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1 Introduction

Insight into many fluid flow situations is often gained by studying individual
particle trajectories; in the case of steady flow these are the streamlines. To
compute the path of a fluid particle through some given region we must be able
to evaluate the velocity distribution at any point. Often a discrete representa-
tion of the velocity distribution is already available from a finite volume or finite
element computation. This discrete information can be used to construct an
interpolant which can be looked upon as an approximate reconstruction of the
original velocity distribution. Integration of the interpolant enables the determi-
nation of specific particle trajectories. Usually the integration can be performed
to any desired tolerance and so the overall accuracy of the resulting trajectories
is limited by the accuracy of the reconstructed velocity representation.

1.1 Discrete Velocity Distribution

The given velocity distribution is usually represented by either a set of node-based
velocity values or face-centred flux values depending on whether a finite element
or finite volume method has been used. We assume throughout this paper that
we are given a set of normal fluid fluxes defined across the face centers of some
tensor product cartesian mesh. Other velocity data may require pre-processing
to obtain the desired format.

Wik
Ui_1jk Usjr
Vijmie" T
YWask—1 y]
Zk—1 Y
7—1
Ti-1 Zi

Figure 1: Face-centred normal fluid fluxes for a typical cell Cjy.

Let Q = [zo, 1] ® [y0,ys] @ [20, zK] denote the region in which we require a
velocity representation. The computational mesh ), used to discretise €2, across
which the given fluxes are defined, must have the tensor product representation
Q=00 where O ={zo< a1 <---<a1}, U ={yo <y <---<ys}
and Q ={z0 < z1 < -+ < zx} for some I, J and K. Letting Q5 : {2;o1 <
< an,yj-1 Sy < yj,ze1 <z <z} denote a typical cell in the mesh, the



normal fluid fluxes should be given at the centre of each cell face as illustrated
in figure (1).

Because we are assuming () is occupied by a steady incompressible fluid the
fluxes should have the divergence-free property that,

(Uit — Uiziji) + (Vigre — Vijoie) + Wi — Wijk—1) =0 (1.1)

for every cell (i,7,k) in the mesh. It is not essential that this condition be
satisfied, but most finite volume packages generate flux values which satisfy (1.1)
to some tolerance.

1.2 Simple Knot Spline Representation

Handscomb [9], showed that a smooth velocity representation can be constructed
using tensor splines which satisfies the continuity equation at every point through-
out © whenever the given flux values satisfy (1.1) exactly. The method can be
applied to both two and three dimensional flows. In three dimensions, each
velocity component is represented independently using anisotropic natural ten-
sor product splines. The splines u(x,y, z), v(x,y, z) and w(x,y, z) are cubic in
their coordinate direction and quadratic in the other two directions and are thus
uniquely defined by the flux interpolation conditions,

/y]/ u(;,y,z)dzdy =U, (1=0tol,j=1t%to Jk=1to K) (1.2
Yj 2k

/ / o(e,y;, 2)dede = Vi, (i=1toI,j=0to k=1to K) (L3)

/ / w(x,y, zg)dyde =Wy, (i=1tol,j=1to JJk=0to K) (1.4)
Y-

The region (), however, often contains internal boundaries, which may be ei-
ther obstacles or the surrounding walls of apertures, across which the normal flow
should be identically zero. The method proposed in [9] to satisfy these additional
conditions involves making local corrections to the spline representation. These
corrections take the form of multiple knot spline functions defined across planes
containing internal boundaries. The correction functions are applied in such a
way that the corrected velocity representation still satisfies the incompressible
continuity equation. It is shown in [7], however, that for cases where adjust-
ments have to be made to more than one velocity component the local correction
functions become coupled and hence their construction becomes impractical.



2 B-Spline Theory, Definitions and Notation
Conventions

Definition 1 Simple Knot Spline Space [15]

Leta =29 <1y <+ <ag =b, and write N = {x;}X . The set /\ partitions
the interval [a,b] into the K subintervals, I; = [z, xi41]) (1 = 0 to K — 2) and
Ix_1 = [zx_1,2K]. Given a positive integer m > 0, we define

Sm(A) = {s:3s0,81,...8x-1 € Pp such that s(x)=s; for x € [ (k=0
to K —1) and Djsi_l(xi) = Djsi(:zji) for 7=0 to m—2,
i=1,2,... K -1}

where P,, denotes the space of polynomials of order m. We call S,, () the space

of polynomial splines of order m with simple knots at the points {x;}E7".

Definition 2 Multiple Knot Spline Space [15]
Let I\ be the partition of [a,b] as in definition 1 and let m be a positive integer.
We define

S(Pm; M AN) = {s:3sg,81,...85-1 € P, such that s(x) =s; for « € [, (k=0
to K —1) and Djsi_l(:z:i):Djsi(xi) for j=0 to m—1—m;,
i=1,2,... K —1}

where the integers {m;Y7' are the components of the multiplicity vector M. We

call S(Pp,; M; A) the space of polynomial splines of order m with knots {x; }7!

of multiplicities {m;}7".

Note that in the special case where M = (1,1,...,1) we have that S(P,,; M; A) =
Sm(AN).

2.1 B-Splines: Definition and Properties

We consider, for the moment, splines defined on the bi-infinite partition = =

{t:}2_ 3 t; < tipy Vi. For some positive integer k define the function
. _ _aym—=1 _ (S - t)m—l $ Z t
m(s;t) = (s =) = { 0 s <t (2.1)

It is shown in ([15] p.16) using dual taylor expansions that (2.1) is the Green’s
function associated with the differential operator D™ . The B-spline of order m,
My i(t) on ti,tizr, -+, tiym is defined to be the mth divided difference of ¢, (s;1)
(see for example [5], [15]) so that

My (1) = [ti -+ tipm]g(sit) (2.2)



The Normalised B-spline of order m is then defined to be,
Nowilt) = (tigm — ) My (1) 23)
To generate the order m B-splines N, ;(t) we use the following recursive relation,

t—1; tivm — 1
Nt = () M+ (2 M)

itm—1 — b; itm — Lig1

1, 6 <t<i
N it = ’ b= . ot
it) { 0, otherwise

(2.4)

For a proof of this result see for example [5] which makes use of Leibniz’ formula.
From identity (2.4) we can derive the following important properties of N, ;(¢):

1 Np,i(t) is a piecewise polynomial of degree m — 1 changing its form
only at the knots.

2 Nmﬂ'(t) =0 if ¢ S ti ort Z ti—l—m-
3 Nmﬂ'(t) >0t <i< tivm-
4 Ng)l(t) is continuous at the knots for r = 0,1,---,m — 2.

Properties 1 and 4 ensure the necessary condition that for any subset A of {¢;}
containing at least m + 1 elements N, ;(¢) € S(P.,; M; A). The computational
benefits associated with property 2 (better known as the Minimal Support prop-
erty) and property 3 are obvious.

2.2 Knot Insertion and Removal Algorithms

Consider the spline function s(¢) with representation,
s(t) =D ¢iNp () (2.5)

where the N, ;(t) are the normalised B-splines over the partition 7. We can
equivalently represent s(¢) by the expansion,

s(t) = Z@Nm,i(t) (2.6)

[ee)

where the B-splines N,, ;(t) are defined over a refined partition # = {¢,}22___
constructed from 7 by inserting an additional (not necessarily distinct) knot t.



A proof of this result given in [1] makes use of the well known result that for any
function g¢(s),

(ti - ti-l-m)[tiv T 7ti+m]g(5) + (t] - ti)[tiv Y 7ti+m—17tj]g(5) +

(ti-l-m - t])[tjv ti-l-lv o 7ti+m]g(8) =0 (27)
noting that divided differences are independent of the ordering of their argu-

ments. Now, for some [ we must have {: =1t for i < l, £l+1 = f, {: = t;_4 for
i > 1+ 2. Thus using (2.2) and setting ¢; = ¢ in (2.7) we obtain,

~ ~ A~ ~

(i — 1) Moni(t) = (F = 60 Vi() + (5 — Vi (1) (29)
(t=l—-m+1,---,1)

Therefore in terms of normalised B-splines,

N, (1) i<l—m+1
Nawilt) = 1 (7525) Nalt) + (2200 N (1) 1=m 1< <1
Nm7i+1(t) 1>

A (2.9)
So the {N,, .} defined on {t;} are spanned by the {N,,;} defined on {f;}. Now,

s(t) = Zi:ciNmﬂ'(t)
A R (A

i<l—m+2 iml—ma2 L\bitm —
t—1;
—I_ (A )CZ]Nm2+ZCZ lez()
tH'm 1>

t;
— Zcz mz(

where we have used ¢ — #;14 = 0. Thus, due to the linear independence of the

B-splines {N,,;} and {N,,;} we have,

éi = O,;C; —|— (1 - ozi)ci_l (210)
where,
1 1<l —m+2
o; = tt_it’ [—m+2<1<]
z-l-m_tz
0 1>

Thus given a spline s(¢) defined on m we can find an equivalent representation
on 7 whose coefficients {¢;} relative to the B-splines {N,,, ;} are given by (2.10).

However, if we wish to insert more than one additional knot, then the re-
cursive use of (2.10) is inefficient. Let t be a non-decreasing bi-infinite sequence



{t;}52_., as before and T a sub-sequence of t containing at least m + 1 elements.

Then, using a result first given in [13] we have for a sufficiently smooth function

f(),

(Tigm — T[Ty Tigm) f = Zam,z',r,t(j)(tj+m — )t ] S (2.10)

where we have a used a slight variation of the notation of [11]. By definition, the
Normalised B-spline NV, ; defined on the knot set 7 is given by,

N i(t) = (Tigm — 7)[Tis s Tirm] g (55 1) (2.12)

where g,,,(s;1) is the Green’s function defined in (2.1). With this in mind we can
now set f(¢) = gm(s;1) in (2.11) to obtain,

Nopri(t) = Z i 7,6 (7) Nt () (2.13)
J

The a7 t(7) are known as discrete B-splines and are covered in [15]. Clearly
Span{ N, 7.} € Span{N,, +,} and thus (2.13) represents a transformation from
the basis { N, 7} for splines defined on 7 to the basis { N, + .} for splines on t.
So for some order m spline function s(¢) on 7 we have

S(t) = Z CiNm,T,i(t)

= D diNos(t)
J

where,

dj = ciapmiri(d) (2.14)

Thus, to summarise, given a spline function s(¢) defined on 7 with coefficients
{¢;} relative to {N,,, 7} we can find an equivalent representation on t with coeffi-
cients d; relative to { N, ¢ ;} given by (2.14). The discrete B-splines {a,, ..74(7) }
can be efficiently computed using the Oslo algorithm [4] which goes as follows,

. t'm— — T; . Ti+m — Tj+m— .
am,i(]) = (L) Oém—m(]) + (—l——]—l—l) am—l,i+1(])

Titm—1 — Ti Tigm = Titl
N 17 if 7 < t]‘ < Tit1
ai(y) = { 0, otherwise
(2.15)

where we have set o, (7)) = ami7t(J). There are many proofs of this relation
other than the one in [4] which is rather long, see for example Prautzsch [14]
(using recurrence relations, but assuming simple knots) and [10] where the dis-
crete B-spline theory is simplified. Two efficient algorithms are presented in [4]
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to determine the () and the new spline coefficients {d;}. An alternative
algorithm for inserting knot sequences is given in [2]. This is known as the In-
sertion Algorithm and is based on a fast recursive implementation of the single
knot insertion algorithm [1]. A detailed comparison of the speed of multiple knot
insertion algorithms is given in [3], however since then Lyche and Mgrken [11]
have developed faster Oslo algorithms than those in [4] using further results from
discrete B-spline theory. All the results in this paper have been computed using
the improved Oslo algorithms of [11] although whether they are the fastest is
debatable.

2.2.1 B-spline Basis Transformations

We now introduce some linear transformation operators for interchanging be-
tween B-spline representations defined on knot sets of varying multiplicity. We
will make frequent use of these transformations in section 4.

Definition 3 Transformation Operator for Interchanging between two Multiple
Knot Spline Representations of differing Multiplicity

Let Xy and Xy be the multiple knot sets associated with the spline spaces S(Pp; My1; A)
and S(Pp; Ma; A) where My > M. Define the linear operator Q(m, X, Xs) :
S(Pm; My; ) = S(Pp; My A) with matriz A(m, Xy, Xz) to be such that for

any s(x) € S(Pp; My1; A),

Ay — A(Xl,Xz)al =0

where a; and ay denote the B-spline representations of s(x) relative to the bases
Ngfi(x) and Ngfﬁ(:z;) respectively, and write,

s(w;Xa) = Q(m, Xy, Xz)s(w; Xy)

to denote a transformation of s(x) € S(Pn; My; AN) from the basis Ngfi(x) to
N;%(:Jc) The inverse Q' (m, X1, X3) : S(Pp; Mi; A) — S(Pp; My ) with
matriz A(m, Xz, Xy) is defined such that,

A(m, XQ, Xl)A(m, Xl, X_2) = [

Definition 4 Projection of a Multiple Knot Spline Representation into a Simple
Knot Spline Space

Let x and X be the simple and multiple knot sets associated with S, () and
S(Pm; M5 AN) and let A(m,-,-) be defined as in definition 3. Define the linear
transformation R(m,x,X) : S(Pp; M; A) — Si (D) with matriz B(m,x,X) to
be such that for any S(x) € S(Pn; M; A),

B(m,x,X)A(m,x,X) =1
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and for any s(x) € S(Pu; M; A) over {Ngfz(x)} write,
g(@;x) = R(m,x, X)s(x; X)

to denote a transformation of s(x) to g(x) € S, (A) over {N)X .(z)}. Note that
R(m,x,X) does not have an inverse.

The matrix A(m, X, Xz) of definition 3 is sometimes referred to as the B-spline
Knot Insertion Matrix (see for example [12]) and its elements are given by (2.15)
after replacing the elements of t and 7 with those of X, and X respectively.

The right inverse of A(m,X;,X3) can be computed once all the linear de-
pendencies have been removed. The sparsity structures of A(m,X;,Xz), and in
particular its inverse, are rather complex since they depend on the knot sets X,
and X. Since we will only require specific transformations for m = 3 and m =4
we state the required matrix-vector operations in appendix A.

2.3 Notation Conventions

In the remainder of this paper we replace the definition of the Normalised B-
Spline N, ;(x) given in (2.3) with,

Ny (@) = (2 = xiem)[Ticm, -5 i) gm (55 1)

where g, (s;1) is the Green’s function defined in (2.1). Notice that here we have
used a superscript to denote the defining knot set x. The only effect of the above
definition is to shift each basis function m intervals to the right, thus properties 2
and 3 now become,

o Npi(x)=0ifx < or @ > ay
° Nmﬂ(l') >0 aim,, << 4

Properties 1 and 4 remain unchanged. Unless otherwise stated we will use lower-
case letters such as x, y to denote simple knot sets (whose entries are all distinct)
and uppercase letters such as X,Y to denote multiple knot sets. Furthermore it
will sometimes be tacitly assumed that x C X and y C Y.

3 Tensor Spline Formulation

3.1 Problem Specification

As in [9] we seek independent anisotropic spline representations for the w, v and
w components which are cubic in the coordinate direction and quadratic in the
other two directions. Consider the problem of finding a spline representation
for the w component in the region Q = [xg, 7] @ [yo,ys] @ [20, 2K Illustrated in
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Yy
2K

Y 21 2 /;

Yo 20
Lo Trr

X

Figure 2: A rectangular region  with (z,y) planes at z = z;, (r = 1 to R)
containing sets of apertures or obstacles

figure (2). We assume that  has been discretised into a cartesian tensor product
mesh of the form ), defined in section 1.1 and that we have been provided
with the normal fluxes Wi (+ = 1to I,57 = 1to J) across each (z,y) plane
z =z (k =0to K). We seek a spline representation w(z,y,z) which satisfies
condition (1.4) for each of these values. On a subset of the (z,y) planes z = z,
(r = 1 to R) there are sets of non-overlapping rectangular regions D, ,, whose
edges coincide with the z, y lines forming the cell edges of the mesh. Suppose
on the plane z = z;, there are M, of these regions, then D, ,, = {(x,y)|z;, <
< i Y <Y< Y,,0 <, <ip < 1,0< g, < gy < J} and ﬁ%;oDnm = 0. On
the plane z = zj, the regions D, ,, (m =1 to M,) may represent either a set of
obstacles or apertures. If z = z;_is defined to be a set of obstacles then we require
that the spline representation w(x,y, zx, ) be identically zero whenever (x,y) €
D, (m = 1to M,) whereas if z = zj, represents a plane of apertures then
w(x,y, zx, ) should be identically zero whenever (x,y) € D, ,, (m =1 to M,).
In the following formulation we will find it convenient to introduce the lines
r=u;,,(p=1to P)andy=y;, (¢=1to Q) to coincide with the edges of
the regions D, ,, (m =1 to M,) as illustrated in figure (3). Our basic approach
will be to introduce multiple knots along these lines to reduce the spline conti-
nuity thus providing the extra degrees of freedom required to impose the zero
conditions on the special planes z =z, (r = 1 to R). Planes across which mul-
tiple knots have been introduced will generally be referred to as multiple knot
planes. However, we cannot just introduce multiple knots on the planes z = z;_
because such an approach does not yield a tensor-product representation.
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| z = 2z, plane

Lo L1 L2 Lirp Ty

Figure 3: An (z,y) plane with multiple knots defined along the lines z = x;_,
(p=1to P)and y =y, (¢ =1 to (,) which are chosen to coincide with the
mesh lines

3.2 Decomposition into Tensor Splines

Around each plane z = z;, we define the sub-regions Q, = {x € Qlz, 1 < z <
zk,+1t (r=11to R). Ineach Q, we can construct a tensor product spline defined

Multiple Multiple Multiple
Knots Knots Knots
Z:kl Zik2 Z:k -
Simple
Knots

Figure 4: A partition of € into multiple and simple knot regions according to
the location of the planes z =z, (r =1 to R)

on a knot set determined by the multiplicity and location of the multiple knots
introduced across the plane z = z;, . Consequently, the knot sets defined on the
plane z = z; must also be defined on the planes z = 2z and z = z,,11. In
the regions separating the 2, (r = 1 to R), we use simple knot tensor product
splines, so that ) is partitioned into simple and multiple knot regions according
to the location of the planes z = z;, (r = 1 to R), as illustrated in figure (4).
Although the simple knot regions are disjoint we find it convenient to refer to
them collectively as € where ' = Q\{U%L 0, }. Consider the z planes z = 2z,
and z = 2z, .1 interfacing the regions £, with ©'. It is important that the
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Simple Knots Multiple Knots Simple Knots
1 —
Z Z
N4,I(2T_1-|—3(Z) N4,IX”2T_1+4(Z)
0.5F
0 ! ! ! !
ZK2r—1 ZK2T—1+4 ZK2r
Kor_14+1 Kor+1
Kor_142 ZK2T+2
Kor_1+43 ZK2T+3

Figure 5: B-spline basis functions of order 4 defined across two quadruple knots
at the points z = z;_11. The quadruple knot set Z has been constructed so that

ZR(@r-1) = Zh—1 and Zg(ar) = 2k, 41

multiple knot spline representation used in €, does not overlap into €', and
similarly that the simple knot representation defined in €2’ does not overlap into
Q.. This problem arises in the context of B-spline expansions where the region,
over which a spline representation is required, must be fictitiously extended to
enable all the B-splines necessary for a complete basis to be fully defined.

Suppose at each interface plane z = z; 41 we introduce a quadruple knot in
the z direction. The B-spline basis functions would have the form illustrated
in figure (5). Notice that none of the basis functions illustrated in figure (5)
actually cross the lines z = z; 41 with a non-zero support. The basis functions
Nf]«'(zr—1)+3(2) and NfK(zr—l)H(Z) each have jump discontinuities at z = z;, _;.
Similarly, NEK(%)-I—S(Z) and NEK(%)-I—AI(Z) have discontinuities at z = 2, 4;. Thus
the quadruple knots provide a means of disconnecting the multiple knot spline
representations from the simple knot representations at the interfaces. Thus we
can represent w(x,y, z) as the sum of tensor splines,

R R
w(w,y, z) =Y wi(e,y,2) + 3 wi(e,y,2) (3.1)
r=1 r=0
where w,(z,y,z) (r = 1 to R) are multiple knot tensor splines defined in the

regions €, (r = 1 to R) and w.(x,y,z) are simple knot splines defined in the
regions ' (r = 0 to R) where Q) = {x € Q2,41 < 2 < 23, -1} (r =1 to R—1),
O ={x€Qz_3 <z < zp-1} and Uy = {x € Qzpp41 < 2 < ZK43}-

So far, we have referred to the Q, (r = 1 to R) as multiple knot regions.
However, since w(x,y,z) is quadratic in the « and y directions the multiple



15

knots introduced across the planes z = z; (k = k., — 1 to k. + 1) within each
region {1, can only be of multiplicity two or three. From now on we will make
the assumption that the multiple knots defined on the plane z = z;_ are all of
the same multiplicity. That is, we will not permit double and triple knots to be
mixed across any one plane. Consequently, since the multiplicities and locations
of the multiple knots on the plane z = z;,_ are duplicated on the adjacent planes
Z = Zp.+1, €ach , can be either a triple knot region or a double knot region. This
assumption is not as restrictive as it may first appear since a knot of multiplicity
M is capable of emulating knots of order (m = 1 to M — 1). So, for instance,
a triple knot can take the place of either a double knot or a simple knot at the
small cost of introducing a few extra spline coefficients. For this reason we use
triple knot B-spline expansions in each of the regions Q, (r = 1 to R). Thus
w,(x,y,z) and w.(x,y, z) have B-spline expansions of the form,

K(2r+1)41 I41 J+1 7
w(@,y,2) = Z Z Z i N3, z-|-1 Ng]+1( )N k-|—1( z) (r=0to R)

k=K (2r)42 ¢=0 j=0
(3.2)
K(2r)+1  [42P+1 J4+2Q,+1

wlewd)= 303 Y M@0V E) (=1
k=K(2r-1)+2 =0

(3.3)
where K(0) = —3 and K(2R+1) = K+6R. The pointers K(r) (r =1 to 2R) are
defined so that Zx () = Zr()+1 = Zr()+2 = Zi(r)43 (r = 1 to 2R). Similarly,
on the multiple knot planes z = zj_, z, 41 constituting the region 2, the triple
knot sets X, and Y, are defined with the pointers i, ,, I, ,, 7., and J,, so that
l’inp = XIr,p = X[T7p+1 = X[T7p+2 (p =1 to P,,) and yjr,q = eryq = YJT#Z-H = YJT7q+2
(¢ =1 to Q,). Wesee from (3.2), (3.3) and figure (5) that Supp{w.(z,y,z)} = Q.
(r =0 to R) and Supp{w,.(z,y,2)} = Q, (r =1 to R) as required. The regions
Q (r=0to R)and Q, (r =1 to R) are not only disjoint, but they partition §
so we can write (3.1) in the form,

w(z,y,z) if(r,y,2)eQ 0<r<R
alas) = )

(v,y,z) if (z,y,2)€Q, 1 <r <R (3.4)

Thus w(x,y, z) always coincides with a tensor product spline.

The B-spline representation of w(x,y, z) as given by (3.4) can be equivalently
represented over the knot set X @ Y ® Z when X = UR X, and Y = UL)Y,.
Thus, using P and () to denote the total number of triple knots in the sets X
and Y respectively we can write,

K4+6R+1 I4+2P+1 J+2Q+1

wle,y, )= D 3 D ainNan (0N ()N (=) (35)

k=—1 i=0 =0

We define the pointers ¢, I,, j, and J, associated with the triple knot sets X
and Y so that z;, = X;, = X; 1 =X (p=1to P)and y;, =Yy, =Yy 41 =
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Yi42 (¢ = 1to Q). The tensor product form of (3.5) enables the coefficients
{a;jr} to be determined very efficiently. For this reason we will state the defining
conditions on w(x,y,z) over X @Y @ Z so as to uniquely determine (3.5); but in
such a way that the representation will be reducible to the form given by (3.2)

and (3.3).

3.3 Matching Conditions
Multiple Knot Regions

The spline representations within the regions (2, should be constructed so that
at the interfacing planes z = zj 4, the splines w(x,y,zf _;) and w(x,y, 2 1)
which have multiple knot B-spline expansions, can be equivalently represented
with simple knot B-splines. Thus we require that the tangential derivatives of
w,(x,y,z) and aa—zw,,(x,y,z) at the planes z = z; 4 should be zeroth and first
derivative continuous across the triple knot lines = z;, (p =1 to P)and y = y;,
(¢ =1 to @). Thus we impose the following continuity conditions,

v _ v

wwr(xipvyvz) = ox" wf’(x;';vyvz) Vy (p =1to P) (36)

v _ v

a—va,,(x,yjq,z) = a—va,,(x,y;;,z) Ve (¢g=1to Q) (3.7)
av—l—l B av—l—l .
aora, @,y 2) = aaew(an,y,z) Yy (p=1to P) (3.8)
av—l—l av—l—l

R = = + —
ayvazwr(:p,yyq,z) ayvazwr(:p,yyq,z) Ve (¢g=1to Q) (3.9)

(2 = 22—1721;4-1)
(v=0to l,r=1to R)

Simple Knot Regions

In simple knot regions it is necessary that the spline functions w.(x, y, z), aa—zw;,(:zj, Y, z)

and %w;(:p, Yy, z) can be equivalently represented using simple knot B-spline ba-
sis functions. Thus we impose the following continuity conditions across the
triple knot lines v = z;, (p=1to P)and y = y;, (¢=1to Q),

Lol = ol Yor (=1t P)  (310)
av _ av

aszr(x,yjq,z) = aszr(x,y;:,z) Ve,z (g=1to Q) (3.11)
av—l—l , B av—l—l , N
er(xip,y,z) = er(xip,y,z) Vy,z (p=1to P) (3.12)
av—l—l av—l—l

— - - — + =
ayazv wr(x7y]q7z) ayazv wr(x7y]q7z) \V/x72 (q 1 tO Q) (313)
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(v=20,7r=0to R)

Although we require conditions (3.10-3.13) to be true for (v = 0 to 2) using
expansion (3.5) it is trivial to show that provided conditions (3.10-3.13) hold for
v = 0 then they must also hold for the cases v =1 and v = 2.

3.4 Connectivity across Interfaces

At the interface planes z = zj, 41 the simple knot splines w.(z,y, z) should con-
nect with the multiple knot splines w,(x,y, z) as smoothly as possible. We can
only achieve zeroth and first derivative continuity at each interface plane, but a
second derivative continuity condition can be imposed on the projection of the
second derivative into a simple knot spline space. Thus, the conditions are,

av _ av
er(x,y,zkr_l_l) = Ww;(x,y,z;:r_l_l) Ve,y (v=0to 1) (3.14)
v y o ~ o +
[R (37 X, X) oR (37 Yy, Y)]ﬁwr(ajv Y, Zkr-l—l) = ﬁwr(xv Y, Zkr-l—l) \V/l', ) (315)
(r=1to R)
av _ av +
vwr—l(xvyvzk —1) = —Uwr(l',y,Zk —1) \V/l’,y (UZO to 1) (316)
0z g 0z g
0* 0*
@w;_l(l‘aya%_l) = [R"(3,x,X) 0 Ry(3ay7Y)]gwr($v%Z$—1) Va,y
(3.17)
(r=1to R)
3.5 Plane Interpolation Conditions
On each (x,y) plane z = z; (k = 0 to K) we require that,
w(x,y, zx) = Wi(z,y) Yr,y (k=0to K) (3.18)

where Wy (x,y) is a surface spline satisfying the flux interpolation conditions and
any additional conditions arising from the possible presence of internal surfaces,
apertures or fixed boundary conditions. On all (z,y) planes we impose the flux
interpolation conditions,

Ty Y5
/ / Wiz, y)dyde =W (t=1to [,7=1t%0J) (3.19)
Ti—1 YYj—1

and zero derivative boundary conditions,

0 0

a—ka(il/'oay) = a_ka(xby) =0 (3.20)
0 0
a—ka(l’ayo) = a—ka(l',yJ) =0 (3.21)
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3.5.1 Additional Conditions on Multiple Knot Planes

Although all multiple knot planes are represented over triple knot sets it is some-
times convenient to work with double knots in the formulation of the interpola-
tion and continuity conditions and then make use of the B-spline basis transfor-
mations of section 1.3.1 to obtain equivalent triple knot representations. If, for
some plane z = z;,, the associated triple knot surface spline Wy, (z,y;X,,Y,)
can be equivalently represented over the double knot set X, @Y, where X, and
Y, have been constructed from X, and Y, by replacing every triple knot with
a double knot, then we refer to z = z_ as a double knot plane and label it with
the flag m(r) = 2. Planes on which the surface splines are actually discontinuous
and thus do not have an equivalent double knot representation will be referred
to as triple knot planes and we use m(r) = 3 to denote such planes. At this
stage it may seem that double knot planes are always preferable to triple knot
planes but sometimes, it is desirable to build discontinuities into a surface spline
representation across prescribed lines to model for example a plug flow boundary
condition or to reduce unwanted oscillations brought about by the inflexibility
of the polynomials in satisfying strict interpolation conditions. We now state
separately the conditions imposed on Double Knot and Triple Knot planes.

Double Knot Planes

These are suitable when we want the normal flux Wy (x,y) to be identically zero
either across or around the regions D, ,, (m =1 to M,) but also want Wy(z,y)
to be continuous for all  and y. The triple knot pointers ¢, , and 7, , are selected
so that the lines x = x; , (p=1to P.)and y = y;,, (¢ =1 to @,) coincide with
the edges of the regions D,., (m = 1 to M,). Before we state the additional
conditions at the multiple knots we define the following boolean function,

)1 if(2,y) € 9D, for any 1 < m < M,
B, y) = { 0 otherwise

which is unity whenever (z,y) coincides with the boundary of any of the regions
D, (m =1 to M,) and zero otherwise. Using B,(x,y) the conditions are,

Yj
/ Wi(x er,y)dy 0  when Br(l’ir,p,yj_l) =1 (3.22)
Yyj—1 2
Yj av tr,p
/ [a Wi (z, y)] dy=0 when B.(z;,,y;_1)=0 (3.23)
Yyj—1 o= 2

tr,p

(v=0tol,p=1to P.,j=1toJ)

/‘l Wk(x,yjiw)dx =0 when B,,(:I;Z»_%,yjryq) =1 (3.24)
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+
T, av y]r,q
/ [a Wy (x, y)] de =0 when B.(r,_1,y;, =0 (3.25)
Tio1 Yy v 2 '
(v=0tol,g=1to Qi =1to[)
Wk(xip,y;q) =0 (p=1toP,g=1%0 Q,) (3.26)

Because each Wy (x,y) spline is composed of quadratic polynomials in = and y,
conditions (3.22-3.26) are clearly sufficient to ensure that Wy(x,y) is identically
zero around all the edges of the regions D, ,, (m =1to M,). If D,,, are solid
surfaces representing internal boundaries and provided the flux data W;j; is zero
over all the cells included in D, ,,, then since Wy(x,y) is identically zero on
0D, ., it must also be identically zero within D, ,,. By a similar argument, if
D, ., represent apertures in a solid wall and the W;;; are thus zero across all the
cells surrounding D, ,,, then the conditions that Wy (x,y) be identically zero on
D, ., together with the boundary conditions (3.20) and (3.21) are sufficient to
ensure that Wy(x,y) is identically zero across all the wall segments.

Triple Knot Planes

Suppose, as for the double knot case, that we have a set of regions D, ,, (m =
1 to M,) either across or around which Wy (x,y) should be identically zero. In
this case, however, we require that Wy (z, y) change discontinuously across certain
lines coinciding with the boundaries of D, ., (m =1 to M,). This might be the
case if for instance we wished to accurately impose a boundary condition. We
will assume that some function f,(x,y) can be constructed from the W, values
which incorporates the desired discontinuities and is zero across or around the
sub-domains D, ,, (m = 1 to M,). The only restriction we place on f.(z,y) is
that,

/m /yj frlz y)dyde = Wi, (i=1tol,j=1t%toJ) (3.27)
Ti—1 YYj—1

so there is no conflict with the flux interpolation conditions. We now wish to
construct a surface spline Wy(x,y) which approximates f,.(x,y) and identically
preserves any zero conditions which might be imposed across or around the re-
gions D,,, (m = 1to M,). To achieve this we define the triple knot pointers
irp and j., so that the lines 2 = x;, , (p=1to P) and y = y;,, (¢ =1 to Q)
coincide with the edges of the regions D, ,,, (m =1 to M,). Thus, in addition to
(3.19-3.21) the Wy («,y) splines should satisfy,

Yy +
/ Wi(et L y)dy = /
Y

j—1 Yj—1

Yy

L@ L y)dy (j=1to J) (3.28)
(p=1to P,)

/ Wk(x,yjiw)dx:/%i SolasyE e (i=11t0 1) (3.29)
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(g=1to Q)
Wk(xij;pv yjj;q) = fr(xz’j;pv y]‘j;q) (3.30)

(p=1to P.,q=1to0Q,)

3.6 Global Boundary Conditions

In standard spline theory, natural splines always have even order, that is they
are constructed from polynomials of odd degree. Here we find it convenient to
define a natural quadratic spline to be the derivative of a natural cubic spline.
Thus, with this in mind, we can impose the following pseudo-natural boundary
conditions,

0 0
a_xw(xovyvz) = a_xw(xbyvz) =0 (331)
0 0
@w(x7y072) = @w(lf,yJ’Z) =0 (332)
0* 0*
Szt y,20) = Smuwlry,zx) =0 (3.33)

to absorb the remaining degrees of freedom. Note that these conditions are
compatible with those imposed on Wy(x,y) (see (3.20) and (3.21)).

4 Determination of B-spline Coefficients

We now describe an efficient method for the determination of the coefficients
{a;jr} of expansions (3.2) and (3.3). The conditions stated in section 3 will be
imposed in such a way that the {a;;1} can be determined through the solution
of sets of tridiagonal systems. The method makes frequent use of the B-spline
basis transformations defined in section 2.2.1. There are three main stages:

e Construction of the surface splines Wy (z,y) (k =0 to K).

e Construction of the tensor product representation of w(x,y,z) over X@Y

given by (3.5).

e Transformation of w(x,y,z) over X @Y to the non-tensor representations
given by (3.2) and (3.3) over x @ y and X, ® Y, respectively.

In the first stage the plane z = z over which Wy («,y) is defined can be either
a simple knot plane, double knot plane or triple knot plane; we treat each case
separately.
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4.1 Surface Splines Wy (z,y)
All the Wi(x,y) splines should satisfy conditions (3.19), (3.20) and (3.21). In-

troducing the natural quadratic splines w; x(y) (i = 1 to I) we can re-state these
conditions in the form,

/" Wilz,y) = winly) (i=1"to1) (4.1)
9 9
a—ka($07y) = a—ka(:z;I,y):() (4.2)
/yﬂ wiry)dy = Wir (j=1toJi=1tol) (4.3)
Yj—1
9 9
@wi,k(yo) = @wi,k(yJ):O (4.4)

4.1.1 Simple Knot Splines

On the planes z = 2z, (k = 0to K,k # k.,1 < r < R) we seek simple knot
B-spline expansions of the form,

I+1 J+1

Wi(e,y) = DD bipNFiy () NY 544 (y) (4.5)
1=0 j=0
J+1

wir(y) = DNy (y) (4.6)
7=0

Substitution of expansions (4.6) and (4.5) into (4.3),(4.4),(4.1) and (4.2) yields
the following two sets of tridiagonal systems,

e = *% (i=1toL,k=0to K,k#k,1<r<R) (4.7)
b = ) (j=0to J+1,k=0to K,k #k,1<r<R) (48)
which are given in Appendices B.1 and B.2. For each (i,k) (k # k,) we solve
system (4.7) for ¢, to obtain ¢;;5x (1 =1tol,j=0toJ+ 1,k =0to K,k #
k., 1 < r < R). Then we use the {¢;;1} to construct I';Zk) of system (4.8). Now

for each (j,k) we can solve system (4.8) for b;; (k # k,) thus obtaining b,
(t=0tol+1,7j=0toJ4+1,k=0to K,k #k,,1 <r <R).

4.1.2 Double Knot Planes

On the planes z = z;, (m(r) = 2,1 < r < R) we must impose additional
conditions across the triple knot lines. The splines w; x(y) should satisfy,
v v

a—vazpk(y;yq) = avaz’,k(y;q) when B(z,_1,y;,,) =1 (4.9)
0

wir(yy,) = when B(z,_1,y;,,) =0 (4.10)
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(v=0tol,g=1to0Q,)
In this case we use a double knot B-spline expansion of the form,

J+Qr+1 <
wir(y) = D GirNa i (y) (4.11)

7=0

where Y, has been constructed from Y, by replacing every triple knot occur-
rence with a double knot and thus has the associated pointers jr,q defined so that
Yjrg = Y/Jr,q = Y/ij (¢ = 1to Q). Expansion (4.11) implicitly satisfies (4.9)
for v = 0 and reduces (4.10) to w; x(y;,,) = 0 when B(:Jci_%,yjnq) = 1. Substi-
tution of (4.11) into (4.3), (4.4), (4.9) and (4.10) yields the following systems of
tridiagonal equations,

T»(i)c“g = I'ESk) (t=1to [,k=Fk and m(r)=2,1<r < R) (4.12)

Ty

given in Appendix B.3. Thus for each (i, k,) we can solve for ¢, ;, to obtain ¢;;
(t=1tol,7=0to J+Q,+ 1,k =k and m(r)=2,1 <r < R)

However, to obtain the appropriate Wy (x,y) splines requires more work. We
begin by transforming each w; x(y; Y,,) to the triple knot set Y, using,

wik(y; Y,) = Q(37Yer)wi,k(y;Yr)
= Cip = A(g,Y,,,YT)(NZiJg (413)

(t=1to I,k=k and m(r)=2,1 <r <R)

See Appendix A.2 system (A.3) for the coefficient operations. The reason for
performing the above transformation at this stage will not become apparent
until later. We now seek a B-spline expansion for Wy (x,y) of the form,

~ I+P+1 J+2Q+1 X, Y,
Wk(l’ay;XmY Z Z Z]kNSZ-I—l )N3]+1( ) (4-14)

where X, has been constructed from X, by replacing every triple knot with a

double knot and hence [,,p is defined so that x;, , = XI = XI (p=1to P.).
P r,p+l

Now since,

/ l Wk(x,yjin Jdx = wzk(y )— 0 when B.(x 2_%,yjryq) =1

+ +

z; aU Yir,q aU Yir,q
/ [a —Wi(z, y)] dx = [a —w;, k(y)] =0 when B,,(:I;Z»_%,yjryq) =0

: y

Jr,q Jr,q

(v=0tol,g=1to Qi =1to[)
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conditions (3.24) and (3.25) have already been satisfied. Thus it is only necessary
to satisfy conditions (3.22), (3.23) and (3.26). Substituting (4.14) into (3.22)
and (3.23) yields,

J+1 N % Yy, v
bjr7p+1,q,kN37f:p+2(xir,p) /Y N3,qr-|—1(y) = 0 When Br(x’ir,p71/r,j—%) = 1
g=5-1 ’ ni=l
(4.15)
J+1 N Yy, v
> dy(bop k) [ MY )y =0 when B, Y1) =0 (4.16)
q=5-1 =1
where,
: P d  x L d X, -
dy(b,p, k) = bfr,pquk%N&frr,pﬂ(xir,p)‘I' Lp+lak | o B,fr,p+2( ins)
d  x, ~ d %,
N )] s NN et (@D

J=1todr,j=Jdrg+3t0 Jrgr1,g=1t0Q,—1,5=J,0o, +3toJ+20Q,)

(p=1to P,)
By making use of (3.26), conditions (4.15) and (4.16) simplify to,
bi 1w 0 when B,(z;,,Y;) =1 (4.18)
dj(f),p,k) = 0 when B, (;,,,Y;) =0 (4.19)
(p=1to P,j=0to J+2Q,+1)

where Y is defined by {Y|Yy, = Y,0,Y; = %(Ym +Y.-1) (=1%o Jo1,5 =
an + 3 tq Jr7q+1,q7: 1 to Qr — 1,] = JQQT + 3 toJ + QQ,,),YJ(Z_H = qu (q =
1 to Qr’)vYJq-I-Z = YJq+3 (q = 1to Qr’)vYJ-I-?Qr-I-l = 1/T’J-I-?Qr}' Note that this
simplification was only made possible through the use of the triple knot set Y,
in expansion (4.14).

Now substituting the triple knot B-spline expansion of w; j(y; Y',,), wik(y; Y, ) =
Z}]ngTH cijkN;{f_l_l(y) and (4.14) into (4.1) gives,

w1l X . .
Z bp’j’k/X 7 Ngij_l_l(:z;)d:z; =cipik (p=0to P i=1,+2tol ,41)

rie—1

p=1—1

(4.20)
(j=0toJ+2Q,+1)

where [Nno = —1 and [N,,7pr_|_1 = [ + P.. The natural boundary condition (4.2)
yields equations of the form,

2 » d 5
pr,j,k%N?ﬁrﬂ(wO) = 0 (4.21)
p=0

I+Pr+1 » d X

Z bp,j,k%NS,prﬂ(wl) = 0 (4.22)

p:I‘l'Pr_l
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(J=0to J+2Q,+1)
Combining conditions (4.18-4.20) and (4.21-4.22) we obtain the sets of tridiagonal
systems,

TWbi =1l (j=0toJ+2Q, 4+ 1,k =k, and m(r) = 2,1 <r < R) (4.23)
given in Appendix B.4. Thus for each (7, k) we can solve for Bj,kr to obtain l;ijkr
(t=0tol+P.+1,5=0t0J+2Q,+ 1,k =k and m(r) =2,1 <r < R).
Finally we transform to the triple knot basis X, @ Y, using,

Wiz, y: X, Y,) = Q3,X,, X )Wz, y;X,,Y,)
= bj,k = A(g,XmX,’)i)mk (424)
(J=0toJ+2Q,+1,k=Fk and m(r)=2,1 <r <R)
See Appendix A.2 system (A.3) for the coefficient operations.

4.1.3 Triple Knot Planes

On the planes z = z, (m(r) = 3,1 < r < R) the splines w; x(y) should satisfy
at the triple knot lines,

wir(yE ) = / f@yt) (=1t lg=1toQ,) (4.25)

This time we use a triple knot B-spline expansion of the form,

J+2Qr+1 v
w%k(y) = Z cijkN37]‘T_|_1(y) (426)
7=0
Substituting (4.26) into (4.25), (4.3) and (4.4) yields sets of tridiagonal systems
of the form,

T»(i)c“g = r£5k) (t=1to [,k=Fk and m(r)=3,1<r < R) (4.27)

given in Appendix B.5. Thus for each (i, k) we can solve for ¢, to obtain ¢
(t=1tol,7=0to J+2Q,+ 1,k =k and m(r)=3,1 <r < R).
To obtain the Wy(x,y) splines we use B-spline expansions of the form,

I1+2P,+1 J+2Q-+1 X v
Wi(z,y; X,,Y,) = Z Z bijkNB,iil—l(x)NS,jr-l—l(y) (4.28)
=0 7=0

Using the function f.(z,y) defined earlier the conditions on Wy(x,y) can now be
stated in the form,

/yw Wiz, y)dy = /yy_ frlxy)dy  (j=1t0J)

7—1

Wk(fl?ayjiw) = fr(xyy]‘j;q) (=110 Q,)

0 0
a—ka(l’ayo) = a—ka(l'ayJ):O (4.29)
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(x = x;yp,:z;;';p,p =1to P)

We see from conditions (4.29) that for each = = «; .z} (p = 1 to P,) there
are J + 20}, + 2 conditions which enables us to determine the coefficient vectors
by, +1.% and by, 45 independently from the other {biji} coefficients. To deter-
mine the remaining b;;;, we substitute (4.28) and (4.26) into (4.1) and make use
of the boundary conditions (4.2) to obtain,

i+l Tt i
Z bp]k/X N:f(p_l_l( Ydoe = ¢i—op i (p=0to Pyi=1,+3t0 [ ,41)

p=i—1 ri—1

(4.30)

wak 32-I—1 (wo) = 0 (4.31)
I-I—QPT-I—I d

) bijkd_Ni’i(iil—l(xl) = 0 (4.32)
i=I+2P,—1 X

(J=0to J+2Q,+1)

where I, = —3 and [, p4y = [ + 2P, + 1. If we now insert the by 4 ; and
br, 42,5, into the matrix arising from (4.30-4.32) as known values (that is set the
appropriate row of the coefficient matrix to that of the identity matrix) then we
have the set of tridiagonal systems,

TWb; =1\ (j=1toJ+2Q,+1,k=k, and m(r) =3,1 <r < R) (4.33)

given in Appendix B.6. Thus for each (j, k) we can solve for b, to obtain b,
(t=0tol+2P.+1,7=0to J4+2Q,+ 1,k =k, and m(r) =3,1 <r < R).

4.1.4 Transformation to a Common Basis

Combining (4.7), (4.8), (4.12), (4.23), (4.27), and (4.33) we have shown that
all the coefficients for Wy(xz,y) (kK = 0 to K) can be determined through the
solution of sets of tridiagonal systems. Finally we transform each Wj(x,y) to
the triple knot sets X @ Y so that each spline is compatible with the B-spline
representation given in (3.5). On simple knot representations we apply,

Wiz, y; X, Y) = [Q7(3,%,X) 0 Q"(3,y,Y)] Wi(z,y:x,y)
= bl = A3y, Y)biy (i=0tol+1) (4.34)
b = A°3,x,X)bl) (j=0toJ+20+1)  (4.35)

(k=0to K,k #Fk.,0<r <R)
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and on multiple knot planes we apply,
Wi(z,y; X,Y) = [Q°(3,X,,X)oQ¥3,Y,,Y)] Wi(z,y; X,,Y,)
= b} = A3,Y..Y)b,, (i=0tol+2P +1) (4.36)
b = A%(3,X,,X)bl) (j=0toJ+2Q+1) (4.37)
(k=Fk.,,r=1to R)

See Appendix A.1 system (A.1) for the coefficient operations. So now we have the
coefficient set {65]2,1} (1t=0to [+2P+1,5 =0to J+2Q+1) of the expansions,

I+2P+1 J42Q+1 - v
Wiz, y; X,Y) = > > b” Ny (2)Ng 5 (y) (B=0to K) (4.38)

=0 7=0

4.2 Tensor Product Construction of w(x,y,z)

We seek a spline representation satisfying w(x,y,zr) = Wi(z,y; X,Y) (k =
0 to K') and conditions (3.6-3.9), (3.10-3.13), (3.14-3.17) and (3.31-3.33). Sub-
stitution of expansion (3.5) into these conditions would yield a global set of
linear equations for the unknowns {a; ;1 }. However we would like to formulate
the equations so that the {a; s} can be determined through the solution of sets
of tridiagonal systems in a similar manner to that described for the determination
of the {b; ;x} in section 3.1.

We begin by taking a closer look at the connectivity conditions at the quadru-
ple knot interface planes given by (3.14-3.17). Using expansion (3.5) we can ob-
tain the following representations of Q—Qw(:z; y, z) at either side of the quadruple
knot z = zx, 11,

92 T+2P+1 J+2Q+1 < N
gw(xvyvzk_ﬁ—l) = Z Z Zkr+1 N3z+1( )N3]+1( )

K (27’)—|—1 d2
M o Z
am‘(Z) = Z az’jk—dzz N4,k+2(2)
k=K (2r)—1
9?2 I+2P+1 J+2Q+1

X Y
ﬁw(xvyvzljﬁ—l) = Z Z Zk +1 N3z+1( )N3]+1( )

K (27’)—|—4 d2

Z
al(z) = > aik PN4,I§+2(Z)
k=K (2r)+2 ~

So the right interface condition (3.15) requires that,

) o2 i 92
[R (37X7X) © Ry(37Y7Y)] {gw(xvyvzkr-l—l) - ﬁw(xvyvzljﬁ—l)} =0

= B7(3,%, X){AY (5f 1) - AL BBy, X)) = 0



27

where [AM(2)];; = aX(2) and [A%(2)];; = a7(z). Thus we must have,
al —a; =0 V(i j)elal (4.39)

where we have defined [ = {i € Zi € [0, [,]U{UI 2} 1,43, [,41]}U[Ip+3, [+2P+

1]} and J = {j € Z[j € [0, h]U{UZS [J, +3, Jps1]} U [Jo +3,J +2Q + 1]}. The
reason we have restricted the (7, j) range to I @ J becomes clear after examining
the coefficient operations given in Appendix A.l system (A.2); there are no
dependencies on the coefficients with indices ¢ = [, + 1,1, +2 and j = J, + 1,
g =4Jy+ 1. If we apply a similar procedure to the left interface z = 2, and
substitute the definitions of ai and a - into (4.39) then we obtain the conditions,

K(2r)+1 2 z K(2r)+4 d? z
Z aijkPNz;,kJrz(Zl;H) - Z aijkPN4,k+2(Zl;t+1) =0 (4.40)
k=K (2r)—1 ~ k=K (2r)+2 ~
K(2r—1)44 2 z K(2r—1)+1 d? z
Z aiykd 5 Vi, k+2(2kr—1) Z aifkd 5 Vi, k-|—2(Zk_r—1) =0 (4.41)
k=K (2r—1)+2 k=K (2r—1)—1

V(i,j5) e [@J)

(r=1to R)
Now re-write expansion (3.5) in the form,
I+2P+1 J+2Q+1 - v
w(:z;,y,z) = Z Z wl] NS z-l—l( )N3]+1( ) (442)
=0 7=0
K+6R+1 .
Wii(2) = Y @i Nigsa(?) (4.43)
k=—1

+
Conditions (3.14) and (3.16) require that [ w”(z)]Z“ =0 Vi,j(v=0to 1,r =

1 to 2R). However conditions (4.40-4.41) and the fact that » = zi (k=0to K,k #
k. + 1,1 <r < R) are simple knots enables us to write,

d’ :
ld—ﬁju(z)] =0 (v=0to2,k=0to K)
ZU

Thus the cubic splines w; ;(z) € S4(z) Y(i,j) € [ @ J.
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4.2.1 One Dimensional Connecting Splines w;;(z)

We showed in the previous section that the splines w;;(2; %) (i,5) € I @ J could
be equivalently represented using a simple knot spline space. Substituting ex-
pansions (4.42) and (4.38) into (3.18) and imposing the natural boundary con-
ditions (3.33) gives,

Wiy(z) = b (k=0to K) (4.44)
0* 0?

PP 2w21(20) = 92 QwZ](ZIX) =0 (445)

V(i,5)elaJ

To determine the w;;(z) splines we use the simple knot B-spline expansions,

K+1

wiJ(Z Z Z amkNélzk-I—Z( ) (446)
k=—1

If we substitute expansion (4.46) into (4.44) and (4.45) then we obtain the set of
tridiagonal systems (given in Appendix B.7),

T =+ v, j)elal (4.47)

i Qij

which we can solve for the vectors a (z 7) € [®J. To obtain the {a;1} (i,7) €

I @ J of expansion (4.43) and thus (3.5) we transform each w; j(z;z) spline to
the quadruple knot basis Z to get,

Wij(2) = Q°(4,2, L) (2 2)

= a; = A*(4,2,Z)al) (4.48)

Vii,j)eleJ

See Appendix A.3 system (A.5) for the coefficient operations. Thus we have

shown how to efficiently determine {a;;x} (i,7) € I@ J,(k=0to K +6R+1).

To calculate the remaining {a;;1} requires some more work.

4.2.2 Tangential Continuity in Simple Knot Regions

To determine the {a;1} (¢ = I, + 1, [,42,p = L to P,y = J, + 1,J,+2,q =
Lto Q. k= K(2r)+2to K(2r+1)+4 1,7 =0 to R) associated with the splines
w(x,y,z) (r =0 to R) we make use of the tangential derivative continuity condi-
tions (3.10 - 3.13). Substituting expansion (3.5) into conditions (3.10) and (3.12)
gives,

. NX - - NX +3) —
ar,+1,5,6 V3 Ip+2($ip) — 42,63 Ip+3($ip) =0
d d
X - X +) —
aIp"'l]kdx N Ip+2($ip) - afp-l—?Jkd N Ip+3($ip) =

d d _
alp-I—SJkd N§(Ip+4(xi—;) - afpjkd N§(Ip+1(xip) (4.49)
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(p=1ltoP,j=0toJ+2Q+1,k=K(2r)+2to K(2r+1)4+1,r=0to R)
Similarly conditions (3.11) and (3.13) yield,

Y _ Y
ai7jq+17kN37Jq+2(yjq) - ai,Jq-I—Z,kN?),Jq-l—S(y]-‘:) =0
d Y _ d Y
@isttih g NagalUi,) = ai,Jq+2yk@N3,Jq+3(y;‘;) =
d Y d Y —
ai7Jq+37k@N3,Jq+4(y;;) - aivquk@NB,Jq—l—l(yjq) (4-50)

(g=1toQ, Yice Lk=K(2r)+2to K(2r+1)+1,r=0to R)

System (4.49) is valid for (j = 0 to J+2Q+1) and system (4.50) is valid for i € I.
But to fully exploit the fact that the {a;;x} Y(i,j) € I@J (k=0to K+6R+1)

are already known, we do the following:
1 Solve system (4.49) for aj 41 and ap, 4255 (p=1to P, Vj€ J).
2 Solve system (4.50) for a; j 414 and a; j 426 (¢=1to Q, Vi € I).

3 Solve system (4.49) for aj 416 and a5 (p = Lto Pj = J, +
LJ,+2,g=11t0 Q).

(k=K@2r)+2to K2r+1)+1,r=0to R)

Provided we loop through the (p,j, k) and (q,7,k) in the order stated in steps
1,2 and 3 then the right hand side terms of systems (4.49) and (4.50) are always
known so we can determine all the remaining coefficients to fully construct the
w'(x,y, z) splines by solving sets of 2 x 2 systems.

4.2.3 Matching Conditions in Multiple Knot Regions

The remaining coefficients {a;x } (1 = [,41, [,42,p =1 to P,j = J,+1,J,+2,¢ =
LtoQ,k = K2r—1)+2to K(2r) + 1,r = 1 to R) to completely construct
the multiple knot splines w,(z,y,2) (r = 1 to R) are calculated by imposing
conditions (3.6-3.9), using the known {a;;1} values and making use of the surface
interpolants Wi(x,y; X,Y). Substituting expansion (3.5) into conditions (3.6-
3.9) with v = 0 yields systems identical to those stated in (4.49) and (4.50) but
this time we loop over the k& values corresponding to the outermost interface
planes within each triple knot region, that is (k = K(2r — 1)+ 2, K(2r) + 1,r =
1 to R). By substituting (3.5) into conditions (3.6-3.9) with v = 1 we obtain the
more complex systems,
ar 1 4 yz ()NE (27) — apqa 4 Nz (2)NX, o (zF) =

pt1.0.k sz k2 3, I, +2\ i, Ip+2.5.k sz Bkt2 3,I,+3\Yi,

d Z X d Z X -
Alp+2,5k+a @N4,k+a+2 (Z)N3,Ip+3($i—;) = Ol g kta @N4,k+a+2 (Z)N3,Ip+2 (wzp)
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d d d d
z _xN??,(Ip+3($it) =

A1 NZyis(z )deg,Cprrz(w;) = a2, Niga(2)
d _ d d
fln e N a(a) = an N o) | (o) +

Zp+3 d X
{ Z auk-l—a N3z+1( +)_

1= zp—|—2
ip+1
P d _ d
S ihro g Nl >} N sal?) (4.51)
(p=1toP,j=0toJ+2Q+1)
(k=K(2r—-1)4+3and a =—1 and z = Z,jr_l)
(k=K(2r)and a = +1 and z = 2 ;)
, Az NY - A \z NY ) =
i, Jg+1,k A= 4,k+2(2) 3,Jq+2(yjq) @i Jg+2.k dz 4,k+2(2) 37Jq+3(yjq) -
d d _
ai,Jq-I-Q,k-I—ozEka-l—a-l—Z(Z)Nng-l—S(y]—‘:) - ai,Jq+17k+aEkaJraJr?(Z)NngH(yh)
d d d d

i J 41k NZyis(z )d N 2 W) = i, s NZyis(z )d N alyl) =
d d d
{ai,Jq-I—B,k dy N:?[Jq+4(y]q) ai,Jq,k@N:i(Jq-l—l(yZ)} EkaJrz(Z) +

Jg+3 d v
Z azyk-l-a N3]+1(y;:1)_

J=Jg+2
Jg+1
a d N A

Z a; k-l—a 3]+1(yjq)} EN4,k+a+2(Z) (4-52)

] Jq
(g=1toQ, Vicl)
(k=K(2r—-1)4+3and a =—1 and z = Z,;"T_l)
(k=K(2r)and a = +1 and z = Zk_r+1)
required to obtain tangential continuity of w,,(:zj y,z) (v = 0tol) on the
interface planes z = z;/ | and z = Z,;"T_ . We can solve systems (4.49-4.52)

very efficiently in a similar manner to that used for the simple knot splines in
section 3.2.2. We do the following:

1 Solve system (4.49) for ap 41 and ap42;% (p = 1to P, Vj €

J, k=K2r—-1)+1and k= K(2r)+1)

2 Solve system (4.50) for a;j,11,6 and a; 42k (¢ = 1t0o Q, Vi €
I, k=K2r—1)4+1and k= K(2r)+1)
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3 Solve system (4.49) for aj 416 and a5 (p = Lto Pj = J, +
LJ,+2,g=1t0Q,k=K(2r—1)4+1and k = K(2r)+1)

4 Solve system (4.51) for aj 41 ;% and ap 4258 (p = 1to P, Vj €
J, k=K2r-1)43anda=—land z =z} _,k = K(2r) and o =
+1 and z = Zk_r_l_l)

5 Solve system (4.52) for a;j, 416 and a; 42k (¢ = 110 Q, Vi €
I, k=K2r—1)+3and o = —1 and z = Z,;"T_l,k = K(2r) and a =
+1 and z = Zk_r_l_l)

6 Solve system (4.51) for aj 41 and a5 (p = Lto Pg = J, +
1,J,42,g=1to Q. k= K(2r—1)43and o = —1 and z =z} _;,k =
K(2r)and a = +1 and z = 2 ;)

Steps (1-6) ensure that the indices (1, j, p, ¢, k) are looped through in such a way
that when each of the 2 x 2 systems given by (4.49-4.52) is encountered all the
coefficients in the right hand side terms have already been computed. Thus,
again the solution procedure is highly efficient.

Each multiple knot region consists of five (z,y) planes z = z; (k = K(2r —
1)+2 to K(2r)+1). We have now shown how to compute the coefficients {a;; }
(t=0tol+2P+1,7=0¢toJ+2Q+ 1) on the four planes k = K(2r — 1) +
2, K(2r—1)43, K(2r) and K(2r)+1 so it only remains to compute the coefficient
for the plane k = K(2r — 1) + 4 which is the interpolation plane z = zj, across
which the spline Wy (z,y;x,Y) is defined. With this in mind, we substitute
expansions (3.5) and (4.38) into condition (3.18) to obtain,

v/ 2 v/
ai,j,K(zr—l)+4N4,K(2r_1)+6(2kr) bg])k - ai,j,K(zr—l)+3N4,K(2r_1)+5(Zkr)
v/
ai,j,K(%)N4,K(2r)+2(2kr) (4.53)

=L+11,+2,p=1t P,j=0toJ+2Q+1)
J=J,+ 1L, J,+2,g=1t0Q, Viel)

All the coefficients on the right hand side of equation (4.53) have already been
computed so we can use (4.53) explicitly to determine the remaining {a; ;x} on

the plane k = K(2r — 1) + 4.

4.3 Reverse Transformations for a Non-Tensor Repre-
sentation

We have shown how to compute all the coefficients {a;jx} (¢: =0 to I[+2P+1,5 =
0toJ+2Q +1,k=0to K +6R+ 1) of the tensor product representation of
w(x,y,z) given by expansion (3.5). However this representation is inefficient
in terms of computational storage since we are using multiple knot B-spline
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expansions in regions where the representation is in fact continuous and thus
simple knot B-spline function could be equivalently used. We now state the
transformations required to obtain the non-tensor product representation given
by (3.2) and (3.3) from representation (3.5). In simple knot regions we apply,

Wiz, yix,y) = [Q°3.%,X) 0 QY3,y, Y)] ™" Wi(e,y; X,Y)
= ag}k) = Ay(i’),Y,y)aM (i:()to [_|_2P_|_1) (4‘54)
0 = ABX,x)aj) (j=0t0J+1) (4.55)

(k=K@2r)+2to K2r+1)+1,r=0to R)
and in multiple knot regions we apply,

Wiz, y;: X, Y,) = [Q%(3,X,,X)o Qy(i’),Yr,Y)]_l Wiz, y; X,Y)
= ag,lk) = AY3,Y,Y,)a,, (1=0tol+2P+1) (4.56)
ap = A(3,X,X.)al) (j=0toJ+2Q,+1)  (4.57)

(k=K@2r—-1)+2to K(2r)+ 1,r =1 to R)

See appendix A.l system (A.2) for the coefficient operations. Thus, we have
shown how to compute all the coefficients {a;;1} of expansions (3.2) and (3.3)
for the simple knot representations wl.(z,y,z) (r = 0 to R) and multiple knot
representations w,(x,y,z) (r = 1 to R).

5 An Efficient Evaluation Scheme

Each of the splines u(x,y,z), v(x,y,z) and w(x,y,z) can be represented as a
sum of simple and multiple knot tensor-product B-spline expansions. The ex-
pansions are defined in corresponding simple and multiple knot regions which
partition € into a set of rectilinear sub-divisions which are different for each ve-
locity spline. In (3.2) and (3.3) we stated these expansions for w(z,y,z) where
we denoted the simple knot splines by w!.(x,y, z) defined in the simple knot re-
gions . (r = 1 to R) and the multiple knot splines w,(x,y,z) defined in the
multiple knot regions Q, (r = 1 to R). Using the same notation, we will now
show how this property can be exploited to efficiently evaluate w(x,y, z) at any
point (2',y', 2") € Q.

In simple knot regions where (z',y/, 2') € {UR Q. } we find (+/,5) € {0,1,---, [}®
{0,1,---,J} such that 1 < 2 < 2y and yj—y < y < yp. In multiple knot
regions where (2/,y',2') € {UE Q,} we find (¢',5') € I, @ J, where I, = {i €
Zli € [LLaU{U Ly + 3, Lpia ]} U Ly + 3,0 + 2P + 1]} and J, = {j €

Zlj € (L) ULUS g + 3, Jrgra]} U [y + 3,0 + 2Q, + 1]} such that
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X1 <o/ < Xppand Y, oy <y’ <Y, . Using the minimal support property
of B-splines and writing ' = U Q) we can combine (3.2) and (3.3) to get,

K(2r4+1)4+1 443 j'+3 ~ . v z /
2 32 2 @ik NI () N3 1 (y) N (2) (2,y,2) € Q
. k=K (2r)+2 =i’ j=j'
w(z,y,z) = KQ@r41)4+14¢43 /43 X Y y/
; 2 2 aiJkNB,ir-l—l(x)N:a,f-l—l(y)N4,k+1(Z) (,y,2) € Q,
k=K (2r)+2 =1 j=5'

(5.1)
Now define the splines b; x(x) and ¢x(y, z) so that,
42
.Z, ai_lv]—lvk—QN?fi(x) (l’, Y, Z) ey
bik(r) =1 5 (5.2)

3 it orima NI (@) (2..2) € 0,

(J=Jj'toj +2,k=Fto k' +3)

iy
3 bkl )NT;(y) (w,y,2) € O
ey @) =\ 5 (5.3)

3 bin(@ )N (y) (2.y.2) € O,
J=J

(k= k' to k' +3)

So to compute w(a’,y’, z’) we begin by evaluating the quadratic x splines b; ;(x)
(j =j' toj + 2,k =K toi +3) at the point © = 2/. Then we evaluate the
quadratic y splines ¢x(y; ') (k = k' to k' + 3) at the point y = y'. Finally, we
find & € K where K = {k € Z|k € [1, K()] U {U*ES K (r) +4,K(r + )]} U
[K(2R) + 4, K + 6R]} such that Zy_; < z < Zjs. This enables us to write,

k'+3
Z
w(za'y') = 3 e,y )NG(=) (5-4)
k=k'
which we can evaluate in the z direction at the point z = 2’. Each of the

splines b; (), cx(y) and w(x) can be efficiently evaluated using a stable algorithm
attributable to Cox [6]. To evaluate a B-spline representation of the form s(z) =
> ¢ilNy i(@) the Cox algorithm requires 1(3m? —3m) operations (multiplications
and divisions). The standard approach of evaluating each non-zero basis function
separately, multiplying it by the appropriate coefficient and finally computing the
sum requires £(3m?* + 3m — 4) operations [15]. If we use the Cox algorithm to
evaluate the splines given in (5.2), (5.3) and (5.4) then a total of 162 operations
are required to compute w(z’,y’, z’') which is the same amount as for the simple
knot representation given in [9].
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6 Results and Conclusions

6.1 A Practical Problem

Figure (6) illustrates a simplified mixing tank used by Courtaulds in their fibre
production processes. The flux data {U;;r}, {Vijx} and {W;;r} was obtained on
the tensor-product mesh illustrated in figure (7) using the Phoenics fluid dy-
namics package. A plug flow boundary condition of 2.37 x 10™° was imposed
at the inlet. These computed values satisfy the divergence-free condition (1.1)
to a relative tolerance of 107*. Figure (8) shows the planes on which we have
introduced multiple knots to ensure that the normal flow iz zero on the correct
surfaces. On the inlet plane we have chosen to use triple knots to model the
normal boundary condition exactly, but on the other planes double knots were
sufficient. Figures (9a-f) show the spline representations of the normal compo-
nent of velocity across a selection of the multiple knot planes. We see in each
case that the flow is identically zero over all the required regions. In figures (10a-
f) we show the velocity representations generated using the simple knot spline
scheme described in [9] for the same planes. The flux data on which the multi-
ple and simple knot representations were based for these planes is illustrated in
figures (11a-f). We see from figure (9b) and (10b) that the spline representation
of the u component across the inlet plane is particularly poor using the simple
knot representation, but that the multiple knot representation has captured the
boundary condition exactly. Comparing figures (9a,c-f) and (10a,c-f) it is clear
that the introduction of double knots to force the flow to be zero across the in-
ternal surfaces y = 1.23,y = 3.65,2 = 10.27 and z = 10.87 has had a much less
dramatic effect on the representation across the regions over which the normal
flow should be non-zero. In these cases the overall shape of the data appears to
have been preserved satisfactorily by the multiple knot representation.

Figures (12a-h) show the w component as computed by the multiple knot
representation across 8 (y,z) planes equally spaced through the region = €
[3.329,4.11]. The (y,z) plane @ = 3.329 is significant in the sense that it
represents the left interface of the multiple knot region QY = {(z,y,2)|x €
[3.329,4.891],0 < y < y;,0 < z < zi } used to fix the boundary condition at 2 =
4.11 with the neighbouring simple knot region Q* = {z € [0.0412,3.329],0 <
y < ys,0 <z < zg}.o We see from figure (12) that the discontinuities intro-
duced by the triple knots at the lines y = 0.8 and z = 0.8 have been propagated
throughout QY = {(x,y, z)|x € [3.329,4.891],0 <y < y;,0 < z < zx} and only
disappear at the interface x = 3.329. This is the penalty we pay for introducing
triple knots. The left boundary @ = 3.329 of Q*) cannot be brought any closer
to the plane x = 4.11 since it is determined by the x- lines of the tensor-product
mesh illustrated in figure (7). The multiple knot regions constructed around
the planes y = 1.23,3.65 and z = 8.64,9.24,10.27,10.87 contain lines of double

knots and thus the representations of the v and w components in these regions



35

Mesh Size Number of Coefficients Elapsed Time(s)
u - spline | v - spline | w - spline
10 x 15 x 51 | 23965 19560 16392 1.593
20 x 29 x 98 | 111160 97680 86130 6.147

Table 1: Elapsed time required on the SGI Power Challenge to compute the coef-
ficients of the multiple knot spline representations for the u, v and w components

are continuous, but their tangential derivatives are discontinuous.

The connectivity conditions, stated in (3.14-3.17) for the w component, re-
quire the spline representations to be zeroth and first derivative continuous across
planes interfacing simple and multiple knot regions. Figures (13a-f) show the
spline representations of u(x,y, z), aa—xu and %u at either side of the interface
plane z = 3.329. We see that u and %u are both identical at x = 3.3297, 3.329*
but that %u(3.329_,y,2) and %u(3.329+,y,2) differ. This is due to it only
being possible to obtain a second derivative continuity condition on the pro-
jection of u(z,y,3.329%) into a simple knot spline space. On the simple knot
side of the interface the derivatives aaguu(3.329_,y,z) (v =0 to 2) are all con-
tinuous in the y and z directions, which is a condition that we must have to
ensure that u(z,y, z) remains continuous in y and z throughout Q*|. Conversely,

it is equally important that %u(3.329+,y,2) be discontinuous across the lines

y = 0.8,z = 0.8. The discontinuities in %u(3.329+, y, z) generate discontinuities
)

in Su(x,y,2) v € (3.3297,4.891], which in turn generate the discontinuities in
u(x,y,z) x € (3.329%,4.891] (which we see at sampled x values in figures (12a-h))
necessary to obtain the boundary condition at x = 4.11.

Table (1) shows the total amount of computing time required to calculate the
coefficients for the proposed multiple knot spline velocity representation. The
figures show the total elapsed time in seconds required by one processor of the
SGI Power Challenge machine, which has a peak performance of 300Mflops. The
calculations were performed for the tank illustrated in figure (6), but we have
used two tensor product mesh discretisations: medium (10 x 15 x 51) and large
(20 x 29 x 98). The medium sized mesh, illustrated in figure (7) is the one on
which figures (9-13) were based. Clearly for this particular machine the method is
extremely fast, requiring only 6.147s to determine all 294970 coefficients required

for the tensor spline representations of u, v and w on the large mesh.

6.2 Conclusion

We have constructed a multiple knot spline representation which interpolates a
given a set of face-centered fluid fluxes Uy, Vijx and W, exactly in accordance
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with conditions (1.2-1.4) and enables the velocity components to be set identi-
cally to zero across sets of rectangular regions lying on planes normal to that
components direction by relaxing certain continuity conditions connecting the
piecewise polynomials. Because the spline representations u(x,y, z), v(x,y, z)
and w(x,y, z) are constructed independently, the local arrangement of obstacles
or apertures across these special planes can be of almost any complexity and
there is no risk of, for example, conditions imposed on w interfering with the w
and v splines as there was in the case of [9] where the components were coupled
together by local correcting functions.

Although the resulting spline representation as given for the w component
in (3.2) and (3.3) is not strictly speaking a tensor-product, by making use of an
equivalent tensor representation we have developed an efficient scheme for the
determination of the B-spline coefficients by making use of B-spline basis trans-
formations. We showed in section 4 that because each velocity spline always
coincides with a tensor-spline representation we can fully exploit the compu-
tational benefits associated with tensor-splines in the evaluation phases. This
is particularly important for particle tracking applications where accurate inte-
gration to strict error tolerances may require the velocity representation to be
evaluated at multiple points within each mesh cell [7, §].

A drawback with the proposed spline method is that, unlike the simple knot
approach described in [9], the final velocity representation is no longer divergence-
free in a pointwise sense, that is u, + v, + 2z, # 0 V(z,y,z) € Q. If we do not
use any multiple knots then the resulting representation reduces identically to
that generated by using [9] and thus in this case the representation is divergence-
free. For a flow situation such as the one considered in section 5.1 for the tank
illustrated in figure (6) we find that the divergence is only non-zero in the re-
gions around which multiple knots have been introduced, and for this case the
regions are relatively small. To determine these regions, however, we must con-
sider the multiple knot regions relative to each velocity component, that is
(r = 1to R") for the u component Q! (r = 1 to R") for the v component and
QY (r =1 to RY) for the w component. Thus, when we consider the divergence
spline u, + v, + 2z, we are not just interested in the multiple knot lines but more
importantly we would like to know what is happening in the regions where 2}, )7
and ) overlap and at the interfaces between these regions. Such considerations
could form the basis for the construction of a set of local correction functions
which would force the divergence to be zero in problematic regions while also re-
taining any zero conditions imposed on either u, v or w and the flux interpolation
conditions (1.2-1.4).
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Figure 6: Simplified tank geometry: a) Plan View; b) Side View
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Figure 8: Multiple knot planes: a) Triple knots to correct u component at inlet;
b) Double knots to correct u component at outlet; ¢) Double knots to correct v
component on surface of second baffle; d) Double knots to correct v component
on surface of first baffle; e) Double knots to correct w component on front and
back surfaces of first baffle; f) Double knots to correct w component on front and
back surfaces of second baffle.



39

205
\ ’,/

18
18.3775
18.755
4.41 19.1325
4.88 19.51 z

TN
NN
N
AN

W
RN
0.2029 NS
S
R

S

W
,u:“‘ ‘\\\ S
S

RN
SRR
RNk

0.0555
R

—0.0919

e

T

—0.2393 \\\
Y

i
R

MRS
\\\§\§\\\\\%\\\‘\‘

0.4925
0.3694
0.2462

0.1231

Figure 9: Velocity representation across planes containing surfaces/apertures:
a) u(0,y,2); b) u(4.11,y,2); ¢) v(x,1.23,2); d) v(x,3.65,2); €) w(x,y,10.27); f)
w(x,y,10.87).



40

0.8212 ‘
-0.8668 N@%“““&\\“;”if””ll i
Ll
-2.5549 \\\\\\\\\\\\\\\\\\ ) l'l’””[ll’lll
U
—4.2429 \}\é\\\\\ 7 »”{(Ml
~5.9309 M 18
3 \&/ 18.3775

18.755
19.1325
4.88 19.51 =z

R
T
\\‘\\\\\\\\\\\\&\\\‘

w
TR
0.1822 %WM‘? \
(RN TR X
;';zzzizi‘:tiit\i‘x‘%%ii‘x““““ ‘ s
-0. PR
0.007 R \\\\\\\k\\\k‘\\\\\\k\\\\\\ \\\\
-0.1961 \\\\\\\\\ \\\%\\\ ‘
-0.3853 \\\\\\ \\ X
I
—o.57ﬁ S 4.11

o

0.3119{ /4 \ \\\\\\\ \\\\\

\\\\\\\\
- \\\“\\\\é\\\\\\\\\m\\\\\\\

0.0449

—0.0887
(0]

eSS
el i
sl
—o.673s{ S
i
NN
e iy
-1.742 RN Utz
SO
NS
NNty
-2.8103 ‘%&WM&%%%#
-3.8785 1
' 0.75 0-75
2 os 0.5
0.25 0.25
y o0 z
(b)
aﬁ::iii‘{““ R \\\\“
0.2059 M@Q\\‘\\N
X R .
0.0614{ VR S
\\&“\gggﬁ‘:‘l‘ S ““\\\“\\“\\Wl"l
it
~0.0831 - \\\““\\\\\““\?\\\““\‘\\\‘\‘“\‘3“3‘:""
‘\\“\‘\k\\\‘ \\\\\\%\ RO
-0.2275 Al \
-0.372 o
8.4 1.0275

0.4926 ,""\\\\\\.\ |
0.3569 d ‘ \\§
-y

—
—
——
——

0.2213

0.0857

—0.0499
(0]

Figure 10: Simple knot velocity representation across planes containing sur-
faces/apertures: a) u(0,y,z); b) w(4.11,y,2); ¢) v(x,1.23,2); d) v(z,3.65,2); )

w(x,y,10.27); f) w(x,y, 10.87).



\\

&




42

x=3.329000

—-0.9379
'77?121, RN
—0.7588 g AN

s —-0.5796

XX
L XRR
CUXR

—0.4005

0‘0" N

“ R

-0.2214

x=3.552000

—1.2457

= ’,;,
£ 7
Z AR
-0.983 4,::7 7 ,‘ N
”' "h, , ,,,, lo, oo \“\
1111 lllll
5 -0.7203 an%” 7

o M

—0.1949
0

I

I

x=3.775000

—-1.6581

—1.2765

)

x=3.998000

s —-0.8949
—0.5133

—-0.1317
0

-2.1261
—1.6062
> —1.0863
—0.5664

—0.0465
0

Figure 12: Velocity representations of u(x,y, z) at: a)
c) x =3.552; d) & = 3.664; e) v = 3.775; f) « = 3.887; g)

R
N
NN

IIIIIIIIIIIII]”I"\ \\\\\\\\\\\\\\\\\\\\\\\

—

s -1.185

x=3.441000

e ” 17777777;;';;"?':;\\\\\\&\\\{\\\\\\\ N

x=4.110000

-2.37

-1.7775

—0.5925

oo

3.329; b)
x=3.998; h) x = 4.11.

3.441;

D
NN
Nkttt

NN

TR

NN




x=3.328999

—0.9379
Z
7 N
TR0
W\
—0.7587 7] W
S TR0 \\ .
777NN XY
Yo I R
T TR
I RN
LI e d o TR
—0.a005] A R NN
. 0ttt ONIN IS NN
7 u,‘a,#,o.b‘\\&‘%“:‘g“ 5 N
R RRRRLLLLXE \
4 “‘:s,:“ _

—0.2214
o

x=3.328999

R
eosa SR
LR

—1.4157
—1.0276

i
i
-0.6395 I%'”
Wit
gt
4””",‘;}’%‘/”%
o4 lz

—0.2513

W
N RIS
QRIS
R

iy
SRR

i

0.1368
(0]

=
QRRRS>
S

x=3.328999

RIS
RIS
SEEBEEBEIIZN
EEEEEEEERLIIIIIR
I
(RRREEIRKS
S BERRRREL

—4.0671

—2.3487

—0.6303

1.0881

RRIRSES

O’c’o’o‘o‘t"z”.ﬁz":é'

e
1S

LIRS 3
R SRR
ittt
2.8065 it

ogtte
I, l',,’:,
ittt

43

x=3.329001

—0.9379
LRI
—0.7587 i W
1T ) %
R
([ /f/////[l I[' e ik
N ORI R
I it NN
i teeto A A O
—0.4005. M OSSN
. 7 1%1::Z;:'{'fo‘o‘&&&.’.‘.‘&&““\s‘\\\“§\ DR
O RS
BRI
—0.221101 LRRRRILLR o
0.25
0.25
y 11 z
x=3.329001
SN
RN
e RN
B RIS
SRR
—1.0276 ““““‘x““\‘\
(X
—0.6395 N
ORI
0 N
—0.2513 ) X \‘\ WY
ll N, Y
o :“
LRI
®0.25 S 0,25
) RLLBILRIS 0.5
0.5 .
y 11 z
x=3.329001
Q
o
X
KRR
et
-8.8732 el
el
R
“‘\?‘%‘W“‘&%‘x‘x‘“ﬁ%""‘i’#'ZZ"”””:” i
—5.5066 A
e
—2.14 R i
RS
4.5932 1
* 0.75
0.75 .

Figure 13: Velocity representations of u component at either side of the quadru-
ple knot interface plane @ = 3.329 : a) u(3.3297,y,z2); b) u(23.329+,y,2); c)
aa—xu(3.329_,y,z); d) aa—xu(3.329+,y,z); e) %u(3.329_,y,2); f) %u(3.329+,y,2).

2]



44

AppendixA B-Spline Basis Transformations

A1l Q(3,X,Xy): Xy are X, are triple knot sets with the
same distinct entries x.

Let X; and X3 be non-decreasing sequences of real numbers such that x C X; C
Xyand x5, = X1, = X1 41 = Xip 42 (p=1to P1) and 2y, , = Xy g, =
Xo, 41 = X1, 42 (p = 1 to P,) for some integer sets {41}, {i2}, {/1} and {I,},
the other elements of X; and X, being distinct. Now define the integer sets {s,}
and {5,} to be such that Xy, = Xo5, = Xy 5,41 = X542 (p =1 to P, — P).

Then given a spline s(z; X;) on X; with coefficients {a; ;} /X2 F! relative to the

basis {N:i(il} the equivalent representation on Xy, s(x; Xy) relative to {N:i(f} has

coefficients {a,,;}/2372 given by,
az; = ai; (1=0tos —1)
Uy sp42(p—1) = O1spr2(p—1) T @1,5,dp11  (p=1to Py — Py)

= G1,5,dp12+ a1 s41dp21 (p=1to P, — Py)
a2,5p+2(p—1)+2 a1,5,0p 13+ a1 5p41dp22 (p=1to P, — Pp)
Agspr2(p-1)43 = Qi sr1dpas (p=1to P — Pp)
2; = ariaper) (= spm1+2ptos, +2p—3,p=2to P — )
ri = ariappy (0= spop T 2(Pa— P)+2to [ +2P, +1)
(A1)

a275P+2(p_1)+1

The inverse transformation from {N:i(f} to {N:i(il} is implemented using,

ar; = ar; (1=0to s —1)

_12spt2(p=l) _ _ _ B
{ (dpyl,l+dp—l,2,3) When Sp Sp—l =1 (p =2 to P2 Pl)

a = il
1,5p “”T% when s, —s,.1>1 (p=1to Ph,— P)
Pyl
a _
a1,spt1 = D20 t2p= 143 hen Sp— Sp_y > 1 (p=1to P, —P)

dp,2,3
a1 = dgiyap-1y (=51 +2t0os, —1,p=2to P,— P)

a1 = agirap-py  (1=sp-p +2to [ +2P +1)
(A2)

The coefficients d,, 1, and d,2; (1 =1 to 3,p =1 to P, — P;) are given by the dis-
crete B-splines which are computed using (2.15). Setting as3.(j) = a5,x, x,(J)
then,

dpoj = 0zi2(ly+7+1)

(J=1to3,p=1to P, — P)
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A.2 )(3,X,Xy): X, is a double knot set and X, is a triple
knot set.

Let X and X, be non-decreasing sequences of real numbers such that X; C X,
and Xy, = X141 = Xog, = Xo,11 = Xop,42 (p = 1 to P) for some integer
sets {i,} and {[,}, the other entries of X; and X, being distinct. Then given
a spline s(z; X;) on X; with coefficients {a; ;} I relative to the basis {N:i(il}
the equivalent representation on Xy, s(x;Xy) relative to {N:i(f} has coefficients
{az, 1237 given by,

az; = ay; (1=0%o 1)
A2,iptp = lipr1dpi (p=1to P)
@2iptp+1 = al,z’p+1dp,2 (p=1to P)

az; = Qri—py1 ((=ip1+p+ltoi,+p—1,p=2to P)

)

tg; = A145-P (Z:ZP—I-P—I-QtO[—I-QP—I-l)

(A.3)
The inverse transformation from {N:i(f} to {N:i(il} is implemented using,
al,i = a272' (Z = 0 to Zl)
i
al,ip-l—l = % (p:ltOP)
p,1

ar; = 2i4p-1 (1=1p_1+2t04,p=2to P)

a1, = aA244P (Z:ZP—I-QtO[—I-P—I-l)
(A4)

The coefficients d,,; (1 =1 to 2,p = 1 to P) are given by the appropriate discrete
B-splines which are computed using (2.15). Setting as,(7) = 3, x, x,(7) then,

dpj = 0‘37ip+2([p +J7+1)

(j=1to2,p=1to P)

A3 Q4. X, =x%x,Xy=X): x is a simple knot set and X is a
quadruple knot set whoose distict entries are equal to x.

Let x and X be non-decreasing sequences of real numbers such that x C X and
zi, =X, = X411 = Xp42 = X143 (p =1 to P) for some integer sets {i,} and
{I,}, the other entries of X being distinct. Then given a spline s(x;x) on x with
coefficients {b;}/3!, relative to the basis {NZX;} the equivalent representation on

X, s(x; X) relative to {Ni(i} has coefficients {a;}/ 22+ given by,

a;, = bZ (i:—1t0i1—2)
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Qipg3(p—1)=1 = Qip43(p—1)—1 + Oip—1dp11 (p=1to P)
Uipps(p—1) = bip—1dp12+bi,dpsy (p=1to P)

Qipg3(p—1)41 = bi,—1dp13+0i,dyo0 +biy1dy3 (p=1to P)

Aipgap—1)42 = bip—1dp1a+0i,dpos~+bip1dy3 (p=1to P)

p—1)43 = bidpoa+b;41d, 33 (p=1to P)

Qipp3(p-1)41 = bipidpsa  (p=1to P)
a; = bizp-1y (t=1ip-1+3p—1toi,+3p—5,p=2to P)
a; = bi_sp (i=1ip+3P+2tol+3P+1)

(A.5)
The inverse transformation from {Ni(i} to { N} is implemented using,
bi = 4y (i:—1t0i1—2)
Gipta(p=1) - o _
T W when z.p—z.p_l—Z (p=2to P)
r % when i, —i,.1>2 (p=1to P)
i13(p—1) — bip—1d
by, = “etde=D T Peo1Ol2, ) g, p)
dp,2,1
biy1 = C%—l_;(ﬁwhen ip—ip1>2 (p=1toP)
p,2,4
bi = aipsp-1) (1=1ip-1 +2t0i, —2,p=2to P)
bi = ;43P (Z:ZP—I-QtO[—I-l)
(A.6)

The coefficients d, 1, dpa, dps; (1 = 1to4,p =1 to P) are given by the ap-
propriate discrete B-splines which are computed using (2.15). Setting oy ,(j) =
a4,i,X,X(j) then,

dp2j = 0‘47ip+2([p +J7+1)
dpsj = 0‘47ip+3([p +7+2)

(j=1tod,p=1to P)
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AppendixB Tridiagonal Systems

1 " |
> Ci,q,k/ Ny (y)dy =W (1 =1%o J) (B.1)
g=5-1 Yyt

Zcuk 3]+1(y0) = 0 (B.2)
J-I—l d

Z CZJk 3]+1(yJ) = 0 (B.3)
1=J-1

(izlto[,k:OtOK,k#kr,OgrﬁR)

Combining (B.1), (B.2) and (B.3) gives (J+2) equations in the (.J+2) unknowns
{¢ijr} (j =0to J+1) for each fixed (¢, k).

2 2
B.2 T\/bj, =)

bl

glbmk/ 3p-|—1 z)dy =cijp (1=1to I) (B.4)
p=i
2 d
;bi,j,k%Ng,m(wo) =0 (B.5)
I+1 d
2:2121 bi,j,k%N&iH(l'I) =0 (B.6)

(j=0toJ+1,k=0to K,k #k.,0<r <R)

Combining (B.4), (B.5) and (B.6) gives (I +2) equations in the (I 42) unknowns
{¢ijr} (1 =0to [ +1) for each fixed (7, k).

Vi - ] . o
Ei,q,k/f/ N;{;H(y)dy = Wik (J = Jrg+2to Jp 41,9 =0to Qr’) (B-7)
d ..y, _
erqkd Ngjrq+1(yjrq)+chq+lk

d v d
r + Y.
@N&L,qm(yjr,q)] €j, a2k dy N3 I g+3

CLjqu_l_LkN37jryq+2(yjryq) =0 when B,,(:I;Z»_%,yjryq) =0 (B.8)

d v B
%N&jﬁqa—z (yjr,q )=

(yjrq) =0 when B,(z,_ %,yjryq) =1
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(q=1to Q)
2
d v
Ciip— NI = 0 B.9
;C7J7kdy 3,]—|—1(y0) ( )
N G dNY = 0 B.10
Z c%]kdy 3]—|—1( ) - ( : )

(t=1to I,k=k and m(r)=2,1 <r <R)
Combining (B.7), (B.8),(B.9) and (B.10) gives (J + Q. + 2) equations in the
(J 4+ @, + 2) unknowns {¢& ;x} ( =0to J+ Q.+ 1) for each (i, k).

B.4 T(k,)c] rﬂ

bl

Z [;p’j’k/)z él Ng(p-l'l( )dx = ci—p,j,k (Z — [Nr,p —I_ 2 tO [Nr7p-|—17p - 0 tO PT’)
p:i 1 rie—1
(B.11)
. d % B . d  x B
bjryp J k dl‘ N37jrvp+1(xir’p) —I_ ITP+1 J k % 3,jr,p+2(xirp)
d Xr + 7 d Xr _
_ %N&}WH(IL’Z’W) - b~r,p+2,j,k%N3jW+3( er) =0 when B, (% ,,Y;)=0
[;I}p-l—l,j,k =0 when B,,(:I;inp,ffj) =1 (B.12)
(p=1to P,)
wak stiﬂ(xo) = 0 (B.13)
I-|—PT-|—1 R d %,
> bwkd N (er) = 0 (B.14)
i=I1+Pr—1

(J=0toJ+2Q,+1,k=Fk and m(r)=2,1 <r <R)

Combining (B.11), (B.12),(B.13) and (B.14) gives (I + P, + 2) equations in the
(I + P, +2) unknowns {b;;x} (: =0to [ + P, 4+ 1) for each (7, k).
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j+1
Z Czqk/ 3q_|_1 dy:m]‘k (j:J,,7q—|—3t0 Jr7q+17q:0t0 Qr)
g=j—1
(B.15)
civJT7q+1kagfr,q+2(yj:7q) = /x Ir x y]rq dx (B16)
cier,q-I-?ka??,{fr,qﬁ—S(y;q) = / Ir 51/' y]rq dx (B.l?)
(¢g=1toQ,)
Zcuk NYr(yo) = 0 (B.18)
J+2Q 41 d v
> Ci,j,kd—Ng,ﬁl(yJ) =0 (B.19)
j=Jd4+2Q,—1 Y

(t=1to I,k=k, and m(r)=3,1 <r <R)

Combining (B.15), (B.16),(B.17),(B.18) and (B.19) gives (J+2Q, 4 2) equations
in the (J 4+ 2Q, + 2) unknowns {¢; ;x} (7 =0 to J +2Q, + 1) for each (i, k).

6
B.6 T\)bj.=r

J+1 i Yy .
> bzqk/ N (y)dy =/ frlz,y)dy (5= J 43 t0 Jrgy1,¢=0t0 Q,)

q= ] 1 YJ—l Yr,]—l
(B.20)
Y, - _
biJr,q+17kN3,JT,q+2(yjryq) = fr(l’,yjryq) (B.21)
Y,
biygr2kNa g oyl ) = fola,yd ) (B.22)
(g=1to Q)
Zbuk 3]+1( o) = 0 (B.23)
J+2Q,+1 4y
> biv]vkd_NS,jr-l—l(yJ) = 0 (B.24)
j=J+2Q,—1 Y

(t=L,+1,1,+2,p=1%to P.,k=k and m(r) =3,1 <r <R)
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Combining (B.20), (B.21),(B.22),(B.23) and (B.24) gives (J+2Q, 4 2) equations
in the (J 4+ 2Q, + 2) unknowns {b; ;x} (7 =0 to J +2Q, + 1) for each (i, k).

i+l Tt .
> bpyk/ NS (@)de = cigpin (i =Ly +3 10 Liypyr,p=10to P,

p=i—1 ri—1

(B.25)
2 b d NX B.2
; ik siri(o) = 0 (B.26)
I+2P-+1 d
> bi,j,k%stgll(m) = 0 (B.27)
i=14+2P,—1

(J=0toJ+2Q,+1,k=Fk and m(r) =3,1 <r <R)

Combining (B.25), (B.26) and (B.27) and inserting the values {bs, 41}, {01, 42,54 }
obtained from the solution of (B.20-B.24) into Tj(ﬁ? and r;; as known values gives
(I4+2P,+2) equations in the (I +2P, +2) unknowns {b; j 1} (1 =0 to [+2P,+1)
for each (j, k).

7
B.7 T\)bj, = r)

bl

k+1
AN a(20) =B (k=0 to K) (B.28)
r=k—1
d?
Zawkd 7 Niksa(20) = 0 (B.29)
k=0
K+1 d2
Z awkd 2N4 k+2(ZIX) =0 (B.30)
k=K-1
(i) el®J

Combining (B.28), (B.29) and (B.30) gives (K + 3) equations in the (K + 3)
unknowns {a;;r} (k= —1to K + 1) for each (i,7) € j@ J.
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