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1. Introduction

Since the pioneering contributions of Kuhn ¥ Kramers?? and other scientists work-
ing at the interface of polymer chemistry and statistical physics during the first
half of the 20th century, kinetic models have been widely and successfully used to
describe the motion of polymeric fluids; see, in particular, the second volume of
the two-volume monograph by Bird et al*4 and the book by Ottinger43 for further
details. During the past two decades significant progress has been made with the
mathematical analysis of kinetic models of dilute polymers that involve the cou-
pling of the incompressible or compressible Navier—Stokes equations to the Fokker—
Planck equation, and proofs of the existence of large-data global weak solutions
to these models are now available in various physical settings (see, for example,
Refs. |4H6}, |9, 116, |18, 19| and 27| as well as Refs. |30, |31} |37H41|and the references cited
therein for the case of coupled incompressible Navier—Stokes—Fokker—Planck sys-
tems, and Refs. |7, (8, [22|and |46|for the mathematical analysis of coupled compressible
Navier—Stokes—Fokker—Planck systems). While for fully macroscopic models of non-
isothermal flows of viscoelastic fluids there is now a growing body of mathematical
theory focused on the existence of global-in-time large-data weak solutions (cf., for
example, Refs. [1], [10} |11}, |14, |15/ and |17} see also Refs. |28| and [36)), the mathemat-
ical analysis of nonisothermal kinetic models of dilute polymers is in a much less
satisfactory state. Indeed, all of the publications concerned with the mathematical
analysis of coupled Navier—Stokes—Fokker—Planck systems cited above are restricted
to isothermal flows: the temperature field is tacitly assumed to be homogeneous in
space, and the evolution equation describing the temporal and spatial variations of
the temperature field is excluded from the model.

The aim of this paper is to develop the mathematical analysis of a class of
thermodynamically consistent kinetic models for nonisothermal flows of dilute poly-
meric fluids, formulated for compressible polymeric fluids by Dostalik et al*Y While
the model derived in Ref. [21|is essentially the same as the one discussed by Grmela
and Ottinger 2% #%a jts derivation is substantially different: instead of the so-called
GENERIC formalism of Grmela and Ottinger, it is based on the identification of
energy storage and entropy production mechanisms in the fluid under considera-
tion, which then yields explicit formulae for the Cauchy stress tensor and for all the
fluxes involved. We shall confine our attention here to the physical situation where
the solvent is an incompressible heat-conducting Newtonian fluid of constant spe-
cific density, resulting in the coupling of the unsteady incompressible temperature-
dependent Navier—Stokes equations to a temperature-dependent generalization of
the classical Fokker—Planck equation and an evolution equation for the absolute
temperature. For clarity and completeness of the exposition, we shall revisit the
derivation of the model presented in Ref. 21, but in the case of an incompressible
polymeric fluid, which is of interest to us here. Following the derivation of the model,
we shall collect the equations into a system of nonlinear partial differential equa-
tions, supplement them with boundary and initial conditions, and state the precise

2See, in particular, Sec. ITI of Ref. |44] entitled Nonisothermal kinetic theory of polymeric fluids.
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conditions on the data, in preparation for the subsequent mathematical analysis of
the model. The main result of the paper is the proof of weak sequential stability
of solutions to the mathematical model in the sense that sequences of smooth solu-
tions to the initial-boundary-value problem, satisfying the available bounds that
are uniform with respect to the given data, converge to a global-in-time weak solu-
tion that satisfies an energy inequality, where the absolute temperature satisfies a
renormalized variational inequality. While the result is not an explicit proof of the
existence of weak solutions, it is a key step toward the development of a rigorous
existence theory for the model. The next section focuses on the derivation of the
model. The structure of the rest of the paper is outlined at the end of Sec.

2. Derivation of the Model

The aim of this subsection is to revisit the derivation of the model presented in
Ref.|21; however, instead of the compressible heat-conducting dilute polymeric fluid
flow model considered there, we shall focus on the case of an incompressible heat-
conducting dilute polymeric fluid. Since the precise values of the various physical
constants included in the model stated in Ref. 21l do not influence the mathematical
analysis pursued later on in this paper, we shall set all of them (viz. the specific
density ps > 0, the Boltzmann constant kg > 0, the constant reference temper-
ature O, > 0, the specific heat at constant volume ¢y > 0, and the reference
polymer molecule length g,ef > 0) equal to 1, with the exception of the (constant)
hydrodynamic drag coefficient ¢, which we set equal to 1/2.

Suppose that T" > 0. Let Q be a bounded open simply-connected Lipschitz
domain in R, where d € {2,3}, and for b > 0 let D := B(0,vb) C R? be a ball of
radius v/b centered at the origin. For our state variables, we choose the velocity v,
the internal energy e, and the nonnegative probability density function ¢. We have
the following governing equations:

divpav=0 in (0,7) x Q,
o =dive T+ f in (0,T) x
(2.1)
ée=T:D(v) —divg J. in (0,7) x Q,
¢ =—divej, . — divg ((Vav)gy +j%q) in (0,7) x Qx D,

where ¥, ¢ and ¢ signify the material derivatives® of v, e and ¢, respectively, f is
the given density of body forces, T is the Cauchy stress tensor, j., j,, »
are flux-vectors, to be determined in the course of the derivation of the model, and
D(v) := $(Vgv + (Vgv)T) is the symmetric velocity gradient. The partial differ-
ential equation 4 is the temperature-dependent generalization of the Fokker—
Planck equation for the evolution of the probability density function ¢ = @(t, x, q),

and j%q

bThe material-derivative @ of a real-valued function v = u(t, ) is defined by & = dyu + v - Vgu,
and the material derivative @ of an R%-valued vector function uw = wu(t,x) is defined by @ =
Otu + (v - Vz)u. In particular, when divy v = 0 as is the case here, & = 9yu + divg(uv) and
= Opv + divey (v ® v), where v ® v € R¥*? with (v ® v);,; = v;v;.
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modeling, at time ¢ € [0,T) and spatial location & € Q, the random configuration
(i.e. orientation vector) g of polymer molecules idealized as elastic dumbbells sus-
pended in the solvent (which are assumed not to interact with each other and which
move without self-interaction).® The form of the partial differential equation is
motivated by the structure of the Fokker—Planck equation in the isothermal setting
(see, for example, Sec. 1.1.4 of the doctoral thesis of Lozinski*” and the introduc-
tory section of Ref. |3| for the derivation of the Fokker—Planck equation associated
with the dumbbell model from Brownian dynamics).
The spring-force associated with the dumbbell is assumed to be of the form

F(q) := Vqlle(q) + 0 Uy (q)], (2.2)

where 6 > 0 is the absolute temperature. The function U defined by

U(q) :=U.(q) + 0Uy,(q)

is the total spring potential of the dumbbell that represents the polymer molecule
suspended in the solvent, which is additively decomposed into its elastic part U,
and its entropic part 014,.

In what follows, we shall adopt the notational convention that the same sym-
bol, | - |, denotes the absolute value of a real number, the Euclidean norm of a
d-component vector, or the Frobenius norm of a d x d matrix; it will be clear from
the context which of these three interpretations is intended in a particular case.
The functions U, and U, are defined by

1 1 _
U (q) :=U, <2|q|2) forge D and U,(q):=T, <2q|2> for g e D,
(2.3)

where D is the closure of D, and U, € C?([0,b/2); R>0) N L1((0,b/2)) and U, €
C1([0,b/2];R>() are monotonically increasing functions. We shall make further,
physically relevant assumptions on U, and U, later on, but for now the ones above
will suffice. We note in passing that because

1 1
Foa=|v:(3la?) +o0; (Gla )] @e a),
we find that F' ® q is a nonnegative scalar multiple of the symmetric positive
semidefinite rank-one matrix q ® q. Therefore, F® q = (F®q)" = q® F is a
symmetric positive semidefinite rank-one matrix.

Our objective is to determine the Cauchy stress tensor T and the fluxes j,,
Jpw and J, o in the model (2.1) from the specified constitutive equation for the

°The extension of the mathematical analysis of the dumbbell model considered here to a bead-
spring-chain model, involving K + 1 massless beads instead of just a pair of massless beads, which
are linearly coupled with K elastic springs, does not involve any conceptual or technical difficulties.
For the sake of clarity of the exposition we shall therefore confine our attention to the dumbbell
model, corresponding to the case of K = 1.
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Helmholtz free energy, v = (6, ), defined by

P(0,¢) := —0(logh — 1) + / q)pdg + 9/ q)p + plog ] dq. (2.4)

In order to fulfill this objective, we shall derive an evolution equation for the specific
entropy 7 of the form
n+divg g, = ¢, (2.5)

where j, is the entropy-flux, and require that § > 0, in agreement with the second
law of thermodynamics. In the process of doing so, we shall also specify both j,
and &.

We begin by noting that while both sides of the equality are functions of
t and x, the Helmholtz free energy v can also be understood as a functional that
maps the pair of functions § = (¢, x) and ¢ = ¢(t,x,q) to ¥ (6, ), parametrized
by t and «.

The thermodynamic quantities ¢, 6, e, and n are related by means of the rela-
tionships

0
Y:=e—nf and 8—? = —n, (2.6)
where 1 = n(t,x) is the specific entropy and 9 /96 denotes the partial Gateaux

derivative of 1, understood as a functional, with respect to 6. It then follows from

" 2 that

=logf — / q)¢ + plog ] dg. (2.7)
Therefore, by (2.6 1, and (12.7] . the internal energy e can be expressed as
e=v+nl = (;159 <9+/Z/l ) dg, (2.8)
and the total energy is
E := %|v|2+e: %\v|2+9+/DL{e(q)<pdq. (2.9)

Taking the scalar product of (2.1))s with v, adding the resulting equality to (2.1))3
and noting (2.9)), it follows that the evolution of the total energy E is governed by
the partial differential equation

E +divy(j, — Tv) = f - v. (2.10)
If, as will be the case here, Eq. (2.10]) is supplemented with the boundary condition
(Ev+j,—Tv) ne,=0 on (0,T) x Q, (2.11)

where n, is the unit outward normal vector to the boundary 92 of 2, then (2.1))1,

(210) and (Z-TT) imply that
d
—/E(t,a:) dw:/f(t,:c)~v(t,w) de, (2.12)

expressing the balance of the total energy.
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Next, we derive an evolution equation for the specific entropy 7n. Taking the
material derivative of both sides of the equality (2.6, using the chain rule on the
left-hand side and the product rule on the right-hand side, we have

oy, oY, . . ;
%9+%g0fe 01 — nb, (2.13)

where (Ov/ 86)9 is the partial Gateaux derivative of ¢ with respect to 6 acting on 6,
while (0v/9¢)¢ is the partial Gateaux derivative of ¢ with respect to ¢ acting on
. However, since (8¢/69)9 = —nf thanks to (2.6))2, the equality is simplified
to
or—c— 2%,
¢
Next, because

o | . .
ai}“’:/ Ue(q)wdq+9/[Un(q)+logso+1]<pdq,
' D D

by inserting this into the above equality and using the equations for é and ¢, we
find that

=T:D(w) —divej. + / [Z/[e(q) + 6U,(q) + 0(log ¢ + 1)] divgj, . dq
D

+ /D [Ue(q) + 0U,(q) + 0(log o + 1)] divg ((Vav)ae + 4, 4) dg
=T:D(v) — divg [je — /D [Ue(q) + 0Uy(q) + 0(log o + 1)] 5, , dq

- /D Va [Ue(q) + 60Uy (q) +0(log o +1)] - 5, dg

- /D Va[Ue(q) + 60Uy (q) + 0(log o +1)] - (Vav)ge + §.,4) dg

+/ [Ue(q) + 0Ly (q) + 0(log o + 1)] (Vav)qe +d,.q) - 1qdS(q),
oD

after partial integration on D, where ng := q/|q| with ¢ € D is the unit outward
normal vector to the boundary 9D of D. We proceed by imposing the boundary
condition

(Vev)ge+3d,4) mqg=0 on (0,T) x Qx dD, (2.14)
which then annihilates the boundary integral over dD. Hence, using ([2.2) and the
symmetry of the matrix-valued function F' ® g,

01 =T : D(v) — divy {je - /D [Ue(q) + 60Uy (q) + O(logp + 1)] 5, » dg

Vazp
¥

—/D{[L{n(q)—&-(logw-kl)] Vat + 0 }'j%wdq
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- / ValUe(q) + 0Uy(q) +0(log o +1)] - (Vav)ge + 4, 4) da
D

=T:D(v) — divg [je - /D [Ue(q) + 0Uy(q) + 0(log ¢ + 1)] 7, , dg

Ve

—/D{[Un(q)Jr(loger)] Vb + 0 }'jwdq

—/(F®q)wdq:D(v)—9/ Vap - (Vav)qdg
D D

Vel .
/D{FJF@ ; }q%qdq.

We focus our attention on the second integral in the penultimate line. Because
divg((Vgv)q) = 0, partial integration over D implies that

/ Ve (va)qdq:/ ©((Vav)q - ng) dS(q).
D oD

For reasons that will become apparent after we have stated our precise assumptions
on the spring potential U, the probability density function ¢ must vanish on (0, T") x
Q x dD. Since we have already imposed a boundary condition for ¢ on this set
(cf. (2.14))), we cannot of course explicitly impose ¢ = 0 on (0,7) x Q x 0D as an
additional boundary condition. Interestingly, the reason why ¢ should vanish on
(0,T) x Q2 x 9D is quite different and more indirect. Suffice to say at this point that
it is a consequence of the fact that U, will be assumed to be a finitely extensible
nonlinear elastic (FENE) type spring potential, which blows up on dD. Then, the
requirement that a term of the form f[O,T]><Q><D |VqU(q)|?¢(t, z, q) dgda dt that
appears in the energy inequality associated with the model should remain finite
becomes the mechanism that forces ¢ to vanish on (0,7) x Q x dD. The precise
details of this will be given in Sec. [3] In any case, as ¢ vanishes on this set, the
boundary integral stated above is equal to 0. Consequently,

On = [T—/D(F@@q)wdq] : D(v)

~ div [je - [ [hta) + (@) + 010 6+ 1) dq}
D

_ /D {[Z/{n(q) + (log ¢ +1)] vw0+9V;<p} “Jozdq

Ve .
\/D|:F+0 ; }']%qdq.

Next, we divide this equality by 6 with the aim of transforming it into an equation
of the desired form ({2.5), while defining T, j., j,, , and j, 4 so that the term ¢
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appearing on the right-hand side of (2.5) is nonnegative, as required. Thus, we
have

7'7=% [T—/D(F@@q)wdq] : D(v)

— édivw [je - /D [Ue(q) + 60Uy (q) + 0(log @ +1)]5, dq}
- /D{[Un(q) + (log o +1)] Vg" + vf} Jpwdq

1 Ve | .
— -F+ 1 } “Joodg
/D {9 ¢ 4

zé [T_/D(F(z@q)@dq] :D(v)

— divg [’9 — % /D [Ue(q) + 0Uy(q) +0(log o +1)]5, dq}

Vel {-e_/D[ue(q>+9un(q>+e<1oggo+1)]jwdq}

_ /D { [Uy(q) + (logp + 1)] Vgﬁ + V;go

1 Vaep | .
— -F+ 1 } “Ju.qdq.
/D [9 ¢ #a

Hence, by transferring the second term appearing on the right-hand side to the
left-hand side,

} 'j(p,a:dq

R P .
N+ divg [JH -3 /D [Ue(q) + 0Uy(q) +0(log o +1)]5, dq}

:é T—/D(F®q)<PdQ} : D(v)

Vb |. .
S e [ ) + @) + 800z + 1], da

_/D {[u,,(q) + (logp 4+ 1)] Vgﬁ + V;go

} 'jgp;z: dq
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The left-hand side of the equality is now in the desired form. Therefore, it
remains to choose T, j., j, , and j, , so that each of the expressions in the last
two lines of is nonnegative. Starting from the last term in the last line and
proceeding backward, we first define

Jp.q = —4Fp — 40V 0. (2.16)

Next, we define
Jpz = —0Vap, (2.17)

and then we set
o= [ U@y = =(0)Vb (215)

where k(6) > 0 is the temperature-dependent coefficient of heat conductivity; there-
fore,

je = —H(H)VwQ - chc/ ME(q)(pdq
D

Concerning the first term on the right-hand side of , because I : D(v) =
diveo = 0, the addition of a scalar multiple of the identity matrix I € R¥*? to the
expression in the square brackets has no influence on the value of the right-hand
side of the equality. Bearing this in mind, we recall that the deviatoric (traceless)
part Ss of a matrix S € R?? is defined by S5 :=S — Ltr(S)I, and we set

- [ (Foapdl = 2(OD(E).

where v(6) > 0 is the temperature-dependent shear viscosity coefficient. Conse-
quently,

2v(0)D(v) =T — /D(F ®q)pdg — étr (T - /D(F ® q)p dq> I;

that is,
T — étr (']1‘ — /D(F ®q)p dq) I+ 2v(0)D(v) + /D(F ® q)pdg.
Motivated by this form, we define the Cauchy stress tensor T by
T := —pl + 2v(0)D(v) — 2kpfnpl + /D(F ® q)pdq,

where the sum of the first two terms is the usual Navier—Stokes—Fourier viscous
stress tensor, and the sum of the last two terms is Kramers’ polymeric stress tensor;
p = p(t, ) is the pressure (i.e. the constitutively undetermined part of the spherical
stress), kg > 0 is the Boltzmann constant, and np = np(t, ) is the polymer number
density, defined by

np(t, x) ::/Dgo(t,x,q)dq. (2.19)
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Scaling the Boltzmann constant to 1, we therefore (re)define
T := —pl+ 2v(0)D(v) — 20npl + / (F ®q)pdg. (2.20)
D

Finally, in view of the second term on the left-hand side of (2.15]), we define the
entropy flux 7, as

. ‘e 1 ]
Iy = % B é/ [Z’{e(Q) + Qun(q) + 0(10g<,0 + 1)]'79”’:” dq
D
)V
_ J‘QT@ + avw/ Une + ¢log ¢] dg. (2.21)
D

Thereby we arrive at the desired form of the evolution equation for the specific
entropy:

0)V 50
On + divg (vn) + dive <9Vm / Uppdq + 0V / plogp dq) — divg </$()9V)
D D

WD) K(0)|VL02 20l?
L OB OIS [ et
0 02 D [%2)

4
+ / @qus@ + 0oV qUy + Vqle|* dg := € >0, (2.22)
D

which, by recalling the definition of 7 (cf. (2.7))), integrating over Q, and using the
boundary conditions v - nglaq = 0, (2.31); and (2.32) then implies that

d
a/ {—logé—k/ [Uy(q)p + plog ¢] dq] dx
Q D

[ [ODOL O],

|vw90|2 i 2 _
+ [ |0 ——dq+ 0V g0 + 0V g Uy + ©V qUc|" dg | dx = 0.
Q D ¥ p by
(2.23)

In order to obtain the required evolution equation for the absolute temperature
0, we note that by taking the material derivative of (2.8 followed by insertion of
equations ([2.1))3 4 into the resulting equality we obtain

ézé—/ U.(q)¢dq
D

=T :D(w) —dive j, + / Ue(q)[divag, 5 + divg(Vav)ge +3,4)] dg.
D

It remains to substitute the defining expressions for T, j., j,, , and j, , stated in
(2.20), (2.18), (2.17) and (2.16]) into the right-hand side of this equality to infer
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that the evolution equation for the temperature is the following:

6 — dive(r(0)Vab) = 20(6)D(v)|?

+ 4/ (0Vqp - Vqle + 0(VqUy - Vqlle)p + |Vqle|*) dq
D

+D(v) : /D 0(Vqll, ® q)p dg. (2.24)

Having completed the derivation of the model, we close this section by collecting
the governing equations into a system of nonlinear partial differential equations and
supplementing them with boundary and initial conditions.

Statement of the initial-boundary-value problem. The initial-boundary-
value problem that we will be concerned with in the rest of the paper is the following:

divgv = 0 in (0,7) x Q, (2.25)
v +divgp(vev)=f
in (0,7) x Q, (2.26)
+ divg (—pH +2v(0)D(v) — 20npl + / (F®q)p dq)
D
010 + v - Vg — divy (k(0)V0) = 2v(0)|D(v)|?
+4 /D(qu@ Vqlle +0(Vqlly - Vqlle)p) dg in (0,7) x Q, (2.27)

4 / (IVqUe) dg + D(w) : / 0(VqUy © q)pdg
D D

Orp + divg (v — OV L)
in (0,7) x Q x D,
+ divg((Vav)gyp — 4Fp — 40V 4p) = 0
(2.28)
with
np = / pdq and F = VU, + 04U, (2.29)
D

This system of partial differential equations will be considered subject to the fol-
lowing boundary and initial conditions, where the hypotheses imposed on the initial

data are motivated by the requirement that Eqs. (2.7)), (2.9), (2.12), (2.15), involv-

ing v, 6 and ¢, be meaningful:
e For the velocity field v:
v=0 on (0,7)x9Q and v(0,x)=vo(x) forx e, (2.30)

with vy € L2(;R%), divyve = 0 on Q in the sense of distributions, and v -
nm|aQ =0in W_I/Q’Q((?Q);
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e For the absolute temperature 0:
K(0)Vgh -ng =0 on (0,T) x 99,
(2.31)
0(0,x) = bp(x) forx e,

where §p € L'(Q) and there exists a positive constant @y, such that 6g(x) >
Hmin, T € Q;
e For the probability density function :

OVzp-nge=0 on (0,T) x 9 x D, (2.32)
where ng is the unit outward normal vector to 0f2,
(Vav)gy —4Fp — 46V qp) -ng =0 on (0,T) x Q x 0D, (2.33)

where ng is the unit outward normal vector to 9D, and we impose the initial
condition

»(0,2,q) = po(x,q) for (x,q) € QA x D, (2.34)
where
¢o € L'log L' (2 x D;R>0) N L™ (9 L' (D; Rx))
and

U.00 € L1 x D;Rxy).

Assumptions on the material functions. We shall assume that
U. € C?([0,b/2); R>o) N L*((0,b/2)) and U, € C*([0,b/2]; R>0),
U, is monotonically increasing

li U.(s) = , i Ul(s) = ,
s—>(1br}12), (s) = +o0 S_}(IZ)I}IQ)i o(s) =400 (2.35)

0 < UY(s) < c.[UL(s)]? for all s € [0,b/2),

where ¢, > 0 is a positive constant, independent of s € [0,b/2).

We note in passing that in the case of the classical FENE potential proposed
by Warner 2 defined by

Hb 2\ 7!
U.(q) := 710g (1 — |qb|> . gl < Vb,

corresponding to
Hb
Ud(s) := - log(1 — 2s/b)~*

for s € [0,b/2), where H > 0 is the spring-constant, hypothesis (2.35)) is satisfied.
The same is true of variants of the FENE potential based on alternative approxi-
mations of the inverse £~! of the Langevin function x — L(z) := coth(z) — (1/x)
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(cf. Refs. 2| and [29). Another example of a function that satisfies (2.35) is the
FENE-like potential

U.(q) :=H7b [(1—|qb|2> —1], lq| < Vb,

with r € (0,1), corresponding to

Ue(s) := %b[(l —2s/b)7" —1]

for s € [0,b/2).

At the very end of the next section (cf. Step 15 there) we shall demand that
U, satisfies a stronger assumption than (2.35)); specifically, it will be required there
that

U. € C?([0,b/2); R>0) N L*((0,b/2)) and U, € C*([0,b/2]; R>0),
U, is monotonically increasing,

1. Ue == 5 l U/ = s
s—>(lbr}12)— (S) oo s—>(1bI}l2)_ e(S) oo (236)

0 < U/ (s) < ce(s)[UL(s)]? for all s € [0,b/2),
where ¢, € C([0,b/2); R>0), with lim,_,4/5_ co(s) = 0.

Clearly, if holds, then so does . In the case of the classical FENE
potential ¢, = 2/Hb in , while does not hold. On the other hand, the
FENE-like potential stated above satisfies with ce(s) := (2/Hb)(1 — 2s/b)"
and, a fortiori, for all » € (0,1). As will become clear in the next section
(cf. Step 15 there), the imposition of the stronger requirement becomes nec-
essary because the evolution equation for the absolute temperature € in the model
generally does not provide a uniform upper bound on 6 over (0,7) x € for an initial
datum in L'(Q;Rsq). However, until Step 15 of the next section, we shall only
require the weaker assumption to hold.

The classical FENE potential and its variants are physically motivated: their
purpose is to emulate the finite extensibility of polymer molecules; they do so by
ensuring that the magnitude of the spring force ¢ € D +— F(q) tends to +oo as
q approaches the boundary dD of the bounded configuration space domain D. In
the context of the model considered here, this singular behavior of F' is encoded in
our assumptions on the elastic spring potential U, (cf. and ) Unsur-
prisingly, the singular behavior of U, and thereby also of Uc(q) := U.(3|q|?),
complicates the analysis of the model and has a significant impact on the behavior
of the probability density function ¢ as q approaches dD. This becomes perhaps
most evident by observing that in order to ensure that the integral

/ IVqU.|*¢dg
D
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appearing in the temperature equation is finite under our assumptions on U, the
function ¢ and its normal derivative have to vanish as g approaches 9D. We shall
make this assertion rigorous in Lemma [3.14

Our assumptions on U, imply that there exists a positive constant C' such that

Uy (s)| < C forall s € [0, [2)} (2.38)

For example, the classical Hookean spring-potential U, (q) := %\q|2 with |q| < Vb,
corresponding to U, (s) = s for s € [0, /2] satisfies the hypotheses imposed on U,.

The coefficient of heat conductivity k = () depends on the absolute temper-
ature . We shall assume in what follows that £ € C([0, 00); R>0) and

C(1+6°%) <k(0) <C(1+6°) forall el0,00), where § > g (2.39)

and C and C are positive constants, independent of #. The motivation for the
assumed lower bound on the exponent 8 appearing in will be made clear in
the next section in the derivation of the a priori bound on solutions to this coupled
system of nonlinear partial differential equations.

Concerning the temperature-dependent shear viscosity coefficient v(0) that
appears in the balance of linear momentum equation we shall assume that

v € BC([0,00);R50) and v(8) > C forall 6 € [0,00),

where BC([0, 00); Rs) denotes the set of all bounded continuous functions defined
on [0,00) with values in Ry, and C is a positive constant independent of 6.
The density of body forces f appearing in will be assumed to belong to
L2(0,T; L2(Q;R?)). Up to the end of Step 14 in Sec. |3| the spring-potentials U,
and U, (cf. (2.3))) are assumed to satisfy (2.35); thereafter is assumed. As
we have yet to prove that the assumed positivity of 6y implies that 6(¢,z) > 0 for
all (t,z) € [0,T] x ©, we shall assume that the material functions s and v are even
functions of 6; i.e. that x(6) = k(|0|) and v(0) = v(|0]) for all § € R.

The rest of the paper is structured as follows.

In the next section, we shall derive various formal a priori bounds. By the
word formal we mean that we shall assume for the moment that the problem

dTo give a simple illustration of this point, consider the FENE potential Ue (s) := (Hb/2) log(1 —
(2s/b))~1 and suppose that ¢ € C([0,b/2];R>0). Let g(s) := (¢(s) — ¢(b/2))/(s — b/2) for
s € [0,b/2) with g(b/2) := ¢(b/2), and note that g € C([0,b/2]) N C1([0,b/2)). Suppose further
that g(s) <0 for all s € [0,b/2]. Then, to ensure that

b/2 b2
oo>/0 |Ué(8)|2¢(s)d5:H2/O &ds

-3

212 o o
_H ¢(9> lim / LZ +  lim / g(s)b ds| , (2.37)
4 2) o—=(/2)_ Jo (s _ %) o—(b/2)_Jo s— 2

2

it is necessary that ¢(b/2) = 0 and g(b/2) = 0, i.e. both ¢ and ¢’ must vanish at s = b/2.
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has a smooth solution. The first group of these estimates follows the guideline
provided by the thermodynamic approach presented above. After checking that
 is nonnegative and 6 is strictly positive, starting from the governing equations
(2:25)(2-28) and knowing what the correct forms of the internal energy e (see (2.8))
and the entropy 7 (see (2.7)) should be, we rederive the evolution equations for e,
FE and n, giving us two fundamental estimates, see and . The second
group of estimates consists of improvements that stem from the assumption
on the heat conductivity coefficient, and better properties of ¢ in the interior of
(0,T) x 2 x D, or up to the boundary provided that 6 is bounded from above.
We shall then, in Sect. [4] state our definition of weak solution. Interestingly, the
concept of solution that we consider here is different from any of the concepts used
for the incompressible/compressible Navier—Stokes—Fourier system. There, one has
at least three natural options2 2324 (i) to use the equation for E, (ii) to use the
equation for e, and (iii) to use the equation for . While these formulations, when
supplemented by conservation of the global total energy, are equivalent at the level
of classical (regular enough) solutions, they are — even if we replace the equal-
ity signs in the equations for e and 1 with inequalities — different at the level of
variational (weak) solutions. It transpires that, for the problem considered here, we
cannot use any of these three formulations. This is due to the impossibility of ensur-
ing integrability of the terms OV [, Uec(q)pdq and [}, [Uy(q)e + OV plogy] dg
appearing in the flux terms of the equations for e (and hence also for F) and for
7, respectively. As a result of these difficulties and in view of the available esti-
mates, we are thus forced to work with the equation for the temperature in

“

a renormalized sense, and have to replace the “="sign by the “>” sign therein.
Finally, also in Sec. [d we provide a rigorous analysis of the model, leading to

the key contribution of the paper stated in Theorem the weak compactness of

sequences of solutions to the model 7, which are shown to converge to a

global-in-time large-data weak solution that satisfies the energy inequality ((3.32)).

3. Formal a Priori Estimates

We begin by performing some formal preparatory calculations which are required
for the derivation of the desired a priori estimates. We shall assume throughout
this section that v, ¢ and 6 are continuous functions of their arguments, defined

n [0,7] x Q, [0,7] x Q x D and [0,T] x Q, respectively, and that v, ¢ and 6
are sufficiently many times continuously differentiable so as to satisfy the partial
differential equations that feature in the model, as well as the associated boundary
and initial conditions, in the usual pointwise sense. We shall assume that the initial
datum ¢q for the Fokker-Planck equation is nonnegative on Q x D and that the
initial datum 6y for the temperature equation is strictly positive on €; we shall
then prove that the corresponding solution ¢ to the Fokker-Planck equation is
nonnegative on [0, T] x Q x D, and that the solution # to the temperature equation
is strictly positive on [0,7] x €.
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More precisely, in this section we assume that v € C%2([0,T] x Q;R9), with
V|0, 1]x00 =0, divgv =00n [0,7] x Q, 6§ € C2([0,T] x Q) and ¢ € CH>2([0, T] x
Q x D). Motivated by the form of the fourth term on the right-hand side of the
evolution equation for the specific entropy 7 and the final term of the first
integral over D appearing on the right-hand side of the evolution equation
for the absolute temperature, we shall further suppose that

Vaol(t, 2
/ | qSD r q)| dg < oo and / [L{e(q)\ch(t,w,q) < 00
o(t,x,q) D

for all (t,x) € [0,7] x Q.

In connection with the imposition of the boundary condition an important
remark is in order: because the spring force F' = V4 U, +0V 4 U, appearing in
involves the gradient of U,, and the first and second partial derivatives of U, as well
as U, itself, blow up on 9D because of , for the boundary condition
to be meaningful, it is necessary that | r)xoxap = 0. Since we have already
imposed a boundary condition on (0,7") X Q x D in the form of , we cannot
of course impose a second boundary condition on (0,7") x Q x dD; the reason why
¢ should vanish on (0,7) x ©Q x 0D therefore requires clarification. In this respect,
we note that because of we have®

/ |VqUe|? dg = +o0,
D
and therefore the integral
[ 9atbPedq (31)
D

appearing on the right-hand side of the temperature equation (2.27)) will only be
finite if the (nonnegative) function ¢ vanishes on dD; i.e.

=0 on (0,T)xQxdD. (3.2)

This homogeneous Dirichlet boundary condition on ¢ is therefore imposed implicitly
(rather than explicitly as a genuine boundary condition) through the requirement
that the integral (3.1]) involving the singular potential U, be finite. In fact, a stronger

°From we have Ul(s) < UL(0) + ce [5[UL(c)]> do for all s € (0,b/2) and then, again by
, it follows that fb/Q[U’ (0)]2 do = +o00. Consequently,

/ Vatt*da= [ Ul(lal*/2)laP da > | UL(al*/2)*|al* da
D D b/2<|q|2<b

b / 2 2 b/2 U 2
= ULlla /D dg > C) [ UL do
b/2<|q|?<b b/4

b/2 b/4
— o) /O U2 (o)) dor — C(b) /O U ()2 do > C(b) / U ()2 do — C1 (b) = +oo.
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Nonisothermal kinetic model: Weak sequential stability 17

assertion than holds, which we shall formulate in the next lemma, and which
will be used to justify the absence of various boundary integrals over 0D that
would otherwise arise during the course of partial integration with respect to q. As
solutions to the system of partial differential equations under consideration, which
we are formally manipulating at this stage, will be replaced by solutions that are
required to satisfy a certain energy (in)equality to be derived later in this section,
the presence of the singular potential I, in that energy (in)equality will imply that
both ¢ and ¢(VqUe - ng) vanish on (0,7) x Q x 9D.

Lemma 3.1. Let Q := (0,T) x Q and suppose that g € L*(Q;R~q) and ¢ €
LY(Q; WHY(D;Rs)). Suppose further that U € C([0, 8);R>g), U’ is nonnegative,
U(s) — 400 and U'(s) — 400 as s — (b/2)_, and that there exists a positive
constant ¢ such that

|U"(s)| < c[U'(s)]?, Vs €[0,b/2). (3.3)
Suppose, finally, that the following bound holds:

[ st (W”‘” ot g)(1+ [U’<|q2/2>]2>) dqdzdi < C.
QxD

o(t,z,q)
(3.4)
Then,
gp € LNQ: Wy (D)) and (3.5)
geU’ € LY(Q; Wy (D)). (3.6)

In particular, ¢(t,x,-) and o(t,z, ) U'(| - |>/2) have zero trace in L'(OD) for
a.e. (t,x) € Q.

Proof. We begin by showing that g and gpU’ both belong to L'(Q; Wi1(D)).
Thanks to the assumed nonnegativity of g, ¢ and U’, we have from (3.4 that
g9¢ € L'(Q x D) = LY(Q; L'(D)), and

0< / ot 2)p(t,x, @)U (g2 /2) dg da dt
QxD

1

<5 [ st@ttea+ U (a2 dgdedt < C.
2 QxD

whereby gpU’ € L' (Q x D) = L*(Q; L'(D)). Further, we also have that

/Q R Valg(t, 2)e(t, 2, q)| + [Vq(g(t, @) o(t, x,q)U' (Iq]*/2))| dg da dt
< C/ g(t, w)/ Vap(t,®,q)|(1+U'(la*/2)) + ¢(t, 2, q)[U"(lq|*/2)| dg dz dt
Q D

v , L, 2 !
<c /Q sit.a) [ (W Folteg) (14U <|q|2/2>]2)> dqdz dt < =,
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where the constant C' depends on the diameter v/b of D and the constant ¢ from
the assumed bound ([3.3)) in the statement of the lemma. Here in the transition from
the second line to the third line we made use of the elementary calculation

Vastt. . )i+ Ula/2) = o2 BBl 5w gy 1+ 07 (af12)

1|Vqe(t, x,
< GVl 4 g1+ 0l 2)P).

Thus, g and geU’ both belong to L'(Q; W1 (D;R>¢)). Hence, by the trace
theorem, we infer that the traces of g and gpU’ on D are well defined and belong
to L'(Q; L' (9D; Rxo)).

To complete the proofs of and it remains to show that the traces of
g and gpU’ are equal to 0 a.e. on @ x dD. We shall first show this for gpU’, and
then proceed analogously in the simpler situation of ge.

Let us therefore show that the trace of gpU’ is equal to 0 a.e. on Q x dD. To
this end, for (¢, ) € Q we introduce

u(t,z,r) = /BB o(t,x, q)U'(r?/2)dS(q), 0<r<Vb,

where B, := B(0,r). Thanks to the fact that goU’ € L'(Q; Wh!(D;Rx)), it
follows from the trace theorem that

OS/Qg(t,a:)/8 @(t,m,q)U’(r2/2)dS(q)dmdt/Qg(t,:c)u(t,:c,r)da:dt<oo

for all 7 € (0,v/b). Hence, the integrand of the last integral must be finite for
a.e. (t,z) € Q and for all r € (0,v/b). As, by hypothesis, g(t,x) > 0 for a.e. (t,x) €
Q, it then follows that w(¢,«,r) must be finite for a.e. ({,) € @ and for all r €
(0,v/b). This means that u(t,,r) is well defined for a.e. (t,z) € Q and for all
r e (0, \/B) Then, from the definition of u and , it follows that

Vb
/ U’(r2/2)u(t,w,r)dr:/ otz U (1g2/2)2dg <0 (3.7)
0 D

for almost all (t,z) € Q. In addition, since U’ € Wh1(D;R>() for almost all
(t,x) € Q, we have u(t, x, ) € C([0,Vb]; R>() for almost all (¢, z) € Q. Clearly, u is a
nonnegative function of its arguments. Assume for a moment that, for some (¢, ) €
Q, lim, _, ) u(t,x,r) > 0. Then, thanks to the continuity of u with respect to its
third argument, there exist € > 0 and 7o € (0,v/b) such that u(t,x,r) > ¢ for all
r € [ro, Vb]. Consequently,

Vb Vb b/2
—|—oo>/0 U’(r2/2)u(t7w,r)dr25/ U'(r?/2)d \[/

\i[ < lim  U(s) — U(rg/Q)) = +o0.

s—(b/2)—
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Nonisothermal kinetic model: Weak sequential stability 19
Thus, we have arrived at a contradiction, which then implies that, contrary to our
supposition that lim g u(t,x,r) > 0 for some (¢, x) € Q, in fact,

lim wu(t,z,r)=0 forae. (t,z)€ Q.
r—(vb)_

This implies that, for a.e. (t,x) € Q,

lim ¢(t,z,q)U'(r*/2)dS(q) = 0.
r—(Vb)- JoB,

Thanks to the assumed nonnegativity of ¢ and U’ this means that
ot,z,q)U'(|q|*/2) = 0 for a.e. (t,z,q) € Q x OD. That completes the proof

of (B5).
To complete the proof of (3.5, we need to show that the trace of gy is equal to
0 a.e. on Q x &D. Similarly as in the case of gpU’ above, we now define

u(t,x,r) = / o(t,z,q)dS(q), 0<r<Vb,
0B,

where, again, B, := B(0,r). Instead of (3.7), we then have
Vb
[ e mutana = [ eteauia?/2)
0 D

= %/D p(t,x, q)(1+ [U'(|lg]*/2)]*) dg < co.

By an argument based on contradiction, identical to the one in the case of (3.6)),
we deduce that

lim wu(t,z,r)=0 forae. (t,z)€ Q.
r—(Vb)_

This implies that, for a.e. (t,x) € @,

lim o(t,x,q)dS(q) = 0.
r—(Vb)_- JoB,

Thanks to the assumed nonnegativity of ¢ this means that p(t,x,q) = 0 for
a.e. (t,x,q) € @ x dD. That completes the proof of (3.5)). O

Remark 3.1. In order to illustrate the relevance of Lemma[3.1] suppose that 6 and
@ are such that, for each positive real number 6,,,x,

9 2
/ / <9|Vq§0 + SD‘VQUJ ) dq S C(gmax)7
Q@max D 14 9

where Qp,.. = {(t,z) € Q : 0 < 0(t,x) < Opax} and C(Omax) is a positive
constant depending on 6,,x. It then follows from Lemma |3.1| with @ there replaced
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by Qg,... and g chosen to be identically equal to 1, that the terms p(Vzv)q - ng
and ¢(VqU) - ng, involved in the zero normal flux boundary condition (2.33)), i.e.
in the boundary condition

0=((Vgv)gpy + j%q) ‘Ng = ((p(Vm'U)q —4p(VqUe +0Vql,) — 49Vq<p) ‘Mg,

that was imposed for ¢ on (0,7) x Q x 9D, both vanish on Q. % 9D, and
therefore by passing to the limit 0,,,x — +00, also on Q@ x 9D = (0,T) x Q2 x 9D. In
fact, the term ¢(0V4U,) also vanishes on (0,7) x Q x 9D, because by hypothesis
U,y € C1(D) and the function ¢ vanishes on (0,7) x 2 x dD. Thus, the boundary
condition reduces to OVgqp -ng = 0on (0,T) x Q2 x 0D, which is of a similar
form as the boundary condition imposed for ¢ on (0,7T) x 9Q x D. For
related considerations in the isothermal setting, we refer Refs. |48 [34 and |37; see in
particular Theorem 1.1 in Ref. |34 and Remark 3.6 in Ref. |37,

Motivated by Lemma [3.1} in the formal calculations that follow we shall there-
fore assume that ¢ vanishes on (0,7) x  x 9D, and that ¢(-,+,q) decays to 0
sufficiently fast as ¢ — 9D to ensure that integrals over D are well defined; more-
over, if in the course of our calculations boundary integrals over D happen to
disappear after partial integration over D, then it will be understood that this is
either because of the boundary condition or because ¢(-,+,q) decays to 0
sufficiently fast as ¢ — 9D to annihilate the boundary integral over D in question.
In particular, we shall suppose that

¢ e LYQ; Wy (DsR)) and o U.(|ql*/2) € LY(Q; W, (D;R)). (3.8)

Because, by hypothesis, ¢ € C*22([0, T]|xQx D) and q — U’(|q|?/2) € C*(D), and
so it follows that ¢ U.(|q|?/2) € C([0,T] x Q x D) and limg_,op ¢ U.(|g|*/2) = 0.
Therefore, o U!(|q|?/2) is uniformly continuous on [0, 7] x Q x D, and thereby it is
also bounded on [0,7] x Q x D; that is,

max _ f|¢(t>337Q)|Ué(|q|2/2) =: CO < 0.
(t,2,q)€[0,T]xQx D

We are now ready to embark on the derivation of the required (formal) a priori
bounds. For the sake of clarity of the exposition, we split the process into 16 separate
steps.

As ¢ is a probability density function, it is required to be nonnegative. However,
the nonnegativity of ¢ is a property that should be deduced from the nonnegativity
of the initial datum g for the Fokker—Planck equation (using a parabolic minimum
principle, for example) instead of assuming, a priori, that it holds. Unfortunately,
the parabolicity of the Fokker—Planck equation is not automatically guaranteed, as
it hinges on the positivity of the absolute temperature 6. The absolute tempera-
ture is, for physical reasons, positive; however, this property should again not be
assumed, but should be inferred from the positivity of the initial temperature 6.
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However, to deduce the positivity of 6 from the positivity of 6y, one needs nonneg-
ativity of ¢.

To break this vicious circle, for z € R let [z]4 := max{z,0} (> 0), [¢]- =
min{z,0} (< 0), and replace for the moment the initial-boundary-value problem
(2.28), (2.32)—(2.34) for the Fokker—Planck equation with the following:

O + dive(ve — 0]+ Vap)
+ divg((Vev)ge — 4F 9]+ —4[0]+Vep) =0 in (0,T) x Q x D, (3.9)
with F := VU, +0V 4U,, subject to the following boundary and initial conditions:
[0]4+Vzp -1y =0 on (0,T) x 9Q x D, (3.10)
where ng is the unit outward normal vector to 02, and
((Vav)gp — 4F ]+ — 4[0]+Vgqp) g =0 on (0,7) x Q x dD, (3.11)

where ng := g/|q| is the unit outward normal vector to 9D, and we impose the
initial condition

<p(0,m,q) = (,OO(?E,(]) for (xvq) €0 x D7 (312)

where ¢y > 0 a.e. on Q x D. From the perspective of mathematical modeling,
this initial-boundary-value problem is equivalent to (2.28)), (2.32)—(2.34) because,
as noted above, the probability density function ¢ is by definition nonnegative and
the absolute temperature 6 is, for physical reasons, positive.

In our initial step, Step 0, of the analysis that follows we shall prove that the
assumed nonnegativity of ¢y on Q x D implies nonnegativity of ¢, viewed as a solu-
tion of the problem (B.9)—-(8.12), on [0, 7] x 2 x D. Using the nonnegativity of ¢ thus
proved, we shall then prove in Step 1 that the positivity of the initial temperature
6o on 2 guarantees positivity of # on [0, T] x Q. Having proved the nonnegativity of
@ and the positivity of 6, the initial-boundary-value problem 7 will then
collapse to its original form ([2.28]), (2.32)—(2.34), and in the remaining steps of the
analysis we shall therefore continue working with that original form.

Step 0. In this step we shall prove that the assumed nonnegativity of g implies the
nonnegativity of ¢, viewed as a solution of the problem (3.9)~(3.12) on [0, T]xQx D.
To this end, we multiply the partial differential equation by [¢]-, integrate
the resulting equality over 2 x D, and perform partial integration in all terms that
involve div,, and divy using the homogeneous boundary conditions and (3.11)).
As divy v = 0 and divg((Vzv)q) = 0, it follows by decomposing ¢ as [¢]+ + [¢]—
that, for all ¢ € (0,7,

1d
Hso1_|2dqdm+/

1d 6]+ |Valg]_[? dgde + 4 / 014V alg]_? dq dae
2dt QxD QxD

QxD

:O7
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thanks to the fact that the interiors of the supports supp([¢]+) and supp([¢]-) of
the functions [p]+ and [p]_ are disjoint sets. Hence,

/ lo(t, 2, q)]_|* dgdz < / [0(0, 2 )] dq dz
QxD QxD

=/ lpo(@. q)]_[? dgdz = 0
QxD

for all ¢ € [0, 7). Consequently ¢ > 0 on [0,7] x Q x D.

Step 1. Having proved the nonnegativity of ¢, we next establish a minimum prin-
ciple for the absolute temperature, 6. To this end, we choose Opin € (0,1) such that
Omin < ess.inf,cq Op(z) and consider the function H defined by

H(t,x) = 0(t,z) — Oine” " fort € [0,7] and z € Q, (3.13)

with « > 0 to be fixed below. For future reference, we also note that thanks to
our assumptions concerning the functions U, and U, (cf. Egs. and -
we have the following:

IVqlyllgl =U <|q| ) |2<C’ for all g € D

and

2 2\ 12
o<ty Sate=latv; (1) e (1) <ctar (1 [ ()] )

C(1+4|VqU.|?) forall g€ D.

Furthermore, because

2 2
A u dU/(|q| >+| |2U// <|2|>’

and U, € C?([0,b/4]), it follows from (2.35) that
0< AU, <C  for lg? <

b
27

where C' is a positive constant, independent of g, and

v ("g’) >+|q|2U! ('qg)
_ g (1 + §|vqu6|2) + lal? {Ué (MI)]Q { [Ué <(12|2>}2 ve (qu)}
:;l( 21¥q u|2)+V “'2{[ (qm U”<|q2|2)}

for g < |q|? < b. Thanks to (2.35), the (nonnegative) expression appearing in the
curly brackets in the last line is, for all ¢ € D such that g < |g|? < b, bounded

d
0<Aque<2<1+| 2
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by a positive constant independent of q. In summary, then, writing C' for a generic
positive constant independent of q, we have shown that

Vqlyllgl < C for all g € D,
0< Vel Vqlde < O(1+ |VqlUe|?) forall g € D, (3.14)
0<AgU, <C(A+|VqlUe|?) forall g€ D.

With these preparations, we return to the temperature equation subject to
the boundary and initial conditions , multiply Eq. @ by (H(t,x))- =
min{H (t,x),0} (< 0), where H is the function defined by @, integrate the
resulting equality over & € ) and perform partial integration over D in the first
term of the first integral on the right-hand side of . Hence,

/ataﬂ_ d:c+/ 5(0)|Vw0|2da:+/21/(0)|H_|\]D)(v)\2da:
Q {xeQ: H(t,x)<0} Q
[ 1] [ [VatPedg+a [ O] [ o9,U ngds()
Q D Q oD

:4/6|H7|/(Aq1/{e)<pdqdw+4/QH,/(unn-vql/{e)godqdw
Q D Q D

+/ GH_D(’U) /(unn@)q)apdq = T1+T2+T3, (315)
Q D

where we have used the trivial equality H_ = —|H_|. We proceed by bounding
the three terms on the right-hand side of this equality. Clearly, 0|H_| = (H +

Omine ™ )| H_| < Opine”*|H_| < |H_| for all (t,z) € [0,T] x Q. Therefore, by
(3-14)s,

T, ::4/9|H,|/(Aql/le)<pdqda3§4/ 9|H,|/(Aql/le)godqdw
Q D {z€Q:6>0} D

<40 9|H,|/(1+\vque|2)<pdqdm
{z€Q:6>0} D

§409min/ |H_|e_‘”/ pdgdx
{z€Q:0>0} D
+ 4oamin/ |H_|/ |VqUe|*¢dgdx
{zeQ:0>0} D
§4C’10min/ |H_|e*“tda:+409min/ \H_\/ |une|2<pdqda:,
Q Q D
where C' here is the constant from inequality (3.14)5 and

C,:=C max 7/ pdq.
(t,2)€[0,T1xQ2J D
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Next, we consider the second term on the right-hand side of the inequality (3.15)).
Clearly,

T, ;:4/0H,/(vqun-vque)<pdqdm
Q D

1
< |H_|92/ |unn\2<pdquc+49min/|H_|/ VU 2o dgda
min JQ D Q D

&

/|H,|02d:c+49mm/ \H,\/ |VqUe|?pdgde,
Q Q D
where

Cy:=  max 7/ Vel > dq.
(t,2)€[0,T1xQ2J D

Finally, we consider the third term on the right-hand side of (3.15):

T3 ::/QGH_]D)(U):/D(V(IZ/{H(@q)cpdq

< G /|H,|92dm+9mm/2u(9)|H,|\D(v)\2dm,
min JQ) Q
where
1
Cs = D) 7 | (Vatty @ @) da
(tw)E[OT]xQV

We then substitute these bounds on T, Ty and T3 in and choose Opin €
(0,1) so small that (C' + 1) < 1. This enables us to absorb the second term
of the bound on T; and the second term of the bound on T3 into the fourth term
on the left-hand side of ; it also enables us to absorb the second term in the
bound on T3 into the third term on the left-hand side of @ . We note further
that the final term on the left-hand side vanishes thanks to @ .

Hence, recalling the definition of the function H, we have from the

inequality

/ 0,000 — Ouine=1)_ da < AC) Oy / oot da 4+ 2 7C3 02 + Cs / \H_| 62 da.
Q Q m1n

Equivalently, we have the following inequality:
1d
f—/[(e — Omine” ") _*dx — aﬁmin/(H — Opine” ™) _e " dx
2 dt Q Q
Cy 4+ C
< 4C, mm/|H e dx + 2(‘9+ 3/|H_|02dx,
min 0

whereby, because

—(0 = Opine™ ") = —-H_ = |H_|,
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1d

- 2
i J ) de

Cy + C:
g4clemm/ |H_|e " da + 2+ 3/ |H_| 6 dz
Q mln

fozﬂmin/ |H_|e ' dx
Q

:(4Cl—a)9min/ |H_|e " da + C2+C3/ |H_| 6 dz.
Q mm

We shall now focus our attention on the last term on the right-hand side of this
inequality.
If O(t,x) > 0 at a point (¢,x) € [0,T] x Q, then

0<0(t,x) =0(t,x) — Omine " + Opine " = H(t,x) + Opine” .
Consequently, because |H_| H < 0,
|H_(t,@)| 0(t,x) < Omine” " |H_(t, )|,
whereby also

|H* (tv x)‘ 92(t7 m) S Hmine_at |H7 (t, ZB)| 9(t, iB)

< nine " [H-(t, )|
< Gnine ™ [H-(t, )],

with a strict inequality when H (¢, x) < 0 and equality when H(t,2) > 0.
If on the other hand (¢,x) < 0, then letting’

1
C.:=——eT  max _|0(t,x)
Omin (t,2)€[0,T]x

we have

62 (t,x) < max _|0(t,x)> < Cbmine
(t,x)€[0,T]xQ

whereby also

02(t,x) + C.0(t,x) < C.Opine "

fRecall that 0 has been assumed to be a “smooth”solution (cf. the first sentence of the second
paragraph of Sec. |3| for the precise statement of the assumed regularity); therefore the constant
C is well defined. If, however, we were to construct a solution to the temperature equation by a
suitable approximation scheme, then we would need to do so in a way that a priori ensures the
nonnegativity of 8, or indeed that the approximation scheme produces a sequence of temperatures
that are (uniformly over Q) bounded from below by a positive constant. As the construction of
such an approximation scheme is beyond the scope of this paper, we shall not discuss this question
any further here.



Math. Models Methods Appl. Sci. Downloaded from www.worl dscientific.com

by 2a06:61c2:1d54:0:b31c:b8c8:7593:32c7 on 04/13/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

26 M. Bulicek, J. Mdlek & E. Siili

Thus,
0%(t,z) < C.(Omine " — 0(t, x))
= Cu(-H(t,z))
=C, [H_(t, )|,
and therefore also

|H-(t,®)| 6°(t, ) < C.|H_(t, )],

with a strict inequality when H(t,x) < 0 and equality when H (¢, ) > 0. Hence,

for each t € (0,7,

2dt/|H (t,z)|? de

< (401—a)9mm/ \H_(t, )] e~ do + 02+C3/|H_ (t, )] 02(t, @) dac
Q mm

= (4Cy — ) Hmin/ |H_(t,z)| e dx
Q

G+ C / \H_(t, )] 0(t, z) da
Omin ~ J{zea:o(t,2)>0}

+M/ \H_(t, )| 6%(t, ) dz
Omin {xeQ:0(t,x)<0}

< (4C1 — «) Gmin/ |H_(t,z)|e”* dx
Q

+(Co + C) O / \H_(t, ) o= da
{xeQ:0(t,x)>0}
+02+CBC |H_(t’$)‘2dw
emln {xeQ:0(t,xz)<0}

<(4C; +C2+ C5 — ) Hmin/ |H_(t,z)|e”* dx

L Ot G /|H (t,2)2 da.

011111’1

Now we fix the value of the constant « by setting o = 2(4C; + Cy + C5) > 0

Thus,

_ Cy+ (s
2 <_f ot 2
3 dt/ |H_|* dx mm/ |[H_|e” " da + . ——=C, Q\H_\ dx

Cﬁa”c /|H ? da.

IIlll’l
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As [H_(0,z)]? = ((0(0,2) — Omin)—)? = ((fo(x) — Omin)—)? = 0 for all z € Q, it
follows by Gronwall’s lemma that

/Q |H_(t,z)]*de <0
for all ¢ € [0, T]. Thus, we deduce that
H_(t,z) =0 forall (t,z) € Q.
In other words, H > 0 on @, i.e.
O(t,x) > Omine™ ™" > Opine 7 (> 0) for all (t,x) € Q, (3.16)
with Opin € (0,1) and a = 2(4C1 + Cy + C3), where C1,Co,C3 > 0 are as above.
Thus, we have established a strictly positive lower bound on 6 over [0,7] x Q.

Step 2. Next, we bound the polymer number density np = ngodq (cf. (2.19)
and (2.29)). We integrate the Fokker—Planck equation (2.28) over D and use the
assumed zero normal flux boundary condition (2.33)) on (0,7") x © x 9D to deduce
that

() e o)) - . ) -

n(0,7)xQxD, (3.17)

subject to the following zero normal flux boundary condition for the function
/ p @dg (which arises from integrating over the set D the zero normal flux boundary
condition ([2.32)) for ¢, imposed on (0,T) x 92 x D):

(v (/Dgodq)—evm (/Dgodq>>~nm:0 on (0,T)x U x D (3.18)

and the initial condition

(/DSDdQ) (O,m):/Dgoo(:c,q)dq for z € Q,

obtained by integrating the initial condition imposed on ¢ over the set D.
By the parabolic maximum principle applied to the function (¢, ) € [0,T] x Q
Jpe(t,x, q)dg (recall from Step 1 that 6 is strictly positive on [0,7] x €, which
guarantees parabolicity of the partial differential equation as an evolution
equation for the function (t,) — [, ¢(t,,q)dq), we then deduce the following
inequality for all ¢ € [0,T:

ess.inf/ vo(x, q)dq S/ o(t,x,q)dg §ess.sup/ wo(x,q)dq. (3.19)
e D D e D

Thanks to the nonnegativity of ¢ (cf. Step 0), it follows from (3.19) that
lloll Lo (@;n1 () < ll@oll Lo ;L1 (DY) (3.20)
where, as previously, @ := (0,T) x Q.
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Step 3. As a first step toward deriving evolution equations for the internal energy
e and the specific entropy 7, defined, respectively, by

e:=0+ /Due(q)godq and 7:=logf — /D[Lln(q)go + ¢log ¢ dg,
(cf. and (2.7))) recall from that the evolution equation for 0 is
Ol + divg (v0) — divg (k(0)V z0)
= 2v(0)[D(v)[?

4 / (Oq9 - Valle + 0(Vqlhy - Valle)p + [VaUel20) dg
D

+D(w): [ 074U, @ a)oda (3.21)

Dividing (3.21)) by € (note that Step 1 guarantees that 6 is bounded from below by
a positive constant throughout [0, 7] x ) then gives
2v(0)[D(v)? N K(0)|Vat|?

0 02

Orlog 8 + divg(vlogh) — dive (k(0) Vg log ) =

+ D(v) : /D(unn®(I><qu

Vol |?
+ 4/ (Vq<p Vele + o(Vqlhy - Valle) + SO‘;') dg. (3.22)
D

Step 4. As a second step toward deriving an evolution equation for the internal
energy we multiply the Fokker—Planck equation by U.(q) and integrate the
resulting equality over D. Partial integration with respect to q in the final term
then gives

Oy (/ Uep dq) + divy <'v/ Uep dq) — divy (F)Vm/ Z/{ecpdq>
D D D

~ [ (Vavlao+ i) Vall@dg =0, (3.23)
D
where
Jpq = —4Fp —40Vqp = —4p(VqlUe + OV qUy,) — 40V gip.

Because e := 0 + [, Uc(q)¢ dg, summing (3.21)) and (3.23) and recalling the defini-
tion ([2.20) of the Cauchy stress tensor, we find that e satisfies the partial differential

equation (2.1)3; that is,
e + divg (ve) + divy <—n(9)vw9 - GVw/ Ue(q)p dq) =T:D(v)
D

n (0,7) x Q,

where the expression in parentheses in the last term on the left-hand side is what
was defined in (2.18) as the energy flux j, = 7. (¢, x).
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Step 5. As a second step toward deriving an evolution equation for the specific
entropy, we return to the Fokker-Planck equation (2.28)), but this time we multiply
it by U, and again integrate the resulting equality over D and perform partial
integration; hence, we deduce that

O </ Uy dq) + div, <v/ Uy dq> — divy (9 Vm/ U dq)
D D D

~ [ D) (@9 Valloda—1 [ (Fo+6900) - Vol dg
D D

= /D [D(v) (@@ Vqldy)p —4p(VqlUe - Vqlly) — 400|V 4 un‘2

—460(Vqp - VqlUy)]dg, (3.24)

by recalling the definition (2.2)) of the spring force F. We observe in passing that
q® Vel =U,(|lg*/2)(g® q) € RES: for all g € D.

Step 6. As a third step toward deriving an evolution equation for the specific
entropy, we multiply the Fokker—Planck equation by (1 + log(y¢ + 0))(, where o >
0 and ¢ € C§°(Q), integrate the resulting equality over @ x D, perform partial
integrations with respect to t and @ using that ¢ is smooth with compact support,
and also with respect to g using the zero normal flux boundary conditions imposed
on . We then pass to the limit ¢ — 04 in the resulting equality, term by term,
using the monotone/dominated convergence theorem. Having passed to the limit
o — 04, we reverse the partial integrations with respect to ¢t and x using the
assumed smoothness of . Since the resulting equality holds for all test functions
¢ € C§°(Q), it follows that

Oy (/ gologgadq) + divg (v/ gologgadq) —divg <9Vm/ aploggodq)
D D D

= / [va (@@ Vgp) —4Vql, - Vap — 40V g U, - Vg
D

2 2
WULLEEL L
¥ 14

2 2

= / [—4Vq Ue - Vagp =40V qlUy, - Vap —
D ¥

(3.25)

where in the transition to the last line we made use of the fact that

/Vw'v:(q®Vq<p)dq:va:/(q®Vq<p)dq:—(va:]l)/ vdgq
D D D

= —(divmv)/ pdg =0,
D
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by partial integration with respect to g, using the implicitly imposed boundary
condition (3.2), and recalling the divergence-free property (2.25) of the velocity
field v.

Step 7. We shall now combine Steps 3, 5 and 6 to infer the evolution equation for
the specific entropy 7. Subtracting (3.24) and (3.25) from (3.22) and recalling the
definition (2.7) of the specific entropy 7, it follows that

)V 0
O + dive (vn) + dive (9/ UV dg + GVm/ gologgodq) — divg </{()9V>
D D

9 D 2 202 202 2
_ 2O | OO [ Vbl g g [ [Fal
0 0 D ® D ¥

Vo Ue|?
+ 4/D ["9“" +2(Vgp - Vall) + 20(Vglly - Volhe)

+ 29(vq90 “Vq un) + 0W|vq MWQ] dq

2 2 2
_ OB | KON [ Tl
9 02 D "2

4
+/ %qu@wwqun + pVql.|* dg. (3.26)
D

Step 8. Next, we shall establish the balance of total energy. We take the scalar
product of with v, integrate the resulting equality over (0,t) x Q, where
t € (0,7), and perform partial integration with respect to x using . We
then combine this with integrated over (0,t) x Q after performing partial
integration using the boundary condition , and with integrated over
(0,t) x Q after performing partial integration using the boundary condition ,
to deduce that

1’U 2 xr i i
/92| (t)|*d +/Qe(t)d +/QXDUes0(t)dqd

1 t
:/ §|’Uo\2dﬂc+/90dﬂc+/ Lle<p0dqda:—|—//f(s)-v(s)dacds.
Q Q QxD 0Ja
(3.27)

Looking back at the definition (2.8) of the internal energy e = e(t, ) and of the
total energy E defined in (2.9)), i.e.

B(t.@) = 5lo(t.) +e(t.2) = glo(t.a) +0(t.2) + [ Uhla)o(t.z.0)da

one sees that the process leading to (3.27)) coincides with the integration of the
evolution equation (2.10) for the total energy E, first over { in conjunction with
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the use of the divergence theorem and the relevant boundary conditions to deduce
(2.12), and then the integration of (2.12]) over ¢, which yields

/QE(t,:c)d:c:/QE(O,:c)dw—k/ot/Qf(s,:c)-v(s,w)dwds.

Comparing this with (3.27)), we see that the equality (3.27]) derived above expresses
the balance of total energy, in fact.
Applying Gronwall’s inequality to (3.27)), we have

1
essup ( S0y + 1000 + 1 Uotluscoen)
te(0,T)

1 1
< (G0l + Iolzr + hpollscaey + 31510y ) < C.
(3.28)

Here and hereafter C' signifies a generic positive constant that depends only on the
data.

Step 9. In this crucial step, we derive the formal energy equality that lies at the
heart of the compactness argument presented in Sec. 4l We multiply by —1
and integrate the resulting equality over Q. Using the boundary condition (2.30)) to
eliminate the boundary integral originating from the second term on the left-hand
side of upon integration over €2, the boundary condition to eliminate
the boundary integral that comes from integrating the third term on the left-hand
side of over (), and the boundary condition to eliminate the boundary
integral that stems from integrating the fourth term on the left-hand side of
over (), we have

d 20(0)|D(v)|>  K(0)| V0|2
i@ /., ndm+/ﬂ[ 0 + 02 dx

Vazo|? 4
—|—/ [9/ Vael® dq +/ — |0V qip + 0oV g Uy + ¢V qU|* dg | dz = 0.

Q D ¥ p b
(3.29)
We note that because the second and third terms on the left-hand side of (3.29) are
nonnegative, the total entropy, t € [0,T] — [, n(t,x)dz, is an increasing function

of t, as is physically expected.
Thanks to the definition (2.7)) of the specific entropy 1 we have
—n=—logb+ / [Unp + plog p] dg.
D

By substituting this into (3.29) it follows that

2 D 2 L0
< —10g9+/ (U, + plog o] dg dm+/ v(0)[D(v)| n K(0)|V 0| da
dt Jq D o 0 02

|vm90|2 i 2 _
+ 0| ——dq+ 0V g0 + 0V g Uy + ©V U, |" dg | de = 0.
Q D ¢ p b
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By integrating equation (3.17)) over the domain Q and using the boundary condition
(B-13), it follows that % [, ,(—¢ + 1) dgdx = 0; therefore,

%/ﬂ [—10g9+/D[Unso+[<p(10g<p—1)+1]] dq] dz

o [ [OBOE N0,

|Vw§0|2 i 2 _
+ 0| ———dqg+ |0V g + 0oV qUy + oV qUe|” dg| dz = 0.
Q D ¥ p Op
Defining

H(s):=s—1—1logs fors>0,
s(logs—1)+1 for s> 0, (3.30)
Fs) w4 20085 =D

1 for s =0,

we then have

. Q [H<9>+ /D [unwﬂ@]dq} o /ﬂ {QV(G)I;})(v)IQ +/€(9);w9|2]d:c

|vm§0‘2 i 2
+ 0 dq + |0Vq<p+990VqZ/ln+<quUe\ dq| dx
Q D ¥ p Op

d d
g7 Q(Q ) da dt/QOd:c

Note that s — H(s) and s — F(s) are strictly convex nonnegative functions of s,
which only vanish at s = 1. By integrating this equality with respect to t, it follows
that

[ o0+ [ et + 7ot ag) ao

N / [ [HOBOE | s0170)

t Vazo|? 4
+// {0/ &dqﬁ-/ |9Vq<p+9<pvqu7,+<pvq1/162dq} da ds
0JQ D 2 p O

:/Q {H(00)+/I)[L{ngpo+]-"(<po)] dq} da,-+/Qe(t) dm—/g&odm.

Adding this to the balance of total energy stated in (3.27)) then yields the following
energy equality:

[ 5o + o) ae+ [ttt + et + o)) dade
Q QxD
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+/t/ [zu(éi)alD)(v)l2 N R(9>|Vw9|2} de ds
0JQ

92

‘ |Var:90|2 4 2
+// [9/ dq+/ —|0Vqp + 0oVl + oV qU.|” dg| dxds
0J0 D ¥ p by

1
= [ 3ol + 60| aw+ [ (thigo +thyon + Flguldgae
Q QxD

+/0t/Q f(s)-v(s)dzds. (3.31)

This formal energy equality will play a crucial role in Sec. [ In particular, once a
solution is known to satisfy (or a weaker version of , with the equality
sign replaced by the symbol <), it will automatically follow that one can meet the
hypotheses of Lemma[3.1] as a consequence of which the functions ¢ and ¢ U, will
be forced to have zero trace on (0,7T) x Q x 9D. In other words, instead of being
explicitly imposed, these homogeneous boundary conditions for ¢ and ¢ U, will be
implied by the energy equality (or an energy inequality, where the equality sign in
is replaced by the symbol <).
The energy equality further implies that

1
eSS-SUP(||U(t)||2L2(Q) +IIHO@) | L) + | Uep() ]| 21 (2x D)
te(0,T) \ 2

T
+ [ Uyo()l L2 @xp) + |-7:(<P(t))||L1(Q><D)> Jr/o [log 0][3y1.2(q)

2 2
+||0ﬂ/2||%[,1.2(9)dt+/ 2v(6)ID(v) +R(9)|Zm9| dzdt
o 0 0

Vaip|? 4
+/ [9/ qujt/ — |0V g + 0V g Uy, + oV U |* dq | da dt
Q D ¥ p Oy
1
< (300l + 1Moy + [ Uoollr e+ [hygalr o)

vammmwﬁwmé@)sa (3:32)

where 5 > %, as was assumed in (2.39)). In connection with the final integral on the
left-hand side of (3.32)) we note that

1
/Q . %qu@ + 0oV Uy, + oV qUe|* dgde dt
X

:/ i|067%V(1(g@e%)’2dqd:t:dt.
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Hence, by defining the rescaled probability density function
Uet0 Uy

pi=pe 7 | (3.33)
we then have from (3.32) that

/ —|9Vq<p+9tpv U, + oV qU.|* dgdzx dt
Q><D9

e 7 v 2
:/ ge-r e VaPl 4o dpar < o (3.34)
QxD 7
Furthermore, recalling the definition of j, , from (2.16]), we have from (3.34) that
1.
/ 7 15 pql” dgdadt < C. (3.35)
QxD V¥

We also note that by adding fQ 1dx = || to both sides of the energy equal-
ity (3:32), the norm [[H(0(t))||r1 () on the left-hand side of is replaced
by [(0(t) —log(t)) da and |[H(0o)|r1(e) on the right-hand side is replaced by
Jo (6o —log by) d. Because

|00 — log 90| <6+ |10g 90| <6+ max{@o, |1Og6min|}
(cf. Step 1 for the choice of Oy, € (0,1)), and

0(t) —1og (1) > 1 (0(1) + [log(8(1))]) > 0.

it follows in particular that

ess.sup([|0(t)] 1) + [[log 6(¢)|| 1 (a)) < C.
te(0,T)

Step 10. We note at this point in relation to the integral

/ (F ®q)pdq
D

appearing in the definition of the Cauchy stress tensor T that because the function
0 is independent of the configuration space variable g € D, recalling the definition
of the rescaled probability density function @, this integral can be rewritten
in an equivalent form as follows:

/(F®¢I)s0dq—9/ B (unezeu”ggq)@ewdq
D

Ue+6 Uy

= —9/ (qu*u”ewn) ® (gpe” 7 )dg
D

Ue+6 U,y Ue+0U Ue+0U Ue+0U
:d0</ o "pe % ndq)IH—G/ e n(q@Vq(gae X n))dq
D D

Ue+6 Uy

:denpﬂ+9/ e 7 (g®Vp)dg
D
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:d@npﬂ—i—Q/ \[ﬁe_uﬁ(;}u” <q qu) dg
D Ve

:d@npﬂ—i—/ \/ée_ue;gu" @(q@\/@e_uetzun vqf) dq
D Vo

+6 Uy v 0

7 292 ) dq. (3.36)
Ve

In the transition from the second displayed line to the third displayed line we

performed partial integration with respect to ¢ and made use of the implicitly

imposed homogeneous Dirichlet boundary condition (3.2)). Since, by the Cauchy—
Schwarz inequality and the bound (3.34)),

Vo q®Vie T Vab dgdzdt < 0 dq | dedt
v = ®
QJD Ve Q D
v.ol| ’
Ue+6 Uy
X / qo Ve e qf dgdx dt
QxD Ve

2
% \V4 2 %
Ue+0U
<\/5</ enpda;dt> (/ gt Va2l dg dx dt)
Q QxD 7

< CoVb (/ Onpda:dt> :

where, as before, ny(t, ) := [}, ¢(t,x, q) dg and, by -7

1 1
2 1 3

it follows from the bound on the second term on the left-hand side of inequality

(3:28) that
\[\f(q(@\/ge

:d@npﬂ—i—/ \/éﬂ(q@)\/@e—ue
D

Un vng

Ve

) € LY0,T; L' (Q x D;R¥*%)).
Similarly,
dfn,T e L>=(0,T; L*(Q; R™*?)).
Thus, the polymeric contributions to the Cauchy stress tensor T, that is, the tensors
dfn,I and /(F®q)gpdq,
D

belong to L(0, T; L' (Q; R?*4)), and therefore they are well defined under the stated
assumptions on the data in the sense that they have finite Frobenius norm, a.e. on
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Q. We note in passing that the right-hand side of (3.36]) can be further transformed
as follows:

/(F@q)cpdq:dﬁnp]l+9/(Vqlog$®q)¢dq. (3.37)
D D

Step 11. To proceed, we require a bound on # in the norm of L"(Q) =
L"(0,T;L" (), for a suitable r > 1. We begin by noting that the bounds (3.28))

and ((3.32) yield

10l o721 ) < C and (|07 120 w2y < C,

—~

3.38)

where C is a positive constant that depends only on the data, and § > %. As
B > > 3 , it follows that 1 < £ + B < 383, so we can interpolate between L!(£2)
and L3B (Q) to obtain the followmg bound in L3+8(Q) = L38(0,T; L3 A (Q)):

T
/anw(ws/|wumwhmgt
2 T B
<100 onrcan [ 10 on oy
*thmwwn/|WWm@&

T
2 8
<Ol rnay [ 103 amat<C. (339)
where in the transition to the last inequality, we have used the bounds of ([3.38]).

Step 12. Next, we derive an additional bound on the velocity field v. To this end,

we define
6

5438 °

Again, because 5 > % > %, it follows that p € (1,2). Hence, by Young’s inequality,
the bound (3.32), and the assumed strict positivity of the shear viscosity coeffi-
cient v(0),

D)2\ 2,
/\D(v)Pdmdt:/ (%’”) 0% dz dt
Q
|D(w)|? 2 —
< / Cdwat+ 2P /92 5 dadt
=3 2 Jo

6
2~ 5+38

0> *tst3s dx dt

pi=2—

e
=T 535,
3

—C+

248 <
5+36/9 dzdt < C, (3.40)

where the last inequality follows from the bound (| -
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Our assumption that g > % guarantees that, with p defined as above,

v € L%p(Q;Rd) with %p > 2. Indeed, because v € LP(0,T;WP(Q;R%)) N

L>(0,T; L?(2;RY)) by parabolic interpolation® we have that
5p
/ |v|® dedt < C,
Q

5p _ 10 2+38
where & = = 5135

> 2 thanks to our assumption that 5 > %

Step 13. We proceed by deriving a bound on T. Because by hypothesis v(-) is
bounded from below and from above by positive constants, implies that the
term v(0)D(v) is bounded in LP(Q; R?*9) with p as defined above. Next, we bound
the polymeric part of the stress tensor. Recall from that

/(F®q)<pdq:d9np]l+/ Vi V7 [ qevae i Va2 ) 4q
D D Vo

:d9npﬂ+/ <vq(p\/6’eue+ewn ®q> @96*%?“7’ dg,
D — ———

Ve

z2

21

where ¢ is the rescaled probability density function defined in (3.33]). Thanks to
(3-34), the term z; belongs to L?(Q x D;R¥*4). Also,

/ z%dacdth:/ pOdxdgdt
QxD QxD

:/QQ(/Dgadq)dscdt

:/ Onp dxdt
Q

< |np|Loo(Q)/Q€dwdt<C,

gLemma. (Parabolic Interpolation, cf. Theorem 2.1 in Ref.|20]) Suppose that 2 is a bounded open
Lipschitz domain in R%, d > 2. Let p, ¢ € [1,00), s € [p,o0), and suppose that

€ [0,1].

Then, there exists a constant ¢ > 0 such that

ol 70,7525 () < CHV’U”Zq(Q)||U||£oo’y(07T;LP(Q))
for all v € L9(0, T; WH4(Q)) N L°(0, T; LP(Q)), with

_ s(g(p+d) —dp) o
ri= T Gopd € (1, 00].
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whereby 2o € L?(Q x D). Hence, for a suitable ¢ € (1,2), to be fixed below,

Ue+6Uy =R g g
/‘9/ e” 7 q®Vgpdg dwdt:/ /zledq dx dt
Q D QD
3 3
§/ (/ z%dq) (/ z%dq) dzdt
Q \Jp D
% q
:/ (/ z%dq) (np0)2 dedt
Q \Jp
q 2—gq
2 . =
< (/ 22 dqda:dt) (/ (np 0)2=a dwdt)
QxD Q
2—gq

< (/ 22 dqdazdt) ||77/P||%<X>(Q) (/ k= dmdt)
QxD Q

gc(/ 92qqudt>
Q

Because, thanks to (3.39)), 0 € L%+5(Q), we choose ¢ € (1,2) by setting

¢ _?2
¢ 3 + 5.
Expressing ¢ in terms of S from this equality, it follows that
4+603 6
q= =2 - — =
5+ 30 5+ 38

.
Consequently,
/ (F®q)pdq € LP(Q;R™™Y)  with p =2 —
D

Recall that

6 )

-_— > —.
5438 b 6

T := —pl+ 2v(0)D(v) — 20npl + / (F ®q)pdg.
D
Hence, the sum of the second and fourth terms of T belongs to LP(Q; R?*4). That
is

)

6 5
/Q|S|pd:cdt:/Q|’]I‘+p]l—|—29npﬂ|pda:dt<C’ forp:2—m With6>6.

Furthermore, since for g > % (which holds in our case, since it was assumed that
> 2) one has
2 6

—_ 2— —
3FP>2- 53357

it follows that
20npl € L3HA(Q;R*Y) ¢ LP(Q; RI*),
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and therefore also

with 5 > é

6
T+plPdedt<C forp=2— —
/Q| +plffdzdt < ¢ forp 5133 6

Step 14. Next, we derive bounds on the probability density function ¢. We begin
by noting that, thanks to (3.20)), (3.28]), (3.32) and (3.35)), we have that

ol oo (s (D)) + IUespll oo (0,751 (2x DY) + Un@ll Lo (0,721 (2% DY)

J 16
+ [lplog @l Lo (0,7:01 (2x DY) + H 24 + 1/ = Vg <C.
090 LZ(QXD) SO LQ(QXD)
(3.41)

Suppose th~at D is an arbitrary open subset of D such that Dcc D (that is, the
closure of D is contained in the open ball D). Let us define

Kp = max {SUQ |VqUe(q)l, sup |unn(Q)|} (< o0)
qeD qeD

and note the elementary inequality |a+b+c|? > %|a|2 —2(|b2+|c|?) for a, b, c € R™

Then

1 2
/Q ﬁ%|9Vq¢+9sa(vqun)+ga(vque)| dqdz dt
X
1 2 1
27/ deqdwdt—ﬂ(%/ ~<,0(9+> dgdxdt.  (3.42)
2Joxb ¥ OxD 0

OS/ ~g0<9+;) dqd:cdt:/ <9+;> </~<pdq> dxdt
QxD Q D
1 1
g/ <€)+> </ cpdq> dwdt:/ <9+> np de dt
Q 0) \Jp Q 0

1
< ||nP||Loo(Q)/ (9+ 0) dx dt.
Q

Using (3.20)), (3.16)) and (3.38) it follows that

1
OS/ <p<0+> dgdxzdt < C.
Q><f) ¢

Substituting this bound into the right-hand side of inequality and recalling
that thanks to the expression on the left-hand side of is bounded by
a constant, it then follows from that there exists a positive constant Cp,
dependent on ﬁ, such that

Now,

2
1/ NPl 4qazar < O,
2 ~

QxD ¥
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In addition, it trivially follows from the bound on the last term on the left-hand

side of ([3.41]) that

2
/ Vel §dzat < C.
QxD ®

Thus, by combining the last two bounds, we have the following bound:

/ O(|Var/Bl? + [Vav/@l?) dgdadt < C. (3.43)
Q

xD

Thanks to (3.16)), the function @ (which is independent of g € D) is bounded from
below by a positive constant on Q. In addition, ([3.20) implies that

/ |VelPdgdzdt < C.
Q

xD

Combining this with (3.43)), it follows that

”\/SE”LQ(O,T;WM(QxE)) < CB‘ (3.44)

By parabolic interpolation between this inequality and the inequality

||\/92”L°°(O,T;L2(Q><15)) =Cp
implied by (3.20)), it follows that

/ e[ dxdt < Cp  for some § > 0. (3.45)
QxD

A simple calculation yields 1 +6 =1+ é € (1,2) for d = 2,3, independently of D.

Step 15. In this final step, we derive bounds on ¢ up to the boundary of D. To do
this, suppose that G € L>([0, 00); R>¢). It follows from the bound stated in (3.34)
that

G(o
C z/ L)\evqgowwqun+wque\2dqdmdt
QxD O

‘P‘vquep

G\VQ@P 2
= V9Pl 4 |V Uy)? +
/Q><D|: © | q ”7‘ 0

+20V a0 - Vaqlly +2Vqp - Vqle + 20V Uy, - Vq Z/{e} G(0)dgdxdt. (3.46)
We proceed by considering, for (¢,x) € @Q, the integral over D of the expression
appearing in the square brackets on the right-hand side of (3.46)), that is,

<P|une‘2

01V q0)?
A(t,x) := / {|q§0| + 0p|Vq Uy > + 7
D ¥

20V 0 - Vlly + 2V g0 - Vglle + 20V g Uy, - Vg ue] dgq.
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We shall use the elementary inequality 2a - b > —%|a|2 — 2/b|?, with a,b € R%, to
partially absorb the fourth term into the first term and the sixth term into the
third term. Indeed, because
0 2
/ 20V g - VqlU,dg > — / ‘VM — 2/ 00|V qU,|* dg
2 D P D
and
Vo lUe|?
/ 20V Uy - Vgl dq > — / PIValle]” | q—2/ 0|V qUy,|? dq,

2 Jp 0 D

it follows (by dropping the nonnegative second term appearing in the square brack-
ets in the definition of A(¢, x) above) that

1 AN 2 V,U.|%
A(t,@z,/ {' arl” | ¢#lVq e']dq—4/9¢|vqun|2dq
2 /p 2 0 D

+2/ Vae - Vel dq.
D

Next, we perform partial integration in the last term on the right-hand side of this
inequality using the implicitly imposed boundary condition ¢|gxap = 0 (cf. (3.2))
to deduce that

1 0 2 82
Attw) >3 [ { Vael® | ¢lValh] ] da—1 [ 06IV,24,dg
2 Jp 2 0 D

72/ v-AqU.dg.
D

As |VqU,(g)] < C for all g € D, and 6 is independent of g, it follows from ({3.20))
that

1 2 2
A(t,sc)Z—C’G—I—f/ [GW"@ +@un€| } dq—2/ 0 AqU. dq
2Jp 2 0 D

1 0 2 1
:—co+7/ quju/ 2 (VU |? — 40A4U.) dq
2Jp ¥ p o

2

Now, let Oax (> Omin) be an arbitrary positive constant, and let
Qo,.. ={(t,x) €Q : 0<0(t,x) < Onax }-

Importantly, as indicated in the previous section, at this point we need to demand
that U, satisfies (2.36]) rather than the weaker hypothesis (2.35)). Then, because by
(2-36)

i AqUe(q)

im 72

jal—(v8)- [VqUe(q)]

it follows that there exists a § = §(fmax) € (0, 1) sufficiently small such that

AgU,
|VgUe|? = 40max AqUe = |V g Ue|? (1 — 49ma"quz/{:|2) > §|vq U,|?

=0,
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for all g € D\(1 — 6)D. Hence, for any (¢,x) € Qg we have that

max 7

1 0 2 1
Alt,x) > —CO + f/ OVarl 4, ¢ 7/ O (Vo Ue]? — 400, U,) dq
2)p ¢ 2Ja-sp 0

1
n 7/ 2 (IVqUe|? — 4024 U,) dg
2 Jp\(i—s)p ¢

1 0 2 1 2
2)p ¢ 2 Ja-sp g

1 U.|?
_2/ @Aquedq—i—*/ qu
(1-8)D 4 Jp\(1-5)D ¢

1[0 2 1 U,|?
2—064—7/ qu_i_,/ qu_g/ ©A U, dq
D ¥ D (1-8)D

2 4 0
2 2
. —Ce+1/ (alvqwl L #IVale] )dq—2K(9max)/ »dq,
4 /p ® 0 (1—-8)D

where

K(Omax) '= max_ AqU.(q) < oo,
qe(1-6)D

thanks to the uniform continuity of AgU. on compact subsets of D. Because, by

(3-20),
0 S/ pdgq S/ odq < [lwoll L (Lt (D))
(1-86)D D

and the constant K (fp,ax) is positive, we have that

1 0|V q¢|? Vqlle|?
A1) 2 (08 + 2K G lnllmeinrcon) + 7 [ (T2 + AV ) g
D

Y

—(Clrmax + 2K (Bmax) |10l Lo (221 (D))

1 2 2
+ 7/ (9V¢p| + P|VqU| ) dg

for all (t,x) € Q.- In other words,

2 2
1/ 0Vaol® | olVqll dgq < A(t, ) + C(Omas), (3.47)
4 Jp © 0

where C'(0max) is a positive constant which depends on 6,,.x. We return with this
bound to the inequality (3.46) and take

G(0) :=1,0,,.(0) for 0 € [0,00)
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there. Clearly, G(0(t,x)) = 19,6,,..](0(t, ®)) = 1g, . (t,x) for all (t,x) € Q, and
therefore ([3.46)) and (3.47) imply that

0 2 A 2
OxD max (p 9

2 2
:/ G(e) <9|vq90 + ‘P‘une| )dqdaz dt
QxD ¥ 0

< O+ C(Omax)|Q,

In other words,

0|V g0 Vql.|?
/ ( Vaol” | ¢lVqle] )dqdwdt < C 4 C(Oimax) | Q- (3.48)
QemaXXD QO 9
Applying Lemma with @ there replaced by Qy,, .. and g(¢,z) := 1 for all
(t,z) € Qy,,.., we deduce that p(t,z,-) and p(t,z, )U.(] - |*/2) have well-defined
traces in L1(9D) which are equal to zero for a.e. (t,x) € Qy,... . Because, by (3.28),

1 1
0] o 0,711 (02)) < eT<2||v0|%2(Q) + 100l (0) + [[Uepoll L1 (2x D) + 2||f||%2(@)>

< 00,

whereby @ is finite a.e. on @, in the limit of 6, — 400 the increasing nested
family of sets {Qp,_. } exhausts Q. Therefore, ©(t,x,-) has a well-defined trace
o(t,z,")|op € L' (OD) for a.e. (t,x) € Q and ¢|sp is equal to 0 a.e. on Q x ID; also,
o(t,x, )Vqle(-) - nglop € L*(0D) for a.e. (t,z) € Q, and it, too, vanishes on D
for a.e. (t,x) € Q. We draw the reader’s attention to the fact that, although V4, U, €
C’l(D;Rd), the second assertion in the previous sentence does not directly follow
from the fact that p|ap = 0, as V,U.(q) -ng = UL(|q?/2)|q| = VBU!(|q?/2) = oo
when g € 0D.

4. Weak Sequential Stability

We begin by stating the definition of weak solution to the problem under consider-
ation.

Definition 4.1. (Weak solution) Suppose that Q C R? is a bounded, open, simply
connected set in R?, d € {2, 3}, with Lipschitz continuous boundary 92, and T' > 0.
Assume that the initial data vg, 0y, @o and the source term f satisfy the following
properties:

e vy € L2(RY), divywvg = 0 in the sense of distributions on 2 and vg - 14|90 = 0
in W=1/22(09);

e Oy € LI(Q), 0o > Omin > 0;

e oo € Lllog L' (2 x D) N L>=(Q; LY (D)), Uetpo € L (2 x D), o > 0;

o fe LQ(Q).
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Let
F:=V U +0Vql;, and j,,:=—4Fp—40Vgp.

Suppose further that 8 > 5/6 and p := 2 — ﬁ. We shall say that a triple of

functions (v, 0, ) is a weak solution to the problem under consideration provided
that:

o v € L®(0,T: L3 4, (% RY)) N LP(0, T Wy 'k (4 RY)), dw € L*(0,T; Wojj;j’(a;
R?)) for some s > 1, where s’ := s/(s — 1) is the Hélder conjugate of s;

e 0 € L>®(0,T; L (Q;Rxp)) N L3TA(Q), 6°/2 ¢ L2(0,T;W2(Q)) and log €
L0, T3 LY(2)) 1 L2(0,T; WH2(Q));

v(0)|D(v)[?

9 K(OIVP _

€ LY@, 2

(@),

0 1
;|Vm<p|2 € LY(Q x D), %qutp + 0V Uy, + oV qU|? € LY(Q x D),

2v(0)D(v) — 20npl —|—/ (F ® q)pdq € LP(Q; R™*%);
D

e o € L>(0,T;L'log L'(Q x D;R>q)), Uep € L>®(0,T;LY(Q x D)), dp €
[C([0,TT; CH(Q x D))J*;

furthermore, the velocity field v satisfies the balance of linear momentum equation
in the following weak sense:

—/U-atwd:ndt—/('v®v):Vmwdwdt+/S:D(w)dzcdt
Q Q Q

= / v0~w(0)d:n+/ frwdzdt
Q Q
for all test functions w € C¢([0, T); W&’;V(Q; R4)), where

S =2v(0)D(v) + /D(F ® q)pdg;

for all positive integers k the temperature 6 satisfies the following renormalized
variational inequality:

—/ T:(6) 8twdzcdt—/ ka(G)-Vmwdmdt+/ K(0)VTh(0) - Vb dae dt
Q Q Q
> [ 160 0(0) o+ [ 20(0)T{(0)D(w) P do e
Q Q
+/Q (T,;(G)]D(v):/DG(VqUn®q)<pdq)¢dmdt

+/ (T,;(a)/ quga-vqueJr@chqun~une+|VqZ/l62<pdq>1/Jdmdt
Q D
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for all test functions ¢ € CZ([0,T); W1*(Q2)) with z > d such that ¥ > 0 on Q,
where

s
— max{k,|s|} fors#0,
0 for s = 0;

and the probability density function ¢ satisfies the Fokker—Planck equation in the
following weak sense:

—/ gaathqdmdt—/ vap-Vmqudmdt—i—/ OVzp - Ve(dgdadt
QXD QxD QXD

7/ ((va)qgoJrj%q)-Vquqdwdt:/ ©0¢(0)dgdx
QXD QxD

for all ¢ € C{([0,T);C*(Q x D)). Finally, a weak solution is understood to be
energy-dissipative in the sense that for a.e. t € (0,T) it satisfies the following energy
inequality, with H and F as defined in (3.30):

[ [5or + meo)| a4 [ttt + 00 + Fio)ldade
Q QxD

. / [ [w)?(vn? . nw)gmeq o de

¢ |Vap|? 4 2
+// [9/ dq+/ —|0Vqp + 0oV Uy + oV qU.|” dg| dxds
0JQ D ¥ p O

1
< [ |3l 4 o] aat [ fthoon + thn + Fonlaqae
Q QxD

4—/0t/Q f(s)-v(s)dads. (4.1)

The central result of the paper is the following theorem, which guarantees weak
sequential stability of the nonisothermal kinetic model under consideration.

Theorem 4.1. Under the stated assumptions on the data, sequences of smooth
solutions to the initial-boundary-value problem 7 for the system of non-
linear partial differential equations under consideration, which satisfy the energy
equality , converge to an energy-dissipative weak solution of the problem.

The rest of the paper is devoted to the proof of this theorem. Because the proof
is long, we draw the reader’s attention to the fact that, even though the argument
is seemingly interrupted by titles of subsections, the proof runs through several
subsections and ends at the end of Sec. 4

Proof. Suppose that we have a sequence of functions ((v™, 0", ™))%, with v™ €

CH2([0, 7] x Q;RY), 6™ € CH2([0,T] x Q) and " € C122([0,T] x Q x D), satisfying
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the inequality (4.1), Eqgs. (2.26)), (2.25)), (3.9) and (2.27) subject to the boundary
and initial conditions ([2.30)), (3.10), (3.11)), (2.34), and (2.31)), i.e. foralln = 1,2,...,

v"=0 on (0,7)x 09, v"(0,z)=vj(x) forxecq,
K(0™M)Vz0" -ngy =0 on (0,T)x9Q, 0"(0,x)=05(x) forxzecQ,
(V™™ — [0"]4+ V™) -ngy =0 on (0,T) x 02 x D,
(Vzv™)ge" + 3, 4) Mg =0 on (0,7) x Q x 3D,
©"(0,z,q) = @i (z,q) for (z,q) € Q2 x D,

where (V)% 1, (00)%2,, (p5)Se, are sequences of functions defined on 2, Q and
Q x D, respectively, such that v? € C2(Q;R?), 03 € C%(Q), ¢ € C*2(Q x D),
divgvi = 0 on Q2 and v -ng = 0 on 09, 67 > Opin > 0 on , and w > OonQxD
for all n = 1,2,...; with v? — vg in L2(Q;R?), 08 — 6y in L1(Q), o8 — o in
LY (Qx D), Ueipyt — Ueipp in LH(Q x D), F(oh) — F(po) in LY(Q x D), as n — oo,
and

G g = —AF "]y — A0, V" with F" := VU, + 6"V U,.

As in Step 0 in the previous section, the assumed nonnegativity of % on Q x D
implies the nonnegativity of ©™ on [0,7] x Q x D and, as in Step 1, the assumed
positive lower bound on 6§ on ) implies the positivity of ™ on [0,7] x Q. Conse-
quently, [¢"]+ and [0"]; appearing in the equations above can be replaced by "
and 0™; therefore, we shall remove the now redundant symbol [-]; in what follows.

Because v" = 0 on 952 and 6" is strictly positive on [0,7] x Q, it follows that
the zero normal flux boundary condition for ¢™ on (0,T) x 92 x D collapses to the
following homogeneous Neumann boundary condition:

Vze" ny=0 on (0,T) x 9Q x D.
We note further that because

jg,q = —AF" " — 40"V 4" = —4(VqlUe + 0"V qUy) " — 40"V g0"
e+ 0"

Ue+0" Uy _ Ue+0"Uy

= (T (T ) ), (42

the zero normal flux boundary condition (2.33)) imposed for ¢™ on (0,T) x Q x D
can be restated as follows:

Ue+6" Uy _ue+9"un

[(Vav™)ge" — 40" (Vg(e™ 7 ¢")e™~ 7 )] -mg=0 on (0,T) x Q x dD.

We shall use the bounds established in Steps 0-15 in Sec. [3| to pass to the

respective limits in the sequences (v™)22 1, (0™)%2; and (p™)%2 ;.
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4.1. Limit passage in the balance of linear momentum equation

The a priori bounds (3.20)—(3.41)) and (3.43)) imply the existence of weakly conver-
gent subsequences (not indicated) such that, as n — oo,

v" —*v  weakly-x in L>(0,T; L%(Q; R?)),

v = weakly in LF (Q; R%),

4.3
Vaev™ = Vv  weakly in L%(Q;R‘“d), (43)

6 4+68
5+33 5+38

S*—~§ weakly in LP(Q;R4*?), p:=2—
with 8 > %, where
8" = 2(6"DW") + [ (F" )0 dq
D

v D(") + [ (Valle +0"V4l) 9 )" dg
D
and S is a weak limit, to be identified. From the balance of linear momen-
tum equation (2.26) with solution v™ one has a uniform bound on Ov"™ in
L*(0,T; Wojfi (Q;R?)) for some s > 1, where s’ ;= —*- which then implies the

s—17
existence of a subsequence (not indicated) such that, as n — oo,

Ov"™ — dyv  weakly in L5(0,T; Wo_,c}fj/ (;R?)) for some s > 1.

Thanks to the compact embedding of Wl’%(Q;Rd) in L"(Q;RY) with 1 <7 <

6(24+3 . 6(2+3 243
(243) for d = 2,3, and noting that 6 > SEH30 > W2 » 9 for 5 > 3 the

Aubin-Lions lemma implies that, as n — oo,

v" — v strongly in L"(Q;R?) for 1 < r < 102438 (4.4)
ford=2,3 and 8 > %, and in particular, as n — oo,
v™ — v strongly in L2(Q;R?) for d = 2, 3. (4.5)

These convergence results then enable us to pass to the limit in the sequence of
balance of linear momentum equations as n — oo to deduce that, for a.e. t € (0,7T),

—/v-@m:d:cdt—/(v@v):wada:dt—i—/g:ID)(w)dwdt
Q Q Q
:/vo~w(0)dw+/ f-wdxdt (4.6)
Q Q

for all test functions w € C([0,7); W()l”giv (€2;R?)), for some s > 1, where the weak
limit S is yet to be identified.
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4.2. Limit passage in the sequence of absolute temperatures

For the sequence ()22, we have from (3.39), (3.32) and (3.38]) that, as n — oo,

0" — 0 weakly in L3 T2(Q),

log" —logf weakly in L?(0,T; W12(Q)), (4.7)

(")

B
540%

weakly in L?(0,T; W12(Q)),
where log 6 and 97% are weak limits, to be identified.

For k > 1 we introduce the real-valued continuous piecewise-linear cutoff func-
tion T}, € C%1(R) defined by

— max{k,|s|} fors#0,
Ti(s) :={ |s

0 for s =0.

s
|

Clearly, Ty (s) = s for s € [—k, k] and Ty(s) = ksign(s) for |s| > k. Let T), . € C*(R)
be a mollification of T, with € € (0,1), such that

Tie(s)=s for |s| <k,
s 1
T e(s) = Tl k+ € for |s| > k + ¢,
s s
T =——(s*—2—= 2 fi <ls| < .
ke (8) 2] (s 5] (k+e)s+k ) ork<|s|<k+e

Thus,

0<Ty.(s) <1, sTy(s)<0 and |T}_(s)] <= forallseR.

M | =

We multiply by T,; . the temperature equation satisfied by 6™ to obtain a renor-
malized version of the equation; hence,

0Ty, (0™) + divg (v" Tk, (™)) — divg (k(0™) Ve Tk (0™)) = 2u(9”)T,§7€(0")|D(U”)|2

FILAODO") [ 0"Vl © q)e" dg — T (0")R(0") [Tt
D

+T5..(0™) / 0"V g™ - Vqle + 0" 0"V g Uy - Vqle + |VqlUe|*¢™ dg. (4.8)
D
Since T}, . has compact support [~k — ¢,k + €] C R, we deduce from (4.8)) that

||6tTk’€(0”)||M(07T;(W1,z(9))*) < C(k,é‘) for all z € (d7 OO), (49)

where, for a Banach space X, M(0,T; X*) denotes the continuous dual space of
C([0,T]; X), that is, the Banach space of X*-valued (finite, signed) Radon measures
on [0,T7.
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To show that the bound (4.9) holds, we test (4.8) with x € C([0,T]; W!*(Q)),
where z > d, and move the second and third term from the left-hand side of the
resulting equality to the right-hand side. Hence,

(0T, (07), x) = / v T (0") - Vpxdaxdt
Q

K(O™")V Ty (0") - Vyxdadt

+ [ 20(0™)T}, (6™)D(v™)[*x de dt

+ [ 1 "D - ( [ ooty aper dq) +dadr
D

T~ &~ 5~ o~

Ty (0M)R(0™)|V 20" *x dae dt
+ / T,é,a(ﬂn) </ 0"Vap"  Vqle + 9n§0nvqun Vgl
Q D

+ [ VqlUe|?p" dq)xdm dt

=Ty + T2+ T3+ Ts+Ts5+ Te.
Then, by (4.3): and since [Ty (s)| < k+ e < k+1 for all s € R, we have
ITa] < [[o" |z 0,7522 @) 1Tk (0™) | (@) I Va Xl L1 (0,7522(02))
< CR)IVaxllzro,m:c2 )

To bound the term Tz, we note that £(0")Vz Ty o (0") = £(0™)0" T} _(6")V4 log ™.
Thus, by (4.7)2 and because T,;E has compact support [—k — ¢, k + €], we have the
following:

|To| < C(k)||va||L2(O,T;L2(Q))~
To deal with the term T3, we note that
v(0")[D(v")?
o .
Thus, again using that T,;’E has compact support in conjunction with the bound on

the third term from the second line of (3.32)), with v and 6 there replaced by v"
and 0", we have

v(0") T} (0M)ID(v™)|* = (Tx (0™)0")

ITs| < C(k)lIxllco,mLe= ()

To bound the term Ty, we write Ty _(6")D(v")0" = (T,éys(H")(G")%)(]D)('v")/\/ 0m),
use that T,; . has compact support and VU, ® g € C (D; R4*?), together with the
bound on the third term of the second line of (3.32]), with v and 6 replaced by v™
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and 6", and the bound on the first term on the left-hand side of inequality (3.41)),
with ¢ replaced by ¢"; thus,

T4l < CE) XN 220,522 (22)) -
For the term Ty, we rewrite
Ty (0™)R(0™)|V 0" [ = Ty (6")K(67)(07)?| Vo log 0" 2
and use 2 to find that

C(k)
ITs| < THXHC([O,T];Lw(Q))-

Finally, to deal with the term Tg, we note that

T (0" ( [0 Ttk + 076y Ve + VU dq) v

=Ty (0™)0" (/ Vo Yol Tap" 40 Fally ¥ Tallew” dQ> X
’ b Vo Vo /om
(4.10)
We recall the bound that appears in the third line of with @ and ¢ replaced
by 6™ and ¢™, the bound with § and ¢ replaced by 6™ and ¢™ and Opax
chosen to be equal to k + ¢, and note that for (t,z) € Q\Qo,.., = Q\Qr+e the

expression appearing in the last line above is equal to zero because Ty _(6"(t,x)) =0
for all such (¢, x), whereby the integral of the expression (4.10) over @ is equal to

its integral over Qg,.. = Qk+e. Therefore, integrating (4.10) over @ and applying
Holder’s inequality, we find that

ITe| < C(k)lIxlleqo, ;2 )

It remains to collect the bounds on the terms Ti,...,Tg and note that
C([0,T); WH=(Q)) is, for 2 > d, continuously embedded in L*(0,7;WH%(Q)),
L2(0,T; W12(Q)), C([0,T]; L*°(2)), and L?(0,T; L*(Q)), and therefore we have

0Tk, (0"),x)| < [Tl + [ T2| + [Ts| + [Ta| + [Ts5] + [To|
< Ok, e)lIxlleo,rwr =),

which directly implies (4.9)).
In addition,

mgn 2
/Q|vak,5(0")2dm dt < O(k)/Q |v(9n)2| de dt < C(k).

Hence,
VaTke(0") = VTi (0) weakly in L2(0,T; L?(€;R?)), (4.11)

where VT, -(0) is a weak limit, to be identified.
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Now, (4.9) and (4.11)), via a generalization of the Aubin-Lions lemma (cf. Corol-
lary 7.9 in Ref. |45)), imply that as n — oo,

Tye(0™) = Tio(0) strongly in L2(0,T; L*(12)), (4.12)

where T}, .(6) is a strong limit, to be identified.
We note that

/ |0”—Tk75(0”)|dmdt§/ 07| da dt < %
Q {(t,2)€Q: 07 (t,) >k} k
1
Witha::ﬁ—§>0,

where the second inequality is a consequence of (3.39)) applied to 6™ (recall that
% + 8 > 1). Therefore, by the triangle inequality,

/ |0™ — 0™ | dae dt < / | Ty, (0™) — T (0™) | dac dt + k% for all m,n € N.
Q Q

Let us now choose a real number ¢ > 0 and then fix k = k() such that

cC 6

— < -,

ke — 2
where C' is the positive constant from the above inequality. According to (4.12]) the
sequence (T (0™))22, is (strongly) convergent in L?(0,T;L?*(2)) = L*(Q) and,
therefore, because Q@ = (0,7) x Q is a bounded set, it is also strongly convergent
in L1(Q). Thus, with k = k(J) fixed as above, there exists a positive integer Ny =
Noy(6) such that

N

/|Tk,8(am)—Tk,E(en)|dmdtg C Vmn> N,
Q

Hence, we have shown that for any 6 > 0 there exists a positive integer Ng = Ny(0)
such that

/ |0 — 0" |dedt <5, Vm,n > Ny.
Q
In other words, (0™)%, is a Cauchy sequence in L'(Q), and therefore, thanks to
the completeness of L*(Q), as n — oo,

0" — 6 strongly in LY(Q). (4.13)
Hence, for a subsequence (not indicated),

0" — 0 a.e. on Q. (4.14)

This then implies that log 8™ — log 0 a.e. on @ and (9")2 5 0% ae. on Q. Thanks
to the bound appearing in the second line of inequality (3.32]), with 6 replaced by
0™ there, we find that the sequences (log #™)°°_, and ((™)7 )2, are equi-integrable
in LY(Q). Thus, by Vitali’s convergence theorem, we have the following strong
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convergence results:

log ™ — logf strongly in LY(Q),

(6™)2 — 0%  strongly in L}(Q),
as n — oo. Therefore, by the uniqueness of the weak limit, from (4.7)) we have that,
as n — 0o,

log 0™ — logf weakly in L?(0,T; W12(Q)),
L (4.15)
(0™)2 — 0=  weakly in L*(0,T; WH2(Q)).

In addition, since T) . € C%!(R) with Lipschitz constant equal to 1, it follows from
(4.13) that, as n — oo,

[T, (0") = Th e (O)l L1 () < 116" = OllLr(@) = 0,
and therefore, thanks to the uniqueness of the strong limit, T}, .(0) = Ty (#). Thus,

we have identified T}, . (6); that is, as n — oo,
Tye(0™) = Tk c(0) strongly in L?(0,T; L?(12)). (4.16)
Now, , and the uniqueness of the weak limit yield that m =
V2T c(0), and therefore
VT (0") = Vi (0) weakly in L2(0,T; L?(£;R?)).
Further, we have from that
O Tye(0") =* 8;Ty. () weakly-+ in M(0,T; (W1=(Q))*) for all z > d. (4.17)

Since the (distributional) time derivative of T} () is a (finite signed) Radon mea-
sure, which then implies that T} . (8) € BV(0,T; (W'=(2))*) for all z > d, it makes
sense to define, for all ¢ € (0,7),

T e(0(ty,)) == lim Ty -(0(s,-))
s—t4
and

Tie(0(t—,-)) := lim Ty .(6(s,")),

s—t_

where both limits are considered in the space (W#(Q))*, z > d.
In addition, we also have, for all k > 1 and € € (0, 1), that, as n — oo,

k(0" )V T (0") = 6(0")T}, (0") V0"
— K(0)T} (0)Val = K(0)V Ty o (0) weakly in L?(Q;R?). (4.18)

Using (4.17), (4.4) (with » = 2), (4.16) and (4.18) we can now pass to the
limit on the left-hand side of the weak formulation of (4.8) as n — oo. Since the

hQee, for example, Proposition 4.2 in Ref. 42, which is also available from |https://hal.science/hal-
01363799v1, concerning the existence of one-sided limits of functions contained in BV(0,T; E),
where E is a complete metric space.


https://hal.science/hal-01363799v1
https://hal.science/hal-01363799v1
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right-hand side of also involves ™, we need to establish suitable convergence
results for ™ to be able to pass to the limit there.

Therefore, in the next subsection we explore the convergence properties of the
sequence of probability density functions (¢™)52 ;.

4.3. Limit passage in the sequence of probability density functions

Thanks to (3.35)), we have that

1
/Q g bl dgdzdt < C.
X

Therefore, as n — oo,
(P
\/WJ ©,q \/%-7 ©.q
where %g&j%q is a weak limit, to be identified.
Further, from ([3.34)), we have

Ue+0™ U e om
/ e T |V e S P dg da dt
QxD

1 . n /\n 2
== i M dgdxdt < C, (4.20)
4 n

QxD ®

weakly in L2(Q x D;R%), (4.19)

and therefore, as n — oo,

Uetom uy Ue+07 Uy [ uetou Ue+0Uy
ne 7 Vg\ete o — 1\ e 7 Vg\/pe 0 (4.21)

weakly in L2(Q x D;R?), where

_ Ue+0Uy Ue+6 Uy
\VOe 7 Vg\pe @

is a weak limit, to be identified.
It follows from (3.41]) that, for all n > 1,

[™ log @™ || Lo 0,751 (ax D)) < C- (4.22)
Thus, by de la Vallée Poussin’s criterion,
©" — ¢ weakly in LP(0,T; L}(Q x D)) for all p € [1,0), (4.23)
as n — oo. It further follows from the last bound in that, for all n > 1,
||mvwm||L2(QxD) <C.
Therefore, as n — oo,
VOV o /0" — VOV g\ /o weakly in L2(Q x D;R%),

where \/ng\/@ is a weak limit, to be identified.
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We recall that we have already shown above that §™ — 6 a.e. on @) as n — oc.
In order to identify the various unidentified weak limits listed above that involve
the sequences (60™)%2; and (¢™)22,, it therefore remains to be shown that, as
n — 00,

"= ae.on@xD.

We shall do so via a compensated compactness argument based on the div-curl
lemma. To this end, however, we need to establish additional estimates on expres-
sions entering in the Fokker—Planck equation satisfied by (™. For ease of writing,
suppose that d = 3 (for d = 2 the argument is identical). We begin by noting that
the Fokker—Planck equation satisfied by ¢™ is, in fact, the divergence with respect
to the variables (t,2,q) € (0,7) x Q x D C R of the vector function

H" := (", v"¢" = 0"Vzp", (Vav")qe"™ + 30 4)-
In terms of this notation, the Fokker—Planck equation satisfied by ¢ is simply
divy g q(H™) =0 foralln> 1.

Next, in a succession of steps we shall bound, for some r € (1,2), ¢" in the norm
of L"(Q x D) and each of v"¢", 0"Vazp", (Vzv")qe" and j;, , in the norm of
L™ (Qx D;R?), independently of n. This will then imply that the sequence (H "o
is bounded in LT(Q X D ;R7) for some r € (1, 2).

According to , for any open subset D of D such that D cC D,

6™l L1vsox 5y < Ch (4.24)
for some & > 0 (independent of D) and all n > 1. Hence,
©" — ¢ weakly in L'T9(Q x lN)) (4.25)
as n — o0o.

It follows from (|3.43)) and the fact that 8 is bounded from below by a positive

constant on @ (cf. (3.16)) that
LIV avE ) <

Because |[|¢"|r=q:z1(pyy < C, also [v/@"|r=@:z2(pyy < C, by which

v/ ”||L2(Q w2y < Cp. Hence, by Sobolev embedding, ||@”||L1(Q;L3(5)) =
H\/ ||L2(Q LS(D ) < Cﬁ'

25 _ 2(243B) 25 _

Let r € (1, ;53] with p = 2 - 5+3ﬂ = 5135 - We note that 2P =

25512;? >1forall B> 2 o and therefore the interval (1, 1537541_’12] is not empty. For
such r, we then define v := 7 and A\ := 5—13 = ggigg > 1 and

v

0 1—A
< ( )7“771_




Math. Models Methods Appl. Sci. Downloaded from www.worl dscientific.com

by 2a06:61c2:1d54:0:b31c:b8c8:7593:32c7 on 04/13/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

Nonisothermal kinetic model: Weak sequential stability

Thus, by function space interpolation and Hélder’s inequality,

/ [v" ™" dg de dt = / [v™|" </ lo™ |qu> de dt
Q><D
= [ Wl

< [ P gy e Ny et

1 y=1
n|(|Ar n|r 7 n (lfA)T% 7
<l garion ([ 1 |7dmdt> (f 1ty ™ awat)

55

Because 0 < (1-X)r523 < 1 and the sequence ()72, is bounded in L' (Q; L3(D)),

it then follows that

/ """ dgdaxdt
QxD
y=1

nr n (17)‘)7"% v _
< Il @uonIv g ) ([ 171 dmdt) < o5

Next, with 0 as in (4.25)), let r € (1, 22':—25‘5)
Then, it follows by (3.43) that

/Q - 10"V 5 q0"|" dgdaxdt = QT/Q - VO™V g/ o™ |/ 07" dg dee dt
X X

gz’“(/ N9"|Vm7q\ﬁ<p”|2dqd:cdt> (/ ~|9”<p"|2—rv'dqdocdt>
QxD QxD

< c(/ 07 (== (/ Pk dq) dmdt)
Q D

By interpolation,

(1=X)r
[ ey P e P s
where
2—r 1-2X A 21 —r) 0 (I+6)(r—1)
= & = A A=——"
r 1 +1—|—(5 r 149 or
Clearly, A € (0,1). Hence,
2—r
2
/QX 0"V z.q¢ |qudwdt<C(/ 1077 || |L1+6(D)dmdt)
2—1r

” 204801 2
p— n —r n —r
o(/@a g e P da:dt)

(4.26)
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Now, let v = 5E2 ") and let ~' —5; evidently, 7,7 > 1. Hence, by Hélder’s

inequality,

/Q 0"V qe"|" dgda dt
XD

2—r 2—r

o 277 2(1;(3)@) 1) G
go(/@g |35 d:cdt) (/ (7 i da:dt)

2—r

2—r
' 2~7 2
o ([ aean) T ([ 1ot g o)
S (14+8)(2=r)
_ (/ o F 7dmdt) 1" s,

<Cp (/ 0”|2rdmdt) ,
Q

where the last inequality follows from ([3.45]). According to (3.39) the right-hand
side of the last inequality will be bounded by a constant, independent of n, provided
that

ry < 2 r 0(2—r) 2

2—r8(2—r)—2(r—1) S5 th

22+36)(6+1)
T30+ (2+38)(6+2)

& 30r < (2+38)(20+2) — (2+38)(0+2)r &

that is, if

224 38)(0 + 1)
L s s 30+

We note that the fraction on the right-hand side of this inequality is > 1 thanks

to our assumption that g > % (> %) and is < % < 2, so if this inequality is
satisfied, then automatically r € (1, %). In particular, we can set

_22438)(6+1)
S35+ (2+438)(0+2)

With this choice of r we then have that

/Q - 10"V qe"|" dgdadt < Cp. (4.27)
X

It remains to derive a bound on the final component of H", which is

(Vzv™)ge" + j, o For any r € (1,p), where p =2 — by Holder’s 1nequahty

5+3ﬂ ’
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€ (0,1), recalling that |g|?> < b for all ¢ € D, we

and interpolation with A\ :=
have

/ ~|(va")qg0"|’”dqd:cdt§b§/ Va7, 5, de
xD Q

p—=r

(/ V0™ Pdmdt) (/ " |LT(D)d:cdt) ’

. (1—2pr BE
5 n|p —r

b (/va | dwdt) (/ 1" 5 I )

| /\

<
\ 3p(r—1) B
z niy|r ni|Ar 2(p—r
< VIV oy I W mrcon ( [ 17105, dede) T <G
(4.28)
for all n > 1, provided that r € (1, p) is such that
3p(r—1) 5p
I< —<lelcr <
2(p — 1) TS g, <Pk

For example, we can take (again, because by assumption § > % (> %))

50 5(2+38)
1,2).
=2 112 © b2

We move on to bound ji , := —4F" " — 40"V 4" and recall that F" = VU, +
0"V qUy,; hence we need to bound ji, , == —4(VqlUe + 0"VqlUy,)p™ — 40"V 0™
Thanks to we already have a bound on the final summand in jg) i therefore,
it remains to deal with the first two summands of ji, ,. Since VU, and V4 U, are

uniformly continuous and therefore bounded functions on D, we only need to derive
bounds on ¢™ and 0™¢™ in the norm of L™(Q x D) for some r € (1,2).
For any r € (1,3] and X := € (0,1), we have

/ " dgdedt = /nw
Q><

1-M)r
< 16" Be@uron [ ISy dedt < s,

1-X\)r
b At < [ 171 g eI 3w

because

3(r—1)

(I—A)r:Tgl forre(l,g].

Similarly, for any r € (1, f] and A= 32?, we have r < f3 —I—% for 8 > %;

therefore, v := 2+36 > 1. Since 3 7 < 1, it follows that
Y

0<(1—=MNr
(1-nr—2
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Hence,

|l dgdede= [ (0Tl
QxD Q

n n(1=X\)r
< [T I R g eI ) e

y—1

” % (1— A)T,Y R
< o™ HLoc(Q L1(D)) (/Q|9n|“¥ dagdt) (/Q ||(anL3(D) Y dx dt>

y—1
(1=

T
= [le" HLW(Q Ll(D)"en”LM(Q) (/ I n”mm o dxdt) =

These bounds on (Vzv™)qy ; ¢ and 0"¢", together with ( -, imply that, for
some 1 € (1,2), independent of D and n,

/Q _N(Vev™)ge™ + 5 oI dgdzdt < Cp  foralln > 1. (4.29)
XD

Combining the bounds (4.24), (4.26)—(4.29) it then follows that, for some ¢ €
(0,1),

”Hn”LlM((O,T)XQXf)) <Cp foralln>1.

Recall further that div, 4 o(H™) = 0.
In preparation for the application of the div-curl lemma, we consider another
7-component vector-function:

Qn = (Tk,s(@n), 07 0);

where 0 € R3, and we note that 1Q"||L~(@xp)y < k for each k& > 1 and every
€ (0,1). Next, we bound curl; z 4(Q") := Vi 4.q@" — (Vi2.qQ")T. Clearly,

llcurly &.q(Q™)]| 12 (@xD) = 2||Va,qTk (¢ n)”y(gxﬁ) = 2||Tlé,s(50n)v$1q(pn||L2(Q><5)
= 4||Tlg,e(§0n)v ‘anw,q\/‘PTHB(Qxf))

S CVE+€llVa,gVe™ 12 gxpy < 2VE+eCp,

where the last inequality follows from (3.44).

In summary then, (H™)S_, is a bounded sequence in L'*°((0,T) x Q2 x D;R7) for
some ¢ 6 (0,1) and divy & q(H") = 0, whereby div; o q(H") is, trivially, precompact
in W12((0,T) x Q x D) := [W" 2((o T) x Q x D)J*. Furthermore, (Q")32, is a
bounded sequence in L*°((0,T) x Q x D;R7) and curl 2 ¢(Q™) is precompact in
W=12((0,T) x Qx D; R77) := [W 2((0,T) x Q2% D; R7X7)] thanks to the compact
embedding of L2((0,T) x Q x D; R7*7) into W—12((0,T) x Q x D; R7<7).

Thus, by the div-curl lemma, for each k > 1 and ¢ € (0,1), as n — oo,

H" Q" =¢"Ti (¢") = ¢Tie(p) weakly in LH"SI((O,T) x ) % l~);R7),
(4.30)
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where 0 < 0’ < & and Ty, () € L((0,T) x Q x D) = L(Q x D) is the weak-#
limit of the bounded sequence (T} o(¢™))52; C L>®(Q x D), to be identified. In

n=1

order to identify T} .(¢) we note that, thanks to the monotonicity of the function
T} e, one has that

(Tie(a) — The(b))? < (Tyc(a) — The(b))(a—b), Va,beR.

Hence,

[ @) = Taatom)? dg o
QxD

< [ cle) = Tucle™)(e" — o) dqdo .
QxD

Passing to the limit m — oo, withn > 1, kK > 1 and ¢ € (0,1) fixed, using the weak
lower-semicontinuity of the L#(Q x D) norm, it then follows that

| @) - TP dqdaar
QxD

< lim.inf (T (") = Te (™)) (" — ™) dgda dt

= / (Th e (¢") = Th e (9)) (0" — ) dgdx dt

= /Q 5(Tk,e(<ﬂ")¢" — The(@) (@™ — ) — Tr e (™)) dgda dt,
X

where in the transition to the second line we have used and . Now we
pass to the limit n — oo using in the first term on the right-hand side, ([#.25))
in the second term on the right-hand side and the definition of T - (¢) in the final
term on the right-hand side. Hence,

lim (Tho(9") — Tro(9))? dgdas dt

n— oo QxD

< / (Toa(@)p — 0 - Toc()e) dgdz dt = 0.
QxD

Thus we have shown that, as n — oo,
Tre(0") = Tho(p) strongly in L2(Q x D)
for each k > 1 and € € (0,1), and therefore also
The(©") = Tre(p) strongly in LY(Q x D). (4.31)
Now, by the triangle inequality,

/ " =™ dgdxdt
QxD

< /Q e (@) — Ten(@™)] 410" — Toe(@™)] + 0™ — Thoe(9™)] dg da dt.
x D
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Hence, using ([4.23)) and weak lower-semicontinuity in the L'(Q x D) norm in con-
junction with (4.31]), it follows by passing to the lim.inf,,_,,, that

/ |p™ — p|dgdx dt
QxD

é/ |Tee(¢") — Ton(p >|dqdwdt+/ 10" L oy dg da dt
QxD

—|—lim.inf/ ™ =T (™) dgda dt
QxD

m—roo

<[ 1Bt -Tldadedt+ [ et og g ) g ey
QxD Q |

o
xD

—|—lim.inf/ ™ =T (™) dgda dt
QxD

m—roo

C
<[ Teten) Tl dgava+ (S
QxD lgk

+lim.inf/ |p™ — Ty (™) dgdadt
Qxf)

m—r oo

C
S/ NThe(9™) = T () )qud:zcdszrﬁ
QxD

Tgpom
+1irn.sup/ lp™ logcpm\qudmdt
QxD [log ™|

m—r oo

S/ Tk (") = Tre(0) )|dqdwdt+1 -
QxD

for all £ > 1 and all € € (0, 1), where we have used in transitioning from the
second inequality to the third inequality and from the fourth inequality to the fifth
inequality. Hence, by first passing to the limit n — oo using with k£ > 1 held
fixed, and then by passing to the limit k — oo, we deduce that

©" — ¢ strongly in L'(Q x D). (4.32)
This then implies that, for a subsequence, not indicated,
Pt = ae. ianﬁ.

By selecting a sequence of nested sets (502’;1 such that Dy cC D and Ure, Dy =D,
and using that ¢ — ¢ a.e. in (2 X Bg for each £ > 1, the application of a diagonal
procedure then produces a subsequence (that is, once again, not relabeled) such
that, as n — oo,

" =@ ae. in @ xD. (4.33)
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Thanks to Vitali’s convergence theorem, (4.23)) and (4.33) finally imply that
©" — ¢ strongly in L*(Q x D). (4.34)

By extracting a subsequence (not indicated) such that ™ — ¢ a.e. on @ X 5, this
then finally enables us to identify the limit in (4.31)) as Tk ().

4.4. Limit passage in the sequence of stress tensors

The pointwise convergence results (4.14) and (4.33)) now enable us to identify the
still unidentified weak limit S of the sequence (S")2°, C LP(Q;R**%), with p =
2 - ﬁ and 3 > %, which appeared above:

S = 20(0™)D(v") + /D (F" ® q)¢" dg.

We begin by considering the first summand in S”. As v € BC([0, 00); R>) and
0" — 0 a.e. on @, the sequence of measurable functions (v(6"))52; converges to
v(0) a.e. on Q and [[v(6™)]| (g) < C for all n > 1. Furthermore, because of (4.3),
we have that, as n — oo,

5
D(v") = D(v) weakly in L5557 (Q;RI*d), B> o

and therefore also D(v") — D(v) weakly in L'(Q;R%*%), as n — oo. Hence, by
Proposition 2.61 on p. 183 in Ref. 25, v(0")D(v") — v(0)D(v) in L}(Q;R?*9) as
n — oo. Since (v(6™)D(v™))22, is a bounded sequence in L%(Q;Rdx‘i) with
B> %, and gigg > 1, there exists a weakly convergent subsequence (not indicated)
such that v(0™)D(v™) — v(0)D(v) in L%(Q;Rd”) C LY(Q;R¥™*?) as n — co. By

the uniqueness of the weak limit, v(0)D(v) = v(6)D(v), and therefore as n — oo,

y(0")D(v") — v(0)D(v) weakly in L5555 (Q;RIXd) with B> 2. (4.35)

We continue by considering the weak limit of the second summand of S™. Let us
suppose to this end that w € C([0,T]; C4(Q;R?)) and that divyw = 0 on Q. Then

/ (/ (F”®q)<p”dq) : Vewdxdt
Q \UD

=/ (/ ((une+9nvqun)®q)<p"dq> : Vewde dt
Q D

:/ (/ \/97”\/s0n <q® 9ne—u“§3n“" v\/"i) dq) : Vewdax dt
Q\’/D "

= 2/ (/ Vor \/<p"(q® \V on e*Mﬁee:M" VeV o™ e%) dq) : Vewda dt,
Q\/p

(4.36)
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where in the transition to the second line we used together with the fact that
divgw = 0 in order to eliminate the first term on the right-hand side of (3.36).

Motivated by the form of the expression in the last line of (4.36]), we begin by
showing that

VO VT = V0 strongly in L*(Q x D) (4.37)
and

[ Ueronuy / Ueto™ Uy [ _Uetouy Ue+6 Uy
g \ore 7 Vg\ypte @ —q®\le 7 Vg\pe 7@

weakly in L2(Q x D;R?x9)
(4.38)

as n — o0.
Because |\/a — Vb| < /|a — b] for all a,b € Rsy, it follows that

VO Ve — ﬁ\/@H%Z(QxD) < [|6"¢" = 09|l 1 (QxD)-

We will show that the right-hand side of this inequality tends to 0 as n — oo.
Recall that 67¢™ — O¢ a.e. on @ x D. Thus, to prove using Vitali’s theorem that
0™ — 0p in LY(Q x D), it suffices to show that the sequence (0"p™)%% ; is equi-
integrable. We begin by noting that, for @ € (0,1), Holder’s inequality implies
that

/Dso”llogsonladq=/D(w”)l‘“(w"llogw”\)“dq

< eIk, ( / wuogwmq) |

Hence, by Young’s inequality,

/Q 16" 7™ log ™ |* dg da dt
x D

«
< |I¢”II1L;°EQ;L1(D>>/QI9"|1+a (/D @"logw"ldq> d dt

n|l— n|ite n n
< I g |, (-0 o [ omogerlda) awar

+a
a

1
n|l—a n||1T— n n
<lle ||Loo(Q;L1(D))(||9 ||L}f3(Q)+||‘P log " [[21(@xD))-

We set if—g = % + B with 8 > %, whereby o = gg;é € (0,1). Then it follows that,

for all n > 1,

/ 0™ |" " log " |* dgda dt < C,
QxD

where C' is a positive constant independent of n, which then implies that the
sequence (0™¢™)> ; is equi-integrable. That completes the proof of (4.37).

n=1
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Concerning (4.38)), it directly follows from (4.21]) that the weak limit exists, and
therefore

_ Ue 0™ Uy Ue+6m Uy  Uet0Uy Ue+6 Uy
g®\one 7 Vg\ e o —q®\fe 7 Vg\pe 0

weakly in L2(Q x D;R4*9)
(4.39)

as n — oo. Therefore, also

 Uet0™ Uy Ue+07 Uy _ Uet0Uy Ue+0 Uy
g \ore 7 VgV pte o  —=q®\le 7 Vg\pe @

weakly in L?(Q x E;R‘“d) as n — oo for any D cC D, and the weak limit is
independent of the choice of D. We shall identify the weak limit by proving that,

as n — 0o,

/ U0 Uy / Ue 607 Uy [ Uetouy Ue+6 Uy
q ® 9” e o Vq (pﬂ e o7 N q ® 9 e 7] Vq (pe 9

weakly in L1(Q x D; R4*4),

By the uniqueness of the weak limit it will then follow that, as n — oo,

_ UetoUy Ue+0 Uy _ UetoUy Ue+0 Uy
Voe 7 Vg\pe 7 =\0le 7 Vg\Vpe o

as required.
To this end, we shall prove that

\/9” e Tt \/0 e T strongly in L2(Q x D) (4.40)
and that
Vq\/go"euew — VgV pe =7 weakly in L2(Q x D;R%) (4.41)
as n — 0o.

To prove ([4.40)), we begin by noting that, by ([4.13), " — 6 strongly in L(Q);
also, by 17 9" — 0 weakly in L35 (Q) with 8 > % Therefore, 8™ — 6 strongly
in L"(Q) for all 7 € [1, 2 + 3). For a subsequence (not indicated) 6™ — 6§ a.e. on Q.
Because 0™ > Onin > 0 on @, we have

U, + 0", U, =
et %y, ec@x D),

on 0
Ue+0" Uy Ue +0Uy ~
e~ o7 —e T 0 a.e.on Q x D
and
Ue+0" Uy

O<e o7 <1 a.e.oanf).

Thus, by the dominated convergence theorem,

_ue+e”'u,, Ue+6Uy

e o —eT 0 strongly in L*(Q x l~))
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. _UetoTUy =S _ UetOUy
However, since e~ o7 € L>(Q x D) and e

that

€ L>=(Q x D), this implies

_ue+9“un _ Uet0Uy

e T e 0 strongly in L°(Q X 5) for all s € [1, 00),

and, in particular, for s € (ggﬁ ,00) (where g’gt? is the Holder conjugate of % + 8,

with 5 > %) It therefore follows that the product

Ue+0™ Uy Ue+6 Uy

e Tt e strongly in L'(Q x D).

This directly implies using the elementary inequality |\/a — vb| < y/]a — b]
for a,b € Rxo.

The proof of is similar. According to , @™ — @ strongly in LY(Qx 5)
and, by (cf. also ), ©" — @ weakly in L'*9(Q x D); it follows that
©"™ — @ strongly in L™(Q x D) for all r € [1,1+ §) as n — oo. Also, by the same
reasoning as above,

Ue+0™Uy Ue+0Uy

e~ 7 —e 0 strongly in L*(Q x 5) for all s € [1,00),

and in particular for s € (14 %,00) (where 1+  is the Hélder conjugate of 1+ §).
Therefore,

Ue+0™ Uy Ue+0 Uy

Ple T e o strongly in L'(Q x E),

whereby

\/<p e \/<pe 7 strongly in L?(Q x l~)) (4.42)

as n — oo. It follows from (4.20f) and the lower bound

Ue+6™ Uy

_ Uy — e —u N
9" e 77 > Gpine min " >Cy >0 onQ xD,

guaranteed by the uniform continuity of ¢, and U, on lN), that

e+ Uy,
/ _ ‘Vq e ]
QxD

for all n > 1. Hence, for a subsequence (not indicated),

Ue+6™ Uy
VeVere o —= Vg\/ " o gt weakly in L2(Q x D;R%)

as n — oo. The uniqueness of the weak limit and (4.42) then imply that (4.41)
holds.

Having shown both ) and - the assertion follows thanks to the
argument described in the paragraph between Egs. and -

dqda:dt <Cp
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This then completes the proofs of (4.37) and (4.38)). Using (4.37) and (4.38]), we

can now pass to the limit in (4.36)); the argument proceeds as follows:

lim (/ (F" @ q)p" dq) s Vewdx dt
Q \Jp

n—oo
2/ (/ Vo o(go Ve e \/gpeuﬁwn ):Vmwdmdt
Q
_ (/ Vo a(Voe T Va\Jpe 7" ® q) dq ) Vwdz dt
2/ </ \/> \/ Mﬁwn \/<pe T ®q @dq) Vewdxdt
Q
0

S—

2/ / 0 <W®q> g@dq) :Vewdzxdt
e\/p \ V@
=/ ( / (vgfp@q)godq):vmwdwdt
Q D ¥
:/ (0/(Vqlog<2® q)wdq) : Vew dz dt.
Q D

Comparing the expression on the right-hand side of this equality with the right-
hand side of (3.37) and recalling that, by hypothesis, I : Vyw = diveaw = 0, it
follows that

lim (/ (F"®q)p" dq) :Veowdx dt

:/ (9/(Vqlog<ﬁ® q)<pdq> : Vewdxdt
Q D

/Q(/D(F@)q)godq)  Vaw da dt

for all w € C([0,T); CL(Q;RY)) such that divyw = 0 on Q. Thus, we have shown
that

S = 2v(9)D(v) + /D(F ®q)pdg =S,

whereby, thanks to the density of the set of all divergence-free C&(Q;R?) functions
in Wol’ﬁiv(Q;Rd), s > 1, we have from ([4.6) that, for a.e. t € (0,7,

—/v-&ywdmdt—/(v@v):wadzcdt—k/S:]D(’w)d:cdt
Q Q Q

:/Qvo-w(O)d:c—i—/Qf-wd:cdt

for all test functions w € C§([0,T); Woljiv(Q; R4)), for some s > 1.
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4.5. Limit passage in the Fokker—Planck equation

Next we consider passing to the limit in the Fokker—Planck equation (2.28]) satisfied
by " (and with v, § and Jp,q there replaced by v", 0" and jqu, respectively). To
this end, we need to pass to the respective limits in the sequences

v, 0"V, (Vev")ge™, and j7 .

We begin by considering the term in the Fokker—Planck equation involving
v, Let ¢ € C([0,T);CH(Q x D)) = C([0,T); C1(Q x D)). Thanks to (4.34), we
have that

2" = / ©"Vy(dq — / ©V4(dqg =: z strongly in L'(Q;R%)
D D
as n — o0o. Because

12" L) < IVaCllze@x )"l Lo Qi1 (D)) < C

and

2]l (@) < IValllze(@x ) l®ll L (@;z1 (D)) < C,

it follows from Holder’s inequality that 2" — z strongly in L*(Q;RY) for all s €

[1,00), and in particular for s = X5 where r = 13—0 gigg and 8 > %. Then it follows

further from ([{4.4)) that v™ - 2" — v - z strongly in L'(Q). Therefore,

lim V" - Ve(dgdxdt = / vo-Vg(dgdxdt
n—= JoxD QxD

for all ¢ € C([0,T); C1(2 x D)).
To pass to the limit in the term that involves 8"V ", we note that
0" V™ = (VO'V/@™) (2V0"V3/o7).

According to (4.37)), the first factor strongly converges to \/5\@ in L?(Q x D). By
virtue of (3.41)),

Qn
||2V envm\/ L,0”||L2(Q><D) = H“ va‘;@n <C

L2(QxD)

for all n > 1, with C independent of n, and therefore, for a subsequence (not
indicated),

VOV /0" — 2V0V /@ weakly in L2(Q x D;R%)

as n — oo, where \/évm\/@ € L?(Q x D) is a weak limit to be identified. Hence,
also

20"V o /o7 — 2V0V /@ weakly in L1(Q x D;RY)
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asn — oo for any~ﬁ CC D, and the weak limit on the right-hand side is independent
of the choice of D. By ([#.13)), " — 6 strongly in L'(Q) and therefore v/0" — /6
strongly in L?(Q) as n — oo. Also, thanks to (3.44)) applied to (™,

Vv ‘Pn”Lz(Qxﬁ) <Cp

for all n > 1 and for any D cc D. Therefore, there exists a subsequence (not
indicated) such that V4,/@" is weakly convergent in L?(Q x E;Rd). Because by
" — @ strongly in L'(Q x D) and therefore /o™ — /¥ strongly in L?(Q x
D), also /¢ — /i strongly in L*(Q x l~)) The uniqueness of the weak limit then
implies that the weak limit of V./¢™ must be Vg,/p; that is,

Va/@" — Vg /@ weakly in L2(Q x D;R?)
as n — 0o. Thus, we deduce that
20"V /" — 2V0V /o weakly in L1(Q x D;R%)

as n — oo for any D ccC D. Therefore, because of the independence of the weak
limit of the choice of D,

WOV /o — 2V0V 5\ /o weakly in L2(Q x D;R%). (4.43)
Since V0"\/@"™ — V0,/ strongly in L?(Q x D), it follows that
0"Vap" = (VO Vo) (2V0 Vo /™) = (VO2) (2V0V /@) = 0V 2

weakly in L'(Q x D;R?) as n — oco. Hence,

lim 0"Vgo" - Ve(dgdaxdt = / OVzp - Ve(dgdxdt
n—=00 JQxD QxD
for all ¢ € C([0,T); C* (2 x D)).
Next, we consider the term in the Fokker-Planck equation containing
(Vzv™)qp™. Using an identical argument as in the case of the term v" " discussed
above, thanks to we have the following:

7" = / (Val @ q)¢™ dq — / (Vo( ® q)pdq =:Z strongly in L*(Q;R%*?)
D D
(4.44)

as n — oo for all ¢ € C([0,T]; C*(Q x D)), for all s € [1,00), and in particular for

s = 15, where r = gigg, > 2. Hence, thanks to (4.3),

lim Vev" : Z" de dt = / Vv : Zdx dt
Q

n—oo
Q

as n — oo. Consequently,

lim (Vav™)ge" - Vgp(dgdadt = / (Vgv)gy - V¢ dgdadt
n—= JoxD QxD

as n — oo for all ¢ € C([0,T]; C*(Q x D)).
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It remains to pass to the limit in the term containing ji; , in the Fokker—Planck
equation. We write

Jiq = (VO/o") (Wgw> : (4.45)
According to (4.37)), vV07/o" — \/éﬁ strongly in L?(Q x D), and, thanks to the
bound (4.19)), also,
o, 1

/9n<p71,']%q /(g(pj%q
and therefore also weakly in L?(Q x l~); R?) for any D cC D, and the weak limit,
to be identified, is independent of the choice of D; we shall use this observation to
identify the weak limit. We begin by noting that, thanks to the definitions of jqu
and F", we have

1

1 T
- — 4|
\/Wj%q ® N

weakly in L2(Q x D;R9), (4.46)

(Vqle) + VO /o™ (Vqldy) +2V0mV /07 | .
(4.47)
By , the final term on the right-hand side of satisfies
VOV /" — 2V0V 4 /o weakly in L2(Q x D;R%)

as n — oo. Since U,, € C*(D), it follows from ([4.38) that for the middle term on
the right-hand side of (4.47)) we have

\/QTW(Vq Uy) — \/éx/a(vq Uy,) strongly in L*(Q x D;R?).

Therefore, it remains to consider the first term on the right-hand side of .
Thanks to , VT — /@ strongly in L?(Q x D). Furthermore, since 6™ >
Omin €T > 0 with a > 0 for all n > 1 (cf. ), whereby 0 < 1/0" < €T /0 in
a.e. on @, the a.e. convergence of 8™ to € on @ asserted in implies by the
dominated convergence theorem that 1/6" — 1/ strongly in L'(Q x D). Therefore,
1//0" — 1//6 strongly in L?(Q x D). Hence, the product /¢" /0" converges
strongly to \/@/V0 in L'(Q x D). Furthermore, because (1/v67)%, is a bounded
sequence in L™ (@), it has a weakly-* convergent subsequence (not indicated), which
by the uniqueness of the weak limit must converge to 1/+v/6. Therefore,

Ver

1 1
— /o—= weakly in L?(Q x D).
N AN y (@x D)
Because U, € C*(D) for each D CC D, we therefore deduce that

1 1 ~
\/QF\/? (Vqlxle) — \/QZW (Vqlxle) Weakly in LQ(Q X D, Rd)

as n — oo for each D cC D. We are now ready to pass to the limit in ({.47):
1, 4|yt

j — n_____

/0"@" ¥,q ¥ /9"

(VqlUe) + VO /o™ (Vqlhy) +2V0"V /5"
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~ 4 \/6% (Valle) + VOB (Valhy) + 20V /7

1 .
" Ve
weakly in L?(Q x E;Rd) as n — oo for each D CC D. Hence, because of the
uniqueness of the weak limit, (4.46) implies that

I O

/gnson‘?@vq /QSDJLP;Q
as n — 0o. Returning with this to (4.45) and recalling that v07\/o" — \/5\/@
strongly in L?(Q x D), we finally find that

weakly in L2(Q x D;R9) (4.48)

Jipg = Jpq Wweakly in LY(Q x D;R%)

as n — oo. Therefore,

lim 3%q - Va(dgdadt :/ Joq Ve(dgdzdt
QXD

n—oo QXD

for all ¢ € C([0,T); C*(Q x D)). Having passed to the limits in the sequences
", 0"V, (Vgv")ge" and 37

one can now pass to the limit n — oo in the weak formulation of the Fokker—Planck
equation satisfied by the function ¢™ to obtain

7/ gaat(dqda:dtf/ vga-Vmquda:dtJr/ OV - Ve(dgdxdt
QxD QxD QxD

—/ ((va)qcp+jq,,q)~Vququcdt:/ 0 ¢(0)dgdz
QxD QxD

for all ¢ € C}([0,T); CH(Q x D)).

4.6. Limit passage in the renormalized temperature equation

Finally, we pass to the limit n — oo in the renormalized temperature equation (4.8)).
As noted in the paragraph following (4.18)), we already have in place the required
convergence results to pass to the limit n — oo in the weak form of the left-hand
side

0Ty, (0™) + divg (v" Tk (0™)) — dive (k(0™) VT (6™))

of . Therefore, it remains to deal with the various terms on the right-hand
side of . Motivated by the analysis in Ref. [13] we shall pass to the limit in
those terms from one side; this will result in a renormalized variational inequality
satisfied by the absolute temperature. To this end, we take ¢ € C([0,T]; W1*(Q))
as a test function for with z > d (whereby, thanks to the Sobolev embedding
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Wh2(Q) — C(Q), ¥ € C(Q)), and assume that ¥ > 0 on Q. We define

T ::/ (2v(0™) T}, (6™ D(v™)|* = T} (0™)k(67)| V28" ?)1p dg de dt,
QXD

T2 = / (Tr . (0")D(0") : 0" (Vg Uy ® q)¢" )¢ dg da dt,
QXD

Ts = / (T}, .(0M)0" 0" VU, - VqUe) Y dgda dt,
QXD

T [T 0T Valh + 9,2 dadadr
QxD

We note that these integrals are well defined. Specifically, 73 and 74, which involve
the singular potential U, are finite thanks to , with 6 and ¢ replaced there
by 6™ and ", respectively.

We start by considering the term 7;. As Ty, _(s) > 0 and 7,/ _(s) < 0 for all
s > 0, it follows that the integrand of 7; is nonnegative. To pass to the limit in 7Ty
as n — 00, note that

20(0") Ty . (6")D(v")[*9

2

o (g gn |[P@Y)  D(o) | D(o)
= (") TL(0) 0" |2 = |
_Vn / n nD(vn)i]D)(/v)2 I/n / n H%Z
+ v ("I}, (07) 6" (D\(/%:) - D\%”) ; D&g) "

2

n / n n D('U) n / n n D(vn) ]D)(U) . D(U)
> 2000 | P o avtonyr oo (B - 200) B,

As n — oo, the first term on the right-hand side converges to 2v/(6)T}, _(6)[D(v)[*y)
strongly in L'(Q x D) using by the dominated convergence theorem, while
the second term on the right-hand side converges weakly in L' (Q x D) to 0 because
of (4.14)), the boundedness of the sequence (4v(0™)Ty, (07) 0™1p)p2y in L>(Q x D)
and the weak convergence

D" D)) D@ .
<\/97\/§>'\/§ 0 in LY(Q x D), (4.49)

using Proposition 2.61 on p. 183 in Ref. 25, The weak convergence result
follows by recalling and the fact that the sequence (™), is equi-bounded
from below by a positive constant, which, by the dominated convergence theorem,
together guarantee that the sequence (1/v/67)°; converges strongly to (1/v/6)
in L*(Q) for all s € [1,00), and in particular for s = g;ﬁf, where 8 > 1/3. On
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the other hand, by ([£.3)3, D(v") — D(v) weakly in L%(Q;Rdx‘i), and there-
fore D(v™)/vV" — D(v)/V0 weakly in L'(Q; R?*?). However, (D(v™)/V/07)52, is
a bounded sequence in L?(Q;R?*%) and therefore has a weakly convergent subse-
quence in L2(Q;R4*?); by the uniqueness of the weak limit (for a subsequence, not
indicated), D(v") /v — D(v)/V0 weakly in L*(Q;R¥*?). This then implies the
weak convergence result asserted above.

Therefore, by the weak lower-semicontinuity of the L*(Q x D) norm,

lim.inf / 20(0™)T5, (6™)|D(v™)|*y dg daz dt
QxD

n—oo

> [ oo 0P dgde di
QxD ’
which completes the passage to the limit in the first term of 7.

Passage to the limit in the second term of 7; proceeds analogously, by writing

2| Vel Vil | Vaf|
z 0 0

_ T]::/’E(en)n(gnﬂvmgnpw _ _Tli/’e(en)ﬁ(an) (9n) w

= =T} (0™)K(6") (0")?| Vg log 8" — Vg log f + Vg log 074
= =T} (0™)K(0™) (0™)?|Va log 0" — Vg log 0y — T}/ (6")k(0") (67)?

X | Vg log 0]*¢ — 277 (8™)k(6™) (0™ )? (Vg log 8™ — Vg logf) - Vg log 8
> =T} (07)K(6™) (67)°|Va log 0]y

— 2T (0™)k(6™) (60™)? (Vg log 0" — Vo log8) - Vg log .

As n — oo, the first term on the right-hand side converges to
=Ty _(0)x(0) 62|V log 0|2 strongly in L'(Q x D) by and the dominated
convergence theorem, while the second term converges to 0 weakly in L'(Q x D)
by . Therefore, by the weak lower-semicontinuity of the L'(Q x D) norm,

lim.inf —T}! (6™)K(6")| V20" dg de dt

n—=oo Joxp
> / T} (0)k(0)| Va0 dg da dt.
QxD ’

Because the lim.inf,,_, o, of the sum of the two terms is greater than the sum of the
two lim.inf,, .. terms, we have that

lim.inf/ 2v(0™)T;. (0™ D(v™)[* — Ty (0™)k(0™)| V0" )¢ dg de dt
QxD

n—oo

> / @u(O)TL(O)D(v)? — T (0)5(0)|V0]2)) A daz i,
QxD

which completes the passage to the limit n — oo in the term 77.
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For the term 75, we use that 0 < T,é,s(s)s < k for all s > 0. We also note that
because U,) € C*(D), we have, analogously as in (4.44),

/ (Vqly @ q)p™ dq — / (VqlUy, @ )b dq  strongly in L*(Q; R**?)
D D

asn — oo for all s € [1,00), and in particular for s = -5 where r = % with 8 >

%. Then, it directly follows from (4.3))2 and (4.14]), again invoking Proposition 2.61
on p. 183 in Ref. 25, that

im [ (T(0")D@") : 0" (Volhy © q)¢" )b dgdadt

n—o00 QxD
- /Q (T} (O)D(w) : 0(VqUy © q)p)t dqdadt.
x D

For the term 73 we use that TAE(S) >0 forall s >0 and VqU, - VqUe > 0 on
D (because U,, and U, have been assumed to be monotonically increasing functions
on [0,b/2), whereby VU, - Vol = |a> Ul (|al*/2) UL(al?/2) = 0 on D). Also,
thanks to (4.14]) and (4.33)),
Ty, (0™) 07" — Ty (0)0p asn — oo a.e. on @ x D.

Hence, by Fatou’s lemma,

lim (Ty..(0™) 0" 0"V q Uy, - VqUec)s1p dg dae dt

n—o Joyp
> / (T}.(6) 0V g Uy - Vg Uo) dg daz: dt.
QxD

We are left to deal with the term 7. We perform partial integration with respect
to the variable g in the first term in the parentheses using the implicitly imposed
homogeneous Dirichlet boundary condition ¢™|gxap = 0 (cf. (3.2)). Hence,

T = / Ty, . (0")(IVqUe|* — 0" AqUe )™ p dg dez dt
QXD

- / T] (0")(IVqUel? — 07 AgUe)" ¢ dq das
(QxD)N{67 <k+e)

_ / TL (") (Vo U — 07 Ay Us)™ v dg da dt
(QxD)n{or<k+e}

wf T (0 (Valkl? 078 1)p" p dg do i
(@x(D\D))N{0" <k-+e}

= 71,1 + 721,27

for any D cC D. The passage to the limit n — oo in Ty is easy because |Vq U.|?

and Ag U, are uniformly continuous (and therefore bounded) functions on D and
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0" < k + ¢ over the region of integration (Q x D) N {6" < k + €}. Thus, by the
dominated convergence theorem,

lim T; (0™ (| VqUe|? — 0" Aq U )™ 1 dg dx dt
n=0 J(QxD)n{on<k+e}

-/ T} (0)(Vqlhel* — 0Aq U)o dg da

(QxD)n{0<k+e}

for any D cC D, and for all k > 1 and ¢ € (0, 1). N
Concerning 74 2, for k£ > 1 and € € (0, 1) fixed, we now choose a specific D CC D

such that

IVqlUe|?> — (k+¢€)AqU. >0 on D\D.

As in the argument leading to the bound , this is always possible to achieve
thanks to (2.36) taking, for example, D = (1—6)D with § € (0,1) sufficiently
small; indeed because of the radial symmetry of U.(q) = Ue(% |g?) the expression on
the left-hand side of the last inequality is a function of |q| alone and Ay U, /|V g Ue|?
converges to 0 as |g| — (Vb)_ thanks to (2.36)2. Hence, by Fatou’s lemma, we
have

lim T} (0™ (|VqUe|? — 0" AqUe) ™ ¢ dg da dt
o0 J(Qx(D\D)N{on <k+e}
= T (0)( Vgl 2 — 02 U)o ¥ dg da dt.
(@x(D\D))N{0<k+e}

Having dealt with both 74, and 742 we can pass to the limit in 74 to infer that

lim T} (0™)(0" V@™ - VqUe + [VqUe|*¢™ )¢ dg da dt

n—oo QxD
2 / T}, .(0)(0V g - VqlUe + |VqUe|*0)¢ dg da dt.
QxD

Having passed to the limit n — oo in each of the terms 71, 72, 73, T4 that appear
on the right-hand side in the weak formulation of the renormalized temperature
equation we can now pass to the limit n — oo in the weak formulation of
to obtain a renormalized variational inequality involving the mollified cutoff
function Tj . and its first two derivatives, 7}, _ and T}

0Ty o(0) - Voo da dt + / K(0)VT.o(0) - Vi da dt
Q

OTc(0).0) - [

Q

2/ 2v(0) Ty . (0)[D(v) [ da dt
Q

+/Q (T,é,g(e)D(v):/JJe(vqu,,@q)sO”dq)@bdmdt
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—/ Ty .(0)K(0)|V|* da dt
Q

+/ (T,;’E(G)/ GVqQD-VqZ,{e—i—H(quUn-une+|vque|2<pdq)1/)da:dt,
Q D

which holds for all test functions ¢ € C([0, T); W#(Q)) with 2 > d such that ¢ > 0
on @, and for all kK > 1 and all € € (0,1).

Alternatively, testing with ¢ € C1([0, T]; W1#(Q)) where 2z > d, and where
¥ > 0 on Q and ¢(T,-) = 0, integrating by parts with respect to ¢ in the time
derivative term prior to passing to the limit n — oo, and then letting n — oo, we
have that

—/ Ty £(0)0pyp dae dt —/ VT (0) - Veip de dt —|—/ K(O)V 2Tk (0) - Vypipda dt
Q Q Q
> [ D@ da + | 2(0)T;, 0D dw
Q Q
+/ (T,;g(&)]D)(v) :/ 0(VqlU, ®q)g0dq> Ydxdt
Q D
- [ T OnOVabP v dnr
Q

+/ (T,;E(e)/ evq¢.vque+9<pvqun.vque+|vque|2<pdq>wdscdt,
Q D

for all test functions ¢ € C§([0,T); W1*(Q)) with z > d such that ¢ > 0 on @,
and for all k> 1 and all € € (0,1).

It remains to remove the e-mollification from T}, . by passing to the limit e — 0.
As Ty _(0) < 0 on @ thanks to the positivity of 0, trivially

VaTlk:(0) = T,;E(G)Vm&
and
Tr(0) = Tx(0) and T,;E(G) — T (0)

strongly in LP(Q) for p € [1,00) and weakly-* in L°°(Q), we can drop the penulti-
mate term from the right-hand side and then pass to the limit ¢ — 04 to deduce
that

7/ Tk(9)8t1/)dmdt—/ ka(e).vwdde/ K(0)V T (0) - Vgip da dt
Q Q Q

an%W@M+Am@mewwmw
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+ / (T,Q(G)]D)(v) : / O(Vqlly @ q)p dq) Ydaedt
Q D

+/ (T,;(o)/ qugp-vqb{e—kﬂgovqun-Vql/{e+|VqZ/{e|2tpdq)¢dwdt,
Q D
(4.50)

for all test functions ¢ € CZ([0,T); W1*(Q2)) with z > d such that ¢ > 0 on Q,
and for all £ > 1. This is the renormalized variational inequality satisfied by 6 we
set out to derive.

Remark 4.1. In the absence of additional information concerning the functions 6
and ¢ it does not seem possible to pass to the limit k¥ — oo to remove the cutoff
function T} in . In particular, we do not have sufficiently strong a prior:
bounds at our disposal to ensure that

7:= / 0Vqp - VqUe + 00V U, - VqlU. + |Vq U.|?p] dgdx dt < oco.
QXD
Looking at this integral, we see that

1 /0
1= / T(thﬂp +0oVqldy + Vg Ueip) - /0o VqUe dgd dt
QxD ¥

[V

1
< </ — |0V g0 + 00V Uy, + VqUep|* dgdz dt)
QxD O

X (/ 00|V qU.|* dgdx dt)
QxD

<C(/ 9<p|VqZ/le|2dqd:vdt) , (4.51)
QXD

1
2

where in the transition from the second line to the third line we have used
to bound the first factor. Unfortunately, because no pointwise upper bound on the
absolute temperature 6 is available, we have no means of ensuring that the integral
appearing in the last line is finite. However, if, in addition to the uniform positive
lower bound on 6 implied by the assumed positivity of the initial temperature 6,
one assumes that 6 is (as is physically reasonable) also bounded from above, i.e.
that

0] oo (@) < 00, (4.52)

then, by revisiting Step 15 in Sec. |3| under this added assumption, the argument
presented there implies (cf., in particular, with Q... replaced by @) that
the integral in the last line of is bounded by a constant. Thus, by using test
functions v € C}([0,T); W1>°(£2)) such that ¥ > 0 on @, one can pass to the limit
k — oo (using the dominated convergence theorem, for example,) to completely
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remove the cutoff function and deduce the conditional variational inequality

—/ 08t¢dmdt—/v9-vwwdacdt+/ K(0)Vzl - Ve dadt
Q Q Q

- /QW(O) o+ /Q 2v(0)D(v)|*4 da dt
- /Q (D(”) : /D 0(Vqlly @ q)¢ dq) Y da dt

+/ </ quw-vque+9<pvqun~vque+une|2g0dq>1/)dccdt,
Q \JD
(4.53)

for all v € C}([0,T); W12°(€2)) such that ¢ > 0 of Q, the condition being that the
assumption stated in (4.52) holds.

Remark 4.2. It is a natural question to ask why we chose to work with a renor-
malization of the temperature equation instead of the evolution equation for
the entropy 7. The reason is that the weak formulation of Eq. would involve
a term of the form

f/ Jyn Vezdzdt,
Q

where z € Cj([0,T); Wh>(Q)) is a test function and j, is the entropy flux, defined
in (2.21). Unfortunately, the second summand of j,, that is

0V / Uy + logydg,
D

cannot be generally guaranteed to belong to L'(Q), even if the function 6 were
replaced in this term by its truncation Ty () € L>°(Q). Indeed, while the energy
inequality implies that the function ¢ log ¢ is an element of the function space
L>°(0,T; L' (2 x D)), we have no means of ensuring that

Va,-/ plog pdq
D

belongs to L*(Q). In contrast, such a difficulty does not occur in the weak formula-
tion of the renormalized temperature equation (4.8), where all the terms involved
in the weak formulation are well-defined.

4.7. Limit passage in the energy inequality

Our objective here is to pass to the limit n — oo in the sequence of inequalities

[ [l oF +noren|ae+ [ o)+t o + Fer o) dgaa
Q QxD
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//Q [2,/ (") |]D e, n(en()gzzenﬁ] tde

t n|2
IgE
0Ja D ¥

4
+ / gnspn |9nvq(pn + annvq Lln + wnvq Z/{e|2dq:| d:]} ds
D

S/[vﬁ+%%*mﬁ4 Ueigh + Uyt + F(l)] dq da
x D

/ / f(s s) dx ds, (4.54)

where H(s) := s —1—logs and F(s) := s(logs — 1) + 1 for s > 0, and F(0) := 1
We shall do so using a standard argument. We multiply (4.54]) by a test function
¢ € C3°((0,T); R>p) and integrate over ¢ € (0,7"). Hence,

/OT {/Q [;”"(”'2 +H(9"(t>>] dz

+ /QXD[Mew"(t) +Unp" () + F(¢" (1)) dg dz
//Q [zy (om) |1D> n)|2 N "(9"();3)39"'2]@(15
A=

+/ o —[0"V " + 0" 0" Vqlly + ¢"Vq U.|? dq] dxds}¢()dt

[ o

+/ (Ul + Uyt + ()] dgda
QxD

//f dwds}¢()dt, Vo € C((0,T);Rsg).  (4.55)

We now pass to the lim.inf as n — oo term by term in .

For the first term in the first pair of square brackets in the first line of ,
we use to pass to the limit. For the second term in the first pair of square
brackets in the first line, we make use of in conjunction with Fatou’s lemma.
For each of the three terms in the second pair of square brackets in the first line,
we recall and again employ Fatou’s lemma.
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For the terms in the second line of (| note that by (4.14), v(6™) — v(6)
and x(6") — k() a.e. on Q x D. By -, D(v") — V(H)D( ) weakly
in L%(Q;Rd”) with 5 > %. By the dominated convergence theorem and the

uniform positive lower bound on the sequence ™ over the set () coming from the
minimum principle, we have 1//v(0") 0" — 1/4/v(0) 60 strongly in L'(Q), and
because this sequence is bounded in L*(Q), we infer its strong convergence in
L*(Q) for all s € [1,00), and therefore, in particular, in L(%)/(Q) Therefore,
v (0™)D(v /\/97 — /v(0)D(v) /0 weakly in L' (Q; R**?). However, the energy
inequality (4.55 guarantees the boundedness of this sequence in L?(Q; RdXd), and
therefore the weak convergence of a subsequence, not indicated, in L2(Q RIxd),
By the uniqueness of the weak limit, it then follows that /v (67)D(v™)/ \/97 —
/v(0)D(v) /0 weakly in L?(Q; RdXd) Using this in conjunction with weak lower-
semlcontlnmty in the L?(Q;R?*%) norm and Fatou’s lemma we can pass to the
lim.inf as n — oo in the first term in the square brackets in the second line.!

Concerning the second term in the square brackets in the second line of ,
by we have V,logf" — V,logh weakly in L?2(Q;R?) as n — oco. We
claim that we also have strong convergence of \/k(6") — /k(f) in L?(Q), and
therefore /k(07)Vzlogf" — /k(0)Vglogh weakly in L'(Q;RY) as n — oo;
thus, by the upper bound on the sequence coming from the energy inequality and
uniqueness of the weak limit, we also have \/k(6")Vzlogh" — /k(6)Vylogh
weakly in L?(Q;R?) as n — oo. Hence, weak lower-semicontinuity of the L?(Q;R%)
norm implies the desired lower bound on this term when passing to the lim.inf as
n — oo in ([£.55). To prove that \/k(0") — /() in L?(Q) as n — oo, note that
[\/K(0™) —+/K(0))? < |k(6™) —k(0)]; it therefore suffices to prove that x(6™) — x(0)
in L'(Q) as n — oo. To this end, recall that the strong convergence of 6" to 6
in L'(Q) stated in implies almost everywhere convergence of a subsequence
(not indicated) (cf. (4.14)). Thanks to the assumed continuity of &, it then follows
that k(6") — k(0) a.e. on @ as n — oo. In addition, thanks to the upper bound
in , with 8 > 5/6, and , which guarantees boundedness of the sequence
(0™)n>1 in LE+P(Q), it follows with s = 1 4 2 that

/Q[n(ﬂ”)]scigcdt < C/Q(H (6")%)° dzdt < C(1+/Q(0”)§+5 dwdt) <C.

IThe argument proceeds as follows:

Jim.inf {//Q v 9"”@(”")'2 dz ds]¢(t) dt

n—00

/ 1%{)%%// 2w (") ‘D dmds}d)(t)dt

z/o {/O/demds}mdt, Vo € C5°((0,T); Rso),

where the first inequality follows by Fatou’s lemma and the second inequality follows by weak
lower-semicontinunity of the L?(Q:) norm for all ¢ € (0,T), where Q; = (0,t) x Q.
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Because s > 1, this bound guarantees the uniform integrability of the sequence
(k(0™))n>1 in L*(Q), which then, together with the a.e. convergence of (6™) — (6)
on @ as n — oo, implies the strong convergence of k(") — k() in L'(Q) by
Vitali’s theorem. The desired strong convergence of \/k(6™) — \/k(0) in L?(Q) as
n — oo then follows directly.

For the first term in the square brackets in the third line of , we use
in conjunction with weak lower-semicontinuity of the L?(Q x D; ]Rd) norm
and Fatou’s lemma while for the second term in the third line we use and the
definition of _7 ' together with weak lower-semicontinuity of the L2 (Q x D;R9)
norm and Fatou S 1emma.

On the right-hand side, we use the strong convergence of the initial data and
the weak convergence of v™ to v in L?(0,T; L?(£2; R?)). This yields

/OT {/ [ o) + (6 ())} d$+/QxD[Ue90(t)+Un<p(t)+]-'(<p(t))] dq da

[ s e
V(T

4
+/ (9(‘0|9ng0+9<pvqun+govquequ} dmds} o(t)dt
D

g/T {/ [ |v02+7{(00)} dm+/QXD[uesoo+unsoo+f(<po)}dqdw

//f dmd5}¢()dt, Ve C5°((0,T); R>o).

This then implies the desired energy inequality

[ 3008 +1ow] az+ [ testo) +ttyolt) + o)l daae
Q QxD

[ SO [ o 5

4
+/ e(p|0vq¢+0@vqun+§0vlluequ:| dxds
D

1
s/ {2|v0|2+7{(90)] d:c+/ [Uetpo +Unpo + F ()] dg da
Q QxD

//f s)dz ds,

for almost every t € (0,7). That completes the proof of Theorem O
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5. Conclusions

Our aim in this paper was to prove the weak sequential stability of solutions to a
thermodynamically consistent kinetic model of nonisothermal flow of a dilute poly-
meric fluid, which involves a system of nonlinear partial differential equations cou-
pling the unsteady incompressible temperature-dependent Navier—Stokes equations
to a temperature-dependent generalization of the classical Fokker—Planck equation
satisfied by a probability density function ¢ modeling the random configuration of
polymer molecules in the viscous Newtonian solvent, and an evolution equation for
the absolute temperature . We showed that sequences of smooth solutions to the
initial-boundary-value problem for the model converge to a global-in-time large-
data weak solution that satisfies an energy inequality, where the limiting absolute
temperature satisfies a renormalized variational inequality. In the absence of a pos-
itive pointwise upper bound on the function 6, it generally does not seem possible
to remove the renormalization. We have also shown that if € is assumed to be
bounded from above by a positive constant over the space-time domain @), then the
renormalization can be eliminated from the variational inequality satisfied by the
function 6.
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