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ABSTRACT

It is shown_that Hp_l(P+,0(-m-p)) is a Frdéchet space, and its
dual is HY 1 (P~,0 (m-g)), where P* and P~ are the
projectivizations of subsets of generalized twistor space

(2 CP*9) on which the hermitian form (of signature (p,9))

is positive and negative definite respectively, and

0 (-m-p) denotes the sheaf of germs of holomorphic functions
homogeneous of degree -m-p. It is then proven, for p = 2

and g = 2, that the subspace consisting of all twistor
elementary states is dense in HP™1(P*,0 (-m-p)).

A supermanifold is a ringed space consisting of an underlying
classical manifold and an augmented sheaf of Z,-graded
algebras locally isomorphic to an exterior algebra. The
subcategory of the category of ringed spaces generated by
such supermanifolds is referred to as the super category.

A mathematical framework suitable for describing the
generalization of Yang-Mills theory to the super category

is given. This includes explicit examples of supercoordinate
changes, superline bundles, and superconnections. Within
this framework, a definition of the full super Yang-Mills
equations is given and the simplest case is studied in
detail. A comprehensive account of the generalization of
twistor theory to the super category is presented, and it

is used in an attempt to formulate a complete description

of the super Yang-Mills equations. New concepts are
introduced, and several ideas which have previously

appeared in the literature at the level of formal calculations
are expanded and explained within a consistent framework.
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INTRODUCTION

In this thesis we treat two different topics: the
density of twistor elementary states, and a comprehensive
generalization of twistor theory to a super category (to
be definéd shortly). Each chapter contains its own
introduction and therefore we shall limit ourselves here

to giving some general motivation for studying such topics.

Twistor theory evolved as an attempt to reformulate
basic relativistic physics. Originally, one of its most
outstanding features was the representation of solutions
of massless free field equations in terms of contour
integrals of holomorphic homogeneous twistor functions.
Important aspects of quantum theory, such as the splitting
of fields into positive and negative frequency parts,
were then characterized by holomorphic data on twistor
space. It was later discovered that such twistor functions
had to be regarded as representatives of elements of
sheaf cohomology groups, on appropriate subsets of
projective twistor space, with coefficients on the sheaf
of germs of homogeneous holomorphic functions. The
isomorphism between these groups and the space of
solutions of the massless free field equations now

bears the name Penrose transform [21].

One aspect of twistor theory attempts to produce a
manifestly finite theory of scattering in quantum field

theory. To this end, scattering amplitudes are represented



in terms of multidimensional contour integrals, whose
pictorial representations are known as twistor diagrams
[66]. The proposed theory requires the use of some simple
and manageable sheaf cohomology elements, represented by
rational twistor functions. These elements are known as
elementary states. They correspond, under the Penrose
transform, to massless free fields with rational
singularities on the null cone of a point in complexified

compactified Minkowski space. In the scalar case for

example, the simplest elementary state plays a role
analogous to that of a plane wave, while higher order

ones correspond to Grgin's spherical harmonics [(31].

The study of twistor diagrams is carried out under
the assumption that it is enough to consider only elementary
states, rather than more general cohomology classes. 1In
the first part of this thesis we show that this assumption

is justified by proving a density theorem.

An immediate consequence of the density theorem is
a proof, independent of space-time arguments, of the
positive definiteness of an U(2,2) invariant hermitian
inner product on cohomology, known as the twistor scalar
product (corresponding to what is known in Physics as
the scalar product of massless fields [26a]). This has

applications to the representation theory of U(2,2);

and more generally U(p,q).

Twistor theory generalizes to higher dimensions.
The corresponding generalization of the twistor scalar

product [18], leads to a twistor realization of the ladder



representations of U(p,g) - the elementary states are the
U(p) x U(g)-£finite vectors [18,22]. The possibility of
extending these representations to limits of discrete
series of arbitrary semisimple Lie groups, is being

actively studied at present [18a,5a].

The methods of the Penrose transform can also be
generalized to the non-linear regime. The first example
was Penrose's solution of the self-dual Einstein equations
[62]. This construction, known as the non-linear graviton,
was followed by Ward's description of the self-dual
Yang-Mills equations in terms of vector bundles on
projective twistor space [90,89]. On the other hand, a
twistorial interpretation of full Yang-Mills and Einstein
equations has proven to be a much more difficult problem.
However, an understanding of the former equations on
ambitwistor space (the space of null-lines in complexified
Minkowski space) has emerged [45,93,12,69,53b]; and the
hope is to use it as a guiding analogy for the gravitational

case [44,53,5b,15b].

The twistorial description of the full Yang-Mills
equations is given in terms of extensions of vector bundles
to infinitesimal neighbourhoods of ambitwistor space, in
the product of projective twistor space and projective
dual twistor space. The geometric insight provided by
the twistorial description of the self-dual equations
turns out to be useful for attaining some geometric
understanding of this intricate theorem. The essential

ingredient is to regard the 'physical' space as being



embedded as the diagonal in the product of two ‘'unphysical’
spaces. Then the full Yang-Mills equations on the physical
space are essentially equivalent to a self-dual equation

on one of the unphysical factors, and an anti-self-dual

.f.

equation on the other. The idea of constructing differential

geometric structures on a space by regarding it as being
embedded as the 'diagonal' in the product of two other
spaces, will play an important role throughout all stages

of Part II of this thesis.

In the second part of a fascinating paper [93], Witten
indicated an alternative way of arriving at the twistorial
interpretation of the full Yang-Mills equations, by the
introduction of supersymmetry within the context of
ambitwistors. To a great extent Part II of this thesis
developed as an attempt to understand this alternative

description within a consistent mathematical framework.

Supersymmetric gauge theories have attracted
considerable interest in theoretical physics. Supersymmetry
is a symmetry that relates particles with different spins;
so that fermions and bosons can be regarded as alternative
manifestations of a single 'super particle'. Moreover,
supersymmetry unifies space-time symmetries with internal
symmetries. It should be said however, that there is to
date no experimental evidence for such unification of

fundamental particles and interactions.

TDue to Grothendieck [32].



With the advent of string theories new interest has
emerged in Witten's [93] formal constructions, which have
recently been generalized to higher dimensions [94,14].
More recently, attempts to produce a supergravity analogue

of Witten's constructions have also been made [86].

The mathematical framework presented in Chapter 2
is based on the Leites [54] and Kostant {[49] approach to
supermanifolds. A supermanifold is a ringed space consisting
of an underlying classical manifold and an augmented sheaf
of Zz-graded algebras locally isomorphic to an exterior
algebra. The subcategory of the category of ringed spaces
generated by such supermanifolds will be referred to

(throughout Part II) as the super category.

The framework of Chapter 2 is used in Chapter 3, to
describe a natural generalization of the Yang-Mills

equations to the super category.

In Chapter 4 we give a comprehensive account of the
generalization of twistor theory to the super category,
and use it in an attempt to give a description of super

Yang-Mills theory.



PART I
CHAPTER 1: ELEMENTARY STATES

§1.0 Introduction

We start by reviewing how elementary states were
originally defined[¢6 ]. The starting point will be
Penrose's well-known contour integral formula for generating
massless fields:

m

f ) ay l o

¢A'...L'(X ) = ———7—3-§ nA,...wL,f(z )I A Aa’ ™ . dar (z
(2mi) o =ix"" =

r Al

f(z*) is a holamorphic function (homogeneous of degree -m-2
in z%) on some domain, U, in projective twistor space,
modulo a 'gauge freedom' f vV——s £ + fa + fB(where fa and
fB are holomorphic on extended domains, Ua and UB
respectively). This gauge freedom depends upon the
location of the contour ', which in turn can be any
closed contour separating the singularities of f£.

We refer to Roger Penrose's article [64]1 for an
excellent explanation of how the combined freedom of
the choice of both T and f is best described in terms
of sheaf cohomology (f represents a cocycle, while

fa and f_ represent coboundaries).

B

£(z2%) (homogeneous of degree -m-2) will produce a
positive frequency massless field (of helicity %) if
its singularity set in PT = {[2%] ¢ PT |2aza > 0}

consists of the union of two components between which



a contour may be threaded. The simplest way of guaranteeing
this is to choose the singularity set to be the union of
two planes, A and B, in IPT, whose intersection lies in

PT = {[2%] ¢ PT Zaza < 0}. If we choose
A= {[2%] ¢ PT|A 2" = 0} and B = {[2"] « PT |B 2" = 0},

then this is achieved by any rational function of the form
y c s d
(CYA ) (Ds2Z7)
0. 2tL g bFl !
(AaZ ) (BBZ )

(1.1)

where a + b - ¢ - d = m. The corresponding space-time
field was named by R. Penrose [66 , 651 an elementary
state. Eguivalently, we refer to (1l.1l) as a canonical
representative of an elementary state. (Note that

Y, C §,d Y, C §,d
(CyA ) (DGZ ) (CYA ) (D6Z )

e + - + (1.2)
(A Za)a+b+2 (B ZB)a+b+2
a 8
defines the same elementary state as (1.1).)
Let L denote the intersection (in IPT-) of A and B,

ice. L = {[2%] ¢ Eﬂ?]AaZa =0 = BBZB}. This projective
line corresponds, under the twistor correspondence, to
a point, say &%, in the backward tube of complexified
Minkowski space M . We shall then say, for example,
that the elementary state (1.1) is based at %%, or

equivalently, at L.

The objective of this chapter is to prove a density
theorem for the elementary states. When stated in terms
of space-time fields, this theorem is equivalent to saying

that the elementary states, based on a fixed point in ™,



are dense in the space of all positive frequency massless

free fields.

In this chapter we will state the results for a

generalised twistor space T of dimension p+q (equipped

with a hermitian form of signature (p,gq)). One of the

reasons for doing this is the repfesentation theory
implications of the density theorem which are outlined

at the end of the chapter. The other reason is that

the various results needed for the proof of the density

theorem can be stated more elegantly in the general case.

In particular, we have found the study of pseudoconvexity
properties of generalised twistor spaces (§2) interesting

in its own right. However higher dimensional generalizations of
twistor theory do not form part of the objectives of this chapter.
Therefore, where descriptions or proofs are obscured by the
unspecified dimensionality of the generalized twistor space,

we have presented them in the familiar 4-dimensional case.

The organization of Chapter 1 is as follows. In §1.1
we briefly review the generalized twistor correspondence
(as presented in [18]) stating only the essential facts.
In §1.2 we use the results of Andreotti and Grauert [3] to

draw conclusions concerning the finite dimensionality of the

th

k cohomology groups on regions of generalized projective

twistor space, Pn = P(T) (n = p+tg-l), for integer values of
k,otheg gg}tain critical ones. These results are needed in
§1.3, where we use a generalization (due to H.B. Laufer [50])
of Serre duality to show that Hp-l(P+,0(-m-p)) is a Fréchet
space and that its topological dual is given by Hq_l(E:,O(m-q))

(P+ and P~ are appropriate open subsets of Pn).



Generalized elementary states are defined in §1.4,
and the density theorem is proved (in the four dimensional
case) in §1.5. The general idea in this proof is similar
to that of the proof of the Runge Approximation Theorem
(see for example [40]). It relies upon a corollary of
the Hahn-Banach Theorem (see for example [74]) which states
that if the vanishing of a linear functional £ on a subspace
M of a Fréchet space X implies that f is identically zero,
then M is dense in X. In our case the linear functionals
on the spaces of positive frequency massless fields, turn

out to be massless fields of negative frequency.

In 81.6 we follow [18] and introduce the generalized
twistor scalar product, and (following a suggestion of
M.G. Eastwood) indicate how to establish its positive

definiteness by arguing as in the density theorem of §1.,5.

The role of the elementary states in representation theory is
brieflyoutlinedin 8§1.7. The direct proof of the pesitive
definiteness of the twistor scalar product essentially
completes the twistor construction of the ladder

representations of U(p,q) (cf. [47,73]) initiated in [181].
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§1.1 The generalized Penrose and twistor transforms (1€

We take generalized twistor space T to be a (p+q)-
dimensional complex vector space equipped with a non-
degenerate hermitian form ¢ of signature (p,qg). We denote
the correspondiné projective space P(T) of T by Pn where

n = p+gq-1.

Let M be the Grassmannian of p-dimensional subspaces
of T and Flp the flag manifold of l-dimensional subspaces
inside the p-dimensional subspaces of T. Then the

generalized twistor correspondence between Pn and M is

given by the double fibration

lp

P (1.3)

Y T—— >L_ = u(v—l(X))

vt 2] =Ip, e----al2] :

A point x € M gives rise to a (p-l)-dimensional subspace

Lx of Pn. Conversely, a generalized projective twistor

[z]e P gives rise to a p-dimensional subspace Ly of M

referred to as a generalized a-plane.

Taking (p = 2, g = 2) one obtains the ordinary
twistor correspondence [21]. 1In this case M is complexified

compactified Minkowski space (denoted by ﬂn)’p3 is

projective twistor space (denoted by IPT), and Fis is

the projective primed spin bundle on M (denoted by

F,, or, non-projectively, by OA.).
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Let M' c M denote the set of p-dimensional subspaces,
Z, of T such that @lg is positive definite. Similarly,
let M = {Z ¢ T s.t. ®|§ < 0}, and denote the common

boundary of M' and M~ by M°. Then

X € M+<==>LX c P+ = P(T+) where T+

{Z ¢ T s.t. ®(2,2) > 0}

P(T°) where T = {Z € T s.t. ¢(2,2) = 0}+

x e M) <=L < p°

{Z ¢ T s.t. ®(2,2) < O}T

P(T ) where T

3
m
=
I
(o
n
g
il

In the ordinary twistor case (p = 2, g = 2) M* and M”
are the forward and backward tubes in M denoted respectively

by M' and M.

Theorem 1.7 [18] If p 2 2 and g 2 2, then for each

integer m, there is a canonical linear isomorphism known

as the Penrose transform
P : HPTL(¥,0(-m-p)) > ker D_ : T(M*,0(V)) > T(M",0(W ))  (1.4)

where Vm and Wm are holomorphic vector bundles (see [1dl
for their general definition), and Dm is a linear
differential operator of second order if m = 0 and other-

wise of first order.

Note: If (p = 2, g = 2), then

{ 1 1
Oargr...cnt™td (m > 0)
v, = {0r-11" (m = 0)
e, (m < 0))

1-Note that if p > g, then these subspaces are empty.
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(0a(sr...cryL=20" (m > 0)]
W= {00-21'[-1] (m = 0) ¢
Oar(s...c) (7110710 (m < 0)]
and raf' (m > O)}
D_ = 10 (m = 0)
\32' (m < O)J

where (in local coordinates) :

A' _ A
3, =-3/3x_,
_ _nA',A
0 2232,
A __ Al

Let T* = Homc(T,E) denote the generalized dual twistor
space equipped with a hermitian form ¢* (dual to 9).
Furthermore denote by P; the corresponding projective
space of T*. Then the generalized P-transform identifies
Hq—l(P*-,O(m-q)) with solutions of differential equations
on M*~, where M*~ denotes the set of g-1 dimensional
linear subspaces of T* on which ¢* is negative definite,

and P*” = P(T*7) with T = {W ¢ T* s.t. 0¥ (W,W) < 0}.

It can be shown [18] that M* = M*~ and that consequently

there is a canonical linear isomorphism

T . P Y@’ 0(-n-p)) ~ B 1 (P*",0(m-q)) ® det T, (1.5)

known as the twistor transform. In fact, T can be realized

without introducing M at all (see [831]).
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The lowest dimensional case (p = 1, g = 1) is rather
special. For m 2 0 the general statements of the transforms
(1.4) and (1.5) apply (although there are no field equations).
But, form < -1, (1.4) and (1.5) hold only if

H(P¥,0(-m-1)) is replaced by H'(P', 0 (-m-1))/H° (P, ,0(-m=1)).

Note: The Generalized Penrose transform (l1.4) is

still an isomorphism if P" and M¥ are replaced by more
general subsets with certain mild topological restrictions

on the fibres of yu of (1.3) (see [171).
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§1.2 Pseudoconvexity properties of twistor spaces

In this section we use the results of Andreotti and
Grauert [3] (see also [1,2,37]) to draw conclusions con-
cerning the x t8 cohomology groups on " and P, for integer
values of k other than the critical ones: p-l1 in the case
of P* and g-1 in the case of P°. We shall only state these
results for P, The corresponding ones for P~ are

obtained by interchanging p and g in our statements.

§1.2.1 A defining function on Pn

Suppose that ¥ is some positive definite hermitian
form on T. Then ¢ = ¢/¥ is a well defined, C -real-valued
function on the corresponding generalized projective
twistor space Pn = P(T) (n = ptg-1). ¢ is in fact the
defining function [26] for the two relatively compact

domains of Pn:
P = {z ¢ Pn s.t. ¢(z) > 0}

P = {z € P s.t. d(z) < 0} .

-1

Their common boundary p° = ¢ “(0) is a smooth submanifold

of real dimension 2n-1.

1

We will choose coordinates 7 = (Z ,...,Zp+q) for T

such that ¢ is diagonal, i.e.

2 2 2 2
9(2,2) = |zb|° + ...+ |2P|7 - |ZPYY|T - ... - |ZRP*9
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Let
2 2

R(Z,2) = |z2Y]° + ... + |2P]

and
2

s(z,z) = |2P"H7 + ...+ |ZPYY
so that

®(z,2) = R(2,2) - S(2,2) ,
and take

¥(z2,2) = R(2,2) + s(z,2) .
Then

_ R-S
$ = Rr¥s ¢

1

Let [Z] L2 ,...,Zp+q] denote the homogeneous
coordinates of P s and consider the following (g-1)-
dimensional projective subspace of Pn lying entirely
within P :

L™ = {[2] ¢ P_ s.t. gl =22 = ... =2P =0} c P .

Interchanging p and g, one obtains the following (p-1)-

. : i +
dimensional subspace within P :

LY = {[z] P s.t. gP¥l _ gPtn _ . = gPTT - 0} c p .

Let us now define coordinates on

{[z] € Pn s.t. Zl # 0} < Pn, by setting zi = Zi/zl

(i = 2,...,ptq). In these coordinates ¢ becomes
2 2 2 2
IS S LA VL | W sl R ST o TN ]
1+ ]z2]" ...+ |2PF9



16

It is useful to visualize the division of Pn as in Fig. 1.1

Y

Fig. 1.1

1 ©
Y

i
f—
iR

§1.2.2 Definitions

(i) A c”-real-valued function on a complex n-dimensional
manifold X is said to be strictly r-plurisubharmonic, if
the complex Hessian H(f) has at least n-r positive eigen-

values at every point of X.

(1) A domain X of a complex manifoid is said to be strictly

r-pseudoconvex if there exists a compact set K < X, and
a strictly r-plurisubharmonic function £ on X-K, such
that the sets B_ = {x ¢ X|f(x) < c} are relatively compact

V ¢ ¢ IR.
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(iii) A domain X of a complex manifold is said to be strictly

r-pseudoconcave if there exists a compact set K < X, and
a strictly r-plurisubharmonic function f£ on X-K, such
that the sets B_ = {x « X|f(x) > c} for 0 < c ¢ IR are

relatively compact.

(iv) If in (ii), K = ¢ then £ is said to be an

exhaustion function, and X is called r-complete.

§1.2.3 Evaluation of the number of positive and negative

eigenvalues of the complex Hessian of ¢

In our local coordinates

p+q : .

H(¢) = )Y ¢ ., .dz' ® dz7,
. i-3
i,j=2 =z7z

where
2
6 =990
z zd  aztazl -

We first evaluate ¢ i
Z

-i 2 2. —j 2 2 2 2
b (z) = STWE AHZ? T+ F k2] T 4P| ] -
Zi (1+IZZI2+..,+IZp+q‘ 2)2
(1.8)
where
(1 if 2 < i < p
sgn (i) = |
-1 1f p+1l < i < p+qg
and
1 if i = J
§t3 =
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Then
¢ . 2 2
5(2). = 6lj[sgn(i)(1+Lz2l2+...+[zp+q|2)—(1+|22L2+...+|zp|2-|zp+l| —..=[Z279 )]
e (14] 22| 2. .+|22¥E[ %) 2
+ zi230s n(i)-sgn(j) ]

(1+]22] .. . +|2P¥9]2)

=i_3 2 2 2 2
28 3 tsqn(w) (123 Fr #2270 = (|2 P 4] 2P - [P L o[ 2PY)))
(1+] 222+, . . +| P79 %)

)

(1.9)

Let us now consider H(¢) restricted to a point y on

the projective line

Y= {zepn S.t. 22=Z3= LI =zp+q-l=0 &Zp+q=t}o

1-|t]?

' %
1+|t|2

Note that ¢|Y =

so Y intersects P’ at |[t]|“ = 1,

and L+ at t = 0. Then

_ [sgn(i) A+|t[)-(-1£]3 1 _ 2z 23lsgn(d) (1+]E]%) - (1-]t]?) ]

¢ . .
z'z7 1, (1+]£]%) 2 (1+[t]%)°
i.e
2]¢]2 0 ... 0 1 0 : o |
I L
|
o 2/t]®* 0..0 | ,
o . ] . : :
. © 0 ’
. 2' -
0 0 .0 2/t]9 o 0
(¢ , .| J=|==m=mmmmmm e o P TT T
231, 0 0 :-—2 o . . .0 0
]
. o -2 0 0
M, ’ :
I . . ¢
' L L ]
[} : ® [ ]
. : 0 -2 . 0
1
: : 2
0 o lo 0 . . . 0 -2(3£lL5130
\ ! 1+{t]
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Thus H(¢)|PonY has g-1 eigenvalues strictly less
than zero and p-1 ones strictly greater than zero. On
the other hand,H(¢)|anyhas g eigenvalues strictly less
than zero and p-1 eigenvalues greater than or equal to

zero. The latter are actually equal to zero on L”.

The above statements are independent of the particular

choice of Y. To see this, note that U(p,g) acts transitively

on (the homogeneous coordinates of) p* preserving ¢ (but
not ¥), and U(p+g) acts transitively on (the homogeneous

coordinates of) P preserving Y. Thus the quotient

¢ _ R-S
¥ ~ R4S

where U(p) preserves R and U(q) preserves S. In fact,

= ¢ is preserved by U(p,q) n U(p+tg) = U(p) x U(qg),

the orbits of U(p) x U(g) are the (2n-1)-real-dimensional
level sets of ¢. Any point with homogeneous coordinates

rzt

,...,ZP,ZP+1,...,Zp+q] can be moved to another point
[a,0,...,0,zP*t, . ..,2P"9] (where a # 0), by a U(p)
transformation. Via a U(gq) transformation, this last
point may be taken to (e¢,0,...,0,0,...,0,b]. Dividing
through by a we obtain the point [1,0,...,0,%] on Y as
required. Therefore we conclude that H(¢) on P* has q

eigenvalues strictly less than zero and p~l1 eigenvalues

greater than or equal to zero.
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§1.2.3 A plurisubharmonic function on P+

We want to define a new function for p" by taking

o = log 1/¢ .

Then
= - (bzl

pZi ¢ 4

and
_ b iz3® * 20,3055

Dzl_j ¢2 R

From (1.8):
(0 . . . . .0 0 )
Cb .¢_.. - . i . .
Zl ZJIY ° . IS

O4|t[2

(1+]£]%) %)

O ® ® L} - - O

Therefore, applying the arguments of the previous subsection
to ¢Zi¢zj Y, one concludes that on all Pn the eigenvalues

of ¢zi¢2j are greater than or equal to zero. Hence, on P+,
negative eigenvalues of H(¢) correspond to positive eigen-
values of H(p). Therefore on P+, H(p) has g = n-(p-1)
positive eigenvalues which is equivalent to saying that p

is strictly (p-1)-plurisubharmonic. Furthermore p lies in

the range 0 < p < «, and the set {z ¢ p* s.t. p(z) <c,Vc ¢ IR}
is relatively compact in p*. Hence P’ is (p-1) -

pseudoconvex. P is actually (p-1)-complete, since p

is strictly (p-1)-plurisubharmonic on all of p* (and not

just on the complement of some compact subset of P").
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§1.2.4 The implications of the finite dimensionality

theorems of Andreotti and Grauert [3]

Theorem 14 in [3] implies that for any holomorphic
vector bundle V, the dimension of Hk(P+,0(V)) is finite for
k > p-1. In fact, since PT is p—-1 complete, Hk(P+,0(V)) =0

for k > p-1 (see Corollary in [ 3 ], page 248).

To consider the range 0 < k < p-1 we need to make
use of the pseudoconcavity results in [3]. To do this we

will define a positive function on Pn—L_ by setting
y(z) = ¢(z) + 1 (Y 2z ¢ P ).
Then, the set

B, = {z € Pn-L‘ s.t. Y(z2) > c, 0 < ¢c ¢ IR}

is relatively compact. Furthermore, outside the compact

set ;: c Pn-L‘ (i.e. on P -L7), H(y) has p = n-(g-1)

positive (and g-1 negative) eigenvalues. This is equivalent
to saying that ¢ is strictly (g-1)-plurisubharmonic on
(Pn-L')-;:. Therefore Pn—L- is (g-1l)-pseudoconcave and,

by Theorem 14 in [3], dim Hk(Pn—L—,O(V)) < o for 0 < k < p-1.
Furthermore from the lemma in the proof of Theorem 14,

together with Theorem 13 and Proposition 22 (in [3]), one

concludes that the restriction map,
H(p_-L7,0(V)) ~ BS(P¥,0(V)) | (1.12)
is an isomorphism for 0 < k < p-1. A

Actually the lemma of Theorem 14 oniy 1mplies that

Hk(Pn—L—,O(V) = Hk(BC,O(V)) (1.13)
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However, one can always enlarge P+ by

a finite amount by redefining its boundary. For example,

A A

R=-S R-S
replace ¢ = by = =2 where R = (l1-a)R and
R+S é R+S
S = (1+a)S (0 < a < 1), so that ¢ = 0 = ¢ = -a. This

in turn can be achieved by rescaling the homogeneous

coordinates in the following way:

(2t,...,52,2P*, ... 3Py = (/i zb,...,/T= 2P,/T%a ZP*H, ..., /T%a 2P790.

Then P’ = {(Z P s.t. ¢(§) > -a} and
T = {z e P s.t. $(Z) < -a} and hence B, 4 = p*, and

the right hand 'side of (1.13) becomes Hk(P+,0(V)).

Finally, we can now use the cohomological generalization
of Riemann's Second Removable Singularities Theorem due

to G. Scheja:

Theorem 1.17 [77]. Let K be a compact submanifold of a

complex manifold P. Then
B (,0(V)) > H(P-K,0(V))
is an isomorphism for 0 < k < codim K- 1. 0

In our case K = L and codim L™ = n-(g-1) = p. Therefore

for 0 < k < p-1 we have

Hk(P 0(V)) —— a5, 0(v))

\ / (1.14)

H (P -L7,0(V)) .

The groups Hk(Pn,O(V)) may be computed by

Bott's generalization of the Borel-Weil theorem [ 8 ].
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In particular, we will be interested in cases where V is

th

a homogeneous line bundle such as the r power of the

dual of the hyperplane section bundle over P : (L*)* = 177,
whose sheaf of germs of sections is denoted, as usual, by

0(xr).

Hk(Pn,O(r)) = 0 unless either (i) k = 0 and r 2 0

in which case HO(Pn,O(r)) (hence also HO(P+,0(r))) is
isomorphic to the space of homogeneous polynomials of
degree r on Pn, or (ii) k = n and r £ -n-1 in which case
Hn(Pn,O(r)) (hence also Hn(P+,0(r))) is isomorphic to

the dual of HO(Pn,O(-r—n-l)).

Finally note that from Theorem 5 of [2]

we have for k # p-1

gt o) = 5T, 0w).

Therefore the conclusions of this section for k # p-1

also apply if we replace pT by P*. However one could

deduce this directly since, by definition

g5 (p¥,0(V)) = lim Hk(UE,O(V))

(where the direct limit is taken over open sets U8 contain-

ing p¥ of the form {z «¢ Pn s.t. ¢(z) > -} (¢ > 0).)

Note that in [2] there is also a theorem (Theorem 7,
page 804) which states that gP~L(p*,0(v)) ana
Hq—l(P_,O(V)) are infinite dimensional. However we can

also deduce this via the generalized Penrose transform.
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§1.3 Topologies on cohomology

§1.3.1 Description of the various topologies

Let V be a holomorphic vector bundle of rank r over
an n-dimensional complex manifold X. The cohomology
'groups Hk(X,O(V)) can be regarded as linear topological
spaces by endowing them with certain topologies. The

various possibilities are discussed by H.G. Laufer [501.

A particularly natural topology (originally due to
J.P. Serre [801]1) can be described as follows. Consider

the Dolbeault resolution of Qj(V):
0> ol »edrlv) » g3 2wy » ... 8350

Now choose a local trivialization and endow the spaces
of smooth (j,k)-forms with the topology of uniform
convergence on compact sets for all derivatives of the

coefficients. These coefficients form a system of

n! nl
j!(n-3j)! k!(n-k)!

smooth functions. For example, if w € Ej’k(v),

then (locally)

ocl OLn _OLl _an I _3_
w=w _ _dz "A...Adz Adz TA...AdZ T =w_=dz Adz,
a ® e .a a [ I ) .a JJ
1 n 1l n
where ij = w, 4 §...® e 0(V).
1 nil n

Let ¢ be a holomorphic coordinate mapping from a
neighbourhood U of a compact set K < X, to an open set

in €. And, let Y ﬂ—l(U) +~ UXCY be the local trivialization.

Then, the seminorms
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= sup sup IDLLIP.Q) =

0 =(w)
K,¢,y,LL ze ¢ (K) 35 | JJ

B teo 4B +B t.. 4B

ce.02

define a Fréchet space topology on the spaces of (j,k)-
forms. (This topology is generated by sets of the form

{w e g9 %W s.t. ~(w-a) < e, ¥ K,o,0,.E, (e > 0)}.)

°k,0,v,LL

The §k operator is then a continuous linear operator
between Fréchet spaces. Therefore ker 5k is a closed sub-
space of a Fréchet space, and hence it too is a Fréchet

space. However, the image of 3 is not necessarily

k-1
closed. Therefore, if one gives to

k j _ -
H (X,2° (V)) = ker ak/Im ak_l

the quotient topology, it will not in general be Hausdorff.
However, if the topology is Hausdorff then Hk(X,Qj(V))

is a Fréchet space.

Laufer also considers cohomology caléulated using
currents (differential forms with distributions as
coefficients). The natural topology for currents is
the strong topology as the dual of the spaces of Dolbeault
forms (equipped with the topology of uniform convergence

on compact sets).

There is also a natural topology for cohomology with
compact supports, HE(X,Qj(V)). The only difference here
is that one starts with the Schwartz topology for the

(j,k)-forms (or currents) with compact support.
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The last possibility is to use the Cech definition of
cohomology with respect to a Leray covering and endow the
k-cochains with the topology of uniform convergence on
compact sets within the intersections of finitely many
open sets of the cover. One then takes the direct
product with the direct product topology and gives the
k-cocycles the subspace topology. Hk(X,Qj(V)) then

receives the quotient topology.

Let ék be the coboundary operator. Analogously to

the Dolbeault case, the space of cocycles, ker Gk, is

closed and therefore a Fréchet space. However, the
coboundaries are not necessarily closed so that Hk(X,QJ(V))

is not necessarily Hausdorff. If Imék_ is closed,

1
then Hk(X,Qj(V)) is Fréchet.

§1.3.2 Generalization of Serre duality

Theorem l.711 [50] The strong topologies for
Hk(X,Qj(V)) and Hi(X,Qj(V)) with respect to a Leray

cover, Dolbeault forms, and currents, all coincide. 0
Serre duality states that if X is compact, then
(a* (x,03 (v) 17 2 8RR (x,0" T (v)) (1.15)
where 'l 1*' denotes the topological dual. The pairing

B (x,07 (v)) e, I TN(x,2"7(v¥)) > €T

may be given by the wedge product followed by integration

over X of the Dolbeault representatives.
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In [ 80], J.P. Serre alsoestablished that provided that ak has

k+l(x, 03 (v)) is Hausdorff)

closed range (i.e. provided that H
then the isomorphism (1.15) holds even when X is not

compact.

Armed with Theorem 1.,iii, Laufer identifies the
obstructions to §k having closed range, and gives formulae

that hold when X is not compact:

Theorem 1.7v.a [501]

ek (x,03 (v))1" e rREYL

(x,03 (V) = BTN (x,Q" 7 (vr),

Hk+l

where R*"1(x,09(V)) = 0 if and only if (x,03 (V)

has Hausdorff topology. O

Theorem 1.iv.b [50]

et x, 03 (v 1t e RETHx, 03 (v)) = BMTR(x, 0T v,

where R*™(x,03(v)) = 0 if and only if BT (x,07 (V)

has Hausdorff topology. 0

k+1

R and Rt+llunmaindiscrete (trivial) topologies. I+l

measures the extent to which §k is a relative open map.

+1

Finally, we shall also need to make use of the fact that
if #5(x,23(V)) is of finite dimension, then it has
Hausdorff topology. This follows from Proposition 6 in

[801,
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§1,3.3 1Identification of the linear functionals on

B° 1 (p*, 0 (-m-p))

Theorem 1.v Suppose p 2 2 and g 2 2. Then

Hq—l(P-,O(m-q)) is isomorphic to the topological dual

of the Fréchet space HI 1 (p*, 0 (~m-p)).

Proof We need to make use of the following exact

sequence for cohomology with compact supports [29]
oo > HOTR@) > BS(x-A) > BR (R > BN(R) > L. (1.17)
where A is any closed subset of X. (HE(Y) = Hk(Y) if Y is compact.)

To prove that HP~ l( ,0(-m-p)) is Fréchet, from Theorem

l.iva we need to show that
(HP72 (P, 0 (-n-p)) 17 = wI*L (2%, 0% (mep)) . (1.18)

This is done by first noting that Q" is identified with
0 (-n-1) simply by choosing an element of det T, so we

have the isomorphism
Q" (m+p) = 0 (m-q) . (1.19)

Secondly, from (1.14), we know that

-2 -2

HP % (p¥,0(-m-p)) = HP (P_,0(-m-p)) . (1.20)

And finally, following also from the conclusions of §1.2.4,

HY(P™,0(m-q)) and }fTH(P_,O(m-q)) can be put equal to zero

in the exact sequence (1.17) (with A = P~ and X = Pn) to

obtain

HITH (2%, 0(m-q)) = B (P, 0 (m-q)) . (1.21)
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The right hand side of both (1.20) and (1.21) are at
most finite dimensional and, in any case, Serre duality
formula holds, i.e. Y p,g 2 2 and ¥ m, we

have
(EP7%(p_,0(-m-p)) 1" = 8T (p _,0(n-q)) , (1.22)
establishing (1.18).
Since HP(P+,0(-m-p)) = 0, we immediately have
(HP ™ (2%, 0 (-m-p)) 17 = 532, 0" (m+p)) . (1.23)

Using (1.19) and substituting

-1

< (P_,0(m-q)) = HI(P_,0(m-q)) = 0

into the exact sequence (1.17),one obtains the identifica-

tion required:

I, 0% (m+p)) = HIN(PT,0(m-q)) . O (1.24)

The pairing
5371 (p™, 0 (m=q)) e, HYTH(®¥,0(-m-p)) > T

is provided by the dot product. This process

was originally introduced in [28ad. It consists of first
taking the cup product and then applying the Mayer-Vietoris
connecting homomorphism. For example, if f ¢ Hq-l(P;,O(m-q))

(P is some neighbourhood of P°) and g ¢ HFP~ l( , 0 (-m-p)),
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then
- - _ - - [0 -
HYH (07,0 (o) ® HP M (2", 0(-mp)) >HY 2 (2] B*,0(-pg) >H T (®_,0(-n-1) 2C.
! ) v (1.25)
(£ , g) +— > £ u g > £ « g

Note that, for the last identification with T we have

made use of Serre duality.

Corollary 1.v7 Suppose p 2 2 and g =2 2. Then

[Hp'l(P+,0(-m-p))]** = P~

Proof

(5 (p7,0(m-g)) 17 = (82, w+p)) 1 = BPTH (Y, 0 (-m-p))

(1-24) in
The first isomorphism is clear from/the proof of

Theorem 1.v. The second follows immediately from Theorem 1.iv.b,
provided that H3+1(P+,Qn(m+p)) is Hausdorff which is

evidently true by (1.21). O

§1.3.4 The case (p =1, g =1)

Theorem l.v and Corollary l.vi. do not apply, as they stand, tc
the case (p=1, g=1). It will be seen that this is essentially
because the gauge freedom is not automatically taken

care of by the cohomology in this dimension.
For m 2 2 we have, just as before
*
r0(p*,0(-m-1))1" = B (¥, 0(m-1)) .

However, the identification of Hi(P+,0(m-1)) is now
different. From the vanishing of HS(P+,0(V)) (use

uniqueness of analytic continuation) and the exact
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sequence (1.17) one concludes that for m 2= 2

—

Hi(P+,0(m-1)) = HO(P_,O(m-l))/HO(Pl,O(m-l))-

(Note that the right hand side above is isomorphic to

HO(P*+,0(—m~l)) under the twistor transform.)

For m < -1, just as for the P-transform, one must

. 0, .+
factor out H (P ,0(sm-1) by the constant functions, i.e.

HO(P+,0(—m-l»/HO(Pl,O(-m—l».

The above quotient is a Fréchet space whose topological

dual is HO(P',O(-m-l)).
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§1.4 Elementary States

§1.4.1 Generalized definition of elementary states

Consider a Leray cover of Pn-L- by Stein sets
U. =P -H, where H, = {[2%,...,2P" 91 ¢ p s.t. 23 = 0}
J n j J n .
for 0 < j < p}, i.e. U = (tz',...,2°"91 ¢ p_ s.t. 27 # 0
for 1 < j < p}. Following H.B. Laufer [511], (seealso [20al), a (p
cochain, le...p € F(Ul n U, n ...nUP,O(r)), can be

represented by the unique Laurent series (convergence

in this sense is assumed)

V \Y)
+1 + 1
f]_2 p = z Q\) v (Zp' ro.opzp q)(Zl) --'(Zp) pi
o V.jeeepNV GZP 1m0 p
1 jo) (1.27)
whose coefficients Q (Zp+l...Zp+q) are polynomials

\)l...\)p
(in the variables zZP*l,...,2P*d) homogeneous of degree

r - v, = ... - vp, i.e. Qv Ly P(Pn,O(r-vl-...—vp)).

1
All f12 represent cocyc¢les, and fl is a coboundary

2...p

if

yk-1 ~ (1.28)

ng...k...p

p
f12...p - z (=1

where 912...%...p € I‘(Ul nU,n .c.nU _; 00 .0 °..nUpyﬁ(r))

meaning gjz m). If we now expand each

(gjﬁl...m
9, 2 o (in (1.28)) in a unique Laurent series, then

all coboundaries are represented by

f 0%t TR, (zp+l...zp+q)(zl)vl...(zk‘l)vk'l(zk+l)vk+l...(zP)
o1 szo VyeeeVpeaay

where Rv 3 y is a homogeneous polynomial of degree
l... k...
r-v. -

1 ...—vk_l—vk+l—...—vp. Thus the cohomology class

represented by fl corresponds to the Laurent series

2...P
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(1.27) with vl,...,vp < 0. In other words, if

f e Hp—l(Pn-L—,O(r)), then

Q, ., (ZFTh 2P
£ = ) L 2 - , (1.29)
reooy 0 1
My My (z') t...(zP) P
where Qu " is a homogeneous polynomial of degree
10 ¥y

p+l p+g

My + ... +F up + r in 2 reseyrd

Each term on the expansion (1.29) is included in
Hp-l(Pn-L—,O(r)) as a Cech representative of a cohomology
class with respect to our Leray cover. Each cohomology
class represented by the terms of (1.29) is called an

elementary state based at L .

Let
| Qo ...u (zP*h, ..., 2P ) )
H27H(p_-17,0(x)) = ) L - - »
Ul,...,up>0 (Zl) l...(zp) 1
ks.t.ul+...+up=2+l )
(1.30)

where £ is a positive integer. We will refer to elements
of these finite dimensional cohomology groups as zth order
elementary states. Let HE;l(Pn—L_,O(r)) denote (1.30)

i Q.+ S + i +.0. + = [ ]
with My + . up 2+1 instead of My up L+1

Then there is a filtration
w2t " 0(r))<EE-t (P -1.7,0(x))c cHP (P -17,0(x))c...cHP TR (P 17,0 ))
<1 “n 1 <2 n 1 R S R W oo oL 0(r)).

The dimensionality of these groups may be computed using

the methods of [20a&].
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§1.4.2 An orthogonal basis in the 4-dimensional case

In the usual 4-dimensional twistor case, instead of
choosing coordinates it is customary to take planes in

PT defined by, say: A_,B C ,D. € PT*such that

LY = {[2%]1 ¢ PT s.t;~Eaz“ =0 = Baz“} c pT"
and
L™ = {[2%] ¢ PT s.t. Eaza =0 = Eaz“} c PT.
Let (Aa,BB,CY,DG) be a basis for T for which the

hermitian form is diagonal, i.e.

00 0 )
100
0-10
00-1) .,

O O O B+

Then the associated basis for T* can be written as

RN 120 L A%’
(B = —1 , B, = — '
a A B A
€ 2%s?p? € a%gBcY
& = aBdy 5 = aBdy )
Yy A roTs A d
_ ¢ BYRO . . :
where A = €a8y6A B"C'D (Easyé is a totally antisymmetric
tensor in 4 dimensions). If (Zl,Zz,Z3,Z4) and

\

3,W4) are the coordinates (with respect to the

above basis) of a twistor and a dual twistor respectively,

(W), W, W

then the rule for twistor complex conjugation is

With this basis, the projective lines LT and L~ correspond

. : - + -
to complex conjugate points ya e M and y* ¢ M respectively.
In the dual picture, the points §a and ya correspond to

the following projective lines respectively:
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LI ={W ¢ PT*s.t. WA* =w B® = 0} ¢ PT*
o o o
and

WBDB = 0} ¢ PT*".

L1 = {[W]e PT*s.t. wC*
o a
Fig. 1.2 below illustrates the situation.

With respect to this basis, an element of
Hl(IPT—L—,O(-mr2)) may be represented by the (suitably

convergent) Laurent series
a a

) (EYZY) 3(f)(sz‘s) ‘
1 |
al,az,a3,a420 al.az. _ . al+l ~ 5 a2+l °
S.t.al+a2_a3-a4=m (Aaz ) (BBZ )

Let the general term in the above series be denoted

by
a a
a (CYZY) 3(D6Z6) ) 1 - 3
- 1 [ — —_—TN - .
e - a ta,! . al+l - a2+l € Hal+a2+l(ﬂﬂ? L ,0(-m=-2)) (1
(Aa_Z ) (BBZ )
where a is thelnultl-lndex(al,az,a3,a4) with al+a2—a3—a4 = m,

An elementary twistor theory calculation (see [68] for explicit

details) shows that the twistor transform of (1l.3la) is given by
al B a2

~a 5 (W,a%) = (W, B") . N

eL+..T(eL_) Aa2.a3. ) a3+l ; a4+l eHa3+a4+l(Eﬂ? LL,O(m 2

1 (W'YC ) (WaD ) (l.3

*ﬁ) Finally,

(Recall that L~ < IPT corresponds to LI e IPT
with our choice of basis, complex conjugation of (1.31b)

gives

(z®% ) !
o & Ht (PT-17, 0 (m-2))

€
- +
a3+l(Z6D )a4+l a3+a4 1

S (1.3

1]
>

(zYC )
Y

+
i.e. an elementary state based at L < 2T ",

Note that these general elementary state representatives

can all be generated from the first order elementary state
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by repeated application of the following differential

operators:

= d = 9 = 0 = ¢)
C = D, — C = D, — (1.32)
o 3A, ' B 3Ag ' Y 3B, 8 9B;
or
Aa aa 4 BB '_38- ’ AY —'a__ ’ B6 ‘_a‘g (1032')
3C 3C oD’ 3D
For example, if m = O, then ei_ can be generated from

0
e(o’o’o' ) as follows

-
( \
a a,—a a
@ 2933, 29 36, ) % (ayza)
9 3A4 S 3ag Y 3B,
SIS A -1 S
R a2 B,2°)
= 3.,%1,= 3,337 3 24
C — C. —= D — a_za
€ TC 0 P T ) gz
\ o $ )
(1.33)
((C 0 )r meaning C 3 applied r times)
o 3A o 3A )

Y S
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Fig. 1.2
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§1.5 The density theorem

Theorem l.vii For fixed L” < P , the elementary

states based at L~ are dense in Hp_l(P+, O(-m-p)).

Proof (case (p = 2, g 2) only).
From Theorem l.v we know that Hp—l(P+, 0 (-m-p))
is a Fréchet space and that linear functionals on it

may be identified with HY 1 (P™,0 (m-q)).

Corollary of the Hahn-Banach Theorem Let M be
a subspace of a Fréchet space X, and suppose that F is
a continuous linear functional on X. 1If

F(x) =0VY x e M=F = 0, then M is dense in X.

Proof F(x) =0VY¥ xe M=F(x) =0VY x e M by continuity.
Suppose M # X, sO z ¢ X~M. Define a linear functional

on the linear span of M and z by: F(x + Az) = A where A

is a non-zero scalar. Now extend (using the Hahn-Banach
theorem) to a linear functional on X. This gives rise to

a contradiction. B

Let F € Hq—l(P_,O(m-q)) be our linear functional
on Hp_l(P+,0(—m-p)). We want to show that if F vanishes

on the set of all elementary states

p-1

Hw(L)z @ Hz

2=1
zero. That is we want to show that

(Pn—L-,O(-m-p)), then F is identically

Fee = 0 Y e _ € Hw(L—) = F 0 . (1.42)

L-
We shall prove this in the 4-dimensional case where

we can make use of familiar twistor notation. The
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generalization for all p and g requires the use of
representation theory notation, which we will not

introduce here.

We will consider the scalar case (i.e. m = 0)
only, but there is no difficulty in treating other
homogeneities. Let ¢ aenote the negative frequency
scalar field corresponding to F « Hl(E;;%O(-Z)) under
the Penrose transform. We use the orthogonal basis

of 81.4.2 and denote a representative of a first order

elementary state based at

L™ = {[2%] ¢ PT s.t. ziaz"‘ =0 =287

o (0,0,0,0) _ 1

L™ - _0, ,= B
(AaZ )(BBZ )

(0,0,0,0)

It was shown in [20] that F-e is equivalent to

the Penrose transform of F evaluated at L~ . That is

0,0,0) ~
F-el(‘g' 10, 0) = o (y) ,

where ¢ (y) denotes the field evaluated at the point y
in M, corresponding to L~ < IPT . Note that ¢(y) may
be regarded as a function of K[aEB] (see [65]), where

Ea and §8 define the generators of the null cone with

vertex at y in M".

We will now consider a representative of one of

the second order elementary states, say

0,0,1,0
I(J—I 4 4 ) o — G'Yz — . (1.43)
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Making use of the differential operators (1.32) we have

Feel/0 10 g 3 1

- (1,44)
L o JA - O, ,= R
o (AaZ )(BBZ )

—_ _@__ v (0101010) _ ___a._
- CU azo (F eL_ ) CU 3Ac (¢(Y))-

IR

Thus, if we write the general elementary state representative

(0,0,0,0)

L- , then ¥ a

a .
e - (using (1.33)) asIDye

a _ a . (0,0’U,O) _ a -
F e _ = 0 =>Dy(F e - ) =0 =>1Dy(q>(y)) 0.

The initial data for an analytic massless free field
is given on a null hypersurface [63], and.ID; represents
all derivatives along the generators of one such hypersurface.
Therefore it follows that if all these derivatives vanish

then the field itself must be identically zero.

An alternative way of arriving at this conclusion
(0,0,1,0)

is to note that e - can also be written in terms
of both helicity raising and helicity lowering operators

(see [16,65]) as follows:

eéf.o,l,u) (& z7)a8 85 ( _ 1_ -
Y 97 (R, 2%) (B,z")
If we now choose
c = (0,e%", D = (0,a®"), a% = (a®,0), BB = (bB,0) (1.45)

and write z% in terms of the usual spinors (wA,wA,),
(0,0,1,0)

L- can be rewritten as

then F-e
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. (~D' E 9 (0,0,0,0)
F-(C ﬂD,)a —F ©r- .
ow

Integrating by parts (which is a well defined operation

on cohomology), we obtain

__E D' d . (0,0,0,0)
ac m, = (Fee - )
ow

. (1.46)
Finally, under the Penrose transform, (1.46) becomes (see [161])

. A A"
-iac (BAA,¢)(y) '

i.e. the derivative of the field at y.

From [16] it is not difficult to see that in general ¥ a

Peed_ =0 = (3n  of)’

- (a...%) o) (y) = 0 .

By virtue of the field equations, all derivatives
of the field are determined by the symmetrized spinor
derivatives [63]. Thus, by analyticity ¢ = 0 and hence

F is identically zero.

Note: Our choice (1.45) corresponds to choosing non-
standard coordinates for M such that y is the origin
(which can be moved to M by a complex translation).
This is a convenient choice which simplifies the Penrose

transform of (1.44') (see [16]). O

The same argument can be used for Hp—l(;:,O(-m-p))
with the strong topology of the dual of a Fréchet space.
Recall that, by Corollary l.vi, we can identify the dual
of Hp_l(;:,O(—m—p)) with Hq—l(P_,O(m-q)). Thus we also

have the following result.
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Corollary 1.vi%i< For fixed L™ < P , the elementary

states based at L~ are dense in Hp_l(P+,0(—m—p)). O

Finally, note that if p = 1 and g = 1 then L™ is a
point and Pl—L— = T. Thus, in this degenerate case,
Theorem 1l.vii is simply stéting the well known fact that

the polynomial functions on the disc are dense (with the

topology of uniform convergence on compact sets).
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§1.6 The scalar product

We now follow [18] and define a hermitian inner product

on Hp-l(P ,0(-m-p)) < BP L (p* ;0 (-m-p)) so that the Hilbert
space completion (which lies between HP~ l(—_ 0 (-m-p)) and
Hp-l(P /0 (-m~p))) supports a unitary representation of
U(p,q).

Firstly we need a definition of complex conjugation
of cohomology classes. This is provided by the following

conjugate linear isomorphism

2P~ 1 (p* 0 (-m-p)) ——— HE L (p7,0 (m-q))
o (1.47)
f — - £
defined by
F(z) = T(£(2)) .

In this way the generalized twistor scalar product

can be regarded as the continuous functional
p-1 p-1
< | >:H (P ,0(-m-p)) x H ( 0(—m—p)) - T ,
given by [18]

<flg>=F-g e HPTITH(P_,0(-p- q)) @ detT* =detT ®detT* =,
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Continuity of the scalar product (with respect to
the topology on Hp—l(;:,O(—m-p)) described in §1.3
follows from the continuity of the dot product and the
twistor transform. The former is immediate from its
Cech definition (which corresponds to multiplying the
appropriate cocycles together [28H). The latter is

established from the following fact:

Proposition l.ix The Penrose transform is a topological

(as well as algebraic) isomorphism.

Sketeh of proof The spaces of sections of vector bundles

over M, F(M,O(Vm), are Fréchet spaces with the topology
of uniform convergence on compact sets of all derivatives
(see [34]). The spaces of generalized fields form closed
subspaces of P(M,O(Vm)) and hence they too are Fréchet
spaces. Uniform convergence on a compact set K c M
corresponds, under the Penrose transform, to uniform

convergence on the corresponding compact set K' of Pn

e

where K' K x P Therefore P is continuous. And,

p-1°
since P is also surjective, by the Open Mapping Theorem

(see for example [341]), P is a topological isomorphism. O

Hermiticity of the scalar product 1is clear from
the definition of the twistor transform in terms of the

propagator [20,18].

Ulp,q) invariance of the scalar product is manifest

since its definition is coordinate free.



Positive definiteness of the scalar product can now

be proven directly from the density of the elementary

states:

Theorem 1.x  <h|h> 2 0 ¥ h and <h|h> = 0 <> h = 0.

Proof It is straight forward to verify by direct
calculation that the elementary states are suitably
orthogonal with respect to <!> and that <I> is positive
definite on each elementary state. As an example,
consider the (p = 2, g = 2) case. Let

a b

e s - € }{l(Eﬂﬁ-L—,O(—m-2)) be two general representatives

such as (1.31a). Then

a_5 = g2, .e% (1.49)

b
<eL"teL L L

where éi+ is given by (1.3lc). With this choice of

basis, (1.49) becomes [68 ]

a = 13 1a._la !
<eL_[eL_> a,taytajta 18 .,
where
r — —1 b= -
Jl if a; bl' a, b2, a3 b3, a, b4
6ab -
lO otherwise.
Since < | > is continuous and the elementary states
are dense, evidently < | > cannot be negative. To show

that it is actually positive definite one must check that
the orthogonal complement of the space of elementary

states is empty. To do this take f € Hp_l(ET,O(-m—p))
and suppose that £ #Z 0 and that <f|f> = 0. Let e _ be an

L
elementary state based at L <P . Then YA e C
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0 < <Af+e _[Af+e _> >

AE[AE> + <rfle > k<e _[NE> + <e; e .

= M<f|£> + X<eL_ f>-+A<eL_|f> + <eL_|eL_>

= . Re{i<e _[£>} + <e_-le ->.

Since Re) may be negative, we must have <eL_lf> = 0 for

all elementary states e -

Now

<eL_|f> = éL+-f ,

where 5L+ is the elementary state based at L* < p"

corresponding to y € ]M+(i.e. to the complex conjugate
point of y €« M ). Therefore, arguing as in the proof
of Theorem l.vi we conclude that EL+-f =0 =f = 0.

This gives rise to a contradiction. d
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81.7 The role of the elementary states

in representation theory

§1.7.1 The general case

-l(P+,0(-m-p)) supports an infinite dimensional

gP
representation of U(p,q) which may be defined as follows.
Write the homogeneous coordinates 2 = [Zl,...,Zp+q] as
a column vector and let M ¢ U(p,q) act on them by matrix
multiplication., If f is a representative of a cohomology
class in Hp-l(P+,0(-m—p)), then under the action of M,

_ -1
f - fM where fM(Z) = f(M ~2).

p-1
2

finite dimensional irreducible representation of U(p)xU(qg) .

For each %, the spaces H (Pn—L-,O(r)) support a

Since U(p)xU(q) is the maximal compact subgroup of U(p,q),
this is equivalent to saying that the space of elementary
states, H_(L7) = & uP~!

L
L=1
Ulp)xU(q)=-finite vectors (cf. [781]).

(Pn-L-,O(-m-p)), is the space of

U(g) acts on the numerator variables of (l1l.30) and
corresponding representation on the homogeneous polynomials

of degree f+1l+r, Qu u (Zp+l,...,zp+q), is that of the

L 1% L+l+m,

totally symmetric dual representation (Sym . Ul(p)

acts on the denominator variables (of (1.30)) and the
1

corresponding representation on is that

U
(zty L...(zP) P
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of the totally symmetric representation tensored with
the determinant representation Sym**!™P © Det. The
representation of U(p)xU(g) is the tensor product of the
above two representations. Note that the action of

U(p) is more complicated since it involves changing the

Cech cover (which is not invariant,cf.[641]).

From the density theorem of §1.5 one concludes that

& Vg e o O
the representatlon Of U(p q) supported by the Fréchet space ”g*gfﬁ;
.:“'" r’;‘ Q -‘;\[. (,,L, .“'Q_, LY 3 ’,-,

‘ .
2o

l ’\
(P™,0 (<in-p) ¥ 1s 1rredu01ble, “otherwise the closure of, H (L™}

HP

would provide a proper invariant subspace.

There are abstract means of dealing with the
above finite dimensional irreducible representations
(see [5a,18a,22]). However these will not be discussed
here. We shall limit ourselves to illustrating the action
of U(2)xU(2) on classical elementary states with the

aid of a simple example.
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§1.7.2 An exq@ple

Take r = -2. Then a representative of a first order

elementary state (i.e. an element of Hi(Eﬂ?-L_,O(-Z)) can

be written as L . Let A™t = [2 g

(z1) (z%)
under the action of A ¢ U(2)

] e U(2). Then

1 — 1 .

(z1) (2% (azl + pz?) (2! + az?)

Suppose l%% < 1. Then one may rewrite the right

hand side above and expand it in a Laurent series
2

(convergent within the range al < ZT < '% ) as follows:
Z
1 1
2 1
azhry + EZ-I] (z%)[1 + %
az d2
2 2 2 2 3 1 12 13
-2 n-EH+Ey -Ep -+ - 4Ll
a(z”)d(z") az az az dz dz dz
1 bc bc bc 3
= T 3 [l+(53)+(55) +(35) +...] + (cross terms)
a(z7)d(z")
1 1
= 7 5 [ bc] + (cross terms)
ad(z7) (z2z°) 1 - =3
= I 1 3 ; T + (cross terms)
(Z27)(Z27) det{C d)
= T 1 3 detA + (cross terms)
(27) (27)

It is not difficult to convince oneself that the

cross terms are in fact coboundaries and may be discarded.
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We now consider the second order elementary states,

i.e. elements of H;(EWF-L—,O(-Z)). A typical representative
can be written as
L(z) + (241 [——3 ¥ L

zh %2y (2h 2

. (1.51)
-1 _ |a B ,
Suppose B = {Y 6] e U(2). Then under the action of

B € U(2) the left hand factor of (1.51l) transforms as
(22 & BJ [(z3)J
——> .
l(z“)] y 8 |z%
~————

Now consider the right hand factor of (1.51) under the
action of A ¢ U(2). Discarding coboundary terms, a
straightforward calculation (similar to that for the

first order case above) leads to

¢ 5 (

= ! -c) 2
(z%) % (2?) . (zh) % (2%
1 o (det‘lg ZJ)Z 1 '
Lzh (zh) ?) - P Y 2% 2
(detn)A”

As a last example consider the representative of
H:;(]PT-L_,O (-2)) given by

2 2
3 3 4 4 1 1 1
[z3) +z) zh+izhH 1 + + ]
zH3z3)  hHih? bz’

Discarding coboundary terms, similar calculations (omitted

here) lead to



((z3)2 ) a0’ B 82 Y ((z

(2%) (2%) | — |20y as+8y 288 (z3) (2%

4.2 4.2
(z27) ) v Y$ % )Lz )
©°p 1
and
( (
1 ; 3 d2 -cd c2
(27)°(Z27)
L > 1 —2bd  ad+bc  -2ac
1,2,,2, 2 - a b] 3
(Z27)°(27) (aet[c dJ
1 2 2
I 73 L b ba a

(detA) ®2AT
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PART IT

CHAPTER 2: SUPERGEOMETRY

§2.0 Introduction

A mathematical formulation of a supermanifold theory
was initiated, independently, by Kostant [49] and
Leites [54]. This formulation is based on powerful and
fruitful ideas (originally due to Grothendieck [321)
which lie at the heart of analytic and algebraic geometry.
Within the spirit of these subjects one regards the sheaf
of functions on a manifold as the primary object. All
fundamental constructions of differential geometry are
then defined in terms of it; and the underlying manifold

plays a secondary role.

A supermanifold is an ordinary manifold with its
structure sheaf augmented so as to contain anticommuting
elements. This is achieved by demanding that locally

the augmented sheaf be isomorphic to the sheaf of sections of an

exterior algebra of Efqor . In the swooth category, the global

structure of such objects was investigated by

M. Batchelor [6 ]. She proved that a supermanifold

contained no more information than that of the exterior
algebra of the sheaf of sections of a smooth vector

bundle (called the underlying vector bundle of the
supermanifold). However, in the holomorphic category,

the situation is much more interesting. P. Green [30] showed

that there is an additional structure over and above
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that of the exterior algebra of the underlying vector

bundle. We shall deal entirely with the latter category.

It should be mentioned at this point that the
approach of Kostant and Leites 1is by no means the
only approach to supermanifolds. In fact, for reasons
which are not altogether clear to us, most authors
prefer to adopt a very different approach. This latter
approach starts by mimicking the usual differential
geometric definition of a manifold; replacing R" (or €
by a so-called super Euclidean spaceZEglN = (AE)n & (AT)N,
where (Aa)n denotes n copies of the even part of the
exterior algebra of il (or EL), and (A.l.)N denotes N
copies of the odd part. The number L is usually taken to
be very large, and sometimes even infinite. In order to
have a definition of a manifold, one further needs to
give a topology toZEEIN, and to give some sort of
'super smooth' or 'super holomorphic' criteria. This is
where the various authors differ. On the one hand,IEglN
has a natural Banach space topology by virtue of it
being a 2L_l(n+N)—dimensional vector space. This is
the topology used by A. Rogers [751, A. Jadzyck and
K. Pilch [46], and C. Boyer and S. Gitler [ 9 ]. However,

each of these authors has a different definition of

super smoothness and super analyticity. The alternative

n|N

L is the (non-Hausdorff) coarser

topology for IE
topology, also known as the DeWitt topology [151:
'A set U is open inIEglN if and only if U = e_l(v) for

some V open in R" (or T") (e is the canonical projection

n|N
L

L
augmentation A'R" + R (or A°T® - @),

of E onto R" (or En), induced by the canonical
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Using the DeWitt topology, Batchelor [ 7 1 claimed
to have found a suitable definition of super smoothness
so as to prove an equivalence between the supermanifolds
obtained in this way and Kostant-Leites supermanifolds.
However the definition of super smoothness needed to
prove such an equivalence was rather restrictive, and
did not seem to interest the various authors who prefer
to work with more general definitions such as those of

Rogers [ 75 ];

In this thesis we shall adopt the approach of
Kostant and Leites. We start by giving, in §2.1, a
brief review of some standard constructions in analytic
geometry. We hope that this review would make some of
the concepts involved in the theory of supermanifolds
appear more natural to the twistor theorist.
The organization of §2.1 is as follows.
Subsections §2.1.1 to §2.1.3 deal with ringed spaces and
C-analytic spaces. In §2.1.4 we give standard algebraic
definitions of tangent spaces, cotangent spaces and jets
at a point. 1In §2.1.5 we follow D.C. Spencer [87] and
describe the algebraic constructions of the tangent, cotangent and
jet bundles. These constructions are based on an idea of Grothendieck
[ 32] which consists of regarding the topological space
of interest as being embedded as the diagonal in the
product of two copies of itself. (This idea will play
a crucial role in Chapters 3 and 4.) 1In §2.1.6, follow-
ing [27,12,24]1 we give a brief description of
infinitesimal neighbourhoods which will be used through-

out the rest of the thesis. Finally, in §2.1.7 we state
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the definition of complex manifold thickenings [24],
which is completely analogous to the definition of a

supermanifold (§2.3.1).

Following D.A. Leites [54], in §2.2 we give the
various definitions of super linear algebra which will
be needed in latter chapters. They include: vector
Superspaces, superalgebras, supermatrices, A-supermodules and
A-superalgebras (A is a Zz—graded commutative superalgebra).
The structure of A-supermodules, discussed in §2.2.4, will

play a crucial role in understanding supervector bundles

(82.3.6).

§2.3 deals with supermanifolds. The definition of
a Kostant-Leites supermanifold is given in §2.3.1.
Filtrations of supermanifolds are defined in §2.3.2.
We then follow [24] and discuss (in §2.3.3) their
global structure using the results of Batchelor [ 6 ] and
Green [30]. 1In §2.3.4 we give the definition of super-
coordinates and discuss the various ways in which they
may be viewed. (Equivalent definitions of supercoérdinates
(as superfunctions) are given in [49] and [541.)
Furthermore, using the results of [ 6,30,24] (outlined in
§2.3.3), we define (in §2.3.5) what we mean by 'changes
of supercoordinates' and illustrate this with a simple
example (in §2.3.6). Our discussion here is essential
to understanding the supercoordinate dependent constructions

of Chapters 3 and 4.



56

Finally, §2.3.6 to §2.3.10 deal with supervector
bundles and superconnections. Note that these are by
no means the only possible definitions. 1In particular,
there are more general definitions of Zz-graded vector
bundles and connections due to Quillen [71]. However
our definitions have been chosen so as to agree with
what is required to interpret super Yang-Mills theory,
which is the subject of the next chapter. Indeed, the
'super abelian version' of super Yang-Mills theory provided

us with a test for our superline bundle definition of

§2.3.7.

Super derivations and differential forms on super-
manifolds have been discussed by Kostant [49] and Leites
[54]. Consequently, the original contributions in
§2.3.8 and §2.3.9 merely consist of interpreting their
constructions in terms of our supervector bundle

definitions.
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§2.1 Some standard constructions

in analytic geometry [27,87,24]

§2.1.1 Ringed spaces

A ringed space is a pair (X,A) consisting of a
topological space, X, and a sheaf of rings on(X,A). A
morphism of ringed spaces ¢ : (X,A) » (¥,B) consists of
a continuous map ¢ : X > Y and a homomorphism of sheaves

~

of rings ¢ : B - ¢*A, i.e. a homomorphism of rings

~

¢ :+ I'(U,B) - F(¢_1(U),A) ¥ U open in Y.

A very important example of a ringed space is the
pair consisting of an ordinary complex manifold and its
sheaf (of germs) of holomorphic functions, 0. All
fundamental concepts of differential geometry involve
constructions which can be realized from knowledge of 0
alone. This is indeed the underlying philosophy of

analytic geometry which regards 0 as the primary object.

A supermanifold is also another example of a ringed
space where the sheaf of rings in question is Zz—graded.
However, before giving their precise definition we shall
recall some familiar constructions of analytic geometry.
The concepts involved here are very closely related to
those needed in the study of supermanifolds and in some

cases we shall use them as guiding analogies.
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§2.1.2 Analytic spaces

A ringed space (X,A) is called a f-ringed space if A is a

sheaf of CT-algebras, and if Ax (the stalk of A over x ¢ X)

is a local ring [ 4] such that for every x ¢ X, AX/MX = T

is an isomorphism of C-algebras, where MX denotes the

unique maximal ideal of AX. If furthermore: (i) X is
Hausdorff and, (ii) for every x € X, there exists an open
neighbourhood U of x such that (U,A[,) is isomorphic to

some local model, then (X,A) is said to be a T-analytic

space. (A local model is a ringed space of the form

(supp0/1,(0/1) | I) where 0 (temporarily) denotes the

suppl0/
sheaf of germs of holomorphic functions on an open subset
of ¢", I denotes a coherent ideal in 0, and 'supp' means

the point set where the sheaf is non-zero.)

A C-analytic space (X,A) is called non-singular at

X ¢ X if there exists an open neighbourhood U of x such

Cen , .- , S EII SEatT PR Y
that (U,A|U) is isomorphic to some Llocal modél of the form gU,pw)L;

where W < €” is an open subset. If it is non-singular for every

X ¢ X and X is paracompact, then (X,A) is called a complex manifold.

We will often abuse notation and omit restriction
symbols on sheaves. For example if A is a sheaf on X and
U c X, we will often (though not always) write (U,AIU) as
(U,A). From now on when U = suppA < X, the restriction

symbol will always be omitted.

An analytic sheaf S on a C-analytic space (X,A) is a
sheaf of A-modules. Furthermore, S is said to be coherent
if for each x ¢ X, there exists an open neighbourhood U of

x such that there is an exact sequence
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0 - APIU > A%l > S, > 0.

Let (X,A) be a C-analytic space and suppose that X is
a complex manifold with sheaf (of germs) of holomorphic

functions denoted by 0. Then there is a short exact sequence
0>1+A50~0,

where I is a coherent sheaf of ideals in A, and ¢ is a
canonical homomorphism (given by f — f, with £ defined

by £(x) := £(x) ¥ x € X) called the augmentation map.

The ideal sheaf I is usually called the <deal sheaf of
nilpotents, or the nilradical. (X,A) is said to be a reduced

C-analytic space if and only if (X,A) 2 (X,A/I), otherwise

it is called unreduced.

§2.1.3 Vector bundles on analytic spaces

A holomorphic vector bundle E of rank r on (X,A)
is defined, via its transition functions, as an element
of H'(X,GL(r,A)).

The familiar one-to-one correspondence between

analytic
vector bundles and locally free{sheaves holds for C-

analytic spaces. If E is a vector bundle on (X,A), then
A(E) will denote its corresponding locally free sheaf of
A-modules. Conversely, we will sometimes define

vector bundles on C-analytic spaces (X,A) as locally free
sheaves of A-modules and make no notational distinction

between the two concepts.
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Note: If (0 denotes the sheaf of holomorphic functions

on X, then GL(r;0) = 0(GL(r,C)). This isomorphism no longer

holds if 0 is replaced by a more general sheaf, say A.

§2.1.4 Algebraic definitions of tangent spaces, cotangent

spaces and jets at a point

A derivation Or tangent vector to (¥X,A) at a point

X ¢ X is a C-linear map Dx : Ax - €, satisfying
Dx(f°g) = (Df)*g(x) +£f(x)D(g) V¥ £, ¢ A . (2.2)

It is not difficult to show [27] that condition (2.2) is
equivalent to the statement that Dx annihilates: (i) the
constant elements of Ax,i.e. Dx(m-l) = 0, and (ii) the

ideal of functions vanishing at x to second order, i.e.

D (M%) = 0.
X X

The restriction of derivations (at x € X) to MX
induces a C-linear map Mx/Mi -~ T. In this way one
*
identifies (Mx/Mi) and Mx/Mi with the tangent and

cotangent spaces (at a point x ¢ X) respectively.

These constructions may be generalized to vector

bundles E simply by replacing Mx by MX(E) := Mx ®4 A(E) .

Another closely related concept is that of jets

[87]. The k-jet of E at x ¢ X is defined as

k+1

Jk(E)x = A(E)X /M (E)X ’ (2.3)
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where one sets J (E) =E , i.e. A(E)_ /M(E)_ 1is identified
(¢ X X X X
with the fibre of E at x (recall that AX/MX = C). Thus,
for the l1-jet of E one has the exact sequence
0~ M(E) /M*(E) » J.(E) - A(E) /M(E) =+ 0. (2.4)
X X 1 X X X

§2.1.5 Global constructions

The constructions of §2.1.4 are local ones. Taking
o _ above
the disjoint union of the fbector spaces for all x ¢ X,
in general fails to give rise to vector bundles. We will
summarize (following D.C. Spencer [87]), adifferent point

of view originally adopted by B. Malgrange [56], and

based on ideas of A. Grothendieck [32].

Let X be a differentiable manifold embedded as the
diagonal in X xX (i.e. XC—é4>X><X), and let OXxX be the
structure sheaf on X xX. Also let I denote the ideal
sheaf consisting of those elements of 0X><X which wvanish
on the diagonal. Then the structure sheaf ofy X (as the

diagonal) is given by
A = OX*X/I o

One may now give an invariant algebraic characterization
of the cotangent bundle, T*, of X by taking the sheaf of

differential 1-forms to be
_ 2
Q" = 1/1 (2.5)

This is a locally free sheaf with support on X as the

diagonal in X X X.
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Let T, and T, respectively denote the projections

of the first and second factors of X xX onto X, and denote

3 ':*. 2 = 2k
their pull backs by i = mod A - OXXX and j = ™o A - oxxx

respectively. Then the exterior derivative may be

characterized as follows: take (f,n) € X xX and define

. i N 2
d: A 0z 171

x (2.6)

by £ ——> f(g)-f(n) = df(g,n). Clearly d4f is linear and
vanishes on the diagonal, so df e I/Iz. To check that d

is a derivation, suppose f£,g ¢ Oxx , then

X

fg —— £fg(z) - f£fg9(n) = £(z)g(z) - £(n)g(n)

f(g)lg(z)=g(n) I+[£(g)-£(n) Jg(n)

= f(z)dg(z,n) + df(z,n)g(n),

where dg and df both vanish on the diagonal as required.

Finally, k-jets are now defined as the quotient

3 k+1

with J. = A.
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§2.1.6 Infinitesimal neighbourhoods

The next examples of analytic spaces are of great
importance in twistor theory. They will also play a
fundamental role in the construction of the non-trivial

supermanifolds of 'physical' interest.

Let (Y,Oy)be a C-analytic space, and let X supp(A/I) where

I is the coherent sheaf of ideals consisting of functions vanishing

m+1 th

on X. Then X = (X,A )) withA(m) =0Y/I , is called the m

(m)

infinitesimal neighbourhood of X in Y. Note that there isa filtration

(m

(X,A) = X0y € X1y € Xigy € e € Ximy S = s
with X(m) c X(m+l) defined by
m+l ,.m+2
0~ 1 /1 > A(m+l)+ A(m) - 0. (2.10)

If (X,A) and (Y,Oy)are non-singular, then

fm+l Im+l m+2

= /1

is a locally free analytic sheaf on X. 1In fact, it is

the sheaf of germs of sections of the1n+lth symmetric
tensor power of the conormal bundle of X holomorphically

embedded as a closed submanifold in Y, i.e.

m+1l..%

Tm+l e N

IR

where
N* = 1ry| /TYX.

A section of A(m) is determined by the value of the function

on X together with all the (m+l)th normal derivatives.
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§2.1.7 Thickenings of complex manifolds

The definition of infinitesimal neighbourhoods depended
upon representing X within a larger topological space Y.
If X is a complex manifold it is possible to give a local
definition of thickenings of X which does not require any

mention of an ambient manifold.

A thickening of a complex manifold X [24] is a C-analytic

space, denoted by X(m) = (X,A(

augmentation map € : A

m)), such that: (i) 3 an

(m) A, and (ii) for every x ¢ X 3

an open neighbourhood U of x such that

= 4], Lt1/ (£

A(m)|U -

is an isomorphism of sheafs of C-algebras augmented over C.

Informally , one may define (following [24]) 'local
coordinates on X(m; as the pair (x,t), where x denotes

the local coordinates on an open subset U of X, and t

denotes the nilpotent such that A = A|U[t]/(tm+l).

(m) IU

In the next chapter (§3.1.3) we shall come across an
unreduced C-analytic space whose definition is very similar
to that of a C-manifold thickening. It is formally
constructed by adding a certain nilpotent variable with
some further structure. 1In other words,
it 1is defined exactly as T-manifold thickening except

that the ideal (tm+l) is replaced by a more complicated

one,
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§2.1.8 Composition series notation

The symbol '+' between sheaves has the following

meaning.

H=A+B< O0-+>B->H->A->0.

H=A+B+(C<> either (1) 0 - C > H > A + B » 0

and 0 > B> A +B > A-~>20

or equivalently (ii) 0 » B + C >~ H - A > 0

and 0 - C>B +C~>B >0

H=A+B +(C +0 <= ...

etc.

Example: (2.10) may be rewritten as
_ *m

Aw = Atm-1) !
= A +TE+I% 4 L+ IT

Note that a splitting of a short exact sequence
converts the composition series symbol '+' into a direct

sum symbol '®'.
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§2.2 Super linear algebra [54]

§2.2.1 Superspaces and superalgebras

A vector superspace, M, is a Zz—graded vector space.
That is, a vector space M admitting a Z, = {B,I}tdecomposition
into two homogeneous (sometimes also referred to as pure)
components (i.e. M = MH & MT)' Thus any element v, in M,

can be written as v = v. + Vi where Vs € MU and v- € M.

[ 1 1

are called, respectively, the even and odd parts of v.

A pure element v of M is said to be even if andonly if V- = 0 and

odd if v; = 0. The Zz—grading of a pure element W is denoted by W.
The dimension of M is denoted by r|s, where r==dimM6 and s==dimMT.

If M and N are vector superspaces one can form new

vector superspaces, M @ N, M ® N, Hom(M,N), by setting (see [55al)

(M & N)a = Ma ® N (2.11a)
(M® N)_. = & M. ® M- (2.11b)
a - = = Db c
b+c=a
Hom(M,N)a = {F ¢ Hom(M,N)s.t. F(MB)CN5+5} (2.11¢c)

A vector superspace M is called a superalgebra
(i.e. a Z2—graded algebra), i1f M is also an associative
algebra (with identity: 1 € MU) such that M M. < Ms e
It is further called supercommutative (or Zz—graded
commutative), if ¥ homogeneous elements o and B, aB = (-1)aéga.
For any superalgebra M 3 a canonical projection
e : M>M/(M;), where (M;) denotes the ideal generated by
all elements of MT' If M is supercommutative, then any

element m € M is <nvertible if and only if (M) is invertible.

, l+1=0

—1
—1
+
ol
I
—

TWwote: 0 +0=0, 0+1-=

cl o
-

—)
ol o~
]

ol

-

—|
—|

]

]

6:6' 6T=6
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The tensor product of two superalgebras M and N, is
the vector superspace M ® N with superalgebra structure
given by
n.,m
(ml ® nl)(m2 ® n2) = (-1) m, m ® n n, (2.12)

Y m, ,m, € M and n,,n, € N.

Any Z-graded algebra admits a decomposition into even
and odd parts, and therefore it is also Z2—graded. Suppose
that the typical example, @EN, is generated by elements v,
for i =1,...,N. Then, by taking the quotient by
homogeneous ideals of ®¢N (i.e. those generated by

homogeneous (or pure) elements), one can construct more

interesting examples of superalgebras:

(i) Exterior algebra: /\(DN == @EN/(Vi ®vj evj 8vi) (2.13a)
N
(ii) Symmetric algebra: ect = ®(]3/(vi ®vj -vj ®vi) (2.13b)
(1ii) Clifford algebra:
. N, _ N -
Cliff£(C) = ®C/(v; @vj +vj @vi gij) (2.13c)

Examples (i) and (ii) are both Z and Zz—graded. However,
example (iii) is only Zz—graded as the ideal

(vi 8 v, + v, & v, - gij) is not Z-homogeneous (since
gij e C while \ ® vj € ®2E). Note that one normally
omits the tensor product symbols and writes v, ® vj as

Vivj' so statements such as

v.v, +v.v, -g,. =0, (2.14)
i3 joi i

are to be interpreted as the equivalence relation on the

quotient.
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For our purposes we shall be mainly interested in
exterior algebras (also known as Grassmann algebras).
These supercommutative superalgebras have the important
property that any element k ¢ A can be uniquely
written as a finite sum

K = Z b vH ’

neo H
where u denotes the set of finite sequences (ul,...,uN),
T My H

“j = 0 or 1, and v" = Vi eee

N

Vg o* (We will also use

other notations for this type of series expansion.)

§2.2.2 A-Supermodules

Let A be a superalgebra. A left A-supermodule, M, is
a vector superspace M together with a left action of a

superalgebra: A x M - M satisfying,V<al,a e A and m,m' € M

2
(1) al(azm) = (alaz)m

(ii) (a, + a2)m = a.m+ a.m, a(m + m') = am + am'

1 1 2

(iii) lem = m
(iv) If a and m are homogeneous, then am = a + m.

If A is supercommutative, then a left A-supermodule becomes a bi-

module with left and right multiplication compatible through the rule
am = (-1)*"ma VaecA, me M. (2.15)

From now on, given an A-supermodule, we shall assume that

A is supercommutative.
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An A-superalgebra is an A-supermodule which is also a

superalgebra, i.e. satisfying the following additional requirement

(v) (am)m' = a(mm') Va e A and m,m' € M.

§2.2.3 Supermatrices

A supermatrix is a matrix with a Zz-grading assigned
to each row and column (denoted row(i) and col(j)). It is
usual to arrange the rows and columns of a supermatrix in
such a way that the even ones come first and the odd
ones second. Thus, for example, an (r]s)XKr'[s')—supermatrix
has r and r' even rows and columns and s and s' odd rows
and columns. The overall grading of a supermatrix X, with

entries Xij in a superalgebra A, is given as follows

ol

<

l—l
~
ol

X =0 if Xij + row(i) + col(3) =
(2.16)

X =1 if X+ row(i) + col(3) =1 ¥ i,5 .

Alternatively, if X is written in block form {é g), where

A, B, C and D are matrices of sizes rxr, sXr, rxs and

s Xs, then

ol
1

ifA ., =D, ., =
ij ij

i
I
ol

and B,., + C.. =
1] 1]
(2.17)

=1
ol
L ]

1if a..  =D.. =
ij ij

=<
i

and B,, + C,., =
1] 1]

The product of two supermatrices Y and Z is given by

(YZ) .. =) Y., % .. This product is homogeneous if andonly if the
i) g ik kj

grading of the columns of Y agrees with the grading of

the corresponding rows of 2.
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The vector superspace of (r|s)x(r'|s')-supermatrices
over a (supercommutative) superalgebra A is given the

structure of an A-supermodule by setting:

_ (_ya col(3)
(Xa)ij (-1) Xija , (2.20a)

- (- a row(i)
(aX)ij (-1) aXij . (2.20Db)
Square (i.e. (r|s) x (r|s)) supermatrices over A form an

associative superalgebra denoted by Mat (r|s;A). Thus
(2.20) is equivalent to defining a homomorphism of

superalgebras, A +Amx:r|s(A), given by a H—4>[aij] where

(_1)5 row (i) -
A B
CD

aij = 0 for i # § and a,; =

The transpose of a supermatrix X = [ J is defined

as follows:

A B]ST aT T _

bC ) = _—BT o7 iff X = 0,and

(a B]°T (AT -c™) (2.2
c o) = \BT ‘DTJ iff X = 1.

It can be shown that

(v2) ST = (-1) YZzSTyST (2.22)

Supertraces are defined on MatrlS(A) as follows:

i
ol

strX = str

A B _
= trA - trD iff X
(2.23)

=i
L

trA + trD iff X =

Note: The motivation for the above definitions

will become apparent in the next subsection when we discuss the

A-supermodule basis and coordinates.
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A B

Proposition 2.1 [54] X = € (Mat(rls;A))_
C D 0

is invertible if and only if A and D are invertible. [

Let GL(r|s;A) denote the multiplicative group of all
even invertible elements of th(rls;A). The Berezinian

function (sometimes referred to as the superdeterminant)

is a homomorphism

Ber : GL(r|s;A) > GL(1]|0;A) = A; , (2.24)
defined by
A B -1
X = —— BerX = det (A-BD 'C) . (2.25)
cC D detD

Since, by 2.i, D must be invertible, the determinants

involved are well defined. It is not difficult to check

that BerX is an even invertible element of A.

The <nverse of the Berezintan is given by

-1
-1 _ det(D-CA "B)
(BerX) ~ = ot , (2.26)

This 1is also well defined since A must be invertible by

Proposition 2.1i.

The Berezinian function has the fundamental

multiplicative property:

Theorem 2.711 [54a]l If Y,Z ¢ GL(r|s;A), then

Ber (YZ) = (BerY) (Berz). [
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§2.2.4 sSupermodule basis and coordinates

A basis for an A-supermodule M is a set of elements
i . i . i
m e M, with m™ ¢ Ma for i=1,...,r and m~ « MT for
i=1r+l,...,r+s, such that every m ¢ M can be expressed
uniﬁw_ L i
as a[flnlte sum m = u.m (using the Einstein summation
convention), where the coefficients, ui e A, are not all zero.

M is said to be free if it has such a basis, and in this

case:
M=2A®M &AM .
0 T

From now on we shall assume that M is free, and denote
its dimension by dimM = r|s.

Let M and N be A-supermodules of dimensions r|s and ~
r'|s' respectively. An A-homomorphism from M to N is a
linear mapping F : M - N such that F(ma) = (F(m))a
Ya ¢ A and m ¢ M. Suppose m3 and n' are bases of M and N
respectively. Then to any homogeneous A-homomorphism

F there corresponds a (dimN)x(dimM)-supermatrix (over A),

[Fij], of the same grading, defined by

F(mJ) = niFij (2.28)

where

Tow(i) = n* and col(3) = m? . (2.29)

Therefore, the vector superspace of A-homomorphisms from
M to N, HomA(M,N), has a natural A-supermodule structure

given by (2.20). We denote the resulting A-supermodule by
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HomA(M,N). Furthermore if M = N, then the above correspondence

defines an isomorphism of A-superalgebras
Hom, (M,N) = End , (M) —Z s> Mat(r|s;A), (r|s = dimM). (2.30)

Suppose m = uiml e M. Then the set {u?} will be called
the left coordinates of M. The element m ¢ M can now be

: L L .
written as the row vector (ul,...,ur+s) by defining

col(i) = m™. Alternatively, m may be expressed in terms
of right coordinates {u?} as m = miui. In this case, we
R
K1
may also write m as the column vector IR by defining
. Hres
row(i) = m-. One can check that the left coordinates are

related to the right coordinates by the supertransposition

rule (2.22).

If {ml} is a basis of M, then its associated dual

basis {m*} of M* = Hom , (M,A) is given by n*mt)= §. 1. Thus
3 A j j
if m* = alm: and m = uiml, then a’ = m*mﬁﬁ,ui = m;mﬂ,and
*rn_ 1

m*m)= a My o

The even automorphisms of an r |s-dimensional
A-supermodule, M, are precisely the group GL(r|s;A). By
even automorphisms we mean those which preserve the overall

Zz—grading of M = MU & MT’ where
M'6 = [AE ®M6' @A.l. @M.l.] and M.l. = [Aﬁ. @M.l. EBA.I ®M6]° (2.31)

Unless otherwise stated, from now on we shall be
dealing entirely with vector superspaces and superalgebras
over T. We will frequently use the notation Erls = ¢ o C°
for the trivial C-vector superspace. Furthermore,

r |s-dimensional A-supermodules over T will sometimes be

r|s

denoted by A = A ®m T .
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§2.2.5 Lie superalgebras

An A-superalgebra, G, is a Lie superalgebra if its

multiplication '[ , )' satisfies ¥ u,v,w ¢ G

(1) [u,v) = -(-l)av[v,u)

(i1) (-1)%[u, v, w)) + (-1)V¥[v,[w,u)) + (1) " [w,[u,v)) =0.

The multiplication '[ , )' is referred to as the super-
commutator, and (ii) is known as the super Jacobi identity.

In fact to specify a Lie superalgebra, G, it is
sufficient to define the following:

(1) a Lie algebra Gj.

(ii) A representation of G3 on GT defined by [ , ),
i.e. a GE-module, GT' s.t. [u,v] = =[v,u] Vu € GT and
vV € GU'
(iii) A symmetric bilinear mapping GT X GT > G3 (given

by [ , )) that is a homomorphism of Ga—modules.

A typical example of a Lie superalgebra is

Der (C) = {D ¢ End(C) s.t. D(ab) = (Da) b + (-1)°%aD(b)},

where C is any superalgebra.
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§2.3 Super differential geometry

§2.3.1 Definition of a supermanifold (cf. $2.1.5)

A complex (n|N)-dimensional supermanifold, X[N],is a
ringed space (X'OEN])’ consisting of a complex n-dimensional
classical manifold X, whose structure sheaf is denoted by 0,
and a sheaf of Z2-graded commutative C-superalgebras over
X, OD(](sometimes called the superstructure sheaf or the
sheaf of superfunctions), satisfying the following:

(i) 4 a surjective homomorphism of sheaves of T-superalgebras

€ : + 0 called the augmentation map, and (ii) 3 an open

O3
cover {Ui} of X and isomorphisms of sheaves of T-superalgebras

augmented over (:

~ . *
OEN]!Ui = A0 B, V )IUi (2.32)

for some N-dimensional C-vector space V*, (where

IR

0®Ev* 06 ... 80 ),

——

N

and € restricts to the projection onto the degree zero part

of A°(0 &, v*), i.e.

e : 0 = A0 ®, VF)|,. > 0] (2.33)
[N]'Ui T u, U, -

(This definition is equivalent to Kostant and Leites
definition [49,54].)

Maps between supermanifolds are special cases of
ringed space morphisms defined in §2,1.1. -that is, a mapping

of the underlying topological space, (which is a complex
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manifold in this case), and a homomorphism of the superstructure
sheaves in the opposite direction. More precisely, suppose

(X,S) and (Y,F) are holomorphic supermanifolds. Then a

supermantfold mapping ¢ : (X,S) - (Y¥,F) is a pair consisting
of: (i) a holomorphic mapping of the underlying manifolds
¢ + X > Y, and (ii) a homomorphism of sheaves of T-superalgebras

augmented over €, ¢ : F - $,S, (i.e. a homomorphism of rings

1

¢ : T(U,F) - I'(¢ ~(U),S) YUopen in Y).

If X[N] is a supermanifold, then to every open subset
U < X the corresponding supermanifold Urny = (U’O[NJIU)

will be called an open subsupermanifold Of Xp q-

A supermanifold X[N] = (X'O[N]

X is connected and is called compact if X is compact.

) is called connected if

The definition of a smooth supermanifold is completely
analogous to the above. However there is a fundamental
difference between smooth supermanifolds and holomorphic

ones.

§2.3.2 The global structure of supermanifolds

In the smooth category, M. Batchelor [ 6 ] showed
that there exists a rank N vector bundle, E, such that
A°C(E) is isomorphic to OEN]' Consequently up to isomorphism,
vector bundles over a smooth manifold X are in one-to-one

correspondence with smooth supermanifolds over X.

Let A be the sheaf of automorphisms of A0 &, V*) as a

Zz-graded T-algebra augmented over (¢, i.e. Zz—grading
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preserving automorphisms which are the identity on 0.
Isomorphism classes of supermanifolds XEN]’ over X, are
classified by Hl(X,A). (This is entirely analogous to
the classification of vector bundles (of fixed rank)

over X by Hl(X,B), where B is the sheaf of automorphisms

of 0 8, V* as a 0-module.) Let

Ay={ReAs.t. RFE=F Y FeAiw@mV*)fori<j},

so there is a filtration of sheaves (of normal subgroups)

Id = AN+l < AN S oe. < A2 < Al = A . (2.34)
Theorem 2.771 [ 6,30,24]
(GL(N;0), for j = 1
o~ J * :
Aj/Aj+l = {DQ&O ®0A (0 ®¢ vV*), for j even (2.35)
| Hom (0gv, A7 (0 ®, V*), for j odd and j # 1,

where GE€(N;(0) denotes the sheaf of invertible NxN matrices
with entries in 0, Uer 0 denotes the sheaf of derivations on
X (i.e. the tangent bundle), andHom«@NtAjw ®m V*)) denotes the sheaf

of homomorphisms from 0 8 V*'UaAj(O ® . V*). (See Fig.2.1in §2.3.4.)0

A supermanifold gives rise to an underlying vector

bundle via the map

1 1 ~ ol .
H(X,A)) > H (X,A/A)) = H (X,6L(N;0)) . (2.36)

An (n|N)-dimensional supermanifold (X,0p q) 18
said to be trivial if there exists a rank N vector bundle

E over X such that

(X,00,7) = (X,A0(E) .
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There is an obstruction theory for supermanifolds

manifolds:

Moreover, if 0

acts freely to produce all possible

superstructure on X, lie in

(H2(X,Den0 8, AO(E)) 4if (2 2) is

0

H (X, Hom (0 (E) ,AT0(E)) if 3(z 3) is
(N1 is a superstructure,

(1l (x, Dero %)AjO(E)) if (2 2) is

Y (x, Hom (0(E) ,A90(E)) 1f (= 3) is

even

odd

then

even

odd

completely analogous to that for thickenings of complex

Given a rank N vector bundle E over

superstructures.

X, the obstructions to A*0(E) being.the only possible,

(2.37a)

(2. 37b)
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§2.3.3 Fibration of supermanifolds

Let = = 1 vi -
e X[N] (X,S) and Y[M] (Y, T) be trivial super
manifolds with‘underlying vector bundles V and W respectively.
Then X[N] X Y[M] = (X xY, S8 8®T) is another trivial
supermanifold, with underlying vector bundle W§V @ ﬂ§w, i.e.
S ® T= A'(H§V @ ﬂ?W)) where ﬂ§ and w§ are the pull backs

of the projections

If X[N] and Y[N] are non-trivial, one can adopt this as
the local definition of XEN] X Y[M] and check that it

patches correctly.

A fibration of supermanifolds is a pair of supermanifolds

X[N] and Y[M] and a supermanifold mapping T

such that for every x € X there exists an open neighbourhood

iy T Xy

U of x and an open subsupermanifold U[N]jle[N] such that

_l(

m = FxUyy v

Urny
for some fixed subsupermanifold F of Y[N] called the fibre

of the fibration.
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§2.3.4 Supercoordinates

A local supercoordinate pateh on (X,0 ) is;

[N ]

(1) a suitable classical coordinate patch on X, i.e. an

open subset U of X together with a family of homeomorphisms
1 .

E=(,...,8") : U > C", which are holomorphic.

(ii) a choice of isomorphism (of T-superalgebras augmented

over 0) over U

. > op e = 2 N
o 2 o[N] A (0 ®EV*) 0e0 @a:V*@A (0 @a:V*) &...0A (0 @¢V*). (2.38)

(Note that if & is another choice of isomorphism over an

open subset ﬁ, then on the overlap U n G, the map
a(OEN]) > a(OEN]) (2.39)
is an element of A.)

Note: If S isa sheaf, then from now on we will abuse the

notation, and write s € §, meaning that s is a local

sectionof S.

Consider (with respect to a suitable basis for c"

and V*)
£ € 0 < A0 8 V¥) (2.40a)
and
fo]
alr
j = . *
e’ = 1] € 0 ®¢ v* < A° (0 ®m v*) , (2.40Db)
O.
(0
for each oo = 1,...,n and j = 1,...,N; and denote their image

o

under the local (over U) isomorphism a-l, by x~ and z? respectively

The superfunctions
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a »

€O[N]E (@ = 1,...,n) and yJ « UEN]T (3 =1,...,N), are
called respectively the even and odd supercoordinates of

this coordinate patch. Alternatively, the supercoordinates
may be regarded as the collections (xl,...,xn) e " ®¢ OENJE

1
and (y ,...,yN) e V 8 OEN]T' where dimEV = N.

C

By virtue of the anticommuting nature of the odd
supercoordinates, a superfunction F e 0[N] can always be

expanded locally as a finite sum
¢ 3y = o I ay, 3.k (x*) j .k 2
F(x7;y’) =£(x )-+fj(x )y3-+fjk(x )y Yy -+...-+fj§...2yjy ce Y
(2.41)

a
(x7) ,
where fji...z = f k.. .1 (£*). Thus, equivalently, a

superfunction F ¢ 0 1 may be thought of as a collection of
\
classical functions on X, and denoted by

F = [f’fj'fjk'...’fjk...,@]. (2.42)

In this way, fgr each o and j, x* and yj may be

regarded respectively as the superfunctions:

X = [GBQ'O’. .,OJ (i.e. xa(xB;yk) = 58 X

and ' (2.43)
j - 3 8k j k
y- = [0,8, S .Y ).

i

1 (i.e. yj(x ;Y )

IOI---IO

We will normally abuse notation and make no distinction
between the superfunctions x% and the coordinates of the
underlying manifold, and between the superfunctions yJ and

the el's.

A change of supercoordinates is a different choice of
both (i) and (ii) (in the definition of the local supercoordinates

patch), giving rise to a different collectidn of even-odd
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R A
supercocrdinates, say x% an

the admissible

a better understanding of the automorphism

This sheaf was investigated in [24] by representing elements

a v,

Hence,

changes of supercoordinates

in order to study
one must have

sheaf, A.

of a(OEN]) as column vectors, so that elements of A could

be identified with matrices with zeroes above the diagonal

(since the augmentation must be preserved), and zeroes in

alternating positions below the diagonal (in order to

preserve the Zz—grading).

The situation is illustrated in

2.1

Fig. 2.1
%0y > {0y
| 1R | 12
0 L > 0
0N
® W ®
* Q ~ *
08,V : -~ 08V
1
& AN D & Fig.
2
1200, v o L 1708 v*)
L\
@ \\\ uQD+g ®
3
1200,V > A%08,7%)
\\}\\\ D'
® ®
4 A4Q 4
108 V*) & > 1M08,V*)
\\\\‘\\
® A ®

where @ e GE(N;0), D e Dex0 ® A%0® V*), D'e Der 0 %1% (0 8, V*),

g e Hom (0N, 7% .

can be deduced either from

the collection of maps, as a whole, form a ring homomorphism

(see [241]).

(2.35),

or

@ V*)), etc. The particular form of these maps

by demanding that
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§2.3.5 An example

Changes of supercoordinates look hopelessly complicated.
We shall try to clarify the situation with the following

simple example:

Al 1 2.3 al

xT = x4+ yYy 5t = ay! + byly?y3

A2 _ 2 A2 2

¥ =X y =Y (2.45)
}?n = Xn §N = yN

This is a genuine change of supercoordinates . Clearly, in the

definition of a local supercoordinate patch (§2.3 4), (i) has remained
unchanged, while (ii) has indeed changed. Since the mapping D in
Fig.2.1l is a derivation, it is clear that any superfunction whose

expansion in terms of the odd supercoordinates is of the form, say
E(x . ,x™ + £ (xh Nyt

under the change of supercoordinates (2.45), beccmes

f(xl-+y2y3,x2,...,xn)-+fl(xl-+y2y3,x2,...,xn)(ayl-fbyly2y3)

) o+ of (xl,...,xn)yzy3

1
=f(x ,...,X l

oxX

+ fl(xl,...,xn)a vt

+[[—§— £ (xl,...,xn)]a-+b f (xl,...,xn) ylyzy3 (2.47)
3 1 1 1 .
X

Clearly, supercoordinates are not coordinates in any
classical sense. Nevertheless it is tempting, and some-

times even useful, to think of the supercoordinate pair,

(xa;yj), as a 'point in the supermanifold. However, we
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do not know how to build a non-trivial supermanifold

from 'collections of all such points'. The only geometric

notion which can be associated to a 'point in a supermanifold’
is that of the underlying classical point. Note that
essentially the same features are common to C-analytic

spaces, and in particular, to thickenings of complex

manifolds (see §2.1.7).
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§2.3.6 Supervector bundles

Recall that a vector bundle on a C-analytic space
(X,A) can be defined as a sheaf of locally free A-modules.
Equipped with the supermodule definitions of §82.2, the

obvious generalization to the super category now suggests

itself.

A supervector bundle of rank r|s on a supermanifold
(X’OENJ)’ is a sheaf E of locally free OEN]-supermodules
of dimension r|s. Thus for every point x ¢ X, 3 an open

neighbourhood Ua of x such that

E| = rlsl 50 l @mrls.
U, [N1'u, [(n1'u,
A trivial supervector bundle is one where E = 0E$§

globally.

| s

r+s) for C* , then,

If one chooses a basis (ml,...,m
locally, a section F of a supervector bundle is an (r]s)-

-vector valued superfunction (e.g. using left C%N1_

r+s .

supermodule coordinates:F = ) fjmj, where fj €
j=1

Choosing a different trivialization (over, say, UB
\l

corresponds to choosing a different supermodule basis.

).

c X),

O n1

Thus the transition functions of a supervector bundle are

)

1
supermatrix valued superfunctions Iug © H (X,GL(r|s;0[N]

(see [l6c]), satisfying the usual cocycle condition

Note that forevery point x of the underlying classical
manifold X, there are associated (r|s)-dimensional vector

superspaces, which we refer to as the fibres of the supervector

Ny
bundle. However, the analogy between ordinary vector
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bundles and supervector bundles does not go any further

because a supervector bundle cannot be reconstructed

~

from the fibres alone. The isomorphism @(GL(r;C))

GL(r,0)
has no analogue in the super category. (Recall that
GL(rIs;O[N]) mixes the Z,-grading of O[N] and mrlf preserving
(O[N] ®m c* S)F') Note that vector bundles on C-analytic

spaces essentially share the same features.

§2.3.7 Superline bundles

It is not immediately clear what one should call a
superline bundle. The justification for our choice
ultimately lies in the fact that it provides the right
framework for the description of the super abelian version

of Super Yang-Mills theory (see Chapter 3).

In the ordinary (commuting) case, there is the short

exact sequence of sheaves

0 > Z > (0 - 0* > o

(0* denotes the sheaf of germs of nowhere vanishing
holomorphic functions), and one can construct line bundles

according to the homomorphism
1 1
exp: H (X,0) - H (X,GL(1;C)). (2.48)

A similar construction applies in the super category, where

there is a homomorphism of sheaves of groups

0p 1 > CL(L[1:0 9. (2.49)

[N]

(0[N] is an additive group whereas GL(lll;OEN]) is a

multiplicative group.)
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One way of defining the homomorphism

~

(2.49) 1is the following. Let A= A'CT =T ® C, and
write elements of A formally as £ = g + ht (for g,h € T)
with the algebra structure given by 7° = 0

(i.e. A = E[T]/Tz). Let A act on mlll =T & C by
identifying Elll with A, and multiplying on the right,

. . 111
i.e. 1f (ml,mz) is a basis for T I ’ then+

(aml+8m2)f = agml + (ah + Bg)m2 YV oo,B € T.

Now let F, and F, denote respectively the even and odd

parts of F ¢ 0 . We define expF as follows:

[N]

- Fo +F ;T _

expF = e eFoy (1 + F.1) ¢ 0 ®¢ A.

[ N]

oFo +F)

(Note that had we defined expF = , this would not

be a group homomorphism.) Hence if F € o[N]’ then expF

11 _ 11 .
acts on OEN] = 0[ ] ®m T , preserving the overall even

-0odd grading of 0E£3, according to

2 1

F F
+ (Be " +ae 'F.)m

1
(Am~ + Bm 1772

) (eF %) (1 +FT) = Ae 'm

Y A,B ¢ o[N]'

The effect of T is to change the ring structure of OEN]'
making it into a commutative ring so that the exponential
may be safely taken. Note that T was merely a device
introduced in order to motivate the definition of exp

in this context; and, clearly, (2.51) could be written

without introducing Tt at all. For, writing

Aml + Bm2 € OEII as a row vector (A B), then the action

N]
of OEN] ®¢ A on it becomes

1~Note: mlr = T and sz = 0.

(2.50)

(2.51)
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(A B) —— (A B) (2.52)

This action preserves the overall grading of 05&3, as

required.

Let

*

0 = I : = .
- m exp ‘OEN] - OEN] ®, A= GL(1|1,0[N]). (2.53)
We define a superline bundle to be an element of
HY(X;0% ) < BY(x GL(1|1;0p 1)) (2.54
0N ' POy -34)
In other words, superline bundles are constructed
according to the composition
1 ~ 1 1|1 o~
H™(X,0; ) —>H (X'OELJE) - Hl(X,OEN]) —%>H1(X,GL(1|1;0[N]))

w W 7 W

1 F
F +F +—> F. +F.Th—> efo¥tF1T . o Fo 1
0 1 0 1 0 1

§2.3.8 The tangent bundle of a supermanifold

Let 2% = (x%y3) (@ =1,...,mand 3 = 1,...,N)

be the even-odd supercoordinates of X[N] =

X, .
o[N])

We will define partial derivatives by their action on
terms of the power series expansion of a superfunction

(cf. analogous definitions for thickenings in [241]), as

follows
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9 1, V1 v v v
— (£(yH) L.uyHH = 2L gHL.gH T (2.56a)
90X 3x”
) 1 Vl \Y A% +...+\)__ v 5 \),_ . vV, \Y
5—'37 (f(l" ) LI Y (yr) r) = (-1) l ] ]f(yl) lo o0 (yj l) J l(yj+l) J+l‘ oo (yr) rl
y (2.56b)
where Vj = 0 or 1 and £ = £(x%). These partial derivatives

satisfy the graded Leibniz rule. That is, given homogeneous

elements F,G ¢ O[N]:
_EE (FG) = Jﬁ% G +F 2C (2.57a)
9x 0X ax*
and
5 _
2 (re) = 2E ¢+ (-1FF S, (2.57b)
3y Byj 3y 7
or equivalently
TA-
2re) = & g+ (-1t TS (2.57)
92 37 37
The Lie superalgebra of derivations, Der 0[N] (with
product given by the supercommutator [ , )), has the
structure of a OEN]-supermodule given by
(FD)G = F(D(G)) Y F,G ¢ OEN]’ D ¢ Den O[N]’ (2.58)

Moreover, Den ( is locally free [54] (its basis is given

[N]
by

{_3_} - { 3 _é_})
37% ax® oy’

Therefore Den O[N] gives rise to a supervector

bundle of rank n|N, which we call the tangent bundle of

the supermantfold X[N].



90

§2.3.9 Differential forms on a supermanifold

In our local even-odd supercoordinates, differential

forms on a supermanifold X[ are objects of the form

N]

A A

1
W= w4 dz A ... A dZ P, (2.59)

where the super wedge product is defined by:

AeB if A =B =1
A A B = (2.60)
A A B otherwise.
Thus, the symmetries of the coefficients wA A vary

l...
accordingly. We denote these (super)symmetries by

w = w .
Al"'Ap [Al...AP)

Denote the sheaf of germs of differential p-forms
0 _

P P
on X[N], by QF and set Q° = OEN]’ Note that QF is
(Z ® Z_)-bigraded. In particular, w above has (Z & Z -
2 — -z 2
Al
bigrading: (p,w + 727+ ... +72PF),
Al"‘Ap

The existence of a differential operator d, satisfying

3’ = 0, was shown by Kostant [49]. In.our local-even-odd super-

coordinates d, on F ¢ o[NJ' is given by

+ dyj 9F (2.61)

3

a OF
ax° oy

ax

o)
£
il
o)
~N
i

Note that 4 has (Z,Z,) bigrading: (1,0).

It can be shown [49] that QF is isomorphic to
Hom(ApDQQOEN],OEN])- In this way one identifies
one-forms as sections of the dual of the tantent

bundle of the supermanifold.
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The deRham sequence on a supermanifold can be written

as
0 4, ot 4 . o2 4 5 g3 —_ ...
11¢ 1] ¢ 11 112
3 3 3
0 ———AL—>0 B > 0 ———EL—>0 —_—
[n] [N]A [n]LAB) [NJLABC) teet
(2.62)
where
5, = 9 = { i —é—} (o = 1 n; j=1 N)
A aZA axa Byj P ooy i ] P ooy
Orn1a = Yonge @ I0nos
0 _, (2.63)
(n1cAB) - rwiresl @ Orwies® Oow1can
OrnicaBe) = Yrwitesyl @ onires1s @ Yiniacixy @ Orwicike)
etc.

The deRham sequence on X can be regarded a product

[N]
of the ordinary deRham sequence in the category of con-
vergent power series on X , with an analogous construction
for anticommuting variables (see [16bl]). For example, an

element of the former complex can be written as (assuming

convergence)

£ ag. .o on...01 ¢ © Ca O A . (2.64)

An element of the latter is obtained simply by interchange

of symmetrization with antisymmetrization

f[jk...zj(mn...p) € AEj ®¢ © T, (2.65)

(no assumption of convergence is necessary here).

Tensoring (2.64) and (2.65) one obtains
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2
(@Ea ®m'A c.) ®E.A¢j

(@(IZOl @a: (TJG) ®(I: A(Ej ®

oc, 8, AT, > ® > (0T ®, T ) ® (A(Ej 8, T,) > .-
oC, 8, (Aa:j 8, C ) ® (2.66)

OC © (AT . ® ©°T )
o J m

Identifying, in (2.66), OEN] with oc 8, AEj, precisely

gives the deRham sequence (2.62).

Thus, exactness of the deRham sequence for supermanifolds
follows immediately from the exactness of (2.66). The latter
is a consequence of the fact that the tensor product of two
exact complexes is exact (by Klnneth formula, see for

example [ 85]).

§2.3.10 Superconnection

We will now consider differential forms with values
on a supervector bundle E, of rank (r|s). Denote them

by QP(E) = P ® E. Recall that, locally

Orn3

E = 0§£§ = 0pyp ® ¢r|s.

Thus the modified deRham sequence becomes

0% —Y solip) —Y s %) —Y— 3 - ...
Ixé . 112 . IR . Ik

r|s A rls B r|s C r|s .

Orn] ———— %y3a —— Y%waraB) —— — YtwiraBc) T oce v

(2.67)
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where
0r|s ) ® rls
NJA A
[N] [N] 0[N] [N]
orls - o )rls
[NJ[AB) [N]I[AB) 0[N] [N]
r|s = ® r]s
[N][ABC) [NILABC) 03 [NJ :

A superconnection V is a'(l,ﬁ)—bigraded operator (i.e.
a Zz—grading preserving operator), defined by analogy with
the ordinary connection. Namely, if F «¢ OEN] and

£ € QO(E) then V(FE) = dF ® £ + FVE. If one chooses a

frame (i.e. a basis for mrls) g = (ml,...,mr+s), then the
superconnection is defined by V(m%) = ma¢ab, with

o = [¢ by ¢ Ql(End (Orls))

a [N]
[ ]

It transforms under changes of frame

E—s> £ = £g (2.68)
(for some g ¢ GL(rIs;OEN])),as

b —>g (6 + dg. (2.69)

In local supercoordinates, we will usually suppress the

internal supermatrix indices and write the superconnection

as V = dZAVA = dxava + dijj, where
v:——a—'!'@aandv:—a_"i'@
Q Ix & J ayj J
With respect to a local trivialization of £, for each o and j:
o e (End ox | s ) o
o O[N] [I]
and
r|s

] 0w
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Note: If we set all anticommuting variables to zero,
a supervector bundle becomes an ordinary Z2—graded vector
bundle (i.e. the total space still admits a Z ,~graded
decomposition). Our definition of a superconnection
is a special case of Quillen's definition [71]. The
latter is more general because it does not preserve the

Z2-grading of the vector bundle.
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CHAPTER 3: SUPER MINKOWSKI SPACE

AND

SUPER YANG-MILLS THEORY

§3.0 Introduction

In field theory one usually deals with fields that
transform under some representation of a Lie algebra
whose generators are represented by differential operators

(vector fields). For example, the Poincaré algebra has

generators 32 = —2_ and J%P = x33P-yP
ax*®

usual commutation relations (see for example [ 72]).

3%, satisfying the

Another example is the Lorentz algebra, with only thesix
rotations J2° (= -3°?) as generators. The vector fields

2 and J2P can be exponentiated to a Lie group:; in these

d
particular cases, to the identity connected components of
Poincaré and Lorentz groups, denoted by P:(l,3) and

01(1,3) respectively.

Affine Minkowski space can be defined as the
representation space for the group of translations,
P:(l,3)/01(1,3), generated by exponentiating the

infinitesimal translation operators 9d,.

Affine super Minkowski space is usually introduced
as the representation space for the Lie superalgebra
generated by the 4 infinitesimal translation operators

aa together with 4N 'odd translation' Operators,ai and

aA,j, satisfying the following super commutation relations
(3. 3,1=0, (3335 =0, (35,,.5.,.)=0
a’”b ! A"B ! A'j 7' B'k
(3.1)
Jq X _ j 3 _ J
[aa QB] 0, [Ba ﬁB'k] =0 (aA ﬁA,k) = Zéka .
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In the Physics literature it is standard practice to
assume that these Lie superalgebra (usually regarded as
the quotient of the Poincaré superalgebra by the Lorentz
superalgebra [74a]) generators can be exponentiated to a
Lie supergroup'. Multiplication by the 'Lie supergroup'

elements is thought to generate finite transformations

on the parameter space: labelled by (xAA',a?,gA'j), where
A xA'k : . :
87 and © are 'anticommuting spinors'. Such transformations

are called 'supersymmetry transformations'; and all
superfield equations are then required to be Yinvariant
under supersymmetry transformations'. These superfield

equations, are usually written in terms of the differential

operators
3, = 2 , 33 = + 823 . ”A,k = 3 + ei 3- (3.2)
3x2 302 gxBA Y-l sx AR

(One can easily verify that these operators satisfy (3.1 .)

The informal constructions outlined above are
commonly used in the Physics literature as motivation

for introducing super Minkowski space as the 'space of all

(xAA',e?,éA'k)', [74a,28].

Our starting point for introducing super Minkowski
space will be quite different; and the above motivation
is presented for the purposes of comparison only. The
fundamental obstacle for using this geometrically appealing
motivation is that we have no satisfactory definition of a
'Lie supergroup'. (B. Kostant [49] has a definition of a
Lie supergroup in terms of Hopf algebras. However this

definition is not suitable for our purposes.)
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At the Lie superalgebra level there are no
difficulties in making sense- of supersymmetry transformations
within the Kostant-Leites formalism (see  [13]).
Moreover the concept of 'invariance under
supersymmetry transformations' can be taken to mean
'supercoordinate independence': a perfectly well defined
concept within the Kostant-Leites formalism of Chapter 2

(see §2.3.4 and §2.3.5). The extent to which this

interpretation of invariance under supersymmetry transformations

is compatible with the physical aspects of supersymmetry

will not be discussed.

The lack of a suitable Lie supergroup definition
within the Kostant-Leites supermanifold formalism is an
unsatisfactory feature of the theory. The effect of this
deficiency on the original motivations of supersymmetry

will not be discussed.

The objective here is to define super Minkowski
space ]HEN] as a non-trivial supermanifold by regarding
it as the 'diagonal' in the product of two trivial
supermanifolds (antichiral super Minkowski space and
chiral super Minkowski space). We will not
attempt a full justification of this as a good definition,
except in as much that this is a suitable definition for the
twistor correspondences whichwe will be discussing in Chapter 4.
anticipate that superambitwistor space (a non-trivial
supermanifold) is defined in a completely analogous way
to ]M[N], namely as the 'diagonal' in the product of two
trivial supermanifolds: projective supertwistor space and

projective dual supertwistor space.

We
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The organization of §3.1 is as follows. We begin in
§3.1.1 by defining Minkowski space M as the diagonal in
an 8-dimensional space Mx M (cf. [93]). 1In §3.1.2 we
follow suggestions of M.G. Eastwood and use the constructions
of §3.1.1 as guiding analogy to define the superstructure
sheaf of super Minkowski space. This is done by regarding
]M[N]as being embedded as the diagonal in a trivial

supermanifold (M x M) (The case N = 1 is discussed

[n]°
in detail in §3.1.3.) Finally in §3.1.4, (IdX]M)[N] is
identified with the product of antichiral super Minkowski
space-and chiral super Minkowski space: —Imhﬂ X*jM[N].
The constructions are then summarized in Fig. 3.2

(cf. Fig. 4.1 in Chapter 4).

The second part of this chapter (§3.2) deals with

super Yang-Mills theory: a natural generalization

of the classical Yang-Mills equations to the super category .
Superfield equations referred to as the super Yang-Mills equations
have been arrived at from physical considerations within a
Lagrangian formalism [11,25a,28c]. However, the physical motivations

for studying super Yang-Mills theory will not be discussed.

There is some uncertainty (particularly for N > 1)
regarding what one should adopt as a definition of the super
Yang-Mills egquations. We present here what we consider to

be a natural definition.

The N = 1 super Yang-Mills theory is studied in detail.
We foundsucha study essential in order to attempt
to give a supertwistor interpretation of these superfield

equations. Originally, we carried out the calculations
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at the formal level of f-expansions (standard practice in

the Physics literature), and found that in order to obtain

a 'reasonable' system of classical equations some of the
coefficients (called the odd coefficients) of the 6-expansions
of superpotentials and curvature components, had to anti-
commute with an odd number of 6's. Moreover, when reducing
to the super abelian case, we expected commutators and
anticommutators of superfields to vanish. This could not
happen unless the anticommutators of the odd coefficients
also vanished. From the formalism of Chapter 2 we hope

to convince the reader that there is nothing mysterious

about these odd coefficients; and that both of the above
mentioned 'anticommuting properties' are merely a consequence
of the OEN]-supermodule structure (OEN] denotes the super-
structure sheaf onM[N]) of the Lie superalgebra of

supermatrices over OEN].

We have organized §3.2 in the following way. In
§3.2.1 we consider an r|s supervector bundle, E on E%N],
and define the corresponding superpotentials and super
Yang-Mills fields. With respect to some choice of
trivialization for E, these objects are regarded
respectively as l-forms and 2-forms on ﬂwﬁn] with wvalues
in EmiOEN]E. The special case of a superline bundle is
investigated in more detail. Following M. Sohnius [84],
in §3.2.2 we state, and briefly discuss, the Bianchi
identities and constraint equations. These results will

be needed in §3.2.3 where we give a definition of the

super Yang-Mills equations. The commuting and anticommuting
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properties of the coefficients of the 6-expansions of
superpotentials and curvature components are discussed

in §3.2.4, where several examples of the super abelian

case are given. In §3.2.5 we investigate the N =1

super Yang-Mills theory. The relevant calculations are
given inthe appendix. Finally, in §3.2.6 we state the
classical equations implied by our definition of the
super Yang-Mills equations for N = 3, and compare them

with the N = 3 constraint equations of Harnad et al. [35].
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§3.1 Super Minkowski space

§3.1 Infinitesimal neighbourhoods of M [19]

Consider M embedded as the diagonal in Mx M,

i.e. Me=Mx M. Let T and T, denote respectively

the projection onto M of the first and second factors

of Mx M. Then NIOA, and w30  denote the pull-backs to

Mx M of the dual primed and unprimed spin bundles on

M (denoted by 0A and 0A respectively). When restricted

to the diagonal these bundles (WIO and WSOA) are canonically

Al

isomorphic to OA, and OA respectively.

Let u® and v2 be the coordinates on each factor of

Mx M, and let K and L be the 2-dimensional subspaces of

twistor space T associated with the point (u®,v®) in MxM. Then

NIOA, and HZOA have fibres (over points in M x M) isomorphic

to K and T/L respectively. And so
08 (3.3)

a % A" *
0 ﬂlO ® o

has fibre K* ®m T/L = Homm(K,T/L)over points in M x M.

Let z2% denote the element of Homm(K,T/L) (i.e. a

section of 02), given by the composition
K&~T —>T/L .

Then z> = 0 if and only if K = L. Intuitively z® is the

off-diagonal coordinate z® = u®-v®, and one may think of

x® = u®+v® as the coordinate on the diagonal.
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Let I be the ideal of functions on M x M vanishing

on the diagonal. It is defined by the image of the map
a
0a —:E——>0, where Oa is the dual of 0% (see (3.3)) and

0 denotes the structure sheaf of MxIM. Thus, the exact

sequence

; a .
(M x M) : oa—’-‘i—>o—40A—>o, (3.4)

defines a sheaf 0A (supported on the diagonal) which we

refer to as the structure sheaf of IM.

The kth infinitesimal neighbourhood of M in M xM,

M = (M,0

(k) ), is defined by setting

(k)

_ k+1
O(k) = 0/1 (3.5)

with 0

il
S

(0) A

§3.1.3 The superstructure on IM

Let V be an N-dimensional complex vector space and

denote its dual by V*. Define (using abstract indices)

- u* * J - *
oA'k = V" 8, WloA' & OA V 8 w20A r

where W;OA, and WEOA denote the pull -back to M xIM of the
dual primed spin bundle (on M) and the unprimed spin bundle

(on M) respectively.

Following suggestions of M.G. Eastwood we define an

(8| 4N)-dimensional trivial supermanifold

(Mx M) o = (MxM, A°(0,,, @O Yy, (3.6)

k B
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where

Xeo0*me... (3.6")

. L L
A® (0 @ =

B'k B B

Let (u?,+# ;éA j,eAj) be supercoordinates of (M x M)

[N]'
with

~A'S A'j . 2

8 e 0 @) AT (05, ® 07). (3.7a)
A A . 2

85 € 05 8 N0, @ 00 (3.7b)

a b a b . 2
(u™,v7) €¢(0” ® 07) ® AT(05., GOB)E . (3.7¢)

Recall that (see §2.3.4, §2.3.5 and §2.3.6) u® and v® can

be thought of as classical coordinates on each factor of

Mx M,

Alternatively, since any superfunction F ¢ A'(OB,k & 0;)
is of the form F = [f,fB,k,fg,fBB,i,...], one may wish to
think of each individual 5A'J and e? as
623 =r0,e.,2's.7,0,...,0], i.e. 82 3 (uP,vP;8B 'K, 8) = R's IFB'K

k 2 B k
A _ - A, k . . A, b b ~B'0 By, _ _ A, k,B
ej _LO,O,eB dj ,0,...,01, 1i.e. ej(u S,V 36 ,ek) =€y Gj ek )

In these supercoordinates, the differential operators
(3.2) become

o = 2 [+ =] (3.8a)
a au’ ov
ST N S (3.8
N T-E du
J
% d A )
9., = —— + 0. - (3.8c)
A'k y5R'k J 5 BB

One can easily check that they also satisfy the super-

commutation relations (3.1).
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The action of the differential operators (3.8) on

the off-diagonal coordinates z® = u?-v® is given by

(3.9a)

(3.9b)

B_ B'

=0 e

(3.9¢)

The right hand sides of (3.9)

b

above are precisely what

one obtains by replacing z
b

(on the left hand sides) by

the quantity o e?éB'j the vector fields

b
®0 A'k

well defined on the zero set of the section

Hence,

b_ b

3,3

4 A’ "A'k

(9_,9

a

A ) annihilate z e 0 A° (0 ® Oj)_,
Ay

and therefore are

b b

zZ2 -0 Note that each individual o2 can be regarded as

the superfunction

[0,0,0,

~
i.e. Oa(ub,vb;6B J,Oi)

By analogy with the previous subsection, it is now

clear how to proceed to define the superstructure sheaf
of M

supported on the diagonal, namely through the

[N]
exact sequence (c f. (3.4)) [19]
a a .
Y . . iy x(z7-07) _ 4. 3 N
(Mxm): 0, ® A" (0, @07) AT(05,, ®03) >0p 50,
Equivalently

o g j
O[N] =4 (OB ® OB )/1

'k [N]

(3.10)
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where I[N] denotes the ideal generated by z°-¢%, i.e.
I-g] is the image of the map x(z%-0%) in (3.10). The

(4|4N)-dimensional supermanifold IM = (M,0

(N7 7) will

[N
be called super Minkowski space.

The ideal I, is not Z-homogeneous (cf. the Clifford
algebra example of a superalgebra (2.13c)) and therefore

o[N] is Z2-graded only. This reflects the fact that the

superstructure of IHDNJ is non-trivial.

§3.1.3 The simplest case (N = 1)

One could, in principle, write 0[N] in terms of the
composition series notation of §2.1.8. However, its
general form for all N is very complicated because of
the symmetry constraints in the spinor decomposition of
the supercoordinate 0%, We will investigate 0[1] in
detail and write it in terms of this notation. The
cases N = 2 and N = 3 would of course require more

effort but they should not prove intractable.

We start by substituting (3.6') (for N = 1) in the

defining sequence (3.10) to obtain



x z2
a a >0
-ab . &
Z Y
Ba ’OB
\\\:5\ \\\\\\\ N )
X z°
B'a 'OB'
@
a
X 7 5
ob
e
0

7 0C(-11[-11"

We now isolate the following part of (3.11)

and,

as quotients of exact complexes as illustrated in Fig. 3.1.

Note: The diagonal maps correspond to the action of

a
X2~ .4

-§2 )
Xza N

0
a
@
Oba ob
& -5@ &
a
0 [-11[-1]' =2 >0[-11[-11"

a

using trivial extensions,

o)

a

L Tl

rewrite it

[1]

0.

(3.11)

(3

.12)
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Fig. 3.1

2 N 9
I . 1
X g
?a ;f — OA —> 0
A
a
0 X 2z > () 9
a
@ <$p ®
a
X Z
0. - >0,
b ‘ —— .
@ \ B }~>3A+{0Ab+oA[ 1T 1]'}J -0
0,0-110-17" —E3 00-11[-11" A
A R
0 0
x z2 N ™
x z2 ﬁob\ >0Ab_——>o
—> 0 ~
bN °g (0 _+0 [-110-17"3> 0
a I + - - -
Oa[—l] [-1]" .52_\_.L,0[_l] [-1]" PAbfA .
N (AN AN
Oa[—l] [-1]Y =2  ,0[-1][-1]" ___,OA[..]_][_J_]|+O
0 0 0
0 0 0
] [ H
0 xz% ; 2
a _da "
& a &
XZ . L . —
0 a 0 <1>
ba -8 b
) ba &)
0 [-1T-11"X253  gr-130-1]"
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It is not difficult to convince oneself (from Fig. 3.1)

. — - ~71¢ T
that (3.12) can be written as 0<l> 0A+ OAb+ Q§ 130-17".

Similarly, one can separately investigate the other

simpler parts of (3.11). The answer is

{OB+0B,[-l]}'
0 = {0+'0b +0 [-11(-1]"}® 0 [-1180 [-1]" @& @ (3.13)

[1]
\tOB'+0B[-l]'}j

1

0

Note that as we anticipated, 0[1] is no longer Z-graded,
but 2z -graded only. The diagonal maps induced by o

preserve the Zz-grading but do not respect the Z-grading.
The sheaf

0<l> =0 + Ob + 0 [-13](-1]7" ,

defines a non-singular unreduced C-analytic space

™ = (M,0 ) , whose local model (cf. §2.17) is given

<l> <1>
by 0[za]/(zazbzc,zB(B'zc')c)

Setting o2 = 6%6® gives rise to a surjective map of

ringed spaces, Bﬂ[l]-—e»»nd<l>, which is entirely determined

by the inclusion 0<l> C——>0[l] (since the map of under-

lying manifolds is the identity).

More generally, one has the inclusion 0<N> = 0/I<N> ¢—4>0[N]

where I< is the ideal generated by the irreducible

N>
components of zazb...zc which correspond to those

C

irreducible components of anb...c which vanish when

TFrom now on 0A will also be denoted by 0.
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we set g2 = gPgR'Jd - e?éA'l + ... + 022N The C-analytic space
J N

:M<N> was referred to as thick Minkowsk<: space by

M.G. Eastwoocd [léb]. However, note that it is not a thickening

of a complex manifold as defined in §2.1.7.

Locally one can always choose a splitting and write

superfunctions on M as a series in terms of

[N]
6% 7 and Gi. For example, for N = 1

¥ (x2;6% ,8%) = ¢(xa)+6B§B'%éxxa)+62§2¢"(xa)+ezy(x)+52§(xa)
+eBwB(xa)+ezéB'wé,(xa)+eB'$B,(xa)+6352¢é(xa) (3.14)
2 _ A.B ~2 ~A'XB!
(67 = eABG 07 and 6° = g d 87 ).

The relationships between the coefficients (0,055 70" (Vg ¥5,)
and (&B.rﬁé) are dictated by the choice of splitting of

the relevant exact sequences.

§3.1.4 cChiral and antichiral superspaces

We define antichiral super Minkowski space and

chiral super Minkowski space respectively by

- - + - +
M5 (M, Opyq) and My = (M, 0p ),
where
- = Jg = 3.15
otN] {0 ¢ OEN] s.t. aA@ 0} ( a)
+ = 3 = .15b
o[N] = {d € o[N] S.t. 9,,,0 0}. (3 )
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It is easy to check that if (for example) ¢ € _0[l]r

then ¢ has local series expansion:

9252

t¢(xa>—eBéB'aBB,¢(xa) - 0 ¢(x?)]

8

~B! a,_pBxB' a ~2 a
+6 [lPB,(x )-676 SBB,WB,(X ) J+6 vy (x7) , (3.16)

A -~ ]
,eA ) are the supercoordinates of ﬂn[l] and

where (xa;e
3 3 3

3 = D =
BBI [] 4 ] ’
aXBB axBB, aXBB

Note that we can now rewrite (3.16) as

~A|

o (x%;86 5B’

) = 6(x7) + 8

v, (x?) + 83y (x?) (3.17a)

Bl

AA' AA' Ax

where (x_ = X - 878 ga’

A';e

A .
,07) are genuine new

supercoordinates for M (cf. §2.3.5), called the

(1]

antichiral supercoordinates.

Similarly, note that o e +0[l] can be written as

Py A, _ =% BY 2~
9 (x7;87) = ¢(x3) + 07U _(x3) + 0%y (x) , (3.17Db)
where (xiA' = xAA' + eAéA}éA,eA) are genuine new

supercoordinates for ]M[1]’ called the chiral supercoordinates.

J 1] ~ar 2
In general, for all N one sets x'° = x"° - G?GA J
] | ~n 3 T ~al g
and xiA = x4 G?GA J.  Then (xf‘A ;GA J) and
]
(xiA ;6?) are taken as the supercoordinates for the

- +
(4|2N)~dimensional supermanifolds Mg and Mpog

respectively.

From the generalization (for all N) of (3.17a) and

(3.17b) it is clear that, at least locally
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Orng = M0, (3.18a)
and
+0 =3 '0]
Ny = A0, (3.18b)

so 0., and 0; are the underlying vector bundles for

+ .
BM[N] and IH[N] respectively.

In fact, the only possible superstructures with

either OA'k or 0; as underlying vector bundles are the
trivial ones. (Note that this is certainly not the
case if instead of OA'k or Og one takes their direct sum

as the underlying vector bundle.) This can be deduced
by computing the cohomology groups of Theorem 2.iv.
(The computations have been carried out by M.G. Eastwood

{19]1.) Hence

- — ° + = P j
]M[N] (M, A OA,k) and ]M[N] (M, A OA).
Furthermore, since
- ° j ; . j
A OA,k @0 A OA A (OA,k & OA) (3.19)

we can conclude that

(3.20)

M- - x M = (Mx M, A0 8, A’Og) = (Mx M)

A'k [N]

Finally we will determine the form of the differential

operators aa,ai and 5A,k in chiral and antichiral

supercoordinates. Consider the chiral case first

B BB'
3 _ Bek 3 N 8x+ 3 _ é____ N ,é,ij p
502 50® 563 30" 3xBB' 5B 3x B’
j J k J + j +
B BB'
_ 30, ; , 3%, 4 a3
Y LAY L 26° 3623 5xBB' J 9P
+ +
B BB'
. _ aek 5 s 8x+ . I
AA' AA' B AA' BB' AA' °
X oxX BGk 90X 8x+ Sx+
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Hence
(3_,33,5 , ) (af =2, Fi__3 [ ,5n"3 2 P -
A A' ’ v ! ' ~7 ! .
2 k 3 5x® 0 A 5 ox A R'k oA’k
(3.22)
Similarly, for the antichiral case
] X - 3 - 3 - 3 - A 0
(9 ,33,3 )—>(3_ = 3 J = 0 = -207 . )
A ] 4 4 [ ~ ' ] °©
a A'k a Sxf A 86? A'k aeA k J Bfo
(3.23)

§3.1.5 A summary

The constructions of §3.1 may be illustrated by the

diagram below

~ | ~Al 3 A
(u®,v?) (w?,v®:8% 7,60 (x%0% ) (xfse))
m m M m
< € > = ™ x M
JMAX o (]‘fx M) ni Mg [N]
~ 1 3
A o? = e?eA .
Megs € ‘ ]M[N] Fig.
v )
1 ~n oz
(Xa’ca) € € (XAA ,6?,6A j)
™
w
a
X

The maps denoted by € are the supermanifold augmentation
maps, obtained by setting the nilpotent elements of the

superstructure sheaves to zero.
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§3.2 Super Yang-Mills theory

§3.2.1 The superpotentials and the super Yang-Mills field

The (4|4N)-vector fields 8A = (Ba,ai,gA,k) provide a

frame £ .
e for the tangent bundle Den OEN] of ]M[N] (i.e.

(4| 4N) ~linearly independent sections which provide a

basis for the OEN]—supermodule DenOEN]). From these

differential operators one can construct the (1,0)-bigraded

(Wwer.t. (Z,Zz)) operator

d BAT o + de?ai + agP'k3

dx AA'! A'k

satisfying d2 = 0.

Consider the deRham sequence on D%N]; and note that

elements

&

_ 3
Xe O0rgqa = w72 @ Ornia @ Ornia s

and

k

jk j
o[N]aBQOEN]aB'k ®0

EBOEN]AB [N]AB'keofN]A'B'jk

Yel0ryiaB = Yrnian®

can be written as supermatrices with the following

(super) symmetries:

X=(A:B C) (3.24a)
(F: G H)

y=|-6:1 J (3.24b)
-H: J K|

where

j
Ae Opygjar B elyar C e Opgrar;
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k

F e

[N]ab G e o[N]aB d H e 0[N]aB'k
I € 0 K 3

[n]aB’ Jo€ o[N]AB'k' K e OEN]A'B'jk .

Let E be a supervector bundle on ]M[N] of rank (r]s),
i.e. locally E = E£§ = OEN] 8, Erls. In our local super-

coordinates, a superconnection on E can be written as

- A - a j ~A'kZ
V = 4aZ¢ VA = dx Va + 46", V + dob vA'k ’ (3.25)
with
= J = g3 4y v = 3 v
Va Ba-+®a, VA aA-+wA, vA'k aA,k-+wA,k, (3.26)

where @a, Wg and ¢A'k will be referred to as the
superpotentials. With respect to a trivialization of E,
for each of the 4+4N values of their indices, these

superpotentials can be regarded as the following homogeneous
rls
[ ] [ 1°

® e (End orls)_, vy ¢ (End or|s)_, v« (End rls)_
a OEN] 0 A OENJ 1 A'k [ 1 [N] .

elements of End

We shall frequently write the collection of superpotentials

in the form (3.24a):

= J v
¢A - (®a lPA lFA'k)

Under a change of frame (i.e. a gauge transformation) ,
generated by g € GL(r[s;OEN]), superpotentials transform

as

iy -1 -1 nd,y] -1y 4%
(0 ¥y ¥, )r—(g "3 +0 )9 g (3 +¥7)g g " (3., %¥ . )9).

A'k
(3.27)
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As a particular example of such asuperconnection, consider
the special case of a superline bundle as obtained earlier

(in §2.3.7) using

exp : Hl(na,otN]) > HY (M, GL(1]1;0. ).

[n]

An element % « Hl(ELOEN]) is represented by a Cech cocycle

3 . . C -
a8 satisfying (the cocycle condition) haB + hBY + hYG 0.

L ] . V
A superconnection on h is a collection of l-forms ¢a’ on

]M[Ny,such that under changes of frame: ¢at——4>¢8-dha8,

i.e. in our local supercoordinates

v vj X v _ vj- j X _~
(0, ¥y Fand > (e,m3h ¥i-3ih ¥ =80 D) s
o ‘3 X

where d, = (@a ¥ WA'k) € OEN]A ]

<

From ¢a we can now construct the corresponding super

. 1 * 1
connection on exp h € H (]M,OEN]) c H (Ed,GL(l|l,0[N]))

which we denote by ¢a. (Note that the transition functions
of exp h satisfy (exp haB)(exp hBY)(exp hya) = 1, and that
a section 9, of exp h, over the open set Ua, is related to

ggr OVer another open set UB' by g, = exp ha8g8°)
Following from §2.3.7, suppose that s = Am® + Bm2 (A,B € OEN])

is a section of exp h, Let the superconnection ¢ act

11 _ 1]1 L.
on OEN] = OEN] ®¢ T with

AT = E[T]/(Tz) and multiplying on the right. Then, in

by identifying €'

our local supercoordinates, Vs becomes

1

Va(Aml-+Bm2) = Ba(Aml-+Bm2)-+(Am -+Bm2)(éa_-+éa_r)
1

= (3 A+A% Imit+ (3 B+Bd +ad )m? (3.28)
a a-— a a_ a

0 0 1

(Recall that mlr = m2 and sz = 0.)
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: 1 : Y v
v)(an" +Bn®) = 33 (ant +Bm?) + (am! +Bm?) (§3 +¥3 1)
A A A_ A_
1 0
= (39a+a¥3 ynt + (3B -B¥I +a¥3 )n? (3.28b)
A A_ A A_ A-
1 1 0
o 1 2 ~ 1 2 1 2 P 4
Am~ + =
Vg Bn®) = 3,, (Am~ +Bm°) + (Am~ +Bm )(WA.k_-fWA.kET)
1
= (BA,kA-+AYA,kT)m +(3,,,B BWA,kI-+AWA,k3)m ,
(3.28¢c)
- <
where (éa_ L Y ) o« Ornja_ and
0 X 0 0
4 v J . C s
(@aI ?AY WA'kT) € OEN]AT' Equivalently, writing
amt + Bm? as the row vector (A B), (3.28) may be rewritten
in supermatrix form as
( 5 )
@a éa_ ®a-
(A B) > (A B) ° ! (3.29a)
0 $
a._
k 0)
f 1 v \
. W J J
v] an YAl (3.29D)
(A B) ——> (A B) 1 0
RN
0 WA;
( 1)
(2 2 1
Y - Yark.  Tark
(A B) —>=>5(a B) 1 0 (3.29¢)
0 —WA,JT
( J °
Thus, ¢u can be expressed in local supercoordinates as
a AyJ ~A'kY
dx @a + deij + db WA,k
where (9 Wi @A,k) represent the (1]1)x(1]1l)-supermatrices
a

of (3.29).
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The superconnection induces a curvature

2
F e (E”dOE E). In local supercoordinates
N ] -

F = az® » qz8F (3.30)

AB '

where FAB » known as the super Yang-Mills field, is given

by
Fab = [V ,Vb] = 3a®b - 3b¢a + [ & ,@b] (3.31a)
J - Jq = J _ 43 3
FaB = [Va,VB] aaWB 3B®a + [@a,WB] (3.31b)
F = v =3 v -3 ¥
A A B A L PL A L A (3.31c)
PR o (vl pRy 2 a3k 4 oaked 4wl vk (3.31d)
AB Ar B A B B A Ar B *
arerik - Vars, Ve) = Oarytpie T Sprixtary * (WA'jrwB'k)
‘ (3.31e)
j = (gl —5sJ I e X o wd © 3 4
FAA'k = (VA;VA'k) AakvAA' BAWA'k+aA'kwA+(WArwA'QﬁzstAA'
(3.31£%)

where the commutators and anticommutators on the right-hand
sides above are given by supermatrix multiplication. Note
in the case of a superline bundle, where the superpotentials
are (lll)X(l|l)—supermatrices of the form given in (2.29),
all these commutators and anticommutators vanish. Thus,

in this special case we will say that FAB is super abelian.

It turns out to be convenient (in §83.2.3) to have
the super Yang-Mills fields (3.31) written in the form

(3.24b) as follows



¢ k \
Fab FaB FaB'k
_ J Jk j
Fsg Fip FaB Fas'k (3.32)
k
Farny Fargy  Fargryx/ -

(Each entry in the apove supermatrix is itself a

supermatrix.)

§3.2.2 The Bianchi identities and constraint equations [84]

The curvature components (3.31) are related to each

other through the super Jacobi identities

(—1)AB[vA,£vB,VC>)+<—1)gacv3,[vc,vA>>+<—1>6K[vc,th,vB» = 0.

(3.33)
(3.33) is equivalent to ten identities which, when written
in terms of the super Yang-Mills curvatures, become
§A'iFB'C'jk+§B'jFC'A'ki+§C'kFA'B'ij =0 (3.34a)
vipdEeulrl il = o (3.34a')
vA'iFBg'j+26?FA'BB'i+VgFB'A'ji+§B'jFA'B§+26?FB'A'Bj =0 (3.34b)
viFgB'k+2diFiBB'+§B'kFig+ngB'Ai+26iFBB'A =0 (3.34b")
vaFB'C'ij+§B'iFC'AA'j—gc'jFAA'B'i =0 (3.34dc)
vapgg+v;FgAA,—ngAA,; =0 (3.34c")
VariFpepFearitVeFarps = O (3.34d)
Vinc+Vchi+chib =0 | (3.344")
VaF;B'j+26§Fab+v;FB'AA'j-§B'jFAA'é =0 | (3.3de)
vy F. +V. F +V F = U (3.34f)
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where

with
A(B+C
(04 Fge) = 045 = (-1 F M rc0,
given by supermatrix multiplication. The system of

superfield equations (3.34a) to (3.34f) will be denoted

by
VF = 0, (3.34)

The superfield equations (3.34) are not all independent.

M.F. Sohnius [84] investigated these equations by isolating
the truly independent ones for different values of N. He
then proceeded, for each N, to set equal to zero as many
parts of the curvatures as possible without imposing
'equations of motion' on any of the coefficient fields of
their 6's expansion. By equations of motion Sohnius

simply meant equations on the space-time coordinates.

These equations (which set parts of the curvatures to zero)

are known as the comnstraint equations:

= = = = 1 .
FAB FA,B, FAA, 0 (N ) (3.36a)
Jk — ~Jk = j =0 N > 1 3
Fag = Sag" ’FA'jB'k EA'B'ij 'Faak ( ) (3.36Db)
~jk = ;-~kj = -
where W W and ij ij
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Noter For N = 4 the following additional equation is also imposed
wet o= gkimnyg (3.37)

mn

E. Witten [93] indicated that the superfield
equations (3.36) were precisely the conditions for the
superpotentials to be 'integrable on super null lines',
and as such, had a natural interpretation within the
context of superambitwistors. In the next chapter we
shall see how to interpret this statement within the

formalism of Chapter 2.

Substituting equations (3.36) into the Bianchi
identities (3.34) one obtains further relationships between

the various curvatures which we summarize below [ 84]

k

vaij = 48 W, g, (N > 1) (3.38b)
Vo, 0 = gt (N > 1) (3.38b")
Van Wiy = ﬁA,iwAj (N > 1) (3.38c)
VW = v;ﬁg, (N > 1) (3.38c")
6}\,ifAB=vA,(AWB)i (¥ N) (3.38d)
fAB - f% vi(AWB)i (Y N) (3.38e)
%A'B' -7 f% ei(A'%;') (v N) (3.38e7)
viwh §A,jﬁA'j = 0 (Y N) (3.38e")
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where
Fab = €A'B'fAB + EABfA'B' (V N) (3.38f)
FAA'B'j - eA,B,wAj (V. N) (3.38qg)
J _ ey '
F = €V (¥ N) . (3.38g")

A'AB AB A'

With a little more manipulation of the super Jacobi

identities one obtains the following additional relations

wC = -[ﬁki,wkj]+ 3wt w ] (3.39a)

(3.39b)

§3.2.3 A definition of the super Yang-Mills equations

At this point we note that if one imposes the super-
field equations (3.38) on our supermatrix representation
of the super Yang-Mills field (3.32), then the latter

splits naturally into two parts:
F =F s, (3.40)

where (in local supercoordinates)

A B_(-)

A
A dl FAB ’

P 2 oqzh s azBr(Y) ana P = az

AB

with

Hh
w

=
-

<

w3k 0 (3.41a)

|
=t
W .




and
( )
fAB 0 W X
(=) _
FAB = €,.p51 0 0 0 (3.41b)
0 W
[ BJ Jk)

By analogy with classical Yang-Mills theory, it is
reasonable to call these parts the self-dual and anti-
self-dual parts of the super Yang-Mills field respectively.
Conversely, any super Yang-Mills field of the form (3.40)

automatically satisfies the constraint equations.

To continue with the generalization of the classical

case, we define a star operator by

«F = p(H) _p(o) (3.42)

A natural definition for the super Yang-Mills equations

now suggests itself. Namely
VxF = 0 , (3.43)

which, by virtue of the (3.40), (3.42) and the Bianchi

identities (3.3 ), it is equivalent to either

vr(t) = o (3.44a)

or

vl = 0 . (3.44b)

It is now a simple matter to interpret these equations

in terms of the various superfields comprising (3.4la).

The easiest way to do this is to replace F by F(7) in the

Bianchi identities (3.3 ). Then a careful check of the
derivation of (3.38) from the Bianchi identities

soon reveals that equation (3.38e") will be the only
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equation giving something new. Namely,

Ve =0 (3.45)
For N = 1, (3.45) is in agreement with the definition of
the super Yang-Mills equations used in the Physics Literature
(see [74a,28]). This equation is arrived at by variational
techniques starting from an action of the form strWiW?. The

form of such action is determined entirely from dimensional

considerations and from the particle spectrum of the theory.

We are uncertain regarding the situation for N > 1.

Finally we define the self-dual super Yang-Mills

equations by

(™) =0, (3.46)

From (3.41b) and (3.38) one can deduce that (3.46) is

equivalent to

W =0 (Lf N = 1) (3.47a)

w, =20 (ifN > 1) . (3.47b)

§3.2.4 'Anticommuting coefficients’

The super Yang-Mills equations (both (3.43) and
(3.46)) are non-linear equations in the superpotentials
(@a Wg @A'k)' These superpotentials are (rls)X(rls)-
supermatrices with entries in 0[N], and therefore each
entry can be expanded as a power series in the odd

A A" ,
supercoordinates ej and 6 k. If we write the
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coefficients (of the expansion of each entry) to the right

of the 6's, then the 0 -supermodule multiplication rule

[N]
(2.20b) tells us how to remove a collection of 6's from

the supermatrices @a, Wg and @A'k° In this way the

superpotentials can be written as a power series (in

A

e i A k
J

and 6 ) where each coefficient is a homogeneous element of
End¢Er|S. The grading of each coefficient is determined

by the overall grading of the particular superpotential

and by the number of 6's with which it has been contracted.

a A ~A k

For example, the coefficients of @a(x ,63, ) which are

contracted with an even (odd) number of 6's are elements

r s Y s
—— —— —~—
rls r{{*10) r{foO Dok
of End¢¢ of the form s { O; x (s{ « 10 ). On the
other hand, the coefficients of Wj(xa;6§,5A'k) and
gA,k(xa;e?,~A k) which are contracted with an even (odd)
r s r s
—— —— A

r{{ O E* r{ * !O
number of 6's are of the form s{ *5 0 ( 0 E*’).

These 6-expansions are very useful for computations.

From now on instead of thinking of the superpotentials as

elements of Endo (0?&?) we shall think of them as elements

[N]

[bﬂ ®¢End ol rls . The procedure for removing the 6's from

the supermatrices defines the isomorphism between these

two OEN]—supermodules.

r{is .
The superalgebra structure of o[N] ®, End C | is

given by the multiplication rule (2.12). As a consequence

0%

of this rule, the coefficients of the form %;raJ (i.e.

elements of (Endmmrls)_) anticommute with products of an
1
odd number of 6's. This property shows up when considering
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commutators and anticommutators of power series expansions

of superpotentials.

The statements of this subsection will be illustrated
with the following examples of the N = 1 super Yang-Mills

theory in the superfabelian case (see (3.29));

6B . 0
AB
Example () Suppose Y, = ~B 1y ’
0 -6 v__,
AB
0o 8%,
a
Y |, = . Then (using (2.20Db)
A
0 0
. VAB, 0 o , 0 AA. ,
y =8 = 9>V _,, =0 = 9%,
A . . AB A 0 0 A
ap' )
~ _ ~B! 2
= 5B'92[V A.,] (using (2.12))
AB's A" *
= 0.
~B"'
S} VAB, 0
Example (77) Suppose ¥, = ~B . '
0 -6V
o AB
i 97V, e 0
\FA' = Cvl . Then
0 -8V o
« \ v
~B'(VAB' O ~Bl ~ C A'c O C~
Yy =0 =0 V__, ., , = 6 - = 0
A 0 v AB A 0 v
AB' l A'C
and
~ _ ,~B Cg - aB'gC v =0
(WAIWA') (e VAB'Ie VA'C) 0 0 [VAB'IVA'C] °
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(V
VAA' 0
E e o o — ':'.
xample (171) Suppose ¢, . G Vanr?
AA"
e
) SHAT 0 ]
v = v Then
Al B °
0 -6 VBA,J
V.. 0
Y, =86 . = 8°V_
A 0 S BA' '
BA'
and
~At _ B~A" _ B ~DA ! _
[0pnrn ¥ 37 WV BV 12 870V, V5 150
~Bl
0 6 &AEA,B,
FExample (Zv) Suppose @AA, = ’
0 0
ok w
i {e Vear 0
“F = v -
Al . -ec§ Then
CA'|
v W ~
g O Mafare ~pt . c Varc
® , =86 =0 ArAe_,.,r Y ,=60 .
and
~A', _ _~B' CoA'y _ _xB'.C
[Opprr¥ 1 = L8 Aa€argr 0 Vo 1= 8 S eas s
o i, 0
~B'_.C
= =0 8 e _,_, ’ ' =
A'BY1lo o0 2
[o 52X 0o 8%
A ~
Example (v)  Suppose Y,k = B
© 2 o 0 A 0 0
Then
. 0 )\A) , i , 0 X, .
v =6 =8\ Yy , =96 = Ao,
A 'y A TR 0 0 A
and
~ _ ~2 2 ~ _
(v, ¥,,) =8%°(0, A,) =0.
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§3.2.5 N = 1 super Yang-Mills

Theorem 3.7 Let E be a supervector bundle of rank

r|s over m%lj ; and let (@a WA @A,) be the corresponding

superpotentials defined up to gauge freedom:

> -1 -1 -ls .x
(0 ¥, ¥ ,)+—>(g (0,+3.)g g " (¥,+3,)g g (¥,,+3,,)9) .
(3.48)
for any g € GL(r|s;0[l]). These superpotentials satisfy
the N = 1 constraint equations (3.36a)
F._ 23 ¥ _ +% (¥ v ) =0 (3.49a)
AB = ~(A'B) 2 A"YB :
F =5, ¥, +% (¥ . F )=o0 (3.49b)
A'B' T T (A''B') 2 A' r'B' :
Faav = 0,¥,, +3,,¥, + (Y ¥ ) -20 , =0 (3.49¢)
if and only if
_ zB? BxB' > x2 Bx?2 2x2
¥, =87 Vv, ., +6 8 € ghgr ~8° A, +08°07 {0, o +e, £} +076°H, (3.50a)
~ _ B _ ABxB' _ a2y 2xB"' [« _ 2~2~
Vo, =67V, -8°8 e, A -0°X,, +0876% {3, , -e,, £} +0767H,
(3.50Db)
o . =v__, -20%8% (G f}+62é2 (WPxc . +32 (L X))
aa' ~ 'aa’ p -~ €aB®a'm’ ] ab 2 ‘“arar
~2,B
3 zB' 0786 12
S T R i el PN Varats !
2xB"
3 4B ~ 676 _1 2 0y
-2 0 EABAA' 2 {eA'B'HA 2 VA(A'AB')} (3.50¢)
where
¢ =-10 vAl o+ Ly VA'J}E-ii7 vA
AB 2 A' (A B) 2 A'A’B 2 'A'(A B)
~ __ 1 A 1 A S vA
darpr T T 32 {aA(A'VB')+ 7 Vaar Merdt T T2 Ve cavm
_ L A Ato, L lg Al
Ha =7 Ut #0020 3 2 7 Vaanh
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~J

= 1 A o
NI TR A AR LS I AT

A'A AA'r AA'
€aplargr €argrPap = “G.p
€agfargr t €arg %ap = ~*G_y,
VPG = 3Pug 4 [VP, %G . ] 0
ab ab ' Yab- °

Theorem 3.7 The superpotentials (3.50) satisfy the

self-dual N = 1 super Yang-Mills equations

= Al _ Al ~AI ~At _
Wy 2 DVppe V7 T =0,,00 +303, ¥ + [0 v5 1 =0

if and only if

Ay =0 (3.51a)
£=0 (3.51b)
o ~Al _

ant A =0 (3.51c)
dpg = 0 . O (3.514)

Theorem 3.117 The superpotentials (3.50) satisfy

the full N = 1 super Yang-Mills equations

A _ A A, _
VAW = BAW + (WA’W ) =0
if and only if

(o] A _

Vg h =0 (3.52a)
£f=20 (3.52b)
[o] ~A| _

VAA'A =0 (3.52¢)

8V3%G . + 9(A_ r_.) (3.52d)

ab B7” B'

|
o
-
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Note: In the super abelian case equations (3.52) reduce to

A _

BAA,X =0
£f=20

~Al _
BAA,A = 0
a —
d *Gab 0

i.e. an uncoupled system of equations. 0

The laborious proofs of these theorems is given in
the appendix. They consist of expanding the superpotentials

. . . A SA'
in a power series in 67 and gh

(as explained in §3.2.4)
and analysing the equations order by order. An
important ingredient in these proofs is the imposition of

the gauge condition

Ay 3 ~A'ky _
ol¥y + 82 ¥, =0, (3.53)

This gauge condition had already been used in [l6b] and
[35], where it had led to considerable computational

simplifications.

Note that each of the fields involved in (3.52) can

th

be regarded as the zero order part of some superfield

as follows. Let G| denote the restriction of a superfield
0

th

G to its zero order term (i.e. the term independent of

6's). Then
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W

~ l~ -—A'

A = = = =

Al 3WA||0‘ 3

=-_]:. :—_l_o

¢AB 8 v(AWB)IO - 4 fAB

& = - 1 W = 1 2

¢A'B' 8 v(A'W_B')|o ¥ 4 fA'B'

= -1 =1 =-_1 ; :

Cop = 4 Fablo - 7 Yap © 4 {eA'B'fAB ¥ eABfA'B'}

\4 =®| E%[

a a g a

and (3.52) may be more elegantly rewritten as
[e] OA_ '
VAA,W = 0 (3.52'a)
f=0 (3.52'b)
Q E'A'_ '
VAA,W =0 (3.52'c)
Pur o+ L o) =0 (3.52'4)
ab 2 AraAa’ ° :

Writing the equations in this form facilitates comparison

with the N > 1 generalizations.

Note: The classical Yang-Mills equations are included in (3.52).

§3.2.6 Super Yang-Mills for N > 1

For N > 1, the direct e-expansion'approach used in
proving the theorems of §3.2.5 gets out of hand and some
clever inductive method is needed. However, one direction
is relatively easy. Namely, it is easy to deduce a system

of classical field equations implied by the superfield

equations. This is done by suitably manipulating the superfields

th
using the Bianchi identities, and then taking the zero

order part of the resulting superfield equations (see
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[35] for N = 3 and [4a] for N = 4). The difficult part
is to prove the converse. That is, to construct the
superfield equations given a system of classical field
equations. Using the gauge condition (3.53), and a set
of recursive relations, J. Harnad, J. Hurtubise,

M. Légaré and S. Shnider [35] established inductively
the equivalence between the constraint equations for

N = 3 and the following system of field equations

o °A 1 2i g 1 ° ~ki _

VaneWs = 3 DWW, 1+ 5 02, ,Wile =0 (3.54a)
o —?.AIJ _ l o 213“ .]__ 2 o klj —.

Vo RS U GERTRE S S A A Eat b e (3.54b)
oo oA © ) QQA' _ l ) o ~pq

C o ~pk _

A A’ 2
3R Rt g 11 = o (3.54d)
4 I 4 4 pk L4
o oA l o o ijk - 3. 54
VAA,Z t 5 [WiA,ijJE 0 (3.54e)
o 3h . L oiat gk = 3.54f
Vapi2 + 5 [W JW ]eijk 0 (3. )

1,5 = . _
+ 17 (ZA"ZA) = 0 (3.54q9)
where
_ a
@a = Valu ’ ﬁ = vav IO
ljkg _ Jligik] 3 —
ZA = VA v IO 7 ljk A Al[l Jk]lo
a =W, |, W=



Hh o

]
I
ab A'B' AB

Harnad et al. called these equations

+
€aAB

A'B',

'the equations of

motion of the supersymmetric Yang-Mills theory'. They

are indeed equations of motion in the sense that they

involve derivatives with respect to the space-time variables.

However, our definition of the super Yang-Mills equations

implies stronger equations than (3.54).

the following

o oA _ 1 ei o o _
aa'Wy — 5 Wy Wy 1 =0
oA'j 1 o, .
(o] hnd _ 4 o ~lJ -
vAA'W 5 [WAi'W ] 0
) oA o 1 ) E'A',Q,
+ = =
ﬁwij 2 (WY, W, . 5 (B, W De
[o] o] o] o
~ i3 ~A'i _ 1 .5 oA, _i%]
o oA" 1 .o o ik
Va2 o+ 5 DWW, Te =0
o A . 1 _~iA' 25k _
°b 1 =5 2 1 o = _
VIRF T 3 (WA"WAj) 1z (Bparly) =

Namely it implies

0

(3.55a)

(3.55b)

(3.55¢)

(3.554)

(3.55e)

(3.55¢f)

(3.55q9)

(This can be deduced by suitably manipulating the Bianchi

identities as in [35], but with the left hand side of

(3.39a) set to zero. This is a somewhat long calculation

which we have omitted.)

For the sake of completeness, we state the reduction

of the above system to N

2.

o .
Setting,Wl

3

. . O
= eljw, and
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Voqu B eij% (€;5 = -&84; & et =-e?h):
A G [%Ii,,f\?]eji =0 (3.56a)
%AA,VO“&A'l -z [&Aj,%]eji = 0 (3.56b)
G+ (W?ﬁ;) =0 (3.56¢)
Af + W2,%) = 0 (3.56d)
Vouk_ +% (%i,,v%Aj) =0 (3.56e)

There seems to be a certain amount of uncertainty as to
what the super Yang-Mills equations for N = 3 are. The
equations (3.45) are aesthetically pleasing and arise very
naturally from our constructions. As we have seen these
imply equations (3.55) which are somewhat simpler than
the 'equations of motion' (3.54) of Harnad et al. However
there are many reasons for wanting to give the name of
N = 3 super Yang-Mills to the last system of equations,

These will become apparent in the next chapter when we

discuss their superambitwistor description.

In the super abelian case certainly the three systems
of equations: (3.45), (3.55) and (3.54), are equivalent.
In general, (3.45) = (3.55) = (3.54); and it is just
conceivable that these equations are in fact equivalent.
However, we are unable to see any way in which one may

reasonably attempt to establish this.

Finally, note that the classical Yang-Mils equtions
are included in (3.55), (3.56), and also in the N = 3

constraint eguations of Harnad et al. (3.54).
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Note §3.2 incorporated many ideas which have
previously appeared scattered in the literature. The
right form of the gauge freedom of superpotentials and the
various super Yang-Mills curvatures have been discussed
(for ex;mple) in [91d. The Bianchi identities have been
extensively studied in [84]. The representation of
systems of classical equations (equivalent to superfield
equations) in terms of zeroth order parts of superfields
has been used in [33] (for N = 3) and [42] (for N = 4).

A system of classical equations equivalent to the N = 1
self—duaf?gg;g—Mills equations (3.51) was calculated

(using a different gauge condition from (3.53)) in [874.

An interesting paper dealing with the self-dual super

Yang-Mills equation and a 'super version' of the Atiyah,

Hitchin, Drinfeld and Manin construction of instantons

[3a]l, has appeared in [79]. It should be mentioned at

this point that in all the above references, work is

carried out entirely at the levelof.formal calculations, i.e.authors
start by defining super Minkowski space as the space

AAp'!

spanned by the space-time variables x and 4N 'anti-

commuting variables' o ana §% k
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CHAPTER 4: SUPERTWISTOR THEORY

§4,0 Introduction

The first connections between supersymmetry and
twistor theory were noted by Roger Penrose who pointed
out in [65] that the Wess-Zummino supersymmetry

generators [92] satisfy the twistor equation.

'Supertwistors' were formally introduced by A. Ferber
[25]. He defined such objects as pairs (Za,gjL consisting
of an ordinary twistor z% = (wA,ﬂA,) and N 'anticommuting
variables' cj; giving rise to objects in super Minkowski

space via the 'incidence relations':

wf = (xR - 9RFR g (4.1a)
Jj A
¢? = 8% I, , (4.1b)
A
where 6? and éA'k are 'anticommuting spinors', and xAA'

is a classical space-time variable. Ferber then used
(4.1) to formally derive the 'superconformal algebra’,
and to give a contour integral formula for generating

superfields from 'homogeneous holomorphic functions of

supertwistors'.

A derivation of the superconformal algebra within a
(EPS calculus approach to twistor theory was given by
T. Hurd [43] (see also [41]). His treatment of conformal
supersymmetry, using second quantized helicity raising
and lowering operators, has many physically appealing

features.
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Using the same formal language as Ferber [25],
E. Witten [93] defined the 'space of superambitwistors'

as the 'space of all (Za,cj,wa,wj) satisfying

o _ J
W Z -2wj; , (4.2)

where z’ -and wk are 2N 'anticommuting variables', and
o A A' .
Z° = (w ,WA,) and Wa = (§ ,nA) denote a twistor and
dual twistor respectively. Via super incidence relations

such objects were thought to give rise to 'super light-rays'

in super Minkowski space.

In this chapter we shall interpret the 'spaces of
supertwistors and superambitwistors' within the Kostant-
Leites formalism. This is not as straight-forward as it
may appear at first sight, since the incidence
relations cannot be interpreted as geometric
statements in any usual sense. Objects such as
supertwistors, super light-rays, etc. will be completely
defined in terms of supercoordinates. We shall continue
to use Ferber and Witten's terminology which seems to
regard these objects as geometric entities. However from
Chapter 2 one can anticipate that no geometric meaning
can be assigned to them other than that of the underlying
classical object. The reason for using this seemingly
misleading terminology is that all constructions and
formal calculations proceed as if such a geometric

interpretation was possible.
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We believe that the generalization of twistor geometry
to the super category is of mathematical interest in its
own right. Nevertheless, the power of supertwistor
techniques does not become apparent until they are used
to describe non-linear equations such as those of super

Yang-Mills theory.

At a formal level, Witten used his 'space of
superambitwistors' to give (in the second part of [93])
an alternative interpretation of what is now known as

the Green-Isenberg-Yasskin-Witten Theorem (independently

stated in [45] and in the first part of [93]). In carrying
out his analysis, Witten gave a natural interpretation of the
constraint equations (of super Yang-Mills theory) in terms

of 'integrability conditions on super light-rays'. (Recall
from Chapter 3 that, for N = 3, solutions of these equations
include, as a special case, solutions of the classical
Yang-Mills equations.) The complicated calculations

involved in the formal proof (omitted by Witten) of such

an interpretation have been carried out explicitly (in

the abelian case) by M.G. Eastwood [16b], and inductively

by J. Harnad et al. [351].

With the aid of Chapter 3 we are now in a position
to give a description (within the formalism of Chapter 2)
of a generalization of classical Yang-Mills theory to the
super category. Although such ageneralization is at
present incomplete, we hope to have set a consistent

framework for further research.
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Supertwistor space IPT  , and dual supertwistor

space IPTENJ are defined in §4.1 as trivial supermanifolds.
They are related to _W%N] and +D%N] respectively by

means of a double fibration of supermanifolds. The
incidence relations of Ferber are consequently interpreted

as supermanifold mappings.

In §84.2 (following suggestions of M.G. Eastwood),
superambitwistor space A[N] is defined (analogously to
the classical case) by regarding it as being embedded

. X %* . . o . . o
1n.IPT[N] PT[N] We also define infinitesimal

. . * .
neighbourhoods of A 1n.IPT[NJXIPT[N] . Like super

[N]

Minkowski space, A[N] is a non-trivial supermanifold.

The superstructure sheaves of both MM and A are

[N]

similarly defined; the latter is expressed in

[N]

terms of infinitesimal neighbourhoods of A in IPT x PT.
The correspondence between ]MUNJ and.A{Nj is given in

terms of a double fibration of supermanifolds.

Part of the objective of this chapter is to present
all aspects of supertwistor theory within a consistent
framework. Therefore we have included in 84.3 a derivation
of Ferber's contour integral formula from the Sparling-
Ward splitting method [88], and a brief discussion of the
superfield equations generated by such formulae. We have
also included in §4.4 a (formal) supertwistor scalar
product formula. Neither of these two sections forms

part of the mainline argument.
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The cohomological representation of superfields is
given in 8§4.5. The purpose of this section is to state
the results required for the description of super Yang-
Mills theory, which is the subject of §4.6. This last
section consists of two results concerning the super-
ambitwistor description of integrability conditions on
super o-planes and super light-rays in super Minkowski
space; and concludes with a conjecture concerning the

full super Yang-Mills equations.
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§4.1 Supertwistors

§4.1.1 Supertwistor spaces and dual supertwistor space

We will start by defining projective supertwistor
space as the (3|N)-dimensional trivial supermanifold
PTr = (T, A0 (-1) 8 V*)), where V* is the dual of an
N-dimensional complex vector space V. Recall thatIPT[N]
is said to be trivial because 0(-1) ®m V* is a vector
bundle. It is in fact the conormal bundle to PT inside
P(T ® V), where T & V will be referred to as the vector

superspace of supertwistors (sometimes denoted by ST).

Let 0(-1) 8, v* = Oj(—l),where j is an abstract index
(67 1. Then a superfunction F onPT[N],

i.e. a section of A'Oj(—l), will be written as

N
= R 0@ 0.(-1) ® 0. (=2) ®...80, -N
F [f,fj,fjk, fm] € J( ) ojk( ) jk...p( )

r (] )
where £, o = frgp, 0] ¢ O ) (Lee. £5 g 18

a classical twistor function homogeneous of degree -r).
We will also tensor through by 0(n) and refer to a section

F ¢ 0(n) ®0 A’Oj(—l) as a supertwistor function homogeneous

. X
of degree n, meaning that its coefficients f§E—~—I\are

classical twistor functions homogeneous of degree n-r.

Consider now the vector superspace of global sections

(over IPT) of

0(1) ®

. - = -1) & ... @& 0. 1-N
0 A Oj( 1) 0(1) & Oj & Ojk( ) jk ( )
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Note that T* may be regarded as the vector space of global
sections of 0(1), and that 0(k) has no global sections for
k < 0. Thus it is natural to define the vector superspace

of dual supertwistors, ST*, by
T(IPT, 0(1)) @ I‘(]P‘I',Oj) = T* @ V* ,
Then, as one would expect
ST* = T* @ V* = Hom  (ST,T) .

It is now clear how to proceed to define projective
dual supertwistor space: namely as the (3|N)-dimensional
supermanifoldiPTfN] = CPT*;Aij(-l)), where
Oj(-l) = 0(-1) ®, V is the conormal bundle to PT*

inside IP(T* & V¥*).

Note that the only possible superstructures with
either Oj(—l) or Ok(—l) as underlying vector bundles,
are the trivial ones: A'Oj(—l) and A’Ok(—l). This can
be deduced by computing the cohomology groups (of Theorem
2.iv). The relevant calculations have been carried out

by M.G. Eastwood [19] and will not be reproduced here.

We will define non-projective supertwistor space
as the (4|N)-dimensional supermanifold T[N] = (T,A°(0 ®¢ Vﬁ).

Then IPT is obtained from T[N] modulo an action of

[n]
the multiplicative group T* (on T 4) which we now

proceed to describe. Let X ¢ T* be the supermanifold

mapping

Ao (T-{O},A°0j):::::z
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consisting of:
(1) T-{0} » T-{0}

given by Z » AZ ¥ Z ¢ T, and

-1

(ii) T'(A (U),A'Oj) « F(U,A'Oj)

(where U is an open subset of T-{0}) given by

-1 -1 -1
ALE(A Z),fj(k. Z),fjk(X Z)'°"'fjk...p

X
where Nef—a— := A'F.

jkeool jkeool°
Similarly IPTEN] can be obtained from non-projective
dual supertwistor space TEN] = (T*,\°(0 8 V)) in an entirely

analogous manner.

Note: Duality occurs only at the vector superspace level,
i.e. ST* is the dual of ST, and it is only in this sense
that we may regard the corresponding supermanifolds to

be dual to each other.

§4.1.2 Homogeneous supercoordinates

Let (Za;cj) be supercoordinates

for T Then, the equivalence class

[N]°

[Za;cj] s.t. [AZa;Kij] = z%zl1 v A e C*
defines homogeneous supercoordinates forIPT[N].

Let F be a supertwistor function homogeneous of degree
n, i.e. a section of 0(n) @0 A’Oj(—l). Then as usual we

denote 1its series expansion in terms of the odd

-1
(C'2) J4L£(D) £, (2) £, (2)een By

(Z)
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supercoordinates by

F(z%0)) 2 £(2%) +£,M 00 +£, 2% 3+ L 4t Ik,

jke..p

r Oy o . . .
where fﬂiffff(z ) = f[jk...l](z ) is a holomorphic function

on T homogeneous of degree n-r.

Similarly, let
. . = . *
[Wa,wj] s.t. [uWa,uwj] [Wa,wj] Vueclc

define homogeneous supercoordinates forIPTEN]. Then, a

superfunction G € 0(n) ® A‘Oj(—l) has series expansion

0

jk..

. = J Jk <P ,
G(Wa.wj) —g(Wa) +g (Wa)\bj +g (Wa)ijk +...+g (Wa)ijk'”wz'

where glﬁéééﬁxwa) = g[jk“‘lj(wa) is a holomorphic function

on T* homogeneous of degree n-r.
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§4.1.3 The supertwistor correspondences

Let I denote the classical flag manifold
F,, = {L, <L, ¢ T}; and let'_ZI‘E‘EI\I:| be the trivial

supermanifold (H?,A‘{OA,j}). Then the supermanifolds

IE‘[N], ]M[N] and IPT[N] -are naturally linked by the

double fibration

Fryg . (4.4)

Myl PTry3

W v

S ) N PSR EILs ST TSR B

The supermanifold maps, v and u, consist of the
classical forgetful projections (induced by the classical

twistor incidence relations)

F

12
2/// \\Qi (4.4a)

™ T ,

and maps of their superstructure sheaves. The easiest way
to describe the latter is to use the usual expansion of

superfunctions in terms of the odd supercoordinates, as

follows.

Let M be an open subset of MM, then

-1 . v )
T(v ~ (M), ,A {oA,j}) «~—T(M,A oA,j) (4. 4Db)
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is given by
PR ER)

o) (x22" m ;82 T) = o

V ¢ ¢ T(M,A OA'j)’
On the other hand if P is an open subset of IPT, then

'l(P>,A'{oA,j}> B TR, A0, (-1)) (4. 4c)

I'(u

is given by

AA' ~Al'

~ ] Jy = ] ] . -
(UF)(x” ,nA,,e ) =F(x” WA,,ﬂA,,G wA,) VFEFel(P,A Oj( 1)) .
Note: Recall that

A .rJy = A A j A j. k D,
Flw™,m,,:27) = £(uw PTa ) HE (07, ) g +...+fjk...p(w PTad) 878 el

and that the meaning of eXpressions such as

AA' AA'

AR 5 jﬂA'), where x” = X - 6?5A J denotes the

F (x~ Mot rTaoi
antichiral even supercoordinate, was fully explained
in 83.1.4. For example, if N = 1, then the coefficients

of the expansion of F can be written as

f(xAA'ﬂ )

' BxB' AA'
v T, AR )-6"6
- A A

= f(x WA,,WA, EBB,f(x ﬂA,,ﬂA,)

AA'
2 ).

0Of (x TarrTa (4.5)

The supertwistor correspondence (4.4) will be
summarized by saying that 'the correspondence is induced

by the super incidence relations
w =X U (4.62a)
g3 = 820 . (4.6Db)

Thus, the super incidence relations consist of the classical
incidence relations (describing (4.4a)) together with the

supertwistor function mappings (4.4b) and (4.4c). The super incidence
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relations are not geometric statements in any usual sense.

Note: (4.6a) can be regarded (for N = 1,
and with the obvious generalization otherwise) as a

special case of (4.5) as follows:

B§B 3 ,wA(x) , (4.7)

wA(x_) = wA(x) - 0 BR

where

A AA'
w (x) = x Tar =

The dimensions of the supermanifolds in (4.4) are the

following: dim TFp = 5|2N, dim M7= 412N and

dmmmT[N]= 3|N. Therefore the fibres of v and p (denoted

by Lx_,§ and ZEZ,c] respectively) are of dimensions

(1]0) and (2|N) respectively. Note that L 5 = (L_,0)

is a classical object even though the parameter space,

Ap' ~A'j

i.e. the 'space of all x_ and © ', is not. On the

other hand Z[Z - is a (2|N)-dimensional subsupermanifold
of —jM[NJ' which will be referred to as a super a-plane.
All this is what one would intuitively expect from

Ferber's incidence relations (4.6).

Lemma 4.7.a. Let F be a superfunction of —EtN].

AAI .~Alj . AAI .~A'k
If F(x~ ,wA,,e ) is of the form £(x_ WA,,NA,,O ﬂA,),
- - _ A' . - j x-
then duF = 0 where du = (m 8AA,,8A ,BA,k).

Proof: Immediate from (4.6), since

OF  _ . 3f L4 _8F _ . Af q

<AR' A 5P 362" 3 A% 5

0

Consequently d; may be regarded as the relative exterior

derivative along the fibres of u. In this way, a super
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a-plane may be thought of as being spanned by WA'BAA,and
m® 5;,k(cf.theanalogous statement concerning super

light-rays [93])-

Similarly, the correspondence between dual supertwistor
space and chiral super Minkowski space is given by the

double fibration of supermanifolds

22, tnP1se%)
J
m
+ - s

Y, \\\{\ (4.8)

™My PTF 7
w
(xR EW'%w =2 n_sv.1 ;
+ 14 J al J lnAl J ’

and summarized by the super incidence relations
g = -X n (4.9a)
v, = e?n : (4.9b)

The fibres of v and u in (4.8) are denoted by L: 9 and
+ 7

ZEW vl respectively. The latter are referred to as

super B-planes.

Lemma 4.7.b. Let G be a superfunction of +EIN].

N a’'a’"’3'a
+ + _ A+ A, J }*
duG = 0 where du = (n73,,,/N 3, SRR

If G(xiA',nA;e?) is of the form g(xiA n.,n ;eén ), then

Proof: Immediate from (4.9), since
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§4,.2 Superambitwistors

§4.2.1 Infinitesimal neighbourhoods of A [12,70,52]

Ambitwistor space /A [15al is naturally embedded in
PT x PT*. 1In this subsection, A will be defined as a
C-analytic space in a manner which can be immediately

generalized to the super category .

Let 7, and m, denote the projections of IPT x PT*
onto the first and second of its factors respectively.
Then WIO(p) and wZO(q) will denote the pull-backs to
IPT x PT* of powers of the hyperplane section bundles on

IPT and IPT* respectively; and we will define
0(p,q) = wIO(p) ® ﬂ;0(q) .

The structure sheaf of ambitwistor space is then
defined by the exact sequence

X waz“
(IPT x PT™) : 0(-1,-1) >0~ 0, >0, (4.9)

where W and zZ% denote the usual homogeneous coordinates
a
of IPT* and PPT respectively. Note that 0 has support

o .
on A ¢ IPT x PT*; and that W ,Z2 = 0 in 0 -

Let I be the ideal sheaf of A, i.e. the image of the

o
map 0(-1,-1) X Wo? >0 in (4.9). Then the mth infinitesimal
neighbourhood of A in IPTX.PT*, A(m) = (A,O(m)), is defined
by

0 _ 0/Im+l

(m)

with (4.10)

0 = 0 ®

(0) A
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Equivalently, O(m) may be defined via the short

exact sequence

0 > 0 gy (=l,=1) >0 >0 >0 (4.11)

or, using the composition series notation of §2.1.8, as

O(m) = O(m-l) + O(m_l)(—l,-l)

Informally,lﬂxm) may be regarded as having 'homogeneous
coordinates' (see [241])

o

(w_,2%:x] s.t. (w_,z2%x1 = [uwa,xz“;uxx] , (4.13)

. @ _ m+l _ ‘
with w,2 ¥ and ¥ 0 in O(m).

§4.2.2 The superstructure on A

By analogy with the previous subsection, we expect

superambitwistor space ATN] = (Aqo[N]) to be naturally
embedded in
* - * pe _ k _
IPT[N] XPT[N] = (IPTx PT" ,A (Oj( 1,0) #07(0,-1)).

Following suggestions of M.G. Eastwood we define the

superstructure sheaf Of‘A[N] by the following exact sequence

on IPT x IPT*:

k X WaZOL'zwiCj k
-1,- (0 (- - > A" (0. (~1,0 =1))+0- 0.
0(-1, 1)80,/\ (Oj( 1,0)80"(0,-1)) A (Oj( 1 )6900 (0,-1)) 0[N] 0

(4.14)

([za;gj] and [Wa;wj] are the homogeneous supercoordinates

* .
of T[4 and ]PT[N] respectively.) Note that OEN] has
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o _ j=0.
support on A, and WaZ ijc in o[NJ'
Note: The same notation is used for the superstructure sheaves
ofIM[N:l and,A[N] because the context will always distinguish

them.

The exact sequence (4.14) completely defines OENJ'
Note that applying the canonical augmentation map to
(4.14) one obtains the defining sequence for A (4.9).
The procedure for expressing the superstructure sheaf of

A[N] in terms of the composition series notation (of

§2.1.8) is completely analogous to that for ﬂﬂ[N].

§4.2,3 The N = 1 case (cf.8§3.1.3)

Substitute
0(-1,0)
A*(0(-1,0) & 0(0,-1)) = 0 ® @ ® 0(-1,-1)
0(0,-1)
in (4.14) to obtain
|
X WaZa
0(-1,-1) > 0
& @
0(-2,-1) > 0(-1,0)
@ ) > OEN] - 0 . (4,15)
0(-1,-2) > 0(0,~-1)
® &
X W 2" \
0(=-2,-2) >0(—l,-pJ

This construction is clearly much easier than the analogous
construction for ﬂM[N]. Since there are no diagonal
maps between the odd parts, let us isolate the even part

of (4.15) and use trivial splittings to write
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0 0 0
r xwaz“ T |
0(-1,-1 > — >
( ) 0 OA 0
T xwW 2% T
0(-1,-1) z > 0 \
@ o & L {0 +0 (-1,-1)} + 0 (4.15")
X W_Z A A
0(~-2,-2) —> 0(-1,-1) T
T
! xwaz“
0(-2,-2) > 0(-1,-1) —>0A(-l,—l)-—————>0
A N IN
l l I
0 0 0

Thus, 0[1] can be written as

0.(-1,0)

0[1] = O(l) @ @ . (4.16a)
0(0,-1)
A

0[11 is Zz-graded and not Z-graded.

Note: From now on QA will also be denoted by 0.

§4.2.4 Generalization to N =2 and N = 3

The generalization of (4.15') to N > 1 is more

complicated since there are many more diagonal maps,

induced by —2wj;j, e.g.
j k
-zai : 05(-p,mq) > 0(-p,-q)
where 0 (-p,-g) denotes the trace of 0?(-p,-q).

It is not difficult to convince oneself that the
construction works in general. The procedure for

constructing 0 is essentially as follows. Decompose

[N]



A'(Oj(-l,O) & 0m(0,-1))

under the action of GL (V)

'oij(—z,O)‘
[oi<-1,0) ®
00 o ® 0?(-1,-1)
[om(o,-l) ®
(0™ (0,-2) |
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(= GL(N;C))

,

- )
0 43 (=3,0)
&

0§j<-2,-1>

07" (-1,-2)

&

077P (0,-3)

® @

( - 3
oijkl( 4'0)
e
‘m
0453 (73,-1)
®
mn
055 (=2,-2)
&
0TPP (~1,-3)
1

&

0P (0, -4) |

\

into irreducibles,

and then recombine wherever possible (preserving the

Zz-grading) using infinitesimal neighbourhoods.

only write down explicit expressionsfor 0[2

they will be needed later:

[2]

[3]

k.

11

] and 0[3J,as

We shall

4 - \ ¢ - )
0,,(-2,0) 0 1y (=1,0)
0 ) @ ® tr.free0®(-1,-1) & 8
(2) i
mn m
(0™ (0,-2) Lo, To,mn)
0 1
‘ _ \
0 (1)ij (-2,0)
m
0(3) & & @tx'freeoi(l§-l, 1)
mn
0 (1) (0, 2)J
0
(0 (-1,0)) tr freel T (-2,-1)) (0.. (-3,0))
(2)1i ! ij ijk
@ & @ B &
[0 5, " (0,=1) tr free0?™ (-1,-2), 0™7P (0,-3) |

v

[\

1

(4.17)

(4.16c)



153

§4.2.5 1Infinitesimal neighbourhoods of Ary3

Let I[N] denote the ideal generated by WaZa—ijgj,

iee. Tp o= Im(WaZa-ijCj)in (4.14). We will define the

th

m infinitesimal neighbourhood of A in IPT

*
[N] (v By
as the supermanlfold‘A[N](m) = “A’O[N](m))’ where

_ . _ k _ m+1
o[N](m) = A (Oj( 1,0) & 0 (0, l))/I[N]

with

= 0

Trnico) (N7

Informally, A{N](m) may be regarded as the supermanifold

with 'homogeneous supercoordinates' defined by

EWa,Z“,x;ijJJ s.t. [uwa,xza,uxx;uwj,A;3]=[wa,za,x;wj,;3] Y u,rec*

. _ C_ J m+l _ .
with x = WCZ ij; and ¥ 0 in 0[N](m)'

The following two examples of 0 will be needed

[N](m)
in later sections:
- )
02 (-1,0)
0[1](2) = 0(3) @ @ (4.18a)
T 0, (0,-1)
0 A — 7
1
-— 0 -
[0(1)13'( 2,0) j( g (2)1( 1,0)
= & tr £ 0 - (=-1,-1) & .
21 T 0 @ i o 0 o -1
0(1) (0'_2) (2) (v, - )
0 1
(4.18b)

Note that there are inclusions

c o “«— 9 ;
Or3q< Or27(1) ¢ Ir11(2) (3)
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and that although the composition 0(3) — 0[3] is unique,

the intermediate inclusions are not.

up at the supercoordinate level:

—_—> A

—> A

This fact also shows

—> A = A

Br3y = Brajqo)

[wl,¢2:W3;Cl,CZ,C3] s

£21(1)

L1](2)

. 1 2
[X(l)rwl,‘PZ,C 271 -

L01(3) (3)

1

where we have made the following intermediate choices:

_ 3 _ 2 _ 1
Xeny = W37 0 X(g) T 29,00 F X1y 0 X3y = 2,00 F Xy

§4.2.6

The superambitwistor correspondence

Let & denote the classical flag manifold

c L

¥ 2 3

123
space for ambitwistors;

= {Ll c L

and let G

[N]

c T}, i.e. the correspondence

be the (6|4N)-

dimensional supermanifold whose underlying classical

manifold and vector bundle are & and {OB,j

respectively.

k
& oB}

The superambitwistor correspondence

is given by the following double fibration of

supermanifolds

AA
(x

L Ingd,0my, 15

m

G[N]

A
ej,e

~A'k

)

(4.19)

Fig. 4.1 below gives an indirect illustration of (4.19).
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(0% (v 800,00 R Doty eI, 00,0 [02%3,0W 13

3
m mo/ m N m m

M XM s (MxM) XM PT. - X PT* _«—> PTX PT"

(vl - Mny Moy tn1 ™ Frng

i
A A

1

J o2=gBgh"] : d
, 3
Mo ™3 By »h

L 2 v g
a _a a A jA'k o, J - 50
(x 11 ) \ (x ’ejle ) [WOL'Z ,le:C ] \ [WOL'Z IX]

€
€
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The fibres of ¢ are (1|2N)-dimensional subsupermanifolds

of IM[N] called super light-rays. On the other hand, the

fibres of p are (2|0)-dimensional subsupermanifolds (OflA[N])
QXrelé - (m]Plxq:]Pl'O).
Lemma 4.1.c. Let H be a superfunction of G[N].
If H(xAA ,nA,WA,;G?,éA'k) is of the form
AA' . AXA'S AA' _AXA'S A ~A'k
- + - .
h(-(x eje )HA,HA;(X eje )’HA"TTA"ejnA’e TrAg)l
then
dH =20
o}
where
- j =~ - A' A A.j _A'Z
dO = (D,T ’Tk) (r™ n BAA,,n aA,n BA,k) .
Proof: From (4.6) and (4.9):
0H  _ oh -n oh
axAA' Al 3P A agA'
BHA _ _éA'j,nA' 31‘; —5A'jnA 82' +nA Bwh
aej dw o0& 3
oH A oh oh A oh
— =06,7T , — + 1, —= + 6,n - . 0
5 A k k'a' o A A ng k AaEA

Consequently do may be regarded as the relative exterior
derivative along the fibres of ¢ in diagram (4.19). 1In
this way, a super light-ray can be thought of as being spanned

by D, 73 and T, [93]. ’
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§4.3 Contour integral representation of

massless superfields

§4.3.1 Ferber's contour integral formulae

The Sparling-Ward splitting method [88] can be used
to generate massless superfields from supertwistor and
superambitwistor functions. Let f(wA,) be
homogeneous of degree -1, with singularities in two

disjoint regions Sl and 82; so f splits as f = fl-fz’ where

1 -1 E',. _
ar) = Er 9 (5™ ) TTE(E,08,,480 (5 = L,2) (4.22)
J
for any closed curve Fj on the Riemann sphere separating

the singularity sets of £(§_,). Thus fj is holomorphic on

Al

the complement of Sj, i.e. a Cech coboundary.

Suppose f is now a supertwistor function £(z%;¢9)

homogeneous of degree -m-2 (m 2 0). Set

ARp' xA'] AA' ,AxA'j ~A" ]
F (x T ,:6 ) =1_,...71_, £((x -67.6 Ymw_ .m0 (i
A'...L'"'7=- "ar! AL 3 A" A
m+1
Clearly FA'...L' is homogeneous of degree -1 in LN and so
it splits, say as:
An'! gA'J AA! FA']
FlA'...L'(X— TrA"TTA"e TTA')_FzA'...L'(X— 1TA"TTA"e TTA')’

An antichiral superfield can now be obtained as follows.

Set
= gl 4.23
Far. ..k m FlA'...K'L', ( )
4\ m
SO that
_ L'
Yar...k0 ST Foarl kL
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Since the left hand side and right hand side above can

only be singular on Sl and 82 respectively, both of them
must be globally holomorphic. WA,B, K is homogeneous
of degree zero in LN and therefore by Liouville's theorem

it must be independent of Myvr @s required.

Ferber's integral formula [25] for superfields can be

obtained by substituting (4.22), for j = 1, into (4.23):

AA'.~A'j =_Tr__ a. j Ql
\PA'...K'(X— Ie ) 2Tri % gAlooogKlgL'f(Z ,C )IL ~€Q.d€
Fl (£ ’lTM') X_,0
Ml
= 1 a, Q'
= 5 %F WA,...nK,f(Z ; T )|L éﬂQ,dﬂ , (4.24a)
1 X
where
a, ] _ AA' .3A']
£(27;¢ )]LX . E(x27 M,y 187 ST, (4.25a)

and the contour Fl is a classical one on the Riemann sphere
separating the singularities of the coefficient functions

of £(z2%; 3.

Similarly, given a dual supertwistor function g(Wa;wj)
homogeneous of degree -m-2 (m 2 0), one can carry out the

same constructionand end up with a chiral superfield

The contour integral formula in this case is

AA' A 1 f Q
; = 50 P W U, x d (4.24b
Pa. s 195) = opg ?I:HA g9 (Wyi¥y) le AU )
1 +!
where
AA' aA
q(Wa;wj)lL; = g(-x nA,nA,ejnA) , (4.25b)

X4,0
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~

and Flis a classical contour on the Riemann sphere separating

the singularities of the coefficient functions of g(Wa;wj).

A similar construction can be carried out for
superambitwistors. Suppose we are given a superambitwistor
. o j
function h(Z ,Wa;cj,wj) homogeneous of degree (-m-2,-m'-2)

where m,m' 2 0, i.e. a section of 0(-m-2,-m'-2) 8 0

(N]°
Set
AA' _A' A zA'k .A
FA'...L'A...L(X AN ’ej)
_ AA' .AxA'j AA'  AXA'] ~A" A
—TT o..Tr o o0 - - M
Al LMy N EO(X eje ITar e Ta (X +ej6 IN, /My 30 WA.,GjnA)
so that F is homogeneous of degree (-1,-1)

A',..L'A...L

(in (WA,,nA)), and hence it splits (once in 7w andonce inn, as usual):

Far o onva...r ~ Friav. . .va...n " Fioav...o'a...L

- F L]

+ F
21a'...L'A...L 22a'...L'A...L

A general superfield can now be defined by setting

L' L
— Tl' o
lyzlx'...K'l-\...K n EHA'...K'L'A...KL
LN J\ /
m m'

Since the left hand side above is globally defined in
7 and n, and homogeneous of degree (0,0), it follows that
WA,...K,A..‘K must be iridependent of 7 and n,

as required.

The integral (4.22) can be generalized to

i i (x ;07,8
two spinor variables. Then WA,..‘K,A...K (P9

may be expressed as the contour integral (cf. [40b1])
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o j !
MareeeTeaNye-n h(Z ﬂﬂjgj,wj)|Q dm dr® npdnp p (4.24c)
where

AA'

=h((x™ -g%8” )¢ - (x

h(z%,W ;z3,y)) .
a J Qx,e,é J A'" A

AxA'j .xA'] A
+6j6 )nA,nA,e Tas ,GjnA) ,

(4.25c)

and FlXFz is a closed 2-dimensional torus on the quadric EB3IXGHP1

avoiding the singularities of the coefficient functions of

o W
h(z®,Wiz?,0,).

§4.3.2 The free massless superfield equations

It is not difficult to see that the contour integrals
(4.24) will satisfy various differential equations. For

example (4.24a) satisfies:

gy = 0 (m = 0)
’ (4.26a)
Al _

[BA Y xr =0 (m > 0)
together with

52 = > 0 4.26b

ajkwA'...K' 0 (Y m ) ( )
where

- a X2 = A~ x-A'
O = aaa and ajk = aA'jBk .

Just as for the classical case (see for example [404) ,
these superfield equations follow immediately by

substituting (4.25a) in (4.24a) and differentiating under

the integral sign.
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Note:
X- A of of
d F = 26" m_, +mo, /=
B'] AT AR At 4.3
and
A X- ) B ) A of of
0., (0 ,.f) = (——— +6 =) (20w, — +1_, —=)
B'k "A'j 5B k k BX?B j Al 4 A A 5z
2 2
A B 0" f 0~ f
= -20m_, (6 7", ——— +W_, —/———)
A k' B ywB 3w B agkawA
2 2
dw- 3% 38z
2 2
+ei(26§nA,)ﬁB, —J%¥EX T —J%Jif . a
J dw° dw dw 3z’
Conversely, given for example a scalar N = 2 antichiral
superfield
AA' zA'j, _ xB'J 53 gA'k B'gC']
(PR ERT) =+ BRIy B ER Ry weD e Ty,
where ij = ij and Ygicr = Yoigr then
%2 0 0 A A\A' d
8.‘P=(~,. = + 6.6 .0 + 26.9 '—’\_——,——)\P
jk ~gA'd 39A$ j Ak J7A ATk
_ aA ALA' AxA'j.B'
= ejeAkD¢ + 263.8A wA,k + 4eje BA Yarge T ij ,
and thus 5§k%’=0 implies the following classical field
equations
O¢ = 0 (4.27a)
Al
= 4.27b
aA l*[)A'k 0 ( )
Al
= 4.2
BA Yargt 0 ( 7¢)
= . 4.27d
ij 0 ( )

Equations (4.27) are precisely what one obtains by

substituting the series expansion
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£(z2%¢3) = £(2% + fj(z“)cj + fjk(z“)cjck

£(z%), with e., = -¢..) term

a—
(where for N = 2.fjk(Z )—ej Sk K 5

k

by term in the contour integral formula (4.24a).

It is not difficult to convince oneself that the
constructions work in general for all N, and also for all
m =2 0. We expect that the positive homogeneity cases
(which we have not considered) lead to potential modulo

gauge descriptions, as in the classical case.
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§4.4 The supertwistor scalar product

§4.4.1 A formal contour integral formula

We will use Einstein's summation convention and
temporarily denote the series expansions of supertwistor
and dual supertwistor functions as

g o

£(z%;z7) = ¢ z% (ch .. Y (¢.=0o0r 1, 1<7<N)
Ol...ON J
(4.28a)
(W ;0.) = AL (w)uN (4, =0 or 1, 1<k<N)
AN A L gul...uN o W) e Wy M ’ =n=

(4.28b)

If f(Za;cj) and g(Wa;wj) are homogeneous of degrees

-m-2 and -m'-2 respectively, then

N

d.C» d-wN’ e .d'cldj'l)l

- ' L
G| £> = gazwe (2% gy y) (022020

o ]
._O(Z)gu

W) sHwW z7-y)
1t l"dﬂﬁ a) Y X m- |

7 N-|o |
= L (sgn) ) (-2) OATHE |

|o|=0
(4.29)

where:

(1) %AZW denotes the usual twistor-dual twistor

integration (see for example [65]).

(ii) ( ) denotesthe usual twistor propagator (see
r

for example [651]).

s

= § L l...é N N, where § =

o, o..u 0. Wy 1l if oj =y,
(iii)

0 otherwise

(iv) x = ijCj .
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(v) |c| = (i.e. ©

Q
IA
2

o]

IA

lu| = (L.e. QO

=
W

IA

.
ez 1oz
'—l
u

=

lu| < N)

W

(vi) &z? and dwk are differential operators defined by

Hard = 22 cay, := 26

Yy

The following convention is adopted
1 2 N. N 2 1
LSRR PYIETRL TV e { e R (e (N e (VNI SO

(vii) (sgn)lcl is an overall sign for each term in the
sum. It is determined by the various sign changes
required to bring a term such as Clcz...grwlwz...w

r
into the form wlglwzcz...wrcr. For example

(Sgn) 0 =+, (Sng) 1 ==y (sgn) 5 ==y (Sgn) 3 =+, (Sgn) " =+, (Sgn) . ==y (Sgn) 6 =g

Note: The notation for the operators dgj and dwk was chosen

so as to coincide with the standard notation for 'Berezin
Integration' [7a,7b], which we shall steer clear of (see[76]). For
our purposes these are just differential operators with

respect to the odd supercoordinates (defined in terms of

their action on the series expansions of superfunctions).

The operators dck and dwk act on the propagator

Y_ ] .
(WYZ 2wj; )m__N as follows:

(wyz 2ch )pd; 2wk(wY vyt )p+l

and

Y_ j k Y_ j .
(WYZ 2ch )pdwk +2¢ (WYZ 2958 )p+l
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Thus, great care must be taken to keep track of the various
sign changes. Consequently formal proof of (4.29) is very

tedious and we shall only give some simple sample calculations.

§4.4.2 An example for N = 2

Substitute

£(2%¢cl,22) = £ + £ ¢l +f 72 4+¢ 12
00 10 01 11

(W 3 ) + + +
d G'wl'wz Y00 glowl 901w2 gllwlwz !

in the left hand side of (4.29), to obtain

( .
AZW (£ +f ¢l +f 2 + f +f g Y
? 11900 _Jﬂ--?QQ _ﬂinquQ .“QQ?lQ?l --Q2.01.2

1 2 1 2
1,2 + f + £ + £
+fl °G glowl ].1C > gOle 10c gllwle 01C gllwle

- e e m oW wm e e e e awm owmow [ L e e Y - v % e o m e - e - W m mhwen wm s e — - -

All the underlined terms above vanish when applying

1l
the differential operators dazdwzdl ay,. For example,

take the first underlined term
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1

f (W 2%-2 : 2 2) & 2 & '
10" Tgo 27720 2 20 0)  ,aC & &t &y

1 1
= -2f ® @ @
10C goowz( )m-ldwzdc dwl

1 2 1 1
= [—4f o o o —Zf o o o
10C gOOwZC ( )m 1QC goo( )m—l

1 2 2
= [+8f - s o - .
loc goowzc wl( )m 4fF g Y ¢ (...)m+4floc goowl(

2
2 1
= +l6f ( o s o +8 e s 0
10§ﬁ)3 goowzC wl( )m+2 floC goowzC ( )m+l

-8f
2 ! 1ogoow2C C . )mTl

-8f e +4f ...) -4 e
1of ) g00w1< ) el IOC goo( ) flogooc ( )

0

I
o
L]

The vanishing of the other underlined terms can be similarly

verified.

We will now consider each of the remaining terms:

£ W 2%-20. ciou D) ac &y ac &

L
= -2f (ooa) a
oogoowz m‘2dw2 E dwl

Z 1
- [- - ...) _laga
= [-2f g (...)p  -4F 9 0Tt (.. laTTay,

2
= L4f ogOOw (. )m+8f00900¢2C wl(°'°)m+l]dlwl

1 2

= e o 0 +8f * o o
= 4f g (.0 +BE g b T (o) ¥BE g b ()

2 1
(en.)
+16f00g00w2C wlc

m+2

X_
= 4f g D) txCes) y + A (o),
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. 1 o 1 , 2 R 2 1
1090 ¥, W22y € o-20 o) 8T ey ar @y

1 1
= -2f ® o © d d
1og10C wle( )m-l q)2 ¢ dwl
1

1 2 1
= [-2f e o o -4f e s o
1og10C wl( )m-l 1ug10C wlwzc ( )m]dc dwl

2
= [+2f .o +4f .o
. 1ug10w1( )m-l 1oglow1wzC ( )m]dwl

2

1
=2f g (...) +4f g Vv ¢ (...) +f g YT (...)
10 10 1 m 10 10 2

10710 m-1 m

12
+8f .« ..
1og10w1C Y,° G Jan

2
- el
2 g DG i)+ 5l

m-1 m

2 1 2 ya
£ W Z2-2 -2 ar ay &
01 90,5 Y, VT -2y T ,dT Ay dT ay

m-l e & O m

= 2f coe
01g01[(

1 2 1 2 2 1
W Z-2 -2 )  .4r &y dc &
£ 9,68 ¥ V¢ voo-20 z) ,aT @ ar ay

= -f .o
11911( )m‘2

Hence
= o ")+ X wo2%y) ]
<g|f> = AZW{4foogbo[(WaZ—X)m+X(WaZ X) 1T 3 4 =X) 4o
. 0(._ OL_ L O(.__
+2(flog10+f01g01)EUMuZ X) oy X2 o8 S (W 27X 14y

} (4.31)

m-2 .

o
-f W Z7=vy)
11g11( a X

Finally the terms in (4.31) involving x (outside the
propagator) will vanish when performing the Z and W contour
integrals. This is because these integrands are of the
'wrong' homogeneity degree (i.e. they give rise to

integrals not homogeneous of degree zero) .
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The quantity Y is reminiscent of that appearing in
recent work by A.P. Hodges [38,39] concerning inhomogeneous
twistor diagrams. It has always been part of the
supersymmetry folklore that supersymmetric theories are
typically 'less divergent' in perturbation theory than
their classical counterparts. It might prove
interesting to develop a 'supersymmetric scattering theory'

via the natural generalization of twistor diagrams to the

super category.
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§4.5 Cohomological description of

massless free superfields

§4.5.1 Cohomology on projective supertwistor spaces

1

Let M be '‘a Stein subset of M and let P = p(v ~(M))

be the corresponding subset of IPT under the classical
twistor correspondénce (4.4a). Suppose that M n Z[z]

is connected and that Hl(Z = 0 for all [Za] e P.

[z]7¢)

Then the Penrose transform [21 ] gives the following

isomorphism for k =2 0

(kerai' T (M, 0
H (P, 0 Cm-2)) EJ
|kerQ: T (M,00-11")-T (,00-11(-21")  (m=0)

C,)[-l]')+F(M,0

———
(A'B'... A(B'...

Thus (for m = 0) we can immediately identify

H (P, 0 (~m=2) ®,A°0,(-1) gt (P,0 (~m-2)) @H" (2,0, (-m=3)) oH (P,0.

C,)[-ZJW (m>0)

(-m-4)) ®...

jk
1
~—2= 4.32
... OH (P,Ojk“.z(m—Z N) (4.32)
with the space of multiplets:
WA'B'...C'E [¢A'B'..-C"wA'B'...C'D'j'XA'B'...C'D'E'jk""

N N

A'B'...C'D'E'...L" Fk...%

- o
\ ~ ]

where each classical field (in the right hand side above)

is symmetric in all its spinor indices and antisymmetric

in all its latin indices, and satisfies the classical

massless free field equations for the appropriate helicity.

(4.33)
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Similarly,

kerds, :T (M, 0 [-1])+T (M,0 o [-2D  (m>0)

(AB...C) A'(B...

HY (P, 0fm-2)) =

ker(d:T(M,00-11)>T(M,0[-11'[-21) (m=0)

Lo
where P™ is the corresponding subset of IPT* such that

-L L)
Cwl’

L

L ,
M n Z[w] is connected and Hl(Z C) = 0 for all [Wa] e P7.

Hence (for m 2 0)

B (PY, 0(-m-2) ) ®, At03(-1)) = BHY(P*,0(m-2)) @ HY(P*,03(m3))

© 5t (P, 07%m4)) o ... @ 5l(p*, 035 *m2-1)) (4.34)

can be identified with the space of multiplets:
N

b4 = jk...
AB...C [¢AB...C'wAB...CD'XAB...CDE’°°°'KAB...CDE...F]° (4.35)

§4.5.2 Cohomology on superambitwistor space

The situation for superambitwistors
is more interesting. Let M be a Stein subset of M
and A = o(p—l(M)) be the corresponding subset of A under
the classical ambitwistor correspondence. Suppose that
M nZ is connected and that Hl(Z

[Zz,w] (z,w
(z%,W 1 ¢ A. Then ut(a, 0 ) will be identified (for

],E) = 0 for all

[N](m)
N=1,2,3 and m = 0,1,2) with multiplets of classical

massless free fields on M.

We state below (Fig. 4.2 and Fig. 4.3) the only non-
vanishing cohomology groups on A with coefficients in

O(m)(—p,-q) for all the values of p,q and m which appear
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in 0[3]. From Bott's [8] generalization of the Borel-
“Weil theorem, using the methods and notation of [17],
the computation of these groups is reduced to a few

trivial arithmetic calculations.

From Fig. 4.2 and Fig. 4.3 we can deduce the following:

I'd - 1 \
F(M,OA[ 11')

Hl(A,OEl]) X G+ (M,00-11(-11") © &
r(u,0,,0-17)
| - J (O v J
0 1
I'(M,e. . 0[-11") fr(m,0_ .[-11")
1 ij Aj
H (A,OEZ]) = G @ ® & 5
i k
rm,e™lor=11) ) (rim,05,0-17)
N - -~ J
0 1
( ( ( \
. ij JNj EleQL
H (A,0[3]) = FOe<{ 0 Qr0{0;, 0 %)
[ﬁjk l~j EijkéJ
3 1
1 ~
H™ (2,00, 7(2)) Fo® {?}
N
S )
0 1
fe W) (N
) I
=S F {0
[8 W lN ’
\ - J ————
0 1
ijk

i]
and €,., (€
where eij(e ) i3k

tensors in two and three dimensions respectively, and:

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

) are the totally antisymmetric
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W, = (kerD:r(m,0,[-11") > r(M,0,,0-21"0-11)} (4.57a)

W% = (xerd:r (m,03%(-11) - rm,0¥C-230-11")} (4.57b)
- A -17') o> -17'[ =

N, = {keraA,.F(M,OAj[ 11") r(M,oA,j[ 11'C-11)} (4.58a)

~5 A’ 3 3 ‘

N- = {kerBA :F(M,OA,[-l]) - F(M,OA[—l][—l])} (4.58b)

(W,ﬁ,Q,é,N,ﬁ,G and F are defined in Fig. 4.2 and Fig. 4.3.)

Thus H (A, 0 ) and Hl(A,O ) only involve G (usually

[1] [2]

referred to as the space of potentials modulo gauge freedom)
together with fields which do not satisfy any equations.

On the other hand Hl(A,0[3]) is isomorphic to a multiplet

¢
six scalar fields: Wij (= _Wji) and wt3 (= —ﬁji), and eight

neutrino fields: X, ., xi,, z,, and EA (i,5,k = 1,2,3).

consisting of a Maxwell field Fp=F€ 5

+
b AB A'B' €argr?an’

Hl(A,O is isomorphic to a multiplet consisting of

[11(2)"
a Maxwell field Foy and two neutrino fieldsAALand.XA,. Finally,

Hl(A,O ) is isomorphic to a multiplet consisting of a

[2]1(1)
Maxwell field Fab’ two scalar fields W and W and four

. : ~ 3 .
neutrino fields AAj and XA, (3j 1,2).

Note: The cohomology groups of Fig. 4.3 have also

been computed by Henkin and Manin [36].
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Fig. 4.2

H" (A,0(=3,0))

I

(kerd? T (M,0,,[-11") >T(M,0,[-21")} 2Q  (4.36a)

HY (A,0(0,-3)) = {kerai,:F(M,OA[—l])-*F(M,OA,[-2])}556 (4.36b)
Y (A,0(-2,0)) = T (M,00-11") (4.37a)
H' (A,0(0,-2)) = T (M,0[-1]) (4.37Db)
H% (A,0(-3,-1)) = [ (M,0{~27'[~17) (4.38a)
H?(A,0(-1,-3)) 2 I'(M,0[-27[-17") (4.38b)
H'(A,0(-1,0)) =T (M,0,[-1]") (4.39a)
HY (A, 0(0,-1)) = T (M,0,,[-11) (4.39Db)
H* (A,0(-3,-2)) =T (M,0,,[-17"[-1]) (4.40a)
H(A,0(-2,-3)) = T (M,0, [-17[-1]") (4.40D)

H2 (Alo(-3l—3)) = {keraAA' :T (M’OAA'[-]'][_]']') —>I‘(M’0[_2][_2]l) = J

(4.41)
B (A,0(-2,-2)) = T (M,00-11(-11") (4.42)
HY(A,0(-1,-1)) & ' (M,00-13[-11") (4.43)
H (A, 0) = (T (M,0,,,)/{Im3,, ,:T (4,00 >T(M,0,,,)}} = ¢ (4.44)
Note: u®(a, 0(-2,-1)) = 0 (k = 1,2) (4.45a)
i (a,0(-1,-2)) = 0 (k = 1,2) (4.45b)
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Fig. 4.3

Hl(A,O(l)(-Z,O)) = {kerd:T'(M,0[-1]"') »T(M,0[-2]"'[-11)} =W
(4.46a)

Hl(A,O(l) (0,-2)) = {ker:T (M,0[-1]) > T(M,0[-21[-11")} =W
(4.46D)

H (2,0, (-1,0)) = {kerd®, :r(M,0,[-13") »T(M,0,,[-11"[-1D)} =N

(2)
(4.47a)

e

1l A' ' =
H™ (3,0 ,,(0,-1)) {kers :T(M,0,,0-11) >T (M,0,[-170-1] )} =N

(4.47Db)
Hl(A,O(l)) = G+ I'(M,00-110-11") (4.48)
1 -
H' (3,0 ,,) =G (4.49)
A
kerBA,:F(M,OAB[—lj)-*F(M,OA,B[-ZJ)
gt a,0 .. ) = ® =F (4.50)

(3)

Al 11" o _9q0
keraA T (M, 0 [-11") F(M,OAB,[ 21"y

A'B'

'@, g, (-1,-1)) =0, fork =142 (4.51)
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§4.6 Supertwistor description of super

Yang-Mills theory

§4.6.1 Review of the description of classical Yang-Mills theory

The twistor description of the self-dual and full
Yang-Mills equations will be summarized below (using the

notation of this chapter) by three theorems.

Theorem 4.77 [90]. There is a one-to-one correspondence

between vector bundles F, on M, equipped with a connection
satisfying the self-dual Yang-Mills equations; and vector
bundles E, on Pl, trivial on all L: c Pl, i.e. such that

u*E is a trivial vector bundle. O

Theorem 4.7717 [45]. There is a one-to-one correspondence

between vector bundles F, on M, equipped with a connection;
and vector bundles E, on A, trivial on all Qx c A, i.e.

such that o*E is a trivial vector bundle. O

Theorem 4.1V [45,93]+. There is a one-to-one

correspondence between vector bundles F, on M, equipped
with a connection satisfying the full Yang-Mills equations;
and vector bundles E, on A, which extend to the third

infinitesimal neighbourhood of A in TP x PT*. O

Note: The subset M ¢ IM, pt ¢ PT* and A c A are

assumed to satisfy the topological restrictions described

in §4.5.1 and §4.5.2.

1-See also [12,16c,45a,70,53H.
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§84.6.2 1Integrability on super B-planes and super light-rays

In this section we give the analogues in the super
category of the first two theorems of the previous subsection.
They will be referred to as Theorem 4.v and Theorem 4.vi
respectively (the latter was implicitly suggested by
E. Witten in [93]). However, the correspondences will be
proved for all N in one direction only. For the other
direction we will only consider the N = 1 case. The calculations
N > 1 rapidly get out of hand. We expect that a more complete
theory of super differential geometry will eventually allow

one to give a more abstract and elegant proof of these results.

A superconnection is said to be integrable on super
B-planes if it satisfies the self-dual super Yang-Mills
equations (cf. [90] for analogous statement in the classical
case). The following theorem characterizes such superconnections

in terms of supervector bundles on open subsupermanifolds

of IPT* .
[N]

Theorem 4.v. There is a one-to-one correspondence

between supervector bundles F, on +M[N] = (M,A'O;), eqguipped

with a superconnection V satisfying the self-dual super

Yang-Mills equations F(') = 0; and supervector bundles E,

[ » » J. -L
on PEN] = (p*,pt03(-1)), 'trivial on all Lx+ . < Pryi'y

i.e. such that p*f is a trivial supervector bundle.
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Proof

(= Construction of V s.t. F(_) = 0 given E s.t. U*E is trivial

The classical projective line L: c P* can be covered
in the usual way (see [89]) by taking two fixed points,
say P and Q , on L;, and then defining two open sets:

n G, where U (respectively G) is
the open set consisting of all projective lines through
Pa (respectively Qa) lying entirely within Pﬁ as shown

below

Fig. 4.4
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Let g be a transition function of E, i.e. if we take
E to be of rank r|s, then g « Hl(PL,GL(rls;E)). Denote the
series expansion of g by g(Wa;wj), where [Wa;wj] are
homogeneous supercoordinates on PEN]. Recall that the
coefficients of such expansion are either even or odd
elements of Endmmrli depending on whether they are contracted
with an even or an odd number of wi's (so as to make the
overall grading of g(Wu;wj) even). The procedure for
constructing g(Wa;wj) from g ¢ Hl(Pl,GL(r[s;E)) is completely
analogous to that for the superpotentials (fully described
in §83.2.4). Firstly, expand each entry of the (ris)x(r]|s)-

even supermatrix g in powers of y ., and then remove
) J

the y.'s from the supermatrix according to the rules
J

(2.20) of 8§82.2.3,

The corresponding series expansion of the

pull-back of g to u*E, is

G (x> B = g-x*"n_n 105n,) - (4.59)

N AUNAE + 'a

G=hh (4.60)

where h and h are (r|s)x(r|s)-even invertible supermatrices
: ; : -1 -1
whose entries are holomorphic superfunctions on u UX and y Ux

respectively.

-~

Let (D ,Tj,T ) denote the differential operators
Al

A'k
ByT By*d 37 i ' ercoordinat
d:'(given by (n aAA,,n BA ,BA,k) in chiral sup es)
along the fibres of p in diagram (4.8). From Lemma 4.ib

and (4.59) it follows that



179

(D..,T?,T

a'’ A'k

Moreover, by (4.60) we have

i N ] D=2 _
[(DA,,T ,lA,k)h]n h[(DA,,T ,TA,k)h]h =0 ,
i.e. h"Y(o_,,™,7.. )h =r(D.,,T9,T. . )hih~t (4.61)
A'’" ""A'k A'’T '"“A'k : :
The l.h.s. and r.h.s. of (4.61) are holomorphic in u-luk and

u—lﬁx, hence each side must be globally holomorphic. Since h and

h are both homogeneous of degree zero in nA, each side must be

polynomials (ingnA). We denote such polynomials by
nip,,,m3,T,, )b = (mPe ., vl ¥ ), (4.62)
i.e. iA,jh = h?A,j (4.62a)
oh = nnty) (4.62b)
D,,h = hnAéAA, . (4.62¢)
@AA,, Wg and @A,k are the superpotentials of the

theory. Their series expansions in terms of the

odd chiral supercoordinate are denoted by @AA,(xiA';e?),
i, JAA' LA ~ AA' LA :
‘PA(x+ ,ej) and ‘YA,k(x+ ,ej). One can easily check

that the zz—grading of the coefficients of these expansions
(determined by the grading of the coefficients of h(Wa;wj)

together with the grading of the differential operators

57, 3*3 and 37, ) agrees with that described in §3.2.4.

A'k
Note: The superpotentials are defined on a neighbourhood

of «22" in M. A different choice of cover, obtained, say

: L
by taking two different fixed points on L; c P~, corresponds

(as in the classical case) to choosing a different gauge.
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~

The differential operators (DA,,TJ,TA,k) satisfy
the same Lie superalgebra commutation relations as

(9 3 ). From these (super) commutation relations

53
AR'" A" "A'k
together with (4.62) we will derive non-linear equations
for the superpotentials, and show that these equations

are precisely the self-dual super Yang-Mills equations

for the superconnection

(Vaar = %aar * %p0 v Vg - ag * Wg ’ §A'k - 5A'k LRI
We start by applying h-l%B'k to (4.62a) to obtain
htr , (T, ,.h} = b7 {h¥ , } = (WM, R}, o+ {T_, ¥ .}
B'k "A'j B' A'j B'k A'j B'k'A'j" °
Since (iB'krﬁA'j) = 0, we have:
(@B,,@A,) + 25(3,@A,) =0 (4.64a)
for N = 1, and
(%B'k,gy)j) 5k(B'@A')j * 5j(A'q’B')k =0 (4.64b)
A ﬁA“j) IR 5y 7 =0 (4.65)
for N > 1.

Applying h™it® to (4.62b) gives
. _ . A _ : KA
hTlr¥(rInt= nTrTR (I M= (hTIT R ty] ¢ T nRe)
. k 3 _ .
Since (T, T-") = 0, we get:

kK .7 ky 3 2 (4.66a)
(WB yA) + 28(BWA) 0

for N = 1, and

Ko K i 4+ 53 vk =0 (4.66b)
s A&t 2¥a) (A°B)

for N > 1.
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Applying h™17* +o (4.62a) gives

-1k -1l k. -1k, o j o
h 77 {T_ . h} = h""7%{hn = J
(T, 5hl { Yoyt = (77T h}wA,j + T

. k ~ k .
And since (T ’TA'j) = 26 jDA,, we obtain:
Yo v, ) + + =
( N NJ) BAWA,j SA,jWA 28 jQAA, (4.67)

for all N.
Finally, applying h'lDB, to (4.62a) and (4.62b), gives
respectively:

-1 ~ -1

~ _ ._l ~ o .
DB'{h\PA'j} = {h DB'h}wA':l + DB'WA.']

and
-1 Jnt = w1 Ayiy _ -1 AyJ A 3
h "D ,{T"h} = h D, {hn ¥} {h Dy, hln Y1t nTDL, Y

i = J = i e
Since [DB, ;‘ j] 0 and [DB,’T ] 0, we obtain:

Al
(o, ., ﬁ?'] + aAA,lTJ?' - %%"@AP; =0 (4.68)
EQA(A'ng')jJ ¥ aA(A'q;B')j - 5j(B'q)A')A =0 (4.69)

and

(0,0 (a Y501 + 35 2% - 3 3%y a1 = O (4.70)

respectively for all N.

For N = 1 equations (4.67), (4.64a) and (4.66a) are
the constraint equations (3.36a); and equations (4.69) and
(4.70) follow from them by using the Bianchi identities.

Equation (4.68) is the self duality equation (3.47a).



For N > 1 equations (4.64b), (4.66b) and (4.67) are
the constraint equations (3.36Db). Again (4.69) and
(4.70) follow from them by using the Bianchi identities.
Equation (4.65) is the self-duality equation (3.47b);

and equation (4.68) follows from (4.65) using the Bianchi

identities,

(<) Construction of E s.t. U*E is trivial given ¥V s.t. F' 'z 0

The construction will be carried out for the

N = 1 case only. In order to facilitate

ccmparison with the next theorem, we will carry out

A xA'k

AR, , 0 ) rather

calculations in the supercoordinates (x ,ej

than in the chiral supercoordinates (xiA;e?)

Just as for the classical construction (see [90,391),
E is constructed from the covariantly constant

sections of F. Let H be a section of F whose series

A xA'k

ART, . B ). Then H is said

expansion is denoted by H(x ,ej

to be covariantly constant ‘on a super B-plane!' if:

~ AA' A XA'k, _ 4.72a)
;05,6 )y =0 (4.72a
VA,kH(x 50
nAydn (P2 eR, 82N = 0 (4.72b)
A J
A an', gR gA'Ry - ¢ (4.72¢)
n VAAIH(X ’ jl
3 N J o = 5 + qj ' )
with (Vaae = 9aar * Canre Va= " Yar Varx A'k A'k

(=) _ p. (Recall that H may be regarded as an
. i
(r|s)-row supervector, and the superpotentials (& ., ¥3: ¥, ,)

satisfying F
as

(r|s)x(r|s)-supermatrices acting on H by supermatrix

multiplication on the right.)

{
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Our task will be to reduce the covariantly constancy
equations (4.72) ('on the super B-plane') down to a system
of classical equations (on the underlying B-plane), to
which one can apply classical Frobenius theorem to show that
solutions exist. As in the classical case, this enables

one to construct a basis of covariantly constant sections

for the supervector bundle E.

For N = 1 we can immediately read off (from Theorem
3.1 and Theorem 3.ii) the solutions of F(-) = 0:
AA' A ZA', _ ~A' BxB' ~
Yo (xTT gm0t ) =80 v, + 8767 e A, (4.73a)
o) AA' A xA', _ A _ox2% 2xB'~
¥ . (x7;0%,8%) =00V, - 87X, + 0767 ¢, ., (4.73Db)
AA' A xA' BxB' ~ 3 .B > 625B' o ~
®anr (¥ 187,87 ) = Va0 e nbaigy T3 gt T Va(arrsr)”
(4.73c)
~ 1l e A
here = =
v Parer T2 Vaar Vs (4.73d)
=18 A 4.73e
dpz = 3 vA,(AvB)) =0 ( )
o ~A' _
VAA,A =0 . (4.73f)
Substituting (4.73) in (4.72) we obtain:
oH A - 62X 253 4o =0 4.74a
o+ 80V L H - 8THA,, + 8767 HO,,p, ( )
96
A OH AxA'® A BEB'yY = 4.74b
nt = + 0 VAA,H + n eABe 9~ HXL, 0 ( )
36
Ao A BB % _ 2 A B3 4.74
n VAA,H + 1 eABe 6 H¢A,B, 5 EABG HAA, ( c)
2~B"
676 el Y =0
- =1 Bt )
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We now proceed to find solutions to the above three

equations order by order. Substituting

AA' ~ ] ~ 1 -~ ~ ]
H(x"" ;6%,6%7) = B + oPr_ + §2'F 4+ gRpA J
A A'! AA!
2 ~2~ -~ 1 ~ -~ ~
+0°6 +8°%G + 0% x , + 5%62%, + 0%8% (4.75)

in (4.74), we obtain the following equations to each order:

o(l): Foo =0
A -
n FA =0
Ao o]
n VAA,H 0
o(6): %AA,H - JAAl =0
G=20
A 3 o~ _
n (VAA'FB '5 EABH)\A,) = 0
0(8): G=0
A o] ) —
n (VAA'H JAA') =0
. ~
n VAA'FB' O
2 1l o A oy —
0(6 ) XA' + 7 VAA'F H)\A, =0
A,e 3 T -
N Vaar G 3 Fara) = 0
o(68): —2€A,B,XB + VBA.FB' =0
a S =
no(2e,5X5, - ﬁAB'FB t eppfig) =0
A, oy -3 P =
W VaarIeer T fastOargr T 7 EapFridan) =0
0(82%): nB(X s2y B2y =0
. A 2 AA'
nA§ G=0

AA'



2% 1 o A ~ ~ o~
o(870): = -
( ) 28,45 Y 5 VT, Food,, + Ho
A,e ~
n(Vy, G - Fida) =0
A _1-_ ~ 3 ~ 1o
n (%AA'XB' 2E§¢A'B'-+§JAB'AA"'ZH%
0(86%): § & =0
aAA!
A l ¢ Al 1 ~ ~A!
2 - = - =
Nl €aB’ vAA'JB 2 EABFA'A )
A o 1 B~ 3 ~
+__ - m—
n (VAA'XB 2 8ABF ¢A'B' 2 EABGAA'
252y, L A _gr _lzmz
o(8%6%): 5 V. X Gy =5 F ¢.,., =0
A/l ¢ Al 1 TA', _
N7 Vaa X0t g Jaarh ) =0
Ae B'~ 33w 1
" Vaar¥ -7 7, bgiar T XM t g
The above equations can be rewritten as
tollows:
F,=0, G=0, G=0, X, =0
Ao o=
n VAA,H 0
Jaar = VanrB
A, _ A _ Ag
nF, =0, Ndaar =0 n vA(A'AB')
A o _ 2 A, 2%
nT VaaiFg = 30 E,pHA,,
o~ 1 ¢ A
Xpo = HApy =5 VauoF
A o o~
= - 1
" VaarIsnys €apti®arg
1 e AA'
= - = =0
¥ 8 AA'J
Ag Al
= 0
Ag A _
NVaard 5 =0 .

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)
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Further analysis reveals that equations (4.76) to (4.86)
can be summarized by stating that the solution of the

covariantly constancy equations (4.74) is given by

~A', 2
AA' A ZA', _ o AZA' A 67 87 e A
H(x s 67,07 ) H+8676 Tpar TOF, +- 75— Vaa'F (4.86)
o o [+] .
where JAA, = VAA,H, FA = nAF,and H and F satisfy
Ao [e]
n VAA,H = 0 (4.87)
Ay . F = 3fa (4.88)
"Vt T A' . )

By Frobenius' theorem, solutions of equations (4.87) and

~

(4.88) exist if Vv and A

AR Al satisfy the self-dual super

Yang-Mills equations (4.73e) and (4.73f) respectively, as

required. O

We will now restrict ourselves to the super abelian case and
construct the transition functions of the superline bundle by

aralogy with the classical construction [89].

Recall (from §2.3.7 and §3.2.1) that, in the super

abelian case, (4.86) can be rewritten in the form

xAA';eAlgA') =H + eAéA'j + [67F_ + 5 v Fo17 (4.92)

v
H( AA' A AA'

where each of the coefficients is now an ordinary function

on M, and T is the auxiliary quantity introduced in

§2.3.7 and §3.2.1 in order to define the exponential map

exp. In this way, equations (4.76) to (4.85) become

differential equations for ordinary functions on M.

3 g : AA
Suppose H has the value Hp at a point p on the

B-plane Zép ] c M corresponding to Pa in U (a member of

o

the cover of pt < IPT*) . Then it follows from (4.77),
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AA

]
that at some other point (say x ) on the same B-plane,

J
(o]

H is given by:

¥
H=He P , (4.93)

for any path from pAA to xPA within ZEP 7 Furthermore,

AA

solutions (at x ) of (4.82) and (4.80) are given

respectively by

X

v _ —5 < AA"!
Jppr = ~H J eAB¢A,B,(z)dz (4.94)
P
and

rX

< _ 33 < AA'

F, =3 H J eABAA,(z)dz . (4.95)
p

Substituting (4.93), (4.94) and (4.95) in (4.92) we obtain

x ]
—J \ (z) azh® x

v AA'
~Al _ o P _ B~Bl
07 ) = H e {l 076 I € AR

(z)dzAA'
b

©- 2

AIBI

+ 5A'62iA,(k)JT}

AA' A

H exp{-f (x ;07,691 (4.96)
b b

(See (2.50) in §2.3.7 for definition of exp.)

: % AA
Similarly, starting with Hq at g on the B-plane

(through xAA') ZEQ ] < M corresponding to Qa in § (another
* : aAn'!
member of the cover of pt < PT*), we obtain (at x )
eR, 8RN} . (4.97)

H exp{-f (x> ;08,8
q9 q

On the overlap U n ﬁ,(4.96) and (4.97) must agree;

and so the two answers are related by
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o o AA' A XA' AA' A XA
= ;67,0 -f (x ;67,0 }
Hp quxp{fp(x ’ ) q( ’ )
= quxp{-f(Wa;wj)} ’
where
P . ;
_ v B~B' g _ 3 X AA
f(Wa,wJ) = J {VAA,(Z) + 0676 €aplarg: (2) > eABAA,(z)T}dz
g
for some path from qAA' to pAA' on the B-plane ZEW .
o
(see Fig. 4.5).
Fig. 4.5

M

Transition functions of a supervector bundle can be

given in terms of path ordered integrals, as in the

classical case.

(4.98)
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A superconnection is said to be integrable on a super
light-ray if it satisfies the constraint equations (3.36)
(cf. light rays in M are l-dimensional so a connection is always integ-
rable on them). The following theorem characterizes such superconnec-

tions in terms of supervector bundlss on open subsupermanifolds of A[N] .

Theorem 4.vi. There is a one-to-one correspondence

between super vector bundles F, on Mgy 5 (M,0p4), equipped

with a superconnection V satisfying the constraint equations;

and supervector bundles E, on A[N] = (A'O[N])' 'trivial on
all Q. 6.5 € A[N]” i.e. such that o*E is a trivial super-
vector bundle.

Proof

(=) Construction of V satisfying (3.36) given E s.t. o*E

18 trivial

This construction is very similar to that of the previous
theorem except that now a three set cover ({Ua}, o =1,2,3)
is required for the quadric Q = CP, xCP, in A. For a detailed

description of these sets, see for example [69],

Let g(Za,Wa;;j,wj) denote the expansion
of a transition function of E. Then the

expansion of the pull-back of g to o*E can be written as

] A ~Al : AA' A“A'j - AA' A"‘A'j .RA'j A
c(x™P ,nA,,nA;ej,e N=g((x -eje )WA.rWA., (x feje )ﬂA,ﬂA,U WA.,ejnAl
(4.100)
Since o*E is trivial, G splits as
G=hhl" (@ = 1,2,3; B8 =1,2,3) (4.101)

where h and h_ are (r|s)x(r|s) even invertible supermatrices
o

B
whose entries are holomorphic superfunctions on U, and UB

respectively.
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Let

i~ A A,j _A'%
(D,TJ,Tk) = (n°r™ 5. ,n a;,n 3a0y) -

Then from Lemma 4.ic and (4.100)
(p,T9,T, )G = 0 .

Hence by (4.101)

1
B

1h™2 =0 ,

j -
L(D,T ’Tk)ha]h ”

- J o7
ha[(D,T ,Tk)hB

1

- -Lp ol § _ i & -
i.e. h7, (0,77, 7 )n, = [(D,77,F ) h 107, . (4.102)

B

We can now apply once again the generalized Sparling-
Ward splitting method. Both sidesof (4.102) are globally

defined in ﬂA, énd NG and ha & h, are both homogeneous

B

of degree zero in and Nye Hence each side must be

Al

polynomials. That is

-1 j s _ (A _A' Ayl _A'J
h, (DT er)hB = (n°m ar N Yo WA'k) ’ (4.103)
3 v £5 .
where S ar Y and Y, are the superpotentials

The constraint equations (3.36) now follow from
(4.103) and the fact that the differential operators

(D,Tj,fk) satisfy the usual super commutation relations

(i, ) =0, (F,,T) =0, (r),T) =28

(4.104)
Jq = ~ -
[D,D] = O Y ] [D’T ] - 0 4 [D'Tk] == O .

The procedure for deriving the constraint equations

from (4.103) and (4.104) 1is identical to that used in

Theorem 4.v, and it will not be reproduced; the only difference

being that equations (4.65) and (4.68) do not arise here

pecause of the different symmetries of (D,TJ,Tk).
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(=) Construction of E s.t. 0*E _is trivial given V satisfying

3.36 (Case N = 1 only).

This construction is very similar to that of Theorem
4.v. Let H be a section of F,of the general form (4.75),
and substitute the solutions of the N = 1 constraint

equations (3.50) in

n? %A,H(XAA';eA,éA') =0 (4.105a)
nfv H(xP 0?82 ) = o (4.105b)
WA'nAV H(xAA';eA,éA') =0 . (4.105c)

AA'

The following equations are then obtained to each order:

o(i): ™ F =0

o(6): WA'(% H-J ) =0



o(88): 7t (-2¢,, %, O aiFgr = Epigifiny) =0
nA(zeABxA' - %AA'FB eABﬁXA' =0
nAﬂA'(%AA'JBB' - 28{G_, + €,5€,, 5. F}

- % €arp'Teia ~ % EABfB'XA')

o088 : ' (§,,,& - 5 F, A, =0
nA(ZEABY - ; %AA'JQ' - % eABFA'XA' - Fpia

* I01{%3 * eapfh)
nr (R - FPLG, + e, 60,00 0)
+ % ﬁ{eABﬁA, - % %A,(AAB)}
+ 330, -3, 8X,) =0
0(625): WA'(ZeA,B,Y + % %AA,J:, - % eA,B,FAKA - fB,
+ ﬁ{@A,B, - EA,B,f})
nA(VAA,G - FAXA,) =0
ﬂA'nA(%AA,XB, + FP{G p Tt sABeA,B,f}
* % ﬁ{eA'B'HA - % VA(A'XB')}
¥ % JAA'XB' - % €prp1Ghy) = 0

0(6%8%) WA'(ﬁA"'% Fe 5A'B'-EA'B'f}_éxA"*% JA;'XA
n® (8, - % FB{¢A?+€ABf}—GAA+-% JAA'XA'*'% ¥ n
AR d Ly - 5P, v 3 00k 00

* % Jb{Gab * €ppCarpg f)

B % FB{EABHA' - % %A'(AXB)}

- % fB'{eA'B'HA - % %A(A'XB')}
- % iA~N - % X Ay ) =0

An analysis of the above equations shows that we

only need to solve the following system:
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VE = 0 (4.106a)

VF = 38 (4.106b)

VF = 38X (4.106¢)

4Y = FA + FA (4.1064)
where

Vo= nAnA'%AA,

FA = nAF

%A, = 7, ,F

A=yt

A = wA,XA'

Equations (4.106) are always integrable, as required. [

§4.6.3 Comments concerning the Classical Yang-Mills equations

We have seen in Chapter 2 that the classical Yang~Mills
equations are included in the N = 3 constraint equations
(see 3.54g). That is, solutions of (3.54) with the scalar
and spinor fields set to zero correspond to solutions of
the classical Yang-Mills equations. Assuming that
Theorem 4.vi holds for N = 3 (which is inevitably true),
the constraint egquations are precisely the conditions
that enable one to introduce a supervector bundle 'trivial
on all L ~'on AL, Consequently (as predicted by

x,0,6
witten [93]), we expect the classical Yang-Mills equations

’
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to be in one-to-one correspondence with the above mentioned
supervector bundles in which the supercoordinate expansions

of their transition functions depend on the odd supercoordinates,
wj and gj, only through their product wjzj. These supervector

bundles are equivalent to vector bundles on A The detailed

(3)°
calculations have been carried out by M.G. Eastwood [16b]
in the abelian case. His method and computational lemmata

can also be used to compute all the cohomology groups of

Fig. 4.3, page l174.

§4.6.4 The 'superanalogue' of Green-Isenberg-Yasskin-Witten

theorem

We will state a conjecture, attributed to Manin [§21],
and give a discussion based on the previous results

stated in this chapter and Chapter 3.

For N = 1 and 2 we expect the conjecture to hold.
However, in the N = 3 case, via Theorem 4.vi, the conjecture
is equivalent to the statement that the constraint
equations are the super Yang-Mills equations. In §3.2.6
we have seen that our definition of super Yang-Mills for
N = 3 implies equations stronger than the constraint
equations. Consequently further research is required

in order to clarify the situation in this case.
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The case N = 4 will not be discussed. In fact we
expect more serious difficulties here because the additional
constraint equation (3.37) does not seem to have a natural

interpretation within supertwistor theory (see footnote in [93]).

Conjecture 4.vii. Let E be the supervector bundle

over A[N] which corresponds (according to Theorem 4.vi)
to a superconnection (satisfying the constraint equations)

on a supervector bundle F over M There is a one-to-one

[N]°
correspondence between solutions of the super Yang-Mills

equations on M[N] for N = 1,2,3; and extensions of the

supervector bundle E to the (3-N)-infinitesimal neighbourhoods

x PT*

of A in IPT[N] [N’

[N]

Preliminary discussion. Let F and E be of rank r|s.

Recall that setting N=0 corresponds to replacing F and E

by classical vector bundles f and £ of rank r+s, i.e.

locally, this corresponds to replacing OEN] by 0 in

Ofgi = OEN] Q® Erls. On the other hand, the super Yang-Mills
equations for N = 0 become the classical Yang-Mills equations.
Hence 4.vili for N = 0 becomes Theorem 4.iv (i.e.

Green-Isenberg-Yasskin-Witten Theorem [45,93]). We will

briefly review this theorem from the obstruction theory

viewpoint (see for example [121]).

The obstruction and freedom to extending a vector

bundle E on AUn—l) to A(m) = (A,O(m)), lie in

H2(A,End§ ®. 0(-m,-m)) and Hl(A,End% ® 0 (-m,-m)) respectively.

0
This cohomology may be interpreted (see for example [171])

in terms of background coupled fields on M, roughly speaking

as follows. First evaluate the cohomology groups in the
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absence of EndE, (the results are stated in §4.5, , Fig. 4.3),

and then replace BAA, by the connection %A on the

Al

corresponding vector bundle End F.

Let us consider the obstruction and freedom to extending
E to the first, second and third infinitesimal neighbourhoods.

Since H® (A, EndE @, 0(-1,-1)) = 0, E extends to Ao

o

Moreover, if E(l) is a choice of extension then

ul(a, EndE 8, 0(-1,-1)) = T (M,End F ®, 0[-11[-11"') acts on

%(l) to produce all possible first order extensions. The

obstructions to the second order extensions lie in
H2 (A, EndE @, 0(-2,-2)) = I'(MEnd F 8, 0[-11[-11"), and it
turns out (see for example [69]) that there is one choice

of E(l) which admits a unique (since Hl(A,Endﬁeao 0(-2,-2)) = 0)

extension, E(2)' to A(2).

must lie in H2(A,End§ ®0 0(-3,-3))

The third order obstructions

= {kerVP2iT (M,End F ® [-11[-11") T (M, EndF @, 00-21[-21")};

0 oAA'

and (if they exist) they must be unique, since

Hl(A,Endg ®, 0(-3,-3)) = 0. Theorem 4.iv is the statement

0
that the third order obstruction is the Yang-Mills current
. _ b
J, = v *Fab.
Discussion of conjecture Guided by the previous

discussion we expect the obstruction to extending

, to lie in H2(A, End € ®

0. - (-m,-m));
B (on Ar 1.4 Arn](m) 0t 1 [y mm))
and Hl(ALEmiE'® 0 (-m,-m)) to act on the choice of
- 0[N] [N]
extension. E(m).

Case N = 1. Fron the definition of 0[1] (see 4.16a)

together with (4.45) and (4.51) we know that
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H(a,0(-2,-1))
Hk(A,O (-1,-1)) = & &) Hk(A,O (-1,-1)) =0
[1] Kk (1)
H (A,O(—ll-z))

’

for k

1 and 2. Thus we expect Hk(A,BuiE :p 0[13(—1,-1)) = 0,

(1]

for k 1 and 2. Hence E uniquely extends to A[l](l)’

Let us now consider extensions to second order.

Y (a,0(-3,-2))
1 ~ 1
H (A,Otl](—Z,-z)) = . & ® H (A,O(l)(-2,-2))
H (A,0(°2,-3))

vanishes, and therefore we expect no freedom. The second

order obstructions must lie in H2(A,EndE ®) CE.-Z,-Z)).
[1]
Now consider this cohomology in the absence of EndE:

r(M,0 [-110-11")
H2(A,0[l](-2,—2)) = ® R (4.107)

F(M,OA,[-I]'[—IJ
- J \-—v—J
0

T

where R = HZ(A,O (-2,-2)) is determined by the exact sequence

(1)

AA'
0 - {ker?d .F(M,OAA,

[-11[-11") - I'(M,0[-21[-21")} ———]

[;——>R.+ r(M,o0f-11f{-11") - O (4.108)

(see (4.41) in Fig. 4.2).

In the presence of End E we suspect that one no longer
has the direct sum symbol between the odd and even parts
of (4.107). Instead we expect the following exact

sequence
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oARA' o
0 > {kerv : I‘(M,Endi‘ ®0 OAA,[—lj[—l]') +~T (M, End F @0 0C-21[-21") }—~J

R 2
(————+ H2 (A, EndEQ 0. -(=2,-2))
%[lfl] ———i]

(T (M,EndF ®) 0,0-110-13") )
@
o ﬁF(M,End% ®, 0 [~11[-11") | + 0 (4.109)
@
(I (M,EndF 8, 0,,0-11[-11"), .
To see this, suppose that w ¢ H2(A,EﬁdE ® 0[13(-2,-2))

[1]
is the obstruction. Then the image of w under o may be

regarded as the primary obstruction; and the obvious

candidates (cf.(3.52)) are

oA 2 2
Vy Wae € I (M, EndF &, 0,0-110-11")

£ e T(MEndE ®, 00-11'[-17)

OA o] Q '
P20, < T(M,EndF ®) 0,,0-130-11")

If these primary obstruction candidates vanish, then

b

=to

+ 5 (W, ,

i, =V b A'"A

a

»

o
*F
a

is annihilated by %b (this can be deduced from the
super Jacobi identities); and so ja is the obvious

candidate for the secondary obstruction.

Case N = 2 Consider Hk(A,EndE ® 0 (-1,-1))
Opay L2

in the absence of End E:

(B (8,0, (=3,-1)) ‘
Hk(A,O(l)j(—Z,-l)) ® | )
® ® B (A, tr free 01(-2,-2)) F OH (A,0 5, (-1,-1)).
(7% a0 3 (-1,-2)) K
55 (a,09%(-1,-3)) )

\ }

-

o1

1
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For k = 1 all the above cohomology groups vanish; while

for k = 2 they are isomorphic to
| ’r(M,ejkoc—zjt-zj') |
F(M,OjA[-l][-lJ') @
e ® {T(M,tr free 05[-11[-11')} ® R
ru,03,0-110-11") o °
L , J(M,EJ}‘OE-zJ[-zJ') ) ]

1 0
where R is also given by (4.108).

Thus we expect the obstructions to extending E on

to A to be unique, and lie in

Arag [21(1)

HZ(A,EndE ® 0[2](—1,-1)). From (3.56) one can

0
(2]
immediately see which are the obvious candidates for the

obstructions, However, it is not altogether clear
how to classify these obstructions since the situation
here is much more complicated than for N = 1. We shall

not speculate any further in this case.

Case N = 3 Recall that Hl(A,0[3]) is already
isomorphic to a decoupled system of field equations
(see (4.54)). Hence we expect the presence of the
supervector bundle E to yield coupled field equations

rd

at the zeroth order. O

This completes our attempt to present a full

supertwistor description of super Yang-Mills theory.
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APPENDIX

Proof of Theorem 3.1

Firstly we show that the gauge condition

can always be imposed.

an arbitrary g

g(x

AA'

s 9

LI 4

J

6% )

(Al)

To do this write the 6-expansion of

€ GL(rls;OEl]) as

- B ~B'~ BxB' 2 ~2%
= +
o) 8 Pq + 0 Pp + 876 Mo + 6°g + 6°¢q
+ 8%%r_ + 88707, + 8%87%s . (A2)
B ~2 BxB' Bx2
Mypr ¥ 267e__q + 6 r, 2076 €apTfpt + 2070 €55
~2,.B 2
670 B' BxB' 0 ~B'
¢ 7 9l T 9700 95, Py * 5 95, ,P
8%0° B!
B'A 2 B'A )
. B
{mAB, + ¢} + 8- {2¢ Bq} 6°6 {2€AB B BB,Ap }
1 _ 1 B*
+ 5 BAA,p "} o+ 8% {2€AB 5 95 aMp }
2%2
6°6 B'
51ad T 3 BB,Ar . (A3)
B ~B| _ B Bl ~
Mo + 26 € B,q 2076 I
2
' 8 A
+ 20767 €,.5,5 6°3 aar® ¥ 5 9aarP
2.B'
~ 676 A ~2.B ~A
+ 3 + 6 6 8
aBA'pB' 2 aA'Am ' e e A'q A



B! BA' BA' A 'B' B BA'pB'
2 1 A 23B" 1 A
Oy, v 3 8, P} 070 {2¢, s+ 3 aA,AmB,}
2x2
~2.B 676 ~A
+
07073, 0a + —5— 3, . (Ad)

Now impose the gauge condition (Al) order by order to the

following O-expansions of WA and ?A,:

A

P 50% 52"

Y

-\ ! = ﬂA+eB{pAB+€ABh}+§B'VAB'+eBéB'{@ABB'+€ABAB'}
+626A+§2FA+62§B'GAB,+§263{¢AB+8ABf}+5262HA (A5)
(P = Pga and Oppgr = Opapt)
QA,(XAA';GA,éA') = ﬁA,'éB'{ﬁA,B,+eA,B,H}+eB§BA,
+6P05 (8, , |, ve,, o A 148G, +0°F
+520BG_, +62§B'{¢A,B,+EA'B,§}+92§2ﬁA (26)
(éA.B. = ﬁB-A- and éA'B'A - 6B“A'A)'

The equations implied by (Al) on the coefficients of (A5)
and (A6) are stated on the left hand column of (A7). The
right hand column of (A7) shows the coefficients of (A2)

which must be fixed to each order.

mo= 0=, P,s Py 0(8,86)

h=0=h 49, g 0(8%,82)

Vaar = Vaa: - Maar 7 Ianr? °(60) (37)
. =R T, G

F,o= X, £, 0 (86°)

£ = -f s = - % 3 m? 0(6%8%)
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Hence the effect of this gauge condition is to restrict all
further gauge freedom to elements of GL(rIs;OEl]) whose

O-expansion is of the form

BxB' 2x2
é + 676 Mypy ¥+ 8°6"s ,
_ _ _ 1 .BB"
where Mooy = BBB,¢ and s = 8 0 SBB,¢.

We now proceed to solve the constraint equations in

this gauge. From (A7) one can rewrite the O-expansions

(A5) and (A6) as follows

WA(XAA';GA,gA') = eBpAB + 5B'VAB, + 6B§B'{®ABB, + €ABXB'}
+ 0%, - 8%, +0%8% g, _,
+ 0P80, + e, £} + 6252HA (A8)
gA,(xAA';GA,eA') = §B'§A,B, + eBVA,B,- 6B§B'{-~A,B,B + EA'B'AB}
+ ézéA, - eziA, + ézeBéA,B
+ 0788 (3, . - ey, Y+ 0%8%E ,  (a9)
Consider the first constraint equation (3.49a)
o cta) T {;SE +§f'3q'g}wA
|
= Pac ~ eBéC'BC'(cpA)B * éc'éBlac'(ch)B' * éB'eACB'
-eBéc'éB'{aC'(CeA)BB' * aC'(CeA)BXB'}-ZeBeB(CGA)
+62§C'3c'(CGA)_zeBéB'EB(cGA)B"Fezéc'éB'ac'(cGA)B'

%2, Bx2 .
- (A10)
+06 ¢Ac 2076 eB(CHA) .



203

_ B ~B' B
¥,) = 2(67P .0 V ) +(67P

(¥
AB'

o°p A)+(§B'V 5%'v_ )

BC'! D B'C’ AD'

~

B ~2 ~B' B~D'
-2(6°P 6 A )+2(6° V
B(C'™ "A) ( A {GA)BD'+€A)BAD'})

B'(C

2
+
a)BB' Ea)p’e

}y+2(8B v 0°G. )

6€6C" {0
B' (c' A)

B
+
20052, s

8%80'¢ )

+2 (08P
B A)D'

D~2 ~p !
5 B
970 {¢A)B+€A)Bf})+2(e v

(C B'(C

-~

+ ~2
CB 8CB>\B'

X })—2(92Gc,e G.)

DxD'!
},878 {eADD,+eAD o A

B~B'
+
(676" (o,
(Al1l)
B'c’e VAD') =00 [VB'C'VAD']

uBl B~Dl ~ B~Bt~Dl -~
(67 Vv 86 = - ,
€ _A_,) 6767. 0 [VCB"EABAD'

B'C’ AB D' ]

etc. (see §3.24).

Adding (Al0) to half of (All) and equating to zero gives

Pac = 0 o (1)
% 70 0(8)
Oppgt = 0 o (5)
GAA' =0 0(65)
¢AC'+% BC'(CVE;'+% Ve c’vg'] =0 0(52)
_”%ac'(ceA)Bic"'% [VB'(C'EA)BXB.]'ZEB(CHA) =0, 0(85°2)

This establishes (3.50a).

Similarly for the second constraint equation (3.49b).

We shall only write the terms which in the end will not

be forced to vanish:



Q1

=14

A

Al
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N ~ ) C d
O, ¥y, = { — + 6 .}W '
(c* ah) 36 _oxSG R
I |
_ .CAB 2~
86 aC(C'VA')B-+e ¢A'B'
C,BxB' 2~B"' ~
+ -
000 ep (ar ¥ cPrET2070T Ehy aiH,
L
2
~ ~ -_e_- C
(WB"WA') 2 [Vcc"VA']
2~B" C
676 [VC(C,,A ]eA,)B,
+ *® o @ [ ]
. b B xB'
Finally we construct @AA,(X ;067,07 ) from (3.49c):
d c! o~
- A 0 9 ' }1{1 '
{aeA c'al a
B~B' ~B"' B 82 B
= VaarTO 0 95 aVagTE Eaip ARTET T 8,0 ,05720 e
~B' 2 ~ BxB' ”
-8° © aB'AxA,+2e 3] EAB(¢A'B'—€A'B'f)
272
870 B'~ %x2,B ~
oo (29, bpup T, E)H2070 e JH
d C
= { ~- + 679 ,}W
N CA A
~B' 2
_ B~B' _ B ~ o) 6 v _ ~B!
B VAA'+6 0 8BA' AB' 8 cas’ar 2 Snaarrpr 28
By 2 _-aBRB
-670679 A,XA AV eA,B,(¢AB+€ABf)
~2 2
0786 B 3B',2
+ — (—BA,¢AB+8AA,f)+29 0°e ,B,HA

(A12)

(Al13)

ABAA'

(Al4)

(Al15)



B§2{-rv

-~

S 6

Adding (Al2), (Al3)

J ~ ]
BB B’eB

x- ;9 )

¢ (

AA'

AB'

AIB’

and

establishing (3.49c).

ap'’

Al

AA]+

Bl
,¢ Bf]+[vA , 0

A'B

(Al4) one obtains

3 .B
"798

“Earn'?ag

-£

X

AB

=€ €
AB A'B'

c)

A'B

Al

£}
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Proof of Theorem 3.i7. Construction of WA(xBB';SB,éB')
Bar ¥ =2 + 8%0/0xR R
38
= 6% V2 4 6% (-4, - 4c, £}
+ 0985 (=02, - SR T TS
CEE 0, - W E v 2 0,0
30 + 2 B8B'3
A 2 BB''A
- 0%8% (e, H_, - = Vo ats) !
* 62462 {3AA'ﬁA' +% 82'%?;3‘13)}
- % 6%, A - 0°H, (A18)
S AR T ot L T A O
+ 0282 (=02, + o, 0} + 0°8% B (A19)
(o, "] 0PIV, ,, Vo ]
: +6B88 v, A 1+-58% e, A, 052
"GZEVAA"}‘A ]+[°§GB€AB>‘A"GCV2 :
+0%8% (v, 00 - £l
+208%88 (xF_ e, e, [£,v,, 1},8°VE ]
s- 288 e, a,, -0 KR 1e- 300, 0, 0080 e
+[-28% e, 0,,-0%8% eR T )
+9262[vAA,,ﬁA']+2[eBéB'{*Fab-eABeA,B,f},—ecec'eA'
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3 ~B! 2~C A'! A' _A'!
+H-586" €,,,,1,,878 {¢C,-s € C,f]}
~2 B
670 ~ 1 C.,A'
= le,pH, - 3 v At (atg)}r8 Vg ]
_ B Al 3 .
= 8 [VAA"VB ]+6 6 {[v AB"A ]+ 35 LVBB"AA]}
2, 7 3 x2 B
+0°{~ g [Vaa /A7 12 - 5 6% (A, r25)
0282 -3 5 1oL B e 142 LT )
2°'a A'B' 2 BR'’/"AB 4 A'"B"
22, 5 ~A'"' 1 A'B g AB1
+6°6°{ 7 Va /B 1-35 [V Var(a B)]+[A £1-00, 002
3 x2_.B
-5 0787 (A, (A20)
Adding (Al18), (Al1l9) and (A20)
W, (567,87 0) = 32, + 0%({23,, VA + [V,,,,Vp 1-46,, - €, £}
+ 0P8% (-2e H_, + 30 }-80%H - 25%2 (A, A0
AB B' '(A B) 2 B
2%B! 5¢ga'% 3eB ° >
+8%6° {-3V 0 ., - 2%3, bup t Vg 300 A )]
+6252 (59 FR' £ L19B ¢B'y  sara L fl1-4[ AP}
4 AR 2 'A' " (A"B) Al Pan” )
(A21)
Noting that
A’ Ao _
28A'(BVA) * [VA'A'VB ] 4¢AB

and setting (A2l) to zero order by order we obtain the

equations (3.51) as required. O
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3 W = {—QK + B g,A}wA
00 axX
= 8f - 3 520% 0, - 28%° o, 2
+ 085 -822 ¢ _ - 49__,f
=508 6 . - 32,0, + ¥ f+ 60X )
* 62252 t= % 3AB.%Q'&;A'B' - % 3AB'%z]j:'q)zua
+ aB'A%B,Af + 3372 (K 0 )
- 80°8% o, H® - 166%H
+ 30570, A%+ aeBH
+ éifB {SVBA,ﬁA' + 40A ] - 4[¢BC,AC]}
- §%0%s &Y (A22)
(¢, W = 38% v, AR+ 5265056, - €,,f,A"]
- 8628B {[VAB,,HA] + X, £1}
N eBéB'{_Stvg"¢AB] - 4lv, . £1 + 3(R;, .00}
+ 928205 M) + (R, ,H) - 400,61 - 4r£,£]
_%[VAB"—%%?'&A'B' _%%2'¢AB+%B'Af+3(>‘A'7‘
(A23)
Adding (A22) and (A23):

B 1

)1}
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A
VAV\I = 8f
BxB' °A oA’ ~ o
- - + -
+0°6° {-11V0, 0, =5V0 6., ., +90h A ,) =3V f)
oAB'
2%2 .V o' N o R o ~ .
+ 8765 4 { SVa Pargr T3Va 0 T2V T FON A0
A ~B A
=5 (H, ,A0) +(H_, A% ) -4l 0 Bl-4ar£,£1}
+ 8B (3% AR+ 48 )
B'A B'
+ 82682 % EBR - A L£1-706. AR}
2 BA' B’ AB'
- 16685 - 3 3202 )
B 2 Y\
2~B B g
806> {V_, m® + [A_,,£1},

The vanishing of (A24) order by order implies

F =0 o(1) (A25a)
. o ~A'
HB = 0, i.e. VAA,A =0 o(86) (A25Db)
~ . 0 A_ ~
HB, = 0, i.e. VAA,X = 0 o(6) (A25c)
o A oA '~ — ~
—llVB,¢AB—5VB ¢A'B' +9(KB,kB,) 0 o(68) (A254)
(6% ,1,) =0 o(8%) (A25e)
A ~2
= o(B6~6 A25f
[¢AB,A ] 0 ( ) ( )
A2 e 3¢5 +6 (A ,h )I-4lo._,0"B1=0 0(66%) (a25q)
4 {—SVA Parpr” 2% a’’‘p! AB’ . g

From the above equations together with the Bianchi

identity (3.8e") it is not difficult to deduce that

oA - 98 -0 , (A26)
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SO equation (A25d) may be rewritten as

OA ~ -
~16V_o, 6, + 9(A A ,) =0,

or

S%a*cab +9(A ;) =0 .

Equations (A25e), (A25f) and (A25q)

are identities.

O
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5a.

5b.

7a.

7b.
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