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Abstract

In this thesis, we study 3-manifolds from an algorithmic point of view.

Our motivation is the conjecture that 3-manifold homeomorphism is in

NP. The hope is that if one can prove this conjecture in the special case

of geometric 3-manifolds, then one can use geometrisation to prove the

general statement. This thesis predominantly concerns itself with the

Seifert fibered case.

The idea is to show that we can bound the size of characteristic topological

structures in an arbitrary triangulation. To that end, we first study the

size of minimal triangulations of Seifert fibered spaces. We show that we

can realise certain important curves, the singular fibres, as subcomplexes

by increasing the size of an arbitrary triangulation by a linear factor. We

use this result to give bounds on the triangulation complexity of Seifert

fibered spaces with non-empty boundary, which is the minimum number

of tetrahedra in a triangulation of a manifold. We give a formula for the

triangulation complexity which is correct up to a multiplicative factor. We

also give an optimal bound for the triangulation complexity of a connect

sum.

We then turn our attention to the 3-manifold homeomorphism problem.

We first show that recognising (closed) Euclidean and Nil 3-manifolds, and

deciding if a given set of Seifert data is correct for them, is in NP. We

then consider the case of recognising Seifert fibered spaces with non-empty

boundary. We prove that the recognition problem for Seifert fibered spaces

with non-empty boundary is in NP, and that deciding whether a given

Seifert fibered space with non-empty boundary admits certain Seifert data

is in NP ∩ co-NP. To do this, we give bounds on the size of a complete

collection of normal annuli in such a Seifert fibered space. The technique

we use for this bound, which is the theory of normal surfaces in split handle

structures, comprises half this chapter and can be used generally to give a

bound of the form c|T |2 on the weight of a complete collection of (disjoint)

incompressible normal surfaces in an arbitrary triangulation T .
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Notation

T k when T is a triangulation, its k-skeleton; that is, the collection of
k-cells in it

T (n) the nth barycentric subdivision of a triangulation T
∂v(Σ× I) the vertical boundary ∂Σ× I
∂h(Σ× I) the horizontal boundary Σ× ∂I

|T | the number of tetrahedra in a triangulation T
|H| the number of 0-handles in a handle structure H
χ(S) the Euler characteristic of a manifold S
dH the maximum possible number of elementary disc types up to normal

isotopy in a subtetrahedral (split) 0-handle
e(M) when M is a Seifert fibered space, its Euler number
s(F ) the size of a normal surface F , which is the number of elementary

discs in it
w(F ) the weight of a normal surface F
∥q/p∥ the continued fraction norm of q/p (see Definition 2.6.2)

v



Chapter 1

Introduction

In theory, theory and practice are the same.
In practice, they are different.

Attribution unknown

Given two mathematical objects, can we tell if they are the same? The answer, of

course, depends on the class of object: given two group presentations, in general, we

cannot decide if they are isomorphic; if we are told the two groups are δ-hyperbolic,

we can. This thesis is motivated by the 3-manifold case.

Definition 4.1.1. The decision problem of 3-manifold homeomorphism is the

problem of, given two triangulations of compact, connected, orientable 3-manifolds

with toroidal boundary, deciding if they are homeomorphic.

There is an algorithm to solve this problem as a consequence of Perelman’s proof of

Thurston’s geometrisation conjecture, and as we discuss in Section 4.1 several proofs

have been given of this fact. While known theoretical solutions could be extremely

slow, in practice the question can be answered reasonably efficiently (see Section 4.1.1).

We would like to better understand the difficulty of this problem from a theoretical

point of view; that is, we wish to study its complexity class (as defined in Section 2.1)

by asking the following well-known question.

Question A. Is 3-manifold homeomorphism in NP?

To give a positive answer to this question, one approach is to first show that the

homeomorphism problem is in NP for geometric 3-manifolds, which are hyperbolic,

Sol, or Seifert fibered.

Theorem 5.1.1. The problem Seifert fibered space with boundary recogni-

tion is in NP.
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Theorem 5.1.2. The problem naming Seifert fibered with boundary is in

NP ∩ co-NP.

To prove this result, we need to study how an arbitrary triangulation of a Seifert

fibered space reflects its topology. This leads us to another question: bounding the

triangulation complexity ∆(M) of a Seifert fibered space M , which is the number of

tetrahedra in a minimal triangulation of M .

Theorem 3.3.1. There exists k > 0 such that for any Seifert fibered manifold M with

non-empty boundary other than S1×D2, whose Seifert data is [Σ, (p1, q1), . . . , (pn, qn)]

with (without loss of generality) 0 < qi < pi for each i,

1

k

(
|χ(Σ)|+

n∑
i=1

∥qi/pi∥+ 1

)
≤ ∆(M) ≤ k

(
|χ(Σ)|+

n∑
i=1

∥qi/pi∥+ 1

)
.

Two main technical results underlie Theorems 3.3.1 and 5.1.1. First, we prove that

we can find small representatives of almost all the singular fibres in any triangulation

of a Seifert fibered space with non-empty boundary.

Theorem 3.3.2. Let M be a Seifert fibered space with non-empty boundary and let T
be a (material) triangulation of M . The collection of singular fibres of M that are not

of multiplicity two have disjoint simplicial representatives in T (79), the 79th barycentric

subdivision of T . Furthermore, in T (82), these simplicial singular fibres have disjoint

simplicial solid torus neighbourhoods such that there is a simplicial meridian curve of

length at most 48 for each such neighbourhood.

Second, we consider sequences of normal surfaces in a triangulation such that each

is fundamental in the complement of the previous surfaces. We use the theory of split

handle structures to bound the complexity of the collection.

Corollary 5.3.35. There exists a constant cS, which we can take to be 1010
7
, such that

the following holds. Let M be a manifold with a subtetrahedral split handle structure

H. Let {Σi} be a collection of n disjoint normal surfaces in M such that, if we set

H0 := H and Hi := Hi−1\\Σi, then Σi+1 is a non-duplicate normal surface in Hi

which is either fundamental or the double of a fundamental surface. There is a normal

surface representative of the collection in H whose size is at most c
|H|2
S .

In the context of Seifert fibered spaces, this lets us bound the complexity of a

complete collection of vertical annuli.

2



Corollary 5.4.7. There exists a constant cT , which we can take to be 1010
13
, such

that the following holds. Let T be a triangulation of a Seifert fibered space M with

non-empty boundary, other than the solid torus. There is a collection of disjoint

normal essential annuli in T , such that their complement is a collection of solid tori,

of total weight at most c
|T |2
T . We can take these annuli to be vertical so long as M is

not T 2 × I or K ×∼ I.

We use these results to give a “coordinate system” of distinguishing surfaces in

an arbitrary Seifert fibered space with non-empty boundary, allowing us to give the

polynomial time certificates needed for proving Theorem 5.1.1 and 5.1.2.

This thesis is organised as follows. We begin in Chapter 2 by surveying background

material on complexity classes, normal surface theory in the algorithmic context,

and some results about Seifert fibered spaces and manipulating different types of

handle structures. We then turn to triangulation complexity in Chapter 3. We give

bounds on the triangulation complexity of M and then study the Seifert fibered case,

where we prove Theorems 3.3.1 and 3.3.2. In Chapter 4 we discuss the 3-manifold

homeomorphism problem in general and prove that recognising Euclidean and Nil

3-manifolds is in NP. We restrict to the Seifert fibered case of the homeomorphism

problem in Chapter 5. We spend much of this chapter developing the theory of split

handle structures to prove Corollary 5.3.35. We hope that this work may be useful

to other mathematicians in the field, as this corollary allows us to easily bound the

size of a maximal collection of fundamental surfaces in a 3-manifold. We then apply

the corollary to vertical annuli in a Seifert fibered space and use that result to prove

Theorems 5.1.1 and 5.1.2. The final chapter briefly discusses some further questions.

There is one appendix, which contains the case analysis necessary for the bound on

elementary disc types in Lemma A.2. As we note in Remark 5.3.23, this optimal

bound is not essential for our results; it only reduces the constants in statements such

as Corollaries 5.3.35 and 5.4.7.

3



Chapter 2

Preliminaries

Most of this chapter consists of previously known material that we will need later.

There are a few original results that are either routine or slight modifications of

proofs by other authors: Lemmas 2.2.8, 2.4.2, 2.5.3, 2.5.7, 2.5.8, 2.6.3 and 2.6.4, and

Corollary 2.7.10.

We assume a reasonable knowledge of 3-manifold theory and Seifert fibered spaces,

such as that contained in Martelli’s introductory book on the geometric topology of

3-manifolds [Mar16]. While we will state the results we need from normal surface

theory, we will not rigorously establish this theory, and refer the reader to Chapters 3

and 4 of Matveev’s book for proofs and precise definitions [Mat07].

2.1 Algorithms and computation

First, we give some background on algorithms and complexity; for a thorough intro-

duction to this topic, see [AB09].

A problem is a function from the set of (finite) binary strings to itself; from its

input to its output. The size of an input T , |T |, is the number of bits in the string. A

decision problem is a problem whose range is the set {“yes”, “no”}. An algorithm that

solves a problem P is a Turing machine that, given an input to the problem, computes

the corresponding output. We say a problem is decidable if there exists an algorithm

to solve it. There exist undecidable decision problems, such as the halting problem

(famously proven by Turing) and, given a group presentation, deciding whether it is a

presentation of the trivial group (by work of Adian-Rabin).

A complexity class is (roughly speaking) a set of problems with solutions that

satisfy certain restrictions. We will be interested in two complexity classes: P and

NP. An algorithm runs in polynomial time if there is a polynomial p such that if T is

an input, the running time of the algorithm is at most p(|T |).

4



Definition 2.1.1. A decision problem lies in P if it has a polynomial time solution.

We might think of this as the class of problems that are “easy to evaluate”.

Informally, a decision problem D lies in NP if, given an input T such that the

output D(T ) is “yes”, there is a proof of this output (a certificate) that can be verified

in polynomial time in |T |. We might think of this as the class of problems that are

“easy to verify”.

Definition 2.1.2. A decision problem D lies in NP if there exists a polynomial time

Turing machine V and a polynomial p such that for each input T , D(T ) is “yes” if and

only if there exists some c, whose size is bounded by p(|T |), such that V (T, c) = “yes”.

We say that c is a certificate for T .

A decision problem D lies in co-NP if its complement problem, D̄, which is defined

by D̄(T ) = ¬D(T ), lies in NP.

A problem D is polynomial-time Karp reducible to another decision problem D′ if

there is a function f , computable in polynomial time, that takes each input to D to

an input for D′, such that D(T ) = “yes” if and only if D′(f(T )) = “yes”. A problem

D is NP-hard if every problem in NP is polynomial-time Karp reducible to D. A

problem is NP-complete if it is both in NP and is NP-hard.

The class P is a subset of NP. It is an open question (in fact, it is one of the

Millennium Prize problems) whether NP is equal to P. If they are not equal, we expect

that NP and co-NP should be distinct, and so no problem that is NP-complete

should be in co-NP.

2.1.1 Complexity class bounds in 3-manifolds

We survey some decision problems in 3-manifolds that are known to be in NP or to be

NP-hard. Welsh gave an interesting list of questions on the complexity class of knot

theory decision problems [Wel93]. Among them was where unknot recognition sits

in the complexity hierarchy. He noted that, as the unknot is characterised by being

genus zero, one might hope to show that the problem is in NP by giving a spanning

disc, but that examples were known where this spanning disc was of exponential size

in the crossing number of the knot and hence in the input size [Sno90]. Hass, Lagarias

and Pippenger used normal surface techniques to avoid this issue and prove that

unknot recognition is in NP [HLP99], and Lackenby proved the problem is also in

co-NP by using a combinatorial version of Gabai’s sutured manifold hierarchies to

show that giving the Thurston norm of a given homology class is in NP [Lac21]. As
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it is generally believed that NP and co-NP are not equivalent, it seems unlikely that

unknot recognition is NP-hard. The (open) natural next question is whether unknot

recognition is in P.

If we generalise this problem to bounding the genus g(K) of a knot K in a (triangu-

lated orientable) 3-manifold M , Agol-Hass-Thurston showed deciding whether g(K) <

c where c, the triangulation of M , and K are the input is NP-complete [AHT06],

while Lackenby and Yazdi proved that if we fix M , but allow K and c to vary, the

problem is in co-NP [LY23].

Baldwin and Sivek showed, among other things, that recognising if a knot diagram

is a torus knot is in NP∩co-NP assuming the generalised Riemann hypothesis [BS19].

Two sets of authors independently proved that deciding if a given link diagram contains

a k-component trivial unlink is NP-complete [KT21; MRST21], again among other

results. Additionally, deciding if the crossing number of a link is at most k is NP-

hard [MSS20]. This result implies that homeomorphism of 3-manifolds with boundary

pattern is NP-hard. It is not known (as we discuss in Question D) whether the

restriction of this problem to 3-manifold homeomorphism with no boundary pattern

is NP-hard.

Moving away from knot theory, among irreducible orientable manifolds with

non-empty boundary, deciding if a manifold admits a hyperbolic geometry is in co-

NP [HH22]. Among Seifert fibered spaces, deciding if a manifold is a lens space is

in co-NP1 [HP22]. The problem of whether a manifold admits a genus g Heegaard

splitting is known to be decidable by work of Johannson and Li [Li11], but the problem

is also NP-hard [BDS17].

In Section 4.1.2 we will survey known results on when problems of the form “is

M homeomorphic to N” or “does M admit a certain geometry” are in NP. To give

an example, Ivanov and Schleimer independently proved that S3 recognition is in

NP [Iva08; Sch11] and Zentner showed that, assuming the Generalised Riemann

Hypothesis, the problem is also in co-NP [Zen18].

1The result stated in this paper is that there is a polynomial time certificate that a Seifert
fibered manifold with non-abelian fundamental group is not a lens space. The 3-manifolds with
abelian fundamental groups are exactly the lens spaces, the 3-torus and S1 × S2. Ivanov proved
that recognition of S1 × S2 is in NP [Iva08, Theorem 3], and in Theorem 4.2.2 we will see that
recognition of the 3-torus is in NP, so we can remove this condition.
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2.2 Triangulations and handle structures

We will use the definition of triangulation that is conventional in low-dimensional

topology, and sometimes called a pseudo-triangulation: a (material) triangulation of a

3-manifold M is a collection of tetrahedra, with affine gluing maps between their faces,

such that if we execute these gluing maps, the interior of the result is homeomorphic

to M . We will also occasionally use pseudo-ideal triangulations. Such a triangulation

is a collection of tetrahedra T with gluing maps and a set of marked vertices V , such

that if we glue the tetrahedra by the gluing maps to get a space X, then X − V is

homeomorphic to M .

We will also later need to efficiently compute the homology of a (material) tri-

angulation. This can be done in polynomial time for bounded dimensions as there

is a polynomial time algorithm to compute the Smith normal form of an integer

matrix [Ili89].

Proposition 2.2.1 (Question 33 of [KP03]). There is a polynomial time algorithm to

compute the homology of a finite simplicial complex of dimension at most 3 over the

integers.

We will often work with handle structures rather than triangulations, as if we cut a

handle structure along an appropriately embedded transverse surface (a normal surface)

we remain in the world of handle structures, which is not true for triangulations.

Convention 2.2.2. We take the definition of a handle structure to require the

following:

1. each k-handle, with product structure Dk×D3−k, intersects the handles of lower

index in exactly ∂Dk ×D3−k, and is disjoint from the other k-handles;

2. 1-handles and 2-handles intersect in a manner compatible with their respective

product structures; that is, a 1-handle D1×D2 intersects a 2-handle D2×D1 in

segments of the form D1 × γ in the 1-handle and λ×D1 in the 2-handle, where

γ and λ are collections of arcs in ∂D2 in the respective product structures.

Notation 2.2.3. Write |H| for the number of 0-handles in H.

We will be particularly interested in handle structures that come from triangula-

tions.

7



Definition 2.2.4. Let T be a triangulation (or cell structure) of a 3-manifold M .

The dual handle structure H of M is formed by taking one (3− k)-handle for each

k-simplex (or cell) of T that is not contained in the boundary and gluing them in the

corresponding way.

We can characterise handle structures dual to triangulations using their boundary

graphs.

Definition 2.2.5. The boundary graph of a 0-handle H is the thickened graph

embedded in ∂H ∼= S2 whose thickened 0-cells are the intersections with the 1-handles

and whose thickened 1-cells are the intersections with the 2-handles.

The boundary graph of a 0-handle that is dual to a tetrahedron that is disjoint

from the boundary is the complete graph on four vertices.

Definition 2.2.6. A handle structure is subtetrahedral if its boundary graph is a

subgraph of the complete graph on four vertices.

We can immediately observe the following lemma (see, for example, the discussion

in §6.2 of [Lac21]).

Lemma 2.2.7. The handle structure dual to a triangulation of a 3-manifold (possibly

with boundary) is subtetrahedral.

If our manifold has boundary, we can always remove any 3-handles.

Lemma 2.2.8. Let H be a handle structure of a connected 3-manifold with non-empty

boundary. There is a collection of 2-handles in H such that removing these 2-handles

along with all the 3-handles in H does not change the resulting 3-manifold up to

homeomorphism.

Proof. Form a cell complex for the 3-manifold from H that has a (3− k)-cell for each

k-handle, glued in the corresponding way. Also glue in a (3 − k − 1)-cell for each

component of intersection of a k-handle and the boundary. The interior cells of this

complex are dual to handles of H. As this cell complex is connected, its 1-skeleton is

connected, so each vertex has a path of edges from it to the boundary. The last edge

in this path is dual to a 2-handle which is incident to a 3-handle. Remove this pair

of handles to obtain a smaller handle structure. By induction, we can repeat this to

remove all the 3-handles.
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2.3 Normal surface theory

A normal curve in a triangulated surface is a curve that intersects each triangle in

arcs that run between distinct edges of the triangle. Normal surfaces, which are

a higher-dimensional analogue of normal curves, were developed by Haken in the

1960s to give a combinatorial representation of interesting surfaces in a triangulated

3-manifold [Hak61b]. Let T be a triangulation of a 3-manifold M . A surface F in

M is normal with respect to T if it intersects each tetrahedron in a collection of

discs, each of whose boundary curves intersects each edge of the tetrahedron at most

once. We call these elementary discs. One can prove that each of these discs must

be a triangle or quadrilateral, and that there are seven possible disc types in each

tetrahedron, some of which are shown in Figure 2.1.

Figure 2.1: An example of the intersection of a normal surface with a tetrahedron.

Haken showed the following result when M is closed [Hak61a, Satz 2]; see Corollary

3.3.25 of [Mat07] for the general case.

Proposition 2.3.1. Suppose that M is irreducible and ∂-irreducible, with a triangula-

tion T . Let F be an incompressible and ∂-incompressible surface in M . Then F is

isotopic to a normal surface F ′ such that |F ′ ∩ T 1| is at most |F ∩ T 1|.

Definition 2.3.2. The size of a normal surface F , s(F ) is the number of elementary

discs in it. The weight of a normal surface F , w(F ), is |F ∩ T 1|.
A normal surface is minimal if it is of minimal weight in its isotopy class in the

3-manifold.

We will state only the results of the general theory that we will need, and refer the

unfamiliar reader to Chapters 3 and 4 of Matveev’s book [Mat07]. We will, in fact,

be using similar arguments to classical normal surface theory when we develop the

theory of normal surfaces in split handle structures in Section 5.3. We can represent a

normal surface as a unique vector in Z7|T |. Conversely, a vector represents a normal
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surface precisely when its entries are nonnegative, it contains only one quad type in

each tetrahedron, and when two tetrahedra share a face, the count of elementary discs

in each tetrahedron whose boundary contains a certain arc type is equal. Given two

normal surfaces F and G in a 3-manifold, if their sum F +G in Z7|T | happens to be a

normal surface, then we can obtain this normal surface by resolving their curves of

intersection in a canonical way.

If we have an incompressible, ∂-incompressible normal surface F , we can restrict

the properties of its summands.

Proposition 2.3.3 (Theorem 6.5 [JT95], Theorem 4.1.36 [Mat07]). Let F be a

minimal, incompressible and ∂-incompressible normal surface in an irreducible, ∂-

irreducible 3-manifold M . Suppose that F is either orientable or connected. If

F = G1 + G2 then G1 and G2 are also incompressible and ∂-incompressible, and

neither is of positive Euler characteristic.

Definition 2.3.4. A normal surface F is fundamental if, whenever F = G1 +G2, one

of G1 and G2 is empty.

A fundamental normal surface is a member of any basis over Z+ for the cone of

normal surfaces in Z7|T |: that is, it is in any minimal Hilbert basis. Linear integer

programming techniques were used by Hass, Lagarias and Pippenger [HLP99, §6] to
bound the sizes of these fundamental surfaces. The flavour of these linear programming

results were summarised by Lackenby.

Proposition 2.3.5 (Theorem 8.1 [Lac21]). Suppose that A is a m×n matrix. Consider

the cone of solutions to Ax = 0, subject to the constraint that all entries of x are

nonnegative. Suppose that each row of A has ℓ2 norm at most k. If x is a fundamental

solution (i.e. is in the integral Hilbert basis) to this system, then each coordinate of x

is bounded by n3/2kn−1.

Lemma 2.3.6 (Lemma 6.1 [HLP99]). A fundamental normal surface F in a triangu-

lation T has size at most 7|T |227|T |+2.

Lemma 2.3.7 (Theorem 5.6 [HLP99], following from Corollary 6.4 [JT95]). If a

manifold M contains an essential disc, then in any triangulation T of M there is a

fundamental essential disc.
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2.4 Algorithms for normal curves

We will need to quickly compute the slope of normal curves in the torus with respect

to some coordinate curves. To do this, we need efficient algorithms for computing

algebraic intersections. A normal curve is not equipped with an orientation, so this

“algebraic” intersection is not signed; however, if we have three curves, the algebraic

intersections of the pairs do have dependent signs. Thus we will arbitrarily assign

orientations for the purpose of these computations. Erickson and Nayyeri dealt with

this question by computing the signed edge coordinates of a (connected) curve from its

normal vector, which is the list of its algebraic intersection number with each (oriented)

edge of the triangulation. This format allows for an elegant, quick computation of the

algebraic intersection number of two curves.

Proposition 2.4.1 (Corollary 6.11 [EN13]). Let M be a compact 2-manifold with

triangulation T . Let γ be a connected normal curve in T , represented by its unsigned

normal coordinates. There is an algorithm to compute the signed normal coordinates

of some orientation of γ in time polynomial in |T | and log(s(γ)), where s(γ) is the

number of normal arcs in γ.

Lemma 2.4.2. Let γ1, . . . , γn be a collection of connected normal curves in a triangu-

lation T of a compact 2-manifold, with an orientation of the surface that is given by

an orientation of each triangle. We can compute the algebraic intersections of each

pair of curves for some (fixed) choice of curve orientations in polynomial time in |T |
and

∑n
i=1 log(s(γi)).

Proof. This result is a modification of Corollary 6.12 of Erickson-Nayyeri [EN13] and

the proof is along the same lines. Compute the signed normal coordinates of each

curve and thus fix orientations on them. Fix a pair of curves, and for each edge of

T , arbitrarily assign each curve to one end of the edge. Isotope the elementary arcs

of the curve so that they intersect the edge only in that half, and draw each arc as

a straight line arc per triangle. We can then compute the number of positive and

negative crossings of the pair within each triangle in constant time by multiplying at

most six pairs of signed normal coordinates.

Schaefer, Sedgwick and Štefankovič used a similar idea to produce another polyno-

mial time algorithm for algebraic intersection numbers using word equations [SSŠ02].
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2.5 Seifert fibered spaces

A Seifert fibered space is an orientable 3-manifold which is a circle bundle over an

orbifold. We can describe such a manifold by its Seifert data [Σ, q1/p1, . . . , qn/pn],

along with, when it is closed, its Euler number e. The singular fibres of a Seifert fibered

space are the circle fibres over the cone points of the base orbifold. All 3-manifolds

with Euclidean, Nil, S2 × R, spherical, H2 × R and S̃L2 geometries and toroidal

boundary are Seifert fibered. This is six of the eight 3-manifold geometries: the two

remaining are the hyperbolic and Sol geometries.

When do two sets of Seifert data correspond to homeomorphic 3-manifolds? First,

we describe Seifert data that correspond to the same Seifert fibration. A proof is given

in Proposition 10.3.13 of [Mar16].

Proposition 2.5.1. The Seifert fibrations associated to two sets of Seifert data

[Σ1, q1/p1, . . . , qm/pm] and [Σ2, r1/s1, . . . , rn/sn] (where pi and sj are at least 2 for all

i and j) are isomorphic (preserving orientation) if and only if m = n, Σ1 and Σ2 are

homeomorphic, the Euler numbers
∑m

i=1 qi/pi and
∑m

j=1 ri/si are equal, and (up to

reordering) pi = si and qi ≡ ri (mod pi).

Second, there are a few 3-manifolds that have more than one Seifert fibration,

which follows from work of Waldhausen [Wal67b, Theorem 10.1]. A proof in English

is as Theorem 10.4.19 of [Mar16].

Theorem 2.5.2. Seifert fibered spaces admit unique Seifert fibrations, aside from:

1. the solid torus fibres as [D2] and [D2, p/q];

2. [D2, 1/2,−1/2] is also the circle bundle over the Möbius band;

3. [S2, 1/2,−1/2, q/p] ∼= [RP 2, p/q];

4. [S2, 1/2, 1/2,−1/2,−1/2] ∼= [K];

5. lens spaces (including S1 × S2) fibre in many ways.

Lemma 2.5.3. Given triangulated Seifert fibered manifolds M1 and M2 along with

a set of Seifert data for each of them, where we are guaranteed that M1 and M2 are

not lens spaces, there is a polynomial time algorithm to decide if M1 and M2 are

homeomorphic.
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Proof. The algorithm is as follows. Replacing two singular fibres q1/p1 and q2/p2

with (q1 + p1)/p1 and (q2 − p2)/p2 or, if M has non-empty boundary, replacing q/p

with (q + p)/p, does not change the Seifert fibration up to isomorphism. We can also

remove 0/1 singular fibres. Use these operations and their inverses to ensure that the

multiplicity p is at least 2 for all singular fibres in M1 and M2. We can use the criteria

in Proposition 2.5.1 to check (in polynomial time) if two sets of Seifert data with

multiplicities at least 2 give orientation-preservingly isomorphic Seifert fibrations. To

see if they are isomorphic disregarding orientation, we also compare the Seifert data

for M1 with that for M2 with the signs of all of the singular fibre fractions reversed.

If M1 and M2 have isomorphic Seifert fibrations, return “yes”. Otherwise, we need to

check if we are in one of the cases in Theorem 2.5.2.

If one Seifert fibration is [D2] or [D2, p/q], it is enough to check that the other

is too. Similarly, if one manifold is a circle bundle over a Möbius band (case 2 of

Theorem 2.5.2), check if the other is isomorphic to [D2, 1/2,−1/2]. Cases 3 and 4 of

Theorem 2.5.2 are analogous.

If none of these steps have concluded that the two manifolds are homeomorphic,

then as they are not lens spaces, they are not.

2.5.1 Classification of surfaces

We are interested in classifying incompressible and ∂-incompressible surfaces in Seifert

fibered spaces. It is a standard result that if such a surface is orientable, it is either

horizontal (transverse to the fibres) or vertical (consisting of regular fibres) (see

Theorem 2.8 of [Wal67a] or for a proof in English, Proposition 10.4.9 of [Mar16]). We

will state some results about non-orientable surfaces in some simple manifolds and

extend this classification to the non-orientable case when the Seifert fibered space has

non-empty boundary.

Proposition 2.5.4 ([Prz19; Rub78]). An incompressible surface in T 2 × I is isotopic

to one of the following:

1. a trivial sphere or disc;

2. an annulus γ × I;

3. a ∂-parallel annulus or torus;

4. a non-orientable surface F , which is ∂-compressible and uniquely determined by

two different slopes p0
q0

= F ∩ (T 2 × 0) and p1
q1

= F ∩ (T 2 × 1) where the curves

representing these slopes intersect an even number of times.
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In the last case, F has non-orientable genus equal to the length of the minimal sequence

of curves in the torus (γ1, . . . , γn) from
p0
q0

to p1
q1

where γi and γi+1 intersect twice.

Proposition 2.5.5 ([Prz19; Ran96]). The incompressible, non-∂-parallel, non-S2

surfaces up to isotopy in a solid torus are classified by their intersections with the

boundary, which are as single curves of slopes p
q
where q is even (that is, the slopes

intersecting a meridian curve an even number of times). Any such surface with non-

zero genus is non-orientable and ∂-compressible. Incompressible ∂-parallel surfaces

are precisely the annuli which are unions of fibres in fibrations of the solid torus as an

S1-bundle, as well as ∂-parallel discs.

We describe some of these incompressible non-orientable surfaces. Consider a

thickened Möbius band, S ×∼ I, which is homeomorphic to the solid torus. The

Möbius band S ×∼ {0} in this solid torus is an incompressible, non-∂-parallel (but

∂-compressible) surface. We can isotope the Möbius band so it intersects a core curve

of the solid torus in a single point. If we then remove a neighbourhood of the core curve

from the solid torus, we obtain T 2× I with an incompressible non-orientable surface Σ

of genus one and two boundary components inside it. We can pick coordinates on the

boundary of T 2 × I so that ∂Σ is the curves of slope 1/2 on one side (the boundary

component from ∂(Σ×∼ I)) and 1/0 on the other side. By layering this copy of T 2 × I

on top of the solid torus, so that the boundaries of the interior surfaces agree, we can

obtain incompressible non-orientable surfaces in S1 ×D2 of arbitrarily high genus.

Definition 2.5.6. Let M be a Seifert fibered space and let T be a collection of solid

torus neighbourhoods of the singular fibres such that T is a union of fibres. A surface

in a Seifert fibered space is pseudo-vertical if it is isotopic to a surface that is a union

of fibres in M − T and is incompressible in each solid torus component of T .

This notion generalises vertical surfaces.

Lemma 2.5.7. Let M be an irreducible Seifert fibered space with non-empty boundary,

and with (possibly empty) boundary pattern Γ consisting of a collection of vertical

fibres. If S is an incompressible, ∂-incompressible surface in M disjoint from the

boundary pattern then S is isotopic to a horizontal or pseudo-vertical surface, or is a

∂-parallel disc or trivial sphere.

This result is a modification of the standard proof in the case when S is orientable

and Mijatović’s work in the case where there are no singular fibres [Mij04, Proposition

2.6]). If M is closed then S may additionally be pseudo-horizontal ; this case is

discussed in [Fro86, Theorem 2.5].
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Proof. Suppose that S is not a ∂-parallel disc or a trivial sphere. If M is the solid

torus, the result follows from Proposition 2.5.5, noting that S may be ∂-parallel if

it is parallel to an annulus in the boundary containing curves of Γ. Otherwise M is

∂-irreducible. Take a collection of disjoint vertical annuli A disjoint from Γ: n that

separate a neighbourhood of each singular fibre (that is disjoint from Γ) from M and

then a minimal set of annuli that cut the remaining part of M into a solid torus.

Isotope S so that it is transverse to A and minimises |S ∩ A|. Consider S ∩ A, which

consists of arcs and closed curves. Note that S ∩ A does not contain any curves that

are trivial in S or A, as then by the irreducibility of M and the incompressibility of S

we could then reduce |S ∩ A|. It also does not contain any arcs that are ∂-parallel in

S or A as S is ∂-incompressible and M is irreducible and ∂-irreducible. As any arc

in an annulus that starts and ends on the same boundary component is ∂-parallel,

this means that S ∩ A contains none of these. Thus S intersects A in a collection

of spanning arcs of A and vertical fibres. By the same reasoning, the same holds

for the intersection of S with each annulus of ∂M − ∂A. As S is embedded it must

intersect each annulus of A and ∂M−∂A in only one of these two types. If S intersects

any annulus in a spanning arc, it intersects all neighbouring annuli to that one in a

spanning arc, and hence (as M is connected) all annuli in the collection. Thus the

two types are incompatible, so S ∩ A must consist of only one of the two.

Let M0 be M\\A, and let S0 be S\\A in M0. Let M1 be the non-singular-fibre-

neighbourhood component of M0, and let S1 be S0 restricted to M1. We claim that S0

is incompressible: consider the boundary of some purported compressing disc. This

curve bounds a disc in S as S is incompressible, and that disc intersects the annuli A

in simple closed curves, which themselves bound discs in the annuli. We can use the

irreducibility of M to isotope S through these discs, in the process reducing |S ∩ A|.
Suppose that S ∩ A consists of vertical fibres. Recall the classification of incom-

pressible surfaces in the solid torus from Proposition 2.5.5. Then S1 is a collection

of vertical annuli: it is incompressible, not a meridian disc, and cannot be an incom-

pressible non-orientable surface as one of its boundary curves intersects the meridian

once, which is odd. The remaining part of S, its intersection with the singular fibre

neighbourhoods, can vary: if a given fibre has odd multiplicity, S cannot intersect

the fibre so must be disjoint from the neighbourhood by the minimality of |S ∩ A|.
If the multiplicity is even, it may intersect the neighbourhood in a non-orientable

incompressible surface. Gluing up, we can see that S is pseudo-vertical.

Suppose that S ∩ A consists of spanning arcs. (In this case Γ must be empty,

as otherwise S would intersect it.) We claim that we can isotope S so that S0 is
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∂-incompressible: if it is not, let D be a non-trivial ∂-compression disc for S0. Consider

the arc α = ∂D ∩ ∂M0. We will isotope α so that it is contained in the part of ∂M0

coming from ∂M . In this situation we are done: as S is ∂-incompressible, we can use

this boundary compression to reduce |S ∩A|. Note that α consists (up to isotopy) of a

collection of arcs in annuli. These annuli are alternately from ∂M0∩∂M and ∂M0∩A.

If α is contained in one component of ∂M0∩A, we can use an isotopy in a collar of the

boundary to push α into an adjacent component of ∂M0 ∩ ∂M . Otherwise, starting

at one end of α, use an isotopy in the collar of the boundary to push this arc α into

the adjacent annulus. We can continue this until α is contained in a single annulus.

Thus S0 is ∂-incompressible so is a collection of meridian discs in each of the solid

tori, and hence is horizontal.

We completely describe one situation that will be a pathological case for the

recognition algorithm in Chapter 5: Seifert fibered spaces with a horizontal annulus.

Lemma 2.5.8. The only Seifert fibered spaces containing horizontal Möbius bands

are those with the Seifert data [D2, 1/2, 1/2] or that of a circle bundle over a Möbius

band. The only additional Seifert fibered space containing a horizontal annulus has the

Seifert structure of a circle bundle over an annulus.

In the first two cases M is homeomorphic to K ×∼ I.

Proof. Let M be such a Seifert fibered space. As the Euler characteristic of the Möbius

band is zero, the base orbifold G has χ(G) = 0. If we write χ(G) = 2−a−b−
∑

i(1−
1
pi
)

where b is the number of boundary components, a is twice its genus (if orientable) or

its non-orientable genus (otherwise), and {pi} are the multiplicities of the singular

fibres, then we can see that a + (b − 1) +
∑

i(1 −
1
pi
) = 1. As b ≥ 1, each of these

terms is nonnegative.

That M contains a horizontal Möbius band is equivalent to the statement that the

base orbifold G of M is covered by a Möbius band. We can work by cases: if a > 0,

we have a Möbius band with no singular fibres. If b > 1, then b must be 2 so we have

an annulus, which the Möbius band does not cover but the annulus (trivially) does.

Otherwise, a = 0 and b = 1, so G is a disc with some singular fibres with multiplicities

such that
∑

i(1−
1
pi
) = 1. For each p > 1, we have 1

2
≤ 1− 1

p
< 1, so the only solution

is two singular fibres, each with multiplicity two.
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2.5.2 Covers of Seifert fibered spaces

We will also need a good understanding of covers of Seifert fibered spaces.

A horizontal cover M̃ → M between Seifert fibered spaces is a covering map

induced by a finite-degree cover on the level of orbifolds. Each finite-degree orbifold

cover induces a unique covering map on the Seifert fibrations. A vertical cover M̃ → M

is a cover that induces a homeomorphism between the base orbifolds.

Proposition 2.5.9 (Prop. 10.3.21 and 10.3.22 [Mar16]). Every finite degree cover of

Seifert fibered spaces p : M̃ → M is a composition p = ph ◦ pv of a vertical cover pv

and a horizontal cover ph. If we write dh for the degree of ph, dv for the degree of pv,

and Σ̃ and Σ for the base orbifolds of M̃ and M respectively, then:

1. χ(Σ̃) = dhχ(Σ), and

2. e(M̃) = dh
dv
e(M).

Theorem 2.5.10 ([GH75; Sco83b]). If M is a closed, orientable, irreducible 3-manifold

that is finitely covered by a Seifert fibered space, then M is also Seifert fibered.

The cited papers proved this result with the additional assumption that M had

infinite fundamental group. With the resolution of the geometrisation conjecture,

we now know that all 3-manifolds with finite fundamental group have the elliptic

geometry and thus are Seifert fibered.

2.6 Layered solid tori and continued fractions

To bound triangulations of Seifert fibered spaces, and give efficient triangulations of

Dehn fillings more generally, we will use layered triangulations of solid tori. These

were introduced by Jaco and Rubinstein [JR06]. Given a single vertex triangulation

of the torus, which consists of two triangles, we can attach a tetrahedron to it by

identifying two of the faces of the tetrahedron (which are joined by a single edge) with

the two triangles. The effect of such a gluing, as shown in Figure 2.2 is to execute

a 2-2 Pachner move (depicted in Figure 2.3) on the triangulation. Now, if we start

with the single tetrahedron triangulation of the solid torus(see [Bak] for a depiction),

layering tetrahedra in this manner induces another single vertex triangulation on

its boundary. Jaco and Rubinstein conjectured that this method produces minimal

triangulations of the solid torus with proscribed boundary triangulation slopes.
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(a) Gluing the blue tetrahedron to the surface.

(b) The induced surface triangulation.

Figure 2.2: Given a surface with an induced triangulation, if we glue on the blue
tetrahedron, the new induced triangulation is the result of a 2-2 Pachner move.

Figure 2.3: A 2-2 Pachner move.

→

There is a beautiful connection between layered solid tori, the Farey tree, and

continued fractions. Consider the Poincaré disc model of the hyperbolic plane, H2,

and label its boundary with R ∪ {∞} as in the upper half space model. The Farey

triangulation of H2 has an edge between each pair of fractions p/q and r/s in the

circle at infinity such that |ps− qr| = 1; a small part of it is shown in Figure 2.4. The

Farey tree is the trivalent tree in H2 that is dual to this triangulation.

The Farey tree is isomorphic to the single-vertex triangulation graph of the torus,

whose vertices are single-vertex triangulations of T 2 and edges are 2-2 Pachner moves.

First, we identify its vertices with triangulations of T 2. As π1(T
2) is the abelian group

Z2, once we have fixed two coordinate curves in T 2 intersecting once, we can identify

essential simple closed curves in T 2 with Q ∪ {∞} by taking the ratio of the two

coordinates. Three such curves in T 2 form a one-vertex triangulation of T 2 exactly if

each pair of them intersects once. This corresponds to there being edges between each
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Figure 2.4: Part of the Farey triangulation.

pair of the corresponding points in R ∪ {∞} ∼= ∂H2 in the Farey triangulation, which

bound a triangle that is dual to a vertex of the Farey tree.

For the edges, fix coordinates on the boundary of the single-tetrahedron solid torus

triangulation as follows: let m be the (unique) meridian and let k and l be two of

the edges of the triangulation, chosen so that the coordinate l − k is the meridian

m, and l is a longitude. The three edges of this triangulation of T 2 are then l, l −m

and 2l −m; that is, in Q ∪ {∞} they are 0/1, −1/1 and −1/2. Say we perform a

2-2 Pachner move over the −1/2 edge. The resulting triangulation will be the other

single vertex triangulation of T 2 containing 0/1 and −1/1, which has third edge 1/0.

In general, each pair of edges a and b that intersect once has two possible completions

into a triangulation, a+ b and a− b, and the two triangulations differ by a Pachner

move.

We will use continued fractions to bound the size of a minimal layered triangulation

containing some edge of proscribed slope. First we need the following result of Lackenby

and Purcell. The line L(q/p) in the Farey tree is the union of the edges of the Farey

tree dual to edges in the Farey triangulation that have one end at q/p; the vertices in

L(q/p) correspond to single vertex triangulations of T 2 containing q/p.

Lemma 2.6.1 (Lemma 5.4, [LP22a]). Let 0 < q < p. The distance between L(q/p)

and L(∞) in the Farey tree is ∥q/p∥ − 1.
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The term ∥q/p∥ is defined as follows.

Definition 2.6.2. The positive continued fraction of a reduced fraction q/p with

q, p > 0 is a sequence of integers [a0, . . . , an] with ai > 0 for all i > 0 such that

q

p
= a0 +

1

a1 +
1

a2+
1

···+ 1
an

.

The continued fraction norm
∥∥∥ q
p

∥∥∥ is
∑n

i=0 ai.

The requirement that ai > 0 for i > 0 means that this continued fraction is unique,

so this norm is well-defined.

Lemma 2.6.3. Let T be a one-vertex triangulation of the torus, and let λ and µ be

two of its edges. Let U be the manifold that results from gluing a solid torus to T by

the map taking its meridian to pµ+ qλ, where 0 < |q| < p. There is a triangulation of

U , with induced boundary triangulation T , by at most
∥∥∥ |q|

p

∥∥∥+ 2 tetrahedra.

Proof. When we glue in a layered solid torus, we start with a single tetrahedron

triangulation of the solid torus, which induces a one-vertex triangulation of its boundary.

As on the previous page, let k and l be two of its edges, chosen so that the coordinate

m = l − k is a meridian and l is a longitude. The three edges of this triangulation of

T 2 are l, l−m and 2l−m. We can thus glue on one tetrahedron so that the boundary

triangulation is (l, l −m,m).

The gluing map we wish to execute is m 7→ pµ+ qλ and l 7→ rµ+ sλ, where r and

s are integers so that ps− qr = 1. As our only requirement was the meridian gluing,

any such r and s will do.

It is thus sufficient to determine how many tetrahedra we need to glue on to our

original triangulation (µ, λ, λ± µ) such that the new boundary triangulation has an

edge of slope q/p. This is equivalent to asking for the distance in the Farey tree from

(0,∞,±1) to the line of vertices that are adjacent to the q/p slope. Up to the choice

of ±1, this distance is the same for q/p and −q/p, so this quantity is equal to the

distance from the line of vertices adjacent to the |q|/p slope to the closer of (0,∞, 1)

and (0,∞,−1). As we have required that 0 ≤ |q| ≤ p, this is equal to the distance

from the line of faces adjacent to ∞ to the line of faces adjacent to |q|/p, which is

∥|q|/p∥− 1 (Lemma 2.6.1). We may need to add an extra tetrahedron to take us from

(0,∞, 1) to (0,∞,−1) or vice versa. Thus this layered triangulation possibly first

has a tetrahedron to achieve the closest choice of the ±1 parameter, and then has

∥q/p∥ − 1 tetrahedra to change the coordinates to have a q/p slope edge, and finally
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two tetrahedra to have the effect of gluing in a solid torus with the correct meridian

slope: a total of ∥|q|/p∥ + 2 tetrahedra. The configuration (0,∞,±1) is invariant

under exchanging the coordinates. Doing this takes q/p to p/q, and we do indeed see

that ∥|q|/p∥ = ∥p/|q|∥.

The following lemma gives another symmetry in the continued fraction sum.

Lemma 2.6.4. Suppose 0 < q < p. Then
∥∥∥ q
p

∥∥∥ =
∥∥∥p−q

p

∥∥∥.
Proof. Note that

∥∥∥ q
p

∥∥∥ − 1 is the distance from the line about q
p
to the line about

infinity. By reflecting in the vertical line through 1/2, which takes q
p
to p−q

p
, we see

that
∥∥∥ q
p

∥∥∥ − 1 is equal to the distance from the line about p−q
p

to infinity, which is∥∥∥p−q
p

∥∥∥− 1.

2.7 Cutting a 3-manifold along a surface

We often find ourselves in the situation where we have an interesting normal surface F

in a triangulated manifold M , where the number of elementary discs in F is bounded

by an exponential in the number of tetrahedra in M . We may wish to cut along F to

form a new manifold, M\\F , and use it to better understand M . We can do this by

modifying the dual handle structure (Definition 2.2.4) to the triangulation to produce a

handle structure for M\\F . Näıvely, however, cutting along F produces exponentially

more handles. Most of these new handles are quite boring: they lay between parallel

normal discs of F and have an induced I-bundle structure. We call the collection of

these handles the parallelity bundle. We can take two approaches to understanding it:

first, if we are analysing it theoretically, Lackenby gives us restrictions on how it sits

in F [Lac09]. Alternatively, if we wish to work with M\\F algorithmically, we have

little choice other than to quickly retriangulate it (in time polynomial in the number

of tetrahedra and the logarithm of the weight of the normal surface) using Lackenby’s

results together with work of Agol, Hass and Thurston [AHT06].

Definition 2.7.1. If B ∼= Σ×(∼)
I is an I-bundle over a surface, its horizontal boundary,

∂hB, is Σ×(∼)
∂I, and its vertical boundary, ∂vB, is ∂Σ×(∼)

I.

2.7.1 Parallelity bundles

Definition 2.7.2. Let S be a surface equipped with a handle structure. A 1-manifold

properly embedded S is standard if it is disjoint from the 2-handles, intersects the
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0-handles in arcs, and intersects each 1-handle D1 ×D1 in a collection of arcs, each of

which is D1 × {∗} for some point ∗ in D1.

If S is a subsurface of the boundary of a 3-manifold M , we say that a handle

structure H is a handle structure for the pair (M,S) if ∂S is standard with respect to

the induced handle structure on ∂M .

When S is a normal surface in a handle structure for a 3-manifold N , the induced

handle structure on N\\S is a handle structure for (N\\S, S). The parallelity handles

then are as follows:

Definition 2.7.3. Let H be a handle structure for (M,S). A handle H of H is a

parallelity handle with respect to S if it has a product structure D2 ×D1 such that

∂hH = H ∩ S and such that if H ′ is another handle of H, then H ∩H ′ has the form

γ ×D1, where γ is a subset of ∂D2.

To obtain good control over the parallelity bundle, we consider generalised para-

llelity bundles. The idea here is that some components of the complement of the

parallelity bundle may have I-bundle structures that are compatible with the fibered

structure. We extend the parallelity bundle over these regions.

Definition 2.7.4 (Definition 5.2 [Lac09]). A generalised parallelity bundle B in a

handle structure H for (M,S) is a (possibly disconnected) subset of the handles of H
such that:

1. B is endowed with an I-bundle structure over a surface;

2. any handle of B that intersects ∂vB is a parallelity handle whose I-bundle

structure agrees with that of B;

3. ∂hB is B ∩ S; and

4. if H is a handle in B, and H ′ is adjacent to H and of higher index, then H ′ is

also in B.

A maximal generalised parallelity bundle is a generalised parallelity bundle that is

not contained in any other generalised parallelity bundle.

The fourth condition here implies that H − B is itself a handle structure. It is

a straightforward check to show that the parallelity bundle is indeed a generalised

parallelity bundle [Lac09, Lemma 5.3]. To give an example, if M is Σ× S1 for Σ a

closed orientable surface and S is a fibre Σ × {∗}, with a handle structure that is
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dual to a triangulation, then the maximal generalised parallelity bundle of (M\\S, S)
will be the whole manifold. The parallelity bundle of (M\\S, S) will be some proper

subset of this, as there always are some non-parallelity handles.

There is an important way in which a maximal generalised parallelity bundle of

(M,S) may be unnecessarily complicated. This is when there is a component of the

vertical boundary that bounds (together with ∂M) the complement of a (knotted)

cylinder in M . We may not be able to incorporate this cylinder into the parallelity

bundle. Figure 2.5 gives an example; as the tube passing through the center of P

is knotted, we cannot extend the parallelity bundle on the complement of P to P

itself. However, we can simply remove the knot complement bounded by the vertical

boundary from M . (This is a special case of annular simplifications as defined by

Lackenby in Definition 5.4 of [Lac09].)

Definition 2.7.5. Let H be a handle structure for (M,S). Suppose that there are

two annuli, G and G′, in M , with ∂G = ∂G′ ⊂ S, such that G is properly embedded

and G′ is contained in the boundary. Suppose that G ∪G′ bounds a region P in M ,

which is a union of handles, such that:

1. G is a vertical boundary component of a generalised parallelity bundle contained

in P ;

2. P is contained in a 3-ball;

3. if H is a handle in P and H ′ is a handle of higher index that is adjacent to H,

then H ′ is also in P ;

4. if H is a parallelity handle of (M,S) intersecting P , then H is in P ;

5. G′ ∩ (∂M − S) is either empty or a regular neighbourhood of a core curve of G′.

Removing the interiors of P and G′ is an inessential annular simplification.

In an inessential annular simplification, as G is a properly embedded annulus

in a 3-ball, it is compressible. When we remove P and the interior of G′, we are

taking a 3-ball, cutting it along an annulus, and keeping the component containing a

compressing disc for the annulus. The boundary of this component is two discs and a

copy of the annulus, and as the annulus is compressible in it and it is a subset of the

3-ball which is irreducible, by compressing the annulus we can see that this component

is itself a 3-ball. Thus an inessential annular simplification produces a manifold M ′

that is homeomorphic to M .
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G

G’
S

P

Figure 2.5: The setup for an inessential annular simplification. The annulus G consists
of the knotted tube and the surface of the dome.

The new manifold M ′ also inherits a subsurface S ′ of its boundary, such that

(M ′, S ′) is homeomorphic to (M,S), as follows. In the part of ∂M ′ that comes from

∂M , S ′ contains the regions that were in S. If G′ ∩ (∂M − S) is empty, the part of

∂M ′ that does not come from ∂M is also in S ′. Otherwise, it is not.

So long as there are no possible inessential annular simplifications, the components

of a maximal generalised parallelity bundle are in some sense essential.

Theorem 2.7.6 (Proposition 5.6 [Lac09]). Suppose M is a compact orientable irre-

ducible 3-manifold with a handle structure H. Let S be an incompressible surface in

∂M with standard boundary and that is not a 2-sphere. Suppose that M does not admit

any inessential annular simplifications. Let B be a maximal generalised parallelity

bundle for (M,S). Then each component of B has incompressible horizontal boundary.

Although we have defined only inessential annular simplifications, rather than

Lackenby’s more general annular simplifications, our case is the only one used in the

proof of the proposition.

If F is an incompressible, ∂-incompressible minimal normal surface in a triangulated

3-manifold M , then if we cut along F to obtain M\\F , with a copy of the double

of F , F̃ , in its boundary, then (M\\F, F̃ ) admits no annular simplifications. If it

did, then we could isotope F (in effect, take it through the annular simplification)

to obtain a surface F ′ which would be transverse to the triangulation and of lower

weight than F . Applying the normalisation procedure to F ′ which (since the surface

is incompressible and ∂-incompressible) does not change its isotopy class, we would

obtain a normal representative of lower weight than F .
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2.7.2 Fast retriangulation

While the maximal generalised parallelity bundle lets us restrict how the horizontal

boundary of this I-bundle intersects the subsurface in question, the original notion

of the parallelity bundle (from Definition 2.7.3) can be used to quickly find a small

triangulation of M\\S.

Proposition 2.7.7 (Proposition 13 [HH22] following Theorem 9.3 [Lac21]). There

is an algorithm whose input is a compact orientable triangulation T and a connected

normal surface S in T given as a vector, and outputs a triangulation of T \\S, whose
running time is bounded by a polynomial in |T |, χ(S), and log(w(S)).

We briefly describe the idea of the proof, as we will use related techniques. Let M

be the underlying manifold of T and let H be the (subtetrahedral) handle structure

on M\\S induced by cutting the handle structure dual to T along S. If B is the

parallelity bundle of H, there are linearly many handles in H− B, of finitely many

types, and so H− B can be triangulated in time linear in |T |.
The key idea is that as S is connected, the only way that a component of M\\S

can be entirely composed of parallelity handles is if either S is boundary parallel or S

bounds an I-bundle over a non-orientable surface. Otherwise, components of B each

border at least one non-parallelity handle, and each non-parallelity handle borders at

most four parallelity handles, so we can bound the total number of components of B
by a linear function in |T | and a constant, which is altogether bounded by a linear

function in |T |. We then apply the following important theorem.

Theorem 2.7.8 (Theorem 16 [AHT06]). Suppose that we have some set of integers

{1, . . . , N} and a set of k pairings: bijections from one subinterval [ai, bi] of {1, . . . , N}
to another, which are each strictly increasing or decreasing. An orbit of the pairing

is a maximal collection of integers in {1, . . . , N} such that each pair in the orbit is

identified by some concatenation of pairings (and their inverses). Suppose, in addition,

that we are given a weight function w : {1, . . . , N} → Zd such that there are m integers

j whose weight differs from their neighbour j + 1 and such that the sum of the entries

of w(i) is bounded by D for any i. There is an algorithm to determine the number

of orbits, a representative of each orbit, and the total weight of each orbit, where the

runtime of the algorithm is polynomial in kmd logD logN .

This theorem is very useful in algorithms that use normal surfaces. We can view a

normal surface as a set of pairings between intervals of integers as follows: enumerate

the elementary discs of a normal surface F by, for each tetrahedron, enumerating each

25



disc type in order along an edge that it intersects. Use this enumeration to label the

elementary discs by the integers {1, . . . , s(F )}. Each face induces at most five pairings

between intervals of integers.

One application of the Agol-Hass-Thurston algorithm is to quickly compute the

topologies of the components of a normal surface.

Proposition 2.7.9 (Corollary 17 [AHT06]). Let M be a 3-manifold with a triangu-

lation T and let F be a normal surface in M . There is a procedure for counting the

number of components of F and determining the topology of each component that runs

in time polynomial in |T | logw(F ).

For retriangulation, one can use the Agol-Hass-Thurston algorithm to determine

the topology of each component of ∂hB. One then needs to, for each component,

determine whether it is in the boundary of a product I-bundle or a twisted product,

but this can be done as described in the proof of Theorem 9.2 of [Lac21].

We give a slight generalisation of Proposition 2.7.7.

Corollary 2.7.10. There is an algorithm that takes as its input both a compact

connected orientable triangulation T of a 3-manifold M and a (possibly disconnected)

normal surface S in T given as a vector, such that no two components of S are

normally isotopic, and provides as its output a triangulation of M\\S whose size is

bounded by a polynomial in |T |, logw(S), and the minimal Euler characteristic of the

components of S, and runs in time polynomial in those same three parameters. It also

produces normal surface vectors for each component of the boundary of the copy of the

double of S in ∂(M\\S).

Proof. By Kneser-Haken finiteness there are at most 61|T | components of S. Cut

along S, applying Proposition 2.7.7 at each step. The construction of the triangulation

in Proposition 2.7.7 follows Lackenby’s argument in Theorem 9.2 of [Lac21], which is in

the setting of sutured manifolds, and keeping track of the boundary of the surface we

cut along rather than of some new sutures does not significantly modify the argument.

We perform O(|T |) steps, each of which takes time that is at most polynomial in |T |,
logw(S) and the minimal Euler characteristic of the components of S.

2.8 Working with handle structures

2.8.1 Nicely-embedded subnormal manifolds

In Chapter 3 we will need to consider subsets of triangulations that come from cutting

along elementary discs and removing parts of tetrahedra, where no subset lies between
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two parallel elementary discs. We can obtain such a subset by taking a complementary

component of a normal surface in a manifold, and then removing some cells from

it. Bounds on the combinatorics of such subsets were studied by Lackenby and

Schleimer [LS22, §7]. We will use their results – which were obtained using elementary

combinatorial techniques – in §3.3, to find simplicial embeddings of such subsets in

bounded barycentric subdivisions of the original triangulation.

Definition 2.8.1. A subnormal subset of a handle in a handle structure K is a subset

of a handle K of K that is a component of the complement of some (possibly empty)

collection of elementary discs in K. A subnormal handle structure H in a handle

structure K is a handle structure with an embedding H ↪−→ K such that the image of

each handle H of H is a subnormal subset of a handle of K.

Definition 2.8.2. Consider a handlebody M ′ with handle structure H′, consisting of

only 0- and 1-handles, and marked disjoint annuli A in ∂M ′. We say that (H′, A) is

(0, 0)-nicely embedded in a handle structure H if:

1. each k-handle of H′ is a subnormal subset of a k-handle of H;

2. no handle of H′ lies between parallel elementary discs in H;

3. each component of intersection of an annulus in A and a handle of H′ is a

component of intersection of the handle and a handle of H.

A 3-manifold with handle structure H′′ is (0, 0)-nicely embedded in H if (H′, A)

is (0, 0)-nicely embedded where H′ is the collection of 0- and 1-handles of H′′ and

A ⊆ ∂H′ is the attaching annuli of the 2-handles.

If we take a normal surface where the only parallelity handles of its complement

come from 2-handles, then any component of its complement is (0, 0)-nicely embedded

in the original manifold.

Definition 2.8.3. A subset of a manifold M with triangulation T is simplicial if it is

a subcomplex of T .

Theorem 2.8.4 (Theorem 7.6 [LS22]). Suppose that M is a 3-manifold with a

triangulation T . Let H be the dual handle structure. Let H′ be a handle structure for

a handlebody, with A a union of disjoint annuli in its boundary, such that (H′, A) is

(0, 0)-nicely embedded in H. We can arrange that the following are simplicial in T (30):

the zero handles of H′, the 1-handles of H′ (vertically collapsed onto their co-cores),

and the annuli A.
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Theorem 2.8.5 (Theorem 7.7 [LS22]). Suppose that M is a 3-manifold with a

triangulation T . Let H be the dual handle structure. Let H′ be a handle structure for

a solid torus that is (0, 0)-nicely embedded in H. There is a core curve of the solid

torus that is simplicial in H(79).

The idea of the proof of these theorems is to put an affine structure on H (which

can be made simplicial in T (2)). One can then construct an induced affine structure

on H′. Lackenby and Schleimer then take successive barycentric subdivisions of H:

five suffices to make the boundaries of the 1-handles of H′ simplicial, then three

more to deal with the intersections of 2-handles and the normal discs cutting out

0-handles, and 16 to make these normal discs simplicial; this completes the sketch of

Theorem 2.8.4. To obtain Theorem 2.8.5, they use Theorem 2.8.4 to realise the solid

torus handle structure H′ as a simplicial subset of T (30). They then apply Theorem

4.2 of [Lac14], which gives a core curve in an affine handle structure of a solid torus,

running through only the 0- and 1-handles, that intersects each handle in a bounded

number of straight arcs. Lackenby and Schleimer again use barycentric subdivisions

to make this core curve simplicial. The penultimate step realises this core curve as

simplicial arcs in the boundaries of the original tetrahedra. The last step is to take

two additional subdivisions to realise the core curve as simplicial in the interior of the

original tetrahedra to ensure that it is in the interior of the manifold; as a result, the

core curve contains only edges created in T (79).

2.8.2 Pre-tetrahedral handle structures

We have already discussed subtetrahedral handle structures in Section 2.2, which are

handle structures where all 0-handle boundary graphs are subgraphs of the complete

graph on four vertices. We will now consider a more restrictive flavour of handle

structure: the pre-tetrahedral ones.

Definition 2.8.6. A handle structure is pre-tetrahedral if the boundary graph of

each 0-handle is tetrahedral, semi-tetrahedral, product of length three or parallelity of

length four, as illustrated in Figure 2.6.

Let H be a pre-tetrahedral handle structure. For each 0-handle H, let α be its

number of components of intersection with the 3-handles, and let β be 1
2
if H is

tetrahedral, 1
4
if H is semi-tetrahedral, and otherwise zero. The tetrahedral complexity

∆(H) of H is the sum of α
8
+ β over the 0-handles.
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(a) Tetrahedral boundary graph. Any
component of the complement may
arise from intersection with ∂M .

(b) Semi-tetrahedral boundary graph.
One of the components of the com-
plement, which is adjacent to four
1-cells, must arise from ∂M .

(c) Parallelity of length four bound-
ary graph. Both of the components
of the complement must arise from
intersection with ∂M .

(d) Product of length three boundary
graph. At least one of the compo-
nents of the complement must arise
from intersection with ∂M .

Figure 2.6: The possible boundary graphs in a pre-tetrahedral handle structure.

This definition may seem rather unmotivated; its origin is that if F is a normal

surface in a triangulation T of a closed manifold M , and H is the induced dual handle

structure on M\\F , then the tetrahedral complexity of H is equal to the number of

tetrahedra in T [LP22b, Lemma 4.12]. We can lower bound the tetrahedral complexity

of handle structures for T 2 × [0, 1] with certain short curves. For this we will need the

spine graph.

Definition 2.8.7. A spine in a closed surface is an embedded graph, with no vertices

of degree 1 or 2, whose complement is a disc. A cellular spine in a surface equipped

with a cell structure is a spine that is a subset of the 1-skeleton.

An edge contraction is the operation of collapsing an edge that joins two distinct

vertices, while an edge expansion is its inverse. If Γ is a spine in a surface S, e is an

arc properly embedded in the complement of Γ, and f is an edge of the graph Γ ∪ e

with two different components of S\\(Γ ∪ e) on each side of it, then an edge swap is

the operation of removing f from Γ and adding e.

Definition 2.8.8. The spine graph of S, denoted Sp(S), is the graph whose vertices

are spines of S up to isotopy and whose edges are edge contractions and expansions.
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Lemma 2.8.9. There is a constant k > 0 such that the following holds. Suppose

that H is a pre-tetrahedral handle structure of T 2 × [0, 1] that admits no annular

simplification. Let C be the (thickened) cell structure of T 2 × [0, 1] where each handle

becomes a 3-cell, and each component of intersection of j handles or of (j− 1) handles

and the boundary becomes a (4− j)-cell. Let γ0 and γ1 be distinguished essential simple

closed curves in the 1-skeleton of C that are in T 2 × {0} and T 2 × {1} respectively.

Put coordinates on T 2 × {0} such that γ0 has slope 1/0. Let q/p be the slope of γ1

in the coordinates induced from those on T 2 × {0} by the product structure. Suppose

that each γi contains at most ℓi 1-cells, and that 0 < q < p. Then the tetrahedral

complexity ∆(H) is at least 1
k
(∥q/p∥ − 578− 96min(ℓ0, ℓ1)).

The proof of this lemma is a modification of part of the proof of Theorem 1.1

in [LP22a] and is also related to the proof of Theorem 2 of [BF23].

Proof. By relabelling we can assume that ℓ0 ≥ ℓ1. Consider the cell structure that

C induces on the boundary. We can use the product structure to compare the cell

structures on the two boundary components by projecting them onto the same torus.

Pick a cellular spine Γ0 for T 2 × {0} containing γ0. Such a spine exists as γ0 is not

separating, so we can take Γ to be the union of γ0 and some arc in the 1-skeleton that

starts and ends on γ0. There is a universal constant k′ such that there is a sequence

of at most k′∆(H) edge contractions and expansions taking Γ0 to some cellular spine

Γ1 in T 2 × {1} [LP22a, Theorem 9.1]. Now there is a sequence of at most 24 + 4ℓ1

edge swaps taking Γ1 to some cellular spine Γ2 for T 2 × {1} containing γ1 [LP22a,

Lemma 4.15]. As we can perform any edge swap in a spine on a surface S using at

most 24g(S) edge expansions and contractions, where g(S) is the genus of S [LP22b,

Lemma 8.3], we can move from Γ0 to Γ2 using a total of at most k′∆(H)+24(24+4ℓ1)

edge expansions and contractions.

Consider two complexes associated to the torus: the graph of one-vertex triangu-

lations, Tr(T 2), where the edges are 2-2 Pachner moves, and the spine graph Sp(S).

Each one-vertex triangulation has a spine dual to it, and edges between one-vertex

triangulations, which are 2-2-Pachner moves, can be sent to a composition of an edge

contraction and an expansion, so there is a quasi-embedding Tr(T 2) → Sp(T 2) that

multiplies all distances by 2. Any vertex of Sp(T 2) is at most distance one from one of

these dual spines, so this map is in fact a quasi-isometry. (In general, for an orientable

surface, this argument holds but the distance bound from an arbitrary spine to one

dual to a triangulation depends on the genus.)

30



By this argument, Γ0 and Γ2 are within distance one of spines Γ′
0 and Γ′

2 with only

valence three vertices. Let T0 and T2 be the dual triangulations to these spines, which

contain edges of the same slopes as γ0 and γ1 respectively. As we can identify the

Farey tree and Tr(T 2), their distance in Tr(T 2) is at least the distance between the

lines in the Farey tree whose vertices are the triangulations containing edges of these

slopes, which is ∥q/p∥ − 1 by Lemma 2.6.1.

From the quasi-isometry 1
A
dTr(T 2)(T0, T2)−B ≤ dSp(T 2)(Γ

′
0,Γ

′
2) for some universal

constants A and B, so

1

A
(∥q/p∥ − 1)−B ≤ dSp(T 2)(Γ0,Γ2) + 2 ≤ k′∆(H) + 24(24 + 4ℓ1) + 2

and if we pick k to be at least k′A and also at least 2B, we have the result.

The constant k in this result relies on the constant in Theorem 6.1 [MMS12], which

as far as the author knows has not been bounded.
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Chapter 3

Triangulation complexity

3.1 Introduction

The triangulation complexity of a compact 3-manifold M , ∆(M), is the minimum

number of tetrahedra in a triangulation of M . As with the crossing number of a knot,

this invariant is challenging to compute. Some examples of minimal triangulations are

shown in Figures 3.1 and 3.2, and the minimal triangulations for all closed manifolds

up to 11 tetrahedra are available from Regina [BBP+22; Bur11].

The triangulation complexity is known precisely for only a few families of manifolds,

including:

1. the 3-manifolds with triangulation complexity one are S3, the lens spaces L(4, 1)

and L(5, 2), the 3-ball and the solid torus,

2. when Σ is a closed orientable surface of genus g, ∆(Σ× I) = 10g − 4 [BFP15;

JJST16];

AB

C

DF F

Q
Q

Figure 3.1: A one-tetrahedron triangulation of S3. We identify the face ABC with the
face ACD by the vertex identifications C → C, A → A, B → D. We also identify the
face ABD with the face BCD by the identifications B → B, D → D, A → C.
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AB

C

DF
F

Figure 3.2: A one-vertex triangulation of the solid torus. As in the S3 case, we identify
a pair of adjacent faces ABC and ACD. However, we identify by a twist: A → D,
B → C, and C → A. See [Bak] for more images of this.

3. if M is a hyperbolic once-punctured torus bundle, its monodromy ideal trian-

gulation (which is the same as its veering triangulation in the sense of Agol) is

minimal [JRST19];

4. the triangulation complexity of the lens spaces L(2n, 1) and L(4n, 2n − 1) is

achieved by their minimal layered triangulations [JRT09; JRT11];

5. the triangulation complexities of orientable irreducible closed 3-manifolds of

complexity at most 13 are known by explicit enumeration [MT20].

A few additional small families are known precisely [FV11; JRST20; JRST22; RST21],

and the triangulation complexity is known to within (non-constructive) multiplicative

bounds for closed hyperbolic mapping tori and for closed manifolds with elliptic or sol

geometries [LP22a; LP22b].

We will consider triangulation complexity to be defined over material triangulations

rather than ideal ones, but up to a factor the material triangulation is a lower bound

for the ideal one. The following well-known lemma makes this precise.

Lemma 3.1.1. Let ∆(M) be the minimal number of tetrahedra in a material trian-

gulation of a compact 3-manifold M with boundary, and let ∆′(M) be the minimal

number of tetrahedra in an ideal triangulation of M . Then ∆(M) ≤ 14∆′(M).

Proof. Consider an ideal triangulation of M . Truncate the tetrahedra to obtain a cell

structure homeomorphic to M . Cone each non-triangle face, each of which has six

sides, to a vertex of the face. Each of these six-sided faces is now triangulated by four

triangles, so the 3-cells now have 20 faces each. In each truncated tetrahedron, pick a

vertex of highest valence: it will be of valence at least six, and so neighbours at least

six triangles. Cone the tetrahedron to this vertex, giving a triangulation of this cell
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with one tetrahedron for each triangle that did not neighbour the vertex, the count

of which is at most 14. Thus we have realised a material triangulation of M using

14∆′(M) tetrahedra.

It is well-known that triangulation complexity gives a natural upper bound for

simplicial volume, which was first defined by Gromov [Gro82]. We give a proof for

the sake of exposition. Let N be a closed orientable n-manifold. Consider a singular

n-cycle over R in N , α =
∑k

i=1 γiαi where γi ∈ R and αi is a singular n-simplex.

Define |α| =
∑k

i=1 |γi|. Recall that, as N is closed and orientable, Hn(N ;R) ∼= R and

we write [N ] for a distinguished generator of this group, the fundamental class. There

are many singular n-cycles representing [N ].

Definition 3.1.2. The simplicial volume or Gromov norm of a closed orientable

manifold N is

∥M∥ = inf{|α|
∣∣ [α] = [N ] ∈ Hn(N ;R)}.

Restrict to considering the case where N is a 3-manifold and fix an orientation

on it. If T is a triangulation of N , by considering each of the tetrahedra ti in T as a

singular n-simplex si, we can build a singular 3-chain corresponding to the sum of all

the tetrahedra in T with their preferred orientations,
∑

si. We might hope that this is

a singular n-simplex, but it is not quite: there were many different parameterisations

of the ti that we could have picked, and these differ in the ordering they give to the

vertices. If we take the differential of si and sj where ti and tj intersect at a face, while

we will get a singular 2-simplex from each corresponding to the shared face, we may

get different permutations of the vertices. We can correct for this as follows: consider

all permutations of the 4 vertices of a tetrahedron ti. We have a fixed 3-simplex si

mapping ∆3 to ti. Consider averaging this map over all the permutations by setting

s′i =
1

24

∑
σ∈S4

(−1)sign(σ)si ◦ σ

where S4 is the symmetric group on the vertices. If we consider

∑
s′i =

|T |∑
i=1

1

24

∑
σ∈S4

(−1)sign(σ)si ◦ σ

we no longer encounter the issue with different permutations on shared faces. The

norm of this 3-cycle, which represents the fundamental class of N , is |T | · 1
24
· |S4| = |T |.

As a result we have the following lemma.
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Lemma 3.1.3. The triangulation complexity of a closed orientable 3-manifold is at

least its simplicial volume.

In the next chapter we will consider the triangulation complexity of Seifert fibered

spaces, so it is worth noting that this bound does not give us new information in that

setting.

Proposition 3.1.4 (Proposition 13.2.10, [Mar16]). If M is a closed Seifert-fibered

3-manifold, ∥M∥ = 0.

(There is an extension of the definition of simplicial volume to the case with

boundary, with much the same properties, which we do not discuss here. The proof

given in Martelli’s book shows that the simplicial volume is also zero in this case.)

We can define a related manifold invariant, the integral simplicial volume, by

∥M∥Z = inf{|α|
∣∣ [α] = [N ] ∈ Hn(N ;Z)}.

For 1-manifolds and 2-manifolds, simplicial volume, integral simplicial volume, and

triangulation complexity agree [Löh18, Prop. 4.3]. Simplicial volume and triangulation

complexity cannot be equal for 3-manifolds as triangulation complexity is always

positive. A natural question for 3-manifolds, then, is whether integral simplicial

volume and triangulation complexity are equal, or at least whether they are Lipshitz

equivalent. Bertolotti and Frigerio recently showed that they are not [BF23].

Triangulation complexity is also related to Matveev complexity, which is the

number of vertices in the minimal almost simple spine for the manifold (the full

definition is given in [Mat90]).

Theorem 3.1.5 (Theorem 5, [Mat90]). Suppose M is a compact, orientable, irre-

ducible and ∂-irreducible 3-manifold, with no essential annuli. Then its triangulation

complexity and Matveev complexity agree, so long as the Matveev complexity of M is

not 0 (that is, M = S3, RP 3, or L(3, 1), possibly with a ball removed).

3.2 Connect sums

We would like to understand how triangulation complexity behaves when we modify a 3-

manifold. Both triangulation complexity and Matveev complexity are submultiplicative

under finite covers: if M̃ → M is a cover of degree d, ∆(M̃) ≤ d∆(M) and similarly

for Matveev complexity. While Matveev complexity is also subadditive (and in fact

additive [Mat90, Theorem B]) under connect sums, triangulation complexity is more
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pathological. The size of simplicial triangulations of 3-manifolds is subadditive under

connect sum, but as in a general triangulation the boundary of each tetrahedron may

not be embedded, one cannot simply remove a tetrahedron from each 3-manifold and

identify their boundaries.

Proposition 3.2.1. Let M and N be 3-manifolds, possibly with boundary. The

triangulation complexity of their connect sum is bounded by

∆(M#N) ≤ ∆(M) + ∆(N) + 4

and there exist M and N for which this is an equality.

Finding M and N such that this upper bound is achieved is not difficult: we can

use Regina to compute the triangulation complexities of connect sums where M and N

have triangulation complexity 1 or 2, as shown in Table 3.1. Recall that the manifolds

of triangulation complexity 1 are S3, L(4, 1) and L(5, 2). Now L(4, 1)#L(4, 1), for

example, has ∆(L(4, 1)#L(4, 1)) = 6.

L(4, 1) L(5, 2) S2 × S1 RP 3 L(3, 1) L(5, 1) L(7, 2) L(8, 3) Y
L(4, 1) 6 6 6 5 5 7 7 7 7
L(5, 2) 6 6 5 5 7 7 7 7
S2 × S1 6 5 5 7 7 7 7
RP 3 4 4 6 6 6 6
L(3, 1) 4 6 6 6 6
L(5, 1) 7 7 7 7
L(7, 2) 7 7 7
L(8, 3) 7 7

Y 7

Table 3.1: The triangulation complexity ∆(M#N) for M and N of triangula-
tion complexity 1 or 2. The manifold Y in this table is the Seifert fibered
space [S2, (2, 1), (2, 1), (2,−1)]. All triangulation complexities were computed us-
ing Regina [BBP+22].

Barchechat proved Proposition 3.2.1 in the closed case with a more complicated

construction than we will now give. Since the December 2021 update, Regina uses our

construction to build connect sums [BBP+22, Version 7.0].

An (ideal) triangulation of a 3-manifold is dual to a 2-complex called a spe-

cial spine where a tetrahedron of the triangulation corresponds to a vertex of the

spine (see [Mat07, §1.1.4] for relevant definitions). Special spines were defined

by Casler [Cas65] (under the name “standard spine”) and developed in part by

Matveev [Mat90]. Let M and N be 3-manifolds. The construction for Proposi-

tion 3.2.1 is as follows: from the special spine point of view, remove a ball centred
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(a) (b)

Figure 3.3: Performing a connect sum from the special spine point of view.

F

F

G

G

Figure 3.4: The triangulation to glue in, after identifying the labelled faces.

on an edge from each manifold. Identify the resulting boundary components, which

produces the local picture shown in Figure 3.3a. To resolve this to a special spine,

modify this picture to produce Figure 3.3b. We have added four vertices, so in the

dual triangulation we have added four tetrahedra.

From the triangulation point of view, the procedure is to take a face pairing in

each manifold and unpair the faces. (You can visualise this as puffing up the face like

a crisp packet to make an empty pocket.) This manifold may not be homeomorphic to

M with a 3-ball removed, as if the triangulation is ideal, the vertices of this face may

not be in M . Consider the triangulation in Figure 3.4 (identifying the labelled faces).

Its boundary is two copies of S2, joined at a point. Glue them in to these unpaired

face regions in the 3-manifolds. This configuration is dual to the diagram from the

special spine perspective.
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3.3 Seifert fibered spaces

We will determine the triangulation complexity of Seifert fibered spaces with non-empty

boundary, up to multiplicative error.

Theorem 3.3.1. There exists k > 0 such that for any Seifert fibered manifold M with

non-empty boundary other than S1×D2, whose Seifert data is [Σ, (p1, q1), . . . , (pn, qn)]

with (without loss of generality) 0 < qi < pi for each i,

1

k

(
|χ(Σ)|+

n∑
i=1

∥qi/pi∥+ 1

)
≤ ∆(M) ≤ k

(
|χ(Σ)|+

n∑
i=1

∥qi/pi∥+ 1

)
.

The solid torus, with ∆(D2 × S1) = 1, is an exception as it has infinitely many

non-isomorphic Seifert fibrations (it is [D2, (p, q)] for all (p, q)), and so no such lower

bound can hold for it. This triangulation complexity result is very different to the

Matveev complexity situation: there, it is known that the Matveev complexity of M

is at most
∑n

i=1max(∥pi/qi∥ − 3, 0) [FW13, Theorem 1.2], and, in particular, is zero

if M has no singular fibres.

We will prove the upper bound by constructing a suitable triangulation. The lower

bound is more challenging: the part from the Euler characteristic of Σ follows from

the rank of the first homology, but the singular fibres are quite subtle. As we have

noted, the simplicial volume of a Seifert fibered space is zero, so that lower bound

does not help us here. Instead, we will make most of the singular fibres simplicial in a

suitable barycentric subdivision.

Theorem 3.3.2. Let M be a Seifert fibered space with non-empty boundary and let T
be a (material) triangulation of M . The collection of singular fibres of M that are not

of multiplicity two have disjoint simplicial representatives in T (79), the 79th barycentric

subdivision of T . Furthermore, in T (82), these simplicial singular fibres have disjoint

simplicial solid torus neighbourhoods such that there is a simplicial meridian curve of

length at most 48 for each such neighbourhood.

3.3.1 Simplicial singular fibres

We will first prove Theorem 3.3.2. A related result was proved by Mijatović [Mij04,

Theorem 5.1]: he showed that a neighbourhood of each singular fibre (including those

of multiplicity two) is simplicial in a suitable subdivision of T . His bound was that

this subdivision could be obtained by making at most 22
400|T |2

Pachner moves. If our
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bound were phrased in this language, the number of Pachner moves would be linear

in the size of the triangulation.

Theorem 3.3.2 is trivial if M has no singular fibres other than those of multiplicity

two. It was already known for the solid torus:

Theorem 3.3.3 (Theorem 6.14 [LS22], using Theorem 4.2 [Lac14]). Let T be a

triangulation of the solid torus. There is a simplicial core curve in T (51).

Lackenby and Schleimer proved this using affine handle structures dual to triangu-

lations.

Definition 3.3.4 (Affine handle structure). An affine handle structure for a 3-manifold

M is a handle structure H such that each 0-handle and 1-handle of H is identified

with a compact polyhedron in R3, satisfying the following conditions:

1. the polyhedron for each 1-handle is the product of a convex polygon and an

interval;

2. the faces of the polyhedra are convex;

3. when a 0-handle and 1-handle intersect, their intersection is identified with a

face of each of the corresponding polyhedra such that the map between the two

faces is affine;

4. each component of intersection of a 0-handle with a 2- or 3-handle or with ∂M

is a union of faces of the corresponding polyhedron.

They used the following theorem.

Theorem 3.3.5 (Theorem 4.2 [Lac14]). Let H be an affine handle structure of the

solid torus. Suppose that each 0-handle has at most four components of intersection

with the 1-handles, and that each 1-handle has at most three components of intersection

with the 2-handles. Then M has a core curve that intersects only the 0- and 1-handles,

that respects the product structure on the 1-handles, that intersects each 1-handle

in at most 24 straight arcs, and that intersects each 0-handle in at most 48 arcs.

Moreover, the arcs in each 0-handle are simultaneously parallel to a collection of arcs

in the boundary of the corresponding polyhedron, and each component of this collection

intersects each face of the polyhedron in at most six straight arcs.
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This notion of “straight” is induced by the affine structure on the face of the

polyhedron. Up to affine isotopy, there are only finitely many configurations of n

straight arcs in a given polygon.

For the Seifert fibered spaces other than the solid torus, we will find subnormal

neighbourhoods of the singular fibres and then apply Theorem 3.3.5 to them. Recall

the definition of a subnormal handle structure (Definition 2.8.1).

Definition 3.3.6. Let γ be a curve in a handle structure K. A subnormal neighbour-

hood of γ is a subnormal handle structure H in K containing γ that is homeomorphic

to a solid torus for which γ is a core curve.

Let Y and Y ′ be 3-dimensional submanifolds of some 3-manifold M , where Y and

Y ′ may have some boundary decoration. We say that Y and Y ′ are isotopic in M

to mean that there is a (not necessarily ∂M -fixing) isotopy, preserving the boundary

decoration, of the embedding map of Y in M to that of Y ′.

Let T be a triangulation of M , and let H be the dual handle structure (as in

Definition 2.2.4). Our approach is to take a collection of normal annuli that cut out

a neighbourhood of each singular fibre. We will then prove that, for each of these

singular fibres, in the induced handle structure of their solid torus neighbourhood

there is a core curve consisting of a bounded number of arcs in each 0- and 1-handle

that avoids the parallelity bundle altogether.

Let A be a properly-embedded vertical annulus in M that, together with an annulus

A′ in the boundary with ∂A = ∂A′, separates a neighbourhood of a singular fibre from

M . Take a disjoint family of one such Ai for each non-multiplicity-two singular fibre

γi. Since these annuli are essential (as M is not a solid torus), we can isotope them to

be simultaneously normal. Write {Yi} for the collection of subnormal neighbourhoods

of singular fibres that they separate from M , and write {Hi} for the induced handle

structures of these subnormal neighbourhoods. As annular simplifications do not

change (Yi, ∂Ai) up to isotopy in M , and reduce the number of handles, perform them

until no more are possible.

Removing the parallelity bundle

Fix our attention on one singular fibre neighbourhood Yi, recalling that the singular

fibre which is its core curve is not of multiplicity two. Let B be a maximal generalised

parallelity bundle for Hi with respect to Ai. As Ai is essential and normal in M , so is

incompressible in ∂Yi and has standard boundary, by Theorem 2.7.6 the horizontal

boundary of B is an incompressible subsurface of ∂Yi, which is contained in Ai by
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A

Figure 3.5: An example of a maximal generalised parallelity bundle in Yi. We show
the projection of the parallelity bundle onto the underlying orbifold: a disk with one
cone point (the black dot, which is the image of the singular fibre). Here, B has two
components, which are both I-bundles over annuli. The vertical boundary of one
intersects the annulus A.

definition. Thus each component of B is an I-bundle over a disc, annulus, or Möbius

band; in the annulus and Möbius band bundle cases, their horizontal boundaries form

a collection of annuli in Ai which have core curves that are isotopic to the core curve

of Ai. We show an example of what B might look like in Figure 3.5. We will prove

that Möbius band bundles do not occur when the singular fibre γi is not of multiplicity

two, and then will remove annulus bundles and any disc bundles that intersect ∂Yi in

their vertical boundary without changing (Yi, Ai) up to isotopy in M .

Lemma 3.3.7. Let B be an annulus bundle or Möbius band bundle component of B.
Each component of the boundary of ∂vB intersects at most one boundary component

of Ai.

Proof. As ∂hB is a collection of incompressible annuli and is a subset of Ai, the core

curve of each component of ∂hB is isotopic to the core curve of Ai. If a component of

the boundary of ∂vB intersects both boundary components, the arc that intersects

both components cuts Ai into a disc, so intersects the core curve of some component

of ∂hB, which is a contradiction.

We will use this lemma to show that, if we remove such a parallelity bundle

component and we know that this does not change Yi up to isotopy in M , then it

preserves the pair (Yi, Ai) up to isotopy in M .

Lemma 3.3.8. If B is a component of the generalised parallelity bundle that is a

Möbius bundle or annulus bundle, and some component of ∂vB intersects the boundary

of Yi in its interior but is not a subset of ∂Yi, then we can remove handles from the
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handle structure of (Yi, Ai) such that this component is a subset of ∂Yi without altering

the resulting submanifold up to isotopy in M .

Proof. If a component α of ∂vB is not properly embedded but is also not contained

in ∂Yi, we can decompose this annulus as follows. Since ∂hB is incompressible and

not a disc, ∂vB is incompressible so as α is in a solid torus it is boundary-parallel.

Consider the components of its intersection with each handle. These are discs with

four sides: two that are its intersection with Ai, and the other two that may be in

the interior of the solid torus or may be in ∂Si − Ai. Colour each of these squares by

whether their interior is in ∂Yi or not. Then consider the tiling of α where we merge

adjacent squares of the same colour (noting that, as α is neither properly embedded

nor contained in the boundary, the whole annulus is not of only one colour). Let D

be one of these tiles of ∂vB whose interior is in the interior of the solid torus. Note

that D is properly embedded: two of its edges are contained in Ai and two are in

∂Yi − Ai. This disc cannot be a meridian disc for Yi as then the singular fibre would

have multiplicity zero, so it must be boundary-parallel – that is, ∂D bounds a disc

in ∂Yi. We thus have three possibilities for how ∂D can lie with respect to (Yi, Ai)

up to homeomorphism, shown in Figure 3.6(a)-(c). As the two arcs of ∂D in Ai are

parts of ∂vB and so do not span Ai, they each start and end on one component of

∂Ai. They may intersect the same component or two different components, and in

the case when they intersect the same component, they may be nested or not. Up to

homeomorphism, the two arcs in ∂Yi −Ai are determined by the fact that ∂D bounds

a disc in ∂Yi.

Consider the 3-ball R that D bounds. This 3-ball intersects B only in D: if they

intersected elsewhere, then since B is connected and D is separating in M , the entirety

of B would be contained in a 3-ball, but then its horizontal boundary would be

compressible. We can thus remove this 3-ball without affecting (Yi, Ai) up to isotopy

in M , by replacing (Yi, Ai) with (Yi −R,Ai −R) in the case of Figure 3.6(a) and (b),

or with (Si − R, (Ai − R) ∪ D) in the case of Figure 3.6(c). We have reduced the

number of squares in the tiling of α, so by induction we can repeat this process until

α is a subset of ∂Si.

The cell structure of (Yi, Ai) after this process may not satisfy Convention 2.2.2

and so may not be a handle structure. We will correct this when we remove the

parallelity bundle component B.

Lemma 3.3.9. The maximal generalised parallelity bundle has no Möbius band bundle

components.
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(a) (b)

(c) (d)

Figure 3.6: The possible ways the boundary of a properly embedded disc in ∂vB could
intersect (∂Si, Ai). These diagrams show subsets of ∂Si. The shaded section is Ai.
The black curve is ∂D.

Proof. Suppose that B were such a component. Consider the incompressible and

hence boundary-parallel annulus that constitutes its vertical boundary, ∂vB.

If ∂vB intersects ∂Yi, then by Lemma 3.3.8 we can assume it is a subset of ∂Yi.

Then, as its interior is disjoint from Ai and its remaining boundary components are

subsets of Ai, it must be the entirety of ∂Yi − Ai. Now, as the boundary of B is the

entirety of ∂Yi, Yi is the neighbourhood of a singular fibre of multiplicity 2, so we have

a contradiction.

If ∂vB is properly embedded, we can isotope it to be vertical with respect to the

Seifert fibration of Yi that is induced from M . Let Dp be the orbifold that is a disc

with one cone point of angle 2π
p
, recalling that p is the multiplicity of this singular

fibre. The Seifert fibration of M gives us an orbifold fibration Yi → Dp with S1-fibres.

Now ∂vB is the preimage of a properly-embedded arc under this map and Ai is the

preimage of a boundary arc. The arc from ∂vB has its endpoints on the arc from Ai,

and the union of the arc from ∂vB and the connected segment of the arc from Ai cut

out by these endpoints is the boundary of a sub-disc of Dp. If this sub-disc does not

contain the cone point, then the 3-manifold covering it is a solid torus whose meridian
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disc is bounded by one arc from Ai and one from ∂vB: this is not a Möbius band

bundle. If this sub-disc does contain the cone point, then a meridian disc of the solid

torus covering it is a 2p-gon whose boundary alternates arcs from ∂vB and Ai. To be

a Möbius band bundle, p must be 2, which is a contradiction.

Lemma 3.3.10. Let H be a handle structure for (Y,A) where Y is a 3-manifold and

A is a subsurface of its boundary. Let B be a component of a maximal generalised

parallelity bundle with respect to A. Then H−B satisfies Convention 2.2.2 and so is

a handle structure.

Proof. As the intersections of handles in H−B are a subset of those in H, it is enough

to show that each k-handle H (with product structure Dk × D3−k) intersects the

handles of lower index in exactly ∂Dk ×D3−k. Certainly H intersects the handles of

lower index in a subset of this set. If a handle adjacent to H in H was in B, then this

had to have been of higher index than H, as otherwise H would also have been in B.

Thus we did not remove any intersections between H and lower index handles.

Lemma 3.3.11. There is a subnormal neighbourhood Y ′
i of γi with a distinguished

annulus A′
i in ∂Y ′

i , whose maximal generalised parallelity bundle has no annulus bundle

or Möbius band bundle components, where the induced handle structure for Y ′
i from

H is a handle structure for the pair (Y ′
i , A

′
i), and such that (Y ′

i , A
′
i) and (Yi, Ai) are

isotopic in M .

Proof. By Lemma 3.3.9 we know that any subnormal handle structure which is isotopic

to (Yi, Ai) in M has no Möbius band bundle components. Suppose that B is some

annulus bundle component of the parallelity bundle of (Yi, Ai). If the interior of ∂vB

intersects ∂Yi, then by Lemma 3.3.8 we can remove handles from (Yi, Ai) without

changing the resulting submanifold up to isotopy in M . By induction, we can assume

that if the interior of ∂vB intersects ∂Yi, then one of the components α of ∂vB is

contained in ∂Yi. As in the Möbius bundle case, this component is the entirety of

∂Yi −Ai. The other component β of ∂vB must be properly embedded, as it is disjoint

from α and its interior is disjoint from Ai. We thus have one properly embedded

component of ∂vB, and the other is either properly embedded or a subset of the

boundary.

Again as in the Möbius bundle case, we can isotope both Ai and each component

of ∂vB to be vertical in the Seifert fibration; that is, so that they are preimages of arcs

in Dp under the projection Yi → Dp. The two components of ∂vB project to parallel

arcs. The annulus Ai projects to an arc in the boundary of Dp.
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If a component of ∂vB is contained in the boundary, cut along the other component.

We have two resulting pieces: the parallelity bundle, which we discard, and a piece Y ′
i

where (Y ′
i , Ai ∩ Y ′

i ) is isotopic to (Yi, Ai) in M .

Otherwise, suppose both components are properly embedded. In Dp, one of the

two parallel arcs from ∂vB bounds a disc together with a segment of Ai that does not

contain the other arc of ∂vB. This disc may or may not contain the cone point. (The

area between the two arcs cannot contain the cone point, as then the multiplicity of

the cone point would have to be 2, which it is not.) If this disc disc does contain the

cone point, cut along the innermost arc (with respect to the cone point), which has

the same effect as in the previous case, except now one piece of the complement is

the parallelity bundle glued to a solid torus along an annulus. The other piece, Y ′
i ,

has the same core curve (when included into M) as Yi, and (Y ′
i , Ai ∩ Y ′

i ) is isotopic to

(Yi, Ai) in M . If the disc does not contain the cone point, we cut along the innermost

arc with respect to the cone point, removing the parallelity bundle glued to a solid

torus, and once again can see that the other piece, Y ′
i , has the same core curve as

Yi, and (Y ′
i , (Ai ∪ ∂vB) ∩ Y ′

i ) is isotopic to (Yi, Ai) in M , so we set the distinguished

annulus in Y ′
i to be (Ai ∪ ∂vB) ∩ Y ′

i .

As the number of handles is reduced by this operation, we can recompute the

parallelity bundle and repeat it until there are no annulus bundle components of

B remaining. After performing these modifications we have a handle structure by

Lemma 3.3.10.

The remaining components of the generalised parallelity bundle B in (Yi, Ai) are

disc bundles.

Lemma 3.3.12. If B is a disc bundle component of the maximal generalised parallelity

bundle such that its vertical boundary intersects ∂Yi in its interior, then there is a

properly embedded disc, which is a subset of ∂vB, such that cutting along this disc

separates a 3-ball from Yi that contains B and does not change (Yi, Ai) up to isotopy

in M .

Proof. Suppose ∂vB intersects ∂Yi in its interior. The annulus ∂vB cannot be a

subsurface of ∂Yi: if it were, then as it intersects Ai in its boundary only, it would

have to have the same boundary curves as Ai, but boundary curves of Ai do not bound

discs (i.e. candidates for ∂hB) in Ai. Thus, as in the proof of Lemma 3.3.8, we can

divide ∂vB into squares according to whether a region of its interior is in ∂Yi or in

the interior of Yi. Again as in the previous case, since p is not zero or two, each of

these squares is boundary-parallel.
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Unlike in the previous case, the boundaries of the properly embedded squares may

be nested in ∂Yi. Consider a square D whose boundary is to an outermost such curve

in ∂Yi. Suppose that B is not contained in the ball D bounds. In this case, B intersects

this ball only in the square D, and as ∂D was an outermost curve, B intersects the

ball bounded by each properly-embedded disc in ∂vB in only the properly-embedded

disc itself. We can thus see that ∂vB is isotopic in Yi to an annulus in ∂Yi that is

disjoint from the rest of B, and in particular from ∂hB (though possibly not from Ai).

But then both boundary curves of ∂hB bound discs in ∂Yi, which is impossible.

Cutting along D removes a 3-ball R from Yi, which contains the parallelity bundle

component B. There are four possible ways, up to homeomorphism, for ∂D to lie

in (∂Yi, Ai), which are shown in Figure 3.6. Replace (Yi, Ai) with (Yi − R,Ai − R)

in the case of Figure 3.6(a) or (b), and with (Yi − R, (Ai − R) ∪ D) in the case of

Figure 3.6(c) or (d). This does not change (Yi, Ai) up to isotopy in M .

There may be parallelity bundle components remaining that we cannot remove

without changing (Yi, Ai) up to isotopy in M . We will replace them with 2-handles to

obtain a handle structure for (Yi, Ai) that is (0, 0)-nicely embedded in M ; in particular,

that has no parallelity bundle. We will then be able to find a core curve for Yi that

runs a bounded number of times through each 0- or 1-handle of M and thus find one

that is simplicial in a suitable barycentric subdivision, using the combinatorial bounds

of Theorem 2.8.4.

Proposition 3.3.13. By removing handles of Hi and replacing the maximal parallelity

bundle with 2-handles, we can obtain a handle structure G for the pair (Y ′
i , A

′
i) that is

(0, 0)-nicely embedded subnormal in H and is isotopic to (Yi, Ai) in M . In particular,

it has no parallelity 0- or 1-handles.

Proof. By Lemma 3.3.9 the maximal parallelity bundle has no Möbius band bundle

components. If there is an annulus bundle, apply Lemma 3.3.11 to remove it; if

there is a disc bundle whose vertical boundary intersects ∂Yi, apply Lemma 3.3.12 to

remove annulus bundles and disc bundles whose vertical boundaries intersect ∂Yi. The

resulting handle structure satisfies Convention 2.2.2 by Lemma 3.3.10. The remaining

generalised parallelity bundle is a collection of disc bundles with properly-embedded

vertical boundary.

Replace these parallelity bundle components with 2-handles and let H′
i be the

resulting collection of handles. So long as this is a handle structure, it is immediate

that it satisfies the definition of being (0, 0)-nicely embedded subnormal in H. As any

handle that is adjacent to the maximal parallelity bundle B via a parallelity handle of
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lower index is itself in B, and the vertical boundary of B is properly embedded, these

new 2-handles D2 × D1 intersect handles of lower index in all of ∂D2 × D1. They

are also disjoint from other 2-handles, and any components of their intersection with

1-handles come from components of intersection of 2-handles and 1-handles in H′
i,

which is a handle structure, so H′
i is a handle structure satisfying Convention 2.2.2.

An appropriate core curve

Proposition 3.3.14. For each subnormal neighbourhood Yi of a non-multiplicity-

two singular fibre with handle structure Hi, we can find a core curve satisfying the

conditions in Theorem 3.3.5 that is disjoint from the parallelity bundle of Yi with

respect to the annulus Ai.

Proof. Let Gi be the handle structure from Proposition 3.3.13. We know that Gi has

no parallelity handles, its 0- and 1-handles are parts of 0- and 1-handles of Hi, and

Gi is a solid torus neighbourhood of γi. A core curve of Gi thus includes into Hi

as a core curve. The intersection count conditions in Theorem 3.3.5 were satisfied

by Hi as it came from cutting along a normal surface in a handle structure dual to

a triangulation. These conditions are also satisfied in Gi: its 0- and 1-handles are

parts of 0- and 1-handles of Hi respectively, so it suffices to check the intersection

conditions on the 2-handles. After replacing generalised parallelity bundle components

with 2-handles, all intersections between 1-handles and these new 2-handles include

into Hi as components of intersection between the 1-handles and 2-handles. Thus

Theorem 3.3.5 applies; that is, there is a core curve γ for Yi that, in Gi, has the

properties from Theorem 3.3.5, and so in particular is disjoint from the 2-handles in

Gi and hence from the parallelity bundle of Hi.

Proof of Theorem 3.3.2. As we have already noted, the solid torus case is Theorem

6.14 of [LS22]. Otherwise, recall that H is dual to the triangulation T of M . Con-

sider the collection of core curves γ = {γi} from Proposition 3.3.14: this collection

consists of one curve isotopic to each non-multiplicity-two singular fibre. These core

curves are contained in the 0- and 1-handles in the handle structures Gi, which are

simultaneously (0, 0)-nicely embedded subnormal in H. By Theorem 2.8.5, the curves

{γi} are simultaneously simplicial in T (79). As we discussed after the statement of

Theorem 2.8.5, these simplicial curves contain only edges of T (79) that are not edges

of T (78). In the solid torus case we had a simplicial core curve in T (51), so we can take

27 further barycentric subdivisions, each time, for each edge of the simplicial core

curve, replacing it with two edges which were created in the barycentric subdivision.
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In a barycentric subdivision, the link of an edge e that was created in the subdivision

is a circle of four or six edges. When we take an additional barycentric subdivision,

each of these edges is subdivided once, so we have a circle of eight or twelve edges.

After two further barycentric subdivisions, the simplicial neighbourhoods of these

simplicial singular fibres are solid tori and do not intersect in their interior; one more

suffices to ensure that they are disjoint. Thus, if we take three barycentric subdivisions

to obtain T (82), we ensure that the simplicial neighbourhoods of the singular fibres

are disjoint solid tori and that transverse to each edge of each singular fibre there is a

meridian curve of length at most 6× 23 = 48.

3.3.2 Bounds on triangulation complexity

We will now prove the triangulation complexity bounds. First, we give the upper

bound.

Figure 3.7: Subdividing a triangle to add a new boundary component to a surface
triangulation. The edges in grey are new internal edges; the central circle is the new
boundary component.

Proposition 3.3.15. Let M be a manifold with Seifert data [Σ, (p1, q1), . . . , (pn, qn)]

with non-empty boundary. Its triangulation complexity is bounded by

∆(M) ≤ 96|χ(Σ)|+ 176 + 70
n∑

i=1

∥qi/pi∥ .

Proof. Let b be the number of boundary components of Σ, and let a be, if Σ is

orientable, twice its genus, and otherwise let it be its non-orientable genus. We have

χ(Σ) = 2− a− b. Write Σn for the surface Σ with n additional boundary components

added.

Suppose that Σn is orientable. When Σn is an annulus or disc, we can construct

a triangulation of size three – in particular, of size at most 6a− 1 + 4(b+ n) – with
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(a) (b) 2-2 move (c) 2-2 move (d) 3-1 move

Figure 3.8: Applying three Pachner moves to the triangulation of a boundary torus of
Σn × I to reduce it to a single vertex triangulation where two of the edges are the
fibre and section of the product structure.

one vertex on each boundary component. Otherwise, we can triangulate the closed

orientable surface of the correct genus with at most 2a− 2 faces. We can then add

a boundary component in the middle of a face at the cost of 3 additional faces, as

shown in Figure 3.7, again with one vertex on each boundary component, to give

the same bound. Take the product of this triangulation with an interval to obtain a

subdivision of Σn × I into triangular prisms, where the same triangulation is induced

on the top and bottom faces. Glue top to bottom to obtain Σn × S1, divided into at

most 6a− 1 + 4(b+ n) triangular prisms.

Otherwise Σn is non-orientable. There is a triangulation of the Möbius band using

two triangles with two vertices on its boundary, and by adding one more triangle we

can ensure that the boundary has a single vertex. We can add a boundary component

to such a surface using three additional triangles, as in the orientable case. We can

use this triangulation of the non-orientable surface Γp with non-orientable genus one

and p boundary components, by a total of 3p triangles, to construct a cell structure

on Γp ×∼ I using 3p triangular prisms: one over each of these triangles. Now, we can

glue two of these cell structures, for Γp′ ×∼ I and Γp′′ × I, along two annuli γ × I that

sit over one each of their boundary components. Thus we obtain a cell structure for

Σn ×∼ I, and we can glue two of these by the identity map on their boundaries to get a

cell structure for Σn ×∼ S1 composed of at most 2(6a− 6 + 4(b+ n)) triangular prisms.

Pick a subdivision of each quadrilateral face into two triangles, then cone each

triangular prism to an interior point, subdividing it into eight tetrahedra: one for each

of the faces of this triangulation of the boundary of the prism. This procedure gives a

triangulation of Σn ×
(∼)

S1 by at most 16(6a− 1 + 4(b+ n)) tetrahedra. Note that we

were free to choose the triangulation of the quadrilaterals in the boundary.

Some of these boundary tori correspond to boundary components of M , while

others will be Dehn filled to create singular fibres. We restrict our attention to
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the latter class. The induced triangulation on each boundary torus depends on the

orientability of Σn. We wish it to be a single vertex triangulation, where the fibre and

section curves of the product structure are two of the edges. If Σn is orientable, this is

automatic. If it is non-orientable, the initial triangulation of each boundary component

is by taking a strip of two rectangles and identifying opposite sides, then subdividing

each rectangle into two triangles in a way we can choose. As shown in Figure 3.8, we

can apply three Pachner moves (that is, add three additional tetrahedra) to obtain

the required properties. We have used a total of at most 16(6a− 6 + 4(b+ n)) + 3n

tetrahedra.

Consider a toroidal boundary component that we wish to Dehn fill by gluing the

meridian of a solid torus to the slope qi/pi curve. By Lemma 2.6.3, we can do this

using at most ∥qi/pi∥+ 2 tetrahedra. Thus ∆(M) satisfies

∆(M) ≤ 16(6a− 1 + 4(b+ n)) + 3n+
n∑

i=1

(∥qi/pi∥+ 2)

so, noting that ∥qi/pi∥ is at least 1 so
∑

i ∥qi/pi∥ is at least n and that |χ(Σ)| = |a+b−2|,
we have that

∆(M) ≤ 96a− 16 + 64b+ 69n+
n∑

i=1

∥qi/pi∥

≤ |96a+ 96b− 192|+ 176 + 70
n∑

i=1

∥qi/pi∥

which gives us the bound.

We next give the lower bound from the Euler characteristic of the underlying

surface, which follows from the rank of first homology.

Lemma 3.3.16. Let M be a manifold with Seifert data [Σ, (p1, q1), . . . , (pn, qn)] and

non-empty boundary. The triangulation complexity ∆(M) is at least 1
6
(|χ(Σ)|+ 1).

Proof. As ∆(M) ≥ 1, this bound holds when M is a solid torus, so assume that χ(Σ)

is at most 0. Let T be a minimal triangulation of M . Note that T has at most 6|T |
edges so its first homology group is of rank at most 6|T |. We can use van Kampen’s

theorem to construct π1(M), in the same order as in the proof of Proposition 3.3.15:

first, we take Σb+n
g ×(∼)

S1 and then glue in n solid tori with their meridians glued to

the specified slopes. This presentation is given explicitly, for example, in Theorem

2.2.2 of [Bri93]. Abelianising, we find that the first homology has a free summand of

rank |2− χ(Σ)| if Σ is orientable, and |1− χ(Σ)| otherwise. As χ(Σ) is nonpositive,
these are each at least |χ(Σ)|+ 1.
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We now need to show that ∆(M) is bounded below in terms of the sum of the

continued fraction expansions. The idea is as follows: in T (82), for each non-multiplicity-

two singular fibre we have a simplicial neighbourhood with a meridian curve of length

at most 48. Considering the (0, 0)-nicely embedded subnormal neighbourhood Gi of this

singular fibre with distinguished annulus Ai in its boundary from Proposition 3.3.13,

the boundary components of Ai give us a normal curve in the boundary of Gi of slope

qi/pi (with respect to some (meridian, longitude) coordinate system on the boundary

of the solid torus) which runs through each handle in the boundary at most once.

We thus bring our attention to the complexity of T 2 × I where we have a controlled

length curve of a specified slope in each boundary component, which we studied in

Lemma 2.8.9. We need two further elementary results.

Lemma 3.3.17. Let A be a simplicial triangulation of an annulus, composed of |A|
triangles. There is a triangulation of D2 × I, comprising at most 3|A| tetrahedra, that
induces the triangulation A on the boundary ∂D2 × I.

Proof. Consider the cone CA of A. This is homeomorphic to D2 × I pinched at a

point in the centre (the cone point) and has |A| top-dimensional cells. We have an

induced triangulation X of D2 × ∂I from the cone C∂A over ∂A. Take the cone over

each component of X, which is homeomorphic to two balls, and glue it to CA by

identifying the inclusions of C∂A into CX and CA. The resulting cell complex is

homeomorphic to D2 × I and the triangulation it induces on ∂D2 × I is A; as it was

built by gluing together cones over triangulated surfaces, each 3-cell is a tetrahedron.

This cell complex contains |A|+ |∂A| top-dimensional cells, where |∂A| is the length

of the boundary of A, and that |∂A| is at most 2|A| since no triangle of A has all

three edges in the boundary.

Lemma 3.3.18. Let T be a material triangulation of a compact 3-manifold M . There

is a pre-tetrahedral handle structure H for M , containing at most 5|T | 0-handles, that
does not contain any parallelity handles with respect to ∂M , and such that the induced

cell structure on the boundary is the same as the boundary triangulation induced by T .

Proof. The idea here is to take the dual handle structure to T and rule out the

possibility of any parallelity handles by ensuring that each handle has at most one

component of intersection with the boundary. A (2-dimensional) cell structure A on a

closed surface S induces a (3-dimensional) cell structure on S × I, which we denote

as A × I, whose induced boundary cell structure on each boundary component is
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a copy of A, and where the intersection of each cell with a boundary component is

connected. We can consider our triangulation T to be a cell structure. Let A be the

induced cell structure on ∂M from T . Let C be constructed from the cell structure T
by attaching a copy of A× I to ∂T . Let H be the dual handle structure to C, as in
Definition 2.2.4. The only handles that intersect the boundary are those added by

attaching A× I, each of whose cells intersect each boundary component of A× I in

a connected subsurface, and hence intersect ∂M in at most one component. As the

triangulation of ∂M from T contained at most 4|T | faces, C has at most 5|T | 3-cells,
so H has at most 5|T | 0-handles.

Now, H is pre-tetrahedral. The interior 0-handles are dual to the interior cells of

C which are tetrahedra, so these 0-handles have tetrahedral boundary graphs. Those

that intersect the boundary are semi-tetrahedral: they are dual to cells that are the

product of a triangle and an interval, where one of the triangular faces is on the

boundary.

We can now prove the lower bound when there are no multiplicity two fibres.

Proposition 3.3.19. Let M be a manifold with Seifert data [Σ, (p1, q1), . . . , (pn, qn)]

other than the solid torus where the first m singular fibres in this list are not of

multiplicity two. Then ∆(M) ≥ 1
6
m, and there is a universal constant k > 0 such that

∆(M) ≥ 1

k

(
m∑
i=1

∥qi/pi∥ − 9794m

)
.

Proof. Let T be a triangulation ofM , and letH be the dual handle structure. Consider,

for each singular fibre γi that is not of multiplicity two, the (0, 0)-nicely embedded

subnormal handle structure Gi in M for the subnormal neighbourhood (Yi, Ai) of γ

from Proposition 3.3.13, which exists as M is not a solid torus. Let C be the disjoint

union of these handle structures.

Each subnormal neighbourhood Gi contains at least one non-parallelity 0-handle,

and each 0-handle of H contains at most six such possible subnormal 0-handles. Thus,

as each 0-handle in H is dual to a tetrahedron in T , m ≤ 6|T |.
As the subnormal neighbourhoods are simultaneously (0, 0)-nicely embedded, in

T (30) we can arrange that the following parts of C are simplicial using Theorem 2.8.4:

the 0-handles, the cocores of the 1-handles, and the attaching annuli of the 2-handles.

We already know from Theorem 3.3.2 that after an additions 82 barycentric subdivi-

sions, a core curve of each of these solid tori is simplicial and that these simplicial
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curves have disjoint solid tori as their simplicial neighbourhoods, with a simplicial

meridian curve of length at most 48 for each such neighbourhood.

Subdivide one more time, giving T (113), so that the simplicial neighbourhood of

each core curve is disjoint from the attaching annuli of the 2-handles of C. Doing this

doubles the degree of each edge, so increases the length of the simplicial meridian

curve to at most 96, and ensures that the simplicial neighbourhoods are disjoint

from ∂Gi for each i. The induced triangulations of the attaching annuli in T (113)

consist of subdivided triangles from T (30). Each of these faces is subdivided into

six triangles in each barycentric subdivision, so the attaching annuli triangulations

contain a total of at most 683 × 4 × 2430|T | triangles. By Lemma 3.3.17 we can

triangulate the 2-handles (although not necessarily as a subset of T (113)) using at most

3 × 683 × 4 × 2430|T | additional tetrahedra, so we can triangulate C using at most

2× 24113|T | tetrahedra. Consider a subnormal neighbourhood (Yi, Ai) of a core curve,

which we have triangulated. The annulus Ai is simplicial, as it was a subset of the

cell structure of the boundary, and so its boundary curves are simplicial. Take one of

these. This curve has slope (qi, pi), the relevant Seifert data for that singular fibre for

some choice of (meridian, longitude) coordinates on the boundary of the solid torus.

Drill out a simplicial neighbourhood of each of the core curves, which we recall is

disjoint by construction from the attaching annuli of the 2-handles as well as from

∂Gi = ∂Si and has a meridian of length at most 96. We now have a copy of T 2 × I

for each singular fibre, triangulated using a total of at most 2× 24113|T | tetrahedra,
each with coordinates such that they have a (1, 0) curve of length at most 96 on

one side and, on the other, a simplicial (qi, pi) curve. By Lemma 3.3.18 there is a

pre-tetrahedral handle structure for this collection of copies of T 2 × I, inducing the

same triangulation of the boundary, that has no parallelity handles and contains at

most 10× 24113|T | 0-handles. Each 0-handle contributes at most 1 to the tetrahedral

complexity of the handle structure so the tetrahedral complexity of the collection is

at most 10× 24113|T |. By Lemma 2.8.9 we thus have

|T | ≥ 1

10 · 24113k′

(
m∑
i=1

∥qi/pi∥ − 9794m

)

for some k′ > 0.

Corollary 3.3.20. Let M be a manifold with Seifert data [Σb
g, (p1, q1), . . . , (pn, qn)]

where the first m singular fibres in this list are not of multiplicity two. There is a
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universal constant k such that

∆(M) ≥
(

1

24
− 9794

k

)
m+

1

24
|χ(Σ)|+ 1

k

m∑
i=1

∥qi/pi∥+
7

24
.

Proof. Let T be a triangulation of M . From Lemma 3.3.16 and Proposition 3.3.19 we

have four different lower bounds for |T | including the trivial one: that it is at least

one. The maximum of these is certainly at least the average of the four, so as we can

set k to also be at least one,

|T | ≥ 1

4

(
m

6
+

1

6
(|χ(Σ)|+ 1) +

1

k

m∑
i=1

∥qi/pi∥ −
9794

k
m+ 1

)

which gives the bound.

Proof of Theorem 3.3.1. The following upper bound is given in Proposition 3.3.15:

∆(M) ≤ 96|χ(Σ)|+ 176 + 70
n∑

i=1

∥qi/pi∥ .

The lower bound when there are no singular fibres of multiplicity two follows from

Proposition 3.3.19. To extend our bound to multiplicity two singular fibres, we take a

double cover to remove all but at most one of them.

Consider the degree two cover of M constructed as follows: M is a circle bundle

over an orbifold S. The multiplicity two singular fibres are the preimages of degree

two cone points. Pair these cone points (with at most one left over) by picking some

disjoint family of arcs that begin and end on degree two points. Let s be the number

of arcs. There is a homomorphism π1(S) → Z/2 by taking a loop to its intersection

count with this family of arcs mod 2. The degree two cover S̃ → S associated to the

index 2 kernel of this homomorphism induces a horizontal degree two cover M̃ → M

on the level of 3-manifolds. (Equivalently, consider the collection of Klein bottles in

M that is the preimage of the arcs in S and take the corresponding degree two cover.)

Which Seifert fibred manifold is M̃? Using the Riemann-Hurwitz formula, the base

orbifold S̃ of M̃ has Euler characteristic 2χ(S)−
∑2s

i=1 1 = 4− 2a− 2b− 2s, where a

is the non-orientable genus or twice the orientable genus, according to whether S is

non-orientable or not, and b is the number of boundary components of S. It has 2b

boundary components, two singular fibres of index ±qi/pi for each non-multiplicity-two

singular fibre of M̃ , as well as, if there was a multiplicity two singular fibre left over,

two multiplicity two singular fibres. A −qi/pi singular fibre, which is a (pi − qi)/pi
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singular fibre after a change of coordinates, contributes the same continued fraction

sum by Lemma 2.6.4. We deduce that if S̃ is orientable, it has genus a+ s− 1, or if it

is non-orientable, it has 2a+ 2s− 2 crosscaps. Sort the list of singular fibres of M

was so that those with multiplicity two are at the end, and let m be the number of

non-multiplicity-two singular fibres.

When a+ b− 2 ≥ 0, |s+a+ b− 2| = |s|+ |a+ b− 2|. Otherwise, in which case Σ is

a disc, |s+ a+ b− 2| = |s| − 1 so either way |s+ a+ b− 2|+ 2 ≥ |s|+ |a+ b− 2|. We

can take k to be large enough that 1
24

− 9794
k

is at least 1
48
. Using these two bounds,

we can modify the lower bound on ∆(M̃) from Corollary 3.3.20 in the following way:

∆(M̃) ≥
(

1

24
− 9794

k

)
2m+

1

24
|4− 2a− 2b− 2s|+ 1

24
· 4 + 1

k

m∑
i=1

2 ∥qi/pi∥+
3

24

≥ 2 · 1

48
m+

1

12
(|s|+ |a+ b− 2|) + 2

k

m∑
i=1

∥qi/pi∥+
3

24

≥ 1

24
m+

1

12
|χ(S)|+ 1

12
s+

2

k

m∑
i=1

∥qi/pi∥+
3

24

but then each multiplicity two fibre contributes 2 to the sum of ∥qi/pi∥ over all the

singular fibres, so
∑n

i=1 ∥qi/pi∥ ≤
∑m

i=1 ∥qi/pi∥+ 4s+ 2. By taking k to be at least

96, we have that 4
k
is at most 1

24
and 8

k
s is at most 1

12
s. We can thus obtain the bound

that

∆(M̃) ≥ 1

24
m+

1

12
|χ(S)|+ 2

k

n∑
i=1

∥qi/pi∥+
1

12
.

By lifting a minimal triangulation of M through the double cover, we see that

∆(M̃) ≤ 2∆(M). Thus we have the result for a suitable choice of k.
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Chapter 4

Recognising 3-manifolds

That works very well in practice, but how does
it work out in theory?

Attribution unknown

4.1 Deciding n-manifold homeomorphism

Given two (compact, orientable) n-manifolds, can we tell if they are homeomorphic?

That is, is there an algorithm to solve “n-manifold homeomorphism”?

The answer to this question depends on the dimension. For n = 1, there is only

one compact n-manifold, so the algorithm that always outputs “yes” suffices. For

n = 2, by the classification of surfaces, a 2-manifold is determined by its homology

and its number of boundary components [Bra21]. Considering higher dimensions, for

n = 4 the problem is undecidable, due to Markov [Mar58] – the simplest 4-manifold

that is known to be unrecognisable is #9S
2×S2 [Tan23]. For n ≥ 5, even the n-sphere

is known to be unrecognisable (while the recognition problem for S4 is open) [VKF74,

appendix by Novikov].

For n = 3 there is an algorithm to recognise when two 3-manifolds are homeo-

morphic, but its construction required Perelman’s resolution of the geometrisation

conjecture [Per02; Per03a; Per03b]. Proofs of this fact when the manifolds are closed

have been given by Sela, Scott-Short, Matveev, Bessières-Besson-Boileau-Maillot-Porti

and Kuperberg, among others [Sel95; SS14; Mat07; Bes+10; Kup19]. Several authors

state that Jaco gave a proof in the case with boundary in a set of lectures given at

the Peking Summer School in July 2005, but unfortunately his lecture notes are no

longer available1.

1Personal correspondence with W. Jaco.
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How hard is 3-manifold homeomorphism? To make this question precise, we need

to pin down our input format. As the input to the homeomorphism problem, we use

triangulations (see Section 2.2). As we are in 3-dimensions, and for 3-manifolds the

piecewise-linear, smooth, and topological categories are isomorphic, we can describe

every (compact) 3-manifold this way.

Definition 4.1.1. The decision problem of 3-manifold homeomorphism is the

problem of, given two triangulations of compact, connected, orientable 3-manifolds

with toroidal boundary, deciding if they are homeomorphic.

Perhaps the more natural question is to specialise to closed 3-manifolds, but as

geometrisation also applies to 3-manifolds with toroidal boundary, we will see in

Section 4.1.2 that the closed case approach works in this setting too.

Question A. Is 3-manifold homeomorphism in NP?

Whether we speak of triangulated 3-manifolds or of triangulations in general makes

no difference, as the following well-known result shows (see Theorem 3.4 of [Sch11] for

one proof):

Proposition 4.1.2. Deciding whether, given a triangulation, its underlying topological

space is a 3-manifold, has a polynomial time solution.

The idea is that, to show that a triangulation T gives a closed 3-manifold, we need

to show that all points in T have 3-ball neighbourhoods. This is automatic for points

in the interior of tetrahedra or faces (as no face is glued to itself) and for points on

edges that are not at the midpoint or end of the edge. A neighbourhood of a vertex

or the midpoint of an edge is determined by its link, so it suffices to check that these

links (of which there are a linear number in |T |) are 2-spheres. Checking whether

a (2-dimensional) triangulation is a 2-sphere can be done in polynomial time. For

3-manifolds with boundary, we additionally allow points to have neighbourhoods that

are 3-ball hemispheres: that is, their neighbourhoods may also be discs. This does

not make the algorithm substantially more complicated.

4.1.1 Dimension 3 in theory and practice

Question A is one precise way of asking: how hard is 3-manifold homeomorphism?

From a theoretical perspective, the best known bound was given by Kuperberg [Kup19].

He showed that the problem is elementary recursive, which implies that there is an

algorithm for 3-manifold homeomorphism that has running time bounded by
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a bounded tower of exponentials in the total number of tetrahedra t in the two

triangulations – that is, that it is at most of the order of

22
...

t

for some fixed height [Kup19] – where the height is not known for the general case.

For hyperbolic manifolds, it is bounded by 22
tO(t)

[Scu21]. While these bounds were

not easy to find, they also grow very quickly: with eight tetrahedra, for example, they

give no assurance that an algorithm to decide 3-manifold homeomorphism should run

in any reasonable amount of time.

In practice, however, we are quite good at deciding 3-manifold homeomorphism.

Matveev and Tarkaev produced a census of all 103041 (orientable, closed, irreducible) 3-

manifolds up to 13 tetrahedra in 2020 [MT20]. In the same year, Ben Burton tabulated

the more than 300 million prime knots of up to 19 crossings, which involves showing that

an associated list of 300 million 3-manifolds does not contain duplicates [Bur20]. Both

groups work by enumerating all possible manifolds in the class they are considering,

then for each pair, either show they are homeomorphic using ad hoc methods or

distinguish them using invariants such as homology groups, Turaev-Viro invariants,

and the number of subgroups of the fundamental group of a given index (see [Bur11]

and [MT20] for further discussion on the challenges of this approach). If the 3-manifold

homeomorphism problem took anything like the theoretical running time in practice,

these results would have been impossible.

This observation motivates Question A: can we improve our understanding of

the complexity class of the problem? A more ambitious question would be whether

3-manifold homeomorphism is in P, but even showing that the recognition problem

is in P for the solid torus would be a significant advancement, as that would prove

that unknot recognition is in P.

4.1.2 3-manifold homeomorphism: a geometric approach

One algorithm for solving 3-manifold homeomorphism that directly uses geometri-

sation is, given triangulations T1 and T2 of two 3-manifolds M1 and M2, (1) find

the geometric decompositions of T1 and T2, (2) check if the geometric pieces are

homeomorphic, and (3) check if the gluing maps are equivalent. This is the ap-

proach used by Kuperberg, for example [Kup19], and suggests a possible proof that

3-manifold homeomorphism is in NP. If M1 and M2 are homeomorphic, we want

to, in polynomial time in |T1|+ |T2|,
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1. give the geometric decompositions of M1 and M2 and certify that they are in

fact decompositions of these manifolds;

2. certify that the geometric pieces are homeomorphic; and

3. certify that the gluing maps are equivalent.

Giving the prime decomposition of the manifolds is possible by Jaco and Tollefson’s

proof that there is a complete set of reducing spheres consisting of fundamental normal

surfaces [JT95, Theorem 5.2]; to give the geometric decomposition using a bounded

amount of data is more challenging. We will concern ourselves with the second step:

whether the homeomorphism problem is in NP for geometric 3-manifolds, and whether

deciding if a manifold is geometric is in NP. The geometrisation theorem tells us

that the pieces of the geometric decomposition of a 3-manifold each have one of eight

geometries: H3, Sol, S3, S2 × R, E3, Nil, H2 × R, and S̃L2, where the latter six of

these are Seifert fibered spaces.

As we mentioned in Section 2.1, the recognition problem is already known to be in

NP for a few classes of manifolds, some of which we will need later.

Theorem 4.1.3 ([Iva08; Sch11]). Recognition of S3 is in NP.

Theorem 4.1.4 (Theorem 3 [Iva08]). Recognition of B3, S1 × S2, RP 3 and S1 ×D2

is in NP, as is recognition of any fixed connect sum or ∂-connect sum of them.

Since S2 × S1 and RP 3#RP 3 are the only manifolds with the S2 × R geometry,

recognition of this geometry is in NP.

Theorem 4.1.5 (Theorem 23 [HH22]). Recognising Σ× I and Σ×∼ I where Σ is a

compact surface is in NP.

Theorem 4.1.6 (Theorems 12.1 and 12.2 [LS22]). Recognising if a triangulated 3-

manifold is elliptic (the S3 geometry) is in NP, and, given a triangulated elliptic

3-manifold, at least one set of valid Seifert data for it can be certified in polynomial

time in the size of the triangulation.

We will see in Section 4.2 that both the problem of recognising if a manifold

is Euclidean or Nil and, that of, given two such manifolds, deciding if they are

homeomorphic, are in NP. In Chapter 5 we will prove that, similarly, recognising if

a manifold with non-empty boundary is Seifert fibered is in NP, and that deciding

if a given such manifold admits a certain set of Seifert data is in NP ∩ co-NP. The

remaining cases, then, are the closed manifolds with H2 × R or S̃L2 geometries, the

hyperbolic manifolds, and the Sol geometry.
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4.2 The Euclidean and Nil cases

When considering closed manifolds, two geometries – the Euclidean and Nil ones – are

determined purely by their homology and some covering data. This is surely known to

experts in the field. We will use this to show that the recognition and homeomorphism

problems for closed manifolds with these geometries is in NP among all 3-manifolds.

Theorem 4.2.1. The problem closed Euclidean and Nil recognition is in

NP, and deciding if a given closed Euclidean or Nil manifold admits a given set of

Seifert data is in NP ∩ co-NP.

All closed Euclidean and Nil manifolds are Seifert fibered, and can be described as

circle bundles over Euclidean orbifolds (see Scott [Sco83a] or Martelli [Mar16, Prop.

12.3.3] for an exposition). There are only seven such (closed) orbifolds (with isolated

cone points), as one can prove by considering the possible lists of integers such that

the Euler characteristic of the underlying surface plus
∑

( 1
pi
− 1) is equal to zero. We

describe them by listing the underlying surface and the angles of the cone points:

Surface Cone points Surface Cone points
T 2 None S2 2π/2, 2π/2, 2π/2, 2π/2
K None S2 2π/3, 2π/3, 2π/3
S2 2π/2, 2π/4, 2π/4 S2 2π/2, 2π/3, 2π/6
RP 2 2π/2, 2π/2

Table 4.1: The Euclidean orbifolds.

4.2.1 Reducible toroidal mapping tori

Some Euclidean and Nil manifolds can be viewed as mapping tori of the torus by

a reducible mapping class: one that fixes an essential curve. Identify the mapping

class group of the torus with SL(2,Z). A reducible mapping class fixes an essential

curve, and the mapping class group acts transitively on the set of curves of the torus.

Up to conjugacy there are therefore two reducible mapping classes: ϕe =

(
1 e
0 1

)
and ϕ̄e =

(
−1 e
0 −1

)
. The mapping torus of the torus with monodromy ϕe is

homeomorphic to the Seifert fibered space [T 2, e], and the mapping torus of ϕ̄e is

homeomorphic to the Seifert fibered space [K, e]. We can assume that e is nonnegative

as reversing the orientation of these circle bundles flips the sign of e.
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Let reducible toroidal mapping torus recognition be the problem to

determine if a given 3-manifold is a torus bundle over the circle with reducible

monodromy. Let naming reducible toroidal mapping tori be the problem of,

given a triangulated reducible toroidal mapping torus and the Seifert data of another

reducible toroidal mapping torus, deciding if the manifold admits that Seifert data.

Theorem 4.2.2. The problem reducible toroidal mapping torus recognition

is in NP. The problem naming reducible toroidal mapping tori is in NP ∩
co-NP.

Our main tool to prove Theorem 4.2.2 will be the homology of torus bundles over

the circle.

Proposition 4.2.3. The homology of a torus bundle over the circle M with monodromy

ϕ is the following. We have H3(M ;Z) ∼= Z. The second homology is

H2(M ;Z) =


Z3 ϕ = id

Z2 ϕ conjugate to ϕe, e ̸= 0

Z else.

If ϕ is not Anosov, then the first homology is

H1(M ;Z) =



Z3 ϕ = id

Z2 ⊕ Ze ϕ conjugate to ϕe, e ̸= 0

Z⊕ Z2
2 ϕ conjugate to ϕ̄e, e even

Z⊕ Z4 ϕ conjugate to ϕ̄e, e odd

Z⊕ Z3 ϕ of order 3

Z⊕ Z2 ϕ of order 4

Z ϕ of order 6.

Proof. Up to conjugacy and taking inverses, the elements of SL(2,Z) are id = ϕ0, ϕe,

ϕ̄e, Anosov maps, and finite order maps of order 2, 3, 4 and 6, which have respective

representatives ϕ̄0 =

(
−1 0
0 −1

)
,

(
0 −1
1 −1

)
,

(
0 1
−1 0

)
and

(
1 −1
1 0

)
.

Let A and B be two copies of T 2 × I, that agree with the fibration of M as a torus

bundle over the circle, such that A ∪B covers M and A ∩B is two copies of T 2 × I.

Apply the Mayer-Vietoris sequence to compute the homology of M = A ∪B. Doing

this, we see that the map from H1(A ∩B) ∼= Z2 ⊕ Z2 to H1(A)⊕H1(B) ∼= Z2 ⊕ Z2 is

the matrix 
1 0 1 0
0 1 0 1
1 0 ϕ11 ϕ12

0 1 ϕ21 ϕ22


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which reduces to 
1 0 1 0
0 1 0 1
0 0 ϕ11 − 1 ϕ12

0 0 ϕ21 ϕ22 − 1


so has a kernel of the same dimension as the eigenspace of ϕ with eigenvalue 1. This

dimension is two if ϕ = id, one if ϕ = ϕe for e ̸= 0, and zero else, which is enough to

give us the second homology. For the first homology, we compute the image of this

matrix for the specific mapping classes in question.

The manifold M is irreducible and the only (orientable) essential surfaces in it are

vertical tori, unless e = 0, in which case there are also horizontal tori.

Lemma 4.2.4. Suppose M is an irreducible closed 3-manifold that contains an

essential torus. Let T be a triangulation of M . Then there is an essential torus that

is either a fundamental normal surface or the double of one.

Proof. Let F be a normal incompressible torus that is of minimal weight among all

normal surfaces that are incompressible tori. Suppose that F = G1 +G2 (that is, that

F is not fundamental). By Theorem 2.3.3, both of G1 and G2 is incompressible and

of Euler characteristic at most 0. As χ(G1) + χ(G2) = χ(F ) = 0, we have either two

incompressible Klein bottles or two incompressible tori. We cannot have tori, as then

F was not of minimal weight among the class of incompressible tori. Thus we have two

incompressible Klein bottles. As 2F is also an incompressible minimal normal surface

and 2F = 2G1 + 2G2, the surfaces 2G1 and 2G2 are also incompressible tori. Now, we

must have the weight of 2G1 equal to the weight of 2G2 equal to that of F , so consider

G1, which is a Klein bottle in M with incompressible double. By the same argument,

if G1 = H1 +H2, then H1 and H2 must be Klein bottles or tori, whose doubles are

incompressible. At least one must be a Klein bottle since G1 is non-orientable, so we

obtain a Klein bottle of lower weight than G1 and thus its double is an incompressible

torus of lower weight than that of F , a contradiction.

Proof of Theorem 4.2.2. Given a triangulation T of some 3-manifold M , if it is a

reducible toroidal mapping torus with Seifert data [T 2, e], we give the following

certificate:

1. the Seifert data [T 2, e],

2. a fundamental normal surface (or a double of one) F that is an incompressible

torus, given as a vector v ∈ Z7|T |,
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3. the data from following the algorithm in Proposition 2.7.7 to construct a trian-

gulation T ′ of M\\F ,

4. and a certificate from Theorem 4.1.5 that T ′ is homeomorphic to T 2 × I.

The algorithm to verify that T is [T 2, e] from this certificate is the following. Check

that T is closed. Use Proposition 2.7.9 to check that F is indeed a torus. Use the

algorithm of Proposition 2.7.7 to construct a triangulation of M\\F and verify that

it is T ′. Verify the certificate of Theorem 4.1.5 to prove that T ′ is T 2 × I. At this

point we know that M is a torus bundle over the circle, and we wish to prove that the

monodromy is (up to conjugacy) ϕe for some value of e that we will verify. Fortunately

for us, Proposition 4.2.3 tells us that we can recognise [T 2, e] among the class of

torus bundles over the circle by its homology: for e = 0, it is uniquely determined by

H2(M ;Z) = Z3, and for e ̸= 0, it is picked out that we are in this class by computing

H2(M ;Z) = Z2, and then we can detect e (noting that the sign of e is irrelevant)

from the degree of the torsion in H1(M ;Z). So the remainder of the certificate is to

compute the homology of M , which (as the dimension of M is fixed) can be done in

polynomial time by Proposition 2.2.1.

If it is a reducible toroidal mapping torus with Seifert data [K, e] we take a slightly

different approach. As K is double covered by T 2, [K, e] is double covered by [T 2, 2e].

(Another way of viewing this is that ϕ̄2
e = ϕ2e.) The certificate is:

1. the Seifert data [K, e],

2. the second barycentric subdivision T ′ of T ,

3. a triangulation T̃ of the double cover [T 2, 2e] of M , along with a simplicial

projection map to T ′,

4. a certificate that T̃ is in fact [T 2, 2e] (from the first part of this proof),

5. a homology computation for Hk(M ;Z), for k = 1, 2.

Check that the projection map of T̃ is in fact a degree two covering map by checking

this on a neighbourhood of each tetrahedron of T ′. As the homology computation of

H1(M ;Z) shows that it is rank one, we can certify that π1(M) is infinite. As M is

finitely covered by a Seifert fibered space, by Theorem 2.5.10 M is Seifert fibered and

so in particular ϕ is not Anosov. Among the non-Anosov cases, H1(M ;Z) certifies
that ϕ is ϕ̄e for some (unknown) e; that is, that M is [K, e].
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As discussed in Proposition 2.5.9 any covering map M̃ → M between two Seifert

fibered spaces is a composition of a horizontal map (which is injective when restricted

to a regular fibre of M̃ and is induced by a covering map of the orbifolds) and a vertical

map (which induces a homeomorphism between orbifolds). As the second homology

computation certifies that M is not a circle bundle over the torus, the covering map

from [T 2, 2e] to M must have a non-trivial horizontal component. As it is degree two,

and the degree of a covering map is the product of the horizontal and vertical degrees,

it must just be a horizontal map. Thus the Euler number of M is half that of M̃ ,

which we have already certified. We have now proved the first part of Theorem 4.2.2.

To prove that naming reducible toroidal mapping tori is in NP ∩ co-NP,

given a triangulation of a manifold T and a candidate set of Seifert data [T 2, e] or

[K, e], take the certificate we have just described for reducible toroidal mapping

torus recognition. This certificate includes the Seifert data of T and we have just

described how to certify it. Now by Lemma 2.5.3, as [T 2, e] and [K, e] are not lens

spaces, we can decide whether T is homeomorphic to the manifold described by the

given set of Seifert data or not in polynomial time.

4.2.2 Recognising closed Euclidean manifolds

The closed Euclidean manifolds are the closed Seifert fibered spaces whose Euler

class and orbifold Euler characteristic are both zero, which are all covered by T 3.

We consider the closed Euclidean 3-manifolds other than T 3 and K ×∼ S1. There

are only five of these, and they are easy to certify. Let closed Euclidean 3-

manifold recognition be the problem to determine if a given closed 3-manifold is

Euclidean. Let naming closed Euclidean 3-manifolds be the problem of, given

a triangulated closed Euclidean 3-manifold and the Seifert data of another closed

Euclidean 3-manifold, deciding if the manifold admits that Seifert data.

Proposition 4.2.5. The problem closed Euclidean 3-manifold recognition is

in NP. The problem naming closed Euclidean 3-manifolds is in NP∩ co-NP.

Proof. Given a triangulation T of a closed 3-manifold M , if M is Euclidean, the

certificate we give (for either problem) is the following:

1. the Seifert data of M ,

2. a compatible set of orientations of the tetrahedra of T ,

3. the 2nd barycentric subdivision T ′ of T ,
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4. a triangulation T̃ of T 3, containing at most 6× 242|T | tetrahedra, a covering

map from it to T ′, and

5. a certificate that T̃ is indeed T 3.

First, we show that such a triangulation of T 3 does exist. There are only seven

closed Euclidean Seifert fibered structures, corresponding to the seven closed Euclidean

orbifolds with no reflections. Table 4.2 gives their Seifert data, first homology group,

and the degree of the cover by T 3. From the table, we can see that every closed

Euclidean 3-manifold is covered by T 3 with degree at most six.

The certificate that T̃ is indeed T 3 exists by Theorem 4.2.2. We show that we

can verify this certificate in polynomial time in |T |. Verify that the given set of

orientations of T is indeed compatible. By Theorem 4.2.2 we can verify the certificate

of T 3. Certify that the covering map is indeed a covering map, and thus that M

is an orientable Euclidean manifold. Compute the first homology of M over Z in

polynomial time as described in Proposition 2.2.1. Note that K ×∼ I is homeomorphic

to the Seifert fibered spaces with data [K] and [S2, 1/2, 1/2,−1/2,−1/2]. Observe

from Table 4.2 that the first homology determines the homeomorphism type of M

among closed Euclidean 3-manifolds. We can thus certify the Seifert data. Now to

decide naming closed Euclidean 3-manifolds, by Lemma 2.5.3 we can decide

whether this Seifert data gives a homeomorphic manifold to the Seifert data we were

originally given in polynomial time.

Seifert data H1(M ;Z) degree of cover by T 3

[T 2] Z3 1
[K] Z⊕ Z2

2 2
[S2, 1/2, 1/2,−1/2,−1/2] Z⊕ Z2

2 2
[S2, 1/3, 1/3,−2/3] Z⊕ Z3 3
[S2, 1/2,−1/4,−1/4] Z⊕ Z2 4
[S2, 1/2,−1/3,−1/6] Z 6
[RP 2, 1/2,−1/2] Z4 4

Table 4.2: Homology of Euclidean Seifert fibre structures.

4.2.3 Recognising Nil manifolds

The Nil 3-manifolds have the same base orbifolds as the Euclidean orbifolds, and we

will use similar techniques to recognise them. While Euclidean Seifert fibered spaces

all have Euler number zero, with Nil manifolds we must also detect this invariant.
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Fortunately we can detect it using covers of small degree by reducible toroidal mapping

tori. Table 4.3 gives the first homology of the Nil 3-manifolds. The homology groups

were computed by abelianising the standard presentation of the fundamental group of

a Seifert fibered space and computing its Smith normal form. Let Nil 3-manifold

recognition be the problem to determine if a given (closed) 3-manifold is Nil. Let

naming Nil 3-manifolds be the problem of, given a triangulated (closed) Nil

3-manifold and the Seifert data of another Nil 3-manifold, deciding if the manifold

admits that Seifert data.

Seifert data H1(M ;Z) degree of cover by
[T 2, e′] for suitable e′

[T 2, e] Z2 ⊕ Ze 1
[K, e], e even Z⊕ Z2

2 2
[K, e], e odd Z⊕ Z4 2

[S2, 1/2, 1/2,−1/2,−1/2, e] Z2
2 ⊕ Z4e 2

[S2, 1/3, 1/3,−2/3, e] Z3 ⊕ Z9e 3
[S2, 1/2,−1/4,−1/4, e] Z2 ⊕ Z16e 4
[S2, 1/2,−1/3,−1/6, e] Z36e 6
[RP 2, 1/2,−1/2, e] Z2

4 4

Table 4.3: Homology of Nil Seifert fibre structures. We require e ̸= 0.

Proposition 4.2.6. The problem Nil 3-manifold recognition is in NP. The

problem naming Nil 3-manifolds is in NP ∩ co-NP.

Proof. Let M be a (closed) Nil 3-manifold with a triangulation T . We have already

seen the result for Nil 3-manifold recognition in Theorem 4.2.2 when M is [T 2, e]

or [K, e], so suppose M is not one of these. The certificate we give is the following:

1. the Seifert data of M ,

2. a compatible set of orientations of the tetrahedra of T ,

3. the 2nd barycentric subdivision T ′ of T ,

4. an oriented triangulation T̃ of a manifold M̃ , containing at most 3 × 242|T |
tetrahedra and a covering map from it to T ′, such that the homeomorphism

type of M̃ is [T 2, e′] where e′ = ke for 2 ≤ k ≤ 6,

5. a certificate of the homeomorphism type of T̃ .
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The required triangulation of M̃ exists as it is a cover of M of degree at most 6.

By Theorem 4.2.2, there is a polynomial time certificate that M̃ admits the Seifert

data [T 2, e′]. Given this cover, M must also be Seifert fibered (Theorem 2.5.10). From

Table 4.3, a Nil 3-manifold is identified up to its Euler class by its first homology,

and, for the manifolds other than [K, e] or [RP 2, 1/2,−1/2, e], its Euler class is also

determined. We are assuming we are not in the [K, e] case. Compute the first homology

of M using Proposition 2.2.1, and thus deduce its Seifert data except for the case

of [RP 2, 1/2,−1/2, e]. In this final case, we have certified all the Seifert data of the

manifold except for the Euler number e. We know that there is a degree four cover by

[T 2, e′] where we have certified the value of e′ and deduced that the cover is horizontal.

By Proposition 2.5.9, e′ = e(M̃) = dhe(M) = 4e(M). We can thus deduce from the

certificate that e(M) = 1
4
e′.

Now for the naming Nil 3-manifolds part, take this certificate or, if M is [T 2, e]

or [K, e], the certificate of its Seifert data from Theorem 4.2.2. Then by Lemma 2.5.3

we can decide if M admits the given set of Seifert data in polynomial time.

Proof of Theorem 4.2.1. Given triangulations T of a closed 3-manifold M , we can cer-

tify that M is Euclidean and Nil, and if so, certify its Seifert data using Theorem 4.2.2

and Propositions 4.2.5 and 4.2.6. Then we can decide if M admits the given set of

Seifert data in polynomial time (given this certificate) using Lemma 2.5.3.

67



Chapter 5

Recognition of Seifert fibered
spaces with non-empty boundary

5.1 Summary of results

In this chapter, we will prove that recognising Seifert fibered spaces with non-empty

boundary is in NP and that the homeomorphism problem for this class of manifolds is

in NP ∩ co-NP. As we described in Section 4.1.2, this is a step towards a proof that

the 3-manifold homeomorphism problem is in NP. The second step of this program

is to show that the homeomorphism problem is in NP for geometric 3-manifolds.

One would then hope to certify whether or not two 3-manifolds are homeomorphic

by giving appropriate certificates for their geometric pieces and for the gluing maps.

As we have discussed, the recognition problem for closed elliptic, Euclidean and Nil

3-manifolds is in NP, as is (given such a manifold) deciding if a given set of Seifert

data gives a homeomorphic manifold. In this chapter we give the result for Seifert

fibered spaces with non-empty boundary, which leaves closed Seifert fibered spaces,

hyperbolic manifolds and Sol manifolds as the remaining cases.

We consider two algorithmic problems. First, the Seifert fibered space with

boundary recognition decision problem: given a triangulation of some 3-manifold,

decide whether it admits a Seifert fibered structure and has non-empty boundary.

Theorem 5.1.1. The problem Seifert fibered space with boundary recogni-

tion is in NP.

Second, the naming Seifert fibered with boundary problem: given a

triangulation of a Seifert fibered 3-manifold with non-empty boundary and a set of

Seifert data, decide if the manifold is homeomorphic to that Seifert fibration.
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Theorem 5.1.2. The problem naming Seifert fibered with boundary is in

NP ∩ co-NP.

From Theorem 5.1.2, we can obtain the following result.

Corollary 5.1.3. Recognition of torus knot complements is in NP, as is deciding if

a torus knot complement is homeomorphic to the complement of a given torus knot

T (p, q).

The complement of the torus knot T (p, q) in the 3-sphere is the Seifert fibered

space [D2,−s/q,−r/p] where r/s is a fraction such that ps − qr = 1. Baldwin and

Sivek showed previously that, given a knot diagram, deciding if it is a diagram of a

torus knot is in NP [BS19]. They compute the Alexander polynomial and signature of

the knot in order to determine which torus knot it is. By applying our Seifert fibered

space naming algorithm, we obtain the same result in the more general 3-manifold

setting. However as we do not keep track of orientations, we cannot distinguish the

complements of T (p, q) and T (−p, q).

We will prove Theorems 5.1.1 and 5.1.2 by giving a set of surfaces that carve the

manifold M into solid tori. First, we prove in Proposition 5.2.2 that (aside from a

few exceptions) M contains a fundamental horizontal surface. Our second goal is

to provide a collection of normal vertical annuli in M , of total weight at most an

exponential of a polynomial of the size of the triangulation, whose complement is a

collection of solid tori. To do this we develop the theory of split handle structures in

Section 5.3: these give us a variant of normal surface theory that is well-adapted to

finding collections of interesting disjoint surfaces in a 3-manifold. We use these normal

surfaces to build the certificate, first for recognising circle bundles over surfaces with

boundary, and second for Seifert fibered spaces with only multiplicity two singular

fibres. We can reduce the general case to these situations by using Theorem 3.3.2 to

move to a triangulation where the non-multiplicity-two singular fibres are simplicial,

which allows us to drill them out and record their meridian.

One difficulty with extending to the closed case is that, as well as the fact that

Theorem 3.3.2 applies only to the case with boundary, in the closed case we must also

certify the Euler number of the manifold. This is a great deal more subtle.

5.2 A fundamental horizontal surface

Let M be a Seifert fibered space whose boundary is non-empty, equipped with a

triangulation T . In this section we will show that, aside from a short list of exceptional
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manifolds, there is a fundamental normal horizontal surface in M whose induced

covering of the base orbifold of the Seifert fibration is of minimal degree. To do this,

we will use normal surface theory as discussed in Section 2.3 and our understanding

of essential surfaces in Seifert fibered spaces from Section 2.5.1.

Lemma 5.2.1. Suppose that M is a Seifert fibered space with non-empty boundary

other than S1 ×D2, T 2 × I, or K ×∼ I. If F is a horizontal surface in M , then χ(F )

is negative.

Proof. It is enough to show that the Euler characteristic of the base orbifold O of M

is negative, as χ(F ) is a multiple of it. We classified the orbifolds with boundary and

Euler characteristic zero in Lemma 2.5.8, which have corresponding Seifert fibered

spaces T 2 × I and K ×∼ I. For χ(O) > 0, the underlying surface of O must be a disc

and O has at most one cone point, so M is the solid torus.

Proposition 5.2.2. Suppose that M is a Seifert fibered space with non-empty boundary

other than S1 × D2, T 2 × I, or K ×∼ I. Let T be a triangulation of M . Let p be

the lowest common multiple of the multiplicities of the singular fibres. There is a

fundamental horizontal normal surface in M that is a degree p cover of the underlying

orbifold. If M is S1 ×D2, then there is a fundamental normal meridian disc.

Proof. Lemma 2.3.7 gives the solid torus case, so we can assume that M is irreducible

and ∂-irreducible. Consider M to be constructed by taking a circle bundle M ′ over a

surface Σ with non-empty boundary, then gluing n solid tori (that is, neighbourhoods

of singular fibres) on along vertical annuli with respect to the fibration of M ′, on a

single boundary component of M ′. The meridian of one of these solid tori, containing

a (pi, qi) singular fibre, intersects the gluing annulus in pi spanning arcs.

Take a degree p horizontal surface in M ′: if Σ is orientable, this will be p copies of

Σ; otherwise it will be ⌊p
2
⌋ copies of the double of Σ, in addition to one copy of Σ if p

is odd. Either way, its intersection with each vertical annulus in the boundary of M ′

will be as p spanning arcs. We can thus take p
pi

meridian discs in each of these singular

fibre neighbourhoods and attach them to the degree p horizontal surface in M ′ to form

a connected degree p horizontal surface in M . This surface is incompressible (as it is

a finite cover of the base orbifold and hence is π1-injective) and ∂-incompressible (by

the same argument on the double of M), and does not contain any trivial spheres or

discs, so let F be a minimal normal representative. By Lemma 5.2.1, χ(F ) is negative.

Suppose that F is not fundamental, so F = G1 +G2. We will show that at least

one of G1 and G2 is horizontal. By Theorem 2.3.3, G1 and G2 are incompressible and
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∂-incompressible and not a trivial disc or sphere, so are horizontal or pseudo-vertical

by Lemma 2.5.7.

Suppose both G1 and G2 are pseudo-vertical, so are either annuli or non-orientable

surfaces with one boundary component. As ∂F is not a vertical curve, there must be

at least one component of each of ∂G1 and ∂G2 on each boundary component of M .

Consider the case when p is odd. As there are no even multiplicity singular fibres,

there are no non-orientable pseudo-vertical surfaces so G1 and G2 are both vertical

annuli and in particular both have Euler characteristic zero. Otherwise p is even so F

is orientable. Then 2F , the double of F as a normal surface vector, is minimal in its

isotopy class and is incompressible and ∂-incompressible as it is just two copies of F .

As 2F = 2G1 + 2G2, by Theorem 2.3.3 the doubles of G1 and G2 are incompressible

and ∂-incompressible. As 2Gi is orientable, and ∂(2Gi) is two copies of ∂Gi and so is

a vertical fibre, each of the surfaces 2Gi is orientable and vertical and so has Euler

characteristic 0. But as χ(2Gi) = 2χ(Gi), each Gi has zero Euler characteristic. Then

in either case χ(F ) = χ(G1) + χ(G2) = 0 but we know that χ(F ) is negative.

We can thus assume that G1 is horizontal. It remains to show that the degree of

its induced covering of the base orbifold is p. Now, G1 intersects the singular fibre

neighbourhoods (which were cut out by vertical annuli) in a collection of meridian

discs. A meridian disc around a multiplicity pi fibre intersects the relevant vertical

annulus in pi spanning arcs. We know that up to isotopy G1 intersects the circle

bundle M ′ as a horizontal surface, and so in particular intersects each vertical annulus

in the boundary component of M ′ along which we glued the singular fibres the same

number of times. Thus this number must be a multiple of all of the multiplicities:

that is, it is kp for some integer k, recalling that p is the lowest common multiple

of the pi, and G1|M ′ is a degree kp cover of Σ. (If n = 0, taking the lowest common

multiple of the empty set to be 1 by definition, this reasoning holds vacuously.)

Since k is at least one, and 1
k
χ(G1) = χ(F ) which is negative, χ(G1) is uniquely

maximised when k = 1. As χ(G1) ≥ χ(F ) and this maximum achieves equality, k

must be 1 and hence G1 is a degree p horizontal surface. Thus there is a fundamental

such surface.

5.3 Split handle structures

We wish to find a complete collection of normal vertical annuli such that the size of

the corresponding normal vector is bounded by a polynomial in |T |. Finding complete

collections of surfaces has been considered before: in his doctoral thesis, Saul Schleimer
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produced a collection of normal and almost normal fibres in a surface bundle over

a circle [Sch01, Theorem 6.2.1] using an inductive argument and the notion of thin

position. Our approach is more related to work of Simon King in his doctoral thesis in

giving a maximal collection of normal spheres in a 3-manifold [Kin01, §3.2 and §3.3],
and also of Marc Lackenby to give a certificate for product sutured manifolds [Lac21,

Thm. 12.2]. We will generalise this approach and set it on rigorous foundations by

giving a theory of normal surfaces in split handle structures. The main result we will

obtain is the following. A normal surface in a split handle structure is duplicate (see

Definition 5.3.18) if two of its components are normally isotopic or if one is isotopic

into the forbidden region. The size of a normal surface F in a split handle structure

(see Definition 5.3.6) is the number of components of the intersection of F with the

0-handles.

Corollary 5.3.35. There exists a constant cS, which we can take to be 1010
7
, such that

the following holds. Let M be a manifold with a subtetrahedral split handle structure

H. Let {Σi} be a collection of n disjoint normal surfaces in M such that, if we set

H0 := H and Hi := Hi−1\\Σi, then Σi+1 is a non-duplicate normal surface in Hi

which is either fundamental or the double of a fundamental surface. There is a normal

surface representative of the collection in H whose size is at most c
|H|2
S .

Split handle structures naturally arise when we cut along normal surfaces in handle

structures that are dual to triangulations. We keep track of the forbidden region, which

is the part of the boundary that comes from the normal surface, and of parallelity

pieces, which are I-bundles over surfaces from where the normal surface runs close

to itself (compare to parallelity handles in Section 2.7.1). Figure 5.1 is a motivating

example; it shows the result of cutting a tetrahedron (in some larger triangulation)

along an elementary triangle, from the point of view of first, the triangulation, and

second, the dual split handle structure.

We will use the term “sutures” for the boundary of this forbidden region as split

handle structures are reminiscent of sutured handle structures, which were devised

by Lackenby (see §5 of [Lac21] for an exposition) to allow for normal-surface-type

arguments in the context of Scharlemann’s combinatorial approach to Gabai’s sutured

manifold decompositions [Sch89]. Normal surfaces in split handle structures are also

evocative of the normal surface theory of handle structures with boundary pattern if we

require that elementary discs do not intersect the pattern. However, in the boundary

pattern case, we usually require that the pattern is contained in the 1-skeleton of the
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(a) An elementary disc in a tetrahedron. (b) After cutting along it.

(c) Its boundary curve in the boundary
graph of the dual handle.

(d) The boundary graphs of the resulting split han-
dles. (We have rotated the first one so that the
forbidden region is contained in the graph as we
draw it on the plane, rather than being its com-
plement in S2.) These particular boundary graphs
have no sutures.

Figure 5.1: The pieces resulting from cutting along an elementary triangle in a
tetrahedron (in the interior of some larger triangulation), and the picture in the dual
split handle structure. To depict the handles, we draw their boundary graphs (in S2).
The forbidden region is shaded in red.

induced handle structure on the boundary (see [Mat07, §3]). Here, the sutures are

normal curves.

Definition 5.3.1. A split handle structure H for a compact orientable 3-manifold M

is a partition of M into:

1. k-handles for k between 0 and 3, where each k-handle has a homeomorphism to

Dk ×D3−k, and

2. parallelity pieces, each with a homeomorphism to Σ×(∼)
I for Σ a compact surface

and with a distinguished forbidden region I ⊆ ∂M such that the following conditions

hold. Write Hk for the collection of k-handles, HP for the collection of parallelity

pieces, and ∂hHP or ∂vHP respectively for the collection of the horizontal or vertical
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boundaries of the parallelity pieces. The boundary graph of a 0-handle H in a split

handle structure is the decorated graph in ∂H ∼= S2 whose vertices, which we call

islands, are the components of H ∩H1, whose edges (which we call bridges) are the

components of H ∩H2 and H ∩HP , and which may also contain sutures, which are

the arcs H ∩ ∂I − (H1 ∪H2 ∪HP). We say that the boundary graph divides ∂H into

islands, bridges, lakes (components of intersection between ∂H and (H3 ∪ ∂M)− I),
and forbidden regions which are components of H ∩I; the sutures are the intersections
between the forbidden region and lakes.

We require that:

1. each k-handle Dk×D3−k intersects handles of lower index in exactly ∂Dk×D3−k,

and is disjoint from the other k-handles;

2. the boundary graph of each 0-handle is connected;

3. each parallelity piece is disjoint from the 2- and 3-handles and the other parallelity

pieces;

4. the forbidden region I ⊆ ∂M contains ∂hHP ;

5. each 1-handle D1 ×D2 intersects 2-handles D2 ×D1 in components that are of

the form D1 × γ in the 1-handle and λ × D1 in the 2-handle, where γ and λ

collections of arcs in ∂D2 in the respective product structures;

6. the intersection of any component P ∼= Σ×(∼)
I of HP with a 1-handle D1 ×D2

is as D1 × γ in the 1-handle and λ × I in the parallelity piece, where γ is a

collection of arcs in ∂D2 and λ is a collection of arcs in ∂Σ.

If I is not empty, we require the following. Write (∂H)k for each k for the

components of ∂M ∩Hk, and (∂H)P for the components of intersection of ∂M with

HP . Note that (∂H)0 and (∂H)2 are collections of discs, and (∂H)1 and (∂H)P are

collections of discs and possibly some annuli. We require that ∂I avoids (∂H)2, runs

through discs of (∂H)0 and (∂H)1 in arcs that each do not start and end on the same

component of (∂H)0 ∩ (∂H)1, and intersects each component of ∂vHP ∩ ∂M in exactly

two arcs or curves, each of which is transverse to the I-bundle structure from the

parallelity pieces.

If the forbidden region is empty (which implies that there are no parallelity pieces),

this is the usual notion of handle structure.

Definition 5.3.2. A surface in a split handle structure is ∂-compressible if it admits

a non-trivial ∂-compression disc that is disjoint from the forbidden region.
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5.3.1 Normal surfaces

We will now define normal surfaces with respect to a split handle structure, give a

normalisation procedure, and prove that if we apply this procedure to an incompressible

∂-incompressible surface in an irreducible ∂-irreducible manifold then we obtain an

admissibly isotopic normal surface.

Definition 5.3.3. A properly-embedded surface in M is standard with respect to a

split handle structure if it satisfies the following conditions:

1. it is disjoint from the 3-handles and from the forbidden region;

2. it is transverse to the I-bundle structure of the 2-handles D2 × I and the

parallelity pieces Σ×(∼)
I, and is disjoint from their horizontal boundaries;

3. no component of it is contained in a parallelity piece;

4. it intersects the 1-handles D1×D2 in a union of D1-fibres, where each component

of this intersection is a disc;

5. it intersects the 0-handles in discs.

It follows from the definition that if F is a standard surface, then it intersects

each 2-handle D2 ×D1 in sheets of the form D2 × {∗}, and similarly intersects each

parallelity piece in sheets that are a section of the I-bundle or, if Σ is non-orientable,

the double cover of a section.

Definition 5.3.4. A standard surface F in M with respect to a split handle structure

H is normal if it satisfies the following additional conditions:

1. F intersects each 1-handle D1 ×D2 in D1 × λ where λ is a collection of disjoint

proper arcs in the island {0}×D2, such that no component of λ starts and ends

on the same connected component of the intersection of the island with a lake;

2. the intersection of F with each lake does not contain any closed curves or arcs

that start and end on the same component of the intersection of the lake with

an island;

3. F intersects each 0-handle in discs, called elementary discs, such that the

boundary curve of each of these discs crosses each bridge and lake at most once,

and if a bridge and a lake are adjacent, intersects only one of the pair.
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This is a generalisation of the usual notion of a normal surface in a handle

structure. Note that the boundary of an elementary disc of F in the boundary graph

of H determines the disc. Figure 5.2 is an analogous picture to Figure 5.1. This

time, we cut along an elementary disc in the dual split handle structure that does

not correspond to an elementary disc in the triangulation, as its boundary passes

through a lake (which is dual to a vertex in the dual tetrahedron). Each arc in a lake

produces a suture when we cut along it. We would encourage the reader to satisfy

themselves that the disc boundary shown is in fact that of an elementary disc, and

that the resulting boundary graphs are possible boundary graphs of 0-handles in a

split handle structure. We will generalise the examples in Figures 5.1 and 5.2 when

we define induced split handle structures in Definition 5.3.14.

(a) The boundary of an elementary
disc in the boundary graph in S2.

(b) The two split 0-handles resulting from
cutting along this elementary disc.

Figure 5.2: The induced split handle structure from cutting along an elementary disc
in a split 0-handle that does not correspond to one in a tetrahedron. The forbidden
region is shaded in red, and the sutures are depicted as thick red lines.

Definition 5.3.5. An admissible isotopy of a surface with respect to a split handle

structure is an isotopy of the surface in the manifold that fixes the forbidden region I
as a set.

A normal isotopy of a normal surface in a split handle structure is an isotopy of

the surface in the manifold that fixes each of I, Hk for each k, and HP as a set.

Definition 5.3.6. The size of a normal surface F in a split handle structure, s(F ),

is the number of elementary discs in F ; that is, it is the number of components of

F ∩H0.

Definition 5.3.7. The weight of a normal surface F is (p(F ), b(F ), |F ∩ ∂M |), where
p(F ), the plate degree, is |F ∩ (∂H2 ∪ ∂HP)| and b(F ), the beam degree, is |F ∩H1|.

We will now give a procedure to normalise a surface in a 3-manifold, and show

that this procedure reduces weight.
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Lemma 5.3.8. Let S be an incompressible (connected) surface in the orientable

I-bundle Σ×(∼)
I, other than a trivial disc or sphere, that is disjoint from the horizontal

boundary and does not admit any ∂-compression discs with respect to the vertical

boundary of Σ×(∼)
I. Then S is isotopic to Σ× {∗} or its double cover.

Proof. First, suppose that Σ is a disc. Then as Σ× I is a ball (so S is two-sided) and

S is incompressible and hence π1-injective, S is a sphere or a disc. If it is a sphere, it

is a trivial one. If ∂S contains a trivial curve in the vertical boundary, then S must be

a boundary-parallel disc. Thus S is a disc and its boundary is essential in the vertical

boundary, so it is isotopic to Σ× {∗}.
For the general case, suppose that Σ has boundary. Decompose Σ into one 0-

handle, which we view as a polygon, and some number of 1-handles, which we view as

rectangles. Above each edge of the 0-handle and 1-handles in Σ×(∼)
I is a quadrilateral

with two boundary edges in the vertical boundary of Σ×(∼)
I and two in the horizontal

boundary. Isotope S so that it is transverse to these quadrilaterals and thus intersects

each quadrilateral in a collection of arcs and closed curves. As S is incompressible,

each of these closed curves bounds a disc in S, so by minimising the number of

components of intersection between S and the quadrilaterals we can assume that the

intersection is only of arcs. Since S is disjoint from the horizontal boundary, each of

these arcs starts and ends on either the same or different vertical boundary arcs of a

quadrilateral. If one starts and ends on the same vertical boundary arc, by taking

an outermost such arc we can obtain a ∂-compression disc for S with respect to the

vertical boundary, so by an isotopy we can remove this arc. Thus up to isotopy S

intersects each quadrilateral in arcs that are transverse to the product structure.

Consider one of the handles of Σ, H, which is a disc. Consider the intersection

of S with H ×(∼)
I ∼= D2 × I in Σ×(∼)

I. We can assume (by minimising the number of

components of intersection between S and the quadrilaterals) that S is incompressible

in this copy of D2 × I, so as we have already discussed, each component of it is a

(trivial) sphere (which we have ruled out) or disc. The boundary of H ×(∼)
I has three

parts: its horizontal boundary, from which S is disjoint, quadrilaterals, and pieces

of ∂v(Σ×(∼)
I). For similar reasoning as with the quadrilaterals, up to isotopy S also

intersects the vertical boundary pieces in arcs that are transverse to the product

structure. Thus the boundary of each disc of S ∩ H ×(∼)
I is an essential curve in

∂v(H ×(∼)
I). Thus S intersects H ×(∼)

I in a collection of horizontal discs for each H, and

so intersects all of Σ×(∼)
I in either Σ× {∗} or (if Σ is non-orientable) possibly Σ×∼ S0.

If Σ is closed, let D be a sub-disc of Σ. Isotope S to minimise the number of

components of S ∩ ∂(D× I). The intersection of S with D× I is incompressible since
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otherwise, as S is incompressible, |S ∩ ∂(D× I)| would not be minimal. For the same

reason S ∩ (D × I) contains no spheres or trivial discs. By the first part of this proof,

S ∩ (D × I) is a collection of discs of the form D × {∗}. If S ∩ (Σ−D)× I admits a

∂-compression disc with respect to the vertical boundary, we can use it to isotope S

to reduce |S ∩ ∂(D × I)|. Thus by the previous part of the proof, S ∩ (Σ−D)× I is

isotopic to (Σ−D)× {∗} or its double cover, so we have the result.

We wish to modify an arbitrary surface F in M , whose boundary is disjoint from

the forbidden region, by a series of admissible isotopies and normalisation moves such

that the result is normal (but may not be isotopic to F ). Compare the following

procedure to the proof of Theorem 3.4.7 in [Mat07]. The only substantial difference is

in Move 2, as we need to consider parallelity pieces that are more complicated than

2-handles.

Let F be a properly-embedded surface in M that is disjoint from the forbidden

region. We will see in Proposition 5.3.10 that almost all the normalisation moves

which follow will reduce the weight of F . All isotopies in these moves are required to

be admissible.

Procedure 5.3.9 (Normalisation). The normalisation procedure is to perform Move

1 once, and then repeat Moves 2-7 in sequence as long as possible.

Move 1. The boundary of the forbidden region I is disjoint from the boundaries of

the 2-handles. (Admissibly) isotope F so that F is transverse to the handle structure

and ∂F is disjoint from the horizontal boundaries of the 2-handles. Each 3-handle

contains an open ball that is disjoint from F , so by expanding these balls, we can

isotope F to be disjoint from the 3-handles. Discard any components of F that are

entirely contained in a parallelity piece.

Move 2. Consider each component H ∼= Σ ×(∼)
I of H2 ∪ HP . If any of the

components of F ∩ ∂H are trivial curves in the vertical boundary, compress F along

the discs in ∂H that these curves bound. Similarly, if F ∩H admits a compression

disc, compress F along it. If ∂vH intersects ∂M (in which case H is a parallelity

piece), and F ∩H admits a ∂-compression disc D that is disjoint from the horizontal

boundary – that is, where the arc of ∂D in ∂H, α, is in ∂vH – then compress along it.

If F admits a ∂-compression disc with respect to ∂vH whose boundary is disjoint from

∂M isotope F through the compressing disc. Now, as each component of F ∩ ∂H is

an essential curve in ∂vH, up to an isotopy supported in a collar of ∂vH within H, we

can arrange that each of these curves is transverse to the induced I-bundle structure

on ∂vH.
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If we performed a ∂-compression, repeat the first two steps of this move. Finally,

discard any components of F ∩ (H2 ∪ HP) that are spheres or properly embedded

∂M -parallel discs.

Move 3. For each 1-handle D1 ×D2, take a disc D whose boundary is essential

in D1 × ∂D2, transverse to F , that minimises the number of components in D ∩ F .

Blow a regular neighbourhood of D out to be the whole 1-handle.

Move 4. If any component of intersection of F with a 1-handle is a tube S1 × I,

compress it and isotope the two resulting discs out of the 1-handle. Similarly, if any

component of intersection with a 1-handle D1 ×D2 is a disc whose intersection with

D1 × ∂D2 is contained in a single region of (∂M − I) ∩ (D1 ×D2), ∂-compress this

tunnel and isotope the pieces out of the 1-handle.

Move 5. Compress any compressible pieces of F ∩ H0 and discard any trivial

spheres in the 0-handles.

Move 6. If F intersects a lake in a trivial curve, compress it and throw away the

resulting ∂-parallel disc. If F intersects a lake in an arc that starts and ends on the

same component of the intersection of the lake with an island, by an isotopy (again as

∂I intersects the cell structure on the boundary in a normal curve) push this piece F

off the lake and into the 1-handle.

Move 7. If a disc of F ∩H0 crosses a bridge twice or a bridge and an adjacent

lake, isotope the portion of disk between them into the bridge. If it crosses a lake twice,

∂-compress the resulting tunnel along both of its intersections with the boundary of

the lake.

Proposition 5.3.10. Let F be a properly-embedded surface in a split handle structure

H. Applying Procedure 5.3.9 terminates and the result (if non-empty) is a normal

surface.

Proof. After Move 1 F satisfies conditions 1 and 3 of Definition 5.3.3. If Move 2 has

no effect, F ∩H is incompressible and ∂-incompressible with respect to the vertical

boundary, so by Lemma 5.3.8 F satisfies condition 2 of Definition 5.3.3. If Moves 3

and 4 have no effect then it satisfies condition 4 of Definition 5.3.3 and condition 1 of

Definition 5.3.4. After Move 5 it satisfies condition 5 of Definition 5.3.3. Then Move 6

ensures condition 2 of Definition 5.3.4 and Move 7 ensures condition 3. As a result, if

no more moves can be performed, then F is normal.

Let the normalisation complexity of F be

(p(F ), b(F ), |F ∩ ∂M |, γ(F ), η(F ), n(F )),

ordered lexicographically, where the new terms are:
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• γ(F ) =
∑m

i=1(1− χ(Fi)) where {Fi} is the collection of connected components

of F ∩H0 that are not spheres,

• η(F ) =
∑m

i=1(1− χ(Fj)) where {Fj} is the collection of connected components

of F ∩ (H2 ∪HP) that are not spheres,

• and n(F ) is the number of connected components of F .

We will show that each of Moves 2-7 reduces the normalisation complexity of F .

For Move 2, suppose we perform a ∂-compression on F ∩H. As H is a split handle

structure, if ∂I intersects a component of ∂vH ∩ ∂M then it does so in two curves

or arcs. Thus this component is either contained in I, or (as ∂hH is contained in

I) it intersects I in a neighbourhood of its boundary with the horizontal boundary

of H. If F ∩H admits a ∂-compression disc D that is disjoint from the horizontal

boundary, then let ᾱ be a properly-embedded arc in ∂vH, such that α is a subarc of

it, which is isotopic in ∂vH to one of the I fibres of ∂vH and has minimal intersection

with each of the components of F ∩ ∂vH – that is, it intersects each of the essential

curves in this collection once. This is possible since α runs between two different

components of F ∩ ∂vH; otherwise we would be able to upgrade our ∂-compression

disc to a compression disc. (Note that |ᾱ ∩ F | is the degree of the projection map

from F ∩H to Σ. When Σ is orientable, this is the number of sheets of F in H.)

The effect of the ∂-compression or isotopy to the boundary on F ∩∂H is to remove

∂α× I from it and add α×∂I to it, for some small thickening α× I of α. This reduces

|ᾱ ∩ F | by two, and thus we see that the number of essential curves in F ∩ ∂vH has

reduced by two, so either p(F ) has reduced or we reduce it in the next step of Move 2.

After this move, F ∩H does not admit any ∂-compression discs with respect to the

vertical boundary of H. Compressing F along trivial curves in the vertical boundary

of H reduces p(F ). Compressing F ∩H reduces η(F ) and fixes the earlier terms in

the normalisation complexity.

If Move 3 is non-trivial then it does not increase p(F ) and reduces b(F ), and

the same applies for Move 4. Move 5 does not change p(F ) or b(F ). If there are

compressible pieces then it reduces γ(F ), and otherwise if all the pieces are 2-spheres

or discs then it reduces n(F ) and fixes everything else. Move 6 either reduces |F ∩∂M |
and does not change p(F ) and b(F ), or fixes p(F ) and reduces b(F ). Move 7 either

decreases p(F ) or fixes it and reduces b(F ). As a result, the procedure terminates

with a normal surface.
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Definition 5.3.11. A properly-embedded disc in a 3-manifold M is essential if its

boundary does not bound a disc in ∂M .

This definition does not change if there is forbidden region.

Lemma 5.3.12. Suppose that M is irreducible with a split handle structure H such

that there is some essential disc in M that avoids the forbidden region. Then there is

a normal essential disc, disjoint from the forbidden region.

Proof. Apply the normalisation procedure to this essential disc D. As M is irreducible

and D is (trivially) incompressible, whenever we compress D in the normalisation

procedure we will produce a surface admissibly isotopic to D and a trivial sphere,

which we can discard. Whenever we ∂-compress D we will produce two discs, both of

which are disjoint from the forbidden region. At least one of them must be essential

as ∂D does not bound a disc in ∂M . Discard the other.

Proposition 5.3.13. Let F be an incompressible ∂-incompressible properly-embedded

surface in an irreducible ∂-irreducible manifold M with split handle structure H,

disjoint from the forbidden region, such that no component is a trivial sphere or disc or

is entirely contained in a parallelity piece. Then F is admissibly isotopic to a normal

surface.

Proof. Apply the normalisation procedure to F . As F is incompressible and ∂-

compressible and M is irreducible and ∂-irreducible, each time we (∂-)compress F

in the normalisation procedure we will produce two components: a surface that is

admissibly isotopic to F and a trivial sphere or disc. Thus we produce a normal

surface admissibly isotopic to F , as well as some collection of trivial spheres and discs,

which we can discard.

Induced split handle structures

We will now see that we obtain a split handle structure whenever we cut a (split)

handle structure (dual to, say, a simplicial triangulation) along a normal surface.

Figures 5.1 and 5.2 are motivating examples here.

Definition 5.3.14. Let F be a normal surface in M , with respect to a split handle

structure H. The induced split handle structure on M\\F is constructed as follows.

Consider H\\F . Set its forbidden region I to be the union of the forbidden region

from M and the image of F in M\\F . (Since F was normal, these are disjoint.) As

F is disjoint from the 3-handles, we can continue to view them as 3-handles in H\\F .
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Each component of a k-handle in H\\F will become either a k-handle or a

parallelity piece. This is determined as follows. First, if P ∼= Σ ×(∼)
I is a parallelity

piece of H, as F intersects P in sheets transverse to the I-bundle structure, each

component of P\\F inherits an I-bundle structure as either Σ×(∼)
I or possibly, if Σ

is not orientable, as Σ̃ × I where Σ̃ is the double cover of Σ. Thus we turn each

component of P\\F into a new parallelity piece.

If H ∼= D2 × D1 is a 2-handle of H, a component C of H\\F is itself an I-

bundle over D2, with two horizontal boundary components, each of which arises from

intersection with a 3-handle, with I, or with ∂M − I. If both components arise from

intersection with I, set C to be a parallelity piece; otherwise, view C as a 2-handle.

If H ∼= D1 ×D2 is a 1-handle of H, a component C of H\\F is a parallelity piece

if its boundary consists of the following components: first, two components in the

forbidden region I (whether from the forbidden region inM or arising from intersection

with F ); second, two components arising from intersection with pieces of 0-handles

from M ; and finally, the two remaining components where each is a component of

intersection with one of ∂M , a single 2-handle, or a single parallelity piece. In this

case, C has an I-bundle structure by setting ∂hC to be the two components in the

forbidden region, and choosing a product structure on the remaining boundary, ∂vC,

such that each of the four components described above is a union of fibres, and then

interpolating. (This product structure is chosen to be compatible with the product

structure on any parallelity pieces defined thus far that C intersects).

Finally, if H ∼= D0 ×D3 is a 0-handle and C is a component of it, consider the

boundary of C. Set C to be a parallelity piece if its boundary contains two components

of intersection with I and if there is a product structure D2 × I on C such that its

intersection with I is D2 × ∂I, and each component of its intersection with any of the

other handles created so far is of the form α× I, where α is an arc or curve in ∂D2.

Again, we can choose this product structure to be compatible with any parallelity

pieces that C intersects. Otherwise, set C to be a 0-handle.

Now, take the parallelity pieces of H to be the union of the parallelity pieces

described so far, which we equipped with compatible product structures where they

intersected.

We write H\\F for the induced split handle structure on M\\F .

Lemma 5.3.15. If F is a normal surface in a split handle structure H, then the

induced split handle structure H\\F is (as the name suggests) itself a split handle

structure.

82



Proof. If a piece from a k-handle in H\\F becomes a parallelity piece in the induced

split handle structure, then any pieces from adjacent handles of higher index will also

be parallelity pieces. As a result, each k-handle Dk × D3−k will intersect handles

of lower index in ∂Dk × D3−k and will be disjoint from the other k-handles. The

boundary graph of each 0-handle will be connected as the boundary graph of each

0-handle arises from taking a connected boundary graph, removing some discs from

it, and adding in the boundary of these disc (as we add a new suture for each time

the boundary of one of the discs runs through a lake). As F does not intersect any

3-handles, so each one becomes a 3-handle in H\\F , each parallelity piece will be

disjoint from the 2- and 3-handles. As intersections of parallelity pieces with 1-handles

must necessarily arise from intersections between a 2-handle and a 1-handle, and the

product structure of the 2-handle is compatible with that of the parallelity piece, the

intersections between parallelity pieces and 1-handles are of the required form. The

intersection of ∂I with the boundary has the required form as F is normal.

Subtetrahedral split handle structures

As our motivations are from normal surface theory in triangulations, we are particularly

interested in split handle structures that arise from taking handle structures dual

to (suitable) triangulations and cutting along normal surfaces in them. We call

these subtetrahedral, and can gain good control of normal surfaces in them using

their combinatorics. Note that, if the forbidden region is empty, this definition of

subtetrahedral agrees with Definition 2.2.6.

Definition 5.3.16. A 0-handle H is semitetrahedral if it is disjoint from the forbidden

region and its boundary graph is a connected subgraph of the complete graph on four

vertices. A split handle structure is semitetrahedral if all of its 0-handles are.

A 0-handle H is a subtetrahedral split 0-handle if there is some 0-handle H ′ in

some semitetrahedral handle structure H with normal surface F such that H is

homeomorphic to one of the non-parallelity pieces obtained from H ′ in the induced

split handle structure H\\F .

We say that a split handle structure is subtetrahedral if all of its 0-handles are

subtetrahedral.

Lemma 5.3.17. Let T be a (material) triangulation of a (compact) 3-manifold M ,

such that the intersection of each tetrahedron with ∂M is connected and contractible.

The dual handle structure to T , formed by taking a (3− k)-handle for each k-simplex
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of T that is not in ∂T , satisfies the definition of a subtetrahedral split handle structure

with empty forbidden region and no parallelity pieces.

If H is a subtetrahedral split handle structure, and F is a normal surface in H,

then the induced split handle structure on H\\F is also subtetrahedral.

Proof. The complement of the boundary graph of a 0-handle will deformation retract

to the intersection of the corresponding tetrahedron with the boundary, so the handles

of this dual handle structure have connected boundary graphs. The second part follows

by definition.

We will now give some bounds on the combinatorics of subtetrahedral split handle

structures and normal surfaces in them. To be able to bound normal surfaces, we will

only consider those that are not duplicate: those that do not have normally isotopic

components, and do not bound a small neighbourhood of the forbidden region. We

think of these as being “redundant”: if we have a subtetrahedral split handle structure

that was formed by cutting a subtetrahedral handle structure along normal surfaces,

then we see duplicate normal surface when two components of these normal surfaces

are parallel.

Definition 5.3.18. A normal surface in a split handle structure with forbidden

region I is duplicate if it has two components that are normally isotopic, or it has

a component F such that there is a connected component I of the forbidden region,

with a collar C(I) ∼= I × [0, 1], such that F is normally isotopic to I × {1} in C(I).

Lemma 5.3.19. Let H be a subtetrahedral split 0-handle. Let G be its boundary graph

in ∂H ∼= S2. Then G contains between one and four islands; each island has at most

three components of intersection with bridges; and if b is the number of bridges of G,

then the number of sutures of G at most 12− 2b and an island intersecting v bridges

has at most 6− 2v intersections with sutures.

Proof. Consider a semitetrahedral handle structure H and normal surface F such that

H is homeomorphic to one of the pieces of H\\F from some 0-handle H ′ in H. We

can think of forming the pieces of H ′ in the induced split handle structure as occurring

in two steps. First, we cut H ′ along a collection of elementary discs. This has the

effect on the boundary of H ′, which we think of as a graph embedded in S2, of cutting

it along a collection of (separating) curves and filling the holes in with the forbidden

region. Second, we possibly replace some of the 1-handles with parallelity pieces, in

which case (as, if a 1-handle can be given a parallelity structure, so can any 2-handles

84



it borders) the effect on the boundary graph is to merge a valence one or two island

with the bridge(s) adjacent to it.

Consider cutting along one elementary disc of F in H ′ at a time. Suppose that we

have cut along some number of elementary discs already to obtain a piece H ′′, and

the next disc in H ′′ to cut along is D. As H is semitetrahedral, the islands of H ′

were at most trivalent, so ∂D runs through each island of H ′′ at most once. As ∂D

runs through each island or bridge at most once and is separating, the subgraph of

islands and bridges after cutting along it is a subgraph of the complete graph on four

vertices, so after cutting into pieces, there are between zero and four islands, each of

which has valence at most three. We can rule out the case when the boundary graph

contains no islands as then D would not have been elementary. Turning 1-handles

into parallelity handles does not increase the number of islands or their valence. If all

of the 1-handles become parallelity pieces (so there were zero islands) then in fact the

entire 0-handle would have become a parallelity piece, so this is impossible.

Let G be the boundary graph of H ′′ (containing b bridges) and I its forbidden

region, and assume that G is connected and contains at most 12− 2b sutures. The

elementary disc boundary ∂D separates ∂H ′′ into two components. Pick one of them,

C, to consider. When we cut along D, the other component from ∂H ′′ has one less

bridge than G for every bridge fully contained in C, one less suture for each suture

in C, and one more suture for each arc of D that runs through a lake. Thus for the

count of sutures it suffices to prove that twice the number of bridges fully contained

in C plus the number of sutures of H ′′ in C is at least the number of arcs in ∂D

that run through a lake. Consider one of these arcs α. It separates the lake into two

components, one of which is in C, and each of which is bordered by at least one bridge

or suture. If the component in C is bordered by a bridge, assign the arc α to that

bridge. As the bridge is adjacent to at most two lakes, and ∂D crosses each lake only

once, by doing this we will associate at most two arcs to the bridge. Also note that as

the elementary disc does not run through an adjacent bridge and lake, this bridge is

contained in C. Otherwise, this component in C is bordered by at least one suture, as

α runs between two different components of intersection of an island and a lake, so

assign α to this suture, which again we see is contained in C. The forbidden region is

on the other side of this suture so we will not assign any other arcs to it. We can thus

see that the count is as we claimed. Turning 1-handles into parallelity regions only

reduces the number of bridges further.

For the final statement, fix an island in H ′′ of valence v that intersects at most

6− 2v sutures. Consider some elementary disc boundary running through this island.
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By the same procedure as for the total suture count, assign any new sutures that

are created to a bridge or a suture that intersects the island to get the result: we

start with three adjacent bridges, and add at most two sutures each time we remove

one.

Lemma 5.3.20. The total number of bridges and lakes in a subtetrahedral split

0-handle H is at most 13.

Proof. From Lemma 5.3.19, each 0-handle contains at most 6 bridges and 12 − 2b

sutures, where b is the number of bridges. The number of lakes from the subgraph on

islands and bridges alone is at most b+ 1 by an Euler characteristic argument. Each

pair of sutures can increase the number of lakes by one, if they bound a forbidden region

that borders a lake on both sides. (If a suture bounds a forbidden region that borders

a bridge on one side then it does not increase the complexity.) Thus having sutures

does not in fact increase the count, so that maximum count is 6 + 6 + 1 = 13.

Lemma 5.3.21. There are a finite number of subtetrahedral split 0-handles up to

homeomorphism, and each of these can contain a finite number of elementary disc

types up to normal isotopy.

Proof. That there are a finite number of types of subtetrahedral split 0-handles follows

from the combinatorial constraints of Lemma 5.3.19. An elementary disc D in such a

0-handle H is determined by its boundary ∂D, which is itself completely described

(as the complement of the boundary graph is a collection of discs) by the ordered list

of islands it runs through and, for each, which intersection with a bridge or lake it

enters and leaves by. As it may run through each island, bridge or lake at most once,

there are a finite number of possibilities.

Notation 5.3.22. Write dH for the maximum possible number of elementary disc

types up to normal isotopy in a subtetrahedral split 0-handle.

Remark 5.3.23. By Lemma 5.3.20, each 0-handle has a total of at most 13 lakes

and bridges, so, by labelling each disc type by the number of edges in it and then the

order of them, dH is at most 13 · 13!. We can do much better than this bound; as we

prove in Lemma A.2 in Appendix A, dH is 59.

Lemma 5.3.24. If F is a (possibly disconnected) non-duplicate normal surface in a

subtetrahedral split handle structure H then |H\\F | is at most 60|H|.
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Proof. We know thatH\\F is a split handle structure from Lemma 5.3.15. The normal

surface F intersects each 0-handle H as a collection of elementary discs. Consider

cutting along the discs in H one isotopy class at a time. By Lemma A.2 there are

at most 59 elementary disc types in F in any given 0-handle. The first disc we cut

along in an isotopy class may separate off a non-parallelity 0-handle from H, but every

disc after that will only separate off a parallelity handle, so does not contribute to

|H\\F |. Thus |H\\F | is at most the number of elementary disc types in F ∩H, plus

one, which is at most 59 + 1 = 60.

There is a natural inclusion map from surfaces inM\\F , disjoint from the forbidden

region, to surfaces in M , which takes normal surfaces to normal surfaces.

Lemma 5.3.25. A normal surface F in a subtetrahedral split handle structure has

non-zero b(F ), the beam degree.

Proof. As no component of a normal surface is contained in a parallelity piece, every

normal surface contains at least one elementary disc. It suffices to show that the

boundary of each elementary disc intersects at least one island. Since the boundary

graph of each 0-handle is connected and contains at least one island, every curve

contained in a lake is trivial and each bridge starts and ends on an island. The

boundary of the elementary disc runs through a bridge or lake and thus through some

island.

5.3.2 Normal surface sum

In this section, all split handle structures are subtetrahedral. As in the triangulation

setting, we can view normal surfaces algebraically. Let H be a subtetrahedral split

handle structure. Recall that dH = 59 is the maximum number of types of elementary

disc in a subtetrahedral split 0-handle. To a normal surface F in H we can associate

a vector in ZdH |H| by counting the number of elementary discs in F of each type.

Since F must avoid any parallelity piece of H that does not intersect at least one

0-handle, this vector uniquely determines F . We can interpret summation in Zdh|H|

geometrically as follows.

Procedure 5.3.26 (Normal surface sum in split handle structures). Suppose G1 and

G2 are normal surfaces in a subtetrahedral split handle structure H, such that if we

view them as vectors in ZdH |H|, F = G1 +G2 is also a vector representing a normal

surface. We can realise G1 and G2 so that they are disjoint in the 0-handles and

transverse elsewhere. In the 1-handles, we can use the product structure to ensure
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that any two components of G1 ∩ H1 and G2 ∩ H1 intersect in a single arc that is

contained in some {∗} × D2 in the 1-handle D1 × D2. As we have two embedded

surfaces, there are no triple points of intersection. We know that G1 and G2 intersect

the 2-handles and parallelity pieces in sheets transverse to the I-bundle, which are

determined by their boundaries. Fix a 2-handle or parallelity piece H ∼= Σ×(∼)
I. So

long as at most one of G1 ∩H and G2 ∩H contains a non-orientable piece, we can

realise all the components of G1∩H and G2∩H as follows. Let H ′ be the complement

in H of a collar of the boundary of H. Take the correct number of sheets of G1 and

G2 in H ′. Then interpolate in the collar to achieve the required intersection pattern

of G1 and G2 in ∂vH, such that G1 ∩ G2 ∩H contains no closed curves. If both of

them contain a non-orientable sheet in H, then we can realise the two non-orientable

sheets to intersect in H ′ in a single arc, and then similarly interpolate in the collar to

achieve the required intersection pattern. At each arc of intersection of G1 and G2 in

H, if we cut along the arc then we have two choices of how to reglue to resolve the

intersection: a choice of switch. This is determined by the picture at one of the arc’s

endpoints p in ∂vH. The regular switch, which is the choice of gluing that produces

sheets transverse to the product structure, produces two sheets of the same types as

those we started with (unless both the sheets were non-orientable, in which case it

produces one sheet that is a double of one of them).

We need to show that choosing all regular switches is compatible. As the product

structures of the 1-handles and the 2-handles or parallelity pieces are transverse, if

we consider the arc of intersection in the 1-handle containing p, the choice of regular

switch at p induces the regular switch on the other end of the 1-handle arc. Similarly,

as the regular switch is the choice giving sheets transverse to the product structure on

the 2-handle or parallelity piece, if we consider the arc in the 2-handle H containing

p, the choice of regular switch at p induces the regular switch along the whole arc.

Thus there is a global regular switch for G1 ∪G2, which produces F .

Lemma 5.3.27. Let G1 and G2 be normal surfaces such that the vector F = G1 +G2

also corresponds to a normal surface. Let F ′ be a surface constructed by resolving the

curves of intersection of G1 ∪G2 with at least one irregular switch. Normalising F ′

produces a surface of lower weight than F .

Proof. Pick G1 and G2 to minimise |G1 ∩G2| in their normal isotopy class. The plate

degree p(F ) is p(G1) + p(G2) as the intersection of F with the boundaries of the

0-handles is the union of the intersections of G1 and G2 with them. Suppose we take

the irregular switch at some point p in the boundary of a 2-handle or parallelity piece
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H. Let c be the number of essential curves of G1 and G2 in the component of ∂vH

containing p. Write F ′ for the result of this irregular switch at p. The point p is in

some component of intersection Q of H with a 1-handle or the boundary, as G1 and

G2 are disjoint in the 0-handles.

Suppose that p is in the boundary of a 1-handle or a component of intersection

with the boundary that is a disc. This disc Q naturally has a boundary comprised of

four edges: two arcs on the boundary of ∂hH and two arcs in ∂vH. The two edges of

∂Q in ∂vH each intersect G1 ∪G2 in c points. However in the irregular switch case,

Q∩ F ′ now contains at most c− 2 spanning arcs, so it contains an arc that starts and

ends on the same edge of ∂Q: a return in the language of Matveev [Mat07, §4]. But
then this gives us a disc of F ′ ∩ H0 whose boundary runs through the same bridge

twice, so F ′ is not normal. When we normalise F ′ in Procedure 5.3.9, in Move 2 we

will reduce its plate degree by at least two, so F ′ is isotopic to a normal surface of

plate degree at most p(F )− 2.

If p is in a component of intersection with the boundary that is an annulus (that is,

if the component of ∂vH containing p is entirely in the boundary) then in most cases –

if at most one of the sheets containing p is non-orientable, or if p is one end of an arc

of intersection that projects to an inessential arc in Σ – we could have isotoped G1

and G2 to remove this intersection. The only case when this is not possible is if both

the sheets are non-orientable and p is an endpoint of an essential arc of intersection.

If we take the irregular switch at p, then there is a spanning arc of this annulus of

∂vH that intersects the resulting configuration c− 2 times, so again in Move 2 we will

reduce the plate degree of F ′ by at least two.

Lemma 5.3.28. Let F be a connected non-duplicate normal surface in a subtetrahedral

split handle structure H. If F = G1 +G2 then neither G1 nor G2 is both connected

and duplicate.

Proof. If G1 were connected and duplicate, which is to say that there was a normal

isotopy taking it to the boundary of a collar of a forbidden region component, then

this isotopy would also make it disjoint from G2, so then F = G1 +G2 would have

two components.

Summands of incompressible normal surfaces

We will prove in this section that, as in standard normal surface theory, if F =

G1 + G2 is a normal surface sum in an irreducible, ∂-irreducible manifold where F

is incompressible, ∂-incompressible and of minimal weight in its admissible isotopy
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class, then G1 and G2 are also incompressible and ∂-incompressible. We will be able

to combine this with Lemma 5.3.25 to find fundamental representatives of interesting

essential surfaces.

In Matveev’s excellent book [Mat07], he carefully lays out the foundations of

normal surface theory in the triangulation setting. Although we are in a more general

setting, it is similar enough for the ideas in the proofs he gives to apply. See the proof

of Theorem 4.1.36 in [Mat07] for his treatment of these results in the triangulation

setting, drawing on work of Haken, Jaco, Oertel and Tollefson, among others. The

analogues of the structure he relies on are Lemmas 5.3.25 and 5.3.27, which show

respectively that no normal surface has zero weight, and that performing an irregular

switch reduces the weight of a normal surface sum.

Definition 5.3.29. A surface F is minimal if it is of minimal weight in its admissible

isotopy class.

We do not require that a minimal surface is normal.

Definition 5.3.30. Suppose that F = G1 + G2. Let γ be the collection of double

curves of G1 ∪G2. A patch of G1 ∪G2 is a component of G1 ∪G2 − γ.

We first need a technical lemma.

Lemma 5.3.31. Let M be an irreducible, ∂-irreducible 3-manifold with a subtetrahedral

split handle structure H. Let F be a minimal normal surface that is incompressible

and ∂-incompressible, with F = G1 +G2. The patches of G1 ∪G2 are incompressible

and ∂-incompressible, and none are disc patches.

Proof. To set up, pick G1 and G2 in their admissible isotopy class to minimise |G1∩G2|,
subject to the requirement that F = G1 +G2.

First, we show there are no disc patches. Suppose that a disc patch E did exist,

say in G1. Write s for its double curve in G1∪G2, and s1 and s2 for the corresponding

trace curves in F , where s1 bounds E and s2 is the other curve. If the boundary of

this patch is one-sided in G1, then the connected component of G1 containing E is a

normal projective plane P . As M is irreducible, it is RP 3 and P is incompressible.

By Lemma 5.3.25 all normal surfaces in M have non-zero beam degree. In particular,

neither b(G1) nor b(G2) is zero, so b(P ) is strictly less than b(F ) and p(P ) is at most

p(F ). Now, RP 3 contains (up to isotopy) only one closed incompressible surface that

does not contain a sphere: this projective plane. Thus F was not minimal.
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Suppose that s2 does not bound a disc in F . But then taking a parallel copy of E,

bounded by s2, we get a compression or ∂-compression disc for F .

Suppose that s2 bounds a disc E ′ in F that is opposite to E at the intersection

curve. If E ′ does not contain E, then E ∪ E ′ is a sphere that (as M is irreducible)

bounds a 3-ball, so E and E ′ are isotopic. We can take the irregular switch at s instead

to obtain (after normalisation) an isotopic surface to F which by Lemma 5.3.27 is of

lower weight than F , so F was not minimal.

If E ′ does contain E, again taking the irregular switch along s, we get, if E was

an interior disc, two surfaces F1 ∪ T . The surface F1 is homeomorphic as a surface to

F and ∂F1 = ∂F , while T is formed by taking E ′\E and identifying the boundary

circles, and so is a torus or Klein bottle. As the switch was irregular, at least one of

F1 and T contains a return and hence after normalising has its weight decreased. Let

F ′ be the result of normalising F1. If the return is in F1 then the weight of F ′ is less

than that of F ; if the return is in T then the weight of T is non-zero and so we can

draw the same conclusion. As, since M is irreducible, E ′ is isotopic to a parallel copy

of E, F and F ′ are isotopic and so F was not minimal.

If E intersected the boundary, we can follow a similar line of thought. Now after

an irregular switch we get F1 ∪ A where A is an annulus or Möbius band. The same

reasoning however still holds.

The remaining case in which there are disc patches is when every disc patch has

an adjacent companion disc. This is the case considered in Lemma 4.1.4 of [Mat07],

where Matveev shows the following result in the triangulation setting:

Suppose that every disc patch of G1∪G2 has an adjacent companion disc E ′. Then

either F can be presented as F = F1 + T where T has Euler characteristic zero and

F1 is admissibly isotopic to F and of lower weight, or there is a disc patch E whose

adjacent companion disc is also a patch of F .

We give the idea of Matveev’s proof, which also goes through in our setting. It is

to associate to G1 ∪ G2 an oriented graph, whose vertices are disc patches and has

an edge from E1 to E2 if E2 is contained in the adjacent companion disc E ′
1 of E1.

As every vertex has at least one outgoing edge, this graph contains a cycle. Resolve

G1 ∪G2 with the irregular switch at the edges of the patches in this cycle, and the

regular switch otherwise. We get a decomposition F = F1 + T where T is the union

of the pieces E ′
i − Ei+1. If T is non-empty then as by Lemma 5.3.25 T has non-zero

weight, F1 is of lower weight than F . Note that F is homeomorphic to F1 as if we

perform regular switches everywhere, then at ∂Ei we replace Ei with Ai ∪ Ei+1. Now,
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Ai ∪ Ei+1 ∪ Ei is a disc or a sphere, so as M is irreducible and ∂-irreducible they

separate off balls. We can use this to construct the desired isotopy.

As F is minimal, T must be empty, so there is a disc patch E whose adjacent

companion disc E ′ is also a patch. Let G′
1 and G′

2 be the surfaces resulting from

swapping E and E ′ within G1 and G2. Now, E ∪ E ′ is either a sphere or a properly-

embedded disc, so as M is irreducible and ∂-irreducible, we can isotope G1 to G′
1 and

G2 to G′
2, reducing the number of intersections in G1 ∪G2. Thus G1 +G2 was not in

reduced form, as we assumed.

We can therefore conclude that there are no disc patches. Suppose D is a com-

pression disc for some patch P , which we perturb to be transverse to F . Let γ be an

innermost curve of F ∩D, which, as F is incompressible, bounds a disc D′ in F . If

P ⊆ D′ then P is planar and all but one of its boundary components bound discs in

F . But then either P is a disc patch or the disc bounded by one of these boundary

components contains a disc patch. Thus D′ is disjoint from P so we can therefore

isotope D to remove all intersections with F other than its boundary. Now, ∂D

bounds a disc in F . This disc must be contained in P as otherwise some component

of ∂P bounds a disc, and so there is a disc patch. Thus P is incompressible.

Suppose that D is a ∂-compression disc for P . By the same reasoning, we can

isotope D to remove any curves of intersection with F . If α is an outermost arc of

F ∩D other than the segment of ∂D in P , as F is ∂-incompressible, it bounds a disc

in F together with an arc in the boundary. By the same reasoning, this disc is disjoint

from P so we can isotope D to further remove these arcs. Thus D ∩ P bounds a disc

in F , which, as there are no disc patches, is contained in P .

Proposition 5.3.32. Let M be an irreducible ∂-irreducible 3-manifold and let H be a

subtetrahedral split handle structure for M . Let F be a normal minimal surface that

is incompressible and ∂-incompressible, with F = G1 +G2. Then G1 and G2 are also

incompressible and ∂-incompressible, and neither G1 nor G2 is a copy of S2, RP 2 or

a disc.

Proof. Pick G1 and G2 as in the proof of Lemma 5.3.31. As M is irreducible and

∂-irreducible, F is not a disc or a sphere, as if it were, we could isotope it to a

(non-normal) surface of zero weight in M , so F would not be minimal.

As any decomposition of a disc, sphere or projective plane has a disc patch, each

component of G1 and G2 has nonpositive Euler characteristic. If G1 is compressible

or ∂-compressible, we will construct a nontrivial compression or ∂-compression disc

D for G1 that is disjoint from G2. Let the weight of a compressing disc D for G1 be
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w(D) = |D ∩G2|+ |∂D ∩ (G2\\∂M)|. The idea is to give moves to reduce this weight

and thus produce a compressing disc for G1 that is disjoint from G2.

Claim 1: Suppose that G1 has a nontrivial compression or ∂-compression disc D,

which we can assume is transverse to G2. If D ∩G2 contains a closed curve or an arc

with both endpoints in ∂M , then there is a compression or ∂-compression disc D′ for

G1, of lower weight, that does not contain such intersections with G2.

The triangulation setting analogue of this claim is shown in the first part of Lemma

4.1.35 of [Mat07]. We sketch the idea of the proof, which does not in fact depend on

its setting. Take an innermost such curve or outermost such arc, bounding a disc ∆

in D such that ∆ ∩G2 = ∂∆ or ∆ ∩G2 is a single arc. As ∂∆ ∩G2 is connected, it is

contained in a single patch of G2. Now, as the patches of G1 ∪G2 are incompressible

and ∂-incompressible and M is irreducible and ∂-irreducible, there is a disc in this

patch of G2 isotopic to ∆. We can replace ∆ in D with this disc (pushed off a little)

to remove this intersection with G2 and reduce the weight of D.

Let D be a nontrivial compression or ∂-compression disc for G1 that intersects G2

minimally. By the claim, D intersects G2 only in arcs that have at least one endpoint

away from ∂M . Let ∆ be a region of D cut out by G2. Then ∆ is a (∂)-compressing

disc for the polyhedron G1 ∪ G2, as it is transverse to the singular subcomplex of

G1 ∪G2 and D ∩ ∂M is connected. Following [Mat07, §4.1.6], label the vertices of ∆

as “good” or “bad” angles according to whether, in F , the patches forming the two

edges are pasted together or not respectively. If all angles of ∆ are good, then ∆ is a

compression disc for F .

When formulated in the triangulation setting, the following claim is Lemma 4.1.33

of [Mat07].

Claim 2: Suppose that ∆ has exactly one bad angle. Then F is not minimal.

The idea of the proof is to consider the component l of G1∩G2 that passes through

this bad angle. Let A be the annulus or quadrilateral joining the two copies of l in

F . One can build a (∂-)compressing disc for F from, if l is a closed curve, two copies

of ∆ and one of the components of A−∆, or if l is an arc, ∆ and a component of

A−∆. Now as F is incompressible and ∂-incompressible and M is irreducible and

∂-irreducible, this disc bounds a ball with a disc of F and possibly a disc in ∂M . We

can use this to isotope F through this region to a surface of lower weight.

By this claim, each region has either no bad angles or at least two bad angles.

Now, each arc in D ∩G2 contributes one bad angle for each endpoint it has that is

not on ∂M . Let m be the number of arcs that have no endpoints on ∂M , and n be

the number with one endpoint on ∂M . There are m+ n+ 1 regions in D, and 2m+ n
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bad angles. Thus, by the pigeonhole principle, there is a region ∆ with at most one

bad angle, which hence has no bad angles.

This region is a compression or ∂-compression disc for F itself, which is incom-

pressible and ∂-incompressible, so ∆ ∩ F bounds a disc ∆′ in F . We sketch the ideas

of Lemma 4.1.34 of [Mat07], which deals with this situation. First, ∆′ is decomposed

by the trace curves into smaller regions. As there are no disc patches, none of these

trace curves are closed curves or are arcs with both endpoints on ∂M . Thus, taking

an outermost trace curve, there is a region ∆′
0 of ∆′ whose boundary is one trace

curve segment, one segment of ∆ ∩ F , and possibly one segment from ∂M .

Now, as shown in Lemma 4.1.35 of [Mat07], if this region is in G1, so ∂∆′
0 =

∆′
0 ∩ (G2 ∪∆∪ ∂M), then as M is irreducible we can isotope D through ∆′

0 to remove

an arc of intersection with G2. If this region is in G2, then compress ∆ along ∆′
0,

removing an intersection. At least one of the resulting discs is essential and gives a non-

trivial compression or ∂-compression disc. Either of these modifications reduces the

weight of ∆. Continuing this procedure, we eventually get a non-trivial compression

or ∂-compression disc for G1 that is disjoint from G2. But then the boundary of this

disc is contained in a patch of G1, which is incompressible and ∂-incompressible, so

this is a contradiction.

5.3.3 Fundamental normal surfaces

Our goal is to obtain a bound on collections of normal surfaces. In the triangulation

setting, the exponential bound on the weight of fundamental normal surfaces is well-

established (Lemma 2.3.6). If we were to take a fundamental surface and then wish to

bound the size of a fundamental normal surface in its complement, the näıve approach

would be to cut along it, take the induced handle structure, and find a fundamental

surface there. However, as the first surface was bounded by an expression of the form

c|T |, the induced handle structure may be of exponential size in the size of the original

triangulation, so applying the usual theory, the bound on the second surface is of

the form cc
|T |
. We obtain a tower of exponentials, which is useless for any sort of

polynomial time certificate. In this section we will use the subtetrahedral split handle

structure theory that we have developed to instead give a bound of the form c|T |2 .

As we noted at the start of Section 5.3, similar approaches have been used by Simon

King [Kin01] and Marc Lackenby [Lac21].

Let H be a subtetrahedral split handle structure for a manifold M . If F is a

normal surface in H, we can uniquely describe F via a vector in ZdH |H| as with the

usual normal surface theory: each coordinate of the vector corresponds to a type of
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elementary disc in a 0-handle of H, and the entry at that coordinate gives the number

of elementary discs of that type in F . By Lemma A.2, dH is 59. A vector v in ZdH |H|

corresponds to some normal surface precisely when it satisfies the following conditions:

1. the entries of v are non-negative;

2. if we fix a parallelity piece P and a component of intersection C1 of P with a

0-handle, for any other component C2 of intersection of P with some 0-handle,

the number of elementary discs that intersect C1 from that 0-handle is equal to

the number that intersect C2 from the other 0-handle;

3. for each 1-handle D1 × D2, which has two components of intersection with

0-handles, for each arc type in {0} ×D2 (up to normal isotopy), the number of

elementary discs in each 0-handle that intersect the 1-handle in that arc type

are equal; and

4. for each pair of elementary discs in each 0-handle, if they have an essential

intersection then v has a positive entry for at most one of them.

If t, u and v all are in this cone, v satisfies the fourth condition, and v = u + t,

then u and t also satisfy the fourth condition. As the first three conditions can be

expressed as linear equations, they restrict us to a polyhedral cone C in Zdh|H|, to

which we can apply linear integer programming techniques, as in the triangulation case

(Section 2.3). Using these ideas, we can apply Proposition 2.3.5 to obtain a bound.

Lemma 5.3.33. There exists a constant cF , which we can take to be 2480, such that

if G is a fundamental normal surface in a subtetrahedral split handle structure H then

the size of G is bounded by c
|H|
F .

Proof. Note that n is at most dH |H|. The constraints from the parallelity piece

equations give at most 6|H| equations (one for each bridge), where the form of each

equation is to set the sum of two lists of elementary discs to be equal, where each list

is contained in one 0-handle, and so its ℓ2 norm is at most 2dH .

As each 0-handle has at most four islands, there are at most 2|H| 1-handles. Fix
one of these islands, I. By Lemma 5.3.19 it intersects at most three bridges – let v

be this number – and at most 6− 2v sutures. As each part of the forbidden region

that intersects I is bounded on each side by sutures or sides of bridges, of which we

have a total of at most six, I has at most three components of intersection with the

forbidden region. We thus have divided the boundary of I into at most 9 possible
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segments for elementary discs to enter and leave by (corresponding to intersections

with bridges and lakes, but not the forbidden region), where an arc of intersection of

an elementary disc with I is determined by its entry and exit segments. There are

thus at most 8 · 9 = 72 arc types in I from elementary discs. Thus each 1-handle gives

at most 72 equations, of the same form as in the parallelity piece case: setting some

sums of elementary disc types to be equal, which will be a row of A of ℓ2 norm at

most dH .

The number of elementary discs of any given type of G is thus bounded by

(dH |H|)3/2ddH |H|−1
H . We can then find a cF as follows:

|G| ≤ |H|(dH |H|)3/2ddH |H|
H

= 23/2 log(dH)+5/2 log(|H|)+dH log(dH)|H|

≤ 22(dH+1) log(dH)|H|

so we can take cF to be 22(dH+1) log(dH) which, using dH = 59 from Lemma A.2, is

bounded above by 2480.

Lemma 5.3.34. There exists a constant cB, which we can take to be 2826, such that

the following holds. Let M be a manifold with a subtetrahedral split handle structure

H. Let {Σi} be a collection of n disjoint normal surfaces in M such that, if we set

H0 := H and Hi := Hi−1\\Σi, then Σi+1 is non-duplicate and of size at most 2f(|Hi|)

in the induced split handle structure on Hi for some (increasing) function f that does

not depend on i and has f(1) ≥ 1. Then there is a normal surface representative of

the collection in H whose size is at most c
|H|f(60|H|)
B .

Proof. By Lemma 5.3.15 Hi is a split handle structure for each i. Let s(i) be the

size of surfaces Σi, . . . ,Σn included into Hi−1. As Σi+1 avoids the forbidden region

of Hi, it is disjoint from Σi, so their normal sum is their disjoint union. When we

include the surfaces Σi+1, . . . ,Σn into Hi−1 and consider their size, two things happen:

some of the parallelity pieces of Hi may be broken up into many 0-handle pieces and

some of the elementary disc types of Hi may be identified (which does not change the

total count of them in the surfaces). As the parallelity pieces had to have been been

created from cutting along Σi, each sheet of the surfaces in a parallelity piece in Hi

decomposes into at most |Σi| 0-handle pieces in Hi−1. As each sheet is adjacent to

some elementary disc in a 0-handle of Hi, and (as there are most six bridges in each

of these 0-handles) each elementary disc runs through at most six bridges, the number

of sheets is at most 6s(i+ 1). Thus when we include Σi+1, . . . ,Σn into Hi−1, the new

size s(i) is at most |Σi|+ s(i+ 1) + 6s(i+ 1)|Σi| ≤ 8s(i+ 1)|Σi|.
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By Lemma 5.3.24, |Hi| is at most 60|H| in Hi+1 for all i. Thus |Σi| ≤ 2f(60|H|) for

all i, so s(i) ≤ s(n)(8 · 2f(60|H|))n−i. Thus we have that s(0) is at most 8n2(n+1)f(60|H|).

By a Kneser-Haken finiteness argument, as Σi+1 is non-duplicate either it and another

Σi are a pair of a non-orientable surface and its orientable double cover, or it contains

some elementary disc that is not in a parallelity region, so n is at most 4dH |H|. Now,
we bound cB as follows:

s(0) ≤ 212dH |H|2(dH |H|+1)f(213|H|)

≤ 214dH |H|f(60|H|)

which, as by Lemma A.2 dH is 59, gives us the bound.

Corollary 5.3.35. There exists a constant cS, which we can take to be 1010
7
, such that

the following holds. Let M be a manifold with a subtetrahedral split handle structure

H. Let {Σi} be a collection of n disjoint normal surfaces in M such that, if we set

H0 := H and Hi := Hi−1\\Σi, then Σi+1 is a non-duplicate normal surface in Hi

which is either fundamental or the double of a fundamental surface. There is a normal

surface representative of the collection in H whose size is at most c
|H|2
S .

Proof. This immediately follows from Lemmas 5.3.33 and 5.3.34, as well as the fact

that c
|H|(480·60|H|+1)
B ≤ 2(1+826·28800)|H|2 < 1010

7
.

5.4 Bounding normal vertical annuli

We will use the machinery we have just developed to bound the weight of a complete

collection of normal vertical annuli.

5.4.1 Fundamental Möbius bands

First, we consider fundamental normal pseudo-vertical Möbius bands in subtetrahedral

split handle structures.

Lemma 5.4.1. If S is a Möbius band in an orientable irreducible 3-manifold M where

∂S is non-trivial in π1(M), then the double of S is essential unless M is S1 ×D2.

Proof. As the double of S, S̃, is an annulus, there is only one loop (up to isotopy)

in S̃ that does not bound a disc in S̃: one of its boundary components. As this is

isotopic to ∂S, it is non-trivial in π1(M) so cannot bound a disc in M either, so S̃ is

incompressible. As S̃ is the boundary of a neighbourhood of S, it is separating. Since
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M is irreducible, an annulus is ∂-parallel if and only if it is ∂-compressible. In this

case, we can observe that the boundary of a neighbourhood of a Möbius band is not,

in fact, boundary-parallel in this neighbourhood. So if S̃ is not essential, it cuts M

into S1 × I × I and S ×∼ I, so M is S ×∼ I ∼= S1 ×D2.

Lemma 5.4.2 (Lemma 2.4 [Mij04]). Suppose that M is irreducible, ∂-irreducible, and

is not T 2 × I or K ×∼ I. Let S be a toroidal boundary component of M . If A and B

are properly-embedded incompressible and ∂-incompressible annuli in M (that are not

necessarily disjoint), such that at least one boundary component of each is on S, then

these boundary components are isotopic.

Lemma 5.4.3. Suppose that M is a Seifert fibered space with non-empty boundary,

not homeomorphic to a solid torus or K ×∼ I, and has a subtetrahedral split handle

structure H, where the forbidden region (if non-empty) is a collection of vertical annuli.

If M has any multiplicity two singular fibres, then for each boundary component T

of M , there is a fundamental normal pseudo-vertical Möbius band containing one of

these fibres whose boundary is on T .

Proof. No Seifert fibration of T 2 × I has multiplicity two singular fibres. Let S be a

pseudo-vertical Möbius band that is incompressible, ∂-incompressible, and disjoint

from I. Up to isotopy, we can consider it to be a union of regular fibres and a

multiplicity two singular fibre. By Lemma 5.4.1 the double of S, S̃, is essential in M

with empty forbidden region, and so is essential in H as well.

Let F be a minimal normal surface representative of S. Suppose that F = G1+G2.

By Proposition 5.3.32, G1 and G2 are incompressible and ∂-incompressible, and

each has Euler characteristic at most zero, and so (as χ(F ) = 0) equal to zero. By

Lemma 2.5.7 they are both horizontal or (pseudo-)vertical. If one is a Möbius band,

say G1, taking the double and observing by the same reasoning as above that it

is essential, we can see by Lemma 5.4.2 that ∂G1 is isotopic to ∂F . It is thus a

pseudo-vertical Möbius band, so is (up to isotopy) a union of regular fibres and a

single multiplicity two singular fibre. As the boundary of G1 is a summand of that

of F , ∂G1 is contained in T . By Lemma 5.3.25 the weight of G2 is non-zero so the

weight of G1 is strictly less than that of F .

As at least one of G1 and G2 has boundary and we have dealt with the Möbius

band case, either both are annuli or one is an annulus and the other is closed. In either

of these cases, we can apply Lemma 5.4.2 to the boundary components of the essential

annuli to see that their boundary curves are isotopic to ∂F . There are an even number

of boundary curves among G1 and G2, so ∂G1 + ∂G2 is trivial in H1(∂M ;Z/2). But
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∂F is not as it is a single curve, and normal sum is additive on homology with Z2

coefficients, so we have a contradiction. Thus (by induction) there is a fundamental

pseudo-vertical Möbius band.

5.4.2 A complete family of vertical annuli

Lemma 5.4.4. Let M be a Seifert fibered space with non-empty boundary, other

than the solid torus. Let H be a subtetrahedral split handle structure for M where

the forbidden region I (if it is non-empty) is a collection of vertical annuli. Then

H contains a fundamental normal surface, disjoint from the forbidden region, that is

either an essential Möbius band or an essential non-duplicate annulus. Furthermore, if

M is not homeomorphic to T 2 × I or K ×∼ I or I is not empty, this surface is vertical

with respect to the Seifert fibered structure.

Proof. When M has a multiplicity two singular fibre and is not K ×∼ I, we proved this

in Lemma 5.4.3. If M does have a multiplicity two singular fibre, then, we can assume

that it is K ×∼ I with the [D2, 1/2, 1/2] Seifert fibration.

Let A be an incompressible ∂-incompressible annulus or Möbius band in M that

is disjoint from the forbidden region and is not isotopic into it. This exists as M is

not the solid torus. By Proposition 5.3.13 A has a normal representative F . As A is

incompressible, it cannot be isotoped to be inside a single handle, so we can let F be

of minimal weight in the admissible isotopy class of A (that is, up to isotopy fixing

I). Suppose that F = G1 + G2 as a non-trivial sum of normal surfaces, where we

choose G1 and G2 to minimise |G1 ∩G2|. By Proposition 5.3.32, G1 and G2 are also

incompressible and ∂-incompressible, and have Euler characteristic at most 0. If (say)

G1 has multiple connected components, so F = G′
1 +G′′

1 +G2, then by resolving the

sum G′′
1 +G2 (which we note does not add any curves of intersection with G′

1) we get

F = G′
1 + (G′′

1 +G2), where |G1 ∩G2| > |G′
1 ∩ (G′′

1 +G2)|, so both G1 and G2 must

be connected. As χ(G1) + χ(G2) = χ(A) = 0, both have Euler characteristic exactly

zero – that is, each component is an annulus, Möbius band, Klein bottle or torus. By

Lemma 5.3.28 neither is duplicate.

If one is closed, the other, say G1, has the same boundary as A, so is an incom-

pressible and ∂-incompressible non-duplicate annulus or Möbius band also. If both

are essential annuli, then we have two essential non-duplicate annuli of smaller weight

than A.
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If G1 is a Möbius band then by Lemma 2.5.7 it is either horizontal, in which case

I must be empty and M must be K ×∼ I, or pseudo-vertical so M is again K ×∼ I with

the Seifert structure [D2, 1/2, 1/2].

In any of these cases, we have produced an incompressible and ∂-incompressible

non-duplicate annulus or Möbius band that is of smaller weight than F , so there is

a fundamental such surface G. If I is not empty then G cannot be horizontal, so

must be (pseudo-)vertical and, if a Möbius band, have an essential vertical double.

Otherwise, if G is horizontal, then by Lemma 2.5.8 M is homeomorphic to K ×∼ I or

T 2 × I.

We will use Lemmas 5.3.33 and 5.3.34 to prove that we can obtain a complete

collection of these annuli of bounded size. Recall that by Lemma 5.3.17, cutting along

a normal surface produces another subtetrahedral split handle structure.

Proposition 5.4.5. There exists a constant cA, which we can take to be 1010
7
, such

that the following holds. Let M be a Seifert fibered space with non-empty boundary,

other than the solid torus. Let H be a subtetrahedral handle structure for M that is

dual to a triangulation T such that the intersection of each tetrahedron of T with

∂M is connected and contractible. There is a maximal collection of disjoint normal

essential annuli in H, so that no two are isotopic, of total size at most c
|H|2
A . If M is

not T 2 × I or K ×∼ I, then these annuli are vertical.

Proof. By Lemma 5.3.17, H can be viewed as a subtetrahedral split handle structure

with empty forbidden region. Then by Lemma 5.4.4 there is a fundamental normal

surface F in H that is either an essential Möbius band or an essential non-duplicate

annulus. Using Lemma 5.3.17, H\\F is also a subtetrahedral split handle structure.

If M is not T 2 × I or K ×∼ I, then we can take the first annulus to be vertical, so

the forbidden region of H\\F will be a non-empty collection of vertical annuli. We

can then continue to apply Lemma 5.4.4 to generate a collection of disjoint normal

essential annuli Ai and handle structures Hi+1 = Hi\\Ai, where the annulus Ai is

fundamental in Hi or is the double of a fundamental surface. This is the situation of

Corollary 5.3.35, so there is a normal surface representative of the whole collection of

size at most
(
1010

7
)|H|2

.

If M is T 2 × I, then by Proposition 2.5.4 any essential annulus in T 2 × I is γ × I

for some essential curve γ in T 2, and then the complement of this annulus is a solid

torus with two parallel annuli as its forbidden region, so there are no further isotopy

classes of essential annuli. If M is K ×∼ I, it has a Seifert fibered structure as S ×∼ S1,
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where S is the Möbius band. An essential annulus is either horizontal or vertical. If

horizontal, it separates M into two copies of S ×∼ I, which are each homeomorphic to

a solid torus with a single annulus as their forbidden region so contain no essential

annuli that are not isotopic to the one we already cut along. If vertical, it cuts M

into a single solid torus, with two parallel annuli as its forbidden region, so again

there are no further annuli. In these cases we took a single fundamental annulus, or

double of a fundamental Möbius band, which is of size at most 2c
|H|
F for cF = 2480 by

Lemma 5.3.33, which is certainly smaller than bound on cA we have given.

Lemma 5.4.6. Let H be a handle structure for an irreducible ∂-irreducible 3-manifold

M that is dual to a triangulation T , such that the intersection of each tetrahedron of

T with ∂M is connected and contractible. Let F be a non-duplicate incompressible

∂-incompressible normal surface in H. There is a normal surface F ′ in T , isotopic to

F , such that the weight of F ′ (that is, its number of intersections with the 1-skeleton)

is at most 16|T |s(F ).

Proof. By Lemma 5.3.17, H is a subtetrahedral split handle structure. Each elementary

disc of F runs over at most four bridges, so its number of intersections with the 1-

skeleton of T will be at most four. The barrier to directly including F into T is that

an elementary disc in a subtetrahedral handle does not necessarily correspond to one

in the dual tetrahedron: the ones that do not are those that run over vertices in the

boundary of T . It suffices then to perturb F enough that it is transverse to T , without

increasing its weight too much, as then, as F is incompressible and ∂-incompressible,

we can normalise it which does not increase its weight.

Map F into T by sending each elementary disc of F to a disc in a tetrahedron of

T that is transverse to the triangulation except that it may run over vertices in ∂T .

Each elementary disc of F ran over at most four bridges, so this surface intersects the

1-skeleton of T in at most 4s(F ) points. At each vertex in ∂T , consider its link L,

which is a disc as M is a manifold. The elementary discs of F intersect L in a set of

disjoint arcs. Pick a coherent choice of direction transverse to each arc, so that no two

arcs point towards each other. At each arc, replace the portion of F that runs through

the vertex with the subset of L in the chosen direction, pushed off a little so we obtain

an embedding. This produces a surface F ′ which is isotopic to F and transverse to

the triangulation. As L intersects each edge of T at most twice, this operation adds

at most two points of intersection of each elementary disc with each edge of T . There

are at most 6|T | edges so the weight of F ′ is at most (4 + 12|T |)s(F ). Normalising

F ′ produces a normal surface isotopic to F and of no greater weight than F ′.

101



Corollary 5.4.7. There exists a constant cT , which we can take to be 1010
13
, such

that the following holds. Let T be a triangulation of a Seifert fibered space M with

non-empty boundary, other than the solid torus. There is a collection of disjoint

normal essential annuli in T , such that their complement is a collection of solid tori,

of total weight at most c
|T |2
T . We can take these annuli to be vertical so long as M is

not T 2 × I or K ×∼ I.

Proof. Consider the handle structure H that is dual to the 1st barycentric subdivi-

sion of T , T (1), which contains 24|T | tetrahedra. In T (1) the intersection of each

tetrahedron with ∂M is connected and contractible. As H satisfies the hypotheses of

Proposition 5.4.5, there is a maximal collection C of disjoint normal essential annuli

in H, such that no two are isotopic, of total size at most c
|H|2
A , and so that if M is not

T 2 × I or K ×∼ I then these annuli are vertical. We can now apply Lemma 5.4.6 to

this collection C to obtain an isotopic set of normal surfaces in T (2) of weight at most

16 · 242|T |c24
4|T |2

A ≤ c
2·244|T |2
A where cA < 1010

7
. We can thus set cT to be c2·24

4

A , which

gives the desired bound.

If M is T 2 × I or K ×∼ I, we took a single essential annulus that cuts M into one

or two solid tori, so let this be the minimal collection. Otherwise, all the annuli are

vertical. They lie over essential arcs in the base orbifold of M . If there are n singular

fibres, there must be n annuli separating neighbourhoods of singulars fibre from the

remainder of M . Consider the dual graph to the rest of the collection: it has a vertex

for each region of M\\C, and an edge for each annulus, connecting the vertices of the

regions it bounds. Take the complement of a spanning tree of this dual graph. This

collection of annuli will cut the remainder of the orbifold into a single disc, and so

will cut the remainder of M into a single solid torus. Take these annuli as well as the

ones that cut off singular fibre neighbourhoods as the minimal collection.

5.5 The certificate

We first prove that recognising a circle bundle over a surface with boundary is in NP.

We prove a slightly stronger result, which says that we can certify the manifold and

additionally certify a normal section and a normal fibre on each boundary component.

Lemma 5.5.1. Let T be a triangulation of the solid torus. Then there is a fundamental

normal meridian disc in T and a normal curve in ∂T , of weight at most exponential

in |T |, that intersects the disc once.
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Proof. Corollary 6.4 of [JT95] tells us that if M is ∂-irreducible then there is a vertex

normal essential disc, and the only essential disc in S1 × D2 is the meridian disc.

Take a normal curve γ in ∂T that intersects this meridian disc once. If γ = α1 + α2

as a normal sum, then one of the αi must also intersect the disc once, so there is a

fundamental normal curve in the triangulation on the boundary that satisfies this

property.

Proposition 5.5.2. Deciding whether a 3-manifold M is an orientable circle bundle

over a surface with non-empty boundary is in NP, as is, for such a manifold, deciding

if it is a circle bundle over a certain surface (given as genus, number of boundary

components and orientability). Furthermore, unless M ∼= K×∼ I or T 2× I, there exists

a normal section and one normal fibre on each boundary component, such that these

properties can be certified in time polynomial in |T |.

As we stated in Theorem 4.1.5, Haraway and Hoffman previously showed that

certifying the cirlce bundle over the Möbius band (K ×∼ I) and A× S1 (the I-bundle

over the Möbius band) is in NP, and Matveev gave an algorithm for the problem that

(although he did not discuss its complexity) also shows the problem is in NP [Mat07,

Lemma 6.4.20]. We are reproving these results as we need to also certify the normal

section and fibres.

Proof. Let T be a triangulation of M . The data given in the certificate is the following:

1. A compatible orientation of each tetrahedron;

2. If M is the solid torus, a fundamental normal disc, a curve in ∂M intersecting

the disc once, and the data from Theorem 4.1.4 to certify that M is the solid

torus;

3. If M is T 2 × I, a normal annulus F of weight at most exponential in |T |, a
triangulation of M\\F constructed using Corollary 2.7.10, and a fundamental

normal essential disc in this triangulation;

4. If M is K ×∼ I (which we consider to have the Seifert structure of an S1-bundle

over a Möbius band), a fundamental annulus F , and:

(a) If the fundamental annulus is horizontal, the triangulation of M\\F ∼=
S1×D2⊔S1×D2 from Corollary 2.7.10 and a fundamental normal essential

disc in each component of the result;
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(b) If the fundamental annulus is vertical, the triangulation ofM\\F ∼= S1×D2

from Corollary 2.7.10 and a fundamental normal essential disc in it;

5. Otherwise:

(a) a collection of non-isotopic normal vertical annuli F , of total weight at

most exponential in |T |2, whose complement is a solid torus;

(b) the triangulation of M\\F from Corollary 2.7.10;

(c) a fundamental normal essential disc in this triangulation of M\\F ;

(d) a fundamental normal section in M .

Claim 1: The data of this certificate exists and has size bounded by a polynomial in

|T |.
Proof: When M is a solid torus, the data exists by Lemma 5.5.1.

When M is T 2 × I, by Lemma 5.4.4 there is a normal annulus of the required size.

Corollary 2.7.10 allows us to construct a triangulation of M\\F of polynomial size in

|T | as the weight of F is at most exponential in |T |. By Lemma 5.5.1 then there is a

fundamental normal essential disc in this new triangulation.

When M is K×∼ I, by Lemma 5.4.4 there is a fundamental normal essential annulus,

which (as discussed in the proof of Proposition 5.4.5) is either horizontal and cuts M

into two solid tori, or is vertical and cuts it into one solid torus. Either way we can use

Corollary 2.7.10 to construct a triangulation of its complement that is of polynomial

size in |T |, and by Lemma 5.5.1 there is a fundamental normal essential disc in each

component of this new triangulation.

In the general case, by Corollary 5.4.7 there is a collection of vertical essential

annuli C in T , of total weight at most c
|T |2
T , whose complement is a single solid torus.

By Corollary 2.7.10 we can construct a triangulation of their complement, recording

the boundary of C, that is of size at most polynomial in |T |. By Lemma 5.5.1 there

is a fundamental normal essential disc in this new triangulation. By Proposition 5.2.2

there is a fundamental section in M . ■

Claim 2: The homeomorphism type of M can be verified in polynomial time.

Proof: Check that M has boundary; that is, that some face of the triangulation is

not identified with any other. Check that the given orientations of the tetrahedra are

compatible, and thus certify that M is orientable.

We know that recognising the solid torus is in NP by Theorem 4.1.4. To certify

the data from Lemma 5.5.1, check that the given surface is in fact a disc using

Proposition 2.7.9 then check (using Lemma 2.4.2) that the algebraic intersection
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number of the curve and the boundary of the disc, given as normal curves, is ±1. We

thus know that the curve and disc are essential, so must be a fibre and meridian disc.

If M is T 2 × I, certify that F is an annulus using Proposition 2.7.9. Apply

Corollary 2.7.10 to produce a triangulation of M\\F and record the normal curves

from ∂F in the boundary triangulation. We have already seen that we can certify that

M\\F is a solid torus. Compute the algebraic intersection numbers of the boundary

curves from F with the boundary of the meridian disc, which (as the meridian curve

is from a fundamental normal surface so is of at most exponential weight in |T |) we
can do in polynomial time by Lemma 2.4.2. Verify that they are each ±1, so the core

curve of F in M\\F is a longitude. The mapping class group of the annulus up to

non-∂-preserving isotopy has two elements: the class of the identity, and the class that

exchanges the two boundary components, so M is either (in the first case) T 2 × I or

(in the latter) K ×∼ I. The first homology of T 2 × I is Z2 and that of K ×∼ I is Z× Z2,

so it suffices to compute the homology of M , which, as the dimension of M is fixed,

can be done in polynomial time by work of Iliopoulos [Ili89] as explained in [KP03].

Suppose M is K×∼ I ∼= S×∼ S1 where S is the Möbius band. If the essential annulus

F is horizontal it covers the Möbius band, so as it has two boundary components

it is a degree two cover and separates M into two copies of S ×∼ I (where it is the

horizontal boundary of this bundle), which is the solid torus. As in the T 2 × I case,

we can efficiently certify that this fundamental surface separates M into two solid

tori. We can use the normal curve vectors for the boundary of F and the boundaries

of the meridian discs to verify (using Lemma 2.4.2) that these curves have algebraic

intersection number ±2. Up to choice of coordinates there is only one curve on the

boundary of the solid torus that intersects a meridian disc twice, so this is enough

to certify that T is a triangulation of K ×∼ I. If F is vertical, it sits over a spanning

arc in the Möbius band and cuts M into a single solid torus. As in the T 2 × I case,

certify that M\\F is a solid torus, and produce a normal vector for a meridian curve.

Compute the algebraic intersection numbers of the boundary of the two copies of

F with this meridian curve. We find that they are ±1 and by the same homology

computation as in the T 2 × I case we can certify that M is K ×∼ I.

We are left with the general case. By Proposition 2.7.9 we can quickly check that

each surface in F is an annulus and compute the number of components n in F . As

we have already described, we can certify that M\\F is a solid torus and that the

given surface is indeed a meridian disc, and record the corresponding meridian curve.

Compute the intersection number of each annulus boundary and this meridian curve

(using Lemma 2.4.2) to certify that the annulus core curves are longitudes in the solid
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torus. Now, when we glue up the annuli we will get a circle bundle over a surface Φ.

This surface has Euler characteristic 1− n. As M is not a circle bundle over a disc,

annulus or Möbius band, 1− n will be negative.

Let Σ be the normal surface that we claim is a normal section. Verify (using

Proposition 2.7.9) that χ(Σ) = 1− n. Compute algebraic intersection numbers (using

Lemma 2.4.2) to certify that the boundary curve of Σ intersects each boundary curve

of each annulus in A exactly once, which implies that Σ intersects each annulus in one

spanning arc and possibly some trivial curves. This shows that, after compressions

and ∂-compressions (which increase Euler characteristic), Σ is horizontal; as χ(Φ) < 0

and χ(Σ) = χ(Φ), Σ must be a degree one horizontal surface: that is, a section. ■

For the collection of fibres, we have a normal section in the surface bundle and a

complete collection of vertical essential annuli. Take one annulus boundary component

on each boundary component of M .

We can now handle a special case of Seifert fibered space recognition.

Proposition 5.5.3. Deciding if a 3-manifold M with triangulation T is a Seifert

fibered space with only multiplicity two singular fibres and non-empty boundary, other

than S1 ×D2, T 2 × I and K ×∼ I, is in NP. When M is such a Seifert fibered space,

deciding if it admits a certain set of Seifert data is in NP ∩ co-NP and there is a

degree two normal horizontal surface and one normal fibre on each boundary component

such that these properties have polynomial time certificates.

Proof. The data given in the certificate is the following:

1. the Seifert data of M ;

2. two collections of disjoint normal essential vertical annuli C in T , of total weight

at most c|T |2 , for a fixed constant c, where the complement of C is the union

of a solid torus neighbourhood of each singular fibre and a circle bundle over a

surface;

3. a triangulation of T \\C from Corollary 2.7.10, with a record of the normal

curves from the boundaries of the components of C;

4. the data from the certificate in Proposition 5.5.2 for the circle-bundle-over-a-

surface component of T \\C;

5. a fundamental normal essential disc in each solid torus component of T \\C;

6. a degree two horizontal fundamental normal surface F in T ;
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Claim 1: The data of this certificate exists and is of size at most polynomial in |T |.
Proof: Corollary 5.4.7 gives us the collection of normal vertical annuli. Use Corol-

lary 2.7.10 to build the required triangulation of the complement, and then by

Lemma 5.5.1 we can find a fundamental normal essential disc in each solid torus

component of this triangulation. Proposition 5.5.2 gives us the certificate for T \\C.

By Proposition 5.2.2, the desired degree two horizontal fundamental normal surface

exists. ■

Claim 2: The homeomorphism type of M can be verified from the certificate in

polynomial time.

Proof: As in Proposition 5.5.2, certify that M has boundary and is orientable.

Build the triangulation of T \\C using Corollary 2.7.10, verifying that it agrees

with the one in the certificate. We can then certify that all but one of the resulting

pieces are solid tori using Theorem 4.1.4, and certify the homeomorphism type of

the remaining piece M ′ using Proposition 5.5.2. By computing algebraic intersection

numbers using Lemma 2.4.2, we can check that for each of the solid torus meridian

discs, each annulus (algebraically) intersects it twice or not at all. We thus know

that M is a copy of M ′ with solid tori glued on by gluing a (1, 2) slope curve in the

boundary of the solid torus to a fibre of M ′; this is enough to certify that these solid

tori are neighbourhoods of singular fibres of multiplicity two. ■

We know that the boundary curves of the annuli are fibres by construction, so

take one on each boundary component. It remains to certify that F is a degree

two horizontal surface. Check that ∂F is connected using Theorem 2.7.8, and then

check that the algebraic intersection number of ∂F with each annulus is ±2 using

Lemma 2.4.2. From this information, we can deduce that F compresses and ∂-

compresses to a degree two horizontal surface by Lemma 2.5.7, so χ(F ) ≤ 2χ(Σ)− n.

Now check that χ(F ) = 2χ(Σ)− n, so we could not have done any compressions or

boundary compressions since they increase Euler characteristic.

For the general case, we need one more result concerning computing singular fibre

data.

Lemma 5.5.4. Let M be an oriented Seifert fibered space with n of its singular fibres

drilled out. Let F be a degree k horizontal surface in M , and let ηi, 1 ≤ i ≤ n be

the collection of its curves of intersection with the boundary component arising from

drilling out the ith singular fibre. Let γi, 1 ≤ i ≤ n, be a regular fibre on each of

these boundary components. Pick orientations of ηi and γi such that the algebraic

intersection number i(ηi, γi) is positive with respect to the orientation of ∂M induced
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by the orientation of M . Then if µi is a meridian from the drilled out solid torus, the

Seifert data of this singular fibre q/p (with respect to this orientation of M and the

basis of H1(∂M,Z) induced by [ 1
k
ηi] and γi for each i) is (i(ηi, µi)/k)/i(γi, µi).

Proof. If we flip the orientation of both ηi and γi, this ratio of intersection numbers

does not change sign.

Note that ηi is k copies of a curve, and ( 1
k
ηi, γi) is a positive basis for the homology

of this torus, with its induced orientation. By the definition of the construction of

Seifert fibered spaces (for example, see [Mar16, Defn. 10.3.1]), a (pi, qi) singular fibre

is when the meridian curve is pi
k
ηi + qiγi.

Theorem 5.1.1. The problem Seifert fibered space with boundary recogni-

tion is in NP.

Theorem 5.1.2. The problem naming Seifert fibered with boundary is in

NP ∩ co-NP.

Proof of Theorems 5.1.1 and 5.1.2. Let M be a Seifert fibered space with non-empty

boundary. Our certificate will be of the following form. If M is a circle bundle over a

surface or a Seifert fibered space with only multiplicity two singular fibres it will be

the relevant data from Proposition 5.5.2 or Proposition 5.5.3, respectively. Otherwise,

it will be:

1. the Seifert data of M ;

2. a compatible orientation of each tetrahedron of T ;

3. the triangulation T (82), constructed by subdividing each tetrahedron of T in the

order given;

4. the non-multiplicity-two singular fibres in T (82), a solid torus neighbourhood of

each one, a meridian disc for it with boundary of length at most 48, a longitude

curve in its boundary that intersects the meridian once, a triangulation T ′ of

T (82) with these neighbourhoods of singular fibres removed and length at most 48

meridian curves marked and a compatible choice of orientations of the tetrahedra

of T ′;

5. if there are singular fibres of multiplicity two, the certificate from Proposi-

tion 5.5.3 for T ′, or otherwise, the certificate from Proposition 5.5.2 for T ′.
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Assume that M has at least one non-multiplicity-two singular fibre. It is straightfor-

ward to see that the certificate exists, as giving a triangulation of T (82) is constructive,

and Theorem 3.3.2 gives us the required singular fibre neighbourhoods.

To verify the certificate, first, as discussed in the proof of Proposition 5.5.2, check

that M is orientable and has boundary.

Construct T (82) by barycentrically subdividing the tetrahedra in order and verify

that it agrees with the given triangulation. Certify that the removed regions are solid

tori using Proposition 5.5.2 and use Proposition 2.7.9 to verify that the given meridian

discs are indeed discs. Check that the longitude intersects the meridian curve once for

each singular fibre neighbourhood using Lemma 2.4.2, thus certifying that the given

meridian discs are essential.

Note that T ′ ̸∼= K ×∼ I as M ′ has more than one boundary component. Since the

only Seifert fibered structure for T 2 × I is A× S1, if T ′ ∼= T 2 × I then M was a solid

torus as we can only have removed one singular fibre, so we can rule out this case. As

we have the data of Proposition 5.5.2 or Proposition 5.5.3 to certify the Seifert data

of T ′, since T ′ ̸∼= K ×∼ I or T 2 × I, take the normal horizontal surface and complete

collection of fibres in the boundary contained in this certificate. Push the simplicial

meridian ν off the 1-skeleton to get a normal meridian µ. The length of µ is at most

the length of ν plus the total valence of the vertices of this boundary torus: that is,

at most three times the number of edges in this boundary torus, which is at most

3 · 2482 · 6|T |.
Check that the given orientation of the tetrahedra of T ′ is in fact consistent and

compute the orientation of each boundary triangle induced by it. In each boundary

component of M ′ that bounds a singular fibre, consider the boundary of the horizontal

surface, η, and the boundary of a normal vertical annulus fibre, γ, each of whose length

is at most c
|T |2
T . By Lemma 2.4.2, we can arbitrarily orient each of the three curves

µ, η and γ and then compute i(η, γ) in polynomial time in the original input, with

respect to the induced orientation of the boundary triangles. Set the orientation of η

such that i(η, γ) is positive and then compute q′ = i(µ, η) and p = i(µ, γ). To correct

for the fact that the horizontal surface may not have been a section, set q = q′

i(η,γ)
. By

Lemma 5.5.4 this singular fibre has Seifert data q/p. With the certificate for M ′, this

certifies the homeomorphism type of M , and we can check that this matches the given

Seifert data. For Theorem 5.1.2, note that as M has boundary it is not a lens space,

so by Lemma 2.5.3 we can quickly check if the Seifert data of M describes a manifold

that is homeomorphic to a given Seifert fibration.
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Chapter 6

Further questions

We will briefly present some questions that arise from the work in this thesis. First,

we consider the recognition problem as discussed in Chapters 4 and 5. Recall the

motivating question given in the introduction, which is well-known in the field:

Question A. Is 3-manifold homeomorphism in NP?

We discussed a potential proof of a positive answer in Section 4.1.2 by first showing

that the recognition problem for geometric 3-manifolds is in NP, and we stated there,

the remaining geometric cases are hyperbolic, Sol, and closed manifolds with H2 × R
or S̃L2 geometries. Some special cases, then, of this question, are:

Question B. Are the recognition and homeomorphism problems for closed Seifert

fibered spaces with essential tori in NP?

Question C. Are the recognition and homeomorphism problems for Seifert fibered

spaces without essential tori in NP?

In Question B, we can take a fundamental normal essential torus (using much the

same argument as in Lemma 5.4.4). We can cut along this torus using Proposition 2.7.7,

and then by Theorem 5.1.1 we can certify the Seifert data of the resulting Seifert

fibered space with boundary. This approach lets us reconstruct the Seifert data of

the original closed manifold, up to the Euler number. Finding the Euler number is

more subtle: it requires that we keep very careful track of the gluing map from the

vertical torus. However, when we find a new triangulation using Proposition 2.7.7, we

may dramatically change the boundary triangulation of the cut-open manifold, which

makes this difficult.

In Question C we are considering Seifert fibered spaces whose base orbifolds are

a sphere with at most three cone points or RP 2 with at most one cone point. As
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by work of Lackenby and Schleimer the recognition and naming problems for elliptic

manifolds is in NP, we can restrict to the case of the sphere with three cone points.

The difficulty here is that our approach so far has relied on taking certain essential

surfaces, taking their minimal normal representative, and carefully analysing the

complement. If there are no essential surfaces, we have no place to start.

For the recognition problem for the Sol geometry, we might hope to use the tech-

niques of Section 4.2: considering the homology of torus bundles over S1. Given such

a manifold, there is a fundamental essential torus (by Lemma 4.2.4). Using Proposi-

tion 2.7.7 to build a triangulation of its complement, we can apply Theorem 4.1.5 to

certify that it is T 2 × I, and thus that the original manifold was a mapping torus over

the torus. Thus the problem reduces to certifying Sol manifolds among Euclidean

and Nil ones. As we discuss in the proof of Theorem 4.2.1, we can compute second

homology to distinguish the Sol case from T 3 and from the case where the gluing map

is conjugate to ϕe =

(
1 e
0 1

)
. We still need to distinguish it from the other Euclidean

torus bundles, and from the gluing map being ϕ̄e =

(
−1 e
0 −1

)
.

The recognition and homeomorphism problems for hyperbolic manifolds are quite

mysterious. If a hyperbolic manifold is fibered, we might hope to use this fibered

structure to at least certify that the manifold is hyperbolic, if not to tackle the

homeomorphism problem in full. Certifying that an irreducible, atoroidal manifold

is fibered is known to be in NP [Sch11, Corr. 1.4]. When the hyperbolic manifold

under consideration is not fibered, we know by Agol’s proof of the Virtual Fibering

Conjecture that it has a finite cover that is fibered. However, this proof is not effective:

there is no known bound on the degree of this cover in general, so it would be very

challenging to try to reduce the question to the fibered case.

Question D. Is 3-manifold homeomorphism NP-hard?

This is the obvious companion problem to Question A, and is surely not original

to this text. As we discussed in Section 2.1.1, several problems in 3-manifold topology

are known to be NP-hard. The usual proof strategy for these results is to reduce some

variant of SAT to them: the problem of, given a Boolean expression, determining if

it is satisfiable. For example, Agol-Hass-Thurston (for bounding knot genus) and de

Mesmay-Rieck-Sedgwick-Tancer (for recognising n-component unlink sublinks) prove

their decision problems are NP-hard by using each term of a 3-SAT expression to

construct, respectively, a piece of a branched surface or an arc of a link. The best
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known result is Lackenby’s proof that 3-manifold homeomorphism is at least as hard

as graph isomorphism [Lac17, Theorem 1.2].

We now turn to the topic of triangulation complexity, as dealt with in Chapter 3.

Question E. Is there a constant k such that, given a triangulation of a Seifert fibered

space M where ∂M is not empty, all singular fibres of M are simplicial in the kth

barycentric subdivision of the triangulation? What about for a closed Seifert fibered

space?

Recall from Theorem 3.3.2 that given a triangulation T of a Seifert fibered space

with non-empty boundary, the singular fibres that are not of multiplicity two are

simplicial in T (79). The technical issue with extending to multiplicity two in the case

with boundary was with the analysis of the parallelity bundle, as an annulus separating

such a singular fibre from the rest of the manifold is naturally the horizontal boundary

of an I-bundle over a Möbius band. To answer Question E one would need to either

extend the result to the general case, or give a set of examples where the length of a

multiplicity two singular fibre transverse to the triangulation grows exponentially in

the size of the triangulation.

In the closed case, the difficulty is that there is not an essential surface separating

each singular fibre from the remainder of M : instead of an annulus, a surface bounding

a singular fibre is a compressible torus. When M is a lens space (and thus is a

Seifert fibered space over a sphere with two cone points) and is not RP 3 or a prism

manifold (that is, the union of K × I and a solid torus, glued along their boundaries),

Lackenby and Schleimer proved that there are simplicial singular fibres in T (139) for

any triangulation T .

Question F. What is a good approximation of the triangulation complexity of a closed

Seifert fibered space? What about the triangulation complexity of a graph manifold?

This question asks for generalisations of Theorem 3.3.1. The natural upper bound

for ∆(M) when M is closed and Seifert fibered, by an analogous construction to

Proposition 3.3.15, is ∆(M) ≤ c(|χ(Σ) + 1 +
∑n

i=1 ∥qi/pi∥ + ∥e∥), where e is the

Euler number. While (so long as M has an essential vertical torus) we can use

Theorem 3.3.1 and the ideas in this thesis to lower bound ∆(M) in terms of χ(Σ) and

∥qi/pi∥, understanding its relation to the Euler number does not immediately follow.

Graph manifolds present similar challenges: lower-bounding their complexity in terms

of the sum of the lower bounds on the complexities of their JSJ decompositions is

straightforward, but this does not take the gluing maps into account. For the closed
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case, Lackenby and Purcell gave formulas for the triangulation complexity of elliptic

manifolds (implicitly in terms of their Seifert data) and showed that this näıve upper

bound is approximately correct (up to a multiplicative constant) [LP22a, Theorems

1.1 and 1.2].

Question G. What is a bound for k in Theorem 3.3.1?

The reason that the constant in Theorem 3.3.1 is not constructive is that the lower

bound uses the constant in Lemma 2.8.9, which uses Theorem 9.1 of [LP22a] which

itself relies on Theorem 1.6 of the same paper, which uses Theorem 8.2 of that paper,

which finally relies on the number Q(S) in Theorem 6.1 of [MMS12]. Answering

Question G would involve bounding Q(S) in terms of the surface S.
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Appendix A

Bounds on elementary disc types in
subtetrahedral split 0-handles

We wish to bound the number of elementary disc types (up to normal isotopy) in a

subtetrahedral split 0-handle. Recall from Definition 5.3.16 that a 0-handle H in a

split handle structure is subtetrahedral if we can obtain it by taking a semitetrahedral

0-handle H ′ (that is, one whose boundary graph is a connected subgraph of the

complete graph on four vertices, so is shown in Figure A.1) and cutting it open along

elementary discs.

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure A.1: The semitetrahedral split 0-handles.

An elementary disc is determined by its boundary in ∂H. From Definitions 5.3.3

and 5.3.4, a properly-embedded disc in a 0-handle is elementary if the following

statements are true of its boundary:

1. it is disjoint from the 3-handles and the forbidden region,
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Elementary disc
homeomorphism

type

Number of types
up to normal

isotopy

Elementary disc
homeomorphism

type

Number of types
up to normal

isotopy

3 6

4 4

12 12

12 6

Table A.1: Homeomorphism types of elementary discs with boundary graph the
complete graph on four vertices, and the number of normal isotopy types of each.

2. it is not a closed curve contained in a single bridge, lake or island,

3. it runs along the bridges (not doubling back or leaving through a lake),

4. it crosses each bridge or lake at most once,

5. if a bridge and lake are adjacent, it intersects at most one of the pair,

6. no arc of its intersection with an island starts and ends on the same connected

component of the island with a lake, and

7. it does not contain any arc in a lake that starts and ends on the same connected

component of the intersection of the lake with an island.

Lemma A.1. The number of elementary disc types in H is bounded by the number in

H ′.

Proof. Let C be the collection of elementary discs in H ′ that we cut along to obtain H.

Any elementary disc D in H naturally includes into H ′ as some properly-embedded
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Elementary disc
homeomorphism

type

Number of types
up to normal

isotopy

Elementary disc
homeomorphism

type

Number of types
up to normal

isotopy

1 2

2 4

2 2

1 1

4

Table A.2: Homeomorphism types of elementary discs in a 0-handle with boundary
graph the complete graph on four vertices with an edge removed, and the number of
normal isotopy types of each.
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Boundary
cell

structure

Disc types
up to

homeomor-
phism

Disc types
up to
normal
isotopy

Boundary
cell

structure

Disc types
up to

homeomor-
phism

Disc types
up to
normal
isotopy

8 59 9 19

4 6 3 7

0 0 0 0

2 4 0 0

0 0 0 0

Table A.3: Counts of elementary disc types in semitetrahedral 0-handles.

disc D′, as ∂D is disjoint from the forbidden region. We claim that it does so as an

elementary disc.

Certainly, ∂D′ satisfies conditions (1) and (3). As ∂D is not contained in a single

bridge, lake or island, it intersects them in arcs, so in H ′ it also runs through the

bridges, lakes and islands in arcs and thus satisfies (2). As the discs in C are elementary,

the image of any single bridge or lake in H ′ is connected in H so ∂D′ satisfies condition

(4). If ∂D′ runs through both a bridge and an adjacent lake, the corresponding two

arcs of ∂D must run through a bridge and lake which are not adjacent. The only way

this is possible is if (since the image of the bridge and lake are connected) there is a

disc in C whose boundary runs through that bridge and lake (so cutting along the disc

in C replaces the boundary between the bridge and lake with a patch of the forbidden

region), but as the discs in C are elementary, this is impossible. Thus ∂D′ satisfies

condition (5). For the last two conditions, consider a component of intersection of an

island with a lake. As no disc in C runs through this component twice, and every disc

in C is separating, we can see by induction on C that the image of this component is

connected in H, and so ∂D′ satisfies conditions (6) and (7).

Second, we claim that if two elementary discs D1 and D2 in H are not normally

isotopic, then their images D′
1 and D′

2 in H are also not normally isotopic. Suppose
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that D′
1 and D′

2 were normally isotopic. As D′
1 and D′

2 are disjoint, the region of

∂H ′ − (∂D′
1 ∪ ∂D′

2) that lies between the two of them is an annulus, and as they are

normally isotopic, it is a product handle. If there were a disc of C in this product

region, it would also be normally isotopic to D′
1 and D′

2 and so it would separate them,

and one of them would not be in H. Thus there is no such disc, and so this annulus

also exists in H, so the two discs are normally isotopic there as well.

To bound the number of elementary disc types in a subtetrahedral split 0-handle,

it thus suffices to bound the number in a semitetrahedral split 0-handle. We do

this by enumerating them. In Figure A.1 we give the possible boundary graphs of a

semitetrahedral 0-handle in a split handle structure. Most of these handles allow for a

very small number of elementary discs; for example, those whose boundary graphs are

trees support none at all. The ones with more than four elementary disc types up to

homeomorphism are the complete graph on four vertices, and the same graph with

one edge removed. In Tables A.1 and A.2 we enumerate the elementary disc types up

to homeomorphism in these cases, and give, for each of these, the number of types up

to normal isotopy. Through these techniques, we obtain Table A.3, which gives the

counts of elementary discs up to homeomorphism and up to normal isotopy for each

semitetrahedral split 0-handle. From this enumeration we obtain the following bound.

Lemma A.2. A subtetrahedral split 0-handle supports at most 59 elementary disc

types up to normal isotopy.
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shevskĭı Sb. 21.2 (2020), pp. 290–300.

[MRST21] Arnaud de Mesmay, Yo’av Rieck, Eric Sedgwick, and Martin Tancer.
“The unbearable hardness of unknotting”. In: Adv. Math. 381 (2021),
p. 107648. doi: https://doi.org/10.1016/j.aim.2021.107648.

[MSS20] Arnaud de Mesmay, Marcus Schaefer, and Eric Sedgwick. “Link crossing
number is np-hard”. In: Journal of knot theory and its ramifications
29.06 (2020), p. 2050043. doi: 10.1142/S0218216520500431. eprint:
https://doi.org/10.1142/S0218216520500431.
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