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41 IntroductionInsight into many 
uid 
ow situations is often gained by studying individualparticle trajectories; in the case of steady 
ow these are the streamlines. Tocompute the path of a 
uid particle through some given region we must be ableto evaluate the velocity distribution at any point. Often a discrete representa-tion of the velocity distribution is already available from a �nite volume or �niteelement computation. This discrete information can be used to construct aninterpolant which can be looked upon as an approximate reconstruction of theoriginal velocity distribution. Integration of the interpolant enables the determi-nation of speci�c particle trajectories. Usually the integration can be performedto any desired tolerance and so the overall accuracy of the resulting trajectoriesis limited by the accuracy of the reconstructed velocity representation.1.1 Discrete Velocity DistributionThe given velocity distribution is usually represented by either a set of node-basedvelocity values or face-centred 
ux values depending on whether a �nite elementor �nite volume method has been used. We assume throughout this paper thatwe are given a set of normal 
uid 
uxes de�ned across the face centers of sometensor product cartesian mesh. Other velocity data may require pre-processingto obtain the desired format.
xi�1 xiyj�1 yjUi�1jk UijkWijk�1WijkVij�1k Vijkzk�1zkFigure 1: Face-centred normal 
uid 
uxes for a typical cell Cijk.Let 
 = [x0; xI] 
 [y0; yJ ] 
 [z0; zK] denote the region in which we require avelocity representation. The computational mesh 
h used to discretise 
, acrosswhich the given 
uxes are de�ned, must have the tensor product representation
h = 
xh

yh

zh where 
xh = fx0 < x1 < � � � < xIg, 
yh = fy0 < y1 < � � � < yJgand 
zh = fz0 < z1 < � � � < zKg for some I, J and K. Letting 
ijk : fxi�1 �x � xi; yj�1 � y � yj; zk�1 � z � zkg denote a typical cell in the mesh, the



5normal 
uid 
uxes should be given at the centre of each cell face as illustratedin �gure (1).Because we are assuming 
 is occupied by a steady incompressible 
uid the
uxes should have the divergence-free property that,(Uijk � Ui�1jk) + (Vijk � Vij�1k) + (Wijk �Wijk�1) = 0 (1.1)for every cell (i; j; k) in the mesh. It is not essential that this condition besatis�ed, but most �nite volume packages generate 
ux values which satisfy (1.1)to some tolerance.1.2 Simple Knot Spline RepresentationHandscomb [9], showed that a smooth velocity representation can be constructedusing tensor splines which satis�es the continuity equation at every point through-out 
 whenever the given 
ux values satisfy (1.1) exactly. The method can beapplied to both two and three dimensional 
ows. In three dimensions, eachvelocity component is represented independently using anisotropic natural ten-sor product splines. The splines u(x; y; z), v(x; y; z) and w(x; y; z) are cubic intheir coordinate direction and quadratic in the other two directions and are thusuniquely de�ned by the 
ux interpolation conditions,Z yjyj�1 Z zkzk�1 u(xi; y; z)dzdy = Uijk (i = 0 to I; j = 1 to J; k = 1 to K) (1.2)Z xixi�1 Z zkzk�1 v(x; yj; z)dzdx = Vijk (i = 1 to I; j = 0 to J; k = 1 to K) (1.3)Z xixi�1 Z yjyj�1 w(x; y; zk)dydx = Wijk (i = 1 to I; j = 1 to J; k = 0 to K) (1.4)The region 
, however, often contains internal boundaries, which may be ei-ther obstacles or the surrounding walls of apertures, across which the normal 
owshould be identically zero. The method proposed in [9] to satisfy these additionalconditions involves making local corrections to the spline representation. Thesecorrections take the form of multiple knot spline functions de�ned across planescontaining internal boundaries. The correction functions are applied in such away that the corrected velocity representation still satis�es the incompressiblecontinuity equation. It is shown in [7], however, that for cases where adjust-ments have to be made to more than one velocity component the local correctionfunctions become coupled and hence their construction becomes impractical.



62 B-Spline Theory, De�nitions and NotationConventionsDe�nition 1 Simple Knot Spline Space [15]Let a = x0 < x1 < � � � < xK = b, and write 4 = fxigKi=0. The set 4 partitionsthe interval [a; b] into the K subintervals, Ii = [xi; xi+1] (i = 0 to K � 2) andIK�1 = [xK�1; xK]. Given a positive integer m > 0, we de�neSm(4) = fs : 9s0; s1; : : : sK�1 2 Pm such that s(x) = si for x 2 Ik (k = 0to K � 1) and Djsi�1(xi) = Djsi(xi) for j = 0 to m� 2;i = 1; 2; : : : ;K � 1gwhere Pm denotes the space of polynomials of order m. We call Sm(4) the spaceof polynomial splines of order m with simple knots at the points fxigK�1i=1 .De�nition 2 Multiple Knot Spline Space [15]Let 4 be the partition of [a; b] as in de�nition 1 and let m be a positive integer.We de�neS(Pm;M;4) = fs : 9s0; s1; : : : sK�1 2 Pm such that s(x) = si for x 2 Ik (k = 0to K � 1) and Djsi�1(xi) = Djsi(xi) for j = 0 to m� 1�mi;i = 1; 2; : : : ;K � 1gwhere the integers fmigK�1i=1 are the components of the multiplicity vectorM. Wecall S(Pm;M;4) the space of polynomial splines of order m with knots fxigK�1i=1of multiplicities fmigK�1i=1 .Note that in the special case whereM = (1; 1; : : : ; 1) we have that S(Pm;M;4) =Sm(4).2.1 B-Splines: De�nition and PropertiesWe consider, for the moment, splines de�ned on the bi-in�nite partition � =ftig1i=�1 ; ti � ti+1 8i. For some positive integer k de�ne the functiongm(s; t) = (s� t)m�1+ = ( (s� t)m�1 s � t0 s < t (2.1)It is shown in ([15] p.16) using dual taylor expansions that (2.1) is the Green'sfunction associated with the di�erential operator Dm . The B-spline of order m,Mm;i(t) on ti; ti+1; � � � ; ti+m is de�ned to be the mth divided di�erence of gm(s; t)(see for example [5], [15]) so thatMm;i(t) = [ti; � � � ; ti+m]g(s; t) (2.2)



7The Normalised B-spline of order m is then de�ned to be,Nm;i(t) = (ti+m � ti)Mm;i(t) (2.3)To generate the order m B-splines Nm;i(t) we use the following recursive relation,Nm;i(t) =  t� titi+m�1 � ti!Nm�1;i(t) +  ti+m � tti+m � ti+1!Nm�1;i+1(t)N1;i(t) = ( 1; ti � t < ti+10; otherwise (2.4)For a proof of this result see for example [5] which makes use of Leibniz' formula.From identity (2.4) we can derive the following important properties of Nm;i(t):1 Nm;i(t) is a piecewise polynomial of degree m � 1 changing its formonly at the knots.2 Nm;i(t) = 0 if t � ti or t � ti+m:3 Nm;i(t) > 0 if ti < t < ti+m:4 N (r)m;i(t) is continuous at the knots for r = 0; 1; � � � ;m� 2.Properties 1 and 4 ensure the necessary condition that for any subset 4 of ftigcontaining at least m+ 1 elements Nm;i(t) 2 S(Pm;M;4). The computationalbene�ts associated with property 2 (better known as the Minimal Support prop-erty) and property 3 are obvious.2.2 Knot Insertion and Removal AlgorithmsConsider the spline function s(t) with representation,s(t) =Xi ciNm;i(t) (2.5)where the Nm;i(t) are the normalised B-splines over the partition �. We canequivalently represent s(t) by the expansion,s(t) =Xi ĉiN̂m;i(t) (2.6)where the B-splines N̂m;i(t) are de�ned over a re�ned partition �̂ = ftig1i=�1constructed from � by inserting an additional (not necessarily distinct) knot t̂.



8A proof of this result given in [1] makes use of the well known result that for anyfunction g(s),(ti � ti+m)[ti; � � � ; ti+m]g(s) + (tj � ti)[ti; � � � ; ti+m�1; tj]g(s) +(ti+m � tj)[tj; ti+1; � � � ; ti+m]g(s) = 0 (2.7)noting that divided di�erences are independent of the ordering of their argu-ments. Now, for some l we must have t̂i = ti for i � l, t̂l+1 = t̂, t̂i = ti�1 fori � l + 2. Thus using (2.2) and setting tj = t̂ in (2.7) we obtain,(ti+m � ti)Mm;i(t) = (t̂� ti)M̂m;i(t) + (ti+m � t̂)M̂m;i+1(t) (2.8)(i = l�m+ 1; � � � ; l)Therefore in terms of normalised B-splines,Nm;i(t) = 8>><>>: N̂m;i(t) i < l�m+ 1� t̂�t̂it̂i+m�t̂i � N̂m;i(t) + � t̂i+1+m�t̂t̂i+1+m�t̂i+1 � N̂m;i+1(t) l �m+ 1 � i � lN̂m;i+1(t) i > l (2.9)So the fNm;ig de�ned on ftig are spanned by the fN̂m;ig de�ned on ft̂ig. Now,s(t) = Xi ciNm;i(t)= Xi<l�m+2 ciN̂m;i(t) + lXi=l�m+2 " t̂i+m � t̂t̂i+m � t̂i! ci�1+  t̂� t̂it̂i+m � t̂i! ci# N̂m;i +Xi>l ci�1N̂m;i(t)= Xi ĉiN̂m;i(t)where we have used t̂ � t̂l+1 = 0. Thus, due to the linear independence of theB-splines fNm;ig and fN̂m;ig we have,ĉi = �ici + (1 � �i)ci�1 (2.10)where, �i = 8>><>>: 1 i < l �m+ 2t̂�t̂it̂i+m�t̂i l�m+ 2 � i � l0 i > lThus given a spline s(t) de�ned on � we can �nd an equivalent representationon �̂ whose coe�cients fĉig relative to the B-splines fNm;ig are given by (2.10).However, if we wish to insert more than one additional knot, then the re-cursive use of (2.10) is ine�cient. Let t be a non-decreasing bi-in�nite sequence



9ftjg1j=�1 as before and � a sub-sequence of t containing at least m+1 elements.Then, using a result �rst given in [13] we have for a su�ciently smooth functionf(t),(�i+m � �i)[�i; � � � ; �i+m]f =Xi �m;i;� ;t(j)(tj+m � tj)[tj; � � � ; tj+m]f (2.11)where we have a used a slight variation of the notation of [11]. By de�nition, theNormalised B-spline Nm;� ;i de�ned on the knot set � is given by,Nm;� ;i(t) = (�i+m � �i)[�i; � � � ; �i+m]gm(s; t) (2.12)where gm(s; t) is the Green's function de�ned in (2.1). With this in mind we cannow set f(t) = gm(s; t) in (2.11) to obtain,Nm;� ;i(t) =Xj �m;i;� ;t(j)Nm;t;j(t) (2.13)The �m;i;� ;t(j) are known as discrete B-splines and are covered in [15]. ClearlySpanfNm;� ;ig � SpanfNm;t;ig and thus (2.13) represents a transformation fromthe basis fNm;� ;ig for splines de�ned on � to the basis fNm;� ;ig for splines on t.So for some order m spline function s(t) on � we haves(t) = Xi ciNm;� ;i(t)= Xj djNm;t;j(t)where, dj =Xi ci�m;i;� ;t(j) (2.14)Thus, to summarise, given a spline function s(t) de�ned on � with coe�cientsfcig relative to fNm;� ;ig we can �nd an equivalent representation on t with coe�-cients dj relative to fNm;t;jg given by (2.14). The discrete B-splines f�m;i;� ;t(j)gcan be e�ciently computed using the Oslo algorithm [4] which goes as follows,�m;i(j) =  tj+m�1 � �i�i+m�1 � �i!�m�1;i(j) +  �i+m � �j+m�1�i+m � �i+1 !�m�1;i+1(j)�1;i(j) = ( 1; if �i � tj < �i+10; otherwise (2.15)where we have set �m;i(j) = �m;i;� ;t(j). There are many proofs of this relationother than the one in [4] which is rather long, see for example Prautzsch [14](using recurrence relations, but assuming simple knots) and [10] where the dis-crete B-spline theory is simpli�ed. Two e�cient algorithms are presented in [4]



10to determine the �m;i(j) and the new spline coe�cients fdjg. An alternativealgorithm for inserting knot sequences is given in [2]. This is known as the In-sertion Algorithm and is based on a fast recursive implementation of the singleknot insertion algorithm [1]. A detailed comparison of the speed of multiple knotinsertion algorithms is given in [3], however since then Lyche and M�rken [11]have developed faster Oslo algorithms than those in [4] using further results fromdiscrete B-spline theory. All the results in this paper have been computed usingthe improved Oslo algorithms of [11] although whether they are the fastest isdebatable.2.2.1 B-spline Basis TransformationsWe now introduce some linear transformation operators for interchanging be-tween B-spline representations de�ned on knot sets of varying multiplicity. Wewill make frequent use of these transformations in section 4.De�nition 3 Transformation Operator for Interchanging between two MultipleKnot Spline Representations of di�ering MultiplicityLetX1 andX2 be the multiple knot sets associated with the spline spaces S(Pm;M1;4)and S(Pm;M2;4) where M2 �M1. De�ne the linear operator Q(m;X1;X2) :S(Pm;M1;4) ! S(Pm;M1;4) with matrix A(m;X1;X2) to be such that forany s(x) 2 S(Pm;M1;4), a2 �A(X1;X2)a1 = 0where a1 and a2 denote the B-spline representations of s(x) relative to the basesNX1m;i(x) and NX2m;i(x) respectively, and write,s(x;X2) = Q(m;X1;X2)s(x;X1)to denote a transformation of s(x) 2 S(Pm;M1;4) from the basis NX1m;i(x) toNX2m;i(x). The inverse Q�1(m;X1;X2) : S(Pm;M1;4) ! S(Pm;M1;4) withmatrix A(m;X2;X1) is de�ned such that,A(m;X2;X1)A(m;X1;X2) = IDe�nition 4 Projection of a Multiple Knot Spline Representation into a SimpleKnot Spline SpaceLet x and X be the simple and multiple knot sets associated with Sm(4) andS(Pm;M;4) and let A(m; �; �) be de�ned as in de�nition 3. De�ne the lineartransformation R(m;x;X) : S(Pm;M;4)! Sm(4) with matrix B(m;x;X) tobe such that for any S(x) 2 S(Pm;M;4),B(m;x;X)A(m;x;X) = I



11and for any s(x) 2 S(Pm;M;4) over fNXm;i(x)g write,g(x;x) = R(m;x;X)s(x;X)to denote a transformation of s(x) to g(x) 2 Sm(4) over fNxm;i(x)g. Note thatR(m;x;X) does not have an inverse.The matrix A(m;X1;X2) of de�nition 3 is sometimes referred to as the B-splineKnot Insertion Matrix (see for example [12]) and its elements are given by (2.15)after replacing the elements of t and � with those of X2 and X1 respectively.The right inverse of A(m;X1;X2) can be computed once all the linear de-pendencies have been removed. The sparsity structures of A(m;X1;X2), and inparticular its inverse, are rather complex since they depend on the knot sets X1and X2. Since we will only require speci�c transformations for m = 3 and m = 4we state the required matrix-vector operations in appendix A.2.3 Notation ConventionsIn the remainder of this paper we replace the de�nition of the Normalised B-Spline Nm;i(x) given in (2.3) with,Nxm;i(x) = (xi � xi�m)[xi�m; � � � ; xi]gm(s; t)where gm(s; t) is the Green's function de�ned in (2.1). Notice that here we haveused a superscript to denote the de�ning knot set x. The only e�ect of the abovede�nition is to shift each basis function m intervals to the right, thus properties 2and 3 now become,� Nm;i(x) = 0 if x � xi�m or x � xi� Nm;i(x) > 0 if xi�m < x < xiProperties 1 and 4 remain unchanged. Unless otherwise stated we will use lower-case letters such as x, y to denote simple knot sets (whose entries are all distinct)and uppercase letters such as X,Y to denote multiple knot sets. Furthermore itwill sometimes be tacitly assumed that x � X and y � Y.3 Tensor Spline Formulation3.1 Problem Speci�cationAs in [9] we seek independent anisotropic spline representations for the u, v andw components which are cubic in the coordinate direction and quadratic in theother two directions. Consider the problem of �nding a spline representationfor the w component in the region 
 = [x0; xI ]
 [y0; yJ ]
 [z0; zK] illustrated in
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y xx0 xIy0yJ z0 z1 z2 zkr zKzFigure 2: A rectangular region 
 with (x; y) planes at z = zkr (r = 1 to R)containing sets of apertures or obstacles�gure (2). We assume that 
 has been discretised into a cartesian tensor productmesh of the form 
h de�ned in section 1.1 and that we have been providedwith the normal 
uxes Wijk (i = 1 to I; j = 1 to J) across each (x; y) planez = zk (k = 0 to K). We seek a spline representation w(x; y; z) which satis�escondition (1.4) for each of these values. On a subset of the (x; y) planes z = zkr(r = 1 to R) there are sets of non-overlapping rectangular regions Dr;m whoseedges coincide with the x, y lines forming the cell edges of the mesh. Supposeon the plane z = zkr there are Mr of these regions, then Dr;m = f(x; y)jxia �x � xib; yja � y � yjb; 0 � ia < ib � I; 0 � ja < jb � Jg and \Mrm=0Dr;m = 0. Onthe plane z = zkr the regions Dr;m (m = 1 to Mr) may represent either a set ofobstacles or apertures. If z = zkr is de�ned to be a set of obstacles then we requirethat the spline representation w(x; y; zkr) be identically zero whenever (x; y) 2Dr;m (m = 1 to Mr) whereas if z = zkr represents a plane of apertures thenw(x; y; zkr) should be identically zero whenever (x; y) 62 Dr;m (m = 1 to Mr).In the following formulation we will �nd it convenient to introduce the linesx = xir;p (p = 1 to Pr) and y = yjr;q (q = 1 to Qr) to coincide with the edges ofthe regions Dr;m (m = 1 to Mr) as illustrated in �gure (3). Our basic approachwill be to introduce multiple knots along these lines to reduce the spline conti-nuity thus providing the extra degrees of freedom required to impose the zeroconditions on the special planes z = zkr (r = 1 to R). Planes across which mul-tiple knots have been introduced will generally be referred to as multiple knotplanes. However, we cannot just introduce multiple knots on the planes z = zkrbecause such an approach does not yield a tensor-product representation.
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x0 x1 x2 xir;p xIy0y1y2yjr;qyJ z = zkr plane

Figure 3: An (x; y) plane with multiple knots de�ned along the lines x = xir;p(p = 1 to Pr) and y = yjr;q (q = 1 to Qr) which are chosen to coincide with themesh lines3.2 Decomposition into Tensor SplinesAround each plane z = zkr we de�ne the sub-regions 
r = fx 2 
jzkr�1 � z �zkr+1g (r = 1 to R). In each 
r we can construct a tensor product spline de�nedzk1 zk2 zkRMultipleKnotsz }| { MultipleKnotsz }| { MultipleKnotsz }| {| {z }SimpleKnotsFigure 4: A partition of 
 into multiple and simple knot regions according tothe location of the planes z = zkr (r = 1 to R)on a knot set determined by the multiplicity and location of the multiple knotsintroduced across the plane z = zkr . Consequently, the knot sets de�ned on theplane z = zkr must also be de�ned on the planes z = zkr�1 and z = zkr+1. Inthe regions separating the 
r (r = 1 to R), we use simple knot tensor productsplines, so that 
 is partitioned into simple and multiple knot regions accordingto the location of the planes z = zkr (r = 1 to R), as illustrated in �gure (4).Although the simple knot regions are disjoint we �nd it convenient to refer tothem collectively as 
0 where 
0 = 
nf[Rr=1
rg. Consider the z planes z = zkr�1and z = zkr+1 interfacing the regions 
r with 
0. It is important that the



14
0

0.5

1

ZK2r�1ZK2r�1+1ZK2r�1+2ZK2r�1+3ZK2r�1+4 ZK2rZK2r+1ZK2r+2ZK2r+3
z }| { z }| {z }| {Simple Knots Multiple Knots Simple KnotsNZ4;K2r�1+3(z) NZ4;K2r�1+4(z)QQs ��+

Figure 5: B-spline basis functions of order 4 de�ned across two quadruple knotsat the points z = zkr�1. The quadruple knot set Z has been constructed so thatZK(2r�1) = zkr�1 and ZK(2r) = zkr+1multiple knot spline representation used in 
r does not overlap into 
0, andsimilarly that the simple knot representation de�ned in 
0 does not overlap into
r. This problem arises in the context of B-spline expansions where the region,over which a spline representation is required, must be �ctitiously extended toenable all the B-splines necessary for a complete basis to be fully de�ned.Suppose at each interface plane z = zkr�1 we introduce a quadruple knot inthe z direction. The B-spline basis functions would have the form illustratedin �gure (5). Notice that none of the basis functions illustrated in �gure (5)actually cross the lines z = zkr�1 with a non-zero support. The basis functionsNZ4;K(2r�1)+3(z) and NZ4;K(2r�1)+4(z) each have jump discontinuities at z = zkr�1.Similarly,NZ4;K(2r)+3(z) and NZ4;K(2r)+4(z) have discontinuities at z = zkr+1. Thusthe quadruple knots provide a means of disconnecting the multiple knot splinerepresentations from the simple knot representations at the interfaces. Thus wecan represent w(x; y; z) as the sum of tensor splines,w(x; y; z) = RXr=1wr(x; y; z) + RXr=0w0r(x; y; z) (3.1)where wr(x; y; z) (r = 1 to R) are multiple knot tensor splines de�ned in theregions 
r (r = 1 to R) and w0r(x; y; z) are simple knot splines de�ned in theregions 
0 (r = 0 to R) where 
0r = fx 2 
jzkr+1 < z < zkr+1�1g (r = 1 to R�1),
00 = fx 2 
jz�3 < z < zk1�1g and 
0R = fx 2 
jzkR+1 < z < zK+3g.So far, we have referred to the 
r (r = 1 to R) as multiple knot regions.However, since w(x; y; z) is quadratic in the x and y directions the multiple



15knots introduced across the planes z = zk (k = kr � 1 to kr + 1) within eachregion 
r, can only be of multiplicity two or three. From now on we will makethe assumption that the multiple knots de�ned on the plane z = zkr are all ofthe same multiplicity. That is, we will not permit double and triple knots to bemixed across any one plane. Consequently, since the multiplicities and locationsof the multiple knots on the plane z = zkr are duplicated on the adjacent planesz = zkr�1, each 
r can be either a triple knot region or a double knot region. Thisassumption is not as restrictive as it may �rst appear since a knot of multiplicityM is capable of emulating knots of order (m = 1 to M � 1). So, for instance,a triple knot can take the place of either a double knot or a simple knot at thesmall cost of introducing a few extra spline coe�cients. For this reason we usetriple knot B-spline expansions in each of the regions 
r (r = 1 to R). Thuswr(x; y; z) and w0r(x; y; z) have B-spline expansions of the form,w0r(x; y; z) = K(2r+1)+1Xk=K(2r)+2 I+1Xi=0 J+1Xj=0 ~aijkNx3;i+1(x)Ny3;j+1(y)NZ4;k+1(z) (r = 0 to R)(3.2)wr(x; y; z) = K(2r)+1Xk=K(2r�1)+2 I+2Pr+1Xi=0 J+2Qr+1Xj=0 ~aijkNXr3;i+1(x)NYr3;j+1(y)NZ4;k+1(z) (r = 1 to R)(3.3)whereK(0) = �3 and K(2R+1) = K+6R. The pointersK(r) (r = 1 to 2R) arede�ned so that ZK(r) = ZK(r)+1 = ZK(r)+2 = ZK(r)+3 (r = 1 to 2R). Similarly,on the multiple knot planes z = zkr ; zkr�1 constituting the region 
r the tripleknot sets Xr and Yr are de�ned with the pointers ir;p, Ir;p, jr;q and Jr;q so thatxir;p = XIr;p = XIr;p+1 = XIr;p+2 (p = 1 to Pr) and yjr;q = YJr;q = YJr;q+1 = YJr;q+2(q = 1 to Qr). We see from (3.2), (3.3) and �gure (5) that Suppfw0r(x; y; z)g = 
0r(r = 0 to R) and Suppfwr(x; y; z)g = 
r (r = 1 to R) as required. The regions
0r (r = 0 to R) and 
r (r = 1 to R) are not only disjoint, but they partition 
so we can write (3.1) in the form,w(x; y; z) = ( w0r(x; y; z) if (x; y; z) 2 
0r 0 � r � Rwr(x; y; z) if (x; y; z) 2 
r 1 � r � R (3.4)Thus w(x; y; z) always coincides with a tensor product spline.The B-spline representation of w(x; y; z) as given by (3.4) can be equivalentlyrepresented over the knot set X 
Y 
 Z when X = [Rr=1Xr and Y = [Rr=1Yr.Thus, using P and Q to denote the total number of triple knots in the sets Xand Y respectively we can write,w(x; y; z) = K+6R+1Xk=�1 I+2P+1Xi=0 J+2Q+1Xj=0 aijkNX3;i+1(x)NY3;j+1(y)NZ4;k+2(z) (3.5)We de�ne the pointers ip, Ip, jq and Jq associated with the triple knot sets Xand Y so that xip = XIp = XIp+1 = XIp+2 (p = 1 to P ) and yjq = YJq = YJq+1 =



16YJq+2 (q = 1 to Q). The tensor product form of (3.5) enables the coe�cientsfaijkg to be determined very e�ciently. For this reason we will state the de�ningconditions on w(x; y; z) over X
Y
Z so as to uniquely determine (3.5); but insuch a way that the representation will be reducible to the form given by (3.2)and (3.3).3.3 Matching ConditionsMultiple Knot RegionsThe spline representations within the regions 
r should be constructed so thatat the interfacing planes z = zkr�1 the splines w(x; y; z+kr�1) and w(x; y; z�kr+1)which have multiple knot B-spline expansions, can be equivalently representedwith simple knot B-splines. Thus we require that the tangential derivatives ofwr(x; y; z) and @@zwr(x; y; z) at the planes z = zkr�1 should be zeroth and �rstderivative continuous across the triple knot lines x = xip (p = 1 to P ) and y = yjq(q = 1 to Q). Thus we impose the following continuity conditions,@�@x�wr(x�ip; y; z) = @�@x�wr(x+ip; y; z) 8y (p = 1 to P ) (3.6)@�@y�wr(x; y�jq ; z) = @�@y�wr(x; y+jq ; z) 8x (q = 1 to Q) (3.7)@�+1@x�@zwr(x�ip; y; z) = @�+1@x�@zwr(x+ip; y; z) 8y (p = 1 to P ) (3.8)@�+1@y�@zwr(x; y�jq ; z) = @�+1@y�@zwr(x; y+jq ; z) 8x (q = 1 to Q) (3.9)(z = z+kr�1; z�kr+1)(� = 0 to 1; r = 1 to R)Simple Knot RegionsIn simple knot regions it is necessary that the spline functions w0r(x; y; z), @@zw0r(x; y; z)and @2@z2w0r(x; y; z) can be equivalently represented using simple knot B-spline ba-sis functions. Thus we impose the following continuity conditions across thetriple knot lines x = xip (p = 1 to P ) and y = yjq (q = 1 to Q),@�@z�w0r(x�ip; y; z) = @�@z�w0r(x+ip; y; z) 8y; z (p = 1 to P ) (3.10)@�@z�w0r(x; y�jq ; z) = @�@z�w0r(x; y+jq ; z) 8x; z (q = 1 to Q) (3.11)@�+1@x@z�w0r(x�ip; y; z) = @�+1@x@z�w0r(x+ip; y; z) 8y; z (p = 1 to P ) (3.12)@�+1@y@z�w0r(x; y�jq ; z) = @�+1@y@z�w0r(x; y+jq ; z) 8x; z (q = 1 to Q) (3.13)



17(� = 0; r = 0 to R)Although we require conditions (3.10-3.13) to be true for (� = 0 to 2) usingexpansion (3.5) it is trivial to show that provided conditions (3.10-3.13) hold for� = 0 then they must also hold for the cases � = 1 and � = 2.3.4 Connectivity across InterfacesAt the interface planes z = zkr�1 the simple knot splines w0r(x; y; z) should con-nect with the multiple knot splines wr(x; y; z) as smoothly as possible. We canonly achieve zeroth and �rst derivative continuity at each interface plane, but asecond derivative continuity condition can be imposed on the projection of thesecond derivative into a simple knot spline space. Thus, the conditions are,@�@z�wr(x; y; z�kr+1) = @�@z�w0r(x; y; z+kr+1) 8x; y (� = 0 to 1) (3.14)[Rx(3;x;X) �Ry(3;y;Y)] @2@z2wr(x; y; z�kr+1) = @2@z2w0r(x; y; z+kr+1) 8x; y (3.15)(r = 1 to R)@�@z�w0r�1(x; y; z�kr�1) = @�@z�wr(x; y; z+kr�1) 8x; y (� = 0 to 1) (3.16)@2@z2w0r�1(x; y; z�kr�1) = [Rx(3;x;X) �Ry(3;y;Y)] @2@z2wr(x; y; z+kr�1) 8x; y(3.17)(r = 1 to R)3.5 Plane Interpolation ConditionsOn each (x; y) plane z = zk (k = 0 to K) we require that,w(x; y; zk) =Wk(x; y) 8x; y (k = 0 to K) (3.18)whereWk(x; y) is a surface spline satisfying the 
ux interpolation conditions andany additional conditions arising from the possible presence of internal surfaces,apertures or �xed boundary conditions. On all (x; y) planes we impose the 
uxinterpolation conditions,Z xixi�1 Z yjyj�1 Wk(x; y)dydx =Wijk (i = 1 to I; j = 1 to J) (3.19)and zero derivative boundary conditions,@@xWk(x0; y) = @@xWk(xI; y) = 0 (3.20)@@yWk(x; y0) = @@yWk(x; yJ) = 0 (3.21)



183.5.1 Additional Conditions on Multiple Knot PlanesAlthough all multiple knot planes are represented over triple knot sets it is some-times convenient to work with double knots in the formulation of the interpola-tion and continuity conditions and then make use of the B-spline basis transfor-mations of section 1.3.1 to obtain equivalent triple knot representations. If, forsome plane z = zkr , the associated triple knot surface spline Wkr (x; y;Xr;Yr)can be equivalently represented over the double knot set ~Xr 
 ~Yr where ~Xr and~Yr have been constructed from Xr and Yr by replacing every triple knot witha double knot, then we refer to z = zkr as a double knot plane and label it withthe 
ag m(r) = 2. Planes on which the surface splines are actually discontinuousand thus do not have an equivalent double knot representation will be referredto as triple knot planes and we use m(r) = 3 to denote such planes. At thisstage it may seem that double knot planes are always preferable to triple knotplanes but sometimes, it is desirable to build discontinuities into a surface splinerepresentation across prescribed lines to model for example a plug 
ow boundarycondition or to reduce unwanted oscillations brought about by the in
exibilityof the polynomials in satisfying strict interpolation conditions. We now stateseparately the conditions imposed on Double Knot and Triple Knot planes.Double Knot PlanesThese are suitable when we want the normal 
ux Wk(x; y) to be identically zeroeither across or around the regions Dr;m (m = 1 to Mr) but also want Wk(x; y)to be continuous for all x and y. The triple knot pointers ir;p and jr;q are selectedso that the lines x = xir;p (p = 1 to Pr) and y = yjr;q (q = 1 to Qr) coincide withthe edges of the regions Dr;m (m = 1 to Mr). Before we state the additionalconditions at the multiple knots we de�ne the following boolean function,Br(x; y) = ( 1 if (x; y) 2 @Dr;m for any 1 � m �Mr0 otherwisewhich is unity whenever (x; y) coincides with the boundary of any of the regionsDr;m (m = 1 to Mr) and zero otherwise. Using Br(x; y) the conditions are,Z yjyj�1 Wk(x�ir;p ; y)dy = 0 when Br(xir;p ; yj� 12 ) = 1 (3.22)Z yjyj�1 " @�@x�Wk(x; y)#x+ir;px�ir;p dy = 0 when Br(xir;p ; yj� 12 ) = 0 (3.23)(� = 0 to 1; p = 1 to Pr; j = 1 to J)Z xixi�1 Wk(x; y�jr;q )dx = 0 when Br(xi� 12 ; yjr;q ) = 1 (3.24)



19Z xixi�1 " @�@y�Wk(x; y)#y+jr;qy�jr;q dx = 0 when Br(xi� 12 ; yjr;q ) = 0 (3.25)(� = 0 to 1; q = 1 to Qr; i = 1 to I)Wk(x�ir;p ; y�jr;q ) = 0 (p = 1 to Pr; q = 1 to Qr) (3.26)Because each Wk(x; y) spline is composed of quadratic polynomials in x and y,conditions (3.22-3.26) are clearly su�cient to ensure that Wk(x; y) is identicallyzero around all the edges of the regions Dr;m (m = 1 to Mr). If Dr;m are solidsurfaces representing internal boundaries and provided the 
ux data Wijk is zeroover all the cells included in Dr;m, then since Wk(x; y) is identically zero on@Dr;m it must also be identically zero within Dr;m. By a similar argument, ifDr;m represent apertures in a solid wall and the Wijk are thus zero across all thecells surrounding Dr;m, then the conditions that Wk(x; y) be identically zero on@Dr;m, together with the boundary conditions (3.20) and (3.21) are su�cient toensure that Wk(x; y) is identically zero across all the wall segments.Triple Knot PlanesSuppose, as for the double knot case, that we have a set of regions Dr;m (m =1 to Mr) either across or around which Wk(x; y) should be identically zero. Inthis case, however, we require thatWk(x; y) change discontinuously across certainlines coinciding with the boundaries of Dr;m (m = 1 to Mr). This might be thecase if for instance we wished to accurately impose a boundary condition. Wewill assume that some function fr(x; y) can be constructed from the Wijkr valueswhich incorporates the desired discontinuities and is zero across or around thesub-domains Dr;m (m = 1 to Mr). The only restriction we place on fr(x; y) isthat, Z xixi�1 Z yjyj�1 fr(x; y)dydx = Wijkr (i = 1 to I; j = 1 to J) (3.27)so there is no con
ict with the 
ux interpolation conditions. We now wish toconstruct a surface spline Wk(x; y) which approximates fr(x; y) and identicallypreserves any zero conditions which might be imposed across or around the re-gions Dr;m (m = 1 to Mr). To achieve this we de�ne the triple knot pointersir;p and jr;q so that the lines x = xir;p (p = 1 to Pr) and y = yjr;q (q = 1 to Qr)coincide with the edges of the regions Dr;m (m = 1 to Mr). Thus, in addition to(3.19-3.21) the Wk(x; y) splines should satisfy,Z yjyj�1 Wk(x�ir;p ; y)dy = Z yjyj�1 fr(x�ir;p ; y)dy (j = 1 to J) (3.28)(p = 1 to Pr)Z xixi�1 Wk(x; y�jr;q )dx = Z xixi�1 fr(x; y�jr;q )dx (i = 1 to I) (3.29)



20 (q = 1 to Qr)Wk(x�ir;p ; y�jr;q ) = fr(x�ir;p ; y�jr;q ) (3.30)(p = 1 to Pr; q = 1 to Qr)3.6 Global Boundary ConditionsIn standard spline theory, natural splines always have even order, that is theyare constructed from polynomials of odd degree. Here we �nd it convenient tode�ne a natural quadratic spline to be the derivative of a natural cubic spline.Thus, with this in mind, we can impose the following pseudo-natural boundaryconditions, @@xw(x0; y; z) = @@xw(xI ; y; z) = 0 (3.31)@@yw(x; y0; z) = @@yw(x; yJ ; z) = 0 (3.32)@2@z2w(x; y; z0) = @2@z2w(x; y; zK) = 0 (3.33)to absorb the remaining degrees of freedom. Note that these conditions arecompatible with those imposed on Wk(x; y) (see (3.20) and (3.21)).4 Determination of B-spline Coe�cientsWe now describe an e�cient method for the determination of the coe�cientsfaijkg of expansions (3.2) and (3.3). The conditions stated in section 3 will beimposed in such a way that the faijkg can be determined through the solutionof sets of tridiagonal systems. The method makes frequent use of the B-splinebasis transformations de�ned in section 2.2.1. There are three main stages:� Construction of the surface splines Wk(x; y) (k = 0 to K).� Construction of the tensor product representation of w(x; y; z) over X
Ygiven by (3.5).� Transformation of w(x; y; z) over X
Y to the non-tensor representationsgiven by (3.2) and (3.3) over x
 y and Xr 
Yr respectively.In the �rst stage the plane z = zk over which Wk(x; y) is de�ned can be eithera simple knot plane, double knot plane or triple knot plane; we treat each caseseparately.



214.1 Surface Splines Wk(x; y)All the Wk(x; y) splines should satisfy conditions (3.19), (3.20) and (3.21). In-troducing the natural quadratic splines wi;k(y) (i = 1 to I) we can re-state theseconditions in the form,Z xixi�1 Wk(x; y) = wi;k(y) (i = 1 to I) (4.1)@@xWk(x0; y) = @@xWk(xI; y) = 0 (4.2)Z yjyj�1 wi;k(y)dy = Wijk (j = 1 to J; i = 1 to I) (4.3)@@ywi;k(y0) = @@ywi;k(yJ) = 0 (4.4)4.1.1 Simple Knot SplinesOn the planes z = zk (k = 0 to K; k 6= kr; 1 � r � R) we seek simple knotB-spline expansions of the form,Wk(x; y) = I+1Xi=0 J+1Xj=0 bijkNx3;i+1(x)Ny3;j+1(y) (4.5)wi;k(y) = J+1Xj=0 cijkNy3;j+1(y) (4.6)Substitution of expansions (4.6) and (4.5) into (4.3),(4.4),(4.1) and (4.2) yieldsthe following two sets of tridiagonal systems,T (1)i;k ci;k = r(1)i;k (i = 1 to I; k = 0 to K; k 6= kr; 1 � r � R) (4.7)T (2)j;k bj;k = r(2)j;k (j = 0 to J + 1; k = 0 to K; k 6= kr; 1 � r � R) (4.8)which are given in Appendices B.1 and B.2. For each (i; k) (k 6= kr) we solvesystem (4.7) for ci;k to obtain ci;j;k (i = 1 to I; j = 0 to J + 1; k = 0 to K; k 6=kr; 1 � r � R). Then we use the fcijkg to construct r(2)j;k of system (4.8). Nowfor each (j; k) we can solve system (4.8) for bj;k (k 6= kr) thus obtaining bijk(i = 0 to I + 1; j = 0 to J + 1; k = 0 to K; k 6= kr; 1 � r � R).4.1.2 Double Knot PlanesOn the planes z = zkr (m(r) = 2; 1 � r � R) we must impose additionalconditions across the triple knot lines. The splines wi;k(y) should satisfy,@�@y�wi;k(y�jr;q ) = @�@y�wi;k(y+jr;q ) when B(xi� 12 ; yjr;q ) = 1 (4.9)wi;k(y�jr;q ) = 0 when B(xi� 12 ; yjr;q ) = 0 (4.10)



22 (� = 0 to 1; q = 1 to Qr)In this case we use a double knot B-spline expansion of the form,wi;k(y) = J+Qr+1Xj=0 ~cijkN ~Yr3;j+1(y) (4.11)where ~Yr has been constructed from Yr by replacing every triple knot occur-rence with a double knot and thus has the associated pointers ~Jr;q de�ned so thatyjr;q = ~Y ~Jr;q = ~Y ~Jr;q+1 (q = 1 to Qr). Expansion (4.11) implicitly satis�es (4.9)for � = 0 and reduces (4.10) to wi;k(yjr;q ) = 0 when B(xi� 12 ; yjr;q ) = 1. Substi-tution of (4.11) into (4.3), (4.4), (4.9) and (4.10) yields the following systems oftridiagonal equations,T (3)i;k ci;k = r(3)i;k (i = 1 to I; k = kr and m(r) = 2; 1 � r � R) (4.12)given in Appendix B.3. Thus for each (i; kr) we can solve for ci;kr to obtain cijk(i = 1 to I; j = 0 to J +Qr + 1; k = kr and m(r) = 2; 1 � r � R)However, to obtain the appropriate Wk(x; y) splines requires more work. Webegin by transforming each wi;k(y; ~Yr) to the triple knot set Yr using,wi;k(y;Yr) = Q(3; ~Yr;Yr)wi;k(y; ~Yr)) ci;k = A(3; ~Yr;Yr)~ci;k (4.13)(i = 1 to I; k = kr and m(r) = 2; 1 � r � R)See Appendix A.2 system (A.3) for the coe�cient operations. The reason forperforming the above transformation at this stage will not become apparentuntil later. We now seek a B-spline expansion for Wk(x; y) of the form,Wk(x; y; ~Xr;Yr) = I+P+1Xi=0 J+2Q+1Xj=0 ~bijkN ~Xr3;i+1(x)NYr3;j+1(y) (4.14)where ~Xr has been constructed from Xr by replacing every triple knot with adouble knot and hence ~Ir;p is de�ned so that xir;p = ~X~Ir;p = ~X~Ir;p+1 (p = 1 to Pr).Now since,Z xixi�1 Wk(x; y�jr;q )dx = wi;k(y�jr;q ) = 0 when Br(xi� 12 ; yjr;q ) = 1Z xixi�1 " @�@y�Wk(x; y)#y+jr;qy�jr;q dx = " @�@y�wi;k(y)#y+jr;qy�jr;q = 0 when Br(xi� 12 ; yjr;q ) = 0(� = 0 to 1; q = 1 to Qr; i = 1 to I)



23conditions (3.24) and (3.25) have already been satis�ed. Thus it is only necessaryto satisfy conditions (3.22), (3.23) and (3.26). Substituting (4.14) into (3.22)and (3.23) yields,j+1Xq=j�1~b~Ir;p+1;q;kN ~Xr3;~Ir;p+2(xir;p) Z Yr;jYr;j�1 NYr3;q+1(y) = 0 when Br(xir;p ; Yr;j� 12 ) = 1(4.15)j+1Xq=j�1 dq(~b; p; k) Z Yr;jYr;j�1 NYr3;q+1(y)dy = 0 when Br(xir;p ; Yr;j� 12 ) = 0 (4.16)where,dq(~b; p; k) = ~b~Ir;p ;q;k ddxN ~Xr3;~Ir;p+1(x�ir;p) + ~b~Ir;p+1;q;k " ddxN ~Xr3;~Ir;p+2(x�ir;p)� ddxN ~Xr3;~Ir;p+2(x+ir;p)#� ~b~Ir;p+2;q;k ddxN ~Xr3;~Ir;p+3(x+ir;p) (4.17)(j = 1 to Jr;1; j = Jr;q + 3 to Jr;q+1; q = 1 to Qr � 1; j = Jr;Qr + 3 to J + 2Qr)(p = 1 to Pr)By making use of (3.26), conditions (4.15) and (4.16) simplify to,~b~Ir;p+1;j;k = 0 when Br(xir;p ; �Yj) = 1 (4.18)dj(~b; p; k) = 0 when Br(xir;p ; �Yj) = 0 (4.19)(p = 1 to Pr; j = 0 to J + 2Qr + 1)where �Y is de�ned by f �Yj�Y0 = Yr;0; �Yj = 12(Yr;j + Yr;j�1) (j = 1 to Jr;1; j =Jr;q + 3 to Jr;q+1; q = 1 to Qr � 1; j = Jr;Qr + 3 to J + 2Qr); �YJq+1 = �YJq (q =1 to Qr); �YJq+2 = �YJq+3 (q = 1 to Qr); �YJ+2Qr+1 = Yr;J+2Qrg. Note that thissimpli�cation was only made possible through the use of the triple knot set Yrin expansion (4.14).Now substituting the triple knot B-spline expansion of wi;k(y; ~Yr), wi;k(y;Yr) =PJ+2Qr+1j=0 cijkNYr3;j+1(y) and (4.14) into (4.1) gives,i+1Xp=i�1~bp;j;k Z ~Xr;i~Xr;i�1 N ~X3;p+1(x)dx = ci�p;j;k (p = 0 to Pr; i = ~Ir;p + 2 to ~Ir;p+1)(4.20)(j = 0 to J + 2Qr + 1)where ~Ir;0 = �1 and ~Ir;Pr+1 = I + Pr. The natural boundary condition (4.2)yields equations of the form, 2Xp=0~bp;j;k ddxN ~Xr3;p+1(x0) = 0 (4.21)I+Pr+1Xp=I+Pr�1~bp;j;k ddxN ~Xr3;p+1(xI) = 0 (4.22)



24 (j = 0 to J + 2Qr + 1)Combining conditions (4.18-4.20) and (4.21-4.22) we obtain the sets of tridiagonalsystems,T (4)j;k ~bj;k = r(4)j;k (j = 0 to J +2Qr+1; k = kr and m(r) = 2; 1 � r � R) (4.23)given in Appendix B.4. Thus for each (j; kr) we can solve for ~bj;kr to obtain ~bijkr(i = 0 to I + Pr + 1; j = 0 to J + 2Qr + 1; k = kr and m(r) = 2; 1 � r � R).Finally we transform to the triple knot basis Xr 
Yr using,Wk(x; y;Xr;Yr) = Q(3; ~Xr;Xr)Wk(x; y; ~Xr;Yr)) bj;k = A(3; ~Xr;Xr)~bj;k (4.24)(j = 0 to J + 2Qr + 1; k = kr and m(r) = 2; 1 � r � R)See Appendix A.2 system (A.3) for the coe�cient operations.4.1.3 Triple Knot PlanesOn the planes z = zkr (m(r) = 3; 1 � r � R) the splines wi;k(y) should satisfyat the triple knot lines,wi;k(y�jr;q ) = Z xixi�1 fr(x; y�jr;q ) (i = 1 to I; q = 1 to Qr) (4.25)This time we use a triple knot B-spline expansion of the form,wi;k(y) = J+2Qr+1Xj=0 cijkNYr3;j+1(y) (4.26)Substituting (4.26) into (4.25), (4.3) and (4.4) yields sets of tridiagonal systemsof the form,T (5)i;k ci;k = r(5)i;k (i = 1 to I; k = kr and m(r) = 3; 1 � r � R) (4.27)given in Appendix B.5. Thus for each (i; k) we can solve for ci;k to obtain cijk(i = 1 to I; j = 0 to J + 2Qr + 1; k = kr and m(r) = 3; 1 � r � R).To obtain the Wk(x; y) splines we use B-spline expansions of the form,Wk(x; y;Xr;Yr) = I+2Pr+1Xi=0 J+2Qr+1Xj=0 bijkNXr3;i+1(x)NYr3;j+1(y) (4.28)Using the function fr(x; y) de�ned earlier the conditions on Wk(x; y) can now bestated in the form,Z yjyj�1 Wk(x; y)dy = Z yjyj�1 fr(x; y)dy (j = 1 to J)Wk(x; y�jr;q ) = fr(x; y�jr;q ) (q = 1 to Qr)@@yWk(x; y0) = @@yWk(x; yJ) = 0 (4.29)



25(x = x�ir;p ; x+ir;p; p = 1 to Pr)We see from conditions (4.29) that for each x = x�ir;p ; x+ir;p (p = 1 to Pr) thereare J + 2Qr + 2 conditions which enables us to determine the coe�cient vectorsbIr;p+1;k and bIr;p+2;k independently from the other fbijkg coe�cients. To deter-mine the remaining bijk we substitute (4.28) and (4.26) into (4.1) and make useof the boundary conditions (4.2) to obtain,i+1Xp=i�1 bp;j;k Z Xr;iXr;i�1 NXr3;p+1(x)dx = ci�2p;j;k (p = 0 to Pr; i = Ir;p + 3 to Ir;p+1)(4.30)2Xi=0 bijk ddxNXr3;i+1(x0) = 0 (4.31)I+2Pr+1Xi=I+2Pr�1 bijk ddxNXr3;i+1(xI) = 0 (4.32)(j = 0 to J + 2Qr + 1)where Ir;0 = �3 and Ir;Pr+1 = I + 2Pr + 1. If we now insert the bIp+1;j;k andbIp+2;j;k into the matrix arising from (4.30-4.32) as known values (that is set theappropriate row of the coe�cient matrix to that of the identity matrix) then wehave the set of tridiagonal systems,T (6)j;k bj;k = r(6)j;k (j = 1 to J +2Qr+1; k = kr and m(r) = 3; 1 � r � R) (4.33)given in Appendix B.6. Thus for each (j; k) we can solve for bj;k to obtain bijk(i = 0 to I + 2Pr + 1; j = 0 to J + 2Qr + 1; k = kr and m(r) = 3; 1 � r � R).4.1.4 Transformation to a Common BasisCombining (4.7), (4.8), (4.12), (4.23), (4.27), and (4.33) we have shown thatall the coe�cients for Wk(x; y) (k = 0 to K) can be determined through thesolution of sets of tridiagonal systems. Finally we transform each Wk(x; y) tothe triple knot sets X 
 Y so that each spline is compatible with the B-splinerepresentation given in (3.5). On simple knot representations we apply,Wk(x; y;X;Y) = [Qx(3;x;X) �Qy(3;y;Y)]Wk(x; y;x;y)) b(1)i;k = Ay(3;y;Y)bi;k (i = 0 to I + 1) (4.34)b(2)j;k = Ax(3;x;X)b(1)j;k (j = 0 to J + 2Q+ 1) (4.35)(k = 0 to K; k 6= kr; 0 � r � R)



26and on multiple knot planes we apply,Wk(x; y;X;Y) = [Qx(3;Xr;X) �Qy(3;Yr;Y)]Wk(x; y;Xr;Yr)) b(1)i;k = Ay(3;Yr;Y)bi;k (i = 0 to I + 2Pr + 1) (4.36)b(2)j;k = Ax(3;Xr;X)b(1)j;k (j = 0 to J + 2Q+ 1) (4.37)(k = kr; r = 1 to R)See Appendix A.1 system (A.1) for the coe�cient operations. So now we have thecoe�cient set fb(2)ijkg (i = 0 to I+2P +1; j = 0 to J +2Q+1) of the expansions,Wk(x; y;X;Y) = I+2P+1Xi=0 J+2Q+1Xj=0 b(2)ij NX3;i+1(x)NY3;j+1(y) (k = 0 to K) (4.38)4.2 Tensor Product Construction of w(x,y,z)We seek a spline representation satisfying w(x; y; zk) = Wk(x; y;X;Y) (k =0 to K) and conditions (3.6-3.9), (3.10-3.13), (3.14-3.17) and (3.31-3.33). Sub-stitution of expansion (3.5) into these conditions would yield a global set oflinear equations for the unknowns fai;j;kg. However we would like to formulatethe equations so that the fai;j;kg can be determined through the solution of setsof tridiagonal systems in a similar manner to that described for the determinationof the fbi;j;kg in section 3.1.We begin by taking a closer look at the connectivity conditions at the quadru-ple knot interface planes given by (3.14-3.17). Using expansion (3.5) we can ob-tain the following representations of @2@z2w(x; y; z) at either side of the quadrupleknot z = zkr+1,@2@z2w(x; y; z�kr+1) = I+2P+1Xi=0 J+2Q+1Xj=0 aMi;j(z�kr+1)NX3;i+1(x)NY3;j+1(y)aMi;j(z) = K(2r)+1Xk=K(2r)�1 aijk d2dz2NZ4;k+2(z)@2@z2w(x; y; z+kr+1) = I+2P+1Xi=0 J+2Q+1Xj=0 aSi;j(z+kr+1)NX3;i+1(x)NY3;j+1(y)aSi;j(z) = K(2r)+4Xk=K(2r)+2 aijk d2dz2NZ4;k+2(z)So the right interface condition (3.15) requires that,[Rx(3;x;X) �Ry(3;y;Y)] ( @2@z2w(x; y; z�kr+1)� @2@z2w(x; y; z+kr+1)) = 0) Bx(3;x;X)fAM(z�kr+1)�AS(z+kr+1)g[By(3;y;Y)]T = 0



27where [AM(z)]ij = aMij (z) and [AS(z)]ij = aSij(z): Thus we must have,aMij � aSij = 0 8(i; j) 2 �I 
 �J (4.39)where we have de�ned �I = fi 2 Zji 2 [0; I1][f[P�1p=2 [Ip+3; Ip+1]g[[IP+3; I+2P+1]g and �J = fj 2 Zjj 2 [0; J1][f[Q�1q=2 [Jq+3; Jq+1]g[ [JQ+3; J +2Q+1]g. Thereason we have restricted the (i; j) range to �I 
 �J becomes clear after examiningthe coe�cient operations given in Appendix A.1 system (A.2); there are nodependencies on the coe�cients with indices i = Ip + 1; Ip + 2 and j = Jq + 1,j = Jq + 1. If we apply a similar procedure to the left interface z = zkr�1 andsubstitute the de�nitions of aMij and aSij into (4.39) then we obtain the conditions,K(2r)+1Xk=K(2r)�1 aijk d2dz2NZ4;k+2(z�kr+1)� K(2r)+4Xk=K(2r)+2 aijk d2dz2NZ4;k+2(z+kr+1) = 0 (4.40)K(2r�1)+4Xk=K(2r�1)+2 aijk d2dz2NZ4;k+2(z+kr�1)� K(2r�1)+1Xk=K(2r�1)�1 aijk d2dz2NZ4;k+2(z�kr�1) = 0 (4.41)8(i; j) 2 �I 
 �J)(r = 1 to R)Now re-write expansion (3.5) in the form,w(x; y; z) = I+2P+1Xi=0 J+2Q+1Xj=0 ~wij(z)NX3;i+1(x)NY3;j+1(y) (4.42)~wij(z) = K+6R+1Xk=�1 aijkNZ4;k+2(z) (4.43)Conditions (3.14) and (3.16) require that [ d�dz� ~wi;j(z)]Z+KrZ�Kr = 0 8i; j (� = 0 to 1; r =1 to 2R). However conditions (4.40-4.41) and the fact that z = zk (k = 0 to K; k 6=kr � 1; 1 � r � R) are simple knots enables us to write," d�dz� ~wi;j(z)#z+kz�k = 0 (� = 0 to 2; k = 0 to K) 8(i; j) 2 �I 
 �JThus the cubic splines ~wi;j(z) 2 S4(z) 8(i; j) 2 �I 
 �J.



284.2.1 One Dimensional Connecting Splines ~wij(z)We showed in the previous section that the splines ~wij(z;Z) (i; j) 2 �I 
 �J couldbe equivalently represented using a simple knot spline space. Substituting ex-pansions (4.42) and (4.38) into (3.18) and imposing the natural boundary con-ditions (3.33) gives, ~wij(zk) = b(2)ijk (k = 0 to K) (4.44)@2@z2 ~wij(z0) = @2@z2 ~wij(zK) = 0 (4.45)8(i; j) 2 �I 
 �JTo determine the ~wij(z) splines we use the simple knot B-spline expansions,~wi;j(z; z) = K+1Xk=�1 a(1)ijkNz4;k+2(z) (4.46)If we substitute expansion (4.46) into (4.44) and (4.45) then we obtain the set oftridiagonal systems (given in Appendix B.7),T (7)i;j a(1)ij = r(7)ij 8(i; j) 2 �I 
 �J (4.47)which we can solve for the vectors a(1)ij (i; j) 2 �I
 �J. To obtain the faijkg (i; j) 2�I 
 �J of expansion (4.43) and thus (3.5) we transform each ~wi;j(z; z) spline tothe quadruple knot basis Z to get,~wi;j(z;Z) = Qz(4; z;Z) ~wi;j(z; z)) aij = Az(4; z;Z)a(1)ij (4.48)8(i; j) 2 �I 
 �JSee Appendix A.3 system (A.5) for the coe�cient operations. Thus we haveshown how to e�ciently determine faijkg (i; j) 2 �I 
 �J; (k = 0 to K + 6R+ 1).To calculate the remaining faijkg requires some more work.4.2.2 Tangential Continuity in Simple Knot RegionsTo determine the faijkg (i = Ip + 1; Ip+2; p = 1 to P; j = Jq + 1; Jq + 2; q =1 to Q; k = K(2r) + 2 to K(2r + 1) + 1; r = 0 to R) associated with the splinesw0r(x; y; z) (r = 0 to R) we make use of the tangential derivative continuity condi-tions (3.10 - 3.13). Substituting expansion (3.5) into conditions (3.10) and (3.12)gives, aIp+1;j;kNX3;Ip+2(x�ip) � aIp+2;j;kNX3;Ip+3(x+ip) = 0aIp+1;j;k ddxNX3;Ip+2(x�ip) � aIp+2;j;k ddxNX3;Ip+3(x+ip) =aIp+3;j;k ddxNX3;Ip+4(x+ip) � aIp;j;k ddxNX3;Ip+1(x�ip) (4.49)



29(p = 1 to P; j = 0 to J + 2Q+ 1; k = K(2r) + 2 to K(2r + 1) + 1; r = 0 to R)Similarly conditions (3.11) and (3.13) yield,ai;Jq+1;kNY3;Jq+2(y�jq) � ai;Jq+2;kNY3;Jq+3(y+jq ) = 0ai;Jq+1;k ddyNY3;Jq+2(y�jq) � ai;Jq+2;k ddyNY3;Jq+3(y+jq) =ai;Jq+3;k ddyNY3;Jq+4(y+jq) � ai;Jq;k ddyNY3;Jq+1(y�jq) (4.50)(q = 1 to Q; 8i 2 �I; k = K(2r) + 2 to K(2r + 1) + 1; r = 0 to R)System (4.49) is valid for (j = 0 to J+2Q+1) and system (4.50) is valid for i 2 �I.But to fully exploit the fact that the faijkg 8(i; j) 2 �I
 �J (k = 0 to K+6R+1)are already known, we do the following:1 Solve system (4.49) for aIp+1;j;k and aIp+2;j;k (p = 1 to P; 8j 2 �J):2 Solve system (4.50) for ai;Jq+1;k and ai;Jq+2;k (q = 1 to Q; 8i 2 �I):3 Solve system (4.49) for aIp+1;j;k and aIp+2;j;k (p = 1 to P; j = Jq +1; Jq + 2; q = 1 to Q): (k = K(2r) + 2 to K(2r + 1) + 1; r = 0 to R)Provided we loop through the (p; j; k) and (q; i; k) in the order stated in steps1,2 and 3 then the right hand side terms of systems (4.49) and (4.50) are alwaysknown so we can determine all the remaining coe�cients to fully construct thew0(x; y; z) splines by solving sets of 2� 2 systems.4.2.3 Matching Conditions in Multiple Knot RegionsThe remaining coe�cients faijkg (i = Ip+1; Ip+2; p = 1 to P; j = Jq+1; Jq+2; q =1 to Q; k = K(2r � 1) + 2 to K(2r) + 1; r = 1 to R) to completely constructthe multiple knot splines wr(x; y; z) (r = 1 to R) are calculated by imposingconditions (3.6-3.9), using the known faijkg values and making use of the surfaceinterpolants Wk(x; y;X;Y). Substituting expansion (3.5) into conditions (3.6-3.9) with � = 0 yields systems identical to those stated in (4.49) and (4.50) butthis time we loop over the k values corresponding to the outermost interfaceplanes within each triple knot region, that is (k = K(2r� 1) + 2;K(2r) + 1; r =1 to R). By substituting (3.5) into conditions (3.6-3.9) with � = 1 we obtain themore complex systems,aIp+1;j;k ddzNZ4;k+2(z)NX3;Ip+2(x�ip) � aIp+2;j;k ddzNZ4;k+2(z)NX3;Ip+3(x+ip) =aIp+2;j;k+� ddzNZ4;k+�+2(z)NX3;Ip+3(x+ip) � aIp+1;j;k+� ddzNZ4;k+�+2(z)NX3;Ip+2(x�ip)



30 aIp+1;j;k ddzNZ4;k+2(z) ddxNX3;Ip+2(x�ip)� aIp+2;j;k ddzNZ4;k+2(z) ddxNX3;Ip+3(x+ip) =(aIp+3;j;k ddxNX3;Ip+4(x�ip)� aIp;j;k ddxNX3;Ip+1(x+ip)) ddzNZ4;k+2(z) +8<: ip+3Xi=ip+2 ai;j;k+� ddxNX3;i+1(x+ip)�ip+1Xi=ip ai;j;k+� ddxNX3;i+1(x�ip)9=; ddzNZ4;k+�+2(z) (4.51)(p = 1 to P; j = 0 to J + 2Q+ 1)(k = K(2r � 1) + 3 and � = �1 and z = z+kr�1)(k = K(2r) and � = +1 and z = z�kr+1)ai;Jq+1;k ddzNZ4;k+2(z)NY3;Jq+2(y�jq) � ai;Jq+2;k ddzNZ4;k+2(z)NY3;Jq+3(y+jq) =ai;Jq+2;k+� ddzNZ4;k+�+2(z)NY3;Jq+3(y+jq) � ai;Jq+1;k+� ddzNZ4;k+�+2(z)NY3;Jq+2(y�jq)ai;Jq+1;k ddzNZ4;k+2(z) ddyNY3;Jq+2(y�jq)� ai;Jq+2;k ddzNZ4;k+2(z) ddyNY3;Jq+3(y+jq) =(ai;Jq+3;k ddyNY3;Jq+4(y�jq)� ai;Jq;k ddyNX3;Jq+1(y+jq)) ddzNZ4;k+2(z) +8<: Jq+3Xj=Jq+2 ai;j;k+� ddyNY3;j+1(y+jq)�Jq+1Xj=Jq ai;k+� ddyNY3;j+1(y�jq )9=; ddzNZ4;k+�+2(z) (4.52)(q = 1 to Q; 8i 2 �I)(k = K(2r � 1) + 3 and � = �1 and z = z+kr�1)(k = K(2r) and � = +1 and z = z�kr+1)required to obtain tangential continuity of @@zwr(x; y; z) (� = 0 to 1) on theinterface planes z = z�kr+1 and z = z+kr�1. We can solve systems (4.49-4.52)very e�ciently in a similar manner to that used for the simple knot splines insection 3.2.2. We do the following:1 Solve system (4.49) for aIp+1;j;k and aIp+2;j;k (p = 1 to P; 8j 2�J; k = K(2r � 1) + 1 and k = K(2r) + 1)2 Solve system (4.50) for ai;Jq+1;k and ai;Jq+2;k (q = 1 to Q; 8i 2�I; k = K(2r � 1) + 1 and k = K(2r) + 1)



313 Solve system (4.49) for aIp+1;j;k and aIp+2;j;k (p = 1 to P; j = Jq +1; Jq + 2; q = 1 to Q; k = K(2r � 1) + 1 and k = K(2r) + 1)4 Solve system (4.51) for aIp+1;j;k and aIp+2;j;k (p = 1 to P; 8j 2�J; k = K(2r�1)+3 and � = �1 and z = z+kr�1; k = K(2r) and � =+1 and z = z�kr+1)5 Solve system (4.52) for ai;Jq+1;k and ai;Jq+2;k (q = 1 to Q; 8i 2�I; k = K(2r�1)+3 and � = �1 and z = z+kr�1; k = K(2r) and � =+1 and z = z�kr+1)6 Solve system (4.51) for aIp+1;j;k and aIp+2;j;k (p = 1 to P; j = Jq +1; Jq+2; q = 1 to Q; k = K(2r�1)+3 and � = �1 and z = z+kr�1; k =K(2r) and � = +1 and z = z�kr+1)Steps (1-6) ensure that the indices (i; j; p; q; k) are looped through in such a waythat when each of the 2 � 2 systems given by (4.49-4.52) is encountered all thecoe�cients in the right hand side terms have already been computed. Thus,again the solution procedure is highly e�cient.Each multiple knot region consists of �ve (x; y) planes z = zk (k = K(2r �1)+2 to K(2r)+ 1): We have now shown how to compute the coe�cients faijkg(i = 0 to I + 2P + 1; j = 0 to J + 2Q + 1) on the four planes k = K(2r � 1) +2;K(2r�1)+3;K(2r) and K(2r)+1 so it only remains to compute the coe�cientfor the plane k = K(2r � 1) + 4 which is the interpolation plane z = zkr acrosswhich the spline Wkr (x; y;x;Y) is de�ned. With this in mind, we substituteexpansions (3.5) and (4.38) into condition (3.18) to obtain,ai;j;K(2r�1)+4NZ4;K(2r�1)+6(zkr ) = b(2)i;j;kr � ai;j;K(2r�1)+3NZ4;K(2r�1)+5(zkr)� ai;j;K(2r)NZ4;K(2r)+2(zkr) (4.53)(i = Ip + 1; Ip + 2; p = 1 to P; j = 0 to J + 2Q+ 1)(j = Jq + 1; Jq + 2; q = 1 to Q; 8i 2 �I)All the coe�cients on the right hand side of equation (4.53) have already beencomputed so we can use (4.53) explicitly to determine the remaining fai;j;kg onthe plane k = K(2r � 1) + 4.4.3 Reverse Transformations for a Non-Tensor Repre-sentationWe have shown how to compute all the coe�cients faijkg (i = 0 to I+2P+1; j =0 to J + 2Q + 1; k = 0 to K + 6R + 1) of the tensor product representation ofw(x; y; z) given by expansion (3.5). However this representation is ine�cientin terms of computational storage since we are using multiple knot B-spline



32expansions in regions where the representation is in fact continuous and thussimple knot B-spline function could be equivalently used. We now state thetransformations required to obtain the non-tensor product representation givenby (3.2) and (3.3) from representation (3.5). In simple knot regions we apply,Wk(x; y;x;y) = [Qx(3;x;X) �Qy(3;y;Y)]�1 Wk(x; y;X;Y)) a(1)i;k = Ay(3;Y;y)ai;k (i = 0 to I + 2P + 1) (4.54)~aj;k = Ax(3;X;x)a(1)j;k (j = 0 to J + 1) (4.55)(k = K(2r) + 2 to K(2r + 1) + 1; r = 0 to R)and in multiple knot regions we apply,Wk(x; y;Xr;Yr) = [Qx(3;Xr;X) �Qy(3;Yr;Y)]�1 Wk(x; y;X;Y)) a(1)i;k = Ay(3;Y;Yr)ai;k (i = 0 to I + 2P + 1) (4.56)~aj;k = Ax(3;X;Xr)a(1)j;k (j = 0 to J + 2Qr + 1) (4.57)(k = K(2r � 1) + 2 to K(2r) + 1; r = 1 to R)See appendix A.1 system (A.2) for the coe�cient operations. Thus, we haveshown how to compute all the coe�cients f~aijkg of expansions (3.2) and (3.3)for the simple knot representations w0r(x; y; z) (r = 0 to R) and multiple knotrepresentations wr(x; y; z) (r = 1 to R).5 An E�cient Evaluation SchemeEach of the splines u(x; y; z), v(x; y; z) and w(x; y; z) can be represented as asum of simple and multiple knot tensor-product B-spline expansions. The ex-pansions are de�ned in corresponding simple and multiple knot regions whichpartition 
 into a set of rectilinear sub-divisions which are di�erent for each ve-locity spline. In (3.2) and (3.3) we stated these expansions for w(x; y; z) wherewe denoted the simple knot splines by w0r(x; y; z) de�ned in the simple knot re-gions 
0r (r = 1 to R) and the multiple knot splines wr(x; y; z) de�ned in themultiple knot regions 
r (r = 1 to R). Using the same notation, we will nowshow how this property can be exploited to e�ciently evaluate w(x; y; z) at anypoint (x0; y0; z0) 2 
.In simple knot regions where (x0; y0; z0) 2 f[Rr=0
0rg we �nd (i0; j0) 2 f0; 1; � � � ; Ig
f0; 1; � � � ; Jg such that xi0�1 � x � xi0 and yj0�1 � y � yj0. In multiple knotregions where (x0; y0; z0) 2 f[Rr=1
rg we �nd (i0; j0) 2 �Ir 
 �Jr where �Ir = fi 2Zji 2 [1; Ir;1] [ f[Pr�1p=2 [Ir;p + 3; Ir;p+1]g [ [Ir;p + 3; I + 2Pr + 1]g and �Jr = fj 2Zjj 2 [1; Jr;1] [ f[Qr�1q=2 [Jr;q + 3; Jr;q+1]g [ [Jr;q + 3; J + 2Qr + 1]g such that



33Xr;i0�1 � x0 � Xr;i0 and Yr;j0�1 � y0 � Yr;j0 . Using the minimal support propertyof B-splines and writing 
0 = [Rr=0
0r we can combine (3.2) and (3.3) to get,w(x; y; z) = 8>>>><>>>>: K(2r+1)+1Pk=K(2r)+2 i0+3Pi=i0 j0+3Pj=j0 ~aijkNx3;i+1(x)Ny3;j+1(y)NZ4;k+1(z) (x; y; z) 2 
0K(2r+1)+1Pk=K(2r)+2 i0+3Pi=i0 j0+3Pj=j0 ~aijkNXr3;i+1(x)NYr3;j+1(y)NZ4;k+1(z) (x; y; z) 2 
r(5.1)Now de�ne the splines bj;k(x) and ck(y; z) so that,bj;k(x) = 8>>><>>>: i0+2Pi=i0 ~ai�1;j�1;k�2Nx3;i(x) (x; y; z) 2 
0i0+2Pi=i0 ~ai�1;j�1;k�2NXr3;i (x) (x; y; z) 2 
r (5.2)(j = j0 to j0 + 2; k = k0 to k0 + 3)ck(y;x0) = 8>>>><>>>>: j0+2Pj=j0 bj;k(x0)Ny3;j(y) (x; y; z) 2 
0j0+2Pj=j0 bj;k(x0)NYr3;j (y) (x; y; z) 2 
r (5.3)(k = k0 to k0 + 3)So to compute w(x0; y0; z0) we begin by evaluating the quadratic x splines bj;k(x)(j = j0 to j0 + 2; k = k0 to i0 + 3) at the point x = x0. Then we evaluate thequadratic y splines ck(y;x0) (k = k0 to k0 + 3) at the point y = y0. Finally, we�nd k0 2 �K where �K = fk 2 Zjk 2 [1;K(1)] [ f[2R�1r=2 [K(r) + 4;K(r + 1)]g [[K(2R) + 4;K + 6R]g such that Zk0�1 � z � Zk0 . This enables us to write,w(z;x0; y0) = k0+3Xk=k0 ck(x0; y0)NZ4;k(z) (5.4)which we can evaluate in the z direction at the point z = z0. Each of thesplines bj;k(x), ck(y) and w(x) can be e�ciently evaluated using a stable algorithmattributable to Cox [6]. To evaluate a B-spline representation of the form s(x) =Pi ciNm;i(x) the Cox algorithm requires 12(3m2�3m) operations (multiplicationsand divisions). The standard approach of evaluating each non-zero basis functionseparately, multiplying it by the appropriate coe�cient and �nally computing thesum requires 12(3m2 + 3m � 4) operations [15]. If we use the Cox algorithm toevaluate the splines given in (5.2), (5.3) and (5.4) then a total of 162 operationsare required to compute w(x0; y0; z0) which is the same amount as for the simpleknot representation given in [9].



346 Results and Conclusions6.1 A Practical ProblemFigure (6) illustrates a simpli�ed mixing tank used by Courtaulds in their �breproduction processes. The 
ux data fUijkg, fVijkg and fWijkg was obtained onthe tensor-product mesh illustrated in �gure (7) using the Phoenics 
uid dy-namics package. A plug 
ow boundary condition of 2:37 � 10�5 was imposedat the inlet. These computed values satisfy the divergence-free condition (1.1)to a relative tolerance of 10�4. Figure (8) shows the planes on which we haveintroduced multiple knots to ensure that the normal 
ow iz zero on the correctsurfaces. On the inlet plane we have chosen to use triple knots to model thenormal boundary condition exactly, but on the other planes double knots weresu�cient. Figures (9a-f) show the spline representations of the normal compo-nent of velocity across a selection of the multiple knot planes. We see in eachcase that the 
ow is identically zero over all the required regions. In �gures (10a-f) we show the velocity representations generated using the simple knot splinescheme described in [9] for the same planes. The 
ux data on which the multi-ple and simple knot representations were based for these planes is illustrated in�gures (11a-f). We see from �gure (9b) and (10b) that the spline representationof the u component across the inlet plane is particularly poor using the simpleknot representation, but that the multiple knot representation has captured theboundary condition exactly. Comparing �gures (9a,c-f) and (10a,c-f) it is clearthat the introduction of double knots to force the 
ow to be zero across the in-ternal surfaces y = 1:23; y = 3:65; z = 10:27 and z = 10:87 has had a much lessdramatic e�ect on the representation across the regions over which the normal
ow should be non-zero. In these cases the overall shape of the data appears tohave been preserved satisfactorily by the multiple knot representation.Figures (12a-h) show the u component as computed by the multiple knotrepresentation across 8 (y; z) planes equally spaced through the region x 2[3:329; 4:11]. The (y; z) plane x = 3:329 is signi�cant in the sense that itrepresents the left interface of the multiple knot region 
u2 = f(x; y; z)jx 2[3:329; 4:891]; 0 � y � yJ ; 0 � z � zKg used to �x the boundary condition at x =4:11 with the neighbouring simple knot region 
u01 = fx 2 [0:0412; 3:329]; 0 �y � yJ ; 0 � z � zKg. We see from �gure (12) that the discontinuities intro-duced by the triple knots at the lines y = 0:8 and z = 0:8 have been propagatedthroughout 
u2 = f(x; y; z)jx 2 [3:329; 4:891]; 0 � y � yJ ; 0 � z � zKg and onlydisappear at the interface x = 3:329. This is the penalty we pay for introducingtriple knots. The left boundary x = 3:329 of 
u01 cannot be brought any closerto the plane x = 4:11 since it is determined by the x- lines of the tensor-productmesh illustrated in �gure (7). The multiple knot regions constructed aroundthe planes y = 1:23; 3:65 and z = 8:64; 9:24; 10:27; 10:87 contain lines of doubleknots and thus the representations of the v and w components in these regions



35Mesh Size Number of Coe�cients Elapsed Time(s)u - spline v - spline w - spline10 � 15 � 51 23965 19560 16392 1.59320 � 29 � 98 111160 97680 86130 6.147Table 1: Elapsed time required on the SGI Power Challenge to compute the coef-�cients of the multiple knot spline representations for the u, v and w componentsare continuous, but their tangential derivatives are discontinuous.The connectivity conditions, stated in (3.14-3.17) for the w component, re-quire the spline representations to be zeroth and �rst derivative continuous acrossplanes interfacing simple and multiple knot regions. Figures (13a-f) show thespline representations of u(x; y; z), @@xu and @2@x2u at either side of the interfaceplane x = 3:329. We see that u and @@xu are both identical at x = 3:329�; 3:329+but that @2@x2u(3:329�; y; z) and @2@x2u(3:329+; y; z) di�er. This is due to it onlybeing possible to obtain a second derivative continuity condition on the pro-jection of u(x; y; 3:329+) into a simple knot spline space. On the simple knotside of the interface the derivatives @�@x�u(3:329�; y; z) (� = 0 to 2) are all con-tinuous in the y and z directions, which is a condition that we must have toensure that u(x; y; z) remains continuous in y and z throughout 
u01. Conversely,it is equally important that @2@x2u(3:329+; y; z) be discontinuous across the linesy = 0:8; z = 0:8. The discontinuities in @2@x2u(3:329+; y; z) generate discontinuitiesin @@xu(x; y; z) x 2 (3:329+; 4:891], which in turn generate the discontinuities inu(x; y; z) x 2 (3:329+; 4:891] (which we see at sampled x values in �gures (12a-h))necessary to obtain the boundary condition at x = 4:11.Table (1) shows the total amount of computing time required to calculate thecoe�cients for the proposed multiple knot spline velocity representation. The�gures show the total elapsed time in seconds required by one processor of theSGI Power Challenge machine, which has a peak performance of 300M
ops. Thecalculations were performed for the tank illustrated in �gure (6), but we haveused two tensor product mesh discretisations: medium (10 � 15 � 51) and large(20 � 29 � 98). The medium sized mesh, illustrated in �gure (7) is the one onwhich �gures (9-13) were based. Clearly for this particular machine the method isextremely fast, requiring only 6:147s to determine all 294970 coe�cients requiredfor the tensor spline representations of u, v and w on the large mesh.6.2 ConclusionWe have constructed a multiple knot spline representation which interpolates agiven a set of face-centered 
uid 
uxes Uijk, Vijk and Wijk exactly in accordance



36with conditions (1.2-1.4) and enables the velocity components to be set identi-cally to zero across sets of rectangular regions lying on planes normal to thatcomponents direction by relaxing certain continuity conditions connecting thepiecewise polynomials. Because the spline representations u(x; y; z), v(x; y; z)and w(x; y; z) are constructed independently, the local arrangement of obstaclesor apertures across these special planes can be of almost any complexity andthere is no risk of, for example, conditions imposed on w interfering with the uand v splines as there was in the case of [9] where the components were coupledtogether by local correcting functions.Although the resulting spline representation as given for the w componentin (3.2) and (3.3) is not strictly speaking a tensor-product, by making use of anequivalent tensor representation we have developed an e�cient scheme for thedetermination of the B-spline coe�cients by making use of B-spline basis trans-formations. We showed in section 4 that because each velocity spline alwayscoincides with a tensor-spline representation we can fully exploit the compu-tational bene�ts associated with tensor-splines in the evaluation phases. Thisis particularly important for particle tracking applications where accurate inte-gration to strict error tolerances may require the velocity representation to beevaluated at multiple points within each mesh cell [7, 8].A drawback with the proposed spline method is that, unlike the simple knotapproach described in [9], the �nal velocity representation is no longer divergence-free in a pointwise sense, that is ux + vy + zz 6= 0 8(x; y; z) 2 
. If we do notuse any multiple knots then the resulting representation reduces identically tothat generated by using [9] and thus in this case the representation is divergence-free. For a 
ow situation such as the one considered in section 5.1 for the tankillustrated in �gure (6) we �nd that the divergence is only non-zero in the re-gions around which multiple knots have been introduced, and for this case theregions are relatively small. To determine these regions, however, we must con-sider the multiple knot regions relative to each velocity component, that is 
ur(r = 1 to Ru) for the u component 
vr (r = 1 to Rv) for the v component and
wr (r = 1 to Rw) for the w component. Thus, when we consider the divergencespline ux+ vy + zz we are not just interested in the multiple knot lines but moreimportantly we would like to know what is happening in the regions where 
ur , 
vrand 
wr overlap and at the interfaces between these regions. Such considerationscould form the basis for the construction of a set of local correction functionswhich would force the divergence to be zero in problematic regions while also re-taining any zero conditions imposed on either u, v or w and the 
ux interpolationconditions (1.2-1.4).
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44 AppendixA B-Spline Basis TransformationsA.1 Q(3;X1;X2): X1 are X2 are triple knot sets with thesame distinct entries x.Let X1 and X2 be non-decreasing sequences of real numbers such that x � X1 �X2 and xi1;p = X1;I1;p = X1;I1;p+1 = X1;I1;p+2 (p = 1 to P1) and xi2;p = X2;I2;p =X2;I2;p+1 = X2;I2;p+2 (p = 1 to P2) for some integer sets fi1g, fi2g, fI1g and fI2g,the other elements of X1 and X2 being distinct. Now de�ne the integer sets fspgand fSpg to be such that X1;sp = X2;Sp = X2;Sp+1 = X2;Sp+2 (p = 1 to P2 � P1).Then given a spline s(x;X1) on X1 with coe�cients fa1;igI+2P1+1i=0 relative to thebasis fNX13;i g the equivalent representation on X2, s(x;X2) relative to fNX23;i g hascoe�cients fa2;igI+2P2+1i=0 given by,a2;i = a1;i (i = 0 to s1 � 1)a2;sp+2(p�1) = a1;sp+2(p�1) + a1;spdp;1;1 (p = 1 to P2 � P1)a2;sp+2(p�1)+1 = a1;spdp;1;2 + a1;sp+1dp;2;1 (p = 1 to P2 � P1)a2;sp+2(p�1)+2 = a1;spdp;1;3 + a1;sp+1dp;2;2 (p = 1 to P2 � P1)a2;sp+2(p�1)+3 = a1;sp+1dp;2;3 (p = 1 to P2 � P1)a2;i = a1;i�2(p�1) (i = sp�1 + 2p to sp + 2p� 3; p = 2 to P2 � P1)a2;i = a1;i�2(P2�P1) (i = sP2�P1 + 2(P2 � P1) + 2 to I + 2P2 + 1)(A.1)The inverse transformation from fNX23;i g to fNX13;i g is implemented using,a1;i = a1;i (i = 0 to s1 � 1)a1;sp = 8<: a2;sp+2(p�1)(dp;1;1+dp�1;2;3) when sp � sp�1 = 1 (p = 2 to P2 � P1)a2;sp+2(p�1)dp;1;1 when sp � sp�1 > 1 (p = 1 to P2 � P1)a1;sp+1 = a2;sp+2(p�1)+3dp;2;3 when sp � sp�1 > 1 (p = 1 to P2 � P1)a1;i = a2;i+2(p�1) (i = sp�1 + 2 to sp � 1; p = 2 to P2 � P1)a1;i = a2;i+2(P2�P1) (i = sP2�P1 + 2 to I + 2P1 + 1) (A.2)The coe�cients dp;1;i and dp;2;i (i = 1 to 3; p = 1 to P2�P1) are given by the dis-crete B-splines which are computed using (2.15). Setting �3;i(j) = �3;i;X1;X2(j)then, dp;1;j = �3;ip+1(Ip + j)dp;2;j = �3;ip+2(Ip + j + 1)(j = 1 to 3; p = 1 to P2 � P1)



45A.2 Q(3;X1;X2): X1 is a double knot set and X2 is a tripleknot set.Let X1 and X2 be non-decreasing sequences of real numbers such that X1 � X2and X1;ip = X1;ip+1 = X2;Ip = X2;Ip+1 = X2;Ip+2 (p = 1 to P ) for some integersets fipg and fIpg, the other entries of X1 and X2 being distinct. Then givena spline s(x;X1) on X1 with coe�cients fa1;igI+P+1i=0 relative to the basis fNX13;i gthe equivalent representation on X2, s(x;X2) relative to fNX23;i g has coe�cientsfa2;igI+2P+1i=0 given by,a2;i = a1;i (i = 0 to i1)a2;ip+p = a1;ip+1dp;1 (p = 1 to P )a2;ip+p+1 = a1;ip+1dp;2 (p = 1 to P )a2;i = a1;i�p+1 (i = ip�1 + p+ 1 to ip + p � 1; p = 2 to P )a2;i = a1;i�P (i = iP + P + 2 to I + 2P + 1) (A.3)The inverse transformation from fNX23;i g to fNX13;i g is implemented using,a1;i = a2;i (i = 0 to i1)a1;ip+1 = a2;ip+pdp;1 (p = 1 to P )a1;i = a2;i+p�1 (i = ip�1 + 2 to ip; p = 2 to P )a1;i = a2;i+P (i = iP + 2 to I + P + 1) (A.4)The coe�cients dp;i (i = 1 to 2; p = 1 to P ) are given by the appropriate discreteB-splines which are computed using (2.15). Setting �3;i(j) = �3;i;X1;X2(j) then,dp;j = �3;ip+2(Ip + j + 1) (j = 1 to 2; p = 1 to P )A.3 Q(4;X1 = x;X2 = X): x is a simple knot set and X is aquadruple knot set whoose distict entries are equal to x.Let x and X be non-decreasing sequences of real numbers such that x � X andxip = XIp = XIp+1 = XIp+2 = XIp+3 (p = 1 to P ) for some integer sets fipg andfIpg, the other entries of X being distinct. Then given a spline s(x;x) on x withcoe�cients fbigI+1i=�1 relative to the basis fNx4;ig the equivalent representation onX, s(x;X) relative to fNX4;ig has coe�cients faigI+2P+1i=�1 given by,ai = bi (i = �1 to i1 � 2)



46 aip+3(p�1)�1 = aip+3(p�1)�1 + bip�1dp;1;1 (p = 1 to P )aip+3(p�1) = bip�1dp;1;2 + bipdp;2;1 (p = 1 to P )aip+3(p�1)+1 = bip�1dp;1;3 + bipdp;2;2 + bip+1dp;3;1 (p = 1 to P )aip+3(p�1)+2 = bip�1dp;1;4 + bipdp;2;3 + bip+1dp;3;2 (p = 1 to P )aip+3(p�1)+3 = bipdp;2;4 + bip+1dp;3;3 (p = 1 to P )aip+3(p�1)+4 = bip+1dp;3;4 (p = 1 to P )ai = bi�3(p�1) (i = ip�1 + 3p � 1 to ip + 3p � 5; p = 2 to P )ai = bi�3P (i = iP + 3P + 2 to I + 3P + 1) (A.5)The inverse transformation from fNX4;ig to fNx4;ig is implemented using,bi = ai (i = �1 to i1 � 2)bip�1 = 8<: aip+3(p�1)�1(dp;1;1+dp�1;3;4) when ip � ip�1 = 2 (p = 2 to P )aip+3(p�1)�1dp;1;1 when ip � ip�1 > 2 (p = 1 to P )bip = aip+3(p�1) � bip�1dp;1;2dp;2;1 (p = 1 to P )bip+1 = aip+3(p�1)+4dp;2;4 when ip � ip�1 > 2 (p = 1 to P )bi = ai+3(p�1) (i = ip�1 + 2 to ip � 2; p = 2 to P )bi = ai+3P (i = iP + 2 to I + 1) (A.6)The coe�cients dp;1;i, dp;2;i, dp;3;i (i = 1 to 4; p = 1 to P ) are given by the ap-propriate discrete B-splines which are computed using (2.15). Setting �4;i(j) =�4;i;x;X(j) then, dp;1;j = �4;ip+1(Ip + j)dp;2;j = �4;ip+2(Ip + j + 1)dp;3;j = �4;ip+3(Ip + j + 2) (j = 1 to 4; p = 1 to P )



47AppendixB Tridiagonal SystemsB.1 T (1)i;k ci;k = r(1)i;kj+1Xq=j�1 ci;q;k Z yjyj�1 Ny3;q+1(y)dy = Wijk (j = 1 to J) (B.1)2Xj=0 ci;j;k ddyNy3;j+1(y0) = 0 (B.2)J+1Xj=J�1 ci;j;k ddyNy3;j+1(yJ ) = 0 (B.3)(i = 1 to I; k = 0 to K; k 6= kr; 0 � r � R)Combining (B.1), (B.2) and (B.3) gives (J+2) equations in the (J+2) unknownsfci;j;kg (j = 0 to J + 1) for each �xed (i; k).B.2 T (2)j;k bj;k = r(2)j;ki+1Xp=i�1 bp;j;k Z xixi�1 Nx3;p+1(x)dy = cijk (i = 1 to I) (B.4)2Xi=0 bi;j;k ddxNx3;i+1(x0) = 0 (B.5)I+1Xi=I�1 bi;j;k ddxNx3;i+1(xI) = 0 (B.6)(j = 0 to J + 1; k = 0 to K; k 6= kr; 0 � r � R)Combining (B.4), (B.5) and (B.6) gives (I+2) equations in the (I+2) unknownsfci;j;kg (i = 0 to I + 1) for each �xed (j; k).B.3 T (3)i;k ci;k = r(3)i;kj+1Xq=j�1 ~ci;q;k Z ~Yr;j~Yr;j�1 N ~Yr3;q+1(y)dy =Wijk (j = ~Jr;q+2 to ~Jr;q+1; q = 0 to Qr) (B.7)~ci; ~Jr;q ;k ddyN ~Yr3; ~Jr;q+1(y�jr;q ) + ~c ~Jr;q+1;k " ddxN ~Yr3; ~Jr;q+2(y�jr;q )�ddyN ~Yr3; ~Jr;q+2(y+jr;q )#� ~c ~Jr;q+2;k ddyN ~Yr3; ~Jr;q+3(y+jr;q ) = 0 when Br(xi� 12 ; yjr;q ) = 1ci; ~Jr;q+1;kN3;Jr;q+2(yjr;q ) = 0 when Br(xi� 12 ; yjr;q ) = 0 (B.8)



48 (q = 1 to Qr)2Xj=0 ~ci;j;k ddyN ~Yr3;j+1(y0) = 0 (B.9)J+Qr+1Xj=J+Qr�1 ~ci;j;k ddyN ~Yr3;j+1(yJ) = 0 (B.10)(i = 1 to I; k = kr and m(r) = 2; 1 � r � R)Combining (B.7), (B.8),(B.9) and (B.10) gives (J + Qr + 2) equations in the(J +Qr + 2) unknowns f~ci;j;kg (j = 0 to J +Qr + 1) for each (i; k).B.4 T (4)j;k cj;k = r(4)j;ki+1Xp=i�1~bp;j;k Z ~Xr;i~Xr;i�1 N ~X3;p+1(x)dx = ci�p;j;k (i = ~Ir;p + 2 to ~Ir;p+1; p = 0 to Pr)(B.11)~b~Ir;p;j;k ddxN ~Xr3;~Ir;p+1(x�ir;p) + ~b~Ir;p+1;j;k " ddxN ~Xr3;~Ir;p+2(x�ir;p)� ddxN ~Xr3;~Ir;p+2(x+ir;p)#� ~b~Ir;p+2;j;k ddxN ~Xr3;~Ir;p+3(x+ir;p) = 0 when Br(xir;p ; �Yj) = 0~b~Ir;p+1;j;k = 0 when Br(xir;p ; �Yj) = 1 (B.12)(p = 1 to Pr)2Xi=0 ~bi;j;k ddxN ~Xr3;i+1(x0) = 0 (B.13)I+Pr+1Xi=I+Pr�1~bi;j;k ddxN ~Xr3;i+1(xI) = 0 (B.14)(j = 0 to J + 2Qr + 1; k = kr and m(r) = 2; 1 � r � R)Combining (B.11), (B.12),(B.13) and (B.14) gives (I + Pr + 2) equations in the(I + Pr + 2) unknowns f~bi;j;kg (i = 0 to I + Pr + 1) for each (j; k).



49B.5 T (5)i;k ci;k = r(5)i;kj+1Xq=j�1 ci;q;k Z Yr;jYr;j�1 NYr3;q+1(y)dy = Wijk (j = Jr;q + 3 to Jr;q+1; q = 0 to Qr)(B.15)ci;Jr;q+1;kNYr3;Jr;q+2(y�jr;q ) = Z xixi�1 fr(x; y�jr;q )dx (B.16)ci;Jr;q+2;kNYr3;Jr;q+3(y+jr;q ) = Z xixi�1 fr(x; y+jr;q )dx (B.17)(q = 1 to Qr)2Xj=0 ci;j;k ddyNYr3;j+1(y0) = 0 (B.18)J+2Qr+1Xj=J+2Qr�1 ci;j;k ddyNYr3;j+1(yJ ) = 0 (B.19)(i = 1 to I; k = kr and m(r) = 3; 1 � r � R)Combining (B.15), (B.16),(B.17),(B.18) and (B.19) gives (J+2Qr+2) equationsin the (J + 2Qr + 2) unknowns fci;j;kg (j = 0 to J + 2Qr + 1) for each (i; k).B.6 T (6)j;k bj;k = r(6)j;kj+1Xq=j�1 bi;q;k Z Yr;jYr;j�1 NYr3;q+1(y)dy = Z Yr;jYr;j�1 fr(x; y)dy (j = Jr;q+3 to Jr;q+1; q = 0 to Qr)(B.20)bi;Jr;q+1;kNYr3;Jr;q+2(y�jr;q ) = fr(x; y�jr;q ) (B.21)bi;Jr;q+2;kNYr3;Jr;q+3(y+jr;q ) = fr(x; y+jr;q ) (B.22)(q = 1 to Qr)2Xj=0 bi;j;k ddyNYr3;j+1(y0) = 0 (B.23)J+2Qr+1Xj=J+2Qr�1 bi;j;k ddyNYr3;j+1(yJ ) = 0 (B.24)(i = Ir;p + 1; Ir;p + 2; p = 1 to Pr; k = kr and m(r) = 3; 1 � r � R)



50Combining (B.20), (B.21),(B.22),(B.23) and (B.24) gives (J+2Qr+2) equationsin the (J + 2Qr + 2) unknowns fbi;j;kg (j = 0 to J + 2Qr + 1) for each (i; k).i+1Xp=i�1 bp;j;k Z Xr;iXr;i�1 NXr3;p+1(x)dx = ci�2p;j;k (i = Ir;p + 3 to Ir;p+1; p = 0 to Pr)(B.25)2Xi=0 bi;j;k ddxNXr3;i+1(x0) = 0 (B.26)I+2Pr+1Xi=I+2Pr�1 bi;j;k ddxNXr3;i+1(xI) = 0 (B.27)(j = 0 to J + 2Qr + 1; k = kr and m(r) = 3; 1 � r � R)Combining (B.25), (B.26) and (B.27) and inserting the values fbIr;p+1;j;kg, fbIr;p+2;j;kgobtained from the solution of (B.20-B.24) into T (6)j;k and rj;k as known values gives(I+2Pr+2) equations in the (I+2Pr+2) unknowns fbi;j;kg (i = 0 to I+2Pr+1)for each (j; k).B.7 T (7)j;k bj;k = r(7)j;kk+1Xr=k�1 a(1)ijkNz4;r+2(zk) = b(2)ijk (k = 0 to K) (B.28)2Xk=0 aijk d2dz2Nz4;k+2(z0) = 0 (B.29)K+1Xk=K�1 aijk d2dz2Nz4;k+2(zK) = 0 (B.30)(i; j) 2 �I 
 �JCombining (B.28), (B.29) and (B.30) gives (K + 3) equations in the (K + 3)unknowns fai;j;kg (k = �1 to K + 1) for each (i; j) 2 �I 
 �J:
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