Partition function of the Kitaev quantum double model
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We compute the degeneracy of energy levels in the Kitaev quantum double model for any discrete
group G on any planar graph forming the skeleton of a closed orientable surface of arbitrary genus.
The derivation is based on the fusion rules of the properly identified vertex and plaquette excitations,
which are selected among the anyons, i.e., the simple objects of the Drinfeld center Z(Vecg). These
degeneracies are given in terms of the quantum dimensions of the anyons and allow one to obtain
the exact finite-temperature partition function of the model, valid for any finite-size system.

I. INTRODUCTION

Anyons [I-1] are the building blocks of topological
quantum computation [5—7]. First observed in the frac-
tional quantum Hall effect [3, 9], these exotic quasipar-

ticles that obey fractional statistics [L0] have since trig-
gered much interest due to their potential use in per-
forming nontrivial braiding operations that could act as
logic gates for a quantum computer. Additionally, the
nonlocal nature of the information that can be encoded
in anyons makes them promising candidates for topolog-
ical quantum memories [11]. As early realized by Kitaev
in his seminal paper on fault-tolerant quantum compu-
tation [12], this nonlocality ensures a topological protec-
tion against external perturbations [13] (see also Ref. [14]
for a review on physical implementation of topologically
protected qubits). Recent experiments have leveraged
this protection to implement and stabilize the ground-
state wavefunction of the paradigmatic toric code [12]
in a quantum processor [15, 16], as well as in Rydberg
atom array [17] (see also Refs. [18, 19] for the realiza-
tion of non-Abelian topological order). Although directly
implementing large-scale surface code Hamiltonians (not
just the ground state) remains challenging, understand-
ing the role of thermal fluctuations in these systems is
important.

For two decades, this problem has been the subject of
numerous studies (see, for example, Refs. [20-26]). In
two dimensions, it has been shown that topological order
is destroyed at any finite temperature in the thermody-
namical limit [27] for local commuting projector Hamil-
tonians (such as the Kitaev quantum double (KQD)
Hamiltonian [12] or the Levin-Wen (string-net) Hamil-
tonian [28]), which host achiral topological phases. How-
ever, a competition between the temperature T' and the
system size L allows one to preserve the main characteris-
tics of the topological order at temperatures smaller than
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a size-dependent crossover temperature T* o< 1/1n L. To
gain a deeper understanding of these thermal fluctua-
tions, access to the partition function of the problem at
hand is essential.

In the present work, we focus on the KQD model,
which is a lattice realization of a topological quantum
field theory (TQFT). The excitations of this TQFT are
anyons labeled by the simple objects of a unitary modular
tensor category (UMTC) (see, e.g., Ref. [29] for a review).
For a KQD model based on a group G, this UMTC is
the Drinfeld center Z(Vecg) of the tensor category Vece
built from the group G. The partition function for the
toric code model, the simplest of the KQD models, was
computed by several authors [20, 21, 24, 30]. A formal
expression was also given for the partition function of the
KQD model in the case of a non-Abelian group [23, 24].
Here, we provide a simple and compact expression for
the partition function of the KQD model for an arbi-
trary finite group G and for any planar graph forming
the skeleton of any closed orientable surface of arbitrary
genus, which we believe to be a new result.

A non-trivial part of deriving the partition function for
this model is to obtain its spectral degeneracies, which
depend on the topological nature of the anyons present
in the system. Our derivation closely follows the ap-
proach recently developed for string-net models [31-35].
The main idea for computing the spectral degeneracies is
to ignore the microscopic degrees of freedom, and to fo-
cus on the anyonic excitations and their fusion rules. In
short, “only fusion matters”, in most cases. However, in
addition to this (topological) degeneracy of fusion chan-
nels, vertex excitations of the KQD model feature an
internal multiplicity when the group G is non-Abelian,
which leads to additional (nontopological) degeneracies.

This article is structured as follows: in Sec. II, we in-
troduce the KQD model and identify the elementary ex-
citations that correspond to vertex and plaquette con-
straint violations. We also discuss the notion of subtype
introduced in Ref. [12], which is crucial for computing
degeneracies when G is a non-Abelian group. In Sec. III,
we explain how to compute the degeneracy of any energy
levels of the KQD model on a closed orientable surface
of genus g in terms of fusion trees (see Fig. 1 for an illus-
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tration). Using the Moore-Seiberg-Banks formula [36],
we obtain a simple, compact expression for these degen-
eracies [see Eq. (39)], which only involves the quantum
dimensions of the anyons of the Drinfeld center Z(Vecg).
Finally, the finite-temperature partition function is de-
rived in Sec. IV for any finite-size system [see Eq. (42)].
In Appendix A, we consider a refined version of the KQD
model introduced in Ref. [37], which distinguishes be-
tween different excitations that may exist in the KQD
model. Using the same approach as for the KQD model,
we compute the exact partition function of this refined
model. Appendix B contains two examples of groups for
which we discuss the relation between energy eigenspaces
and anyons. Appendix C provides a (technical) proof of
the main results, based on very general arguments and
valid for a general lattice gauge theory. Appendix D gives
an alternative group-theoretical proof of the degeneracy
formula using lattice manipulations. Eventually, in Ap-
pendix E, we compare the KQD model with string-net
models.

II. THE KITAEV QUANTUM DOUBLE MODEL
A. Definition

The KQD model [12] is defined on any planar graph
forming the skeleton of a two-dimensional closed man-
ifold (meaning the graph goes around each noncon-
tractable cycle and plaquettes are filled in accord-
ingly [38]). It assigns every oriented edge of this graph
a value out of the elements of a discrete finite group G.
The Hilbert space H is spanned by all possible labelings.
Since there are |G| possible choices for every link (with
|G| the number of elements in the group), one has

dim H = |G|™, (1)

where NV, is the number of links (or edges) of the lattice.
For notational convenience, we index the vertices of the
lattice with roman letters a, b, c..., so that any edge label
can be written g, € G, with the subscript ab indicating
that the edge is pointing from the vertex a towards the
vertex b. Reversing the orientation of an edge changes
the label from gup to gpa = ga_bl.

At each vertex v, one defines a set of local operators
Al with h € G. These operators preserve the group

v

operation
ALAY = A, (2)

and thus form a representation of G (see, e.g., Ref. [37,

). The action of an operator A” is to pre-multiply
all (outward oriented) edges g,, around vertex v by the
group element h. For example, on a square lattice, one

has
Gud hg'ud
Jav Gue Yav hl hgve
Al = .
v v v (3)
YGub h Gub

These operators implement local gauge transformations
on the lattice. In fact, if two operators A% and Al act
on two vertices connected by an edge labeled g,,.,, this
edge label transforms as hg,,.,h~'. Next, one defines

the vertex operator A, as

A, = é > A (4)
i per?

Using Eq. (2), one can easily show that A, is a projector
(A2 = A,), and that it is invariant under the action of all
Al Therefore, A, projects on gauge-invariant states at
the vertex v (states without “electric charge”). In other
words, it is the projector on the trivial representation of
G, T'¢, at v [37]. Using the operators A", one can also
construct projectors onto any other irreducible represen-
tation (irrep) of G at vertex v, [see Eq. (A2)].

For every plaquette, one can define projectors BI’},
which ensure that the product of all labels around the
plaquette p equals the group element h. For example, on
a square lattice,

Yed Yed
d c d c

h
9a _ ga Geb
By i h.gavgy' GedGda @ (5)

a b a b
Yab Yab

=)

By convention, the product is always taken counterclock-
wise around a plaquette [see Eq. (5)]. A BI}} projects onto
a “flux” h in plaquette p - however, the gauge-invariant
quantity is not the group element h but its conjugacy
class C}, [see also Eq. (A4)]. In particular, the plaque-
tte operator B, = By projects onto states for which the
oriented product of labels around a plaquette is equal to
the identity e of the group G (i.e., it projects onto the
conjugacy class C. = {e}). This corresponds to a trivial
“magnetic flux” in the plaquette p or to a flat connection.

The Hamiltonian of the KQD model [12] is the sum of
the local commuting projectors A, acting on the vertices
v and B, acting on the plaquettes p of the lattice:

H=-J,> A, —J,Y B, (6)
v P

where J, > 0 and J, > 0. A more general version of
this model, introduced by Ref. [37], is discussed in Ap-
pendix A. For the model defined by Eq. (6), all plaque-
tte and vertex operators commute with each other. A
ground state of the KQD Hamiltonian is invariant under



the action of A, and By, i.e., it corresponds to a state |¢)

where A,|¢)) = B,l¢) = |[¢), V p,v. A vertex excitation

(or “electric charge”) at a given vertex v corresponds to

A, = 0, whereas a plaquette excitation at a given pla-

quette p (or “magnetic flux”) corresponds to B, = 0.
The ground-state energy is thus

Eo = —JyN, — J,Ny, (7)

where N, is the total number of vertices N, is the total
number of plaquettes. On a closed orientable surface of
genus g, the Euler-Poincaré characteristics is given by:

Ny, — N+ N, =2 —2g. (8)

Excited energy levels of the KQD model are easily ob-
tained. A state with n excited vertices and m excited
plaquettes has energy:

Epm = Eo+ Jyn+ Jym < 0. (9)

B. Energy eigenspaces versus anyons

On the one hand, as can be seen from Eq. (9), the
energy levels of the KQD model are determined by the
number of vertex and plaquette excitations, which we
will call elementary excitations. On the other hand, in
the low-energy limit, the lattice model should be de-
scribed by a TQFT, whose topological sectors are la-
beled by the anyons of the Drinfeld center Z(Vecg) [12].
These anyons can be split into three categories: char-
geons carry non-trivial charge, fluzons carry non-trivial
flux, and dyons carry both non-trivial charge and flux.
However, these anyons generically live on a site of the
lattice, i.e., the combination of a vertex and an adja-
cent plaquette [12]. As a result, the relation between
elementary excitations on the lattice and anyons is not
one-to-one. In short, vertex excitations are chargeons
but plaquette excitations are not exactly fluxons. Ad-
ditionnally, there may be different ways to produce a
dyon on a site as a combination of a vertex and a pla-
quette excitation. This distinction was already made by
Kémér and Landon-Cardinal [37], who introduced the
notion of “energy eigenspaces” (closely related to lat-
tice excitations), that we will adopt. Below, we discuss
the difference between energy eigenspaces and anyons.
Energy eigenspaces are best understood by using a re-
fined Hamiltonian Hp introduced in Ref. [37] (see Ap-
pendix A). We give two examples of the relation between
energy eigenspaces and anyons (for the groups Zy and
S3) in Appendix B.

1.  Energy eigenspaces and excitations

In the KQD model, the operator A, projects onto the
trivial irrep I'¢ and B, projects onto a plaquette having
a trivial flux e € C,. Therefore, energy eigenspaces are

naturally labeled by (C,,I'%), where C, is a conjugacy
class and T'“ an irrep of the group G [37]. The absence of
a lattice excitation (corresponding to A, = 1 and B, = 1)
is called the vacuum and is labeled by:

1=(C,,TI{). (10)

Apart from the vacuum, other energy eigenspaces corre-
spond to various lattice excitations, which we now detail.

Vertex excitations correspond to A, = 0 and B, = 1,
and are labeled by

(Ce,T9) € Ve, (11)

where I'¢ # I'{’ is a nontrivial irrep. The set of vertex
excitations is denoted by Ve. Its cardinality is |Ve| = M,
where we define M + 1 to be the number of irreps of G,
which is also the number of its conjugacy classes.

The (gauge-invariant) plaquette excitations correspond
to B, =0 and A, =1, and are labeled by

(Cy,TT) € Pl (12)

where C; with g # e is a nontrivial conjugacy class. The
set of plaquette excitations is denoted by Pl and one has
[Pl = M.

Finally, we introduce the set of site excitations that
violate both the plaquette and the vertex constraints
(A, =0 and B, = 0). They are labeled by

(Cy,TY) € Si, (13)

where C, and T'¢ are both nontrivial. The set of site
excitations is called Si and has a cardinality |Si| = M?2.
The total number of energy eigenspaces is (M + 1)2,
which splits in a unique vacuum, M vertex, M plaquette,
and M? site excitations. We will also need the notations

Ve =VeU {1}, and P1 = PlU {1}, (14)

for the union of vertex (or plaquette) excitations with the
vacuum.

2. Anyons

A simple object of the Drinfeld center Z(Vecq), called
an anyon, is labeled by (Cy, TVs), where C, is the conju-
gacy class of the element ¢ € G and T'Vs is an irreducible
representation of the centralizer (or normalizer) Ny of
g. Special kinds of anyons can be distinguished. As for
energy eigenspaces, the vacuum is:

1=(C,,TY). (15)

Chargeons correspond to the conjugacy class C, of the
identity and are indexed by the nontrivial irreps I'“ of G
(as the centralizer of e is the whole group G). They are
written

(C.,T%) € Ch, (16)



where Ch denotes the set of chargeons. Actually,
Ch = Ve, and |Ch| = M.
Fluxons are indexed by the nontrivial conjugacy classes

Cy, and correspond to the trivial irreducible representa-
tion Fjlvg of the respective centralizers

(Cy, TV € T, (17)

where FI denotes the set of fluxons. The cardinal of FI is
|[F1| = M, but F1 # P1 (see below).

Eventually, the other anyons (corresponding to
Cy # C. and TVs #£ Fjlvg) are called dyons and denoted

(C,,TV4) € Dy. (18)

The set of dyon excitations is denoted by Dy and one
has |Dy| < M2. Importantly, Dy and Si are generally
different.

The total number of anyon types, i.e., the number of
simple objects of Z(Vecg), decomposes into one vacuum,
M chargeons, M fluxons, and |Dy| dyons, and is always
smaller or equal to the number of energy eigenspaces
(M + 1)2. In the following, we will also use the nota-
tions:

Ch=ChU{1} and FL = F1U {1}. (19)

3. Plaquette excitations are not exactly flurons

Vertex excitations (C., ') are the same as chargeons
(C’e,FNe) as N, = G, i.e., Ve = Ch. One can therefore
label vertex excitations with the corresponding anyon la-
bel in the Drinfeld center Z(Vecs). However, plaquette
excitations (Cy,I'{) are not exactly fluxons (Cg,l"jlvg).
This distinction is only relevant when G is a non-Abelian
group: in this case, N, is different from G (except for
g = e). Thus, for non-Abelian G, Pl # F1l. There is
nevertheless an injective mapping between plaquette ex-
citations and fluxons:

(Cy,TS) € Pl (Cy,T1%) € Fl € Z(Veeg).  (20)

A convenient way to label a plaquette excitation (Cy, T'¢)
is therefore to use the corresponding fluxon label
J = (Cg,l"jlvg) € Z(Vecg). However, as we will see in
the following, the dimension of the subspace associated
with fluxons is larger or equal to the dimension of the
subspace associated with plaquette excitations.

4. Quantum dimensions and fusion of anyons

In a TQFT, it is expected that an anyon J corresponds
to a subspace of states of dimension d;. This quantum
dimension is topological and results from the channel de-
generacy appearing through multiple fusion processes.

4

In Ref. [37], it is called a global or topological dimen-
sion dgiobal = d.;. The quantum dimension of an anyon
J = (Cy,TNs) € Z(Vecg) is given by

dy = [TNo)|C,], (21)

where [T'Vs| is the dimension of the irreducible represen-
tation and |Cy| is the cardinal of the conjugacy class. For
chargeons, d; = |TV4|, and for fluxons, d; = |C,|. The
total quantum dimension of the Drinfeld center Z(Vecg)

1S
D= > & =G| (22)
JeZ(Vecg)

Fusion rules of the anyons are described by fusion ma-
trices Ny:
AxB= > NipD, (23)
DeZ(Vecag)

where the matrix element [Na]p,p = NEB and A,B,D €
Z(Vecg) (we avoid the letter C' to denote anyons, as
we use it extensively for conjugacy classes). Mutual ex-
change statistics of the anyons are encoded in the S-
matrix, which is unitary and symmetric. In particular,
its first row has a simple expression in terms of quan-
tum dimensions: Sy,.4 = da/D. Additionally, this ma-
trix diagonalizes the fusion matrices, which leads to the
Verlinde equation [10]:

N,?B = Z

JeZ(Vecg)

S54,058,05p 4

24
S1,7 24)

5. Local degrees of freedom: subtypes and internal
multiplicities

In the KQD model, which is a lattice realization of
a TQFT, on top of the topological dimension discussed
in the previous section, the subspace associated with an
anyon J also has a local dimension djyca equal to its in-
ternal multiplicity (or number of subtypes) n; [12], which
we explain in the following.
An excitation (Cy,I'“) such that |[T¢| > 1 has an in-
ternal multiplicity, i.e., it can exist in several internal
states called subtypes and corresponding to local degrees
of freedom. For the elementary excitations such as vertex
and plaquette, the number of subtypes is directly given
by the dimension of the irrep I'“ [37]: vertex excitations
(C,,TY) have |T'¢| subtypes, whereas plaquette excita-
tions (Cy,I'Y’) do not have subtypes, as [T¢| = 1. It is
convenient to gather these internal multiplicities for ver-
tex and plaquette excitations into two vectors (77¥® and
ii¥1) with components

n}/e = dJ 6J€@, (25)

’I’L?1 = (SJGB, (26)



labeled by J € Z(Vecg), following Eq. (20). Note that
the above definitions also include the vacuum as we use
the notations introduced in Eq. (19). These vectors,
whose components are integers, satisfy the following iden-
tities (see, e.g., Ref. [32]):

S ﬁ\/e _ ,,—iVe
S 7Pl = 7Pl (27)
The notion of internal multiplicity (or subtypes) can be
extended from excitations to anyons. The internal multi-
plicity ny of an anyon J € Z(Vecg) is obtained through

the fusion of a vertex excitation A and a plaquette exci-
tation B as

= Y

A,BeZ(Vecg)

Nip ni ni, (28)

where, in the fusion coefficient N5, A and B are simple
objects of the Drinfeld center, following Eq. (20). Using
the Verlinde formula (24) together with Eq. (27), one can
show that Eq. (28) becomes

TLJ:dJ. (29)

The internal multiplicity ny of an anyon J therefore
equals its quantum dimension d; (this is different in
string-net models, see Refs. [32, 35] and Appendix E).
Another derivation of this equality is given in Ap-
pendix C3b.

As a consequence, the total dimension of the subspace
associated with an anyon J is the product of the global
quantum dimension dgiobal = ds and the local dimension
dlocal =ny [ ]:

dglobal X diocal = d?] (30)

In particular, when G is a non-Abelian group, a fluxon
may have a quantum dimension larger than 1. Then, a
fluxon has several subtypes and the plaquette excitation
corresponds to only one of its subtypes. The precise re-
lation between a plaquette excitation and a fluxon is ac-
tually a relation between the irreps of the group and the
irreps of its centralizer subgroups. This issue is discussed
in detail in Ref. [37] and relies on the notions of induced
irreps and restricted irreps. Finally, note that the ele-
ments of Si correspond to other subtypes of fluxons or
subtypes of dyons (for an illustration, see Appendix B).

I1III. DEGENERACIES

We now turn to compute the degeneracies of the ex-
cited states of the KQD model. We obtain those by
counting the number of configurations of plaquette and
vertex excitations. Through the mapping between ele-
mentary excitations and anyons [see Eq. (20)], our for-
mulas involve only a subset of the anyons of the Drin-
feld center, namely chargeons and fluxons. Dyons never

appear explicitely in the formula, as they can be ob-
tained through combinations of vertex and plaquette ex-
citations. The main physical insight of this section is
contained in Egs. (32) and (33), the proof of which is
provided in Appendices C and D. The final expression
for the energy-level degeneracies is given in Eq. (39).

A. Fusion channel degeneracy

Let us consider a two-dimensional closed orientable
manifold of genus g with n vertex excitations, Ay, ..., A,
€ Ch, and m plaquette excitations, By, ..., B,, € F1. We
start by discussing two simple cases.

First, if g = 0 and if there are non-Abelian anyons
among these excitations, this information is insufficient
to uniquely specify a quantum state in the Hilbert space,
and there is a degeneracy associated with the possibility
of having multiple fusion channels, with the constraint
that “everything fuses to the vacuum”.

Second, if there are no excitations, it is a well-known
feature of TQFTs that such systems have a ground-state
degeneracy which depends on the genus g and is given

by [40]:

dim(g;0,0) = )~

AeZ(Vecg)

Syt (31)

This is due to the fact that there can be non-trivial any-
onic fluxes going through the g handles of the surface.

Therefore, combining the two previous situations and
considering the general case of excitations on a manifold
with g > 1, one thus has to count the possible fusion
channels arising from fusing together the excitations and
the anyons in the g handles. This is equivalent to count-
ing the number of ways to label a fusion diagram such as
the one shown in Fig. 1, where the fusion rules of Z(Vecg)
are respected at every vertex (see also Ref. [32] for a sim-
ilar discussion). Such a diagram can be restructured as
long as the number of fusion vertices is conserved. On
Fig. 1, for convenience, we have represented all vertex ex-
citations on one side and all plaquette excitations on the
other, even though this does not reflect their positions on
the lattice. Using the Moore-Seiberg-Banks formula [306],
one can then obtain the fusion channel degeneracy:

dim(g; Ah ...,An7 B1,

= > (|IISaa Il Seea| sio ™™ (32)
k=1

AeZ(Vecg) |j=1

s Bm)

A local Hamiltonian cannot lift such a degeneracy, which
is usually called a topological degeneracy.

B. Internal multiplicities

The KQD Hamiltonian H does not distinguish between
the different subtypes of vertex or plaquette excitations.
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dim(g; Av,..., An, Br,..., Bm) =

g loops

FIG. 1. Fusion tree for degeneracies for a eigenenergy level of
the KQD model defined on a surface of genus g, with n vertex
excitations A1, As,..., A, € Ch and m plaquette excitations
Bi,Ba,..., B, € Fl. Each vertex excitation A can exist in
nY® = da subtypes.

Therefore, in order to obtain the full degeneracy for a
state with n excited vertices and m excited plaquettes,
the internal degeneracy n%° = da of the vertex excita-
tions (the plaquette excitations have only one subtype
nfl = 1), must be taken into account. Therefore, the
number of states with vertex excitations Aq, ..., A, and
plaquette excitations By, ..., By, is:

dlm(g, Al, ...,An, Bl, ceny B

m
H an

:dim(g;Al,...,An,Bl,...,B (33)

1
I

This additional degeneracy, which stems from the inter-
nal multiplicities of vertex excitations, can be lifted by
a local perturbation of the Hamiltonian. It is therefore
non-topological.

Equations (32) and (33) constitute the main result of
this section. We provide two different proofs of this result
in the Appendices C and D. We also performed numer-
ical exact diagonalization of the Hamiltonian for the Zo
and S3 groups on small systems of different topologies to
check the predicted degeneracies. The main features of
this formula are:

(i) it corresponds to a fusion process in which “every-
thing fuses to the vacuum”, and which is represented by
a fusion tree (see Fig. 1);

(i) extremities of the tree are either vertex excitations
(41, ..., A,), plaquette excitations (Bi, ..., By,) or non-
contractible cycles (g);

(iii) there are internal multiplicities for the vertex exci-
tations only.

In the following, we use this formula to compute the
degeneracy of the energy levels.

C. Energy-level degeneracy

Up to combinatorial factors ]XLV and JZ;’ , that

account for the choice for placing the vertex and plaque-
tte excitations on the lattice, the full degeneracy of an
energy level E,, ,,, [see Eq. (9)] is thus given by:

DG(ganvm)
= > > dim(g; Ay, Ap, Ba, .o, Bry)
Ai,...,An,€Ch By,...,B, €F1
X ane H an,
j=1
o 2—2g—(n+m)
= > S
A€ Z(Vecg)
AT( X st ) T 3 samnit). o0
A;eCh k=1 » By€Fl

The multiplicities nglk are simply 1 if By € FIl and 0

otherwise. They are made explicit in view of simplifying
the expression. Using Eq. (27), one further has

Z SAATL

A;eCh

Z SAA nA _SAl—nA _SAla
A;eCh
(35)

for chargeons, and similarly for the fluxons. Therefore,

we Obta’l]l:
SQ—ZQ < n A > < nPl >m
’ S]’A S]7A

(36)
In order to further simplify the expressions, we use
Egs. (25)-(26), and we introduce the integers ¢%° and
q%}' defined by:

DG(gvnvm): Z

AeZ(Vecg)

Vi nye -1
¢4 = g =|Gloaech = S110accn,  (37)
1,A
Pl _ Lﬁl 16l

Sackl = Sy 4 6acr. (38)

Ia = S1,4  da

The choice of the letter ¢ for these quantities will be
explained in Sec. IV. Then, we obtain the final compact
expression:

DG(gvn’m) = Z

AeZ(Vecga)

S; o ax - )" (g — ™

(39)
In particular, we recover the well-known formula of the
ground-state degeneracy (GSD)

> St (40)

AeZ(Vecq)

DG(97070) =

coming from conformal field theory [10], see Eq. (31).



D. Hilbert space dimension

We now want to show that our formula for the degen-
eracies Eq. (39) correctly yields the Hilbert space dimen-
sion of the system. To demonstrate this, we sum over all
possible numbers of plaquette or vertex excitations:

N, Np
dimH = Z Z (Nnv) <J,r\’],-$> DG(g7’I'L,m),
n=0m=0
= > s @™ @™,
A€ Z(Vecg)
_ Silengprv

)

=|G|™, (41)

where we used the fact that 1/S11 = D = |G| [see
Eq. (22)], as well as Eq. (8). To go from the second to
the third line, we used the fact that n%° and nfj' are only
simultaneously nonvanishing for A = 1. This expression
matches with Eq. (1).

Although vertex and plaquette excitations can be
treated mostly independently, Eq. (41) shows that the
Hilbert space does not factorize into plaquette and ver-
tex parts (even if g = 0 or 1). This is due to the global
constraint that all plaquette and vertex excitations to-
gether with the anyon stemming from the fusion of the g
handles must fuse to the vacuum (see Fig. 1).

IV. PARTITION FUNCTION
A. KQD for an arbitrary group

The partition function at temperature T of the KQD
model can be derived directly from the formula for the
spectral degeneracies. Indeed, one has:

N, N
Z Z (JX;)) (JZLV> DG(g’n,m) e_ﬂEn,m’

n=0m=0

_ N, N,
Yo ST T (42)
A€ Z(Vecg)

VA

where 8 = 1/T, and where we introduced

S e
Ve = Z BA 1 o BEY _ g — 1+,

feve S1.4
S
fol = Z SB’A e BB — QEI —1+4¢Pr, (43)
ety S1a
with EY® = —J, 05,1 and EX! = —J,,6p.1. Here, we used

Eq. (27) and the ¢’s defined in Eqgs. (37) and (38). The
two z’s play the role of partition functions for a single
vertex (z%°) or a single plaquette (24!) with the con-
straint that the total topological charge is A (the true
partition function for one vertex or plaquette would cor-
respond to A = 1). They are similar to the partition

function, z = ¢ — 1 + €87, of a single ¢-state classical
spin ¢ =1, ..., ¢, with Hamiltonian H = —Jd, 1. Among
anyons of the Drinfeld center, we see that chargeons and
fluxons (unlike dyons) play a special role in the partition
function.

One can easily check that in the infinite temperature
limit (8 = 0), the partition function (42) yields the
Hilbert space dimension [see Eq. (41)], whereas, in the
zero-temperature limit (8 = o), one has:

lim Z efFo = Z

Jim st
AeZ(Vecg)
which is the GSD [see Eq. (40)], with Ey given in (7).
In the thermodynamic limit , the vacuum term is dom-
inant in the sum of Eq. (42) because it maximizes both
q¥e and ¢! (¢y® = ¢! = |G|), and one gets

lim Z = |GI?72 (|G| — 1 + 7)™ (1G] = 1+ P7) ™.
Np—00
N,—o0

(15)

Contrary to the finite-size partition function Eq. (42),
this infinite-size partition function fully factorizes into a
term for vertices, a term for plaquettes, and a term for
the genus of the surface. In this limit, apart from a global
constant |G]?972 of topological origin, it is similar to the
partition function of two decoupled sets of N, and N,
independent spins with ¢ = |G| colors.

Thermodynamic consequences are easy to derive from
Eq. (45) (see Ref. [33] for more details). The average
energy is

N, J,
(G- 1) T +1
Np Jp
TG )T

<E> = FEy+

(46)

where Ej is the ground-state energy (7) and in which
|G| — 1 plays the role of a fugacity e’ in an effective
Fermi-Dirac distribution (e//e=## 4+ 1)7!. The corre-
sponding specific heat C = —3%9(E)/9p features two
maximas, known as Schottky anomalies, as a function of
temperature. The entropy is:

BJv
_ B By B J, e
S =N, [ln(G| 14+€e) |G|—1+eﬁJv]
8J,
Claefley B
+ N, {ln(|G| 1+e77r) G|—1+e5"p}
+(2g—2)ln|G). (47)

In the high-temperature limit it goes to In(dim H) with
dim H = 2™, as expected. In the low-temperature limit,
it tends to In|G|?*~2, which is strictly smaller than the
expected In(GSD) with GSD given in Eq. (40). This is
due to the fact that the N, N, — oo limit does not com-
mute with the § — oo limit. This non-commutativity is
related to a phase transition at 7= 0%. In the thermo-
dynamic limit, the (topological) order is only present at



T = 0 and is destroyed by any finite temperature, simi-
larly to the one-dimensional Potts model (see the corre-
sponding discussion in the Appendix D of Ref. [33]).

In Appendix B, we give the partition function for two
examples of groups: the Abelian Z  and the non-Abelian
Ss.

B. Local commuting projectors Hamiltonians

We observe that the structure of the partition func-
tion found for the KQD model [see Eq. (42)] is the same
as for the string-net model or its extended version with
tails (see Appendix E and Refs. [33, 35]). For these local
commuting projectors Hamiltonians, the partition func-
tion schematically reads:

z=Y 29 z2( z{",
ACZ(C)

= > SEE(M (AHM. (48)
A€Z(C)

In general, it does not factorize as Z(® x Z(Ve) x Z(PD,
except in the thermodynamic limit, where A = 1 domi-
nates the sum [see Eq. (45)] and in the Abelian case (see
the Zy toric code in Appendix B).

The vertices and the plaquettes act as two sets of inde-
pendent spins (with g4 colors), i.e., they have a structure
Za = (z4)", except for a a global topological constraint
that involves the g handles and reflects the structure of
the fusion tree. The individual partition functions have
the structure

ZA:qA—l—i-e’BJ, (49)

where g4 =n4/51,4 = Dna/da, is the effective number
of states of a single “emergent spin”, which may not be an
integer. The n4’s are non-negative integer, which gives
the number of subtypes (or internal multiplicity) of the
anyon type A and J stands for an energy J, or J,. In
general, n 4 is different from d4.

When vertex excitations are forbidden (large-J, limit),
as is usually the case in string-net models, one has

zye L= eB7v, so that this quantity becomes indepen-
v —>00

dent of A and it only contributes to an irrelevant global
factor e/*Nv in the partition function (48).

V. CONCLUSION

In this article, we have obtained the degeneracy of all
energy levels of the KQD model [either in its original ver-
sion, see Eq. (6), or in a refined one, see Eq. (A1)], from
which we have derived a closed form for the partition
function (42). The main tool is a fusion tree describing
the fusion channel degeneracy of vertex and plaquette ex-
citations (see Fig. 1), together with the identification of

a non-topological internal multiplicity relevant for vertex
excitations. Two detailed proofs of the degeneracy for-
mula are given in Appendices. For a given initial group
G, the resulting partition function is found to be similar
to that of two decoupled one-dimensional Potts models
with ¢ = |G| states. In the thermodynamic limit, the
topological order is lost at any non-zero temperature. It
is preserved in a finite-size system at temperatures below
a crossover temperature that scales as T* « 1/1n L.

The present work opens several perspectives. One
could consider the case of non-closed surfaces with
boundaries, of closed but non-orientable surfaces, or even
of inhomogeneous systems with an interface between two
different models. Another direction, that we are cur-
rently following, is to compute other observables at finite
temperature such as the entanglement entropy, the mu-
tual information and the Wegner-Wilson loops. They
should provide an alternative viewpoint on the loss of
topological order at finite temperature. It would also
be interesting to use the same machinery to study re-
lated models such as the twisted KQD model [41] or the
fermionic toric code [42]. In the latter case, as it is still
an exactly solvable model, we expect that a closed for-
mula for the partition function could be obtained, but
that, in contrast to the (bosonic) toric code, it should
not correspond to that of any classical statistical me-
chanics model. The present approach might be extended
to other local commuting projector Hamiltonians, which,
by construction, can only give rise to achiral topological
phases [27]. For two-dimensional chiral phases, the spec-
trum is usually more complex (see, e.g., Kitaev Honey-
comb model [43]), and we do not know any model for
which the partition function can be computed exactly.
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Appendix A: Refined Hamiltonian

The KQD Hamiltonian (6) considered in the main part
attributes the same energy to all vertex excitations € Ve
and to all plaquette excitations € Pl. However, it is pos-
sible to distinguish between the different elements of Ve
and Pl by introducing a refined Hamiltonian [37], which
attributes a different energy to every energy eigenspace.
Here, we generalize the results of the main part to this
refined Hamiltonian.



1. Hamiltonian and energy levels

The refined Hamiltonian [37] reads

M M
Hp=) > agAy+3 > BB,

v j=0 p k=0

(A1)

where M + 1 is the total number of irreps, which is also
the total number of conjugacy classes, of the group G.
The operator Agj is a generalization of the vertex opera-
tor defined in Eq. (4), which now projects onto any irrep
Fj of G :

av = Db~ (42)

ez

where xr, (h) is the character of the irrep (for the group
element h) and |I';| is its dimension. Note that here,
we use an index j = 0,...,M to label the irreps I'; of
the group G, the trivial irrep being T'g (called T'¢ in the
main text). These operators are orthonormal projectors,
as can be proven using the grand othogonality theorem
(Eq. (D98)) between irreps [37]:

AL ATk = AT 5, ), (A3)

In a similar way, the operators BE k are a generalized ver-
sion of the plaquette operator B, (Eq. (5)) that project
on any conjugacy class Cy, of G (here also, we label con-
jugacy classes with an index k = 0, ..., M and the trivial
conjugacy class is Cp, instead of C, as in the main text):

c h
BY* =Y BJ. (A4)
heCly,
These operators are also orthonormal projectors:
BS*BS™ = BS* 6 - (A5)

The Hamiltonian Hp involves several coupling con-
stants o; and [ that allow one to distinguish the dif-
ferent energy eigenspaces (Cp,I';) = TI'; € Ve and
(Ck,FO) = (C} € PL

For simplicity, we assume that the coupling con-
stants are chosen such that da; = o; — a9 > 0 and
3Bk = Br — Bo = 0, so that each ground state |¢) is such
that: A’ |y)) = 6;0[¢), and BEk|) = 6k0lp). Hence,
the ground-state energy is given by:

Ey =N, a0+ Ny fo. (A6)

The energy of an excited level is specified by giving the
number of vertices {n;} in each non-trivial irrep I'j>1,
and the number of plaquettes {my} in each non-trivial
conjugacy class Ci>1 (no and mg are, respectively, the
number of unexcited vertices and the number of unex-
cited plaquettes), and reads:

M M
E{n]‘,mk} = Zaj nj + Z/Bk M,

=0 k=0

(A7)

M M
=FEo+» dajn;+ > 6Bkmi.  (AS)

j=1 k=1

The total number of vertices is the sum of ng and the
number n of excited vertices

M
NV:nO+an:n0+n. (A9)
j=1
Similarly, the total number of plaquettes reads:
M
Np:m0+2mk=mo+m. (A10)
k=1

One recovers the Kitaev Hamiltonian H of Eq. (6) for
the specific choice of coupling constants

a; = —Jv(sj’o and ﬂk = —Jp(skyo, (All)

corresponding to
da; = Jy and 68 = Jp, (A12)

when jand k=1,..., M.

2. Degeneracies

The number of possibilities of placing n; vertex exci-
tations of type I'1, no of type I's, ..., m1 plaquette ex-
citations of type C7, mo of type Cs, ..., on the lattice
is:

N,! N,!

(A13)

Up to this combinatorial factor, and assuming that there
is no accidental degeneracy (i.e., that the coupling con-
stants da; and 6y are incommensurate), the degeneracy
of an energy level Ey, ., ) [see Eq. (A8)] is obtained by
applying Egs. (32) and (33) to a situation with n; ver-
tex excitations of type I'; = (Co,I';) and my, plaquette
excitations Cy = (Ck,Tg) (1 < j,k < M):

M
Doe i) =TT 4 (A14)

dlm(Ga Fla *7F17 "7FM7 *arM;Oh '“aCla *aCJVIa -3 CM)
—_——r —m — —— —

ni nm mi mng
n; M my
Z 52 29— (m+n)H (SFJ-,Adj> H (Sck,A) )
AeZ(Vecq) k=1

where d; is the dimension of the irrep I';, m, n have been
defined in Egs. (A9) and (A10), and 1 = (Cp,I'y).

Here as well, we recover the GSD given in Eq. (40)
when n; = 50’]‘Nv and mp = 5k’0Np.



3. Partition function

We find that the partition function for the refined

Hamiltonian Hp has the same form as Eq. (42) but with
— *ﬁaj Al5
Z 3
¥ } j sk (A15)
Z Sci.A -8

S1,4

Here, 8 = 1/T is the inverse temperature, not to be con-
fused with Bx = B¢, , the energy of a plaquette excitation
of type Ck.

When 8 = 0, using Eq. (27), the above quantities z

reduce to
S
2y = SB Adp = |G| dacch = ¢4, (A7)
BeVe
S G
ZA = Z SBA |d | dAeFl = QElv (A18)
Bep1 P14
[see Egs. (37)-(38)]. Further using that
(@) (ga)™ = [GIN NP6 4 4, (A19)

one recovers, in this limit, the Hilbert space dimension
given in Eq. (41).
Similarly, when 8 — oo, one has

T e (A20)
Al e Pho, (A21)

so that the GSD reads
Pz = N Ssp (A22)

AeZ(Vecg)

in agreement with Eq. (40) [Ey is given in Eq. (A6)].

Appendix B: Examples

In this Appendix, we provide examples of quantum
double models for two groups: Zy (Abelian) and Sj
(non-Abelian). This will illustrate the relation between
energy eigenspaces and anyons and in particular the dif-
ference between plaquette excitations and fluxons that
exist in the case of a non-Abelian group. We also discuss
the corresponding partition functions.

1. ZnN group
a. N =2

For the special and simplest case G = Zs, the KQD
model is known as the toric code model [12]. Tt has
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two elements 0 and 1, with 0 the trivial object, and
1x1=0. As an Abelian group, every element is its own
conjugacy class, and all irreducible representations are
one dimensional. Thus, there are two conjugacy classes
Co = {0} and Cy = {1}. The corresponding centralizers
are Ny = N = Zy. The two irreducible representations
of Zy are the trivial representation I'y and the sign rep-
resentation I';. By pairing up conjugacy classes and irre-
ducible representations, it is straightforward to see that
the Drinfeld center Z(Vecgz, ), which is also known as the
toric code category, has four topological sectors, which
are listed in Table I: the vacuum 1, a chargeon e (where
the e stands for “electric charge”, in analogy with lattice
gauge theory), a fluxon m (where the m stands for “mag-
netic flux”), and a dyon f (where f stands for fermion),
which is the combination of an e and an m. All quan-
tum dimensions are equal to 1, and the total quantum

dimension is D = |Zy| = 2.
’J (C,T )‘bet \|ck|\|r1|\dJ\ nljl‘
1=(Co,To)|[Vac| 1 | 1 [1]1 |1
e = (C(),Fl) Ch 1 1 1 1 0
m=(Cy,To)|FI| 1|1 [1]0]1
f=(C,T1)|Dy| 1 | 1]|1]|0]|O0

TABLE I. Four anyons J = (Cg,I';) of Z(Vecz,): Cj are
the conjugacy classes, and I'; the irreps of Z with k,j =0, 1,
and dy the quantum dimensions. We also indicate the internal

multiplicities nY° and nf!

Using the general formula (42), we obtain its partition
function

Jy Ny +Jp Np

By N

22972

)N 4 (2sinh ﬁgv)N"]

Z=e
X [(QCosh

BJ,

X [(2 cosh TP)NP + (2sinh ﬁgp)NP] . (B1)

Compared to the usual toric code Hamiltonian [12]
H=-], ZA —J, ZBP, (B2)

the Hamiltonian H considered in this article [see Eq. (6)]
is written with projectors (A, and B,) rather than with
involutions (Av = 2A, — 1 and B = 2B, — 1). This
shifts the eigenenergies by (J, N, + J Ny)/ 2 and rescales
the couplings (J = Jy/2 and J = J,/2). Apart from
these trivial rescalings, Eq. (Bl) matches the one given
in Refs. [20, 21, 24]. Note that a similar calculation was
performed in Ref. [30] for the equivalent lattice gauge the-
ory not restricted to the gauge-invariant subspace. Com-
pared to the toric code model, this difference introduces
a global multiplication factor into the partition function,
which affects the ground-state degeneracy.



’J: (ck,rj)\ set‘ |set| \\ck|\|rj\\d1\nye n?l‘
(Co,To) |Vac| 1 T [1 {111
(Co,Ty) [Ch| N—=1 [ 1 [1]1[1]0
(Ce,To) |FI| N—1 | 1|1 |1]0]1
(Cx,T;) |Dy|(N=1)?* 1 |1 ]1]0]0

TABLE II. N? anyons (Cy,T;) of Z(Vecz,).  Here

k,j=1,..., N — 1 labels the non-trivial conjugacy classes C}
and irreps I';. The vacuum corresponds to the trivial conju-
gacy class Cp and irrep I'y.

The above example is easily extended to the group
Zy with N > 2. All anyons J have a quantum di-
mension dy = 1 and the total quantum dimension is
D =|Zyn|=N. The energy eigenspaces of the KQD
model correspond exactly to the N? simple objects of
the Drinfeld center Z(Vecz, ). Anyons are labeled by
J = (Ck,T;) with k,j = 0,..., N — 1, where Cj is the
trivial conjugacy class and I'g the trivial irrep (see Ta-
ble IT). There is a unique vacuum (Cp,T'g), N — 1 char-
geons (Cop,T';) with j # 0, N — 1 fluxons (C,Tg) with
k # 0 and (N — 1)? dyons (Cy,I'j) with j, k # 0. There-
fore

230 = Nbjpo— 1+e7, (B3)
= Noj o — 1+, (B4)
and the partition function (42) becomes:
N-1N-1
Z = N?2 (B5)
k=0 j=0
x (Nopo— 14PN (N§j 0 — 1 4 e87)
= N2 (B6)
[V~ 1 )% (N 1)1 4 e
x [(N =1+ e)Ne + (N —1)(—1+ ePr)No] .

This partition function factorizes as Z(®) x Z(Ve) x z(PD
and there is a complete symmetry between the vertex and
plaquette contributions. Apart from an overall N29-2
factor (where N2? is the GSD), it is identical to the par-
tition function of two independent one-dimensional N-
states Potts models with N, and NV, sites (see, e.g., Ap-
pendix D in Ref. [33]). This generalizes from Ising to
Potts results found for the partition function of several
stabilizer code Hamiltonians, see Table I in Ref. [14].

In all Abelian group examples, plaquette excitations
are fluxons. However, this identification does not exactly
hold in the case of a non-Abelian group, as shown in the
next example.
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2. S3 group

In order to obtain non-Abelian anyons (i.e., anyons
with quantum dimension larger than 1) through the KQD
construction, one needs to start from a non-Abelian (i.e.,
non-commuting) group. Here, we consider the group
Sz [39, 45, 46], which is the simplest non-Abelian group.
It is the symmetry group of the equilateral triangle, com-
prising the identity e, two rotations (or 3-cycles) y and
y? of angle £27/3 and, three reflections (mirrors or 2-
cycles) z,zy and xy?. The multiplication rules of the
group are non-commutative, (e.g., one has zy? = yx).
Other relevant relations are y> = e and z? = e. The
elements of S3 form three conjugacy classes:

Ce = {e}, (B7)
Cyp = {z, 2y, 2%}, (B8)
Cy = {y,y’}- (B9)
The centralizers of each element are:
Ne = Ss, (B10)
Ny =Ny ={e,y,y*} = Zs, (B11)
Np ={e,x} = Ny ~ Nyy2 ~ Zo. (B12)

Note that the centralizer of the elements of C, are not
strictly the same, but isomorphic to each other. The
group S3 has three irreps, which we will denote Ff3
(the trivial representation of dimension 1), T'% (the al-
ternating representation, of dimension 1), and a two-
dimensional representation 1"53. We do not give the ex-
plicit expressions of these irreps here, but they can be
found, e.g., in Ref. [37]. In the following, we first discuss
the anyons of the Drinfeld center Z(Vecs,) and then the
excitations of the lattice model.

a. Topological sectors versus energy eigenspaces

Z(Vecg,) has eight topological sectors, commonly de-
noted A,B,C,D,E, F,G,H (see, e.g., [46]). Among
these, there is the vacuum A with d4 = 1, chargeons
B and C, with quantum dimensions dg = 1 and d¢ = 2,
fluxons D and F' with quantum dimensions dp = 3 and
dr = 2, and dyons F, G, H with quantum dimensions
dg = dg = dg = 2. The total quantum dimension is
D = |S5| = 6. The chargeon C exists in two different sub-
types, the fluxon D has three subtypes, and the fluxon
F two. However, as ¥} = 1 < dp and nfl =1 < dp,
some subtypes of the fluxons D and F' are not elemen-
tary plaquette excitations, but arise as a combination of
a vertex and a plaquette excitation (similarly to what one
expects for dyons). These properties are summarized in
Table III.

Since S3 has three conjugacy classes and three irreps,
there are nine energy eigenspaces. In particular, the en-
ergy eigenspaces (C., 1”3 and (C,, I'5?) (which comes in



J = (Cy, T0) [ set [1C| [TV e[ ]
A= (Ce,T?) | Vac| 1 | 1 [1]1]1
B=(C,I®)|[Ch| 1 | 1 [1][1]0
C=(C,T53)|[Ch| 1| 2 [2]2]0
D=(C,T?)F1| 3| 1 |3]0]1
E=(C,,T™)|Dy| 3| 1 [3|0]0
F=(C,T2)|Fl1| 2| 1 |2]0]1
G=(C,,TZ)|Dy| 2 | 1 |2|0]0
H=(C,,T%)|Dy| 2 | 1 |2/0]0

TABLE III. Eight anyons J = (Cy,TN9) of Z(Vecs,): Cy are
the conjugacy classes, I'V9 the irreps of the centralizer Ny,
and d; the quantum dimensions (which is also the number of
subtypes ns). The total number of subtypes is > ; d; = 16.

two subtypes as |[I'5?| = 2) are in one-to-one correspon-
dence with, respectively, the chargeons B and C. On
the other hand, the fluxons F' and D can be related to
different energy eigenspaces. In fact, let us call F; and
F5 the two subtypes of F. Fj is an elementary plaque-
tte excitation and corresponds to the energy eigenspace
(Cy, Ff %), while Fy corresponds to the energy eigenspace
(C,,T%%) and can be obtained as the fusion product
Fy x B, in agreement with the fusion rules of Z(Vecg,)
(see Ref. [46], and Fig. 6 of [37]). Similarly, among the
three subtypes of D, D, = (C’w,l"ls3) is an elementary
plaquette excitation, while the two other subtypes cor-
respond to the energy eigenspace Dy = (C,, F‘293), which
has dimension 2, and arises as a fusion products of C
with D; [this is also in agreement with Eq. (28)].

Finally, dyons E, G and H are generated by the fusion
of a vertex and a plaquette excitation. For example, one
has C' x F; = G+ H, so that the two dyons, G and H, are
generated by the fusion of the two subtypes of C' (vertex
excitations) with Fy (plaquette excitation).

To summarize, the set of vertex excitations is Ve =
Ch = {B, C} whereas the set of plaquette excitations is
Pl = {Ds, F1}, and only forms a subset of the fluxons
Fl = {D, F}. All other excitations (not in Ve or Pl) ex-
cite both a vertex and a plaquette and are called site ex-
citations Si = {Das, F1, Ea, F5,G, H}. They correspond
either to dyons Dy = {E,G, H} or to other subtypes of
fluxons {Ds, F}. An overview of the energy eigenspaces
is given in Table TV.
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’(C’Q,FG)‘set‘anP‘ V xP

(C.,T53) [Vac| 1 1x1=A

(Ce,T53)| Ve | 1 (C.,T)x1=B
(Ce,TS3) | Ve | 2 (Ce, T3 x1=C

(C., T3 | PL| 1 1x (Cp,I53) = Dy

(Ce, 05| Si | 1 (Ce, T%3) x (C,,, TT3) = Fy
(Co, T3 Si| 4 [(Ce,T53) x (Co,T5%) = Dy + B
(Cy, T73) [ PL| 1 1x (Cy, I3 = By

(Cy, T3)| Si| 1 (C.,T%3) x (C,,T53) = Fy
(Cy, T53) Si | 4 | (Ce,T5°) x (Cy,T3) =G+ H

TABLE IV. Nine energy eigenspaces (Cy,1'"?) of the KQD
model for the group S3. Any energy eigenspace can be de-
composed as a (cartesian) product of a V' € Ve and a P € Pl.
The corresponding number of subtypes is notated ny x p. The
objects A, B, D1, E1, F1 and F> have only one subtype, while
C, D2, E2, G and H have two subtypes. The total number
of subtypes is ZV’P nyxp=16=3%,d,.

b. Partition function

For the group Ss, the partition function (42) becomes

Z = 62972 {(eﬁ‘]“ +5)Vv (P 4+ 5)Np
(P 5) M (P 1) (1 4227%)
+ (P — )N (P + 1)Ne 32720 4 (e 4 2) Vo227 20]
4 (eBJV _ 1)Nv(eﬁJp _ 1)Np (32—29 + 23—29)} 7

(B13)

where the successive lines correspond to the vacuum, Ch,
F1, and Dy contributions, respectively. This expression is
not particularly illuminating. The most notable feature
is that the factorization Z(®) x Z(Ve) x Z(P) ohserved in
the Abelian case no longer occurs. This is due to the loss
of symmetry between vertex and plaquette excitations.
In the Abelian case, this symmetry is present due to the
fact that Ve = Ch, Pl = Fl, and there is a well-known
duality between Ch and Fl. In the non-Abelian case, Pl
# F1 and this symmetry is lost.

3. Generic group G

Here, we collect the recipe to obtain the partition func-
tion for a generic finite group G using Eq. (42). The
first step is to obtain its conjugacy classes Cy. Then,
for a given element g € GG, one also needs the centralizer
N, and the corresponding irreps I‘évg. Next, by pair-
ing a conjugacy class and an irrep of the corresponding
centralizer, one obtains the anyons J = (Cg,F;-\/g) with
quantum dimension d; = |C’g\|F§v"|, from which the S-
matrix elements are Sy 5 = d;/|G|. Among the anyons,
the set Ch contains all (C, F?[“’ ) and the set Fl contains



all (Cg,Fjlvg). Finally, the quantities ¢ in Eq. (43) are
given in Egs. (37) and (38).

Appendix C: Proof of the degeneracy formula from
a lattice-gauge theory perspective

In this Appendix, we provide a lattice-gauge theory
perspective on the structure of the Hilbert space inde-
pendently of the Hamiltonian and prove the degeneracy
formulas (32) and (33). We begin by decomposing the
Hilbert space of the lattice-gauge theory model into a di-
rect sum of subspaces H(p1,cl(z1);--- ;pr,cl(xy)), which
correspond to introducing a finite number f of plaquette
excitations, where the plaquette p; carries a flux that be-
longs to the conjugacy class cl(z;) of G. We show that
these subspaces are stable under the action of the gauge
group G, so we can decompose them as direct sums of
irreducible representations of G. Each of these can be
interpreted in terms of a collection of wvertex excitations
carrying electric charges, whose total number is denoted
by c. They are labeled by a collection of irreducible rep-
resentations I'{ = (E;, p;) of G (1 < i < ¢), where E; is
the vector space and p;(g) is the unitary transformation
on E; (g € G) attached to I'¢. Each copy of such repre-
sentation {p} of G acting on H(p1,cl(z1);--- ;py,cl(zy))
corresponds to an energy eigenspace with f plaque-
tte excitations and c¢ vertex excitations, as defined
in Sec. IIB. The number of such copies, denoted by
MQ(CI(ml)v e ,Cl((L’f), (Ela pl)v ) (Ecvpc))v is first ex-
pressed in the gauge theory setting, on the sphere,
Eq. (C12), and then on a positive genus surface,
Eq. (C18), which involve only informations on the group
G and its irreducible representations. The next step is to
interpret these expressions in terms of the number of fu-
sion channels as illustrated in Fig. 1. This number is de-
fined in the category Z(Vecq) as the dimension of a space
of arrows from the tensor product of a collection of ob-
jects, encoding the vertex and plaquette excitations and
the topological genus of the surface, into the unit object.
To achieve this goal, we give a self-contained description
of Z(Vecg), directly inspired from the book [47]. It was
striking to us to notice that the resulting description of
spaces of arrows between pairs of objects is exactly what
we need to reinterpret the lattice gauge theory multiplic-
ities Eq. (C12) and Eq. (C18) in the Z(Vecg) language.

1. Classical lattice gauge theory
a. Definition

We consider a lattice gauge theory with the underlying
group GG on an arbitrary graph. We shall focus on graphs
that form the skeleton of a smooth compact surface ¥ (by
which we mean that the graph goes around each noncon-
tractable cycle of the manifold and plaquettes are defined
accordingly to fill in the surface. i.e., we are representing
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it as a CW complex, whose 0-cells are the vertices, the
2-cells are the plaquettes, and the 1-cells are the links on
the graph). A classical configuration is given by a collec-
tion {g} of group elements g;; for each oriented pair (i, ;)
of nearest-neighbor sites. The only constraint imposed
here is that g;;9;, = e, where e denotes the unit element
in the group G. Let C denote the set of all such config-
urations. On this set, we define an action of the gauge
group G. Elements of G are collections {h} of group el-
ements h; defined at each lattice site i, and the group
multiplication on G is defined by local multiplication in
G: ({hR}{MW}): = hih}. G acts on C via gauge transfor-
mations: ({h}{g})i; = higijhjfl. The physical motiva-
tion for the introduction of the gauge group G is that if
{g'} = {h}{g}, the two configurations {g} and {¢’'} are
supposed to be physically indistinguishable. Therefore,
the set of distinct available physical states is the set of
gauge orbits on C under the action of the group G. Any
physical classical Hamiltonian is given by a real-valued
function over C that is constant on each gauge orbit.

b. Description of gauge orbits

A key physical insight is that gauge orbits are best
identified via the collection of fluxes along closed paths
on the lattice. Let us consider an oriented path + on the
graph, visiting sites 0, 1, ..., L — 1, L, such that sites 5 and
j+1 are nearest neighbors. The flux ®({g}, ) is defined
by:

®({9},7) =901 912 - 91,1 (C1)

Under a gauge transformation {h}, these fluxes trans-

form according to:

o({h}g},7) = ho®({g},7) by "

In particular, if {g} and {¢'} are related by a gauge
transformation, there exists a group element h, € G such
that for any closed path beginning and ending at site o,
chosen as origin:

®({g'},7) = ho ®({g},7) h; .

It turns out that the converse is true, i.e., this condition
implies that {g} and {g'} are related by a gauge transfor-
mation. To see this, let us pick a path ; starting at o and
ending at ¢ for any site ¢ on the graph. We define h; by
hi = ®({g'},7:) tho®({g},7:). The condition (C3) en-
sures that this element h; does not depend on the path
chosen to go from o to 4, so it is well defined. Con-
sider a pair (4, j) of nearest neighbor sites. Then we may
choose 7; = ;(ij) so that ®({g},7;) = ®({g},7:) gi; and
®({g'}, i) = ({9}, 7i) gi;- From the definitions of h;
and hj, we get h; = (gi;) " hi gij 50 gi; = hi gij h;l.

An important consequence of Eq. (C3) is that for each
closed loop 7, the conjugacy class of ®({g},~) is gauge in-
variant. In most physical situations, the classical energy

(C2)

(C3)



function is minimized when all these fluxes are trivial,
i.e.,, when ®({g},v) = e (e being the neutral element in
Q) for any closed loop v. A natural set of low-energy clas-
sical configurations is obtained by considering the subset
Cipi.,pa,...ps} Of configurations {g} in which only a finite
collection of elementary plaquettes {p1,ps,...,ps} is al-
lowed to carry nontrivial fluxes.

Consider a closed path v starting and ending at o
and let us deform it into 4’ while keeping the origin o
fixed. As long as the deformation does not cross any
plaquette in {p1,p2,...,pr}, the flux does not change,
so ®({g},7") = ®({g},7), therefore ®({g},v) depends
only on the homotopy class [y] of v on the comple-
ment ¥ \ {p1,p2,....,ps}. Furthermore, because upon
composing two paths v; and . with the same origin,
®({g},m12) = ({9}, m)2({g},72), we see that, for
a given {g} € Cyp, p,....p;}, these fluxes around closed
paths with origin at o define a group homomorphism
from the fundamental group of the complement of f holes
in X, m(X\ {p1,p2,...,pr}), into G. For a graph on a
surface 3 with finite genus, this fundamental group is
finitely generated. This leads to a tremendous simplifi-
cation of the above criterion. If {g} and {g'} both belong
to Cp, po,....ps}» then they are related by a gauge trans-
formation if and only if the condition (C3) holds for any
path v whose homotopy class [y] is one of the generators
of 771(2 \ {plvp?» 7pf})

To proceed further, let us assume that X is orientable,
with genus g. Its fundamental group 71(X) is generated

by 2g generators, denoted by ai,...,a4,b1,...,b5. They
are subjected to the unique constraint:
arbray byt agbgaglbgl =1 (C4)

Each plaquette carrying a nontrivial flux has the effect of
punching a hole in ¥, and each hole adds its own gener-
ator ¢; (1 < j < f) tom(E\{p1,p2,.--,ps}). This larger
set of 2g + f generators is still subjected to a single con-
straint, that now reads:

arbya; by ~~~agbga;1b;1 =cpc-Cf. (Ch)

For each generator, we associate a closed path begin-
ning and ending at site o, so that for each configuration
{9} € Cipy po...ps}» We have a collection of 2g + f fluxes
D, Op, for 1 <i<gand &, =P for 1 < j < f. These
fluxes satisfy the constraint:

Dy By, By Bt B Py Py B = Py By (C6)
An illustration of this constraint is provided in the figure
below, in the case g = 2 and f = 3. It expresses that the
fact that outer contour, drawn on the outer boundary
for a fundamental domain of the surface and based at
the origin o, can be smoothly deformed into the union
of the f red internal contours (also based at o), without
changing the total flux around it during this deformation:

As we have seen, two configurations {g} and {¢'}
are gauge equivalent if and only if there exists h €
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FIG. 2. The octagon shown here is the fundamental do-
main for a genus 2 surface. Pairs of edges carrying inverse
Aharonov-Bohm fluxes, such as ®,;, and @;117 are identified,
with reversed orientation. The red circles inside correspond to
f = 3 plaquette excitations, carrying fluxes ®;, for i = 1,2, 3.
These fluxes have to be evaluated along closed paths starting
and ending at the same origin 0. One way to do this is to
connect the inner red circles with finite segments ending at o.
The blue contour can be continuously shrunk from the outer
boundary of the fundamental domain until it coincides with
the union of the red paths, without changing its flux. At the
beginning of this process, the flux along this contour is equal
to the left-hand side of Eq. (C6), and to the right-hand side
at the end.

G such that the associated 2g + f generating fluxes
satisfy @, =h®q, h™!, &, =h®, h~!, for all i, and
P, =h®; ", for all j.

For later reference, it is convenient to denote by Fg s
the subset of G297/ of ordered collections of 2g+ f group
elements satisfying the above constraint (C6). G acts
on Fy s via simultaneous conjugacy of all fluxes, and we
shall refer to this action as the G action. Therefore, we
see that the classical gauge orbits in C{p17p27--~7pf} are in
one-to-one correspondence with the G, orbits in Fy ;.

2. Quantum lattice gauge models
a. Definition

To get a quantum version of the model, we have to
define a Hilbert space H. A natural way to do this is
to associate to any configuration {g} a quantum state
[{g}), and to assume that these form an orthonormal ba-
sis. The classical action of G on C gives rise naturally
to a unitary representation of G on the quantum Hilbert

space via U({h})|{g})) = |{h}{g}). The physical re-



quirement of gauge invariance is usually expressed by se-

lecting only quantum states |¥) = >\ ¥({g}){g})
such that U({h})|¥) = |¥) for any {h} € G. Such
states are characterized by wavefunctions ¥ ({g}) that are
invariant under arbitrary gauge transformations (gauge
singlets). Therefore, each classical gauge orbit gives rise
to a unique gauge-invariant quantum state.

But as a very large group, G has many irreducible rep-
resentations, besides the trivial one. Because G is a di-
rect product of independent copies of GG, one attached
to each site, irreducible representations (irreps) of G are
given by lists {p} of irreducible representations (F;, p;)
of G for each lattice site 7. Here, F; denotes the finite-
dimensional space in which the representation p; acts.
The vector space attached to {p} is the tensor product
E of the E;’s, and an element {h} acts on this space via
the tensor product of the p;(h;) operators. If d; is the
dimension of E;, the dimension dim(E) is equal to [, d;.
In physical terms, each local representation (F;, p;) of G
corresponds to a type of electric charge at site i. In par-
ticular the absence of charge corresponds to the trivial
one-dimensional representation of G.

In most physical models, these representation spaces
encode some additional matter degrees of freedom. But
it is a very interesting feature of the KQD models that ar-
bitrary representations of the gauge group appear within
the Hilbert space H of the pure gauge model. It is
clear that for each classical gauge orbit O = G{g}, the
subspace Hep spanned by all basis vectors [{g'}) where
{¢g'} € O is stable under the action of G. In the KQD
model these spaces are also invariant under the action of
the chosen Hamiltonian (6) because the plaquette oper-
ators B), are diagonal in the |{g}) basis, and the vertex
operators A, are linear combinations of gauge transfor-
mations U({h}), such that h; = e, when i # v. These lin-
ear combinations are chosen so that the Hamiltonian (6)
commutes with all gauge transformations. Typically,
they involve local projectors from H onto the various
irreps (E,, py) of G for each vertex v. It is therefore very
useful for physical applications to decompose this action
of G on Hp. As usual, a key question is to find the mul-
tiplicity uo({p}) of the irreducible representation {p} in
the decomposition of the gauge action of G on Hep. For
this, we will need to recall some elementary notions in
group theory.

b. Decomposition of a permutation group representation

Let us consider a group H acting by permutations on
a set X. To set the notation, we have (hh')x = h(h'z)
for all h and A’ in H and x in X. We consider the Hilbert
space Hx in which an orthonormal basis is composed of
states |z) in one-to-one correspondence with elements of
X. The classical action of H on X gives rise naturally to
a unitary representation of H on Hx via U(h)|x) = |hz).
Let us consider an irreducible representation (E, p) of H.
We wish to evaluate the multiplicity p(p) in the above
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permutation representation of H.

Having in mind applications to the case where X = O
and H = G, we assume that X contains a unique orbit
Hzx under the action of H. In general, there are some
elements s in H leaving x invariant, i.e., sx = x. These
elements form a subgroup S, of H called the stabilizer
of x. H is a disjoint union of left cosets h;S,, and hz
depends only on the left coset to which h belongs. De-
noting by {hi1, ..., hq} a set of representatives for the left
cosets, the orbit Hz may be written as {hiz, ..., hex},
all elements being distinct. We therefore get the direct
sum decomposition Hyx = @, C|h;x). The stabilizer S,
acts on C|z) via its trivial unitary representation. These
two facts show that the representation of H on Hx is
the induced representation from S, to H of the trivial
irreducible representation of S,.

Applying Frobenius reciprocity [48], the multiplicity
u(p) is equal to the multiplicity of the trivial irrep of S,,
in the restriction of (E, p) to S;. This latter multiplic-
ity is simply expressed as the dimension of the space of
vectors v in E that are invariant under the action of el-
ements of S, i.e., p(s)(v) = v for all s € ;. We shall
denote this dimension by dim(Inv(E,p)s,). The main
result that we shall use on many occasions reads:

u(p) = dim(Inv(E, p)s, ). (C7)

An interesting special case occurs when the stabilizer
S; = {e}. In this case, the orbit through x is in one-to-
one correspondence with elements of H, and the action
of H on this orbit is called the regular representation of
H (via left multiplication). Since all elements of E are
left invariant by e, we have dim(Inv(E, p){e) = dim(E)
and we recover the well-known fact that the multiplicity
of (E,p) in the regular representation of H is equal to
the dimension of E.

c. Stabilizer subgroups for the gauge action on C

Let us now turn our attention to stabilizer subgroups
S{g1- Equation (C2) shows that the gauge transforma-
tion {s} belongs to Sy, if and only if for any site i and
any oriented path ~y; starting from an origin site o and
ending at i, we have:

si=®({g},7) 50 ®({g},7i)-

This is a very strong set of constraints. It first shows that
knowing s, determines values of s; at all sites. Therefore,
the stabilizer S,y is in one-to-one correspondence with
a subgroup Sy}, of G, seen as the local gauge subgroup
acting only at the origin site o. In general, this subgroup
S{g},0 is smaller than G iself. To determine it, the discus-
sion below Eq. (C3) shows that s, € Sy, if and only if
D({g},7) = s0®({g},7) s, for all closed loops v start-
ing and ending at o. If {g} € C(p, p,.....p,}, We have seen
that this is equivalent to imposing this condition on fluxes

(C8)



attached to a set of generators of 71 (X \ {p1,p2,....pf}).
So we get:

S{g}’o = {S € G‘(I)ai =5, 8_1,¢Jbi =5y, S_l,
=55, 1<i<g,1<j< [} (CY)

Let us apply this description of Stz to the evaluation
of the multiplicity uo({p}). From Eq. (C7), we have:

MO({P}) = dim(InV(Ea p)s{g} )

From the previous discussion, we see that the restric-
tion of the representation {p} of G to Sig, is iso-
morphic to the restriction of the tensor product rep-
resentation p; ® -+ ® p. from G to Sigy,. This re-
sults from the fact, manifested in Eq. (C8), that the
map from s, to s; is an inner automorphism of the
group G. Specifically, the element {s} in Sf,y acts as
p1(8i (50)) @ +++ @ pe(si(so)) on By @ -+ @ Ee. Us-
ing (C8), this is equal to U~ (p1(s0) @ +++ @ pe(80))U,
where U = p1(2({g},71)) ® -+ ® pc(®({g},7¢)) does not
depend on s,. Therefore, we get the rather explicit ex-
pression:

(C10)

po({p}) = dim (Inv(p1 @ --- @ pe)s,,, ), (CIL1)

where Sigy , is the subgroup of G defined by Eq. (C9).

d. State counting in KQD models on a sphere

In this appendix, a prominent role will be
played by the configurations in which a subset

J

:U'O(Cl(xl)v e aCl(xf)’ (Ehpl)a Tty (Ecapc)) =

16

of vplaquettes {p1,p2,---,py} carries nontrivial
fluxes {®1, Do, -, Ps}. Specifying the conjugacy
classes of these fluxes, setting cl(®;) = cl(z;)
with z; € G for 1 < j < f, defines a subset
C(p1,cl(z1);--- ;pg,cl(zy)) of C, which is stable
under classical gauge transformations and therefore a
stable subspace H(p1,cl(x1);--- ;py,cl(zy)), which will
be the focus of our attention in this section. To simplify
notations, we shall often omit the explicit reference
to plaquette labels p; and write C(cl(z1),---,cl(zy))
or H(cl(z1), - ,cl(xy)). Likewise, it is natural to
consider representations {p} of G such that there
is a finite subset of sites {ij,ia, - ,i.} that host
nontrivial charges, corresponding to irreducible repre-
sentations (E1,p1), -, (Ee, pe) of G. Let us denote
by po(cl(z1),- - aCl(xf)a(Ehpl)f" s (Be,s pe)) the
multiplicity of the representation {p} of G acting on
H(cl(xz1), -+ ,cl(xzy)). The O subscript in p refers to
the genus (here g = 0) of the surface X. Clearly
H(cl(z1), -+ ,cl(zy)) is the direct sum of subspaces
Ho associated with gauge orbits O contained in
C(cl(z1),--- ,cl(zy)). As an immediate consequence
of Eq. (Cl1), we have the general expression for
multiplicities as a sum over gauge orbits:

Z dim (Inv(p1 @ -+ ® pe)syy.,) - (C12)

G{g}ccC(cl(z1), - ,cl(zy))

This formula could lead to explicit numerical calcula-
tions, but it is of limited practical use, when the numbers
of fluxes and charges become large. Fortunately, build-
ing on the large body of works on topological theories in
241 dimensions [29, 49], it is possible to translate it in

J
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a numerically very efficient form, that calls upon a ba-
sic construction in category theory, namely the Drinfeld
center Z(Vecg) of the category Vecg of G-graded vector
spaces [17]. One of our goals is to prove that:

.UO(Cl(xl)a e ’Cl(mf)’ (Elvpl)v Ty (Empc)) = dim (HomZ(Vecc)(la Cl(xl) Q- Cl(xf) @ (Elvpl) PR (ECa pc))) .

The meaning of the right-hand side will be defined later
in our discussion of the Z(Vecq) category. This has the
expected form for the degeneracy in a topological theory
on the sphere with f + ¢ punctures, carrying the ob-
jects cl(z1),--- ,cl(xf), (B, p1),- -, (Ee, pe) of the mod-
ular tensor category Z(Vecg) [19]. However, in the lat-

(C13)

(

tice gauge theory model, this counts a number of gauge
multiplets, each corresponding to a representation of di-
mension dim(E) = []7_, dim(E;) of the gauge group
G. This gives rise to extra degeneracies compared to
the expected formula (C13) for the TQFT based on the
Z(Vecg) category.



e. State counting in KQD models at positive genus

To count states on the sphere, we started from the
formula (C11) for the muliplicity po({p}) attached to
a single gauge orbit O. In the positive genus case, we
have to take into account Aharonov-Bohm fluxes around
closed cycles on ¥, which complicates slightly the state
counting. In order to relate multiplicities to dimensions
of Hom-spaces in the Z(Vecq) category, we need to re-
place the muliplicity po({p}) by a new one, ps({p}),
that involves some particular collections of gauge orbits
O. As discussed in Sec. C1b, gauge orbits on a genus
g surface in the presence of f plaquettes carrying non-
trivial fluxes are in one-to-one correspondence with the
G, orbits in Fy ¢. It will be convenient to introduce new
variables z; = @4, ;. 1<I>;_1. They allow us to express the
topological constraint (C6) as:

<I>bgz9~-~(I>b121(I>1---<I>f:e. (014)

Let us denote by Fy ; the subset of G?8*/ of ordered
collections of 2g + f group elements satisfying the above
constraint (C14). Using the definition z; = @ai@;lq);l,
we define a map 7 from Fy s to Fys. As for Fyy, G
also acts on .7:" S via simultaneous conjugacy of all fluxes,
and the map 7 is compatible with these two G. actions
on Fy s and Fys. Let us consider an orbit O ‘through
the element (®y, 21, , Py, 24, L1+ Py) in ]—"g,f. Its
inverse image under 7w defines a collection of G. orbits
in Fy ¢, that we will identify with a collection of gauge
orbits O, for which we shall use the notation O € 7~(0).
This defines a subspace:

He =

@ HO?

Oer—1(0)

(C15)

which is preserved by gauge transformations. A key step
is to find the multiplicity p5({p}) of the irreducible rep-
resentation {p} in the decomposition of the gauge action
of G on Hg.

Let us denote by S the subgroup of G composed of ele-
ments that commute with ®,, 2;, ®; for all ¢, 7. Orbits in

7~1(O) are in one-to-one correspondence with solutions
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(®ay, -+, g, ) of the g equations z; = @4, P, -1 mod-
ulo residual gauge transformations. The latter take the
form of simultaneous conjugacy of ®,, (1 < i < g) under
an element of S, referred to as the S; action on G?. So
orbits O € 771(O) can be identified with such S, orbits
in G9 through solutions of z; = ®,,®,'®,'. In order
for these equations to have solutions, we have to assume
that z; is in the same conjugacy class as @gl, so that

there exist group elements h; such that z; = h;®, 1h_
Then, we have ®,, = h;t; with ¢; € T;, where T is the
stabilizer of @y, for the conjugacy action of G on itself.
The stabilizer of (®,,,- -+, ®,,) under the S, action, de-
fined as the set {s € S|sP,, = Dy,s,1 < i < g} will be
denoted by Stabg_ {®,,}. Then, we have

ofrh = >

Sc{®a,yer—1(0)

dim (Inv( 0)Stabs, {®a, })

(C16)
where p stands for the representation p; ® --- ® p. of
G. The right-hand side can be expressed in terms of the
character x, of the p representation, since:

|H\ 2 xils

seH

dim (Inv(p) i) (C17)

for any subgroup H of G. This allows us to replace the
sum over S. orbits by a sum over solutions ®,, = h;t;
with ¢; € 7T;, because moving along an S. orbit in
G9 conjugates the stabilizer, an operation which leaves
the character x;(s) unchanged, and the number of ele-
ments in the S. orbit through (®4,,- -+, ®,4,) is equal to
|S]/|Stabg {®g, }|. Introducing the discrete ¢ function on
G by d(g,9') =1if g =¢' and 6(g,¢’) = 0 otherwise, the
condition s € Stabg_{®,,} is equivalent to the statement
that [[, 6(s®q,,, Pa,5) =1, so

{M‘$ZZHMMﬁmm)@m

t,€T; s€ES 4

H(pr,cl(@1); -+ spy,cl(zy))  or
,cl(zy)) (omitting plaquette labels) are
defined in the same way as on the sphere. In these
spaces, the global Aharonov-Bohm fluxes ®,, and Py,
are allowed to take any value. In physical terms, we are
not trying to measure them. As we shall see, starting
from Eq. (C18) the generalization of the counting
formula Eq. (C13) to arbitrary positive genus g reads:

Stable  subspaces
H(cl(zr),- -

pglcl(@r), - cl(xs), (E1,p1), - 5 (Ee, pe)) = Z d1m HOle(vecG)( ®%_1(Z; ®Z*)®Xf®Y)) (C19)
Z1, 2y
[
where in the sum each Z; for 1 < ¢ < g Y.=(E,p1)® - ®(Eqpe) in Z(Vecg). This is the
runs over all simple objects in the Z(Vecg) expected expression for the degeneracy in a topological
category, Xy=cl(z1) ®- - @cl(xy) and theory on a genus g surface with f + ¢ punctures, carry-



ing the ObjeCtS Cl(x1)7 T ,Cl((L‘f), (Eh ,01)7 ] (Ec> pc)
of the modular tensor category Z(Vecg) [19]. Each
added handle labelled by ¢ materializes as the tensor
product of one simple object Z; and its dual object Z,
and these simple objects have to be summed over to
account for the topological degeneracies associated with
the presence of non-contractible cycles. But as was the
case on the sphere, we have to keep in mind that each
among the iy copies of the (E,p) representation cor-
responds to a degenerate stable subspace (under gauge
transformations) of dimension dim(E) = [];_, dim(E;).

3. Basic facts about Z(Vecg)
a. Description of Z(Vecg)

If G is a group, the category Vecq is defined as fol-
lows. Its objects are finite-dimensional G-graded vector
spaces (over C) that can be written as direct sums of the
form V = € .o Vy over C. An arrow from V to W is
a collection of linear maps f; : V, — W,. The direct
sum of two objects if defined via (V@ W), =V, P Wy,
and it is clear that any object V can be written as a
finite sum of simple objects denoted by J,. These are
defined by (d4), = 0 if g # h and (§y); = C. Vecq
is a tensor category, with the tensor product defined
by (Vo W), = @, (Vi ® Wj-14). The tensor product of
simple objects (fusion rules) reads 6, ® 0, = dgp.

The Drinfeld center Z(Vecg) is a category whose ob-
jects have the form (X,o0) where X is an object of
Vece and o is a half-braiding, i.e., a collection of ar-
rows oy : V® X — X ®V defined for any object V' in
Vecg, subject to two conditions. The first one is natu-
rality, which means that for any arrow f : V — W, we
have: (idx ® f)ooy = owo(f®idx). The second condi-
tion expresses compatibility with tensor products in that:
ovew = (ov ®idw) o (idy ® ow ). From this definition,
it is a simple exercise to identify objects in Z(Vecg).

Naturality implies that the oy arrows are completely
determined by those associated with simple objects
V =64 From the fact that (d,) = C as a vector space,
we have 0, ® X =2 X = X ® §,, so g5, can be seen
as a linear map o, from X to itself. Compatibility
with tensor products implies that o4, = o405 so the
collection {o4}se forms a linear representation o of
G. Further characterization of such representation is
provided by keeping track of the G-grading. The finer
structure of o, is described via a collection of linear
maps Ogk: X = ((59 ®X)gk — (X®5g)gk = ngg—l.
This shows in particular that simple objects of Z(Vecg)
have all their G-grades lying in the same conjugacy
class cl(z) of G. Let us now assume that this is the
case. Compatibility with tensor product implies that
Oghk = Og.hkh-1 © Ok Let us denote by Stab(z) the
stabilizer of x for the conjugacy action of G on itself,
i.e., it is the set of elements s such that sxs™! = z.
Then if 5,8 € Stab(z), 055y = Os, © Og/ 5, SO We get a
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representation p of Stab(z), acting on a vector space E.
Because 04, is an isomorphism between X, and Xg,,-1,
we see that X, is isomorphic to E for any y € cl(z).
Using physics notations, it is therefore convenient to
write:

X= @ ClyeE, (C20)

y€Ecl(z)

where the G-grading is carried by y. This presentation
shows that the representation o of G can be seen as the
induced representation from Stab(x) to G of the repre-
sentation (E,p) of Stab(z). Simple objects of Z(Vecg)
are obtained when (F, p) is irreducible. We denote them
by (X,0) = (cl(z), (E, p)).

In this paper, a prominent role is played by two spe-
cial families of objects in Z(Vecg). In the first one, we
consider a nontrivial conjugacy class cl(z) and the trivial
representation of Stab(x). The induced representation is
the permutation representation associated with the con-
jugacy action of G on cl(z), given by o(g9)(|y)) = |gyg™1),
and we have an example of the situation discussed in
Sec. C2b. Such objects, denoted by (cl(z)) are called
fluzons in the main text. As discussed there, [see in par-
ticular Eq. (20)], they are closely related to plaquettes
carrying flux ® € cl(x) in the lattice gauge model. The
second family is obtained by taking the trivial conjugacy
class, cl(e) = {e}, for which Stab(e) = G. Therefore X
is isomorphic to E, and the representation ¢ is equal to
p. These objects, denoted by (F, p) are called chargeons
in the main text. They are closely related to vertices
carrying a nontrivial charge in the lattice gauge model.

b. Tensor products in Z(Veca)

The Drinfeld center construction implies that Z(Vecg)
is a tensor category. Let us write explictely the ten-
sor product of two objects. From the general construc-
tion [ ], we have (X1, O’1)®(X2, 0'2) = (X1®X2, 0'1@0’2),
where 072 are viewed as representations of G as ex-
plained above. It is instructive to work out the tensor
products for pairs of special objects just described. We
have (E1,p1) ® (Fa,p2) = (E1 ® Ea2,p1 ® pa2), which is
not a simple object in Z(Vecg) in general. Decomposing
the tensor product on the right as a sum of irreducible
representations of G shows that (Eq, p1) @ (Ea,p2) is a
sum of simple objects of the same type (chargeons).

Let us consider (cl(x)) & (E, p) = (cl(z), (E. pstaba)):
where psiap(z) denotes the restriction of p from G to
Stab(z). This restriction is in general not irreducible,
showing that (cl(z)) ® (F,p) decomposes as a direct
sum of simple objects of the form (cl(z), (E’, p’)) where
(E',p') is an irreducible representation of Stab(z). Let
us now make the connection with the fusion coefficients
N{p that appear in Eq. (28) in the main text. There,
A = (E,p) is a chargeon, B = (cl(z)) is a fluxon, and
J is any simple object in Z(Vecg) that may appear in
the decomposition of A® B. As we have just seen, J has



to be of the form (cl(x), (E’, p’)). Then, the fusion coef-
ficient N is equal to the multiplicity p(p'; Pstab(z)) of
(E',p') in the decomposition of (E, pstab(z)) s a sum of
irreducible representations of Stab(z). The internal mul-
tiplicity ny of an anyon J, defined in the main text, takes
the form n; = Z(E’p) 1(p's Pstab(z)) dim(£), the sum be-
ing over the irreducible representations of G. By Frobe-
nius reciprocity, 1(p’, psiab(z)) is equal to the multiplicity
of (E, p) in the induced representation from Stab(z) to G
of (E’, p’). Therefore, n; is equal to the dimension of this
induced representation (as a vector space over C), that
coincides with the quantum dimension d; of the simple
object J (see remark at the end of Sec. C3d below).

The case of two fluxons is more complex. Consider
two conjugacy classes cl(x1) and cl(z2) in G, we have to
take the tensor product of the conjugacy representations
associated with these two classes. We get a G-graded
vector space V = B, c.(,,) Clg1,92), the grading being
given by g1g2. Forming products of elements in cl(z1)
and cl(zy) produces new elements spanning in general
several conjugacy classes, so the tensor product of two
fluxons is not a simple object in general. But we also em-
phasize that its decomposition into simple objects does
not only involve fluxons. To show how this may arise, let
us denote by S the stabilizer of (z1, z2) for the conjugacy
action of G on cl(z1) x cl(z2) and consider the subspace
Vo, vy = DuClhaziht howahyt), where {ha} is a
system of representatives of left S-classes in G. It is
stable under the conjugacy representation on V', and its
nontrivial gradings belong to cl(zjxs). Let us consider
T = Stab(zy22). It is clear that S C T'. Let us denote by
{t1, -+ ,tq} a system of representatives of left classes t.S
in T. Then (Vo .. )eras = @i, Cltiwit; ! timat; ).
But this shows that the conjugacy action of T" on this
subspace is nontrivial as soon as d > 2, so its associ-
ated representation on Vo(mlm) does not define a fluxon
object in general.

c. Arrows in Z(Vecg)

An arrow from (X,0) to (Y,7) in Z(Vecg) is a
G-grading preserving linear map f : X — Y com-
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HomZ(Vecg)(lv Cl(xl) Q- Cl(.]?f) ® (Elvpl) @ ® (Ecapc)) =

d. Duality in Z(Vecg)

Recall that if V' is a vector space over C its dual space
V* is the space of C-linear maps from V to C. Duality in
the Vecg category is directly inspired from this definition.
We simply have to specify the G-grading of V*, for any
G-graded vector space. It is natural to take (V*), =
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patible with half-braidings [17]. The set of such ar-
rows forms a vector space, that is usually denoted
by Homz(vees)((X,0), (Y,7)). By naturality of half-
braidings, it is suflicient to impose foo, = 740 f, for all
g in G. Keeping track of the G-grading, we get the finer
conditions fgpg-1 004 % = Ty 0 fi, for all g,k in G.

A particular case of interest occurs when (X, o) is equal
to the unit element 1 = (cl(e), id) of Z(Vecs). Then only
fe can be different from zero, and it satisfies fo = 74 c0 fe.
Since f. is a linear map from C to Y, it is determined by
fe(1) =v € Y, and the previous condition simply states
that 7,.(v) = v, for any ¢ in G. Denoting by 7y, the
representation of G obtained by restricting 7, to Ye, we
have the useful result:

HomZ(Vecc;)(]-a (Y? T)) = InVG(X/& Tye). (021)

Let us apply this to the specific case where (Y,7) =
cl(z1) ® - @ cl(zy) @ (B1,p1) @ -+ @ (Ee,pe). As a
vector space, Y = @wed(rj)(C|y1,-~ ,y5) ® E, where
F = F ®---® E. and the grading is given by the
product y; ---y¢ in G. Denoting by p the tensor prod-
uct p1 ® --- ® pe, the representation 7 is defined by:
To(lyr, - yp) @) = lgyig™! - gypg ") ® py(v). To
describe Hom z(vecs)(1, (Y, 7)), we need to determine
Invg(Ye,7v,). A vector |y1,---,yy) ® v belongs to Y,
whenever y; - - -y = e. To proceed further, we note that
Y decomposes as a direct sum of invariant subspaces Yo,
where O labels an orbit for the conjugacy action of G
on cl(z1) x --- x cl(zy). Under this action, the element g
sends (y1, -+, yyr) to (gyrg™", -+ ,gyrg™"). Let O = Gy
be the orbit through y = (y1,--- ,ys) and let .S, denotes
the stabilizer of y under the conjugacy action of G. The
same reasoning as in Sec. C2b shows that the restriction
of 7 to Yp is the induced representation from S, to G of
the restriction (E, p)s, of (E,p) to S,. Therefore, still
using Frobenius reciprocity, one has:

Invg(Yo, Ty,) = Inv(E, p)s, - (C22)

Combining this result with Eq. (C21), we get the useful
formula:

P Inv(p1 ® -+ @ pe)s,. (C23)

Gey,yj€cl(z;)y1-yr=e

(

(Vg-1)*. The motivation for this is that we therefore get:

(V' oV).=@ V)0V, =PV, @V, (C24)
9geG geqG

This allows one to define the required evaluation evy :
V*®V — d. and and coevaluation coevy : 0, — V* @V
maps. For example evy is taken to vanish on (V* @ V),



when h # e and evy (3_, ag ® vg) = > ag(vy), where
vy € Vy and a4 € (Vy)*. Since we will not use these maps
in this appendix, we shall not review them further.

Let us now turn to duality in Z(Vecg). Let us con-
sider an object (X,o) in this category. Its dual ob-
ject has the form (X*,7) where X* is the dual of X
in Vecg, as defined in the previous paragraph. To de-
fine the half-braiding 7, we are looking for 7, that sends
(X*)p into (X*)gpg-1, or equivalently sends (Xj,-1)* into
(Xgn-14-1)*. Because o4-1 sends Xyp,—1,-1 into Xj-1, its
transpose a;’ll sends (Xj,-1)* into (Xgp-14-1)*. There-
fore, we take 7, = O'Q_l It would remain to check that
evaluation and coevaluation maps evy : X" ® X — 0,
and coevy : d. — X* ® X in Vecg also give rise to
evaluation and coevaluation maps for (X, o) in Z(Vecg),
which we will omit here. In the case of a simple ob-
ject (X,0) = (cl(x),(E,p)), it is easy to check that
(X,0)" = (d(@1), (B, 5)), where p(g) = pT(g~") for
g € Stab(x).

Once evaluation and coevaluation maps have been de-
fined, we may compute the quantum dimension of ob-
jects in Z(Vece), which turns out to coincide with the

J
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usual notion of dimension for vector spaces over C. So
we have: dim(cl(z), (E,p)) = |cl(z)|dim(F), in agree-
ment with formula (21) in the main text.

4. Proofs of counting formulae

In the case of the sphere, we start from Eq. (C12),
whose right-hand side is the same as the right-hand side
of Eq. (C23), thanks to the one-to-one correspondence
between gauge orbits in C and G. orbits in Fy  stated
in Sec. C1b. So we can identify the left-hand sides of
Egs. (C12) and (C23) and this proves the counting for-
mula, Eq. (C13).

In the case of positive genus g, we also have to keep
track of Aharonov-Bohm fluxes around non-contractible
cycles. As done already in Sec. C2e, we assume some
knowledge on the ®;, fluxes, in particular that ®;, €
cl(u;). Information on ®,, fluxes will be handled through
2 = tbaiq)l;l(l);l. Clearly z; € cl((u;)™1). This suggests
to consider the object (Y{¥i} 7{»i}) defined as:

g
(vt rvidy = &) ((cl(wi), (Fi,vi) @ (cl(ws), (Fr,v3)*) @ Xf @ Y. (C25)
i=1
[
Here, for each i such that 1 < ¢ < g, we choose an ir- is easily related to the character of the T({;i} representa-
reducible representation (F;,v;) of T;, where T; is the tion by:
stabilizer of w; for the conjugacy action of G on itself.
The objects X; and Y, are defined in the same way as dim(Inv Y{w} {m _
‘ e X, wo(g).  (C28
after Eq. (C19) in Sec. C2e. Y{*} is a G-graded vector ( ( |G| Z "6 (C28)

space, whose component at the neutral element reads:

yivt = @ Clp) ® (®

PEF g, s ({cl(ui)}{cl(=;)})

f:lFi@Fi*)@)E

(C26)
where E = E1®---® E,.. We recall that elements in Fy s
have the form p = (®p,, 21, , Py, 24, P1 - - Py) sub-
jected to the constraint (C14). Fy r({cl(wi)}, {cl(x;)})
is the subset of .7:'97 ¢ defined by imposing further con-
straints: @, € cl(u;), 2 € cl(u; '), and ®; € cl(x;).
Equation (C21) specializes into:

{y,})
(C27)
Since conjugacy classes of ®,, z; and ®; are invariant
along G, orbits in Fy f, Fq r({cl(u;)}, {cl(z;)}) can be
written as a disjoint union of G, orbits O.
Let us now focus on such an orbit. It gives rise to

HomZ(VecG)(]-a (Y{Vl}v T{VL})) = IHVG(Y{W

a vector space Yg”"'}, that is stable under the represen-
tation 7{*i}. In light of Eq. (C27) we wish to compute
dim(lnvG(Yg”}, Té”i})). As in Eq. (C17), this dimension

We have therefore to specify the representation Té”i}

acting on Yé”i}. As in Sec. C2e, we denote by S
the subgroup of G composed of elements that commute
with ®,, 2;, ®; for all 4,j. The Gc-orbit O through
p=(®p,21, -, Py, 29, P1--- Py) may be described as
O = {(ga)c(p),a € A}, where {gs}aca is a representa-
tive set of left S-cosets in G. The space Yé”l}
by vectors of the form [(ga)c(p)) @ U1 @ @1 -+ vy @ @y Qw,
with v; € F; ¢; € F}, and w € E. Since we are inter-

ested in the trace of 7'({5'“}

is spanned

, we evaluate 7{*i}(g) only for
group elements g that satisfy (9ga)c(p) = (9a)c(p), or
equivalently g € g, Sg,!.

To determine the action of {1} (g) on vy ® 1 -+ - v, ®
pg ®w, we use the fact that the half-braiding associated
with the object (cl(u;), (F;,v;)) is the induced represen-
tation, that will be denoted by p;, of (F;,v;) from T; to
G. To construct this representatlon it is convenient to
introduce a system {h }JeJm of left T;-cosets. At this
point, we note that the role played by u; in the reasonings
to follow is merely to define the object (cl(w;), (F;,v;)).



Because cl(u;) = cl(®y,), we will set u; = ®p, once the
orbit O included in Fy ¢({cl(u;)}, {cl(z;)}) has been cho-

Ssen.

Therefore, for each o € A, there exists a unique
j(a) € J@ such that:

Dy, (h(i)

Ja q)bi 9;1 = h(l) J(a

i(e)

))—1. (C29)

The trace condition (gga)e(p) = (ga)c(p) implies then
that:

ghSiy =150, t9(g,3(a)), (C30)

with ) (g,5(a)) € T;. Let the two sides of this equa-
tion act on the element |®p,) ® v; through the induced

J

acA

X0 (9) = D 3s(9a"990) <H X (7 (9, 5())) X, (t(i)(g,j(a))1)> X5(9):

where p = p1 ®- - ® p.. We have introduced the function
ds over G such that ds(g) = 1, if g € S and d5(g) = 0,
otherwise. The characters appearing in Eq. (C35) can
be simplified further. From Eq. (C29), we deduce that

Go = h;i()a)tgf) with t(ai) € T;. Multiplying Eq. (C30) on

the right by t(()f)7 we get the useful relation:
9a' 990 = ()W (g, 5()) ).

(C36)

Because characters are invariant under conjugacy and

J

1 1
T X _ {vix\9) = 757
\G% g (9) |S|S§;<

To obtain this relation, we write g;'ggs = s € S,

H Xv; (S) Xv; (h;l s hl)) Xp(S).

=
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representation ;. This equality gives rise to:

14i(9) (190 b, 95 1) ® v;) = |ga P, g5 ") ® Wy,
wi = v;(t%(g,j()))(v:)(C31)

In a similar manner, we can specify the half-braiding
associated with the dual object (cl(u;), (F;,v;))*. It is
equivalent to the induced representation, that will be de-
noted by f;, of (Ff,7;) from T; to G, where 7;(g) =
vi(g~HT. We replace Eq. (C29) by:

ol () =1 (D) Y1
Jazigy = hj(a) CI)bi (hj(a)) . (C32)
Likewise, Eq. (C30) becomes:
ghSy = hi 19 (g, 3()). (C33)

The same reasoning used to obtain Eq. (C31) now gives:

11:(9) (|90 2 92 1) ® 01) = |ga 2i 95 ) ® 5,
¥y = 7;(t9 (g, j())) (p1)-(C34)

Using Egs. (C31) and (C34), we can express the char-
acter X, {v;} s
6

(C35)

[
tgf) € T;, this implies that:

X, (((9,3())) = X0, (921 990)-  (C37)
Similarly, writing z; = hl-<I>b_i1hi_1, Eq. (C32) implies

that goh; = hi,I% with &’ € T;. Multiplying (C33)

on the right by E"), we get:
hit g2t g9a s = ()71 19(g, 7)) ).

Invariance of characters under conjugacy implies then:

(C38)

X (899, 5(e)) ™) = X0, (hi P9 97 ga hi). (C39)

These two equations (C37) and (C39) combined with
Eq. (C35) show that the right-hand side of Eq. (C28) can
be expressed as:

(C40)

(

so X5(9) = X3(9as9a") = X;(s), and elements in the



sum do not depend on a@ € A. We then use the fact
that |A| = |G|/|S|. Recall that S C T; and note that
hi_lshi € T;l, for any s € S, because z; = (hi)c(cbb_il)
and s.(z;) = z; imply that (hi_lshi)c(@b_il) = <I)b_i1.
However, we emphasize that s and h; ' sh; are not a
priori related by an inner automorphism of T;. Such re-
lation between s and h; s h; appears only after summing
over all irreducible representations of the T; subgroups.

{vi}

The right-hand side of this equation is the same as in
Eq. (C18), therefore we get our key formula:

M@({p}> = Z dirn(InVG(Yéw}7 T({él/i}))
{Vi}

(C43)

This generalizes the case of a single gauge orbit O on the
sphere. In this case, combining Eq. (C11) with Eq. (C22)
and using the one-to-one correspondence between gauge

J

> ne(ph) = dim (Homzveeq) (1, ®%, (U; @ Uf) © X; © Y)) .

OCFq,r({cl(us)} {el(z;)}) {vi}

Finally, deleting all information on the conjugacy classes
of ®,, fluxes, which amounts to summing all cl(u;)

conjugacy classes gives the desired counting formula,
Eq. (C19).

Appendix D: Proof of the degeneracy formula
through lattice manipulations

The purpose of this appendix [50] is to give an alter-
native proof of the main result for the degeneracies (32)
and (33) presented in Sec. III.

The main strategy of the appendix is to make use of
the topological invariance of the model. Given a model
to study, the Kitaev quantum double model for a group
G on a particular graph on a particular manifold, the
full spectrum of this model can be shown to be exactly
the same as the spectrum for another Kitaev quantum
double model for the same group on the same manifold
but with a different graph (possibly with a minor change
of making a restriction of the fusion at certain vertices).
This equivalence is discussed in detail in Sec D 5. Given
this ability to restructure, we then choose to work with a

: {viy  Avilyy _
> dim(nve (V3" 78 ))*E
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The completeness relation of characters (in the space
of functions on the group T that are constant on its con-
jugacy classes) reads [48]:

St = 3 6t

t"eT

(C41)

where the sum runs over the distinct irreducible repre-
sentations of T'. Applying this relation to the T; groups
appearing in Eq. (C40) yields:

> > T 0(shiti, hitis) x(5)- (C42)
t;€T; s€S i
[
orbits in C and G. orbits in Fy ¢, we get:
po({p}) = dim(lnve (Yo, 7vo)) (C44)

The presence of non-contractible cycles on ¥ for
g > 1 is accounted for by the additional objects
U, = (cl(w),(F;,v;)) and their duals. Let us now
sum multiplicities as in Eq. (C43) over all orbits in

Fap({cl(u;)}, {cl(x;)}). This gives:

(C45)

(

very simple graph for which the full solution to the model
can be written down with very little work. For the case
of the manifold S? each vertex and each plaquette (save
one) can be explicitly put in an eigenstate independently,
with only a single plaquette remaining that needs to be
handled with a bit of high powered group theory, invoking
some of the properties of the representation theory of the
quantum double (the necessary facts being introduced in
Sec. D1). The higher-genus case is only a bit harder.

1. Some Results from Representation Theory of
Quantum Doubles

We present a number of results from the representation
theory of quantum doubles. The key reference here is
Gould [51]. Refs. [16, 52] are also useful and not too
hard to read.

Given a group G we can construct the quantum dou-
ble of the group D(G). The irreducible representations
of D(G) are the simple objects in the Drinfeld center
Z(Vecg) ~ Z(Repg)-

The elements of D(G) have a basis gh* or h*g with



h,g € G. Sometimes for clarity we will write (g, h*).

The irreps of D(G) are described by a conjugacy class
C and an irreducible representation II of the centralizer
N, of a representative element c of the class. For clarity
we will sometimes write IIy,. These irreps of D(G) are
the anyon types in the Drinfeld center.

The anyon types in Z(Vecg), or equivalently the irreps
of D(G), we will write as

A= (C, 1) (D1)
When it does not cause confusion we will drop the sub-
script NV, and just write (C,II). Since we use the letter
C for a conjugacy class we will not use it to represent an
anyon type.

Note that the inverse element A has the inverse con-
jugacy class C' and the inverse representation II as well.
(The inverse conjugacy class of an element ¢ is the con-
jugacy class of the inverse element ¢ = ¢71.)

We can write characters for these representations, anal-
ogous to how we write characters for the representations
of a group, and many analogous identities will hold. Here
we will write x to mean a character of D(G). When we
need a character of the group G' we write Y without the
underline.

Define [51]:

X4(0h7) = Xy (917
= Onec Ogh,hg triLy, (kngky ),

where h = kzhck:;l defines kj, and c is the fixed represen-
tative element of conjugacy class C'. The trace is taken
in the representation Ily,. From usual group theory we
also know that the trp(g) = trig(¢7!) = tr(g),which
will be useful.

From Gould |
a definition)

] we also have (and we can take this as

X(C,H) (gh’*) = X?C,H) (h*gil)

Since A — A in Eq. (D1) involves C — C and II — TI

we have

X, (gh") = x5(glh™). (D2)
0 0
heC htedl

Orthogonality of Characters: For A and B being
anyon types, i.e., irreps of D(G), we have [51]

1 — * *
@ Z XA(Q 'h )XB(h g9) =
g,heG

1 * * *
G 2 Xa(h9x,(h'g) =dap.

el (D3)
g,heG

Double Conjugacy Class: We introduce the idea
of a “double conjugacy class” for elements gh* € D(G)
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(we’ve changed nomenclature from that of Gould [51]
who just calls this object a conjugacy class, but Gould’s
nomenclature is confusing since GG also has its own con-
jugacy classes). Given an element (g,h*) in D(G),
the double conjugacy class is the set of elements
(pgp~t, (php=1)*) for all p € G. We call this double con-
jugacy class Cgp+ (note the calligraphic font to distinguish
from the usual group conjugacy class C). We define the
inverse double conjugacy class C such that 5gh* =Cg-1p».
And we write |Cgp+| to be the total number of elements
in the double conjugacy class.

Crucially, given the above definitions of x, the value
of a character is the same for any gh* within a double
conjugacy class. That is, x is a class function.

Note that by the orbit-stabilizer theorem we have

Gl { Number of values of p € G such that
[ ph = hp and pg = gp
(D4)
Completeness Relation: Given elements g1 hf € C;
and goh% € Cy we have the completeness relation [51]

: * G|
Z XA(glhl)KA(g2h2) :5617C2m’
AeZ(Veca) 1

(D5)

where the sum is over anyon types. Here, in order to
have a nonzero result, g;h] must be in the same double
conjugacy class as gg_lh; We also must have g1hy = hi1g1
and gaho = hago or the characters vanish. Notice that
the value on the right when it is nonzero is exactly that
given by Eq. (D4). Note that the equation would read
the same if we write the arguments as g;h* rather than
h*g; in both characters.

Fusion of Representations: The anyon types obey
fusion relations described by fusion multiplicity matrices
N¥ fB as in Eq. (23). These multiplicity matrices are given
by

1
Nip = @l > Xt g) x (k7 h) g) x (K g),
g,h,keG
(D6)
which is very analogous to the fusion rules of usual group
representations. Note that the arguments with the * mul-
tiply in the arguments on the right hand side reading
right to left: k*(k=1h)* = h*.
A convenient rewriting is in the form

Nip = (D7)
1 * * * *
G 2 e Xp(h X, (B'9)xg(a"9)
geG
a,B,h e G

From this expression it is easy to show the usual sym-
metry features of Ni5. For example, using Eq. (D2) we
can immediately derive

NEB:NgFW (DS)



and also using the fact that N is real

N EB =N gﬁ' (D9)
To show symmetry under exchange of the two lower in-
dices we use the fact that in the sum in Eq. (D7) the
argument is zero unless ag = ga and Sg = ¢ (and also
hg = gh but we don’t need this). We then use the fact
that

=x,((B7aB)*(B798)) = x5, (B~ aB)g),

(D10)
so we can replace a by o/ = f7'af in Eq. (D7) only
now the factor of af in the delta function becomes
Ba/B~13 = Ba’ thus switching the order of multiplica-
tion, thus deriving

Xz(a%g)

Nip=NE,. (D11)

Just as a sanity check, let’s try N5 with 1 meaning
the vacuum particle type.
Here x, (9"h) = 0pe so we have [using Eq. (D6)]

Nis =|—é| S he x (K7 R)"g)x, (K"g), (D12)

g,h,keEG
1 o «
g,keG
1 * * *
= 1@ > Xk g)x,(k*g) =645, (D14)
g,keG

by orthogonality.

Multiple Fusions: The fusion multiplicity relation
Eq. (D7) generalizes to describe more than three particles
in an obvious way:

NEBD = (D15)
1 * * * * *
@l D Gaprn Xp (W 9)X , (Y9x5 (B 9)x (@ 9),
g,heqG
a, B,y €G

with the obvious further generalization to more particle
types.

Proof of Eq. (D15):
We define fusion of multiple anyons in terms of fusing
only two anyons at a time:

Y. NiNDk
KeZ(Vecg)

NgBD = <D16)

Substituting in Eq. (D6) twice we get

Z :
|G|?
KeZ(Veca)

> X ()X, (K'h) g )x , (k"g)
g,h,keG

Z X;:_‘(h//*g/)KD((k/flhl)*gl)xkv(kl*g)
g’ ,h k'eG

F —
NABD -

(D17)
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We can now use the completeness relation Eq. (D5) to
perform the sum over K,

Z XK(h g)XK(k/ g/) = 5Ch*g,ck/*g/ ‘Ci*
KeZ(Vecg) h*g
(D18)
The delta function on the right is nonzero if
K =php~' and ¢ =pgp', (D19)

for some p.

Now we are going to sum over k' and ¢’ and we get
nonzero results when Eq. (D19) is satisfied. But instead
of doing this sum, we sum over p, and this overcounts by
|G|/|Ch=g4| (by exactly the cases where p commutes with
h and g), thus accounting for the factor on the right of
Eq. (D18). We thus have

Nipp = |G| ?x (D20)

> X, (R g)x (K )X (g )x, (K h) ),
g,h,k,h peEG

1

where ¢’ = pgp~' and k' = php~!'. Thus the last two

factors are actually
X (W pgp™")x (b~ p~ W) pgp™").

But x is a class function (only depends on the double
conjugacy class of its argument), so we can conjugate
the last two terms by p to get instead the factors

X (0 h'p) g)x , (R ph'p™)*g).

In Eq. (D20) there is a sum over h’ and p and these
quantities only occur in the combination ph/p~! in these
two final factors. Thus instead of summing over h’ and
p we instead obtain a factor of |G| times a sum over
x = p~1h/p. Thus we obtain

Nigp =G|~ (D21)

Y xe@)x, () g)x (K 9)x , (h'2)"g),
g,h,k,xeG

which completes our proof of Eq. (D15).

Note that Ni 5, is fully symmetric in its lower argu-
ments although it is not obvious in this form [see the
discussion above Eq. (D11)].

The derivation of similar formulae for fusing more
anyons together follows in a similar way.

Flux and Charge: In conventional gauge theory lan-
guage a “fluxon” is a conjugacy class C' with a trivial
irrep Iy (we emphasize that Ty is here a trivial irrep of
the centralizer A, not necessarily of the whole group G):

X(org) (97") = Onec Ggh.ng- (D22)

A “chargeon” is the identity conjugacy class e with an

irrep I of G:
Xery(9h") = One xr(9); (D23)

where the xr on the right hand side is the regular group
character in irrep I



a. Many Fluzons and Many Chargeons

Here we consider fusion of N chargeons and M fluxons
all fusing to the identity anyon:

1 _ —1
Nie.P1)(e.Ta)...(e'x).(C1.00) (C2.To)...(Car.To) = |G|

N M
X Z H xr; (9) [H 0s,.€Ci 051 g.gs

s$1...sm € G |J=1 k=1
geaqG

J

S1...8M,€"

(D24)

From the main text we expect the degeneracy on a
sphere with N chargeons in irreps I'y...I'y and with M
fluxons with conjugacy classes Cy...C'yy to be given by
this expression times the nontopological factor vazl dr;,
where dr is the dimension of the irrep I'. As described in
Sec. D2 in the main text, chargeons are on vertices, but
in this appendix they are on plaquettes and, conversely
in the main text fluxons are on plaquettes, but in this
appendix they are on vertices. As with the above argu-
ment near Eq. (D11), the order of fusion does not matter
(the modular tensor category describing the anyons has
commutative fusion) so the order of the s;’s in the delta
function at the end of this equation does not matter.

Below, in Sec. D 7, we will indeed derive Eq. (D24) but
some of the dummy indices are named differently.

2. Preliminary Material About Geometry

In this appendix (and in contrast to the main text), it
is more convenient to write the Kitaev model on the dual
lattice so it looks more similar to a string-net model [28]
of Z(Vecg) rather than a gauge theory. The equivalence
of the direct lattice and dual lattice representation is dis-
cussed in chapter 31 of Ref. [29].

In general, we will consider the KQD model for an ar-
bitrary graph forming the skeleton of an arbitrary genus
g manifold (we write the genus g in this font so as not to
confuse it with a group element g). However, the genus
g = 0 (the sphere) is much easier, so we will do that
case first in Sec. D7 and then the more general case in
Sec. D 8.

We start by defining our geometry. Strictly speaking,
our geometry is some two-dimensional CW complex. Our
geometry can have vertices of any valence (one or more).
An example is given in Fig. 3.

For higher genus, we need to: either (i) specify periodic
boundaries, or (ii) allow edges to connect out of the plane
of the board. Examples of showing periodic boundary
conditions on a torus are shown in Fig. 4 and Fig. 5. In
all cases we will assume that the manifold is oriented.
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FIG. 3. This example geometry has 9 vertices, 12 edges, 5
plaquettes and genus g = 0. The 5th plaquette is the region
outside of the figure and includes the point at infinity. If there
is no ambiguity we may leave off the dot at the vertex in some

diagrams.
//c
b a b
c

FIG. 4. Geometry on a torus (top) specified using periodic
boundary conditions. This picture has 2 vertices, 3 edges,
and 1 plaquette. Bottom: same picture but without using
periodic boundary conditions and instead allowing the lines
to go out of the plane. In the bottom figure it is harder to
see the single plaquette. Note that the bottom figure has
the vertices correctly oriented when comparing with the top
figure.

3. Defining the Hilbert Space and Hamiltonian

We choose a group G and assign a group element g € G
to each oriented edge (we draw an arrow on the edge to
indicate the orientation). Reversing the arrow inverts the
group element. A basis for our Hilbert space is the set of
all labels of all edges.

a. Vertex Term

The Hamiltonian has a vertex term and a plaquette
term (the notation mostly follows that of Ref. [29]). We
start by defining the vertex term. Going around the ver-
tex in a clockwise fashion we multiply together the out-
going edge labels and determine the conjugacy class C'
of the result. Our vertex term assigns an energy to each



FIG. 5. Same torus geometry as Figure 4 except here we use
1 vertex, 2 edges, and 1 plaquette.

conjugacy class.

b
4§ $ ¢) - > Be 6. Cupe (D25)
d C

where the coefficients 8¢ are arbitrary real numbers.
Here the sum is over C, the possible conjugacy classes of
the group, and Clcq is the conjugacy class of the product
abed € G (note that beda is in the same conjugacy class
so we can start multiplying the product with any edge
incident on the vertex as long as we read the outgoing
edges clockwise around the vertex). In other words we
are assigning an energy [¢ to the vertex whenever the
product of group elements abed is in conjugacy class C.
This rule can be applied to vertices with any number of
edges incident. For example, for three edges incident we
would have dc c,,.. This vertex term is the B term of
the Hamiltonian Eq. (A1) (and this is a plaquette term
in the main text since we are working on the dual lattice)
which is a generalized version of the Hamiltonian Eq. 6
from the main text. Note that we are free to choose a
different set of B¢ for each vertex in the system.

Often we take B¢ to have lowest energy for the trivial
conjugacy class C' = e, but this is not required. How-
ever, with this intuition in mind, we sometimes say that
a vertex is “violated” if its conjugacy class is not C' = e.

b. Non-violatable Vertices

It will sometimes be useful to restrict our Hilbert space
so that certain vertices are always in the identity conju-
gacy class. We notate this by drawing a green circle
around the vertex as shown in Fig. 6. Such a vertex is
never violated.
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>
Q

% N implies abc = e
+a

}//\\b implies a " 'b" ¢! = e = cha
/i\a

;/A\\b implies cb = a

FIG. 6. A green circle around a vertex indicates the Hilbert
space is restricted such that this vertex is always in the iden-
tity conjugacy class ( i.e., this vertex is never violated).

c. Plaquette Term (chargeons)

There is also a plaquette term in the Hamiltonian. De-
fine P(h) as

N
P(h) gsijgz _ 935;92 =hg3ijhgz
9, 9, hg,

(D26)
and analogously for plaquettes with larger number of
sides.

Note that these operators form a representation of the
group

P(h)P(g) = P(hg), (D27)
We define a set of operators on the plaquette
R d, . R
Pron = el > P (R)P(R), (D28)

heG

where pl , is an irreducible representation matrix of G
(labeled T') of dimension dr (so n,n’ € 1...dr). Let us
examine multiplication of these operators:

dr‘dr\/

G 2 P (9P (PP (D),
g9,heG

dFdF/ ’ ~
= W Z Prn (9) P (R) P(gh).
g,heG

Pan’PF’mm’ =



Letting gh = k, we have

Pran P (D29)
drdp - o
- IG|? Z Prn (9) Pramr (97 k) P(K),
g,keG
dpdp, dr! e
_ > O ()P (97 ) i (R) P (R),
g,k€eG qg=1
drdr & - .
~ |Gldr DD Ongdumdrr Py (k) P(K),
I jeG q=1

where going to the last line uses the grand orthogonality
theorem Eq. (D98).

Thus we obtain
Pr\nn/pr/mm/ = 6n/m5FF’Pan’ . (D?)O)

If we trace on the lower indices n,n’ we get orthogonal
projectors

(D31)

with xr(g) = Trp'(g) being the character of the repre-
sentation. Using Eq. (D30) we establish that

dr dl"/

Z Z panP]f"mma

n=1m=1

pl"P]_"/ =

dr dr/

= Z Z 6nm5FF’Panv

n=1m=1

= drr Pr,

(D32)

confirming that these operators are orthogonal projectors
[indeed, these are the projectors as defined by Ref. [37],
see also Eq. (A3)].

The full plaquette term of the Hamiltonian is

P:ZQFPI—H
T

for any real values of ar and the sum is over representa-
tions. This is the same as the A term of the Hamiltonian
Eq. (Al) (and this is the vertex term in the main text
since we are working on the dual lattice) which is just a
generalized version of the Hamiltonian used in the main
text, Eq. 6. Note again that we are free to choose the ar
to be different on each plaquette of the system. We often
choose the trivial rep to be the lowest energy one but we
don’t have to do so.

(D33)

4. Related Group Theory: Rep Basis for a Loop

Applying the plaquette Prons operator to a single
loop plaquette

Here we consider an edge labeled g in a loop, which we
draw as O9= |g) and consider applying Pry,.
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Viewing this loop as a plaquette we have

o9 — DI — O (pay)

where here we use the graphical notation where we draw
a (blue) h-loop and then fuse it into the g edge.

So given the definition,

|G| = o

heG

we can work with an irreducible representation basis and
things simplify.

Define a basis of states with I' an irreducible represen-
tation and n,n’ € 1...dr:

[Tnn')

Z Pran (

geG

(D36)

This is a kind of “Fourier transform” between group ele-
ments and irreps. Since > di = |G|, there are |G| dif-
ferent states here, so these states span the Hilbert space
of the one edge.

Let us check that they are orthonormal as wavefunc-
tions

d d /
<an |F,mm F F Z pnn pmm/( /)<g|gl>7
9,9'€G
\/dl"dr‘/
geG

 Vdrdr |G
- —0 ’6nm6nma
Gl "

= 6nm5n/m’51"1"’a (D37)

again having used the grand orthogonality theorem
Eq. (D98). Now let’s see how Prg, acts on [I'nn')

Pro, = |G| Z Pas(R)P(h), (D38)
heG
so that
d / N
PFab|F nn > |G| = Z pab pnn )P<h)|g>7
h geG
(D39)
d drs
|CI;| |F Z pab pnn( )|hg>
h,geG
(D40)



Defining z = hg we have

d ’
Pl—‘ab|F ’Il?’L |G|\l a Z pab pnn h x)\m)

h,xeG
(D41)
d dpr
| ar’ !
‘Gl Z Z pab pnm l)pgm/(xﬂx),
h,2€G m=1
(D42)
drr
Z Z pab pnm 1)|F/mn/>7 (D43)
m=1heqG
% (5am6bn5FF/|G| | mn > (D44)
I ’
SO
Ppab|I"nn’> = 5pp/5bn|F'an’>. (D45)

Note that the n’ index is untouched.
Since the plaquette Hamiltonian is written in terms of

dr
Pr=>" Praa, (D46)
a=1
we have
dr
Pr[T'nn') =Y " Praa|l'nn’) = dpp/|Tnn'), (D47
a=1

so the [I'nn’) states are eigenstates of the projectors Pr.

5. Restructuring Lemmas

Our calculation relies on the fact that we can restruc-
ture the graph (the geometry) without changing the spec-
trum. This may seem obvious, but it is worth being pre-
cise about it.

Here, we are trying to show that two geometries can
be mapped precisely to each other. We start with some
easy lemmas (or “moves”), which we can use to prove the
principle more generally.

e Move 1: Moves on vertices where no violations are
allowed.

Here we consider the case mentioned above in
Sec. D3 b where we restrict the Hilbert space such that
“violations” are not allowed at certain vertices (meaning
that the incident edges must fuse to the identity). As
above we notate this restriction by circling the vertex in
green. We claim the following equivalence

Ny
X

& = ‘ =

A
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“

What we mean by “=" here is that the spectrum of the
system remains unchanged when we make these changes
to the system geometry.

To show this equivalence, we again work in a basis
where the edges are labeled. Let us consider the left-
most diagram with edges labeled

\>—>—<%
) Az

Here, the value of the edge x = (ab) = (dc)™! is com-
pletely fixed by the values of the other edges. So, speci-
fying this edge in the Hilbert space is redundant and we
can just as well write it as

a c
4

where abdc = e. Similarly, we can consider the central
diagram

and realize that the edge labeled y is similarly redundant
since y = (ca) = (bd)™!

e Move 2: Moving a vertex violation away from a vertex

Here, we claim that we can replace a vertex, such as
in the left of the following figure, with an nonviolatable
vertex, and a new violatable vertex on one of the attached
edges as on the right of the figure.

New vertex

Nonviolatable
vertex

v
/ )\\
This can be done with a vertex of any valence. The

argument here is similar to that of the previous move.
To see this we label the edges




and we see that the newly formed edge marked y has a
value that is completely defined by the other edges, and
thus is redundant information. Furthermore, we see that
the conjugacy class of the violatable vertex is the same
both before and after the move C,-1;-1.-1, as in the
picture in both cases. Again, the meaning of equivalence
of diagrams is that the spectrum remains the same before
and after making the move.

From these moves (and similar thinking) we can derive
many other useful transformations such as

> =

where now both vertices are allowed to be violated. We
can derive this by using Moves 1 and 2 above in the
following sequence

\.\,/
Y
>—< = pb—< = =
Al
e
~_ "7 N7 ~ 7
Move 2 twice Move 1 Move 2 twice

Similarly, we can derive transformations such as

I
e

We can also freely add nonviolatable vertices

and

and even edges attached to nonviolatable tadpoles
(single-valent vertices).

where we see that the added edge can only be in the
identity channel here.

For all types of transformations we have the following
conserved quantities:
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1. The number Np of plaquettes is conserved.
2. The number of violatable vertices Ny, is conserved.

3. The genus g of the manifold is unchanged.

The number of independent edges Ng (i.e., the number
of degrees of freedom and hence the dimension of the
Hilbert space |G|V®) is also unchanged. This can be
viewed as being a consequence of the Euler-Poincaré re-
lation 2 —2g = Ny — Ng + Np, and the above conserved
quantities. Or, equivalently, we can check that each indi-
vidual move conserves the number of independent edges.

A few brief comments on these conserved quantities:
for the number of plaquettes and number of violatable
vertices, recall that the Hamiltonian most generally can
have a different set of coefficients ag for each plaquette
and a different set of coefficients B¢ for each violatable
vertex. Clearly, if the spectrum is to be unchanged, the
number of these plaquettes and violatable vertices had
better remain unchanged. For the genus g of the manifold
we simply realize that all of these moves are local and
cannot restructure the manifold’s topology globally. And
crucially under all of these moves, the spectrum remains
unchanged.

6. Simple Canonical Geometries

Given our restructuring lemmas, it is useful to reduce
all geometries to a fixed canonical very simple geometry.
There are many such simple geometries we might choose,
but a good one is of the type shown in Fig. 7 for genus
g = 0. In this figure there are Ny violatable vertices
across the top row (and no other vertex violations are
allowed). In the lower left there are (Np — 1) loops, each
corresponding to one plaquette. The N};h plaquette is the
region outside of the drawn figure, including the point at
infinity.

In this canonical geometry we can think of the (Np—1)
plaquettes as being local objects and the N},h plaquette
is global.

This canonical geometry can be extended to higher
genus manifolds as in Fig. 8. Here each of the g handles is
presented as two connected loops over on the right hand
side with an underpass between them as in the lower part
of Fig. 5.

Just to give an example of how such a structure arises,
we consider the g = 2 case with a single plaquette as
shown in Fig. 9.

7. Spectrum on a Sphere

We will start by calculating the spectrum given that
the genus of our surface is g = 0, i.e., we are considering a
sphere. Our geometry will be that of Fig. 7, but here let
us label the edges as in Fig. 10. Due to the constraints
from the green circles all of the edges labeled with x;



(N,-1)

FIG. 7. A canonical geometry for genus g = 0. We can reduce
all g = 0 geometries into a geometry of this form by using the
above restructurings. There are Ny violatable vertices across
the top. (Np — 1) of the plaquettes are loops in the lower
left. The N plaquette is the region outside of the figure,
including the point at infinity.

(N,-1)

FIG. 8. A canonical geometry for genus g > 0. As above
there are Ny violatable vertices across the top, and (Np — 1)
plaquette loops in the lower left. The N¥ plaquette is still
the region outside the diagram.

must have only the identity label z; = e, leaving only
the y; degrees of freedom.

Thus, our diagram simplifies into that shown in
Fig. 11. Here, there are (Np — 1) isolated loops labeled
g1,---,9(Np—1) and there is a line of connected edges la-
beled y1,...,y(n, —1) connecting the Ny violatable ver-
tices. For simplicity of notation, we have also added
edges yo and yy,, but set them equal to the identity
Yo = yn, = e. The violatable vertices can each be as-
signed a charge

Si = y;_11yi
such that the product

5182 .- S(Ny—1)SNy = €. (D48)
The vertex ¢ therefore has an energy Sc, .

We now aim to put the system in an eigenstate of the
Hamiltonian. As we have already put the vertices in
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@+>

=
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FIG. 9. A two-handled torus with four violatable vertices
and a single plaquette. In going to the final figure on the bot-
tom, we use restructuring moves to replace all of the original
vertices with nonviolatable vertices and move the violatable
vertices to the horizontal line in the middle.

oo Y1 Y2 o YN,
> 0>—0—0--0—>=<
1 2 cees ‘NV

R )

S|
2 O

(Np-1)

FIG. 10. Geometry for a sphere as in Fig. 7 but here edges
are labeled.

eigenstates, we now need to take care of the plaquettes.
Fori=1,...,(Np—1), we put the loop labeled g; in state
|T;n;n}) as defined in Eq. (D36). As shown in Eq. (D47),
these states are eigenstates of the plaquette projector,
and thus the loop 7 has energy ar,. Their energies are
independent of the n,n’ indices and so these wavefunc-
tions can be superposed to form global eigenstates. It
may appear that there is a degeneracy of d%i, but notice
that we have not yet imposed the constraint set by the
last plaquette. This will actually reduce the degeneracy
to dr, supplemented with a condition on the fusion of the
fluxons and chargeons.

The key to this calculation is handling the final pla-
quette ¢ = Np. If we draw the projector P(h) inside a



=Y, Y. Y, IN-1) €Yy

1 2 N,
06" Mo
1 2

(N,-1)

FIG. 11. Geometry as in Fig. 10 but we have removed all
edges which can only be labeled with the identity e.

g-loop graphically [see Eq. (D34)] as

then the N plaquette (which is the outside region in-
cluding the point at infinity) has a projection operator
p(h) as drawn in Fig. 12. Using the simplification as in
Fig. 11 this can be redrawn as in Fig. 13.

FIG. 12. Geometry as in Fig. 10 showing the plaquette pro-
jector P( ) for the N plaquette which encircles the outside
region including the point at infinity. Note the orientation of
the arrow is reversed since it “encircles” the region outside.

We would now like to find the eigenstate of this last
plaquette projector to representation I'y, [see Eq. (D31)]

5 dr,
NP: |G| ZXFNP P(h)’ <D49)

heG

where the subscript Np on the final projector in this
equation indicates that we are applying the projector to
the N plaquette.

Under the action of Py, (h) we have y; — hy;h~" but
we have g; — gih~t. We want to find eigenstates of the

Pry,.
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FIG. 13. As in Fig. 12 showing the plaquette projector P(h)
for the N¥ plaquette, but now using the same simplification
as in Fig. 11.

Note that the vertex violations s; = vy, 11 remain
eigenstates of the vertex operator [see Eq. (D25)] since
they remain in the same conjugacy class.

Now, let us consider what happens to the g loops.
We will work in a basis [I'nn’) for the g loops. From
Eq. (D47) we know that these are eigenstates of the pla-
quette Hamiltonian. Let us see what happens to the loop
under the action of Py, (h), i.e., under g — gh™1:

Tnn') Z Phon ( (D50)
QEG
dr r -1
@ > o (@)lgh™) (D51)
geG
Now, defining x = gh™!, this becomes
|Tnn') me (xzh)|z), (D52)
xEG
Z Z Phon (T) P (W) ), (D53)
rEGm 1
- Z oh (W), (D54)

Note that this transformation leaves both I' and the mid-
dle index n untouched.

Consider now a basis for all of the g; loops for ¢ =
1,...,(Np—1)

|F1n1n'1> X |F2n2n'2> XR...
Np—1

= [ mimini)

i=1

® ID(Vp-1)UNp-1) (N p—1))

(D55)



Under the action of Py, (h) this transforms as

Np—1

Py, (h) H Tining) =

dr, dr, dF(prl) Np—1

> > 2 I AL,

mi=1mo=1 m(NPfl):l i=1

(D56)

where all of the I';’s and n;’s are preserved. Crucially,
the energies of these plaquettes are unchanged, as they
still correspond to the same irreps I'; of G.

Under the action of Py, (h), the y’s transform by con-
jugation, but the conjugacy classes of the defects remain
unchanged, hence the vertex energies remain unchanged.

Now, let us consider the set of Py, (h) for all possible
h’s. The y’s transform through orbits and we will con-
sider one orbit at a time. Let us call a particular orbit
w. Let us write vectors

(D57)

{y17y2a s 7y(NV—1)}a

which will form a basis of the states in orbit w, and let
us call the states of an orbit |U((;‘))>. The operator Py, (h)
acts as a group (a representation, but a reducible one)
on this basis by conjugation. In fact, it must permute
the elements of the orbit. Let us call the permutation
matrix A((;g(h) This set of matrices is a reducible rep-
resentation. We want to decompose this representation
into irreducible representations

H(w)

A -y
qg=1

where the f‘((zw) are irreps of G and there are u(“) irreps
in this decomposition (as usual, a particular irrep may
occur more than once in the sum).

The number of states [v8)) in the orbit w (by the
orbit-stabilizer theorem) is equal to |G|/X where X is
the number of states that are unchanged by the conjuga-
tion action of Py, i.e, X is the number of g’s such that
9yi = yig, for all y; with i = 1...(Ny —1). Equivalently,
again using the definition s; = yi__llyi, we could say that
X is the number of values of g such that gs; = s;g, for all
s; with ¢ = 1... Ny given the constraint stemming from
Eq. (D48).

We now want to decompose the reducible representa-
tion A“) into irreps I'y. How do we generally do such a
thing? The usual strategy is to use group characters and
the orthogonality relation for irreps I'y and 'y

‘G| ZXFl XF2( ) - 6F1F27

geG
(D58)
and more generally the fusion of irreps to the identity
irrep I'g has a multiplicity

Nll:frg...r |G| ZHXF

geGi=1

‘G| ZXFI XF2 g

geG

(D59)
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So, if we have a reducible representation A) with a
character (), the decomposition of A(“) into irreps has
multiplicity of I'; given by

m; = |G| ZXF

geG

g)Ixae (9)- (D60)

Thus, we are interested in the character of the represen-

tation A)
(w) Z A

Since A“) is a permutation matrix, x Aty Simply counts
the basis states in the orbit that are unchanged by con-
jugating with h, i.e., the diagonal components of A).
Thus, we have

Xaw (h) = (D61)

Ny —1
Xae (h) = Z H Ohys yih> (D62)
Y;’s in orbit w 2=1
Ny
= Z Héhsi,sih 65182~~8va5' <D63)

S$;i’s in orbit w 1=1

In the end, we will want to fuse these irreps from A“)
with the irreps of the plaquettes I', ..., 'y, in the case
of the sphere. In the higher-genus case (see Sec. D8
below) we will also add representations arising from the
handles.

In order to see where this is going, note that if we try
to fuse A) together with the irreps I'; ... I'np to form
an identity, we get a multiplicity of

|G\ Z XAW) HXF

heG

(D64)

Ny —1

1
IEl] Z Z H(ShyuyzhHXF

Yi’s in orbit w hEG i=1

Then, summing over all orbits (hence summing over all
y’s) we get a multiplicity
Ny -1

1
@ Z H 5hyl,y,h H XF

hyi.yny —1)EG i=1

1 Nv Np
:@ Z SNy € Héhsi,sih H’XFi (h)7
h751...sNV€G =1 =1
(D65)

which matches the multiplicity in Eq. (D24). However in
addition to this multiplicity, we also want to derive the
nontopological degeneracies.

a. Nontopological Degeneracies and FExplicit Wavefunction
Construction

So, let us do this more carefully. For a given orbit, let
us decompose the reducible representation into its irre-



ducible representations

d

(w) F(“’)

S S U S el (e
,(q,S) Pst (q,t);8°

q=1 s,t=1

where the U’s are unitary matrices in their lower in-

dices (these are actually Clebsch-Gordan coefficients),

and here drw is the dimension of representation F(w)

For each orbit w we have the a basis |va >7 but we can
switch to a new orthonormal basis

(w)
qS) ZU i(g,s) ‘U

and we can check

(D67)

< (’173)‘1](q s’)> - 6w,w'5qq’5ss’; (D68)

and we have the corresponding reverse transform
(w) F(W)

Z Z Uloyalony)-

g=1 s=1

(D69)

Note that the set of all |v(w)s)> for all ¢ and all s gives

a full basis for all the edge labels in the orbit w.
We now have
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Because of unitarity, the sum over 3 creates 446y 5 SO
that the sum reduces to

1a(c;i)
. - 1 Fw) "
Py (W[5 =30 ST 0l e (W), (D73)
a s'=1
dr |
i ()
= pss ( )| (q, ’)> (D74)
s'=1

and note that the irreps f,(f) are preserved.

Still focusing on a single orbit, and now also fixing an
. =(w) .
irrep I'y™’ we can write a complete set of states as

Np—1
[H [Timini) | @3-

All of the terms 1;1 ‘éhe Hamiltonian except the N¥ pla-
quette term have a fixed eigenvalue. We finally want to
sum all such states to find a basis of states where the N
plaquette also has a fixed eigenvalue (i.e., is in an irrep

(D75)

pr Z A(w) (D70) 'y, ). We start with a set of operators on this plaquette
which we write as in Eq. (D28).
so that
Py, (W)[5)) =3 AL (US|, (D71) ) i o
@ Pry,.a = |C;V|P > pap” (M) Prp(B). (D76)
d~(w) heG
#(w) Ty
_ (w) (w)t @) W)
_ZZ Z U(q Sf)pst’()U(q Uﬁ(qg‘a )-
a,B q'=1s",t'=1
(D72) Applying these to the above defined kets we have
J
: e @) y _ drw r e (@)
~ W N ~ W
Pry, .ab l [T minni)| @13, = |G|P > pap " (W) Py () l IT minmi)| @57 (D77)
i=1 heG i=1
dr - dr, dNp-1 Np—1 F(‘”) 1‘()
e s e |35 3 T onm | o 3 A @iy o
heG mi=1 MNp—-1= =1 =1 s'=1

Here, we have a product of representation matrices. We will fuse these representations all together (this implements
the promised fusion from Eq. (D64) above and now justifies it). The piece that does not vanish when we sum over all

h € G is the part that fuses to the identity representation. We thus require that 'y, @' @71y ..
the multiplicity of this fusion to the identity is exactly that shown in Eq. (D24) and Eq. (D65).

@ Np-1 ®féw) — Ty
Now, let us make
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this decomposition more explicit. We first decompose into irreps

Np—1 I‘(“’) drq ( T (@)

T q,w) 7

[ L1 Plong (B) 1 Ps's Z > Uit Pas (1) UGS\ gy (D79)
= af=1

where for each orbit w and each chosen irrep f“;, we have defined U(@%) a unitary matrix (again Clebsh-Gordan
coefficients) and {m} and {n’} are shorthand for the lists of m;’s and n}’s. Here, the sum over @ is over all irreps
I‘g’q) that occur in the product (and the unitary matrices are block diagonal in Q).

As mentioned above, in Eq. (D78), in the sum over h € G, one only obtains a nonzero result if the fusion of all
the irreps comes to the identity. In Eq. (D79), we have fused all the pieces except the leading I'y,. Thus, to get
a nonzero result the irrep I‘g‘)’q) must be the conjugate of the I'y,,. Using Eq. (D79) in Eq. (D78) then using the
grand orthogonality theorem (Eq. (D98)), the sum over h applied to the product of the representation matrices now
becomes

Np—1
Ty r, \GI (q.w) (@)t
hzg;p 7 ( H1 Pmm;(h)] 7 ZUum} nan) U@antintys) (D80)
S 1=

where the sum over @ is now only over values of @ in Eq. (D79) such that Fg’Q) is conjugate to I'y,. Plugging this
back into Eq. (D78), we have

dNp-1 Np—1
> / (w) (g,w) (q:w)t (w)
Pry, ab [H|mei> D [Fgay) = D Z Y Z Uifmysian Udantin'ys) H ITinima) @ |0, o)),
=1 Q mi=1 MNp—1= =1s'=1

(D81)

Now, fixing the n’s, fixing an orbit w, and fixing a value of ¢ in the decomposition Eq. (D66) (and therefore fixing

a representation f‘((lw)), and fixing a value of @) in the decomposition Eq. (D79) such that I'g is conjugate to I'y,,, we
define an orthonormal set

dr, dNp-1 Np—1
(w,q, Q (q,w)
Z . Z Z U ({m}s'):(Qb) H ITinim;) ® |v(q S,)> (D82)
mi=1 MNp—-1= 1s'=1 =1

(w)

and since U(%*) is unitary, and the |['nm) are orthonormal and the |v S)> are orthonormal we have

<¢((ZW7Q7Q)|¢Z()W 709 )> = 5ww’6qq'5QQ’6ab’ (D83)
with a,b € 1...dr, and dr, = dep. We can then rewrite Eq. (D81) as
Np—1
Py, [ [T mnand| @156 = 2008 wymlét ™ (D84)
i=1 Q
and so
dr, dNp—1 Np—1
Pry, alg® @)= >0 Z O o0 Ponpan [] Tinima) @ [5(2),), (D85)
mi=1 MNp—1= 1s'=1 =1
dr, dNp -1
_ (q,w) q, (w,9,Q")
= Z Z Z U{m}s %:(Qc) ZU(aQ s ({m}sf)|¢b )- (D86)
mi=1 myp-1=1s'=1
[
Now, using unitarity of the U , we obtain which is the precise analog of Eq. (D45). Thus, when

Pry, a0t @) = 6,07y, (D8T)



we construct a projector Pr, = by tracing over the a,b

indices, the |¢l(7w"q’Q)> states become eigenstates, and the
index b plays the role of the n index which is preserved.
This completes the proof for the case of the sphere.

To summarize what we have derived:

1. Each plaquette i =1...
G)T;.

Np is assigned an irrep (of

2. Each vertex i = 1...
class C;.

Ny is assigned a conjugacy

These two steps fully fix the energy of the system. The
irreps I'; occur on the plaquettes here (since we are
working on the dual lattice) whereas in the main text
these were the “chargeons” which live on the vertices
(see Sec. II B 2). Similarly, the conjugacy classes here oc-
cur on the vertices since we are on the dual lattice, but
in the main text, they are the plaquette excitations (see
Sec. IIB 3).

3. Each plaquette ¢ = 1... Np is assigned an index
n € 1...dp,, where dr, is the dimension of the
corresponding irrep I';.

This is the nontopological index (the energy is indepen-
dent of this index and it does not carry anyon charge).
For each of the first Np — 1 plaquettes, the wavefunc-
tion will be in a superposition of n’ values of the states
ITyn;n’). For the N plaquette the n index is the sub-

script of |gz57(f’q’Q)>. We must also discuss the fusion chan-
nel, which is equivalent to fixing w, ¢, Q. Thus, we have
the additional steps:

4. Consistent with the conjugacy classes, we choose a
set of y’s, which then fixes an orbit w under conju-
gation by h.

5. Choose an irrep g of this orbit T’ in Eq. (D66).

6. Once this choice is made, one fixes the irrep @ in

the decomposition Eq. (D79) such that Fg’q) is
conjugate to I'y ..

When we sum over all of the orbits in step 4 and then
count the fusion multiplicity in steps 5 and 6, we obtain
all the fusion channels in the fusion multiplicity equation
[Eq. (D65) or (D24)].

In principle, these steps constitute a complete con-
struction of all of the eigenstates of the system, although
in practice one needs to calculate the Clebsch-Gordon co-
efficients (U®) and U(@+)), which can be tedious to do
explicitly except for very small systems. Note that once
we have the explicit wavefunction on this special geome-
try, it is easy to reverse the restructuring moves to obtain
the wavefunction on any geometry.

8. Higher Genus

Let us return to Eq. (D24) and ask how it should gen-
eralize to higher genus. Neglecting the nontopological
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degeneracies, for a system with IV charges in irreps I[';
and M fluxes in conjugacy classes C; on a manifold of
genus g we expect a degeneracy of

Z /\1/\1 AgAg(e,T1)(e,l'2)...(e,L'n),(C1,T0)(C2,T0)...(Cas,T0)
Aty

- ﬁ 3> [H dox, E9xs (&;*g)] X

g {&} & HrHst Le=1 A;
Xern #59) - X py (ii9)

X(Chpo)(slg) - 'X(CM,FO)(SMQ)}

O1€). Eq€lr inst,sarse (D88)
where the sum over \’s are over all the anyon types (all ir-
reps of the quantum double). The first line of Eq. (D88),
the A degrees of freedom are the quantum numbers going
around the g handles (see the discussion in Refs. [29, 33]).
To go to the second line of Eq. (D88), we use the general-
ization fo Eq. (D15). All sums in this line of the equation
are over G. We use shorthand {s} in the subscript of the
sum to mean sum over all s variables. Here, the middle
two lines are familiar from Eq. (D24) and simplify to

M
HXF 51@ e |;IT[ 5Skeck55k9>gsk‘|

k=1

the only difference being that now the delta function con-
straint is

Oerg].. Eq€) 51, 501,00

where the £ and &’ factors did not occur in Eq. (D24).
Let us now examine terms in the first line of Eq. (D88).

Let us define
2555' ZX/\ £ 9x5(E"9),

= Zéﬁﬁ'ﬂﬂZX)\ £ 9)x;(
¢ A

and we note that the sum over X is exactly of the form
where we can use the completeness relation Eq. (D5). So
we obtain

f(& z,9) (D89)

(€)7""g), (DY)

Gl
f(& . 9) 2655 z Cé*gycgl 1x ‘Cg | Og¢.690g¢" &g

(D91)
where C¢+4 is the double conjugacy class and |C| is the
number of elements in this class. I.e., it is the number of
distinct values of the pair (sés71,sgs™1) over all s € G.
Again, by the orbit-stabilizer theorem, the factor |G|/|C]
is exactly the number of elements z € G, such that zg =
gz and z{ = £z. The delta function d,& is one if and
only if ¢ = p&/~1p~! and pg = gp for some p € G.



Allowing the delta function d¢¢r . to act, we have

Gl
5C€*Q’C(r15>* |Ceg

[, 9) = (D92)

iy 6g$»$g7

where we replaced the d4¢r ¢y at the end with 6gq 44,
which are equivalent once the sum over ¢’ is done given
the other delta functions. The condition for the doa
to be unity is now & = pr~1¢p~! (or equivalently z =
Ep~i¢~lp) for some p with pg = gp and recall that

J

1
@ Z 5&:1...1951.--5M76

g{z}.{€}.{s}

:ﬁz

gz} &} {s}.{p}

g
{Hfg’mx’mg} HXF
=1

This looks a bit messy, but compared to our result for the
sphere it is the same except for the f-terms inserted (the
curly bracket terms) and now the overall delta function
out front contains the x’s as well as the s’s.

a. Explicit Construction

The full construction of the wavefunction follows
closely that of Sec. D7 on the sphere. Here, however,
we need to include the handles, so our geometry is now
that of Fig. 8. When we label the edges and enforce the
constraints from the green circles to obtain the analog
of Fig. 11, we again get Np — 1 decoupled loops along
the bottom row, but now the top row is connected to the
handle and looks like Fig. 14.

FIG. 14. The top line of Fig. 11 but modified to include the
handles of Fig. 8.

Note that the green circle at the top vertex (with g+ 1
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g€ = &g as well. If two different values of p satisfy this
condition we can write p’ = kp with k€ = £k so we can
write instead

f(& z,9) (D93)

= Z 0z ep—16-1p0¢g,9¢02g,920pg,9p:
peG

which now cancels the factor of |G|/|C|.
The degeneracy shown in Eq. (D88) can now be written
as

(D94)

M
lH OseCh 55k9795k‘|

k=1

g M
5m1..>x051.>.SM,e {H 6:1)1,511) & 'p 0¢.9.9¢:92:9,92:0pig, gpl} H XF [H Os1.€Cn 5%%95&] :
i=1

k=1

(

lines incoming) enforces

T1...TgYN, =€, (D95)

or

Ty...TgS1...SN = ¢, (D96)

which is exactly the constraint we want in Eq. (D94).

Let us now examine the handles more closely as shown
in Fig. 15. Here, the green circles impose the constraints

J\q/*“)?

FIG. 15. Closeup of a handle

zut = e and tv"luv = e, which we can rewrite as
t = v~ lu~lv, and we completely eliminate ¢ from the
discussion. Thus, we now have z =t 1u~! = v~ tuvu~1.
Under the operator Py, (h), again all of these variables
transform by conjugation x — hxh~ 't — hth™',u —
huh~', v — hvh~'. Now, when we list out the states of
an orbit w, our vector is not just that shown in Eq. (D57)
but now includes these additional variables as well
{y1,92, .. Ug, V1 ... Vgt

sYNy s L1 -+ - Tg, UL - - -

Again, the elements of an orbit permute under the group
action and we are interested in the permutation matrices



A (h), which form a representation. To find the charac-
ters of this representation, we want to count the elements
which are unchanged under the action of Py, (h). For an
element of the orbit to be unchanged, we must have h
commuting with all of the y's, and all the z’s, and all
of the u’s and v’s and further we need to restrict that

z =v tuwu

DS

h{@}.{s}.{u}.{v}

which (up to redefinition of dummy variables) matches
Eq. (D88).

Now, when we continue on to the analog of Sec. D 7 a,
everything follows almost exactly the same as above. The
only difference is that the orbits will decompose into a
different set of irreps f((f) and then into a different set
of irreps T but the remaining calculation remains
unchanged. Thus, the calculation holds in this case as
well, which completes the proof in general.

Grand Orthogonality Theorem for Discrete
Groups:

For reference it is worth presenting the grand orthog-
onality theorem for discrete groups. Given a discrete
group G and two irreps I' and I we have

Y P () phg(h) = (D98)
heG
* 4 G
Z Pgm(h)qu(h) = %51"1"’5np5mq,
heG r

where dr is the dimension of irrep T.

Appendix E: Comparison with string-net models

The string-net model [28] is another exactly-solvable
lattice model realizing topological orders. This model
is built from a unitary fusion category C and produces
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The character is thus

XA(W)(h) - Z 5I1...:Egva,e

{y,z,u,v}’s in orbit w
Nv g
H 5yjh,hyj H 5xih,hxi 5uih,hui 5”ih*hvi5Ii,v;1Uiviui—l’

j=1 i=1

(D97)

analogous to Eq. (D62) but now accounting for the han-
dles. The delta function on the first line is implementing
the constraint Eq. (D95).

As in going to Eq. (D63) we can make the change of
variables s; = y,_ llyi with yo = e and use a sum over s;
instead with the constraint now being that in Eq. (D96)
and the first delta function on the second line becoming
6sih,hsi~

As in the going to Eq. (D65), we then multiply this
character by the result of fusing the representations
Iy,...,I'n, together and then sum over orbits (having
fixed conjugacy classes C;) to obtain the result

g Np Ny
5I1...zgsl...sM,e H 5Ii’vi—1uiviui—15mig,gmi 5vih,hvi 5hui,uih H XFj (h)dkj,e H 5sk€Ck 5skh,hsk )
i=1 j=1

k=1

(

a topological order corresponding to the Drinfeld center
Z(C). When the input category C is built either from
the irreducible representations of a group G (category
called Repg) or from the group elements (category called
Vecg), this model realizes the same topologically-ordered
phase Z(Vecq) as the KQD model with group G. In par-
ticular, the ground-state degeneracy is then the same for
both models. Degeneracies of the excited states of string-
net models can also be obtained using the Moore-Seiberg-
Banks formula [31, 32]. In the following, we discuss how
the excited-states degeneracies (and the partition func-
tion) of both KQD and string-net models, are related to
each other.

Contrary to the KQD model, the string-net model is
generally studied in a limit where only plaquette exci-
tations are allowed (vertex excitations are not allowed:
branching rules are satisfied at every vertex). In the fol-
lowing, when we refer to the string-net model, we always
consider this restricted Hilbert space.

Given a unitary fusion category C, the corresponding
Drinfeld center Z(C) can be constructed via the tube
algebra (for an introduction on the subject, see [29]).
In particular, the tube algebra provides a rectangular
matrix of non-negative integers nS ,, where A € Z(C)
and s € C (see, e.g., Ref. [32]). The integer ”i,s is the
number of “input strings” of type s (i.e., simple objects
of C) that are contained in the anyon (or “output string”,
i.e., simple object of Z(C)) of type A. For example, the



quantum dimension d4 of an anyon A is given by

da=3 S .. (E1)

seC

where d; is the quantum dimension of the input string s.
More precisely, an anyon type A is defined by nfhs and
by a half-braiding €24 and usually written:

A= (@nAss, Q4). (E2)
seC

a. Repg string-net model

The C = Repg string-net model is equivalent to the
KQD model on the same lattice (say, the honeycomb
lattice) but only with plaquette excitations [53]. In-
deed, setting n = 0 in Eq. (36), one recovers the de-
generacies for a Repy string-net model with m excited
plaquettes [32]. Plaquette excitations A € Z(C) in the

string-net model are identified by nicf ¢ £ 0 and corre-

spond to fluxons FI in the KQD model. It turns out that
niefc = nY!, which we introduced in Eq. (26) in order to
1dent1fy the internal multiplicity of plaquette excitations
of the KQD model.

However, the number of subtypes of plaquette excita-
tions for the Repy string-net model is not the same as
the number of subtypes of fluxons in the KQD model G.
In the first case, the number of subtypes of a plaquette
excitation A is given by

= 3 nfire. (E3)

s€Repg

In the second case, the number of subtypes of a fluxon A
is rather given by

= Y niPod, =da, (B4)

scRepg

where s labels the irreducible representations of G and
ds is the dimension of these representations.

In the limit where there are no vertex excitations (i.e.,
Jy — 00), apart from a global shift in the total energy by
Jy Ny, the KQD partition function (42) on the honeycomb
lattice is the same as the one found for the Rep string-
net model [see Egs. (16) and (32) in Ref. [33]]:

Z S2 29(51

AeZ(Vecg)

Z ~ BTNy — 14PN (B
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with ¢4! =ny fG/SlA

b. Vecg string-net model

The C = Vecg string-net model is equivalent to a KQD
model on the dual lattice and with only vertex excitations
(see, e.g., Ref. [29]). Here, we have in mind the KQD
model on the triangular lattice and the string-net model
on the dual honeycomb lattice. The degeneracies of the
Vecs string-net model are recovered by setting m = 0
in Eq. (36), see Ref. [32]. Plaquette excitations in the
string-net model are identified by nvecc # 0 and corre-
spond to chargeons Ch (or vertex excitations Ve) in the
KQD model. It turns out that nxefc = nY°, which we
introduced in Eq. (25) in order to identify the internal
multiplicity of vertex excitations of the KQD model.

In the limit where there are no plaquette excitations
(i.e., J, = o0), apart from a global energy shift J, N,
the partition function of the KQD model (42) on the
triangular lattice recovers that for the Vecg string-net
model on the dual honeycomb lattice [33]:

Z 52 2g

AeZ(Vecq)

Z o &N Yo —14+eM)N (E6)

with ¢}°¢ = nxefc/SlyA. Of course, on the dual lattice,

plaquettes and vertices are exchanged so that vertex ex-
citations of the triangular lattice KQD model become
plaquette excitations of the honeycomb string-net model.

c. FExtended string-net models

Extended string-net models are a variation of the
string-net models that incorporate extra degrees of free-
dom in the form of added tails to the lattice. In these
models, and contrary to the original string-net model,
even when remaining in the sector where vertex excita-
tions are forbidden, it is possible to obtain all anyons
of the corresponding Drinfeld center as single plaquette

excitations [35, 51]. As a consequence, the partition func-
tion still has the form (E5) but with a different ¢'{' [see
Eq. (26) in Ref. [35]].
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