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Abstract

Recently, it has been shown that probabilis-
tic entailmentunder coherenceis weaker than
model-theoreticprobabilisticentailment.More-
over, probabilistic entailmentunder coherence
is a generalizationof default entailmentin Sys-
tem

�
. In this paper, we continuethis line of

researchby presentingprobabilisticgeneraliza-
tions of more sophisticatednotions of classi-
cal default entailmentthat lie betweenmodel-
theoreticprobabilisticentailmentandprobabilis-
tic entailment under coherence.That is, the
new formalismsproperlygeneralizetheir coun-
terpartsin classicaldefault reasoning,they are
weaker thanmodel-theoreticprobabilisticentail-
ment,andthey arestrongerthanprobabilisticen-
tailmentundercoherence.The new formalisms
are useful especiallyfor handling probabilistic
inconsistenciesrelatedto conditioning on zero
events.They canalsobeappliedfor probabilistic
beliefrevision. Moregenerally, in thesamespirit
asasimilarpreviouspaper, thispapershedslight
onexciting new formalismsfor probabilisticrea-
soningbeyondthewell-known standardones.

1 Introduction

In the recentdecades,probabilisticreasoninghasbecome
animportantresearchtopic in artificial intelligence.In par-
ticular, extensive researchhasbeencarriedout on proba-
bilistic reasoningwith interval restrictionsfor conditional
probabilities,alsocalledconditionalconstraints[40].

One important approachfor handling conditional con-
straintsis model-theoreticprobabilisticlogic,whichcomes�
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especiallyfrom philosophyandlogic, andwhoserootsgo
back to Boole’s book of 1854 “The Laws of Thought”
[11]. There is a wide spectrumof formal languagesthat
have beenexploredin model-theoreticprobabilisticlogic,
rangingfrom constraintsfor unconditionalandconditional
events[16, 20, 2, 53, 19, 23, 33, 45, 39, 40, 42, 46] to rich
languagesthatspecifylinear inequalitiesover events[22].
The main problemsrelatedto model-theoreticprobabilis-
tic logic arecheckingsatisfiability, decidinglogical conse-
quence,andcomputingtight logically entailedintervals.

Anotherimportantapproachto probabilisticreasoningwith
conditional constraints,which has been extensively ex-
plored in the areaof statistics,is basedon the coherence
principle of de Finetti and suitablegeneralizationsof it
[8, 12, 13, 14, 15, 27, 28, 29, 50], or on similar princi-
plesthathave beenadoptedfor lower andupperprobabil-
ities [49, 54]. Two importantaspectsof dealingwith un-
certaintyin this framework are(i) checkingtheconsistency
of a probabilisticassessment,and(ii) thepropagationof a
givenassessmentto furtheruncertainquantities.

Recently, the relationshipbetweenmodel-theoreticproba-
bilistic logic and probabilistic logic undercoherencehas
beenthoroughlyexplored in [10]. In particular, it turned
out thatprobabilisticentailmentundercoherenceis weaker
than model-theoreticprobabilisticentailment. Moreover,
it hasbeenshown in [10] thatprobabilisticentailmentun-
der coherenceis a generalizationof classicaldefault en-
tailmentin System

�
, while model-theoreticprobabilistic

entailmentis well-known to bea generalizationof model-
theoreticentailmentin classicalpropositionallogics.

In this paper, we continuethis line of researchby present-
ing probabilisticgeneralizationsof moresophisticatedfor-
malismsfor default reasoningfrom conditionalknowledge
bases,whichlie betweenprobabilisticentailmentunderco-
herenceandmodel-theoreticprobabilisticentailment.That
is, thenew notionsof entailmentgeneralizetheir classical
counterparts,they are strongerthan entailmentunderco-
herence,andweaker thanmodel-theoreticentailment.



The literaturecontainsseveral differentproposalsfor de-
fault reasoningfrom conditionalknowledgebasesandex-
tensive work on its desiredproperties.The coreof these
propertiesare the rationality postulatesof System

�
pro-

posedby Krauset al. [34]. It turnedout that theseratio-
nality postulatesconstitutea soundand completeaxiom
systemfor severalclassicalmodel-theoreticentailmentre-
lations underuncertaintymeasureson worlds. In detail,
they characterizeclassicalmodel-theoreticentailmentun-
der preferentialstructures[51, 34], infinitesimalprobabil-
ities [1, 47], possibility measures[17], and world rank-
ings[52, 31]. They alsocharacterizeanentailmentrelation
basedon conditionalobjects[18]. A survey of all these
relationshipsis givenin [6, 24].

Mainly to solve problemswith irrelevant information,the
notion of rational closureas a more adventurousnotion
of entailmentwas introducedby Lehmann[36, 38]. It is
equivalentto entailmentin System� by Pearl[48], to the
leastspecificpossibilityentailmentby Benferhatet al. [5],
and to a conditional (modal) logic-basedentailmentby
Lamarre[35]. Finally, mainly to solveproblemswith prop-
erty inheritancefrom classesto exceptionalsubclasses,the
maximumentropy approachto default entailmentwaspro-
posedby Goldszmidtet al. [30]; lexicographicentailment
wasintroducedby Lehmann[37] andBenferhatet al. [4];
conditionalentailmentwasproposedby Geffner [25, 26];
andaninfinitesimalbelieffunctionapproachwassuggested
by Benferhatet al. [7].

In this paper, we defineprobabilisticgeneralizationsof en-
tailmentin Pearl’sSystem� andLehmann’s lexicographic
entailmentthat lie betweenentailmentin model-theoretic
probabilisticlogic andentailmentin probabilisticlogic un-
dercoherence.Roughlyspeaking,themaindifferencebe-
tweenmodel-theoreticprobabilisticentailmentandproba-
bilistic entailmentundercoherenceis that theformer real-
izesan inheritanceof logical knowledge,while the latter
doesnot. Intuitively, thenew formalismsnow adda strat-
egy for resolvinginconsistenciesto model-theoreticprob-
abilistic logic, anda restrictedform of inheritanceof logi-
cal knowledgeto probabilisticlogic undercoherence.This
is why the new notionsof entailmentareweaker thanen-
tailmentin model-theoreticprobabilisticlogic andstronger
thanentailmentin probabilisticlogic undercoherence.

Hence,thenew formalismsarerefinementsof bothmodel-
theoreticprobabilisticentailmentandprobabilisticentail-
mentundercoherence.They canbeusedin placeof model-
theoreticprobabilisticentailment,whenwewantto resolve
probabilisticinconsistenciesrelatedto conditioningonzero
events. Here,thenew formalismsareespeciallywell-suited
asthey coincidewith model-theoreticprobabilisticentail-
mentaslong aswe conditionon non-zeroevents.Further-
more,the new formalismscanbe usedin placeof proba-

bilistic entailmentundercoherence,whenwe alsowant to
have aninheritanceof logical knowledge.Finally, another
importantapplicationis probabilisticbelief revision.

A companionpaper[44] presentssimilarprobabilisticgen-
eralizationsof entailmentin Pearl’s System� andof Leh-
mann’s lexicographicentailment.Theseformalisms,how-
ever, arequitedifferentfrom theonesin this paper. In de-
tail, thenew formalismsin [44] addaninheritanceof prob-
abilistic knowledgeanda strategy for resolvinginconsis-
tenciesto entailmentin model-theoreticprobabilisticlogic.
For this reason,they aregenerallymuchstrongerthanen-
tailmentin model-theoreticprobabilisticlogic. Thus,they
areespeciallyusefulwherethe classicalnotion of model-
theoreticentailmentis too weak, for example, in proba-
bilistic logic programming[42, 41]. Otherapplicationsare
deriving degreesof belief from statisticalknowledgeand
degreesof belief, handlinginconsistenciesin probabilistic
knowledgebases,andprobabilisticbelief revision.

Themaincontributionsof this paperareasfollows:

� We show that the notions of g-coherenceand of g-
coherententailmentin probabilisticlogic undercoherence
canbeexpressedin termsof probabilityrankings.

� We presentnew probabilisticgeneralizationsof entail-
mentin Pearl’sSystem� andLehmann’slexicographicen-
tailment, which lie betweenmodel-theoreticprobabilistic
entailmentandprobabilisticentailmentundercoherence.

� We analyzeandcomparesomegeneralnonmonotonic
propertiesof the new notions of entailment,of model-
theoreticprobabilisticentailment,andof probabilisticen-
tailmentundercoherence.In particular, it turnsout thatthe
new formalismssatisfy the propertiesof RationalMono-
tonicity andIrrelevance,while probabilisticentailmentun-
dercoherenceis lackingtheseproperties.

� We analyzetherelationshipbetweenthenew notionof
entailmentin System � , the new notion of lexicographic
entailment,model-theoreticprobabilistic entailment,and
probabilisticentailmentundercoherence.

� We show that the new notionsof entailmentin Sys-
tem � and of lexicographicentailmentarepropergener-
alizationsof their classicalcounterparts.

The restof this paperis organizedas follows. Section2
givessometechnicalpreliminaries.In Section3, we show
that probabilistic reasoningunder coherencecan be ex-
pressedin termsof probabilityrankings,andwe introduce
the new probabilisticnotionsof entailmentin System �
andof lexicographicentailment.Section4 concentrateson
the propertiesof the new formalismsandof the standard
ones.In Section5, wesummarizethemainresultsandgive



anoutlookon futureresearch.Notethatdetailedproofsof
all resultsaregivenin theextendedpaper[43].

2 Preliminaries

In this section, we first define probabilistic knowledge
bases. We then recall the notionsof satisfiability and of
logicalentailmentfrom model-theoreticprobabilisticlogic,
and the notionsof g-coherenceand of g-coherententail-
mentfrom probabilisticlogic undercoherence.

2.1 Probabilistic Knowledge Bases

We assumea set of basic events ���	��

������������
���� with����� . We use � and � to denotefalseand true, respec-
tively. We defineeventsby induction as follows. Every
elementof ��� ���!�"�#� is anevent. If $ and % areevents,
thenalso &'$ and (�$*)+%-, . A logical constraint is aneventof
theform %�./$ . A conditionaleventis anexpressionof the
form %10 $ with events% and $ . A conditionalconstraint is
anexpressionof theform (2%10 $
,43 56�87�9 with events%:�;$ , and
real numbers56��7#<�3 =>� � 9 . We defineprobabilistic formu-
lasby inductionasfollows. Everyconditionalconstraintis
a probabilisticformula. If ? and @ areprobabilisticfor-
mulas,thenalso &A? and (2?B)C@D, . We use (2?	EF@D, and(2?G./@D, to abbreviate &H(�&A?G)�&A@D, and &H(�&A?	)F@D, , re-
spectively, where ? and @ are either two eventsor two
probabilistic formulas. We adopt the usual conventions
to eliminateparentheses.

A world I is a truth assignmentto the basic events
in � (that is, a mapping I+JK�MLN�PO�Q�RTS��VUXWZY2[PSZ� ), which
is inductively extended to all events by I\(]�^,>��UXWZY�[�S ,I\(]�^,>�_O�Q�RTS , I\(�&'$
,>�`O�Q�RTS if f I�(]$\,a�bUXWZY2[PS , and I�(�(�$c)%-,�,>�`O�Q�RTS if f I�(]$\,��`I\(d%H,>�`O�Q�RTS . We use egf to de-
note the set of all worlds for � . A world I satisfies
an event $ , or I is a model of $ , denoted I10 �h$ , if fI\(�$
,>�`O�Q�RTS . We extend worlds I to conditionalevents%10 $ by I\(d%10 $
,>��O�Q�RTS if f I10 �i%j)c$ , I\(d%^0 $
,>��UXWZY�[�S
if f Ik0 �h&T%j)�$ , and I�(2%10 $\,��`l�mKnTSoO�SoQ�pGl2mTWqOPS if f Ik0 ��&'$ .
A probabilistic interpretation r-s is a probability func-
tion on e f (that is, a mapping r-sAJte f Lu3 =>� � 9 suchthat
all r-sq(2It, with Iv<ae f sum up to 1). The probability of
an event $ in the probabilisticinterpretationr-s , denotedr-sq(�$
, , is thesumof all r-sq(�Io, suchthat Iv<ve f and Ik0 �h$ .
For events $ and % with r-sq(]$\,gw�= , we write r-sZ(2%10 $\, to
abbreviate rHsZ(d%x)	$
,>yzrHst(]$
, . The truth of logical con-
straintsandprobabilisticformulas ? in a probabilisticin-
terpretationr-s , denotedr-sF0 �{? , is definedasfollows:

� r-s�0 �|%�.}$ if f r-sZ(2%j)�$
,+�{r-sZ(]$
, .
� r-s�0 �~(d%^0 $
,�3 58�87�9 if f r-sq(�$
,>�h= or r-sq(d%^0 $
,
<�3 56��7>9 .
� r-s�0 �b&A? if f not r-s�0 �|? .

� r-s�0 �~(2?�)�@D, if f r-s�0 �|? and r-sF0 �{@ .

We say r-s satisfies? , or r-s is a modelof ? , if f r-sH0 �`? .
We say r-s satisfiesa set of logical andconditionalcon-
straints� , or r-s is amodelof � , denotedrHs�0 �|� , if f r-s
is a modelof all ?x<�� .

A probabilistic knowledge base �1�G��(2�v� � , consists
of a finite set of logical constraints � and a finite set
of conditional constraints

�
such that (i) 5t��7 for all(d%^0 $
,�3 58�87�9�< � , and(ii) %+��0 $
�����%'�o0 $\� for any two dis-

tinct (d% � 0 $ � ,43 5 � ��7 � 9 , (2% � 0 $ � ,43 5 � ��7 � 9�< � . Note that here% � 0 $ � ���% � 0 $ � if f either % � )�$ � is not logically equiva-
lent to % � )�$ � , or $ � is not logically equivalentto $ � .
Example 2.1 A sample probabilistic knowledge base�k���G(��v� � , is givenasfollows:

��������������.��������Z�������+�� ���t( ��¡P¢P� £ ����¤*0"�������t,43 � � � 9]�P(�¥q¦a0;�����§�t,43 � � � 9]�+�
Here, � representsthelogicalknowledge“all penguinsare
birds”. Moreover, in model-theoreticprobabilistic logic,�

expressesthe logical knowledge “all birds have legs”
and “all birds fly”, while in probabilistic logic underco-
herenceandin thenew nonmonotoniclogics,

�
expresses

the default logical knowledge “typically, birds have legs”
and“typically, birdsfly”.

Another probabilistic knowledge base �k�D¨P��(2� ¨ � � ¨ , is
givenasfollows:

� ¨ ������������.©�����P�>�������+�� ¨ ���t( ��¡P¢P� £ ����¤ª0"�������o,�3 � � � 9]�P(�¥q¦v0;�����§�o,43 � � � 9]�
(d¥q¦a0"�������Z������,�3 =>��=Z� =�«�9����

In model-theoreticprobabilisticlogic, the additionalcon-
ditional constraint (�¥q¦v0;�����P�>������,43 =Z�V=Z� =�«�9 representsthe
probabilistic knowledge “at most5% of all penguinsfly”,
while in probabilisticlogic undercoherenceandin thenew
nonmonotoniclogics, (�¥q¦v0;�����P�>������,43 =Z��=>� =o«�9 representsthe
default probabilistic knowledge “typically, penguinsfly
with a probabilityof at least0.05”. ¬
2.2 Model-Theoretic Probabilistic Logic

We now recall themodel-theoreticnotionsof satisfiability
andof logicalentailment.

A setof logical andconditionalconstraints� is satisfiable
if f a model of � exists. A probabilisticknowledgebase�k���G(��v� � , is satisfiableif f � � � is satisfiable.

A conditionalconstraint­ is a logical consequenceof aset
of logical andconditionalconstraints� , denoted�®0 0 �h­ ,
if f every modelof � is alsoa modelof ­ . A conditional



constraint (d%^0 $
,43 56��7>9 is a tight logical consequenceof � ,
denoted�i0 0 � tight (d%10 $
,43 56��7>9 , if f 5 (resp.,7 ) is the infimum
(resp.,supremum)of r-sq(2%10 $\, subjectto all models r-s
of � with r-sq(]$\,gw_= . Notethatwe define 5�� � and 7^�`= ,
when�¯0 0 ��(�$A0 �^,43 =Z�V=�9 . A conditionalconstraint­ is a log-
ical consequenceof a probabilisticknowledgebase �k� ,
denoted�k�°0 0 �h­ , if f �j� � 0 0 �h­ . It is a tight logical con-
sequenceof �1� , denoted�k��0 0 � tight ­ , if f � � � 0 0 � tight ­ .

Example 2.2 Theprobabilisticknowledgebase�k� of Ex-
ample2.1hasthefollowing logical consequences:

(d¥q¦a0"�������t,43 � � � 9]�ª(6��¡P¢�� £ ����¤*0"�������o,�3 � � � 9]�
(d¥q¦a0"�������Z������,�3 � � � 9X�ª( ��¡P¢�� £ ����¤*0;�����P�>������,43 � � � 9��

In fact,all theseconditionalconstraintsareeventight logi-
cal consequencesof �k� .

The probabilisticknowledgebase �k� ¨ �G(�� ¨ � � ¨ , of Ex-
ample2.1hasthefollowing tight logical consequences:

(d¥q¦a0"�������t,43 � � � 9]�ª(6��¡P¢�� £ ����¤*0"�������o,�3 � � � 9]�
(d¥q¦a0"�������Z������,�3 � ��=�9X�ª( ��¡P¢�� £ ����¤*0;�����P�>������,43 � ��=�9��

Here,theemptyinterval “ 3 � ��=�9 ” in thelasttwo conditional
constraintsis dueto thefactthatthelogicalpropertyof be-
ing able to fly is inheritedfrom birds to penguinsand is
incompatibletherewith theknowledgethatat most5% of
all penguinsareableto fly. Hence,in thisexample,theno-
tionof logicalentailmentis toostrong,asthedesirabletight
conclusionsfrom �k�#¨ aregivenby (d¥q¦v0"�������Z������,�3 =>��=Z� =�«�9
and (6��¡P¢�� £ ����¤*0;�����P�>������,43 � � � 9 , respectively. ¬
2.3 Probabilistic Logic under Coherence

Wenow recallthenotionsof g-coherenceandof g-coherent
entailment.We definethemby usingsomerecentcharac-
terizationsthroughconceptsfrom default reasoning[10].
We first givesomepreparativedefinitions.

A probabilisticinterpretationr-s verifiesaconditionalcon-
straint (d%^0 $
,�3 58�87�9 if f rHst(]$
,
w_= and r-sa0 ��(2%10 $
,43 56�87�9 . It
falsifiesa conditionalconstraint (d%^0 $
,43 56��7>9 if f rHst(]$
,
wi=
and r-sk�0 ��(2%10 $
,43 56�87�9 . A set of conditionalconstraints

�
toleratesa conditionalconstraint­ undera setof logical
constraints� if f �C� � hasa modelthatverifies ­ . A set
of conditionalconstraints

�
is under � in conflict with ­

if f no modelof �_� � verifies ­ .

A conditional constraint ranking ± on a probabilistic
knowledgebase�1�	�x(2�v� � , mapseachelementof

�
to

a nonnegative integer. It is admissiblewith �k� if f every� ¨�² � that is under � in conflict with some ­x< � con-
tainsaconditionalconstraint­ ¨ suchthat ±'(�­ ¨ ,g³�±'(]­�, .
We are now readyto definethe conceptof g-coherence.
A probabilisticknowledgebase�1� is g-coherent if f there

existsaconditionalconstraintrankingon �k� thatis admis-
siblewith �1� .

We next define the notion of g-coherent entailment.
Let �1�G��(2�v� � , be a g-coherentprobabilistic knowl-
edgebase,and let (2%10 $\,�3 58�87�9 be a conditionalconstraint.
Then, (d%^0 $
,43 56��7>9 is a g-coherentconsequenceof �1� , de-
noted �k�°´¶µi·t(2%10 $
,43 56�87�9 , if f (2�:� � �j�o(2%10 $\,�3 
K�2
>9���, is not
g-coherentfor all 
D<�3 =Z��5],Z��(d7T� � 9 . We say (d%10 $
,43 56��7>9 is a
tight g-coherentconsequenceof �k� , denoted�k�°´¶µ ·¸�¹¶ºV»�¸(d%^0 $
,�3 58�87�9 , if f 5 (resp., 7 ) is the infimum (resp., supre-
mum) of 
 subjectto all g-coherentprobabilisticknowl-
edgebases(2�v� � �j�t(d%^0 $
,43 
*��
Z9]��, .
Example 2.3 Theprobabilisticknowledgebase�k� of Ex-
ample2.1hasthefollowing tight g-coherentconsequences:

(d¥q¦a0"�������t,43 � � � 9]�ª(6��¡P¢�� £ ����¤*0"�������o,�3 � � � 9]�
(d¥q¦a0"�������Z������,�3 =>� � 9X�ª( ��¡P¢�� £ ����¤*0;�����P�>������,43 =Z� � 9��

Here,the interval “ 3 =Z� � 9 ” in the last two conditionalcon-
straintsis dueto the fact that the logical propertiesof be-
ing able to fly and of having legs are not inheritedfrom
birds to penguins. Thus, in this example, the notion of
g-coherententailmentis too weak, as the desirabletight
conclusionsfrom �k� aregivenby (d¥q¦a0"�������Z������,�3 � � � 9 and( ��¡P¢�� £ ����¤*0;�����P�>������,43 � � � 9 , respectively.

Theprobabilisticknowledgebase�1��¨ of Example2.1has
thefollowing tight g-coherentconsequences:

(�¥q¦v0;�����§�t,43 � � � 9X�ª( ��¡P¢P� £ ����¤*0;�����§�t,43 � � � 9X�
(�¥q¦v0;�����P�>������,43 =Z��=>� =o«�9X�g( ��¡P¢P� £ ����¤*0"�������Z������,�3 =>� � 9o�

Here, the last interval “ 3 =>� � 9 ” is due to the fact that the
logical propertyof having legs is not inheritedfrom birds
to penguins. Thus, also in this example,g-coherenten-
tailment is too weak, as the desirabletight conclusion
from �1� ¨ is givenby (6��¡P¢�� £ ����¤*0"�������Z������,43 � � � 9 . ¬
3 Nonmonotonic Probabilistic Logics

In thissection,wefirst show thatthenotionsof g-coherence
andof g-coherententailmentcanbeexpressedin termsof
probability rankings. We then introducenew probabilis-
tic generalizationsof Pearl’s entailmentin System � and
of Lehmann’s lexicographicentailment. Observe that the
notionof g-coherententailmentis definedthrougha setof
probability rankings,while the new notionsof entailment
in System� andof lexicographicentailmentareeachde-
finedthroughauniquesingleprobabilityranking.

In somesense,the new formalismsaresecond-orderfor-
malisms,asprobabilityrankingsarecloselyrelatedto pos-
sibility measuresoverprobabilitiesandcanthusbeseenas
uncertaintymeasuresoverotheruncertaintymeasures.



3.1 Probability Rankings

We now show thatg-coherenceandg-coherententailment
canbedefinedin termsof admissibleprobabilityrankings.
We first givesomepreparativedefinitions.

In the sequel,we use ¼�wi= to abbreviate the probabilis-
tic formula &H(2¼H0 �^,43 =Z��=�9 . A probability ranking ½ maps
eachprobabilistic interpretationon e f to a memberof�P=>� � �������¶�:�C��¾�� suchthat ½K(]r-s�,>�`= for at leastonein-
terpretationr-s . It is extendedto all logicalconstraintsand
probabilisticformulas? asfollows. If ? is satisfiable,then½K(2?D,>�B¿FÀÂÁ���½*(Xr-s�,ª0�r-sa0 �_?F� ; otherwise,½*(�?D,>�C¾ . A
probability ranking ½ is admissiblewith a probabilis-
tic knowledge base �k�G��(2�:� � , if f ½K(�&A?D,>�C¾ for
all ?�<�� and ½*(]$Dw�=�,g³i¾ and ½K(�$#wi=+)j(d%10 $
,43 56��7>9d,
³½K(�$#w�=�)!&H(2%10 $\,�3 58�87�9�, for all (2%10 $
,43 56�87�9�< � .

The following resultshows that g-coherenceis equivalent
to theexistenceof anadmissibleprobabilityranking.

Theorem 3.1 Let �k�	�x(2�:� � , be a probabilistic knowl-
edgebase. Then,�1� is g-coherentiff thereexistsa proba-
bility ranking ½ that is admissiblewith �k� .

Thenext theoremshows thatg-coherententailmentcanbe
expressedin termsof admissibleprobabilityrankings.

Theorem 3.2 Let �1�G�G(��v� � , be a g-coherent proba-
bilistic knowledgebase, andlet (d%10 $
,43 56��7>9 bea conditional
constraint. Then, �k�|´ µi·q(d%10 $
,43 56��7>9 iff ½K(�$#wi=�,>�h¾ or½K(�$#w�=k)�(2%10 $
,43 56�87�9d,H³�½K(�$#w�=z)!&H(2%10 $\,�3 58�87�9�, for every
probability ranking ½ that is admissiblewith �k� .

3.2 System Z

We now extend Pearl’s entailmentin System � [48, 32]
to g-coherentprobabilisticknowledgebases�k���G(��v� � , .
Thenew notionof entailmentin System� is linked to an
orderedpartition of

�
, a conditionalconstraintranking Ã

on �k� , anda probabilityranking ½�Ä .
The Ã -partition of �k� is the unique orderedpartition( �KÅ �������4� �AÆ , of

�
suchthateach

�KÇ
, È�<F��=Z�������4�;É\� , is the

setof all ­~< ��Ê ( �*Å �1Ë�Ë�ËÂ� �TÇdÌ ��, thatis toleratedunder�
by
�{Ê ( �KÅ ��Ë�Ë�Ë�� �KÇ2Ì ��, .

Example 3.3 The Ã -partition of the probabilisticknowl-
edgebase�1�G�G(��v� � , in Example2.1is givenby:

( �*Å ,��Í( �t( ��¡P¢P� £ ����¤*0"�������t,43 � � � 9]�P(�¥q¦a0;�����§�t,43 � � � 9]��,
�
The Ã -partition of the probabilistic knowledge base�k� ¨ �x(2� ¨ � � ¨ , in Example2.1is givenasfollows:

( � Å ¨�� � � ¨�,��Í( �t( ��¡P¢P� £ ����¤*0"�������t,43 � � � 9]�P(�¥q¦a0;�����§�t,43 � � � 9]���
�t(�¥q¦v0;�������Z������,�3 =>��=>� =o«�9]��,
�k¬

We next define the conditional constraintranking Ã and
theprobability ranking ½�Ä . For every Îv<��P=Z�������"�VÉ\� , each­x< �gÏ is assignedthe value Î underÃ . The probability
ranking ½�Ä on all probabilistic interpretationsr-s is then
definedasfollows:

½�Ä�(Xr-s�,i�
ÐÑÑÑÒ ÑÑÑÓ
¾ if r-s �0 �|�
= if r-s�0 �|�_� ���Ô ¿�Õ�Ö×zØ�ÙHÚtÛtÜ�ÝÞ ß × Ã�(]­�, otherwise.

Thefollowing lemmashowsthat,in fact, Ã is aconditional
constraintrankingon �1� that is admissiblewith �1� , and½�Ä is a probabilityrankingthatis admissiblewith �1� .

Lemma 3.4 Let �k� be a g-coherentprobabilistic knowl-
edgebase. Then,

(a) Ã is admissiblewith �1� .

(b) ½>Ä is admissiblewith �k� .

We next definea preferencerelationon probabilisticinter-
pretationsasfollows. For probabilisticinterpretationsr-s
and r-s�¨ , we say r-s is Ã -preferable to r-s�¨ if f ½�Ä�(Xr-s�,�³½�Ä�(Xr-s ¨ , . A model rHs of a setof logical andconditional
constraints� is a Ã -minimalmodelof � if f no modelof �
is Ã -preferableto r-s .
We finally definethenotionof Ã -entailmentasfollows. A
conditionalconstraint ­ is a Ã -consequenceof �1� , de-
noted �k��´¶µ Ä ­ , if f every Ã -minimal model of � satis-
fies ­ . A conditionalconstraint (d%^0 $
,43 56��7>9 is a tight Ã -
consequenceof �1� , denoted �1�°´¶µ Ä¸�¹¶º�»�¸ (d%10 $
,43 56��7>9 , if f5 (resp., 7 ) is the infimum (resp.,supremum)of r-sq(2%10 $\,
subjectto all Ã -minimalmodelsr-s of � with r-sq(�$
,
wi= .
The following example shows that Ã -entailmentrealizes
an inheritanceof logical propertiesfrom classesto non-
exceptionalsubclasses.However, logicalpropertiesarenot
inherited from classesto subclassesthat are exceptional
with respectto someother property (in classicaldefault
reasoningfrom conditionalknowledgebases,we call this
undesirablefeatureinheritanceblocking).

Example 3.5 Theprobabilisticknowledgebase�k� of Ex-
ample2.1hasthefollowing tight Ã -consequences:

(�¥q¦�0à�������t,43 � � � 9]�ª(6��¡P¢�� £ ����¤�0à�����§�t,43 � � � 9X�
(�¥q¦�0à�������Z������,�3 � � � 9X�ª( ��¡P¢�� £ ����¤�0à�������Z������,43 � � � 9o�

Theprobabilisticknowledgebase�1� ¨ of Example2.1has
thefollowing tight Ã -consequences:

(d¥q¦�0¶�����§�t,43 � � � 9X�ª( ��¡P¢P� £ ����¤�0¶�������o,�3 � � � 9X�
(d¥q¦�0¶�����P�>������,43 =Z��=>� =o«�9X�g( ��¡P¢P� £ ����¤P0¶�����P�>������,43 =Z� � 9��



Here,thelastinterval “ 3 =Z� � 9 ” is dueto thefactthatthelog-
ical propertyof having legs is not inheritedfrom birds to
its exceptionalsubclasspenguins.¬
Thefollowing lemmadescribesanalternativewayof defin-
ing thenotionof Ã -consequence.

Lemma 3.6 Let �k� be a g-coherentprobabilistic knowl-
edge base, and let ­	�x(d%^0 $
,�3 58�87�9 be a conditional con-
straint. Then, �1�°´¶µ Ä ­ iff ½>Äo(�$#wi=�,>�h¾ or ½>Äo(�$#wi=k)­�,
³_½�Ä�(]$Dwi=+)F&'­�, .
3.3 Lexicographic Entailment

We next extendLehmann’s lexicographicentailment[37]
to g-coherentprobabilisticknowledgebases�k���G(��v� � , .
Note that even thoughwe do not useprobability rankings
here,thenew notionof entailmentcanbeeasilyexpressed
by auniquesingleprobabilityranking.

We use the Ã -partition ( � Å �������4� � Æ , of �k� to define a
lexicographic preferencerelation on probabilistic inter-
pretationsas follows. For probabilistic interpretationsr-s and r-s�¨ , we say r-s is lexicographically preferable
(or 5�áPâ -preferable) to r-s ¨ if f some È\<!��=Z�������"�;É\� exists
such that 0à��­F< �TÇ 0Vr-sH0 ��­!�t04wC0à��­F< �TÇ 0Vr-s�¨�0 ��­!�t0 and0à��­F< �ªÏ 0Vr-sa0 �h­!�q0��x0¶��­F< �gÏ 0�rHs�¨�0 �`­!�q0 for all È;³zÎ��vÉ .
A model r-s of a setof logical andconditionalconstraints� is a lexicographically minimal model (or 52áPâ -minimal
model) of � if f no modelof � is 52áPâ -preferableto r-s .
A conditionalconstraint ­ is a 52áPâ -consequenceof �k� ,
denoted �k�°´¶µ�ãàä]å�­ , if f every 5�á�â -minimal model of �
satisfies­ . A conditionalconstraint (d%^0 $
,�3 58�87�9 is a tight52áPâ -consequenceof �1� , denoted�1�°´¶µ ã�ä�å¸�¹¶º�»�¸ (d%10 $
,43 56��7>9 ,
if f 5 (resp.,7 ) is theinfimum(resp.,supremum)of r-sq(2%10 $\,
subjectto all 52áPâ -minimalmodelsr-s of � with r-sq(]$\,gw_= .
Thefollowing exampleshows that 5�á�â -entailmentrealizes
a correct inheritanceof logical properties. In particular,
it doesnot show theproblemof inheritanceblocking.

Example 3.7 Theprobabilisticknowledgebase�k� of Ex-
ample2.1hasthefollowing tight 5�á�â -consequences:

(d¥q¦a0"�������t,43 � � � 9]�ª(6��¡P¢�� £ ����¤*0"�������o,�3 � � � 9]�
(d¥q¦a0"�������Z������,�3 � � � 9X�ª( ��¡P¢�� £ ����¤*0;�����P�>������,43 � � � 9��

Theprobabilisticknowledgebase�1��¨ of Example2.1has
thefollowing tight 5�áPâ -consequences:

(d¥q¦a0"�������t,43 � � � 9]�ª(6��¡P¢�� £ ����¤*0"�������o,�3 � � � 9]�
(d¥q¦a0"�������Z������,�3 =>��=Z� =�«�9]�g(6��¡P¢�� £ ����¤*0;�����P�>������,43 � � � 9��^¬

4 Properties

In this section,we analyzesomepropertiesof logical en-
tailment, g-coherententailment, Ã -entailment, and 52áPâ -
entailment.We first describesomegeneralnonmonotonic
properties. We thenexplore the relationshipbetweenthe
formalisms,andtheoneto their classicalcounterparts.

4.1 General Nonmonotonic Properties

We now analyzesomegeneralnonmonotonicpropertiesof
theprobabilisticformalismsof thispaper. It is importantto
point out that thesepropertiesareespeciallyrelatedto the
inheritanceof logicalknowledge.

Wefirst considerthepostulatesRightWeakening(RW), Re-
flexivity (Ref), Left Logical Equivalence(LLE), Cut, Cau-
tious Monotonicity (CM), and Or by Kraus et al. [34],
which are commonly regardedas being particularly de-
sirablefor any reasonablenotion of nonmonotonicentail-
ment. The following resultshows that logical entailment,
g-coherententailment,Ã -entailment,and 52áPâ -entailmentall
satisfy(probabilisticversionsof) thesepostulates.

Theorem 4.1 0 0 � , ´¶µ · , ´ µ Ä , and ´¶µ�æÂç è satisfythefollow-
ing propertiesfor all probabilisticknowledgebases�k�	�(2�:� � , , all eventsé , é ¨ , $ , and % , andall 56��5 ¨ ��7K��7 ¨ <c3 =Z� � 9 :
RW. If (�$A0 �^,43 56��7>9�ê�(d%^0 �^,�3 5 ¨ ��7 ¨ 9 is logically valid

and �1�°´¶µG(]$T0 é�,43 56��7>9 , then �k�°´¶µG(d%10 é�,43 5 ¨ �87 ¨ 9 .
Ref. �1�°´¶µ	(déZ0 é�,43 � � � 9 .
LLE. If é'ë�é ¨ is logically valid,

then �k�|´ µG(�$A0 é�,�3 58�87�9 iff �1�°´¶µ	(�$A0 é ¨ ,�3 58�87�9 .
Cut. If �k�°´¶µG(�é>0 é ¨ ,43 � � � 9 and �k�°´¶µ�(�$A0 éz)#é ¨ ,�3 58�87�9 ,

then �k�|´ µG(�$A0 é ¨ ,�3 58�87�9 .
CM. If �k�°´¶µ�(�é>0 é ¨ ,43 � � � 9 and �k�°´¶µ	(]$A0 é ¨ ,43 56��7>9 ,

then �k�|´ µG(�$A0 é')!é ¨ ,43 56�87�9 .
Or. If �1�°´¶µ	(]$T0 é�,43 � � � 9 and �k�°´¶µG(�$A0 é ¨ ,43 � � � 9 ,

then �k�|´ µG(�$A0 é'E!é ¨ ,43 � � � 9 .
Anotherdesirablepropertyis RationalMonotonicity(RM)
[34], which describesa restrictedform of monotony, and
allowsto ignorecertainkindsof irrelevantknowledge.The
next theoremshows that logical entailment,Ã -entailment,
and 52áPâ -entailmentsatisfyRM. Here,we use �1�ì�´¶µ_­ to
denotethatit is not thecasethat �k�°´¶µ�­ .

Theorem 4.2 0 0 � , ´¶µ Ä , and ´¶µiæÂç è satisfy the follow-
ing property for all probabilistic knowledge bases�k�	�(2�:� � , , all eventsé , é ¨ , and % , andall 58�87#<�3 =Z� � 9 :
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Figure1: Logical ImplicationsbetweenConsequenceRelations

RM. If �k��´¶µ�(d%10 é�,43 � � � 9 and �k�÷�´¶µ	(]&Ké ¨ 0 é�,43 � � � 9 ,
then �k�|´ µG(d%^0 éz)#é ¨ ,43 � � � 9 .

The following exampleshows that g-coherententailment,
however, generallydoesnot satisfyRM.

Example 4.3 Considertheprobabilisticknowledgebase

�k�ø�÷(��v� � ,��÷(6�������§�H.���¡��>£ �������o(d¥q¦H0;�������o,�3 � � � 9]��,g�
Then, (�¥q¦v0;�����§�t,43 � � � 9 is a logical consequence(resp.,g-
coherentconsequence,Ã -consequence,52áPâ -consequence)
of �k� . Moreover, (�&T�P¡��Z£ �+0;�������o,�3 � � � 9 is not a logicalcon-
sequence(resp.,g-coherentconsequence,Ã -consequence,52áPâ -consequence)of �k� .

Observe now that (d¥q¦a0"�������+)F��¡��>£ ��,43 � � � 9 is a logical con-
sequence(resp.,Ã -consequence,52áPâ -consequence)of �k� ,
but (�¥q¦v0;�����§�-)#�P¡��Z£ ��,�3 � � � 9 is notag-coherentconsequence
of �1� . We remarkthat (�¥q¦v0;�����§��)F��¡��Z£ �P,43 � � � 9 is thetight
logical consequence(resp., Ã -consequence,52áPâ -conse-
quence)of �k� , while (d¥q¦v0"�������+)!��¡��>£ ��,43 =Z� � 9 is the tight
g-coherentconsequenceof �1� . ¬
We now considerthe property Irrelevance(Irr) adapted
from [7]. Informally, Irr saysthat é ¨ is irrelevantto a con-
clusion“

� ´¶µ	(2%10 é�,�3 � � � 9 ” whenthey aredefinedover dis-
joint setsof atoms.Thefollowing resultshows thatlogical
entailment,Ã -entailment,and 52áPâ -entailmentsatisfyIrr .

Theorem 4.4 0 0 � , ´¶µ Ä , and ´¶µ æÂç è satisfy the follow-
ing property for all probabilistic knowledge bases�k�	�(2�:� � , andall eventsé , é ¨ , and % :

Irr. If �1�°´¶µ	(2%10 é�,�3 � � � 9 , andno atomof �k� and(2%10 é�,�3 � � � 9 occurs in é ¨ , then �k�|´ µG(d%^0 é�)Té ¨ ,43 � � � 9 .
The following exampleshows that g-coherententailment,
however, doesnotsatisfyIrr .

Example 4.5 Considertheprobabilisticknowledgebase

�1�÷�÷(��v� � ,`�÷(]ùq���o(�¥q¦a0;�����§�t,43 � � � 9]��,
�
Clearly, (�¥q¦v0;�������o,�3 � � � 9 is a logical consequence(resp.,g-
coherentconsequence,Ã -consequence,52áPâ -consequence)
of �k� . Observe now that (�¥q¦v0;�§���-)��������o,�3 � � � 9 is a logi-
cal consequence(resp., Ã -consequence,52áPâ -consequence)

of �k� , but (�¥q¦v0;�§����) �����§�t,43 � � � 9 is not a g-coherentcon-
sequenceof �k� . We remarkthat (d¥q¦v0"�Â�P�+)j�����§�t,43 � � � 9 is
the tight logical consequence(resp., Ã -consequence,52áPâ -
consequence)of �1� , while (d¥q¦a0"�Â�P��) �����§�t,43 =Z� � 9 is the
tight g-coherentconsequenceof �k� . ¬
We finally consider the property Direct Inference (DI)
adaptedfrom [3]. Informally, DI expressesthat

�
should

entail all its own conditionalconstraints. The following
theoremshows that logical entailment,g-coherententail-
ment, Ã -entailment,and 52áPâ -entailmentall satisfyDI.

Theorem 4.6 0 0 � , ´¶µ · , ´¶µ Ä , and ´¶µ_æîç è satisfy the fol-
lowing property for all probabilistic knowledge bases�k���G(��v� � , , all eventsé , $ , and % , andall 56��7#<�3 =>� � 9 :
DI. If (2%10 $\,�3 58�87�9�< � and é'ëú$ is logically valid,

then �k�|´ µG(d%^0 é�,43 56��7>9 .
4.2 Relationship between Probabilistic Formalisms

Wenow explorethelogical implicationsbetweentheprob-
abilistic formalismsof this paper.

Thefollowing theoremshows that the logical implications
illustrated in Fig. 1 hold betweenlogical entailment,g-
coherententailment,Ã -entailment,and 5�á�â -entailment.

Theorem 4.7 Let �1�G�G(��v� � , be a g-coherent proba-
bilistic knowledge base, andlet ­��}(2%10 $
,43 56�87�9 bea con-
ditional constraint. Then,

(a) �1�°´¶µ�·�­ implies �1��´ µ Ä ­ .

(b) �1�°´¶µ Ä ­ implies �k�|´ µ ã�ä�å ­ .

(c) �1�°´¶µ`ã�ä�åo­ implies �k��0 0 �h­ .

In general,noneof theconverseimplicationsholds,asEx-
amples2.2,2.3,3.5,and3.7 immediatelyshow. But in the
specialcasewhen � � � hasa model in which the con-
ditioning event $ has a positive probability, the notions
of logical entailment, Ã -entailment, and 52áPâ -entailment
of (d%10 $
,43 56��7>9 from �1� all coincide.This importantresult
is expressedby thefollowing theorem.

Theorem 4.8 Let �1�G�G(��v� � , be a g-coherent proba-
bilistic knowledge base, and let ­	�x(d%10 $
,43 56��7>9 be a
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Figure2: Relationshipto ClassicalFormalisms

conditional constraint such that � � � has a model r-s
with r-sq(�$
,
wi= . Then,

�1�°0 0 �h­ iff �1�°´¶µ`ã�ä�åo­ iff �k��´¶µ Ä ­ .

The following exampleshows that g-coherententailment,
however, generallydoesnot coincidewith logical entail-
mentwhen �j� � hasa model r-s with r-sq(�$
,
w_= .
Example 4.9 Consideragainthe probabilisticknowledge
base�1�B�M(��v� � ,z�~( ����������.}��¡��Z£ ��� , �o(d¥q¦H0"�������o,�3 � � � 9���, .
Then, �j� � hasclearlya model r-s with r-sq(2��¡��Z£ �P,
wi= .
It is now easyto verify that (�¥q¦v0 ��¡��>£ ��,43 � � � 9 is a logical
consequence(resp., Ã -consequence,52áPâ -consequence)of�k� , but (d¥q¦a06��¡��Z£ �P,43 � � � 9 is not a g-coherentconsequence
of �1� . We remarkthat (d¥q¦a06��¡��>£ ��,43 � � � 9 is the tight logi-
cal consequence(resp., Ã -consequence,52áPâ -consequence)
of �k� , while (d¥q¦a06��¡��>£ ��,43 =Z� � 9 is the tight g-coherentcon-
sequenceof �k� . ¬
4.3 Relationship to Classical Formalisms

We now analyzetherelationshipbetweentheprobabilistic
formalismsof this paperand their classicalcounterparts.
We first givesometechnicalpreparationasfollows.

The operator ü on conditional constraints,sets of con-
ditional constraints,andconditionalknowledgebasesre-
placeseachconditionalconstraint(2%10 $\,�3 � � � 9 by theclassi-
caldefault %�ý/$ . Weusetheexpressions0 µiþ , 0 µ Ä , 0 µ�ã�ä�å ,
and 0 � to denotetheclassicalnotionsof entailmentin Sys-
tem

�
, Pearl’s entailmentin System� , Lehmann’s lexico-

graphicentailment,andlogical entailment,respectively.

The following well-known result saysthat logical entail-
mentin model-theoreticprobabilisticlogic is a generaliza-
tion of logical entailmentin classicalpropositionallogic.

Theorem 4.10 Let �k�G��(2�:� � , be a g-coherent prob-
abilistic knowledge base, where

� �	�o(d%+��0 $g��,43 � � � 9]������� ,(d%'�*0 $\�Z,43 � � � 9]��, , and let (dÿ-0 ¼A,43 � � � 9 be a conditionalcon-
straint. Then,

�1�°0 0 �x(2ÿ�0 ¼A,43 � � � 9 iff ü'(��k�#,v0 �°ÿ!./¼ .

The next theoremrecalls the recent result by Biazzo et
al. [10] thatg-coherententailmentis ageneralizationof de-
fault entailmentin System

�
.

Theorem 4.11 (Biazzo et al. [10]) Let �1�G�x(2�v� � , be a
g-coherent probabilistic knowledge base, where

� ��o(2% � 0 $ � ,43 � � � 9X�������4�P(d% � 0 $ � ,�3 � � � 9���, , and let (2ÿ�0 ¼T,�3 � � � 9 be
a conditionalconstraint. Then,

�k�|´ µ · (dÿ�0 ¼T,�3 � � � 9 iff üA(]�k�D,*0µ þ ÿ!ý}¼ .

The following theoremshows that the new notions ofÃ - and 5�á�â -entailmentfor g-coherentprobabilisticknowl-
edgebasesgeneralizetheir classicalcounterpartsfor é -
consistentconditionalknowledgebases.

Theorem 4.12 Let �1� � (2�:� � , be a g-coherent prob-
abilistic knowledge base, where

� � �o(d%+��0 $g��,43 � � � 9]������� ,(d% � 0 $ � ,43 � � � 9]��, , and let (dÿ-0 ¼A,43 � � � 9 be a conditionalcon-
straint. Then,

(a) �1�°´¶µ Ä (dÿ�0 ¼A,43 � � � 9 iff üA(]�k�D,*0µ Ä ÿ!ý}¼ .

(b) �1�°´¶µ`ã�ä�å�(dÿ�0 ¼T,�3 � � � 9 iff ü'(��1�D,ª0µhã�ä�å�ÿ!ý}¼ .

5 Summary and Outlook

We have presentedprobabilisticgeneralizationsof Pearl’s
entailmentin System � and of Lehmann’s lexicographic
entailmentthat lie betweenentailmentin model-theoretic
probabilisticlogic andentailmentin probabilisticlogic un-
dercoherence.Thatis, thenew formalismsproperlygener-
alize their counterpartsin classicaldefault reasoning,they
are weaker than model-theoreticprobabilisticentailment,
and they are strongerthan probabilisticentailmentunder
coherence.The new formalismsareusefulespeciallyfor
handlingprobabilisticinconsistenciesrelatedto condition-
ing on zeroevents. Furthermore,they canbe appliedfor
probabilisticbelief revision. More generally, in the same
spirit asa similar previouspaper, this papershedslight on
excitingnew formalismsfor probabilisticreasoningbeyond
thewell-known standardones.



An interestingtopic of future researchis to developalgo-
rithmsfor thenew formalismsandto analyzetheircompu-
tationalcomplexity (alongthelinesof [44]).

Anothervery interestingtopic of future researchis to de-
velop and explore further nonmonotonicformalismsfor
reasoningwith conditional constraints. Besidesextend-
ing classicalformalismsfor default reasoningfrom con-
ditional knowledge bases,which may additionally con-
tain a strengthassignmentto the defaults, one may also
think about combining the new formalisms of this pa-
per andof [44] with someprobability selectiontechnique
(ase.g.maximumentropy or centerof mass).
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