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Abstract

We establish asymptotic formulae for general joint moments of characteristic poly-
nomials and their higher-order derivatives associated with matrices drawn randomly
from the groups USp(2N) and SO(2N) in the limit as N→∞. This relates the leading-
order asymptotic contribution in each case to averages over the Laguerre ensemble of
random matrices. We uncover an exact connection between these joint moments and
a solution of the σ-Painlevé V equation, valid for finite matrix size, as well as a connec-
tion between the leading-order asymptotic term and a solution of the σ-Painlevé III′

equation in the limit as N→∞. These connections enable us to derive exact formulae
for joint moments for finite matrix size and for the joint moments of certain random
variables arising from the Bessel point process in a recursive way. As an application,
we provide a positive answer to a question proposed by Altuğ et al. [Quarterly Journal
of Mathematics, 65 (2014), 1111–1125].

Mathematics Subject Classification (2020): 60B20, 33E17, 11M50.

Contents

1 Introduction 2
1.1 Background and motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Asymptotics of the joint moments and the Bessel point process . . . . . . . 4
1.3 Characteristic polynomials and Painlevé equations . . . . . . . . . . . . . . 7
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1 Introduction

1.1 Background and motivation

In this paper we address the problems of the convergence of joint moments of the
characteristic polynomials with positive real exponents, along with their higher-order
derivatives, of random matrices drawn from the unitary symplectic USp(2N) and even
orthogonal SO(2N) classical compact groups after suitable scalings, and of establishing
connections with Painlevé equations for both finite matrix size N and in the large-N limit.
The general question can be phrased as follows.

Problem 1.1. Given a sequence of N-indexed compact matrix groups (G(N))∞N=1 of increasing
dimension endowed with Haar measure µHaar, denote the characteristic polynomial of A ∈ G(N)
by ϕA(z) = det(I − zA). Let h0, . . . , hm ∈ R≥0. Then, the task is to establish the asymptotics of
the matrix integral ∫

G(N)

m∏
k=0

∣∣∣ϕ(k)
A (1)

∣∣∣hk
dµHaar(A), (1)

as N→∞. Here, ϕ(k)
A denotes the k-th derivative of ϕA.

We show that the leading order asymptotics of this integral takes the form

c
(G)
h0,...,hm

Nδ
(G)
h0 ,...,hm

and determine expressions for c(G)
h0,...,hm

and δ(G)
h0,...,hm

. We also find exact expressions for the
integrals in question in terms of solutions of certain Painlevé equations.

These considerations, particularly the choice of evaluating ϕA(z) at z = 1, are mo-
tivated by conjectural connections to moments of L-functions with different symmetry
types, as studied in the work of Katz-Sarnak [46] and Keating-Snaith [47]. We discuss
this further at the end of Section 1.2.

The analogous problem of joint moments over U(N), which relates to joint moments
of the Riemann zeta and Hardy’s function [20, 23, 44], has a long history starting from
the work and conjectures of Hughes [43] from 2001, see [13, 50, 10, 9, 12, 14, 24, 30, 31, 38,
34, 56, 59] for part of the growing literature. The question for USp(2N) and SO(2N) has
also received attention, see [1, 4, 40] and also [3, 2] for the related problem of moments
of the logarithmic derivative, but it has been overall much less well studied. In this
paper we first settle the convergence aspect of the general question, see Theorem 1.3,
and give an expression for the limit in terms of concrete finite-dimensional averages.
Secondly, we establish an exact connection between these joint moments and a solution
of the σ-Painlevé V equation for finite matrix size, as well as a connection between the
leading-order coefficients and a solution of the σ-Painlevé III′ equation in the limit as
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N → ∞. Finally, as an application, we give a positive answer to a question posed by
Altuğ et al. in [1].

We remark that for the odd orthogonal group O−(2N), analogous results to those
above can similarly be obtained by almost identical methods. To avoid excessive length,
we omit a detailed discussion of this case.

Our starting point is that the matrix integral (1) can, in the cases when G(N) =
USp(2N) or G(N) = SO(2N), be written in terms of averages involving singular negative
power sum statistics of the Jacobi unitary ensemble of random matrices with certain
parameters. Various such singular statistics of classical random matrix ensembles have
been studied in the literature. For previous work and connections to integrable systems,
orthogonal polynomials and combinatorics, see [53, 52, 17, 25, 26, 34, 19, 18, 29]. For
physical motivations to study such quantities in relation to quantum transport in chaotic
cavities, see [27, 28]. The papers closest to our setup, which study the special case of the
first negative power sum of the Jacobi ensemble, are the work of Forrester [34], whose
impetus is connections to multivariate hypergeometric functions, and [19, 18], which
prove connections to Painlevé equations.

Our approach to proving convergence of moments in [9] was based on ideas from
the theory of exchangeable arrays. In some sense the role of the Jacobi ensemble in [9] is
played by the Cauchy ensemble [60, 33], also known as the Hua-Pickrell ensemble [16].
However, these exchangeability techniques do not seem to apply to the Jacobi ensemble.
Fortunately, mainly due to the positivity of eigenvalues in this setting (this is not present
in the Cauchy case for U(N)), which we exploit at several places, we can take a more direct
approach which uses as input symmetric function theory computations of Forrester [34].
Nevertheless, after we get a probabilistic expression for the limit it is possible to obtain
some explicit evaluations by appealing again to exchangeability in a non-obvious way,
see Proposition 1.4 and Corollary 1.8.

Regarding establishing the connection to Painlevé equations, we adapt our previous
approach from [9] to the present setting. This approach is based on certain “partition-
shifted” Hankel determinants, with the main difference being that the Hankel entries
considered herein are truncated variants of the multivariate generating functions ap-
pearing in [9]. A complication arising from this truncation is that the “partition-shifted”
Hankel determinants can no longer be expressed entirely in terms of the partial deriva-
tives of the original Hankel determinants, as was the case in [9]. Instead, additional
terms emerge, which are related to the truncation length. To ensure that this issue does
not obstruct the inductive procedure central to our analysis, we proceed in two steps.
First, we derive explicit expressions for the additional terms, expressed in terms of the
truncation lengths. Second, since our inductive process proceeds with the evaluations
of the partial derivatives of the “shifted Hankel determinants” at the origin, we choose
truncation lengths that depend appropriately on the orders of the partial derivatives.
This ensures that, after evaluation, the contribution from the aforementioned extra terms
is zero. A more precise sketch of these strategies is provided in Section 4.1.

Finally, in a different direction, the limits of rescaled negative power sums and cor-
responding elementary symmetric polynomials are closely related to the Taylor co-
efficients of the secular functions associated to stochastic operators for β-ensembles
[55, 54, 57, 58, 51]. Here, we are concerned with the stochastic (β = 2) Bessel opera-
tor Ga and its inverse G−1

a from [54] in which case the secular function is given by:

det
(
I − zG−1

a

)
= 1 +

∞∑
k=1

t(k)
a zk.
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Expressions for the coefficients (t(k)
a )∞k=1 in terms of multiple integrals involving Brownian

motions have been given in [51]. Below Proposition 1.4, we explain a connection between
these coefficients and the joint moments considered in the following section.

1.2 Asymptotics of the joint moments and the Bessel point process

Let A ∈ USp(2N) or A ∈ SO(2N), and define its characteristic polynomial on the unit
circle:

φA(θ) def
= det

(
I − e−iθA

)
.

Define the associated joint moments, for h0, h1, . . . , hm ∈ R≥0 :

J
USp
N (h0, h1, . . . , hm) def

=

∫
USp(2N)

m∏
k=0

∣∣∣φ(k)
A (0)

∣∣∣hk
dµHaar(A),

JSO
N (h0, h1, . . . , hm) def

=

∫
SO(2N)

m∏
k=0

∣∣∣φ(k)
A (0)

∣∣∣hk
dµHaar(A).

In this paper, the following Bessel point process, the universal scaling limit of random
matrix eigenvalues at a hard edge, will play a key role [32, 33].

Definition 1.2. Let a > −1. We define the Bessel point process on R+ with parameter a to be the
determinantal point process [15, 45, 32, 33] with correlation kernel KBes

a ,

KBes
a (x, y) =

√
xJa+1(

√
x)Ja(

√
y) −

√
yJa+1(

√
y)Ja(

√
x)

2(x − y)
,

where Ja denotes the Bessel function of the first kind with parameter a. It almost surely consists
of a strictly increasing sequence1 0 < B1

a < B
2
a < B

3
a < · · · .

Define the family of random variables (em(a))∞m=0 by e0(a) ≡ 1 and,

em(a) def
=

∑
1≤i1<···<im

1

B
i1
a · · ·B

im
a

,

which are simply elementary symmetric polynomials in the infinitely many random
points {Bl

a}
∞

l=1. These are almost surely finite. Correspondingly, we define the power
sums, for m ≥ 1 (clearly e1(a) = p1(a)),

pm(a) def
=

∞∑
j=1

1(
B

j
a

)m .

In what follows, we define P(2)
k to be the set of integer partitions of k with each part equal

to 1 or 2. For each such partition µ, we also define l(µ) to be its length, and θ(µ) to be the
number of parts that are equal to 2. The following is our first main result.

1We note that the superscript l in Bl
a does not correspond to raising to the l-th power but rather denotes the

l-th ordered point in the point process.
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Theorem 1.3. Suppose h0, . . . , hm ∈ [0,∞). Let s =
∑m

i=0 hi. Then, we have convergence of joint
moments:

lim
N→∞

J
USp
N (h0, h1, . . . , hm)

N
s(s+1)

2 +
∑m

k=1 khk
=

2
s2
2 G(1 + s)

√
Γ(1 + s)√

G(1 + 2s)Γ(1 + 2s)
E

 m∏
k=1

Rk

(
s +

1
2

)hk
 < ∞

where G is the Barnes G-function and

Rk(a) def
=

∑
µ∈P(2)

k

2−2θ(µ)k!
(l(µ) − θ(µ))!

eθ(µ)(a).

Moreover, whenever h0 > 1
2 , we have

lim
N→∞

JSO
N (h0, h1, . . . , hm)

N
s(s−1)

2 +
∑m

k=1 khk
=

2
s2
2 G(1 + s)

√
Γ(1 + 2s)√

G(1 + 2s)Γ(1 + s)
E

 m∏
k=1

Rk

(
s −

1
2

)hk
 < ∞. (2)

Theorem 1.3 completely solves Problem 1.1 for USp(2N), and essentially solves it,
modulo the technical restriction h0 > 1/2 for SO(2N). In both cases, this is achieved by
determining completely explicitly the leading order δ(G)

h0,...,hm
and giving a natural prob-

abilistic expression for c(G)
h0,...,hm

. We expect that the result should hold in full generality
beyond the technical restriction, and in fact, in the special case where h1, . . . , hm ∈ N the
restriction can already be removed using the arguments developed in this paper with
minimal additional effort, see Corollary 1.10.

We now turn to the task of computing the moments ofRk that define c(G)
h0,...,hm

in the two
cases G(N) = USp(2N) and G(N) = SO(2N). It is obvious that the integer joint moments
of the random variables Rk can be recovered by evaluating the integer joint moments of
the ek’s. In turn, as we show in Proposition 1.4, this is achievable by representing such
averages as a linear combination of averages over finite-dimensional matrix eigenvalue
ensembles which are explicitly computable. To this end, we define the Weyl chamber

WN
def
= {x = (x1, . . . , xN) ∈ RN

| x1 ≤ x2 ≤ . . . ≤ xN}

and introduce the Laguerre probability measures ν(a)
N on WN, with a > −1:

ν(a)
N (dx) =

1

Z
(a)
N

N∏
j=1

xa
je
−x j 1x j∈R+

∏
1≤i< j≤N

(xi − x j)2dx,

whereZ(a)
N is an explicit normalization constant, see [33]. We denote by E(a)

N the averages
taken with respect to ν(a)

N .
Using ideas developed in the authors’ previous paper [9], we show that one can in

fact represent integer joint moments of the ek in terms of finite-dimensional averages
of the Laguerre ensemble. The fact that this is possible is non-obvious. Introduce the
elementary symmetric polynomials ek in the variables (x1, . . . , xN) that are defined for
each 1 ≤ k ≤ N as:

ek

(
x1, . . . , xN

) def
=

∑
1≤i1<···<ik≤N

xi1 · · · xik . (3)
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Our result on evaluating the leading order coefficient reads as follows.

Proposition 1.4. Suppose m ∈ N, a > 0, and h1, . . . , hm ∈ N∪{0}with hm , 0 and
∑

k hk < a+1,
and define Q =

∑
k khk. Then, we have

E

 m∏
k=1

(ek(a))hk

 = (1!)h1 · · · (m!)hm

Q!

Q∑
j=m

(−1)Q+ j
(
Q
j

)
E(a)

j


m∏

k=1

ek

 1

x( j)
1

,
1

x( j)
2

, . . . ,
1

x( j)
j




hk
 .

As stated earlier, the ek(a) are simply elementary symmetric polynomials in the (in-
finitely many) variables {Bi

a}i≥1. These are basically the Taylor coefficients of the random
entire function fa obtained in the work of Li and Valkó [51] as the limit of characteristic
polynomials of the real orthogonal (β = 2) ensemble or as the secular function [58, 51] of
the stochastic (β = 2) Bessel operator G−1

a , see [54], also [7]:

fa(z) = det
(
I − zG−1

a

)
=

∞∏
i=1

(
1 − z/Bi

a

)
= 1 +

∞∑
k=1

(−1)kek(a)zk. (4)

In their work Li and Valkó [51] give nice expressions for the ek(a) in terms of multiple
integrals of exponential Brownian motions. Joint moments of these multiple integrals
are then given by the formula in Proposition 1.4. It would be interesting if there is an
alternative derivation of this formula using Brownian motions.

Finally, we use Theorem 1.3 to formulate conjectures for the mean values of high-order
derivatives of L-functions at the center of the critical strip, in particular conjecturing
that the leading term has a probabilistic representation. This direction was initiated
by the results of Katz and Sarnak [46], who introduced the concept of symmetry types
for families of L-functions and suggested that the zero distribution of such a family
should be modeled by the eigenvalue distribution of the corresponding classical groups.
These classical groups are determined by the symmetries inherent in each family of
L-functions. Later, Keating and Snaith (see [48, 47]) investigated the moments of the
characteristic polynomials of random matrices from the groups U(N), USp(2N), and
SO(2N). They conjectured that the leading-order asymptotics of these moments coincide
with the leading terms in the corresponding moments of families of L-functions at the
central point s = 1/2, corresponding respectively to the unitary, unitary symplectic, and
orthogonal symmetry types. Furthermore, as shown in [48] and [47], these conjectures
are consistent with the known results for L-functions in number theory.

Following these heuristics and using the results of this paper, we can give conjectures
regarding the asymptotic mean value distribution of derivatives of arbitrary order of
families of L-functions at the central point s = 1/2. In the following, we present an
example conjecture in the even orthogonal case. Theorem 1.3, together with the recipe
for formulating conjectures about the moments of any primitive family of L-functions,
enables similar conjectures to be made for other families of L-functions. We refer the
readers to [22, Sections 1.3] and [21, Section 4.3] for some examples without derivatives.
Consider the mean values of

L f (s) =
∞∑

n=1

λ f (n)n−s,

at the critical point s = 1
2 , averaged over f ∈ H∗m(N). Here, H∗m(N) denotes the set of

primitive Hecke eigenforms of weight m relative to the subgroup Γ0(N), and λ f (n) are
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the normalized Fourier coefficients of the eigenform with λ f (1) = 1. For simplicity, we
restrict our attention to the case m = 2 and N = q, where q is a prime number. The
low-lying zeros of this family near the critical point exhibit orthogonal symmetry, and
the functional equation for the L-function can be written as,

Λ f (s) def
=

( √
q

2π

)s

Γ
(
s +

1
2

)
L f (s) = ε fΛ f (1 − s),

where ε f = −
√

qλ f (q) = ±1. We say that f is even (respectively, odd) if and only if ε f = +1
(respectively, ε f = −1). We define the harmonic average as∑

f

h
A f

def
=

∑
f∈H∗2(q)

A f

( f , f )
,

where ( f , g) is the Petersson inner product on the space Γ0(q)\H.

Conjecture 1.5. Let k, s ≥ 0 be non-negative integers. Then, as q→∞,∑
f even

h
(
L(k)

f

(1
2

))s

∼ as

(
log(q1/2)

)s(s−1)/2+sk

g(k; s),

where

g(k; s) =
2

s2
2 −1G(1 + s)

√
Γ(1 + 2s)√

G(1 + 2s)Γ(1 + s)

k∑
l1,...,ls=0

 s∏
j=1

(
k
l j

) (−2)sk−
∑s

j=1 l jE

 s∏
j=1

Rl j

(
s −

1
2

) ,
and

as =
∏
p∤q

(
1 −

1
p

) s(s−1)
2 2
π

∫ π

0
sin2 θ

(eiθ
(
1 − eiθ

√
p

)−1
− e−iθ

(
1 − e−iθ

√
p

)−1

eiθ − e−iθ

)s

dθ.

It is possible to state analogous conjectures for general joint moments, but for brevity
we only state the simplest case for moments of a single derivative of arbitrary order.

1.3 Characteristic polynomials and Painlevé equations

In various works in literature, it was shown that solutions of certain Painlevé equations
are closely related to the limiting objects appearing in the problem of joint moments over
various classical groups, see for example [1, 8, 14, 36, 37, 38, 40]. The work of most
relevance to the setting herein is [40] which studies the special case of joint moments with
the second derivative for USp(2N). It is proven there that a random variable appearing
in those asymptotics admits a representation in terms of a solution to a certain Painlevé
equation. This random variable was not explicitly identified in [40] and denoted therein
by M(a, b) ; we explain below the dependence of the notation on both a and b. The
connection to Painlevé equations then reads as follows. The function τa,b given by:

τa,b(t) = t
d
dt

log E
[
e−tM(a,b)

]

7
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solves the σ-Painlevé III′ equation(
t

d2

dt2 τa,b(t)
)2

+ 4
( d

dt
τa,b(t)

)2 (
t

d
dt
τa,b(t) − τa,b(t)

)
−

(
a

d
dt
τa,b(t) + 1

)2

= 0, (5)

for any t ∈ R≥0 \ {0}, along with the initial conditions:
τa,b(0) = 0, for a > 0,

d
dtτa,b(t)

∣∣∣∣
t=0
= − 1

a , for a > 1.

Here, we note that for the derivatives to exist at t = 0, one requires the finiteness of certain
moments, which is then guaranteed by imposing further conditions on the parameter a.
Observe that, the equation (5) does not depend on b and had in fact appeared previously
in work on e1(a), see [8]. Based on this, it was predicted in [40], see Remark 1.2 therein,
that M(a, b) is in fact equal to e1(a). Our working below identifies, in distribution,

M(a, b) = e1(a)

and confirms this prediction from [40]. Let us spell this out. It is proven in [40] that
M(a, b) arises as the limit in distribution of N−2p

(a,b)
1,N from (25) below, which is simply

the first negative power sum of the hard-edge at 0 rescaled Jacobi ensemble µ(a,b)
N from

Definition 2.4. Since the Jacobi ensemble depends on two parameters a and b, the limit
distribution of N−2p

(a,b)
1,N as N → ∞ may also depend on both parameters. On the other

hand, Proposition 2.5 identifies this limit as e1(a) and so there is no dependence on b. There
is some intuition on why no dependence on b is reasonable. We are looking at the hard-
edge at 0 and hence in terms of the Jacobi weight xa(1−x)b one may expect that behaviour
at 0 should asymptotically only be governed by the exponent a and dependence on b
should asymptotically disappear. Finally, by virtue of this identification and the results
of [8] we obtain an alternative proof of (5).

1.3.1 Connections between higher joint moments and Painlevé equations

Given the above, it is natural to ask if there is a connection between higher joint moments
of the (e1(a), . . . , ek(a)), or equivalently, (p1(a), p2(a) . . . , pk(a)), and integrable systems. The
equivalence here refers to the fact that one vector of random variables can be expressed as
a linear combination of power sums of the other, which follows from Newton’s identities
and Lemma 3.3 below. The following result answers this natural question positively.

Theorem 1.6. Let k ≥ 2, n2, . . . ,nk ∈ N ∪ {0} and
∑k

j=2 n j > 0. Suppose that a ∈ R with
a >

∑k
ℓ=2 ℓnℓ − 1. Then, for t1 ≥ 0,

E

e−t1e1(a)
k∏

j=2

p j(a)n j

 = 1

t
∑k
ℓ=2 ℓnℓ−1

1

∑k
ℓ=2(ℓ−1)nℓ∑

m=0

tm−1
1 P

(a)
m (n2, . . . ,nk; t1)

dm

dtm
1

E
[
e−t1e1(a)

]
, (6)

where P(a)
m (n2, . . . ,nk; t1) are polynomials in t1 whose coefficients are polynomials in a of degree at

most
∑k
ℓ=2(ℓ−1)nℓ. Moreover, the degree of tm−1

1 P
(a)
m (n2, . . . ,nk; t1) in t1 is at most

∑k
ℓ=2(ℓ−1)nℓ−1.

8
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In the proof of the above theorem, we provide a recursive method to obtain explicit
formulae for the polynomials P(a)

m (n2, . . . ,nk; t1). Furthermore, as mentioned earlier, the
function E

[
e−t1e1(a)

]
can be written in terms of a solution to the σ-Painlevé III′ equation

(5). This observation then enables an asymptotic analysis of the Taylor expansion of the
solution at t1 = 0, which, when combined with Theorem 1.6, allows for the recursive
computation of all integer joint moments of e j, j = 1, . . . , k, also allowing one to express
them efficiently as rational functions of a. We give a few examples of these formulae in
the corollary below. These expressions, in spite of their brevity, appear to be new, and
at least to our knowledge, are not mere consequences of the probabilistic representations
the random variables {pm(a)}∞m=1 admit.

Corollary 1.7. Let t ≥ 0. For a > 1,

E[e−te1(a)p2(a)] =
a
t

d
dt

E[e−te1(a)] +
1
t
E[e−te1(a)]

and for a > 3,

E[e−te1(a)p2(a)2] =
a2 + 2

t2

d2

dt2 E[e−te1(a)] +
−3a2 + 2at

t3

d
dt

E[e−te1(a)] +
t − 3a

t3 E[e−te1(a)].

The formulae above may appear singular at t = 0, however the moments of e1(a) =
p1(a) and p2(a) satisfy relations that ensure cancellations of the singular terms in the
denominator.

As an application of Corollary 1.7, we present explicit formulae for the leading terms
of certain joint moments of the second and fourth derivatives over the groups USp(2N)
and SO(2N).

Corollary 1.8. Whenever s > 1/2, we have

lim
N→∞

∫
USp(2N)

∣∣∣φ(2)
A (0)

∣∣∣2 ∣∣∣φA(0)
∣∣∣s−2

dµHaar(A)

N
s(s+1)

2 +4
∫

USp(2N)

(
φA(0)

)s dµHaar(A)
=4

2 s3 + 5 s2 + 2 s − 2
(2 s + 1) (2 s − 1) (2 s + 3)

and

lim
N→∞

∫
USp(2N)

∣∣∣φ(4)
A (0)

∣∣∣2 ∣∣∣φA(0)
∣∣∣s−2

dµHaar(A)

N
s(s+1)

2 +8
∫

USp(2N)

(
φA(0)

)s dµHaar(A)

= 16
4 s6 + 56 s5 + 307 s4 + 806 s3 + 967 s2 + 380 s + 36

(2 s + 1)2 (2 s + 7) (2 s + 5) (2 s + 3) (2 s − 1)
.

Whenever s > 3/2,

lim
N→∞

∫
SO(2N)

∣∣∣φ(2)
A (0)

∣∣∣2 ∣∣∣φA(0)
∣∣∣s−2

dµHaar(A)

N
s(s−1)

2 +4
∫

SO(2N)

(
φA(0)

)s dµHaar(A)
= 4

2 s3
− s2
− 2 s − 1

(2 s − 1) (2 s − 3) (2 s + 1)

9
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and

lim
N→∞

∫
SO(2N)

∣∣∣φ(4)
A (0)

∣∣∣2 ∣∣∣φA(0)
∣∣∣s−2

dµHaar(A)

N
s(s−1)

2 +8
∫

SO(2N)

(
φA(0)

)s dµHaar(A)

= 16
4 s6 + 32 s5 + 87 s4 + 58 s3

− 109 s2
− 108 s + 72

(2 s − 1)2 (2 s + 5) (2 s + 3) (2 s + 1) (2 s − 3)
.

The explicit formulae for moments not involving any derivatives, which appear in the
denominator of the left-hand side of the identities above are given in [47]. In particular,
modulo this factor, we see from Corollary 1.8 that the leading coefficients of the joint
moments of the derivatives are rational functions of the exponent s.

Theorem 1.6 is proved by taking the large N limit of the corresponding expression
that holds at the finite-N level. This, on the other hand, requires establishing a similar
relation for the higher order joint moments for finite matrix size N and σ-Painlevé V
transcendents, which is what we state next. In order to do so in a more compact form,
let us define the random variables (we sometimes drop a, b from the notation if it is clear
from context)

p
(a,b)
m,N

def
=

N∑
j=1

1(
x(N)

j

)m ,

where (x(N)
1 , . . . , x

(N)
N ) are distributed according to the Jacobi ensemble µ(a,b)

N , see Definition
2.4. The following result for singular statistics of the much-studied Jacobi ensemble µ(a,b)

N
is new and may be of independent interest.

Theorem 1.9. Let k ≥ 2, n2, . . . ,nk be non-negative integers and
∑k

j=2 n j > 0. Let b > −1. Let
a >

∑k
q=2 qnq − 1. Then, for all t1 ≥ 0,

1

N2
∑k

q=2 nq
E(a,b)

N

[
e−

t1
N2 p1,N

k∏
q=2

(pq,N)nq

]
=

1

t
∑k

q=2 qnq−1
1

∑k
q=2(q−1)nq∑

m=0

tm−1
1 P(a,b)

m (N; t1)
dm

dtm
1

E(a,b)
N

[
e−

t1
N2 p1,N

]
,

(7)

where P(a,b)
m (N; t1) are polynomials of t1. Moreover, tm−1

1 P(a,b)
m (N; t1) are polynomials of t1 of degree

at most
∑k

q=2 qnq − 1, whose coefficients are polynomials in N, a, b, with degrees in N and in a, b
no more than

∑k
q=2 2(q − 1)nq and

∑k
q=2(q − 1)nq, respectively.

For reasons that will become clear in Section 3, joint moments over SO(2N) and USp(2N)
admit representations in terms of joint moments of the random variables {p(a,b)

m,N}
∞

m=1. More-
over, it is known that (see e.g., [37, Section 3]) the function

σN(t) = t
d
dt

log E(a,b)
N

e−t
∑N

j=1
1

x(N)
j


satisfies the following σ-Painlevé-V equation:(

t
d2σN

dt2

)2

= −4
(dσN

dt

)3

t +
(
a2 + 2at + 4bt + t2 + 4σN

) (dσN

dt

)2

10
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+
(
− 2(a + 2b + t)σN + 2N(a + t)(a + b +N)

)dσN

dt

+
(
σN −N(a + b +N)

)2
. (8)

Combining these, we see that joint moments at the finite-N level also admit expressions
in terms of Painlevé transcendents. Moreover, as one would expect at this point, taking
the N→∞ limit of the above equation upon rescaling t→ t

N2 , one precisely obtains (5).
Another consequence of Theorem 1.9 is that, when combined with the probabilistic

techniques used in the proof Theorem 1.3, it allows us to remove the restriction h0 > 1
2 in

the orthogonal case, whenever h1, . . . , hm ∈ N.

Corollary 1.10. The convergence asserted in Theorem 1.3 for SO(2N) holds for any h0 ∈ [0,∞),
provided h1, . . . , hm ∈ N ∪ {0}.

It is also worth noting that Theorem 1.9 provides a recursive method to explicitly
compute all integer joint moments of derivatives of any order for finite matrix size N,
which also has number theoretic consequences due to the work of Katz and Sarnak [46]. In
particular, they prove rigorously that joint moments of L-function families corresponding
to curves over Fq, in the large q regime, can be modeled by the corresponding averages
over the classical groups. Consequently, Theorem 1.9 provides yet another example of
objects in integrable systems appearing in number theoretic considerations.

1.3.2 A question of Altuğ, Bettin, Petrow, Rishikesh, and Whitehead

Finally, as an application of the above results concerning the connections between the joint
moments of the random variables ek(a) and integrable systems, we provide an affirmative
answer to a question of Altuğ, Bettin, Petrow, Rishikesh, and Whitehead, as addressed in
the paragraph below [1, formula (5)].

In the following, we give the necessary background and explicitly formulate the
question, which one can also ask for various other compact matrix groups (G(N))∞N=1. In
[1], the authors investigated the asymptotic formulae for the moments of the derivatives
of characteristic polynomials over the groups USp(2N), SO(2N) and O−(2N). To be more
precise, they showed that for any s ∈ N, the leading-order coefficients of

Ms(G(N), k) def
=

∫
G(N)

(
ϕ(k)

A (1)
)s

dµHaar(A), (9)

admit expressions in terms of the derivatives of

det
1≤i, j≤s

(
f2i− j+l(t)

)
(10)

with respect to t at zero for the following cases: for l = 0, when G(N) = USp(2N), k = 2
and G(N) = O−(2N), k = 3; and for l = −1 when G(N) = SO(2N), k = 2. Here, for n ∈ Z,

fn(t) =
1

2πi

∮
|w|=1

ew+ t
w2

wn+1 dw =
1

Γ(n + 1) 0F2

(
;

n
2
+ 1,

n + 1
2

;
t
4

)
,

where 0F2 is the hypergeometric function. These results were generalized by Andrade
and Best in [4] to arbitrary k (or, more generally, for joint moments of k1-th and k2-th

11
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derivatives), in terms of the derivatives (with respect to t at zero) of

det
1≤i, j≤s

(
f2i− j−1+li (t)

)
(11)

for certain non-negative integers li. The approaches used in [1] and [4] are based on
the shifted moment formulae of Conrey, Farmer, Keating, Rubinstein, and Snaith in [21],
as well as techniques similar to those in [24] by Conrey, Rubinstein, and Snaith. As
explained in [1], the authors were motivated by the result in [24], which expressed the
leading coefficients of Ms(U(N), 1) in terms of the derivatives (with respect to t at zero) of

det
1≤i, j≤s

(
Ii+ j−1(2

√
t)
)
, (12)

where In(x) is the modified Bessel function of the first kind. In [49], the third and fourth-
named authors of this paper proved that, for any k ≥ 2, Ms(U(N), k) can also be expressed
in terms of the derivatives of (12) evaluated at t = 0. The Hankel determinant (12) was
shown by Forrester and Witte [38] to be an Okamoto τ-function associated with a σ-
Painlevé III′. This connection was later established alternatively by Basor et al. [14] using
the Riemann–Hilbert method. In light of all these developments, it becomes natural to
consider the following question that was initially posed in [1].

Question 1.11 (Altuğ et al. [1]). Does there exist a differential equation that plays the analogous
role for symplectic and orthogonal types as the σ-Painlevé III′ equation is known to do for unitary
symmetry?

As a direct consequence of our results we provide a positive answer to this question
by confirming that a suitable choice of differential equation is the σ-Painlevé III′ equation
itself, as given in (5). More specifically, our results confirm that, in the case considered
here, E

[
e−te1(a)

]
plays a role analogous to that of (12) in the unitary case, for the following

two reasons. On the one hand, E
[
e−te1(a)

]
is the τ-function associated with the σ-Painlevé

III′ equation(5). On the other hand, in what follows we give a precise statement: for any
integer k ≥ 1 and for G(N) = USp(2N) or SO(2N), the leading coefficients of the moments
Ms(G(N), k) can be expressed in terms of the derivatives at t = 0 of E

[
e−te1(a)

]
. By a similar

argument, the same conclusion also holds for G(N) = O−(2N). For the sake of brevity, we
omit the details.

Corollary 1.12. Let s, k ≥ 1 be integers. Let P(2)
k , l(µ) and θ(µ) be as defined in Theorem 1.3.

Then

lim
N→∞

Ms(USp(2N), k)

N
s2+s

2 +ks
=

2
s2
2 G(1 + s)

√
Γ(1 + s)√

G(1 + 2s)Γ(1 + 2s)

∑
µ1,...,µs∈P

(2)
k

(k!)s2−2
∑s

j=1 θ(µ j)∏s
j=1(l(µ j) − θ(µ j))!

s∏
j=1

bθ(µ j)

(
s +

1
2

)
and

lim
N→∞

Ms(SO(2N), k)

N
s2−s

2 +ks
=

2
s2
2 G(1 + s)

√
Γ(1 + 2s)√

G(1 + 2s)Γ(1 + s)

∑
µ1,...,µs∈P

(2)
k

(k!)s2−2
∑s

j=1 θ(µ j)∏s
j=1(l(µ j) − θ(µ j))!

s∏
j=1

bθ(µ j)

(
s −

1
2

)
,

12
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where b0(a) = 1 and for m ≥ 1, bm(a) is given by the following formula:(
(−1)m 1

m!
dm

dtm E
[
e−te1(a)

]
+ (−1)m

∑
j−1+ j0+ j1+2 j2+···+mjm=m

j2+ j3+···+ jm,0

(−1) j−1∏m
i=2(−i) ji

∏m
i=−1 ji!

m−
∑m

i=−1 ji∑
n=0

(m − n − j0 − j1 − 1)!
(m − n − j0 − j−1 − j1 − 1)!tm−n− j0− j1

(
d j0

dt j0
P

(a)
n ( j2, . . . , jm; t)

)
dn+ j1

dtn+ j1
E
[
e−te1(a)

])∣∣∣∣∣∣
t=0

,

with P(a)
n ( j2, . . . , jm; t) given as in Theorem 1.6 and

t 7→ t
d
dt

log E
[
e−te1(a)

]
satisfies the σ-Painlevé III′ equation (5).

The above result is an immediate consequence of combining Theorems 1.3 and 1.6.
In fact, note that ϕA(e−iθ) = φA(θ), so it is not hard to check that the leading coefficient
of the moment Ms(G(N), k) coincides with that of

∫
G(N)

∣∣∣φ(k)
A (0)

∣∣∣s dµHaar(A) when G(N) =
USp(2N) or SO(2N). Moreover, these results yield a more general version of Corollary
1.12, describing the joint moments of the ki-th derivatives for i = 1, . . . ,m. To help the
reader better understand the result, we present it here for the case m = 1 only. The results
for general m are analogous but have more complicated forms. As a consequence of
these results, we can recursively compute all Ms(G(N), k1, . . . , km) by using an asymptotic
analysis of the Taylor expansion of E

[
e−te1(a)

]
at t = 0, due to the properties of solutions

to the corresponding Painlevé equation.
We now briefly explain how the approach we use herein that leads to the proof of

Corollary 1.12 is different from those used in [1] and [4]. Initially, in exploring connec-
tions between the asymptotic behavior of Ms(G(N), k) for unitary symplectic and orthog-
onal groups and the Painlevé equations, we began with the determinant representation
det1≤i, j≤s

(
f2i− j−1+li (t)

)
as in (10). See [39] for some investigations in this direction. How-

ever, the absence of a Hankel structure or a Toeplitz property in this determinant poses
a challenge for further analysis through Okamoto’s τ-function theory or the Riemann-
Hilbert method.

Therefore, instead of working directly with (10) or (11), we turned to a hidden Hankel
structure in Ms(G(N), 2) for finite N, whose entries involve the Laplace transform of
certain Jacobi-like weights. For general k, we expressed the moment in terms of a Hankel
determinant shifted by partitions. We then used combinatorial methods to analyze the
connections between these shifted Hankel determinants and the original one, which
satisfies a σ-Painlevé V equation. Finally, after appropriate rescaling and normalization
(by dividing by a suitable power of N), we first establish the existence of the limit using
our results from Section 2, and then by taking the limit as N → ∞ in the expression
that connects the moments for finite matrix size N with the σ-Painlevé V equation, we
obtain the desired relation between the leading coefficients of Ms(G(N), k) and a solution
of the σ-Painlevé III′ equation. A more detailed sketch of the proof strategy is provided
in Section 4.1.

Acknowledgements. F.W. acknowledges support from the Royal Society, grant URF\R\
231028. We are grateful to an anonymous referee for the careful reading of the manuscript
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and for the detailed and constructive comments, which helped improve the clarity and
exposition of the paper.

2 Convergence of joint moments of power sums

We present a quick argument that takes as input convergence of points along with some
uniform integrability and gives joint convergence in distribution and of appropriate joint
moments for an arbitrary number of power sums. We only apply this to the hard-edge
rescaled Jacobi ensemble in Section 2.1 but it could be of independent interest.

The general setting is as follows. Suppose we are given sequences of random variables
(λ j,N)1≤ j≤N, for N ∈ N, and (γ j)∞j=1 such that:

• For every N ∈ N, we have, almost surely,

0 < λ1,N < λ2,N < · · · < λN,N,

and almost surely 0 < γ1 < γ2 < γ3 < · · · .

• For every fixed l ∈ N, as N→∞, we have,(
λ1,N, . . . , λl,N

) d
−→ (γ1, . . . , γl), (13)

where d
−→ denotes convergence in distribution.

Abusing notation we will always write P for the underlying laws of these random vari-
ables, even if not necessarily defined on the same probability space, and E for the corre-
sponding expectations. Finally define, for k ∈ N, the negative power sums:

M(k)
N =

N∑
j=1

1
λk

j,N

, M(k) =

∞∑
j=1

1
γk

j

.

Observe that, the random variables M(k) are well-defined but without further assump-
tions, in principle, could be infinite.

Proposition 2.1. In the setting described above, suppose

lim
N→∞

E
[
M(1)

N

]
= E

[
M(1)

]
< ∞. (14)

Then, for a fixed m ∈ N, as N→∞, we have:(
M(1)

N , . . . ,M
(m)
N

) d
−→

(
M(1), . . . ,M(m)

)
.

Moreover, if we further have that

sup
N

E
[(

M(1)
N

)r]
< ∞, (15)

for some r ≥ 1, and h1, . . . , hm ∈ [0,∞) are such that
∑m

k=1 khk < r, then we also have convergence

14
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of joint moments as N→∞:

E

 m∏
k=1

(
M(k)

N

)hk

 −→ E

 m∏
k=1

(
M(k)

)hk

 < ∞. (16)

The strategy to show convergence of joint moments will be to split each M(k)
N into separate

contributions, with the first, and also dominating term having the desired convergence
properties, so that the final result is obtained by a limiting procedure. With this goal in
mind, for fixed l ∈ N, we define:

Z(k)
N,l =

l∑
j=1

1
λk

j,N

, Y(k)
N,l =

N∑
j=l+1

1
λk

j,N

,

and their infinite counterparts:

Z(k)
l =

l∑
j=1

1
γk

j

, Y(k)
l =

∞∑
j=l+1

1
γk

j

,

so that M(k)
N = Z(k)

N,l + Y(k)
N,l and M(k) = Z(k)

l + Y(k)
l for each l,N ∈ N. We begin with the

following lemma.

Lemma 2.2. Under the assumptions of Proposition 2.1, we have that for each fixed l ∈ N,

Y(1)
N,l

d
−→Y(1)

l

as N→∞.

Proof. First observe that for each l ∈ N, the sequence {Y(1)
N,l}N≥1 is tight due to the assump-

tion in (14). In particular, we have that every subsequence has a further subsequence
{Y(1)

N j,l
} j≥1 that converges in distribution to a random variable Tl. Hence, by virtue of the

Portmanteau lemma, we have that for each l,m ∈ N with l ≤ m and t ∈ (0,∞),

P (Tl ≥ t) ≥ lim sup
j→∞

P
(
Y(1)

N j,l
≥ t

)
≥ lim inf

j→∞
P

 m∑
i=l+1

1
λi,N j

> t

 = P

 m∑
i=l+1

1
γi
> t

 .
Next, taking m→∞ by means of monotone convergence theorem, we see that

P(Tl ≥ t) ≥ P(Y(1)
l > t). (17)

Now, observe that immediately from the assumptions, we have Z(1)
N,l −→ Z(1)

l in distribu-
tion as N→∞. Hence, using (14) and Fatou’s lemma, we obtain

lim sup
N→∞

E
[
Y(1)

N,l

]
= lim sup

N→∞

{
E
[
M(1)

N

]
− E

[
Z(1)

N,l

] }
≤ E

[
M(1)

]
− E

[
Z(1)

l

]
= E

[
Y(1)

l

]
.

In particular, using the above gives, upon integrating both sides of (17) over t ∈ (0,∞),∫
∞

0
P(Tl ≥ t)dt = E[Tl] ≤ lim inf

j→∞
E
[
Y(1)

N j,l

]
≤ E[Y(1)

l ] =
∫
∞

0
P(Y(1)

l > t)dt,
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where for the first inequality we again use Fatou’s lemma. Therefore, we must have that

P(Tl ≥ t) = P(Y(1)
l > t) (18)

for almost every t ∈ (0,∞). But then the function t 7→ P(Tl ≥ t) can only have countably
many discontinuities, so that P(Tl > t) = P(Y(1)

l > t) for almost every t ∈ (0,∞), hence
showing that Tl must have the same law as Y(1)

l . In particular, we conclude that every
subsequence of {Y(1)

N,l}N≥1 has a further subsequence that converges in law to Y(1)
l , which

then implies the desired convergence for the full sequence. This completes the proof of
the lemma. □

Observe that immediately from the lemma above with l = 1, we have the desired distribu-
tional convergence for M(1)

N . To deal with M(k)
N with k ≥ 2, we proceed with the following

lemma.

Lemma 2.3. With M(k)
N , Z(k)

N,l, and Y(k)
N,l defined as above, we have

E
 m∏

k=1

(
M(k)

N

)hk




1/S

≤

∑
J⊆{1,...,m}

E
∏

k∈J

(
Z(k)

N,l

)hk
∏
k<J

(
Y(k)

N,l

)hk




1/S

, (19)

where S def
= max(

∑m
k=1 hk, 1) with h1, . . . , hm ∈ [0,∞), and the sum is over all subsets of {1, . . . ,m}

including ∅.

Proof. First, consider the case
∑m

k=1 hk ≥ 1. Define, for each k ∈ {1, . . . ,m}, pk =
hk
S . It is easy

to see that (
M(k)

N

)hk
=

[(
Z(k)

N,l + Y(k)
N,l

)pk
]S
≤

[(
Z(k)

N,l

)pk
+

(
Y(k)

N,l

)pk
]S
.

The inequality now follows by taking products over k = 1, . . . ,m, expanding the product,
and using the triangle inequality for LS(P). If, on the other hand,

∑m
k=1 hk < 1, then

h j ∈ [0, 1) for j = 1, . . . ,m, so that the inequality follows immediately by using the sub-
additivity of the map t 7→ thk . □

In what follows, for ease of notation, we define, for each J ⊂ {1, . . . ,m} and l ∈ N, the
averages

T(l)
N,J = E

∏
k∈J

(
Z(k)

N,l

)hk
∏
k<J

(
Y(k)

N,l

)hk

 .
Proof of Proposition 2.1. We start by proving the convergence of joint moments. That is, we
fix r ≥ 1 as in the statement of the result (note that the first moments are always uniformly
bounded under the assumption (14)), and show that whenever h1, . . . , hm ∈ [0,∞) are such

that Q def
=

∑m
k=1 khk < r, we have the convergence given in (16). We will then show that

this implies distributional convergence, again heavily exploiting positivity. To begin the
proof, we first claim that

T(l)
N,{1,...,m} −→ E


m∏

k=1

 l∑
i=1

1
γk

i


hk
 (20)
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as N→∞. Indeed, by the assumption in (13), we have

m∏
k=1

 l∑
i=1

1
λk

i,N


hk

d
−→

m∏
k=1

 l∑
i=1

1
γk

i


hk

.

Combining this with the uniform integrability given by applying the subadditivity of
t 7→ t1/k on [0,∞) to each multiplicand, and making use of the assumption (15), we obtain
the convergence of averages. Moving on, note once again utilizing positivity, we have

lim inf
N→∞

E

 m∏
j=1

(M(k)
N )hk

 ≥ lim inf
N→∞

E


m∏

k=1

 l∑
i=1

1
λk

i,N


hk
 = E


m∏

k=1

 l∑
i=1

1
γk

i


hk
 .

Now, taking l→∞ on the right hand side gives that

lim inf
N→∞

E

 m∏
k=1

(M(k)
N )hk

 ≥ E

 m∏
k=1

(M(k))hk

 . (21)

For the upper bound, we first claim that whenever J , {1, . . . ,m},

lim sup
l→∞

lim sup
N→∞

T(l)
N,J = 0. (22)

Indeed, applying Holder’s inequality with exponents Q
khk

on the term corresponding to
k ∈ J, we see that

T(l)
N,J ≤

∏
k∈J

E
[
(Z(k)

N,l)
Q/k

] khk
Q ∏

k<J

E
[
(Y(k)

N,l)
Q/k

] khk
Q

.

The claim (2.3) now follows by observing that for each k, we have (Z(k)
N,l)

Q/k
≤ (Z(1)

N,l)
Q and

(Y(k)
N,l)

Q/k
≤ (Y(1)

N,l)
Q, and also that by means of Lemma 2.2 along with assumption (15),

lim sup
l→∞

lim sup
N→∞

E
[
(Y(k)

N,l)
Q/k

]
≤ lim sup

l→∞
lim sup

N→∞
E[(Y(1)

N,l)
Q] = lim sup

l→∞
E
[
(Y(1)

l )Q
]
= 0.

Then, combining with (20), (22) and Lemma 2.3,

lim sup
N→∞

E

 m∏
j=1

(M(k)
N )hk

 ≤ E

 m∏
k=1

(
M(k)

)hk

 . (23)

By (21) and (23), we have the convergence of joint moments.
For the joint convergence in law, pick, under the given assumptions, h1, . . . , hm ∈ R+

such that Q =
∑

k khk < r. First, note that by a combination of Markov’s inequality and
Prokhorov’s theorem, the random vectors

XN
def
=

(
(M(1)

N )h1 , . . . , (M(m)
N )hm

)
form a tight family as N ranges over N. In particular, every subsequence of {XN}N≥1 has
a further subsequence which converges in distribution. Next, we claim that all of these
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subsequential limits are identical. Indeed, consider an arbitrary subsequence {XN j } j≥1, and
let (Y1, . . . ,Ym) be the limiting random vector. Then, for each l ∈ N, by the Portmanteau
lemma, one has:

P (Y1 ≥ t1, . . . ,Ym ≥ tm) ≥ lim sup
j→∞

P
(
(M(1)

N j
)h1 ≥ t1, . . . , (M

(m)
N j

)hm ≥ tm

)
≥ lim inf

j→∞
P

(
(Z(1)

N j,l
)h1 > t1, . . . , (Z

(m)
N j,l

)hm > tm

)
≥ P

(
(Z(1)

l )h1 > t1, . . . , (Z
(m)
l )hm > tm

)
.

Next, noting that each Z(k)
l is monotonically increasing in l, we see that by the monotone

convergence theorem,

lim
l→∞

P
(
(Z(1)

l )h1 > t1, . . . , (Z
(m)
l )hm > tm

)
= P

(
(M(1))h1 > t1, . . . , (M(m))hm > tm

)
.

Hence, we have shown that

P(Y1 ≥ t1, . . . ,Ym ≥ tm) ≥ P
(
(M(1))h1 > t1, . . . , (M(m))hm > tm

)
. (24)

Next, we show that integrating both sides of this inequality leads to the same value.
Indeed, using the first part of the proof, we have∫

Rm
+

P(Y1 ≥ t1, . . . ,Ym ≥ tm)dt = E [Y1 · · ·Ym] = lim
j→∞

E
[
(M(1)

N j
)h1 · · · (M(m)

N j
)hm

]
= E

[
(M(1))h1 · · · (M(m))hm

]
=

∫
Rm
+

P
(
(M(1))h1 > t1, . . . , (M(m))hm > tm

)
dt.

In particular, it must be the case that equality is achieved in (24) for almost every t =
(t1, . . . , tm) ∈ Rm

+ . Hence, arguing as in the final paragraph of the proof of Lemma 2.2, we
arrive at the distributional equality

(Y1, . . . ,Ym) d
= ((M(1))h1 , . . . , (M(m))hm ).

Thus, we have shown that every subsequence of {XN}N≥1 has a further subsequence that
converges in law to ((M(1))h1 , . . . , (M(m))hm ), and hence the whole sequence must converge
in distribution to the same vector, which completes the proof. □

2.1 Application to Jacobi ensemble

We apply Proposition 2.1 to the hard-edge rescaled Jacobi ensemble. The Jacobi ensemble
is defined as follows [33].

Definition 2.4. The Jacobi ensemble µ(a,b)
N with parameters a, b > −1 is the probability measure

on WN given by

µ(a,b)
N (dx) =

1

Z
a,b
N

N∏
j=1

xa
j(1 − x j)b1x j∈[0,1]

∏
i< j

|xi − x j|
2dx,

18



T. Assiotis, M. A. Gunes, J. P. Keating and F. Wei

where the normalisation constant is given by the following formula,

Z
a,b
N =

1
N!

N∏
j=1

Γ(a + j)Γ(b + j)Γ(1 + j)
Γ(a + b +N + j)

.

For k ∈ N, recall that we defined earlier the negative power sums

p
(a,b)
m,N =

N∑
j=1

1(
x(N)

j

)m , (25)

where λ j,N = N2x(N)
j , and

(
x(N)

1 , . . . , x
(N)
N

)
are distributed according to µ(a,b)

N . The N2-scaling
here is the so-called hard-edge scaling for the Jacobi ensemble, whereby the eigenvalues
in the neighbourhood of the origin are rescaled so that their spacings are of order unity.
In what follows, we suppress the parameters a, b from the notation whenever their values
are clear. Also recall that we defined their Bessel analogues:

pm(a) def
=

∞∑
j=1

1(
B

j
a

)m .

We then have the following result, where here, and throughout the rest of the paper, for
any positive real number x, we define

⌊x⌋′ def
=

⌊x⌋, x < Z,

x − 1, x ∈ Z.

Proposition 2.5. Let a > 0, b > −1, and m ∈ N. Then, we have(
N−2p

(a,b)
1,N , . . . ,N

−2mp
(a,b)
m,N

) d
−→

(
p1(a), . . . , pm(a)

)
,

as N → ∞. Moreover, for h1, . . . , hm ∈ R≥0, with
∑m

k=1 khk < ⌊a + 1⌋′ we have convergence of
moments:

1
N2

∑m
k=1 khk

E(a,b)
N

 m∏
k=1

(pk,N)hk

 −→ E

 m∏
k=1

(pk(a))hk

 < ∞, as N→∞.

Proof. The result will follow as a special case of Proposition 2.1, once the conditions therein
are verified. Firstly, the fact that convergence in (13) is guaranteed for (λ1,N, . . . , λl,N) =
(N2x(N)

1 , . . . ,N
2x(N)

l ) is well-known, even for the Jacobi β-ensemble, see [42, 51]. As for the
moment assumptions, we first note that under the given conditions on the parameters,
we have

lim
N→∞

1
N2 E(a,b)

N

[
p1,N

]
=

1
a
= E

[
p1(a)

]
,

where the first equality follows from Aomoto’s integral formula (see, for instance, [35]),
and the second equality is seen by first writing the average as the one-dimensional
integral

∫
∞

0 x−1KBes
a (x, x)dx, thanks to the determinantal property of the process {Bk

a}
∞

k=1,
and computing this integral explicitly using formulae for Bessel functions (a certain
roundabout way to obtain the desired formula E[p1(a)] = a−1 would be as follows. (i)
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It is a consequence of the main result of [5], in particular by combining Theorem 3.2,
Proposition 4.2 and Proposition 7.1 therein, that

N−1
N∑

i=1

(
y(N)

i

)−1 d
−→ p1(a),

where the (y(N)
1 , . . . , y

(N)
N ) are distributed according to the eigenvalue law of the Laguerre

ensemble L(a)
N with parameter a defined below in (32). (ii) Making use of Propositions 2.11

and 2.12 of [9], stated as Proposition 3.4 below, applied to the inverse Laguerre ensemble
IL

(a)
N , which is simply the pushforward of L(a)

N under the inverse matrix transformation,
(the fact that such an application is valid is detailed in the proof of Proposition 1.4 below)
we have

E [p1(a)] = E

 lim
N→∞

N−1
N∑

i=1

(
y(N)

i

)−1
 = E

[(
y(1)

1

)−1
]
=

1
a
.

Here the first equality is a consequence of (i), the second equality a consequence of
an application of Proposition 3.4 while the last equality follows from a simple one-
dimensional integral, namely the first moment of an inverse Gamma random variable).
Finally, as a consequence of [34, Proposition 4.1], we obtain that whenever α ∈ N with
α < a + 1, we have

sup
N

1
N2αE(a,b)

N

[(
p1,N

)α]
< ∞,

so that the result now follows from an application of Proposition 2.1 with r being the
largest such α. □

3 Proofs of Theorem 1.3 and Proposition 1.4

The main goal of this section will be to prove Theorem 1.3. Towards this end recall that,
for a Haar-distributed random matrix A ∈ USp(2N) with eigenvalues e±iθ1 , . . . , e±iθN , the
density of the eigenangles (θ1, . . . , θN) ∈ [0, π] is given by

1

Z
USp
N

∏
1≤ j<k≤N

(
cos(θk) − cos(θ j)

)2
N∏

j=1

sin2(θ j)dθ j,

for an explicit normalisation constant ZUSp
N , see [33]. Similarly, the density of the eige-

nangles (θ1, . . . , θN) ∈ [0, π] for A ∈ SO(2N) is given by:

1
Z

SO
N

∏
1≤k< j≤N

(
cos (θk) − cos(θ j)

)2
N∏

j=1

dθ j,

for an explicit normalisation constant ZSO
N , see [33]. Our starting point will be the

following formula.
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Proposition 3.1. Suppose h0, . . . , hm ∈ [0,∞). Let s =
∑m

i=0 hi. We have

J
USp
N (h0, h1, . . . , hm) = JUSp

N (s, 0, . . . , 0)E(s+ 1
2 ,

1
2 )

N

 m∏
k=1

(RN,k(x(N)
1 , . . . , x

(N)
N ))hk

 ,
JSO

N (h0, h1, . . . , hm) = JSO
N (s, 0, . . . , 0)E(s− 1

2 ,−
1
2 )

N

 m∏
k=1

(RN,k(x(N)
1 , . . . , x

(N)
N ))hk

 ,
where for any k ∈ N, RN,k is defined by

RN,k(x1, . . . , xN) =
∑

n1,...,nN≥0
n1+···+nN=k

(
k

n1, . . . ,nN

) ∏
j: n j≥2

(
1 +

2n j − 2
4x j

)
.

Proof. We first claim that for any k ≥ 1, we have

φ(k)
A (0)
φA(0)

= (−i)k
∑

n1,...,nN≥0
n1+···+nN=k

(
k

n1, . . . ,nN

) ∏
j: n j≥2

(
1 +

2n j − 2
4x j

)
, with x j =

1
2

(1 − cosθ j).

Indeed, writing

φA(θ) =
N∏

j=1

φ j(θ),

where we define

φ j(θ) def
=

(
1 − e−i(θ−θ j)

)(
1 − e−i(θ+θ j)

)
= 1 − 2e−iθ cosθ j + e−2iθ,

we easily see that

φ(n)
j (0) =

2 (1 − cosθ j), n = 0,

(−i)n
[
2n
− 2 cosθ j

]
, n ≥ 1.

Hence, using the change of variables x j = (1 − cos(θ j))/2, we see that for any n ≥ 1,

φ(n)
j (0)

φ j(0)
= (−i)n 2n

− 2 + 4x j

4x j
.

Next, one may differentiate repeatedly to compute:

φ(k)
A (0)
φA(0)

=
∑

n1,...,nN≥0
n1+···+nN=k

(
k

n1, . . . ,nN

) N∏
j=1

φ
(n j)
j (0)

φ j(0)
.

From this the result follows by making the change of variables x j =
1
2 (1 − cosθ j) in the

corresponding matrix integral. □

The main point in the formula above is that the highest contribution will come from
sums of terms involving elementary symmetric polynomials in inverse points of x j sam-
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pled according to µ(a,b)
N . To establish this, we first need the following proposition. Here

we make use of the determinantal property of µ(a,b)
N . One could obtain some uniform

boundedness for elementary symmetric polynomials by writing them in terms of power
sums and using our previous arguments but this restricts the parameters for which such
bounds exist and it is quite suboptimal.

Throughout the rest of this section we write [N] = {1, . . . ,N} for each N ∈ N, and let
[N](l) denote, for each l,N ∈ N, the set of subsets of [N] of size l.

Proposition 3.2. For each a > 0, b ≥ − 1
2 we have

sup
N

1
N2lα

E(a,b)
N

el

 1

x(N)
1

, . . . ,
1

x(N)
N


α < ∞,

where α = ⌊a + 1⌋′.

Proof. We first recall the determinantal property we need. Consider the so-called l-point
density function:

ρ(a,b)
N;l (x1, . . . , xl)

def
=

1

Z
a,b
N

∫
(xl+1,...,xN)∈RN−l

N∏
j=1

(1 − x j)axb
j

∏
1≤ j<k≤N

(x j − xk)2dxl+1 . . .dxN.

Using standard arguments, see, for instance, [33, Proposition 5.1.2], this function can be
written as:

ρ(a,b)
N;l (x1, . . . , xl) =

(N − l)!
N!

det
[
K(a,b)

N (xi, x j)
]l

i, j=1
. (26)

The so-called correlation kernel, K(a,b)
N (x, y), appearing in the determinant is given by:

K(a,b)
N (x, y) =

√
w(a,b)(x)w(a,b)(y)

N−1∑
j=0

P
(a,b)
j (x)P(a,b)

j (y), (27)

where the weight w(a,b) is given by

w(a,b)(x) = xa(1 − x)b, x ∈ [0, 1],

and the
{
P

(a,b)
j

}∞
j=0

are polynomials indexed by their degrees defined by the orthonormality

condition: ∫ 1

0
P

(a,b)
j (x)P(a,b)

k (x)w(a,b)(x)dx = 1 j=k.

Now, since α is an integer, expanding, we see that

E(a,b)
N

el

 1

x(N)
1

, . . . ,
1

x(N)
N


α ≤ C(α)

∑
∑

J∈[N](l) mJ=α

E(a,b)
N

 ∏
J∈[N](l)

∏
j∈J

1(
x(N)

j

)mJ


= C(α)

∑
∑

J∈[N](l) mJ=α

E(a,b)
N


N∏

j=1

1(
x(N)

j

)∑
J: j∈J mJ

 ,
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where C(α) is a constant only depending on α. Next, define, for a fixed (mJ)J∈[N](l) , the sets

A = { j ∈ [N] | j ∈ J for some J with mJ , 0},

A j = {J ∈ [N](l)
| j ∈ J, mJ , 0},

and let κ = |A|. Then, observe that by the determinantal property (26), we have that

E(a,b)
N


N∏

j=1

1(
x(N)

j

)∑
J: j∈J mJ

 = (N − κ)!
N!

∫
(y j) j∈A∈Rκ

∏
j∈A

1

y
∑

J∈Aj
mJ

j

det
l,k∈A

[
K(a,b)

N (yl, yk)
]

dy. (28)

Next, note that applying Cauchy-Schwarz to (27) immediately gives

K(a,b)
N (z,w) ≤

√
K(a,b)

N (z, z)
√

K(a,b)
N (w,w).

Hence, expanding the determinant as a sum over the symmetric group and applying this
inequality we obtain that the average in (28) is bounded above by

C(α)(N
κ

) ∏
j∈A

∫
1

y
∑

J∈Aj
mJ

K(a,b)
N (y, y)dy ≤

C̃(a, b, α)(N
κ

) ∏
j∈A

N2
∑

j∈J mJ =
C̃(a, b, α)(N

κ

) N2αl,

where for the inequality we used the bound∫ 1

0
x−θK(a,b)

N (x, x)dx ≤ C(a, b, θ)N2θ

that holds for all 1 ≤ θ < a + 1 (see the proof of Proposition 2.2 in [40]), and C̃(a, b, α) =
C(α) sup1≤θ<a+1 C(a, b, θ). Combining these observations, one then has

E(a,b)
N

el

( 1

x(N)
1

, . . . ,
1

x(N)
N

)α ≤ C̃(a, b, α)
∑

∑
J∈[N](l) mJ=α

N2αl
(

N
κ((mJ)J∈[N](l) )

)−1

.

Note, then that for each fixed κ = l, . . . , αl, there are at most

C̃(α, l)
(
N
κ

)
choices of (mJ)J∈[N](l) that gives κ = κ

(
(mJ)J∈[N](l)

)
. This then gives the desired bound. □

Along with the bound given by the lemma above, we will need to understand the
distribution in the N →∞ limit of the elementary symmetric polynomials. As expected,
the objects in the limit will be the elementary symmetric functions in the inverse points
of the Bessel point process. Hence, in order to ease the notation, we define:

e
(a,b)
N,k

def
=

∑
1≤i1<···<ik≤N

1

x(N)
i1
· · · x(N)

ik

, (29)

where (x(N)
i )1≤i≤N is distributed according to µ(a,b)

N . We then have the following lemma, a
consequence of Proposition 2.5.
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Lemma 3.3. Let a > 0, b > −1, and m ∈ N. Then there exist random vectors (J(a,b)
N,1 , . . . ,J

(a,b)
N,m)N≥1

and (J1(a), . . . ,Jm(a)) defined on a common probability space such that

(e(a,b)
N,1 , . . . , e

(a,b)
N,m) d
= (J(a,b)

N,1 , . . . ,J
(a,b)
N,m)

for all N ∈ N, and

(e1(a), . . . , em(a)) d
= (J1(a), . . . ,Jm(a)).

Furthermore, on the probability space they are defined, we have the almost sure convergence

(N−2JN,1, . . . ,N−2mJN,m) −→ (J1, . . . ,Jm), as N→∞.

Proof. First, note that applying Skorkohod’s representation theorem with the distribu-
tional convergence given in Proposition 2.5, the statement holds when elementary sym-
metric polynomials are replaced by power sums. The analogous result for elementary
symmetric polynomials immediately follows by virtue of Newton’s identities. □

We are now in position to prove Theorem 1.3.

Proof of Theorem 1.3. We will first rewrite the sum that defines each RN,k as a sum of O(1)
terms each of which has controllable growth as N→∞. To this end, let Pk denote the set
of integer partitions µ = (µ1 ≥ µ2 ≥ . . . ≥ µl) of k, and for each µ ∈ Pk, let Qµ be the set
of integer tuples (n1, . . . ,nN) such that upon re-ordering if necessary, (n1, . . . ,nN) becomes
(µ1, µ2, . . . , µl, 0, . . . , 0). It will turn out that the main contribution within each RN,k will
come from partitions µ such that µ j ∈ {1, 2} for each j = 1, . . . , l. Hence, denote the set of
such integer partitions of k by P(2)

k . Next, we write each RN,k as:

RN,k

(
x(N)

1 , . . . , x
(N)
N

)
=

∑
µ∈Pk

∑
(n1,...,nN)∈Qµ

(
k

µ1, . . . , µl

) ∏
j: n j≥2

1 +
2n j − 2

4x(N)
j

 .︸                                                ︷︷                                                ︸
def
=T(N)

µ

Next, let Sl,N denote the set of injections σ : [l]→ [N], and define, for each r ∈ [k],

mr(µ) = #
{
j : µ j = r

}
. (30)

Also letting θ = θ(µ) be l(µ) −m1(µ), one sees that

T(N)
µ =

∑
σ∈Sl,N

(
k

µ1, . . . , µl

) k∏
r=1

1
mr(µ)!

θ(µ)∏
j=1

1 +
2µ j − 2

4x(N)
σ( j)

 .
Now, observe that for µ < P(2)

k , using that the Jacobi ensembles are supported in [0, 1]N,
we may bound:

T(N)
µ ≤ C(µ)

∑
σ∈Sl,N

θ(µ)∏
j=1

1

x(N)
σ( j)

≤ C(µ)Nl−θeN,θ.

In particular, one sees using Lemma 3.3 that since l(µ) + θ(µ) < k whenever µ < P(2)
k , we
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have
1

Nk
T(N)
µ

d
−→ 0

as N→∞. Furthermore, for the remaining terms, one may compute:

T(N)
µ =

∑
σ∈Sl,N

(
k

µ1, . . . , µk

) k∏
r=1

1
mr(µ)!

θ∏
j=1

1 +
1

2x(N)
σ( j)


=

∑
σ∈Sl,N

(
k

µ1, . . . , µk

) k∏
r=1

1
mr(µ)!

∑
I⊂[θ]

∏
j∈I

1

2x(N)
σ( j)

,

rewriting this sum as h = |I| ranges between 0 and θ, we see that

T(N)
µ =

(
k

µ1, . . . , µk

) k∏
r=1

1
mr(µ)!

θ∑
h=0

(
θ
h

)
(N − h)!
(N − l)!

h! 2−h
∑

I∈[N](h)

∏
j∈I

1

x(N)
j

=

(
k

µ1, . . . , µk

) k∏
r=1

1
mr(µ)!

θ∑
h=0

(
θ
h

)
(N − h)!
(N − l)!

h!2−heN,h.

Now, again arguing analogously to before, we see that since l(µ) + h < k for all h < θ(µ),
after dividing by Nk, all the terms in the sum except the h = θ term converge to 0 in
distribution as N→∞. Hence, using these observations in combination with Lemma 3.3,
one obtains the convergence in distribution

1
N

∑m
k=1 khk

m∏
k=1

(RN,k)hk
d
−→

m∏
k=1

(Rk(a))hk .

Furthermore, using Skorokhod’s representation theorem once more, we may assume
without loss of generality that this convergence takes place almost surely as well. Thus,
to prove the convergence of moments, it suffices to show that the former random variables
form a uniformly integrable sequence. But then this follows by first picking q > 1 such
that q

∑m
k=1 hk is an integer with q

∑m
k=1 hk < a + 1, and then applying Holder’s inequality

to the average of the q-th power of these random variables with exponents
∑m

k=1 hk

hk
, so

that taking the supremum over N gives a bounded quantity thanks to Proposition 3.2.
The result now follows by a combination of Proposition 3.1, Proposition 3.2 (applied
with (a, b) =

(
s + 1

2 ,
1
2

)
for USp(2N) and (a, b) =

(
s − 1

2 ,−
1
2

)
for SO(2N)), and the explicit

asymptotic expressions given in [47]:

J
Sp
N (s, 0, . . . , 0) ∼ N

s(s+1)
2

2
s2
2 G(1 + s)

√
Γ(1 + s)√

G(1 + 2s)Γ(1 + 2s)
,

JSO
N (s, 0, . . . , 0) ∼ N

s(s−1)
2

2
s2
2 G(1 + s)

√
Γ(1 + 2s)√

G(1 + 2s)Γ(1 + s)
,

where G(z) is the Barnes G-function. □

To end this section, we prove Proposition 1.4 by exploiting a connection to the inverse
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Laguerre ensemble and the exchangeability theory results of [9]. We need some defini-
tions. Let H+(N) be the space of N×N non-negative definite matrices. Consider the maps
(observe that these are correctly defined):

PN+1
N : H+(N + 1)→ H+(N),

[Hi j]N+1
i, j=1 7→ [Hi j]N

i, j=1.

Define H+(∞) = lim
←−−

H+(N), the projective limit of the H+(N) under these maps, and

P∞N : H+(∞)→ H+(N),

[Hi j]∞i, j=1 7→ [Hi j]N
i, j=1.

Consider the spaceMPerm
p of permutation invariant probability measures on H+(∞) de-

fined as follows: µ ∈ MPerm
p if and only if with H distributed according to µ, for all N ∈ N,

HN = P
∞

N (H) is invariant in law under conjugation by permutation matrices. We then
have the following result, see [9] for more details.

Proposition 3.4 ([9]). Let µ ∈ MPerm
p and H having law µ, such that for some m ∈ N, p ∈ [1,∞)

such that det(Hk) ∈ Lp(µ) for every k ∈ [m], where Hk = P
∞

k (H). Then, if we denote by
(x(N)

1 , . . . , x
(N)
N ) the eigenvalues of HN, we have

1
Nk

ek(x(N)
1 , . . . , x

(N)
N ) −→ ak

as N → ∞, µ-almost surely and in Lp(µ), for some random variables {ak}
m
k=1. Furthermore, for

h1, . . . , hm ∈ N ∪ {0} with hm , 0, we have the formula, with Q =
∑

k khk,

E

 m∏
k=1

ahk
k

 = (1!)h1 · · · (m!)hm

Q!

Q∑
j=m

(−1) j+Q
(
Q
j

)
E

 m∏
k=1

(
ek

(
x( j)

1 , x
( j)
2 , . . . , x

( j)
j

))hk

 . (31)

We now prove Proposition 1.4.

Proof of Proposition 1.4. First consider the matrix Laguerre probability measure on H+(N),
with a > −1, defined by

L
(a)
N (dH) =

1

Z̃
(a)
N

det (H)a exp(−Tr(H))1H∈H+(N)dH, (32)

for an explicit constant Z̃(a)
N , see [33]. By Weyl’s integration formula the eigenvalues in

WN of an L(a)
N -distributed random matrix have law ν(a)

N . Consider the inverse Laguerre
probability measures IL(a)

N on H+(N) to be defined as the pushforward of L(a)
N under the

map H 7→ H−1. Observe that, the eigenvalues in WN of an IL(a)
N -distributed matrix have

the same law ((y(N)
N−i+1)−1)N

i=1 with (y(N)
i )N

i=1 being ν(a)
N -distributed. It is known, see [6], that

(PN+1
N )∗IL

(a)
N+1 = IL

(a)
N . Moreover, observe that for all N ∈ N, IL(a)

N is permutation invariant
as it is in fact unitarily invariant. Hence, there exists a unique IL(a)

∞ ∈ M
Perm
p such that

(P∞N )∗IL
(a)
∞ = IL

(a)
N , for all N ∈ N. In particular we can apply Proposition 3.4 to IL(a)

∞ .
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On the other hand, by combining the results of [6, 11] we obtain, as N→∞,N−1
N∑

i=1

1

y(N)
i

,N−2
N∑

i=1

1

(y(N)
i )2
, . . . ,N−m

N∑
i=1

1

(y(N)
i )m

 d
−→

 ∞∑
i=1

1
Bi

a
,
∞∑

i=1

1
(Bi

a)2
, . . . ,

∞∑
i=1

1
(Bi

a)m


and in particular, from Newton’s identities, as N→∞,N−1e1

 1

y(N)
1

, . . . ,
1

y(N)
N

 , . . . ,N−mem

 1

y(N)
1

, . . . ,
1

y(N)
N


 d
−→ (e1(a), . . . , em(a)), (33)

with the ek(a) defined as before. We then obtain the desired result, namely the formula
(31), since by virtue of (33), one can identify the random variables {ak}

m
k=1 appearing in

Proposition 3.4 when applied to IL(a)
∞ , as {ek(a)}mk=1. □

4 Connections to integrable systems

In this section, we establish a connection between the joint moments of e(a,b)
N,1 , . . . , e

(a,b)
N,k and

the σ-Painlevé V equation, along with a connection between joint moments of e(a)
1 , . . . , e

(a)
k

and the σ-Painlevé III′ equation upon taking suitable large N limits. These are the
main contents of Theorem 1.9 and Theorem 1.6, respectively. In fact, these theorems

address more general situations, involving the joint moments of e−te(a,b)
N,1 , e(a,b)

N,2 , . . . , e
(a,b)
N,k and

e−te(a)
1 , e(a)

2 , . . . , e
(a)
k , respectively.

We begin by representing the left-hand side of formula (7) as a determinant, where
the column indices of the corresponding Hankel matrix entries are shifted by integers.

Proposition 4.1. Let N ≥ 1, k ≥ 2 and n2, . . . ,nk ≥ 0 be integers. Suppose a >
∑k

q=2 qnq−1, b >
−1, and denote by U(·, ·; z) the confluent hypergeometric function of the second kind. Then, if we
define

gm(t1) def
= exp(−t1)U(b + 1,−a − 2N + 2 +m; t1), (34)

we have that for any t1 ∈ [0,∞),

E(a,b)
N

[
e
−

∑N
j=1

t1
x(N)

j

k∏
q=2

( N∑
j=1

(x(N)
j )−q

)nq
]

= C(a,b)
N

∑
∑N

j=1 lm, j=nm

m=2,...,k

k∏
m=2

(
nm

lm,1, . . . , lm,N

)
det

0≤i, j≤N−1

(
gi+ j+

∑k
m=2 mlm, j+1

(t1)
)
, (35)

where

C(a,b)
N =

(Γ(b + 1))N

Z
a,b
N

.
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Proof. First, observe that by the definition of E(a,b)
N,2 ,

E(a,b)
N

[
e
−

∑N
j=1

t1
x(N)

j

k∏
q=2

( N∑
j=1

(x(N)
j )−q

)nq
]

=
1

N!Za,b
N

∫
[0,1]N

N∏
j=1

e
−

t1
xj

k∏
q=2

( N∑
j=1

(x j)−q
)nq

N∏
j=1

xa
j(1 − x j)b∆2(x)dx.

We now replace the Vandermonde determinant above by the Vandemonde determinant
of differential operators. To be more precise, defining

∆
( d

dw1
, . . . ,

d
dwN

)
def
=

∏
1≤i< j≤N

( d
dwi
−

d
dw j

)
= det

1≤i, j≤N

( d j−1

dw j−1
i

)
,

we have

E(a,b)
N

[
e
−t1

∑N
j=1

1

x(N)
j

k∏
q=2

( N∑
j=1

(x(N)
j )−q

)nq
]

(36)

=
1

N!Z(a,b)
N

∫
[0,1]N

N∏
j=1

e
−

t1
xj

k∏
q=2

( N∑
j=1

x−q
j

)nq
N∏

j=1

xa
j(1 − x j)b

∏
1≤i< j≤N

(xi − x j)2dx

=
1

N!Z(a,b)
N

∫
[0,1]N

N∏
j=1

e
−

t1
xj

k∏
q=2

( N∑
j=1

x−q
j

)nq
N∏

j=1

xa+2N−2
j (1 − x j)b

∏
1≤i< j≤N

( 1
xi
−

1
x j

)2
dx

=
1

N!Z(a,b)
N

∆2
( d
dw1
, . . . ,

d
dwN

) ∫
[0,1]N

N∏
j=1

e
−

wj
xj

k∏
q=2

( N∑
j=1

x−q
j

)nq
N∏

j=1

xa+2N−2
j (1 − x j)bdx

︸                                                              ︷︷                                                              ︸
def
= h(w1,...,wN)

∣∣∣∣
w1=···=wN=t1

.

The first equality in the above equation follows directly from the definition of µ(a,b)
N in Def-

inition 2.4, while the second equality uses the identity
∏

1≤i< j≤N(xi − x j)2 =
∏

1≤i< j≤N(x−1
i −

x−1
j )2 ∏N

j=1 x2N−2
j .Moreover, the integral in the second equality can be written as

∫
[0,1]N

∆2
( d
dw1
, . . . ,

d
dwN

) N∏
j=1

e
−

wj
xj

k∏
q=2

( N∑
j=1

x−q
j

)nq
N∏

j=1

xa+2N−2
j (1 − x j)b

∣∣∣∣
w1=···=wN=t1

dx.

To justify the third equality in (36), it remains to verify that the differential operator
above can be interchanged with the integral. This is valid because the function inside the
integrand, viewed as a function of (w1, . . . ,wN),

∆2
( d
dw1
, . . . ,

d
dwN

) N∏
j=1

e
−

wj
xj

k∏
q=2

( N∑
j=1

x−q
j

)nq
N∏

j=1

xa+2N−2
j (1 − x j)b,
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is bounded in absolute value for (w1, . . . ,wN) ∈ [0,∞)N by

k∏
q=2

( N∑
j=1

x−q
j

)nq
N∏

j=1

xa
j(1 − x j)b

∏
1≤i< j≤N

(xi − x j)2,

and the latter function is integrable on [0, 1]N due to the assumptions a >
∑k

q=2 qnq−1 and
b > −1 in the statement of the proposition. Next, expanding the power in the product
over q, we have

h(w1, . . . ,wN) =
∑

∑N
j=1 lm, j=nm

m=2,...,k

k∏
m=2

(
nm

lm,1, . . . , lm,N

) ∫
[0,1]N

N∏
j=1

e
−

wj
xj x−

∑k
m=2 mlm, j

j xa+2N−2
j (1 − x j)bdx.

Hence, by the symmetry of h(w1, . . . ,wN) and the definition of the Vandermonde deter-
minant of differential operators, we have

∆2
( d

dw1
, . . . ,

d
dwN

)
h(w1, . . . ,wN)

∣∣∣∣
w1=...=wN=t1

(37)

= N!(−1)
∑k

m=2 mnm
∑

∑N
j=1 lm, j=nm

m=2,...,k

k∏
m=2

(
nm

lm,1, . . . , lm,N

)
det

0≤i, j≤N−1

 di+ j+
∑k

m=2 mlm, j+1

dwi+ j+
∑k

m=2 mlm, j+1
f (w)

∣∣∣∣
w=t1

 ,
where

f (w) =
∫ 1

0
e−

w
x xa+2N−2(1 − x)bdx.

Note that for b > −1, making a change of variables one can compute

f (w) = e−w
∫
∞

0
e−wzzb(z + 1)−a−2N−bdz = Γ(b + 1)e−wU(b + 1,−a − 2N + 2; w).

Moreover, by [41, p.258 formula (14)],

dm

dwm

(
e−wU(b + 1,−a − 2N + 2; w)

)
= (−1)me−wU(b + 1,−a − 2N + 2 +m; w). (38)

Combining these, the desired expression follows. □

The above proposition provides a Hankel determinant representation for E(a,b)
N

[
e
−

∑N
j=1

t1
x(N)

j
]
.

As an application, we deduce the Toda lattice equation satified by E
[
e−te1(a)

]
, which is

given as follows.

Proposition 4.2. Let a ∈ R with a > 1. Then for t ≥ 0,

E
[
e−te1(a−2)

]
E
[
e−te1(a+2)

]
= a2(a2

− 1)
(d2E

[
e−te1(a)

]
dt2 E

[
e−te1(a)

]
−

(dE
[
e−te1(a)

]
dt

)2)
.
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Proof. Let gm(t1) be given as in (34). Let

BN =
(
gi+ j(t1)

)
0≤i, j≤N−1

.

By Proposition 4.1, we have for a > −1, b > −1,

E(a,b)
N

[
e
−

∑N
j=1

t1
x(N)

j

]
= C(a,b)

N (detBN)(t1). (39)

Note that, gm(t1) depends on the parameters N, a, b. Hence,

E(a−2,b)
N+1

[
e
−

∑N+1
j=1

t1
x(N)

j

]
= C(a−2,b)

N+1 (detBN+1)(t1), E(a+2,b)
N−1

[
e
−

∑N−1
j=1

t1
x(N)

j

]
= C(a+2,b)

N−1 (detBN−1)(t1), (40)

hold for a > 1, b > −1. For m ≥ 1, denote B({i1,...,im},{ j1, j2,..., jm})
N by the matrix BN with rows

i1, . . . , im and the columns j1, . . . , jm deleted. Using (38),

dgm(t1)
dt1

= −gm+1(t1).

Then, it is not hard to check that

detB({N},{N+1})
N+1 = detB({N+1},{N})

N+1 = −
d(detBN)(t1)

dt1
(41)

and

detB({N},{N})
N+1 =

d2(detBN)(t1)
dt2

1

. (42)

By the Desnanot-Jacobi identity we thus obtain:

detBN+1 detBN−1 = detB({N},{N})
N+1 detBN − detB({N},{N+1})

N+1 detB({N+1},{N})
N+1 .

Together with (39)-(42), we have for a > 1, b > −1,

E(a−2,b)
N+1

[
e
−

∑N+1
j=1

t1
x(N)

j

]
E(a+2,b)

N−1

[
e
−

∑N−1
j=1

t1
x(N)

j

]
(C(a,b)

N )2

C(a−2,b)
N+1 C(a+2,b)

N−1

=
d2

dt2
1

E(a,b)
N

[
e
−

∑N
j=1

t1
x(N)

j

]
E(a,b)

N

[
e
−

∑N
j=1

t1
x(N)

j

]
−

(
d

dt1
E(a,b)

N

[
e
−

∑N
j=1

t1
x(N)

j

])2

. (43)

Now, after doing scaling t1 7→
t1
N2 in equation (43), and by

lim
N→∞

dm

dtm
1

E(a,b)
N

[
e
−

∑N
j=1

t1
N2x(N)

j

]
=

dm

dtm
1

E

[
e−t1e1(a)

]
,

for a > 1, b > −1 and m = 0, 1, 2, we obtain the equation claimed in this proposition. □
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4.1 Ideas behind the proofs of Theorem 1.9 and Theorem 1.6

By Proposition 4.1, to prove Theorem 1.9, it suffices to show that (35), the linear combi-
nations of determinants of the form det0≤i, j≤N−1

(
gi+ j+m j (t1)

)
with the associated combina-

torial coefficients, possess the required structure, namely, that they can be expressed as
linear combinations (with polynomial coefficients in t1 of suitable-order derivatives) of
the Hankel determinant det0≤i, j≤N−1

(
gi+ j(t1)

)
.

Inspired by the idea used in the authors’ previous work [9, Section 4], we tried lifting
formula (35) to a setting involving partial derivatives of a “large” Hankel determinant,
whose entries are constructed as generating functions of gn(t1) with respect to t2, . . . , tk,
evaluated at (0, . . . , 0). That is,

(35) = C(a,b)
N

k∏
q=2

∂nq

∂tnq
q
ΨN(t1, . . . , tk)

∣∣∣∣∣∣
t2=···=tk=0

, (44)

where

ΨN(t1, . . . , tk) = det
0≤i, j≤N−1

 ∞∑
m2=0

· · ·

∞∑
mk=0

tm2
2 . . . t

mk
k

m2! . . .mk!
gi+ j+

∑k
q=2 qmq

(t1)

 . (45)

Unfortunately, the above construction fails due to the non-convergence of the infinite
series defining the matrix entries. This divergence arises because, for fixed t1, gm(t1)
grows as fast as m! as m→∞, according to (34). So we need to change the strategy.

To overcome this difficulty, we begin by studying a truncated version of the Hankel
determinant appearing on the right-hand side of equation (45). Specifically, we consider

ΦN(R2, . . . ,Rk; t1, . . . , tk) def
= det

0≤i, j≤N−1

 R2∑
m2=0

· · ·

Rk∑
mk=0

tm2
2 . . . t

mk
k

m2! . . .mk!
gi+ j+

∑k
q=2 qmq

(t1)

 , (46)

where the key difference is that the summation in each matrix entry is finite rather than
infinite, and therefore, there is no issue of convergence.

The motivation behind this truncation approach is from the observation that, with ap-
propriately chosen parameters R2, . . . ,Rk, the basic relation (44) is preserved. Specifically,
for any Rq ≥ nq q = 2, . . . , k,

(35) = C(a,b)
N

k∏
q=2

∂nq

∂tnq
q
ΦN(R2, . . . ,Rk; t1, . . . , tk)

∣∣∣∣
t2=···=tk=0

. (47)

The price we pay for performing the truncation is that we lose the neat structure
observed in the representation of the partial derivatives of the Hankel determinant (46)
as shifted Hankel determinants, as was the case in our previous work [9, Section 4.3].
Here, “neat” refers to the fact that in the aforementioned reference, the partial derivatives
of (45) with respect to t2, . . . , tk could be fully expressed in terms of shifted Hankel
determinants. In contrast, in our setting, the representation of the partial derivatives
of (46) involves not only shifted Hankel determinants but also additional terms, which
we refer to as error terms.

One of the main differences between this paper and [9, Section 4.3] is that we explicitly
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compute these error terms. This is carried out in Section 4.2, where we express them as
multivariate polynomials in t2, . . . , tk, with exponents determined by the parameters
R2, . . . ,Rk, and coefficients given in terms of traces of certain matrices.

Another key difference between this section and [9, Section 4.3] lies in the evaluation
of the representations obtained in Section 4.2 for the partial derivatives of the shifted
version of (46) at t2 = · · · = tk = 0. In our case, we must carefully choose appropriate
values for R2, . . . ,Rk, depending on the order of the partial derivatives. On one hand,
to ensure that the error terms vanish upon evaluation at this point; on the other hand,
to ensure that the remaining terms in the representation have the analogue form as (35)
after evaluation. These resulting quantities are the ones we shall process the induction.
We provide the details of the above arguments in Section 4.3.

Since the recursive formulas obtained in Section 4.3 share the same structure as those
in [9, Propositions 4.13 and 4.15], we can apply the inductive argument developed therein
to prove Theorem 1.9 in Section 4.4, as well as the limiting case (as N → ∞) stated in
Theorem 1.6. It is worth noting that, although the expression for the coefficients in
Theorem 1.9 (the finite N case) depends on both a and b, in the limiting case, as one
would expect, the coefficients depend only on a. This is because the terms involving b do
not contribute to the leading order as N→∞, details for which are provided in the proof
of Theorem 1.6.

4.2 Hankel determinants shifted by partitions

Let gm(t1) be given as (34). We now focus on the Hankel determinant (46). Before
proceeding with the proof, for the sake of brevity, let us introduce some notation. First,
define for any n ∈ N, the functions

ϕn(R2, . . . ,Rk; t1, . . . , tk) =
R2∑

m2=0

· · ·

Rk∑
mk=0

tm2
2 . . . t

mk
k

m2! . . .mk!
gn+

∑k
q=2 qmq

(t1).

Given our specific focus on the large N behavior of the Hankel determinants of these
functions, let us also define the scaled versions of these functions as,

ϕn(R2, . . . ,Rk; t1, . . . , tk) def
= ϕn

(
R2, . . . ,Rk;

t1

N2 , . . . ,
tk

N2

)
, (48)

leading to the main Hankel determinant of consideration:

ΦN(R2, . . . ,Rk; t1, . . . , tk) = det
(
ϕi+ j(R2, . . . ,Rk; t1, . . . , tk)

)
i, j=0,...,N−1

. (49)

Moving on, for a fixed integer partition λ = (λ1, . . . , λm) with λ1 ≥ · · · ≥ λm ≥ 1, we define

AN,λ(R2, . . . ,Rk; t1, . . . , tk) def
=

(
ϕi+ j+λN− j

(R2, . . . ,Rk; t1, . . . , tk)
)

i, j=0,...,N−1
, (50)

where we use the convention that λm+1 = · · · = λN = 0 whenever m ≤ N − 1. We then
define the determinants of these functions as

ΦN,λ = det AN,λ. (51)
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In particular, when λ = ∅, that is λ1 = · · · = λm = 0, we haveΦN,∅ =ΦN. Throughout the
rest of this section, the functionsΦN,λ will be referred to as a Hankel determinant shifted by
the partition λ. Also related to these functions, we define

A(w)
N,λ

def
=

(
(i + j + λN− j)ϕi+ j+λN− j

(R2, . . . ,Rk; t1, . . . , tk)
)

i, j=0,...,N−1
.

For a more clear exposition of how Hankel determinants shifted by partitions are in-
terrelated, we introduce a translation map that acts on the set of partitions: For each
λ = (λ1, . . . , λm) with m ≤ N, define:

Shλ = (λ1 + h, . . . , λm + h, h, . . . , h︸  ︷︷  ︸
N−m

).

As a natural extension of this translation map, for reasons which will become more clear
throughout this section, we also define two transformations on Hankel determinants
shifted by partitions:

ΦN,λ,h(R2, . . . ,Rk; t1, . . . , tk) def
= Tr(adj(AN,λ)AN,Shλ) (52)

and

Φ
(w)
N,λ,h(R2, . . . ,Rk; t1, . . . , tk) def

= Tr(adj(AN,λ)A
(w)
N,Shλ

), (53)

where for a matrix M, adj(M) denotes its adjugate.
It will become clear later, that we will primarily deal with expressions featuring a

specific class of partitions, which we define as follows.

Definition 4.3. For 1 ≤ q ≤ n, we define λn,q to be the integer partition (n − q + 1, 1, . . . , 1),
consisting of q − 1 parts with value 1.

4.2.1 Identities relatingΦN,λ,ΦN,λ,h andΦ(w)
N,λ,h

With the earlier definitions in mind, in this section we aim to gather useful differential
and recursive identities for the determinants ΦN, and utilize these to arrive at further
identities relating the derivatives ofΦN to the shifted determinantsΦN,λ.

Proposition 4.4. Let n ∈ N and let ϕn be given as (48). Then, we have that

∂ϕn

∂t1
(R2, . . . ,Rk; t1, . . . , tk) = −

1
N2ϕn+1(R2, . . . ,Rk; t1, . . . , tk). (54)

Moreover, whenever Ri ∈ N for i = 2, . . . , k, we have

ϕn+2 =
N2(a + 2N − n + b − 1)

t1 + 2t2
ϕn +

(
(−a − 2N + n + 2)N2

t1 + 2t2
+

t1

t1 + 2t2

)
ϕn+1

+
1

t1 + 2t2

k∑
q=3

((q − 1)tq−1 − qtq)ϕn+q +
ktk

t1 + 2t2
ϕn+1+k

−
1

t1 + 2t2

k∑
q=2

qtRq+1
q

N2Rq Rq!
(ϕn+qRq+q+1 −ϕn+qRq+q)

∣∣∣∣
tq=0
. (55)
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Proof. The result is a mere consequence of the following identities for the confluent
hypergeometric functions (see, e.g., [41, p.257 formula (5) and p.258 formula (10)])

(b − a − 1)U(a, b − 1; t) − (b − 1 + t)U(a, b; t) + tU(a, b + 1; t) = 0,

and

dU(a, b; t)
dt

= U(a, b; t) −U(a, b + 1; t).

□

Lemma 4.5. Let k ≥ 2, m ≥ 3, R2, . . . ,Rk ∈ N, and fix a partition λ. Then, we have that

ΦN,λ,m =
(a + 2N + b − 1)N2

t1 + 2t2
ΦN,λ,m−2 −

N2

t1 + 2t2
Φ

(w)
N,λ,m−2

+
N2(−a − 2N + 1)

t1 + 2t2
ΦN,λ,m−1 +

N2

t1 + 2t2
Φ

(w)
N,λ,m−1

+
t1

t1 + 2t2
ΦN,λ,m−1 +

ktk

t1 + 2t2
ΦN,λ,m+k−1

+
1

t1 + 2t2

k∑
q=3

(
(q − 1)tq−1 − qtq

)
ΦN,λ,m+q−2

+
1

t1 + 2t2

k∑
q=2

tRq+1
q

N2Rq
E

(1)
q,λ,m(t1, . . . , tk; Rq), (56)

where

E
(1)
q,λ,m(t1, . . . , tk; Rq) = −

q
Rq!

Tr
(
adj(AN,λ)

(
AN,SqRq+q−1+mλ

∣∣∣∣
tq=0
−AN,SqRq+q−2+mλ

∣∣∣∣
tq=0

))
, (57)

with AN,λ given in (50).

Proof. This is a direct consequence of the recursive identity (55) for ϕi+ j+λN− j
. □

4.2.2 ConnectingΦN,λ,q to the partial derivatives ofΦN,λ

Proposition 4.6. Let N ≥ 1, k ≥ 2 be integers. Let R2, . . . ,Rk be positive integers. Let λ
be an integer partition. Let ΦN,λ(t1, . . . , tk) and ΦN,λ,m(t1, . . . , tk) be given in (51) and (52),
respectively, then we have for q = 2, . . . , k,

∂ΦN,λ

∂tq
=

1
N2ΦN,λ,q +

tRq
q

N2Rq+2E
(2)
q,λ(t1, . . . , tk; Rq), (58)

where

E
(2)
q,λ(t1, . . . , tk; Rq) = −

1
Rq!

Tr
(
adj(AN,λ)

(
AN,SqRq+qλ

∣∣∣∣
tq=0

))
, (59)
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and

∂ΦN,λ

∂t1
= −

1
N2ΦN,λ,1. (60)

Proof. Write λ as (λ1, . . . , λm) with λ1 ≥ . . . ≥ λm ≥ 1, and set λ j = 0 for m + 1 ≤ j ≤ N
when m < N. Note that for q = 2, . . . , k,

∂ϕn(R2, . . . ,Rk; t1, . . . , tk)
∂tq

=ϕn+q(R2, . . . ,Rk; t1, · · · , tk)

−
tRq
q

Rq!
ϕn+qRq+q(R2, . . . ,Rk; t1, . . . , tq−1, 0, tq+1, . . . , tk).

Then by the above, claim (58) comes from the following identity:

∂ΦN,λ

∂tq
=

1
N2

∑
s0+···+sN−1=1
s0,...,sN−1≥0

det

∂siϕi+ j+λN− j

∂tsi
q

(
R2, . . . ,Rk;

t1

N2 , . . . ,
tk

N2

)
i, j=0,...,N−1

. (61)

Claim (60) comes from the recursive relation (54). □

Proposition 4.7. We have

ΦN,λ2,1 =
N4

2
∂2ΦN

∂t2
1

+
N2

2
∂ΦN

∂t2
−

tR2
2

2N2R2
E

(2)
2,∅(t1, . . . , tk; R2),

ΦN,λ2,2 =
N4

2
∂2ΦN

∂t2
1

−
N2

2
∂ΦN

∂t2
+

tR2
2

2N2R2
E

(2)
2,∅(t1, . . . , tk; R2),

where λn,q and E(2)
2,∅(t1, . . . , tk; R2) are defined in Definition 4.3 and equation (59),respectively.

Proof. Immediately from definitions, we have(
ΦN,λ2,1

ΦN,λ2,2

)
=

(
1/2 1/2
1/2 −1/2

) (
ΦN,λ1,1,1
ΦN,∅,2

)
.

Now, making use of Proposition 4.6, while also noting thatΦN,∅,1 =ΦN,λ1,1 , we have

ΦN,λ1,1,1 = N4 ∂
2ΦN

∂t2
1

,

and

ΦN,∅,2 = N2 ∂ΦN

∂t2
−

tR2
2

N2R2
E

(2)
2,∅(t1, . . . , tk; R2).

The claim now follows using these in combination. □

4.2.3 A recursive relation forΦN,λn, j

Next we deduce a recursive formula forΦN,λn, j for n ≥ 3 and j = 1, . . . , n. Before stating
the result, we introduce some notation.
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Definition 4.8. For integers m ≥ 0, and q, z with 1 ≤ q ≤ z, we define

Φ
(m)
N [z; q] def

=
(
ΦN,λz,q ,ΦN,λz,q+1 , . . . ,ΦN,λz,z , 0, . . . , 0

)T
,

where the number of 0’s are determined by m.

The recursive identities forΦN,λn, j take a more concise form when represented in terms
of the vectors given as above, where certain vectors will be given as linear combinations
of other such vectors upon multiplication by appropriate matrices. Explicit expressions
for these matrices are given in the Appendix. In what follows, for the sake of brevity, we
write ∂m to mean ∂

∂tm
.

Proposition 4.9. Let N, k, l ∈ N be integers such that l ≥ 3, k ≥ 2,N ≥ 1. Let R2, . . . ,Rk ∈ N.
Then, there exist matrices A(l) and P(l)

m for m = 0, 1, . . . , k + 1, among which only P(l)
2 has

N-dependent entries, such that the following holds:

Φ
(0)
N [l; 1] = N2 ktk(−1)kA(l)

t1 + 2t2
∂1Φ

(1)
N [l + k − 2; k] +

1
t1 + 2t2

k−2∑
m=1

dm+1,m+2(−1)mP(l)
m+2Φ

(0)
N [l +m; 1]

+A(l)
(
N2∂1 +

N2

t1 + 2t2

( k∑
m=3

dm−1,m∂m−1 + ktk∂k

))
Φ

(1)
N [l − 1; 1]

+

(
t1

t1 + 2t2
P(l)

1 +
N2

t1 + 2t2
P(l)

0

)
Φ

(0)
N [l − 1; 1] +

N2

t1 + 2t2
P(l)

2 Φ
(0)
N [l − 2; 1]

+
A(l)

t1 + 2t2

k−3∑
m=0

dm+2,m+3(−1)m(N2∂1)Φ(1)
N [l +m; m + 2]

+
1

t1 + 2t2
(−1)k−1ktkP(l)

k+1Φ
(0)
N [l + k − 1; 1]

+
A(l)N2ktk

t1 + 2t2

k−1∑
h=2

(−1)k+h∂hΦ
(1)
N [l + k − 1 − h; k + 1 − h]

+
A(l)N2

t1 + 2t2

k∑
m=4

(−1)m−1dm−1,m

m−2∑
h=2

(−1)h∂hΦ
(1)
N [l +m − 2 − h; m − h]

+A(l) 1
t1 + 2t2

k∑
m=2

tRm+1
m

N2Rm
R̃

(1)
m −A(l) ktk

t1 + 2t2

k∑
h=2

(−1)k+h
tRh
h

N2Rh
R̃

(2)
k+1,h

−A(l)
(

1
t1 + 2t2

( k∑
m=3

(−1)m−1dm−1,m

m−1∑
h=2

(−1)h
tRh
h

N2Rh

))
R̃

(2)
m,h,

where we denote

dp,q = dp,q(t1, . . . , tk) def
= ptp − qtq,

and for m = 2, . . . , k,

R̃
(1)
m = (0, . . . ,

j∑
h=2

(−1)h
E

(1)
m,λl−h, j+1−h,h

, . . . ,E(1)
m,∅,l)

T
j=2,...,l−1 ∈ Rl
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with E(1)
m,λ,h given as (57), and

R̃
(2)
m,h = (E(2)

h,λl+m−2−h,m−h
, . . . ,E(2)

h,λl+m−2−h, j+m−2−h
, . . . , 0)T

j=2,...,l ∈ Rl

with E(2)
h,λ given as (59).

Proof. Applying Lemma 4.5 and [49, Theorem 17],

Φ
(0)
N [l; 1] =A(l)

(
−W0 +

N2(a + 2N + b − 1)
t1 + 2t2

W2 +
N2(−a − 2N + 1) + t1

t1 + 2t2
W1

−
N2

t1 + 2t2
W

(w)
2 +

N2

t1 + 2t2
W

(w)
1 +

1
t1 + 2t2

k∑
m=3

dm−1,mWm +
ktk

t1 + 2t2
Wk+1

)

+A(l) 1
t1 + 2t2

k∑
m=2

tRm+1
m

N2Rm
R̃

(1)
m ,

whereW0 ∈ Rl is given by (ΦN,λl−1,1,1, . . . ,ΦN,λl−1,l−1,1, 0)T, and the vectorsWm ∈ Rl, defined
whenever m = 1, 2, . . . , k + 1, are given by:

(Wm)i
def
=



0, i = 1,
i∑

h=2

(−1)hΦN,λl−h,i+1−h,h+β(m)−2 2 ≤ i ≤ l − 1,

ΦN,∅,l+β(m)−2 i = l,

where β(m) = 0 if m = 2, and β(m) = m otherwise. Moreover, we defineW(w)
1 ,W

(w)
2 ∈ Rl

analogously toW1,W2, where we swap Φ with Φ(w). Moving on, we write eachWm,
for m = 3, 4, . . . , k + 1, as a sumWm =W

′
m +W

∗
m whereW′

m andW∗
m are given by,

(W′

m) j
def
=


j+m−2∑

h=1

(−1)h+m−2ΦN,λl+m−2−h, j+m−1−h,h j = 1, . . . , l − 1,

ΦN,∅,l+m−2 j = l,

(W∗

m) j
def
=


m−1∑
h=1

(−1)h+m−1ΦN,λl+m−2−h, j+m−1−h,h j = 1, . . . , l − 1,

0 j = l.

Next, we make use of (60) forW0 and (58) forW∗
m; while for the other terms, we apply

[49, Theorem 17 and Proposition 20], leading to the identities:

A(l)
W1 = P(l)

1 Φ
(0)
N [l − 1; 1] , A(l)

W
(w)
1 = P̃(l)

1 Φ
(0)
N [l − 1; 1],

A(l)
W2 = P̂(l)

2 Φ
(0)
N [l − 2; 1] , A(l)

W
(w)
2 = P̃(l)

2 Φ
(0)
N [l − 2; 1],

A(l)
W
′

m = P(l)
mΦ

(0)
N [l +m − 2; 1],
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for matrices P̃(l)
1 , P̃

(l)
2 , P̂

(l)
2 whose explicit formulae can also be found in the Appendix. In

particular, letting

P(l)
0

def
= (−a − 2N + 1)P(l)

1 + P̃(l)
1 , and P(l)

2
def
= (a + 2N + b − 1)̂P(l)

2 − P̃(l)
2 ,

we arrive at the desired identities. Here, it is important to observe that although −2NP(l)
1

and P̃(l)
1 both contain linear terms in N, the linear combination that gives P(l)

0 allows for
cancellations so that there is no N-dependence in the final expression for P(l)

0 . □

At this point, it is worth mentioning that P(l)
m , for m = 0, 1, . . . , k+ 1 (with m , 0, 2), are

identical to those (denoted by Q(l)
m ) appearing in [9, Proposition 4.11]. This is due to our

use of results by the third and fourth authors, namely [49, Theorem 17 and Proposition
20], applied to shifts of general Hankel determinants, which hold independently of the
specific entries.

Moving on, we will expand ∂ΦN
∂tq

as a power function of the variables tq, . . . , tk, for q =
2, . . . , k. The main idea is to repeatedly use (56) for the right-hand side of (58), mainly for
terms with an increased sub-index every time. For the purposes of writing such formulae
in a more concise manner, we additionally introduce:

Zi(R2, . . . ,Rk; t1, . . . , tk)

=N2
{
(a + 2N + b − 1)ΦN,∅,i −Φ

(w)
N,∅,i + (1 − 2N − a)ΦN,∅,i+1 +Φ

(w)
N,∅,i+1 +

t1

N2ΦN,∅,i+1

}
. (62)

Here, a, b are the same parameters that appeared in the definition ofΦN,λ,h andΦ(w)
N,λ,h.

Lemma 4.10. Let N,R2, . . . ,Rk ∈ N, and suppose E(1)
u,λ,m and E(2)

q,λ are given as in (57) and (59),
respectively. For k = 2, m ∈ N, we have that

N2 ∂ΦN

∂t2
=

Z0

t1 + 2t2
+

m∑
i=2

Zi−1(2t2)i−1

(t1 + 2t2)i +
(2t2)m

(t1 + 2t2)mΦN,∅,m+2

+
tR2
2

N2R2
E

(2)
2,∅ +

tR2+1
2

N2R2

m∑
i=1

(2t2)i−1
E

(1)
2,∅,i+1

(t1 + 2t2)i , (63)

and for k ≥ 3, 2 ≤ q ≤ k and m ∈ N, we have that

N2 ∂ΦN

∂tq
=

q−1∑
i=2

ti

(t1 + 2t2)m Vi(t1, . . . , tk) +
Zq−2

t1 + 2t2
+

m∑
i=2

1
(t1 + 2t2)i

i−1∑
j=0

(
i − 1

j

)
(ktk) j

∑
h2+···+hk=i−1− j

h2=···=hq−1=0
hq≥0,...,hk≥0

k∏
n=q

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

c(i, j)
h2,h′3,...,h

′

k−1,hk

(
Zq+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j−2

+

k∑
u=2

tRu+1
u

N2Ru
E

(1)

u,∅,q+
∑k−2

n=1 nhn+1+(k−2)hk−
∑k−1

n=3 h′n+(k−1) j

))
+

1
(t1 + 2t2)m

38



T. Assiotis, M. A. Gunes, J. P. Keating and F. Wei

m∑
j=0

(
m
j

)
(ktk) j

∑
h2+···+hk=m− j
h2=···=hq−1=0
hq≥0,...,hk≥0

k∏
n=q

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

c(m+1, j)
h2,h′3,...,h

′

k−1,hk
ΦN,∅,q+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j

)

+
tRq
q

N2Rq
E

(2)
q,∅ +

1
t1 + 2t2

k∑
u=2

tRu+1
u

N2Ru
E

(1)
u,∅,q.

Here, V2, . . . ,Vq−1 are C∞ functions in the variables t1, . . . , tk, explicit expressions for which are
ommitted here; and

c(i, j)
h2,h′3,...,h

′

k−1,hk
=

(i − 1 − j)!(−1)h′3+···+h′k−1+hk

h2!hk!
∏k−1

n=3(hn − h′n)!h′n!
. (64)

Proof. First, we let λ = ∅, and using (56), we repeatedly plug in the expression therein for
ΦN,λ,l+q−2 as l ranges from 3 to k + 1. Using this in combination with Proposition 4.6, we
obtain for q = 2, . . . , k,m ≥ 1,

N2 ∂ΦN

∂tq
= ΦN,∅,q +

tRq
q

N2Rq
E

(2)
q,∅

=
Zq−2

t1 + 2t2
+

tRq
q

N2Rq
E

(2)
q,∅ +

m∑
i=2

1
(t1 + 2t2)i

i−1∑
j=0

(
i − 1

j

)
(ktk) j

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

( i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
Zq+l1+···+li−1− j+(k−1) j−2

+

k∑
u=2

tRu+1
u

N2Ru

m∑
i=2

1
(t1 + 2t2)i

i−1∑
j=0

(
i − 1

j

)
(ktk) j

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

( i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
E

(1)
u,∅,q+l1+···+li−1− j+(k−1) j

+
1

t1 + 2t2

k∑
u=2

tRu+1
u

N2Ru
E

(1)
u,∅,q +

1
(t1 + 2t2)m

m∑
j=0

(
m
j

)
(ktk) j

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
lm− j=1

( m− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
ΦN,∅,q+l1+···+lm− j+(k−1) j.

In the equation above, to avoid further notational complexity, we assume that when
i = 2, . . . ,m + 1, for j = i − 1, we have

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

( i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
Zq+l1+···+li−1− j+(k−1) j−2 = Zq+(k−1)(i−1)−2,
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and for k = 2, j < i − 1,

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

)
Zq+l1+···+li−1− j+(k−1) j−2 = 0.

The above notation also applies to sums involving E(1)
u,∅,l and ΦN,∅,l. Moving on, upon

computation, one can easily show that

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

( i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
Zq+l1+···+li−1− j+(k−1) j−2

=
∑

h2+···+hk=i−1− j
h2≥0,...,hk≥0

k∏
n=2

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

c(i, j)
h2,h′3,...,h

′

k−1,hk
Zq+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j−2

)
,

and

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
lm− j=1

( m− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
ΦN,∅,q+l1+···+lm− j+(k−1) j

=
∑

h2+···+hk=m− j
h2≥0,...,hk≥0

k∏
n=2

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

c(m+1, j)
h2,h′3,...,h

′

k−1,hk
ΦN,∅,q+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j

)
,

where c(i, j)
h2,h′3,...,h

′

k−1,hk
was defined in (64). Even though the quantities above are not well

defined for k = 2, the argument goes through almost verbatim. Hence this case is stated
separately in the statement of the result. Finally, observe that the terms in the identities
above, other than the term where h2 = 0, . . . , hq−1 = 0, can be written in the form of the
term involving Vi(t1, . . . , tk) in the statement of the result. Using these in combination,
the desired result now follows. □

4.3 Recursive relations for the partial derivatives ofΦN,λ.

In this section, we derive recursive relations for the partial derivatives ofΦN,λwith respect
to t2, . . . , tk evaluated at (0, . . . , 0). The following observation is crucial for translating the
results concerningΦN,λ from Section 4.2 to those obtained in the present section.

Lemma 4.11. Let k ≥ 2,N ≥ 1 be integers. Let n2, . . . ,nk be non-negative integers. Let λ be an
integer partition. Suppose λ = (λ1, . . . , λm), and set λm+1 = · · · = λN = 0 if m ≤ N − 1. Then
the following identity holds for any (R2, . . . ,Rk) with Ri ≥ ni, i = 2, . . . , k,

1

N
∑k

m=2 2nm

∑
∑N

j=1 um, j=nm

m=2,...,k

k∏
m=2

(
nm

um,1, . . . ,um,N

)
det

0≤i, j≤N−1

(
gi+ j+λN− j+

∑k
m=2 mum, j+1

( t1

N2

))
(65)

=
∂n2

∂tn2
2

∂n3

∂tn3
3

· · ·
∂nk

∂tnk
k

ΦN,λ

∣∣∣∣∣∣
t2=···=tk=0

,
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where gn(t1) is given in (34), andΦN,λ is introduced in (51) (depending on R2, . . . ,Rk).

Proof. Firstly, given R2, . . . ,Rk with Ri ≥ ni, i = 2, . . . , k, we constructΦN,λ as in (51). Then

∂n2

∂tn2
2

∂n3

∂tn3
3

· · ·
∂nk

∂tnk
k

ΦN,λ

∣∣∣∣∣∣
t2=···=tk=0

=
∑

∑N
j=1 um, j=nm

m=2,...,k

k∏
m=2

(
nm

um,1, . . . ,um,N

)

det
0≤i, j≤N−1

 k∏
m=2

∂um, j+1

∂tum, j+1
m

ϕi+ j+λN− j

∣∣∣∣
t2=···=tk=0

 .
Also note, that by the definition of ϕn,

ϕn(R2, . . . ,Rk; t1, . . . , tk) =
R2∑

m2=0

· · ·

Rk∑
mk=0

 k∏
q=2

1
N2mq

 tm2
2 . . . t

mk
k

m2! . . .mk!
gn+

∑k
q=2 qmq

( t1

N2

)
.

Since Ri ≥ ni, and 0 ≤ ui, j ≤ ni for i = 2, . . . , k and j = 1, . . . ,N, we then get that

k∏
m=2

∂um, j+1

∂tum, j+1
m

ϕi+ j+λN− j

∣∣∣∣
t2=···=tk=0

=
1

N
∑k

m=2 2um, j+1
gi+ j+λN− j+

∑k
m=2 mum, j+1

( t1

N2

)
.

Combining these, the desired conclusion follows. □

Next, we proceed by obtaining recurrence relations for the quantities in Lemma 4.11.
In order to do so, we define, for any non-negative integers n2, . . . ,nk and any integer l, q
with l ≥ 1 and 1 ≤ q ≤ l,

G
(n2,n3,...,nk)
N,l,q (t1)

def
=

1

N
∑k

m=2 2nm

∑
∑N

j=1 um, j=nm

m=2,...,k

k∏
m=2

(
nm

um,1, . . . ,um,N

)
det

0≤i, j≤N−1

(
gi+ j+λ(l,q)

N− j+
∑k

m=2 mum, j+1

( t1

N2

))
, (66)

where λl,q = (λ(l,q)
1 , . . . , λ

(l,q)
N ) is defined as in Definition 4.3, and

G
(n2,n3,...,nk)
N (t1)

def
=

1

N
∑k

m=2 2nm

∑
∑N

j=1 um, j=nm

m=2,...,k

k∏
m=2

(
nm

um,1, . . . ,um,N

)
det

0≤i, j≤N−1

(
gi+ j+

∑k
m=2 mum, j+1

( t1

N2

))
. (67)

Proposition 4.12. Suppose l ≥ 3, 1 ≤ q ≤ l. Let k ≥ 2, i2, n2, n3, . . . ,nk,m ∈ N ∪ {0}. Define
the vectors

G(n2,n3,...,nk)
l =

(
G

(n2,n3,...,nk)
N,l,1 (t1), . . . ,G(n2,n3,...,nk)

N,l,l (t1)
)T

and

Ĝ
(n2,n3,...,nk)
l,m =

(
G

(n2,n3,...,nk)
N,l+m,m+2 (t1), . . . ,G(n2,n3,...,nk)

N,l+m,l+m (t1), 0
)T
.
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Then, we have that

G(i2,n3,...,nk)
l = A(l)N2 d

dt1

(
G(i2,n3,...,nk)

l−1
0

)
+

i2∑
n2=0

(−2)i2−n2
( i2

i2−n2

)
(i2 − n2)!

ti2−n2+1
1

H(n2,n3,...,nk)
l , (68)

where H(n2,n3,...,nk)
l admits the following explicit expression,

H(n2,n3,...,nk)
l = A(l)N2

( k∑
m=3

(m − 1)nm−1

(
G(n2,n3,...,nk)

l−1
0

)
−

k∑
m=3

mnm

(
G(n2,...,nm−1+1,nm−1,...,nk)

l−1
0

)
+ knk

(
G(n2,n3,...,nk)

l−1
0

) )
+ (t1P(l)

1 +N2P(l)
0 )G(n2,n3,...,nk)

l−1 +N2P(l)
2 G(n2,n3,...,nk)

l−2

+

k−2∑
m=1

(m + 1)nm+1(−1)mP(l)
m+2G(n2,...,nm+1−1,...,nk)

l+m + (−1)k−1knkP(l)
k+1G(n2,n3,...,nk−1)

l+k−1

−

k−2∑
m=1

(m + 2)nm+2(−1)mP(l)
m+2G(n2,...,nm+2−1,...,nk)

l+m −A(l)
(
−N2 d

dt1

){ k−3∑
m=0

[
(m + 2)nm+2(−1)m

Ĝ
(n2,...,nm+2−1,...,nk)
l,m − (m + 3)nm+3(−1)mĜ

(n2,...,nm+3−1,...,nk)
l,m

]
+ (−1)kknkĜ

(n2,n3,...,nk−1)
l,k−2

}

+A(l)N2
k∑

m=4

[
(−1)m−1(m − 1)nm−1

m−2∑
h=2

(−1)hĜ
(n2,...,nh+1,...,nm−1−1,...,nk)
l,m−2−h

− (−1)m−1mnm

m−2∑
h=2

(−1)hĜ
(n2,...,nh+1,...,nm−1,...,nk)
l,m−2−h

]
+A(l)N2knk

k−1∑
h=2

(−1)k+hĜ
(n2,...,nh+1,...,nk−1)
l,k−1−h .

Moreover, the initial conditions for the recurrence above are given by (here, we suppress t1 from
notation):

G
(n2,...,nk)
N,1,1 = −N2

dG(n2,...,nk)
N

dt1
,

G
(n2,...,nk)
N,2,1 =

N4

2

d2
G

(n2,...,nk)
N

dt2
1

+
N2
G

(n2+1,...,nk)
N

2
,

G
(n2,...,nk)
N,2,2 =

N4

2

d2
G

(n2,...,nk)
N

dt2
1

−
N2
G

(n2+1,...,nk)
N

2
. (69)

Proof. For any given i2, n3, . . . ,nk non-negative integers, set R2 = i2 + 1 and Ri = ni + 1
for i = 3, . . . , k, and then constructΦN,λ as in (51). By Lemma 4.11, for any nonnegative
integers qi ≤ Ri, i = 2, . . . , k, we have

∂q2

∂tq2

2

∂q3

∂tq3

3

· · ·
∂qk

∂tqk

k

ΦN,λl,q

∣∣∣∣∣∣
t2=···=tk=0

= G
(q2,q3,...,qk)
N,l,q (t1).

Then (68) follows from the differentiation of both sides of the recursion in Proposition
4.9. For the initial conditions given in (69), by an argument similar to the one above, we
take Ri = ni + 1 for i = 2, . . . , k. Then differentiate both sides of (60) and the equations in
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Proposition 4.7 with respect to t2, . . . , tk and let t2 = · · · = tk = 0. □

As remarked earlier, our end goal is to establish a connection between G(n2,n3,...,nk)
N (t1) and

a solution of the σ-Painlevé V equation. To carry out the induction process with this goal
in mind, in addition to the recursive relation on G(n2,n3,...,nk)

N,l,q (t1) described above, we now

show that G(n2,n3,...,nk)
N (t1) admits an expression in terms of G(n2,n3,...,nk)

N,l,q (t1). To this end, we
define for any non-negative integers n2, . . . ,nk,

F(n2,...,nk)
0 (t1) = N2(N2 + (a + b)N)G(n2,n3,...,nk)

N (t1) − (N2a − t1)G(n2,n3,...,nk)
N,1,1 (t1), (70)

and, for j ≥ 1,

F(n2,...,nk)
j (t1) =

j+1∑
i=1

(−1)i−1

(
N2(2 − 2i + j − a)G(n2,...,nk)

N, j+1,i (t1) + t1G
(n2,...,nk)
N, j+1,i (t1)

)

+

j∑
i=1

(−1)i−1N2(a + b − 1 + 2i − j)G(n2,...,nk)
N, j,i (t1), (71)

where G(n2,n3,...,nk)
N (t1) and G(n2,n3,...,nk)

N,l,q (t1) are defined as in (67) and (66), respectively.

Proposition 4.13. Let k ≥ 2, N ≥ 1 be integers. Let n2, . . . ,nk ∈ N ∪ {0}. Let F(n2,...,nk)
0 (t1) and

F(n2,...,nk)
j (t1) ( j ≥ 1) be defined as in (70) and (71), respectively. Let c(i, j)

h2,h′3,...,h
′

k−1,hk
be given as in

(64). Then, whenever k = 2 and n2 ≥ 1, we have that

G
(n2)
N (t1) =

1
N2

n2−1∑
i=0

(n2 − 1)!
n2−1−i∑

j=0

(
n2 − 1 − j

i

)
(−1)n2−1−i− j2n2−1− j

j!
F( j)

i (t1)

tn2− j
1

, (72)

whereas if k ≥ 3, n2 ≥ 1, we have,

G
(n2,...,nk)
N (t1) =

1
N2

n2−1∑
i2=0

(−2)n2−1−i2 (n2 − 1)!
i2!

F(i2,n3,...,nk)
0 (t1)

tn2−i2
1

+

n2+···+nk−1∑
i=1

1
N2

i∑
j=0

(
i
j

) ∑
h2+···+hk=i− j

(
n2 − 1

h2

)(
nk

hk + j

)(
n3

h3

)
. . .

(
nk−1

hk−1

)
(hk + j)!

k j+hk

k−1∏
n=2

nhn hn!
n2−1−h2∑

i2=0

(
n2 − 1 − h2

i2

)
(i + n2 − 1 − h2 − i2)!(−2)n2−1−h2−i2

ti+n2−h2−i2
1 i!∑

h′3≤h3
...

h′k−1≤hk−1

c(i+1, j)
h2,h′3,...,h

′

k−1,hk
F(i2,n3−h3,...,nk−1−hk−1,nk− j−hk)∑k−2

n=1 nhn+1+(k−2)hk−
∑k−1

n=3 h′n+(k−1) j
(t1). (73)

On the other hand, if there exists q = 3, . . . , k− 1 such that nl = 0 for l = 2, . . . , q− 1 and nq ≥ 1,
then

G
(0,...,0,nq,...,nk)
N (t1) =

F(0,...,0,nq−1,...,nk)
q−2 (t1)

N2t1
+

nq+···+nk−1∑
i=1

1
ti+1
1 N2

i∑
j=0

(
i
j

)
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∑
hq+···+hk=i− j

(
nq − 1

hq

)(
nk

hk + j

)(
nq+1

hq+1

)
· · ·

(
nk−1

hk−1

)
k j+hk (hk + j)!

k−1∏
n=q

nhn hn!

∑
h′q≤hq
···

h′k−1≤hk−1

c(i+1, j)
0,...,0,h′q,...,h′k−1,hk

F(0,...,0,nq−1−hq,nq+1−hq+1,...,nk−1−hk−1,nk− j−hk)

q−2+
∑k−2

n=q−1 nhn+1+(k−2)hk−
∑k−1

n=q h′n+(k−1) j
(t1).

Finally, if nl = 0 for 2 ≤ l ≤ k − 1, and nk ≥ 1, then

G
(0,...,0,nk)
N (t1) =

F(0,...,0,nk−1)
k−2 (t1)

N2t1
+

nk−1∑
i=1

ki

ti+1
1 N2

(nk − 1)!
(nk − 1 − i)!

i∑
j=0

(
i
j

)
c(i+1, j)

0,...,0,i− jF
(0,...,0,nk−1−i)
k−2+(k−1)i−(i− j)(t1).

Proof. Firstly, for any given n2, n3, . . . ,nk non-negative integers, we choose Ri = ni + 1 for
i = 2, . . . , k, and then constructΦN,λ as in (51). Then, by means of the following relations
that are consequences of their definitions,

ΦN,∅,h =

h∑
j=1

(−1) j−1ΦN,λh, j , Φ
(w)
N,∅,h =

h∑
j=1

(−1) j−1(2N − 2 j + h)ΦN,λh, j , (h ≥ 1),

ΦN,λ,0 = NΦN,λ, Φ
(w)
N,λ,0 = (N(N − 1) + n)ΦN,λ, (λ is a partition of n),

and by the definition of Zi(R2, . . . ,Rk; t1, . . . , tk) given in (62), we have

Z0 =N2(N2 + (a + b)N)ΦN − (N2a − t1)ΦN,λ1,1 ,

Z j =

j+1∑
i=1

(−1)i−1

(
N2(2 − 2i + j − a)ΦN,λ j+1,i + t1ΦN,λ j+1,i

)

+

j∑
i=1

(−1)i−1N2(a + b − 1 + 2i − j)ΦN,λ j,i , j ≥ 1.

Next, using Lemma 4.11, we have that whenever qi ≤ Ri for i = 2, . . . , k, and j ≥ 0,

F(q2,...,qk)
j (t1) =

∂q2

∂tq2

2

· · ·
∂qk

∂tqk

k

Z j(R2, . . . ,Rk; t1, . . . , tk)
∣∣∣∣
t2=···=tk=0

.

Hence, we apply Lemma 4.10 by letting m = nq + · · · + nk, where q is the smallest index
such that nq > 0. The desired conclusion then follows by differentiating both sides of the
expressions in Lemma 4.10 at t2 = · · · = tk = 0. □

4.4 Proofs of Theorems 1.9 and 1.6

We are now in position to prove Theorem 1.9 by inducting on k and (n2, . . . ,nk).

Proof of Theorem 1.9. By Proposition 4.1 and the definition of G(n2,n3,...,nk)
N (t1) given in (67),

E(a,b)
N

e−t1
∑N

j=1
1

x(N)
j

k∏
q=2

 N∑
j=1

(x(N)
j )−q


nq
 = C(a,b)

N N2
∑k

q=2 nqG
(n2,n3,...,nk)
N (t1),
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whenever a >
∑k

q=2 qnq − 1. Thus, (7) is equivalent to showing that

G
(n2,n3,...,nk)
N (t1) =

1

t
∑k

q=2 qnq−1
1

∑k
q=2(q−1)nq∑

m=0

tm−1
1 P(a,b)

m (N; t1)
dm

dtm
1
G

(0,0,...,0)
N (t1) (74)

for polynomials P(a,b)
m (N; t1) as specified in the theorem’s formulation. Observe first that

G
(n2,n3,...,nk)
N is continuous in t1, at the point t1 = 0, so that it suffices to show the validity

of (74) for all t1 > 0. One can then prove the result from an inductive argument similar
to that of [9, Theorem 1.9], with the main difference being the definitions of S(k) and S(k)

l, j
in [9, Definition 4.16]. To be more precise, we introduce the modified versions of these
sets for this particular case; C(k),C(k)

l, j , by defining them as follows. Let C(k)
⊂ (N ∪ {0})k−1

denote the collection of all tuples (n2, . . . ,nk) such that (74) holds, also including the 0-
tuple (0, . . . , 0). In accordance with this, we then define C(k)

l, j to be the collection of tuples
(n2, . . . ,nk) such that

G
(n2,n3,...,nk)
N,l, j (t1) =

1

t
l+

∑k
q=2 qnq−1

1

l+
∑k

q=2(q−1)nq∑
m=0

tm−1
1 P(a,b)

l, j,m(N; t1)
dm

dtm
1
G

(0,0,...,0)
N (t1) (75)

for polynomials P(a,b)
l, j,m(N; t1), m ≥ 1, and t−1

1 P(a,b)
l, j,0 (N; t1) in t1 whose degrees do not exceed

l +
∑k

q=2 qnq − m and l +
∑k

q=2 qnq − 1, respectively, subject to the additional constraint
that they are also polynomials in N, a, b, whose degrees in N and in a, b do not exceed
2l +

∑k
q=2 2(q − 1)nq and l +

∑k
q=2(q − 1)nq − 1, respectively. With this setting in mind, the

result then follows by the induction scheme from [9], where we make use of Propositions
4.12 and 4.13. □

Before turning to the proof of Theorem 1.6, we demonstrate how Theorem 1.9, in con-
junction with Theorem 1.3 and Proposition 1.4, allows one to deduce Corollary 1.10.

Proof of Corollary 1.10. We first note that when (h1, . . . , hm) = (0, . . . , 0), the conclusion in
this corollary follows from [47]. We now fix h1, . . . , hm ∈ N∪{0} and (h1, . . . , hm) , (0, . . . , 0),
and consider the function,

φ : R≥0 → R+

h0 7→ lim
N→∞

E
(h0+

∑m
k=1 h j−

1
2 ,−

1
2 )

N

 m∏
k=1

e
hk
N,k

 ,
where eN,k is an abbreviation for e(a,−

1
2 )

N,k , as defined in (29) with a def
=

∑m
k=0 hk −

1
2 . This is

initially well-defined only on h0 ∈ [ 1
2 ,∞), thanks to the proof of Theorem 1.3. We claim

that it is in fact a well-defined rational function in h0 on all of R≥0. By Theorem 1.9, we
have for (n1, . . . ,nm) , (0, . . . , 0) and a >

∑m
k=1 knk − 1,

E
(a,− 1

2 )
N

(p1,N)n1

m∏
k=2

(pq,N)nk

 =( 1
t
∑m

k=1 knk−1

∑m
k=2(k−1)nk∑

q=0

tq−1P(a,− 1
2 )

q,1 (N; t)
dq

dtq E
(a,− 1

2 )
N

[
e−tp1,N

]
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+
1

t
∑m

k=2 knk−1

∑m
k=2(k−1)nk∑

q=0

tq−1P(a,− 1
2 )

q,2 (N; t)
dq+n1

dtq+n1
E

(a,− 1
2 )

N

[
e−tp1,N

] )∣∣∣∣∣∣
t=0

,

(76)

where P(a,− 1
2 )

m,1 (t) and P(a,− 1
2 )

m,2 (t) are polynomials of t. Moreover, the coefficients of these

polynomials are themselves polynomials in N, a. Note that, E
(a,− 1

2 )
N

[
e−tp1,N

]
is

∑m
k=1 knk-

times differentiable and it can be represented as exp
(∫ t

0
σN(t)

t dt
)
, where σN(t) satisfies

σ-Painlevé V equation (8). Hence, by examining the asymptotic expansion of σN(t) in
powers of t at 0, up to t

∑m
k=1 knk , we conclude that the coefficients of these terms can be

obtained recursively and are rational functions of a, by an argument similar to that of
[14, Section 4.2]). Moreover, this implies that the first

∑m
k=1 knk + 1 Taylor coefficients of

E
(a,− 1

2 )
N

[
e−tp1,N

]
are of the form Q2(N;a)

Q1(a) , where Q1(a) is a polynomial in a and Q2(N; a) is a
polynomial in a, whose coefficients themselves are polynomials in N. After plugging
this into the right-hand side of equation (76), while noting that the coefficients of the
singular terms 1

tl for l = 1, . . . ,
∑m

k=1 knk vanish, since the value of the left-hand side of
(76) is finite. We see that right-hand side of equation (76) must be a rational function in
a of the form described above; and therefore, so does the left-hand side of equation (76).

Hence, by Newton’s formula, we readily conclude that E
(a,− 1

2 )
N

[∏m
k=1 e

hk
N,k

]
has the rational

function form Q2(N;a)
Q1(a) , for certain polynomials Q1(a) and Q2(N; a) in a, whose coefficients

of the powers of a in Q2(N; a) are polynomials in N whenever ℜ(a) >
∑m

k=1 khk − 1. On

the other hand, the map a 7→ E
(a,− 1

2 )
N

[∏m
k=1 e

hk
N,k

]
is an analytic function by its definition on

the set {a ∈ C : ℜ(a) >
∑m

k=1 hk − 1}. Thus, by the identity theorem, it must equal Q2(N;a)
Q1(a)

wheneverℜ(a) >
∑m

k=1 hk − 1. Since a =
∑m

k=0 hk −
1
2 >

∑m
k=1 hk − 1 when h0 ≥ 0, Q2(N;a)

Q1(a) is a

rational function of h0 on all of h0 ≥ 0. Note that, when h0 > 1
2 , N−2

∑m
k=1 khk Q2(N;a)

Q1(a) converges
as N→∞. Since this is a rational function, this convergence holds for any h0 ≥ 0 and the
limit is a rational function of h0, which is the desired claim.

To complete the proof, we observe that thanks to Proposition 1.4, the function

φ̃ : R≥0 → R+

h0 7→ E

 m∏
k=1

ek

(
h0 +

m∑
k=1

h j −
1
2

)hk


is well-defined, and rational in h0 on R≥0, since all finite-dimensional averages taken with
respect to the Laguerre ensembles therein can be reduced to finite linear combinations of
ratios of Gamma functions, which simplify to rational functions. Combining this with
the earlier claim, we see that under the given assumptions, both sides of (2) (modulo a
common factor) define a rational function on h0 ∈ [0,∞). Moreover, by Theorem 1.3, these
two functions agree on h0 > 1

2 , and hence, they must agree everywhere. This completes
the proof of the desired result. □

Proof of Theorem 1.6. First, we claim that whenever t1 > 0, we have

1

N2
∑k

m=2 mnm
E(a,b)

N

e−
t1
N2

∑N
j=1

1

x(N)
j

k∏
m=2

 N∑
j=1

(x(N)
j )−m


nm

 N→∞
−−−−→ E

e−t1e1(a)
k∏

m=2

(pm(a))nm

 . (77)
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Indeed, an application of the elementary estimates e−x
≤ Crx−r for x > 0, and

∑N
j=1 y−l

j ≤(∑N
j=1 y−1

j

)l
for l ∈ N and y1, . . . , yN > 0 gives that,

e−
t1
N2 p

(a,b)
1,N

k∏
m=2

(p(a,b)
m,N)nm ≤

N2rCr

tr
1(p(a,b)

1,N )r

k∏
m=2

(p(a,b)
m,N)nm ≤

CrN2r

tr
1

(p(a,b)
1,N )

∑k
m=2 mnm−r.

Hence, picking an appropriate r ∈ N such that the parameter restriction in Proposition
2.5 holds, we conclude the the uniform integrability of the sequenceN−2

∑k
m=2 mnm e−

t1
N2 p

(a,b)
1,N

k∏
m=2

(p(a,b)
m,N)nm


N≥1

.

Then, using the distributional convergence of the above sequence in Proposition 2.5 and
Skorokhod’s representation theorem, we obtain (77). Similarly, we have that for any m
with m < a + 1,

dm

dtm
1

E(a,b)
N

e− t1
N2

∑N
j=1

1

x(N)
j

 N→∞
−−−−→

dm

dtm
1

E
[
e−t1e1(a)

]
. (78)

Secondly, we claim that the convergence in (77) and (78) also hold at t1 = 0. We only
present here the argument for (77); which goes through mutatis mutandis for the con-
vergence in (78). On one hand, by an argument similar to that of Corollary 1.10, for
fixed b > −1, the left-hand side of (77) at t1 = 0 can be expressed as a rational function
of a and N of the form Q̃2(N;a)

Q̃1(a)
, for ℜ(a) >

∑k
m=2 mnm − 1, where Q̃1(a) is a polynomial

in a, and Q̃2(N; a) is a polynomial in a whose coefficients are themselves polynomials in
N. Meanwhile, the right-hand side of (77) at t1 = 0 is also a rational function of a for
a >

∑k
m=2 mnm − 1. By Proposition 2.5, when a >

∑k
m=2 mnm, the convergence of (77) at

t = 0 holds. Hence, by the properties of rational functions, this convergence extends to
the full range a >

∑k
m=2 mnm − 1.

We now prove equation (6) of the theorem. Together with Theorem 1.9, if one defines
the polynomials P(a)

m (n2, . . . ,nk; t1) by,

P
(a)
m (n2, . . . ,nk; t1) = lim

N→∞

P(a,b)
m (N; t1)

N
∑k

m=2 2(m−1)nm
, (79)

the result then follows, modulo the validity of the properties ofP(a)
m (n2, . . . ,nk; t1) stated in

the theorem. Firstly, we claim that the t1-degree of the polynomial tm−1
1 P

(a)
m (n2, . . . ,nk; t1)

is
∑k

q=2(q − 1)nq − 1, which is in fact less than the a priori degree that Theorem 1.9 yields.
The precise reason for this becomes more clear if one decomposes

G
(n2,...,nk)
N,l,q (t1) = N2l+

∑k
m=2 2(m−1)nmM

(n2,...,nk)
N,l,q (t1) +O(N2l+

∑k
m=2 2(m−1)nm−1),

for every 1 ≤ q ≤ l, (while doing the same for G(n2,...,nk)
N ), and establishes equivalent

statements forM(n2,...,nk)
N,l,q as in Propositions 4.12 and 4.13 by matching the leading-order

coefficients therein. Indeed, doing so and carefully carrying out the same inductive
process as in the proof of Theorem 1.9, we find that the polynomials in t1 appearing in
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the termsM(n2,...,nk)
N,l,q have the desired degrees as stated in Theorem 1.6.

The fact that the limit in (79) is independent of the parameter b can be seen similarly
based on the following observations. On one hand, we observe that in Proposition
4.12, the only term involving b that appears in the expression of H(n2,...,nk)

l is the term
N2P(l)

2 G(n2,...,nk)
l−2 . Moreover, using the explicit expression for P(l)

2 , it is easily seen that the
highest-order contribution in N coming from this particular term is the same as that of
N2M(l)

2 G(n2,...,nk)
l−2 , where M(l)

2 is given in the Appendix, and in particular, is independent of b.
On the other hand, the only terms involving b in Proposition 4.13 appear in the expressions
for F(n2,...,nk)

0 (t1) and F(n2,...,nk)
j (t1), ( j ≥ 1), with the b-dependent terms contributing in a

strictly smaller order of N. Hence, proceeding with the inductive process, where the
inductive assumptions are in accordance with the formula (75), while keeping track of
the coefficients of N2l+

∑k
m=2 2(m−1)nm by means of these two observations, we arrive at the

desired conclusion regarding b-independence of the polynomials in (79). This concludes
the proof of the theorem. □

An inspection of the proof of Theorem 1.6 reveals that we have in fact produced a
recursive algorithm for computingM(n2,...,nk)

N,l,q , and consequently, for computing the leading
coefficients of the joint moments.

Proof of Corollary 1.7. By (69) for n2 = 0 and n2 = 1, and by (72) for n2 = 1 and n2 = 2, we
obtain, for b > −1 and t ≥ 0, when a > 1,

E(a,b)
N

e−t
∑N

j=1
1

x(N)
j

 N∑
j=1

1

(x(N)
j )2




=
(a

t
− 1

) d
dt

E(a,b)
N

e−t
∑N

j=1
1

x(N)
j

 + (a + b +N)N
t

E(a,b)
N

e−t
∑N

j=1
1

x(N)
j


and when a > 3,

E(a,b)
N

e−t
∑N

j=1
1

x(N)
j

 N∑
j=1

1

(x(N)
j )2


2

=
(a − t)2 + 2

t2

d2

dt2 E(a,b)
N

e−t
∑N

j=1
1

x(N)
j


+

N(a + b +N)((1 +N2 + (a + b)N)t − 3a)
t3 E(a,b)

N

e−t
∑N

j=1
1

x(N)
j


+
−3a2 + (2N2a + 2a(a + b)N + a − 2b)t − (2N2 + 2(a + b)N)t2

t3

d
dt

E(a,b)
N

e−t
∑N

j=1
1

x(N)
j

 .
The result then follows by doing the rescaling t 7→ t

N2 , dividing by an appropriate power
of N, and and taking the limit as N→∞.

□
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Appendix

We now turn to defining explicitly the matrices that featured in the proofs of Theorems
1.9 and 1.6. Firstly, as mentioned previously, for m , 0, 2, the matrices P(l)

m are identical to
the matrices Q(l)

m appearing in [9, Proposition 4.11]. As for the remaining matrices, they
are given as follows.

(
A(l)

)
i j
=


(−1)i+ j−1

j( j+1) j ≥ i;
−

1
i j = i − 1;

0 j < i − 1;
(−1)i−1

l j = l.

(
P(l)

0

)
i j
=


(−1)i+ j j(l− j−2)+1−a

j( j+1) if i ≤ j ≤ l − 1;
j( j+a)−l+1

j+1 if j = i − 1;

0 if j < i − 1.

(
P̃(l)

1

)
i j
=


(−1)i+ j

j+1 ( 2N
j − j − 2 + l) i ≤ j ≤ l − 1;

−
j(2N− j)+l− j−1

j+1 j = i − 1;

0 1 ≤ j ≤ i − 2.

(
P(l)

2

)
i j
=


(−1)i+ j N2+(a+b)N+ j( j+3)−( j+2)(l−2)+2(a+b−1)

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
−N2
−(a+b)N+ j(a+b+ j)

j+2 j = i − 2;

0 1 ≤ j < i − 2.

(̂
P(l)

2

)
i j
=


(−1)i+ j N+2

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
j−N
j+2 j = i − 2;

0 1 ≤ j < i − 2.

(
P̃(l)

2

)
i j
=


(−1)i+ j N2+3N− j( j+3)+( j+2)(l−2)

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
−N2+N(2 j+1)− j( j+1)

j+2 j = i − 2;

0 1 ≤ j < i − 2.

(
M(l)

2

)
i j
=


(−1)i+ j N2

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
−N2

j+2 j = i − 2;

0 1 ≤ j < i − 2.
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