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Abstract

We study Seifert surfaces for links, and in particular the Kakimizu complex
MS(L) of a link L, which is a simplicial complex that records the structure of

the set of taut Seifert surfaces for L.

First we study a connection between the reduced Alexander polynomial of a link
and the uniqueness of taut Seifert surfaces. Specifically, we reprove and extend
a particular case of a result of Juhasz, using very different methods, showing
that if a non-split homogeneous link has a reduced Alexander polynomial whose
constant term has modulus at most 3 then the link has a unique incompressible
Seifert surface. More generally we see that this constant term controls the

structure of any non-split homogeneous link.

Next we give a complete proof of results stated by Hirasawa and Sakuma, de-
scribing explicitly the Kakimizu complex of any non-split, prime, special alter-

nating link.

We then calculate the form of the Kakimizu complex of a connected sum of two
non-fibred links in terms of the Kakimizu complex of each of the two links. This

has previously been done by Kakimizu when one of the two links is fibred.

Finally, we address the question of when the Kakimizu complex is locally infinite.
We show that if all the taut Seifert surfaces are connected then MS(L) can only
be locally infinite when L is a satellite of a torus knot, a cable knot or a connected
sum. Additionally we give examples of knots that exhibit this behaviour. We
finish by showing that this picture is not complete when disconnected taut Seifert

surfaces exist.
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Chapter 1

Introduction and background

1.1 Introduction

The Kakimizu complex MS(L) of a link L is a simplicial complex that records the structure of
the set of taut Seifert surfaces for L considered up to ambient isotopy of the complement of L.
See Section 1.3 for the definition. This thesis studies the Kakimizu complex, particularly but
not exclusively in the context of alternating links. A thorough survey of relevant definitions
and known results can be found in [30].

Chapter 2 of this thesis focuses on the relationship between the Alexander polynomial
and Seifert surfaces for alternating links. The Alexander polynomial was the first knot
polynomial, being defined by Alexander in 1928 ([1]). Crowell and Murasugi independently
proved the following result relating the genus of an alternating link L to its reduced Alexan-

der polynomial A9 (#).

Theorem 1.1.1 ([8] Theorem 3.5; [28] II Theorem 4.1). For a non-split, alternating link
L with m link components, let R be a Seifert surface given by applying Seifert’s algorithm
to an alternating diagram for L. Then deg AY (t) = 2g(R) + m — 1 =1 — x(R), where deg

denotes degree.
This theorem has the following corollary.

Theorem 1.1.2 ([13] Theorem 4). Let L be an alternating link. If R is a surface given by
applying Seifert’s algorithm to an alternating diagram of L, then R is a taut Seifert surface.

Here we have chosen to normalise such that AY(0) is defined and positive. In this case,
the leading coefficient of AY(¢) is £A%(0). In [17] Juhasz gives the following relationship
between the coefficient A9 (0) and the Seifert surfaces for L. He proves this using sutured

Floer homology.



Theorem 1.1.3 ([17] Corollary 2.4). Suppose that K is an alternating knot in S® and let
n>0. If A%(O) < 21 then K can have at most n distinct taut Seifert surfaces that are
disjoint in their interiors. In particular, if A(I){(O) < 4 then K has a unique taut Seifert

surface.

We give an alternative proof of this in the case A% (0) < 4, using more intuitive geometric
techniques, generalised as follows. Homogeneous links are a natural generalisation of both

alternating links and positive links (see Definitions 1.2.7, 1.2.8 and 1.6.5).

Theorem 1.1.4. Let L be a non-split homogeneous link. If AOL(O) < 4 then L has a unique

incompressible Seifert surface.

If we weaken the condition AY(0) < 4 to AY(0) < n for some n € N we retain some

control over the Seifert surfaces for L, as follows.

Theorem 1.1.5. For fized n € N, there is a finite set S of surfaces embedded in S with the
following property. Any non-split, homogeneous link L with A%(O) < n has a taut Seifert
surface R built from surfaces in S by reflection, Murasugi sum and plumbing with Hopf
bands.

If AY(0) is prime, R can be formed using only one element of S.

Finally, we show that our methods can be used to give an alternative proof to the

following theorem of Riley ([32]).

Theorem 1.1.6. Choose g > 0 and m,n > 1. Then there are only finitely many alternating

links L with m link components and genus g such that AY(0) = n.

The aim of Chapter 3 is to give a complete proof of the results stated by Hirasawa and
Sakuma in [15], as only ‘the idea of the proof’ is given in the paper. The main result is an

explicit description of MS(L) for any prime, special alternating link L.

Theorem 1.1.7 ([15] Theorems 1.5, 1.1). Let L be a prime link with a reduced, special
alternating diagram D. Then there is a natural isomorphism between MS(L) and KC(D). In
particular, every taut Seifert surface for L is given by applying Seifert’s algorithm to some

special alternating diagram for L.

Here (D) is a simplicial complex constructed from D. From this the authors deduce con-
tractibility of MS(L) for prime, special alternating links. The question of the contractibility
of the Kakimizu complex for a general link has since been answered by the following theorem

of Przytycki and Schultens.

Theorem 1.1.8 ([31] Theorem 1.1). The Kakimizu complex of a link is contractible.



The proof of Theorem 1.1.7 we give makes use of the fact that MS(L) is simply connected,
and in this way differs from that intended by Hirasawa and Sakuma.

We next address the question of the effect on the Kakimizu complex of combining links
by taking a connected sum. Kakimizu proved the following, building on work of Eisner in
[11].

Theorem 1.1.9 ([19] Theorem B). Let L1, Ly be knots, each not fibred but with a unique
incompressible Seifert surface. Then | MS(L1#Lo)| is homeomorphic to R.

In Chapter 4 we prove the following more general result, as well as the analogous result

for incompressible Seifert surfaces.

Theorem 1.1.10. Let L1, Ly be non-split, non-fibred links in S, and let L = L1#Lo. Then
| MS(L)| is homeomorphic to |[MS(L1)| x | MS(Ls9)| x R.

The case that one of the L; is fibred was dealt with by Kakimizu.
Proposition 1.1.11 ([20] Proposition 2.4). If L; is fibred then MS(L1#L2) = MS(Ls).

In Chapter 5 we consider the question of when the Kakimizu complex is locally infinite.

This question was raised by Przytycki and Schultens in [31]. We show the following.
Theorem 1.1.12. There is a knot whose Kakimizu complex is not locally finite.

Additionally we prove the following condition on the types of links that might have a
locally infinite Kakimizu complex, under the additional assumption that all taut Seifert

surfaces for the link are connected.

Theorem 1.1.13. Let L be an oriented link such that every taut Seifert surface for L is
connected. If MS(L) is locally infinite then L is a satellite of either a torus knot, a cable

knot or a connected sum, with winding number 0.

1.2 Links

Convention 1.2.1. If M is a manifold and W C M, then N (W) will denote a regular

open neighbourhood of W in M, unless otherwise stated.

Definition 1.2.2. A link is a piecewise linear embedding L: [];*, S — §? for some m € N,

considered up to ambient isotopy of S3. If m = 1 we call L a knot.
Convention 1.2.3. We will only consider oriented links.

Remark 1.2.4. Intuitively, a link is a finite number of disjoint simple closed curves lying

in 3-space, with an arrow pointing one way around each.



Definition 1.2.5. A diagram of a link L is a projection D of L from a point in S\ L onto
S? c S? that is a local embedding except at finitely many points, called the crossings. In
the neighbourhood of a crossing ¢, the diagram D consists of two simple arcs that meet
once transversely at c. We record which of these is the overcrossing and which the under-
crossing. We also retain knowledge of the orientation of each link component. Diagrams

are considered up to isotopy of S2.
Remark 1.2.6. We can reconstruct L from D.

Definition 1.2.7. A crossing in a link diagram is defined to be positive or negative according
to the convention show in Figure 1.1. A link L is said to be positive (negative) if it has a

diagram in which all crossings are positive (negative).

pos1t1ve negatlve

Figure 1.1

Definition 1.2.8. A link diagram D is alternating if, when following any link component
L; of L in D, overcrossings and undercrossings are met alternately. A link L is alternating

if it has an alternating diagram.

Definition 1.2.9. A crossing c in a link diagram D is nugatory if there is a simple closed
curve p that meets D transversely at ¢ and otherwise lies in S? \ D. The diagram D is

reduced if it has no nugatory crossings.

Remark 1.2.10. Any link L has a diagram without nugatory crossings, and this can be

taken to be alternating if L is alternating.

Definition 1.2.11. A link L is split if there is a sphere S C S3\ L that has components of

L on each side.

Convention 1.2.12. We study links that are not split and link diagrams that are connected.
If a link L is not split, any diagram of L is connected. Conversely for an alternating link L,
Menasco has shown ([24] Theorem 1(a)) that if an alternating diagram D of L is connected
then L is not split.

Definition 1.2.13. Given two links L; and Lo, a connected sum L of L1 and Lo, denoted
L1#Lo, is a link formed as follows. Let S be a sphere in S3, and let Vi, Va be the two closed
3-balls into which S divides S3, so that 9V} = 9V, = V; NV = S. For i = 1,2, position



the link L; in V; such that L; N0V} is a single embedded arc p; that is not just a point. In

doing so, ensure that p; and ps2 coincide but have opposite orientations. Then L is the link
(L1 U L2) \ (p1\ 9p1).

Remark 1.2.14. The resulting link L depends on which component of L; contains the arc

p; fori=1,2.

Definition 1.2.15. A link L is prime if it cannot be expressed as Li# Lo where L1 and Lo

are links other than the unknot.

Remark 1.2.16. Let D be a diagram of a link L. Suppose there is a simple closed curve
p in S? missing the crossings of D and meeting the edges exactly twice transversely. Then
L = Li#Ly for some links Ly, Lo with diagrams Di, Do respectively. If D is alternating

then D and D5 can be taken to be alternating.

Theorem 1.2.17 ([24] Theorem 1). Let D be an alternating diagram of a link L with no
nugatory crossings. Then L is prime if and only if, whenever p is as described above, one

component of S®\ p contains no crossings of D.

Convention 1.2.18. In other words, a link L with an alternating diagram D is prime if and
only if D looks prime. We will therefore use this as the definition of prime for alternating
links. That is, we will say D is prime if, whenever p is as described above, one component of

S?\ p contains only nugatory crossings of D. Note that we do not require D to be reduced.

Definition 1.2.19. A flype is a move that changes a link diagram into another diagram
of the same link. This move is given by ‘turning over’ a section of the link corresponding
to part of the diagram, untwisting one crossing and creating a new crossing elsewhere, as

shown in Figure 1.2.

. 0

~~~~~~

Figure 1.2

Theorem 1.2.20 ([26] Theorem 1; [25] Main Theorem). Let D and D’ be reduced alter-
nating diagrams of a prime link L. Then D and D' differ by a finite sequence of flypes.



1.3 Seifert surfaces and the Kakimizu complex

Definition 1.3.1. A Seifert surface for a link L is a compact, oriented surface R with no
closed components embedded in S? such that 9R = L as an oriented link. We consider such
surfaces up to ambient isotopy in S® keeping L fixed. The surface R can also be viewed as
properly embedded in §* \ A/(L), up to ambient isotopy of S*\ NV (L). We will not explicitly
distinguish between these two settings.

Say R is taut if it has maximal Euler characteristic among all Seifert surfaces for L.

Lemma 1.3.2 ([13] Lemma 3). Let R be a Seifert surface for a link L. If R is not taut then
there is a Seifert surface R' for L that can be made disjoint from R such that x(R') > x(R).

Definition 1.3.3. Given a diagram D of a link L, resolve each crossing of D according to
the orientation of the link, as shown in Figure 1.3. This creates a set of disjoint oriented

simple closed curves in S2. A Seifert circle is any of these simple closed curves.

D1
>
AN

Construction 1.3.4 (Seifert’s algorithm). Let D be a diagram of a link L. Construct a
Seifert surface R for L as follows.

For each Seifert circle C' in D, R contains a disc S¢ with boundary C'. It may not be
possible for all these discs to lie disjointly in S, but since there are finitely many Seifert
circles the discs can be embedded disjointly in S? by pushing each slightly above or below
S?. Each disc S¢ has an orientation induced by the orientation of its boundary C.

At each crossing ¢, join the discs that meet there by a half-twisted band, as shown in
Figure 1.4. This can be done within A'(c). The orientation of the two discs extends to
an orientation of the band, and this orientation agrees with that of L in A (c). Hence the

resulting surface R has the required orientation. As D is connected, so is R.

Figure 1.4



Remark 1.3.5. In general some choice is needed when positioning the discs in S®. This

may mean that two or more distinct Seifert surfaces for L can be built in this way.
The Kakimizu complex was first defined as follows.

Definition 1.3.6 ([19] p225). For a link L, the Kakimizu complex MS(L) of L is a simplicial
complex, the vertices of which are the ambient isotopy classes of taut Seifert surfaces for L.

Distinct vertices Ry, . .., R, span an n—simplex exactly when they can be realised disjointly.

Definition 1.3.7. A metric is defined on the vertices of MS(L). The distance between two
vertices is the distance in the 1-skeleton of MS(L) when every edge has length 1.

In [19], Kakimizu claimed that the distance between two vertices of MS(L) can be
calculated by considering lifts of the two Seifert surfaces to the infinite cyclic cover of the

link complement, as follows.

Proposition 1.3.8 ([19] Proposition 3.1). Let L be a link, and let M = S3\ N'(L). Consider
the infinite cyclic cover M of M (that is, the cover corresponding to the kernel of the linking
number lk: m (M) — Z), and let T be a generator for the group of covering transformations.

Let R, R’ be taut Seifert surfaces for L that represent distinct vertices of MS(L). Choose
a lift Vo of M\ R to M. Forn € Z let V,, = 7*(Vj).

Take a lift Vi of M\ R'. Isotope the Seifert surface R in M so as to minimise the
value of max{n : Vg NV, # 0} — min{n : Vg NV, # 0}. Then dys(r) (R, R') is given by
max{n : Vg NV, # 0} — min{n : Vg N'V,, # 0}.

Przytycki and Schultens pointed out in [31] that this result is not in fact true in full
generality. It may fail in the case of a link that bounds a disconnected taut Seifert surface.
Figure 1.5 gives an instructive example of this. The link L, shown consists of two linked
copies of the knot 74. This knot, which is the (1,3,3) pretzel knot, has two taut Seifert
surfaces. One is given by applying Seifert’s algorithm to an alternating diagram. The other
is given by performing a flype on the diagram that moves the single crossing across one of
the lines of three crossings, and then applying Seifert’s algorithm. Combining two copies
of each of these surfaces gives the two disjoint taut Seifert surfaces R,, Ry for L, shown
in Figure 1.5. The arc p shown in Figure 1.6 runs from the top side of R, to the bottom
side, and in doing so passes through R; in the positive direction twice. This means that if
we first take lifts V), of M \ R, and then a lift V of M \ R, as in Proposition 1.3.8 we find
that, for example, V intersects Vj, V1, Vo. The surfaces R,, Ry should therefore be distance

2 apart, instead of adjacent.
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Figure 1.6

To address this difficulty, Przytycki and Schultens redefine the Kakimizu complex as
follows. Note that a simplicial complex is said to be flag if it contains any simplex whose

1 skeleton is contained in the complex.

Definition 1.3.9 (see [31]). Let L be a link, and let M = S\ N(L). Define the Kakimizu
complex MS(L) of L to be the following flag simplicial complex. Its vertices are ambient
isotopy classes of taut Seifert surfaces for L. Two distinct vertices span an edge if they have
representatives R, R’ such that a lift of M \ R’ to the infinite cyclic cover of M intersects
exactly two lifts of M \ R.

With this definition for MS(L), Proposition 1.3.8 is true. This is also the definition used
in the proof of Theorem 1.1.8. Note that the two definitions are equivalent for knots and
for non-split alternating links (see Theorem 1.1.1 and Proposition 2.1.7). In addition, it
remains true that if taut Seifert surfaces R and R’ are adjacent then they can be realised
disjointly.

If we move from studying taut Seifert surfaces to looking at all incompressible Seifert

surfaces, a number of results continue to hold, such as the following.



Theorem 1.3.10 ([19] Theorem A; see also [35]). Let R be an incompressible Seifert surface
for a link L. If L has more than one incompressible Seifert surface, up to ambient isotopy,

then there is an incompressible Seifert surface R' for L, distinct from R, that can be made
disjoint from R in S* \ N'(L).

1.4 Low dimensional manifolds, isotopies and sutured mani-
folds

Definition 1.4.1 ([31] Section 3). Let M be a connected 3-manifold, and let S, S’ be
(possibly disconnected) surfaces properly embedded in M.

Call S and S’ almost transverse if, given a component Sy of S and a component S{, of
S’, they either coincide or intersect transversely. Call the surfaces almost disjoint if, given
a component Sy of S and a component S, of S’, they either coincide or are disjoint. Say
they are d—almost disjoint if 0S = 95’ and, given a component Sy of S and a component
Sp of S, they either coincide or have disjoint interiors.

Say S and S’ bound a product region if the following holds. There is a compact surface
T, a finite collection pr C OT of arcs and simple closed curves and a map of N = (T'x 1)/~

into M that is an embedding on the interior of NV and has the following properties.
e I'x{0}=SNNand T x {1} =5 NN.
e ON\ (T x 9I) C OM.

Here ~ collapses {z} x I to a point for each x € pp. The horizontal boundary of N is
(T x 91)/ ~. Say S and S’ have simplified intersection if they do not bound a product

region.

Proposition 1.4.2 ([36] Corollary 3.2). Suppose surfaces Sy, S1 bound a product region N .
Let 8" be an incompressible surface that is transverse to Sp, S1. Suppose S’ Nint(N) # ()
but "N (S1NN) = 0. Then each component of S’ Nint(N) bounds a product region with a
subsurface of So. In particular, if additionally S’ N (So N N) = () then this section of S’ is
parallel to those of Sy, S1 that bound N.

Proposition 1.4.3 ([34] Proposition 4.8; see also [36] Proposition 5.4 and Corollary 3.2).
Let M be a O—irreducible Haken manifold. Let S, S’ be incompressible, O—incompressible

surfaces properly embedded in M in general position.
1. If S and S’ are isotopic then there is a product region between them.

2. Suppose SN S" # O, but S can be isotoped to be disjoint from S’. Then there is a

product region between S and S’.



Remark 1.4.4. We will usually apply this proposition with M = S>\ N'(L) for a link L. If
L is neither a split link nor the unknot then M is Haken and O irreducible. Furthermore,
if S, S’ are taut Seifert surfaces for L then they are properly embedded, incompressible and

O—-incompressible. This remains true if we only consider some components of such surfaces.

The following definitions, which are mostly due to Gabai, are all used by Kobayashi in
[21].

Definition 1.4.5. A sutured manifold (M, s) is a compact, orientable 3—manifold M, to-
gether with a finite set s of disjoint simple closed curves on OM, called the sutures. The
sutures divide M into two (possibly disconnected) compact, oriented surfaces S; (M) and
S_(M) such that S;(M)NS_(M) = s and, if p is a suture, S4 (M) and S_(M) meet at
p with opposite orientations. In addition, for p € s we choose a product neighbourhood

v(p) = p x [—1,1] of p in OM, so y(s) consists of |s| disjoint annuli.

Remark 1.4.6. We could instead first choose suitable annuli v(s), and then take s to be
a set of core curves of y(s). A sutured manifold may also have a distinguished set of toral
boundary components, but we will not need this. Note also that each suture p inherits an

orientation from each of Sy (M) and S_(M), and these orientations agree.

Definition 1.4.7. A product sutured manifold is a sutured manifold (M, s) that is homeo-
morphic to S (M) x [-1,1] with s = 954+ (M) x {0} (and ~(s) = OM x [-1,1]).

Remark 1.4.8. A product region as in Definition 1.4.1 is a product sutured manifold, with
sutures along the core curves of (SN S’)UdM, although the orientations of the boundary

of the sutured manifold may not agree with those of S and S’.

Definition 1.4.9. Let T be a surface properly embedded in M with 0T = s as oriented
curves. Say T is parallel to Sy (M) if there is an embedding n: 7" x [0,1] — M such that
BOT x [0, 1)) € ~(s), while 5(T x {0}) = T and (T x {1}) = 54 (M) \ intons (+(s)).

Definition 1.4.10. A sutured manifold (M, s) is an almost product sutured manifold if
every incompressible surface 17" properly embedded in M with 9T = s is parallel to S4 (M)
or to S_(M).

Definition 1.4.11. A disc T" properly embedded in a sutured manifold (M, s) is a product
disc if 0T meets s at exactly two points, where it crosses s transversely. Up to isotopy of T,

or of y(s), we may assume 97" N y(s) consists of two simple arcs that are essential in 7y(s).

10



Definition 1.4.12. Let (M, s) be a sutured manifold that contains a product disc T'. Let
p be a simple arc on T joining the two points of 97 N's and let T' x [—1,1] be a product
neighbourhood of 7' in M. The sutured manifold (M’ s) obtained from (M, s) by a product
disc decomposition along T has M’ = M \ (T x (—1,1)) and s’ = (s N M') U (p x {£1}).
Figure 1.7 shows what happens in a neighbourhood of 7.

M/

Figure 1.7

Remark 1.4.13. M’ is a product sutured manifold if and only if M is.

Remark 1.4.14. Suppose M is irreducible and 7" is an incompressible surface properly
embedded in M with 97" = s. By an isotopy we can ensure that 77 N (T x [-1,1]) =
p x [—1,1]. Then 7"\ (T x (—1,1)) is a surface properly embedded in M’ with boundary
s’. This leads to the following.

Proposition 1.4.15 (see [21] Lemmas 2.1, 2.2). Let (M, s) EN (M, s") be a product disc de-
composition. Suppose that M is irreducible. Then M is an almost product sutured manifold

if and only if M' is.

Definition 1.4.16. Say a product disc is inessential if it is separating and the product disc
decomposition along it creates a component that is a 3—ball with a single suture. Otherwise,

it is essential.

Remark 1.4.17. If a product disc 7 is inessential then 9T'NST (M) is inessential in ST (M),
and the same is true for S™(M).

Lemma 1.4.18. Let (M, s) be a sutured manifold, and let p be an essential arc properly
embedded in StT(M). Let T be a product disc in M such that OT meets p exactly once
and such that p cannot be isotoped to be disjoint from OT. Let (M',s') be the result of the
product disc decomposition along T, and let pi,pa be the two parts of p in M'. Suppose
there is an essential product disc S in M with p C 0S. Then there are essential product

discs Sy, Sy in M’ with py C 0Sy, p2 C 0Ss.

11



Proof. Notice that we are free to change S, provided we always have p C 9S. A simple
closed curve in 7'M .S that is innermost in 7" bounds a disc both in 7" and in S. Replacing
the subdisc of S with the subdisc of T" reduces |T' N S|. Thus we can remove all simple
closed curves from T'N S. Exactly one arc of 7'M S has an endpoint on St (M), at the point
where JT crosses p, and the other endpoint of this arc lies on S~ (M). Suppose there is at
least one other arc of 7' N S. Choose such an arc that is outermost in 7". This cuts off a
subdisc of T' disjoint from S*(M) with interior disjoint from S. It also cuts off a subdisc
of S that is disjoint from ST (M). Replacing the subdisc of S with the subdisc of T" again
reduces |[T'NS|. We may assume, therefore, that TN .S is a single arc, running from S* (M)
to S7(M). Since SN ST (M) = p has not changed, S is still essential.

Now the disc decomposition along T cuts S into two product discs S1, S2. Suppose S1
is inessential. Then p; = 951 N ST(M’) is inessential in S*(M’). Let T} be a disc in M’
between p; and s’. Then T} = Th N OM is a disc. This disc defines an isotopy of p N T} in
OM that makes p disjoint from OT. This contradicts that no such isotopy exists. Thus Sy

is essential. Similarly, so is Ss. O

Definition 1.4.19. For a sutured manifold (M,s) embedded in S3, the complementary
sutured manifold (M',s') is defined by M’ = S\ intgs(M) and s’ = s.

By the complementary sutured manifold to a Seifert surface R we mean the complemen-
tary sutured manifold to the product sutured manifold given by a product neighbourhood of
R. Similarly, by a product disc decomposition of R we mean a product disc decomposition

of the complementary sutured manifold.

Definition 1.4.20 ([33] 10H1). A link L is fibred if there exists a Seifert surface R and a
map F: S?\ L — S! such that the following holds. For = € S! there is a homeomorphism
he: F~YN(x)) — N(x) x R such that the restriction of F' to F1(N(x)) is given by h,
followed by projection onto the first factor. The surface R is called a fibre.

Remark 1.4.21. A link L with a Seifert surface R is fibred with fibre R if and only if the

complementary sutured manifold to R is a product sutured manifold.

In the language of sutured manifolds, Theorem 1.3.10 gives the following (see [21] Corol-
lary 4.2).

Proposition 1.4.22. Let (M, s) be the complementary sutured manifold to an incompress-
ible Seifert surface R for a link L. If M is an almost product sutured manifold then R is a

unique incompressible Seifert surface for L.
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Proof. Suppose R is not unique. By Theorem 1.3.10, there is an incompressible Seifert
surface R’ for L that is disjoint from R and is not ambient isotopic to it. Then R’ can be
seen as a surface properly embedded in M with R’ = s. If R’ were parallel to ST(M) or
S~(M) this would show that R’ was ambient isotopic to R in the complement of L, which

is not the case. Thus R’ shows that M is not an almost product sutured manifold. ]

Proposition 1.4.23 ([20] Proposition 1.4). Let R be a connected taut Seifert surface for
a link L. Let R’ be the surface obtained from R by a product disc decomposition, and let
L' = OR'. Then the link of the vertex R in MS(L) is isomorphic to the link of R' in MS(L').

Furthermore, the isomorphism is induced by the procedure described in Remark 1.4.14.

1.5 Graphs

Definition 1.5.1. A graph G consists of a set of vertices, denoted V(G), a set of edges,
denoted E(G), and a function e that assigns to each edge e € E(G) one or two vertices,

called the endpoints of e.

Convention 1.5.2. Unless otherwise stated, we assume V(G) and E(G) are finite. In
general we allow a graph to contain multi-edges (distinct e,e’ € E(G) with £(e) = £(¢))
and loops (e € E(G) whose two endpoints are the same). By convention these are usually

excluded in the definition of the term ‘graph’, but we will need them later.

Convention 1.5.3. We will always assume a graph to be connected (although we may

consider subgraphs that are disconnected).

Definition 1.5.4. Given a set A C V(G), the induced subgraph G[A] is the graph with
vertex set A and edge set {e € E(G) : e(e) C A}.

For B C E(G), denote by G\ B the graph obtained by deleting all edges of B from G.
That is, V(G \ B) = V(G) and E(G \ B) = E(G) \ B.

Given e € E(G), G/e is the graph obtained by contracting e to a point. This means
V(G/e) = (V(G) \ e(e)) U {ve} where ve ¢ V(G), while E(G/e) = E(G) \ e and v, replaces
both ends of e in e. If B = {ey,...,e,} for some n € N and e; € E(G) then G/B =

((---(G/er)/ea)---)/en.

Definition 1.5.5. A vertex v € V(G) of a graph G is a cut vertex if G[V(G) \ {v}] is

disconnected.
Definition 1.5.6. A pointed graph (G,v) is a graph G with a distinguished vertex v.

Definition 1.5.7. For u,v € V(G), the distance d(u,v) is the minimum number of edges

in G between u and v. The radius of a pointed graph (G,v) is max{d(v,w) : w € V(G)}.
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Convention 1.5.8. For n € N and v € V(G), denote by B(G,v,n) the graph G[A,], where
Ap ={w € V(G) : d(v,w) < n}. That is, B(G,v,n) is the maximal pointed subgraph of G

with distinguished vertex v and radius n.

Definition 1.5.9. A digraph (G, ) is a graph G together with an orientation O, which
assigns to each e € E(G) an initial endpoint ¢(e) and a terminal endpoint 7(e) such that
{u(e),T(e)} = e(e). We say that e starts at ¢(e) and ends at 7(e).

Define the in-degree of a vertex v € V(G) to be the number of edges e € E(G) with
7(e) = v, and define the out-degree analogously.

G is called the underlying graph of (G,0). We will at times consider more than one
orientation on the same graph G. Where the choice of orientation is clear, or not important,

we will denote (G, O) by G.

Definition 1.5.10. A directed path in G is a path vg,eq,...,e,, v, such that t(e;) = v;_1
and 7(e;) = v; for 1 <i <mn. A cycle is a directed path v, e, ..., e,, v, with vg = vy,.

Two directed paths vg, e1,. .., en, v, and vy, €], ..., e}, vl are said to be edge-disjoint if
there do not exist ng, mo with e,, = e, .

G is O—connected if for any u,v € V(G) there is a directed path in (G,O) from u to v.

Convention 1.5.11. A graph is planar if it has an embedding into S?. We shall regard

this embedding as fixed (some authors call such a graph ‘plane’).

Definition 1.5.12. Given a planar graph G, we may define the dual graph G*, which is
again planar. It has a vertex for each region of S? \ G. There is one edge €’ in G* for each

e € E(G), joining the vertices corresponding to the regions of S? \ G adjacent to e.

Definition 1.5.13. Given a link L with diagram D, the underlying graph G has a vertex
at each crossing in D, and an edge for each arc in D joining two crossings. The induced
orientation O is that given by the orientation of the link L. We refer to (G,0) as the

underlying digraph. We will later put other orientations on G.

Remark 1.5.14. G is planar. We can reconstruct D from (G, O), with its embedding into
S2, provided we also know, for each crossing, which arc is the overcrossing and which is the

undercrossing.

1.6 Special alternating links and Murasugi sums

Definition 1.6.1. Let D be a diagram of a link L. A Seifert circle C in D is special if it
bounds a disc in S?\ D. We will call this disc the inside of C (for the diagram of the unknot
with no crossings, pick one of the two discs to be the inside). The diagram D is special if

every Seifert circle in D is special.
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Remark 1.6.2. A special alternating link diagram is either positive or negative.

A Seifert circle C' may be seen as a cycle in the underlying digraph (G, O) that turns
at every crossing it meets (the direction it turns will always be determined by O). We will
not explicitly distinguish between this viewpoint and that in Definition 1.3.3.

Let C be a non-special Seifert circle in a diagram D. We can split D along C to create
two new non-trivial link diagrams D; and Ds as follows. Let S be one component of S\ C
(so S is an open disc). Let A ={v € V(G) : v ¢ S}. Then all vertices of G[A] are 4-valent
except for some of the vertices on C, which are 2—valent. Since C'is a cycle, such a vertex
has in-degree and out-degree 1. Let (G1,O1) be the digraph obtained by contracting each
edge of G[A] whose terminal vertex is 2-valent. Now take (G1,01) as the underlying graph
of D1. The choice of undercrossing and overcrossing arcs at a crossing ¢ in D is induced by
that at cin D. The diagram Dy is defined analogously from the other component of 2\ C'.

If D is alternating, then so are Dy and D3 (see Figure 1.8).

VRV VS
C A C

Figure 1.8

Definition 1.6.3 ([29] 3.1). Let L be a link with a diagram D that can be split into
diagrams D;, Dy as above. Let L1, Ly be the links with diagrams D;, Ds respectively. We
say that D is a *—product of D1 and Dy, written D = D7 x Dy. Note that Dy and Dy alone

do not tell us how to construct D. We also write L = Ly * Lo.

Remark 1.6.4. Let C' be the non-special Seifert circle along which D was split. Fori =1, 2,
let R; be the Seifert surface for L; given by applying Seifert’s algorithm to D;, and let S;
be the disc in R; bounded by C. Let R be a Seifert surface for L given by identifying Sy
and S3. Then R is given by applying Seifert’s algorithm to D.

The interaction of *—product with link diagrams makes it a useful tool in [8] and [28],

and below.

Definition 1.6.5 ([7] p536). A link diagram D is homogeneous if it is formed from special
alternating link diagrams by taking connected sums as in Remark 1.2.16 and s—products.

A link L is homogeneous if it has a homogeneous diagram.
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Proposition 1.6.6 ([7] Corollary 4.1). The Seifert surface given by applying Seifert’s al-

gorithm to a homogeneous diagram of a link is taut.

Proposition 1.6.7 ([7] Corollary 3.1, Theorem 8). A link with a connected homogeneous

diagram s not split.
The s—product of Definition 1.6.3 has been generalised as follows (see, for example, [21]).

Definition 1.6.8. Let R, Ri, Ro be Seifert surfaces for links L, L1, Lo respectively. R is a
Murasugi sum of Ry and Ry if the following hold.

e There is a 2-sphere S C S3 dividing S? into two closed 3-balls V; and Va.
e R CVi, RoCVyand R= Ry U Ro.
e T'=RiNS=RyNS is a closed disc.

e T is a 2n—gon for some n € N. That is, 9T consists of 2n simple arcs pi, p?, ..., pl p?
such that, for all i, the arc p% is part of Ly = ORy and properly embedded in Ry
whereas ,oz2 is part of Lo = Ry and properly embedded in Rj.

When n = 2, this operation is known as plumbing. A connected sum of two links can

be seen as a Murasugi sum, for example by taking n = 1.

The behaviour of Seifert surfaces under Murasugi summation depends on whether or

not the links involved are fibred.

Theorem 1.6.9 ([21] Theorem 5.1). Suppose Ry and Rs are taut. Then L has a unique
taut Seifert surface if and only if Ly, Ly each have a unique taut Seifert surface and L; is

fibred with fibre R; for either i =1 or i = 2.

We will wish to apply the ‘if’ direction of Theorem 1.6.9 in the case of incompressible
Seifert surfaces instead of taut ones. The proof in [21] works in this case if we replace [21]
Theorem 3.1 with Theorem 1.3.10.

Proposition 1.6.10 ([12] Theorem 3). L is fibred with fibre R if and only if both Ly and
Lo are fibred with fibres Ry and Ro respectively.

Let D be a special alternating diagram of a link L, other than a diagram of the unknot
with a single crossing. We may colour the regions of D in a checkerboard pattern by making
the inside of each Seifert circle black and colouring the remaining regions white. Then the
Seifert surface R given by applying Seifert’s algorithm to D is formed from the black regions.

If a region r of D is a white bigon, it defines a product disc in the complementary sutured
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manifold to R. The effect on D of the product disc decomposition along this disc is to
remove the region r, replacing the two crossings of r with a single crossing. Such a change
to D has the effect of pulling off a Hopf band from R, doing the reverse of taking a Murasugi

sum (see Figure 1.9). Therefore we have the following.

> )/ >

il R R

Figure 1.9

Lemma 1.6.11. Remowving a white bigon from a special alternating diagram D corresponds

to pulling off a Hopf band from the surface given by applying Seifert’s algorithm to D.
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Chapter 2

The Alexander polynomial

2.1 The Alexander polynomial
2.1.1 Alexander’s definition

In [1], Alexander defined a link invariant as follows. Take a link L with a reduced diagram
D. Let G be the underlying graph of D with induced orientation O. Each region r; of
S?\ G has a corner ¢i;j at each crossing c¢; on its boundary. At each crossing, two of the four

corners are dotted and each is assigned a value in {+t,+1} as shown in Figure 2.1.

Figure 2.1

Let a;; be the value so assigned to the corner ¢;; if ¢; lies on the boundary of 7;, and
set a;; = 0 otherwise. The matrix A = (a;;) is called the Alezander matriz. Since G is
4—valent, A is an (n + 2) x n matrix, where n is the number of crossings in D. Choose
adjacent regions 7,74, and denote by A(p,q) the matrix given by deleting rows p and ¢
from A. Let Ap(t) = det A(p,q).

Alexander shows that, up to a factor of £¢™ for some m € Z, this definition of Ay (t)
is independent of the choice of the pair of adjacent regions r,,r, and of the choice of the
diagram D. We define A9 (¢) to be A (¢) normalised such that A9 (0) is defined and strictly
positive, except when A (t) = 0. That is, we arrange that the lowest degree term of AY (0)

is the constant, and that this is positive.

Definition 2.1.1. The reduced Alexander polynomial of L is Ar(t).
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Proposition 2.1.2 (see [1] p301). If L = Li#Lo for some links L1, Lo then AY(t) =
A7, (1) - AT, (1)

Lemma 2.1.3 (see [33] 8C4, 7TA). Let D’ be the reflection of D, and let L' be the link with
diagram D'. Then A9 (t) = AY,(t).

Remark 2.1.4. Note that reflection changes positive crossings to negative ones, and vice

versa.
Lemma 2.1.5 ([33] 8C7). Suppose AY (t) =31 ja;t’. Then |a;| = |an—;| for 0 <i<n.

Proposition 2.1.6 (see [29] (3.7) and the proof of Lemma 3.6). Suppose L = Li x Lo for
some links Ly, Ly. Then A%(0) = AOLI(O) : A0L2 (0).

Proposition 2.1.7 ([23] Proposition 6.14). Suppose a link L bounds a disconnected oriented
surface in S*. Then Ar(t) = 0.

Lemma 2.1.8 ([33] 10H9). If a link L is fibred then A%(0) = 1.

2.1.2 Trees

We will follow work of Crowell and Murasugi, which calculates A9 (0) for special alternating

links by counting trees in graphs. We first give some useful definitions.

Definition 2.1.9. A subgraph 7 of a digraph (G, Q) is a directed tree if it is connected, it
contains no simple closed curves, and any v € V(G) is the terminal vertex (with respect to
O) of at most one edge of 7. There is then one vertex u € V(7)) that is not the terminal
vertex of any edge of 7. This vertex is called the origin of 7. For v € V(T), the unique
simple path from u to v in T is a directed path. Any v € V(7 that is not the initial vertex
of any edge of T is called a leaf.

A directed tree T is a directed spanning subtree of G if V(T) = V(G). Define Tr(G,v) =
{T : T is a directed spanning subtree of G with origin v}. Figure 2.2 shows an example of

a digraph G with a directed spanning subtree 7. The origin of T is u, and v, v’ are leaves.

Figure 2.2
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Lemma 2.1.10. Let v € V(G) and e € E(G) such that v = «(e). Then |Tr(G,v)| =
| Te(G \ e, 0)| + | Tr(G/e, v)].

Lemma 2.1.11. Suppose G is O—connected. Then any directed tree T in G can be extended

to a directed spanning subtree with the same origin.

Definition 2.1.12. For a set F C V(G), by a directed F—spanning subtree of G we will
mean a directed tree 7 such that F C V(7) and every leaf of T is in F, and such that no
proper subtree of 7 has the same property.

Lemma 2.1.13. Suppose G is O—connected, and that, for some v € V(G) and F C V(G),
there are n distinct directed F—spanning subtrees of G with origin v. Then | Tr(G,v)| > n.

Proof. Since G is O—connected, Lemma 2.1.11 gives that any directed F—spanning subtree
can be extended to a directed spanning subtree with the same origin.

Let 77 and 75 be extensions of distinct directed F—spanning subtrees ’Tlf and Tf re-
spectively. Then there exists w € F such that the directed path from v to w in 77" is
different to that in 7;f . Then the directed path from v to w in 77 is different to that in 7.
Thus 71 # Ts. O

Lemma 2.1.14. Suppose that G is planar and that for every region r of S?\ G the boundary
of  is a cycle. Then G is O—connected. That is, if incoming and outgoing edges alternate

at every vertex of G then G is O—connected.
Lemma 2.1.15. Let e € E(G) be a loop and let v € V(G). Then | Tr(G \ e,v)| = | Tr(G,v)|.

Lemma 2.1.16. Let e € E(G) be such that 7(e) has in-degree 1. Then |Tr(G/e,v)| =
| Tx(G,v)| for any v € V(G) \ {7(e)}.

Proof. Any directed spanning subtree in G contains e. O

Definition 2.1.17. Call removing a loop from a digraph G a move 1 on G, and collapsing

an edge whose terminal vertex has no other incoming edge a move 2 on G.

2.1.3 Murasugi’s proof of Theorem 1.1.1

Murasugi considers Alexander’s definition from the following viewpoint in [28].

Once the regions r, and 7, have been fixed, det A(p,q) is formed of terms given by
choosing (row, column) pairs (i1, j1),..., (in,jn) in such a way that each row and each
column is chosen exactly once and then multiplying together the a;, ;.. This is equivalent
to choosing a bijection between the crossings ¢; and regions r; other than 7, 74, or choosing

one corner ¢;; at each crossing c¢; provided ¢pj, ¢4; are never chosen and no region is chosen
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more than once. Call such a bijection an L®—correspondence if the resulting product is £t°,
or equivalently if s of the chosen corners are dotted.

Murasugi shows ([28] I Lemma 4.2; II Lemmas 6.8, 8.1) that any two L®-correspondences
give terms in the determinant with the same sign. Thus, to find A (0) for a link L, we
need only count ways of choosing a corner for each crossing as above so that as few dotted
corners as possible are chosen. Alternatively, by Lemma 2.1.5, we can look for choices where
as many dotted corners as possible are chosen.

Now consider a special alternating link diagram D. For a black region r of D, either
every corner of r is dotted or every corner of r is undotted. For a white region, corners
are alternately dotted and undotted ([28] II Lemma 6.3). Let = be the number of black
regions with dotted corners. Then the black regions contribute a constant factor of t* to
| 11, ai,j,.| and so this factor may be safely ignored for our purposes. This is in fact the
power of ¢ we cancel when normalising Az(t) to AY(t) (see [28] I Lemmas 3.1, 4.1, 5.4).
Call an L*"*—correspondence an L{—correspondence (this is actually Murasugi’s definition
of an L#-correspondence).

Indeed, Murasugi shows that we can forget the black regions altogether by defining a
digraph GM(D) from the diagram D as follows.

GM(D) has a vertex at the centre of each white region of D, and one edge for each
crossing, joining the centres of the white regions meeting at the crossing. GM (D) is therefore
planar. At each crossing, one white corner is dotted, and the other is undotted. Orient each
edge from the undotted side to the dotted side (note that this is the reverse of in [28§]).

As dotted and undotted corners of white regions alternate, the boundary of any region
r of S2\ GM(D) is a cycle with respect to the above orientation 0. Thus GM(D) is o-
connected, and in particular | Tr(GM (D), v)| > 1 for v € V(GM(D)).

Define a second (unoriented) graph G(D) with a vertex at the centre of each black
region of D and an edge through each crossing. Then Gy(D) is the dual graph GM(D)* of
GM(D).

For a directed spanning subtree 7~ of GM(D) let 7* be the subgraph of G3,(D) consisting
of all edges in E(Gy(D)) that do not cross any edge in 7. Then 7% is a tree ([28] I Lemma
5.2). By counting edges and vertices we see that 7* spans Gy(D).

Let v, € V(GM(D)) and v, € V(Gy(D)) be the vertices corresponding to r, and r,
respectively. Let 7 € Tr(GM (D),vp). There is then a unique way of orienting the edges
of T* so it becomes a directed tree with origin v,. Let y be the number of white regions
in D. Each region r € D other than ry,,r, is the terminal vertex of exactly one edge e,
of T or T*. By pairing r with the crossing that e, corresponds to, we can construct an

L{—correspondence. Clearly there is no L§—correspondence for any s > y.
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Conversely, given an L§-correspondence this process can be reversed to give a directed
subgraph 7 of GM(D) with exactly one edge ending at each vertex other than v,. Suppose
T contains an embedded closed curve, dividing S? into two discs. Considering the Euler
characteristic x of the disc that does not contain 7,, 7, gives a contradiction. Hence T &
Tr(GM(D),vp).

For general s, an Li—correspondence can be used to construct a directed spanning subtree
T of the underlying graph of GM(D) with an orientation that will not in general agree with
that of GM (D). The number of edges of T where these two orientations (dis)agree is
determined by s. Murasugi and Stoimenow use this in [27] to assign a polynomial to any
connected digraph in which the in-degree equals the out-degree at each vertex.

Given a planar digraph (G, Q) in which incoming and outgoing edges alternate at each
vertex, we can construct a product sutured manifold N*(G) embedded in S? in such a
way that there is an ‘obvious’ projection of the sutures onto S? that gives a link diagram.

Roughly speaking, this gives an inverse to G™™. We shall examine this in more detail later.

Construction 2.1.18. We first build the 3-manifold N = N™(G). Centre a 0-handle D?
on each vertex of G* C §? ¢ S3. These should be taken to be sufficiently small that they
do not intersect. Attach a 1 handle [0,1] x D? for each edge e € E(G*) with [0,1] x {0}
running along e and {0,1} x D? glued to the 0 handles corresponding to the endpoints of
e.

We now define the sutures s. For a O-handle V[, let Wi be the union of the 1-handles
that meet Vp. Then let Vonis = (0Vp\inty (W71))NS?. Now let V3 be a 1-handle. Then ViNs
is made up of two disjoint simple arcs, one running from {0} x {1} € ([0,1] x D?) N S? to
{1} x{—1} and the other running from {0} x {—1} to {1} x {1}. The arcs twist around V; in
the direction shown in Figure 2.3, where the dashed line denotes an arc passing underneath

the manifold.

Figure 2.3

Using the orientation O, we can define an orientation on the arcs of s that run along
1 handles, as shown in Figure 2.3. Since incoming and outgoing edges alternate at every
vertex of G, this definition of the orientation of s is locally consistent, as shown in Figure

2.4. Therefore the sutures around a 0—handle are either all oriented clockwise or all oriented
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Figure 2.4

anticlockwise, with the orientations on adjacent vertices going in opposite directions. From

this we see that (NN, s) is a sutured manifold.

Definition 2.1.19. Define MM(G) = $3\ intgs (NM(G)) to be the complementary sutured
manifold to NM(G).

Lemma 2.1.20. Let G be a planar digraph in which incoming and outgoing edges alternate
at each vertex. Let e € B(G) be a loop that bounds a disc in S*\ G. Then N (G) and
NM(G\ e) (and hence also MM(G) and MM(G \ e)) are equivalent as sutured manifolds
embedded in S3.

Proof. This can be checked locally, as shown in Figure 2.5. U
/ AN —> /‘\
Figure 2.5

Lemma 2.1.21. Let G be a planar digraph in which incoming and outgoing edges alternate
at each vertex, and let e € E(G) be such that 7(e) is 2 valent. Then M(G/e) is obtained
from M™M(G) by a product disc decomposition. In particular, MM (G) is an almost product
sutured manifold if and only if MM (G/e) is.

Proof. See Figure 2.6. O
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2.1.4 Crowell’s proof of Theorem 1.1.1

Crowell also made use of directed trees in digraphs to calculate AY(0) for an alternating
link L. As we will see, the two methods are similar, but not identical. In the proof of
Corollary 2.2.13 we will make use of the difference, as well as the similarity, between the

two sets of work.

Let D be an alternating diagram for a link L, and let (G, O) be the underlying digraph.

Definition 2.1.22. Any edge e € E(G) corresponds to an arc p,. in D between two crossings.
Since D is alternating, one end of p, is part of an undercrossing, and the other end is part of
an overcrossing. Let o be the orientation of G that orients each edge e from the overcrossing

to the undercrossing. Near any v € V(G), o is as shown in Figure 2.7.

s
v

Figure 2.7
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Definition 2.1.23. Define subsets H,K C E(G) by at every vertex putting the incoming
edges with respect to o into H, K as shown in Figure 2.8.
Define a map a: E(G) — {1,—t} by

—t ifeeH
ale) = .
1 ifeek.

Figure 2.8

Theorem 2.1.24 ([8] Theorem 2.12). For any v € V(G),

s0= ¥ (TTet0).

TETr(G,w) \e€T
Lemma 2.1.25 ([8] 4.7). A Seifert circle is a cycle with respect to O and o (possibly in
opposite directions).
The special Seifert circles of D are exactly the cycles in G with respect to o that are

contained entirely in H or entirely in K.

Remark 2.1.26 ([8] 4.2). Neither H nor K contains a pair of distinct edges with a common

terminal vertex with respect to o.

Definition 2.1.27. For a directed spanning subtree T of G with respect to o, define char(7)
to be the number of edges of 7 that lie in K. Define an H—-maximal directed spanning subtree
T to be a directed spanning subtree with char(7) minimal among such trees with the same
origin as 7 (that is, 7~ contains as many edges of H as possible). For v € V(G), let Tr* (G, v)
be the set of H—maximal directed spanning subtrees in G with origin v.

Define a K-mazimal directed spanning subtree and Tr*(G, v) analogously.
Remark 2.1.28. By Theorem 2.1.24, A% (0) = | Tv* (G, v)| = | v (G, v)| for any v € V(G).

Now suppose D is special. Then every Seifert circle is contained in H or is contained
in . Further, since no two edges in H share a terminal vertex, no two Seifert circles in H
share a vertex. We can therefore collapse each such Seifert circle to a point, giving a planar
graph G™(D). Define orientation o on G*(D) to be that inherited from o on G. Since
at each vertex of G exactly two edges are collapsed, and these are adjacent, incoming and
outgoing edges alternate at each vertex of G*(D). Figure 2.9 shows this process when L is

the knot 74.
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Figure 2.9

Lemma 2.1.29. Let A: G — G™(D) be the map that collapses the Seifert circles in H.
Then, for any v € V(G), A induces a bijection A,: Tt (G,v) — Tr(GM (D), A(v)).

Proof. Define a map B,: Tr(G*(D), A(v)) — Tr(G,v) as follows.

Let 7 € Tr(G*(D),A(v)). Then, for e € K C E(G), let e € B,(T) if and only if
Ale) € T.

Consider a Seifert circle C' in G contained in H. If v lies on C, then no edge of B,(T)NK
has its terminal vertex on C. Let fo be the edge of C' whose terminal vertex is v. If v
instead does not lie on C, then B,(7) N K contains exactly one edge ec whose terminal
vertex lies on C. In this case, let fo be the edge of C' that has the same terminal vertex as

ec. In either case, let B,(7)NC = C\ fco (see Figure 2.10).

By(T)

Figure 2.10

Then A(B,(T)) = T. Thus, since T contains no simple closed curves, B,(7T) contains
no simple closed curves. Let w € V(G). Since 7 contains a directed path from A(v) to
A(w), it is clear that B,(7) contains a directed path from v to w. Hence B,(T) € Tr(G,v).

We can now see that B, (T) € Tr"(G,v). Thus if 7' € Tr’(G,v) and C is a Seifert circle
in H then 77 contains all but one edge of C, as in Figure 2.10. Therefore, at most one edge
of 7" N K has its terminal vertex on C, with no such edge if v lies on C. This means that
A(T") does not contain any simple closed curves, and no edge of A(7”’) has terminal vertex
A(v). It is now clear that we can define A, by A,(7T) = A(T). Knowing this, we see that

A, and B, are mutual inverses. O

26



As before, we can construct a product sutured manifold N7¢(G) from a digraph (G, O)
that provides an ‘inverse’ to the map G, and we define M7 (G) to be the complementary
sutured manifold to N*(G).

Definition 2.1.30. Let G’ be a planar digraph in which incoming and outgoing edges
alternate at each vertex. The boundary of any region 7 of S?\ G’ is a cycle. Define a

K—circle of G’ to be any such cycle that is oriented clockwise around 7.

Construction 2.1.31. N = N7(G) has a 0-handle at each vertex of G, and a 1-handle
running along each edge of G. Attach a 2 handle D? x [0, 1] for each K circle of G. If
is a region of S? \ G whose boundary dr is a K-circle, the boundary of the union of the
0-handles and the 1-handles of N meets r in a simple closed curve. Attach the 2-handle
along this curve.

For a 1-handle Vi, let Vi N's = Vi NON N'S?. This subarc of s is oriented in the same
direction as the edge of G that V; runs along. Let V{ be a 0-handle. Then 0V, NS? consists
of adjacent simple arcs pi, p?, ..., pk, p? for some n € N, ordered clockwise around Vp, where
pl1 is properly embedded in N and ,012 C ON for each i. For 1 < m < n, join the midpoint
p?n(%) of p2, to the far endpoint of p. by a simple arc running over Vj, and to the far
endpoint of pL, 41 (where oL 1= p1) by a simple arc running under Vp, as shown in Figure
2.11.

It is clear that N is now a sutured manifold.

Figure 2.11

Remark 2.1.32. We may similarly define G*(D), N*(G) and M*(G).

2.2 Digraphs constructed from link diagrams
2.2.1 Bounding valency

In both Theorem 1.1.4 and Theorem 1.1.5, we wish to use a bound on A% (0) to control the

possibilities for the homogeneous link L. In Section 2.1 we have established the following.

27



Lemma 2.2.1. Let L be a link with a reduced, special alternating diagram D. Then AY (0) =
| Tr(GM(D),v)| = |Te(G™(D),v)| = | Tr(GM(D),v)|, where in each case v may be any

vertex of the relevant digraph.

Thus we now turn our attention to controlling a digraph using a bound on the number

of directed spanning subtrees it contains.

Lemma 2.2.2. Let G be a digraph with no loops, and fix vo € V(G). Suppose there is a
directed spanning subtree T of G with origin vy. Let w be any leaf of T and let n be the

in-degree of w in G. Then G has at least n directed spanning subtrees with origin vg.

Proof. Let e be the edge of T with terminal vertex w. By repeated use of Lemma 2.1.10,
| Tr(G,vo)| > | Te(G/(T \ e),v0)|- But G/(T \ e) has two vertices and w still has in-degree
n. Since G contained no loops, G/(T \ e) has no loops with endpoints at w. Therefore

| Te(G/(T \e),vo)| = n. O
Definition 2.2.3. Define a planar digraph G to be prime if none of the following hold.

e G contains a loop.

e (G has a cut vertex.

e There is a simple closed curve p in S? disjoint from the vertices of G meeting the edges

of G at exactly two points and with at least one vertex of G on each side of p.

Proposition 2.2.4. Let G be a prime, planar digraph such that, at every vertex, incoming
and outgoing edges alternate. Let w € V(G). Then there is a vertex v, € V(G) \{w} and a
directed spanning subtree T of G with origin v, such that w is a leaf of T .

Proof. Assume otherwise. For v € V(G)\{w}, let A(v) be the set of vertices v' € V(G)\{w}
such that there is a directed path in G from v to v’ that does not pass through w, and let
B(v) = V() \ ({w} U A(v)).

Suppose that B(vg) = 0 for some vy € V(G) \ {w}. Then for every v € V(G) \ {w} there
is a directed path p(v) in G from vy to v that does not pass through w. Take the union of
these paths, and discard edges as necessary to give a tree 7' that includes all vertices in
V(G)\{w}. Pick any edge e with terminal vertex w. Then 7 = T’ Ue is a directed spanning
subtree of G with origin vy of which w is a leaf. This contradicts the assumption that no
such T exists. Thus, for every v € V(G) \ {w}, the set B(v) is non-empty, as is A(v).

Choose vy # w. By the definition of B(vy), no edge of G runs from a vertex in A(vp)
to a vertex in B(vg). Note that G[A(vp)] is connected. On the other hand, G[B(vg)] may

be disconnected, but every vertex of B(vg) lies on a path that begins at w and does not
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meet A(vg). Thus G has the form shown in Figure 2.12, where each arrow in the picture

may denote multiple edges. Since the boundary of each region of S?\ G is a cycle, e denotes
Avo) B(vo)
e

c~—
(&

Figure 2.12

at most one edge of G. As G is prime, e denotes at least one edge. Call this edge e(vp).
Similarly define e(v) for each v € V(G) \ {w}.

For v,v" € V(G) \ {w}, if v/ € A(v) then A(v') C A(v). This inclusion of sets gives a
partial order on V(G) \ {w}. Choose v; to be maximal with respect to this ordering. Now
let v, be the initial vertex of e(v4 ), and v, the terminal vertex. Then vy, v, € A(vy) and
vy, € B(vg). It follows that A(v,) C A(vy), so vy € B(v,). In addition, v, € A(v,), and
vg € A(wp), s0 A(ve) C A(wp). If vy € A(vg) then A(vy) C A(vp). Since v, € A(vp) \ Avy),
this contradicts maximality of v4. Thus vy € B(v,). In summary, A(vg) N B(vy) = 0 while
A(vg)NA(vy), B(vg)NA(vy) and B(v,) N B(vy) are non-empty. This gives G the structure

shown in Figure 2.13, where each box is non-empty.

A(va) B(va)

Figure 2.13

Recall that, for any v € V(G) \ {w}, no edge starts in A(v) and ends in B(v), while at
most one edge starts in B(v) and ends in A(v). Since e(vy) starts in B(v,) N B(vy) and
ends in A(vg) N A(vy), we see that all the dashed arrows in Figure 2.13 are excluded. This
contradicts that G is prime. O

Corollary 2.2.5. Let G and w be as in Proposition 2.2.4. Let n be the in-degree of w
in G. Then there exists v € V(G) \ {w} such that | Tr(G,v)| > n. In particular, if G €
{GM(D),GM"(D),G*(D)} for some diagram D of a link L then A9 (0) > n.
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2.2.2 Digraph properties

Definition 2.2.6. A diagram D of a link L is twist-reduced if, given a simple closed curve
p in S? that passes through two crossings of D transversely and otherwise lies in S?\ D, the

section of L on one side of p consists of a line of bigons, like that shown in Figure 2.14.

Figure 2.14

If D is special, we say D is black-twist-reduced if this holds whenever p is contained in

the black regions (see [22] p215).

Remark 2.2.7. Any link diagram can be made twist-reduced by a finite sequence of flypes.
Given a special alternating, twist-reduced diagram D, the diagram D’ formed by deleting
white bigons from D (equivalently, removing loops that bound discs from G™ (D)) may not
be twist-reduced, but will be black-twist-reduced (see [22] p215). These changes preserve
the property of being special and alternating.

Definition 2.2.8. Let A be the set of link diagrams D with the following properties.
(L1) D is connected.

(L2) D is special alternating and positive.

(L3) D has no nugatory crossings.

(L4) D is prime.

(L5) D is black-twist-reduced.

(L6) D has no white bigons.

Definition 2.2.9. Let I' be the set of digraphs G with the following properties.

(G1) G is connected.

(G2) G is planar.
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(G3) G is prime (see Definition 2.2.3).

(G4) At every vertex of G, incoming and outgoing edges alternate.
Remark 2.2.10. (G3) and (G4) together imply the following.
(G5) No vertex of G has in-degree 1.

Lemma 2.2.11. GM is a bijection from A to T.

Proof. Let D € A. Recall that GM (D) consists of a vertex in every white region, and an
edge for every crossing, pointing from the undotted side to the dotted side. By (L1) and
(L2), GM(D) is a well-defined digraph with properties (G1), (G2) and (G4). G™ (D) has
no loops by (L3), and no cut vertices by (L1) and (L4). By (L5) and (L6), no simple closed
curve meets E(GM(D)) twice and separates V(G (D)). Thus GM(D) is prime. Hence
GM(D) eT.

Now let G € T. By (G2) and (G4), the sutured manifold N*(G) from Construction
2.1.18 is defined. Let Dg be the diagram constructed from N (G) by projecting the sutures
onto S?. We choose the black regions of S? \ Dg to be those that correspond to 0-handles
in NM(G). Tt is clear from the construction of Dg that (L1) and (L2) hold. Dg has no
nugatory crossings because there are no loops in G, and no obvious decomposition as a
connected sum because G has no cut vertex. Suppose either (L5) or (L6) does not hold.
This means there is a simple closed curve p C S? that meets Dg at exactly two of the
crossings of Dg and is otherwise contained in the black regions. Then p meets the edges of
G twice and separates V(G). This contradicts (G3). Hence Dg € A.

It is now easy to check that, when restricted to A and T" respectively, these two con-

structions are mutual inverses. O
Lemma 2.2.12. G™ is a bijection from A to T.

Proof. Let D € A. Recall that G*(D) is obtained by taking the underlying graph G of D,
with orientations O and o, and collapsing all edges of H. Properties (L1) and (L2) ensure
GM"(D) is well defined with properties (G1), (G2) and (G4). Suppose G*(D) contains a
loop e, and consider the copy of e in G. By (L3) there are no loops in G, so e must have
both its endpoints on a single Seifert circle contained in H. Since D is special, we can use
e to construct a simple closed curve p that meets D twice at crossings (the endpoints of e)
and otherwise is contained in the black regions of D. This is impossible since (L5) and (L6)
hold. Thus GH(D) contains no loops. If GH(D) is not prime, this means there is a simple
closed curve p’ crossing the edges of G twice and dividing the vertices, contradicting (L4).

Therefore, G*(D) € T.
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Conversely, let G € T. By (G2) and (G4), we can construct N*(G). Let Dg be the
diagram given by N7(G), where the black regions are those that correspond to a 0 handle
or a 2-handle. Dg is connected, by (G1). By construction, (L2) holds and no black region
meets itself. (G3) means no white region meets itself. Thus (L3) holds. Any decomposition
of Dg as a connected sum must come either from a similar decomposition of G or from a
cut vertex in G. Neither is possible since G is prime, so (L4) holds. Finally, suppose there
is a simple closed curve p that meets Dg at two crossings and otherwise lies in the black
regions. This gives a simple closed curve p’ that meets G exactly once at a vertex, again
contradicting that G is prime. Thus (L5) and (L6) hold. Hence Dg € A.

When restricted to A and I' respectively, these two constructions are mutual inverses. [

Corollary 2.2.13. Let G € I'. Let v € V(G) and let n = | Tr(G,v)|. Then, for any region

r of S\ G, the number of edges of G in the boundary of r is at most n.

Proof. Suppose otherwise. Let r be a region of S? \ G with m sides, for some m > n.
Let DM = (GM)~1(G). There is a Seifert circle C' in DM corresponding to 7, which also
has m sides. We may suppose that C C H (otherwise, replace H with K in the following
argument). Let vo be the vertex of GH(DM) corresponding to C. Then vo has in-degree
m. By Corollary 2.2.5, A% (0) > m, where L is the link with diagram D*. This contradicts
that A? (0) = | Tr(GM(DM),v)| = | Tr(G,v)| = n < m. O

2.2.3 Infinite digraphs

Lemma 2.2.14. Let ® be an infinite set of planar, pointed digraphs (each with a fized em-
bedding into S?) such that every (G,v) € ® has valence bounded above byny € N. Then there
is a sequence of distinct elements (Gi,v;):2, such that B(Gm,, Um,,m) and B(Gmsy, Umy, M)

are the same up to ambient isotopy of S* whenever mi, mao > m.

Proof. See Convention 1.5.8 for the definition of B(G, v, m).

Let © be the class of all embeddings, up to ambient isotopy of S2, of planar, pointed
digraphs with valence bounded above by ni. For m € N, let ©,,, be those elements of © with
radius at most m. Then |0,,| < oo for all m, and ©1 C O C -+- C O, C Opy1 C -+ C O.
Choose an enumeration #: © — N such that 0(0,,) = {1,...,|0,,|} for all m.

Let U, = 0(0,,) = {1,...,|0O|} for all m, given the discrete topology. Take ¥ =
[, v;, with the Tychonoff product topology. Then ¥ is compact. Define ¢: & — ¥ by
»(G,v) = (G(B(g,v,i)))jil. If 9(G1,v1) = ¢(Ga,v2) then Gy, Ga € O, for some m € N, and
G1 = B(G1,v1,m) = B(Ga,v2,m) = Go. Thus ¢ is injective. In particular, ¢(®) is infinite.

Thus there is a sequence ((JZ );’il)]oil C ¢(®) of distinct elements that converges to an

element (J°)2°, € . That is, Jj, — J° as j — oo for m € N. As U, is discrete, there

)
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exists j,, € N such that J¥ = J € ¥, for all k > j,,. By passing to a subsequence of (Jf )
we may assume that j,, = m for all m. Then (qb_l(Jij ));il gives the required sequence in
. O

Definition 2.2.15. Given a sequence (G;,v;)2; as above, define a (not necessarily finite)
pointed digraph (Goo, Voo) by (Goo, Ves) = Usoq B(Gi, vi, ). Note that, since B(Gy,, v, m) =
B(G, v, m) for k > m, this is well-defined.

Lemma 2.2.16. (1) G is infinite.
(2) Go has valence bounded above by ny.

(8) There is an injection Goo — S? that is an embedding on any finite subgraph of Goo. In
particular, given a simple closed curve in G, there is a well-defined notion of which

‘side’ of this curve any other point of G lies.

Proof. (3) For n € N, let f,,: G, — S? be the embedding of G,, into S?. Given n > 2, there
is an isotopy H,:S? x [0,1] — S? from the identity on S? to a map h,: S? — S? with
ho(fn(2)) = fa1(z) for all z € B(Gp_1,vn_1,n — 1). Define the inclusion fo: Goo — S? by
foo(x) = ha(hs(- - hy(fr(x)---) for all 2 € B(Gwo, Voo, n) for any n > 2. O

Lemma 2.2.17. Suppose that, for every m € N, the boundary of any region r of S*\ Gm is

a cycle in G, with length at most ny. Then G is O connected.

Proof. Let u,v € V(Gso). Then u,v € B(Goo, Voo, m) for some m € N. As B(Goo, Voo, m) is
connected, there is an (unoriented) path from u to v in B(Guo, Voo, M) = B(Gming s Vmtngs M)-

This can be altered to a directed path from u to v in B(Gpiny, Vmtng, M +12) C Goo. 0O

Definition 2.2.18. Let (G, O) be a (possibly infinite) digraph. Given sets A, B C V(G),
define an (A, B) path p to be a simple directed path with respect to O that begins at a
vertex of A and ends at a vertex of B without meeting any vertex of AU B in its interior.

If p contains exactly one edge, call it an (A, B)—edge.

Proposition 2.2.19 (Menger’s Theorem). Let G be a (possibly infinite) digraph. Let A C
V(G) and vg € V(G) \ A. Then either there are edge-disjoint (A,vg)—paths p1,p2 or there
is a partition of V(G) into sets A and B such that A C A, vg € B, and there is at most
one (A, B)-edge.

Proof. Let Ay = {v € V(G) : there is an (A,v)-path in (G,0)} and let B; = V(G) \ A;.
Then A C A;. If vg € B; then this gives the required partition.
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Suppose vp € A;. Choose an (A,vp)-path p. Define O, to be the orientation of
G given by reversing the direction of O on every edge of p. Let Ay = {v € V(G) :
there is an (A, v)-path in (G, O,)}.

Assume vp € As. Let p/ be an (A,vp)-path in (G,0,), and let B = {e € E(G) :
e € p XOR e € p'}. Consider the edges in B with respect to O. Exactly two such edges
start in A while no edge ends in A, and two edges end at vp. At any vertex v ¢ AU {vp},
the number of edges in B ending at v is equal to the number starting at v. Thus, since B
is finite, there are two edge-disjoint (A, vp)—paths in B.

If instead vp ¢ Ag, let Ba = V(G) \ Aa. By definition, there are no (A, B2) edges with
respect to O,. In particular, no edge of p is a (B2, Az)—edge with respect to O. This means
p contains exactly one (As, Ba)—edge with respect to O. Hence A=A and B = By are as
required. ]

Lemma 2.2.20. Suppose that G,, € T and the boundary of any region r of S*\ G, is a
cycle in Gy, with length at most ny for each m € N. Then, for any partition of V(Gs) into
non-empty sets A and B, there are at least two (A, B)—edges.

Proof. By Lemma 2.2.17, G is O—connected, so there is at least one (B, A)—edge. Let e be a
(B, A)—edge. Choose mj € Nsuch that e € B(Go, Voo, m1) and set mg = mj+mns. Let 71 and
72 be the regions of S?\ G,,, adjacent to e. The boundaries of these regions are both contained
in B(Gmy s Um,,m2). Let Apy, = ANB(Gmy, Umy, ma) and By,, = BN B(Gp,, Um,, m2). Then
the boundaries of r; and 79 contain (A,,,, By, )—edges e; and ey respectively. Since G,,, is

prime, e; # ez. Thus e; and ey are distinet (A, B)—edges in Guo. O

Corollary 2.2.21. If (G;)2, is as in Lemma 2.2.20 and A is a non-empty, proper subset
0of V(Gwo), there is a vertex vg ¢ A with two (A,vg)-paths that do not meet except at their

endpoints.

Proof. Choose v ¢ A. There are edge-disjoint (A, v) paths p; and py. Take vp to be the

first common vertex of p; and ps not in A as measured along p;. O

Definition 2.2.22. Call distinct directed paths p; and po with the same endpoints a spear-
pair if, for some m € N U {0}, they run together for the first m vertices, and after that

point meet only at their final vertex (see Figure 2.15).

Proposition 2.2.23. Let (G;):2, be as in Lemma 2.2.20. Let n € N. Then there is a set
Fn € V(Gso) such that there are at least 2" (finite) directed F,—spanning subtrees of Gy

with oTigin vVeg.
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P1

P2
Figure 2.15

Proof. We inductively construct, for 0 < m < n, a vertex wy, € V(G), a set 4,, C V(Gx)
and (Veo, wr,) paths pl . p2,. We also construct an unoriented (and possibly not simple)
closed curve o,, in Goo and an open disc D,,, C S2. These are all chosen with the following

properties.
(1)m Bm = V(Gx) \ Ay, is infinite.

(2)m Prs P © GoolAm]-

(3)m If m > 0 then pl , p2, are a spear-pair.
Dm om € UiZo(pi U p}).

(5)m Dy, is a connected component of S\ oyy,.
(6)m Bum C Dy and Ay, N D,y = 0.

(7)m If m >0 then w,, € By,—1.

(8)m Let Fp, = {wo,..., wp}. For each (J;)", € {1,2}"™ there is a directed F,,~spanning
subtree T of G with origin vy, such that 7 C Gy [Ay,] and, for 1 < i < m, the edge
of T ending at w; is the last edge of p;*.

Let wg = Ag = p(l) = pg = 00 = Uso and Dy = S%\ vo. Then (1)p—(8)o hold.

Suppose Wy, Am, pL., p2,, 0m and Dy, have been defined for some m < n. Then by
Corollary 2.2.21 there exists wy,+1 € By, and (A, Wiy,41)—paths pf’nﬂ,pfnﬂ that do not
meet except at their endpoints. Since w41 € Dyy,, both pf’n 41 and pfn 41 must have their
initial vertex on o,,. By (4),,, these can be extended using directed paths in J[~,(p; U p?)
to a spear-pair of (Vso, Wy, +1)—Ppaths p}n_l_l, 1072n-l—1'

Now p3, U ph 41 forms a finite length simple closed curve or arc contained in G, with
both endpoints on the boundary of D,,. Thus Dy, \ (p3,., U pjh,1) consists of two open
discs D;, ., and D2 ;. Further, B} ., = D} ., NV(G) and B%,, = D2, ., N V(Gu)
are well defined. At least one of Bl H,Bg1 41 is infinite. Suppose Bl 41 is infinite. Let
Bpt1 = B}, (that is, let A, = V(G) \ B,1) and let Dy, = D) . Finally, define
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Figure 2.16

Om+1 as the boundary of D,,,+1. Note that 7,41 consists of pfn U pfn 11 together with all,
one section or none of ,,. Figure 2.16 shows a specific example.

Properties (1),,+1—(7)m+1 now hold. It remains to check (8),,+1. Note that since the
final edges of p; and p? differ for 1 < i < m + 1, (8);,41 implies there are at least 2!
directed F,,+1—spanning subtrees with origin v.

Let (J)Mh e {1,2)™ Ifm+1=1,let T = p/*. f m+1 > 1, choose T’ with origin
Voo such that 77 C G [A,] and, for 1 < i < m, the edge of T’ ending at w; is the last edge
of p;jl Since W41 € B, it does not lie on T'. Let v’ be the last vertex of p;;mjll that
meets 7', and let p’ be the section of p;i;’fll from v' to wymy1. Then T = T U p’ has the

required properties. O
Theorem 2.2.24. The setT',, ={G € T': Jv € V(G),| Tr(G,v)| < n} is finite for any n € N.

Proof. Fix n € N. For each G € T, fix a vertex v € V(G) such that | Tr(G,v)| < n and
fix an embedding of G into S%. By Corollary 2.2.5 each G € T',, has valence bounded above
by 2n, and by Corollary 2.2.13 the boundary of any region r of S? \ G is a cycle in G with
length at most n.

Suppose, for a contradiction, that T',, is infinite. Then, by Lemma 2.2.14, there is a
sequence (G;,v;) from which we can define an infinite pointed digraph G, as in Definition
2.2.15. By Proposition 2.2.23, there is a set F C V(G ) and a sequence (7;)?;11 of finite di-
rected F spanning subtrees with origin v.,. Choose m € N such that 7; C B(Geo, Voo, m) =
B(Gp,vm, m) for 1 < i < n+ 1. Since G, is O—connected, Lemma 2.1.13 implies that
n+ 1 <|Tr(B(Gm, vm,m),vm)| < |Tr(Gm,vm)| < n. O

Remark 2.2.25. Theorem 2.2.24 is the key step in the proof of Theorem 1.1.5, which we

give in Section 2.3.
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2.3 Proofs
2.3.1 Theorem 1.1.4

By Theorem 2.2.24 we now know that the set I's is finite. In order to prove Theorem 1.1.4,

we calculate this set explicitly.

Theorem 2.3.1. Let G € T'. Suppose that | Tr(G,v)| < 4 for any v € V(G). Then, up to
reflection, G is one of the digraphs G, Gg,G~,Gs shown in Figure 2.17.

Go Gy g, Gs
S W=
Figure 2.17

Remark 2.3.2. This result for | Tr(G,v)| € {1,2} is already known ([27] Theorem 3(5)).

Proof. First suppose S? \ G is a single region r. Then G is a tree. Since G is finite but has
no l1-valent vertices, G = G,.

Assume there are at least two regions of S? \ G. Let r be one such region. Then Or is
a topological circle, as otherwise r would meet itself at a vertex of G, contradicting that G
is prime. Note that every region of S? \ G has at least two sides. Suppose every region has
exactly two sides. Then by considering the Euler characteristic of S? and of G we find that
| V(G)| = 2. Since | Tr(G,v)| < 4 for a vertex v, we see that either G = Gg or G = G,.

This leave the case where S? \ G has a region 7o with at least 3 sides. Since drg is a
circle, considering y shows there is a second region r; with at least 3 sides.

We now consider whether certain digraphs can occur as subgraphs of G. Note that, by
(G4), the boundary of every region of S?\ G is a cycle, so G is O connected. Thus Lemma,
2.1.13 applies.

Lemma 2.3.3. If the graph shown in Figure 2.18 is a subgraph of G, where v and w may

coincide or v’ and w' may coincide, but not both, then | Tr(G,v)| > 4. Here a dashed line

==L

Aoy

Figure 2.18

denotes a directed simple path.
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Lemma 2.3.4. If the graph shown in Figure 2.19 is a subgraph of G, then | Tr(G,v)| > 4.

Figure 2.19

Lemma 2.3.5. Suppose ezactly two regions of S* \ G have 3 or more sides. Then, up to

reflection, G = Gs.

Proof. Collapse each bigon region of S? \ G to a line, giving a graph G’. Since this only
leaves two regions, G is a topological circle. Number the vertices V(G) = V(G') as v1,..., v,
around this circle. Then n > 3. For 1 < i < n, let J; be the number of (unoriented) edges
in G joining v; to vi+1 (where v,11 = v1). By (G4) and (G5), v; + vi41 is even and at
least 4 for each 7. Suppose v1 > 3. Then, by Lemma 2.3.3, v; = 1 for all ¢ > 1. Thus
v + w3 = 2, contradicting that vy + v3 > 2. Hence v; < 2 for all . By Lemma 2.3.4, this

means n = 3. O

It now suffices to show that at most two regions of S? \ G have three or more sides. We

therefore assume otherwise.

Claim 2.3.6. Up to relabelling the regions of S\ G, 7o shares an edge with r1.

Proof. Suppose otherwise. Then g meets a bigon along every edge. By Lemma 2.3.4, drg
is a triangle. Since at least three regions of S? \ G have three or more sides and G is prime,
G contains the graph shown in Figure 2.20a and a directed path disjoint from this graph
connecting two distinct vertices of 9rg. It must therefore contain one of the graphs in Figure
2.20b. In either case, | Tr(G,v)| > 4. O

(a) (b)
Figure 2.20

Claim 2.3.7. The regions ro and r1 share exactly one edge e; and meet at no vertices other

than the endpoints of e;.
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Figure 2.21

Proof. First suppose that 0rgNory has at least two components. Then G contains the graph
shown in Figure 2.21, where v' and w’ may coincide. Then | Tr(G,v)| > 4. Thus 9r¢ N dry
has only one component.

Now suppose 79 and r; share at least two consecutive edges (since drg and Or; are
circles, such edges must be consecutive both in drg and in dr1). Then the vertex between

these edges had in-degree 1. This contradicts (G5). O

We now know G contains the digraph G; shown in Figure 2.22. Let ro be the region of

Figure 2.22

S? \ G that meets r along edge ey. Since dry is a cycle, part of dry forms a directed path
from v to a vertex of G;. As G is prime, this path cannot end at v. Thus G contains one

of the digraphs Go G5 shown in Figure 2.23. Note that | Tr(Gs,v')| = | Tr(Gy,v')| = 4, so

Figure 2.23

neither of these cases can occur. In addition, G3 cannot arise, as otherwise rg and r9 would
contradict Claim 2.3.7.

Thus G contains Gs. There is a directed path from w, creating one of the digraphs
Ge—G10 shown in Figure 2.24. If i € {6,7,8,10} then | Tr(G;,v)| > 4. This leaves Gy as the
only possibility.
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Figure 2.24

There is another directed path beginning at w’. By discarding cases that have already
been considered, we see that one of the digraphs G11—G13 shown in Figure 2.25 is contained
in G. If i € {11,12,13}, then | Tr(G;,w’)| > 4. O

Figure 2.25

Lemma 2.3.8. Let G € {Go,G3.Gy, 05,05}, where G is the reflection of Gs. Then MM(Q)

(see Definition 2.1.19) is an almost product sutured manifold.

Proof. MM (Ga) is a 3-ball with a single suture, which is a product sutured manifold. The
other cases are proved by Kobayashi. M™M(Gg) and MM(G,) give cases of [21] Example
2.8. NM(Gs) and NM(G}) are both [21] Example 4.5, but with opposite orientations. O

Remark 2.3.9. Considering M or M* would give the same sutured manifolds, but in a

different order.

Theorem 2.3.10. Let L be a prime, special alternating link with A%(O) < 4. Then there

is a unique incompressible Seifert surface R for L.

Proof. Let Dy be a special alternating diagram for L. Then Dy is either positive or negative.
Possibly reflecting Dg ensures it is positive. By a sequence of flypes we can also ensure that
Dy is twist-reduced. Let R be the surface given by applying Seifert’s algorithm to Dy. Then
R is a taut Seifert surface for L.

Let Gg = GM (D). Apply moves 1 and 2 to Gy as many times as possible, giving a

sequence of digraphs Gi,...,G, where each G;;; is obtained from G; by a move 1 or a
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move 2 (see Definition 2.1.17). These moves can be chosen so that any move 1 removes an
innermost loop e, so that e bounds a disc. Then, for any v € V(G,), Lemmas 2.1.15 and

2.1.16 give that
| Tr(Gn, v)| = | Tr(Gn-1,0)| = -+ = | Tr(Go, v)| = AL(0) < 4.

There are no loops in G,,, since no move 1 is possible. Neither move type can create a
cut vertex, and Gy has no cut vertex because Dy is connected and prime. Suppose there is
a simple closed curve p that meets the edges of G, twice. We can reverse each move in the
complement of p, so that p meets the edges of Gy twice. Then p meets two crossings of Dy,
and otherwise lies in the black regions. As G is twist-reduced, one side of p contains only a
line of white bigons. This means that, in G, that side of p contains a single topological arc,
composed of edges and 2—valent vertices. Each such vertex can be removed at any stage by
a move 2. Thus the points where p meets G, lie on a single edge of G,,. We conclude that
G, eT.

Therefore, up to reflection, G, € {G,,G3,G,,Gs5}, so MM(G,) is an almost prod-
uct sutured manifold by Lemma 2.3.8. Then, from Lemmas 2.1.20 and 2.1.21, we see
that MM(G;) is an almost product sutured manifold for each i < n. In particular,
MM(Gy) = MM(GM(Dy)) is an almost product sutured manifold. By Proposition 1.4.22,
the incompressible Seifert surface R is unique, as MM(GM(Dy)) is the complementary
sutured manifold to R. O

Remark 2.3.11. The diagram Dg has properties (L1)—(L5). The graphs Gy,...,G, cor-
respond via GM to diagrams Dy,...,D,. As we have seen in Lemmas 2.1.20 and 2.1.21,
a move 2 corresponds to removing a white bigon, and a move 1 to untwisting a nugatory

crossing. This point of view explains why D,, € A.

Corollary 2.3.12 (see [17] p604). Let L be a special alternating link. If A%(0) =1 then L
18 fibred.

Proof. In this case, G, = G,. Thus MM (Gy) is a 3-ball with a single suture, which is the
complement of a disc. Hence R is obtained from a disc by plumbing with Hopf bands. By
Proposition 1.6.10, as a Hopf band is fibred, L is fibred with fibre R. U

Combining this with Lemma 2.1.8 gives the following.

Corollary 2.3.13. Let D be a special alternating diagram of a prime link L. Then L is
fibred if and only if the graph GM(D) can be reduced to a single vertex by a sequence of the

following moves.
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e Delete a loop.
e (Contract an edge, one endpoint of which is at a vertex with valence 2.
Informally, GM(D) satisfies this condition exactly when it is a ‘tree of loops’.

Theorem 1.1.4. Let L be a non-split homogeneous link. If AY(0) < 4 then L has a unique

incompressible Seifert surface.

Proof. Let D be a homogeneous diagram for L with no nugatory crossings. Break up D
along the non-special Seifert circles into special diagrams. Note that this cannot create
nugatory crossings. Further break down the diagram into prime pieces. This gives prime,
special alternating link diagrams Dy, ..., D,, for some n € N such that D can be constructed
by combining D1, ..., D, by taking connected sums and *—products. Let L; be the link with
diagram D; for 1 < i < n. Then A9(0) = [[i_; A} (0) by Propositions 2.1.6 and 2.1.2.
Since A} (0) € {1,2,3}, without loss of generality, A9 (0) = A?(0) and AOLi (0) =1 for all
1> 1.

By Theorem 2.3.10, L; has a unique incompressible Seifert surface R; for each i, which
is given by Seifert’s algorithm. For ¢ > 1, L; is fibred with fibre R;. By repeated use of

Theorem 1.6.9, L has a unique incompressible Seifert surface. O

Remark 2.3.14. The link L in Proposition 3.3.13 is an example of a special alternating

link with a unique taut Seifert surface but not a unique incompressible Seifert surface.

Remark 2.3.15. It seems unlikely that the methods we have used can be extended to give
a complete proof of Theorem 1.1.3. Our proof relies heavily on using the Seifert surface
distinguished by applying Seifert’s algorithm to a fixed diagram. If a set of distinct, disjoint
taut Seifert surfaces with maximal cardinality has cardinality at least 2, it is not known
at present whether there always exists such a set containing this particular surface. This
remains true if we are allowed to change the alternating diagram to which we apply Seifert’s

algorithm.

2.3.2 Theorems 1.1.5 and 1.1.6

Theorem 1.1.5. For fized n € N, there is a finite set S of surfaces embedded in S with the
following property. Any non-split, homogeneous link L with A%(O) < mn has a taut Seifert
surface R built from surfaces in S by reflection, Murasugi sum and plumbing with Hopf
bands.

If A%(O) is prime, R can be formed using only one element of S.

42



Proof. Let L be a non-split, homogeneous link with A%(0) < n. Let D be a reduced,
homogeneous diagram for L, and let R be the taut Seifert surface given by applying Seifert’s
algorithm to D. Break up D into prime, special alternating link diagrams D1, ..., D, for
some m € N such that D can be constructed by combining D1, ..., D,, by taking connected
sums and x—products. For ¢ < m, let R; be the taut Seifert surface given by applying
Seifert’s algorithm to D;. Then R can be built from { R, ..., R} by Murasugi summation.
In addition, AY(0) = T2, AOLZ,(O) by Propositions 2.1.6 and 2.1.2, where L; is the link
with diagram D;. For 1 < i < m we know that A%i(O) >1,s01< A%(O) < n, and thus
A%Z_(O) <nforl<i<m.

If A%(0) is prime then, without loss of generality, A%i (0) =1 for ¢ > 2. From the proof
of Corollary 2.3.12 we see that each R; for ¢ > 2 is obtained from a disc by plumbing with
Hopf bands, corresponding to white bigons in the diagram D;. It is thus possible to plumb
Hopf bands on to R; in a suitable order to give R. We will explain how to see this at the
end of the proof.

We may therefore assume that D is a prime, special alternating diagram. As L is non-
split, D is connected. Form a sequence of diagrams D = D° D' ... D! where D't is
obtained from D! either by removing a white bigon or by untwisting a nugatory crossing,
for 0 < i < I, and D' has no white bigons or nugatory crossings. Note that if a diagram
in this sequence is the single crossing diagram of the unknot then the following diagram
must be the unknot diagram with no crossings, which is obtained by untwisting the single
nugatory crossing. Let R’ be the surface given by applying Seifert’s algorithm to D?. Then
R can be obtained from R*! either by an isotopy or by plumbing with a Hopf band.

We wish to show that there are only finitely many possibilities for the diagram D' and
hence also for the surface R!. We may then take the set S to consist of these possible
surfaces. By reflecting if needed, we can ensure D! is positive. It is clear that D' is still
special alternating and connected. Any simple closed curve that showed that D! is not
prime could be used to find such a curve in D, which is not possible since D is prime. Thus
D! has all the properties in Definition 2.2.8 except that it may not be black-twist-reduced.

Suppose D' is not black-twist-reduced. Then there is a simple closed curve p; that
passes through two crossings, ¢; and ¢/, of D! and otherwise lies in the black regions. As D"
is reduced, p; runs through two distinct black regions r and 7’. By a flype (see Definition
1.2.19), ¢} can be moved to be adjacent to ¢; in a new diagram, in the sense that these two
crossings are the two crossings of a white bigon.

Let A; be the set of all crossings ¢ in D! where there exists a simple closed curve
analogous to p; through ¢; and c¢. Also include ¢ in the set A;. Choose a crossing co that

is not in A, and similarly form a set Ay of crossings of D!. It may be that Ay consists of
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only ¢z, but for the moment we assume otherwise. First note that A; and Ay are disjoint.
Let pa be a simple closed curve, analogous to pi, through ¢y and another crossing, ¢, of
As. Isotope p1 and po within the black regions to minimise their intersection. Then p; and
p2 can cross at most once in each of the black regions r and r’. Note that |p; N po| is even.
However, if po passed through r and r’ then co would be in Ay, which is not the case. Hence
we see that p; and po are disjoint.

Now suppose that we perform a flype on the crossing ¢} as described above. It is clear
that this does not affect the set A;. Can it affect As7 Every element of Ay continues to
meet the necessary condition. It is not possible for any new crossings to meet the condition
either, as any potential new simple closed curve p), would have to pass through r and r'.
This shows that the flypes we would like to perform using crossings in A; are independent
of those using crossings in As.

Continue to choose crossings ¢; and sets A; until Aq,..., A; form a partition of the
crossings of D!. For 1 < i < k, perform flypes to move to ¢; all other crossings of A;. Note
that possibly no flypes are needed for some or all i. Let D'*! be the resulting diagram, and
let D"*2 be the diagram given by removing from D! all of the white bigons created by
the flypes. No nugatory crossings are created by this process. Thus D'*? satisfies all the
properties in Definition 2.2.8, and so is in A. Note that D'*2 has k crossings.

Our next step is to show that if D*? is given, there are only finitely many possibilities
for D'. Suppose A; contains at least 3 crossings. Let ¢} be a third element of A1, and let pf
be the simple closed curve through ¢; and ¢f. By an isotopy in the black regions, we may
ensure that pf lies entirely to one side of p; except at the crossing c¢;. Then S2\ (p; U pY)
is three open discs. As D! contains no white bigons, each of these three discs must contain
at least one crossing of D!, and therefore at least one of As, ..., Aj. This shows that there
is a uniform bound on the size of A; in terms of k. Accordingly, given D'*2 there are only
finitely many possibilities for D!*1,

Finally, if we know D', counting the number of white bigons tells us how many flypes
take place between D't and D!. Since in any link diagram there are only finitely many
possible flypes, this gives a finite list of possibilities for D!, as required. It is now sufficient
to show that D2 can only be one of a finite set of diagrams.

Let G; = GM(D?) for 1 <i <1+2. For 1 < i < I, the digraphs G; and G, differ
by either a move 1 or a move 2. Getting from G;;1 to G;yo only requires the use of move
2. Finally, D! and DM are diagrams of the same link, L!. Therefore, for an appropriate

choice of vertex v; € V(G;) for each 1,

A2(0) = [ Tr(Go, vo)| = | Te(Gr,v1)| = -+ = [ Tr(Gr,w)]
= AY(0) = | Tr(Gra1, vig1)| = | Tr(Grpa, vig2)-
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By Lemma 2.2.11, G0 € T, s0 G412 € [, as A} (0) < n. Recall that Theorem 2.2.24 tells
us that I';, is finite. Applying Lemma 2.2.11 again gives the required bound on the number
of possibilities for the digraph D!*2.

We now return to the case where D is not prime or not special but A% (0) is a prime
number.

First suppose that D is special but not prime. Without loss of generality, D is formed
from D by taking a connected sum with the diagrams Do, ..., D,, in order. It is sufficient
to show that we can remove the surface R,, from R by removing Hopf bands. Let p be a
simple closed curve that crosses the diagram D transversely at two points, showing that D
is a connected sum of D,,, and D1# - -- #D,,—1. As Ly, is fibred, D,,, contains a white bigon
r. There is a region 1’ of D corresponding to r, which is either a white bigon or the white
region through which p passes. If r’ is a white bigon, then deleting r’ from D corresponds
to pulling a Hopf band off the section of the surface R that corresponds to R,,, by Lemma
1.6.11. The new diagram produced, D’, is special and has fewer crossings than D. It may
not be reduced, but removing any nugatory crossings will not change the surface given by
applying Seifert’s algorithm.

If instead r’ is the white region through which p passes then we could have made a
different choice for the bigon r. To see this, recall that R,, can be reduced to a disc by
repeatedly removing Hopf bands, and consider how the diagram D,,, changes as these Hopf
bands are removed. As D,, has no nugatory crossings, the first move is to delete a white
bigon. This may create a single nugatory crossing, which is then untwisted. This process
as a whole does not increase the total number of white bigons. However, by repeating it,
we will reach the point where only one Hopf band remains, and the diagram is the standard
two-crossing diagram of the Hopf link. This contains two white bigons. Thus the original
diagram D,, must contain at least two white bigons.

Finally we need to consider the effect of taking a % product when one of the links
involved is fibred. For this purpose we will change notation slightly, and assume that D is
formed from D; by taking sx—products with Do, ..., D,, in order, where each D; is special
but not necessarily prime.

Let C,,, be the Seifert circle along which D,, is added. Then C}, is a non-special Seifert
circle in D. Since D is reduced, D,, has at least two crossings. As L, is fibred, D,, contains
a white bigon r. Let r’ be the corresponding region of D. If the boundary of r’ does not
meet C), then deleting 7" again corresponds to pulling a Hopf band off R and reduces the
number of crossings in D,,. This leaves the case where both crossings of the bigon r lie on
the copy of C,, in D,,. It may be that the section of (), that forms part of the boundary

of r’ contains other crossings, coming from Dy * --- * D,,_1. It is nevertheless possible to
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perform a change on the section of D corresponding to D,, that reduces the number of
crossings and equates to pulling off a Hopf band from the section of R corresponding to

R,,. This is shown in Figure 2.26. Note that in general there is some choice needed when

EighH
) - o
g

Figure 2.26

applying Seifert’s algorithm to a non-special diagram. To build the surface R depicted in
Figure 2.26, take the surface R,, formed of the black regions of D,,, and then position
R\ R, (which is given the darkest shading) above the disc bounded by Cp,.

It is therefore possible to construct the surface R from R; by plumbing with Hopf bands,

as required. O

In [32], Riley proves the following using Hermitian forms. He notes that an alternative

proof based on [8] is possible.

Theorem 1.1.6. Choose g > 0 and m,n > 1. Then there are only finitely many alternating

links L with m link components and genus g such that AY(0) = n.

Proof. Let L be such a link with a reduced, alternating diagram D. Let L1, Lo be non-
trivial alternating links with reduced, alternating diagrams Di, Do. Suppose D = D1 x D.
Let R, R1, Ro be the taut Seifert surfaces given by applying Seifert’s algorithm to D, Dy, Do
respectively. Then x(Ri), x(R2) > x(R), and A} (0),A?_(0) < A9(0). In addition, there
are only finitely many ways of combining D; and Dy by a x—product. The same is true if
L = L1#Ly. These facts allow us to reduce to the case that D is prime and special.
Starting from G (D), form a sequence of graphs as in the proof of Theorem 2.3.10, with
final graph G. Then G € I';;, so by Theorem 2.2.24 there are only finitely many possibilities
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for G. We know that GM(D) is obtained from G by reversing a finite sequence of moves 1
and 2. It therefore remains to bound the length of this sequence. Note that no move 1 can
be performed on GM(D) as D is reduced, and each move 2 creates at most one loop. It
thus suffices to bound the number of times a move 2 occurs. Since a move 2 increases the

Euler characteristic of the corresponding surface, such a bound exists. ]
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Chapter 3

Special alternating links

3.1 The paper of Hirasawa—Sakuma

The purpose of this chapter is to prove the results stated in [15]. There are a number of
definitions we will need from [15], which we now give. We will change some of the notation

and terminology.

Let L be a prime link with a reduced, special alternating diagram D. Consider the
planar graph G that has a vertex in each black region and an edge through each crossing
of D. Note that G contains no loops. It may be that distinct edges e, e’ € E(G) bound a
bigon region of S? \ G. If this occurs, remove one of e,e’. Repeat this until S?\ G has no
bigon regions.

Suppose there exists a simple closed curve p in S? such that p consists of an edge e of G
together with an arc p’ that only meets G at its endpoints and such that S?\ (G U p’) has
no bigon regions. Add a new edge to G along p’. Repeat this as many times as possible.
Since any two such arcs can be made disjoint on their interiors, the result of this process is

well-defined given D.
Definition 3.1.1. Define G* (D) to be the graph that results from this process.

Figure 3.1 shows a digram Dg of a link Lg together with the graph G7(Dg).

B
fIL g L) L4

Figure 3.1
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Definition 3.1.2. A flype circle ¢ is a simple closed curve in S? that meets the link diagram
D as shown in Figure 3.2a, where the tangles A and B each contain at least one crossing.
The flype circle ¢ determines a flype that changes D to another special alternating diagram

of L, as shown in Figure 3.2b. This change is realised by an isotopy of S3.

)

\\
|
NI N

(a) (b)
Figure 3.2

Let ¢ be a flype circle in D. Let Dy be the diagram given by performing the flype
defined by ¢ on D. Let R, Ry be the surfaces given by applying Seifert’s algorithm to
D, D, respectively. Finally, let R’ be the preimage of Ry under the flype.

Definition 3.1.3. The flype circle ¢ is called inessential if R’ is ambient isotopic to R, and

essential otherwise.

If ¢ lies in the white regions of the diagram where it meets the crossing of D then ¢ is
inessential. From now on we will generally ignore all such flype circles. That is, we assume

that ¢ lies on the surface R where it meets the crossing.

Definition 3.1.4. We call the crossing through which ¢ passes the flype crossing, and the
arc of ¢ disjoint from R the flype arc.

Recall that white bigons in a special alternating diagram signify plumbed on Hopf
bands in the Seifert surface (see Lemma 1.6.11). Because the Hopf link is fibred, a flype
that interchanges the two crossings of a white bigon is inessential. Thus ¢ is inessential if
the flype crossing and flype arc of ¢ differ only by a line of white bigons. We will see later
that the converse is also true.

If ¢ is essential, the flype crossing and flype arc correspond to distinct edges e, e’ of
G7 (D) with the same endpoints. We will also refer to the simple closed curve e U ¢’ as the
flype circle ¢, provided we retain knowledge of which edge is the flype crossing and which
the flype arc. Note that distinct flype circles ¢ and ¢’ in D may give the same flype circle
in G7 (D). In this case, the flype crossings of ¢ and ¢ differ by at most a line of white

bigons, as do the flype arcs. Hence the diagrams Dy and Dy are the same.

Definition 3.1.5. Call such flype circles equivalent.
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Definition 3.1.6. Let v,v’ € V(G7 (D)) such that v,v’ are joined by at least two edges of
G7 (D). Then the subgraph G¥ (D)[{v,v'}] is called a 6 graph. For an edge e of a  graph,
denote by e’ the §-graph containing e. Define #(D) to be the subgraph of G¥ (D) that is
the union of all §—graphs in G (D).

Definition 3.1.7. Each vertex of G (D) inherits an orientation (clockwise or anticlockwise)
from the Seifert circle it lies inside. This orientation extends to a transverse orientation
of each edge of G¥ (D). We define the positive and negative sides of each edge, such that
the normal points from the negative side to the positive side. See Figure 3.3. We similarly

define the positive and negative sides of each crossing in D.

4

Figure 3.3

Definition 3.1.8. Given an essential flype circle ¢ in D, define the positive side of ¢ to be
the component of S? \ ¢ that meets the positive side of the flype crossing of ¢. The other

component is called the negative side.

Each edge e € E(A(D)) inherits a weight w(e) € NU{0}, given by the number of crossings
in D that correspond to e. Define w?(e?) = 3. ..o w(e’). Number the edges of 6(D) as

€1,...,en. These weights are used to define a simplicial complex (D). First, if n > 1, set

= {(wl""’w”) €Zi: D, wi=u’(e)) for1<i< n}

{j:ejeef}

If D contains no f#—graphs, and so (D) is empty, take (D) to consist of a single vertex.

Definition 3.1.9. Let é(D) be the planar graph obtained from #(D) by cutting apart

vertices to make the f—graphs disjoint.

Convention 3.1.10. Note that a region of S? \ §(D) corresponds to a union of regions of

S?\ 0(D). We will refer to these as the regions of 9(D).

Definition 3.1.11. Let r be a region of (D). Define the positive boundary 0Fr of r to be
the edges of (D) which r meets exactly on the negative side, and the negative boundary

07 r to be those it meets exactly on the positive side.
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Using this, the region r defines a map ¥ from a subset of V(X(D)) to V(K(D)), given

by r?(wy,...,wy) = (w),...,w,), where

w;+1 ife €0tr

wi=<{w;—1 ife;edr
wW; else.
Thus 7%(wy, ..., w,) is defined when w; > 0 for all e¢; € 97 7.

We describe the process of applying ¥ to v € V(K(D)) as adding the region r to v.

The higher-dimensional simplices of (D) are defined as follows. A set of distinct
vertices v, ...,V spans a k simplex if there is an ordering rq, ..., 7, of the regions of (D)
such that r?( ~r¥(vg) -+ ) is defined for 1 < j < m and each v; occurs as r]e( crf(ve) )
for some j. That is, every simplex can be extended to an (m — 1)-simplex, and we can cycle
through the vertices of an (m — 1)—simplex by adding each region once, in some order. Note
that 78 (---r%(vg) - -+ ) = wp.

A metric is defined on V(KC(D)) in the same way as that defined on MS(L). That is, the
distance between two vertices is the distance in the 1-skeleton of (D) when every edge
has length 1.

Note that (D) depends only on 6(D). A vertex v of K(D) specifies a reduced, special
alternating diagram D, of L, to which Seifert’s algorithm can be applied. D, is obtained
from D by a canonical set of flypes. A flype on D can result in either of two diagrams,
which differ by turning over the whole diagram. However, the surface given by Seifert’s

algorithm is independent of this choice. This gives a map A from V(K(D)) to V(MS(L)).

w3 = 2
ws Wy = 1
Wo = 0
Wy = 0
Figure 3.4

Figure 3.4 shows the graph 6(Dg) for the diagram Dg in Figure 3.1, marked with the
weights that come from Dg. The complex K(Dg) is 3—dimensional, and this vertex lies in

four 3—simplices, corresponding to the cycles

(1,0,2,0,1) — (1,0,3,0,0) — (0,1,3,0,0) — (1,0,2,1,0) — (1,0,2,0, 1),
(1,0,2,0,1) — (0,1,2,0,1) — (0,1,3,0,0) — (1,0,2,1,0) — (1,0,2,0, 1),
(1,0,2,0,1) — (0,1,2,0,1) — (1,0,1,1,1) — (1,0,2,1,0) — (1,0,2,0,1),
(1,0,2,0,1) — (0,1,2,0,1) — (1,0,1,1,1) — (1,0,1,0,2) — (1,0,2,0,1).
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3.2 Special form

3.2.1 Definition

Let L be a special alternating link with a special alternating diagram D C S? ¢ S3.

Definition 3.2.1. Let B, be the 3 ball lying above S? in S3, By, the 3 ball lying below S2,
and P the set of midpoints of edges of D. We call a section of L between two consecutive

points of P an arc of L.

By an isotopy, L can be arranged such that LNS? = P, with overcrossing arcs of L lying
in B, and undercrossing arcs lying in By (as in [13]). Let R be the Seifert surface given by
applying Seifert’s algorithm to D.

Consider an incompressible Seifert surface R’ for L that is disjoint from R. By an
isotopy, OR’ can be made to run along the opposite side of ON (L) to OR (again as in [13]).

In a neighbourhood of a crossing, OR and OR' are as shown in Figure 3.5.

Figure 3.5

Now isotope R, keeping R’ fixed and keeping R’ disjoint from R, to minimise |R'NS?|.
Note that R’ N'S? is disjoint from the black regions of D. Since R’ is incompressible and
S3\ N(R) is irreducible, R’ N'S? contains no closed components, so it consists of arcs with
their endpoints on JR’ N'S2. Similarly, no such arc has both endpoints at the same point
of R’ N'S%. On the other hand, every point of R’ NS? is an endpoint of at least one arc. We
will identify these points with P.

Suppose there exists p € P such that at least two arcs of R’ N'S? have an endpoint at
p. Then R’ can be isotoped to reduce the number of endpoints of arcs at p by 2. This
reduces the number of arcs of R’ N'S? and any closed curve created can be removed, which
contradicts the minimality of |R’ N S?|. Hence each point p € P is the endpoint of exactly

one arc.

Definition 3.2.2. Call a set of disjoint arcs lying in the white regions of D with exactly

one arc endpoint at each point of P a set of P—arcs.
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Consider the (probably disconnected) surface R, = R’ NB,. Its boundary OR!, projects
to disjoint simple closed curves in S?, together composed exactly of the set of P arcs and the
overcrossing arcs of L. Unless L is the unknot, each component includes both overcrossings
and P-arcs, alternating around the curve.

We wish to show that every component of R/ is a disc. To see this, first isotope each

component downwards so that its boundary lies in S?. Now choose a closed curve C' in R/,

/

., and so

that is innermost in S?. It bounds a disc in B, that is otherwise disjoint from R
bounds a disc in R’. This disc cannot lie below C in R’ since part of C' lies on OR/, so it
lies above C. If the interior of the disc meets S?, then it also meets OR’, which cannot be
the case. Thus the disc lies in B,. By isotoping it down towards S?, we see that for our
current argument we may discard this component of R/,. Thus inducting on |OR,| gives the
required result.

A similar argument holds for Rj = R' N B, = R’ \ intr/(R,). Hence R’ is completely
specified by the set of P-arcs R’ N'S? added to the diagram D.

Definition 3.2.3. We will say that a surface defined in this way by a set of P—arcs is in

special form.

Suppose D has n crossings. Then there are n P—arcs. Let n, be the number of discs in
R}, and n; the number in R;. Then x(R') = 2n — (2n +n) + (nq +np) = —n + ng + ny.

Note that n, = |R'NB,| = |0(R' N B,)|. Hence R’ is taut if and only if |0(R' NB,)| +
|O(R' N By)| (that is, the number of simple closed curves formed from the P-arcs and the

arcs of L) is maximised.

3.2.2 Some surfaces in special form

Fix a special alternating diagram D of a link L. Let R be the Seifert surface given by
applying Seifert’s algorithm to D. We can define a Seifert surface R’ in special form by

putting a P—arc across the negative side of each crossing, as show in Figure 3.6. By pushing

7

Figure 3.6

each P-arc close to the corresponding crossing, it is easy to see that R’ = R. Placing a
P-arc on the positive side of each crossing again gives a surface equivalent to R. It is given

by pushing R’ through the parallel surface R to the other side.
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Figure 3.7 shows two diagrams D, and D] of a link L, that differ by a flype along
the flype circle ¢ shown. Let R, R} be the surfaces given by applying Seifert’s algorithm

D,y ..................... ) DF el o

.
%0

C

[}

Figure 3.7

to D, D7 respectively. Consider the effect on R of an isotopy that takes DY to D,. By
inspection, R can be put into special form with respect to D, as shown in Figure 3.8a.
Figure 3.8b shows O(R N B,).

o
KON S X
- X ﬁ AR
@ - " ) —

Figure 3.8

The special form of R has the following description. The flype arc of ¢ is a P-arc.
Every crossing ¢ # ¢4 (where cy is the flype crossing of ¢) has a P-arc across it. This P-arc
crosses ¢ on its negative side if ¢ is on the positive side of ¢, and on its positive side if c lies
on the negative side of ¢.

We can extend this description to the case of more than one flype circle on a link diagram
D, provided we can consistently define the notion of being on the positive/negative side of

the flype circles.

Definition 3.2.4. Call a set of distinct flype circles with this property coherent. Otherwise

call them incoherent.

Remark 3.2.5. Coherent flype circles must be pairwise disjoint. Figure 3.9 shows a set of

incoherent disjoint flype circles on the diagram Dg.

Using the above description, a set of coherent flype circles gives a set of arcs in the white

regions of D. We need to check whether they form a set of P—arcs.

Lemma 3.2.6. The arcs defined by a coherent set of flype circles form a set of P—arcs.
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Proof. This will be true if and only if exactly one endpoint of an arc lies on any given edge
€ of D. By counting the arcs, it is enough to check that at least one arc has an endpoint
on €.

If a flype circle crosses €, then an arc has an endpoint on €. Assume otherwise. Let
c1, ca be the crossings at the ends of € such that ¢ lies on the positive side of ¢; and on the
negative side of co. Then both, one or neither of ¢y, co is a flype crossing. Since € is not
crossed by any flype circle, ¢; and co cannot both be flype crossings, as otherwise the flype

circles would be incoherent (see Figure 3.10). Suppose neither is a flype crossing. They

c1 /& Cco

a NG (D)

'd e

Figure 3.10

then lie on the same side of the flype circles, say the negative side. Then the arc across the
positive side of ¢; has an endpoint on €. Finally suppose, without loss of generality, that c;
is a flype crossing, while ¢y is not. Then ¢y lies on the positive side of the flype circles, so

has an arc across it on the negative side. This arc has an endpoint on €. O

Definition 3.2.7. Given a special alternating link diagram D, say that a Seifert surface R

for D is admissible at D if R can be put into special form with the following description.
e There is a set of coherent flype circles in D.
e The flype arc of each flype circle is a P—arc.

e Every crossing of D that is not a flype crossing has a P arc across it, on the negative
side if it lies on the positive side of the flype circles, and on the positive side if it lies

on the negative side of the flype circles.
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Call such a description of R admissible.

Remark 3.2.8. We allow the case where there are no flype circles. We can then take the
crossings of D to all lie on the positive side of the flype circles, or all lie on the negative side.
As we have seen, both these special forms describe the surface given by applying Seifert’s

algorithm to D.

To construct a set of P—arcs, it is in fact sufficient to specify a coherent set of flype
circles in #(D), provided the edge of each such flype circle chosen as a flype crossing has at
least one crossing in D corresponding to it. To see this, notice by inspection that equivalent

flype circles create the same set of P—arcs (see Figure 3.11).

Figure 3.11

Lemma 3.2.9. Let R’ be a surface in admissible special form at a special alternating dia-
gram D. Let D" be the diagram given by applying all the flypes indicated by the flype circles.
Then R’ is the surface given by applying Seifert’s algorithm to D’.

Proof. We prove this by induction on the number of flype circles. If there are no flype
circles in the admissible special form then the result holds.

Suppose there is at least one flype circle, and choose an innermost flype circle ¢. Then
D has the form shown in Figure 3.12a, where A contains no flype circles. The flype ¢
changes the diagram to that in Figure 3.12b. This also gives R’ in admissible form. By

induction, the result follows. ]

Figure 3.12
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3.2.3 Relating (D) and MS(L)

Our aim is to relate (D) to MS(L). We have a map A: V(K(D)) — V(MS(L)), as
described in Section 3.1. To study the properties of this map, we will establish a local

description at each vertex of (D).

Proposition 3.2.10. Let vg € V(K(D)). As above, vy corresponds to a prime, reduced,
special alternating diagram D,,, and Ry = A(v) is given by applying Seifert’s algorithm to
D,,. Without loss of generality, we may assume D = D,,,.

Let v € V(K(D)) with dlC(D)(’anvl) = 1. Then dMS(L)(R(),.A(’Ul)) <1

Proof. Recall, for R, R' € V(MS(L)), that dyg(z)(R, R') < 1if and only if R and R’ can be
made disjoint.

Since di(p)(vo,v1) = 1, vertex v; is obtained from vy by adding a sequence of distinct
regions of 6(D). Let A be the union of these regions. Then OA is split into its positive
boundary T A and its negative boundary ~A. The change from vy to vy is achieved by
subtracting 1 from the weight of all edges in 9~ A and adding one to the weight of all edges
in OFA.

Consider a f—graph in 0(D), with each edge labelled by the effect of adding A (see, for
example, Figure 3.13). The total of these labels is 0, and the 1s and —1s must alternate.

I
-1 1

>
Figure 3.13

Pair each —1 with the 1 on its positive side. Each such pair defines a flype circle, whose
crossing circle is the edge with label —1, and whose flype arc is the edge with label 1. Note
that this is always possible, because an edge with label —1 must have at least one crossing
in D corresponding to it. Doing this for each 6 graph gives a set of disjoint flype circles in
D. Note also that these flype circles are coherent.

A(vy) is given by applying these flypes to D, yielding a diagram D1, and then applying
Seifert’s algorithm to D;. By Lemma 3.2.9, A(v;) is the surface described in admissible

special form by this set of flype circles on D. Hence A(v;) can be made disjoint from Ry. O

Proposition 3.2.11. Let vy and Ry be as in Proposition 3.2.10. Let R1 be a surface given
in admissible special form at D. Then there exists v € V(K(D)) such that di(p)(vo,v1) < 1
and A(v1) = R;y.
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Proof. Choose a set of flype circles showing that R; is in admissible special form. If there
are no flype circles then Ry = Ry and v = vyg.

Assume there is at least one flype circle. Each flype circle gives a weight of —1 to one
edge of §(D) and a weight of 1 to another edge. Modifying vy using these values gives
another vector. Call this vector v1. We aim to show that vy has the required properties.

Consider the set of flype circles in (D). Note that a flype circle cannot run over an edge
of O(D) twice. Suppose that two or more flype circles run over an edge e € E(0(D)). Choose
two such flype circles ¢, ¢’ that are adjacent in e. Since the flype circles are coherent, one
must give e a weighting of 1 while the other gives it a weighting of —1. That is, e is the
flype crossing for ¢, say, and the flype arc for ¢’. By combining ¢ and ¢’ as shown in Figure
3.14 to give a new flype circle ¢”, we can reduce the number of flype circles running over e
without changing the admissible form or the vector v;. Hence we may assume that at most

one flype circle runs over any edge of 6(D).

Figure 3.14

Let A C S? be the positive side of the flype circles, and A C S? the negative side. If e
receives a weighting of 1 then a flype arc runs along e, and A lies on the negative side of e.
If an edge e receives a weighting of —1 then e corresponds to a flype crossing, and A lies on
the positive side of e. If e receives a weighting of 0, no flype circle runs along it, and it lies
in the interior of either A or \.

Each of A and A is a non-empty union of regions of #(D). We wish to show that those in
A can be ordered such that each partial composition of the corresponding maps is defined
for vg. By symmetry, those in A can then also be suitably ordered so that the regions in A
followed by those in A define a simplex in (D). Then vy € K(D) and di(p)(vo,v1) = 1.
It is sufficient to find a single region that can be added to vy. Induction on the number of
regions in A then completes the proof.

Suppose no such region exists. Then each region r in A has a boundary edge e(r) such
that r lies on the positive side of e(r) and w(e(r)) = 0 (in vp). This means e(r) cannot
lie on JA, so the region on the other side of e(r) from r is also in A. Construct a digraph
Ga with an edge from r across e(r) for each r in A. There are only finitely many regions

in A, so Ga contains a simple closed curve p. Then there is a f—graph in (D) such that p
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runs through every edge of the 6—graph. Hence every edge of this —graph has value 0 in

vo- This contradicts the construction of 6(D). O
Lemma 3.2.12. The complez K(D) is flag.

Proof. Let vg,...,v, be distinct vertices of IC(D) that are pairwise adjacent, for some
m > 2. For 1 <1i < m, there is a unique set A; of regions of #(D) such that v; is obtained
from vy by adding the regions in A; in some order. Let Ag = (). Then there is a partial
order on the vertices vy, . .., Uy, given by inclusion of the sets Ay, ..., A,;. We wish to show
that v, ..., v, span a simplex in (D). From the proof of Proposition 3.2.11 we see that
it is sufficient to prove that this partial ordering of the vertices is actually a total order.

Suppose otherwise. Then there are two vertices that are not comparable. Without loss
of generality, these are vy and vy. Thus A; \ Ay and Ay \ A; are non-empty. Let A; be the
union of the regions in A; \ Az, and Ay the union of the regions in Ay \ A;. Then A; and
A5 have disjoint interiors.

Suppose an edge e of (D) lies on the boundary of A; and on the boundary of As.
Then it lies on the positive boundary of one of Aj, As and on the negative boundary of the
other. Thus the coordinates of v; and vy corresponding to the edge e differ by two. This
contradicts that vy, vy are adjacent.

As vy is adjacent to vy in K(D), there is a unique set B of regions of §(D) such that
v9 is obtained from v; by adding the regions in B in some order. Let A be the union of
the regions in B. The boundary of A is the union of the boundaries of A1 and Ao, as these
are the edges of §(D) at which the coordinates of v; and vy differ. However, A lies on
the outside of Ay (that is, on the side away from A;) and on the inside of A9, which is

impossible. This gives the required contradiction. ]

Remark 3.2.13. Since MS(L) is also flag (by definition), each of the two complexes is
defined by its 1-skeleton, so in relating them we may restrict our attention to comparing

vertices and edges.

3.3 Putting surfaces into admissible special form

Consider a surface in special form. Pick a white region of the diagram. At least one P-
arc in this region will run across a crossing. Following Gabai ([13]), we can cut both the
diagram and the surface along this crossing, giving a Seifert surface for a new link with
fewer crossings than the original. The effect on the diagram and P-arcs is as shown in

Figure 3.15. This gives the basis for an inductive argument.
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Figure 3.15

Our inductive hypothesis in the proof of Proposition 3.3.8 will relate to prime links. It
is therefore useful to find a white region such that cutting along any crossing of that region

will result in a prime link diagram.
Definition 3.3.1. Say that such a region is cuttable.

Lemma 3.3.2. If D is a prime, reduced, special alternating diagram of a link L, then there

is a cuttable white region of D.

Proof. Suppose otherwise. Choose a white region of D. Then this region has a crossing c
such that cutting along c gives a connected sum. Since the original diagram was prime, D

has the form shown in Figure 3.16a, where neither A nor B is trivial or consists of a single

Figure 3.16

line of black bigons. In particular, A and B must each contain a white region. In this way,
we can choose a simple closed curve p, for each white region r. We will allow two white
regions to share one suitable curve. Suppose, for regions r,1’, the curves p,, p, are distinct
and cannot be isotoped to be disjoint. Then D has the form shown in Figure 3.16b. In this
case, we could have chosen p, for both the regions r and r’. Thus the simple closed curves
can be chosen to be disjoint. Choose a region r such that p, is innermost. Then no white

region 7’ lies entirely inside p,. This contradicts the choice of p;.. ]

3.3.1 Reducing a diagram

In this section we consider some specific situations that will arise in the proof of Proposition
3.3.8.
Let D, D¢ be special alternating link diagrams such that D€ is obtained from D by

removing a crossing ¢ by a single type I Reidemeister move. Let R be an incompressible
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Seifert surface given in special form at D. What changes need to be made to give R in
special form at D?

Any P-arcs that are distant from ¢ can be copied to D¢. We consider those close to c.
The P—arcs around c are as shown in Figure 3.17a. Let p be the point of D¢ corresponding

to ¢ in D. One way to remove c is to pull the undercrossing arc upwards into B, and then

Figure 3.17

untwist. This leaves RNS? as shown in Figure 3.17b, giving a set of P arcs on D¢, possibly
with a single simple closed curve lying within the white region adjacent to p. Does this give
a special form for R? One of the discs of R N B has been moved, with a subdisc S along
part of its boundary being pulled up into B,. Clearly this still leaves a disc in By. The disc
S is glued onto discs of RN B, along two disjoint subarcs of its boundary. If these two arcs
are glued to distinct discs in B,, this again gives a disc, and the P—arcs give a special form
of R. Alternatively, the two arcs may be glued to the same disc, in which case an annulus T'
is formed. The core curve of T' bounds a disc in B, disjoint from R. As R is incompressible,
one component of 9T bounds a disc in R disjoint from the other. This component cannot
run along the link, so must be a simple closed curve p of R N'S?. In this case, the P-arcs
around c in D must be as shown in Figure 3.18. The P arcs in D¢, without p, give a special

form for R.

Figure 3.18

We could instead have removed ¢ by first pushing the overcrossing arc downwards into
Bp. Similar reasoning applies in this case. If no annulus is formed in either case then
around c the simple closed curves bounding the discs of R in B, and B, which are made

up of P—arcs and arcs of D, must be connected as shown in Figure 3.19.

Definition 3.3.3. Call the change of D to D¢ given by pushing ¢ into B, and untwisting an

a reduction at ¢, and say that we a reduce D. Similarly define a b reduction and b reducing.

Remark 3.3.4. If there is a P arc across ¢ in D then a reducing D at ¢ and b reducing it

give the same result, and do not affect any of the other P—arcs.
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Figure 3.19

For the rest of this section we assume D€ is the a—reduction of D.

Lemma 3.3.5. Suppose D and D¢ are prime, and D¢ is reduced. Suppose further that the
special form for R at D¢ is admissible (and hence R is taut). Then there is a P—arc in D

across c.

Proof. Consider the flype circles in the admissible special form. Let D be the diagram
obtained from D¢ by performing all the flypes so as to leave p fixed. By Lemma 3.2.9, the
surface given by the P-arcs on D{ is R, and in particular is taut.

This process of changing the diagram by a flype ¢ moves a P—arc only if it lies strictly
inside ¢ on the side that is moved. Since p was not moved by any flype, the P arcs in D¢
that came from those adjacent to ¢ in D were also not moved. This means we can perform
the same changes to the diagram D with its P—arcs as were made to D¢, to give a diagram
Dy. These changes will correspond to performing flypes on D, but these flypes may not
come from flype circles in the special form on D. However, we see that Df is obtained from
Dy by untwisting ¢, and the P-arcs in Dj are those given by a-reducing Dy at c. Hence we
may assume that the admissible special form of R at D¢ has no flype circles.

If either a reducing or b reducing D at c¢ creates an annulus as described above, there
is a P arc across ¢ in D. Hence we may assume no annulus is formed. We use this to build
up a picture of part of D¢ and so derive a contradiction.

From above (Figure 3.19), in B, the P—arcs on D¢ near p are connected as shown in

Figure 3.20. Since there is no P-arc across ¢ in D, o1 cannot consist entirely of P—arcs.

Figure 3.20

Then, since there are no flype circles in the admissible special form on D¢ p; and py each
run across a single crossing. From this and the fact that D¢ is reduced we have Figure 3.21.
There is a P arc across c1, so a neighbourhood of ¢; is as shown in Figure 3.22a. Consider
the next crossing co around the black region r that oo meets. Again, there is a P arc across

co, so we have the set-up shown in Figure 3.22b. Inductively we see that the arc oo will
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Figure 3.22

return to Or after every crossing. Thus D¢ has the structure shown in Figure 3.23. Because

Figure 3.23

D¢ is reduced and alternating, this contradicts that it is prime. O

Lemma 3.3.6. Suppose there is a reduced diagram D& given by a—reducing D€ at a cross-
ing ¢, where p does not lie on the edge of D¢ connecting ¢ to itself. Suppose further that all
the diagrams are prime and the special form of R at D% s admissible. Then in D there

are P arcs across each of ¢ and c.

Proof. By Lemma 3.3.5 there is a P—arc across ¢’ in D¢. Suppose there is no P-arc across

d in D. Then ¢ and ¢ lie on the same white region of D, and the P—arcs around them are
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connected in one of the patterns shown in Figure 3.24. In the first case, the P—arcs around

Figure 3.24

¢ are not connected as in Figure 3.19. Therefore the situation in Figure 3.24b occurs.

Consider the set of flype circles in D that show that the special form of R is admissible.
None of these can separate ¢ and ¢ in D. Thus, as in the proof of Lemma 3.3.5, we may
assume that there are no flype circles needed and every crossing in D has a P—arc across
it. Further following the proof of Lemma 3.3.5 shows that D has the structure shown in
Figure 3.25, contradicting that it is prime.

Figure 3.25

Thus there is a P—arc across ¢ in D. This means that untwisting ¢’ has no impact on

the rest of the picture, so Lemma 3.3.5 gives that there is a P—arc across ¢ in D. U

Lemma 3.3.7. Suppose p lies on an edge of D¢ connecting a crossing ¢ to itself, so ¢’ can
be removed by a type I Reidemeister move. Suppose the special form of R at D has a P—arc

across ¢'. Then there is a P—arc across ¢ in D.

Proof. Suppose otherwise. From above (Figure 3.19) the arcs of RNB, on D must connect
as in Figure 3.26a, where o does not consist entirely of P—arcs. This contradicts that there

is a P—arc across ¢ in D¢ (see Figure 3.26b). O
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Figure 3.26

3.3.2 Adjacent surfaces can be put into admissible special form

Proposition 3.3.8. Let D be a prime, reduced, special alternating diagram of a link L. Let
R be the (taut) Seifert surface for L given by applying Seifert’s algorithm to D. Let R’ be
a taut Seifert surface for D disjoint from R, given in special form. Then this special form

15 admissible.

Proof. First suppose D has no crossings. Then L is the unknot, R’ = R and the special
form of R’ is admissible with no P—arcs or flype circles.

Now suppose the result holds for any diagram with at most n — 1 crossings, and that
D has n crossings. By Lemma 3.3.2, there is a cuttable region r of D. Choose a crossing
c of r with a P—arc across it. Cut along this P-arc and c as in Figure 3.15 to give a new
diagram D, and a new taut Seifert surface R/, in special form at D.. Since r is cuttable, D,
is prime. It is also special and alternating, and has n — 1 crossings. However, it may not
be reduced.

Suppose D, is reduced. Then the inductive hypothesis holds, so the special form of R.,
is admissible. Take a flype circle ¢ in D,.., and consider ¢ in D. The flype arc of ¢ is a P—arc
in D., so also is in D. This means that ¢ and the P arc across it lie on one side of ¢, so
¢ is a flype circle in D. Thus the flype circles in D, give a set of flype circles in D. These
flype circles inherit coherence from D,. Suppose ¢ does not lie between a crossing ¢’ and the
P-arc that crosses it in D.. Then each crossing in D that is not a flype crossing or ¢ has
a P—arc across it on the required side. By counting the number of endpoints of P—arcs in
each white region of D we find that the P—arc across c also lies on the required side. Thus
the special form of R’ is admissible. Instead suppose ¢ does lie between a crossing ¢ and
the P-arc that crosses it in D.. We see that ¢ and ¢ are as show in Figure 3.27. Again,
the special form of R’ at D is admissible.

Now suppose D, is not reduced. Take a simple closed curve p that shows that D, is
not reduced. That is, p passes through a single crossing of D. and otherwise lies in a white

regions of D.. Since D is reduced, p must pass through ¢ in D, giving D the form shown
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Figure 3.27

in Figure 3.28. As D is reduced and D, is prime, either A or B consists of a single line

Figure 3.28

of crossings. Thus cutting along ¢ leaves one or two lines of nugatory crossings joined by
black bigons in a single white region of what is otherwise a reduced diagram (for example

as shown in Figure 3.29).
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Figure 3.29

Repeatedly a—reduce the diagram until only one crossing from each of these lines remain,
giving a new diagram D7. Let Dg be the diagram given by a—reducing the final one or two
nugatory crossings of D;. Then, by the inductive hypothesis, the special form of R’ at Dy
is admissible, so the hypotheses of either Lemma 3.3.5 or Lemma 3.3.6 hold in relation to
D1. One of these lemmas followed by repeated application of Lemma 3.3.7 gives that the
special form of R, at D, has a P—arc across every nugatory crossing. Thus a—reducing D,
does not affect the other P—arcs, and every flype circle in Dy is a flype circle in D.

Let ¢’ be a crossing of Dy. If ¢ is a flype crossing in Dy and in D then the flype arc of
the flype circle is a P arc in D. Suppose ¢’ is not a flype crossing. Then there is a P arc
p across it on the required side in Dy. Suppose that p is not across ¢’ in D. Then at least

one of the nugatory crossings of D; lies between ¢’ and p. This then means that in fact ¢
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and all of the nugatory crossings of D, lie between ¢’ and p. Hence there is at most one
crossing in Dy for which this occurs.

If no such crossing exists, we may again check that, for each crossing of D that is not
in Dy, the P-arc across it lies on the required side. Suppose there is such a crossing cg.
Then ¢y and the P-arc pg across it in Dy form a new flype circle ¢ in D. Without loss of
generality, ¢ lies on the positive side of ¢. It is then easily checked that every crossing on
the positive side of ¢ in D has a P—arc across it on the negative side. Since we know that
pe lies on the positive side of ¢4 in Dy, the crossing c4 (and hence also the flype circle ¢)
lies on the negative side of the flype circles in Dy. Hence these together with ¢ give a set

of flype circles in D proving that the special form of R’ at D is admissible. O

Corollary 3.3.9 ([15] Theorem 1.1). Let L be a prime, special alternating link with a
reduced, special alternating digram D. Let R be a taut Seifert surface for L. Then R is
given by doing a finite sequence of flypes on D and then applying Seifert’s algorithm to the

resulting diagram.

Proof. This is a combination of Proposition 3.3.8, Lemma 3.2.9 and the fact that MS(L) is

connected. O

3.3.3 Incompressible Seifert surfaces that are not taut

In this section we show that the ‘taut’ hypothesis in Corollary 3.3.9 is crucial to our method
of proof.

Let D be a special alternating diagram of a link L, and R the surface given by Seifert’s
algorithm. Let R’ be a Seifert surface for L given in special form. That is, let R’ be a
surface defined by a set of P—arcs. Suppose R’ is compressible, and let T' be a compression
disc for R’, isotoped to have minimal intersection with S2. Since R is incompressible, T'
can also be made disjoint from R. Note that 7N S? # @ by the construction of R’. Then
T N'S? consists of arcs in the white regions of D. As T does not meet L, the endpoints
of these arcs lie on the P—arcs. The interiors of these arcs are all disjoint from each other
and from the P—arcs. Suppose one of these arcs has both endpoints on the same P—arc. An
innermost such arc cobounds a disc in S? with the P-arc. Using this, we can split 7" into
two discs each with fewer arcs of intersection with S?. At least one of these will still be a

compression disc for R’. We may therefore assume this does not occur.

Definition 3.3.10. Call an arc in a white region of the diagram, joining two distinct P—
arcs, a Q arc. Let p be a @ arc. Let P, be the operation on the special form of R’ that

changes the P—arcs along p, as shown in Figure 3.30.
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Figure 3.30

Lemma 3.3.11. If [T NS?| = 1 then there is a Q-arc p with endpoints that lie on the
boundary of the same disc in B, and on the boundary of the same disc in By, and T is
defined by p.

Proof. The arc p = T'NS? divides T into two subdiscs, T, = T NB, and Ty, = T'NBy. Then
9T, \ p is an arc in the disjoint union of discs R’ NB,. It is thus contained in a single such
disc, and is unique given p, up to isotopy keeping its endpoints fixed. In particular, the
ends of p lie on the same disc in B,. The same holds for T;. Since S? \ V(L) is irreducible,
T is defined up to isotopy by OT. O

Lemma 3.3.12. There is a finite sequence p1,...,p, of disjoint arcs that satisfy the fol-

lowing.
e The arc p1 is a Q—arc on D.
o Forl<m<mn, ppisaQ-arcon P,  (---P,(D)---).

e For 1 < m < n, the endpoints of p,, lie on the boundary of the same disc in exactly
one of B, and By.

e The endpoints of p, lie on the boundary of the same disc in B, and on the boundary

of the same disc in By,

Proof. We prove this by induction on |T'NS?|, with the additional hypothesis that each p,,
is an arc of TN S?. This ensures that the p,, are disjoint. The base case [TNS?| = 1 is given
by Lemma 3.3.11. Suppose |T'NS?| > 1. Let p; be an arc of T'NS? that is outermost in 7.
Without loss of generality, the disc Ty cut off by p; lies in B,. As above, the endpoints of
p1 lie on the boundary of the same disc of R in B,,.

The disc T, defines an isotopy of R’ in a neighbourhood of T, that removes p; from
T N'S?. The map P,, records the change of R’ N'S? that results from this isotopy. P,, (D)
is a special form for R’ if and only if before the isotopy the endpoints of p; lie on the
boundaries of different discs in By. If this is not the case, the proof is complete directly.

Otherwise, it is complete by induction. ]
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Proposition 3.3.13. Let Ls be the link shown in Figure 3.31, and let R} be the Seifert
surface for Ls given by the special form shown. Then Rj is incompressible but not taut. In

particular, there is no admissible special form for Rj.

Figure 3.31

Proof. Figure 3.32 shows the boundaries of the discs RSN B, and R5NBy,. From this we see

Figure 3.32

that x(Rj§) = —12 whereas x(Rs) = —10, where Rj is the Seifert surface given by Seifert’s
algorithm. We also see that there are only two ()—arcs in this diagram that have endpoints
on the same disc in either B, or B;. By inspection, these do not satisfy the conclusions of

Lemma 3.3.12. Hence Rj is incompressible. O

Remark 3.3.14. R} can be constructed from the surface shown in Figure 3.33a by first
tubing together two points as shown in Figure 3.33b, and then attaching another piece of
surface through the middle of the tube. If we attempted to apply an induction argument to
this surface, at some point cutting open a crossing of an incompressible surface would yield

a compressible surface, to which we could not immediately apply an inductive hypothesis.

Lemma 3.3.15. There is a special alternating diagram D. and a surface R, given in special

form at D with no Q—arcs whose endpoints lie on the same disc in either B, or By.

Proof. The diagram D, is shown in Figure 3.34, and Figure 3.35 shows the boundaries of
the discs in B, and By,. O
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Figure 3.34

3.4 Distinguishing surfaces in special form

Our current aim is to prove Theorem 1.1.7. To do so, we wish to show that the map
A: V(K(D)) — V(MS(L)) extends to an isomorphism of the simplicial complexes. By
Proposition 3.2.10 we know that A can be extended to a map on the edges of the complexes.
Since MS(L) is flag, this gives a simplicial map A: (D) — MS(L). We will show that A is
a local isomorphism at each point, and so is a covering map. As MS(L) is simply connected,
A is therefore an isomorphism.

Because both MS(L) and K(D) are flag, we need only show that A acts as required on
the 1-skeleton of (D). That is, we will consider the 1-skeleton of the closure of the star of
a vertex v in K(D), and show that this is mapped bijectively under A to the corresponding
subgraph of MS(L). From Proposition 3.3.8, together with Proposition 3.2.11, we already
know that this is a surjection. In this section we will show that the distances between the

vertices are not reduced. This will complete the proof of Theorem 1.1.7.
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Figure 3.35

3.4.1 Adjacent surfaces are distinct

Convention 3.4.1. Given a special alternating diagram D, let R be the Seifert surface
given by applying Seifert’s algorithm. Recall that R is oriented. Divide the black regions
of D into a—regions and b—regions according to whether the normal to R in a given region

points into B, or into By.

Proposition 3.4.2. Let D be a reduced, special alternating diagram for a prime link L. Let
v,v" € V(K(D)) such that di(py(v,v") = 1 and v is given by D. Then R = A(v) is given
by applying Seifert’s algorithm to D. Let R’ = A(v'). Then dygy(R, R') = 1.

Proof. Since dg(p)(v,v’) = 1, the proof of Proposition 3.2.10 gives an admissible special
form for R’ at D. This special form has at least one flype circle. Choose a set of flype
circles that minimises the number of flype circles (as in the proof of Proposition 3.2.11).
Together R and R’ cut S3\ NV'(L) into two sutured manifolds. Fix an a-region 7 of D. Call
the two manifolds M+ and M, where M+ lies above  and M~ lies below it. We will show
that neither of M+ and M~ is a product sutured manifold. By symmetry, it is sufficient to
prove this for MT. The result will then follow by Proposition 1.4.3.

Consider a flype circle ¢. The arcs shown in bold in Figure 3.36 form part of the

Figure 3.36
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boundary of a single disc of R’ NB,. To see this, note that only two overcrossing arcs of L
cross the boundary of A. Hence one of p; and po defines a product disc in M ™ contained
in B,. Assume, without loss of generality, this is p;. Then the product disc in M+ defined
by ps is contained in By.

Up to isotopy, M+t N B, and M+ N By are defined by where they meet S2. We now
consider where M lies relative to D and the special form of R’. As M* always meets
the same side of R, it lies above all a—regions of D, and below all b—regions. In the white
regions, M lies on exactly one side of each P-arc. Let p be a P-arc. First suppose p is

the flype arc of a flype circle ¢. If ¢ and p are as in Figure 3.37, where the black region r’

B
. .
...............

Figure 3.37

shown is an a-region, then M ™ lies on the positive side of ¢, as marked *. Instead suppose
that p lies across a crossing c. If ¢ lies on the negative side of the flype circles, p lies on the
positive side of ¢ and M7 lies between p and c¢. Otherwise, p lies on the positive side of the
flype circles. In this case, M+ does not lie between ¢ and p. It lies on the far side of ¢ from
p, and on the far side of p from c.

From this we see that on the negative side of the flype circles R and R’ are parallel, with
M™ as the product region between them. This product structure extends to the product
discs described above where M meets each flype circle. Thus we only need to consider the
pieces of M left by removing these product regions. Let ® be the union of the flype circles.
The remaining pieces of M+ correspond to the components of S?\ ® that lie on the positive
side of the flype circles. Let A be one such component, and MX the corresponding piece of

M. Create a new diagram D, from D by changing it as shown in Figure 3.38 along each

s ~
Sy

. .

Figure 3.38
flype circle that bounds A. Let R be the surface given by applying Seifert’s algorithm to
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Dy, and R/, that given by the P—arcs. Since the special form of R/, has no flype circles, Rp
and R, are parallel through a product sutured manifold N. The complementary sutured
manifold to N is isotopic to M;{ Hence M ™ is a product sutured manifold if and only if
every diagram Dy, constructed in this way is of a fibred link with fibre given by the surface
Rps. Again by symmetry, we need only consider Dy .

Consider GM (D) and GM(D,), and a fixed flype circle ¢5 that bounds A. As can be
seen from in Figure 3.39, GM(D}) is obtained from G™ (D) by collapsing everything on the

e ea

Figure 3.39

negative side of the flype circles. There may be other flype circles in A that are collapsed
to give A’. Assume Dy is fibred. Then by Corollary 2.3.13 the edge e, forms part of a
subdivision of a loop.

Suppose that GM(Dy) is not homeomorphic to S!. We can then divide up Dy and

GM(D,) as shown in Figure 3.40, where at least three edges of GM(D,) run from each of

Figure 3.40

v1 and v into A”. Because of the ‘tree-like’ structure of GM(Dj), either v; is a cut vertex
or there is a loop attached to v;. The collapsing of GM (D) to GM(D,) does not create
either of these. Hence vy is also a cut vertex or has a loop attached to it in GM (D). This
contradicts that D is prime and reduced.

Therefore, GM(D,) is homeomorphic to S'. Since the flype ¢, is essential, at least one
vertex of GM(Dy) in A’ comes from collapsing a flype circle in A. By ‘uncollapsing’ all

such vertices in GM(Dy) we see that GM(D) decomposes as shown in Figure 3.41. We can
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then combine two flype circles as in Figure 3.14, contradicting our choice of flype circles.
Thus Dy is not fibred. O

''''''

Figure 3.41

Proposition 3.4.3. Let D be a reduced, special alternating diagram for a prime link L,
and let vo € V(K(D)) be given by D. Let v_1,v1 € V(K(D)) such that di(py(v-1,v0) =
di(py(vo,v1) = 1 and dipy(v_1,v1) = 2. Let R; = A(v;). Then dyg)(R-1, R1) = 2.

Remark 3.4.4. This proof requires careful consideration of the relative positions of the
Seifert surfaces in S? and their interaction with the projection plane S?. As such, it is
more suited to being drawn in a specific case than described in words for a general link.

Therefore, a worked example is given in Section 3.4.2.

Proof. Following the proof of Proposition 3.2.10, construct an admissible special form at D
for R_1 and for R;. These special forms will each have at least one flype circle. Position
each flype circle with the distance from the positive side of the flype crossing to the negative
side of the flype arc as small as possible. Let ® denote the set of flype circles for R_{ and
Ry, where we do not require that each passes through the vertices of §(D) and instead make
them disjoint. For ¢ = 41, let A; be the positive side of the flype circles for R;, and A; the
negative side. Note that each of these is a union of regions of (D).

Suppose that at least one region of §(D) lies in A_; N Aj. As in the proof of Proposition
3.2.11, there is at least one region r of (D) in A_; N A; such that r? is defined at D.
Adding r to vg gives a new vertex vy in K(D) with di(p)(v-1,vy) < 1 and dg(py(vg,v1) < 1.
Thus d(p)(v-1,v5) = dipy(vh,v1) = 1 since di(py(v-1,v1) = 2. Hence, without loss of
generality, we may assume A_; N A; does not contain any region of (D). In particular
this means that no two flype arcs lie on any one edge of #(D), and neither do two flype
crossings.

Let A be a component of A_;. Create a new diagram D) by, for every flype circle ¢ of
R_1 on the boundary of A, changing D as shown in Figure 3.42a. All P—arcs in A can be
copied to D). If D) together with the P—arcs is not connected, choose a simple closed curve

1y around each component, separating it from the other components. We can choose these
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Figure 3.42

curves to be disjoint and to have minimal intersection with the images of the flype circles.
As D is connected, each curve ¥ must run through the image of at least one flype circle of
R_1 as shown in Figure 3.42b. Repeat this process for each component of A\ 1. Let ¥ be
the union of the flype circles in D together with those sections of each curve ¥ contained
in A_q.

Colour the P-arcs of R_; red, and those of Ry blue. Also colour the components of
S?\ ¥. Colour A_; red and A; blue. Colour a component in A_1 N A; blue if it meets A;
anywhere along its boundary (that is, if it meets a component already coloured blue), and
colour it red otherwise. Thus a point = on D in A_; N A1 is in a blue component of $2 \ ¥
if there is a path p in D) from = to a flype circle of Ry, where X is the component of A_;

containing x, and is in a red component if no such path exists.

We wish to apply Proposition 1.4.3 to R_; and R; to show that they cannot be made
disjoint. To do so, we must specify precisely how to position them in S3\ N (L). We will
build up a description of the position of each disc in the constructions of R_; and Ry using
the flype circles and the P-arcs, working inwards from the edge of the disc. Figure 3.46
gives an example of the type of picture we will build up.

First note that 0R_; = OR;. Let p denote the closure of (R_; N Ry) \ OR;. Since
R_1, Ry are incompressible and S3 \ AV(L) is irreducible, p can be made to consist only of
properly embedded arcs. We will arrange that each such arc is contained in a single disc
from the construction of each of R_j, Ry, with its endpoints on L. Let dp denote the (as
yet undefined) set of endpoints of these arcs.

We now arrange the P—arcs of each surface. Let ¢ be a crossing in D. Then c lies in the

interior of A_1 or Ay, and so has at least one P—arc across it on the positive side.

Definition 3.4.5. Given two special forms, and a crossing ¢’ such that the P—arcs around
c are disjoint, call the P—arc closest to ¢’ on the positive side inside at ¢/, and the other

P-arc(s) on the positive side of ¢ outside.

If ¢ only has one P—arc across it on the positive side, this P—arc must be positioned

inside to avoid any intersections of P arcs. There are three ways that ¢ could come to have
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two P—arcs across it. One is that c lies in the interior of A_; N A\;. If the corresponding
component of S\ ¥ has been coloured blue, put the blue P arc outside, and if it is coloured
red then put the red P—arc outside. The second possibility is that one, but not both, of the
P—arcs across c is a flype arc of a flype circle ¢. Without loss of generality, c is in the interior
of A_1 and ¢ is a flype circle of R;. Then c lies on the positive side of ¢, which contradicts
the choice of the position of ¢. Hence this case does not occur. The third possibility is that
the white region of D on the positive side of ¢ is a bigon, and one P—arc has been placed
on the positive side of ¢, while the other P—arc has been placed on the negative side of the

other crossing. In this case, put the P arc that is paired with ¢ on the inside.

Consider a flype circle ¢ with flype crossing ¢, and the pattern of simple closed curves
in D given by O(R_1 NB,). Let C_; be the curve that runs along the overcrossing arc at c.
After pushing the endpoints of P—arcs that lie on ¢ to the positive side of ¢, as shown in
Figure 3.43, we see that C_; also runs along pg. This is because each edge of §(D) is only

crossed by one overcrossing arc. The same is true of the analogous curve C; in 9(R; NB,).

%P0

Figure 3.43

Suppose ¢ is a flype circle of R_1, so that the positive side of ¢ is coloured red. Then
the two points where C_; crosses ¢ lie on the boundary of the same component of S \ ¥
in A_j. Let A be the set of all such points where this component of S?\ ¥ is coloured blue,
and define an involution™: A — A such that if a; € A then a; is the other point of A on the
same flype circle as a;. Note that if points a1,as € A lie on the same simple closed curve
C_1 of O(R_1 NB,) then the pairs aj,a; and ag, ay do not interleave on C_;.

We would like it to be the case that no two points of A lie on the same overcrossing
arc of D. However, this is not in general true (see, for example, Figure 3.44). We therefore
create a subset a of A with a new involution where this does not occur, as follows. Given
points a; and ag of A that lie on a single overcrossing arc of D, remove a; and ag and
change the involution to pair a; with a@3. Repeat this as many times as possible. Note that
it is possible, as in Figure 3.44, to reach a pair where @3 = ao. In such a case the two points

are simply deleted from A. Since A is finite, this process will terminate. Notice that the
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Figure 3.44

final result will not depend on the order in which pairs of points are chosen. Let a be the
resulting set of points, and ~: @ — a the resulting involution. The following three properties
of A are also true in a. If a; € a then a; and @y lie on the same curve C_1 of d(R_1 NB,)
and on the same curve Cy of J(R; NB,). Additionally, a; and @y lie on the boundary of
the same component of S\ ¥ in A_; N A;. Furthermore, if ay € a then the pairs ay, a7 and
as,az do not interleave on C'_1 or on (7.

The same process in By gives another set b with involution *: b — b. We will end up
with 0p = a U b.

Armed with these, we next connect the ends of the P—arcs to give the position of the
neighbourhood of the boundary of every disc in the construction of R_; and R;. For each
disc, this neighbourhood is an annulus, one boundary component of which we have already
positioned (as dR_; and OR; are the same fixed curve on ON(L)). We describe the relative
positions of the annuli by drawing on D the other boundary curve of each annulus. We will
describe this process in B,. That in By is analogous.

Consider two crossings ¢ and ¢’ of D that are adjacent in D. Suppose the same colour
P arc lies inside at each, as shown in Figure 3.45a. We can then connect the P arcs along

the overcrossing arc at ¢ without them crossing (see Figure 3.45a). Suppose instead that
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Figure 3.45

the P arcs inside at ¢ and ¢ are not the same colour. Then one of the crossings lies in A_;

whereas the other is either in Ay or in a blue region of A_; U A\1. Hence exactly one point
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ay of a lies between ¢ and ¢’. This time we connect the P-arcs so that the curves created
cross once at ai, as shown in Figure 3.45b. In this way we can connect all the P arcs to
form two sets of simple closed curves, as required. Figure 3.46 is an example of the result

of this process.

Figure 3.46

Finally we position the interior of each disc of R_; and R;. We may view those of R_1
as fixed, and vary those of Ry. In B, we wish to arrange the discs such that an arc of p
connects points a1,a2 € a if and only if @ = as. Recall that a; and a7 lie on the same
curves of d(R_1 NB,) and d(R_1 N B,) for any a; € a, and for ag € a the pairs ay, a7
and as, a3z do not interleave along these curves. The same holds in By. Thus there is no

obstruction to our choice of p. This completes the construction of R_; U Ry.

It now remains to check that R_; and R; have simplified intersection. Then, since
R_1 and R, are not disjoint, Proposition 1.4.3 shows that dMS(L)(R_l,Rl) > 1. Let M =
S\ N(LUR_1URy).

Suppose a component M’ of M does not meet S2. Then M’ is composed of sections of
the discs in the construction of R_1 and Ry, with at least one from each surface. Consider
a disc S of Ry that meets M'. Then 9(S NIM’) is a collection of simple closed curves
in R_1 N Ry. Without loss of generality, assume M’ C B,. Then 9(S N dM’) is made up
of overcrossing arcs of L and arcs in p. As L is not the unknot, any simple closed curve
of (S NAIM') includes both types of arc. This is not possible, since no overcrossing arc
includes more than one point of 5. Hence every component of M meets S?. This means
that, in checking whether any component is a product region, it is enough to consider those

that meet each region of D.

Consider a point of 9p on ON (L). Near this point, M has three components, only one of
which, My, meets ON(L). On M, we see the pattern shown in Figure 3.47. Suppose My,
is a product region between R_; and Ry. Then Ny, (p UON (L)) is of the form 9Sy, x I

for some surface Sp, and in particular is a collection of annuli. Since any component of
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ON (L) N OM, is an annulus, and each endpoint of an arc of p lies on ON(L), this cannot
be the case. Hence My, is not a product region.

Let r be a black region of D, and let M, be the component of M that meets . Then
M, meets the Seifert surface Ry. Since Ry is disjoint from R_; U Ry and connected, Ry is
entirely contained in M,.. The manifold My, also meets Ry. This shows that M, = My, so
M, is not a product region. The same is true if r is instead a section of a white region of
D that meets L. We are therefore left to consider those sections of white regions of D that
are entirely bounded by P arcs. These components of M form sutured manifolds, where

the sutures are R_1 N R;.

Let r be a section of a white region of D that lies between P arcs in A_1 U Ay, and let
M, be the component of M that meets it. Let A be the component of S?\ ¥ containing 7.
Inside A, the discs of R_1 and R; are parallel to Ry, and M, is isotopic to the complement
of Ry there. As in the proof of Proposition 3.4.2, we aim to decompose M, along product
discs, and to edit the diagram D to find a special alternating link diagram D’ such that one
piece of M, is the complement of the surface given by applying Seifert’s algorithm to D'.
Again we will see that the link with diagram D’ is not fibred, and hence that M, is not a
product sutured manifold.

Let ¢ be the flype crossing of a flype circle ¢ in the boundary of A. Let C_1 be the curve
of O(R_1NB,) that crosses ¢ and C; the corresponding curve of 9(R; NB,). Then C'"_; and
C also cross the flype arc of ¢ together. Let S; be the disc of R; N B, with boundary C;
for i = +1. Choose a point z on C_; N Cy slightly inside A from ¢, and a similar point z’
near the flype arc of ¢.

Suppose that there exists a point a1 of a on C_1 or on C7 such that aq, a7 interleave with
x,7'. Then there is a point as € A such that as,as interleave with x,z’. This contradicts
that all the flype circles in ® are disjoint. Thus no such point exists.

This means there is a product disc in M, between S_; and S; meeting R_1 N R; at =
and z’. Similarly there is a corresponding product disc in M, N B,. Cut M, along these

product discs, and retain the component that meets . The corresponding change in D is
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to collapse the negative side of ¢ to a single crossing, as in Figure 3.38. After so collapsing
all flype circles that bound A, we arrive at a diagram D’ as described above. By the same
reasoning as in the proof of Proposition 3.4.2, the remaining section of M, is not a product

region, and so M, is not.

Finally, let r be a section of a white region of D that lies between a red P—arc and a
blue P—arc parallel to it, and let M, be the component of M that meets it. In this case, we
show by contradiction that M, also meets S? in a white region between P-arcs in A_; UAq,
and hence it has already been shown to not be a product region.

Suppose M, does not meet S? in any such white region. Let A be the component of
S?\ ¥ containing 7. Note that every crossing in the interior of A has both a red P-arc and
a blue P arc across it on the positive side. Since D is connected, there is a path ¢ from r
to a flype circle ¢ on the boundary of A that is contained in D and the P arcs. If o passes
between an overcrossing and an undercrossing at a crossing c in the interior of A, change it
to instead switch between the two via the P—arcs across the positive side of ¢. After such
changes, o gives a path in OM,..

Given that M, does not meet the white region between the P—arcs on the other side
of the flype crossing or flype arc, the endpoint of ¢ must be a point of dp = a Ub. From
this we see that A is coloured blue, which means there is a path ¢ in Dy, with the P-arcs
from r to a flype circle of Ry, where X' is the component of A_; containing A\. Again we can
make this path run along P—arcs rather than moving directly between overcrossings and
undercrossings. Our aim is to show that o gives a path in OM,.. Then M, will meet a white
region of D between the P arcs in Aj, contradicting our assumption.

We know that o gives a path in OM, until it first reaches a flype circle of R_1, as D
and D), are the same in the interior of A\_i. Without loss of generality, suppose o meets a
flype circle ¢ of R_1 on an overcrossing arc of D. There it meets a point a; € a. Then M,
contains the arc of p that runs from a; to @;. Note that the path ¢ must also run through
the point of Dy, that corresponds to aj.

In this way, we can see that o defines a path in OM,. as required. Therefore M, is not

a product region. ]

3.4.2 Proof by picture: a worked example of Proposition 3.4.3

Let L¢ be the link with taut Seifert surfaces R_; and R; given in admissible special form
in Figure 3.48a and b respectively. We show the steps of the proof of Proposition 3.4.3 in

this case, as follows.

i. Construct a minimal set of flype circles. Perform flypes to remove A_1 N A;. Change

flype circles to equivalent ones where needed. This gives Figure 3.48c.
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ii. For each region A\ of A_j, construct the diagram D), and, if it has more than one
component, choose a curve i around each component. The two new diagrams are

shown in Figure 3.49a and b.

iii. Colour the components of S? \ ¥. Define a and b, and the corresponding involutions.

See Figure 3.49c¢ (the pairs of points in a are marked with stars).

iv. Position the P arcs and connect them. Figure 3.50 shows the resulting picture in B,.

3.5 Non-special alternating links

Theorem 1.2 of [15] gives two families of links that illustrate the importance of assuming, in
Theorem 1.1.7, that the link L has a special alternating diagram, and not just an alternating

diagram. These families of links are the subjects of the next two propositions.

Proposition 3.5.1. If L, is the link shown in Figure 3.51 then MS(Ly,,) contains an
(n — 1)—simplex in which exactly one vertex is given by applying Seifert’s algorithm to an

alternating diagram.

Proof. There is only one non-trivial flype possible on the diagram given, and it is not an
essential flype. Hence only one taut Seifert surface, R, for L,, comes from an alternating
diagram.

There is a product disc decomposition of R that removes the plumbed on Hopf band.
The resulting surface, R’, is given by applying Seifert’s algorithm to the special alternating
link L], shown in Figure 3.52. By Theorem 1.1.7 the link of the vertex R’ in MS(L;, ) is
an (n — 2)-simplex, and so the same is true of R in MS(L,,,) by Proposition 1.4.23. O

Proposition 3.5.2. If Ly, is the link shown in Figure 3.53 then MS(Ly, ) is as shown in
Figure 3.54, where a white circle represents a surface given by applying Seifert’s surface to

an alternating diagram, and a black circle represents a surface that cannot be so constructed.

Proof. Again there are no essential flypes of this diagram, so only one taut Seifert surface
comes from an alternating diagram.

The surface R,,, for 0 < m < n, is the surface given by applying Seifert’s algorithm
to the special (but not alternating) diagram D,,, shown in Figure 3.55. In Figure 3.53 we
may see each of the horizontal twisted bands (which are plumbed on Hopf bands) as lying
either above or below the rest of the surface. This does not change the ambient isotopy
class of the Seifert surface because the Hopf link is fibred. From this we can see that Ry is

the surface shown in Figure 3.53 (see Figure 3.56).
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Figure 3.56

Consider the diagram Dy. We can express R on this diagram as a surface in special
form on an alternating diagram, with another surface attached in the obvious way as shown

in Figure 3.57. Thus we see that R; is disjoint from Ry. We want to show that Ry # Ry,

ﬁqWE

0008

and that no other taut Seifert surface is disjoint from Ry. To do this, we show that the link
of Ry in MS(Lg, ) consists of only one vertex, and this vertex is Rj.

The white region marked * in Figure 3.57 defines a product disc in the complementary
sutured manifold to Ry. Doing the product disc decomposition gives the same diagram, but
with one fewer twisted bands in the right-hand surface. After n such decompositions, we
arrive at a surface R((Jn) given by just the alternating section of the diagram. By Theorem
1.1.7 the link of R(()") is a single vertex. Hence, by repeated application of Proposition
1.4.23, the link of Ry is also a single vertex, as required. By following the constructions in
Theorem 1.1.7 and Proposition 1.4.23 we find that this single vertex is Rj.

We now show, for 1 < m < n — 1, that the link of R, is {R;—1, Rm+1}. Again we find
that these surfaces can be expressed as a surface in special form on an alternating diagram
together with a second surface attached in the obvious way, as shown in Figure 3.58a and
b respectively. Also as before, after n product disc decompositions we may apply Theorem
1.1.7, giving that the link of Rﬁﬁ) contains exactly two vertices and no edges. This shows
that the link of R, is as required.

It remains to consider the surface R,. We now know that R, 1 is in the link of R,.

Thus we need only show that the link of R,, contains only one element. Each white bigon
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region of D,, defines a product disc in the complement of R,. Using n — 1 such product disc
decompositions, removing all but one of the once-twisted bands, and an isotopy, we arrive

at the diagram and surface shown in Figure 3.59, where the horizontal twisted band lies
(\_); )

Figure 3.59

above the rest of the surface. Thus we are interested in a plumbing of two surfaces, S, and
Sp, shown in Figure 3.60. Call the plumbed surface Sgp.

S, is an annulus with two full twists, bounding a torus link L,. After n further disc
decompositions, removing the twisted bands from the right-hand side of the diagram, .Sj is
also reduced to an annulus with two full twists. From this we see that both S, and S, are
unique taut Seifert surfaces for L, and L, = 0S5} respectively, and also that neither link is
fibred. By Theorem 1.6.9, this is enough to show there is at least one taut Seifert surface
for 0S,p in the link of S,;. However, we already knew that such a surface exists (the image
of Sy,—1 under the product disc decompositions), and we have not yet shown there are no

others.
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To do this, we consider the arcs p, and p, shown in Figure 3.60. These should be seen as
lying in the boundary of the complementary sutured manifolds to the surfaces S,, Sp. Note
that p,, pp both lie on the upper side of the surfaces as shown. By [20] Proposition 3.4, the
proof will be complete if we show that there is no product disc with either p, or p, as part
of its boundary. Since p, and p, are essential, any such product disc will be essential. This
result is clear for p, as there are no essential product discs in the complement of S,.

As we reduce Sp to an annulus by product disc decompositions, what is the effect on

pp? Figure 3.61 shows the result of the first decomposition. This leaves two copies of the

G 5 s
00 990 M

UG <
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A
\

Figure 3.61

arc pj, the curve in S} analogous to py, in Sp. Inductively, we are therefore only concerned

with the curve pl()m) in Sém). The final pair (Sé"), pén)) is the same as (Sq, pa), S0 there is

no essential product disc with pl()n) contained in its boundary. By n applications of Lemma

1.4.18, there is no product disc 1" with p, C 0T ]

Remark 3.5.3. These two propositions together complete the proof of [15] Theorem 1.2.
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3.6 The realisation of MS(L)

Let L be a prime link with a reduced, special alternating diagram D. In this section we turn
our attention to Theorem 1.6 of [15], which asserts that MS(L) is homeomorphic to a ball
in R” for some n. The results we will use to prove this refer to simplicial complexes with a
partial ordering on the vertices. Thus we will need to give such an order to the vertices of
K(D).

Note that the simplices of (D) already have a cyclic ordering on their vertices. We
need to break this circle to give a linear order. To do this, pick a region r of (D). We break
each circle in the ordering at the region r. That is, if v is obtained from vy by adding the
region 7 then we remove the relation vg < v;. Note that the order this gives to the vertices
of a face of a simplex matches that induced by the ordering of the vertices of the whole

simplex. This method also orders the edges of each #—graph in §(D).

Definition 3.6.1 ([9]). Fix m,n € N, and let vy, ...,v, be the (ordered) vertices of an
n—simplex [vg, . .., Up].
A colour scheme is an m x (I+1) matrix X = (z;;) for some | < n with z;; € {0,...,n}.

In addition, X must have pairwise distinct columns, and its entries must satisfy z19 < 11 <

co <y < w9 < -+ < @y For k <1, column k of X defines a point v}, of [vo, ..., v,] by
v, = (Vgy), + -+ + Vs, )/m. Thus X defines an [-simplex [vy, ..., v]].
The edgewise subdivision Esd,,([vo,...,vs]) of [vg,...,v,] is made up of all simplices

given by colour schemes.

Remark 3.6.2. In [9] Section 3 it is proved that Esd,,([vo, ..., v,]) is indeed a subdivision

of [vg, ..., vn].

Proposition 3.6.3 ([15] Theorem 1.6(1)). Suppose 0(D) consists of a single 0—graph with

n+ 1 edges and total weight m. Then IC(D) is the edgewise subdivision of an n—simplex.

Proof. Fix aregion ry of 0(D) to give an ordering on the vertices of (D) as above (note that
in this case 6(D) is #(D)). Label the edges of #(D) as eq, ..., e, where eg < €] < --- < ey,.
Label the other regions of §(D) in order around the f#—graph in the positive direction, so
that 0~ r; = e;_1 and 01 r; = ¢;.

Let vg,...,v, be the (ordered) vertices of an n—simplex [vg,...,v,]. Given a vertex
u = (wo,...,wy,) of K(D), we may define an m x 1 matrix X = (z;;) by taking z;0 = k
where >, w; <i <3, wj. That is, the number of times k occurs in X is the weight
that u assigns to e, and the entries of X are arranged so as to be non-decreasing. The
matrix X is then a colour scheme, and so defines a vertex of Esd,,([vo, - .., vn]). Thus there

is a map B from the vertices of (D) to the vertices of Esd,,([vo, ..., v,]). It is clear that
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B is a bijection. We will show that B induces a bijection on the n—simplices of the two
complexes. This will complete the proof as in each of the complexes every simplex is a face
of an n—simplex.

Let ug, ..., u, be the vertices of an n—simplex in (D) with up < u; < -+ < u,. Then
there is a permutation 7: {1,...,n} — {1,...,n} such that u; is obtained from u; 1 by
adding the region 7.;. Let X be an m x (n + 1) matrix, where column & of X is the
column vector defined by uy in the construction of the map B. The column vectors from
u and ug4q differ exactly in one coordinate, which changes from 7(k) — 1 to m(k). Because
ug, ..., Uy, is an n simplex, we also know that ug is obtained from u,, by adding rg. This
has the effect of dropping the last coordinate of the column vector, moving the remaining
entries down one place, and inserting a 0 in the top coordinate. Hence X is a colour scheme
defining an n—simplex of Esd,, ([vo, ..., vp]).

Conversely, choose an n—simplex of Esd,,([vo,...,vy,]) and let X be the colour scheme
defining it. Let u; be the vertex of (D) given by column k of X. That is, uj assigns a
weight of 1 to e; for each time ¢ occurs in the column vector. As the columns of X are
pairwise distinct, at least one element changes between uy and wugyi. The ordering of the
values of the elements of X ensure this is an increase in each case, and that the sum of the
sizes of these increases is at most n. Thus exactly one coordinate increases between u; and
ug41 and this coordinate increases by 1. Moreover, for each k£ < n, exactly one of these
changes is from k — 1 to k, and x (1), = Tko for 1 < k < m while z190 = 0 and @y, = n.
Define a permutation 7: {1,...,n} — {1,...,n} by 7(j) = k if the move from u;_; to u;
sees a coordinate change from k — 1 to k. Then u; is obtained from u;_1 by adding the
region 7, ;) for j < n and adding ro to u, gives ug. This shows that ug,...,u, span an
n-simplex in (D).

Each of these two maps is an injection, as simplices are defined by their vertices. As there

are only finitely many n simplices in either complex, both maps are therefore bijections. [

Definition 3.6.4 ([10] Chapter II Definition 8.7). A simplicial complex X is ordered if

there is a binary relation < on the vertices of X with the following properties.
(P1) (u<wandv <u)=u=nw.

(P2) If u,v are distinct, (u < v or v <wu) < w and v are adjacent.

(P3) If u,v,w are vertices of a 2—simplex then (v < v and v < w) = u < w.

Remark 3.6.5. It is clear that in searching for such a relation we may use the following

weaker version of (P2).

90



(P2)" If u,v are adjacent then (u < v or v < u).
To see this, note that we can remove all relationships between non-adjacent vertices.

Definition 3.6.6 ([10] Chapter II Definition 8.8). Let X7, x> be ordered simplicial com-
plexes. We define the simplicial complex X; x Xs. Its vertices are given by the set

V(X1) x V(Ay). Vertices (ug,vp), ..., (un,v,) span an n-simplex if the following hold.
e {ug,...,u,} is an m—simplex of A} for some m < n.
e {vg,...,v,} is an m simplex of Xy for some m < n.

e The relation defined by (u,v) < (v/,v") & (u < v/ and v < v') gives a total linear

order on (ug,vg), - - -, (Un, vn)-

Remark 3.6.7. The projection maps on the vertices extend to simplicial maps of the

complexes.

Theorem 3.6.8 ([10] Chapter II Lemma 8.9). The map |X; x Xa| — |X1| x |Xs| induced

by projection is a homeomorphism.

Remark 3.6.9. With the ordering on the vertices defined above, (D) is an ordered

simplicial complex.

Theorem 3.6.10 ([15] Theorem 1.6(2)). The realisation |IC(D)| of K(D) is homeomorphic
to a ball of dimension " (n?(e?) — 1), where the sum is taken over all 0—graphs ¢® in 6(D)

and n?(e?) is the number of edges in €.

Proof. We proceed by induction on the number of #—graphs in (D). If there are no 6—
graphs then KC(D) is a single vertex. The case of one f—graph is covered by Proposition
3.6.3.

The construction of the simplicial complex K(D) is dependent only on 6(D) together
with a choice of positive direction and total weight on each f—graph. Let © be the set of
such graphs. That is, each element of O is a finite collection of disjoint §-graphs in S?, with
a choice of positive direction and total weight on each. Then for every such graph 6 we
can construct a simplicial complex IC(#). It is on this set of complexes that we will induct.
Note that the base cases hold in this more general setting.

Now suppose that the result holds for all elements of © with at most (m — 1) #-graphs.
Let 6y be one with m #-graphs. Choose a region 7 of S?\ f that meets at least two 6-graphs,
and pick a simple closed curve p contained in r that separates the #—graphs of 6y. This

gives two new elements of O, each with at most (m — 1) —graphs. Call these 61,60,. Use
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the region r to order the vertices of K(6),K(60;),K(02) as above. Then, by Theorem 3.6.8,
|IC(01) x KC(62)] =2 |K(01)] x |K(02)|. The inductive hypothesis gives that |[K(601)], [KC(62)| are
balls of the relevant dimension, and so the result holds for |[K(61) x KC(62)].

It remains to show that K(61)xK(02) is K(0p). Clearly the obvious map on the vertices is
a bijection. Again we will check that it induces a bijection on the top-dimensional simplices.

Consider an ordered n—simplex [wy, ..., w,]| in K(0y). Then wq assigns a weight to each
edge of flg. There is an ordering of the regions of S? \ fy with r last such that the vertices
of [wo,...,w,] are given by adding these regions in turn in order. This induces similar
orderings of the regions of S?\ §;. For 0 < i < n, write w; = (u;,v;), where u; gives the

weights on the edges of 1 and v; gives the weights on the edges in 6o. If 7 < j then u; < u;

and v; < wvj. Thus [(ug,vo), ..., (Un,vy)] is a simplex in K(61) x K(62).
Conversely, consider an n—simplex [(ug, vp), . .., (Un, vp)] in K(61) x K(02), where the u;
are vertices of K(6;), the v; are vertices of K(62) and (ug,vo) < (u1,v1) < -+ < (Up,Vp).

For 0 < i < n, as uj—1 < wu;, either u;—1 = u; or u; is given by adding some regions of
S?\ 01 other than r to u;_1. Similarly, either v;_1 = v; or v; is given by adding some regions
of S?\ 63 other than 7 to v;_;. Since there are only n regions of S? \ fy other than r, for
0 < i < n either u; = u;_1 and v; is given by adding a single region to v;_1 or instead
v; = v;—1 and u; is given by adding a single region to u;_1. Because [ug, ..., uy] is a simplex
in K(01), adding r to u, gives ug. Likewise, adding r to v, gives vo. Thus there is an
ordering on the regions of S? \ §y with r last that shows that [(ug,v0),- ., (un,vs)] is an

n-simplex in IC(0p). O
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Chapter 4

Connected sums

The aim of this chapter is to prove Theorem 1.1.10, describing the Kakimizu complex of
a connected sum L = Li#Lo in terms of those for L1 and L. The idea of the proof is
to first define a triangulation of |MS(L1)| x | MS(L2)| x R, then choose a representative
of each element of V(MS(L;)), which we use to define a map between the vertices of this

triangulation and those of MS(L), and finally show that this map is an isomorphism.

4.1 Product regions and detecting adjacency

In this section we recall some results from 3—manifold theory that we will need. These
include a number of related results; we include full proofs as later proofs are sensitive to
the details. The concepts covered in this section are generally well-known, although some

of the details are specific to the case at hand.

Let L be a non-split link other than the unknot, and let M = S3\ N(L). Let S and S’
be incompressible, @ incompressible surfaces properly embedded in M in general position,

so that Proposition 1.4.3 applies.

Remark 4.1.1. If S and 0S5’ are transverse, a product region N given by Proposition
1.4.3 is always embedded in M. However, we will want to apply the proposition when S
and S’ are Seifert surfaces for L that may have components that either coincide or have
boundaries that coincide. It continues to hold in this situation, but may result in a product
region that is not embedded. There are two ways that this can occur.

One option is that the components Sy of S and S{, of S’ that bound N coincide. Then
N is the whole of M, the surfaces S and S’ are connected, and the link L is fibred with
fibre S. As we are currently only interested in non-fibred links, this case will not arise.

The second possibility is that Sy and S, do not coincide but their boundaries do. Then
ON covers an entire component of N (L), and T x {0} meets T x {1} along at least one
component of 9T. See Figure 4.4.

93



Corollary 4.1.2. Suppose L is not fibred. If S, S’ are isotopic by an isotopy firing their
boundaries then there is a product region N = (T x 1)/ ~ between them with pr = 0T in
the notation of Definition 1.4.1.

Proof. Suppose no such product region exists. By Proposition 1.4.3 there is a product
region N between S and S’. This product region N meets one component of each of S
and S’, and the boundaries of these components coincide. By deleting other components if
necessary, we may assume S, S’ are connected.

Let S be a lift of S to the infinite cyclic cover M. The isotopy from S to S lifts to an
isotopy from S to a lift S’ of S’. Note that dS = 85’. By hypothesis, the isotopy from S’
to S defined by the product region N moves the boundary of S’. As the boundaries of S
and S’ coincide, this isotopy therefore takes each component of S’ once around the torus
component of M on which it lies. Hence the isotopy defined by N lifts to an isotopy from
S’ to either 7(S) or 7=(S). Thus S is isotopic to 7(S). Again by Proposition 1.4.3 there
is a product region between S and T(S ). This contradicts that L is not fibred. O

Remark 4.1.3. The condition that L is not fibred is not actually necessary for this result,

only for our proof.

Proposition 4.1.4 ([31] Corollary 3.4). Let M,, My be proper 3-submanifolds of M such
that OM, and OM, are unions of lifts of taut Seifert surfaces that are almost transverse
with simplified intersection. If M, can be isotoped to have interior disjoint from M, then

the interior of M, is disjoint from My.

Lemma 4.1.5 ([31] Lemma 3.5). Let R, Ro, R be taut Seifert surfaces. Then they can be

isotoped to be pairwise almost transverse and have pairwise simplified intersection.

Proposition 4.1.6 ([31] Proposition 3.2). Following the notation of Proposition 1.5.8,
if R' is almost transverse to and has simplified intersection with R then it minimises

max{n : Vp NV, # 0} —min{n: Ve NV, # 0}.
The following criterion allows us to test for adjacency under Definition 1.3.9.

Lemma 4.1.7. Let Ry, Rs be fized, almost disjoint, taut Seifert surfaces for a link L. Then
R1, Ry demonstrate that their isotopy classes are at most distance 1 apart in MS(L) if and
only if the following holds for all pairs (x,y) of points of Ry \ Ra.

Choose a product neighbourhood N(R1) = Ry x [—1,1] in M for Ry with Ry = Ry x {0},
such that R1x{1} lies on the positive side of R1. Let p: 1 — M be any path with p(0) = (x,1)
and p(1) = (y,—1) that is disjoint from Ry and transverse to Ro. Then the algebraic

intersection number of p and Ra is 1.
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Proof. Suppose the condition holds for all pairs (z,y). If Ry, Ry coincide everywhere then
they are distance 0 apart. Assume otherwise, and let zp be a point of R; \ Ra. Choose a
lift Vg, of M\ Ra, and let o be the lift of o that lies in Vg,. Let Vg, be the lift of M \ R;
that lies above Zo, and let Ry be the lift of Ry that lies between Vg, and 7=1(Vg,). Then
Zo lies on Ry, and Vg, meets Vg, and 7(Vg,). We wish to show that these are the only lifts
of M \ Ry that Vg, meets. Suppose otherwise.

First suppose that Vp, meets 7 *(Vg,). Then there is a path p in M that runs from
just above xg to the projection of a point in Vg, N7 *(Vg,), that is disjoint from R; and
that has algebraic intersection —1 with Rs. There is also a path p’ from this point back to
above xg that is disjoint from Rs. We may assume both paths are transverse to Ro. This
forms a closed curve that has algebraic intersection —1 with Rs. It therefore has algebraic
intersection —1 with Rj.

Consider the first point z; at which p’ crosses R;. Then z1 € Ry \ Ry. If p/ passes
through R in the positive direction at x; then the section of the path p U p/ from (zg,1)
to (x1,—1) contradicts the hypothesis as it has algebraic intersection —1 with Ry instead
of 1. Thus p’ passes through R; in the negative direction at z;. Stop the path just above
x1, at (x1,1), and add in a path that runs to (z1,—1) in M \ Ry. This final section of path
has algebraic intersection 1 with Rs by the hypothesis. Then the complete path gives a
contradiction with the hypothesis, as it has algebraic intersection 0 with Ry. Hence Vg, lies
entirely above 771(Vg,).

Now suppose Vg, meets 72(Vg,). Then there is a path p, disjoint from Ry, from (zq, 1)
to the projection of a point in Vg, N 72(Vg,) that has algebraic intersection 2 with Rs.
Again, there is a second path p’ from there to (zp,1) that is disjoint from Ry. The closed
curve has algebraic intersection 2 with Ry and R;. Consider the first point x1 at which
p' crosses Ry. Then x1 € Ry \ Ra. If p/ passes through R; in the positive direction at zy
then the path up to this point contradicts the hypothesis, as it has intersection 2 with Rs
instead of 1. Thus it passes through R; in the negative direction. Stop the path just above
x1, at (z1,1), and add in a path that runs to (z1,—1) in M \ R;. This final section of
path has algebraic intersection 1 with Ro by the hypothesis. Thus the complete path gives
a contradiction with the hypothesis, as it has intersection 3 with Rs. Hence we have the
required result.

Conversely, suppose any lift of M \ Ry meets at most two lifts of M \ Ry. Choose z,y, p
as in the condition to be checked. Take the lift p of p with 5(0) in a fixed lift Vg, of M \ Rs.
We may use p in defining the lift Vi, of M \ R;. Therefore p is contained in two lifts of
M \ Ry and the lift of Ry between them. One of these two lifts is Vg,, since this contains
the lift p(0) of (z,1). In addition, the lift of (z, —1) lies in 7(Vg,). Thus the lift p(1) of
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(y,—1) isin Vg, or in 7(VRg,). We must show that it is in 7(Vg,). If not then it lies in Vg,.
Then the lift of (y,1) lies in 77!(Vg,), which is a contradiction. O

Lemma 4.1.8. Let R, be a taut Seifert surface for L. Suppose R, . Ry , are two copies of
a component of a taut Seifert surface for L that are disjoint from R, and are not isotopic

to any component of it. Then R, ,, R} , are isotopic by an isotopy that does not meet R,.

Proof. By a small isotopy disjoint from R,, we may ensure that R, , R;),o are transverse.
Since they are isotopic, there is a product region N between them. If N meets R, it
contains a whole component of R,, which is then isotopic to each of the horizontal boundary
components of V. This contradicts that Rb70 and wa are not isotopic to any component of
R,. Thus N is disjoint from R,. If Ry o0 R;;,o # () then the isotopy defined by N reduces
Ry, o N Byl If By N Ry o =0 then the isotopy makes R, ; and R} coincide. O

Lemma 4.1.9. Let R,, Ry be adjacent vertices of MS(L). Then R,, Ry can be isotoped so
they are disjoint and realise their adjacency.

Suppose there are components R, o of R, and Ry of Ry, that can be made to coincide,
so there is a product region between these components. The side of R, on which this product

region lies is determined by the choice of R, Ryp.

Proof. We regard Ry, as fixed, and isotope R,. Isotope R, to realise the adjacency. Suppose
they are not disjoint, and pick a component R, of R, that is not disjoint from R;. Because
the surfaces realise their adjacency, R, o cannot cross R,. Therefore R, o can be pushed off
Ry by a small isotopy. If the two components do not coincide, there is no choice as to which
direction to push R, o, and it is clear that the condition in Lemma 4.1.7 continues to hold.

If R, coincides with a component of Ry, it is possible to push it off in either direction,
creating a product region. We will see that the choice of direction is forced upon us by
wanting the condition in Lemma 4.1.7 to continue to hold.

As R, # Ry, at least one component R, 1 of R, does not coincide with any component of
Ry. Fix a point zg of R 1, and choose a product neighbourhood N'(R,) = R, x [—1,1] such
that R, = R, x {0}. For each point y of R0, choose a path p from (zg,1) to (y, —1) that
is disjoint from R, and transverse to Ry. Since p is contained in M \ R,, it has algebraic
intersection 0 or 1 with Rp. Suppose that this number is not both well-defined and constant
on R, . That is, suppose there are such points 3,91 and paths pg, p1 such that one gives
the value 0 while the other gives the value 1. Let p’ be a path from yg to y; in Rqo x {—1}.
Then p' U pp U p; forms a closed curve that has intersection 0 with R, but intersection
1 with Rp. This is not possible. We therefore have a well-defined value for the algebraic

intersection of R and a path as described. If this value is 1, push R, downwards, and
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otherwise push it upwards. Then, for y € Ry, any path from (z,1) to (y,—1) that is
disjoint from R, has intersection 1 with Rj.

Now pick points x,y and path p as in the condition in Lemma 4.1.7. Isotope p so that it
decomposes into three paths disjoint from R,, one from (z,1) to (zp,—1), one from (xg, —1)
to (zo,1) and one from (xg, 1) to (y, —1). The outer two paths have intersection 1 with R}

while the middle one has intersection —1 with Rp. Thus p has intersection 1 with R;. U

4.2 An ordering on the vertices of MS(L;)

In [31], a partial ordering <g is defined on the vertices of MS(L) for a link L, relative to a

fixed vertex S. This ordering only compares adjacent vertices.

Definition 4.2.1 ([31] Section 5). Let R, R, S be vertices of MS(L) with R, R’ adjacent.
Isotope the surfaces so that R, R’ are almost transverse to and have simplified intersection
with S, and so that R, R’ are almost disjoint with simplified intersection. Set M = S3\
N(L). Let M denote the infinite cyclic cover of M, and let 7 be the generating covering
transformation (in the positive direction). Let Vg be a lift of M \ S.

Let Vi be the lift of M \ R such that Vg N Vg # 0 but VR N7 (Vs) = (. Finally, let Vg
be the lift of M \ R’ such that Vi NVg # 0 but Vi N 7(Vgz) = (. See Figure 4.1.

Then R’ <g R if Vi N Vg # (.

Vs

/D
AN
ZAAY

Figure 4.1

Lemma 4.2.2 ([31] Lemma 5.3). Let R, R’ be adjacent vertices, and S any vertex. Then
R <¢sRorR<gR.

Lemma 4.2.3 ([31] Lemma 5.4). If dygr) (R, S) < dus(r) (R, S) then R <5 R'.
Lemma 4.2.4 ([31] Lemma 5.5). There are no Ry,..., Ry, for k > 2, with Ry <g Rs <g

- <g Rp <g Rq.
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Now choose L, L1, Ly as in the statement of Theorem 1.1.10. These will remain fixed

until the end of Section 4.6.

Definition 4.2.5. Fori = 1, 2, let K; be the link component of L; along which the connected
sum is performed. Let T be a fixed copy of S? that divides L into L; and Ly, and choose
a product neighbourhood Tp x [1,2] such that Ty = Ty x {%} and Ty x {i} lies on the same
side of Tj as L; for i = 1,2. We further require that both arcs of L N (7p x [1,2]) are of the
form {z} x [1,2] for some z € Tj.

Next, choose a regular neighbourhood N'(L) of L, and let M = S3\ N'(L). In addition,
let My denote MN(Tyx[1,2]) and for i = 1,2 denote by M; the component of M\ (Tj % (1,2))
that meets L;. See Figure 4.2a.

To X {1} To X {%} TO X {2}

Ll [ L 6L
(o 56
(e ( b
N(L)
M1 M2
(a) Mo (b)
Figure 4.2

Definition 4.2.6. Choose a taut Seifert surface Sy for L. We will use Sy as a basepoint
for MS(L). Isotope Sp to have minimal intersection with 7. Then Sy N7y is a single arc
o*. Further ensure that Sy N My = ¢* x [1,2]. Let S; denote this copy of Sy, considered as
a fixed surface rather than up to isotopy. Again, see Figure 4.2a.

The link made up of the part of L on the M; side of Ty together with the arc o* is L,
and M; is homeomorphic to S* \ N'(Ly). The same is true for Lo.

The sphere Tg divides S into Seifert surfaces Sy, Ss for L1, Ly respectively. Since Sy is
taut, so are Sp,S2. Let ST,S5 be these surfaces, again considered as fixed. Define curves
A%, A1, A5 on OM, OMy, OM; respectively, also seen as fixed, by A\* = 95 and A} = 0S5 for
i = 1,2. By an appropriate choice of N'(L;) for i = 1,2 we may ensure that (6* x {i})NM C
A7. See Figure 4.2b.

Definition 4.2.7. Define < on V(MS(L;)) by R< R' & (R <g, R or R = R’). Similarly,
define < on VIMS(L3)) by R< R < (R<g, RRor R=R/).
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Corollary 4.2.8. The pairs (MS(L1), <), (MS(L3),<) are ordered simplicial complezes.
Proof. Lemma 4.2.2 gives (P2)’, and Lemma 4.2.4 gives (P1). Together they give (P3). O

Definition 4.2.9. Denote by Z the simplicial complex with a vertex at each integer and
an edge joining n — 1 to n for each n € Z, so that |Z| =2 R. Order the vertices of Z using

the usual order < on Z.

These three orderings allow us to apply Theorem 3.6.8. We will use this to give a
triangulation of | MS(L1)| x | MS(Ls9)| x R that agrees with the triangulation of MS(L) in a

natural way.

4.3 Choosing representatives of isotopy classes

Given taut Seifert surfaces R; of L; for ¢ = 1,2, we can isotope the surfaces so that OR; = \}.
Having done so, we can glue each of the two surfaces to the rectangle ¢* x [1,2] to form a
taut Seifert surface R of L with OR = A*.

An isotopy of any Seifert surface R for L can be split into an isotopy that fixes R
and an isotopy supported in a neighbourhood of M. Thus an isotopy class relative to
the boundary corresponds to a fixed element of the isotopy class together with a winding
number for each boundary component. To measure the winding numbers, we need to decide
what it means to have winding number 0. We use S as a basepoint for MS(L;), setting this
to have winding number 0 at each boundary component. We want to define what it means
for another surface to have winding number 0. In practice we will only be concerned with
the winding number at K;, but it is convenient to choose surfaces fixed at every boundary
component.

Thus our present aim is to find a fixed representative R* for each vertex R of MS(L;).
We choose these such that OR* = \}. We also want these representatives to interact well

with regard to the ordering <.

Definition 4.3.1. Let R, R’ be 0-almost disjoint taut Seifert surfaces for ;. Pick a
component K’ of L;, and consider R, R’ near K’. It may be that the components that meet
K’ coincide. If not, one of the two surfaces lies ‘above’ the other, where this is measured
in the positive direction around K’. Write R <p+ R’ if either R’ lies above R or the two

coincide.

Definition 4.3.2. Define a relation <y on isotopy classes of taut Seifert surfaces relative
to the boundary by R <y R’ if there are representatives R, of R and R/, of R’ such that

Ry, R, are 0—almost disjoint and R, <f+ R), for each component K’ of L;.
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Lemma 4.3.3. The relation <y is antisymmetric.

Proof. Suppose otherwise. Choose R, R’ with R <y R’ <y R and R # R'. Consider R’
as fixed, and choose representatives R,, R, of R such that R, shows that R’ <5 R and R,
shows that R < R’. Note that OR' = OR, = OR, = \}.

The surface R, might be disconnected. However, at least one component of R, is not
isotopic to any component of R’. Remove all other components of R,, and the corresponding
ones of R,. Also remove all components of R’ that are disjoint from the new R,.

As R,, Ry, only meet a neighbourhood of R’ along their boundaries, where we know how
they are positioned, we see that R,, R, can be put into general position by an isotopy away
from a neighbourhood of R’. Choose this isotopy to minimise |R, N Rp|-

Consider the product region NV between R, and Ry given by Corollary 4.1.2. The isotopy
of R, defined by N does not move 0R,, so our positioning of R,, R, means that N must
meet R'. Let Rj be a component of R’ that meets N. Then R{ C N. Since Ry, is 0—almost
disjoint from R, and from R;, Proposition 1.4.2 gives that Ry, is isotopic to R,, which is a

contradiction. O

Proposition 4.3.4. It is possible to choose a representative R* for each vertex R of MS(L;)
such that the following conditions hold for any pair (Re, Rp) of adjacent vertices of MS(L;).

o OR: = OR} = \!.

e There are O—almost disjoint copies R;- of Rj, for j = a,b, that are isotopic to R;f via

isotopies fixing 8R;~ and that demonstrate their adjacency.
o Ry <y R} (equivalently, Ry <p R|,) if and only if Ry < R,.

Proof. Without loss of generality, i = 1. Let M; be the infinite cyclic cover of My, with
covering transformation 7;. As in Proposition 1.3.8, construct a lift V;, of M\ ST for n € Z.
Let 5'1 be the lift of S that lies between Vj and V.

We have already chosen the representative S} for S;j. Let R be a vertex of MS(Lq)
other than Si. Isotope R to be almost transverse to and have simplified intersection with
S7. Let Vg be the lift of My \ R such that VRNV # 0 but Ve N Vi = 0, and let R be the
lift of R that lies between Vi and 71(Vg). From Proposition 4.1.6 we see that R minimises
max{n : Vg NV, # 0} —min{n : Vg NV, # 0}. By Proposition 1.3.8 this means that
{n:VeNV, #0} ={0,-1,...,—dygz,)(S1, R)}.

By an isotopy close to the boundary, move R around ON (L1) until AR coincides with
dS). Note that this does not change {n : Vg NV, # 0}. Take the resulting surface to be
R*.
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Our first aim is to show that the choice of R* is well-defined up to isotopy relative to the
boundary. That is, we wish to check that the choice of winding number is independent of the
choice of isotopy made when constructing R*. Let R’ be any other copy of R. Construct
(R)* as described. Then OR = OR' = 9S;. Note that we do not know how R and R’
intersect. However, R is isotopic to R’ in M;. This isotopy lifts to an isotopy in M; from
R to a lift of R. This lift is 7]"(R’) for some m € Z. The isotopy also takes Vg to 77*(Vgr).

Suppose m # 0. Without loss of generality, m > 0. Then the submanifold 7{" (Vg U R'U
71 Y(R')) of M has interior disjoint from the submanifold 7, *(Vp U Sy U7, 1(S1)), where
k = dmg(ry)(S1, R). Thus by Proposition 4.1.4 we see that Vp is disjoint from V_j. This
contradicts that {n : Vg NV, # 0} = {0,—1,...,—k}. Hence m = 0. We can therefore
modify the isotopy from R to R’ near the boundary to keep OR fixed throughout. Thus R*
and (R')* are isotopic relative to the boundary, as required.

It remains to show that our chosen representatives have the required properties. Let
R,, Ry be adjacent vertices of MS(L1) with R, < R,. Position them relative to S7 and
each other as in Lemma 4.1.5. Then by Proposition 4.1.6 we know that R,, R, realise their
adjacency, and so are almost disjoint.

Now consider the lifts used to demonstrate that R, <g, R,, as in Definition 4.2.1.
Taking Vj as the lift of M; \ ST we see that Vg, is the required lift of M; \ R,. Let VII%b be
the required lift of M; \ Rp. Then V]’%b meets Vy but does not meet V4. Thus V]’%b = Vg,
This means that Ry lies below R, in M;. Now isotope R, and Rp near the boundary to
form R} and R;. Then it is clear that OR; = OR; = A] and R; <p R}. In addition, they

continue to realise their adjacency and are 0—almost disjoint. O

Remark 4.3.5. Suppose R, and R} are positioned as required, and that R, < R,. Suppose
a component of Ry coincides with a component of R,. By Lemma 4.1.9 there is a unique
direction we can push the component of Ry, off that of R, so that they continue to realise their
adjacency. By examining the construction above we see that this direction is downwards.
To see this, note that the components must coincide when we lift them to the infinite cyclic

cover, as the boundaries of the lifts coincide.

4.4 Mapping the vertices

Definition 4.4.1. Define a map ¥: V(MS(L1)) x V(MS(L32)) x Z — V(MS(L)) as follows.
Let (R1, Ra,n) € V(MS(L1)) x V(MS(L2)) x Z. Take the copy of R} in M;, and the copy
of R5 in Mas. Join these together by a rectangle in My that winds n times around L. Here
we measure the winding number of the rectangle around the arc of L that runs through

My and is oriented from L1 to Lo, with respect to where \* lies on the boundary of the
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neighbourhood of this arc. Let R be the resulting surface. Note that R is a taut Seifert
surface for L. If n # 0 then OR # A\*, but [OR] = [\*]. We set U(Ry, R2,n) to be the
isotopy class of R.

Lemma 4.4.2. U is surjective.

Proof. Let R be a taut Seifert surface for L. Isotope R to have minimal intersection with
T, and so that RN My = p x [1,2] for some arc p C Tp. Then Ty cuts R into taut Seifert
surfaces IR; of L; fori = 1, 2. Isotope R; to R}. This isotopy may move OR; in M;. However,
the isotopy of M; can be extended to an isotopy of M by also isotoping the rectangle RN Mg
in My near Ty x {i}. After these isotopies, we can read off the winding number n of the
rectangle. Then ¥(R;, Re,n) = R. O

Lemma 4.4.3. VU is injective.

Proof. Suppose W(R, 1, Ra2,na) = W(Rp 1, Rp2,n). We first aim to show that R,; =
Ry1 and R,2 = Rpo. Let R,, Ry be the fixed surfaces constructed by . Note that, by
construction, R, and R; each meet Tj in a single arc, and these arcs either coincide or are
disjoint. We can ensure that the arcs are disjoint using an isotopy of R, that breaks into
an isotopy of R, 1 and an isotopy of R, 2. By an isotopy of R, keeping 7} fixed pointwise,
R, and R, can be made almost transverse.

As the surfaces are isotopic, there is a product region N between them. If int(/N) meets
Ty then Ty N N is a product disc in the sutured manifold NV, and divides N into product
regions N1, No. The isotopy of R, defined by IV therefore breaks into an isotopy of R, 1 and
an isotopy of R 2. It either reduces |R, N Rp| or makes components of R, and Ry coincide.
Inductively we find that R, 1 = Ry and R, 2 = Ry 2.

It remains to show that W (R, 1, Re2,1q) # ¥(Ra,1, Ra2,np) for ng > ny,. Suppose other-
wise. Without loss of generality, n;, = 0. Consider the fixed surfaces R, = V(R 1, Ra2,74),
Ry = V(Rg1,R,2,0). Push the component of the copy of R, 1 in R, that meets K up-
wards off Ry, and the copy of R, 2 downwards. Delete all other components of each surface.
By the assumption that W(R, 1, Ra2,1q) = V(Ra,1, Ra2,0), the two remaining surfaces are
isotopic, so there is a product region N between them. Note that N meets N (K1#K>).
By considering the boundary curves of the surfaces on ON (K 1#K3), we can restrict the
possibilities for the location of N relative to R,, Ry. To see this, note that N only meets
one side of each of the orientable surfaces R,, Ry. Figure 4.3 shows the boundary patterns
in the cases n, € {1,2,3,4}. In general we see that N must meet the complement of one
of the L; in the complement of the surface R, ;. Suppose this is L;. Then Tp x {1} is a
product disc in N. This means S \ N'(R,1) is a product region, showing that L is fibred,

which is a contradiction. O
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Figure 4.3

4.5 Mapping the edges

Lemma 4.5.1. Let R, ;, Ry; be fived almost disjoint taut Seifert surfaces that demonstrate
that their isotopy classes are adjacent in MS(L;) for i = 1,2. Suppose that there are arcs
pj C Ty for j = a,b such that R;; N (Ty x {i}) = p; x {i} for i = 1,2. Suppose further
that p, and py are disjoint. Let Rj = R;j1 U Rj2U (p; % [1,2]) for j = a,b. Then Rq, Ry

demonstrate that their isotopy classes are adjacent in MS(L).

Proof. The pairs R,;, Rp; satisfy the condition given in Lemma 4.1.7. We wish to show
that R,, Ry also satisfy this condition. First note that R, and Rj are almost disjoint.

Choose points z,y € R, \ Ry, an appropriate product neighbourhood of R, and a path
p from (z,1) to (y,—1) that is disjoint from R, and transverse to R,. By a small isotopy,
p also can be made transverse to 1g. If p is disjoint from T}, it has algebraic intersection 1
with Ry, as required.

Suppose otherwise. Let zg be the first point at which p meets Ty. Find an arc pg from
R, x {1} to R, x {—1} such that pg lies entirely in Tj and passes through zp. We can then
use po to split p into three paths as in the condition in Lemma 4.1.7, each of which (up
to isotopy) has strictly fewer points of intersection with Tj. The first path runs along p
as far as zg, and then follows py up to R, x {—1}. The second is pp traversed backwards.
The third runs along pg to xgp, and then runs along the rest of p. The first two paths can
be made disjoint from Tp, and run in opposite directions. Hence removing them does not
change the algebraic intersection number with R;. In this way we can remove all points of

pNTy. ]
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Corollary 4.5.2. Let (R, 1, Ro2,n4) and (Ry 1, Ry 2,np) be in V(MS(L1)) x V(MS(Lg)) X Z

with Rpo < R, 2. Suppose these triples are distinct and one of the following conditions holds.
o Ry1 > Ry and ng = ny.
o Ry1 < Ry1 andng =mnp — 1.

Then W(Rg 1, Ra2,nq) and Y(Ry 1, Rp2,np) are adjacent in MS(L).

Proof. Viewing ¥ (Rq,1, Ra2,M4)* as fixed, we build a copy of W(Ry 1, Ry 2, np) satisfying the
hypotheses of Lemma 4.5.1. Without loss of generality, n, = 0.

Isotope I, as in Proposition 4.3.4 to realise its adjacency with Rf,. For any com-
ponents of Ry o that do not coincide with those of R ,, perform a small isotopy near the
boundary to move the boundary of Rps to below that of Rj,, making the components
disjoint. Consider the pair of components that meet Ks. If these components of R;Q, Ry o
coincide then push that in Rp 2 downwards off RZ}Z. By Remark 4.3.5, R, 2 and Ry still
realise their adjacency.

Case 1: Ry1 > Rpy and ny = ng = 0. Then Ry ; <y R4;1. Perform isotopies on RZJ
analogous to those performed on R;;Q. A flat rectangle can then be inserted connecting the
boundaries of the surfaces Ry 1, Rp 2.

Case 2: Rq1 < Rp1 and ny, = n, +1 = 1. Then R, <y Rp 1. This time isotope RZ’I
upwards instead of downwards, so the boundary of R;; lies above that of RZ,I wherever
they do not coincide. Add in a rectangle that wraps nearly once around Ki# Ks, to again
join up the boundaries of Ry 1, Rp 9.

It is clear that, in either case, W(Ryp 1, Rp2,7m)" is isotopic to the surface R, we have

constructed. We may now apply Lemma 4.5.1 to complete the proof. O

Proposition 4.5.3. Let (Rg,1, Ra2,1q) and (Ry 1, Ry 2,mp) be in V(MS(L1)) x V(MS(Lz)) x
Z. Suppose W(Rgq 1, Rq2,nq) and W(Ry 1, Ry2,n) are adjacent in MS(L). Then one of the
conditions in Corollary 4.5.2 holds.

Proof. Without loss of generality, n, = 0. Fix V(R 1, Ra2,14)* and isotope W(Ry, 1, Ry 2, 1p)
to be disjoint from it, realising the adjacency in MS(L). Since TyN (Mo \ V(R 1, Ra2,1a)")
is a disc, by standard methods we can also ensure that this copy of W(Ry 1, Rp2,np) meets
Ty in a single arc. As in the proof of Lemma 4.4.2, dividing the surface along Ty gives
(fixed) Seifert surfaces Rj; in MS(L;) for i = 1,2 and there is an integer nj, such that
U( 271, g’Q,ng) is isotopic to W (R 1, Ry 2,mp). See Figure 4.5. By Lemma 4.4.3 we have

* /
a,i’ b,

in particular that Rgﬂ. is isotopic to Ry ; in M; for ¢ = 1,2. From this we see that R
demonstrate that Rq;, Ry, are at most distance 1 apart in MS(L;). We may now assume

that Rb72 < Ra72.
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It now remains to verify that n; takes the required value. Our approach is to posi-
tion (R, 1, Rp2,np) ‘close to’ RZ’Z. for 1 = 1,2 without affecting the relative positions of
V(Rp1, Ry 2,np) and W(R, 1, Re2,n4)". Having done so, we will be able to read off the value

of ny from W(Ry 1, Rp2,np).

*

For 7 = 1,2, consider R ;

and Rz’i, which satisfy the conclusions of Proposition 4.3.4.
As an isotopy of Rl’jﬂ. that fixes its boundary will not affect the winding number ny, we
may assume that no such isotopy is needed in this case. That is, we assume that RZ,i and
RZ"i are J—almost disjoint and realise their adjacency. We further assume that components
of Ry ; and Rl’;ﬂ. coincide whenever this is possible without moving the boundary of either
surface.

Suppose that a component of Rz’i and a component of R ; bound a product region
N in M;, but that any isotopy from one to the other moves the boundary of the surface.

Since the boundaries of R} ; and Ry, coincide, the component of R;; is given by taking a

*

» ; and moving its boundary once around L;, as shown in Figure
b

parallel copy of that of R

4.4. Note that N lies below R; ; it R} ; <g R ; and N lies above Ry ; it Ry ; <p R; ;. In

a,i

a,i

Figure 4.4

addition, a component of R; , must be contained in the product region N and be isotopic
to the component of R ;. In particular, from Proposition 4.3.4 we see that if R} ; < R},
then the component of Rj . lies above that of Ry, and its boundary can be seen as lying
above that of R;i, whereas if Ry, ; < R,; then the component of Rg,i lies below that of R;;i
and its boundary can be seen as lying below that of R ,.

For ¢ = 1,2, temporarily ignore the components of each surface that meet K;. If
a component of R; . coincides with a component of R, then there is a product region
between it and the corresponding component of R’b’i. Such components will play no part in

the rest of the proof, so we may assume that there are none.

For each other component of Ry ., there are two possibilities. If it is isotopic to a

component of R ;, we have already seen how it relates to R; ;. Otherwise, take a copy of
this component of Rp; that lies parallel to Rj, and is disjoint from R} .. That is, there

is a product region between R;, and this copy of Rp; that is contained within a product
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neighbourhood of RZ‘Z Furthermore, this product region lies above R;;i if R, <o R;)"i and
lies below Ry ; if Ry, <o R, ;. By Lemma 4.1.8, the corresponding component of Rgﬂ. is
now isotopic to that of Ry ; by an isotopy disjoint from Rzl We may therefore assume that
these components of Rb,wR;),i now coincide. Hence for each component of R;)’i away from
K; we have the following. If R,; < Rjp; then the boundary of Rgm. lies above that of R;*” If
Ry ; < R,; then the boundary of R’M lies below that of R;“” Recall that we have assumed
that no such components exist if R,; = Ry ;, and that B> < R, 9.

We now turn our attention to the components that meet Kj;.

Case 1: This component of R;J"i does not coincide with R ; for i = 1,2. Note that

this means R,; # Ry, because Ry ;

; and R, are not isotopic by an isotopy fixing their

boundaries. In this case, the corresponding component of R’bl can also be isotoped as just
described. There is now an essentially unique way to join the two surfaces by a rectangle in
My that is disjoint from W (R 1, Ra,2,4)*. If Ry1 < R, 1 then the rectangle must be flat, so
ny =0=mng4. If Rg1 < Ry then the rectangle must twist nearly once around ON (K1 1#K>)
from above R} | to below Rj , (that is, twisting in the positive direction around K1#K>),

so ny =1 =mn, + 1. See Figure 4.5.

Figure 4.5

Case 2: The component of R, coincides with that of Rj ,, but those of R}, Ry do
not coincide. Then R, 1 # Ry 1. Again isotope R;;,l as above. The component of Rg’Q that
meets K is isotopic in My to that of R;Q, meaning there is a product region N between
them in Mj. Note that the interior of NV is disjoint from the three surfaces R o, RZQ, 2’2.
Once we know which side of R}, , the product region N lies (this is well-defined, by Lemma
4.1.9), there is only one possibility for the rectangle joining the surfaces ngl,ngz, as in
Case 1.
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If R, 2 = Ry 2 then we may further assume that Ry < R, 1, and in particular that the
boundary of Ré,1 lies below that of R ;. If N lies below Rj , then the rectangle is flat, so
ny = 0 =ng,. If N lies above RZ,2 then the rectangle runs in the negative direction around
K1# Ko, from below R;l to above R;Q. Hence n, = —1 = n, — 1. Note that this satisfies
the condition in Corollary 4.5.2 with the two surfaces switched.

Suppose instead that Ra,2 # Rpa. If N lies below Rj, then there are two possible
situations. Ome is that R,; < R,1 and ny = ng. The other is that R,1 < Ry and
np = ng + 1. It therefore remains to rule out the possibility that N lies above RZ’Q. For this
we must return to the definitions of Ry ,, RZ,2' Originally we chose these to be 0 almost
disjoint, with RZ,Q <o R . As they now coincide, the components that meet Ko were
isotopic by an isotopy keeping their boundaries fixed. Corollary 4.1.2 therefore shows there
was a product region N’ between these components that lay below R(’;’Q and above R(’,‘Q.
However, Lemma 4.1.9 says that the side of R 5 on which NV lies is determined by the choice
of surfaces R, 2, Rpo. Therefore N cannot lie above RZ,2-

Case 3: The component of R;; coincides with that of R;’;}l, but those of RZ}Q, Ry o do
not coincide. This is similar to case 2.

Case 4: Both pairs of components coincide. This case again uses the same ideas as cases 1
and 2. The only situation that is very different is when R, 1 = Ryp,; and R,, = Rp2, when we
must show that n, # n,. However this is true since V(Ry 1, Ra2,1a) # V(Rp1, Rp2,1p). O

Figure 4.6 is a schematic picture of the local structure of MS(L). Figure 4.6a focuses
on the edges radiating from a single vertex. Figure 4.6b shows one of the smaller cubes in

Figure 4.6a, with all edges included.

A A
\ [/
. \WZ "
AN
/ \
PN ~ omx N
(a) f (b) f
Figure 4.6
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4.6 Completing and interpreting the proof
Theorem 1.1.10. Let L1, Ly be non-split, non-fibred links in S®, and let L = L1#Lo. Then
|MS(L)| is homeomorphic to | MS(L1)| x | MS(L2)| x R.
Proof. Define an ordering <; on V(MS(L1)) x V(Z) by
(Rp,mp) <1 (Ra,ng) <= (Rp < R, and np < ny).

Let X be the complex (MS(L;1) x Z,<1). Applying Theorem 3.6.8 to the ordered simplicial
complexes (MS(Ly), <), (Z,<) and (X, <;) gives that

| X] = [MS(L1)| x | Z].

Now define a second ordering <9 on V(X) = V(MS(L;)) x V(Z) by
(Rp,mp) <2(Ra,na) =
((Rb < R, and np = ng) or (R, < Ry and ng = np — 1))
Note that this corresponds to the conditions in Corollary 4.5.2. It can be checked that <s
has properties (P1), (P2)’, (P3).
Define <3 on V(MS(L;1) x Z) x V(MS(L3)) by
(Raj1:ma), Ra2) <3((Rp1,mp), Rp2) <
((Ra,l,na) <9 (Rb71,nb) and Ra’g < Rb72).
Let ) be the complex (X x MS(Ls), <2). Applying Theorem 3.6.8 to (X, <3), (MS(L2), <)

and (), <3) gives that
(VI =X x [MS(Ly)|.

Thus
|V = | MS(Lq1)| x | MS(L2)| x R.

By Lemmas 4.4.2 and 4.4.3, the map ¢: V(MS(L1)) x V(MS(L3)) x V(Z) — V(MS(L))
defined in Definition 4.4.1 is a bijection. Recall that

V() = V(MS(L1)) x V(MS(Ls)) x V(Z).

From Corollary 4.5.2 and Proposition 4.5.3 we see that 1 extends to an isomorphism between
the 1-skeleta of the complexes MS(L) and ). It remains only to note that both of these
complexes are flag. For MS(L) this is the case by definition. For ) it follows from the fact
that the three complexes MS(L;), MS(Ls) and Z are flag. O

By examining the proof of Theorem 3.6.8 in [10] we can give the following geometric
description of the extension of ¥ to Y = (MS(L;)x Z)x MS(L2).
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Remark 4.6.1. Let x € | MS(L1)| x| MS(L2)|xR. Without loss of generality, 7z (x) € [0,1).
Let mvs(z,)(z) = apAo + -+ + amAm where A; € V(MS(Lq)) and a; > 0 for 0 < i < m,
with 37" ga; = 1 and Ag < Ay < --- < Ay, Similarly let myg(r,)(2) = boBo + - -+ + by By

Consider the surfaces Ag, ..., A,,. As in Lemma 4.1.5, they can be positioned in M7 so
they are pairwise almost disjoint with simplified intersection. By Proposition 4.1.6, they
then realise their adjacencies. As in the proof of Lemma 4.1.9, the surfaces can be made
disjoint while still realising their adjacencies, and it can be shown that the boundaries of
the surfaces occur in order around OM;. For i = 0,...,m, thicken the Seifert surface A; to
a product region A; x [0, a;], and view this as a ‘continuum of surfaces’.

Do the same for the Seifert surfaces By,..., B, in Ms. Glue the thickened surfaces to
give thickened Seifert surfaces for L in M. In doing so, instead of aligning Ag x {0} with
By x {0}, introduce a shift of length 7z (z). This creates a finite set of vertices of MS(L),
each with a weight given by its thickness. Applying Lemma 4.5.1 shows that these vertices

span a simplex.

4.7 Incompressible surfaces

In addition to MS(L), Kakimizu defined a larger complex IS(L), which records all incom-

pressible Seifert surfaces for L rather than just taut ones.

Definition 4.7.1 (see [19], [31]). Let L be a link, and let M = S3\ N'(L). Define IS(L)
of L to be the following flag simplicial complex. Its vertices are ambient isotopy classes of
incompressible Seifert surfaces for L. T'wo vertices span an edge if they have representatives
R, R’ such that a lift of M \ R’ to the infinite cyclic cover of M intersects exactly two lifts
of M\ R.

Note that MS(L) is a subcomplex of IS(L). Proposition 1.3.8 holds for IS(L) as well as
for MS(L), and so do Propositions 4.1.4 and 4.1.6, and Lemma 4.1.5. The same is true of
Lemmas 4.2.2, 4.2.3 and 4.2.4.

Let R be an incompressible Seifert surface for L. Isotope R to have minimal intersection
with Tp. Then RNTj is a single arc. Splitting R along 1§ gives incompressible Seifert surfaces
Ry, Ry for Ly, Lo respectively.

Now consider the converse situation. That is, take incompressible Seifert surfaces Ry, Ry

for L1, Ly respectively, and join them along an arc in Ty to form a Seifert surface R for L.
Lemma 4.7.2. R is incompressible.

Proof. Suppose otherwise. Choose a compressing disc S for R that minimises its intersection

with Ty over all compressing discs for R. Then S N Ty does not include any simple closed
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curves. In addition, S is not disjoint from Tj, as otherwise it would be a compressing disc
for either R; or Ry. Let p be an arc of S N7} that is outermost in the disc Tp N (Mp \ R).
Then p cuts off a subdisc St of Tp N (Mp \ R) that is disjoint on its interior from S. It
also divides S into two discs S7 and Ss. Since |S N Tp| cannot be reduced, each of the discs
S1UST and S U St is a compressing disc for R. Furthermore, each can be isotoped to have

a smaller intersection with 7j than S does, which is a contradiction. U

Now replacing taut Seifert surfaces with incompressible Seifert surfaces in the proof of

Theorem 1.1.10 gives the following.

Theorem 4.7.3. Let L1, Lo be non-split, non-fibred, links in S3, and let L = L1#Lo. Then
|IS(L)| is homeomorphic to |IS(L1)| x |IS(L2)| x R.
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Chapter 5

Locally infinite Kakimizu
complexes

5.1 A knot with locally infinite MS

Theorem 5.1.1. Let L, be the twisted Whitehead double of the trefoil shown in Figure 5.1.
Then MS(Ly) is not locally finite.

Figure 5.1

Proof. Let R be the genus 1 Seifert surface for the knot L, shown in Figure 5.1 (note that
every Whitehead double has such a Seifert surface). We construct an infinite family of genus
1 Seifert surfaces for L, that are disjoint from R.

Let M = S}\ N(L,). Let T be the torus that bounds the trefoil knot companion of L,
such that L, lies in the solid torus bounded by 7. In addition, let M; be the part of M
outside of T" as drawn in Figure 5.2 (that is, the side away from the knot), and M the part
on the inside. Let i be a meridian of 7' C S3. There is a Mdbius band properly embedded
in M;, the boundary of which is a longitude X\ of the solid torus bounded by 7. Then A
and p are as shown in Figure 5.2. Let S; be the annulus properly embedded in M; that is
contained in the boundary of a regular neighbourhood of this Mébius band in M. Then
0851 is two copies of A, with opposite orientations. Let St be one of the two annuli into
which T is divided by 05.
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Figure 5.2

R is a plumbing of two annuli Sy and S}, in My, where Sy is parallel to Sz in S?\ int(M;).
Isotope R in M so that RNT = St, keeping OR fixed. Let Ry be the Seifert surface for L,
given by removing St from R and replacing it with S;. Then |RgNT| = 2. In addition, Ry
can be made disjoint from R.

Express a regular neighbourhood N/(T') of T' as S! x I x S!, where S* x {1} x {1} =
and {1} x {3} x S' = A, and let S be the annulus S' x I x {1}. Let ¢: S — S be a Dehn
twist. Define W: S3\ N'(L,) — S* \ N(Ly) by

T else.

U(x) = {W(y)az) if z = (y,2) € S x S! = N(T)

For n € Z let R,, = ¥™(Ry). Then, for each n, R, is a taut Seifert surface for L, that can
be made disjoint from R. It remains to show that R, # R and R, # R, for m # n when
viewed as vertices of MS(Ly).

Fix n € Z. To show that R, # R we will show that R, cannot be made disjoint from
T. In this case we may assume n = 0. First note that M is O-irreducible, Ry and T are
incompressible, and T' is obviously d—incompressible. Ry is also d—incompressible as it is
orientable, incompressible and not @ parallel and OM is a torus. M \ N(RoUT) has three
components. One of these is My \ N (Rp). This is not a product manifold between Ry and
T since Ry meets L, in My whereas T does not. The other two components lie in M;.
One is homeomorphic as a sutured manifold to that shown in Figure 5.3, and the other is
homeomorphic to its complement. Neither of these is a product manifold. By Proposition
1.4.3, R,, cannot be isotoped to be disjoint from 7.

Now fix m € Z. Again we may assume n = 0. Let Rj be a copy of Ry, isotoped to
be disjoint from Ry (except along its boundary). Then R}, = U™ (Ry) is isotopic to R,,.
Figure 5.4 shows a cross-section of N'(T) in the case m = 2, where L,; lies on the inside of
T as shown. The components of M \ (RoU R}, are of five types, as marked. Outside N (T),
those marked My ; and M;; are each part of the parallel region between Ry and Ry. It is

therefore clear that neither of My, M is a product region as they each have disconnected
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Figure 5.3

M, Mr

Figure 5.4

intersection with Ry. For the same reason, the components of the same type as Mp are not
product regions, and neither is My ,. The manifolds M; , and M{ ., are sutured manifolds
and are the same as the components of M \ (Rp UT) in M;. Hence, again by applying
Proposition 1.4.3, we see that Ry # Ryy,.

Thus MS(L) is locally infinite at R. O

Remark 5.1.2. In [18], Kakimizu constructs incompressible Seifert surfaces for a White-
head double of a knot K using two copies of a Seifert surface for K. Although expressed
differently, the above construction is very similar to that used by Kakimizu, with the two

Seifert surfaces replaced by the annulus Sj.

5.2 A restriction on links with locally infinite MS

In this section we prove Theorem 1.1.13. Our proof relies heavily on the work of Wilson in

[37], which uses normal surfaces.

Definition 5.2.1. Let S be a triangulated surface. A simple closed curve p in S is a normal
curve if it is transverse to the 1 skeleton of the triangulation and, for every triangle 7" in

the triangulation, p N T consists of arcs whose endpoints lie on different edges of 7.
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Definition 5.2.2. Let M be a triangulated 3—manifold. A surface S properly embedded
in M is a normal surface (or is in normal form) if it is transverse to the 2 skeleton of the
triangulation and, for each tetrahedron V in the triangulation, each connected component
of SNV is a disc whose boundary meets AV in one of the two patterns shown in Figure

5.5.

Figure 5.5

Each such disc may be one of 7 types (4 types of triangle, 3 types of square), where
these are defined by which edges of the 1-skeleton of V' they meet. In this way, the surface
S defines a vector in Z;%, where n is the number of tetrahedra in the triangulation of M.
Conversely, given a vector v in Z7>"0, there is at most one way to join together the set of

discs defined by v to form a normal surface properly embedded in M, up to isotopy.

Definition 5.2.3. Let S and S’ be normal surfaces in M with corresponding vectors v and
v’ respectively in Z;T(L). If there exists a properly embedded normal surface corresponding
to the vector v + v’ then this surface is the Haken sum of S and S’, denoted S + S’.

The surface S + S’ can be constructed from S and S’ by a ‘cut-and-paste’ operation
in M as follows. We may assume that S and S’ are in general position. Let p be a curve
of SN S’. Change the surface S U S’ in N (p) as follows. Delete a neighbourhood of p in
each of S and S’. Replace these two annuli with two new annuli joining the newly created
boundary components so that the resulting surface is embedded in N'(p). There are two
possible positions for these two new annuli, up to isotopy, corresponding to the choices of
pairings of the new boundary components. The choice between these two positions is made
using the positions of S and S’ in the triangulation of M. Repeating this process for each

curve of SN S’ gives the embedded surface S + S”.

Definition 5.2.4. Given normal surfaces S,S571, Sy with § = S7 + So, say that S; and S
are in reduced form if they have been isotoped to minimise |S7 N Ss| while maintaining the

equation S = S; + Ss.
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Definition 5.2.5. Let S be a normal surface. Its weight is the number of times it meets
the 1 skeleton of the triangulation. Call S minimal if it has minimal weight among normal

surfaces isotopic to S by an isotopy fixing 0.

Lemma 5.2.6 ([16] Lemma 2.1). Let S be a minimal normal surface in a closed, irreducible
3-manifold M. If S is incompressible and S = S1 + Sy is in reduced form then each

component of Sy \ (S1 N S2) is incompressible and is not a disc.

Definition 5.2.7. A compact surface S embedded in S® with no closed components is a

spanning surface for an unoriented link L if 95 = L.
In [37], Wilson states the following.

Theorem 5.2.8 ([37] Main Theorem 1.1). Let K be a non-trivial knot, and let M =
S3\N(K). Then there is a finite set {R1,..., Ry} of incompressible Seifert surfaces for K
and a finite set {S1,...,Sn} of closed surfaces in M that are not boundary parallel such that
any incompressible Seifert surface R is isotopic to a Haken sum R = R;+a151+ -+ a,Sh,

where ay,...,a, are non-negative integers.

The surfaces Ry,..., R,, that arise from Wilson’s proof are spanning surfaces for K.
However, he does not consider the orientability of these surfaces, which is necessary to
conclude, as he does, that they are in fact Seifert surfaces. In fact it is possible to require

these surfaces to be orientable, as shown by the following two lemmas.

Lemma 5.2.9. Let A C Z%,. Then there is a finite set B C A such that any vector in A

can be obtained from some vector in B by increasing some coordinates.

Proof. We proceed by induction on the dimension n.

First suppose each vector has only one coordinate (that is, suppose n = 1). In this case,
take B to be the single smallest element.

Now suppose we can find a suitable subset B of A whenever we are working in a space
of dimension at most k, and let A C Z?&l. Choose an element a = (ay,...,ar4+1) of A. For
1<i<k+4+1land 0<j <a;let A;ij = {(vi,...,vk+1) € A : v; = j}. BEach set A4;; has
dimension at most £ and so by the inductive hypothesis has a finite subset B; ; with the
given property. Let B = {a} UJ B; ;. Then B is finite.

Let v = (v1,...,v541) € A. Ifv; > a; whenever 1 < i < k+1 then v can be obtained from
a by increasing some coordinates. Else v; < a; for some | < k4 1. Then v € A;,,, so there
exists b € By ,, such that v can be obtained from b by increasing some coordinates other than

coordinate [. Therefore B has the required property, and the induction is complete. ]
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Lemma 5.2.10. Let the surfaces R; and S; be as in Theorem 5.2.8, except that the R; are
not necessarily orientable. Then there exists a finite set {R},..., R .} of incompressible
Seifert surfaces for K such that any incompressible Seifert surface for K can be expressed

as R; +a1S1+ -+ anSy, where ay,...,a, are non-negative integers.

Proof. For each incompressible Seifert surface R for K, choose an expression R = R; +
a1S1 + -+ + apSy. Let vy be the vector (i,a1,...,ay). Let A C Zggl be the set of all such
vectors. For 1 < i < n let A; be the set of elements of A with i as the first coordinate. By
Lemma 5.2.9 there is a finite subset B; of A; such that any element in A; can be obtained
from some element of B; by increasing some coordinates other than the first. Let B = | B;.

Then B is finite. Take R},..., R, , to be be the surfaces defined by the elements of B. [

It is also worth noting the nature of the isotopy referred to in Theorem 5.2.8. In his
proof, Wilson isotopes the chosen Seifert surface R into normal form based on the following

lemma.

Lemma 5.2.11 ([37] Lemma 3.3). Let K be a knot, let M = S* \ N(K) and let R be an
incompressible Seifert surface for K in M. Suppose that M is triangulated, and OR meets
each triangle of the triangulation in at most one normal arc. Then R can be put into normal

form by an isotopy firing OR.

The proof of this lemma gives the stronger conclusion that the isotopy puts the surface
into minimal normal form. This is important because minimality is a key hypothesis of [16]
Theorem 2.2, which is used in the proof of Theorem 5.2.8.

Aside from these points, Wilson’s proof is actually stronger than the statement of The-
orem 5.2.8 suggests. In particular, by following the proof with M as the complement of a

taut Seifert surface for a link, it gives the following.

Theorem 5.2.12. Let L be an oriented link such that every taut Seifert surface for L
is connected. Let R be a taut Seifert surface for L, let M = S\ N(R), and fiz a set
P1,---,px of core curves of the annuli OM N ON (L), one for each link component. There
is a triangulation of M such that every Seifert surface R’ for L disjoint from R can be put
into mormal form with OR' = Ule Di-

Furthermore, there is a finite set {Ry, ..., Ry} of surfaces in M with non-empty bound-
ary contained in Ule pi, and a finite set {S1,...,Sn} of closed surfaces in M, such that
all these surfaces are incompressible and in normal form, and the following holds. Any
taut Seifert surface R’ for L in M with OR' = Ule pi and in minimal normal form can be

expressed as a1 Ry + -+ + ap Ry, + 0151 + -+ + 0,5, for some a;,b; € Z>p.
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If L has more than one component, it is possible that, for a given j < m, OR; is a
strict subset of Ule pi- However, only finitely many combinations of Ry,..., R, will yield
the correct boundary. Hence we may assume that OR; = Ule pi- Then y " a; = 1. In

addition, by Lemma 5.2.10 we may assume that R; is orientable.

We will also need the following proposition in the proof of Theorem 1.1.13.

Proposition 5.2.13 ([6] 15.26). Let K be a knot, and let M = S3\ N'(K). Suppose there
is an annulus S properly embedded in M that is not O—parallel. If neither component of S

bounds a disc in OM then K is a torus knot, a cable knot, or a connected sum.

Theorem 1.1.13. Let L be an oriented link such that every taut Seifert surface for L is
connected. If MS(L) is locally infinite then L is a satellite of either a torus knot, a cable

knot or a connected sum, with winding number 0.

Proof. Let R be a taut Seifert surface for L such that MS(L) is locally infinite at R. That
is, there are infinitely many taut Seifert surfaces for L that can be made disjoint from R.
Let M =S?\ N(R), and fix a set py, ..., py of core curves of the annuli 9M N AN (L), one
for each link component. Then Theorem 5.2.12 applies. In addition, it is clear that none of
the R; is a disc and that, since R is connected, M is irreducible.

By discarding surfaces if necessary, we may ensure that, for any j < n, the sets
{Ri,..., Ry} and {S1,...,5,} \ {S;} do not satisfy the conclusions of Theorem 5.2.12.
We may also assume that S; has minimal genus among the S;. Let R’ be a taut Seifert
surface in minimal normal form such that R’ = Ry + .51 + -+ - + b,.S, with by > 0, and set
T =251. Let R~ =Ry + (by —1)S1 + b2S2 + -+ - + b,S;,, so that R = R~ 4+ T', and isotope
R~ and T into reduced form. Since the isotopy keeps OR’ fixed and T is closed, this will
leave R~ unchanged. Then, by Lemma 5.2.6, no curve of R~ NT bounds a disc in either
R~ or T. Note that although Lemma 5.2.6 is proved in [16] only for closed surfaces, the
same proof works in this case because T is closed.

Suppose that 7" is a 2 sphere. Then, after the isotopy, it must be disjoint from R~.
This contradicts that R’ is connected. Since there are infinitely many taut Seifert surfaces
in minimal normal form in M, it follows that T is a torus.

Let My be the component of M \ N (T) containing M, and M; the other component.
The orientation that R’ inherits from L induces an orientation on each component of R'N M,
and hence on each curve of R~ NT. Let p be a curve on T that meets each curve of R~ NT
once. Because T is disjoint from R, the algebraic intersection p - R of p and R is 0. As
[R'] = [R] in Hy(S* \ N(L),0N (L)), this gives that p- R’ =0, and so p- (R" NT) =0 on

T. Therefore half the curves of R~ N1 are oriented in one direction, and half are oriented
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in the other direction. In particular, |R~ N T is even. Find adjacent curves with opposite
orientations, and surger R~ along the subannulus of T' between them. Repeating this to
remove all curves of R~ NT gives a new Seifert surface R” for L, together with a closed,
possibly disconnected, surface S”. Note that R” C My and S” is orientable. As R’ is taut,
X(R) > x(R") = x(R7) — x(8") = x(R") — x(T') — x(5"), so x(S") > 0. The components
of (R-UT)\ (R~ NT) from which S” is constructed each have boundary, and none of them
is a disc. Therefore each of these components is an annulus, and in particular this includes
every component of R~ N M;.

Let S be one such annulus in M7, and suppose it is parallel to a subannulus St of 1. If
there are other curves of R~ NT in St, they must also bound annuli parallel to T'. Hence we
may assume R~ Nint(S7) = 0. At each of the two boundary curves of Sr, the cut-and-paste

operation that creates R’ from R~ and T might go one of two ways (see Figure 5.6). If

~

N

DI

or

Figure 5.6

both join together S and St then this creates a torus component of R, contradicting that
R’ is connected. If both go the other way, we see that an isotopy of R~ and T' could reduce
R~ NT without changing R’, contradicting the choice of R~ and T'. If only one joins the
two annuli, an isotopy along the product region reduces the weight of R/, again giving a
contradiction.

Thus S is not d-parallel in M;. Note that the part of S3\ AN(T') containing L is a solid
torus V. Let K be the core curve of V. Since R C V and T is incompressible, L is a
satellite of K with winding number 0. Because S is not parallel to 7', the knot K satisfies
the hypotheses of Proposition 5.2.13. O

Remark 5.2.14. In [14], Gustafson gives an example of a hyperbolic knot K with incom-

pressible Seifert surfaces of arbitrarily high genus. By inspection, each of these is disjoint
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from a single taut Seifert surface for K. Therefore IS(K) is locally infinite, contrasting with

Theorem 1.1.13.

5.3 Other examples

Theorem 1.1.13 raises the question of whether each of the three possibilities given can occur.
Theorem 5.1.1 shows that K can be a torus knot, and clearly the same construction will
work for a cable knot. We now give an example where K is a connected sum of two trefoil

knots.

Lemma 5.3.1. Let L, be the knot shown in Figure 5.7. Then MS(L,) is locally infinite.

Proof. The proof is essentially that of Proposition 5.1.1, where R, is the genus 1 surface
shown in Figure 5.7 and S; is the annulus dividing the two trefoil components of the

connected sum, as shown in Figure 5.8. In this case, the two components of M \ N (RyUT)

[ |

|8 J/ |8 J

Figure 5.8

in M are each a sutured manifold homeomorphic to the complement of a trefoil in S, with

two sutures that are meridians of the trefoil. This is not a product sutured manifold. [

We now give a final example to show that in Theorem 1.1.13 it is necessary to include

the assumption that every taut Seifert surface for L is connected.
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Proposition 5.3.2. Let L¢ be the three component link shown in Figure 5.9. Then MS(Lg¢)

s not locally finite.

= Il = |

-

\ftf/

Figure 5.9

Proof. The construction in this case is again very similar to that in Proposition 5.1.1, and
we will use the same notation. Let M = S3\ N'(L¢). Each of the three components L ; of
L¢ has a genus 1 Seifert surface R¢; given by applying Seifert’s algorithm to the diagram
shown. These together form a Seifert surface for L¢ in the obvious way. Call this surface

Re. Let T be the torus shown in Figure 5.10 separating L¢o from L¢y U Leo. Set the

Figure 5.10

component of M \ N(T') containing L¢ o as My, and the component containing L¢; and
L¢ o as My. Take S1 to be the annulus properly embedded in M; that runs between Lg¢ ;
and L¢ 2. Then the subannulus St of 1" is parallel in My to the annulus Sy on R¢( shown

in Figure 5.10.

120



The same proof as above gives an infinite family of distinct Seifert surfaces R, for Lg¢
disjoint from R¢. The only difference this far is in considering the components of M \N (RoU
T') in M;. In this case these are not product sutured manifolds as they have disconnected
intersection with Rg.

It remains to show that R is taut. For n € Z, this will show that R, is also taut
since x(R,) = x(R¢). It is sufficient to show that L¢ has a taut Seifert surface with three
connected components. We can see that this is the case using some of the methods from
the proof of Theorem 1.1.13. Let R’ be a taut Seifert surface for L¢. Isotope R’ to have
minimal intersection with the torus 7. Then R’ NT consists of parallel essential curves on
T, and no component of R'\T is a disc. As R is disjoint from 7" and [R'] = [Ry¢], half of the
curves in R’ NT are oriented in one direction and the other half are oriented in the other
direction. We may therefore surger R’ along subannuli of T' to give a new Seifert surface
R" for L¢ that is disjoint from 7', together with a closed, possibly disconnected, possibly
empty, surface S”. As in the proof of Theorem 1.1.13, x(S”) > 0. We therefore see that
Xx(S”) = 0. Hence R" is also taut. This process can be repeated using the torus Sp U Sy, to

give a taut Seifert surface R"” for L¢ with three connected components. O
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