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Abstract

Recently it has been showvn that probabilis-
tic entailmentunder coherences wealer than

model-theoretigrobabilisticentailment. More-

over, probabilistic entailmentunder coherence
is a generalizatiorof default entailmentin Sys-

tem P. In this paper we continuethis line of

researchby presentingprobabilisticgeneraliza-
tions of more sophisticatednotions of classi-
cal default entailmentthat lie betweenmodel-

theoreticprobabilisticentailmentandprobabilis-
tic entailment under coherence.That is, the

new formalismsproperly generalizetheir coun-

terpartsin classicaldefault reasoning they are

wealer thanmodel-theoretiprobabilisticentail-

ment,andthey arestrongethanprobabilisticen-

tailmentundercoherence.The new formalisms
are useful especiallyfor handling probabilistic
inconsistencieselatedto conditioningon zero

events.They canalsobeappliedfor probabilistic
beliefrevision. More generallyin the samespirit

asasimilar previouspaperthis papersheddight

on exciting new formalismsfor probabilisticrea-

soningbeyondthewell-known standardnes.

1 Introduction

In the recentdecadesprobabilisticreasoninchasbecome
animportantresearchopicin artificial intelligence.In par

ticular, extensive researcthasbeencarriedout on proba-
bilistic reasoningwith interval restrictionsfor conditional
probabilities alsocalledconditionalconstaints[40].

One important approachfor handling conditional con-
straintsis model-theoretiprobabilisticlogic, which comes

*Alternate address:Institut fir InformationssystemeTech-
nischeUniversi&t Wien, Favoritenstra3é-11, 1040 Wien, Aus-
tria. E-mail: lukasiavicz@krtuwien.ac.at.

especiallyfrom philosophyandlogic, andwhoserootsgo
back to Boole's book of 1854 “The Laws of Thought”
[11]. Thereis a wide spectrumof formal languageghat
have beenexploredin model-theoretigrobabilisticlogic,

rangingfrom constraintdor unconditionalandconditional
events[16, 20, 2, 53, 19, 23, 33, 45, 39, 40, 42, 46] to rich

languageshat specifylinearinequalitiesover events[22].

The main problemsrelatedto model-theoretigrobabilis-
tic logic arecheckingsatisfiability decidinglogical conse-
guenceandcomputingtight logically entailedintervals.

Anotherimportantapproactio probabilisticreasoningvith
conditional constraints,which has been extensiely ex-
ploredin the areaof statistics,is basedon the coherence
principle of de Finetti and suitable generalizationof it
[8, 12, 13, 14, 15, 27, 28, 29, 50], or on similar princi-
plesthat have beenadoptedfor lower andupperprobabil-
ities [49, 54]. Two importantaspectf dealingwith un-
certaintyin thisframework are(i) checkingtheconsisteng
of a probabilisticassessmengnd(ii) the propagatiorof a
givenassessmerto furtheruncertainquantities.

Recently the relationshipbetweemmodel-theoretigroba-
bilistic logic and probabilisticlogic undercoherencehas
beenthoroughlyexploredin [10]. In particular it turned
outthatprobabilisticentailmentundercoherencés wealer
than model-theoretigrobabilisticentailment. Moreover,
it hasbeenshawn in [10] that probabilisticentailmentun-
der coherencds a generalizationof classicaldefault en-
tailmentin SystemP, while model-theoretigprobabilistic
entailmentis well-known to be a generalizatiorof model-
theoreticentailmentn classicalpropositionalogics.

In this paper we continuethis line of researclby present-
ing probabilisticgeneralizationef moresophisticatedor-
malismsfor defaultreasoningrom conditionalknowledge
baseswhichlie betweerprobabilisticentailmenunderco-
herenceandmodel-theoretiprobabilisticentailment.That
is, the new notionsof entailmentgeneralizeheir classical
counterpartsthey are strongerthan entailmentunderco-
herenceandwealerthanmodel-theoretientailment.



The literature containsseveral different proposalsfor de-
fault reasoningrom conditionalknowledgebasesand ex-
tensive work on its desiredproperties. The core of these
propertiesare the rationality postulatesof SystemP pro-
posedby Krauset al. [34]. It turnedout that theseratio-
nality postulatesconstitutea soundand completeaxiom
systemfor several classicaimodel-theoreti@ntailmentre-
lations underuncertaintymeasure®n worlds. In detail,
they characterizeclassicalmodel-theoretientailmentun-
der preferentialstructureqg51, 34], infinitesimalprobabil-
ities [1, 47], possibility measureg17], and world rank-
ings[52, 31]. They alsocharacterizeanentailmentelation
basedon conditionalobjects[18]. A surwy of all these
relationshipss givenin [6, 24].

Mainly to solve problemswith irrelevantinformation, the
notion of rational closureas a more adventurousnotion
of entailmentwasintroducedby Lehmann[36, 38]. It is
equivalentto entailmentin SystemZ by Pearl[48], to the
leastspecificpossibility entailmentoy Benferhatet al. [5],
and to a conditional (modal) logic-basedentailmentby
Lamarre[35]. Finally, mainly to solve problemswith prop-
erty inheritancefrom classedo exceptionalsubclasseghe
maximumentrogy approacho default entailmentwaspro-
posedby Goldszmidtet al. [30]; lexicographicentailment
wasintroducedby Lehmann[37] andBenferhatet al. [4];
conditionalentailmentwas proposedy Geffner [25, 26];
andaninfinitesimalbelieffunctionapproactwassuggested
by Benferhattal. [7].

In this paperwe defineprobabilisticgeneralizationsf en-
tailmentin Pearls SystemZ andLehmannslexicographic
entailmentthat lie betweenentailmentin model-theoretic
probabilisticlogic andentailmentn probabilisticlogic un-
der coherenceRoughly speaking the main differencebe-
tweenmodel-theoretigrobabilisticentailmentand proba-
bilistic entailmentundercoherences thatthe formerreal-
izesan inheritanceof logical knowledge,while the latter
doesnot. Intuitively, the new formalismsnow adda strat-
egy for resolvinginconsistencieso model-theoretigrob-
abilistic logic, anda restrictedform of inheritanceof logi-
cal knowledgeto probabilisticlogic undercoherenceThis
is why the new notionsof entailmentare wealer thanen-
tailmentin model-theoretiprobabilisticlogic andstronger
thanentailmentn probabilisticlogic undercoherence.

Hence the new formalismsarerefinement®f bothmodel-
theoreticprobabilisticentailmentand probabilisticentail-
mentundercoherenceThey canbeusedin placeof model-
theoreticprobabilisticentailmentwhenwe wantto resole
probabilisticinconsistenciegelatedto conditioningon zeio
events Here,thenew formalismsareespeciallywell-suited
asthey coincidewith model-theoretigrobabilisticentail-
mentaslong aswe conditionon non-zeroevents. Further
more, the new formalismscanbe usedin placeof proba-

bilistic entailmentundercoherencewhenwe alsowantto
have aninheritanceof logical knowledge. Finally, another
importantapplicationis probabilisticbelief revision.

A companiompaper44] presentsimilar probabilisticgen-
eralizationof entailmentin Pearls SystemZ andof Leh-
manns lexicographicentailment. Theseformalisms,how-
ever, arequite differentfrom the onesin this paper In de-
tail, the new formalismsin [44] addaninheritanceof prob-
abilistic knowledgeand a stratey for resolvinginconsis-
tenciego entailmentin model-theoretigrobabilisticlogic.
For this reasonthey aregenerallymuchstrongerthanen-
tailmentin model-theoretigrobabilisticlogic. Thus,they
are especiallyusefulwherethe classicalnotion of model-
theoreticentailmentis too weak, for example,in proba-
bilistic logic programmindg42, 41]. Otherapplicationsare
deriving degreesof belief from statisticalknowledgeand
degreesof belief, handlinginconsistencief probabilistic
knowledgebasesandprobabilisticbelief revision.

Themaincontributionsof this paperareasfollows:

e We shov that the notions of g-coherenceand of g-
coherenentailmentin probabilisticlogic undercoherence
canbe expressedn termsof probabilityrankings.

o We presennew probabilisticgeneralizationsf entail-
mentin Pearls SystemZ andLehmannslexicographicen-
tailment, which lie betweenmodel-theoretigrobabilistic
entailmentandprobabilisticentailmentundercoherence.

¢ We analyzeand comparesomegeneralnonmonotonic
propertiesof the new notions of entailment, of model-
theoreticprobabilisticentailment,and of probabilisticen-
tailmentundercoherenceln particular it turnsoutthatthe
new formalismssatisfy the propertiesof RationalMono-
tonicity andlrrelevance while probabilisticentailmentun-
dercoherencés lackingtheseproperties.

¢ \We analyzetherelationshipbetweerthe new notion of
entailmentin SystemZ, the new notion of lexicographic
entailment,model-theoretigprobabilistic entailment,and
probabilisticentailmentundercoherence.

e We show that the new notionsof entailmentin Sys-
tem Z and of lexicographicentailmentare propergener
alizationsof their classicalcounterparts.

The restof this paperis organizedasfollows. Section2
givessometechnicalpreliminaries.In Section3, we showv
that probabilistic reasoningunder coherencecan be ex-
pressedn termsof probability rankings,andwe introduce
the new probabilistic notionsof entailmentin SystemZ
andof lexicographicentailment.Sectiond concentratesn
the propertiesof the new formalismsand of the standard
ones.In Section5, we summarizéhemainresultsandgive



anoutlookon futureresearchNotethatdetailedproofsof
all resultsaregivenin the extendedpaper43].

2 Preliminaries

In this section, we first define probabilistic knowledge
bases. We thenrecall the notionsof satisfiability and of
logicalentailmenfrom model-theoretiprobabilisticlogic,
and the notionsof g-coherencend of g-coherententail-
mentfrom probabilisticlogic undercoherence.

2.1 Probabilistic Knowledge Bases

We assumea set of basic events® = {pi,...,pn} with

n>1. Weuse L andT to denotefalseandtrue, respec-
tively. We defineeventsby induction asfollows. Every
elementof ® U {L, T} is anevent. If ¢ andy areevents,
thenalso—¢ and(¢#Av). A logical constaintis aneventof

theform« < ¢. A conditionaleventis anexpressiorof the
form 1|¢ with eventsy and¢. A conditionalconstaint is

anexpressiorof theform (v |¢)[l, u] with eventsy, ¢, and
real numbersl, u € [0, 1]. We define probabilistic formu-
las by inductionasfollows. Every conditionalconstrainis

a probabilisticformula. If F andG are probabilisticfor-

mulas,thenalso—F and (F' A G). We use(F'V G) and
(F < @) to abbreiate —=(—=F A —=G) and—=(—=F A G), re-

spectiely, where F and G are either two eventsor two

probabilisticformulas. We adoptthe usual corventions
to eliminateparentheses.

A world I is a truth assignmentto the basic events
in ® (thatis, a mappingl: & — {true, false}), which

is inductively extendedto all events by I(1)=false,

I(T) =true, I(—¢) =true iff I(¢) = false, andI((¢ A

¥)) =true iff I(¢) =I(¢p) =true. We useZy to de-
note the set of all worlds for ®. A world I satisfies
an event ¢, or I is a model of ¢, denotedI |= ¢, iff

I(¢) =true. We extend worlds I to conditional events
Y|p by I(4|¢)=true iff [EYAS, I(4|¢)="False

iff I =—1 A ¢, andI(y|¢) = indeterminate iff I = —¢.

A probabilistic interpretation Pr is a probability func-

tion on Zg (thatis, a mappingPr: Zs — [0, 1] suchthat
all Pr(I) with I € Zs sumup to 1). The probability of

an event ¢ in the probabilisticinterpretationPr, denoted
Pr(¢), isthesumof all Pr(I) suchthatl € Zg andI |= ¢.

For events¢ andv with Pr(¢) > 0, we write Pr(i)|¢) to

abbreviate Pr(y A ¢) / Pr(¢). Thetruth of logical con-
straintsand probabilisticformulas F’ in a probabilisticin-

terpretationPr, denotedPr |= F, is definedasfollows:

o Pri=y<¢ iff Pr(ypAd) = Pr(¢).
o Pri= ([)[L,u] iff Pr(¢)=0o0rPr(y|¢) €l u].
e Pr|=—F iff notPr = F.

e Pri=(FAQG) iff Pri=FandPr=G.

We say Pr satisfiesF, or Pr is amodelof F, iff Pr|=F.
We say Pr satisfiesa setof logical and conditionalcon-
straintsF, or Pr is amodelof F, denotedPr |= F, iff Pr
isamodelof all F € F.

A probabilistic knowledg base KB = (L, P) consists
of a finite set of logical constraintsL, and a finite set
of conditional constraintsP such that (i) I <wu for all
(|g)[L, u] € P, and (i) 1|1 # sl for any two dis-
tinct (¢1|é1)[l1,u1], (¢2]d2)[l2,us2] € P. Note that here
1|d1 # Pa|eo iff eitheryy A ¢y is notlogically equiva-
lentto 15 A @2, Or @1 is notlogically equivalentto ¢,.

Example2.1 A sample probabilistic knowledge base
KB = (L, P) is givenasfollows:

L = {bird <= penguin},
P = {(have_legs | bird)[1, 1], (fly | bird)[1, 1]} .

Here, L representshelogical knowledge“all penguinsare

birds”. Moreover, in model-theoretigrobabilisticlogic,

P expresseghe logical knowledg “all birds have legs”

and“all birdsfly”, while in probabilisticlogic underco-

herenceandin the new nonmonotonidogics, P expresses
the defaultlogical knowledg “typically, birds have legs”

and“typically, birdsfly”.

Another probabilistic knowledge base KB' = (L', P') is
givenasfollows:

L' = {bird < penguin},
P' = {(have_legs|bird)[1, 1], (fly | bird)[1, 1],
(fly | penguin)[0,0.05]} .

In model-theoretigrobabilisticlogic, the additionalcon-
ditional constraint (fly | penguin)[0,0.05] representsthe
probabilistic knowledg “at most5% of all penguinsfly”,
while in probabilisticlogic undercoherencandin thenen
nonmonotonidogics, (fly | penguin)[0, 0.05] representthe
default probabilistic knowledeg “typically, penguinsfly
with a probability of atleast0.05”. O

2.2 Mode-Theoretic Probabilistic L ogic

We now recallthe model-theoretigotionsof satisfiability
andof logical entailment.

A setof logical andconditionalconstraintsF is satisfiable
iff a model of F exists. A probabilisticknowledgebase
KB = (L, P) is satisfiableiff L U P is satisfiable.

A conditionalconstraintC' is alogical consequencef aset
of logical and conditionalconstraintsF, denotedF |= C,
iff every modelof F is alsoa modelof C. A conditional



constraint(y|¢)[l, u] is atight logical consequencef F,
denotedF |=ight(¥[#)[L, u], iff I (resp.,u) is theinfimum
(resp.,supremum)of Pr(v|¢) subjectto all models Pr
of F with Pr(¢) > 0. Notethatwe definel =1 andu =0,
whenF | (¢|T)[0, 0]. A conditionalconstraintC is alog-
ical consequencef a probabilisticknowledgebase KB,
denotedKB |=C, iff LUP |=C. It is atight logical con-
sequencef KB, denotedKB|=igniC', iff LU Pli=igniC.

Example 2.2 Theprobabilisticknowledgebasek B of Ex-
ample2.1 hasthefollowing logical consequences:

(fly | bird)[1, 1], (have_legs | bird)[1, 1],
(fly | penguin)[1, 1], (have_legs | penguin)[1,1].

In fact,all theseconditionalconstraintsareeventight logi-
calconsequencesf KB.

The probabilisticknowledgebase KB’ = (L', P') of Ex-
ample2.1 hasthefollowing tight logical consequences:

(fly | bird)[1, 1], (have_legs | bird)[1, 1],
(fly | penguin)[1,0], (have_legs| penguin)[1,0].

Here,theemptyinterval “[1,0]" in thelasttwo conditional
constraintss dueto thefactthatthelogical propertyof be-
ing ableto fly is inheritedfrom birds to penguinsandis
incompatibletherewith the knowledgethat at most5% of
all penguinsareableto fly. Hence|n this example theno-
tion of logicalentailmenistoostrong,asthedesirabldight
conclusionsrom KB’ aregivenby (fly | penguin)[0, 0.05]
and(have_legs | penguin)[1, 1], respectiely. O

2.3 Probabilistic Logic under Coherence

We now recallthenaotionsof g-coherencandof g-coherent
entailment.We definethemby usingsomerecentcharac-
terizationsthrough conceptsfrom default reasoning10].
We first give somepreparatie definitions.

A probabilisticinterpretationPr verifiesaconditionalcon-
straint (¢|9)[l, u] iff Pr(¢) >0 and Pr = (¢|@)[l,u]. It
falsifiesa conditional constraint(¢|¢)[l, u] iff Pr(¢) >0
and Pr = (¢|¢)[l,u]. A setof conditionalconstraintsP
toleratesa conditionalconstraintC' undera setof logical
constraintsL iff L U P hasa modelthatverifiesC'. A set
of conditionalconstraintsP is under L in conflictwith C
iff nomodelof L U P verifiesC.

A conditional constaint ranking ¢ on a probabilistic
knowledgebaseKB = (L, P) mapseachelementof P to
a nonngative integer. It is admissiblewith KB iff every
P' C P thatis underL in conflict with someC € P con-
tainsa conditionalconstraintC’ suchthato(C") < o(C).

We are now readyto definethe conceptof g-coherence.

A probabilisticknowledgebaseKB is g-coheentiff there

existsaconditionalconstraintrankingon KB thatis admis-
siblewith KB.

We next define the notion of g-coherententailment.
Let KB=(L,P) be a g-coherentprobabilistic knowl-

edgebase,andlet (¢|¢)[l,u] be a conditionalconstraint.
Then, (¢¥|¢)[l,u] is a g-coheentconsequencef KB, de-
noted KB [ (4] )1, ul, iff (L, PU{(1)|$)[p,pl}) is not
g-coherenfor all p € [0,1) U (u, 1]. Wesay(¢|¢)[l, u] isa
tight g-coheentconsequencef KB, denotedKB |~ 1,

(W|P)[l, )], iff I (resp.,u) is the infimum (resp., supre-
mum) of p subjectto all g-coherentprobabilistic knowl-

edgebases L, PU {(1|)[p, p]}).

Example 2.3 Theprobabilisticknowledgebasek B of Ex-
ample2.1hasthefollowing tight g-coherentonsequences:

(fly | bird)[1, 1], (have_legs | bird)[1,1],
(fly | penguin)[0, 1], (have_legs| penguin)[0,1].

Here,theinterval “[0, 1]” in the lasttwo conditionalcon-
straintsis dueto the factthatthe logical propertiesof be-
ing ableto fly andof having legs are not inherited from
birds to penguins. Thus, in this example, the notion of
g-coherententailmentis too weak, as the desirabletight
conclusiondrom KB aregivenby (fly | penguin)[1, 1] and
(have_legs | penguin)[1, 1], respectiely.

TheprobabilisticknowledgebaseKB' of Example2.1has
thefollowing tight g-coherentonsequences:

(fly | bird)[1, 1], (have_legs | bird)[1, 1],
(fly | penguin)[0,0.05], (have_legs | penguin)[0,1] .

Here, the last interval “[0,1]" is dueto the fact that the
logical propertyof having legsis not inheritedfrom birds
to penguins. Thus, alsoin this example, g-coherenten-
tailment is too weak, as the desirabletight conclusion
from KB' is givenby (have_legs | penguin)[1,1]. O

3 Nonmonotonic Probabilistic L ogics

In thissectionwefirst shawv thatthenotionsof g-coherence
andof g-coherenentailmentcanbe expressedn termsof
probability rankings. We thenintroducenew probabilis-
tic generalization®f Pearls entailmentin SystemZ and
of Lehmanns lexicographicentailment. Obsene that the
notion of g-coherenentailmentis definedthrougha setof
probability rankings,while the nen notionsof entailment
in SystemZ andof lexicographicentailmentare eachde-
finedthrougha uniquesingleprobability ranking.

In somesensethe new formalismsare second-ordefor-
malisms,asprobabilityrankingsarecloselyrelatedto pos-
sibility measuresver probabilitiesandcanthusbeseenas
uncertaintymeasuresver otheruncertaintymeasures.



3.1 Probability Rankings

We now shaw thatg-coherencandg-coherententailment
canbedefinedin termsof admissibleprobability rankings.
We first give somepreparatie definitions.

In the sequel,we usea > 0 to abbreviate the probabilis-
tic formula —(«|T)[0,0]. A probability ranking x maps
each probabilistic interpretationon Zg to a memberof

{0,1,...} U {oo} suchthatx(Pr)=0 for atleastonein-

terpretationPr. It is extendedo all logical constraintsand
probabilisticformulasF’ asfollows. If F' is satisfiablethen
k(F) = min {«(Pr) | Pr = F}, otherwisex(F)=o00. A

probability ranking x is admissiblewith a probabilis-
tic knowledge base KB = (L, P) iff k(—F)=o00 for

all FeL andk(¢>0)<oo andk(éd>0A (¥|¢)[l,u]) <

k(¢ >0 A=(1]g)[1, u]) for all (]g)[1, u] € P.

The following resultshavs that g-coherencés equivalent
to the existenceof anadmissibleprobability ranking.

Theorem 3.1 Let KB = (L, P) be a probabilistic knowl-
edge base Then,KB is g-coheentiff there existsa proba-
bility rankingx thatis admissiblewith KB.

The next theoremshaws thatg-coherenentailmentcanbe
expressedn termsof admissibleprobabilityrankings.

Theorem 3.2 Let KB =(L,P) be a g-coheent proba-
bilistic knowledgbase andlet (¢)|¢)[l, u] bea conditional
constaint. Then,KB |k ?(|$)[l,u] iff k(¢ >0)=oc or

£(9>0 A (P|9)[l,u]) < K(d>0A=(Y[@)[l,u]) for every
probability rankingx thatis admissiblewith KB.

32 SystemZ

We now extend Pearls entailmentin SystemZ [48, 32
to g-coherenprobabilisticknowledgebaseskB = (L, P).
The new notion of entailmentin SystemZ is linkedto an
orderedpartition of P, a conditionalconstraintranking z
on KB, anda probabilityrankingx=.

The z-partition of KB is the unique ordered partition
(Py,. .., Py) of P suchthateachP;, i € {0,...,k}, isthe
setofallC € P—(PyU---UP;_,) thatistoleratedunderL
byP— (P()UUPl,l)

Example 3.3 The z-partition of the probabilistic knowl-
edgebaseKB = (L, P) in Example2.1lis givenby:
(Py) = ({(have_legs | bird)[1,1], (fly | bird)[1,1]}) .

The z-partition of the probabilistic knowledge base
KB'= (L', P') in Example2.1is givenasfollows:

(Po', P') = ({(have-legs |bird)[1, 1], (ly | bird)[1, 1]},
{(fly | penguin)[0,0.05]}). O

We next definethe conditional constraintranking z and
the probability rankingx*. For every j € {0, ...,k}, each
C € P; is assignedhe value j underz. The probability
ranking x* on all probabilisticinterpretationsPr is then
definedasfollows:

00 if PrjEL
k*(Pr) = {0 if Prie LUP
1+ max z(C) otherwise.
CEP: PriEC

Thefollowing lemmashavsthat,in fact, z is a conditional
constraintrankingon KB thatis admissiblewith KB, and
k* is a probabilityrankingthatis admissiblewith KB.

Lemma 3.4 Let KB bea g-coheentprobabilistic knowl-
edge base Then,

(a) z is admissiblewith KB.
(b) x* is admissiblewith KB.

We next definea preferenceelationon probabilisticinter-
pretationsasfollows. For probabilisticinterpretationsPr
and Pr', we say Pr is z-prefembleto Pr' iff k*(Pr) <
x*(Pr'). A model Pr of a setof logical and conditional
constraintsF is a z-minimalmodelof F iff nomodelof F
is z-preferableo Pr.

We finally definethe notion of z-entailmentasfollows. A
conditional constraintC' is a z-consequencef KB, de-
noted KB |~ *C, iff every z-minimal model of L satis-
fies C. A conditionalconstraint(y|¢)[l, u] is a tight z-
consequencef KB, denotedKBHthight (WD), ], iff
I (resp.,u) is the infimum (resp.,supremumf Pr(i|¢)
subjectto all z-minimal modelsPr of L with Pr(¢) > 0.

The following example shaws that z-entailmentrealizes
an inheritanceof logical propertiesfrom classeso non-
exceptionakubclasseddowever, logical propertiesarenot
inherited from classesto subclasseshat are exceptional
with respectto someother property (in classicaldefault
reasoningrom conditionalknowledgebaseswe call this
undesirabldeatureinheritancebloding).

Example 3.5 TheprobabilisticknowledgebaseK B of Ex-
ample2.1 hasthefollowing tight z-consequences:

(fly|bird)[1,1], (have_legs|bird)[1, 1],
(fly|penguin)[1, 1], (have_legs|penguin)[1,1].

TheprobabilisticknowledgebaseKB' of Example2.1has
thefollowing tight z-consequences:

(fly|bird)[1, 1], (have_legs|bird)[1, 1],
(fly|penguin)[0, 0.05], (have_legs|penguin)[0,1].



Here,thelastinterval “[0, 1]” is dueto thefactthatthelog-
ical propertyof having legsis not inheritedfrom birds to
its exceptionalsubclaspenguinsd

Thefollowing lemmadescribesnalternatve way of defin-
ing thenotionof z-consequence.

Lemma 3.6 Let KB bea g-coheentprobabilistic knowl-
edge base and let C' = (¢|¢)[l,u] be a conditional con-
straint. Then,KB | *C iff k*(¢ > 0) =00 or £7(¢ >0 A
C)<k*(p>0A-0C).

3.3 Lexicographic Entailment

We next extend Lehmanns lexicographicentailment[37]
to g-coherenprobabilisticknowledgebaseskB = (L, P).
Note that eventhoughwe do not useprobability rankings
here,the new notion of entailmentcanbe easilyexpressed
by a uniquesingleprobability ranking.

We use the z-partition (P, ..., P;) of KB to definea

lexicographic preferencerelation on probabilistic inter-

pretationsas follows. For probabilistic interpretations
Pr and Pr', we say Pr is lexicographically prefemble

(or lez-preferble) to Pr' iff someie€ {0,...,k} exists
such that |{CeP; | Pr=C}| > |{CeP;| Pr' EC}| and
[{CeP;| Pri=CY =|{CeP; | Pr' =C}| for all i<j<k.

A model Pr of asetof logical andconditionalconstraints
F is a lexicographically minimal model (or lez-minimal

mode) of F iff nomodelof F is [ex-preferableo Pr.

A conditionalconstraintC' is a lexz-consequencef KB,
denotedKB | " C, iff every lez-minimal model of L
satisfiesC. A conditionalconstraint(y|¢)[l, u] is a tight
lez-consequencef KB, denotedKB Hwtlfg’jn (W), u],
iff I (resp.u) is theinfimum (resp. supremumpf Pr(1)|¢)
subjecto all lez-minimal modelsPr of L with Pr(¢) > 0.

Thefollowing exampleshows thatlex-entailmentrealizes
a correctinheritanceof logical properties. In particular
it doesnot shawv the problemof inheritanceblocking.

Example 3.7 TheprobabilisticknowledgebaseK B of Ex-
ample2.1 hasthefollowing tight [ez-consequences:

(fly | bird)[1, 1], (have_legs | bird)[1, 1],
(fly | penguin)[1,1], (have_legs| penguin)[1,1].

TheprobabilisticknowledgebaseKB' of Example2.1has
thefollowing tight lex-consequences:

(fly | bird)[1, 1], (have_legs | bird)[1, 1],
(fly | penguin)[0,0.05], (have_legs | penguin)[1,1]. O

4 Properties

In this section,we analyzesomepropertiesof logical en-
tailment, g-coherententailment, z-entailment, and lez-
entailment.We first describesomegeneralnonmonotonic
properties. We then explore the relationshipbetweenthe
formalisms,andtheoneto their classicalkcounterparts.

4.1 General Nonmonotonic Properties

We now analyzesomegenerahonmonotonigropertiesof
theprobabilisticformalismsof this paper It is importantto
point out thatthesepropertiesareespeciallyrelatedto the
inheritanceof logical knowledge.

We first considetthe postulateRightWealening(RW), Re-
flexivity (Ref) Left Logical EquivalencegLLE), Cut, Cau-
tious Monotonicity (CM), and Or by Kraus et al. [34],

which are commonly regardedas being particularly de-
sirablefor ary reasonablaotion of nonmonotonicentail-
ment. The following resultshows that logical entailment,
g-coherenentailmentz-entailmentandlex-entailmengll

satisfy(probabilisticversionsof) thesepostulates.

Theorem 4.1 |, |~?, |~ *, and |~ ““* satisfythefollow-
ing propertiesfor all probabilisticknowledg basesKB =
(L, P), all eventsz, €', ¢, andvp, andall [,I', u, v’ €0, 1]:

RW. If (¢| T)[L, u] = (| T)[I', '] is logically valid
and KB |~ (¢le)[1, ul, thenKB |k (djo)[I', .

Ref KB |p (ele)[L, 1].

LLE. If e &£’ islogically valid,
thenKB [ (¢l2)[L, u] iff KB [ (¢l")[1, ul.

Cut. If KB |p (e|e")[1, 1] and KB |k (¢le A £))[i, u],
thenKB | (6|eN)[1, u]-

CM. If KB | (¢|e")[1,1] and KB |k (dle")[l, ],
thenKB | (¢le Ae)[L, u].

Or. It KB (4|o)[1,1] and KB |~ (ge")[1, 1],
thenKB | (e v e')[1, 1].

Anotherdesirablepropertyis RationalMonotonicity(RM)
[34], which describesa restrictedform of monotory, and
allowsto ignorecertainkindsof irrelevantknowledge.The
next theoremshaws that logical entailment,z-entailment,
andlez-entailmentsatisfy RM. Here,we use KB ||~ C to
denotethatit is notthecasethat KB |~ C.

Theorem4.2 |, |7, and |~'* satisfy the follow-
ing property for all probabilistic knowledg basesKB =
(L, P), all eventsz, &', andep, andall I,u € [0, 1]:
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RM. If KB |~ (]e)[1, 1] and KB [ (=¢'|e)[L, 1],
thenKB | (]e Ae')[L,1].

The following exampleshows that g-coherenentailment,
however, generallydoesnot satisfyRM.

Example 4.3 Considerthe probabilisticknowledgebase
KB = (L,P) = ({bird <= eagle}, {(fly | bird)[1,1]}).

Then, (fly | bird)[1, 1] is a logical consequencéresp.,g-
coherentconsequencez-consequenceez-consequence)
of KB. Moreover, (—eagle | bird)[1, 1] is notalogical con-
sequencéresp.,g-coherentonsequence;-consequence,
lex-consequence)f KB.

Obsene now that (fly | bird A eagle)[1, 1] is a logical con-
sequencéresp.,z-consequencéex-consequence)f KB,
but (fly | bird A eagle)[1, 1] is notag-coherentonsequence
of KB. We remarkthat (fly | bird A eagle)[1, 1] is thetight
logical consequencdresp., z-consequence/ex-conse-
quence)of KB, while (fly | bird A eagle)[0, 1] is the tight
g-coherentonsequencef KB. O

We now considerthe property Irrelevance (Irr) adapted
from [7]. Informally, Irr saysthate’ is irrelevantto a con-

clusion“P |~ (9|e)[1, 1] whenthey aredefinedover dis-

joint setsof atoms.Thefollowing resultshovs thatlogical

entailmentz-entailmentandiez-entailmentsatisfylrr .

Theorem4.4 |=, |7, and |'* satisfy the follow-
ing property for all probabilistic knowledg basesKB =
(L, P) andall eventse, &', and):

Irr. If KB |~ (]e)[1,1], andno atomof KB and
(1]€)[1,1] occursin &', thenKB |~ (¥]|ene’)[1,1].

The following exampleshaws that g-coherenentailment,
however, doesnot satisfylrr.

Example 4.5 Considerthe probabilisticknowledgebase
KB = (L,P) = (0,{(fly|bird)[1,1]}).

Clearly, (fly | bird)[1,1] is alogical consequencéesp.,g-
coherentconsequencez-consequenceiez-consequence)
of KB. Obsene now that (fly | red A bird)[1,1] is a logi-
cal consequencéresp.,z-consequencdex-consequence)

of KB, but (fly | red A bird)[1, 1] is not a g-coherentcon-
sequencef KB. We remarkthat (fly | red A bird)[1, 1] is
the tight logical consequencéresp.,z-consequencdez-
consequencedf KB, while (fly |red A bird)[0,1] is the
tight g-coherentonsequencef KB. O

We finally considerthe property Direct Inference (DI)
adaptedrom [3]. Informally, DI expresseshat P should
entail all its own conditional constraints. The following
theoremshaows that logical entailment,g-coherententail-
ment,z-entailmentandlez-entailmentall satisfyDI.

Theorem 4.6 |, |~7, |~7, and |~"® satisfythe fol-
lowing property for all probabilistic knowledg bases
KB =(L,P), all eventse, ¢, andep, andall I, u € [0, 1]:

DI. If (¢|¢)[l,u] € P ande < ¢ is logically valid,
thenKB |~ (Yle)[l, u).

4.2 Relationship between Probabilistic Formalisms

We now explorethelogicalimplicationsbetweerthe prob-
abilistic formalismsof this paper

Thefollowing theoremshaws thatthe logical implications
illustratedin Fig. 1 hold betweenlogical entailment,g-
coherenentailment z-entailmentandlex-entailment.

Theorem 4.7 Let KB =(L, P) be a g-coheent proba-
bilistic knowled@ base andlet C' = (¢|¢)[l, u] bea con-
ditional constaint. Then,

(@) KB |r?C impliesKB |~ “C.
(b) KB |~*C impliesKB |~ ““C.
(c) KB |~""C impliesKB |= C.

In generalnoneof the corverseimplicationsholds,asEx-
amples2.2,2.3,3.5,and3.7 immediatelyshav. Butin the
specialcasewhen L U P hasa modelin which the con-
ditioning event ¢ hasa positive probability, the notions
of logical entailment, z-entailment, and lez-entailment
of (¢|¢)[l,u] from KB all coincide. Thisimportantresult
is expressedy thefollowing theorem.

Theorem 4.8 Let KB =(L, P) be a g-coheent proba-
bilistic knowledg base and let C'= (|¢)[l,u] be a
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conditional constaint suc that L U P has a model Pr
with Pr(¢) > 0. Then,

KB|=C iff KB|~'"“C iff KB|~7C.

The following exampleshaws that g-coherenentailment,
however, generallydoesnot coincidewith logical entail-
mentwhenL U P hasa model Pr with Pr(¢) > 0.

Example 4.9 Consideragainthe probabilisticknowledge
baseKB = (L, P) = ({bird < eagle}, {(fly | bird)[1, 1]}).
Then,L U P hasclearlyamodel Pr with Pr(eagle) > 0.

It is now easyto verify that (fly | eagle)[1, 1] is a logical
consequencéresp., z-consequenceex-consequencedf
KB, but (fly | eagle)[1, 1] is not a g-coherentonsequence
of KB. We remarkthat (fly | eagle)[1, 1] is the tight logi-
cal consequencéresp.,z-consequencdgexz-consequence)
of KB, while (fly | eagle)[0, 1] is the tight g-coherenton-
sequencef KB. O

4.3 Relationship to Classical Formalisms

We now analyzetherelationshipbetweerthe probabilistic
formalismsof this paperand their classicalcounterparts.
We first give sometechnicalpreparatiorasfollows.

The operatory on conditional constraints,sets of con-
ditional constraints,and conditionalknowledge basesre-
placeseachconditionalconstraint(+|#)[1, 1] by theclassi-
caldefaults) « ¢. Weusetheexpressiong~?, k%, |7,
and}= to denotethe classicahotionsof entailmentin Sys-
tem P, Pearls entailmentin SystemZ, Lehmannslexico-
graphicentailmentandlogical entailmentrespectiely.

The following well-known result saysthat logical entail-
mentin model-theoretiprobabilisticlogic is a generaliza-
tion of logical entailmentin classicalpropositionalogic.

Theorem 4.10 Let KB =(L, P) be a g-coheent prob-
abilistic knowledg base whee P ={(y1|¢1)[1,1],...,
(¥n|én)[1,1]}), andlet (B|a)[1,1] be a conditional con-
straint. Then,

KB (8la)[1,1] iff 1(KB) | f < a.

The next theoremrecalls the recentresult by Biazzo et
al.[10] thatg-coherenentailmenis ageneralizatiorof de-
faultentailmenin SystempP.

Theorem 4.11 (Biazzo et al. [10]) Let KB = (L, P) bea
g-coheent probabilistic knowledg base whee P =

{(1e1)[1,1;- .-, (Wnln)[1,1]}), andlet (Ba)[1, 1] be

a conditionalconstraint. Then,

KB (Bla)[L,1] iff 7(KB) 78 +a.

The following theoremshaws that the new notions of
z- andlex-entailmentfor g-cohereniprobabilisticknowl-
edge basesgeneralizetheir classicalcounterpartsor e-
consistentonditionalknowledgebases.

Theorem 4.12 Let KB = (L, P) be a g-coheent prob-
abilistic knowledg base whee P = {(v1|¢1)[1,1],.. -,
(¢Yn|on)[1,1]}), andlet (B|a)[1, 1] be a conditional con-
straint. Then,

() KB |~*(Bla)[1,1] iff y(KB) "8+ o
(b) KB |~ (Blo)[1,1] iff v(KB)"*" B« a.

5 Summary and Outlook

We have presentegrobabilisticgeneralization®f Pearls
entailmentin SystemZ and of Lehmanns lexicographic
entailmentthat lie betweenentailmentin model-theoretic
probabilisticlogic andentailmenin probabilisticlogic un-
dercoherenceThatis, thenew formalismsproperlygener
alize their counterpartsn classicaldefault reasoningthey
are wealer than model-theoretigrobabilisticentailment,
andthey are strongerthan probabilisticentailmentunder
coherence.The new formalismsare useful especiallyfor
handlingprobabilisticinconsistenciegelatedto condition-
ing on zeroevents. Furthermorethey canbe appliedfor
probabilisticbelief revision. More generally in the same
spirit asa similar previous paper this papersheddight on
exciting new formalismsfor probabilisticreasonindeyond
thewell-known standardnes.



An interestingtopic of future researchs to develop algo-
rithmsfor the new formalismsandto analyzetheir compu-
tationalcompleity (alongthelinesof [44]).

Anothervery interestingtopic of future researchis to de-
velop and explore further nonmonotonicformalismsfor

reasoningwith conditional constraints. Besidesextend-
ing classicalformalismsfor default reasoningfrom con-
ditional knowledge bases,which may additionally con-
tain a strengthassignmento the defaults, one may also
think about combining the new formalisms of this pa-

perandof [44] with someprobability selectiontechnique
(ase.g.maximumentropy or centerof mass).
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