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Abstract

Contests are games where agents compete by making costly and irre-
versible investments to win valuable prizes. They model diverse scenarios
ranging from crowdsourcing to competition among Bitcoin miners. Using
tools from theoretical computer science, we contribute to the understand-
ing of the agents’ behavior in contests and make design recommendations
to optimize practical objectives. In particular, we (i) analyze learning
dynamics in Tullock contests using tools from probabilistic analysis of al-
gorithms and optimization, (ii) design contests that improve diversity in
participation, and (iii) study the existence, welfare efficiency, and compu-

tational complexity of equilibrium in a class of simultaneous contests.
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Chapter 1

Introduction

There are numerous instances in our society where agents compete for valuable re-
wards by playing costly actions. Pharmaceutical companies invest in the research and
development of drugs and vaccines and compete for market share and profit. Bitcoin
miners spend money to acquire and run computational resources with the hope of min-
ing blocks and getting associated rewards. In these examples, the economic agents
compete by making irreversible investments before the outcome of the competition
is known. Lobbying activities, competitions for promotions, sports, crowdsourcing
contests, competition for college seats, to name a few more, all have this property.
This type of competition has been widely studied in the economics literature and is

generally called a contest [106].

1.1 Models

In the standard formulation, n agents compete by simultaneously producing non-
negative outputs. Let [n] = {1,2,...,n}. Agent ¢ € [n] produces an output of x; €
R> and incurs a cost of ¢;(z;), where ¢; : R5g — R is an increasing cost function.
Let * = (7;);cjn) denote the output profile. The allocation function ¥ = (v;)icp,
where ; : R — R0, maps the output profile & to the reward received by agent i,

i(x). The utility of agent 7, u;(x), is given by

ui(x) = i(x) — ci(x). (1.1)

The cost function ¢; is usually assumed to be a linear or a convex function.
Contests capture a diverse set of real-life applications, and depending upon the
use case, several models for the allocation function 1) have been proposed. Below, we

introduce a few models that are particularly relevant to our work.



1.1.1 Proportional Allocation—Tullock Contest

In a Tullock contest [104], there is a prize of unit value (normalized) that is allocated
to the agents proportionally. In particular, agent ¢ receives a fraction of the prize
proportional to x; in the non-degenerate case where at least one agent produces a

strictly positive output, else 1/n. The utility of agent i is
(@) = =— — ci(x) (1.2)
uj(x) = = — ¢i(x;). .
Zj Lj

Tullock contests are one of the most widely used and have been applied to study
political lobbying, rent-seeking, and crowdsourcing, among other applications (see,
e.g., [67]). As an example of a concrete and relatively new application, it almost ex-
actly models the game among Bitcoin miners [31, [72]. Bitcoin, the largest cryptocur-
rency with a market cap of over $1 trillion (February 2024), maintains its platform
in a decentralized manner with the help of miners who do costly computational tasks

to compete for valuable rewards.

1.1.2 Rank-Order Allocation

In a rank-order allocation contest, there are n prizes w = (wq,ws, ..., w,), where
w; > wjy > 0 for j € [n—1]. The prize w; is awarded to the agent with the
highest output, ws to the second highest, and so on; an agent receives one of the
prizes based on their rank. Let us assume there are no ties for now. Suppose that

Tiy >, > ... > x; . The utility of agent ¢ is

u(x;) = Z w; Wy = 25, } — ¢i(25), (1.3)
j€n]
where 1{-} is the indicator function.

The all-pay auction is a classic example that can be captured by rank-order allo-
cation contests. It would correspond to a rank-order allocation contest where w; = 1
and w; = 0 for j > 1, i.e., all prizes except for the highest output (bid) is 0, and the
cost is ¢;(x;) = x;/v;, where v; is agent i’s valuation for the item.E] Other applications

include sports, crowdsourcing, and grading [811, 29].

!By scaling the utility function of agent i by v;, which does not change the strategies of the
agents, we get the standard all-pay auction formulation.



1.1.3 Equal-Sharing Allocation

In equal-sharing allocation, there is a threshold 7 > 0 such that all agents who
produce output above 7 are considered successful and get an equal share of a total
reward that is a function of the number of successful candidates. Let the total reward
function be p : [n] = Rxq, where p(k) is the total reward when there are k successful
candidates. Let the number of successful candidates be n,(x) = [{i | x; > 7}|. The
utility of agent ¢ is given by

PR CACS),
e =M =T )

These allocation functions have been used to model applications where the reward

— ¢i(@y). (1.4)

is associated with reputation and social status [62]. They are generally accompanied
by extensions where the agents produce multi-dimensional output, and several con-

tests may occur simultaneously (discussed below) [76].

1.1.4 Other Modeling Choices

Two natural extensions of the models discussed previously are (i) multi-dimensional
output by agents and (ii) simultaneous contests.

In the case of multi-dimensional output, instead of producing a non-negative out-
put in R, each agent produces an output in Réo for some d > 2. The d dimensions
correspond to the different activities (or the different aspects of a job) an agent can
spend their effort on. The agent may have varying costs for producing output along
these activities, and the contest may value these activities differently [76].

In the case of simultaneous contests, multiple contests run in parallel, and the
agents have to distribute their limited resources across these contests. The agents
either have a budget constraint or a non-separable cost function for their output
across these contests, which forces them to pick and choose among these contests.
Such models are relevant in diverse applications, including crowdsourcing [39] and
blockchains [18], and have also been combined with multi-dimensional output to

model competitions for market and social influence [76].

1.2 Overview of Our Contributions

We group the chapters in this thesis into three parts, discussed briefly below. Broadly,
the research goals in contest theory are to (i) understand the behavior of agents

in these contests and (ii) make design recommendations to influence this behavior



towards certain objectives. The natural first step toward understanding the behavior
of agents is to perform an equilibrium analysis. However, analytical characterization
of the equilibrium is not always possible, and even if this is possible, the agents might
not always reach this equilibrium. We use tools from theoretical computer science to
contribute to this research direction. Specifically, in Part [ we use techniques from
probabilistic analysis of algorithms, convex optimization, and dynamical systems to
study learning in Tullock contests. In Part [[I, we shift our focus to contest design.
Although, in many applications, the rules of the contests may be intrinsic, in other
applications, they may be decided by a designer. Our work in contest design studies
two types of objectives motivated by practical applications. Finally, in Part [[TI, we
consider a model of simultaneous contests and study the existence, computational
complexity, and price of anarchy of equilibria in these contests. We discuss these

contributions in more detail below.

1.2.1 Part [I; Dynamics in Tullock Contests

The existence of an equilibrium may not always be a good predictor of the agents’
behaviors [52]. Assumptions like the availability of information and rationality of
agents, required to ensure equilibrium behavior in games, may not hold in practice
for many applications of contests. This line of research aims to address this issue by
studying natural learning dynamics in contests.

In Chapter , we study best-response (BR) dynamics in Tullock contests with
convex cost functions. We show that the dynamics converges for homogeneous agents
(all agents have the same cost function) but not for non-homogeneous agents. For
homogeneous agents, the time taken to converge to an e-approximate equilibrium
has a logarithmic dependency on € for three or more agents (and double-logarithmic
for two agents), polynomial dependency on the number of agents n, and a double-
logarithmic dependency on the initial state. Our bounds are tight w.r.t. (with respect
to) € and the initial state and polynomially tight w.r.t. the number of agents n. We get
these results by reducing the BR dynamics to a dynamics we call the discounted-sum
(DS) dynamics. We perform a suitable mix of worst-case and probabilistic analysis
of the DS dynamics and use this to show the convergence of the BR dynamics. This
result indicates that we can expect simple, myopic agents with similar convex cost
functions to rapidly converge to the equilibrium in Tullock contests.

In Chapter |3] still focusing on BR dynamics in Tullock contests, we take a deeper
look into the specific case of linear cost functions, also known as lottery contests. Our

analysis for general convex costs in Chapter [2| provides tight convergence-rate bounds

4



w.r.t. € and the initial state, but not w.r.t. the number of agents n, which we address
in Chapter (3] for lottery contests using a different analysis. We provide almost tight
O(n) bounds using techniques from convex optimization and Markov processes.

Our results in Chapters 2] and [3] show convergence of BR dynamics for homoge-
neous agents but non-convergence for non-homogeneous agents. Given these results,
in Chapter [4, we study other related learning dynamics. We show that continuous-
time BR dynamics in Tullock contests with convex costs converges to the unique
equilibrium using Lyapunov-style arguments.ﬂ Notice that this convergence result
holds for non-homogeneous agents. With mild technical assumptions, we then ex-
tend this result to related discrete-time dynamics, e.g., when the agents best respond
to the empirical average action of other agents or when the agents play a discrete
approximation of the continuous-time BR dynamics (with small but not necessarily
infinitesimally small steps). We can also use these results to provide an algorithm for
computing an approximate equilibrium. These results indicate that the equilibrium

is a reliable predictor of the agents’ behavior in these games.

1.2.2 Part [[T; Contest Design

One of the primary motivations for organizing contests is to elicit effort from par-
ticipants, e.g., olympiads and hackathons encourage students to put effort and learn
about specific subjects and technologies. Here, the designer may want to elicit an
adequate output from several agents instead of a very high output from a few agents.
For example, in a crowdsourcing task, such as a survey, it may be more valuable to
get many contributors to give adequate responses than to get only a few people to
submit perfect responses. In other applications, it may be important to elicit higher
participation from a target group, e.g., hackathons to get women interested in AT [71]
and crowdsourcing to get machine learning data from underrepresented groups. In
Chapters [fl and [6] we design contests with rank-order allocation of prizes and general
prizes to optimize such objectives, in the context of incomplete information.

In Chapter [p] we study contests where the designer’s objective is an extension of
the widely studied objective of maximizing the total output: The designer gets zero
marginal utility from an agent’s output if the output of the agent is very low or very
high. We consider two variants of this setting, which correspond to two objective

functions: binary threshold, where the designer’s utility is a non-decreasing function

2In continuous-time BR dynamics, agents move smoothly from their current action to their BR
action, i.e., take infinitesimally small steps towards BR, rather than jumping from their current
action to their BR action.



of the number of agents with output above a certain threshold; and linear threshold,
where an agent’s contribution to the designer’s utility is linear in her output if the
output is between a lower and an upper threshold, and becomes constant below the
lower and above the upper threshold. We characterize the contests that maximize
the designer’s objective and indicate techniques to efficiently compute them.

In Chapter [0 we study how to incentivize agents in a target subpopulation to
produce a higher output by means of rank-order allocation contests. We describe a
symmetric Bayes—Nash equilibrium for contests that have two types of rank-based
prizes: (a) prizes that are accessible only to the agents in the target group; (b) prizes
that are accessible to everyone. We also specialize this equilibrium characterization
into two important sub-cases: (i) contests that do not discriminate while awarding
the prizes, i.e., only have prizes that are accessible to everyone; (ii) contests that
have prize quotas for the groups, and each group can compete only for prizes in their
share. For these models, we characterize the properties of the contest that maximize

the expected target-group total output.

1.2.3 Part [III: Simultaneous Contests

An active area of research in contest theory is to understand simultaneous contests,
i.e., when multiple contests run in parallel and the agents have to strategically allocate
their limited resources across the contests. Applications include blockchains [18] and
social media platforms [76].

In Chapter[7| we study a general class of simultaneous contests with equal-sharing
allocation of prizes and multi-dimensional output by agents. We consider two vari-
ations of the model: (i) agents have costs for producing outputs; (ii) agents do not
have costs but have generalized budget constraints. We observe that these games are
exact potential games and hence always have a pure-strategy Nash equilibrium. The
price of anarchy is 2 for the budget model but can be unbounded for the cost model.
Our main results are for the computational complexity of these games. We prove
that for general versions of the model exactly or approximately computing a best
response is NP-hard. For natural restricted versions where the best response is easy
to compute, we show that finding a pure-strategy Nash equilibrium is PLS-complete,
and finding a mixed-strategy Nash equilibrium is CLS-complete (CLS=PPADNPLS).
On the other hand, an approximate pure-strategy Nash equilibrium can be found in
pseudo-polynomial time. These games are a strict but natural subclass of explicit

congestion games, but they still exhibit the same equilibrium computation hardness.
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Chapter 2

Best-Response Dynamics

2.1 Introduction

We study the convergence of best-response (BR) dynamics in Tullock contests with
convex costs (or concave utility functions). Convex costs capture situations where the
marginal cost of producing output increases relative to the marginal value for doing
so. Tullock contests with convex costs have received much more attention in the
literature (compared to non-convex costs) partially because of their more widespread
applications and partially because of the technical challenges in analyzing the models
with non-convex costs [67].

Given an environment with strategic agents, such as a contest, it is desirable
to be able to reliably predict the agents’ behavior, so as to reason about possible
outcomes. Nash equilibrium strategies serve as an initial approximation to this goal,
but the existence of an equilibrium is not always a good predictor of the agents’
behavior. Indeed, the traditional explanation of equilibrium is that it results from
analysis and introspection by the agents in a situation where the rules of the game, the
rationality of the agents, and the agents’ payoff functions are all common knowledge.
Both conceptually and empirically, these assumptions are not always satisfied in real-
life scenarios [52]. A model provides a more robust prediction of the outcome of
a game if it explains how the outcome can be attained in a decentralized manner,
ideally via a process that involves agents responding to incentives provided by their
environment. BR dynamics is arguably the simplest and the most intuitive of these
models. In BR dynamics, agents sequentially update their current strategy with one
that best responds to that of the other agents. It is especially appropriate in settings,
such as Tullock contests with convex costs, where pure-strategy Nash equilibria are

guaranteed to exist (see, e.g., [106, Chapter 4]).



In our model for BR dynamics, we assume that at each time step exactly one of
the agents best responds and updates her current strategy. For two agents, this leads
to a deterministic process where the agents play alternate movesﬂ For more than
two agents, notice that the dynamics is under-specified because all agents except the
agent who made the most recent transition can make a non-trivial move. So, we
consider two models for (the agents themselves, intrinsically) selecting the agent who
makes the BR move at each time step. First, we consider a randomized model where
an agent i makes the BR transition with some probability p;;(x;) at time ¢, given
the strategy profile at time ¢t is zctE| In the second model, we assume that the agents
are selected to ensure fast convergence to equilibrium; this model is primarily used
to provide convergence-rate lower bounds. We analyze the rate of convergence of the

BR dynamics to an e-approximate equilibrium in these models.

2.1.1 Results

For two homogeneous agents, we show that the BR dynamics converges to an e-
approximate pure-strategy Nash equilibrium in ©(loglog(1/¢€) + loglog(1/v)) steps,
where v is a function of the initial action profile (generally equal to the smallest
positive action in the initial profile). We also show faster convergence for restricted
classes of convex cost functions.

For the randomized agent selection model, we show convergence in
O(alog(n/(ed)) + ploglog(1/v)) steps with probability 1 — ¢, where o and § de-
pend upon the randomized agent selection process (Theorem , e.g., a =n?log(n)
and [ = 1 if agents are selected uniformly at random each time step. We also provide
a lower bound of 2(nlog(nd) +log(1/€)/log(n) +loglog(1/7)) with probability 1 — 4,
where 7 is again related to the randomized agent selection process, e.g., n = n for
uniform selection. These bounds are tight w.r.t. € and ~, and are polynomially tight
w.r.t. n. For the best-case agent selection model, we provide upper and lower bounds
of O(nlog(n/e)+loglog(1/7)) and Q2(n+log(1/€)/log(n)+loglog(1/7)), respectively.

Our analysis also implies convergence of the BR dynamics for any agent selection
process that does not starve any agent, i.e., everyone gets to play infinitely often.
To the best of our knowledge, a convergence result for the BR dynamics was not

previously known for Tullock contests with homogeneous agents with general convex

'Two consecutive moves by the same agent is redundant because the agent is already best re-
sponding after the first move and the second move does not change the action.

2As exactly one agent moves each time step, so Y, py,i(x¢) = 1 We make the technical assumption
that py;(z:) > 0 for all agents except the one who played the most recent move. See Section m
for more details.



costs. For non-homogeneous agents, we provide examples where the BR dynamics
goes into a cycle. The set of agent types and initial states that lead to non-convergence

has a positive measure.

Discounted-Sum Dynamics A novel contribution of this work is the introduction
and analysis of the discounted-sum (DS) dynamics (Section [2.4)), which is used in the
analysis of the BR dynamics. This dynamics proceeds as follows: starting from an
initial state @y € R", at each time ¢, the dynamics picks a coordinate i, € [n| and
updates the value at the i;,-th coordinate with the negative discounted sum of the
values at the remaining coordinates, i.e., Ti11,, = —F > oty Tt g The discount factor
By € [0,1) can be picked arbitrarily, possibly adversarially, given t, i;, and x;. We

show that this dynamics rapidly converges to 0 using a potential function.

Intuition for the Proof of Convergence We divide the analysis into three main
parts. The first part corresponds to a warm-up phase of the dynamics. Intuitively,
there is a certain domain D such that the BR dynamics avoids corner cases, e.g.,
BR to 0, if the output profile is in D. The warm-up phase corresponds to the time
it takes to ensure that the output profile is inside D (where it stays thereafter) and
is proportional to the time it takes for every agent to make at least one move. In
the second part of the analysis, we derive a set of sufficient conditions that ensures
that the BR dynamics behaves like the DS dynamics described earlier. We bound the
time it takes for the BR dynamics to reach a state that satisfies these conditions, and
show that the BR dynamics satisfies these conditions thereafter. In the third part
of the analysis, we use our results for the DS dynamics to show convergence of the
output profile to the equilibrium output profile in the BR dynamics, which implies
convergence to an approximate equilibrium by showing that the utility function is
Lipschitz continuous.
For readability, we defer certain proofs to Section

2.1.2 Related Work

Ewerhart [44] shows that a lottery contest (Tullock contest with linear costs) with
homogeneous agents is a BR potential game [107, 69], which is a strict generalization
of the better known classes of ordinal and exact potential games [83]. Lottery contests
are known not to be exact potential games even with homogeneous agents [44] and

not to be ordinal potential games with non-homogeneous agents [45].

10



Moulin and Vial [84] implicitly show strategic equivalence between contests and
zero-sum games. This directly implies convergence of fictitious play dynamics for two
agents [47], but no such result has been proven for three or more agents. A Tullock
contest corresponds to a Cournot game with isoelastic inverse demand and constant
marginal costs. There are convergence results of learning dynamics for specific types
of Cournot games, such as Cournot oligopoly with strictly declining best-response
functions [38] 102], Cournot game with linear demand [I00], aggregative games that
allow monotone best-response selections [61], [42] [63], and others [41], 24]. However, all
these methods do not apply to the Tullock contest whose best-response function is
not monotone [40]. A different line of research has studied the convergence (or chaotic
behavior) of learning dynamics in other types of contests (like all-pay auctions) and
Cournot games (e.g., [90, 108, [32]), but these techniques and results also do not apply

to Tullock contests.

2.2 Preliminaries

Let lg(z) = log,(x) and In(z) = log,(z). Recall that in Tullock’s model [104], n agents
participate in a contest with unit prize (normalized). The agents simultaneously
produce non-negative outputs; we denote the output of agent ¢ by z; € R>y and
the output profile by = (x1,...,2,) € R, Let ©_; = (21,..., i1, Tit1, ..., Tn),
$ =D jem i and sy = >, x;. Agent ¢ incurs a cost of ¢;(z;) for producing the
output z; and receives a fraction of the prize proportional to z; if at least one agent

produces a strictly positive output, else 1/ nrﬂ The utility of agent 7, u;(x), is

(2.1)

Z 1 otherwise.

o
Notice that the utility of agent ¢ depends upon her output x; and the total output
of other agents s_; but not upon the distribution of s_; across the n — 1 agents. To
signify this, we shall denote u;(x) as u;(x;, s_;).

We make the following assumptions on the cost functions: for every agent i,
the cost function ¢; is (a) twice differentiable; (b) zero cost for non-participation,
¢;(0) = 0; (c) increasing, c;(z) > 0 for all z > 0; (d) weakly convex, ¢/(z) > 0 for
all z > 0. These assumptions are standard in the literature, and without them, a

pure-strategy Nash equilibrium may not exist (see, e.g., [106, Chapter 4], [46]). The

3Some papers in the literature, e.g., [34], assume that all agents get a prize of 0 if they all produce
a 0 output. Our analysis and results remain the same with this alternate assumption as well.
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twice differentiability assumption may be relaxed to arrive at similar results, but we
assume this to provide a cleaner presentation. We also make an additional Lipschitz
continuity assumption: |c;(z) — ¢;(Z)| < K|z — Z| for all z,Z in the neighborhood of
the equilibriumﬁ where K is the Lipschitz constant; this constant K is used in our
convergence-rate bounds to ensure that if an output profile is close to the equilibrium

output profile, then the output profile is an approximate equilibrium.

2.2.1 Best-Response Dynamics

Given the total output s_; = > 2T of all agents except 4, the best response (BR)

of agent 7 is an action z; such that

z
T; € argmaxu;(z,5_;) = argmax (| —— —¢;(z) | .
' gzzo (2 5-) gzzo (Z+S—z’ i )>

First, notice that an agent has no BR if the output produced by every other agent is
0E| To circumvent this technical issue, we assume that there is a small positive value
a < 1 such that z; = a is the action of any agent ¢ if s_; = 0. We shall work with
this assumption—an agent plays a if everyone else plays OE|

On the other hand, agent 7 has a unique BR if s_; > 0, i.e., if the output produced
by at least one other agent j is non-zero. This unique BR can be computed by taking

a derivative of w;(z, s_;) with respect to z. If s_; > 0, then

ou;(z,5_; S_; ,

(82 ) = (Z—FS,‘)Q _Ci(z)> (22)
O%u;(z,5_; —2s_, y

(‘(922 ) — e cl(z) <0, (2.3)

where the last inequality is true because z > 0, ¢/(z) > 0, and s_; > 0. So, u;(z,s_;)

Ou;i(z,5_;)

is strictly concave w.r.t. z, i.e., 52 is strictly decreasing w.r.t. z. Let BR;(s_;)

4For convergence to an e-approximate equilibrium, we will assume Lipschitz continuity in a
neighborhood of size proportional to e.

°If s_; = 0, then by producing an output of € > 0, agent i gets a utility of u;(e,0) = 1 — ¢;(e),
which is strictly more than u;(0,0) = 1/n for small € (because ¢; is continuous and ¢;(0) = 0, which
implies ¢;(e) is close to 0), so x; = 0 cannot be a BR. Further, any € > 0 cannot be a BR because
u;(€/2,0) =1 —¢;(€/2) > 1 — ¢;(€) = u;(e,0) (and because ¢; is increasing).

6This issue of not having any BR to 0 can also be resolved by an alternate technical assumption:
the prize is given to agent ¢ with probability Hfﬁﬁ and agent i’s expected utility is Hiﬁ —ci(zy),
where b is a small positive constant. Notice that, with this alternate assumption, the prize may not
get allocated to any agent (or is allocated to a pseudo agent) with a positive probability of ﬁm’

unlike our model. We ezpect all our results to hold for this alternate model as well.
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denote the BR of agent ¢ given that the total output of other agents is s_;. The
first-order conditions for the BR are

8u,~(z,s_i) . 8UZ(Z, S—i)

BR;(s—;) > 0 and =0, if > 0; (2.4)
0z 2=BR;(s_;) 0z 2=0

BRi(s.) = 0 and 24il225-3) <o, if uEsD g g
0z 2=BR;(s_;) 0z 2=0

If s_; > 0, notice that at z = max(1,c; '(1)), the agent has a cost of at least 1 but

a prize of less than 1, therefore % (e < 0. So, the BR is less than
z=max(l,c; (1

max(1,c; *(1)). For s_; = 0, the BR is a < 1 by assumption.

Slightly overloading notation, let &; = (2;)ic[, denote the action profile of the
agents at time ¢ in the BR dynamics. Similarly, let s, = Z]. 2y and s;_; = Z#i Ty
The BR dynamics starts with an initial profile &y = (20;)icn). At each time step
t > 0, an agent i; € [n] makes a BR move. Formally, z¢,1;, = BR;,(s:—;,) and
Typ1; = ayj for j # i, We study the convergence (or non-convergence) of this BR

dynamics.

2.2.2 Agent-Selection Models for Three or More Agents

When there are just two agents, we may assume that the BR dynamics proceeds
uniquely: the two agents make alternate BR moves because making consecutive moves
is redundant. But, when there are n > 3 agents, the BR dynamics is not unique.
At any time step, the n — 1 > 2 agents who did not make the most recent BR move
can possibly make a non-trivial move. The rate of convergence depends upon which
agent makes a move at a given time step. We consider two models for selecting the

agent playing the BR move at any given time step.

2.2.2.1 Randomized Agent-Selection Model

In the random selection model, agent i makes the BR move w.p. (with probability)
pei(x:) at time ¢ given output profile «;. The probability p;;(x:) models the relative
activity of agent ¢ at time ¢ given the current state ;. We assume that p; ;(;) > L >
0 for all agents except the agent who made the last transition. Our rate of convergence
analysis will be worst-case over all p;;(x;) values given the parameter L > 0. Even
if this requirement on the p;;(x;) values is not satisfied, our analysis still implies
convergence of the BR dynamics assuming every agent gets to play infinitely often.
An important special case of the model is to assume that p;;(x;) = 1/n for all ¢,

1, and @, i.e., the agent making the move is selected uniformly at random.
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2.2.2.2 Best-Case Agent-Selection Model

In the best-case selection model, we assume that the selection process picks the se-
quence of agents making the BR moves to reach the e-approximate equilibrium as
quickly as possible. We provide lower bounds on the time till convergence for this
model, which by definition automatically apply to all other selection models, including

the randomized model. We also prove almost tight upper bounds for this model.

2.2.3 Equilibrium

A Tullock contest with convex costs always has a pure-strategy Nash equilibrium
(which is also the unique equilibrium, including mixed-strategy Nash equilibria; see,
e.g., [46]). So, we exclusively focus on pure equilibria.

Definition 2.1 (Pure-Strategy Nash Equilibrium). An action profile z* =

*

) is a pure-strategy Nash equilibrium if it satisfies

*
(xf,...,x
* * / *
ui(zy, ;) > iz, ),
for every agent ¢ and every action 2 for agent 7.

Definition 2.2 (Approximate Pure-Strategy Nash Equilibrium). An action profile
x = (r1,...,x,) is an e-approximate pure-strategy Nash equilibrium, for € > 0, if it
satisfies

Ui(l'i, m_i) Z (1 — €>Ui($/i, 33_1'),
for every agent i and every action x} for agent i.

In general, BR dynamics in a Tullock contest never exactly reaches the equilibrium,
rather it may converge to the equilibrium. The dynamics converges to an equilibrium

if it reaches an e-approximate equilibrium in finite time for any ¢ > 0.

2.2.4 Homogeneous Agents

The agents are homogeneous if they all have the same cost function. To keep our

analysis cleaner, we make the following additional assumption on the (homogeneous)

cost function: for every agent i, ¢;(x;) = “Ste(x;), where ¢ satisfies ¢/(1) = 1. This

assumption is w.l.o.g. (without loss of generality) by suitable change of notation[]

"Say the (homogeneous) cost of agent i is ¢;(z;) = &(w;) for some ¢, for every i. First, we can
n—1

introduce the 25! factor by writing ¢;(z;) = 251¢(x;), where ¢(;) = n”—jlé(mz) Then, let v > 0 be

the solution to ¢ (y) = % Such a v always exists because ¢ is increasing, while £ is decreasing and
converges to 0o as v converges to 0. So, setting c(z;) = ¢(yx;), we get /(1) = v¢ () = 1. Finally,
we can change the notation and say that an agent ¢ produces an output of y; = yx; instead of x;.
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T;
Tit+S—i

i € [n]. Notice that the BR of each agent is now identical given the same action

The utility of agent ¢ can be written as w;(z;,s_;) = — 25Le(ay) for every
profile of the remaining agents; let us, therefore, denote the best response function
as BR = BR; for every i € [n| by suppressing i. There is a unique equilibrium
where each agent i plays the same action (see, e.g., [106, Chapter 4]), and given

our notation, this is equal to 1. Indeed, if z; = 1 for all j, then s_; = n — 1 and

Oui(z,5_4) 54 n—1 /(1) . n-1 n—1 _

0z 21 - (1+s_3)2 =~ n2 ¢ — U+n—1)2Z a2 —

2.3 Two Homogeneous Agents

In this section, we study the rate of convergence of best-response dynamics for two
homogeneous agents. W.l.o.g. we assume that agent 1 makes the best-response move
when t is odd, i.e., i; = 1 if t odd, and agent 2 makes the best-response move when ¢
is even, i.e., i; = 2 if t even. Formally, for t = 0,1, 2, ..., the BR dynamics proceeds

as:

Ti41,2 = BR(ZL}J), and Ti+1,1 = Tt1, if t = O, 2, 4, “ ey

Ti41,1 = BR(xt72), and Ti41,2 = T2, ift= ]_, 3, 57 P

Next, we prove a double-logarithmic rate of convergence of the BR dynamics w.r.t. the

initial state and the approximation parameter.

Theorem 2.1. Best-response dynamics in Tullock contests with two homogeneous
agents reaches an e-approximate equilibrium within 1g lg(%) + lg lg(%) + O(1) steps,
where 7 is a function of the initial state: v = x91 if 0 < w1 < 1; 7= ()7! <Kll> if
xo1 > 1 and (0) < ﬁ; and v = a otherwise.

Proof. Notice that the evolution of the states of the BR dynamics (z;);>o can be

tracked by a single sequence (z;);>0 defined as follows:

vy ift=0,2,4,. .,
2+ =
" lwn ift=1,3,5,...

2z has a one-to-one correspondence with @; because: (i) Only the action of agent 1 in
the initial profile is relevant for the BR dynamics, because, at t = 0, agent 2 makes
the BR move, which is a function of only x(, and which overwrites zgo. (ii) For each
time step, one of the agents moves and the other stays at their current action, and z;

is equal to the new action at each time point.
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We next prove the following properties about the sequence (2;)i>0: (i) 2 < 1 for
all t > 1; (ii) if z; < 1, then z; < 241 < 1. Technical proofs omitted for readability,
including the proof of Lemma [2.2] are provided in Section [2.8]

Lemma 2.2. The BR of agent i, BR(x_;), given any strategy x_; of the other agent,

satisfies the following properties:
1. ifx_; <1, thenx_; < BR(z_;) <1,
2. ifx_; =1, then BR(x_;) =1, and

3. ifx_; > 1, then BR(x_;) < 1.

Dependency on the Initial State Let us now analyze the effect of the initial state
zo on the BR dynamics. If zg = 1, from Lemma , we know that z; = 1 for all
t. This can alternately be deduced from the fact that (1, 1) is the equilibrium profile.
For the remaining proof, we assume that zyp # 1. As zg # 1, from Lemma and
(3), we know that z; < 1. Again using Lemma , we know that z; < 2,11 < 1 for
all t > 1, i.e., (2¢)i>1 s a strictly increasing sequence going towards 1. Let us define

the variable v used in the theorem statement as follows:
o If 2o =0, set v =a < 1. Notice that z; = a = ~.
e I[fO<zp<1,sety=2<1.

e If zp > 1 and ¢(0) < £ set v = (¢)7! (i) From the first-order condition,

20

equation (2.4), and using 0 < z; < 1 < 2z, we have

20 1 ,( ) — 20 1 < 1 1 20
— = —C(z P — R -
(Z() + 21)2 4 ! (Z[) + 20)2 42’0 — 4 20 (Z() + 0)2

— = ()] (zﬁo) for some k € [1,4]. (2.6)

We will later prove that the dependency on 7 is lIg lg(%) + O(1), so we may
ignore the constant x as it can be absorbed in the O(1) term.
e If 2y > 1 and ¢(0) > %, set v = a. In this case, it is easy to check that z; = 0

and zo = 7.

By the definition of v, either zy, z1, or 23 is equal to v < 1. So, for the remaining
portion of the proof, by shifting the time by at most two steps, w.l.o.g., let us assume

that zp = v < 1. We know that the sequence (z;);>o is strictly increasing. We next
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try to find the number of steps required by the sequence to increase from v to 1 — e.

We break this into two parts: the number of steps required to reach (i) % from ~ in
Lemma ; (ii) 1 — € from 3 in Lemma

Lemma 2.3. Given z = v € (0, %], 2 > % for allt > lglg(%).

Lemma 2.4. Given 2 € [3,1], 2, > 1 — ¢ for all t > 1glg(1) + O(1).

Combining the previous two lemmas, we know that after t — 1 steps, where t —1 >
lglg($) —Hglg(,—ly) +O(1), weget 2,y > 1—cand zz > 1—e. So, xy; > 1—efori e [2].
Essentially, we have shown that the output profile a; is close to the equilibrium output

profile. Lemma below completes the proof by showing that if the output profile

is close to the equilibrium profile then the agents cannot benefit much by deviating.

Lemma 2.5. If the output profile ® = (x1,x2) satisfies 1 —e < x; < 1 fori € [2],

then x 1s a 3e-approrimate equilibrium.

]

We complement the upper bound in Theorem with a lower bound of 1g lg(%) +
lglg(2)+€Q(1) for linear cost functions (Theorem 2.6(with parameters p = ¢ = 0). So,
for the class of all convex cost functions, our bound is tight up to additive constants.
But, faster convergence rates are possible for specific classes of convex cost functions.
For example, if ¢(z) = 27 and ¢ — oo, then BR(z_;) — 1 for any z_; € [0,1]
and i € [2]. So, within a constant number of steps, we can approximately reach
the equilibrium. In Theorem we provide tight bounds for cost functions whose
derivatives can be bounded as 2P < ¢/(z) < 27 for z € [0,1] and p > ¢ > 0. Notice
that the case p = ¢ = 1/r for r € (0, 1] is equivalent to Tullock contests with concave

contest success functions (z - xr> and linear costs.
7

Theorem 2.6. Best-response dynamics in Tullock contests with two homogeneous
agents and a convex cost function c that satisfies 2P < (z) < 27 for z € [0,1] and
p > q > 0 reaches an e-approrimate equilibrium in g lg(%) + m Ig lg(%) —lglg(2+
r) 4+ O(1) steps, where r € [q,p] and 7y is a function of the initial state: v = xg; if
O0<zp1<1;v= (ﬁ{l)l/r if ko1 > 1 and ¢(0) < %; and v = a otherwise.
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2.4 Discounted-Sum Dynamics

In this section, we focus on a dynamic process we call the discounted-sum (DS)
dynamics and study its convergence properties. We will use these results for our
subsequent analysis of the BR dynamics for three or more agents. The DS dynamics,
its convergence, and the potential function used to prove its convergence may be of

independent interest.

Definition 2.3 (Discounted-Sum Dynamics). Let 2y = (20,)ic[) € R™ be the initial
state. At time ¢ € Zsg, an i, € [n] is selected, and the next state is computed as

follows:

rena = —Bui(Z) D 2y Fepig = 2, for § i
J#i

where 0 < ;,(z;) < B for some non-negative constant B < 1.

We assume that (;;(z;) can be chosen arbitrarily (possibly adversarially), but
must satisfy 0 < (;,(z;) < B. For convenience, we refer to the n coordinates of the
DS dynamics as agents, because these n coordinates will correspond to the n agents
when we use this dynamics to analyze the BR dynamics in subsequent sections. We
analyze the DS dynamics for two methods of selecting agent 7;—randomized and best-
case—similarly to the agent selection processes of the BR dynamics as described in
Section

We study e-approximate convergence of the DS dynamics w.r.t. the ¢;-distance,
i.e., for any e > 0, for sufficiently large ¢, we want [|z|[1 = >_; |2;| < e It can be
observed that the unique stable point of this dynamics is 0 (our rate of convergence

analysis will also formally imply this claim). Let oy = > 2y and oy = > it Pj-

Lemma 2.7. For the randomized agent selection model, the DS dynamics e-

approximately converges to 0 in O(L?(gl(f%) log(f(jso))) time w.p. 1 =9, i.e., ||z <€

forallt >T and T = O(ng()(gi@é) log(f(jso))) w.p. 1—90.

Before we prove Lemmal[2.7] let us briefly discuss the behavior of the DS dynamics.
Say agent ¢ = 4, makes the move at time ¢, then the dynamics updates the i-th
coordinate as zi11,; = —fri(z:)or—i, where [;;(z;) may be selected adversarially in
[0, B]. Let us make the following simplifying assumption: say f;;(z:) = B always,
SO 2441, = —Boy ;. With this simplifying assumption, we can construct a potential
B 2

L2 + L5E||z|3 and prove fast convergence in O(7 log(%))

time with probability 1 — ¢ using techniques similar to the ones used for analyzing

function feimpre(21) =
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linear cost functions in Chapter |3 In particular, we can show that fempe is (1 — B)-
strongly convex and (1 + (n — 1) B)-smooth and then use techniques used to analyze
coordinate descent [I10] to get the required convergence rate. But for arbitrary
Bri(z) € [0, B] coefficients, our attempts at constructing smooth and well-behaved
potential functions failed (e.g., we can formally show that no degree-2 polynomial can
be used as a potential function by constructing suitable examples; this observation
likely holds for higher degree polynomials as well). Therefore, we introduce a novel
non-smooth weak potential function and use it to prove the rate of convergence.
The potential either decreases or stays the same (therefore, we call it weak) as the

dynamics proceeds.

Proof of Lemma[2.7, partial. Given an n-dimensional vector z € R", we define the

following potential function

f(z) = max Z 1(z; > 0)z;, — Z 1(z; < 0)z; |, (2.7)
J€[n] j€ln]

where 1 is the indicator function. The potential function f separates the positive and
negative parts of z and takes the max of the sums of their absolute values. Notice
that f(z) > 0 for all z € R" and f(z) = 0 <= z = 0. The intuition for this
potential function is as follows: In the dynamics, we sum up all the z; values except
along one coordinate, say z;, and plug-in a negative discounted value of this sum into
z;. In this sum, either the sum of the positive terms (left side of f) or the negative
terms (right side of f) will have a higher magnitude, and after replacing z; with the
negative discounted-sum, we shall observe that the new left and right sides of f do
not exceed the larger of the two old sides of f.

Let vp; = L(z; > 0)z; and wy; = —1(z; < 0)2r5. Let V; = 3 v, and
Wy =23 w;. Let also Vy = {j € [n] | z,,; > 0} and W, = {j € [n] | z,; < 0}. Notice
that V, N W, = 0 and V, N W, = [n]. Also notice that f(z;) = max(V;, W,).

First, let us prove that the potential never increases. Let us assume V; > W;; this
is w.l.o.g. because the dynamics and the potential function are symmetric w.r.t. the
positive and the negative parts of ztﬁ Say agent ¢ is picked at time ¢, we have the

following cases:

e i € V,. Depending upon the value of v;;, we have the following two sub-cases:

8 An agent j with z,; = 0 can be put on either the positive or the negative side; as a convention,
we associate them to the negative side, which causes slight asymmetry. It can be checked that our
proof works irrespective of the side we assign to the agents with 2z, ; = 0.
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— Wy < Vi —v;. Then agent ¢ will change sign after this move: v41,; = 0
and w1, = Bri(z) (Vi — vy — W) < B(Ve — v, — W), So, the updated

value of the potential is

f(ze1) = max(Vy — vy, Wi 4+ wypg14)
< max(V; — v, (1 = B)Wy + B(V; — vr))
=Vi—v,; <V, = maX(Vu Wt) = f(zt)'

- Wy > Vi —v;. Then agent ¢ will keep the same sign after the move:
Vg1, < B(Wy — (Vi — vi;)). So, the updated value of the potential is

f(z41) = max(Vy — vy + vegr 4, Wi)
S max((l — B)(V;g — Utﬂ;) + BWt, Wt)
= Wt S maX(Vt, Wt) = f(Zt).

e i e W, As W, <V, the agent 7 will keep the same sign after the move:
wiy1; < B(Vi — (W —wy ;). So, the updated value of the potential is

f(zi41) = max(Vy, W, — wy; + wis1,)
< max(V;, BV; + (1 — B)(W; — wy,))
=V, = f(zt)'

We provide the rate of convergence analysis in Section [2.8| O

Lemma proves a high probability bound of O(loi(zn)) on the time till conver-

gence (w.r.t. n and L). We think that this bound can be improved to O(@) using

alternate techniques. However, this improvement is unlikely using the potential func-
tion f given in equation (2.7)) and by measuring progress w.r.t. f only for small time
periods. This is illustrated in Example [2.4]

Example 2.4. Let us assume that (;(z;) = % for all ¢, i, and ztﬂ Let z; =
(—=1,1,0,...). Note that f(z;) = 1. At time ¢, if we select an agent i, > 3, then i; has
zi, = 0 by definition and z:41,, = 0 because Z#it 25 =1—1=0. S0, 2141 = 2,
and we make no progress w.r.t. the potential f. To make progress, we need to pick
iy € {1,2}, which, in the worst case, occurs with a probability of 2L. So, it easy to

check that we will need about 57 time steps before we pick an agent in {1,2}.

9This ensures a O( logL(")

earlier in the section.

) rate of convergence using the smooth potential function fgimpie discussed
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Now, after we pick i, € {1,2}, say i, = 1 w.l.o.g. at time 7 > ¢, we have
z-41 = (—=1,1,0,...,0). The potential is still f(z,41) = 1. At time 7 + 1, if we
pick ;1 = 2, which happens with probability L in the worst case, then f(z,42) = 5
: 1,—%,0,...,0) and

27

f(zr42) = 1. And then if we pick i.,o € {1,2}, then f(z,43) > %. Extending this

argument, if we pick an agent in {1, 2} the first time after time 7 at time 7+ 3, then

But if we pick i, > 3, say i,.1 = 3 w.l.o.g., then z,,5 = (—

f(zr44) > §. Essentially, the longer the delay in picking an agent in {1,2}, the less
progress we make. By simple calculations, we can check that at time 7/ > 7 when we
eventually pick an agent in {1, 2} the second time, the expected value of the potential
is E[f(z41)] > 1—2L.

To summarize, after about % steps, we decreased the potential by a multiplicative
factor of about 1 — 2L. So, if we measure only progress w.r.t. f for small contiguous
time periods, and we do not track any other properties of the state z;, then it is

unlikely that we can get a convergence time better than O(#)

Notice that Example applies to the special case of uniform distribution, i.e.,

= 1/n. This indicates that our method is unlikely to provide a better bound
even for the case of a fixed distribution that does not vary over time. Techniques
from linear dynamical systems may help get a better bound. The discounted-sum
dynamics is an instance of a time-varying linear dynamical system, with a specific
structure for the matrices defining the linear transformation in each time step. One
can study the product of the time-varying matrices of the linear dynamical system.
The most natural idea would be to bound the spectral norm of these matrices (or
some other suitable matrix norm). But the spectral norm for the individual matrices
can be strictly larger than 1 (the same result holds for similar norms). So, we will
need other ideas to show the convergence using this method.

We next prove almost tight upper and lower bounds for the convergence time for
the best-case selection model. By the definition of the best-case model, the lower
bound applies to the randomized model as well, which implies that our bound is tight

w.r.t. € and polynomially tight w.r.t. n.

Lemma 2.8. For the best-case selection model, the DS dynamics e-approximately
converges in O(175 log(= f(zo ))) time, i.c., ||z¢|[1 <€ forallt > T = O(%5 log(f(zo)))
Further, for the best-case selectwn model, the dynamics may take Q(n+ log( zo)))
time to e-approximately converge, i.e., ||z||1 > € for allt <T = Q(n+— log( (ZO)))

for some starting points z.
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2.5 Three or More Homogeneous Agents

We now study BR dynamics for n > 3 agents. As introduced in Section [2.2.2] we
consider a randomized model and a best-case deterministic model for selecting the
agent who makes the transition at any given time point ¢.

For the randomized model, agent i makes the transition at time ¢ w.p. pg;(x¢)
given that the action profile at ¢ is @;. We assume p;;(x:) > L > 0 for all agents
1 except the one who played at time ¢ — 1. An important special case of our model
is to assume that p;;(a;) = 1/n for all ¢, i, and @y, i.e., the agent making the move
is selected uniformly at random. We do a worst-case analysis over all p,; given the
parameter L > 0.

For the best-case deterministic model, we assume that the agents are selected to
ensure the fastest possible convergence. We provide a lower bound on convergence

time for this model, which automatically carries over to the randomized model.

Theorem 2.9. BR dynamics in Tullock contests with n > 3 homogeneous agents with
convex costs and randomized selection of agents reaches an e-approximate equilibrium
w.p. 1—6 in O(; log log(%) +k’j§—g’” log(™K)) steps for every €, 6 € (0,1), where 7y is a
function of the initial output profile as given below (and discussed in Lemma , and
assuming that the cost function c is K-Lipschitz continuous in the interval [1—e, 1+€].

v = min(yy, —5), where vy, = min({a} U AU B), where A = {xo; | xo; >
0,7 € [n|} and B is either (1) B = {BR(xo; +1) | j € [n]} if ¢/(0) = 0 or (2)

B = {min(*5*<, BR(“+ZO"j)) | 20 < K,J € [n]} if ¢(0) >0, where k = —c/(O)TEnfl)'

Essentially, the value of v above corresponds to the smallest positive output at
the first time point when no agent produces an excessively large output and at least
one agent produces a positive output.

Notice that the above theorem implies that when agents are selected uniformly at
random at each time step (i.e., L = 1/n), the time till convergence is bounded above
by O(loglog() + n*log(n) log(%£)) w.p. 1 —4.

Proof of Theorem[2.9. We shall use an extension of the well-known coupon collector
problem in the first part of our analysis. In the coupon collector problem, we select
a coupon out of n coupons uniformly at random at each time step, and we want to
bound the time it takes to collect all coupons. A tight ©(nlogn) high probability
bound is known for this problem (see, e.g., [80]), which can be used to derive the
following bounds on the time it takes for each agent to play at least once in the BR

dynamics.
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Lemma 2.10. Let T be the time it takes for all agents to play at least once in
the BR dynamics, we have the following high probability bounds: (i) upper bound,
PIT < Lin(2)] > 1 —6; (i) lower bound, P[T > Llog(nd)] > 1 — 4.

Keeping the same notation as our previous discussions, let x;; be the output
of agent i € [n| at time ¢ > 0. Note that z;; is a random variable and (z¢)¢>0
is a stochastic process because the agent 7, making the move at time ¢ is selected
randomly. As before, let s; = Zj z; and s;_; = Z#i Ty j; s and s;_; are also
random variables.

We call an initial time period of the BR dynamics the warm-up phase (Defini-
tion . When the warm-up phase ends, we ensure that the output profile is, and
stays thereafter, in a certain well-behaved region where we can avoid the corner case
of BR to 0.

Definition 2.5 (Warm-Up Phase). The time period {0, 1,. .., Tyyarm — 1} denotes the

warm-up phase, where T, is the smallest time such that for every t > T, qm:

2

1. the total output is strictly less than (n_L: 5 < (n—?w;

1)c'(0)

2. all agents produce output of at most %: 0<z,; < ”—il) for every 1;

4(n
3. there are at least two agents ¢ and j # ¢ with positive output: z,; > 0 and

$t,j > 0.

In the first part of the analysis, we bound the time it takes for the warm-up phase
to finish with high probability.

Analysis Part 1 (Warm-Up Phase) We shall use the following properties
(Lemma 2.11)) of BR dynamics in our subsequent analysis.

Lemma 2.11. The BR dynamics satisfies the following properties:

1. s, >0 for everyt > 1.

n? n?
2. St < m = St41 < m fOT 6ver’yt Z 0.

3. For i,j € [n] such that i # j, if x;; > 0, x,; > 0, and s, < m, then

Tiy14, > 0 for every t > 0.

The next lemma gives a high probability bound on the time taken by the warm-up
phase.

Lemma 2.12. Time till completion of the warm-up phase Tyarm = O(% log(%)) w.p.
1-94.
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Analysis Part 2 (Reduction to Discounted-Sum Dynamics) We will now
reduce the BR dynamics to the discounted-sum dynamics discussed in Section[2.4] We
assume that all conditions for the completion of the warm-up phase (Definition [2.5)
are satisfied.

Let z,; = z;; — 1. We will show that under certain conditions, 2, follows the
discounted-sum dynamics with suitably selected parameter B € [0,1) (used in Def-
inition . In particular, we need to show that z;11, = —/fii(2:) Z#i 2z for
some suitable (;;(z;) € [0,B] for all ¢, i, z,. Let o = Zj 2 = s —n and
O = Z#i 2e; =St — (n—1).

Lemma 2.13. If s; _;, > ﬁ, then zii14, = Tey14, — 1 = —Bri(@s) (¢, — (n—1)) =
—Bri(@)or,—i,, where By;(2) € [0, B] and B < 3.

Lemma proves that the BR dynamics behaves like the discounted-sum dy-
namics if s; _;, > ﬁ In the next few lemmas, we try to bound the time it takes to

satisfy this condition with high probability.

Lemma 2.14. (Assuming the completion of the warm-up phase.) If at time t, the
output profile x; satisfies the following condition, then x, also satisfies it for all
T > t. Condition: There are at least two agents i and j # i such that x;; > ﬁ and
iz

Notice that, if the condition in Lemma is satisfied by @;, then there are
two agents ¢ and j with z,; > ﬁ and x;; > ﬁ,
k€ [n], si—p > min(zy,;, 20 ) > ﬁ, and Lemma ensures that the BR dynamics
resembles a discounted-sum dynamics. We next bound the time it takes to satisfy

the condition in Lemma [2.14]

Ty

which implies that for every

Lemma 2.15. For every t > Tyarm + Tsum, there are at least two agents i and j # 1

such that z;; > —= and x;; >

— where Ty, 1S defined as:

1
n—17
o Toum =O(Z2In(3)) wp. 1 =68 if v = minjep) STparm,—j = =75

® Toum = Oz In(5) + ;7 loglog(2)) w.p. 1 =08 if ¥ = miljepn] STyarm,—j < 7o7-
Notice that the time duration Tj,, given in Lemma depends upon v =
MiNjefn] STyarm,—j When 7 < —=. In Lemma 7 is defined as a function of the
output profile ®p, . at time Tyurm, which may be considered unsatisfactory, so we

next try to lower bound 7 as a function of the initial output profile x.
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Lemma 2.16. Let v = minjen) $Tp0mm,—j- If 7 < ﬁ, then it is lower bounded as

v >y =min({a} UAUB), where A= {x¢; | zo; > 0,7 € [n|]} and B is either (1)
B={BR(zo;+1) | j € [n]} if ¢(0) =0 or (2) B = {min(*=, BR(™*)) | 2o, <

k.d € (]} if ¢(0) > 0, where v = S,

Lemma [2.16| intuitively says that the value of v at the end of the warm-up phase
is lower bounded by either a (the response of an agent to 0), or the smallest positive
output by a player at time ¢ = 0, or is close to the smallest positive BR to the largest
output (that has a positive BR) by any player at time ¢ = 0.

Let us summarize our results till now. In Lemma [2.12] we showed that the
time taken by the warm-up phase is O(1log(%)) w.p. 1 — . Then, assuming
the completion of the warm-up phase, we have a 1 — ¢’ high-probability bound of
O(= In(5) + - log log(%)) on the time taken to reach a phase of the BR dynamics
that corresponds to the discounted-sum dynamics (Lemma .

Next, we use our results in Section to get a high-probability bound on the
time it takes for the output profile to reach close to the equilibrium profile. In

2

particular, as z;; = x;; —1 > =1 and 2z;, = z;;, — 1 < ﬁ for all t > Tyurms

50 > . |zl < % < n?. Using Lemma [2.7, we get ||z17,mtTuum |1 < € for all

T>T= 0(1°§g") log(Z%)) w.p. 1—0". Finally, using Lemma [2.17| below, we show that

small ¢;-distance implies approximate equilibria. Setting ¢’ = 6/3 and using union

bound on the total probability of failure completes our analysis.

Lemma 2.17. Given an output profile © = (x;)icjn) and the equilibrium profile x* =
(1,....0), if|le—x*||1 <€, |BR(s—;) — 1| <€ foralli € [n], and the (homogeneous)
cost function c is K-Lipschitz continuous in the interval [1 — €,1 + €|, then x is an

4Kne-approzimate equilibrium for € < 5.

]

We next prove almost tight upper and lower bounds for the time required for the

convergence of the best-case selection model.

Theorem 2.18. BR dynamics in Tullock contests with n > 3 homogeneous agents
with convex costs and best-case selection of agents reaches an e-approximate equilib-

rium in O(log log(%) + nlog(%)) steps for every e € (0,1), where v is a function of
the initial output profile as given in Lemma|2.16, and assuming that the cost function
¢ is K-Lipschitz continuous in the interval [1 — e, 1+ €|. As a lower bound, we show

that the convergence takes at least Q(n + log log(%) + logl(n) log(1)) steps.
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The lower bound for the best-case selection model automatically applies to the
randomized selection model; the dependency of Q(n) given in Theorem can be
slightly improved to Q(%log(mS)) w.p. 1 — ¢ using Lemma . Note that these
bounds are in the worst case over all convex cost functions. In contrast, for every e
and v, there exists a convex cost function that reaches an approximate equilibrium
after just one BR transition by each agent. E.g., if ¢(z) = 2" for all z > 0 and
r — 00, then BR(s_;) — 1 for any ¢ and s_; < co. The lower bounds w.r.t. v and €
in Theorem use the linear cost function: ¢(z) = 1 for all z > 0. We defer tighter
analyses of lower and upper bounds for specific classes of convex cost functions, as
done for the two-agent case (Theorem [2.6]), for future work.

2.6 Non-Homogeneous Agents

In this section, we provide examples with two non-homogeneous agents to demon-
strate that the BR dynamics may not converge[l’] These examples also imply non-
convergence for three or more non-homogeneous agents. In the examples below, let
the cost of agent 1 be 1 (normalized) and agent 2 be ¢ < 1 (w.l.o.g.). Notice that

agent 2 has a lower cost and is stronger than agent 1.

Example 2.6. Let ¢ = 1/10. Let a = 107°. The agents start from the initial profile
zo = (0,a), which leads to the cycle given in Table [2.1]

x,1 | 0.00000 | 0.00315 | 0.00315 | 0.24321 | 0.24321 | 0.00000 | 0.00000
x¢2 | 0.00001 | 0.00001 | 0.17439 | 0.17439 | 1.31631 | 1.31631 | 0.00001

Table 2.1: Non-convergence of BR dynamics for non-homogeneous agents (Exam-
ple [2.6)).

The intuition for the cycle in Example[2.6]is that the stronger (lower cost ¢ = 1/10)
agent’s best response may overshoot the upper limit on the output of the weaker agent
(cost 1), which makes the weaker agent best respond with 0. Then, the stronger agent
plays a, then the weaker agent plays v/a — a, and so on, and the output keeps on
increasing until the stronger agent overshoots the upper limit of the weaker agent
again. Such an issue never occurs if the agents are homogeneous.

We know that when ¢ = 1, i.e., the two agents are homogeneous, we have conver-
gence to the equilibrium. On the other hand, Example gave a cycle for ¢ = 1/10.

So, a natural question is: How non-homogeneous should the agents be to get a cycle?

10Link to code to generate these examples: https://github.com/abheekg/br-tullock-convex
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Example below shows that if ¢ < 4/25 = 1/6.25, then we can get a cycle. For
c € (4/25,1), our simulations show convergence. We leave the formal analysis of the

dynamics with almost homogeneous agents as an open problem.

Example 2.7. Let ¢ = 4/25. Notice that, if a = 1/4, we get the following cycle:
(0,1/4) — (1/4,1/4) — (1/4,1) — (0,1) — (0,1/4) — . ...

We next show that such cycles can also be constructed for certain arbitrarily small
values of a. Notice that we can write a reverse BR dynamics as follows: If agent 1

makes the move at time ¢, then we have x4, = /%12 — 242, Which can be reversed

1+4/1—4 2 . . .1
as Tpo = % (notice that there can be two possible values of z; o, indicated

by the + sign, that lead to the same z;1;1; we will focus on the smaller ;5 in this

example). Similarly, if agent 2 made the move at time ¢, then we have 2,115 =

. . (144 /1—4cziq1,2)? .
—=+ — ry1, which can be reversed as r,; = P . So, starting from

(1/4,1/4) and going backward, we can have the following reversed sequence going to

0:
L1 (L1 (Ll 12N 23 12)
44 71007 4 ~ 10077 104 710977 104

By selecting one of the z;o values as a in the (reversed) sequence above, we can

construct a cycle.

If ¢ < 4/25, we can extend the examples above to have a set of values of a that
has a strictly positive measure in [0,b], for any b > 0, and that leads to a cycle. See
Example 2.8 Note that the set of values of a that cause a cycle can never cover
the entire domain because there is always the equilibrium point (ﬁ, m> (and,

likely, a neighborhood of this point of positive measure).

Example 2.8. Let ¢ = 1/100. Starting from ;5 > 1, we track the reverse BR dynam-
ics (as done in Example[2.7) as follows: z;_1 € [0.0098,1), 2;_»» € [9.80/10°, 0.9803],
Ty_31 € [9.61/10',0.0094], and so on. If we set a equal to a point in the intervals

corresponding to z 9, for some 7, we will get a cycle.

All the examples above use linear cost functions and have cycles that pass through
a step where an agent has to best respond to 0. As the BR to 0 is not well defined,
we may wonder whether there is an example that does not pass through a BR to
0. Also, we may ask whether cycles are possible for strictly convex cost functions.
Example is such an example that uses strictly convex cost functions and does not
pass through a BR to 0.
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Example 2.9. Let ¢;(2) = 2! and ¢y(2) = 2!1/20 for z > 0. BR dynamics leads to
the cycle given in Table [2.2]

x¢1 | 0.00102 | 0.24588 | 0.24588 | 0.00102 | 0.00102 | 0.24588
T2 | 0.14930 | 0.14930 | 1.80686 | 1.80686 | 0.14930 | 0.14930

Table 2.2: Non-convergence of BR dynamics for non-homogeneous agents with strictly

convex costs (Example 2.9).

In the cycle presented in Example has a flavor similar to Example when
the weaker agent (high cost ¢1(2) = z!) produces low output, then the stronger agent
also produces relatively low output. But then the weaker agent tries to compete by
producing higher output, then the stronger agent responds with a relatively higher
output, and then the weaker agent backs off and produces low output. And this cycle
continues.

We note that Example [2.9| satisfies the relevant properties discussed earlier using
linear costs. In particular, the initial states that lead to the cycle can have positive
measure. The initial profile can also be close to 0, e.g., starting from (-,107°) and
agent 1 making the first move leads to the cycle presented above. In our numeri-
cal simulations, we observe that stronger convexity leads to faster and more robust
convergence results, i.e., when the cost functions are more convex, non-convergence
becomes unlikely and the rate of convergence improves. Our intuition for these obser-
vations is the fact that convexity of the cost function causes an agent to play closer to
the equilibrium output, i.e., given the same total output by other agents, s_;, the BR
of agent i, BR(s_;), is closer to the equilibrium output if the cost function is more
convex. (A version of this behavior can be derived using the first-order condition,
equation , and has been used in our convergence analysis in Section ) We

leave the formal analysis of these aspects of the BR dynamics to future work.

2.7 Conclusion

We showed fast convergence of BR dynamics in Tullock contests with homogeneous
agents and convex cost functions. There are several open problems:ﬂ (1) Our upper
bound for the discounted-sum dynamics has a O(1/L?) dependency on L (an O(n?)
dependency for uniform sampling of agents), but our lower bound is a Q(1/L) (Q(n)

1 Relevant simulations for some of these directions is available on https://github.com/abheekg/
br-tullock-convex.
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for uniform sampling). A direct open problem is to close this gap. We think that the
slack is in the upper bound, which can be improved to 0(1 /L). As highlighted by
Example [2.4] our potential function and analysis might not help improve the upper
bound, and this example applies even for fixed distributions that do not vary over
time, particularly uniform sampling. Techniques from linear dynamical systems may
help get a better bound. The discounted-sum dynamics is an instance of a time-
varying linear dynamical system, with a specific structure for the matrices defining
the linear transformation in each time step. One can study the product of the time-
varying matrices of this linear dynamical system. The most natural idea would be
to bound the spectral norm of these matrices (or some other suitable matrix norm).
But the spectral norm for the individual matrices can be strictly larger than 1 for this
dynamics (the same result holds for similar norms). So, we will likely need additional
ideas. (2) Analyze the convergence of BR dynamics for almost homogeneous agentsE

(3) Study the effect of the convexity of the cost functions on the convergence rate.

2.8 Omitted Proofs

2.8.1 From Section 2.3

Proof of Lemma[2.9. For cleaner exposition, let v = z_; = s_; and y = BR(x_;) =
BR(v). If v =0, then y = BR(v) = a < 1 by definition. Let us assume v > 0. From
the first order condition on the utility function, equation (2.4]), we have

Oui(z,v) v 1
) =0 = — —-d(y)=0. (2.8)
9z z=y=BR(v) (y + U)Q 4
We know that u;(z,v) is a strictly concave function of z, or, in other words, a"ia(j’”) is
a strictly decreasing function of z. Substituting z by v in %, we get
Ou;(z,v) v dw) 1 ,
AL RON B =—(1- .
oz |,_, 4? 4 4v (1=ve(v))
Ou;(z,v) Ou;(z,v)

If v <1, then === =1—wvd(v) > 0 because ¢'(v) < /(1) = 1. And, as ==

0z _ 0z
Z2=v

is strictly decreasing in z, we have y > v. With a similar argument, if v = 1, then

y =1, and if v > 1, then y < v.

12The ratio of the slope of the cost functions of the agents is bounded by a small constant, e.g.,
< 4.
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Notice that equation (2.8) implicitly defines y as a function of v. Let us now

compute the derivative of y w.r.t. v by differentiating equation (2.8]) w.r.t. v,

d v 1,
i (e~ 390) =0
1 2v N dy ( —2v 1
(y+v)2 (y+v)? do\(y+v)* 4
(y+v)—2v dy 1 (y+v)?* ,
= — 2 _—
(y +v)3 dv (y +v)? vt 1 ° )
dy _ y—v
dv 29y + (y'zv):” ' (y)

As d'(y) > 0, if y > v then % > 0. We showed earlier that v < 1 <= y > v, so
v<1l = %ZO. With a similar argument, v > 1 <— y < v = % < 0.

Therefore, the maximum value of y occurs at v = 1, where y is also 1. Same steps

also show that, if v < 1, then y > v, then j—?j) > 0, which implies y < 1. O

Proof of Lemmal[2.3. We know from the first-order condition that —2%— =

(zt+2zt41)2
Z—llc/(ztﬂ). As 241 <1 = d(z41) <1 and 2z, > 2 for every ¢, we have

1
T

z d(z z
: (1) : = 2> Va = a4 >z

(2 + 2441)? 4 (22441)?

Now, we want z; > % So, if we ensure that z; = 2

v 2

Proof of Lemma[2.4] As z41 < 1 for every t, which implies ¢/(z;11) < 1, we have

o _ ) :
= — 4z < _— > 9 _ .
ot znp A a < (atan) = a0z Val2-va)

Let G =1—\/zr = 2= (1 - (;)?. From the above inequality, we have

2 2 Va2 = Va) = (1=Gn)’ 21 -1+ ¢) =1-¢
=1+ Gy — 20 > 11— G == G < (G +G)/2.

As z; < zi41, 80 (¢ > (441, which implies
t
Gr1 S(Gu+E))2 = n <G = <.
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From the initial condition, we know that z, > % — (<1-2L< % We want
2z > 1—€ <= /2, > /1 — €. Using standard inequalities, /1 — € < Ve ¢ = e 2 <
1 —¢€/4 for every € < 1. So, \/zx > /1 — € is implied by /z; > 1 — ¢/4. Putting

everything together,

S

z>1—€ < \/221—i<:>§t§i — (§t§£<:>2tlg(§0)glg(e)—2

1 1 1 1
=g — | >2+1g( ) <= 2'>3lg(~- | <= t>2+1glg(~).
Co € € €
O

Proof Lemmal2.5 Fix an arbitrary agent i. Let u_ = w;(z;,xz_;) and uy =
ui(BR(x_;),x_;). We want to prove that

u > (1—36)uy <= — >1— 3e.
Ut

We are given that 1 —e < z;,2_; < 1, and from Lemma [2.2] we also know that
1 —€ < BR(z_;) < 1. Further, as ¢ is continuous and /(z) < 1 for z < 1, we have

c(z) > ¢(1) — e for z > 1 —e€. So, we can lower bound u_ as

— w1, Ve — % o) > _Z
ot = e > (G = )
1 1— 1
>  min — max -—c(y) > min v —c(1) > € —c(1)
yzell-e1] Yy + 2 ye[l-¢1] 4 yell-e1Jy +1 4 2—¢ 4
Similarly, we can upper bound wu, as
e = w(BR(-).2-) = oSt~ Le(BR()
< 1)) < i e(v)
max —-c max — min -c
Tyzell-el\y+2z 4 )= yz€[l-e1l Yy + 2 ye[l-¢1] 4 y
Yy 1 1 1
< —J _Cil-o< — Z(e(1) —
= iy +1—e -5 —qldl=q

Putting these two bounds together, we get

u el 1=Fc(l)—e o Loge(l) —e
up oo —1(e(1) =€)  1—2c(l)+E%e T 1—3c(1) + ke
1-2
> g 6, because ¢(1) <1 as ¢(0) =0 and ¢(z) <1 for z < 1,
€

1
> (1 —2¢)(1 —¢€) >1— 3¢, because T >1—zfor0<2z<1.
z
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Proof of Theorem[2.6. The proof is similar to the proof of Theorem [2.1 We define
the sequence (z;);>0 the same way as Theorem [2.]] - We can use the analysis for
Theorem 2.1 until Lemma [2.3} then we prove stronger versions of Lemmas 2.3 and [2.4]
assuming ' (z;) € [a¥, 27, given in Lemmas and [2.20] respectively. We can also
simplify the value of v: if zp = 291 > 1 and ¢ (0) < %, then v = ()} (%) = <%) v

for some r € [q, p|.

Lemma 2.19. Given zp = v € (0, %], 2 > 1 5 forallt > — 1g1g< ) and z; < %
for allt < g lgle (%) —0(1).
Proof. We know from the first-order condition that ——2—v = 2 (z41). As

d(z41) < 2{4 and 241 > z for every ¢,

2t _ (2t41) o i
(Zt + Zt+1)2 4 (2Zt+1)2 - 4

1
— 2t >Z(2+‘1) —/ym

Now, we want z; > % So, if we ensure that ’y<2+q > %, then we are done.

1

t 1
v e+t >

1 1
= —— 1 >_le=lg| =) <(2+49)
5 (2+q)tg(7)_ g(7>_( q)
—t> L 1glg(1>
~lg(2+9) v/

Let us now look at the lower bound. As ¢/(z41) > 27, and z > 0 for all t,

z d(z z 2P
(2t + 2141) 4 (2t41) 4
P I+5 21 2 o+ L1 21 3 21 t
— 7 <4277 <4MTEER P <4 TER T E? P00 < < 162001
1 L
Now, we want z < %. So, if we ensure that 16z5"™" = 16y®+" < 1, then we are
done.
167<2+1p>t < 1 = ;lg(y) < —bh<=lg 1 > 5(2+ p)
2 (2+p) gl

1 1
<:)t<—lglg(—) —1g(5).
1g(2+p) gl ®)

Lemma 2.20. Given zy > 3, 2 > 1 — € for all t > 1glg(%) —lglg(2+ ¢) + O(1). On
the other hand, given zo < %, z <1 —¢ for all t <lglg(1) —lglg(2+p) — O(1).
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Proof. As z1 < 1 for every t, which implies ¢/(z;11) < 1, we have

Zt _ C’(Ztﬂ)
(21 + 2141)? 4

= 4z < (2 +241)° = 241 > V(2 = z).
Let ¢ =1 — /2 <= 2 = (1 — (;)*. From the above inequality, we have

21 2 VAR = Va) = (1= 6n) 2 (1= Q)1+ G) =1-¢
S 14 —26m > 1-F =260 <G+ (2.9)

We will use inequality (2.9)), 2¢i+1 < (74 + (7, in our subsequent analysis.
We have been given that 2} < ¢/(z;) < z{ for all . Making use of the upper bound,
we get

2t A (241) Zg+1 q 2+ 241
= < :> < 2 “t T ool
(2 + z141)? 4 ~ 4 VA S 2 2
— ((1—=C)?+(1— 2
1= < (1= ()2 (( Gt) 2( Cry1) >
= g G2+ —2C
1—G < (1—G)? (1—@4. t t+; t+1

—1<(1 _Ct—i-l)% (1 I ¢ +Ct2+1 —2Ct+1> '

2(1=¢)

. . GG =26

From inequality (2.9), 241 < (Zy + ¢ = Qtal_ct)tﬂ < G+ Gy — 2G4 for
¢

G < 3. Also, (1— Gy1)? < e~ T <1— % for (41 < é- (If Gry1 > giq7 then we

can use an argument similar to Lemma to reach (411 < é} in a constant number

of steps from ¢, < %) We get

| < (1 _ qul) (141 —20)

— G (24 9) <@ + @) - LG + G - 200)

2t 1
t
= Ct+1<—th2 — <t§<—q) 3.

From the initial condition, we have z, > % — (<1-2L1< % We want

2 > 1—€e < /2y > v1—e Using standard inequalities, /1 —¢ < Ve ¢ =
e~/? < 1—¢/4 for every € < 1. So, /2 > /1 — € is implied by /z > 1 — ¢/4.

S
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Putting everything together,
€ € I
Zt21_€<:\/z_tzl_1<l:><t<_<:< ) o< -

t—1
8o \* _ ¢ 1y, (8%
— < —<=2""lg| —— | <1 -2
(8+q> — 4 & 8+q/) — 8(e)
1 8 1 1
<:>2t11g< EQ/ ) ZQ—Hg(E) = t21g1g<g>—1g1g(2+q)+0(1).
0

Let us now follow similar steps to derive the lower bound. Using ¢/(z;) > 27, we
have

2t (2e01) _ #in !
= > = Jz; > 2?2 _
2t + 211 2 4 - 4 o= Fin 2
+
P 1—¢)? 1— 2
= 1-G2>(1—G+)? <( ) +2( Cer1) )
2 | 2
p + -2
= 1-G>1—C(4)? <1 — G+ ¢ CH; CtH)
» G+ (o — 2
—1>(1-— 1 )
= ( Ct-i—l)z ( + 2(1 . Ct)
From inequality (2.9), 2¢41 < By + G = 5 +g’a1_;2)g“ > & +Ct+§_2cm for ¢, > 0.
Also, (1= G41)% > e7401P > 1 — (pqp for (g < 5. We get
2 2
+CE, -2
1 Z (1 _p€t+1) (1 + Ct <t+; Ct“rl)
G+ e
= (u(p+1)>=2 7 e ;1 (¢ + Ct2+1 —2C41)
3p Ct2 +Ct2+1 1 2 1 g 2t
<t+1(2+)_ 5 Ct+1_2+3pCt G > 2+ 3p 0

From the initial condition, we have zy < ¥ — ( > 1 —

y<l—e = /uz<VlI—-e As/1—-e>1—cforevery e <1, 50 /zr <V1—¢€
is implied by /z <1 —e.

1\ ..
<l—¢ < <l—e<e=(>¢ — S
2 € vV € Gt > € (2+3p) G > €

. Go . 2+ 3p 1
<:>21g(—2+3p)>1g(6)<:>21g (—4 )<lg(6)
— t<lglg (%) —lglg(2+p) — O(1).

]
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Lemmas [2.19 and [2.20] give tight lower and upper bounds on the time required
for z; to reach 1 — € starting from ~. Applying Lemma completes the proof for
the upper bound. For the lower bound, notice that if z; € [%,1 — €] and agent i
makes the move at time ¢, then BR(z; ;) —Tt; = 2141 — 2t-1 > Ze41 — 2t > §(€) using
arguments given in Lemma (if 2y = 1—¢ < 1—¢, then 2,41 > 1—(?, which implies
Zeg1 — 2 > (== Q) = Qe) for ¢ < 1/2); applying Lemma completes the
proof. O

2.8.2 From Section 2.4

Proof of Lemma remaining portion. We now bound the rate of convergence. We

will show that for every pair of consecutive time steps, the expected value of the po-

r(1—B)L

tential decreases by at least a multiplicative factor of (1 — oz (1)

Kk > 0.

) for some constant

Let us look at two consecutive time steps t and ¢ + 1. Let w.l.o.g. f(z;) > 0 and
Vi > W;. So, f(z) =V, > 0. Using Lemma below, we know that that there

exists k, ¢ € [n] such that there are at least k agents i € V; with vy, % and at

Z 4klg
. . W,

least € agents j € W, with wy; > 7.

Lemma 2.21. For any (p;)icp) with p; 2 0 for alli € [n] and 3 ;¢\, pi = 1, there

exists k € [n] such that |{i € [n] | p; > 4klg(n sH = k.

Say at time ¢, we pick one of the k agents in V,, say agent ¢, with v;; > 4k+gt(n),
and at time ¢ + 1, we pick one of the ¢ agents in W,, say agent j, with w;; > ﬁzn).

We have the following possible scenarios:

1. Wy < Vi — ;. Then agent ¢ will move from V; to W, after the transition and
will have an updated value of v;41,; = 0 and w1 ; < B(V; — vy — W), So, the

potential at time ¢ + 1 is

f(ze41) <max(V; — v, W + B(Ve — v, — W)
=max(V; — vy, (1 — B)Wy + B(V; — vt))

—hm s (1 - 4ké<n>) = (1 - m> flz).

The probability that one of these k agents with v,; > #g(n) is picked is at

least kL, so the expected value of the potential at time ¢ + 1 is E[f(z;11)]2¢] <
(1- 7k5) F(2) = Elf(zu2)lz] < Elf(za)l2] < (1- 7k ) £(20).
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2. Wy > Vi — ;. As Wy can be very close to V;, we will need two transitions to
guarantee sufficient progress. As v,; > V; — W,, agent 7 will stay in V4, after
the transition and will have an updated value of viyq; < B(W; — (V; — vi)).

We can bound V;, as

Vit <Vi—v + BWy — (V=) = (1 — B)Vy + BW, — (1 — By,
1-B
< —(1-Bv, <(|1—-— —— .

Now, at time ¢ + 1, agent j with w1 ; = w; > 4zgfn) = 4?;;211) makes a move.

We can have the following sub-cases depending upon the values of w41 j, Wi,

and Viyq:

(a) Vi1 < Wig1 — wegrj. Then agent j will move from Wiy to Vo after
the transition and will have an updated value of w;i2; = 0 and v;49; <
B(Wit1 — wig1,; — Viga). So, the potential at time ¢ 4 2 is

f(Zi42) <max(Vigyr + BWip1 — wigrj — Vi), Wigr — wig )
=max((1 — B)Viy1 + B(Wis1 — Wiy ), Wip1 — Wigr5)

1
= Wiy — w5 < <1 — m) Wit

— (1 - M) f(ze41) < (1 - m) f(z).

(b) Vig1 > Wip1 — wigq;. Then agent j will stay in W, after the transition
and will have an updated value of w9 ; < B(Vig1 — (W1 — wig4)). So,

the potential at time t 4 2 is

f(zi42) < max(Vigr, Wiys — wigrj + B(Vigr — (Wi — wiga4)))
= max(Vis1, (1 = B)(Wip1 — Weyr5) + BVigr) = Vi

(i) o gy

Now, combining the above two cases, we have

faea) < max (1= ) 1), (1- s ) 1600
—F(a0) = ) s min (1= B)0) < (1 - %) )

Now, the probability that one of the k agents with v, ; > #gt(n) is picked at time

t is at least KL and that one of the ¢ agents with w;; > %’én) is picked at time
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t+ 1 is at least /L, so the probability for the pair of transitions is at least k¢L?.
So, the expected value of the potential is E[f(z:12)]2:] < <1 - (14_15352) f(z).

Putting everything together, we have E[f(z;12)|z)] < (1 e B)L2> flz;) =

4lg(n)
Elf(2:0)] = EE[f(ziro)lz]] < (1- S22 ) E[f(2)]. Therefore, after T =
g(n)
(18_1%(;22 In (2f SO)) time steps, we have
1— B)L2\ /2 a-B)L2 T
Blf(en)] < (1- SE05) ) < T E p(a

_ e—ln(Qf(zo)>f(zo) < %

Finally, using Markov inequality we have P[f(z7) > §] < w = . And it is easy
to check that ||zp|[y <2f(2r) <25 =« O

Proof of Lemma |2.21. We prove the theorem by contradiction. Let us assume that

for every k € [n] there are strictly less than k coordinates i € [n] such that p; > m.

Then we have

1
=1=3"1 <, <1
or =12 (g <)
Mg(n)]-1 1 1
P (ng(n)—v 2J+11g<n>)“
1
+Z]1(0<U’ 2Me(m)1+11g(n ))Ul

Mg(n)] -1 1 1 1
PIDY ﬂ<_2j+2lg(n_) s 2ﬂ'+11g<n>) 2+ g(n)

1(0<L ! !
+Z S U< 2[1g(n Hllg(n) 2ﬂg(n)]+21g(n)

[lg(n)]—

27 n
< Z 2+ 1g(n 2[1g(n)]+1 lg(n)’
1
as there are < k values > and at most n values total,
4k 1g(n)
el _
21g(n)
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Proof of Lemma[2.8 The proof for the upper bound is a simplified version of the
argument used in the proof of Lemma 2.7 As we do not have any randomness, we
can deterministically pick the agent i; at time t. In particular, we pick the largest
element in the larger side of f(z;) (where the two sides correspond to the sum of the
positive and the negative values of z;).

Formally, let V; = Zj 1(z,; > 0)z; and W, = Zj L(z,; < 0)z;. W.lo.g. let
Vi > Wi So, f(z) = V;. We pick i, = arg max;,, g 2, where z;;, > % by
definition, and (if required) pick i1 = argmax;,, o(—z;), where 2, > W by
definition. We have the following cases based on the value of z;,, V;, and W;:

o W, <V, — 2z, Following the same steps as the proof of Lemma case ,
we have f(zi41) < Vi— 20, < (1 - )Vi= (1 - 1) f (=)

o W, >V, — 2, Following the same steps as the proof of Lemma case ,
we have Vi1 < (1 — =B)V,. Then either by following Lemma case we
have f(zp42) < (1 —2)f(z141) < (1 — 1) f(2) or by following Lemma [2.7] case

n

(2b) we have f(zi2) < Vigr < (1 — =5) f(z).

Overall, we have the bound f(zi2) < (1 — =2)f(2;). So, after T = ﬁ—”Bln(M)

n €

steps, we have

— T/2 1-B)T
f(zr) < (1 ! B) f(20) — e f(20)

1 ( 2f(z0)

Let us now prove the lower bound using two simple examples. In the first example,
let zp; = 1 for all ¢ € [n]. f(20) =n. For e < 1, we will need every agent to play at
least once to get f(z;) < e < 1. So, we need at least n steps.

In the second example, let zp; = 292 = & for arbitrary x > 0. f(z) = k. Also
let Bi(z) = B > % for all £, ¢, and z;. It can be easily checked that the fastest way
to decrease the potential is to pick agents 1 and 2 alternately. And by doing that we
have f(zi,1) = Bf(z;) for all t > 1, which implies f(z;) > Bk, so

1 K
e B 1 (%)
f(z) > € K> € <1n(1/B) n{ =

— t—l<ﬁln(§),

where the last inequality holds for B > 1 because 2(1 — B) = In(e*!=%)) > In(1 +
2(1- B)) > In(1+ =8) = In(3). O
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2.8.3 From Section 2.5

Proof of Lemma[2.10. Let 7 be the time it takes to collect all n coupons in the coupon
collector problem where each coupon is selected w.p. 1/n, the following result is well-

known.

Lemma 2.22. ([80]) For any constant ¢ > 0, we have the following high probability
bounds: (i) upper bound, Pt > nlnn + cn] < e=¢; (ii) lower bound, P[T < nlnn —

cn) < eC.

The analysis underlying Lemma [2.22 goes as follows: The time to collect all
coupons 7 can be decomposed as 7 = ) . 7;, where 7; is the time it takes to collect the
i-th coupon. After (i — 1) coupons have been collected, the probability that we get a
coupon that has not yet been collected in the next time step is equal to p; = "’Tz“
So, 7; corresponds to the time till the first head of a geometric random variable with
parameter p;. In particular, p; =1, po = (n — 1)/n, p3 = (n — 2)/n, and so on.

For the best-response dynamics, let T'= ). T; denote the time it takes for every
agent to play at least once, where T; is the time between the (i — 1)-th and the i-th
unique agent. Remember that we are doing a worst-case analysis over the random
selection process parameterized by L. In the first time step, we get the first unique
agent w.p. 1. In the second time step, the probability of selecting a new agent is at
least (n — 1)L = W = Lnp,. Similarly, we can show that for all i, after exactly
(1 — 1) agents have played at least once, the probability that we select an agent who
has not yet played in the next time step is at least Lnp;. This implies that P[T; <
k] < LnP[r; < k| for alli € [n] and k > 1. Using the upper bound in Lemma [2.22] we
get P[T > $(Inn+c)] < ¢, setting ¢ = In(1/6), we get P[T' < (Inn-+In(§))] > 1-0
as required.

The idea for the lower bound is similar. As discussed earlier, after exactly (i — 1)
unique agents have played, the total probability that the selection process can assign
to the agents who have already played, in worst-case, is equal to 1—(n—(i—1))L = 1—
nLp;. So, using the lower bound of Lemma , we get P[T' > +log(nd)] > 1—4. O

Proof of Lemma [2.11 Let’s first show that s; > 0 for t > 1. For contradiction, say
sy = 0 for some t > 1. Let ¢ = i;_1 denote the agent that moved at time ¢t — 1. Notice
that s, =0 = s, =5, <5 =0. If 5,_1_;, =0, then as a best response to

this, agent ¢+ must have played x;; = a > 0. So, we must have s; > 0. Contradiction.

39



3 n2 n2 S
Let us now prove that for any ¢, if s; < OSVEIOL then s;41 < CEVEIOR If /(0) =0,

e.g., when ¢(y) = y" for some r > 0, then the inequality is satisfied trivially because

(n+)2c,(m = 00. Assuming ¢/(0) > 0, we have the following two cases

. 2
o if s, ;, =0, then spp1 =411, =a <1< (n—?T(O);

o if 0 <51y, <5< i then from the first-order condition we have

n2
n—1)c’(0)?’

St,—i n—1 ,
, - c\x Y =0
($t+17it + St,—it)Z n2 ( t+1,u)
St—it St—it n_]_/ n—l/
) f— 2 —_— CcCl\x . > — O
(It+1,7jt + St,—it)Q St2+1 n2 ( t+17’Lt> = 2 ( )

= Sp41 < \/St,—it (n _ 1)0/(0) < (n — 1)0/(0)‘

Let us now assume that at time ¢, z;; > 0, x,; > 0, and s, < %

makes the move at time ¢. We know that s, _;, > min(x;;, 2,;) > 0 and s; _;, < s5; <

. Agent 7,
(n+)2c/®. Let us look at the first-order condition for agent i,

St —it n — 1 ,
7 o ¢ (Tiy1,,) = 0.
('xt—i—ljt + St,—it)Q n2 ( t+1,u)

If ¢(0) = 0, then
St,—is _ n—1 ’ B 1
(04 s¢,—4,)? nz * (0) = St —i,

so the BR must be strictly positive, i.e., ;11 > 0, to satisfy the first-order condition

> 0,

(as the utility function is concave and its derivative decreasing). On the other hand,
if ¢(0) >0, as s; 4, < (n+;c/(0), we have
2 St—i, n—1,

n
iy < = — 0) > 0.
%, (n—1)¢(0) O+s3)? n? <(0)

The same argument as before implies that x;;1; > 0 to ensure that the first-order

condition is satisfied with equality. O]

Proof of Lemma[2.19. Let T} be a random variable that denotes the time it takes for
every agent to make at least one move. We next prove that conditions and of
the warm-up phase (Definition are satisfied for ¢t > T;.

Condition ([I}). Notice that Lemma implies s, > 0 fort > 17 > n > 1.
For conciseness, let xk = m.
that it is enough to prove sp, < K because sy, < k implies s; < k for all ¢ > T} using
Lemma . For contradiction, let us assume that sp, > k. Let t =17 — 1.

Let us now prove that s; < k for t > T;. Note
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o If s, _;, =0, then sy, = s441 = T441,, = @ < K, which contradicts sp, > k.

o If 0 < s;_;, < K, then applying the first-order condition for agent i;, we have

St,—ig _ n—1 ) — _n? =
T d(x414,) =0 = s1 < K e = K S0, s, = Spy1 < K,

which also leads to contradiction.

o If s, ;, > K, then z441,;,, = 0 and s; > s,_;, > k. Doing induction in the
backward direction, starting from 7 =t =77 —1 and going to 7 = 0, 2,41, =0
for every 7 < T1. As every agent i makes at least one move before 77, so every

agent i € [n] has xp, ; = 0. So, sy, = 0. Contradiction.

This completes the proof for condition of the warm-up phase.
_4( forallt>T1andz€[]Fix

at>T, and an i € [n]. As every agent has played at least once before T7, so ¢ must

Condition . Let us now prove that z;; <

have made a move before t. Let 7 < ¢ denote the most recent time before ¢ when
agent ¢ made the best-response move. By deﬁnition of 7, ¢ did not play between 7+ 1

and t, S0 Ty; = Tr41,4. Finally, 2,41, < 4(n 0 because:

o Ifs, ;=0,thenz,1;,=a< 4(n -

o If0<s, ;< [C=EIO)] ),(0), ),(0) from
Lemma 2.11} If 2,4, < 1, then x4, < m because n > 3. On the other

hand, if x,;41; > 1, then ¢/(z;11,) > 1, and using the first-order optimality

then we know that 0 < Tri1i < S < [CEEIO)]

condition we have
Sy i n—1, n—1, n—1

(rq1 + 57.-4)? on

n 2
= T \/Sr_;i — S8 < max z—2z°].
T*“—WT ”—z>o< no 1 )

. . . 2 .
As ﬁz — 2% is maximized at z = 2\/%, SO Tri1; < go— as required.

— 4(n-1)

This completes the proof for condition of the warm-up phase.
We have shown that s; > 0 for ¢ > Tj, so there must be at least one agent
with positive output for all ¢ > T;. Let ¢ be an agent that has positive output

;> 0 at time T7. We also know from condition , which we proved earlier, that
?’LQ
Tne S ST S Grne)

with positive output and every other agent j # ¢ has 7, ; = 0. We next resolve this

Although zp, ; > 0, it is possible that ¢ is the only agent

scenario.
Condition . Let T5 denote the additional steps after 77, if any, required to get
at least two agents with positive output. Notice that T5 can be upper bounded by
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the time it takes to get the first head (select an agent j # i) of a geometric random
variable with parameter p > (n — 1)L because each j # i is assigned a probability
of at least L at each time step. When a j # i is selected at time ¢t = T, — 1, then

n2

xr,; = Ty, € (0, m), as required, using Lemma|2.11 . Further, Lemma/|2.11

also implies that there will always be at least two agents with positive output this
time onward. So, for t > T} + T5, the action profile z; satisfies condition of the
warm-up phase.

To summarize, for t > T} +T5, the action profile x; satisfies all conditions required
for the completion of the warm-up phase (Definition . So, Twarm < T1 + Ts. Let
us now prove a high probability upper bound on T} + 75, which holds for T4 as
well. From Lemma we know that P[T} > ¢ In(%)] < ¢ for any & € (0,1). Set
& =2, we get P[T7 > +In(3)] < &. As T5 underestimates the time till the first
head for a geometric random variable with parameter (n — 1)L, we have P[T; > k] <
(1—(n—1)L)* < e~ (=DLk Setting k = mln@), we get P[T, > ﬁlm(%)] <4

Using union bound, we get Tyorm < 11 4+ 1o < %ln(%”) + ﬁ 111(%) = 0(% log(%))

w.p. 1 — 0 as required. O
Proof of Lemma[2.13 Let i = i,. Notice that 241, =0 <= 2441, = 1. 2449, =1,
the first order condition for agent 7 is

St _q n—1 St _q n—1
o Zr;t 3 = (Te41,) = L
J ,—1

2 n? (14 s¢.-4)2 n?
= (n—1)(1+s;4)*—n?s;_; = 0.

The two solutions for the quadratic equation above are

sii=n—1 = (n—1)(1+s,4)°—n’s

=n-D1+n—-1)2-n*(n—1)=0,

1
Sp_;j = . = (n—1)(1+ st,_i)Q - n23t7_i
n J—

-1+ 1 2+ , 1 1" 2+ , 1 0
= (n — n ={n—- n = V.
n—1 n—1 n—1 n—1

Further, when s; _; € (ﬁ,n — 1), then (HS;%)Q > ”n—_gl, which implies that the BR
’ 1

to s;—; is strictly more than 1. Similarly, we can verify that if s, _; € (0, m) or

5t,—; >n — 1, then x4, ; < 1. Writing this in terms of z and o, we have

® S ;€ [ﬁ,n —l] <=0y € [ﬁ —(n—1),0], then x4y, > 1 <= 241, > 0,

and
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® Si >n—1<—= O¢,—i > O, then Tey14 <1<« 241, < 0.

So, we have shown that if s, _; > L then 2,41, has the opposite sign as o, _;, as

required. We now upper bound the ratlo Zt—tl
Let r = Zt—*_“ we want to upper bound r. Let us write the first order condition
for agent ¢ using z and o
St—i n—1, n—1+o0_ n—1,
= C\Ty1,4 <~ = C(Tg41,i)-
(g1 + 50—i)? n? ( 2 (n+ 241, + 04,—4)? n? ( 2

If Tey14 > 1< i1l > 07 then C/(xt-l-l,i) > Cl(].) =1. AlSO, Zti1,i > 0 = Ot < 0.
Using these, we get

n—1+o04_ n—1+o0_ n—1

(n+ 241 + 00—i)? C(n+(1— r)oi—i)? —  n?

2
- 1+L*i12 (14_(1_70)07571') — (1_7")‘716,71' <. 1+ Ot,—i 1
n— n

n n—1
( 14 2ot —1) as o, _; < 0.

= 1—-r>

O _; n—1

n—1 n—1 n—1

Further, as o, _; > —(n — 1) + -1, so 2= > —1. We will later lower bound ¢(y) in
y € (—1,0], but before that let us look at the case Ty41,; < 1.
If 2441, <1 <= 241, <0, then ¢(z441,;) < (1) =1. Also, as 241, <0 =

Let g(y) = HTy_l Notice that 1—r > 2g(2=). As o, < 0,80 2= < 0.

ot,—; > 0. Using these, we get

n—14o0 Sn—l :>1+ 1+(1—7‘)0't7_i 2
(n+(1—r)o,_;)? n? n— 1 n
:(1—7“)015,—1'2 1+Ut,—i_1:>1_r2 n ( 1+0—tz_1>’
n n—1 Ot,—i 1
where the last inequality holds because o, _; > 0. Again, for ¢g(y) = —VHy_l we have

the same inequality as before 1 —r > -2-g(Z="). Now, if 0, _; > 2, we tr1v1ally have
r= 7:;—*; < 5 because z;,1; > —1 always. So, we can assume 0y _; <2 = (:711 <

%1. Earlier, for 2,41, > 0, we needed to lower bound ¢(y) in domain y € [—1,0], and

2

now for z;41; < 0, we need to lower bound g(y) in domain [0, —=<].

Let us differentiate g(y) = —VlJ;H for y >
) = 1 _m—li y—2yI1+y(vI+y—1)
2yv/1+y y? 2y%/T+y
y—20+y)+2yT+y —-1-(1+y+2/T+y —-(1—-T+y)
WVt TN WVt

—1, we get
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So, g(y) is a decreasing function for all y > —1. Therefore, the minimum value of

g(y) in domain |0, %] occurs at y = % Plugging it in, we get

1 S n Ot,—i S n 2 n 14+ 2 1
—r =— —1].
“n—19\n=1) 7 n=19\n 1) T2 n—1

Let us now lower bound <,/1+% — 1). Let v = 1—1—% <—n= 1+v—31 = %
Notice that v > 1 asn > 2, and as n — oo, v — 1. Let h(v):§<,/1+%—1> =
z(vvtln(ﬁ —-1) = #—}-1) We need to lower bound h(v) for v > 1. Differentiating
h(v) w.r.t. v, we have

1 v+1 1 1

T 2(o+1) 2 (Vo+1)22y0
2w+ 1) —(v+1)  v42y/v—1
 AWe(Ve+1)?2 Ao+ 1)

So, the minimum value of A(v) in domain v € (1,00) occurs at v = 1, and we have
h(v) > h(1) = 1. So, we have proven that 1 —r > 1 = r < 1. O

W' (v)

>0, asv>1.

Proof of Lemma[2.1] Note that we are assuming the completion of the warm-up

phase. Let x; have at least two agents 7 and j # ¢ with z;; > and x;; >

1 1
n—1 n—1"
1

We shall prove that a;,; also has two agents with output at least n% By induction,
this implies the lemma.
If an agent ¢; ¢ {i,j} makes the move at time ¢. Then x4, = x; > ﬁ and

ﬁ, and we are done trivially. So, let us assume that one of ¢ or 7,
w.l.o.g. say i, makes the move at time ¢. If there is an agent k ¢ {7, j} with x;; >

1
n—1

T+l = Tty =
1
n—17
then again we are done trivially because 7 and k will have output at least at time

t+ 1. So, let us assume that z,; < -5 for all k ¢ {i, j}.

Now, as the warm-up phase has completed, so x;; < 4(1:1).
2 _ 2
Ty + Zké{m} Tpgp < 4(:—71) + Z—j < ﬁ Also, s i > x4 > ﬁ Let us now look

at the first order condition for agent ¢. If 2,41, > 1, then we are done trivially again.

Therefore, s, _; =

So, assume 41, < 1, which implies ¢/(z;11,) < ¢(1) = 1. We have

St—i n—1 n—1 n%s; _;

— Cl T ) < — X o> ’ — St.—4-
(xt+17z _|_ St7_,i)2 n2 ( t+1,Z> — n2 t+1,Z -_ n _ 1 t, 3

Notice that the function g(y) = % — y is concave in ¥y, so the minimum values
1 n?

— m], plugging in the extreme points we

occur at extreme points. As S¢—i € [

44



get:

1 n? 1 n 1 1
g Z - == - :12 )
n—1 n—12 n—-1 n—-1 n-1 n—1
n? n2n? n? n? V2-1 1
gl —— > — = > ’
2(n—1) (n—12n-1) 2n—-1) n-1 2 n—1

where the last inequality holds for all n > 3. So, we get 2441, > ﬁ as required. [

Proof of Lemma[2.15 Let us look at the sequence of moves after the warm-up phase.

Let t > Tyerm and ¢ = 4;, and let’s assume that there are less than two agents with

output at least ﬁ at time ¢t. Then, we have the following cases based on the value
of St,—i-
Let s,_; > ﬁ Then following exactly the same argument as the proof of

Lemma , we have x4, > ﬁ Now, at time t + 1, if we have two agents with
output > ﬁ, we are done. Else, let j # i be the agent who plays the next BR move,
say at time 7 > ¢+ 1 (ignoring the redundant consecutive BR moves by i that do not
change the output profile). Again, following exactly the same argument as the proof of
Lemma , we have x,41; > ﬁ Finally, the time taken to get this non-redundant

move by an agent j # i is at most m = ﬁ ln(%) w.p. 1—¢ because the probability

n—1
that agent i makes m consecutive moves is < (1 — (n — 1)L)™ < e~ ("= DEm <,

Let s, _; < n% Then the two possible scenarios are either z;4;; >

1
1 n—1
Tip1i < ﬁ < 1. If 241, < 1, then (z441,) < (1) = 1, and the first-order

condition implies

or

2
St.—i n—1, n—1 n*s _;
5= —5 C(T114) £ —5— = Tep1i 2
(Te1,i + 8t,-1) n n

n

n 1
= i 2 /St,—i - —i | 2 \/St—i -
L= Ve (m . > . (m n—l)

= Tp1a > /(0 —1)s; .

Now, let j # i be the agent who plays the next BR move, say at time 7 (ignoring

the redundant consecutive BR moves by i for now). At 7, s, _; = sp01,-j > g1, >

V(n—1)s; ;.

Let (yi)i>0 be a sequence where yo = v = miljef] STpum—j < —

o and Y1 >
V/(n — 1)y;. Notice that y; tracks the evolution of s; _;, for t > T4, assuming there

are no redundant BR moves. By the definition of T4, there are at least two agents

45



with strictly positive output, so v > 0. We want to measure the time it takes for y;

to reach ——
n—1

1

v >V (n—1Dy1 > (n— 1)%%%1_2 >...>(n— 1) %yg = (n— 1)1_2%72%.

We want to ensure y, > ——, which is implied by

—_
[~

|

1 1
> = = Elg(v) > -1 tzlglg(?.

N | —

<:’Y2

So, we need k = O(log log(%)) non-redundant moves. Now, let’s provide a high
probability bound on the time it takes to have x non-redundant moves. At each time
step, we make a non-redundant move with probability at least (n — 1)L. So, we need
to find the time it takes to get x heads of a geometric random variable when the
probability of getting a head is p > (n — 1)L.

Let m = %max(/f,%ln(%)). Let Z; be a random variable that takes value —1
(head) w.p. p and 0 (tail) w.p. 1 —p. E[> ", Z;] = —pm. Less than k heads (—1

values) corresponds to having » ", Z; > —k. Using Hoeffding’s inequality, we have

ZZ > —K] ZZ ]EZZ —k 4 pm)

72(1)771711)2 *Q(T)m*T)Q —mp2

<e m <e m <e 2 <.
So, after ﬁ max(k, ﬁ ln(%)) steps, the probability of getting less than x non-
redundant moves is bounded above by ¢, as required. O

Proof of Lemma[2.16. If Tyorm = 0, i.e., all required conditions for completion of
the warm-up phase are satisfied by the initial state xg, then we trivially get v =
min; so _; > min(A) > .

Let us assume that T,4m > 0. Let us focus on the time step Tyqrm — 1. Let
t =Tyarm — 1= Typam =t+ 1.

As t + 1 is the smallest time when all conditions for completion of the warm-up
phase, Definition [2.5] are satisfied, therefore at time ¢, there must be at least one
violation. We do a case analysis depending upon which condition was violated at ¢.
Let k = —%_— for conciseness. Let i = i, be the agent who makes the transition

(n—1)c'(0)
at time ¢.
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Case 1: Definition condition violated at t, i.e., there is only one agent j
with z;; > 0.

First, notice that at time ¢ an agent ¢ # j makes a transition to a positive x4,
to satisfy all three conditions of Definition . Check that the conditions and
(1)) of Definition must not have been violated at time ¢ because, then, in a single
step, we could not have satisfied all three conditions. This implies that s; = z;; <

2

n n2
-1 < =17 0)

Let us now trace our steps back from ¢ to 0. We claim that all transitions before

= K.

time ¢t were made by agent 7, i.e., for every 7 < t, j = i,. If not, let 7 < t be the
most recent transition by an agent k # j. As 2,41 = x5 = 0, therefore s, _j, > K,
but s; _ = s, = 2+ ; < k. Contradiction.

As j makes all the transitions before time ¢, we have either (i) if ¢ = 0, then
xp; = %o, or (i) if ¢ > 0, then x;; = a as a response to 0 output by everyone
else. Notice that v > min(z4y1,, T441;). Further, we have either z;11; > 1 or

Trr1 <1 = (2441) <1 and from the first-order condition

n

n
Tpy1i = /St ( p— - St,—i) = \/Tt5 (ﬁ — /Tt
n n
> /Ty — > /x> min(1, 2 ).
= t,j (\/m 2\/m) = tj = ( t:])

So, v > min({a} U A).

Case 2: Definition condition ([l)) violated at ¢, i.e., total output s; > &, but
condition is satisfied.

Let ¢ be the agent that makes the move at time ¢ to decrease the total output from
s > k to s; < k. We argued in Case 1 that condition must have been satisfied at
t. So, there are at least two agents with strictly positive output at t. Let j # ¢ be an
agent other than 7 that has x,; > 0. We claim that x; ; = x¢ ;.

We prove our claim by contradiction. Let us trace our steps back from t. Let
agent k make the transition at ¢ — 1. We show that k ¢ {4, j}. Notice that ;) =0
because if z;, > 0 then either: (i) s;_1 _, = 0, but this is not possible as s;_1 _j >
min(z.;, xr;) > 0; (i) 0 < s4_1,_ < K, but this is also not possible because then
s¢ < k by Lemma , but s; > k. As we already know that x;; > 0 and z,; > 0,
so k ¢ {i,j}. Repeating the same argument, for every 7 < t, we can show that
i ¢ {i,75}, which implies x4, ; = 2, ; = x;. Using same argument as done for Case

1, we can show that x;;q1; > min(1, ;) and v > min({a} U A).
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Case 3: Definition condition violated at t, i.e., there is an agent ¢ with

T > %, but conditions and condition are satisfied. After agent i made
the move at time ¢, z441,; < 4(2—:) at time ¢t + 1.
We have s; ; > 0 (by condition (3)) and s;_; < sp41 <
1
n—1°

2
n
m because Y

2

and which implies that s, < v+ max; x;41; < ﬁ + 4(7’:_1) <

min; Sg41,—5 <

n2

2(n—1)"
We can lower bound v as a function of s;4;_;. First, notice that -~

min(s1,—, Tey14) = Min(sy —;, Try14). Further, we can lower bound x4, as @1,

%=1 because, if Zi41,; < 1, then from the first-order condition we have

min(1, = <

n n

n
Tia1i > A/St—i —\/St.—i | = \/St—i -
B, b (\/m \/t’) Vo (n—l ﬁm)

Therefore, let us focus on lower bounding s; _;.

If ¢ = 0, then we trivially have s ; = > ., %o; > min(A) (and we know that
st,—; > 0, so there is an agent j # ¢ with positive zg ;).

Let t > 0. In the proof of Lemma [2.12, we argued that if an agent j plays at least
, S0 1, # 1 for

. 2
one move before time 7, for any 7, then z,; < 0 As x; >

_n® _n?
4(n— 4(n—1)
all 7 < ¢, which implies z,; = ¢, for all 7 <*t.

Let j = 441 # i be the agent who made the move at time t — 1. Let g =
Zk#’j Tp—1 k. S0, S4—1,—j =B+ x4-1; = B+ 2, and s, _; = B+ x;,;. Let’s do a case

analysis on the value of 8 and z; ;
o Let z,; >1or §>1. Then s, _; =+ a; > 1.

e Let z;; <1 and 8 < 1. The first-order condition for agent j is

St—l,_j B n—1 ) |
(w15 + 8t-1,-5)? 2 © (w5).

Notice that m%v decreases with s, _; because the derivative w.r.t.
»J —L,=J

St—1,—j is
0 St-1,- _ @t sia ) =280,
2 ) 3 <0,
Osi—1,-j \ (@t + St-1,-5) (e + St-1,-5)
2 .. . . .
as x;; < 1 and s,y _; > x0; > ﬁ > 1. This implies that if 8 increases,

then s,_; _; increases, then z,; decreases.

If Kk =00 (ie., ¢(0) = 0), then we get a lower bound z;; = BR(zo; + 3) >
BR(x¢;+ 1) > 0. On the other hand, if © < oo, then either § > (k — x0,)/2 >
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0 or x¢; = BR(xo; + ) > BR((k + ®0;)/2) > 0. So, s;_; = f+ xj; >
max(f, ;) > min((k — zo,)/2, BR((k + %0,)/2)).

Proof of Lemma[2.17. Fix an arbitrary agent i. Let € = 2(1 + K)e Let uy =
ui(BR(s—;),s—;) and u_ = w;(x;, s_;). We want to prove that
~ U— ~
u->(1—6euy <= —>1-=e
Uy
As ||lx —x*||; <€ wehave [s_; —s",| <e = s, €[(n—1)—¢€(n—1)+¢.
Also, as ||z — x*||1 < €, we have z; € [l —¢,1+ €], and as |BR(s_;) — x| < ¢, we
have BR(s_;) € [1 —¢,1 4 ¢]. We can lower bound u_ as
T; n—1

u_ = ui(x;, 5—) = e c(z;)
3 —1

i A e YO,
min — c
ye[l—e,1+¢ y+z n? 4
z€[(n—1)—¢,(n—1)+¢]

v

. Y n—1
min —  max
- ye[l—e, 1+ Y+ 2z  yell—el+d n?
2€l(n—1)—e,(n—1)+¢]

V

c(y)

-1
> min J I c(1+e)
yell-el+4d y+ (n—1) + € n?

T o)) + Ke)
S n- (n—=1c1) en+(n-1K)

v

n? n?
Similarly, we can upper bound u, as
BR(s_;) n—1

- BR(S_l) + 5 B n? C(BR(S_Z))

< max ( y —nzlc(y)>

yE€[l—€,1+¢€] Y+ z n
z€[(n—1)—¢,(n—1)+¢]

Uy = Ui(BR(S—i)a S—i)

Y ) n—1

max — min

yE€[l—e€,1+¢€] Y+ 2  yE[l—el+e n?
celtn—1)—e(n—1)+d

IN

c(y)

-1
< max i D c(l—e)
yell—e1+d y+ (n — 1) — € n?

l1+e¢ n-—1
< — 1) — K
< (1) - Ke)

< (n —2 1)e(1) N e(n + (n2— 1K)

49



Putting these two bounds together, we get

n+(n—1)K
u- _n—(m=1c(l) —e(n+n-DEK) 1= G600

€(

uy —n—(m—1Dc(l)+e(n+(n—-1)K) 1+ ¢! nt(n—1)K
)
)

—(n—1)c(1)
l—en+(n—-1)K
“l+en+(n—1)K)’
because c(l)glas c(0)=0and ¢(y) <d(1)=1fory <1,
l-—en(l1+K) A/2 N
> 1—¢€/2
“1t+en(l+K) 1+€/2 > (1-#/2)%

~ 1
becausee§1and121—y2<:>F21—yforO§y§1,
Y

> 1 —¢, as required.
Asd(z) >d(1)=1for z€[1,14 ¢, s0 K > 1 and 2(1 + K)ne < 4Kne. O

Proof of Theorem [2.18 The proof for upper bound is straightforward as we already
have done most of the work in the proof of Theorem 2.9 First, to complete the warm-
up phase (Definition , we need every agent to play at least once, and additionally,
at most one more transition, as argued in the proof of Lemma [2.12] This can be
completed in n+1 time steps by selecting agents in a round robin manner. Second, the
number of non-redundant transitions (consecutive transitions by the same agent are
redundant) required after the warm-up phase to reach the a phase of the BR dynamics
that corresponds to the discounted-sum dynamics is bounded above by O(log log(%))
as argued in the proof of Lemma And this can be completed in O(log log(%))
time by again selecting the agents in a round robin manner. Third, using the upper
bound for the best-case selection model for the discount-sum dynamics (Lemma ,
we reach close to the equilibrium output profile measured by /;-distance in O(n log(%))
time. Finally, using Lemma completes our proof.

Let us now prove the lower bound. We will separately show bounds of Q(n),
Q(log log(%) —loglog(n)), and Q<log(n) log(%)), which together imply a lower bound of
Q(max(n,loglog(%)—1oglog( n), log o) log(1)) = Q(n—i—loglog( )+ log log( )). Note
that these bounds are in the worst case over the class of all convex cost functions.

In particular, except for the lower bound of Q(n) that holds for all cost functions,
for every e and 7, there exists a convex cost function that reaches an approximate
equilibrium after just one BR transition by each agent. In particular, if ¢/(z) = 2"
for all z > 0 and r — oo, then BR(s_;) — 1 for any ¢ and s_;. So, we will prove the
lower bounds w.r.t. 7 and € using the linear cost function ¢/(z) = 1 for all z > 0. We
leave tighter analysis of lower and upper bounds for specific classes of convex cost

functions for future work.
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Proof for 2(n) Observe that, to reach an approximate equilibrium, every agent
must make at least one best-response move. For example, it is easy to check that
there can be no approximate equilibrium with any agent producing an output of n:
if an agent is playing n, then everyone else must play < 1 in an equilibrium (see
Lemma for a formal argument); if everyone else is playing < 1, then this agent
would want to deviate and not play n. So, if every agent starts with an output of n,
then each agent must make at least one move to reach an approximate equilibrium.
So, we get a lower bound of {)(n) as required. Notice that the same argument also

implies that for the randomized model, using Lemma [2.10, we get the lower bound
of Q(1 log(nd)) w.p. 1 —4.

Proof for Q(log log(%) —loglog(n)) Notice that, at the equilibrium, the total output
is n. So, for an output profile x; to be at an e-approximate equilibrium for small
enough €, we need s, > % (Lemma formally proves a similar result). Starting
from small sy = 7, we lower bound the time it takes to reach s; > §. At time ¢, for
any agent ¢, the first order condition, equation , for an agent with a linear cost
function is

St—1,— n—1 n

e <:’>St:
57 n? n—1

\V St—1

1
14+5 .2 I+ 5+55 of 22t 2.5
= 5 < ny/S—1 SnT2s, <nt2T2gr g <nfsy < nfyet.

1
So, sy > % = n’y2 >

0|3

, or

n 2

1 n 1 1 1
_ o < — —1 lg [ — t<lglg [ — ) —1lglg(2n).
50 <y = nty <2<:>2tg(7)<g(2n)<:> <gg(7> glg(2n)

> —lglg(2n) to ensure s; > % and that we are close to the

So, we need t > lg lg( 5

equilibrium.

1
~

Proof for Q(i;7log(¢)) Before we prove the lower bound w.r.t. €, let us prove

the following lemma.

Lemma 2.23. Given an output profile @ = (;)icp and the equilibrium profile
- = (1,...,0), if ||le — «*||y < € and |BR(s_;) — 1| < ¢, then uj(x;,s_;) <
<1 - M) ui(BR(s-;),5-i), for 0 <e <1 and x; # BR(s_;).

8n?
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Proof. We prove the lemma using strong concavity of the utility function near the
equilibrium point. From equation (2.3)), we have

0u;i(z,5_;) 25, n—1, 25,

= . > — .
022 (z+ s_)3 - 2 G (2) = (z+5.)°

As ||l — x*||; < e and |BR(s_;) — 1] < ¢, we have x; € [1 —¢,1 + €], BR(s_;) €
[1—¢e14+¢€,ands;€[n—1—€n—1+¢. So, for any z € [1 —¢,1 + €], we have

DPui(z,54) , 25, 2(n —1+¢) 1
- > min = >
022 T ozell-eltd (24 5)3 (n+2¢€)? — 4n?
si€[n—1—€e,n—1+¢|

for n > 2 and € € [0,1]. At z = BR(s_;), by the first order condition, we have

% o 0. So, using the strong convexity of —u;(z,s_;) w.r.t. z, we can
z=BR(s_;
write
ou;(z,5_;
(i 5) 2 g BR(s) 5-0) + (o — BR(s,)) 22
0z 2=BR(s_;)
1 2
+ gz (@ — BR(s-1))
Ui (xh S—z) < UZ(BR( ) —i) 2 BR( ))

< (1 — (i — ) S—i),

as u;(BR(s_;),s—;) <1 and z; # BR(s_;), which completes the proof. O

Given Lemma [2.23] we can prove that an action profile  is not an e-approximate
equilibrium profile by showing that there is some agent ¢ who has large deviation,
i.e., (r; — BR(s_;))? is large.

Next, in Lemma [2.24] we show that if there are two agents that have output at
least v away from the equilibrium output of 1 at time ¢, then there are at least two

agents that are at least «/(2n) away from 1 at time ¢ 4 1.

Lemma 2.24. Assuming n > 3. At time t, if there exists agents i and j # i such
that |x,; — 1| > a and |z,; — 1| > « for some o € (0,1), then there exists agents i’
and j' # 1" such that |vi 10 — 1| > 5= and |21 — 1] > 5=

Proof. Let ¢ and j # ¢ denote the agents that are at least av away from the equilibrium,
e, |ze; — 1| > a and |z,; — 1| > a at time ¢t. If the agent making the BR move
at time ¢ is not in {7, j}, then we trivially have two agents—agents i and j—at time

t+1 who are at least a > - away from the equilibrium. With a similar argument, if
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there are three or more agents that are at least ;- away from the equilibrium at time
t, we will have the required condition at time ¢ 4+ 1. So, let us assume w.l.o.g. that
agent 4 makes the transition at time ¢ and all agents k ¢ {7, j} have |z,) — 1| < 3=

As |z — 1] < £ for all k ¢ {i, j}, we have | Y2, 0 o mp — (n —2)] < 852% <
We also know that |z,; — 1| > «. Putting together, we have |s;_;, — (n — 1)| >

S
R e -

or §,_; = (n—1)%x B for § > §. Let us do a case analysis based on the sign

St — (n—1).

5

©)
=

o5, i —(n—1)<0<=s_;,=(Mn-— 1) — . Using the first order condition for

agent ¢ (with a linear cost function ¢/(z) = 1 for z > 0), we can write z4y1,; as

- 1)
Ter1i = \/n_ — St =/ nn_l —B)
_nﬂl—n_l (n—1)+5

>n(l-— g —(n—1)+ f, because 0 < 1 — b <1,
n—l n—1
g
>14+——082>1 >1 >1+ —
+ ﬁ +2 +4_ +2n

e 5, ;—(n—1)>0<«<=s,_; = (n—1)+ . Again using the first order condition

for agent i, we can write Tip1,; AS

St,—i (n—1)
Y o n—l ((n—=1)+5)
= 1 - 1)
=n4/ —|— 1 —(n

<n|l+ 6 —(n—1) -7, becausel+i>1
n—l n—1
n— 6] « Q
<1— <l—-=<1—-—-<1——.
- /B 2~ 4 — 2n

Putting both cases together we have |74, —1] > 5%; we also know that |z,41;—1| =
|z — 1| > @ > 5-. So, we have the two agents at tlme t + 1 that satisfy the required

condition. O

Lemma above implies that if we start from @y = (3, 3,1,...,1) that has two

agents who are producing output at least % away from equilibrium output of 1, then
after ¢ time steps, x; will have at least two agents ¢ and j # ¢ with |z, — 1] > 2n)t
for k € {i,7}. Let a = 2(2—1n)t for conciseness. Now, let 2z, = x4, — 1 for all ¢ > 0

and k € [n]. As |z, — 1] > a for k € {i,j}, we have |z ;| > o for k € {3, j}.
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Further, from Lemmas [2.13} [2.14] and we know that 2z, = (21) ke[ follows the

discounted-sum dynamics presented in Section Then, as |z | > o for k € {i,5},
the potential function given in equation (2.7)) satisfies f(z;) > a. In particular, one of
the two sides of the potential function f(z;) has size at least «, so the largest element
on the larger side, say |z;x|, must have value at least . Moreover, if we select this

agent k at time ¢, then |z;4q 5] < ‘Zg“ as argued in the proof of Lemma , which

implies

|Zt,k|

2

|Zer1 ] <

|2t k| oo 1
2 T 2n  2(2n)tH!
1

- ‘Zt+1,k - Zt,k‘ >

— |BR(s¢ k) — >
‘ <8t7 k) xt:k’ — 2(2n>t+1
— uk(l't’k, St,—k) < <]_ - W) Ui(BR(St7_k), St,—k) by Lemma [2.23
Setting t < ll‘z)gg(éf)) —5 = S5 > € completes the proof. O
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Chapter 3

Tighter Bounds for Linear Costs

In this chapter, we improve our convergence-rate upper bound for Tullock contests
with linear cost functions, i.e., lottery contests. We use techniques—Markov chains
and stochastic descent—that are different from the analysis in Chapter [2] which may
also be of independent interest.

We keep the same model and notation as Chapter 2l For linear cost, the BR of
an agent can be written explicitly as a function of the output of other agents. As the
agents are homogeneous, let us normalize the linear cost as ¢;(z) = z for all i € [n] and
z > 0. Notice that this normalization is slightly different from the one in Section [2.2.4]
where it would have been ¢;(z) = %3z The ¢;(z) = z normalization makes the
analysis in this chapter cleaner. Using the first-order condition, equation , the
BR of any agent i can be written explicitly as BR(s_;) = max(0, \/5_; — 5_;).

In our analysis in this chapter, we make an additional but mild technical assump-
tion: py;(xy) < U < 1/2 for all ¢, ¢, and @;. This assumption says that no single
agent has a significantly high probability of making the BR move at any given time
step. It is required in one of the steps in our analysis (Lemma , but is not un-
reasonable, especially for a large number of agents. For our current analysis, relaxing
this assumption seems non-trivial and probably requires new ideas.

For the randomized agent selection model, for n > 3 agents with homogeneous

linear cost function, our upper and lower bounds for the convergence-time in Chapter|[2]
e
particular, we improve our rate of convergence upper bound to O(&log(n/(ed)) +

were O(-%) and Q(%), respectively. Here, we improve the upper bound to (N)(%) In
Blog log(1/v)) with probability 1 — 9, where & and 3 are functions of the randomized
agent selection process (Theorem [3.1)), e.g., « = n and = 1 if agents are selected
uniformly at random each time step. The improvement from O(%) to O(%) comes
primarily from the following change: In Chapter [2| we analysed the discounted-sum

dynamics, which gave us the O(#) bound. In this chapter, we analyze a descent
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algorithm with respect to a smooth and strongly convex potential function (discussed
below), which gives us the better O(%) bound.

Intuition for the Proof of Convergence It is divided into three parts. The first
part (warm-up phase) is similar to the analysis in Section . The third part of our
analysis requires the total output to be sufficiently large. In the second part of the
analysis, we prove this requirement is satisfied often. We discretize the range of values
that the total output can take into countably infinitely many intervals. We consider
the discrete stochastic process that indicates the interval in which the total output
lies at a given time point. We analyze this discrete stochastic process and prove that
it frequently visits the states that correspond to a high total output, as required. We
do this using suitable concentration bounds for Markov chains [80]. This part of the
analysis also provides a few interesting insights about the BR dynamics, e.g., the total
output never decreases by more than a constant factor in a single time step after the
warm-up phase.

In the third part of the analysis, we use the potential function f (different from
the one used in Section to prove the rate of convergence. We show that the
potential f is strongly convex and smooth when the total output is sufficiently large,
which we then use to show that the potential decreases by a multiplicative factor
each time step (given the total output is large). Our analysis here is motivated by
the log(1/€) convergence rate achieved for the minimization of strongly convex and
smooth functions using coordinate descent [I10, 15, 25]. On the other hand, the
potential function is always non-increasing. Putting these together, we get our rate

of convergence.

3.1 Analysis

Technical proofs omitted to improve readability are provided in Section [3.2]

Theorem 3.1. Best-response dynamics in lottery contests with n > 3 homogeneous
agents and randomized selection of agents reaches an e—appro:m’mate equilibrium with
probability 1 — & in O <1 57 log log ( ) + T 2U) log( ) + s 2U)2 log( )) steps for
every €,0 € (0,1), where v is a function of the initial output profile as given in
Lemma [2.16.

The (1 — 2U) term in the denominator shows up because of the analysis of the
Markov chain in Lemma [3.2, The assumption of U < 1/2 is also directly related.
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The Markov chain we analyze is finite on one side, say left, but is infinite on the right
side, and we want the left-most state to be visited frequently. The Markov chain is
biased to move left, and this bias is ensured by the U < 1/2 condition and shows up
as the (1 — 2U) term in the denominator in the analysis.

Notice that the Theorem implies convergence in O (log log (%) + nlog (%))
steps when the agents are selected uniformly at random (i.e., L =U = 1/n).
Proof of Theorem[3.1. We divide the analysis into three parts. The first part corre-
sponds to a warm-up phase and is exactly the same as Theorem The definition of
7 is also the same as before (Lemma E| The remaining two parts of the analysis
assume the completion of the warm-up phase. In the second part, we bound the time
it takes for the total output s; to be at least i for a sufficiently large number of time
steps. We do it by discretizing the space of s; and analyzing the Markov chain associ-
ated with it. Finally, in the third part of the analysis, we show that, after s, > i for
a sufficiently large number of steps, then the output profile is close to the equilibrium
output profile with high probability. Here we use a well-behaved potential function

to be introduced later.

A Biased Random Walk with a Wall Let us consider a Markov chain with
countably infinitely many states denoted by positive integers Z~q. Let y; € Z~o be a
random variable that denotes the state of this Markov chain at time ¢t > 0. The state
moves left (or stays at 1if it is already at 1) w.p. (1 —p) and moves right w.p. p, where
p < 1/2. Formally, the transition function of the chain is: Ply,1 1 =1 |y, = 1] = 1—p,
Plypri =2y =1 =p, Pl =i—1 |y =i =1—p, and Plys1 = i+1 |y =i =p
for i € Z>5. Figure shows the Markov chain. We bound the time it takes for the

I-p I-p I-p I—-p

OB OSOB O
P P P P
Figure 3.1: Markov chain

stochastic process ¥, to visit state 1 a sufficiently large number of times with high

probability, which we do using suitable concentration bounds in Lemma |3.2

IThe different normalization of the cost function in this section does not make a difference in
the final upper bound because 1/ is off by at most a O(n) factor, which becomes an additive term
after we take log.
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Lemma 3.2. Starting from initial state yo = k, the Markov chain wvisits state 1 at

least m times w.p. at least 1 — 0 after %@ max <m +k, 2p In ( )) time steps.

Analysis Part 2 (Total Output) We now use the Markov chain defined earlier
to bound the time it takes after the warm-up phase for s; to be above }1 for a large

number of time steps with high probability.

Lemma 3.3. Within T = Tyum + O (1 oM+ o 2U loglog< ) + o 2U)2 log( ))

time steps, w.p. 1 — 0, there must have been at least m times steps where s; > m,

where 7y is as defined in Lemma |2.16 u formally, ‘{t | Toparm <t < T,s; > 1}| > m
w.p. 1 —9.

Proof. In this proof, we assume that the warm-up phase has completed. To make the
analysis less cluttered, let us assume that T, = 0, i.e., x; satisfies all conditions
for completion of the warm-up phase for all ¢ > 0 (rather than t > Tyarm)-

We map the evolution of s; to a discrete stochastic process z; that takes values in
Z>O:

e We partition the unit interval (0,1), range of s;, into the following intervals

(written in decreasing order, starting closer to 1 and going to 0):

A A 1\
47 ) 874 ) 3278 AR ) 2 ) 2 7

where the (-th interval for ¢ > 2 is equal to [(1/2)% 7', (1/2)2"*1). Notice

that the values in the intervals are decreasing at a double exponential rate.

e The state of the stochastic process z; is equal to £ if s; lies in the ¢-th interval.

Formally,

1, if s €[1/4,1),
TN its e [(1/2)2““, (1/2)2““) where £ > 2.

We shall prove that the process (z;);>o has a higher tendency to move left than y;,
where y; follows the Markov chain defined earlier (Figure , given we set p = U for
y;. Remember, y, moves one step right (y;01 = y¢ + 1) w.p. p = U and one step left
(yr41 = max(1l,y; — 1)) w.p. 1 —p =1—U. We shall show that z; moves at least one
step left (or stays at 1) w.p. at least 1 — p and moves at most one step right w.p. at

most p. If we set zg = 1y, then this claim ensures that the probability that z; visits
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state 1 at least m times is at least the probability that y, visits state 1 at least m
times.

Left transitions. We know that s,y = BR(s¢ i)+ 5t = (\/5t,_i — St,i) + 5,1 =
V/5t—i, where i is selected from [n] randomly. As ) x,; = s;, there can be at most
one agent j such that x,; > s,/2. This agent j is selected w.p. at most U. So, w.p.
at least 1 — U we select an agent ¢ such that z,; < 5,/2 = s;_; > /2 = s441 =

NN

o If z, = 1, then s, > 1/4. So, 8401 > /s:/2 > /1/8 > 1/4 w.p. at least
1-U=1-p. So, zzy1 =1 w.p. at least 1 — p.

o If 2, = ¢ for some ¢ > 2, then s, > (1/2)22_1“. S0, Sir1 > \/Si/2 >
V(7222 = /(172272 = (1/2)27°* wop.  at least 1 — p. So,

Zi1 <€ —1 w.p. at least 1 — p.

Right transitions. We showed above that z; makes a left transition w.p. at least
1 —p. So, z stays at its position or makes a right transition w.p. at most p, which
is what we want. But we still need to show that z; can move at most one step right,
Le, 21 <z +1wp. 1.

Let us focus on the transition at time ¢: s; — s;41, 2 — 2p41. Say agent @ = iy
makes this transition. If ¢ made the best-response move at time ¢t — 1 as well, i.e.,
1—1 = 1, then s;11 = s; because consecutive moves are redundant. Therefore, z;.1 =
2z <z + 1, as required.

Let us assume that i, 1 # 7. Let j = i,_1 # i be the agent that made the move
at time ¢t — 1. As 4,y # i, therefore x,_;; = z,,. Similarly, as ¢, # j, therefore
Zt; = T411,;. On the other hand, for k # 4, j, notice that x;_1 ; = 21 = Tes1 4.

Let a = Zkﬂﬂ. T . We can write s; _; using « as

St = Ty + Z Ty = T + Q. (3.1)
ki j

We can also write z;; using « as

Tpj = /Si—1,—j — St—1,—j = \/Ti—1; + o — (x_1; + @) = /2, + o — (2, + @),

(3.2)

and s; using « as

St = \/St—1,—j = \/xt—l,i +a = \/ZEt’i + a. (33)
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Combining (3.1)) and (3.2]), we get
St — Xy =T o= /T ta— (T +a)Fa= /1, + o — 2y, (3.4)

We shall now lower bound the ratio between s;.; and s;,. From (3.3) and ({3.4]), we

have

St41 A/St — Teg \/\/l"t,i toa— Ty 1 Ty
St St Vi o VZig+ta oz +a

Note that z;; + @ = s < 1, so @« < 1 — x;;. Let us define the function g(y) =

1 Tt,i : St _ :
Jer mt’fﬂ/ for y € [0,1 — x,]. Notice that == = /g(a) > minyepo,1-2,,) vV 9(y)-
Let us differentiate g(y) w.r.t. y, we get
J(y) = —1 n Tt _ 2w — [T Ty
2($t,z’ + y)3/2 ($t’i + y)2 2('Tt,i + y)Q

As z; < 1/4, we have

N | —

VI < 5 = 20 < /Iy = 20 — /T S0 = 20 — /1 +y <0,

for every y > 0. Therefore, ¢'(y) < 0 for very y > 0. So,

1 Tt 3
min =g(1 —x;) = — : =1—-m; >,
y€[0,1—x¢ 4] g(y) g( b ) \/xt,i + (1 — xt,i) Tt + (1 - fﬂt’i) b 4

as ry; < 1/4. As /- is a monotone increasing function, so

S;—:l =y/g(a0) > min }\/g(y) =/9(1 —2) > \/73

ye[O,l—xm-

We now use this bound on s;41 to bound z4,4. If 2z, = ¢ for some ¢ > 1, then
s; > (1/2)% '+, which implies

/—1 l—1 0—1 Y4
3 5 71\ 2 1\ @D+ 1\ @D+ 1\ @)+
Sty1 = \/_St > £ (—) =3 (—) > <—> > (—)

2 2 2 2
— Zt+1 S Zt+]-

To summarize, we have (i) z41 = max(l,z; — 1) wp. > 1—p =1-"U,; (il
zir1 < 2+ 1 wp. 1. So, z has a (weakly) higher tendency of moving left than y;,
as required. Finally, let us upper bound zy = y, as a function . We claim that
k <1+4lglg(1/v) because

1\ 2+ 1\ B(5)+1 1 23
2=k <1+lglg(1l/y) <= s0 > <§> = 50> (5) > <—> =1.
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Analysis Part 3 (Potential Function) In the third part of the analysis, we shall
make use of the potential function f given in equation (3.5)), which is based upon a

similar potential function in [44]. Let 2 = (2i)iefy € RY, such that 3, ) 2 < 1. Let
z* = (2} )ie) where 27 = 251, Notice that z* is the equilibrium action profile. Let
o=,z and 0" =) 2z
1 ’ 1 1\’
f(z) = 3 (Z zl> - ;zlzj + 6 <1 - ﬁ) : (3.5)

Let us first prove some properties of the potential function f.

Lemma 3.4. The potential function [ satisfies:

1. f(z*) =0;
2. 0< f(z) <1/2;

5. f(2) = 45 (52) if Xom < s

4 f(2) 2 Hlz = 2B =3, — )P i Xz > M
5. f(2) < 50 la — )

In Lemma , we showed that the /5-distance of the output profile is close to
the equilibrium profile if the potential function is close to 0. In the Lemma [3.5] we
show that we are at an approximate equilibrium if the output profile is close to the

equilibrium profile.

Lemma 3.5. If ||z — 2*|[a < e for 0 <e < ﬁ, then z is an (4n+/ne)-approximate
equilibrium.
Let us now go back to the BR dynamics. In the next lemma, we prove that the

potential converges to 0 quickly with high probability.

Lemma 3.6. P[f(x,;) < ¢ > 1—106 for all 7 > T after there have been at least
T =0 (%log (%)) time steps t where the total output s; > }L (after the warm-up
phase).

Proof. We assume that the warm-up phase has been completed. Let f;(a;) denote
the value of the potential function at time t 4+ 1 given i played at time t. If ¢ plays at
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time ¢, then @441, = /5t —; — 51— and s;11 = /5:_;, and we have

1/n—-1\" 1
fz(xt) - 6 < > = §S§+1 — th—l—l,jxt—l—l,k (36)

n

i<k

1

= 55?“ — T4, Ti41,5 — Z Tt41,5Tt+41,k
j#i j<k,ji ki

1

= §(5t,—i)3/2 - (\/ St,—i — St,—i) Z Tej — Z Lt,j Ttk
J#i J<k,jFik#i

1

= g(é‘t,—')g/2 - (\/st,—i - St St z Zﬁt]l‘tk
i<k
= se(st,-i) — St PP =D e
i<k
We first show that fi(x,) < f(®,) w.p. 1 for every i € [n]. Let g(y) = 357 —

y? (s¢ — 2y) for y € [0,1]. Notice that

@)~ @) = 3ot = (0510 = 3507 = a5

Differentiating g(y) w.r.t. y we get ¢'(y) = 2y(y — s¢). As ¢'(y) < 0 for y € [0, s
and ¢'(y) > 0 for y € [s;,1], we have miny g(y) = g(s;) = 357 — 57 (sy — 2s) = 0. As
st~ € [0,1], we have g(y/5; i) > g(s;) =0 = f(x:) > fi(x:), as required.

We next prove that the expected value of the potential E[f(x;)] decreases by a
multiplicative factor in any given time step t to ¢t + 1 if s, > 1/4. In particular, we
show that E[f(xi1)|x:] < (1 —KL) f(x;) for some constant k£ > 0, or equivalently,
E[f(xir1)|x] — f(2) < —kLf(x;), given s; > 1/4. As fi(x;) denotes the value of the
potential at time ¢ 4 1 given ¢ played at time ¢, so E[f(xi1)|2e] = D, pri(@s) fi(2).
Further, as g(,/5;, ) = f(x:) — fi(x;), we can alternatively prove the slightly stronger

condition

E[f(@e41)|@] — f(z:) < —wLf(2;) <= Zpt,xmo(f(wt) — filx))
= me 2)g(V5i) 2 pLf(w) <= 3 o(/5im) = nf(z). (37)

bt —? (s~ 20),

we have ¢”(y) = 4y — 2s;. We show that g(y) > k,(y — s;)? for a positive constant

Kg = min %, (% — 12275) ( ) > ( using the case analysis below:

Let us assume that s; > 1/4. Going back to our function g(y) =
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e Case y > 3s;/5. Then, ¢"(y) = 4y — 2s; > 2s;/5 > 1/10. As g(s;) = 0 and
g'(s¢) =0, we get

9(W) > g(s)) + g (s0)(y — s0) + 5—(y — s:)* > 5~ st)%.

e Case y < 3s:/5. As ¢'(y) <0 for y € [0, s¢], we have

3St 1 3 33t 2 238t
> 22) = 23— (222 il
g(y)_g(5) 55t (5) (3t 3 5)
1 /3\*\ s /1 27\ /1)’
=|l=-—1= s;>lz-—— =) -
3 5 3 125 4
Now, as y € [0,1], we have (y — s;)> < 1, and we get our required result.
Plugging in ,/s; _; into ¢(y), we get

9(Vsi=0) 2 Kg(Vsi—i — 50)" = Zg(\/m) = Ky Z(\/St_— -5 (38)

7 (2
given s; > 1/4. We now prove that >_.(, /57— —s:)* > k. f () for a positive constant
2
Kp, = min <<\/§ — 1) %, %) > 0, assuming s; > 1/4. We do a case analysis on the

value of s;:

<5 < %. We claim that there exists an agent ¢ such that ,/s; = > \/ést.

Let this be false, i.e., for every j € [n], /Si—; < \/ést. Then, we get a

contradiction because

6 6
51— < \/gst 5,5 < gsf, for all j € [n]
5(n —1)

6 6
- Zj:(St’j) < ZJ: 553 - (n — 1)815 < gﬂS? — St > 6n

Now, as ,/5;—; > \/ést for an agent i, we have

Y (g —s)? > (Ve —s) > (\/g— 1) 57 > (\/g— 1> %f(xt),

J

because s; > 1/4 and f(z;) <1/2 (Lemma [3.4] (2)).
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5(7(3—;1) < s; < 1. First, notice that

(8, — s7)? = (V56— — St)Q(\/ St,—i 1 st)°

— Z(w/st’_i —5)% = Z (51, = 51) > L Z(St_i —s9)? (3.10)

i i (\/‘Stv—"'%—st)z_Z i
because s, < 1 and /5;,—; < 1. We do a change of variable. Let y; = s;_.
Let p=> uk=> 15—k =(n—1)s; = s, =p/(n—1). Let us define the
function h(y) = 3 3, (yx — (327)?)?. Taking derivative of h we get

n—1
oh 1 o\’ 1 o\’ -2
8yi_§<yl_<n—1)>+§Xk:<yk_(n—1) n—1n—1
AP .\ np? U, np* 30
2 2mn—12 (n—12 (n—D%* 2 (n—1%* 2(n-—1)?2
0*h _1+ 3np*>  3p Ph - 3np®  3p
dy; 2 (n—-D* (n-1?  Oydy; (n—-1* (n—1)?*

So, the hessian V2h = (% - (ni—pl)z> + 31, where [ is the identity matrix.
Let’s find the eigenvalues of V2h. Using the matrix determinant lemma, we

have

3np’ 3p 1
det(V2h — AI) = det _ LY
. = (25 tae) + (32)7)

w2 =)
(o E ) 1y
G-
Setting det(V?h — AI) = 0 we get/\:%orA:%+(inf)24—(n3ff)2 =5+
31y (%_1)- As s, > 20D — pz(n—l)st25("*1)2 — _mp

6n 6n (n—1)2 >
3 weget A >1432(2-1) =L, So, his (1/12)-strongly convex. Now, let

yi = (";21)2 for every k € [n], which corresponds to the equilibrium. Notice that

2
we have p* = (”;1)2 > 5(”6;1)2. Further, h(y*) = 0 because (yZ* - (L)2) =0

— n—1

for very i € [n] and Vh(y*) = 0 because

(Vhiy); = % n(p)*  3(p")?

2 " (n—1)% 2(n—1)
1(n—1)?2 n  (n—1)°% 3 (n—1)*

= — _— :0
2 n? +(n—1)4 n? 2(n—1)2 n? ’

for every i € [n]. So, we can write
x « . 1 . 1 .
h(y) = hly") + (VR ) (y —y') + 55lly =yl = 55 lly — v'll5
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From Lemma [3.4] (5), we know that ||y — y*||3 > 2f(2:). Putting everything
together,

1 =

ST 2§ Sl gD = hlw) > Slly—y I > 5 fl). (311)

J J

Combining (37), (B8), B9), and B-II), we have E[f(@1)|2] < (1 - rornL) f(@:)

assuming s; > 1/4.

Let k = Kkyky. Taking expectation w.r.t. @, we get E[f(x111)] < (1 — kL) E[f ()]
for all ; conditioned on s; > 1/4. Further, as fi(x;) < f(x;) for every i € [n]
w.p. 1, we also have E[f(x11)] < E[f(x:)] w.p. 1. So, the sequence E[f(x;)] is a
non-increasing sequence and decreases by a constant factor for the time steps when
s > 1/4.

Assuming that there have been at least m > 1 7 In (2 6) steps after the warm-up

phase until time ¢ where the total output was at least 1/4, we get

(1 —rL)™ < e~ rlm

Bl ()] < (1~ #L)" f (@) < 0D < <
As E[f(x;)] < ed and f(x;) > 0, using Markov inequality we have P[f(x;) > €] <
]E[f(e Il < §, which implies P[f(x;) < €] w.p. 1 — 6, as required. O

3(n—1 .
%, from Lemma , we can ensure that x; is an

1
FOI'ES maHdStZ
e-approximate equilibrium by ensuring ||z, — z*|| < me, where z* is the equilib-

rium profile; which we can further guarantee, using Lemma (3.4 m . by ensuring that
3(n 1)

flxy) < me. On the other hand, for ¢ > Wﬁ or s; <

1
dn/n
e-approximate equilibrium, by ensuring that f(x;) <

, we can simply plug

in

instead of € and get an ( 4n1\/ﬁ)—approximate equ1hbr1um, which is also an

1
16n3

Let us now combine all our lemmas and finish the proof. We set the probabilities of
failure in each of the Lemmas [2.12] , and to be §/3, ensuring total probability
of failure is at most 0 by union bound. So, we get an e-approximate equilibrium

w.p. 1 — ¢ in steps:

1 1 1 n 1 1
loglog (=) + ———Tog () 4+ —— log (=) ).
O<1—2U 08108 (’y) T Ta—am) 8 <65> DTG (5))
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3.2 Omitted Proofs

Proof of Lemma(3.9. Consider the biased random walk (2;);>0, where 2,117 = 2, + 1
w.p. p<1/2and z41 =z — 1 w.p. 1 —p > 1/2. Notice that the behavior of z; is
almost similar to the behavior of y; defined earlier (Figure , except that y, cannot
move left from state 1 but z; can. Let us assume that zy = yo = k£ and z; is coupled
with y, i.e., z; moves left if y, moves left (or stays at state 1) and z; moves right if y,
moves right. Notice that y; > 2, for all ¢, by construction.

It is easy to check that, if z, < 1 at time ¢, then y, = 1 for some t < 7. Because,
if y, = z,, then trivially y, = 1 for ¢ = 7. Else y, > z,, which can only happen
if 2z =y, = 1 at some time t and z;,; = 0 but y,,; = 1. Similarly, we can show
that, if z, < 2 — m, then g, has visited state 1 at least m times by time 7, i.e.,
{t < 7|y = 1}| > m. The argument is similar as before: The first time z; is at
1, y; is also at 1 (the first visit). Further, the difference between y; and z; increases
only when y, is at state 1 and tries unsuccessfully to move left but z; moves left. As
yr > land 2z, <2—m, soy, — 2z > m — 1, so y; makes at least m — 1 additional
visits to state 1 by time 7.

Next, we bound the time it takes for z; fall below 2 — m. Let Z; be a random
variable that takes value 1 w.p. p and —1 w.p. 1 —p. 2z can be written as z; =
S, Zi+k. Notice that E[Y"!_, Zi] = t(2p—1). Applying Hoeffding’s inequality, we

have

¢
Plzy >2—m] =P ZZl-—l—kZB—m]

Li=1
t t
=P ZZZ-—E Zzi

Li=1 i=1

< exp (_Q(t(l —2p)—m— k+3)2)

23—m—k+t(1—2p)]

4t
_ C90) o 2
§exp( (t(1—2p) —m —k+3) )
2t
Setting ¢ > 1%2[) max (m + k, 17—12}7 In (%)), we get
—(t(1 = 2p) —m — k + 3)? —32t2(1 — 2p)?
<
P ( ot = &P 4291
—9t(1 — 2p)?
< — J
P ( s 4 =
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Proof of Lemma 34 Proof of Lemma [3.4] (). As 2} = 23, we have o = =L and
Sz = (3) (52)" = Uit Plugging this into f we get

o 3
1) =0 = et g ()

i<j
1(n-1\" (n n—12+1 n—13_0
3\ n 2 n? 6\ n -
Proof of Lemma ([2). Notice that we can write dicj zizi as (D ) =, 22
Using this

f(z):%03_zzizj+é<n;1) ; + Z é(n—l) ‘

1<j

Now, as Y. 27 is a convex function of z, we have
S22 22 = e koo () L (221
: -] =— z) > -0° — ot + - .
- . —\n n -3 2n 6 n

Let g(y) = sy® — %2y for y € [0,1]. Notice that f(z) > g(0) — & (% )3. Let us

now lower bound g( )

gy =g ("=1) = ] n—1\° n-1 n—12__1
yren[(lﬁ]gy—g n 3 n 2n n 6
1/n—1\° n—1\ 1 /n-1Y°
> — > - = 0.
— @ zalo) g () 2o (M) + 5 ()

On the other hand, f(z) < 3 because f(z) = %03—Zi<j zizj+s (”771)3 < o+ < 1
Proof of Lemma [3.4] (3). We are given that o < 3(n—1)/(4n). We showed earlier

that f(z) > g(o) + ((n — 1)/n)3/6 and that g(y) decreases for y € [0, (n — 1)/n], so

min  g(y) > g (_3(71— 1)> — (13_3 — 13_2) (n— 1)3 — _2 (n— 1)3
yelo, 2= - 4n 343 242 n 43 n
1
6




Proof of Lemma [3.4] (4)). We are given that o > 3(n —1)/(4n). Let’s show that f
is 1-strongly convex if o > 3(n — 1)/(4n). Taking derivative of f we get

of _ >’ f *f - .
aZi:a —;zj, 8_22-2:20’ 5507, =20 —1, for i,j € [n], i # j.
So, the hessian V?f has (V2f);,; = 20 if i = j and (V3f);; = 20 — 1 if i # j.
The hessian can be written as V2f = (20 — 1) + I, where I is the n x n identity
matrix. Let us now find the eigenvalues of V2 f; X is an eigenvalue if det(V2f —\I) =
det((20 — 1) + (1 — A)I) = 0. Using matrix determinant lemmaf’| we have

det((20—-1)+(1-N)1) = (1 + @) (1=N)" = (1-N)""(2no—(n—1)—-X\) = 0,
which gives us A = 1 or A = 2no—(n—1) = 2n(c—%+) > 2n( (”nl) ol =l >

As all eigenvalues of the hessian V2 [ are at least 1, so f is 1-strongly convex. Now,

as f is 1-strongly convex, we have

F(2) 2 F(=) + (VA= — =) + gl — 2*[1

We have shown earlier that f(z*) = 0. Further, as

L -er-Ts- () -2 (%) o

0%l i i

(Vf(z")i =

for every i, we have V f(z*) = 0, which gives our required result f(z) > 5|z — z*|[3.
Proof of Lemma 3.4 (5). The proof is similar to that of Lemma 3.4] (4)), but instead

of strong convexity, we focus on Lipschitz smoothness.

Let yi =3 2 =0—2. Let p=3 4 =3 (0 —2)=(n—1)0c < (n-1).
Further,

Y zz= (0—y)o—y) = <Z)02 — oY (vi+y)+ Y vy

1<j 1<J 1<j 1<j
n(n —1)
0D 1 Y
1<J
n—2
= (2< —1>p + Dy = D" 2+ v

1<J 1<j

Zhttps://en.wikipedia.org/wiki/Matrix_determinant_lemma
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Let us define the function h(y) such that h(y) = f(2z); plugging in o = (n o=t and
ZZ<] Zzz] - 281__21) p2 + Zz<] yzy]; we have

o) = 1) = 5t + o~ S+ 1 ()

1<j

Taking derivative of h w.r.t. y we get

8h - 1 2 4 n—2 ( ) _ 1 9 1 N
dy; (n—1p" a1l TV T T =T
= . 17 — _ ’ f -’ . G ’ . .‘
o~ (n—1p” 1”7 dydy;  (m—1p’ w1 Y ], i #
So, the hessian can be written as V*h = <(n L + I, where I is the n x n

identity matrix. Let us now find the eigenvalues of V2h. Usmg the matrix determinant

lemma, we have

1

YN B T PR ) P

1—A

:(1—)\)"_1((ninl)gp—ni1+1—)\),

1 2n(n—1) 1 2n—(n—1) _  n41

which gives us A = 1 or A = (ni—’i)gp T ad S TSR T ne T e T (el

(n—il) + ﬁ < 1. As all eigenvalues of the hessian V?h are at most 1, so h(y) is
1-Lipschitz smooth w.r.t. y. Let yf = 3, 2 = (”7_1)2 and p* =) . yf = @

Notice that h(y*) = f(2*) = 0 and Vh(y*) = 0 because

Ooh 1 (n—1) 1 (n—=172 (n—1)>

(h(y"))i = i, - (n—13 n2 T h—-1 n - n2

n—l

o (I1—-n+(n-1))=0,

for every ¢ € [n]. This gives us
1
f(2) = h(y) < h(y") + (VA (y —y") + 5lly — 7115

:%Z(yi—y:)Qz %Z <Z(Zz—2’:)) :

69



Proof of Lemma([3.5. We will use Lemma [2.17, which showed a similar bound for
(,-distance. As ||z — 2*||a < ¢, using Cauchy-Schwarz inequality, ||z — z*||; =
Y=z = Y= 1 < /S T = 5P, I = itllz— 27l = Ve, We need
to adjust the cost function to satisfy the normalization in Lemma (and Section
and . It is easy to check that the re-normalized cost function is ¢;(z;) = "n—}lxz

for all 4, so it is “Z*-Lipschitz continuous. Similarly, if ||z — z*||; < /ne, then the

re-normalized ¢;-distance is < n"—fl\/ﬁe So, Lemma [2.17] tells us that we are at an
4(”n—§1)n(n”—jl\/ﬁe) = 4n+/ne equilibrium. O
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Chapter 4

Continuous-Time Best-Response
and Related Dynamics

Our results in Chapters [2| and [3| show convergence of the standard discrete-time BR
dynamics for homogeneous agents but non-convergence for non-homogeneous agents.
In contrast, in this chapter, we show that continuous-time BR and related learning

dynamics converge even for non-homogeneous agents.

4.1 Introduction

In real-life situations, agents may not be able to instantly change their current actions
to their BR actions. They are more likely to slowly move from their current actions to
actions with better utility. As a concrete example, consider the game among miners
in proof-of-work cryptocurrencies such as Bitcoin [31],[72]. A Bitcoin miner’s expected
reward for the next block is proportional to her costly computational effort, which
is closely approximated by a Tullock contest. In this game, a miner may gradually
buy more equipment and thereby increase their computational power if they see an
opportunity to improve their utility by doing so. The change may be more rapid if
the discrepancy is substantial, i.e., if the distance between the current action and the
optimal BR action is larger, but we may still expect the change to be smooth enough
that other agents can react before a given agent moves from their current action
to their BR action. This observation also holds for other applications of Tullock
contests: e.g., in a competition among firms for research and development of drugs
and vaccines [35], a firm may generally be able to only slowly change their output by
hiring/firing researchers or increasing/decreasing their investment.

The classic model for studying such smoothly changing actions is the continuous-

time BR dynamics [52], which is the focus of this chapter. We show that continuous-
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time BR dynamics converges to the unique equilibrium when agents have arbi-
trary, possibly non-homogeneous, weakly convex cost functionsﬂ Our rate-of-
convergence bound is tight: the dynamics converges to an e-approximate equilibrium
in ©(log(1/¢)) time. We prove this result using a Lyapunov potential function that
measures the total regret, as perceived by the agents, for playing their current action
instead of their BR action. We then extend this analysis to show convergence in cer-
tain classes of discrete-time dynamics, e.g., when the agents take small steps towards
the BR (where the step size is not necessarily limiting to 0 as assumed for continu-
ous time) or when the agents best-respond to the empirical average action of other
agents. These results also lend to a simple algorithm to compute an e-approximate
Nash equilibrium in time polynomial in 1/¢ and parameters of the model.

For related work, see Section [2.1.2] in Chapter 2 Additionally, the potential
function in our Lyapunov arguments has previously been used in the literature in
a different context of proving convergence of stochastic fictitious play in two-player
zero-sum games [58, [95]; however, these results do not extend to zero-sum games with
three or more playersﬂ Our analysis works because of the special structure exhibited

by Tullock contests.

4.2 Preliminaries

We keep the same notation as Chapters [2 and [3] defined in Section 2.2} except for
the following minor changes: Instead of denoting the output of time t by x;, as done
in Chapters |2l and |3} in this chapter we write it as @x(¢); this notation matches the
literature in continuous dynamical systems and makes our analysis easier to read (e.g.,
the time derivative of (t) reads better). Also, we will use an additive e-approximate
equilibriumﬂ instead of the multiplicative version given in Definition . This is
again for a cleaner presentation of the analysis. By suitable change of variables, we
can recover our results for the multiplicative version (with slightly better dependency

on the initial state).

!The primary focus in the literature has been on convex cost functions, because they model
increasing marginal cost per unit utility, or, equivalently, decreasing marginal utility per unit cost,
which is a feature of most economic environments. Also, Tullock contests with non-convex cost
functions generally do not have a pure-strategy Nash equilibrium (PNE), and BR dynamics are not
stable by definition when there does not exist a PNE; hence, such models need to be studied using
alternative equilibrium concepts and learning dynamics.

2Any n-player game can be written as an (n + 1)-player zero-sum game.

3An action profile « is an e-approximate pure-strategy Nash equilibrium, for € > 0, if it satisfies
wi(w,@_i) > ui(a}, ®_;) — €, for every agent i and every action z for agent i.
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4.2.1 Continuous-Time BR Dynamics

Let x(t) = (xi(t))icn) denote the action profile of the agents at time ¢ in the
BR dynamics. Similarly, let s(t) = > ,z;(t) and s_;(t) = >, 2;(t). The
continuous-time (or simply, continuous) BR dynamics starts from an initial profile
x(0) = (24(0))icin) € Rso. At time ¢ > 0, each agent ¢ € [n] continuously updates

their action as

dt
The continuous BR dynamics is a limiting case of the discrete BR dynam-

= BRy(s_;(t)) — zi(t). (4.1)

ics when the step size goes to 0. In discrete BR, for a step size of At = 1,
zi(t+1) = BRi(s-(t)) <= x;(t+1) —x;(t) = BR;(s_i(t)) — z;(t) for any given agent
i. For arbitrary At > 0, this dynamics can be generalized to z;(t + At) — z;(t) =
AH(BR;(5_4(t)) — a4(t)) <= “20=ul — BR(s (1)) — 24(t). The continuous
dynamics takes the limit At — 0.

Such discrete to continuous limits are frequently used in economics and other
mathematical sciences, where deterministic or stochastic difference equations are ap-
proximated as limit ordinary differential equations [52], 15, [86]. For example, gradient
descent algorithms, including their stochastic versions, are studied by taking a limit
on the step-size going to 0, and this continuous-time process is known as gradient
flow [73] [16, [86].

4.3 Convergence of Continuous BR Dynamics

In this section, we prove that the continuous BR dynamics given in equation ({4.1)
rapidly converges to the unique pure-strategy Nash equilibrium, i.e., (t) — x* as
t — oo, where * is the equilibrium. The conditions on the cost functions are the same
as in Chapter [2] except that the Lipschitz condition is not required here. In particular,
we assume that for every agent i, the cost function ¢; is (a) twice differentiable; (b)
zero cost for non-participation, ¢;(0) = 0; (c) increasing, ¢;(z) > 0 for all z > 0;
(d) weakly convex, ¢/(z) > 0 for all z > 0. These assumptions are standard in the

literature, and without them, a pure-strategy Nash equilibrium may not exist (see,
e.g., [106, Chapter 4], [46]).

Theorem 4.1. The continuous best-response dynamics x(t) in Tullock contests with
weakly convex cost functions converges to an e-approximate pure-strateqy Nash equi-
librium in O(log(1/€)) time. Further, there are instances where reaching an e-

approzimate equilibrium takes Q(log(1/€)) time.
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The O(loglog1/€) bound is achieved in discrete-time setting only for the special
case of 2 agents. For 3 or more agents, both results are O(log 1/€).

Note that linear dynamical systems converge in ©(log(1/¢)) time. In our dynamics,
see equation (4.1)), the —x;(¢) term is linear but the BR;(s_;) term is non-linear, so
a O(log(1/€)) convergence can be expected but is not obvious.

For n > 3 agents, the bound of ©(log(1/¢)) in Theorem 4.1 for non-homogeneous
agents matches the bounds in Chapter [2] for discrete BR dynamics for homogeneous
agents. For the special case of 2 homogeneous agents, the discrete BR dynamics has a
faster convergence rate of O(loglog(1/¢)). The faster rate for 2 homogeneous agents
is due to additional structure in the problem: both the first and second derivatives
of the utility function of the agents vanish at the equilibrium, and this helps the
discrete-time dynamics make rapid jumps towards the equilibrium.

We present the proof for the lower and upper bounds given in Theorem sepa-
rately. Let us start with the upper bound.

Proof of Theorem (Upper Bound). To prove this convergence result, we use the
potential function given in . This potential has been used previously to prove
the convergence of stochastic fictitious play for two-player zero-sum games with finite
action space; see the introduction for further discussion. For an action profile x, let

the potential function V() be defined as:

V(z) =) Vi), (4.2)

1€[n]

where V(@) = maxu;(z, s_;) — w;i(24, 5_;)

= u;(BR;i(5-;),5-;) — ui(x;, s_;).

Notice that max, u;(z, s_;) is not well-defined if s_; = 0. In this case, as discussed

in Section we assume that BR;(0) € (0, m], and V;(x) = u;(BR;(0),0) —
u;(z;,0). We will prove that such profiles can only occur during a short initial phase
of the BR dynamics.

Vi(x) measures agent i’s regret for playing x; instead of the best possible action
given s_;, i.e., it is the amount of utility that agent ¢ can increase by playing the BR

instead of x;. Notice that, by definition,

1. V() > 0. Because u;(BR;(s_;),s-;) > ui(x;,s—;) <= Vi(x) > 0 for every
agent ¢ and profile &, which implies V' (x) > 0.

2. V(x) = 0 at the equilibrium. V(xz) = 0 <= x = x* because V(x) = 0 <
‘/1(33) = O,VZ < [TL] <~ ul(BRZ(S_Z), S—i) = ui(xi,s_i),‘v’i € [n]
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Given the profile (), we can write the potential at time ¢ as V(x(t)) = >, Vi(x(t)).
For conciseness, we denote V;(x(t)) by V;(t), or simply V;, where the dependency
on x(t) will be clear from the context; similarly, V(x(t)) by V(¢) or V. Given the
dynamics followed by @(t), equation (4.I), we can write the dynamics that V/(¢)

follows as v OV d
X
v § ) 4.

We next bound the time it takes to reach a state with two positive outputs, and

we show that this property always holds thereafter.

Warm-Up Phase First, notice that if z;(7) > 0 at some time point 7, then z;(t) >

0 for all ¢ > 7 because dxd;t(t) = BR(s_i(t)) — z;(t) > —x;(t) = Ciiiét)) > —dt —

z5(t) > x;(r)e”®™) > 0. So, once we reach a state with two agents i and j # i with

positive output, then these two agents will always have a positive output thereafter.
Say we start from a profile (0) = 0, i.e., all agents have 0 output initially. By
our technical assumption discussed in Section [£.2] the action of an agent i is some

small constant in (0, m], say 1;. So, d;f; =1n; > 0 at time ¢ = 0 for all ¢, which

implies that at time dt > 0 with dt — 0, we have x;(dt) > 0, as required.

Let us now consider the case when there is only one agent i With z;(0) = a >0,
and all other agents j # ¢ have z;(0) = 0. Now, if 2;,(0) = o < ,  for some j # i,
then BR;(s_;(0)) = BR;j(«) > 0 because by the first-order condltion, equation ([2.2)),

for z = 0, we have

oui(z,a) « , 1
0z  (z+a)? 7 a

So, at time 0, we have x] = BR;(s_;(0)) — z;(0) = BR;(«) > 0, which implies that
at time dt > 0 with dt — 0, we have z;(dt) > 0.

Now, let us consider the case when z;(0) = a > max;; C;( 7 Let 8 = max;; ,(0)
for conciseness. Let us bound the time—denoted by T—it takes to reach z;(T") < f.
As ai(t) > B for all t < T, we have U = BR;(s_;(t)) — 2,(t) = BR;(0) — () =
m — zi(t) < 2 — a,(t), where the last inequality holds because 7; < max; m <

MaXj £ 57 (0) 8. Using this, we get
da; (t da;(t i) -5
wlt) B ) — x()5<—dt:>1n ()52 <,
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8
which implies that to reach z;(7") < B, it is sufficient to have 7' > In (; 3) =
—3

In (%a - ) Further notice that V(2(0)) = Vi(z(0)) = (1 — ci(m:)) — (1 — ¢;(2:(0))) =
zi(0) —m > a — g So, within 7" = O(log(V(0))) time, we get at least two agents
with positive output, and this property holds thereafter.

Main Phase Given our analysis of the warm-up phase above, from here on we
assume that there are always two agents with positive output. We next prove the

following lemma about V().

Lemma 4.2. The potential V(t) = V(x(t)) at any time t satisfies the following
differential inequality

2
d A Y
_V+V§_Z Yi (1_ Z]y]) SO,

dt > Yi Vi +5_i

where the dependency on t is suppressed, where y;(t) = BR;(s_;(t)), and assuming
that there are at least two agents with positive output in the profile w(t)ﬁ

Proof. Let us suppress the dependency on ¢, e.g., let us write x(t) as  and V(t) as
V. Let y; = BR;(s_;) for conciseness.

Note that for general convex cost function ¢;, we do not have a closed-form formula
for BR;. But from the first-order conditions, equation , we have

a i\ 2y S—4 . a I\~ O —1
yi>0&m :()’lfm > 0:
0z = 0z 0
g0y 2uEs)l g duls) )
0z S 0z 0
Now, 2452 = o — (=) plugging in 2 = 0 we get 22| = 2ns —

¢(0) = = —¢j(0). The condition % > 0 corresponds to - —{(0) > 0 <

2=0
s_;¢;(0) < 1. Similarly, % < 0 corresponds to s_;c;(0) > 1. Using these,
z=0
the first-order conditions at y; = (s_;) can be rewritten as
S—g , . ,

— =¢(yi), it s_;c;(0) < 1, 4.4
e = ), i 50 (1.4
yi = 0, if s_;c}(0) > 1. (4.5)

4Only the % + V < 0 portion of the bound is used in the proof of this theorem; the detailed
bound is stated explicitly because it is used in Lemma
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We can write V as

V= ZV X:uz Vi, S—i) — ui(wi, 5-4))

T

— Z (yz e —ciys) — m + c,(mz))
- Z ” + s Zcz(yz) + ch(ml) — 1. (4.6)

The time derivative of V w.r.t. ¢ is E Zk g;/]; dgtk, where d”"’f = yp — xp. To write
g;/, we need to know y’ for all i and k. Note that ayl =0 for k =1 and 8y‘ = %

for k # i. Due to the constralnt that y; (the best- response) is always non- negative,

there is a point of non-differentiability at y; = 0. In particular, if ¢;(0) > 0, then:

o Ifs_;, > ,%0) then in the small neighborhood around s_;, say [s_; — 6, s_; + d]

for small § > 0, we will have the corresponding y; = 0. So, ds—i = 0.

o Ifs ; < ﬁ, then y; > 0 and is governed by equation (4.4). We can differentiate

this equation w.r.t. to s_; to get

1 2571' ,,( ) + 2371 dyl
(yi +5-4)  (yi+s54)3 o (i +5-5)% ) ds_;
dy; Yi — S—i
ds_; 25 + (yi +5-5)3¢] (y:) (4.7

If we take the limit s_; 1 Tlo)’ which implies that y; | 0, we get

dy; o —1
ds—; 2+ ¢(0)/(c}(0))?

(2

<0,

where the last inequality is true because ¢;(0) > 0 and ¢/(0) > 0. On the other

hand, we know that the magnitude is bounded js—y_ii = m > St

The above two cases tell us that dyj_ at s_; = ﬁ has a left limit strictly less than

0 but a right limit equal to 0, so we have non-differentiability at s_; = Tlo)' But

as i is bounded near s_; = -, we can define it to be equal to some finite value

ds— (0)”
1 o . . . .
) /(O 0] at s_; = 0] which is sufficient for our analysis. An alternate
analysis can be done using the envelop theorem of Milgrom and Segal |78, Theorem

=0

in |

2] to arrive at the same result. Taking partial derivative of V' w.r.t. z; we get

)% 0 ;
Ory Oy (Z Yi f S_i Z cily) + Zcz(%) - 1)

= s oW\ Y
- ((yl +5-4)° Ci(yz>> Oxy, ; (yi + 5-4)? ).




From the discussion above, we know that either By; =0 or m = c(y;) and gTy;

i(y:)) g = 0,50

axk

is bounded. In either case, we have | ——= —
’ (yits—i)

ov _ . Yi

Putting together, we can erte as
av AV dzxy, Yi
_t_zk:ﬁ_xkdt Zyk:_xkzck$k zk:yk—% Z—(yi—i-s_i)Q
_ o yz Y; —z)
_ Zi:(yz Z TETSI

where ¢ = ", y4. Adding V and 47 together, we get

av
V+%

:Z Yi —?:is_i _Zijci@i)""zci(%) - 1+Z(yi_ Zyz yl_,_; S—i)

i

——1+ Z —ci(yi) + Cz(%) + (i —wi)G(@) + Z Yi iy;_ - Z (yi ‘fy‘iz—i)Q.

<0 as ¢; 1s convex

Now, let p; = nyy, =% and ¢ = =*
J 1

¢; > 0. Plugging this into the inequality above, we get

dv 2y; yio 2pi i
V—i_E__1+;yi+3—i_¥(yi+5—i>2__1+Z _;( 2

; = 1 and, for all 7, p; > 0 and

Di + g Pi + ;)

2 2
= pi| =1+ — > i (1 — ) <0. ]
Z ( pi+a (pi+a) Z pi + i

Let us now use Lemma to get the desired rate of convergence upper bound.

We use standard Lyapunov arguments:

v

o +V(Ht) <0 = wg—dt = V(t) <V(0)e*

B V(t)

For any ¢ > In (1) 4+ In(V(0)), we get V(t) < €, which implies that for every agent i
we have V;(t) = Vi(z(t)) < € <= w;(x(t)) > u;(BR;(s_i(t)),s_i(t)) — €. So, we are

at an e-approximate equilibrium. This completes the proof for the upper bound. [J

Proof of Theorem (Lower Bound). We provide an example where it takes
Q(log (1) 4+ log(V(0))) time to converge to an e-approximate equilibrium.
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Let there be n = 2 homogeneous agents with linear cost function ¢1(y) = ca(y) =
y/4 for any y > 0. It can be easily derived that the unique equilibrium is &* = (1,1)
and that there is a closed-form formula for the best-response BR;(s_;) = 2\/8-i— 5
(see, e.g., Vojnovié [106]).

Let (0) = (y(0),y(0)), where we assume that y(0) is sufficiently large and far
away from the equilibrium value 1. As the two players are homogeneous and start
from the same action, they will maintain the same action x(t) = (y(t),y(t)), for some
y(t), for all ¢ > 0. We suppress the dependency on ¢ to avoid clutter. Let us track
the evolution of y. From equation , we have

% = CZ" = BRi(s—;) =% =BRi(y) —y = 2Vy —y) —y=2(y —y).

Let us now compute the potential function V. We have

V= (ui(BRi(s-:),5-3) — ui(ws,5-3)) = 2 (w1 (2v/y — y,9) —wa(y,9))

(e A () e

y+y 4
Further, we can find the rate of change of V' using the rate of change of y as

WA, i) il
d_y_dy(\/g 1" = N

vV dvdy -1 - )
%—@%—72(\@—‘@)——2(\/@—1)

C;—Z =2V = V() =V(0)e ™.

By the definition of V' and the symmetry of the two agents, at an e-approximate
equilibrium, V(t) = 2e. So, it takes exactly ¢t = $1In(5-) + 2 In(V(0)) = Q(log (1) +
log(V(0))) time to reach the e-approximate equilibrium. O

4.4 Discrete-Time, Equilibrium Computation, and
Related Dynamics

In this section, we consider discrete-time BR dynamics. We also provide an algorithm
for computing an approximate equilibrium based on such dynamics. Proofs are given
in Section

Let us consider a modification to the original Tullock contest model we have

studied till now. We assume that each agent ¢ must always play an action x; > Ty
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instead of x; > 0, for some x,,;, > 0. Notice that z,;, = 0 corresponds to the original
model, while a z,,;, > 0 says that any participant in the contest must have a positive
minimum output. An assumption of z;, > 0 may be plausible in practical scenarios
where there is a positive cost of participation (showing up for the game). We also
normalize the cost functions and assume that min; ¢;(1) = 1 for all 4; this ensures that
any rational agent will always play an action < 1. We also assume that the second

derivative and the ratio of the first derivatives of the cost functions are bounded:
MaX; ze(wmin,1] C;(Z)
min 4,2€[Tmin,1] C;(Z)

The first-order conditions for the case when x,,;, > 0 are similar to the ones given
in (2.4)) except that the critical point above which the first-order condition is satisfied

with equality is xp, instead of 0. The analysis for the continuous BR dynamics for

— /! —
= By and max; .c[y,..1 ¢ (2) = Ba.

this model is also analogous to the analysis for Theorem
Let us now consider BR dynamics in this model with the step-size, say oy, which
may possibly vary with time ¢, and is small but not necessarily going to 0. In partic-

ular,
it + ) = 24(t) + oy - (BR;i(s_i(t)) — x;(t)). (4.9)

The continuous-time BR dynamics corresponds to equation (4.9) with a; — 0. We

aim to find bounds on a; that ensure convergence.

Lemma 4.3. For a profile x, let H(x) be defined as

o—yi—5_;)>
% >y — ;)? + ZieE ( ysgz, )
yz O—Yi—S— z)
Z y7,+5 7,
where y; = BR;(s_;) and 0 = Y. y;. If the step-size at time t is bounded above by

1/ max(2, H(x(t)), then the BR dynamics converges to the unique equilibrium. In
particular, for 0 < oy < 1/max(2, H(x(t)), we have V(t + a;) < (1 — o)V (¢).

H(x) =

If 2 is assumed to be strictly positive, then we can upper bound H(x) as a

function of xip.

Lemma 4.4. If xpy, > 0, then H(x) = O (@) for all x, which implies that

min

the dynamics reaches an e-approximate equilibrium in O ( log (V(0)>> steps with a

3
suitable step-size o = © <—n(fi%2)>-
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In Lemma , the number of steps till convergence, O (é log <V£0)>>, has a 1/«
dependency on «. This follows directly from the V(¢ 4+ o) < (1 — a;)V () condition
on the potential derived in Lemma [4.3]

Notice that the bound in Lemma [4.4] depends upon the n, By, and yp,. The
dependency on By shows up as (14 Bsy), which is not very significant for most practical
problems because: even for extremely convex functions like 1:;8 for a large constant
B, By is bounded by the constant 3%. So, the convergence time has a dependency of
(1 + f8%), which is a constant. A much more involved analysis may help improve this
dependency. On the other hand, the dependency on n is essential, as highlighted by
Lemma [£.5] below.

Lemma 4.5. If the step-size is not O(1/n), then there are instances with linear and

homogeneous cost functions where the dynamics does not converge.

Note that although the bound in Lemma does not depend upon Bj (the ratio
of the first-derivatives of the cost functions of the agents, which measures the relative
skills of the agents), By may be implicit in ;. If 24, is not sufficiently small, e.g., if
Tmin = w(1/B?%), then the equilibrium when the agents are restricted to play z; > min
may be different from the equilibrium when the agents can play less than x,;,. For
example, for two agents with linear cost functions c¢;(z1) = x1 and ca(x2) = P,
where 8 > 1, the unique equilibrium is * = (ﬁ, ﬁ) if the agents can play
any z; > 0. Note that B; = 3, so the equilibrium output of agent-2 is ©(1/B%).
On the other hand, if the agents are restricted to play x; > pin = w(1/B}), then
the equilibrium will be forced to be different from x*. Given this observation, it
would be natural to assume that @y, is small enough; in particular, z,;, = O(1/B?).

Moreover, the dependency on Bj is unavoidable, as formalized by Lemma below.

Lemma 4.6. If the step-size is not O(1/By), then there are instances with two agents

and linear cost functions where the dynamics does not converge.

If zin = 0, then our results do not provide a lower bound on the step-size that
is independent of the action profile (t). In particular, Lemma does not directly
imply such a bound because H(x) may be unbounded for some profiles x, then the
step-size recommended by the lemma at & to ensure convergence goes to 0. In-
deed, such a lower bound might not exist. On the other hand, even in the case of
Tmin = 0, we can simulate with a pseudo Zy,;,, = ©(€) to compute an equilibrium in

poly(1/e,n, By, Bs) steps as shown below.
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Algorithm Let us construct a modified game with a pseudo lower bound on the
outputs of the agents: &, = €/(4B;1). We simulate the BR dynamics in this game

3
with a step-size of @« = © %), as recommended by Lemma to compute

an (e/2)-approximate equilibrium of this modified game in O (élog @)) steps.
Let this approximate equilibrium be . At @, all agents have a regret of at most €/2
assuming that they can only play above Z,;,. By playing below Z,;,, they can further
increase their utility by at most ¢;(Zmin) —¢:(0) < B1Zmin/(1 = Zmin) < 2B1&min < €/2.

So, at @, the total regret of any agent in the original game is at most €, as required.

Best-Response to Empirical Average Let us consider a discrete-time dynamics
with a step-size of a; = 1, but where the agents best-respond to the empirical av-
erage action of the other agents. Let T;(t) = %23:1 zi(t) and 5_;(t) = >, 7;(1).
Formally, the dynamics is defined as follows: the action of agent ¢ at time ¢t 4 1 is

Given this, we can write the updated empirical average at time t + 1 as

Tt 4+ 1) = F(t) + H%(BRi(E_i(t)) — 7).

Notice that T;(t) tracks a BR dynamics with a sequence of decreasing step-sizes
that correspond to the harmonic sequence (%)teZZl. The harmonic sequence satisfies
the following crucial properties: as t — oo, the sequence % — 0 but the series
Zzzl % — 00. These two properties ensure that the dynamics converges for the case
Zmin > 0 using Lemma [£.3] In fact, we can generalize this dynamics to a weighted

average, where the step-size at time ¢ is 7, and T;(t) follows
Ti(t+1) = 7(1) + m(BRi(5-:(t)) — 7:(1)). (4.11)

Lemma 4.7. If z;, > 0, then a dynamics that evolves according to (4.11)) converges
if the sequence of step-sizes (1)icz., satisfies: ast — oo, the sequence 1, — 0 but the

. t
series Y . _4 Mk — 00.

Lemma builds directly upon Lemma [£.4] In Lemma [£.4] we showed conver-
gence for small but fixed step sizes. The 1, — 0 condition ensures that the step size
eventually becomes sufficiently small. The 22:1 N — oo condition ensures that,
even after the step size has become sufficiently small, it is large enough that the

small steps accumulate to establish convergence. Similar results are known for many
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discrete dynamical systems, where convergence using small but fixed step sizes im-
plies convergence using time dependent steps with the properties in Lemma [4.7], e.g.,
gradient descent [16, [86] and replicator dynamics [52].

In addition to 1, = 1/t, other examples of step-size sequences that lead to con-
vergence are 1, = 1/t" for r € (0,1] and 1, = 1/log(1 + t). Note that convergence of

x(t) also implies convergence of x(t).

Agents Move at Different Rates When the agents move at different rates that
can depend upon time, it is easy to see that the continuous-time dynamics may not
converge, because we can simulate a discrete-time dynamics using the continuous-
time dynamics by adjusting the rates. In particular, consider the example for two
agents presented in Lemma where a discrete-time dynamics with a step-size of
1/2 goes into a cycle. We can simulate this dynamics by slowing down the first agent
and allowing the second agent to move, and then slowing down the second agent and
allowing the first agent to move, and repeating the process. In a similar manner, the
cycles presented in Chapter [2, where only one agent moves at a time, can also be
simulated.
On the other hand, simple modifications to the continuous BR dynamics converge.
For example, consider the following dynamics
dx;
dt

= f(z,t)(BRi(s-:) — x),

where f(a,t) is some positive scaling factor that may depend upon the profile & and
the time t but is the same for all agents. This dynamics follows exactly the same
path as the original continuous BR dynamics (albeit at a different speed), and thus
converges. Let us consider an additional modification to the dynamics

d.’I)i
dt

=nif(x,t)(BRi(s-:) — x),

where 7; > 0 is some positive constant specific to agent ¢. This dynamics speeds up
certain agents relative to others. Studying this dynamics and similar extensions and
showing their convergence (or non-convergence) is an important direction for future

research.

4.5 Conclusion

We showed that the continuous BR dynamics, which is motivated by the observation

that in certain applications the agents change their actions slowly compared to the
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feedback they receive from others, converges to the unique equilibrium in Tullock
contests with convex costs. We then extended these convergence results to related
discrete dynamics with small step sizes. These results indicate that we can expect
Tullock contests with convex costs to reach equilibrium in a decentralized manner.

One open problem is to show convergence (or non-convergence) of the discrete
dynamics with small step sizes when x,;, = 0 (see Section for details). A different
direction is to study the case when the agents move at rates. If the relative rates of the
agents can change arbitrarily over time, we may have non-convergence. On the other
hand, if the rates of the agents are similar to that of the continuous BR dynamics,
we can show convergence. It would be valuable to analyze scenarios between these
two extreme cases (see Section [4.4] for further discussion).

Another unexplored direction is to study learning in Tullock contests when the
agents get only probabilistic feedback. In many practical applications, the propor-
tional allocation function corresponds to the probability of allocating an indivisible
item (and not the fraction of the item allocated to the agent). Here, an agent may
only know their own actions and whether or not they won the indivisible item but
may not know the actions of others. This line of work combines multi-armed ban-
dits with game theory. It is related to learning in stochastic games [96], but most
of the results on learning in general stochastic games indicate hardness/impossibility.
The Tullock contest model is very structured, and we may expect some positive re-
sults. We are currently looking at a Bayesian best-response dynamics model, where
each agent maintains a belief over the total output of other agents, best-responds to
this belief, and updates their belief based on whether or not they win a round. We
have preliminary results about this dynamics, particularly equivalence between this

dynamics and other relatively simpler dynamics, but the problem is largely open.

4.6 Omitted Proofs

Proof of Lemmal[{.5 We shall suppress the dependency on t for conciseness, e.g.,
write x(t) as @ and z;(t) as z;. Let y; = BR;(s—;). Given the minimum output level
Tmin > 0, y; satisfies the first-order conditions given below, which can be derived
following steps similar to the derivation of conditions and .

S—g
(yi +5-)?
Yi = Tmin, if s ;¢ (zmim) > 1. (4.13)

= ci(y;), if s_ici(vmm) < 1, (4.12)
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From equation (4.6)), we know that the potential V'(t) = V(x(t)) is given by

V() =Y ﬁ =D aly) + Y eiw) —1

In Lemma E we showed that dv < 0, i.e., limas o %}:V(” < 0, which implies
limago(V(E+AL) -V () <O. We shall now consider small positive values for At¢, not
necessarily limiting to 0, such that we can still guarantee that V(¢ + At) — V() < 0.

Let At = « be the step-size. Given the current profile & and the best-response
profile y = (BR;(5-;))ic[n, the profile after the a-step is a(y — ) + . We want to
show that V(t + a) = V(a(y — x) + ) < V(t) = V(x). The multivariate Taylor’s
expansion of V(a(y —x) +x) w.r.t. V(x) with a second-order error term is given by

2

Vialy — ) +z) = V(z) +aly — z)VV(z) + %(y — &) V2V (2)(y — z), (4.14)

where & = x + [(y — «) for some value 5 € [0, o], and where VV(z) = (a\g_;z))ie[n]

and V2V (z) = (%2%3(2)1#6[”] for any given profile z.
Let us first compute VQV(a:) Ass_j=) ,,;rj 80 7= =0and ds £ =1 for all

j # 1. From equation (4.7)), we have

8?/1' . Yi — S—i
ox; 25, + (yi + s-:)3 (yi)’

for j # i and y; > i, and 0 otherwise. As derived in equation (4.8), we know that

8‘/ / Yk
o :Cz‘(fi)_; ( 2

Uk + S_g)?

Let £ = {k € [n] | yx > Tmin}. Differentiating again w.r.t. z;, if j = i, we have

v, 2yk 2Uk 1 > &yz-)
ox7 (@) + Z <(yk +5_1)3 " ((yk +56)®  (yn +5-k)%) Oxy

kCE k£i
Yy Yk — S—k

= ¢ (z;) + :
k;eEZJc;é (yk+8 k)’ eEZkyﬁ Oy (yn + 5-1)°

5As discussed in Lemma all points except when s_; = y are continuously differentiable

c,’i (Zmin

(and can be shown to be twice continuously differentiable by extending the same argument). When

S_; = m, the derivative of y; w.r.t. s_; is not well-defined. However, the derivative is well-

defined and bounded at all points in its neighborhood. This allowed us to extend the analysis for

the differentiable points to this non-differentiable point. A similar but more detailed analysis can be

done for computing V2V () to get the same results, but here let us restrict our focus on the generic
1

case of S_; 74— m
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Plugging in the value of % for k € F, we get

o*V 2 — 2
W:C;/($i)+ Z Yk 4 Z (yk S— k)

kEE ki (Yr +54)° ke Bkt (Y + 5-1)3(25_k + (Y + 5 k)gck(yk))

Let n,. = (yx + s_x)3c{(yr). The above equation can be rewritten as

v, 2y (yr — 5-1)°
5az () 2 (e + 51)° 2 (e + 5 2)°(25 & + 70)

kEE ki kEE ki

Yk + S—k)? + 2U1k
= (z;) + ( :
() Z (Ye +5-1)3(25_1 + M)

kEE kiti
Let a; = /(x;). Let b; = yi:s_))(?fijﬁm) if i € E and b; = 0 if i ¢ E. Notice that

a; > 0 and b; > 0 for all i € [n]. We have
2
a 5 =a; + Zb ) — bs.

Following a similar sequence of steps, we can compute

81‘2033] Z b) -

Let @ = (ai)icn) and b = (b;)icn). Let e = (1,1,...,1) denote the n-dimensional

vector of all 1s. Let A denote the n x n diagonal matrix with A; = a; + b; and

o%v : .
Bei07; for j # 1 as

A;; =0 for j # 4. Putting everything together, we can write V2V (x) as
V2V (x Z b)ee” — be™ —eb" + A. (4.15)

Let us now consider a vector w € R™. We can compute wTV?V (z)w as

wVV (z)w = wT((Z bee” — be™ —eb" + A)w
= (Z bi)(z w;)? — (Z biwi)(z w;) — (Z wz‘)(z biw;) + Z(az‘ + bi)w

_Zb (ij leZwJ +w>+;aiwf
_Zb O wy)? +Zaz

i j#i

(yits—i)?+2yim
Yit+s—i)3(2s—i+m;)

bound on b;. Let the function g : R>y — R>( be defined as

9(z) =

Now, we know that b; = ( for © € E. Let us find a suitable upper

(yi +5-3)* + 2y;2
(yi +5-i)%(25_; + 2)
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Notice that b; = g(n;). Differentiating g w.r.t. z, we get

dg 2y; (it si)? 2y
dz (yit+s)325 i +2)  (yi+s.4)325;+2)2
o 2y;(2s_; +2) — (y; + Sfi)2 —2y;z
B (i +5-)* (25 + 2)?
_ —(yi — 5—1')2
(i +5-0)%(25 + 2)%

So, 22 is less than or equal to 0 for all y; > 0, s_; > 0, and z > 0, which are satisfied
by the definition of y;, s_;, and z. So, g(z) is maximized at z = 0, which implies that

1

b = g(n;) < — < -
i = g(n) _Igggg(Z) 9(0) < i+ 55

Plugging back this bound on b; and the value of a; to wTV?V (z)w, we get
wIVV (x)w < ”él + e (x)w

In the Taylor’s expansion in equation (4.14)), V2V is evaluated at &. Let §_; = i T
and g; = BR;(5_;). Setting the vector w =y — @, we get

1 yZ - ))2 11/ ~
(y —x)VV(2)(y —x) < Z Zé—l—s +ZcZ (2) (ys — )2
i€cE ! i

Notice that 5 ; = a Y, y;+(1—a)s_; > (1—a)s_;. So, (§i+54)5 > (1—a)*s ;.
As « is a small constant, (1 — «)? is bounded away from 0, e.g., if @ < 1/2, then
(1-—a)*>1/4. Let 0 =Y, y;. For a <1/2, we get

(y — 2)TV*V (& —:1:<Z "_ylfs —i—ZBz ?

—1

as ¢} (z) < By for any z. Let « be equal to the smaller among 1/2 and
Yi(o—yi—s— 1)2
Z U(yz+5 1)2
a < 5 p———
By (i — )2+ Liep L

Notice that . w < —(y—x)'VV(x) + V(x)) from Lemma So, we

yz+5 1)2

get
N —2(y —x)'VV(x) —2V(x)
— (y—a) VAV (2)(y — )
aly —z)"VV(Z)(y — z)

= (y—x)'VV(x)+
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Plugging this into the Taylor’s expansion in equation (4.14]), we get
Vid(y — ) + ) < (1 - a)V(x),
as required. O

Proof of Lemma[{.]] Note that for any z € R™ and n > 2, we have Y ;22 <

Zi(Zj# Zj) because
30 MO IRV IRIED DEREO R O
i J#i %
:(n—Z Zz] +ZZ

Using this, we have >.(y; — x;)* < >.(0 —y; — 5-)°

As x4, y; € [Tmim, 1] for all i, we have % < x”—g and SQL < W So,
3 3 14B . ’ min
H(zx) < izr:n + (n— 17)12 3 O(( Imli)n) assummg Tmin < %

For any step-size of a > 0 satisfying a < 7= for all x, from Lemma | we know
that V(t + a) < (1 — a)V(t). After k steps, we have

V(ka) < (1 —a)*V(0) < e ™V(0).

If we take k = < log(~ V) then V(ka) < e, which implies that we have reached an

e-approximate equlhbrlum, as required. O

Proof of Lemmal[f.5. We construct a simple example with n homogeneous agents

where the BR dynamics cycles. Each agent has a cost function ¢;(z;) = "5 L. Tt is
not hard to derive that the unique equilibrium is at (1,1,...,1) (see, e.g., Vojnovié
[106]). We will construct a simple two-step cycle where the agents play (z,z, ..., z)

and (y,y,...,y) repeatedly, where x < 1 and y > 1. This implies that if the agents
enter this cycle, then they will never reach an e-approximate equilibrium for small
enough e.

Let us try to construct this cycle, i.e., we try to compute the values of x and y
given At, which will then tell us the required bound on At to have such a cycle. From
the first-order conditions, for a linear cost function, we have a closed-form formula
for the BR as

Oui(z,5_;)
0z (24 5_4)? n?
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As x is the next action of each agent if everyone is playing y, so

r=y+At-(BR((n—1)y) —y) =y+At-(ny/y—(n—1y—y)
=y +nAi(\/y —y).
Let 8 = nAt, we get
z=py+(1-DP)y.

By symmetry, as y is the next action for an agent if everyone is playing z, we get

y=pvVae+(1- Pz (y—(1-pPur)’ =

Combining the two equations in z and y, in particular, replacing x to get an equation

in a single variable y, we get

(y— 1= B)BVY+ (1= B)y))* =B (Bvy + (1 - By)
= (B(2- By - BL—B)vY)* = BBy + (1= B)y)
= 2-8)%+ (1= 8y —22-B)1-Byvy =By +(1-By
= Vy((2-B)yvy —22 - B)(1 - By — B(1 = B)\/y — B) = 0.
From the above equation, we get our first root as \/y =0 = y = 0. This is the
degenerate solution that corresponds to everyone playing 0, and therefore, the BR

also being 0 (see Section for a discussion on BR to 0). Let us focus on the other
roots. For simplicity, let z = ,/y. We have

(2 B)2 — 22— B)(1 - B)2* — (1 — B)z — B =0.

Notice that z = 1 is a root because

(2-8)-22-B)1-B)-B(1-p) -5
=2-9(2-8)—2001=8) = B+p*-B=(2-B)—28+5"=0.
This root \/y = 2 =1 = y = 1 corresponds to the equilibrium (1,1,...,1). Let
us now derive the two other roots, which are of our primary interest as they give us
the cycle. First, let us factor out the root z = 1 to convert the cubic equation to a
quadratic equation. Let =2 — 1 <= z = Z+ 1. Replacing z by z + 1, we get
2-8PE+1)-22-8)1-B)E+1)*-B(1-8)(EZ+1)-8=0
= 228 +2(3(2-8) -22-5)(1- 7))
2320 —42 - p)(1 - p) - B(1 — b))
+(2-8)-22-B)1-8)-B(1-B)-B=
= 2F2-8)P+2-BA-PZ+(A-8) =
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Solving the above equation, in addition to the root z = 0 that we have already

considered, we get the following two roots

B4t EB-D . . Bx\EF-D
T apop TR T Ty
oy BB BT

2(8 —2)?
B(B—2)—B+/B(6—4) <landy = BB=2)=B+/B(B—4) > 1 are the two

In particular, z = IGEIE 50)?

roots, assuming [ > 4. In particular, if we take f = 6, we get = = ?’(Q_Tf) = 0.1005
and y = (2+‘[) = 1.3995. As = At -n = 6 implies that At = 2, we get a two step
cycle for At = 8 We can create such cycles for all At > 2, so At <2 =0()is

necessary for convergence. O

Proof of Lemmal[{.6. We consider examples with two agents. Let the first agent have
a cost function ¢;(z) = z and the second agent have a cost function cy(z) = z/d for
all z > 0 and some d > 1. Notice that agent 2 has a lower cost for the same output
than agent 1, and {(z) = 1 and ¢,(z) = 1/d. So, % . Let a = 1/At. We
next show non-convergence for At = Q(1/d) <= a = O(d), as requlred.

As the cost functions of the agents is linear, using the first-order conditions given
in equation [2.2] the BR of agent 1 is given by the explicit formula BR;(s_1) =
BRi(x2) = /T2 — xo. Similarly, the BR of agent 2 is BRy(s_3) = BRy(x1) =
V/dx, — 1. The unique equilibrium can also be explicitly computed and is equal to

The non-linearity of the BR dynamics makes it tedious to analytically compute
the cycles for non-homogeneous agents, especially when At is strictly less than 1. For
example, if d = 16 and At = 0.5, starting from the state (1/10,1/10), the dynamics
ends up in the cycle in Table 4.1{ where x(t) = (¢ + 6). So, we compute the cycles
using numerical simulations.

We simulate the BR dynamics starting from the profile (1/10,1/10). Given a value
of d, we ﬁnd the critical value of a, denoted by a*(d), such that the dynamics converges
if At < —= but goes into a cycle if At > —=. We do this by a simple binary search
over the Values of At = 1/a. We notice that a (d) is an exact linear function of d, as
required; plotted in Figure [£.1] The code is included in the supplementary material.

O

Proof of Lemmal[{.7 From Lemma [£.3 and [4.4 we know that at time ¢, if the step-

3
size n; < «, where a = © (n(f$%2)>, then the potential V' decreases by a factor of
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1 (t) To(t)

t 0.021697 0.923661
t+110.029555 0.745583
t+210.073722 0.701843
t+3 1] 0.104820 0.857095
t+4 1] 0.086759 1.023655
t+510.043385 1.057547
t+6 | 0.021697 0.923661
t+ 71 0.029555 0.745583

Table 4.1: Cycle two non-homogeneous agents (d = 10).
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Figure 4.1: Dependency of step-size on cost ratio.

(1 —mn,). Asnm, — 0, there exists a 7 such that 7, < aand V(t+1) < (1 —n,)V(t) for
all t > 7. So, we get for t > 7,

t

vie+1) < (J[a=n)vE) < (e Vi) = e Zmv(7).

k=1

As Y4, Tk — 00, SO e~ Sk — 0 and V(1) — 0. O
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Part 11

Contest Design
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Chapter 5

Threshold Objectives

5.1 Introduction

In many applications, the rules of the contests may be intrinsic, but in others, they
may be decided by a designer. We now shift our focus away from learning dynamics
in contests to design of contests.

We study contests as incomplete information games. We assume that the players
are self-interested and exert costly effort in order to win valuable prizes. Each player
is associated with a private ability (or quality), and their cost, as a function of their
output, is linear with a slope equal to the inverse of their ability. The players know the
prize allocation scheme, their own ability, and the prior distributions of other players’
abilities, and play strategically, reaching a Bayes—Nash equilibrium. On the other
hand, the contest designer knows the prior distributions of the players’ abilities, and
can therefore compute the equilibrium behavior of the players. She wants to design
the prize allocation scheme to elicit equilibrium behavior that optimizes her own
objective.

The most widely studied designer’s objective is the total output, i.e., the sum of
the outputs generated by the players. Under the total output objective, the designer
values equally the marginal output by a player producing a low or a high level of
output. However, in several practical scenarios, the designer may want to focus on the
output generated by a section of players producing low/middle/high level of output
or to elicit an adequate output from several players instead of very high output from
a few players.

Consider, for instance, a crowdsourcing task, such as a survey. It may be more
valuable to get many contributors to give adequate responses than to get a few people
to submit perfect responses. Similarly, a health insurance company promoting a

fitness/exercise app aims to encourage many subscribers to start exercising regularly
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rather than to get a few fitness enthusiasts to log many hours each day. As another
example, consider an instructor who is preparing the students for a standardized test
that measures the school performance, but has a limited impact on the students’
educational trajectories. The instructor/school may want to incentivize her students
to perform better by awarding prizes. If a student is far below the pass/fail threshold,
they are likely to fail even if they improve their performance a bit; similarly, there
is no need to push students who are sure to excel to work even harder. The crucial
students are the ones in between, and the instructor wants to award the prizes to
elicit additional output from these students.

We focus on two types of objective functions. Under the binary threshold objective,
there is a fixed threshold B, and the designer’s objective value weakly increases with
the number of successful players. A player is successful if she produces an output of at
least B. In contrast, under the linear threshold objective, there is a lower threshold By,
and an upper threshold By. All players who produce an output below B; make the
same contribution to the designer’s objective; similarly, all players who produce an
output above By contribute the same amount. However, between these thresholds,
a player’s output contributes linearly to the designer’s objective, just like in case of
the total output objectivell]

Depending upon the situation, a contest designer might be restricted to use only
the relative value of the players’ outputs to award prizes, which motivates the study of
contests with a rank-order allocation of prizes (see, e.g., [81]). On the other hand, the
contest designer might be allowed to use the numerical values of the players’ outputs
and design the optimal general contest. In the latter case, the contest design problem
is similar to that of an all-pay auction design (see, e.g., [29]).

We assume that the prizes are non-negative, and we normalize them in two ways:
unit-sum and wunit-range. The unit-sum constraint is a budget constraint, which
requires that the total prize money does not exceed 1. The unit-range constraint
restricts the individual prizes awarded to the players to be between 0 and 1. Such a
constraint is suitable when the designer is not restricted by a budget, or when the
monetary value of the prizes is much less important to her compared to the players’
outputs, but there are limits on the prize range. The unit-range constraint for the
general contest allows us to optimize for an individual player independently of other

players.

'In Section for rank-order allocation of prizes, we also study a model where the designer’s
objective is the sum of a concave (or convex) transformation of players’ outputs. A concave (convex)
transformation captures decreasing (increasing) marginal utility for the designer as a player’s output
increases.
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5.1.1 Overview of Results

At a high level, our results show that the optimal contests for the threshold objectives
are strict but minor generalizations of the optimal contest for the well-studied total
output objective. Also, these optimal contests for the threshold objectives are easy

to interpret, compute, and implement.

Contests with a Rank-Order Allocation of Prizes For the binary threshold
objective, the optimal contest equally distributes the prize among the top £k players,
where k depends upon the distribution F' of the players’ abilities but not upon the
non-decreasing function, say p : {0} U [n] — R, that maps the number of successful
players to the utility of the designer (Theorem . The independence on p follows
from Lemma that shows that the optimal contest for any non-decreasing p is the
same.

For the linear threshold objective, the optimal contest has up to three levels of
prizes: the top k players get the first-level prize, the next ¢ players get the second-level
prize, the next m players get the third level prize, and the remaining n — k — ¢ —m
players do not get anything; here, n is the number of players, and the values of k,
¢, and m depend upon F' (Theorem . We also prove that a simple contest that
gives an equal prize to the first few players and nothing to others (recall that this
format is optimal for the binary threshold) has an approximation ratio of 2 for the
linear threshold (Theorem [5.8). Both for the binary and for the linear threshold, the
results apply to both unit-sum and unit-range constraints on the prizes, although the

numbers of players at the different prize levels depend upon the type of constraint.

General Contests For the binary threshold objective, the optimal contest equally
distributes the prize to the players who produce an output above a reserve output
level, and this reserve is equal to the threshold (Theorem . This is true for both
unit-sum and unit-range constraints, and is independent of the function that maps
the number of successful players to the utility of the designer (Lemma .

For the linear threshold objective, the optimal contest is an extension of the
revenue-maximizing all-pay auction with a reserve. For the unit-range constraint, if
the distribution of the players’ abilities, F', is regularf} then there is a reserve output
between the lower and the upper threshold, and any player with an output above the

reserve gets a prize of 1 (Theorem [5.14). For the unit-sum constraint and regular

2See Definition This is a weaker assumption than the monotone hazard rate condition.
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F', the contest has a reserve output and a saturation output. In this case, the prize
allocation depends on whether the player with the highest output is: (i) below the
reserve, (ii) between the reserve and the saturation level, or (iii) above the saturation
level. In case (i), no one gets a prize; in case (ii), the player with the highest output
gets the entire prize; and in case (iii), the prize is distributed equally among the
players with outputs above the saturation level (Theorem . The reserve and the
saturation levels depend upon F'. For irreqular F', following techniques from optimal
auction design, we iron the virtual ability function to get an optimal contest that is
a generalization of the optimal contest for the regular case (Theorem [5.16)).

All proofs are provided at the end of the chapter in Section to improve read-
ability.

5.1.2 Related Work

Rank-order allocation of prizes is one of the widely studied models in contest theory.
Our work is closely related to prior work on contest design with incomplete infor-
mation and unit-sum constraints [54, 81, 29]. Glazer and Hassin [54] show that for
linear cost functions and players’ abilities sampled i.i.d. from a uniform distribution,
the contest that maximizes the total output awards the entire prize to the top-ranked
player. Moldovanu and Sela [81] give the symmetric Bayes—Nash equilibrium (Theo-
rem that we use in our analysis. They also generalize the result of Glazer and
Hassin [54] and show that awarding the entire prize to the top-ranked player is opti-
mal when the players have (weakly) concave cost functions with the abilities sampled
ii.d. from any distribution with continuous density function; however, with convex
cost functions, the optimal mechanism can have multiple prizesf] Chawla et al. [29]
optimize maximum individual output instead of total output, in a similar incomplete
information setup with linear cost functions. Here too the optimal contest allocates
the entire prize to the top-ranked player.

Our study of the optimal general contest design rests on the framework established

in the seminal work by Myerson [85] on revenue optimal auction design. DiPalantino

3Specific cases of our problem (such as the linear threshold objective with only an upper threshold)
are related, although not equivalent, to the problem of maximizing total output when players have
non-linear cost functions. A non-linear cost function affects the players’ equilibrium behavior, but
a threshold objective is associated with the designer and does not directly affect the equilibrium
behavior. For example, if every player has a convex cost function that is linear up to a certain
threshold and then goes to infinity (this setting is similar in spirit to the linear threshold objective
with an upper threshold), then no player would produce an output above the threshold, but we will
see that the optimal rank-order allocation contest with a linear threshold objective may have players
that produce an output above the upper threshold.
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and Vojnovic [39] and Chawla et al. [29] connect crowdsourcing contests with all-pay
auctions. For general contests with linear cost functions, the optimal contest for total
output has been studied by Vojnovié¢ [106] and the optimal contest for maximum
individual output has been considered by Chawla et al. [29]. The optimal contests
for both these objectives have a structure similar to Myerson’s optimal auction: they
allocate the total budget to the player with the highest output above a reserve output
level for regular distributions (and highest ironed output for irregular distributions).

Mechanisms that are similar to the binary threshold objective have been discussed
in previous works [101) 56| [74]. For example, Taylor [101] mentions “in a research
tournament, the terminal date is fixed, and the quality of innovations varies, while in
an innovation race, the quality standard is fixed, and the date of discovery is variable.”
In the innovation race [74} T0T], the objective is to get at least one very good outcome,
and a winning criteria that corresponds to a binary threshold (with ties broken in
favor of the player who first reaches this threshold) is a proposed mechanism. In our
work, the binary threshold is the objective (and not the mechanism), and our aim is
to find the optimal mechanism to maximize this objective. Also, even if we interpret
the innovation race’s mechanism as an objective, it would be a specific instance of
the binary threshold objective where the designer’s utility is 1 if there is at least one
successful player and 0 otherwise (rather than an arbitrary increasing function of the
number of successful players).

To the best of our knowledge, there has not been any work on maximizing the
linear threshold objectives. In addition to maximizing the total output (e.g., [54, K1)
82,[79]) and the maximum individual output (e.g., [29, 81, 10Tl 2, [77]), other objectives
that have been investigated include maximizing the cumulative output from the top
k agents (e.g., [7, 53]).

On the technical side, our work on rank-order allocation builds upon the equilib-
rium characterization of Moldovanu and Sela [81]. As in the prior work, the single-
crossing property (Definition and properties of order statistics are useful for the
characterization of the optimal rank-order allocation contest. For general contests, we
build upon the work on revenue optimal auction design by Myerson [85] and on the
implementability of auctions by Matthews [75]. Matthews [75] characterizes which
interim allocation functions can be implemented by some allocation function, and
therefore allows us to focus on interim allocation functions instead of allocation func-
tions. Previous works in general contest design, such as the work of Chawla et al.
[29], did not require the result of Matthews [75] because, unlike in our model, their

objective functions were linear in the interim allocation.
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There have also been several studies in the complete information settings (e.g., [12,
11]). We point the readers to the book by Vojnovi¢ [106], particularly Chapter 3, for

a survey on related topics.

5.2 Notation and Preliminaries

There are n players. Let v = (vy,v2,...,v,) be the ability profile of the players,
where the values v; are drawn independently from a continuous and differentiable
distribution F' with support [0, 1]. Let f be the probability density function (PDF) of
F. The n players simultaneously produce outputs b = (by, bs,...,b,) € R’}. Player i
has a cost of b; /v; for producing output b;; we shall use a scaled version of this cost for
convenience, as given in ([5.1)). For a function g(x) that is not one-to-one, let g~*(y)

denote the minimum value of = such that g(x) > y, for y in the range of g.

5.2.1 Contests with a Rank-Order Allocation of Prizes

The contest has n prizes w = (wq,ws,...,w,), where 0 < w;y; < w; < 1 for
j € [n—1]. For the unit-sum model, we additionally require that > ;w; < 1.
The prize w; is awarded to the highest-performing player, w, to the second highest,
and so on; a player receives one of the prizes based on the rank of their outputs,
with ties broken uniformly. Fix an output vector b = (b;)icjn) and suppose that
by, > by, > ... > b;,. Then the utility of player ¢ (scaled up by v; for convenience) is

given by:

JEN]

. .. . . . 1{bi=b; .} .
where 1 is the indicator function. To interpret this formula, observe that m is
ij

the probability that player ¢ receives the j-th prize, whereas % is the cost of producing
output b; for player i.

Let pj(v) be the probability that a value v € [0, 1] is the jth highest among n i.i.d.
samples from F', given by the expression:

po = (2] )P Fp (52)

g—1
Let f, ; be the PDF of the j-th highest order statistic out of n i.i.d. samples from F,

given by the expression:

n!
(J = Dln — )t

fni(v) = F(o)" (1= Fu)) ' f(v). (5.3)
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A key role in the symmetric Bayes—Nash equilibrium of the contest is played by the
order statistics of the abilities of the players.

Moldovanu and Sela [81] characterize the unique symmetric Bayes—Nash equilib-
rium in rank-order allocation contests. Chawla and Hartline [28] prove the uniqueness

of this equilibrium in general (see also [29] for more details).

Theorem 5.1. [81], (28] Consider the game that models the rank-order allocation
contest with the values of placement prizes wy > we > ... > w, > 0. The unique

Bayes—Nash equilibrium s given by
Bv) = w / tpl;(t)dt, (5.4)
0

where 5(v) is the output generated by a player with ability v.

Note that § depends on the prize vector w, but we are suppressing it to keep the

notation cleaner.

Definition 5.1 (Simple Contest). A rank-order allocation contest is called simple if
there exists a j € [n] such that it gives a positive prize of equal value to the first j

players and 0 to the other n — j players.

Definition 5.2 (Single-Crossing). A function f : [a,b] — R is single-crossing with
respect to a function g : [a,b] — R if there exists a point z* € [a,b] such that
f(z) < g(x) for all < z* and f(z) > g(x) for all > z*; when this is the case, we

will also say that f is single-crossing with respect to g at z*.

5.2.2 General Contests

We utilize the connection between contests and all-pay auctions made by [39], 29].
Leveraging the revelation principle [85], for most of the analysis of general contests,
we shall restrict our attention to direct revelation mechanisms and optimize over al-
location rules x(v) = (2;(v));cn) that determine the allocation based on the abilities
of the players v = (v;);c[,). We interpret x;(v) as the expected value of the prize ob-
tained by player ¢ given the ability profile v, where the expectation is taken over the
choices of the tie-breaking mechanism. We recognize that, when running a contest,
we do not have direct access to players’ abilities; rather, the players must produce
outputs, and the allocation function must be based upon the observed outputs. Af-
ter deriving the optimal allocation function based on the players’ abilities, we shall

convert it to an allocation function based on the players’ outputs.
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For both unit-range and unit-sum settings, we have the restriction 0 < z;(v) <1
for all ¢ € [n]. For unit-sum, we additionally have ), z;(v) < 1. The unit-range case
is comparatively easier, because z;(v) can be optimized independently for every player
i, whereas for unit-sum, for two players j and ¢, z;(v) and z,(v) are not independent
as we need to satisfy the ). z;(v) < 1 constraint. While studying unit-sum contests,
we shall by default assume that n > 2.

We assume that the allocation rule x(v) is symmetric with respect to the players.
As x(v) is symmetric, we have Elz;(v) | v; = v] = E[z;(v) | v; = v] for any
i,7 € [n]. Let the interim (or expected) allocation function be {(v) = E[z;(v) | v; = v].
Using [85]’s characterization of allocation rules that allow a Bayes—Nash equilibrium,
we conclude that {(v) should be non-negative and non-decreasing in v, and in the

equilibrium, the output of a player as a function of her ability is given by:

mm—vam—[faww (5.5)

We slightly abuse the notation by representing the output function as g for both
rank-order allocation contests and general contests.

Let us make a few crucial observations about (v) and . Both our objective
functions, binary threshold and linear threshold , depend upon the output
function (v), which further depends upon the interim allocation function £(v), but
not directly on the allocation function x(v). So, any allocation function x(v) that
leads to the same interim allocation function £(v) leads to the same objective value.

Observe that for any interim allocation function £ that is induced by an allocation
function with unit-sum constraints, the following condition holds (check [75] for more

details): 1
Lﬁngmesliigla (5.6)

n
In plain words, inequality (5.6 says that the probability that any player with an
ability above V' gets a prize is at most the probability that any player has an ability

above V. Now, we state a result by Matthews [75] that we shall use in our analysis.

Theorem 5.2. [75] Any non-decreasing interim allocation function £ that satisfies
inequality (@) is implementable by some allocation function x that satisfies unit-sum

constraints.

Given this result, we can focus on finding a ¢ that is non-decreasing and satisfies
inequality (5.6) without worrying about the unit-sum constraint ). z;(v) < 1, be-
cause there will be some @ that implements £. Further, for the optimal &, as we shall

see later, the optimal @ will be easy to derive.
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In our study of optimal general contests, we shall give special attention to regular
distributions, defined below. This property of the distribution of the players’ abilities
allows for simpler and efficiently computable optimal contests (see [85] for their use

in optimal auction design).

Definition 5.3 (Regular Distributions). A distribution F' is regular if if the virtual
ability ¥(v) = v — %U()U) is non-decreasing in v.

5.2.3 Objective Functions

We formally define the binary threshold and linear threshold objective functions.
They apply to both rank-order allocation contests and general contests. We use the

same notation for the output function for both cases, 5.

Definition 5.4 (Binary Threshold Objective). Under the binary threshold objective,
the contest designer gets a utility of p(k) € Rsq if there are k € {0} U [n] players
with output equal to or above a specified threshold B. The expected utility of the
designer is given by:

BT = E,[p(3 1{8(v:) = B})] (5.7)

i€[n]
We assume that p is non-decreasing, i.e., p(k—1) < p(k) for all k& € [n], and normalize
p(0) = 0.

The next lemma, Lemma [5.3, proves that the optimal contest for the binary
threshold objective (for both rank-order allocation and general contests) is the same
for any non-decreasing p. Further, given Lemma we can maximize E,[1{f(v) >
B}] to get the optimal contest for the binary threshold objective.

Lemma 5.3. The contest that maximizes E,[1{f(v) > B}| mazimizes the binary
threshold objective By [p(3 () L{B(vi) = B})] for any non-decreasing p.

Definition 5.5 (Linear Threshold Objective). Under the linear threshold objective,

the contest designer’s utility increases linearly with a player’s output if the player’s

4In the auction theory literature, e.g., [85], v corresponds to the valuation and 9 (v) to the virtual
valuation, and, again, F' is regular if ¢ (v) is non-decreasing. Further, in auctions, ¥ (v) may be

interpreted as the slope of the “revenue curve” at v, and more coarsely, the v term in ¥ (v) as
1—F(v)

the maximum revenue obtainable and as the revenue loss due to not knowing v in advance

(a.k.a. “information rent”). Similarly, in contests, ¢(v) may be interpreted as the slope of the
“output curve” at ability v.
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output is between a lower threshold of By and an upper threshold of By. Formally,

we define it as:

LT =E,[»  max(0, min(By, 8(v;)) — By)]

i€[n]

= nE,[max(0, min(By, B(v)) — Br)] = nE,[max(B, min(By, 3(v)))] — nBy,
= E,[max(B, min(By, 5(v)))] :/0 max(By, min(By, 8(v))) f(v)dv, (5.8)

where equivalence above denotes the fact that maximizing the left hand side is equiv-

alent to maximizing the right hand side.

Note that the thresholds—B for the binary threshold objective and B and By

for the linear threshold objective—are exogenous.

5.3 Rank-Order Allocation of Prizes

In this section, we study contests that allocate prizes based on the players’ ranks.

We first present some useful properties of the equilibrium output function g given in

Theorem [5.1} Then we study the two objective functions based on these properties.
From Theorem [5.1] we have

B0 = S s [ w0ar

Jj€ln]
Writing p’;(f) using order statistics:
fn—l,l(t); lfj — ]_
p;(t) = fn—l,j(t) - fn—l,j—l(t)a if 1 < ] <n.
_fnfl,nfl(t)a lf] =n

Substituting p/(t) into the formula for §(v), we get

B0 = 3 (0= wer) [ thesltldr (5.9
jen—1] 0

From equation (5.9) we can observe that decreasing w, to 0 does not decrease [(v)
for any v. Changing 5(v) so that it becomes greater or higher for every v leads to an
equal or higher utility for the designer for both binary and linear threshold objectives.

So, from now on, we shall assume that w,, = 0.
Depending upon whether we are looking at the unit-range or the unit-sum con-
straint on prizes, we have different constraints on w. We now transform g(v) further

to make it more convenient to work with.
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Unit-Sum We have the constraints Zj w; < 1 and w; > wjp > 0. Let a; =
J(w; —wjy1). The set of constraints on o = (a;)jem—1] that are equivalent to the
jeln—1] % < 1. Let B¢ denote

the output function  with unit-sum constraints. We can rewrite equation ([5.9) as

= ) o= / tfari(t)dt = > a;Bs;(v), (5.10)

j€n—1] JE€n—1]

constraints on w are: a; > 0 for all j € [n — 1] and )

where fBg;(v) = 1 fo tfn_1;(t)dt. Observe that the simple contest that awards a
prize of 1/] to the first j players and O to others has o; = 1 and oy, = 0 for £ # j.
Moreover, this contest induces an output of Sg;(v) from a player with ability v. Thus,
any rank-order prize structure can be written as a convex combination of these (n—1)

simple contests where the first j players get awarded 1/, for j € [n — 1].

Unit-Range We have the constraints 1 > w; > w;4, > 0 for all j € [n—1]. In this
case, let a; = w; —wj;;. We have the same set of constraints on o as with unit-sum:
a; > 0 for all j and Zje[n_l
for 3, which we denote by Bg:

Z a]/ tfno1,;(t)dt = Z a;Bri(v), (5.11)

JE[n—1] j€n—1]

oy < 1 However, we have a slightly different formula

where fg;(v fo tfn_1,(t)dt. Thus, similarly to the unit-sum case, any unit-range
contest and the respective Qg(v) can be written as a convex combination of (n — 1)
simple unit-range contests Sg;, 7 € [n — 1]. However, the unit-range contest that
induces r; awards a prize of 1 to the first j players and 0 to others, whereas the
unit-sum contest fg; awards a prize of 1/5 to the first j players.

Using the characterization of 3 in equation for unit-sum and for unit-
range, we can easily prove that the total output objective is maximized by (g for
unit-sum contests (proved by [54] [81]) and by a simple contest for unit-range contests
(the proof is provided in Section .

Most of our analysis in this section applies to both unit-range and unit-sum set-
tings; we shall use 3 to denote either Bs or Bg, and ; to denote either fg; or fBg;.
Also, we shall assume without loss of generality that s =1, because increasing
a; for some i € [n — 1] while keeping a; constant for all j € [n — 1] \ {i} does not
decrease f(v) for any v € [0, 1], and therefore does not decrease either of our two

objective functions.
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Theorem 5.4. Fiz an o and the corresponding output function 3. Consider a pair
of indices j,k s.t. 1 < j <k <n-—1, and ¢ > 0. Suppose both the vector o and
the vector o given by o), = a; +¢€, a) = ap — €, ay = oy for £ & {j,k} satisfy the
required constraints. Let B’ be the output function that corresponds to o’. Then, [

is single-crossing w.r.t. 3, and B~ is single-crossing w.r.t. 3’ *.

The proof of Theorem [5.4] for unit-sum is available in ([I06], Chapter 3); in Sec-
tion [5.6.2.3] for completeness, we provide a similar proof for both unit-sum and unit-

range settings.

5.3.1 Binary Threshold Objective

We first focus on the binary threshold objective (Definition Lemma [5.3):
E,[1{f(v) = B}].

Theorem 5.5. The rank-order allocation contest that optimizes the binary threshold
objective is simple, and the output function for the optimal contest is Bj«, where j* is
selected from the set

arg min ﬁj_l(B).
J

Given Theorem [5.5], we can design the optimal contest by first finding the root
of the equation f;(v) — B = 0 for each j € [n — 1]. We can do this efficiently using
a root-finding algorithm such as the bisection method because 3; is continuous and

monotone. Then, we select a j with the smallest 3;'(B).

5.3.2 Linear Threshold Objective

We now consider the linear threshold objective: E[max(By, min(By, 5(v)))] (Defini-
tion . For the binary threshold objective, the optimal contest was simple, but for

the linear threshold this is not true in general. The following example illustrates this:

Example 5.6. Consider a contest with: unit-sum prizes; three players, n = 3; uni-
form distribution, F'(v) = v, f(v) = 1; lower threshold B = 0; upper threshold
By =1x (2)2 + 3 X (2)3 ~ 0.1605. The output function is f(v) = @101 (v) + asf2(v)
where a3 + as = 1 and Sy(v fo thaa(t)dt = [J2t%dt = 20 and fy(v) =
3 fo tfa2(t) fo t(1 —t)dt = % — % We consider three contests: the two simple

contests and a mixed one.

e Simple Contest 1: oy = 1 and B(v) = p1(v). We have ;' (By) ~ 0.6221 and
—1
the objective value is [ (Br) g, (v)dv + By (1 — ;1 (By)) =~ 0.0857.
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e Simple Contest 2: as = 1 and S(v) = fa(v). The objective value is
[ min(By, fa(v))dv < [} Ba(v)dv = 1/12 ~ 0.0833.

e Mixed Contest: a3 = ag = 1/2 and f(v) = [1(v)/2 + Pa(v)/2. We have

B7Y(Bg) = 2/3 and the objective value is f02/3(§ +%)dv+BH(1 —2) ~ 0.0864.

We observe that the given mixed contest outperforms the two simple contests.

For the case where there is only an upper threshold, i.e., By, = 0, there is an

optimal contest that is a convex combination of only two simple contests.

Theorem 5.6. For a linear threshold objective with upper threshold only, i.e., with
B, =0, there is an optimal o with at most two positive entries o; and o, i.e., with

ar =0 fork € [n—1]\ {i,j}. For this o, i and j, we also have:

Csfwdn= [ g fwde= [ Bo)f()d,

0 0 0

where Vi = B~Y(Bg) and B is the output function induced by o
Theorem suggests an algorithm for finding the optimal o, sketched below:

1. Foreveryi,j € [n—1],4 < j, find a V;; > 0 (if any) such that fovij Bi(v) f(v)dv =
fov“ B;(v) f(v)dv. Note that there might be multiple such values for V;;, but
these values form an interval of [0, 1] because [ 5;(v)f(v)dv is single-crossing

w.rt. [ B;(v)f(v)dv. Select any one of those values as V;;.

2. It V;; exists and B;(V;;) > By > B;(V;;) then this pair 4, j is a candidate for
being the optimal.

3. The objective value for this pair is fovij Bi(v) f(v)dv + By (1 — F(Vi;)).

4. Comparing O(n?) such pairs along with the O(n) simple contests, we find the
optimal contest.

Br—B;(Vij)
Bi(Vig)—B; (Vij)
and o, = 0 for k € [n — 1]\ {7,7}. (Check the proof of Theorem 5.6 for more
details about this step.)

5. a corresponding to pair ¢, j can be calculated as a; = , 0 = 1—ay,

We can prove a result analogous to Theorem if we only have a lower threshold
and no upper threshold (i.e., By = 1): there is an optimal contest that is a convex
combination of at most two simple contests. Now, we give a result that applies for

arbitrary thresholds.
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Theorem 5.7. For a linear threshold objective, there is an optimal o with at most
three positive entries «;, oy, and oy, i.e., with oy =0 for ¢ € [n — 1]\ {4, j,k}. For
this ac and i, j, k, we also have:

Vi

Vi Vir Vi
Pi(v)f(v)dv = Bi(v) f (v)dv = Be(v) f(v)dv = Bv)f(v)dv,

VL VL |45 VL

where Vi, = 7Y(Br), Vg = 871 (By), and B3 is the output function induced by o.

The main ingredients used in the proof of Theorem (and Theorem are:
first-order optimality condition of the objective w.r.t. «; single-crossing property of
Bi w.r.t. fB; for ¢ < j; and the fact that every linear programming problem has an
optimal solution that lies at a corner of the feasible region.

Recall that for the case By = 0, we used Theorem to obtain an algorithm
that compares at most O(n?) contests to find an optimal one. In a similar spirit, for
general By and By, we can use Theorem to obtain an algorithm that finds an

optimal contest by comparing at most O(n3) contests.

5.3.2.1 Simple vs Optimal

In Theorem 5.7, we proved that a convex combination of at most three simple contests

is optimal. We now compare this optimal contest with the best simple contest.

Theorem 5.8. For the linear threshold objective, the objective value of the optimal

contest is at most 2 times that of the best simple contest.

In the proof of Theorem [5.8 we use the expression given in Theorem and
the single-crossing property of 8; w.r.t. 3; for any ¢ < j to show that the objective
value of the optimal contest is at most the sum of the objective values of two simple
contests. So, one of these two simple contests gives us an objective value at least half

of the optimal.

5.4 General Optimal Contests

In the previous section, we restricted our focus to contests that awarded prizes based
on players’ ranks only. In this section, we relax this restriction and consider contests
that may use the numerical values of the players’ outputs to award prizes.

As we discussed in the preliminaries (Section , for the unit-range constraint,
the allocation function must satisfy 0 < z;(v) < 1. Equivalently, the expected allo-

cation function & must satisfy 0 < £(v) < 1. For the unit-sum constraint, in addition
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to the constraints for the unit-range case, the allocation function must also satisfy
> ;zi(v) < 1. Equivalently (by Theorem , the expected allocation function &
must satisfy inequality (5.6): f‘}. E(w)f(v)dv < % From Myerson’s characteri-
zation of allocation functions that allow a Bayes—Nash equilibrium, we know that &
must be monotonically non-decreasing.

The following allocation rules award the entire prize to players with abilities above
V', if there are such players in a given ability profile. Therefore, they maximize
f‘i ¢(v) f(v)dv, and the inequality is satisfied with an equality.

1. Give the prize to the player with the highest ability. Then the expected allo-
cation function is £(v) = F(v)"!, and fé EW)f(v)dv = f‘} F)" 1 f(v)dv =
Il ;(V) Yy ldy = % We can also observe that for this allocation rule, in-
equality is tight for every V' € [0, 1].

2. Uniformly distribute the prize among the players with abilities above V. Then

the expected allocation function is &(v) = nl(zf—l%, and f; E(v)f(v)dv =

1 1-F(V)" _1-F(V)"
Vn(lfF(V))f(U>dU ="

5.4.1 Binary Threshold Objective

For the binary threshold objective (Definition ; Lemma , we have:

max E[1{5(v) > B}| = max/ 1{8(v) > B} f(v)dv = min(8~'(B)).

0

Thus, we want to find a & that minimizes 371(B).

Theorem 5.9. The optimal contest with the binary threshold objective gives a prize
of 1 to all players who produce an output above the threshold B in the unit-range
model and equally distributes the total prize of 1 to all players who produce an output

above the threshold B in the unit-sum model.

5.4.2 Linear Threshold Objective

The linear threshold objective is E[max(By, min(By, 5(v)))] (Definition [5.5)).

5.4.2.1 Regular Distributions.

Let us first focus on the case when F' is reqular. We shall see that the optimal contest
resembles a highest bidder wins all-pay auction with a reserve bid (if every player bids

below this, no one gets the prize) and a saturation bid (all bids above this level are
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considered equal), and the ties are broken uniformly. We shall also give an efficient
way to find the reserve and the saturation bids.
We can, w.l.o.g., make the following assumptions on the optimal expected alloca-

tion function:
Lemma 5.10. If ¢ is optimal, we can assume w.l.o.g. that £(v) = 0 forv < 37Y(By).

Lemma 5.11. If £ is optimal, we can assume w.l.o.g. that {(v) = £(Viy) for v >
B~ Bpy), i.e., £(v) is constant for v > 371(By).

From now on, we shall assume that ¢ satisfies the assumptions formulated in these
two lemmas.

We can write our linear threshold objective, using the notation Vz, = 37(Br) and
Vi = B~Y(Bg), as

Vi

BLF (Vi) + [ B(0)f(0)de+ Byl = F(Vi), (5.12)

Intuitively, the following lemma says that we should push the area under the curve
¢ to the right, as much as possible. We prove this result for unit-sum; for unit-range

it holds, as a corollary, if we set n = 1.

Lemma 5.12. Let F' be a regular distribution and suppose that the allocation func-

tion has to satisfy unit-sum constraints. Then there is an optimal & such that
fyl E@)f(t)dt = (1 — F(v)") for all v € [0, 1] where B(v) < By and &(v) > 0

The previous lemma effectively says that for v € [V, V) we have

/5 _1-F)"

As both sides of the above equation are continuous, taking the limit v — Vg, we

have:
() f(ryar = 2= V)"

Vir n
We already know that & is 0 for v < V7, and constant for v > V. So, we get

0, ifo <V,
E(v) =< Fo)" ifV, <v< Vg (5.13)
AFVa)™ g >

We now prove the following lemma, which says that for an optimal allocation rule,
the output generated by a player never goes strictly above the upper threshold By

almost surely in v € [0, 1].
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Lemma 5.13. If & is an optimal expected allocation function, then the induced out-
put function B almost surely satisfies B(v) < By for v € [0,1]. This result holds
whether or not the distribution F is reqular, and both for unit-range and for unit sum

constraints.

Combining the optimal expected allocation rule given in ((5.13) with Lemma m,

- HAZH [ s

Note that the above formula is applicable only if there exists a V. It may be possible
that S(v) never reaches the threshold By, i.e., 3(v) < By for v € [0,1]. The above

formula also tells us that given V;, (or Vi), Vi (or V) can be calculated efficiently

we get

because, keeping V7, (or Vi) fixed, f(v) is continuous and monotone in Vi (or V7).
We now discuss how to efficiently compute the reserve V;, and the saturation Vy.

We shall use the following notation in the next theorem: n(z) = nﬁ—f;, Wy (v) =

Fu)—F(v) (“}(_j ©)  Vgw is the solution of ViewF(View)"™™ = By, Vi is the solution of

f‘i F(v)"'dv =1— By, and V,, is the solution of By = V,,n(F(Vyp)).

mid

v —

Theorem 5.14. The contest that optimizes the linear threshold objective for regqular

distributions has the following allocation and expected allocation functions:

1. For unit-range, the expected allocation function & and the allocation function

x(v) are given as:

0, fo<V N 0, ifv, <V
f(v)_{L ifo>v M”)_{L ifo; >V

where V = max(Br, min(By, v (Br))).
2. For unit-sum, the optimal solution is given by one of the two cases below:

(a) The expected allocation function & is:

_ 0, @fv <V
{(v) = {F(u)“, o>, (5.14)

and the allocation function x(v) is:

() = {O, if max;(v;) < Vp ori ¢ W

c (5.15)
L/|W|, ifieW and max;(v;) > Vp,

where W = {k | v, = max;(v;)} and Vi, = min(Viq, max(View, V1)); where
Vi is the solution of 24— — (V) = 0.

F(Vp)n—t
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(b) The expected allocation function & is:

0, ifv <V
()= { Pyt Vi <v< Vi (5.16)
n(F(Vu)), ifv=Va

and the allocation function x(v) is:

0, if max;(v;) < Vi ori ¢ W
z;(v) = 1/|/V[£|, ifi € /VIZ and Vi, < max;(v;) < Vg (5.17)
1/|W|, ifie W and max;(v;) > Vg

where W = {k | v, = max;(v,)}, W ={k| v >y, Vi =
min(Vp, max(Vinia, V) and Vi = min(1, max(‘/;p,V_H)); where Vi and Vi
are the solutions of equations ——2k— — wﬁ(ﬁ) =0 and Vgn(F(Vy)) —

o F( L)nfl
VLLH F(v)"ldv = By.

The values of V;, and V; derived in the theorem above can be efficiently computed
if the distribution F' is known, see the proof for more details. Also note that, although
the contest may seem complicated, it is reasonably simple from a player’s perspective.
The optimal contest that maximizes the total output has a reserve [106], here we have
a saturation value in addition to the reserve. A player need not know how these reserve
and saturation values are computed.

Implementing this mechanism in practice, i.e., finding the allocation as a function

of the outputs of the players, is not difficult. Given a player’s output b, map it to

g(b), where:
0, if b < F(V )"
b, if F(Vp)" ™t <b< F(Vg)"!
9(0) = F(Vp)"™', it F(Vi)"™ < b < ks (5.18)
1 FI({V w H1 F(Vi)" P F Vi)
e ) R v g

One can then distribute the prize equally among the players who have the maximum
positive g(b).
5.4.2.2 Irregular Distributions.

In the study of the optimal linear threshold contest for regular distributions, we
used the regularity condition at two places: first, in Lemma [5.12] to pack the area
under £ to the right; second, in Theorem [5.14} to prove that we obtain the optimal
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values for V;, and Vg by solving for the roots of the specific equations given in the
theorem statement using an efficient root-finding method. For irregular F', first, we
give Lemma [5.15| analogous to Lemma [5.12} second, we find an approximate solution
by discretizing the feasible space of Vi, Vi, and £(Vir) ]

We first introduce some additional notation. Consider the function ¢y v (v) =
v — EOZFO) - qefined on the interval [U, V]. We now define ¥y, which is the ironed

f)
version of 9y, also defined on [U, V]. Our definition proceeds in several steps.

L. Let hyv(y) = Yuv(F~'(y)) and Hyv(y) = flgq(U) huv (y)dy;

2. Let Hyy(y) be the point-wise maximum convex function less than or equal
to Hyy(y). Note that at the boundary Hyy(F~1(U)) = Hyy(F~*(U)) and
Hyy(F(V)) = Hyv (F~1(V));

3. Let huy(y) = Hyy (y) and Gy y (v) = hoy (F(0)).

Let lU’V(U) - minue[UaV]@U,v(U)ZEU,V(U) u and Tov (U) - maXUE[UaV]aEU,V(U)ZEU,V(U) U, and
let {(u) = lp1(u) and r(u) =191 (u).

Lemma 5.15. For an irreqular distribution F, in the unit-sum setting there is an
optimal £ such that fvl E@)f(t)dt = (1 —F(v)") for all v where B(v) < By, &(v) > 0,
and H(F~'(v)) = H(F~(v)).

Note that Lemma does not apply to points v € [0,1] where H(F~'(v)) <
H(F~'(v)).  So, unlike the case for regular distributions, where we had
f‘}H E@)f(t)dt = (1 — F(Vy)™) by applying Lemma [5.12{ for v — Vj, we may not

have a similar result for irregular distributions.

For regular F, the allocation function x has three cases depending upon the
highest ability, as given in (5.15)). On the other hand, for irregular F', the allocation
function x has five cases depending upon the highest ability, as given in the theorem

below:

5We would like to note here that the algorithm we provide finds an approximate solution in time
polynomial in the reciprocal of the parameter used to discretize Vi, Vg, and £(Vy). One could
have discretized the entire optimization problem (the functions are evaluated at discrete values,
the integrals are written as finite summations, etc.) and directly found an approximately optimal
discretized £ and B using linear programming, also in polynomial time. The advantage of our analysis
is that it characterizes the optimal solution and gives a more intuitive algorithm.
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Theorem 5.16. The contest that optimizes the linear threshold objective for irreqular

distributions and unit-sum constraints has the following allocation function:

p

0, if max;(v;) < Vy orig¢g W
nE(VL)(F(rvy vy (VL)) —F(VL))
IWLI(F(rvy vy (Vo))" —F(VL)")’

if Vi, <max;(v;) < ry, v, (VL) and i€ Wy,
.Il(’U) = 1/|W’, Zf TVL,VH(VL) < man(Uj) < lVL,VH(VH) andi e W , (519)

né(lvy vy (Vi) (F(Ve)=F(lvy vy (Va)))
Wel|(F(Ve)"—F(v, vy (VE)™)

Zf ZVL,VH(VH) S Hlan(Uj) < VH and 1 € WH
nE(Vi) 1—F (Vir)) ' (0. e TV
PPy if Vi < max;(v;) andi e W
where W = {k | rv, vy (VL) < ve < by, vy (Vi) Yvy vy (v6) = max; (Y, vy, ()},
Wr ={k v € [Ve,rvp vy (VL)) Wi = {k | e € [lvy vy (Vir), Val}, and W = {k |

In Section [5.6.3] we have sketched an approximation algorithm to find the param-
eters used in the theorem, like Vi, Vi, £(V1), £(Vi), etc.

We can transform the allocation function x(v) given in the theorem to an alloca-
tion function based on outputs in a manner analogous to . The optimal contest
for unit-range can be derived by combining ideas from the solution for unit-range

with regular F' and the solution for unit-sum with irregular F'.

5.5 Conclusion

We looked at two natural and practically useful objectives for a contest designer
and described optimal contests for the objectives. An interesting open problem is
to find how well can a contest without a reserve and/or a saturation output, or a
rank-order allocation contest, approximate the optimal general contest, possibly with
an additional player; we may expect to get a result along the lines of [26]. Another
extension of this work would be to study other practically relevant objective functions
for the designer, monotone transformations other than the threshold transformations
we studied in this chapter. Combining the objectives for the designer studied in this
chapter with non-linear utility and cost functions for the players is also an important

research direction.
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5.6 Omitted Proofs and Additional Results

5.6.1 Supplement to Section
5.6.1.1 Expected Allocation

We use the expression given below in Section For completeness, we provide its
derivation.

Consider a player ¢ with ability v, and fix a and b so that 0 < a < v < b < 1. For
each k € [n — 1], let p(v,a,b, k) be the probability that all players other than player
i have ability at most b, with k of them having ability in [a,b]. We have:

p(v,a,b, k) = (” ; 1) Fa)" 7F(F(b) — F(a))*.

Now, if the player with ability v is allocated 1/(k + 1) with probability p(v,a, b, k),

then the expected prize allocation for the player is:

= p(v,a,b,k) = (n— 1\ F(a)" '""*(F(b) — F(a))*
> M= (M)

0 B 3 <k 1) Pla) HEG) - F(@)
+ n
(ot

~ n(F () 1_ F(a)) (Z)F ()" *(F(b) = F(a)* - F(a)”)
o 1 n_ B — 1 F(b)" — F(a)"
IGUE 0 A O o

5.6.1.2 Properties of Single-Crossing Functions

The following are some well-known properties of single-crossing functions that we

shall use to prove some of our results. (Proofs are given for the reader’s convenience.)

Lemma 5.17. For two functions f, g : [a,b] — R, if f is single- crossz'ng with respect

to g, then F(x f f(x)dx is single-crossing with respect to G(x f g(z

Proof. Let y* € [a,b] be the maximum value such that F(y) < G(y) for all y < y*.
Such a value exists because the set {y : F(y) < G(y)} is closed and F'(a) = G(a) = 0.
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Suppose that f is single-crossing with respect to g at z*. Then we have y* > x*,
because for every r < z* we have g( ) — f(xz) > 0, and therefore for every y < z*
we have G(y) = [7(g( (x))dx > 0. Now, for y > z*, we know that
f(y) > g(y) so F( ) - G(y) is str1ctly increasing. So, if F'(z) goes above G(z) at

some point in [a, b, then it will remain that way. ]

Lemma 5.18. For two continuous and strictly increasing functions f,g : [a,b] — R
with f(a) = g(a) =0, if f is single-crossing with respect to g at x*, then g~ is single-
crossing with respect to =1 (in the intersection of the domains of f~* and g~') at

y' = flz7) = g(a").

Proof. Consider a point y that belongs to the domains of f~! and ¢g~!.

Suppose
y < y*. Since f and g are continuous and strictly increasing, there exists a unique
point z with y = f(x) and a unique point z with y = ¢(z). Further, y < y* implies
r < z* and hence f(z) < g(z). It follows that z < z, ie., g7 (y) < fHy). In
a similar manner, we can prove that ¢g~!(y) > f~!(y) for each point y > y* in the

intersection of the domains of f~! and g~!. m

5.6.1.3 Omitted Proofs

Proof of Lemmal5.3 Recall that we are in an incomplete information model where
the ability of every agent is picked independently from the distribution F', and where
an agent ¢ only knows her ability v; but not the ability v; of any other agent J #i.
Moreover, as we are looking at symmetric mechanisms, from equations (5.4]) and (5.5 .
we know that S(v;) = B(v;) if v; = v; for any agents ¢ and j, i.e., the agents use the
same function to map their ability v to the output 5(v).

Let ¢ = E,[1{8(v) > B}] = P,[5(v) > B] be the probability that any given agent
has output above B. The probability that k& agents have output above B is equal to

(1)¢"(1 — q)"~*. The binary threshold objective can be written as

E,[o(>" 1{8(v;) = By = Y plk) (Z) S gk

i€[n] ke[n]

=S (plk) - p ;k ( ) (L= "= (p(k) — plk = 1))gi(q),

ke[n] ken]

where, let, gi(q) = > ;_, (})a‘(1—q)"~*. As p is non-decreasing, so p(k)—p(k—1) > 0

for every k € [n]. Now, if we show that gx(¢) is a non-decreasing function of ¢, then
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maximizing ¢ will maximize the objective, which shall complete the proof. Let us

differentiate gx(q) w.r.t. ¢, we get
dgi(q) _ i n\ d(g(1 —¢)"™")
dq 12 dq

=ng"" + i (Z) (" (1= = (n=0g" (1 —g)" )

5.6.2 Supplement to Section
5.6.2.1 Total Output

If B, =0 and By = 1 in the linear threshold objective (Definition , then the
objective becomes simply E[3(v)], i.e., the well-studied objective of maximizing the
total output. For the unit-sum case, it has been shown by [54] that the optimal
allocation of prizes is to award the entire prize to the top-ranked player, i.e., set

a; =1 and a; = 0 for j > 1. This can also be observed from the following analysis:
1 s v
/ Bs(v) f(v)dv = / Z 7]/ T fno1(x)dx | f(v)dv
o \. 0

=y %/ (/ 2 fur (@ )dx) f(v)dv

j€[n—1]

B

ge[;1 Oég/ (1= F(z)) fa-1,(z)dx
= —jezn:”%/ T foji1(@

As fol T fpj+1(x)dx is the expectation of the (j + 1)-st highest value out of n ii.d.

samples from F', we have
1 1
/ & frjr1(z)de > / T fp i1 (x)de for j < k.
0 0
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Therefore, the optimal output function is Sg;.

For the unit-range objective, following similar steps, we get:

/olﬂR(U)f Z ;- / T fr j1(z)de.

JE[n 1]

While for unit-sum, fol T fnji1(x)dr decreases as j increases, for unit-range,
Ji fol z fp j+1(x)dr does not necessarily decrease as j increases. Nevertheless, we can
see that the optimal contest is a simple contest and the output function in the optimal

contest is Bgj- where:

1
j* € argmax (]/ xfmﬁl(x)dx) )
j€[n—1] 0

5.6.2.2 Concave and Convex Transformations

Let h : [0,1] — [0,1] be a monotone non-decreasing differentiable function, either

concave or convex. The contest designer’s objective function is:

E.[)_ h(B(v)] = E,[h(5(v))] :/0 h(B(v)) f(v)dv. (5.20)

i€[n]
In Section [5.3) for both unit-sum and unit-range, we derived that A(v) =
> jen—1 ¥5;(v) where a0 = (aj)je[n 1 8.t Zje[n @ =land a; > 0forj € [n—1].
For unit-sum, 5]-( ) = Bsj(v) =1 fo tfn_1(t)dt (equation (5.10))), and for unit-range,
Bi(v) = Bri(v) = [ tfa1,4( dt (equation ([5.11))). We shall use these results in this

section.

Lemma 5.19. If h is convex (concave), then the objective function of the contest

designer is also convex (concave) w.r.t. .

Proof. Take 7 € [0,1] and two vectors V) and a® | and let o = yaM + (1 —)a'?.
Let OBJ(a) denote the objective value corresponding to a, similarly, OB.J(aW)
and OBJ(a?).

OBJ(a) = / S ay8,(0)f(v)dv

j€n—1]
1
:/ h(~y Z ﬁj( Z f(v)dv.
0 jeln—1) Je[n 1]

If h is convex, then h(yx + (1 — v)y) > vh(x) + (1 — v)h(y) for any x and y, and
therefore, we get OBJ(a) > yOBJ(aW) + (1 — v)OBJ(a?), so OBJ is convex.

Similarly, we can prove that if A is concave, then OBJ is concave. O]
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For convex h, the results are similar to the results for the total output objective
(Section . For both unit-sum and unit-range, there is a simple contest that is
also optimal. Moreover, for unit-sum, the simple contest that awards the entire prize
to the first ranked player is also optimal. These results are similar to the results for
a model where the players have concave cost functions, as studied by [81]. There is a

similar correspondence for concave h and convex cost functions.

Theorem 5.20. If h is convex, then there is a simple and optimal rank-order alloca-

tion contest.

Proof. From Lemma |5.19, we know that if A is convex then the objective function is
also convex w.r.t. a. Any « can be written as a convex combination of the corner
points, where a corner point has o; = 1 for some j € [n— 1] and oy, = 0 for all k # j.
So, the optimal value of the objective is achieved at some of the corner points (it may

be achieved at other points also). ]

Theorem 5.21. If h is convex, and the prizes are unit-sum, then the simple contest

that awards the entire prize to the first-ranked player is optimal.

Proof. From Theorem [5.20 we know that there is an optimal simple contest. Let
this simple contest have a; = 1 for some j € [n — 1] and o = 0 for all k£ # j, so
B(v) = Bg;(v). Comparing the objective value of the contest where a; = 1 with this

contest, we have:
/O h(Bs1(0)) £ (0)dv — / h(Bs;(0)) f (v)dv = / (h(Bs1(v)) — h(Bs; (0))) f(w)d

> /0 B (B (1)) (Bs1 (v) — Bos () f(v)dv, as his convex,

Using (i) A'(Bsj(v)) is monotonically increasing and non-negative because fg;(v) is
monotonically increasing and h is convex, (ii) Bg1(v) is single-crossing w.r.t. fg;(v),
and (iii) fol (Bs1(v) — Bgj(v)) f(v)dv > 0, as proved while studying total output (Sec-
tion , we have our required result. O

Theorem 5.22. If h is concave, then the optimal rank-order allocation contest need

not be simple, but can be efficiently found by solving a concave mazximization problem.

Proof. The linear threshold objective with only an upper threshold is an example of a
concave h (we smooth the non-differentiable point), and for this objective, we already
gave an example that shows that a simple contest may not be optimal (Section .
From Lemma [5.19, we know that the objective is concave if h is concave, so the
optimal contest can be solved efficiently by solving a concave maximization problem

(equivalently a convex minimization problem). O
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5.6.2.3 Omitted Proofs

Proof of Theorem[5.4. First, let us prove that tf,_;(t) is single-crossing w.r.t.
tfoc1k(t) for j < k. We will argue that the following inequality is true for suffi-

ciently large values of t:

tfnfl,j@) > tfnfl,k(t)
(n—1)!

O A= F@) ()

T O = FO )

(k—1)!(n—k—1)! 1—F@)\*
u—mm—w4ﬂ><fw>) |

Indeed, for fixed values of j, k, and n, the left-hand side of the above inequality is a

positive constant. As t increases, the right-hand side monotonically decreases from
oo to 0. Thus, the above inequality is true for all t above some t*, and we have proved
that ¢f,_1 ;(t) is single-crossing w.r.t. ¢f,_1 x(t).

Following similar steps, we can prove that t% fn-1,(t) is single-crossing w.r.t.

t%fn_l,k(t) for j < k. Instead of the inequality %’;:B:EZ:?:;)),' > (1;th))k_j above,
we have the inequality I;:EZ:?:II)),' > (l;l(z()t))k*j, but the subsequent argument applies.

Now, let us prove that g is single-crossing w.r.t. (. Let us assume that the

following inequality is true:

B'(v) > B(v).

For unit-range, we have:
Br(v) > Br(v)

& Z Q) /OU T fr1,(z)dx > Z o /OU T fro1,(x)dz

le[n—1] le[n—1]

& /OU x fno1,(x)dr > /OU T fo_1k(x)de.

Using Lemma and the fact that ¢f,_1 ;(¢) is single-crossing w.r.t. ¢f,_1x(t) for
J < k, we obtain that 37 is single-crossing w.r.t. g for unit-range. Similarly, for unit-
sum, we use Lemma |5.17| together with the result that t% fn—1;(t) is single-crossing
w.r.t. t%fn_lvk(t) for j < k to prove that g5 is single-crossing w.r.t. fs.

As f3' is single-crossing w.r.t. 3, using Lemma [5.18] we get that 87! is single-

crossing w.r.t. /7L, m
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Proof of Theorem[5.5 We need to prove that for any threshold value B, the optimal
o has o; = 1 for some j and oy, = 0 for £ # j. In other words, 8 = (3, for some
JjEn—1].

From Definition [5.4] and equations (5.10) and (5.11]), we have:

1

/ 1{B(v) > B} f(v)do = / 1o > 571(B)} f(v)do = / f(v)dv

0 0 A=1(B)

= 1- F(57(B)).

Thus, to maximize the binary threshold objective, we need to minimize F(571(B)),
and as F is non-decreasing, we need to minimize 3 '(B). For any a we have
a; > 0 and Zj a; = 1, and for every j, the §; functions are monotone. There-
fore min; 53._1(8) < B7Y(B). Thus, the optimal contest is simple, and the output

function for the optimal contest is [3;-, where j* is:
jr = argminﬁ;l(B). [
J

Proof of Theorem[5.6. Let us assume that « is optimal and 3 is the induced output
function. Let Vg = 871 (By). Let I = {i € [n —1] | oy > 0}. If |I| < 2, we are
trivially done so we can assume w.l.o.g. that |I| > 2. Select arbitrary i,j € I, i # j.
Let a;; = o + aj and v = o /aj. Observe that o; = yoy; and o = (1 —y)ay;. Also,
as a;,a; > 0, we have 0 <y < 1.

Now, let us fix oy; and oy, (k ¢ {7, j}) and focus on 7. As o is optimal and 7 is

strictly between 0 and 1, we have aLT =0:

OLT afol min(B, >y cp,-1) Be(v)) f(v)dv

oy oy =0
8f01 min(B, Zke[n—l]\{i,j} B (v) + aij(78i(v) + (1 — ) B;(v))) f (v)dv B
= B =0
Vi
— (Bi(v) = B;(v)) f(v)dv = 0
OVH Vi
= i Bi(v) f(v)dv = i B;(v) f(v)dv. (5.21)

o 1% \% 1%
For any i,j € I, we get [ B3;(v) f(v)dv = [ B;(v)f(v)dv = [ B(v)f(v)dv.
Now, we will construct an o’ with at most two of its components strictly greater

than 0. As 3 is a convex combination of the (3; output functions, we must either have

(i) Bi(Vu) = B(Vy) for some i € I, or (ii) 5;(Vy) > B(Vu) and B;(Vy) < (V) for
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some ¢,7 € I. For (i) set o = 1 and o) = 0 for k ¢ [n — 1] \ {i}, and for (ii) set
B—B;(V,
;:#%anda (1 —a}) and af, =0 for k € [n — 1]\ {7, 4}
We can check that >, .,y auBe(Vi) = > opcpq @Bk(Vir) = B. So, we get
B~ (By) = 7Y (By) = Vg, where ' is the output function induced by . Also, it

is easy to verify that the objective value does not change:

/mln a]ﬁ] dv—/ min(B Z%ﬁg

J€n—1] Jel

«

/VHZ%@ (v)dv + B(1 — F(Vy))

Jj€l

— Zaj/ Hﬁj (v)dv 4+ B(1 — F(Vg))

jel

Vu
= Z / Bi(v)f(v)dv+ B(1 — F(Vy)) (using equation ({5.21)))

jel
1

]

Proof of Theorem[5.7]. Let us assume that a is optimal and /3 is the induced output
function. Let V;, = 7Y(By) and Vi = 87 Y(Bg). Let Vg = 87 Y(Bg). Let [ = {i €
[n—1] | oy > 0}; if |I] < 2, we are trivially done, so assume w.l.o.g. that |I| > 2.
Select arbitrary i,j € I, ¢ # j. Let a;; = oy + oj and 7 = «a;/a;;. Observe that
a; = yoy; and a; = (1 — ). Also, as oy, a; > 0, we have 0 < v < 1.

Let us fix a;; and oy (I ¢ {4, 7}) and focus on . As « is optimal and ~ is strictly

OLT __ =0

between 0 and 1, we have o

OLT 0 Jy max(By, min(By, Y,cp, yy () f(v)dv

oy 0 =0
. 9, fol maX<BL7 min(BH; Zke[n—l]\{z’,j} ak6k<v) + Qi (752(”) + (1 - 7)63’ (U))))f(v>dv
vy
Vi
= ; (Bi(v) = Bj(v)) f(v)dv =0
— [ s f@de= [ i) f(v)dv
VL VL

Thus, for every i € I, we have fv‘;H Bi(v) f(v)dv = ‘YLH Bv)f(v)dv.
Now, let us look at the constraints that « satisfies:
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L B(VL) =3 e iBi(Ve) = Br;
2. B(Ve) = > ie; iBi(Vi) = B
3. D ier i = 1

4. o; > 0 for i € I,

5. ;=0 fori ¢ I.

Observe that any other o' that satisfies the 3+ |I|+ (n —1 — |I|) = n + 2 constraints
given above will also be optimal (because f‘YLH Bi(v) f(v)dv = ‘YLH B(v)f(v)dv for all
i € I and any o that satisfies the (n + 2) constraints will have the same value for
the objective). The feasible region of the (n + 2) constraints is bounded on all sides
and therefore has corner points. At a corner point, at least (n — 1) of the constraints
must be satisfied with an equality, so at least (n — 4) of them are of the type o; =0
for some i € [n — 1]. Hence, selecting such a corner point, we will get a solution with

at most 3 of the coordinates of a strictly greater than 0. [

Proof of Theorem[5.8 Let us take an optimal solution « with the minimum number

of non-zero entries, i.e., the minimum number of indices ¢ with «; > 0.

1. If there is only one such index, then we have an approximation ratio of 1 and

we are done.

2. Now suppose there are three such indices. Let i, j, k be the three indices for
which «;, a;, 04 > 0 in the optimal solution. W.lLo.g. let 5;(Vy) < B;(Vy) <
Br(VL). We claim that 8;(Vi) > 8;(Vi) > Br(Ve). If this were not true, then
for a pair, say i, j, we would have had 5;(Vy) < 3;(Vy) and 8;(Vw) < B;(Vau),
with at least one of the two inequalities strict. As the output functions are
single-crossing, we would have f;(v) < f8;(v) for all v € [V, V], and we could

increase «; by «; and decrease o; to 0 to get a better solution.

As 5;(VL) < B;(Vi) < Be(V) and B;(Vy) > 5;(Vi) > Br(Vi), their convex
combination, 3, has: 3;(Vy) < B(Ve) < Br(Ve) and Bi(Vir) > B(Vir) > Br(Vi).

3. Finally, if there are only two positive entries, say a; and «ay, then also we can
prove a similar condition: £;(Vy) < (VL) < Br(VL) and 5;(Vy) > B(Vy) >
Be(Vir).

Look at a generic plot of 3;, Bk, B given in Figure With reference to the figure,

we have:
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L.
L

Bi(v)
___________ »| Alv)
By b e ' e
BJ‘ T m————— --:-u"E"--’- ----------------------------------------------- i
L . , > F(v)

F(5 '(By)) F(5 ' (Bu))

Figure 5.1: Plot of 3;, Bk, 8 where i < k.

o [, max(Br,min(By, 5;(v)))f(v)dv = C' + D + E + By;
. fol max (B, min(By, fr(v))) f(v)dv = A+ B+ E + By;

. %HnmdBLJmnﬂ%hﬁ()Df(ﬁw = BLF(Vi) + [y B( j{)dv+-BHu,—
F(Vi)), which is, by Theorem [5.7, equal to: BrF(V.) + f v)dv +
lﬁu—mwm—B+D+E+BL

The approximation ratio is at most

B+D+ FE+ By, B E+B,+B+D
max(A+ B+ E+ By, C+D+E+By) FE+ Bp+max(A+ B,C+ D)
B+ D . B+D _,
~max(A+ B,C+ D) ~ max(B,D) —
D

5.6.3 Supplement to Section
5.6.3.1 Linear Threshold Objective: Irregular Distributions (continued)

Here, we provide an algorithm to find the (approximately) optimal contest. We per-
form an approximate search on the three parameters Vi, £(Vy), and V7, to maximize

the linear threshold objective, using an algorithm sketched below:

1. Select values for Vi and (V).
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2. Assume that £ is constant in the interval [[(Vy), V). Applying Lemma to
the point [(Vy), compute £(1(Vy)):

/l( | EO5(0 = €00 (F(Vie) = FOVin) + &V (1~ F(Vi)
1~ F((Vi))"

~ (= F((Va)))
— F(I(Vy))" (V)1 — F(Viy))

n(1 = F(A(Va))(F(Va) = F(U(VR)))  F(Va) = F(I(Va))

= {(I(Vh)) =

3. Compute V;, by solving (V) = Vué(Vi) fv v)dv by the bisection method,
where the value of £(v) for Vi, < v < (Vy) is given as

{(v) = {F(U)H_I’ if H(F~(v)) =H(F~(v)) orve [l(Vy),r(VL)]
(

H
Ses, it H(F7 (v) < H(F~'(v)) and v > r(V,)

4. 1f H(F~Y(V)) = H(F7'(V3)), then set V, = Vp, otherwise search for
the Vi, € [I(V1),7(VL)] (and automatically for £(Vr) > Bpr) that satisfies

J Poy=tde = [ evdo + [0

v F(v)"'dv and maximizes

TV Vi (VL)
BLF(VL)+ f‘;L(VL) B(v) f(v)dv. This step selects V7, to optimally redistribute the
area under ¢ in the interval [V, r(V7)]. ﬁ

5.6.3.2 Omitted Proofs

Proof of Theorem[5.9. For unit-range allocations, we optimize £ subject to the con-
straints: 0 < {(v) < 1. We have

- /va(t)dt <wvé(v) <w

where the first inequality holds because £(t) > 0 and the second inequality holds
because £(t) < 1 for all ¢ € [0,1]. We have f(v) <v = B < B* (B). Set £(v) =
for v < B and {(v) =1 for v > B. We have {(B )—1andf0 t)dt = 0, so we get
B(B) = B&(B) — fOB Et)dt = B = B7YB) < B. As we have already seen that
571(B) > B, this is optimal.

For unit-sum, we have an additional constraint on &, inequality :
fv v)dv < L for every V.

SWe skipped a corner case: if [(Vy)E(I(Vy)) < Bpr, then Vi must be greater than (V). Find
the Vi in [[(Vp), Vi] that optimizes the objective following a procedure similar to step (4). Also, we
need to redistribute £ in [[(Vpr), Vi) according to vy, v, to find {(lv, vy, (Var)) in a manner similar
to step (2).
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Lemma 5.23. If ¢ is optimal, we can assume w.l.o.g. that £(v) =0 for v < 37Y(B).

Proof. We know that (V) = VE(V) — fovf(x)da: < VE(V). Hence, by setting
&(v) =0 for v < V we still have 371(B) = V. O

Lemma 5.24. If £ is optimal, we can assume w.l.o.g. that {(v) = (V) for v >
B7YB), i.e., £(v) is constant for v > 7Y B).

Proof. We define a transformed expected allocation function &, where &(v) = £(v) for
v <V, and £(v) = #(V) f;f(t)f(t)dt for v > V. Let § be the output function for
€. As € is monotone, £(V) > £(V), and therefore 5(V) > B(V) > B. So, we still have
B~YB)=V. [

From the previous two lemmas, we know that the allocation function equally
distributes the prize among the players who have an ability above some value V', where
B(v) > B for v > V and (v) < B otherwise. As ¢ satisfies f‘}.f(v)f(v)dv < %,

we have:

1—FWV)" V(- FV)")
VI<{ ———— —= B<pB(V)< .
W=ia—rwy = P S e w))
As the expression % increases with V', and we want to minimize V', it is
optimal to satisfy the above inequality with an equality. This gives us B = %
Also, as ‘;((11_—;1’((“//))3) is continuous and non-decreasing in [0, 1], we can efficiently

find V. However, we do not need to explicitly compute V' because the contest that
equally distributes the prize to all players who generate an output above B, if there
are any such players in a given ability profile, automatically induces the required

contest. ]

Proof of Lemmal[5.19. We will show that pushing the area under £ to the right does
not decrease the objective. For the initial portion of the proof, let us disregard these
two constraints: £ is monotone and fvl E(t)f(t)dt < (1 —F(v)"). At the end, we will
briefly explain how to incorporate these constraints into the proof.

Take two points u and v such that u < v, £(u) > 0 and S(v) < B. For very
small § and € greater than 0, let us decrease the area under £ in a small neighborhood
[u —€,u+€) of u by §/f(u) and increase the area under £ in a small neighborhood
[v—¢€,v+¢€) of v by §/f(v). Let £ and 3 be the transformed ¢ and 3 after the update.
Select € and & small enough to maintain £(u — €) > 0 and (v + ¢€) < By.
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Let us compute the change in the linear threshold objective value. To do that,
first, let us look at B(y) — B(y) for y € [0,1]:

(0, ifyel0,u—e)
L if y € [u—eu+te)
By) — Bly) = f(auy ifyeutev—e)
25”(21)) —I—ﬁ, ifyefv—euv+e)
\%—f&), if y € [v+¢,1]

As we are moving area from left to right, i.e., u < v, it is easy to check that for the

lower threshold By, Vi, = 371(By) does not decrease, so neither does B F(V7). For

the remaining portion of the linear threshold objective ((5.12), we have the following:
[ Guin(Ba 5) — win(Ba. ) )dy
y>2Vi

ute —ud v—e ) vte ” 5
:/y:“ 2ef(u)f(y>dy+/y:u+emf<y)dy+/yzv6(2ef(v) + f(u))f(y)dy

+ [ nin(Bu, f(0)) ~ min(Bu. B0)) Sy, becawse v+ €) < B

=—ud+ ——(F(v) — F(u)) + v

+ [ Gnin(B. ) — win(Bu. B)S)dy. a5 € =0

=v

We will now consider two cases: (1) f(u) < f(v) and (2) f(u) > f(v).
Case (1): f(u) < f(v) = 0/f(u) = 0/f(v). Fory > v+e Bly) — Bly) =
§/f(u)—6/f(v) >0, so min(By, B(y)) — min(By, B(y)) > 0. The total change in the

objective is:

1

b+ %(F@) — F(u)) +vé + /y:v(mill(BH; B(y)) — inin(BH, B(y))) f(y)dy

>0, asv>u,F(v)> F(u), and min(Bg, B(y)) > min(Bg, B(y)).

Case (2): f(u) > f(v) = 0/f(u) < 9/f(v). Fory >v+e Bly) — Bly) =

5/f(u) —6/f(v) <0, so min(By, f(y)) — min(Bgy, f(y)) > % - ffv). The total
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change in the objective is:

s+ s (P = ) v+ [ * uin(Bur, )~ min(Ba, 50)) )y
= s+ s (Fw) = ) v+ [ 1@(% - ) )y

= —ud + %(F(v) — F(u)) +vd + (% — %)(1 — F(v))

-t S e S -

=0(¢(v) —¢(u)) >0, because F is regular.

We proved that transforming £ in this manner does not decrease the objective value.
For the rest of the proof, let a(y) = fyl E()f(t)dt and b(y) = (1 — F(y)™)/n.
Now, we explain how to incorporate the two constraints we disregarded in the

beginning: non-decreasing property of ¢ and a(y) < b(y). For the a(y) < b(y)
constraint: select v to be close to the rightmost| point for which a(v) < b(v) and
has f(v) < By, select u to be close to the rightmost point less that v for which
a(u) = b(u) and S(u) > 0, if there is no such point u less than v with a(u) = b(u),
then select any point with 5(u) > 0. If we select a small enough area to move from u
to v (parameterized by ¢ in the first part of the proof) and select the neighborhood
of u and v suitably (parameterized by € earlier) we can satisfy the constraint. For
the monotonically non-decreasing property, selecting v to be close to the rightmost
point with a(v) < b(v) and S(v) < Bp, and increasing € in very small increments,
and repeating until convergence, maintains the non-decreasing property of £ in the
aggregate.

Starting from an arbitrary &, one can reach a £ that satisfies the condition given in
the statement of the lemma by transformations to & as given above. This completes
the proof.

O

Proof of Theorem[5.13 Let us assume that the lemma is false, which gives us
Jy., B)f(v)dv > By (1 — F(Vir)).

We average out ¢ in the interval v € [V — 4§, 1], for some ¢ > 0, while maintaining
B(v) > B for v > V —§. This will improve our objective. We can check that the

"If the set is open, we select v in limit. Same for w.
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transformed ¢ satisfies £(v) = % féfaf(v)f(v)dv for v >V — 4. We can find
the 0 by solving the following equation:

1 1 V-5
=y [, foea— [ .

Observe that the right-hand side is a non-increasing continuous function of §. As §

B =BV =) = (V)

goes from 0 to V, the right-hand side goes from strictly above B to 0, so we obtain

the required solution for 9. O]

Proof of Theorem[5.14, We provide separate proofs for unit-range and unit-sum set-
tings.

Unit-Range. Note that Lemmas[5.10]5.11], and[5.13]are applicable for unit-range,
and Lemma [5.12] is applicable with slight modification. Together, they imply that
£(v) =0 for v < V and £(v) = 1 for v >V, for some V € [0,1]. From Lemma [5.10]
we also have V, =V > By, and from Lemma [5.13] V' < Vi < By if there exists a

Vi, or V < By if not. The objective value can be written as:

BLF(V)+ V(1 — F(V)).

Differentiating w.r.t. V and equating to 0, we obtain

) = s — (v L)
BLf(V) = VI(V)+ (1= FOV) = F(V)(BL = (V =

= f(V)(BL—9(V)) =0
— (V) =B, = V=4 YBy).

)

We can also observe that the solution to the above equation is a global maximum
because the derivative of the objective is greater that 0 for V' < ¢~'(B;) and less
than 0 afterwards. Plugging in the constraints on V', By, < V < By, the optimal
solution is V' = max(By, min(By, v 1 (Br))).

Unit-Sum. We divide the analysis into two cases, depending on whether  hits
the upper threshold By.

1. B(v) < By for v € [0, 1]. We do not have a Vj, and for V7, we have the following
inequality:
1 1

B(1) < By = 1£(1) — | &(v)dv < By = F(v)" 'dv>1- By
\%7 \ 47

- VL < Vmid7
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where V,q is the solution of the equation fé N F(v)"ldv =1 — By. We also
know that

B(Vy) > By, = Vi&(V) =V F(V)" ' > By = Vi > View,

where Wi,y is the solution to ViewF'(Viow)" ' = Br. Thus, a value of V7 in

[Vlow, Vmid) maximizes the objective:

OBJ = BLF(Vy) + 1 B(v)f(v)dv
Vi

Now, 8(v) = vF(v)"! — [, F(t)"'dt = % = F (V)" . Differentiating
OBJ w.r.t. Vg we get.
dOBJ " dB(v)
T = Bt ) = 80s )+ [ S s
= Brf(Vo) = VLF(VL)" ' f(VL) + F(Vp)" ' (1 = F(V))
= VPO (s = (Vi)

As F(v—)nl decreases with V,, ¢(V7) increases with Vz, and f(V7)F (V)" ! is
non-negative, the root of #?”*1 — (V) = 0 is the global maximum. Also, as
the function is continuous, we can efficiently find a solution using a root finding
algorithm such as the bisection method; let the solution be V. The optimal V7,

for this case will be Vi, = max(Vigy, min(Vinia, V1))
. B(v) > B for v > Vi € [0,1]. We have the following equality:
Vi Vi

B(Vin) = Vi€ Vi) = | €o)do = Vien(P(Vi)) = / F(o)"dv = By,

where n(z) = 2= "(z) = n(11__a;;l)2 — "f:l = ﬁ(n(w) — 2" ') and

also that n(z) > 2" ! and n/(x) > 0 for z € [0,1].

For u > v, ¥,(v) = v — Z8=0) - Obgerve that 1, (v) is non-decreasing in v

f(w)
because d( v =94 W is obviously non-negative if f’(v) > 0, and if
F/(v) <0, then ¥a(t) — 4 UW-FUIIW) 5 5 | A-FWIE) _ v0) 5 g

As B(Vy) = By, we get Vi € [Vip, 1] and Vi, € [Vinia, Vap] where Vi, is the
solution of the equation By = Vypn(F(Vyp)). Differentiating 5(Vy) = By
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w.r.t. Vo we get:

dB3(Vy)  dBg
dvy, — dvg
= (Vi (F(Ve)) f (Vi) +n(F (Vi) — F(VH)”l)% +E(V)" =0
= (Vi (F(Va)) f(Var) + (1 — F(VH))n’(F(VH)))% +F(V)" =0

dVry,
AV RV
= W, A EVa Vi f Vi) + = Fv)) =

Given V, and Vg, the objective can be written as:

=0

OBJ = B F(V) + . (v)f(v)dv 4+ By (1 — F(Vg)).
VL

Differentiating OBJ w.r.t. V, we get:

dOBJ dVy

v, = Bl (Vi) + B0V S (Vir) gy = BV f(Va)

Ve
+ /VL F(V)" " f(v)dv — BHf(VH)%

Vi
— BLf(Vi) = ViF(VL)"™ F(V2) + / PV f(v)dv

VL
dVy

+ (B(VE) — BH)f(VH)m

Vi
— BLf(Vi) = ViF(VL)™ F(V2) + / F(VL)"™ ' f(0)d

|45
Br
F(VL)nfl
Br
W - 7vb\/H(

From the equation above, to find the solution of ddoéj

the values of V, and V that satisfy # — Yy, (V) =0 (and 8(Vyg) = Bp).

As the F' and vy,, are continuous, we can efficiently find a solution using a root

= F(VL)" ' F(VL)(

= F(VL)" ' F(Vi)( VL))

= 0, we need to solve for

finding algorithm. Moreover, the pair of values for V; and Vp that satisfies

# — ¥y, (V) = 0 is optimal because:
e The first term, %, decreases with V7.
e The second term, ¥y, (V7), has a derivative: dw‘:f{/iVL) = aqu}{/l({VL)% +
—87/)\51{/2VL). As 81#3[{/}(1‘@ = _ff((v‘zh)[) <0 and % <0, we get —awg’(/LVL)% > 0.
Also, WBH—V(LVL) > 0 as shown earlier. So, ¥y, (Vz) is a non-decreasing

function of V..
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Let the values of V7, and Vy that satisfy # — by, (V) = 0 be Vi, and Vy,
respectively. Overall, we have the optimal V7, = min(V,,, max(Vq, V7)) and

the optimal Vi = min(1, max(Vi,y, Vr)).

One of the two cases, either §(v) touches the upper threshold By or it does not, will
give us the overall optimal solution.
Given the optimal expected allocation function £(v), we can easily derive the

optimal allocation function (v), given in the theorem statement. O

Proof Sketch of Lemma|5.15. The proof is very similar to Lemma [5.12, The main

modifications are: first, we can check that in [[(v),r(v)] if we flatten &, i.e., we set

r(v) d
E(y) = % for y € [I(v),r(v)], then we do not decrease the objectiv;

second, we account for the change in the objective for transferring area under &
from [I(u),r(u)] to [I(v),r(v)], in aggregate, rather than from u to v as we did in

Lemma (.12 O

8we do this for all points except for the points in [[(Vy),r(V5)] if I(VL) < VL, otherwise it might
change 371(Br). Note that the statement of the lemma accommodates for this.
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Chapter 6

Incentivizing a Target Group

6.1 Introduction

The dominant paradigm in contest design is to assume that the principal designs the
prize structure so as to incentivize the agents to produce a higher total output. In
this model, the designer values the contribution from each agent equally, i.e., the
marginal output produced by any agent contributes the same marginal value to the
designer’s objective. In this chapter, we break away from this assumption: instead,
we assume that the agents belong to two different groups and the designer may want
to prioritize one group—the target group—over the other, non-target group.

Contests that give special importance to agents from a particular group are not
uncommon in practice. Conferences give best student paper awards, in addition to
best paper awards. Many competitions and hackathons are organized to elicit engage-
ment from underrepresented groups: for example, hackathons as an intervention to
get women interested in AI [7I]. Contests are widely used for crowdsourcing, which
is also an important source of training data for machine learning algorithms; in this
context, eliciting input from disadvantaged groups is particularly important, as it
helps the algorithms to learn decision-making rules that reflect opinions and prefer-
ences of such groups. Our work provides a better understanding of how to encourage
contributors from such groups.

Like the previous chapter, we study an incomplete information (Bayesian) model.
We assume that each agent is associated with an ability, which captures the amount
of output they can produce per unit effort. In an incomplete information model for
contests, it is generally assumed that the abilities of the agents are selected i.i.d.
from a given distribution F'. In our model, based on the assumption that the agents
belong to one of the two groups, the abilities of the agents in the target and the non-

target group are sampled from two distinct distributions F' and G, respectively. Each
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agent belongs to the target group with a fixed probability u.ﬂ The agents know the
prize allocation scheme, their own ability, and the prior distributions of other agents’
abilities. They act strategically to maximize their expected utility, where the utility
of an agent is the prize they receive minus the effort they exert, and reach a Bayes—
Nash equilibrium. The contest designer knows the prior distributions of the agents’
abilities, and therefore can reason about the equilibrium behavior of the agents. She
designs the prize allocation scheme so as to elicit equilibrium behavior that optimizes
her own objective. We assume that the contest designer has a budget of 1 to use for
the prizes.

The contest ranks the agents based on their outputs and awards the prizes based
on the ranks. In our general model, we assume that contests have two sequences of
prizes, one available to all agents, and the other available to the target group only. A
conference sponsoring a best student paper award in addition to a best paper award
is an example of such a contest. We also study two specific variants of this model.
In the first variant, all prizes in the contest are equally accessible to all agents, and
there are no group-specific prizes. One could come across such a design preference
in situations where the contest designer does not want to discriminate among the
agents, but still wants to incentivize an under-represented agent group. In this case,
the contest does not discriminate while awarding the prizes, but the design of the prize
structure (i.e., the value of the first prize, second prize, and so on) can incorporate
the information about the ability distribution of the agents. This model captures an
equal opportunity employer that treats all applicants equally, but has a preference
to increase the diversity in the workplace. In the second variant, the contest has
group-specific prizes only, with no prizes available to the entire population; examples
include a hackathon for women in CS, or a hiring/scholarship contest with a strict
group-specific quota.

We assume that the contest designer wants to maximize the expected output of
the agents in the target group only. With minimal changes, the equilibrium and
optimal contest characterization results (discussed below) for only group-specific or
only general prizes can be extended to accommodate multiple groups (instead of just
two) and objective functions that maximizes the weighted sum of the group outputs.
These extensions are direct from the analysis and do not provide much added insight,

so we do not discuss them in detail and remain focused on the two-group case. On

'We assume that p is known based on historical data on the number of participants from the
target group compared to the total number of participants. Similarly, the distributions F' and G are
also known from historical data.
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the other hand, when there are both group-specific and general prizes, extension to

multiple groups is beyond the scope of our current techniques.

6.1.1 Owur Contribution

We initiate a theoretical study of contest design to elicit higher participation by
agents from under-represented groups, and propose tractable models for doing so. We
analyze the equilibrium behavior of the agents for three cases: general prizes only,
where there is a sequence of rank-ordered prizes accessible to all agents, whether in
the target or the non-target group; group-specific prizes only, where there are two
different sequences of prizes, each accessible to one of the groups; both general and
target group-specific prizes, where there are prizes accessible to both groups as well
as prizes accessible to the target group only. The techniques used to analyze the
equilibrium in these contests can be extended to related prize structures.

Based on these equilibrium characterizations, we study the properties of the con-
test that maximizes the total expected output of the agents from the target group.
For the setting where all prizes are general, we prove that the optimal contest awards
a prize of 1/¢ to the first ¢ agents and 0 to the remaining agents, where ¢ is a function
of the relative frequency of target group agents, u, and the ability distributions of the
target group, F', and the non-target group, G. We give a closed-form formula for ¢.
We also study the effect of first-order and second-order stochastic dominance of F' on
G, and vice versa, on the optimal contest. For the setting where all prizes are group-
specific, we show that it is optimal to award the full prize budget to the top-ranked
agent, irrespective of the distributions F' and G. This result matches similar results
on maximizing total output [81]. We also compare general prizes and group-specific
prizes, and show that either of these choices may be preferred depending upon the
distributions F' and G, and also upon the frequency of the target group agents in the
population, u, even if F' = G.

For readability, certain proofs are provided at the end of the chapter in Section[6.6]

6.1.2 Related Work

Moldovanu and Sela [81] characterize the Bayes-Nash equilibrium for contests with
rank-order allocation of prizes assuming incomplete information with i.i.d. types;
Chawla and Hartline [28] prove the uniqueness of this equilibrium. Moldovanu and
Sela [81] also show that awarding the entire prize to the top-ranked agent is optimal

when the agents have (weakly) concave cost functions, but the optimal mechanism
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may have multiple prizes for convex cost functions. In contrast, we observe that even
for linear cost functions, it may be beneficial to have multiple prizes to maximize the
expected output from the target group.

The standard assumption in mechanism design and its sub-area of contest design
is that the agents’ types are sampled i.i.d. from some distribution. Our work extends
the equilibrium analysis of Moldovanu and Sela [81] to an asymmetric model where
the agents are from two groups with different distributions. Amann and Leininger [5]
study an asymmetric model with two agents with types sampled independently from
two different distributions; our analysis uses the idea of the function ‘&’ introduced by
them, see Theorem|[6.1] Characterizing equilibrium in contests with many agents with
types sampled independently from different distributions has remained technically
challenging; recently Olszewski and Siegel [87), [88] made progress by assuming very
large numbers of agents and prizes, where an individual agent has infinitesimal effect
on the equilibrium.

Bodoh-Creed and Hickman [21] model affirmative action in college admissions us-
ing contests. Their model has general non-linear utility and cost functions, but, like
Olszewski and Siegel [87), 88|, they assume that the numbers of agents and prizes are
very large. They give first-order equilibrium conditions and show that two types of
affirmative actions—(i) admissions preference schemes, where the outputs of agents
from the target group are (artificially) amplified before ranking and prize allocation,
and (ii) quotas, where there are separate pools of seats for the different groups (sim-
ilar to our group-specific prizes only model, Section —have the same sets of
equilibria with identical actions by the agents and identical outcomes. Our model
makes a stronger linearity assumption regarding the utility and the cost functions,
which allows us to better characterize the equilibrium and study the optimal contest
(prize) design problem.

There is a long line of literature on the effect of different types of affirmative
action on contests. This literature generally assumes that there is only one prize,
which either gets allocated to the top-ranked agent or gets allocated proportionally
(Tullock [I04] contests and their generalizations), and the contest designer introduces
different kinds of interventions in the allocation of this prize. One such intervention is
favoritism, where the objective is to maximize the total output by giving head-starts
or handicaps to certain agents (see, e.g., [60, 61} B7]). A head-start adds a bonus to
an agent’s output, while a handicap decreases an agent’s score by a fixed percentage.

See [33] for a survey on contests and affirmative action.
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Our work deviates from the widely studied objective of maximizing total output,
by focusing on the output of a target group. Several papers have studied objectives
other than the total output, such as maximum individual output [29], cumulative
output from the top k agents [7, 53], total output of agents producing output in a
given range [43].

There are also several papers that perform equilibrium analysis and optimal con-

test design in the complete information setting (e.g., [12} 1], 99]).

6.2 Model and Preliminaries

There are n agents. Any given agent belongs to the target (resp., non-target) group
with probability p (resp., (1 — u)), independently of the other agents. Let v =
(v1,v9, ..., vy,) be the ability profile of the agents, where v; values are independent and
identically distributed (i.i.d.) random variables from continuous and differentiable
distributions F' or G with support [0, 1], depending upon whether agent i belongs
to the target or the non-target group, respectively. Let f and g be the probability
density functions (PDFs) of F' and G. The n agents simultaneously produce the
output profile b = (b;);cpn), so that the cost of agent i is b;/v;.

The contest awards two sequences of prizes wy > wy > ... > w, and w; > wy >
... > wy, where the prize w; is given to the j-th ranked agent overall (we call these
prizes general prizes), and the prize w; is given to the j-th ranked agent among
the agents in the target group (we call these group-specific prizes), with ties broken
uniformly.ﬂ We assume that > ;Wi + > ;wj <1, 1e., the contest designer has a unit
budget. Given a vector of outputs b, let the allocation of general prizes be given by
x(b) = (2;,;(b)); jem), where z; ; = 1 if agent ¢ is awarded the j-th prize and z;; = 0
otherwise. Similarly, let y(b,t) = (1;,;(b,t))i e be the allocation of target group
prizes, where t = (;);c[n) is the group label vector; t; € {T, N}, t; = T if the agent
is in the target group, t; = N if not. We shall suppress the notation for ¢ and write
y(b) instead of y(b,t).

2In our model, it does not matter how we break ties, so w.l.o.g., we can assume uniform tie
breaking. In more detail, for a tie to happen, two players must produce exactly identical output.
In our setting, this happens with zero probability, as there are no point masses in the probability
distributions F' and G, and the distributions of the output generated by the agents (that we derive
as a result of our equilibrium analysis) also do not have any point masses.
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If agent ¢ is in the target group, her utility is given by

7(v;, b, 1) Z wjz; j(b) + Z w;Yi ;(b) — bi/v;

J€ln] Jj€[n]

i | D wimi(0) + Y wiwii(b) | — b, (6.1)

JEN] JEMN]

where the equivalence above is true because scaling the utility function by a constant
does not change the strategy of an agent. In other words, by scaling the utility of an
agent by a positive constant, we change the utility of any action for that agent by the
same factor, so the strategy of the agent does not change. The utility of an agent ¢

in the non-target group is given by

~n(vi, b t) = v; Z w;z; ;(b) — b;. (6.2)

J€n]

6.2.1 Mathematical Preliminaries

Let pi’(v) denote the probability that a value v € [0, 1] is the j-th highest among n

i.i.d. samples from a distribution H, given by the expression

pj (v) = (n i 1) H(v)"7(1— H(v)) "

j—1

A key role in the Bayes—Nash equilibrium of rank-order allocation contests is
played by the order statistics. Let f be the PDF of the j-th highest order statistic
out of n i.i.d. samples from H (with PDF h), given by the expression

i n!

I = G =0

We shall also frequently use the following two identities for order statistics:

H(0)" (1= H(v) " h(v). (6.3)

() fiL ) = " g1 0)

n—1,5

(1= H@) Ly 0) = L 515 (0),

Definition 6.1 ((Weak) First-Order Stochastic (FOS) Dominance). A distribution
F FOS dominates another distribution G, if for every x, F' gives at least as high a
probability of receiving at least x as does G: 1 — F(z) > 1 —G(z) <= F(z) < G(x).

Definition 6.2 ((Weak) Second-Order Stochastic (SOS) Dominance). A distribution
F 508 dominates another distribution G, if for every z: [*_[F(t) — G(t)]dt < 0.
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FOS dominance implies SOS dominance. Another sufficient condition for SOS
dominance: F' SOS dominates G if G is a mean-preserving spread of F'.

Let us denote the inner product of two functions v, ¢ : [0,1] — R, by

(1, 6) = /0 () b(x)d.

When appropriately normalized, (1, ¢) measures the similarity between the functions

¥ and ¢.

6.2.2 Equilibrium and Objective Function

We shall study the Bayes—Nash equilibrium of the agents, where the agents in the
target group use a symmetric strategy «(v) (symmetric across the agents in the
group), where «(v) is the output of an agent with ability v; similarly, the agents in
the non-target group use a symmetric strategy 5(v). The objective of the contest
designer is to maximize the expected total output generated by the agents in the
target group:

> Eur[)]Plt; = T) = n - - By opla(v:)],

i€[n]
which is equivalent to maximizing E,.r[a(v)] because n and p are (fixed) parameters

given to the model.

6.3 Equilibrium Analysis

In this section, we characterize a symmetric Bayes—Nash equilibrium (symmetric
across the agents in a given group). We first solve for the equilibrium of the con-
test with both general and target group-specific prizes, then we specialize it for the

two special cases: (1) only general prizes; (2) only group-specific prizes.

6.3.1 Both Target Group and General Prizes

In the next theorem, we focus on contests that have a sequence of general prizes
(w;)jem and a sequence of target group-specific prizes (w;);cp). We will characterize
a Bayes—Nash equilibrium where a player in the target group plays an action a(v) as
a function of her ability v ~ F' and a player in the non-target group plays an action
f(v) as a function of her ability v ~ G. Note that all the players in the target group

use the same strategy o and the players in the non-target group use the same strategy

8.

137



Theorem 6.1. A contest with general prizes (w;) e and target group-specific prizes
(wj)jem has a Bayes—Nash equilibrium where an agent with ability v € [0,1] uses
strategy a(v) if she is in the target group and strategy B(v) if she is in the non-target
group, where a(v) and f(v) are defined as:

Blo) = / (uf (R@)K @) + (1 — w)a() Aly)ydy,

(o) = Bk~ (v)), 0<v<k(1)
B + fewy kfWC(Wydy, k(1) <v<1

where:

e k is a function defined over [0,1] and is the solution to the following ordinary

differential equation, with boundary condition k(0) = 0,

b — (L= mo@) —k)Aw)
pF (R (K(0) Aw) + k(o) B(v) — vA(0)

o A(W) = X jepm witi(nF (k(v) + (1 = p)G(v)).

o B(v) = 2 jep withi (uF (k(v)) + (1 = p)).

o C(v) = 2 jep(ws +wi)vi(nF (v) + (1 = p)).

o Yi(w) = (j2)a" 77 (1 = 2) 2 ((n = j) = (n = 1))

Notice that Theorem [6.1]does not provide a closed-form solution for a(v) and S(v),

it rather provides a characterization using the function k(v) that relates a(v) and g(v).

Standard equilibrium analysis techniques using first-order equilibrium conditions will
give a system of differential equations in «(v) and f(v). Using the function k(v) =
a1 (B(v)), we convert this system of differential equations in a(v) and B(v) to a
comparatively simpler single first-order explicit ordinary differential equation in only
one dependent variable k(v). After solving the ordinary differential equation for k(v),
we can use k(v) to compute a(v) and f(v) as described in the theorem statement.
This technique of using the function k(v) is motivated by the work of Amann and
Leininger [5], where they use to it analyze two-agent asymmetric contests.

If the distributions F' or G, or the prizes (w;);cpm] or (wj)jem), are non-trivial,
then it may be intractable to calculate the analytical solutions for a(v) and [(v)
derived in Theorem [6.1], but numerical solutions may be computed. Example
in Section illustrates the use of Theorem to compute a(v) and [(v) for a

particular instantiation of the problem.

138



Theorem characterizes an equilibrium assuming that all players in a given
group use the same strategy (a(v) or 5(v)), and that «(v) and S(v) are strictly
increasing and (almost everywhere) differentiable functions of v. We believe that
these assumptions are reasonable and the equilibrium is the most natural one for this
model. It remains open to prove the uniqueness of this equilibrium or to characterize

the set of all possible equilibria.

6.3.2 General Prizes Only

A contest designer may want to only award prizes that are equally accessible to all the
agents. This model is particularly appealing for several real-life applications, because,
although the design of the prize structure may incorporate distributional information
about the ability of the agents in the two groups, the contest itself is completely
unbiased.

In our model, this design choice corresponds to setting w; = 0 for all j € [n].
For this case, the expected utility for a target group agent and a non-target group
agent for a given pair of ability v and output b is the same. We can specialize the

equilibrium characterization in Theorem [6.1] to this case as follows:

Theorem 6.2. A contest with only general prizes (w;);cp has a Bayes—Nash equi-
librium where an agent with ability v € [0, 1] in the target or non-target group uses

the strateqy a(v), where a(v) is defined as:

a@w) = ¥ (w;— wyin) / yFEEHIRC ) dy

j€n—1]

This equilibrium is unique, as follows from a result by Chawla and Hartline [2§].
They prove that if a contest is anonymous (does not discriminate among the agents)
and the abilities of the agents are sampled i.i.d. from a distribution, then the equi-
librium is unique. With only general prizes, the contest is (i) anonymous because
the general prizes are awarded without any bias towards players from any group,
and (ii) effectively, the abilities of the agents are sampled i.i.d. from the distribution
wF(v) + (1 — p)G(v). Also, given observation (ii), Theorem [6.2| can alternatively be
derived using the characterization for the i.i.d. setting by Moldovanu and Sela [&1].
Please see Section [5.3| for a detailed discussion about the equilibrium characterization

for the i.i.d. setting.
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6.3.3 Group-Specific Prizes Only

In this case, there are no general prizes accessible to agents from both groups: all the
prizes are allocated based on strict quotas for the groups. This model is similar to the
model of seat quotas for college admissions studied by Bodoh-Creed and Hickman [21].
Technically, in this case we assume that w; = 0 for all j € [n]. Here we focus on
the target group; a similar result also holds for the non-target group, if there are any

prizes reserved for them.

Theorem 6.3. A contest with target only group-specific prizes, (w;) cm), has a Bayes—
Nash equilibrium where an agent with ability v € [0, 1] in the target group uses strategy

a(v), where a(v) is defined as:

aw) = 3 (w5 —wii) / yFEH () dy.

jEn—1] 0

Chawla and Hartline [28]’s uniqueness result also applies to this equilibrium char-
acterization, as it did for only general prizes (Section . We can transform an
instance of our problem (without changing its set of equilibria) to satisfy these require-
ments: the abilities of the players are picked i.i.d. from the distribution pF (v)+(1—pu)
and the contest awards prizes without discriminating among the players. Again, as
this case can be seen as an i.i.d. model with distribution pF(v)+ (1— ), Theorem
can alternatively be derived using the characterization by Moldovanu and Sela [81]
(discussed in Section [5.3)).

6.4 Designing Prizes to Incentivize the Target
Group

Based on the equilibrium characterizations in the previous section, in this section
we investigate the properties of the optimal contest that maximizes the total output
of the target group. We characterize the optimal contests for only general prizes
and for only group-specific prizes. Characterization of the optimal contest for both
general and group-specific prizes is a non-trivial open problem because of the absence
of a closed-form equilibrium characterization for the case (the characterization in
Theorem involves an ordinary differential equation).

In Section [6.4.3] we compare the choice between only general and only group-
specific prizes; we observe that either of them may be a better choice depending upon

the situation. Even if the distributions of the target and the non-target group are
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the same, the relative frequency of target group agents, measured by pu, determines
which prize allocation scheme is better. If u is sufficiently high, then it is better to

have only group-specific prizes, while the converse is true if p is very low.

6.4.1 General Prizes Only

The strategy used by the agents in the target group is a(v), as derived in Theorem .

It can be rewritten as

alv)= Y (wj—wj+1)/ y T gy = Y / FREEERC ) dy,

je€ln—1] J€n—1]

(6.4)

where 7; = j(w; — wj41). Instead of optimizing over (w;);en), We can optimize over
(7j)jem—1) With constraints ; > 0 and 3 _;7; = 1, to find the optimal contest that

maximizes the target group’s output.

Theorem 6.4. The contest with only general prizes that maximizes the expected total
output of the agents in the target group awards a prize of 1/k* to the k* top-ranked

agents and a prize of O to the remaining n — k* agents, where k* is defined as

k* € arg max (1, fﬁj:ll “)G)
j€n—1]

_ r(1-F(x))
for y(x) = 1—pF(z)—(1-p)G(z) *

Let H(z) denote pF(z)+(1—p)G(z). The function ¢(z) = z+ Z((i)) in Theorem
is independent of the prize structure: it depends only on pu, F', and G, which are
parameters given to the contest designer. The function fj +1(2) is the PDF of the
(7 4 1)-th highest order statistic of the distribution H. The optimal j = k* maximizes
the inner product between v and f nj+1, and therefore, the similarity between them.
In other words, the optimal j = k* selects the order statistic that is as similar to
as possible.

Note that when we are maximizing the total output, then instead of an inner
product of the order statistic with ¢(z) in Theorem , we take an inner product
with just x. As z is monotonically increasing, the order statistic that is most similar
to x and that maximizes the inner product with x is the one with j = 1, as shown
by Moldovanu and Sela [81]. This provides an argument in favor of allocating the
entire prize budget to the first prize. In contrast, when we focus on the target group

only, it may be optimal to distribute the prize among several top-ranked agents. This
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also means that we may lose a portion of the total output, and this loss can be Q(n)
as shown in Example . Also, by the single-crossing property, see Vojnovic [106]
Chapter 3, if we flatten the prize structure then we increase the output of the agents
with low ability and decrease the output of the agents with high ability.

We have partially omitted calculations from the examples in this section. These

examples are presented in Section with more details.

Example 6.3. Let F(z) =1— (1 —2)", G(z) = ((n — 1)z — F(x))/(n — 2), and
w=1/(n—1). We get H(z) = pF(z) + (1 — p)G(z) = z, which is the uniform

distribution over [0, 1]. Note that ¢(x) = QC(II:TIW =z(1—x)" 2

It can be checked that the order-statistic that maximizes the inner-product with
P(x)is f2 (x) = n(n — 1)x(1 —x)" L. So, the optimal value is k* = n — 2. The

n,n—1

total output generated for k* = n — 2 is ﬁ On the other hand, we know that

the expected total output is maximized by 7 = 1 and is equal to n(("n;ll)) The ratio

between the two quantities is (n — 1)/2 = Q(n).

In the above example, the distribution of the target group F was first-order
stochastic (FOS) dominated by the distribution of the general population H. For
this case, we observed that awarding prizes to more than one agent increases the
expected output of the target group. F' being FOS dominated by H means that the
agents in the target group have lower ability than the general population. As flatten-
ing the prize structure increases the output of the lower ability agents and decreases
the output of the higher ability agents, it makes sense that having a flatter prize
structure incentivizes them.

The above result raises the question: What if the target group is equally able or
stronger than the general population, i.e., if the distribution of the ability of an agent
in the target group, F', FOS dominates the distribution of the ability of an agent in
the non-target group, G; is it then optimal to award the prize to the top-ranked agent
only? When F' = G = H, we know that it is optimal to give prize to the top-ranked
agent only, so when F' FOS dominates H, one might expect this to be the case as

well. However, the example below illustrates that this is not true.ﬂ

3In the preliminaries we assumed F' to be continuous, strictly increasing, and differentiable in
[0,1]. In the following and the subsequent examples, the distribution F' is continuous and weakly
increasing but may not be strictly increasing and differentiable everywhere. If F' is not strictly
increasing, we can add a slight gradient to resolve the issue; on the other hand, we can smooth out
the finite number of points where it is not differentiable. These changes will have a minimal effect
on the objective value and our analysis holds. For ease of presentation, we shall not discuss these
issues.
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Example 6.4. Let p = 1/8, F(x) =1 — S(x), G(z) = (z — puF(x))/(1 — p), where
S(x) is given by:

1, if v <3/4
S(z) =< 16(1 —2)?, if3/4 <z < 15/16.
1—u=z, if > 15/16

It can be verified that F(z) and G(z) are continuous cumulative distribution func-
tions. The distribution of the general population is H(x) = pF(z)+ (1 —p)G(z) = .
Also, F(x) < H(zx) for every x (and strict for some values of x), and therefore, F’
FOS dominates H. The optimal number of prizes k* need not be 1; for example, for
n =50, k* = 11.

Now we consider the case where F' and H have the same mean but different
variance, which implies second-order stochastic (SOS) dominance. The distribution
with lower variance SOS dominates the one with higher variance, assuming both
distributions have the same mean. The results are similar to FOS dominance: it
may be optimal to have multiple prizes irrespective of whether F' or H has a higher
variance, as shown in the following examples. Note that FOS dominance implies SOS

dominance, but not vice-versa.

Example 6.5. Let u = 2/3, F(x) = 32% — 22%, and G(z) = 3z — 62 + 423. Observe
that H(x) = pF(z) + (1 — p)G(x) = x, and the variance of H is 1/12 while the
variance of F is 1/20, and both have mean 1/2.

Solving for k*, we get k* = ‘%” — —W—i—%. For example, for n = 50, k* = 19.

Example 6.6. Let p = 1/4, F(z) = 1 — S(z), and G(z) = (x — puF(x))/(1 — p),
where S(z) is given by:

1—482/31, if z < 31/96

S@) 1/2, if 31/96 < 2 < 3/4
T =
8(1—x)%, if3/4<az<7/3
1—ux, if £ >7/8

It can be checked that F'(x) and G(z) are valid and for the distribution of the general
population we have H(z) = pF(z) + (1 — p#)G(z) = x. It can also be checked that
the mean of all the distributions is 1/2, and the variance of H is 1/12 ~ 0.083 while
the variance of F' is 6703/55296 ~ 0.121 > 1/12. The optimal number of prizes k*

need not be 1; for example, for n = 50, k* = 11.
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6.4.2 Group-Specific Prizes Only

In this section, we study the optimal prize structure when the prizes are accessible
to the target group only. This models situations when there are separate contests for
the target and the non-target group (there can be a separate contest for only non-
target group agents, this will not have any affect on the strategy of the target group
agents). We see that the optimal contest allocates the entire prize budget to the first
prize, i.e., gives a prize of 1 to the top-ranked agent in the group (Theorem . The
proof of Theorem extends the techniques used to provide a similar result for total
output [81].

Theorem 6.5. The contest with only group-specific prizes that mazimizes the output

of the target group awards a prize of 1 to the top-ranked agent and O to others.

6.4.3 Comparing Group-Specific and General Prizes

In this section, we compare the choice among only group-specific prizes and only gen-
eral prizes. This choice depends upon the distributions F' and G, and the parameter
i that captures the relative frequency of target-group agents. Even if we factor out
the effect of the distributions F' and G, then also the choice among group-specific and
general prizes depends upon u. If p is high enough, then it is better to have group-
specific prizes. On the other hand, if x is quite low, then having only group-specific
prizes leads to very low competition, and therefore, a low output is produced by the
agents, and using general prizes is better than group-specific prizes. Example [6.7]
below illustrates this. It is an open direction to further study the choice between

group-specific and general prizes for general classes of distributions F' and G.

Example 6.7. (Repeated with detailed calculations in Example Let F(x) =
G(z) = z. As shown in Theorem [6.5 it is optimal to allocate the entire budget to
the first prize for group-specific prizes. For F' = (G, a similar result holds for general
prizes as well.

We compare the following three cases:
(A) Only general prizes of value 1; wy =1, w; =0 for j > 1, w; =0 for j € [n].

(B) Only target group-specific prizes of value 1; w; =0 for j € [n], w; =1, w; =0
for j > 1.

(C) Only target group-specific prizes of value p; w; =0 for j € [n], w1 = p, w; =0
for j > 1.
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Figure 6.1: Expected Target Group Output vs Relative Frequency of Target Group
Players. (A) Only general prizes of value 1. (B) Only target group-specific prizes of

value 1. (C) Only target group-specific prizes of value p.

As p is the fraction of target group agents in the population, the contest organizer
may want to have a contest for the target group agents with a prize of y. This
distributes the prize of 1 equally between the target group and the non-target group.

Case (C) above captures this scenario.
Let aq(v), ap(v), and ac(v) be the output generated by a player with ability v

for the three cases (A), (B), and (C), respectively.
The expected output for case (A) general prizes is:

n—1

Eorlaa(v)] = m

The expected output for case (B) group-specific prizes of value 1 is:

1
E,-rlan(v)] = [ (1= Fo)4 ()
0
= —1)—(1— 1 1— )" (2(1 — 1 .
n(nJer((n )= (A =p)n+1)+ (1 —p)" (21 = p) + (n+1)u))
Although the solution above may seem difficult to interpret, but one can observe that

as u — 0, it goes to 0, but as u — 1, it reaches (n — 1)/(n(n + 1)) from above.
We can observe that the expected output for case (C) group-specific prizes of value

145



1 is equal to p times the expected output for case (B):

Eyorlac(v)] = pEypor|ap(v)]

1 n
= p T - A= D+ (=) 20 = )+ (4 D).

The derivative of the above expression is non-negative in p and so it is increasing, for
w € [0,1]. For p — 0, it goes to 0, and for u — 1, it goes to (n — 1)/(n(n + 1)). So,
Eporlac(v)] < (n—1)/(n(n+ 1)) for p € [0, 1].

Figure 6.1 plots the expected output for the three cases for n = 20.

We observe that case (A) always dominates case (C), so a general prize of 1 is
better than a group-specific prize of u, although in both cases the amount of prize
in the contest per target group agent is the same. This happens because of higher
competition in case (A): for general prizes, the target group agents produce higher
output to compete with the non-target group agents.

Comparing case (A) general prize of 1 and (B) group-specific prize of 1, we see
that if 4 is very small, then case (A) dominates case (B), and the opposite is true if
w is sufficiently large. This happens because of too little competition in case (B) for

very small .

6.5 Conclusion

We studied rank-order allocation of prizes that aim to maximize the output of a
target group. We provide equilibrium characterization for these contests and study
the properties of the optimal contest. For unbiased contests (i.e., with general prizes
only), although it is preferable to award the prize to the top-performing player if
the target group players are similar to the overall population, if the target group
players are very different, then we may want to flatten out the prize structure. This
does not only mean that we flatten out the prizes if the target group players are
weaker than others; we also demonstrate that if the target group players are stronger
but quite different from others, it may still be a good idea to flatten out the prizes.
However, for contests with fixed prize quotas (i.e., with group-specific prizes only), it
may not be useful to flatten the prizes. Comparing unbiased contests and fixed quota
contests, the size of the target group in proportion to the size of the population plays
an important role.

An important open problem is to understand the properties of the equilibrium

and the optimal contest when there are both group-specific and general prizes. We

146



characterize the equilibrium for this case using an ordinary differential equation, but
there is further scope to understand the properties of this equilibrium. On the other
hand, understanding the optimal contest for this case is largely open; we only char-
acterize the optimal contest for specific sub-cases. One way to make this tractable
may be to assume large numbers of agents and prizes; such assumptions allow for a
stronger and more tractable equilibrium characterization by making the influence of
an individual agent infinitesimal [87]. Our equilibrium and optimal contest charac-
terization results for only group-specific or only general prizes can be extended with
minimal changes to accommodate multiple groups (instead of just two) and objective
functions that maximizes the weighted sum of the group outputs. These extensions
are direct from the analysis. On the other hand, when there are both group-specific
and general prizes, extension to multiple groups is beyond the scope of our current
techniques, and is an important direction of future research. Another direction is
to better compare the choice between only group-specific and only general prizes by
providing more general conditions on u, F', and G. Our work focused on contests
with a rank-order allocation of prizes with incomplete information and linear cost
functions. Instead of rank-order allocation of prizes, we can study a proportional
allocation of prizes (Tullock contests) and its generalizations; one motivation for pro-
portional allocation is the randomness and unpredictability of outcome in the real
world. Similarly, we may relax the assumption of linear cost functions, or we can

study complete information models instead of incomplete information.

Ethical Statement There may be both short-term and long-term implications for
designing contests specifically to incentivize a target group. For example, even if the
contest itself is unbiased (Section [6.4.1]), optimizing the expected total output of the
players in the target group may mean that we decrease the expected total output
of the entire population, and in particular decrease the expected total output of the
non-target group. Moreover, such effects can be stronger if the target group forms a
smaller fraction of the participants. Our analysis and examples try to capture such
effects. For any given contest, this means that we are optimizing for the target group
with a cost to society. But for a longer time frame, the answer is less obvious, and
we believe that it is out of the scope of our work. This question concerns whether
practices such as affirmative action have an overall positive or negative impact on the
society in the long run. Our work addresses the following question: if we do want
to use affirmative action in contests to incentivize the target group (with particular

design choices, such as the prize allocation scheme being unbiased), how do we do
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it most effectively, and how does it affect the output of all the players in the given

contest.

6.6 Omitted Proofs

6.6.1 From Section [6.3

Proof of Theorem[0.1]. Let us assume that « : [0,1] — R, and g : [0,1] — R, are
strictly increasing and (almost everywhere) differentiable functions and are the strate-
gies used by the agents in the target group and the non-target group, respectively.
We also assume that «(0) = §(0) = 0, i.e., an agent with no ability doesn’t produce
any output, and that a(v) > 0 and f(v) > 0 for v > 0, i.e., an agent with a non-zero
ability produces a non-zero output. Let @ = (1) and B = 3(1); we shall observe later
in the proof that a(z) > B(z) for all , and therefore, @ > 3. Let the distribution
of the output produced by an agent in the target group be denoted by ﬁ; F and the
corresponding PDF ]? are given by:

-~

F(z)=F(a ' (2)); f(z)= f(a—l(x))do‘__(x)

dr
where x € [0,@]. Similarly, the distribution and the PDF of the output produced by

a non-target group agent are:

dp~*(z)
de

G(z) =GB (x); G(x) = (67 (x))

where z € [0, 5]. Any given agent belongs to the target group with a probability u, so
the overall distribution of the output produced by an agent is given by the following

mixture distribution:

=

)

H(x) = pF(z) + (1 - p)Glx) = {Z? Ezggi i 8 ) Z;Gw (2)),

IA A
IA A

i
i

ol

™ ©

For the general prizes (w;) e, which are accessible to all agents, the probability that
an agent who produces an output of x receives the j-th prize is given by pf (x), which
is equal to
i n—1\-~ ., _: ~ .
) = (17 Aty - )y,
The target group-specific prizes (w;);ec[n) are allocated to only the agents in the target
group. For these prizes, we can effectively assume that all the agents in the non-target

group produce < 0 output, and then find the probability that an agent in the target
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group has the j-th highest output. This output distribution, denoted by H, is given
by:
H(w) = pF(z) + (1= p) = pF (o (2)) + (1 = p),

and the probability that the x is j-th highest value is given by pf (x). Note that H
is not continuous and (its density function) has a point-mass of (1 — u) at 0.

First-order conditions. We now derive the first-order equilibrium conditions.
Let us focus on a particular agent 7. Let us assume that the agent has an ability
v and produces an output x. All the other agents are playing with strategy a or (8
depending upon their group. If agent ¢ is in the target group, his expected utility is:

up(v,x) = v Zw]pj +ijp] -, (6.5)

J€[n] J€[n]

while, if the agent is not in the target group, then his expected utility is:
un(v, ) = v Z w;pl (z) — . (6.6)

For a target group agent, the first-order condition implies that the derivative of
ur(v,x) with respect to x, at * = a(v), is: 0 if z > 0, and < 0 if x = 0. For

x > 0, we have:

dur (v, ) (v dp}l () 5, W)
v=aE Jj€ln] j€ln]
Similarly, for non-target group agent we have:
duy (v, ) 1 dpf](a:)
L 0= 570 Y w (69

v=F"1(z) j€ln]

From the two equations above, we can observe that for any z, a™(z) < f7(z),
because the prizes w;’s and w;’s and the derivatives of pf (z) and p/ () are non-
negative. a~(r) < 87(z) implies a(v) > B(v) for any given v, so an agent in the
target group produces more output compared to an agent in the non-target group
with the same ability. We also get that a™1(8(v)) < 71 (B(v)) = v.

Second-order conditions. Note that equation is valid for all values of
v >0 and x = a(v). Let {(x) denote

f) = | 3w, dp] £
j€ln]

JE€n]
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Select any values vy, v, v9 such that v; < v < vy. Evaluating equation (6.7 at v; and

x1 = a(vy), we get
dup(vy, x)

dx = Ulf(l‘l) —1=0.

T=T1
Note that £(x) non-negative for every x (can be deduced from the formula for £(z),
also done later in the proof). As v > vy, replacing v; by v in the equation above, we

have

v€(z1) — 1> v€(r1) — 1 =0=v¢(z) — 1.

So, v(&(x1) — &(x)) > 0if 1 < 2 = a(v). Similarly, let x5 = a(vy), and as v < vy, we
get
v€(ry) — 1 < wel(z2) — 1 =0=v¢(x) — 1.

)
So, v(&(xe) — &(x)) < 0 if 9 > & = a(v). These two equations give us the second-
order optimality condition. So, * = «(v) maximizes the utility of a target group
agent compared to any other = > 0.

Now, let us focus our attention to z = 0. At z = 0, there is a discontinuity
in the win probability, the probability of win is only right-continuous, because the
non-target group players are not eligible for the target group-specific prizes, which
happens with non-zero probability. But, right-continuity is enough to ensure that for
any player with v > 0, = a(v) (satisfying the first-order conditions at z) is a better
strategy for agent v compared to any other x > 0. And, for a player with v = 0,
x = 0 is trivially an optimal strategy.

Similar arguments can be applied for non-target group agents to show that x =
B(v) is an equilibrium if it satisfies the first-order conditions.

Equilibrium strategies. We now solve for the equilibrium strategies using the
first-order conditions derived earlier. We separate into two cases, depending upon the
value of z, the output.

Case 1: z < f.

Let us define a function k(v) over the domain [0, 1] as k(v) = a~(8(v)). Note that
k(B7'(x)) = a”!(x), and k(0) = 0 as per our assumption that «(0) = 5(0) = 0 and
a(v) >0 and B(v) > 0 for v > 0. For 2 < 3, replacing o' (z) by k(5 (z)) in H(xz),

we get:

H(x) = pF(a™"(@)) + (1 = p)G(B7(2)) = pF k(57 (2))) + (1 = p)G(B7 (),

which shows that H (x) can be written as function of k£ and g, without directly using a.

dp¥ (x)
dx

The same is true also for functions based on H , like p? () and . Differentiating
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H(z) wrt. z we get:

dH (x)
dx

= (B @)K @) + (1 - w8 @) P,

Now, we do a change of variable, replacing = by £(v), we get:

57 = WOV + (L= 0g(0) 7.

Similarly, we can write (by differentiating H wort. z, for z > 0):

H(B)) = (1 — p) + uF (k(v));
( ())_dH(ﬁ( v)) dv dv
dB(v) dv  df(v) '

Observe from the equations above that H(8(v)) and H(8(v)) are functions of only
v and k(v), and w and % are functions of only v, k(v), and k'(v), and do

not directly dependent upon [3(v).
( )

Expandmg and changing variable = to 3(v), we get:
d H T n — ~ . -~ . -~ ~ H €T
L (M D 0 - By a0 - B - - piE) S

— A ) + (1= mg(e) 75

where A;(v) = ¢;(H(8(v))), where ¢;(z) = (?:11):6”_3'_1(1 —z)72((n—7)—(n—1)x).

A;(v) is a function of v and k(v). In a similar manner, we get:

dpl(z) oy dv
o = Biw)nf(kv))k (U)dﬁ(v)’

where B;(v) = ( 1(5 ()))
and p in the first-order condition, equation (|6 , and chang-

Replacmg
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ing = to B(v), we get:

() (ZH w; dpilf) D W demEx)) =1

JEMN]

= a ' (B(v)) (Z w; Aj () (i f (RW)K (v) + (1 = p)g(v))

+YwB >>k’<v>) - P
j€[n]
= K ()] (+v)) (Z wA )+ Y ijxv))
Jj€ln] Jj€ln]
+ k(v Z w; A dfgﬁ, v)

Let A(v) = >~ e wid;(v) and B(v) = 3~ w;Bj(v); from equation above

KK ()ef (k) () + B)) + k) (1L - pg@Aw) = 02 (69)
In a similar manner, from first-order condition :
VR (0 () AW) + v(1 — p)g(0)Al) = D (6.10)

Combining these two equations, we get:

(1 = pg(v)(v = k(v))A(v)
pf (k(v))(k(v)A(v) + k(v) B(v) — vA(v))

The expression above is a explicit first-order ordinary differential equation and can be

K (v) = (6.11)

calculated analytically based on the distributions F' and G. As per our assumptions
on F and G, and with boundary condition for £(0) = 0, there exists a unique solution
to the equation above. After calculating the solution for k(v), we can calculate §(v)

by using equation (6.10)):

B(o) = / Wk () F ) + (1 — () Aly)ydy. (6.12)

Let us denote the maximum value that k attains by k = k(1). Going back to the
definition of k, k(v) = a Y (B(v)) = k~'(v) = B~ a(v)) for v € [0,k]. So, after

calculating k& and 8 as shown above, we can calculate « as:
a(v) = B(k~(v)), for v € [0, k. (6.13)
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Note that at k, a(k) = (k=" (k)) = B(1) = 3, which is exactly the range we were
working with: 0 < 2 < 3.

Case 2: <z <a.

For z > 3, we have

~ ~

H(z) = pF (o (z)) + (1 — p) = H(w).

As f[(x) = H(z) for x > B, we also have pf(:v) = pi/(z). As we did earlier, we do a

change of variable from z to a(v) to get

dH(a(v)) oy
da(v) = nfl )da(v)'

Differentiating p?(:p) w.r.t. = and changing variable to a(v), we get

H(a(v)) = pF(v) + (1 — p);

B (07 )ty 4= By - 00 - Bw) - 6 - D) D
Cy0nf ()5

where C;(v) = ¥;(H(a(v))).
From the first order conditions, we get (note that H(z) = H(x))

a () Z dpj Zw]dpj =1

JEN] J€[n]

oY (s ) Oy (of () =

JEMN]

Using this differential equation, along with the boundary condition a(k) = 3 that we

derived earlier, we get

ﬁ+/ S (wy + )G () f () dy (6.14)
J€[n] ]

Proof of Theorem[6.9 This result is a specific instantiation of Theorem Note
that the utility functions are the same for both target group and non-target group
agents, ur(v,x) = uy(v,x) as given in equations and (6.6). With reference to
Theorem and its proof, we have a(v) = B(v) and k(v) = a~}(B(v)) = v, and

therefore

0= [0 3 ) + (L= )G + (L n)gl)d,

JEN]
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where 9;(z) = (’;:i)x”_j_l(l —2)7%((n —j) — (n — 1)), as before.
Let H(v) = pF(v) 4+ (1 — )G (v). We have a(v) =
N Z]E[n] w;v;(H(y))h(y)dy. Rewriting a(v) using the PDF for the order statistic

of H, f}, (formula given in equation (6.3)), we get

aw)= 3 (w; —w5e) / YR ()dy,

J€n—1]

as required. N

Proof of Theorem[6.3 Substituting w; = 0 for every j € [n] in Theorem [6.1] we get
B(v) =0, k(v) =0, and C(v) = > .y wivi(pF (v) + (1 — p)) for v € [0,1], and

therefore,

a(v) = / ) nf(y)C(y)ydy.

0
Let H(v) = pF(v) + (1 — p). We have a(v) =

fovyzje[n] w;v;(H(y))h(y)dy. Rewriting a(v) using the PDF for the order statistic
of H,

L., we have

o) = 3 (w;—wn) / uf1 L ()dy,
j€[n—1] 0

as required. O

6.6.2 From Section 6.4

Proof of Theorem[6.f] The expected output of an agent in the target group is
E,wr[a(v)], and maximizing this quantity maximizes the total output produced

by all agents in the target group because p and n are constants. Let H(v) =
HF () + (1 = p)G(v).

Buvrla(] = [ aware)= [ [ 3 5% [ust e | arw

j€n—1]
_[Z i / (/ )yffu( )y
:Je[;l i / (1= i1 (y)dy.

Asvy; > 0and ), ;=1 from the above expression we can observe that the optimal

solution sets 7, > 0 only if (jl foly(l — Fy)fit, 5y )dy) is maximized by j = k.
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Moreover, there is always an optimal solution where v« = 1 for some k* € [n — 1]

and v; = 0 for j # k*, where k* is given by:

. I
k€ arg max - / y(1— F)IE (y)dy
0

j€n—1]
1 /1 1—F(y) .
= arg max — Yy—5fn i1 (y)dy
jEn—1 M 1— H(y) 1Y)
= argmax(y), fo 1),
j€n—1]
where ¥(z) = xtgg)) ]

Proof of Theorem[0.5. From the equilibrium characterization in Theorem we
have
afv) = Z (%“%‘H)/ yf”FJrl " (y)dy = Z Vi / qu1+]1 “y)dy,
Jj€[n—1] 0 j€n—1]
where v, = j(w; —w;41) > 0.
Let H(x) = (1 — p) + uF(x). We have h(x) = pf(z) for x > 0 and (1 — H(z)) =
w(l — F(x)). Let
j—1
n .
Hoy(o) = 3 () Har(1 = HG2))
=0
be the distribution of the j-th highest order statistic of H(z), and let h,, j(x) be its
PDF, which is well-defined for = > 0, but at + = 0, H, ;(0) has a non-zero point
mass. Note that f“FJr 1 (2) = hy ().
The objective of the designer is

IEUNF[a(v)]Z/OI > = /yhn 1;(y)dy | dF (v)

j€[n—1]

/0 y(1 — F(y))hnv;(v)dy

As 1/(un) is a constant, to maximize the objective, the designer sets v; > 0 only for

values of 7 that maximize fol Yhn j+1(y)dy. From the definition of H,, j, we have

1 1
l=H,;1(1) = H,;11(0) + / hnji1(y)dy = / b jv1(y)dy =1 — H, j11(0).
0 0
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We also know that for any z and j < n,

1() o -H ég;() (2)" (1 = H(2))" = Hnjsa(2).

Using this, we get

i—
H, j(
(=
Hpi1(x) < Hpjii(z) = 1—H,2(0) >1—H, ;4+1(0)
1 1
— / ha(y)dy > / hyor (y)dy,  (6.15)
0 0

for any j € [n — 1]. Observe that h,o(y) is either single-crossing with respect to
By j+1(y), ie., there is a point x € [0,1] s.t. hy2(y) < Ay i1(y) for y < 2 and
hna(y) > n]-‘rl( ) for y > x, or h,»(y) is always greater than h, ;+1(y), because

haoly) _ (T)H@™TH1-HE)  (n—j— 1)y & )
Fogn () (S H@ = (1= Hy)y (-2~ A \I-H(y))
1?1({%) is strictly increasing and goes from 1H15r()o) to 0o as y goes to 1, and the coeffi-
j—1
cient of <1H£I() ) is a constant. Using: (i) the identity function y is an increasing
function, (ii) hy2(y) is single-crossing w.r.t. hyj11(y), and (iii) equation (6.15)), we
have
1 1
| vhoswids= [ b
0 0
So, it is optimal to only have a first prize. ]

6.7 Additional Examples

6.7.1 Equilibrium Analysis

The following example illustrates the use of Theorem [6.1] to compute a(v) and S(v).

Example 6.8. Let u = 1/2, F(v) = v*, and G(v) = v', for s,t > 0. Let w; = 1/2,
w; =0for j >1,w; =1/2, and w; =0 for j > 1.

We get 1 (k(v))+ (1= p)G(v) = (k(v)*+0")/2, pF (k(v))+(1—p) = (k(v)*+1)/2,
and pF(v) + (1 — p) = (v° 4+ 1)/2. Further, we get

v) =Y wiyy(nF(k(v) + (1 = p)G(v)) = witr (nF (k(v)) + (1 = p)G(v))

JEn]

— %(n —1) (%W)”_Q'
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Figure 6.2: k(v) vs v (Example .

s n—2 s n—
Similarly, we get B(v) = 1(n—1) (%) and C(v) = (n—1) (52) ? Putting

it all together, we get

tv' (v — k(v)(k(v)® + vt)"2

) SR TR K+ 12 — (o~ KR + o)

Numerical solution for k(v) for n =5, s = 1/2, and t = 1 is given in Figure Once

we have k(v), we compute S(v) and «(v) using

Bv) = /0 n—1sk(y)* 'K (y) +ty'" <k<y)5 +yt)n2

2 2 2

oy {07 L osesk,
BO) + fuy(n = 1)%5= (553)" " ydy, k(1) v <1,

given in Figure 6.3, Further, we can use it to calculate the expected output of the
players, for a player in the target group it is E,r[a(v)] &~ 0.103 and for a player in
the non-target group player it is E,.q[8(v)] = 0.052.

6.7.2 Further Details on the Examples from Section [6.4.1

The examples from Section have been repeated here with more details.

Example 6.9 (Example [6.3)). Let F(z) = 1— (1 —z)" !, G(z) = ((n — 1)z —
F(z))/(n—2),and p=1/(n —1). We get H(z) = pF(z) + (1 — p)G(z) = x, which

157



0.6

05

output: a(v) or B(v)
o o
w N

o
o

011

0 L L Il Il Il Il Il
0 0.1 02 03 04 05 06 07 08 09 1

ability: v
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is the uniform distribution over [0, 1]. Note that

o= Fla) _al=ay_
1-H(z)  (1—-z) (=)=

() =

It can be checked that the order-statistic that maximizes the inner-product with ¢ (z)
is fH . (r) = n(n — 1)z(1 —2)"!. So, the optimal value is k* = n — 2. The total

n,n—1

output generated for £* =n — 2 is

! /1 1 (x)d 2 /1 yidt (z)d &
- | =z r)dr = —— r)dr = ——.
nf, O n(n+1) J, "t n(n+1)

On the other hand, we know that the expected total output is maximized by j = 1

and is equal to

I - (n—1) _ (n—1)
- dz = -~
n/o T fro(@)de = n+1 / nr12(T n(n+ 1)

The ratio between the two quantities is (n — 1)/2 = Q(n).

Example 6.10 (Example [6.4). Let p = 1/8, F(z) = 1 — S(z), G(z) = (z —
wE(x))/(1 — u), where S(x) is given by:

1, if # < 3/4
S(x)=<{16(1—z)?, if3/4<z<15/16.
1—z, if > 15/16
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It can be verified that F'(z) and G(z) are continuous cumulative distribution func-
tions. The distribution of the general population is H(x) = pF(z)+ (1 —pn)G(z) = x.
Also, F(z) < H(z) for every x (and strict for some values of x), and therefore, F
FOS dominates H. The objective value is:

1. </4 wfily () de + /16 162(1 — 2)*f,l, j(z)de + /1 ol ~2) f:l_m(ﬂf)df’?)

3 15
J 0 3 2

n_—ng<3) 16(n—j)(j+1)(FH (15 _ pr (Z))

jion Z_l n(n + 1)(7”& + 2) n+2,542 E) n+2,j+2

4 |1 —-—FH -
+ n(n -+ 1) ( ntlj+l (16)> '

where Ff] is the CDF corresponding to the PDF ffj. Note that Ffj is equal to the
Beta distribution with parameters n + 1 — j and j. The optimal value for j may be
derived with an involved calculation, but for our purpose, we just want to illustrate
that the optimal j is not 1; it can be checked that for n = 50, the optimal value for

7 is 11 and the optimal objective value is approximately 0.0498.

Example 6.11 (Example [6.5). Let p = 2/3, F(z) = 32? — 22°, and G(z) = 3z —
6% + 423, Observe that H(z) = puF(x) + (1 — p)G(z) = z, and the variance of H is
1/12 while the variance of F' is 1/20, and both have mean 1/2. The objective value
is given by:

1
—,/0 r(1 — 32? + 22%) ,?_Lj(:v)dx

J
n—j (1_ (n+1-j)(n+2-j) (3_2_n+3—j))
jn (n+1)(n+2) n+3 '
5n _ A/Tn®430n+39 | 1
6 6 +3
ceiling of this number is optimal. For example, for n = 50, the optimal value is 19.

Solving for j, we get j = ; as j is integer, either the floor or the

Example 6.12 (Example [6.6). Let p = 1/4, F(z) = 1 — S(z), and G(z) = (z —
wl(x))/(1 — u), where S(x) is given by:

1—482/31, if z < 31/96

S(@) 1/2, if 31/96 < x < 3/4
o =
8(1—2)?,  if3/4<a<7/8
1—ux, ifx>7/8

It can be checked that F'(x) and G(z) are valid and for the distribution of the general
population we have H(z) = pF(z) + (1 — p#)G(z) = x. It can also be checked that

159



the mean of all the distributions is 1/2, and the variance of H is 1/12 ~ 0.083 while
the variance of F'is 6703/55296 ~ 0.121 > 1/12. The objective value is:
3/4 4
ff—l,j(x)dx +/ T ff—l,j(x)dx
3

1 /31/96 ( 48 >
— z|(l——=x
J 0 31 1/96 2

7/8 1
+/ x-8-(1—a)*fi, (x)de + / z(l — x)ff_l’j(x)dx>
3/4 7/8

n—7J /om H Bn—j)n+1-7) g
(E(31/96) + EL(3/4)) — 3Lj‘n%n+1)zaﬂj

(31,/96)

T 2.5.n
8(n—4)(j+1)
n(n+1)(n+2)

n—J

+ (Pl ea(T/8) = Bl ysal3/4) + 1o (1 Flfagoa (7/8)

Note that Ff] is the Beta distribution with parameters n 4+ 1 — 7 and j. For n = 50,

the optimal value for j is 11 and the optimal objective value is approximately 0.0249.

6.7.3 Further Details on the Example from Section 6.4.3

Example 6.13 (Example [6.7). Let F(z) = G(z) = z. As shown in Theorem [6.5] it
is optimal to allocate the entire budget to the first prize for group-specific prizes. For
F' = @G, a similar result holds for general prizes as well.

We compare the following three cases:
(A) Only general prizes of value 1; wy = 1, w; =0 for j > 1, w; = 0 for j € [n].

(B) Only target group-specific prizes of value 1; w; =0 for j € [n], vy =1, w; =0
for j > 1.

(C) Only target group-specific prizes of value p; w; =0 for j € [n], w1 = p, w; =0
for j > 1.

As p is the fraction of target group agents in the population, the contest organizer
may want to have a contest for the target group agents with a prize of u. This
distributes the prize of 1 equally between the target group and the non-target group.
Case (C) above captures this scenario.

Let a4(v), ap(v), and ac(v) be the output generated by a player with ability v
for the three cases (A), (B), and (C), respectively.

The expected output for case (A) general prizes is:

Burloa(®)] = [ ot = PO (o = (n=1) [ (1= v)erdo = 2t
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The expected output for case (B) group-specific prizes of value 1 is:

1
E.rlan(e)] = [ o= PO @)
0
1
=(n— 1)/ v(1 —v)(1 — p+ )" *pdv.
0
Let H(z) = 1—p+pF(x) = 1—pu+pz. We have (1—H(z)) = p(1—2z) and h(x) = pu.
Let us write f'(z) as hy, j(x) and F(z) as H, j(z). Now,

o= %uv - %“1 it ) — (1 - ) = %<H<v> (1),

Incorporating this into the expected output formula, we get

Eyprlag(v)] = (n—1 / v(1 —v)(1 — g+ p)" udv

) 1
D / (H(w) — (1 - 1))(1 — H(w))H(o)"*h(v)do

1
- #i / (H — )1 — H(0))hyors (v)d
= [ ()= (1= i)hae)ae

_ n%ﬂ (/OlH (0)hns(v)do — (1 — ) /01 hn,z(v)czv)

_ n%ﬁ (n = 1 /01 h12(0)dv — (1 — p)(1 — Hn,g(())))

Now, H,(0) = H(0)" +n(1 — HO)HO)" ' = (1 — )" + nu(l — p)* ' = (1 —
)" (1 = p+np). Similarly, H,112(0) = (1 —p)"(1 — g+ (n+ 1)p). Replacing this,

we get

Be-slan()] = - (EH 0= (=00 1)
— (== (=) (= W)))
1 n
= s (Y- A= ph )+ (1= = 0 + (D)

Although the solution above may seem difficult to interpret, but one can observe that

as i — 0, it goes to 0, but as p — 1, it reaches (n — 1)/(n(n + 1)) from above.
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We can observe that the expected output for case (C) group-specific prizes of value

w1 is equal to p times the expected output for case (B):

Eyorlac(v)] = pEyor|agp(v)]

1 n
= m((n— D=0=p)(n+1)+(1—pw)" (201 — )+ (n+ 1u)).

The derivative of the above expression is non-negative in p and so it is increasing, for
w € [0,1]. For p — 0, it goes to 0, and for u — 1, it goes to (n — 1)/(n(n + 1)). So,
Eyprlac()] < (n—1)/(n(n+ 1)) for u € [0, 1].

Figure [6.1] plots the expected output for the three cases for n = 20.

We observe that case (A) always dominates case (C), so a general prize of 1 is
better than a group-specific prize of u, although in both cases the amount of prize
in the contest per target group agent is the same. This happens because of higher
competition in case (A): for general prizes, the target group agents produce higher
output to compete with the non-target group agents.

Comparing case (A) general prize of 1 and (B) group-specific prize of 1, we see
that if p is very small, then case (A) dominates case (B), and the opposite is true if
w is sufficiently large. This happens because of too little competition in case (B) for

very small .
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Simultaneous Contests
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Chapter 7

Equal-Sharing Allocation of Prizes

7.1 Introduction

In some contests, the prizes (rewards) may have monetary value, which incentivizes
the players to make the costly investments. In other scenarios, the prizes may be
associated with reputation and social status. For example, many online forums and
websites depend upon user-generated content to provide value to their customers, and
award badges, which do not have any monetary value but provide social reputation
(e.g., StackOverflow and Quora); see, e.g., [62].

In the presence of multiple simultaneous contests, each player may explicitly select
one or more contests and invest efforts so as to win the associated prizes. Moreover,
sometimes contest participation is implicit: players engage in various activities, and
each contest awards prizes to some of the players based on their performance in a
specific subset of activities.

Consider, for instance, the setting where several social media platforms or news
websites compete to attract customers. The potential customers are not homoge-
neous: e.g., some may be interested in politics, while others focus on sports or tech-
nology. It is therefore natural to model this setting as a set of simultaneous contests,
with each individual contest corresponding to a group of customers with similar pref-
erences. The platforms can take actions that make them more attractive to potential
customers. Indeed, some of the actions, such as improving the interface, or increasing
the update frequency, may impact the platform’s performance with respect to several
customer groups. That is, we can think of platforms as engaging in several activities,
with their performance in each contest depending on the effort they invest in these
activities. Different customer groups may value different mixtures of activities in dif-

ferent ways: e.g., while consumers of financial and sports news care about frequent
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updates, those who read the gossip column are happy with daily or even weekly up-
dates. Thus, by increasing her investment in an activity, a player may improve her
performance in several—but not all—contests.

In this chapter, we study a formal model that can capture scenarios of this type.
In our model, there are several players and several simultaneous contests, as well as a
set of activities. Each player selects their effort level for each activity (and may incur
a cost for doing so, or face budget constraints), and each contest j has its own success
function, which specifies combinations of effort for each activity that are sufficient
to succeed in j. In addition to that, we assume that each contest allocates identical
prizes to all agents that meet its Criteriaﬂz e.g., if, to win contest j, it suffices to
produce 2 units along activity ¢, then the player who produces 3 units along ¢ and
the player who produces 30 units along ¢ receive the same prize from j; however, the
value of the prize in contest j may depend on the number of players who meet the
criteria of j. We refer to this setting as multi-activity games.

From the perspective of the player, we distinguish between two models: (1) the
cost model, which has cost functions for producing output, and (2) the budget model,
which has generalized budget constraints (feasible subsets of the space). The cost
functions and the budget constraints may be different across players, capturing the
fact that some players may be able to perform better in some activities compared to
others.

Our model is very general: we impose very mild and natural constraints on the
contests’ success functions and prize allocation rules. In particular, we assume that
the total value of the prizes allocated to the winners of each contest is a monotonically
non-decreasing and concave function of the number of winners; these assumptions
capture the idea that the value of an award decreases as it gets awarded to a larger
number of players (see, e.g., [62]). A specific instantiation of this model is a contest
that has a fized total prize of V, and every winner gets a share of V/k if there are k
winners.

Besides our social media platform example, several other situations can be mod-
eled using contests with equal sharing allocation of prizes, where players compete by
engaging in activities valued by multiple contests. For instance, funding agencies are
generally not able to perfectly discriminate among the applicants to select the most

deserving ones. They might score candidates based on attributes such as strength of

! The motivation for equal sharing allocation is somewhat similar to that of proportional allocation
(e.g., in Tullock contests [104]), with equal sharing becoming relevant in situations where the contests
use explicit rules (or criteria) to decide on an allocation.
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proposal, publication history, and management experience, and allocate their budget
to one of the eligible candidates or distribute it among them. Because of this uniform
distribution of the funding, from the perspective of an expected utility maximizing
applicant, this situation can be approximated using a contest with an equal sharing

allocation with a fixed total prize.

7.1.1 Our Results

We observe that, under mild assumptions, multi-activity games are ezxact potential
games [83] (see Definition . This guarantees the existence of a pure-strategy Nash
equilibrium (PNE). Moreover, an approximate PNE can be computed in pseudo-
polynomial time. In fact, a sequence of e-better/ bestE| response moves converges to
an e-PNE, with the number of steps proportional to 1/¢ (and pseudo-polynomial in
other parameters). For the budget model, for the natural definition of social welfare
in these games, we observe that the price of anarchy (PoA) is at most 2 and the price
of stability (PoS) can be close to 2, so both these bounds are tight | However, for the
cost model, for meaningful definitions of social welfare, the PoS can be infinite.

We then study the computation complexity of finding an equilibrium in these
games, which is the main focus of this chapter. This portion of the chapter con-
centrates on a specific instantiation of the model, where the contests’ criteria and
the players’ budget constraints are all linear; let us call this model the linear model.
(Here, we discuss the results for the budget model. With similar assumptions, similar
results hold for the cost model as well.) We show that, for the linear model, it is
NP-hard for a player to best respond to the strategies of other players. This hardness
result holds even for a game with only one player; in other words, the hardness is
due to the optimization problem that a player faces while playing the game. We
also prove that there exists no polynomial-time approximation scheme unless P=NP.
(Here, NP-hardness for best-response directly implies NP-hardness for equilibrium
computation.) On the positive side, we obtain fixed-parameter tractability results:
we show that best response is polynomial-time computable if either the number of
contests or the number of activities is a constant.

The NP-hardness result for best-response motivates us to further restrict our
model: we assume that a player can produce output only along a small (polyno-

mial) number of portfolios of activities. Mathematically, a portfolio corresponds to

2An e-better response move increases the utility of a player by at least e.

3The price of anarchy (stability) is the ratio between the social welfare of the optimal solution
and the social welfare of an equilibrium solution, in the worst case over instances of the problem,
and in the worst (best) case over corresponding equilibrium solutions.
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a direction in the activity space along which a player can produce output. This re-
stricted model captures salient features of the original model: e.g., it maintains the
property that the contests can have overlapping criteria.

With a simple transformation of the activity space, the portfolio model can be
converted to an equivalent model where a player produces output along a single
activity only, i.e., only along the axes, where an activity in the new model corresponds
to a portfolio in the old model. In our discussion, we call this new model the single-
activity model to differentiate it from the original model, which we call the multi-
activity model.

The positive results for the multi-activity model automatically carry over to the
single-activity model. Additionally, it is computationally easy for the players to best
respond in the single-activity model. However, we get a different hardness result.
Even for the linear model, it is PLS-complete to compute a PNE and CLS-complete
(CLS=PPADNPLS) to compute a mixed-strategy Nash equilibrium (MNE). These
hardness results, particularly the CLS-hardness result, are interesting because single-
activity games form a strict, structured and well-motivated subclass of explicit con-
gestion games (a contest awards a 1/k fraction of a fixed prize to each winner if there
are k winners, but a congestion game can have a cost that is an arbitrary function of
the number of winners), yet finding an MNE in these games has the same computa-
tional complexity as finding an MNE of explicit congestion games [9] (and finding a
fixed-point of gradient descent [49]). We also prove some fixed-parameter tractability
results with respect to the number of players and the number of contests.

The rest of this chapter is organized as follows. After summarizing the related
work (Section , in Section we introduce the general multi-activity model.
We also prove the existence of PNE, the pseudo-polynomial convergence of e-best-
response dynamics to e-PNE, and present our PoA results. In Section [7.3]we establish
the hardness of best-response in linear multi-activity models. Section focuses on
the single-activity model and presents our results on PLS-completeness and CLS-
completeness.

Omitted proofs and additional results are provided in Section [7.6]

7.1.2 Related Work

The model of simultaneous contests with equal sharing allocation of prizes has been
studied before in the literature [76], [106]. At a high level, our contribution is to (i)
generalize the model and extend the positive results and (ii) study the complexity of

computing equilibria.
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The linear budget model with a fixed total prize has previously been studied
by May et al. [76], to model situations such as the social media platform example
discussed earlier. Their theoretical results are similar to our positive results: (i) they
prove existence of PNE by showing that the game is an exact potential game; (ii)
they establish a PoA bound of 2. For (i), existence of PNE, we give a simpler proof
by explicitly constructing the potential function that lifts these results to our general
model. Our proof also makes it transparent that the PNE exists because of the equal
sharing property of the contests (the congestion property), and the other restrictions
of the model of May et al. [T6]—the linear budget constraints, the linear criteria of
contests, and the fixed total prize—are not necessary for the result. Moreover, the
proof clarifies that using the budget model is also non-essential, as the result holds
for the cost model as well. For (ii), the PoA bound, May et al. [76] prove the result
from first principles. In contrast, we use the result of Vetta [105] for submodular
social welfare functions to derive the same result in our—more general—setting. In
summary, we extend the positive results of [76] to a general model (and we also
study computational complexity, which was not considered by May et al. [76]). May
et al. [76] perform an empirical study and show that the real-life behavior of social
media curators resembles the predictions of the model. Bilo et al. [I7] consider a
model similar to the single-activity model of our work and show inclusion in the class
PLS (but no hardness results).

Models of simultaneous contests that do not have activities (i.e., the players
directly produce outputs for each contest, or, equivalently, there is a one-to-one
mapping between the activities and the contests) have been extensively studied.
Cost-based models where the prizes are awarded based on the players’ ranks have
been considered by a number of authors [6, [7, 10, B9], including empirical work
[7, 39, [70, TT1]. Colonel Blotto games, where the players have budget constraints
and the prize is awarded to the highest-output player for each contest, were proposed
by Borel [23], and have received a significant amount of attention in the literature
(e.g., [22] 103], 55, 19, 20} [13], 98, 02, 57, [1I, 92} 60, 109]). Simultaneous contests with
proportional allocation have been studied by, e.g., [50, 112} 91].

Two related papers are by Birmpas et al. [18] and Elkind et al. [43] (part of
Chapter . Both these papers do not have activities, i.e., the players produce out-
put directly for the contests, which makes their models a bit different (simpler) than
ours, but they add complexity along other dimensions. Therefore, their results are
not directly comparable to ours. Birmpas et al. [I8] have both budgets and costs in

the same model, and they give a constant factor PoA bound by augmenting players’

168



budgets when computing the equilibrium welfare (but not when computing the op-
timal welfare). Elkind et al. [43] consider a model with only one contest and in the
case of incomplete information. Their focus is on mechanism design, and for one of
the objectives studied in the paper, they prove that the optimal contest distributes
its prize equally to all players who produce output above some threshold, similar to
the contests in our paper.

The complexity class PLS (Polynomial Local Search) and the concepts of PLS-
hardness and PLS-completeness were introduced by Johnson et al. [64]. PLS consists
of discrete local optimization problems whose solutions are easy to verify (the cost of
a given solution can be computed in polynomial time and its local neighborhood can
be searched in polynomial time). Similar to NP-hard problems, PLS-hard problems
are believed to be not solvable in polynomial time. Several natural problems, such
as finding a locally optimal solution of MAX-CuT, were shown to be PLS-complete
by Schaffer [94]. The problem of finding a PNE in explicit congestion games (which
always have a PNE) is also PLS-complete [48], from which it follows that better or
best response dynamics take an exponential time to converge in the worst case [64].

The class PPAD (Polynomial Parity Arguments on Directed graph) was intro-
duced by Papadimitriou [89]. Like PLS problems, PPAD problems always have so-
lutions. For PPAD, the existence of a solution is based on a parity argument: In
a directed graph where each vertex has at most one predecessor and one successor,
if there exists a source vertex (i.e., a vertex with no predecessor), then there exists
some other degree-1 vertex. One of the most well-known results in algorithmic game
theory is that the problem of finding a mixed-strategy Nash equilibrium (MNE) is
PPAD-complete [36] 130].

Recent work has determined the complexity of computing an MNE of an explicit
congestion game. The class PPADNPLS represents problems that can be solved both
by an algorithm that solves PPAD problems and by an algorithm that solves PLS
problems. Finding an MNE of an explicit congestion game is in PPADNPLS: indeed,
this problem can be solved either by finding a PNE (which is also an MNE) using an
algorithm for PLS problems or by computing an MNE using an algorithm for PPAD
problems. Recently, Fearnley et al. [49] proved that finding a fixed-point of a smooth
2-dimensional function f : [0,1]> — R using gradient descent is complete for the
class PPADNPLS; based on this result, Babichenko and Rubinstein [9] proved that
finding an MNE of an explicit congestion game is also (PPADNPLS)-complete. PLS-
complete, PPAD-complete, and (PPADNPLS)-complete problems are considered to

be hard problems with no known polynomial-time algorithms.
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7.2 General Model, Pure Nash Equilibrium, and
Price of Anarchy

In this section, we formally define the general multi-activity model, prove the existence
of pure Nash equilibria, and show that the price of anarchy (PoA) is 2 for the budget
variant of the model and +oo for the cost variant.

We consider a set of n players, N = [n]ﬁ who simultaneously produce output
along k activities, K = [k]. There are m contests, M = [m], which award prizes to
the players based on their outputs. The contests may have different prizes and may
value the activities differently.

We study two models: in one, the players have output production costs; and in
the other, the players have generalized output budgets. Player ¢ € N chooses an

output vector b; = (b;)cx € RE,.

e Cost. Player i incurs a cost of ¢;(b;) for producing b;, where ¢; : Rgo — R>p is

a non-decreasing cost function with ¢;(0) = 0 (normalized).

e Budget. The player does not incur any cost for the output vector b;, but b;
is restricted to be in a set B; C Rgo. We assume that 0 € B;, i.e., players are

always allowed to not participatel[]

Technically, the budget model is a special case of the cost model, and all the positive
results for the cost model automatically carry over to the budget model. We make
the distinction because when we study the restricted linear models in Section[7.3] the
linear cost model and the linear budget model will have different formulations.

Let b = (b;)ien = (big)ienserx. Each contest j € M is associated with a pair
of functions f; : RE; — Ry and v; : Z>o — Rso. The function f;, which is an
increasing function such that f;(0) = 0, determines the set of winners of contest j:
we say that player ¢ wins contest j if f;(b;) > 1 and set N;(b) = {i € N | f;(b;) > 1}.
Let nj(b) = |N;(b)|. The function v; determines how the prizes are allocated: each
player in N;(b) receives a prize of vj(n;(b)). The total prize allocated by contest j
is then n;(b) - vj(n;(b)). We make the following assumptions about the function v,

which are necessary for our price of anarchy bounds.

1. v;(¢) is a non-increasing function of ¢: v;(¢) > v;(£ + 1).

4Let [(] = {1,2,...,¢} for any positive integer £ € Z.
5The budget model has an alternative interpretation—each player selects a subset of activities
among a feasible set of subset of activities for that player—as discussed in Section
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2. £-v;(¢) is a non-decreasing function of ¢: £-v;({) < (L +1)-v;(€ +1).

3. £-v;(0) is a weakly concave function of ¢, i.e., ({+1)-v;({ +1) — - v;({) is a
non-increasing function of ¢: (¢42)-v;({+2)—2-(+1)-v;(({+1)+L-v;(£) <O0.
This condition says that the rate of increase in the total prize allocated by a

contest 7 weakly decreases as the number of winners increases.
Some examples of functions v; that satisfy these conditions are:

e z-v;j(z) =z or vj(z) = 1. Here, the total value of the prize scales linearly with
the number of winners, i.e., the prize awarded to a winner does not change as

the number of winners increases.

e z-v;(x) =1orwv;(r) =1/x. Here, the total value of the prize remains constant,
i.e., the prize awarded to a winner decreases and is equal to the inverse of the

number of winners.

e 1 -vj(x) =+/x or vj(x) = 1/\/x. This sits between the previous two examples.
Here, the total value of the prize increases, but the prize awarded to a winner

decreases as the number of winners increases.

The utility of a player ¢ in the cost and the budget model is, respectively,

uf(b) = Y 0j(n;(b) - Ligen,my —ci(bi),  ul(®) = > v;(n;(b)) - Lisen, vy}
jeM jeM
where 1y y is the indicator function; we omit the superscripts B and C' if they are
clear from the context.
We will be interested in stable outcomes of multi-activity games, as captured by

their Nash equilibria.

Definition 7.1 (Pure-Strategy Nash Equilibrium (PNE)). A pure strategy profile
b= (b;,b_;) is a pure Nash equilibrium (PNE) if for every i € N and every action b,
of player i we have u;(b) > u;(bl, b_;).

Definition 7.2 (Mixed-Strategy Nash Equilibrium (MNE)). A mixed strategy pro-
file 1 = Xygeppte is a mived Nash equilibrium (MNE) if for every i € N and every
distribution over actions i, of player i we have

B [ti(0)] 2 By b [ua(b5, bi)]; where pui = Xzife,

We now give definitions of the price of anarchy and the price of stability, which

will be used to study the efficiency of equilibria in our models.
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Definition 7.3 (Price of Anarchy (PoA) and Price of Stability (PoS)). Let G denote
a class of games and let Z € G denote a particular instance of the game. For a
given instance of a game Z, let Action(Z) denote the set of action profiles and Fq(Z)
denote the set of all MNE. Let sw(b) denote the social welfare for an action profile
b € Action(Z). The price of anarchy and the price of stability for class G are defined

as, respectively,

ction b
PoA — max maXpe Action(T) sw(b)

ction b
- ;. PoS = max AT Action(D) sw(b)
7eg mingcgo(z) oy [sw(D)]

Teg max,cpy(z) Eppu[sw(b)]

Le., the PoA (PoS) is the ratio between the optimal social welfare and the equilibrium
social welfare in the worst (best) case over possible equilibria and in the worst case

over instances of the game.

7.2.1 Existence of Pure-Strategy Nash Equilibrium

We start by showing that multi-activity games are exact potential games. We then
use the classic result of Monderer and Shapley [83] to conclude that multi-activity

games always have pure Nash equilibria.

Definition 7.4 (Exact Potential Games). [83] A normal form game is an ezact poten-
tial game if there exists a potential function ¢ such that for any player ¢ with utility
function u;, any two strategies b; and b} of player i, and any strategy profile b_; of
the other players it holds that

ui(bi, b_i) — ui(bi, bi) = ¢(b, bi) — ¢(bi, b_y).

Theorem 7.1. [83] Ezact potential games always have a pure-strateqy Nash equilib-

rium. Indeed, every pure strategy profile that maximizes ¢ is a PNE.

We define the potential functions for the multi-activity budget and cost games as,

respectively,
)= > w0 = b)), )= > v0); (7.1)
JEM L€[n; (b)] ieN JEM L€[n;(b)]

we omit the superscripts B and C' if they are clear from the context. We use these
potential functions to prove the existence of PNE in multi-activity games. In Sec-
tion we shall also use them to study the complexity of computing equilibria in

these games.
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Theorem 7.2. A multi-activity budget/cost game is an exact potential game, and

hence has a pure-strateqy Nash equilibrium.

We note that the crucial property required for the proof of Theorem is the
equal sharing property; some of the other assumptions made in our model, e.g., that
the cost functions ¢;(b;) are non-decreasing, ¢ - v;(¢) are non-decreasing and weakly
concave, etc., are not essential for the proof. We also note that for a restricted version
of the model the same result was proved by [76], [106], but we believe that our proof

using the potential function is simpler.

7.2.2 Approximate Pure-Strategy Nash Equilibrium using
Better-Response

The characterization in Theorem is very useful for finding approximate equilibria

of multi-activity games.

Definition 7.5 (e-Pure-Strategy Nash Equilibrium). A pure strategy profile b =
(bj,b_;) is an e-PNE if for every i € N and every action b} of player i we have

Definition 7.6 (e-Better-Response). For a pure strategy profile b = (b;, b_;), a player
i € N, and an action b, of player ¢, the move from b; to b} is an e-better-response
move if u; (b}, b_;) > u;(b) + €.

From the definitions above, it is immediate that a pure strategy profile is an e-PNE
if and only if it does not admit any e-better-response moves. Now, as multi-activity
games are exact potential games, each e-better-response increases the potential by
at least €. As the potential function is bounded from above, a sequence of e-better-

response moves necessarily terminates, and the resulting profile is an e-PNE.

Corollary 7.3. In multi-activity games, any sequence of e-better-response moves ar-

rives to an e-PNE in at most n - m - (max; v;(1))/e steps.

Corollary provides a pseudo-polynomial bound in the number of steps required
for convergence to an approximate PNE, which can be meaningful in situations where
the prizes (i.e., the values v;(1)) are not very large. It also implies that an e-PNE
can be computed in pseudo-polynomial time if we can compute e-better-responses

efficiently.
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7.2.3 Social Welfare, Price of Anarchy, and Price of Stability

To start, let us briefly discuss what would be a natural definition(s) of social welfare
for multi-activity games.

Consider first the budget model. From the perspective of the players, social welfare
naturally corresponds to the total prize allocated. This definition is also natural from
the perspective of the contests. Indeed, consider the motivating example involving the
social media curators (players) and subscribers (contests). The welfare of the curators
corresponds to the total subscribers’ attention they receive, which is equal to the total
prize allocated. On the other hand, the welfare of the subscribers corresponds to
the compatible curators who serve them, which again corresponds to the total prize
allocated. For this definition of social welfare, we prove an upper bound of 2 on the
price of anarchy (PoA) and a lower bound of 2 — o(1) on the price of stability (PoS),
so both of these bounds are tight.

For the cost model, the formulation of social welfare can be similarly motivated,
with or without subtracting the cost. If one assumes that the cost to the players is a
sunk cost, then it is reasonable to subtract it from the social welfare. On the other
hand, if one assumes that the cost gets transferred to the contest organizers (or the
society), then it should not be subtracted. In any case, for both of these definitions,
the PoS (and therefore, PoA) turns out to be infinite.

7.2.3.1 Budget Model

For the budget model, the social welfare is equal to the total prize that gets allocated:

sw(d) = u(b) =Y > vi(n;(B) - Liiew,y = Y v(ni(b)) - ny(b).  (7.2)

ieEN iEN jEM jEM

To prove the upper bound of 2 on PoA, we shall use the result of Vetta [105] for
submodular social welfare functions. This result states that the PoA can be upper-

bounded by 2 if the following conditions are satisfied:
1. the utility of the players and the social welfare are measured in the same units,
2. the total utility of the players is at most the social welfare,
3. the social welfare function is non-decreasing and submodular, and

4. the private utility of a player is at least as much as the Vickrey utility (see
Definition [7.8)).
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By definition, our model satisfies the first two requirements on this list. To show that
it also satisfies the last two requirements, we reinterpret it using a different notation.
In the budget game, an action by a player i effectively corresponds to a subset of
the contests that ¢ wins. The output vector produced by the player to win a given set
of contests is not important as long as the set of contests that she wins remains the
sameff] Hence, we will represent the action taken by player i as a subset of elements
from a set of size m, as follows: Let G denote a set of n - m elements partitioned
into n size-m sets G', G2, ..., G", where G' = {g¢,¢%,..., g% }. We represent the set of
feasible actions for player i by A; C 29" an action 4; € A; contains g§ if and only if
player ¢ satisfies the criteria for contest j € M. Note that ) € A;, because we assume
that each player is allowed to not participate and produce a 0 output (which does not
win her any contests). An action profile A = (4;);en € XienA; can be equivalently
written as U;enyA; € U;enA; because the sets A; are disjoint as per our notation.

As before, let N;(A) = {i | gi € A} denote the players who win contest j under
action profile A, and let n;(A) = |N;(A)|. The utility functions and the social welfare
function can be rewritten using the new set notation as follows:

ui(A) =Y vi(n;(A)) - Lgieay  sw(A) = > v(n(A)) - n(A).
jeM jeM

Let us formally define submodular set functions.

Definition 7.7 (Submodular Functions). A function f : 2% — R is submodular if for
every pair of subsets S, T C  such that S C T and every x € Q\ T we have

fSU{a}) = f(S) = f(TU{z}) — F(T).

The next two lemmas prove that our model satisfies the conditions required to
use the result of Vetta [105].

Lemma 7.4. For the budget model, if the total prize allocated by a contest is a weakly
concave function of the number of winners of the contest, then the social welfare

function is submodular.

Definition 7.8 (Vickrey Utility). The Vickrey utility of player i at an action profile

A is the loss incurred by other players due to i’s participation, i.e.,

u;/ickrey(A) — Z Uq(®7 A_z) — Z Uq(Ai7 A_i),

qFt qFi

SNot important for PoA analysis, but very important for computational complexity: the budget
constraint for a player ¢ boils down to selecting a subset of contests in some feasible set of subsets,
say A; € 2M. The budget constraint is a concise way of representing this A;, and .4; may be of size
exponential in the representation.
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where () is the action to not participate (or, equivalently, produce 0 output and not

win any contests).

Lemma 7.5. For the budget model, if the total prize allocated by a contest is a non-
decreasing function of the number of winners of the contest, then for every profile

A and every player i, the utility of i is at least as large as her Vickrey utility, i.e.,
Ul(Az, A—z) > uiVickrey(A)’

Theorem 7.6. The social welfare in any mized-strateqy Nash equilibrium of a multi-

activity budget game is at least 1/2 of the optimum social welfare.

The following result complements the upper bound of 2 for PoA by giving a lower
bound of 2 for PoS, which is based upon an example in [106] and ensuring that the

equilibrium is unique.

Theorem 7.7. There are instances of multi-activity budget games where the social
welfare in every mized-strategy Nash equilibrium approaches 1/2 of the optimum social

welfare as the number of players grows.

7.2.3.2 Cost Model

As discussed before, we consider two definitions of social welfare for the cost model.
The first definition does not subtract the costs from social welfare and corresponds
to the definition given in ([7.2)). The second definition subtracts the costs from the

social welfare and is equal to
S(6) = D (wi(b) = (b)) = D vi(ms (b)) -my(6) = >oci(b).  (73)

Next, we prove that the PoS can be unbounded for both definitions of social welfare

in the cost model.

Theorem 7.8. There are instances of multi-activity cost games where the social wel-
fare in every mized-strateqy Nash equilibrium can be arbitrarily low compared to the
optimum social welfare. This holds even if there are at most two players, two activi-

ties, and two contests.
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7.3 Multi-Activity Games: Hardness of Best-
Response

In this section, we focus on a restricted model: each contest uses a linear criterion,
and the budget constraint or the cost function of each player are also linear. We
call this model the linear multi-activity model. Formally, for an output profile b =
(bi)ien = (bi)ieneeck, the winners of contest j are N;(b) = {i | Y ,cpc wjebie > 1},
where w;, € R>¢ is a non-negative weight that contest j has for activity £. Similarly,
the linear budget constraint of a player i is of the form Zee i Biebie < 1, where
Bie € Ryo. Likewise, a linear cost function for player ¢ is of the form Zze K Ciebi,
where ¢;y € Ry.

We also impose another constraint: we assume that for each contest its total prize
is fixed. That is, each contest j € M is associated with a total prize Vj}, and if there
are ¢ winners, each winner gets a prize V;//.

We study the computational complexity of best-response in this linear multi-
activity model. Observe that it suffices to consider this problem for n = 1. Indeed,
consider a player ¢« € N. If there are ¢ winners other than ¢ for a given contest j,
then i gets a prize of v;(¢ + 1) = V;/({ + 1) from this contest if she satisfies this
contest’s criteria, and 0 otherwise. By scaling the values of all contests appropriately,
we reduce ¢’s optimization problem to one where 7 is the only player in the game.

In the next theorem, we prove that finding a best-response exactly or approxi-
mately is NP-hard.

Theorem 7.9. In the linear multi-activity model, both cost and budget, a player

cannot approximate a best response beyond a constant factor in polynomial time unless
P = NP.

We provide two separate reductions for the cost and budget models. For the cost
model, we reduce from 4-REGULAR-SETCOVER, which is the SETCOVER problem
where every set has a size of exactly 4. For the budget model, we reduce from
MAX-2-SAT-3, which is the MAX-SAT problem with a 2-CNF formula where
each variable occurs at most 3 times. Both 4-REGULAR-SETCOVER and MAX-2-
SAT-3 problems cannot be approximated better than a constant factor unless P =
NP, and our reductions preserve these hardness of approximations.

We note that in a single-player case finding a best response is equivalent to finding

a PNE. We obtain the following corollary.
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Corollary 7.10. In the linear multi-activity model, both cost and budget, the problem

of computing an exact or an approrimate PNE is NP-hard.

Theorem proves that the problem of finding a best response in the linear
multi-activity model does not admit a polynomial-time approximation scheme. For
restricted versions of the model, a constant factor approximation can be found. For
example, for the budget model, if the contests have {0,1} weights for the activi-
ties, and the player has a budget that she can distribute across any of the activities
(the hard instance constructed in Theorem for the budget model satisfies these
conditions), then the problem becomes a submodular maximization problem with a
polynomial-time constant-factor approximation algorithm. However, we feel that a
constant-factor approximation result is of limited usefulness in the context of com-
puting a best response or a Nash equilibrium.

Next, we study the fixed-parameter tractability of the problem of computing a best
response. There are three natural parameters of the model: the number of players n,
the number of contests m, and the number of activities k. We have already shown
that the problem is NP-hard even with only one player, n = 1. On the positive side,
we show that the problem becomes tractable if either the number of contests m or

the number of activities k is a constant.

Theorem 7.11. In the linear multi-activity model, both cost and budget, a player can
compute a best response in polynomial time if either the number of contests or the

number of activities is bounded by a constant.

7.4 Single-Activity Games: CLS-Completeness

In this section, we focus our attention on the single-activity model, and show that,
for both cost and budget models, it is PLS-complete to find a pure Nash equilibrium
and (PPADNPLS)-complete to find a mixed Nash equilibrium (MNE). Note that the
set of MNE of a game is a super-set of the set of PNE, so finding an MNE is at least
as easy as finding a PNE.

In a single-activity game, for every player ¢ there is at most one activity ¢ for
which the output b;, may be strictly positive; for every other activity ¢’ # ¢ it holds
that b;» = 0. Additionally, we assume that each contest i has a fixed total prize,

which it distributes equally among all winners.

Theorem 7.12. In the linear single-activity model, both cost and budget, it is
(PPAD NPLS)-complete to find a mized-strategy Nash equilibrium.
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A recent paper by Fearnley et al. [49] proved the interesting result that finding a
fixed-point of a 2-dimensional smooth function (f : [0,1]> — R) given by a circuit of
addition and multiplication operators using gradient descent, 2D-GD-FIXEDPOINT,
is complete for the class PPADNPLS. Based on this result, Babichenko and Ru-
binstein [9] proved that the problem of computing an MNE of an explicit congestion
game, EXPCONG, is also complete for PPADNPLS. Babichenko and Rubinstein [9] do
this by first reducing 2D-GD-FIXEDPOINT to identical interest 5-polytensor games,
5-POLYTENSOR, and then 5-POLYTENSOR to EXPCONG. In our proof for Theo-
rem [7.12], we reduce 5-POLYTENSOR to the single-activity game, proving the required
result.

Before moving to the proof, let us define identical interest polytensor games, x-
POLYTENSOR. Polytensor games are a generalization of the better known polymatrix

games, POLYMATRIX; specifically, POLYMATRIX = 2-POLYTENSOR.

Definition 7.9 (PoLyMATRIX: Identical Interest Polymatrix Game). There are n
players. Player i chooses from a finite set of actions A;. The utility of player
i for action profile (a;,a_;) = a = (a;)jem] € XjemA; is given by u;(a) =
Zje[n}’#i u; j(a;, a;j), where u; ; : A; x Aj = Rs(. The players have identical interest,

Le., Ujj = Uj;-

)

The definition of k-POLYTENSOR games is similar to that of POLYMATRIX games:

instead of u; ; we have ug, where S C [n], |S| = k.

Definition 7.10 (k-POLYTENSOR: Identical Interest x-Polytensor Game). There are
n players. Player i chooses from a finite set of actions A;. The utility of player i for
action profile @ = (a;)jen € XjepA; is given by wi(@) = 3 gcpies,s1=x Us(@s),

where ag = (a;)jes is the action profile of the players in S and ug : X jesA; = Rx.

When the number of actions for each player, |A;|, is bounded by m, note that the
representation size of a k-POLYTENSOR game is O(n"m*). In particular, if x is a con-

stant and m = poly(n), then k-POLYTENSOR games admit a succinct representation.

Proof Sketch for Theorem [7.13 Below, we provide a reduction from 3-POLYTENSOR
to the budget game for a cleaner presentation of the main steps (unlike 5-
POLYTENSOR, 3-POLYTENSOR is not known to be (PPADNPLS)-complete). Sim-
ilar steps with more calculations apply to 5-POLYTENSOR, for both cost and budget
models (we provide this argument in Section .
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Take an arbitrary instance of 3-POLYTENSOR with n players; we shall use the same
notation as in Definition [7.10, We construct a single-activity game with n players,
Zie[n] |A;| activities, and a polynomial number of contests to be defined later.

The >

players. The activities are partitioned into n subsets, so that the ¢-th subset has

ieln] |A;| activities have a one-to-one association with the actions of the
size |A;| and is associated with player i; we identify these activities with the set A;.
Player ¢ has a budget of 1 that they can use to produce output along any activity
from A;, but they have 0 budget for the activities in A; for j # i. Effectively, as we
are in a single-activity model, player ¢ selects an activity from the activities in A; and
produces an output of 1 along it. Note that the players have disjoint sets of activities
for which they can produce outputs.

All the contests we construct are associated with exactly three players and at
most three activities. We shall denote a contest by C; ;x(A), where (i) S = {i, 7, k}
are the three distinct players whose utility function in the polytensor game, ug, will
be used to specify the prize of contest Cs(A); (ii) the contest Cg(A) awards its prize
to any player who produces an output of at least 1 along the activities in A; (iii) the
activities in A are from A; U A; U Ay with |[A] <3 and [ANA] <1forle S. We
shall call a contest Cs(A) a Type-£ contest if |A| = /.

Let us focus on a fixed set of three players S = {i,7,k}. We create contests to
exactly replicate the utility that these players get from ug. If we can do this, then,
by repeating the same process for every triple of players, we will replicate the entire
3-POLYTENSOR game. The utility that player ¢ gets from ug is ug(a;, a;, ai), where
a;, aj, and a are the actions of the three players. We have the following contests:

Type-3 Contests. Let us add a contest Cs(a;, a;j, ax) with prize vg(a;, a;, ay) for
every (a;,a;,a) € A; x A;j x Ay,. Later, we shall specify the vg(a;, a;, ai) values based
on ug(a;,a;,ar) values. Contest Cg(a;,a;,ar) distributes a prize of vg(a;, a;,ax) to
players who produce output along the activities a;, a;, or ay.

Say, the players ¢, j, k select the actions a},a},a;. The total prize that player i

1 ]7

gets from the contests we added is:

v a*,a*,a* * .ok v a*,af‘f)@
S( i 3] k) n Z US(@Z 7261]76%) + Z w + Z Us(a;‘,ajyak) (7.4)
ajFa; ap#ay, aj7aj

In expression ([7.4)), the first term is for the prize that i shares with j and k, the
second term is for the prizes that i shares with k, but not with j, the third term is for
the prizes that ¢ shares with j, but not with k, and the fourth term is for the prizes

that ¢ does not share with j or k.
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In expression (7.4), the first term svs(af,al,a}) resembles the utility that the

7 j Y
players obtain in the polytensor game, us(a;, aj, a;). If we were to set vs(a;, a}, a;) =
3us(af, a;, ay), then it would be exactly equal to it. However, we also need to take

care of the additional terms in expression (7.4)). Hence, we will add Type-1 and
Type-2 contests to cancel these terms.
The expression in ([7.4]) can be rewritten as

. vs(atagal) vs(af.asan) | 2vs(alala))
Zajeij Us(ai 5 CL], a/k:) Zaj7£a;f 2 Zakyéa;; 2 3 .
ap €A

Type-1 Contests. Let us add a contest Cg(a}) with prize

Z /US(aia ajvak)

a;F#al,a;€EA  aL €A

!/

') awards its prize to any player who pro-

for every a; € A;. This contest Cs(a
duces output along activity a (effectively, it awards the prize to player i if they
produce output along a;, because no other player can produce output along a;).
Similarly, we add the contests Cs(a}) and Cs(ay,) for @) € A; and aj, € Ay, re-
spectively. The total prize that player ¢ gets from Type-1 and Type-3 contests is

1 * * 1 * ok 2 * k%
Zai,a]-,ak U5<ai7 Qj, ak)_Zaﬁéa; §US(a’i ) Aj,s ak) _Zak;zéa;; EUS(ai Gy ak) _§Us<ai Gy ak)'
As Zai’%ak vs(a;, aj, a) does not depend upon the action af selected by i, the utility

of player i is effectively
1 1 2
— Z évg(af,aj,a};) — Z 51}5(a;‘,a;,ak) - gvg(az‘,a;f,aZ).
aj;éa;f ak;éa’,;

Type-2 Contests. Let us add a contest Cg(al, a’;) with prize

1 g
1
!/ /
E §vs(ai,aj,ak)
ap €A

!/ / : / !/

for every a; € A; and @ € A;. This contest Cs(aj, ]
In a similar manner, we add contests

) awards its prize to players
who produce output along activity a; or a.
corresponding to the actions of the other 5 possible combinations of players among
the three players 1, j, k, e.g., Cs(a}, a},) for a} € A; and a) € Ay, and so on. The net
utility that player ¢ gets from Type-1, Type-2 and Type-3 contests is %vg(a;‘, ay,ap).

We set vg(a;, aj, ar) = 3us(a;, aj, a) for every (a;, a;,ar) € A; x Aj x Ay, and we are
done. 0

In Theorem [7.12], we analyzed the complexity of computing an MNE. As we have
shown earlier, single-activity cost and budget games always have a PNE, and there-

fore, it is relevant to know the complexity of computing a PNE. In the next theorem,
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we prove that computing a PNE is PLS-complete, and this is true even if all the
players are identical. In the proof, we reduce MAX-CuUT to the problem of finding a
PNE in a particular class of single-activity games with identical players. For this class
of single-activity games, finding an MNE is easy, which highlights that the class of
single-activity games where PNE is hard (PLS-complete) to compute is strictly larger
than the class of single-activity games where MNE is hard (PPADNPLS-complete)

to compute.

Theorem 7.13. In the single-activity models, both cost and budget, it is PLS-complete
to find a pure-strateqy Nash equilibrium. The result holds even if all players are

identical.

A direct corollary of this PLS-completeness result is that better/best-response
dynamics takes an exponential number of steps to converge for some instances of the
problem [64].

Regarding fixed-parameter tractability (FPT), in Section we show that a PNE
is efficiently computable for both cost and budget single-activity models if the number
of players is a constant, and for the budget model if the number of contests is a

constant. Providing FPT results for other cases remains open.

7.5 Conclusion

In this chapter, we studied a model of simultaneous contests and analyzed the exis-
tence, efficiency, and computational complexity of equilibria in these contests. Given
the real-life relevance of the three-level model, player—activity—contest, it will be in-
teresting to study it for prize allocation rules other than the equal-sharing allocation,
such as rank-based allocation, proportional allocation, etc. For these contests, one
may investigate the properties of the equilibria and their computational complexity.
We also believe that there is much to explore regarding the computational complexity

of simultaneous contests, in general.

7.6 Omitted Proofs and Additional Results

7.6.1 From Section [7.2

Proof of Theorem[7.9. We shall prove the result for the cost game. The budget game
can be reduced to the cost game by endowing it with cost function ¢(-) that is always

equal to 0 (the presence of the budget constraint does not affect the proof).
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Let player ¢ make a move by changing its strategy from b; to b, and let b_; be
the pure strategy profile of the other players. Let S C M and S” C M be the contests
that player ¢ wins for strategy profiles b = (b;,b_;) and (b},b_;), respectively. We
have

nj(b)—1 ifjeS\9
n;(b;,b_;) = ¢ n;(b)+1 ifje€S\S
nj(b) in all other cases.

The change in the potential ¢(b},b_;) — ¢(b) can be expressed as

S Y w- > w0 - (b)) — b))

JjEM \‘L€ln;(b},b_;)] L€ln; (b)]
+ D (calby) —cy(by)),
(IGN\{} =

= Y v bo)) —a®) | = [ D vi(n(B) —cibi) |

JES\S jeS\s’
wi(B,b2) ui(b)
which is exactly equal to the change in the utility of the player i. O

Proof of Corollary[7.5. The potential function is bounded from above by ¢(b) <

ZjeM ZZG [n;(b)] Uj( ) < z]eM Zee[nj vi(1) < ZjeMn'Uj(]') < n-m-(max; v;(1)).
As the game is an exact potential game, every e-better-response move increases the
potential by more than e. So, in n - m - (max;v;(1))/e steps the sequence should

converge to an e-PNE. O

Proof of Lemma[7.4. Let S, T C G, SCT, and z € G\ T. We need to show that
sw(SU{x}) —sw(S) > sw(T'U{z}) — sw(T).

Let x = g§ for some player ¢ and contest j. As S C T, n;(S) < n;(T). Now, as the
total prize allocated by contest j (which is equal to £ - v;(¢) if there are ¢ winners) is

a concave function, we get

(n;(S) +1) - v5(n; () + 1) = ny(S) - v;(n;(9))
> (ni(T) +1) - vj(ny(T) + 1) — ny(T) - v;(ny(T)).

Asn;(SU{z}) =n;(S) +1and n;(TU{z}) =n;(T)+ 1, and n;y (S U{x}) = n;y(S)
and n; (T'U{z}) = n;(T) for j/ # j, we get the required result. O
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Proof of Lemma[7.5 By definition of u;,

wilAn AL = D vi(ng(A AL)) = > ui(n(0,A) +1). (7.5)

j:g;'-EAi j:g;-EAi

By changing her action from @ to A;, player i starts winning contests in J = {j | g} €
A;}. Therefore, she affects the prize allocation of players who were already receiving
prizes from contests in J. In particular, for any j € J, the n;(0, A_;) players who

were receiving a prize of v;(n;(0, A_;)) now receive a prize of v;(n;(0, A_;) +1). So,

Z u,(0,A_;) — Z u,(Ai, Ay)

L#£1 L#£1
= Y 00, A) - (v;(ny(0,A-)) — v;(n;(0, Ay) + 1)). (7.6)

jlgieAi

As the total prize allocated by a contest is a non-decreasing function of the number

of winners, we have
(ni (0, A) + 1) - v;(ng(0, Ay) + 1) > ni(0, Ai) - vi(ny (0, A))
= v;(n;(0, A~i) + 1) > n;(0, Ay) - (v;(n;(0, A-i)) — v;(n; (0, A) + 1))
— Z v;(n; (0, A_;) + 1)

jigjeAi
> 3 (0, A - (05(ni(0, A)) — vs(ns (8, As) + 1),
J:giE€A;
Combining this inequality with ((7.5)) and (7.6]), we get the required result. ]

Proof of Theorem[7.6. The social welfare is a non-decreasing function, as the total
prize allocated by a contest weakly increases as the number of winners increases. This
observation, together with Lemmas and [7.5] shows that our setting satisfies the
necessary conditions of Theorem 5 of Vetta [105]. This gives us the required bound

on the price of anarchy. m

Proof of Theorem |7.7. We describe an instance of the game, adapted from Example
5.37 of Vojnovic [106], that proves the required result.

Let there be n players, n activities, and n contests, i.e., m = k = n. Each player
has a budget of 1 that he can spend on any of the activities. Contest 1 has a prize
of n 4+ 1 and the remaining n — 1 contests have a prize of 1 each. Contest i gives (a

share of) its prize to any player whose output is at least 1 for activity i.
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This game has a unique equilibrium where every player produces an output of 1
for activity 1. This happens because even if all players play action 1, each player gets
a share of the prize from contest 1, which is equal to (n 4+ 1)/n > 1. On the other
hand, by spending their budget on any other activity they can get a prize of at most
1.

Now, the social welfare for this equilibrium is n + 1. On the other hand, if each
player selects a different activity then the social welfare would be 2n. So, we get a

price of stability equal to T?—j:l — 2 asn — oo. O

Proof of Theorem[7.8. We analyze the two variants of the model separately.

Subtracting Costs from Social Welfare. We will construct an instance with two
players, two activities, and two contests, i.e., n = k = m = 2. Contest j distributes
a prize of 2 4+ € to players who produce an output of 1 along activity j and does not
care about the output along activity (3 — j). Each player has a linear cost function
with a slope of 1 for each activity.

This game has a unique equilibrium where both players produce an output of 1
for both activities. Because, irrespective of what the other player is doing, a player
would get a prize of strictly greater than 1 by producing an output of 1 (with cost 1)
for each activity. The total welfare for this equilibrium is 2% (24¢) —2x% (1 +1) = 2e.

Consider a socially optimal situation where player 7 produces output along activity
i: the total prize allocation is still 2 * (2 + €), but the total cost is 2, so the total

24+2¢

welfare is 2+ 2¢. Therefore, the price of anarchy is ==, which tends to 00 as € — 0.

Not Subtracting Costs from Social Welfare. In this definition of social welfare,
too, a simple example shows that the price of anarchy is unbounded. Consider an
instance with one player, two activities, and two contests. The two activities have a
one-to-one correspondence with the contests, i.e., contest j cares only about activity
j. The player can win the first contest, which has a prize of €, with a cost of €/2,
and she can win the second contest, which has a prize of 1, with a cost of 1+¢/2. In
equilibrium (unique), the player only wins the first contest. The PoS is 1/e, which
tends to +o0 as € — 0. Here, the social welfare and the utility of the player are not
aligned, as the player cares about costs whereas the social welfare does not. Hence a
bad PoS is expected. n

7.6.2 From Section [7.3

Proof of Theorem[7.9. The following two lemmas prove the result separately for the
cost and the budget models.
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Lemma 7.14. In the linear multi-activity cost model, there is mno polynomial-time

approximation scheme for best-response, unless P = NP.

Proof of Lemma[7.14 We provide a reduction from 4-REGULAR-SETCOVER, which
is NP-hard to approximate by a factor of 2 — e for any € > 0 [59).

4-REGULAR-SETCOVER: An instance of this problem is given by a universe U =
{1,2,...,m}, aset S = {51,5,,...,5;}, where each S; is a subset of U of size 4
(IS;| = 4). The objective is to find a set cover of ¢ of minimum possible size, i.e.,
find a collection of sets &’ C & with minimum possible |S’| such that Ug,cs = U.
We can assume without loss of generality that Ug,es = U (as otherwise we obviously
cannot have a set cover).

We create an instance of the multi-activity cost model with 1 player, m = k+m
contests, and a set of k = k activities K. We split the contests into two groups of
size k and 7, respectively: M; = {1,..., l;:} and M, = {l% + 1, k+ m}.

e Fach contest in M; has a prize of value (m + 1). Let the weights for these

contests be defined as:
, forl=j

w ; =
7t {O, otherwise
where j € M; and ¢ € K. That is, a contest j € M; awards a prize of (m + 1)

to the player as long as she produces an output of at least 1 along activity j.

e Each contest in M, has a prize of value 1 + 1/(m + 1). To receive the prize
of contest (5 + l%) € M,, the player needs to produce a total output of 1 along
activities {¢ | j € Sy}. Formally, the weights are:

{1, if (j — k) € Sy

Wje = .
0, otherwise

where j € M and / € K.

e The player has a marginal cost of (m + 2) for producing output along any of

the activities, i.e., c;y =m+ 2 for £ € K.

Observe that the contests in M; are much more valuable to the player than the
ones in My: each contest in M; has a prize of (7 + 1), which is more than the total
prize of all contests in My which is equal to m + m/(m + 1). Note that it is sub-
optimal for the player to produce an output that is strictly more than 1 along any
activity: this would contribute to her cost without affecting the prizes she gets. Also,

it is sub-optimal for a player to produce an output that is strictly between 0 and 1
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for any activity. Indeed, let K’ = {{ € K | 0 < by, < 1}, and set 8 = >, b1s.
Suppose for the sake of contradiction that K’ # (). The activities in K’ do not help
the player to win contests in M;. If § < 1, they do not help the player to win
contests in My either, so the player can improve her utility by setting b, = 0 for
each ¢ € K'. If p > 1, these efforts may contribute towards winning contests in M,
whose total prize value is m 4+ m/(m + 1), but then they incur a cost of at least
- (m+2)>m+2>m+m/(m+ 1), so again the player can improve her utility
by setting by, = 0 for each ¢ € K’. Hence, when playing a best response, the player
produces binary outputs (either 0 or 1) along each activity. In other words, she selects
a subset of activities from K and produces an output of 1 for each.

Without loss of generality, we can also assume that the player will select an action
(subset of activities) that wins her all the contests in M;. For contradiction, say the
player selects an action A C K such that there is a contest (5 + /%) € M, that the
player does not win. As per our assumption that every element of the universe I/ in
the 4-REGULAR-SETCOVER instance is covered by at least one set in S, so there is
an { € [ff] such that j € S;. ¢ ¢ A because the player does not win contest j + k.
Now, if the player selects action A’ = {f} U A, i.e., produces an output of 1 along
activity ¢ in addition to the ones in A, then her prize increases by (7 4+ 1) because of
contest ¢ € My and by 1+ 1/(1n + 1) because of contest (j + k) € M,, while her cost
increases by (m + 2). So, her utility for playing A’ is strictly more than A.

In summary, given any action by a player, we can can convert this action to
another action where the player produces an output of 1 for a subset of activities
A C K, produces an output of 0 for activities in K \ A, and wins all the contests in
M,. And, this conversion increases the player’s utility and can be done in polynomial
time. Further, this new action directly corresponds to a set cover for the 4-REGULAR-
SETCOVER instance.

We claim that the player cannot compute an action A C K in polynomial time
that gives her a utility of at least (3 4 €)/4 of the optimal utility, for any € > 0. As
per our discussion above, w.l.o.g., A is a set cover, i.e., UpcaSy = U. Let A* C [l%] be
an optimal set cover. The utility of the player for action A is m + mlﬂ — | A| while the
utility for action A* is 7+ =27 — [A”|. If the utility for playing A is at least (3+¢)/4
of the optimal utility, then

A~

R m 3+¢€ (. m .
m+ — —|A| > m+ — — |A"]
m—+1 4 m—+1

o i
— €<m+ m )+316|A*\2\A1. (7.7)



Now, as |S| = 4 for every S € S, therefore

U . .
\A*|2uzm = 4A"|>m = S|A* | >m+1>m+ Am :
4 4 m+1
Putting this in (7.7]) gives us
1—e€ 3+e€
CSsla 2 2 14 = A< @ - 9la)

So, A is a 2 — e approximation of the optimal set cover A* for the arbitrary 4-
REGULAR-SETCOVER instance, which is not possible unless P = NP [59).
O

Lemma 7.15. In the linear multi-activity budget model, there is no polynomial-time

approximation scheme for best-response, unless P = NP.

Proof of Lemma[7.15. We prove this result by providing a reduction from MAX-2-
SAT-3. In an instance of the MAX-2-SAT-3 problem, we are given a 2-CNF formula
where each variable occurs at most 3 times, and the objective is to find an assignment
of the variables to satisfy as many clauses of the 2-CNF formula as possible. It is
known that it is NP-hard to approximate this problem beyond a constant factor [14].

Consider an instance of MAX-2-SAT-3 with n variables 1, xo, ..., z5. Let there
be m clauses in the 2-CNF formula; w.l.o.g. assume that m > n. We construct an
instance of the multi-activity budget game with one player, k& = 2n activities, and
m = m + 4n contests. The player has a budget of n that she can allocate across any

of the 2n activities. Each contest awards a prize of 1.

e Activities: Corresponding to each variable in the 2-CNF formula, we have two
activities in the game. For variable z;, we have activity ¢ with output b;, cor-
responding to the literal z;, and we have activity n + ¢ with output b;;, cor-
responding to the literal —z;. We sometimes denote b;,; by b, for a cleaner

presentation.
e Contests: The m = m + 4n contests are of two types:

1. Contests M;. There are m contests of this type, and these contests cor-
respond to the clauses in the 2-CNF formula. For a clause z; A z;, we
have a contest with condition b; + b; > 1. Similarly, for a clause z; A —z;,
there is a contest with condition b; + b} > 1, and so on for the other types
of clauses. A contest in M; can be identified by the associated pair of

activities (i,7) € [2n] x [27].
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2. Contests Ms. There are 4n contests of this type, and they correspond to
the 2n possible literals in the 2-CNF formula. For each i € [n], there are

two contests with condition b; > 0 and two with condition b > 0.

As each contest has a prize of 1, the objective of the player is to satisfy as many
contests as possible.

Let us assume that for linear multi-activity budget games, we have a polynomial-
time algorithm that approximates the best response by a factor v € (0,1]. Let b be
a solution for the instance of the problem we just constructed, found in polynomial
time using this approximation algorithm.

From this approximate solution b, we construct a {0,1}-integral approximate

solution with at least as good an approximation ratio as b, as described below:

1. If there is an i € [2n] such that b; > 1, set b; = 1. Notice that this trans-
formation does not affect the number of satisfied contests. In the subsequent
transformations of b, we will not touch these b; values (where b; = 1) and the
contests that contain them. So, the contests where they show up will remain
satisfied. Let these contests be denoted by M.

2. Let Ml(Z) denote the contests in M; \ M) that are satisfied by b. Do the
following updates to b and M1(2) until M1(2) = ()

e Take an arbitrary contest (4, 7) in M1(2). We know that the following con-
ditions hold: b; +b; > 1, b; < 1, and b; < 1.

e Set b; = 1 and b; = 0. As the value of b; increases, the contests that
contain b; and were satisfied before this update remain satisfied after this
update. On the other hand, as every variable may occur in at most three
clauses, b; may occur in at most two more contests in Ml(g) in addition to
the current contest (i,7). These contests become unsatisfied as a result
of this transformation, but they are compensated by the two contests in
M, that correspond to b;, which were unsatisfied before this update, but
become satisfied after this update.

e Remove all contests from M1(2) that correspond to the activities ¢ or j, i.e.,

set M{? = MP\{(08) | {€.t} N i, j} # 0},

As the size of Ml(z) decreases after each update without decreasing the total
number of satisfied contests, the process terminates with a solution as good as

before.
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3. As a result of the previous step, there is no contest in M; that is satisfied but
has an output strictly less than 1 for both of its activities. In other words, for
any contest (i,5) € My, b; +b; > 1 = max(b;,b;) = 1. Moreover, none of
the contests in My can be satisfied by an activity ¢ with b; < 1. So, we can
safely set b; = 0 for all ¢ with b; < 1, without decreasing the number of satisfied

contests.

Thus, we can assume without loss of generality that the solution for the instance
of the linear multi-activity budget game is {0, 1}-integral. We can also assume that
Y icon i = 11, because setting additional b; values to 1 does not decrease the objective.

As mentioned before, MAX-2-SAT-3 is NP-hard to approximate beyond a con-
stant factor, even when the number of clauses is of the same order as the number
of variables, i.e., h = ©(n), as proved by Berman and Karpinski [I4], given in the

theorem below.

Theorem 7.16. [1])] For any0 < € < 1/2, it is NP-hard to decide whether an instance
of MAX-2-SAT-3 with m = uyn clauses has a truth assignment that satisfies (pa +
1 — €)n clauses, or every truth assignment satisfies at most (us + €)n clauses, where

w1 and o are two positive constantsﬂ

Theorem [7.16] proves that MAX-2-SAT-3 cannot be approximated better than
a factor (ug + 1)/u2 — €. Now, if an instance of the MAX-2-SAT-3 problem has
a truth assignment that satisfies yn clauses, then the constructed instance of the
linear budget game has a best response that satisfies (y + 4)n contests. So, for any
0 < e < 1/2, it is NP-hard to decide whether an instance of the linear budget game
with m = m+4n = (u; +4)n contests has a best response that satisfies (o +5—€)n
contests, or it can be at most (us + 4 + €)n. This gives us an approximation ratio of

(2 +5)/(p2 +4) — €
O

]

Proof of Theorem[7.11. We prove the result first for the case when the number of
activities is a constant and then for the case when the number of players is a constant.

Constant number of activities (k constant). Notice that in the linear multi-
activity model, the criterion for a given contest j is a linear constraint of the form

ZZeK w;ebip > 1, where wj, € R5¢ is a non-negative weight that contest j has for

Tuy = 2016 and pup = 2011. Berman and Karpinski [I4] call the problem 3-OCC-MAX-2SAT
instead of MAX-2-SAT-3.
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activity ¢ and b; = (b;¢)eex is the output vector for a player. This linear constraint
divides R* into two half-spaces. The set of half-spaces in R*¥ has a VC-dimension
of k+ 1 [65], and therefore, the set of constraints (one for each contests) also has a

VC-dimension of at most k& + 1. Let S be the following set of subsets of contests:

S={SCM|3b; eRE st Y wbiy>1Yj€S,

LeK
and ij,gbi,g <1,¥j € S}.
teK

In other words, for every set S € S, there exists an action b; which satisfies the
criteria for all the contests in S and none of the contests not in S. As the set of
criteria corresponding to the contests has a VC-dimension of k41, the set S is of size
O(m**1) and the elements of S can be enumerated in time polynomial in m when k
is ﬁxedﬁ The elements of S can be computed inductively, see the proof of Lemma 3.1
of Kearns and Vazirani [65].

Now, let us pick a set S € §. For the cost model, we can efficiently solve a linear
program where the objective is to minimize the (linear) cost function of the player and
the constraints are the ones corresponding to the contests in set S. Similarly, for the
budget model, we need to check the feasibility of the set of constraints for contests in
S plus the budget constraint of the player, which can also be done efficiently. Finally,
we compile the optimal solution for each S € S to find the optimal solution overall.

Constant number of contests (m constant). The proof is similar to the one
for the case when k is a constant. There are 2™ possible subsets of contests, we can
efficiently enumerate over them because m is a constant. For each subset of contests
S C M, we repeat the same process (solve a linear programming problem) as the

previous case when £ was a constant. O]

7.6.3 From Section [7.4l

Proof of Theorem[7.14. For now, let us focus on the single-activity budget model. At
the end, we extend the result to the cost model.

In the proof sketch given in Section [7.4] we reduced a 3-POLYTENSOR game to
a single-activity budget game to emphasize the main ideas and give a cleaner pre-
sentation, but 3-POLYTENSOR games have not yet been proven to be (PPADNPLS)-
complete. Rather, 5-POLYTENSOR games are (PPADNPLS)-complete [9], so we start
from an instance of 5-POLYTENSOR.

8See Lemma 3.1 and 3.2 of Chapter 3 of the book by Kearns and Vazirani [65].
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Take an arbitrary instance of 5-POLYTENSOR with n players; we shall use the
same notation as Definition [7.10] We construct a single-activity game with n players,
Zie[n] |A;| activities, and a polynomial number of contests to be defined later.

The > ¢, |Ail activities have a one-to-one association with the actions of the
players. The activities are partitioned into n subsets; the i-th subset has size |A;| and
is associated with player 7; we identify these activities by A;. Player ¢ has a budget
of 1 that they can use to produce output along any activity from A;, but they have
0 budget for the activities in A; for j # i. Effectively, as we are in a single-activity
model, player ¢ selects an activity from the activities in A; and produces an output
of 1 along it. Note that the players have disjoint sets of activities for which they can
produce outputs.

All the contests we construct are associated with exactly five players and at most

five activities. We shall denote a contest by Cg(A), where

e S is the set of five distinct players based on whose joint utility function in the

polytensor game, ug, we shall specify the prize of contest Cs(A);

e the contest Cg(A) awards its prize to any player who produces an output of at

least 1 along the activities in A;
e the activities in A are from U;cgA; with |A] <5 and |[ANA;| <1fories.

We shall call a contest Cs(A) a Type-£ contest if |A| = £.

We create the contests (Cs(A)) 4 to exactly replicate the utility that the five players
in S get from ug. If we can do this, then repeating the same process for every set of
five players, we will replicate the entire 5-POLYTENSOR game. The utility that player
i € S gets from ug is ug(ag), where the ag are the actions of the five players. We
have the following contests:

Type-5 Contests. Let us add a contest named Cg(ag) with prize vg(as) for
every ags € X;esA;. We shall specify the vg(ag) values based on the ug(ag) values,
later. Contest Cs(ag) distributes its prize to players who produce output along the
activities ag.

Say the players S play the actions a§ = (a})jes. Let Ay = A;\ {a}}; and for
T CS,let Ay = XjerAj and Ap = XjerA; . The total prize that player i € S gets
from the Type-5 contests is:

"Us(a;},as\T)
> > X

(€[5] TCSET,|T|=t a5\ reAg,
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In the above formula, the outer summation with ¢ is for the number of players that
player ¢ has to share their prize with, including 7; the middle summation is for the ¢
players, T’; the inner summation is for the actions of the players in S\ 7. The same

formula can be rewritten as

/—
> uslalasg) - >, > > 7 1vs(a*T,aS\T)-

ags\ (i} €As\ (i} 2<U<5 TCS,ieT,|T|=¢ ag\TE€Ag, 1

Type-1 Contests. Let us add a contest named Cg(a}) with prize
Zai#ag,aS\{i}eAS\{i} vs(a;, ag\(;y) for every i € S and a; € A;. This contest Cg(ay)
awards its prize to any player who produces output along activity a;. The total prize

that player ¢ gets from Type-1 and Type-5 contests is

Z vs(ag) — Z Z Z K_Tlvs(a*T,aS\T).

ag€Ag 2S5 TCSET|T|=t ag\ reAg, 4

As D ascas Us(as) does not depend upon the action a; selected by 4, the utility of

player i is effectively

_ Z Z Z g ; 1?}5(0,;, as\T).

2<USB TCSET|T|=E ag\peAG,

Type-2 Contests. Let us add a contest named Cg(a;, a’

i @) with prize

Zas\{i,j}eAS\{i,j} w for every i,j € S,i # j and aj € A; and o € A;. This
contest Cs(a;, a}) awards its prize to any player who produces output along activity

a; or aj. The net utility of player i gets from Type-5, Type-1, and Type-2 contests is

)OEED VD 3 (éi(i%)—gf)vs(a;,am)

BSU<5 TCS,i€T|T|=L ag\r€A, 1 -1

- Y Y susleras)

TCSHeT,|T|=3 as\TeAg\T

3 6
+ _ * , _ * .
SRND I ERRERS N
TCSIET |T|=4 ag reAg,
Type-3 Contests. Let us add a contest named Cg(a’) with prize

D vs(ar.as\r) vslar.as\r)
ar#al,as\r€Ag\T 3 as\TE€As\T 3

ery T'C S with |T'| = 3 and for every a/, € Ap. This contest Cg(a’,) awards its prize

(effectively, the prize is — > ) for ev-
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to any player who produces output along activities a’.. The net utility of player i

gets from Type-5, Type-1, Type-2, and Type-3 contests is

> % (3-3)staenasnn

TgsvieTﬂ‘T|:3 aS\TeAS\T

+ Y Z, G - 1) vs(@h, as\r) + (g — 2) vs(ag)

TCSHeT,|T|=4 GS\TEA

S\T
1 * 4 *
== > jvslasgya) — zus(al).
]#Z aJEAj_
Type-4 Contests. Let us add a contest named Cg(a’,) with prize
ZaS\TEAS\T w for every T' C S with |T| = 4 and for every a’, € Ar. This

contest Cg(a’) awards its prize to any player who produces output along activities

a’.. The net utility of player i gets from all the five types of contests is

1

5“S(“§)~

We set vg(ag) = bug(ag) for every ag € Ag, and we are done.

Cost. It is easy to adapt the above proof to the single-activity cost model. All
the players, contests, and activities are the same, we just need to replace the budgets
with costs. In the proof above, we used the budgets to make sure that player ¢ can
produce output only along activities in A; (note that we are in a single-activity model
so they will produce output along exactly one activity). We can achieve that same
for the cost model: for player i, set a very low cost for the activities in A; and very
high cost for the activities in A;, j # ¢, such that player 7 always wants to produce
output along one of the activities in A; and never along the activities not in A;.

O

Proof of Theorem [7.15 We prove this result by reducing the problem of finding a
locally optimal max-cut solution in a graph, which is known to be a PLS-complete
problem [64], to our problem. Let (V, E) be an arbitrary graph and let w. € Zsq
be the weight of edge e € E. A cut (S,S5) (where S = V' \ S) is locally optimal if
one cannot improve the max-cut objective Z(u,v) cEuesves Wup by moving a vertex u
from its current partition S (or S) to the other partition S (or 5).

Budget. Let us first focus on the single-activity budget model, we shall slightly
tweak the same construction for the single-activity cost model.

Construction. We construct an instance of the budget game corresponding to the

given graph (V, E) as follows:
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1. Let there be |V| players.
2. Let there be 2|V| activities, which we identify by «, and f, for v € V.

3. Let each player have a budget of 1 that they can spend on any of the activities.
As we are in a single-activity setup, in a pure strategy, a player would select an
activity and produce an output of 1 along that activity. Note that the strategy

space is symmetric across the players.
4. Let there be |V| + 2| E| contests.

e We identify the first || contests using the vertices. The contest that
corresponds to v € V equally distributes a large prize of 43 __,w. + 2 to
the players who produce a total output of at least 1 along the two activities
a, and [, corresponding to v, i.e., a player ¢ receives a share of the prize

if b; o, + big, > 1. We call these contests vertex contests.

e We identify the other 2|E| contests using the edges, two contests per edge.
For an edge e = (u,v) € E, one of the contests distributes a prize of w,
to the players who produce an output of at least 1 along the two activities
a, and «,, and the other contest distributes a prize of same value w, to
the players who produce an output of at least 1 along 3, and 5,. We call

these contests edge contests.

Analysis.  Observe that the total prize awarded by the 2|E| edge contests is
2(>.cpwe), while the prize awarded by a single vertex contest is 4 _pwe + 2,
which is much larger. As a player can produce output along only one activity, and as
each vertex contest v values a unique disjoint pair of activities (v, 3,), no player can
win prizes from more than one vertex contest. Also, as the number of players is equal
to the number of the vertex contests, each player can get a complete share of one of
the vertex contests. In a PNE, each player selects a distinct pair («,, 8,) and pro-
duces output along one of the activities in the pair, because a player can move from
a shared prize to an unshared prize increasing their utility by at least 23 . w. + 1
from the vertex contests, which dominates maximum total loss of 2 __. w. from the
2|E| edge contests. Let us denote the player who produces output along the pair of
activities (a, By) as i,,.

Let S={v eV |bya =1}and S=V\S={v eV |b,s =1}. For an edge

(u,v), if both players i, and i, are in S or S, then they share the prize of w,,, on
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the other hand if one of them is in S and the other in S then they each get w,,. The
value of the potential function (Equation ([7.1))) ¢ can be written using S and S as

#(S,5) = <4Zwe+2> VI+ nge+% > wu,

ecE ecE (u,w)EEuESWES

_ <4yv| + ;) > we+2[V|+ % > Wi,

ecl (u,v)EEuESVES
where the contribution of |V/|(4) . pwe + 2) is from the |V| vertex contests and a
contribution of 3w,,/2 (if both u and v are in S or S) or 2w,, (if one of u or v is
in S and the other in S) is from the two contests corresponding to the edge (u,v).
As we have argued before, a player 7, will never change their associated vertex v
in a better response move. A move by the player i, of shifting from «, to f3,, or
vice-versa, corresponds to moving the vertex v across the cut (S,.5) in the max-cut
problem. The value of the potential is effectively equal to the objective of the max-cut
problem: we have multiplied the max-cut objective with a positive constant factor of
1/2 and added a constant term. So, we have a one-one correspondence between local
search in max-cut and dynamics in the single-activity budget game.

Cost. Note that for the budget game constructed above, the budget constraint
was not very crucial in the analysis. No player had an incentive to produce an output
of strictly more than 1 along the activity they selected, because all the contests already
awarded the prizes as soon as the players produced an output of 1. In the cost model,
we remove the budget constraint and set ¢;; =4z w. + 2 for every player i and
activity £. The same analysis used in the budget model holds here too, the value of

the potential function (Equation (7.1])) here is:

#(S,5) = (4 > we+ 2) V]|

ecll
+ §E we—kl E Wyo | — 4E we+2 | |V|
2 2 _
el (u,v)EEueSWES eck
— Y wery Y w
~ 9 ey B w0
eckE (u,v)EEueSWES

where the positive contribution of |V'[(4 ) . we 4 2) is from the |V| vertex contests,
the contribution of 3w,,/2 or 2w,, is from the two contests corresponding to the
edge (u,v), and a negative contribution of |V[(4)_ .5 we + 2) is due to the cost of

the players. The rest of the argument follows as before.
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Mixed-strategy Nash equilibrium. In the MAX CuT problem, a randomized
solution where each vertex is on either side of the cut with a probability of 1/2 cannot
be improved by moving just one vertex to a different side (or to a different distribution
over the two sides). So, it is locally stable. We apply the same idea to find an MNE
in the single-activity contest game just constructed.

Consider the following mixed strategy profile: for every v € V, there is a unique
player i, who produces an output of 1 along one of the two activities «, or 3, with
a probability of 1/2 each. As argued before, player i, would not want to produce
output along any other a, or (3, for u # v because of the vertex contests. Also, given
that every other player is following this strategy, player 7, has the same utility for
selecting either «, or (3,, so (1/2,1/2) is as good a mixed-strategy as any other. So,

we have an equilibrium. O

7.6.3.1 Fixed Parameter Tractability for Single-Activity Models

Theorem 7.17. In the single-activity models, both cost and budget, we can compute
a pure-strateqy Nash equilibrium in polynomial time if the number of players is a

constant.

Proof of Theorem [7.17. For the budget model, a player essentially chooses an activity
among the k activities; once she selects an activity, she can w.l.o.g. produce the
maximum output in her budget for that activity. So, she essentially has k actions.
Similarly, for the cost model, she essentially has at most m - k actions. First,
the player chooses an activity among the k activities, then she chooses the level of
output for that activity. For a given activity, the criterion of a contest corresponds
to a minimum level of output. When choosing the level of output for an activity, a
player can w.l.o.g. choose among these minimum levels of output corresponding to
the contests. As she increases her output for an activity from one level to another level
with a higher output, she wins a superset of contests as she was winning previously.
As there are n players and each player (effectively) has at most m - k actions
(k < m - k for budget model), therefore there are at most (m - k)™ action profiles.
We can enumerate over these profiles and find the PNE is polynomial time if n is a

constant. O

Theorem 7.18. In the single-activity budget model, we can compute a pure-strateqy

Nash equilibrium in polynomial time if the number of contests is a constant.
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Proof of Theorem[7.18, 1f we carefully observe the potential function of the budget
model, >y, de[nj(b)] v;(€), given in (7.1)), we can see that for every contest j € M,
Zee[nj ()] Vi (¢) can take at most n + 1 different values depending upon the value of
n;j(b). So, the potential function can take at most (n 4 1)™ different values.

If we are not at a PNE, there is a best-response move that strictly increases the
potential function, and we can find such a best-response in polynomial time (even for
the multi-activity model, see Theorem . So, we can find a PNE in polynomial
time by repeatedly finding a best response move and strictly increasing the potential

function, and this process will terminate in at most (n + 1)™ many steps. ]

Note that idea used in the proof of Theorem does not directly carry over
to the cost model because of the additional (=3, y ci(b;)) term in the potential

function for the cost model.
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Chapter 8

Conclusion and Future Work

Contest theory provides useful models for studying competitive environments in eco-
nomics and computer science. Our work contributed to specific directions focusing on
learning in Tullock contests, equilibrium in simultaneous contests, and contest design.

Our work on best-response and related dynamics in Tullock contests assumes
that the agents observe and react to the actions of other agents. This assumption
is realistic in specific applications, e.g., firms competing for market share through
advertising, but may not hold for applications like Bitcoin mining. In the latter
case, the contest allocates the prize probabilistically, and an agent gets the prize
with a probability proportional to their action. In each round of the game, an agent
only observes whether they win the round or not, but not the actions of the other
agents. An important research direction is to study learning in these games with only
probabilistic feedback.

Our work on learning in Tullock contests focuses only on convex cost functions.
However, some applications may have economies of scale, and the marginal costs may
decrease, including computer science applications like blockchain protocols [§]. There
has been little attention to learning in Tullock contests with non-convex cost func-
tions, likely because Tullock contests with non-convex cost functions (non-concave
utility functions) may not have a pure-strategy Nash equilibrium and the learning
dynamics are less well-behaved. For example, best-response dynamics is not a suit-
able learning model in these settings and does not converge (including the empirical
distribution of the actions generated by the dynamics). Dynamics that can converge
empirically to mixed-strategy Nash equilibria, e.g., fictitious play, are more suitable
for these models. Although these research directions are more challenging, pursuing
them is crucial for a better understanding of dynamics and equilibrium in Tullock

contests. Similarly, learning in all-pay auctions, and more generally, in rank-order
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allocation contests, has received limited attention due to similar challenges but is
also an important direction of future research.

Another promising direction is to extend the techniques from Chapters [2] and
to other classes of games. In particular, use techniques from randomized algorithms
and convex optimization to derive (rate of) convergence results for discrete learning
dynamics in specific classes of games, especially games that have a unique pure-
strategy Nash equilibrium, e.g., diagonally strictly concave games [93].

Our work in Chapter [4| showed that continuous-time BR dynamics converges to
an e-approximate equilibrium in ©(log(1/¢€)) time for Tullock contests with arbitrary,
possibly non-homogeneous, convex costs. However, with discretization, we proved
only an O(1/e) convergence rate. Can we discretize the continuous dynamics dif-
ferently to get an algorithm that computes the equilibrium in poly(log(1/€)) steps?
More broadly, we want to understand which properties of a dynamical system allow
us to find computationally efficient discretized algorithms and when it is not possible
(computationally hard), with a particular focus on learning in games, e.g., extending
convergence results of continuous gradient-based dynamics of [93] to discretized ver-
sions. Such results are not immediate, as indicated by the difference between discrete
and continuous replicator dynamics [52]. This research direction is also related to the
active research area in optimization that addresses the continuous-to-discrete chal-
lenge, e.g., of choosing the step size to have fast convergence of gradient descent [3] [4].

Contests are receiving increased attention in computer science because of their use
in modeling crowdsourcing and blockchain applications. Blockchains naturally lead to
contest-like games (including the Bitcoin mining application discussed previously in
this thesis). For example, blockchains need to implement some form of decentralized
governance. Generally, in proof-of-stake blockchains, an agent gets voting rights in
proportion to the amount of their stake that gets blocked, which leads to opportunity
costs. Such voting games are similar to group contests [97]. As another example, con-
sider the blockchain platform Cardano that uses crowdsourcing to get quality reviews
for proposals to make changes to the platform [I8]. Cardano incentivizes reviewers by
providing rewards for quality reviews, which leads to a game of simultaneous contests.
Current literature, including our work in Chapter [7], provides a limited understanding
of group and simultaneous contests, primarily due to the difficulty in analyzing these
contests. We may be able to make progress in these directions by formulating them
as large contests [87], where each agent has only a minimal influence on the outcome.

Recent papers have used contests to study competition for college seats [21], [68,

27]. The data analysis in these papers indicates that agents may not follow the
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traditional contest models. Proposed intuitive explanations include participants not
exactly knowing their own valuations or not fully following rational behavior (within
the scope of the modeling parameters). The pressing research problem here is to
develop suitable contest models guided by real-life data and use these models to
recommend policy interventions that help mitigate the practical issues (e.g., with the
JEE college admission exam in India [27]). Tools from behavioral economics may play
an important role. A related line of work is to study fairness and diversity objectives,
particularly when applied to contests induced by scholarships, funding, and other
education-related competitions like hackathons; our work in Chapters [f] and [6] makes
progress along these directions, but a lot remains to explore.

Contests are practical models to study both classical economic environments and
modern strategic interactions enabled by the internet. Our work contributes to a
better understanding of these models and highlights important directions of future

research, but a lot remains to explore.
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