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Abstract

We investigate what it means for one act to be more ambiguous than another. The
question is evidently analogous to asking what makes one prospect riskier than another,
but beliefs are neither objective nor representable by a unique probability. Our starting
point is an abstract class of preferences constructed to be (strictly) partially ordered
by a more ambiguity averse relation. First, we define two notions of more ambiguous
with respect to such a class. A more ambiguous (I) act makes an ambiguity averse
decision maker (DM) worse off but does not affect the welfare of an ambiguity neutral
DM. A more ambiguous (II) act adversely affects a more ambiguity averse DM more,
as measured by the compensation they require to switch acts. Unlike more ambiguous
(I), more ambiguous (II) does not require indifference of ambiguity neutral elements to
the acts being compared. Second, we implement the abstract definitions to characterize
more ambiguous (I) and (II) for two explicit preference families: a-maxmin expected
utility and smooth ambiguity. Thirdly, we give applications to the comparative statics
of more ambiguous in a standard portfolio problem and a consumption-saving problem.

JEL Classification Numbers: C44, D800, D810, G11

Keywords: Ambiguity, Uncertainty, Knightian Uncertainty, Ambiguity Aversion,
Uncertainty aversion, Ellsberg paradox, Comparative statics, Single-crossing, More am-
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1 Introduction

Consider a decision maker (DM) choosing among acts, choices with contingent conse-
quences. Following intuitive arguments of Knight (1921) and Ellsberg (1961), pioneering
formalizations by Schmeidler (1989) and Gilboa and Schmeidler (1989), and a body of
subsequent work, modern decision theory distinguishes two categories of subjectively un-
certain belief: unambiguous and ambiguous. An ambiguous belief cannot be expressed
using a single probability distribution. Intuitively, an event is deemed (subjectively)
ambiguous if the DM’s belief about the event, as revealed by his preferences, cannot be
expressed as a unique probability.! The usual interpretation is that the DM is uncertain
about the ‘true’ probability of the ambiguous event (and takes this uncertainty into ac-
count when making his choice). A DM considers an act to be unambiguous if, for each
set of consequences, its inverse image is unambiguous. Otherwise, the act is ambiguous.
In this paper we investigate what makes one act more ambiguous than another.

One focus of the recent literature applying ideas of ambiguity to economic contexts,
finance and macroeconomics in particular, is on how equilibrium trade in financial assets
is affected when agents seek assets that are ‘robust’ to the perceived ambiguity. A com-
parative static question of interest in such models is, naturally, that of more ambiguous.?
We need concepts of more ambiguous just as concepts of orders of riskiness were needed
to facilitate comparative statics of ‘more risky’ in economic analysis. A first challenge
arises in formulating general defining principles of more ambiguous which, in keeping
with revealed preference traditions, are preference based but not tied down to particular
parametric preference forms. A second, is to characterize the definitions for preference
families commonly encountered in applications.

We explore two related but different ideas for revealing (via choice behavior) whether
an act is more affected by ambiguity than another act. These ideas lead to two different
orders on the space of acts: more ambiguous (I) and more ambiguous (II). Essentially,
an act f is more ambiguous (I) than act g if an ambiguity averse DM prefers g to f
but an ambiguity neutral DM is indifferent between the acts. Roughly put, an act f
is more ambiguous (II) than act g if the more ambiguity averse agent requires more
compensation to give up g for f. More ambiguous (I) is akin to the Rothschild-Stiglitz
notion of more risky. What lies at the heart of more ambiguous (II) is a strengthening
of a single crossing condition: the more ambiguity averse the ‘type’ of agent the greater
the compensation she requires to switch to the more ambiguous act. An advantage of
the first definition is it allows us to identify acts which may be differentiated purely
and solely in terms how much they are affected by ambiguity. An advantage of the
second definition is it allows us to compare acts on the basis of being differently affected
by ambiguity even if they are different in other dimensions, such as two assets with
different average returns. In both instances the order of more ambiguous arises on the

!There is an extensive literature discussing the definition of ambiguous events, e.g., Epstein (1999),
Ghirardato and Marinacci (2002), Nehring (2001) and Klibanoff, Marinacci and Mukerji (2005).

%See, e.g., Hansen (2007), Caballero and Krishnamurthy (2008), Epstein and Schneider (2008), Hansen
and Sargent (2010), Uhlig (2010), Ju and Miao (2012), Collard, Mukerji, Tallon, and Sheppard (2011),
Gollier (2011).



back of a relation on preferences, more ambiguity averse than. In the first definition, we
compare the choice made by an ambiguity neutral preference with that by an ambiguity
averse preference; the second definition compares the choice made by one preference
to that by another which is more ambiguity averse. Fixing a preference class partially
ordered by a more ambiguity averse relation, the defining properties determine whether
that class deems an act to be more ambiguous than another act.

We also study the case of events. Based on the fact that bets on events are acts
with binary outcomes, the two notions of more ambiguous acts are shown to define
analogous notions of more ambiguous events. Conceptually, these notions take forward
the literature on definitions of ambiguous events and are likely to be of interest in
applications too; such as, when investigating the effect of more ambiguous on contingent
contracts.

The abstract definitions are implemented to characterize more ambiguous (I) and
(IT) for two families of preferences prominent in applications: a-mazmin expected utility
preferences (a-MEU) and smooth ambiguity preferences. In this introductory section to
fix ideas, we focus on the results applying to the former family; as will be seen the results
for the other family are closely related. The a-MEU family generalizes the well known
maxmin expected utility preferences due to Gilboa and Schmeidler (1989). For these
preferences the DM’s belief is represented by a compact, convex II C A, the set of all
probability measures on the state space, with acts being evaluated by a weighted average
of the maximum and minimum expected utility ranging over the set of probabilities.
Fixing the belief, the greater the weight on the minimum expected utility, the greater
the ambiguity aversion.

Each characterization result is predicated on a specified (strictly partially ordered)
class of preferences. Typically, elements of a class come from a single family, without
further restriction on ambiguity and risk attitudes but with a fixed belief. Fixing belief
is natural and necessary given that we are in a framework with subjective belief on
states and choice objects are acts, rather than lotteries involving given distributions
on outcomes. In this framework one needs such a restriction even when working with
expected utility (say, to investigate risk orders on acts) since under different beliefs the
same act will induce correspondingly different lotteries over outcomes; an act that is
riskier under one belief can be the opposite under another belief.?

The resulting characterizations are very natural. First, note that for the a-MEU
class with subjective belief fixed at II, preferences between a bet on an event E or an
event E' are determined by the closed intervals II(F) = {n(E) | = € II}, II(E') =
{m(E") | # € II}. We show that E is a more ambiguous (I) event than E’ if and only if

II(E) D II(E'), with the intervals sharing a common center. The characterization of E
max I[1(E) max II(E’)
minII(E) = minII(E’)

is a more ambiguous (II) event than E’ is that , and similarly for

30ur ideas, in particular those related to more ambiguous (II), transfer quite straightforwardly to
domains involving, purely, "objective" ambiguity as considered, e.g., in Olszewski (2007) and in Ahn
(2008). There preferences are formulated directly over given sets of lotteries and make no reference to a
state space, acts nor to any subjective belief. See Section 6 for a discussion and Appendix A.5 for formal
details.



the complementary events (since our definition of more ambiguous event is symmetric
between events and their complements). Our results show the characterizing condition
for more ambiguous (II) may be formally interpreted as saying that the interval II(E) is
more elastic than II(E’). The characterization of (P)-more ambiguous (I) events makes
precise one sense in which the probabilities of a more ambiguous event vary more as m
ranges on II. For a (P)-more ambiguous (II) event there is a different sense of “vary
more”: more elastic, a sense familiar to us from elementary economic theory. Our results,
therefore, make concrete two senses in which a DM’s belief about a more ambiguous®
event is less precise.

We next proceed to characterizing more ambiguous acts. The findings echo those
for events. For instance, for an a-MEU class with a given subjective belief II and risk
attitude (but admitting a range of ambiguity attitudes), a more ambiguous (I) act will
have a centered expansion of the interval of corresponding expected utilities. A more
ambiguous (II) act f has a translation, f + p such that, the interval of expected utilities
of the less ambiguous act ¢ is contained in the interval of expected utilities for f + p.
Thinking back to the case of more risky, a virtue of that theory is that it supplies
a constructive procedure to go from a less risky lottery to a more risky lottery (e.g.,
through a sequence of mean-preserving spreads). In that spirit, we provide sufficient
conditions that show how more ambiguous acts may be constructed and, furthermore, the
conditions work independently of risk attitudes. For more ambiguous (I), it is sufficient
that the lottery induced by less ambiguous act for each 7 € 11 is constructed as a garbling
of the set of lotteries induced by the more ambiguous act corresponding to the set II,
while ensuring that centers of the sets of lotteries induced by the two acts coincide. For
more ambiguous (II), such a sufficient condition is that as 7 ranges on II, the set of
lotteries induced by the more ambiguous act contains the set of lotteries induced by the
less ambiguous act.

We obtain characterizations under an additional restriction on the events and acts be-
ing compared: belief comonotonicity. A pair of events, E, E', is belief comonotone on IT if
for all w1, w9 € I, (71 (E) — m2(E)) (m1(E") — m2(E")) > 0. Hence, belief comonotonicity
for a pair of events imposes a linear order < on the set of probability measures II. Evi-
dently, this condition gives a sense in which two events are (stochastically) similar, e.g.,
a bet on the S&P increasing by 5% at close on a particular day and an analogous bet on
the FTSE, but not a bet on a stock market index and a bet on the outcome of a boxing
match. That ambiguity affects two belief comonotone events in a qualitatively similar
way is evident from behavior. We show that a pair of belief comonotone events are
characterized, in preference terms, by a lack of mutual hedging possibilities for (a-MEU)
DMs. Belief comonotonicity facilitates particularly clear and succinct characterizations.
For example, the characterizing condition for E being more ambiguous (II) than E’, for
the class of a-MEU preferences is that 7(FE) is more elastic than 7(E’) (as functions of
mell).

1t follows from these characterizations that for a-MEU preferences, a more ambiguous (I) event is
also a more ambiguous (II) event. However, for smooth ambiguity preferences a more ambiguous (I)
event is not generally a more ambiguous (II) event. See also footnote 8.



There is a natural extension of the idea of belief comonotonicity to acts which enables
the analysis of the ambiguity of acts to be disaggregated into the analysis of the ambi-
guity of certain families of (worse outcome) events defined by the acts. By this device
more powerful characterizations than are available in the general case become available.
Notably, the conditions obtained make no reference to the DMs’ risk attitudes. Take
the case of more ambiguous (I) acts. We are able to define, for each act f, a joint
distribution over outcomes and beliefs which serves as a sort of ‘sufficient statistic’ for
the act in that it contains all the information relevant to choices between acts for the
preference class. Given these joint distributions, it is shown that more ambiguous (I) is
characterized by the existing statistical notion of concordance. That is, conditioning on
an ‘event’ of the kind {7’ € A | 7’ < 7} makes the conditional distribution of outcomes
worse by first-order stochastic dominance for the more ambiguous act than the less am-
biguous act. Therefore, a variation in 7 affects the probability distribution on outcomes
more strongly in the case of the more ambiguous act.

Finally, we discuss and illustrate the applicability of the theory developed here in
some standard economic problems. In terms of concrete applications, first, we analyze
the standard portfolio choice problem with one safe and one uncertain asset and consider
the comparative static effect on the optimal portfolio weight when the uncertain asset
is replaced another which more ambiguous (I). We identify conditions that yield the
‘expected’ comparative static for the a-MEU case and for the smooth ambiguity case.
Secondly, we analyze an optimal savings problem in which future income is ambiguous,
for a class of a-MEU and a class of smooth ambiguity preferences with risk attitude
the CARA class. We explore the impact on savings as future income becomes more
ambiguous (II) and show that while for the a-MEU class there is no impact, for the
smooth ambiguity class the optimal savings increase.

Related literature The literature on more ambiguous is rather spare. Segal
(1987) analyzes preferences over binary acts, e.g., (x, F;0, = E), where you win x if the
event F occurs, 0 otherwise. The ambiguity concerning the probability of F is repre-
sented by a probability distribution F™* on [0, 1] governing the probability that E occurs.
Then, to rank “degrees of ambiguity”, Segal adopts the criterion that G* is more am-
biguous than F* if F* crosses G* only at their common mean from below. Segal writes,
referring to an ambiguity averse DM, “one is tempted to assume that if G* is more
ambiguous than F*, then the value of (z, F;0,-F) under F* is greater than its value
under G*”, but shows that this is not generally true. Segal’s counterexample naturally
inspired us to think of preferences as the appropriate starting point for primitive notions
of more ambiguous. The analysis in Grant and Quiggin (2005) is also related, but less
so. It proceeds in a direction opposite to the one taken in this paper: starting with a
primitive notion of a more uncertain act it goes on to characterize corresponding dual
notions of more uncertainty averse for various preference models where uncertainty is
an encompassing notion that does not distinguish between ambiguity and risk. Gul and
Pesendorfer (2010) define a notion closely related to that of a more ambiguous event
and characterize it for the Fzpected Uncertain Utility theory of decision making under



ambiguity proposed and axiomatized in their paper. In our language, their idea is cap-
tured by saying a class of preferences sharing the same belief considers an event E to be
(Gul-Pesendorfer) more ambiguous than another event E if there is a pair of preferences
&, = in the class with = more ambiguity averse than > such that > strictly prefers a
bet on E to a (same stake) bet on E’ while = prefers the bet on E’. For the class
of a-MEU preferences with a given belief II, a € [0,1], the definition is characterized
by the subinterval condition II(E’) C II(E). It is revealing to compare this with the
characterizations of more ambiguous (I) and (II) events (for a-MEU). Evidently, since
this is an expansion, nested but without requiring a common center, it implies more
ambiguous (II) but is implied by more ambiguous (I).?

The rest of the paper is organized as follows. In Section 2, following a statement
of the formal setting, we present the definitions of more ambiguous acts and events in
terms abstract preference classes and describe, more fully, the two explicit, parametric
preference families applied in characterizations. Section 3 implements the definitions to
characterize more ambiguous events, while Section 4 does the same for more ambiguous
acts. Section 5 explores the belief comonotonicity condition and characterizations that
obtain with that condition. Section 6 discusses applications and Section 7 concludes.

2 Decision theoretic considerations

2.1 Preliminaries

Let X be a compact subinterval of R and L the set of distributions over X with finite
supports:

L = {l :X — [0,1] | I(x) # O for finitely many z’s in X and Z I(x) = 1} .
zeX

Let S be a separable metric space and let 3 be an algebra of subsets of S. Denote by
Fo the set of all Z-measurable functions from S to L. Let F be a convex subset of L°
which includes all constant functions in Fy. In the usual decision theoretic nomenclature,
elements of X are (deterministic) outcomes, elements of L are lotteries, elements of S
are states and elements of 3 are events. Elements of F are acts whose state contingent
consequences are elements of L. Hence, given f € F and s € S, f(s) is a (finitely
supported) probability distribution on X while f (s) (z) denotes the probability of z € X
under f(s). As usual, we may think of an element of L as a constant act, i.e., an act
with the same consequence in every state. Given an x € X, é, € L denotes a degenerate
lottery such that d, () = 1. Given y € R, let (f + d,) denote a uniform translation of
the contingent distributions on outcomes, that is an act such that, (f + ;) (s) (z +y) =
f(s)(xz), s € S, z € X. When there is no possibility of confusion, we will sometimes
denote the lottery degenerate at y € X simply by y, in particular we sometimes write
f+y to denote f+6,. When translating acts, it is necessary to avoid hitting the bounds

See Remark 5.4 for a further discussion of the relation with more ambiguous (IT).



of X. Let Ly C L be the set of all finitely supported lotteries for which outcomes lie
in a subinterval J of X with |J| < |X| /3 and center coinciding with the center of X.
Let FjyC F denote acts with consequences whose outcomes lie in Ljy. For most of the
paper we will not need to appeal to the full armory of Anscombe-Aumann acts, and acts
with degenerate lottery consequences suffice: let F C F be the set of all acts mapping
states to degenerate lotteries over outcomes in X and let Fy C F be the set of acts with
(degenerate) consequences in Ly. If z,y € X and F € ¥, Fy denotes the binary act
with a (degenerate) consequence z if the realized state s € E and y otherwise. We say
PRy is a bet on F if x > y.

Let m : ¥ — [0,1] be a countably additive probability. The set of all such probabili-
ties, m, is denoted by A. Let C (S) be the set of all continuous and bounded real-valued
functions on S. Using C (S) we equip A with the vague topology, that is, the coarsest
topology on A that makes the following functionals continuous: 7 — [ ¢dm, for each
Y € C(S) and m € A. Let Ba denote the Borel o-algebra on A generated by the vague
topology. Let Bgr and Bx denote the Borel o-algebras of R and of X, respectively. Given
m € A, any act f € F induces a corresponding lottery, a probability distribution over
outcomes. Formally, for the act f, defines the stochastic kernel® (m, B) pf (B) from
(A, Ba) to (X, Bx) such that

P! (B) :/SZf(s)(a:)dw (s), B € Bx. (1)

zeB

To save on notation, we sometimes write P (z) to denote the distribution function
induced by the act f given a probability w. Specifically, we write pf () to denote
P! ((—o0,2] N X). Note that = — PI(z) is, therefore, well-defined on R > X. It is
useful to note, given a compact, convex Il C A, f € F, the kernel P,J: is mizture linear
inmTell,ie.,

p/

M/ (1= M) >\P7{/ + (1 - A)PrJr[/HW/vWN elICANE [07 1] : (2)

A binary relation > over F denotes a DM’s preference ordering over acts, the objects
of choice. Throughout, we will assume a DM’s preferences satisfy properties of weak
order and monotonicity, defined below.

Axiom 2.1 (Weak order) The preference = is complete and transitive.

Axiom 2.2 (Monotonicity) (i) If z,y € X and « > y then §, > 0.
(it) For every [,I' € L, if I =" and 0 < 8 < < 1, then al+ (1 —a)l' = pl+(1-p).
(iii) For every f,g € F, f(s) = g(s) for all s € S implies f = g.

Note, (i) and (ii) of Axiom 2.2 ensures that preferences over lotteries respect first order
stochastic dominance, while (iii) ensures that preferences are state independent.

6 Pf defines a stochastic kernel since it is a probability measure on (X, Bx) for each 7 € A and for
each B € Bx, 7+ P{(B) is a measurable function.



2.2 Defining more ambiguous

We define ordinal measures of how much the (subjective) evaluation of an act is af-
fected, relative to another act, by (subjectively perceived) ambiguity. The measures are
calibrated with reference to individual preferences by comparing how acts are evaluated
by two preferences, one of which is more ambiguity averse than the other. Hence, our
starting point is a notion of comparative ambiguity aversion. We adopt an established
notion. Definition 2.1 is, essentially, a restatement of Epstein (1999) and Ghirardato
and Marinacci (2002) definitions of comparative uncertainty/ambiguity aversion which
were, in turn, a natural adaptation of Yaari (1969)’s classic formulation of comparative
(subjective) risk aversion. Just as the definition of comparative risk aversion requires an
a priori definition of a risk-free act, here the analogous role for “ambiguity-free” acts is
played by lotteries.

Definition 2.1 Let P be a class of preferences over F. Let >4, =€ P. We say =p is
(P)-more ambiguity averse than =4 if, foralll € Land f € F, f=pl=f=al
and f <al= f=<pl.

Remark 2.1 The above definition implies that if two preferences can be ordered in
terms of ambiguity aversion then they must rank lotteries in the same way.

As Epstein (1999) notes, to define absolute (rather than comparative) risk aversion,
it is necessary to adopt a “normalization” for risk neutrality. The standard normaliza-
tion is expected value. Analogously, to obtain a notion of absolute ambiguity aversion it
is necessary to adopt a normalization for ambiguity neutrality. There are two normaliza-
tions prominent in the literature. Ghirardato and Marinacci (2002) say a preference is
ambiguity neutral if it is a subjective expected utility (SEU) preference. That is, for any
f,g € F, there exists a utility function, v : X — R, and a subjective belief associated
with the preference, m € A, such that,

fzyg @/S [Z U(w)f(S)(w)] dm (s) = /S [Z U(w)g(S)(w)] dr (s) -

zeX zeX

In Epstein (1999), a preference = is ambiguity neutral if it is probabilistically sophis-
ticated, that is, a preference that ranks acts or lotteries solely on the basis of their
implied probability distributions over outcomes (Machina and Schmeidler (1992)). More
precisely, letting P be the set of all Borel probability measures on (X, Bx), = is prob-
abilistically sophisticated if there exists a function W : P — R, and an associated

belief 7 € A, such that, f = g & W (Pﬂ:) > W (P3), f,g € F. We may use either of

the above two normalizations of ambiguity neutrality to obtain a corresponding notion
of (absolutely) ambiguity averse: an ambiguity averse preference is one that is more
ambiguity averse than an ambiguity neutral preference.

Although Definition 2.1 says P is partially ordered by a more ambiguity averse rela-
tion, this does not necessarily imply that there exists any distinct pair of preferences in
‘P which are ordered by the relation.



Definition 2.2 Let P be a class of preferences over F. We say P is strictly partially
ordered by (P)-more ambiguity averse if for each =€ P there exists ='€ P, =#>'
such that = is (P)-more ambiguity averse than =’ or >’ is (P)-more ambiguity averse
than ~.

The first notion of more ambiguous we offer is akin to Rothschild and Stiglitz (1970)’s
notion of more risky: given ly,ls € L, Iy is riskier than Iy if [, [y have the same mean
and every risk averter prefers Iy to l;. Given an ambiguity neutral DM and another
who is more ambiguity averse, we require that the ambiguity neutral DM be indifferent
between the two acts being compared while the ambiguity averse DM disprefers the
more ambiguous act. The definition is meant to work with either of the two notions of
ambiguity neutrality discussed.

Definition 2.3 Let P be a class of preferences over F strictly partially ordered by (P )-
more ambiguity averse and such that each »& P is related to an ambiguity neutral
element of P. Given f,g € F, we say f is a (P)-more ambiguous (I) act than g,
denoted f (P)-m.a.(I) g, if the following conditions are satisfied:

(i) if =€ P is ambiguity neutral then g ~ f;

(ii) for all =4, =p€ P such that =4 is an ambiguity neutral preference and =p is
(P)-more (respectively, less) ambiguity averse than =4 we have g =5 (XB)f.

The first condition ensures that the acts being compared do not differ in any aspect
that may be considered relevant by the sub-class that does not care about ambiguity. In
conjunction with condition (i), condition (ii) allows us to infer that f is more ambiguous;
by itself condition (ii) is not good enough, e.g., it may be satisfied if g has greater
average returns. The notion of an act being more ambiguous than another is calibrated
with respect to a reference class P, restricted to be a strictly partially ordered class of
preferences. A restriction on the class of preferences admitted is necessary in order that
the definition not be vacuous. It may be helpful to compare with the familiar study of
risk (e.g. Rothschild and Stiglitz (1970)). Risk is generally studied for lotteries, rather
than for acts defined on a state space with subjective beliefs which may differ for different
preferences. However, evidently, the analysis of risk may be extended from lotteries to
acts if the class of preferences under discussion share the same subjective beliefs (so
that an act corresponds to a unique lottery). In Definition 2.3 while P may well include
several ambiguity neutral preferences, incorporating different subjective beliefs and/or
risk attitudes, by condition (i) however, each ambiguity neutral preference must deem the
acts being compared equivalent thereby restricting the subjective belief associated with
the ambiguity neutral preferences included. Furthermore, every preference included in
the reference class may be ordered as more or less ambiguity averse than some ambiguity
neutral preference in P.

The requirement in Definition 2.3 that ambiguity neutral agents be indifferent be-
tween the acts being compared is very natural but it has two drawbacks. First, we may
wish to compare acts with respect to how they are affected by ambiguity, even though



they may differ on other dimensions.” Second, there are reference classes P of interest
which do not contain ambiguity neutral elements. For example, the set of all a-MEU
preferences sharing the same set of priors in the representation functional in general will
not include an ambiguity neutral sub-class (see Section 2.3). These two considerations
lead, in part, to our second definition of more ambiguous.

Definition 2.4 Let P be a class of preferences over F strictly partially ordered by (P)-
more ambiguity averse. Given acts f,g € Fs, we say f is a (P)-more ambiguous (II)
act than g, denoted f (P)-m.a.(II) g, if for all p € R with [p| < |J|, g =4 (f+0,) =
g=B (f+0p),and g =4 (f+0p) = g =B (f + Jp), whenever >p is (P)-more ambiguity
averse than > 4.

First, consider the case where g ~4 (f +6,) = g =B (f + ;). In this case, the amount p
may be interpreted as a “compensating premium”; it measures, behaviorally, A’s welfare
loss in giving up g for f. Hence, in this case, the defining property for f to be m.a.(II)
than g is that the compensating premium good enough for A is not good enough for B,
who is more ambiguity averse than A: an act is identified as more ambiguous (II) if the
compensation required to switch to it increases with ambiguity aversion.® In general,
since we have not assumed continuity, there might not exist p such that indifference,
g ~a (f+6p), obtains. Suppose g >4 (f +Jp), and so p is an amount that does not
sweeten f enough to persuade A to give up ¢g. Then, the definition requires that p
won’t be enough to persuade B either, whose preference is more ambiguity averse than
A’s. More abstractly, an equivalent way of thinking of the m.a.(II) definition is that
it requires that arbitrary translations of acts being compared satisfy a single crossing
property for ambiguity:

Definition 2.5 Let P be a class of preferences over F. Let f,g € F. The ordered pair
of acts (f,g), satisfies the single crossing property for ambiguity with respect to
P, if for all =p (P)-more ambiguity averse than =4, g =4 (=4) f =g = (>B) f.

This property identifies an act as being more affected by ambiguity simply by checking
the effect of increasing ambiguity aversion on the direction of preference. It defines a
fundamental comparative static in that it applies even when the acts being compared
differ in other aspects; in contrast to m.a.(I), which applies only when the acts are
identical apart for the way they are affected by ambiguity.” However, single crossing

" Analogous issues limit the applicability of the Rothschild-Stiglitz notion. For example, according
to this notion, a lottery is not ranked more risky than a degenerate lottery unless support of the latter
was its mean. Such considerations led to the development other notions of increasing risk, e.g., Jewitt
(1989).

¥Notice such “inter-preferential” comparison is very much a part of m.a.(I) too, and therefore of more
risky (Rothschild-Stiglitz). In m.a.(I) we compare the preference of a ambiguity neutral DM with that
of a DM who is not ambiguity neutral.

“The analog of Definition 2.5 for risk (with subjective beliefs) allows that the acts differ in aspects
other than riskiness (such as different means) but as risk aversion increases, f tends to become less
attractive than g due to f having a greater riskiness component. If P is taken to be SEU preferences



is not generally transitive. Hence, m.a.(II) is constructed to be ‘single crossing plus’,
where the ‘plus’ is the requirement that single crossing continues to be satisfied following
arbitrary translations of f. The role of this extra requirement is to ensure transitivity of
the (m.a.(II)) relation. Note, given Monotonicity, f is m.a.(II) g if, whenever = p is more
ambiguity averse than >4 and d, and &, are such that g ~a (f +0p), g ~B (f + dg)
then ¢ > p. Thus, a m.a.(II) act adversely affects a more ambiguity averse DM more, as
measured by the compensation they require to switch acts. By focusing on the marginal
effect (on the welfare loss in giving up g for f) ezclusively due to an increase in ambiguity
aversion, the defining property is effective even when g and f differ in ways other than
how they are affected by ambiguity.'”

2.2.1 More ambiguous events

As noted in the Introduction, it is of interest to define (comparative) ambiguity of events.
Preferences for betting on one event rather than another should reveal (a subjective view)
as to how much the event is affected by ambiguity compared to the other event.

Definition 2.6 Let P be a class of preferences over F strictly partially ordered by (P)-
more ambiguity averse. Given events F, E' € X, we say F is a (P)-more ambiguous
(I) event than E’ if xFy is a (P)-more ambiguous (I) act than zE'y, for all z,y € X.
Similarly, we say F is a (P)-more ambiguous (II) event than E’ if zEy is a (P)-more
ambiguous (I) act than zE'y, for all z,y € X.

Hence, any bet on a more ambiguous event is a more ambiguous act, and the same
must hold of bets on corresponding complementary events. The case of events helps
to clarify the relation between m.a.(I) and m.a.(I). Think of a variation of Ellsberg’s
2-color, 2-urn example, in which the subject is given imprecise information about the
composition of both urns, as opposed to the usual example where there is imprecise
information about one urn. Each urn has a total of 100 balls, red and/or black. Let
E be the event that a red ball is drawn from the urn I which, the subject is told, has
between 30 and 70 red balls and let E’ be the draw of a red ball from urn IT which is
known to have between 60 and 80 red balls. Evidently, an ambiguity neutral preference
might not be indifferent between betting on E and betting on E’ in which case m.a.(I)
will not identify E as more ambiguous even though intuition suggests that is how it
ought to be viewed. However, m.a.(II) does not require an ambiguity neutral preference
to be so indifferent and would conclude E was more ambiguous if the compensation for
swapping a bet on E’ for a bet on E increased with ambiguity aversion.

with nondecreasing vINM utility and identical belief, 7, the condition is equivalent to the distribution
functions PZ (z), P2 (x), satisfying a single crossing property, see e.g. Gollier (2001), chapter 7. We make
use of this fact below (Lemma A.2).

Note, the two definitions of more ambiguous are distinct in that neither relation is strictly weaker
than the other. The first definition, requires an ambiguity neutral benchmark, unlike the second. The
second definition satisfies a single crossing property. Just as the Rothschild-Stiglitz notion does not
generally satisfy single crossing, neither does the relation generated by Definition 2.3.
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2.3 Parametric families of preferences considered in characterizations

We will apply the definitions to characterize more ambiguous for two parametric families
of preferences, the a-maxmin expected utility (a-MEU) family and the smooth ambiguity
family. Next, we provide a brief description of these families.

The a-MEU model (Hurwicz (1951), Ghirardato, Maccheroni, and Marinacci (2004),
henceforth, GMM)!! represents preferences over acts in F according to,

Vitou(f) = amin /S [Zu<x>f<s><x>] dr (5)+(1 — o) max /S [Zu<x>f<s><z>] dr (s),

mell aex mell X
(3)

where © : X — R is a nondecreasing vN-M utility function representing risk attitude,
II C A is compact, convex and represents the belief associated with the preference, and
a € [0,1] is a weight interpreted as an index of ambiguity attitude. Let P;’L\ﬁ-{ denote
a class a-MEU preferences with given v and II but with « ranging over the interval
[0,1]. When u ranges over a set U, P[]\fn = UueUPffH. In the characterizations of more
ambiguous to follow, we typically set U = Uj, the set of nondecreasing utilities. Let
= A, ~BE P%,H. By Proposition 12 in GMM, > 4 is (P%yn)—more ambiguity averse than
=S a4 > ap, and ua and up are equal up to an affine transformation, where a4, u 4,
and ap,up are associated with > 4 and > p, respectively.

The smooth ambiguity model (Klibanoff, Marinacci, and Mukerji (2005), henceforth,
KMM)!2 represents preferences over acts according to,

6 ( /. [Zuw(s)m] dr <s>> dy (). (4)

reX

de%u(f) = /

A

where, u : X — R is a nondecreasing vIN-M utility function representing risk attitude,
w: Ba — [0,1], a probability measure on A represents the belief associated with the
preference and ¢ : u (X ) — R is a strictly increasing function representing ambiguity
attitude. Let Pi @0 denote the class of smooth ambiguity preferences with a given pu
and u and where ¢ ranges over some set ®(u) of functions ¢. When u ranges over a
set U, 775’ 0o = Uwer Pi s In the characterizations of more ambiguous to follow, we

typically set ®(u) = ®1(u), the set of strictly increasing ¢ and write 7751 B (1) = 7751 -

Let =4, = g€ 73517 - Then, by Theorem 2 in KMM, > 4 is (73517 M)-more ambiguity averse
than »p< ¢4 = ho ¢, where h : ¢pg(u(X)) — R is concave, and uy and up are equal
up to an affine transformation, where ua, ¢4 and up, ¢ are associated with >4 and
> B, respectively.

"'The functional form was first suggested by Hurwicz. GMM axiomatizes a functional form of which
the a-MEU form is a special case. However, Eichberger, Grant, Kelsey, and Koshevoy (2011) show
that the GMM axiomatization does not provide a complete foundation to the special a-MEU case, in
particular when the state space, S is finite. Klibanoff, Mukerji, and Seo (2011) suggest a preference
based foundation for interpreting the set II as belief.

2For other preference models with similar representations see Ergin and Gul (2009), Nau (2006),
Neilson (2010) and Seo (2009).
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A belief pu, associated with a smooth ambiguity preference, put together with an
act, induces a joint probability measure on outcomes and probability distributions over
states. For each act f € F, and B € Bx, 7 — P} (B) is a Ba measurable function.
The measure u therefore uniquely!® defines, for each act f € F, a probability measure
P on (X x A, Bx x Ba) such that for every C' € Ba, B € Bx,

P x €)= [ P](B)du(m) )
C

Recall, the definition of m.a.(I) invokes the existence of an ambiguity neutral element
in the relevant preference class. The class 7351’ u includes an SEU preference: the case
where ¢ is affine. However, for a given compact, convex II C A, 73(]}{71—[, does not
in general contain an SEU preference. Rogers and Ryan (2012) shows the a-MEU
preference (II, 0.5, u) is an ambiguity neutral (SEU) preference if and only if IT is centrally
symmetric.'

Definition 2.7 A set II C A is centrally symmetric if there exists 7* € II (called
the center of II) such that, for any 7 € A, r e Il & 7% — (7 — 7*) € IL.

As noted in KMM, SEU preferences are the only probabilistically sophisticated pref-
erences within the smooth ambiguity class (so long as preferences over lotteries are
expected utility). Marinacci (2002), shows SEU preferences are the only probabilisti-
cally sophisticated preferences within the class of a-MEU preferences defined over acts
whose domain includes at least one unambiguous event which is assigned a strictly pos-
itive probability by the subjective belief(s) associated with the preferences in the class.
Hence, essentially, it is without loss of generality for us to assume SEU as the benchmark
model for ambiguity neutrality for a-MEU preferences.

3 Characterizing more ambiguous events

3.0.1 More ambiguous (I)

a-MEU preferences At the outset, it is important to note that, since application of
Definition 2.6 requires the existence of an ambiguity neutral element in the preference
class, ambiguity neutrality is required for the full set of acts F and not just on bets on the
events being compared. Hence, we characterize the definition for a class of preferences
corresponding to a belief described by a compact, convex, centrally symmetric I1 C A.

3See, e.g., Meyer (1966), T14, p.15.

"An a-MEU preference represented with a given centrally symmetric II, may be alternatively pa-
rameterized as an MEU preference or a maxmax EU preference with a different representation set of
priors (a set that varies with the « in the original representation). In the alternative parametric repre-
sentation attitudes to ambiguity and beliefs are not separated, which makes it less useful for conducting
comparative static exercises (involving more ambiguity averse/ more ambiguous). At the same time,
the reparameterization shows the central symmetry assumption puts a strong restriction on the class of
preferences admitted. Note central symmetry invoked for characterizing m.a.(I) only; the restriction is
not required for m.a.(II).

12



Given an event E € 3, since II is compact convex, the set of points 7(E) € [0, 1] a;
7 ranges over Il is a closed interval which we denote as II(E) = {7r( ) | e }
[minII(E), max II(E)] C [0,1]. This interval has center 3 min H(E) + s maxII(E). It
easy to check, denoting the center of IT as 7*, that  minII(E) + 1 maxII(E) = (E)

Proposition 3.1 Let P = P(]J\{,rp where 11 is a compact, convex centrally symmetric
subset of A with center . Consider two events, E,E' € 3. The following are equiva-
lent:

(i) E is a (P)-more ambiguous (I) event than E';
(1) I(E") C II(E) and 7*(E') = 7*(E).

One naturally expects II(E) to expand in some way as the event E is substituted
for a more ambiguous one. The above proposition shows that II(E) expands while
retaining the same center. The retention of the same center ensures that ambiguity
neutral elements in the preference class consider a bet on FE to be indifferent to a (same
stakes) bet on E'.

Smooth ambiguity preferences To assist with intuition, we state the analog for
smooth ambiguity preferences for the case where p has finite support.

Proposition 3.2 Let P = 7751#, where supp pu = {m; € A|i=1,...,m}. Consider two
events, E, E' € X. The following are equivalent:

(1) E is a (P)-more ambiguous (I) event than E';
(it) There exists a row stochastic matriz [ki;li j=1,..m such that
m(E) = > mi(Eky (6)
pi = Z:; Kijp- (7)
Equation (6) implies each 7(E’), m € Il is contained in the convex hull of {7 (F) | = € 11};

given II, the corresponding event probabilities of E’ lie in a more circumscribed set than
those for E. Hence, as counterpart to II(E") C II(E) in condition (ii) of Proposition 3.1:

co{mi(E"),....mm(E")} C co{mi(E), ..., mm(E)}. (8)

Notice, conditions (6 and 8) make no reference to a second order probability distribution
beyond the determination of its support. Condition (7) however, implies that the pu-
average of the event probabilities is the same whether one considers FE or E':

ZZ L ,u,ﬂ'['i Zz 1 Z] 1 kz]ﬂ-z = Z;n 1 M5y (E) (9)
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Hence, analogous to the requirement 7*(E’) = 7*(FE) in Proposition 3.1 here it is re-
quired that the convex hulls of E, E’, share the same barycenter, reflecting the condition
that ambiguity neutral elements of P consider the bets on E and E’ indifferently. Evi-
dently, the characterizing condition may be understood as saying that the (second order)
distribution on probabilities of the more ambiguous event is a ‘mean preserving spread’?
of the distribution on the probabilities of the less ambiguous event.

3.0.2 More Ambiguous (II)

The characterization of (P)-more ambiguous (I) events makes precise one sense in which
the event probabilities of more ambiguous events vary more with 7, the distribution
on the state space. For (P)-more ambiguous (II) events there will be a different sense
of “vary more” which is also very natural: more elastic. To set the scene, recall the
elementary theory of supply, in which one nondecreasing supply function, S (p), is said
to be more elastic than another, S(p), if for the same increase in price, the proportionate

increase in 9 is greater than the proportionate increase in S: equivalently, the ratio %
is increasing in the price.'® The latter condition evidently implies that there exists a
nondecreasing function 7 such that S = noS and (since S and S are both nondecreasing)

that the map S n§§ is nondecreasing. Since 7 maps a more elastic function to

a less elastic one, we might say its defining property is that it is elasticity reducing.
In our context, for example, if there is such a function 7 : II(E) — [0,1] for which
w(E") = n(n(E)), then E’ is evidently less sensitive to variations in 7 € II than is E.
Next, we formally define a map to have the elasticity reducing property in a way that it
makes it readily applicable to our context where points in the domain and range of the
map are event probabilities.!” In particular, we will require that this property holds for
the complements of the events, as well as for the events themselves. This is natural since
our definition of more ambiguous is symmetric between events and their complements.

"Rothschild and Stiglitz (1970), give a number of conditions equivalent to Increasing Risk including
one defined by a sequence mean preserving spreads. Miiller and Stoyan (2002) give a useful summary
of the mathematical literature. Our characterization takes a somewhat different form which is more
insightful in the present context. For instance, it is useful in demonstrating the close connection to the
characterization in Proposition 3.1 through equation (6), which does not refer to the second order prior
(beyond its support).

The equivalence may be seen as follows. Let the ratio of two supply functions, g— be increasing
S@)

in p; equivalently, In ( 5(r)

) is increasing in In p. But,

d S(p) dinS(p) _ dlnS(p)
dlnp |:IH<W>:|>O<:> dlnp - dlnp

"Elasticity reducing is closely related to star-shapedness. A standard definition of a star-shaped
function on [0, 1] satisfying n(0) = 0 is that « — n(z)/x is increasing. In Proposition 3.4 we will define
a relation on distributions which is closely related to the star-shaped ordering of Barlow and Proschan
(1975).
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Definition 3.1 Let A C [0,1]. We will say a nondecreasing function n : A — [0, 1] is

elasticity reducing if for all a1,as € A such that 0 < a1 < ag < 1, % < #‘Z) and
l—ay 1—ao

1-n(a1) = 1-n(a2)"

a-MEU preferences Since the m.a.(II) notion does not impose any requirement on
an ambiguity neutral preference (and, in fact, does not even require the inclusion of any
such preference in the reference class of preferences), we are not restricted to preferences
with centrally symmetric II. In this case, it is intuitive to expect the characterization
generalizes the condition of Proposition 3.1 by not requiring the expansion to be centered.

Proposition 3.3 Let P = P%’H, where 11 is a compact, convex subset of A. Consider
two events, B, E' € 3. The following are equivalent:

(i) E is a (P)-more ambiguous (II) event than E';

(11) There exists an elasticity reducing functionn : II(E) — [0, 1] such that min II(E") =
n(minlII(E)) and maxII(E') = n(max II(E)).

max II(E) max II(E)
> minII(E) = minII(E’)
the definition of elasticity reducing). Thus, restricting attention to the extremal event
probabilities, which are all we need to look at given these preferences, the probability of
the more ambiguous event (and its complement) varies proportionately more as 7 ranges
on II. Notice, the the subinterval condition II(E’) C TI(E) implies the condition (ii) in
the above proposition; condition (ii) makes evident a more general sense in which the
DM may have a less precise belief.

Hence , and similarly for the complements (which follows from

Smooth ambiguity preferences

Proposition 3.4 Let P = 77517”. Consider two events, E,E' € X. The following are
equivalent:

(i) E is a (P)-more ambiguous (II) event than E';

(it) There exists an elasticity reducing function 1 : {7 (E)} cqupp, — [0,1] such that

7(E") has the same distribution, under p, as n(w(E)). Specifically,
p{m e Al n(E") < q}) = p({m € A n(x(E)) < q},q €[0,1].

Consider a probability interval for £ with a corresponding event Ilg in A. The
characterizing condition asserts the existence of a probability interval for E’, with a
corresponding event Iz in A with measure p(I1g) = p(Ilg), such that the probability
of the more ambiguous event, F, varies proportionately more than the probability of £,
on the respective intervals. Again, evidently, the DM has a less precise belief about the
probability of the more ambiguous (II) event.
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Remark 3.1 There is a deeper common theme between Propositions 3.4 and 3.3. The
revealed preference implications (for the choices used in defining more ambiguous (II)
events) would be identical for preferences in P%’H, if the set {(w(E),n(E")) | m e II}
were replaced by the convex hull of (minII(E’), minII(E)) and (maxII(E’), maxII(E)).
For preferences in 7351# choices depend on the probability distribution induced over
{(m(E),n(E")) | # € A} by the measure u. However, since choices depend only on the
marginal probability distributions over the sets {w(E) | 7 € A} and {7 (E’) | # € A} we
are at liberty to substitute the original probability distribution with any other having
the same marginals and the gist of Proposition 3.4 is that we can choose these marginal
distributions to be comonotonic in the sense that w(E’) = n(x(FE)) on suppu for a
nondecreasing 7. Suppose, for the purpose of illustration, supp i = II. Then, for both
of these revealed preference equivalent transformations of II, the transformed II should
lie within the graph of an elasticity reducing function. This is illustrated in Figure 1 in
Appendix A.6.

4 Characterizing more ambiguous acts

We move on to characterizing more ambiguous acts. The organization and structure of
this section follows that of the preceding section giving characterizations in the case of
events. We consider, in turn, m.a.(I) and m.a.(II) and for each, characterize the notion
for a-MEU and smooth ambiguity preferences.

4.1 More ambiguous (I)

We characterize m.a.(I) acts for the classes 73% o and 73517 .- However, the characterizing
conditions will refer to u, an arbitrary utility in U;. We also give sufficient conditions
which do not depend on u. For each preference class the sufficient conditions are ex-
pressed in two parts. The first, which is common to both, is a ‘garbling’ condition on the
probability distribution over outcomes induced by the acts. The second is a ‘balance’
preserving condition which ensures indifference of the ambiguity neutral elements of the
preference classes.

Definition 4.1 Let II C A and let f € F. We say a stochastic kernel (7,C) —
K (C) from (II, Br) to itself w-garbles act f into act g € F if for all B € Bx,

PY(B) = /H PI(B)dK i (m), 7 € TI. (10)

We say g is a w-garbling of f if there exists a stochastic kernel such that (10) obtains.

Hence, P;f,(B), m € II, probabilities of a set of outcomes under act g lie in a more
circumscribed set than those for the same set of outcomes under act f, analogous to
condition (8):

co{PY(B) | 7 €I} C co{P{(B) | = €11}, B € Bx.
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As with condition (8), the m-garbling condition makes no reference to a second order
probability distribution. We state next a notion of preserving balance that applies to
a-MEU preferences.

Definition 4.2 Let II be a compact, convex centrally symmetric subset of A with center
7*, and let f € F. We say the stochastic kernel (7, C) — K,(C) from (II, Br) to itself
is (f,II)-center preserving (or, if clear from the context, simply center preserving) if
for all Borel sets B € Bx,

PL(B) = /H PI(B)dEK e (). (11)

If there is a center preserving stochastic kernel which w-garbles f into g, we say the
m-garbling is center preserving. Then (from substituting 7* into (10)) the acts share the
same distribution of outcomes at the belief over states m = 7*:

Pl(B) = P%.(B), B € Bx. (12)

Hence, any ambiguity neutral element in 77% 1 will be indifferent between the acts.
The second notion of preserving balance applies to smooth ambiguity. It is:

Definition 4.3 Let 1 be a probability measure on (A,Ba). Let K be a stochastic
kernel (m,C) — Kr(C) from (A,Ba) to (A,B’), where B’ C Ba is a is a sub-sigma
algebra. We say K, is measure—u preserving (or, if clear from the context, simply
measure preserving) if for all C' € B/,

- / Ko(C)dp(). (13)
A

If there exists a measure-u preserving stochastic kernel K from (A, Ba) to itself which
m-garbles f into g, we say the m-garbling is measure-u preserving. It is useful to note
(from integrating both sides of (10)) that then the acts share the same p-averaged
distribution over outcomes:

P9H(B x A) = / PY(B / PI(B)du(r) = PP*M(B x A),B € Bx.  (14)
Hence, every ambiguity neutral element in 7351 u 1s indifferent between the acts.

a-MEU preferences. The following proposition is a natural generalization of the
center preserving expansion condition in Proposition 3.1.

Proposition 4.1 Let 11 be a compact, convex centrally symmetric subset of A with
center . Let f,g € F. In the following, (i) and (ii) are equivalent and (iii) implies (i)
and (ii).

(i) f is a (77(]}/1[ H) —more ambiguous (1) act than g.
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(ii) For cachu € U, { / u(g)dﬂ'}ﬂen c { / u f)dw}ﬂen and / w(f)dr* = / w(g)d*.

(iii) There exists a center preserving stochastic kernel from (IL, Brr) to itself which -
garbles f into g.

The equivalence condition is that the interval of expected utilities, induced by the
given u and 7 ranging on the given II acting on the more ambiguous act, contains the
one similarly induced via the less ambiguous act with both intervals sharing a common
center. The sufficient condition, described by a m-garbling, is independent of w: it is
a condition linking the two sets of distributions on outcomes induced by the two acts

(and II). Tt is sufficient that Pg for each 7 is constructed as a garbling of the set of
distributions {P{ } I while ensuring that PTJ: = PY..
s

Smooth ambiguity preferences. The next proposition similarly generalizes Propo-
sition 3.2.

Proposition 4.2 Let f,g € F. Denote f*(r) = [x udP!, gi(r) = [x udP. In the
following, (i) and (ii) are equivalent and (iii) implies (i) and (ii).

(i) fisa (7351’#) —more ambiguous (I) act than g.

(i) For each uw € Uy there is a measure-p preserving stochastic kernel (mw,C) —
K*(C) from (A, Ba) to (A, ~Y(Ba)) for which

g'(r') = /Af“(ﬂ)dK}f/(w),w’ €A.

(11i) There is a measure-p preserving stochastic kernel (mw,C) — K (C) from (A, Ba)
to itself which w-garbles f into g.

The action of the stochastic kernel in condition (ii) implies

co{g"(m) | ™ € supp pu} C co{f*(7) | m € supp u}, (15)

with the two convex hulls having the same (u-weighted) barycenter (analogous to con-
dition (ii) in Proposition 4.1). As in the previous proposition, the sufficient condition
is described by a measure preserving w-garbling which does not refer to a particular
u € Uy. Here, it is sufficient that P? for each 7 is constructed as a garbling of the set
of distributions {P/: } while ensuring that the acts induce the same p-averaged

TESUPp U
distribution over outcomes.
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4.2 More ambiguous (II)
a-MEU preferences.
Proposition 4.3 Let f,g € Fy. The following are equivalent:

(i) fisa (73(%711) -more ambiguous (II) act than g;

(ii) For each w € Uy and p € R, |p| < |J|, the following single crossing property holds:
: : S ‘
17rrn€111_11/u(f +p)dm > ErnellI_Il/u(g)dﬂ' = I?émﬁ(/u(ijp)dw > I;léii}[{/u(g)dﬂ

Two kinds of cases satisfy the single crossing property in (ii). First, a somewhat
trivial case is when g is such that expected utility of g for every n € II is either, equal
to the utility corresponding to the best outcome or, equal to the utility corresponding

to the worst outcome. In the second case, f is <P§/1[7H>—m.a.(ﬂ) than ¢ if and only if,

given any u € Uy, there exists a translation p such that, the interval of expected utilities
for g is contained in the corresponding interval for f + p:

iy [ uto)dn, e [[utain| < [mip [u((s + pammas [ s+ )ia].

mell

Note, the latter case will hold if the set of lotteries on outcomes induced by g and 7 € 11
is contained in the set of lotteries on outcomes induced by f and 7 € II. This gives us
a sufficient condition for constructing a more ambiguous act from a given act and one
that holds independently of u € Uj.

Smooth ambiguity preferences.

Proposition 4.4 Let f,g € Fy. The following are equivalent:
(i) fisa (7751’#) -more ambiguous (II) act than g ;

(ii) For each w € Uy and p € R, |p| < |J|, the following single crossing property holds:
For each v1 < va,

M({weA]/u(f—i—p)dTrSul})<,u<{7r€A|/u(g)d7r§y1}>
:u({weA\/u(f—l—p)devQ})Su({ﬂeA]/u(g)dw§y2}>.

Hence, an act f is (73517 M)—m.a.(H) than g if and only if the probability distribu-
tion on expected utilities induced by every translation of f, given u and pu, crosses the
distribution so induced by g at most once and if so, from above. So, while m.a.(I) is
characterized by a mean preserving spread condition, here it is a single crossing condi-
tion.
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5 Adding belief comonotonicity

5.1 When events are belief comonotone
5.1.1 Definition and behavioral meaning

As discussed in Section 1 belief comonotonicity describes a sense in which we may think
of a bet on event E and a bet on event E’ as ‘similar’.

Definition 5.1 A pair of events E, E' € ¥ is belief comonotone on II C A if for all
w1, m € I, (m1(E) — mo(E)) (m1(E') — w2 (E")) > 0.

Belief comonotonicity for a pair of events F, E’ € X imposes, or rather requires, a linear
order <p g on the set of probability measures II C A. Equivalently, for {w(E) | = € IT}
and {7(E") | # € [T}, there exists an nondecreasing ¢ such that 7(F) = {(w(E’)). Am-
biguity about an event E, the uncertainty about its probability, is described by the
variation in 7 (F). Ambiguities about two belief comonotone events are qualitatively
similar in the sense that they are described by two comonotone variables: when one
variable has a relatively high realization, so does the other.'®

That ambiguity affects two belief comonotone events in a qualitatively similar way
is evident in the manner they are viewed by preferences not neutral to ambiguity.

Proposition 5.1 Fix II, a compact, convex subset of A. Let x,y € X, with x > y. Let
Eq, By € 3. The following are equivalent:

(i) The pair of events E1, s is belief comonotone on I1.

(i1) For each compact, convex II' C 11, and X\ € [0, 1], if =€ ’P{}{ s 2 €X, x(E)y ~
z (F2)y, then x (E1)y ~ z (E2)y ~ fx where fy € F is an act which pays according
to x (E1)y or z (FE2)y with probabilities X and 1 — X respectively.

Fix two acts and consider DMs indifferent between them. A key distinguishing feature
of DMs not neutral to ambiguity is that, generally, they are not indifferent between one
of these acts and a mixed strategy which chooses one of the acts randomly. The reason
is that such mixing generally hedges ambiguity. The above proposition shows that
belief comonotonicity (on II) of a pair of events is characterized, in preference terms,
by the property that bets on these events will be considered to offer no mutual hedging
possibilities by every a-MEU DM with belief IT" C II. This result may be contrasted with
Theorem 2 of Klibanoff (2001) which, in our language establishes, that mixing between
indifferent acts never generates a strictly preferred act for any MEU preference with given
u € Uy, if and only if there exist a > 0 and b € R such that either u(f(s)) = au(g(s))+b
or u(g(s)) = au(f(s)) + b. Klibanoft’s condition translated into the events case covered
in Proposition 5.1 is extremely restrictive—it implies the events are identical (providing

18 One may construct examples of belief comonotone events with even a state space containing as few
as three states. Let S = {s;}>_,, 7 ({s1}) € [p,q] C [0,1],p # q,7 ({s2}) = k7 ({s1}), with kg < 1 —q.
Then {s1} and {s2} are belief comonotone and the set of probabilities on S is centrally symmetric.
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only that w is strictly nondecreasing). Note the important distinction that Klibanoff’s
result restricts preferences by fixing a u € Uy but allowing any compact convex I € A,
whereas we fix II but admit any u € Uj.

Remark 5.1 Belief comonotonicity has a related preference implication for smooth am-
biguity preferences: Let E,E’ € X be belief comonotone on supp pu. Suppose E" € X,
satisfies xE'y ~ xE"y for all ambiguity averse =& 7751 0 and for some x,y € X. Then,

for all ambiguity averse =€ Pghu’

MzEy)+ (1= X) (zE'y) 2 XA(@Ey) + (1 = X) (zE"y) , A € [0,1]. (16)

Whereas Proposition 5.1 shows that belief comonotone events eliminate hedging pos-
sibilities for preferences in 73[]}/‘1[ 1> Remark 5.1 shows that while hedging possibilities are
not necessarily eliminated for preferences in 73517 w0 they are minimized.

5.1.2 Characterizing m.a.(II) events

The main role of belief comonotonicity is in relating acts to events, as will become clear.
However, it also leads to a relatively strong conclusion in the case of m.a.(II) events:
the characterizing conditions for the two classes of preferences, 73[]}/‘1[ I and 73517 L collapse
to, essentially, the same condition—that the probability of the more ambiguous event is
more elastic. A notable feature of the condition is that the second order belief, y, does
not matter beyond the determination of its support.

Proposition 5.2 Fither let P = 7751’# or, let P = P%yn, where 11 is compact, convex.

S

Suppose, the pair of events E, E' is belief comonotone, on supp u in the case P = Pt s

and on Il in the case P = 73][\]41’1-[. The following are equivalent:
(i) In the P = PJI\J{,H case: there is an elasticity reducing function n : II(E) — [0, 1]
such that w(E") = n(w(E)) on II.

(ii) In the 73517“ case: there is an elasticity reducing function n : supp p — [0, 1] such
that w(E") = n(w(FE)) almost everywhere on supp p.

(i1i) E is a (P)-more ambiguous (II) event than E'.

Note the difference between the characterizing condition (ii) here and that in Propo-
sition 3.4. Here, m(E’) is the same as n(7(F)), a.e., whereas in the other proposition
7m(E’) and n(w(E)) have the same distribution, under u. Remark 3.1 explains the intu-
ition underlying the result.
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5.2 When acts are belief comonotone

It is not only more compelling conceptually but also likely to be more useful in applica-
tions to have characterizations of more ambiguous acts which are not inextricably linked
to the DM’s attitude to risk, i.e., which are independent of the particular uw € U; enter-
ing the decision makers preference representation. Of course, in general, we can simply
require the characterizing conditions in propositions in the preceding subsection to hold
for all u € Uy, as is done in Proposition 4.4, for instance. However, by specializing to
the case of acts which satisfy a natural extension of the idea of belief comonotonicity of
events, much more simple, powerful characterizations obtain than are available in the
general case. These characterizations are expressed in terms which satisfy the criterion
of not being linked to attitudes to risk.

5.2.1 Definition and relation to belief comonotonicity of events

First, we extend the notion of belief comonotonicity to acts. Bets on events are binary
acts, hence so long as utility is nondecreasing, choice of a particular utility would not
affect the ordering over II. In the case of general acts, however, the utility function
matters for how the set II is ordered. Extending the notion to acts is essentially a
matter of incorporating this extra consideration.

Definition 5.2 Given a class of utilities U, a collection of acts A C F is belief
comonotone on II C A if II can be placed in linear order <y such that for each
w1, me € II, m1 <y 9 implies for each u € U

/ u(f)dm < / u(f)dmy for each act f € A. (17)
S

S

A collection of bets on different events combine to form simple acts. Conversely, we
will find it useful to decompose acts into a collection of bets on events. In the following
proposition, we characterize the relation between belief comonotonicity of events and
acts by showing that belief comonotone acts may be decomposed into belief comonotone
events.

Notation 5.1 Given f € F,let Ef = {s € S : f(s) <z}, z € X, denote the event such
that the outcomes under f are worse than x; a worse-outcome event.

Proposition 5.3 Let f,g € F. Fiz a set 1 C A. The following are equivalent:
(i) Each pair of events (B, E), h,k' € {f,g},z,2" € X is belief comonotone on II.
(ii) The pair of acts f, g is belief comonotone on II for the class of utilities Uy .

The proposition shows, for the class of nondecreasing utilities, belief comonotonicity of
a pair of acts is equivalent to belief comonotonicity of ‘worse-outcome’ events under the
acts. Taken together with Proposition 5.1 (and Remark 5.1), this shows that if two acts
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are belief comonotone their respective worse-outcome events are affected by ambiguity
in a qualitatively similar way, in that DMs behave as if such events do not combine to
hedge ambiguity well.

Remark 5.2 If the pair f,g € F is belief comonotone on II given u € Ui, then the
families of probability distributions {P!|r € II} and {PZ|r € II} are ordered similarly
by (first-order) stochastic dominance.

5.2.2 Relating more ambiguous acts to more ambiguous events

Suppose that the collection of more events that combine to form a particular act is
more ambiguous than those that do the same for another act. It seems natural to ask,
under what condition condition is this necessary and sufficient to make the first act more
ambiguous than the second act? More precisely, is there a condition which ensures that
f is more ambiguous than g if and only if every worse-outcome event under f, E x, is
more ambiguous than E2? The next proposition answers the question for the case of
m.a.(I).

Proposition 5.4 Either let P = PUI uor let P = 77%4 s where 11 is compact, convex
and centrally symmetrzc Furthermore, given the class of utilities in Uy, suppose that in
the case P = PUl u the pair of acts f,g € F is belief comonotone on supp p and in the

case P = PULH is belief comonotone on Il. Then the following are equivalent:

(i) For each z € X, B} is a (P)-m.a (I) event than EY;
(i1) fis (P)-m.a (I) than g.

Remark 5.3 Inspection of the proof will reveal immediately that f is a (7351’ ) -mea.(I)

act than ¢ implies for each z € X, Ef is a (7751 )-m.a.(I) event than EZ, for any pair
of acts f, g, not necessarily ones that are belief comonotone. The same can be shown for

P = PUL

For an intuition behind the preceding result consider the following. Suppose for each
reX, (E:{ ) fluctuates more with different choices of 7 € II than does 7 (E¥) . Given

belief comonotonicity these fluctuations are aligned across the different values of x—
they resonate. This resonance ensures that greater fluctuation at the individual event
level translates to greater fluctuation at the aggregate level, i.e., at the level of the act
f. Without belief comonotonicity. as 7 ranges on II, the fluctuations at the level of
individual events would be out of sync and therefore may mutually hedge each other.
Hence, greater fluctuation at the individual event level may not necessarily aggregate
into a greater fluctuation at the act level. This facilitating role of belief comonotonicity
is quite general: it applies to both preference classes 77(]}{ I and 77517 - We now turn to
the case of more ambiguous (II).
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Proposition 5.5 Suppose supp u = I1 is compact conver and given the class of utilities
Uy the pair of acts f,g € Fy is belief comonotone on 1l. Let P = P%II orP = 73517“.
The following are equivalent:

(i) For each x € J, El is a (P)-m.a.(II) event than EY. Also, for every = P, for
each distinct v,w € J, 3 =%, =**€ P each of which is either more or less ambiguity
averse than =, such that v(EH)w =* v (ES)w and v (ES)w =** v(ED)w.

(i1) f is a (P)-m.a.(II) act than g. Also, for every =€ P, 3 =*, =**€ P each of which
is either more or less ambiguity averse than >, such that f =* g and g >=** f.

Remark 5.4 Condition (i) in Proposition 5.5 is akin to Ef being more ambiguous than
Ef in the sense of the Gul and Pesendorfer (2010). See the discussion in Section 1.

Hence, given a qualification, belief comonotonicity also enables the m.a.(II) relation
between worse outcome events to aggregate to the corresponding m.a.(II) relation be-
tween acts. The qualification (in condition (i)) is that neither is E{ more likely than
Ej for every m € II, nor is it less likely than Ej for every m € II. Hence, we may
say, given II, that E! is neither unambiguously more, nor unambiguously less, likely
than E. The single crossing property, fundamental to m.a.(II), does not aggregate, in
general: a convex combination of two functions, each of which satisfies single crossing,
does not generally satisfy single crossing. The role of the qualification is that it allows
single crossing to be preserved in the aggregate, in this context. An analogous qual-
ification applies to condition (ii): that it is not the case there is complete agreement
in the preference class, irrespective of ambiguity attitude, as to which of the two acts
being compared is preferred. Hence, neither act stochastically dominates the other for
all 7 € II, and so again, in this sense, neither act is unambiguously preferred to the
other. Thus, the qualification restricts attention to cases where ambiguity attitude can
affect the direction of preference between the pair of events/acts being compared, given
beliefs.

The rest of this subsection presents characterizations of more ambiguous acts for
each of the two preference families given belief comonotonicity. The characterizations
are simple and powerful in that they do not refer to particular utilities; only to distribu-
tion(s) over outcomes. The clue to understanding how these obtain is in the two results
just presented. In general, characterizations of more ambiguous involve reference to
particular utilities since the notion is based on more ambiguity averse, a relation which
orders preferences only when they share the same risk attitude (Remark 2.1). In the
case of events though, because we require (by definition) the more ambiguous property
to hold for an entire range of binary acts (outcomes ranging over an arbitrary interval
on the real line) obtaining characterizations by restricting to a particular (non-constant)
utility function is as general as leaving the utility unrestricted. Thus, characterization of
more ambiguous events do not refer to particular utilities. Belief comonotonicity is the
condition under which more ambiguity for events aggregates up to acts. Hence, that is
also the condition under which the characterizations of acts don’t involve risk attitudes.
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5.2.3 Characterizing m.a.(I) acts

If, for the class of utilities U7, a pair of acts f, g € F is belief comonotone on IT C A, then
II admits a parameterization in the real line, a point we now elaborate. By Remark 5.2,
{P{|r € I} and {P¢|x € 11} are ordered by firs-order stochastic dominance. It follows!?,
that [ fdr = [ fdr' implies pl = PT{,. Similarly, [ gdm = [ gdn’ implies P¢ = PY,.
Furthermore, for all 7, 7" € II, [ %Qdﬂ' = L;radﬂ" = Pl = Pj:, and P§ = PY, in which
case, since the acts f, g have identical distributions of outcomes whether 7 or 7’ obtains,
7w and 7’ may be classed as equivalent. This means it is admissible to carry out the
following reparameterization of I. Allowing each 7 € II to be represented as p(m), where
p(m) = [ %dw, we can define two derived probability measures on R, one for each class
of preferences 7351’ u and 73(]}{ 10 as follows.

For preferences in 7751’“, we define for B € Bg, fi(B) = p(p~'(B)). Hence, the
probability measure P/ on (X x A, Bx x Ba) defined in equation (5) may be replaced
by the probability measure P/# on (X xR, Bx x Br) defined by P/#(Bx D) = Pf#(Bx
p~Y(D)), B € Bx, D € Bg. Where, noting P! (B) is constant on p~(r), and choosing
7(r) as any selection from p~!(r), we have

PHE(B x D) —/ p!
D

oy (B)dii(r), B € Bx, D € Bp. (18)

Similarly for P9#. Note, P/ has two marginal probability measures: one on outcomes
given by, PP#(B x R) = I PJ(B)du, B € Bx and the other is the measure i defined
on (R, Br), representing belief.

For preferences in 73% e although the DM’s preference does not specify a prob-
ability distribution over A, for the purposes of comparison with the Pgl,u case, we
nevertheless find it convenient to construct such a distribution. To this end, note
the centrally symmetric belief II associated with 73[]}/‘1[ Y determines the pair {r,7} =
{mingcr p(7), maxem p(7)} and let m (reminiscent of the M in P%,H) be uniform on
this pair. Since IT is centrally symmetric, 7(r), 7(7) may be selected so that M =
7*, with this selection we define

PF™(B x D) = /

Pﬂ_(r) (B)dm(r),B € Bx,D € Bg.
D

Note, in particular, that the marginal distribution of outcomes is P#: (B). This follows
from the mixture linearity of P (B) in 7, which we observed holds when II is convex.
The probability measures P/#, P/ on (X x R, Bx x Bg) have associated distribution
functions which we economize on notation by writing

PI(a,pi) =PI ({¢ € X[¢ < o} < {C €RIC<pi}) = [ Pl (@) dilr) (a.pi) € B,

r<pi

Similarly for P/,

"9This is a standard result. See, e.g., Theorem 1.2.9 in Miiller and Stoyan (2002).
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a-MEU preferences. As a corollary of Propositions 5.4 and 3.1 we have the following
characterization. To make the connection notice, (19) is equivalently stated as II (E3) C

H(Eif), zeX.

Proposition 5.6 Let II be compact, convexr and centrally symmetric with center w*.
Suppose the pair of acts f,g € F is belief comonotone on Il for the class of utilities Uy .
The following are equivalent:

(i) fisa (P%’H) -more ambiguous (I) act than g;
(ii) PL.(B) = P%(B),B € Bx, and

{(PY(z) | 7 €I} C {Pg(x) yﬂen}, z eR. (19)

(i4) The distributions P™ and P9™ have identical marginal distributions and

PI(z, pi) < P9™(z, pi) on R2.

Smooth ambiguity preferences. Given a class of smooth ambiguity preferences
73517“, and acts f, g € F, PP and P97 have marginal probability measures over out-
comes which represent the beliefs of the ambiguity neutral elements of 7751# and will
be equal if these elements are indifferent between the two acts. We have already noted
that P/ and P9# also have the other marginal, 7i, in common. Hence, P9F and PTH
share the same marginals.

From Proposition 5.4 f is a (P)-more ambiguous (I) act than g if and only if for each
z € X, EL is a (P)-m.a (I) event than EY. Hence, for each 2 € X, n(EL) = PL(z) is
‘riskier’ than 7(E7) = PZ(z), under the probability measure u in the sense that for
all concave ¢, fgo(PJ(J:))du < [@(Pi(x))dp. Recall the classic majorization result
of Hardy, Littlewood and Pélya (1952) which states that when the n-vectors x and y
are both arranged in nondecreasing order, £ > | (2;) > 13" | o(y;) if and only if
1 > y1, 1+ 22 > y1 +y2...and > x; =y .-, Yi. A natural generalization (Theorem
250 of Hardy, Littlewood, and Polya (1952)) applicable to our question is

| Ply@di) < [ P @dae), s X se R
(_0072]

(_0072]

These observations lead to the following characterization.

Proposition 5.7 Suppose the pair of acts f,g € Fis belief comonotone on supp p for
the class of utilities Uy. Then, the following are equivalent:

(i) f is a (7751’#) -more ambiguous (I) act than g;
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(i) The distributions PP# and P9* have identical marginals and

PHE(z, pi) < P9"(z,pi) on X x R. (20)

The fact that f m.a.(I) g implies P9# and PTH have the same marginals means the
relation m.a.(I) can be represented by a comparison of the copulas®® of P9 and PHE,
A copula corresponding to P/# for act f is a function C/# : [0,1)> — [0, 1] satisfying
CHi(PHi (g, 00), PFH (00, pi)) = Pf#(z, pi). Similarly for act g. Hence, condition (ii) of
the proposition can equivalently be stated as: condition (14) together with

ol < 09 on [0,1)2. (21)

This condition is discussed in the statistics literature in many places. For instance,
Tchen (1980) calls it concordance. This is very natural in our context, it implies for
instance that bad news about which probability distribution m € A is operative is more
strongly associated with bad news about outcomes. That is, conditioning on the ‘event’
{#" € A | ' <y, «} for some given 7 € II makes the conditional distribution of
outcomes worse by first-order stochastic dominance for the more ambiguous act than
the less ambiguous act. Therefore, a variation in 7 affects the probability distribution
on outcomes more strongly in the case of the more ambiguous act. An exactly analogous
interpretation applies to condition (iii) in Proposition 5.6 so the characterizations for
both preference classes can be interpreted in a unified way via a condition on copulas.

Finally, before moving on to characterize m.a.(II) acts it will be convenient to note
an alternative way of expressing the conditions of Proposition 5.6, which also provides
an intuitive sufficient condition for Proposition 5.7.

Remark 5.5 Let, f,g € F be belief comonotone on some II C A, given Uy. Consider
the condition
P () — P, (x) > P/, (z) — P{,(x) (22)

whenever 71,1y € II, m <y, m2. Equivalently, [ udP’ (z) — [udPZ(x) is increasing in
<p,order on II for all w € Uy. If II is compact, convex and centrally symmetric, and
condition (12) holds, then condition (22) is equivalent to condition (ii) of Proposition
5.6. Moreover, let IT = supp p and suppose the distributions Pf# and P9# have identical

marginals, then condition (22) implies (20) in Proposition 5.7.

5.2.4 Characterizing m.a.(II) acts

a-MEU and smooth ambiguity As in Proposition 5.2, the characterizing condition
for m.a.(II) is essentially the same for both families, a-MEU and smooth ambiguity.

2The copula C of a random vector (Z1, Z2) with cdf Fz, z, (21, 22) and marginal cdfs Fz, (21), Fz,(22)
satisfies Fz, z,(21,22) = C(Fz,(21), Fz,(22)). By Sklar’s theorem (Sklar (1959)), the copula is unique if
the marginal distributions are atomless. Otherwise the copula is uniquely defined at points of continuity
of the marginal distributions.
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Proposition 5.8 Suppose supp u = Il is compact, convex and that given the class of
utilities Uy, the pair of acts f,g € Fy is belief comonotone on II. Then the following are
equivalent:

(i) fisa (Pﬁhu) —m.a.(I1) act than g;
(ii) [ is a (P[J}fn) —m.a.(II) act than g.

(iii) For each m1 <y, w2 from II, and p € R with |p| < |J|, there exist A1, 2 > 0,
A1+ A2 =1 such that for allxz € J,

M= PEP() + MPLP(@) < M(1— P4 (2) + AP (2).  (23)

It follows from Proposition 5.5 that for condition (iii) to obtain it is sufficient that
P,{l is stochastically dominated by Pg, and Py, is stochastically dominated by P,J:z. Thiss
gives us a way of constructing a pair of acts related by m.a.(II) that works for both a-
MEU and smooth ambiguity and is independent of uw € Uj. Evidently, in this case,
the distribution of outcomes under act f is, in a very strong way, more affected by the
change from 71 to w9 than is the distribution of outcomes under act g.

Remark 5.6 The condition, m1,m2 € II and 71 <y, w2 implies P%; (x) — Pl(z) <0<
P{,(z) — P2 (z) for all z € X, is sufficient for condition (iii) of Proposition 5.8.

Remark 5.7 The proof of Proposition 5.8 shows that condition (iii) implies (i) without
the requirement of convexity of supp p.

6 Illustrative applications

In this section we discuss the scope of our theory in applications. We start with the kind
of questions and modeling exercises these ideas and results can help to formulate, and
then give an illustrative analysis of one such kind of question, where a single agent de-
cides on a mix between two financial instruments, the return from one of which is certain
while that from the other is uncertain. The financial instruments are modeled explicitly
as lotteries on outcomes induced by the agent’s subjective belief. The instrument with
certain return is a degenerate lottery. The instrument with uncertain return is modeled
as a set of lotteries, with an associated second order belief if such a belief is admitted by
the agent’s preferences. The question addressed is the comparative static of the agent’s
portfolio decision when a given uncertain instrument is replaced by one which is more
ambiguous. Since the characterizations of more ambiguous are simply conditions on lot-
teries (on outcomes), they immediately suggest the way the question may be formulated
for analysis. Though we do not analyze the question here, we note in passing that an
analogous, but more general, question of portfolio weights with more than one uncertain
asset may be formulated very similarly: the assets are distinct sets of lotteries generated,
implicitly, by distinct acts mapping from a common state space (with an associated sub-
jective belief). An example of the more general question is whether there is a possible
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theoretical resolution of home-bias (also referred to as the "under-diversification" puz-
zle) based on the hypothesis that an investor views the foreign asset as more ambiguous
than the domestic asset (with both assets possibly ambiguous). Suppose, to facilitate
a sharper analysis of this (home-bias) question, we imposed the further condition of
belief comonotonicity. Recall, that would mean that the probability of a given worse
outcome event in one set of lotteries and the probability of the same event for the other
set of lotteries are comonotone. A possible interpretation is that the probabilities (of
these worse outcome events) are driven by a common macroeconomic shock and hence
move together. However, relevant microeconomic details, or at least the investor’s per-
ception of these, may differ across countries, leading one asset to be perceived as more
ambiguous.

Our theory has directly addressed the question of more ambiguous relations on acts
and on events, but not on beliefs. However, it is also natural to ask, for instance, how
the optimal portfolio choice is affected if the agent’s belief becomes more ambiguous?
Consider the analogous question in a model with a subjective expected utility agent.
How is the optimal portfolio choice affected if the agent’s subjective belief becomes more
risky? If we take “subjective belief” to mean the agent’s (prior) belief on the state space,
the question appears to be ill posed since, generally, the state space is not ordered in
the way the outcome space is: a given change in the prior may cause the distribution
of outcomes induced by one act f to become riskier while simultaneously causing the
distribution of outcomes induced by another act g to become less risky. A better posed
question, therefore, is to ask how the optimal choice is affected if the agent’s subjective
belief (on states) changes such that the probability distribution on outcomes induced by
the uncertain asset is made riskier? The answer to this question is evidently the same as
the answer to the question as to how optimal portfolio weights change going from one
uncertain asset f to a different but riskier asset g, holding subjective belief constant.
Thus, put this way, we can answer the question on the basis of the theory of increasing
risk, formulated entirely in terms of (the induced) lotteries as, e.g., in Rothschild and
Stiglitz.

Back to ambiguity, consider the comparative static exercise for, say, an a-MEU agent
with belief 11, of replacing one asset f with a more ambiguous asset g with corresponding
induced sets of distributions (P,{ Jrem and (P2)rem. Asin the SEU case, this exercise may
be reinterpreted as showing the comparative static effect of a change in belief, from II
to IT', such that the induced set of distributions of outcomes of a given (uncertain) asset
changes from (P{)zer to (PL)rerr = (P)zerr. That is, the set of distributions induced
by the belief change is the same as that of a more ambiguous asset under unchanged
belief and hence the analysis of this paper applies.

From this perspective, our representations in terms of stochastic kernels are particu-
larly useful in the case of m.a.(I). Suppose, for instance, that there is a stochastic kernel
from (A, Ba) to itself which maps the centrally symmetric set IT into the centrally sym-
metric set II'. Then, since II(E) C II'(E) for all E € X,we have by Proposition 3.1 if
for some II(E") = II'(E), E is m.a.(I) E’. There is, therefore, for a-MEU, a clear sense
in which the action of the stochastic kernel makes all events more ambiguous (I). With
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modification, the same observation holds for smooth ambiguity preferences and it holds
for acts as well as events.

The perspective of looking at the question in terms of changes in (induced) sets
of lotteries may also be fruitfully applied to questions involving m.a.(II) comparisons.
The idea of m.a.(II) extends naturally and straightforwardly to a model of "objective
ambiguity," where we consider preferences over given sets of lotteries, abstracting away
from a framework of a state space, acts and subjective beliefs. Two prominent examples
of such preferences are those considered in Olszewski (2007) and in Ahn (2008). For
such a model of preferences, given two sets of lotteries, Ly and Ly, we say Ly is a more
ambiguous set of lotteries than £, if the more ambiguity averse preference requires more
compensation to give up £, for L. One may think of Olszewski’s and Ahn’s preferences
as presenting objective analogs of, respectively, the a-MEU, and smooth ambiguity, in
much the same way as von Neuman-Morgenstern theory stands in relation to SEU.
Characterizations of the more ambiguous for these, respective, classes of preferences
follow as corollaries of Propositions 4.3 and 4.4 (see Appendix A.5 for details). For
instance, sets of lotteries ordered by set inclusion is also so ordered by this notion of
more ambiguous for Olszewski’s class preferences. Appendix A.5 also gives an analog
of Proposition 5.8 which (following Remark 5.6) allows one to construct a sufficient
condition on a pair of sets of lotteries under which one is a more ambiguous set of
lotteries than another for both Olszewski’s and Ahn’s preferences and all increasing
utilities.

Therefore, we may rephrase the comparative static question of more ambiguous for-
mally in terms of direct comparison of (induced) sets of lotteries and answer the question
on the basis of the ideas of m.a.(I) and m.a.(II). This is analogous to the manner one
appeals to the theory of riskier lotteries to phrase and answer comparative questions
involving choices becoming objectively riskier owing to implicit changes in subjective
beliefs.

6.1 Comparative statics of portfolio choice with more ambiguous (I)

A natural test-bed for the applicability of the more ambiguous characterizations is the
standard one risky asset one safe asset portfolio problem analyzed by Arrow (1965). In
our setting, the uncertain asset is one whose return embodies not only risk, but also
ambiguity. The safe asset has neither risk nor ambiguity.

Let an act fi = f € F correspond to investing wholly in the uncertain asset and the
constant act fg € F , represent investing wholly in the safe asset. The DM’s objective
is to select a portfolio share @ for the uncertain asset, in order to maximize the ex
ante evaluation of her final wealth position. If initial wealth is wg, the final wealth is
determined by w; = wo(8f1+(1 — 6) fo). We assume no short-selling and that wi(s) € X
forall s € S,0 < 6 < 1. Normalizing the DM’s utility so that wg = 1, fo = 0, the program
for a-MEU preferences can be written

org[%ﬁ] (a Errlellr_ll/xu(t?:z:)dPT{ () + (1 —«) glgﬁ{/x u(fz)dP! (x)) , (24)
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and for smooth ambiguity preferences it is

e [ 6 ( | utezyar] <w>) du(r). (25)

Let 6* (II, o, u) ; f) and 6% ((u, ¢, ) ; f) denote, respectively, the solution to each pro-
gram. We suppose u is strictly concave in both cases, and that ¢ is strictly concave in
the second. It follows that program (25) is concave in # € R and strictly so in non-
degenerate cases. The presence of the max;cy operator in program (24) means that
concavity is not in general assured. However, the belief comonotonicity condition stated
in Proposition 6.1 implies that the program is concave. Hence, under these conditions,
the maxima in both programs are uniquely attained.

We do not aim here to mirror the exhaustive study of the portfolio comparative
statics problem which has been carried out for risk with expected utility preferences.?!
It is, however, convenient to adopt an assumption on preferences motivated by that
literature. It is known for expected utility DMs that a first-order stochastic dominance
improvement in the return of the risky asset will never lead to a smaller portfolio share
of the risky asset only if the DM’s preferences satisfies auxiliary conditions sufficient
to imply that in terms of the normalized utility, (z,6) — u(fz) is supermodular on
[0,1] x X. It suffices if the DM’s utility (not necessarily normalized) has a coefficient of
relative risk aversion bounded below unity.?> Our first result, for a-MEU preferences,
gives a suite of conditions sufficient to ensure that the portfolio share of the uncertain
asset does not increase as we move to a more ambiguous (I) uncertain asset.

Proposition 6.1 Let P = 77[]\]{71-[, where 11 is a compact, convex centrally symmet-

ric subset of A. Suppose given Uy, the pair of acts f,g € F is belief comonotone on
I1. Suppose wu is strictly concave and for the normalized utility, (z,0) — wu(fz) is su-
permodular and that o > 0.5. If act f is (P)—more ambiguous (I) than act g then
0" (IL a,u) ; f) < 0° ((IL, o, u) 3 g) -

The next proposition finds sufficient conditions for the comparative static to hold for
smooth ambiguity preferences. The key conditions are similar to those invoked for the
result for a-MEU. However, the proof is more delicate and requires auxiliary assumptions
on ¢, specifically —¢” /¢’ is nonincreasing.

Proposition 6.2 Let P = Pghu and suppose given Uy, the pair of acts f,qg € F is
belief comonotone on supp p. Suppose u strictly concave and for the normalized utility,
(z,0) — u(Ox) is supermodular and that ¢ is concave and such that —¢" is nonincreasing.
If act f is (P) —more ambiguous (I) than act g and also satisfies condition (22) of
Remark 5.5 then 0* ((p, ¢, u); f) < 0 (I, ¢, u) ; g) -

218ee, e.g., Collier (2011) for a study of the comparative statics of more ambiguity averse in the
standard portfolio choice problem.
*2These and other conditions are comprehensively discussed in Sections 4.5 and 7.2 of Gollier (2001).
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Remar/ll{ 6.1 An examination ofuthe proof will show that an alternative to the condition
that =2- is nonincreasing, is % is nondecreasing with ¢” < 0. This admits the class
of quadratic ¢.

6.2 Comparative statics of savings with m.a.(II)

To illustrate comparative statics using m.a.(II), we consider the following simple savings
problem. The agent lives for two periods, has initial known wealth y; and will receive
uncertain income Y3 in period 2 generated by an act f + a € F. A DM with a-MEU
preferences, has utility given by

V@) = ulvs @)+ amin [ u(e)dPI* () + (- ) max [ u(w)dP/ (). (26)

If the DM has smooth ambiguity preferences, the utility is

V{"a) = u(yr —a) + ¢ ( / ¢ ( / udPJ*“) du(w)) : (27)

The problem is to choose savings a € R to maximize (26) or (27). We are interested in
investigating the impact on savings of a compensated increase in uncertainty, specifically
when g is replaced by f, with f(P)-m.a.(II) g, while maintaining the DM’s standard of
living at the initial level of savings. Hence, we compare the cases, according to which
preference family applies, in which f satisfies:

V/{/’lu(af\/l) = Vﬂ/}u(a%), a‘}w € argrggﬂg‘/ﬁ/’lu(a), (28)
Vit(a§) = VE"(a}). af € argmax VE" (). (20)

The assumptions in the following proposition will imply that arg max,cr V/{/’lu(a) and
arg maxqecr V2" (a) are uniquely attained.

Proposition 6.3 Suppose u € Uy is concave and CARA.

(a) Let II be convexr compact. Suppose the pair of acts f,g € F is belief comonotone
on Il C A, satisfies (28) and f is (P%II) —more ambiguous (II) than g. Then
arg maxgcp V/{/’t“(a) = arg maxqer Vi;'(a).

(b) Suppose the pair of acts f, g € F is belief comonotone on supp p, satisfies (29) and
f s P517u> —more ambiguous (II) than g. Suppose ¢ is concave and —¢" /¢ is

decreasing concave. Then arg max,cr Vg’“(a) < arg maxger V& (a).
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The reason the increasing ambiguity leaves savings unchanged for preferences in
’P{}{ I 18 because with CARA preferences the marginal utility ' is an affine transfor-
mation of u. Together with belief comonotonicity, compensation implies the first-order
condition and therefore optimal savings is unchanged. For preferences in 73517 " the sit-
uation is more complicated. The marginal utility enters the first-order condition after
being weighted by ¢’ so there is an interaction created by ambiguity aversion which
generally affects savings.

7 Concluding remarks

The characterizations of more ambiguous (I) and (II) events make precise two senses in
which the event probability of a more ambiguous events varies more as 7, the probabil-
ity measure on the state space, varies. The characterizations of more ambiguous acts
demonstrated the sense in which an expected utility evaluation of a more ambiguous
act is more sensitive to which specific 7 is applied in computing the expectation. In the
sense the word was used in the introduction, it is less robust to ambiguity.

An important auxiliary finding was in characterizing the central role of belief comonotonic-
ity. It is a natural restriction because it rules out the ‘hedging’, which otherwise under-
mines the intuitive connection between more ambiguity of an act and more ambiguity of
its worse-outcome events. The role it plays works quite generally; it is neither restricted
to a particular family of preferences and nor to one particular notion of more ambiguous.

Finally, our discussion and the illustrative applications in Section 6, indicated that
the ideas and characterizations may be used to formulate questions involving more am-
biguous in a variety of applied contexts.
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A Appendix

A.1 Proofs of results in Section 3

Proof of Proposition 3.1.  Let u € Uj. Since II(E) is a compact interval and
[u(z)m(E) + u(y)(1 — m(E))] is linear in 7(F), minger [u(z)m(E) + u(y)(1 — 7(E))] and
maxer [u(z)m(E) +u(y)(1 — m(E))] are attained at the two extreme points of II(E).
For an ambiguity neutral element of the preference class with a = %, u € Uy, this
implies

Vi g a(#By) = 5 min (@)m(E) + u(y)(1 — w(B)]+5 ma [u(w)(E) + u(y) (1~ =(E))]

1
— u() <% min TI(E) + %maxﬂ(E)) +uy) <1 - <% minTI(E) + %maxﬂ(E))

= u(z) (7"(E)) + u(y)(1 — 7*(E)).
Similarly, Vi 1 W(TE'Y) = u(z) (r*(E")) + u(y)(1 — 7*(£')). This establishes that if
™(E) = (E/ ) all ambiguity elements of the preference class PU 1 are indifferent
between zEy and zFE'y. Choosing x,y € X and u € U; such that u( ) # u(y) shows
the condition also to be necessary.

Using again the fact that II(E) and II(E’) are compact intervals, it follows that
the condition II(E) C II(E’) is equivalent to the condition minII(E) < minII(E’") <
max [I(E") < maxII(F). Using this, it is straightforward to show (given 7*(E) = n*(E"))
that all preferences in the class P which are more ambiguity averse than than the am-
biguity neutral element (H, 3. u) , that is elements of P with (I, o, u), o > 3, L weakly
prefer xE'y to zEy.

To see this, suppose u(z) > u(y), a > 3, then

Vit au(zEy) = a[u(z) minII(E) + u(y)(1 — minII(E))]
+ (1 — @) [u(z) maxII(E) + u(y)(1 — maxII(E)))].

It follows that,

Vitau(2By) — Vi gu(#E9) = (5 — o) ([(ule) ~ uly)) (maxTI(E) ~ minTI(E)))).

Similarly, for E’. Since, Vné,u(*ny) = VH%M((JJE’y), it follows that Virq.(zEy) <
Vit au(zE'y) if and only if (max II(E) — minII(F)) < (maxII(E’) — minII(E"))). fu(z) <
u(y), the proof proceeds in the same way, u(x) = u(y) is trivial. Likewise all preferences
with a < % weakly prefer zFy to xE'y. This establishes the equivalence of conditions
(i) and (ii) of the proposition. m

Proof of Proposition 3.2. Let u € Uy, z,y € X. Setting a = u(y), b = u(z) — u(y),
we can write

Vigu(@Ey) = > ¢ (a+bmi(E)) iy, Vigu(@E'y) = > ¢ (a+ bmi(E)) ;.
i=1 i=1
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Hence, (i) implies that

m

> ¢la+bm(E <Z¢> a+bmi(E')) i,

=1

for all concave nondecreasing ¢ : u(X) — R. The inequality is required to hold with
equality when ¢ is affine, corresponding to the case of ambiguity neutral preferences.
If b = 0, there is nothing to prove, hence suppose b > 0 (b < 0 leads to an equivalent
argument). Let A = {z € R | a+bz € u(X)} # 0. The condition can be stated
equivalently as:

Yo miEy =y mi(E g Y ¢ (milE) iy <Y o (milE) g (30)

for all nondecreasing concave ¢ : A — R. Equivalently, > o (m;(E)) u; > >_ o (mi(E'))
for all convex ¢ : A — R. The result follows from Sherman’s extension of Hardy,
Littlewood, and Pélya (1929) (Sherman (1951)) which for the reader’s convenience we
reproduce below. To translate, set ¢(v;) = Hw;) = p;, m = n,v; = m(E),w; =
7TZ‘(E/) kzj = &% |

Theorem A.1 (Sherman (1951)) Let W be a real vector space. Let s, be measures
on W with finite supports, {v1,....,vn}, {wi,...,wyn}, respectively, then

Y, swe(vi) =Y Iwi)p(w)

for all convex ¢ if and only if

w] wy; = Z ng§ Uz
>019w] ZPZ]§M szy:l

where

Lemma A.1 Suppose E,E' is belief comonotone on I1 C A. The following statements
are equivalent.

(a) w(E') is an elasticity reducing transformation of w(E).

(b) For each x,y € J, p € R with |p| < |J|, following implication is true. For all
u e Uy, m X mo (i.e. m1(E) < 7ma(E) and m1(E') < ma(E"))

mi(E)u(z +p) + (1 — m1(E)) u(y +p) > m1(Eu(z) + (1 — 7 (E)) u(y)  (31)
implies

ma(E)u(z +p) + (1 = m2(E)) uly +p) > m2(E )u(z) + (1 — m2(E)) u(y). (32)
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Hence, E’ less elastic with respect to ambiguity than E is understood to be the
precise condition which makes expected utilities more variable in the single crossing
sense of condition (b) of the Lemma.

Proof. The implication in condition (b) is equivalent to

7T1(E) > 7T1(E,)k‘1 + ko (33)

implies

7T2(E) > 7T2(E/)k1 + ko
where k1 = %,l@ = %. Take the case x > y. If (a) holds,
w(E") = n(n(F)) with n : II(E) — [0,1] an elasticity reducing function, therefore with
T (E) = Am2(E), 0 < X < 1, n(Am2(E))) > An(ma(E)). Making these substitutions, the
implication in (b) becomes equivalent to

)\TFQ(E) > 77()\772(E))k1 + ]{2

implies

7T2(E) > T](?Tg(E))kl + kg.
Using n(Am2(E))) > An(ma(E)), it is seen that a sufficient condition for this implication
to hold is that ko > 0, i.e. if u(y) — u(y + p) > 0, equivalently p < 0. The argument
establishing it for p > 0 proceeds in exactly the same way, but instead of collecting terms
as in (33), we write inequality (33) as

1—m(E) < (1 —m(E")) ks + k4 (34)

where ks = % >0,ky = fé%ﬁ;—%, which is required to imply

1 —m(E) < (1 —ma(E")) ks + ka.

And, we make the substitution 1 —7m3(E) = A (1 — 71(E)) , equivalently 1 — A+ A7y (E) =
7T2(E), 0 S A S 1.
1—m(E) <1 —=n(ri(E))) ks + ka,

which is required to imply
Al=—7(E) <(1—n1=X+A11(E))) k3 + ka.

The inequality corresponding to n(Ama(E))) > An(ma(E)) for complementary events
which is implied by 7 elasticity reducing becomes 1—n(1-A+A71(E))) > A (1 — n(m1(E))),
so as above, using this it is seen that a sufficient condition for this implication to hold is
that k4 > 0. Noting that u(y + p) — u(z + p) < 0, this occurs when u(x) — u(z + p) <0,
equivalently if p < 0. This establishes the desired conclusion for the case x > y. Since
condition (a) is symmetric with respect to the event E and its complement, taking x > y
is clearly immaterial.
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To establish (b) = (a). Assume not (a). Specifically, that there are w1, my € II,
mo(E) > m(E), m2(E") > m1(E’), 0 < A < 1 such that

7T1(E/) :)\’/Tl(E), 7T2(E/) > )\’7['2(E).
Hence, for some b > 0 sufficiently small
’7['1(E/) < )\7T1(E) — b,ﬂ'Q(E/) > /\7T2(E) —b.

Choosing some z,y € J with x > y, select p € R, |p| < |J|, u € U; such that A =

“(IUJZ; ; Zég;rp L b= ugj’()z)u(uy(;)p ) this contradicts the implication (31) to (32). Conducting
the analogous exercise for complementary events completes the proof. m

Definition A.1 Let P be a class of preferences over F strictly partially ordered by (P )-
more ambiguity averse. Given events E,E’ € ¥, we say F is a (P)-ALTERNATIVE
more ambiguous(II) event than E' if, for =4, =€ P, z,y,p,q € X, with & > y,

zE'y =4 (-4) pEy = zE'y =5 (-B) pEy

and
(~E)y =a (-4)q(—E)y = z(~E")y =p (~B) ¢(~E)y,

whenever = p is (P)-more ambiguity averse than = 4.

Proposition A.1 Fither let P = 7351’# or, let P = P][\]JI’H, with I1 is a compact, convex
subset of A. Consider two events, E, E' € 3. The following are equivalent:

(i) E is a (P)-ALTERNATIVE more ambiguous (II) event than E';

(i1) The act xEy is a (P)-more ambiguous (II) act than ©E'y for each z,y € J C X.

Proof. A construction similar to that in the proof of Lemma A.1 establishes the equiv-
alence of (P)-ALTERNATIVE more ambiguous(II) event and 7(E’) is an elasticity
reducing transformation of w(E). (The construction essentially involves setting the quan-
tities ko and k4 in the proof equal to zero.) This establishes the equivalence when the
events are belief comonotone on some set II C A. Reference to the proofs of Propositions
3.3 and 3.4 makes clear that this condition also suffices in the general case. m

Proof of Proposition 3.3. Choices between bets on events FE and E’ by preferences in
P = 73][\]/[171—1 depend on the beliefs IT only through the set {(7(E), 7(E')) | = € I} C [0, 1]2.
Indeed, they only depend on this set through the extremes mingep 7(E), mingen 7(E'),
maxqer 7(E), maxqer m(E'). Choices are, therefore unchanged if IT is replaced by I’ the
convex hull of {(mingey 7(E), mingen 7(E’)), (max,en 7(E), max,cn7(E'))} C [0, 1]2.
By this construction, E, E’ are belief comonotone on II'. With these observations in
place, we may apply Lemma A.1. Condition (b) of the Lemma is necessary and sufficient
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forEtobeaPU qp-m.a.(II) than E. To see this, let z,y € J, p € Rwith |p| < [J],z >y
and fix v € Uy. Condition (b) is a single crossing condition on expected utilities. If the
expected utilities do not cross for some p, there is nothing to prove since the implication
holds trivially. Suppose therefore given some p that there is a crossing as specified. This
is easily seen to imply maxIl'(E) — minII'(E) > max II'(E’) — min II'(E’) otherwise the
crossing would have the wrong sign, i.e. be from positive to negative, rather than from
negative to positive. Also, therefore, maxIl'(E) > maxII'(E) > minII'(E’) > minIl'(E)
otherwise there would be no crossing. For preferences in P{u} > this implies there is
some preference with ambiguity aversion parameter o which is indifferent between the
bets, but those more ambiguity averse prefer the bet on E’ and those less ambiguity
averse prefer the bet on E. Hence, condition (a) of Lemma A.1 for the belief IT" holds,
equivalently given convexity of II' condition (ii) of Proposition 3.3 holds. =

The following Lemma is rather well known. The sufficiency part is implicit in e.g.
Karlin and Novikoff (1963), or see e.g. Gollier (2001, Chapter 4) for a more explicit
discussion.

Lemma A.2 Let F and G be distribution functions with supports in an interval I C R.
The following two conditions are equivalent.

(a) [;vadG > (>) [;vadF = [;vpdG > (>) [;vpdF for all integrable nonde-
creasing functions v, vg : I — R with v4 more concave than vp (v4 is a continuous
concave transformation of vg).

(b) Single crossing. R can be partitioned into two intervals (one of which may be
null), R =1y UIy, I1 < Is such that F > G on Iy, F < G on Iy. Equivalently, for all
y1,92 € R, y1 <ya, we have F(y1) < G(y1) = F(y2) < G(y2).

Proof. (b) = (a). Let the random variable X have cdf F' and Y have cdf G, denote
the cdf of va(X), by Fa and va(Y) by Ga. Denote G4 — F4 = Hy. If (a) holds
then, equivalently, va(I) vdH(v) > (>)0 = f (ry #(v)dHa(v) > (>)0 whenever ¢ is
nondecreasing concave. Integration by parts gives the implication va (D H(v)dv < (<)
0= f H 4(v)dp(v) < (<)0 and since ¢ is absolutely continuous, we may write

/ Ha@)do < (<)0= [ Ha@)g (v)dv < (<)0 (35)
valh) va(D)

for some ¢’ > 0 on the interior of v4(I). If H4(v) has a uniform sign, there is stochastic
dominance and (a) holds trivially. If (b) holds, there can only be one change of sign,
which is from negative to positive. Suppose therefore, Hy(v) < 0 for v < o' and
Ha(v) > 0 for v > o' for some v' € I, then qu(I) Ha(w) (¢ (V) = ¢'(v))dv > 0, so
o'(v) va(I) Hy(v)dv > qu(I) H4(v)¢'(v)dv. Therefore, (35) holds, as required.

(a) = (b). If there are x1 < w9 € I with F(z1) > G(x1) and F(x2) < G(x2) then
with v4(x) defined to equal 0 on =z < 1,1 on 27 < z < w2, 1 + B on = > x9, with
B = W one verifies that [; vadF = [;v4dG. However, with ¢(v) = min{v, 1},

F(x2)
Jre(wa)dF =1—F(x1) < [;¢(va)dG =1 — G(x1), this contradicts (a). m
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Proof of Proposition 3.4. For preferences in 7751# condition (i) requires that for
xz,y € J, p € R with |p| < |J],

/¢A (m(E)u(z +p) + (1 —7(E))uly +p)) dp = (>)/¢A (m(E")u () + (1 = m(E"))u(y)) dp,

implies
/aﬁB (m(E)u(x+p) + (1 = m(E))u(y +p)) du = (>) /cb (7(E)u (z) + (1 — 7 (E"))u(y)) du

whenever v € Uy, ¢4 : u(X) = R, ¢p : u(X) — R, and ¢, is more concave than ¢p.
By Lemma A.2 it is necessary and sufficient that with F(v) = p({r | 7(E)u (z +p) +
(1= m(E))u(y + p) < v}) and G(v) = p({m | 7(E)u(z) + (1 — 7(E')u(y)}) that F,G
satisfies the single crossing condition described in part (b) of that Lemma. Suppose
x > y without loss of generality. With Z a real random variable uniformly distributed
on [0, 1], for any distribution function F with inverse F~1(¢) = inf{n € Ry | F(n) > ¢},
F(x) = Pr[F~1(Z) < z]. Hence, in our case, F~1(Z) has the same distribution as does
7(E) under the probability measure p. Similarly for G71(Z) and 7(E’). That is, the
required implication may be rewritten as

1
/0 ba (F N (Z)u(w+p) + (1 — FY(Z))uly +p)) de

1
> (>) /0 b4 (G 1 ()u (@) + (1 - G1(2)uly)) dz,

implies
1
/0 o5 (F Y (Z)u(z+p) + (1— FY(2))uly +p)) dz

1
> () [ 05 (@ Eu @) + (1= 67 (@)utw) d-

Equivalently, Lemma A.2 requires single crossing of F—1(2)u (x 4+ p)+(1—F~1(2))u(y+p)
and G~1(2)u (z) + (1 — G~(2)u(y) as z traverses [0, 1], in the sense of condition (b) of
that Lemma. Since F~!(z) and G~!(z) are comonotone random variables, application
of Lemma A.1 is permissible (admitting the obvious change of notation) therefore there
exists an elasticity reducing function 1 such that F~1(Z) = n(G=1(2)). Recalling, that
F~Y(Z) has the same distribution as 7(E) as required and G~1(Z) as n(E), the result
follows. m

A.2 Proofs of results in Section 4

Proof of Proposition 4.1. (ii) implies (i): From the preference representation (3),

Vitou(f) = amin/su(f)dﬂ +(1- oz)max/su(f)dw.

mell mell
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It follows from II is centrally symmetric, that there is 7% € argminqer |, su(f)dm and
a T € arg maX,ery fS u(f)dm such that 0.5 4+ 0.57* = 7*. Hence, for all u € Uj,

ViLosu(f) = fs u(fdr* = [ ude*. Similarly, Viros..(g) = fS u(g)dr™ = [ udP?,.
This establishes that all ambiguity neutral elements of the preference class are indifferent

between f and g. Since {/u(f)dﬂ',’ﬂ' € H} D {/u(g)dw,ﬂ € H} evidently implies

maxyerr /u(f)dw — mingery /u(f)dw > maxeln /u(g)dw—minﬂen /u(g)dTr it follows

immediately from this fact and the above preference representation that Vijq.(f) <
WVit,a,u(g) for all ambiguity averse elements (« > 0.5). Similarly, all ambiguity loving
preferences prefer f to g. Hence, the conditions of Definition 2.3 apply.

(i) implies (ii): Given II is a convex centrally symmetric { / u(f)dm,m e H} and
{ / u(f)dm,m e H} are convex and centrally symmetric. Moreover, they have the same
center. This implies, for each u € U either {/u(f)dw,w € H} D {/u(g)dw,ﬂ € H} or
{/u(f)dﬂ,w € H} - {/u(g)dw,w S H} . The same argument as given above implies

that if for some u € Uy, {/u(f)dw,w € H} - {/u(g)dw,ﬂ € H}, then all ambiguity

averse preferences in P%}ﬂ strictly prefer f to g. Hence, the set inclusion condition is
also necessary.

(iii) implies (i): Suppose that g is a center preserving m-garbling of f, then Pg = PY,
(equation (12)). Hence, Vi1,0.5,u(f) = Vi1,0.5.4(g) for all the risk neutral elements of Plj}/llﬂ,
i.e., part (i) of Definition 2.3 holds. To establish part (ii) it will suffice to show that if g
is a center preserving m-garbling of f,

max/ ud P! —min/ udP! > max/ udP? —min/ udP? (36)
mell Jx mell Jx mell Jx mell Jx

since this implies g is preferred (dispreferred) to f when o > 0.5 (o < 0.5). Evidently,
since the stochastic kernel (7, C') — K (C) postulated in (10) ‘averages’ over II rather
than maximizes,

max/ udP’ 2/ [/ udPﬂ:} dK o (m),m" €11 (37)
mell Jx AlJXx

Maximizing over the right hand side of (37) establishes

max/ udPy > max/ [/ udPg] dK (7).
mell Jx m'ell Ja | Jx

The 7-garbling condition (10) and T.16, p.16 of Meyer (1966) implies [, [fX udP,ﬂ dK () =

g f g ; :
[x udP?,. Hence, max [x udPi > max [x udP?,. The same argument applied to min
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rather than max establishes mill_fll I udPl < milgll JA udPZ, hence (36) is established as
S S

required. m

Proof of Proposition 4.2. ()< (ii): Denote [gu(g)dr = g“(m), [gu =
fU (). f“ g“ are u-integrable functions. We require for all convex, <p, that [ o(f*)dp >
[ ¢(g*)dp. Equivalently, [y odu™ > [i @dpd, where pf" = po =1 8" = ji0 g7 and
Y is the closed convex hull of u(X). By Theorem 2 of Strassen (1965), there exists a
dilation D, a stochastic kernel from (Y, By) to itself such that for all B € By,

— [ DBy (@ (3%)
Y
and
/ ydD,(y) = z,z €Y. (39)
Y
Hence, from (38)
/ D (B)du(g“* ( / Dyu (7), B € By.
In other words,
~ [ Ku(Codutm
A

on the sigma algebra generated by {*, where K(C) = Dgu(n) (f* (C)), 7 € A, C € f(By).
Since, [ f*dKY¥ = g* () by (39), it follows that

/A </s u(f)d”> Rz = </S u(g)dvr> REIN
as required.

(ili)=(i): If act g € F is a p-measure preserving m-garbling of f € F, then using
(13) we have for concave ¢

/Agb</xudP7{> duz/A[/Agb(/)(udPJ) dK,,:(ﬂ)] dp(r")
</ ¢< /. ( /. udPﬂr”) defw)) ()
—/A¢</Xud </AP,{dKﬂ/(7r)>>du(7r’)—/Aq§</xudP#> dy.

The inequality is an application of Jensen’s inequality. This shows all ambiguity averse
preferences in P weakly prefer g to f. By the same argument all ambiguity seeking
preferences weakly prefer f to g and all ambiguity neutral are indifferent. m

Proof of Proposition 4.3. The single crossing property is equivalent to: for each p €
R, [p| < |J|, either (a) [u(g)dr > [wu(f+p)drforallm € Hor [u(g)dr < [wu(f+p)dr
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for all 7 € II, or (b) mingen [u(g)dm > minger [u(f + p)dr and maxyen [ u(g)dr <

maxyer [ u(f + p)dn.
If (a) holds, all preferences in P%}’H unanimously prefer either f 4+ p or g and

there is nothing to prove. If (b) holds, there is some o’ € (0,1) such that Viya . (f +
p) = Vo wu(g) and, moreover Vit u(f + p) < Vitau(g) for each 1 > o > o/, and
ViLau(f +P) > Vitau(g) for cach o/ >a > 0. m

Proof of Proposition 4.4. Straightforward application of Lemma A.2. m

A.3 Proofs of results in Section 5

Proof of Proposition 5.1.  (ii) = (i). Suppose (i) does not hold. Then there
exist 7', 7" € II such that 7" (E) > n'(E) and 7"(E") < 7'(E"). Let ' = co ({x’,7"}).
Choose a preference from 73(% 1 with u € Uy such that u(z) > u(y), and with ambiguity
preference parameter o = 1. For this preference, xEy ~ zE'y implies z > vy, and,
therefore,

Vir 1u(zBy) = ' (B)u(z) + (1 = 7'(E))u(y)
=Vir1u(2E"y) = 7" (E")u(z) + (1 — 7" (E"))u(y).
Whereas
Vir1u(fr) = 2116111_[1)\ (r(E)u(z) + (1 —7(E))u(y) + (1 = A) (7(E"u(z) + (1 — 7 (E")u(y))
= )\ (W///(E)U(JT) +(1- W'/’(E))u(y)) +(1-=X) (F///(E/)U(Z) +(1- W"’(E'))u(y))

for some 7" € co({#',7"”}). The indifference condition zEy ~ zE'y ~ f\, requires
Vir 1.u(f)) = AVir 1 u(2Ey) + (1 = \)Vip 1,4 (2E"y). This in turn requires 7"/ (E) = 7/ (E)
and 7" (E’) = 7"(E’) which is impossible since 7" € co ({n’,7"}), given the initial
assumptions on 7/, 7.

(1) = (i7): Belief comonotonicity implies that for each u € Uy, and compact, convex
I' CI, >y and 2 >y,

min < / u fﬂdﬂ) = min <>\ / w(@By)dr + (1— \) / u(zEy)dw)

= Amin </ u(a:Ey)dW) + (1 — A) min </ u(zEy)dw) .
well’ mell’
Hence, Viv 14(xEy) = Vi 1.4(2E"y) implies Vir 1.4 (f)) = Vir 1u(xEy) = Viv 14(2Ey).
The same argument obtains with the min operator replaced by max, from which the

conclusion is extended to Vir ou(f2) = Vit a.u(2EY) = Viv au(2EYy) as required. m

Proof of Remark 5.1. The preference inequality (16) may be written
/ 6 (Me(E) + (1 — Nm(E')) dyt < / 6 (A(E) + (1 — Nr(E") du
A A
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for all increasing concave ¢, where to simplify notation and without loss of generality
we have normalized so that u(z) —u(y) =1, u(y) = 0. If zE'y ~ xE"y for all ambiguity
averse =€ 7351 o then one can verify that 7(£") and w(E") have identical distributions
under the measure p. Given belief comonotonicity, the pair 7(E), n(E’) are similarly
ordered. Noting that for each 0 < A < 1, the function (a,b) — ¢ (Aa+ (1 — A)b) is
supermodular, the result follows from Lorentz (1953) rearrangement inequality. m

Proof of Proposition 5.2. For the P = 77(]}/1[ I case: Belief comonotonicity on II
forces g g = {(7(E),n(E’))|r € II} to be a nondecreasing arc in the unit square,
thereby restricting the dimension of IIg g/ to be no more than one. Given II is com-
pact convex, this arc is the convex hull of the two points, (minII(E’), minII(E)) and
(max II(E"), max II(F)). Hence, the characterizing condition in Proposition 3.3 reduces
to condition (i) of Proposition 5.2. For the P = PU case: Applying Proposition 3.4,
gives 7(E’) has the same distribution as n(7(F)), for some elasticity reducing function
n: {n(E)|r € supp u} — [0, 1]. Since E, E’ are belief comonotone on supp p, this implies
7w(E") = n(w(E)) for almost all 7 € supp u. ®

Proof of Proposition 5.3.  (ii)=(i): Let uy € U; denote the simple step func-
tion, ux(x’) = 0 if 2/ < z, uy(2') = 1 otherwise. The condition [ u,(f(s))dmi(s) <
[ uz(f(s))dma(s) becomes 7r1(Ef ) > TFQ(E;{ ), similarly for act g. Hence if condition (ii) of
the proposmon holds, then 7T1(E3Jf) WQ(E%C) and m1(E3) > ma(EY) for each 71, 7o € 11,
z e X.

(i)=(ii): suppose (i) holds, this implies there is a linear order < on II such that
7 < mo & m(EL) > mo(EL) and 71 (EY) > ma(EY) for each x € X. Since m;(EL) =
P#Z. (z), mi(E%) = PZ.(x), i = 1,2, the result follows by a straightforward application of
stochastic dominance (e.g. Miiller and Stoyan (2002), Theorem 1.2.8). m

Proof of Proposition 5.4.

For P = 73%71-[: Recall, by convexity of II, pf , P are mixture linear (equation (2)
in Section 2.1). Belief comonotonicity for the acts f, g € F means that for each z € X,
[udPf and [ udP{ are both nondecreasing on II in the linear order <y, . Hence, since
II is compact, there exist top and bottom elements of II, denoted respectively 7 and
7 such for all v € Uy, © € I, fudPEf < fudP/: < fudPﬂlC and [udPf < [udPi <
[ udPZ. Hence, X : I — [0, 1], defined by 7 =g, A(7)7T + (1 — A(7))x, represents <, and
Pl =\mPL+ (1 - Xn)PL, feF.

(i)« (ii): Suppose (i7) holds, then for u € Uy,

oz/udPg + (11—« /udPFf > (§)o¢/udP£9 +(1- oz)/udPg (40)
whenever a > (<)0.5. That is, it is necessary and sufficient that aPf + (1 — a)Pﬂf
stochastically dominates aPg + (1 — oz)Pg for a > 0.5 and is stochastically dominated by

it when @ < 0.5. Noting that f, g € F implies P{(z) = n(E{), # € X, the condition (40)
is equivalent to azx(EL) + (1— )7 (EL) < (>) ax(EY) + (1 — )7 (EY) whenever a > (<)
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0.5. Since IT is centrally symmetric, choosing a = 0.5 gives ™ (Eg{) = *(EY) and m(EL)—
(Ef) > n(Bf) - 7(Ef). Bauivalently, [z(E{), 7(B])| = (EL) c [x(B9), 7(EY)] =
I1(EY).

For P = PUl i (i) = (@) : Suppose condition (¢) holds. Let u, € Uy denote the
simple step function, satisfying u,(y) = 1 if y > = and u,(y) = 0 if y < z. Hence,

fs ux(f)dm = (1 -7 <E£>> , fs uz(g)dm = (1 — w (Ef)). For (7351,“) —m.a (I) we re-
quire therefore [ ¢ (1 -7 (Eg]; )> dp < [ ¢ (1 =7 (EY))dp for all nondecreasing concave
¢. Since for Ef to be a (P) —m.a (I) event than E7, it is required that for all z > y,

[o((1=m(BD)) o)+ 7 (BL) u) du < [ 6(1=(BL) utw) + (B uty) d
Jo((1-7 (BD)) @)~ u) +ut) du < [ 6((1 =7 (E2) (ula) ~ ulw) + u(o) d

the implication easily follows.

(¢) = (i4) : The reverse implication utilizes belief comonotonicity. Let uw =), v;uy,,
~v; > 0, hence, fS u(f)dmr = fS Yo Vil AT = Y, fsumdw =% (1 - <E§;>>
Condition (7) implies for each z;, and each concave ¢, [ ¢ (1 -7 <E§;>> dp> [¢(1—7(EY,))du,
and it is known (see, e.g., Landsberger and Meilijson (1994)) that together with belief
comonotonicity this implies

Jo(n (- (E0)) ) < [ o (1 (52)) )

Hence, [ ¢ ([qu(f)dn)dp > [ ¢ ([gu(g)dr)du, for all concave ¢, for all u of the form
U= VUs- Any u € Uy can be uniformly approximated by a sequence of functions of
this form with

11751/¢ </sum(h)d7r> dp = /¢> </Su(h)d7r> du,h = £, g.

Proof of Proposition 5.5. (i) = (i). For z € J, and step utilities um : X — R,
ug(y) = 1 for x > y, 0 otherwise, we have fs Ug(f)dm =1 —n(E fs Ug(g)dm =1 —
7(E), m € II. Given belief comonotonicity, Propositions 4.3 and 4. 4 for respectively the
a—MEU and smooth cases, state that f (P)—m.a.(II) g implies [ um(f)dﬂ—fs uz(g)dm
has at most a single sign change from negative to positive as m becomes larger (in the
linear order defined by belief comonotonicity). A strict sign change must occur, i.e.
(fsuz dw—fsux d7r) X (fsum f)drn' —fsum d7r) < 0 otherwise either g = f
for all € P or g = f for all =& P. Since {( (E9),m( x)) T € H} is a convex subset

of [0,1]2, there is an affine elasticity reducing function 7 : II(E{) — [0,1] such that
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7(E4) = n(w(EL)) on IL Proposition 5.2 implies EJ is a (P) —m.a.(II) event than EY
as required. The rest of condition (i) is established by observing that for »*€ 73(]}{ I

with @ = 0, v (Ejf) w >* v (Ef)w since maxqer [guq(f)dm > maxren [gus(g)dn.

Similarly, for =**¢ 7351’# with o = 1, v (E))w =* v (Ejf) w. For smooth ambiguity
preferences, since there are sequence of preferences in 73517 u whose evaluations converge
to max, 1y fs Uzdm and mingecpg fs Uz (f)dm, the same conclusion holds.

(1) = (74) : Condition (7) implies for each x € J, {(1 —n(Ef),1— TF(E;;)) | € H} is
a convex subset of [0, 1]? whose interior intersects the leading diagonal, and it satisfies the
single crossing property that 1—m1(E]) > ()1 —71(EY) = 1—ma(EL) > ()1 —ma(EY)
for w9 larger than 7. It follows from belief comonotonicity that for any x € X™,
A € R7, {(Z;Zl Ni(L=7(EL)), > N (1 - W(E{))) |m e H} inherits these prop-
erties: it is a convex subset of [0,1]? whose interior intersects the leading diagonal,
and it satisfies the single crossing property. Equivalently, {[qu(f)dr, [g u(g)d7r}7r eIl
inherits these properties, where u = Y Ajugy, € U;. This establishes that [qu gu(f)dm,
[su g u(g)dm satisfy the single crossing property for any u € Up which is a p081tlve lin-
ear comblnatlon of step functions. The result extends to any u € U; by standard
arguments. Hence, for the special case p = 0, {fs u(f)dm, fs u(g)dw}ﬂen satisfies the
single crossing property (i7) of Proposition 4.3 and also the single crossing property
(ii) of Proposition 4.4. The proof will be completed, by establishing that this single
crossing property is satisfied for each |p| 6 |J|. To see this note that for any such
p >0 the convex set { f g U (f +p)dm, f qu d7r}7r cn is obtained from the convex set
{(Jgu(g)dm, [gu(f)dr)|x € II} by shifting vertically the [g ( f)dr coordinate corre-
spondmg to each point 7 € II by an amount [gu(f+p)dr— [gu(f)dm > 0, the [gu(g)dr
coordinate is evidently unchanged. m

Proof of Proposition 5.6.
The proof is in the text. ]

Proof of Proposition 5.7. The proof is in the text. m

Proof of Proposition 5.8. To simplify notation, we replace f + p with f throughout
this proof, so for expressions involving f, these may be interpreted as holding not only
for f, but for all f + p such that p € R, |p| < |J]|.

(1) & (i), i.e., equivalence for preferences in 7751,”: By Proposition 4.4 it suffices
that there exist no v € Uy,and a; < ao such that

M({WEH\fxudPJSal}) >p({rell| [yudP!<a})=
u({weHUXudPJgag}) 2&({WEH|qudP#§a2}).

This is equivalent to the condition 71, 7wy € supp p, with 71 <7, m2

/ udP{ < / udPy, = / udP, < / udPY,. (42)
X
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To see that (41) implies (42), note that as in the proof of Proposition 5.4, since supp p
is a convex, compact set there are top and bottom elements 7 and 7 such that A,
defined by 7 =y, A(7)T + (1 — A(7))x, represents <p, . Evidently, P{ and P¢ vary
continuously with X and the measure p o A1 has full support on [0,1]. Hence, 71,73 €
supp ft, [x udPy, > Jx udPg, imply [ udP! > Jx udP? in an open neighborhood of
m1 and, hence, u <{7r elr| fX udP! < a1}> <p ({7r elr| fX udPd < al}) . Similarly,
for [ udPT{c2 < [x udPf,. That (42) implies (41) is straightforward. Hence, (42)<(41).
In the usual way, approximating u by > ajug, for positive a; > 0, x; € X, it is
necessary and sufficient for (42) that for all choices of x1,x9,... € X and aj,aq,... €
(0,1).
3 a <P7€1 (@) — P/, (xi)> >0, o (P,?z () — PL, (xl-)> <. (43)
The proof is completed by showing that condition (iii) of Proposition 5.8 is equivalent
to the negation of the inequalities (43). With

(1(@), 12(2)) = (P2 (@) = PL, (2), P4, (2) = PL (@) .

negation of (43) asserts the convex hull of Y = {(y1(z),y2(z)) | € R} C R? does
not intersect the orthant @ = {(y1,72) € R? | 51 > 0,52 < 0}. Equivalently, by the
separating hyperplane theorem, there exist (A1, A2) = 0 such that

At [P;gl (x) — P, (x)} <o [P;‘r’z(m) - Pl (x)} zeX.

(1) < (i), i.e., equivalence for preferences in P{}f ¢ By Definition 2.4 and Proposition
4.3, condition (iii) is equivalent to: for each u € Uy,

a/ udPJ+(1—a)/ udP? — (a/ udPg+(1—a)/ udpg>
X - X X - X

=a udP{(z) — [ udP?)+(1—a) uwdPl(z) — | wdP?) =aA+(1—a)B
X X X X

has (at most) single sign change from negative to positive as « increases from 0 to 1.
This rules out the configuration A < 0, B > 0 but all others are admissible. As in the
previous, 73517 o part of the proof, choosing u to be step functions and arbitrary convex
combinations of step functions requires that Y be separated from Q. Also as above, this
establishes condition (iii) with 7y = &, m9 = 7. Using the convexity of II, and the fact
that P,f , P are mixture linear, the equivalence is seen to extend to all w1 <y, 7o € IL
|

A.4 Proofs of results in Section 6

Proof of Proposition 6.1. Belief comonotonicity implies the objective function may
be written as

iy /X w(62)dP! (2) + (1 — o) max /X bo)dp! (@) = |

f
min max . u(@:c)dPaEHl_aﬁ.
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If (0,x) — u(fz) is supermodular on the lattice [0,1] x X (with the partial order (6,x)
larger than (¢',2) if @ > 0" and x > '), then (0, P) — [5 u(fx)dP(x) is easily seen to
be supermodular on the lattice [0, 1] x (space of probability distributions on X') with the
partial order (6, P) > (¢',P") if # > #' and P first-order stochastically dominates P’. It
can be shown that condition (ii) of Proposition 5.6 implies that for o > %, P9

ar+(1—a)7T
first order stochastically dominates POJ;T H(—ay conversely for a < %, POJ;T +H—a)T first
order stochastically dominates Pgw +—a)F The result follows immediately from standard

monotone comparative statics results (see, e.g., Milgrom and Shannon (1994)). =

Remark A.1 In light of Proposition 5.7, the following equivalence is a restatement
of Tchen (1980). Let the pair f,g € F be belief comonotone on supp p for the class of
utilities Uy. Then f m.a.(Il) g if and only if for all supermodular functions v : X x A —

R,
/ vdphH > / vd P9+,
X xA X xA

Proof of Proposition 6.2. At the portfolio share 6* = 6* ((u, ¢, u); (P?)er) = 0,
the following first-order condition holds

/ ¢ </ udPﬂ) o' (0*z) zd P9 = 0. (44)
X xA X

It suffices for the result that (44) implies [y, A ¢’ ( Ix udPy ) u' (0*z) xdPf+ < 0, since,

by concavity the 6 satisfying the first-order condition for f must be greater than 6*.
Since v/ (w 4 0*z) x is nondecreasing in = and ¢' ([ udPﬂ) is nonincreasing in w € II,
by concavity and belief comonotonicity, it follows from P/* more ambiguous (I) than
P9+ (Remark (A.1)) that (44) implies [, A &' ([x udP¥) o (6*z) zd P/ < 0. Hence, it
suffices to establish the implication

/ ¢ (/ udP;g> u (0*x) xdPTH < 0 = / & </ udP,{> u' (0*z) xdPTH < 0.
A X X xA X

X x

This will be achieved by showing that there exists A > 0 such that

/X><A <¢' < /X udP{ ) — ¢/ ( /X udpfg» u' (0%x) xd P < 0. (45)

To this end, choose A = A* > 0 so that

/XXA (d ( /X udP] ) - X ( /X udPﬁ)) P =0, (46)

It follows from the assumptions that ¢’ is convex, hence from f m.a.(I) g it follows that

/Agb' (/XudP/:) duz/Aqs’ (/Xudpgg> du,
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therefore \* > 1. Hence, since ¢’ is decreasing, ¢’ ( | x udPTJ: > > \*¢/ ( | x udP? ) implies

f x udPTJ: < f X udPy. Let ((7) = f x udPﬂ: — f X udP¥, ¢ is a nondecreasing function by
LAURY)
¢’ (n)
¢ < 0 and, since ¢’ is decreasing, is nondecreasing in (. It follows that, for 7’ = ,

assumption (Remark 5.5). If ¢’ is logconvex, then is nondecreasing in 7 for all

& (JxudP! —¢m) ¢ ([ udPl —<m) & (fxudP) - ()
¢ ( [ udPi ) Ty ( I udPT{,) Ty ( I ude:,) ’

Hence,

/ u 7{
[cb' ( /X udP#f) -\ < /X udeZ)] = o (ix(i;{dp C>(7r)) = A" ( /X udeZ)

has at most a single sign change which is from positive to negative if one occurs. The
rest of the proof is standard. Since 7 — [5 u' (6 x) zdPi is nondecreasing, there exists
a k € R such that

[ ) () ([ st 1)

Using (46) this is easily seen to imply (45) as required. m

Proof of Proposition 6.3. For the case of a-MEU preferences, one obtains, by the
envelope theorem, the first order condition

Wy —a) = / W (4> + a)dPL (1) + (1 - @) / (g + a)dPLG)),  (47)

this condition uniquely determines the optimum given u is strictly concave. For the
CARA case, compensation

a/udPEf +(1- a)/udPFf = a/udPﬂg +(1— ) /udPﬁg (48)

means the first order condition is unchanged
a/u’dpg +(1- a)/u’dpg = a/u’dpg +(1- a)/u'dpg.

As noted in Gierlinger and Gollier (2008), Hardy, Littlewood, and Pdlya (1952)’s
generalization of Minkowski’s inequality, that the generalized mean v — M (v) =
o 1 ([ (v(m))du(m)) is concave if  — —¢'(x)/¢"(x) is a concave function. Hence,

with v1(7) = [u(y2 + s1)dP! (y2), va(m) = [ u(y2 + $2)dPY (y2), va(m) = [ ulyz + As1 +
(1= N)s2)dP! (y2) we have Ay (v1) + (1 — N)My(v2) < My(Avg + (1 — Nvg). Tt follows
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that if w is strictly concave, a +— be (a) is strictly concave. The first-order conditions
are (having set the optimal savings a = 0 without loss of generality) are

J & (S udpf) (fuarl) dp
¢ (07 (J o (JudPl)dn))

We wish to show that for an m.a.(II) compensated increase in ambiguity

[&" (JudPE) ([ wdPf) dp
¢ (7" ([ & ([ udPd) dpn))

since, a strict inequality will require a reduction in savings to restore the first order
constraint. That is, we wish to establish

1/(91 =

(yl)

[owndu= [oWpdu= [¢ U)Vianz [¢ W)U 9)

where Uy = fude:, U]’c = fu’dPT]: and Uy = [udPi, U; = [«/dP7. Using CARA, this
becomes

/qufdu /(b du:>/qufod,u</¢ ) Ugdpe.

Note that the function ¢(U) = ¢/ (U)U is a nondecreasing concave transformation of ¢
on R_ Nondecreasing is immediate, the concavity part can be seen from the fact that
the ratio of derivatives

d"(U+¢'(U) _ —¢"(U)

¢'(U) ¢'(U)
is the product of two positive decreasing function and therefore decreasing. The result
now follows since a compensated increase in m.a.(II) satisfying the equality condition in

(49) implies that [ ¢ (Up)dp < [ gb ) dp for any ¢ which is a concave transformation
of . m
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A.5 More ambiguous sets of lotteries

Recall a lottery is, formally, an element of L, the set of distributions over X with finite
supports. Let 2 denote the set of all subsets of L and £ = 2F\0), £; = 2L7\(). Let =~
be a preference relation on L.

Definition A.2 Let P£ be a class of preferences over £. Let iﬁ, ige PEL. We say
=% is (P¥)-more objective ambiguity averse than =4 if, for all | € L and £; € L,
Lp=g {1} = Ly =5 {1} and Ly <5 {1} = L5 <5 {1}.

Notation A.1 Giwven Ly € L andx € X, L+, denotes the set of lotteries {l + 0, |l € L¢}.

Definition A.3 Let P~ be a class of preferences over £. We say P~ is strictly par-
tially ordered by (P*)-more objective ambiguity averse if for each =*& P* there
exists EL € PL, £+ Eﬁ, such that =% is (P£)-more objective ambiguity averse than
SFor 55 s (P~)-more objective ambiguity averse than =%,

The following is the analog of more ambiguous (II), applied to preferences over sets
of lotteries.

Definition A.4 Let PZ be a class of preferences over £ strictly partially ordered by
(P%)-more objective ambiguity averse. Given sets of lotteries £ 7Ly € Ly, wesay Ly
is a (P*)-more ambiguous set of lotteries than L, if for all p € R with |p| < |J|,
Ly =5 (Ly+6y) = Ly =F (Lp+6p), and Ly =5 (Lp+06,) = Ly =5 (Ly+0p),
whenever t% is (P£)-more objective ambiguity averse than tﬁ.

We do not suggest an analog for more ambiguous (I) applied to preferences over sets
of lotteries. While it may appear such an extension is straightforward, a problem is the
literature does not identify candidate definitions of ambiguity neutral, in general, for
such classes of preferences. The difficulty follows from the fact that the setting makes
no reference to a state space (and subjective beliefs).?

Olszewski (2007) characterizes a class of preferences over sets of lotteries wherein the
DM evaluates a set of lotteries £y € £ according to the rule:

VE(Ly) =a <min Eu (z)) +(1-a) <max Eu (1)> , (50)

lely leLy
where Eu () = [u(z)dl (z) is the expected utility of lottery . The parameter a can be
interpreted as a measure of the DM’s attitude to objective ambiguity: if a; corresponds

to a DM i = A, B, then DM A is more objective ambiguity averse than DM B if and
only if a4 > ap.

I Note, Olszewski (2007) and Ahn (2008) only define and characterize comparative ambiguity aversion
(and not absolute ambiguity aversion).
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Ahn (2008) characterizes another class of preferences over sets of lotteries, proposing
the following evaluation for a set of lotteries L € L:

Vn§,¢,u(£f) — W (51)

m (Ly)
/ 6 (Bu (1)) dmyz, (52)

where Eu (1) = [ (z)dl () is the expected utility of lottery [, m is a probability measure
on L, and ¢ is an increasing transformation applied to u. This DM considers all of the
relevant lotteries in £; when making his decision, with their relative consideration fixed
across sets by a measure over all lotteries. Her attitude to ambiguity is, in part, captured
by the transformation ¢. In particular, an, 6,,,u 1S MOTE objective ambiguity averse than
Vn§¢> o if and only if ¢4 = ho ¢p, where h: ¢p(u(X)) — R is concave.

The following two results provide characterizations of more ambiguous sets of lotteries
for preferences proposed by Olszweski and Ahn. The statements are exact analogs of
those for Propositions 4.3 and 4.4; the proofs obtain as straightforward adaptations of
the proofs for those propositions, respectively.

Proposition A.2 Let Ly, L, € L5 and set PE = {
equivalent:

a“}ae 0.1)uelh . The following are

(i) Ly is a (735) -more ambiguous set of lotteries than Ly;

(i) For each uw € Uy and p € R, |p| < |J|, the following single crossing property holds:

<m1nEu (40 )> > min Fu (I) = max Eu (I 4 0,) > max Eu (1) .
€Ly 1L, leLy leL,

Proposition A.3 Let L;, L, € Ly and set PL = . The following

} €D el/]
{ e ¢ @ (’LL),’U,

(i) Ly is a (P*)-more ambiguous set of lotteries than Lg;

(ii) For each uw € Uy and p € R, |p| < |J|, the following single crossing property holds:
For each v < vs,

me, ({Zecf\/u(zwp)gul}) <mp, <{zecg\/u(z+5p)gy1}>
= mye, ({zeﬁf|/u(z+5p>gy2}> <my, ({l€£g|/u(l+5p)§1/2}>.

The following proposition involves sets of lotteries induced by acts. Given m € A,
any act f € F induces a corresponding lottery P/: (x), a probability distribution over

o1



outcomes. Given a set II C A, denote the set of lotteries induced by f and II by
Lin= {Pﬂ:} . € L. Consider a probability measure p: Bo — [0, 1], with supp u =
TE

II C A. Since 7 +—— PJ is a Ba measurable function, the measure p induces, uniquely, a
probability measure on Ly which we denote as my,,. Finally, given a pair of acts f, g,
suppose m is a measure on A (A (X)) (or, equivalently, on £) such that mz, = my,
and mc, ;= Mgy

Proposition A.4 Consider a probability measure p : Bo — [0, 1] such that supp p =
II C AA is compact, convexr and that given the class of wutilities Uy, the pair of acts
f,g9 € Fy is belief comonotone on I1. Then the following are equivalent:

(i) For each m <y, w2 from II, and p € R with |p| < |J|, there exist A1, o > 0,

A1+ A2 =1 such that for allx € J,

M(1 = PLP(2)) + A PLP () < M(1— PE,(2) + A2 P, ().
(i) Lymisa (735) -more ambiguous set of lotteries than L4 11 where PL = {V

o
a,u aE[O,l],uEUl :

(1it) Ly isa (735) -more ambiguous set of lotteries than L4 11 where PL = {V7§¢ u} .
) ) pedq (u),uels
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A.6 Figure.

n(E" (maxN(E), maxn(E"))

{((EY), m(E))|m en}

@ Em@E)Ir eln)
(minM(E), minn(E"))

w(E)

Figure 1: Illustration of £ m.a.(II) event than E’ for a-MEU and smooth ambgiuity.
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