Component Separation for Cosmic

Microwave Background Studies

UNIVERSITY OF

OXFORD

Richard David Paradorn Grumitt
Wolfson College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

September 9, 2020



Acknowledgements

Completing this DPhil has been a challenging undertaking to say the least. This
has certainly not happened without a lot of support, and there are a great many to
whom I owe my thanks. First, I would like to thank my supervisors, Angela, Mike
and David. Your advice, covering topics ranging from cosmology to cookery, has been
totally invaluable. I will definitely be back for more extravagant cookery evenings.
I would also like to thank all my collaborators for the help they’ve given in pushing
my work over the line, particularly Clive for his help on the NUTS paper.

I was lucky to have some amazing people in my research group. I'll always re-
member the many evenings spent pontificating in the Lamb & Flag with Jamie, and
very much look forward to the return of the non-virtual pub night. To Luke, thank
you for everything. Your advice and friendship throughout this DPhil have kept me
sane, and I couldn’t have done it without you.

Darsh and Zahra, you've been amazing and made those long days in the office all
the better. Max, thank you for opening my eyes to the true value of r. To those
excellent people from Hilda’s, James, Jasper, Sarah, Steph, Joe, Alice and Wilson,
thank you for still talking to me. James, you've been absolutely stellar in entertaining
my frequent trips down to London. Jasper, I have always seen this as but a temporary
pause on the great cowboy collaboration. And to Serena, I am so fortunate to have
met someone as brilliant as you. Your companionship and continued tolerance of me
has been the greatest comfort.

Finally, I must thank my family. To Mum and Dad, thank you for raising me,
guiding me and feeding me. You quite literally made me into the person I am, and
I cannot thank you enough. Jessica, Edward and Martina, thank you for accepting
who the real MVP is, and just remember that it do be like that sometimes. And to
all my family out in Thailand, thank you for being so wonderful over all these years.
I can assure you that I will be back for a Sikhoraphum graduation photo-shoot as

soon as possible.



Statement of Originality

This is to certify that no part of this thesis has been submitted in support of a
degree or other qualification from the University of Oxford, other higher education
institutes or any professional body. The work in this thesis is based on the following

publications:

1. R. D. P. Grumitt et al. The C-Band All-Sky Survey (C-BASS): Total inten-
sity point-source detection over the northern sky. MNRAS, June 2020, doi:
10.1093 /mnras/staal572.

2. Luke Jew and R. D. P. Grumitt. The spectral index of polarized diffuse Galac-
tic emission between 30 and 44 GHz. MNRAS, May 2020, doi: 10.1093/mn-
ras/staal233.

3. R. D. P. Grumitt, Luke Jew and C. Dickinson. Hierarchical Bayesian CMB
Component Separation with the No-U-Turn Sampler. MNRAS, June 2020, doi:
10.1093/mnras/staal857.

This is to clarify that the thesis was written by myself, and the work presented is

entirely my own with the following exceptions and clarifications:

e Chapter 2 summarizes the background of the C-BASS project, including the
scientific motivation, data reduction and calibration checks. The instrument
and data reduction pipeline were largely developed by the C-BASS collabo-
ration prior to my joining. I implemented the polarization angle calibration,

calibration checks, and co-wrote the map deconvolution routine with Luke Jew.

e Chapter 3 is based on Paper 1. 1 developed the point-source detection code,
produced the C-BASS point-source catalogue and wrote the original draft of
the paper. The C-BASS collaboration provided comments on the paper and
performed validation checks on the C-BASS catalogue.



e Chapter 4 presents a new analysis of the synchrotron power spectrum using
C-BASS data, and summarizes some of the key scientific results from Paper
2. I performed the power spectrum analysis. The C-BASS spectral index map
used in the tensor-to-scalar forecasts was produced by M. E. Jones. The core
analysis code for Paper 2 was developed by Luke Jew. I contributed to the

scientific interpretation of the results, and co-wrote the manuscript.

e Chapter 5 is based on Paper 3. I developed the component separation code
and wrote the original draft of the manuscript. Luke Jew developed the imple-
mentation of the mean-shift clustering algorithm. Luke Jew and C. Dickinson

provided comments on the manuscript.

This work is the intellectual property of the author.



Abstract

The detection of primordial B-mode polarization in the cosmic microwave background
(CMB) remains the major outstanding goal of CMB cosmology. However, current
upper limits on the strength of the primordial signal mean that it will be sub-dominant
to astrophysical foreground emission at all frequencies, over the entire sky. Detecting
primordial B-modes therefore becomes a problem in component separation.

In this thesis I address this problem from two angles. First, I present my work
analysing data from the C-Band All-Sky Survey (C-BASS), a 4.76 GHz survey cov-
ering the whole sky in total intensity and polarization. I describe the point-source
detection algorithm developed for C-BASS, and the northern sky point-source cata-
logue that has been produced using it. This catalogue has allowed us to confirm the
accuracy of the C-BASS pointing and flux-density scale, and will form the basis of
any C-BASS point source masks. I also present an analysis of the synchrotron power
spectra, using C-BASS, WMAP and Planck data. From this it is found the minimum
synchrotron contamination to CMB B-modes corresponds to a tensor-to-scalar ratio
of r ~ 1073, with a typical contamination at the level of r ~ 1072.

Alongside the analysis of C-BASS data, I present a novel implementation of
Bayesian parametric component separation. This uses the No-U-Turn Sampler (NUTS)
to explore the posterior distribution. NUTS is a gradient-based sampling algorithm
with excellent scaling to high dimensions, and also contains important self-diagnostics
of potential failures in geometric ergodicity. This is particularly important for the
hierarchical foreground model introduced here, which can exhibit highly complex
posterior geometries. The hierarchical foreground model fits for hyper-distributions
over large sky regions, from which foreground spectral parameters are drawn. This
is compared to a complete pooling model, where foreground spectral parameters are
assumed to be constant in each sky region. The hierarchical model is able to remove
artefacts from the recovered CMB maps without inflating parameter uncertainties,

translating through to reduced biases on cosmological parameters.
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Chapter 1

Introduction

In this chapter I discuss the origins of the cosmic microwave background (CMB), how
we can use the CMB to constrain our understanding of the early Universe, and the
key challenges in extracting the CMB signal from our noisy observations of the radio
and microwave sky. In Section 1.1 I discuss cosmological inflation and the physics of
the CMB. In Section 1.2 I discuss CMB foregrounds, focusing on the astrophysical
emission components that complicate our observations of the CMB. In Section 1.3
I summarise common CMB component separation algorithms, that is methods used
to extract the CMB signal from our observations of the radio and microwave sky. In
Section 1.4 I give a brief summary of observational CMB studies, in Section 1.5 I
define the probability distributions used in the statistical analyses in this thesis, and

in Section 1.6 I outline the structure of this thesis.

1.1 The Early Universe

Soon after Einstein published his work on general relativity (Einstein, 1915, 1916),
physicists were able to begin developing mathematically grounded models for the
Universe. Initial investigations focused on a homogeneous and isotropic universe,
described by the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric (Friedmann,
1922). Mathematically this takes the form

dr?
1—kr?

ds® = —c2dt* + a (t)° + 7% (d6* 4 sin® 6 d¢?) |, (1.1)
where ds? is the space-time line element, a (¢) is the scale factor, k is a parameter
describing the spatial curvature of the Universe, and (¢,r,0,¢) are the space-time

coordinates. The scale factor is a dimensionless quantity that describes the expansion



history of the Universe, typically chosen to equal unity today. This metric can be
used to derive the Friedmann equation that governs the evolution of the scale factor

in a homogeneous and isotropic Universe, given by

N2
a 871G kc?
() G, (12)

where H is known as the Hubble constant, and p is the energy density of the Universe.

We can instead recast this equation in terms of fractional energy densities so that,
Oy, Qr Qx
2 2
H—HO(?—F?—FQA—F? , (1.3)

where Hj is the value of the Hubble constant today, €2, is the fractional energy density
of matter today, (g is the fractional energy density of radiation today, €25 is the
fractional energy density of the cosmological constant today, and Qx is the effective
fractional energy density in curvature today. The density parameter is defined such
that Q = Qu + Qr 4+ Qa, and 2 = 1 in a flat Universe. Each of these components of
the energy density scale differently with a(t), meaning they will dominate at different
stages in the evolution of the Universe.

In general the Friedmann equation yields solutions that, depending on the energy
content of the model Universe, undergo expansion and contraction at different points.
Indeed, the cosmological constant term was originally introduced by Einstein in an
attempt to construct a static Universe model. However, Einstein soon abandoned
this notion when observations of galaxy redshifts by Edwin Hubble demonstrated
that the Universe was indeed expanding (Hubble, 1929). Running the evolution of
the Universe backwards it was realised that the Universe must have begun from some
initial singularity, expanding ever since. This idea would develop into the Hot Big
Bang model (Lemaitre, 1931).

Through studying the thermal evolution of the early Universe, a number of key
predictions were made that have gone on to be confirmed by observations. These
include predictions of primordial helium abundances in stars (Alpher et al., 1948),
and of the CMB radiation (Alpher and Herman, 1948). Despite its great success
however, the standard Hot Big Bang model faces a number of fundamental problems.
Three of these, the horizon, flatness, and magnetic monopole problems would motivate
the development of the inflationary model for the early Universe (Guth, 1981; Linde,
1982; Albrecht and Steinhardt, 1982).



1.1.1 Cosmological Inflation

Cosmological observations have constrained the Universe to be very close to spa-
tially flat (k = 0) (Planck Collaboration et al., 2018c), and the CMB radiation to
be homogenous to approximately 1 part in 10° (Planck Collaboration et al., 2019).
Moreover, Grand Unified Theories (GUTSs), which posit that the electromagnetic,
weak nuclear force and strong nuclear force are unified at sufficiently high energies,
predict that magnetic monopoles should be formed in the early Universe (’t Hooft,
1974; Polyakov, 1974). These considerations lead to the flatness, horizon and mag-
netic monopole problems respectively, that were the original motivation behind the
development of inflationary theory (Guth, 1981).

The flatness problem may be understood as follows. If we study the dynamics of
solutions to the Friedmann equation, we find that a Universe with 2 = 1 sits at an
unstable fixed point. If there are slight deviations from €2 = 1 after the Big Bang,
such a Universe would be rapidly driven away from being spatially flat. In order for
us to observe a spatially flat Universe today, we would require the value of €2 to be
seemingly incredibly finely tuned to a value close to 1 at the time where the initial
conditions are set. This problem is solved if the Universe is exactly spatially flat, i.e.
) = 1. However, if there are small deviations from 2 = 1 today, we would seem to
be presented with a fine tuning problem.

The horizon problem arises when we consider the size of the causal horizon at
last scattering, that is the size of a region that could have been in causal contact
up to the point at which the CMB was formed. Tracing the evolution of the scale
factor through an early radiation dominated phase, followed by a matter dominated
phase up to today, we can estimate the size of this apparent causal horizon to be
~ 2° on the sky. That is, when we observe the CMB, regions separated by more than
~ 2° could not have been in causal contact under such an expansion history. This
again seems to present a fine tuning problem. The CMB is observed to be incredibly
uniform, with deviations from the mean temperature at the level of 1 part in 10°
(Planck Collaboration et al., 2019). We therefore require some explanation as to how
apparently causally separated regions were able to reach thermal equilibrium with
one another.

It is worth noting here that the flatness and horizon problems are not strict incon-
sistencies between the standard Hot Big Bang model and our observable Universe.
If the initial conditions were such that the Universe was incredibly close to spatially
flat and largely homogenous on superhorizon scales, the Universe would evolve to the

state we see today. However, this requires the assumption that the initial conditions



were just so, and we may instead hope to construct some dynamical model with
attractor solutions in the spatially flat and almost homogenous state we observe.

The magnetic monopole problem arises from theoretical considerations around
GUTs, which predict that magnetic monopoles should have been formed at the very
high energies present just after the Big Bang. However, none of these monopoles have
been observed in nature. As such, for these GUTs to be consistent with reality we
would require some mechanism through which we can reduce the density of magnetic
monopoles to levels where they are unlikely to be observed (Peacock, 1999; Baumann,
2009).

Driven by these three problems, the theory of cosmological inflation was proposed
(Guth, 1981; Linde, 1982; Albrecht and Steinhardt, 1982). The key idea behind
inflation is that, in the period immediately after the Big Bang, the Universe underwent
a period of super rapid expansion for a very short time. Provided there is sufficient
expansion, the three problems outlined above are naturally resolved in this framework.

For a non-flat Universe, we can re-write the Friedmann equation as

1

|1 —Q<a)‘ = (aT)?’

(1.4)
this time writing the equation in terms of the time dependent density parameter,
Q(a). By construction, during inflation we have that aH is very large, meaning
1/(aH)?> — 0, driving the non-flat Universe towards spatial flatness. The horizon
problem is resolved in that, a small region of the Universe that is in causal contact
prior to inflation massively grows in size during inflation. Large-scale modes that enter
our causal horizon today were therefore in causal contact prior to inflation. Finally,
should magnetic monopoles be produced in the early Universe, their density will be
diluted enormously by the exponential expansion, providing a natural explanation for
why they would not be observed today.

One can estimate the amount of inflation required to solve these problems to be
~ 60 e-folds, that is the Universe must expand by a factor of at least ~ €% during
inflation (Peacock, 1999; Dodelson, 2003). It should be stressed here that there is
no verified inflationary mechanism in particle physics. Instead inflationary theories
typically propose some generic field or fields that drive inflation. The most common
implementations are through scalar fields, which are able to naturally produce a
period of inflation under certain conditions. It remains one the major outstanding
theoretical challenges for inflation to understand the actual physical mechanism that

drives it.



To understand how inflation can be implemented let us consider the case of a
single, spatially uniform scalar field, ¢ with some potential, V (¢) and Lagrangian
density, £ = 3(9,¢)> =V (¢). The second time derivative of the scale factor is related
to the energy density and pressure through the Raychaudhuri equation,

a e 3P
Z__ 7 4+ 1.
a 3 <p c2 ) ’ (15)

where P is the pressure. We can see immediately that for the Universe to undergo
inflation where a > 0, we require the equation of state for our inflationary field to
satisfy P < —pc?/3. For our scalar field the equation of state is given by

P 30*=V(9)

— =2 (1.6)
pE 1PV (0)

w

We can see here that if $2/2 < V (¢), i.e. the kinetic energy of the scalar field is much
less than the potential energy, then the equation of state w ~ —1. It is precisely this
slow-roll model that is the most common implementation of inflation. Physically we
can interpret this as the inflaton (the particle associated with the inflationary field)
slowly rolling down the potential slope during inflation (Peacock, 1999; Dodelson,
2003). This slow-roll picture is illustrated in Fig. 1.1.

V{p)

slow-rolling
inflaton

reheating

Ag 4

Figure 1.1: An example single field inflationary potential is plotted, with the inflaton rolling
down the potential slope. Initially the inflaton has a low kinetic energy in comparison to
its potential energy and rolls slowly along the slope. It is during this period that inflation
occurs. Eventually the kinetic energy of the inflaton increases as it approaches the potential
minimum. Inflation ends at this stage and we enter the reheating phase. As the inflaton
oscillates about the minimum, the couplings of the inflationary field to matter fields results

in the production of particles. Figure taken from (Guzzetti et al., 2016).



In addition to providing a solution to the flatness, horizon and magnetic monopole
problems, it was soon realised after its initial proposal that inflation provides a natu-
ral mechanism for generating the perturbations that would go on to seed large-scale
structure. Quantum fluctuations in the early Universe generate background per-
turbations that are magnified during inflation. Perturbation modes with wavelengths
much smaller than the horizon essentially behave as vacuum fluctuations on flat space,
whilst modes that are magnified to scales much larger than the horizon are frozen in
by causality. These super-horizon modes can then go on to act as the seeds for large-
scale structure formation when they later re-enter the causal horizon (Starobinsky,
1982; Guth and Pi, 1982; Hawking, 1982; Bardeen et al., 1983; Brandenberger et al.,
1983; Guth and Pi, 1985).

Since its initial proposal inflation has gone on to become a pillar of modern cos-
mology, receiving strong observational support. However, one of the key markers
of inflation, the primordial B-mode polarization of the CMB, is yet to be observed.
These observational tests and their associated challenges are discussed in detail in

the remainder of the introduction.

1.1.2 The Cosmic Microwave Background

The discovery of the CMB was one of the greatest achievements in cosmology, and
provided some of the most convincing evidence for the Big Bang theory. The CMB
was observed by Penzias and Wilson with the Holmdel Horn Antenna (Penzias and
Wilson, 1965). In attempting to remove sources of interference and noise from their
observations, Penzias and Wilson found an isotropic excess antenna temperature of
3.5+ 1.0K. A joint announcement of the discovery was made with Dicke et al. (1965),
who interpreted the measured radiation to be due to the CMB.

To understand the origins of the CMB we must consider the thermal history of
the Universe after the Big Bang. Immediately after the Big Bang the Universe was
in a very hot state, cooling as it expanded. At these high temperatures protons and
electrons were decoupled, with the total ionization fraction of the primordial hydrogen
being ~ 1. When the Universe was filled with this high energy plasma the photon
mean free path was much smaller than the cosmological horizon. Photons were unable
to propagate for long before interacting with electrons through Compton scattering,
resulting in the Universe being opaque.

Eventually the Universe cooled sufficiently that protons and electrons underwent

recombination, forming neutral hydrogen. We can estimate the temperature at which



recombination occurs using the Saha equation,

mel 3/2 Me + My — M
(27?) exp{— 7‘? H} : (1.7)

where X, is the free electron fraction, T" is the temperature of the Universe, n, is the

X2 1
1— X, n.+ny

number density of free electrons, ny is the number density of neutral hydrogen, m,
is the electron mass, m, is the proton mass and my is the mass of hydrogen. The
Saha equation is derived by assuming the Universe is in a state where the reaction,

e~ +p = H+ v is in equilibrium.

T [eV]

1 recombination 0.1

i decoupling
1 1
]

——> CMB

1071

102

LB ERRRRY|
-

P

i Boltzmann
1
! “i Saha

1073

i
slasma Iy neutral hydrogen
1 » =
!

L=
=
G.‘_

o]

Figure 1.2: The free electron fraction shown as a function of redshift on the lower z-axis, and
of temperature on the upper z-axis. The full Boltzmann solution, and the Saha solution are
plotted. The Boltzmann solution exhibits a longer period of recombination, and a freeze-out
at X, ~ 1074, with both solutions broadly agreeing on the start of recombination. CMB
photons decouple from electrons during recombination, and we may view them as being

released from a thin surface of last scattering. Figure taken from Baumann (2015).

At early times the Saha equation predicts X, ~ 1, with appreciable recombination
occurring when the temperature of the Universe falls to T ~ 1/4eV, or a redshift
of z ~ 1000. In reality, as X, falls the rate of recombination falls and equilibrium

conditions are no longer satisfied. To accurately track the evolution of X, we must



solve the Boltzmann equation, given by
dX, meT 3/2 Me + My, — My 9
el (ov) | (1 = X,) o exp § — T — Xy |, (1.8)

where (ov) is the recombination rate and n, is the Baryon number density. The

solutions of the Saha and Boltzmann equations are shown in Fig. 1.2. The Saha
equation is able to make a good prediction of the redshift at recombination, although
the full Boltzmann solution reveals that recombination occurs at a slightly slower rate
than predicted by the Saha equation, with a freeze-out at X, ~ 10~*. CMB photons
decoupled from electrons during recombination, and can be viewed as having been
released from a thin surface of last scattering (Dodelson, 2003).

The CMB is the most perfect blackbody that has been observed in nature (White,
1999). Observations with the FIRAS experiment have constrained the CMB black-
body temperature to be T' = 2.2760+£0.0013K (Fixsen, 2009). However, as mentioned
previously, the CMB exhibits small anisotropies that provide a key window into con-
straining the physics of the early Universe. These anisotropies are discussed in the

next section.

1.1.3 CMB Anisotropies

We can divide CMB anisotropies into primary, and secondary anisotropies. Pri-
mary anisotropies are those that result from processes prior to or at last scattering,
whilst secondary anisotropies are due to processes that take place after last scattering
(broadly, due to gravitational and scattering effects). Here the discussion is focused
on primary anisotropies, for which I adopt much of the notation in Hu and Dodelson
(2002). Secondary CMB anisotropies are discussed in detail in Aghanim et al. (2008).

In this section I will focus primarily on temperature perturbations, deferring de-
tailed discussion of CMB polarization to the next section. For some sky direction, n
we can define the CMB temperature perturbation, ©(n) = AT /Ty, where Ty, is
the mean CMB temperature and AT is some deviation from the mean temperature.
Given that CMB data is analysed on the sphere, it is convenient to consider the

harmonic decomposition of the temperature field,
O = [ iy, (m)e) (1.9)

where Yy, (1) is the spherical harmonic function for multipole ¢ and order m. Assum-

ing the CMB is a Gaussian field, these fluctuations are fully described by their power



spectrum,

(©6mOrm) = 000 Ct, (1.10)

where C, are the power spectrum multipoles. The power spectrum predicted from
physical models of the early Universe is the average power spectrum one would observe
in an ensemble of universes. However, we have only one Universe to observe and for
each multipole, at most 2/ + 1 modes we can average over. This presents us with
a fundamental limit on the uncertainty we can achieve for each power spectrum

multipole given by,
2

20+1
This is known as the cosmic variance limit (Knox, 1995).

AC, =

Cy. (1.11)

Given this formalism, we can now ask how we go about generating these anisotropies.
In typical cosmological models, inflation acts as the mechanism which sets the initial
cosmological perturbations. For a scalar field inflation model, quantum fluctuations
result in perturbations to the scalar field, d¢. These in turn induce curvature fluctua-
tions in the early Universe. For scalar metric perturbations in the Newtonian gauge,
these correspond to perturbations in the space-space part of the metric dg;; = 2a*®4;;.
The time-time perturbation is given by dgoo = 2¥, where W is the Newtonian grav-
itational potential and ¥ ~ —®. Inflation predicts a nearly scale invariant power
spectrum for the initial curvature perturbations i.e.,
k3 Py (k)

272

where Pg(k) is the power spectrum of the curvature perturbations and the scalar

A2 = oc k™t (1.12)

spectral index, ng & 1 for a nearly scale invariant power spectrum (Baumann, 2009).

We observe CMB anisotropies today on the spherical surface of last scattering, at
x=Dm. D,=c tio dt/a(t) is the comoving distance to the surface of last scattering,
where ¢, is the time at recombination and ¢, is the time today. We can rewrite this
in terms of the conformal time n = [ dt/a(t), so that D, = ¢(ny — 1.). The observed
CMB anisotropy today is given by

~

O m) = 3 Vi) [(—1)@ | Gl o)

where a,(k) is the projected source term, which describes how some initial perturba-

, (1.13)

tion mode, k is mapped onto some ¢-mode at recombination. The source term can

be expressed in terms of the metric perturbations discussed earlier,

ag(k) = [0 + W] (n.)je(kD.) + vp(k, n.)jo(kD.) + /770 (¥ — @)j(kD),  (1.14)

M
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where j,(z) is the spherical Bessel function which acts to project our three-dimensional
k modes onto the surface of last scattering, v, is the fluid velocity of baryons and
ji(@) = dje() fda
The first term in Equation 1.14 is due to acoustic oscillations in the photon-baryon
fluid up to recombination (Peebles and Yu, 1970). Perturbation modes experience
oscillations due to the compression and rarefaction of the photon-baryon fluid in
gravitational potential wells. The amplitudes of the Fourier modes are frozen in at
recombination, setting a fundamental scale for the acoustic peaks in the angular power
spectrum at
ka=—

) 1.15
. (1.15)
where s, is the size of the sound horizon at recombination. This corresponds to a

fundamental angular scale for acoustic oscillations of
(s =kaD,, (1.16)

where D, is the apparent distance to the last scattering surface, which will depend on
the curvature of the Universe. In a closed Universe an object of a given size will be
further away than it appears, and vice versa for an open Universe. The spacing of the
acoustic peaks is given by £, = nk4D,, where n is an integer. This means the observed
scale of the acoustic peaks is very sensitive to the spatial curvature (Hu, 2003). The
acoustic signatures in the angular power spectrum are further complicated by the
fact that there are multiple components to the energy content of the Universe, with
particularly important effects coming about from baryon loading, and the radiation
dominated era prior to recombination.

Baryon loading refers to the effect that additional baryons have on the behaviour of
the photon-baryon fluid. Baryons add mass but not pressure, meaning that additional
baryons will increase the depth of the potential well the photons are undergoing
acoustic oscillations in. The photons will fall further into the potential well before
the oscillation is reversed, increasing the amplitude of peaks in the power spectrum
representing compressions i.e., the odd numbered peaks (Hu and Sugiyama, 1995).

The Universe is radiation dominated prior to recombination, with the matter-
to-radiation ratio being of order unity at recombination. Radiation changes the ex-
pansion rate of the Universe, and therefore changes the size of the sound horizon at
recombination, further complicating the location of the peaks. However, radiation
also plays an important role in providing a driving contribution at higher multipoles.
As the photon fluid compresses, pressure eventually halts further compression, sta-

bilizing the density perturbation. The gravitational potential will then decay as the

10



Universe expands and the background density decreases, increasing the amplitude of
acoustic oscillations for smaller scale modes that started oscillating when the Universe
was radiation dominated (Seljak, 1994; Hu and Sugiyama, 1995).

In addition to these contributions from radiation and matter, we also have damp-
ing effects at small scales. When we reach small enough scales the distances involved
become comparable to the photon mean free path at recombination. If this is the
case then hot and cold photons will be able to mix, smoothing out any anisotropies
on small scales in a process known as Silk damping (Silk, 1968).

The second term in Equation 1.14 is due to the Doppler effect. The motion of the
photon-baryon fluid as it undergoes oscillations Doppler shifts the radiation, which
produces an additional temperature anisotropy. Finally, the third term in Equation
1.14 describes the integrated Sachs-Wolfe effect, which quantifies the gravitational
red /blue-shifting of CMB photons as they travel from the surface of last scattering to
us now. This includes contributions from radiation after decoupling, which leads to
further decay of the gravitational potential. However, the dominant contribution here
arises from the late-time decay of the gravitational potential caused by dark energy.

Putting all this together, we obtain the predicted CMB power spectrum,

Cp = z/dkk%j(k). (1.17)

™

The full numerical calculation of the CMB power spectra has been implemented in
sophisticated Boltzmann solvers (Seljak and Zaldarriaga, 1996; Lewis and Challinor,

2011; Lesgourgues, 2011), providing a detailed forward model for statistical inference.

1.1.4 CMB polarization

CMB polarization arises from the Thomson scattering of CMB photons off of elec-
trons, in particular Thomson scattering in the presence of a quadrupole anisotropy.

To understand this we can consider the Thomson scattering differential cross section,

dO-T / 2

— o |é€ - €7, 1.18

e 4 (118)
where ¢, and ¢ are the incident and scattered photon polarization directions respec-
tively. An incoming photon will cause an electron to oscillate parallel to the polariza-
tion direction. From Equation 1.18 we can see that the scattered radiation will peak
at 90° to the incoming radiation, with the scattered polarization direction parallel to

the incident polarization direction.

11



If the incoming radiation was isotropic the electron would be scattered in all
directions, resulting in overall un-polarized scattered radiation. A dipole anisotropy
would also be insufficient. In such a case hot radiation will scatter the electron
with colder radiation approaching from the opposite direction. This will produce
an outgoing photon at the mean temperature, with a polarization parallel to the
incoming polarization. This will combine with scattering from photons perpendicular

to these, which are at the mean temperature, producing no net polarization.

Quadrupole
Anisotropy
TE'
L 4
Thomson
> Scattering
-
.
£
Linear
Polarization

Figure 1.3: The effect of a quadrupole anisotropy on the linear polarization of the CMB.
The red lines represent colder radiation, and the blue lines represent hotter radiation. The
radiation field exhibits a quadrupole anisotropy where the hot and cold radiation approach
at 90° to one another. The incoming radiation is scattered at 90° to the incident direction,
with the scattered polarization parallel to the incident polarization direction. As shown in
the diagram, the quadrupole anisotropy produces differing amplitudes at 90°, resulting in a

net linear polarization. Figure taken from Hu and White (1997).

Fig. 1.3 illustrates the scattering scenario in the presence of a quadrupole anisotropy.
In this case the radiation field possesses intensity peaks at 90° separations. If we have
cold radiation approaching the electron at 90° to hot radiation, the scattered radia-
tion produced can be viewed as a two outgoing waves polarized at 90° to one another.
However, the intensities of the two waves will be unequal, resulting in an overall linear
polarization along the outgoing directions (Hu and White, 1997).

Before moving to discuss how different types of primordial perturbation can gen-
erate different polarization fields, let us first understand how we can describe some

polarization field on the sky. Consider an electromagnetic wave of frequency wy prop-
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agating along the z-direction, with components F, and £, given by
E, = E, (t) cos (wot — 0, (t)) , (1.19)
E, = E, (t)sin (wot — 6, (1)), (1.20)
where 6, (t) and 0, (t) are the phase angles. We can describe the polarization state
of the electromagnetic wave using the Stokes parameters (I, Q,U, V'), where I is the

total intensity, () and U describe the linear polarization, and V' describes the circular

polarization. In the (x,y) basis these are given by
1= () + (2,
Q= (E2) — (E?),
U= (2E,E, cos (0, — 6,)),
V = (2E,E,sin ((93, — Gy)>.

1.21
1.22
1.23
1.24

(1.21)
(1.22)
(1.23)
(1.24)
The I, and V' Stokes parameters are both independent of the coordinate system. The
@ and U Stokes parameters on the other hand are not invariant under a rotation of
the coordinate axes. If we describe the linear polarization field using () + U, under
an anti-clockwise rotation of the coordinate axes by an angle ¢, the polarization field
transforms as (Q +4iU) — (Q £ 4U) e¥*¥. The linear polarization therefore trans-
forms under rotation as a spin-2 field. It is straightforward to show that the linearly
polarized intensity, P = \/m, is invariant under coordinate transforms. We
can also define a polarization angle x = arctan(U/Q)/2, which describes a constant
orientation of the polarization parallel to the electric field vector (Kosowsky, 1999).
A description of the CMB polarization field using ) and U will be coordinate de-
pendent. It is therefore helpful to introduce a coordinate independent representation.

We can decompose the polarization field into £ and B-mode components, using the
spin-2 object Q) £ U, as follows,

Epn £iBey, = — /dﬁ Y5, (B) (Q (R) £4U (d)) , (1.25)

where Ey,,, and By,, are the spherical harmonic amplitudes for the £ and B-modes,
and .Y, (1) are the second-rank tensor spherical harmonics. In general Y, (i)
are the eigenfunctions of the Laplace operator acting on a rank s tensor (Hu, 2003).
We then have the spin-0 £ and B-fields defined as,

E@)=> " EumYm (0), (1.26)

B(#)=> )" BumYu (0). (1.27)



Figure 1.4: The F and B-mode components of the polarization field. The F-mode displays
either a radial or tangential pattern, with no handedness. The B-mode on the other hand
has a curl-like pattern, with a left or right handedness. The E-mode pattern is radial
around cold spots and tangential around hot spots, whilst the B-mode displays differing

handedness around hot and cold spots. Figure taken from Krauss et al. (2010).

The FE and B-mode components are so named due to the similarity of their polar-
ization patterns to electric and magnetic fields respectively. Fig. 1.4 shows the form
of the F and B-mode polarization components. The F-mode has a radial or tangen-
tial pattern, and displays no handedness i.e., both EF-mode patterns remain the same
under reflection. The E-mode pattern is radial around cold spots in the CMB, and
tangential around hot spots. For the B-mode we have a curl-like pattern, with the
positive and negative B-mode patterns displaying a handedness i.e., the positive and
negative B-modes are interchanged under reflection. The B-mode pattern displays
differing handedness around hot and cold spots.

In Section 1.1.3 I discussed the impact of primordial perturbations on the CMB
TT power spectrum. In general, perturbations to the metric can be decomposed
into scalar, vector and tensor components, so called because of their transformation
properties. Scalar perturbations can be interpreted as perturbations to the energy
density of the photon-baryon fluid, and are the primary source of CMB temperature
anisotropies. Vector perturbations represent vorticity perturbations to the photon-
baryon fluid. Vector perturbations are not produced by inflation. Moreover, if there
were primordial vector perturbations they would be rapidly damped by the expan-
sion of the Universe during inflation, and so would be negligible anyway. Finally,

tensor perturbations can be interpreted as primordial gravitational waves, and can
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be sourced by inflation (Hu and White, 1997; Kamionkowski et al., 1997; Hu and
Dodelson, 2002; Hu, 2003; Baumann et al., 2009).
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Figure 1.5: The polarization pattern, and the multipole power produced by scalar, vector
and tensor perturbations. The local pattern is modulated by the plane wave spatial depen-
dence of the temperature perturbation. For scalars we generate power only in the F-mode,
for vectors mainly in the B-mode, and for tensors we generate similar power in F and B.
Figure taken from Hu and White (1997).

The local polarization patterns produced by scalar, vector and tensor perturba-
tions are shown in Fig. 1.5. Also shown is the overall power produced in E-modes
and B-modes for the different perturbation modes. Thomson scattering can only pro-
duce a local E-mode polarization pattern. This is because the spherical harmonics
describing the temperature perturbations have (—1)¢ parity, whilst the B-mode has
(—1)“! parity. The B-mode power from tensor perturbations comes about because
the overall polarization pattern on the sky is the result of the local polarization pat-
tern from Thomson scattering, modulated by the plane wave spatial dependence of
the temperature perturbation. Modulation parallel or orthogonal to the polarization
direction will preserve the E-mode nature of the local pattern. However, modulation
that is crossed with (at 45° to) the polarization direction will generate a B-mode
component.

For scalar perturbations the local pattern is curl free, so the modulation is always
parallel or orthogonal to the polarization direction. Scalar perturbations therefore

only generate power in the E-mode. For tensors on the other hand, the local pattern
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has a curl component. The modulation is therefore crossed with the local pattern at
certain points, generating power in both £ and B. Vectors generate power mainly in
the B-mode. However, as mentioned before, even if present vector perturbations will
be damped away by the expansion of the Universe (Hu and White, 1997).
Tensor perturbations can be described by a metric with gog = —1, go; = 0 and
spatial elements
14+hy  hy 0
gj=a>| hy 1—hy 0]. (1.28)
0 0 1

The perturbations here are described by h, and hy, with this particular choice of
metric corresponding to perturbations in the x-y plane and the wavevector being along
the z-axis. More generally, we can describe tensor perturbations with a divergenceless,
traceless, symmetric tensor, H;;. For many inflationary models, the tensor power

spectrum is expected to take the form of a power law
o _ K 2 2 n
A = S {([he (B)I” + [ (R)F) oc k™, (1.29)

where n, is the tensor spectral index (Dodelson, 2003). The key observable of interest

in the hunt for primordial gravitational waves is the tensor-to-scalar ratio, defined as

(1.30)

where ky is some pivot scale. For simple single-field, slow-roll inflationary models r
can be directly related to the energy scale of inflation. For this class of model it can
be shown that, to first order,
r = 16ey = 8M3, (%_V)Q , (1.31)
V
where M2, = 2.435 x 10'8 GeV /c? is the reduced Planck mass (Peiris et al., 2003). A
measurement of r therefore not only provides powerful evidence for inflation, but can
also provide a direct probe of the inflationary energy scale. Indeed, the detection of
primordial B-mode polarization in the CMB is arguably the major outstanding goal
of CMB cosmology. However, this goal faces significant challenges from polarized
foreground contamination.
Fig. 1.6 shows plots of the theoretical TT, FE, and BB power spectra. The BB
power spectrum has been plotted for a range r values. Also shown are a range of

possible ¢-space contributions from polarized dust and synchrotron emission, and the
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Figure 1.6: Plotted are the TT" and E'E power spectra, along with the BB power spectrum
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for a range of r values, and foreground contributions in ¢-space for a selection of sky fractions
and observing frequencies. Current upper limits on the value of the tensor-to-scalar ratio
are at r < 0.056 (Planck Collaboration et al., 2018d). We can see here that the expected
contributions from polarized foregrounds will likely dominate over any primordial signal.
Figure taken from Errard et al. (2016).
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power from lensing B-modes. Lensing B-modes are produced by the gravitational
lensing of CMB photons, which can mix F-modes into B-modes, and dominate at
high /.

The primordial B-mode signal exhibits two key features, the reionization bump
at £ ~ 10 and the recombination bump at ¢ ~ 100. The reionization bump arises
due to the re-scattering of CMB photons by free electrons during the reionization
epoch. These free electrons came about from the emission of ultraviolet light by
the first stars. The recombination bump is a result of gravitational waves entering
the horizon at around the same time as recombination. At low ¢ the corresponding
gravitational waves were still superhorizon, meaning their role in interactions within
the horizon were suppressed. At high ¢ the corresponding gravitational waves had
been redshifting prior to recombination, reducing their amplitude and hence the power
at high ¢ (Kamionkowski and Kovetz, 2016).

1.2 CMB Foregrounds

In Section 1.1 I have surveyed the theoretical mechanisms that generate CMB anisotropies
and CMB polarization. By constructing experiments to observe these CMB anisotropies
we can place tight constraints on the physics of the early Universe. However, the
practical exercise of taking these measurements is hampered by the presence of astro-
physical foregrounds, particularly in contemporary searches for primordial B-mode
polarization. Fig. 1.7 shows the frequency spectra of foreground components in to-
tal intensity and polarization. At first glance, it may seem that the foregrounds in
polarization are simpler than in total intensity. However, given current upper limits

on r, polarized foreground emission is expected to dominate over the CMB at all
frequencies. In this section, I summarise the key astrophysical foregrounds that we

must contend with.

1.2.1 Synchrotron

Synchrotron emission is caused by relativistic cosmic ray electrons spiralling in the
Galactic magnetic field (GMF). For a single electron accelerating in a magnetic field,

B, the frequency spectrum of the emitted radiation is sharply peaked around
v~y (1.32)

where v is the electron’s Lorentz factor and v, = eB/2mm, is the non-relativistic

gyrofrequency (e is the electron charge and m, is the electron rest mass). For an
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Figure 1.7: The frequency dependence of CMB foregrounds for total intensity and polariza-
tion. Also shown is the CMB spectrum, and the Planck observing bands in grey. Emission
components are shown at a smoothing scale of 1° in total intensity and 40 arcmin in po-
larization. The total intensity foregrounds appear more complicated than in polarization,
but are comparable to or lower in amplitude than the CMB. For B-mode polarization fore-
ground emission dominates over the CMB at all frequencies. Figure taken from Planck
Collaboration et al. (2016d).

ensemble of electrons with an isotropic distribution of pitch angles, the average power
emitted per electron is given by
dEl 4 , B?

_as 4 b 1.33
at 3777 94 (1.33)

The distribution of electron energies in the interstellar medium (ISM) can be approx-
imated by a power-law, N(E)dE « E~PdE, where N(E)dFE is the number density
of electrons with energies between ' and E + dE. The energy radiated between

frequencies v and v + dv is then given by

S,dv = —i—fN(E)dE. (1.34)

The frequency spectrum for this electron population therefore obeys the power law
S, oc = PTD/2 — e (1.35)

where « is the synchrotron flux-density spectral index, related to the temperature
spectral index by s = o + 2 (see e.g. (Longair, 2011)).

This power law approximation of the synchrotron spectrum holds well over a wide
rage of frequencies, from O(10 MHz) up to O(100 GHz) (Lawson et al., 1987; Reich
and Reich, 1988; Platania et al., 2003; Davies et al., 2006; Guzman et al., 2011).
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Theoretical considerations and observations give a value of gy ~ —3 for Galactic
synchrotron emission, with observed spatial variations at the level of AS, ~ 0.2
(Dunkley et al., 2009; Planck Collaboration et al., 2016d; Dickinson, 2016).

This power-law behaviour is broken by two intrinsic effects, synchrotron self-
absorption and spectral ageing (Mitton and Ryle, 1969; Harwood et al., 2016). Syn-
chrotron self-absorption occurs when photons propagating out of some source are
scattered by electrons in the plasma. This effect is much stronger at low frequencies
(below ~ 1GHz), resulting in a turn-off in the spectrum. Conversely, at high fre-
quencies we see a cut-off in the spectrum caused by spectral ageing. High frequency
synchrotron emission is caused by the highest energy electrons. From Equation 1.33
we can see higher energy electrons radiate their energy away faster. Therefore, as a
population of synchrotron emitting electrons age the number of high energy electrons
will fall faster than the number of low energy electrons, producing a high frequency
cut-off (Longair, 2011).

In addition to these intrinsic effects, pixel and beam averaging will modify the
observed synchrotron spectrum (Chluba et al., 2017; Remazeilles et al., 2018). These
additional complications can by modelled through the introduction of curvature terms
in the synchrotron power spectrum, or through the general moment expansion method
in Tegmark (1998); Zaldarriaga et al. (2004); Chluba et al. (2017). However, in order
to constrain these extra parameters we require additional low frequency data. These
issues will be discussed in more detail in Chapter 5.

Synchrotron emission also displays a high level of polarization. The spiralling of
cosmic ray electrons around magnetic field lines picks out a special direction. Broadly
speaking, the electric field of the emitted radiation is aligned with the projected
acceleration vector. In principle, the polarization fraction for synchrotron (the ratio
of the polarized intensity to the total intensity) could be as high as 75%. However,
depolarization effects along the line of sight and irregular magnetic fields reduce the
observed polarization fraction, although polarization fractions in the range ~ 10—40%
have been observed for synchrotron emission away from the Galactic plane (Dunkley
et al., 2009; Dickinson, 2016).

1.2.2 Thermal Dust

Thermal dust emission is caused by the heating of dust grains in the ISM, causing
them to vibrate and emit thermally. For frequencies above ~ 100 GHz thermal dust

emission is the dominant foreground in both total intensity and polarization. The
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thermal dust frequency spectrum can be approximated with a modified blackbody
(MBB) model for frequencies below ~ 1 THz,

Sy = Ay (1) o exp(yo) — 1 (1.36)
2 exp(yv) — 1
where Ay is the dust amplitude, v is some reference frequency, v = h/kgTy, Ty is
the dust temperature and [y is the dust spectral index. This model was adopted in
the Planck foreground analysis, where typical values of the dust temperature were
found to be Ty ~ 19K, and the dust spectral index of 54 ~ 1.6 (Planck Collaboration
et al., 2016d, 2018b). The MBB model is a simplification and in reality multiple
dust populations will exist along the line of sight, contributing the same line of sight
and beam averaging effects that modify the synchrotron spectrum. More complex
emission models have been considered in the context of CMB component separation in
Hensley and Bull (2018). However, these complex models raise the same issues as for
synchrotron emission. The additional parameters introduced require additional data
to constrain them, with current and planned CMB experiments already struggling to
constrain dust spectral parameters for the simple MBB model (Jew et al., 2019).
Thermal dust emission also exhibits significant polarization. Dust grains are not
spherically symmetric, with dust grains emitting preferentially along their longer axis,
resulting in an intrinsic polarization. Large dust grains can also be aligned by the
GMF, again causing the emission to be polarized. Observations from the Planck
satellite have found that thermal dust polarization fractions can be as high as 20%,

with a median value across the sky of approximately 8% (Planck Collaboration et al.,
2016d, 2018b).

1.2.3 Anomalous Microwave Emission

The first signs of anomalous microwave emission (AME) were noted in Kogut et al.
(1996); de Oliveira-Costa et al. (1997); Netterfield et al. (1997), with the first iden-
tification of an anomalous component to the Galactic emission being made in Leitch
et al. (1997). The AME spectrum has been found to be peaked at a frequency of
~ 30GHz, although observations of individual AME regions have found a range of
peak frequencies, ranging from ~ 20GHz, to as high as ~ 50GHz.

The physical origin of AME is not completely understood. The most well devel-
oped model, originally proposed by Draine and Lazarian (1998), is the spinning dust

model. The core idea here is that a dust grain with electric dipole moment g will
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radiate according to the Larmor formula

2w’ sin® 0

P
3 c?

: (1.37)

where P is the emitted power, w is the angular velocity of the dust grain and @ is
the angle between the angular velocity and dipole moment vectors. The challenge in
developing theoretical spinning dust models is then in understanding the distribution
of angular velocities and dipole moments of dust grains in the ISM (Dickinson et al.,
2018). Alternative models have also been proposed, including the magnetic dust
model from Draine and Lazarian (1999). Under this model thermal fluctuations can
excite the magnetization of dust grains away from their minimum energy direction.
The magnetization will then precess back to this minimum energy direction, with the
dust grain emitting radiation in doing so.

AME measurements have generally found upper limits on the polarization frac-
tion of a few percent. Significant polarization of spinning dust grains would require
alignment of dust grains in the ISM. However, theoretical arguments in Draine and
Hensley (2016) would suggest that such alignment is not achieved, and polarization
fractions for spinning dust would be < 107¢. Magnetic dust models typically predict
much higher polarization fractions of up to ~ 20%, which forms one of the main argu-
ments against magnetic dust as one of the dominant components of AME. Additional
studies with low frequency radio data (v < 30 GHz) will be needed to place tighter
constraints on the level of AME polarization, such that we can properly assess the

potential contamination to CMB polarization.

1.2.4 Free-Free Emission

Free-free emission is the result of electron-ion collisions, also known as bremsstrahlung
radiation. Given the random nature of the Coulomb interactions between electrons
and ions, free-free emission is expected to be intrinsically un-polarized, with upper
limits on the polarization fraction of ~ 1% (Macellari et al., 2011). At the edges of
bright H11 regions, additional Thomson scattering of electrons can result in higher
polarization fractions of ~ 10% (Rybicki and Lightman, 1986; Keating et al., 1998).
However, for the purposes of CMB polarization studies, given the focus on higher
Galactic latitudes and relatively low resolution, these effects are expected to be largely
negligible (Dunkley et al., 2009).

Above a few GHz the frequency spectrum of free-free emission shows a power-law

behaviour, with a spectral index of g ~ —2.1. At lower frequencies, below ~ 1 GHz,
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the medium for free-free emission becomes optically thick, leading to a break in the
power-law frequency scaling. At these frequencies the mean free path of photons
escaping from the free-free medium becomes much smaller than the source size. The

full emission spectrum can be well described by the model of Draine (2011),

3 v T. —3/2
gg = log < exp [5.960 — glog (1—09 (104) ) +ep, (1.38)

-2
7 = 0.05468 T3/ (1—’(’)9) EM gg, (1.39)

Sg=10°T, (1—€77). (1.40)

The two free parameters in this model are the electron temperature, T, and the
emission measure EM. The emission measure is defined as the integrated, squared
electron density along the line of sight measured in cm %pc, and acts to set the
amplitude of free-free emission. The spectral scaling of free-free is weakly set by the
electron temperature. The term, gg is known as the Gaunt factor and accounts for
quantum effects in the scattering. The form presented here assumes ions have charge

Z = +1. A more general calculation of bremsstrahlung Gaunt factors can be found
in Chluba et al. (2020).

1.2.5 Extragalactic Sources

Extragalactic sources are a key contaminant in CMB studies, with their detection
and removal presenting an important challenge (Taylor et al., 2001; Waldram et al.,
2003, 2007; de Zotti et al., 2010). For the brightest sources, they can be identified
and either subtracted or masked from our sky maps. Assuming sources with flux
densities S, > Spax have been successfully removed, and that sources are Poisson
distributed on the sky, it can be shown that the point source contamination to the

power spectrum, CF® is given by

Smax N
crs —/ — 5245, 1.41
y4 0 dS ( )

where S is the flux density of sources and dN/dS is the differential source count,
i.e., the number of sources per unit flux density, per unit steradian (Tegmark and
Efstathiou, 1996).

For future CMB experiments, it has been shown that radio point-source contam-

ination has the potential to significantly complicate measurements of the B-mode
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polarization power spectrum (Mesa et al., 2002; Curto et al., 2013; Puglisi et al.,
2018; Remazeilles et al., 2018). For values of the tensor-to-scalar ratio r ~ 1072, point
sources are expected to be a dominant foreground after correcting for the gravitational
lensing of E-modes on angular scales ¢ 2 50 i.e., over angular scales corresponding
to the recombination peak in the primordial B-mode power spectrum.

Galaxy clusters can also act to distort the observed CMB through the thermal
Sunyaev-Zel’dovich (SZ) effect. As CMB photons pass through these galaxy clusters
they are inverse Compton scattered off electrons in the hot intergalactic medium.

This induces a distortion in the CMB blackbody spectrum given by

]Cmb kT
L™ _ —2/neaT£dl (1.42)
m

b 20
Iem C

where n. is the number density of elections and the integral is taken along the line of
sight (Sunyaev and Zeldovich, 1972). An additional distortion arises from the motion
of galaxy clusters relative to the Hubble flow i.e., their peculiar velocities relative to

the expansion of the Universe. This is known as the kinetic SZ effect and is given by

§1emb v,
T N T (1.43)

where 7. = [ n.ordl is the optical depth of the cluster and v, is the component of

the cluster’s peculiar velocity along the line of sight.

1.2.6 Other Astrophysical Foregrounds

Line emission can have a significant impact in narrow frequency bands, and was par-
ticularly apparent in the 100, 217 and 353 GHz Planck maps. In this case the line
emission was the result of rotational transitions in carbon monoxide (CO) molecules.
For the Planck mission, line emissions could be extracted during component separa-
tion by utilizing the differing bandpasses between different detectors. Whilst compo-
nents with continuous spectra would vanish in difference maps between detectors, the
line emission would not (Planck Collaboration et al., 2014a, 2016d). More generally,
one can seek to mitigate this problem by designing the experimental bandpasses such
that you avoid CO lines (Sekimoto et al., 2018).

In additional to the Galactic and extragalactic foregrounds discussed above, one
must also account for zodiacal emission. This is caused by emission from inter-
planetary dust (IPD) in the solar system. The Sun heats IPD, causing it to emit

thermally at infrared frequencies. The zodiacal emission can be distinguished from
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other emission sources due to its strong seasonal dependence. In Kelsall et al. (1998)
a full-sky parametric model of the zodiacal emission was constructed, which was used
to correct the Planck sky maps. For the high frequency instrument (HFI) channels
(v > 100 GHz) a model was subtracted from the time-ordered data (TOD) prior to
map-making. For the low frequency instrument (LFI) maps a small correction was
applied by extrapolating the effective 100 GHz zodiacal light map, using a power-law
fit to the HFI maps between 100 GHz and 353 GHz. The primary effect of this correc-
tion was in removing a bias from the CO J =1 — 0 map at high Galactic latitudes,

where J is the rotational quantum number (Planck Collaboration et al., 2016d).

1.3 CMB Component Separation Algorithms

Given a set of sky maps at a range of frequencies, one must then apply some al-
gorithm to extract the CMB from these observations. A wide variety of techniques
have been developed, including non-blind algorithms that make explicit assumptions
regarding the spatial and/or frequency dependence of the foreground emission, and
blind algorithms that attempt to extract the CMB with minimal assumptions about
the foreground emission. In this section I summarise a set of common component
separation methods i.e., template fitting, independent component analysis (ICA),

internal linear combination (ILC) and parametric component separation.

1.3.1 Template Fitting

Template fitting is a simple component separation technique that proceeds by assum-
ing the sky T at some frequency v can be described as the linear superposition of a
set of spatial templates X; and noise n. Here, we describe our sky and noise maps
as vectors with a length given by the number of pixels. The noise term typically
includes contributions from both instrumental noise and the CMB. The model sky is
then given by

T=n+)» aX;, (1.44)

where «; are the template coefficients. The CMB map can be estimated as

T =T — Z . (1.45)
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where the template coefficients are estimated by minimising,

T

=T aX| ¢ |T-> aX, ] (1.46)

The covariance matrix C' contains contributions from instrumental noise and the
CMB. The CMB contribution is typically estimated from some fiducial CMB power
spectrum.

Given that templates are fit across the whole sky, and by fully utilizing the spatial
information in each template, the corresponding components can be constrained even
in the regime that the individual pixel signal-to-noise ratio (SNR) is low. However,
template fitting suffers from a key drawback in its assumption that the spatial and
frequency scaling of each foreground component is completely separable. In reality,
the spectral behaviour of foreground components show significant spatial dependence.
Moreover, noise present in template maps will be aliased into the estimated CMB
map, which can be particularly problematic in low signal regions of the sky (Dunkley
et al., 2009).

Template fitting has seen numerous applications in the CMB literature, including
in foreground removal for the COBE/DMR maps (Banday et al., 1996) and in the
WMAP 5 year data (Komatsu et al., 2009). An implementation of template fitting,
called SEVEM (Martinez-Gonzalez et al., 2003), was also used in the component sep-
aration analysis for the Planck mission (Planck Collaboration et al., 2014a, 2016¢,d,
2018b).

1.3.2 Internal Linear Combination

ILC is a blind component separation algorithm that was first employed in the har-
monic domain in Tegmark and Efstathiou (1996). The method constructs a CMB

estimate, 8y, as a linear combination of the observed z},  at each frequency,
5 Z i
i

where wj are a set of weights that are set such that we minimise the level of foreground
contamination to the CMB. This can be achieved by choosing weights that minimise

the power spectrum
(lzem|*) = w]Cowy, (1.48)

where C; = ((«%, )2} ). This is subject to the constraint that wy - e = 1, where

e is a vector containing the spectrum of the component we seek to isolate. In the
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case of the CMB, working in CMB thermodynamic temperature units, this is simply

a vector of ones. The weights obtained from this minimisation are given by

C[le

¢ = 1.49
eTC’[le ( )

wy =
The core advantages to this method are that it makes no assumptions about the
frequency dependence of the foreground components and is computationally very
efficient. However, it does make the unrealistic assumption that the spectral scaling of
foregrounds is spatially uniform. This can be mitigated to some extent by performing
the ILC on smaller sky regions. The algorithm also suffers drawbacks in that it
minimises the total power spectrum, as opposed to the foreground power spectrum,
the uncertainty in the recovered CMB map can be difficult to assess, and despite
the apparent model-independence, the method leaves residuals in the recovered CMB
map that must be modelled (Dunkley et al., 2009).

ILC can be improved by working in needlet space, a technique known as Needlet
ILC (NILC) (Delabrouille et al., 2009; Basak and Delabrouille, 2013). Needlets are
spherical wavelets that are characterised by the fact that they are perfectly localised
in the harmonic domain and have potentially excellent localisation in the spatial
domain. This means that weights estimated by NILC are able to smoothly vary as
a function of position and angular scale. NILC was further extended in Remazeilles
et al. (2011) to allow for the estimation of foreground components, and was used to
construct maps of the thermal dust emission from Planck data (Planck Collaboration
et al., 2018b).

1.3.3 Independent Component Analysis

Independent component analysis (ICA) proceeds in a similar fashion to ILC, con-
structing a CMB estimate as a linear combination of input sky maps, but utilizes
different criteria for constructing the weights. One of the most developed implemen-
tations is Spectral Matching ICA (SMICA) (Delabrouille et al., 2003; Cardoso et al.,
2008), which was used in the analysis of Planck data and produced the smallest
residuals of any of the component separation methods (Planck Collaboration et al.,
2014a).

SMICA performs component separation in the harmonic domain, constructing a

CMB estimate as a linear combination of N, frequency maps,

Stm = W Xp. (1.50)

27



Xem 18 @ Nepan X 1 vector of spherical harmonic coefficients for the input maps and wy

is the Nean X 1 vector of weights given by

C[la

= _—t 1.51
aTC[1a7 ( )

Wy

where a is the CMB spectrum evaluated at each frequency channel. If we were to set

the power spectrum to

N

1
_ T
C, = T Em XemX s (1.52)

we would simply perform a standard ILC. For SMICA the power spectrum is instead
obtained by fitting a parametric model Cy(#), to C,. The best fit parameters are

obtained as,

6= argemin Z(Zﬁ +1) [Tr(égC[I(Q)) + log det Cg(@)] : (1.53)
¢

This is the maximum likelihood solution under the assumption that the spherical
harmonic coefficients are independent, normally distributed random variables with
variance given by the corresponding power spectrum i.e., Xz, ~ N (0, Cy).

For SMICA, the foreground emission is modelled by N templates. The full

parametric model for the power spectra is given by
Ci(0) = aa'C{™ + FP,F' + Ny, (1.54)

where Ogmb is the CMB power spectrum, F' is a Nepan X Ny matrix that encodes the
frequency dependence of the foregrounds, P, is a positive definite Ng, X Ng, foreground
covariance matrix and INy is the diagonal noise matrix.

To perform a fully flexible component separation one could fit the power spectrum
model without imposing any constraints on the terms in Equation 1.54. However, in
reality this typically proves too challenging due to the large dynamic range over the
sky and multipoles considered for CMB experiments. For the Planck analysis a three
step approach was adopted, first fitting for a over quieter regions of the sky, and
then fixing a whilst fitting for F' over a large sky area. In the final step a and F
were fixed, and the C§™", P, and N, power spectra were fitted (Planck Collaboration
et al., 2014a, 2016c¢).
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1.3.4 Parametric Component Separation

At its core parametric component separation simply consists of fitting some model of
the sky emission to our observed sky maps. For some pixel p at a frequency v, we

may write the observed pixel value as

dp (V) = spa(V) + 1pa(V), (1.55)

where A = {I,Q,U} denotes the Stokes parameter under consideration, s, (v) is
the true sky signal and n, \(v) is the noise term. In the broadest sense, performing
component separation can now be achieved by writing some parametrisation of the
true sky emission, s, (v, ©, ) where O, , are the model parameters.

A range of methods and statistical frameworks can be applied to this problem of
model fitting. One of the most notable implementations of parametric component
separation is the COMMANDER algorithm (Eriksen et al., 2004, 2008). This adopts a
Bayesian approach to the problem, constructing estimators for our model parameters

by integrating over the posterior distribution

p(d[©)p(©)
p(d)

Here I have used © to represent the full set of model parameters over the whole sky,

and d to represent the full dataset of sky maps. The term p(d|©) is the likelihood,

p(©) is the prior, which encodes our prior knowledge of the model parameters, and

p(Old) = (1.56)

p(d) is known as the evidence. For the purposes of parameter estimation with a single
model, p(d) can simply be viewed as a normalisation constant.

For simple, low dimensional models one can either write analytical posterior dis-
tributions or attempt brute force, grid-based calculations of the posterior. However,
this quickly becomes infeasible as the dimension of the parameter space increases.
COMMANDER employs Gibbs sampling, a particular flavour of Markov Chain Monte
Carlo (MCMC) algorithm (Geman and Geman, 1984). Generally MCMC algorithms
proceed by constructing a Markov chain with the desired stationary distribution.
By simulating the Markov chain one obtains a set of correlated samples and, given
sufficient computation and the satisfaction of certain ergodicity conditions, we are
guaranteed to generate samples from our target distribution. The ergodicity condi-
tions ensure that the MCMC algorithm is able to fully explore the target distribution.
Poorly designed transitions between states in the Markov chain can lead to certain

regions of the parameter space being inaccessible (Gelman et al., 2004). In Chapter 5
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I discuss MCMC algorithms further, along with alternative methods for approximate
Bayesian inference.

For Gibbs sampling, rather than drawing samples directly from the full CMB and
foreground posterior, one instead draws successive parameter samples from condi-

tional distributions,

Ci't e p(Cil Ay, b, ), (1.57)
A?I;I{) «— p(ACmb’C§+17 Ega d)7 (158)
O p(0g|Cy, A, d). (1.59)

Here Cy is the CMB power spectrum, Ay, denotes the CMB sky map and 6, is
the set of foreground parameters (Dunkley et al., 2009). Given a sufficient num-
ber of samples this sampling scheme will converge on the full target distribution,
p(Cy, Acmp, Oig|d). This target distribution is extremely high-dimensional, with large
numbers of correlated parameters. By reducing the problem of sampling from the full
posterior to one of sampling from conditional distributions, COMMANDER is able to
take a computationally tractable approach. Further, COMMANDER obtains posterior
samples of the CMB (Y, allowing for the rigorous propagation of uncertainty from sky
maps to the power spectrum. Recently, COMMANDER2 was used in the component
separation analysis for the Planck 2018 release, which instead performs parametric
modelling in the harmonic domain (Planck Collaboration et al., 2018b). In Chapter
5 I discuss a novel implementation of Bayesian parametric component separation pre-
sented in Grumitt et al. (2020a), utilizing hierarchical foreground modelling (Gelman
and Hill, 2007) and the No-U-Turn Sampler (NUTS) (Hoffman and Gelman, 2014)
for direct posterior sampling.

In addition to the Bayesian approach outlined above, one can also adopt a maxi-
mum likelihood approach (Stompor et al., 2009; Errard et al., 2011; Stompor et al.,
2016). This is equivalent to assigning flat priors in the Bayesian approach, and per-
forming a numerical optimization to find the parameter maximum likelihood estimates
(MLEs). One could also approach this as an optimization problem with non-flat pri-
ors, and optimize for the maximum a-posteriori (MAP) estimate. The MAP approach
can also be viewed as a form of regularized maximum-likelihood, with the prior in
this case acting as an additional penalty term.

The key advantage of these approaches lies in their computational efficiency. In
essence, the problem of performing numerical integration with MCMC is turned into
a differentiation problem. However, this comes at the cost of not obtaining the same

rigorous propagation of uncertainty from performing inference over the full posterior.
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Further, whilst MLEs can sometimes be shown to be unbiased, minimum variance
estimators, this is on the basis of asymptotic arguments i.e., in the regime of infinite
data. Foreground analysis for CMB polarization experiments sits firmly outside of this
asymptotic regime and without the regularizing effect of the prior, noisy observations
can lead to poor MLEs. However, this is not necessarily alleviated by using the MAP
estimate. In very high dimensional models the MAP value is often located far away
from the typical set, where most of the posterior probability mass is located (Mackay,
2003; Gelman et al., 2008; Hamra et al., 2013; Cole et al., 2013). In this situation,
one can obtain more reliable inferences by calculating expectations with respect to

the posterior, which fully account for the distribution of probability mass.

1.4 CMB Experiments

Since the initial discovery of the CMB by Penzias and Wilson, there have been a large
number of dedicated CMB experiments. These have consisted of ground, balloon, and
space-based experiments. A comprehensive list of CMB experiments can be found at
the Legacy Archive for Microwave Background Data Analysis (LAMBDA) (NASA,
2020). In this section I give an overview of past and present CMB experiments, along

with related ancillary surveys.

1.4.1 CMB Temperature and EF-mode Observations

The blackbody nature of the CMB spectrum was first confirmed by the COBE satel-
lite, which also made the first statistical detection of temperature anisotropies in the
CMB (Mather et al., 1990; Smoot et al., 1992; Mather et al., 1994; Wright et al.,
1994b). Many of the key features of the CMB TT, TE and EE power spectra were
first measured by a collection of ground and balloon experiments. The location of
the first acoustic peak in the TT power spectrum was precisely determined by the
TOCO (Devlin et al., 1999), BOOMERANG (de Bernardis et al., 2000) and MAX-
IMA (Hanany et al., 2000) experiments. Further measurements of the T'T" acoustic
peaks and damping tail were made by the DASI (Pryke et al., 2002), VSA (Watson
et al., 2003; Taylor et al., 2003; Scott et al., 2003), CBI (Padin et al., 2001, 2002) and
Archeops (Benoit et al., 2002, 2003; Tristram et al., 2005a) experiments. The first
measurements of CMB polarization anisotropy were made by DASI (Leitch et al.,
2002; Kovac et al., 2002), and a significant detection of E-mode polarization by CBI
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demonstrated that the peaks of the EFE power spectrum are out of phase with the
TT acoustic peaks (Readhead et al., 2004).

The WMAP satellite was launched in 2001 and made precise measurements of
the CMB TT power spectrum over the multipole range 2 < ¢ < 1000, and detected
the EFE power spectrum over the range 24 < ¢ < 800 at more than 8¢. WMAP
observations provided strong support for the standard ACDM model, making precise
determinations of the six base parameters (Bennett et al., 2013; Hinshaw et al., 2013).
The Planck satellite was launched in 2009 and made incredibly detailed measurements
of the CMB TT power spectrum over multipoles 2 < ¢ < 2508, and the TFE and FE
power spectra over multipoles 2 < ¢ < 1996 (Planck Collaboration et al., 2019). Fig.
1.8 shows the measured CMB T'T', TE and EE power spectra (Planck Collaboration
et al., 2018c, 2019). Note that the 7T and T'E power spectra are plotted as

(L+1)

DY = o cXY, XY e{TT,TE}. (1.60)

Plotted alongside each measured power spectrum is the best fit ACDM model. This
standard cosmological model can be described by six base parameters, which are

summarised in Table 1.1. The Planck measurements again show excellent agreement

with ACDM.

Parameter Measured Value Description
Qph? 0.02237 4+ 0.00015 Fractional density of baryons today
Q.h? 0.1200 + 0.0012 Fractional density of cold dark matter today

1000yic 1.04092 4+ 0.00031 100x approximation to the angular size of the
sound horizon at last scattering

T 0.0544 + 0.0073 Optical depth to reionization
In(109A,) 3.044 +0.014 Log power of primordial curvature perturbations
N 0.9649 + 0.0042 Scalar spectral index

Table 1.1: Planck 2018 constraints on the base ACDM parameters. Note that the power

spectrum of primordial curvature perturbations was parametrised as Py (k) = Ag(k/kg)™~*

for this base ACDM analysis, where ky = 0.05 Mpc™! was the chosen pivot scale. Table
adapted from Planck Collaboration et al. (2018c¢).

In addition to these recent space missions, ground-based telescopes such as ACT
(Swetz et al., 2011) and SPT Shirokoff et al. (2009) have made measurements of the
TT power spectrum over small angular scales (up to £ = 10000 for ACT). This has
allowed for the characterisation of the Silk damping tail up to ¢ ~ 3000, along with
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Figure 1.8: The Planck 2018 CMB TT, TE and EE power spectra. A detailed description
of the power spectrum estimation is given in Planck Collaboration et al. (2019). The lower

panels show residuals from the fit. The Planck results are consistent with the base, six

parameter ACDM model. Figures taken from Planck Collaboration et al. (2018c).

measurements of the contributions from the thermal and kinetic SZ effects to the TT

power spectrum over multipoles ¢ 2 3000 (Keisler et al., 2011; Das et al., 2014).

1.4.2 CMB B-mode Observations

The core focus of modern CMB cosmology is on the detection of primordial B-mode
polarization and hence a determination of r. Thus far, this effort has been led by
ground and balloon experiments. The first direct detection of non-primordial CMB
B-mode polarization was made by the POLARBEAR experiment, which measured
the B-mode power spectrum over the multipole range 500 < ¢ < 2100 (Polarbear Col-
laboration et al., 2014). Further measurements of small scale polarization anisotropies
have been made by ACTPol (Louis et al., 2017) and SPTPol (Hanson et al., 2013;
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Keisler et al., 2015), with the most precise measurements of lensing B-modes to date
coming from the SPTPol experiment (Sayre et al., 2019).

The first experiment to specifically target measurements of the primordial B-mode
power spectrum was the BICEP1 experiment (Barkats et al., 2014). This was followed
by the BICEP2 and Keck Array experiments, which in 2014 reported a measurement
of 7 = 0.207507 (BICEP2 Collaboration et al., 2014). However, a subsequent joint
analysis with Planck data found that the observed excess BB power could be entirely
explained by polarized dust emission (Mortonson and Seljak, 2014; Flauger et al.,
2014; BICEP2/Keck Collaboration et al., 2015). The most recent constraints on r
were obtained through a joint analysis of the Planck 2018 data and the BICEP2/Keck
2015 data, giving an upper limit of r < 0.056 (Planck Collaboration et al., 2018d).

A range of next generation ground-based CMB experiments are under construction
with a detection of r amongst their chief science goals. CMB-54 is a set of telescopes
based in the South Pole, the Atacama Desert and potentially additional northern
hemisphere sites (Abazajian et al., 2016). This project aims to be able to achieve
upper limits of » < 2 x 1073. Alongside this, the Simons Observatory is being
constructed in the Atacama desert and aims to measure r with a sensitivity of o(r) =
3x1073 (Simons Observatory Collaboration et al., 2019). In addition to these ground-
based experiments, a range of space-based missions have been proposed, including
LiteBIRD (Hazumi et al., 2019), COrE (The COrE Collaboration et al., 2011) and
PIXIE (Kogut et al., 2011). Of these proposals, Lite BIRD has been selected as an
L-class mission by the Japan Aerospace Exploration Agency (Hazumi, 2019), and

aims to measure r with a sensitivity of o(r) = 1073,

1.4.3 Ancillary Surveys

Conducting accurate CMB component separation, particularly for the challenge of
detecting primordial B-modes, requires detailed information regarding the structure
of foreground emission. This comes in the form of ancillary surveys, conducted at
low and high frequencies either side of the CMB foreground minimum (~ 70 GHz).
These surveys provide data on the spatial and spectral distributions of foreground
components, allowing us to properly constrain foreground emission parameters.
Table 1.2 summarises a set of completed and ongoing surveys at frequencies rele-
vant to CMB component separation analyses. Of key focus in this thesis is C-BASS
(Jones et al., 2018), a 4.76 GHz experiment that will survey the entire sky in Stokes

I, Q and U, with a 45arcmin resolution. At this frequency, the sky emission is
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Table 1.2: Existing and on-going large area surveys, at frequencies relevant to CMB studies,

with angular resolutions < 1°. Table taken from Jones et al. (2018).

Survey / Frequency ~FWHM  Declination — Stokes® Sensitivity” Status® Reference(s)

Telescope [GHz] [arcmin] Coverage noise offsets

Haslam (various)  0.408 51 All-sky I 1K 3K 3 Haslam et al. (1982)

Dwingeloo 0.82 72 —7° to +85° 1 02K 0.6K 3 Berkhuijsen (1972)

CHIPASS (Parkes) 1.394 14.4 < +25° 1 0.6mK 30mK 3 Calabretta et al. (2014)

DRAO (26-m)¢ 1.4 36 > —29° QU 12mK 30mK 3 Wolleben et al. (2006)

Villa Elisa? 14 35.4 < +10° 1QU 9mK 50mK 3 Testori et al. (2008)

Stockert? 1.42 35 > —30° I 9mK 50mK 3 Reich and Reich (1986)
GMIMS-HB N 1.28-1.75 30 > —30° 1QU 12mK  unknown 1 Wolleben et al. (2010)

STAPS (Parkes) 1.3-1.8 15 <0° 1QU unknown unknown 1 Haverkorn (priv. comm.)
HartRAO 2.326 20 —83° to +13° I —-Q 25mK 80mK 3 Jonas et al. (1998)

S-PASS (Parkes) 2.3 9 <0° IQU 0.1mK unknown 1 Carretti et al. (2013)

GEM 4.8-5.2 45 —52° to +7° QU 0.5mK unknown 0 Barbosa et al. (2006); Tello et al. (2013)
C-BASS 4.5-5.5 45 All-sky IQU 0.1mK 1mK 0 Jones et al. (2018)

QUIJOTE 11-19,30,40 = 60 >0° 11QU 25 K  unknown 1 Génova-Santos et al. (2015b)
WMAP 22.8-94 49-15 All-sky IQU 4K 1uK 3 Bennett et al. (2013)

Planck LFI 28.4-70 32-13 All-sky IQU 3uK 1uK 3 Planck Collaboration et al. (2018a)
Planck HFT 100-353 10-5 All-sky IQU  0.2-0.5uK 1-5uK 3 Planck Collaboration et al. (2018a)
Planck HFI 545, 857 5 All-sky I 0.4, 0.8 uK 1uK 3 Planck Collaboration et al. (2018a)
CLASS 38-217 90-18 —68° to +22° QU 0.4pK  unknown 0 Harrington et al. (2016)

@ [IJQU denotes surveys where total intensity (Stokes I) is measured but with much larger
systematic errors than for the linear polarization (Stokes Q and U). I-Q denotes a single linear
polarization.

b Approximate average total intensity sensitivity in Rayleigh-Jeans temperature after convolution
to 1° FWHM resolution: “noise” is local rms; “offsets” is global systematic uncertainty.

¢ Status 0: observations ongoing; 1: observations complete, reduction in progress; 2: preliminary
results released; 3: Final data released.

4 An all-sky 1.4 GHz map in IQU has been assembled from the Stockert, DRAO and Villa Elisa
surveys (Reich et al., 2004; Testori et al., 2008), but full details of its construction have not been

published, and it is not clear if the currently-available version is the final one.

dominated by synchrotron and free-free emission in total intensity, and synchrotron
emission in polarization. C-BASS will allow us to better constrain the spatial and
spectral variations in synchrotron emission, which will be critical to avoid biases in
any determinations of r at targeted sensitivities of o(r) = 1073 (Errard et al., 2016;
Remazeilles et al., 2016; Jew et al., 2019). To date, the northern sky survey has been
completed, with the southern sky survey ongoing. Further details on the C-BASS
survey and data are given in Chapter 2.

In addition to C-BASS, the S-PASS experiment has observed the southern sky
at 2.3 GHz with the Parkes telescope, at a resolution of 9arcmin (Carretti, 2010).
Analysis of S-PASS data in Krachmalnicoff et al. (2018) has shown that the minimum
level of synchrotron contamination to CMB B-modes over the southern sky is at the
level of r ~ 1073, The QUIJOTE experiment is an ongoing survey, mapping several

sky regions at frequencies between 10 and 40 GHz (Génova-Santos et al., 2015b). A
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recent joint analysis of C-BASS and QUIJOTE data in Cepeda-Arroita et al. (2020)

led to the first detection of spectral variations in AME across a single sky region.

1.5 Probability Distributions

In this section I define the probability distributions used in the statistical analyses

presented throughout this thesis.

e Gaussian: The Gaussian or Normal distribution is parameterized by a mean, u
and standard deviation o. I indicate Gaussian distributed random variables as
x ~ N (u, o), with the full probability density function (PDF) of the distribution
being given by,

27 o? 202

p(z|p, o) = ! exp (—M> : (1.61)

The support of the distribution is over x € R.

e Half-Normal: The Half-Normal distribution is parameterized by o, which
is the standard deviation of the unfolded Normal distribution. The standard
deviation of the Half-Normal distribution is given by am. I indicate
random variables distributed according to the Half-Normal distribution as x ~
Half-Normal(o), with the full PDF of the distribution being given by,

2 x?

P(%”U) = ) eXp(—T‘Q

). (1.62)
The support of the Half-Normal distribution is over z € [0, 00).

e Exponential: The Exponential distribution is parameterized by the rate pa-
rameter, A. I indicate Exponentially distributed random variables as = ~
Exp(A), with the full PDF of the distribution being given by,

p(z|A) = Nexp(—Az). (1.63)
The support of the distribution is over z € [0, 00).

e von Mises: The von Mises distribution is parameterized by a mean, p and
concentration parameter, x. I indicate random variables distributed according
to the von Mises distribution as x ~ VonMises(u, ), with the full PDF of the
distribution being given by,

exp(k cos(x — p))
R

(1.64)
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where [y(k) is the modified Bessel function of order 0. The support of the von
Mises distribution can be chosen to be over any interval of length 27. For its

use in this thesis the support is chosen to be over = € [—7, 7].

e Uniform: The uniform distribution is parameterized by a lower limit, a and
an upper limit b. I indicate uniformly distributed random variables as = ~
Unif(a,b). The uniform distribution assigns equal probability to all values of
the random variable between the upper and lower limits, and zero otherwise.
The support of the uniform distribution is over = € [a,b]. For Unif(—o0,0),
Unif(0, 00) and Unif(—o00, c0) we obtain the improper half-flat or flat distribu-

tions.

1.6 Thesis Outline

This thesis addresses challenges in CMB component separation, particularly in the
context of CMB polarization studies. The component separation challenge is ap-
proached from two core directions. In the first instance, I present work analysing
a novel dataset from the C-BASS experiment. With additional, high-fidelity obser-
vations covering a wide range of frequencies, we are able to better characterize fore-
ground emission and reliably extract CMB estimates from our observations. Alongside
this, I present a new approach to parametric Bayesian CMB component separation,
utilizing NUTS to perform scalable hierarchical foreground modelling.

In Chapter 2 I discuss the C-BASS experiment, summarising instrument and
survey details. I describe key data processing steps involved in producing the final,
calibrated and deconvolved maps of the northern sky. I also present data quality
checks, performed to confirm the internal stability of the C-BASS calibration, and
the current science-quality maps of the northern sky.

In Chapter 3 I discuss the work presented in Grumitt et al. (2020b), describing
the production of the C-BASS northern sky point source catalogue. Producing a
catalogue of point sources for the C-BASS map is important for any analyses of diffuse
emission, such that we can construct properly masked and/or source subtracted C-
BASS maps. Further, the source catalogue allows us to perform vital data checks on
the C-BASS flux-density scale and pointing accuracy.

In Chapter 4 I present some of the first scientific analyses of C-BASS polarization
data. Here, I calculate the auto and cross-spectra of C-BASS, WMAP and Planck
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polarization maps, using these to constrain the spectral behaviour of polarized syn-
chrotron emission in the harmonic domain. This analysis is combined with map
domain estimates of the polarized synchrotron spectral index to estimate the level of
synchrotron contamination to CMB B-modes over the northern sky.

In Chapter 5 I discuss the work presented in Grumitt et al. (2020a). This presents
a novel approach to Bayesian CMB component separation, utilizing hierarchical mod-
elling of foreground spectral parameters to eliminate biases on recovered CMB esti-
mates without inflating the statistical uncertainty in these estimates. In order to
perform scalable inference over such complex, hierarchical posterior distributions I
utilize NUTS. This is a self tuning variant of Hamiltonian Monte Carlo (HMC) that
offers excellent computational performance for such models.

In Chapter 6 I finish by summarizing the work presented in this thesis and future

steps that can be taken to extend this work.
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Chapter 2

The C-Band All-Sky Survey

Up to now, one of the most important synchrotron emission templates has been the
408 MHz Haslam map (Haslam et al., 1981, 1982). An improved version of the map,
with stripe artefacts and bright point source emission removed was produced in Re-
mazeilles et al. (2015). However, the Haslam map still suffers from scan-synchronous
artefacts, and is only in total intensity. C-BASS is an experiment observing the whole
sky at 4.76 GHz in total intensity and polarization (Jones et al., 2018). Northern sur-
vey observations have been completed using a telescope located at the Owens Valley
Radio Observatory (OVRO) in California. Detailed scientific analyses of these data
are underway, some of which is presented in Chapters 3 and 4. The southern survey
is ongoing, using a telescope located at Klerefontein in South Africa, with observa-
tions ongoing. The primary purpose of the C-BASS experiment is to provide high
signal-to-noise measurements of polarized Galactic synchrotron emission. These data
will form a key element of component separation analyses for next-generation CMB
B-mode studies, as well as providing a wealth of information for studies of Galactic
astrophysics.

In this chapter I give a general overview of the C-BASS experiment. In Section 2.1
[ summarize the core scientific motivation behind C-BASS. In Section 2.2 T discuss the
survey constraints and strategy. In Section 2.3 I describe the C-BASS instruments.
In Section 2.4 I describe the key data processing steps, and in Section 2.5 I present
a number of data quality checks I have performed on the C-BASS data. I finish in
Section 2.6 by summarizing the current survey status and presenting the latest science-
quality maps of the northern sky. A detailed overview of the C-BASS experiment can
be found in Jones et al. (2018).
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2.1 Science Goals

2.1.1 Polarized CMB Foregrounds

Since observational studies of the CMB anisotropies began, foreground emission has
been a major concern. In temperature, the CMB fluctuations are actually found to be
dominant over foreground emission away from the Galactic plane, over a wide range of
frequencies from ~ 15 GHz to ~ 150 GHz (Planck Collaboration et al., 2014a, 2016d,
2018b). However, for studies of the primordial B-mode signal, current constraints
on the tensor-to-scalar ratio mean that the CMB is expected to be subdominant to
foregrounds across all of the sky, at all frequencies (Remazeilles et al., 2018; BICEP2
Collaboration et al., 2018). Extracting the polarized CMB signal will therefore require
careful algorithmic approaches that are able to produce high fidelity maps of the CMB,
with an accurate quantification of their uncertainty. This must also be coupled with
improved, high-sensitivity data covering a wide range of frequencies, such that we
can accurately model foreground spectral energy distributions (SEDs). If it becomes
clear that more complex foreground modelling is required to properly extract the
CMB signal, this will inevitably require additional data in order to constrain the
more complex emission models (see e.g. Remazeilles (2018); Jew et al. (2019)).

The primary goal of C-BASS is to provide high-sensitivity data at low frequencies,
that will allow us to better constrain polarized synchrotron emission. Much of the
focus regarding polarized CMB foregrounds has been on thermal dust emission, given
that this is the dominant polarized component at frequencies close to the foreground
minimum (~ 90 GHz) (BICEP2 Collaboration et al., 2014; BICEP2/Keck Collab-
oration et al., 2015; BICEP2 Collaboration et al., 2018). However, with targeted
sensitivities of next-generation CMB experiments of o(r) ~ 1073, it has become clear
that synchrotron emission cannot be neglected without significantly biasing the ex-
traction of any primordial signal (Remazeilles et al., 2016; Errard et al., 2016). In
Jew et al. (2019) it was found that next-generation satellites such as LiteBIRD will
not be able to constrain simple power-law models of synchrotron emission without
additional low-frequency data from experiments such as C-BASS. This issue is ex-
plored in detail in Chapters 4 and 5. At its core, C-BASS will provide a vital new
template of polarized synchrotron emission and allow the next-generation of CMB

experiments to constrain the spectral behaviour of synchrotron emission.
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2.1.2 Secondary Goals

In addition to the core motivation described above, C-BASS will also provide a wealth
of additional astrophysical results e.g., Dickinson et al. (2019); Cepeda-Arroita et al.
(2020). One particularly interesting feature is the WMAP Haze (Finkbeiner, 2004a;
Dobler and Finkbeiner, 2008; Dobler, 2012a; Planck Collaboration et al., 2013). This
is a region of excess emission close to the Galactic Centre, which has been measured to
have a total intensity spectral index of 8 ~ —2.5. The haze is thought to be caused by
shallow spectrum synchrotron emission, and appears to be spatially correlated with
the Fermi gamma-ray bubbles (Dobler et al., 2010; Su et al., 2010; Dobler, 2012b).
In Chapter 4 I briefly summarize the results in Jew and Grumitt (2020) related to
the WMAP Haze, where we studied its spectral properties using Planck polarization
data. With the addition of C-BASS, we will be better able to constrain the spectral
properties of the haze and the extent to which it is correlated with the Fermi Bubbles.

C-BASS total intensity data will also enable us to better constrain the properties
of free-free emission and AME. In bright H1I regions close to the Galactic plane,
free-free emission dominates over synchrotron emission in total intensity at ~ 5 GHz
(Planck Collaboration et al., 2014c). However, there is a degeneracy between the
free-free spectrum parameters and the synchrotron spectrum parameters, which can
make accurate component separation challenging. This is particularly problematic
at high Galactic latitudes where the diffuse free-free background is much weaker
(Dickinson et al., 2003; Finkbeiner, 2003; Draine, 2011). The addition of C-BASS
will allow us to break this degeneracy and better constrain free-free emission across
the whole sky. Whilst C-BASS observes at too low a frequency to make significant
detections of AME, by providing a low-frequency template largely free of AME, C-
BASS allows for a more accurate separation of AME from synchrotron and free-free
emission (Cepeda-Arroita et al., 2020).

C-BASS polarization data will enable a detailed study of the Galactic Magnetic
Field (GMF). This is manifested through Faraday rotation (rotation of electromag-
netic wave polarization angles by magnetic fields) and the polarization of Galac-
tic synchrotron emission, which is orthogonal to the projected magnetic field direc-
tion. The strength of Faraday rotation is given by the rotation measure, RM. In
the Faraday-thin regime (where the polarized emission and Faraday rotation occur
in two, physically separated locations) the polarization angle-wavelength relation is
given by

X(A) = xo + RMA?, (2.1)
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where x()) is the polarization angle at a wavelength A, and X, is the intrinsic po-
larization angle. The Global Magneto-Ionic Medium Survey (GMIMS) is a project
mapping the whole sky with continuous frequency coverage between 0.3 — 1.8 GHz,
that will allow for detailed characterization of Galactic RMs (Wolleben et al., 2009,
2010). Combining GMIMS data with C-BASS and S-PASS data will allow us to pro-
duce maps of the Faraday rotation of polarized Galactic synchrotron emission and
hence probe the GMF.

2.2 Survey Constraints and Strategy

Table 2.1: Key specifications of the C-BASS survey. Table taken from Jones et al. (2018).

North South

Location OVRO Klerefontein

California South Africa
Latitude 37° 14'N, 30° 58'S,
Longitude 118° 17W 21° 59'E
Telescope 6.1m Gregorian 7.6 m Cassegrain
Sky Coverage 0> —15°.6 0 < 28°.6
Frequency range 4.5 - 5.5 GHz
Effective centre frequency 4.783 GHz 5 GHz
Effective bandwidth 0.499 GHz 1.0 GHz
Frequency channels 1 128
Angular resolution 45 arcmin FWHM
Stokes coverage I,Q,U(V)
Sensitivity < 0.1mK r.m.s. (per beam)

Table 2.1 gives the key specifications of the C-BASS survey, which are informed
by the scientific motivation outlined above. The C-BASS observing frequency was
chosen in order to provide polarized emission maps that are dominated by Galactic
synchrotron emission, whilst having low levels of Faraday rotation. In Jones et al.
(2018), the rms RM values for extragalactic sources in Taylor et al. (2009) were used
to estimate the expected levels Faraday rotation at low frequencies. At 5 GHz we
would expect rotations of ~ 3° at high Galactic latitudes (|b| > 30°), and ~ 9° at low
Galactic latitudes (]b| < 30°). By comparison, at 2.3 GHz the expected rotations are
~ 14° at high Galactic latitudes and ~ 42° at low Galactic latitudes. The smaller
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levels of Faraday rotation at 5 GHz motivate this choice of observing frequency, but
also demonstrate the importance of correcting for this effect in any multi-frequency
analyses.

The required resolution is determined by the fact that C-BASS needs to be able
to constrain the synchrotron signals at angular scales corresponding to the peak of
the primordial B-mode power spectrum, at ¢ ~ 80. This sets the minimum angular
resolution required at ~ 1°. The C-BASS resolution is also constrained by the size
of the available antenna and the need to under-illuminate it in order to minimize
sidelobes. Given the northern survey was constrained to use an existing 6.1 m dish it
was possible to achieve a 45 arcmin resolution for the northern survey.

The C-BASS sensitivity target was set by extrapolating the WMAP K-band po-
larization map to 5 GHz using a spatially uniform spectral index of 8 = —3. From
this it was estimated that polarized emission is expected to be brighter than ~ 0.5 mK
over 90 per cent of the sky. The C-BASS target sensitivity was therefore set to 0.1 mK
per beam in polarization. This corresponds to a flux density sensitivity of 14 mJy.
However, the confusion level in the C-BASS total intensity map is approximately
85mJy (Jones et al., 2018). Below this level sources cannot be individually detected,
acting as an additional noise contribution, meaning the C-BASS total intensity map
is confusion limited.

The C-BASS survey requires two instruments, one in the northern and one in the
southern hemisphere to cover the whole sky. There is significant overlap between the
northern and southern surveys, which will allow for detailed calibration cross-checks.
The C-BASS scan strategy consists of conducting a set of constant-elevation scans
over the entire azimuth range, at the maximum possible slew rate (4 deg/sec). The
telescope scans from 0° to 360° before decelerating, stopping, and turning around.
This ensures that the entire sky is scanned at the maximum slew rate. For 60 per
cent of the observing time, scans are conducted at an elevation equal to the latitude
of the observing site. For these scans the telescope always passes through the celestial
pole, allowing for cross-checks on any drifts in offsets during observations. However,
these scans have very uneven sky coverage, being primarily focused at the poles and
the lower declination limit. To ensure sufficient integration time in every pixel on the
sky, additional constant-elevation scans are conducted at 10°, 30° and 40° above the
elevation of the pole.

When scanning at a constant elevation, the ground spillover signal is a fixed
function of azimuth. Further, a given declination on the sky is observed at two fixed

azimuths, situated symmetrically about the meridian. This results in a degeneracy
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between the ground spillover signal and the spherically symmetric m = 0 sky modes.
This is partly mitigated by observing at different elevations, which have different
ground spillover signals, and by using the overlap region between C-BASS north and
C-BASS south, which will also have different ground spillover signals. However, the
fitting of ground templates to the raw data, is a key part of the data reduction
pipeline.

2.3 The C-BASS Instruments

(a) C-BASS north (b) C-BASS south

Figure 2.1: Photographs of the C-BASS north (left), and C-BASS south (right) telescopes.
The northern telescope consists of a 6.1m dish with absorbing baffles around the primary
and secondary mirrors, in a Gregorian configuration. The southern telescope consists of an

under-illuminated 7.6m dish, in a Cassegrain configuration.

In Fig. 2.1 I show the C-BASS north and C-BASS south telescopes. The northern
telescope was donated to C-BASS by the Jet Propulsion Laboratory, having originally
been designed as an array element for the Deep Space Network (Imbriale and Abra-

ham, 2004). The telescope consists of a 6.1 m dish in a Gregorian configuration. The
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southern telescope was donated by Telkom SA to SKA South Africa, and was origi-
nally designed for communication with low-earth orbit telecommunications satellites.
It consists of an under-illuminated 7.6 m dish in a Cassegrain configuration. The tele-
scope optics have been designed such that the northern and southern beams are well
matched, and both surveys have the same intrinsic angular resolution (Holler et al.,
2013).

Spillover at the edges of the mirrors means that the C-BASS beam has far-out
sidelobes. As the telescope scans this results in the pickup of ground radiation, which
can lead to significant scan-synchronous artefacts in the C-BASS maps. This was
minimized for the northern telescope by adding absorbing baffles around the primary
and secondary mirrors. This was not required for the southern telescope, given that
it was under-illuminated in order to match the size of the northern telescope. This
results in very low illumination at the edges of the telescope and negligible spillover.
Far-out sidelobes were further reduced by supporting the secondary mirrors on radio-
transparent dielectric foam, as opposed to using metal struts. This has the additional
effect of maintaining circular symmetry, therefore minimizing cross-polarization.

In Fig. 2.2 I show the C-BASS beam profile, along with the corresponding spin-0
beam transfer function. This beam is derived from physical optics simulations of
the telescope optics, and takes in to account the finite bandwidth of the receiver
and the effective pointing jitter of the survey (Leech et al. in prep). Given some
axisymmetric beam profile 5(f), the spin-0 beam transfer function is given by the

Legendre transform,
by = 27r/ d6 sin 0 Py(cos 0)B(0). (2.2)
0

In polarization we must calculate the spin-2 Legendre transform. Assuming a pure

co-polar beam, the E and B components of the spin-2 transform satisfy
byiy = Fiby .. (2.3)

The beam response tensor for linear polarization is therefore entirely specified by bfz,

which is given by

47 T 9’Py_4
E _ 2 | : Nl
by = 2mN; T /0 df sin 6B () {(5 +2) (cosb — 2) 5 (c0s0)”

+ (2(6—1)—%l(ﬁ—l)sin29—(£—4)) %}, (2.4)

where N} = 2(¢—2)!/(¢+2)! (Challinor et al., 2000). Whilst I only show the

spin-0 transfer function in Fig. 2.2b, the spin-2 transfer function only shows small
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Figure 2.2: Panel (a): The C-BASS beam profile. Panel (b): The associated transfer
functions; showing the C-BASS beam transfer function (solid purple line), the 1° FWHM
Gaussian transfer function (dot-dashed rose line), the naive ratio between the C-BASS and
Gaussian transfer functions (dotted olive line), the tapered ratio between the C-BASS and
Gaussian transfer functions (dashed teal line), and the modified transfer function produced

by multiplying the C-BASS transfer function and the tapered ratio (solid indigo line).
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differences, except for £ € [0,1] where by, = 0. At £ ~ 600 the C-BASS transfer
function drops off sharply. For scales beyond this the C-BASS map does not contain
meaningful information. Note that the rise at ¢ ~ 1000 is caused by the discrete
sampling of the C-BASS beam in real-space, introducing small-scale artefacts into
the transfer function.

Given the Legendre transform of the beam, we can attempt to naively deconvolve
the C-BASS map by multiplying the C-BASS transfer function by the ratio,

e

= — 2-5
Te b£> ( )

where g, is some target transfer function. In this case g, is the transfer function for
a 1° FWHM Gaussian. However, performing this naive deconvolution can have the
unintended effect of inflating noise at small-scales, introducing ringing artefacts into
the map. This can be seen in Fig. 2.2b. Whilst the C-BASS transfer function drops
sharply to zero at ¢ ~ 600, the Gaussian beam corresponds to a continuous aperture
(as opposed to the finite aperture of C-BASS) and therefore continues to drop off
smoothly after this. This results in a crossing of the two transfer functions at these
scales and a sharp spike in the naive ratio. To perform the deconvolution we therefore

multiply r, by a Hanning window function over these scales, given by

1, if £ < £,
Hy(0) = { cos? (%) L ifly <<t (2.6)
0, otherwise.

The value of ¢y, = 387 was chosen by defining an interpolating spline for r, over
the range 300 < ¢ < 700 (which includes the spike), and selecting the ¢ value at
which the derivative changes from negative to positive. The value of /. = 590 was
chosen by selecting the ¢ value at which the C-BASS transfer function drops to zero.
Multiplying r, by Equation 2.6 results in the tapered ratio shown in Fig. 2.2b. It is
this ratio function that is used in the C-BASS map deconvolution.

In Fig. 2.3 I show a simplified block diagram of the C-BASS front end and
in Fig. 2.4 I show the block diagrams for the C-BASS north and south radiome-
ter/polarimeter systems. C-BASS measures total intensity by comparing the power
received by the antenna with a stabilized load. Polarization is measured by tak-

ing complex correlations of the left and right circularly polarized components of the

47



! |
: ><): : BPF (RCP + L1I)
! |
! | _
| — RCP A , BPE (RCP - LI)
OMT L2C I
| £|CP ><): : BPF (LCP + L2)
| |
I ! _
: A : BPF (LCP - L2)
| |
: . |~ 7|” | Temperature— 14.5—-5.5GHz
Noise diode : : :stabl ised loads :
_|>|_’_'7 L1 : :L2 :
|

Figure 2.3: Simplified block diagram of the C-BASS front end, which is common to C-BASS
north and south. Key: OMT = orthomode transducer, L2C = linear to circular converter,
3, A = sum, differencing, BPF = bandpass filter, RCP = right circular polarization, LCP
= left circular polarization. L1 and L2 are matched loads. Figure taken from Jones et al.
(2018).

incoming wave. These correlations yield the Stokes parameters as follows,

(|Erl® +|EL]") =1, (2.7)
(ErEp) = (Q+1U)/2, (2.8)
(ELER) = (Q —iU)/2, (2.9)

(Erl* = |ELI*) =V, (2.10)

where Ej and Egr are the complex amplitudes of the left and right circular polar-
izations of the incident electric field respectively. To calculate () using the linear
polarizations (E, and E,) would require evaluating Q = (|E,|* — |E,|?). For most
astrophysical sources (), U < I, meaning this difference involves taking the difference
of two large numbers to obtain the small polarized signal, which is an inherently in-
accurate process compared to taking the correlations of the circular components. In
principle, C-BASS can also measure Stokes V. However, astronomical circular polar-
ization is expected to be extremely small, meaning this measurement would require
a very careful calibration of any intensity measurements.

Radiation that is incident on the C-BASS horn is guided down to an orthmode
transducer (OMT). The OMT couples to the E, and E, components of the incident
field, with the signal then being passed through a linear to circular converter. This
produces the right (RCP) and left (LCP) circular polarizations. The sky RCP and
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Figure 2.4: Block diagrams of the C-BASS radiometer/polarimeter systems. Panel (a): C-
BASS north analogue backend, Panel (b): C-BASS south digital backend. Key: ¢ = phase

switch modulation/demodulation, ¥, A = sum, differencing, ADC = analogue to digital

converter, Acc = accumulator, CMUL = complex multiply, BPF = band-pass filter, LPF

= low-pass filter, Ch = channeliser, Ge!® = complex gain correction, Sq = square detector

(evaluates VV* on complex voltages V). Figure taken from Jones et al. (2018).
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LCP signals are combined with reference signals using 180° hybrids (i.e., the sum
and difference operations shown in Fig. 2.3), which are amplified and passed through
bandpass filters that define the 4.5 — 5.5 GHz C-BASS bandpass. This produces the
four sky and reference signal combinations shown in Fig. 2.3.

Block diagrams of the radiometer and polarimeter systems for both C-BASS North
and C-BASS South are shown in Fig. 2.4. For the radiometer part of the northern
system, the sky and reference signals are separated using additional 180° hybrids
which are then detected using diodes. This gives two measurements for the total

intensity,

L =|E)P=1-V, (2.11)
ILy=|Ep=1+V. (2.12)

For the polarimeter, sky and reference signals are also separated using 180° hybrids,
with LCP and RCP then being correlated to produce measurements of ) and U.
Given measurements for I, () and U the signals are then digitized using the analogue
to digital converter (ADC). The ADC samples the data at 2 MHz, which are subse-
quently filtered and averaged down to 10 ms samples in a field-programmable gate
array (FPGA). A detailed description of the northern system can be found in King
et al. (2014); Stevenson et al. (2019).

The southern system performs the same core signal processing operations to pro-
duce intensity and polarization measurements. However, the signal digitization occurs
much earlier, with the radiometry and polarimetry being performed digitally. The
southern system also has 128 evenly spaced frequency channels, with the signals be-
ing combined on a channel-by-channel basis to produce the intensity and polarization
measurements. A detailed description of the southern system can be found in Copley
(2014).

2.4 Data Processing

In Fig. 2.5 I display a flowchart outlining the steps taken in the C-BASS data re-
duction pipeline. The data reduction pipeline was developed prior to my joining the
C-BASS collaboration. In this section I outline the key steps necessary to take the
raw time-ordered data (TOD) from the telescope and produce calibrated Stokes I, @
and U maps. Detailed discussions of the C-BASS data reduction and calibration can
be found in Jew (2017), and will be given in the C-BASS survey and commissioning

papers (Taylor et al., in prep. and Pearson et al., in prep).
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2.4.1 Pointing

Small discrepancies exist between the directions the C-BASS telescope was pointed
during observations and the recorded pointing directions. The C-BASS global point-
ing model accounts for this, and applies pointing corrections to the raw TOD. The
model is periodically checked by conducting pointing observations of bright point
sources. For this the telescope is first scanned through the source at constant eleva-
tion, and then at fixed azimuth. The C-BASS beam is fitted to the source data, with
the distance between the fitted source location and the known source location being
used to determine the pointing offset. If the pointing offset is found to be larger than

5arcmin, the global pointing model is updated.

2.4.2 Gain and Polarization Angle Calibration

The raw C-BASS data contains gain and phase shifts that must be corrected for.
These are monitored through the use of a noise diode. The noise diode is tempera-
ture stabilized in order to provide a fixed-amplitude reference signal in intensity and
polarization. At the beginning of each telescope scan, the noise diode is turned on for
a few seconds, allowing for gain measurements on the timescale of minutes and the
removal of long timescale gain drifts. The phase of the noise diode signal is set such
that it appears only in the instrumental () channel. Phase variations in the RCP and
LCP signals result in some of the noise diode signal appearing in the instrumental U
channel. This is corrected for in the data reduction pipeline by applying a rotation

such that the noise diode signal only appears in the instrumental () channel.

2.4.3 Non-Astrophysical Contamination

The C-BASS north TOD contain a periodic contaminant at a frequency of ~ 1.2 Hz
and its harmonics. This is thought to be caused by vibrations of the receiver compo-
nents due to the cold head, which has a refrigeration cycle of 1.2 Hz. This contaminant
is removed by fitting templates of the 1.2 Hz signal to the TOD and subtracting off
its contribution. The 1.2 Hz removal is described in detail in Stevenson (2014).
Radio frequency interference (RFI) from human activities can lead to contami-
nating signals in the C-BASS band. RFI is flagged in the data by interpolating a sky
model onto the TOD stream. This model is subtracted from the data, and any dis-
crepant events are subsequently flagged and removed. Pointing offsets around bright

sources can still lead to significant residuals. As such, RFI flagging is disabled for
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bright source crossings. However, the impact of RFI around bright sources is pro-
portionally lower than in fainter regions, and the fact each pixel is observed multiple
times means the RFI in these regions is washed out in the final maps.

The last major non-astrophysical contaminant in the C-BASS TOD is caused
by ground pick-up. As mentioned previously, the ground signal appears as a fixed
function of azimuth, which varies on a timescale of days with variations in the ground
temperature and emissivity. A sky model is again subtracted from the TOD, with
regions of bright sky emission being excluded. The remaining data are averaged
into azimuth bins to construct ground templates for each day, which are subsequently
subtracted during the map-making stage. Note that this procedure also removes fixed

RFT sources, such as geostationary satellites.

2.4.4 Astronomical Calibration

For the astronomical calibration, C-BASS data were calibrated against Tau A as a
primary calibrator and Cas A as a secondary calibrator, with calibrator flux densities
being calculated from the spectral forms in Weiland et al. (2011). Tau A is used as a
calibrator except when it is unobservable due to being too close to the Sun. For Tau

A the spectral model takes the form

v
log S, (Jy) = 2.506 — 0.302 log (40 GHZ) , (2.13)
and for Cas A it takes the form
B B v 9 v
log S, (Jy) = 2.204 — 0.682log (40 GHz) + 0.038 log (40 GHZ> ) (2.14)

These spectral models give the flux density of Tau A at 4.76 GHz as S, = 609.8+4.2 Jy
in epoch 2005, and the flux-density of Cas A as S, = 736.1 + 3.4 Jy in epoch 2000.
The secular decreases adopted for Tau A and Cas A were the same as those used for
the model fits in Weiland et al. (2011). For Tau A this was -0.167 per cent per year,
which was taken from Macias-Pérez et al. (2010), and for Cas A the secular decrease
was -0.53 per cent per year. The C-BASS calibration is accurate to ~ 5 per cent.

The flux-temperature conversion is defined through

m 6.1\
Tsource = SI/(JY)W (7) Oleff (215)

where Tyource 18 the source temperature, kg is the Boltzmann constant and aeg = 0.55

is the theoretical aperture efficiency for C-BASS. The polarization angle calibration
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was performed by matching the Tau A polarization angle to the fitted value in Wei-
land et al. (2011), accounting for Faraday rotation at 4.76 GHz. Given an intrinsic
polarization angle of y, = 148.5°, and a rotation measure of RM = —24.1rad m™2,

we obtain a calibrator polarization angle of x(4.76 GHz) = 143.0°.

2.4.5 Map-Making

C-BASS uses the destriping mapper, DESCART (Sutton et al., 2010) to produce its
sky maps. This mapper is able to take account of 1/ f noise in the C-BASS TOD. This
is noise that has excess power at low frequencies, compared to white noise which has
equal power at all frequencies. Whilst the C-BASS receiver was designed to minimize
1/f noise, long timescale variations in the background level, atmospheric emission
and ground pick-up mean that 1/f noise is still present in the C-BASS TOD. Left
unaccounted for, the 1/f noise leads to stripes in the C-BASS maps along the scan

directions. DESCART solves for this by modelling the TOD signal, d;, as
dt = ]DtpSp + Fn’ai + wy. (216)

The true sky emission is given by s,, which is projected onto the TOD through the
pointing matrix P,. The 1/f contribution is modelled through a series of offsets a;,
with the matrix F}; defining the timescale over which the offsets vary. The white
noise contribution is given by w;. DESCART solves for the offsets, which are then
subtracted from the TOD. This leaves clean TOD, consisting of the true sky signal

plus white noise, which can then be binned into sky pixels.

2.5 Data Checks: Calibration

In order to check the stability of the C-BASS calibration, I have performed fits for
the flux-densities of bright sources over monthly data-splits. I have also compared
the polarization angles in the C-BASS map, with those in the WMAP K and Planck
30 GHz maps to assess the reliability of the polarization angle calibration. The results

of these data-quality checks are presented here.

2.5.1 Calibration Stability

To check the stability of the C-BASS calibration as a function of time, I fit for
the flux-densities of Tau A, Cas A, Cygnus A and Virgo A in monthly C-BASS

maps i.e., maps produced using one month of data. I extract 90 arcmin Gnomonic
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projections centred on the known source location, which is used at the origin of the
local coordinate system for the fit. To these projections, I fit an axisymmetric model
of the C-BASS beam, along with a local background offset and slope. The model

value at a pixel position x, in the image plane is given by
m(x,) = TB(|x, — xo|) + 8- @, + C, (2.17)

where T is the source temperature, @y = (o, ¥o)T is the offset source position, s =
(84, 5y)T is the background slope parameter and C'is the background offset. Positions
in the image plane are given in units of arcminutes. [ assign the following weakly

informative priors,

Ty ~ Exp(A = 0.1K™), (2.18)
zo ~ N (u = 0arcmin, o = 10 arcmin), (2.19)
Yo ~ N (= 0 arcmin, o = 10 arcmin), (2.20)
Sy ~ N (= 0arcmin, o = 10 arcmin), (2.21)
sy ~ N (= 0arcmin, o = 10 arcmin), (2.22)
C~N(u=0K,o=1K). (2.23)

The priors are chosen to encapsulate the relevant physical scales for each parameter.
I sample the parameter space using the NUTS algorithm (Hoffman and Gelman,
2014), implemented in PYMC3 (Salvatier et al., 2016). I assume pixel temperature
values, T'(x,) follow a Gaussian distribution, T'(x,) ~ N(u = m(x,),0 = o(x,)),
where o(x,) is the standard deviation for the pixel p. Recovered peak temperatures
are converted to flux-density units using Equation 2.15. Note that for some months
there is very little data, which results in the sampler either failing to converge, or
the occurrence of divergences, which are indicative of failures in geometric ergodicity.
Divergences in NUTS are discussed further in Chapter 5. For these months I do not
save the resulting posterior samples.

In addition to recovering individual flux-density measurements in each monthly
map, I also fit for the additional scatter in the recovered flux-densities as a function
of time. To do this, I model the flux-densities for each month as being drawn from

some underlying Gaussian distribution,

She v N (u = f1e,0 = \/ 0 (S5)2 + Zf) : (2.24)
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Figure 2.6: Recovered flux-densities for Cas A, Tau A, Cygnus A and Virgo A in monthly
C-BASS maps. For months with no point marked, there was either no data available for
that source, the sampler failed to converge, or divergences occurred during sampling. The
solid line on each plot denotes the fitted mean flux-density, and the dashed lines are at

e £ X, for each source.

Here, S%¢ is the fitted flux-density of source ¢ for the i*" month, and (S%°) is the
corresponding standard deviation. The parameter 3. is the additional scatter in flux-
densities for the source ¢ as a function of time, and u. is the corresponding mean

flux-density. I assign weakly informative priors as follows,

fte ~ Exp(\ = 1072 Jy 1), (2.25)
e ~ Exp(A=10"2Jy ). (2.26)

These are again chosen to encapsulate the relevant physical scales for the bright
sources under consideration.

In Fig. 2.6 I show the fitted flux-densities for each source in each month, along with
the fitted mean and scatter as a function of time. In Table 2.2 I give the fitted mean
and scatter as a function of time for each source. The mean flux-densities for Cas A

and Tau A are consistent with the calibration models, after accounting for the secular
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decrease. Note that different months are shown for each of the sources. The C-BASS
observing strategy means that for some months there is very little data available for
certain sources. This lack of data results in the poor flux-density constraint for Virgo
A in October 2013. The scatter in source flux-densities over time is at the ~ 1 per
cent level for Cas A, Tau A and Cygnus A, and ~ 3 per cent for Virgo A. This shows
that the calibration of C-BASS is stable over the course of the survey.

Table 2.2: Fitted mean and scatter over time for Cas A, Tau A, Cygnus A and Virgo A.
Mean flux-densities for Cas A and Tau A are consistent with the input calibration models.
The additional scatter over time is at the ~ 1 per cent level for Cas A, Tau A and Cygnus

A, and at the ~ 3 per cent level for Virgo A.

Source Lhe e

Cas A 686.4+1.8Jy 6.6+ 14Jy
Tau A 603.0£1.9Jy 7.7+15Jy
Cygnus A 387.9+0.8Jy 3.4+0.6Jy
Virgo A 73.0+0.6Jy 2.04+0.5Jy

2.5.2 Polarization Angles

In order to check the astronomical polarization angle calibration, I compare the C-
BASS polarization angles with the WMAP K and Planck 30 GHz polarization angles.
Comparisons are all made using maps that are convolved with a 1° FWHM Gaussian.

The polarization angles are calculated as
1
X=3 arctans (U, Q) , (2.27)

where the arctans function is used in order to deal with the quadrant ambiguity
arising from the various possible signs on ) and U. In Fig. 2.7 I show maps of the
polarization angle difference between C-BASS and the WMAP K and Planck 30 GHz
maps, calculated at Healpix Ngp,=32 (Gorski et al., 2005). In regions close to the
Galactic plane, strong Faraday rotation effects contaminate any direct comparisons
between the C-BASS and WMAP/Planck polarization angles. Further, in fainter
regions of the sky the WMAP and Planck maps have very low SNR, resulting in very
noisy polarization angle estimates.

In Fig. 2.8 I show histograms and corresponding KDE plots of the polarization

angle difference, but applying a mask over regions with strong Faraday rotation and
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Figure 2.7: Panel (a): Polarization angle differences between C-BASS and WMAP K-band.
Panel (b): Polarization angle differences between C-BASS and Planck 30 GHz. Close to the
Galactic plane strong Faraday rotation effects contaminate any direct comparisons between
C-BASS and WMAP/ Planck. In fainter regions of the sky, the WMAP and Planck maps
have very low SNR, meaning the corresponding polarization angle estimates are heavily
contaminated by noise. In regions of high SNR, but with low levels of Faraday rotation,
the C-BASS and WMAP/Planck polarization angles show broad agreement.
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Figure 2.8: Histograms and corresponding KDE plots for the polarization angle differences
between C-BASS and the WMAP K/ Planck 30 GHz maps. Angle differences are given here
in degrees. I only include polarization angle differences calculated in regions of the sky with
high SNR and low levels of expected Faraday rotation. The C-BASS and WMAP/ Planck
polarization angles show broad agreement, with the mean polarization angle difference in

both cases consistent with expectations from Faraday rotation.

low SNR. The mask was constructed by applying a conservative +30° cut around the
Galactic plane, and masking any pixels with a greater than 10° rotation in the Faraday
depth map of Oppermann et al. (2012). To quantify the level of agreement between
the C-BASS and WMAP/ Planck polarization angles, I model the polarization angle
differences as being drawn from a Gaussian distribution, and fit for the mean, i, and
standard deviation, o, of these distributions. I assign weakly informative priors as

follows,

{1, ~ VonMises(u = Orad, k = (18/7)*rad™?), (2.28)
oy ~ Exp(\ = 18/mrad ™). (2.29)
The von Mises distribution is assigned to p,, which is the circular analogue of the
Normal distribution. The parameter, & is analogous to 1/02. The results from these

fits are given in Table 2.3. As mentioned previously, using RM data from Taylor et al.

(2009), one can estimate the expected level of Faraday rotation between 4.76 GHz and
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~ 30 GHz, over Galactic latitudes |b] > 30°, to be ~ 3°. The mean angle differences
found in the comparisons with WMAP and Planck maps are consistent with these

expectations.

Table 2.3: Fitted means and standard deviations of the polarization angle difference dis-
tributions. Mean angle differences when comparing C-BASS with WMAP and Planck are

consistent with expectations from Faraday rotation.

Survey Ly Oy

Comparison

C-BASS - Planck  —3.3°+0.4° 9.5°+0.3°
C-BASS - WMAP —1.5°+0.4° 9.6°+0.3°

2.6 Current Status

To date, the C-BASS northern survey has been completed. Detailed analyses of these
data are underway, with some of the first scientific results being presented in Dickinson
et al. (2019); Grumitt et al. (2020b); Cepeda-Arroita et al. (2020). The southern
survey is ongoing and will require approximately two years of observations. In Fig.
2.9 I show the current C-BASS northern sky maps, which have been deconvolved with
the C-BASS beam and smoothed by a 1° FWHM Gaussian. These maps form the
basis of the scientific analyses with C-BASS data presented in this thesis.
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Figure 2.9: The current C-BASS Stokes I, Q, U, P and x maps. These have been decon-
volved with the C-BASS beam, and smoothed with a 1° FWHM Gaussian. These maps
form the basis of scientific analyses with C-BASS northern sky data, and are used for the

analysis in Chapters 3 and 4.
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Chapter 3

Point-Source Detection over the
Northern Sky

In this chapter I present a point-source catalogue obtained from the C-BASS northern
sky maps. Given the large beam of C-BASS, the instrument is not well suited to point-
source detection, with detections of all but the brightest sources (2 1 Jy) being limited
by source confusion and diffuse emission. Nevertheless, for the C-BASS analysis,
performing a dedicated source detection enables important data quality checks on
the C-BASS flux-density scale and pointing accuracy, by comparing the C-BASS
catalogue with pre-existing catalogues around 4.76 GHz. The resulting catalogue will
also allow us to construct an accurate mask of bright source emission in the C-BASS
maps, which will be key to avoid biasing CMB component separation analyses with
C-BASS. Fainter sources can either be subtracted using deeper, pre-existing source
catalogues, or can be treated statistically at the power spectrum level. The work
presented in this chapter had been published in Grumitt et al. (2020b).

Numerous source-detection algorithms have been developed for CMB experiments,
see e.g., Tegmark and de Oliveira-Costa (1998); Vielva et al. (2003); Argiieso et al.
(2009); Bennett et al. (2013); Herranz et al. (2009); Carvalho et al. (2012); Lépez-
Caniego et al. (2006); Gonzalez-Nuevo et al. (2006); Planck Collaboration et al.
(2014b, 2016f). The Planck Catalogue of compact sources (PCCS) used an algo-
rithm based on filtering small patches of sky using the flat-sky second-order Mexican
Hat wavelet as an approximation to a matched filter, followed by threshold detec-
tion based on the signal-to-noise ratio (SNR). Here I employ a similar scheme but
using the equivalent spherical function on the whole sky at once, implemented in
the Healpix pixelization scheme (Gérski et al., 2005). Previous applications of the
first-order SMHW (SMHW1) to searches for non-Gaussianity can be found in Cayén
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et al. (2001); Martinez-Gonzdlez et al. (2002); Curto et al. (2011), and to point-source
detection in Vielva et al. (2003). The details of this implementation are discussed in
Section 3.2.

The outline of this chapter is as follows: in Section 3.1 I summarize pre-existing
source catalogues directly relevant to the C-BASS analysis. In Section 3.2 I dis-
cuss the C-BASS point-source detection algorithm, giving an overview of the method
and the Monte Carlo simulations used to validate the algorithm. In Section 3.3 I
discuss the C-BASS total intensity, northern sky point-source catalogue obtained us-
ing the detection algorithm. I compare the C-BASS catalogue with the GB6 and
PMN catalogues, calculate the differential source counts for the C-BASS sources as a
cross-check on the statistical properties of the bright source population, and present
a source-subtracted C-BASS northern sky map. I summarize the results in Section
3.4. Whilst analysis of polarized sources is important for future CMB polarization
studies, this falls beyond the scope of this work where I focus on the C-BASS total
intensity results. In addition, due to the low level of source polarization, only a small

number of polarized sources (O(10)) are expected to be detected.

3.1 Pre-Existing Source Catalogues

In order to construct an accurate template for masking out the point sources in the
C-BASS maps it is necessary to construct a point-source catalogue based on the C-
BASS observations themselves and any useful information that can be gleaned from
other more sensitive, higher resolution surveys. Relevant to the work in this chapter
are the GB6 (Gregory et al., 1996), PMN (Griffith and Wright, 1993; Wright et al.,
1994a; Griffith et al., 1994, 1995; Wright et al., 1996a), Effelsberg S5 (Kuehr et al.,
1981), RATAN-600 (Mingaliev et al., 2007) and Combined Radio All-Sky Targeted
Eight-GHz Survey (CRATES) (Healey et al., 2007) catalogues. These catalogues
are primarily used in this chapter to make comparisons with the C-BASS catalogue,
for the purposes of data validation and estimation of the statistical properties of
the C-BASS catalogue. However, the catalogues are also useful for characterizing
the faint point-source population in any C-BASS analysis (i.e., sources with flux-
densities below ~ 1Jy), where reliable extraction from the C-BASS map becomes
more challenging. These radio surveys are summarized in Table 3.1.

The GB6 and PMN 4.85 GHz source catalogues cover declinations —87.5° < § <
75°. The GB6 catalogue was produced using the NRAO seven-beam receiver on the
91 m telescope, and the PMN catalogue was produced using the Parkes 64 m radio
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Table 3.1: Summary of radio surveys relevant to the work in this chapter. In stating the

sky coverage, § denotes declination, and b denotes Galactic latitude.

Survey Name Reference Frequency Sky FWHM  Flux Limit Number of
[GHz] Coverage [arcmin] (mJy] Sources
C-BASS Jones et al. (2018) 4.76 —90° < 9 < 90°° 45 ~ 500° 1784
GB6 Gregory et al. (1996) 4.85 0° <0< T75° 3 ~ 18 75,162
PMN Wright et al. (1996b) 4.85 —87.5° < § < 10° 5 ~ 35 50,814
Effelsberg S5 Kuehr et al. (1981) 4.9 70° < § <90° 2.7 ~ 250 476
RATAN-600  Mingaliev et al. (2007) 4.8 (1.1 —21.7)°  75° < 4§ <88  0.67 x 6.6¢ (200)° 504
CRATES Healey et al. (2007) 8.4 (4.85)7 |b] > 10° 2.4 ~ 65 11,131

@ Here I state the sky coverage of the whole C-BASS experiment. The results concerning point sources in this
chapter were obtained for the C-BASS northern intensity data, covering declinations —10° < § < 90°.

b For C-BASS I state the value 3.5(c), where (o) is the mean background fluctuation level found across the map,
applying the CG30 mask described in Section 3.2.5. Details on the estimation of background fluctuation levels are
given in Section 3.2.1.

¢ The RATAN-600 catalogue covers 6 frequencies from 1.1 — 21.7 GHz, including 4.8 GHz.

4T state FHWMpga x FWHM; for RATAN-600, determined from the values given in Kovalev et al. (1999).

¢ The RATAN-600 catalogue was produced by pre-selecting NVSS sources with 51 4gm, > 200 mJy.

f The CRATES catalogue is primarily at 8.4 GHz, with 4.85 GHz sources used as the basis for observations of
8.4 GHz counterparts. The properties of these 4.85 GHz sources are provided with the CRATES catalogue. Further
observations were also made at 4.85 GHz to fill in gaps at 6 > 88°.

telescope. The GBG6 catalogue has a flux-density limit of approximately 18 mJy, whilst
the PMN catalogue has an average flux-density limit of approximately 35 mJy over the
sky. The GB6 and PMN catalogues provide far deeper flux-density coverage than can
be achieved with C-BASS, given the differing resolutions and hence confusion levels.
However, it is still necessary to obtain a dedicated source catalogue, such that an
accurate mask can be constructed for the brightest sources in the C-BASS maps, and
account for source variability between the C-BASS and GB6/PMN surveys. The GB6
and PMN catalogues remain useful in accounting for fainter sources (below ~ 1Jy)
in any C-BASS analysis.

Source catalogues covering the North Celestial Pole (NCP) region are more lim-
ited, with GB6 only covering declinations up to 6 = 75°. The Effelsberg S5 catalogue
covers declinations 6 > 70° and is complete down to 250 mJy (Kuehr et al., 1981).
In comparing to the S5 catalogue there are significant issues from the variability of
flat-spectrum sources, given the large separation in time between the S5 survey and
the C-BASS survey. The RATAN-600 catalogue includes measurements at 4.8 GHz,
and observed 504 sources in the NCP region with NRAO VLA Sky Survey (NVSS)
flux-densities, S14gn, > 200mJy (Mingaliev et al., 2001, 2007). The RATAN-600
catalogue was used in a previous analysis of diffuse emission in the NCP region with
C-BASS in Dickinson et al. (2019). Whilst this catalogue provides deeper flux-density
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coverage than C-BASS, it was produced by pre-selecting sources for study from the
NVSS catalogue at 1.4 GHz (Condon et al., 1998). This can potentially miss rising-
spectrum sources that would otherwise be observable in the C-BASS catalogue. Given
the C-BASS flux-density limit of approximately 500 mJy, we can use the NVSS source
counts and the 1.4 — 4.85 GHz spectral index distributions in Tucci et al. (2011) to
estimate that there may be O(1) sources that could be observed by C-BASS, whilst
being missed by RATAN-600.

It is also worth noting the CRATES catalogue (Healey et al., 2007). CRATES is an
8.4 GHz catalogue of flat-spectrum sources with flux-densities S,—485qH, > 65 mJy,
covering Galactic latitudes |b| > 10°. The catalogue therefore serves as a useful proxy
for flat-spectrum sources in the C-BASS catalogue, which are the primary contributor
to source variability. Healey et al. (2009) made additional observations of the NCP
region at declinations, § > 88° to supplement the original CRATES catalogue. The
purpose of this was to bring the flux-density limit in this region down to the CRATES
flux-density limit of ~ 65 mJy. Three sources were observed in this region at 4.85 GHz,
with flux-densities of 67 mJy, 58 mJy and 142 mJy.

3.2 C-BASS Source Detection Algorithm

To detect sources in a sky map we need to remove obscuring diffuse emission and
noise. For a source with a known point-spread function (PSF) embedded in additive
noise, the matched filter (MF) is the optimal filter that can be applied to maximize
the source SNR. The matched filter is given by

Uyip (k) = [%r/dk kTQ(k)

Bl (3.1)

where k is the Fourier wavenumber, 7(k) is the source profile and P(k) is the power
spectrum of the unfiltered map (Tegmark and de Oliveira-Costa, 1998; Lépez-Caniego
et al., 2006). However, the calculation of the MF involves a number of complications.
Chiefly, we are required to make a noisy estimate of the power spectrum from the
unfiltered map, and integrate it. In constructing the PCCS, it was found that the
Mexican Hat wavelet of the second kind (MHW2) achieved similar performance to the
MF (Lépez-Caniego et al., 2006; Planck Collaboration et al., 2014b, 2016f). For the
present analysis I adapt the Planck algorithm, using instead the SMHW?2 in place
of the flat-space MHW2. The SMHW?2 is straightforward to calculate, enables us
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to filter the entire sky at once, and allows us to optimize a few free parameters as

opposed to a noisy estimate of the full noise power spectrum.

3.2.1 Source Detection Algorithm

1. Input sky map. 2 ;:\:It:l\;vnzi?v::!th Take a 10 by 10 Shlltl:eszrt‘:l:aft:rt::ch 5. Select patch with
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Figure 3.1: Flowchart for the C-BASS point-source detection algorithm. The SMHW?2 filter
is applied over the entire sky, whilst identification of point sources is performed on 10° x 10°

sky regions. Labelled sections refer to the relevant sections in this chapter.

Given a sky map consisting of point sources, diffuse emission and instrumental
noise, we can enhance the SNR of point sources in the map by filtering with the
SMHW?2. I perform this filtering at a range of filter scales R, to maximize the number
of sources extracted from the sky maps. In changing R, we effectively change the
extent to which we down-weight large-scale f-modes that are dominated by diffuse
emission, and also small scales dominated by instrumental noise. This is particularly
important in regions close to the Galactic plane where diffuse emission is very strong,
meaning we must down-weight large-scale modes harshly in order to extract point
sources. Conversely, in regions with little diffuse emission we may wish to be less
extreme in the down-weighting, so that we do not excessively reduce point-source
power and subsequently miss detection of fainter sources in these regions. I discuss
the form of the SMHW?2 filter and the effect of the filter scale, R in detail in Section
3.2.2.

The source-detection algorithm is described below, with the algorithm flowchart

displayed in Fig. 3.1.
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1. T begin by taking the spherical harmonic transform of the sky map, obtaining
the ay, coefficients. I filter the map by weighting the ay, coefficients with the
SMHW?2 window function, w?Q (R) at some user-defined set of filter scales, i.e.

I calculate
fum (R) = agnwy” (R). (3.2)

The effect of this filtering is demonstrated in Fig. 3.2. Here I display a sim-
ulated sky consisting of diffuse emission, instrumental noise and point-sources,
along with the corresponding filtered sky with scale R = 1. The details of the
production of this simulated sky are discussed in Section 3.2.3. The filter has

removed diffuse emission and enhanced the SNR of point-sources across the sky.

2. I break the maps, filtered at a range of R scales, into overlapping 10° x 10°
patches on the sky and calculate the corresponding SNR patches. I used R
scales in the range 0.5 < R < 2 in steps of 0.1. 10° x 10° patches are used such
that the flat-sky approximation holds, whilst capturing a sufficient sample of
the sky background in the given sky region. The overlap is set to 5° in each
direction to ensure that accurate positions are obtained for sources detected
close to patch edges. The typical background fluctuation level in each patch is
estimated by calculating the median absolute deviation (MAD) of the pixels,
defined as

MAD(X) = median <\XZ- - median(X)y) , (3.3)

where X is the set of pixel values. The MAD estimator avoids sensitivity to
outlier pixel values, which can be caused by the presence of point sources in
the sky patch. For each sky patch, I then select the filter scale that gives the
maximal SNR for the patch i.e., the maximum of the peak pixel value divided
by the MAD estimate.

3. Having selected the value of R that maximizes the patch SNR, an initial SNR
threshold is applied to identify potential point sources. This produces a patch
of tagged and un-tagged pixels. The tagging is performed on these small, over-
lapping regions so as to account for the varying background properties across

the sky i.e., variations in residual diffuse emission and noise.

4. Given a patch of tagged pixels, I then use the OPENCV Simple Blob Detec-

tor! to obtain candidate source locations. The Simple Blob Detector algorithm

'https://opencv.org/
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works by applying thresholds to an input image and determining the centres
of connected pixels, or sources. In addition to providing candidate source lo-
cations, this software allows for the filtering of detected sources according to
their geometric properties i.e., their size, circularity, convexity and inertia ratio.
For this analysis, I set a maximum size limit to help prevent spurious tagging
of bright diffuse emission and disallow detections within one beam FWHM of
one another. A detailed discussion of OPENCV and the Simple Blob Detector
algorithm can be found in Kaehler and Bradski (2016). The processing steps
involved in studying these small sky regions are illustrated in Fig. 3.3, where I

display the typical output from the steps outlined above.

. Given a set of tentative source locations obtained over the whole sky, I now
repeat steps (ii) and (iii), this time centering on the tentative source locations.
In order to refine the source position estimates, I fit an elliptical Gaussian to
a 20 arcmin square region of the wavelet-filtered map, centred on the candidate
location obtained using OPENCV. Whilst the C-BASS beam and SMHW?2 filter
are not Gaussian, by fitting to this small region around the candidate location
the Gaussian fit is sufficient to make the necessary refinements (~ 1 arcmin) to

the estimates of source peak locations.

. A final SNR thresholding is applied by dividing the peak value of the source in
the wavelet filtered map by the MAD value of pixels in an annulus centred on
the source, with an inner radius of 3° and outer radius of 5°. The annulus was
chosen to avoid the first sidelobe in the C-BASS beam, whilst capturing the
local background fluctuations around the source. Sources are retained if this
new SNR estimate exceeds some final threshold. The SMHW?2 is constructed so
as to preserve point-source amplitudes after being convolved with the C-BASS
beam. As with the PCCS, I convert these wavelet amplitudes to Jy and report
them as auxiliary flux-density (DETFLUX) estimates alongside the primary
estimates from aperture photometry described in step (vii). The DETFLUX

estimates are discussed in more detail in Section 3.3.5.

. The detected source locations from all of the filtered maps are combined and
duplicates are removed from the catalogue, defined here to be any reported
source positions that are within the beam FWHM of one another. For matched

sources in the internal catalogue, I retain the source with the greatest detected
SNR.
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8. Given the final set of source positions, source flux densities are obtained. As
its primary method, the detection pipeline obtains flux densities using aperture
photometry, adapting the method from Planck Collaboration et al. (2014b);
Génova-Santos et al. (2015a). 1 begin by converting the map to Jy pix ', and
define an aperture of radius 45 arcmin around the source position, and an an-
nulus of inner radius 3° and outer radius 5°. The observed flux density is then
given by

Sobs = £ (Sap = SannNap) , (3.4)
where k =~ 1.34 is a correction applied to account for flux density missing
from the aperture (calculated using Equation A.2 of Planck Collaboration et al.
(2014b)), Sap is the total flux density in the aperture, Sy, is the median flux
density in the annulus and V,, is the number of pixels in the aperture. The

uncertainty was estimated as

Nap
\/N_;p’
where MAD(Xn,) is the MAD value of pixels in the annulus and NV, is the
number of beams inside the aperture. The scaling applied to MAD(X ) is to

U(Sobs> ~ MAD(Xann>

(3.5)

account for correlations in the background emission, approximately on the scale
of the beam (Génova-Santos et al., 2015a).

3.2.2 The Spherical Mexican Hat Wavelet

The Mexican Hat Wavelet (MHW) of the n*® kind is defined in R? (i.e., 2-dimensional

Euclidean space) as

kah
U, (x,R) xc A" Cexp | — , 3.6
(@.R) ( (o7 (3:6)
where @ is the position in the image plane, A is the usual Euclidean Laplacian
operator, o is the Gaussian standard deviation and R is the filter scale factor. In
changing R, I change the characteristic scale of the filter and hence the extent to
which the filter down-weights large- and small-scale modes. Applying this expression

we can arrive at the real-space expression for the MHW2, given by

U, (x, R) (8 (Rg)4 -8 (RO’)2 |CB’2 + ‘m|4> exp (—2 (|z’0f> . (3.7)
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Figure 3.2: Panel (a): An input 4.76 GHz simulated sky consisting of diffuse emission
generated using PYSM, instrumental noise generated from a white-noise realization of the
C-BASS sensitivity map, along with a point-source population generated by scattering the
GB6, PMN and RATAN-600 sources at random positions over the sky. Alongside this
I display a zoom-in centred on the location of the black cross on the map. Panel (b):
The same map after being convolved with the SMHW2 filter, removing the large-scale
diffuse emission and leaving behind a sky filled with point-sources. As before, I display
a zoom-in of the filtered map alongside it, centred on the location of the black cross.
It is important to note here that not all the diffuse emission has been removed at low
Galactic latitudes. In regions of strong diffuse emission the source detection algorithm is
significantly less reliable. In panel (b) it is apparent that the SMHW?2 filtering can still
leave a significant sidelobe around bright sources. This can lead to issues with the spurious
tagging of sidelobe peaks as sources, particularly for the brightest sources on the sky (i.e.,
those with flux-densities 2 20 Jy). This problem can largely be side-stepped by allowing for
larger exclusion zones around the brightest sources, as was the case with catalogues such

as GB6, removing apparent detections in the first sidelobe of such sources.
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Figure 3.3: Images illustrating the pixel tagging process. Panel (a): An example 10° x 10°
SNR patch, produced by dividing the filtered sky patch by the MAD value of the pixels in
the patch. Panel (b): The corresponding patch of tagged and un-tagged pixels. The tagged
pixels are shown in black and un-tagged pixels in white, obtained by applying a threshold of
SNR > 3.5 to the SNR patch. Panel (c): An image showing the detected source locations
for this patch. I use the OPENCYV blob detection algorithm to obtain preliminary source
locations from this patch. These blob detections are shown as black circles centred on
the preliminary source locations. These position estimates are then refined by fitting an
elliptical Gaussian at the preliminary source locations, with the source positions obtained

from the Gaussian fit shown as blue crosses.
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Figure 3.4: Panel (a): The real space SMHW2, shown for ¢ corresponding to a Gaussian
beam FWHM of 45 arcmin and R € {0.85,0.95,1.05,1.15}. Panel (b): The corresponding
window functions. The SMHW2 down-weights large and small scales, with changes in
R determining the severity with which large- and small-scale emission is down-weighted.
Whilst the C-BASS beam is not exactly Gaussian, by constructing the SMHW2 around
these ~ 45arcmin scales I am able to filter the large- and small-scale modes around the

characteristic beam scale, enhancing point-source SNR in the C-BASS sky map.

In applying the MHW2 to producing the PCCS, the sky was divided up into
small patches, taking flat projections and applying the MHW?2 filter to them. SNR
thresholding was applied to the filtered patches to extract the source positions and
flux densities were then obtained for the detected sources. Here I employ the SMHW2,
the equivalent of the MHW2 on S? (i.e., the 2-sphere). For a given filter scale, this
allows us to filter the entire sky at once, avoiding complications from edge effects
when filtering small patches. In dealing with the C-BASS northern sky map, I apply
a 5° cos? apodization at the edge of the mask to mitigate edge effects.

In Antoine and Vandergheynst (1999) it was shown the continuous wavelet trans-
form on S? can be constructed by taking the inverse sterecographic projection of the
R? wavelet. This preserves the properties of the R? wavelet and tends to the MHW
in the small-angle limit. The spherical MHW of the n'" kind is given by

1 0
0 o — 0, (x| =2tan -, R ) | 3.8
2 o oirga (=20 35)
where 6 is the colatitude on the sphere (Caydn et al., 2001; Martinez-Gonzélez et al.,
2002; Vielva et al., 2003; Curto et al., 2011).
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Substituting the MHW2 into Equation 3.8, we obtain the SMHW?2 as follows,

9 0 2tan? ¢
v (6, R) {(30)4 — 4(Ro)* tan? 5+ 2 tan* 5} exp <_&> (39)

(Ro)”

10
COS 3

I normalize the SMHW2 such that point-source amplitudes are preserved after con-

volving with the filter, i.e.
/ B6)0Y) (6, R)sinf dodg = 1, (3.10)
SQ

where B(0) is the C-BASS beam profile.
Given the analytic expression for the SMHW?2 in real space on S?, we can obtain
the SMHW?2 window function by calculating the Legendre transform of Equation 3.9,

l1.e.

ws” (R) = 27r/0 \IJES?Q) (0, R) Py (cos8)sinf db, (3.11)

where P, (cosf) is the Legendre polynomial of order ¢.

In Fig. 3.4 I show the real-space SMHW2 and the corresponding window func-
tion, calculated for a ¢ value corresponding to a beam FWHM of 45 arcmin, with
R = {0.85,0.95,1.05,1.15}. The primary effect of the SMHW2 is to down-weight
large scales, which are dominated by diffuse emission. In addition to this, the SMHW2
also acts to down-weight small-scale modes where instrumental noise becomes more
significant. In the context of C-BASS, large-scale modes correspond to modes signif-
icantly larger than the C-BASS beam scale, ¢ < 100, whilst small scales correspond
to scales significantly smaller than the C-BASS beam scale, ¢ 2 1000.

3.2.3 Algorithm Validation

I validate the algorithm by running it over 100 simulations of the sky at 4.76 GHz.
The simulated skies were generated at NSIDE=1024, where the number of equal-area
pixels on the Healpix sphere is given by 12 x NSIDE? This high resolution was
chosen to allow for the precise determination of source positions, with the C-BASS
PSF over-sampled by a factor of ~ 6.5. The simulated sky includes diffuse emission
generated by PYSM (Thorne et al., 2017) and an instrumental noise realization.
The noise maps were created by generating white noise realizations of the C-BASS
sensitivity map (including a simulated sensitivity map for the southern sky survey).
This accounts for the declination dependent effects from the C-BASS scan strategy.

To the diffuse emission simulation I add a source population to the sky. These are
created by taking source flux-densities from the PMN, GB6 and RATAN-600 surveys,
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summarized in Section 3.1, and scattering the sources at random positions over the

sky. Carrying this out 100 times I obtain 100 Monte Carlo simulations of the sky,

consisting of the same diffuse background but with their source populations randomly

distributed on the sky, and differing noise realizations. The simulated skies are all
convolved with the C-BASS beam.

The diffuse components included in the simulation are as follows:

1.

Synchrotron Radiation This was generated using the de-sourced, re-processed
408 MHz Haslam map (Haslam et al., 1981, 1982; Remazeilles et al., 2015) as
a template and scaled using a spectral index and curvature model. This corre-
sponds to the PYSM s3 model. Pixel values at 4.76 GHz range from ~ 3000 pK
to ~ 8 x 10° uK, with a mean value of ~ 2 x 10* uK.

. Free-Free Emission This was generated with the analytic model used in

the Planck COMMANDER analysis (Draine, 2011; Planck Collaboration et al.,
2016d,c). The free-free template is scaled using a single power law. This corre-
sponds to the PYSM {1 model. Pixel values at 4.76 GHz range from ~ 90 uK
to ~ 5 x 10 uK, with a mean value of ~ 1 x 10* uK.

Anomalous Microwave Emission (AME) This was generated by mod-
elling emission caused by the sum of two spinning-dust populations. Scaling
is calculated using the SPDUST2 code (Ali-Haimoud et al., 2009). This corre-
sponds to the PYSM a2 model. Pixel values at 4.76 GHz range from ~ 5 uK to
~ 2 x 10° uK, with a mean value of ~ 300 uK.

Thermal Dust This was generated by modelling the emission caused by a
single modified black-body. This corresponds to the PYSM d1 model (Planck
Collaboration et al., 2016d). Pixel values at 4.76 GHz range from ~ 0.01 uK to
~ 20 uK, with a mean value of ~ 0.4 uK.

CMB A lensed CMB realization was generated using the Taylens code (Naess
and Louis, 2013), as part of PYSM. This corresponds to the PYSM c1 model.
Pixel values at 4.76 GHz range from ~ —300 K to ~ 300 4K, with a mean
value of ~ 0.1 uK.

One of the simulated skies is shown in Fig. 3.2, along with the same sky filtered

at the scale R = 1. After running the detection algorithm over the simulated skies, I

compare the detected sources to the input catalogues. From this, I calculate the com-

pleteness level of the detected sources, averaged over all the simulations, and record
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the absolute deviations of detected sources from their true positions. The validation
results are presented in Section 3.2.5, produced using an initial SNR threshold of 2.5
to tag candidate sources on the first loop over the sky, and retaining sources with
SNR > 3.5 after looping over the candidate sources. These thresholds were selected
to give a catalogue reliability = 90 per cent away from the Galactic plane. Cata-
logue completeness is defined as the fraction of sources above some given flux-density
threshold that are recovered by the detection algorithm. The catalogue reliability is
defined as the fraction of detected sources that are matched with at least one source

in the input catalogue.

3.2.4 Catalogue Matching: Likelihood Ratios

The simulated validation catalogue is produced for a map with a resolution of 45 arcmin.
Given the large number of sources used for the input catalogue, source confusion
presents a major complication when trying to match the output catalogues with the
corresponding input catalogues from the Monte Carlo simulations. One source in the
output catalogue will likely result from the blending of multiple sources in the input
catalogue, and a single source in the input catalogue can contribute to more than
one source in the output catalogue. Identical issues are faced when matching the real
C-BASS catalogue to higher resolution catalogues such as GB6 and PMN.

To find matches between the input and output catalogues I use a likelihood ratio
test. This has previously been used in matching point-source catalogues, particularly
when when dealing with problems from source confusion, see e.g., Richter (1975);
Sutherland and Saunders (1992); Mann et al. (1997); Rutledge et al. (2001); Chapin
et al. (2011); Wang et al. (2014). The core of the likelihood ratio test consists in
calculating the ratio of the probability of a match between an input and output source
being a true match, to the probability of the match being a random association. The

likelihood ratio is given by

(AS)I0)
2mrp(ASy)’

where ¢(ASy) is the probability density function (PDF) for a given match being a

LR (3.12)

true match as a function of the fractional flux-density difference (ASy) between the
two sources, f(r) is the PDF for true matches as a function of the absolute positional
offset between the two sources, r, 27r is the PDF for random associations assuming
a uniform spatial distribution of background sources, and p(ASy) is the PDF for

random associations as a function of ASj.
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For the positional PDF of true input-output matches, I assume a Gaussian dis-
tribution over the orthogonal coordinate axes. This gives a Rayleigh distribution for

the PDF of true input-output matches as a function of r, i.e.

f&)z;;eM)<—%§>, (3.13)

where o, is a scaling parameter. The position and flux-density PDF parameters are
estimated by comparing the output source catalogues with the corresponding input
catalogues. I determine f(r) by searching for all candidate matches between the input
and output catalogues, using a search radius of 45 arcmin around each output source.
Candidate matches will consist of true input-output matches, along with random
background associations. Assuming a uniform distribution of background sources the
random matches will follow a linear trend, scaling with the sky area enclosed by a
given search radius. I therefore fit f(r) plus a linear trend to the histogram of absolute
positional offsets for candidate input-output matches to obtain an estimate for f(r).

To determine p(ASy), I generate randomized output catalogues by randomly dis-
tributing the output sources over the sky and randomizing source flux-densities from
the parent distribution. I then find candidate matches between input and randomized
output sources, again using a 45 arcmin search radius. I bin the candidate matches
as a function of the fractional flux-density difference between the input and output

source, given by

Sout - Si
S; ’
where Sy is the output source flux-density and Sy, is the input source flux-density.

AS; = (3.14)

This gives the number of random matches as a function of AS; and hence the estimate
for p(ASf). To obtain ¢(ASy) I carry out the same procedure as above, but with
the real output catalogues. I then estimate ¢(ASy) from the difference between the
number of matches as a function of AS; for the real output catalogues, and the
number of matches for the randomized catalogues, i.e. from the excess matches in
the real output catalogues.

To determine the LR threshold for declaring a true match I calculate the likelihood
ratios for all candidate matches between the input catalogues and randomized output
catalogues. From this I determine the value of LR at which 10 per cent of the
randomized matches would be declared to be true matches. This value is used as
the LR threshold at which I declare a true input-output match. This is sufficient for
limiting the fraction of false identifications with the input catalogue, whilst ensuring

a low probability of spuriously identifying a source in the output catalogue as a true
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positive, given that matched output sources are typically associated with multiple

input sources.

3.2.5 Validation: Completeness, Position and Flux-Density

Accuracy

Figure 3.5: The combined Galactic plane and C-BASS north mask used in the analysis
of the C-BASS catalogue, shown here in Galactic coordinates. The mask was constructed
to cover the brightest 30 per cent of the northern sky observed by C-BASS, along with
declinations § < —10°. I refer to this mask as the CG30 mask.

I obtain the catalogue completeness and reliability, averaged over the Monte Carlo
simulations, to confirm the ability of the source-detection algorithm to accurately
recover an input source population. Throughout this analysis I use the mask shown
in Fig. 3.5 to characterize the catalogue properties away from the brightest diffuse
emission along the Galactic plane. The mask was produced by smoothing the C-
BASS northern sky map with a 10° FWHM Gaussian and masking the brightest 30
per cent of pixels. I also mask all pixels corresponding to declinations below § < —10°
in order to match the sky area observed by the C-BASS northern-sky survey. I refer
to this mask as the CG30 mask.

In determining the positional offset of the detected source from the input sources,
I compare its position to the photocentre of matched input sources. That is, after
matching to input sources using the LR test, I determine the weighted average position
of the matched input sources, using the input source flux-densities as weights. In

comparing flux densities, I sum flux densities for matched sources, weighted according
to the C-BASS beam profile, i.e.

S;natch — Z SZEZ)B(|:BZ _ wdet|)7 (315)
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where the sum runs over matched sources in the input catalogues, S s the flux-
density of the i*® matched source, @; is the position of the i matched source, T4e; is
the position of the detected source and B is the C-BASS beam profile.

& &>

c— Jy
(a) Flux densfcy at 90 per cent completeness (b) Reliability map

Figure 3.6: Panel (a): A map of estimates of the flux density at 90 per cent completeness
obtained from the validation simulations. Panel (b): A map of the corresponding reliability
estimates. These estimates were calculated on Ngpp=4 sky pixels and are shown in Galactic
coordinates. In pixels outside of the CG30 mask, the mean 90 per cent completeness level is
approximately 500 mJy, with a corresponding mean reliability of 91 per cent. It can be seen
that along the Galactic plane the completeness and reliability is significantly lower than at
higher Galactic latitudes. This is to be expected given the stronger diffuse emission that
is not removed by the SMHW?2 filter. Grey pixels in the completeness map denote pixels

where 90 per cent completeness was never achieved.

In Fig. 3.6 I show maps of the completeness and reliability in NSIDE=4 pixels
obtained for the validation simulations. We can see that close to the Galactic plane
the 90 per cent completeness level is higher and the catalogue reliability is lower.
Indeed, for some pixels along the Galactic plane 90 per cent completeness is never
achieved. This is to be expected given the increased intensity of diffuse emission
along the Galactic plane, which is not fully removed by the SMHW?2 filter. Over
regions of the sky left un-masked by the CG30 mask, I find a mean 90 per cent
catalogue completeness of approximately 500 mJy, corresponding to a mean reliability
of approximately 91 per cent.

From the validation simulations, I calculate the absolute positional offsets of de-
tected sources from input sources. These cluster below 10arcmin, peaking around
zero, with a median offset of approximately 3.2 arcmin. Considering the 45 arcmin
resolution of the maps used for source detection, and the significant confusion ef-

fects at this resolution, this is a small positional uncertainty for the source detection
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Figure 3.7: The histogram of measured absolute positional offsets, A, applying the CG30
mask, obtained for the 100 Monte Carlo simulations. Over the un-masked sky area I find the
detected positional offsets peak around zero, with a median positional offset of 3.2 arcmin,
which is small compared to the C-BASS beam of 45 arcmin. Larger positional offsets are
predominantly driven by fainter detected sources below ~ 1Jy, and sources detected in
regions of brighter diffuse emission. The positional offsets of all the detected sources will
consist of samples drawn from Rayleigh distributions, which results in a tail of larger offsets

beyond the peak of the positional offset distribution.

algorithm. Indeed, for the purposes of producing a point-source mask for the ac-
tual C-BASS maps this is more than sufficient. The histogram of absolute positional
offsets of detected sources, applying the CG30 mask, is shown in Fig. 3.7.

I am able to recover input source flux-densities using aperture photometry, with
a plot of detected flux densities against input flux densities being shown in Fig. 3.8.
At flux densities greater than 1Jy the majority of sources have flux-densities evenly
distributed around the input flux-densities. A small fraction of sources (~ 1 per cent)
are recovered with flux densities biased slightly high. This is to be expected given
the 45 arcmin resolution of the C-BASS map, meaning that multiple input sources
are associated with each detected source. The detected source flux density will be
the summed contribution from associated input sources. Moreover, bright sources or
extended emission in the vicinity of a source can spuriously contribute to the aperture
photometry estimate of the source flux-density. For flux densities below ~ 1Jy the
scatter in the recovered flux densities reaches the same magnitude as the input flux

densities. This is again to be expected; below this level sources become much more
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Figure 3.8: Panel (a): The detected source flux densities against the matched input flux
densities for the 100 Monte Carlo simulations, applying the CG30 mask. Panel (b): The
histogram of the detected flux densities, divided by the matched input flux-densities, for
sources with input flux densities greater than 10Jy. We can see that for the majority
of bright sources reliable flux-density estimates are obtained. However, there is a small
population (~ 1 per cent) of detected sources with spuriously high flux-density estimates,

due to confusion effects.

heavily obscured by surrounding diffuse emission, making photometric estimates of
source flux densities significantly more unreliable. I note here that there is a small
cluster of recovered sources at these low flux densities where the recovered flux-density
estimate is spuriously high. This is largely caused by sources being detected in regions
of bright diffuse and highly extended emission, leading to errors in the background
estimation.

The validation simulations have demonstrated that the source-detection algorithm
is able to accurately recover an underlying source population, from a sky consisting

of additional contributions from diffuse emission and noise.

3.3 The C-BASS Northern Sky Catalogue

In this section I present the C-BASS northern sky, total-intensity point-source cat-
alogue. The point-source catalogue was produced using data obtained from only
night-time observations, combining data from the various elevation scans of the tele-
scope. I perform the source detection on the C-BASS map at NSIDE=1024, using

the high NSIDE map to allow for the precise determination of source positions.
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The outline of this section is as follows: In Section 3.3.1 [ summarize the catalogue
properties. In Section 3.3.2 I present the results from matching the C-BASS and
GB6/PMN catalogues, using these results to quantify the C-BASS pointing accuracy
and flux-density scale. In Section 3.3.3 I comment briefly on sources detected with
outlier flux densities. In Section 3.3.4 I show the differential source counts for the
C-BASS catalogue, and compare these to the GB6 source counts. In Section 3.3.5 1
provide a sample of the first ten sources in the C-BASS catalogue. In Section 3.3.6
I show a source-subtracted C-BASS northern sky map, produced by the C-BASS
collaboration using the source catalogue discussed here. Additional comparisons were
also made with sources in the RATAN-600 catalogue over the NCP region. In this
case I recovered the expected bright source population, with the results obtained
through these comparisons being consistent with those from comparisons with the
GB6/PMN catalogues.

3.3.1 Northern Sky Intensity Catalogue: Summary

For the default catalogue, I use the same SNR thresholds as for the validation anal-
ysis i.e., SNR > 2.5 to tag candidate sources on the first loop over the sky, followed
by a final detection threshold of SNR > 3.5 after looping over the candidate source
locations. To estimate the completeness and reliability of the real C-BASS catalogue
I compare it with the GB6 and PMN catalogues over their areas of common sky
coverage. Applying the CG30 mask I obtain a catalogue reliability of approximately
98 per cent, with a corresponding 90 per cent completeness level of 610 mJy, recov-
ering the expected bright source population at 4.76 GHz. This analysis has resulted
in a catalogue of 1784 point sources covering declinations 6 > —10°. The catalogue
properties are summarized in Table 3.2, with the detected source positions for the
catalogue shown in Fig. 3.9.

Beam sidelobes around bright sources can result in spurious source detections.
The first sidelobe of the C-BASS beam has some azimuthal structure, and has a peak
value of about 2.5 percent of the peak. Given the source detection level of around
500 mJy, we might therefore expect spurious detections from sources brighter than
20 Jy. Outside of the CG30 mask there are three sources brighter than this, 3C273,
Virgo A and 3C279. Therefore I do not allow any additional detections within a
2° radius exclusion zone centred on these three sources. In constructing a point-
source mask, any issues from spurious sidelobe detections can be further mitigated

by masking larger areas around the brightest sources. An example of these spurious
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Table 3.2: C-BASS northern sky, total intensity catalogue summary. Position uncertainties

include intrinsic uncertainty from the source detection algorithm, along with additional

errors from the C-BASS pointing.

C-BASS Catalogue

Frequency ......... 4.76 GHz
Map FWHM....... 45 arcmin
SNR threshold ... .. 3.5
Reliability:

Full Sky......... 90%

CG30 mask...... 98%
Number of sources:

Full sky ......... 1784

CG30 mask. ..... 1136
90% completeness:

Full sky ......... 1000 mJy

CG30 mask. ..... 610 mJy
N (S > Sgo)*:

Full sky ......... 793

CG30 mask. ..... 560
Position uncertainty

Full sky ......... 3.4 arcmin

CG30 mask. . .... 3.2 arcmin

@ This is the number of sources with mea-
sured flux densities greater than the 90

per cent completeness level.

82



Figure 3.9: Positions of the northern sky, total intensity C-BASS point sources. Positions

shown here are in Galactic coordinates. Filled purple circles denote sources that fall within
the CG30 mask. Open cyan circles denote sources outside the mask, with a fitted flux
density below the 90 per cent completeness level (610 mJy), and red crosses denote the

remaining sources with fitted flux densities above the 90 per cent completeness level.

detections can be seen in Fig. 3.10, where I show a gnomonic projection centred on
Virgo A, highlighting the spurious detections in the first sidelobe.

It is important to note here that, whilst there are a large number of source de-
tections in the Galactic plane, the reliability of these detections is significantly lower
than at higher Galactic latitudes. This is a result of the more intense diffuse emission
obscuring point sources, and highly extended emission in the Galaxy being spuriously
identified as point sources. For the purposes of scientific analyses with other CMB
datasets this is not a major issue, given that much of the Galactic plane will be

masked out for such analyses.

3.3.2 GB6 and PMN Matching

To cross-check the C-BASS pointing and flux-density scale, I match the C-BASS
point sources with the GB6 and PMN catalogues over their areas of common sky
coverage. Similar to the situation encountered during the algorithm validation, the
GB6 and PMN catalogues were produced using much higher resolution surveys than
C-BASS. What may appear as a single source in the C-BASS maps could actually

correspond to multiple sources in the GB6 and PMN catalogues. Matches between
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Figure 3.10: 10° x 10° gnomonic projection centred on Virgo A, showing spurious detections
in the first sidelobe as white circles. Note that there is a real source located in the upper
right of the Virgo A sidelobe. However, the tagging of the sidelobe means that the source
position is not well determined. These detections are removed from the C-BASS catalogue,

with a 2° radius exclusion zone being applied around 3C273, Virgo A and 3C279.

catalogues are found using the likelihood ratio technique described in Section 3.2.4. In
characterizing the C-BASS pointing, I compare the C-BASS source position with the
photocentre (defined in Section 3.2.4) of matched GB6 or PMN sources. In comparing
flux densities I use the beam-weighted sum of matched source flux densities, defined
in Equation 3.15.

In Fig. 3.11 I show a histogram of the absolute positional offsets of C-BASS
sources from matched GB6 and PMN sources, using the photocentres of matched
GB6 and PMN sources for comparison. The offsets are clustered below 10 arcmin,
peaking at approximately 3.2arcmin?. This is broadly consistent with the results
obtained from the Monte Carlo simulations during the algorithm validation, with
additional errors arising here from the C-BASS pointing. The distributions of the
absolute positional offsets when matching to GB6 and PMN are also very similar.
Larger positional offsets (2 10 arcmin) are predominantly driven by fainter detected
sources below ~ 1Jy and sources detected in regions of brighter diffuse emission.

Further, given a set of positional offsets drawn from Rayleigh distributions, we expect

2Note that the position of the mode for a Rayleigh distribution is given by o,..
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Figure 3.11: A histogram of the absolute positional offsets of C-BASS sources from matched
GB6 and PMN sources, applying the CG30 mask, plotted alongside the corresponding his-
togram of positional offsets obtained from the validation simulations. I use the photocen-
tres of matched GB6 and PMN sources for comparison. Positional offsets cluster below
10 arcmin, peaking at approximately 3.2 arcmin. We can see that the peak of the positional
offsets obtained for the real C-BASS catalogue peak ~ 3 arcmin higher than for the valida-
tion simulations. This is to be expected given there is some level of pointing jitter in the
real C-BASS data that is not present in the simulations. Similar distributions are obtained
for the absolute positional offsets with both GB6 and PMN.

the overall distribution to have a tail of larger offsets. The typical positional offsets
determined using the C-BASS source catalogue are consistent with the estimated
pointing accuracy of C-BASS (Pearson et al. (in prep.)).

I also plot the C-BASS source flux densities (determined using aperture photom-
etry, as described in Section 3.2.1) against matched GB6 and PMN flux-densities,
using Equation 3.15 to determine the matched flux density, in Fig. 3.12. When
no Galactic plane mask is applied, we can see that most sources cluster around the
line SGB6 = GOBASS (GPMN _ GOBASS) " However, there is an apparent population of
sources where the measured C-BASS flux density is significantly greater than the GB6
and PMN flux densities. This is largely due to the tagging of sources in the Galactic
plane, where the additional presence of very bright, highly extended emission leads
to spuriously high flux-density estimates. On applying a Galactic plane mask this
population is largely removed. The small number of remaining sources where C-BASS

significantly over-estimates the flux densities may either result from sources sitting in
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regions of bright diffuse emission (e.g., within a Galactic spur) or from heavily con-
fused sources in the C-BASS map. Most of the sources recovered with spuriously high
densities are associated with low flux density GB6/PMN sources (< 1Jy). At these
flux densities the uncertainties in the flux-density estimates from aperture photom-
etry become much larger, consistent with the larger spread in C-BASS to matched

flux densities at these levels.

Wy : 102

L0 t 1 I ) 4 10!

1071 ISt T 102 w 1
OB (507 SEBOPIN (507

(a) No Galactic mask (b) No Galactic mask

Figure 3.12: Flux-flux plots for matched C-BASS and GB6/PMN sources. Panel (a): A plot
of C-BASS flux densities against matched GB6/PMN flux densities, with no mask applied.
Panel (b): A plot of C-BASS flux densities against matched GB6/PMN flux densities,

applying the CG30 mask. I also plot the line SSBG/PMN = SSBASS

in each panel. When
I do not apply a Galactic mask, we can see a group of C-BASS sources with significantly
higher flux densities than the matched GB6/PMN sources. This can be attributed to
errors in fitting for source flux densities in the Galactic plane, particularly in the presence
of bright highly extended emission. On applying a Galactic plane mask, this group of
sources is largely removed and sources cluster more tightly around 5’9 B6/PMN _ S’EBASS.
Apparent outliers in the flux-density matches can largely be attributed to variable, flat-
spectrum sources. Removing any C-BASS sources identified with flat-spectrum sources
in the CRATES catalogue, I remove most of these outliers and improve the consistency

between the C-BASS and GB6/PMN flux-density scales.

To quantify the agreement between the C-BASS and GB6/PMN flux-density scales
I fit a straight line between the C-BASS and GB6/PMN flux-densities,

GOBASS _ ,gGB6/PMN (3.16)

where b is the gradient between the C-BASS and GB6/PMN flux-densities. I use a

measurement-error model (Stan Development Team, 2012) to account for uncertain-
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ties in the C-BASS and GB6/PMN flux densities by treating the true value of the
GB6/PMN flux densities as missing data and marginalising over the distribution of
the measured GB6/PMN flux densities. I also model the outlier distribution following
Hogg et al. (2010). For this I assume outliers are drawn from some broad Gaussian
distribution specified by a mean p.,; and standard deviation o,.. The probability of
a data point being an outlier is given by the parameter P,,. The full set of priors is

given by,

b~ N(p=1,0=0.25), (3.17)
ftous ~ N (p = 1Jy, 0 =100 Jy), (3.18)
Oout ~ Exp(A = 1/100Jy71), (3.19)
P,y ~ Unif (0, 1), (3.20)
S%* ~ Unif (0, 00), (3.21)
SyPIPMNS N (= S 0 = aé}B6/PMN)7 (3.22)

where S% is the true GB6/PMN flux-density for the i*® matched source, G BO/PMN.A
is the measured GB6/PMN flux-density for the ¢ matched source and o,y /PMN 1S
the corresponding uncertainty on the GB6/PMN flux density. The likelihood is given
by

i=1 2 (O-éBASS)2 2 (‘76BASS)2

Pout (SSBAS&i - ,uout)2

+ - exp { — : 5 , (3.23)
\/27r (02 + (0ipass)?) 2 <U§ut + (0lpass) )

where Nj is the number of matched sources, SSBASS is the measured C-BASS flux
density for the i'" matched source and oigagg is the corresponding uncertainty on
the C-BASS flux density. I sample the model using NUTS algorithm, implemented
in PyYMC3.

Pauliny-Toth et al. (1978) showed that approximately 60 per cent of strong radio
sources at 5 GHz have flat spectra and are therefore likely to be compact, variable
sources. Indeed, previous studies of the GB6 source catalogue have found a significant
fraction of variable sources (Gregory et al., 1996, 1998, 2001). As such, we would
expect roughly half of the objects in 5 GHz surveys to be varying, meaning any

comparison of individual flux densities observed at different epochs will be strongly
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contaminated by source variability. A comparison of flux densities over the whole
catalogue remains useful for checking the overall consistency of the different flux
density scales. However, the CRATES catalogue can be used as a proxy for potentially
variable sources in the C-BASS catalogue. By matching the C-BASS catalogue with
the corresponding 4.85 GHz sources in the CRATES catalogue, I can remove any
C-BASS sources that are positively identified with a CRATES source. In doing so,
I obtain a set of CRATES cleaned C-BASS sources with the flat-spectrum sources
largely removed, thereby removing the primary source of variability in the C-BASS
catalogue. I perform the flux-density fits described above to both the full C-BASS
catalogue matches, along with the CRATES cleaned matches. The latter set of fits
will be better able to detect any instrumental or systematic errors in the C-BASS
flux-density scale.

The results for the fitted values of b, comparing to GB6 and PMN, are given
in Table 3.3. There is a slight discrepancy between the C-BASS flux-density scale
and the PMN scale, when applying the CG30 mask and comparing to the full C-
BASS catalogue. This discrepancy is removed when I remove any C-BASS sources
associated with a CRATES source. A similar pattern is found for GB6, with the
overall consistency being improved by cleaning the C-BASS catalogue of flat-spectrum
sources. The C-BASS flux-density scale is consistent with the GB6 flux-density scale
to within ~ 4 per cent. For the PMN catalogue there are fewer sources for comparison
in the common overlap region, meaning consistency is only established in this case
to ~ 10 per cent. Differences between the flux-density scales will result from a
number of complicating factors e.g., the fact that C-BASS sources are really blends
of multiple GB6/PMN sources, differing pass-bands, source variability etc. Given
this, and the additional ~ 5 per cent uncertainties in the GB6 and PMN flux-density
scales, I conclude that the C-BASS flux-density scale is consistent with these flux-
density scales. I do not include any colour corrections in this analysis. The choice
of 4.76 GHz as the effective frequency for C-BASS minimizes colour corrections to
~ 0.02 per cent for a source with spectral index a = 0, and ~ 0.2 per cent for a
source with spectral index a = —1. Colour corrections for GB6/PMN are negligible
due to their narrow bandwidths. Corrections due to flux-density extrapolation are
also not considered here. For a typical source with spectral index, a ~ —0.83 the
correction is ~ 1.5 per cent. Given the uncertainties on the fitted values of b, and the
additional uncertainties on the GB6/PMN flux-density scales, any such corrections

to the flux-densities of C-BASS sources will not affect the overall conclusions here.
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Table 3.3: Fitted values for b, the ratio between C-BASS and GB6 or PMN flux densities.
Values were obtained by comparing flux densities between C-BASS and GB6/PMN;, for
both the full C-BASS catalogue and the CRATES-cleaned C-BASS catalogue. Alongside
the mean fitted value for b, I also give the 95 per cent highest posterior density (HPD)
interval. By removing sources from the C-BASS catalogue associated with sources in the
CRATES catalogue, the overall consistency between the C-BASS and GB6/PMN catalogues

is improved.

Comparison CRATES (b) 95% HPD[|
Catalogue Cleaned?

GB6 no mask No 0.95 {0.90,1.00}
GB6 CG30 mask  No 0.95 {0.91,1.00}
GB6 no mask Yes 1.04 {0.97,1.11}
GB6 CG30 mask  Yes 1.04 {0.97,1.11}
PMN no mask No 0.95 {0.89,1.00}
PMN CG30 mask No 0.82 {0.68,0.97}
PMN no mask Yes 1.05 {0.93,1.17}
PMN CG30 mask Yes 1.01  {0.83,1.19}

3.3.3 Outlier Sources

In Fig. 3.12 we can see a number of C-BASS sources showing discrepancies with the
GB6/PMN flux densities. As noted above, we expect a significant number of sources
with flux densities S, 2 1Jy to be flat-spectrum, variable sources. If T extract
sources from the CRATES cleaned C-BASS catalogue that show a > 3¢ discrepancy
between the C-BASS and GB6/PMN flux densities, I find six sources. Gnomonic
projections, centred on the source locations, are shown in Fig. 3.13. In four of the
cases the matched GB6 flux densities are below 500Jy. In this situation aperture
photometry struggles to yield reliable point estimates of individual flux densities,
contaminating any direct comparison between the C-BASS and GB6 flux densities.
Considering instead the DETFLUX estimates, which are more reliable at these faint
flux-densities, two of these sources remain as apparent outliers. In both these cases
the detections are within a large extended structure, which can lead to poor peak
identification and hence inaccurate DETFLUX estimates. The remaining two outlier
sources were identified as QSO B0723-007 and Virgo A.

QSO B0723-007 was identified as having a discrepant flux density when matching
to PMN (5.5 + 1.2Jy in C-BASS compared to 1.4 + 0.07Jy in PMN). This is a
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Figure 3.13: 10° x 10° gnomonic projections, centred on the locations of sources in the
C-BASS catalogue, identified as having a > 30 discrepancy with the matched GB6/PMN
flux-densities. Panel labels give the right ascension and declination values for the projection
centres. The sources in panels in (a) to (d) were matched with GB6 sources with flux-
densities below 500 mJy. The sources are also surrounded by bright diffuse and extended
features, which act to make any aperture photometry estimates unreliable. Considering
instead the DETFLUX estimates, only the sources in panels (b) and (d) are left as apparent
outliers. However, both of these sources are located in large, extended structures. This can
lead to poor peak identification and hence inaccurate DETFLUX estimates. The source in
panel (e) is QSO B0723-007 and the source in panel (f) is Virgo A.
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BL Lacertae object, which are known to exhibit a high degree of radio variability
(Nieppola et al., 2009), but is not present in the CRATES catalogue. However, it is
important to note that CRATES pre-selected flat-spectrum sources for observation
on the basis of spectral indices calculated between the PMN and NVSS catalogues
in this region. Given the large separation in time between these surveys and the
CRATES survey, we may expect CRATES to miss a small number of variable sources
(Healey et al., 2007). The final extracted source was Virgo A. Whilst Virgo A is not
a variable source, it does possess a large-scale halo that is not picked up the small
beam of GB6, leading to the seemingly anomalously high value of the C-BASS flux
density (75.9 £ 1.08 Jy). The C-BASS flux density for Virgo A is consistent with
measurements in Baars et al. (1977). Whilst a detailed study of source variability
between the C-BASS and GB6/PMN catalogues is beyond the scope of this work,
flat-spectrum sources do account for a significant degree of variability between these
catalogues. This is evidenced by the improved consistency between the flux-density
scales when matching to the CRATES-cleaned C-BASS catalogue, and the lack of
a large additional population of variable sources beyond those identified with the
CRATES catalogue.

3.3.4 Differential Source Counts

Differential source counts have been intensively studied (e.g., de Zotti et al. (2005,
2010); AMI Consortium et al. (2011)), having important implications for models of
cosmic evolution (e.g., Condon (1984); Massardi et al. (2010)) and provided the first
clear evidence against the Steady State Theory (Pooley and Ryle, 1968). However,
for the purposes of the C-BASS analysis I calculate the differential source counts to
provide an additional cross-check on the statistical properties of the bright-source
population.

Given that I am concerned with the statistical properties of the catalogue at flux-
densities 2 1 Jy, where the C-BASS catalogue is largely complete, I do not consider
correction factors to the differential source counts necessary at lower flux densities
to account for catalogue incompleteness and varying flux-density sensitivities across
the sky. Sources are put into flux-density bins of width 0.2 dex. For each bin, source
counts are determined against a central flux density, S., taken to be the geometric
mean of flux densities in that bin. The differential source counts for a given flux-

density bin are then given by

dN N,
- =n
dS ls=s.

(3.24)



where N, is the number of sources in the flux-density bin, A is the sky area to which
the catalogue corresponds and AS is the bin width. FErrors are estimated for the
source counts by assuming Poisson statistics. I only consider bins with N. > 9 so as
to maintain a SNR > 3 for each bin.

1071 100
Sy [Jy]

Figure 3.14: Differential source counts calculated using the C-BASS northern sky total
intensity catalogue, plotted alongside the differential source counts for the GB6 catalogue.
Source counts were calculated applying the CG30 mask. I also plot as grey-scale the fitted
model source counts corresponding to 100 posterior samples for the C-BASS and GB6
models. At low flux densities we note the expected lower levels in the C-BASS counts. This
arises due to the low 45 arcmin resolution of the C-BASS map, leading to confusion issues
for faint sources, along with fainter sources being more heavily obscured by diffuse emission
and noise. Good agreement between GB6 and C-BASS differential source counts is found

over intermediate flux densities (~ 1Jy — 10 Jy).

The differential source counts for C-BASS north in total intensity, applying the
CG30 mask, are plotted in Fig. 3.14, alongside the differential source counts for the
GB6 catalogue. At low flux densities the C-BASS source counts are significantly lower.
This is to be expected from the increasing catalogue incompleteness at these lower
flux densities. From the differential source counts, we can again see the catalogue
completeness level from the point at which the source count turn-off ends and there
is good agreement between the C-BASS and GB6 counts, i.e., over flux densities
~ 1Jy — 10Jy. It is worth noting here that the errors obtained from assuming
Poisson statistics are likely to be somewhat optimistic. These do not account for

false positives in the source catalogues, or errors arising from incorrect binning due
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to uncertain flux-density estimates. These effects become significant at lower flux
densities, where the proportion of false positives in the catalogue is greater, and the
photometry methods become less reliable.

I fit the usual power-law model to the differential source counts, given by

‘3_]; _n(S) = A (%)7 | (3.25)

where A is the count amplitude, Sy = 3Jy is the reference flux density and 7 is
the power-law index for the source counts. For C-BASS sources 1 fit to data points
above the turn-off in the source counts (S, > 750 Jy), where the C-BASS catalogue
is largely complete. For GB6, I fit to data points over the range S, > 0.07 Jy, so as
to avoid the need to apply correction factors to faint GB6 source counts. I assume a

Gaussian likelihood, and assign the following weakly informative priors to A and ~,

A~N(p=5]y st o=5]y st 1), (3.26)
v~ N(p=-250=2.0). (3.27)
To account for additional errors in the source counts arising from flux-density uncer-

tainties and incorrect binning of sources, I marginalize over an additional percentage

eITOr, foxtra, SO that the total error on the source count in the i** bin is given by

i = \/ 0B isson T (foxran(5))”, (3.28)

where opeisson 18 the Poisson error on the source count. I assign an exponential prior
to the additional percentage error, foxira ~ Exp(A = 20), corresponding to a char-
acteristic value of 5 per cent. I again explore the parameter space using the NUTS
algorithm.

The results from these power-law fits are summarized in Table 3.4. When I do not
apply any Galactic plane mask to the C-BASS catalogue, I fit a noticeably shallower
spectral index than for the GB6 catalogue. This is driven by the excess in bright
source counts in the C-BASS catalogue. This is caused by the spurious tagging of
bright, highly-extended emission in the Galactic plane, and the over-estimation of
source flux-densities in the presence of such emission, as discussed in Section 3.3.2.
On applying the CG30 mask, the 95 per cent HPD intervals for C-BASS and GB6
overlap as expected. This can be seen in Fig. 3.14, where I plot 100 posterior samples
from the C-BASS and GB6 models. When I apply the CG30 mask the posterior
samples for the C-BASS and GB6 models overlap significantly.
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Table 3.4: Fitted power-law parameters for the differential source counts. I quote the mean

parameter values and the 95 per cent HPD intervals. Results are given for cases where 1

apply no mask and the CG30 mask.

Catalogue (AYy 95% HPDIA]  (v) 95% HPD []

C-BASS:
No mask 510 {4.43,5.73} —1.52 {-1.60, —1.43}
CG30 mask 473 {3.75,5.70) —2.37 {-2.59, —2.16}
GBé6:
No mask 3.15  {2.75,3.53} —2.41 {-2.46, —2.36}
CG30 mask 455 {3.80,5.28) —245 {-2.52, —2.30}

3.3.5 C-BASS Catalogue Sample

In Table 3.5 T list the first ten sources from the C-BASS catalogue. Columns are

arranged as,

1.

2.

10.

11.

SourcelD: The C-BASS source identifier.

RA [deg]: The source right ascension in degrees (J2000 coordinates).
DEC [deg]: The source declination in degrees (J2000 coordinates).

[ [deg]: The source Galactic longitude in degrees.

b [deg]: The source Galactic latitude in degrees.

APERFLUX [Jy]: The source flux-density estimate obtained using aperture
photometry.

APERFLUX Error [Jy]: The uncertainty on the APERFLUX estimate.

DETFLUX [Jy]: The source flux-density estimate obtained from the peak
value in the SMHW2 filtered map.

DETFLUX Error [Jy]: The uncertainty on the DETFLUX estimate.
SNR: The SNR at which the source was detected in the SMHW?2 filtered map.

Matched: Column denoting which catalogues contained at least one match to
the C-BASS source. G denotes at least one GB6 match, P denotes at least one
PMN match, R denotes at least one RATAN-600 match, and C denotes a source
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that was matched with a CRATES source during the GB6/PMN comparisons.
A 0 means the source was not matched with any source in these ancillary cata-
logues. For example, GP means the source was matched with at least one GB6

source, and at least one PMN source.

12. CG30: This column denotes whether the source was within the CG30 mask.
A 1 means the source was inside the CG30 mask (i.e., it was masked for the

analysis) and a 0 means the source was outside the CG30 mask.

10?

[Jy]

DETFLUX

1075 100 10! 102
APERFLUX  [Jy]

Figure 3.15: DETFLUX estimates plotted against APERFLUX estimates for the C-BASS
catalogue. 1 also plot the line DETFLUX=APERFLUX. For low flux-densities (S, <
500mJy) the DETFLUX estimates plateau at the C-BASS flux-density limit. At these low
flux-densities the DETFLUX results typically provide more reliable flux-density estimates
than the APERFLUX results. This is because sources are detected at greater SNR in
the filtered maps, from which the DETFUX peak estimates are extracted. However, for
brighter sources the DETFLUX estimation procedure can miss extended emission, resulting
in the flux-density estimates being systematically biased low compared to the APERFLUX

estimates. This is more noticeable for sources close to the Galactic plane.

In Fig. 3.15 I show the DETFLUX estimates plotted against the APERFLUX
estimates for the C-BASS catalogue. The DETFLUX estimates typically provide

more reliable flux-density estimates for fainter sources (S, <

~Y

500mJy) and sources
in regions of brighter diffuse emission. In this situation, the APERFLUX estimates
become heavily contaminated by the diffuse background. This can result in the

uncertainties on the APERFLUX estimates becoming larger than the APERFLUX

95



estimates, or yield negative APERFLUX estimates due to excessive background sub-
traction. However, for brighter sources (S, 2 1Jy) the DETFLUX estimates are
systematically biased low compared to the APERFLUX estimates. This is due to
the DETFLUX estimates missing any extended emission from brighter sources. It is
for this reason that I use the APERFLUX estimates in the analysis of the catalogue
flux-density scales, with the DETFLUX results provided as auxiliary flux-density esti-
mates. These issues have previously been noted in Planck Collaboration et al. (2014b,
2016f), when constructing the PCCS.

I do not provide results from any Gaussian or PSF fitting at source locations in
the C-BASS map. Due to the low resolution of the C-BASS survey, and the bright
diffuse emission over much of the sky, fitting for detailed PSF parameters is a major
challenge for all but the brightest sources (S, 2 10 Jy).

~Y
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3.3.6 Source-Subtracted Map

The C-BASS collaboration has used the northern sky point-source catalogue to pro-
duce a source-subtracted map of the northern sky. In Fig. 3.16 I show the C-
BASS northern sky map, deconvolved with the C-BASS beam and smoothed by a 1°
FWHM Gaussian, along with the corresponding source-subtracted map. The source-
subtracted map was produced by taking sources outside the CG30 mask from the
C-BASS catalogue with flux-densities greater than 1Jy, and producing a map of
the corresponding source emission. To avoid effects from the map pixelization, point
sources were populated in the sky map in harmonic space, before transforming to pixel
space. For sources fainter than 1Jy, sources from the GB6, PMN and RATAN-600
catalogues were used. A 1° radius exclusion zone was applied around each C-BASS
source, to avoid double counting sources in these external catalogues.

Comparing the two maps in Fig. 3.16, we can see that the bright point-source
emission in the C-BASS map has been removed. In using this source-subtracted map
for scientific analyses it is important to quantify the level of residual source contam-
ination, and properly propagate uncertainties in the source flux-densities through to
the source-subtracted map. This can be a significant challenge. To avoid such prob-
lems, a more conservative approach can be taken where the bright source population

is masked out in any analyses of diffuse emission.

3.4 Conclusions

I have produced a total-intensity catalogue of point sources at 4.76 GHz, covering
declinations 6 > 10°. The catalogue was produced by filtering the whole sky using
the SMHW?2 filter, and contains 1784 sources. The C-BASS source catalogue has been
characterized through comparisons with the pre-existing GB6 and PMN catalogues
over their common declination ranges. Through these direct comparisons I estimate
the C-BASS catalogue to have a 90 per cent completeness level of approximately
610 mJy, when applying the CG30 mask, with a corresponding reliability of 98 per
cent.

Comparisons with the GB6 and PMN catalogues also enabled a number of checks
to be performed on the C-BASS data. I find a modal absolute positional offset of
approximately 3.2 arcmin when applying the CG30 mask. The low level of additional
scatter in positional offsets, compared to the positional uncertainty found during

the algorithm validation, acts to confirm the accuracy of the C-BASS pointing. I
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Figure 3.16: Panel (a): C-BASS northern sky map without source-subtraction. Panel (b):
Source-subtracted C-BASS northern sky map. The source-subtracted map was produced
by subtracting any sources from the C-BASS catalogue that were outside the CG30 mask,
and had flux-densities greater than 1Jy. For fainter sources, the external GB6, PMN
and RATAN-600 catalogues were used, applying a 1° radius exclusion zone around any C-
BASS sources to avoid double counting bright sources. We can see that the bright source
population is largely removed through the process, although care must taken in evaluating

the level of source residuals and in propagating uncertainties to the source-subtracted map.
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compare the flux densities of C-BASS sources with matched sources in the GB6 and
PMN catalogues, using a measurement error model to fit for the gradient between
the flux-density scales. Applying the CG30 mask, and cleaning flat-spectrum sources
from C-BASS using the CRATES catalogue, I find a mean gradient of (b) = 1.04
comparing to GB6, and (b)) = 1.01 comparing to PMN. In both cases the 95 per
cent HPD intervals overlap with 1. Considering the ~ 5 per cent uncertainties in
the GB6 and PMN flux-density scales, I conclude that the C-BASS and GB6/PMN

flux-density scales are consistent.

Figure 3.17: An example point-source mask derived from the C-BASS total intensity north-
ern sky catalogue, shown here in Galactic coordinates with masked pixels in black. In this
example I mask all sources with flux densities greater than 610 mJy i.e., above the 90 per
cent completeness level obtained when applying the CG30 mask. I mask all pixels within
45 arcmin of a source, and further mask all pixels within 2° of sources with flux-densities
greater than 10 Jy. In addition to masking around sources, I have masked all pixels within
the CG30 mask.

As an additional check on the statistical properties of the bright source popula-
tion in the C-BASS catalogue, I calculate the differential source counts for C-BASS
sources. Applying the CG30 mask, the C-BASS source counts show excellent agree-

ment with the GB6 source counts over the flux-density range ~ 1 — 10 Jy. At lower
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flux densities, there is the expected turn-off in the C-BASS source counts as the
C-BASS catalogue becomes more incomplete.

For the purposes of C-BASS analysis, the primary products of this work are the
checks on the data quality, and a mask of the bright point-source emission in the
C-BASS map. In Fig. 3.17 I show an example point-source mask derived from the
C-BASS catalogue, combined with the CG30 mask. Here I mask all sources with flux
densities greater than 610 mJy. I mask all pixels within 45 arcmin of a source, and
further mask all pixels within 2° of sources brighter than 10 Jy. Such masks will be

essential for the scientific analysis of C-BASS intensity data.
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Chapter 4

The Power Spectra of Polarized

Galactic Synchrotron Emission

The detection of primordial B-mode polarization is one of the major outstanding
goals of CMB cosmology (BICEP2/Keck Collaboration et al., 2015; Kamionkowski
and Kovetz, 2016). At its core, this is a problem of accurate component separation.
That is, the extraction of the primordial CMB signal from foreground contaminated
observations of the radio and microwave sky (Betoule et al., 2009; Dunkley et al.,
2009; Errard et al., 2016). Given current constraints on r, along with the targeted
sensitivities of next-generation CMB experiments of o(r) ~ 1073, future CMB ex-
periments must be able to detect a CMB signal that is sub-dominant to foreground
emission across all of the sky, at all frequencies (Kogut et al., 2011; Abazajian et al.,
2016; Remagzeilles et al., 2018; Sekimoto et al., 2018; BICEP2 Collaboration et al.,
2018; Simons Observatory Collaboration et al., 2019; Shandera et al., 2019; Hanany
et al., 2019). This presents two primary challenges. First we must be sure to have
data of a sufficient sensitivity with enough frequency coverage to be able to model
foreground spectral energy distributions (SEDs) with sufficient accuracy and preci-
sion. Secondly, our component separation algorithms must be able to extract the
CMB signal from our noisy observations with high fidelity, and properly quantify the
uncertainty in the extracted signal.

In this chapter I focus on the first challenge, presenting the first analysis of the
power spectrum of polarized Galactic synchrotron emission in the C-BASS northern
sky maps, along with cross-correlations with low-frequency WMAP and Planck data.
A similar analysis has previously been conducted over the southern sky using S-PASS

data in Krachmalnicoff et al. (2018), where it was found that the minimum level of
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synchrotron contamination to CMB B-modes corresponds to an equivalent tensor-to-
scalar ratio of r ~ 1073. Indeed, I obtain similar results here using C-BASS data over
the northern sky. Due to the observing frequency of 2.3 GHz, S-PASS is more severely
affected by de-polarization effects due to Faraday rotation. This limits the utility of
cross-correlations between the S-PASS and WMAP/Planck maps. In the analysis of
auto- and cross-spectra between S-PASS and WMAP/ Planck, cross-spectra between
S-PASS and WMAP/Planck were not included in any model fits for this reason. C-
BASS observes the sky at an effective frequency of 4.76 GHz, where Faraday rotation
is expected to be limited to ~ 3° away from the Galactic plane (compared to ~ 14° at
2.3 GHz) (Taylor et al., 2009; Jones et al., 2018), enabling a more direct joint analysis
with WMAP and Planck data.

The outline of this chapter is as follows: In Section 4.1 I describe the power
spectrum estimation and the corresponding validation simulations. In Section 4.2 1
present the polarized C-BASS auto-spectra. In Section 4.3 I present a cross-spectrum
based analysis with WMAP and Planck data, using it to place constraints on the
polarized synchrotron SED. In Section 4.4 I use the C-BASS B-mode auto-spectrum,
and constraints on the synchrotron spectral index, to estimate the level of synchrotron
contamination to primordial B-modes. I summarize and discuss the results in Section
4.5.

4.1 Power Spectrum Estimation

For the analysis in this chapter I evaluate the auto- and cross-spectra of the C-
BASS (Jones et al., 2018), WMAP K (23 GHz), WMAP Ka (33 GHz) (Bennett et al.,
2013), and Planck 30 GHz maps (central frequency 28.4 GHz) (Planck Collaboration
et al., 2016b). Note that for C-BASS I used the map that had been deconvolved
with the instrumental beam and smoothed with a 1° FWHM Gaussian. I use the
NAMASTER library (Alonso et al., 2019), which calculates pseudo-C} estimators for
the power spectra. NAMASTER is able to account for the effects of applying a sky
mask, and perform F and B-mode purification. B-mode purification is particularly
important when the strength of the B-mode signal is much weaker than the E-mode
signal. In this situation, E-to-B leakage (contamination from E-modes in the B-mode
component) can lead to the variance of the B-mode estimator becoming dominated
by the cosmic variance of the EF-mode estimator. This is not a major concern here,
given that we are not in the regime where B < E. However, this is an important issue

when studying CMB B-modes, as is the case in Chapter 5. Throughout this chapter
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I use the WMAP p06, p04 and p02 polarized emission masks!. These mask 26.5,
33.1 and 44.6 per cent of the sky respectively. In Fig. 4.1 I show these sky masks,
combined with the C-BASS northern sky mask covering declinations § < —13°.

(a) p06 mask (b) p04 mask

(¢) p02 mask

Figure 4.1: The WMAP p06, p04 and p02 polarized emission masks, combined with the
C-BASS northern sky mask covering declinations § < —13°. Without the addition of the
C-BASS mask, the WMAP masks cover 26.5, 33.1 and 44.6 per cent of the sky respectively.
Masked regions are shown in black.

4.1.1 Pseudo-C; Estimators

Estimating the power spectrum of a masked sky map is a non-trivial exercise, given
the couplings between /-modes caused by the mask. A variety of methods have been
developed for the calculation of power spectra in this regime, including maximum-
likelihood (Bond et al., 1998; Wandelt and Hansen, 2003) and quadratic estimators
(Tegmark, 1997; Tegmark and de Oliveira-Costa, 2001; Vanneste et al., 2018), which
are able to estimate the power spectra with almost no loss of information. Bayesian
methods have also been employed in Eriksen et al. (2004, 2008); Taylor et al. (2008);
Alsing et al. (2016). With these Bayesian methods the samples generated from the
joint posterior of the map-based CMB amplitudes and the CMB power spectra, act to

The WMAP sky masks can be found at https://lambda.gsfc.nasa.gov/product/map/dr2/

masks_info.cfm
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constrain the behaviour of the CMB fields inside the mask. In doing so, the Bayesian
methods do not have to treat the masked region as being totally removed. This can be
particularly effective at low multipoles, where the cut-sky would otherwise yield poor
power spectrum estimates. Moreover, careful use of priors and hierarchical model
structures can yield improved power spectrum estimates when we are far from any
asymptotic regime (as is the case at low multipoles). However, all of these methods
become prohibitively expensive at high multipoles, scaling as O(5 ) in the worst
case (where £, is the maximum multipole).

As an alternative, pseudo-C} estimators have been developed to preserve the
O(63.,.) scaling of the spherical harmonic transform (Wandelt et al., 1998; Szapudi
et al., 2001; Hivon et al., 2002; Chon et al., 2004; Tristram et al., 2005b; Alonso
et al., 2019). This comes at the cost of a loss of optimality, which is particularly
apparent at low multipoles. However, at large scales the methods mentioned above
become tractable. In this section I summarize the core results relevant to pseudo-Cy
estimation and B-mode purification, using much of the same notation as Alonso et al.
(2019).

Given the focus here on F and B-mode power spectra, I will restrict this discussion

~ ~ ~

to spin-2 fields. For spin-2 fields a(6) and b(f), observed with sky masks v(#) and

w(f), we can define a’ = v(0)a(f) and b* = w(@)b(h). Note that the spin-2 field
consists of a Q and U component, such that a(f) = (Q,, U,)" and b(6) = (Qy, U,)T.
A power spectrum estimate can then be constructed as
1 ¢
- v oW\ v w \T
C(a’,b") = ST > ap, (b)), (4.1)

m=—/

where ay,, and by, are the spherical harmonic coefficients of the a and b fields.
However, this does not account for the couplings of /-modes induced by the mask.
The necessary correction for this can be calculated analytically, giving the unbiased

pseudo-Cy estimator, (Cy(ay,,, b)), as
vec [(C’g(azm,b}“m»] = ZM%,vec [C’el(a”, bw)] : (4.2)
g/

where the vectorization operator is defined as

CEE CEB T
vec (O}E OEBB> - (cgE,CfB,CfE,CfB) , (4.3)
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The mode-coupling matrix for spin-2 fields is given by

My, 0 0 M,
0 M, —-M, 0
M7, = “ N , (4.4)
0 =My My 0
M, 0 0 M,
where
L 2041 . AN (—1)eHe+
M, = 20" +1)C (v, : 4.5
o A ;( +1)C(v,w) 9 _9 0 B (4.5)

When calculating the £ and B-mode power spectra on a cut-sky we encounter an
additional complication due to E-to-B leakage. To correct for this NAMASTER can
perform additional B-mode purification. For some spin-2 field P, observed on the sky

~

with some mask or weight function w(6), the standard pseudo B-mode is given by
Bun = [ d0w(0)(DIY,) (o) (16)

where DP is a differential operator whose action on a scalar field generates a B-mode,
and s denotes the spin (in this case, s = 2). An explicit definition can be found in
Appendix A of Alonso et al. (2019), with further detail on pseudo-C, estimation in
Wandelt et al. (1998); Szapudi et al. (2001); Hivon et al. (2002); Chon et al. (2004);
Tristram et al. (2005b). Whilst the term DY}, is a B-mode, w(0)(DBY;,)! is not
a B-mode. In the presence of a sky mask, the action of Equation 4.6 does not project
a spin-2 field to a pure B-mode. The pure B component of the field can instead be
defined as

BY, = [ (D2 (w(@)Yi,)P(). (47)

B-mode purification then proceeds by evaluating the pure B component of the input
field as defined in Equation 4.7, and then calculating the pseudo-C), estimator using
the purified field in Equation 4.1. It is important to note that calculating the purified
field requires the first and second derivatives of the mask, meaning care must be taken
to ensure the mask is differentiable up to second order. This is typically achieved by

applying a differentiable apodization at the edge of the mask.

4.1.2 Bandpower Estimation

Given the C-BASS, WMAP K, WMAP Ka and Planck 30 GHz maps, there are a

total of ten separate auto- and cross-spectra to evaluate. For auto-spectra I calculate
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the cross-spectra between data-splits from the survey of interest, in order to avoid

complications from noise bias. The data-splits used for each survey map are as follows:

1. C-BASS: The C-BASS auto-spectra are evaluated using even/odd data-splits.
These were produced by listing the TOD fits files alphanumerically by start
date (using the format DD-MMM-YYYY:hh:mm:ss) and separating them into
odd and even splits, according to whether the files were listed on odd or even
lines. Systematic differences in these data-splits would have to manifest on

approximately 100 minute timescales, and as a function of the alphanumerical
ordering. No such effects have been identified for the C-BASS data (Jew, 2017).

2. WMAP K: The WMAP K data-split was produced by co-adding the single year
1 to 4 maps for one part of the split, and the year 5 to 9 maps to produce the
other part.

3. WMAP Ka: The WMAP Ka data-split was produced in the same manner as
for the WMAP K map.

4. Planck 30 GHz: The Planck 30 GHz data-split was produced by co-adding the
year 1 and 3 maps for one part of the split, and the year 2 and 4 maps for the
other part.

Cross-spectra between maps at different frequencies were evaluated using the full-
mission maps at each frequency. Bandpowers were estimated using a bin width of
Al = 20 (excluding the first bin which contains multipoles 2 < ¢ < 20), with the
central bandpower estimates for each auto- and cross-spectrum being evaluated using
the maps outlined above. It is important to note that the Galactic synchrotron emis-
sion is not Gaussian. However, the study of its two-point correlations is motivated in
part by the fact that CMB foregrounds are often treated using a Gaussian assumption
at the power spectrum level, and is complementary to map-based analyses (Planck
Collaboration et al., 2016a).

Bandpower covariances were estimated using a set of 100 signal plus noise simula-
tions. To account for synchrotron cosmic variance I generated Gaussian realizations
of fiducial synchrotron power spectra, given by

XX _ g <8£0) . XX ={EE, BB}, (4.8)

where AX¥ is the reference synchrotron amplitude at ¢ = 80 and a* is the syn-

chrotron spectral tilt. The fiducial synchrotron parameter values at 4.76 GHz are
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given in Table 4.1. Reference amplitudes were chosen to correspond with the ap-
proximate amplitude scales at 4.76 GHz, and XX values were selected based on the
typical values found in Krachmalnicoff et al. (2018). After generating a synchrotron
realization at 4.76 GHz, the simulated emission was scaled to the corresponding fre-
quencies for the maps under consideration, using a spatially uniform spectral index
of Bs = —3. A complete analysis would account for parameter dependencies in the
covariance matrix. However, in Kodwani et al. (2019) it was found that ignoring this
parameter dependence has negligible impact on subsequent inferences with two-point
correlation functions (provided the fiducial model is close to the recovered model, as
is the case for the model considered here). In addition to the synchrotron simula-
tions, I also add CMB realizations from power spectra generated using CAMB (Lewis
et al., 2000), with cosmological parameters set to the fiducial ACDM values in Planck
Collaboration et al. (2016e).

Table 4.1: Fiducial synchrotron model parameters at 4.76 GHz, used for each sky mask. For
each Monte Carlo simulation, a Gaussian realization of the power spectra was generated,
which was then extrapolated to the map frequencies under consideration using a spatially

uniform spectral index of s = —3.

Mask AEFE ABB afE oBB
p06 8x 1071 K? 2x107MK? -3.15 -3.15
p04 8x 1071 K2 2x107MK? -3.15 -3.15

p02  6x1071MK? 2x 1071 K? -3.15 -3.15

Noise realisations were generated for each Monte Carlo simulation by obtaining
white noise realisations of the variance maps at the relevant frequencies (and for the
relevant data-split in the case of auto-spectrum calculations). Whilst the maps do
display large-scale features in the noise power spectrum, particularly for C-BASS
where atmospheric and ground-based signals generate large-scale correlated noise,
this is primarily a concern at lower multipoles. Indeed, in Jew (2017) jackknife tests
found that the C-BASS noise power spectrum is white noise dominated over multi-
poles ¢ = 40. In Section 4.1.3, the validation simulations show that reliable results
are only obtained for the power spectra in this analysis over ¢ 2> 40. Given this,
the white noise simulations are sufficient for estimating the bandpower covariances
at higher multipoles. Bandpower covariances were obtained by evaluating the power

spectra over these 100 signal plus noise simulations, and calculating their correspond-
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ing covariances. Error bars shown in power spectrum plots are given by the standard

deviation of the bandpowers evaluated over the Monte Carlo simulations.

4.1.3 Validation Simulations

In order to validate the performance of the power spectrum estimator, and assess
the multipoles over which reliable inferences can be conducted, I calculated the auto-
and cross-spectra of a set of Gaussian simulations. These were generated to allow
for a direct comparison between the recovered power spectra and the input power
spectra. The E and B power spectra at 4.76 GHz used for the simulations are given
by the fiducial p06 synchrotron model, specified in Table 4.1. Moreover, I included
zero synchrotron FB correlation in the input power spectra.

Given these power spectra, Gaussian realisations were then generated at 4.76 GHz
and extrapolated to the relevant WMAP and Planck frequencies using a global spec-
tral index of B; = —3. To each frequency map I added a white noise realization
generated using the corresponding variance maps for each frequency channel and
data-split as appropriate. Each map was smoothed using the instrumental beam for
each frequency channel. Note that for the Monte Carlo simulations here, synchrotron
realizations were generated as described above, but in this case the fiducial model
corresponds exactly with the underlying input model.

In Fig. 4.2 I show the recovered E and B auto-spectra at 4.76 GHz, alongside
the corresponding input power spectra. For ¢ < 40 the sky mask results in the
pseudo-CYy estimator becoming sub-optimal, resulting in higher variance bandpower
estimates. This is particularly noticeable for the B-mode power spectra, where poor
point estimates are obtained at low multipoles. It is also worth noting that the real C-
BASS data contains significant contributions from correlated noise at these angular
scales. For ¢ 2 120, the noise and 1° beam correction results in higher variance
bandpower estimates, and poor individual point estimates for the bandpowers. To
check the ability of the power spectrum estimation to recover the input model, I fit
Equation 4.8 to the F and B auto-spectra, over the range 40 < ¢ < 120. I assign

weakly informative priors as follows,

AXY ~ Exp(\ = 101K ™?), (4.9)
X ~ N(p=-3,0=1). (4.10)

The scale factor for the amplitude prior was chosen to encapsulate the relevant syn-

chrotron amplitude scales at ¢ = 80, whilst helping to regularize inferences by down-
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Figure 4.2: Recovered E and B auto-spectra at 4.76 GHz for the validation simulations,
plotted alongside the corresponding input models. Below ¢ < 40 the sky mask results in poor
point estimates for the bandpowers, with the pseudo-Cy estimator being sub-optimal at these
scales. For ¢ > 160, the beam correction and noise results in higher variance bandpower

estimates. Including these higher multipoles in model fits results in poor parameter recovery.
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weighting extremely large amplitude values. The o prior was chosen to capture

the relevant scales at which the synchrotron spectral index has been measured.

Mask AEE ABB ok aBB
P06 (82402) x 10K (2140.1) x 10" K> 3104011 —3.17+0.13
p04 (8.1 + 0.2) x 1071 K2 (2.1 + 0.1) x 1071 K2 —-3.124+0.10 —3.23+0.12

p02 (814+0.3) x 107" K? (21+£0.1) x 107" K?* —-3.05+0.16 —3.2440.16

Table 4.2: Recovered auto-spectrum parameters at 4.76 GHz, for the validation simulations.
The recovered model parameters are consistent with the input model i.e., AFF = 8 x
1071 K2 ABB =2 x 1071 K? and o = —3.15. Including multipoles ¢ > 120 was found

to result in poor model fits, showing tensions with the input model.

I assume that bandpowers are distributed according to a multivariate Gaussian
likelihood,

1 - - 5
In Lyx = const. = 53 [cggx - ugﬂ DR [cg,;X - ugﬂ (4.11)
N

where ,uﬁliX denotes the model value in the bin ¢;,, and > is the bandpower covari-
ance matrix estimated from the Monte Carlo simulations. Whilst the assumption of
Gaussianity for the bandpower distribution in not strictly correct for the scales of
interest (¢ > 40), at these multipoles the averaging over larger numbers of m modes,
and the bin-averaging mean that the multivariate Gaussian approximation provides
a reliable likelihood through the central limit theorem. I sample the posterior using
the NUTS algorithm, implemented in PYMC3. In Table 4.2 I state the results for
the auto-spectrum fits, which are consistent with the input model.

In Fig. 4.3 and 4.4 I show the recovered E' and B auto- and cross-spectra as a
function of frequency respectively, for bandpowers between 40 < ¢ < 100. For mul-
tipoles ¢ > 100, the bandpower estimates at WMAP and Planck frequencies became
severely degraded by noise, meaning I failed to recover the input power-law scaling.
The recovered point estimates shown below are in broad agreement with the input
power-law scaling. Note that the simulations were generated by assuming a spatially
uniform spectral index, meaning there are no decorrelation effects due to varying
spectral indices. Further, the simulations considered here are purely Gaussian, which
is not the case for the real Galactic emission. The WMAP and Planck auto- and
cross-spectra become progressively more noisy as the severity of the sky mask is in-

creased. This is particularly apparent in the B-mode estimates. It can also be seen
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Figure 4.3: Recovered F-mode auto- and cross-spectra for the validation simulations, plot-
ted as a function of frequency. Moving horizontally, I show the recovered bandpowers for
each mask. Moving vertically, I show the recovered bandpowers for each multipole bin,
labelled by the effective multipole. Points are plotted at the geometric mean of the two
map frequencies (,/v172). Alongside the bandpower estimates, I show the input power-law
spectrum. The point estimates for the auto- and cross-spectra broadly follow the spa-
tially uniform g5 = —3 frequency scaling used in the validation simulations. However, for
£ 2 100, the higher noise levels in the WMAP and Planck maps result in poor auto- and
cross-spectrum estimates. This in turn leads to unreliable parameter estimates during any

spectral model fitting.
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Figure 4.4: Recovered B-mode auto- and cross-spectra for the validation simulations, plot-
ted as a function of frequency. Moving horizontally, I show the recovered bandpowers for
each mask. Moving vertically, I show the recovered bandpowers for each multipole bin, la-
belled by the effective multipole. Points are plotted at the geometric mean of the two map
frequencies (,/v112). Alongside the bandpower estimates, I show the input power-law spec-
trum. As for the F-mode power spectra, the recovered point estimates broadly follow the
simulated frequency scaling, with bandpower estimates for WMAP and Planck data-points
becoming heavily degraded beyond ¢ 2 100. Poor bandpower estimates are also obtained

for the WMAP and Planck data-points when applying the more aggressive p02 mask.

that cross-spectra between C-BASS and WMAP/Planck data points are typically
poorly constrained, particularly for the B-mode power spectra.

In order to check the frequency scaling of the recovered bandpower estimates I fit
the following power-law model,

ﬁXX
S

CXX 1y x 1) = AXX (”1—52) , (4.12)

g

where é’jgx (11 X 19) is the bandpower estimate for the cross-spectrum between maps
at frequencies v and vy, and Aif)X is the reference amplitude for a given bin at the

frequency vy = 4.76 GHz. I assign weakly informative priors, similarly to the f-space
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model,

AXY ~ Exp(A = 10" K™?), (4.13)
BEX A~ N(p=-3,0=1). (4.14)

I assume bandpowers follow a Gaussian likelihood, so that
éé)éx(l/l X 1/2) ~ N(,U = ,Ug]iX(l/l X VQ),O' = O'ggx(l/l X 1/2)), (415)

where 5 X (11 X 113) denotes the model value for the bandpower estimate of the 1, X v,
cross-spectrum, and ajf) X(vy x v2) denotes the corresponding covariance between the
cross-spectra. I sample the posterior using the NUTS algorithm, implemented in
PYMC3.

In addition to the Gaussian prior on 3X%, T multiply this by the corresponding
Jeffreys independence-rule prior (Jeffreys, 1946, 1961). In general, for some likelihood

L and parameter 6, the Jeffreys independence-rule prior is given by,

7(0) o \/IET@ {—%Tnﬂ, (4.16)

where Eq[f(0)] denotes the expectation of f(#). For the synchrotron spectral index

this gives

XX v S| v ’
Ty (B7Y) o Z [(V—()) U—iln (V—())] . (4.17)
i
In the low signal regime, where the power-spectrum constraints are consistent with
there being no synchrotron emission at high frequencies, the spectral index estimates
can be driven to unphysical, large-magnitude negative values using the Gaussian
prior alone. It is important to note that the general application of the Jeffreys prior
can be problematic e.g., with improper prior distributions which can potentially re-
sult in improper posteriors. However, in this case the Jeffreys prior alleviates the
problem regarding synchrotron spectral index estimates in the low signal regime, by
counteracting the volume and hence probability mass associated with these extreme
parameter values. In Eriksen et al. (2004, 2008); Alonso et al. (2017) it was found
that applying this prior distribution had the effect of removing biases on recovered
synchrotron spectral index estimates.
The recovered parameter estimates are shown in Table 4.3, which are consistent

with the input validation model.
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Multipole Mask AfoE AiB BEE BB
Bin
40 < £ <60 po6 (35.6 £2.9) x 10711 K?  (9.94+0.8) x 107" K? —2.99+0.03 —3.01+0.04
60 < ¢ <80 p06 (13.640.8) x 1071 K2 (29+0.2) x 10711 K? —3.0040.02 —2.9840.06
80 < ¢ <100 p06 (4.9403)x 1071 K2 (1.540.1) x 1071 K2 —2.97+0.04 —2.9540.09
40 <€ <60 po4 (34.9+£2.7) x 1071 K?  (10.140.8) x 10711 K2 —3.00£0.03 —2.9840.03
60 <£<80 p04 (13.84£0.8) x 10711 K?  (3.240.2) x 10711 K2 —3.00+£0.02 —3.0340.06

) )

) )

) )

) )

80 < ¢ <100 p04 (5.04£0.3) x 1071 K? (1.6 £0.1) x 1071 K? —2.974+0.04 —3.02+0.10
40< <60 p02 (33.8427) x 107HK? (10.1£1.3) x 1071 K2 —-3.0240.03 —3.0240.05
60<¢<8 p02 (13.54£1.0)x 107MK? (3.0£0.3) x 10711 K2 —2.9840.03 —2.96 4 0.06
80 < ¢ <100 p02 (5.040.4) x 1071 K2 (1.6 £0.1) x 107M K2 —2.9640.05 —2.99 +0.12

Table 4.3: Recovered spectral model parameters for the validation simulations. Recovered
model parameters are consistent with the input model i.e., AP (¢ = 80) = 8 x 10711 K2 and
ABB(¢ = 80) = 2 x 107" K? and XX = —3. Note that the reference amplitudes in each
multipole bin, Aif)X correspond to the AXX (¢ = 80) amplitudes, scaled accordingly using
Equation 4.8.

In Fig. 4.5 I show the recovered E'B correlation coefficients for bandpowers be-
tween 40 < ¢ < 120. The EB correlation coefficient is defined as

cEo

For all three sky masks, the recovered FB correlations are consistent with zero as

pe” = (4.18)

expected.

The results presented above confirm the ability of the power spectrum estimation
procedure to recover the underlying power spectra. I obtain reliable £ and B power
spectra over the multipole range 40 < ¢ < 120, which is the multipole range studied
when analysing the real C-BASS, WMAP and Planck maps in the remainder of this
chapter.

4.2 The C-BASS Polarization Power Spectra

Given the C-BASS @ and U maps shown in Fig. 2.9, it is possible produce the C-BASS
E and B maps, shown in Fig. 4.6. To avoid ringing caused by the partial sky coverage
I apply a 4° cos? apodization at the edge of the observed sky area. It can be seen
that the E-mode component traces Galactic loops, whereas the B-mode component

is comparatively weak in these regions. Similar behaviour has previously been noted
in the WMAP and Planck maps in Liu et al. (2018). It is also clear from the £ and B
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Figure 4.5: Recovered EB correlation coefficients for the validation simulations, shown for
each sky mask. Points for each mask are slightly offset for clarity, with the central point in
each triple being shown at the effective multipole for that bin. The recovered correlation

coefficients are consistent with the input of pr =0.

maps that the Galactic synchrotron emission exhibits highly non-Gaussian features.
Given this, it might be expected that the properties of the synchrotron E and B-
mode power spectra will differ, and that there may be a non-zero synchrotron EB
correlation. In the remainder of this section I present constraints on the synchrotron

angular power spectra using C-BASS northern-sky data.

4.2.1 FE and B-mode power spectra

In Fig. 4.7 I show the C-BASS E and B auto-spectra, obtained by evaluating the
cross-spectrum between odd/even data-splits as described in Section 4.1.2. Over the
multipole range considered here, I fit a power-law model to the power spectra. Note
that I do not consider point source contamination to the power spectrum, which is
only expected to be significant at smaller scales (¢ 2 200). To the auto-spectra, I fit
the same (-space power-law model described in Section 4.1.3, with the corresponding
parameter estimates given in Table 4.4.

Note that, whilst there are physical arguments justifying the approximation of
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(a) C-BASS E map
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Figure 4.6: The C-BASS northern-sky E and B maps. The E-mode component of the
synchrotron emission can be seen to trace Galactic loops, most prominently the North
Polar Spur. The B-mode component, by contrast, is relatively weak in these regions. It
is evident from these maps that the Galactic synchrotron emission exhibits highly non-
Gaussian structures, and that there are significant differences in the distribution of £ and

B-mode intensities.
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Figure 4.7: Recovered FE and BB auto-spectra for the C-BASS northern sky map, shown
for each sky mask. Dashed lines indicate the 1o boundaries of the posterior predictive
distributions. This graphical posterior predictive check does not identify any systematic
deviations from the predictive distribution in the observed data, indicating the power-law
model provides an adequate description of the C-BASS auto-spectra over the multipoles

considered here.
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the synchrotron frequency spectrum as a power-law (see e.g. Longair (2011)), it is
not necessarily obvious that the synchrotron power spectrum should follow a power-
law. In order to assess the adequacy of the power-law model I therefore draw a set of
samples from the posterior predictive distribution. In general, the posterior predictive

distribution of some new data x,.y, given the observed data , is given by

P(Toen| ) = / A0 p(60]2)p(ne ), (4.19)

where 6 are the model parameters. The posterior predictive distribution averages over
all of the generative processes consistent with the model and therefore quantifies the
set of possible observations consistent with the observed data and our prior knowledge
(Gelman et al., 1996; Betancourt, 2020). The posterior predictive distribution can
be used to perform graphical assessments of the model adequacy, by plotting the
new, simulated data alongside the observed data. For high-dimensional datasets, this
typically involves comparing the distribution of low-dimensional summary statistics
(e.g., the mean of the data) under the posterior predictive distribution with the
observed value of the summary statistic. For the power-law fits performed here, I
plot the 1o bounds of the posterior predictive distributions alongside the observed
power spectra in Fig. 4.7. From this it can be seen that the observed data show no
systematic deviations from the posterior predictive distribution, indicating that the

power-law model provides an adequate description of the data.

Mask AEE ABB aFE BB
p06  (8.4+0.2) x10711K? (2.3+0.1) x 10" K2 —3.31+£0.09 —3.50 +0.13
p04  (7.740.2) x 100U K2 (1.940.1) x 100 K2 —3.34+0.10 —3.52+0.14

p02 (6.140.2) x 1071 K? (1.5+£0.1) x 107" K? —3.554+0.13 —3.4340.25

Table 4.4: Recovered E and B-mode auto-spectrum parameters for C-BASS. The E and
B-mode spectral tilts are broadly consistent for each sky mask. The measured synchrotron

E-to-B ratios range from approximately 3.6 to 4.1.

The weighted average of the F-mode spectral tilts across the sky masks is afF =
—3.3740.06, and for the B-mode spectral tilts is a?? = —3.50 £0.09. The weighted
average of the F-to-B ratios across the sky masks is AP¥ /ABB = 3.940.01. These re-
sults differ slightly from those found using S-PASS data at 2.3 GHz. In Krachmalnicoff
et al. (2018) the synchrotron auto-spectra were found to have a weighted mean spec-
tral tilt of approximately —3.15 at Galactic latitudes |b| > 30°, with slightly steeper

spectral tilts for the E-mode power spectra. For the same Galactic latitudes, the
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S-PASS derived results found E-to-B ratios of ~ 2. Direct comparisons between the
C-BASS derived synchrotron power spectra, and the S-PASS derived power spectra
will be complicated by Faraday rotation effects between their observing frequencies.
Further, the analysis in Krachmalnicoff et al. (2018) used symmetric Galactic lati-
tude cuts to define sky masks, whereas the analysis in this chapter uses more realistic
Galactic emission masks. A full joint analysis between the C-BASS and S-PASS data,

accounting for all such complications, is beyond the scope the work presented here.

4.2.2 Synchrotron FB Correlation

For inflationary models where parity is conserved, the E'B correlation of the CMB is
expected to vanish due to the opposite parities of the £ and B fields (Zaldarriaga and
Seljak, 1997). This fact can be exploited to perform CMB self-calibration. In order
to define the Stokes parameters on the sky, one must be able to transform from the
instrument frame to the sky frame. This is determined through a relative orientation
angle 1. However, a host of systematic effects can lead to small deviations A, which
in turn lead to a rotation of the observed Stokes parameters (Keating et al., 2013;
Kaufman et al., 2014). CMB self-calibration proceeds by assuming any measured £ B
correlation is due to systematic effects. By setting the E B correlation to zero one can
therefore correct for any misalignment. However, this also assumes that there are no
residual polarized foregrounds in the recovered CMB maps, which could in principle
display some level of EB correlation. Following the standard self-calibration proce-
dure described above can therefore lead to biases in subsequent cosmological analy-
ses, which can be particularly important when considering sensitive next-generation
searches for primordial B-modes (Abitbol et al., 2016).

In order to assess the potential impact of this effect it is therefore important to
obtain constraints on the level of EB correlation in our polarized foreground compo-
nents. In Fig. 4.8 T show the measured EB correlation coefficients obtained for C-
BASS. There is some evidence for significant E'B correlation, particularly at ¢ > 100.
As noted above, the F and B maps do show highly non-Gaussian features e.g., the
E-mode traces Galactic loops, where the B-mode is relatively weak. It is there-
fore not necessarily surprising that there should be some degree of synchrotron £'B
correlation. However, the measured correlation could potentially be caused by sys-
tematic effects related to the C-BASS polarization angle calibration. Work assessing

the accuracy and stability of the C-BASS polarization angle calibration is ongoing.
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Figure 4.8: Recovered E B correlation coefficients for the C-BASS northern sky map. Points
are slightly offset for clarity, with the central point in each triple being shown at the effective
multipole for that bin. There is some evidence for EB correlation, particularly at ¢ > 100,
which can be caused by the highly non-Gaussian features seen in the Galactic synchrotron
emission. However, this can also be caused by systematic effects related to the C-BASS
polarization angle calibration. Work assessing the accuracy and stability of this calibration
is ongoing. Horizontal dashed lines indicate the p, £ X, values for each mask. These

constraints are consistent with correlation coefficients of [pF?| ~ 0.2 in the worst case.

These measurements can still be used to estimate limits on the level of synchrotron
E B correlation. To do this I assume the correlation coefficients for a given mask are

drawn from an underlying Gaussian distribution,

P~ (1= s = [oEP 53, (420)

where 11, is the mean of the distribution and X, is the additional scatter in the cor-
relation coefficients. I assign weakly informative priors that encapsulate the relevant

parameter scales as follows,

pp ~N(u=0,0=1), (4.21)
5, ~ Exp(\ = 2). (4.22)
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The results of these fits are given in Table 4.5. In the worst case, the limits obtained
here are consistent with synchrotron EB correlation at the level of |pFB| ~ 0.2. Tt is
clear that a careful analysis of residual synchrotron contamination in CMB maps for
next-generation experiments will be important to avoid introducing biases through
CMB self-calibration.

Mask Ly >,

p06 0.02+0.08 0.12+=0.09
p04 0.03£0.09 0.16£0.11
p02 —0.08£0.09 0.14+0.11

Table 4.5: Mean EB correlation coefficients, and the estimated additional scatter. In the
worst case, the measurements obtained here are consistent with correlation coefficients of
pfB| ~0.2.

4.3 Joint C-BASS Analysis with the WMAP and

Planck Surveys

To conduct a full assessment of synchrotron spectral properties requires a map-based
analysis where spatial variations in synchrotron spectral parameters can be given a
more complete treatment. This work is being conducted by the C-BASS collabora-
tion, alongside the power-spectrum based analysis presented here, and is discussed
briefly in Section 4.4.1. Nonetheless, a harmonic-space analysis of the synchrotron
SED does bear relevance to next-generation CMB B-mode searches. Many fore-
ground modelling approaches are conducted at the harmonic-level, particularly with
ground-based experiments targeting small sky areas. In this section I present the
results from a joint harmonic-space analysis of synchrotron emission with C-BASS
and WMAP / Planck low-frequency data.

In Fig. 4.9 I show the recovered E-mode auto- and cross-spectra, and in Fig.
4.10 I show the corresponding B-mode auto- and cross-spectra. Frequency plots are
shown for multipole bins with £ < 100. For higher multipoles reliable model fits could
no longer be obtained in the validation simulations and hence are not included here.
Broadly, the recovered auto- and cross-spectra can be seen to follow a power-law
scaling. Note that deviations from a pure power-law scaling are to be expected, given

that spatial variations in synchrotron spectral parameters can lead to decorrelation
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effects at higher frequencies, and the Galactic synchrotron emission is not a pure
Gaussian random field.
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Figure 4.9: Recovered E-mode auto- and cross-spectra, for C-BASS, WMAP and Planck
maps, plotted as a function of frequency. Moving horizontally, I show the recovered band-
powers for each mask. Moving vertically, I show the recovered bandpowers for each multipole
bin, labelled by the effective multipole. Each point is plotted at the geometric mean of the
two map frequencies used in the power-spectrum calculation (y/v172). Alongside the band-
power estimates, I show the corresponding best-fit power law spectra, defined by the mean

parameter values in Table 4.6.

In Table 4.6 T state the results obtained by fitting the model in Equation 4.12
to the auto- and cross-spectra as a function of frequency for each multipole bin and
mask. The weighted average spectral index across the masks is S = —3.10 4 0.01
for the E-mode power spectra, and f; = —3.20 £ 0.03 for the B-mode power spectra.
The B-mode SED appears to be somewhat steeper than the EF-mode SED. Looking
again at the E and B maps, it can be seen that the E-mode tends to trace loops
in the synchrotron emission. It has been proposed that these loops are relatively
recent, supernova remnants, which could possess systematically shallower synchrotron
spectra (Mertsch and Sarkar, 2013; Vidal et al., 2015). The S-PASS analysis in
Krachmalnicoff et al. (2018) found an average spectral index of g5 = —3.22 + 0.08
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Figure 4.10: Recovered B-mode auto- and cross-spectra, for C-BASS, WMAP and Planck
maps, plotted as a function of frequency. Moving horizontally, I show the recovered band-
powers for each mask. Moving vertically, I show the recovered bandpowers for each multipole
bin, labelled by the effective multipole. Each point is plotted at the geometric mean of the
two map frequencies used in the power-spectrum calculation (\/v177). As for the E-mode
power spectra, the recovered point estimates broadly follow the simulated frequency scaling,
with bandpower estimates for WMAP and Planck data-points becoming heavily degraded
beyond ¢ 2 100. Poor bandpower estimates are also obtained for the WMAP and Planck
data-points when applying the more aggressive p02 mask. Alongside the bandpower esti-
mates, I show the corresponding best-fit power-law spectra, defined by the mean parameter

values in Table 4.6.
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over both F and B, and are broadly consistent with the spectral indices found in the

C-BASS analysis presented here.

Multipole Mask ALE ABB BEE pBB
Bin
40 < ¢ <60 p06 (41.9+£24) x 1071 K2 (11.54+1.1) x 10711 K2 —3.15+£0.03 —3.1540.05
60<¢<80 p06 (12.9+£0.6) x 107" K? (4.0+0.3) x 107" K? —3.08£0.03 —3.30£0.12
80 < ¢ < 100 p06 (5.7£0.3) x 1071 K2 (1.440.1) x 1071 K? —3.07+£0.04 —3.47+0.24
40< <60 p0d (39.34£25)x107HK?  (9.9+1.0) x 10711 K2 —-3.154+0.03 —3.21+0.07
60<¢<8 p04 (11.4+£08) x 1071 K? (3.3+£0.3)x 10711 K? —3.06+0.03 —3.16+0.10

) ( )

) ( )

) ( )

) ( )

80 < ¢ <100 p04 (5.340.3) x 1071 K2 1.240.1) x 1071 K2 —3.064+0.05 —3.464+0.23
40< <60 p02 (36.74+28) x 107HK? (5.8+1.5)x 10711 K2 —3.1740.03 —3.0840.92
60 <¢ <80 p02 (9.240.6) x 107H K2 (24+£04) x 1071 K2 —3.0940.04 —3.2840.18
80 < ¢ < 100 p02 (3.74£0.2) x 10711 K2 x 1071 K2 —29540.05 —3.42+0.24

1.1+£0.1

Table 4.6: Recovered synchrotron spectral parameters, obtained using the C-BASS, WMAP
K, WMAP Ka and Planck 30 GHz maps. Spectral index estimates in each multipole bin

are largely consistent between masks.

4.4 Synchrotron Contamination to CMB B-modes

C-BASS data can be used to obtain estimates of the synchrotron contamination to
primordial B-modes. To do this requires us to be able to extrapolate synchrotron
amplitudes at 4.76 GHz to frequencies close to the foreground minimum (~ 90 GHz),
where CMB experiments are typically targeted. In Section 4.4.1 I describe the syn-
chrotron spectral index map that has been produced by the C-BASS collaboration.
In Section 4.4.2 T then present estimates of the synchrotron contamination to CMB
B-modes obtained by combining the C-BASS power spectrum estimates with the

spectral index map.

4.4.1 Spatial Variation of Synchrotron Spectral Indices
The C-BASS collaboration has used the C-BASS, WMAP K, WMAP Ka and Planck

30 GHz maps to obtain estimates for the map-based synchrotron spectral indices.

These were obtained by fitting a power-law model to the polarized intensity maps,

v

Pi(v) = A, (—)55 | (4.23)
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Assuming the uncertainties on the Gaussian distributed Stokes parameters () and U
are equal, the observed polarized intensities are distributed as Rician random vari-
ables. This is a reasonable approximation for the C-BASS polarized emission maps

and gives the likelihood for a given pixel as

Pi P7;2 + Ps Vi ‘PZPS Vi

0;

where P; is the observed polarized intensity at a frequency v;, o; is the corresponding
standard deviation of the noise and Iy(2) is the zeroth order modified Bessel function
of the first kind.

To estimate the synchrotron spectral indices, a weakly informative Gaussian prior
on the spectral index was used, so that S5 ~ N (u = —3,0 = 0.5). This was selected
to encompass previously measured values of the synchrotron spectral index, and to
help regularize corresponding inferences. In regions of low SNR, the combination
of C-BASS, WMAP and Planck maps struggle to constrain the synchrotron spectral
index. In this situation, using an apparently uninformative prior actually places most
of its probability mass at extreme parameter values, leading to poor point estimates
on the synchrotron spectral indices. The Gaussian prior was multiplied by the Jeffreys
independence-rule prior to further down-weight the posterior volume associated with
large-magnitude negative spectral indices. For the Rician likelihood considered here,

the Jeffreys prior on the spectral index is given by,

w5 |3 PG ( Z_o ) 2P(n) _ Pi() (1 - %) (4.25)

g g;
where I1(z) is the first order modified Bessel function of the first kind. For the
synchrotron amplitude the prior was chosen so that p(As) o< 1/As. This corresponds
to the Jeffreys prior for the polarized amplitudes, acting here to down-weight extreme
amplitude values at Ay — oc.

For the C-BASS analysis, the posterior distribution was calculated through brute-
force gridding, made possible by the fact the model only has two free parameters.
The resulting synchrotron spectral index map is shown in Fig. 4.11 at Ng,;=8, along
with the corresponding standard deviation map. Significant small-scale variations are
found in the synchrotron spectral index. In the harmonic domain, these can induce
decorrelation effects that have the potential to corrupt power-law fits of the power

spectra. In the map domain, neglecting these spatial variations has the potential to
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Figure 4.11: Panel (a): The synchrotron spectral index map, estimated using the C-BASS,
WMAP K, WMAP Ka and Planck 30 GHz maps. Panel (b): The corresponding standard
deviation map. With the addition of C-BASS it is possible to place improved constraints on
the synchrotron spectral index, particularly in regions of low SNR. Significant small-scale
variations are found in the synchrotron spectral index, that must be accounted for in order

to avoid biasing foreground analyses.
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significantly bias CMB component separation analyses. These issues are discussed in
more detail in Chapter 5.

A similar method was previously applied in Jew and Grumitt (2020) to estimate
spectral indices between the Planck 30 GHz and 40 GHz maps. Here, we fitted directly
for the polarized amplitudes in the two maps, using the resulting posterior samples
to estimate the distribution over the spectral indices. Through this analysis, it was
found that these low-frequency spectral indices show additional power on all angular
scales, that is not present in the default simulations of PYSM. This result is consistent
with analysis in Krachmalnicoff et al. (2018).

Of particular note in Jew and Grumitt (2020) was that the full-sky coverage
enabled a detailed study of the spectral properties of the WMAP Haze (Finkbeiner,
2004a; Dobler and Finkbeiner, 2008; Dobler, 2012a; Planck Collaboration et al., 2013).
The WMAP Haze is a diffuse structure, consisting of a northern and southern bubble,
located at the Galactic Centre with a total intensity spectral index of s ~ —2.5. The
WMAP Haze has been found to be spatially correlated with the Fermi Bubbles, a
symmetric double-lobed structure located at the Galactic Centre, observed at gamma-
ray frequencies in Fermi-LAT data (Dobler et al., 2010; Su et al., 2010; Dobler, 2012b).
A range of mechanisms have been proposed for the generation of the WMAP Haze and
Fermi Bubbles, including dark matter annihilation (Finkbeiner, 2004b) and AGN-like
activity in the Galactic Centre (Su and Finkbeiner, 2012; Yang et al., 2013).

Previous analyses of the WMAP Haze in total intensity had fitted elliptical Gaus-
sian templates to the haze that assumed its spectral properties to be uniform (Planck
Collaboration et al., 2013). In Fig. 4.12 I show the spectral index estimates we ob-
tained around the Galactic Centre. By performing a pixel-by-pixel analysis we found
that the two bubbles have asymmetric spectral properties, with an average spectral
index in the northern bubble of f; = —3.00 & 0.05 and in the southern bubble of
Bs = —2.36 £ 0.09. It was further noted that the average spectral index in the two
bubbles (8s = —2.57 £ 0.08) was remarkably close to the value obtained from the
Planck template fitting analysis (s = —2.56 + 0.05). Whilst the analysis in Jew
and Grumitt (2020) enabled us to study synchrotron spectral properties in regions of
high SNR, away from the Galactic plane the Planck low-frequency maps alone are
severely limited by noise. In this situation, the addition of C-BASS helps greatly in

constraining the synchrotron spectral index.
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Figure 4.12: Gnomonic projections centred on the Galactic Centre, showing the mean (top)
and standard deviation (bottom) of the posterior estimates of the spectral index estimates
found in Jew and Grumitt (2020). In the left column no pixels have been masked, in the
right column pixels identified as having poor detections of the spectral index are masked.
The graticules show lines of constant latitude and longitude separated by 10°. The red lines
mark the edges of the Fermi bubbles, as defined by Su et al. (2010). Figure taken from Jew
and Grumitt (2020).
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4.4.2 Contamination to Primordial B-modes

To estimate the synchrotron contamination to primordial B-modes I follow the method
in Krachmalnicoff et al. (2018). Similar methods have also been used to assess the
contamination of thermal dust emission to the CMB in Planck Collaboration et al.
(2016a). I begin by dividing the Ng;,;=128 C-BASS map into a set of circular regions,
with radius 15°, centred on Ng,p=8 super-pixels. For each of these circular patches,
I calculate the B-mode power spectrum, using a bin width of A¢ = 20, and fit for the
B-mode amplitude at ¢ = 80. This is done using the power-law model in Equation 4.8
but fixing the spectral tilt to a?? = —3.50 (corresponding to the weighted average
of the values found in Section 4.2.1). The increased uncertainties on the bandpower
estimates, due to the smaller regions used, mean it is not possible to simultaneously
constrain the synchrotron amplitude and spectral index.

Given the amplitude is a linear parameter, and assuming a Gaussian likelihood, I
obtain MLEs given by

AMLE _ > i(Bifad) (vifw)™ ' (4.26)
i 2B/ o) (vi /)P
The uncertainty on this estimate can be calculated using the second derivative of the
log-likelihood at the MLE, giving

512 ~1/2
MLE I (v \™

Whilst improved constraints could potentially be obtained by fitting a full Bayesian
model, as in the previous sections, this is not necessary here. The goal of this section
is to estimate the approximate level of synchrotron contamination to B-modes, as
opposed to obtaining detailed model constraints.

Given an estimate for the synchrotron amplitude at ¢ = 80, I extrapolate this to
90 GHz using the spectral index map described in the previous section. After extrap-
olating to 90 GHz, I average the results in pixels common to multiple regions before
downgrading the map from Ngp=128 to NSIDE=S8. In addition to a central esti-
mate, I also obtain estimates for plausible upper and lower limits on the synchrotron
contamination to B-modes. For the lower limit I extrapolate AMUE — o( AMLE) using
a lower limit on the spectral index in each pixel. For the upper limit I extrapolate
AMLE 1 5 (AMLE) " yising an upper limit on the spectral index in each pixel. Finally,
given the extrapolated synchrotron amplitudes, I divide these by the primordial CMB
B-mode amplitude at £ = 80 (ABE (¢ = 80) = 7.54 x 1072 uK?) to obtain estimates

cmb

for the equivalent tensor-to-scalar ratio reg.
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Figure 4.13: Estimates of the synchrotron contamination to CMB B-modes, obtained using
the C-BASS auto-spectrum, expressed as equivalent tensor-to-scalar ratios. In the left
column I show maps of the g values in Ngp=8 pixels outside the p06 mask. In the right
column I show the corresponding histogram/KDE plots. The minimum level of synchrotron

contamination to primordial B-modes is found to be at the level of reg ~ 1073.
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Maps of the estimated r.g values are shown in Fig. 4.13, alongside histograms and
KDE plots of the r.g values. I only show values for pixels outside of the WMAP p06
mask. Regions within the mask are heavily contaminated by diffuse Galactic emis-
sion, and are typically masked out for any CMB polarization analyses. The minimum
level of the synchrotron contamination to CMB B-modes corresponds to reg ~ 103,
with typical synchrotron contamination at the level of 7.y ~ 1072. This is consistent
with results obtained over the southern sky, using S-PASS data in Planck Collab-
oration et al. (2016a). Although these results are only approximate estimates for
the synchrotron contamination, they are robust to uncertainties in the extrapolation.
The minimum synchrotron contamination therefore corresponds to the targeted sen-
sitivity of next-generation satellite missions (Sekimoto et al., 2018), with the typical
synchrotron contamination already being at the levels targeted by next-generation
ground-based CMB experiments (Abazajian et al., 2016; Simons Observatory Col-
laboration et al., 2019). It is clear that to avoid biasing any potential detections
of primordial B-modes, synchrotron emission cannot be neglected, with additional
low-frequency channels being necessary to properly constrain synchrotron spectral

properties.

4.5 Conclusions

In this chapter I have presented the results from an early polarization analysis, using
the C-BASS northern skyy, WMAP K, WMAP Ka and Planck 30 GHz maps. Auto-
and cross-spectra of these maps were calculated using the NAMASTER library, which
was validated against a set of Gaussian simulations. Using these simulations, I found
I was able to obtain reliable results for the C-BASS auto-spectra over the multipole
range 40 < ¢ < 120. When studying the synchrotron SED, using auto- and cross-
spectra with WMAP/Planck maps, I was able to recover reliable results over the
multipole range 40 < ¢ < 100, being limited at higher multipoles by noise in the
WMAP and Planck maps.

To the C-BASS E and B-mode auto-spectra, I fitted a power-law model. The
adequacy of the power-law model was assessed using posterior predictive checks, with
the observed data being consistent with the posterior predictive distribution in all
cases. From this analysis I found a weighted average spectral tilt of o = —3.37 &
0.06 for the E-mode auto-spectrum, and a?8 = —3.50 & 0.09 for the B-mode auto-
spectrum. The weighted average of the E-to-B ratio was APF/ABB = 3.9 4+ 0.01.
Given the differing spatial distributions of the C-BASS E and B-mode maps, and
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their highly non-Gaussian features, unequal power in E and B is not surprising.
These results differ somewhat from those in Krachmalnicoff et al. (2018), who found
an average spectral tilt of approximately —3.15 at Galactic latitudes |b| > 30°, and
slightly steeper spectral tilts for the F-mode power spectra. Over the same Galactic
latitudes, the S-PASS analysis found E-to-B ratios of ~ 2. However, it is important
to note that Faraday rotation between S-PASS and C-BASS frequencies complicates
any direct comparisons of these results.

I also obtained constraints on the synchrotron E'B correlation. There was some
evidence for non-zero E'B correlation, particularly at ¢ > 100, which can be caused
by non-Gaussian features in the Galactic synchrotron emission. In the worst case,
the C-BASS data are consistent with correlation coefficients of up to |pF?| ~ 0.2.
Non-zero E'B correlations have the potential to bias the CMB self-calibration pro-
cess, meaning a careful accounting of residual synchrotron emission in any recovered
CMB maps is required before conducting any self-calibration with next-generation
CMB experiments. Note that spurious £ B correlations can potentially be caused by
systematic errors in the C-BASS polarization angle calibration. Work to assess the
accuracy and stability of this is ongoing.

In studying the auto- and cross-spectra between the C-BASS, WMAP K, WMAP
Ka and Planck 30 GHz maps I was able to obtain constraints on synchrotron spectral
behaviour in the harmonic domain. Across the multipole bins considered, I obtained
a weighted average spectral index of 3 = —3.10+0.01 for the E-mode power spectra,
and s = —3.20 £ 0.03 for the B-mode power spectra. The spectral index constraints
were broadly consistent with those found in Krachmalnicoff et al. (2018). The shal-
lower E-mode spectral indices could potentially result from the different Galactic
structures traced by the E and B-mode components of the Galactic synchrotron
emission e.g., the F-mode preferentially traces the Galactic loops.

Finally, I used the C-BASS B-mode auto-spectrum to obtain estimates for the
level of synchrotron contamination to B-modes. Outside the p06 mask it was found
that the minimum level of synchrotron contamination corresponded to a tensor-to-
scalar ratio of reg ~ 1073, with typical values across the sky of reg ~ 1072. The
level of the minimum contamination corresponds to the sensitivities of planned next-
generation CMB satellites, and the typical level of contamination corresponds to the
already targeted sensitivities of next-generation ground-based experiments. It is clear
from this that synchrotron emission cannot be neglected in any B-mode foreground
analyses, with additional low-frequency channels being required to properly constrain

synchrotron spectral properties. In the next chapter, I consider how the addition of
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low-frequency information from C-BASS to that expected from future higher fre-
quency experiments such as Lite BIRD improves the extraction of the CMB B-mode

signal, using a new implementation of Bayesian parametric component separation.
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Chapter 5

Hierarchical Bayesian CMB
Component Separation with the
No-U-Turn Sampler

In this chapter I focus on algorithmic challenges in detecting primordial CMB B-
modes, in particular studying Bayesian parametric component separation. The ma-
terial in this chapter has been published in Grumitt et al. (2020a). One of the main
motivations for using Bayesian parametric component separation is the ability to ob-
tain properly motivated probability distributions for our model parameters, and hence
a proper quantification of the uncertainty. This does come at the cost of Bayesian
inference being computationally expensive, especially when using MCMC techniques.
Further, uncertainties in our modelling of foreground emission can lead to biases in
our inference. This is potentially highly problematic in the case of B-mode science,
where the potential biases can be of the same order as the value of r we are attempting
to measure. The impact of such modelling errors have received significant previous
attention, see e.g., Remazeilles et al. (2016); Chluba et al. (2017); Remazeilles et al.
(2018). These modelling problems are very closely linked with the available data. If
it becomes apparent that more complex modelling is required, more comprehensive
data covering a wide range of frequencies will be required to constrain the additional
model parameters (Jew et al., 2019).

In this chapter I present a new implementation of Bayesian parametric CMB com-
ponent separation, using the NUTS algorithm to explore the parameter space. NUTS
is a self-tuning variant of HMC, originally presented in Hoffman and Gelman (2014).
Since this original exposition, the algorithm has undergone a number of developments,

with state-of-the-art implementations in STAN (Stan Development Team, 2012; Car-
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penter et al., 2017) and PYMC3 (Salvatier et al., 2016). HMC algorithms make
use of first-order gradient information to generate efficient proposal steps. This al-
lows HMC to avoid the random-walk behaviour of standard Metropolis-Hastings and
Gibbs sampling methods, which becomes particularly problematic as the dimension
of the parameter space increases.

To validate the performance of the component separation algorithm, I apply it to
simulated observations of LiteBIRD and C-BASS. Previous CMB component sepa-
ration analyses have considered the extent to which foreground spectral parameters
should be allowed to vary, such that a balance can be struck between model realism
and simplicity. These studies have considered various approaches to defining regions
on the sky, over which foreground spectral parameters are typically assumed to be
constant (Stompor et al., 2009; Errard et al., 2011; Stompor et al., 2016; Alonso et al.,
2017; Irfan et al., 2019; Khatri, 2019; Thorne et al., 2019). In this chapter I use the
mean-shift algorithm to define regions on the sky, clustering according to naively es-
timated synchrotron and dust spectral parameters. I initially fit a complete pooling
model where I assume foreground spectral parameters to be constant in each region.
I then fit a hierarchical foreground model. Hierarchical modelling has recently been
employed in the context of blind CMB component separation in Wagner-Carena et al.
(2020). For the hierarchical analysis in this chapter, I assume individual pixel spectral
parameters are drawn from underlying Gaussian distributions, jointly fitting for the
mean and variance of the Gaussian hyper-distributions, and the individual pixel-by-
pixel spectral parameters in each region. In doing so, the hierarchical model is able to
provide a faithful generative description of the underlying foreground emission, whilst
reducing the propensity for fitting noisy outliers when assuming total independence
between pixel spectral parameters (Gelman, 2006a; Gelman and Hill, 2007).

Bench-marking against the rate at which the algorithm generates effective CMB
amplitude samples, I find that NUTS offers performance improvements of ~ 10% over
sampling with the Metropolis-Hastings algorithm for the complete pooling model.
Sampling from the posterior distribution of the hierarchical model is particularly
challenging. Hierarchical models are known to exhibit geometrical pathologies that
make it extremely difficult to achieve convergence using non-gradient based sam-
pling algorithms. In these situations variants of HMC are often the only tractable
approaches to sampling from the posterior (Betancourt and Girolami, 2015).

The outline of this chapter is as follows: In Section 5.1 I discuss methods for per-

forming approximate Bayesian inference with high-dimensional models. In Section
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5.2 I describe the polarized emission simulations for the C-BASS and Lite BIRD ex-
periments used in the algorithm validation. In Section 5.3 I describe the mean-shift
clustering algorithm used to define regions on the sky. In Section 5.4 I describe the
component separation algorithm, give a general description of the NUTS algorithm,
and discuss the complete pooling and hierarchical foreground models used during val-
idation. In Section 5.5 I present the results from the algorithm validation. I conclude
in Section 5.6. Throughout this chapter I work in units of Rayleigh-Jeans brightness

temperature unless otherwise stated.

5.1 Approximate Bayesian Inference

Attempting to perform parametric Bayesian CMB component separation over the
whole sky presents us with a formidable problem, in attempting to perform integration
over a very high-dimensional posterior distribution. In general, the goal of an applied
Bayesian analysis is to calculate expectations of functions of the model parameters
f(©®) with respect to the target distribution 7(®), i.e.,

E.[f] = / ~(©)/(©)de. (5.1)

For the purposes of our discussion here, © represents some set of model parameters.
Beyond O(10) dimensions, evaluating these integrals becomes intractable using brute-
force methods or deterministic integration algorithms. Fundamentally, these methods
fail in high dimensions because of the way they attempt to explore the entirety of the
parameter space. In high dimensions most of the space that these algorithms explore
makes a negligible contribution to any expectations. Contributions to expectations
are determined through the product of the probability density and volume, 7(©®) d®©,
i.e., the probability mass. As the number of dimensions increases, the probability
mass increasingly concentrates in a small region known as the typical set (Mackay,
2003; Betancourt, 2017). For example, for a multivariate Gaussian, as the number
of dimensions grows the probability mass concentrates in a thin shell away from the
mode of the distribution.

In order to evaluate the integral in Equation 5.1 efficiently we require an algo-
rithm that spends most of its time exploring the typical set. A range of methods
have been developed for this purpose, but one of the most effective tools has been
MCMC. MCMC algorithms work by generating correlated samples from the target
distribution, through simulating a Markov chain whose stationary distribution is the

target distribution. A Markov chain can be specified through an initial probability
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distribution p°(®) and a transition probability T(©’;®) = p(@'|®). The state of
the Markov chain at the (¢ 4+ 1)th step is given by

v = [ 1@y e)de. (5.2

We can generate a Markov chain by repeatedly applying the transition operator,
drawing successive parameter samples as @ < T(©!@®*!). To construct an MCMC
algorithm we need to select the transition probability such that the target distribution

is an invariant distribution i.e.,
(O) = / (0 0)7(0) dO. (5.3)

The Markov chain must also be ergodic so that p'(@) — 7(0©) as t — oo for any
p°(©). The transition is typically chosen to satisfy detailed balance so that

7(©';©)7(©) = T(©; ©')r(O). (5.4)

If detailed balance is satisfied then 7(®) is an invariant distribution of the Markov
chain. A detailed discussion of MCMC algorithms and Markov chains can be found
in Mackay (2003). In this chapter I explore the application of the NUTS algorithm to
high-dimensional inference in CMB component separation, with the algorithm being
discussed in more detail in Section 5.4.2.

Whilst variants of HMC in particular have shown great success in enabling Bayesian
inference over very high-dimensional spaces, for problems involving extremely large
datasets or very complex models these MCMC methods can prove computationally
intractable. Recently, extensive research has been conducted into variational infer-
ence (VI), with a detailed review in Blei et al. (2016). VI approximates the posterior
through some family of approximating distributions Q, and finds the member of
this family that minimizes the Kullback-Leibler (KL) divergence with the posterior
p(©|d),

¢'(8) = argmin KL(¢(®)|[p(©|d)) = arg min {E,[Ing(®)] — E,[np(©|d)]}. (5.5)
(©®)eQ q(®)eQ

However, the KL divergence depends on p(d) through the posterior expectation, which
is intractable to calculate for the high-dimensional problems of interest. Instead, VI

maximises the evidence lower bound (ELBO),

ELBO(q) = E,[lnp(©, d)] — E,[ln(O)]. (5.6)
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This is equivalent to the negative KL divergence plus In p(d), which does not depend
on ¢(®). By turning the problem of sampling from the posterior into an optimization
problem, VI can potentially scale to much more high-dimensional problems. However,
whilst MCMC algorithms are guaranteed to asymptotically converge on the target
distribution, VI does not have the same guarantees. Poorly chosen approximating
families can fail to properly capture the target geometry, leading to poor inference.
I do not consider applications of VI to the problem of CMB component separation
here. However, this would be an interesting avenue for scaling Bayesian inference to
more complex sky models e.g., those including global instrumental corrections and

more complex hierarchical structures than those presented in Section 5.4.4.

5.2 Simulations

To validate the performance of the component separation algorithm I generate a set
of simulated Stokes ) and U maps, corresponding to the frequencies and sensitivi-
ties of the C-BASS and LiteBIRD experiments (Jones et al., 2018; Sekimoto et al.,
2018). The frequencies and polarization sensitivities of the C-BASS and LiteBIRD
simulations are given in Table 5.1.

LiteBIRD is a planned next-generation CMB satellite, aiming to measure the
tensor-to-scalar ratio with a sensitivity of o(r) ~ 1072. To accomplish this task Lite-
BIRD will target large angular scales up to ¢ ~ 200, covering the reionization peak at
¢ ~ 10 and the recombination peak at ¢ ~ 80 in the primordial B-mode power spec-
trum. The experiment is proposed to cover frequencies from 40 GHz to 402 GHz, with
the lowest resolution 40 GHz channel having a resolution of approximately 70 arcmin.
I smooth all of the simulated maps to this 70 arcmin resolution, which is sufficient for
the validation analysis targeting angular scales ¢ < 200.

The focus here is on component separation for CMB polarization studies, and
as such I consider only spectral models for synchrotron, thermal dust and CMB
emission. I simulate maps of polarized emission using PYSM (Thorne et al., 2017).
Polarized synchrotron maps were generated at each frequency using the PYSM sl
model. This used the 9-year WMAP 23 GHz maps (Bennett et al., 2013), smoothed
to 3°, as synchrotron @Q/U templates. Small scales are added to these templates by
extrapolating the map power spectra to high ¢ and obtaining Gaussian realizations
of the power spectra. Details of the implementation can be found in Thorne et al.

(2017). These synchrotron templates were then extrapolated to higher frequencies
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Table 5.1: Frequencies and polarization sensitivities for the C-BASS and Lite BIRD exper-
iments, used in the simulations for algorithm validation. Sensitivities are given in CMB
thermodynamic temperature units. Simulated maps were smoothed to a common resolu-
tion of 70 arcmin, corresponding to the lowest resolution, 40 GHz Lite BIRD channel. This
resolution is sufficient for targeting multipoles ¢ < 200, i.e., angular scales corresponding to

the reionization and recombination peaks of the primordial B-mode power spectrum.

Experiment Frequency  Polarization

Name [GHz| Sensitivity
[tK emp-arcmin|
C-BASS® ) 4320
40 27.9
50 19.6
60 15.6
68 12.3
78 10.0
89 9.4
100 7.6
LiteBIRD® 119 6.4
140 5.1
166 7.0
195 5.8
235 8.0
280 9.1
337 11.4
402 19.6

®Jones et al. (2018)
®Sekimoto et al. (2018)
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using a power-law frequency spectrum,

S, = A (1) . (5.7)

where Ag is the reference synchrotron amplitude, v is the observing frequency, vy =
23 GHz is the reference frequency and s is the synchrotron spectral index. This was
done across the whole sky using a spatially varying spectral index map taken from
Miville-Deschénes et al. (2008). Across the whole sky, the synchrotron spectral index
map has a mean of () ~ —3.0 and a standard deviation of o(fs) ~ 0.06. It is worth
noting that analysis of the synchrotron angular power spectrum in Krachmalnicoff
et al. (2018) found that the spectral index map used in PYSM lacks power on all
angular scales. However, for the purposes of the validation analysis it is sufficient.

For thermal dust I use the PYSM d1 model, which uses the Planck 353 GHz maps
as Q/U thermal dust templates. The templates are scaled using the MBB model
defined in Equation 1.36, with spatially varying dust temperature and spectral index
maps obtained from the Planck COMMANDER analysis (Planck Collaboration et al.,
2016d). Across the whole sky the mean of the dust temperature map is (Ty) ~ 20.9K
and the standard deviation is o(7y) ~ 2.2K. For the dust spectral index the mean
value is (64) =~ 1.54 and the standard deviation is o(84) ~ 0.04. The dust templates
are smoothed to 2.6°, with small scales being added using the same prescription as
for synchrotron emission.

The CMB map was generated as a realization of lensed CMB power spectra,
C, = (C]T,CFE,CPB CI'F), calculated using CAMB (Lewis et al., 2000). For the
B-mode simulation I set 7 = 5 x 1073, and the lensing amplitude A; = 1. The CMB
follows a blackbody spectrum given by,

2% exp (1)
(exp (z) — 1)*°
where Ay, is the CMB amplitude, * = hv/kgTemp and Tom, = 2.7255K is the
mean CMB temperature (Fixsen, 2009). In this validation study I do not consider

Scrnb = Acmb (58)

the detailed impact of delensing on recovered B-mode estimates. In future work it
would be valuable to combine the foreground analysis presented here, with a Bayesian
delensing scheme such as in Millea et al. (2020), to form a complete forward model
for our cosmological observations. The component amplitude templates and spectral
parameter maps used in these simulations are shown in Fig. 5.1.

It is important to note here that the true underlying foreground SEDs are more
complicated than those used in this analysis. Mis-modelling the underlying sky emis-

sion can result in biases in recovered cosmological parameter estimates. This has
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Figure 5.1: Input component parameter maps used in the validation simulations. The
synchrotron and dust amplitude maps are shown here at reference frequencies of 40 GHz
and 402 GHz respectively. When performing the component separation with C-BASS and

LiteBIRD simulations, I set the synchrotron reference frequency to vy = 5 GHz.

received significant attention in B-mode forecasting analyses, see e.g., Errard et al.
(2016); Remazeilles et al. (2016); Remazeilles et al. (2018). In this chapter I present
a hierarchical foreground model (described in Section 5.4.4), that enables us to model
spatial variations in foreground spectral parameters, without inflating parameter un-
certainties. Given the simulated datasets considered here, fitting foreground spectral
parameters with any parametric method will ultimately be limited by the number
of frequency channels available with sufficient sensitivity. For example, in Jew et al.
(2019), it was found that to constrain models including the synchrotron curvature
would require additional low-frequency channels between 5 GHz and 30 GHz. Given
a maximum observed frequency of ~ 400 GHz, dust spectral parameters in the mod-
ified blackbody (MBB) model are also very poorly constrained (Remazeilles, 2018;

Jew et al., 2019). This problem could be alleviated to some extent by considering
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model re-parametrizations that yield more tractable posterior geometries. However,

at its core this is a problem in the data.

5.3 Mean-Shift Clustering of Sky Regions

The modelling of spectral parameters in CMB component separation presents a num-
ber of challenges. In the face of limited data it can prove difficult to properly constrain
spectral parameters. Attempting to allow full pixel-by-pixel variations in the spectral
parameters in this situation can result in significant increases in post component sep-
aration noise and in the prior dominating the posterior. Given this, one may seek to
reduce the number of degrees of freedom in the sky model by fitting for global spectral
parameters. However, this approach will inevitably lead to modelling errors that have
the potential to bias cosmological measurements made with the derived CMB map
(Thorne et al., 2019). These challenges have motivated modelling approaches where
spatially uniform spectral parameters are assumed over a set of defined sky regions.
These have included regions defined as super-pixels on low Ngp; HEALPIX maps, and
regions defined according to similarities in their spectral properties (Gorski et al.,
2005; Stompor et al., 2009; Errard et al., 2011; Stompor et al., 2016; Alonso et al.,
2017; Irfan et al., 2019; Khatri, 2019; Thorne et al., 2019). A detailed discussion of
the modelling approaches that can be adopted for spectral parameters in these sky
regions is given in Sections 5.4.3 and 5.4.4. In this section I describe the mean-shift
clustering algorithm, implemented in SCIKIT-LEARN (Comaniciu and Meer, 2002;
Pedregosa et al., 2011), that was used to define regions on the sky for the component
separation analyses. The mean-shift clustering algorithm has previously been used in
Jew and Grumitt (2020) to identify pixels with good detections of the synchrotron
spectral index.

I use the mean-shift clustering algorithm to construct sky regions according to
their location on the sky and their spectral properties. Specifically, I cluster according
to the Cartesian coordinates of pixel centres on the unit sphere, (2!, 2% 23), and the
naive spectral indices between the C-BASS 5 GHz and Lite BIRD 40 GHz channels,
and the LiteBIRD 337 GHz and 402 GHz channels in polarized intensity. The two
sets of frequency maps are used as synchrotron and thermal dust tracers respectively,

with the naive spectral indices in a pixel, p, being given by,

In(m;(p)/m;(p))

= )

(5.9)
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where m;(p) and m;(p) are the map values in the pixel p, at the frequencies v; and

v; respectively. Given these parameters we may form the feature vector,

2, = (2, /C, 22 /C 20 /¢, By, BT, (5.10)

where ( is a spatial vector scaling factor. Setting the value of  to be less than 1 allows
us to preferentially weight proximity on the sky as being favourable over proximity
in spectral index space. The function of the mean-shift algorithm is then to cluster
points in this five-dimensional feature space.

The mean-shift algorithm proceeds by assigning a walker to each pixel, giving
us the starting vectors, z9

P
towards regions of higher density, with the ¢® update being calculated as,

= z,. The walkers then step through the feature space
z =z +s(zl7h), (5.11)

where s is the mean-shift vector, given by,

_ Zq K(z; B z;)zé

s(zl) = : (5.12)
X K(z - 7))
For this analysis I choose the kernel, K, to be a top-hat defined by,
L, Al <w,
K(A) = (5.13)
0, |A]>w,

where w is the bandwidth parameter. Walkers take steps until they converge i.e.,
walker positions in feature space no longer change with new updates (up to some
threshold). Regions are then defined as a set of pixels whose walkers have converged
on the same position in the 5-dimensional feature space. Any regions containing fewer
pixels than some arbitrary minimum are reassigned to the nearest region in feature
space containing a sufficient number of pixels.

In Fig. 5.2 T show the regions obtained using the frequency channels outlined
above, which are used as the region definitions for the component separation analyses
in this chapter. I have used the simulated maps at a HEALPIX Ny, of 64, setting ( =
0.5, w = 0.3 and the minimum number of pixels in a region to 10 (Gdérski et al., 2005).
Using the foreground tracers and parameters described here, I obtain 171 regions. The
smallest region on the sky contains 138 pixels, and the largest region contains 645
pixels. The mean number of pixels in a region is (Nuy) ~ 290, and the standard
deviation in the number of pixels is o(Npix) &= 95. In regions of low SNR the borders

of regions become less smooth. This can be mitigated to some extent by defining
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Figure 5.2: Regions defined using the mean-shift clustering algorithm, produced using
Ngipp=64 maps. I set ¢ = 0.5, w = 0.3 and the minimum number of pixels in a region
to 10. Given the set-up here, I obtain 171 regions. The smallest region contains 138 pixels,
and the largest region contains 645 pixels. The mean number of pixels is (Npix) ~ 290, and
the standard deviation of the number of pixels is o(Npix) ~ 95. In regions of low SNR we
can see that the region borders become less smooth, due to the naive spectral indices used

to cluster pixels on the sky becoming contaminated by noise.

regions on lower Ngpr maps, at the cost of the larger pixel size meaning regions
become more coarse. Using lower Ny, maps can lead to a significant degradation
in computational performance when assuming foreground spectral parameters in a
given region are related in some manner.

A range of possible, non-trivial, extensions to the clustering algorithm exist that
could help to alleviate some of the issues surrounding region definition in areas of the
sky with low SNR. Improved parameter constraints could likely be obtained for the
hierarchical model discussed in Section 5.4.4 by defining larger regions in areas of low
SNR. Instead of using naive spectral indices as a tracer of the spectral properties of
diffuse emission over the sky, a more sophisticated estimation of the spectral indices
could be performed, accounting for noise properties across the sky. The spectral index
estimation could also be improved with better tracers of synchrotron and thermal dust
emission. It is worth noting here that the use of the C-BASS map as a synchrotron
template is particularly important. If instead I had only used low-frequency Lite BIRD
channels as the synchrotron tracers the naive synchrotron spectral index estimates

would have been heavily noise dominated. Using the methods outlined here, I found
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it would only possible to define very coarse regions on Ngpp=8 maps.

5.4 Parametric Bayesian CMB Component Sepa-

ration

I have developed a new implementation of Bayesian pixel-by-pixel CMB component
separation, using the NUTS algorithm to explore the parameter space (Hoffman and
Gelman, 2014). The primary benefit in using NUTS to sample from the target distri-
bution is in its avoidance of the random walk behaviour that slows more conventional
sampling algorithms such as Metropolis-Hastings and Gibbs sampling. The com-
ponent separation code is written in the PYTHON programming language, with the
NUTS algorithm being implemented through the PYMC3 library (Salvatier et al.,
2016). In its current form, the whole-sky component separation is parallelized over
the sky regions defined using the mean-shift clustering algorithm. For the validation
analysis in this chapter, I do not consider monopole and dipole corrections, or in-
strumental factors such as colour corrections in the modelling. The extension of the
modelling to include such complications is left to future work.

Bench-marking the algorithm performance against the rate of effective sample
generation, NUTS offers potential performance improvements of ~ 10* compared to
sampling with Metropolis-Hastings!. Close to the Galactic plane sampling becomes
more difficult, with the CMB completely sub-dominant to foregrounds. In this sit-
uation computational performance can be degraded such that the sampler exhibits
undesirable random walk behaviour. By parallelizing over sky regions, and masking
the most contaminated sky regions close to the Galactic plane, it should be possi-
ble to achieve rapid convergence. These bench-marking tests have been performed
without extensive optimization of the component separation code. By exploring re-
parametrizations, model prior choice, optimizing sampling parameters etc. it is likely
that further performance improvements could be attained. It would also be worth-
while considering the potential for GPU acceleration. For the hierarchical model,
the posterior exhibits geometrical pathologies that make sampling with non-gradient
based algorithms essentially intractable (Betancourt and Girolami, 2015). However,
using NUTS I am able to achieve comparable computational performance to the com-

plete pooling model.

!These simple bench-marking tests were performed on a single Intel Xeon CPU, running at
~ 2.6 GHz.
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The outline of this section is as follows: In Section 5.4.1 I describe the general
sky model and likelihood used in the component separation analysis. In Section 5.4.2
I give an overview of the NUTS algorithm. In Section 5.4.3 I discuss the complete
pooling model, where I fit for constant spectral parameters over sky regions. In
Section 5.4.4 T discuss the hierarchical modelling approach, where I directly fit for the
underlying hyper-distributions of the spectral parameters. In Section 5.4.5 I describe

the convergence checks and diagnostics performed during sampling.

5.4.1 Sky Model and Likelihood

In attempting to observe the CMB we actually observe multiple sky components. It is
the goal of component separation to extract the CMB from these additional confusing
components. For a given sky pixel, p, we may write the observed value in that pixel

dp (V) = 5p (V) +1pa(V), (5.14)

where v is the observing frequency, A = {I,Q, U} represents one of the Stokes pa-
rameters, s, ,(v) is the true sky signal and n, ,(v) is the noise term. The analysis in
this chapter is restricted to A = {Q,U}.

The true sky signal includes contributions from diffuse emission, compact sources,
line emission etc. For the current modelling purposes I focus on diffuse emission.
Additional contributions from compact sources, line emission etc. are important
considerations when performing component separation on real experimental data. A
variety of strategies exist for mitigating their contribution, e.g. through masking
point sources, and direct modelling during the fitting process. However, this sits
beyond the scope of the algorithm validation.

The noise term consists largely of contributions from instrumental white noise
and 1/f noise, which acts to introduce large-scale correlated noise in the sky maps.
For ground-based experiments mitigating atmospheric noise is a significant challenge,
largely limiting accessible angular scales to £ 2 30. The ability of such experiments to
accurately recover low multipoles will be vital for future B-mode experiments (Alonso
et al., 2017).

Given a set of sky maps at frequencies v = [v,...,vy|, the Gaussian likelihood

for a pixel, p, is given by,

2
(dpr (i) — spa(Vi, ©y0))
2012)7/\(1/7;) ’

—InL,A(©,.,) = Z % In (271’0'57>\(1/i)> +

)

(5.15)
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where ©,, ) are the model parameters, and o,, , is the pixel noise. I assume for simplic-
ity that the noise is independent between pixels and frequency channels. This is not
necessarily optimal when we consider the complications described above. However,

the approximation is sufficient for the purposes of algorithm validation.

5.4.2 The No-U-Turn Sampler

The key measure of the efficiency of a sampling algorithm is in its ability to pro-
duce effective/independent samples, or equivalently reduce the correlation between
samples. Indeed, this is where NUTS significantly out-performs standard Metropolis-
Hastings and Gibbs sampling algorithms. Even though an individual step in these
simpler sampling algorithms is less computationally expensive, their random-walk be-
haviour results in highly correlated samples and hence very inefficient generation of
effective samples. At its core, the NUTS algorithm is an extension of HMC, which was
originally developed for performing calculations in lattice field theory (Duane et al.,
1987). In this section I give an overview of the HMC algorithm, and the additional
tuning procedures NUTS implements to avoid the need for hand-tuned HMC imple-
mentations. For a detailed discussion of NUTS and HMC see Hoffman and Gelman
(2014); Monnahan et al. (2017); Betancourt (2017); Betancourt et al. (2017).

HMC essentially proceeds by generating physical trajectories through parameter
space, akin to simulating particle trajectories through a potential. A simple imple-

mentation of HMC may proceed as follows:

1. Given a set of parameters, ® = [01,...,04], with corresponding joint density,
7 (©), we introduce a set of auxiliary momentum variables, r = [rq,...,7q]. We
take the distribution over the momenta to be a Gaussian distribution centered
on zero, i.e., r ~ N (0, M), where M is the mass matrix. This defines a kinetic

energy term,
K(©,r)=—Inp(r|®) = %TTM_lr + In | M| + const. (5.16)
We may then define the Hamiltonian of the system as,
H(r,®)=—Inp(r|®) —In7 (®) = K(O,r)+V (0©), (5.17)

where we define the potential energy term, V (@) = —In7 (©).

148



2. We then evolve the position in parameter space by integrating Hamilton’s equa-

tions,
e oH
_on 1
dt or’ (5.18)
dr oH
i~ e (5.19)

Practically this is done through a leapfrog algorithm. To generate a new sample

in the Markov chain we draw = from A(0, M). The leapfrog steps then proceed

as,
P2 = pt %v@w@t), (5.20)
@'t = @' 4 eMr!T/?, (5.21)
pite — ptte/2 _ %V@V(@HG), (5.22)

where € is the leapfrog step-size. The leapfrog steps used to update the position
have the convenient property of being a symplectic integrator. That is, the nu-
merical trajectory generated by the leapfrog steps preserve the volume of phase
space, as is the case for the Hamiltonian trajectories they approximate. A more
detailed discussion of the numerical integration of Hamilton’s equations can be
found in Leimkuhler and Reich (2004). These leapfrog steps are performed L

times to generate a new proposal position, (r*, @*).

3. The new proposal position is then accepted with a probability of acceptance
given by
Po = Min {1, exp (H(r,©) — H(r", @*))} . (5.23)

What we have done here is essentially generate a Metropolis-Hastings proposal

step with a very high chance of being accepted.

4. By repeating this sampling procedure N times we may generate the parameter

samples for the Markov chain.

The mass matrix used to define the distribution over the momenta acts to ro-
tate and re-scale parameter space. Choosing M ™! to be the covariance of the target
distribution will help to de-correlate the target distribution, which can lead to signifi-
cant performance improvements when dealing with highly correlated parameters. For
practical implementations the mass matrix can be estimated during a tuning phase.

Starting with the identity matrix we can generate an initial sample set, from which
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we update the estimate of the mass matrix using the sample covariance. We may
then iterate over this tuning process to generate an accurate estimate of the covari-
ance of the target distribution (Betancourt, 2017). Whilst estimating off-diagonal
elements of the mass matrix does help in de-correlating the target distribution, using
the off-diagonal elements does not necessarily scale well to high-dimensional problems
given the need to invert the mass matrix at the end of tuning, and perform matrix
multiplications during leapfrog steps. For the analysis in this chapter I only tune
diagonal elements of the mass matrix. However, this can significantly improve sam-
pling efficiency for single pixel analyses, or analyses assuming complete independence
between pixels. In this case, one can employ the tuning steps in Foreman-Mackey
et al. (2019), using the default tuning schedule described in Stan Development Team
(2012).

In principle, the HMC algorithm described above could be dramatically improved
by allowing the mass matrix to vary with location in the parameter space. This
implementation is known as Riemannian HMC (RHMC) (Girolami and Calderhead,
2011). By allowing the mass matrix to vary with location, RHMC is able to make
local corrections to the target distribution that can greatly improve computational
performance. Moreover, the In|M | term now acts like an energy sink, absorbing and
releasing energy, so that the sampler is able to more efficiently explore the typical
set of distributions with complex geometries. However, RHMC has proven extremely
challenging to implement in practice, especially as an automatic implementation (Be-
tancourt, 2017).

The efficiency of HMC as described above critically depends on the choice of €
and L used in the leapfrog steps. If € is chosen to be too small, the sampler will
waste computation taking very small steps along the Hamiltonian trajectories. In
contrast, if € is chosen to be too large, the simulation of the Hamiltonian trajectory will
become inaccurate and the sampler will produce proposal steps with low acceptance
probabilities. If L is chosen to be too small, the sampler will generate samples close to
one another, resulting in undesirable random walk behaviour. If L is chosen to be too
large on the other hand, the sampler will generate paths through parameter space
that loop back on themselves. This results in proposal steps close to the starting
value, with the additional waste of generating the extended trajectory. In even more
severe scenarios, a poor choice of L that results in the sampler jumping from one side
of parameter space to another at each iteration can result in a non-ergodic chain i.e.

a chain that is not guaranteed to converge on the target distribution (Neal, 2012).
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The need to finely tune € and L means that standard implementations of HMC
typically require costly tuning runs. This can significantly reduce the utility and
general applicability of HMC in realistic problems. The NUTS algorithm overcomes
these problems by automatically tuning these sampling parameters. The value of € is
tuned during an initial tuning phase to meet some target acceptance probability. The
target acceptance probability can be adjusted depending on the degree of curvature
in the posterior, with a higher acceptance rate (or equivalently, smaller step-size)
being needed for highly curved distributions. The value of L is modified during
sampling to meet a No-U-Turn criterion. That is, the leapfrog integrator is iterated
over until the simulated trajectory begins to turn back on itself, or some maximum
number of leapfrog simulations are performed. In doing so, the sampler is able to
maximize the distance between the proposal step and the initial position, before
looping back on itself and wasting computation. It is worth noting that the actual
implementation of NUTS involves simulating a Hamiltonian trajectory both forwards
and backwards in time. This is because naively applying the No-U-Turn criterion
after only evolving forwards in time fails to satisfy detailed balance. Details on these
tuning procedures can be found in Hoffman and Gelman (2014); Stan Development
Team (2012); Salvatier et al. (2016).

5.4.3 Complete Pooling of Spectral Parameters

As discussed in Section 5.3, in the face of limited data and low SNR, allowing spec-
tral parameters to vary completely from pixel-to-pixel is sub-optimal, resulting in
increased levels of post component separation noise and the posterior potentially be-
coming prior dominated. As a first alternative to allowing full pixel-by-pixel variations
we may instead assume spectral parameters to be constant over the regions defined
as in Section 5.3 i.e., we assume a complete pooling of the spectral parameters. In
Fig. 5.3 I show the directed graphical representation of the complete pooling model,
which displays the explicit conditional dependencies between random variables in the
Bayesian model.

The priors used in the complete pooling model are given in Table 5.2. T assign
informative Normal priors to the spectral parameters. The standard deviations on
the priors for 5 and S4 are chosen to be 0.3, corresponding to the bandwidth used
in clustering sky regions and encompassing most of the range over which these pa-
rameters have been measured (Planck Collaboration et al., 2016d; Krachmalnicoff

et al., 2018). For the dust temperature I set a prior based on constraints on the dust
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Figure 5.3: Graphical representation of the complete pooling model. Un-shaded circles
represent random variables, shaded circles denote observed variables and un-circled param-
eters denote constants. Square nodes denote factors in the graph, in this case representing
the distributions of model variables. Here I use plate notation to represent repeated sub-
graphs, with a plate being repeated once for each index indicated for the plate. Directed
lines (known as edges) joining variables/constants represent conditional dependencies in the
model. Edges crossing plate boundaries are repeated once for each plate index that they
cross into. Outside the plates, we have the global constants {ux,ox}, X = {5s, Ba, Ta}-
Fach pair denotes the mean and standard deviation of the Normal priors for the region-
level spectral parameters, {3, ,83, T4}. The larger plate contains these region-level spectral
parameters, with ¢ € {1,..., Ng} denoting the region index. The smaller plate corresponds
to the pixel-level, indexed by pixels p € P;, where P; denotes the set of pixels contained
within the region i. Here we have the pixel-level amplitude parameters, {A? = AL AR},
and the pixel standard deviation, oL at the frequency v. The observed pixel value at the

frequency v is given by db.
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temperature found in the Planck COMMANDER analysis (Planck Collaboration et al.,
2016¢,d). These help to down-weight the more extreme regions of parameter space,
offering significant computational performance improvements, and helping to regular-
ize the posterior by reducing the biasing effect of the probability mass associated with
extreme parameter values. Detailed discussion of prior choice, in particular around
the use of weakly informative priors, can be found in Gelman (2006b); Gelman et al.
(2008); Evans and Jang (2011); Polson and Scott (2012); Gelman and Hennig (2017);
Simpson et al. (2017); Gelman et al. (2017). In addition to the Normal priors on
the spectral parameters we multiply these by the associated Jeffreys priors (Jeffreys,
1946, 1961) as in the Planck COMMANDER analysis (Eriksen et al., 2008; Planck Col-
laboration et al., 2014a, 2016¢,d). For a single pixel the spectral Jeffreys priors are

given by,
Bl s 2\ 2
v; Vi

7y(Bs) x Z ;(V_o) ln(V_o)] , (5.24)
: - 2\ 1/2
L (v \™ " exp(yro) =1, (v
1 (v EpPUto) = 2 (B 2

m(Ba) o Z p <VO) o (o1 (o : (5.25)
i " Ba+1 exp (Y1) — 1 Vo

T —_— —_—
Ny (5.26)

v; 1
1 —exp(—yy;) | T2

The sums run over the observed frequencies, with o; being the pixel uncertainty at a
frequency v;.

The emission model for a pixel, p in some sky region is given by,
spa(V) = AP (v, Ba) + AR fa(v, Ba, Ta) + AL, femb (V). (5.27)

The functions, fs(v, fs), fa(v, Ba, Ta) and femp(v) are the spectral forms of the syn-
chrotron, dust and CMB components, as defined in Section 5.2. Note that I assume
the spectral parameters to be identical for A = {Q,U}. T model the data as being
Normally distributed i.e., I assume the Gaussian likelihood in Equation 5.15.
Complete pooling offers a potentially effective approach to account for the spa-
tial variation in spectral parameters whilst avoiding the generation of excessive post

component separation noise. However, with additional data points at low and/or
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Table 5.2: Priors for parameters in the complete pooling model. We assign informative
Normal priors to the spectral parameters, and flat priors to the amplitude parameters.
In addition to the Normal priors for the spectral parameters, we multiply these by their
associated Jeffreys priors as in the Planck COMMANDER analysis. Spectral parameters are
assumed to be constant over a given region, whilst amplitude parameters are allowed to

vary within each pixel, p. The analysis is restricted to polarization, so that A = {Q,U}.

g~

© (©)

B N(p=-3,0=03) xm,(5)

Ba N(p=1.6,0 =0.3) x m;(5q)

Td N([L =21.0 K,O’ =20 K) X WJ(Td)
APA Unif(—o0, 00)

APA Unif(—o0, 00)

AP

cmb

Unif(—o0, 00)

high frequencies it is possible to adopt a more sophisticated, hierarchical model of
the spectral parameters in these regions. It is worth noting that for the complete
pooling model one can analytically marginalize over the amplitude parameters as in
Alonso et al. (2017). This greatly reduces the dimension of parameter space and hence
improves the sampling efficiency. I have not implemented sampling of this marginal
distribution for the analysis here, where I study the computational performance of
NUTS in sampling the full posterior. Indeed, the intrinsic efficiency of NUTS makes

this unnecessary.

5.4.4 Hierarchical Modelling of Spectral Parameters

In statistical modelling, we often encounter scenarios where the model contains a
set of latent variables that are related in some way. In such a scenario it is neither
ideal to treat the latent variables as being entirely independent, or to simply fit for a
single, global variable. Instead we can take a hierarchical approach. In a hierarchical
Bayesian model we introduce a set of population-level hyper-parameters, which define
the distribution from which the individual latent variables are drawn (Gelman, 2006a;
Gelman and Hill, 2007). The graphical representation of the hierarchical model is
displayed in Fig. 5.4.

In the context of CMB component separation, the pixel-level spectral parame-
ters in each region can be modelled as being drawn from some underlying hyper-

distributions. In this particular case I model the spectral parameters as being drawn
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Figure 5.4: Graphical representation of the hierarchical model. Outside of the plates, we
have the global constants {IIx,ZEx,Yx}, X = {fs, 84,T4}. Hx denotes the mean of the
Normal prior for the qu hyper-parameter, and Zx denotes the corresponding standard
deviation. Yy denotes the standard deviation of the Half-Normal prior for the o% hyper-
parameter. At the region-level, denoted again by the larger plate, we have the set of
hyper-parameters {ug(,ag(}. The smaller plate again denotes the pixel-level, which now
includes individual spectral parameters, {3, g , Tff }+. These pixel-level spectral parameters
are constrained through their conditional dependence on the connected region-level hyper-

parameters.
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from underlying Normal distributions, parametrized by the hyper-parameters, px and
ox, where X € {fs, Ba, Ta}. Each pair corresponds to the mean and standard devia-
tion of the underlying Normal hyper-distribution for the synchrotron spectral index,
the dust spectral index and the dust temperature respectively. During component
separation I jointly fit for the population-level hyper-parameters and the associated
pixel-level spectral parameters. The hierarchical approach allows me to model the
pixel-level variations in the spectral parameters, with the hyper-distributions reduc-
ing the propensity of the model to overreact to noise, as would be the case if I had
assumed total independence between pixel-level spectral parameters (Katahira, 2016).

The emission model takes the same form as in Equation 5.27, and I again assume
the Gaussian likelihood in Equation 5.15. The priors for the hierarchical model are
listed in Table 5.3. In analogy to the complete pooling model, I set informative priors
on the spectral hyper-parameters. For the means of the hyper-distributions I set the
same Normal priors as for the spectral parameters in the complete pooling model.
For the standard deviations of the hyper-distributions I set Half-Normal priors, with
scale parameters set to correspond to the standard deviations of the mean priors.
The Half-Normal prior constrains the standard deviations to be positive, with the
scale parameters chosen to encapsulate the likely degree of variation of spectral pa-
rameters in a given region. Setting informative priors on the hyper-parameters in
a hierarchical model can be particularly important in ensuring the robust computa-
tional performance of the sampling algorithm. Hyper-parameters are highly corre-
lated with the associated pixel-level parameters, and small changes in the values of
the hyper-parameters can induce large changes in the target distribution. This can
result in funnel-like geometries in the posterior when the data is limited i.e., a region
of high density but low volume below a region of low density but high volume. The
funnel regions are highly curved, which can lead to major computational difficulties
during sampling, in the worst case leading to a failure in geometric ergodicity. This
problem can be partly mitigated through setting informative priors that down-weight
more extreme parameter values as I have done here (Gelman, 2006b; Betancourt and
Girolami, 2015).

In addition to the choice of informative priors, I re-parametrize the spectral pa-

rameters by introducing the auxiliary variables,
2~ N(0,1),¢ = {s,d,cmb}. (5.28)
For the synchrotron spectral index, this can be re-expressed as,
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Table 5.3: Priors for parameters in the hierarchical model. For the means of the spectral
hyper-distributions I assign Normal priors, and for the standard deviations of the hyper-
distributions I assign Half-Normal priors. The priors for the pixel-level spectral parameters
are then defined through their conditional dependence on the hyper-parameters. As with
the complete pooling model, I assign flat priors to the amplitude parameters and allow them

to vary from pixel to pixel. The analysis is restricted to polarization.

©  p®)

pg,  N(p=-3,0=03)

. Half-Normal(c = 0.35)
ps,  N(p=16,0=03)

op,  Half-Normal(c = 0.35)
pr,  N(u=21K,0 = 2K)
or,  Half-Normal(c = 2.5K)
By /\/‘(,u:,ugs,(f:(fgs)

By N(u=pg,0=0s,)
7 N(p=pr,,0=or,)
AP* Unif(—o00, 00)

APA - Unif(—o0, 00)

AP

cmb

a5

Unif (—o0, 00)

with analogous expressions for 85 and T7. Thus, instead of directly sampling the
{6r, B4, T7}, 1T instead sample a set of Gaussian latent variables and obtain the
pixel-by-pixel spectral parameters through a translation and scaling with the hyper-
parameters. This is known as the non-centred parametrization and has the convenient
effect of reducing correlations between the hyper-parameters and the pixel-level spec-
tral parameters. A detailed discussion of the geometrical pathologies of hierarchical
models and practical approaches to their mitigation can be found in Betancourt and
Girolami (2015).

5.4.5 Convergence Checks

Given an infinite number of samples it can be shown the the NUTS algorithm will
converge on the target distribution. However, it remains important to perform a
number of checks to reassure ourselves of convergence after a finite number of samples.
To this end, I output a number of convergence diagnostics that are described below.

The first convergence diagnostic I output is the Gelman-Rubin statistic (Gelman
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and Rubin, 1992; Brooks and Gelman, 1998). This compares the variance between
multiple, independently initialized chains with the variance within each chain, and is
defined as, X
oV
w

where V is the between-chain variance and W is the within-chain variance. If conver-
gence has been achieved the between-chain and within-chain variance will be equal.
In reality I apply the threshold, B < 1.1 as a check that the parameter chains satisfy
the necessary geometric ergodicity conditions.

[ also output the number of effective samples in each chain, n.g (Geyer, 1992;
Brooks et al., 2011). When sampling from a target distribution using some MCMC
algorithm, we may draw a total of NV samples, but these samples are not totally inde-
pendent. The effective sample size provides a measure of the number of independent

samples in a chain, defined as,

N N
Neff = 3 - 0 5
¢ Zt:—oo pt 1 + 22t:1 IOt

where p; is the auto-correlation within a chain at a lag t. For a chain with joint

(5.31)

distribution 7(®) with mean p and standard deviation o, this is given by

1

0'2 ®

pr = (©" — p)(O"" — u)m(©) de. (5.32)

Details on the estimation of the auto-correlation can be found in Stan Development
Team (2012)2. The appropriate number of effective samples to be able to properly
capture the target distribution is to some extent a question of judgement. However, in
Kruschke (2011) a threshold of ~ 1000 effective samples is proposed to be confident in
expectations calculated with parameter chains. As such, I adopt this as a confidence
threshold for the sampling output.

Finally, I also output warnings when divergences occur during sampling. A di-
vergence takes place when the sampler encounters a region of the target distribution
where the curvature is too high to be resolved given the tuned step-size. In practice,
divergences are detected when the value of the Hamiltonian diverges from its initial
value when simulating trajectories through parameter space. This is significant in
that divergences can mean that the conditions for geometric ergodicity are not met,

and therefore using the resultant chains to construct statistical estimators can lead

2Tt is worth noting that, if a chain is estimated to have a negative auto-correlation between

samples, one can obtain neg > N.
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to biased inferences (Betancourt and Girolami, 2015; Betancourt, 2016, 2017). The
sensitivity to divergences is one of the core advantages of HMC algorithms when sam-
pling from complex high-dimensional geometries. Using non-gradient based samplers
it can be challenging to diagnose these situations where geometric ergodicity is not

satisfied, whereas HMC comes with a sensitive, in-built diagnostic.

5.5 Algorithm Validation

I validate the component separation algorithm’s performance against the simulated
experimental observations described in Section 5.2. For ease of discussion, I assign

the following labels to the three validation sets (i.e., simulation and modelling runs):

e CP(L): The LiteBIRD only analysis, fitting the complete pooling model de-
scribed in Section 5.4.3.

e CP(LC): The C-BASS and LiteBIRD analysis, fitting the complete pooling

model.

e H(LC): The C-BASS and LiteBIRD analysis, fitting the hierarchical model
described in Section 5.4.4.

In all three validation sets I used regions defined on Ngp=64 maps, as described
in Section 5.3, for the spectral modelling. I do not fit the hierarchical model to the
simulation set consisting of just LiteBIRD observations. It was found to be very
challenging to control for the occurrence of divergences when fitting the hierarchical
model to LiteBIRD-only observations, leaving the convergence properties of the re-
sulting MCMC chains suspect. These problems around controlling divergences can
be understood when we consider the lack of low-frequency channels in Lite BIRD.
Given limited available information to constrain synchrotron spectral parameters,
the posterior geometry for the hierarchical model becomes extremely difficult to sam-
ple. Applying the hierarchical model to Lite BIRD-only observations likely requires a
careful study of prior choice for model hyper-parameters and extended tuning phases
to help mitigate the occurrence of divergences.

For each validation set, I evaluate the normalized deviations of the recovered

parameters. For some parameter ®, the normalized deviations are defined as,

@in,)\ o G)out7/\
m=———, A={Q,U}, (5.33)

e
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Figure 5.5: Histograms of the normalized deviations for the recovered parameter maps.
Alongside these histograms I plot the standard Gaussian, N'(0,1). Mismatch between the
normalized deviation histograms and A(0,1) indicate departures from Gaussianity in the
marginal parameter posteriors. In itself, this is not surprising, given the posterior distri-
butions include contributions from non-Gaussian priors, and in the case of the hierarchical

model contains complex correlations between hyper-parameters and pixel-level parameters.
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Parameter Validation Med(ng) Med(ny) MAD(ng) MAD(ny)

Set
Acns CP(L) 0.21 -0.10 2.60 2.18
Aenis CP(LC) 0.12 -0.02 2.66 2.25
Aenis H(LC) 20.03 2x 1073 1.30 1.29
A, CP(L) 2 x 1073 -0.02 2.17 1.98
A, CP(LC) 0.08 -2x 1073 2.14 2.00
A, H(LC) 0.0l 1x1073 1.89 1.88
Aq CP(L) 0.01 0.01 0.74 0.62
Aq CP(LC) 0.02 0.01 0.81 0.68
Aq H(LC) 0.03 2x1073 0.45 0.43
B, CP(L) -0.44 . 7.05
B, CP(LC) -1.03 . 16.8
B, H(LC) 0.09 . 1.46
B4 CP(L) 0.09 L 4.18
Ba CP(LC) -0.35 e 4.96
Ba H(LC) -0.35 . 1.42
T, CP(L) 0.61 L 4.33
T, CP(LC) 1.23 . 5.11
T, H(LC) 0.63 . 1.96

Table 5.4: In columns 2 and 3 I state the medians of the normalized deviations for the
recovered model parameters in each validation set, and in columns 4 and 5 I state the
corresponding MAD values. For spectral parameters the normalized deviations in @ and U
are identical. As such, I only state results for spectral parameters under their corresponding

Q@ columns.
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Parameter Validation Med(Rg) Med(Ry) MAD(Rg) MAD(Ry)
Set
Aoy CP(L) 6x 103K 3x 1073 4K 0.07 1K 0.06 1K
At CP(LC)  —3x1073uK 4% 1074 uK 0.07 K 0.05 4K
Aot H(LC) 1x 1073 4K —6 x 107° uK 0.05 uK 0.04 uK
Ag CP(L) —4x1074puK 3 x1073uK 0.4 uK 0.4 uK
Al CP(LC) 2.8 uK 0.09 K 80.5 K 75.2 uK
Ag H(LC) —0.5 uK —0.03 uK 74.1 uK 72.8 uK
Aq CP(L) —8x 107K —-1x107*uK 5x 103 uK 4x 1073 uK
Ay CP(LC)  —1x107*uK —7x107uK 6x1073uK 5x 1073 uK
A H(LC) 2% 107 K —1x 104K 3x 103K 3 x 1073 uK
By CP(L) 6 x 103 0.1
B, CP(LC) 3% 1073 0.03
B, H(LC) 2% 10°? 0.03
Ba CP(L) 1% 107 0.04
Ba CP(LC) 3% 1073 0.04
Ba H(LC) 6 x 1073 0.02
Ty CP(L) “02K 15K
T CP(LC) 04K 1.3K
i H(LC) —0.3K 1.0K

Table 5.5: In columns 3 and 4 I state the medians of the residuals for the given parameter

and validation set, and in columns 5 and 6 I state the corresponding MAD values. Spectral

parameters are identical in @) and U. As such, I state the median and MAD values under

the @ columns only. Note that, in comparing synchrotron amplitude residuals, the residuals

for the CP(L) set are calculated at a reference frequency of 40 GHz, compared to 5 GHz
for the CP(LC) and H(LC) sets. This results in the seemingly low level of synchrotron

amplitude residuals, given the lower level of synchrotron emission at 40 GHz.
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where @°"@/U is the output parameter /U map, ®™%/V is the input parameter
Q@ /U map, and Jg/ Yis the corresponding (/U standard deviation map. For spectral
parameters the () and U normalized deviations will be identical. If the observed
©°Q/U are drawn from a Gaussian distribution with mean given by ©™®/V and
standard deviation given by ag/ U, the normalized deviations should be distributed
as a standard Gaussian, N (0, 1).

Histograms of the normalized deviations for the model parameters recovered from
each validation set are shown in Fig. 5.5. In Table 5.4 I state the median of the
normalized deviations for each parameter and validation set, along with the cor-
responding MAD values. The distributions of the normalized deviations for each
parameter are discussed in the relevant subsections outlined below.

The outline of the remainder of this section is as follows: in Section 5.5.1 I discuss
the CMB amplitude output, in Section 5.5.2 I present the synchrotron and dust am-
plitude constraints, in Section 5.5.3 I discuss constraints on the synchrotron spectral
index, and in Section 5.5.4 I show results for the dust spectral parameters. In Fig.
5.6 I show maps of the recovered CMB amplitudes and effective sample size for each
validation set. In Fig. 5.7 I show the corresponding CMB amplitude residuals. In Fig.
5.10 T show the recovered synchrotron and dust amplitude maps, and in Fig. 5.11 I
show the corresponding residual maps. In Fig. 5.12 I show the recovered synchrotron
and dust spectral parameter maps, and in Fig. 5.13 I show the corresponding residual
maps. In Table 5.5 I state the median residual level for each parameter and validation

set, along with the corresponding MAD values.

5.5.1 CMB Amplitude

The primary output from the NUTS component separation are CMB amplitude maps
in () and U. This consists of a set of maps corresponding to individual posterior
samples, along with the summary maps of the mean and standard deviation of the
amplitude maps. In Fig. 5.6 I show the mean CMB ) and U amplitude maps
obtained for the three validation sets, along with the associated maps of the effective
sample size. When using a complete pooling model obvious artefacts can be seen in
the recovered CMB amplitude maps near the Galactic plane. This is to be expected,
given the bright diffuse emission in these regions makes the extraction of weak CMB
signals extremely challenging. When using a hierarchical model these artefacts are
no longer present. By accounting for the real variation in spectral parameters in each

region, whilst constraining this variation through the fitted hyper-distributions, the
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Figure 5.6: Output CMB amplitude maps obtained with the NUTS component separation
algorithm. In panels (a) to (f) I show the output A?n/lg maps for the various validation sets,
and in panels (g) to (1) I show the corresponding maps of the effective sample size. Obvious

artefacts can be seen in the output A?n/lg

maps when using a complete pooling model.
This is the result of extremely bright foreground emission dominating over the CMB signal,
making the extraction of the CMB signal very challenging. These artefacts are well traced
by the effective sample size, being most apparent in bright regions close to the Galactic
plane and North Polar Spur. By using a hierarchical model I am able to remove these

obvious artefacts from the recovered CMB maps.
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Figure 5.7: CMB amplitude residual maps for the three validation sets. When using the
complete pooling model, strong residuals are apparent close to the Galactic plane and along
bright diffuse features such as the North Polar Spur. These residuals are greatly reduced
when using the hierarchical model. Large-scale residuals present in the CMB amplitude
maps when using the complete pooling model can ultimately translate into significant biases

on recovered cosmological parameters.

hierarchical model is able to achieve a more accurate foreground removal and thereby
remove the biases apparent from assuming constant spectral parameters. Regions of
the CMB amplitude maps containing component separation artefacts are well traced
by the effective sample size. In regions of low effective sample size (neg < 1000), the
parameter chains exhibit a high degree of auto-correlation, indicative of the sampler
struggling to draw independent posterior samples. Thresholding maps of the effective
sample size can be used to construct confidence masks for the CMB amplitude maps,
which can be used in combination with standard Galactic emission masks.

In Fig. 5.5a I show histograms of the normalized deviations of the A?n/lg maps.
For the validation sets studied here the distributions of the normalized deviations are
slightly wider than the standard Gaussian. This means the uncertainties reported
by the CMB amplitude standard deviation maps underestimate the errors on the
recovered CMB amplitudes, and the CMB amplitude posterior shows slight departures
from Gaussianity. The complete pooling model results in small biases away from zero
in the median of the normalized deviations, which are not present with the hierarchical

model.
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I perform power spectrum estimation using the NAMASTER library (Alonso et al.,
2019). Note that for the regime considered here B < E, meaning B-mode purifica-
tion is very important in order to avoid the variance of the B-mode estimator being
dominated by the E-mode cosmic variance. I generate the Galactic emission mask
following the procedure in Remazeilles et al. (2018), with a common mask being used
to enable direct comparison between the recovered power spectra. [ extrapolated
10° smoothed 5 GHz and 402 GHz polarized intensity maps to 70 GHz, and applied
a bo threshold against the standard deviation of the 10° smoothed CMB polarized
intensity map at 70 GHz. The 5 GHz map was extrapolated using a constant spectral
index of f; = —3 and the 402 GHz map was extrapolated using an MBB SED, setting
Ba = 1.6 and Ty = 19.4 K. I further mask all pixels with n.g < 1000 in either the @
or U maps, although most of these pixels are already contained within the Galactic
emission masks. The Galactic emission mask produced by masking all pixels below
the 50 threshold excludes approximately 60% of the sky.

In Fig. 5.8 I show the E and B-mode power spectra derived for the three validation
sets. For the purposes of power spectrum estimation, I perform component separation
on two splits of the input data with differing noise realisations. I then evaluate the
cross-spectra of the recovered CMB maps from the two data-splits, avoiding compli-
cations from noise bias. I show power spectra, covering multipoles 2 < ¢ < 180, using
a bin width of A¢ = 10 (excluding the first bin, which covers multipoles 2 < ¢ < 10).

For multipoles ¢ < 30 it was found that the purified pseudo-C} estimator no
longer recovered accurate point estimates for the bandpowers. At these large angular
scales, the sky mask results in the pseudo-C} estimator becoming sub-optimal. The
pseudo-CY estimator being unbiased provides a guarantee that the expectation of the
estimator will converge on the true value in the asymptotic regime. However, for low
multipoles on a cut-sky we are far from this asymptotic regime, which can lead to poor
point estimates. For these multipoles, one can obtain better power spectrum estimates
by directly sampling the Cy from the joint distribution, P(Cy, Aemp|d), as is performed
in the COMMANDER component separation code (Wandelt et al., 2004; Eriksen et al.,
2004, 2008; Taylor et al., 2008). As noted in Alsing et al. (2016), such Bayesian
sampling techniques have the advantage of inducing probabilistic information on the
CMB fields inside the mask, and allow for the imposition of priors on the power
spectra that can help in regularizing corresponding parameter estimates. I leave
the implementation of this additional power spectrum estimation technique to future

work.
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Figure 5.8: CMB E-mode and B-mode power spectra for the three validation sets, covering
the multipole range, 2 < ¢ < 180. Power spectra are binned, using a bin width of A¢ = 10
(excluding the first bin, which contains multipoles 2 < ¢ < 10). I plot the power spectra for
the three validation sets together, slightly offset from one another for display purposes. The
central point within each triple is at the effective multipole value for that bin. We can see
that the F-mode power spectrum is recovered with high accuracy for £ > 30, demonstrating
the overall fidelity of the algorithm. For the B-mode power spectrum we can see the results
obtained using a complete pooling model contain significant large-scale foreground residuals,
that are not present when using the hierarchical model. For ¢ < 30 the sky mask results
in the pseudo-Cy estimator becoming sub-optimal, which is particularly apparent in the
10 < ¢ < 20 bin, where the point estimates for the EF-mode bandpowers are negative. 1|
plot a dotted vertical line at £ = 30 to separate these angular scales. For £ 2 150 the beam
correction results in higher variance pseudo-Cy estimates. This beam correction, along
with the limiting pixel resolution at Ngpr=64, results in bandpower estimates becoming
unreliable for £ 2> 180.

167



For multipoles ¢ 2 150, the 70 arcmin beam correction resulted in higher variance
pseudo-CYy estimates. At these small scales the beam correction begins to inflate the
noise present in the CMB amplitude maps. These effects, in combination with the
pixel resolution at Ngpp=64, result in bandpower estimates becoming unreliable for
¢ 2 180.

To estimate the bandpower covariances, noise realizations were obtained by taking
the difference between individual CMB amplitude posterior samples and the mean

CMB amplitude map for the respective data-splits, i.e.,

SALIN = AL — (ALY, A ={Q.U}, (5.34)

cmb T cmb

where k denotes the k™ posterior sample and j € {1,2} denotes the relevant data-
split. The covariance matrix was then estimated by calculating the power spectra of
1000 signal plus noise simulations. For the signal simulations I generated 1000 real-
izations of the theoretical input CMB power spectrum to account for cosmic variance.

The E-mode power spectrum is obtained with high accuracy for ¢ > 30, con-
firming the overall fidelity of the component separation algorithm. The recovery of
the B-mode power spectrum is more challenging, given this signal is significantly
weaker than the E-mode signal and potentially sub-dominant to foregrounds over
most of the sky, at all frequencies. It can be seen that when using a complete pooling
model the recovered B-mode power spectrum contains large-scale foreground resid-
uals, biasing the power spectrum high. In real experimental applications one could
attempt to mitigate this by applying even more aggressive Galactic emission masks,
although this comes at the cost of increasing the uncertainty in the recovered power
spectra. For multipoles ¢ < 30 we can see that the apparent residuals in the B-
mode power spectrum are reduced when using the hierarchical model. However, as
discussed above, the pseudo-C, estimates at these multipoles become sub-optimal,
demonstrated clearly here by the negative point estimates obtained for the E-mode
bandpowers in the 10 < ¢ < 20 bin.

To quantify the impact of foreground residuals in the B-mode power spectrum,
we can study the tensor-to-scalar ratio constraints that would be obtained from these
power spectra for £ > 30. To do this I approximate the likelihood for the CMB power

spectra as a multivariate Gaussian,

—21In L = const. + Z (égb - égf) (o (éz{) — C’til) _ (5.35)

A

The égb are the binned power spectra or bandpowers, with C’}E being the correspond-

ing theoretical bandpowers, and Y is the bandpower covariance matrix. The sum
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here runs over the effective ¢ values for each bin. It is worth noting that, in general,
the CMB likelihood is non-Gaussian. However, for the higher multipoles I consider
here the power spectrum estimates are formed by averaging over the individual ay,,’s
corresponding to a given multipole, justifying the use of the Gaussian approximation
through the central limit theorem.

I parametrize the theoretical power spectrum as,

Ot = 5oz CPP(r = 0.01) + ALC™, (5.36)

where Aj, is the lensing amplitude, CPP(r = 0.01) is a fiducial primordial B-mode
power spectrum corresponding to r = 0.01, and C}*™ is the fiducial lensing B-mode
power spectrum. In a general B-mode analysis I would fit jointly for » and Aj.
However, it is challenging to constrain Ay, solely through the B-mode power spectrum
here. In a realistic experiment, tight constraints can be put on the lensing B-mode
through analysis of the E-mode, T'E correlations and the lensing potential power
spectrum. Combined with constraints from external data sets and delensing, one can
expect to be able to place a tight prior on Ay. For the sake of simplicity here, I fix
Ay, to the input value of 1.

Sampling from this likelihood using PYMC3, I obtain the constraints on r shown
in Fig. 5.9. Using the complete pooling model I recover biased estimates of the
tensor-to-scalar ratio, obtaining r = (12.9 £+ 1.4) x 1072 for the CP(L) set and r =
(9.0+£1.1) x 1073 for the CP(LC) set. This can be understood when we consider the
large residuals and artefacts present in the recovered CMB when using a complete
pooling model. By comparison, the bias is effectively removed for the H(LC) set,
obtaining r = (5.241.0) x 1073, Tt is worth noting that, despite the increased degrees
of freedom in using a hierarchical model, the uncertainties obtained for the H(LC)
set are smaller than those for the CP(LC) set. By adopting a multi-level structure
for the spectral parameters in each region we prevent the model from overreacting
to noise, whilst still capturing the spatial variation in spectral parameters. This
in turn removes many of the foreground residuals present in the CMB amplitude
maps obtained with the complete pooling model. These residuals result in increased
uncertainties and biases on r, caused by the misspecified power spectrum model in
the presence of foreground residuals.

As an aside, I do caution against interpreting these results as direct forecasts
for the proposed LiteBIRD experiment (and/or some combination with additional
experiments). LiteBIRD will also obtain constraints on lower multipoles around

the reionization peak in the B-mode power spectrum, which I have not considered
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Figure 5.9: Tensor-to-scalar ratio constraints obtained for the three validation sets, using
derived power spectra over the range 30 < ¢ < 180 and assuming a multivariate Gaussian
likelihood. For the CP(L) set I find r = (12.9 4 1.4) x 1073, for the CP(LC) set I find
r = (9.0£1.1) x 1073, and for the H(LC) set I find » = (5.241.0) x 10~3. With the addition
of C-BASS we see a reduction in the bias on r with the complete pooling model, although a
~ 3.60 bias still remains for the CP(LC) set. This bias is removed when using a hierarchical
model. The uncertainty on the measured tensor-to-scalar ratio is smaller for the hierarchical
model. The hyper-distributions over foreground spectral parameters allow the model to fit
spatial variations without increasing parameter uncertainties. Further, foreground residuals
that result from the complete pooling model mean the power spectrum model is misspecified,

resulting in increased biases and uncertainties on cosmological parameters.

here due to the sub-optimal pseudo-C} estimator used, increasing the sensitivity of
any tensor-to-scalar ratio measurement. Further, for simplicity in this validation
analysis I smoothed all channels to the 70 arcmin resolution of the lowest frequency
LiteBIRD channel. This is likely a somewhat pessimistic approach. However, it is
beyond the scope of this work to study the impact of the low resolution of the low-
frequency LiteBIRD channels on the ability to recover the CMB power spectra at
higher multipoles. I have also not considered the effect of mis-modelling foreground
SEDs or the impact of experimental systematics, both of which would significantly
complicate any B-mode measurements.

As discussed previously, given the frequency coverage considered here I already
struggle to constrain spatial variations in foreground spectral parameters for these
simple models. Fitting more complex models will require additional low and high-

frequency data. I leave the impact of mis-modelling complex foreground SEDs to
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more detailed forecasting analyses, focusing here on validating the ability of Bayesian
hierarchical modelling to reduce biases in recovered CMB estimates without inflating
parameter uncertainties. It is worth noting that I consider the performance of the
hierarchical model here for an experimental frequency coverage much broader than
that of next-generation ground-based experiments such as the Simons Observatory
(Simons Observatory Collaboration et al., 2019) and CMB-S4 (Abazajian et al., 2016).
Given the reduced frequency coverage of these experiments, fitting a full hierarchical
model will be significantly more challenging, and will likely require a careful study
of the prior choice for model hyper-parameters, and an exploration of model re-

parametrizations.

5.5.2 Synchrotron and Dust Amplitudes

In Fig. 5.10 I show the dust and synchrotron amplitude maps. Dust amplitude maps
are shown at the reference frequency of 1y = 402 GHz for all three validation sets.
Synchrotron amplitude maps are shown at a reference frequency of vy = 40 GHz for
the CP(L) validation set, and at vy = 5 GHz for the CP(LC) and H(LC) validation
sets. In all cases we can see the recovered component amplitude maps trace the input
component amplitude maps well. However, this is to some extent a result of the choice
of reference frequency, with the amplitudes being constrained by the pixel values at
those frequencies. The overall level of residuals in the synchrotron amplitude maps
is reduced by ~ 5 per cent for the H(LC) set compared to the CP(LC) set, and the
typical residuals in the dust amplitude maps are reduced by ~ 40 per cent. These
reductions were estimated using the MAD values of the residuals. Whilst the absolute
value of these reductions is small at synchrotron and dust frequencies, they ultimately
propagate through to significant biases in the recovered CMB maps, as seen in the
tensor-to-scalar ratio estimates.

In Fig. 5.5b I show histograms of the normalized deviations for the synchrotron
amplitude, and in Fig. 5.5¢ I show histograms of the normalized deviations for the
dust amplitude. For the synchrotron amplitude I obtain similar distributions across all
three validation sets. The normalized deviations for the synchrotron amplitudes are
wider than the standard Gaussian, indicating the standard deviations of the posterior
samples underestimate the uncertainties on the synchrotron amplitudes. Conversely,
for the dust amplitudes the normalized deviations are narrower than the standard

Gaussian.

171



uK uK
-10 50 —-5000 25000 —-5000 25000

(a) CP(L): AL @ 40 GHz (b) CP(LC): AL @ 5GHz (c) H(LC): AQ @ 5GHz

=15 15 —7000 7000 —7000 7000

(j) CP(L): AV @ 402 GHz (k) CP(LC): AY @ 402 GHz () H(LC): AY @ 402 GHz

Figure 5.10: Synchrotron and dust amplitude maps obtained for the three validation sets. In
panels (a) to (f) I show the synchrotron amplitude maps, shown at the reference frequency
of vg = 40 GHz for the CP(L) validation set, and vy = 5 GHz for the CP(LC) and H(LC)
validation sets. In panels (g) to (1) I show the dust amplitude maps, displayed at the
reference frequency of vy = 402 GHz. In all three cases the component separation algorithm
recovers accurate estimates of the foreground amplitude maps at their reference frequencies.
This is to be expected, and is to some extent a result of the choice of synchrotron and dust
reference frequencies. The typical residuals in synchrotron amplitude maps are ~ 5% lower
for the H(LC) set compared to the CP(LC) set. Similarly, the dust amplitude residuals are
~ 40% lower for the H(LC) set compared to the CP(LC) set.
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Figure 5.11: In panels (a) to (f) I show the synchrotron amplitude residual maps, and in
panels (g) to (1) I show the dust amplitude residual maps. In displaying the synchrotron
amplitude residuals for the CP(L) set, I have scaled the £300 uK axis limits used for the
CP(LC) and H(LC) sets from 5 GHz to 40 GHz, using a spectral index of —3. For both the
synchrotron and dust amplitudes we can see that the residuals, particularly in regions of
bright diffuse emission, are greatly reduced when using a hierarchical model. Whilst the
level of these residuals is small relative to the total synchrotron and dust emission at their
reference frequencies, these residuals ultimately propagate through to significant foreground

residuals in the recovered CMB amplitude maps.
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5.5.3 Synchrotron Spectral Parameters

In Fig. 5.12a, 5.12b and 5.12¢, I show the synchrotron spectral indices obtained for
the three validation sets. In the case of the CP(L) set, I struggle to place accurate
constraints on the synchrotron spectral index. This is to be expected, given the lack
of low-frequency channels below 40 GHz, and is consistent with expectations from
the single-pixel component separation analysis presented in Jew et al. (2019). For the
CP(LC) validation set, I am able to place improved constraints on the synchrotron
spectral index, with the variations in the synchrotron spectral index from region-to-
region tracing the variations in the input spectral index map shown in Fig. 5.1.

When using a hierarchical model I am able to more finely model variations in
the synchrotron spectral index across the sky. As can be seen in Fig. 5.12c, the
spectral index in regions of high SNR traces the same variations seen in the input
synchrotron spectral index map. In regions of low SNR, away from the Galactic
plane, we do see additional features not present in the input S, map. This is a result
of the noisier estimates of the synchrotron spectral index obtained in these regions.
These noisy variations are constrained by the hyper-distribution, which penalises
individual estimates of 35 being too far from the population mean, pg,. Further, even
in these noisier regions of the sky we can see that many of the large-scale variations
in the spectral index are still traced by the individual spectral indices. This is a well
known property of hierarchical models, known as posterior shrinkage, and is one of
the main advantages of adopting the hierarchical approach i.e., we obtain improved
point estimates of the latent variables (Katahira, 2016).

For the simulations I have considered here, the typical residuals in the synchrotron
spectral index maps are similar between the CP(LC) and H(LC) validation sets. This
is partly a result of the input synchrotron spectral index map being highly idealized,
lacking in small-scale features (Krachmalnicoff et al., 2018). Improvements can also
likely obtained for the hierarchical model by refining the region definition, such that
we define larger regions in areas of low SNR, increasing the smoothing effect of the
hyper-distributions.

In Fig. 5.5d I show histograms of the normalized deviations for the synchrotron
spectral index. When using a complete pooling model, the distributions of the nor-
malized deviations are significantly wider than the standard Gaussian. This is par-
ticularly apparent for the CP(LC) set. With the addition of C-BASS, there is greater
constraining power on the average spectral index across each sky region. However,

normalized deviations are evaluated at the pixel-level. The uncertainties obtained for
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Figure 5.12: Spectral parameter maps obtained for the three validation sets. Panels (a)
to (c): Recovered synchrotron spectral index maps. Panels (d) to (f): Recovered dust
spectral index maps. Panels (g) to (i): Recovered dust temperature maps. For the CP(L)
set, I struggle to accurately constrain the synchrotron spectral index, due to the absence of
low-frequency channels below 40 GHz. With the addition of a 5 GHz C-BASS channel for
the CP(LC) and H(LC) sets, I am able to place improved constraints on the synchrotron
spectral index. Given the frequency coverage of LiteBIRD 1 struggle to constrain dust
spectral parameters for all three validation sets, reflected in low effective sample sizes for
the dust spectral parameters. The typical residuals for the synchrotron spectral index
maps are comparable between the CP(LC) and H(LC) sets. However, the performance
of the CP(LC) set is likely exaggerated by the lack of small-scale features in the input
synchrotron spectral index map. The typical residuals for the dust spectral index maps
are reduced by ~ 50 per cent for the H(LC) set compared to the CP(LC) set. The typical
residuals in the recovered dust temperature maps are ~ 25 per cent lower for the H(LC)
set compared to the CP(LC) set. The simulated dust spectral parameter maps contain

additional small-scale features compared to the synchrotron spectral index map.
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Figure 5.13: Spectral parameter residual maps obtained for each validation set. Panels (a)
to (c): Synchrotron spectral index residual maps. Panels (d) to (f): Dust spectral index
residual maps. Panels (g) to (i): Dust temperature residual maps. For the CP(L) validation
set I find significant residuals for the synchrotron spectral index over much of the sky. Due to
the lack of low-frequency channels below 40 GHz, Lite BIRD data alone is unable to properly
constrain the synchrotron spectral index. In comparing the residuals for the CP(LC) and
H(LC) sets, we can see that residuals are reduced for the H(LC) set in regions of bright
diffuse emission. However, there are regions of low SNR away from the Galactic plane where
the residuals for the H(LC) set are noticeably larger. The fitted hyper-distributions in this
case do help to reduce the propensity for the model to overreact to noise. Improved point
estimates could likely be obtained here by defining larger regions in areas of low SNR. It is
also worth noting that the performance of the complete pooling model is likely exaggerated
by the lack of small-scale features in the simulated synchrotron spectral index map. For
dust spectral parameters, I obtain lower typical residuals for the H(LC) set due to modelling
real spatial variations in the parameters. However, given a maximum observed frequency

of 402 GHz, I still struggle to place constraints on dust spectral parameters.
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the average spectral index in a given region will not be representative of the pixel-
level uncertainties. For the range of values shown in Fig. 5.5d, the CP(L) set appears
to show a positive bias. However, the median is driven to —0.44 by a set of large
magnitude, negative normalized deviations. Given the lack of low-frequency channels
below v = 40 GHz, LiteBIRD data alone is unable to properly constrain synchrotron

spectral parameters.

5.5.4 Dust Spectral Parameters

Most of the constraining power for dust spectral parameters comes from high-frequency
channels i.e., v 2 100 GHz. In the three validation sets these remained identical, be-
ing the high-frequency LiteBIRD channels. In Jew et al. (2019) it was found that,
given a LiteBIRD-like frequency coverage, it is difficult to constrain dust spectral
parameters. Indeed, this was the case for the analysis here, where informative pri-
ors were needed on the dust spectral parameters. The difficulty in constraining dust
spectral parameters is reflected in their low effective sample size, which was typically
< 1000 over much of the sky in all three validation sets.

In Fig. 5.12d, 5.12e and 5.12f I show the recovered dust spectral index maps, and
in Fig. 5.12g, 5.12h and 5.12i I show the recovered dust temperature maps. In using
a hierarchical model for the dust spectral parameters, I am able to fit for variations
in the spectral parameters in regions of high SNR close to the Galactic plane. Away
from the Galactic plane, the individual variations become much smaller in each region,
with the resulting maps of §; and Ty very obviously tracing out the crude structure of
the regions used in the component separation. Given the limited frequency coverage,
there is simply not enough information to constrain the low-level variations of the
dust spectral parameters in each region. In this case the marginal distributions for
op, and or, have a large fraction of their probability mass close to zero, constraining
individual spectral parameters to be very close to their population means, j, and pr,.
The typical residuals for the dust spectral index maps are reduced by ~ 50 per cent
for the H(LC) set compared to the CP(LC) set. The typical residuals in the recovered
dust temperature maps are ~ 25 per cent lower for the H(LC) set compared to the
CP(LC) set. By allowing for some of the low-level variations in the dust spectral
parameters I am able to obtain smaller residuals in the recovered parameter maps,
propagating through to reduced biases in the CMB amplitude estimates.

In Fig. 5.5e I show histograms of the normalized deviations for the dust spectral

index, and in Fig. 5.5f [ show histograms of the normalized deviations for the dust
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temperature. For both the dust spectral index and the dust temperature I find
biases in the medians of the normalized deviations. The MAD values obtained with
a complete pooling model are significantly larger than one. This is again a result
of the fact that the uncertainty obtained on the average spectral parameters in a
region are not representative of the pixel-level uncertainty in those parameters. The
distributions of normalized deviations for the H(LC) set are closer to the standard
Gaussian than for the CP(LC) and CP(L) sets. Improved point estimates could
potentially be obtained by conducting a more detailed exploration of informative
priors on the hyper-parameters of dust spectral parameters, or considering model
re-parametrizations. However, the hierarchical model is still limited by the lack of

additional frequency channels at v > 402 GHz.

5.6 Conclusions

I have developed a new implementation of Bayesian CMB component separation, us-
ing the NUTS algorithm to draw samples from the full posterior distribution. The
NUTS algorithm is a self-tuning variant of HMC, that avoids the random walk be-
haviour that leads to slow convergence when using standard Metropolis-Hastings and
Gibbs sampling algorithms. Measured against the rate of effective sample generation,
NUTS offers performance improvements of ~ 10? compared to Metropolis-Hastings
when fitting the complete pooling model. Geometrical pathologies typical of hierar-
chical models often make variants of HMC the only reliable option for the diagnosis
of divergences and biased inferences (Betancourt and Girolami, 2015).

I apply this component separation algorithm to simulations of the Lite BIRD and
C-BASS experiments to validate the algorithm performance and fidelity. These simu-
lations use a tensor-to-scalar ratio of 7 = 5 x 107% and a lensing amplitude of A; = 1.
Component separation is performed over a set of separate sky regions, defined using
the mean-shift algorithm. This clusters sky regions according to the similarity in their
synchrotron and dust spectral properties, and their location on the sky. In each region
I adopt two different modelling approaches, namely complete pooling and a hierarchi-
cal model. In the complete pooling model I assume the spectral parameters in each
region are constant. In the hierarchical model I assume spectral parameters are drawn
from underlying Gaussian distributions, fitting for the hyper-parameters defining the
mean and variance of the Gaussian hyper-distributions, along with the individual

pixel-by-pixel spectral parameters constrained by these hyper-distributions.
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When using the complete pooling model I am able to recover accurate estimates of
the CMB over much of the sky. However, component separation artefacts are present
close to the Galactic plane where the CMB is highly sub-dominant to foregrounds.
Using the hierarchical model, these artefacts are removed from the recovered CMB.
Estimating the CMB power spectra with these maps, I find the complete pooling
model induces large-scale foreground residuals in the recovered power spectra. Using
multipoles between 30 < ¢ < 180 and fixing the lensing amplitude, I was able to
translate these power spectrum estimates into tensor-to-scalar ratio constraints. With
only LiteBIRD frequency channels, and using the complete pooling model, I find
r = (129 + 1.4) x 1073, Applying the complete pooling model with an additional
C-BASS channel at 5GHz I find r = (9.0 & 1.1) x 1073, and using the hierarchical
model with C-BASS and LiteBIRD 1 find r = (5.2 & 1.0) x 1073. The addition
of C-BASS reduces the bias in the recovered tensor-to-scalar ratio for the complete
pooling model. However, the crude assumptions made regarding the behaviour of
spectral parameters still leaves a ~ 3.60 bias in the estimate of r. I find that the
hierarchical model offers an effective generative approach to the modelling of spectral
parameters, that helps to mitigate the propensity for fitting outliers when assuming
total independence between spectral parameters. The reduced foreground residuals in
the recovered CMB maps also means that the hierarchical model does not suffer from
the same issues around model misspecification at the power spectrum level, which
results in increased uncertainties and biases on recovered cosmological parameters for
the complete pooling model.

For the analysis in this chapter I have developed a simple proof-of-concept im-
plementation of the component separation algorithm. Potential future work includes
the extension of the algorithm to allow for the joint fitting of dipole and monopole
corrections, along with instrumental effects such as bandpass corrections. It would
also be prudent to extend the power spectrum estimation, to include the direct joint
sampling of CMB amplitudes and power spectra at low multipoles, and expand the
code to allow for multi-resolution analyses. From the perspective of modelling, one
may also consider more sophisticated approaches to clustering. For the purposes of
validation in this study I used naive spectral indices as tracers of the foreground
spectral properties, which will be contaminated by noise. In future work, it would
be worthwhile examining improvements in region definition by using more sophisti-
cated estimators of foregrounds spectral properties, along with studying the optimal

datasets to be used as foreground templates. Finally, significant gain can potentially
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be made by exploring optimizations to the component separation code e.g., through

re-parametrizations and GPU acceleration.
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Chapter 6

Conclusions

Accurate component separation will be vital in order to detect any primordial B-mode
signal. If present, this would be buried deep within Galactic foreground emission.
The core challenge is two-fold. First, we have a data challenge i.e., we require high
sensitivity data, with a frequency coverage that is wide enough for us to constrain
foreground emission across the sky. Second, we have an algorithmic challenge. Our
component separation algorithms must be able to accurately recover a primordial
signal at targeted sensitivities of o(r) ~ 1073, with an accurate quantification of the
corresponding uncertainty. In this chapter I summarize the work presented in this

thesis, and discuss relevant future work.

6.1 Thesis Summary

In Chapter 2 I gave an overview of the C-BASS experiment, a survey covering the
whole sky in total intensity and polarization at 4.76 GHz. C-BASS will provide vital
constraints on polarized synchrotron emission, that will allow next-generation CMB
experiments to constrain synchrotron spectral behaviour. I described the key survey
specifications and data reduction steps, and presented cross-checks of the calibration
stability and polarization angle calibration, confirming that the C-BASS calibration
is both accurate and stable.

In Chapter 3 I presented the work described in Grumitt et al. (2020b), regard-
ing the detection of point sources in the C-BASS northern sky map. I described
the SMHW2 source detection algorithm, which adapted the source detection algo-
rithm of Planck Collaboration et al. (2014b, 2016f) to perform harmonic filtering
on the sphere. This detection algorithm was used to produce a catalogue of 1784

point-sources covering declinations 6 > —10°. Important data-quality checks were
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performed, by matching the C-BASS northern sky catalogue with the GB6 and PMN
catalogues. The typical positional offsets of C-BASS sources were ~ 3arcmin from
GB6/PMN sources, which is consistent with the C-BASS pointing residuals. Further,
the C-BASS flux-density scale was found to be consistent with the GB6/PMN flux-
density scales to within ~ 4 per cent, and the C-BASS and GB6 differential source
counts are consistent. The C-BASS source catalogue can now be used for the con-
struction of point-source masks in any analysis of diffuse emission, and has been used
by the C-BASS collaboration to produce a source-subtracted map of the northern
sky.

In Chapter 4 I presented an early analysis of the polarized power spectra of Galac-
tic synchrotron emission in the C-BASS northern sky maps. By conducting a joint,
cross-spectrum based analysis with low-frequency WMAP and Planck data I was
able to place constraints on the synchrotron SED in harmonic space, which cor-
responds to the domain of many CMB component separation analyses. Over the
multipoles and masks considered, the weighted average of the E-mode spectral index
was BEE = —3.1040.01, and the weighted average of the B-mode spectral index was
BBB = —3.20 + 0.04. The spectral index constraints were broadly consistent with
those found in Krachmalnicoff et al. (2018). There was also some evidence for syn-
chrotron E'B correlation, which has the potential to complicate the self-calibration of
next-generation CMB experiments. Using constraints on the C-BASS B-mode auto-
spectrum, I was able to estimate the approximate level of synchrotron contamination
to primordial B-modes. The minimum level of contamination corresponded to an
effective tensor-to-scalar ratio of 7.y ~ 1073, with a typical synchrotron contamina-
tion of reg ~ 1072, This is consistent with analysis in Krachmalnicoff et al. (2018)
over the southern sky, and clearly demonstrates that synchrotron emission cannot be
neglected in next-generation B-mode searches.

In Chapter 5 I moved to consider algorithmic challenges in CMB component sep-
aration, presenting the work described in Grumitt et al. (2020a). Here, I described
a new implementation of Bayesian parametric component separation, utilizing the
highly efficient NUTS algorithm for posterior sampling. NUTS is a gradient-based
sampling algorithm, first presented in Hoffman and Gelman (2014), that avoids the
random walk behaviour that affects non-gradient based sampling algorithms such as
Metropolis-Hastings and Gibbs sampling. In addition to its favourable scaling to
high-dimensional problems, NUTS also provides powerful self-diagnostics of potential
failures in geometrical ergodicity when sampling from complex target distributions.

This is particularly important for the hierarchical foreground model, with this class
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of model being known to exhibit complex, highly-curved posterior geometries. For
foreground modelling I compared two approaches. The first was a complete pool-
ing model, which assumed foreground spectral parameters to be constant over large
sky regions. This method has been applied in several CMB component separation
analyses as a means through which one can reduce the statistical uncertainties on
recovered CMB amplitudes (Gorski et al., 2005; Stompor et al., 2009; Errard et al.,
2011; Stompor et al., 2016; Alonso et al., 2017; Irfan et al., 2019; Khatri, 2019; Thorne
et al., 2019). The second was a hierarchical foreground model, which modelled hyper-
distributions over these large sky regions, which subsequently induce a prior on pixel-
level spectral parameters. The complete pooling model was found to result in signif-
icant artefacts in the recovered CMB maps, that were removed by the hierarchical
model without inflating parameter uncertainties. This could be translated to power
spectrum constraints. For an input tensor-to-scalar ratio of » = 5 x 1072, the hierar-
chical model recovered r = (5.2 4+ 1.0) x 10~ using multipoles 30 < ¢ < 180. For the
same dataset, the complete pooling model recovered r = (9.041.1) x 1073. Hierarchi-
cal modelling was found to provide a powerful generative framework through which
foreground spatial variations can be modelled without inflating the final parameter

uncertainties.

6.2 Future Work

Significant work remains in the scientific analysis of C-BASS northern sky data. In
this thesis I have presented an early analysis of polarized synchrotron emission in the
harmonic domain, in combination with map-based spectral index estimates. In areas
of the sky with low SNR, these spectral index estimates become heavily contaminated
by noise, which can introduce unphysical small-scale artefacts into the spectral index
maps. Improved synchrotron spectral index maps can likely be obtained by using
the hierarchical modelling techniques discussed in Chapter 5. In the future, it will
also be important to conduct joint analyses with other low-frequency surveys such as
S-PASS (Carretti, 2010) and QUIJOTE (Génova-Santos et al., 2015b), and integrate
C-BASS into the component separation pipelines for next-generation experiments
such as the Simons Observatory (Simons Observatory Collaboration et al., 2019),
CMB-S4 (Abazajian et al., 2016) and LiteBIRD (Matsumura et al., 2014; Hazumi
et al., 2019). Analysis with S-PASS and QUIJOTE can be particularly powerful in

assessing the strength of Faraday rotation effects. Constraints on RM values across
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the sky will be very important when fully integrating C-BASS into any component
separation pipelines.

The C-BASS northern-sky survey overlaps with S-PASS along a ~ 10° strip at
its lower declination bounds. Whilst this can be utilized for initial scientific analy-
ses, southern survey data will be vital to fully exploit such a joint analysis. Full-sky
coverage will also be key for both space-based missions, as well as ground-based
experiments that will observe primarily in the southern hemisphere. The C-BASS
southern survey is ongoing, and will require at least two years of observations. Signif-
icant future work on C-BASS will involve the development of the C-BASS south data
reduction pipeline, particularly to fully utilize the spectral resolution of the southern
system. Moreover, the overlap between the northern and southern surveys can be
used to conduct cross-checks and improve the C-BASS calibration. Looking beyond
C-BASS, additional low-frequency experiments between 5 — 30 GHz can be invaluable
for providing detailed constraints on the synchrotron SED, and reducing biases on re-
covered cosmological parameters. As discussed in Chapter 5, the addition of C-BASS
data enables us to constrain the synchrotron spectral index. However, in order to
constrain more realistic and complex models, we will require additional data. ELFS
has been proposed to provide the necessary frequency coverage to constrain more
sophisticated synchrotron models (Hill-Valler, 2019; Ganga et al., 2019).

The NUTS component separation algorithm presented in Chapter 5 has been de-
veloped as a proof-of-concept implementation. The code should be modified to include
realistic complications such as bandpass corrections, monopole and dipole fitting etc.
It would also be natural to extend the algorithm to allow for multi-resolution analy-
ses by performing fitting in the harmonic domain, as is the case for COMMANDER?2
(Planck Collaboration et al., 2018b). The success of hierarchical foreground modelling
is intricately tied to the choice of regions over which hyper-distributions are modelled.
This could likely be improved by adopting clustering schemes that adaptively define
larger regions where there is low SNR, thereby increasing the smoothing effects of the
hyper-distributions in these regions. More complex hierarchical structures could also
be adopted e.g., by defining an additional global hyper-distribution that could help
to smooth the transitions between regions. The foreground modelling approach could
also be combined with a Bayesian delensing and power spectrum estimation scheme,
such as that in Millea et al. (2020), to form a complete forward model from our sky
maps to key cosmological statistics.

It is important to note that the hierarchical foreground model pushes the limits

of standard implementations of NUTS. Including the complications described above
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would further strain the algorithm’s computational performance. It would therefore
be prudent to consider extensions to approximate Bayesian inference algorithms. This
has numerous applications beyond cosmology, and significant work is being conducted
into ways through which Bayesian inference can be scaled to very high-dimensional
problems. In this thesis I have primarily considered applications of HMC (through
NUTS), and also briefly summarized variational inference (VI). Both of these methods
sit at the forefront of modern Bayesian computation, but there is major potential for
improvements.

HMC algorithms sample very effectively from strongly log-concave distributions
such as Gaussians (Mangoubi and Smith, 2017). However, when faced with more com-
plex target distributions, such as the funnel geometries typical of hierarchical models,
the performance of HMC can suffer dramatically. Recent work has considered the ap-
plication of normalizing flows to finding mappings between general target geometries
and easy-to-sample geometries (Hoffman et al., 2019). Normalizing flows are able to
construct incredibly complex and rich mappings by stacking a set of invertible maps,
typically parametrized through neural network architectures (Papamakarios et al.,
2019). Other approaches have considered computational speed-ups for particular
model classes e.g., through the automatic marginalization over certain model param-
eters (Margossian et al., 2020). For very high-dimensional models, such as Bayesian
neural networks, VI has often been favoured over MCMC. In these models, MCMC
algorithms are often intractable. By casting posterior inference as an optimization
problem, VI is able to scale much better to such problems. However, VI is often
prone to overly compact representations of the target geometry, and a poor choice of
approximating family can drastically fail to capture the target geometry. Much work
remains to be done in understanding the regimes in which one can obtain reliable
posterior approximations through VI. Improvements can also potentially be obtained
by considering alternative objective functions to the Kullback-Leibler divergence, and
by exploring the interface between VI and MCMC methods (Blei et al., 2016).
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