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Abstract

This thesis is concerned with extending properties of regular word lan-
guages to richer structures. We consider intricate properties like the
relationship between one-way and two-way temporal logics, minimiza-
tion of automata, and the ability to effectively characterize logics. We
investigate whether these properties can be extended to tree languages

or word languages over an infinite alphabet.

It is known that linear temporal logic (LTL) is as expressive as first-order
logic over finite words [Kam68, GPSS80]. LTL is a unidirectional logic,
that can only navigate forwards in a word, hence it is quite surprising
that it can capture all of first-order logic. In fact, one of the main
ideas of the proof of [GPSS80] is to show that the expressiveness of LTL
is not increased if modalities for navigating backwards are added. It
is also known that an extension of bidirectional LTL to ordered trees,
called Conditional XPath, is first-order complete [Mar04]. We investigate
whether the unidirectional fragment of Conditional XPath is also first-
order complete. We show that this is not the case. In fact we show that
there is a strict hierarchy of expressiveness consisting of languages that
are all weaker than first-order logic. Unidirectional Conditional XPath

is contained in the lowest level of this hierarchy.

In the second part of the thesis we consider data word languages. That
is, word languages over an infinite alphabet. We extend the theorem
of Myhill and Nerode to a class of automata for data word languages,
called deterministic finite memory automata (DMA). We give a charac-
terization of the languages that are accepted by DMA, and also provide

an algorithm for minimizing DMA.

Finally we extend theorems of Biichi, Schiitzenberger, McNaughton, and
Papert to data word languages. A theorem of Biichi states that a lan-
guage is regular iff it can be defined in monadic second-order logic.

Schiitzenberger, McNaughton, and Papert have provided an effective



characterization of first-order logic, that is, an algorithm for deciding
whether a regular language can be defined in first-order logic. We pro-
vide a counterpart of Biichi’s theorem for data languages. More precisely
we define a new logic and we show that it has the same expressiveness as
non-deterministic finite memory automata. We then turn to a smaller
class of data languages, those that are recognized by algebraic objects
called orbit finite data monoids. We define a second new logic and show
that it can define precisely the languages accepted by orbit finite data
monoids. We provide an effective characterization of a first-order variant
of this second logic, as well as of restrictions of first-order logic, such as

its two variable fragment and local variants.
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Introduction

Motivation

The regular word languages are certainly among the fundamental concepts in com-
puter science. They are not only of theoretical importance, but also at the core of
many applications. The reasons for their success are manyfold. On one hand, they
are expressive enough to describe the patterns that occur in many settings, while
on the other hand, they can be processed very efficiently: membership in a regular
language can be tested in linear time and constant space in the size of the input
word, and static analysis problems, such as language emptiness and equivalence, are
decidable. In addition, the regular languages form a robust class of languages: they
can be defined by several different formalisms, such as regular expressions, finite au-
tomata, finite monoids, and logics, and these formalisms are often invariant under
small changes in their definition.

But, there are also other, more intricate, properties of the regular word languages
that make them attractive. One such property is captured in the theorem of Myhill
and Nerode. It shows that every regular language is accepted by a unique minimal
deterministic finite automaton. In addition, an effective minimization procedure for
deterministic finite automata can be extracted from the proof. Such a procedure
clearly has practical applications, but in addition, it can easily be turned into an
effective procedure for deciding emptiness and equivalence of regular languages.

Other intricate properties of the regular word languages concern the structure
of their subclasses. Consider, for example the subclass of regular languages that
can be defined by regular expressions without Kleene star. Schiitzenberger showed
that this class of languages coincides with the class of languages that is accepted by
certain algebraic structures, called aperiodic finite monoids [Sch65]. McNaughton,
and Papert showed that a language is accepted by an aperiodic finite monoid iff
it can be defined in first-order logic [MP71]. These results are remarkable as they
connect seemingly unrelated mathematical objects in an unexpected way. Further

research has shown that such a correspondence is by no means coincidental. In fact



many subclasses of the regular languages, e.g. those defined by fragments of first-
order logics, temporal logics, or parallel complexity classes, can be given algebraic
characterizations (see [Pinll, Str94]).

Kamp gave a further characterization of the class of first-order definable lan-
guages: he showed that this class is identical with the class of languages that can
be defined by linear temporal logic with past modalities (PLTL) [Kam68]. Gab-
bay et al. showed that the past modalities do not increase the expressiveness of
PLTL. More precisely he showed that LTL, the unidirectional fragment of PLTL, is
sufficient to capture first-order logic [GPSS80].

The goal of this thesis is to investigate whether intricate properties of regular word
languages can be extended to languages of richer structures. In particular, we con-

sider the following questions:

1. Does the ability to get first-order complete unidirectional logics carry-over

from the word setting to ordered trees?

2. Can the theorem of Myhill and Nerode be extended to word languages over
an infinite alphabet?

3. Can the theorems of Schiitzenberger, McNaughton, and Papert be extended

to word languages over an infinite alphabet?

In a nutshell, we answer the first question negatively, and the two other questions

positively. Each question is answered in one chapter of the thesis.

Organization. This thesis consists of two parts. The first part, consisting of
Chapter 1, studies the expressiveness of temporal logics on trees. The second part,
consisting of Chapters 2 and 3, considers data word languages — word languages over
an infinite alphabet. Chapter 2 studies minimization of automata for data languages

and Chapter 3 is concerned with characterizations of logics for data languages.



Contribution

In the following we give an overview over the contributions of this thesis.

Chapter 1. How Big Must Complete Temporal Logics Be? Over words it
is known that LTL has the same expressiveness as first-order logic [Kam68, GPSS80].
The formulas of LTL are built up from boolean operators, atomic formulas for node
labels, two unary operators X (next) and F (eventually), and one binary operator
U (until). Formulas of are evaluated with respect to a word and a position in this
word, and the operators make it possible to navigate from one position in a word to
a new position to the right of the original position.

Temporal logics are closely related to query languages for XML [Wor00]. XPath
[Wor99], a W3C recommendation for querying XML, can be thought of as a version
of unary LTL for trees: it has modalities for navigating in all four directions up,
down, left, and right of a tree. For each of these directions there is one operator
corresponding to the next operator and one operator corresponding to the eventu-
ally operator. It is known that unidirectional fragments of XPath, those that can
only navigate downwards and in one horizontal direction, can be evaluated more
efficiently over XML streams [O1t07, BJLWOS].

Compared with first-order logic however, XPath is rather weak. It has been
shown in [MdRO05], that XPath cannot express all first-order definable properties.
A first-order complete extension of XPath was proposed in [Mar04]: Conditional
XPath is basically an extension of XPath that adds an until operator for each of the
directions left, right, up, and down. Hence Conditional XPath can be considered
an extension of (multidirectional) linear temporal logic for ordered trees. Clearly
the question arises whether the unidirectional fragment of Conditional XPath is as
expressive as the unrestricted language. We show that this is not the case, that is,

we show that unidirectional Conditional XPath is not first-order complete.

In fact, we show a much stronger result. We consider a logic CTL}, which is known
to be first-order complete [HT87, BLO05]. Formulas of CTL}, are built up from
boolean combinations of path quantification for downward, leftward and rightward
paths, and LTL formulas can be evaluated on the quantified paths. The atomic
formulas of these embedded LTL formulas are either node labels or lower level CTL,
formulas. We consider fragments of CTL], obtained by restricting the “until-depth”
of embedded LTL formulas. The until-depth of an LTL formula is the maximal
nesting depth of the until operator in that formula. The nesting depth of the unary



operators is unaffected: that is, a formula with until depth at most k can still have
an arbitrary number of nested X and F' operators. In addition, we only restrict
the until depth within one path quantifier. Hence, when evaluated on words, the
logic CTLZ,, restricted to formulas of bounded until depth is as expressive as LTL
(and hence as first-order logic), because arbitrary nesting of the until operator can
be mimicked by using several path quantifiers. We show that when evaluated on
finite ordered trees, CTL,, with bounded until-depth on downward path quantifiers
becomes first-order incomplete. This result gives rise to a strict infinite hierarchy of
expressiveness. All languages in this hierarchy are weaker than first-order logic, and
unidirectional Conditional XPath is contained in the lowest level. In addition, we
show a similar result for CTL, formulas with restricted until-depth on horizontal

path quantifiers.

Chapter 2. How Small can Automata for Data Languages Get? The
theorem of Myhill and Nerode not only presents a characterization of the regular
word languages, it also provides an algorithm for minimizing deterministic finite au-
tomata. Myhill and Nerode associate every language L with an equivalence relation
=, on finite words. The theorem of Myhill and Nerode states that a language L is
regular iff =7 has finitely many equivalence classes. In one direction of the proof a
deterministic finite automaton A;, is constructed from the equivalence classes of =;..

One can show that the automaton Ay is the state-minimal automaton accepting L.

In the second chapter of the thesis we consider extensions of the Myhill-Nerode
procedure to data word languages. These are languages of words in which each
position has a label from a finite alphabet, and a data value from an infinite alphabet.
The study of data languages is motivated by applications such divers areas as XML
processing [NSV04, Sch07], verification [AD94, HNSY92], semantics [Tzell], and
knot theory [LPS11].

Several generalizations of finite automata for data languages have been studied
previously (see [Seg06] for a survey). One such model is called finite memory au-
tomata [KF94]. These automata have, in addition to a finite state set, a finite set
of registers which can store values from the input word. On each transition, a finite
memory automaton can compare the current input symbol with the values stored in
its registers. Based on this comparison, it can update its registers with the current
input symbol and transition to a new control state.

We show that the theorem of Myhill and Nerode can be extended to deterministic

finite memory automata. We also show that there is an effective minimization



procedure for deterministic finite memory automata. A priori, it is not clear what
a minimal finite memory automaton is. One could try to minimize the number
of control states, or the number of registers. We show that deterministic finite
memory automata can be minimized with respect to both aspects: We show that
for each deterministic finite memory automaton, there is a unique equivalent finite
memory automaton that has the minimal number of states and the minimal number
of registers. We also investigate the computational complexity of the minimization

procedure.

Chapter 3. Which Data Languages Can be Defined by Logics? In this
chapter, we extend other fundamental theorems of the regular word languages to
data word languages. We focus on the theorems of Biichi and Schiitzenberger,
McNaughton, and Papert.

Biichi showed that a language over a finite alphabet is regular iff it can be
defined in monadic second-order logic [Biic60]. Hence the question arises which class
of regular languages corresponds to the languages defined by first-order logic. The
answer was given in two steps: Schiitzenberger showed that a language can be defined
by a regular expression without Kleene star iff it is accepted by an algebraic structure
called “aperiodic finite monoid” [Sch65]. A few years later McNaughton and Papert
showed that a language is accepted by an aperiodic finite monoid iff it can be defined
in first-order logic [MP71]. These results reveal surprising connections between
seemingly unrelated mathematical objects such as logics, regular expressions, and
monoids. In addition they also provide an effective characterization for first-order
logic — that is, an algorithm for deciding whether a given a regular language can
be defined in first-order logic. The results of Schiitzenberger, McNaughton, and
Papert were the starting point for a research program that aimed at understanding
the structure of the subclasses of regular word languages. In the process it has been
shown that many of these subclasses can be characterized through several distinct
formalisms (see [Pinll, Str94]).

In Chapter 3, we study effective characterizations of logics for data languages. First,
we show that no effective characterizations can exist with respect to several automata
models, even for very weak logics. These models are non-deterministic finite memory
automata, two-way deterministic finite memory automata, and a very weak version
of pebble automata. The proofs exploit that universality is undecidable for these

models.



We then show that there are effective characterizations for one fragment and
one extension of first-order logic with respect to certain subclasses of deterministic
finite memory automata. Formulas of first-order logic for data languages are built
up from Boolean operations, first-order quantification over word positions, a binary
predicate x < y for accessing the order on word positions, and a binary predicate
x ~ y for checking whether two positions have the same value. One of the main
tools in our proofs is the minimization procedure for deterministic finite memory
automata, discussed in the second chapter.

The results of Schiitzenberger make use of algebraic techniques. Until recently,
algebraic techniques have not been applied to the study of data languages. The
reason is that no class of algebraic structures was known that accepts an interest-
ing class of data languages, while being well behaved enough to allow for effective
characterizations. In [Bojl1], Bojaniczyk identified such a class of structures, called
orbit finite data monoids. He showed that all languages that are accepted by ape-
riodic orbit finite data monoids can be defined in first-order logic. This theorem is
similar to results of Schiitzenberger, McNaughton, and Papert, but the target logic
is very strong: first-order logic can define data languages that cannot be accepted
by orbit-finite data monoids.

Hence we introduce a natural restriction of first-order logic, called “rigidly-
guarded first-order logic”. In this logic the data equality predicate x ~ y is only
allowed to occur in conjunction with a formula ¢(z,y) in which = determines y and
y determines = in the following sense: for every word w and every position = (y
respectively) in w, there is at most one position y (x respectively) such that w is
a model of ¢(z,y). We show that rigidly guarded first-order logic defines precisely
the languages that are accepted by aperiodic orbit finite data monoids.

We then consider “rigidly-guarded monadic second-order logic” — the extension
of rigidly-guarded first-order logic with monadic second-order quantification. We
show that this logic can define exactly the languages that are accepted by (possibly
periodic) orbit finite data monoids. Finally, we show that a natural extension of
rigidly-guarded monadic second-order logic can define exactly the languages that
are accepted by non-deterministic finite memory automata. It follows from our

characterization results that each of these logics is decidable.
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Chapter 1

How Big Must Complete XML
Query Languages Be?

1.1 Introduction

On finite words, the relationship between first-order logic and modal languages
— ones with operators for navigating forward and backward in a word — is well-
understood. A starting point is linear temporal logics (LTL). Formulas can be built
up from atomic propositions (i.e. node labels) via Boolean operators and the for-
ward modalities for navigating to the right. Indeed, it suffices to have only one
modality, the “strong” variant of until (which we use in this work) [GPSS80]: ¢ U1
is true at a position x of a word w if there is a position y > x on which 1 is true,
and ¢ is true on all positions between x and y. An LTL formula is said to hold of a
word if it holds at the initial position of the word. A refinement of Kamp’s theorem
[Kam68] shows that LTL is first-order complete over words — it can express every
property of words that is definable in first-order logic, with unary predicates for the
word labels and binary predicates for the ordering relation.

Is the full power of the until operator necessary? Etessami and Wilke [EW00]
showed that it is. In particular they define a notion of “until-depth” by restricting
the number of nestings of the U operator. The main result of [EWO00] is that the
subsets LTL(ud < k) formed by restricting the number of nested U operators to
k form a strict hierarchy in expressiveness on words. More precisely, they use a
variant of LTL that contains both past and future operators — their until hierarchy
thus looks at the nesting of both the U operator and its backward analog S (for
“Since”). The result for U only follows from their proof.

Let us turn to the situation for ordered trees. XPath [Wor99] is the W3C stan-
dard for querying XML documents; the navigational core of XPath is a query lan-

guage on finite labeled ordered trees. XPath is a modal language, analogous to
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temporal logic with only X (next) and F' (eventually). Marx and de Rijke [MdRO5]
showed that this language is incomplete in a fundamental sense — there are properties
expressible in first-order logic over the navigational predicates that XPath cannot
express. This incompleteness manifests itself in other shortcomings of XPath. For
instance, XPath is not closed under complement of path relations; indeed, Marx
has shown [Mar05b] that such closure for an extension of XPath is equivalent to
first-order completeness. The incompleteness of XPath can be seen as the analog of
the result that an U operator is needed on trees.

How can one extend XPath to get a first-order complete language? One answer
is given by Marx in [Mar0b5a], who defines a first-order complete query language
Conditional XPath (CXPath). Roughly speaking, CXPath extends XPath by an
“until operator” ¢ U : this operator holds at a node in an ordered tree iff there is
a finite path from the node that satisfies ¢ up to the end of the path, at which point
it must satisfy ¢). Marx considers four kinds of paths: leftward within the siblings
of a given node, rightward within the siblings, upward through the ancestors, or
downward through some chain of descendants.

CXPath may seem analogous to LTL in adding an U operator. But the analogy
is misleading, since the U operator of CXPath is combined with selection of a path.
Thus the first-order completeness is a surprising result. Still CXPath has a disad-
vantage that it involves both “forward navigation” (downward and to the right) and
“backward navigation”: this makes it less amenable to one-pass evaluation. The
forward-only fragment of CXPath, which we denote by ForCXPath, is the variant
of CXPath where the paths allowed in the until operator are downward and right-
ward, with an additional filter added to detect whether a child is the first among its
siblings. Is ForCXPath complete for arbitrary ordered trees? It follows from results
of [BJO7] that this language is first-order complete over finite ordered trees of any
fixed depth. In this paper, we determine that ForCXPath is not first-order complete
over arbitrary ordered trees.

Another way of extending results from words to trees is by separating out path
quantification and node quantification into separate operators. A natural way to do
this it to consider a variant of the temporal logic CTL* [Eme90]. CTL" contains path
formulas, which hold with respect to a path within a tree, and also state formulas,
which hold with respect to a node within a tree. Path formulas are built up from
state formulas via the LTL operators, while state formulas are built up from atomic
propositions via Boolean operators and path quantification. CTL" is not complete
over trees, since it has no means of determining the number of children of a node

with a certain property. But this ability to distinguish among children is known



to be the only obstacle to completeness. For example, if we look at infinite binary
trees, where a child is labelled as either left or right child, Hafer and Thomas have
shown that CTL”* extended with predicates for left and right sibling is first-order
complete [HT87]. Related results on completeness up to bisimulation equivalence
can be found in [MR99].

To extend this to arbitrary ordered trees, we can distinguish between vertical
and horizontal paths, and add a path quantifier for each. A simple variation of the
argument of Hafer and Thomas (given in Section 1.5.2) shows that this language is
first-order complete over ordered trees — this is noted in Barcelo and Libkin’s work
(Theorem 3.4 of [BLO05]). Indeed, we will consider a variant CTL}, with downward
paths, rightward paths, and leftward paths, where on the horizontal paths we allow
only simple until operators, with no nesting— this language will turn out to be first-
order complete. CTL], has two disadvantages: the first is that it requires paths in
both horizontal directions, the second is that it requires all of LTL as a sublanguage
in the vertical dimension, unlike CXPath. Can we make due without one of these

two restrictions?

We give negative answers to these questions. In our first result, we show that one
cannot weaken the horizontal navigation to look only in one direction. Indeed one
cannot make due with a language that has the U operator in one horizontal direction
(in addition to F' and X), but only the ' and X operators in the other direction.
In our second result, we consider restricting the power in the vertical direction.
For any fragment F of LTL, we let CTL},(F) be the ordered tree language that
restricts CTL], as follows: node formulas are built up as before from label predi-
cates and a last child test, while being closed under quantification of downward and
rightward paths; path formulas are built up by substituting node formulas as propo-
sitions within formulas of F. For example,the language ForCXPath is contained
in CTL}, (F) where F contains only the formula p U¢. Our question can now be
formalized as: for which fragments F is CTL], (F) first-order complete? We show
that if F is any fragment of LTL with bounded ‘until-depth’, then CTL}, (F) is not
first-order complete. In fact, our results show that languages CTL], (F,,) where F,
is the subset of LTL formulas of until-depth at most n, form a strict hierarchy. In
particular it follows from our results that ForCXPath is not first-order complete.
Furthermore, it shows that any forward-only first-order complete language must be

fairly large.

All results in this chapter have been achieved in collaboration with Michael Benedikt

and have been published in [LB09].
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Organization The rest of this chapter is organized as follows. Section 1.2 for-
mally defines the logics we consider. Section 1.3 formally states our incompleteness
results and Section 1.4 compares our results to previous work. The rest of this
chapter is concerned with the proof of our results. Section 1.5 proves our first main
result, about incompleteness of languages that restrict the use of horizontal navi-
gation. Section 1.6 gives the second result, concerning incompleteness of languages

restricting vertical navigation. Section 1.7 gives conclusions.

1.2 Preliminaries: Logics for Words and Trees

We now provide some definitions that will be used in this chapter. We start by
defining linear temporal logic (LTL), a logic for defining languages of finite or infinite
words. Then we introduce logics for defining tree languages and briefly defines first-
order logic. Finally, we compare the expressiveness of the logics from the preceding

sections with first-order logic.

1.2.1 Temporal Logics for Words.

Linear Temporal Logic (LTL) over a set of propositions 3 has formulas built up
from the grammar:

p=al-plorp| Xo|FoleUyp
where a € X..

The semantics of LTL is generally defined with respect to infinite words. We will
give a variant for finite labelled words: that is, finite sequences aj; . ..a, over a finite
alphabet . For a word w = ay .. .a,, we set |w| =n. For i < j <|w| we let w[i] = a;
and we denote by w4, 7] the infix @; ...a;. The suffix a; . ..a, of w is denoted by w?.
We note that a word w = a; ... a, can also be considered a structure (Dom, <,lab())
where Dom = {1,...,n}, < is the usual linear order on Dom, and lab() is a labeling
function defined by lab(7) = a; for all i < n.

We now define the semantics of LTL:

w E a iff a is the label of w[1].

wE X o iff Jw|> 1 and w? & .

w = F o iff there is a j with 1< j < |w| and w’ E .
w = @ U iff there is a j with 1< j < |w| and w’ & o

and for all 7, if 1 <4 < j then w' E .

11



The semantics of LTL over infinite words is analogous.

Here we use the “strong variant” of U, in which ¢ U v asserts the existence of a
node satisfying 1. It is known that the expressiveness of LTL would be unaffected
if we had replaced this by the usual notion, which asserts only that if such a node
exists, all the nodes to the right of the first satisfy ¢ [Eme90]. Using this variant

will make our negative results stronger, but will not impact our positive results.

We define the until-depth ud(p) of an LTL formula ¢ to be the nesting depth of the
until-operator:

ud(a) =0

ud(p A ) = max{ud(e),ud()}

ud(=¢) = ud(F ¢) = ud(X ¢) = ud(p)

ud(p U ) = max{ud(yp),ud())} +1

This is precisely the definition of [EW00], restricted to LTL formulas with only

future operators. Note that there are infinitely many semantically different formulas
of any fixed until-depth.

We define the next/eventually-depth ned of an LTL formula similarly:

ned(a) =0
ned (¢ A1) =ned(p U1p) = maz{ned(p),ned(¢)}

ned(-) = ned(p)
ned(F ¢) =ned(X ¢) =ned(p) +1

1.2.2 Logics for Trees

Let ¥ be a finite set of labels. An ordered tree over Y consists of an acyclic par-
ent/child relation in which every node has in-degree at most one, and for which there
is a unique node — called root — which has in-degree 0; a right-sibling relation which
is the successor relation of a linear order on the children of any given node; and
a labeling function assigning an element of ¥ to each node. We refer to the usual
derived notions on ordered trees, such as the ancestor, descendant, following-sibling,
and preceding-sibling relations.

A downward path in an ordered tree is a set of nodes that is linearly-ordered
by the child relation of the tree. A downward fullpath is a downward path that
contains a leaf node. Similarly, a rightward path is a set of nodes linearly-ordered
by the right-sibling relation of the tree, and a rightward fullpath is a rightward path
that contains a node with no right sibling. A leftward path and leftward fullpath are
defined analogously. Clearly a path can be considered a word. We will only consider

both finite and infinite trees.
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CTL* — to be defined in a minute — is a known tree logic for unordered trees.
We define an extension CTL], of CTL" that can also access the sibling order. For
a set of labels 3, and k > 0, we inductively define the sets P, and N, of CTL}, path

formulas and node formulas.
e The symbols in ¥ are the only formulas in Nj.
e Any LTL formula over propositions in Ny, is in Pj.
o If pe P, then ., 3,0, and J,¢ are in Ni,;.
e Both N, and Py are closed under Boolean operations.

CTL;, is the union over k of the formulas in N, and P;.
Given a tree T', a node x in T, and a paths 7 in T', we define the semantics of
CTLZ, is defined by induction:

o T xka iff xis labelled with a in T

o T x = J,p iff there is a leftward fullpath 7 starting at x such that T, 7 E .

T, x E 3, iff there is a downward fullpath 7 starting at x such that T, 7 E .

T, x = 3, iff there is a rightward fullpath 7 starting at x such that 7', 7 E ¢.

T,7E @, for p € By iff Np(7) = ¢, where Ni(7) is the labelled linear order
formed by labeling each node in 7 with the formulas of Nj that it satisfies in
T.

For a node formula ¢, we write T' & ¢ iff T, root(T') E .

*
qAap

We can also consider the language CTLZ, formed by allowing a quantifier 3,;
that is, extending the rules for node formulas to say that if ¢ € Py then 3, in Ny,4.
The semantics is analogous to that of CTL], , but the quantifier 3, quantifies over

upward fullpaths.

The down-closure cl,(yp) of a CTL}, formula is the set of LTL formulas that are
directly nested within downward path quantification. That is

cl,(a) =2

clo(pnth) =clo(p Uy) =clo(¢) ucly(v)
clo (=) =l (F @) = clo (X ¢) = clo(v)
clo(3ap) = clo(3p) =l (p)

clo (o) = clo () U {p}

13



The left-closure cl,(¢) and right-closure cl,(p) of ¢ are defined similar for leftward
and rightward quantification. The closure cl(p) of ¢ is the union of cl. (¢), cl,(¢),
and cl,(¢).

The next/eventually-depth ned(p) of a CTL}, formula ¢ is the maximal next/eventually-
depth of the elements of the closure of ¢. The down-until-depth ud,(y) of ¢ is the
maximal until-depth of any element within the down-closure of ¢. Left-until-depth
ud. (@) and right-until-depth ud,(p) are defined alike with respect to the left- and
right-closure.

The down-path-depth pd,(¢) is the nesting depth of 3,-quantifiers within .

Formally

pd,(a) =2

pd, (¢ A ) =pd, (¢ U) = max{pd,(¢),pd,(¥)}

pd, (=¢) = pd, (F¢) = pd, (X ¢) = pd,(¢)

pdv(aqu) = pdv(abgp) = pdv(gp)

pdv(av@) = pdv(gp) + 1
The left-path-depth pd, (@) and the right-path-depth pd,(¢) are defined in the ob-
vious way.

For example the formula
3,.aU(3..bUc).

has next/eventually depth 0, right until depth 0, down until depth 1, until depth 1,
and path depth 2.

Let D = {pd,,pd,,pd,,ud.,ud,,ud,,ned}. For di,...,d, € D we denote by
CTLZ, (dy < x1,...,d, < x,) the set of CTLZ, formulas ¢ with di(¢) < x1,...,d,(p) <
z,. In addition we use the shorthand notation CTL}, (d; < 1, ...,d, < z,,other < 0)
to denote the set of CTL}, formulas ¢ with di(¢) < z1,...,d,(p) < x,, and d(p) <o
for all d e D~{dy,...,d,}. We denote by CTL,, (ud < 1) the set of CTL,, formulas
with until-depth at most 1.

Let ¥ be a label alphabet for ordered trees. We consider first-order logic over a
signature having unary predicates a(x) for every a € 3 as well as binary predicates
for the parent/child relation, the immediate right-sibling relation, and the transitive
closures of these predicates. The syntax and semantics of first-order logic is as usual
[Lib04]. The quantifier depth of a first order formula ¢ is — as usual — the maximal
nesting depth of quantifiers in ¢.

14



1.2.3 The Expressive Power of CTL"

It has been shown by Hafer and Thomas that CTL* — CTL}, without horizontal
path quantification — is equivalent to first order logic over unordered binary trees
[HT87]. Moller and Rabinovich show that CTL" is equivalent to the bisimulation
invariant fragment of first order logic over unordered trees [MR99]. Theorem 3.4 in
[BLO5] extends this to ordered trees:

Theorem 1.1 (Barcelo and Libkin). CTL}, is first-order complete. That is, for
every first-order sentence ¢ there is an CTL], sentence v such that for all ordered
trees T, T = @ iff T E 1.

Theorem 3.4 of [BLO05] actually states a much stronger claim, which our Theorem
1.3 contradicts. We thus give a brief sketch of the proof of Theorem 1.1. One
approach is via the composition technique of Moller and Rabinovich [MR99]. Indeed,
this extension is implicit in the work of Moller and Rabinovich and that of Hafer

and Thomas.

Proof. Fix an alphabet Y. It is known that for each k there are only finitely many
distinct first-order formulas over ¥ that have quantifier rank at most k. Let X, be
the label set consisting of a label for each set of equivalent first-order formulas with
one free variable that have quantifier rank at most k. For a node z in a X-labeled
tree T' let subtree-type,(x) be the set of first-order formulas of quantifier rank at
most k true at x. We extend the definition of subtree-type, to paths in the obvious
way.

Given a vertical path 7 in a tree 7" and a non-leaf node x on 7 we define the
following: leftchildren(r, z) is the leftward fullpath in 7" that starts at the unique
child of x on ; rightchildren(r, z) is defined analogously for right siblings. For all
k,l €N, typey ;(x) is the pair consisting of the set of first-order sentences of quantifier
rank at most [ that hold of subtree-type, (leftchildren (7, z)) and the set of first-order
sentences of quantifier rank at most [ that hold of subtree-type, (rightchildren(r, x)).
We let XJ;; be the alphabet with a label for each pair of sets of sentences of quantifier
rank at most [ in the vocabulary for labelled strings over ¥, and an additional label
L. typeg,(m) is the ¥ -labelled string expanding 7 by labeling each interior node
x with typey;(x), and the leaf node of 7 with a special label L. Then we have:

CLAIM 1. For every first-order sentence ¢, there are k and | and a first-
order sentence Y over ¥y, j-labelled strings such that: T,z & ¢ iff type, ,(7) &
WY, where w is the path from the root of T' to x.
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This is proved as in Theorem 3.2 of [MR99]. In the presence of an ordering the
assumption of “wideness” used there is not needed. Hence the result then follows

from:

CLAIM 2. For every first-order sentence ¢ over Xy -labelled strings, there
is an CTL;, formula 1) such that type; ,(7) & ¢ iff T,z &= 1)

This is proved using Kamp’s theorem, as in Lemma 4.2 of [MR99]. O]

CTL, is a large language, since it contains all of LTL as a sublanguage. Clearly,
we can eliminate syntactic features of LTL that do not add expressiveness: for
example, the eventually operator F' ¢ and the next operator X ¢ can both be defined
using our form of the until operator [Eme90], and so both are unnecessary. What
about the use of the until operator?

The following result follows directly from the work of Marx [Mar04, Mar05a]:

Theorem 1.2 (Marx). CTL;,, (ud < 1) is first-order complete

Proof. The Conditional XPath language of [Mar04, Mar05a] has been proved first-
order complete in [Mar05a]. In [LSO08] it was shown that there is an easy translation
from Conditional XPath filters to the language Xy defined in [Mar04]. Xy has
quantification over partial paths in the downward, upward, leftward, and rightward
paths followed immediately by an until operator (this is analogous to the temporal
logic CTL, which also restricts the sequencing of path quantifiers and LTL opera-
tors). As Xy is a subset of CTLZ,, (ud = 1), both are first-order complete. O

We thus have two ways of getting first-order completeness: Theorem 1.1 allows
arbitrary LTL, downward paths and both horizontal paths, while Theorem 1.2 re-
stricts the use of the Until operator but also allows upward paths. Can one make
use of only one horizontal operator? Can one restrict the nesting of Until operators
without introducing upward axes? Our main results give negative answers to both

these questions.

1.3 Main Results

We show two incompleteness results. First, CTL, becomes incomplete if the number
of 3, quantifiers is restricted to some fixed p and the number of nested Us within
3, quantifiers is restricted to some fixed u. Observe that despite this restriction,
there still might be arbitrary LTL formulas on the leftward and downward paths,
and arbitrarily many X and F's on rightward paths.
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Theorem 1.3 (Horizontal Incompleteness). For all p,u € N, CTL, (pd, < p,ud, <
w) 1is not first-order complete on finite ordered trees. In addition, if up > u'p’ then
CTL;,(pd, < p,ud, < u) is more expressive than CTL} (pd, < p’,ud, < u'). The

symmetric statements hold for leftward axes.

We note that the if we restrict only ud, but not pd, in CTLZ,, then the resulting
logic remains first order complete. This is because an arbitrary nesting of until
operators can be mimicked by using several nested path quantifiers. In fact, it
follows from our proof that already CTL}, (ud, = 0) is not first-order complete.
This contradicts a statement made in [BL05]. However, it follows from [BLO5] that

CTL;, (ud, < 1) is already first order complete.

Our second incompleteness result is concerned with downward axes. It states CTL],
is not first order complete if the nesting depth of U on downward paths is restricted

to u — even with an arbitrary nesting depth of all other modifiers.

Theorem 1.4 (Vertical Incompleteness). On finite, ordered trees, CTL}, (ud, < u)
is not first-order complete for all u € N. In addition, the family CTL}, (ud, < u)

forms a strict hierarchy in expressiveness.

We will show that this incompleteness result holds even over binary trees.

1.4 Related Work

The question of a complete first-order forward-only language was considered in the
context of unordered trees by Rabinovich and Maoz [RMO00]. They consider lan-
guages of the form CTL*(F) where F is a fragment of first-order logic on w-words.
The main result of [RMO00] is that CTL*(QR,,) is incomplete on finite and infinite
trees, where QR,, is the set of first-order formulas of quantifier rank at most n. It
follows from our results that none of the languages CTL*(UDy) are complete on un-
ordered trees, where UDy, is the set of formulas with until-depth at most k. This in
turn implies the incompleteness theorem of [RMO00], since the sets of formulas QR,,
they consider are finite for any fixed vocabulary, and hence each is contained in some
UDy. However, Rabinovich has also shown [Rab08] that formulas of Until-depth k
have bounded alternation-depth. Combining this with the result on incompleteness
of bounded alternation-depth claimed in [Rab02] implies the restriction of our result
to unordered trees. In [Rab02] an extension is announced, stating that CTL*(AD,,)
is incomplete, where AD,, is the set of formulas of bounded quantifier-alternation
depth.
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In [Boj08], Bojanczyk defines a hierarchy of logics using a general notion of a
“tree operator” — a tree automaton with “holes” for lower level formula. The result
announced in [Boj08] is that no logic based on a finite set of such operators can be
first-order complete on unordered trees. When restricted to unordered trees, our
results are incomparable to those announced by Bojariczyk in [Boj08], since each of
our sets CTL], (UDg;) contains formulas of unbounded Operator Depth.

We note that the case of ordered trees does present new difficulties over the
unordered case. Briefly put, our separation theorems, as well as the earlier ones, rely
on the construction of families of pairs of trees that are “highly indistinguishable”
in the syntactically smaller language, but which disagree on a fixed sentence within
the syntactically larger language. In the ordered case both the construction of these
pairs and the proofs of their equivalence are more difficult, since many properties
of the depth of the trees can be distinguished by small formulas. An explanation of
the particular difficulties arising in our second result is given in Section 1.6.

There has also been work in the ordered case. Barcelo and Libkin consider several
logics on ordered trees; in the first-order context, the main result is that a variant
of CTL* with quantifiers for vertical and horizontal paths is first-order complete
[BLO5].

Our notion of “until-depth” is taken from Etessami and Wilke's work [EWO00].
They deal with infinite words, and use a variant of LTL that contains both past
and future operators. They define a hierarchy within this based on the number of
nestings of the operators U and its backward analog S (for “Since”). The main
result of [EWO00] is that the subsets UDy formed by restricting the number of nested
U or S operators to k, form a strict hierarchy in expressiveness on words. This
does not imply the corresponding result for ordered trees, since path quantification
coupled with LTL operators could add more expressiveness. For example, when one
restricts to trees that consist of exactly one path, CTL], restricted to formulas with
until-depth 1 is first-order complete: arbitrary nesting of untils can be mimicked
by putting each until in a path quantifier, since the until-depth only counts nesting
within a given path quantification. Consider also the analogous situation when
LTL is extended with “past operators” S and P, which are the duals of U and F
(see [Eme90] for the precise definition): Etessami and Wilke [EW00] have shown
that the subsets of LTL extended with past operators formed by restricting the
nesting of both until and its dual S form a strict hierarchy. But the theorem of
Marx mentioned above implies that CTL], based on LTL-with-past but restricted

to since/until-depth one is already sufficient for first-order completeness.
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1.5 The Horizontal Until Hierarchy

In this section we show our first incompleteness result.

Theorem 1.3 (Horizontal Incompleteness). For all p,u € N, CTL;, (pd, < p,ud, <
w) is not first-order complete on finite ordered trees. In addition, if up > u'p’ then
CTL, (pd, < p,ud, < u) is more expressive than CTL, (pd, < p’,ud, < u’). The

symmetric statements hold for leftward azes.

To prove this theorem we will define for each ¢ € N a tree language (); such that,
for all p.,u, € N, CTL,(pd, < p.,ud, < u,) can express ()p,,, but not Q,, .+
We can show that CTLZ, (pd, < p.,ud, < wu,) can express @p,,, by simply defining
a formula that expresses @p,,,. To show that CTL}, (pd, < p.,ud, < u,) cannot
express (p,u,+1 We use the method of Ehrenfeucht and Fraisé: We define a game that
is played on two trees 7' and S by two players called Spoiler and Duplicator. This
game will corresponds to a fragment £ of CTL], in the following sense: Duplicator
has a winning strategy in this game iff T and S cannot be distinguished by any
formula in £. Hence we can show that CTL}, (pd, < p.,ud, < u,) cannot express
Qp.u.+1, by showing that there are two trees T and S such that: (a) T satisfies
Qp.u,+1 but S does not; and (b) Duplicator has a winning strategy for a suitable

game on T, S.

Before we can prove Theorem 1.3 we need to introduce some prior machinery. In
Subsection 1.5.1 we define an Ehrenfeucht-Fraissé-style game and we show that it
corresponds to CTL},. Our proof of Theorem 1.3 (and the one of Theorem 1.4)
makes use of a hierarchy theorem on words by Etessami and Wilke [EW00]. As we
reuse elements of their proof, we reprove Etessami and Wilke’s result in Subsection
1.5.2. Subsection 1.5.3 contains the proof of Theorem 1.3.

1.5.1 Ehrenfeucht-Fraissé Games

We now describe a game on finite labelled trees, that corresponds to CTLZ,. In the
same way as LTL is embedded into CTL, there is a game on words that is embedded
into the game that corresponds to CTL},. This game was introduced by Etessami
and Wilke in [EW00] where they showed that it corresponds to LTL. Before we

define the game on trees, we define this game on words.
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Games on Words

The LTL(ned < e,ud < u)-game (or LTL(e,u)-game for short) is played by two
players, a male Spoiler and a female Duplicator, on two words w,v. The goal of
Spoiler is to show that the words are different while Duplicator tries to show that
they are similar. At each stage of the game a pair w?, v7 of suffixes of w, v is selected.
There are different kinds of moves — X-, F-, and U-moves — in which the players
alter the selected words.

We describe the play of the LTL(e,u)-game with selected words w,v. If e = 0
and u = 0, Duplicator wins the game if the roots of the selected words have same
label and Spoiler wins otherwise. In this case we call w,v the final position of the
game.

If e > 0 Spoiler can chooses to play either an X-, or an F-move.

X-move. In an X-mowve neither player has any choice: the new selected
words are w?,v2. Spoiler can only choose this move if one of the words
has such a suffix. If one of w, v has such a suffix and the other does not,
Duplicator cannot move and Spoiler wins the game. Spoiler also wins

the game if the roots of the new selected words have different labels.

F-move. In an F-move Spoiler picks one of the two words, say w. He
then selects a proper suffix w? of w with ¢ > 1. Again, Spoiler can only
choose this move if such a suffix exists. Duplicator selects a suffix v7 of
v with j > 1. Duplicator loses the game if she cannot respond with a

suffix such that the roots of w’ and v7 have the same label.

If Duplicator did not lose the game in the preceding round, the players play the
LTL(e - 1,u)-game on the newly selected words. The winner of this subgame will
be declared winner of the LTL(e, u)-game with w,v.

If w > 0 then Spoiler can also consider to play an U-move.

U-mowve. In an U-mowve Spoiler picks one of the words and we assume he
picks w. An U-move consists of two half moves. In the first half move
Spoiler selects a proper suffix w? of w for ¢ > 1. The Duplicator has to
reply with a proper suffix v7 of v for some j > 1 such that the roots of w?
and v/ have the same label. Again, Spoiler can only choose this move if
w’ exists and Duplicator looses the game if the roots of w? and v7 have
different labels.
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In the second half move Spoiler selects vi’ for some 1 < j’ < j. Duplicator
has to select w? such that 1 < i’ < i and such that the roots of w and
17" have the same label. In the case that the Spoiler picks v7" such that
j" = 7, Duplicator must choose i’ to be equal to <. Again, Duplicator

looses the game if she cannot select such a word.

If Duplicator survives both half rounds, the players continue playing the LTL(e,u -
1)-game with w?, v7. The winner of this game is the winner of the LTL(e, u)-game

on w,v.

Etessami and Wilke have shown the following [EW00]:

Proposition 1.1 (Etessami, Wilke). Duplicator has a winning strategy in the LT L(e, u)-

game on words w,v iff w,v satisfy the same LTL(ned < e,ud <u) formulas.

Games on Trees

For given p.,p., ps, Ua, U, Us, ¢ € N we will abbreviate
CTL, (pd, < ps,pd, <py,pd, < p,,uds < uq,ud, <uy,ud, <u,,ned <e)

by CTLZ, (pa, Po, Pos Ua, Ug, Uy, €) below. The CTLE, (pa,po, Po, Ua, Uy, Us, €)-game is
played by Spoiler and Duplicator on a pair of trees T, S. Again there are different
kinds of moves — 3,-, 3,-, and J,-moves — in which the players alter a pair of selected
nodes x,y. Initially, the roots of T',S are selected. We describe the play of the game
with z,y selected. Duplicator wins the CTL], (p4, Dy, Do, Ua, Ug, U,, €)-game on T, S
if po +p, +p. =0 and if x and y have the same label. Otherwise Spoiler can choose

one of the following moves:

d,-move. Spoiler can choose an 3,-mowve if p/, > 0. He picks one of the
two trees TS, say T. Spoiler then picks the leftward fullpath 7 that
is rooted at x. Duplicator responds by picking the leftward fullpath 7
that is rooted at y. Then Spoiler and Duplicator play the LTL(e, u.)-
game on 7,7, where these paths are considered as words. If Spoiler wins
this word-game then he wins the tree-game. Otherwise Spoiler chooses
the roots z’/,y’ of some intermediate position of the LTL-game. Then
the players play the CTL}, (p. — 1, po, s, Ua, Uy, U,, €)-game with on TS
with ')y’ selected. The winner of this subgame is the winner of the

CTL., (pa, o, Do, Ua, Uy, Us, €)-game with z, y selected.
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3,-move. An 3,-move can be chosen by Spoiler if p/ > 0. It is played
like an 3,-move, just that the players pick some downward fullpaths 7, 7
instead of the leftward fullpaths and the players play the LTL(e,u,)-
game on w,7 instead of the LTL(e,u.)-game. Again, Spoiler wins the
tree game if he wins the game in 7, 7. Otherwise the players proceed to
play the CTL}, (pa,ps — 1,Ps, Ua, Uy, U,, €)-game with the roots of some
intermediate position of the path game selected. As before, the winner
of this game determines the winner of the CTL}, (p., pe, Ps, Ua, Uy, Us, €)-

game.

3, -move. Spoiler may play an 3,-mowve if p > 0. The rules are as above,
just with rightward-paths on which the players play the LTL(e, u, )-game.
Again, Spoiler can win the tree game by winning the game on m,7.
Otherwise the game proceeds with the CTL, (pa, pe,ps — 1, s, Uy, u,, €)-

game on an intermediate position of the word game.

A winning strategy for either player from a given initial position and set of moves
is defined as usual. The following lemma shows the correspondence between the tree

game and the logic CTL.,.

Proposition 1.2. Let TS be finite trees. Duplicator has a winning strateqy for
the CTL., (Pa, Py Pos Ua, Uy, Us,€)-game on T, S iff the trees T and S agree on all
CTL;, (Day Do, Do, Us, Ug, Us, €) node formulas.

Proof. (sketch) We show only the ‘if” direction, the other direction is similarly
straightforward. Given the hypothesis, we show that Duplicator’s winning strategy
has the property that if the position after a move is x,y at a stage with (p, p’,p.)
moves to play, then (T, x) agrees with (S,y) on CTLZ, (p%,pl,pl, Ua, Uy, Us,€) node
formulas. We show this by induction on p/ + p’ + p.. The base case of no moves
remaining is clear.

One inductive case is when Spoiler plays an J3,-move 7 By induction, (7', x)
satisfies the same formulas of CTL, (pa, pe, Ps, Ua, Us, Us, €) as (S, y), and hence there
is a path 7 rooted at y such that (7, 7) and (.S, 7) satisfy the same path formulas of
CTL., (pa, pe — 1, s, s, Uy, u,, €). Duplicator responds with such a path. Consider
LTL over the alphabet with propositions form CTL, (pa,pe—1, D, Ua, Us, U,, €) node
formulas, and consider the expansion of 7 and 7 where nodes are decorated by the
formulas in the above language that they satisfy. The hypothesis on 7 and 7 and

Proposition 1.1 guarantee that there is a winning strategy for Duplicator in the
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LTL(e,u,)-game over this alphabet. Duplicator uses this strategy in the remainder
of the move.

The case of leftward and rightward paths is done similarly. m

1.5.2 The Until Hierarchy on Words

We will now review a winning strategy of Duplicator for a game on words. This
strategy has been used by Etessami and Wilke to show that LTL(ud < u) is not
first-order complete over finite words for all v € N. As we will often reuse parts of
their proof in our proofs of Theorems 1.3 and 1.4, we reprove the result of Etessami
and Wilke here.

Theorem 1.5 ([EW00]). LTL(ud < u) is not first-order complete over finite words
for every u > 0. In addition, for each u, LTL(ud < u+ 1) is more expressive than

LTL(ud < u).

The Separating Property

To show Theorem 1.5, we define for each v € N a property S, such that S,.; that
can be expressed in LTL(ud < w+ 1) but not in LTL(ud < u) for all u € N.

Definition 1.3. Let S, denote the set of words that contain a prefiz satisfying the
reqular expression

a(c*a)™.

The property S, can be encoded by the LTL(ud = u) formula v, defined recur-

sively as follows:

by = a ifu=0
“lan(cUtby) ifu>0

To complete the proof of Theorem 1.5, we now show that S,,; cannot be ex-
pressed in LTL(ud < u), even for arbitrary nesting depth of X and F' modifiers.
This follows from Lemma 1.4 below together with Proposition 1.2. We first show
the lemma for infinite words, because it simplifies the presentation. The case for

finite words will be a simple consequence (Corollary 1.5).

Lemma 1.4 (Etessami, Wilke). For all u,e > 0 there are two infinite words v and
W such that (i) © satisfies Sys1 but W does not, and (ii) Duplicator has a winning

strategy for the LTL(ud < u,ned < e)-game on 0,0.

23



We show the lemma in the rest of this section. We fix some given u,e € N and
define the infinite words
w = a((ca)cb)”

actw

N
Il

The word w can be visualized as the following “staircase”.

It is obvious that © satisfies S,,; but @ does not. Hence part (i) of Lemma
1.4 holds. To prove part (ii) we show that Duplicator has a winning strategy for
the LTL(ud < u,ned < e)-game on ¢ and w. The idea of the proof will be to show
that Spoiler can force the selected positions up only one step of the staircase on
each U-move. As the number of steps depends on the number of U-moves, Spoiler
cannot detect that the selected positions are on different steps of the staircase in

the beginning of the game.

Duplicator’s Strategy

We first need some notations. Given two positions x,y of the same word we denote
by (z,y) the sequence of positions between x and y, excluding z and y. We denote
by right,(z) the next position to the right of x that is labelled a. right,(x) is
the next a or b labelled position to the right of x. Intuitively, the plateau-depth
of a position z is the distance of x to the end of the its “plateau” to the right.
Formally, plateau-depth(z) is the number of c-labelled positions in (z,right,,(z)).
The top-depth of x is the number of steps between x and the top of the staircase,
that is top-depth(z) is the number of a positions in (x,right,(x)). The top-depth
of a word is the top-depth of its root and similarly for plateau-depth. For example
the top-depth of w is u and its plateau-depth is e. Note also that

plateau-depth(w) =n fweX-c"-Yx{c} 2%
top-depth(w) =n ifweX-(c*a)"cb-X¥

The following claim implies part (ii) of Lemma 1.4 because w, ¢ satisfy the con-

ditions of Claim 1 if the whole paths are selected.

CLAM 1. Lete<é andu < u. Duplicator can win the LTL(ud < u,ned < e)-

game on suffizes w,v of the words w,v, if
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1. the roots of w and v have the same label.
2. w and v have the same plateau-depth.
3. |top-depth(w) - top-depth(v)| < 1.
4. If w and v have different top-depths then
(a) top-depth(w) > u and top-depth(v) > u and

(b) if top-depth(w) = u or top-depth(v) = u
then plateau-depth(w) > e (and hence plateau-depth(v) > e).

Proof of Claim 1. The proof is by induction on u+e. The base case u+e =0
holds because by Condition 1, the roots of v, w have the same label. In the
induction step, we assume that the claim holds for some numbers e, u with
u+e>0 . We distinguish three cases, according to the kind of move that

Spoiler chooses first.

X-moves Spoiler can choose an X-move only if e > 0. In this case Dupli-
cator’s strategy is determined by the rules of the game: the selected suffixes

after the round are v2, w?.

We prove that Duplicator can win the LTL(ud < u,ned < e — 1)-game on
v2,w?. This is done by showing that the conditions of Claim 1 hold for u
and e—1. This implies that the roots of the newly selected suffixes have the
same label, and hence the claim follows by induction. The only interesting
case is when [top-depth(w) — top-depth(v)| =1 and top-depth(w) = u (and
hence top-depth(v) = u+1). In this case plateau-depth(w) > e by Condition
4b. As by definition we have that plateau-depth(w?) > plateau-depth(w)—-1
it follows that the plateau depth of w? is greater or equal to e—1. A similar
argument shows that plateau-depth(v?) > e—1. As plateau-depth(w) > e >0
it also follows that the top-depth of neither word has decreased, that is
top-depth(w?) = top-depth(w) = u and top-depth(w?) = top-depth(w?) =

u. Hence Condition 4 holds for w?,v2. Condition 2 is obvious.

F-moves The strategy on F-moves is very easy for Duplicator. It relies
on the observation that as v and w are infinite and satisfy the invariant, they
have the same set of proper suffixes. Therefore, given Spoiler’s selection,

Duplicator can select the same suffix in the other word.
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Figure 1.1: Duplicator’s strategy if the current position of the game is (g, yo) and
Spoiler skips at most € + 1 positions. If Spoiler picks a position z in either w or v
in his first half move, then Duplicator picks the position z’ in the other word, such
that there is a arrow from z to 2’.

U-moves On U-moves, Duplicator cannot use the same strategy as for
F-moves in her first half move: if she did, Spoiler might play on the word
with the smaller top-depth and just move the selected suffix by one position.
Then Duplicator might skip € + 1 positions to the next isomorphic suffix.
In the second half move, Spoiler can pick from €+ 2 positions (the positions
that Duplicator skipped and the one she selected), but Duplicator can only
choose the position that Spoiler selected. Hence, when Spoiler skips only
few positions, Duplicator will skip the same number of positions. Only
when Spoiler skips sufficiently many positions will Duplicator try to find

an isomorphic suffix.

We now assume that Spoiler chooses to play on w and that he selects a
suffix w™ of w in his first half move. If Spoiler skips at most € + 1 positions
(that is n < € + 1) then Duplicator skips the same number of positions as
Spoiler did, that is, she picks v™. Otherwise Duplicator picks the largest
proper suffix v™ of v that is isomorphic to w” (such a suffix exists due to
Condition 4). The case where Spoiler plays on v is symmetric. See Figures

1.1 and 1.2 for a visualization of Duplicator’s strategy.

We verify that the suffixes w’,v" chosen after the first half move satisfy
the conditions of Claim 1 for e,u — 1. This implies that their roots have
the same label and thus the claim follows by induction. If Duplicator has
chosen a suffix that is isomorphic to Spoiler’s choice, then it is clear that
the conditions of Claim 1 hold. In the other case both positions have been
advanced by n < é+1 positions. The interesting case is when |[top-depth(w)—
top-depth(v)| = 1 and top-depth(w) = u (and hence top-depth(v) = u +
1). Clearly plateau-depth(w™) = plateau-depth(v") and hence Condition
2 holds for wm,v". To verify Condition 4 first note that |top-depth(w™) —
top-depth(v™)| = 1. There are two cases:
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Figure 1.2: Duplicator’s strategy if Spoiler plays on the lower word (starting from

position yo) and skips more than é+ 1 positions. The meanings of the arrows are as
in Figure 1.1.
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e If the positions have not been advanced beyond the next b (formally
n < plateau-depth(w) + 1) then top-depth(w™) = top-depth(w) = u >
u -1 and similarly top-depth(v’) > u - 1.

e In the other case top-depth(w™) = u -1 and top-depth(v") = u - 1,
but as n < e + 1, the plateau-depth of both suffixes cannot have in-
creased. Hence plateau-depth(w™) > plateau-depth(w) > e and simi-

larly plateau-depth(v™) > e.

Assume that the suffixes w™, v™ have been selected after the first round. In
the second half move Spoiler chooses a suffix v such that 1 <m’ <m. It is
easy to check that Duplicator can always choose w™ such that n—-n' = m-m/'.
Observe that if w™ and v are not isomorphic, then n’/,m’ < e+ 1. Hence

the conditions of Claim 1 are maintained. ]

How must the above construction be altered to show the result for finite words?
Note that Duplicator only exploits that the words are infinite on her strategy for
F-moves. Hence, if she only jumps to the next (ac®)“bc section on each F-move,
then she can win the game provided there are at least e + 1 such sections. Thus we

have:

Corollary 1.5 (Etessami, Wilke). For all u,e € N, Duplicator has a winning strategy
for the LTL(ud < u,ned < e)-game on the finite words

= ((ac) b ) !
Vi = aC Wip.

We will reuse Duplicator’s winning strategy that we described in the proof from
Claim 1 in Lemma 1.4 in the proofs of Theorems 1.3 and 1.4. There, we will refer to
it as the Etessami- Wilke strategy. The game on trees will be designed in such a way;,

that at some point of this game, the players will select paths that are isomorphic to

27



the words wg, and vg,. Hence we will be able to use Duplicator’s strategy of Claim

1 in Lemma 1.4 to show that Duplicator can win the word-game on these paths.

1.5.3 Proof of Theorem 1.3

We now turn to the proof of Theorem 1.3, that is our horizontal incompleteness
result on trees. We start by defining a property @; of trees for all i € N. Later we
will show that CTLZ, (pd, < p.,ud, < u,) can define @, ., but not @, +1 for all
Do, Uy € N.

The Separating Property
The right path of a node x in a tree is the sequence of its right siblings.

Definition 1.6 (Separating Property). Let Q; be the set of ordered trees that have
a downward fullpath © ending at a leaf labelled d, such that each node on w apart
from the root and the leaf has a right path with a prefix satisfying

a(c*a)'.

If p,-u, > i, then @; can be expressed in CTL},(pd, < p,,ud, < u,) by the
sentence ‘there is a downward fullpath ending on d on which every node satisfies p;’

where p; is the formula ‘there is a rightward path satisfying a(c*a)? ¥*’. Formally

Ja ifi=0
Hi= 3o (M) ifi>0

N ifj=0o0ri=0
7 an (CU)\jfl,ifl) lfj >0and >0

The following lemma shows that CTL}, (pd, < p.,ud, < u,) cannot express Q;1 if
potty < 1. Thus it implies Theorem 1.3.

Lemma 1.7. For all p,,u.,0 € N, there are finite trees T and S such that (a) T
satisfies Qp,u,+1 but S does not and (b) Duplicator has a winning strategqy for the
CTL:, (pd, < p.,ud, < u,,other < 0)-game on T, S,

Before we prove Lemma 1.7, we note a consequence of it: Consider the case where
u, = 0. Then Lemma 1.7 states that there are finite trees T', S such that T satisfies Q;
but S does not and Duplicator wins the CTL;, (pd, < p.,ud, = 0;other < 0)-game
on T,S for all p,,0 € N. It follows that Q; cannot be expressed in CTLZ (pd, <
ps,ud, = 0;other < 0) for any p,,0 € N. Hence we get the following corollary, which
implies that ForCXPath is not first-order complete.

28



Corollary 1.8. CTL;, (ud, =0) is not first-order complete on finite ordered trees.

We now start with the proof of Lemma 1.7. Recall that this lemma is all the we

need to prove in order to complete the proof of Theorem 1.3.

of Lemma 1.7. The proof is quite long. We will define two trees T, S and then
we show that Duplicator has a winning strategy for the CTL, (pd, < p.,ud, <
u,;other < 0)-game on T,S. We will first show the lemma for “wide trees” — those
in which a node can have infinitely many left and right siblings, but where any two
siblings have only finitely many nodes between them (i.e. the sibling order has type

w* +w). Later we explain how the proof must be altered for the finite case.

The Trees

Before we delve into the formal definition of the trees 7 and S on which the players
will play their game, we give some intuition. In the following we will call a node x
of a tree i-positive if the subtree rooted at z satisfies Q;. We will define 7 and S in
such a way that both have many inner i-positive nodes. However, the root of T will
be i-positive for the appropriate 4, whereas the root of S will not be i-positive. In
addition, each inner node in T or S that is not positive will be “almost ¢-positive”
in the sense that it is the root of some path that is very similar to a path that is a
witness of property @Q; (recall that Q); is a property of the form “there is a path such
that...”). During the game played by Spoiler and Duplicator to will often be the case
that one selected node is i-positive, while the other is not. In this case Duplicator
must worry that Spoiler plays a path that witnesses that one of the selected nodes
is i-positive. Duplicator will exploit that the other node is “almost i-positive” and
select the path that is very similar to the path that Spoiler selected.

We now give a formal definition of 7" and S. We need some way to inductively
define trees. We will use the concept of templates, defined in the following. A hedge
is an ordered sequences of wide trees, where the sequence can again be infinite in
both directions. A template F is a hedge with two sets of distinguished nodes —
positive ports and negative ports — labelled by “+” and “-” respectively. A template
F and two hedges T,S can be combined to form a new hedge F[T,S] which is
obtained from F by replacing each positive port with the hedge T' and each negative
port with the hedge S. In Figure 1.3 we see an example of a template F and two
hedges S and T and the result of applying F' to S and 7'

We now fix some given p.,u,,0 € N for the rest of the proof of Lemma 1.7. We
define for each k € N two of hedges T% and S*. These hedges will be constructed
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F= @ -®0© FITS] = I
® O 5= @ ® ©

Figure 1.3: Constructing the hedge F[T,S] from the template F' and the hedges T
and S.

from two templates F' and G which we define first. Both F' and G are hedges of
infinite width. The sequence of roots of both F' and G spell out the infinite word

((c"a)™ c"b)”

where n = p, -0+ 0% and m = p, -, + 0> +2. All trees in F' or G that have a root
labelled ¢ are singleton trees, consisting only of a root. The trees that have a root
labelled a or b consist of a root with a single child that is either a positive or a
negative port. In both templates all ports but one are negative. What distinguishes
F from G is the labeling of the right path that starts at the unique parent of the
positive port: In F' this path has a label in the language a(c*a)P-%+! c*h¥%; in G
its label lies in the language a(c*a)?>%c*b>«. Figure 1.4 shows F' and G.

F= e @@@@@@@@@@@@
O 66 ® 60 o 06

G= @@@@@@@@@@@@
© 0 0 ©® O 6

Figure 1.4: The templates F' and G for p, =1, 0=1, and u, = 0.

We define two sequences (T} )reny and (Si)rey of hedges by induction on k: Ty is
the single node labelled d and Sy is the single node labelled ¢. For k >0

Tk = F [kah 511471]
Sk =G [Tk—la Sk—l]

We say that the single node Tj is positive and the single node Sy is negative. We
also say that a node z in T}, is positive (resp. negative) if the node in the template
that x is obtained from is positive (resp. negative). The polarity of a subtree is the
polarity of its root. Figure 1.5 shows a positive and a negative tree in T5.

Now we can define T and S, the trees whose existence is asserted in Lemma 1.7.
These are also the trees on which Spoiler and Duplicator will play the CTL], -game.
Recall that we fixed 6 € N at the beginning of this proof.
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Figure 1.5: A positive tree in (top) and a negative tree (bottom) in T for p, = 1,1, =
0 and 0 = 0. Roots of positive subtrees are displayed with double circles, roots of
negative subtrees with single ones.

Definition 1.9 (T, S) Let T be the unique positive tree in the hedge Ty, 1. S is some
negative tree in Ss.1 whose root is labelled a (note that all trees with this property

are isomorphic).

It is easy to see that T satisfies Qp.a,+1 while S does not: An inductive argument
shows that a subtree of Ts,1 or Ss,1 satisfies Qp.a.+1 iff it is positive. Hence part (a)

of Lemma 1.7 follows.

Challenges for Duplicator

We now provide some intuition about Duplicators strategy.

Duplicator’s Strategy

We now show part (b) of Lemma 1.7 for T and S as defined above. In fact, we show

the following more general statement on hedges:

If = is the root of a positive tree in Tj,q and y is the root of a negative
tree in Ss,1, then Duplicator has a winning strategy for the CTLZ, (pd, <
Po,ud, < @,;other < 6)-game on the hedges Tj,; and S, starting from

position x,y.

We use an extension of CTL}, for hedges: The node formula 3,¢ is true at the root
z of a tree in a hedge T if ¢ is true on the sequence of roots of T to the right of .
In a similar way, the CTL}, -game can be extended to hedges, such that the players
can choose the sequence of roots right of the current selection in 3, moves. The

symmetric definitions hold for leftward paths.
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Notation During the game on T, and Ss,1, Duplicator can maintain an invariant
on the string of siblings of the selected nodes x and y. This invariant is similar to
the invariant used in the word game from Section 1.5.2, but this time, Duplicator
not only has to assure that the strings to the right of the selected nodes are similar,
but also those to the left of them. We therefore define the inverse versions of top-
depth and plateau-depth. The inverse-plateau-depth of a node x is the number of
c-labelled nodes between = and the next node labelled a or b to the left of x. The
bottom-depth of x is the number a-labelled nodes between x and the next b to the
left of x. The plateau-depth of a node x in T}, or Sy is the plateau-depth of x with
respect to its sequence of right siblings — or on the sequence of roots of T}, or S,
if z is a root. We lift the notions of inverse-plateau-depth, the top-depth, and the
bottom-depth to trees in the same way. In each sequence of siblings in either 7}, or
S;, we distinguish the node that is the next b-labelled node to the right of the only
positive node. We will say that a node x in Sy, corresponds to a node y in T}, (or vice
versa) if x and y have the same distance and direction to the distinguished node in
their respective sequence of siblings.

The following claim is sufficient for part (b) of Lemma 1.7. As we have already
proven part (a) of Lemma 1.7, the proof of the following claim completes the proof
of Theorem 1.3.

Cram 1. Let p, <p., and pa,p, < 6. Duplicator can win the CTL;, (pd, <
Pa,pd, < po,pd, <p.,ud, < ,;other < 6)-game on Ss.1,Ts.1 if the selected
positions x,y satisfy:

1. x and y have the same label.

2. x and y have the same plateau-depth.

3. |top-depth(z) — top-depth(y)| < 1.

4. If x and y have different top-depths then

(a) top-depth(z) > p.@. and top-depth(y) > p.u.

(b) if top-depth(x) = p.a, or top-depth(y) = p.a.
then plateau-depth(x) > p.o
(and hence plateau-depth(y) > p.o).

v

. If x and y have different bottom-depths then

(a) bottom-depth(z) > p.6 and bottom-depth(y) > p.o
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(b) if bottom-depth(z) = p.o or bottom-depth(y) = p.o
then inverse-plateau-depth(z) > p,o

(and hence inverse-plateau-depth(y) > p.o).

Proof of Claim 1. The claim is proven by induction on p, + p, + p,. The
base case holds as by Condition 1 the nodes x and y have the same label.

Now assume that p, + p, + p, > 0.

Strategy for 3,-moves Assume that Spoiler picks a downward path 7
rooted at z in either Ts,; or Ss.1. As x and y have the same label, it
follows that there is also an infinite downward-fullpath rooted at y. In fact
there are several such paths, and we now describe which of these Duplicator

chooses.

Let 2’ be the child of x on m. We first determine the child y’ of y on the path
7 that Duplicator chooses. Duplicator’s goal is to pick g such that she can
win the CTL}, (pd, < p.,pd, < p, - 1,pd, < p,,ud, < @,;other < 0)-game
from 2/, " and such that the trees rooted at 2’ and y’ have the same polarity.
The easiest case is when the node that corresponds to x’ in the other tree
has the same polarity as x’: in this case Duplicator will choose this node.
Otherwise there are two cases: If x' has positive polarity, then Duplicator
picks the single child of y that has positive polarity. The remaining case
is that 2’ has negative polarity and its corresponding node in the other
tree has positive polarity. In this case Duplicator picks the unique child
y’ of y who’s corresponding node has positive polarity (observe that y’
has negative polarity). In any case z’ has the same polarity as y’. Thus
the trees rooted at x’ and gy’ are isomorphic, and Duplicator can choose
a path 7/ starting at y’ that (a) has the same labeling as the suffix 7’ of
7 starting at =’ and (b) the node n/(7) has the same polarity as the node
7/(7) for all i < |7’|. As 7 and 7 have the same labeling, Duplicator can play

isomorphically on the path game.

Maintaining the Invariant on 3,-moves At the end of the path game
Spoiler will pick an intermediate position from which the tree game will
continue. Hence we verify that all possible intermediate positions of the
path game are winning positions for Duplicator for the CTL] -game with

p.—1 downward path moves. This follows from the induction hypothesis if =
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and y — the roots of m and 7 — is the final position. For the case that Spoiler
chooses to continue to play from position x’,y’, we verify that Duplicator
can win the CTL}, (pd, < p.,pd, < p, - 1,pd, < p,,ud, < @,;other < 6)-
game from 2’ and y’. The interesting case is when z’ and y’ both have
positive polarity. Assume that the sequence of siblings of z’ is obtained
from F' and that the siblings of 3" are obtained from . Then Condition 2
holds because both 2’ and gy’ have positive polarity. To check Condition 3
recall that the right fullpath starting at x is in the language

a(cna)ﬁ>ﬂ>+1cnb yw
with n = p, - 6+ 62, while the right fullpath starting at 3’ is in the language
a(ca)? " c"b Y.

Thus Conditions 3 and 4 are maintained. For Condition 5, observe that

both z' and gy’ are contained in a block of siblings labelled
b(c"a)™ b

where m = p, - U, + 0> + 2. Hence the left path from 2’ to its next b-labelled
left sibling is labelled a(c"a)*cb (from right to left) and the string from 3’
to its next b left sibling is a(ca)?**!cmb (from right to left). As p. < 6 this
shows that Condition 5 is maintained. If the position that Spoiler chooses
is further down in 7,7 than z’,9’, then the selected nodes are isomorphic
positions in isomorphic hedges, and therefore winning positions for any
CTL;, -game.

J,-moves Now assume that Spoiler picks a rightward fullpath = in either
hedge. Duplicator has to choose the unique rightward fullpath 7 starting
at the selected node in the other tree. The players then play the LTL(ud <
U,,ned < 0) game on the selected paths. In this game, Duplicator uses the
strategy described in Section 1.5.2. The following claim can be shown using

the strategy described in the proof of Claim 1 in Lemma 1.4.

SUBCLAIM 1.1. Let x,y be positions that satisfy the conditions of
Claim 1 and let 7, T be the right fullpaths starting at x,y respectively.
For all u, <u, and o <0, Duplicator has a winning strategy for the

LTL(ud < u,,ned < 0)-game on suffizes ©,7 of 7,7 if
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1. ™ and T have the same plateau-depth.
2. |top-depth(m) — top-depth(7)| - 1.
3. If m and T have different top-depths then
(a) top-depth(m) >(p. —1)u, +u. and top-depth(7)>(p.—1)u. +
U
(b) if top-depth(m) = (p. — 1)@, +u, or top-depth(r)=(p. —1)a, +
Uy
then plateau-depth(w) > (p. = 1)o+ 0
(and hence plateau-depth(7) > (p. —1)o+o0).
In addition, every intermediate position of this LTL-game is a win-
ning position for Duplicator in the CTL}, (pd, < p.,pd, < p,,pd, <

p» — 1,ud, < @,;other < 6)-game.

It is easy to check that the conditions of Subclaim 1.1 imply the conditions
of Claim 1 for (p.,p. — 1, p,) moves left to play.

J.-moves Duplicator’s strategy for leftward path moves is symmetric to
her strategy on right paths moves. The proof that this strategy maintains
the invariant follows the same lines as above. This concludes the proof of
Claim 1. ]

This concludes the proof of Theorem 1.3 for infinite trees.

The Finite Case We now describe what needs to be changed, in order to prove
Theorem 1.3 for finite trees. Recall that roots of both F' and G spell out the infinite

word
((c"a)™ c"b)”

where n = p,-0+02 and m = p, -, + 0% +2. Consider a template Fir that is obtained

from F' by pruning in such a way that the sequence of its roots spells out the word
((c”a)m Cnb)2(52+5ﬁ,,)

and the right-path starting at the unique root with a positive child is labelled
a(cra)P-w+1 crhw?ors for w = (¢*a)™ c™b. The finite template G is obtained from
G in a similar way, with the right-path starting at the parent of the unique positive

port being in the language a(c*a)P>c*bw??-. Consider the finite hedges T,fn, Sfin
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that are constructed like the hedges T}, and S, but from templates Ffin and Gfin
instead of from the templates F' and G. We argue that Duplicator can win the
CTL: (pd, < pa,pd, < p,,pd, < p.,ud, < @,;other < 6)-game on Sfn and TAn.

In fact, one can show that if the current position is x and y, then Duplicator can

maintain the invariant of Claim 1 together with the additional condition:

6. If the number of b-labelled nodes to the right x is not equal to the number of
b-labelled nodes to the right y, then there are at least 20p, b-labelled nodes to
the right of both x and y and there are at least 262 b-labelled nodes to the left
of both x and y.

On path moves, Duplicator can reuse her strategy from the infinite case. In the
path game, Duplicator can use the same strategy as in the infinite case on downward
paths, and the Etessami-Wilke strategy from Corollary 1.5 on horizontal paths. It
is easy to check that this strategy preserves the invariant. This concludes the proof
of Theorem 1.3 for finite trees. O]

1.6 The Vertical Until Hierarchy

We now show our second incompleteness result.

Theorem 1.4 (Vertical Incompleteness). On finite, ordered trees, CTL}, (ud, < u)
is not first-order complete for all w € N. In addition, the family CTL}, (ud, < u)

forms a strict hierarchy in expressiveness.

The structure of the proof is similar to the structure of the proof of Theorem 1.3:
For each u, € N we define a property P, that can be expressed in CTLJ, (ud, < u,)
but not in CTL}, (ud, <u, —1). Again, we first show Theorem 1.3 for infinite trees

and then we discuss what needs to be changed for the finite case.

1.6.1 The Separating Property

For u, € N we define P,_ be the set of ordered trees which have a fullpath 7 ending

at d such that each suffix of 7 that starts with b satisfies the regular expression
b(c*a)" X%,

P, can be expressed in CTL}, (ud, < u,) by the formula ‘there is a downward

fullpath ending at d on which every node satisfies b - p,. " where ., is defined by

| true ifi=0
Hi= CU((I/\,ui_l) if1>0
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The following lemma shows that, for all u, € N, P, ;1 cannot be expressed in
CTLZ, (ud, < u,).

Lemma 1.10. For all u,,0 € N there are finite trees T and S such that (i) T
satisfies P, .1 but S does not and (i) Duplicator has a winning strategy for the
CTL(ud, < u,;other <o) game on T,S.

Before we prove Lemma 1.10 we show how it implies Theorem 1.4.

Proof of Theorem 1.4. Assume towards a contradiction that there is a number u, €
N such that P,_,; can be expressed in CTL}, (ud, < u,). Then there is a formula ¢ in
CTL;, (ud, < u,) that expresses P,. In particular, ¢ is in CTL}, (ud, < u,;other < 0)
for some o € N.

For the numbers u, and o there are, according to Lemma 1.10, two trees T and S
on which Duplicator has a winning strategy for the CTL(ud, < u,;other < 0)-game.
Thus, by Proposition 1.2, no CTL(ud, < u,;other < 0) formula can distinguish 7
and S. Therefore ¢ either holds on 7 and S or on none of them. As 7T satisfies
P, 1 but S does not it follows that ¢ does not define P,_,;. This is a contradiction
to the assumption that ¢ defines P,. O]

The proof of Lemma 1.10 is quite involved and will take up the rest of this section.
In Section 1.6.2 we construct two trees T' and S on which the CTL}, -game will be
played. Before we define Duplicator’s strategy formally, we explain its intuition in
Section 1.6.3. Section 1.6.4 describes Duplicator’s strategy in detail, and we show
that it is a winning strategy. To simplify the presentation, Sections 1.6.2 — 1.6.4
prove the lemma for infinite trees. Section 1.6.5 describes which modifications are

necessary for the proof on finite trees.

1.6.2 The Trees

We now fix two numbers w,,0 € N for the rest of the proof of Lemma 1.10. We
construct two families of infinite binary trees (T} ) ey and (Sk)gen from the templates
F and G shown in Figure 1.6. The only distinction between F' and G lies in the
node labelled “+”: it is a positive port in F' and a negative port in G. In each of
the two templates, the leftmost branch consists of the root labelled b followed by
infinitely many c®a blocks. The final ¢ node in any ¢® sequence has two children:
the left child is labelled a and the right child is a positive or negative port. In both
F and G the topmost u, ports are negative. In I’ the next two ports are positive,

while in G only the next port is positive. All other ports are negative.
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witness node

fooling node

Figure 1.6: The templates F' and G

We define the sequences (Tj)reny and (Si)ren by induction on k. Ty consists of a

single node labelled d, while Sy consists of a single node labelled ¢. For k > 1:

Ty = F[Ti-1, Sk-1]
Sk = G [Ti-1, Sk-1]

For trees T, 7" we write T' = T" iff T and T" agree in all CTL}, (ud < . ;other < 0)
formulas. It is easy to see that = is an equivalence relation. The next lemma shows

that = has a finite number of equivalence classes.

Lemma 1.11. The relation = has at most O(3°™) equivalence classes where

m = max (062, u,0).

Proof. We show that there are at most O(X°2™)), m = max(6?,4,0) different syntax
trees of formulas in CTL}, (ud < @,;other < 0). Note that each such syntax tree is
a binary tree that has depth at most m = max(6?,%,0). Each node is labelled by
either one of the symbols {U, X, F, A, v, =} or by a predicate in 3. As a binary tree
of depth m has at most 2(2™) nodes, it follows that there are at most (6+]%])2(?"™) =
O(X0E™) syntax trees of formulas in CTLZ, (ud < 1,; other < 6). O

Definition 1.12 (Period). A pair of numbers (u,\) is a period of the sequences
(Ti)ken and (Sk)gen if for all k > p, Ty = Tryn and Sk = Skex.
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Lemma 1.13. (T})geny and (Sk)ken have a period (p, \).

Proof. Let Ej. be the pair of =-classes of T}, and Sj. Since the number of equivalence
classes of = is finite, there must be y and A such that £, = F,, and we claim that
this v and A suffice. Note that the =-class of F[T}, Si] (and G[T}, Sk]) depends only
on the =-classes of T and Sy, for all k € N. This follows by induction using the usual
composition technique for trees (see e.g. [MR99]). Hence from T} = Ty, and Sy =
Sk+a we can conclude (applying F' to both equivalence classes) that Ty = Thins1,
and that Sgy1 = Skea1 (applying G to both equivalence classes). The result now
follows by induction. O

Fix a period (g, A) of (Tk)ken and (Sk)ken for the rest of this proof. We can now
define the trees T', S on which the CTL-game will be played.

Definition 1.14. Let k =30* A+ u+ 1. Then we define

TZZTk S!:Sk

Notation We call a b(c*a)“ labelled path within Ty or Sy a stem. Observe that
a stem is isomorphic to F' (or GG) without ports. A node that is connected to the
root of a stem by a path labelled b(c*a)ic*b is called a witness node if i = @, + 1 and
fooling node if i = @, or i = U, +2. A path that always departs from the stem on the
witness node is a witness path. Observe that Tj contains a single witness path that
starts at the root, and both T} and S} contain several witness paths that start at
intermediate nodes. The enclosing subtree of a node x in T € {T},, Sy} is the smallest
subtree of T" that contains x and that is isomorphic to either Tj or S; for some j < k.
A subtree T of T}, or Sy has positive polarity if it is isomorphic to 7} for some j < k
and T has negative polarity otherwise. The polarity of a node x is the polarity of

its enclosing subtree.

We now show part (i) of Lemma 1.10.
Proposition 1.15. For all k € N, T}, satisfies Py, 41 but Sy does not.

Proof. The proof is by induction on k. The proposition obviously holds for the trees
Ty and Sy. Now let k& > 0. Note that the witness path departs from the topmost
stem on the witness node it starts with a sequence labelled b(c*a)®*tc*b. Hence
the first b is followed by sufficiently many a nodes. In addition, it departs from the
topmost stem into a subtree isomorphic to 7Tj_;. Hence it follows by induction that
T}, satisfies P, .
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We now show that Sj does not satisfy P; . We know by induction that any
strict subtree S of Si of negative polarity does not contain a path witnessing that
S e P;_,1. Hence a path witnessing Sy € P;_,; must contain the upper fooling node

of the topmost stem. But any path that contains this node starts with a sequence
labelled b(c*a)® c*b. O

1.6.3 The Strategy: Challenges for Duplicator

To prove part (ii) of Lemma 1.10 we will need to show that Duplicator has a winning
strategy for the CTL(ud, < u,;other < o) game on T,S. We start with some
intuition about the strategy of Duplicator. The idea is that T and S consist of
several “similar levels” of subtrees. There is a number A such that subtrees on levels
that are A apart and of the same polarity are winning positions for Duplicator (in
fact this is the number of Lemma 1.13). The game will start on similar levels, but on
trees of different polarity. As Spoiler eventually wins on trees of non-similar levels,
Duplicator must assure that the selected nodes stay on similar levels throughout
the game. Duplicator cannot force the game to a position with both similar levels
and of the same polarity, thus her strategy is to maintain the position on similar
levels regardless of the polarities. As Duplicator has to keep the position on similar
levels, Spoiler can force the game down a fixed number of levels on each move. Thus
Duplicator can only win the game on trees with very many similar levels. Thereby
she must assure that the selected nodes are high up in the tree if the polarities of
their enclosing subtrees differ.

Basically, Duplicator will have to disguise that the witness path in 7" ends on a
d while the witness path in S ends in a ¢. Clearly, Duplicator must have a remedy
when Spoiler plays the witness path in 7". In fact, Duplicator’s strategy depends on
the place where Spoiler’s path departs from the witness path. Assume Spoiler picks
a path mn’ that departs from the witness path on the root of #/. Then Duplicator’s
response depends on the length on 7.

The case where 7 is short is “easy” for Duplicator: she picks a path 77/ such that
7 is isomorphic to . To choose 7/, observe that there are two possibilities for path
mr’ to depart from the witness path. If nn’ departs above the witness node then
Duplicator can choose the root of 7/ such that the roots 7’ and 7/ have the same
polarity. As Duplicator maintained similar levels throughout the game the roots of
7’ and 7'/ are on similar levels and hence winning positions for Duplicator. She can
use her winning strategy to determine the rest of 7/. If 77’ does not depart from

the witness path above the witness node then it departs on the (a-labelled) sibling
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of the witness node. We will see that in this case Duplicator has an “easy” strategy
to determine 7/. It is easy to see that Duplicator wins the path game if the paths
are chosen in this way. There are two cases for its final position: If the final position
is in 7, 7, the Duplicator has achieved her goal to keep the trees big, and therefore
she wins by induction. If the final position is in 7/, 7’ then the selected nodes are
on similar levels and of the same polarity — and Duplicator wins by the definition
of similar levels.

The case that 7 is long is more threatening for Duplicator. If Duplicator uses the
strategy for “short” moves described above then the final position of the path game
might be in small subtrees of different polarity. In this case it is not guarantied
that there are sufficiently may levels below the selected nodes for Duplicator to use
her strategy. Therefore Duplicator will respond to such a “long” move of Spoiler
by picking a path that moves off a stem at a different point some place down the
tree — Duplicator has some flexibility as to where to do this “fooling”, which we will
exploit.

But given that Duplicator has played a fooling path, the first cause for concern
is that Spoiler may try to detect a distinction in the paths by moving to the “fooling
point” where the two paths are first distinguished — the point in which one path
departs from a stem at a different point from the other path. Note that on the
witness path, the number of c¢*a blocks between the root of a stem and the departure
point is u, + 1. Hence Spoiler will be unable to use only until moves to force the
play to this point on the critical path, since his until moves are limited to u,. But
one must still worry that Spoiler can try to push the play down to this point using
eventually moves, which he has in some abundance. The response of the Duplicator
to these threatening eventually moves will be to jump down to a lower stem. This
is analogous to the strategy used by the Duplicator in the linear case of the until-
depth hierarchy theorem of Etessami and Wilke ([EW00], Theorem 1.5); there, the
Duplicator responds to eventually moves of the Spoiler by jumping to the next
b(c*a)*c*b block in the word.

However, this “jumping response” of Duplicator cannot be done so naively in the
setting of ordered trees. If Duplicator jumps so that the position is only one level
off from the position of Spoiler, then the two nodes are on non-similar levels. In
particular the selected nodes are in enclosing subtrees T; and S; where ¢ and j have
different parities; Spoiler can detect this difference in parity of ¢« and j by playing
paths that alternate in the way they jump from stem to stem: e.g. by playing a
path that will depart after two a’s on even levels and after one a on odd levels. This

method of detecting differences in trees of different depths goes back to Potthoff
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[Pot95]. The general problem is that two distinct depths of the tree could have
cardinalities with different properties, and this difference can be exposed by further
path moves.

Duplicator will remedy this problem by making not a small jump down one stem,
but an “exaggerated jump” that moves down A stems to a place that looks locally
(on its stem) isomorphic to the place where Duplicator has played. How do we
ensure that a locally similar place exists? Duplicator will make sure that in all cases
where Spoiler can execute this strategy, the currently-played paths below the fooling
point begin with a large segment of the witness path. Duplicator can guarantee this
on path moves because if 7 is not long, there is no need to perform fooling at all.
On the other hand, if 7 is long, Duplicator can play a path that has a long regular

structure at the top, which allows him to perform the exaggerated jump.

1.6.4 Duplicator’s Strategy in Detail

We now formalize Duplicator’s winning strategy in order to prove part (ii) of Lemma

1.10. We start with the notion of ‘similar levels’.

Definition 1.16. Let (u, \) be the period of (Ty)ken and (Sk)ren. We define = € NxN

by
n=m iff n,m>p and n=m+ i for some i€ Z.

The following is an immediate consequence of the definition of = and Proposition
1.2.

Fact 1.17. Duplicator has a winning strategy for the CTL; (ud < a,,other < 6)-
game on T;,T; if © = j and the roots are selected. The same holds for S;,S;.

Notation A node z in T or S is on level i if its enclosing subtree is isomorphic to
either T} or S;. Two nodes z,y in T or S are on similar levels if z is on level i, y
is on level 7, and 7 = j. In this case we write x =y. We denote by plateau-depth(x)
the plateau-depth of x on the stem that contains z. Given a tree T', we denote by
T[x] the subtree of T rooted at z.

We noted in the previous section that Duplicator will have to maintain similar
positions throughout the game. If she can, in addition, achieve a position in which
the selected nodes are locally isomorphic on their stems, and both nodes are not on
the witness path then she can win the CTL], (ud, < u,;other < 0)-game if it proceeds

strictly downwards.
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CLAIM 1. Let x and y be nodes in T and S respectively, that are on similar
levels, have the same plateau depth, the same label, and are both not on
witness paths. Then Duplicator can win the CTL; (ud < 4,,other < 6)-

game on the subtrees T[x],S[y] of T, S rooted at x,y respectively.

Proof of Claim 1. Without loss of generality we assume that x is positive
and y is negative. Hence the enclosing subtree of x is T} for some ¢ and
the enclosing subtree of y is §; for some j. There is a unique node 2’ in S;
such that the path from the root of S; to &’ is isomorphic to the path from
the root of T; to x. Note that as x is not on any witness path, the subtree
Si[z"] of S; rooted at x’ is isomorphic to the subtree T;[z] of T; rooted
at x. In addition, Duplicator has a winning strategy for the CTL}, (ud <
U,,other < 6) game on S;[2'] and S;[y] by Fact 1.17. The lemma follows

because CTL}, (ud < @, other < 0) is closed under isomorphism. ]

We have seen that Duplicator has a simple winning strategy from certain posi-
tions in 7 and S. Unfortunately, if the roots of T and S are selected, neither Fact 1
nor Claim 1 applies. The following lemma is concerned with this situation — that is,
it implies that Duplicator has a winning strategy for the CTL(ud, < a.;other < o)

game on T, S if the roots are selected. Hence it proves part (ii) of Lemma 1.10.

CLAIM 2. Let pq,ps,ps < 0. Duplicator has a winning strateqy for the

CTL:, (pd, < p.,pd, < p.,pd, <p,,ud, < i,;other < 6)-game on T, S if the
selected nodes x,y satisfy

1. x,y have the same label,

2. x,y are on similar levels,

3. x,y have the same plateau-depth,

4. level(x) > k and level(y) > k where k = (A(tU, +06) +1)(pa + Dy +s) + it

Proof of Claim 2. We prove the claim by induction on p, +p, +p,. The base
case pq +p, +p, = 0 holds because x and y have the same label by Condition
1. For the induction step, we fix p.,p,,p. such that p, + p, + p, > 0. If
Spoiler plays a horizontal move, then Duplicator’s strategy is trivial. For

downward moves we distinguish several cases.
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Case 1. Spoiler plays a downward move on T Assume that Spoiler
chooses a downward path 7 that is rooted at  in 7. As noted above, Dupli-
cator’s strategy depends on the length of the prefix of 7 that is on a witness
path. Therefore let 7,...,m, be a partition of w such that my...m,_1 is
a maximal prefix of m on a witness path, and for each i < n -1, 7; is
contained in exactly one stem. We will call Spoiler’s move a short move
if n < M, +0)+1 and a long move otherwise. Duplicator’s strategy is

different for the two kinds of moves.

Case 1.1. Short downward move on 7' As described in the previous
subsection, Duplicator has an easy strategy in this case. Duplicator first
chooses a prefix 7 -...-7,_1 of the full path 7 = 7-...-7, that she will choose
in the game. She picks this prefix such that 7; has the same labeling as ;
for 1 <i <n -1 (note that any downward path in 7" and S is determined

by its labeling). The 7; exists by Condition 4.

To determine 7, recall that m departs from the witness path on the root
of m,. There are two ways in which a path can depart from a witness path:
above the witness node or on the sibling of the witness node. In the first
case the root z,, of 7, is labelled b and in the second case z,, is labelled a.
In both cases we define the root y, of 7,, to be the child of the leaf of 7,_;

that has the same label z,,.

e If m departs from the witness path on the sibling of the witness node,
then both z,, and y,, are not on any witness path. Hence it follows from
Claim 1 that Duplicator wins the CTL}, (ud, < u,;other < 6)-game on

o If m departs from the witness path above the witness node, then the
subtrees rooted at x,, and y,, have the same polarity. As x,, and y,, are

on similar levels, Duplicator can win the CTLJ, (ud, < u.,;other < 0)
on T[z,], S[y.] by Fact 1.17.

In both cases, Duplicator can use her winning strategy for the CTL}, (ud, <
ii,; other < 6)-game on T[x,],S[y,] to determine a path 7, rooted at y,
such that she has a winning strategy for the LTL(ud < @,,ned < 0)-game

on Ty, Tp.
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The LTL-game after short downward moves on T We now describe
Duplicator’s strategy for the LTL game on m,7. Duplicator can the play
isomorphically on m...m,_; and 7y...7,_1 as these paths are isomorphic
(that is, she picks the n-th node whenever Spoiler picks the n-th node in
the other path). If Spoiler chooses a node in m, or 7, then Duplicator
can use her winning strategy for the LTL(ud < a,,ned < 0) on m,,7,.
These strategies can be composed to derive a winning strategy for m,7.

This composed strategy has the property that if 7/, 7’ is an intermediate

position of the path-game, then either the root of #’ is in 7wy - ... m,_1 and
the root of 77 isin 79 -...- 7,,—1 or the root of 7’ in 7, and the root of 7/ is
n 7,.

It remains to show that any intermediate position 7/, 7" of the path-game
on 7,7 is a winning position for Duplicator in the CTL}, (pd, < p.,pd, <

pe — 1,pd, < p.,ud, < i,;other < 0)-game. For positions where the root of

7w isin my-... -m,_1 and the root of 7/ isin 7y-...-7,_1 it is easy to see that
the Conditions 2, 3 and 1 of Claim 2 are true. Condition 4 is satisfied as
o+ .. Tpo1 and 7g-...-7,_1 are ‘short’ (that is, n < A(u, +0) + 1) and hence

the levels of the roots of both 7’ and 7’ are sufficiently high up in the trees.
Thus Duplicator wins on these positions by induction. The same argument
applies if the roots of m, and 7, are selected as the new position. Now
consider the case that the root of 7’ is a descendant of z,, and the root of
7" is a descendant of y,,. In this case the subsequent game can never leave
the trees T[z,], S[y»] (this is because the game can only move horizontally
and downwards — but never upwards). Then the new position is a winning
position for Duplicator because by construction, she has a winning strategy
for the CTLZ, (ud, < i,;other < 6)-game on T[z,], S[y].

Case 1.2. Long downward move on T Recall that in this case Spoiler
chooses a path 7 = 7 ..., in T such that n > Mu,+0)+land 7y...7, 1 isa
maximal prefix of 7 on a witness path and each m; with ¢ <n-1 is contained
in exactly one stem. The idea is that Duplicator picks a path 7 =7 ...7,,
for some large m that is smaller than n such that 7 is isomorphic to 7y, 7
is similar (but undetectably different) to o, the path 73...7,,_1 is a long
sequence of segments on the witness path that is isomorphic to ms... 7,1,
and 7, is chosen by induction in such a way that it is indistinguishable

from the path 7, ... 7, in a suitable LTL game (see Figure 1.7). Formally
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Figure 1.7: The paths chosen by Spoiler and Duplicator in Case 1.2.

e 7 is isomorphic to ;.

e 7, is a prefix of a stem that departs from its stem on the upper fool-
ing node. Note that 75 is labelled bc®(ac®)%~1. This is Duplicator’s

‘fooling” move.
o m =\ u,+0)+1.

e 7; is isomorphic to 7; for all 3<i<m - 1.

The 7; with ¢ <m exist by Condition 4.

We still need to specify 7,, to complete the description of Duplicator’s path
move. Let x,, be the root of m,, and let y,, be the child of the leaf of 7,,_4

that has the same label as z,,. Observe that due to Duplicator’s fooling
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move, the roots of x3 and y3 of 3 and 73 have positive polarity. As 73... 7,1
is isomorphic to 73 ... m,,_ it follows that z,, and y,, have the same polarity.
In addition, as the positions x,y at the beginning of the current round were
on similar levels (Condition 2) it follows that x,, and y,, are on similar
levels. Finally, as both positions are the roots of their respective stems,
they have the same plateau depth. Hence it follows from Fact 1.17 that
Duplicator has a winning strategy for the CTL}, (ud, < ,;other < 0)-
game on T[], S[ym]. This allows Duplicator to determine a path 7/
rooted at ¥, such that (a) she wins the LTL(ud < @,,ned < 6)-game on
Tm - - T, and 77 and (b) every intermediate position of the LTL-game is a
winning position for the CTL?, (ud, < @,;other < 6)-game on T[], S[Ym]-
Duplicator chooses 7, = 7/, which completes the description of 7 =71 ...7,,.

Figure 1.7 shows the paths 7 and 7.

The LTL game after long downward moves on T Let 7,7 be the
paths chosen in the current round as described above and let p.,p,,p. be
the numbers fixed at the beginning of the proof of Claim 2. Then the

following subclaim implies Claim 2.

SUBCLAIM 2.1. Duplicator can win the LTL(ud < 4,,ned < 0)-game
on m and 7. In addition she can play in such a way that any inter-
mediate position is a winning position for her in the CTL; (pd, <

Pa,pd, <p, —1,pd, <p,,ud, < a,;other <o)-game on T,S.

We will prove Subclaim 2.1 by defining winning strategies for Duplicator in
three LTL(ud < 4,,ned < 0)-games: one on m; and 77, one on 7y . .. m,,_1 and
Ty...Tm-1, and one on m,,...m, and 7,,. All these strategies will have the
property that intermediate positions are winning positions for Duplicator
in a suitable CTL-game. As in Case 1.1. these strategies can be combined

to prove Subclaim 2.1.

The strategy for the game 7,7, is easy: as the paths are isomorphic,
Duplicator will play isomorphically (that is, if Spoiler picks the i-th node
in either path, then Duplicator will pick the i-th node in the other path).
It follows from the hypothesis of Claim 2 that any intermediate position

satisfies all the Conditions of Claim 2 for p.,p, — 1, p., U, 0.
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A suitable strategy for Duplicator in the game on m,, ... 7, and 7, exists

by definition of 7,,.

It remains to show that Duplicator has a winning strategy for the game on
Ty ... Tmo1 and Ty ... T,_1. Observe that the paths mo...7,,_1 and o... 7,1
are ‘long’ versions of the paths used in Corollary 1.5. A stem corresponds to
a staircase, and hence the top-depth of a node corresponds to its distance to
the place where the path leaves the stem. A block of the form ¢°a within a
stem corresponds to a plateau, and hence the plateau-depth is the position
within such a block. Let the end-depth of a path m be the number of b

labelled nodes on 7 — that is, the number of stems remaining in the path.

We show that Duplicator can maintain an invariant similar to the one in
Claim 1 in the proof of Claim 1.4. There are two differences. First, the
paths m; ... 7, and 7y ... 7, are finite, and hence Duplicator must make sure
that Spoiler cannot exploit that the end of the paths might have different
distances from the selected nodes. In addition, the position at the end of the
path game must satisfy the conditions of Claim 2, in particular they must
be on similar levels. This will have an impact on Duplicator’s strategy on F-
and U-moves: if Duplicator were to play according to the strategy described
in Claim 1 in the proof of Lemma 1.4, then the positions could end up
being exactly one stem apart, and hence on non-similar levels. Therefore,
Duplicator will jump to the next position that is locally isomorphic and
on a similar level to the position that Spoiler chose (whereas in the proof
of Claim 1 of Lemma 1.4 it was sufficient to jump to the next locally
isomorphic position). After this ‘exaggerated jump’, Duplicator will be
able to play according to a simpler strategy. Subclaim 2.1.1 deals with this
simple strategy. The proof of Subclaim 2.1.2 will describe the slightly more

involved strategy before the exaggerated jump.

SUBCLAIM 2.1.1. [Post-Jump Strategy] Let u, < U, and o < 6. Then
Duplicator has a winning strategy for the LTL(ud < u,,ned < 0)-
game on Ty ... Tmo1 and To...Tm_1, if the selected suffives @ and T
satisfy:

1. the roots of ™ and 7T have the same label.

2. 7 and T are on similar levels.

3. 7 and T have the same plateau-depth.
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4. 7 and T have the same top-depth.

5. FEither m and T have the same end-depth or
lend-depth(7) — end-depth(7)| = A, end-depth(7) > A(u, + 0),
and end-depth(7) > A(u, + 0).

In addition, Duplicator can play in such a way that each intermediate
position is a winning position for her in the CTL; (pd, < p.,pd, <

pe — 1,pd, <p.,ud, < a,;other <0)-game.

Note that it follows from Conditions 3 and 4 that the roots of # and 7 have

the same label.

Proof of Subclaim 2.1.1. The proof will be similar to the proof of
Claim 1 of Lemma 1.4, but slightly simpler. We use induction on
u, + 0. The base case holds as by Condition 1 the roots of 7 and 7

have the same label. For the inductive step we assume that u,+o > 0.

X-move If Spoiler plays a X-move, then Duplicator’s strategy is
determined by the rules of the game. It is easy to check that the
conditions of Subclaim 2.1.1 are maintained: This is trivial for Con-
ditions 2, 3, and 4. Condition 5 is maintained because it depends
on o. It follows from Claim 2 that the new position is a winning
position for Duplicator in the CTL], (pd, < p.,pd, < p, — 1,pd, <

P»,ud, < U,;other < 6)-game.

U-move First consider the case where Spoiler chooses to play on 7.
In the first half move he selects a suffix 7™ of 7. If a” is isomorphic
to a suffix 7" of 7 then Duplicator chooses 7 in his first half move.
Note that if this is not the case then end-depth(7)—end-depth(7) = A
by Condition 5. In particular, 7 must be a suffix of 7 and 7 has
exactly A\(u, + 0) positions more than 7. Hence Spoiler has skipped
at most A\(u, + 0) positions in his first half move. Duplicator will
skip the same number of positions as Spoiler did. It is easy to check

that the conditions of Subclaim 2.1.1 are maintained for u, — 1, 0.

In the second half move Spoiler picks a suffix 7,,, such that 0 <

m’ < m. It is easy to check that there is a suffix #* such that

m—-m/ =n-n'. Again, the conditions of the claim are preserved and
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its truth follows from the induction. It follows from Claim 2 that
the new position is a winning position for her in the CTL, (pd, <

pa,pd, <p, — 1,pd, <p.,ud, < u,;other < 6)-game.

F-move Duplicator can use exactly the same strategy as in the
first half of the U-move. This is possible because Condition 5 de-
pends on 0. As above, the second statement of Subclaim 2.1.1 follows
from Claim 2. O

Note that the top-depth of the root of 75 ... m,,_1 is different from the top-
depth of 75...7,_1 (recall that my is labelled bc®(ac®)® while 7 is labelled
bc®(ac®)®~1). Hence in the beginning of the CTL-game on 7y ... 7,1 and
Ty ...Tm-1 (basically before Duplicator has executed his exaggerated jump)

Duplicator will use a different strategy.

SUBCLAIM 2.1.2. [Pre-Jump Strategy/ Let u, < @, and o <o. Then
Duplicator has a winning strategy for the LTL(ud < u,,ned < 0)-
game On Ty ... M-y and Ty . .. Tr-1, if the selected suffizes 7,7 satisfy:
1. the roots of @ and 7T have the same label.
2. m and T have the same plateau-depth.
3. |top-depth(7) - top-depth(7)| < 1.
4. If m and 7 have different top-depths then
(a) top-depth(7) > u, and top-depth(7) > u, and
(b) if top-depth(7) = u, or top-depth(7) = u,
then plateau-depth(7) > o (and hence plateau-depth(7) >
0).
5. 7 and T are on similar levels.

6. Either © and 7 have the same end-depth or
lend-depth(7) — end-depth(7)| = A, end-depth(7) > A(u, + 0),
and end-depth(7) > AM(u, +0).

In addition, Duplicator can play in such a way that each intermediate
position is a winning position for her in the CTL;, (pd, < p.,pd, <
pe — 1,pd, <p.,ud, < a,;other < a)-game.
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Proof of Subclaim 2.1.2. The proof is by induction on u, + 0. The
base case u, + 0 = 0 follows from the conditions 2 and 4. We now
assume that u, + 0 > 0. Duplicator will use the strategy from the
proof of Claim 1 in the proof of Lemma 1.4 on X- and U-moves.
It is easy to see that the conditions of Subclaim 2.1.2 hold after

Duplicator’s move.

Now assume that Spoiler plays an F-move on 7. That is, that he
selects a suffix 7™ of 7. In this case Duplicator cannot use the strat-
egy described in the proof of Claim 1 of Lemma 1.4, because if she
did the selected subpaths might not be on similar levels anymore.
Hence Duplicator selects the largest suffix 7 of 7 such that 7 and
7™ have the same plateau-depth, the same top-depth, and are on
similar levels. Clearly such an m can be found in such a way that
the end-depth decreases by at most A\. The new position satisfies the
conditions of Subclaim 2.1.1 for u,,0—1, and hence Duplicator wins

by induction O

Case 2. Downward move on S This case is very similar to Case 1.
The only difference is that if Spoiler plays a long move, then Duplicator’s
‘fooling” move is to play a path that departs from the witness path on the

lower fooling node on the second stem. We omit the details. [

1.6.5 The Finite Case

Part (i) of Lemma 1.10 can also be shown for finite trees. We define trees 70 and
Sfin t6 be obtained from T and S by pruning the stems at some point. In particular,
each stem in 70 and Sfn spells out the finite word b(c¢*a)?(@9+& The witness node
and the fooling nodes are as in T and S.

The stem-depth of a node x is the number of a labelled nodes on a downward
fullpath rooted at z that contains no right siblings. The stem-depth of a path 7 is
the stem-depth of its root.

Lemma 1.10 for finite trees trees follows from the following claim. It is basically

the finite tree version of Claim 2 in the proof of Lemma 1.10.

Cram 3. Let pa,py,ps < 0. Duplicator has a winning strategy for the
CTL: (pd, < p.,pd, < p.,pd, < p,,ud, < i,;other < 6)-game on T, Sfin if
the selected nodes x,y satisfy
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1. x,y have the same label,
x,y have the same plateau-depth,
x,y are on similar levels,

level(x) > k and level(y) > k where k = (A(U, +0) + 1) (pa + Do +0s) + i1,

sd(x) > p. (@, +0) and sd(y) > p,(t, +0).

Proof of Claim 3. Duplicator can use a similar strategy as in the infinite
case. In particular, whenever Spoiler picks a path that departs from the
stem, then Duplicator can use the strategy described in Claim 2 of Lemma
1.10 — using this strategy she can preserve that conditions of Claim 3. But
Spoiler might try to expose that the stem depths of z and y are different.
To do so, he might select the path 7 that consists only only of the stem.
In this case, Duplicator will also choose the path 7 in the other tree that
only consists of the stem. The following Subclaim shows that in this case
Duplicator can win the LTL(ud < #,,ned < 6)-game on 7 and 7, while
maintaining the conditions of Claim 3. The proof of Subclaim 1 concludes

the proof of Claim 3, and hence the proof of Theorem 1.3 for finite trees.

SuBCLAIM 1. Let u, < @, and o < 0. Duplicator can win the
LTL(ud < w,ned < o)-game on w and 7 if the selected suffives T
and 7 of ™ and T satisfy:
1. the roots of ™ and T have the same label.
2. 7 and T have the same plateau-depth.
3. |top-depth(7) - top-depth(7)| < 1.
4. If ™ and 7 have different top-depths then
(a) top-depth(7)>(p, —1)u, +u, and top-depth(7)>(p,—1)u, +
Uy
(b) if top-depth(7)=(p, — 1)t +u, or top-depth(7) =(p, — 1), +
Ug
then plateau-depth(7) > (p, —1)o+ 0
(and hence plateau-depth(7) > (p, —1)o+o0).
5. If ™ and 7 have different bottom-depths then
(a) bottom-depth(7) > (p, — 1)@, + uy
and bottom-depth(7) > (p, — 1), +u,
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(b) if bottom-depth(7)=(p, — 1)d, + u,
or bottom-depth(7)=(p, — 1), + u,
then inverse-plateau-depth(7) > (p, —1)0+ 0
(and hence inverse-plateau-depth(7) > (p, = 1)6+0).
6. sd(z) > p,(u, +0) and sd(y) > p,(u, +0).

In addition every intermediate position of the LTL(ud < u,ned <
0)-game on ™ and T s a winning position for Duplicator for the
CTL;, (pd, < pa,pd, < pe,pd, < p.,ud, < 4,;other < 0)-game on
j:’ﬁn’ S’ﬁn'

Proof of Subclaim 1. The proof is similar to the proof of Claim 1 in
Lemma 1.4. We use an induction on u, +o. If u, + 0 = 0 then the
claim follows as by Condition 1 the roots of 7 and 7 have the same
label. For the inductive case we assume that u, + 0 > 0. Duplicator’s

strategy depends on the kind of move that Spoiler plays first.

X-move On X-moves Duplicator’s strategy is determined by the
rules of the game. We omit the calculations that show that X-moves

preserve the invariant.

F-move Assume that Spoiler plays an F-move on 7, in which he
selects a suffix 7" of 7. If 7 contains a suffix 7/ that is isomorphic
to 7’ then Duplicator selects 7. Otherwise 7’ must contain 7 as a
suffix. In this case it is Duplicator’s goal to jump the fewest number
of positions while still preserving the invariant. Hence she selects
the largest suffix 7/ of 7 such that 7’ and 7’ have the same plateau-
depth and top-depth. Again it is easy to verify that the conditions

of Claim 3 are preserved.

U-moves Finally assume that Spoiler plays an U-move. In the
first half-move, Duplicator’s strategy is similar to her strategy on F-
moves. However, as in the proof of Claim 1 in Lemma 1.4, Duplicator
must worry that Spoiler plays a very small move on the path with
the smaller top-depth. If Duplicator were to use the strategy from

the F-move then she might skip more positions than Spoiler did in
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Figure 1.8: Duplicator’s strategy if Spoiler plays an U-move. If the current position
of the game is (g, yo) and Spoiler picks a position z in either path in his first half

move, then Duplicator picks the position z’ in the other word, such that there is a
arrow from z to z’.

his first half-move, and in the second half-move she might not have
a suitable position to jump to (see the description of Duplicators U-
move in Claim 1 in Lemma 1.4 for the discussion of this problem).
Hence Duplicator will skip as many positions as Spoiler did if Spoiler
skips at most 0 + 1 positions. Otherwise she will follow her strategy
for F-moves in the first half-move. It is easy to see that in the
second half-move, Duplicator can always find a position, such that
the conditions of Claim 3 are maintained. Duplicators strategy is

shown in Figure 1.8. [

This concludes the proof of Claim 3, and hence the proof of Theorem 1.3

for finite trees. O]

1.7 Conclusions

In this chapter we have investigated which direction-restricted XML query languages
can be first-order complete. We began with the language CTL’, based on the whole
of LTL going downwards and sideways, and we have shown that one cannot make
due either with no untils in one of the horizontal directions or with a restriction on
the number of untils vertically.

Several questions remain open. We need to investigate more thoroughly the re-
lationship of the languages CTL}, (ud, < u) with the queries of “bounded operator
depth” mentioned by Bojaiiczyk [Boj08]. For the moment we note the following dis-
tinction: [Boj08] states that the queries of bounded operator depth cannot capture

all languages of the form:
Qn =3.(a"b)*

In contrast, all these ),, are contained at the lowest level of our hierarchy.
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It is also unknown to which fragments of first-order logic the languages CTL, (ud, <
u) correspond. In addition no algebraic characterization of CTL], (ud, < u) is
known. Thérien and Wilke [TWO04] have given an algebraic characterization of
the LTL formulas of fixed until-depth on words, and have used this to show how to
decide whether a formula is of a given until-depth. We do not know whether one
can decide membership in CTL}, (ud, < u) or in CTL}, (pd, < p,ud, < u).
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Part 11

Data Word Languages
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Chapter 2

How Small can Automata for Data
Languages Get?

2.1 Introduction

We now consider an orthogonal generalization of word languages: Instead of tree lan-
guages over a finite alphabet, we consider word languages over an infinite alphabet.
More precisely we consider data word languages, that is, languages of finite words in
which the word positions have a value from an infinite alphabet and a label from a
finite alphabet. These values can be used to model time stamps [AD94, HNSY92],
process identifiers [Tzell, BH10], or attribute values in XML documents [NSV04].

Different models of automata which process data words have been proposed and
studied in the literature (see the survey [Seg06]) These automata are generally ex-
tensions of finite automata that can store some bounded amount of information
about the data values. This information is compared to the input value when the
automaton transitions into a new configuration. The basic automata models for data
language are pebble automata [NSV04], data automata (or equivalently class mem-
ory automata) [BMS*06], and finite memory automata [KF94]. Pebble automata
use special markers to annotate positions in a data word. Data automata parse data
words in two phases, with one phase applying a finite-state transducer to the input
data word and another deciding acceptance on the grounds of a classification of the
maximal sub-sequences consisting of the same data values (such a classification is
usually specified in terms of membership in a regular language). Finally, finite mem-
ory automata, also called register automata, make use of a finite number of registers
in order to store and eventually compare values in the processed data word.

One could hope that most of the fundamental results in standard automata
theory (i.e., the theory of automata over a finite alphabet) can be transferred to

the setting of words over infinite alphabets. However, prior work has shown that
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many elementary closure and decision properties of finite automata are absent in the
infinite-alphabet case. For example, the equivalence of the non-deterministic and
deterministic variants of automata is known to fail for both finite memory automata
and class memory automata [BS10]. While in the finite alphabet case the equivalence
and universality problems for non-deterministic automata are decidable, for most of
the infinite alphabet models they are not [NSV04, KF94].

Among several paradigmatic problems in automata theory, a crucial one, for both
theoretical and practical reasons, is the minimization problem. Roughly speaking, it
consists of determining the automaton-based representation that uses the “smallest
space” for a given language. In the case of standard finite-state automata, minimal
space usage is usually translated in terms of the minimum number of states. The
well-known Myhill-Nerode theorem [HMUO6] gives a canonical automaton for every
regular language, which is minimal among deterministic finite automata accepting
the same language. When dealing with more general models of automata, however,
one may need to take into account different complexity measures at the same time,
possibly yielding some tradeoffs between the amount of control state and the number

of values/locations being stored.

In this chapter, we consider minimization for a particular model of register automata,
which process finite words over an infinite alphabet. On the one hand, the class of
memory automata we are dealing with (DMA, for short) is very similar to that of
deterministic finite memory automata introduced in [KF94]. Our notion of register
automaton is slightly more general in allowing to compare values both with respect
to a fixed equality relation on values (as in the standard class of finite memory
automata) and with respect to a fixed total ordering relation. For instance, our
model of register automaton can recognize the language of all strictly-increasing
finite sequences of natural numbers, which cannot be recognized by a finite memory
automaton.

The first contribution of the chapter is an isolation of the ideal “minimal storage”
for a DMA. This is formalized in terms of the memorable values for any word in
the language — the set of values that must be stored at any point. Using this
we can give a characterization of the class of languages recognized by some DMA,
which closely resembles the Myhill-Nerode theorem. Precisely, we associate with
each language L a suitable equivalence =y, using the memorable values, and we
characterize the class of DMA-recognizable languages as the class of languages L
for which =, has finite index. We remark that a similar result, but restricted to the

class of register automata that can only compare values with respect to equality,
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has already appeared in [FKO03]. In fact, our alternative characterization, besides
relating equivalence to space-minimality, holds also for the larger class of DMA that
compare values with respect to a fixed arbitrary total ordering relation.

As our second contribution, which stems directly from the previous characteri-
zation result, we show that the canonical DMA A, which is obtained from a given
language L when the corresponding equivalence =;, has finite index, satisfies a strong
notion of minimality that takes into account both the number of control states and
the number of values stored. Our results hold when the automaton can access either
an identity relation on the data values or a linear order. Subsequent to our work,
a generalization of our result has been given in [BKL11]. There the authors show
that a unique minimal DMA exists also in the presence of a partial order on the
data values. Finally, we give an effective means for minimizing a DMA presenting a

procedure that begins with an arbitrary DMA and produces the minimal equivalent.

The results of this chapter have been obtained in collaboration with Michael Benedikt
and Gabriele Puppis and have been published in [BLP10c, BLP10b].

Organization. This chapter is organized as follows. After providing some back-
ground material in Section 2.2, we give an overview over our main results in Section
2.3. We then compare our results with previous work in Section 2.4. Section 2.5
proves the minimization result and Section 2.6 investigates the complexity of the

minimization procedure. Section 2.7 concludes.

2.2 Preliminaries

In this section we provide some preliminaries for our work on data languages. We
start by formally defining data words and data languages in Subsection 2.2.1. Then,
in Subsection 2.2.2, we give a tour of several automata models that accept data word

languages. We also review some known decidability and expressiveness results.

2.2.1 Basics on Data Languages

We fix, for the rest of this thesis, an infinite set D of (data) values and a finite set
Y of labels. Data words come in two different flavors: plain (data) words which are
finite words over the alphabet D and adorned (data) words which are finite words
over the alphabet D x 3.
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Automata for data languages usually only have access to the values through a
binary relation R on D, such as equality ~ or some order <. Hence, a plain word
w can be considered a structure (Dom(w), Pr, <) where Dom(w) = {1,...,|w|}, Pr
is a predicate on Dom(w) such that x Pry iff w(x) Rw(y) for all positions = and y
of w, and < is the usual linear order on Dom(w). By misuse of notation we usually
denote R and Pg by the same symbol. Adorned words can also be interpreted as
appropriate structures with an additional labeling function lab,, from Dom(w) to
3.

If we consider data words as structures in this way we can define isomorphisms
between data words as isomorphisims between structures in the usual way. For
example, two plain words w, w’ over R are isomorphic (denoted w =g w') if |w| =
|w'| (and hence Dom(w) = Dom(w’)) and w(i) R w(j) iff w'(i) R w'(j) for all
pairs of positions 7,7 € Dom(w). For adorned words we require in addition that
lab,,(z) = lab,/(z) for all € Dom(w). Clearly 2z is an equivalence relation and
we call its classes 2g-types. We will drop the subscript from g whenever R is clear
from the context.

A plain (adorned) language over R is a set of plain (adorned) words over R that
is closed under isomorphism — that is, if w € L and w 2g w’ then w’ € L. Given two
words w and w’, we write w =y w’ if either both w and w’ are in L, or both are not.

We will consider both plain and adorned languages.

2.2.2 Automata for Data Languages

We now review several models of automata for defining data languages. We start
with the model that we will focus on in the rest of this thesis: finite memory au-
tomata. We then turn to to other automata models, called pebble automata and

data automata. Finally we compare the different models of automata for data words.

Finite Memory Automata

Finite memory automata were introduced by Kaminski and Francez in [KF94]. They
extend finite automata by a finite set of registers, storing values from D. When
processing a word from left to right, a finite memory automaton can compare the
current input value with the values that are stored in the registers. Based on this
information, the automaton can store the current input value in one of its registers,

update its state and move one symbol to the right.
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Our definition of a finite memory automaton differs from the definition given
in [KF94]. Still, it is easy to see that both definitions accept the same class of
languages. As in [KF94], we define them for plain languages.

Definition 2.1. An alternating k-register finite memory automaton (AMA or FMA)
A= (Q,ar,qr,ar, F,T) consists of

e a finite state set () that is the disjoint union of two sets called existential states

Q3 and universal states Qv,
e an arity function ar: Q) - N,
e an initial state q; € Q with arity 0 and a set of finial states F' ¢ Q,

e a finite set of transitions T of the form (p,a, E,q), where p,q € Q, « is the
R-type of a plain word of length ar(p) +1, E c{1,...,ar(p) + 1}, and ar(q) =
ar(p) +1-|E|.

A configuration of a k-register AMA A is a pair (p,a) consisting of a state p € Q
and a register content a € D*(?) containing pairwise distinct values. A can transition
from a configuration (p,a) to a configuration (g,b) by consuming an input value a,
denoted (p,a) 4 (g,b), if there is a transition (p,«, F,q) in T such that aa (that
is, the concatenation of @ and a) is an element of the type a and b is obtained from
aa by removing all symbols with index in F.

We enforce the following sanity conditions on every transition (p,«a, E,q) of a
k-AMA. First, we assume that E is non-empty whenever the arity of p is k (this is
in order to guarantee that the length of the target memory content never exceeds
k). Then, we assume that if «v is a type of the form [uava]. for plain words u, v and
value a, then E contains |a| (this is in order to guarantee that the target memory
content contains pairwise distinct elements).

A run of a k-register AMA A on a plain word w = ay ...a, is an unordered tree
T of depth n + 1 whose root is the initial configuration (gq;,a;) and in which each
node (p,a) at level! 4, has child (q,b) iff (p,a) ra,,, (¢,b). A leaf node x = (p,a) in
arun T is accepting if p is an accepting state; a non-leaf node x = (p,a) is accepting
if

e p is an existential state and x has a child that is accepting; or

e p is a universal state and all children of z are accepting.

!The level of a node z in a tree is the number of edges between x and the root.
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1-AMA 2-N£\4A
1-AMA; 1-NMA --1---- 2-DMA
1-DMA —>» strict inclusion

decidability

—e inclusion where strictness is unknown
---» inclusion where strictness is subject to
complexity theoretic assumptions

----- incomparability

Figure 2.1: An overview over the expressiveness of finite memory automata.

A word w is accepted by A if A has a run T on w whose root is accepting. The
language accepted by A, denoted L(A), is the set of words that are accepted by A.

An AMA A = (Q3 9 Qv,qr,a5, F,T) is non-deterministic if Qv is empty and
universal is Q3 is empty. We denote the class of non-deterministic AMA by NMA.
A NMA is deterministic if for each pair of transitions (p,«, E,q), (p',a/, E,q') in
T, if p=p" and o = o/ then E' = E' and ¢ = ¢’. We denote the class of deterministic
finite memory automata by DMA.

Variants of Finite Memory Automata. Several variants of the basic model of
FMA have been studied. Neven et al. compared the expressiveness of one-way, two-
way, deterministic, non-deterministic, and alternating variants of FMA [NSV04].
We denote the two way variants of DMA, NMA, and AMA by 2-DMA, 2-NMA, and
2-AMA. If we want to emphasize that we are talking about an one way model we
will write 1-DMA, 1-NMA, and 1-AMA to denote the respective variants of finite
memory automata.

Most of the variants of finite memory automata differ in expressive power. Con-

sider for example the language
Ly ={ay...a, € D* | there are i, j <n such that a; = a;}.

A 1-NMA can easily accept this language by guessing positions i and j. However,
one can show that no 1-DMA can accept this language. Intuitively, the reason is
that a 1-DMA would have to store every symbol in the input word. It follows that
that 1-NMA are strictly more expressive than 1-DMA.

Now consider the complement of Ly, that is the language L, = {a; ...a, € D* | a; #
a; for all 7,7 <n}. Kaminski at. al. show that L, cannot be accepted by a 1-NMA,
whereas L; can be accepted by a 2-DMA. This separates 1-NMA from 2-DMA, and
shows that 1-NMA are strictly contained in 2-NMA. Neven et al. separated 2-DMA,
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1-DMA 1-NMA 1-AMA

Union v v v
Intersection v v v
Complement v 4 v
Concatenation 4 v ?
Kleene Star 7 v ?

Table 2.1: Closure Properties of Finite Memory Automata.

2-NMA, and 2-AMA subject to complexity theoretic assumptions [NSV04]. The
containments between different classes of FMA are summarized in Figure 2.1.

Also note that that there is a 1-NMA that accepts L, while no 1-NMA can
accept L. Hence, 1-NMA are not closed under complement. On the other hand
Kaminski et al. showed that 1-NMA are closed under union, intersection, concate-
nation and Kleene star. 1-DMA on the other hand are easily seen to be closed under
complementation (simply by reversing accepting and non-accepting states), but they
are not closed under concatenation and Kleene star. More closure properties have
been established in [DL09]. Table 2.1 summarizes closure properties of FMA.

FMA can be extended with the ability to non-deterministically guess a value in D
[KTO08]. Deterministic FMA with this additional capability can accept the language
where the last symbol is different from all the others. Fresh-register automaton
are an extension of one-way FMA that allow two forms of guessing: as the model
described above, they can non-deterministically guess a value; in addition they have
the capability to non-deterministically guess a value that does not occur anywhere
to the left of the current input symbol [Tzell, MT11]. Deterministic Fresh-Register
automata can accept the language that contains all words with pairwise distinct
symbols, a language that cannot be accepted by deterministic FMA. The class of
languages that is accepted by non-deterministic FRA is still closed under union and

intersection, but not under concatenation and Kleene star.

Decidability Results for Finite Memory Automata. It is easy to see that
the emptiness problem for 1-NMA is decidable. This is because whenever there is a
sequence of transitions in an 1-NMA that connects two states p and ¢, then there is
a word that induces a run along this sequence of transitions [KF94]. Containment
of 1-NMA is decidable if the containing automaton has at most two register [KF94].

Kaminski and Francez stated as an open question whether decidability of 1-NMA

can be extended to a two way variant of finite memory automata. Neven, Schwentick
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1D-FMA 2D-FMA 1N-FMA 1A-FMA; 1A-FMA

Emptiness v s v v 7
Universality v 4 v 4
Containment v 4 7 v 7
Equivalence v 7 7 v 7

Table 2.2: Decidability of Finite Memory Automata.

and Vianu answered this question in a negative way, by showing that emptiness of
2-DMA is undecidable [NSV04]. In addition Neven et al. showed that universality
and equivalence of 1-NMA is undecidable [NSV04].

This implies undecidability of the non-emptiness problem for 1-AMA. When re-
stricted to 1-AMA with at most one register, denoted 1-AMA, decidability of the
non-emptiness problem is recovered [DL09]. This model can be further extended
with the ability to (a) nondeterministically guess a data value and (b) a synchroniza-
tion capability called ‘spread’, without loosing the decidability of the non-emptiness
problem [Figl0]. The decidability results for FMA are summarized in Table 2.2.

Pebble Automata

Pebble automata (PA) are an extension of finite automata that use pebbles to mark
positions in the input words [NSV04]. These pebbles must be placed according to
a stack discipline and the topmost pebble is the only pebble that can be moved.
Hence the topmost pebble can be thought of as the head of the automaton. On
each transition, a pebble automaton can check (i) how many pebbles are currently
placed, (ii) which of the positions on which pebbles are placed have the same value
as position of the topmost pebble, and (iii) which of the placed pebbles are at same
position as the topmost pebble. Depending on the outcome of this check, a pebble
automaton can decide to either lift the topmost pebble, move the topmost pebble
to an adjacent position, or place a new pebble on the string.

Two variants of PA have been studied called ‘weak’ and ‘strong’ PA. The dif-
ference is that weak PA place a new pebble on the position of the current topmost
pebble, whereas the strong version places a new pebble on the first position of the
word. Clearly, this pebble placement only makes a difference in the case of one-way
PAs. We omit a formal definition of a pebble automaton.

Following the notation of [NSV04], we denote variants of PA by dc-PA, where
de{l1,2}, ce{D,N, A}. Here d =1 denotes the one-way variant while d = 2 denotes
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strong 2A-PA
weak 2A-PA strong 1A-PA

strong 1D-PA = strong IN-PA
weak 2D-PA - weak 2N-PA

!

weak 1D-PA = weak IN-PA = weak 1A-PA

!

top-view weak 1N-PA

IN-PA; —> strict inclusion
—e inclusion where
strictness is unknown

decidability

Figure 2.2: The expressiveness of pebble automata.

the two-way variant and D, N, A stand for deterministic, non-deterministic and
alternating respectively.

Pebble automata have many good properties. For example, all models of PA are
closed under all Boolean operations, concatenation, and Kleene star. Neven, et at.
have shown that PA can be determinized and some weak 2-way models have the
same expressive power as their strong 1-way variants. It follows that strong 1D-
PA, strong 1N-PA, weak 2D-PA, and weak 2N-PA have the same expressive power
[NSVO04]. It is known that weak 1-NPA are weaker than strong 1-NPA. But weak
PA form a robust class as weak 1D-PA, weak 1N-PA and weak 1A-PA all have the
same expressive power [Tanl0]. The inclusions between different classes of pebble
automata are shown in Figure 2.2.

Despite this robustness, already very simple PA have an undecidable emptiness
problem. In particular, weak 1-PA with just three pebbles are undecidable [NSV04].
But, with only two pebbles the emptiness problem becomes decidable [Tan10].

Top view weak PA are a restriction of weak PA where the automaton can only
compare the value of the last and the second to last placed pebbles. Thus top
view weak PA are a generalization of weak PA with two pebbles. Nonetheless the

emptiness problem for top view weak PA remains decidable, even if the number of
pebbles is unbounded [Tan10].

Data Automata and Class Memory Automata

Whereas pebble automata and finite memory automata can be defined to accept
both plain and adorned languages, data automata can only be defined to accept

adorned data languages (recall that an adorned data language is a language over an
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Det. CMA Non-Det. CMA

Union 4 v
Intersection v v
Complement 7 7
Concatenation 7 v
Kleene Star 7 7

Table 2.3: Closure Properties of Class Memory Automata.

alphabet ¥ x D where ¥ is a finite alphabet and D is an infinite set of values). A data
automaton [BMS*06] consists of two devices (A, B), a letter to letter transducer A
with input alphabet > and a finite output alphabet I', and a finite automaton B
on I'. A run of a data automaton processes a word w in two phases: First A runs
on w ignoring the data values producing an output word w’ over I'. In the second
phase that automaton checks whether all sequences of letters in w’ that have the
same data value are accepted by B. If this is the case then the automaton accepts
the word.

Bjorklund and Schwentick showed that data automata are equivalent to a second
automata model called non-deterministic class memory automata [BS10]. Roughly,
a class memory automata A is a finite automaton that stores, in addition to its
global state, a class memory function. The class memory function is used to store
for each data value a local state. When processing a symbol (a, d) in the input word,
A can check what local state it was in when it last visited a position with the value
d. This allows a class memory automaton to simulate the computation of a data
automata in a single run.

The main result for data automata (and hence non-deterministic class memory
automata) is that their emptiness is decidable [BMS*06].

Data automata (and hence non-deterministic class memory automata) do not
share the nice closure properties of pebble automata. They are closed under union,
intersection, product, and concatenation, but neither under complement nor under
Kleene star. Deterministic class memory automata are not even closed under union
or concatenation, but they can be extended with Presburger arithmetic acceptance
conditions to obtain closure under complement [BS10]. The closure properties of

class memory automata are summarized in Table 2.3.

Class Automata [BL10] are an extension of data automata. They are originally

defined for data trees, we give an adaptation to data words here. The definition is
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CA
N-CMA =DA

D-CMA decidability
Figure 2.3: The expressiveness of data automata.

of a class automaton (A, B) is very similar to the definition of a data automaton:
A is a non-deterministic transducer with input alphabet ¥ and output alphabet I,
and B is a finite automaton. There are two differences though: the input alphabet
of Bis I'x {0,1} instead of I" and a word w is accepted by (A, B) if there is a word
w’ € A(w) such that for every class X of w, w’ ® X € L(B); here w’' ® X is the word
over I'x {0, 1} where every position z has the label of w’ on the first coordinate and
a 1 on the second coordinate iff the position x is in X.

Basically, data automata are class automata where membership w’ ® X € L(B)
depends only on the labels of positions x € X and not on labels of positions outside of
X. Bojanczyk et al. showed that every unary XPath query can be recognized by (the
tree version of) an class automaton [BL10]. As emptiness of XPath is undecidable
it follows that class automata are strictly more expressive than data automata. The

expressiveness of variants of data automata is summarized in Figure 2.3.

Comparisons Between the Models

Bjorklund and Schwentick have investigated the relationship between CMA and
FMA. They show that non-deterministic class memory automata (and hence data
automata) are strictly more expressive than 1-NMA. On the other hand DMA and
deterministic CMAs are expressively incomparable [BS10].

PA and FMA are rather incomparable. It is clear that some variants of PA are
more expressive than the corresponding variants of FMA. For example the language
containing all words with pairwise distinct values can be accepted by a weak 1-
DPA with only two pebbles, while it cannot be accepted by a 1-DMA. Generally,
no strong pebble model is subsumed by any register model. On the other hand,
as pebble automata can only place their pebble according to a stack discipline,
FMA can accept languages that are not accepted by the corresponding PA models
[INSV04].

The only relationship between CMA and pebble automata that is known is that
weak 1-NPA with k pebbles, can be translated into 1-AMA with k-1 registers. This
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strong 2A-PA

—> strict inclusion
weak 2A-PA strong 1A-PA —e inclusion where strictness is unknown
---» inclusion where strictness is subject to
complexity theoretic assumptions

strong 1D-PA = strong IN-PA. . incomparability
weak 2D-PA : weak 2N-PA 2-AMA
A
weak 1D-PA = weak IN—PA = weak 1A-PA CA 1-AMA
top-view vIeak IN-PA N—CMAT DA ‘ Z-N;i\/IA
1-AMA; 1-Nf\/IA """" 2-D;VIA
decidability weak IN-PA> D-CMA  ---------mmemees 1-DMA

Figure 2.4: The expressiveness of pebble automata, data automata, and finite mem-
ory automata compared.

result was shown to obtain decidability for weak pebble automata with 2 pebbles

[Tan10).

Which conclusions can we draw from our tour de automata? Much of the previous
work on automata for data languages has focused on two aspects of regular lan-
guages: decidability and closure properties. We will consider other, more stringent
properties, that will imply decidability. One such property is minimization. It is
known that for every deterministic finite automaton there is a unique minimal deter-
ministic finite automaton that accepts the same language. We will look for a model
of automata for data languages for which the same is true. As it is known that
there is no unique non-deterministic finite automaton for a given regular language,
we will focus on deterministic models.

Apart from minimization we will also consider the relationship between automata
and logics (see Chapter 3). More precisely we will consider decision problems of the
form: Given a language L that is accepted by an automaton and a logic £, can L
be defined in £? We will show that this problem becomes undecidable for several
automata models including two-way finite memory automata and pebble automata.
In many of our proofs, we will use the minimization procedure obtained in this
section as one of the main technical tools.

For these reasons we will focus on deterministic one-way finite memory automata
in the rest of this thesis.
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2.3 Main Results

We begin to demonstrate how it is that that one-way deterministic memory au-
tomata inherit some of the desirable properties of deterministic finite automata.
We begin by showing that the theorem of Myhill and Nerode can be extended to
deterministic finite memory automata. That is, we give a characterization of the
languages accepted by finite memory automata in terms of an equivalence relation

=, on data words. We show:

Theorem 2.1. Let L be a language over a relation R that is either the identity or
a total order on D. Then L is DMA-recognizable iff =1, has finite index.

The structure of the proof of Theorem 2.1 is similar to the proof in the finite
alphabet case. In one direction we show that if L is accepted by a finite memory
automata A, then =;(4) has finite index; this is shown by proving that an equiv-
alence induced by the automaton refines =7,4). In the other direction we assume
that =, has finite index and construct a deterministic finite memory automaton Ay,
from its equivalence classes. We then show that Ay is in fact the unique minimal

deterministic finite memory automaton accepting L.

Theorem 2.2. The canonical automaton Ay, for a given DMA-recognizable language

L s minimal.

We consider a strong notion of minimality here: Ay has both the minimal number
of states and it stores a minimal number of values. Finally we use Theorem 2.2 to

provide an algorithm for minimization of deterministic finite memory automata over
(D ’ N) :

Theorem 2.3. Given a DMA A over (D, ~) with n states and k registers, a minimal
equivalent DMA can be computed in deterministic space O(n - (2k + 1)%F)

2.4 Related Work

The first characterization of the languages accepted by deterministic finite memory
automata has been given in [FK03]. It is shown that a language can be accepted
by a deterministic finite memory automaton iff some equivalence relation has finite
index. The authors state as a open question whether the automaton obtained from
the characterization is minimal.

We answer this question positively: We show that the canonical deterministic

finite memory automaton Ay that can be constructed from a given language L
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satisfies a strong notion of minimality that takes into account both the number of
control states and the number of values stored.

Subsequent to our work, a further characterization of deterministic finite mem-
ory automata has been given in [BKL11]. There, minimization is studied in the
more general setting of “G-automata”. A G-automaton can be thought of as infi-
nite graph representing the configurations of an automaton. The “G” is a group
that acts on this configuration graph. Intuitively such a group action maps each
group element g € G to a function g on the configurations in such a way that the
structure of the group is preserved (we will formally define the notion of a group
action in the next chapter). For example if (¢, a) is a configuration of an automaton,
consisting of a state ¢ and a register assignment @ € D*, and if 7 is an element of the
group of permutations of data values, then the action of 7 on (g,a) can be defined
by (¢,7(a)). In a similar way, group actions can be defined on the classes of an
equivalence relation. The idea of a group action is to model symmetries between
different configurations or equivalence classes. A maximal set of configurations or
classes that behaves in a symmetric way is called an “orbit”. The authors of [BKL11]
show that a language can be accepted by an G-automaton with finitely many orbits
iff the corresponding Myhill-Nerode equivalence has finitely many orbits. In addi-
tion, the authors show that orbit finite G-automata can be represented using a finite
amount of storage. The results in [BKL11] show how finite memory automata can
be minimized if the underlying alphabet is equipped with either equality, a total
order, or a partial order.

A characterization of a class of timed languages — languages over infinite alpha-
bets in which the data values are interpreted as time stamps — has been given in
[BPT03]. The authors define a new automata model and show that a language is
accepted by this model iff it is accepted by an algebraic structure called monoid. We
will consider characterizations of this kind in the next chapter, where we give more
details about the construction in [BPTO03] (see Section 3.4). The class of languages
accepted by the automata in [BPTO03] is much larger than those accepted by finite
memory automata. For example the language {a; .. .a, | each a; is a prime number for i <
n} is accepted by these automata. Unsurprisingly, the model is undecidable, but

the authors present a decidable restriction of the automata model.

Over finite alphabets there are two basic classes of algorithms for minimization:
those that refine a partition of states and those that merge states. An example
of an algorithm in the first category is Hopcroft’s algorithm [Hop71]. It runs in

O(nlogn) time and is up to date the most efficient known algorithm for the general
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case. Recently, it has been extended to incomplete deterministic finite automata
[VLO08, BCO8]. Another example of a minimization algorithm in the first class is
Moore’s partition refinement algorithm [Moo56]. It has been shown that, although
its worst-case behavior is quadratic, its average running time is O(nlogn) [Dav10].
An example of a minimization algorithm that merges states is Revuz’s algorithm for
minimizing cycle-free automata [Rev92]. This algorithm runs in linear time, and has
been extended to a more general class of automata by Almeida and Zeitoun [AZ08].

For non-deterministic finite automata (NFA) it is known that in general, there
is no unique minimal NFA for a given regular language. Nonetheless one can still
compute some minimal NFA. It has been shown that this problem is PSPACE-
complete [SM73]. The minimization problem for automata with varying degrees
of non-determinism was studied in [JR93| and it has been shown in [BMO0S] that
already for very restricted classes of NFA, the problem remains NP-complete. An
comparison of minimization algorithms for DFA can be found in [BBCF10].

Like for non-deterministic finite automata, minimal bottom-up unranked tree
automata are not unique, even in their deterministic variant [MNO7]. If non-
deterministic finite automata are allowed in the transition of these automata, then
minimization becomes PSPACE-hard, because minimization is already PSPACE-
hard for non-deterministic finite automata. If the finite automata are restricted to
be deterministic, then minimization becomes NP-complete [MNO7]. If a slightly dif-
ferent definition is used, then a unique minimal bottom-up unranked tree automaton

can be computed in quadratic time [CLT05].

2.5 Myhill-Nerode for Data Languages

We now characterize the class of DM A-recognizable languages. This characterization
will allow us to show that for every deterministic finite memory automaton, there
is a unique minimal deterministic finite memory automaton accepting the same
language. In addition this characterization allows us to minimize DMA in a strong
sense: We show that for every DMA there is an equivalent DMA that has a minimal

number of control states and that stores a minimal number of data values.

2.5.1 The Equivalence

Our characterization is akin to Myhill’s and Nerode’s characterization of the regular

languages over a finite alphabet: Given a language L, the Myhill-Nerode equivalence
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€ 1u 1D*1 1D*2  2D*1

2u 2D*2 1D*3  2D’3

3u 3D*3 1D*4  2D*4

Figure 2.5: The classes of the Myhill-Nerode equivalence for the language Lgst—1ast
over the alphabet D = N.

=, relates two words v and v iff for all words w,
uwel iff wvwelL.

The theorem of Myhill and Nerode states that a language L is regular iff =; has
finite index.

The definition of =, also makes sense for data languages. The problem is that
even very simple data languages have infinitely many =;-classes. Consider for ex-
ample the language

Lirstaast = {d1 ... d, e D* | dy =d,}

The equivalence classes of =, ,_, . are shown in Figure 2.5. Note that many equiv-
alence classes can be obtained from each another by consistently renaming their
elements. These renamings must take the relation R underlying the language into

account:

Definition 2.2 (R-Preserving Data Renaming). Let R € D x D be a relation and
let C € D. An R-preserving data renaming over C' is a bijection T on D that is an
automorphism on (C, R): that is, for all a,be C,

aRb iff 7(a)RT7(D).

For example, if R is data equality, then every bijection on D is R-preserving.
On the other hand, if R is a total order, then the R-preserving functions are exactly

the monotone functions.

2.5.2 Memorable Values

Given a DMA-recognizable language L and a prefix w of an input word, there exist

some values in w that need to be stored by any DMA that recognizes L. We will
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call these values memorable. Before we define this notion formally, consider the
following example: Let L be the language {xyzy | © < y < z} over a dense order
<. Observe that, after parsing the word w = 123, any DMA A that recognizes L
must be storing the value 2: otherwise A could not distinguish the two possible
continuations u = 2 and v = 2 (this is also the reason that 123 #;, 12 3). Hence, we

will define 2 to be memorable in w with respect to the language L.

Definition 2.3. Let L be a data language over R. A wvalue a is memorable in a
word u iff there is a value b that does not appear in u such that the transposition 7,

of a and b is R-preserving over the symbols in u and

u #r Tap(u).

This definition first appeared in [BLP10b]. Later, a similar definition was used
in [Bojll]. The difference is that we use transpositions — that is data renamings
that move only two values — whereas [Boj11] uses arbitrary data renamings.

It is convenient to fix a string based representation of the set of memorable values.
Hence we denote by memy(w) the sequence that contains exactly the memorable
values of w, ordered according to their last appearance in w.

We now show a key lemma about memorable values.

Lemma 2.4. Let L be a language over a relation R that is either a dense total order
or the identity on D. Then, for every word w and every value a, memp(wa) is a

sub-sequence of memy(w)a.

Proof. We show that every L-memorable value of wa is either an L-memorable value
of w or it coincides with a (the convention that the values in memy (w) are ordered
according to the positions of their last occurrences in w will then imply the claim
of the proposition). Suppose towards a contradiction, that there is a value b, that
is not a, that is L-memorable in wa but not in w. As b is L-memorable in wa, we
know there exist a word u and an R-preserving transposition 7. that swaps b with

a value ¢ not occurring in wawu such that
wau #, wa T, (u)

Similarly, since b is not L-memorable in w, then we know that, for every word v and
every R-preserving transposition 7, that maps b to a value ¢’ not occurring in wuv,
we have

wv =g, W (V).
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In particular, by letting v = au and ¢ = ¢/, we obtain
wau = wv = W (V) = wne(au) = wnlaun).

As ¢ = ¢ and as ¢’ does not occur in wav it follows that wn, .(au) = wam,.(uw). Thus

we have a contradiction to wau #1, wam,.(u). O

2.5.3 A Characterization

We now define a relation =, that is courser than =, but finer than =;. Basically, =,
relates two words v and v if there is a renaming of one word that is in the =p-class
of the other word.

Definition 2.5. Given a language L over R < D x D, we define =, € D* x D* by
letting u = v iff there is an R-preserving data renaming T such that u =, 7(v). In

this case we also say that uw =pv via T.

It is easy to see that = is an equivalence relation. However, unlike =, =, is not
a congruence in general. For example consider the language L = {dd|d e D}. Then
dzp d' for any pair of values d and d’. However, dd #; d'd if d # d'.

We now associate with every DMA A an equivalence relation = 4. Later we will

show that if A is minimal, then =4 corresponds exactly to =.

Definition 2.6. Given a« DMA A over R ¢ D x D, we define =4 € D* x D* by
letting uw 24 v iff A reaches the configurations (p,a) and (q,b) by reading v and v

respectively, such that p=q and @ =g b.

It is easy to see that if A is a deterministic finite memory automaton over R
that has n control states and that stores at most k£ values, then the corresponding
equivalence =4 has index at most n-k! (indeed, the = 4-equivalence class of any word
w is uniquely determined by the control state ¢ and by the =-type of the register
assignment a of the configuration (¢, a) that is reached by A after reading w). If R
is the identity relation ~, then the upper bound for the number of = 4-equivalence

classes drops down to n.

We are now ready to state the result that characterizes the languages accepted by

deterministic finite memory automata. This is the main theorem in this chapter.

Theorem 2.1. Let L be a language over a relation R that is either the identity or
a total order on D. Then L is DMA-recognizable iff =1, has finite index.
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Before we prove the theorem, we briefly summarize the key ingredients of the
proof. The left-to-right-direction is proved by assuming that L is recognized by a
DMA A and by showing that the corresponding equivalence relation =4 refines =,
(the theorem follows because £, has finite index). The converse direction is proved
by assuming that =, has finite index and by building a finite-memory automaton

A from the equivalence classes of Z;.

Proof. We first show the (easier) direction from left to right. Let A = (Q, qr, F, T, ar)
be a DMA over R € D x D that recognizes the language L. We prove that =, has
finite index by showing that =4 refines = (we have already argued that the index of
£ 4 has size at most |Q|- k!). We fix two words u and v such that u £4v. Let (p,a)
and (¢,b) be the configurations reached by A after reading u and v, respectively.
Since u £ 4 v, we know that p=¢ and a =y b.

We will show that u =7 v, that is, we show that there is an R-preserving data
renaming 7 such that u =, 7(v). As L is closed under R-preserving isomorphisms

it is sufficient to show that for all words w
wvwe L iff  wvr(w)elL.

We define 7 to be a bijection on D that maps the i-th entry of @ to the i-th entry
of b for all i < |a| and that is the identity on every value that is neither in @ nor b.
Note that 7 is a an R-preserving data renaming because a 2y b.

Now let a word w =ay ...a, be given and assume that

(p,a) = (po,@0) —5> (P1,81) - (Pn-1,Cn1) 5> (P )

is a run of A4 on w. It is easy to see that

(Po, 7(@0)) T (pr, 7(@1)) - (Pt 7(@n 1)) 2 (pn, 7(a0))

is also a run of A. As (po,7(@o)) = (g,b) this shows that uw € L iff vr(w) € L.

We now prove that, if Z; has finite index, then there is a k-register DMA A =
(Q,qr, F,T,ar) that recognizes L. We first define k. Note that for each =/ -equivalence
class C = [w]zs,, with w € D*, there is a number i¢ such that |memy(w)| =ic (by
definition of =, this number ic does not depend on the choice of the representant
w). We let k be the maximum number i¢, for all =;-equivalence classes C'. Then,
we define () as the set of all = -equivalence classes and the arity function is defined
by ar([w]z, ) = |memy (w)|. The initial state q; is [e]z, and F = {[w]s, |w e L} is

=L
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the set of final states of A;. Finally, we let T' contain all and only the tuples of the

form
([w]éuav E, [w CL]éL)

where w € D*, a € D, « is the 2g-type of memy(w) -a, and E is the set of positions
of memy, (w) - a such that the removal of all positions i € F from memp(w)-a yields
exactly memy(wa). Note that the set E exists, as by Lemma 2.4, memy(wa) is a
sub-sequence of memy (w) - a.

That A, accepts L follows from a simple inductive argument. One can show that
after reading a word w, Ay, is in state [w]z, with register assignment memy(w). We
omit the details.

We still need to prove that Aj is deterministic, namely, that for every pair of
transition rules in 7' of the form ([ulz,,c, E,[ualz, ) and ([v]s,, B, F,[vb]z, ), we
have that

ifuz,vand a=pthenuaz,vband E = F. (%)

We first show three claims. The statement (*) will be a simple consequence of

these claims.

Claim 1. Let u, v be words and let o be an R-preserving data renaming.

If o(v) = u then o(memp(v)) = memp (u).

Proof of Claim 1. Assume that o(v) = u and that a € o(memy(v)). As L is
closed under R-preserving data renamings it follows that a € memy (o (v)).
Then there is a value b that does not occur in o(v) such that 7, is R-
preserving and o(v) # T, 0 0(v). We need to show that there is a value
b' that does not occur in u such that 7,4 is R-preserving and u #1, 7, (u).
We choose O’ such that o(v) b2 o(v) b and such that b’ that does not occur
in u. A value b’ with these properties exists because R is either the identity
or a dense order. Then u =, 0(v) # Tapo (V) 2 Tap 0 0(v) =1 Tap(u).
Claim 1 follows because L is closed under isomorphisms. The inclusion of

memy (u) in o(memy(v)) holds by symmetric arguments. O

Claim 2. Let u be a word and a, b be values. If a,b ¢ memy(u) and
memy,(u)a 2 memy(u)b then u =y, 7,,(u) where 7,4 is the transposition of

a and b.
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Proof of Claim 2. As memp(u)a g memy(v)b and as R is either the
identity or a dense linear order, there must be a value ¢ that does not
appear in either u or 7, ,(u) and such that 7, . and 7, . are R-preserving. As
a,b ¢ memyp,(u) it holds that 7, .(u) =1 Tp(u) =1 (w). AS Tup = TacOTh O Ta e

it follows that 7,4(u) = Tac © Tpe © Tac(u) =1 u. O

Claim 3. Let u, v be words, a, b be values, and o an R-preserving data
renaming. If (i) o(v) =p w and (i) memy(u) - a 2 memy(v) - b, then there

is a data renaming T such that T7(v) =p u and uT(b) =ua.

Proof of Claim 3. Assume (i) and (ii). We distinguish two cases:

e Case a €e memy(u). In this case we chose 7 = 0. Then 7(v) = o(v) =,

u.

To prove that ur(b) = ua we first note that by (i) and Claim 1 if holds
that o(memy(v)) = memy(u). By (ii) and the hypothesis of this case
it holds that b € memy(v) and in particular a is the i-th position of
memy,(u) iff b is the i-th position of memy (v). Therefore o(b) = a and

hence ur(b) = uo(b) = ua.

e Case a ¢ memy(u). In this case we define 7 to be 7, () o 0 where
Tao(v) 15 the transposition of a and o(b) and o denotes functional
composition. Then u7(b) = w7, 44 (0(b)) = ua.

Next we note that by Claim 1 and by (i) we have that memp(u) =
o(memy (v)). Therefore memy(u)o(b) 2 o(memy(v))o(b). In addi-
tion, as o is R-preserving, we get that o(memp(v)) o(b) 2 memy(v)b.
Also, we assume (ii), that is that memy(v) - b = memy(u) - a. Com-
bining the previous statements we can conclude that memy (u) o(b) =
memy(u)a. As a ¢ memp(u) holds by hypothesis of this case we
get that o(b) ¢ memy(u). Therefore it follows from Claim 2 that

Ta,o’(b)(u) =7, Uu. Thus T(U) = Ta,o(b) o U(U) = Ta,a‘(b) (U) =, u.

This completes the proof of Claim 3. ]

We continue with the proof of (*). As we have already argued that after reading
w, A stores memp(w), it is sufficient to show that if v 2, v and memp(u) - a

memy,(v)-b then wa 2, vb. Thus we assume that u =, o(v) for some R-preserving
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data renaming o and memy, (u)-a = memy(v)-b. By Claim 3 there is a data renaming

7 such that 7(v) = v and w7(b) = wa. Then for all words w
vbwe L iff t(vbw)elL iff wur(bw)elL iff war(w)elL

where the first equality holds because L is closed under R-preserving data renamings,
the second equality holds because u =, 7(v) and the last equivalence holds because
uT(b) =ua. It follows that ua =, vb.

It remains to show that E = F. We prove this by showing that the i-th value
of the sequence memy (u)a is memorable in wa iff the i-th value of the sequence
memy,(v) b is memorable in vb for all ¢ < |memp(u)|(= |memy(v)|). Hence assume
that @’ is the i-th value in the sequence memy (u)a and that a’ is memorable in ua.
Then there is a value a” that does not occur in wa such that 7,/ ,» is R-preserving
and ua #1, 7o ov(ua). Let &' be the i-th value in the sequence memy (v)b and let b”
be a value such that uaa’a” 2 vbbd'b"”. We have proved in the in the paragraphs

above that vb £ ua, that is, there is a data renaming 7 such that 7(vb) = wa. Then
T(vb) = wa#p Twa(ua) =g TaaroT(vb) =T 0Ty (v )

This shows that b’ is memorable in vb. The other direction follows from symmetric

arguments. O

Extension to Non-Dense Supports. We now show why the above construction
fails over non-dense orders and how the definition of a memorable value can be
adapted to overcome this problem. As an example, let us reconsider the language
L ={zyzy | v <y < z} and the word w = 123, but now over the support (N,<).
According to Definition 2.3, the value a = 2 is not L-memorable in w anymore,
since it cannot be substituted in w by any other fresh value b without changing the
resulting 2 _-type. In order to overcome this problem, we exploit the fact that, for
any fixed support (D, <), where < is an arbitrary total order over D, and for every
word w and value a over the support (D, <), there exist a word @ and two values @
and b such that

w-a 2. W-a = w-b.

In particular, this implies that @ can always be substituted with b in @ without
changing the resulting 2_-type. The following definition is the natural generalization
of Definition 2.3.
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Definition 2.7. Let L be a language over support (D, <), where < is a total (possibly
not dense) order. A value a is L-memorable in a word w if there exists a words w’
and two values a’, b’ such that wa =, w'a’, T,y is <-preserving on the symbols in w’

and

w’ #L Ta/7bl(wl).

As an example, given L = {zyzy | zy < z} over the support (N, <), we now have
that a = 2 is L-memorable in w = 123, since there exist w’ = 246, a’ = 4, and b’ =5
such that (i) wa =z w'a’, (ii) 7,y is <-preserving on the symbols in w’, and (iii)
w' #r T (W).

Finally, since languages are assumed to be closed under isomorphisms, Claims
1, 2, and 3 in the proof of Theorem 2.1 can be easily generalized to cope with the
new definition of memorable value for supports of the form (D, <), where < is an

arbitrary total order.

2.5.4 Minimality

We now prove that the automaton Ay constructed in the proof of Theorem 2.1 —
henceforth called canonical automaton for a given language L — is minimal among
all equivalent DMA recognizing L. Here, we adopt a general notion of minimality for
DMA that takes into account both the number of control states and the number of
stored values on each input word. Precisely, we say that a DMA A = (Q,T,qy, F,ar)
is state-minimal if for every equivalent DMA A’ = (Q', 1", ¢}, F’, ar’) that recognizes
the same language, we have that |Q| < |Q’|. Similarly, we say that A is data-
minimal if, for every equivalent DMA A’ = (Q',T",q}, F'ar’) that recognizes the

same language and every input word w, we have

if (qr,¢) % (¢,a) and (q7,¢) % (¢',a’) then |a| < |a'l.
Finally, we say that A is minimal if it is both state-minimal and data-minimal.

Below, we show that the canonical automaton is minimal among all equivalent DMA.

Theorem 2.2. The canonical automaton Ay, for a given DMA-recognizable language

L s minimal.

Proof. We first prove that Ay is state-minimal. Let us consider a DMA A’ that
recognizes L. We introduce a function f that maps control states of A, to control
states of A’, as follows. First, we associate with each control state ¢ of Ay a repre-
sentant w, of the corresponding = -equivalence class, namely, we assume ¢ = [w,]-,

for some word w, € D*. Then, for each control state ¢ of Ay, we define f(q) as the
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control state reached by A’ after reading w,. We now prove that f injective. Let us
consider two control states ¢ and ¢’ of Ay such that f(q) = f(¢’"). By construction,
we know that A’ reaches two configurations of the form (f(¢),a) and (f(¢’),a’) by
reading w, and w,, respectively. Since f(q) = f(¢’), we know that w, and w, are
in the same = 4-equivalence class. Moreover, by recalling the proof of Theorem 2.1,
we know that =4 refines =. This shows that w, =, wy and hence ¢ = ¢’. It follows

that the function f is injective and hence A’ has at least as many control states as

Ap.

We now prove that Ay is data-minimal. Let us fix a DMA A’ that recognizes L
and let us consider a generic word w. Suppose that A; reaches the configuration
(¢,a) by reading w and, similarly, A’ reaches the configuration (¢’,a’) by reading
w. From the proof of Theorem 2.1, we recall that the stored values a coincides with
the sequence of L-memorable values of w. Moreover, it is easy to see that memp (w)

is a sub-sequence of the stored values a@’. We thus conclude that |a| < |a’|. ]

We conclude the section by proving that minimal DMA and in particular canon-
ical automata, are unique up to isomorphisms. Here we think of each DMA A =
(Q,T,q;,Far) as a finite directed graph, whose vertices are labeled by indices
i€{0,...,k} and represent control states in ) and whose edges are labeled by pairs

(a, ) and represent transitions of the form (q,a, E,q").

Corollary 2.8. Any minimal DMA recognizing a language L is isomorphic to the

canonical automaton for L.

Proof. Let A’ = (Q',1",¢},F',ar’) be a DMA recognizing a language L and let
Ap = (Q,T,qr, F,ar) be the corresponding canonical automaton. The proof follows
easily from that of Theorem 2.2. In particular, we first observe that k = £’ follows
from the minimality of Ay and A’. The bijection that maps control states of Ay, to
control states of A’ is given by the function f introduced in the first part of the proof
of Theorem 2.2. Note that this function satisfies f(q) € @’ for all 0 <i <k =k’ and
all ¢ € Q;. Moreover, since A’ is state-minimal, f must be surjective. Finally, the
correspondence between the transitions of A7 and those of A’ is uniquely determined

by the function f, since both A; and A’ are deterministic and complete. O

2.6 Computing Minimal Automata

In this section, we focus on the problem of computing the minimal DMA for a given

language over (D, ~). That is, we show the following theorem.
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Algorithm 1: MINIMIZE(.A)

input: a DMA A that accepts a language L over (D, ~)
output: the canonical automaton A for L
let k& = maximal number of values stored by A
let n = number of control states of A
let > = any subset of D of size k + 1
let Q) <« @
for all w e X=»
if w #, w’ for all w' €@
do then {Q < Quiw)
ar(w) < |memy (w)|
T+~ @
for all w,w’ €@ and for all a € ¥
if w-a 2w
a « [memp(w) - als
then { E <« {i|Vj. memy(w-a)(j) # (memp(w)-a)(i)}
T<«Tu{(w,a E w)}
return Ay = (Q,T,{weQ : w =p e},{weQ : weL})

do

Figure 2.6: Minimization algorithm for DMA over the support (D, ~).

Theorem 2.3. Given a DMA A over (D, ~) with n states and k registers, a minimal

equivalent DMA can be computed in deterministic space O(n - (2k + 1)2F).

It follows from this theorem that the minimal DMA for a given DMA can be

computed in deterministic time exponential in the number of states of A and double

exponential in the number of registers of A.

By Theorem 2.2 it is sufficient to compute the canonical automaton A;, recog-

nizing L = L(A), as it is the minimal DMA recognizing L. Algorithm 1 provides

the pseudo-code of a procedure that receives a DMA A recognizing L as input and

computes (a representation of) the corresponding canonical automaton Ay. Such a

procedure consists of two main loops: the first one computes a minimal and com-

plete set () of representatives of =p-equivalence classes, which are then identified

with the control states of the canonical automaton Ay ; the second loop computes

the set of transition rules of A;.

We now show that Algorithm 1 computes the minimal automaton for the given
DMA A. Assume that A has n states and stores at most k values. We first show

that at the end of the computation () contains exactly one representative for each

=,-equivalence class. We claim that ><" contains at least one representative for each
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equivalence class of =;: observe that each control state ¢ in A can be reached by a
word in 25" (this is the case because || > k — see the proof of Lemma 2.9 for a similar
argument). By the proof of Theorem 2.1 we know that =4 refines =7, and hence
Y= contains at least one representative of each =y -equivalence class. It is clear that,
after the execution of the first loop of the procedure, the set () contains pairwise non-
=-equivalent representants of all =;-equivalence classes. Hence () contains exactly
one word in each =y -equivalence class. It is clear that the set T' contains exactly the
transitions of A.

In order to claim that the pseudo-code of Algorithm 1 describes an effective mini-

mization procedure, we need to verify that the following two problems are decidable:

e The memorability problem. Given a DMA A recognizing L over (D, ~), a word

w, and a value a, is a is L-memorable in w?

e The word-equivalence problem. Given a DMA A recognizing L over (D, ~) and

two words w and w’, is w=p w'?
The decidability of both problems is shown using the following lemma.

Lemma 2.9. Let A be a DMA over (D, ~) that stores at most k values and let w,w’
be two words. For each word v € D* there is an alphabet A of size 2k+1 and a word
u e A* such that

wv =pa) wu  and w'v =gy wu

Proof. Let A, w, w', and v be as in the claim of the proposition. Let (ao,a;) be the
register content of A after reading w and w’ respectively and let A be an alphabet
of size 2k + 1 that contains all symbols in @y and aj. We define the (w,w’)-trace of
a word v = a5 ...a, is the sequence 7 = (ag,ay)...(an,a,), where, for every index
0 <i <, a; is the memory content reached by A after reading the word w-(ay ... a;)
and a; is the memory content reached by A after reading the word w’-(a; ...a;). We
also introduce a transformation f on (w,w’)-traces, which only depends on w, w’,
and A. Given a word v = ay ...a, and the corresponding (w,w’)-trace ™ ="q...Vx,
we let m be the position of the first occurrence in v of a value from D \ A, we let

b be a value from A that occurs neither in the memory content a,,_; nor in the

/

' 1 (note that such a value exists since |A| > |ap,-1| +|al, 4|), and

memory content a m

we accordingly define

f(m) = (’70 e Yme1) Tam,b(Vm - ~7n)
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where 7, p(Ym ---7n) 1S the sequence obtained from ~,,...7v, by substituting, in
every position ¢ € {m,...,n} and in both memory contents a; and a, every occur-
rence of a,, by b and, vice versa, every occurrence of b by a,,. By a slight abuse of
notation, we also denote by f(v) the word (a; ... am-1) 7a,, s(@m - . . a,), where v, m
and b are defined as above.

We now prove that f(7) is the (w,w’)-trace of f(v). For every index 0 <i < n, we
denote by (¢;,a;) the configuration reached by A after reading the word w-(ay ... a;).
Similarly, for every index m—1 < i < n, we denote by (p;, b;) the configuration reached

by A after reading the word w- (ay...am-1) - Ta,, p(@m ... a;). We can shortly write

(qj76) % (QO,CLO) % (Qm—ladm—l) am;t-an (Qm(_ln)
w A - Tam,b(@m ... an) -
(gr.6) % (@0,80) 57 (Dmo1,bmor) === (Pnsbn).

We now show by induction on i that that p; = ¢ and b; = 7,,,4(a;) for all i =
m—1,...,n. The base case i = m — 1 is trivial, because both a,, and b do not occur
in @, ;. As for the induction case, suppose that p; = ¢y and by = 7, 4(@;_1).
If a; # a,, and a; # b, then it immediately follows that p; = ¢; and b; = 7, ,(a;). If

a; = 4, then, by definition of m and b, we have
Qi1 Q; = Qi1 -y 2 Ty p(Gic1 - Q) = biy - Ta,, p(a5).

This shows that the same transition rule of A is activated in the configuration
(gi-1,@;-1) and in the configuration (p;_i,b;_;) while consuming, respectively, the
value a; and the value 7,, ;(a;). Therefore, p; = ¢; and b; = 7,,, 5(a@;) follow. The
argument for the remaining case a; = b is symmetric.

This shows that w-v 24w - f(v) according to Definition 2.6. We have shown
in the proof of Theorem 2.1 that this implies that w-v = 4yw - f(v). Note that,
by definition of f(v), the position of the first occurrence in f(v) of a value from
D~ A is strictly greater than the position of the first occurrence in v of a value from
D ~ A. Hence we can iterate this construction to obtain a word u € A* such that

w-v =) w-u. The argument that w'v =p4) w'u is symmetric. O]

We will use Lemma 2.9 in many of the proofs below. Hence we have to give a
name to the finite alphabet A.

Definition 2.10. The alphabet A that exists for each pair of words (w,w") due to
Lemma 2.9, is called a (w,w")-surrogate alphabet; the word u € A* that exists for

words w, w', and v is called the (w,w')-surrogate word of v.
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The following propositions give the formal statements that the memorability

problem and the word-equivalence problem are decidable.

Lemma 2.11. The memorability problem can be decided in deterministic space O(n-
(2k + 1)%F), where n is the number of control states of the input DMA A and k is

maximum number of values stored by A.

Proof. Let A be a DMA recognizing a language L and using n control states and at

most k stored values. We first prove that:

A value a is L-memorable in a word w iff there is an alphabet A of size

2k + 1 such that a is L n A*-memorable in w.

Here, by a slight abuse of terminology, we adapt Definition 2.3 to languages over
finite alphabets; precisely, we say that a value a is L n A*-memorable in w iff there
exist a values ¢ € A not appearing in w such that 7,. is R-preserving over the
symbols in w and w #raas Tac(w).

The direction from right to left is trivial. Now assume that a is memorable in
w. Then there is a value b not appearing in w such that 7,,(w) #1 w. This means
that there is a word v such that 7, ,(w)v #, wv. We define A to be the (w, 7, 4(w))-
surrogate alphabet and let u be the (w, 7, ,(w))-surrogate word of v. Then we have
that

Tap(w)u =1 Top(w)v #, wu =1 wu.

This means that 7,,(w) #, w and therefore a is L n A*-memorable in w.

Hence in order to decide whether the value a is LnA*-memorable in w it is sufficient
to analyze the finite automaton accepting L n A*. The set (Qp of states of B can
be obtained from the set of configurations of A4 that store only values in A. Thus
|Qs| must be smaller or equal to n-|A|* = n-(2k + 1)¥, where n is the number of
states of A and k is the number of A’s registers. In order to decide whether the
value a is L n A*-memorable in w it is sufficient to provide an upper bound to the
length of a shortest word u € A* (if there is any) such that wu # 7, 5(w)u. Let
us assume that a is L n A*-memorable in w and let u € A* be a word among the
shortest ones witnessing wu #1, 7,5(w)u. Clearly the length of v must be smaller
than the number |@p|. Hence we can check that a value a is L-memorable for a word
w in space O(n- (2k + 1)2F). O

We can now show that the word equivalence problem is decidable.
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Lemma 2.12. The word-equivalence problem is decidable in deterministic space
O(n - (2k + 1)%%), n is the number of control states of the input DMA A and k is

maximum number of values stored by A.

Proof. Let A be a DMA accepting language L over (D,~) that has n states and k
registers. Let A be the (¢, €)-surrogate alphabet and let w, @’ € A* by the (e, ¢€)-
surrogate words of w, w’ respectively. By Lemma 2.9 we have that w =, w and

w' = w’. We now show that

wEpw  if W AW
Here we assume that @ =4+ @' is defined as follows: there is a bijection 7 on A
such that for all words @€ A, W =p~p T(W') .

The direction from left to right is clear. To show the other direction we assume
that w #; w’. Thus for all data renamings 7 over D there is a word u such that
wu #;, T(w)u. We now show that @ #p,a+ @w'. Let some data renaming 7 on
A be given. As w #; w’ there is a word u such that wu #;, 7(w’)u. Let T' be
the (w,7(w"))-surrogate alphabet and let @ be the (w,7(w"))-surrogate word of w.
Recall from the definition of the surrogate alphabet that I' = I'; wI'y where I'y is the
union the register contents of A after reading w and @’ respectively and I’y is some
(arbitrary) set of symbols. As I'y € A, I'y is an arbitrary set, and |I'| = |A], we can
assume that I' = A. Then

wu =, wu=pwu #; T(wu = T(0)u = T(w')a.

As w, @', and @ are all words over the alphabet A, we get that @ #p,ax W'

Thus it is sufficient to check whether w =, 4+ @'. Again we will analyze the finite
automaton accepting L n A*. Recall from the proof of Lemma 2.11 that this au-
tomaton has size n - (2k + 1)¥, where n is the number of states of A and k is the
number of A’s registers. The automaton will consist of a main loop that will test
for each permutations 7 on A whether @ =ya+ 7(@"). The permutation 7 can be
stored in space A2 = (2k + 1)2. The test whether @ = a+ 7(@") can be performed
by checking membership of bounded words in LnA*. We omit the formal argument
here since it is very similar to the one in the proof of Lemma 2.11. It follows that

we can solve the memorability problem in deterministic space O(n - (2k +1)?*). O

We can finally prove Theorem 2.3.
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Proof of Theorem 2.3. We analyze the space complexity of Algorithm 1. Assume
that the input DMA A has n states and r registers. The set X has size 2¥*1 and hence
can be stored in space 251, The set @) is empty initially and will only contain words
that are =, distinct. Hence @) is always smaller than n. Thus the space consumption
of Algorithm 1 is dominated by the space consumption of the subcomputations for
the memorability problem and the word-equivalence problem. We have shown in
Lemmas 2.11 and 2.12 that both problems can be solved in space O(n-(2k+1)?*). O

2.7 Conclusions

We provided a Myhill-Nerode-style theorem that characterizes the class of DMA-
recognizable languages in those cases where the underlying alphabet is equipped with
either an identity or a (possibly non-dense) total order. As in the classical Myhill-
Neorde theorem over finite alphabets, in one direction of the proof we construct a
DMA from a given language L in a way that depends only on L. We then show that
this automaton — the canonical automaton for L — is minimal in a strong sense: it
has the minimal number of states and also the minimal amount of internal storage.

We then show, for the special case where the underlying support contains only
the identity, how this minimal automaton can be computed. The basic idea of the
minimization algorithm is to compute from a given DMA A a deterministic finite
automaton B that contains all the information of A. This leads to a minimization
algorithm that requires space polynomial in the number of states of A and exponen-
tial in the number of registers of A. One open question is whether this upper bound
can be improved. For example it might not be necessary to maintain the entire
automaton B, but instead one could try to compute relevant parts of B whenever
required.

Another open question is whether our minimization procedure can be extended
to automata over data domains that contain an order or a more general relation. In
addition, more general models of automata could be taken into account. One could
consider automata with a bounded number of registers, but where each register
can store a set of unbounded size instead of a single value. On a transition such an
automaton could check which of the stored sets contains the current input value and
update its configuration accordingly. These kinds of automata seem to be closely
related to class memory automaton [BS10]. It would be interesting to know whether

such automata can also be minimized effectively.
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Chapter 3

Which Data Languages Can be
Defined by Logics?

3.1 Introduction

Having shown that deterministic finite memory automata can be minimized effec-
tively, we continue our exploration of properties of the regular languages that are
inherited by automata for data word languages. We now tackle the relationship
between logics and automata. We will show that definability in logics is decidable
for many languages that are accepted by deterministic finite memory automata. We
will also show that this decidability is absent from most automata models that are

stronger than deterministic finite memory automata.

One of the first results concerning the relationship of logics and automata is due to
Biichi [Biic60]. He showed that on words over a finite alphabet, monadic second-
order logic has the same expressiveness as deterministic finite automata. Hence the
question arises which class of automata corresponds to first-order logic. The answer
was given by Schiitzenberger, McNaughton, and Papert. It follows from their results
that a language L can be defined in first-order logic iff the minimal automaton
accepting L does not contain special cycles called counters [Sch65, MP71]. Their
results also provide an effective characterization of first-order logic: that is, an
algorithm that decides whether a given regular language can be defined in first-
order logic.

In addition, the theorem of Schiitzenberger, McNaughton, and Papert reveals a
surprising connection between formal languages and algebraic structures. Monoids,
basically sets with an associative operation defined on them, can be used as devices
that accept formal languages. One can easily show that a language is accepted by a

finite monoid iff it is accepted by a finite automaton. The results of Schiitzenberger,
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McNaughton, and Papert show that a language can be defined in first-order logic
iff it is accepted by a finite monoid that satisfies an additional property called
aperiodicity.

These results have been the starting point for a thorough investigation into the
relationship between subclasses of finite monoids and other formalisms for defining
regular languages. It has been shown that many such formalisms correspond to nat-
ural subclasses of finite monoids. Examples include languages defined by fragments

of first-order logic, various temporal logics, and parallel complexity classes.

We consider the possibility to decide membership in logics for data word languages.
More precisely, for a logic £ and a class of automata or monoids M for data word

languages, we want to present algorithms that can decide questions of the form:

Given a language L that is accepted by an automaton or a monoid in

M, can the language L be defined in the logic L7

If such an algorithm exists, then we say that there is an effective characterization
of £ with respect to M.

We first show that one cannot hope to characterize effectively logical classes for
many models of automata on infinite alphabets — we show this for non-deterministic
finite memory automata, for two-way deterministic finite memory automata, and
for a very weak version of pebble automata.

We thus focus on deterministic finite memory automata, as well as two restric-
tions of them. The first restriction is to allow the automaton to only perform
“local” data comparisons within a fixed length suffix of the part of the word that
has beed processed at any point. These “local” automata behave very much like
finite automata, but they are expressively rather weak. For example, languages like
“the value that appears on the leftmost a-labelled position must coincide with the
value at the rightmost a-labelled position” cannot be accepted by a local automa-
ton. The second restriction we consider are monoids that accept data languages.
Finite monoids are even weaker than local automata, for example the language
{abe D? | a = b} cannot be accepted by a finite monoid [BPT03]. Infinite monoids,
on the other hand, can accept any language, and are therefore much too expres-
sive to allow for effective characterizations. A class of infinite, but well behaved
monoids, called orbit finite data monoids, has been introduced in [Bojl1]. Their
expressiveness lies strictly between local deterministic finite memory automata and

(unrestricted) deterministic finite memory automata.
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We will also look at several logics for data languages. First-order logic (FO)
for data words is built up using first-order quantification, boolean operators, and
binary predicates for comparing positions in a word. These predicates are usually the
ordering on word positions < and a predicate ~ for checking data equality. Monadic
second-order logic (MSO) is, as usual, the extension of first-order logic by second
order quantification. We consider restrictions of these logics in which the data
equality predicate = ~ y must be guarded. That is, z ~ y can only appear in
conjunction with another formula ¢(x,y) in which = and y are free. We distinguish
two kinds of guards: local guards of the form z+k = y for some k € N, that guarantee
that = and y must have a fixed distance k; and “rigid guards” which are formulas
that guarantee that the position x determines the position y in every word, and vice
versa.

We also distinguish two modes of definability: We say that a language L can
be defined “non-uniformly” in a logic £ if for each number n there is an L-formula
¢, that defines the restriction L n A} of L to an alphabet A, of size n. Uniform
definability is the usual notion where the same formula is used for all sizes of the
alphabet. Clearly any language that can be defined uniformly can be defined non-

uniformly in the same logic, but the converse is not true in general.

In our first contribution, we consider locally guarded logics. We show that locally
guarded monadic second-order logic has the same expressiveness as local determinis-
tic finite memory automata. We then show that it is decidable whether the language
accepted by a deterministic finite memory automaton can be defined in local FO.
Next, we give a method for deciding non-uniform FO definability for two special
classes of deterministic finite memory automata — those with at most one register
and local ones. These two classes of automata are incomparable in expressiveness.

The main proof techniques used to obtain the results described above are min-
imization of deterministic finite memory automata and Ehrenfeucht-Fraissé-games.
In the results that we will describe below we use algebraic techniques. We are able
to do this, because we assume that the input language is accepted by an orbit finite
data monoid. In fact, orbit finite data monoids were invented partially because they
allow for a smooth generalization of the algebraic theory of regular languages.

We start with first-order logic with two variables (FO?). A classic result of
Thérien and Wilke states that a regular language can be defined by FO? iff it is
recognized by a finite monoid in a class of monoids called “DA” [TW98]. We extend
this result to plain data word languages. That is, we consider the data words variant

of FO? and we show that an orbit finite data monoid recognizable language can be

89



defined in FO? iff it is accepted by an orbit finite data monoid in DA. We also show
that membership of an orbit finite data monoid in DA is decidable, thereby providing
and effective characterization of FO? with respect to orbit finite data monoids.

We then consider first-order logic with an arbitrary number of variables. Bojanczyk
has shown that every language that is accepted by an aperiodic orbit finite data
monoid can be defined in first-order logic [Bojl11]. This theorem is similar to the
combination of the theorems of Schiitzenberger, McNaughton, and Papert, but the
target language is very strong: There are languages that can be defined in first-order
logic that cannot even be accepted by deterministic finite memory automata.

We show that rigid guards reduce the expressivity of FO in such a way that the

resulting logic corresponds exactly to aperiodic orbit finite data monoids:

A language is accepted by an aperiodic orbit finite data monoid

iff it can be defined in rigidly-guarded first-order logic.

We then consider the question whether, as in the classical (finite alphabet) theory,
there is a natural monadic second-order logic that corresponds to orbit finite data

monoids. We answer this question positively by proving the following:

A language is accepted by an orbit finite data monoid

iff it can be defined in rigidly-guarded monadic second-order logic.

We then turn to the question whether there is a natural variant of monadic second-
order logic which defines precisely the data languages accepted by finite memory
automata. We answer this positively as well. Fbackwards rigidly-guarded monadic
second-order logic (IBRMSO) is obtained from rigidly-guarded monadic second-

order logic by weakening the guardedness condition. We show

A language is accepted by a non-deterministic finite memory automaton
iff it can be defined in 3IBRMSO.

It follows from our characterization results that these three logics are decidable.
The algorithms for checking satisfiability that can be extracted from our proofs have
non-elementary complexity. As satisfiability of first-order logic on finite alphabets is
already non-elementary [Sto74], these results show that the complexity of first-order

satisfiability does not deteriorate when adding rigidly guarded equality.

Most results in this chapter have been obtained in collaboration with Michael
Benedikt, Thomas Colcombet, and Gabriele Puppis [BLP10a, CLP11].

90



Organization. This chapter is organized as follows: Section 3.2 contains prelimi-
naries and prior machinery, more precisely it contains a review of previous work on
the relationship between logics, automata and monoids over finite alphabets; it also
contains the definitions of the logics, automaton, and monoids for data languages
that we will study in this chapter. Section 3.3 summarizes the main results of this
chapter and Section 3.4 compares our results with previous work. Section 3.5 con-
tains our results on characterizations of variants of first-order logic. This section
contains both our characterizations with respect to automata as well as those with
respect to monoids. Section 3.6 studies characterizations of variants of monadic

second-order logic in terms of monoids and automata. Section 3.7 concludes.

3.2 Preliminaries and Prior Machinery

We now provide some background material needed in this chapter. We start by
reviewing previous work on effective characterizations of languages over finite al-
phabets (Section 3.2.1). Then we turn back to data word languages and we define
some variants of first-order logic (Section 3.2.2). In Section 3.2.3, we consider a
restriction of finite memory automata called ‘local automata’. Next, we define a
class of monoids, called orbit finite data monoids, whose expressiveness lies strictly
between local automata and deterministic finite memory automata. Finally, in Sec-
tion 3.2.4 we compare the expressiveness of automata, logics, and monoids for data

languages.

3.2.1 Algebraic Language Theory

As noted in the introduction, monoids can be used as acceptors for formal languages.
Formally a monoid (M,-,1) consists of a set M, a binary operation - on M, and a
distinguished element 1 € M called the identity of M. One requires that a monoid

satisfies the following conditions:
e Associativity. x-(y-z)=(z-y)-z for all z,y,z,e M
o [dentity. 1-x=x-1=xforallzeM

An example of a monoid is the free monoid A* over a set A. The elements of A* are
the finite words over A, the operation is concatenation of words, and the empty word
plays the role of the identity. A slightly more interesting example is the syntactic

monoid of a language L. We can define a two-sided version of the Myhill-Nerode
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Figure 3.1: The syntactic monoid of the language (aa)* over the alphabet {a}. The
left hand figure shows its multiplication table and the right hand figure shows its
Caley graph. We drop =, as a subscript.

equivalence =y, of a language L as follows: T'wo words u, v are equated by =, iff for
all words w, w’

wuw' e L if wow' e L.

The syntactic monoid M, of L consists of the equivalence classes of =, concatena-
tion is defined by [u]-, - [v]s, = [uv]s,, and the =;-class of the empty word is the
identity element.

Note that we used the same symbol =}, for both the one sided and the two sided
Myhill-Nerode equivalence. This will never lead to misunderstandings, because in
the rest of this thesis we will only consider the two sided version of the Myhill-Nerode
equivalence.

There are two basic ways in which a finite monoid M = (M, -, 1) can be presented.
One way is, obviously, to provide its multiplication table. A second possibility to
present M by a directed edge labelled graph, called the Caley graph. The nodes of
this graph are the elements of M and there is a directed edge from z to y labelled
z iff x- 2z = y. Figure 3.1 shows the multiplication table and the Caley graph of the
syntactic monoid of the language (aa)*.

To define the notion of acceptance by a monoid, we need to define morphisms
between monoids. A (monoid) morphism from a monoid (M,-,1) to a monoid
(N,0,€e) is a mapping h : M — N such that h(z-y) = h(z) © h(y) for all x,y e M
and h(1) = e. We say that a language L € A* is accepted by a monoid (M,-,1) iff
there is a homomorphism from the free monoid A* to (M,-,1) and a subset F' ¢ M
such that w € L iff h(w) € F. Basically, the idea is that language membership of a
word w in L depends only on the image of w under h.

For example, every language L is accepted by its syntactic monoid: The mor-
phism is the syntactic morphism hyp, that is the morphism that maps each word u
to its =g-class [u]=,. The set F is defined as the set of = -classes that contain words
in L. It is easy to show that the syntactic monoid of a language L is the smallest

monoid accepting L.

92



A basic theorem states that a language over a finite alphabet is accepted by a finite

monoid iff it is regular. This result motivates the following question:

Which subclasses of regular languages are accepted by which subclasses

of finite monoids?

An early and most remarkable result is Schiitzenberger’s Theorem. A regular ex-
pression is star-free if it is constructed from the letters of the alphabet, the empty set
symbol, boolean operators and concatenation, but no Kleene star. Schiitzenberger
showed that a language can be defined by a star-free regular expression iff it is ac-
cepted by an aperiodic monoid [Sch65]. Here, a monoid (M, -) is aperiodic iff there
is an n € N such that 2" = 27! for all x € M. Intuitively, a monoid is aperiodic if
it cannot count modulo classes. Also, aperiodic monoids are precisely those whose
Caley graphs only have cycles of length 1. Note that the monoid in Figure 3.1 is
not aperiodic.

The connection between star free regular expressions and first-order logic was
discovered a few years later. McNaughton and Papert showed that a language
can be defined by a star-free regular expression iff it can be defined in first-order
logic [MP71]. Here, first-order logic has a predicate for every symbol in the (finite)
alphabet and a binary predicate x < y to test whether the position corresponding to
x is to the left of the position corresponding to y.

McNaughton and Papert have also given a characterization of the class of first-
order definable languages in terms of finite automata [MP71]. They have shown
that a language can be defined in first-order logic iff it is accepted by a counter-free
finite automaton. A counter is a sequence q,...,q, of states of a finite automaton
such that n > 2 and there is a word w for which there is a path labelled w leading
from ¢, to ¢; and from ¢; to ¢;,1 for all i < n. An automaton is counter free if it does
not have a counter. Wilke has given a direct proof of the correspondence between
first-order logic and counter free automata that does not use algebraic techniques
[Wil99].

The above results were only the starting point for an investigation of the rela-
tionship between monoids and subclasses of regular languages. It has turned out
that many natural subclasses of regular languages correspond to natural subclasses
of finite monoids. Examples include, languages defined in FO(+1), that is first-
order logic with successor instead of a linear order [BP89|, languages defined by
first-order logic with only two variables [TW98, TT02], fragments of temporal logics
[Wil99, ASW09, TWO04], and parallel complexity classes (see [Pinll, Str94]).
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3.2.2 Logics for Data Languages

Logics for data languages fall into two main categories: Fragments of monadic
second-order logics and temporal logics. We will review the former in Subsection
3.2.2 and the latter in Subsection 3.2.2. Logics can be defined for both plain and
adorned data languages. We generally define logics for the adorned languages, that
is over an alphabet of the form D x A where D is infinite and A is finite. Some of
the results in this section are about logics for plain languages, in these cases it will

always be clear how the corresponding logics are to be defined for plain languages.

Monadic Second-Order Logic and Its Fragments

Monadic second-order logic (denoted MSO or MSO(~, <, +1)) formulas are built up

according to the following grammar:

p o= 3w | IX o -plenp]
a(z) |z<y|z+l=y|zeY |z~y

where a is an element of the finite alphabet A. The meaning of an atom x ~ y is that
the positions that correspond to the interpretation of x and y have the same value.
The meanings of the other predicates are as usual. First-order logic (denoted FO
or FO(~,<)) is the restriction of MSO(~, <) that only uses first-order quantification.
We use the standard notation to denote logics in with fewer predicates. For example
we denote by FO(~,+1) the restriction of FO that does not contain the predicate
x<y.

To simplify the notation, we will sometimes write variables in uppercase letters,
without explicitly saying whether these are first-order or second-order variables. In
this case their correct types can be inferred from the atoms they appear in.

First-order logic is quite a strong formalism over data words. For example, the

language
L={ay...a, € D" |i#jimplies that a; # a; for all ¢, j <n}.

can be defined in first-order logic. On the other hand, we noted in Section 2.2.2
that this language cannot be accepted by a 1-way NMA (a proof can be found in
[KF94]). As NMA can express languages like the set of even strings it follows that
NMA and first-order logic are incomparable. This is in stark contrast to the case
of regular languages (over a finite alphabet) where the set of languages that can
be defined in first-order logic is strictly contained in the set of languages that are

accepted by finite automata.
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In fact, first-order logic for data words is so expressive that its satisfiability prob-
lem is undecidable [BMS*06]. The undecidability of first-order logic has motivated
the search for decidable fragments. Most prominently, it has been shown that the
two variable fragment of FO(~,<,+1) is decidable [BMS*06]. The decidability of
first-order logic with two variables has been further investigated in [SZ11]. It has
been shown that on structures with one total preorder and one linear order, first-
order logic with two variables remains decidable. In contrast on structures with
two total preorders and on structures with one total preorder and two linear orders,

first-order logic with two variables becomes undecidable [SZ11].

Local Logics. We will consider fragments of logics that are obtained by restricting
the use of the data equality predicate. In particular, we will require that each
occurrence of a formula x ~ y is ‘guarded’, that is the data equality predicate can
only occur in subformulas of the form ¢(z,y) Ax ~y. We will consider two different
kinds of guards. First we consider ‘local guards’ of the form x = y + k£ and later we
will allow formulas that define injective relations.

Formally, we define local monadic second-order logic (denoted local MSO) to

consist of all formulas that are built up according to the following grammar:

pi=dz.o|IX.pl-pleryp]
a(z) |x<y|xz+l=y|zeY |x+l=y Ax~y

where a is an element of the finite alphabet A and [ € N. We will often abbreviate
the formula z+1 =y A x ~y by x ~ y. Local first-order logic (LFO) is the first-order
fragment of local MSO(~, <).

We will consider restrictions of local MSO where only a finite number of pred-
icates ~; are available. Accordingly we denote by MSO(~;,<) the logic with the

predicates < and ~; for all 7 < [.

Example 3.1. An example of a local FO formula is Vx,y3z (x ~5 y>x+2). It
requires that if position x has the same value as its fifth neighbor x to the right, then

there is a position z that has a different value than x and y.

It is easy to see that, for each [ € N, the language L; = {ay...a, € D* | n >
[ and a; = a,} can be defined in FO(~g,<), but not in FO(~¢_1,<). Hence the
family of logics (FO(~,<))ien, forms an infinite strictly increasing hierarchy of
expressiveness. Note also that FO(~, +1) can express properties like “the first letter
is equal to the last letter”, which cannot be expressed in FO(~,<) for any [ € N.

An overview over local logics is shown in Figure 3.2.
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Figure 3.2: Two infinite hierarchies of expressiveness within local logics.

We remark that in this logic, the similar constructions z+l=y Az +y, v+ =
y—>x~y,and x+[ =y — x + y can be derived. This is thanks to the Boolean
equivalences ¢ — ¢ iff o = (p A @), © A =" Iff =(p = ¢'), and ¢ - - iff
~(p A ¢").

Rigidly Guarded Logics. We now introduce a second version of guarded logic,
called “rigidly guarded MSO”. We say that a formula ¢(x,y) with two free first-
order variables z,y is rigid if for all data words u and all positions z (resp., y) in u,
there is at most one position y (resp., x) in u such that u = ¢(z,y). Rigidly guarded
MSO (RMSO) is obtained from MSO by enforcing the following restriction: every
data equality test of the form z ~ y must be guarded by a rigid formula ¢(z,y).
Precisely, the formulas of rigidly guarded MSO are build up using the following

graminar:

¢ = 3r.p|3IX. 0| -p|pArp]
a(z) |z<y|oz+l=y|zeY | guga(z,y) A~y

where @ is an element of the finite alphabet A and @iga(z,y) is a rigid formula
that is generated by the same grammar. Rigidly guarded FO (denoted RFO) is the
first-order fragment of rigidly guarded MSO.

The notion of rigidity is a semantic property, and this may seem problematic.
However, we can enforce rigidity syntactically as follows. Instead of a guard ¢yigia(z,y)

in a formula, one uses the new guard
Prigia(7,Y) = Prigia(z,y) AV 2",y prgia(z’,y) > (z=2"oy=y) .

It is easy to check that $yigiq is always rigid, and that furthermore, if @yigq is rigid

then it is equivalent to @yigq. This trick allows us to enforce rigidity syntactically.
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We will also see in Corollary 3.13 below that one can decide if a formula respects

the rigidity assumption in all its guards.

Example 3.2. Let us consider the language Lsy of all data words that contain at
least k different data values. If k =1 we just need to check the non-emptiness of the
word by the sentence Jx . true. For k = 2 it is sufficient to test for the existence of
two distinct consecutive data values, using for instance the formula I x,y (r+1 =
y)Ax+y. Fork>2, one can proceed by induction as follows. One first observes that
if a word has at least k distinct data values, then there is a minimal factor witnessing
this property, say [z,y]. A closer inspection reveals that, in this case, [x+1,y—1] is
a maximal factor that uses exactly k-2 data values and thus belongs to the language
Lsj_o N Lyg_1. By induction, the fact that [z + 1,y — 1] is a mazimal factor that
belongs to Lsy_o ~ Lsy_1 is expressible in rigidly guarded FO by a formula ¢(x,vy).
Furthermore, this formula p(x,y) is rigid according to its semantic definition. We

conclude that the language Lyy is defined by the formula 3 z,y o(x,y) Az +y.

Note that the language L, cannot be defined in local first-order logic. A simpler
language separating these two logics is Ly, = {ai,...,a, € D" | a1 = a,}. In fact
L;.., also separates local MSO from rigidly guarded MSO. In addition, it follows
that local MSO and rigidly guarded FO are incomparable.

We will later show that RMSO is decidable (see Corollary 3.13). Hence RFO is
strictly contained in FO, RMSO is strictly contained in MSO, and FO and RMSO

are incomparable.

Extensions of Rigidly Guarded MSO. We will show that two extension of
rigidly guarded MSO remain decidable. The first extension relaxes the notion of
rigidity. In particular, we allow guards of the form p(z,y) where rightmost position
max(x,y) determines the leftmost position min(z,y) (but possibly not the other
way around). Formulas of backward-rigidly gquarded MSO (BRMSO) are built up

using the grammar:

p=3r.0[3IX.p|-p|lonryp]
a(z) |z<y|xz+l=y|zeY | Yrackward(Z,¥) AT~y

where a is an element of the finite alphabet A and @pacwara 1S @ backward-rigid
formula generated from the same grammar (as usual, we can enforce backward-
rigidity syntactically).

It is easy to see that BRMSO is more expressive than RMSO. For example
the language {a;...a, € D* | a; = a; for some i < n} can be defined in BRMSO
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but not in RMSO. On the other hand, we will show that the languages defined
by BRMSO are strictly contained in the languages accepted by deterministic finite

memory automata (see Proposition 3.73).

The second extension, called Jbackward-rigidly guarded MSO (denoted IBRMSO),

consists of the formulas 37 . ¢, with ¢ is generated by the grammar

p=3z.0|3IX . p|l-plprp]
a(@) |r<ylz+l=y|zeY | Oapadward(T,¥,Z) AT~y

where @3packwara 1S a formula from the same grammar that determines min(z,y)
from max(z,y) and Z, and where the monadic quantifications are over variables
different from Z (the variables Z are quantified only in the outermost part of the
formula 3 Z ¢).

One of the main results of this thesis is that IBRMSO has exactly the same

expressiveness as non-deterministic finite memory automata.

Non-Uniform Logics. For each n € N, let D, be a subset of D consisting of
exactly n elements. We say that a language L € D* is definable in non-uniform
FO(~,<), abbreviated NUFO(~, <), if for each n € N, the language L, = L n D} can
be defined in FO(~,<) (under the assumption that input words are over the finite
alphabet D,,). Non-uniform variants of the other logics considered above are defined
similarly.

Clearly every language in FO(~,<) can be defined in NUFO(~,<) (simply by
using the same formula to define each L,, for n € N). The next example shows that

the converse is not true.

Example 3.3. Consider the language Loy of all words w whose length is two times
the number of distinct values that occur in w. Loy cannot be defined in FO(~,<),
but it is definable in NUFO(~,<) since La, 0 D} is finite for every n € N.

On the other hand, LMSO can clearly define languages that cannot be defined in
NUFO, for example the language {a; ...a, € D* | a; = a; for all ¢, j <n and n is even}.
Figure 3.3 gives an overview over the relationship between several logics considered

so far.
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Figure 3.3: An overview over some logics for data words.

LTL with Freeze Quantification

As our focus in this thesis are fragments of MSO, we only briefly mentions the most
important results on temporal logics for data languages. Demri and Lazi¢ have
investigated linear temporal logic (LTL) over data words [DL09]. More precisely,
they consider LTLY, built up from the modalities X (next), F' (eventually), and U
(until), extended with a freeze quantifier |,. ¢ and a reference to a register 1,. A LTL'
formula is evaluated with respect to a word and a register assignment. Roughly a
freeze quantifier |, can store a data value in register r. The formula 1, is true at
position ¢ of a word if the value of position i is stored in register r of the register
assignment.

Demri et al. show that satisfiability of LTL!(X,U) with one register is decid-
able [DL09]. If one more register is added to LTL(X,U) then the logic becomes
undecidable. In addition, the logic LTLY(X, F, F'-!), obtained from LTL!(X,U) by
replacing the until U operator with the weaker eventually operator F' and adding
the ‘eventually in the past’ operator F'~!, is undecidable [DL09].

Over finite alphabets, an important result is Kamp’s theorem [Kam68], an ex-
tension of which shows that LTL(X, U) is as expressive as first-order logic sentences.
Over words, this is not the case: LTL' (X, U) with two registers is incomparable with
FO?(~,<,+1) over data words [DL09].
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3.2.3 Data Monoids, Local Automata, Window Automata

We now introduce yet more automata models for data languages. We will define
restrictions of finite memory automata, called ‘local automata’, and we will later
show that they accept languages that correspond to local logics. Then we define
a class of infinite monoids that accept all local languages, but also some non-local
languages. These monoids are called ‘orbit finite data monoids’. One of the main
results of this thesis is that the languages accepted by orbit finite data monoids

correspond to the languages defined in RMSO.

Automata for Local Languages

We will consider two versions of local automata: A restriction of finite memory
automata that have to update all its registers whenever a certain fixed number
of values has beed consumed; and an equivalent model of automata that have no

registers at all.

Local Finite Memory Automata. We introduce a restriction of DMA, called
local DMA. A DMA A is [-local if for all configurations (p,a) of A and all words w
of length I, if wA(p,a) = (¢,b), then b contains only values that occur in w. A DMA

is local if it is [-local for some [ € N.

Proposition 3.4. The following problem is decidable: Given a DMA A, is A local?

If A is local then we can compute the minimum number | for which A is l-local.

Proof. We need some preliminary definitions. A loop C' in a DMA A is a cycle of
consecutive transitions in A. A loop C'is simple if C' contains exactly one transition
departing from each of its states. The period of a simple loop is the number of

distinct states that occur in it. Let us consider a simple loop C' of period m:

a1, B am-1,Em-1 am,Em

p1 e Pm P1

We say that C' is local if for all j < min(FE; U...uU E,,), there is an index i < m
such that ¢; is the -type of a word of the form a-b, with a(j) = b. The intuition is
that C' is local iff, for every infinite word w that cycles through C and every value a
that is stored at some point along the corresponding run, a occurs in every subword
of w of length m. It is easy to see that A is local iff every simple loop in A is local.
Moreover, the latter property can be effectively checked by examining all (finitely
many) simple loops in the DMA A.
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Figure 3.4: A DWA that recognizes the language L = U, . p(ab)*a.

We now show how to compute, from a given local k-memory DMA A, the min-
imum number [ such that A is [-local. From the definition of local simple loop,
it immediately follows that A is local only if it is k|T|-local, where T is the set
of transitions of A. This implies that every value that gets stored at some point
along a computation of A is later, after at most k|T| steps, either removed from the
memory or “renewed” (in the sense that this value reoccurs in the input). We can
thus examine all sequences of transitions of length k|T| in order to find the longest
sequence where a value is being stored without getting renewed. If n is the length

of such a sequence, then [ =n + 1. O

Window Automata. The class of languages recognized by local DMA can be

equivalently defined using another automata model, which makes no use of memory:

Definition 3.5. An [-window automaton (I-WA) is a tuple A= (Q,qr, F,T), where
Q is a finite set of states, q; € Q) is an initial state, F' € Q is a set of final states,
and T is a finite set of transitions of the form (p,«,q), where p,q € QQ and « is the
~-type of a word of length at most [.

An [-WA A = (Q,q;, F,T) processes an input word w = ay ...a, from left to right,
starting form its initial state ¢;, as follows. At each step of the computation, if A
has consumed the first ¢ symbols of the input word and has moved to state p, and
if T contains a transition of the form (p,a,q), with ¢ € @ and « = a2 .. @41,
then A consumes the next symbol a;,1 of w and it moves to the target state q. The
notions of successful run and recognized language are as usual.

An [-WA is deterministic (denoted [-DWA) if for every pair of transitions (p, o, q), (p', o', q") €
T, if p=p’ and a = o/, then q = ¢’. Figure 3.4 shows an example of a 3-DWA.

A path is a sequence of consecutive transitions in an automaton. A path 7 in a
DWA is realizable if there is a word w that induces a run along 7. For example, the
path

is not realizable: Assume that a window automaton uses the first transition to move

from position 7 to ¢ + 1 in the input word. This is only possible if the positions
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DWA --- 2-DWA 1-DWA 1-DMA | 2-DMA <+  DMA

Figure 3.5: The inclusions between DMA and DWA.

t—1,7,7+ 1 have pairwise different values. Then the next transition cannot be used,
as it requires that positions 7,i+1,i+2 have the same value. A DWA A is realizable if

all paths in A is realizable. Observe that an [-DWA is realizable iff for all transitions
(pa [al v an]> Q)a (Q7 [bl sen bm]a T),

1. if n>m-1, then a,_my2...a, 2b1...bp
2. if n<m-1,thenay...a, 2by_p...0m1.

Hence, it is decidable whether a DWA is realizable. In addition, for every DWA,
there is an equivalent realizable DWA. Note that the DWA shown in Figure 3.4 is
realizable.

We now show that local DMA and DWA accept the same languages.

Proposition 3.6. For every l-local DMA, there is an equivalent [-DWA and, vice
versa, for every [-DWA, there is an equivalent l-local DMA.

Proof. Let A be an [-local DMA. We sketch the construction of an I-DWA B equiv-
alent to A. From the locality property of A, we know that every value that is stored
by A must occur within the last [ symbols of the consumed input word (hence A
can store at most [ values). We define the state space of B as @ x {1,1,...,(}\. B
will maintain the following invariant while processing an input word w: if B is in
state (q,71,...,7;), then the last occurrence in w of the value stored by A into the
memory position j (if any) is at the last but i;-th position. Such an invariant can
be guaranteed by a suitable definition of the set T' of transitions of ¢B.

Conversely, any given [-DWA can be simulated by an [-local [-DMA that always

stores the last | consumed values. O

In contrast to the above result, there is a non-local 1-DMA that recognizes the
language L = {a; ...a, € D* | a; = a,}, which is clearly not WA-recognizable. Figure
3.5 shows the inclusions that hold between DMA and DWA.
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Data Monoids

It is known that finite monoids correspond to finite automata over finite alphabets
in the sense that both formalisms accept the same class of languages. However finite
monoids are very weak when used to accept languages over an infinite alphabet. For
example the language {ab € D* | a = b} cannot be accepted by a finite monoid.
Hence a class of infinite, but well behaved monoids is needed if the algebraic theory
of languages is to be transferred to data languages.

Bojaniczyk introduced such a class [Boj11]. The idea is to consider monoids that
are infinite, but in which many elements behave in a very similar way. The concept
of a group action is used to model these symmetries between monoid elements.

Recall that a group is a monoid in which each element x has an inverse x~!
satisfying x -zt =271 -x = 1. A group action of a group (G,-,e) on a set X maps
each group element g € G to an function g on X such that

S

e g-h=go h for all g,h € G, where o denotes functional composition,
e ¢ is the identity function on X.

Intuitively, a group action is a mapping from group elements to functions that
preserves the structure of the group.

In a similar way, we can also define a group action of a group on a monoid
(instead of a set). This action should not only preserve the structure of the group,
but also of the monoid. Formally, group action of a group G = (G, ®,€) on a monoid
M = (M, 1) is a function ~ that maps every g € G to an automorphism g on M.
That is, for all g,h € G and all elements s,t € M, we have

1. goh=goh,

2. ¢ is the identity function on X,

3. 9(s)-9(t) = g(s-t), and

4. g(1) =1, where 1 is the identity of M.

Example 3.7. Consider the free monoid ((D x A)*,-) consisting of all finite words
over Dx A equipped with the operation of juztaposition (the empty word € playing the
role of the identity). The group Gp of permutations on D acts on the free monoid
when the action is defined by 7((di,a1)...(dn,a,)) = (7(d1),a1)...(7(dn),a,).
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We will define a data monoid to be a special monoid that is acted upon by a
group of data renamings. Given a set C' € D of data values, a (data) renaming on
C' is a permutation on C' that is the identity for all but finitely many values of C.
We denote by G¢ the set of all renamings on C'.

We say that a renaming 7 is a stabilizer of an element s of a monoid M acted upon
by G, if 7(s) = s. A set C' ¢ D of data values supports an element s if all renamings
that are the identity on C' are stabilizers of s. It is known that the intersection of
two sets that support s is a set that supports s as well [Boj11, GP02]. Hence we can
define the memory of s, denoted mem(s), as the intersection of all sets that support
s. Note that there are finite monoids whose elements have infinite memory (see
[Bojl11] for an example). On the other hand, monoids that are homomorphic images
of the free monoid contains only elements with finite memory. As we are interested
in homomorphic images of the free monoid, we will consider monoids whose elements
have finite memory (this property is called finite support axiom and the resulting

algebraic objects data monoids).

Definition 3.8. A data monoid M = (M,-,") over C' is a monoid (M,-) that is

acted upon by G¢, in which every element has finite memory.

Unless otherwise stated, data monoids are defined over the set D of data values.
Recall from Section 3.2.1 that the two-sided Myhill-Nerode equivalence =j €
D* x D* of a language L c D* is defined by u =, v iff for all w,w’ € D*

wuw' €L iff wow'elL.
We denote by =, the lifting of =, to orbits. That is, we define
wzpv iff there is a data renaming 7 such that u =y, 7(v)

The syntactic data monoid can be defined is the obvious way:

Definition 3.9 (Syntactic Data Monoid). The syntactic data monoid of L is the
data monoid (M,-,") where M is the set of =p-classes, concatenation is defined by
[u]=, - [v]s, = [uv]z, and the action is defined by T[u]=, = [T(u)]=, for all words u,

v and data renamings T.

Language acceptance by a data monoid can be defined in the usual way: A data
language L ¢ (D x A)* is recognized by a data monoid M = (M,-,") iff there is a
homomorphism h: (D x A)* - M and a subset F' € M such that w e L iff h(w) € F.

Note that every language is accepted by its syntactic data monoid.
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We will now define two important concepts of data monoids — orbits and data orbits.
The orbit of an element s of M = (M, -, ") is the set of all elements 7(s) with 7 € Gp.
Note that two orbits are either disjoint or equal. We say that M is orbit finite if it
contains finitely many orbits. It is easy to see that if two elements are on the same
orbit, then their memories have the same size. Hence an orbit finite data monoid
has a uniform bound on the size of the memories (this is not true for arbitrary data
monoids).

The data orbit of a data value a € D with respect to a data monoid element
m € M is the set of data values b such that b = 7(a) for some stabilizer 7 of m. We
write a ~,, b if @ and b are on the same data orbit with respect to m. The following

propositions gives an alternative characterization of the memorable values:

Proposition 3.10. Let M be a data monoid. A value a is memorable for an element

m € M iff the data orbit of a with respect to m s finite.

Proof. We first note that a value a is memorable for m € M iff there is a data
renaming 7 such that 7(a) # a and 7(m) # m. To show the proposition we first
assume that the orbit of a with respect to m is finite. Then there is a data renaming
7 such that 7(a) # a. Then, by the definition of a data orbit, it must hold that
7(m) # m (otherwise 7(a) would be on the data orbit of a with respect to m). For
the other direction assume that the data orbit of a is infinite. Then the condition
‘for all data renamings 7, if 7(a) # a then 7(m) = m’ is trivially satisfied. It follows

that a is not memorable for m. O

A further important lemma about memorable values is the following. Its proof

can be found in [Boj11].

Lemma 3.11 (Memory Lemma). Let M be a data monoid and let x € M. If T is a

data renaming that fives mem(z) element-wise then 7 fixes x.

As already noticed in [Bojl1], a relevant part of Green’s theory [Gre51, Pinll],
which holds for finite monoids, can be lifted to orbit finite data monoids. The basic

Green’s relations <z, <r, <7 associated with M are the preorders defined by:

s<ptiff s-Mct-M
s<pt iff M-scM-t
s<gt it M-s-McM-t-M.

We denote by R, £, J the corresponding equivalence relations (e.g., s J t iff s <7 ¢
and t <7 s) and we define an additional fourth relation H defined by s H ¢t iff s R ¢
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Figure 3.6: Orbit finite data monoids lie between local DMA and DMA.

and s £ t. Given an element s of a data monoid M, we denote by R(s) (resp., L(s),
J(s), H(s)) the R-class (resp., L-class, J-class, H-class) of s.

We also lift the above relations to orbits, namely, for each K among R, L, J, we
denote by < the preorder relation such that s <g t iff s < 7(¢) for some renaming

7 € Gp. We do the same for the equivalence relations R, £, J, H.

We will later show that orbit finite data monoids accept exactly the languages that
can be defined in RMSO (Theorem 3.8). RMSO in turn is a syntactic fragment of
BRMSO, and we will later show that the languages defined in BRMSO is a strict
subset of the languages that are accepted by DMA. As it is easy to see that every
language that is accepted by a local automaton can be accepted by a finite orbit data
monoid, it follows that the expressiveness of orbit finite data monoids lies strictly

between the expressiveness of local automata and DMA.

3.2.4 Logics vs. Automata vs. Data Monoids

Regular languages over finite alphabets are very robust. For example many different

formalisms all define the same class of languages:
finite monoids = DFA = NFA = MSO

The languages defined by first-order logic is strictly contained in this class of lan-
guages. On data words however, the corresponding classes form a strict hierarchy

in expressiveness:
orbit-finite data monoids ¢ DMA ¢ NMA ¢ MSO

(The first inclusion is due to Theorem 3.8 and Proposition 3.73, the second is shown
in [KF94], the last in [NSV04]). In addition first-order logic is incomparable, even
to NMA: as with languages over finite alphabets, the set of all (data) words of even
length is clearly recognized by a O-register DMA, but it cannot be defined in first-
order logic. In Section 2.2.2 we gave an example of a language that can be defined

in first-order logic but that is not accepted by NMA. Figure 3.7 gives an overview
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'
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data monoids

Figure 3.7: Comparing the expressive power of automata with that of logics. All
intersections shown are known to be non-empty.

over the relationships between first-order logic, data monoids and variants of finite

memory automata.

3.3 Main Results

The goal of this chapter is to find algorithms that decide the following problem:

Given a language L that is accepted by an automaton or a monoid, and

a logic L, can the language L be defined in the logic L7

If this problem is decidable, we say that there is an effective characterization of L

with respect to the model of automata or class of monoids.

Undecidability. We start with some negative results. In particular, we show that
there can be no effective characterizations with respect to many automata models
for data languages, even for very weak logics. The automata models for which
we prove this are non-deterministic finite memory automata, two-way deterministic
finite memory automata, and a very weak version of pebble automata. The formal

statements of the theorems are:

Theorem 3.1. Let L be a logic that is at most as expressive as FO(~,<) and that
can define the universal language D*. The following problem is undecidable: Given

an 3-NMA A, can L(A) be defined in L?

Theorem 3.2. Let L be a logic that is at most as expressive as FO(~,<) and that
can define the universal language D*. The following problem is undecidable: Given
a 2-way DMA A with three registers or a weak 1-way DPA A with 3 pebbles, can
L(A) be defined in L?

The proofs of both theorems are by reduction from Post’s correspondence prob-

lem.
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Local Logics. We next consider local logics, that is, logics that can only compare
data values if these have a bounded distance. We show that these logics can be

characterized effectively with respect to deterministic finite memory automata.

Theorem 3.3. The following problem is decidable: Given a DMA A, is there an
[ € N such that L(A) is definable in FO(~¢,<)? If such anl exists, then the minimal
lo such that L(A) is definable in FO(~4,,<) can be computed. Analogous results hold
when < is replaced by +1.

The proof of the above theorem exploits that it is decidable whether a determin-
istic finite memory automaton A is local. If not, then we show that L(A) cannot
be defined in the local logic in question. Otherwise we reduce the problem to the
problem of deciding whether a finite automaton (over a finite alphabet) accepts a
language that is definable in first-order logic. The latter problem is known to be
decidable [Sch65, MPT71].

As a corollary we obtain that local non-uniform first-order logic can be charac-

terized effectively with respect to deterministic finite memory automata.

Corollary 3.12. The following problem is decidable: Given a DMA A, is there an
[ such that L(A) is definable in NUFO(~¢,<)? If such an | exists, then we can
compute the minimal ly such that L(A) is definable in NUFO(~4,,<). Analogous

results hold when < is replaced by +1.

Non-Uniform Logics. We then turn to non-uniform logics — that is, logics where
the formula depends on the size of the alphabet. We show that there is an effective
characterization of non-uniform first-order logic with respect to local deterministic

finite automata.

Theorem 3.4. The following problem is decidable: Given a local DMA A, is L(A)
definable in NUFO(~,<)?

The idea of the proof is again by reduction to the finite alphabet case: we show
that there is a number N such that a language L is definable in NUFO(~, <) iff the
restriction of L to a finite alphabet of size N is definable in first-order logic (over
finite alphabets). One direction is straightforward: if L is definable in NUFO(~, <),
then its restriction to a finite alphabet is clearly definable in FO(Dy,<). For the
other direction we assume that L cannot be defined in NUFO(~,<) and we show

that there is a number N such that L restricted to an alphabet of size N cannot be
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defined in first-order logic. We complete the proof by showing that we can bound
on the size of N.

We then show that the above theorem can also be shown for non-local DMA | if
the automaton has at most one register. We note that DMA with one-register are

incomparable in expressiveness to local DMA.

Theorem 3.5. The following problem is decidable: Given a DMA A with at most
one register, is L(A) definable in NUFO(~,<)?

First-Order Logics with Two Variables. In the preceding results we have
considered the case where the input language is accepted by some kind of automa-
ton. The main proof techniques in these results are minimization and Ehrenfeucht-
Fraissé-style games. We now turn to theorems whose proofs use algebraic techniques.
This is possible because we will consider languages that are accepted by finite orbit
data monoids. We start by providing an effective characterization the two variable

fragment of first-order logic over plain languages.

Theorem 3.6. Given a plain language L that is accepted by an orbit finite data
monoid, it 1s decidable whether L can be defined in first-order logic with at most two

variables.

The structure of the proof is similar to the proof of the corresponding theorem
over finite alphabets [TW98]. We show that an orbit finite data monoid recognizable
language can be defined in the two variable fragment of first-order logic iff the

accepting monoid is in a special class of data monoids called DA.

Rigid Logics The results on rigid logics are the most technically challenging re-
sults of this thesis. The first theorem is inspired by the results of Schiitzenberger,
McNaughton, and Papert.

Theorem 3.7. A language can be defined in rigidly-guarded first-order logic iff it
is accepted by an aperiodic orbit finite data monoid. In addition, the translations

between the two formalisms are effective.

The direction from left to right is proved by structural induction on the rigidly
guarded MSO formulas: the translation of the atomic formulas x < y, a(x), x € Y are
easy (at least towards non-aperiodic monoids) and the translations of the Boolean
connectives are as in the classical case. The translation of the existential closures

uses a powerset construction on orbit finite data monoids. Since data monoids are
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in general infinite objects, the standard powerset construction would yield infinitely
many orbits even if the original data monoid has finitely many of them. We address
this issue by showing that the languages defined by rigidly guarded FO are accepted
by orbit finite monoids via special morphisms, called ‘projectable morphisms’. This
allows us to preserve orbit finiteness. The most technical part of this direction of
the proof concerns the translation of the rigidly guarded data tests ¢(z,y) A z ~y.
The rigidity assumption on the guard ¢(x,y) is crucial for this result: if o(z,y)
were not rigid, then the data monoid recognizing [¢(z,y) Az ~y] would still be
orbit finite, but the morphism would in general not be projectable. The proof that
[p(x,y) A x ~y] is recognized via a projectable morphism requires a bit of analysis
since rigidity is a semantic assumption and hence one cannot directly deduce from
it a property for the data monoid. However, one can use the rigidity property for
“normalizing” the data monoid, allowing the construction to go through.

The proof of the other direction follows a structure similar to Schiitzenberger’s
proof that languages recognized by aperiodic monoids are definable by star-free
expressions (i.e., in first-order). Namely, the proof relies on an induction on the
structure of ideals of the data-monoid, the so called Green’s relations. This requires
specific study of this theory for orbit finite data-monoids. Such a study was initiated
by Bojanczyk [Bojl1], but we had to develop several new tools for our proof to go
through.

Our next result can be considered a counterpart of Biichi’s Theorem for orbit

finite data monoids.

Theorem 3.8. A language can be defined in rigidly-guarded monadic second-order
logic iff it is accepted by an orbit finite data monoid. In addition, the translations

between the two formalisms are effective.

The translation from formulas to monoids follows the same lines as the proof
of the corresponding direction of Theorem 3.7. The proof of the other direction is
straightforward in the case of classical languages of words. Indeed, a monoid can be
used as an automaton, and it is sufficient to write a formula which guesses a run of
such an automaton and check that it is valid and accepting. In the context of data
monoids, this is impossible. Not only is there no equivalent automaton model, but
furthermore, the above approach is intrinsically not compatible with the notion of
rigidity. We need a completely different approach.

From Theorem 3.8 we obtain that rigidly guarded MSO is decidable.
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Figure 3.8: The relationship between logics, automata and monoids for data word
languages.

Corollary 3.13. The satisfiability problem for rigidly guarded MSO logic is decid-
able. Moreover, one can decide whether a formula belongs to the rigidly guarded

MSO logic.

Our last result concerns the relationship between 3Jbackward-rigidly guarded

MSO and non-deterministic finite memory automata

Theorem 3.9. A language is definable in Ibackward-rigidly guarded MSO iff it is

recognizable by non-deterministic FMA.

The proof of this theorem is similar to the proof of Theorem 3.8. Figure 3.8

shows a visualization of some of our results.

3.4 Related Work

Our work is strongly related to the work in [Boj11]. There, orbit finite data monoids
are introduced, and the study of Green’s relations for data monoids is initiated. The
main result of [Bojl1] is that every language that is accepted by an aperiodic orbit
finite data monoid can be defined in first-order logic. This result is similar to one
direction in the proof of Theorem 3.7. However, first-order logic is considerable
stronger than rigidly guarded first-order logic (recall that it can define languages
that cannot be defined in non-deterministic finite memory automata). The makes

the result of [Bojl1] "easier” (in some sense) to prove than Theorem 3.7.
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Recently, effective translations between automata for data languages and logics
have been provided in [Bolll]. The data model considered there is distinguished
from the one considered here in that the data words in [Boll1] can have several data
values at each position. In addition, each data word is associated with a finite set of
binary predicates <. These predicates must satisfy restrictions that are very similar
to our notion of rigidity. In particular, for each data word w € A x DF and every
relation < there is an associated relation <% such that for all positions i,4’, 7, 5" of

w the following conditions hold:
e % complies with <, that is ¢ <* j implies that 7 < j,
e J% has out-degree at most one, that is, there is at most one k such that ¢ <% k,
e J¥ has in-degree at most one, that is, there is at most one k£ such that k<% i,

e ¥ is monotone, that is, if i 4% j and i’ < j" and w(i) = w(i') and w(j) = w(j’),
then i < i/ iff j < j'.

Two versions of monadic second-order logic are considered there: MSO logic that
can compare the data values as usual and a weaker version that can only compare
between values that are on the same position. The paper also defines a new model
of automata that can be considered as a combination of class memory automata
with registers automata. The main result of the paper is that the weak version of
existential monadic second-order logic can be translated into the automata model.
The paper also provides a translation from automata to MSO but this translation
is into the stronger version of MSO. Nonetheless, for the data model where each
position can only have a single data value, [Bolll] shows a precise correspondence
between a restriction of their version of MSO and fresh register automata of [Tzell].
Hence the version of MSO of [Tzell|, when restricted to data words with single
values at each position, is strictly more expressive than rigidly guarded MSO.
Monoids that accept data languages have first been studied in [BPT03]. There
the authors study a class of data word languages that is accepted by finite monoids.
The notion of acceptance is different from the notion that we use here. The authors
define a ‘register mechanism’ that processes a word from left to right and computes
for each prefix of the input word a monoid element and a register that can store
data values. The monoid element that is output after position ¢ of the input word
is computed from the monoid element for position ¢ — 1, the pair (a,d) € A x D
that labels position 7 — 1 of the input word, and a register that has been output for

position i—1. The register assignment for position ¢ is computed from the old register
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assignment and the current data value d. Acceptance of the monoid depends on the
last monoid element that the register mechanism produces. The authors show that
a language is accepted by a certain kind of automaton iff it is accepted by a finite
monoid via the register mechanism. We note that this class of automata can accept

languages that cannot be accepted by finite memory automata.

3.5 Towards Schiitzenberger for Data

Our goal in this section is to prove a theorem that is similar to a combination of
Schiitzenberger’s, McNaughton’s and Papert’s theorem. More precisely, we want to
find an effective characterization of first-order logic.

We start with some undecidability results in Subsection 3.5.1. We then show
effective characterizations of first-order logics with local predicates in Subsection
3.5.2 and of non-uniform first-order logic in Subsection 3.5.3. Finally we present an
effective characterization of rigidly guarded first-order logic with unrestricted data

equality and linear order in Subsection 3.5.5.

3.5.1 Undecidability Results

We start with a negative result. We show that there is no hope for achieving effec-
tive characterizations of fragments of FO(~,<) within several classes of languages
recognized by automata models stronger than DMA. We first consider the class of

languages recognized by NMA:

Theorem 3.1. Let L be a logic that is at most as expressive as FO(~,<) and that
can define the universal language D*. The following problem is undecidable: Given

an 3-NMA A, can L(A) be defined in L?

The proof is by reduction from the Post Correspondence Problem (PCP) and it
is along the same lines as the proof of Neven et al. that universality is undecidable
for NMA [NSV04].

Proof of Theorem 3.1. The proof is by reduction from the Post Correspondence
Problem (PCP). An instance of the PCP is a finite set of pairs of words I =
{(w1,v1),...,(wg,vg)} over a binary alphabet {a,b}. We say that I has a so-
lution if there is an m € N and a sequence of indices iq,...,%, < k such that
Wiy - Wi, = Uiy ... v, . 1t is known that the following problem is undecidable
[HMUO06]: Given a PCP instance I, does I have a solution?
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Let us fix a PCP instance I = {(wy,v1),..., (wg,vg)}. In [NSV04] Neven et al. en-
code a candidate solution of I of the form S = (w;,, ..., w;,;vj,,...,v;,), with n,m >
1 and d1,...,%m, J1,---,7n € {1,...,k}, by means of a data word enc(S) = sw e v,
where o € D is used as a delimiter and w and v are two words with no occurrences

of o. The words w and v represent the sequence w;,,...,w; and the sequence

vj,,...,vj, respectively. Neven et al. also prove that the following language, which
consists of all words that are not encodings of valid solutions of I, is recognized by

a 3-memory MA:

L?o-sol — {U e D*

if v =enc(.9), then S is not a solution of I}

By adopting a slightly modified notion of encoding, we can also allow encodings
of candidate solutions that start with arbitrarily long prefixes of the form of, with
o e D and i > 1. Accordingly, we modify the definition of the language L1**°! in
such a way that it contains all words that are not (generalized) encodings of valid

solutions of I.

L?o—sol — {Di .veD*

i >1 and if v = enc(S), then S is not a solution of I}

Note that Lo is still recognized by a 3-MA. Moreover, the following language is
also recognized by an MA:

Lodd — {D2j+1wD'U oc€ D, jEN, w,v € (D\ {D})*}‘

As MA are closed under union, there is a 3-MA that recognizes the language L; =
LIIIO—SOI u [edd

We now complete the proof of the theorem by showing that L; can be defined in
the logic L iff I has no solution. If I has a solution S, then we let u; be an encoding
of S of the form o’w o v, for all ¢ > 1. We then observe that usa ¢ L7 and g, € Lj.
Moreover, the two words s and uqe,; cannot be distinguished by any FO(~,<)
formula of quantifier depth d (the proof is a straightforward generalization of the
proof that a2’ and a2'*! cannot be distinguished by FO(<) formulas of quantifier
depth d — see, for instance, [Str94]). Therefore, since £ was assumed to be at most
as expressive as FO(~, <), no formula in £ can define L;. For the opposite direction,
we assume that [ has no solution. Then L; coincides with the universal language
D*, which can be defined in £ by hypothesis. m

Below, we show that similar negative results hold for two-way deterministic finite-

memory automata (2-way DMA) and for the weakest variant of pebble automata,
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namely, weak one-way pebble automata (weak 1-way DPA). The proof of the fol-

lowing result is similar to that of Theorem 3.1.

Theorem 3.2. Let L be a logic that is at most as expressive as FO(~,<) and that
can define the universal language D*. The following problem is undecidable: Given
a 2-way DMA A with three registers or a weak 1-way DPA A with 3 pebbles, can
L(A) be defined in L?

Proof Sketch. We first prove the claim for 2-way 3-register DMA. We claim that
there is a 2-way DMA Ag,, that recognizes the language

Lawp = { owow ‘ ow contains only pairwise distinct symbols}.
Indeed, Aqyp can check that the following properties hold:
1. The input word is of the form ow o wv.
2. ow and ov contain only pairwise distinct symbols.
3. a, b are neighbors in ow iff a, b are neighbors in ov.

Making use of a construction in [NSV04], it is easy to see that, for any given PCP
instance I, there also exist a 2-way 3-DMA that recognizes the language L1°*°!. The
rest of the proof is along the same lines of the proof of Theorem 3.1.

As for 1-way DPA, in [NSV04] it is shown that there is a 1-way DPA A% that

recognizes the language
L = {v eD* ‘ v encodes a solution of I}.

Since L' is the complement of L1l and 1-way DPA are closed under complement,
there is a 1-way DPA with 3-pebbles that recognizes L1**°! as well. The rest of the

proof is again similar to the proof of Theorem 3.1. O]

3.5.2 Characterization of Local First-Order Logic

We start this section with a simple, but very useful proposition. It shows that the
languages that can be defined in local-MSO are precisely the languages that can
be accepted by local DMA. It follows that local DMA are closed under all boolean
operations, projection, concatenation, and Kleene star. The proposition will also
allow us to reduce definability problems on local automata to definability problems

on finite automata.
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Proposition 3.14. A language L can be defined in l-local MSO iff it can be recog-
nized by a l-local DMA.

Proof. We first give some preliminary definitions. Given a natural number [, we
denote by T, the finite alphabet that consists of all -types of words of length at
most [. Given a data word w = a;...a, € D*, we then denote by absq(w) the
word «; ..., over the finite alphabet T,;, where q; is either the 2-type of the prefix
ai ...a; or the z-type of the subword a;_;,; ...a;, depending on whether 7 <[ or i > [.
Similarly, given a data language L ¢ D*, we denote by absq(L) the language over
T, that contains all and only the words of the form absg(w), with w € L.

We show that MSO(~g,+1) is exactly as expressive as MSO(7y;, +1) up to the
encoding of data languages via abs;. More precisely, a data language L is definable
in MSO(~;, <) iff absg (L) = {absq(w) | w € L} is definable in MSO(7y;, <): Suppose
that L is defined by an MSO(~g,<) sentence ¢. We define a mapping f from
MSO(~g, <) formulas to MSO(Ty;, <). f is defined by structural induction: We first
consider atoms of the form z ~; y, with ¢ <[. Let U; be the subset of T,; that consists
of all and only the 2-types of words a;...a, such that i <n <[ and a,,_; = a,. We
then define

fl~y) = (y=x+i)a \ a(z)

ael;
The definitions in the remaining cases are as follows: f(z <y) = (z <y), f(=¢) =
~F(9), F(&n¥) = F(8) A F(¥), F(Fug) = Faf(¢), and F(3X¢) = IXF(6). A
straightforward proof by induction shows that f satisfies the following property: for
every MSO(~, <) formula ¢ with free variables z1,...,z,, X1,..., X,,, every data
word w € D*, every n-tuple of positions iy,...,4, < |w|, and all unary predicates
Py,....P,c{1,... |w|}, we have

(w,il,...,in,Pl,...,Pm)I:w lff (absgl(w),z'l,...,in,Pl,...,Pm)t:f(z/J).

In particular, this shows that f(¢) defines exactly the language abs(L). The proof
for the other direction exploits similar arguments and is omitted.

Next, observe that any I-DWA A can be thought of as a deterministic finite au-
tomaton (DFA) over the finite alphabet T,;. In particular, any realizable -DWA that
recognizes L also recognizes absg (L) when it is considered as a DFA. From the equiv-
alence of finite automata and MSO over finite alphabets, it follows that abs (L)
is recognized by a realizable [-DWA A when considered as a DFA in MSO(Ty;, <).
Moreover, the latter property holds iff absq(L) is definable L is accepted by an
[-local DWA. Finally, by Proposition 3.6, [-DWA are exactly as expressive as [-local
DMA. O
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In the rest of this subsection we give effective characterizations for first-order
logics with local predicates, namely, FO(~;,<) and FO(~;,+1). There are actually
two variants of the definability problem for each of these logics. The first variant
takes as input a DMA A and a number | and asks whether L(A) is definable in
FO(~, <) (resp., FO(~;,+1)). The second variant takes as input a DMA A and asks
whether there is a number [ such that A is definable in FO(~;, <) (resp., FO(~;, +1)).
The following theorem shows that both variants of the definability problems for
FO(~;,<) and FO(~;, +1) are decidable.

Theorem 3.3. The following problem is decidable: Given a DMA A, is there an
[ € N such that L(A) is definable in l-local FO(~,<)? If such an [ exists, then
the minimal ly such that L(A) is definable in ly-local FO(~,<) can be computed.

Analogous results hold when < is replaced by +1.

Proof of Theorem 3.3. We will only prove the claim for [-local FO(~,<). The proof
for the case of the successor relations follows the same lines.

In Chapter 2 we have shown that, given a DMA A, one can compute an equivalent
canonical DMA. We thus assume that A is a DMA already in canonical form. By
Proposition 3.4, one can check whether A is local and, in such a case, compute the
minimum number [y such that A is [p-local. We distinguish two cases.

First assume that A is not local, that is it is not [-local for any [ € N. Then it
follows from Proposition 3.14 that L(A) cannot be defined in [-local MSO for any
[ € N. This implies that L(A) cannot be defined in local FO.

Hence we can assume that A is [-local for some [ € N, and we assume that this
[ is minimal. Then we can check whether L(A) can be defined in [-local FO by
reducing the problem to a problem on finite automata as follows: By Proposition
3.6, one can compute an [-DWA B that is equivalent to A. We can further assume
that B is realizable. We denote by FO(Ty;,<) the first-order logic over the finite
vocabulary T¢;. A similar argument as in the proof of Proposition 3.14 shows that
L(B) is definable in [-local FO(~,<) iff abs(L(B)) is definable in FO(T, <) (abs
is defined in the proof of 3.14). This reduces the problem of deciding whether
L(A) is FO(~,,<) decidable to an analogous problem over DFA. It was shown in
[Sch65, MPT71] that the latter problem is decidable.

We claim that Algorithm 3.9 provides a decision procedure to test membership
in local FO(~,<). To show that Algorithm 3.9 is correct, we need to show the

following:

1. If Ais [-local and [ is minimal, and L(A) can be defined in [-local FO(~, <),
then there is no !’ <[ such that L(.A) can be defined in {’-local FO(~, <).
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Algorithm 2: CHECK MEMBERSHIP IN LOCAL-FO(A)

input: A DMA A that accepts a language L over (D, ~)
output: A minimal [ such that L is definable in I-local FO(~,<) or “no”.

Test whether A is local using Proposition 3.4.
if A is not local
then return L cannot be defined in local FO(~,<).
if A is local
Compute the minimal [ such that A is [-local using Proposition 3.4.
Check whether L can be defined in I-local FO(~, <).
then <if L can be defined in /-local FO(~, <).
then return [ is minimal s. t. L is definable in [-local FO(~,<).
else return L cannot be defined in local FO(~,<).

Figure 3.9: An algorithm for deciding whether the language accepted by an DMA
can be defined in local-FO(~, <).

2. If Ais(-local and [ is minimal, and L(A) cannot be defined in I-local FO(~, <),
is there is no I’ > [ such that L(.A) can be defined in {’-local FO(~, <).

We show the two statements in the following two claims respectively. The first

statement follows from Claim 1 below.

Claim 1. If a the language L can be defined in l-local FO(~,<), then the
canonical DMA Ay, of L is l-local.

Proof of Claim 1. We show the contrapositive. Hence suppose that A is
a canonical DMA that is not [-local and let L be the recognized language.
By definition, there is a word v of length [ and two configurations (p,a)
and (q,b) such that v4(p,a) = (¢,b) and b contains a value a that does
not occur in w. Clearly, a occurs in a. Let w be a word that induces a
run of A from the initial configuration to the configuration (p,a) (such a
run exists since all states of A are reachable). Now, recall that a canonical
DMA stores only memorable values. Since a is stored after reading w - v,
then a is L-memorable in w -v. Thus, by definition of memorable value,
there is a data word s and a value b such that w-v-s #, w-v-7,,(s).
As a does not occur in v and |v] = [, one can show, using a simple game-
theoretic argument, that w-v-s and w-v-7,,(s) can not be distinguished

in FO(N1,<). O]
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The second statement follows from Claim 2 below.

Claim 2. Let A be an l-local DMA. If L(A) is not definable in l-local
FO(~,<), then L(A) is not definable in l'-local FO(~,<) for all I’ > 1.

Proof of Claim 2. We prove the claim by induction on I’ —[. The base case
I'=1=0is trivial. Let I’ > [ and assume that L = L(A) is not definable
in FO(~g,<). We have to prove that L is not definable in (I’ + 1)-local
FO(~,<) either. Let us fix an arbitrary natural number d for the quantifier
depth of formulas. Since there exist no FO(~g, <) formula of quantifier
depth d that defines L, there exist two words w and v such that (i) w € L,
(ii) v ¢ L, and (iii) Duplicator has a winning strategy in the d-round I’
local FO(~,<)-game on w and v. Below, we show that there exist two
corresponding words w € L and v ¢ L and a winning strategy for Duplicator
in the d-round (I’ + 1)-local FO(~,<)-game on @ and ¢ (this implies that L
cannot be defined by any FO(~,1,<) formula of quantifier depth d).

We first define w starting from w. Suppose that w = a;...a, and that
there are two positions z and y such that such y = z + (I' + 1), a, = a,,
and a, # a, for all intermediate positions z with * < z < y. Let w' =
aj ...y 1 'Tay7b(ay ...ay), where b is a fresh value that does not occur in w.
Observe that for any two positions z’ and g/, with 2’ <y’ <’ +[’, we have
w(z') = w(y") iff w'(z") =w'(y'). In addition, since absq(w) = absq(w’),
we have w’ € L. By iterating the above construction, one obtain a word w

from w such that

1. wel;
2. if y <z +1', then w(z) = w(y) iff w(z) = w(y);
3. ify=a+ (I'+1), then w(z) + w(y).

A similar construction can be used to obtain a word ¢ ¢ L from v that

satisfies properties analogous to 2. and 3. above.

We now show that the same strategy used by Duplicator to win the d-round
I'-local FO(~,<)-game on w and v can be used to win the d-round (I’ +1)-
local FO(~, <)-game on @ and ©. Suppose that the play in the (I’ +1)-local
FO(~,<)-game on @ and v has progressed up to the i-th round and that
the pebbles lie at positions x1,...,z; in w and at positions y,...,y; in v.

Suppose that Spoiler places a new pebble at position x;,; in @ (the case of
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a new pebble placed at position y;,; in v can be dealt with by symmetric
arguments). Duplicator must respond by choosing a suitable position y;,1
in o in such a way that the two resulting structures (w,zy,...,2;41) and
(v,y1,--.,Yi+1) satisfy the same atomic formulas in (I’ + 1)-local FO(~,<).
Due to Property 2 above, the configuration reached after Spoiler’s action
can be viewed as a configuration in the I-local FO(~,<)-game on w and
v. Duplicator can thus respond by using the winning strategy in that
game. This guarantees that the two resulting structures (w,zq,...,Ti1)
and (v,y1,...,Yi+1) satisfy the same atomic formulas in ’-local FO(~, <).
From Property 2, it then follows that (w,x1,...,z;1) and (0,41, .., Yis1)
satisfy the same atomic formulas in I’-local FO(~,<). Finally, from Prop-
erty 3, the same holds for the atomic formulas in (I’ + 1)-local FO(~, <).
This shows that @ € L and © ¢ L cannot be distinguished by any (I’+1)-local
FO(~,<) formula of (arbitrary) quantifier depth d and hence L cannot be
defined in (I’ + 1)-local FO(~,<). O

This concludes the proof of Theorem 3.3. O]

As an example, consider the 3-local DMA A equivalent to the 3-DWA depicted in
Figure 3.4: if thought of as a DFA, such an automaton contains a counter over the
~-type [aba], where a # b. It can then be proved that the data language L(.A) cannot
be defined in [-local FO(~,<), for any [ € N. However, it is easy to see that in fact
L(A) can be defined by a non-local FO(~, <) formula.

The next proposition will allow us to derive decidability of I-local NUFO(~, <)
within DMA. It shows that definability in the local FO(~ <) is equivalent to definabil-
ity in local NUFO(~, <), provided that we restrict to DMA-recognizable languages.

Proposition 3.15. Let L be a language recognized by a DMA and let l € N. L can be
defined in l-local NUFO(~,<) iff it can be defined in l-local FO(~,<). An analogous

result holds when < is replaced by +1.

We do not know whether Proposition 3.15 also holds for the non-local logics FO(~, <)
and FO(~,+1).

Proof of Proposition 3.15. We fix a k-DMA that recognizes L and [ € N. We prove
the proposition in the case of signatures with the order <. The interesting direction
is from left to right. Our proof is by contraposition, hence we assume that L cannot
be defined in [-local FO(~,<). Then, for each d € N, there exist two words w and
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v such that w e L, v ¢ L, but w and v cannot be distinguished by [-local FO(~, <)
formulas of quantifier depth d.

We will show that there is a pair of words w’ € L, v' ¢ L that are over a small
alphabet (whose size does not depend on d) and w’ cannot be distinguished from w
by l-local FO(~,<) formulas of quantifier depth d (and likewise for v and v’). This
will imply that L cannot be defined in [-local NUFO(~, <).

Let w=ay...a, be a word with more than k + [ different values and let

(Po,@0) = - = (Pn, @)

be a run of A on w. Now consider a minimal prefix a; ... a,,, m < n of w that contains
k +1 different values. Clearly (a) m must be at least k+1, (b) a; ...a,, must contain
less than k +( different values, and (c) a, # a; for all i < m. By (c) a,, cannot be in
the register assignment a,,_; of A after step m—1. In addition there must be a value
ain aj ...a,_; that appears neither in a,,_; nor in @,,_;_1 ... a1 (this follows from
(a) and (b)). Then A cannot distinguish w from wy = a1 ... am-1 - Tap,.a(Wm - - - ap)
and thus w; € L. In addition, for all positions x,y in w, the two structures (w, z,y)
and (w', x,y) satisfy the same set of atomic [-local FO(~,<) formulas. Thus, w and
wy cannot be distinguished in [-local FO(~, <).

By iterating the above construction one can obtain a word w € L that cannot be
distinguished from w by any l-local FO(~, <) formula. Moreover, w contains at most
k + [ distinct symbols. Using the same argument, one can obtain a word v ¢ L over
an alphabet of size [ that cannot be distinguished from v by any [-local FO(~,<)
formula. Since w and v cannot be distinguished by I-local FO(~,<) formulas of
quantifier depth d, by transitivity the same holds for @ and 2.

Now, let D be a finite alphabet that contains all symbols in @ and in v. Since
we LnD* and w ¢ Ln D*, it follows that no l-local FO(~,<) formula can define
Ln D* and hence L is not [-local NUFO(~, <) definable. O

The next corollary follows from Theorem 3.3 and Proposition 3.15.

Corollary 3.12. The following problem is decidable: Given a DMA A, is there
an | such that L(A) is definable in l-local NUFO(~,<)? If such an l ezists, then
we can compute the minimal ly such that L(A) is definable in ly-local NUFO(~,<).

Analogous results hold when < is replaced by +1.
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3.5.3 Characterization of Non-Uniform FO

In this section we look for an effective characterizations of NUFO(~, <). Precisely, we
will show that definability in NUFO(~,<) is decidable for languages recognized by
local DMA and 1-memory DMA (these two models are incomparable in expressive

power).

Theorem 3.4. The following problem is decidable: Given a local DMA A, is L(A)
definable in NUFO(~,<)?

The idea of the proof is to show that L = L(A) is definable in NUFO(~,<) iff
there is some n € N that can be computed from A such that the restriction L, =
Ln A, of L to an alphabet A, of size n is definable in FO(A,,<). The latter
statement is decidable because L,, is a regular language over a finite alphabet and
an effective characterization of regular language definable in FO(A,,,<) is known
from [Sch65, MP71]. One direction of this claim is straightforward: if L is definable
in NUFO(~, <), then L, is clearly definable in FO(A,,, <). For the opposite direction,
we assume that L is not definable in NUFO(~,<). In this case, one can prove that
there is a (potentially very big) number N such that Ly = Ln Ay cannot be defined
in FO(Ay, <). It follows from [Sch65, MP71] that the minimal DFA A, recognizing
L, has a counter. We then prove that there is a (potentially) much smaller alphabet
A,, for which the minimal DFA A, recognizing L, = L n A, has a counter. Thus L,,
cannot be defined in FO(A,,, <).

Proof of Theorem 3./. Before we start with the main part of the proof we will show
three claims. The following claim shows that for all m € N, FO(~,<) interpreted
by words over a finite alphabet A,, of size m has the same expressive power as

FO(A,,,<) when restricted to isomorphism closed languages.

Claim 1. Let L € D* be an isomorphism closed language and let m € N.
Then Ly, = LnAY, can be defined in FO(~,<) over A, iff L, can be defined
in FO(A,,<).

Proof of Claim 1. First assume that there is an FO(~,<) formula ¢ that
defines L,, € Ay,. Let ¢ be the FO(A,,,<) obtained from ¢ by replacing
every occurrence of x ~ y by Vaea, a(z)Aa(y). A simple proof by structural
induction shows that v defines L n A% .

For the other direction, let 1) be an FO(A,,,<) formula that defines L,,.

We assume that v is of the form Qqx1...Q,z,.0 where each Q;, i < r is
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a quantifier and 0 is a quantifier-free formula. Note that negations can
be removed from 6 by first pushing them down to the atoms and then
replacing every literal —a(z) by Veea,,«{a} 0(2). Hence, we can assume 6 to
be in positive disjunctive normal form, namely, 6 is a disjunction of clauses,
where each clause is a conjunctions of positive atoms. Moreover, we can
assume that no clause contains two conjuncts of the form a(z) and b(x),
with a # b. Therefore, the symbols of A,,, induce a partition of the variables
that occur in each clause. Assume that 6 contains exactly x clauses and,
for each 1 <i <z, let X, be the set of all variables that occur in the i-th

clause with the predicate a. We define

i<z aelAy, a,beAy,, axb
xryEXi,a xEXi,avyEXi,b

é:\/( AN (x~y) A A (x”“y))

By exploiting the fact that L is closed under isomorphism, one can show
that Q11 ... Q,z,. 0 is equivalent to Qiz1 . ..Q,x,. 0. O

Recall that a counter of a deterministic finite automaton B is a sequence q1, ..., ¢n

of states of B such that m > 1 and there is a word w that moves B from state ¢; to

state ¢i+1 mod m:
w w w
qg1 —~>q2...qm-1 > qm — q1

We now introduce a similar concept for finite memory automata. A counter of
a DMA A is a sequence C = (p1,a1), .., (Dm,am) of configurations of A4 such that
m > 1 and there is a word w that moves A from configuration (p;,a;) to configuration
(Pis1 mod ms@ir1 mod m)- In this case we also say that C is a counter for w.

It follows from the next claim that a local DMA has a counter for a word over a

small alphabet whenever it as any counter.

Clavm 2. Let A be a l-local DMA with k registers. If A has a counter
C=(p,a1),-.,(pm,am) for a word w, then C is a counter for a word w

over an alphabet A of size kI + 1.

Proof of Claim 2. Let A’ be a set of data values that appear in aq, ..., a,,.
The point of the claim is that the size of A’ is independent from m. This
is due to the fact that Ay, is local, hence a; can only contain symbols in the
[-suffix of w. For this reason |A’| <1 and we can pick A to be a superset of
A’ that has size kl + 1.
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The rest of the claim can be proved using the same technique that was
used in the proof of Lemma 2.9. The idea is to consider the leftmost
position 7 < j in w = by...b; that is labeled by a value b; ¢ A. Consider
the set C’ of configurations that A reaches by reading b ...b;_; starting in
a configuration in C. It is clear that C’ can only contain values in A. We

then consider the word
w’ = b1 e bi—l : Tbi,b(bi e b])

where b is a value from A that does not occur in C’. Such a value always
exists because |C'| < kl and |A| = kl + 1. Using the same arguments as
in Lemma 2.9, we can show that C is a counter for w’. By iterating this
construction we obtain a word @ over the alphabet A for which C is a

counter. ]

We now show a claim that is concerned with the relationship between DMA’s with
counters and corresponding DFA’s with counters. We first need some definitions.
Let Eionf be the equivalence relation on the configurations of a DMA A defined by:
(p.a) =50 (g, b) iff for all words w

the configuration of A after reading w from (p,a) is accepting iff

the configuration of A after reading w from (g, b) is accepting.

We note that even if A is a minimal DMA then =G°"" might not be trivial. For
example the canonical DMA Ay accepting the language {abc € D* | ¢ € {a,b}}
has two different configurations after reading ab and ba respectively, that are Ei‘(’fbf—

equivalent.

Claim 3. Let Ap be a canonical l-local DMA with k registers accepting a
language L. For allm >1k+1, A has a counter consisting of Ei‘;"f-distinct

configurations iff the minimal DFA Braa,, accepting LnA,, has a counter.

Proof of Claim 3. We first show the more interesting direction from left
to right. Assume that m > [k + 1 and that A, has a counter C consisting
of Ec‘znf—distinct configurations. By Claim 2, C is also a counter for a word
over the alphabet A,, for n = kl+1. Now consider the finite automaton Ax,
that is obtained from restricting A to the alphabet A,: The states of Aa,
consist of pairs of the form (q,a) where ¢ is a state of A and S is a register

assignment over values in A,. The transitions Aa, can also be inferred
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from the transitions of A in an obvious way. It is clear that C is also a
counter of An, . It is also clear that Aa, accepts the language L n A, but
it is not the minimal DMA accepting L n A,, in general. However we know
from the theorem of Myhill and Nerode, that there is a congruence = on
the states of A, such that the minimal DMA By.a, that accepts Ln A,
can be obtained from Ax, by collapsing =-equivalent states. As the states
of Aa, are configurations of A, we can extend the definition of =5°* the
states of Aa, in the obvious way. It is obvious from the definition of =G
that ES&M coincides with =. Thus the fact that the states of Aa, that are
in involved in the counter C are Ef}l‘f‘f—distinct7 means that if we minimize
A, by collapsing states, then the states in C are not collapsed. It follows

that Brna, has a counter.

The proof of the other direction is omitted, because it is similar to the

direction from left to right, but slightly simpler. [

We are finally ready to prove Theorem 3.4, that is that one can decide, given a
DMA A, whether L(A) is definable in NUFO(~,<). Hence let A= (Q,q;, F,T) be
an [-local DMA with memory size k that accepts the language L = L(A).

L is definable in NUFO(~, <) iff L, is definable in FO(A,,,<) for n=1k+1. (x)

Here FO(A,, <) denotes classical first-order logic with predicates of the form = <y
and a(z), for all a € A,, where A, is an alphabet of size n. Note that Theorem
3.4 follows from (*) because (i) L, is a regular language over a finite alphabet and
(ii) it is known from [Sch65, MPT71] that the problem of checking whether a given
regular language is definable in classical first-order logic is decidable.

Hence we will prove (). If L is definable in NUFO(~, <), then L, is definable in
FO(~,<) by definition, and in FO(A,, <) by Claim 1. To show the other direction
assume that L is not definable in NUFO(~,<). Then, there is some (possibly big)
number N € N such that Ly cannot be defined in FO(~,<). Due to Claim 1 we
know that in fact Ly cannot be defined in FO(Ay,<). If N <n then we are done.
Hence we will assume that N >n. As Ly is a regular language there is a minimal
finite automaton By, accepting Ly. Due to results of McNaughton, and Papert we
know that By, must have a special cycle called “counter” [MP71]. By Claim 3 we
know that A has a counter C involving only Eionf—distinct configurations. Now we
can use Claim 2 to deduce that C is a counter for a word w over the alphabet A,

with n = kl + 1. We apply Claim 3 for a second time to deduce that the minimal
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DFA By, that accepts the language L n A, has a counter. Hence it follows that
LnA, cannot be defined in FO(A,,, <) [MP71]. Applying Claim 1 for a second time
we get that L n A, cannot be defined in FO(~,<). We have just shown (%), which
concludes the proof of Theorem 3.4. n

Below, we show that the analogous problem is decidable for 1-memory DMA. Ob-
serve that 1-DMA are incomparable with local DMA: On the one hand, the language
of all words where the first value is equal to the last one is recognizable by 1-DMA|
but not by local DMA. On the other hand, the language of all words where the third
value is equal to either the first value or the second value is recognizable by local
DMA, but not by 1-DMA.

Theorem 3.10. The following problem is decidable: Given a DMA A with at most
one register, is L(A) definable in NUFO(~,<)?

The proof exploits, first, the fact that it is decidable whether a given DMA A
is local. If A is local, then Theorem 3.4 can be applied and we are done. If A is
not local, then A must contain certain ‘non-local cycles’. By distinguishing several

cases, depending on the way these cycles occur in A, it can be decided whether A
is definable in NUFO(~, <).

Proof of Theorem 3.10. The proof is by case analysis. Let A = (Q,q;, F,T) be a
canonical 1-DMA that recognizes a language L.

We distinguish two types of transitions in A: those for which the target memory
content is non-empty and it does not depend on the input value (namely, those
triples (p, [ab], E,q), with p,q € Q1, a #+ be D, and E = {2}), and those for which
the target memory content is either empty or it is uniquely determined by the input
value. We call the former type of transitions non-local and the latter type local.
From the proof of Proposition 3.4, we recall that the period of a simple loop C' in A4
is the number of its states and C' is local iff it contains at least one local transition.
Moreover, we say that two simple loops intersect if they share at least one control
state.

We now distinguish between the following three cases:
1. there is a non-local simple loop in A with period strictly greater than 1;

2. there is a simple loop in A with period strictly greater than 1 that intersects

a non-local simple loop (with period 1);
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3. for every pair of intersecting simple loops in A, either both loops are local, or
both have period 1.

In the sequel, we prove that, in each of the above cases, there is an effective procedure
that decides whether the language L is definable in NUFO(~, <) (in fact, in the first

two cases, the procedures turns out to be trivial, namely, they always return false).

Clawvm 1. If A contains a non-local simple loop of period strictly greater
than 1, then L is not definable in NUFO(~,<).

Proof of Claim 1. Let C' be a non-local simple loop in A of period m > 1
and let pq,...,p, be the sequence of states in C' ordered according to the
transitions that connect them. Since non-local transitions do not modify
the memory content and C contains only non-local transitions, we know

that there exist two words w and v such that

(i) A reaches C after reading w, formally w(qs,€) = (p1,a)

(ii) A cycles through C' by reading repetitions of v, formally v4(p;,a) =

(Pis1 mod m,a) for all i <m.

Let N be the number of distinct values that occur in w and in v. Below,
we prove that Ly = L n Ay is not definable in FO(Ay, <), and hence, by
Theorem 3.4, L is not definable in NUFO(~, <).

Suppose, by way of contradiction, that there is an FO(Ay, <) formula ¢ of
quantifier depth d that defines the language Ly. Since A is in canonical
form C' features at least two different states, say p; and p,, we know from

the results presented in Section 2.5 that there is a word s € A} such that
(w-vmd-s) *r (w-vmd”-s).

To obtain a contraction it is sufficient to show that ¢ cannot distinguish
between the two words (w cpm? s) and (w cpmTHL . s). This can be done
by exploiting the fact that ¢ has quantifier depth d and by using the fol-
lowing game argument: Duplicator has a winning strategy in the d-round
Ehrenfeucht-Fraissé game for FO(Ay, <) interpreted over (w cpm? 3) and

(w cpmieL. s). ]

Claim 2. If A contains a simple loop of period strictly greater than 1 that
intersects a non-local simple loop with period 1, then L is not definable in

NUFO(~,<).
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Proof of Claim 2. Let C be a simple loop with period m > 1 and let C' be
a non-local simple loop with period 1 that intersects C. Let p be a control
state shared by the two loops C' and C" and let ¢ be the successor of p in
C. Clearly, since C' and C" are distinct, we have p # ¢. Now, let u be an
infinite word that eventually cycles through C'. By using a simple counting
argument, one can find a memory content a, a prefix w and a subword v of
u such that

(i) wA(gr,€) = (p,a),
(ii) vA(p,a) = (p,a).

This means that the infinite word w-v* eventually cycles through C', exactly
as u does. Let N be the number of distinct values that occur in w and in
v. Below, we prove that Loy = LnAgy is not definable in FO(Ayy, <), and
hence, by Theorem 3.4, L is cannot be defined in NUFO(~, <).

Suppose, by way of contradiction, that there is an FO(Asy, <) formula ¢
that defines the language Loy = L n Aj,. Let d be the quantifier depth
of ¢ and let v’ be an isomorphic copy of v consisting of fresh values from
Aoy N Ay (thus, v and v’ feature disjoint sets of values). By construction,
we have that (v/)4(p,a) = (p,a), as it happens for v. However, while v
follows the transitions in C, v’ follows the unique transition of C’. In
particular, we have (v(1))#(p,a) = (q,b), for some memory content b, and
(v'(1))4(p,a) = (p,a) (note that since C" is a non-local simple loop, the
transition that consumes the symbol v/(1) does not modify the memory
content). We can then proceed as in the proof of Lemma 3.5.3, first showing

that there is a word s € AJ,, such that
(w- (v-v')*" s) #1 (w- (v-0')2+ . s).
and then showing that ¢ cannot distinguish between these words. [

Claim 3. Suppose that for every pair of intersecting simple loops in A,
either both loops are local, or both have period 1. Let B be the local DMA
obtained from A by removing all transitions of non-local simple loops (of
period 1) and of simple loops (of period 1) that intersect non-local simple
loops. We have that L is definable in NUFO(~,<) iff L(B) is definable in
NUFO(~,<).
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Proof of Claim 3. Let us fix, in A, a simple loop C of period 1 and a
non-local simple loop C” of period 1 that intersects C. Furthermore, let
(p,a, E,p) and (p,o’, E',p) be the transitions of C' and C", respectively,
and let A’ be the DMA obtained from A by removing these two transitions.
Since C" is non-local, we have that o’ is the 2-type of a word of the form
ab, with a # b. Moreover, since A is deterministic and C intersects C’, « is
the =-type of a word of the form aa (hence C' is local). This implies that .4
contains no transitions, other than (p,a, E,p) and (p,a’, E',p), departing
from state p (namely, p is a sink state in A’). Therefore, depending on
whether p is final or not, we have L = L(A’)- D* or L = L(A’). In both
cases, we have that A is definable in NUFO(~,<) iff L(A’) is definable in
NUFO(~, <).

To conclude the proof, it is sufficient to observe that the local DMA B
is obtained from A by iterating the above construction on each pair of
intersecting simple loops C' and C” of period 1, where C' is local and C" is

non-local. O]

Theorem 3.4, together with Claim 1, Claim 2, and Claim 3 finally gives a proof of
Theorem 3.10. O

3.5.4 Characterization of FO with Two Variables

We now turn to effective characterizations of data languages that are accepted by
orbit finite data monoids. We start with an effective characterization of the two

variable fragment of first-order logic, denoted FO?(~, <).

Theorem 3.11. Given a plain language L that is accepted by an orbit finite data
monoid, it is decidable whether L can be defined in FO?(~,<).

We first give a quick overview of what lies ahead. We define two further classes
of data languages — those that are accepted by a special class of data monoids, called
DA, and a class called “testable fringe languages”. We will show that membership
in the class accepted by monoids in DA is decidable. Then we will show that these
classes coincide with the data languages definable in FO?(~,<). This will conclude
the proof of Theorem 3.11.
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Data Monoids in DA

It is known that for each finite monoid M there is a number w such that z¢ is
idempotent for each x € M. We show that this statement carries over to finite orbit

data monoids. We note that this has already been observed by Bojariczyk [Bojl1].

Lemma 3.16. For each orbit finite data monoid there is a number w such that x¥

15 idempotent for each x € M.

Proof. We first show that for each x € M there is an w, € N such that x%= is
idempotent. As M has finitely many orbits there are distinct numbers n and m (we
assume n < m) such that " and 2™ are in the same orbit. Then there is a data
renaming 7 such that ™ = 7(2"). As a data renaming can only move finitely many
data values there must be a k such that 7% =id. Simple calculations show that if
w, = knm then x2¥= = gw=

It is easy to see that if z and y are on the same orbit then w, = w,. Hence we can
chose w to be the least common multiple of w,,,...,w,, where zy,...,z, contains

o

an element in each orbit of M. With this choice we get that z* = 22¢ for each

reM. O

Definition 3.17. For an orbit finite data monoid M, we denote by w the smallest

number such that x¥ is idempotent for each x € M.

Definition 3.18 (DA). A data monoid (M,-,”) is in DA iff for all x,y,z € M,

(vyz)* = (vyz)“y(zy2)”.

A language L is DA-recognizable if the syntactic monoid of L is in DA. The goal
of this subsection is to show that given an orbit finite data monoid M, it is decidable

whether M is in DA. The key ingredient is the following lemma.

Lemma 3.19. Let M be a finite orbit data monoid. For each number n there is
a finite subset N of M such that for all xq,...,x, € M there is a data renaming T
such that for all i <n, 7(x;) € N.

Proof. Let M be a data monoid with o orbits. We define two infinite sequences of
finite subsets of M, Ko ¢ Ky € ... € M and Ny € Ny € ... € M, by simultaneous
induction. First, Ky = Ny =@. For all j €N, K; = N;_; uO; where O; is a finite set
disjoint with K;_;UN,_; that contains an element in each orbit of M. In addition we
require that the elements in O; have pairwise disjoint memorable values and that for

all z € O;, the memorable values of = are disjoint from the union of the memorable
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values of N; 1. Let Cj = Uex, mem(x) and let II; be the set of all permutations on
C;. Let N; be the closure of K; under II;, that is N; = {7 (z) | 7 € II;, 2 € Kj}.

We now prove by induction on n that for all zq,...,x, € M there is a data
renaming 7,, such that for all i <n, 7,,(x;) € N,,. The base case, n = 1, holds because
Nj contains an element in every orbit of M.

For the induction step assume that there is a data renaming 7,_; such that for
all i <n, 7,,_1(x;) € N,_1. Let x,, be given and let x be an element in O,, that is in
the same orbit as z,,. Then there is a data renaming o such that x = 6(z,,). Let C
be the intersection of U;.,, mem(x;) with the memorable values of z,,. Also, let m be
the data renaming that is the identity everywhere outside o(C') U T,-1(C) and that
swaps o(c¢) with 7,,_1(c) for all ce C. We define

moo(a) if ae D\ U, mem(z;)

- (a) = {Tn_l(a) if a € Ujc, mem(;)

We need to show that for all ¢ < n, 7,,(x;) € N,. First consider the case i < n.
As 7,(a) = 1,-1(a) for all a € U;., mem(x;) it follows from the Memory Lemma 3.11
that 7,(z;) = Th_1(z;) € Nyo1 € N,. We now show that 7,,(x,) € N,. First note
that 7,,-1(c) = moo(c) for all ¢ € C. Thus 7,(d) = 7o o(d) for all d € mem(z,,)
which implies that 7,(x,) = 7 o 6(z,) because of the memory lemma. Next note
that 6(x,) =2 €O,. As 7 eIl,, it follows that 7,(z,) =T od(x,) € N,. O

Note that N can be constructed effectively from M. The previous lemma is of

interest because of the following corollary.

Corollary 3.20. Given an orbit finite data monoid M, one can decide whether M
1s in DA.

Proof. Let an orbit finite data monoid M be given and assume that N is the subset
of M that exists for the number 3 according to Lemma 3.19. We claim that M is
in DA iff for all z,y,2 € N, (zyz)¥ = (zyz)“y(zyz)>.

The direction from left to right is trivial. For the other direction we assume that
for all z,y,2 € N, (zyz)~ = (xyz)“y(xyz)*. Let x',y', 2" € M be given. By Lemma
3.19 there is a data renaming 7 such that 7(z’), 7(y’), and 7(y’) are all in N. Thus
7((2'y'2")«) = 7((z'y'2")*y' (x'y’'2")*). By applying the inverse of 7 to both sides of
this equation we deduce that M is in DA. O
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Testable Fringe Languages

The set of symbols in a word u is denoted by a(u). We say that (ug,a,u;) is the
a-left decomposition (resp. a-right decomposition) of u if u = upau; and a ¢ a(ug)

(resp. a ¢ a(uy)). We define for each number n and finite subset A of D a relation

A
n

on D* by induction on |A| + n. First, u = v iff u,v € A*. For n > 0 we define

w =2 v iff
L. a(u) =a(v) c A,

2. for all a € A, if (ug,a,u;) is the a-left decomposition of u and (vg,a,v;) is the

a-left decompositions of v then ug =1 vy and u, =4 vy, and

3. for all a € A, if (ug,a,u;) is the a-right decomposition of u and (vg,a,v;) is
Ax{a}

the a-right decompositions of v then ug E;L“_l vo and u; =, V1.

It is known that a language L over a finite alphabet A is FO?(<)-definable iff
L is the union of =4-classes for some n [TW98]. In contrast, the combination of
finitely many orbits and no successor relation makes the logic FO?(~, <) fairly weak:
already very simple languages such as ‘the first symbol reappears’ cannot be defined
as they have infinitely many orbits. Basically, we will show that for languages over
an infinite alphabet, language membership only depends on the prefix and suffix
with a bounded number of distinct symbols. More precisely, we define the k-symbol
beginning of a word u as the largest prefix of u that contains at most k distinct
values. The k-symbol end of u is defined symmetrically. The k-fringe of u is the
word obtained from u by erasing all positions that are neither in the k-beginning
nor in the k-end of u. For example aabacadc is the 3-symbol fringe of aabacdeade.
We say that a language is k-fringe if for all words u, u € L iff k-fringe(u) € L. A
language L is fringe if there is an k such that L is k-fringe.

Definition 3.21. Let u, v be data words, A = a(k-fringe(u) - k-fringe(v)), and
n,k e N. Then we define

R, v iff  k-fringe(u) =2 k-fringe(v)

u X pv  iff  thereis a data renaming T such that u &, (V)

It is easy to check that %, is an equivalence relation. We say that a language

L is 8-testable if there is are n, k such that L is the union of &, y-classes.
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Equivalence of FO?-Definable, DA-Recognizable and Testable Fringe Lan-
guages

Recall that we showed in Corollary 3.20 that it is decidable whether a finite orbit

data monoid is in DA. Thus Theorem 3.11 follows from the next lemma.
Lemma 3.22. For any language L, the following is equivalent:

(a) L is orbit finite and can be defined in FO?(~,<).

(b) L is ®-testable.

(c) My is orbit finite and belongs to DA.

We will prove Lemma 3.22 in the rest of this Subsection. The proof is decomposed
into three lemmas, showing the implications (c) to (b), (b) to (a), and (a) to (c)

respectively.

From Monoids in DA to Testable Fringe Languages. The following lemma

is sufficient for the direction from (c) to (b).

Lemma 3.23. Let L be a data language that is accepted by a monoid in DA. Then

there are n, k such that u &, v implies u =g v.

Before we delve into details the proof of Lemma 3.23, we give a quick overview.
In the main part of the proof we show that if k is bigger than the number of orbits
of M then k-fringe(u) =, uw. In addition it can be shown that there is an n such
that if w =2 v then v =, v. This lets us conclude that u %, ; v implies that u =, v.
Lemma 3.23 follows as L is isomorphism closed.

The next lemma expresses a characteristic property of languages recognized by

data monoids in DA.

Lemma 3.24. Let M be a data monoid in DA. Then for each R-class R there is a
set Mr € M such that for all r € R, rx € R iff x € Mg. In addition, if a and b are
on the same data orbit with respect to r and if R is the R-class of r then x € Mg iff
Tap(z) € Mpg.

Proof. Let M € DA and an R-class R be given. We define
Mpg = {x € M | there is s € R such that sz € R}.

Now let r € R be given. Clearly if x ¢ My then rz ¢ R. Now consider x € Mg. There

must be an s € R such that sx € R. As r is also in R, s R r, and hence, there must

133



be t € M such that s = rt. Putting these equations together we get r R s R sx = rtzx.
By iterating this equation we obtain that r R r(tz)~¥. As M is a member of DA
it follows that (tx)* = (tx)*z(tx)*. Thus r R r(tz)?z(tx)* and by substituting
r(txz)« by r (this is possible since r R r(tx)¥) we get r R ra(tz)” <g rz.

We now show that if @ and b are on the same data orbit with respect of r and if
R is the R-class of r, then x € Mg iff 7,,(x) € Mg where 7, is the data renaming
that swaps a with b. Thus let appropriate r, a, b be given and assume that x € Mg.
By the above argument r =¢ rx, and thus there is s € M such that r = rxs. As a
and b are on the same data orbit with respect of r it holds that r = 7,,(r). Thus

7 =Tup(1r) = Tap(ras) which means that r R r7,,(x) and hence 7,4(x) € Mpg. O

We call Mi R’s stable set. The next lemma is the central argument in the proof

that if k is bigger than the number of orbits of M then k-fringe(u) =, u.

Lemma 3.25. Let L be a language whose syntactic monoid My, is orbit finite and
in DA. If [u]=, R [ua]=, for some value a that does not occur in the word u, then

[ual=, R [uaw]=, for all words w.

Proof. We drop the subscript =, in this proof. Let L be a language whose syntactic
monoid M7, is orbit finite and in DA. We assume towards a contradiction that there

are words u,v and values a, b such that a does not occur in u and
[u] R [ua] R [uav] > [uavd]

We will show that for each number n there is a word w,, such that jmem(u,)| = n,
contradicting the orbit finiteness of M.

We fix a given n. Let R be the R-class of [u] and let Mg € M be R’s stable
set. Let aq,...,a, be distinct values that do not occur in uw. Clearly a,aq,...,a,
are all on the same data orbit of [u]. By Lemma 3.24 [a],[a1],...,[a,] are all in
Mp. This implies that [uav] R [uava;] and hence there is a word v; such that
[uavayv] = [uav]. In fact, for each n € N, there are words vy,...,v, such that
[uavaqvy . .. a;v;] = [uav] for all i < n.

We define u,, = a0 ...a,v, and we show that for all i < n, a; € mem(u,). As
[uav] >r [uavd] and [uav] € R, [b] ¢ Mg. Note that for all symbols ¢ that occur
in u,, [c] € Mg. Thus b cannot occur in u,, and hence it is in the unique infinite
data orbit of [u,]. As a; occurs in u, and [b] ¢ Mg, it follows from Lemma 3.24
that [uav] >r [uavT,, p(u,)]. In contrast [uav] R [uavu,], and thus [uavu,] #
[uavTy, p(un)], which implies that [u,] # [74, 5(us)]. Thus a; and b are not on the
same data orbit of [u,]. This shows that the data orbit of a; must be finite, because

we observed before that b is on the unique infinite data orbit of [u,]. O
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We next show two well known propositions (see e.g. [Pinll]):
Proposition 3.26. Any monoid in DA is aperiodic.

Proof. Let M be a monoid in DA. Then (xyz)ome9e = (xyz)°omesty(xyz)omee for all
x,y,z € M. Now let some m € M be given. If we choose x,y, z to be m in the above

statement, we get

m* =m“m“m* = (mmm)* = (mmm)“m(mmm)* = m**!

This shows that M is aperiodic O

Proposition 3.27. Let M be an aperiodic monoid and x,y e M. Ifxt Ry andx Ly
then x =y.

Proof. Assume that x R y and x £ y. Then there are s,t such that x = sy and zt = y.

Thus x = sxt, and hence x = s*zt* and by aperiodicity = = s¥xt“*! = xt = y. O

We define the R-decomposition of a word u with respect to a language L as the

unique factorization u = ugaqu; . .. a,u, such that
1. [y R [u0)-,
2. [wpaqug ...a;]=, R [upaiuy ... au;)=, for alli<n
3. [woaruy ... au;l=, > [woaiuy ... a4 )=, foralli<n

We call n the size of the R-decomposition of u. The R-decomposition is defined like
the R-decomposition if we replace R everywhere by R.

Lemma 3.28. Let L be a language whose syntactic monoid is orbit finite and in
DA. If k is bigger than the number of orbits of My then k-fringe(u) =, u.

Proof. Let My, be a syntactic data monoid with o orbits and let some k > o be given.
If u contains at most k& symbols then the k-fringe of u is equal to u and we are done.

Hence assume that u contains more than k£ symbols. As k > o the common prefix
of u and k-fringe(u) contains a position = that is fresh (that is no position to the
left of x has the same value as z) and there are exactly o positions to the left of
x are also fresh. Let ugajus...a,u, be the ﬁ—decomposition of u. By Lemma 3.25
Upay - .. Up_1G, contains only symbols in agy,...a,, in particular at most o distinct
symbols. Thus x > |ugay ... u,_1a,| which implies that [u(1,z-1)]-, R [u(1,2)]=,
(in the rest of the proof we will drop =, as a subscript). Then it follows from
Lemma 3.25 that [u(1,2)] R [u(1l,z)w] for all words w, and as u(1,z) is a prefix
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of both u and k-fringe(u) it follows that [u] R [k-fringe(u)]. By symmetry we
obtain that [u] £ [k-fringe(u)]. Now it follows from Proposition 3.27 that [u] =
[k-fringe(u)]. O

We note that there are finite orbit languages with infinitely many R-classes
(for an example consider the language ‘the first symbol is equal to the last sym-
bol’). Hence it is not clear whether there is a uniform bound on the size of the
R-decompositions. It follows from the next lemma that the number of orbits is such

a bound.
Lemma 3.29. For all elements s,t of a data monoid, s R st iff s R st.

Proof. 1t is sufficient to show that s R st implies that s R st, because the other
direction is trivial. Assume that s R st. Then there is a data renaming 7 and a
monoid element r such that 7(s) = str. As each data renaming only modifies a finite
number of data values, there must be some n such that 77 = id. We fix this n. Note
that 7¢(s) = 7771 (str) for all 4. Thus

s=71"(s) =" (str) =" 2(str) T (tr) = ... =strr(tr) ... T(tr)
which means that s <z st. As s > st by definition it follows that s R st. O

Note that it follows that if M is a data monoid with o orbits, then the size of
the R-decompositions of a word u cannot be bigger than o.
The next lemma has been shown in the context of finite monoids [TW98]. Ex-

ploiting that there is a bound on the size of the R-decompositions, we can reuse the
proof in [TW9S].

Lemma 3.30 ([TW98]). Let L be a DA-recognizable language whose syntactic monoid

=2 ) imply that u =, v.

has o orbits. Then n > o|la(u)| and u
Proof. Let L be alanguage whose syntactic monoid My, hat o € N orbits and let u and

=2(") 4 for some n > o|a(u)]. If a(u) = @ then u = v = € and the

v be words such that u
statement is trivially satisfied. Hence assume that a(u) # @. Let (ug,aq,...,a;,u)
be the R-decomposition of u. It follows from Lemma 3.29 that [ < o. If we denote
U;iir1 - - - aqquy by ; then it follows from Lemma 3.25 that (u;, a1, Ti11) is the a;.q-

=) 4 and n > [ there is a decomposition

left-decomposition of x; for i <. As u
(vo, a1, ...,a;,v) of v such that for all ¢ <1, (v;, @41, Vis1Gia - .. avy) is the a;,q1-left-
decomposition of v;a...aw; and u; =24 . v; for A = a(u) \ {a1}. As n—i > olA]

—n-t

for all ¢ < [ it follows from the induction hypothesis that [u;] = [v;] for all ¢ < [
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(as in previous proof we omit = as a subscript). Thus [u] R [wea; ... uj1a;] =
[voas ... v1a;] 2r [v]. By symmetry we get [u] <g [v], and hence [u] R [v]. By
left-right symmetry we get [u] £ [v] and by Proposition 3.27, u =, v. O

We are finally ready to prove Lemma 3.23 which concludes the proof of the
implication (c) to (b).

Proof. (of Lemma 3.23). Let k be bigger than the number of orbits of M, and let n =
k2. Assume that u #, v, that is, there is a data renaming 7 such that k-fringe(u) =2
k-fringe(7(v)) where A = a(k-fringe(u)). Then k-fringe(u) =p k-fringe(7(v)) by
Lemma 3.30. If we combine this statement with Lemma 3.28 we get u =, 7(v) and

hence u = v. ]

From Testable Fringe Languages to FO2. In this section we show the impli-
cation from (b) to (a). We use two fairly similar games which we define first.

The FO?(~,<)-game is played by two players, called Spoiler and Duplicator on
two words u,v € D*. For each of the words there is a red pebble and a blue pebble.
Initially these pebbles are placed somewhere outside of the words. In a round of the
game, Spoiler picks up one pebble and places it on one of the words, say he places
it on u. Then Duplicator picks up the other pebble of the same color and places
it on v. If Spoiler had placed his pebble on v than Duplicator would have had to
place the pebble on u. Duplicator wins the game if she can maintain the following

invariant in each round:

1. The red pebble is to the left of the blue pebble on w iff the red pebble is to
the left of the blue pebble on v.

2. The red pebble and the blue pebble are on positions with the same label on u
iff the red pebble and the blue pebble are on positions with the same label on

V.

It is known that Duplicator wins the r-round FO?(~,<) game on u,v iff u and v
cannot be distinguished by a FO?(~,<) formula with quantifier rank 7.

The other game we consider is the FO?(<, A)-game where A is a finite subset of
D. The rounds of the FO?(<, A)-game are played in the same way as the rounds
of the FO?(~, <)-game. But there are two differences: first, the FO?(~, <)-game is
played on strings over A; second, to win the FO?(<, A) game Duplicator must assure

that the following conditions are maintained:

137



1. The red pebble is to the left of the blue pebble on w iff the red pebble is to
the left of the blue pebble on v.

2. The values of the position of the red pebble (resp. blue pebble) on u is equal
to the value of the position of the red pebble (resp. blue pebble) on v.

Note that any fringe language is orbit finite. Hence the following lemma is
sufficient for the direction from (b) to (a) because winning strategies for the FO?(~

,<)-game are preserved under data renamings.

Lemma 3.31. Let L be a data language whose syntactic monoud is orbit finite. If

U B v then Spoiler wins the n + bk-round FO?*(~,<)-game on (u,v).

Proof. Assume that u #, x v. Then k-fringe(u) £ k-fringe(v) where A is the alpha-
bet a(k-fringe(u) - k-fringe(v)). It is has been shown in [TW9S8| that Spoiler has
an n + 4k-move winning strategy for the FO?(<, A)-game on k-fringe(u), k-fringe(v)
(note that |A| < 4k). It follows that Spoiler has an winning strategy for the FO?(~, <)-
game on k-fringe(u), k-fringe(v) with the same number of moves. Spoiler will use
the strategy of the latter game for his game on u, v, thereby only placing pebbles on
the k-fringes of the words. If Duplicator only pebbles positions on the fringes then
he will lose within n + 4k rounds. Hence assume that Duplicator places a pebble
outside the fringe of a word, say on v. Then Duplicator uses his remaining k& moves
to show that one pebble has more than k fresh position to its left and the other does
not. O]

From FO? to DA. To prove the implication from (a) to (c) it is sufficient to show
the following.

Lemma 3.32. Let u,v,w be words. For each n, there is a number m such that

Duplicator wins the m-round FO?(~,<)-game on (vvw)™ and (uvw)"v(uvw)™.

Proof. 1t has been shown in [TWO98] that for each n, there is an m such that Du-
plicator wins the m-round FO?(<, a(uvw))-game on (uvw)” and (uvw)™v(uvw)™.
Clearly this implies that Duplicator wins the m-round FO?(~, <)-game on (uvw)"

and (uvw)"v(uvw)". O
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3.5.5 Characterization of Rigidly-Guarded FO

In this subsection we show the following theorem:

Theorem 3.7. A language can be defined in rigidly-guarded first-order logic iff it
18 accepted by an aperiodic orbit finite data monoid. In addition, the translations

between the two formalisms are effective.

The proof of this theorem is quite involved, and presents one of the main technical
challenges of this thesis. Before we begin with its proof, we recall the overview of
the proof that we presented in Section 3.3.

The direction from left to right is proved by structural induction on the rigidly
guarded MSO formulas: the translation of the atomic formulas = < y, a(x), z € Y are
easy (at least towards non-aperiodic monoids) and the translations of the Boolean
connectives are as in the classical case. The translation of the existential closures
uses a powerset construction on orbit finite data monoids. Since data monoids are
in general infinite objects, the standard powerset construction would yield infinitely
many orbits even if the original data monoid has finitely many of them. We address
this issue by showing that the languages defined by rigidly guarded FO are accepted
by orbit finite monoids via special morphisms, called ‘projectable morphisms’. This
allows us to preserve orbit finiteness. The most technical part of this direction of
the proof concerns the translation of the rigidly guarded data tests p(x,y) A x ~y.
The rigidity assumption on the guard ¢(x,y) is crucial for this result: if ¢(z,y)
were not rigid, then the data monoid recognizing [¢(z,y) Az ~y] would still be
orbit finite, but the morphism would in general not be projectable. The proof that
[e(x,y) A x ~y] is recognized via a projectable morphism requires a bit of analysis
since rigidity is a semantic assumption and hence one cannot directly deduce from
it a property for the data monoid. However, one can use the rigidity property for
“normalizing” the data monoid, allowing the construction to go through. We will
reuse this proof technique in the proof of our result concerning the relationship
between non-deterministic finite memory automata and rigidly guarded logics (see
Theorem 3.9 in Subsection 3.6.2).

The proof of the other direction follows a structure similar to Schiitzenberger’s
proof that languages recognized by aperiodic monoids are definable by star-free
expressions (i.e., in first-order). Namely, the proof relies on an induction on the
structure of ideals of the data-monoid, the so called Green’s relations. This requires
specific study of this theory for orbit finite data-monoids. Such a study was initiated

by Bojaniczyk [Bojl1], but we had to develop several new tools for our proof to go
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through. As opposed to the classical case, the proof is significantly more involved
for MSO compared to FO.

Presentations of Data Monoids

Since orbit finite data monoids are infinite objects, we need suitable representations
that ease algorithmic manipulation. We will first show that every orbit finite data
monoid can be presented in a finite way. Later we will define a more explicit pre-
sentation of data monoids where the elements of a data monoid are presented by a

set of terms.

Finite presentations of data monoids The basic idea is to consider the restric-

tion of an orbit finite data monoid to a finite set of data values:

Definition 3.33. Given a data monoid M = (M,-,”) and C < D, we define the
restriction of M to C' to be M|c = (M|c,-|c, "|c), where M| consists of all elements
s € M such that mem(s) € C, -|¢ is the restriction of - to M|c, and "|¢ is the

restriction of ~ to Go and M|c.

Note that s-t e M|c and 7(s) € M|c for all s,t € M|c and 7 € Go. Hence, if C' is
finite, M|c is a finite data monoid.! Hereafter, we denote by |M| the maximum

cardinality of the memories of the elements of an orbit finite data monoid M.

Proposition 3.34. Let M, M’ be orbit finite data monoids such that |[M| = M|
and let C < D be of cardinality at least 2| M||. If M|c and M'|c are isomorphic,
then so are M and M’.

Proof. Let M = (M,-,”) and M’ =(M’,®, ") and let fc be a data monoid isomor-
phism from M|c to M'|c. We show how extend fc to an isomorphism from M to
M'’. Given s € M, we let 7 be any renaming such that 7(s) € M|c (note that such

a renaming exists since |C| > |mem(s)|) and we accordingly define

f(s) = 771 (fe(7(s))).

We prove that the function f is well-defined, namely, that f(s) does not depend on
the choice of the renaming 7. To do that, we consider two renamings 7 and ¢ such
that 7(s),0(s) € M|c, we define t = 771(fc(7(s))) and t' = 67(fc(6(s))), and we

1One has to keep in mind that data monoids over finite sets do not satisfy the same properties
as those over infinite sets. For instance, the Memory Theorem, as stated in [Boj11], does not hold
for data monoids over finite sets.
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prove that ¢ = ¢/. Consider the data renaming 7 := o o 77!, As in this case o =mo T,
we get

t' =67 (fc(6(s))) = 7 (fe(7(7(s))))-

Similarly, as foonr=7%o foandas Tt !=0"lom

o (fe(®(7(s)))) = 67 (7(fe(7(s))) = T (fe(7(s))) =t

which proves that the function f is well defined.

We claim that f is a bijection from M to M’. Surjectivity of f is straightforward,
since for every element s’ € M’ there exists a renaming 7 such that 7(s’) € M’|c and
hence, if we let s = 771(f5'(7(s"))), we have f(s) = s". The proof that f is injective

is analogous to the proof that f is well defined, and thus omitted.

Commutativity with renamings. Now, we show that f commutes with the action of
renamings. Given an element s € M and a renaming 7 € Gp, we choose a renaming
7 such that both 7(s) and 7(7(s)) belong to M|c (note that such a renaming exists
since |C| > |mem(s) umem(7(s))|). We also define the renaming o = 7 o7 o771
Note that, by construction, we have 6(7(s)) = 7(7(s)). Finally, by exploiting the
definition of f and the fact that fo is a data monoid morphism from M| to M’|¢,

we obtain

f(@(s)) = 7H(fe(7(7(s))))
(fe(0(7(s))))
o (fe(7(s))))
(771 (fe(7(s))))
= 7(f(s))-

Commutativity with products. We conclude the proof by showing that f is a monoid

| |
b FO 1

Il
=1

morphism from M to M’. Clearly, since M|c (resp., M'|c) contains the identity
1p of M (resp., the identity 1,4 of M) and since f¢ is a monoid morphism from
M|c to M’|¢, we have that f(1pm) = fe(lm) = Lap. Let us now consider two
elements s,t € M. Let 7 be a renaming such that both 7(s) and 7(¢) belong to M|¢
(again, such a renaming exists since |C| > jmem(s) umem(¢)|). Since fe is a monoid

morphism, we obtain

f(s-1)

T (fo(7(s-1)))

T (fe(7(s) - 7(1)))

T (fe(7(s)) @ fo(7(1)))

T fe(7(s))) @ T (fe(7(1)))
f(s)o f(1).

We can conclude that f is a data monoid isomorphism from M to M’. O]
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The above proposition shows that the restriction of an orbit finite data monoid
M over a sufficiently large finite set C' uniquely determines M. It turns out that
many algebraic operations (e.g., the product of two such monoids, the quotient
with respect to a congruence) are compatible with the operation on the respective
restrictions. As an example, for every pair of orbit finite data monoids M, M’
and for every C € D, we have that the product M x M’ is an orbit finite data
monoid and, moreover, (M x M')|c = M|c x M'|¢. It follows that one can easily
compute a finite presentation of the result of an algebraic construction starting
from some given representations of the input orbit finite data monoids. In view of
the above arguments, in the following, we shall often skip the details about how
the representations of the various orbit finite data monoids are computed and we
shall focus instead on the pure algebraic constructions. Hence, by a slight abuse
of terminology, we will say that an orbit finite data monoid M’ is computed from
another orbit finite data monoid M when a presentation of M’ can be obtained
effectively from a given presentation of M. In a similar way, since morphisms
from free data monoids to orbit finite data monoids are uniquely determined by the
images of the singleton data words, we say that a morphism A’ : (D’ x A’)* - M’
can be computed from another morphism h: (Dx A)* - M if for all singleton words
uw' € (D" x A")*, the image h'(u’) can be obtained effectively from the images h(u),
for ue (D x A)*.

Term-based presentations of data monoids We have just shown how we can
represent an infinite data monoid by a finite one. Bellow, we give a more explicit
presentation of orbit finite data monoids in which elements of a data monoid are
represented by equivalence classes of terms.

We denote by Tp ¢ the set of all terms of the form o(dy,...,d;), where o is an
orbit name from a finite set O, with associated arity k, and dy,...,d; are pairwise

distinct data values from a fixed (possibly infinite) set C.

Definition 3.35. Let O be a set of orbit names and let C' be a (finite or infinite) set
of data values. A term-based presentation system S over (O, C') consists of a set of
terms T =To ¢, a binary operation ® onT, an action ~ defined by 7(o(dy,...,d,)) =
o(1(dy),...,7(d,)), and a congruence ~ for ® on T such that, for all terms s,t,ueT

and all renamings T € G,
1. Equivariance: 7(s) @ 7(t) =7(s 0 1),

2. Congruence for renamings: if s~ t then 7(s) » 7(t),
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3. Associativity up to ~: (s©t)Qurso (tou),

4. Identity: there is a distinguished term 1 €T satisfying 10t=to1=t.

Note that as ~ is a congruence for ®, s » s/ and t ~ ¢/ imply s©t ~ s’ t'. If
§=(T,0, ,~) is a term-based presentation system then (7, ®, 7) is not necessarily
a data monoid because associativity only holds up to ~.

We say that S represents the triple M = (M, -, ") if

1. M is the set of ~-equivalence classes of terms from T,
2. - is a binary product on M defined by [s]. - [t]. = [s ® t]s,

3.~ maps any renaming 7 € G¢ to the function on M defined by 7([s]s) = [7(s)]~
(it is easy to check that both - and ~ are well defined).
Proposition 3.36. Fvery term-based presentation system represents a data monoid.

Conversely, every orbit finite data monoid is represented by a term-based presenta-

tion system.

Proof. We start with the first part of the proposition. Let S = (1,0, 7, ~) be a term-
based presentation system over C' and let M = (M, -, ") be the tuple represented by
S. It follows from Conditions 3. and 4. of the definition of a term-based presentation

system that (M,-) is a monoid. We verify the other properties of data monoids:

1. We first check that 7o7 = 7o for all data renamings 7,7 € G¢. Let [o(d)] be

an element of M (we will drop the subscript ~ in the rest of this proof). Then
Tor[o(d)] = [o((7 o m)(d))] = [o(7(n(d)))] = 7([o(7(d))]) = 7 o 7 ([o(d)]).

2. Clearly if 7iq is the identity data renaming then 7iq([0(d)]) = [o(7ia(d))] =
[o(d)].

3. Let [s],[t] € M and a data renaming 7 € G¢ be given. We need to check that
#([s]-[t]) = 7([s])-7([t]). We assume that s = o(d), t = p(€), and st = q¢(f).
Then

7([s]-[t]) = 7([s o t]) = 7([a(N)]) = [a(r(/N] = [F(a(FN] = [F(s © 1)].
From Condition 1. of of Definition 3.35 we know that 7(s @ t) ~ 7(s) ® 7(t).
Thus, we can continue our calculation as follows

[F(so )] =[7(s) @ 7(t)] = [7(o(d)) @ 7(p(€))] = [o(7(d)) © p(7(€))]
= [o(7(d))] - [p(7(e))] = 7([s]) - 7([t])-

Combining the two equations we get that 7([s]-[t]) = 7([s]) - 7([t])-
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4. We finally show that 7(1) = 1, where 1 is the identity of M. This follows from
Condition 4. of Definition 3.35.

The second claim requires a more technical proof. Let M = (M,-,") be an orbit
finite data monoid over C. If C' is infinite, then we assume without loss of generality
that the data values in C' are the positive natural numbers. If C is finite, then we
assume that C'is a prefix of N. We first define a term-based representation system
S=(T,o, ,~) and later we show that S represents M.

Definition of S. Let O be a set of orbit names that contains exactly one orbit name
o for each orbit of M. The arity of o is the arity of the orbit that o corresponds
to. We define T' to be the set of terms that are build up from orbit symbols in O
and data values in C. Recall that the action is completely constrained in a term-
based representation system: It has to be defined by 7(o(d)) = o(7(d)) for all data
renamings 7 € G¢.

The idea of the composition operation ® is to first map two terms s,t to two
terms 3, that are canonical some sense. Then we map 3, to the monoid, where we
can compute the product. Then we basically apply the reverse operation to obtain
a term u that we define to be the product of s and ¢.

More formally, we define two functions f and ¢ that that relate the terms in T’
with the elements of M. We fix a representative m, inside each orbit o of M in
such a way that mem(m,) is a prefix of the natural numbers, namely, mem(m,) =
{1,...,arity(0)}. We associate with each sequence of data values d = dy,...,d; a
renaming o; that maps the numbers 1,...,k to the values d,...,dy, respectively,
and that is the identity on D~ {1,...,k,d;,...,d;}. We then define the function f
from T to M such that, for every term o(d),

fo(d)) = G4(m,).

Note that f is not injective in general. We define » by s~ ¢ iff f(s) = f(¢).

To define the composition ® we need to choose a distinguished element in every
set f=1(m) for m € M. This can be accomplished by fixing a function g from M to
T such that if m € M then g(m) is the term among f~!(m) whose data values are
minimal with respect to the lexicographical order.

We now define what we meant above by canonical terms. We say that a pair
of terms o(dy,...,d,) and p(ey,...,e,) is canonical, if dy,...,d, = 1,...,n and if
ei,ej € {er,...,emp~{dy,...,d,} and e; < e; then i < j. Clearly for every pair of

terms s,t there is a data renaming o, such that os;(s),0s+(t) are canonical.
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Now we can define the product: For every pair terms s,t in 7" we define s ®t to

be an element in f~1(f(s)- f(t)), more precisely we define

sOt = G109 (fobu (s)-fobu (1))

Finally we define the identity element 1s of S to be g(1,¢) where 1,4 is the identity
element of M. This completes the definition of S = (T, 0, 7, ~).

S is a term-based presentation system. Before we prove that § satisfies the conditions

of Definition 3.35, we establish the following claim.

Claim. Let s,t €T be terms and let 7 be a data renaming. Then

C1. f(7(t)) =7(f(1))
C2. f(sot)=[f(s) [(t)
C3. Toogy (d) = 0r(5)r1)(d) and 0r(5)-@y 0T (d) = 054(d) for all d €

mem(s) Umem(t).

Proof of Claim. We first prove Condition C1. Recall that if d = dy, ..., d} is
a sequence of values, then o is the data renaming that maps the numbers
1,...,k to the values dy,...,d; respectively, and that is the identity on
D~A{1,...,k,dy,...,dp}. We note that for all data renamings 7 and all

numbers i < k,

Toog (i) = o.a(7). (%)

This is because for all i <k, 7oy (i) = 7(d;) = 0,4 (7). We can now show
the claim: Let 7€ G and t = o(d) € T with d = d, ..., d; be given. Then

f(#(o(d))) = f(o(7(d))) (by definition of ~
=) (mo) (by definition of f

=To00;7(m because M is a data monoid
d o

)
)
=7o0045m,)  (by » and because mem(m,) € {1,...,k})
)
)

7(f(o(d))) (by definition of f.
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We now prove Condition C2:

f(sot)=06,400,,0f (sot) (because 65} 0 b, =id)
=6,10f00, (sO) (by Condition C1)
=610 f00s (0509 (fodss (s)-fods (t)))

(by definition of ©)
=6,10f (g(fodss (s)-fods (1)) (because g0 0,1 =id)
=0,1(fods (8)-fods (1)) (because fog=1id)
=0,1(0s00f (8)-Gs10f (1)) (by Condition C1)
=0,1005 (f(s)-f(t)) (because M is a data monoid)
=f(s)- f(t) (because 0,1 065 =id.)

As for the last condition, let d € mem(s)umem(t) be given and assume that

s =o(dy,...,d,) and that t = p(eq,...,e,). First consider the case where

d; € mem(s). Note that by definition, o4.(d;) = i. Hence 7o o0y, (d;) =
7(1) = 07¢s)r0)(di). If e; € mem(t) is given, then o,4(e;) = [{e1,... e}
{di,...,d,}| the result follows in the same way. The proof that o.(s) (1) ©

7 (d) = 054(d) is similar. O
Turning to the main proof of the proposition, we show that S is a presentation

system by checking the conditions from Definition 3.35.

1. Congruence for ®: We need to show that s ~ s’ and ¢ » t/ implies that s®t ~
s"@t'. Assume that s~ s’ and t » t'. Then, using Condition C2, we get

f(sot) = f(s)-f(t) = f(s)-f(t) = f(s'ot)

2. Equivariance: We need to show that 7(s) @ 7(t) = 7(s®t) for all s,t €T and

TE Gc.
7(s) ©7(t) = 075y 2y © 9 (f 0 G0 7y (7(5)) - f 0 G0y 70y (7(1)))
c3 . . .
- T(ls) ) °Y (fobsi(s) [odss (1))
S roaiiog (fobuls) fobu (1)
=7(sot).
3. Congruence for renamings: We need to show that if s ~ ¢ then d(s) ~ &(t) for
all s;t €T and 0 € G¢. Let s,t € T with s ~ t be given and let o € G¢. By

definition of ~ this implies that f(s) = f(¢). As ¢ is a function it follows that
(f(s))=0a(f(t)). By Condition C1 it follows that f(5(s)) = f((¢t)). Hence

() ~ o (t).
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4. Associativity up to ~: Let s,t,u € T be given. We show that (s®t) @ u =
s ® (t ®u) using Condition C2 and the associativity of the product - of M:

f((sot)ou)=f(sot)- f(u)=(f(s) f())- f(u)
=f(s)-(J@) - f(u)) = f(s)- f(tou) = f(so(tou)).

5. Identity: Recall that we defined 1s to be g(1r(). As 1 has empty memory,
it follows that g(1a¢) = f~'(1r¢). Let ¢ be a term. Then we have

lsot=01,,09 (fooigs (1s) - fodis: (1))
=010009 (fodiss (f'(Im)) - fodus: (1))
=015009 (L - [obi5: (1))
=109 (fodiss (1))
=t.

We can conclude that S is a term-based presentation system.

The term-based system S represents M. It remain to show that S = (T,®, 7) rep-
resents the data monoid M = (M,-,"). By definition, S represents M = (M,", :)
where M is the set of equivalence classes of ~, and the product ~, the action :, and
the identity 15 are defined by

[s]7[t]=[sot]
7([s]) = [#(s)]
1y = [1s]

We know form the first claim of the proposition that M is a data monoid. We need
to show that M and M are isomorphic. Let h: M — M be the function defined by
h([s]) = f(s). We show that h is a data monoid isomorphism, that is a bijective
data monoid homomorphism. We first check that h is a homomorphism. There are

three properties to check:

1. We need to show that h([s]* [t]) = h([s])-h([t]). Using Condition C2 we can

calculate
hls]=[t]) = Mlsot]) = f(sot) = f(s)-f(t) = h([s])-h([t])
2. Next we show that h(157) = 1
h(1g) = M[1s]) = h(g(lm)) = 1m
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3. Finally, we need to show that for all terms s € T" and all renamings 7 € G¢,
h(7([s])) = 7(h([s])). This holds because of the following:

WG (D) = ({7 (s)]) = f(7(s)) = 7(f(s)) = 7(A([s]))-

It is immediate from the definition that A is injective. It remains to show that A is
surjective. Let some m € M be given. We need to show that there is some m € M
such that h(m) = m. We will show that there is a term ¢ € T" such that f(t) = m.
This is sufficient as it implies that h([t]) = f(t) =m.

Let o be the orbit of m and assume that it has arity k. Recall that we distin-
guished a representative m, in each orbit 0. As m and m, are in the same orbit there
must be a data renaming 7 such that 7(m,) = m. Also recall that we showed in (C1)
above that fo7 =70 f. By multiplying with 7=! on the right we get f =70 fo7!
Let t =7(o(1,...,k)). Then

f(7(o(1,...,k))) =70 for X (#(o(1,...,k)))
=70 f(o(1,...,k))

=7(61,. k(my)) (by the definition of f)
=7(m,) (because oy =1d)
=m.

Therefore f(t) = m which shows that h is surjective. This completes the proof of
the proposition. O

Finite and term based presentations of orbit finite data monoids ease algorithmic
manipulations of the elements of the data monoid, and are heavily used in the proofs.
Some open questions are directly related to this presentation such as: is it possible

to get rid of the equivalence relation for recognizing a language of data words?

From First-Order Logic to Aperiodic Monoids

In this section, we show that every data language defined by a rigidly guarded first-
order sentence is recognized by an aperiodic orbit finite data monoid. In fact we
will show a more general statement that allows to translate a rigidly guarded MSO
sentence into a (possibly periodic) orbit finite data monoid. The reason is that the
proof involving MSO (in this direction) is not any more complicated than the FO
case, and we will be able us to reuse the result about MSO in a proof in Section
3.6.1. Our proof follows the classical technique for showing that MSO definable

languages over standard words can be recognized by monoids. Namely, we show
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that each construction in the logic corresponds to a closure under some operation
on recognizable languages: disjunction corresponds to union, negation corresponds
to complement, existential quantification corresponds to projection, etc.

To simplify the notation, it is sometimes convenient to think of a first-order
variable x as a second-order variable X interpreted as a singleton set. There-
fore, by a slight abuse of notation, we shall often write variables in uppercase
letters, without explicitly saying whether these are first-order or second-order vari-
ables (their correct types can be inferred from the atoms they appear in). As
usual, we write p(X1,...,X,,) whenever we want to make explicit that the free
variables of ¢ are among Xi,...,X,,. Moreover, given a formula p(Xq,...,X,,),
a data word u € (D x A)*, and some unary predicates Uy,...,U,, ¢ dom(u), we
write u E (U, ...,U,) whenever ¢ holds on u by interpreting the free variables
Xy,...,X,, with the predicates Uy, ...,U,,.

As usual, given a formula ¢(X) with some free (first-order or monadic second-

order) variables X, ..., X,,, one can see it as defining the language
lel = {(u,Uy,....,Up) |uE @(Us,...,Uyn)} € (DxAxB™)*

where B denotes the binary alphabet {0,1} and (u, Uy, ..., U,,) is the word over the
alphabet D x A x B™ that has letter (d,a,by,...,b,) at position i iff (d,a) is the
i-th letter of u, and for all 7 =1...m, b; is 1 if ¢ € U}, and 0 otherwise.

The principle of the proof is to establish that, given a rigidly guarded MSO for-
mula (X)), the language [¢] is recognized by an orbit finite data monoid. Though
this statement is true, it cannot be used — as it is the case in the standard theory
— as an induction hypothesis. The problem is that the operation that corresponds
to existential quantification (i.e. projection) transforms an orbit finite data monoid
into a data monoid which is not orbit finite, in general. That is why our induc-
tion hypothesis is stronger, and states that [¢] is recognized by an orbit finite data
monoid via a projectable morphism, to be defined below (we write s =t whenever

the elements s and ¢ are in the same orbit):

Definition 3.37. Let h be a morphism from the free data monoid (D x A x B™)*
to a data monoid M = (M,-,"). We say that h is projectable if for all data words
we (D x A)* and all tuples of predicates U = (Uy,...,Uy) and V = (Vi,..., V),

h({u,U)) = h({u,V)) implies h({u,U)) =h({u,V)) .

The following lemma implies the direction from left to right of Theorem 3.7. It is

at the same time our induction hypothesis:
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Lemma 3.38. For all rigidly guarded MSO formulas p(X), the language [¢] is

effectively recognized by an orbit finite data monoid with a projectable morphism.
Before we prove Lemma 3.38, we note the following important corollary:

Corollary 3.39. Fvery data language definable in rigidly guarded MSO (resp.,
rigidly guarded FO) is recognizable by an orbit finite data monoid (resp., aperiodic

orbit finite data monoid).

Proof. The case of rigidly guarded MSO corresponds just to Lemma 3.38 in the case
of a sentence ¢.

The case of rigidly guarded FO could be proved by establishing the aperiodicity
at the same time. However, in our case, it is sufficient to remark that, according
to [Bojl1], every data language definable in (non-necessarily rigidly guarded) FO is
recognized by an aperiodic data monoid (in particular the syntactic one). Hence,
if we consider the syntactic data monoid (we do not develop this object further
here) of a language definable in rigidly guarded FO, it is aperiodic from [Bojl1],
and it is finite orbit as a quotient of the finite orbit data monoid obtained from
Lemma 3.38. o

The proof of Lemma 3.38 is by structural induction on the rigidly guarded MSO
formulas: the translation of the atomic formulas x < y, a(x), x € Y are easy (at least
towards non-aperiodic monoids) and the translations of the Boolean connectives are
as in the classical case.

The translation of the existential closures (Lemma 3.40) uses a powerset con-
struction on orbit finite data monoids. Since data monoids are in general infinite
objects, the standard powerset construction would yield infinitely many orbits even
if the original data monoid has finitely many of them. In our case, the construction
remembers all possible elements of the original monoid, but since the morphism is
projectable, one never has to store more than one element per orbit. Indeed, when-
ever another element in the same orbit is encountered, it has to be equal to the one
already present: this limitation allows us to preserve orbit finiteness.

The most technical part concerns the translation of the rigidly guarded data
tests ¢(x,y) Ax ~y (Lemma 3.41). The rigidity assumption on the guard ¢(z,y)
is crucial for this result: if ¢(z,y) were not rigid, then the data monoid recognizing
[e(x,y) Ax ~y] would still be orbit finite, but the morphism would in general not
be projectable. The proof that [o(z,y) Az ~y] is recognized via a projectable
morphism requires a bit of analysis since rigidity is a semantic assumption and

hence one cannot directly deduce from it a property for the data monoid. However,

150



one can use the rigidity property for “normalizing” the data monoid, allowing the

construction to go through.

Existential Closure. We begin by describing the translation of the existential

closures of rigidly guarded MSO formulas:

Lemma 3.40. Let ¢(X, X,,,1) be a formula and let o' (X) = 3X 41 . 0(X, Xpni1).
If [¢] is recognized by an orbit finite data monoid M via homomorphism h, then
one can compute an orbit finite data monoid M’ and a morphism h' such that M’

recognizes [¢'] via h'.

Proof. For the sake of brevity, we denote the language [] over D x Ax B™*! defined
by the formula (X, X,,:1) by L, and the language [¢'] over D x A x B™ defined
by ¢'(X) = 3X 1 - (X, Xpne1) by L' . We assume that L is recognized by an orbit
finite data monoid M via a morphism h. We will exploit a variant of the powerset
construction applied to the orbit finite data monoid M in order to obtain an orbit
finite data monoid M’ that recognizes L’. The same construction can be applied to a
given restriction M|c that represents M (see Proposition 3.34) in order to compute
a restriction M’|c that represents M’. However, note that the cardinality of the set

C must be at least twice the maximal size of the memories of the elements in M.

The powerset construction. Let M = (M,-,"). We define M’ = (M’,®, 7) as follows:

e the elements in M’ are the subsets of M that contain only pairwise orbit
distinct elements, namely, those sets S € M such that for all s,s" € S, s = ¢’

. o
implies s = s/;

e the product ® in M’ is defined on pairs of sets S,T € M’ by

ST =

S-T ifforall s,s"eSandallt,t’eT s-t=s"-t implies s-t=s5"-1'
%) otherwise

where S - T denotes the set {s-t|seS,teT};

e the function ~ maps any renaming 7 to the automorphism 7 such that
7(5) ={7(s) | s € 5}

for all S e M'.
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It is routine to check that the product ® is associative, the function ~ is a group
action, the empty set @ is a null element in M’, and the singleton {1} is the
identity in M’. Moreover, if n is the number of orbits of M, then every set S € M’
has cardinality at most n (indeed, if this were not the case, then S would contain
two distinct elements s and s’ such that s = ¢, which is against the definition of M").
From this property it follows that every set S € M’ has finite memory, precisely,
mem(S) is contained in the union of the memories mem(s) of the finitely many
elements s € S. In fact, since M has at most n orbits and the memories of two
elements in the same orbit have the same size, we obtain the following upper bound
on the size of the memories of the elements of M’: jmem(M’)| < njmem(M)|.
Another consequence of the above construction is that M’ has finitely many
orbits. Suppose, by way of contradiction, that there exist infinitely many sets
S1,59,... € M' that are pairwise orbit distinct. First of all, we can turn each set
S; into an ordered sequence §; = (S;1,...,S:x;) (the choice of the order in which
we list the elements is arbitrary and it is not relevant here). We can then denote
by M; the union of the memories of the elements in each tuple 5;, namely, we let

M; =mem(s; 1) U...umem(s; ). Without loss of generality, we can assume that
(i) all tuples 51, Sg, ... have the same cardinality k,
(i) all sets My, My, ... have the same cardinality [, and
(ili) for every index 1< j <k, the elements s; j, 5 ;,... are in the same orbit

(note that we can always enforce these assumptions by restricting to infinite sub-
sequences S;,, Si,,...). Now, for every index i > 1, we fix a renaming 7; such that
mi(M;) = My (recall that |M;| = |[M;| = 1). Similarly, for every pair of indices i > 1
and 1 < j <k, we fix a renaming 7; ; such that 7; ;(7;(s;;)) = s1; (recall that s; ; and
s;; are in the same orbit). We then consider the functions 7; ; restricted to the set
M. From the Pigeonhole Principle, we have that there exist two indices ¢ # ¢’ such
that, for every 1 <j <k,
T My = T | M.

In particular, this implies that for every 1 < j < k, the function TZ-71]

,

O Tij is the

identity on the set M;. Moreover, by construction, we have

1

Aol Aol . (a1
(7TZ-, OTi,JOTiJOWi)(Si,j) = (7r2-,

o 7A'l-7$~)(817j) = Si’,j‘

. ~ _ A1 ~ . . .
Since 7;(s;;) = s1,; and 7y 07 is the identity on the set M; 2 mem(s; ;), we have

that (7771]. o %;)(s1;) = s1; and hence (47! o #;)(s;;) = syj for all 1 < j < k. In
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conclusion, we have just shown that there exist two indices ¢ # ¢/ and a renaming

m;» (=,  om;) such that

Fiw(Si) = {Riw(sig) 11<i <k} = {svy|1<ji<k} = Sy

This is against the hypothesis of the sets S; and S; having different orbits. Thus

M’ is a data monoid with finitely many orbits.

The morphism. Below, we define a morphism A’ from the free data monoid (D x A x
B™)* to the data monoid M'. Precisely, for every expanded data word (u, Uy, ..., U,),

we let
W({u,Ur,...,Un)) = {h({u,U1,...,Upn,Uns1)) | Uns1 € dom(u)}

(note that, since h is projectable, then h'({u,Ui,...,U,)) contains only pairwise
orbit distinct elements and hence it is an element of the data monoid M/).

We verify that the morphism A’ is projectable. Let us consider a data word u
and some tuples of predicates U = Uy, ...,U,, and V =V, ..., V,, and suppose that
h'({u,U)) = h'({u,V)). This means that there is a renaming 7 such that

W({u,V)) = #(h'((u,0))).

Moreover, by definition of A/, we have
{h({u,V, V1)) | Vi1 S dom(w)} = {#(h({(w, U, Unns1))) | Upsr € dom(u)}.

Since h is projectable, we have that the two sets h'({u, U)) and h/({u,V')) coincide,

which proves that h’ is projectable as well.

Recognizability. We now prove that the language L’ defined by ¢’ = 3X,,,1.¢ is
recognized by the data monoid M’ and the morphism h’/. For the sake of brevity,
we let F'=h(L) and F’ = h'(L’). We then consider an expanded data word (u,U) €
(D x A x B™)* and we prove that (u,U) € L' iff /({u,U)) € F’. The left-to-right
implication is trivial, so we prove the converse implication. Suppose that h’/({u,U)) €
F'. Since F’ = W'(L'), we know that there is an expanded data word (v, V') € L such
that h'({u,U)) = h'({v,V)). We know from the definition of i’ that

{h((u, U,Upi1)) | Upmsr € dom(u)} = {h((v, V Vini1)) | Viner € dom(v)}

and from the definition of L’ that ((v, V', V,,.41)) € L for some unary predicate V,,,,; €
dom(v). Moreover, since L is recognized by M via the morphism A and (v, V, Vj,,1)
belongs to L, we have h({v,V,Vi,;1)) € F and hence h({u,U,U,,,1)) € F for some
unary predicate U,,,1 € dom(u). This implies that (u,U,U,,.1) € L and hence
(u,U) e L. O
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Guarded Equality Tests. We now turn to the translation of rigidly guarded
data equality tests.

Lemma 3.41. Given a rigid formula p(z,y), an orbit finite data monoid M and
a projectable morphism h that recognizes [¢], one can compute an orbit finite data

monoid M’ and a projectable morphism h' that recognizes [p(x,y) A x ~ y].

Proof. Let M = (M,-, ") be an orbit finite data monoid and let h : (DxAx B2?)* - M
be a projectable morphism that recognizes L = [o(z,y)]. We first show that we can

assume that h is surjective.

Claim 1. Given an orbit finite data monoid M and a morphism h :
(D x A)* - M, one can compute the data sub-monoid h((D x A)*).

Proof of Claim 1. Suppose that the orbit finite data monoid M = (M,-, ")
is represented by its restriction M|q, for some finite subset C' of D such that
|C| > 2mem(M)|. Let M’ = h((D x A)*) be the data sub-monoid induced
by h. Clearly, we have |mem(M)| = [mem(M’)| and hence, by Proposition
3.34, the data sub-monoid M’ is uniquely determined by its restriction
M'’|c. Moreover, the domain of M'|¢ is the finite set h((Ax C)*), which is
computable from M|c and h|(A x C'). Finally, the product and the group
action of the data sub-monoid M'|¢ are the restrictions of the product and
the group action of M to the finite set i ( (A x C)*). This shows that M’|¢
can be computed from M|z and h|(A x C'). This completes the proof of
Claim 1. O

Unfortunately, the property of projectability is not straightforwardly preserved when
we turn a morphism for a rigid guard ¢(z,y) to a morphism for the rigidly guarded
comparison ¢ A x ~ y. In this case, we derive from the rigidity assumption on ¢ a
stronger notion of projectability, which is defined below and which is called 0-reduced
projectability.

Hereafter, we call an element 0xr of a data monoid N a null element if Oy - m =
m-0x = 0p. It is easy to see that if a data monoid has a null element then this
element is unique. Note that if a language L is accepted by a data monoid, then
L is accepted by a data monoid with a null. Hence in the following we will assume
that M has a null element.
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Definition 3.42. Let h be a morphism from (D x A x B2?)* to a data monoid M =
(M,-,"). We say that h is O-reduced if for all data words u € (D x A)* and all

positions x,x',y,y" € dom(u), the following implications hold:

o Ifh({u,{z},@)) = h({u,{x'}, @) then x = x" or h((u,{x},@)) = h({u,{2'}, @) =

Ort-

i Ifh(<u7®7 {y}>) = h((“ﬁ g, {yl}>) theny =y' or h((u’ g, {y}>) = h(<u7®v {y’}>) =
Opg.

We show that the languages defined by rigid formulas are recognized by mor-
phisms that are both O-reduced and projectable (we shortly call them 0-reduced

projectable morphisms).

Claim 2. Let p(x,y) be a rigid formula. Given an orbit finite data monoid
M and a projectable morphism that recognizes [p(x,y)], one can compute

an orbit finite data monoid M’ and a 0-reduced projectable morphism that

recognizes [p(x,y)].

Proof of Claim 2. Let M = (M,-,”) be an orbit finite data monoid and
h:(DxAxB?)* - M a projectable morphism that recognizes L = [p(z,y)].
By Claim 1, we can assume, that h is a surjective mapping. Below, we con-
struct a new orbit finite data monoid M’, as a quotient of M, and a corre-
sponding morphism A’ that recognizes the same language L = [o(z,y)]. As
usual, the same construction can be applied effectively to a given restric-

tion M| that represents M, thus obtaining a corresponding representation

M’|C of M’.

Collapsing bad elements. Let F' = h(L) and let G be the maximal set of all
elements such that M-G-M n F' = @. Intuitively, G contains those elements
of M that cannot be extended to some elements in F' by concatenating
elements to the left, to the right, or both. Note that G is an ideal of M,
namely, M -G - M < G, and, furthermore, it is closed under the action of
renamings, namely, 7(G) ¢ G for all renamings 7. We now introduce the
equivalence ~¢ that groups any two elements s,¢ € M whenever we have
either s =t or s € G and t € G. Note that ~¢ is a congruence with respect
to the product of M, namely, if s #5 s’ and t »g t/, then s-t ~g s"-t'. The
equivalence »¢ is also compatible with the action of renamings, namely, if

s mg t, then 7(s) »g 7(t) for all renamings 7. This allows us to define a
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data monoid M’ as the quotient of M with respect to ~¢, namely, as the
triple M’ = (M /4., ®, ~), where

d [S]NG © [t]mc = [S't]mcﬁ

o 7([s]ee) = [7(5)]sc
Note that both functions ® and ~ are well defined.

Clearly M’ is an orbit finite data monoid. Moreover, we observe that for
all 7 € M \ G, the ~g-equivalence class of r is the singleton {r}. The only
other element of M/, is the entire set G. In addition G is a null element

of M’. Hence we will also denote it by 0.

The morphism. We now define the morphism h': (D x A x B2)* - M’ that
recognizes L. This is nothing but the functional composition hg o h of the
morphism A from (D x A x B?)* to M and the morphism hg from M to
M’ defined by

ha(s) = [s]c-
Note that both A and hq are surjective morphisms and hence h’ is surjective

as well. Moreover, since hg! o h¢ is the identity on F = h(L), we have
L = h' (ML) = h"'(F) = h7(hg' (ha(F))) = (W) (W(L)).

This shows that h’ recognizes the language L.

Projectability. Below, we verify that the morphism A’ is projectable. Con-
sider a data word u € (D x A)* and some predicates Uy, Uy, V1, Vo € dom(u)
and suppose that the two elements h/({u,Uy,Us)) and h/({u, Vi, Vs)) are
in the same orbit, namely, that there is a data renaming 7 such that
h'((u, Vi, Va)) = 7(h'({u, Uy, Us))). We distinguish two cases depending on
whether or not one element among h/({u, Uy, Us)) and h/({u, Vi, V3)) coin-
cides with Opre. If A/ ({w, Uy, Us)) = Opp, then we recall that O has empty

memory and we obtain
hl((”ﬁ‘/h‘/?» = 7v-(h,(<u7U1’U2>)) = %(OM’) = Opmr = hl((“aU17U2))'

A similar conclusion can be obtained from h'({u, Vi, V3)) = Opr. In the re-
maining case, we assume that neither h/({u, Uy, Us)) nor h'({u, Vi, V5)) are

the null element. By construction, we know that neither A((u, Uy, Us)) nor
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h({u, V1, Vs)) belong to the ideal G and hence h/({u, Uy, Us)) = {h({u, Uy, Us))}
and h'/({u, V1, Va)) = {h({u, V1, V2))}. Moreover, we have

W ((u, Vi, Va)) = 7(h'((u, U1, Us))) = {7(h({u, U, Us)))}

and hence h({u, V1, Vs)) = 7({u, Uy, Us)). Finally, since h is projectable, we
obtain h({u, Uy, Us)) = h({u, V4, V3)) and hence h'/({u, Uy, Us)) = h'({u, V1, V3)).
This shows that A’ is projectable as well.

0-Reduced projectability. We now exploit the fact that the language L is
defined by a rigid formula ¢(x,y) to prove that the morphism A’ is also
O-reduced. Let u € (D x A)* be a data word and let z,z’ € dom(u) be
two positions in it. By way of contradiction, we assume that z # 2’ and
' ((u,{z}, @) = h'({u,{z'},2)) # Opr and we prove that ¢(z,y) is not
rigid (the same conclusion can be obtained from the assumption that there
exist two positions y,y € dom(u) such that y # ¢ and h'((u,d,{y})) =
h'((u,2,{y'})) # Opy, thus proving that the morphism A’ is O-reduced).
Since h/((u,{z},2)) = h'({u,{z'}, D)) # Orr, we know that h({u,{z}, @)) =
h({u,{z'},)) ¢ G and hence there exist s,t € M such that s-h((u,{z},@))-
t =s-h({u,{z'},d)) -t € F. Moreover, since h is surjective, we know that
there exist two expanded data words (v,U;,Us;) and (w, Vi, V) such that
h({u,Uy,Us)) = s and h({v,V1,Vs)) = t. Since M and h recognize the
language L defined by the formula ¢(x,y) and F = h(L), we have that
o(x,y) is satisfied by both sequences (v,Uy, Us)(u,{z},@){w, Vi, V2) and
(v, U, Ug){(u, {x'}, @) {(w, V4, Vs). Finally, since z # x’, we must conclude
that ¢(z,y) is not rigid. This completes the proof of Claim 2. O

We can now start with the main part of the proof of Lemma 3.41. Recall that
M = (M,-,") is the data monoid that recognizes L = [¢(z,y)] via the projectable
morphism h : (D x A x B%)* - M. We denote by N' = (N,®, ") the syntactic
data monoid of the language defined by x ~ y and by g : (D x A x B?)* - N the
corresponding morphism that recognizes [z ~ y]. The data monoid N has finitely

many orbits and its elements can be assumed to be terms of one the following forms:

1. o(e), which plays the role of the identity 1, in A and which corresponds to
the image of the empty word under g;

2. o(d), for any d € D, which corresponds to the image of the data words expanded
by a singleton predicate U = {x} and the empty predicate V' = @& under g;
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3. p(d), for any d € D, which corresponds to the image of the data words expanded
by the empty predicate U = @ and a singleton predicate V' = {y} under g¢;

4. r(e), with corresponds to the image of the expanded data words that satisfy

x ~y under g;

5. s(e), which plays the role of the null element 0, in A/ and which corresponds to
the image under g of the data words expanded with two non-empty predicates
U,V that do not satisfy x ~y

For example, we have o(d) ® p(d) = r(e) and o(d) ® p(e) = s(¢), for all pairs of
distinct values d,e € D. Note that the morphism g is not projectable.

The 0-collapse product. We define the data monoid M’ for the formula p(z,y)Az ~y
using a suitable variant of the algebraic product of M and A/, which we call 0-collapse
product (strictly speaking, the O-collapse product is a special form of semi-direct
product). Formally, we let M’ be the triple (M’,®,7), where

e M’ consists of all pairs (m,n) € M x N such that m = 0, implies n = Opr;

e for every (m,n),(m’,n’) e M', the product (m,n) ® (m/,n’) is either the pair

(m-m/,;non’) or the pair (0p,0pr), depending on whether m-m’ # 04 or not;
e 7(m,n) = (7(m),7(n)) for all (m,n) e M’ and all 7€T'p.
Clearly, the thus defined data monoid M’ has finitely many orbits.

The Morphism. Accordingly, we denote by h’ the morphism that maps any expanded
word @ € (Dx Ax B2)* to either the pair (h(u), g(u)) or the pair (Oar,0x), depending
on whether h(@) # 0y or not. Clearly, h' recognizes the language [¢(z,y) Az ~ y].

Projectability. Below, we prove that h' is a projectable morphism. Consider a data
word u € (D x A)* and some predicates Uy, Us, V1, V5 € dom(u) and suppose that the
elements h'((u, Uy, Us)) and h'({u, V1, V3)) are in the same orbit. We distinguish be-
tween the case where h({u, Uy, Us)) = Op¢ (and hence h({u, V1, V3)) = 04 as well) and
the case where h({u, Uy, Us)) # 00 (and hence h({u, Vi, V5)) # 0pq as well). In the for-
mer case, we immediately have h/({u, Uy, Us)) = (Oaq, Opr) = A/ ({u, V1, V2)). In the lat-
ter case, we have h'((u, Uy, Us)) = (h({u, U1, Us)), g((u, U1, Uz)) ) and W ({u, V1, V&) =
(h((u, Vi, Va)), g({u, Vi, Vg))) and hence, from the definition of the action ~ of M/,
we obtain h({u,U;,Us)) = h({u,V1,V3)) and g({u,Uy,Us)) = g({u, V1, Va)). More-
over, since h is projectable, we have h((u,U;,Us)) = h({u,V1,V2)). It remains to
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prove that g({u,U;,Us)) = g({u, Vi1, V5)) holds as well. To do that, we distinguish

between the following subcases:

1. Uy = Uy = @. We have g({u, Uy, Us)) = 1 and hence, since 15 has empty mem-
ory and g({u, Uy, Us)) = g({u, V1, V2)), we immediately obtain g({u,V1,V3)) =
1.

2. Both U; and U, are non-empty. In this case g((u, Uy, Usz)) must be either the
null element 0y or the term r(¢) (recall that this term represents all expanded

data words that satisfy x ~ y). Both elements have empty memory and hence
from g({u, Uy, Us)) = g({u, V1, Vs)) we devise g({u, Uy, Us)) = g({u, V1, V3)).

3. Uy #+ @ and Uy = @. Clearly, U; is a singleton of the form {x}. Similarly,
since g((u, Uy, Us)) = g({u, V1, V2)), we have that V] is a singleton of the form
{z'} and V, = @. We then recall that h({u,U;,Us)) = h({u, V1, V2)) # 0p4 and
that the morphism h is O-reduced, which implies that x = 2’. This shows that
9((u, U1, U2)) = g((u, V1, V2)).

4. Uy = @ and U, # @. This case is symmetric to the previous one and can be

dealt with by similar arguments.

It follows that A’ is a projectable morphism. O

Proof of Lemma 3.38. We are now ready to prove the Lemma 3.38.

Proof of Lemma 3.38. As already mentioned, the proof is by structural induction on
the rigidly guarded MSO formula ¢(X). As for the base cases, we observe that the
languages defined by the atomic formulas x < y, a(z), and x € Y are recognized by
suitable orbit finite data monoids and projectable morphisms. As for the inductive
step, we suppose to be given a formula ¢ (resp., two formulas ¢; and ¢y) with m
free variables X, ..., X,,, an orbit finite data monoid M (resp., two orbit finite data
monoids M; and M), and a projectable morphism h: (D x A x B™)* - M (resp.,
two projectable morphisms hy : (D x Ax B™)* - M; and hy : (D x Ax B™)* > M)
recognizing the languages defined by ¢ (resp., the languages defined by ¢; and ¢s).
We then observe that the language defined by the formula —¢ (resp., 1 A @9) is
recognized by the orbit finite data monoid M (resp., M; x My) via the projectable
morphism h (resp., hy x hy). As for the existential closure, Lemma 3.40 implies that
the language defined by the formula 3.X,, . ¢ is recognized by a suitable orbit finite
data monoid M’ via a projectable morphism A’, both computable from M and h.

Finally, if m = 2 and (1, x2) is a rigid formula, then we know from Lemma 3.41
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how to compute an orbit finite data monoid M’ and a projectable morphism A’ that
recognizes the language defined by ¢(x1,22) A x1 ~ 2. This concludes the proof of
the theorem. O

From Aperiodic Monoids to First-Order Logic

Having shown that every language defined by a rigidly guarded first-order logic
formula is recognized by an aperiodic orbit finite data monoid, we now show the
converse. The following lemma implies the direction from right to left of Theorem
3.7

Lemma 3.43. Given an aperiodic orbit finite data monoid M, a morphism h from
the free data monoid to M, and an orbit o, one can compute a rigidly guarded FO

sentence ¢ that defines the data language L = h™'(0).

Our proof follows a structure similar to Schiitzenberger’s proof that languages
recognized by aperiodic monoids are definable by star-free expressions (i.e., in first-
order). Namely, the proof relies on an induction on the structure of ideals of the data-
monoid, the so called Green’s relations. This requires specific study of this theory
for orbit finite data-monoids. Such a study was initiated by Bojanczyk [Bojl1], but
we had to develop several new tools for our proof to go through. As opposed to the

classical case, the proof is significantly more involved for MSO compared to FO.

The Inductive Statement The objective of the proof is to find suitable formulas
that, given some positions x < y in a word w, determine the orbit of h(w[z,y]) (i.e.
the image of the infix w[x,y] under the morphism h). The general technique is
to exploit an induction on certain ideals of the orbit finite data monoid, which are
induced by the so-called Green’s relations (to be defined later). Roughly speaking,
we first construct the desired formulas for shorter infixes of the word and then we
move up towards longer infixes, until we determine the orbit of the entire word.
Doing so, we need to be able to compute the orbit of an infix w[z,y] on the basis of
some bounded amount of information related to some factors of it (e.g. w[x, 2] and
w[z+1,y] for some z between x and y). This requires not only to compute the orbit
of h(w[z,y]), but also its memorable values. Here “computing memorable values”
means being able to locate some positions in w[z,y] that carry the memorable values
of the element h(w[x,y]). For this, we use formulas of the form ¢(z,y,z21,...,2,)
which determine the orbit of h(w[x,y]) and some witnessing positions 2y, ..., z, for
the memorable values. This must be done with care in order to preserve the rigidity

assumptions necessary for the logic.
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Definition 3.44. We say that a formula ¢(z1,...,x,) determines z; from x; if for
all words w and positions x in w, there is y such that w & p(x1,...,x,) and x; =x
implies x; = .

The formula o(x1,...,z,) is rigid if z; determines x; for all i and all j among

1,...,n (note that this is consistent with our previous definition).
Below, we formalize the notion of “computing the orbits under some guard”.

Definition 3.45. A formula ¢(x,y,21,...,2,) 18 a witnessing formula if it deter-
mines all variables from x and, symmetrically, all variables from y, and whenever
wEe(x,y,21,...,2,), then x < z; <y for all 1 <i<n.

A formula witnesses the orbit o if it is a witnessing formula and

wE (T, y,21,...,2,) implies h(w[z,y]) = o(w[z1],...,w[z.]).

A family of formulas F = (¢,)eco computes the orbits under the guard a(z,y) if
each formula @, witnesses the orbit o, and \/, 3z . p,(x,y, Z) is equivalent to a(x,y).
One says that one can compute the orbits under the guard « if there exists such a

family.

We aim at proving that for every rigid formula a(z,y) (and, in particular, for
the rigid formula a(x,y) = (-3z.2 <) A (=3z.2 >y)), one can compute the orbits
under «. The key idea is to exploit an induction on the algebraic structure of
the orbit finite data monoid M. This induction is guided by the so-called Green’s

relations, introduced just below.

The proof of Lemma 3.43 is an induction based on the J-classes of M (see Section
3.2.3 for a definition of Green’s relation 7):

Lemma 3.46 (Inductive statement). For every J-class J of an aperiodic data

monoid M, the following claims hold:
1. there is a formula ¢ ;(x,y) such that w = ¢ j(x,y) iff h(w[x,y]) € J;

2. for every guard a(x,y) such that w = a(x,y) implies h(w[i,j]) 2 ; J, there

exists effectively a family of formulas F'® computing the orbits under .

In the proof, a careful analysis of Green’s relations and of memories of elements

in an orbit finite data monoid is required.

161



Green’s Theory and Memorable Values Here we focus our attention on the

memorable values of the elements of orbit finite data monoids.

Definition 3.47. Given an element m of an orbit finite data monoid M, we define
by memg (s) (resp., meme(s)) to be the intersection of mem(t) for all elements t in
the R-class (resp., L-class) of s.

We call R-memorable (resp., L-memorable) values of s the values in memg(s)

(resp., memg(s)).

Our final goal is to transform data monoids into rigidly guarded formulas. For this,
one needs to locate where the memorable data values come from. An important tool

is the following result:

Proposition 3.48. For every element s of an orbit finite data monoid M, we have

mem(s) = memg(s) Umemg(s).

Before turning to the proof Proposition 3.48, let us show that a similar result
fails for data monoids with infinitely many data orbits. Consider the data language
Leven © D* that consists of all words u € D* where every value d € D occurs in u
an even number of times. The syntactic data monoid of the language Leye, consists
of one element m¢ for each finite subset C' of D. The product corresponds to the
symmetric difference of sets. It is easy to see that the memorable values of m¢ are
exactly the values in C, which are neither £-memorable nor R-memorable (the data
monoid is a group).

In order to prove Proposition 3.48, we need to introduce a couple of other con-
cepts. An inverse of an element s of a monoid, is an element ¢ such that st = t-s = 1 4.
If the inverse of s exists, then it can be easily proven to be unique and hence it can
be denoted by s7t. A data group is simply a data monoid where all elements have an
inverse. The next lemma shows that orbit finiteness is, quite surprisingly, a severe

restriction for data groups.
Lemma 3.49. Fvery orbit finite data group is finite.

Proof. We first observe two claims:
Claim 1. In an orbit finite data group, mem(s) = mem(s1).

Proof of Claim 1. Since orbit finite data groups are locally finite, there
is n > 0 such that s = 1 and hence s7! = s*~1. This implies mem(s~!) =

mem(s" 1) € mem(s). By symmetry, we get mem(s) = mem(s1). O
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Claim 2. mem(s) ~ mem(t) S mem(s-t).

Proof of Claim 2. Indeed, mem(s) = mem(s-t-t-') € mem(s-t)umem(¢=t) =

mem(s-t) Umem(t). Hence, mem(s) \ mem(t) € mem(s-t). O

Now, assume, towards a contradiction, that G is an infinite data group with
finitely many orbits. G must contain an infinite orbit o. Let H = {hy, hs,...} be
some infinite subset of o such that each element h; has a distinguished memorable
value d; that is not memorable in any other element of H. Then, from the above
claim, for all k, {dy,...,dr} € mem(s;---s5). This contradicts the finite memory

property. O

It is known that every H-class H of a monoid is associated with a group I'(H)
called the Schiitzenberger group [Pinll] (in fact there exist two such groups, but
we will only consider one of them here). We define T'(H) to be the set of all
elements t € H such that ¢t - H is a subset of H. For each t € T(H) we let 7, be the
transformation on H that maps h € H to t-h. Formally the Schiitzenberger group
['(H) consists of the set of all transformations «, with ¢ € T'(H). The multiplication
operation of the group is the functional composition o. Moreover, there is a natural
way to extend the action ~ of the data monoid M to an action ~ on I'(H) by simply
letting 7(7ys) = V#(s) for all renamings 7 € I'p\ (memp (H)umem (#1)), Where memg (H) =
memg (h) and mem,(H) = memg(h) for some arbitrary element h € H (note that
all elements of H have the same set of R-memorable values and the same set of
L-memorable values). The following lemma shows that ~ is indeed a group action

on the Schiitzenberger group I'(H).

Lemma 3.50. If M = (M,-, ") is a data monoid over the set D of data values and H
is an H-class of M, then (I'(H),o, ") is a data group over the set D~ (memg(H)U
memy(H)). Moreover, if M is orbit finite, then (I'(H),o,”) is orbit finite as well.

Proof. 1t is known that (I'(H),o) is a group. We only need to verify that ~ is
an action on I'(H). We first show that I'(H) is closed under the action ~ of the
renamings over D \ (memg(H)umem,(H)). By definition of 7, this is equivalent
to verifying that H is closed under the action ~ of renamings over D\ (memg (H) U
memg(H)). The following proof is similar to proof of the Memory Theorem for
J-classes in [Bojl1]; however, we give a complete proof here for the sake of self-
containment.

Suppose that H is the intersection of an R-class R and an L-class L. As a

renaming is a permutation that is the identity on all but finite many values, any
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renaming over D \ (memg(H)umem,(H)) can be decomposed into a sequence of
transpositions of pairs of values from D \ (memg(H) umemy(H)). Therefore, in
order to prove the closure of H = Rn L under the action of the renamings over
D~ (memg (H)umemg(H)), it is sufficient to prove a similar closure property for
the transpositions w4 of pair of elements d,e ¢ memg(H) umem,(H). We first
show that R is closed under such transpositions. Let d and e be two values outside
memp(H) and let 74 be their transposition. Since d,e ¢ memg(H), we know
that there exist two elements s, € R such that d is not memorable in s and b is
not memorable in ¢. Let f be a value outside mem(s) U mem(t). By definition of
memory, we know that 74, where 7y is the transposition of d and f, is a stabilizer
of s and, similarly, 7.; is a stabilizer of . Now, consider an element s’ that is R-
equivalent to s. There must exist v and u' in M such that s-u =" and s’ -u’ = s.
Since * commutes with the product of M, we obtain 74 (s’) = g (s-u) and hence
Tap (") <g Trar(s). By similar arguments, we obtain 74 (s’) >g 7gr(s). We thus have
Tar(s") R 7gr(s) = s € R. A symmetric argument shows that 7. ;(s") R Tes(s) = s € R.
Since mge = map 0 Mo f 0 Tgr, we conclude that 74.(s) € R. Finally, a similar proof shows
that 74 (s) € L. Putting all together, we have that for every s € H = Rn L and every
renaming 7 over D\ (memg(H)umemg(H)), 7(s) € Rn L = H. This shows that
H is closed under the action ~ of renamings over D \ (memg (H) umemg(H)).
Below, we verify that ~ is a group morphism from the group of data renamings
G D (memp (H)omem, (1)) t0 the group of automorphisms on I'(H). Clearly, the func-
tion ~ maps the identity ¢ on G p.(mems (H)umem, (7)) tO the trivial automorphism

on I'(H) (i.e., I(7s) = 7Yi(s) = Vs)- Moreover, ~ is a morphism because

Tom(Vs) = Vrom(s) = Veor(s) = (To7)(7s)-

Finally, we observe that 74; = vs oy (indeed, for every h € H, we have 7., (h) =
(s-t)-h=s-(t-h)=vs(t-h) =vsov(h)) and hence

T(7s) o T(Ve) = Vas) ©Vat) = Va(o)rr) = Va(st) = T(Vst) = T(Vs 0 W)

To complete the proof of the lemma, we need to prove that (I'(H),o, ) is orbit
finite when M is orbit finite. Let us consider two elements s,t € H and suppose that
s and ¢ are in the same orbit, namely, that there is 7 € G'p\ (memg (F)umem, (7)) Such
that ¢t = 7(s). Since ~ is a group action, we know that 7; = 735y = 7(7s). This shows
that the two elements 5 and 7; of I'(H) are on the same orbit. O

It is known that any H-class H of a monoid has the same cardinality of the

associated Schiitzenberger group I'(H). Hence, we obtain the following interesting

property:
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Corollary 3.51. All H-classes of an orbit finite data monoid are finite.

Proof. Let H be an H-class of an orbit finite data monoid M. By Lemma 3.50,
we can associate with H an orbit finite data group (I'(H),o, ), where I'(H) is
the Schiitzenberger group of H. By Lemma 3.49, it follows that I'(H) is finite.
Moreover, it is known from classical results in algebra (see, for instance, [Pinll]),
that the Schiitzenberger group I'( ) has the same cardinality as the H-class H. We
thus conclude that H is finite. O

We are now ready to prove Proposition 3.48.

Proof of Proposition 3.48. We aim at mem(s) € memp(s) Umemg(s). Assume to-
wards a contradiction that there is a value d € mem(s) \ (memg(s) Umemg(s)). As
d ¢ memp(s), there is an s’ in the R-class of s such that d ¢ mem(s’). Then there
are u,u’ € M such that s-u =" and s’ -’ = s. Symmetrically, as d ¢ mem,(s), s
has an L-equivalent element s such that d ¢ mem(s”), and there are v,v"” € M such
that v-s=s" and v -s" = s.

Let dy,ds, ... be an infinite sequence of pairwise distinct values that are not in
the memory of either s, s’, or s”. We denote by 7; the transposition of d with d;.
As neither d nor dy,ds, ... are in the memory of s/, 7;(s’) = s’ and hence 7;(s-u) =
7;(s") = s'. Combining this with s'-u’ = s we obtain 7;(s) - 7;(u) - v’ = s'-u' = s and
hence 7;(s) > s. Similarly, one proves that 7;(s) <z s and hence 7;(s) R s. By
symmetry 7;(s) £ s. Hence 7;(s) belongs to the H-class of s. As d is memorable in
s, 7i(s) is different from s. Thus the H-class of s is infinite, contradicting Corollary

3.51. ]

Proof of the Inductive Statement Through the rest of this section we assume
that M is an aperiodic orbit finite data monoid M and we prove the inductive
statement given in Lemma 3.46.

We will tacitly assume that all formulas defined hereafter are rigidly guarded
first-order formulas. Moreover, for the sake of brevity, we will often fill the parame-
ters of a formula ¢(x1,...,x,) with * to denote that the corresponding variables are
existentially quantified. With this notation, if p(x,y, 2) is rigid, then so is (*, z,y),
as well as p(x,*,y) and p(z,y, *).

It is also convenient to assume that M is represented by a term-based pre-
sentation system S = (7,0, ",~). This means that the elements of M are the

~-equivalence classes of terms in 7. However, by a slight abuse of notation, we shall
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often identify the elements of the data monoid M with the terms in 7', writing, for
instance, h(w[z,y]) = o(dy,...,dy).

We start by presenting an special, but important, case of Lemma 3.46, which shows
that the orbits of infixes of length 1 can be computed (this will serve as our base

case for the inductive construction):
Lemma 3.52. Let ol (x,y) := x =y. One can compute the orbits under the guard o.

Proof. Remark that the morphism ~ maps singleton words to orbits that have mem-

ory size at most 1. The family F! := (¢!).0o that computes the orbits under o is

simply:
o (z,y) = a(r)hz =y (if 0 has memory size 0)
h((d,a))=o()
oLz, y, 2) = V a@)rz=yrz=2 (if 0 has memory size 1)
h((d,a))=o(d)
PL(z,y) = false. (otherwise)
[

The following lemma discloses another key argument in the proof of Lemma 3.46,

which is obtained by syntactic transformations of formulas.

Lemma 3.53 (Sub-Definability Lemma). For all formulas p(x,y) that determine y
from x, there exist finitely many formulas B;(z,y) that determine y from z, and such
that for all x < z <y,

wEe(x,y) implies wE Bi(z,y) for some i.

Proof. We remark that the following proof can be read either with formulas meaning
“rigidly guarded FO formulas”, or “rigidly guarded MSO formulas”; both results
hold, using the same proof.

We start by recalling the following Composition Lemma originating from the

Feferman-Vaught/Shelah composition method.

Composition Lemma. Given a standard MSO/FO sentence ¢ (that uses
only the order <, and some unary predicates, but no data comparisons),
there exists a finite set of pairs of formulas (a, 5;)i=1..x Such that for all

words u and v,

w ke iff uEaq; and vE B; for some 1.
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It is routine to check that the statement of the Sub-definability Lemma follows
from the above result in the case of standard MSO/FO formulas: the variable z cuts
the word into uwv, with v starting at letter z (it is sufficient to prove the statement

for x < z <y). Let us concentrate ourselves on the data word case.

Preliminary remark: Any rigidly guarded data test a(z,y) A x ~ y, since it deter-

mines y from z is equivalent to the formula:

a(z,y) Az a(z,z)Ax ~2).

call it a~(z)

(this formalizes the fact that rigidly guarded data tests behave almost like unary

predicates).

Formal elimination of data tests. Consider now a rigidly guarded MSO/FO for-
mula ¢ (possibly with free variables). One transforms it into the standard MSO/FO

formula ¢* (with the same free variables) inductively as follows:

(3z.4)* = Jz.* (AX.¢)* = 3IX Q"
()" = " (o) = i v
(reX) =zeX (r<y)* = z<y
(a(x))" = a(z)
and most importantly
(a(z,y) Az ~y)* = a*(z,y) Ala”](z) (where [@”] is a new unary predicate)

Given a data word w, let the (classical) word w* be obtained from w by removing all
data values and by adding the predicates [«~] such that w* E [a~](z) iff w E a~(x).
The above construction — thanks to the preliminary remark — is such that w = ¢(X)
iff w* & p*(X) for all choices of w and X. This means in particular that any
formula ¢ is equivalent to the formula p* where each unary predicate [a~](x) is

syntactically replaced by a~(x).

Main part of the proof. Consider a formula ¢(z,y) that determines y from x. Tt
can happen that x does not determine y in ¢*(x,y) (since the unary predicates [a~]
could be chosen in a way inconsistent with any choice of data values). This can be

corrected easily. Consider:

U (z,y) = (v, y) AVY o (2,y) >y =y.
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This formula 1* is equivalent to ¢* as long as ¢* determines y from z for a given
choice of w,z. Otherwise, it simply does not hold. Hence = determines y in ¢*(z,y)
by construction. This means that ¢*(z,y) is subject to the application of the stan-
dard MSO/FO case. Thus let 3} (2,y),...,5;(2,y) be the corresponding formulas.

From each S7(z,y) we construct 5;(z,y) by syntactically replacing each unary
predicate [a~](z’) by a~(x’). It is clear that, since 8} (z,y) determines y from z, so
does f;(z,y). Furthermore, for all w and all x < z <y, w = p(x,y) iff w* = p*(z,y)
iff w* & Y*(x,y) (this is because there is no other y such that w £ ¢(z,y), and
hence no other choice of y such that w* & ¢*(z,y)). Hence, there exists ¢ such
that w* & 7 (z,y) and w E §;(z,y) follows. This completes the proof of the Sub-
definability Lemma. O

An immediate consequence of the above lemma is the following:

Corollary 3.54. Fvery witnessing formula is equivalent to a finite disjunction of

rigid formulas.

Proof. Consider a witnessing formula ¢(z,y, 21,...,2,). Since @(z,y,*,...,*) de-
termines y from x, one can apply Lemma 3.53 and get some formulas oy, ..., a.

The desired rigid formulas are

Ciyoin (@Y, 204y 2n) = (T, Yy, 21,0y 20) A, (21, Y) Ao Ay, (20, Y).

where i1, ..., i, range over {1,...,k}. One easily checks that the formulas ¢;, _;, are
rigid. Indeed, x determines zj, which itself, by «;, determines y, which determines
x. Since this holds for every k=1,...,n, we get that ¢;, ;. is rigid.

n

Of course, ;, . ;, implies ¢ by definition. Conversely, given some z,y, 21,. .., 2,

such that w = p(z,y, 21,...,2,). Foreach k =1,... n, by Lemma 3.53, there exists iy
such that s = a;, (2, y). It follows that w = ¢, . (,y,21,...,2,). Overall, ¢ is

equivalent to a disjunction of rigid formulas. O

Corollary 3.54 can be used for composing families of formula that compute orbits,

as shown by the following lemma:

Lemma 3.55. If F' and F' compute the orbits under the guards a(x,y) and o/ (x,y),
respectively, there exists effectively a family F - F' which computes the orbit under
the guard

(a-a)(z,y) = Fz.a(x,z) Ad'(z+1,y).

168



Proof. Let F be (¢,)oc0, and F’ be (¢!) 0. We aim at constructing F'- F’ = (1,)oco
which computes the orbits under a:- /.

The orbit resulting from the product of an element in orbit o with an an element
in orbit o’ depends on the relative data values. For each possible relationship, we
will produce a formula. This relationship will be represented by using explicit terms,
which contain data values. Consider two terms of the form ¢t = o(cy,...,cx) and ' =
o'(ch,...,c},) (up to renaming, there are only finitely many possibilities for the pair
(t,t')). Their product is 0o”(dy, . ..,d,) :==t-t'. Call (¢p)p=1..m (similarly (gogj,)plemm,)
the rigid formulas obtained from ¢, (resp. from ¢/,) by Corollary 3.54. Consider

now the formula:

Upo(yy, 27 o 20) = 2oz &2 2 (a)

\/gap(:v,f,i)/\wp/(5+1,y,2') (b>
p,p’

AN iz, Zi) A2~ 2 (c)
ci:c;

AN iz, ) N2} 2 (d)
cﬁc;

VAT A z =z (e)
di=c; di:c;.,di;é{cl,...,cm}

where
pprii(2i,25) = 3y 0p(6,y, %, 20, %) Ao (Y + 1, %, %, 25, %),

Given x and y, the formula first guesses the intermediate position ¢ and the variables
z and Z’ witnessing the data values of h(w[z,£]) and of h(w[£ + 1,y]) respectively
(a). It then guesses p,p’ which are used to make the formulas rigid, and checks
the consistency with the variables (b). Line (c¢) checks that whenever a data value
in t and a data value of ¢’ are equal, then the corresponding witness positions in
the word share the same data value. This equality comparison is done using the
guard i (2, 25) (if this guard would be removed, the formula would still compute
the same result, but the formula would not be a rigidly guarded FO formula). This
guard of course holds between z; and 2} when (b) holds. It is also obviously rigid since
the ¢, and ¢, formulas are rigid. The same argument is used for the inequalities
in (d). Finally (e) uniquely defines the witnesses for the data values.

Overall, the formula ;4 witnesses o', and furthermore, given any z,&,y such
that w E a(x, &), wE o/ (E+1,y), 7(t) = h(w[z,£]) and 7(¢') = h(w[€+1, y] for some

renaming 7, then w & ¢, 4 (z,y, Z) for some Zz.
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Finally, the formula 1), is simply defined as:

wo(%%?) = \/ wt‘t’('xang)‘

tt'eo

(it tries every possibilities of a product yielding to orbit o). O

Using Lemma 3.52 and Lemma 3.55, one can compute the orbits of infixes of
fixed length:

Corollary 3.56. Let o*(x,y) == x+ k-1 =y, there exists effectively a family of

formulas which computes orbits under o.
We now recall a direct consequence of Theorem V.1.9 from [Pinll1]:

Lemma 3.57. For every pair of elements s,t of M, if s Jt and s<r t, then sRt
(and symmetrically for L).

The above lemma immediately implies the following:
Lemma 3.58. Let [2,y] be a minimal interval such that h(w[z,y]) #; J, then either

1. x=yorz+1=y, or;

A

2. [v+1,y-1] is a mazimal interval such that h(w[x,y]) >; J.

From now on, we assume that Claims C1 and C2 of Lemma 3.46 hold for every

J-class above .J (which is the induction hypothesis for classes above J ).

Lemma 3.59. There exists a formula a?if?f(m, y) such that w = a?f‘}(m,y) iff [z,y]
7 7

is a minimal interval such that h(w[x,y]) J. Furthermore, it is rigid, and one
can compute the orbits under a;;}

Proof. Lemma 3.58 describes what can be such intervals [z,y]. Naturally, the last
case is the most interesting. Let a(x,y) be a formula stating that [z, y] is a maximal
interval such that h(w[x,y]) >; J and x <y. It is possible to write such a formula
using the induction hypothesis C1. This formula is rigid, by definition. Hence, using
this time Claim C2, one has a family of formulas F* which computes the orbit under
the guard a.

The formula agﬁfj(a:, y) is then simply:
J

oz y) A F (2 y) $5
v ai(z,y) AF(z,y) Fas J
v ((a'-a)-a")(w,y) A ((F*-F)-FY)(x,y) $5 J

170



where we use families of formulas F) ... as if they were functions computing orbits.
This shorthand of notation should be clear to understand, and can be transformed
into regular formulas by explicitly unfolding all cases. This is correct by Lemma 3.58.

Finally, this formula ozglif}(x, y) is rigid by definition, and a family of formulas
computing the orbits under this guard is also easy to obtain using the same kind of

constructions. O

We are now ready to prove the induction steps for both Claim C1 and Claim C2
of Lemma 3.46 with respect to the J -class J (we remark that only the proof of C2

relies on the fact that the orbit finite data monoid is aperiodic).

Lemma 3.60 (Induction step for C1). There exists a formula ¢ j(x,y) such that w
ei(x,y) iff M(wlz,y])eJ.

Proof. The formula disproves the existence of a minimal interval [z’,y'] included

in [x,y] such that a‘;if}(:c’, y') holds, using Lemma 3.59. This implies h(w[z,y]) >
J

J. The formula then excludes the case h(w[z,y]) >4 J using the induction hypoth-

esis C1 for all K >; J. O

Lemma 3.61 (Induction step for C2). For every guard o(x,y) such that w = a(z,y)

implies h(w[x,y]) 25 J, one can compute the orbits under a.

Proof. Of course, it is sufficient to prove the lemma for the case when w = a(x,y)

implies h(w[z,y]) € J, since using Claim C2 it is possible to compute the orbits
A l}’lln .
such that h(w[z,y]) € J (doable thanks to Lemma 3.60). From its definition, o/
is rigid.

in the other cases. Let a®™(x,y) be the formula expressing that [z,y] is minimal

Consider the formula S(x,y, z1, 22, 23, 24) which holds if (i) a(z,y), (ii) z; > x is
minimal such that al}‘in(zl,zg), and (iii) z4 < y is maximal such that ar}‘m(z?,, 24).
Remark first that since (i) implies h(w[x,y]) € J, all points 21, 29, 23, and z4 belong
to [z,y]. Hence, § is a witnessing formula, and by Corollary 3.54, it is equivalent
to a disjunction of rigid formulas, say (,..., O,.

We describe below the steps performed by the formulas computing the orbits

under «.

1. Tt detects for which i, w & 5;(x,y, 21, 22, 23, z4) holds, and guesses the corre-

sponding variables zi, 29, 23, z4 (this implies in particular w £ a(z,y), hence
hw[z,y]) € J).
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2. It computes the orbit of h(w[z,2]) (and h(w[zs,x]) in a similar way). This

is doable since:

By definition of 3, if w & B;(x, *,y~1, %, %, %) then h(w[z,y-1]) > ; J. Hence,
using the induction hypothesis C2, one can compute the orbits under the guard
Bi(x,*,y—1, %, %, *). Furthermore by Lemma 3.59, one can compute the orbits
under oz‘}?i“. Overall, one can compute the orbits under S;(x, *,y — 1, %, %, %) -

a;(y,z), ie., under B;(x, *,*,y, *,*). This means that one can compute the
orbit of h(w[z, 25]).

3. Recall that in any aperiodic orbit finite data monoid all H-classes are sin-
gletons. Since the considered data monoid is aperiodic, we have that t =
h(w[z,y]) is the only element (up to ~) such that t € R(h(w[x, 22]))nL(h(w[z3,9])).
It follows that we know the orbit of A(w[z,y]). It remains to provide witnesses

for the data values.

Since h(w[z,22]) J h(w[z,y]) and h(w[z,22]) 2g h(w[z,y]), we have that
h(w[z,z2]) R h(w[z,y]). In the symmetric way, h(w[zs,y]) £ h(w[z,y]).
Hence, by Proposition 3.48, each memorable value from ¢ occurs either in
h(w[z, z2]) or in h(w[zs,y]). This means that every data value in ¢ is already

witnessed at step 2.
O

The above arguments prove Lemma 3.46. We observe that the lemma directly
implies Lemma 3.43 that deals with the aperiodic case. The following Corollary
completes the proof of Theorem 3.7.

Corollary 3.62. Every data language recognized by a finite orbit aperiodic data
monoid is definable by a rigidly guarded FO sentence.

Proof. One should provide, given an orbit o, a formula which holds over a word w
iff h(w) € 0. Other situations are obtained by disjunction of this single orbit case.
Consider the guard a(z,y) = (=3z.2 < x) A (=3z.2 > y). It holds iff = is the first
position and y the last position of the word. Since by Claim C2 of Lemma 3.46 one

can compute the orbits under «, the language h='(0) is definable. ]
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3.6 Towards Buchi for Data

Having shown characterizations of first-order logic and variants thereof in the last
chapter, we now turn to monadic second-order logic. Over finite alphabets, the ex-
pressiveness of monoids and finite automata coincides. In addition, both formalisms
are precisely as expressive as monadic second-order logic.

Over infinite alphabets, monoids are much weaker than automata. We have seen
that orbit finite data monoids are strictly contained in deterministic finite memory
automata, which are in turn strictly contained in non-deterministic finite memory
automata. In this section we present two logics that correspond to orbit finite

monoids and non-deterministic finite memory automata respectively.

3.6.1 A Logic For Orbit Finite Data Monoids

In this section, we show that rigidly guarded first-order logic, extended with monadic
second-order quantification, corresponds exactly to orbit finite data monoids. That

is, we show the following theorem

Theorem 3.8. A language can be defined in rigidly-guarded monadic second-order
logic iff it is accepted by an orbit finite data monoid. In addition, the translations

between the two formalisms are effective.
Before we start with the proof of Theorem 3.8 we note the following key corollary:

Corollary 3.13. The satisfiability problem for rigidly guarded MSO logic is decid-
able. Moreover, one can decide whether a formula belongs to the rigidly guarded

MSO logic, and in this case whether the formula is rigid.

Proof. By Lemma 3.38, any formula of rigidly guarded MSO can be effectively
transformed into an orbit finite data monoid. Satisfiability of this formula then
corresponds to language non-emptiness. This can be tested by a simple saturation
argument on the algebraic object.

As for the second claim, to decide whether a formula ¢ belongs to the rigidly
guarded MSO logic it is sufficient to check that (i) the formula ¢ satisfies the syn-
tacticrestrictions given by the grammar of rigidly guarded MSO formulas and (ii)
all data comparisons are guarded by rigid formulas of the form a(z,y). Both the
first and the second tasks can be performed by an induction of the structure of the
formula ¢. In particular, we observe that a guard a(z,y) is rigid iff the formula

arigid? =V J:,x’,y,y’ oz(x,y) A a(x/7y/) — (SL’ =1 < Y= y/)
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holds on all words. The latter condition can be tested using the first claim of the

corollary. O

We have already shown the direction from left to right of Theorem 3.8 in Lemma
3.38. For the other direction, we prove a lemma that is similar to Lemma 3.43, the
difference being that it is concerned with monadic second-order logic and arbitrary
orbit finite data monoids, instead of first-order logic and aperiodic orbit finite data

monoids.

Lemma 3.63. Given an orbit finite data monoid M, a morphism h from the free
data monoid to M, and an orbit o, one can compute a rigidly guarded MSO sentence
@ that defines the data language L = h=1(0).

We have seen in the previous chapter how to establish Lemma 3.63 in the aperi-
odic case. The other part, stating that every data language recognized by an orbit
finite data monoid is definable in rigidly guarded MSO logic, is proved by follow-
ing the same structure, i.e., by relying on the same induction on J-classes and on
similar constructions. Only two things need to be changed. The first one is that
Lemma 3.53 needs to be reproven for rigidly guarded MSO (doable with the exact
same proof). The second issue lies in the proof of Lemma 3.61, when the hypothesis

of aperiodicity is used for the first time, namely at step 3.

We fix for the rest of this section a (possibly non-aperiodic) orbit finite data monoid
M = (M,-,") over a set D of data values and a morphism h from the free data
monoid (D x A)* to M. We tacitly assume that every ‘formula’ is a rigidly-guarded
MSO formula.

The objective is to reprove Lemma 3.46, but this time without assuming that
the underlying monoid is aperiodic. We note that the proof of Claim C1 given in
Section 3.5.5 does not exploit the assumption that the monoid is aperiodic (as far
as the induction hypothesis is admitted). Hence we can reuse this part of the proof
for the data monoid M. It thus remains to prove Claim C2 for a given J-class J.

To compute the orbits under a rigid guard a(z,y), we will split the infix be-
tween x and y into many pieces. That is, given an infix w[z,y] of a word w, our for-
mula will first guess a special partition of w[z,y] into smaller factors wy, ..., w, that
can be handled by the induction hypothesis, then it will perform sub-computations
for the orbits of the factors, and finally check the orbit of the partial products
h(wy)-...-h(w;), up to the orbit of the entire product h(w[z,y]). In what follows,
J is a fixed J-class, and we assume that h(w[z,y]) € J.
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The partitions we are interested in are the following ones (here, for simplicity,
we assume that the whole word is concerned — this means that we do not have to

bother with the extremities of the factor we want to check):

Definition 3.64. A partition of a word w is a decomposition of w into ug,. .., U1
where each u; with 1 <i <n is non-empty. We say that a partition ug, ..., Uy Of G

word w s an j—partition if
1. h(uy-...-up) € J, and
2. h(u;)eJ foralll1<i<n-1.
We say that a partition g, ..., uns1 of a word w s an almost j—partition if
1. h(uy-...-uy,) € J, and
2. either h(w;) € J or h(ui) € J forall1<i<n-1.

We want to use the induction hypothesis on the factors of the partition. Hence

we consider “rigidly guarded partitions”:

Definition 3.65. A partition ug, ..., u,s1 of w is rigidly guarded under a guard
a(z,y) if

1. wE a(z,y) where x is the first position of uy and y is the last position of u,,

2. there exist finitely many rigid formulas aq(x',y"), ..., an(2',y") such that for
all 1 <i<n, if ' is the position of the beginning of u;, and y' its the position

of the end of u;, then w E a;(x',y’) for some 1< j<m.

It is orbit-computable under « if, in addition, one can compute the orbits under

each ay.

The following definition makes precise what it means for a partition to be rep-

resented in a rigidly guarded MSO logic.

Definition 3.66. A presentation for a partition ug, ..., U1 of w is a pair (X,Y)

of monadic second-order variables such that

1. x € X iff there is some 1 <1 <n such that x is the position of the beginning

Of Uy,

2. yeY iff there is some 1 <1 <n such that y is the position of the end of u;.
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Lemma 3.67. For every rigid guard o(x,y), there is a formula agmesi(X,Y) such
that for all words w, w E Qumest(X,Y) iff (X,Y) is a presentation for an almost-J -
partition of w. In addition, such a partition is orbit-computable under the guard «.
Furthermore, for all words w, if wE a(x,y), then there is a pair (X,Y) such that
W E Agmost( X, Y).

Proof. The formula amest (X, Y") checks that the partition u, . . ., uy.1 of w induced
by (X,Y) is a special almost-J-partition: If an interval u; is in J, then it must be

a minimal interval in .J. More precisely Qatmost (X, Y") checks that:

o h(up-...-uy)e€ J. This can be done using the formula ¢; from Claim C1 of
Lemma 3.46.

e Forall 1 <i<n-1, either h(u;) € J or h(usq) € J. This can be checked by a

combination of a;“”} from Lemma 3.59 and of ¢ ; from Claim C1.
J

e Forall 1 <i<n-1, either u; is a minimal interval in J or h(w;) is in a J-class
above J. The first case can be checked by Oz;l;} The second case can be
checked using the formulas ¢ ;.

It follows that w E aaimest (X, Y) iff (X,Y") is a presentation for an almost- J -partition
of w.

We now show how amest can check that the partition wg, ..., u,.q is rigidly
guarded under «. Clearly it can check that w = a(x,y), where x’ is the first position
of uy and y is the last position of w,. To check the second condition of Definition

3.65 we define the following finite set G~ of formulas:
1. The formula a;‘if}(x’,y’) from Lemma 3.59 is in G~.
J

2. Recall that a(x,y) is a rigid guard. By the Sub-definability Lemma 3.53 there
exist finitely many formulas 5;(2’,3y") for o that determine 3’ from x’. We let

all these formulas [3; be contained in G~.

3. Let By (v, 2'),...,B; (v, 2") be the formulas obtained from the rigid formula

oz?“}(x’ ,2") using again Lemma 3.53 (we consider here the version of the lemma
J
for formulas that determine 3’ from z’). G~ contains all formulas of the form

B (' y') = 34 a;‘;j(x',z’) ABT (2L Y).
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It is easy to check that each v~ (2’,3') € G~ determines y’ from z’. We claim that
for all 1 <7< n, if 2’ is the position of the beginning of u; and y’ its the position of
the end of u;, then there is a formula v~ (z/,y’) € G~ such that w £ v~ (z/,y"). We
distinguish three different cases:

e Case: u; is a minimal interval in J. In this case the formula oz?“j(x’,y’) has

J
the desired properties.
e Case i = n. Then there is a formula among the S;(z’,y’) with the desired

properties.

e Otherwise u; is an interval in a J-class above J, and 1 <i < n—1. In this
case we claim that there is an index j such that 5 € G~ is the suitable
formula: Assume that z’ is the position at the beginning of u; and that y’ is

the position at the end of u;. Then ozr;ir}(x’,z’) determines some z’ from z’
J

such that w[z’,y] is a minimal interval in J. As u; is in a higher J-class than J
and 1 <7< n-1, it follows that z/ must be in u;1. As uy,...,u, is an almost-J
partition, u;,1; must be a minimal interval in J. We observed before that these
intervals are rigidly guarded by o™® (z/,y’). By the Sub-definability Lemma

¥sd
3.53, there must be a formula 3;(2',y") that determines y’ from z’.

Symmetrically, one can define a set G~ with the respective properties for going from
right to left. We then define

G = {7 @) Ay (@ y) 7" eG7 v~ e G}

Clearly each formula in G is rigid (possibly unsatisfiable). It follows from the above
observation that GG satisfies the second condition of Definition 3.65.

Let us sum up what we have proven so far: The partition wug,...,u,.1 of w
induced by (X,Y) is a special almost—j—partition where each interval is either in a
J-class above J, or it is a minimal interval in J. In addition, the partition is guarded
by GG. Hence we can compute the orbit of each of the u; under the respective guard
by using Lemma 3.59 and the induction hypothesis. This means that ug, ..., w1 is
orbit-computable.

What remains to be done is to show that such a partition exists. Consider an
almost—j—partition Ug, - - -, Uns1 Such that for every 1 <i <mn -1, either u; or u;, is
minimal in h~1(.J). If there exists still some u; such that h(u;) € J, but which is
not minimal, then such u; can be decomposed into vv’v”, where v’ is minimal such

that h(v') € J and either v or v” is non-empty. We substitute in the partition vv'v"”
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for u;, yielding a finer partition which still satisfies the property. This refinement
process is iterated, starting from the trivial partition of w into a single word, and
it stops when there are no more non-minimal w;’s such that h(u;) € J. If no extra
refinement steps are possible, this means that the expected form for the partition
has been obtained. O

Lemma 3.68. For every rigid guard az,y), there is a formula cpariion(X,Y) that
defines rigidly guarded j-partitions orbit-computable under a(x,y). Furthermore,
for all words w, if w = a(z,y), then there is at least one pair (X,Y) such that
w k= apartition(Xy Y).

Proof. The formula apartition (X, Y') starts by guessing X’ and Y such that caimest (X', Y”).
Let also (c;(x',y"))1<i<k be the rigid guards for the partition. This corresponds to
an almost—j-partition of w into ug, U1, ..., Un, Upy1.

For the sake of simplicity we assume that n is even (otherwise, the (n + 1)-th
factor has to be treated separately). In this case, one considers a new partition of w
INto ug, V1 ... U, Ups1, Where m = nf2, v = ugls, Uy = Usly, - .., Uy = Up_1Up. 1t 1S
not difficult to define the new partition on the basis of the former one using MSO
formulas. Let (X,Y) be the presentation of the new partition wug, vy, ..., Um, Uns1 of
w.

It is also easy to see that, since v; = ug;_jug; for all 1 <i <m and uq,...,u, is an
almost-.J-partition, either h(us_1) €.J or h(uy;) € J. In both cases we get h(v;) € J.
It thus follows that vy, ..., v, is a J-partition.

What remains to be done is to prove that this partition is rigidly guarded and
that one can compute the orbits under o. However, this is very simple. Indeed,
since each the u;’s are rigidly guarded by one of the «;’s, each of the v;’s is rigidly
guarded by one of the o; - a; for some 1 <¢,j5 < k. One can also compute the orbits

using Lemma 3.55. O

At this point we know how the formula will be looking for a witness of the
value of h(w[z,y]) by guessing a partition ug, uy, . .., Uy, Uy such that h(w[z,y] =
h(uy ... u,) using Lemma 3.68. It remains to develop a tool for being able to evaluate
h(wlz,y]) = h(uy ... uy,), knowing h(uq), ..., h(u,). Of course, this cannot be done
by comparing all the data values involved in A(u,), ..., (u,). There are too many
of them, and it is impossible to do it using rigidly guarded tests. We show below
that it is sufficient to perform some sort of an approximation of this computation.

The necessary machinery is defined below.
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Definition 3.69. Two sequences of terms ti,...,t, and t|,...,t, are locally con-

sistent if
e for all1<i<mn, both termst; andt] are in J, and both products ty-...-t, and
t ...t arein J as well,

!/

e for all 1 <i<n, there is a renaming m; such that 7;(t;) = t. and 7;(tis1) = tl,4,

oty =1 and t, = t,. The sequences are called almost locally consistent if,
instead of t1 = t] and t, = t!,, there is a renaming T such that 7(t;) = t],
and 7(t,) =1t,.

The following lemma shows why we are interested in locally consistent sequences:
Lemma 3.70. Let ty,...,t, and t],...,t], be two sequences of terms.
1. Ifty, ... t, and t,. ..t are locally consistent, then ty-...-t, =t]-...-1].

2. If t1,...,t, and t},... t! are almost locally consistent, then 7(ty-...-t,) =

7(th-...-tl) for some renaming T.

Proof. To prove the lemma, we need to introduce further definitions. We denote
the arity of a term t by arity(¢). The domain D of a sequence of terms ty,...,t, is
the set of pairs (i, k), where i < n specifies the term t;, and k < arity(¢;) specifies a
placeholder for a data value in ;. We equip the domain D of a sequence t of terms
with an equivalence relation E, that is the finest equivalence such that (i, k) € D is
equivalent to (i + 1,k") € D whenever the k-th memorable value of ¢; and the k’-th
memorable value of t,.; share the same data value. Of course, all elements in an
equivalence class have the same associated data value. A coloring of (D, FE) is a
labeling of the equivalence classes of E by data values. The sequence t naturally
defines a coloring of (D, E') by associating to each equivalence class the data value
of its elements. An element (i,k) in D is a border position if i =1 or i = n. Two
colorings are border-equal equivalence class that contains a border position. We then

establish the following claims:

Claim 1. If two sequences of terms are locally consistent, then they define
the same domain D and the same equivalence E, and, furthermore, the

corresponding colorings are border-equal.
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Proof of Claim 1. Let t and ¥ be locally consistent sequences of terms.
It is obvious that ¢ and # have the same domain and it is equally trivial
that their colorings are border-equal. In addition, the equivalence between
two positions (i, k) and (i + 1,k") only depends on the equalities between
the data values in t; and t;,1. Those equalities are the same in t; and t;,4
as in ¢/ and ¢/, as there is a data renaming 7 such that 7(¢;) = ¢/ and
7(tiv1) =1, ]

Two colorings have a small difference if their domains and equivalences are the
same and they disagree on the color of at most one equivalence class. Two locally

consistent sequences have a small difference if their colorings have small difference.

Claim 2. Two locally consistent sequences of terms that have a small

difference have the same value.

Proof of Clatm 2. Let ty,...,t, and t],...,t] be locally consistent sequences
of terms that have a small difference. Let C' be the equivalence class for
which the two colorings differ. Let ¢ be the smallest number such that there
is (i,k) € C and let j be the biggest number such that (j, k') € C' for some
k,k" e N. As ty,...,t, and t|,...,t], are locally consistent, it follows that
1 <7 and j <n. Let d be the color of C' in tq,...,t,, and d’ be the color
of C'in t},...,t,. We define 7 to be the permutation that swaps the data

values d and d’ and is the identity elsewhere. We observe that:

e 7o is the identity.
o 7(t;) =t/ for all ie{i,...,j}.
o t;=t!forallie{l,....i-1}u{j+1,...,n}.

o 7(s') = s for ' = t;,-...-t;,,. This is because neither d nor d’
are memorable in s’: by Proposition 3.48 every value is either an £-
memorable value or a R-memorable value. As ¢/ ,,... ,t; . are all in
the same J-class, it follows that all R-memorable values in s’ must
occur in t;_; and all £L-memorable values in s’ must occur in t;. - As
neither d nor d’ occur in either ¢,_, or t; .1 it follows that d and d’ are

not memorable in s’.
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The above remarks allow us to conclude the proof of Claim 2:

treoocrtn =t tig - T(T(tic1) - T(Ejs1)) tjea oo oty (by (1))
Sty i Ry ) ety (by (2))
St ety (e )ty (by (3))
:'1-...-;_2-;_1-...-t9+1-t;+2-...-t; (by (4))

We can finally turn to the main proof. Consider two locally consistent sequences ¢
and /. By Claim 1, ¢ and ¢’ define the same domain D, and the same equivalence F,
and the corresponding colorings are border-equal. We show that one can transform
t into ¢’ by steps of small-difference. Of course, using Claim 2, this would conclude
the proof.

It is sufficient to describe how the coloring evolves at each step. Let m be
the number of non-border equivalence classes, and let di,...,d,, be fresh values
(appearing neither in ¢ nor in ¢’). Transforming ¢ to ¢’ is done in two phases. One
first performs the following m-steps: at step ¢, for ¢ = 1,...,m, one recolors the i-th
equivalence class by d;. One then performs other m-steps during which one recolors
the i-th equivalence class, for each i = 1,...,m, by its color in ¢’. This concludes the
proof of the first part of the lemma.

The second part of the lemma, dealing with an almost locally consistent sequence

of terms, just follows from the fact that if tq,...,t, is almost locally consistent
with ¢],...,%/, then there exist a renaming 7 and a sequence ¢, ...t of terms such

that t1,...,t, is locally consistent with ¢{,...,t” and ty-...-t, =7(t{-...-t!). O

The general idea for proving the induction step of Claim C2 of Lemma 3.46 is
that the formula that computes the orbits under a rigid guard o will guess a suitable
j—partition UQ, U1, . . . Uy, Upq Of the underlying data word w. For evaluating the
product h(uy) - h(ug) - h(u,), the formula will guess a sequence of terms t;...¢,
which is locally consistent with h(wuy)...h(u,). This may look difficult a priori,
because there are infinitely many possible terms (as there are infinitely many data
values) and an MSO formula would not be able to guess such a sequence. However,
our last preparatory lemma shows that it suffices to considers sequences of terms

built over a set of data values of bounded cardinality.

Lemma 3.71. For each sequence of termst; ...t,, there is a sequence of termst} ...t}

that is locally consistent with ty ...t, and uses at most 4| M| distinct data values.
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Proof. We can reuse the objects in the proof of Lemma 3.70, namely, we can view
a sequence of terms as a domain, an equivalence relation, and a coloring. We can

assume without loss of generality that:
e the set D of all data values is the set of positive integers,

e the data values in ¢; and in ¢, belong to the set [1,2|M]|] (call this range of

values the set of border colors),

e all other data values (i.e. those that to not appear either in t; or ¢,) have

color greater than 4| M|.

By using induction on ¢ = 2,...,n -1, we transform the coloring associated with the
sequence tq,...,t, into a coloring where all positions up to position ¢ in the domain
have data values smaller than or equal to 4| M|. Such a transformation is performed
as follows. If there is a color at position i + 1 that is greater than 4| M|, we recolor
all the data values appearing at position i + 1 that do not belong to [1,4|M]|] by
arbitrarily chosen new colors among [2| M| +1,4|M]|]. Note that we can do that,
since there are at most | M| data values involved in the term ¢; and hence there are
always at least | M| fresh data values from [2| M| + 1,4| M| ] that we can choose.
At the end of the transformation, every position uses only data values among
[1,4|M]], and the coloring is still valid. This means that the resulting sequence

t1,...,t, of terms fulfills the conclusions of the lemma. O

We can prove the induction step for Claim C2 of Lemma 3.46.

Lemma 3.72 (Induction step for C2). For every guard a(x,y) such that w & a(z,y)

implies h(w[z,y]) 25 J, one can compute the orbits under a.

Proof. The construction starts as in the proof of Lemma 3.61, but things change at
point 3 since the construction there exploits aperiodicity. We continue the construc-

tion, without the assumption of aperiodicity, as follows.

3. One guesses a J -partition which is rigidly guarded and orbit-computable using
the formula apartition(X,Y") of Lemma 3.68. We denote by ug, uy,. .., Uy, Uns1

this partition.

4. One guesses some terms tq,...,t, over a finite set data set C of size 4| M|.
There are finitely many such terms, so this can be done using monadic quantifi-

cations. This must be done in such a way that the information concerning ¢; is
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located on the factor u;, say on the first letter. One then computes t =t;-...-t,.
This can be done inductively using MSO since the partial products of the terms

ti,...,t, range over a finite set.

. One checks the almost local consistency between ¢;...t, and h(uy)...h(uy,).

This is done as follows.

Consider any index 1 <4 < n—1 (this amounts at using a universal first-
order quantification). Let S(z,y) and 8’(z’,y") be the rigid guards for u; and
for u;.1 and let ¢; = o(dy,...,dy) and t;;1 = 0'(d},...,d}) be two terms. One
first guesses (using disjunctions) the rigid formula ¢(z,y, z) that witnesses the
orbit of ¢; over u;, as well as the rigid formula ¢'(z’,y’, z’) that witnesses the
orbit of ¢,.; over u;.;. One then checks that those formula indeed holds for

some z and some Z'.

Now, in order to check the almost local consistency it is sufficient that all the
equality relations between the data values of ¢; and the data values of ¢;,1 are

satisfied. For this, one checks that for all values d; in ¢; and dj, in #;,;:

o if d; = dj,, then (Jy p(*,y, %, 2, %) A (y+1,%,%, 2/,,%)) Az ~ z, holds
(the guard is rigid since ¢ and ¢’ are rigid),

o if d; # dj,, then (3y o(*,y,%,2,%) A/ (y+1,%,%,2/,,%)) Az + 2, holds

(same argument for the rigidity).

Finally, one needs to check equalities between the data values of the first term
t; and the last term ¢/. For this we reuse the same notation, namely, we
assume that ¢, = o(dy,...,d;) and t, = o'(d}, ..., d}) and we check that:

o if dj=dj, then (Fz,y o(x,*, %, 2,%) Aa(z,y) Ap(*,y, %, 2,%)) ANz~ 2,
holds (rigidity holds as above, since « is rigid),

o if d; # dj,, then (3z,y p(z,*, %, 21, %) Aa(w,y) Ap(*,y, %, 2, %)) Az + 2,
holds (same argument for the rigidity).

. At this point, A(w) has to be in the same orbit as ¢. What remains to be
done is witness the data values. For this, once more one uses Proposition 3.48.
Since h(w) J h(u1), and h(w) <; h(uy), we have h(w) R h(uy). In the same
way, we have h(w) £ h(u,). This means that every memorable value of h(w) is
already present either in h(uy) or in h(u,). Hence, the formula can locate in a

rigid way the positions of the memorable values of h(uy) and h(u,). Ifty-...t,
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contains a data value d and d occurs in t;, then the corresponding position in

up that witnesses the memorable value d is used, and symmetrically for w,,.

]

3.6.2 A Logic For Non-Deterministic Finite Memory Au-
tomata

In this section, we present a logic that defines exactly the languages that are accepted
by non-deterministic finite memory automata. This can be considered as an example

of how rigid guards can help constructing decidable logics.

Backward-Rigidly Guarded MSO

A natural attempt at finding a logic for deterministic FMA consists in relaxing the
notion of rigidity. One could imagine using backward-rigid guards for data tests.
These are formulas ¢(z,y) that determine the leftmost position min(z,y) from the
rightmost position max(x,y) (but possibly not the other way around). Formulas of

backward-rigidly gquarded MSO are built up using the grammar:

=3z |3Y ¢ |r<y|alx) |veY | =0 | 0A0 | Phackward (T, y) AT~y

where a € A and @packwara 1S @ backward-rigid formula generated from the same
grammar (as usual, we can enforce backward-rigidity syntactically).

Note that, like rigidly guarded MSO, backward-rigidly guarded MSO is a logic
for defining adorned data languages over the alphabet D x A. Hence if we seek a
correspondence to finite memory automata, we need to consider a variant of finite
memory automata that accept adorned data languages. Such an model can easily
obtained from the one given in Definition 2.1 by allowing transition of the form
(p,a,a, E,q), where p, q are states, a € A, a is the isomorphism type of a data word
of length ar(p) +1, Ec {1,...,ar(p) + 1},and ar(q) = ar(p) + 1 — |E|. The details of
this definition are omitted. In the rest of this section, we will only consider finite
memory automata over adorned words.

One can translate backward-rigidly guarded MSO formulas to equivalent deter-

ministic FMA, but not the other way around:

Proposition 3.73. Every language definable in backward-rigidly quarded MSO is
recognizable by deterministic FMA. There is a language recognized by a deterministic
FMA which cannot be defined in backward-rigidly guarded MSO.
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We divide the proof of Proposition 3.73 into two lemmas, one dealing with the
translation of backward-rigidly guarded MSO formulas into equivalent deterministic
FMA, and the other one dealing with the counterexample for the converse transla-

tion.

Lemma 3.74. Every language definable in backward-rigidly guarded MSO s recog-
nizable by deterministic FMA.

Proof. We want to exploit closure properties of (suitable forms of) deterministic
FMA under complementation (corresponding to negations of formulas), intersec-
tion (corresponding to conjunctions of formulas), and projection (corresponding to
existential quantifications).

Let us first discuss the operation of projection on deterministic FMA. In general,
this operation maps a deterministic FMA to a non-deterministic FMA. Moreover,
unlike classical finite automata, arbitrary non-deterministic FMA cannot be deter-
minized: the standard subset construction might turn a non-deterministic FMA into
one with an infinite state space (note that the same issue occurs when projecting
from an orbit finite data monoid). We solve this problem by restricting to a special
form of deterministic FMA, which is similar to the notion of projectability for data
monoid morphisms given (see Section 3.5.5).

As usual, A denotes a finite set of symbols, B denotes the binary alphabet
{0,1} (which is used to encode valuations of first-order and monadic second-order
variables), and D denotes an infinite set of data values. In the following definition,
we denote by A(w) the configuration reached by the automaton A after consuming

w.

Definition 3.75. An FMA A over the alphabet D x A x B™ is projectable if (i)
it is deterministic and complete and (ii) for all data words w € (D x A)* and for
all tuples of predicates U = (Uy,...,Uy) and V = (V4,...,Vyn), if the configurations
A({w,U)) and A({(w,V)) have the same control state, then they coincide.

We now prove the relevant closure properties of projectable FMA.
Claim 1. Projectable FMA are closed under projection.

Let us consider a projectable FMA A= (D, Ax B™1 k. Qq,...,Qx,T,1,F). We

need to construct a projectable FMA that recognizes the language
L' = {{w,U) |3 Ups € dom(w) (w,U,Ups) e L(A)}
where U = Uy,...U,,. We define A'= (D, Ax B™ k. Qp,....Q,, T I' F"), where
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o k'=k-|QouU...UQy|, namely, A’ uses up to k registers for each state of A;

o for all 0 <7 <K', the set () contains all partial functions f from Qo u... U@

into the powerset of {1,...,i} such that

1. if g€ Q; and f(q) is defined then |f(q)| = j;
2. qudom(f) f(Q) = {17 ce 71}

Intuitively, a configuration (f,r) of A’, with f € @} and r € D?, represents the
set of all configurations of A of the form (q,7(s(,)) with ¢ € dom(f).

e The transition relation 7" is defined in such a way that whenever A’ is in
a configuration (f,r) and it reads (d,a,by,...,b,), then it can move to any

configuration (g, s) such that

1. if a state ¢ of A is in the domain of g, then there is a symbol b1 € {0,1}
and a control state p € dom(f) such that A moves from (p,7|sq)) to
(¢, 8lg(q)) when reading (d, a, b1, ..., by, bmi1);

2. if a state ¢ of A is not in the domain of g, then there is no symbol b,,,1 €
{0,1}, no control state p € dom(f), and no set I < {1,...,k’} such that
A moves from (p,7|s(y)) to (g, s|;) when reading (d,a, by, ..., bm,bpa1).

We observe that, according to the above explanation, whether A’ moves from
a configuration (f,r) to a configuration (g, s) by reading (d,a, b1, ...,b,) de-
pends only on the control states f and g and on the equality relationships
between the value d and the values in r» and s. In particular, it depends nei-
ther on the concrete data value d, nor on the memory contents r» and s. For
this reason, one can turn the above description into a formal definition for the
transition relation 7" that uses isomorphism types and that satisfies the san-
ity conditions introduced at the beginning of this section (we omit the tedious
details of such a definition). Below, we verify that these transition rules are

deterministic when restricted to reachable control states.

e [’ is the partial function that maps every initial state in I of A to the empty

set and that is undefined on all other states;

e [ is the set of all partial functions f € Qju...uQ}, such that dom(f)nF # @.
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It is routine to verify that the (non-deterministic) FMA A’ recognizes the language
L’ above.

We now argue that A’ can be turned into a projectable FMA by simply pruning
the unreachable control states (this can be done by a simple reachability analysis, see
for instance [BLP10b]). In the following we assume that A’ contains no unreachable
states.

We start by showing that A’ is deterministic. Assume towards a contradiction
that A’ contains transitions (f, (a,b1,...,b,),0, F,g) and (f, (a,b1,...,bm),0,E", g")
such that g # ¢’ or £ # E'. We first show that in fact g must be equal to ¢g’. As
we assumed that A’ contains only reachable states, there must be a data word
(w,Uy,...,Up) € (D x Ax B™)* such that

(f,r) € A'((w,Ul, . .,Um)).

Let d be a data value such that (d,a, b1, ...,b,) activates the two transitions above.

Then there are register assignments s and s’ such that

(g9,s),(¢',s") € A'((w,Ul, o Un) - (dya,by,. .. ,bm)).

Let ¢ be any state in the domain of g. This means that there is a symbol
bm+1 € {0,1} and a control state p in the domain of f such that A moves from
(p;7lrp)) to (q,8lg(q)) When reading (d,a, by, ..., by, bme1). Of course, we can say
the same for ¢’ and hence ¢’(¢) must be defined as well.

We know from the definition of A’ that for every state in the domain of g,
and in particular for the state ¢, there is a unary predicate U,,,; € dom(w) and a
symbol by,.1 € {0,1} such that A reaches configuration (g, s|y,)) after first parsing
(w,Uy,...,Up,Uns1) and then parsing (d,a,by, ..., by, bys1), namely,

A(('LU,Ul, - '7Um7Um+1> : (d7a’7b17 te 7bm7bm+1)) = (Q78|g(q))'

The same arguments apply to the configuration (¢’,s’), which prove the existence

of a unary predicate U/ ; € dom(w) and a symbol o/ ., € {0,1}, such that

m+1 =
A((wa Ul> . '7Um7U7In+1> ’ (daaablv ce 7bmab;n+1)) = (Qasl|g’(q))'

Since A is projectable, we have s|yq) = 5'|g/(q). Moreover, we know from the sanity
conditions that both s and s’ are obtained from the same memory content r by
first appending the input value d and then selecting some sub-sequences. Since r
has no repetitions of the same data value and since s|yq) = 5'|g(4), We must have

9(q) = g'(q). We have just shown that g = ¢'.
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Let us finally consider the memory contents s and s’. From the definition of
A’ we know that both s and s’ contain no repeated data values and, moreover,
Ugedom(g) 9(@) = {1,...,|s|}. As g =g" and s|yq) = §'|4(q) for all ¢ € dom(g) it follows
that s = s’. Therefore ¥ must be equal to E’.

Summing up, we proved that the restriction of A” to the set of reachable control
states is a deterministic FMA. Similar arguments can be used to prove that this
automaton is also complete and, moreover, projectable, which concludes the proof

of closure under projections.

Claim 2. Projectable FMA are closed under intersection and complemen-

tation.

Closure under intersection and complementation of projectable FMA is proved,
as in the classical case, by computing “products” of projectable FMA and by com-

plementing the set of final control states, respectively.

Intersection with non-projectable FMA. There is still one missing property that we
need to verify, which is related to the translation of backward-rigidly guarded data
tests of the form p(x,y)Ax ~ y. For this, we inductively translate the backward-rigid
guard p(z,y) into a projectable FMA A that recognizes the data language [¢] over
the alphabet D x A x B2, We also construct a deterministic (but not projectable)
FMA B recognizing the language [z ~ y] over the same alphabet. To prove that the
intersection language [¢(z,y) Az ~ y] is recognized by a projectable FMA | we need
to process A in order to enforce a stronger notion of projectability (called, as usual,
O-reduced projectability), which is compatible with intersections of non-projectable
languages. Below, we say that a configuration of A is a 0-configuration if it has

empty memory and all transitions on this configuration are self-loops.

Definition 3.76. An FMA A over the alphabet Dx Ax B? is O-reduced projectable if
(1) it is projectable and (ii) for all data words w € (Dx A)* and all positions z,z',y €
dom(w), if the two configurations A((w,{z},@)) and A({w,{z'},@)) coincide, then

x =x' or both configurations are a 0-configuration.

We now prove the following:

Claim 3. Let p(x,y) be a rigid formula. Given a projectable FMA A
that recognizes [¢], one can compute a 0-reduced projectable FMA A’ that

recognizes [¢].
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Proof of Claim 8. The 0-reduced projectable FMA A’ is obtained from A
by simply grouping together those control states from which the automaton
cannot accept, no matter what it reads. We call these states trap states.
Computing trap states can be done again by a simple reachability analysis.
Formally, one defines A’ as the FMA obtained from A by introducing a new
control state gsnk, with memory size 0, by redirecting to g, all the transi-
tions that reach some trap state (erasing at same time the entire memory),
and finally pruning the trap states. Clearly, the thus defined automaton
A’ is equivalent to A. Moreover, it is easy to see that is deterministic,

complete, and projectable.

We need to prove that A’ is 0-reduced projectable. For this we use the
fact that the automaton recognizes the language [p], which is defined by
the backward-rigid formula ¢(z,y). Let w € (D x A)* be a data word
and let z, 2" € dom(w) be two positions in it. By way of contradiction,
we assume that (i) z # ' and (ii) the two configurations A’({w,{x},@))
and A’((w, {2'},@)) coincide but they are not the 0-configuration (gsink, €)-
From this we argue that ¢(x,y) is not backward-rigid. Since the configu-
ration A’({(w,{z},@)) is not a O-configuration, it can reach a final configu-
ration, namely, there is an expanded data word (v, Uy, Us) € (D x A x B?)
such that
(w,{x},d) (v,U1,Us) e Z(A").

Similarly, since A'((w,{z},@)) = A'((w,{z'},>)), we have that
(w,{z"},2) (v,U1,Us) € Z(A).

Since z # 2/, this is against the backward-rigidity of the formula ¢(z,y)
defining .Z(A"). This completes the proof of Claim 3. O

We now argue that the data language [¢(z,y) Az ~y] is recognized by a pro-
jectable FMA. We denote by A’ a O-reduced projectable FMA recognizing [¢].
Moreover, we denote by B the “minimal” deterministic FMA that recognizes [x ~ y].

The automaton B has four control states:
1. a control state gyait, with empty memory, for parsing the prefix up to min(z,y),

2. a control state gepeck, With memory size 1, for parsing the infix from min(z,y)+1

to max(z,y),
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3. a final control state Gaccept, With empty memory, for parsing the suffix from

max(z,y) + 1 to the end, in the case where the data test x ~ y was successful,

4. a sink control state greject, With empty memory, for parsing the same suffix

above, but in the case where the data test x ~ y failed.

One can construct an FMA C recognizing [¢(z,y) A x ~ y] using a suitable product
between the O-reduced projectable FMA A’ and the deterministic (but not pro-
jectable) FMA B described above. This product is very similar to the 0-collapse
product of orbit finite data monoids (see the proof of Lemma 3.41 in Section ?7).
Intuitively, C mimics the computations of A’ and B on the input word, but as soon
as A’ reaches the (unique) O-configuration, the component that simulates the com-
putation of B is reset to a special void configuration with empty memory. Of course
the defined FMA C is deterministic and complete, as A’ and B are so.

We verify that C is projectable. Consider a data word w € (D x A)* and some
predicates Uy, Us, V1, V5 € dom(u). Suppose that the configurations C((u, Uy, Us))
and C({u,Vi,V32)) contain the same control state. We consider also the configu-
rations reached by A’ after parsing (u,U;,Us) and (u,Vi,V3). In particular, we
distinguish between the case where A’({u, Uy, Us)) is the O-configuration (and hence
A'({u, V1, V3)) as well) and the case where A’({u, Uy, Us)) is not the 0-configuration
(and hence A’'({u,V1,V3)) as well). In the former case, we immediate obtain that
the two configurations reached by C after parsing (u, Uy, Us) and (u, Vi, Va) must
coincide (this is because the components of these two configurations that simulate
B have been reset as A’ has reached the 0-configuration). In the latter case, since
C({u,Uy,Us)) and C({u, V1, V3)) contain the same control state, we have the same
for the configurations A’({(u, Uy, Us)) and A’({u, V1, V2)). Moreover, since A’ is pro-
jectable, we get A’'((u, Uy, Us)) = A'({u, V1, V2)). So the only way the configurations
C({u,Uy,Usy)) and C({u,V1,V3)) can differ is in the components that simulate B.

Below, we analyze these components and we argue that they coincide:

1. If Uy = Uy = @, then B({u,Uy,Us)) = (qwait,€)- Moreover, since C({u, Uy, Us))
and C((u, V1, V4)) share the same control state, the two components of C({u, Uy, Uz))
and C({u, V4, V,)) for simulating B encode the same control state of B. In par-
ticular, it follows that B({v, V1, V4)) has control state ¢y, and hence B({u, Uy, Us)) =
B((v,V1,15)).

2. If both U; and U, are non-empty, then B({u,U;,Us)) is either (gaccept,€) Or
(Greject; €). Using arguments similar to the previous case, one obtains B((u, Uy, Uz)) =

B((v,V1,V2)).
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3. If Uy + @ and Uy = @, then clearly U; is a singleton of the form {z} and the
configuration B({u, Uy, Us)) contains the control state geneqc and the data value
at the position = of w. Similarly, since the configurations B({u, U, Us)) and
B({(u, Vi, V3)) share the same control state, we have that V] is a singleton of the
form {2’} and V; = @. Moreover, since the two configurations A’({u, Uy, Us))
and A’'((u,Uy,Us)) coincide and they are different from the O-configuration,
we have x = z/. This implies B({u, Uy, Us)) = B({v, V1, V5)).

4. The last case U; = @ and U, # @ is similar to the previous one.

It follows that C({u,Uy,Us)) = C({u,V1,Va2)). This shows that C is a projectable
FMA.

Proof of the main lemma. As previously mentioned, the proof that any backward-
rigidly guarded MSO formula ¢ can be translated into an equivalent deterministic
(and projectable) FMA goes by structural induction on ¢, using the closures of
deterministic projectable FMA under projection, complement, intersection. For
the backward-rigidly guarded data tests one uses the construction just mentioned
above. O]

Lemma 3.77. There is a language recognized by a deterministic FMA which cannot
be defined in backward-rigidly guarded MSO.

Proof. Consider the language L” of data words of the form
dydy ... d,

for which there is a sequence of indices 1 =14, <iy <... <1t = n satisfying d; .1 = d;;,
for all 1 <j <k and di;.1 #dj for all i+ 1<h<ij?

It is easy to see that L is recognized by a deterministic FMA that uses only one
register: at each phase, the automaton stores the value under the current position
and then moves to the right searching for the another occurrence of the stored value
— if it does not find such an occurrence, then it rejects, otherwise, as soon as the
occurrence is found, the automaton moves to the next position to the right (if any,
otherwise it accepts) and starts a new phase.

Below, we fix a generic formula ¢ of backward-rigidly guarded MSO and we

show that it cannot define the language L”. For this, we let £ be the number of

2This language is a variant of an example given in [Tan11] to study data languages recognized
by pebble automata.
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occurrences of data comparisons of the form a(y,z) Ay ~ z in ¢. We then consider

a family of data words of the form
w, = 04?0 1ug) 1 ... nuﬁ”) n

where n ranges over the positive natural numbers, each word ul) has length exactly

,(10) -u,(ll) ... .-ufln) contains pairwise distinct values from the

n, and the juxtaposition u
set Nx{0,...,n} (therefore, the only equalities that hold in w, are those between
the occurrences of the data values 0,...,n). Without loss of generality, we also
assume that for every backward-rigidly guarded data test a(x,y) Az ~y in ¢, the
guard a(z,y) holds only if x is interpreted by a position to the left of the position
that interprets y.

Using an encoding similar to the proof of Corollary 3.54, one can turn each data
word w,, into a classical word w} over the finite alphabet {0, 1}* where every position
y of w} is labeled by a k-tuple of boolean values, each of them representing the
“observable” equality between the value at the position y of w,, and the value at the
unique position x determined from y via the backward-rigid guard of a corresponding
data test a(x,y) Ax ~y of ¢. Accordingly, we can rewrite every sub-formula S of ¢
into a formula 5* of standard MSO by replacing each backward-rigid guard a(z,y)
of a data test in 8 by a fresh unary predicate

[a”](y)-

Clearly, we have that for every n, every backward-rigid guard a(z,y) of ¢, and every

position z < |w,| in w,,
wy, E oz, |wy|) it wkEat(z,|w,)).

Moreover, one can prove that there is a number n,, which only depends on «, such

that for all n € N and all pairs of positions 1 < x <y < |w,|,
wy E ot (z,y) implies l<x<n,vy—ng<x<y. (%)

The proof of % is by structural induction on the number of nested rigid guards. The
statement holds because the word w,, is over the alphabet D, that is, there are no
labels from a finite alphabet that can be used to “rigidly jump” far from the original
position y and from the endpoints of the word. We omit the details.

If we let y = Jwy,| = (n+1)? in the above implication and we consider a sufficiently
large n (i.e. m > n, for all backward-rigid guards a of ¢), we obtain that there is

no backward-rigid guard a(x,y) in ¢ that, given the last position y in w,, which
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carries the value n, determines the position x of the other occurrence of the value n

in w,,. This shows that
Wy, E @ it wEe” it wyf|wn| P n+1]Ep

where w,[|w,| = n + 1] is the data word obtained from w, by relabeling the last
position with the fresh value n + 1. Since w, € L" and w,[|w,| — n+ 1] ¢ L”, this

shows that ¢ does not define the language L". O
We are now ready to prove Proposition 3.73.

Proof. The first claim follows from Lemma 3.74. The second claim follows from
Lemma 3.77. O

J-Backward-Rigidly Guarded MSO

We do not have a candidate logic that corresponds precisely to deterministic FMA.
However, we are able to characterize the larger class of languages recognized by
non-deterministic FMA. The logic for this class is obtained from backward-rigidly
guarded MSO by allowing the guards to use additional second-order variables (which
however needs to be quantified existentially in the outermost part of the formula).
The logic, abbreviated 3Jbackward-rigidly guarded MSO, consists of the formulas
3 7 ¢, with ¢ is generated by the grammar

e=3x¢ |3V ¢ |a<y | a(z) | €Y | ~¢ | oA@ | Cavacwara(@,y, Z)Az~y

where Y3packwara 18 a formula from the same grammar that determines min(z,y)
from max(z,y) and Z, and where the monadic quantifications are over variables
different from Z (the variables Z are quantified only in the outermost part of the

formula 3 Z ¢).

Theorem 3.9. A language is definable in Ibackward-rigidly guarded MSO iff it is

recognizable by non-deterministic FMA.

Proof. Having established Lemma 3.74, the translation from an Fbackward-rigidly
formula 3 Z ¢ to an equivalent non-deterministic FMA that recognizes the language
L = [3 7 ¢] is straightforward. For this, we first translate ¢ into a deterministic
FMA A that recognizes the language L' = [] (note that this language is over the
alphabet D x A x B™, where m = |Z|). After that, we project A onto the alphabet

D x A: the resulting automaton is a non-deterministic FMA that guesses the correct
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interpretation for the second-order variables Z on any input data word that belongs
to the language L = [3 Z ¢].

We now prove the converse direction, that is, we translate a non-deterministic FMA
A= (D, Ak, Qq,...,QT,I,F) into an equivalent Ibackward-rigidly guarded MSO
sentence. As in the classical theory, the proof is based on an encoding a successful
run of A on the input word. For this we need a second-order variable Z; for each
transition rule t € T' of A. The formula that defines the recognized language .Z(.A)
begins with a block of existential monadic quantifiers of the form 3 Z , where Z =
(Z1)ter- The matrix of the desired formula (i.e. the part after the block of existential
monadic quantifiers) is a backward-rigidly guarded MSO formula ¢(Z) that checks
that the interpretations of the variables Z) encode a valid run of A.

Formally, given an input data word w = (di,a;)...(d,,a,), the formula ¢(Z2)

checks that:

1. For all positions 1 < x < |w|, exactly one variable Z; with ¢ € T holds at x (i.e.,
V2 VierxeZi AN pperx ¢ Zyva ¢ Zy). We will say that a transition rule ¢ is

encoded at a position z if x € Z; holds.

2. For all positions 1 < z < |w|, the target state of the transition rule encoded
at position z coincides with the source state of the transition rule encoded at

position x + 1 (i.e., V& Vi_(po.5.q)t~(q.0.0 5 q)er T € Zt AT+ 1 € Zy).

3. The transition rule encoded at the first position of the word starts with an
initial control state and the transition rule encoded at the last position of the

word ends with a final control state.

4. For all positions 1 < x < |wl, if t = (p,a,0, E,q) is the transition rule encoded
at position x, then a = a,, where a, is the symbol that appears at position x

of the input word.

5. For all positions 1 < x < |w|, if t = (p,a,0, E, q) is the transition rule encoded at
position x, then # is the isomorphism type of r,_; - d,, where r, is the memory
content at position z — 1 in the encoded run of A and d, is the data value at

position x of the input word .
To see how this check is done, consider an example of a partial run of A:

(d1,a1) (d2,a2) (dz-1,a2-1)
—_— —_— e —_——

(QOJ’O) (Q177’1) (%—1,7“3;—1).
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For each register i of r,_1, we need to determine the “provenance” of the value
ry—1[7] in the prefix (dyi,a1)(ds,az)...(dy-1,a,-1) of the input word, namely,
we need to locate some position y < x — 1 such that d, = r,_;[i]. We thus
reconstruct, for each z < x —1, the position f,;(z) of the occurrence of r,_1[i]
(if any) in the memory r,. This can be done by a suitable formula that
first guesses some monadic variables Wy, ..., W} encoding the partial function
fi(2), and then verifies, using the run encoded by the variables Z, that the
guess is correct. One can also do this using only first-order quantifications,
since the partial function f,;(z) can only decrease as z increases; however,
we prefer not to discuss this option in detail. We then compute the leftmost
position y such that f,;(z) is defined on all z = y,...,2 — 1. Clearly, this

implies dy, = ry_[7].

The formula that determines y from z using Z is of the form
ai(ya xZ, Z) = /Bi(yaxa Z) AY y, y, <y -— _‘Bi(ylaxa Z)
where

61(3/,2,2) = ElWl)"'akaz
ySZSx—le(\/zer/\ﬁ N zeWjnzeWy

1<y<k 1<j<j'<k
N o\ zeZinzeWinz—1¢ Wj,|En{17,,_,j}|)
1<j<k, peQ;

t=(p,a,0,E,q)eT

Note that a;(y,x, Z) is an Ibackward-rigid formula. We can thus use «; as a
guard to test equality between the data value d, at position x and the data

value d; (=r,-1[i]) at position y.

Using the above constructions we can check that the isomorphism type of the
transition rule encoded at position = coincides with the isomorphism type of

Tp_1- dx

Thus ¢(Z) is a formula that verifies that the sequence of transition rules encoded
by Z is a valid run of A on the input word. Hence 3 Z ¢(Z) is a Ibackward-rigidly
guarded MSO sentence that defines the language £ (A) recognized by A. O

As it happens for rigidly guarded MSO logic, one can derive from Theorem 3.9
the following decidability results:
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Corollary 3.78. The satisfiability problem for dbackward-rigidly quarded MSO is
decidable. Moreover, one can decide whether a formula belongs to the Fbackward-

rigidly guarded MSO.

Proof. By Theorem 3.9, any formula of Ibackward-rigidly guarded MSO can be
effectively transformed into a non-deterministic FMA. Satisfiability of Ibackward-
rigidly guarded MSO then corresponds to non-emptiness of languages recognized by
non-deterministic FMA. The latter problem is known to be decidable from [KF94].

The second claim follows from arguments similar to the proof of Corollary 3.13,
that is, one can inductively check that every sub-formula satisfies the syntactic
restrictions given by the grammar of Ibackward-rigidly guarded MSO. For the sub-
formulas oz, y, Z) that are guards of data equality tests, one has also to verify that

« is Ibackward-rigid by checking the validity of the formula

ovackward? .y g ol oy Z a(x,y, Z) nala! y, Z2) s =2, O
It is also easy to generalize both Theorem 3.9 and Corollary 3.78 to data tree
languages recognized by non-deterministic finite memory tree automata [KT08]. For
this we use a natural variant of 3backward-rigidly guarded MSO on data trees. The

guarded tests in this case are of the form

¥3 downward(x; Y, Z) A SOIEI downward(x7 2 Z) NY~z

where ©3downward (7, Y, Z) (resp. @hy . (x,2,Z)) is a formula in the logic that
determines the position y (resp., z) from an ancestor z in the data tree and the
second-order variables Z. This logic happens to be equivalent with the natural
extension of non-deterministic FMA to trees.

Finally, it is natural to look for effective characterizations of data languages that
are both recognizable by non-deterministic FMA and definable in (unrestricted) FO.
However, it is known that such characterization cannot be achieved: in Section 3.5.1
it has been shown that the problem of determining whether a language recognized
by a non-deterministic FMA is definable in FO is undecidable. The problem of
characterizing FO within the class of languages recognizable by deterministic FMA

is still open.

3.7 Conclusions

In this chapter we have studied logics for data words, mostly first-order logic and

variants thereof. We have focused on the relationship of the expressiveness of
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local-DMA  1-register DMA o.f. data monoids DMA

NUFO v v

rigidly guarded FO v

FO? v

local-NUFO v
local FO v

Table 3.1: Effective Characterizations of data languages.

these logics with language accepting devices such as automata and monoids. We
overviewed the relationships of the logics to one another, the relationships of the
automata and monoids to one another, and the relationships of the logics, the au-
tomata, and the monoids.

We then investigated the decidability of definability in logical classes within au-
tomata for data word languages. We show that this problem is undecidable for
natural extensions of deterministic finite memory automata, such as two-way deter-
ministic memory automata, non-deterministic finite memory automata, and a very
weak version of pebble automata. For this reason we focused on deterministic finite
memory automata, and restrictions thereof. We consider the following restrictions:
local automata, whose transitions can only depend a bounded suffix of the input
word, and orbit finite data monoids, a kind of infinite monoids whose expressiveness
lies strictly between local automata and deterministic finite memory automata.

We considered two versions of logical definability: uniform definability, where
a language is defined by a single formula, and non-uniform definability, where the
formula can vary for different sizes of the alphabet. Within these classes we consider
several restrictions of monadic second-order logic. We consider both restrictions that
have been considered previously, such as first-order logic, as well as new restrictions
that can be obtained by guarding the use of the data equality predicate.

We were able to prove several results of the form: Given a language L that is
accepted by a deterministic finite memory automaton or a restriction thereof, and
a logic L, it is decidable whether L can be defined in £. In some of these results,
the class of languages defined by the logic £ and the class of automata (or monoids)
are incomparable. Table 3.1 shows an overview over the effective characterizations
that have been obtained in these cases. In other cases we were able to show that
the expressiveness of logics corresponds precisely with the expressiveness of models

of automata or classes of monoids (see Figure 3.10). These results show that it is
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Figure 3.10: A overview over correspondences between automata and logics for data
words.

in principle possible to extend the fundamental aspects of the theory of the regular

languages to data languages.

One question that is left open is that of an effective characterization of FO?(~, <)
over adorned data words. Over plain words we have shown that whether a FO?(~, <)
formula holds on a data word depends only on a prefix and a suffix that contains a
certain number of distinct values. This is not true for adorned languages. Consider
for example the language “the value at leftmost a-labeled position must coincide
with the value at the rightmost a-labeled position”. This language can be defined
in FO?(~, <), but membership might depend on positions that are not in any prefix
or suffix with a bounded number of distinct values. A related problem that is also
open is an effective characterization of FO2?(~, +1).

Other open questions concern the relationship between logics and automata.
We defined a logic that has exactly the same expressiveness as non-deterministic
finite memory automata. We have shown that a natural restriction of our logic
for non-deterministic finite memory automata is strictly weaker than deterministic
finite memory automata. However, no logic is known that corresponds exactly to
deterministic finite memory automata however.

The main open question is whether there are larger classes of data languages for
which effective characterizations can be established. Many quite simple languages,
such as “all values are different”, cannot be recognized by orbit finite data monoids.
It would be interesting to find a class of data monoids that includes such simple
languages but still allows for effective characterizations. Ideally, such a class of
languages should include all languages that can be defined by deterministic finite

memory automata.
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Conclusions and Open Questions

In this thesis we have investigated the question whether fundamental properties of
the regular word languages can be extended to richer structures. We have both

positive and negative results:

In the first chapter, we showed that first-order complete query languages for trees
easily become incomplete if their navigational capabilities are restricted. This is
problematic as query languages that cannot navigate in all directions of a tree can
be evaluated more efficiently in some settings. For example, the unidirectional
fragment of XPath is favorable to full XPath when evaluated over XML streams
[O1t07, BJLWOS]. Our results show that it is not clear how XPath could be extended
to a first-order complete query language that can still be evaluated efficiently over
XML streams. This clearly raises the question: What is a first-order complete
unidirectional query language? To the best of our knowledge, no such language is
known to date.

Other interesting open questions are concerned with the precise expressiveness of
the languages we consider in the first chapter. Thérien and Wilke [TW04] have given
an algebraic characterization of restrictions of LTL that are obtained by restricting
the until-depth. It would be interesting to know whether such a characterization is
also possible for the languages CTL}, (ud < k) that we define in the first chapter.
In addition, it is not known to which fragments of first-order logics these languages

correspond to.

In the second part of the thesis we considered word languages over an infinite alpha-
bet. Much work has been devoted towards extending properties of the regular word
languages to data word languages. Most of this research, has focused on three as-
pects of the regular languages: decidability, closure properties, and the relationship
between logics and automata.

We considered a different aspect of regularity: minimization and the ability to
decide membership in logics. We gave a counterpart of the theorem of Myhill and

Nerode for deterministic finite memory automata. Our theorem characterizes the
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class of languages that are accepted by deterministic finite memory automata if the
alphabet is associated with either data equality or a linear order on the data values.
In addition, in the special case where the underlying alphabet is equipped with the
equality relation, we provided an algorithm to minimize deterministic finite memory
automata and we investigated the complexity of this minimization algorithm.

It would be interesting to know whether these results can be extended to au-
tomata that can access an arbitrary order on the data values. In addition other
generalizations of finite memory automata could be taken into consideration. One
possibility would be to extend finite memory automata with the ability to store sets
of unbounded sizes in their registers. One could imagine several different operations
to update these sets: In one version an automaton could check which sets contain
the current input value on each transition. It could then store this value in some
sets or move this value from one set to a new one. This model seems closely related
to class memory automata [BS10]. In a second, possibly more expressive version,
the automaton could, in addition, merge two sets when transitioning into a new
state. Both kinds of automata accept some languages that are not accepted by fi-
nite memory automata. For example the language “all values are different” can be
accepted by storing all values that have been encountered in a prefix of a word in
one set. It would be interesting to know whether unique minimal representatives

exists for these kinds of automata and whether they can be computed effectively.

In the last chapter of the thesis we proved several theorems that are inspired by
results of Schiitzenberger, McNaughton, and Papert. Their results provide an effec-
tive characterization of first-order logic with respect to the regular languages. We
have shown that effective characterizations are possible for logics that define data
languages. We gave several effective characterizations of logics with respect to de-
terministic finite memory automata, and restrictions of them. In particular, we give
a counterpart of the result of Schiitzenberger, McNaughton, and Papert for orbit
finite data monoids: We show that a language can be defined in rigidly guarded
first-order logic iff it is accepted by an aperiodic orbit finite data monoid. We also
show that natural extensions of this logic correspond exactly to orbit finite data
monoids and non-deterministic finite memory automata.

The main question that remains open is whether there is an effective characteri-
zation of (unrestricted) first-order logic with respect to deterministic finite memory
automata. More generally one could try to find a maximal class of data word lan-

guages for which effective characterizations are possible. It is likely that this would
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be a very well behaved class of languages, and possibly, a candidate for a truly

regular class of data word languages.
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