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Bioreactor scaffolds must be designed to facilitate adequate nutrient delivery to the growing tissue they support.
For perfusion bioreactors, the dominant transport process is determined by the scale of fluid velocity relative to
diffusion and the geometry of the scaffold. In this paper, models of nutrient transport in a fibrous bioreactor scaffold
are developed using homogenisation via multiscale asymptotics. The scaffold is modelled as an ensemble of aligned
strings surrounded by viscous, slowly flowing fluid. Multiple scales analysis is carried out for various parameter
regimes which give rise to macroscale transport models that incorporate the effects of advection, reaction and
diffusion. Multiple scales in both space and time are employed when macroscale advection balances macroscale
diffusion. The microscale model is solved to obtain the effective diffusion coefficient and simple solutions to the
macroscale problem are presented for each regime.

1. Introduction

Tissue engineering aims to grow functional tissue in vitro [30]. Cells are typically grown in a bioreactor
reactor chamber which monitors and controls the thermal, mechanical and biochemical environment
of the cells. For three-dimensional constructs, a scaffold provides support for the growing tissue which
generally aims to mimic the function of the extracellular matrix in the target tissue [19]. In vivo, the
extracellular matrix acts to provide mechanical support to the tissue, as well as regulate cellular activity
via mechanical and biochemical cues. Scaffolds are designed to mirror the mechanical properties of
native tissue, with surface properties that facilitate cell adhesion, and can be supplemented with chemical
agents that further support cell growth, for example the inclusion of growth or signalling factors [6]. The
scaffold geometry must facilitate mass transport of nutrients and metabolite to cells throughout the tissue
construct to avoid a necrotic core associated with insufficient oxygen supply [21]. While purely diffusive
transport may be sufficient for constructs of up to ~ 100um in depth, it becomes inadequate for larger
constructs, driving the development of porous scaffolds which facilitate advective transport by allowing
perfusion of fluid throughout the scaffold [25]. Mathematical modelling can provide insight into the
distribution of metabolites within a bioreactor scaffold, linking the dominant transport processes with
the experimental operating parameters and the scaffold geometry.

The modelling we will present in this paper is motivated by a fibrous scaffold developed for a
humanoid robotic bioreactor with a tendon tissue engineering application [22]. This scaffold, shown
in figure lc, consists of 200 fibres attached at each end to a flexible outer casing. The dimensions of
the bioreactor and its components are listed in the appendix, table A3. Each filament is manufactured
from a biodegradable polymer (polycaprolactone) using electrospinning, and so the scaffold also has a
fibrous microstructure. The open pore structure is designed to mimic collagen fibril structures in native
tendon and to facilitate perfusion throughout the scaffold.

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative

Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution and reproduction, . ‘

provided the original article is properly cited. — "or
https://doi.org/10.1017/50956792525000129 Published online by Cambridge University Press updates


https://doi.org/10.1017/S0956792525000129
https://orcid.org/0000-0001-5905-962X
https://orcid.org/0000-0003-3347-6024
mailto:jon.chapman@maths.ox.ac.uk
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0956792525000129&domain=pdf
https://doi.org/10.1017/S0956792525000129

340 A. Kent et al.

Outlet

‘Fibruus
scaffold

Inlet

Figure 1. a. Humanoid robotic bioreactor described in [22]. An additively manufactured shoulder joint
is actuated by string ‘muscles’ to provide mechanical forcing to the bioreactor chamber which is placed
in the position of the rotator cuff tendon. b. Bioreactor scaffold shown inside the bioreactor chamber.
¢. Micro CT image of fibre bundles that constitute the scaffold. Images are with thanks to Pierre-Alexis
Mouthuy.

Mathematical modelling has been applied previously to nutrient transport in various bioreactor sys-
tems. For uniformly porous bioreactor scaffolds, Darcy’s law is often used to describe the fluid flow
which relates pressure gradients across the bioreactor scaffold to the fluid velocity, see for example [24,
33, 35]. The fluid flow influences transport via the fluid velocity in the advection-diffusion-reaction
equation which governs nutrient concentration. The coupling can become two-way when the effects of
cell proliferation are taken into account; in [31] for example, the scaffold permeability changes with cell
number, which has a growth rate related to fluid shear stress and nutrient concentration, meaning that the
fluid and nutrient problems are fully coupled. The permeability in effective continuum equations such
as Darcy’s law must be specified, normally via empirical measurements. An alternative approach which
calculates the scaffold permeability during the derivation of a macroscale model is homogenisation via
multiscale asymptotics, which has been applied to modelling transport processes when growing tissue
in vitro [23].

Beyond bioreactor systems, homogenisation via multiscale asymptotics has been applied to many
problems involving transport in porous media, for example in modelling filtration, biofilm formation
and drug transport [9, 29, 32]. The homogenisation method relies on the separation of lengthscales
characterising the typical dimension of the whole material L, and the pore scale §L, where § < 1. The
standard method considers materials with an exactly periodic microstructure and introduces multiple
scales expansions for the dependent variables [1, 32]. The analysis results in a macroscale problem
which gives an effective model for the composite, which may be coupled to a microscale problem which
describes transport processes on the pore scale.

The standard method can be extended to treat materials with a microstructure which is slowly varying
or time dependent [10]. Slow variation in the microstructure can give rise to a different macroscale
model, for example porosity gradients in materials not subject to flow result in an advection-type term
in the diffusion equation which biases transport towards regions of high porosity [4]. Changes in filter
blocking behaviour result when the microstructure slowly varies, with adsorption modelled using Robin
boundary conditions at the filter boundary [9]. Homogenised models of tissue growth have considered
spatiotemporal evolution of the microstructure. In [23], surface growth of biological tissue was modelled
in a similar manner to phase change, specifying a growth rate that depended on the local concentration.
Homogenised models including surface accretion have also been applied to avascular tumour growth and
the response to chemotherapy [8]. More complex features of tissue growth such as cell-cell interaction
can be accounted for in a multiphase model which allows mass transfer between phases [12, 13]. For
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the papers referenced above, where the microstructure has a fixed unit cell size, the microstructural
evolution can be modelled using a function with level sets defining the microscale boundaries. To treat
more general microstructural variation, such as volumetric growth, a mapping can be used from the
current configuration to an exactly periodic reference configuration, see for example [7, 26, 28].

To make progress analysing the problem with volumetric growth, the timescale characterising growth
was assumed to be much slower than that characterising the deformation [7]. Analysis of problems that
have multiple spatial and temporal scales has been conducted for applications in reactive decontami-
nation [20], modelling thermal dissipation in an elastic-viscoelastic composite [3], wave propogation
in heterogeneous media [5] and transport in rigid porous media [1]. Typically periodicity in the fast
timescale is assumed, which may be motivated by oscillatory boundary conditions, providing an extra
condition to close the problem. An average is then taken over the fast timescale to obtain a problem
which describes evolution of the system on the slow spatial and temporal scales.

For advection, diffusion and absorption processes in porous media, several characteristic timescales
exist. The timescales in balance reflect the dominant modes of transport on both the microscale and
macroscale, thereby dictating the form of the effective model via the size of dimensionless parameters
in the problem. The analysis of the effective models of transport that arise in rigid porous media is
given in [1]. In this paper, we obtain a homogenised model of nutrient transport for various parameter
regimes in a fibrous scaffold where the fibres move in response to the flow. The scaffold is modelled
as a bundle of aligned strings saturated with viscous, incompressible fluid. We consider fluid-string
interaction which gives rise to a slowly varying microstructure. For this work, we consider the early
stages of bioreactor operation where the cell volume is negligible compared with the scaffold volume,
focusing on modelling the simpler case of a fluid-saturated fibrous scaffold in the absence of tissue
growth. Multiple temporal scales are required to treat the regime where macroscale diffusion balances
macroscale advection, that is when the global Péclet number Pe = O(1), when flow is driven by time-
harmonic string motion. The microscale problem is solved to obtain the anisotropic effective diffusion
coeflicient and analytical solutions to the model are presented in each regime to illustrate the role of
parameters present in the macroscale problem.

2. Review of the fluid-structure problem

In this section, we review the methodology presented in [16] for the derivation of a reduced model
for fluid-string interaction within the bioreactor scaffold, presenting the equations at each order which
are relevant for the nutrient transport problem. A summary of symbols and their definitions is given in
Tables Al and A2 in appendix A.

We consider a fibrous scaffold which consists of a fluid region €2; surrounding N strings with radius
b, the ith string occupying the region Q' for i=1,- - - , N. We assume that the strings have a reference
configuration aligned with the z-axis as illustrated in figure 2, with endpoints x}, that lay on a square,
periodic array (figure 2b). The separation between adjacent strings / is much less than the characteristic
dimension of the chamber L. Thus, the ratio of these two lengthscales § =1/L < 1 provides a small
parameter which underpins the multiscale approach. We take the chamber enclosing the scaffold to be
arigid cylinder of length L and radius R with curved, outer boundary 9€2, (see figure 2.a), although the
effective models of the fibrous scaffold and transport within it that we obtain may be incorporated into
different chamber geometries.

We model the cell media as a slowly flowing, viscous, incompressible, Newtonian fluid with pressure
p, velocity u and dynamic viscosity u, governed by the Stokes equations

—8°Vu+vVp=0, 2.1
V-u=0, (2.2)
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Figure 2. Schematic of the model geometry. a. The bioreactor is modelled as a cylinder with length L
and radius R. Strings are represented in grey and blue represents fluid. The origin of Cartesian coordi-
nates (x,y, z) is chosen to be centre of the cylinder base. The fluid domain of the bioreactor is denoted
2 and the exterior curved boundary is denoted 9$2,. b. A cross-section of the bioreactor. Strings are
assumed to have equilibrium positions which lie on a square lattice with spacing I. c. The unit cell which
constitutes the lattice. The strings have radius b and displacement from equilibrium s. The domain of
the string cross-section is denoted D, its boundary is D, and the outward normal is it,. Dimensional
scales of these parameters for the humanoid robotic bioreactor are listed in the appendix, table A3.

where u = (u,v,w) is the dimensionless fluid velocity and p the dimensionless fluid pressure.
Throughout this section we work with dimensionless quantities, nondimensionalised according to the
scales listed in the appendix A. The same scales will be listed in (4.1) where they are used to nondimen-
sionalise the nutrient transport problem. We balance hydrodynamic stress and the restoring force due to
the string tension, which gives

82 i
/ o - hdl+ — =0, 2.3)
aDi 0z

for the ith string where D! is the domain of the string cross-section in the transverse plane, which we
assume to be a disk' centred at x} + s'. Here o, represents the transverse components of the fluid stress
tensor, that is o, ; = —pd;;/ 8%+ ou; + du; for i, j =1, 2, the outward-facing normal to the string bound-
ary is denoted 7, and s’ = (s', s;) is the transverse displacement of the string centreline. Further details
as to the assumptions underpinning the derivation of (2.3) are given in appendix B. We introduce a
continuum function s defined within the region of all strings such that s = s' within D’; s will vary from
string to string, but will be constant on each string cross-section. Thus

Vis=0 in D/, (2.4)

where V| = (d,, 9,).
A no-slip condition is imposed at the fluid-string boundaries 9D/, that is

v=— and w=0 on 0D, (2.5)

where we have decomposed the fluid velocity into transverse and axial components as u =v + we..

UIn reality the cross-section will be slightly elliptical as the strings bend, with an eccentricity O(8). However, such small
perturbation of the cross-section do not affect the leading-order equations [17], and it overcomplicates the analysis to include
them.
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2.1. Multiple scales analysis

We introduce a slow scale x, which gives the variation across the whole scaffold, and a fast scale X =
(x,y)/8, which describes the variation on the scale of separation between adjacent strings. Treating
the slow and fast scales independently, the transverse gradient transforms into multiple scales form
as V., — §7'Vy 4+ V,, where Vy = (dx, dy) and V, = (d,, d,) denote the gradient with respect to fast
and slow coordinates respectively. We require only slow z-coordinates as the tangents to the strings
are approximately in the z-direction; any fast variation in the microstructure occurs in the transverse
directions. We pose multiple-scales expansions for the fluid pressure, velocity and string displacement
in the form

p=pox.X)+p (x,X) + O(8*) etc. (2.6)

Substituting these expansions into the multiple scales form of (2.1)-(2.5), and comparing coefficients
at each order of 8, we find at leading order that

VXPO =0 in Df, (27)

Vx' Vo= 0 in Df, (28)

va() == O in DSO’ (2.9)

f poftdly =0, (2.10)

Dy,

as

Vo = a—t" on dD,, (2.11)

wo=0 on 09D, (2.12)

where Dy is the fluid region, 7 is the normal to the boundary of the leading-order string cross-section
0D, dly is the line element in fast coordinates, and we have used the decomposed fluid velocity defined
after equation (2.5). Thus, we have the leading-order pressure and string displacement independent of
the fast scale. At next order, we find

—Vivo+ Vpo+ Vypi =0 in Dy, (2.13)
9
— V2w, + % =0 in Dj (2.14)
Z
BWO .
Vv + V- vy + 5 =0 in D, (2.15)
Z
szO + sz| == O in DS’ (2.16)
o . a%s,
/ [—pil + Vo + (Viwo) - fidly — | X Vipy- hdlx + — =0, (2.17)
aD, aD, 812
) S0
a8,
v, = i (51 +X:V,is0)- Vyvy  on 9Dy, (2.18)
wi=0 on aD,, (2.19)

where I, =diag(l, 1). Integrating (2.16), we find an expression for §; which will prove useful in
homogenisation of the nutrient transport problem, namely s; = —X - V,s, + d,, where d, is a function
independent of the fast scale. The solution of (2.8), (2.13), (2.14) and boundary conditions (2.11)—
(2.12) for u, and p, comprises microscale cell-functions modulated by macroscale pressure gradients.
The microscale problems characterise the microscale shear stress and, when averaged, the permeability
of the effective material.
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2.2. Homogenised fluid-structure problem

After averaging (2.15) and the form for u, (from the microscale analysis) over the unit cell, we obtain
the following equations governing fluid flow in the scaffold

V- (up) =0, (2.20)
as
(vo) =—K, Vip+ a (2.21)
3
(wo) = —1 22, 222)
Z
d°s
~V.ipo+ — =0, (2.23)
072

where K, is the transverse scaffold permeability and «; is the axial permeability. The permeabilities are
obtained by averaging the solutions to microscale problems, that is

1 1
KJ_ = — / IIJJ_dSX and Ky = — \D33dSX (224)
g by
where W, is a2 x 2 tensor satisfying
ViV, +Vy®+1=0 in D, (2.25)
Vx' \IJL = 0 in D/, (2.26)
W, and ® periodicand ¥, =0 on 9dD,,. (2.27)
and ;5 is a scalar function which satisfies
V)z(\p:g = l in Df, (228)
Vi3 =0 on dD;, (2.29)
W, periodic. (2.30)

Note that we have written the flow problem in terms of the intrinsic (phase-averaged) velocity (u,). More
common is to use the superficial or Darcy velocity

1
UZ—/ uodSX
|D| Dy

where D = D, U D, is the whole unit cell (so |D| = 1 in our case). These are related by U = ¢, (u,). Since
¢, is constant in our case, the difference is a simple scale factor (which appears in the permeabilities
(2.24)—using the Darcy velocity the factors of ¢ would not be present in the denominators). In cases
where ¢; varies with position the difference is more significant.

Equations (2.20)—(2.23) are supplemented with boundary conditions specifying the fluid flux or pres-
sure and string displacements at z =0, 1. We specify no fluid flux through the curved boundary of the
chamber

u-n=0 on 9%, (2.31)
reflecting the assumption of impermeable outer walls; this translates to () -2 =0 on 9%2,. Having

outlined the nature of the multiple scales analysis of the fluid-string problem, we are now well placed to
begin the derivation of the homogenised model governing transport processes in the same domain.
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3. Transport model setup
Nutrients and metabolites with concentration ¢ can diffuse and advect through the cell media according
to the advection-diffusion equation
ac
ot

where D is the diffusion of the nutrient in the cell media. We assume that there is no flow of nutrient
through the outer wall of the chamber, which implies that

i-Ve=0 on 9%, (3.2)

+u-Ve=DVc in €, 3.1

where 7 is the outward-facing normal to the outward surface of the domain and we have used the con-
dition of no fluid flux on €2, (see equation (2.31)). We assume that cells fixed on the string boundaries
uptake nutrient at a rate A per unit area,

0 _
A, - <<u — 8—j> c— DVc) — A on aQ,, (3.3)

where 7, is the outward-facing normal to the string surface 9€2,, and we have used the fluid velocity
relative to the boundary in specification of the nutrient flux. Using the no-slip conditions (equation
(2.5)) at the string surface, (3.3) reduces to

i,- (DVe)=A on 9%, (3.4)
A known concentration of the nutrient enters the chamber at the inlet
c=c, at z=0, 3.5)
where ¢;, = ¢;,(x,y) is given for (x,y) € ©; N {z=0}. We make the assumption of zero diffusive flux at
the outflow
ad
o0 at z=L (3.6)
0z
for (x,y) € Q; N {z=L}. We also prescribe the initial nutrient concentration, imposing
c=¢ at t=0 in Q. 3.7

4. Nondimensionalisation

We nondimensionalise (3.1)—(3.7) using the following scales
A A A A n A A SL.,
C = CjyC, (x» Yy, Z) = L(.X, Yy, Z); (M, v, W) = U(uv u, W)? = ?t’ (41)
where hats denote nondimensional quantities, L is the characteristic scaffold dimension and U = §T /L
is the characteristic fluid velocity for a given string tension 7 and fluid dynamic viscosity w. We have
chosen to nondimensionalise on the same timescale as the fluid-string problem, namely the timescale
for microscale advection.
After dropping hats, the nondimensionalised advection-diffusion equation (3.1) becomes
oc +dou-V ) V¢ in Q 4.2)
— +d6u-Ve=—Vc in , .
at Pe 4
where Pe=UL/D is the Péclet number which characterises the relative strength of advection to
diffusion. The no-flux condition (3.2) in dimensionless form is
n-Ve=0 on 0%, 4.3)

and the uptake condition becomes

1 )
—in,-Ve=Da on 92, 4.4)
Pe
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Table 1. Problem timescales. U is the fluid veloc-
ity scale, L the characteristic macroscale length-
scale, A is rate of uptake and 8 the ratio between
microscale and macroscale lengthscales

Physical Process Timescale
Microscale advection 1= %
Microscale diffusion th = %
Macroscale diffusion ty= %2
Macroscale advection t,= %
Uptake t,= L+Z

Table 2. Summary of the regimes considered in this paper

Pe Da Section Macroscale model

0(5) o) 5.1 Diffusion-reaction
0(6) o(1/6) 5.2 Uptake

o) 0(5) 5.3 Advection-diffusion-reaction
o(/6) 0(5) 5.4 Advection-reaction

where Da = A/ Uc,, is the Damkdhler number, which gives the relative strength of uptake to advection.
The condition on concentration at the inflow (3.5) becomes

c=1 at z=0 V(x,y) e nN{z=0} 4.5)
and the outflow condition (3.6) becomes

0

a—czo at z=1 Y,y e N{z=1]. (4.6)

z

Finally, we have the initial condition
c=cy at t=0 V(x,y) e Q. “@.7

Advection, diffusion and reaction processes in porous media are characterised by timescales sum-
marised in table 1. The timescales give the characteristic time to travel an order one distance on either
the macroscale or microscale by the transport process listed, for example ?,, the timescale of macroscale
diffusion is the time taken to diffuse an order 1 distance on the macroscale. Modifying the Péclet number
of the system, for example by modifying the velocity scale, alters the physical processes (or timescales)
which are in balance. In sections 5.1 — 5.4, we consider the different macroscale models that arise for
Péclet numbers of different magnitudes, as summarised in table 2.

5. Homogenisation

In this section, we derive effective models for nutrient transport within the fluid-string composite using
homogenisation via multiscale asymptotics. We introduce a slow scale x and a fast scale X as defined in
section 2.1. We assume these scales are independent so that derivatives transform as V — §~'Vy + V,.
In multiple scales form (4.2) becomes

ac

1
o +u-(ch+5ch)=@ (Vyc+ 28V, - Vyc+ 8°Vic). (3.1
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To write the uptake condition at the string surface (4.4) in multiple scales form, we must expand the
normal in multiple scales form addition to transforming the derivatives using the chain rule, i.e.

1
(%+wm+~~y(5Ww+vW)=Da (52

To derive the normal expansion and identify the form of the governing equations at each order, we
introduce multiple scales expansion for the concentration, string displacement and fluid velocity,

CNCO(x’X9t)+(SCl(x9X’t)+'" ) (5'3)
SNSO(xvt)+8sl(x7X’t)+'.' s (5'4)
uNuU(x7X’t)+8ul(x’X,t)+'" > (5.5)

as § — 0. As in [16], we introduce a function & with level sets that define the leading-order position of
the string boundary 9D,

h=|X —X,—so| — B, (5.6)

where X, is the equilibrium position of the string and B is the string radius in fast coordinates. Formally,
we should define & to include the whole expansion of s, expand £ in § and then expand all of the
governing equations about the leading-order domain. In the appendix of [17], it is shown that the
homogenised problem is unchanged by O(8) perturbations to the domain and thus we should recover the
same homogenised model using (5.6). The outward, unit normal to the leading-order string boundary is
given by the gradient of the level set function defining the boundary, namely

Vxh + 8V, h
|Vxh + 8V, h|
Note that when the geometry of the unit cell varies with macroscale position it is crucial to expand
the normal in powers of §, whether the boundary is defined parametrically or implicitly using a level
set function. Many authors fail to make this expansion, which can result in the incorrect homogenised

equations. For a more thorough discussion of this point see [17].
We can use (5.4) and (5.6) to calculate the expansion coefficients explicitly, which gives

n= =R, + i, + O(8%). (5.7)

A X—-Xy—50
= 5.8
"X =X, — sl c9
and
R 1. R 1 r R
n, = —E("o - ViSo + Vs - 1) = _E((sz()) + V.$8o) - . (5.9

Having established the first two terms in the expansion of the normal to the leading-order boundary,
we write (4.4) in multiple-scales form by expanding the concentration gradient about this position and
transforming the gradient operators into multiple-scales form. We expand in both the slow and fast
variables about a fixed slow position on the leading-order position of the string boundary, (£, X” + s,),
for example,

Vyco® +8X, X" +sox +8X) + 85, &+ 38X, X)+...)
= cho + 8X - VxVXCO + 6(5'1 +X . VXSO) . VXVXCO + 0(82) (510)

This expansion is required as the leading-order position of the string varies with the slow position. If we
did not include this expansion, instead taking the standard approach where the slow scale is assumed to
be fixed throughout a given unit cell, we would miss terms at O(8%) which account for the changes in flux
as we move around the string boundary. The normal expansion (5.7) can then be combined with (5.9)
to write (4.4) in multiple-scales form. The full expansion of (4.4) is given in appendix C, which greatly
simplifies due to the fast-scale independence of the concentration at leading order in the multiple scales
analysis.
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We postpone a discussion of boundary and initial conditions required for the macroscale problem
until the form of the effective model has been identified. In sections 5.1-5.2, we conduct multiple scales
analysis for the parameter combinations listed in table 2, identifying the form of the effective model in
each case.

5.1. Diffusion-reaction

In this section, we look to homogenise (4.2) and (4.4) in the limit of strong diffusion. We introduce the
reduced Péclet number Pe = Pe /8, which we assume to be of order unity in this section.
Substituting (5.3)—(5.5) into (5.1) and (C.2), we obtain the following at leading order
Vico=0 in Dy, (5.11)
ﬁ() . VXCO =0 on 8DSO, (512)
with ¢, 1-periodic in X. Here dD,, denotes the boundary to the leading-order string position and D;
the corresponding fluid domain. Thus, we have a leading-order solution where the concentration is
independent of the fast scale. At O(3), we have
V;Cl =0 in Df, (513)
flo . VXCI = _ﬁ() . VxCO on 3DSO, (514)
with ¢; 1-periodic in X, where we have used the fast-scale independence of the leading-order concen-
tration to cancel terms. Further using the fast-scale independence of c,, we decompose the fast scale
dependence of ¢, by writing
cr=—A-Veeo+ A, (5.15)

where A = A(x, 1) is a function of time and the slow scale determined by the solution to a higher-order
problem. The cell function A = (A, A,) satisfies the following cell problem:

ViA=0 in D, (5.16)
ﬁo . VxA = ﬁo on 8Dm, (517)
with A periodic in X. We also impose
/ AdSy =0, (5.18)
Dy

which fixes the arbitrary constant in the solution of (5.16)—(5.17). For this Péclet number, the timescale of
microscale diffusion is much faster than advection, resulting in a steady diffusion problem for microscale
variations in nutrient concentration.

At O(8?), we have

Pe % =Vx - (Vxcs + Vi) + V. - (Vyc, + Vico) + ZZ—ZC;’ in Dy, (5.19)
with
iy - (Vxc, + Vie)) + 1ty - (Vxey + Veco)+g - (X - Vi(Vyer + Vico))
+ig - (dy - Vx(Vxe, + Vecy)) =DaPe  on 3D, (5.20)
and ¢, periodic in X. Here we have substituted the solution for s; from the homogenisation of the fluid-
string problem in (5.20), that is s, = —X - V, s +d,. Here d,, is only a function of the slow scale and

so this eliminates some fast-scale dependence in the expansion of the uptake boundary condition. To
obtain the macroscale problem, we average (5.19) over the fluid region of the unit cell, which gives

aCO

Pe ¢, m

Z/ Vx + (Vxcy + Vic) )dSx
Dy

d%c
+ / V; - (Vxci + Vico)dSx + ¢ —0, (5.21)
Dy az?
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where the fluid volume fraction ¢, is equivalent to the area of D;. Applying the divergence theorem to
the first integral substituting (5.20), we have

0 _
Pegy 2 = — f (Vxr + Vico) - findly — Pe f Dadly
oDy,

ot 0,

+/ (X - Ve(Vxer + Vico)) - fodly

aDy,

+ / (do - Vx(Vxci + Vicy)) - Rodly
Dy,

0%
+ / Vi - (Vxcp + Vicy)dSy + ¢f—0, (5.22)
Dy az?

where we have used the fast-scale independence of ¢, in evaluating the average of the time derivative.
The third and fourth integrals give no contribution to the macroscale model as shown in appendix D.
Applying Reynolds transport theorem to the final integral, we show in appendix D that the boundary
integrals evaluate to zero, which leaves
— aC() — BZCO
Pegy— =—-2nBPeDa+V,- | (I, —VxA)-V.codSx + ¢—, (5.23)
T ot Dy az?
where we have used the fast-scale independence of ¢, to evaluate the integral around the string boundary.
We introduce the effective diffusion tensor
. (L, — VxA)y, (L—VxA), O
D= Pe (I, — VxA)y (L—=VxA)p Of, (5.24)
0 0 1

where I, = diag(1l, 1) and (-) denotes the average of the enclosed quantity over the fluid region of the
unit cell, defined as

1
W= [ sy (525)
& Jo,
Hence, we obtain the following homogenised problem:
ac
57 =V DaVeo) — e, (5.26)
where the effective uptake coefficient is given by
2nBDa
Aeff = > (5.27)
u

and we have written V = (d,, d,, 9,). Thus, for Pe = O(5), we obtain a reaction-diffusion equation on
the macroscale. The arrangement of the strings results in an anisotropic effective diffusion tensor
(5.24), characterised by the solution to the cell problem (5.16)-(5.18), which we present in the next
section.

5.1.1 Cell problem solution

In this section we describe the results of our numerical simulations of (5.16)—(5.18) which, when
averaged, gives the effective diffusion tensor in the macroscale problem via (5.24)—(5.25). As the
leading-order string displacement depends only on the slow scale, and periodic boundary condi-
tions are imposed on the outer boundary of the unit cell, we can consider the string to be centred
at the origin of fast scale coordinates without loss of generality. By considering the symmetries of
(5.16)—(5.18) (see appendix E for details), we find that the effective diffusion tensor is diagonal, with
form Dz = Pe~'diag(D, D, 1). We solve for D by solving (5.16)—(5.18) using the finite element method
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Figure 3. The effective diffusion coefficient decreases with increasing solid fraction. Finite element
solutions calculated from the averaged gradient of the solution to (5.16)—(5.18) are shown as purple
dots and agree with Rayleigh’s analytical result [27]. The leading-order asymptotic behaviour in the
limit of small solid volume fraction ¢, is also shown.

using FEniCS [11]. The values of D calculated by averaging the finite element solution are shown in fig-
ure 3, where they are compared with the analytical expression obtained by Rayleigh using the multipole
approach [4, 14, 27], namely

1 ( 26, )
D= 1— . (5.28)
[y 1+ ¢, — 0.3058¢?

The cell problem (5.16)—(5.18) is identical to one case discussed in [4], where homogenised models of
diffusion in spatially varying media were derived.

We see in figure 3 that the components of the diffusion tensor characterising transport in the trans-
verse plane are less than those for the axial direction; we have faster diffusive transport in the direction
parallel to the string as expected given the anisotropy of the fluid-string composite. The presence of
fibres acts to hinder diffusion in the transverse direction with a more marked effect at higher solid vol-
ume fractions. This result highlights the need to account for scaffold anisotropy when modelling solely
diffusive transport within the bioreactor scaffold to avoid overestimation of the diffusive transport rate
in the transverse direction.

5.1.2 Macroscale problem solution

In this section, we solve the macroscale diffusion-reaction problem given by (5.26) in the cylindrical
domain shown in figure 2a. To reduce the number of independent parameters in the macroscale problem,
we rescale time in (5.26), setting ¢ = t/Pe, which gives

ac X 9%c
37 =DVic+ Py — Da,, (5:29)

where we have introduced the modified Damkohler number Da,, which characterises the relative
importance of uptake and diffusive transport,

2nBAL
Daz = Pe Oeff = ————. (530)
S¢D

https://doi.org/10.1017/50956792525000129 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525000129

European Journal of Applied Mathematics 351

(a) (b)

1.0 1.00 A
0.9 0.95
0.8 0.901
o $
0.7 t increasing 0.851 Day increasing
0.6 0.80
----- Steady State
0.5 K 0.751
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
z z
Decay of (5.31) to steady state, plotted at Steady state (5.32) for Das =
t = (107%,0.01,0.1,1, 10) with Das = 1. (0.1,0.2,0.3,0.4,0.5).

Figure 4. Solutions to the macroscale diffusion-reaction equation (5.31).

Seeking separable solutions to (5.29) subject to the boundary conditions (4.3), (4.5) and (4.6), and the
initial condition (4.7), we find

o] 2
c:cx—i—mesin ((m—i—%) nz) exp <— (m—i—%) nzt>, (5.31)

m=0

where b,, = 16Da, /(7*(1 + 2m)*) and c; is the concentration profile reached at steady state, that is
Dayz(z —2)
—

The time evolution of (5.31) is plotted in figure 4a, where we see that the nutrient decays from an
initially constant concentration to a steady state profile where the nutrient concentration decreases with
increasing distance from the inlet. Increasing Da, decreases the nutrient available to cells near the outlet,
as shown in figure 4b. For Pe = O(§) diffusive transport limits the distance along the chamber that the

incoming nutrient can travel; at higher Da,, we increase the uptake for a fixed diffusive transport rate
causing the decrease in the steady state nutrient concentration attained.

c,=1

(5.32)

5.2. Uptake

In this section, we consider the regime where Pe = O(8) and Da = O(1/8), defining Pe = Pe/§ = O(1)
and Da = 8Da = O(1). In this limit, the timescale characterising uptake, #, is much faster than the
timescale characterising microscale advection ¢4, as ¢, =1t,/Da. Thus, we introduce a fast timescale
' =1t/8§ which characterises the system dynamics (the timescale of uptake), as we expect the system
will have reached a steady-state on the timescale of microscale advection used to nondimensionalise the
problem in previous section. The governing equation in this regime can be obtained as a sublimit of the
homogenised model developed in section 5.1. Considering the limit of (5.26) where Da and 7' are order
unity, we find

dcy  27BDa
Tt ¢
Thus, for large uptake and small Péclet number, we have concentration which decays linearly in time.

The nutrient is taken up by the cells before it can diffuse or advect on the macroscale. As discussed in the
introduction, we anticipate (5.33) to hold when uptake per unit time is small compared with the initial

(5.33)
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concentration of nutrient in the cell media. As the nutrient uptake and the local concentration becomes
comparable, we anticipate that the uptake rate will have a nonlinear dependence on concentration before
transitioning to a linear dependence on the local concentration when the nutrient concentration becomes
rate-limiting.

5.3. Advection-diffusion-reaction

In this section, we consider the macroscale problem that arises when advection balances diffusion on
the macroscale, i.e. we have Pe = O(1). We rescale the Damkéhler number to Da = Da/s, which we
assume is O(1) to ensure that the reaction term features in the leading-order macroscale model. If the
Damkdhler number is not rescaled, uptake terms would appear at O(§) in the microscale problem. We
consider nutrient transport when the flow is driven by a time harmonic motion of the string ends

s =a(x,y)sin(wt) at z=1, (5.34)
s=0 at z=0, (5.35)

and there is no pressure drop across the chamber and no flux through the sides. We will make use of the
time-harmonic solutions to the resulting fluid problem found in [16].

5.3.1 Multiple timescales

In section 4, we nondimensionalised on the timescale of microscale advection t, = §L/U. As we assume
Pe = O(1) in this section, macroscale advection and diffusion occur on a comparable timescale which
we write as T = §t, i.e. a slow timescale. Henceforth, we assume these two timescales are independent,
transforming time derivatives into multiple-scales form as follows

0 a d
E‘_) 8_t+83_‘r’ (5.36)
introducing multiple-scales expansions in both space and time
c~cox, X, t, 1)+ 6c(x, X, t,T)+-- -, (5.37)
s~sox,t,T)+ s, X, t,T)+ -, (5.38)
v~vox, X, t,T)+ v x, X, t,T)+- -, (5.39)
w~wox, X, 1, T) +wi (e, X, 5, T)+ - - . (5.40)

Motivated by the time-harmonic imposed displacements (5.34), we assume that the coefficients are
periodic in the fast timescale with period P =27 /w in addition to being periodic in the fast spatial
scale.

5.3.2 No-slip for multiple spatio-temporal scales

Before deriving the homogenised problem, we consider the form of the no-slip condition on the string
boundary when there are multiple-scales in both space and time. In the multiscale analysis of the fluid-
string problem, the no-slip condition on fluid velocity is given by

0
v=8—j and w=0 on D, (5.41)
Combining the expansion of spatial multiple-scales in (5.41) with multiple time scales given by (5.36),

we find

Vo + (SX . vva‘i‘a(Sl +X . szO) . VXVO + 8"'1 =

9 9 9 9
B0 520 sx v (22) 462 08 on oD,
T ot ot
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Thus, at leading order we have

d8o
Vo= m on aD,,. 5.42)
At next order, we find
90 I _ 4y aD (5.43)
vi=—+ — —do-Vxy, on 50> .
1 a7 a1 0 VxVo 5o
where we have used s, = —X - V,so + d,. Repeating the process for the axial velocity, we obtain
Wy =W, = 0 on BDSO. (544)
5.3.3 Homogenisation
Writing the equation governing nutrient concentration (4.2) in multiple-scales form, we find
a a , 0c 1 _, ren
S|l —=+86—)c+v- (Vx+V)c+w—=—(Vy +26V, - Vx +5V))c. (5.45)
ot at dz  Pe

We substitute (5.37)—(5.40) into (5.45) and the uptake boundary condition (4.4) before comparing
coefficients at each order of §. At leading order, we find

V;CO =0 in Dj, (5.46)
flo . VXCO =0 on 8DS0, (547)
with ¢, 1-periodic in X. Hence, we have ¢, = ¢y(x, £, 7). At next order, we have
aC() 1 .
i ﬁv}icl =0 in Dy, (5.48)
ﬁo . (VXCI + VXCO) =0 on aDSO, (549)

with ¢, 1-periodic in X. Given the spatial fast-scale independence of c¢,, we can view (5.48)—(5.49)
as Poisson’s equation with Neumann boundary conditions. The solvability condition is imposed by
integrating (5.48) over the fluid domain, which gives

8C0 1
at  Pedy

/ VXC() . flodlx = 0, (550)
BD“"O

where we have used the divergence theorem and (5.49). Applying the divergence theorem again, we find
the integral evaluates to zero and hence we find the leading-order concentration is independent of the
fast timescale i.e. ¢y = ¢y(x, 7). In this limit, the microscale nutrient transport is dominated by diffusive
processes characterised by the timescale 1= §*L*/D. As we nondimensionalised on the timescale of
microscale advection, for Pe = O(1), we have the timescale for microscale diffusion being relatively
quick as #,/t4 = O(5). Thus, the concentration equilibrates on this faster timescale, leaving a steady
microscale problem. We write

CIZ_A‘VXC() +X, (5.51)

where A = A(X), and A = A(x, 1, T) is a function of the slow scale and time, determined by the solution
to a higher-order problem. Substituting (5.51) into (5.48)—(5.49), we obtain the same cell problem as for
the diffusion-dominated limit, namely (5.16)—(5.18). At next order in the multiple-scales analysis, we

find
2 2y (Vs 4 Ve W — L9 (e, + Vi)
— + — 4+ vy (Vxc «C — — —Vx - (Vxc C
a1 97 0 x€1 0 Wo 9z Pe X xC2 1
1 1 9%c
- =V, (Vv Vico) — — =0 in D, 5.52
Pe (Vxei + Vico) Pe 922 1 ' ( )
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subject to

flo - (Vxcy + Vicy) + n - (Vxci + Vico) + flo - (X - Vi(Vxer + Vi)

+ - (dy- Vx(Vyc; + Vic))) =DaPe on 3D (5.53)

502

with ¢, 1-periodic in X. We can appeal to the multiple-scales expansion of fluid incompressibility at
leading- and first-order, given by equations (2.8) and (2.15), to simplify the analysis, namely

Vo * VXCI = VX . (VOC|) (554)
d BWO
Vo VaCo +Wo—— = Vy - (Co¥o) — ¢o Vs - Vo + —(cowo) — Co——
3z 0z 9z
0
=V, - (covo) + 8_Z(COWO) + Vx - (covy). (5.55)
To group terms involving the fast and slow divergence, we substitute (5.54)—(5.55) into (5.52) which
gives
P 0% L 9 o)+ ¥ L Vyer + Vico)
— 4+ — 4+ —(cow e+ | voco — —(Vxc C
8t 87,' aZ oo 0o Pe XxXt1 0
1 8260
+VX - voc) +vico — —(VXCZ+V Cl) =0. (556)
 Pe Bz

The effective model is derived by integrating (5.56) over the unit cell and applying Reynolds transport
theorem to the first two terms, which gives

d{c 1 sy . dc 1
—( V + —/ cl—o -ndly + ) + / —(cowo)dSx
a ¢ ot ¢ Jo, 0
1
+ — / Vx - <V001 +vico — _(chz + chl)> dSx
o Df Pe
+1/v L Vyer 4 Ve ) ds, — L2 g (5.57)
— e | Voco — — Cc *xC =Y, .
& I o€o — p, (Vx€i 0 X7 b, Bz

where we have used the X independence of ¢, and s, in evaluating the boundary terms involving deriva-
tives with respect to the slow timescale. We apply the divergence theorem, and substitute (5.53) into the
fifth term to eliminate c,, use (D.2) and (D.4) to evaluate the terms involving d, and X which result from
application of the boundary condition, and use (5.42) to cancel terms involving the leading-order string
velocity. We consider

. sy 0, R
CoVq nole =y —+ — = d() VXv() . n()dlx
oDy, i, \ 0T ot
s
=Cy / —1 n()dlx
ap,, 01

3
S / v, . ( ;O) dSy, (5.58)
Dy

0

where we have used the fast-scale independence of s, and (5.43) in the first line, the leading-order fluid
incompressibility in the second line and combined the divergence theorem with the trace of the first-order
string equation in the final line. Both the incompressibility condition and the string equation hold in the
multi-temporal scales analysis as they are unchanged with the introduction of two timescales. Returning
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to (5.57), we use (5.58) to eliminate v, (5.42) to eliminate v, and apply the Reynolds transport theorem
to remove slow derivatives from inside the integrals, which gives

d 0 1 0 1 0
den) + 9% + -2 / cowodSy + _Co/ v, (ﬂ) dSy
8t 31’ ¢f 82 Dy ¢f Dy, 8t

1 N 1 —
— / (VXc] + VXC()) . n|dlx + — Da dlx
Pe gy Jop,,

[ J 3Dy,
1y /( L Ve 4 v ))dS 1%
—V, - VoCo — — c C
& b 00— 5, (VxC 0 X — P Bz
1 as, 1 R
+ — / (Co—o — —(Vxc, + cho)> - (Vi8o) - iodly =0, (5.59)
¢f oDy, at Pe

The product of the leading-order string velocity and concentration integrates to zero around the string
boundary as these variables depend only on the slow scale. Boundary terms from applying Reynolds
transport theorem cancel with those from the normal correction using (D.5)—(D.7) which leaves

8<C1> aCO 1 / / 8SO
— 4+ V. ds. V, - ds
a0 Tt (S P ot g, & Jo,, o)
1 82C0

1
+ — Da le — —V / (VXCI + V. Co)dSX = O, (560)
0 BDsU ) P 8Z

where we have grouped the velocity components, using V = (9, d,, 9,). We substitute for ¢, in the volume

integral, using (5.51), to obtain
a{cy) dcy o}

as
3 T TV )+ 2V <5> + g — V- (Do Vey) =0, (5.61)

Yz

where we have evaluated the remaining integrals, and have introduced the effective uptake
27 BDa
¢

The effective diffusion coefficient D is given by (5.24). Again we note that (u,) is the intrinsic (phase-
averaged) velocity rather than the superficial (Darcy) velocity.

In (5.61) we have obtained an equation that depends on both the fast and slow timescale. Our aim is
to derive an averaged equation which describes the diffusion and advection of the leading-order concen-
tration over the whole scaffold. To achieve this, we must average over the period of fast oscillation as is
typical in multiple scales problems. We define the average over the fast timescale as

(5.62)

et =

1 P
o= — dt, 5.63
8=5 fo 8 (5.63)
where P = 27 /w is the period characterising the fast oscillation. Averaging (5.61) over the fast timescale,
we obtain the homogenised problem

dc 0

re + V- (co(uo)) = V- (Dei Vo) + e = 0, (5.64)
where we have used periodicity of the coefficients on the fast timescale. We have also used the time aver-
age of the homogenised incompressibility condition, which gives V - (#,) = 0. Thus, on the macroscale,
we find the nutrient concentration is governed by an advection-diffusion-reaction equation. The nutrient
is advected with velocity (#,) meaning that the time harmonic string motions do not cause advection of
the nutrient across the whole domain, only local transport within a given unit cell.
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5.3.4 Macroscale problem solution

In this section we obtain solutions to (5.64) in the cylindrical domain shown in figure 2a. We consider
the flow resulting from a pressure drop imposed vertically across the cylinder.

Uniform pressure drop

Imposing a uniform pressure drop p,, vertically across the cylinder with no fluid flux through the
curved walls of the cylinder results in the flow field (#,) = (0, 0, «3p;,). We consider the same boundary
and initial conditions on nutrient concentration as for the diffusion-reaction macroscale problem, i.e.
(4.3) and (4.5)—(4.7). As in section 5.1.2, we rescale time to reduce the number of parameters in the
final solution, introducing t’ = t/Pe, which gives

dc D DV? d%c dc 565

g—— a2+ LC—’—a—zz—va—z, ( )
where Da, is defined in (5.30) and v = Pe k; p;,. We can obtain a separable solution to (5.65) subject to
(4.3) and (4.5)—(4.7) of the form

c=c,+ Z bne"? sin (A,z)e” Gt A7 (5.66)

m=0
where c, is the steady solution,
Daz

ce=1+— (" —e"—2), (5.67)
v
and 1, are the ordered positive solutions of
2)\'Ill
tan(A,) = ———. (5.68)
v

The expansion coeflicients b,, are fixed by imposing the initial condition, which gives
Da, fol (e"Y — e’ — vz)e 2 sin (A,2)dz
" j;; sin® (A,,2)dz .

The variation of the steady solution with v and Da, is shown in figure 5. The steady state profile for
the advection-diffusion-reaction equation with no radial variation induced by the boundary conditions is
set by these two parameters. Increasing v, which may be achieved by increasing the inlet pressure, results
in an increased steady state concentration, expected given this would increase the velocity of the inlet
media thereby increasing the delivery rate of nutrients. Increasing Da,, for example due to increased
nutrient consumption rate results in a decreased steady nutrient profile.

We note that, for time-independent flow fields such as that considered in this section, the multi-
ple timescale analysis given in section 5.3.1 was unnecessary; we could have arrived at the required
homogenised model by simply rescaling the timescale to that of interest. However, we presented the full
development to illustrate the effects of an imposed time-harmonic string motion on nutrient transport.

b, = (5.69)

5.4. Advection-reaction

We can identify the governing equations in the limit of strong advection by considering a sub-limit of
(5.64). Taking the limit Pe — oo in (5.64), we obtain

dco _

FEa (co(to)) + cterr = 0. (5.70)
Thus, we obtain an advection-reaction equation when we have Da = O(§) and Pe larger than O(1). We no
longer require the solution to the microscale steady diffusion problem to obtain the form of the effective
diffusion coefficient; in this regime we need only solve for/specify the fluid velocity and solve (5.70) for

the nutrient distribution.
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Figure 5. Steady solutions to the macroscale advection-diffusion-reaction equation (5.65), where flow
is driven by an imposed pressure drop.

5.4.1 Macroscale problem solution

We consider solutions to (5.70) in a cylinder of radius 1/2 and length 1 as shown in figure 2, with
fluid flow driven by an axial pressure drop. Imposing an axial pressure drop p;, results in the flow field
(u) = (0, 0, k3p;,). For this flow, (5.70) reduces to the following partial differential equation

ac ac
— + K3Pin 7~ = —Weit. (571)
aT 0z

We suppose the initial concentration and the concentration at the inlet are known,

c= on z=0, (5.72)
c=1 at =0, (5.73)

which provides the necessary initial data for the problem. We use the method of characteristics to
obtain

1 — O T, Z— K3pinT > O
OleffZ 5.74
l—i, z—k3pi,T <O, ( )
K3pin

)
Il

As for the diffusion-reaction and advection-diffusion-reaction regimes, the rate of decay of nutri-
ent concentration as we move away from the inlet increases with increasing absorption rate. Like the
diffusion-advection-reaction case, we find that increasing the pressure drop, which in turn causes higher
flow rates, results in a higher concentration at the outlet as there is a higher amount of nutrient supplied
to the chamber. An example is plotted in figure 6 which shows that regions of nutrient deficiency can
occur if the inlet supply of nutrient is insufficient to counterbalance nutrient uptake. Considering the
solution (5.74) gives a condition for the concentration in the chamber to remain non-zero for all times,
namely «3p;, > .. Throughout this paper, we have assumed that cells uptake nutrient at a constant rate.
This assumption is valid in the limit where the concentration is much greater than the Michaelis con-
stant; at lower the concentrations the uptake rate will have a nonlinear dependence on concentration and
become proportional to the local concentration in the low nutrient limit. The transition to the different
form of uptake terms ensures that the concentration never becomes negative.
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Figure 6. Time-evolution of the solution to the advection-reaction equation (5.74). The solution is
plotted for k3 =0.1, a,; =0.1, and p;,, = 1. The dashed line is z = k3 p;,T.

6. Discussion

In this paper, we have derived homogenised models governing nutrient transport in a fibrous biore-
actor scaffold. The scaffold was modelled as an ensemble of aligned strings which deform in
response to the surrounding viscous flow. The homogenised model was obtained for various parameter
regimes as summarised in table 2, the macroscale models being diffusion-reaction, uptake, advection-
diffusion-reaction and advection-reaction. The macroscale model obtained was determined by the
scale of the Péclet number and Damkohler number relative to the separation of lengthscales of
the scaffold. If the Damkohler number is an order smaller than that presented in table 2, uptake will
no longer feature in the leading-order macroscale problem. If the Damkoéhler number is an order of
magnitude larger, it will be promoted to the lower order microscale problem. In this case, it becomes
difficult to obtain an effective model using homogenisation alone, and additional techniques such as
matched asymptotics may be required to obtain a reduced model of transport. In each case, solutions to
the macroscale problem were presented for a cylindrical geometry to illustrate the role of parameters in
setting the form of the steady state concentration profile.

For the diffusion-dominated regime, with boundary and initial conditions independent of the trans-
verse coordinates, we find that a single Damkdohler number characterises the steady state nutrient profile.
A sublimit of this model gives the uptake model, where concentrations are uniform in space and decay
in time at a rate proportional to the uptake rate. For the advection-diffusion-reaction macroscale model,
the steady state behaviour is set by two parameters when the boundary and initial conditions and flow
are spatially independent: one parameter v gives the relative strength of advection and the second, a
Damkdhler number, gives the relative strength of uptake to diffusion modulated by geometrical factors
which are given by the microscale solutions. The final advection-reaction regime we consider can be
obtained by the sub-limit of the advection-diffusion-reaction model.

One limit we have not considered which might be important technologically is that of strong periodic
advection, i.e. advection dominates diffusion but (&) = 0. In this case there is no macroscale advection
but diffusion will be enhanced by dispersion.
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We have extended the multiple scales analysis of different regimes presented in [1] to a deformable
porous medium. Accounting for scaffold deformation complicates the analysis as the slow variation in
the microscale geometry must be accounted for, here using a level set function. Due to the multiple
scales expansion of the string boundary position, additional terms arise in the uptake condition due to
the expansion of the boundary position.

The effective models we have presented form the foundation for modelling nutrient transport in
the fibrous bioreactor scaffold. Given the bioreactor length scale, perfusion velocity, nutrient diffusion
coefficient and uptake rate, the relevant effective model can be identified. It may be desirable to tune
experimental operating parameters so that advection dominates and uptake is subdominant, so that nutri-
ent is delivered to cells in the scaffold at the same concentration as inlet media. Coupled with the solution
to the flow problem (2.20)—(2.23), areas within the scaffold which do not receive sufficient nutrient due
to lack of perfusion locally can then be identified. Obtaining solutions to the macroscale model in a
geometry more relevant to the humanoid bioreactor scaffold shown in figure 1 will form future work.
In particular, coupling the macroscale to an outer membrane and considering more realistic inlet condi-
tions will provide insight into spatial distributions of nutrient within the bioreactor chamber. Within this
work, the radius of all strings was assumed constant across the whole domain. In this modelling frame-
work, a macroscale change in string radius could be modelled following [10], by introducing macroscale
dependence in the radius in equation (5.6). If the string radius varied across the scaffold, this would intro-
duce spatial dependence into the diffusion coefficient and permeability, necessitating knowledge of the
microscale problem for different string radii [10]. A further simplifying assumption used in this paper is
that the string deformation is purely transverse. Leading order axial string deformation can be included
to model a broader range of imposed deformations, which will result in a different macroscopic force
balance as outlined in appendix B.

Throughout this paper, we have neglected cell growth, limiting the model applicability to the early
stages of bioreactor operation when the volume occupied by cells is much less than the volume of the
scaffold fibres. One approach that accounts for cell growth is to model surface growth at the string
boundary, with a rate of accretion related to the local nutrient concentration as in [23]. Assuming the
growth of porous media was proportional to the local concentration, it was found that a first order
uptake featured in the leading order equations governing fluid flow [23]. It would be interesting to
explore how growth would interact with string deformation in the macroscale governing equations. One
approach that could be considered is a growing porous layer on the surface of each strings, although
this approach would break down when cells proliferate to confluence. Homogenisation approaches
have previously been applied to blocking filters [9]; an extension of previous work which considers
a growing poroelastic material could be explored to model the latter phases of bioreactor operation.
The modelling techniques presented could also be extended and applied to other systems. For exam-
ple, replacing the strings model with a beam could enable modelling of fibre beds, with applications
such as transport across the microvilli which are known to be coupled with their flow-dependent
deformation [34].
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Appendix A. Variables and parameters in the fluid-structure problem

Table Al. Definition of variables in the fluid-structure problem. Carets denote
nondimensional quantities

Symbol Definition Nondimensionalisation
p Fluid pressure pP=p.+ 5P
5§ =(5y, 5,) String displacement s =406Ls
t Time 1=58%1
u=ué, +ve,+ we, Fluid velocity u=Ui="ri
x=(x,y,2) Cartesian coordinates x=1Lx
Table A2. List of parameters
Symbol Definition
A Nutrient uptake rate
b String radius in macroscale coordinates
B String radius in microscale coordinates
Cin Nutrient concentration in the inlet media
D Nutrient diffusion coefficient
K3 Axial scaffold permeability
Ky Transverse scaffold permeability tensor
l Characteristic spacing between strings
L Bioreactor chamber height
8 l/L
7 Fluid dynamic viscosity
N Number of strings
w Frequency of imposed oscillation
@r Fluid volume fraction
0} String volume fraction
R Radius of the total scaffold
Table A3. Experimental parameters
Physical quantity Symbol Scale
Chamber length L 3cm
Fibre spacing l 0.4 mm
Fibre radius b 70 pm
Perfusion velocity U 0.01 mm/s
Cell media dynamic viscosity I 0.9mPa s
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Appendix B. Details of the string force balance

In this appendix, we provide further details on the assumptions that lead to the string force balance,
equation (2.3). A completely systematic treatment would involve a full geometrically-nonlinear elasticity
model in the strings, coupling displacement and tractions on the fluid/solid interface. However, this
seems unnecessarily complicated—the wave equation for thin elastic strings is much easier to derive
from first principles than from three-dimensional geometrically-nonlinear elasticity. Note that a linear
elasticity model in the strings (as would be usual in deriving poroelasticity for example) would not
allow O(§) displacements of the centrelines. Thus, we adopt the following approach. We treat the strings
as standard thin elastic strings, but with a body force generated by the fluid interaction. For this last
component the finite thickness of the string is crucial; we evaluate it as the integral of the fluid stress
around the string circumference.

We adopt a similar approach to that used in [2], first defining the string kinematics before performing
a force balance and posing the constitutive law to relate the mechanics to the string deformation. We con-
sider N strings, each with reference configuration aligned with the z-axis, such that the centreline of the
ith string has (unstretched) reference configuration xj, =x{, + Ze, for 0 < Z < L — AL where the string
is of length L — AL and the points x} = (x, ¥, 0) liec on a square periodic lattice. We then uniformly
stretch (i.e. pre-tension) the strings to be of length L, so that the stretched initial state is

r=x,+ Zé, 0<Z<L—AL (B.1)

L—- AL

We then reparametrise to use current vertical position rather than initial vertical position to parametrise
the centreline, so that when displaced a distance s = (s, $,, 53) the centerline is described by

r=x,+z+sz, O<z<lL, (B.2)

where z and Z are related by

L
L—- AL

Z.

Neglecting string inertia, we now balance forces on a segment Az of the string,

N'(z+ A2) = N'@Q) +f(z)Az=0, (B.3)

where N is contact force and f' is the body force on the string per unit length. As Az — 0, we obtain

ON' ;
— +f'=0. B.4)
0z
Assuming |2—z| « 1, the body force is given by
f:/ o-nd, (B.5)
oD

where
o=—pl+ u(Vu+ (Vu)")
is the fluid stress tensor. With no bending moments
N=Tr, (B.6)
where the tangent

or

PeE (B.7)

Br/
T=—
0z
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We suppose that tension is proportional to stretch, so that

or ar| | 0z
T=al|l|l—=|—-1)=a|—||—
0Z 0z||0Z

s 5 A 12
al 1+ 3S3 + 8S1 + 852
_ 9% -t = —a.
L— AL 9z 0z 0z
Assuming || < 1,

7oL (1 3 L[ (0% 2+ a5’ +

e —_— - — — —
L— AL 0z 2 0z 9z

_ oL (AL 35 1 (/0 2+ 952\’ N

T L—AL\ L 9z 2 9z 9z '

We suppose the pre-tension dominates any subsequently generated tension so that

955 < AL 95, 2+ ds, 2<< AL
0z L’ 9z 0z L~

and the tension is approximately constant. Now

3
T =é+ 2L L ogsP),
0z

where s, = (51, 55, 0). Thus,
oN N 32sJ_ L 82S3

— =Ty—= +To———¢ + O(|s|"),
0z 0812+0AL8z2 + st
where
o AL
T, = ,
L— AL
is the initial tension. Thus, the force balance is
058 g, b0, / dl+ 0(sP)
— ———e= o-n 519).
92 T TUAL 82 D
Equating in-plane and out-of-plane components gives
9%s, 5
0o, = o -ndl+O(s|),
9z aD
L 3253
— = -ndl+ 0(s|?),
"AL 9722 /an ’ +Osh
where o, and oy are the in-plane and out-of-plane components of the stress tensor. Nondimensionalising
by setting
R A R nU unU
SZSLS, x=Lx, u:Uu, p:ﬁp’ O':TO',

as in the main text gives, dropping the hats,

o ==L 14 vu+ ),

82
and

azsl MLU

= -ndl+ 0%,
02 8T, /HDGL ndl+0()
0%; AL uLU
—_— -ndl+ 0(8?).
92 L o7, /HDU“ ndl+0@)
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The force balance V - o = 0 gives (2.1), while choosing the velocity scale as

Y
U=—2
uL
gives
32
L f o, -ndl+ 00, (B.8)
0z’ aD
%, AL ,
922 = T/B‘DO'” ndl+0(5 ) (B9)

We suppose that AL < L so that we can neglect s;, and need only worry about the lateral force balance
(B.8).

Appendix C. Uptake condition

In this appendix, we write the uptake boundary condition (4.4) in multiple scales form. We transform
spatial derivatives using (5.4) and expand the normal using (5.7). We expand onto the leading-order
position of the string boundary (¥, X” + s,) as follows

c® + 86X, X" + 5o(& + 6X) + 85, (% + X, X) + 8%,F + X, X) +....)
=cE+8X, X" +50+8(,+X-Vs0)+ 85, +X - Vs, +X - V. V.50 - X))
=c+8[X -Vic+ (s, +X-Vys0) - Vxc]l +8*[X -V Vie- X +. ..
+ (s, +X-V.$s0) - VyVyc-(s; +X-V,s0)+ ...
+ 524+ X - Vis; + X - V. V.o - X) - Vxc] + O(8). (C.1)

Substituting the multiple scales expansion (5.3), and performing the expansion (C.1) for all terms, we
find

1. 1.
E"o - Vxco + 5%"0 [X - ViVxeg + (51 + X - Vieso) - Vx Vxeo + Vxey + Vi)

1 1
+5—ﬁ1 . VXC() +62—fl0 . [X . VxVxVXCO X+,
Pe Pe

+(s1 +X . sz()) . VXvaXcO . (S1 +X . sz()) +...
+ (Sz +X . szl +X . vast 'X) . VXVXCO +X . Vx(vXcl + VxCO) + e
+ (81 + X - Viso) - Vx(Vxer + Vicp) + Vxer + Ve ] + ..

1.
+ 82En1 . [X . VXVXCO =+ (S] +X . sz()) . VXVXCO + VXCI =+ ch()] +...
1.
+ 8 anz - Vxco = 8Da + O(8?). (C2)
e
When ¢, is independent of the fast scale, as in sections 5.1-5.2, (C.2) simplifies considerably to give

1. 1, 1,
—HRg - cho + 8-”0 . [VXCI + VxCO] + 62—’10 . [X . Vx(vXcl + ch()) +...
Pe Pe Pe

+(S1 +X- VXS()) . VXVXCI + VXCZ + chl] +...

1
+ 52ﬁﬁ1 -[Vxe + Veeol = 8Da + O(S?). (C.3)
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Appendix D. Boundary terms

In this section, we illustrate that the third and fourth integrals in (5.22) do not contribute to the
homogenised model. Writing the third integral in (5.22) in index notation, we have

/ (X - Vi(Vxe, + Vi) - Rodly = / X;0,,(3x,c1 + 0y,co)igdly. D.1)
9Dy, 9Dy,
We substitute (5.15) for ¢; which gives

/ (X - Vi(Vxer + Vico)) - frydly =f Xid,, (((Sj’f - anAk)a"kCO) nodly
aDy,

D,

= 0,0, / Xi(8 — 8Xj Aongdly
aDy,

=0, akao / Xi(nox — no)dly
aDy,

=0, (D.2)

where we have used the slow scale independence of the cell problem and (5.17) in the second line to
eliminate A.
We now consider the fourth integral in equation (5.22), writing it in index notation,

/ (dy - Vx(Vxei + Vicy)) - figdly = / (dOiax,-(ax,-Cl + 3XjCo)) nodly. (D.3)
Dy, aDy,
Applying the divergence theorem and using the fast-scale independence of d,,, we find

/ (do - Vx(Vxei + Vicy)) - fgdly = — / axj (dol'axi(ax_,»cl + axjco)) dSx
Dy, .

Dy
- — / d(),'axi axl(axlCI + a\f,'co)dSX
Dy

=0, (D.4)

where the sign appears as 71, points from the string into the fluid domain. We have also used (5.15),
(5.16) and the fast-scale independence of c,.
Applying the Reynolds transport theorem to the final integral in (5.22) gives rise to boundary integrals

of the form
[ap (Vxer 4 Vico) - (ViSo) - g + y)dly. D.5)
%
Substituting (5.9) for i1, gives
% /3% (Vxer + Vico) - (Viso — (Vi8o)T) - fiodly. (D.6)

Quantities that depend only on the slow scale will vanish upon integration round a closed loop, leaving

1 R o
z / Vxc, - (Viso — (szo)T) “Rodly = (axjs()i - axis()j) aXiclnjle’
oD

Dy,
= (3.\-,-So,- - 8Xis0j) / 3Xi3XjC1dSX,

Dy
= (axjs()i - 8xjs()i) / 8Xi3XjC1dSX,

Dy
=0, {D.7)
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where we have applied the divergence theorem to the first line and relabelled dummy indices in the
second.

Appendix E. Cell problem symmetries

By considering the symmetries of the cell problem, we can deduce the form of the effective diffusion
tensor as follows. We consider (5.16)—(5.18) under the transformation X — —X and Y — Y to deduce
that A = A(—X, Y) must satisfy

VZA=0 in D, (E.1)
0D 0 oD (E.2)
ny 9xX ny Y2 ny on 50> .
A A
ny 3X2 ny a; =ny on aD,, (E.3)
/ AdSy =0, (E.4)
Dy

with A periodic in X and #, = (ny, ny) is the leading-order normal to the domain in the original problem
for A. Thus, given that the domain and governing equation are unchanged under this transformation, and
we expect A to satisfy (5.16)—(5.18), we have A, antisymmetric in X. Performing similar analysis for
the transformation ¥ — —Y, we find that A, is antisymmetric in Y. In (5.24), we take the gradient
of A giving diagonal components that are symmetric in (X, Y) and off-diagonal components that are
antisymmetric. The average of the antisymmetric components will then be zero due to the symmetry of
the domain, leaving a diagonal effective diffusion tensor. By considering the transformation (X, ¥) —
(¥, X), we can deduce that the two in-plane components must be equal. Specifically, we introduce A =
AX,Y)=A(Y, X). Then, we have

axA == ayA and ayA == axA (ES)
We write the normal in the transformed coordinates as 2 = (ny, ny) = (ny, ny). Using (5.16)—(5.18), we
deduce
VZA=0 in Dy, (E.6)
_OA, . A,
I’lxa—X + nya—Y =ny On DSO, (E7)
0N, . A,
nxa_; ya_Y2 =ny oOn DJO, (E8)
f AdSy =0, (E.9)
Dy
Thus, A must satisfy
A=A, and A,=A,. (E.10)

Combining (E.5) and (E.10), we must have dyA; = 9y A,, and so the effective diffusion tensor must be
of the form Dy = Pe~'diag(D, D, 1).
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