PRIMES IN ARITHMETIC PROGRESSIONS TO LARGE
MODULI II: WELL-FACTORABLE ESTIMATES

JAMES MAYNARD

ABSTRACT. We establish new mean value theorems for primes of size z in arith-
metic progressions to moduli as large as z3/5~¢ when summed with suitably
well-factorable weights. This extends well-known work of Bombieri, Fried-
lander and Iwaniec, who handled moduli of size at most z4/7=¢. This has
consequences for the level of distribution for sieve weights coming from the

linear sieve.

1. INTRODUCTION

The Bombieri-Vinogradov Theorem [T}, [I§] states that for every A > 0 and B =
B(A) sufficiently large in terms of A we have

(1.1) Z sup ‘ﬂ'(x;q,a) -

g<a1/2/(logx)B (VD=1

m(x) x
o(q)| < (log )™

where 7(z) is the number of primes less than x, and 7 (x;¢q,a) is the number of
primes less than x congruent to a (mod ¢). This implies that primes of size x are
roughly equidistributed in residue classes to moduli of size up to #'/2=¢, on average
over the moduli. For many applications in analytic number theory (particularly
sieve methods) this estimate is very important, and serves as an adequate substitute
for the Generalized Riemann Hypothesis (which would imply a similar statement
for each individual arithmetic progression).

We believe that one should be able to improve (1.1 to allow for larger moduli, but
unfortunately we do not know how to establish (|1.1)) with the summation extended
to ¢ < x'/?%% for any fixed § > 0. The Elliott-Halberstam Conjecture [7] is the
strongest statement of this type, and asserts that for any ¢, A > 0
m(x)
(1.2) sup |m(x;q,a) — 7’ Le A ——-
qgl:e (a:0)=1 $g) ! " (log )4
Quantitatively stronger variants of (1.1)) such as (|1.2]) would naturally give quanti-
tatively stronger estimates of various quantities in analytic number theory relying

on (L.I).

In many applications, particularly those coming from sieve methods, one does not

quite need to have the full strength of an estimate of the type (L.1). It is often

sufficient to measure the difference between w(z;q¢,a) and 7(z)/¢(q) only for a

fixed bounded integer a (such as a = 1 or @ = 2) rather than taking the worst

residue class in each arithmetic progression. Moreover, it is also often sufficient

to measure the difference between 7 (z;q,a) and 7(x)/¢(q) with ‘well-factorable’
1
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weights (which naturally appear in sieve problems) rather than absolute values.
With these technical weakenings we can produce estimates analogous to (|1.1)) which
involve moduli larger than z'/2. Formally, we define ‘well-factorable’ weights as
follows.

Definition 1 (Well factorable). Let @ € R. We say a sequence A\, is well fac-
torable of level Q if, for any choice of factorization Q = Q1Q2 with Q1,Q2 > 1,
there exist two sequences vqi)ﬁg) such that:

(1) W1 1) < 1 for all g1, g
(2) W) is supported on 1 < q < Q; fori € {1,2}.

(3) We have
M= D0 e
4=91492
The following celebrated result of Bombieri-Friedlander-Iwaniec [2, Theorem 10]
then gives a bound allowing for moduli as large as 2*/7~¢ in this setting.

Theorem A (Bombieri, Friedlander, Iwaniec). Let a € Z and A,e > 0. Let A\, be
a sequence which is well-factorable of level Q < x*/7—¢.

] 7(x) x
,;2 /\q (W(x,q,a) - %) La,A,e W-
(g,a)=1

Then we have

In this paper we consider weights satisfying a slightly stronger condition of being
‘triply well factorable’. For these weights we can improve on the range of moduli.

Definition 2 (Triply well factorable). Let @ € R. We say a sequence A\, is triply
well factorable of level Q if, for any choice of factorization Q = Q1Q2Q3 with

Q1,Q2,Q3 > 1, there exist three sequences vg),wéf),wég) such that:

(1) | 621 ) T < 1 for all 1, g2, gs.
(2) 'y(gl) is supported on 1 < q < Q; fori e {1,2,3}.

(3) We have
} : 1 (2)43
)‘q = %51)%52)’7153)'

9=4q19293

With this definition, we are able to state our main result.

Theorem 1.1. Let a € Z and A,e > 0. Let Ay be triply well factorable of level
Q< 23/5=¢. Then we have

q%;;) Ag (W(x;q,a) — Z;EZ))) Ka,Ae _r

(a,9)=1

The main point of this theorem is the quantitative improvement over Theorem [Al
allowing us to handle moduli as large as 23/5~¢ (instead of z*7~¢). Theorem 1.1
has the disadvantage that it has a stronger requirement that the weights be triply
well factorable rather than merely well-factorable, but we expect that Theorem
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(or the ideas underlying it) will enable us to obtain quantitative improvements to
several problems in analytic number theory where the best estimates currently rely
on Theorem [Al

It appears that handling moduli of size 23/~ is the limit of the current method. In

particular, there appears to be no further benefit of imposing stronger constraints
on the coefficients such as being ‘quadruply well factorable’.

As mentioned above, the main applications of such results come when using sieves.
Standard sieve weights are not well-factorable (and so not triply well factorable),
but Iwaniec [I5] showed that a slight variant of the upper bound j-sieve weights of
level D (which produces essentially identical results to the standard 8-sieve weights)
is a linear combination of sequences which are well-factorable of level D provided
B > 1. In particular, Theorem [A] applies to the factorable variant of the upper
bound sieve weights for the linear (8 = 1) sieve, for example.

The factorable variant of the S-sieve weights of level D are a linear combination
of triply well factorable sequences of level D provided g > 2, and so Theorem
automatically applies to these weights. Unfortunately it is the linear (8 = 1) sieve
weights which are most important for many applications, and these are not triply
well factorable of level D (despite essentially being well-factorable). Despite this,
the linear sieve weights have good factorization properties, and turns out that linear
sieve weights of level 27/12 are very close to being triply well factorable of level z:3/5.
In particular, we have the following result.

Theorem 1.2. Leta € Z and A,e > 0. Let )\; be the well-factorable upper bound
sieve weights for the linear sieve of level D < x7/12—¢,

>N (W(I;q,a) - M) Lot

A ¢(q) (log z)#”

Then we have

This enables us to get good savings for the error term weighted by the linear sieve
for larger moduli than was previously known. In particular, Theorem [I.2] extends
the range of moduli we are able to handle from the from the Bombieri-Friedlander-
Iwaniec result [2], Theorem 10] handling moduli of size x*/7=¢ to dealing with moduli
of size x7/127¢,

It is likely Theorem directly improves several results based on sieves. It doesn’t
directly improve upon estimates such as the upper bound for the number of twin
primes, but we expect the underlying methods to give a suitable improvement for
several such applications when combined with technique such as Chen’s switching
principle or Harman'’s sieve (see [13, 4, 8, [9, 19]). We intend to address this and
related results in future work. Moreover, we expect that there are other upper
bound sieves closely related to the linear sieve which are much closer to triply well
factorable, and so we expect technical variants of Theorem adapted to these
sieve weights to give additional improvements.

Remark. Fouvry and Tenenbaum [11] and Drappeau [6] proved equidistribution
for smooth numbers in arithmetic progressions to moduli z3/°=¢. The advantage
of flexible factorizations of smooth numbers allows one to use the most efficient
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estimates on convolutions (but one has to overcome additional difficulties in sec-
ondary main terms). Since our work essentially reduces to the original estimates of
Bombieri—Friedlander—Iwaniec in these cases, it provides no benefit in this setting,
but partially explains why we have the same limitiation of x3/5~¢.

2. PROOF OUTLINE

The proof of Theorem is a generalization of the method used to prove The-
orem [A] and essentially includes the proof of Theorem [A] as a special case. As
with previous approaches, we use a combinatorial decomposition for the primes
(Heath-Brown’s identity) to reduce the problem to estimating bilinear quantities in
arithmetic progressions. By Fourier expansion and several intermediate manipula-
tions this reduces to estimating certain multidimensional exponential sums, which
are ultimately bounded using the work of Deshouillers-Iwaniec [5] coming from the
spectral theory of automorphic forms via the Kuznetsov trace formula.

To obtain an improvement over the previous works we exploit the additional flexi-
bility of factorizations of the moduli to benefit from the fact that now the weights
can be factored into three pieces rather than two. This gives us enough room to
balance the sums appearing from diagonal and off-diagonal terms perfectly in a
wide range.

More specifically, let us recall the main ideas behind Theorem [A] A combinatorial
decomposition leaves us to estimate for various ranges of N, M, Q, R

_ Lomgn=1
qNZQWQ]T;{)\ mgjwﬁmygv ( nm=a (mod qr) ¢(qT) ),

for essentially arbitrary 1-bounded sequences 74, Ar, Bm, . Applying Cauchy-
Schwarz in the m, ¢ variables and then Fourier expanding the m-summation and
using Bezout’s identity reduces this to bounding something like

_ P ahmaqry (nl - nz)
E E i,y Olny E Ary Ay e o )
q~Q ni,na~N r1,r2~R h~H 172
ni1=nz (mod q)

where H ~ NQR?/x. Writing n; — ny = ¢f and switching the g-summation to an
f-summation, then applying Cauchy-Schwarz in the ni,ns, f, ro variables leaves us

to bound
2
Z Z Z ’ Z Yry Z (ahiv;;nz)‘ .

f~N/Q niy,na~N ro~R ri~R
ni=nz (mod f)

Bombieri-Friedlander-Iwaniec then drop the congruence condition on ny,n9, com-
bine n1, 7y into a new variable ¢ and then estimate the resulting exponential sums
via the bounds of Deshouillers-Iwaniec. This involves applying the Kuznetsov trace
formula for the congruence subgroup I'g(r;7}). This is a large level (of size R?),
which means that the resulting bounds deteriorate rapidly with R. We make use
of the fact that if the moduli factorize suitably, then we can reduce this level at the
cost of worsening the diagonal terms slightly.
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In particular, if the above A, coefficients were of the form k¢ x v, then instead we
could apply the final Cauchy-Schwarz in f, ny, no, 7o and s;, leaving us instead to
bound

Z Z Z Z ‘ Z v, Z (ah{i;t;nz)r.

f~N/Q mnimna~N  ra~Rsi~S t1~T h~H
ni=nz (mod f)

(Here ST =~ R). Here we have increased the diagonal contribution by a factor S,
but now the level of the relevant congruence subgroup has dropped from R? to T?2.
By dropping the congruence condition, combining ¢ = nire and d = nys;, we can
then apply the Deshouillers-Iwaniec estimates in a more efficient manner, giving
an additional saving over the previous approach in all the important regimes. This
ultimately allows us to handle moduli as large as 2%/°~¢ in Theorem On its
own this approach doesn’t quite cover all relevant ranges for IV, but combining it
with known estimates for the divisor function in arithmetic progressions (based on
the Weil bound) allows us to cover the remaining ranges.

We view the main interest of Theorem and Theorem as their applicability
to sieve problems. It is therefore unfortunate that Theorem doesn’t apply
directly to the (well-factorable variant of the) linear sieve weights. To overcome
this limitation, it is therefore necessary for us to exploit the fact that our main
technical result on convolutions (Proposition actually gives a stronger estimate
than what is captured by Theorem[I.1] Moreover, it is necessary to study the precise
construction of the linear sieve weights to show that they enjoy good factorization
properties. Indeed, we recall the support set for the upper bound linear sieve
weights of level D is

DH(D) = {pl"'pr CPLZ P2 > >y, P P2Da g < D for 0< <T'/2}.

If p1---p,- is close to D, we must have the most of the p;’s are very small, and so
the Welghts are supported on very well factorable numbers. It is only really the
largest few prime factors p; which obstruct finding factors in given ranges, and so
by explicitly handling them we can exploit this structure much more fully.

Proposition [0.1]is a technical combinatorial proposition showing that the the linear
sieve weights enjoy rather stronger factorization properties that simply what is
captured through being well-factorable. Although these are not sufficient for triple
well-factorability, they are sufficient for our more technical conditions coming from
Proposition 8.2} This ultimately leads to Theorem
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4. NOTATION

We will use the Vinogradov < and >> asymptotic notation, and the big oh O(-)
and o(-) asymptotic notation. f < g will denote the conditions f <« g and g < f
both hold. Dependence on a parameter will be denoted by a subscript. We will
view a (the residue class (mod ¢)) as a fixed positive integer throughout the paper,
and any constants implied by asymptotic notation will be allowed to depend on a
from this point onwards. Similarly, throughout the paper, we will let € be a single
fixed small real number; ¢ = 10719 would probably suffice. Any bounds in our
asymptotic notation will also be allowed to depend on e.

The letter p will always be reserved to denote a prime number. We use ¢ to
denote the Euler totient function, e(z) := e?™™ the complex exponential, 74 (n) the
k-fold divisor function, u(n) the Mobius function. We let P~ (n), P*(n) denote
the smallest and largest prime factors of n respectively, and fdenote the Fourier
transform of f over R - ie. f(§) = JZ5 f(t)e(—&t)dt. We use 1 to denote the
indicator function of a statement. For example,

1 _J1, ifn=a (mod q),
n=a (mod g) = 0, otherwise.

For (n,q) = 1, we will use 7 to denote the inverse of the integer n modulo ¢; the
modulus will be clear from the context. For example, we may write e(am/q) - here
7 is interpreted as the integer m € {0,...,q — 1} such that mn = 1 (mod q).
Occasionally we will also use A to denote complex conjugation; the distinction of
the usage should be clear from the context. For a complex sequence o, ... n,, |la|2
will denote the 2 norm |lall = (35, .. |y |2) Y2

Summations are assumed to be over all positive integers unless noted otherwise.
We use the notation n ~ N to denote the conditions N < n < 2N.

We will let zp := a1/(ogloe®)® ang gy := 21/198198% {wo parameters depending on
x, which we will think of as a large quantity. We will let ¥p : R — R denote a
fixed smooth function supported on [1/2,5/2] which is identically equal to 1 on the
interval [1,2] and satisfies the derivative bounds Hwéj)Hoo < (47412 for all j > 0.
(See [3} Page 368, Corollary] for the construction of such a function.)

We will repeatedly make use of the following condition.

Definition 3 (Siegel-Walfisz condition). We say that a complex sequence «, sat-
isfies the Siegel- Walfisz condition if for every d > 1, ¢ > 1 and (a,q) = el and
every A > 1 we have

1 N7(d)°W
4.1 ‘ Oy — —— Ap| €4 ———2.
(1) 2 @ (log N)A
n=a (mod q) (n,dg)=1
(n,d)=1

We note that o, satisfies the Siegel-Walfisz condition if «,, = 1 or if a,, = p(n).
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5. PROOF OF THEOREM [L.1]

In this section we establish Theorem assuming two propositions, namely Propo-
sition [5.1] and Proposition [5.2] given below.

Proposition 5.1 (Well-factorable Type II estimate). Let A, be triply well factorable
of level Q < 23/5710¢ let NM =< = with

¢ < N < x2/5.
Let cu,, B be complex sequences such that ||, |Bn] < 7(n)B0 and o, satisfies the

Siegel-Walfisz condition (4.1)) and is supported on P~(n) > zy. Then we have that
for every choice of A >0 and every interval T C [z, 2x]

1 nm,q)=1 T
Z Ag Z Qp Z Bm(lnmEa (mod ¢) : qq) ) S4B W'

<@ n~N m~ M ¢( )
mnéeZl

Proposition [5.1]is our key new ingredient behind the proof, and will be established
in Section [8

Proposition 5.2 (Divisor function in arithmetic progressions). Let Ny, Ny > x3€
and N1 NoM =< x and
2/3—3€
Q< ()

M

Let T C [x,2x] be an interval, and let oy, a complex sequence with oy, | < 7(m)Po.
Then we have that for every A >0

1 mninz,q)=
Z‘ Z Z Z (679 <1mn1n25a (mod q)_wﬂ SAEs ﬁ'

q~Q  mni~Ny nz~Nz m~M
Pi(nl)EZQ P~ (TLz)ZZO mnaneI

Moreover, the same result holds when the summand is multiplied by logn; .

Proposition is essentially a known result (due to independent unpublished work
of Selberg and Hooley, but following quickly from the Weil bound for Kloosterman
sums), but for concreteness we give a proof in Section

Finally, we require a suitable combinatorial decomposition of the primes.
Lemma 5.3 (Heath-Brown identity). Let k > 1 and n < 2z. Then we have

k
A =37 (5) S tm) g og.

j=1 n=ni--njmi--m;
1/k
mi,...,m; <2x /

Proof. See [14]. O

Lemma 5.4 (Consequence of the fundamental lemma of the sieve). Let q,t,z > 2
satisfy qz¢ <t and let (b,q) = 1. Recall zo = x/(1°8 1082)°  Then we have

1 t
>otmgm X 1+ 0a( i)

n<t n<t
n=b (mod q) P~ (n)>zo
P~ (n)>20
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Proof. This is an immediate consequence of the fundamental lemma of sieve meth-
ods - see, for example, [I2] Theorem 6.12]. O

Proof of Theorem assuming Proposition and[5.3 By partial summation (not-
ing that prime powers contribute negligibly and retaining the conditon P~ (n) > zp),
it suffices to show that for all ¢ € [z, 2z]

L(n,g)=1 ”3
I M L e AN )

q<x3/5—¢ r<n<t
P~ (n)>20
We now apply Lemmawith k = 3 to expand A(n) into various subsums, and put
each variable into one of O(log® ) dyadic intervals. Thus it suffices to show that for
all choices of Nl,N27N3,M1,M2,M3 with M1M2M3N1N2N3 = x and Mi < .731/3
we have

1in,g)=1
>N S plmu(ma)a(mg)og ) (Tuma mod o~ — 5
q<w3/575 mi,mz,m3,n1,Nn2,N3 q
- ni~N; Vi
z<n<t
P7(n;),P™(m;)>z0 Vi
4 (log 2)A+6

where we have written n = nynsngmimsms in the expression above for convenience.

By grouping all but one variable together, Proposition [5.1] gives this if any of
the N; or M; lie in the interval [me,mz/ °], and so we may assume all are either
smaller than x¢ or larger than 22/3. Since M,; < 23 < x2/5, we may assume that
My, My, M3 < z¢. There can be at most two of the N;’s which are larger than z2/°
since MlMQMgNlNQNg =x.

If only one of the N;’s are greater than #2/® then they must be of size > z'~%¢ > z¢¢,
and so the result is trivial by summing over this variable first and using Lemma

oy

If two of the N,’s are larger than 22/5 and all the other variables are less than z€,
then the result follows immediately from Proposition[5.2} This gives the result. O

To complete the proof of Theorem [I.1] we are left to establish Propositions [5.1] and
which we will ultimately do in Sections [§] and [7] respectively.

6. PREPARATORY LEMMAS

Lemma 6.1 (Divisor function bounds). Let |b| < © —y and y > qz. Then we
have
Z 7(n)r(n - b)° < %(T(q) log )P ™),

z—y<n<lzx
n=a (mod q)

Proof. This follows from Shiu’s Theorem [I7], and is given in [16, Lemma 8.7]. O
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Lemma 6.2 (Separation of variables from inequalities). Let Q1Q2 < zl=€. Let
Ni,...,Ny > z satisfy Ny --- N, < x. Let ap,,. n, be a complex sequence with
|y, | < (7(n1) - 7(n,))B0 and Ay, 4, a 1-bounded complex sequence. Then, for
any choice of A > 0 there is a constant C = C(A, By,r) and intervals I, ..., I,
with ; C [P}, 2P;] of length < Pj(logz)~C such that

‘ Z Z Agr a2 Z* AN (/31 "'n7-§CI1q2)‘

T PR
X
<<CW+(1ogx)rc’ o> M Y G Al naig2)]
1~Q1  g2~Q2 Ny, Ny
(q192,a)=1 n,€Z;Vi
where
Lin,g)=1

A(TL, q) =1p=, (mod ¢q) — ¢(q)

Here >°° means that the summation is restricted to O(1) inequalities of the form
nit---nd < B for some constants a1, ..., and some quantity B. The implied
constant may depend on all such exponents «;, but none of the quantities B.

Proof. This is [16, Lemma 8.11] (with a slight change of notation). O

Lemma 6.3 (Poisson Summation). Let C' > 0 and f : R — R be a smooth function
which is supported on [—10,10] and satisfies || fY9) || <; (logz)I€ for all j > 0,
and let M,q < x. Then we have

S () =Y+ S T (D) 1 0,
m=a (mod q) 1 i<inen 4 a

for any choice of H > qx¢/M.

Proof. This follows from [I6, Lemma 13.4]. |

Lemma 6.4 (Summation with coprimality constraint). Let C' >0 and f : R — R
be a smooth function which is supported on [—10,10] and satisfies ||| <
(log 2)3¢ for all j > 0. Then we have

> (2 = 70 220+ 0 (g) o)),

(m,q)=1 4

Proof. This is [16, Lemma 13.6]. O

Lemma 6.5. Let C,B > 0 be constants and let o, be a sequence satisfing the
Siegel-Walfisz condition , supported onn < 2z with P~ (n) > zo = g1/ (loglogz)°
and satisfying |c,| < 7(n)P. Then 1 (n)<(logz)c On also satisfies the Siegel-Walfisz
condition.

Proof. This is [16l Lemma 13.7]. O
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Lemma 6.6 (Most moduli have small square-full part). Let vy, c, be compler se-
quences satisfying ||, [co] < 7(B)B0 and recall zp := x1/(°81082)° Lot sq(n) denote
the square-full part of n. (i.e. sq(n) = Hp:pglnp”P(")). Then for every A > 0 we
have that

Lv,g)= T
Cq b (11) a (mod ¢q) — <<A,B0 A
2 2 b ) <4 Toga
5q(q)>zo

Proof. This is [16, Lemma 13.9]. O

Lemma 6.7 (Most moduli have small zp-smooth part). Let Q < x'7¢. Let v, ¢,
be compler sequences with |vy|,|cs] < T(n)Be and recall zy = g1/ (loglogz)” g g
yo = x'/181°8% Lot sm(n;z2) denote the z-smooth part of n. (i.e. sm(n;z) =
Hp<z p”P(")), Then for every A > 0 we have that

Lib.g)=1 x
Z Cq Z’Yb (lea (mod ¢) — T) <A,By (logT)A'

= = ?(q)
sm(q;20)>yo

Proof. This is [16l, Lemma 13.10]. |

Proposition 6.8 (Reduction to exponential sums). Let Qu, By Vq.dys Ag,d,r D€ COM-
plex sequences with ||, |Bn| < 7(n)B0 and |v,.4| < 7(gd)Bo and |Ag.a.r| < T(qdr)Bo.
Let oy, and Mg 4, be supported on integers with P~ (n) > zo and P~ (r) > zp, and
let «u,, satisfy the Siegel-Walfisz condition (4.1)). Let

1 mn,qr -
Z Z Z )\q,dr'yq,d Z ﬁm Z ( mn=a (mod grd) — %)

~Q m~ M n~N
(da) l(q’ )= 1(ra) 1

Let A > 0 and C = C(A, By) be sufficiently large in terms of A, By, and let N, M
satisfy

N > QD(logz)¢, M > (logz)¢

Then we have

17| < a5, n MDl/QQl/Q(logm)OBO(l) (|éal|1/2 + |é32|1/2)7

_r
(log z)4
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where

L q A ,d,m)\ ,d,r2 R
= Q) adra)adry i
a=3 Y X w(g) 2, and

d~D T17’I‘2NR nl,n2~N

(g;0)=1(d,a)=1 (ryry,a)=1 (n1,qdr1)=1
(n2,qdrz)=1
~ rhM ahny
% Z wo( dr )e( drl)’
1< Rl < Hy qary qary

Agdri Ag,d,rs _
& = zq: %(%) Z Z q7L(i]7dT1?€2d Z Qpy Qg

d~D ’I”l,’I“QNR n17n2~N
(g,0)=1 (d,a)=1 (r1,arz)=1 n1=n2 (mod qd)
(r2,aqdr1)=1 (n1,n2qdri)=1

(n2,n1qdrs)=1
n1—n2|>N/(log z)¢

~ hM ahniry  ahnaqdry
x Z %(qdrlrg)e( qdrq + 9 )’

1<|h|<H>
H, = Q]\ZR log® z,
Hy = Q%RQ log® z.
Proof. This is [16, Proposition 14.4] with £ = 1. a

Lemma 6.9 (Simplification of exponential sum). Let N, M, Q, R < x with NM = x
and

QR < x2/3,
(6.2) QR? < Mz'~2.

Let Ay, and o, be complex sequences supported on P~ (n), P~ (r) > zo with |Aqr| <
~(qr)P and || < 7(n)P0. Let H = % log” & and let

g::(z) w(g) X el Y aum
q,a)=1

qrirs

1,72~ R ni,na~N
(r1,arz2)=1 n1=nz (mod q)
(r2,aq)=1 (n1,m2qr1)=1

(n2,n1qr2)=1
|n1—na|>N/(log )€

y Z @0 hM)e(ahm_i_ahW)-

T T T
1< h<H qrira qr 2

Then we have (uniformly in C')

N2
& <p, exp((loglogz)®)  sup [+ ——,
H'<H Qx

Q'<2Q

Ry1,R2<2R
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where
£ — Agri Agoro e e(ahngqu (nq — ng))
- : : 2 : § : ny Gng E )
T nir
Q<q<Q@’ R<m<h, 1172 ni,na~N 1<|h|<H' 12
(¢,a)=1 R<r2<R» n1=ns (mod q)
(ri,arz)=1 (n1,qring)=1
(r2,aq)=1 (n2,qramni)=1

(nire,n2)EN
In1—n2|>N/(log z)

and N is a set with the property that if (a,b) € N and (a’,V') € N then we have
ged(a,b') = ged(d’,b) = 1.

Proof. This is given by [16, Lemma 14.5]. O

Lemma 6.10 (Second exponential sum estimate). Let

(6.3) DRN®/? < g1=2¢
QDR < z'72.

Let o, Aa,r be complex sequences with |Ag.r|, |an| < 2°0). Let Hy :== NQDR(logz)®/x
and let

P X 2 3 Qg 2, o 2 ) Ga)

q d~D ri,ro~R ny,ne~N 1<|h|<H:
(¢,0)=1(d,a)=1 (ryry,a)=1 (n1,qdr1)=1
(n2,qdrz)=1
Then we have
- 2
B <K .
QDuzxe
Proof. This follows from the same argument used to prove [16, Lemma 18.3]. O

Lemma 6.11 (Reduction to smoothed sums). Let N > x¢ and z < zg and let ay,,
cq be 1-bounded complex sequences.

Imagine that for every choice of N',D,A,C > 0 with N'D < N and D < yq, and
every smooth function f supported on [1/2,5/2] satisfying fU) <; (logx)7, and
for every 1-bounded complex sequence By we have the estimate

n' 1(mn/d.q):1 T
m N 1mn’ =a (mo - 7) T NAC
> 2 an 3 a3 (5) (Lnwaza s o = =H50) <
q~Q mn~ M d~D n

Then for any B > 0 and every interval Z C [N,2N] we have

1(mn, )=1 T
Z Cq Z QAm Z <1mnza (mod ¢q) — T;)) <B W

q~Q mn~M nel
P~ (n)>z

Proof. This is [16l Lemma 19.2]. O
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Lemma 6.12 (Deshouillers-Iwaniec estimate). Let b, s be a 1-bounded sequence
and R,S,N,D,C < z°M . Let g(c,d) = go(c/C,d/D) where go is a smooth func-
tion supported on [1/2,5/2] x [1/2,5/2]. Then we have

DI DD SIS SUD SEPIEON L PP 0 35 9b SEE K

r~R s~S n~N d~D c~C r~Rs~S n~N
(r,s)=1 (rd,sc)=1
where

J?=CS(RS+ N)(C+ DR) + C?>DS+/(RS + N)R+ D’NR.
Proof. This is [5, Theorem 12] (correcting a minor typo in the last term of #2). O

7. DOUBLE DIVISOR FUNCTION ESTIMATES

In this section we establish Proposition[5.2] which is a quick consequence of the Weil
bound and the fundamental lemma of sieves. Although well-known, we give a full
argument for completeness (it might also help the reader motivate [16, Section 19]
on the triple divisor function). These estimates are not a bottleneck for our results,
and in fact several much stronger results could be used here (see, for example [10]).

Lemma 7.1 (Smoothed divisor function estimate). Let Ny, No, M,Q > 1 satisfy
$2€ S N1 S NQ, NlNgM =z and
p2/3—2e
< —.
- M2/3
Let 11 and 1o be smooth functions supported on [1/2,5/2] satisfying 1/19), éj) <
(log )’ and let o, be a 1-bounded complex sequence. Let

7= o | 5 am 320 ()52 (Lo o = 500 )|

(a q) 1 n1,na

Then we have
xlfe

H Lo 0

(It is unimportant for this paper that Lemmaholds pointwise for ¢ and uniformly
over all (a,q) = 1, but the proof is no harder.)

Proof. Let the supremum occur at a and q. We have that & = |J# — J#1|, where

@ mzN:M Qm, an% 1/’1(%)%(%)7

(m,q)=1 (nina,q)=1
N2 ni
= > e 3 on(y) X aly)
m~ M (n2,q9)= ni
(m,q)=1 ni=amnz (mod q)

By Lemma since N7 < N, we have

2 ~ ~
> ¢1(%)¢2(%) = ¢E;]2) N1 Nath (0)2(0) + O(Naz®™D).

(mning,q)=1
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This implies that
lero(l)

v )

%:%MTJrO(

where

ot = N1N2$1(0)$2(0)% Z Fm-
me~M
(m,q)=1

By Lemma we have that for Hy := 2°Q/N;

S n(R) =0 S R(MR)(HE) 0

m T 1gjhmizm e
ni=amnz (mod q)

The final term makes a negligible contribution to #. By Lemmal6.4] the first term
contributes to J% a total

MO 5 o S () =i (T,
G G 2

Finally, by another application of Lemma we have

= w(f)e(E) = TR0 T ()

(n2,9)=1 (b,9)=1
N. ~ /haN. himb + hab _
+=2 > ¢2< 2 2) > 6(7(1 B 2 >+O(x 10y,
1< ol <Hs T 7 o=t 1

The inner sum in the first term is a Ramanujan sum and so of size O((hq,q)). The
inner sum in the second term is a Kloosterman sum, and so of size O(q'/?*°() (hy, ha, q)).
The final term contributes a negligible amount. Thus we see that these terms con-
tribute a total

o1
NlNQZ > (hl,q)+xQ5§NQZ ST (hhaq)

m~M 1<|hy |[<H) me~M 1<|hy |[<H)
1<|h2|<H2

2®ON, NoMH, 2°UN,NoMH, H,
QQ + Q3/2

plto() W 1o
< + 2V M .
o, <
Putting this together, we obtain
1+0(1)
H < + 2°M QY2
This gives the result provided
(7.1) %€ < Ny,
x2/3—26
(7.2) Q< VP

This gives the result. [
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Proof of Proposition[5.4 First we note that by Lemma [6.1] and the trivial bound,
those m with |a,,| > (logz)® contribute a total < z(logz)?5(N=C  This is
negligible if C' = C(A, By) is large enough so, by dividing through by (log )¢ and
considering A + C' in place of A, it suffices to show the result when |a,,| < 1.

We apply Lemma to remove the condition mnine € Z. Thus it suffices to show
for every B > 0 and every choice of interval Zp; C [M,2M], Z; C [Ny,2N;] and
Ty C [N3,2N5] that we have

L(mning,q)=1 v
SIS T Y an(lunme s~ 50 <

~Q  mi€y n2€ly mEIn
P~ (n)>z9 P~ (n)>z0

We now remove the absolute values by inserting 1-bounded coefficients c,. By two
applications of Lemma with z = zg, then see that it is sufficient to show that
for every A,C > 0, every choice of smooth functions f1, fo supported on [1/2,5/2]

with fi(j ) < (log x)%7 and for every 1-bounded sequence 34, 4, and for every choice
of Dl,DQ,N{,Né with Dl,DQ S Yo and N{Dl = N17 NéDQ = N2 we have that

Zcq Z 5d17d2 Z fl(.:zfll{)ﬁ(;é)

g~Q  di~D; nf,nf
da~Da
l(mn’ nbdid =
1d2,q)=1 x
X E Qm, <1mn/1n’2d1d25a (mod q) — W) <40 (log2)A”
meLlny I ©

Grouping together m, dy, da, we see that Lemma [7.I] now gives the result, recalling
that Dy, Dy < yo = 2°) so N| = Nyjz=°M) > 22¢ and Nj = Noz—°() > 22¢ and
Q < $2/3_3€/M2/3 < $2/3_2€/(D1D2M)2/3.

An identical argument works if the summand is multiplied by logn, since this just
slightly adjusts the smooth functions appearing. O

8. WELL-FACTORABLE ESTIMATES

In this section we establish Proposition 5.1} which is the key result behind Theorem
This can be viewed as a refinement of [2, Theorem 1]. Indeed, Proposition
essentially includes [2, Theorem 1] as the special case R = 1. The key advantage
in our setup is to make use of the additional flexibility afforded by having a third
factor available when manipulating the exponential sums. The argument does not
have a specific regime when it is weakest; the critical case for Theorem is the
whole range z'/1* < N < z'/3. (The terms with N < z'/10 or N > z'/3 can be
handled by a combination of the result for N € [#'/19 /3] and Proposition )

Lemma 8.1 (Well-factorable exponential sum estimate). Let Q' < 2Q, H' <
r*WQR2S%/M, NM < z and

(8.1) NZR%S < 2'77¢,

(8.2) N2R354Q < 2710

(8.3) NR2S5Q < 2%716¢,
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Let vy, As, a, be 1-bounded complex coefficients, and let

V= > > 3 VriAsi VraAsy 3 D e

T17r981S
Q<g<LQ T2~V R s1,82~8 17251529 ni,n2~N
(g,a)=1 (r181,ar282)=1 n1=n2 (mod qd)
(resz,aqdrisi)=1 (n1,n2qdris1)=1
r1s1<Bi (n2,m1qdrasz)=1
ras2< By (n1rasz,n2)eEN

[n1—n3|>N/(log x)°

X

Z . ah(nq —ng)ngrlsldq>
1<|h|<H' nras
for some (d,a) = 1 where N is a set with the property that if (a,b) € N and
(a',b") € N then ged(a,b’) = ged(a’,b) = 1.
Then we have
N2
Que’

W <L

Proof. We first make a change of variables. Since we have n; = ns (mod ¢d), we
let fdg = ny — ng for some integer |f| < 2N/dQ < 2N/Q, and we wish to replace
q with (n; — n2)/df. We see that

(n1 —ng)dg = f (mod nyrass).
Thus the exponential simplifies to
e(ahfm)
nires2

The conditions (n1,n2) = 1 and ny = ny (mod dg) automatically imply (n1ns2,dq) =
1, and so we find

! T1 Tz)‘SQdf
723 S 3 Y Indnted

T1re9S2(N1 — N
1<|fI<2N/Q 7Ti,r2~R s2~S n1ma~N 17252(n1 2)
(r1r2,a)=1 (r282,adr1)=1n1=ny (mod df)
ro2s2< B2

Asy ahfrising
X E E Oy O e ——— ).
S niras
s1~S Yigin<a 122
(s1,aniras2)=1
7’131§Bl

Here we have used Z/ to denote that fact that we have suppressed the conditions
(n1,norisy) =1, (n2,nirese) = 1, (niresa,ng) € N,
In1 — no| > N/(logx)°, ((n1 —n2)/df,aras2) = 1, Qdf <ny —ny < Q'df.
We first remove the dependency between r; and s; from the constraint r1s; < B;
by noting

1/2

1 6<B, = ( Z e(—j@))e(sﬁ)d&

—1/2%<By /m

1/2
= / Cry 0 min(%,wrl)e(sl&)dﬁ

—1/2
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for some 1-bounded coefficients ¢, . Thus

1/2
W = / mm — \9| 1)%(9)(19 < (logz) sup | #2(6)|,
1/2 0

where #5 = #5(0) is given by

Wo= Y 3 3 3 Vs Cr1 07 sy Uf

r17252(N1 — N2)

1<|fI€2N/Q 7T1,m2~R 52~ ni,nao~N
rir2,a)=1 (r2s2,adri)=1n;=ns (mod df)
ras2<Bo
e(s10) s, ah fT1s1m3
X Z - Z amanze(i).
S1 n17289

SlNS
(s1,an1r2s2)=1

In order to show # < N?/(Qz¢) we see it is sufficient to show #2 < N?/(Qz*).

We now apply Cauchy-Schwarz in the f, ni, no, r1, ro and s variables. This gives

NRS'?(log x)?
QR2S5?

1<|h|<H’

Wo < :2,

where

Z2D YD YD >

1<|fI<2N/Q  maine~N  rire~R
n1=n2 (mod df)

ahfrising \ |2
DI DY > Mo )]
niras
538 s1~S  1<|h|<H’ 17222
(nori,mires2)=1 (s1,aniras2)=1
and where g
/
Ay = gASe(SH)

are 1-bounded coefficients. Note that we have dropped many of the constraints on
the summation for an upper bound. In order to show that %5 < N2/(Qz*¢) we
see it is sufficient to show that #3 < N?R%S3/x5¢. We first drop the congruence
condition on nq,ne (mod df) for an upper bound, and then we combine nar; into
a single variable b and nirase into a single variable c. Using the divisor bound to
control the number of representations of ¢ and b, and inserting a smooth majorant,
this gives
Wy <2°V sup 4,
B<NR

C<NRS
FKN/Q

where

= Zg(b,c)z‘ D IRY (ahfbs1)‘

b o f~F si~S 1<|h|<H'
(b,c)=1 (s1,ac)=1

000,0) = vo( 2o ().

In order to show #3 < N2R?S3 /x5 it is sufficient to show that
N2R253

6e

(8.4) Wy <K
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We expand the square and swap the order of summation, giving

= Y Y NLEY Y aboe(a),

s1,52~S  1<|h1]|,|h2|<H’ b ~F c
(5115272a):1 [l fhal< ! (e,bs1s2)=1

where
{= h182 — hQSl.
We now split the sum according to whether £ = 0 or not.
Wy = Wi=o + Wio.
To show ({8.4)) it is sufficient to show

N2R253 2R233
(8.5) Wi € —5—  and Wipo < ——

€ €T 6e

We first consider #;—q, and so terms with h1ss = hosy. Given hq, sy there are at

most 2°1) choices of ha, s1, and so at most z°DHS choices of h1, ho, s1, Sa.
we see that

R25? N
Wiy < w?VHSBFC < 2°V =2 Q ¢ . NR. . was
NiRASH
—i

This gives an acceptably small contribution for (8.5)) provided
NAR4S4 N2R2S3
<

xl—e xﬁe

)
which rearranges to

(8.6) N2R2S < ' 77

Thus

We now consider #;.0. We let y = af(hiss — hasi) < 2°WNR2S3/M and » =
5159 < S2%. Putting these variables in dyadic intervals and using the symmetry

between y and —y, we see that

Wito <<logxz szy‘z Z (yZb>

z~Z y~Y (e, zb

)

where Z < S2 Y < 2°MWNR2S% /M and

2 > Dt

$1,82~S 1< |hy|,|ha|<H' f~F
S182=2
af(hlsz—hgsl)=y
By Lemma we have that
1/2
(8.7) Wigo < (DD 82,) " 7,

z~Z y~Y

where

(8.8) IP<O(Z+Y)C+BZ)+C*B\(Z+Y)Z+ B*Y Z.
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We first consider the b, , terms. We note that given a choice of z,y there are 2:°(*)
choices of si,s9,k, f with 2z = s1s5 and y = akf by the divisor bound. Thus by
Cauchy-Schwarz, we see that

DI IPH DI ID DD D)

z~Z y~Y z~Z y~Y  s1,52~S f~F 1<|h|,|he | < H
S182=% kf:y h1sa—has1=k

<0 Y YY( % 1)2

s1,82~8 f~F ko 1< b |he|[<H
hlsthzslzk

< z°WF Z Z 1

81,825 1<|ha|,|h] |, |h2|,|hs | < H
(h1—h})sa=(ha—hj)s1

2

We consider the inner sum. If (hy — hf)s2 = 0 = (ha — hb)s; we must have
hy = hy, hy = hl, so there are O(H?S?) choices hi,h, ha, hY, s1,s2. If instead
(hy — R} )52 = (hg — h%)s1 # 0 there are O(HS) choices of t = (hy — h})s2 # 0.
Given a choice of ¢, there are z°(!) choices of s1, 59, hq — Ry, hy — hy. Thus there
are O(H3S) choices hy, hy, ha, hY, s1, 89 with (hy — h})sa = (hg — hb)s; # 0. Thus

oy vk, <o ) X (m2s? + m%s)

z~Zy~yY

R456Q NRGS7Q2
T I el
In particular, since we are assuming that N?2R2S < z'=¢ < MN and N > Q, we
have

<<CC<

M > R’SN > R*SQ.
Thus this simplifies to give
(NRSSQ
(8.9) Yoy v, < g
z~Z y~Y

We now consider _#. Since the bound is increasing and polynomial in
C,B,Z,Y, the maximal value is at most 2°() times the value when C = NRS,
Z = 8%Y = NR?S?/M and B = NR, and so it suffices to consider this case.
We note that our bound M > R2SN from then implies that Z > Y, and so,
noting that BZ > C and C?BZ > B?Y Z, this simplifies our bound for ¢ to

I? < 2°W(CBZ* + C?BZ + B*Y Z)
< 2(CBZ* + C*BZ)

(8.10) = 2°N2R%S% + 2°N3R38*.
Putting together (8.7)), and ([8.10)), we obtain

NR*S6Q\1/2 1/2
%#0 < ¢ (.TETQ) ($6N2R255 + x€N3R354>

N3R6511 N4R7510 1/2
< 26( Q + Q)

M? M?2
Thus we obtain (8.5)) if
N3R6511Q + N4R7510Q < x716eN4R456M2'
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recalling NM =< x, we see that this occurs if we have

(8.11) NR?*S°Q < 2%~ 10¢,
(8.12) N2R384Q < 2%710¢,
This gives the result. [

Proposition 8.2 (Well-factorable estimate for convolutions). Let NM < z and

Q17 Q27 Q3 satisfy
N
Ql < e
X

N2Q2Q3 < a'™*,

2 413 2—15
N-Q:1Q5Q3 <=z ‘
NQ1Q3Q5 < 27

Let ay,, B be 1-bounded complex sequences such that o, satisfies the Siegel-Walfisz
condition (4.1) and «, is supported on n with all prime factors bigger than zy =

gt/ (oglog@)™ " 1oy V1> Ng s Vgs D€ 1-bounded complex coefficients supported on (g;,a) =
1 forie{1,2,3}. Let

Ynm,q)=
= Z e%7) Z ﬁm (1nmEa (mod ¢q) — %)

n~N m~ M

Then for every A > 0 we have

Z Z Z Va1 AgaVas A (q1G2q3) €4 ——— (o ga:)

q1~Q1 q2~Q2 q3~Q3

Pmof First we factor ga = ¢4q5 and g3 = q¢4qy where P~ (¢), P~ (q5) > 20 >
Pt (gy), Pt (¢4) into parts with large and small prime factors. By putting these in
dyadic mtervals we see that it suffices to show for every A > 0 and every choice of

Q5Q4 =< Q2, Q5QY =< Qs that

S S DD DI D R 2 A R

a~@1 gy~ Qy a5 ~Qy a3~Qj a3 ~Qy
P~ (g5)>z0 P (gy)<z0 P~ (g5)>20 PT (g5)<z0

By Lemmawe have the result unless QY, Q4 < yo = x'/1°81°8¢ We let d = ¢4 ¢4

and define
Ad,r = 1P7(T)>Z0 Z Z >‘q2q”’/q/ /.

PT(d)<z0 ¢ g =d qbql=r
a5 ~Q @~ Qy
a3 ~Q5  a3~Q;
With this definition we see it suffices to show that for every A > 0 and every choice
of D, R with DR =< Q2Q3 and D < y2 we have that

DD vrarAlgdr) <a (lg 1A

q~Q1 d~D r~R

We now apply Proposition (we may apply this since N > Q12¢ > Q1D (log z)®
and N < z'~¢ by assumption of the lemma, taking ‘Ng,dr’ as Agr and “vq.q’ a8 vq).
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This shows that it suffices to show that

N2
&+ |6 < ,
‘ 1| | 2| DQ1yo
where
q ) >\d 71>\d T2 [
_— Qp, O
=X 2 X g e 2 o
(g, a) (da) 1 (r1r9,a)=1 (n1,qdri)=1
(n2,qdr2)=1
~ rhM hny
< 3 ()G )
\<imTeH, qdry qdry
Ad,’l‘lAd,’l‘z D
Z wO( ) Z T TZR qdrer n nz;wN anlanz
(g, a) 1 (d a) 1 (rll,aig) 1 nlznlg’ (2mod qd)
(r2,aqdri)=1 (n1,n2qdri)=1
(n2,m1qdrs)=1
|n1—na|>N/(log z)€
o Z 72( hM )e(ahnlrg +ahn2qdr1)
0 )
L<inT2H, qdryirsy qdry 9
DR
H, = Qljw log® z,
DR?
Hy = @ log® z.

Since Ag,a,r is independent of ¢, we may apply Lemma [6.10] to conclude that

2

& < 01Dz’
provided we have
(8.13) DRN®/? < g172¢
(8.14) Qi1DR < x' 7%

These are both implied by the conditions of the lemma, recalling that DR =< Q2Qs5.
Thus it suffices to bound &. Since D < yg = 2°(M, it suffices to show

2

lee/lo ?
for each d < y2, where & = &3(d) is given by

- Y w() ¥ e S e

& <K

ISNA
(g,a)=1 ry,ro~R qrire ny,no~N
(r1,ar2)=1 n1=n2 (mod gd)
(re,aqdry)=1 (n1,m2qdry)=1

(n2,n1qdrz)=1
[n1—ns|>N/(log )
~ hM ahmiTs  ahngqdry
3 )e( + )

x
qdriro qdry T2

1<|h|<H>
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Since Ay 4, is independent of ¢ and we treat each d separately, we may suppress the
q,d dependence by writing A, in place of Ay 4,,. We now apply Lemma This
shows it suffices to show that
/ N?
C Qe

where

Ary Ary _ hnagdry(ny — na)
00 YR VIR SR DG R

Q1<¢<Q; Bsmishy ni,n2~N 1<[h|<H’

(g,a)=1 R<ra<R; ni1=ns (mod gd)
(r1,arz)=1 (n1,gdrinz)=1
(r2,aqdri)=1 (n2,qdrany)=1

(n1r2,n2)eEN
and where Q] <2Q; and Ry, Re < 2R and H' < H,.

‘We recall the definition of /\q 4,~ and expand it as a sum. Since d is fixed, there are

z°() possible choices of q4,q4. Fixing one such choice, we then see &’ is precisely
of the form considered in Lemma This then gives the result, provided

Q1 < %,
N?Q5Q5°* < a'7T,
N2Q, QL QL% < o214,
NQiQe"Qy* < a* .
Since @4 < @2 and Q5 < Qs, these bounds follow from the assumptions of the
lemma. (]

Proof of Proposition[5.1 First we note that by Lemma the set of n,m with
max (||, |Bm|) > (log x) and nm = a (mod ¢) has size < z(log2)%2(N=C /g, so
these terms contribute negligibly if C = C(A, By) is large enough. Thus, by dividing
through by (log #)?¢ and considering A + 2C' in place of A, it suffices to show the
result when all the sequences are 1-bounded. (ay, still satisfies by Lemma
) The result follows from the Bombieri-Vinogradov Theorem if Q < zl/27¢ so
we may assume that Q € [¢1/2~¢ x3/5-10¢],

We use Lemma to remove the condition nm € Z, and see suffices to show for
B = B(A) sufficiently large in terms of A

(8.15) Z Ag Z an Z ﬂm( nm=a (mod q) ~ (n(;E’q)) 1) <p ﬁ

q<x3/5—¢ neln meLn

uniformly over all intervals Zy C [N,2N] and Zp; C [M,2M].

Let us define for z¢ < N < z2/5

N Q 72/5
Ql = ;7 QQ = p2/5—¢’ QS = N
We note that Q1Q2Q3 = Q and Q1,Q2,Q3 > 1. Since A, is triply well factorable
of level @), we can write

(816) Z 7q1 7(12 ’Yq:; ’

919293=9g

),
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for some 1-bounded sequences 41, v ~(3) with 'yéi) supported on ¢ < Q; for
ie{1,2,3).

We now substitute (8.16)) into (8.15) and put each of ¢, g2, g3 into one of O(log3 x)
dyadic intervals (Q7,2Q}], (Q5,2Q%5] and (Q%,2Q%] respectively. Since Q) < Qq,
Q5 < Qo and Qf < Q3 and Q1Q2Q3 = Q < 23/571%¢ we have
N
Qll S E?
NQQIQ {32 S Q$2/5+6 < x1—867
2 43 Q* 2-15
/ / / — €
N Q1Q37°Q3" < ey e )
Q5

I 52 2—15
NQ1Q2 Q3 S 1176/5745 <w <.

Thus, we see that Proposition [8:2] now gives the result. O

We have now established both Proposition and Proposition and so com-
pleted the proof of Theorem [I.1}

9. PROOF OF THEOREM

First we recall some details of the construction of sieve weights associated to the
linear sieve. We refer the reader to [I5] or [I2, Chapter 12.7] for more details. The
standard upper bound sieve weights )\;L for the linear sieve of level D are given by

d 0, otherwise,

where
DF(D) := {pl"'pr PpLZ P2 > >y, pLec PP < Dfor 0< ) < r/2}.

Moreover, we recall the variant 5\; of these sieve weights where one does not distin-
guish between the sizes of primes p; € [D;, DJH”] with D; > z¢ for some small con-
stant n > 0. (Le. if d = p; -+ p, withp; € [D;, D;*" and Dy > -+ > D, > ¢, then
Ay =(=1)"if Dy >+ > D, and Dy --- Dy; D3,y < DY+ for all 0 < j < r/2,
and otherwise 5\; = 0.) This variant is a well-factorable function in the sense that
for any choice of D1 Dy = D we can write AT = Zlgjgrl a9« BU) where a%j) isa
sequence supported on n < D; and Bg) is supported on m < Dy. The construction
of the sequence 5\3 follows from the fact that if d € DT (D) and D = D; D5 then
d = didy with d; < Dq and dy < Dy. This produces essentially the same results
as the original weights when combined with a fundamental lemma type sieve to
remove prime factors less than xz€.

In view of Proposition [B:2] and Proposition in order to prove Theorem [I.2] it
suffices to construct a similar variant A such that for every N € [z¢, 21/3+¢] we

can write /):; = 1<j<et a x BUY) 4 49) with o supported on n < Dy and B¢
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supported on n < Dy and ’y,(lj) supported on n < D3 for some choice of Dy, Do, D3

satisfying
N 2 2 1—8e¢ 2 413 2—15¢ 512 2—15¢
Dy < s N<DyD35 < z , N°DiD3D; <x , ND1D3D; <x .

An identical argument to the construction of 5\; shows that we can construct such
a sequence /)\\j if every d € DT(D) can be written as d = dydads with d; < Dy,
dy < Dy and d3 < Dj satisfying the above constraints. Thus, in order to prove
Theorem it suffices to establish the following result.

Proposition 9.1 (Factorization of elements of DT (D)). Let 0 < 6 < 1/1000 and let
D = g7/127508 426 < N < g1/349/2 gnd d € DY(D). Then there is a factorization
d= d1d2d3 such that

di <
N3dyds <
N2dydyds < x>0,
Ndydyd3 < x>0,

Proof. Let d = p; ---p, € D. We split the argument into several cases depending
on the size of the factors.

Case 1: p; > D?/x' =39,

Let Dy := N27%,dy := Dy := p; and D3 := Dx°/(Np;). We note that Dy, Do, D3 >
1 from our bounds on N and p? < D. Since ps < p; < DY/3 and Di1Ds = D/py
we see that p3 < D;Ds, so either pp < Dj or po < D3. Moreover, we see that
since py - - ~pj,1p? < D for all j < r, we have that p? < DyD3/(ps---pj—1) for all
j > 3. Thus, by considering ps, ps3, ... in turn, we can greedily form products d;
and d3 with dy < D; and d3 < D3 and did3 = ps---p,.. We now see that since
D?/x'=% < p; < D3, we have

dp <D; < %,
N2dyd2 < N?DyD2 < 2 D?/p; < 2179,
N2%d,did3 < N?D,D3D3 < 22 D3p; < 2279,
Ndyd3d% < ND,D3D2 < 29D?p} < 2>,
so this factorization satisfies the conditions.

Case 2: pops > D? /21730,

This is similar to the case above. Without loss of generality we may assume we are
not in Case 1, so p1, p2,p3, pa < D?/x' 739, We now set Dy := Nz~9, dy := Dy :=
pap3 and D3 := 2°D/(Npaps). Note that

3
Dl/3 —

/3(
£1/3—6 £1/3—38"

1
D203 < Py p1p2p§)1/3 <
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In particular, Dy, Do, D3 > 1 and we have that D1 D3 = D/paops > z1/3-% Thus
p? < D*/x27% < ¢1/379 < Dy D3, and p3 < DyD3/p; since pipapspi < D. More-
over, for 7 > 5 we have p; - -pj_lp? < D, so p? < D1D3/(p1ps...pj—1). We can
greedily form products d; < D; and d3 < D3 out of pipy - - - p,, by considering each
prime in turn. We now see that since D?/x'73% < pops < x'/*, we have

di <Di < —,
T

N2dyd? < N?DyD? < 2* D?/(paps) < 2179,
N2%d,did3 < N2D,DiD3 < 22 D3pops < 2279,
Ndyd3d2 < ND1D3D2 < 29 D?*(paps)® < 2279,

so this gives a suitable factorization.

Case 3: pipy > D? /21739,

We may assume we are not in Case 1 or 2. In particular max(py, paps) < D?/x!=39,

s0 p1ps < pi(pops)'/? < D3 /a3/2799/2 < D/g'/3-9/2 and the argument is com-
pletely analogous to the case above, choosing Dy := N2~29, dy := Dy := pip4 and
D3 := x?°D/(Np1ps), using the fact that D?/z'=3% < pip, < z'/4.

Case 4: pipy < D?/2'73° and pops < D?/2'39.

We set Dy := N2™% Dy := D?/x'73% and D3 := 2'~2/(DN), noting that these
are all at least 1. We see that one of D; or Ds is also at least D?/x'73% since
their product is #'73°/D > 2924 > D*/22=%%. We now wish to greedily form
products di < Dy, do < D5 and d3 < D3 by considering primes in turn. We start
with dy = pP1pa < D5 and either d; = 1 and dg = p2p3 Or dy = P23 and d3 =1
depending on whether pops > D1 or not. We now greedily form a sequence, where
at the j* step we replace one of the d; with d;p; provided d;p; < D; (the choice
of © € {1,2,3} does not matter if there are multiple possibilities with d;p; < D;),
and we start with j = 5. We stop if either we have included our final prime p, in
one of the d;, or there is a stage j when p;di > D1, pjda > Dy and p;ds > Ds. If
we stop because we have exhausted all our primes, then we see that we have found
dy < D1, dy < Dy and ds < D3 such that dideds = py---p-. It is then easy to
verify that

N
di <D; < gt
N2dyd2 < N?DyD32 < 2170,
2 4 33 2 4 13 D5 2—6
N d1d2d3 S N D1D2D3 S ﬁ <z s
8
Ndydyd3 < ND,D3D2 < < x?7°,

£3-108

Thus we just need to consider the situation when at some stage j we have p;d; >
Dy, pjda > Dy and pjds > Ds. We see that this must first occur when j is
even, since for odd j we have p3 < D/(p1---pj—1) = D1D2D3/(d1dad3) and so
pj < max(D1/dy, Da/ds, D3/ds). We must also have j > 6 since j > 4 and is even.
This implies (p;)" < p1---pap2 < D, so p; < DYT < g1/12-65
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We now set dy := dop; and D} := Dyx'/1276% 5o that Dy < djy < Dj. We set
D% = DyDs3/dj. For all £ > j we have p% < D1D5/(dvdspjy1---pe—1), SO we can
greedily make products d) < Dy and dy < Dj with did; = didspj41---pr. In
particular, we then have d = d}d,ds. We then verify

N
d/lnggﬁv

N2D2D?
N2dy(dy)? < N?dy(D5)? = ——F=2 < N’DyD3 = a' ™,
2
_ D5 _
N2d; (dy)*(d3)* < N*Di(dh)*(D5)* < N?DyD3D3a’ /7% < s < 2™,
_ D?® _
Nd; (dh)°(d5)? < N*Dy (dh)*(D5)* < N*Dy D3 D347 < —mis < 027

We have now covered all cases, and so completed the proof of Proposition 0.1 [

Remark. By considering the situation when N = 2/3, py ~ py = D?/7, p3 = py =~
D7, and p; for j > 5 are small but satisfy p1---pr = D, we see that Proposition
cannot be extended to D = x7/*2+9 unless we impose further restrictions on N
or the p;.
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