continuation value v} , s non-increasing as q
q < 0, the optimal continuation value vy, , is non-decreasing as q increases, i.e., when

¢ <q<0, we have v}, , < v, forallw € Q.

The result is intuitive because the market maker’s aversion to higher levels of
inventory and because the fundamental value of the asset is a martingale. One impli-
cation is that the preferred level of inventory is zero because it leads to the highest
expected stream of discounted payoffs; hence, optimal strategies will induce mean
reversion to zero inventory. The concavity of the optimal continuation value vj, , as
a function of inventory holds for each volume imbalance regime w. The relationship
between the optimal continuation value v, , and the volume imbalance regimes is key
for spoofing to be optimal.

The following lemma eliminates suboptimal actions, which reduces the number of
actions to consider when solving .
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Lemma 2. For all volume imbalance regimes w € ), the following two statements
hold. The actions do nothing (i.e., DN) and market buy order (i.e., MB) are subop-
timal if ¢ > 0. The actions do nothing (i.e., DN) and market sell order (i.e., MS)
are suboptimal if g < 0.

The following proposition characterizes the optimal action for each state s = (w, q)
when ¢ # 0. The optimal action is characterized in terms of the value of «, i.e., the
willingness to hold inventory. Figure [2.1shows the optimal action as a function of the
value of the inventory aversion parameter a when ¢ > 0. For each pair of neighboring
actions in Figure there is a cutoff value of o such that the optimal strategy is
indifferent between the two actions because they yield the same expected stream of
discounted payoffs. Hence, for a given value of «, the optimal action is one that

maximizes the expected stream of discounted payoffs.

LB ‘ LLB ‘ LLS ‘ LS ‘ MS

Ozo(w, Q) al(wa Q) o5 (wa Q) a3(wv Q)

Figure 2.1: Optimal action choice for each state s = (w, q) for ¢ > 0.

For the remainder of the paper, we denote z V y = max{z,y}, and z Ay =

min{z, y}.

Proposition 1. Let ¢ > 0 and assume ply < py < pgy holds. Then, for each state
s = (w,q), there exist cutoff values of the inventory aversion parameter ap(w,q) <
a1 (w, q) < as(w, q) < as(w,q) such that the optimal stationary pure Markov strategy

o* € B5PM s given by

(LB zfaG(OO\/aowq)
LLB ifae (0Vap(w,q),0V ay(w,q)),
0"(w,q) = ¢ LLS ifae (0Vay(w, )O\/Oéz( .q)) (2.8)
LS ifae(0Var(w,q),0Vas(w,q)),
| MS ifa e (0Vas(w,q),+00) .

Similarly, let ¢ < 0 and assume p%y > ph > phy holds. Then, for each state
s = (w,q), there exist cutoff values of the inventory aversion parameter ap(w,q) <

a1 (w, q) < as(w, q) < as(w,q) such that the optimal stationary pure Markov strategy
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o* € LM s given by

LS  ifae(0,0Vay(w,q)),
LLS ifae (0Vag(w,q),0Vai(w,q)),
0" (w,q) = LLB ifa € (0V a;(w,q),0V as(w,q)), (2.9)
LB ifae (0Vas(w,q),0Vas(wq)),
(0V az(w,q), +

00).

In general, the cutoff values ag(w, q), a1 (w, q), and az(w, q) are different for posi-

MB ifac (0Vay

7

\

tive and negative inventory. However, the cutoff values are the same for positive and
negative inventory in the particular case when p%;; = phy, Py = g, and p% = ph,
and when the transition probability matrix corresponding to the baseline book regime
transitions (when small orders or no orders are submitted) is a centrosymmetric ma-
trix (i.e., a matrix that is symmetric about its center).

For ¢ > 0 and a = ay(s), the optimal strategy is indifferent between a buy limit
order and a large buy limit order in state s; similarly, for ¢ < 0 and o = «ag(s), the
optimal strategy is indifferent between a sell limit order and a large sell limit order in
state s. A similar interpretation applies to the remaining cutoff values a;(s), as(s),
and ag(s). Note that for ¢ > 0 (¢ < 0) we can only guarantee M.S (M B) is optimal
for some range of values of a, by sending o — +o00. For example, the remaining 4
actions would never be optimal if all the cutoff values were negative. Also, even if all
the cutoff values were positive, some actions could never be optimal. This arises in
case some cutoff values are equal. For example, for ¢ > 0, if ag(w, q) = a1 (w, q), then
LLB is never optimal. Similarly, for ¢ > 0, if a1(w,q) = as(w, q), then LLS is never
optimal and if as(w, q) = as(w, q), then LS is never optimal. The conditions in the
proposition include the maximum operator because the inventory aversion parameter
is strictly positive and there is no guarantee that the cutoff values are positive. The
conditions on the fill probabilities are not restrictive because they hold for all assets
and all the timescales considered (see Table [2.7]).

The proposition is intuitive because the optimal strategy induces mean reversion
to zero inventory. For example, when there is less willingness to hold larger values of
inventory (i.e., for large values of ), the action preference favors actions that aim to
sell the asset and reduce the level of inventory when ¢ > 0, and the action preference
favors actions that aim to buy the asset and increase the level of inventory when
g < 0. Similarly, for a fixed value of «, as the level of inventory deviates away from
zero, the cutoff value a;(w,q) shifts closer to zero (the value of a;(w,q) in ([2.10)

decreases as the absolute value of ¢ increases). Hence, the action preference favors
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actions that aim at selling the asset to reduce the level of inventory when ¢ > 0, and

that aim at buying the asset to increase the level of inventory when ¢ < 0.

2.4.2 Quote-Based Manipulation

To derive the conditions to test if algorithms will learn to manipulate the order book,
we first define quote-based manipulation in terms of the set of actions available. Re-
call that an explicit consideration of our model is that the market maker does not
endow her algorithm with an individual action that manipulates the book; rather,
manipulation occurs in our model when a particular combination of actions is se-
quenced together. The following definition includes a refinement that also accounts

for the market maker’s objective to buy or to sell the asset.

Definition 1 (Manipulation). For g > 0, quote-based manipulation occurs if a large
buy limit order is placed at time t and tilts the book to buy-heavy regime, and it is
followed at time t + 1 by a unit or large sell limit order. Similarly, for ¢ <0, quote-
based manipulation occurs if a large sell limit order is placed at time t and tilts the
book to sell-heavy regime, and it is followed at time t + 1 by a unit or large buy limit

order.

The sequence of actions in Definition (1] is manipulative because the optimal strat-
egy intends to revert to the preferred inventory position of zero, so sending a large
buy limit order when the market maker is long or a large sell limit order when the
market maker is short counters this objective. Therefore, if these sequences arise in
optimality, then the market maker must be profiting through this manipulative order
by tilting the book in her favor for future actions.

One consequence of quote-based manipulation is that the manipulative order may
get caught out and lead to a transaction. We distinguish this possibility into two
cases. Type I manipulation occurs when the manipulative order is not caught out,
i.e., it is not filled. Specifically, type I manipulation is the sequence initiated by LLB
in state s = (w,q) and followed by LS or LLS in state s = (BH,q) when ¢ > 0,
or the sequence initiated by LLS in state s = (w,q) and followed by LB or LLB
in state s’ = (SH,q) when ¢ < 0. On the other hand, type II manipulation occurs
when the manipulative order is caught out, i.e., it gets filled. Specifically, type II
manipulation is the sequence initiated by LLB in state s = (w,q) and followed by
LS or LLS in state s = (BH,q+ 1) when g > 0, or the sequence initiated by LLS
in state s = (w, ¢) and followed by LB or LLB in state s’ = (SH,q — 1) when ¢ < 0.
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Type I 0 ao(w,q) a(w,q)
Starting in s = (w, q)

LLB at time ¢
Manipulation
LLB ‘ LS ‘ LLS ‘ MS Transition to s’ = (BH, q)
at time t 4+ 1
a (W', q) W)  aWq)
Type II: 0 ap(w,q) ai(w, q)
Starting in s = (w, q)
LLB ‘ at time ¢
Manipulation
LLB ‘ LS ‘ LLS MS Transition to ' = (BH,q + 1)
at time ¢ 4 1

ar(w',q)  W.d) as(w,q)

Figure 2.2: Quote-based manipulation is optimal when the value of the inventory
aversion parameter « lies within the shaded region for ¢ > 0. The top panel describes
type I manipulation, and the bottom panel describes type IT manipulation.

Figure illustrates the two types of manipulation when ¢ > 0. Here, manipu-
lation occurs if the value of the inventory aversion parameter « is within the shaded
region. We say that manipulation occurs in state s = (w, ¢) if the optimal action is
to submit a large buy limit order in state s = (w, ¢), and when the market transitions
to the subsequent state s’ the optimal strategy prescribes to submit either a sell limit
order or a large sell limit order.

We formalize the definition of quote-based manipulation in the context of an
optimal strategy. We adopt the standard convention that the interval (z,y) = 0 if
x >y, and recall that x V y = max{z,y}, and = A y = min{z, y}.

Definition 2 (Manipulative Strategy). If there exists a state s = (w,q) such that

() 0% Iu(s) = 0\/()40(60,(])\/&1(BH,(])a(0\/041(00;(]))/\(0VO¢3(BH,(1))> z:fq>07
O\/ao(w,q)\/a1(SH,q)7(OVal(w7q))/\(OVag(SH,q))) ifq<0,

or
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) 02 1) 0V ag(w,q) vV ar(BH,q+1), (0V a1 (w,q)) A (0V as(BH, q + 1))) ifqg>0,
1 =

? 0V ap(w,q) Va1 (SH,q—1), (O vV al(w,q)) A (O Vas(SH,q — 1))) if g <0.
Then, if the value of the inventory aversion parameter o € I1(s), the optimal strat-
eqy is a manipulative strateqy, where type I manipulation occurs in states s where
condition (i) is satisfied. Similarly, if the value of the inventory aversion parameter

a € I5(s), the optimal strategy is a manipulative strategy, where type II manipulation
occurs in states s where condition (i) is satisfied.

The intervals [;(s) and I(s) describe conditions for quote-based manipulation
to be dynamically optimal as a sequence of actions. Specifically, if a € I;(s) or
a € I(s), then manipulation occurs in state s; if & € I1(s), then manipulation occurs
in state s when the manipulative order is not filled; if a € I5(s), then manipulation
occurs in state s when the manipulative order is filled; and if a € I1(s) N I5(s), then
manipulation occurs in state s regardless of whether the manipulative order was filled

or not.

2.4.3 Testable Conditions

To obtain testable conditions that apply to a wide variety of learning algorithms, we

make the following assumption.

Assumption 2. The learning algorithm used by the market maker learns an optimal

stationary pure Markov strategy o* € X5TM

This assumption is not restrictive and allows us to analyze the framework where
algorithms learn optimal strategies so that the testable conditions we derive apply
to generic learning algorithms. The premise and objective of designing a learning
algorithm is to learn an optimal stationary pure Markov strategy. Indeed, the most
popular offline learning algorithms (such as policy iteration and value iteration) and
online learning algorithms (such as @Q-learning and SARSA) satisfy this assumption
(see for example [68], [72])[7]

Clearly, when Assumption [2] and the conditions for manipulation in Definition
hold, the algorithm will learn a manipulative strategy. The issue is that the intervals
I1(s) and I5(s) may be empty. Additionally, the intervals depend on the cutoff values,
which in turn, depend on the parameters of the model and on the optimal continu-

ation value v*. The following theorem provides sufficient conditions to determine if

15See [77] for a convergence proof of Q-learning and [69] for a convergence proof of SARSA. See
also [48], [63], and [70] for applications of learning algorithms in financial markets that satisfy this
assumption.
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algorithms will learn manipulative strategies. These conditions depend only on the

fill probabilities of the limit orders.

Theorem 1. Let ply < p% < phy and p%y > p% > plyy hold. If the conditions

Pou < Phur (C1)

P < Dén (C2)
hold, if the transition probabilities associated with large limit orders are such that
p(BH‘vaLB) =1-x >pBH|wap(N|waLLB) = g <pN|cu ’ p(SH|waLLB) = g <pSH\w7

K K
p(SH |w,LLS) =1~k > psgw, P(N |w, LLS) = 5 < PN|w P(BH |w, LLS) = 5 < PBH|w >

(C3)
hold for all w € ), and if
a b . b o by PNIBH =5 b a by PNIN T3
Py — Py < minq (Pgy — max{pN,pN})—_H , (Psm — ma’X{pNapN})—_n
DPBH|BH — 35 PBH|IN — 3
. DNISH — & PNIN — 5
Py — Phr < min {(p“BH — max{ph, P }) o2 (phyy — max{p‘}v,p?v})|—2,.;}
PsSH|SH — 3 PsHIN — 3
(C4)

hold, then I (s) # 0 and I5(s) # O for all s € S such that (i) s = (SH,q > 0), and
(ii)) s = (BH,q < 0).
Moreover,

o(l—r—%
Lvﬁ@%—p%)>],:&1—ﬁw)Q

2
for all states s = (N,q > 0).
(1—r—1%)

N a b 2

2
for all states s = (N,q < 0).

(Ph s — %) holds, then I (s) # 0 and Iy(s) # 0

(P — D) holds, then I (s) # 0 and I(s) # 0

In short, if the fill probabilities and the transition probabilities satisfy certain
conditions, then there are values of the inventory aversion parameter o where an
algorithm will learn a manipulative strategy in which type I and/or type II manipu-
lation occurs in state s. Whether both types or only one type is learned depends on
the value of the inventory aversion parameter o and if the intervals I;(s) and I5(s)
overlap.

The parameters of the model, such as the fill probabilities and the transition
probabilities, may change if market participants adapt their behavior to the behavior

of the algorithm. This would result in a sequence of changes to the parameter values,
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which may or may not lead to an equilibrium. Nonetheless, one can check if conditions
f hold whether we are in an equilibrium or not.

The role of the conditions in Theorem [ is intuitive. The conditions for the fill
probabilities of the ask and of the bid are so that the ordering of action preferences
in Proposition [1| hold. For ¢ > 0, condition ensures that buy limit orders are
not optimal when the book is buy-heavy, while condition ensures that there are
values of the inventory aversion parameter o for which it is optimal to initiate the
manipulative sequence with a large buy limit order in sell-heavy. Similarly, for ¢ < 0,
condition ensures that sell limit orders are not optimal when the book is sell-
heavy, while condition (C1]) ensures that there are values of the inventory aversion
parameter « for which it is optimal to initiate the manipulative sequence with a large
sell limit order in buy-heavy. Condition ensures that submission of buy (sell)
large limit orders make the volume imbalance regime to move to the buy-heavy (the
sell-heavy) regime at the next step with a higher probability than was otherwise likely
to happen.

Condition (C4)) is a formal condition to describe that the values of the fill prob-
abilities p%; and p%y are similar, ie., p4y ~ p%y. This condition simplifies the
analysis to determine if the manipulative sequence is initiated in the neutral regime
with a large buy limit order for ¢ > 0, or if the manipulative sequence is initi-

ated with a large sell limit order for ¢ < 0. On the other hand, the conditions

S(1—K—5) 6(1—k—%)

(PN = P%) > Trsimnzsy s — P or (0 —PR) > trsamrey (Phe —Psn) allow one
to determine if manipulation occurs when inventory is long or short in the neutral
regime. These conditions are such that one inequality will always hold, but never
both or neither.

One can think of the fill probabilities in the neutral regime as the short-term
incentives associated with the immediate payoffs, and the fill probabilities in the
heavy regimes as the long-term incentives associated with discounted future payoffs.
The intuition behind these conditions is clear. If the signs of p, — p% and ply — phy
are different, then the short-term and long-term incentives align. On the other hand,
if the signs of p% — p% and p%,; — p%y are the same, then the short-term and long-
term incentives are not aligned, so the determining factor is the tradeoff between
short-term and long-term incentives.

For example, for manipulation to occur in the neutral regime for ¢ > 0, it must
be that there are values of the inventory aversion parameter a for which it is optimal
to initiate the manipulative sequence with a large buy limit order. If p} > p% and

%y < phy, then the signs of pi, — p% and p%y — p%y are different, so the short-term
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and long-term incentives align because the immediate payoff from a buy limit order is
greater than that of a sell limit order, and the future payoffs from being in buy-heavy
(proxied with p% ;) are better than the future payoffs from being in sell-heavy (proxied
with p%p). Thus, it is clear that there are values of the inventory aversion parameter
« for which it is optimal to initiate the manipulative sequence with a large buy limit
order because the incentives align. On the other hand, if p% > p% and p%y > %y,
then the signs of p%, — p% and pk, — p%y are the same, so the short-term and long-
term incentives are not aligned. In this case, if the immediate payoff outweighs the
discounted future payoffs, then there are values of the inventory aversion parameter
« for which it is optimal to initiate the manipulative sequence with a large buy limit
order.

Theorem || gives sufficient (but not necessary) conditions for the intervals I;(s)
and I5(s) to exist. Hence, the theorem provides conditions to test when a manipu-
lative strategy could be optimal; however, failure to satisfy the conditions does not
mean that a manipulative strategy cannot be optimal. Moreover, the theorem does
not specify the values of the inventory aversion parameter « for which a manipulative
strategy is optimal. To narrow the search for values of the inventory aversion param-
eter @ where an algorithm will learn to manipulate the book, we derive an interval

I'(s) that contains both I1(s) and I5(s), which uses the following upper bound.

Lemma 3. Letm € (0, 1) be the minimum element of the transition probability matriz
corresponding to the baseline book regime transitions (when no large limit orders are

submitted). Then for all w,w" € Q and q € Q, we have v, , — v}, , < UJ/m.

w’,

With this lemma, the following proposition characterizes the interval I’(s) that
contains both I;(s) and I5(s), and does not depend on the optimal continuation value

*

v,

Proposition 2. Let p&y < p% < phy and ply > pb > ply hold. For all s = (w,q)
when q # 0, the interval I'(s) = (0,a1(w, q)) is such that I;(s) C I'(s) and I»(s) C
I'(s).

The interval I'(s) is characterized in terms of the upper bound of the cutoff value

a1 (w, ) given by ay(w, q) < & (w,q), where

[(pi—pfé)ﬂ/?H?/m} [pf,(Qq—l)%-pZ(Qq%—l)}l if >0,

(v = ) 9/2 4 9/m] [—pfﬁ(Qq—l)—pf’u@qul)}l itq<0,
(2.10)

d/1(("}a Q) =
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for all w € Q. The value of &;(w, q) is strictly positive, depends only on parameters of
the model, and is easy to compute. The interval I’(s) narrows the search for values of
the inventory aversion parameter « for which an algorithm will learn a manipulative
strategy.

Indeed, o € I'(s) is a necessary but not a sufficient condition for an algorithm to
learn a manipulative strategy in state s. Specifically, not all values of o € I'(s) will
lead to manipulation in state s because not all values of a € I’(s) lie within I;(s)
or I(s). Nonetheless, if o ¢ I'(s), then an algorithm cannot learn a strategy that
manipulates the order book in state s. In the next section, we use this condition
to analyze how parameters of the model affect an algorithm’s ability to learn to

manipulate the order book.

2.5 Understanding Manipulation and Spoofing

This section analyzes the mechanics of what makes quote-based manipulation dynam-
ically optimal and how parameters of the model affect the optimality of manipulative

strategies.

2.5.1 Workings of Manipulation

Mechanics of Manipulation Figure illustrates the mechanics behind manipu-
lation in optimality with data from AMZN and CSCO at 0.5 second decision intervals.
The model parameters are estimated with the dataset from Section 2.2} the estima-
tion procedure is discussed in the next chapter, in Section 3.2 With a discount factor
of & = 0.95, we solve for the optimal strategy with the policy iteration algorithm and
solve for the optimal continuation values v, , for each volume imbalance regime as a
function of the inventory level. The inventory aversion parameter is o = 107>,

For each volume imbalance regime, there is a gravitational pull towards zero inven-
tory because v, 4 achieves its maximum at ¢ = 0. However, the optimal continuation
values v, , as a function of inventory ¢ differs based on the volume imbalance regimes,
i.e., there is asymmetry in the volume imbalance regimes. This asymmetry is key for
quote-based manipulation to arise. Specifically, consider AMZN at w = SH with
g = 1, and focus only on the expected discounted future payoffs. If the market maker
tries to revert to zero inventory with a sell limit order, then the expected discounted
future payoffs is an expectation across the optimal continuation values v, , for all
regimes and for inventory levels ¢ = 0 and ¢ = 1. On the other hand, if the mar-

ket maker uses a manipulative order (a large buy limit order), then the expected
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Figure 2.3: Optimal continuation values v, ,.

discounted future payoffs is an expectation across the optimal continuation values
U,,q for buy-heavy and for inventory levels ¢ = 1 and ¢ = 2. This difference in the
expected discounted future payoffs induced by the asymmetry in the volume imbal-
ance regimes is a key factor that makes a manipulative strategy dynamically optimal.
Specifically, if this difference outweighs the gravitational pull to zero inventory and
the immediate payoffs, then a manipulative strategy becomes dynamically optimal.
The concavity of these curves decreases as the value of the inventory aversion
parameter « decreases. A decrease in the concavity increases the difference in the
expected discounted future payoffs induced by the asymmetry; hence, quote-based
manipulation is more likely to become dynamically optimal as the market maker

becomes more tolerant to bearing inventory risk.

Spoofing and Fill Preferences Counter-intuitive to the motivation to manipu-
late the book, we find that getting caught out with a manipulative order is not always
suboptimal. Indeed, there are situations in which manipulation occurs with the pref-
erence for the manipulative order to get filled. To show this, we analyze if the market

maker prefers that her manipulative order is caught out, or if she prefers that her
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manipulative order does not get caught out. We compute

Y

vs(LLB, filled) = E Zdtu(st, ag, Se41) | So = S,a0 = LLB,q1 = qo + 1
| t=0

?

vs(LLB,not filled) = E - Zdtu(st, ag, Si+1) | So = S,a0 = LLB,q1 = qo
t=0

(2.11)

which corresponds to the expected stream of discounted payoffs conditional on a ma-
nipulative order getting filled or not for ¢ > 0. If vs(LLB, filled) > vs(LLB, not filled),
then the market maker prefers that her manipulative order is caught out. Conversely,
if vs(LLB, filled) < vs(LLB,not filled), then the market prefers that her manipulative

order does not get caught out.

0.02 —— Filled —— Filled

} = Not Filled 0.00 § = Not Filled

Manipulation Manipulation

0.00

-0.02

-0.04

—0.06

-0.08

Expected discounted payoff
Expected discounted payoff

-0.10

-0.12 -0.12

-0.14 -0.14

1077 107° 10°° 1074 103 1072 1077 10-° 10°° 1074 103 1072
Inventory aversion a Inventory aversion a

(a) AMZN (b) CSCO

Figure 2.4: Expected stream of discounted payoffs when the manipulative order is
filled or not for s = (SH,q = 2).

Figure [2.4] illustrates this preference. The shaded region denotes the values of the
inventory aversion parameter where manipulation is optimal, i.e., I1(s) U I5(s). The
vertical black line denotes the cutoff value of a for which the preference switches.
Within the shaded area, when « is to the left of the vertical line, the market maker
prefers that her manipulative order is caught out; and to the right of the vertical line,
the market prefers that her manipulative order does not get caught out.

A market maker who prefers a fill of her manipulative order may seem counter-
intuitive when the motivation to manipulate the book is to manage inventory risk and

revert to the preferred inventory position. However, managing inventory risk is only
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one part of the optimization problem to determine if manipulation is optimal. The
market maker may prefer that her manipulative order is filled because the manipula-
tive order increases the probability to complete a round-trip trade; i.e., the additional
profit from the round-trip trade outweighs the costs to manage inventory risk.

Based on the fill preferences, we further refine quote-based manipulation into
two forms: manipulation for a round-trip trade where manipulation occurs with the
preference that the manipulative order is filled, and spoofing where manipulation
occurs with the preference that the manipulative order is not filled. This refinement
is different from type I and type II manipulation, which determines the optimality of
the manipulation sequence. The refinement of fill preferences allow us to determine
the intention behind a market makers manipulative order, which allows us to make
the distinction between spoofing and manipulation for a round-trip trade.

One might argue that manipulation for a round-trip trade is not market manip-
ulation but rather a byproduct of making markets. In our model, we assume (based
on empirical results) that at most one unit of the large limit order can be executed.
We make this assumption so that the market maker has the same expected one-step
utility if she sends a limit order for one unit. Therefore, if she were to make markets

without manipulating the book, then she would not use a large limit order.

2.5.2 Model Parameters and Manipulation

Building on the insights behind the driving forces of quote-based manipulation, we
formalize how parameters of the model affect an algorithm’s ability to learn to ma-
nipulate the order book. The results rely on Proposition |2/ so that if « ¢ I'(s), then

an algorithm cannot learn a strategy that manipulates the order book in state s.

Inventory Aversion. The following proposition shows that if the market maker is
sufficiently averse to holding larger levels of inventory, then their algorithm will not

learn to manipulate the order book.

Proposition 3. Let Assumption @ hold and let p%y < p% < phy and ply > pb >

Py hold. If the market maker’s inventory aversion parameter is such that

> v (w, q)}, 2.12
SR CIMCICR (212

then the algorithm will not learn to manipulate the order book for any state s = (w, q #
0).
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For a fixed volume imbalance regime w, the upper bound of the cutoff a;(w, q)
decreases monotonically as the absolute value of ¢ increases. When the value of the
inventory aversion parameter « satisfies (2.12), then o ¢ I'(s) for all states s = (w, q)
where g # 0, and the algorithm will not learn a manipulative strategy for all ¢ # 0.

Conversely, if the value of the inventory aversion parameter does not satisfy the
inequality in (2.12)), then a € I'(s) for some states s = (w,q) where ¢ # 0. Here,
there is a possibility that an algorithm will learn a manipulative strategy, but it is
not guaranteed.

The result is intuitive if we consider the factors that make a manipulative strategy
dynamically optimal. When initiating the manipulative sequence with a large limit
order, there is a possibility that the large limit order is filled. Therefore, if the
market maker is sufficiently averse to holding larger levels of inventory, then the cost
associated with a manipulative order getting filled is too high for manipulation to be

optimal; thus, the algorithm will not learn to manipulate the order book.

Quoted Spread. The following proposition shows how the expected quoted spread

affects an algorithm’s ability to learn to manipulate the order book.

Proposition 4. Let Assumption @ hold and let p%y < p% < phy and ply > pi >
Py hold. If the expected quoted spread ¥ — 0, then the algorithm will not learn to
manipulate the order book for any state s = (w,q) where q # 0.

The result follows because a;(w,q) — 0 for all w € Q and ¢ # 0 as ¥ — 0. This
ensures that for a > 0, we have o ¢ I'(s) for all states s = (w, ¢) where ¢ # 0, so the
algorithm will not learn a manipulative strategy.

Theory shows that the quoted bid-ask spread will not be zero even if the tick
size is zero (i.e., ¢ = 0) because market makers must recover inventory costs (e.g.,
[T, [54]), and losses due to asymmetric information (e.g., [38, [47, 46]). Nonetheless,
the proposition demonstrates the relationship between the expected quoted spread
and quote-based manipulation. As the expected quoted spread decreases, the range
of values of the inventory aversion parameter for which manipulation is optimal de-
creases. Conversely, as the expected quoted spread increases, the range of values of
the inventory aversion parameter for which manipulation is optimal increases.

The result is also intuitive when one analyzes the factors that make manipulation
optimal. First, as the expected quoted spread decreases, the gains from using limit
orders and the costs from using market orders become negligible, so it is more effi-

cient to revert to the preferred inventory position using market orders because they
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guarantee execution. Therefore, the uncertainty of a limit order execution and the
possibility that a manipulative order is caught out makes a manipulative strategy
suboptimal. Finally, as the expected quoted spread decreases, the expected profit
from round-trip trades also decreases. The decrease in the profits does not outweigh
the costs required to manage the inventory risk, and hence a manipulative strategy

is suboptimal.

2.6 Discussion

Our analysis focuses on when an algorithm learns to create misleading information to
buy or to sell an asset with a higher probability than was otherwise likely to occur,
and spoofing is a special case when the preference is for the manipulative order not
to be filled. In both types of manipulation, the manipulative step is to submit a
large quantity of limit orders to mislead other market participants who react to the
misleading signal, so the manipulator benefits from this manipulation. Indeed, this
manipulative step is consistent with what is considered illegal in Article 12(2)(c) of
Regulation (EU) No 596/2014 and Section 9(a)(2) of the Securities Exchange Act
of 1934@@ Therefore, our results can help identify limit order books in both the
European Union and US securities exchanges where quote-based manipulation is likely
to occur.

In this chapter, we define spoofing as a manipulative sequence in Definition
with the preference for the manipulative order not to be filled. Another definition of
spoofing is given by the [39] Act, which defines spoofing as bidding or offering with
the intent to cancel the bid or offer before execution. Our definition encapsulates
the spirit of the Dodd—Frank definition by including the preference not to get caught
out with the manipulative order, while also having greater reach.lﬂ For example,
manipulative orders with a time-in-force achieve the same effect as cancellations, but

the Dodd—Frank definition will not cover this case because there are no cancellations.

16 Available at: https://eur-lex.europa.eu/legal-content /EN /TXT /?uri=CELEX %3A02014R0596-
20210101 and https://www.govinfo.gov/content /pkg/COMPS-1885/pdf/ COMPS-1885.pdf, respec-
tively.

17Tt is worth noting that Section 9(a)(2) of the Securities Exchange Act of 1934 refers to trade-
based manipulation, whereas spoofing is a form of quote-based manipulation. However, existing case
law roughly accomplishes the goal of making spoofing illegal, but it lacks clarity and makes errors
in its reach.

180ur requirement to have the preference not to get caught with the manipulative order is restric-
tive, but it is no more restrictive than proving intent, which has its own set of issues. For example, it
is the main reason behind why tacit collusion is legal [see pp. 339-340 of 50]. Nevertheless, showing
a preference is not required to outlaw spoofing in securities exchanges.
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Another shortfall of the Dodd—Frank definition is its specific focus on spoofing, which
is only a particular case of quote-based manipulation. This narrow focus fails to
prohibit other forms of quote-based manipulation.

Our model predicts simple manipulative sequences that are easy to identify. Regu-
lators could monitor the probabilities p¢ and p?, (following for instance our estimation
procedure given in the next Chapter) across different LOBs to try to flag the mar-
ketplaces where manipulation is more likely to appear. Intuitively, higher p%, would
make action LLB to be more likely to appear at book regime SH, and similarly
higher p%, would make action LLS to be more likely to appear at book regime BH.
However, in practice, identifying and detecting manipulative sequences is not straight-
forward. For example, market fragmentation allows for cross market manipulation,
so our sequences need not appear within the same order book. Moreover, the inter-
action of multiple market makers makes it more difficult to detect these sequences
because the market makers can coordinate and ride the manipulative sequences of
each other. Nonetheless, a straightforward mechanical artifact of quote-based manip-
ulation is that the volatility of the microprice (volume weighted midprice) increases
as quote-based manipulation increases; how one establishes a counterfactual baseline
without quote-based manipulation remains unclear. Finally, although we focused on
quote-based manipulation, our approach can be used to understand analytically other
forms of unintended market manipulation from learning algorithms such as layering

or quote stuffing.

2.7 Proofs
Define the action value as
vs(a) = Eyx iétu(st,at,stﬂ) 0=,00 = a] (2.13)
t=0
= a(s,a) +6 ) pe'|w,a) Y p(dla @) vy, (2.14)
w'eN q'eQ

which is the expected stream of discounted payoffs from playing action a in state s

then playing optimally thereafter according to an optimal strategy o*.

Proof of Lemma[1. Order the set Q so that @ = {-¢,...,—2,-1,0,1,2,...,q}. To
keep notation simple, let A, = A’ denote the set of all actions for all s € S. The
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result continues to hold without this simplification (see [68], pp. 108) [’ We have the

following observations:

(i) For ¢ > 0, @(w, q,a) is non-increasing in ¢; i.e., 4(w,q,a) < u(w,q,a) for all
w € Qand for all a € A" when 0 < ¢’ < ¢;

(ii) For ¢ < 0, u(w, g, a) is non-decreasing in ¢; i.e., u(w,q,a) < u(w,q,a) for all
w e Qand for all a € A’ when ¢’ < ¢ < 0; and

(iii) Z;’ik p(jlg, a) is non-decreasing in ¢ for all k € Q and for all a € A’, where
p(jlg, a) is the transition probability from inventory level ¢ to inventory level j

under action a9

Consider the finite-horizon version of our model up to period N. Let vi(t) denote the
optimal continuation value in state s at period ¢ and adopt the convention that the

terminal payoff ay(w, q) = @(w, q, DN).

Claim 1. Fort=0,1,2,..., N, we have that

(1) = Iﬁ%{uw% +5Zp '|w, a) ZP]|CI7 wj(t+1)}

is mon-increasing in q when q > 0, so v} () < v ( ) for all w € Q and for all
t=0,1,2,...,N when 0 < ¢ < q. Similarly, when g § 0, v, (t ) is non-decreasing in
q, i-e., vl o (t) S up ,(t) for allw € Q and for allt =0,1,2,..., N when ¢’ < ¢ <0.

Proof of Claim[]. The claim follows from a straightforward modification of Propo-
sition 4.7.3 in [68] using backwards induction. Consider the case ¢ > 0. First, the
result holds for t = N from observation (i) because v}, ,(N) = ty(w, q). Next, assume
(for induction) that when 0 < ¢’ < g, we have v}, (t) < v} ,(t) for all w € Q and for
all t =n+1,..., N. By Proposition 4.4.3 in [68], there exists a* € A" so that

Vq(t) = u(w, ¢, a +5Zp 'lw,a”) ijlq, w4+ 1).

Let 0 < ¢’ < q. Use observations (i) and (iii), the induction hypothesis, and Lemma
4.7.2 in [68] to write

Vog(t) S ulw, g ") +6 Y p(wlw,a”) Y pildsa”) vt + 1)
w’ 7=0

9Indeed, the three conditions laid out on pp. 108 are satisfied with an appropriate adjustment
to the ordering of the set Q and the proof follows with some minor adjustments.
20We adopt the convention that p(j|g,a) = 0 when j ¢ Q.
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ac A’

< max {U(w, q.a)+0 > ple|w.a) > p(ild,a) vl (t + 1)} = Uy ().
w’ 7=0

When ¢ < 0, similar calculations hold with observations (ii) and (iii). Thus, the claim
follows. O

Finally, the pointwise limit (as N — oo) of non-increasing functions is non-
increasing, and the pointwise limit (as N — oo) of non-decreasing functions is non-
decreasing. Hence, v}, (t) is non-increasing in ¢ for all ¢t when ¢ > 0, and v} (t) is

non-decreasing in ¢ for all ¢ when ¢ < 0, so the lemma follows. ]

Proof of Lemma[Z The optimal action a* in state s = (w, ¢) maximizes the action
value in (2.13). To show that an action a is not optimal in state s, we show that the
action is strictly dominated by another action o', i.e., vs(a) < vs(a’) for state s.

For ¢ > 0, we first show that submitting a sell limit order LS always dominates

do nothing DN. Specifically, we have

Y «
’US(LS> = p:i E — (q — 1)2 + ) pr/|w /Uw,q—l

w w

+(1-p2) [—a q2 + 6 pr/|w U:’q

> —aq’+ P, 0 pr’lw Vg1t (1—-p3)o pr’lw Vi

w w

> —aq2+5 pr’\wvz,q = US(DN)7

where the last inequality follows from Lemma [I] Next, do nothing DN always dom-

inates a buy market order M B because

vs(DN) = —aq* + 9 pr/‘w Ui

Y .
> _E - Oé((]—{— 1)2 +9 Z/pw’|w Vw,q+1 = US(MB>7

where the inequality follows from Lemma |1l Thus, LS dominates DN, which domi-
nates M B. Therefore, both DN and M B are not optimal for ¢ > 0.

The same reasoning and calculations hold for ¢ < 0. Thus, the result follows
because a buy limit order always dominates do nothing, and do nothing always dom-

inates a sell market order. OJ O

Proof of Proposition [l For ¢ > 0, Lemma [2] ensures that the optimal action is never
DN or MB. We consider the ten pairwise comparisons from the set of actions
{MS,LS,LLS,LLB,LB}. For each (w,q), there exists a unique value o, (w,q)
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where two action values v, ,(a) and v, 4(a’) as a function of « intersect because the
action values are linear in a.

To compare the pairwise actions excluding LS versus LLS and LB versus LLB,
we choose a large value of « so that it is optimal to revert to zero inventory as fast as
possible and then stop making markets at zero inventory. That is, M .S is the optimal
action for all pairs (w,q > 0) and DN is the optimal action for all pairs (w,q = 0),
so it is easy to see that for ¢ > 0 and all w € €:

1. There exists arss(w, q) such that MS is preferred to LS if and only if o >

aLS,MS(w7 Q)-

2. There exists aprsms(w,q) such that MS is preferred to LLS if and only if

a > OéLLs,MS(W, q).

3. There exists arrp ms(w,q) such that MS is preferred to LLB if and only if

a > aLLB,MS(Wa Q)-

4. There exists arpms(w, q) such that MS is preferred to LB if and only if o >

QLB MS (w,q).

5. There exists arrprs(w,q) such that LS is preferred to LLB if and only if

a > aLLB,LS(Wa Q)~

6. There exists arp rs(w,q) such that LS is preferred to LB if and only if o >

aLB,LS(wu Q)~

7. There exists arrp rrs(w,q) such that LLS is preferred to LLB if and only if

a > aLLB,LLS(wa q)-

8. There exists arp rrs(w,q) such that LLS is preferred to LB if and only if

a > aLB,LLS(wa Q)-

For the final two comparisons, we consider a reduced action set without MS. We
choose a large value of a so that it is optimal to revert to zero inventory as fast as
possible and then stop making markets at zero inventory. For a large enough value
of o, we have vpy, > vy, > vy, and Vpy, 1 > Uy,1 > Usp,-1 because the
probability of selling a limit order is highest (lowest) in BH (SH). The action values
of LLS and LS (excluding the one-step utility) are

Vuq(LLS) = pj, ((1 — K) Vg1t 5 UNg-1 + 5 UBH,q—l)
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a * Koy Koy
+(1—pf) <(1 — K) Vg, + 5 VN + 5 UBH,q>
vw,q(LS) = pZ; (pSH|w /U:;‘Hg—l + PN|w U}k\f7q—1 + PBH|w ’U*BH7q_1)
+(1 - PZ) (pSH|w U;’H,q + PN|w 1)7\[7(1 + PBH|w UEH,(]) )

respectively. Therefore, v, ,(LLS) < v, 4(LS) if and only if
(1 =K = psu) (P56 Vsme—1 + (1= DPL) vem,)

“ Ky Ky
< Pu <(pN\w - 5) Ung-1 T (PBH|w - 5) UBH,q—1)

a Ky« Ry &
+(1 - pw) ((pN|w - 5) UN,q + (pBH\w o 5) vBH,q) )

which follows because
K; * H * *
(pN|w - 5) Ung—1 T (pBH\w - E) UBH,g—1 = (pN|w + PBH|w — K) UNg—1

= (1=K = psw) Vg1 > (1= K= PsHw) Vg
and
K " K * N
<pzv|w - E) UNg T (mew - E) Vbt > (PN PBHW — K) Uk
— (1 — K — pSH\w) U}k\hq > (1 — kR — pSH\w) Ug’H,q :

Hence, LS is preferred to LLS for a large enough value of a. Next, we compare LLB
and LB. The action values of LLB and LB (excluding the one-step utility) are

Vwq(LLB) = pl, ((1 — K) Vg gp1 T 5 UNg+1 + 5 USH,qul)

+(1 =) (1= K Vg + 5 Vivg + 5 Vo)
Vwg(LB) = ply (PBHW VB 011 T PNw Un g1 + PSHIw VSH.g11)
+(1—p2) (pBH|w VpHg T PNw VN, T PSHw UZ'H,q) )
respectively. Thus, v, ,(LLB) > v, 4(LB) if and only if

(1 -k —pouw) @) Vpp g (1 — ) VB ,)

b K * K *
> Dy ((pN|w - 5) Ung+1 T (Psmw - 5) USH,qul)
KR

* l{ *
+(1=1L) (P = 5) Vg + (Do = 5) V)

which follows because
,{/ * I‘i * *
(pN\w - 5) UN,qul + <p5H|w - 5) /USH7q+1 < (pN\w +pSH|w - H) UN7q+1
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= (1=K =pBHw) Ungn < (1=K = PBHW) Vprgn
and
K % K * K
<pN|w B §> Ung T (pSH\w B E) Vst < (PNl + Psmle = £) Uig
— (1 — K — pBH\w) U}k\;g < (1 — KR _pBH|w) U*BH,q :

With the ten pairwise preferences for ¢ > 0, we have that Figure [2.1] is the only
(non-contradictory) ordering of action preferences and cutoffs. The same reasoning
holds for ¢ < 0. O O

Lemma 4. Let 0 < ¢' < q. We have that v, , — v}, , converges to zero from below as

a — 0 for all w € Q. Similarly, v}, , — vy, , converges to zero from above as o — 0.

Proof of Lemmal[{ The result follows from adapting the proof of Lemma [I] to show
that if @ = 0 then v}, — v} , = 0. First, observe that if a = 0, then u(w,q,a) is

constant in ¢ when ¢ > 0 for all w € Q and for all a € A’. Following the proof of

*
w7q

and non-decreasing in ¢ when ¢ > 0. Therefore, v}, , — v, , = 0 for all ¢, q >0, and

Lemma , we have that the optimal continuation value v _ is both non-increasing

hence, the result follows as a consequence of Lemma [T} O O
Lemma 5. For q > 0, there exists a > 0 such that M.S < LS.

Proof of Lemmal[3. The action values of LS and M S are given by

v *
vy(LS) = p?, 5o (@=1)°+6 ) Purw Vg1

+(1—p3) [—Oé q2 +9 pr’hu U:},q )

w w

v .
vs(MS) = -5 —a (g—1)*+9 pr’|w Vg1
and their difference is
Uy (LS)—vy(MS) = (14 p2) 9/2—a (1 = p2) (2¢ — D)+0 (1= p2) Y Puri (Vg — Vhg1) -
From Lemma[4] we have that v,(LS) —vs(MS) — (1 +p2)9/2 > 0 as a — 0. Thus,
the claim follows because there are values of o > 0 for which M S < LS. OJ

Lemma 6. Let k = 0, p&y < p% < %y and phy > p% > phy hold. If condition (C1))
holds, then action LS dominates action LB at state (BH,q) for ¢ > 0. Moreover,
action LLB cannot be optimal at state (BH, q) for ¢ > 0. Similarly, if condition
holds, then action LB dominates action LS at state (SH,q) for ¢ < 0. Moreover,
action LLS cannot be optimal at state (SH,q) for ¢ < 0.
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Proof of Lemma[§. We focus on ¢ > 0. Since p%; > ply and lower levels of inventory

imply less penalty, we have that LB < LS. Moreover, the action value of LLB is
Vs(LLB) =pl, [9/2 = a(q+1)* + 6 ppga] + (1= 0)) [~ q® + 0 v5m,] -

We now show that if condition (C1f) holds, then LLB is never optimal in s = (BH, q)
where ¢ > 0. We proceed by contradiction. Suppose LLB is optimal in s = (BH, q)

where ¢ > 0. This implies the following claim is true:

Claim 2. If LLB is optimal in s = (BH,q) where ¢ > 0, then 9/2 — a(q + 1)* +

* 2 *

Proof of Claim[g We prove this claim by contradiction. Suppose that —a ¢>+6 v} Hq >
/2 —a(q+1)*> + vk 44, then we have

vprg(LLB) = phy [9/2 = a(q+1)* + 6 Upy 0] + (1= Php) [—a @ + 6 vhn,)

< phy [_04 ¢+ 5U*BH,q] + (1= phy) [_04 ¢+ 5U*BH,q] =—aq + OV,
which follows from Lemma . However, vy . = vpn¢(LLB) because LLB is optimal
by assumption. Therefore, the inequality above becomes vpy , < —a @ + duk Ha
which implies
. o_og
UBHg =TT
Now, consider a suboptimal strategy o that does nothing in all w € 2 at inventory

level q. The value of this strategy in s = (BH, q) where ¢ > 0 is given by

aq?
1—96

Therefore, vgy (o) > v} 1,4 18 a contradiction because the strategy o is suboptimal

VBHq(0) =

as a consequence of Lemma [2] Hence, the claim follows. O
Next, the claim implies that vsy ,(LLB) > vgy(LLB) because
USH,q(LLB) = PgH [19/2 -« (q + 1)2 + 5U*BH,q+1} + (1 - ng) [—a q2 + 5U*BH,q]

> [19/2 —a(g+1)7°+ 6U*BH,q+1] + (1= phyy) [—04 ¢+ 5UEH,(J
= ’UBH#I(LLB),

where the inequality follows as a result of phy > phy.
Use 1 — phy = (1 — p%y) + (0% — Pp) in the action value of LLB in s = (BH, q)

to obtain
vprg(LLB) = phy [9/2 = a(q+1)° + 6 Upy 01| + (1 — i) [—ad® + 6 vhn,)
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=y [?9/2 —a(g+1)7°+ 5UEH,q+1} + by — Pon) [—a ¢+ 5U*BH,q]
+(1 = phy) [~ad® +dvpp,]
< ply max {19/2 —a(g+1)°+ OVBH 41, — ¢+ 5U*BH,q}
+(Phr — Ppr) max {0/2 — a (¢ +1)° + 0 Vg gu1, —a @ + 0 Vg,
+(1 = phy) [~ d® +vpp,)
= ppy max {19/2 —a(q+ 1)2 + 6U*BH,q+17 -« q2 + 5U*BH,q}
+(1 = phy) [~ad® + 5U*BH,(J ;

where the inequality above follows as a result of p;; < p%y from condition (C1]) and
because r < max{z,y} and y < max{z,y} for all z,y € R.

Next, observe that both ¥/2—a (qg+1)*+0vp ., and —a ¢°+06 vy, are less than
/2 —a(q—1)* 4+ 005y, 1 because vy, | > Vs, > Vsuqg(LLB) > vpy (LLB) =

UBiq = VBH g1+ Lherefore,
vpH,q(LLB) < p% max {19/2 —a(g+1)?+ OVBH 411 — ¢+ (SUEH’(]}

+(1 = phy) [—ad® + 0 vk ]
< Psu [?9/2 —a(qg— 1)2 + 5U§H,q—1} + (1 - psy) [_04 Q2 + 5UEH,q]
< Phu [79/2 -G (q - 1)2 + 5U;’H,q—1] + (1 - paBH) [_04 CI2 + 5U§H,q]
= vpn,(LLS),

where the last inequality follows from vy > vsu(LLB) > vppqe(LLB) = vy,
This implies that vpy,(LLB) < vpy,(LLS). Hence, we have a contradiction as
LLB cannot be optimal in s = (BH, q) where ¢ > 0.

An analogous reasoning holds for ¢ < 0. n n

Lemma 7. Let k = 0, piy < p%& < phy and p%y > pb > ply hold. If condition
(C2) holds, then ay(w,q) >0 for all g >0 and w = SH. Similarly, if condition (C1)
holds, then ay(w,q) > 0 for all g <0 and w = BH.

Proof of Lemma[7. We focus on ¢ > 0. We require the following claim.

Claim 3. Let p%y < p% < phy and ply > ph > phy hold. If condition (C2) holds,
then there exists a > 0 such that LS < LB for all ¢ > 0 and w = SH. Therefore, for
this o > 0, LS is not optimal.
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Proof of Claim[3. The action values of LS and LB are given by

Us(LS) =02+ 0 ) Vg + 00 Y Pt (Vg1 — Vi)

—apl(q—1)* —a(l —pl)¢*
vs(LB) = pz V/246 pr’|w Uy T 5pr pr/|w (v;qﬂ — v;q)

—aph(g+1)? —a(l—pl)g*.

Asa — 0, v (LB)—v,(LS) — (p%, — p%) ¥/2 as a consequence of Lemma. Therefore,
LS < LB in w = SH because of p%, < phy from condition (C2)). Hence, LS cannot
be optimal because LS < LB. n

From Claim [3] there exists o > 0 such that LS < LB so that LS is not optimal.
We set the value of a so that M.S is not optimal. For this value of «, either LB,
LLB or LLS is the optimal action. If LB or LLB is the optimal action, then we
have a;(w,q) > 0. To complete the proof we see that LLS cannot be the optimal
action for the value of a. We proceed by contradiction. Assume LLS is optimal and
take a close to zero so that the effect of inventory is negligible when considering the

optimal continuation value. We denote v, = v, 4 = v, to obtain
vs(LLB) = ply(9/2+ 6 vpy) + (1 — pyr) 6 Uiy = oy 9/2 + 6 Uy
> Py 9/2+ Svpn(LLS) = ply 9/2+ 6 (phy V/2 + 0 vy)

> Pl 9/24 6 (phy 9/2+ 6 vsy),

where the last inequality follows from p%y > ply.
Observe that

ngﬁ/Z + 0 (pey /2 + 0viy) :ngﬂ/Z + dvgy(LLS) :ngﬁ/Z +0vsy,

where the last equality follows from assuming that LLS is optimal at SH. Therefore,
we have

vsa(LLB) > pgy 9/2 + 6 vsy > e 0/2 + S vsy = vp

which is a contradiction. Therefore, LLS is not optimal. The same reasoning holds
for ¢ < 0. O O

Lemma 8. Let k =0, ply < p% < phy and phy > p% > ply hold. For w = N, we
have oy (w, q) > 0 for either ¢ > 0 or q < 0.
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Proof of Lemmal[8 From Lemma [d] we have
un(LLS) = p%19/2 + dvsy and  wyn(LLB) = ph9/2 + dvpy .
for a small enough value of a so that if
p% /24 dvsy > ph /2 + vy
then a;(w,q) > 0 for ¢ < 0. Similarly, if
p% /24 dvsy < phy /2 + vy .
then ay(w, q) > 0 for ¢ > 0. ] ]

Lemma 9. For k satisfying condition (C3)), Lemma@ continues to hold.

Proof of Lemmal[9 Since k does not play a role in the comparison between actions
LS and LB, we still have that action LS dominates action LB at state (BH, q) for
q > 0. Suppose that LLB is optimal at (BH,q > 0), then

5 @ (q+ 1) +6((1—r) UBHg+1 T 5 UNg+ + 5 VSH.g11)

>—aq¢ +6((1-k) UH,g T 5 VN + 5 Vsnq) -

Suppose the inequality above is not true. We know max{vyy ., VN s Vsm4} = VB4
because if the maximum was v§g ,, then vpp(LLS) > vpp(LLB), which cannot
be true assuming LLB is optimal at (BH,q > 0). Therefore, if both vy, is the
maximum and LLB is optimal at (BH, q), then staying at (BH, q > 0) forever would
be optimal. However, this would give the same payoff as doing nothing forever,
which is never optimal. Therefore the previous inequality holds. From the previous
inequality, we have vgy(LLB) > vpg,(LLB) because phy > phy. Therefore,

Uiy < Usp, Now, observe that
b v 2 * K« K &
vBHq(LLB) = ppy 5 @ (q+1)"+06 ((1 — K) Vg g1+ 5 UNa+1 + 5 USH,q+1>

+(1 - plj)aH) (‘04 ¢ +6 <(1 —K) UHq T B Ung T ) USH,q)>

9 * Koy Koy
= Phu (5 —a(g+1)°+9 ((1 — K) U g1 T 5 UNar1 T 5 USH,qul))
a b 2 * K * R *
+Ppr — Pru) <_05 q +0 ((1 — K) U, + 5 UNa + 5 USH,q>)
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+(1 - pap) ( ag® +6 ((1—r)vpy, + gv;(V,q_f—gUgH,q))

< Py (g —a(q+ ) ((1 K) Upg g1 T g U?V,qul + SUEH,W))
+(1 —phy) ( aq —|—5<1—/<J Upgg t ;U}k\,,q—{—gng’q))

< Psu (g —a(g—12+4¢ ((1 — K)Upp g1+ gv}k\/,qq + g U;‘H,q1>)

a % K K,
+(1 - phg) <—0z q2 +9 ((1 — K) Upp,g T 9 Ung T 95 USH,q>> = vpm,y(LLS).
Hence, a contradiction, so LLB is never optimal at (BH, g > 0). The same reasoning
holds for ¢ < 0. O] O]

Lemma 10. For k satisfying condition (C3)), Lemma@ continues to hold.

Proof of Lemma[10. Tt is straightforward to see that Claim [3| still holds because the
transition probabilities of large limit orders do no play a role in its proof. To show
that Lemma [7| continues to hold, we prove that LLS is not optimal in (SH,q > 0)
for a small enough value of a. We proceed by contradiction. Assuming that LLS is

optimal in (SH,q > 0), for a small enough value of «, we have
v K . K
USH(LLB)ZPZH<2 +0((1 = rK)vpy + 2UN+§USH)

+<1_prH>5((1_H)UBH+§'UN+§USH)
9 K . K
—pSH2+5(< )UBH+2UN+§USH)7
and
a Y Ko AT
vsp(LLS) = pSH( +0((1—r)vgy + 5 5 UN + §UBH)

a * Koy Kk
+(1 = pay) 6 (1 — &) USH+§UN+ §UBH>

= g+ 0 (L= ) Vg + Sy + )
We have that v, > v§y because pgy > pey and there is less penalty at ¢ — 1 than
at ¢ and because we assume that LLS is optimal at (SH,q > 0). Therefore, use
Poy > phy, Vg > sy, and (1 — k) > k/2 to obtain

R (R S L

9 K K

> P 5 +0 ((1 — K) Vs + §U7v+§U*BH)
so that vey(LLB) > vsy(LLS) = v¥y, and therefore a contradiction. The same
reasoning holds for ¢ < 0. O
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Remark 1. For k satisfying condition (C3)), Lemma@ continues to hold because the
transition probabilities of the large limit orders do not play a role in the proof of
Lemma[8.

Lemma 11. Let p&y < pi < p%u, 0% > D% > Py, and (C3) and (C4) hold.

a 0(1-k—% a
If (b — p%) > ﬁ(ng — phy), then ag(w,q) > 0 for ¢ > 0 and w = N.

.. . 6(1—k—%
Similarly, if (p§ — py) > 1+(5(1—_Kf)§) (Phi — Psp), then ay(w,q) > 0 for ¢ < 0 and

w=N.

Proof of Lemma |11. To prove the lemma, we first establish the following claim.

Claim 4. If p&y < p% < PS> Do > v > Py, and (C3) and (C4) hold, then for
a small enough value of oo, LS < LLS for w= BH, LB < LLB for w = SH, and
LB < LLB and LS < LLS for w= N.

Proof of Claim[4. 1f holds, then the following hold:

PNiBH — 5
Phr — Py < (P — max{pf, ph}) ————,
PBH|BH — 5

a a a DNISH — 5
prH — P < (Pey — maX{pNapl])V})#

psuisH — 5
a a PNIN — 5
D — Dby < (P — max{p, ply})——2
PBHIN — 3
a a a PNIN — 5
Psir — Do < (Upn — max{pNaplzj\r})#

psHIN — 5

We first focus on w = BH. For a small enough value of «, the inventory penalty is
negligible and the optimal action is LS or LLS. Moreover, LLS is preferred to LS if
and only if

K K
(1 —r)vsm + 5 UN + 5 UBH > PBH|BH VBH + PN|BH UN + DSH|BH VSH

If max{vsy,vn,vpr} = vsm, then the last inequality trivially holds because of (C3]).
On the other hand, if max{vsy, vy, v} = UBHE, we proceed as follows: Note the

last inequality holds if and only if

K

K
(1—k— PSH|BH) USH > (pBH|BH - 5) UBH (PN|BH - 5) UN <

K K
(1 == (1= ppripr — pyir)) Vs > (PeHIBH — 5) vpn + (PNiBH — §) UN

21Tt is not possible for both v} > v%y and vy > v}y to hold because p% < p%y and p& < pky.
This is enough to exclude the case max{vsy,vn,vpH} = VN.
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kK K K K
(PBH|BH + PN|BH — 5 5) vsy > (PBH|BH — 5) vpH + (DNjBH — 5) UN
K K
(pN|BH - 5) (vsg — vN) > (pBH\BH - 5) (vBH — VsH) =
PNIBH — %

vpn — Vs < (Usg — UN) P
PBH|BH — 5

where the last inequality follows from (C3|). If max{vsy,vn,vpr} = vpg, then
vpr < PhyU/2 + dvpy. Moreover, the optimal action in w = SH is LLB when

max{vsy, Uy, Vg } = vpy. Hence,
UBH — UsH <p%H19/2+(5UBH —ngﬁ/Z—évBH = (p%H_prH)ﬁ/Q'

And also,

* * * 19 * a 19 *
Vs — vy = vsu(LLB) — vy > pgy B} + 0 vy — max{pf, Py} 9 0 Uppy
b a b v
= (psg — max{py,py}) 9

because vy < max{p%, p% }V/2 + dvgg. Therefore, if

a b b o by PNBH — 5
Per — Psn < (Pgg — max{py,py}) _QH ;
PBH|BH — 3
then LLS is preferred to LS because

* * pN‘BH_g b a b v pN|BH_%
(vsu —on) ————— > (Psu — max{pvaN})§ %
PBH|BH — 3 PBH|BH — 3
b * *
> (Py — Psu) 5 = VBH ~ Vs -
For w = SH, we follow a similar reasoning so that if

P — g < (Wgpy — max{ply, p}) T "2

PsH|SH — 3
then LLB is preferred to LB in w = SH.
For w = N, we first compare LLS with LS. As before, LLS is preferred to LS if and
only if

(1 —rK)vgy + 5 vy + gU*BH > PBHIN Uy + PN|N Un + DsHIN Vsg -

If max{vsy,vn,vpr} = vsy, then the former inequality holds because of . On
the other hand, if max{vsy,vn,vpr} = vpH, proceeding as before we have that the

last inequality holds if and only if

K

PNIN — 3
vpr — Vsu < (Usg — UN) —_—.
PBHIN — 3
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The remainder follows the same reasoning as that in the case with w = BH so that if

a b b o by PNIN— 5
Per — Psn < (Pgg — max{py, Py }) —_2ﬁ ;
PBHIN — 3
then LLS is preferred to LS in w = N.
Finally, using a similar reasoning, we have that if
b a a a b PNIN — 3
Pen — Phu < (Phy — max{py, py}) ——=,
PsHIN — 3
then LLB is preferred to LB in w = N. n

For w = N, if the value of « is sufficiently small, then we have the following action

values
y U K K
UN(LLB) = DN (5 + (5( (1 — /i)UBH -+ §’UN + §USH)
K K
+(1 - pljv) 0((1 — K)vgy + §UN + §’USH) =
) K K
pl])\[ 5 + 1) ((1 — Ii)UBH + §UN + §U5H> s

9 K K
’UN(LLS) = p(;\f (5 + 5( (1 — H)USH + 5?)]\7 + §UBH)

K K
+(1 = py) 0((1 = K)vpr + Sov + Svsn)

9 K K
= py 5 +0((1 = K)vsy + §UN + EUBH) )

For a sufficiently small value of «, the optimal action is either LLS or LS in w = BH,
whereas the optimal action is either LLB or LB at w = SH. From Claim [4] we have
LS < LLS for w = BH and LB < LLB for w = SH. Moreover, we note that
d5vy appears both in the expressions for vy (LLS) and for vy (LLB), and also when
computing both vgy and vpy. Hence, it does not play a role in the comparison
between vy (LLS) and for vy(LLB). Therefore, vy(LLB) > vy(LLS) happens if
and only if (we get rid of terms involving vy, so that in particular we have to modify

the terms vpy and vgy with new terms denoted x, y)

P S48 (1= Ryt Sy >y 5 5 ((1— Ry + ),
with
v = s +0((1— )y + 1)
and

) K
y= pbs;qg +0((1L=r)z +39).
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The last 2 conditions allow to solve for x and y and therefore plugging them in the
expressions for vy (LLB) and vy (LLS) we get that

0(1—k—15%)

2

1+6(l—r—1%

un(LLB) > vy(LLS) < (ph — p%) >

) (ng - pC]LBH)
O

Proof of Theorem [l We first consider the case k = 0. Combining Lemma [5] and
Lemma [6] ensures that there exist values of a small enough for which LS or LLS is
optimal at (BH,q), for ¢ > 0. Combining Lemma (7| and Claim 4| guarantees that
there exist values of a small enough for which LLB is optimal at (SH,q), for ¢ > 0.
This proves the Theorem for states (SH,q > 0). An analogous reasoning is used to
prove the result for states (BH,q < 0). Combining Lemma [§f and Lemma [11] proves
the result for either states (N, ¢ > 0) and (N, g < 0). For & satisfying condition (C3]),
the result follows from Lemmas [ and [[0 and Remark [l O O

Proof of Lemmal[3. We compare the value of two strategies. Specifically, we consider
an optimal stationary pure Markov strategy ¢* and a strategy o that is suboptimal.

We run both the suboptimal strategy and the optimal strategy until the states
match, and then the suboptimal strategy plays according to the optimal strategy.
Here, the target state continues to change as a consequence of running the optimal
strategy; so the suboptimal strategy is defined to follow the inventory level of the
optimal strategy. Specifically, if the optimal action leads to the inventory staying at
the same level, then the suboptimal strategy does nothing; if the optimal action leads
to the inventory increasing by one unit, then the suboptimal strategy submits a buy
market order; finally, if the optimal action leads to the inventory decreasing by one
unit, then the suboptimal strategy submits a sell market order. Therefore, the states
of the two chains are always at the same level of inventory, so the difference in the
payoff received (at each step) is less than ¥J.

Now, for the states to match, the volume imbalance regime w also needs to be
the same. Observe that at each time step, the probability that the two chains meet
at the same volume imbalance regime (after one step) is greater than m, where m
is the minimum element of the transition probability matrix corresponding to the
baseline book regime transitions (when no large limit orders are submitted). Hence,
the hitting time is dominated by a geometric random variable with success probability
m; thus, the expectation of the hitting time is less than 1/m. Therefore, we have

’U:;q — U::/g < U:),q — Uy q(0) <9 /m
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because the discount parameter § < 1. O O
Proof of Proposition[4 From the action values, LLB < LLS if and only if

(pt, —p2) /2
p&(2¢ — 1) +pb(2¢ + 1)

o >

pcl:; ((1 - ﬁ)(U}k?H,qul - UEH,q) + g(v}k\/,(ﬂrl - UTV,q) + g(UE'H,qul - U?S('H,q))
1)

pa(2g — 1) +pb(2¢ + 1)

Do ((1 - “)(UEH,q - UE’H,q—l) + S(U}kv,q - U}k\f,q—l) + %(UEH,Q - U*BH,q—l))
p4(2¢ — 1) +pl(2¢ + 1)
((1 - %)(U};H,q - UgH,q))

pe(2¢—1)+p2(2¢+1)

+6

+0

We use the upper bound from Lemma (3| and the upper bound v}, , — v, ; < 0 from
Lemma [T, to obtain
b a
Do —P5)V/2+0/m
a1<w7 Q) < 5 ) b - al(w7 Q) (215)
p(20 = 1) +p5(2g +1)

as an upper bound for a;(w, q) that is strictly positive.

From Lemma , we have az(w,q) > 0 for all w € Q and g > 0. Therefore, the
result follows because a;(w, ¢) Aasz(BH, q) < ay(w, q) and a1(w,q) ANag(BH, g+ 1) <
a1 (w, q). O O

Proof of Proposition[3 For a fixed volume imbalance regime w, the function @ (w, q)
monotonically decreases as the absolute value of ¢ increases. The choice of a ensures
that a ¢ I'(s) for all states s = (w, q) where ¢ # 0, so the result follows. ] ]

Proof of Proposition [ If 9 — 0, then @;(w,q) — 0 for all w € Q and ¢ # 0.

Therefore, the result follows as a consequence of Proposition [3] n n
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Chapter 3

Empirical Aspects and Extensions
of the Spoofing Model

3.1 Introduction

In this Chapter we provide the empirical evidence that supports the features of the
model of Chapter 2 and the conditions in Theorem [1| to guarantee the presence of
manipulation in many of the possible states. We also analyze some extensions of the
model of Chapter 2 and see that manipulation can still hold on them.

In particular, in Section we detail the estimation procedure for both the fill prob-
abilities and the baseline transition probabilities required in our model of Chapter
2, and we see that the conditions of Theorem 1 of Chapter 2 are usually satisfied
empirically.

In Section we extend our results from the previous Chapter in five directions.
First, when the trading horizon is finite, we use backward induction to solve numer-
ically for an optimal strategy and find that algorithms can also learn to manipulate
the order book. Second, we show that algorithms will learn to manipulate the book
when there is a trend in the fundamental value of the asset. Third, we allow the
learning algorithm to submit buy and sell limit orders (of either small or large vol-
ume) at different price levels, and find that manipulation also arises. Fourth, when
the manipulative orders are filled for multiple units, the learning algorithm will also
learn to manipulate the book. Fifth, we study the effect of introducing a competing
market maker. We find that if both market makers train their algorithms offline,
then their algorithms either coordinate or mis-coordinate depending on their initial
inventory level. On the other hand, if both market makers train their algorithms
online, then their algorithms learn to coordinate by either riding the manipulative

sequences of each other or by allowing one market maker to ride the other market
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maker’s manipulative sequences to avoid mis-coordination.
Finally, in Section we give some additional tables and figures regarding estimated
transition probability matrices between book regimes for different assets, and con-

cerning the extensions of Section [3.3]

3.2 Empirical Estimation

This section uses Nasdaq data to test the conditions derived in Section 2.4, We discuss
the estimation procedure for the parameters of our model, and we use these estimates
to determine if market conditions from Nasdaq are conducive for an algorithm to
learn to manipulate the order book. We use the dataset from Section [2.2]

Table 3.1: Summary statistics for April 2023.

Decision Ave. spread Ave. queue Ave. queue Ave. volume Ave. volume

Ticker interval At (ticks) size best bid size best ask traded per At imbalance
5 seconds 1.168 583 600 1217 0.008
AAPL 1 second 1.167 583 600 243 0.006
0.5 seconds 1.168 584 601 122 0.006
5 second 1.205 532 572 1146 -0.027
AMZN 1 seconds 1.206 532 571 229 -0.028
0.5 seconds 1.206 533 571 115 -0.027
5 seconds 1.005 2088 2046 488 0.012
CSCO 1 second 1.006 2100 2060 98 0.012
0.5 seconds 1.011 2120 2078 49 0.012
5 seconds 1.005 3378 3517 975 -0.014
INTC 1 second 1.005 3385 3530 195 -0.016
0.5 seconds 1.006 3405 3557 97 -0.017
5 seconds 1.783 114 119 746 -0.021
MSFT 1 second 1.784 114 119 149 -0.022
0.5 seconds 1.788 114 119 75 -0.022
5 seconds 2.231 190 200 2089 -0.01
TSLA 1 second 2.235 195 198 418 -0.01
0.5 seconds 2.232 194 198 209 -0.009

Table provides summary statistics for six assets at three different decision
intervals At: 5 seconds, 1 second, and 0.5 seconds. We estimate the statistics by
sampling the relevant features at every decision interval.

3.2.1 Estimation Procedure

In our model, there are two sets of model parameters to estimate: the transition

probabilities of the volume imbalance regime p.s, for all w,w’ € €, and the fill
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probabilities in each volume imbalance regime p? and p?, for all w € Q.

Transition probabilities. Let n, ., denote the number of times that volume im-
balance moved from state w to w’. Then, from standard results, we have that

~ . T !
pw’lw - Zw” nw’w// P (3.1)

where transitions from the end of one trading day to the start of the next trading day
are excluded from the count. Table [3.5] of Section [3.4] provides the estimates of the

transition probability matrix for the assets at the three different decision intervalsE

Fill probabilities. We estimate the fill probabilities with counterfactual analysis.
Following [10], we submit “hypothetical” limit orders (with unit volume) at the end
of the best bid and best ask queues at time ¢, and we track if the hypothetical order
was filled between ¢ and ¢+ 1 following price-time priority. These hypothetical orders
account for all the change in behavior of market participants described in Section [2.2]

3.2.2 Spoofing Conditions

Table 3.2 uses the estimates from Tables 2.7 and B.5] to check if conditions in Theo-
rem [I] are satisfied. The entry NA indicates that the conditions in Theorems [I] and
are not applicable because condition ((C4)) does not hold.

Table 3.2: Testable conditions from Theorem , with k = 0 in (C4)).

Ticker 5 seconds 1 second 0.5 seconds

[C1), [C2) (€4 Side [(C1), (C7) (C4) Side | ([CT), (C2) (CF) Side
AAPL v v ¢>0 v v ¢>0 v v ¢>0
AMZN v v ¢<0 v v ¢>0 v v ¢>0
CSCO v v ¢<0 v v ¢<Q0 v v ¢>0
INTC v v ¢>0 v v ¢>0 v v ¢>0
MSFT v v ¢<Q0 v v ¢>0 v X NA
TSLA v v ¢<0 v v ¢<0 v v ¢<0

For all assets and decision intervals considered, conditions and are
satisfied. Therefore, there are values of the inventory aversion parameter o where a
manipulative strategy is optimal for s = (SH,q > 0), s = (BH,q < 0), and s = (N, q)
for either ¢ > 0 or ¢ < 0. On the other hand, condition allows one to determine

if manipulation occurs in the neutral regime when inventory is long or short.

IThe rows of the estimates of the transition probability matrix do not always sum to unity
because we round the estimates to the second decimal point.
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Figures in Section plots & (w, ¢) as a function of inventory, so the area
under the curves describes the intervals I'(s), where a € I'(s) is a necessary condition
for the algorithm to learn to manipulate the order book. Therefore, for all assets and
decision intervals considered, there exists a range of values of the inventory aversion
parameter o below the curve where an algorithm will learn to manipulate the book.

Also, for most assets in Table of Section , we see that condition (C3)
holds for values of x ranging from 0.2 to 0.5 depending on the stock. Therefore, in
certain instruments, if a manipulative order allows one to transition to the appropriate
heavy regime half of the time, then a manipulative strategy can become dynamically
optimal. On the other hand, assets such as CSCO and INTC only hold for small values
of k ranging from 0.04 to 0.2 depending on the decision interval. In these cases, a
manipulative strategy may no longer be dynamically optimal if a manipulative order
does not allow one to transition to the appropriate heavy regime almost all of the

time.

3.3 Extensions

This section analyzes five extensions to our model: finite trading horizon, trend in the
value of the asset, limit orders posted at various price levels of the book, more than
one order (or more than one lot) of the manipulative limit order is filled, and more
than one market maker delegating trading to a learning algorithm. We show that in
all these extensions the algorithms will learn to manipulate the limit order book, and
show that when market makers compete, their algorithms can learn to coordinate

their actions to manipulate the book.

3.3.1 Finite Trading Horizon

Above, we focused on the infinite-horizon case because most learning algorithms are
designed for such a setting. However, a finite-horizon model best captures intraday
trading because many market makers close inventories before the end of the trad-
ing day. Due to this, we assume that the optimal action at time T corresponds to
DN. With a finite trading horizon, theoretical results guarantee that there exists an
optimal non-stationary pure Markov strategy (see for example Proposition 4.4.3 in
[68]), so the space of strategies to search over significantly increases. This is intuitive
because the optimal action with a few minutes before the end of the trading horizon
differs from the optimal action with a few hours before closing. Nonetheless, the

problem can be solved through backward induction.
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Intuitively, for a sufficiently long horizon T, the trading behavior at the start
should resemble that from an infinite-horizon problem. Although we do not have
testable conditions for a finite-trading horizon, we use dynamic programming to solve
numerically for the optimal non-stationary pure Markov strategy. Figures [3.743.24
in Section |3.4] use the empirical estimates from Tables and [3.5, and discount
factor 0 = 1, to plot the optimal actions for each state and at each point in time
t=0,1,2,....,T = 30 . From the figures, one can string together the optimal action
from one time step to another, and we show that quote-based manipulation can occur

at every time point ¢, and that manipulation occurs for inventory levels closer to zero.

3.3.2 Trend in the Fundamental Value of the Asset

Here we assume that 25 — 1 # 0. When 25 — 1 > 0, there is an upward trend in
the fundamental value of the asset, and when 2 5 — 1 < 0 there is a downward trend.
Optimality of action DN is mathematically difficult to study in this extensionﬂ We
cannot then apply the results obtained for the basic model and we have applied
simulations. We consider the assets AMZN and CSCO, we set values of ¢ ~ /2 and
we see that both spoofing and more generally manipulation also hold in this setting,
as we can see in Figure [3.25] in Section Moreover, there is a gravitational pull

towards a positive inventory level. The maximum of the optimal continuation values

vy, . is for ¢* > 0, as we can see in Figure in Section .

3.3.3 Multiple Prices

Here, the action space includes the actions to submit buy and sell limit orders to K
(finite) price levels. Following (2.3), the expected one-step utility from submitting
buy or sell limit orders at price level k£ € {1,2,..., K} in state s = (w,q) € S is given
by

+ G-Vl —apl (g+1)? —a (1-pl)¢* fora=LB;,
+ (k=1 p)psF —apr* (¢g—1)2 —a (1 —p%*)¢*> for a= LSy,
(3.2)

<
—
»

IS
N~—

I
—_——
/
NS NS

where p»* € (0,1) and p? € (0,1) are the fill probabilities of a sell and buy limit

order, respectively, at price level k in each regime w € . The ordering p%* > p®? >

2Intuitively, there is at most one inventory level ¢* > 0 in this setting for which DN could be
optimal for a range of values of the inventory aversion parameter. This would generalize the original
model, where it was easy to prove that ¢* = 0 for any book regime w because DN was never optimal
at (w,q) for ¢ # 0. However, it is not straightforward to prove that there exists at most one level
g* > 0 for which DN is optimal in (w, g*).
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o> psE and pit > pb? > . > pbK holds for all w € Q because of price-time priority.
The first price level £ = 1 corresponds to the best bid and best ask, while price level
k > 1 corresponds to k — 1 ticks below (above) the best bid (best ask).

The inventory and regime transitions for the buy (sell) limit orders at the different
price levels are the same. The only difference between the different price levels is the

expected one-step utility and the transition probabilities. We denote

k%(s) = arg max {u(s, LS;)+46 Z p(w'|w, LSk) Z p(q'lq, LSy v::,,q/} . (3.3)

ked{l,...,K} e =)

k() = arg max {U(, LB;) + 5%;219(01%, LB;) qujQp(qu, LB;) viif,q/} , (34)
as the price levels on the ask side and bid side, respectively, that lead to the maximum
expected stream of discounted payoffs in state s = (w,q). If there are multiple
price levels that maximize these equations, then all price levels will lead to the same
expected stream of discounted payoffs in state s = (w,q). With tiebreaks, there
is one price level from the ask and one from the bid that maximize the equations
above. Therefore, for each state s, price levels k%(s) and k®(s) strictly dominate the
remaining price levels in state s. Thus, the remaining price levels in the ask and in
the bid are not optimal actions in state s because they do not maximize . In the
multiprice setting we consider the corresponding large limit orders: that is, for any
possible LS, we also have the associated LLSj, and for any possible LB;, we also
have the associated LLB;. In this case, we ran simulations for K = 3 different levels
in the ask and bid prices for AMZN and CSCO, we set ¢ ~ /2 and find that the
algorithm learns to manipulate and spoof the order book (recall that 1 is the expected
spread and ¢ is the size of the tick) as we see in Figure in Appendix [3.4]

3.3.4 Multiple Filled Limit Orders

So far we assumed that when submitting a large number of limit orders or one limit
order with a large volume, at most one unit or one lot is filled regardless of the volume
of the limit order or the number of limit orders. Here we allow for two orders to be
filled, and we run simulations to see what is its effect. As large limit orders are planned
to be cancelled, we assume the probability of filling 1 limit order is higher than the
probability of filling 2 limit orders in this scenario. In particular, the probability
of filling one limit order is twice the probability of filling two orders. As above, we

find that the algorithms learn to manipulate and spoof the order book, as shown in

Figure in Section [3.4]
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3.3.5 Multiple Market Makers

Our analyses thus far focused on quote-based manipulation by a single market maker.
An extension is to study multiple market makers who delegate their decision making
processes to learning algorithms. How does the introduction of another market maker
(who also uses a learning algorithm) affect a single algorithm’s ability to manipulate
the order book?

We ignore competition between limit orders from the different algorithms to sim-
plify the analysis. Instead, we analyze the effect of multiple algorithms attempting
to control the volume imbalance regime through manipulative orders. To formalize
the new transition dynamics of the volume imbalance regime, we focus on two market
makers where a = (a', a?) is the action profile. The transition dynamics now depend

on the action profile p(w’ |w, a) for all w,w’ € €2, which we summarize below:

e If both market makers submit a small or no order, then the volume imbalance

evolves according to its baseline dynamics.

e If one market maker submits a large limit order and the other market maker
submits a small or no order, then the volume imbalance regime moves to buy-
heavy or sell-heavy with probability one (depending on which side the large

limit order is placed).

e If both market makers submit large limit orders on the same side of the book,
then the volume imbalance regime moves to buy-heavy or sell-heavy with prob-

ability one (depending on which side the large limit orders are placed).

e If both market makers submit large limit orders on opposing sides of the book,

then the volume imbalance evolves according its baseline dynamics.

The notion of optimality with multiple market makers is based on equilibrium so-
lution concepts. In turn, the solution concepts depend on the game and the strategies
used by the learning algorithms. Generic learning algorithms search for an optimal
strategy in the space of stationary Markov strategies; hence, an algorithm conditions
its behavior on the set of states encoded in the algorithm. In our setting, each al-
gorithm conditions their behavior on the volume imbalance regime which is publicly
observable, but they also condition their behavior on their own level of inventory

which is private information.
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With private information, the most appropriate equilibrium solution concept in
this setting is a perfect Bayesian equilibrium, where the belief determines the oppo-
nent’s level of inventory, and the optimal strategy should be optimal with respect to
the belief. However, generic learning algorithms use stationary Markov strategies and
do not account for an opponent’s level of inventory, so a perfect Bayesian equilibrium
is not appropriate for generic algorithms Y| Nevertheless, we can analyze the effect of

this misspecification on an algorithm’s ability to manipulate the order book.

Table 3.3: Average number of manipulative sequences over 50 trading intervals.

Zero inventory  Same inventory Opposing inventory

Agent 1 Agent 2| Agent 1 Agent 2| Agent 1 Agent 2

q=20 q=20 q=414 q=414 q=41 q=—4
5 seconds | 24.87 20.87 20.79 25.93 21.97 22.11
Baseline 1 second 25.22 14.92 14.78 29.25 18.52 18.77
0.5 seconds | 27.03 14.51 14.52 32.42 17.37 14.45
5 seconds | 24.92 26.29 21.01 22.65 20.85 22.52
AMZN | Offline 1 second 27.01 29.62 17.12 19.02 17.46 19.40
0.5 seconds | 30.71 32.76 16.20 18.32 22.05 18.27
5 seconds | 24.40 25.89 20.47 22.12 20.41 22.04
Online 1 second 22.49 29.16 12.69 19.26 11.98 18.16
0.5 seconds | 21.27 32.13 1.21 15.20 1.12 14.43
5 seconds | 25.56 15.25 15.12 29.19 18.29 18.82
Baseline 1 second 32.98 13.88 13.70 36.48 11.59 10.40
0.5 seconds | 37.27 9.54 9.55 40.27 7.73 7.89
5 seconds | 29.72 29.65 20.50 18.91 21.67 19.99
CSCO | Offline 1 second 37.13 37.10 14.73 12.62 21.25 18.53
0.5 seconds | 40.90 41.04 9.40 8.66 21.07 19.69
5 seconds | 22.16 29.33 12.75 17.94 11.69 18.78
Online 1 second 20.13 36.46 0.0 13.00 0.0 10.79
0.5 seconds | 32.59 39.78 0.0 14.91 0.0 14.49

Decision
Interval At

Ticker | Setup

To study the effect of introducing a second learning algorithm, we first establish a
baseline with one market maker who uses an algorithm to learn the optimal trading
strategy. The market makers solve for the optimal strategy with the policy iteration
algorithm using the empirical estimates from Tables and discount factor
§ = 0.95, and inventory aversion o = 10~* for market maker one and o = 1075 for
market maker two. Although we have two market makers for the baseline, we do not
study their interaction for the baseline setting. For each market maker, we simulate

their optimal strategy over 50 time steps 10,000 times when the market maker starts

3A Berk-Nash equilibrium (see [42]) is the most suitable equilibrium solution concept for this
misspecified setting, but the analysis is beyond the scope of the paper, and also not applicable to
generic learning algorithms.
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with different values of the initial level of inventory. The initial volume imbalance
regime is sampled with equal probability. Table reports the average number of
manipulative sequences for each market maker. We count a manipulative sequence
as LLB at time t followed by LS or LLS at time t + 1 for ¢ > 0, or LLS at time ¢
followed by LB or LLB at time t + 1 for ¢ < 0. The table reports the results of two
representative assets AMZN and CSCO. The results of the other assets are reported

in Tables B.6H3.8] of Section [3.4]

3.3.5.1 Offline Learning

Here, both market makers train their algorithms offline with the misspecified model
(the original model from Section which ignores the strategic behavior of other
algorithms, and we analyze the outcome of the interaction between the algorithms in
the market. With the same setup as that of the baseline, we simulate the interaction of
the market makers over 50 time steps 10,000 times when (i) both market makers start
with zero inventory, (ii) both market makers start with the same level of inventory
(¢ = 4), and (iii) the market makers start with opposing levels of inventory (¢ = 4
and ¢ = —4).

When comparing the result with the baseline, the introduction of another market
maker increases the number of times manipulation occurs in the market (i.e., market
makers ride the manipulative sequences of each other) when the market makers start
with zero inventory and with opposing levels of inventory. On the other hand, the
introduction of another market maker decreases the number of times manipulation

occurs in the market when the market makers start with the same level of inventory.

Table 3.4: Average manipulation statistics.

Ticker Setup At Misn.latching m.anipulative. ord.ers Single manipulative order .
Zero inv. Same inv. Opposing inv.|Zero inv. Same inv. Opposing inv.

5s [0.1554% 0.2388% 0.4408% 13.46 18.42 18.75

Offline 1s |0.1215% 1.3516% 0.0054% 22.47 22.01 29.52
AMZN 0.5s] 0% 0% 0% 19.07 18.71 34.65
5s 10.2256% 0.3738% 0.4949% 19.39 21.58 21.92

Online 1s |0.4190% 1.8937% 2.3348% 24.25 26.66 23.93

0.5s] 0.7635% 0% 0% 25.25 25.96 25.69

5s |0.3008% 0.0591% 1.0232% 20.13 19.82 34.29

Offline 1s |0.0115% 1.7566% 4.6456% 12.63 7.66 38.89

CSCO 0.5/ 0.0109% 0% 4.5198% 8.82 2.98 41.07
5s 10.6417% 2.2775% 4.6541% 24.77 26.35 25.06

Online 1s |1.4149% 0% 0% 25.85 24.88 20.30

0.5s] 2.2263% 0% 0% 16.17 30.77 29.38
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To analyze the impact of introducing another market maker, Table reports the
percentage of times when competing market makers submit large orders that cancel
each other out divided by the number of times the market makers used a large order
(mismatching manipulative orders), and the number of times where only one out of
the two market makers submits a large order (single manipulative order). The results
of the other assets are reported in Tables and of Section [3.4]

When starting with zero inventory or opposing levels of inventory, the additional
market maker does not lead to many instances where the large orders cancel each
other out, but it does lead to more instances where the order book moves to a heavy
regime. This allows the market makers to exploit the manipulative sequences of
each other so that we have more manipulative sequences than would otherwise occur
with only one market maker. When starting with the same level of inventory, the
additional market maker does not lead to many instances where the large orders cancel
each other out, but there are fewer instances where only one market maker submits
a manipulative order. We see that market maker one disrupts market maker two
because market maker one manipulates as often as the baseline setting but market
maker two has significantly fewer manipulative sequences. In the offline learning
setting, the algorithms either coordinate or mis-coordinate depending on their initial

inventory.

3.3.5.2 Online Learning

Next, we assume that both market makers pre-train their algorithms offline with the
misspecified model and use the results to initialize an online learning algorithm. With
the same setup as that of the baseline, the market makers pre-train with the policy
iteration algorithm and then use @-learning to learn online (see [72], [16] for a basic
explanation of Q—learning)ﬁ

For the online learning, we follow the experimental setup of [16]. The Q-learning
algorithms learn have an e-greedy choice rule with a time-declining exploration rate
given by ¢, = exp(—7t), where the parameter 7 > 0 controls the rate of decay
of exploration. The e-greedy choice rule picks the (current) optimal action with

probability 1 — €, and a random action is chosen with probability €. The learning

4Training an algorithm online by interacting with the market is costly because the algorithm needs
to experiment frequently to learn to behave optimally. In most situations with multiple algorithms,
learning algorithms are longer guaranteed to behave optimally. Realistically, market makers train
their algorithms offline or partially train their algorithms offline (with some online experimentation)
to minimize the cost of experimentation. We use the policy iteration algorithm to solve for the
optimal continuation value v in the misspecified model, which we use to compute the optimal action
values to initialize the @)-values for (Q-learning.
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rate of the algorithms is 0.125 and the exploration parameter is 7 = 107°. Similar to
[16], we say that the online learning converged if the optimal strategy for each player
does not change for 100,000 consecutive periods.

To analyze the effect of online learning, we simulate the learning process until
convergence 1,000 times. Once each learning process converges, we use the learned
strategies to simulate the interaction of the market makers over 50 time steps 10 times
when (i) both market makers start with zero inventory, (ii) both market makers start
with the same level of inventory (¢ = 4), and (iii) the market makers start with
opposing levels of inventory (¢ = 4 and ¢ = —4). This produces a total of 10,000
interactions over 50 time steps as in the case of the baseline.

When comparing the number of manipulative sequences to the baseline, we see
that online learning often leads to a reduction in manipulation by market maker
one, but an increase in manipulation by market maker two when the market makers
start with zero inventory and with opposing levels of inventory. When the market
makers start with the same level of inventory, there is a reduction in manipulation
from both market makers. When comparing the manipulation statistics to offline
learning, we see that online learning leads to more instances where only one market
maker sends a manipulative order when the market makers start with zero inventory
and with the same level of inventory. When the market makers start with opposing
levels of inventory, there are fewer instances where only one market maker sends a
manipulative order.

In the online learning setting, we see that the market makers learn to coordinate.
How they coordinate depends on their initial inventory. If the market makers start
with zero inventory, then they coordinate by riding the sequences of each other to
increase market manipulation. On the other hand, if the market makers start with
the same level of inventory or with opposing levels of inventory, then they coordinate
by allowing market maker one to ride market maker two’s sequences to avoid their

large limit orders cancelling each other out.

3.4 Additional Tables and Figures
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Figure 3.25: Expected stream of discounted payoffs when the manipulative order is
filled or not for s = (SH, ¢ = 2) with a price trend with g = 0.51.
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Figure 3.26: Optimal continuation values v, , with a price trend with 8 = 0.51.
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Figure 3.27: Expected stream of discounted payoffs when the manipulative order is
filled or not for s = (SH, ¢ = 2) for multiple prices with K = 3.
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Figure 3.28: Expected stream of discounted payoffs when we allow two manipulative
orders to be filled for s = (SH,q = 2).
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Table 3.5: Transition probability matrix.

(a) AAPL: 5 seconds

(b) AAPL: 1 second

(¢) AAPL: 0.5 seconds

SH N BH SH N BH SH N BH

SH | 032 041 028 SH [042 037 021 SH |0.52 0.32 0.16

N ]0.28 043 0.29 N ]0.26 048 0.26 N |0.22 0.55 0.23

BH | 027 041 032 BH | 020 037 043 BH |0.15 033 0.52
(d) AMZN: 5 seconds (e) AMZN: 1 second (f) AAPL: 0.5 seconds

SH N BH SH N BH SH N BH

SH | 035 041 024 SH | 047 035 0.18 SH |0.56 0.31 0.13

N | 03 044 0.26 N ]0.26 051 0.23 N 1023 057 0.21

BH | 027 041 032 BH | 020 036 043 BH |0.15 0.32 0.52
(g) CSCO: 5 seconds (h) CSCO: 1 second (i) CSCO: 0.5 seconds

SH N BH SH N BH SH N BH

SH | 052 039 0.09 SH |07 021 0.03 SH |082 0.16 0.02

N | 015 0.7 0.15 N ]0.08 084 0.08 N ]0.06 087 0.07

BH | 0.08 038 054 BH |003 021 07 BH | 0.01 016 0.83
(j) INTC: 5 seconds (k) INTC: 1 second (1) INTC: 0.5 seconds

SH N BH SH N BH SH N BH

SH | 048 041 0.11 SH | 071 024 0.04 SH |079 0.18 0.03

N | 0.17 0.67 0.16 N |0.10 0.81 0.09 N ]0.08 085 0.07

BH | 011 043 045 BH | 004 026 0.70 BH |0.02 020 0.78
(m) MSFT: 5 seconds (n) MSFT: 1 second (o) MSFT: 0.5 seconds

SH N BH SH N BH SH N BH

SH | 038 034 028 SH | 046 032 022 SH |052 030 0.18

N 1033 036 0.31 N 031 040 0.29 N 1029 044 0.27

BH | 031 034 035 BH |024 033 043 BH |0.20 0.30 0.49
(p) TSLA: 5 seconds (q) TSLA: 1 second (r) TSLA: 0.5 seconds

‘ SH N BH ‘ SH N BH ‘ SH N BH

SH | 034 039 027 SH |042 037 022 SH |049 034 0.17

N 030 041 0.29 N 028 046 027 N |0.25 050 0.25

BH | 028 039 032 BH |023 037 041 BH |0.18 0.33 048
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Table 3.6: Baseline: Average number of manipulation sequences over 50 trading
intervals.

Decision Zero inventory Same inventory Opposing inventory
Ticker Agent 1 Agent 2| Agent 1 Agent 2| Agent 1 Agent 2
Interval At
qg=20 q=20 q=4 qg=4 q=4 q=—4
5 seconds | 24.77 20.78 20.80 25.72 21.80 22.45
AAPL 1 second 25.04 13.88 14.09 28.72 18.56 19.10
0.5 seconds | 26.23 11.56 11.68 31.48 16.36 15.08
5 seconds | 25.28 17.27 17.27 28.75 20.27 18.88
INTC 1 second 32.00 17.00 17.05 34.83 12.59 13.14
0.5 seconds | 35.22 12.04 12.03 39.12 9.40 9.92
5 seconds | 25.07 21.68 21.70 25.43 22.20 21.97
MSFT 1 second 25.55 16.87 16.87 27.33 19.15 18.86
0.5 seconds | 26.31 10.32 10.30 29.82 15.30 15.95
5 seconds | 24.97 21.85 21.87 25.41 22.41 22.31
TSLA 1 second 25.32 18.50 18.55 27.38 20.65 21.01
0.5 seconds | 26.13 14.29 14.17 29.25 18.64 19.48

Table 3.7: Offline learning: Average number of manipulation sequences over 50 trad-
ing intervals.

Decision Zero inventory  Same inventory Opposing inventory
Ticker Agent 1 Agent 2| Agent 1 Agent 2| Agent 1 Agent 2
Interval At
q=20 q=20 q=14 q=14 q=414 qg=—4
5 seconds | 24.86 26.09 20.96 22.20 20.79 23.00
AAPL 1 second 26.31 29.13 15.75 19.00 14.82 20.25
0.5 seconds | 28.92 31.90 14.34 16.79 13.54 17.38
5 seconds | 27.79 28.89 21.76 20.62 22.16 19.44
INTC 1 second 35.28 35.48 17.76 14.53 21.76 17.39
0.5 seconds | 39.53 39.49 12.18 10.66 21.17 18.93
5 seconds | 25.03 25.77 21.55 22.54 21.72 22.38
MSFT 1 second 25.94 28.10 17.56 20.08 17.42 19.88
0.5 seconds | 27.02 30.51 11.30 16.06 11.24 17.27
5 seconds | 25.07 25.91 21.98 22.97 21.90 22.86
TSLA 1 second 25.53 27.66 18.92 21.24 18.73 21.36
0.5 seconds | 26.32 29.22 14.83 19.35 14.91 20.09
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Table 3.8: Online learning: Average number of manipulation sequences over 50 trad-
ing intervals.

Decision Zero inventory Same inventory Opposing inventory
Ticker Agent 1 Agent 2| Agent 1 Agent 2| Agent 1 Agent 2
Interval At
q=20 q=20 q=14 qg=4 q=14 q=—4
5 seconds 24.68 25.76 20.80 21.81 20.63 22.40
AAPL 1 second 21.80 28.62 12.57 18.25 11.84 19.39
0.5 seconds | 20.42 31.51 1.49 15.05 1.41 15.10
5 seconds | 22.89 28.53 14.26 19.96 13.75 18.8
INTC 1 second 20.26 34.81 0.0 12.36 0.0 12.39
0.5 seconds | 27.04 38.39 0.0 14.77 0.0 16.13
5 seconds | 24.65 25.38 21.27 22.05 21.32 21.85
MSFT 1 second 23.84 27.33 15.48 18.88 15.41 18.67
0.5 seconds | 23.03 29.36 8.53 14.31 8.51 14.37
5 seconds | 24.56 25.44 21.44 22.31 21.47 22.30
TSLA 1 second 24.30 27.23 17.67 20.79 17.65 20.86
0.5 seconds | 24.18 29.19 12.78 18.91 12.67 19.02

Table 3.9: Offline learning: Average manipulation statistics.

(b) Number of times where only one market
(a) Percentage of large orders on opposite sidesmaker submits a large order over 50 trading in-

over 50 trading intervals. tervals.

Ticker At |Zero inv.Same inv.Opposing inv. Ticker At |Zero inv.Same inv.Opposing inv.
5s10.1002% 0.1008%  0.4369% bs| 13.28 18.26 18.47

AAPL 1s(0.1187% 1.2180% 0.0044% AAPL 1s| 23.10 25.81 27.52
0.55/0.0250% 1.0324% 0% 0.5 20.75 24.17 28.98
5s10.1235% 1.1789%  0.6517% bs | 21.58 20.71 29.97

INTC 1s[0.0609% 0.0153%  4.9916%  INTC 1s| 14.64 8.99 35.89
0.5 0%  0.0005%  4.1832% 0.5 10.10 4.29 39.34
5s10.6766% 1.6972%  0.1863% bs| 25.92 25.22 27.84

MSFET 1s |0.2604% 1.0269%  0.0401%  MSFT 1s| 24.00 22.06 26.58
0.550.1993% 0.7633%  0.0095% 0.5s 22.07 17.58 26.12
5s10.1195% 0.1283%  0.5394% bs| 13.48 17.35 18.69

TSLA 1s(0.3506% 0.2716%  1.9706%  TSLA 1s| 24.01 23.99 27.89
0.581.7434% 1.6606%  0.9519% 0.5s 22.65 24.07 29.37
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Table 3.10: Online learning: Average manipulation statistics.

(b) Number of times where only one market
(a) Percentage of large orders on opposite sidesmaker submits a large order over 50 trading in-
over 50 trading intervals. tervals.

Ticker At |Zero inv.Same inv.Opposing inv. Ticker At |Zero inv.Same inv.Opposing inv.
5s [0.2159% 0.4622%  0.5406% bs| 19.24 23.47 19.97
AAPL 1s(0.3898% 1.3460%  3.5092%  AAPL 1s| 25.29 26.97 24.09
0.580.6900% 0% 0% 0.5s] 26.78 27.36 24.69
5s [0.3182% 1.6649%  1.7663% bs | 24.01 26.20 25.41
INTC 1s|1.7169% 0% 0% INTC 1s| 25.89 20.79 23.26
0.5s/1.8299% 8.2368% 0% 0.5s) 19.58 29.51 32.50
5s 10.0366% 0.2648%  0.5282% 5s| 21.35 22.15 22.31
MSFT 1s |0.1880% 2.0196%  2.4215%  MSFT 1s| 23.32 23.67 23.77
0.550.3387% 0% 6.8309% 0.5s 23.81 22.90 23.22
5s10.0415% 0.2238%  0.3103% bs | 18.51 20.67 19.76
TSLA 1s(0.3340% 1.3380%  1.8276%  TSLA 1s| 21.67 24.39 23.59
0.58{0.4559% 3.1344%  4.5598% 0.5s) 22.15 25.94 24.22
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Chapter 4

Public and Private Order Flow

4.1 Introduction

Blockchains are distributed ledgers that record transactions sequentially in blocks cre-
ated by specialised agents known as builders. At regular time intervals (called slots),
a consensus protocol selects which block is appended to the chain. Pending transac-
tions are first stored in memory pools, where they wait to be included in a block. In
public memory pools, transaction information is visible to all network participants,
while in private memory pools, transaction information visibility is restricted to spe-
cific builders. In this chapter we focus on the Ethereum blockchain, where block
creation follows a proposer—builder separation (PBS) mechanism: blocks are built by
competing builders, and validators act as proposers and select among the blocks. This
institutional structure, combined with the coexistence of public and private memory
pools, underpins the interaction between traders and builders studied in this chapter.

The order in which transactions are executed on the blockchain has direct con-
sequences for the execution prices received by traders. Traders pay priority fees to
builders to obtain better queue positions, and effectively compete in priority gas auc-
tions (PGAs). Because all transactions in the public pool are visible before execution,
some market participants can exploit this information to extract maximal extractable
value (MEV) via techniques such as frontrunning, backrunning, or sandwich attacks.
This generates additional costs and risks for traders. Recently, private pools emerged
to mitigate these costs. By sending transactions directly to a builder, traders hide
their orders from public view and avoid being targeted by MEV strategies. We
note that submissions to private pools could be vulnerable to MEV strategies, since
builders could extract MEV themselves. However, if a builder extracted MEV, the
trust relation between her and traders that have submitted to her private pool would

break. This reputational cost would make the builder to lose order flow in the future,
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due to the dynamic nature of the relation between traders and builders. It is then
unlikely traders suffer from MEV strategies if they use private channels, and, in any
case, the likelihood is much lower compared to when they submit orders to the public
pool. Hence, we can assume for simplicity there is no MEV when using private pools.
However, using private channels comes at a cost: orders sent privately can only be
executed if the builder who received them is selected to create the next block. Thus,
traders face a fundamental trade-off between execution certainty (public pools) and
MEV protection (private pools). This trade-off is the fundamental problem we will
tackle.

We analyse how the design of blockchain execution channels shapes the behaviour
of traders and builders in Ethereum. In Ethereum, traders can route their transac-
tions through two main types of channels: a public memory pool, where all pending
transactions are visible to the network, or private memory pools, where transactions
are hidden from public view and sent directly to specific builders. Builders, in turn,
compete to create new blocks and decide which transactions to include and in what
order. Execution of transactions in memory pools happens when the transactions are
included in a block that is selected. Once this execution occurs, the transactions are
removed from the memory pool. The coexistence of public and private order flow
creates a fundamental trade-off: public pools offer faster and more reliable execution
but expose traders to extraction through maximal extractable value (MEV), whereas
private pools protect against MEV but involve the risk of non-execution if the corre-
sponding builder is not selected for the next block. Therefore, it is fundamental for
traders to decide whether to submit transactions to the public memory pool or to a
private memory pool.

We develop two complementary models to analyse this trade-off. In both settings,
traders decide where to submit their transactions and how much to pay in priority
fees to improve their execution position, while builders compete for block inclusion
and extract rents from transaction ordering. The models differ in their focus: the
first examines competition between two private builders in the MEV-Boost auction;
the second studies equilibrium submission behaviour when builders are randomly se-
lected and only a specific fraction of them can process private order flow. Together,
they characterise how liquidity conditions, builder composition, and market design
determine whether order flow becomes concentrated or fragmented across execution

channels.

Model I: competition between private builders. The first model studies how

blockchain transaction flow fragments among competing execution channels—two pri-
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vate memory pools managed by builders and a public pool accessible to all. First,
traders with random liquidity needs decide where to submit their transactions and
compete in a priority gas auction to obtain better execution prices. Second, builders
compete in an MEV-Boost auction to be selected by the proposer to create the next
block. Key to order flow fragmentation is the expected cost of the priority gas auction.
The magnitude of adverse price impact from competing traders in the DEX depends
on the depth of liquidity. A low depth of liquidity increases the cost of trading late
in the queue, thereby amplifying competition costs for priority in the block.

Our model uncovers a new channel that promotes centralisation in the blockchain
beyond the avoidance of MEV attacks—mamely, DEX liquidity. We show that DEX
liquidity is a key factor in determining how order flow fragments among builders.
When liquidity is abundant, traders concentrate in a single private pool to maximise
their execution probability. Concentration in a private pool increases the likelihood
that the associated builder wins the MEV-Boost auction. This strategic behaviour
leads to market concentration in the hands of centralised entities. Conversely, when
liquidity is scarce, competition for queue priority becomes the dominant force, and
traders distribute their orders more evenly among private and public memory pools.

The model shows that consensus design and liquidity conditions have broader
implications for market power in the blockchain. By internalising valuable order flow,
builders with private pools provide MEV protection but gain a competitive advantage
in the MEV-Boost auction. These effects reinforce market centralisation because
the main builders are few (typically two) and privately operated. Hence, private
pools create a fundamental tension between individual protection and system-wide

concentration.

Model 1I: the role of builder composition. The second model abstracts from
direct competition between builders and instead focuses on traders’ strategic choice
between public and private execution channels when the blockchain features an ex-
ogenous proportion « of public-only builders. Here, two traders interact, and builders
are randomly selected to create the next block. A trader’s expected payoff depends
on whether her transaction is executed by a public builder (guaranteed inclusion but
MEV exposure) or a private one (execution uncertainty but no MEV cost).

The analysis reveals how « governs equilibrium behaviour. When « is low, both
traders optimally submit to the private pool. As « increases, one trader moves to
the public pool to avoid execution risk, and for high enough «, both traders use the

public pool exclusively. We also characterise the range of o values that can sustain
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builder equilibria. Equilibrium can occur either at a = 0—where all builders accept

private flow—or for sufficiently large «, where only public execution remains.

Related literature. This chapter contributes to the growing literature on decen-
tralised finance, blockchain market design, and microstructure. It relates to three
main strands of research: (i) the economics of blockchains, (ii) the microstructure of
decentralised exchanges, and (iii) auction theory.

This work is closely related to the literature studying the allocation of order flow
and the effects of MEV in blockchain systems. [20] analyse the trade-offs between
public and private memory pools in the presence of frontrunning attacks, showing
how attackers and heterogeneous traders affect welfare and execution outcomes. We
complement their analysis by focusing instead on competition among builders as a
driver of order flow fragmentation. The chapter also connects to the broader literature
on the economics of blockchains (see [56]).

Several studies analyse the mechanics and welfare properties of AMMSs, which form
the backbone of trading in DEXs. The most popular AMM as of 2025 is Uniswap,
which reached the v4 version in January 2025, and can operate on Ethereum. [I1]
provide an overview of the v4 protocol.[6], [62], [22], [29], and [30] show that existing
AMM designs impose losses on liquidity suppliers due to adverse selection and price
impact. [14] study the optimal exit time for liquidity providers in AMMSs, and [12]
examine optimal dynamic fees in AMMs. [7] focus on the equilibrium reward for
liquidity providers in AMMs. [59] compare AMMs with traditional limit-order-book
markets, while [66] analyse the various trading costs that arise in AMM environments.
[23] study how gas fees affect trade informativeness in AMMs, and [32] propose design
modifications to reduce liquidity providers’ losses. Unlike these papers, which focus
on liquidity provision mechanisms within DEXs, we examine the interaction between
traders’ submission strategies and the blockchain infrastructure itself—specifically,
how public and private memory pools determine the allocation of order flow and
the degree of market concentration. Our framework also connects to the literature
on information revelation and competition among traders in traditional exchanges
([B5], [43] and [8]). Finally, there is a broader literature that explores how blockchain
technology transforms financial intermediation and market organisation ([52], [37]).

The remainder of the chapter is organised as follows. Section provides back-
ground on blockchain protocols, DEXs, and private order flow. Section introduces
the first model with competing builders in the MEV-Boost auction and multiple
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traders. Section develops the second model with exogenous builder composition.
Section [4.5] concludes.

4.2 Institutional details

This section presents technical details and the characteristics of blockchain protocol

components.

4.2.1 Blockchains

A blockchain is a distributed digital ledger stored by participants (referred to as
nodes), within a public network. Any entity can be a node and maintain a copy of
the ledger. A transaction is executed on the blockchain if it is in a block created by a
builder. Blocks are sequentially added to the ledger at regular intervals called slots,
whose duration is referred to as block time. For example, the block time in Ethereum,
which is the main blockchain hosting the most liquid DEXSs, is twelve seconds.

When agents submit transactions, they are not instantly included in a block. In-
stead, transactions are transmitted to network nodes and stored in the local memory,
known as memory pool. The transactions propagate through the network until it is
visible to all the nodes. Therefore, blockchain activity through memory pools is pub-
licly visible before transactions are included in blocks. The block builder selected at
each slot chooses transactions from their local memory pool to create the next block.
Builders are paid gas fees by traders in order to have their transactions included in
the block. Gas fees are paid in the blockchain’s native currency. In the rest of this
section, we focus on the particularities of the Ethereum blockchain.

In Ethereum’s memory pools, gas fees consist of two components: a base fee and
a priority fee. The base fee is paid to all nodes and is compulsory for inclusion
in a block. Base fees represent a fixed cost for blockchain users. In contrast, the
priority fee is optional and paid exclusively to the builder to incentivise the inclusion
of a transaction in a block. Priority fees also determine the ordering of transactions:
builders rank transactions according to priority fees. Higher priority fees imply better
position in the queue.

Rent extraction in the form of MEV can take the form of builders including trans-
actions submitted by “bots” or “attackers” who profit from the visibility of pending
transactions in the memory pool. This pre-trade transparency also incentivises agents
to (re)submit their transactions with higher priority fees, leading to priority gas auc-

tions (PGAs) in which agents compete for execution priority within the block.
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PGAs underpin the microstructure of DEXs on Ethereum. Traders compete by
bidding higher priority fees to secure early execution and avoid adverse price impact
from preceding trades. The equilibrium outcome is that traders submit their bids
at the last possible moment so that private information is revealed only at block

frequency (see [21]).

4.2.2 The Consensus Layer

Ethereum’s Proof-of-Stake consensus protocol relies on a large set of validators, each
of whom has staked at least 32 ETHE] in the blockchain. For each block, validators are
randomly selected to act as proposers, whose role is to propose a block for inclusion in
the chain, and as attesters, who vote on the validity of proposed blocks. Every twelve
seconds, a new slot begins, during which one validator is designated as proposer while
others act as attesters. Attesters verify that the block proposed is valid and extend
the chain. This provides finality through majority consensus; see [56] for more details.

The Ethereum blockchain adopted proposer-builder separation (PBS). In this con-
sensus protocol, the proposer’s responsibility is to select the most profitable block
from among those provided by builders. Builders compete in an auction to have the
block selected by the proposer. This auction, referred to as MEV-Boost auction, is
key to determine the microstructural effects and welfare consequences of blockchains
which we study below. In the MEV-Boost auction, builders continuously compete
within each blockchain slot by submitting bids similar to an English auction, through
which the proposer selects the winning builder for the next block. Importantly, the
proposer does not know the full content of the block before signing. This prevents
manipulation and ensures that transaction ordering is carried out by the builder.

Validators can also participate in block building, however, they face competition
from dedicated and highly sophisticated block builders who can efficiently extract
value from blocks and more easily win the MEV-Boost auctions. In practice, the
builder market is highly concentrated: by 2024, the top three builders created more
than 70% of blocks, while dozens of smaller builders competed with significantly less
success.

PBS also introduced specialised agents such as searchers. This raises new strategic
tradeoffs in transaction ordering which we study in the model below. Searchers, or
MEV searchers, are automated bots that employ frontrunning or backrunning of

transactions in the memory pool. In frontrunning, the searcher outbids the priority

'ETH, or Ether, is the native cryptocurrency of Ethereum.
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fee of an agent to ensure that their transaction is processed first in the next block, and
in backrunning, the searcher positions their transaction after the agent’s transaction.
Builders can decide which transactions to include in a block, including their own and
bundles submitted by searchers who compete aggressively in priority fee auctions.
PBS is designed to decentralise MEV revenues from block creation, since they
were concentrated in the hands of just a few sophisticated validators under the proof-
of-work protocol. With PBS, Ethereum validators—namely, the thousands of nodes
participating in the consensus layer—can enhance their profits by auctioning off block
space to a competitive, yet relatively small, set of builders. In doing so, validators

also capture a share of the MEV that was previously inaccessible to them.

4.2.3 Private flow

Agents operating on the Ethereum blockchain face costs due to builders, searchers,
and competition for block priority. Private channels recently emerged in the blockchain
ecosystem as a protection for blockchain users. Agents that use these private channels
send their transactions directly to participants in the consensus layer such as builders,
validators, or third-party service providers. The objective of private channels is to
hide transaction details from being publicly accessible and being targeted in predatory
MEV extraction like sandwich attacks. Private order flow refers to transactions that
bypass the public memory pool and are transmitted directly through these private
communication channels.

At present, Ethereum supports multiple mechanisms for submitting private trans-
actions, including Flashbots Protect, MEV-Blocker, BackRunMe, Wallet-to-Builder,
and Order Flow Auctions. In what follows, we focus on the most common form of
private order flow, whereby traders submit their transactions directly to a reputed
builder. The builder can include and execute the transaction if it is selected to pro-
duce the next block.

4.3 Order flow fragmentation and PBS

In this section, we study order flow fragmentation in the blockchain between decen-
tralised channels (the public memory pool) and centralised channels (private memory
pools of builders). At present, the two largest builders in the Ethereum ecosys-
tem—Titan Builder and BuilderNet—produce more than 86% of blocks and both
offer private order flow channels. Here, we model the strategic interaction between

blockchain traders and the two builders as a two-stage game.
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In the first stage, M > 0 traders, each with random liquidity needs, choose the
channel to submit their orders: one of the two private memory pools or the public
memory pool. In the second stage, the two builders compete in an MEV-Boost
auction. Each builder maintains exclusivity over the private pool it operates. Their
valuations of the block consist of a random component, representing uncertainty in
the estimation of MEV within the block, and a deterministic component that scales

with the volume of private order flow each builder receives.

4.3.1 Decentralised Exchanges

In our model, the orders of traders are executed on a DEX. DEXs are among the
most significant financial applications of blockchain technology. By 2023, their trad-
ing volumes reached roughly $40 billion per month, with automated market makers
(AMMs) constituting the dominant design ([28] 31]).

We consider a DEX operating on a blockchain that provides liquidity for a risky
asset whose initial value in stage one is normalised to Vj = 0. DEXs employ algo-
rithmic trading functions that define iso-liquidity curves based on the reserves of two
assets (see [32]). Unlike traditional order books, DEXs provide continuous liquidity,
but at the cost of impermanent losses when prices move (see [29, [30]).

In DEXs, a set of deterministic rules governs how limited liquidity supply, rep-
resented by the aggregate reserves in the liquidity pool, determines execution prices
and price impact (see [41]). In particular, price impact increases with the traded
quantity of the risky asset and decreases with the available liquidity. In our model,
the price impact of a buy (resp. sell) order of size d is 21 (resp. —2nd), where n > 0
measures the liquidity depth of the DEX. A higher value of n corresponds to lower
liquidity depth and thus higher price impact (see [21]) for further details.

4.3.2 Only two private memory pools

To better highlight the main economic trade-offs and analytical results, in this section
we solve a simplified version of the model in which only the two private pools are
available as channels for submitting transactions, while the public memory pool is
not accessible.

In stage one, 0 < N < M traders choose private pool 1, while the remaining
M — N traders choose private pool 2, where NN is determined in equilibrium. This
stage is crucial for traders: if they select a private memory pool whose builder is

not chosen to create the next block, their transactions remain unexecuted, yielding a
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payoft of zero. Conversely, if they select a private pool whose builder is chosen, they
compete in a priority gas auction (PGA) to fulfil their liquidity needs at the best
expected price. We assume traders know M (the total number of them) and play
simultaneously.

We show that there exists a pure-strategy Nash equilibrium describing the frag-
mentation of order flow across the blockchain, in which there is no incentive for traders
to deviate from their chosen memory pool. This equilibrium reflects the trade-off be-
tween the losses arising from competition in PGAs—when too many traders concen-
trate in the same pool—and the gains from a higher probability that the corresponding
builder is selected. We model the PGA as a first-price sealed-bid (FPSB) auction,
where traders compete to avoid the adverse price impact of competing orders that
would otherwise erode their profits.

In stage two, builders take the equilibrium fragmentation of order flow as given
and compete to build the next block through the MEV-Boost auction. We model this
competition as a first-price sealed-bid auction, where each builder’s valuation of the
block consists of two components: a deterministic term that scales linearly with the
volume of private transactions submitted to its pool, and a random term capturing
uncertainty in expected MEV.

Next, the model is solved by backward induction.

4.3.2.1 Stage two: MEV-Boost auction

In stage two, builder 1 takes as given the number N of transactions submitted to
its private pool, while builder 2 takes as given the number M — N of transactions
submitted to its private pool. We assume that both builders know the total number
of traders M, so that each builder is aware of the volume of private order flow received
by both. Hence, both builders know the values M, N and M — N. However, builder 2
cannot observe the random component ¢; in the valuation of builder 1, and similarly
builder 1 cannot observe the random component €5 in the valuation of builder 2. We
assume builders do not use MEV strategies, to avoid the reputational cost they would
likely face, which would imply losing order flow in the future. Therefore, their value
of the block does not account for the possibility of rent extraction in the form of
MEV.
Builder 1 values the block as

Vi=aN +e, (4.1)
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where €; represents an estimation error uniformly distributed over [—a.V, €aN]. The
estimation error depends on NV in order to guarantee that builders never have negative
valuations. We assume o > 0 is just a positive multiplicative coefficient. The term
aN > 0 captures the value extracted from the privately observed transactions in the
builder’s memory pool, which increases with the number of submitted transactions.
The term € is related to the upper bound of the estimation error and encapsulates
the maximum percentage increase over a/N, with € = 1 implying a maximum increase

of 100% in the valuation. Similarly, builder 2 values the block as
Vo=a(M — N) + e, (4.2)

where €5 represents an estimation error uniformly distributed over [—a (M —N), € (M —
N)]. Thus, V; is uniformly distributed over [0, a N (1 + €)], and V5 is uniformly dis-
tributed over [0, (M — N)(1 +€)].

For simplicity, we do not include the explicit formulae for the priority fees paid
by traders in stage one. Instead, we assume that these fees are not observed by the
builder, who applies the deterministic pricing scheme with coefficient a described
above. The key economic mechanism we aim to capture is that a builder’s expected
revenue scales with the number of privately received transactions.

We model the MEV-Boost auction as a first-price sealed-bid auction with het-
erogeneous bidders. In particular, one builder is strong, in the sense that it values
the block more highly than the weak builder (the case with homogeneous bidders
only happens when N = M — N, and hence the probability builder 1 wins the auc-
tion would be the same as the probability builder 2 wins the auction, which is %
by symmetry). For the harder case N # M — N we proceed as follows: Since V;
is uniformly distributed over [0,a N (1 + €)] and V5 is uniformly distributed over
[0,a(M — N)(1 4 €)], comparing the values of N and M — N allows to determine
the strong and the weak builder. For example, if N < M — N, the first builder is
weak and the second one is strong. We define B as the maximum possible valua-
tion of the weak builder, which is a N (1 4+ €) when N < M — N. We also define ¢
as the difference between the maximum possible valuation of the strong builder and
the maximum possible valuation of the weak builder. For example, it N < M — N,

=a(M—N)(1+€)—a N (14+€) = a (M —2N) (1+€). Therefore, when N < M —N,
Vi is uniformly distributed over [0, B] and V5 is uniformly distributed over [0, B + §].
Then, we let by (v,0) and be(v, d) be the equilibrium bid functions of builders 1 and 2
respectively (recalling that 0 < v < Bfor b, and 0 < v < B+ for by). Moreover, the
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equilibrium inverse bid functions are denoted as vy (b, §) and vq(b, §). We characterise

the equilibrium bidding strategies in this auction in the next result.

Proposition 5. The strong builder’s bid distribution stochastically dominates that of
the weak builder. Moreover, assuming N < M — N (the reverse case is analogous),

the equilibrium inverse bid functions in the MEV-Boost auction are

2

vi(b, 6) = : E_( ‘|‘_§>2 .

125 (5 + f) LB (52+ B "
on(p,5) = — BEC+BP

b28(6 + 2B) — B°(0 + B)?

where
B=aN(l+eé) and  d=a(l+€(M —2N).

The previous result shows that the builder with the higher range of valuations
for the block—that is, the builder with the greater number of transactions in its
private memory pool—tends to submit a higher bid in the MEV-Boost auction and,
consequently, to win the block. This finding is consistent with results from related
auction-theoretic settings (see, for example, Lemma 1 in [I§]).

While the previous result characterises the block-building winning probability for
a fixed order-flow fragmentation, the next result examines how the probability of win-
ning the MEV-Boost auction varies with the difference in the number of transactions
submitted to each builder’s private memory pool. In particular, we show that the
greater this difference, the higher the probability that the strong builder wins the

auction.
Proposition 6. Let the builders’ valuations be independently distributed as
Vi~U[0,B], Va~U[0,B+6].

Then the probability that the stronger builder wins the auction increases when § in-
creases if B> 0 and 0 < 6§ < B/2.

The previous result shows that the stochastic dominance of the bids submitted
by the builder with the greater number of private orders increases with its excess
number of trades. In particular, if all traders choose the same private pool, that pool

is selected with probability 1
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4.3.2.2 Stage one

In stage one, M traders decide whether to submit their orders to one private pool
or the other. Traders recognise that concentrating orders in a single pool increases
the probability this pool is selected, but also intensifies competition for priority in
the next block. Let 0 < N < M denote the number of traders who choose private
pool 1, while the remaining M — N traders choose private pool 2. We denote by
g(NN) the probability that private pool 1 is selected, as characterised in Proposition |§|
Recall that ¢ is increasing in N, satisfies g(0) = 0, g(M) = 1, and, if M is even,
g(M/2) =1/2.

Next, we describe the PGA among traders when private builder 1 is selected. For
simplicity, we assume that all traders face random liquidity needs that are independent
and identically distributed according to a uniform distribution on [0, 6], where & > 0.
Accordingly, all traders wish to buy the risky asset in the DEX; see [21] for a similar
modelling approach. The case in which all traders wish to sell the asset is symmetric
and leads to equivalent results.

Let {¢1,...,¢on} denote the priority fees submitted by the N traders who chose
private pool 1, and let {dy,...,dy} denote their individual liquidity needs (if private
builder 2 is selected instead, the analysis proceeds analogously by replacing N with
M — N).

The PGA is modelled as a FPSB auction, where only the trader submitting the
highest priority fee wins. The remaining N — 1 traders are placed randomly within
the block. Although an all-pay auction would more accurately reflect the actual
mechanism, our simplified setting focuses on the key economic effect: the expected
priority fee paid by each trader increases with the number of competitors in the PGA.
We formally establish this result below.

If trader ¢ wins the auction, that is, if ¢; > ¢; for all j # ¢, her buy order is
executed first, thereby avoiding the costs associated with a worse position in the
queue described in Section [£.3.1] When a trader loses the PGA, the price impact
on her orders depends on the number of competitors. More precisely, on average,
(N — 1)/2 orders are executed before trader i’s order. Consequently, her execution
price is given by

Vot 20 b= (N~ 1), (1.4)

where V[ denotes the initial value of the risky asset, and, as previously defined, n > 0
measures the liquidity depth of the DEX.
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We further assume that the final value V' of the risky asset is independent of
the liquidity needs {di,...,dx} and the mean of V' is . Under these assumptions,

trader ¢ obtains the following payoffs. If she wins,

™ = —p; + 6,V (4.5)
and if she loses,
lese = —p(N — 1)62 + 5,V. (4.6)
Hence, her expected payoft is
I; = Plo; > @] [~ +n(N = 1)67] + 6,V — (N — 1)d7, (4.7)

where ¢, is the second largest bid of all submitted transactions. To derive the ex-
pected payoff of each trader in private memory pool 1, we first establish the following

auxiliary result.

Proposition 7. Let 61,...,0n5 be i.i.d. random wvariables uniformly distributed on
[0,0]. Then, the expected mazimum of their squared values is given by

2 ., N

2 217 _ 52 _ 52 _
E[max{07,...,03}] =0 5N+2 Nia

(4.8)

The following result characterises the equilibrium priority fees and expected pay-

offs of traders.

Proposition 8. Consider N > 1 traders competing in a private pool whose cor-
responding private builder has been selected to create the next block. The optimal

priority fee for trader i is

(4.9)

N—1 g(N-1)?
(N — 1)62 — 62,

The expected payoff for any trader i, conditional on submitting the optimal priority

fee, s _ _ _

n(N —1)6%  ud né*(N -1

f(N)= ——"r— 4+ — — —)
N(N +2) 2 3

The optimal priority fee (4.9)) is increasing in the number of competitors N and the

payoff (4.10)) is decreasing in N.

(4.10)

Proposition [§| characterises the payoff of each trader in a pool with N traders,
managed by a builder who is selected by the blockchain protocol. In particular, this

payoft is decreasing in the number of competitors within the same pool. However, this

87



payoft is only realised when the builder is selected, which occurs with a probability
that increases in the number of traders that have chosen the private pool associated to
this builder. Hence, when deciding which pool to submit to, traders face a fundamen-
tal trade-off between a higher probability of builder selection and lower competition
that improves their expected payoft.

The two private pools are symmetric. Hence, if traders split their orders such that
N submit to private pool 1 and M — N submit to private pool 2, this equilibrium
is equivalent to the one in which M — N traders submit to private pool 1 and N to
private pool 2. Our main result below shows that, given this trade-off, there always

exists a pure-strategy Nash equilibrium for the number of traders N.

Proposition 9. Given M traders who allocate their order flow between two private

memory pools, there exists a Nash equilibrium in pure strategies.

Proof. We begin by considering the case where M is even. Let (A, B) denote the state
in which A traders submit their orders to private pool 1 and B traders submit their
orders to private pool 2, with A+ B =M, A >0, and B > 0. If either (M /2, M/2)
or (M,0) constitutes a Nash equilibrium, the result follows immediately. Suppose,
however, that neither (M /2, M/2) nor (M,0) is a Nash equilibrium. We show that
in this case there must exist a Nash equilibrium (N, M — N) with & < N < M.

We proceed by contradiction. Assume that (N, M — N) is not a Nash equilibrium
for any M/2 < N < M. Some trader in private pool 1 must have a profitable
deviation to private pool 2, moving the system to state (M —1,1), since (M, 0) is not
a Nash equilibrium. Because (M — 1,1) is not a Nash equilibrium, and the trader
in private pool 2 does not have a profitable deviation back to pool 1, this implies
that at least one trader in private pool 1 has a profitable deviation to private pool 2,
leading to state (M — 2,2). Continuing in this manner, traders sequentially deviate,

generating the sequence of states

M M
2 2 '

(M —1,1), (M —2,2), (M —3,3),..., (—+1,——1
At state (% + 1, % — 1), since this state is not a Nash equilibrium, by the same
reasoning, some trader in private pool 1 must profitably deviate to private pool 2,
reaching state (M /2, M/2). However, in this state no trader would have a prof-
itable deviation, which contradicts the assumption that (M /2, M/2) is not a Nash

equilibrium.
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When M is odd, the reasoning is analogous. Assume that no Nash equilibrium
exists for any (N, M — N) with 0 < N < M. Starting from state (M, 0) and applying

the same logic as before, we obtain the sequence of profitable deviations

(J\4—1,1),(1\4—2,2),...,<MJrl M_1>.

2 72

At state (M, M) some trader in private pool 1 must have a profitable deviation

2
to private pool 2, reaching state (M MoL M;l) because state ( +1, M2 1) is not a Nash
equlibrium and no trader in private pool 2 has a profitable deviation (as any move
would reduce her payoff). But this leads to a contradiction because the deviating
trader would then be in a pool with the same number (24 +1) of traders as before and
thus would obtain the same payoff. Therefore, a Nash equilibrium in pure strategies

must exist. O

The previous result establishes the existence of an equilibrium. The follow-
ing proposition characterises which Nash equilibrium order-flow fragmentation arises

when the depth of liquidity is either significantly large or significantly small.

,0). Forn — oo, the

Proposition 10. Forn — 0, the unique Nash equilibrium is (M
unique Nash equilibrium is (M /2, M/2) if M is even, and (M— M—) if M is odd.

Proof. First, consider the case n — 0. In this limit, for all N, we have f(N) —
“75, where “75 > 0. Therefore, each trader prefers to join the pool with the higher
probability of being selected. Hence, (M, 0) is a Nash equilibrium, because traders
do not have an incentive to deviate to the pool that has a lower probability of being
selected.

Regarding uniqueness, note that (N, M — N) cannot be a Nash equilibrium for any
1 < N < M—1, because any trader in the smaller pool—the one with min{ N, M — N}
traders—has a profitable deviation by moving to the other pool, which offers a higher
selection probability.

Now, consider the case n — oo. In this limit, for all N > 1, we have f(N) — —oo,
implying that traders now prefer to join the pool with a lower probability of being

selected to avoid excessive competition. Consequently, (M /2, M/2) (for M even) and

(M+1 M 1
2

dev1at1on. if a trader deviates, that would place her in a pool with an equal or greater

2=) (for M odd) are Nash equilibria, because traders do not have a profitable

number of competitors.
Regarding uniqueness, all other configurations (N, M —N) cannot be Nash equilib-

ria, because any trader in the larger pool—the one with max{N, M — N} traders—has
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a profitable deviation by moving to the smaller pool, which has a lower probability

of being selected. |

The previous result is key, it illustrates how order flow fragments across private
pools depending on liquidity conditions. When liquidity is cheap, the adverse price
impact from trades by competitors is negligible, and the dominant economic force is
the pool’s probability of being selected. In this case, traders concentrate their orders
in a single private pool. Conversely, when liquidity is expensive, the dominant effect
arises from the PGA. To minimise competition and reduce expected priority fees that
increase with n, traders split their orders evenly between the two available execution
channels.

The next result compares the Nash equilibria that arise under different levels of
liquidity depth in the DEX. In particular, it shows that as the value of 7 increases,
equilibrium outcomes tend to exhibit greater fragmentation of order flow, with both

pools receiving a more balanced number of submissions.

Proposition 11. Let n > 0. Suppose that state (A, B) with A > B is a Nash
equilibrium such that A is mazimal—that is, the states (A+1,B—1), (A+2,B—2),
..., (M,0) are not Nash equilibria. Then, for any n' > n, the states (A+1,B — 1),
(A+2,B—2), ..., (M,0) are not Nash equilibria.

Proof. We begin by analysing the auxiliary function

] N-1 N-1
N === -ymsa V2L (4.11)

and deriving some of its properties. Its derivative is given by

P 1 N?2-2N-2

'N)=z+———. 4.12
PN =3+ vy (4.12)
Since N2 — 2N — 2 = 0 if and only if N = 1 4+ /3, the function h(N) = —%

decreases on (1,1 + v/3) and increases thereafter. Next, h(N) (and hence f(N)) is

increasing for N > 3 because 1 ++/3 < 3. Moreover, for integer values of N, we have

2 2

,f(3)=§—1—5-

(1) =0, f(2) =

Wl =
col

Therefore, f(N) < f(N + 1) for all integer N > 1. We have f(N) >0 for all N > 1
and f(1) = 0.
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Next, we use these properties to show that, for N > 1, f(IV) decreases as 7 increases.

Indeed, for n' > n,

F(Nsm) = f(N;0) = 6°(n' —n) (N3_ L N‘EVN_+12>> >0 (4.13)

because f(N) > 0 for all integer N > 1. Furthermore, for N; > N, we have

F(Nun) = F(Nu ) > f(Nasn) — f(Nosnf) <= f(N1) > f(Na),

which happens because f (N) is increasing in V.

Given 7, and using the same reasoning as in the proof of Proposition [9 any trader
in private pool 1 has a profitable deviation to private pool 2 in states (A+ 1, B — 1),
(A+2,B—2),...,(M,0). Thus, for a given state (A + k, B — k) with k& > 1,

fB=k+1Ln)g(B—k+1)> f(A+kn) g(A+ k).
If > n, then from the previous results we have
fB=k+Ln)=f(B-k+1n) —¢
A+ ki) = f(A+kin) —e =€,
for some € > 0, and &’ > 0. Hence, state (A+ k, B — k) cannot be a Nash equilibrium

for ’ > n, because any trader in private pool 1 has a profitable deviation to private

pool 2. In particular,
fB=k+11)g(B—k+1)> f(A+kn)g(A+k)
— (f(B=—k+1in)—e)gB—k+1)>(f(A+kn) —e—¢€") g(A+k).
Rearranging terms, this implies

f(B=k+1ngB—-—k+1)—ecg(B—Fk+1)
> f(A+Ekn)g(A+k) —eg(A+ k) —g(A+ k),

which holds because
f(B=k+1;ng(B—k+1)> f(A+kn)g(A+Fk),

and
g(A+k) > % >g(B—k+1).
Thus,
—eg(B—k+1)> —eg(A+k) > —cg(A+k)—'g(A+ k),

confirming that the inequality is preserved and that the state (A + k, B — k) cannot
be a Nash equilibrium for " > 7. O
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We have established in Proposition 9 the existence of a Nash equilibrium in pure
strategies, and in Proposition 10 that for 7 — 0 the unique equilibrium is (M, 0).

Combining them with Proposition 11, we can see the following: Define
n; =inf{n > 0: (M,0) is not a Nash equilibrium} .

At n = nj, there exists a Nash equilibrium (A, B) with maximal A < M. Proceeding

analogously, let
ny = inf {n > ny : (A, B) is not a Nash equilibrium} .

Then, at n = 73, there exists a Nash equilibrium (A’, B") with A” < A. Repeating
this reasoning iteratively, we find that, as the value of 7 increases (for M even),
there exists a sufficiently large n for which the unique Nash equilibrium is symmetric,

namely
M
(5. 5)-
At this threshold liquidity depth level, the dominant force in the trade-off faced by

traders becomes minimising losses from PGA competition.

vl

4.3.3 Centralised versus Decentralised order flow

In this section, we characterise order-flow fragmentation in the presence of a public
memory pool competing with private channels. Let N; denote the number of traders
who submit their transactions to private pool 1, N, the number of traders who submit
to private pool 2, and M — N; — N5 the number of traders who submit to the public

pool, where
OSleM, OSNQSM, and OSNl—f—NQSM

In practice, both private builders have access to the transactions sent to the public
memory pool. For transactions submitted to the public pool, traders incur a cost
m > 0, representing the per-unit MEV extracted by bots and searchers.

Similar to the reasoning in the previous section, we now characterise the payoff
obtained by a trader who submits to private pool 1, conditional on builder 1 being
selected. If trader ¢ wins the PGA, her payoff is

™ = —p; + 6,V (4.14)
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If she loses, her order competes not only with traders in the same private pool but also
with those in the public memory pool whose transactions are visible to the builder.

In this case, she competes with M — N, traders, and her payoft is
s = —n62(M — Ny) + 6,V (4.15)
Hence, the trader’s expected payoff is given by
E[IL;] = g(Ni, N1 + Na) f(M — Na), (4.16)

where ¢g( - ) denotes the probability that builder 1 wins the MEV-Boost auction, and
f(+) denotes the payoff function from the PGA.
Similarly, a trader who submits to private pool 2 obtains the following payoft if

private builder 2 is selected. If she wins the PGA, her payoff is

If she loses, her order competes with other traders in private pool 2 and with traders
in the public memory pool whose transactions are visible to the builder. In this case,

she competes with M — N; traders, and her payoff is
—n 82 (M — Ny) + &V. (4.18)
Hence, her expected payoff is
g(Na, Ny + No) f(M — Ny), (4.19)

where, as before, g(-) denotes the probability that the corresponding builder is se-
lected, and f(-) denotes the expected payoff from the PGA.

For a trader who submits to the public memory pool, the payoff depends on which
private builder wins the MEV-Boost auction. With probability g(Ny, Ny + N3), she
participates in Game 1, and with probability g(Na, Ny + Ny), she participates in
Game 2. The payoffs in each game are as follows:

In Game 1 (builder 1 wins), if the trader wins the PGA, her payoff is

—md; — i + 6;V, (4.20)
and if she loses, her payoff is
—70; — 1 02(M — Ny) + 6 V. (4.21)
Thus, her expected payoff in Game 1 is f(M — Ny) — 70;.
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In Game 2 (builder 2 wins), if she wins the PGA, her payoff is
—m0; — @; + 6;V, (4.22)
and if she loses, her payoff is
—70; — 6L (M — Ny) + 6;V. (4.23)

Hence, her expected payoff in Game 2 is f(M — Ny) — 7d;.
Finally, the overall expected payoff for a trader submitting to the public memory

pool is

E[IIP™) = g(Ny, Ny + No) (f(M — Ny) — 78;) + g(Na, Ny + No) (f(M — Ny) —( m-)>.
4.24

In this setting, we obtain an analogous result to that in Proposition[I0} We denote
by (N1, No, M — Ny — Nj) the state in which N; traders submit to private pool 1,
N5 traders submit to private pool 2, and M — N; — N, traders submit to the public
pool. The states (Ny, No, M — Ny — Ny) and (Ny, N;, M — N7 — N3) are equivalent
because the two private pools are symmetric, and we can restrict attention to one
representative of the pair.

We characterise the Nash equilibrium for sufficiently low and sufficiently high

values of 7. In particular, we obtain the following result.

Proposition 12. For n — 0, the unique Nash equilibrium is (M,0,0).
For n — oo, the unique Nash equilibrium is (M /2, M/2,0) if M is even, and

(MHL ML 0) if M s odd.

Analogously to Proposition [II} we obtain the following result for this setting.

Proposition 13. Let n > 0. Suppose that the state (A, B,0) with A > B is a Nash
equilibrium such that A is maximal—that is, the states (A+1, B—1,0), (A+2, B—2,0),
.., (M,0,0) are not Nash equilibria. Then, for anyn' > n, the states (A+1, B—1,0),
(A+2,B—2,0), ..., (M,0,0) cannot be Nash equilibria.

4.4 The role of builder composition in order flow
fragmentation

The model of Section studies the fragmentation of order flow among builders

and focuses on the interaction between private memory pools operated by competing
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builders. In that framework, traders decide which private pool to use, anticipating
that each builder’s probability of being selected to produce the next block depends
on the total order flow it attracts. The analysis captures how competition between
builders in the MEV-Boost auction and competition between traders in priority gas
auctions jointly determine market fragmentation of order flow across builders.

By contrast, here, we abstract from competition between builders in the MEV-
Boost auction and instead examines traders’ strategic choice between public and
private execution channels given an exogenous proportion of standard (public-only)
builders and builders who offer a private channel for execution. In this section, traders
face a coordination problem: choosing the public pool ensures execution but exposes
to MEV extraction, while the private pool offers better terms but entails a risk of
non-execution. The model characterises equilibrium thresholds for the proportion of
private channels and the overall degree of decentralisation.

We consider a DEX that runs on a blockchain where traders can submit transac-
tions either to the public memory pool or to a private one. We present a two-stage
game to study how trading separates between public and private pools. In stage one,
each builder decides whether to join the network of private builders or to remain a
public builder. In this section, private builders can see transactions from both pools
in case they are selected to build the block, while public builders can only see trans-
actions from the public pool. Moreover, MEV extraction is limited to transactions
from the public memory pool. In equilibrium, builders decide how to fragment be-
tween private and public builders, using rational expectations about the equilibrium
behaviour of traders competing for queue priority in stage two based on how builders

split. The two-stage game is solved by backward induction.

4.4.1 Stage two: Competition between traders.

In stage two, two representative traders, ¢ and j, decide whether to submit their
transactions to the public pool or the private pool, and they also compete through
priority fees. In particular, they take as given the proportion of private and public
builders, and thus know the probability that a builder of either type will be selected to
create the next block. We study the traders’ payoffs given their submission choices.
Each trader has two possible strategies, denoted as Public and Private, and both
make their decisions simultaneously. Hence, their interaction can be modelled as a
2 x 2 normal-form game. Specifically, there are three distinct subgames: one in which
both traders submit their transactions to the public memory pool, one in which both

submit to the private pool, and one in which each trader chooses a different builder
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type. We analyse the equilibrium priority fees and the expected wealth of traders in
each subgame, and then characterise the Nash equilibrium of the overall normal-form
game.

At the beginning of stage two, each trader observes a private and independent
random liquidity need, {d;, §;}, drawn from a common and known uniform distribution

with support [0,5]. As before, we assume that both traders are buyers.

4.4.1.1 Both traders in the public memory pool

If both traders choose to submit their orders to the public pool, their transactions
are certainly included in the next block and executed. In this case, traders engage
in a sealed-bid first-price auction. Let {¢;, p;} denote the priority fees submitted by
trader ¢ and trader j, respectively, and let {0;, d;} denote their private liquidity needs.

If trader ¢ wins the auction, that is, if ¢; > ¢;, her buy order is executed first, so

the execution price for her trade is V5. The trader’s terminal wealth in this case is
Wi(win) = —; — 61‘/0 + 51/1 — 7T(SZ' = —¢; + (2[11 — 7T52‘,

where 1 denotes the expected value of the executed unit, and 7 represents the MEV
extracted by the builder per executed unit.

For simplicity, we assume p > m, since otherwise traders would always face nega-
tive expected payoffs. In what follows, we normalise V; = 0 without loss of generality.

Because the game is symmetric, we describe it from the perspective of trader <.
From her viewpoint, J; is a random variable. If trader j’s buy order is executed
first, i.e., if ¢; < ¢;, then trader i’s execution price becomes Vj + nd;. Hence, the
competitor’s order of size §; moves the price by nd;, where n > 0 measures the liquidity
depth in the DEX. In particular, we assume that each traded unit impacts the price

by 1. The wealth of trader 7 in case of losing the auction is then
Wi(lose) = —p; — 1 6; 6; + dipe — m6;.

Note that W;(lose) is a random variable, as ¢; is unknown to trader i. Consequently,

the expected wealth of trader 7 is

5
BV = i+ 8= 7) =16 [ Ly 2 f(0) do
0

The optimisation problem that trader i solves to determine her optimal priority

fee is therefore

5
sup E;[W;] = sup {—gal- + 7751-/ Lip <o @ f(2) da:} , (4.25)
: : 0

©i Pi
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which is equivalent to a first-price sealed-bid auction where the item corresponds to
the adverse price impact avoided by winning transaction priority.

In problem , the trader chooses her priority fee to maximise the product of
the probability of winning the auction and the surplus obtained from queue priority.
For each possible value of d;, she updates her estimate of the item’s value, 1 9; d;, and

the corresponding probability of winning the auction. We obtain the following result.

Proposition 14. The optimal priority fee when both traders compete in the public

memory pool is

no;
;= = 4.26
pi= s (4.26)
for trader v, and the expected payoff of trader i is
no\ , o (7753 775i3>
E[W;] =9, —r—— 4+ —==06p—-7)+|=—-—]. 4.27
(Wil (u L ) YRR by S (4.27)

To ensure that the expected payoff remains positive for any realisation of the

random liquidity need ¢;, we assume

|

>+ %, (4.28)
that is, transactions are profitable after accounting for both MEV extraction and

adverse price impact.

4.4.1.2 Both traders submit transactions to the private memory pool

We assume that a proportion 1 — « of builders participate in the private channel.
If both traders submit their orders to the private channel, then with probability «,
their transactions are not executed in the next block, in which case their payoff is
zero. With probability 1 — «, both traders participate in an auction, and the builder
does not extract MEV in the form of 7.

When trader j follows the strictly increasing strategy ¢, the expected wealth of
trader ¢ is given by
5

EWi] = (1 -a) <—90z'+/“5i—775i/ l’f(w)dl’)

i)

— (=) (b= 23 @ - 0)).

Following similar steps as in the previous section, we obtain the next result, which

characterises the equilibrium priority fees and payoffs in this case.
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Proposition 15. The optimal priority fee when both traders compete in the private

memory pool is

ST

na
3

pi ==, (4.29)

=41

and the expected payoff of each trader is

E[W;] = (1 — a) <5i (M - g) + ’g) . (4.30)

The optimal priority fee is the same as in the previous section, where both traders
submitted their orders to the public pool. This result is intuitive: both environments
are symmetric, and the competitive structure of the auction for queue priority is
identical. The differences in expected payoffs stem from MEV extraction and from the
distinct probabilities of execution (1 in the public pool versus 1—« in the private pool),
but these factors do not affect the traders’ strategic incentives in the auction. This
symmetry no longer holds in the remaining case, where traders are asymmetric—one

submits her order to the private pool and the other to the public pool.

4.4.1.3 One trader submits privately, the other publicly

In this case, traders play asymmetrically. Assume without loss of generality that
trader ¢ submits her order to the public pool, while trader j submits to the private
pool. With probability a € [0, 1], a standard builder is selected by the blockchain
protocol; in this case, only the transaction from trader ¢ is included in the next block.
Therefore, trader ¢ wins with probability 1, and trader j obtains a zero payoff. With
probability 1 — «, a builder from the private channel is selected and creates the next
block using transactions from both memory pools. In this event, the traders compete
for queue priority. However, trader ¢ incurs MEV losses equal to —md;, while trader j
does not.

Assuming trader i follows the strictly increasing strategy ¢;(d;) and trader j follows
the strictly increasing strategy ¢;(d;), and that both random liquidity needs are
independently drawn from a uniform distribution on [0, 4], we obtain the following

result.

Proposition 16. The optimal priority fees when trader i submits her order to the
public memory pool and trader j submits to the private memory pool are
n(l— a)é? n(1— 04)5?

= 4.31
35 ) SD] ( )

oo 30
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The expected payoff of trader i is

n(1l —a)d; (1—a)npd
EW)| =% p5(p—m— 0 4.32
B M0i (e 2
_41—mggwfaw)+@m—w) (4.33)
The expected payoff of trader j is
62 — 352
E[W;] = (1-a) [(1 — (4:34)

We note that the payoff of trader i is increasing in a, since 62 — 36% < 0. This is
intuitive: higher values of « increase the probability that trader ¢ wins the auction
directly without facing competition, as the other trader submits her order to the
private channel.

However, the payoff of trader j is quadratic in o and can be expressed as the
product of a decreasing function of @ and an increasing function of «. This is also
intuitive: as « increases, trader j benefits more when she participates in the auction
(since she bids a lower price), but the probability that she actually takes part in the
auction decreases.

The quadratic function describing E[W;] has roots

664

=1 d =1—-— < 1. 4.35
a an a 135 — 5 (4.35)
Moreover, the maximum is achieved when « satisfies
87 — 307
201 —a) | ;== | = —1j; (4.36)

which is necessarily positive, since both —p6; and 532- — 362 are negative. Denoting this
value by &, we necessarily have a < 1, since o = 1 is the larger root of the quadratic

function. Therefore, E[W)] is increasing on the interval (0, &) and decreasing on (&, 1).

4.4.1.4 Nash equilibrium

We now characterise the Nash equilibria that arise in the 2 x 2 game, using the payoffs
derived in the preceding sections. This is a normal-form game where trader ¢ chooses
her strategy along the rows and trader j along the columns. The first matrix below
shows the payoffs for trader i, and the second matrix shows those for trader j. In

both cases, the payoffs depend on the parameter a.

99



Trader i’s payoffs

‘ Public Private
Public (5i<u—7r—"—25> L (1—a) (B2 (62 — 382) + 6i(jn — )

60 66

Private | (1 — a) [(1 —a)n (51-5"2&?52 + u&} (1—a) <5i <u — "73> + %)

Trader j’s payoffs

Public Private
. 5 53 37332
Public (5j<u—7r—"76> +2 (1—a) [(l—a)néj]T—i-u(Sj]

3
775j

Private | (1 — a) (%) (62 =30%) +6(u—m)  (1—a) (f% (u - %‘5> + ﬁ)

We now derive the optimal strategy for trader ¢ when trader j plays Public. If
trader j plays Public, then trader ¢ obtains a payoff of

né\ . né
Sl p—m—12) 4 1% 4.37
(u T ) 3 (4.37)

when she also plays Public, and a payoff of

(1-a) {(1 —a)nd; o — 3 + m} (4.38)

60

when she instead plays Private. We seek the values of a for which these two payoffs

are equal, that is, for which

no no; 62 — 352
5Z(u T ) + 65 (1—a) {(1 a)no; & + o . (4.39)

Note that the left-hand side does not depend on «, whereas the right-hand side does.
We obtain the following result.

Proposition 17 (Best response to competitor choosing Public). Assume
trader j submits to the public pool. If a < «F, the best response of trader i is to
submait her order to the private pool; otherwise, her best response is to submit to the

public pool. The threshold value o* satisfies

a*(6;) € (g 1> . (4.40)
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We now derive the optimal strategy for trader ¢ when trader j plays Private. If

trader j plays Private, then trader i obtains a payoff of

(1—a) (%?) (67 — 30%) + &i(p — ) (4.41)

if she plays Public, and a payoff of

(1-a) (51- (u - 7’;) + %?) (4.42)

if she plays Private. We then determine the values of « for which these two payoffs

are equal. The result is summarised as follows.

Proposition 18 (Best response to competitor choosing Private). Assume
trader j submits to the private pool. If a < E, it is optimal for trader i to submit her

order to the private pool; otherwise, it is optimal for her to submit to the public pool.

The previous two propositions allow us to characterise the optimal strategy for

any trader as a function of her random liquidity need 9;.

Corollary 1. Assume trader i has a random liquidity need 0;. Then the following
hold:

1. If0<a< g, it s a dominant strategy to play Private.

2. ]fﬁ < a < a*(6;), playing Public is a best response when the other trader plays
Private, and playing Private is a best response when the other trader plays
Public.

3. If a*(6;) < a < 1, it is a dominant strategy to play Public.

It is intuitive that playing Private is a dominant strategy for small values of «,
since in that case there is a high probability that the randomly selected builder will be
able to execute orders from the private memory pool, where traders avoid paying .
Similarly, for high values of «a, there is a high probability that the builder will only
execute orders submitted to the public memory pool, and thus playing Public becomes
a dominant strategy.

It is also intuitive that a*(d;) > %, since when the opponent plays Private, there
is an incentive to deviate and play Public. The reason is that there exists a positive
probability that the builder selected by the protocol will only execute orders from the
public pool. In that case, the trader who sent her order to the public pool faces no

competition in priority fees, as she knows she will win the auction with certainty.
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To characterise the Nash equilibrium when both traders interact—so that we
have two thresholds, aj(d;) and a5(;), each corresponding to one trader and both
belonging to the interval <§, 1) by virtue of Proposition the following result is

relevant.

Proposition 19.
Os,a*(0;) < 0. (4.43)

We note that it was not necessary to obtain an explicit expression for a*(4;) to
establish Propositions [I7] and [I9] However, we can also derive that

53 - 53 - 2 5 53
L - \/(35— 06+ ;) +Adm (152 - 22)

a”(6;) =

Defining
3

. n 6 _
b; = — b 1 p§s, 4.45
55 T (4.45)

we have Sl > 0 since § > §;. Under this notation, the expression above can be

rewritten as

o; '

Since a*(;) is decreasing, and the minimum possible value of ¢; is 0, we can study

ar () = (4.46)

the behaviour of o*(d;) as ; — 0. We have the following result.

Proposition 20. When 6; — 0,

)_>775—u+\/u2+n252—2(u—7f)n5_

*51 2
a*( "

(4.47)

We denote this limit by .

Moreover, if u > m+ %5, then the previous expression belongs to the interval (0,1).
We can also study the behaviour of a*(d;) when §; = 4.

Proposition 21. We have

206 — 3+ /(3 — 216)2 + 12700

*(0) = - 4.48
o (9) - (4.45)
We denote this expression by ~ys.
T 5
If % €(0,1) and p > m+ 7, then
2n6 — 3 3u—2n0)2 + 12mnd
|5 208 = 3pt V/(Bu— 20 - 12mnd w0 (4.49)
2nd i
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Combining Propositions [19] and [2I], we obtain the following result.

Corollary 2. If p—7m — %5 > 0, then

S _ 2 252 _
w5y <™ p V1 4 120 = 2 — o

206 — 3+ /(3 — 2n6)2 + 12700 <

206

(4.50)

Combining Corollary (1] and Proposition {19, we obtain a full characterisation of
the Nash equilibria that arise when two traders decide whether to submit their orders

to the public or the private memory pool.

Proposition 22. Let d; and d; denote the random liquidity needs of traders i and j,
and assume without loss of generality that 6; < ;. Then:

1. Ifa< l’—;, there is a unique Nash equilibrium: (Private, Private).

2. [f;—; < a < o*(6;), there are two pure Nash equilibria, given by (Public, Pri-
vate) and (Private, Public), that is, one trader plays Public and the other plays

Private. In this region, there also exists a mived Nash equilibrium.

3. If a*(d;) < o < a*(0;), there is a unique Nash equilibrium: (Public, Private),
where trader j (the one with the higher liquidity need) plays Public and trader i
plays Private.

4. If o > a*(6;), there is a unique Nash equilibrium: (Public, Public).
Here, both thresholds o*(6;) and a*(6;) satisfy the inequalities in Corollary[4

We also note that, in particular, for

oo 1= I 0 — 2 — o
no

, (4.51)

the unique Nash equilibrium is (Public, Public).

The intuition behind the four possible cases is as follows. For sufficiently small
values of a (Case 1), it is optimal for both traders to submit their orders to the
private pool, since with high probability the randomly chosen builder will be able to
take orders from the private pool, where traders avoid paying MEV. For large values
of a (Case 4), it is optimal for both traders to submit their orders to the public pool,
as the probability that the selected builder can execute private orders becomes very
low. In Case 3, the trader with the higher liquidity need faces greater pressure to

execute her order, and it is therefore optimal for her to submit to the public pool,
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avoiding the risk of non-execution. Finally, in Case 2, there exist two asymmetric
pure Nash equilibria and a mixed equilibrium: because both traders have similar
(intermediate) liquidity needs, either trader may benefit from submitting her order
to the public pool when the other submits to the private pool.

The mixed Nash equilibrium is characterised by probabilities (p;, 1—p;) and (p;, 1—
p;), where p; denotes the probability that trader ¢ plays Public, and p; denotes the
probability that trader j plays Public. We obtain the following result.

Proposition 23. For the mixed Nash equilibrium, which can only arise when o €
(” a*(5j)>, both the probability p; that trader i plays Public and the probability p;

p7
that trader j plays Public are increasing in . Their expressions are given by
™— T — Qft
nd? 5\’ nd? 5\
a2 - ) (Eﬁ-—%) a2 — ) (W—%)

Proposition 23| shows that for higher values of «, there is a lower probability that

pjle) = pi(a) = (4.52)

the randomly chosen builder can execute orders submitted to the private memory
pool. Therefore, as « increases, both traders become more inclined to play Public

rather than Private in the mixed Nash equilibrium. We also note that p; (ﬁ) =0 and

Dj (ﬁ) = (), since for a@ < l% it is optimal for both traders to play the pure strategy
Private, assigning zero probability to Public.

Moreover, we observe that p;(«) > p;j(a) whenever §; < ¢;: p; is the probability
that makes trader ¢ indifferent between playing Public or Private, while p; is the
probability that makes trader j indifferent between the two. Because trader j has a
higher liquidity need (d; > 9;), she requires trader ¢ to play Public more frequently
than herself (that is, p;(«) > p;(«) in the mixed Nash equilibrium). Otherwise,
trader j would prefer to play the pure strategy Public rather than mixing, given her

stronger urgency to execute.

4.4.2 Stage one: The builders’ problem

We assume that builders decide whether to operate as standard builders—who only
execute transactions from the public memory pool—or as general builders—who can
execute transactions from both the public and the private pools. Each builder is
assumed to have an equal probability of being selected by the blockchain protocol.
By executing transactions from the public pool, a builder earns a fee m per executed
unit. Choosing to also execute transactions from both pools (in particular, from the

private pool) is a weakly dominant strategy for builders, since it expands the set of
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orders they can execute. This weak dominance gives rise to an equilibrium in which
all traders submit their orders to the private pool, and all builders choose to execute
from both pools.

We now study which values of « can arise as equilibrium outcomes, and which
ones are optimal from the perspective of the builders—that is, those that maximise
total rent extraction. We refer to the former as equilibrium values of «, and to the
latter as optimal values, where optimality is defined in terms of builders’ aggregate
revenue.

We first consider the equilibrium values of «, distinguishing four possible cases:

L ael0,7)

2. a € [%,’}/2)
3. a€re,m)
4. «a € [y,1]
We obtain the following results.

Proposition 24. For a € |0, E), the only equilibrium value is o = 0.

Proposition 25. There exists no equilibrium for any value of o € (ﬁ,’}/g).
Proposition 26. There exists no equilibrium for any value of o € (v2,71).

Proposition 27. For any « € (y1, 1], an equilibrium can exist.

The candidate values of « that are optimal in terms of rent extraction are those
that maximise the total expected revenue earned by the population of builders. It
follows that the values of @ maximising rent extraction are those in the interval (s, 1).
For such values, both traders optimally submit their orders to the public pool, where
builders extract MEV from each trader. Moreover, priority fees are highest when both
traders play the same strategy—either both play Public or both play Private—but
builders prefer the former case, since in that case they also collect the MEV fee, which

is not available when traders play Private.
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4.5 Conclusion

Private pools emerged as a mechanism to protect users from MEV-extractive strate-
gies—such as frontrunning—that exploited the transparency of public memory pools.
We studied how the presence of private memory pools influenced traders’ decisions
on where to submit their transactions in blockchains. In our framework, traders not
only competed for queue priority but also decided whether to submit their orders to
the public pool, where they faced an additional fixed cost from MEV extraction, or
to a private pool, where execution was uncertain because the corresponding builder
might not be selected to produce the next block.

Our results showed that liquidity conditions played a central role in determining
the equilibrium fragmentation of order flow. When liquidity was deep, traders con-
centrated their orders in a single private pool because competition for block priority
is less fierce, decreasing decentralisation. As liquidity becomes shallower, competi-
tion for priority fees intensifies and traders spread their orders more evenly across
pools. For sufficiently low depth of liquidity, the unique Nash equilibrium featured a
balanced allocation across all available pools.

In a second model, we introduced a setting with one private pool and a proportion
of builders who had access to it. We showed how changes in the proportion of builder
who run the private pool affects traders’ optimal transaction submission strategies and
the resulting mix between public and private execution. Together, the two models
illustrated how blockchain design parameters shaped the distribution of order flow
between public and private channels, and ultimately the degree of centralisation in

decentralised markets.

4.6 Proofs

Proof of Proposition [J. The results follow from standard findings in asymmetric first-
price auctions with independent private values. Regarding the stochastic dominance,
since V; ~ U[0, B] and Vo ~ U[0, B + 6] with § > 0, V; first-order stochastically
dominates Vi, and hence the equilibrium bid distribution of bidder 2 stochastically
dominates that of bidder 1 (see Lemma 1 in [I§]). Regarding the equilibrium bids,

when

%NU[()? ]7 X/QNU[(LE_'_(;]?
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the equilibrium bid functions are strictly increasing in the valuation, and the bids lie
in the interval (see [61])

B(6+B)
be [0, 522,
Letting by (v, ) and by(v,d) be the equilibrium bid functions and vy (b, d) and vq(b, )
their inverses with respect to the valuation, we use the general expressions from [57]

for supports [vy, 7] and [vy, Us]. Setting v; = 0 and v, = € and letting ¢ — 0, we

obtain ,
5] )2
V1 (b, 0) = 2b€ (6 —i__‘f) E—
b2 (0 + 2B2) + B (0 + B)? (4.53)
2bB~(6 + B)?
V2 (b, 0) = — — p——
b20(6 +2B) — B (d + B)?
O

Proof of Proposition[f. Denote the CDF's of the equilibrium bids by

Gl(b, (5) — P[b1<v,5) S b] = ]P)[v S U1<b, 5)] — 1)1(%(5)7
Galt5) = 222

By Lemma 1 in [I8], bidder 2’s bids stochastically dominate bidder 1’s, which can be
readily verified with the equations above in our special case.
Using the expressions for vy (b, d) and v,(b, d) from Proposition , the derivative of the
pointwise difference G1(b, ) — Ga(b, §) with respect to d (for fixed b) is

95(G1(b,6) — Ga(b,0)) (4.54)

2 <—b752§2(5 +9B)* — b’6°B* (6 + B)? (52 - 4§2>)
— — — (4.55)
(B (6 + BY* — b462(6 + 23)2)

L2 (¢*B°(6+ B) (9~ 4B°) +bB"(5 + B)")

>0 (4.56)

(B'6 +B)t ~ 0'0°(5 + 2B)?) i

where the inequality holds for B > 0,0 < § < B/2, and b € [O, E(S(j;r?]. Hence, the
(pointwise) dominance of bidder 2’s bid distribution strengthens as  increases.
Finally, note that the upper bound of the bid support is increasing in 9:

5 <§<5+§>> _ B(0+2B) - 4B —(B) B

5128 -

2

— — >0,
(0 +2B)? (0 +2DB)?

which further amplifies the separation between GG; and Gs as § grows.
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Proof of Proposition[]. Since max{d,...,0%} is a positive random variable, we can

write
52
E[max{6?,62,...,6%}] = / P(max{, 52, ..., 5%} > 2) da. (4.57)
0
This can be expressed as

52
E[max{6%, &2, ..., 5%}] :/ (1— P(max{6%, &, ..., 8%} < 2)) da
0

= /62 (1-P(& < 2)V) dz. (4.58)

Because d; is uniformly distributed on [0, 6], we have P(§; < 1/7) = ‘/TE. Substituting

this into the integral gives

Emax{6, 82, . .., 0% }] = /0 " (1 - (?)U o, (4.59)

Evaluating the integral yields

2 <2 2 r3t]
E 07,05,...,0 =|lr—=—rv—+
[max{ 1>Y2 NH T 5N (% + 1)
0
Y = 2 - N
=0 - =5—. 4.60
N +2 N +2 (4.60)
]
Proof of Proposition[§. The payoff for trader ¢ can be written as
P(win) (—g; + n(N = 1)67) + 6,V — n(N — 1)d7. (4.61)
In the event of winning, we have §; = max{d,ds,...,d0y}. Moreover, the optimal
priority fee is
N-1 n(N-1)?
* = (N — 1)62 = 52. 4.62
o =n( )% — N0 (4.62)
Substituting this into the payoff expression gives
N —1)?
o v st = Mgy 2
N-—-1 n(N —1)
=n(N-1)57 (1 = 67. 4.63
o -ne (1= T ) S e e
Since P(win) = %, the expected payoff can be expressed as
n(N —1)
fIN) = == E[max{é;,03,...,0%}] + E[6;V — n(N — 1)57] . (4.64)
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Using the result from Proposition [7, E[max{6?,...,6%}] = 6*(1 — +>5), and the fact

, N+2
that E[6;] = £, we obtain

Cp(N—=1) 2 5§  nd*(N —1)
10 = G (1= )+ T
_n(N-1)8N 6 né?(N — 1)
T NN+ 2T T
(N —=1)8* 4 né?(N — 1)
T N(Nt2) T2 T T3 (4.65)
0

Proof of Proposition[1Z If n — 0, then for all N we have f(N) — g,u, with g,u > 0.
Consider the state (M, 0,0). Since f > 0 for all N, no trader has a profitable deviation
by switching to the other private pool, as it does not have a higher probability of being
selected. Similarly, no trader has an incentive to deviate to the public pool, because
in state (M — 1,0, 1) all traders have the same probability of being selected, while
the trader in the public pool incurs the additional MEV cost 7.

Uniqueness for n — 0. No state (N, M — N,0) with 1 < N < M — 1 can be a
Nash equilibrium, since any trader in the private pool with min{N, M — N} traders
has a profitable deviation by switching to the other private pool, which has a higher
probability of being selected. Moreover, no state (N,0, M — N) with M — N > 1
can be a Nash equilibrium, because any trader in the public pool would deviate to
private pool 1 to avoid paying 7. Finally, states (Ny, No, M — Ny — No) with Ny > 1,
Ny > 1, and M — Ny — Ny > 1 cannot be Nash equilibria either, since any trader in
the private pool with min{/Ny, No} traders would profitably deviate by switching to
the other private pool.

If n — oo, then f — —oo. In this case, in the state (&,24L,0) (if M is even) or
(@, %, 0) (if M is odd), no trader has a profitable deviation to the other private
pool (by the same reasoning as in the proof of Proposition . Likewise, no trader has
a profitable deviation to the public pool as the probability of being selected increases
(since traders in the public pool compete regardless of which private pool is selected),
and moreover by deviating to the public pool there is the additional cost .

Uniqueness for n — oo. No other state (Ny, No,0) can be a Nash equilibrium,
because any trader in the private pool with max{Ny, No} traders would have a prof-
itable deviation to the other private pool (again, as in Proposition . Furthermore,
no state (Ny, No, M — Ny — Ny) with M — N; — Ny > 1 can be a Nash equilib-

rium, since any trader in the public pool has a profitable deviation to either private
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pool—doing so decreases her probability of being selected and also allows her to avoid

paying . O
Proof of Proposition[13 The proof is analogous to that of Proposition [11} ]

Proof of Proposition[1] Assume trader j follows a continuously increasing strategy

©; = ©(0;). The expected wealth of trader i is then

5
E[W;] :—goi—l—éi(u—w)—néi/ x f(x)dx
()

= —p; + 0i(u — ) — 772(; (52 — gp_l(goi)Q) . (4.66)

The first-order condition with respect to ; gives

189~ (i)

0 @' (= (i)
In equilibrium, symmetry implies that trader ¢ employs the same strategy as trader j,
s0 ; = (d;). Thus, for all §; € [0, 4], we have

0=—-1+ (4.67)

n o7
% (4.68)
§ @' (05)

Hence, the bidding function ¢ satisfies the differential equation

0=—1+

52
P06 = 1 (4.69)

subject to the boundary condition ¢(0) = 0. Solving this differential equation yields

no;
LY 4.70
vi =33 (4.70)
Since ¢ (;(8;))? = 62, the expected payoff of trader i becomes
no; N0i 50
EWi| = ——=+di(p—m) — < (0" — ¢
W == =) = (2= )
no; N 06
5 T i — ) $ + 55
no; U
0% s (=12, 471
3 +0; (u T ) (4.71)
0

Proof of Proposition [15. Deriving the optimal priority fees and the traders’ payoffs
follows the same steps as in the proof of Proposition [14] n
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Proof of Proposition[I6 In this setting, trader i holds the belief f; ~ U(0,8) over

trader j’s trading volume d;. Similarly, trader j holds the belief f; ~ U(0, (1 — «)d)
over trader i’s adjusted trading volume ¢;. Trader ¢ plays

©; : i b, [0, (1 —a)d] — [0,b)],

and trader j plays

Pj - 51 = b7 [075] - {07 b]

The expected wealth of trader 7 is

EW] =a(—i+di(p—m))+ (1 —«a) (—%’ +0i(p —m) — 772—? (0% = @jl(%)Q))

= it =) — (1 )L (7~ ,(00)
= i (1= @) 26 (0)? + 6 = m) — (1 @) L35 (1.72)

Similarly, the expected wealth of trader j is

EW;]=(1-a) (—%‘ + pd; — 277—6] (1 —a)?? - @(%)2))

(1—a)s
= (1= a) (g by = T2 -+ =) 4T
! T2 20(1—a) 7)) '
where we denote ¢;(¢) = ¢; ' () and ¢;(¢) = ;' ().
The optimisation problem for trader ¢ is therefore
. a6 L ()2
SEZP{ R G D (D) } : (4.74)
Defining 6; = (1 — a)d;, the problem becomes
_ r9i(e:) _
sup —p; + 7751»/ zf;(z)dz 3, fi ~U(0,9). (4.75)
i 0

Similarly, trader j solves

Pj

bi(0;) _
sup {—goj + néj/o zfi(z) dx} : fi~U(0, (1 — «)o). (4.76)

These problems simplify to

SEF{ <p2+25¢](s01) }

M2
SUP{_SOJ + 2(1 — g@bz(@J) }

Pj &)
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The first-order conditions for both traders are

5 -

5 =0 Cb;(%) oi (i),

L2560 60
Since R

{51' = ¢i(i),
d; = ;(5),

the system becomes B

4}

5(1 —a)

We propose the functional forms (ansatz)

¢i(b) = 1;0'/?,
6,(8) = ;b1

Substituting into the system gives

§: lz-l]? I )
Tl 3 ’ — l_ - B Oé’
o(1 - ) :ljlz'27 {l]g(l—oz)?’—‘s
n 3
Thus,
. (35(1 - a)2)1/3
3 T’ Y
35 1/3
l pu—
! (77(1 - a))
Consequently,
35(1— )2\
o) = ()
n
36b \"°
;(b) = < — )
n(l—a)
Inverting yields the equilibrium bidding strategies:
<3
7 n0i
i(0i) = o=,
2il%) = 550 —ap
n(l— a)é?
0;i(0;) = TJ
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Since 0; = (1 — a)d;, we obtain

< (1 —a)

[ 62 = < )
©i(0:) ™

(1 —a)s;

#il0)) = ==

Using these bidding strategies, we compute the expected payoffs. Noting that

oo = o) =0 ot =o () <o,

we find that the expected payoffs are

gy < 1% 5 (u U a)?ﬂ)

66 2
N noi /<o 2
= (1-@5(@ —30%) + 0;(p — m), (4.77)
and -
62 — 36°
E[W)] = (1~ a) | (1~ a)ns;~"=— + ud; | (4.78)
O

Proof of Proposition[17. Assume that trader j plays Public. If trader i also plays
Public, her expected payoff is

né n o3
il p—m—— ) +-—=. 4.79
(k-m-1)+ 22 (1.79)
If instead trader i plays Private, her expected payoff is
62 — 362
(1—a) {(1 —a)nd;— & + ,u(57;:| . (4.80)

Trader ¢ is indifferent between playing Public or Private when « satisfies

no n o3 62 — 362
Ol p—m—— — =(1- 1— 0;——— 0;| - 4.81
(u m 2>+65 ( a){( )1 0=+ p (4.81)
Simplifying, we obtain
dn I S =(1— i A — . 4.82
60 2 o =(1-a) 66 2 o (482)

The equation in (4.82)) has no solution in « € [0,1] if 7 > ay, since in this case the

N _
left-hand side is more negative than the right-hand side, using that % - @ < 0. In
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this situation, Private is a dominant strategy, which is intuitive for small «. Hence,
any possible solution « € [0, 1] must satisfy o > x.

Furthermore, the right-hand side of the original equality is zero when a = 1, and
thus smaller than the left-hand side, which is assumed positive. When a = 0, the
right-hand side is larger than the left-hand side, since 7 > au = 0. Therefore, there
exists a value a* < 1 that satisfies the equality.

Additionally, the right-hand side of becomes more negative as « increases

5 -
beyond 1, implying that no root can exist for « > 1. Using again that % — U% <0,

we find 5 55
- Ca)? (% 000N s = —
O[1_1>r_noo {(1 @) ( & 5 ) a,udl] 00. (4.83)

Combining this with the fact that the right-hand side of (4.82) is greater than the

left-hand side when a = 0 (since —d;7 < 0) ensures the existence of a negative root.

Consequently, there exists a unique positive root of the equation, and it lies in the
interval (7,1). We denote this value by a”. O

Proof of Proposition[18 We look for values of a such that trader i is indifferent be-

tween submitting her order to the public memory pool and to the private pool—that

is, when the payoffs in (4.41)) and (4.42)) are equal:
, _ 0 3

66 60
We show that there exists exactly one value of a € [0, 1) for which this equality holds.

Define the functions

o) = (1= ) () 62 = 35%) 4 0 - ), (485)
h(a) = (1—a) (5( - g) + ";;) . (4.86)

It is clear that h(a) is strictly decreasing in «, while g(«a) is strictly increasing in «.
Hence, there can be at most one value of a € [0, 1) such that playing Private or Public
yields the same payoff.

To show that such a value exists, it suffices to verify that ¢(0) < h(0) and g(1) > h(1).
Indeed, we have

h(1) =0 < 0;(p —m) = g(1),

and

h(0) = §; (u — %) + %55 > (%) (67 — 30%) + 6;(u — m) = g(0), (4.87)
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where the inequality holds because

smd e ndd smb
L L O L

5; i 9%
H=7 %5 7 66 2

+0i(pp—m) <= 0> =4, (4.88)

which is clearly true.
Thus, using the intermediate value theorem, there exists a unique « € [0, 1) satisfying

g(a) = h(a). Solving the equation yields the value

o =

T
—. (4.89)
1

m
Proof of Corollary[1l The result follows directly by combining Propositions[I7]and|[I8]
and by noting that o* > ﬁ [

Proof of Proposition[19. From the proof of Proposition , a*(6;) satisfies

no  m&d (& ndd\
& ) om=(1—a) o3 5 ap1d;. (4.90)

Rearranging terms yields

(77_5? 1

0 5 ) [1—(1—a)?] =bi(r —ap). (4.91)
We restrict attention to values o € (7, 1), since we know that a*(d;) € (%,1). We
see that a*(9;) is an injective function. Suppose, to the contrary, that there exists
a common o* satisfying the equation for more than one §; € (0,0). Then, for such

values of 9;, we would have

where k = 2a0* — (a*)* > 0and b=m — a*pu < 0.

. -
(’7‘5_1' - "_5) k=b, (4.93)

This simplifies to

60 2
so that

which cannot have two positive solutions for d;. Hence a*(d;) in injective, and due
to continuity, it is monotone. To see that a*(d;) is decreasing, it is enough to see

it is decreasing for a given fixed set of parameters n, §, u and 7, due to continuity
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(otherwise, if for a set of parameters it is decreasing and for another set it is increasing,
we would get a contradiction using Bolzano’s Theorem). One can check, taking a given

set of parameters that it is decreasing (checking for example that a(8) < «(5/2)).

O
Proof of Proposition[20. We know that o*(d;) satisfies
53 )
(776§ - 772 ) [1—(1—a)?] =6(r —ap). (4.94)
When ; — 0 (and 6; # 0), this expression simplifies to
62 5
(% — %) [1-(1-a)?] =7—au, (4.95)
which can be rewritten as
0 _
o (%) +a(p—mnd) —m=0. (4.96)
This quadratic equation in « has solutions
d—p+ —nd)2 + 2mnd
W M= /(= 10)? + 20 (4.97)
no
We now examine the two possible roots. The negative root is
W M= = (=m0 +2mm0 00— p— /(i — 10)”
10 - nd
§—p—|nd
_ g g (4.98)
nd
and thus is not relevant, since it is negative. The positive root is
L M= (=m0 4208 0d — ot N+ 0?0% — 2 — m)nd (4.99)

no no

We can show that this root satisfies 0 < o < 1. Indeed,
W MmN (= m0) +2mnd 0 —pt (= md)® o=t lp—mol
70 - 10 10 -

(4.100)

Moreover, to see a < 1, note that

18 — p+ /(1 — nd)? + 2mnd

<1 < 775—,u+\/(u—7)5)2+27rn5§n5_

no
= \/(u—n5)2+2m75§u
= (u—nd)* + 2mnd < p?
= 76 < 2(u—m), (4.101)
which holds by the assumption y — 7 — %g > 0. [
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Proof of Proposition[21 We first show that

206 — 3+ /(3 — 2n6)2 + 12710 .7

4.102
2 . (4.102)
holds if and only if
_ - - 2o
2né — 3+ \/(3# —2n6)? + 120 > ——. (4.103)
L
This is equivalent to
- - 27757? -
\/(B,u —2n0)% 4+ 1210 > ——— + 3 — 216, (4.104)
1
=2 - 27757T 2\
— Bu—2n6)"+12mm0 > | —— +3u—2nd | . (4.105)
1
Expanding the right-hand side, we obtain
_ _ _ 200m\°  ndm(3p — 2nd
(3 — 258)% + 12718 > (3 — 20)? + <M) LM 20) iy )
1 1
Simplifying terms gives
2n0m\° 826> 2
0>(777T>—77 7T<:>—7T>Z-E<:>2>E, (4.107)
u Il oo p u
which holds since 7 € (0,1).
Next, we verify that
2n6 — 3 3p — 2n0)2 + 127nd
nd — 3p+ /(3 — 209)* + 1270 _ (4.108)

)
Indeed,

208 — 3p+ /(3 — 200)2 + 1270 200 — 3p+ /92 + 40262 — 12um6 + 12706
210 B 210
. 26 — 3+ /92 + 40262 — 61262
210

210 — 3+ /92 — 21252
il ] (4.100)

2nd

\/9u? — 20262 < 3p,
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we conclude that

mS—ak+¢@M—mﬁy+1mm5<2wﬁﬁg+3ﬂ

- — =1 4.110
2nd - 2nd ( )

The first inequality above follows from the assumption p© > 7 + %5 which implies

T < — ”6 O

Proof of Proposition 23 The result follows directly from combining Corollary [I] and
Proposition [I9 O

Proof of Proposition[23 Let p; denote the probability that trader i plays Public, and
p; the probability that trader j plays Public. For a mixed Nash equilibrium to exist,
the expected payoff of trader i from playing Public or Private must be equal, given
that trader j plays the mixed strategy (p;,1 — p;). By symmetry, an analogous
condition holds for trader j. We focus on the first condition, as the second follows

identically.

Trader ¢ is indifferent when

(=) + 2] 1 [ ) (07 - 59 + =)

2 60
~ni-fa-ans B s s a-ma-afa(n- )+ 15
(4.111)

Simplifying this equality, we obtain

n o3 ) B n o3 B n 6;0 o
n( % - st (G = 17) ot
5:0 5 06
—pi(1 —a) _I ) + p;di(m — ) = p;j(1 — a)? (n&; — n2 ) +p;(1 —a)d;p
néd  néid
1— S 1— :
1= a) (B - 152) + (1 - adbs
N6 1o
~ = a) (5 =150 < 1 - b
(4.112)

After cancelling terms, we are left with

n6; 1080 B o (M0 M
(65 5 +6(p—7m) =p;(1—a) 0 5 + (1 —a)dp. (4.113)
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Solving for p;, we find

™ — Qi
pj = 0 03 (4.114)
a2 — a) <6—§ - 7)
By symmetry, we also have
T—
bi = 775/; 5 (4115)
a(2 - a) (W - %>
We note that )
or R— <0, (4.116)
65 2
since §; < 9.
Next, consider the function
T — ap
. 4.117
a2 —a) ( )
Its derivative with respect to « is
d — —o?u—27(1 —
S el e ult a)) (4.118)
doa \ a(2 — a) (2a — a?)?

which is negative for all & € (0, 1), the range of interest. Since the denominator of p,

is negative and the numerator is decreasing in «, it follows that

Ip;(a) Opi(a)
— >0 —= > 0.
da ’ O
Hence, both p; and p; are increasing in . O

Proof of Proposition[2f, We cannot have an equilibrium with o € (0, §>> since by
Proposition [22| both traders play Private in this setting. Therefore, it is optimal for
builders to be able to take orders from the private memory pool, and thus builders
find it optimal to set a = 0. O]

Proof of Proposition[23 For a € (5,72), consider two types of builders: (i) those
who only execute orders from the public memory pool, and (ii) those who can execute

orders from both the public and private pools.

If a fraction « of builders execute only public orders, their expected revenue, condi-

tional on being chosen, is

‘nsi(l—a)1

N4
_ vy 4 =98 (4.119)

1262
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For builders that can execute orders from both pools, the expected revenue is

) 3 5

no;(1-—a)1 nd}1—a)l
Ry(a) = MEV A ATy DO =) 2 s,
2(@) +/0 3% J+/0 3% 5

(1—a)s

N
= MFEV = 4.120

We seek values of v € (%,72) for which Ri(a) = Rp(r). However, it is immediate
that
Ri(a) < Ro(a), Vae (g,yg) , (4.121)

so there are no possible equilibrium values of « in this interval. O

Proof of Proposition |26l For « € [y2,7], the procedure to obtain candidate equilib-

rium values of o proceeds as follows:

1. Find the value §* such that a = a*(6%).

2. Since o is decreasing in 9, we then have:

With probability (%)2 , we are in Case 2 of Proposition [22}

With probability 25*(52_ 5*), we are in Case 3 of Proposition [22;

. 2
With probability <5—_5i> ,  we are in Case 4 of Proposition [22]

Candidate equilibrium values of « are those for which the expected revenue of builders
who only consider orders from the public pool equals the expected revenue of builders
who consider orders submitted to both pools. These expected revenues are derived
from the cases described in Proposition [22| weighted by the corresponding probabili-
ties above.

Cases 3 and 4 each have a single Nash equilibrium, while Case 2 has two pure Nash
equilibria and one mixed one. For simplicity, we focus on the pure equilibria. Since
both pure equilibria in Case 2 yield identical expected revenues for builders (as both
traders have liquidity needs below 6* and thus integration limits are 0 and §*), the

choice of which equilibrium to use does not matter.

Given a € (92,7 ), the revenue for a builder that can execute orders only from the

public pool is

5* 2 5* 7]533(1 _a> 1 2(5*(5_5*) 5,,763(1 —Oé) 1
(2 S 7 T W Gl U A
) [(5> (H/o 3% 5 5J)+ 52 7T+/5* 5 5
L (= (s +2/S"5?1d5 (4.122)
- T — = do; . .
5 5 30 0
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Evaluating the integrals gives

(5) (e ) + 2 (e K - )

+2 (5 _55*)2 (7 + 53 (0= (69 ] . (4.123)

The integrals above represent averages over traders’ random liquidity needs. The

Rl (Oz) =

term 7 appears when only one trader submits to the public pool, while 27 arises
when both do. The limits of integration depend on the case of Proposition 22| as

described earlier.

Similarly, the revenue for a builder who can execute orders from both pools is

Ra(0) = [(%) (re2 i nga) UL (H / dith a>%d5i>
(555 (e [ 55 0)
[ ey

P o o) (Y ()|
(4.124)

In this scenario, both traders’ orders are executed by the same builder, so each term

includes two integrals. Equilibrium candidate values o € (7y,,7;) must satisfy

Ri(a) = Ra(). (4.125)

However, it is immediate that
Ri(a) < Ry(a), Va e (y2,m), (4.126)
so no equilibrium values of « exist in this range. O]

Proof of Proposition[27. For any « € (1, 1], it is optimal for both traders to submit
their orders to the public pool. In this case, builders are indifferent between executing
only public orders or orders from both pools, since the outcomes are identical. Hence,
any a € (v,1] can serve as an equilibrium. For o < 7y, however, it is no longer

optimal for both traders to submit to the public pool. O]
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